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a b s t r a c t

This paper derives the analytic form of the multi-step ahead prediction density of a
Gaussian GARCH(1,1) process with a possibly asymmetric news impact curve in the GJR
class. These results can be applied when single-period returns are modeled as a GJR
Gaussian GARCH(1,1) and interest lies in single-period returns at some future forecast
horizon. The Gaussian density has been used in applications as an approximation to
this as yet unknown prediction density; the analytic form derived here shows that this
prediction density, while symmetric, can be far from Gaussian. This explicit form can
be used to compute exact tail probabilities and functionals, such as the Value at Risk
and the Expected Shortfall, to quantify expected future required risk capital for single-
period returns. Finally, the paper shows how estimation uncertainty can be mapped onto
uncertainty regions for any functional of this prediction distribution.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Since their introduction in Engle (1982) and Bollerslev (1986), Generalized AutoRegressive Conditional Heteroskedas-
icity (GARCH) processes have been widely employed in Financial Econometrics, see e.g. Bollerslev et al. (2010). In the
ARCH original formulation, the conditional distribution of innovations was assumed to be Gaussian.
Even with Gaussian innovations, GARCH processes were shown to generate volatility-clustering, and, when stationary,

xcess kurtosis in the stationary distribution, see e.g. Bollerslev et al. (1992). Other distributions are commonly used for
he innovations, starting with the Student t proposed in Bollerslev (1987); these distributions are usually symmetric with
atter tails than the Gaussian. Despite its importance, the exact form of the h-step ahead prediction probability density
unction (p.d.f.) for GARCH processes is however still unknown, see Andersen et al. (2006), page 811.

The present paper derives the analytical form of the multi-step-ahead prediction density of a Gaussian GJR GARCH(1,1)
rocess with asymmetric news-impact-curve, see Glosten et al. (1993), which nests the Gaussian GARCH(1,1). The derived
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ormulae are valid for stationary as well as non-stationary GJR GARCH(1,1) processes. They also cover the case when the
ntercept of the conditional variance equation equals zero, as in the RiskMetrics Value at Risk (VaR) calculations.

The form of the multi-step ahead GJR GARCH(1,1) prediction distribution is proved to be symmetric for any symmetric
istribution of the innovations. The closed form expression for Gaussian innovations shows that the prediction distribution
an be very far from Gaussian, calling into question the use of the Gaussian to approximate it, as in Lau and McSharry
2010, page 1322). It is found, however, that for selected special cases such as the RiskMetrics one, the prediction
istribution is very close to the Gaussian.
The exact closed form of the prediction density can be used to compute exact tail probabilities and risk functionals

or single-period returns h-steps in the future, such as the Expected Shortfall. The paper also shows how to construct
ncertainty intervals for these functionals to reflect estimation uncertainty on the GARCH parameters.
The rest of the paper is organized as follows. Section 2 states the prediction problem and derives generic results on

he prediction p.d.f. for symmetric distributions of innovations. Section 3 states the main results; proofs of this section
re collected in the Appendix. Section 4 presents graphs of the prediction density and discusses estimation-uncertainty
egions for prediction functionals. Section 5 concludes.

The Supplementary Material contains a Matlab implementation of the formulae for the Gaussian GJR GARCH(1,1)
rediction p.d.f. This paper follows the notational conventions in Abadir and Magnus (2002).

. Problem definition

This section introduces notation for the reference GJR GARCH(1,1) process, it defines the prediction problem and
iscusses the symmetry of the prediction density for symmetric distributions of the innovations, which is the most
ommon case in practice. Consider the asymmetric GJR GARCH(1,1)

xt = σtεt , σ 2
t = ω + αt−1x2t−1 + βσ 2

t−1, αt := α + λ1xt<0 = α +
λ

2
(1 − ςt ) (2.1)

where α > 0, β > 0, ω ≥ 0, λ ≥ 0 are the parameters, collected in the vector θ = (ω, α, β, λ)′, 1xt<0 =
1
2 (1 − ςt ) is the

ndicator function for the event xt < 0, and ςt := sgn(εt ) = sgn(xt ) is the sign of εt or of xt ; these signs are the same
because σt > 0 almost surely. Process (2.1) contains several special cases: the GARCH(1,1) case is obtained for λ = 0 and
the RiskMetrics method for computing the VaR corresponds to λ = 0, ω = 0, α = 0.06, β = 0.94, see Tsay (2010) section
7.2. The parameter vector θ is assumed to be known; this assumption is relaxed in Section 4.

The sequence {εt} is assumed to be independent and identically distributed (i.i.d), with mean zero, variance 1, and with
Gaussian probability density function fε(v) := g(v2) := (2π )−

1
2 exp(−v2/2). Hereafter fx(u) (respectively Fx(u)) denotes

he p.d.f. (respectively the cumulative distribution function - c.d.f.) of random variable x evaluated at u.
The process is observed up to and including time t = 0, and the problem is to derive the p.d.f. of xh for h = 1, 2, 3, . . . ,

onditional on x0 and σ0, σ0 > 0. In other words, the object of interest is the density fxh|x0,σ0 (·|·, ·), which for simplicity is
bbreviated as fxh (·).
In financial applications, the process xt is taken to represent single-period log returns on an asset bought at t − 1 and

old at t , with xt = log pt − log pt−1, where pt is the asset price. The prediction density for xt derived in this paper hence
orresponds to a single-period return between t − 1 and t , which for t > 1 implies buying an asset in the future and
elling it one period after.
This is different from a buy-and-hold strategy of buying an asset at time 0, say, and selling it at time t = 2, 3, . . . ,

hich correspond to multi-period returns of the type
∑t

j=1 xj = log pt−log p0. Multi-period returns are not covered by the
esults in the present paper. Andersen et al. (2006, pp 811–812) discuss approximations to the prediction of multi-period
eturns, and the possible use of the Central Limit Theorem on the sum

∑t
j=1 xj as proposed in Diebold (1988).

The map from xt−1 to σ 2
t , evaluated replacing σ 2

t−1 by the unconditional variance (assuming it exists), is known as the
ews Impact Curve, see Engle and Ng (1993). As it is well known, when λ > 0 the News Impact Curve is asymmetric,
ith a steeper slope for xt−1 < 0. Despite the possible presence of an asymmetric News Impact Curve, the prediction

p.d.f. of xt is symmetric as long as the p.d.f. of εt is symmetric – a characteristic shared by most innovation densities used
in practice – as stated in the following proposition.

