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ABSTRACT

This thesis is concerned with the development of an improved general model for the

prediction of transient phenomena in cage induction machines. It describes a new

approach which involves the coupling of finite element field solutions to a time-

stepped circuit analysis.

The basis of the proposed method is a multi-coil circuit model developed from classi-

cal two-axis considerations. The novelty in approach lies in the use of magnetostatic

2-dimensional finite element field solutions to calculate the required circuit parame-

ters according to rotor alignment and magnetic saturation. These updated parameters

are then used to solve circuit equations which will in turn set the necessary excitation

conditions for the next finite element field solution. This model provides scope for

potentially large improvements over conventional methods of transient analysis.

A detailed description of the mechanics of the proposed model is presented. This

includes the techniques used to account for 3-dimensional phenomena and second

order effects. Feasible alternatives to the actual techniques adopted have also been

provided. Finally, experimental confirmation is presented, along with a discussion

outlining the limitations to be observed in using this model.
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LIST OF PRINCIPAL SYMBOLS

A
	

magnetic vector potential

B
	

flux density

d
	

mean airgap diameter

D•	 rotor end-ring internal diameter

Dr	 rotor bar pitch circle diameter

E
	

induced electromotive force

F
	

force or magnetomotive force

g
	 airgap width

H
	

magnetic field intensity

i,I	 current

J
	 complex operator

J
	

current density

'mont
	 moment of inertia

icc
	 Carter's coefficient

winding distribution factor

L
	

self inductance

m
	

harmonic number

M
	

mutual inductance

n
	 rotor bar number

N
	

number of turns

Nb
	 number of rotor bars

NPH
	 number of turns per phase (stator)

p
	 number of pairs of poles

r,R
	

resistance
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S
	 slip

S
	

cross sectional area or stiffness matrix

t
	

time

T
	

torque

V
	 velocity

V
	

voltage

w	 axial length

w
	

stored energy

x , X	 reactance

3	 rotor slot pitch angle

area of one element or small increment

rotor skew angle

permeability of free space

V	 reluctivity

Ci)	 angular velocity

CI)	 flux

'is	 flux linkage

p	 resistivity

a	 conductivity

8	 angular displacement
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Subscripts

b	 bar

d	 d-axis quantity

e	 rotor end-ring

g	 airgap

m	 harmonic number

n	 rotor bar number or circuit number

q	 q-axis quantity

r	 rotor

S	 stator

R, Y, B	 red, yellow, blue phases on the stator

Miscellanous

denotes peak value of M

M'	 denotes	 unless otherwise stated
dt

denotes A as a vector

A	 denotes that A is a matrix

I	 denotes I as a complex quantity

Re	 denotes 'real part of

Im	 denotes 'imaginary part of
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1. Introduction

The behaviour of an induction motor can be broadly regarded as being comprised of

two regimes, the steady state and the transient. The differentiating factor between

these two conditions is the constancy of rotor speed. It may be argued that a machine

that is operating at constant speed off an inverter supply is in a state of repeated iran-

sients, yet such a machine may be analysed using time-harmonic decomposition of

the terminal waveforms and steady state techniques. Well-established models for

both modes of operation exist, and have been used by designers for many years. The

model used to investigate steady state phenomena is the equivalent circuit, with its

time-independent parameters of resistance and reactance. Transient behaviour, on

the other hand, is commonly investigated using models that are variations based on

two-axis theory developed by Kron and Park. These involve the numerical integration

of a system of first-order differential equations, usually accomplished by some simple

time-stepping algorithm such as the fourth-order Runge-Kutta.

A major weakness of both these models is that in their simplest form they are linear.

All electrical machines comprise complicated electric circuits embedded in iron so

that this can be a restriction on their accuracy. Not surprisingly, many efforts have

been made to incorporate the effects of magnetic saturation by empirical modification

of parameters based on simple conceptual models of the flux paths in the machine.

In the 1960's,the arrival of the digital computer led to the development of numerical

methods of field analysis. The finite element method which evolved in the late

1970's has proved to be very popular. Its twin virtues of being able to cope with

complicated geometries and non-linear materials make it ideally suited for the solu-

tion of magnetic field distributions in electrical machines. Its main drawback is its

conspicuous consumption of computer resources. Nevertheless, many researchers e.g.

Silvester and Chari have used it as the basis for improved models of electrical

machines. Today, the massive growth in computer capacities enables two
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dimensional finite element problems of around a thousand nodes to be solved on per-

sonal computers as a matter of course.

In the case of induction motors, most of this work has been concentrated on steady

state operation. The usual simplification applied is that of sinusoidal excitation. Such

models are not applicable to the prediction of transient performance, nor to non-

sinusoidal excitation from static frequency converters. Yet there is a real need for

improved non-linear models for these cases, especially where the size of the machine

precludes prototyping on economic grounds. Such a model could then be used to test

the validity of a particular design under various conditions. For example, it would be

useful to be able to predict the magnitude of starting currents and shaft torque in

high-powered induction motors.

Given the success of the finite element method, the obvious approach would seem to

be to formulate a time-dependent finite element model and solve it in a step by step

manner. However, the need for iterative field solutions at each time step results in

vast consumption of computer time, and it was not until the early 1980's that the first

attempts in this direction were taken. In 1982 Turner and Macdonald devised such a

method for the simulation of the flux decay test in turboaltemators. They were

closely followed a year later in 1983 by Tandon et al who developed a method along

similar lines and applied it to several devices, among them a turboaltemator. Both

these papers describe purely two dimensional fields-based methodologies which

ignore end effects. Turner and Macdonald are of the opinion that the lack of axial

modelling was a significant factor in affecting the accuracy of some of their results.