Proposition 2.1 (Symmetry). Let the p.d.f. of εt be symmetric with form fε(v) = g(v2) for some Riemann-integrable function
: R0,+ → R0,+; then the prediction density fxt (u) of xt is symmetric, i.e. fxt (u) = fxt (−u).

roof. Because σt and εt are independent, the conditional density of xt given σt is fxt |σt (u|r) =
1
r fεt (

u
r ) by the usual

ransformation theorem. By assumption fεt (
u
r ) = g( u

2

r2
), and hence fxt |σt (u|r) =

1
r g(

u2

r2
). This implies

fxt (u) =

∫
∞

0
fxt ,σt (u, r)dr =

∫
∞

0
fxt |σt (u|r)fσt (r)dr =

∫
∞

0

1
r
g
(
u2

r2

)
fσt (r)dr = fxt (−u). □ (2.2)

This result is in contrast with the expectation that the prediction density of xt could have asymmetries induced by
he asymmetric News Impact Curve alone, see Andersen et al. (2006) page 811. Proposition 2.1 applies as a special case
471
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Fig. 1. Function β(ζ ) of ζ := ω/(2σ 2
1 ). Blue line: β(ζ ) := −ζ +

√
ζ 2 + 2ζ . Shaded area: region β ≥ max( 12 , β(ζ )), see Assumption 2.2.a and b. (For

nterpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

o the case of Gaussian errors εt considered in this paper, and implies that the prediction density derived below will be
ymmetric.
In the specific case of Gaussian errors εt , the prediction density fxt (u) is a normal variance mixture, see Barndorff-

ielsen et al. (1982) for a definition, thanks to the argument used in the proof of Proposition 2.1. These distributions
re also called mixed-normal distributions, and they include the Student t and many other distributions in Econometrics,
uch as the ones in Abadir and Paruolo (1997).
When λ > 0, the signs ς := (ς1, . . . , ςh−1)′ of the innovations at times 1, . . . , h − 1 are relevant for the conditional

ariance equation in (2.1), where each ςi takes values {−1, 1}.1 The set of all possible signs is indicated by S , with 2h−1

lements, corresponding to all h − 1-vectors s = (s1, . . . , sh−1)′ with entries equal to ±1.
The prediction p.d.f. is derived solving explicitly an integral similar to the one in (2.2). The integrand is expanded using

inomial expansions which are convergent under appropriate conditions on the β parameter, which needs to be not too
mall relative to ω and σ 2

1 , as specified in Assumption 2.2.2 For instance β > 0.61803 is sufficient for Assumption 2.2 to
old, which is usually satisfied in practice, see e.g. Bampinas et al. (2018).
In order to state Assumption 2.2, define ζ := ω/2σ 2

1 ; note that ζ is known at time 0 for given parameter values θ, and
hat one has 0 < ζ < 1

2 because σ 2
1 > ω. Finally define the function β(ζ ) := −ζ +

√
ζ 2 + 2ζ , which is increasing in ζ

nd bounded by lim
ζ→ 1

2
β(ζ ) = (−1 +

√
5)/2 ≊ 0.61803.

ssumption 2.2 (Assumption on β). If ω > 0 then assume that:

a. for h = 3, one has β ≥ β(ζ );
b. for h > 3, one has β ≥ max( 12 , β(ζ )).

If ω = 0 no assumption is made on β .

Note that when ω = 0, as in the RiskMetrics case, no restriction is imposed on β; the same applies for h = 2 step
head also when ω > 0. Assumption 2.2.a and b are graphed in Fig. 1.
A final piece of notation is introduced, which involves Ψ (a; c; z), the confluent hypergeometric function of the second

ind, also known as Tricomi function or Kummer U function, see Abadir (1999) and Gradshteyn and Ryzhik (2007, section
.21). Its integral representation is

Ψ (a; c; z) =
1

Γ (a)

∫
R+

exp (−zt) ta−1 (1 + t)c−a−1 dt, (2.3)

where Γ (a) =
∫
R+

exp(−t)ta−1dt is the Gamma function and here Re(z) > 0, Re(a) > 0. Eq. (2.3) has a structure similar to
the Gamma function; computationally, Ψ (a; c; z) is pre-programmed in various software packages, like the exp function.

The Ψ function enters the Ah(r, θ, ς) quantities defined below, which depend on a scalar r , the vector of parameters
θ and on the vector of signs ς. For conciseness Ah(r, θ, ς) is simply denoted as Ah,s(r) where s is the value taken by the

1 Note that 0 is not included in the set of possible values for ςi because Pr(ςi = 0) = 0 whenever εi is a continuous random variable.
2 The condition is only sufficient but it may not be necessary; further research will show if this condition can be improved.
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ector of signs ς, and equals

Ah,s(r) :=
(
ω + βσ 2

1

)r+ 1
2
(
βσ 2

1

)− 1
2 π

h−1
2

∑
k1,...,kh−2

(
r
k1

)(
r − k1
k2

)
· · ·

(
r − Kh−3

kh−2

)(
ω

ω + βσ 2
1

)Kh−2

β (h−2)r−
∑h−2

i=1 Ki ·

·

h−2∏
t=1

Ψ

(
1
2
; r − Kt +

3
2
;

β

2αh−t

)
Ψ

(
1
2
; r − Kh−2 +

3
2
;
ω + βσ 2

1

2α1σ
2
1

)
, (2.4)

here K0 := 0, Ki :=
∑i

t=1 ki. The multiple sum is defined for h ≥ 3 as
∑

k1,...,kh−2
:=
∑r

k1=0
∑r−k1

k2=0 · · ·
∑r−Kh−3

kh−2=0, where
he individual sums extend to ∞ if r /∈ N0 := N ∪ 0. Note that Ah,s(r) depends on s via αh−t , t = 1, . . . , h − 1. For h = 2
he sum

∑
k1,...,kh−2

and the product
∏h−2

t=1 are empty and (2.4) reduces to

A2,s1 (r) =
(
ω + βσ 2

1

)r+ 1
2
(
βσ 2

1

)− 1
2 π

1
2Ψ

(
1
2
; r +

3
2
;
ω + βσ 2

1

2α1σ
2
1

)
,

hich depends on s1 via α1.

. Main results

This section presents explicit closed formulae for the prediction p.d.f. fxh (u) in Theorem 3.1 and in Theorem 3.3.

heorem 3.1 (GARCH(1,1) Prediction Density). Assume that εt are i.i.d. N(0, 1) and let Assumption 2.2 hold; then one has, for
≥ 2, and ω ≥ 0

fxh (u) = (2π )−
h
2

∞∑
j=0

1
j!

(
−u2

2

)j

cj, −∞ < u < ∞ (3.1)

here cj := 2−h+1∑
s∈S cj,s, cj,s := γ

1
2
h,sAh,s(−j −

1
2 ), Ah,s(·) is defined in (2.4) and γh,s := βh−1/

∏h−1
t=1 αt . The conditional

ensity fxh|ς(u|s) has the same form as fxh (u) in (3.1) with cj,s in place of cj.

Proofs of this section are placed in the Appendix. Note that cj,s, like γh,s and Ah,s(·), depends on the value s of the vector
of signs ς via αt , t = 1, . . . , h − 1. Observe also that cj,s does not depend on the evaluation point u, and hence the cj,s
coefficients can be computed only once for the whole density. Immediate consequences of Theorem 3.1 are collected in
the following corollary.