Interestingly enough, the accuracy of Tandon's model appears to suffer in the same

places. Obviously, a full three dimensional finite element model would be more accu-

rate, but current computer technology makes this quite unfeasible. An alternative to

this is to couple two dimensional field models with circuit techniques which can

account for axial variations. This has been shown by several authors, e.g. Williamson

and Shen, to be an efficient and accurate compromise.
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The fact that time-stepped finite element techniques were first applied to synchronous

machines is not really surprising as they may be modelled by non-time-varying fields,

thus simplifying the problem. Application to cage induction machines had to wait a

few years, although Brunelli et al used a method similar to those of Turner and Tan-

don for the analysis of a solid rotor induction machine in 1983. In 1987, Preston et a!

used the method of Turner and Macdonald as the basis of a coupled fields and circuits

analysis of a large 2-pole motor. A Thevenin equivalent circuit was used to

represent the stator of the induction machine in order to allow voltage-forced opera-

tion and the incorporation of end-winding inductances.

In the same year, Arkido published an alternative coupled technique which incor-

porates the voltage equations of the conductors together with the field equations in a

single matrix. This is then solved and time-stepped to provide the predictions. How-

ever, both these authors were more interested in eliminating approximations that are

generally made in contemporary steady state finite element models. Arkkio found

that time-stepping yielded much better torque predictions than could be obtained

when using sinusoidal approximations. Preston concluded that iron losses and the

effect of winding and permeance harmonics were more accurately modelled. Neither

verified their models for transient simulation. In principle of course, there is no

difference between steady state and transient simulation when utilising a time-

stepped technique.

One common thread runs through the work of all these authors. In each case, eddy

current formulations formed the basis of the finite element solutions. This confers the

advantage that all induced currents within the system may be determined from the

field solution. Thus the necessity of defining the rotor currents of induction machines

and associated phenomena such as skin effect is side-stepped elegantly. Unfor-

tunately, it also means that each non-linear field solution must be very accurate, as

any errors in nodal magnetic vector potential will manifest themselves as spurious

induced currents in the next solution one time step later. Discretization error is

- 11 -



therefore an important consideration, especially if skin effects and eddy currents are

to be modelled accurately. Turner and Macdonald showed that if first order finite ele-

ments are to be used, rather dense meshes are required to achieve the desired accu-

racy. Arkkio confirmed this and avoided it by the use of higher order elements.

There is, however, one real disadvantage in using eddy current formulations for

time-stepping purposes - the solution array of magnetic vector potentials must be

time-stepped with each iteration in each non-linear solution. The large number of

time dependent equations that results makes optimisation of step length difficult. An

inevitable consequence of this is that more field solutions are executed than may be

strictly necessary, contributing significantly to computing costs.

In this work, an attempt has been made to provide a fast yet accurate and robust gen-

eral purpose method for the prediction of induction machine transients. The approach

relies on coupling two dimensional magnetostatic finite element field solutions to a

system of circuit equations which are then time-stepped. Reliance on field solutions

has been kept to a bare minimum and circuit techniques utilised extensively.

Verification of the proposed model was carried out on a commercially produced

induction machine for two different transient conditions.
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2. Theoretical background

2.1. The 5-coil model and finite element coupling

The basic circuit model employed involves treating the induction motor as a system

of coils, each of which may be described by a voltage equation. For a system of N

circuits, the voltage balance equation governing the n -th circuit may be written in the

form

d 'I's

= dt	
(2.1)

where R is the resistance of the n -th ciruit, and % its flux linkages. '1', I may in

general be written

N.

=

	

	
(2.2)

1=1

in which M,. is the mutual inductance between the 1 -th and n -th circuits. Each stator

phase may be represented by a single circuit. Modelling a cage rotor is, however less

straightforward as there is no equivalent of a stator circuit as such. One approach

would be to regard each pair of diametrically opposed bars as a single circuit. The

Nb
rotor would thus be represented as a system of 	 circuits, each consisting of a

single-turn coil, where Nb is the total number of bars. An alternative is to equate the

magnetomotive force produced by the cage rotor to that of an equivalent rotor with a

series of sinusoidally distributed coils (see Appendix 1). These fictitious coils are

situated along two sets of axes, commonly termed the direct and quadrature axes. In

this case the current in the n -di bar of the cage rotor may be expressed as

jb.(t ) = { t4 (t) cos ?VflP& + Iq, (t) sinnnP8}	 (2.3)

where 8 is the rotor slot pitch angle, p the number of pole pairs and m is the har-

monic number which can take any positive integer value. i4 and	 are the m -th
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harmonic direct and quadrature axis bar currents respectively. The positioning of the

d- and q-axes is such that they are always perpendicular to each other in the electrical

sense. For a 2-pole machine, the d- and q-axis circuits for the fundamental currents

1d1 and are situated at right angles to each other both mechanically and electrically.

In general, the actual mechanical separation of the harmonic d- and q-axes is given as

radians. Thus the third harmonic d- and q-axes of a 2-pole machine are only

300 apart, and the fifth 18°. This means that if all the harmonic d-axes are aligned

along some datum, none of the q-axes will be coincident.

Equation (2.3) is quite general. If 1dM and	 are known as a function of time for all

values of m, the cage currents are uniquely specified. In many instances, however, it

is sufficient to calculate only the fundamentally distributed bar currents correspond-

ing to m = 1 in equation (2.3). Equation (2.3) may then be abbreviated to

= 1d (t)0SPzP3 + Iq (t)SiflnP8
	

(2.4)

where d = 1d1 and = 'q1• Equation (2.4) shows that the rotor current may now be

specified in terms of the rotor current variables d and iq . We may therefore Write

voltage equations for these two distributions which are similar to equation (2.1) ie.

d'l'd
0= 

dt 
+Rdid

d'f'
0= 

di 
+Rqiq

(2.5a)

(2.5b)

If we consider a three-phase motor, then we can write an equation such as (2.1) for

each stator phase winding, together with the two rotor equations (2.5a) and (2.5b)

above, giving five equations in all. These may be written in matrix form,

'Iffy
d

'I'd

VR

vy

=V8
0

0

RR

0

—0

0

0

000

R 0 0

0 RB 0

0 0 Rd

000

0	 1R

0	 y

0 B

0	 td

Rq q

(2.6)
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This may be written in abbreviated form as

'P'=V—Ri

Equation (2.6) describes a system of first order linear ordinary differential equations

which may be solved for '1' in a stepwise manner. For small time steps over which V

and i may be assumed constant, an analytical solution for equation (2.6) may be

obtained and constants of integration matched at the boundary between successive

steps. If this assumption cannot be made, a numerical method which allows V and i to

vary as functions of time within each time step is required. For the work described in

this thesis, a fourth order Runge-Kutta scheme was found suitable. The form of

equation (2.6) is such that no gain could be expected from more sophisticated

methods of numerical integration. Having solved for 'P at the end of any time step, it

is then a relatively straightforward matter to determine updated values of current for

each coil by rewriting equation (2.2)

LRR

MYR

= MBR

M

MqR

MRY MRB MRd

L MYB Myd

MBY LBB MBd

MM L

Mqy MqB Mqd

MRq 'P
Myq	'f'

MBq 'PB

M

Lqq 'Pq)

(2.7)

which may be written in abbreviated form as

i=L1'P

Proof of this model's validity may be easily demonstrated by combining and expand-

ing equations (2.6) and (2.7) to give the governing equations of the standard induc-

tion motor equivalent circuit. This is done in Appendix 2.

The basic 5-coil model as described above is essentially a variant of the usual model

derived using two-axis theory. The self and mutual inductances contained in equa-

tion (2.7) are functions of both the position of the rotor with respect to the stator, and

of the level of saturation in the machine. It will be noticed that equation (2.7) allows

coupling between the d- and q-axes in the form of the terms 	 and M. As both
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axes are electrically perpendicular to each other, this should not be possible. This is

in fact the case for the linear model, where M = Mqd =0. However, under real

operating conditions it is possible for cross saturation phenomena to occur. In such a

case the flux linking a particular pair of coils saturates its path, thereby affecting the

coupling between other sets of coils. This will be reflected in non-zero values of M

and Mqd.

Accurate calculation of these inductances requires a detailed analysis of the magnetic

field within the machine and it is to such a calculation that the finite clement method

is well suited. The work described in this thesis couples the finite element field

analysis with a time stepping circuit analysis. In essence the finite element method is

used to update the inductances as the rotor angle and rotor and stalor currents are

varied by time stepping equation (2.6). Fig. 2.1 illustrates the basic algorithm.

At the start of the cycle, corresponding to some point in time t = t0, it is assumed that

all the currents, flux linkages and voltages are known. It might be that r0 =0 in

which case the variables are at their initial values. Alternatively r = t 0 may

correspond to the end of the previous step, in which case the values of i, 'I' and V will

be those calculated at the end of that time step. Equation (2.6) is then time stepped to

somepoint:=t 0 +& instep(a). Visknownatallpointsintimeandistheforcing

function. The behaviour of i within the time step & is governed by the last known

value of .- ie. a forward difference approximation. Equation (2.6) is then solved for

'P as an initial value problem.

In step (b), the rotor is rotated by some angle AO calculated from both its angular

velocity and the time step At. The extrapolated circuit currents at time t = tO + At

are then used to excite a non-linear finite element field solution (step (c)). The satura-

tion level of the machine at any given operating point is uniquely defined by the

corresponding reluctivities of the individual finite elements at that point. At time
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d)

b)

a)
Time step the circuit equations

V—Ri
through an interval &

Rotate the rotor by angular displacement
AO corresponding to &

c)
Extrapolate latest values of i to

excite FE non-linear solution. This sets
the saturation level corresponding

to the present operating point

Execute a series of FE linear solutions to
calculate saturated machine inductances

e)
Update current with latest values

of flux linkage and inductance
i=LW

Figure 2.1
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t = t0 + & these reluctivities are set by the converged non-linear solution of step (c).

By freezing the elemental reluctivities at this point and executing a series of linear

finite element solutions, the saturated inductances of the machine may be determined

(step (d)). In effect, this procedure linearises at a particular operating point.

In step (e) corrected values of current at time t = t + & are then determined using

equation (2.7) and the latest known values for 'I' and L as solved at steps (a) and (d).

If these corrected values of current differ greatly from the extrapolated values of

current used to excite the non-linear field solution in step (c), then a restep may be

executed. This involves repeating the processes (a), (c), (d) and (e) over the same

interval in time, but with a priori knowledge of the behaviour of i over the same time

step At. By altering the maximum allowable difference between i in steps (c) and

(e), it is possible tooptimithe use of computing resources for any given level of

accuracy. The values of i, V and 'I' are then saved to be used as initial values for the

next time step whereupon the whole process is repeated. This formulation confers

several rather desirable advantages:

(i) The time stepping process is limited to circuit equations as described by equa-

ton (2.6). As there axe only five equations, the computational overheads are

negligible. Furthermore, the simplicity of the equations ensures numerical sta-

bility through a wide range of time steps.

(ii) A priori knowledge of all currents in the system make it possible to solve the

non-linear field problem with a magnetostatic finite element formulation. This

is simpler, faster and more error tolerant than an eddy current formulation.