Corollary 3.2 (C.d.f. and Moments). The prediction c.d.f. for h ≥ 2 is given by

Fxh (u) =
1
2

+ (2π )−
h
2

∞∑
j=0

u
j! (2j + 1)

(
−

u2

2

)j

cj − ∞ < u < ∞ (3.2)

here cj is as in Theorem 3.1; the odd moments for xh are 0 and the even moments are equal to

E(x2mh ) = 2m−
3
2 (h−1)π−

h
2Γ

(
m +

1
2

)∑
s∈S

γ
1
2
h,sAh,s(m) m = 1, 2, . . . (3.3)

Recall that γh,s := βh−1/
∏h−1

t=1 αt and Ah,s(m) depend on s via αt , t = 1, . . . , h − 1, see (2.4). The moments of a
GARCH(1,1) were first obtained in Baillie and Bollerslev (1992), see their equations (34) and (35). Note that the Ah,s(m)
coefficients that appear in the moments are made of finite sums extending to m and do not fall in the logarithmic case,
unlike in Theorem 3.1.3 In fact, m − k ∈ {0, 1, . . . ,m} implies that

Ψ

(
1
2
;
3
2

+ m − k; ξ
)

=

(
1
2

)
m−k

ξ−
1
2 −m+k

m−k∑
j=0

(m−k
j

)
(
−

1
2 +m−k

j

) ξ jj!
s a finite sum, where (a)j :=

∏j−1
i=0(a + i) denotes Pochhammer’s symbol, see e.g. Abadir (1999) eq. (2).

Formula (3.1) in Theorem 3.1 is alternating in sign, and converges absolutely; the absolute value of its terms tends
o first increase and then decrease. For large values of u2 this behavior may cause the accumulation of precision errors,
esulting in numerical failure to produce an accurate value of the sum. This observation led to an alternative expression
or the p.d.f., which is presented in the next theorem.

3 The logarithmic case is when the second argument in Tricomi’s Ψ function is in Z (i.e. is an integer), see Abadir (1999) and reference therein.
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heorem 3.3 (Alternative Formulae for the GARCH(1,1) Prediction Density). Under the same assumptions of Theorem 3.1 one
has for h ≥ 2,

fxh (u) = (2π )−
h
2

∞∑
j=0

µj(u2)
j!

c⋆j , −∞ < u < ∞ (3.4)

here c⋆j := 2−1∑
s∈S c⋆j,s; µj(·) and c⋆j,s depend on h and ω in the following way:

• for h = 2 and ω ≥ 0, µj(·) is defined as µj(w) := e−ρw(ρw)j, ρ := 1/(2(ω + βσ 2
1 )) and

c⋆j,s := π
1
2 (σ 2

1 α1)−
1
2

(
1
2

)
j
Ψ

(
j +

1
2
; 1;

ω + βσ 2
1

2α1σ
2
1

)
; (3.5)

• for h ≥ 3 and ω > 0, µj(·) is defined as µj(w) := e−w/(2ω)(w/(2ω))j, and

c⋆j,s :=π
h−1
2

(
h−1∏
t=1

α
−

1
2

t

)
(σ 2

1 )
−

1
2

∞∑
k1=0

(
−j − 1

2
k1

) ∞∑
k2=0

· · ·

∞∑
kh−2=0

β−
∑h−2

i=1 Ki

(
ω

ω + βσ 2
1

)Kh−2 h−2∏
i=2

(
−

1
2 − Ki−1

ki

)
·

·

h−2∏
t=1

Ψ

(
1
2
; 1 − Kt; zh−t

)
Ψ

(
1
2
; 1 − Kh−2; z1

)
, (3.6)

with K0 := 0, Kt :=
∑t

i=1 ki, z1 := (ω + βσ 2
1 )/(2α1σ

2
1 ), zi := β/(2αi), i = 2, . . . , h − 1;

• for h ≥ 2 and ω = 0, µj(·) is defined as µj(w) := (−w/(2σ 2
1 β

h−1))j and

c⋆j,s := π
h−1
2

(
σ 2
1

h−1∏
t=1

αt

)−
1
2 h−1∏

t=1

Ψ

(
1
2
; 1 − j;

β

2αt

)
. (3.7)

he conditional density fxh|ς(u|s) has the same form as fxh (u) in (3.4) with c⋆j,s in place of c⋆j .

The prediction p.d.f. formulae in Eqs. (3.4) and (3.7) for ω = 0 hold for all values of the parameters, see Assumption 2.2.
nlike the sums in Theorem 3.1, the expressions in (3.4), (3.5), (3.6) involve non-negative terms, containing a factor e−au2

with a > 0. When u = 0, e−au2 equals 1, while for large |u|, e−au2 becomes very small. Eqs. (3.1) and (3.4) offer alternative
ways to compute the same p.d.f.

4. Implementation

The prediction p.d.f.s are plotted in Figs. 2 to 4 for various values of the parameters θ, using formula (3.1).4 In order
to compare these densities with the N(0,1) p.d.f., the variate xt is standardized as x̃h := xh/σh|0 where σ 2

h|0 indicates the
ariance of xt conditional on information available at time 0.5
Fig. 2 shows the standardized prediction densities in case h = 2 for λ = 0 and different pairs of (α, β) values. It shows

that the deviations from the Gaussian can be substantial; the prediction densities are more similar to a Gaussian when
the ratio β/α is large.

Fig. 3 shows the GJR GARCH(1,1) case with λ > 0. It is seen that λ > 0 increases the kurtosis, but has no effect on
symmetry, see Proposition 2.1. Finally, Fig. 4 shows that in the RiskMetrics case the prediction p.d.f. is very close to the
Gaussian.

The explicit form of the prediction density allows one to compute the VaR Qh,p defined as the (negative) of the p
quantile of the prediction distribution, i.e. p = Pr(xh < −Qh,p) or the Expected Shortfall ESh,p, defined as ESh,p :=

− E(xh|xh < −Qh,p), see e.g. Francq and Zakoian (2015). These functionals depend on the parameter vector θ =

(ω, α, β, λ)′.
Suppose now that the GJR GARCH(1,1) in Eq. (2.1) has been estimated on a sample of data {xt}0t=−T+1 by Quasi

Maximum Likelihood (QML). Let θ̂ be the corresponding QML Estimator and θ0 the (pseudo)-true value of the parameters.
Under appropriate regularity conditions, see Lee and Hansen (1994), Jensen and Rahbek (2004) and Arvanitis and Louka
(2017) and references therein, one has results of the type T

1
2 R ′ (̂θ − θ0)

w
→ N(0,ΩR), where

w
→ indicates convergence in

istribution as T → ∞, and R indicates a full-column-rank matrix with r columns.
The associated asymptotic confidence region has form

Aη = {R ′θ : (̂θ − θ)′RΩ−1
R R ′ (̂θ − θ) ≤ cη} (4.1)

4 Computations were performed in Mathematica. A Matlab implementation is provided in the Supplementary Material.
5 One finds σ 2

1|0 = σ 2
1 = ω + α0x20 + βσ 2

0 and σ 2
t|0 = ω + σ 2

t−1|0 (α
◦
+ β) for t = 2, 3, . . . where α◦

:= Et−1(αt ) = α + λ/2, and use is made of
r(x < 0) =

1 .
t−1 2
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a

Fig. 2. Prediction density fx2 (u) for standardized x2 , ω = 0.1, σ 2
0 = 1; x20 = 1 varying values of (α, β). (For interpretation of the references to color

n this figure legend, the reader is referred to the web version of this article.)