(iii) The effects of both rotation and magnetic saturation on the circuit parameters

are modelled by the changing values of machine inductances. These in turn are

calculated using linear finite element field solutions which are quickly executed.

The use of finite elements to calculate inductances maximises accuracy, as both

geometry and material non-linearity are taken into account.
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(iv) Optimisation of computing resources may be achieved by selecting time steps

that correspond to some maximum allowable change in any of the flux linkages.

Flux linkages are directly relatable to magnetic saturation, so this ensures that

the more costly non-linear finite element solutions are executed only when

strictly necessary ie. when changes in saturation level warrant. As there are

only five values of 'P to monitor, it is a relatively straightforward matter to

decide when a non-linear solution is needed.

2.2. Calculation of circuit parameters

Whereas the determination of saturated machine inductances by finite element field

solutions may seem to be a good idea, it is by no means straightforward. The prob-

lem lies in the fact that all finite element solutions yield an answer in terms of nodal

potential. Therefore, an expression for inductance which utilises such a solution must

first be developed. Two dimensional finite element solutions for magnetic fields are

formulated in terms of one component of the magnetic vector potential

A = A (x ,y )&. where is the unit vector directed normally to the plane of the solu-

tion ie. the x—y plane. Inductance may then be calculated by equating expressions

for induced electromotive force,

E =L!=N.c
dt	 dt

Li=N

=NJML

=	 JAdS
	

(2.8)

-19-



where w is the axial length of the machine, and N and S refer to the number of turns

and the cross-sectional area of the coil or circuit with which flux linkage is to be cal-

culated. This integration may be carried out element by element, since

fAdLt= *(Al +A 2 +A 3)	 (2.9)

for each element (see Fig. 2.2).

Figure 2.2

If the area concerned S covers Ne elements, then by summing nodal potentials over

the area S element by element,

t	 N1A13
JAdS =

1=1 3
(2.10)

and inductance may thus be determined by substitution into equation (2.8) as follows

L	
3

=—Z(4 , Aj)	 (2.11)
1=1	 1=1

The procedure used involves excitation of a particular coil with a known test current

i. A linear finite element field solution is then executed to determine the nodal mag-

netic vector potentials A corresponding to the excitation. By summing the nodal

values of potential over the cross-sectional area of each coil the corresponding
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coil 1

L

coil 2

I S2I I•1

2N 1w 	 3
L11=

3S1(—i:)51	 i=1
(2. 12a)

inductances may be determined using equation (2.11). This is more clearly illustrated

with reference to the two coil example in Fig. 2.3.

Figure 2.3

The shaded areas in Fig. 2.3 represent the cross-section of the two coils. The direc-

tion of current flow -4-s or - may be modelled by identifying the appropriate half

coils by positive or negative signs. As the problem is symmetric, only one half needs

to be modelled. If the left half is chosen, then energising coil 1 with a test current i

involves exciting the elements in region S 1 with a current —i1 as the current flowing

incoil 1 isdirected inthe— direction.Tocalculatetheinducedemfincoil 1 dueto

this excitation, values of nodal potential are summed over region S as described in

equation (2.10) and the self inductance calculated by using equation (2.11),

Note that when summing nodal potentials over region S, the values of potential must

be multiplied by —1 due to their negative identifier. This cancels with the negative
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sign of the excitation current to ensure that L 11 is positive, as should be the case. The

presence of the factor 2 accounts for the fact that only half the problem is being

modelled. The mutual inductance between coils 1 and 2 may then be calculated by

keeping coil 1 excited, but summing the nodal potentials cf all the elements in region

S 2 instead. Applying equation (2.11) once again,

3
M21= 3S1(_i)EA	 (2.12b)

S 2 i=1

Coil 2 may now be excited with the appropriate test current in this case ) and

nodal potentials summed over the elements representing regions S and S 2 to obtain

the mutual inductance M 12 and self inductance L 22 respectively,

2N 1w 	 3
M12= 

3Sj	
(2.12c)

S i	 i=1

2N2w 	 3
L= 

3S11, (AZA)	 (2.12d)
S2 i=1

In a multi-circuit system the procedure above may be applied in a similar manner to

calculate all the self and mutual inductances required. Eadh circuit is excited in turn,

and the nodal potentials summed for each and every circuit for each excitation. It

must be remembered, however, that neither the d- nor the q-axis rotor circuits exist as

such. Both are purely conceptual models used to represent a set of rotor bar currents

- there is no such thing as 'd or in reality. This presents two problems to the cal-

culation of inductances as described so far. The first involves equating the excitation

of the d- and q-axis rotor circuits to their respective bar current distributions. In fact,

this is quite straightforward as equation (2.3) gives the required bar excitations

corresponding to a test current i flowing in the d- and q-axis rotor circuits (see Table

2.1).
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rotor bar number d-axis excitation q-axis excitation

0	 i,cosO	 i,sinO

1	 i,COSp3	 1,Siflp6

2	 i,cos2p6	 isin2p8

n	 i1cosnp6	 isin*zp8

Table 2.1

Thus determination of, say, Mid and Miq proceeds as described earlier - the rotor

bars are excited with the cosine and sine test current distributions outlined in Table

2.1 and the values of nodal potential summed over the cross-sectional area of coil 1.

The arrows in Figs. 2.4a and 2.4b illustrate the individual bar test currents required

for excitation of the fictitous d- and q-axis rotor circuits ov one pole pair of a rotor

with 5 bars per pole pitch.

The second problem is presented by the summation of nodal potentials over the rotor

bars. In order to determine, say, Mdl afld Mq 1 is necessary to separate the d- and

q-axis contributions to the nodal values of potential for eadh rotor bar. This may be

achieved by resolving the induced emf in each bar into d- and q-axis components as

follows:

Ban: Eb1=Eb4cosp&+Ebsinpb

Bar2:

Barn: E=ECoSfl&+ESmnp&
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Figure 2.4a d-axis excitation

Figure 2.4b q-axis excitation
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N Nb N.d	 3
Ed =——(A1A)cosnp

3S =i dt
(2.15a)

then

where Eb and Eb, are the induced bar cml's resolved along the d- and q-axes. The

equivalent induced cml's Ea and Eq for the fictitous d- and q-axis rotor circuits are

then given by

Nb

Ed = ZEbcosnp&
n=1

Nb
Eq = Eb1, SiflflP&

n=1

(2. 13a)

(2.13b)

Proof is given in Appendix 3. If equation (2.8) is now rewritten in terms of induced

bar emf

Eb = Nw1'd	
(2.14)

N NbNed
Eq =

and	 and Mq i may now be expressed as

Nw Nb N. 3

Mdl= 
3Si1	

(A,A1)cosnp8
n=1 I	 i=1

	

Nw NN,,	 3
Mqi 

3Si1

	

,i=1 1	 1=1

(2.15b)

(2.16a)

(2. 16b)

To check the validity of these finite element calculations, a set of analytical formulae

was developed to calculate all the necessary inductance parameters in L. Naturally,

these formulae are valid only for an unsaturated machine, and are given overleaf.
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Stator self inductance:

Stator mutual inductance:

Rotor self inductance:

Stator-rotor mutual inductance:

2p.0 dw NPHk.., 
2

irgk	 np

2
j.t0 dw NPHkW

'pip

2
p 0 dw Nb

8icgk	 izp

dWNL,NpH k
COS flflZP Or

2irgk n2o2

where °r refers to the angular displacement between stator and rotor. Derivations axe

given in Appendix 4. Good agreement was found between the unsaturated finite ele-

ment model and the analytical expressions above. Actual figures for the two cases

are provided in Chapter 4.

The determination of the resistance parameters is, by comparison, very straightfor-

ward. Each stator phase is represented by a circuit, and therefore the circuit resis-

tance is equivalent to the resistance of each phase. In the case of the rotor, equivalent

d- and q-axis resistances expressed in terms of the individual bar resistances may be

derived by equating power losses. The current flowing in the n -th bar is given by

equation (2.4)

1b,	 d CO5flP8+lq Sifl?p

Power loss in this bar is

ij R (IiCOS2 ?P8+Iq2 Sifl2 ?P6+2idq sinnp8cosnp&)Rb

=
 [

.2	 .2

* + * +	 iii 2JZJ 6

+ 4(iJcos2np o - i sin2np 6 + i17 sinzp 6— icos2tp 8)] Rb

[ . 2	 •2

=	 + + 
1d 'q 2np 8+	 - i) cos 2np 8] Rb
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Total rotor power loss may be determined by summing over Nb bars,

Nb	 Nb2	 N

=	 + 1q2)Rb + laqRb sin 2np 8
n=1	 n=1

Nb

+.}(ii_i,)Rb cos2,p8
t=1

Nb	 Nb
= -j—iiRb +

= liRa + lq2Rq (2.17)

Thus the resistance of the two fictitous d- and q-axis rotor circuits may be equated to

Nb 
where Rb is the effective bar resistance for a rotor current distribution of

2mp poles.

23. Treatment of Harmonics

In chapter 2.1 it was assumed that all rotor current distributions other than the funda-

mental could be ignored. This was done in order to simplify the theoretical develop-

ment of the 5-coil modeL However, the distribution of electrical machine windings

into separate slots results in the existence of spatially distributed harmonic com-

ponents of flux density in the airgap. In most cases, the effect of these harmonics on

the performance of the machine is negligible, and they may therefore be neglected in

analysis. However, in some machines harmonics may manifest themselves in

undesirable ways, such as crawling in induction machines. For this reason, the five-

coil model outlined above may be extended to include these harmonics and conse-

quently predict their effects.

In induction motors, any harmonic components of airgap flux density will induce

corresponding harmonic emf's and currents in the rotor bars. It is possible to resolve
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these harmonic currents along two perpendicular axes as shown earlier in Appendix

1. For any given rotor bar, the total bar current is given by equation (2.3)

j(t)= {idJuu(t)cosnnP6+iqJu(t)sinnmP6}

These harmonic currents may be added to the five-coil model by superposing addi-

tional harmonic coils along the d- and q-axis. These harmonic coils can then be

expected to couple with other coils in the system and thus give rise to harmonic

inductances and flux linkages. Equation (2.6) must therefore be extended accord-

ingly. For example, the inclusion of third harmonic d- and q-axis coils requires the

inclusion of the following terms

VR

'P1	V1

'PB	 VB
d

0-

0

0

0

RR 0 0 0 0 0 0

o R1 0 0 0 0 0

o 0 RB 0 0 0 0

o 0 0 Rd 1 0 0 0

o o 0 0 Rq1 0 0

o o 0 0 0 Rd3 0

o 0 0 0 0 0 Rq3

jy

1d1
	 (2.18)

1q1

d3

Similarly the inductance matrix of equation (2.7) may be extended to incorporate the

additional inductances

LRR MRY MRB MRd 1 MRq 1 MRd 3 MRq3

MYR L 1 MYB MId 1 Myq1 MId3 Myq3

MBR MB1 LBB MBd 1 MBq 1 MBd3 MBq3

Md 1R Md 1y M8 Ld 1d 1 Ma iq i Md 1a3 Mdiq3

Mq 1R Mq1y Mq 1B Mq id i Lq1q1 Mqia, Mq1q3

Md Md3y Md, Md Md 1 Ld 3 Md,3

Mq Mq3y Mq Mqj1 Mq3q1 Mq,d3 Lq,q3

(2.19)

It will be noticed that the extended five-coil model allows for coupling between dif-

ferent harmonics. These are included for the same reason as outlined in chapter 2.1
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for coupling between d- and q- axes, namely that cross-saturation effects may occur.