Fig. 3. Prediction density for standardized xh , h = 1, 2, 3, in blue, purple and green respectively, ω = 0.25, α = 0.1, β = 0.7, σ 2
0 = 1; x20 = 1, λ = 0.2

h = 1 is standard Gaussian). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
rticle.)

Fig. 4. RiskMetrics prediction p.d.f. fxh (u) for standardized xh , ω = 0, σ 2
0 = 1; x20 = 1 and α = 0.06, β = 0.94. (For interpretation of the references

to color in this figure legend, the reader is referred to the web version of this article.)

where cη is the 1 − η quantile of a χ2(r) distribution. The region Aη has the property that Pr(R ′θ0 ∈ Aη) → 1 − η. Note
that in (4.1) ΩR can be replaced by a consistent estimator.

Consider next a (multivariate) functional of interest ϕ, such as the VaR Q or the Expected Shortfall ES or both, which
depends on θ, ϕ = ϕ(θ). Define also the set of values Bη taken by the ϕ map for any value of θ in Aη , i.e.

B = ϕ(A ) = {ϕ(θ), θ ∈ A }. (4.2)
η η η
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hen the following proposition shows that Bη is an uncertainty region for ϕ with at least asymptotic coverage equal to
1 − η, similarly to Fanelli and Paruolo (2010) Proposition 1.

Proposition 4.1 (Uncertainty Region). Bη is an uncertainty region for ϕ with at least asymptotic coverage equal to 1 − η,
i.e. Pr(ϕ(θ0) ∈ Bη) → ν ≥ 1 − η.

Proof. Simply note that the counter-images satisfy ϕ−1(Bη) ⊂ Aη . □

In practice, one needs to compute the set ϕ(Aη). Assuming for simplicity that ϕ(Aη) is univariate, indicated here as
ϕ(Aη), an uncertainty region would be the interval (ϕ1, ϕ2) where ϕ1 = infθ∈Aη {ϕ(θ)} and ϕ2 = supθ∈Aη {ϕ(θ)}. One way to
approximate the interval (ϕ1, ϕ2) is to calculate the extremes of ϕ(θ ) for a grid of points θ in Aη . A grid of points in Aη
an for instance be constructed as R ′θ = (cηΩR)

1
2 u + R ′̂θ starting from uniformly distributed points u in the unit ball of

imension r , generated e.g. as in Harman and Lacko (2010).

. Conclusions

This paper derives the analytical form of the prediction density of a Gaussian GJR GARCH(1,1) process. This can be
sed to evaluate the probability of tail events or of functionals that may be of interest for risk valuations for single-period
eturns at any time horizon in the future. The analytical form of the prediction density can be very far from Gaussian.
stimation uncertainty for the estimation of the GJR GARCH parameters can be translated in uncertainty regions for risk
unctionals for single-period returns at any future time horizon.

The present results can be extended to other innovation distribution of current use; these extensions are left to future
esearch.

ppendix. Proofs of the main results in Section 3

This Appendix reports proofs of Theorem 3.1, Corollary 3.2 and Theorem 3.3, which are based on several preliminary
emmas. The following compact notation is used for h − 1-dimensional vectors: z := (x21, . . . , x

2
h−1)

′, ς := (ς1, . . . , ςh−1)′.
here no ambiguity arises, parentheses are dropped in product notation for conciseness.

roposition A.1 (Densities). For symmetric fε(v) = g(v2), the symmetric p.d.f. fxh (·) is related to the p.d.f. of x2h in the following
ay

fxh (u) = fx2h (u
2) |u| . (A.1)

oreover, Pr(ςh = −1) = Pr(ςh = 1) =
1
2 and one has

fz,x2h |ς(w, wh|s) =

h∏
t=1

(
wtσ

2
t

)− 1
2 g
(
wt

σ 2
t

)
(A.2)

here σ 2
t depends on wt−j (the value of x2t−j) and st−j (the sign of xt−j) for j = 1, . . . , t − 1 via (2.1).

roof. Consider the transformation theorem to obtain x2h; from standard results (Mood et al., 1974, page 201, Example
9) or (Abadir et al., 2018, Exercise 7.32) one has

fx2h (w) =

(
1
2

1
√
w

fxh (−
√
w) +

1
2

1
√
w

fxh (
√
w)
)
1w>0. (A.3)

y Proposition 2.1 one has fxh (−
√
w) = fxh (

√
w), and (A.3) simplifies into fx2h (w) = w−

1
2 fxh (

√
w)1w>0, or, letting u indicate

1
2 , and solving for fxh (u), one finds fxh (u) = |u| fzh (u

2), which proves (A.1).
One has by assumption that fε(ϵ) := g(ϵ2) := (2π )−

1
2 exp(−ϵ2/2). Hence, applying the transformation theorem to

zt = x2t using the conditional distribution fxt |x1,...,xt−1 (u|u1, . . . ut−1) = (2πσ 2
t )

−
1
2 exp

(
−

1
2

u2

σ2
t

)
= (σ 2

t )
−

1
2 g
(

u2

σ2
t

)
one finds

fzt |x1,...,xt−1 (w|u1, . . . ut−1) = (w)−
1
2 fxt |x1,...,xt−1 (w

1
2 |u1, . . . ut−1)1w>0 = (wσ 2

t )
−

1
2 g
(
w

σ 2
t

)
,

rom which Eq. (A.2) follows. □

Densities are first computed conditionally on ς and later they are marginalized with respect to it. The basic building
lock is given by the expression in (A.2). This density can be marginalized with respect to z as follows

fx2h |ς(wh|s) =

∫
h−1

fz,x2h |ς(w, wh|s)dw. (A.4)

R

+
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inally, fx2h |ς(wh|s) can be marginalized with respect to the signs ς using the mutual independence of the signs ςt−j and
the fact that Pr(ςh = −1) = Pr(ςh = 1) =

1
2 for all t , due to the symmetry of g . One hence finds

fx2h (w) =

∑
s∈S

fx2h |ς(w|s)Pr(s) = 2−h+1
∑
s∈S

fx2h |ς(w|s) (A.5)

here the sum
∑

s∈S is over sj ∈ {−1, 1}, for j = 1, . . . , h− 1. The prediction density fx2h (w) is found by combining (A.5),
A.4), (A.2), (A.1).