The harmonic coupling terms will then be non-zero, and must be included in the

model.

The methods for calculating inductances developed earlier in chapter 2.2 may now be

extended to the general case. The individual bar currents corresponding to a test

current of I flowing in the m -th harmonic rotor coil of a 2p-pole machine are given

in Table 2.2 below

rotor bar number d-axis excitation q-axis excitation

0	 I1cosO	 I1sinO

1	 Jcosmp8	 I,sinmp8

2	 Jcos2mp8	 I1sin2nzp6

n	 Icosnmp8	 Itsinn,np6

Table 2.2

Similarly, the total induced emf in the n -th rotor bar is given by

Eb =	 cos nnzp 8+ Eb sin nmp 8)	 (2.20)

Separation of the required d- or q- axis induced emf is then obtained Iby multiplica-

tion as before

Nb

Eb = Ecosnmp8	 (2.21a)

Nb

Eb = Eb in fl !P 8	 (2.21b)
,i=1
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Following this through to its logical conclusion, the m-th harmonic mutual induc-

tance between a stator coil X and the rotor is expressed as

Mx	
, N N 3

=	 (A1 A 1 )cosnmp8	 (2.22a)
X,i=1j	 i=1

Nw NN 3

Mq,.x 
=	

(ij A) Sin nmp S	 (2.22b)
Xn=1I	 i=1

As many harmonics as desired may be incorporated into the extended model in this

way subject to the restrictions of Shannon's sampling theorem. This states that a sig-

nal of frequency m requires a minimum of 2m samples for distinct reconstruction.

As determination of the inductances relies on the excitation of individual rotor bars

with the necessary harmonic current distributions, this limits the number of harmon-

ics which may be included. For a cage rotor of Nb bars, the highest harmonic that

Nb
can be modelled before aliasing occurs has -i-- poles. This is shown in Fig. 2.5

below, which compares a fundamental and a fifth harmonic airgap flux density for a

rotor with five bars per pole pitch.

Figure 2.5
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10 bars per pole-pair is clearly just sufficient to model the fifth harmonic, and any

attempt to excite the ten rotor bars with a seventh harmonic current distribution will

result in aliasing problems. This may be demonstrated by referring to Table 2.3

which gives the d-axis bar excitation currents required for this rotor for harmonic

numbers 1 to 7.

n Ban	 Bar2	 Ban3	 Ban4	 Bar5

1	 Icos--	 Icos2--	 Icos3--	 Icos4--	 Icos1r

3	 Jcos3--	 Icos6--	 Icos9--	 Icos12--	 Icos3ir

5	 I cos it	 I, cos 2it	 I, cos 3it	 I cos 4ir	 I cos 5

7	 Icos7--	 Jcos14--	 I,cos21--	 Icos28--	 Icos7it

Table 2.3

Note that for a machine with 10 bars per pole-pair,

p8=	 2!
Nb 5

A comparison of the third and seventh harmonic bar current distributions is given in

Fig. 2.6 overleaf. Clearly, aliasing has ocurred and the limitations imposed by

Shannon's sampling theorem demonstrated. It must be stressed, however, that the

Nb
upper limit of	 does not imply that higher harmonics do not exist. It merely lim-

its the ability of this method of calculating them.

An alternative method of calculating inductance would be to calculate the airgap flux

density from the field solution for each excited circuit. These values of flux density

could then be used in conjunction with the analytical formulae described in chapter
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Figure 2.6
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2.2 to determine the full set of inductance parameters required. A suitable method of

calculating airgap flux density was described by Smith in 1986. It involves perform-

ing a Fourier analysis on the airgap field variation calculated directly from nodal

magnetic vector potentials along either the rotor or stator surface. The,n -th,harmonic

flux density at any point along the airgap is then given by

B (0) = -1--(B cos mp 0+ Bq sin mp 0)	 (2.23)
mIL

where

Bd =)B(sinmp0 - sinmp0_1)	 (2.24a)

Bq =B(cosmp0_1 - cosrnp0)	 (2.24b)

and B refers to the flux density between nodes (i + 1) and i along the stator or rotor

airgap surface. This may be determined directly from the nodal magnetic vector

potentials as follows

B• =[ 
A1—Al

r L e+—o]	
(2.25)

Fig. 2.7 illustrates the coordinate system used. Since there is a large number of nodes

along each airgap surface, the aliasing problems encountered earlier are unlikely to

affect values of inductance calculated in this manner. There is however, a different

drawback when using this method to determine inductance - it does not take into

account the leakage component of inductance. This renders it particularly unreliable

when dealing with rotor bar geometries which suffer from high leakage, for example

rotors with completely enclosed slots. This was demonstrated by M. C. Begg in

1985. For this reason, it is felt that this particular technique should be used only when

it is absolutely necessary to model the higher harmonics which cannot be modelled

by the induced cml method.
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rotor iron	 - -,

01+1

.2 A1

I'	 ---

A.
1+1

airgap surface

Figure 2.7

It will be noticed that no mention of stator harmonics has been made. This is because

the calculation of induced emf in a stator coil includes all harmonic contributions -

unlike the case for the rotor, there is no implication of a sinusoidal distribution (see

equations (2.12a - d)).