The next proposition reports a recursion for the volatility process, similar in spirit to eq. (6) in Nelson (1990), that turns
ut to be useful when solving the integral in (A.4). Let y := (y1, . . . , yh−1)′ and v := (v1, . . . , vh−1)′, where vi indicates a
alue of the random variable yi defined below.

roposition A.2 (Volatility and Transformations). The volatility process can be written as

σ 2
h = ω + (1 + yh−1)βσ 2

h−1 yh :=
αh

β
ε2h . (A.6)

For h ≥ 2, σ 2
h has the following recursive expression in terms of y1, . . . , yh−1:

σ 2
h = ω + (1 + yh−1)

{
ωβ + (1 + yh−2)

(
. . .
(
ωβh−2

+ (1 + y1) βh−1σ 2
1

))}
(A.7)

with σ 2
1 = ω + βσ 2

0 + α0x20, which is measurable with respect to the information set at time 0. Moreover, one has

fx2h |ς(w|s) =

(γh,s
w

) 1
2
∫
Rh−1

+

h−1∏
t=1

(
v

−
1
2

t g
(
β

αt
vt

))
σ−1
h g

(
w

σ 2
h

)
dvt , (A.8)

here γh,s := βh−1/(
∏h−1

t=1 αt ) and the right-hand side of (A.8) depend on values of the vector of signs s via αt = α+
1
2λ(1−st )

with t = 1, . . . , h − 1.

Proof. Consider fz,x2h |ς(w, wh|s) from (A.2), and consider the transformation of from z to y. Observe that the domain

f integration remains Rh−1
+ , that the inverse transformation is zt = βσ 2

t yt/αt , with Jacobian γh,s
∏h−1

t=1 σ
2
t , γh,s :=

h−1/(
∏h−1

t=1 αt ). Hence one finds

fy,x2h |ς (v, w|s) = γ
1
2
h,s

h−1∏
t=1

(
v

−
1
2

t g
(
β

αt
vt

)) (
wσ 2

h

)− 1
2 g
(
w

σ 2
h

)
rom which (A.8) follows. □

emma A.3 (Limits of Ψ ). Ψ (a; c; z) → 0 for c → −∞ for real and positive a and z; Ψ (a; c; z) → 0 for a → ∞ for any c
and real and positive z.

Proof. The proof uses the Lebesgue dominated convergence theorem, see e.g. Theorem 10.27 in Apostol (1974). Consider
the integral representation (2.3) of Ψ (a; c; z) for real and positive a and z. Note that for negative c and t ≥ 0 one has

kn(t) :=
1

Γ (a)
e−zt ta−1 (1 + t)c−a−1

≤
1

Γ (a)
e−zt ta−1

=: r(t),

here kn(t), r(t) > 0,
∫
R+

kn(t)dt = Ψ (a; c; z) and
∫
R+

r(t)dt =
1

Γ (a)

∫
R+

e−zt ta−1dt =
1

Γ (a) z
−aΓ (a) = z−a. The notation

kn(t) is chosen here to indicate that a sequence of values an or cn will be constructed. The above expression shows that
kn(t) is dominated by the function r(t), which is Lebesgue-integrable on R+.

Next observe that for any t > 0, and for cn → −∞, one has kn(t) → 0. Hence kn(t) converges to the zero function
k(t) := 0 on the whole R+, except for the point t = 0. By the dominated convergence theorem, limcn→−∞ Ψ (a; cn; z) =

imcn→−∞

∫
R+

kn(t)dt =
∫
R+

k(t)dt = 0. This proves that Ψ (a; c; z) → 0 for c → −∞ for real and positive a and z.
Let now an → ∞ for any c and real and positive z. Observe that for any t ≥ 0, t

1+t < 1 and Γ (an) → ∞, and hence

kn(t) :=
1

Γ (an)
e−zt tan−1 (1 + t)c−an−1

=
1

Γ (an)
e−zt (1 + t)c−2

(
t

1 + t

)an−1

→ 0.

Hence kn(t) converges to the zero function k(t) := 0 on the whole R+. By the dominated convergence theorem,
iman→∞ Ψ (an; c; z) = liman→∞

∫
R+

kn(t)dt =
∫
R+

k(t)dt = 0. This proves that Ψ (a; c; z) → 0 for a → ∞ for real
nd positive z and any c. □
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emma A.4 (Conditions on β). Assumption 2.2 ensures that for any j ≥ 2

ω

(
1 −

j−1∑
i=1

β i

)
≤ β jσ 2

1 , (A.9)

hich implies that in (A.6) one has

ω ≤ (1 + vh−1) βσ
2
h−1. (A.10)

roof. For j = 2 the inequality (A.9) reads β2σ 2
1 + ωβ − ω ≥ 0. Solving the quadratic on the left-hand side for β one

inds two roots, β1 = (−ω −

√
ω2 + 4ωσ 2

1 )/(2σ
2
1 ) < 0 and β = (−ω +

√
ω2 + 4ωσ 2

1 )/(2σ
2
1 ) > 0, so that the quadratic is

non-negative for β ≤ β1 or for β > β . Note that β = β(ζ ) = −ζ + (ζ 2 + 2ζ )
1
2 where ζ = ω/(2σ 2

1 ). Because β1 < 0 is
ot possible, this holds only when β ≥ β(ζ ). This proves that (A.9) is valid for j = 2 for β ≥ β(ζ ) and a fortiori also for
β ≥ max{ 1

2 , β(ζ )}.
An induction approach is used for j > 2. Assume that (A.9) is valid for some j = j0 ≥ 2 and β ≥ max{ 1

2 , β(ζ )}; it can
hen be shown that (A.9) is valid also replacing j with j+ 1. To see this, take (A.9) for j = j0 and multiply by β . One finds

ω

(
β −

j0−1∑
i=1

β i+1

)
≤ β j0+1σ 2

1 .

Because β ≥
1
2 , one has ω(1 − β) ≤ ωβ , so that,

ω

(
1 − β −

j0−1∑
i=1

β i+1

)
≤ ω

(
β −

j0−1∑
i=1

β i+1

)
≤ β j0+1σ 2

1 .

earranging 1 − β −
∑j0−1

i=1 β
i+1 as 1 −

∑j0
i=1 β

i, one finds that (A.9) holds also for j = j0 + 1. The induction step hence
roves that (A.9) holds for any j if β ≥ max{ 1

2 , β(ζ )}.
To show (A.10), observe that the minimum value for βσ 2

h−1 corresponds to vh−2 = · · · = v1 = 0 and equals
ω
∑h−2

i=1 β
i
+ βh−1σ 2

1 , which is greater than or equal to ω by (A.9), and hence ω ≤ βσ 2
h−1 ≤ (1 + vh−1) βσ

2
h−1. □

Lemma A.5 (Binomial Expansion). Let ω > 0; under Assumption 2.2 the following expansion holds for any m ∈ R and for
q = 2, 3, . . . :(

σ 2
q

ω

)m

= β (q−2)m
m∑

n1=0

m−n1∑
n2=0

· · ·

m−Nq−3∑
nq−2=0

β−
∑q−2

i=1 Ni

q−2∏
i=1

(
m − Ni−1

ni

) (
1 + vq−i

)m−Ni

(
1 + (1 + v1)

βσ 2
1

ω

)m−Nq−2

, (A.11)

where N0 := 0, Nt :=
∑t

i=1 ni and the sums
∑m

n1=0
∑m−n1

n2=0 · · ·
∑m−Nh−3

nh−2=0 extend to ∞ if m /∈ N0. Eq. (A.11) is implied by the
following recursions, defined in terms of ϕh := σ 2

h /ω

ϕm
q+1 =

m∑
n=0

(
m
n

)
(1 + vq)m−nβm−nϕm−n

q , q = 1, 2, . . . . (A.12)

If ω = 0, then one has directly

σ 2
q = βq−1σ 2

1

q−1∏
i=1

(1 + vi). (A.13)

Proof. Define ϕh := σ 2
h /ω, and observe that from (A.6) one has

ϕh−t+1 = 1 + (1 + vh−t )βϕh−t t = 1, . . . , h − 2.