-34-



2.4. Rotor motion

The rotor-stator mutual inductances outlined in the previous sections vaiy not only

with saturation but also with the orientation of the rotor. It is important, therefore

that rotor motion be included in the finite element simulation. The usual problem

with representing a moving member using finite elements is the necessity of

redefining parts of the mesh with each successive displacement. In the case of a rotat-

ing machine, the airgap mesh is distorted as the rotor moves, and thus requires

redefinition in order to prevent loss of accuracy. Each time this occurs, the nodes

require renumbering in order to maintain a small global stiffness matrix bandwidth,

and this is very time consuming.

A more elegant method of representing rotor motion would be to use some form of

model which avoids the need to remesh the airgap with rotor movement. Two such

alternatives were evaluated:

(i) A hybrid finite element-boundary element model in which the airgap is

modelled using boundary integral techniques as described by Salon and

Schneider in 1982. The airgap is represented by a single boundary element

which therefore allows free rotation of the rotor without remeshing.

(ii) A second hybrid technique utilising an airgap macroelement (due to Razek et al

in 1982) instead of boundary integral methods. Laplace's equation is first

solved analytically for the uniform part of the airgap. The macroelement is

derived by matching this solution to the boundary conditions imposed by the

rotor and stator finite elements along the airgap surfaces. As with the boundary

element, free rotor movement is possible.

In both of these methods, rotor rotation requires only that the coefficients of the finite

elements describing the rotor and the airgap are updated with each displacement

However, they both suffer from certain disadvantages. Boundary elements always
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result in dense unsymmetric stiffness matrices which are more expensive both to

store and to solve. The boundary element hybrid was therefore abandoned. The air-

gap macroelement retains all the advantages of a boundary element, but still has one

disadvantage. Although the global stiffness matrix is symmetric, the airgap nodes

form a dense block. In practice, it was found that for the same mesh, the macroele-

ment hybrid was capable of calculating inductances more accurately than conven-

tional finite elements. However, this disparity decreases with increasing mesh den-

sity. In benchmark tests between the macroelement hybrid and a purely finite element

based model, it was found that the macroelement hybrid still required substantially

more CPU time than the pure finite element model for the same degree of accuracy in

calculated machine inductances.

The approach eventually adopted was that suggested by Williamson et al (1986) and

utilises a set of prestored finite element meshes. The rotor was shifted over one rotor

slot pitch in a preset number of steps of equal angular displacement. At each step, the

airgap mesh was defined optimally (see Ratnajeevan & Hoole, 1985), renumbered

and all associated data stored. In order to rotate the rotor to any given position 0, the

prestored mesh nearest to 0 is loaded and the rotor twisted to the exact required posi-

tion. In Fig. 2.8, the rotor slot pitch has been discretized into four steps. This

6requires five meshes each displaced from its neighbours by an angle -- corresponding

to a quarter of a rotor slot pitch. ii it is then required that the rotor be rotated

counter-clockwise by an angIe 0, then mesh no. 2 is loaded and the rotor twisted to

the required position, distorting the airgap mesh in the process. Provided the rotor slot

pitch is discretized into a sufficient number of steps, the distortion of the elements in

the airgap has a negligible effect on accuracy.
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Figure 2.8

As time progresses, the cumulative angular displacement 0 of the rotor will exceed 8,

ie. one rotor slot pitch. Rotation beyond this point is achieved by altering the portion

of the rotor which is modelled. This is illustrated in Figures 2.9a and 2.9b, in which

one pole pitch of a machine is modelled at the same instant in time in two different

ways simply by selecting the appropriate slice of rotor to model The bar currents for

the two models are given in Table 2.4.
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Figure 2.9a

-38-



Figure 2.9b
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Bar no. I Bar current

1	 1dCOSP&+IqSflP8

2	 dC0S2PB+1q2P&

7	 1dCOS7P8+1qSlfllPö

8	 dC0S7P34IqSfl7P8)

Table 2.4

Fig. 2.9a corresponds to mesh no. 5 in Fig. 2.8, and Fig. 2.9b to mesh no.1. However,

if the two rotors are taken in isolation, the bar currents of Fig. 2.9b have been shifted

one slot pitch counter-clockwise relative to those of Fig. 2.9a. This is in effect a

mechanism for rotating the rotor by integral multiples of a slot pitch. By combining

this with the set of prestored meshes over one slot pitch, any rotor displacement may

be modelled without the need to redefine meshes or renumber the equations with each

rotor rotation.

-40-



23. Torque calculations

The mechanical equation coupling electromagnetic torque T, produced by the

machine to actual rotor motion is

dO)r
T - T,0 = 'morn d:	

(2.26)

where the loss torque due to friction and windage , T was determined experimen-

tally by means of a torque transducer over a range of speeds from standstill to syn-

chronous speed. The measured torques were then stored in a look up table, and linear

interpolation used for values of torque corresponding to speeds falling between the

experimental values. The moment of inertia of the experimental rig was simi-

larly determined by experiment. Two different methods were used to determine J.,,,,

as a check on the reliability of the values obtained.

The electromagnetic torque T produced between stator and rotor may be equated to

that produced by two energised coils, one stationary and the other moving. It

depends entirely on their respective currents and the variation in their mutual induc-

tances. As such magnetic saturation has a large effect on the mechanism of torque

production, a method based on field calculations is required to determine it. This is

not a new problem, and much effort has been concentrated on devising techniques for

its solution. Essentially, there are three available choices for the calculation of torque

from the results of a finite element field solution.

(i) The method of Maxwell stresses - this is very well known and has been much

used in the calculation of forces and torques in electromagnetic problems. It

involves the integration of Maxwell's stress tensor along the airgap of the

machine concerned, and has the advantage of being both elegant and simple.