Under Assumption 2.2, Eq. (A.10) in Lemma A.4 implies that one can employ binomial expansions of ϕm
h−t+1 using

decreasing powers of (1 + vh−t )βϕh−t . Hence

ϕm
h−t+1 =

m∑
n=0

(
m
n

)
(1 + vh−t )m−nβm−nϕm−n

h−t t = 1, . . . , h − 2.

This proves (A.12); note that if m is not a non-negative integer, the sum extends to ∞. Next reiterate the recursive
expansion for t = 1, 2, . . . , h − 2 until the expression contains ϕ2; this gives (A.11). Eq. (A.13) is obtained by recursive
substitutions in (A.6) with ω = 0. □
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emma A.6 (Integral). One has for a, b, n, z > 0∫
R+

exp (−zv) (a + bv)n v−
1
2 dv = an+

1
2 b−

1
2 π

1
2Ψ

(
1
2
; n +

3
2
;
a
b
z
)
. (A.14)

Proof. Set m := b/a and t := mv; note that, using the integral representation of Ψ in (2.3), one has∫
R+

(a + bv)n exp (−zv) v−
1
2 dv = an

∫
R+

(1 + t)n exp
(
−

z
m

t
) (

m−1t
)− 1

2 m−1dt

= anm−
1
2

∫
R+

(1 + t)n exp
(
−

z
m

t
)
t−

1
2 dt = an+

1
2 b−

1
2 π

1
2Ψ

(
1
2
; n +

3
2
;
az
b

)
. □

emma A.7 (Coefficients Ah,s(·)). Let

Ah,s(r) :=

∫
Rh−1

+

exp

(
−

1
2

h−1∑
t=1

β

αt
vt

)
(σ 2

h )
r
h−1∏
t=1

dvt
√
vt

; (A.15)

hen

A2,s1 (r) = (ω + βσ 2
1 )

r+ 1
2
(
βσ 2

1

)− 1
2 π

1
2Ψ

(
1
2
; r +

3
2
;
ω + βσ 2

1

2α1σ
2
1

)
, (A.16)

and, if ω > 0, under Assumption 2.2 one has for h ≥ 3

Ah,s(r) = β (h−2)r (βσ 2
1

)− 1
2 π

h−1
2

r∑
k1=0

r−k1∑
k2=0

· · ·

r−Kh−3∑
kh−2=0

β−
∑h−2

i=1 Ki
h−2∏
t=1

(
r − Kt−1

kt

)
Ψ

(
1
2
; r − Kt +

3
2
;

β

2αh−t

)
·

· ωKh−2 (ω + βσ 2
1 )

r−Kh−2+
1
2Ψ

(
1
2
; r − Kh−2 +

3
2
;
ω + βσ 2

1

2α1σ
2
1

)
, (A.17)

here K0 := 0, Ki :=
∑i

t=1 ki, and the sums extend to ∞ if r /∈ N0; (A.17) reduces to (A.16) for h = 2.
If ω = 0 then

Ah,s(r) = β (h−1)rπ
h−1
2 (σ 2

1 )
r
h−1∏
t=1

Ψ

(
1
2
; r +

3
2
;
β

2αt

)
, (A.18)

hich equals expression (A.17) for ω = 0.

roof. Set h = 2 in (A.15) and use (A.14) with a = ω + βσ 2
1 , b = βσ 2

1 to show that∫
R+

exp
(

−
β

2α1
v1

) (
ω + (1 + v1) βσ

2
1

)r
v

−
1
2

1 dv1 = (ω + βσ 2
1 )

r+ 1
2 (βσ 2

1 )
−

1
2 π

1
2Ψ

(
1
2
; r +

3
2
;
ω + βσ 2

1

2α1

)
;

his proves Eq. (A.16).
Next consider the case h ≥ 3. If ω > 0, under Assumption 2.2 Eq. (A.9) holds for 2 ≤ j ≤ h, and one can use expansion

A.11) in (A.15). One finds

Ah,s(r) = ωrβ (h−2)r
r∑

k1=0

r−k1∑
k2=0

· · ·

r−Kh−3∑
kh−2=0

β−
∑h−2

i=1 Ki
h−2∏
t=1

(
r − Kt−1

kt

)∫
Rh−2

+

(1 + vh−t )r−Kt exp
(

−
βvh−t

2αh−t

)
v

−
1
2

h−tdvh−i·

·

∫
R+

(
1 + (1 + v1)

βσ 2
1

ω

)r−Kh−2

exp
(

−
βv1

2α1

)
v

−
1
2

1 dv1

= ωrβ (h−2)r (βσ 2
1

)− 1
2 π

h−2
2

r∑
k1=0

r−k1∑
k2=0

· · ·

r−Kh−3∑
kh−2=0

β−
∑h−2

i=1 Ki
h−2∏
t=1

(
r − Kt−1

kt

)
Ψ

(
1
2
; r − Kt +

3
2
;

β

2αh−t

)
·

· ωKh−2−r (ω + βσ 2
1 )

r−Kh−2+
1
2 (βσ 2

1 )
−

1
2 π

1
2Ψ

(
1
2
; r − Kh−2 +

3
2
;
ω + βσ 2

1

2α1σ
2
1

)
,

here the second equality follows by repeated applications of (A.14). Simplifying, one finds (A.17). If instead ω = 0, using
A.13) and (A.14) one finds

Ah,s(r) = β (h−1)r (σ 2
1 )

r
h−1∏∫

(1 + vt )r exp
(

−
β

2α
vt

)
v

−
1
2

t dvt = β (h−1)rπ
h−1
2 (σ 2

1 )
r
h−1∏

Ψ

(
1
2
; r +

3
2
;
β

2α

)
.

t=1 R+ t t=1 t
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his proves (A.18). □

roof of Theorem 3.1. The integral to be solved is

fzh|ς(wh|s) =

√
γh,s/wh

(2π)
h
2

∫
Rh−1

+

exp

(
−

1
2

(
h−1∑
t=1

β

αt
vt +

wh

σ 2
h

))
(σ 2

h )
−

1
2

h−1∏
t=1

dvt
√
vt
. (A.19)

xpand exp(−wh/(2σ 2
h )) as

∑
∞

j=0 (−wh/2)j (σ 2
h )

−j/j! and note that

fzh|ς(wh|s) =
γ

1
2
h,sw

−
1
2

h

(2π)
h
2

∞∑
j=0

1
j!

(
−wh

2

)j ∫
Rh−1

+

exp

(
−

1
2

h−1∑
t=1

β

αt
vt

)
(σ 2

h )
−j− 1

2

h−1∏
t=1

dvt
√
vt
.

=
γ

1
2
h,sw

−
1
2

h

(2π)
h
2

∞∑
j=0

1
j!

(
−wh

2

)j

Ah,s

(
−j −

1
2

)
here Ah,s(·) is defined in (A.15). Substituting from (A.17) one finds the expression for cj,s, which is valid both for ω > 0

as well as for ω = 0, see (A.18). When marginalizing with respect to ς, all elements in S are equally likely, and one
deduces cj := 2−h+1∑

s∈S cj,s. Note that if all cj,s do not vary with s, one has cj = cj,s.
In order to show that fxh (u) is absolutely summable for finite u, consider for instance the case h = 2; the p.d.f is the

average of

fx2|ς1 (u|s1) =
1
2
(πα1σ

2
1 )

−
1
2

∞∑
j=0

1
j!

(
−ρu2)j Ψ (1

2
; 1 − j; z

)
,

here

ρ :=
1

2
(
ω + βσ 2

1

) , z =
ω + βσ 2

1

2α1σ
2
1

> 0.

Because Ψ
( 1
2 ; 1 − j; z

)
is finite and non-negative, monotonically decreasing towards 0 by Lemma A.3 for increasing j, one

as supj∈N Ψ
( 1
2 ; 1 − j; z

)
= M < ∞, so that

∞∑
j=0

⏐⏐⏐⏐1j! (−ρu2)j Ψ (1
2
; 1 − j; ξ

)⏐⏐⏐⏐ ≤

∞∑
j=0

1
j!
(ρu2)jΨ

(
1
2
; 1 − j; ξ

)
≤ M

∞∑
j=0

1
j!
(ρu2)j = M exp

(
ρu2)

here exp
(
ρu2

)
is finite for any finite u. One hence concludes that the series is absolutely convergent for any finite u.

he case for h > 2 is similar. □

roof of Corollary 3.2. The c.d.f.s are found by integrating termwise the p.d.f. from 0 to uh > 0, where termwise
ntegration is guaranteed by Theorem 10.26 in Apostol (1974). This delivers (3.2) for positive u. The symmetry of fxh (·)
mplies Fxh (0) =

1
2 and Fxh (u) = 1 − Fxh (−u). Hence for 0 > u = −a, say, with a > 0, one has

Fxh (u) = 1 − Fxh (a) =
1
2

− (2π )−
h
2

∞∑
j=0

1
j! (2j + 1)

a2j+1(−2(ω + βσ 2
1 ))

−jcj

=
1
2

+ (2π )−
h
2

∞∑
j=0

1
j! (2j + 1)

(−a)2j+1 (−2(ω + βσ 2
1 ))

−jcj

hich proves that the expressions in (3.2) is valid also for negative u.
The moments are derived as follows. From (A.19) one sees that

E(x2mh |ς) =

√
γh,s

(2π)
h
2

∫
Rh

+

w
m−

1
2

h exp
(

−
1
2
wh

σ 2
h

)
dwh

h−1∏
t=1

exp
(

−
1
2

(
β

αt
vt

))
σ−1
h v

−
1
2

t dvt .

Recall that
∫
R+

exp
(

−
w

2σ2
h

)
wm−

1
2 dw =

(
2σ 2

h

)m+
1
2 Γ

(
m +

1
2

)
so that

E(x2mh |ς) = 2m−
h−1
2 π−

h
2 γ

1
2
h,sΓ

(
m +

1
2

)∫
Rh−1

+

h−1∏
t=1

exp
(

−
1
2

(
β

αt
vt

)) (
σ 2
h

)m
v

−
1
2

t dvt

= 2m−
h−1
2 π−

h
2Γ

(
m +

1
)
γ

1
2
h,sAh,s(m)
2
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w

b

w

H

E

N

here Ah,s(·) is defined in (A.15), which equals (A.17) (or (2.4)). Hence

E(x2mh ) = 2m−
3
2 (h−1)π−

h
2Γ

(
m +

1
2

)∑
s∈S

γ
1
2
h,sAh,s(m) □

Proof of Theorem 3.3. Consider first the case h = 2 and

fz2|ς1 (w|s1) =
γ

1
2
2,s1
w−

1
2

2π

∫
R+

exp
(

−
1
2

(
β

α1
v1 +

w

σ 2
2

))
(σ 2

2 )
−

1
2
dv1
√
v1
. (A.20)

Observe that σ 2
2 can be written as b(1 + ψ) with b := ω + βσ 2

1 and ψ := v1/q where q = (ω + βσ 2
1 )/βσ

2
1 ,

σ 2
2 = ω+ (1+v1)βσ 2

1 = ω+βσ 2
1 +βσ 2

1 v1 = b(1+ψ). Next note that w2/(2σ 2
2 ) = ρw2/(1+ψ) with ρ = 1/(2(ω+βσ 2

1 ))
and

exp
(
−w2/(2σ 2

2 )
)

= exp (−ρw2/(1 + ψ)) = exp (−ρw2) exp (ρw2ψ/(1 + ψ)) ,

where the last term can be expanded as exp (ρw2ψ/(1 + ψ)) =
∑

∞

j=0
ρjw

j
2

j! ψ
j(1 + ψ)−j.

Observe that γ2,s1 = β/α1, qdψ = dv1, and set z := (ω+ βσ 2
1 )/(2α1σ

2
1 ) = βq/(2α1). Substituting these expressions in

(A.20) one finds

fz2|ς1 (w|s1) = (2π)−1 γ
1
2
2,s1
w−

1
2 e−ρw

∞∑
j=0

ρ jwj

j!

∫
∞

0
exp

(
−
βq
2α1

ψ

)
ψ j(1 + ψ)−j(b(1 + ψ))−

1
2 (qψ)−

1
2 qdψ

= (2π)−1
(
β

α1

) 1
2

w−
1
2

(q
b

) 1
2
e−ρw

∞∑
j=0

ρ jwj

j!

∫
∞

0
exp (−zψ) (1 + ψ)−

1
2 −j(ψ)j−

1
2 dψ

= (2π)−1 β
1
2w−

1
2
(
α1βσ

2
1

)− 1
2 e−ρw

∞∑
j=0

ρ jwj

j!
Γ

(
j +

1
2

)
Ψ

(
j +

1
2
; 1; z

)
by the integral representation of Ψ , see Eq. (2.3). By eq. (2) in Abadir (1999), one has Γ

(
j + 1

2

)
=

√
π
( 1
2

)
j. Substituting

ack and rearranging, one finds (3.4) and (3.5).
For h ≥ 3, consider first the case ω > 0 and the expression

fzh|ς(w|s) = ξh,s

∫
Rh−1

+

exp
(

−
w

2σ 2
h

)
exp

(
−

1
2

(
h−1∑
t=1

β

αt
vt

))
(σ 2

h )
−

1
2

h−1∏
t=1

dvt
√
vt
, (A.21)

here ξh,s := γ
1
2
h,sw

−
1
2 (2π)−

h
2 = β

h−1
2
∏h−1

i=1 α
−

1
2

i w
−

1
2

h (2π)−
h
2 . Let ϕh := σ 2

h /ω = 1+ψ , ψ := (1+vh−1)βϕh−1, r := 1/(2ω)
and write

exp
(

−
w

2σ 2
h

)
= e−rw exp

(
rw

ψ

1 + ψ

)
= e−rw

∞∑
j=0

r jwj

j!
ψ j(1 + ψ)−j

ence, substituting this in (A.21) and using σ 2
h = ωϕh one gets

fzh|ς(w|s) = ξh,sω
−

1
2

∞∑
j=0

e−rw r jwj

j!

∫
Rh−1

+

ϕ
−j− 1

2
h (1 + vh−1)jβ jϕ

j
h−1 exp

(
−

1
2

(
h−1∑
t=1

β

αt
vt

))
h−1∏
t=1

dvt
√
vt

(A.22)

xpanding ϕ
−j− 1

2
h as in Eq. (A.12) in Lemma A.5 one has ϕ

−j− 1
2

h =
∑

∞

n=0

(
−j− 1

2
n

)
(1 + vh−t )−j− 1

2 −nβ−j− 1
2 −nϕ

−j− 1
2 −n

h−1 and
substituting in (A.22), one finds

fzh|ς(w|s) = ξh,sω
−

1
2

∞∑
j=0

e−rw r jwj

j!

∞∑
n=0

(
−j − 1

2
n

)
·

·

∫
Rh−1

+

(1 + vh−1)−
1
2 −nβ−

1
2 −nϕ

−
1
2 −n

h−1 exp

(
−

1
2

(
h−1∑
t=1

β

αt
vt

))
h−1∏
t=1

dvt
√
vt

(A.23)

ext expand ϕ
−

1
2 −n

h−1 as in Eq. (A.11) in Lemma A.5 with q = h − 1 and substitute in (A.23); one has:

fzh|ς(w|s) = ξh,sω
−

1
2

∞∑
e−rw r jwj

j!

∞∑
β (− 1

2 −n)(h−2)
(

−j − 1
2

n

)∫
Rh−1

(1 + vh−1)−
1
2 −n

∞∑
· · ·

∞∑
β−

∑h−3
i=1 Ni ·
j=0 n=0 + n1=0 nh−3=0
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R

B

o

(
L

N

·

h−3∏
t=1

(
−

1
2 − n − Nt−1

nt

)
(1 + vh−1−t)

−
1
2 −n−Nt

(
1 + (1 + v1)

βσ 2
1

ω

)−
1
2 −n−Nh−3

exp

(
−

1
2

(
h−1∑
t=1

β

αt
vt

))
h−1∏
t=1

dvt
√
vt
.

(A.24)

elabel k1 := n, ki := ni−1 for i = 2, . . . , h−2 and note that Ki = n+Ni−1; hence the previous expression can be simplified
as follows

fzh|ς(w|s) = ξh,sω
−

1
2

∞∑
j=0

e−rw r jwj

j!

∞∑
k1=0

(
−j − 1

2
k1

) ∞∑
k2=0

· · ·

∞∑
kh−2=0

β−
1
2 (h−2)−

∑h−2
i=1 Ki

h−2∏
i=2

(
−

1
2 − Ki−1

ki

)
·

·

∫
Rh−1

+

h−2∏
t=1

(1 + vh−t )−
1
2 −Kt

(
1 + (1 + v1)

βσ 2
1

ω

)−
1
2 −Kh−2

exp

(
−

1
2

(
h−1∑
t=1

β

αt
vt

))
h−1∏
t=1

dvt
√
vt
. (A.25)

y the results in Lemma A.6 the integral in the last line in (A.25) equals

ω−Kh−2−
1
2 (ω + βσ 2

1 )
−Kh−2 (βσ 2

1 )
−

1
2 π

h−1
2

h−2∏
t=1

Ψ

(
1
2
; 1 − Kt; zh−t

)
Ψ

(
1
2
; 1 − Kh−2; z1

)

where zi, i = 1, . . . , h − 1 are defined in (3.6). Hence, recalling that ξh,s = β
h−1
2
∏h−1

i=1 α
−

1
2

i w
−

1
2

h (2π)−
h
2 , and rearranging

ne finds fzh|ς(w|s) = (2π )−
h
2w−

1
2
∑

∞

j=0
µj(w)

j! c⋆j with µj(w) := e−rwr jwj and

c⋆j :=π
h−1
2

h−1∏
i=1

α
−

1
2

i (σ 2
1 )

−
1
2

∞∑
k1=0

(
−j − 1

2
k1

) ∞∑
k2=0

· · ·

∞∑
kh−2=0

β−
∑h−2

i=1 Ki

(
ω

ω + βσ 2
1

)Kh−2 h−2∏
i=2

(
−

1
2 − Ki−1

ki

)
·

·

h−2∏
t=1

Ψ

(
1
2
; 1 − Kt; zh−t

)
Ψ

(
1
2
; 1 − Kh−2; z1

)
,

which gives (3.6). Note that the second parameter 1 − Kt (respectively 1 − j) of the Ψ functions in (3.6) (respectively
3.7)) converges to −∞ for ki → ∞, so that

∏h−2
t=1 Ψ

( 1
2 ; 1 − Kt; zh−t

)
Ψ
( 1
2 ; 1 − Kh−2; z1

)
converges to 0 for ki → ∞ by

emma A.3.
Finally consider the case ω = 0 for h ≥ 2, write exp

(
−

wh
2σ2

h

)
=
∑

∞

j=0

(
−
wh
2

)j 1
j!

(
σ 2
h

)−j so that

fzh|ς(w|s) = ξh,s

∞∑
j=0

(
−
w

2

)j 1
j!

∫
Rh−1

+

exp

(
−

1
2

(
h−1∑
t=1

β

αt
vt

))
(σ 2

h )
−j− 1

2

h−1∏
t=1

dvt
√
vt
.

ote that for ω = 0, by (A.13) (σ 2
h )

m
=
∏h−1

t=1 (1 + vh−t)
m β (h−1)m(σ 2

1 )
m, which implies that

fzh|ς(w|s) = ξh,s
(
σ 2
1

)− 1
2

∞∑
j=0

(
−
w

2σ 2
1

)j
β (−j− 1

2 )(h−1)

j!

h−1∏
t=1

∫
Rh−1

+

exp
(

−
β

2αt
vt

)
(1 + vt)

−j− 1
2 v

−
1
2

t dvt

= (2π)−
h
2

h−1∏
i=1

α
−

1
2

i w−
1
2
(
σ 2
1

)− 1
2

∞∑
j=0

(
−
w

2σ 2
1

)j
β−j(h−1)

j!
π

h−1
2

h−1∏
t=1

Ψ

(
1
2
; 1 − j;

β

2αt

)
,

where ξh,s = (2π)−
h
2 β

h−1
2
∏h−1

i=1 α
−

1
2

i w−
1
2 . This completes the proof. □

Supplementary material

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jeconom.2022.04.010.
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