Unfortunately, it is very sensitive to discretization errors which are inherent in

all finite element solutions. The problem is one of discontinuities in one of the

two magnetic field quantities, or j at the boundaries between elements. If
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first order elements are used, very dense meshing is required to achieve reason-

able levels of accuracy (Wignall et al, 1988). Alternatively, higher order ele-

ments must be used (Tarnhuvud and Reichert, 1988).

(ii) The virtual work principle - this, too is very well established, and equates

force to the difference in magnetic stored energy or coenergy in a particular sys-

tem over a displacement in space. Originally, it suffered severely from round-

ing errors which are an inevitable consequence of trying to determine a small

quantity from the difference between two much larger quantities. However, in

its latest form as developed by Coulomb (1983), and Coulomb and Meunier

(1984), this problem is avoided. Coulomb's formulation involves the integra-

tion of tangential and radial flux densities over the area of the airgap. Both Ark-

kio and Mizia et al (1988) report that this method yields much more reliable

results than can be obtained using Maxwell's stresses.

(iii) The Lorentz force is based on the simple equation

L =L x B	 (2.27)

Binns et a! proposed that this equation be applied to each stator slot pitch of a

machine. Suitable values for and L would then be the average flux density

over the slot pitch concerned and the current flowing in it. The force contribu-

tions from all the slots are then summed to calculate the total electromagnetic

torque produced.

Of these three methods, it was decided that the third would prove most suitable on the

grounds of versatility. By calculating harmonic components of , it is possible to

study the effects of harmonic torques on the system and their importance. Further-

more, it was noticed that the test mesh used by Binns et al was considerably coarser

than those presented by authors who have used Coulomb's method successfully, e.g.

Arkkio and Marinescu.
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In order to extract required harmonic components of airgap flux density the method

due to Smith as described in chapter 2.3 was used. The average airgap flux density

over a slot pitch for any harmonic may then be determined by integrating equation

(2.23) over the required angular displacement as follows

02

B= 1 fB(oe
02—OIg

-	 1
- mp(92-01) 

[B I: sinnv o2_ sinmpO2)

+ Bq,,, (cos?np92 cosmp92)]	 (2.28)

where °2°l describes the angle subtended by one rotor slot pitch at the centre of

the rotor shaft.

This method was tested by calculating the torque developed in an unsaturated

machine using both classical two-axis analysis and the finite element time-stepping

analysis, assuming constant iron permeability. Both methods gave very similar

results. It must be emphasized that the investigation of transients with time-stepping

methods requires that all torque calculations be very accurate. Any errors at a given

point in time will lead to corresponding errors in acceleration, speed and rotor posi-

tion. Accumulation of these errors will eventually lead to errors in the phase and

magnitude of stator and rotor currents as well.
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2.6. Skin effect

Many induction machines are designed with deep rotor bars in order to exploit skin

effect phenomena and thus improve torque at starting and low speeds. Under these

conditions, the current flowing in the rotor bars redistributes itself such that most of it

flows at the top of the bar. On the other hand, operation near synchronous speed

results in a more even bar current distribution. The changes in bar current distribu-

tion affect the resistance and slot leakage reactance of the cage and must be

accounted for.

The use of a magnetostatic formulation implies that there is no provision for this

phenomena. It would be possible to excite each rotor bar with an uneven current dis-

tribution but the determination of the appropriate current distribution for that particu-

lar operating point would rely on classical models. Furthermore, selective excitation

would require a large number of elements and nodes per bar which would somewhat

negate one of the advantages of using a magnetostatic formulation ie. that a coarse

mesh may be used. In addition, the saturation of the niain and leakage flux paths is

little affected by the distribution of the current flowing inside each bar.

One method for taking the influence of skin effect on bar resistance and slot leakage

reactance into account is to use classical Liwschitz-Garik correction factors. These

equate the uneven bar current distribution to modifications in the bar resistance and

leakage reactance. The modified bar resistance Rb' is thus given by

Rb'=Rb

where the correction factor 4 is defined as

sinh+sinl
-	 cosh_cosj

and

(2.29)
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Similarly, the modified leakage reactance Xb' is

Xb'=VXb
	 (2.30)

where

[sinh—sinl
-	 cosh_cosj

The correction to bar resistance is easily accomplished, but modification of the slot

leakage reactance requires that it first be calculated in some way. Classical formulae

based on bar dimensions may be used, but these tend to be unreliable when applied to

rotor bars enclosed in slots - a common feature in smaller induction machines. It

was therefore decided to use a finite element method instead. The slot leakage induc-

tance of a bar may be found in terms of field quantities by equating it to energy stored

in the slot

fLsi J = IjBH dV	 (2.31)

where V represents the volume of the slot. Copper is magnetically linear and so H

may be expressed in terms of B. Equation (2.8) then reduces to

L

 = [

B12V
7-J -
	 (2.32)

for each bar. However, in order to maintain compatibility with the 5-coil model, the

slot leakage inductance of the equivalent d- and q-coils must be determined. This

requires that the rotor bars be excited with the appropriate cosine or sine current dis-

tribution. The energy stored in each bar is then summed and equated to an equivalent

d- or q-coil slot leakage inductance as before

Nb
= W,	 (2.33)

ii=1

The d-coil slot leakage inductance is actually included in the self inductance term

L. Thus the procedure for skin effect correction tequires that Ld be subtracted
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from Lb,, corrected and then added back into the self inductance as in equation

(2.34a) below.

L' = L -	 + 1Ld 	 (2.34a)

This procedure has the advantage that it is relatively straightforward to implement.

However, it does suffer from one drawback. If too coarse a mesh is used, the stored

energy calculations may suffer significantly from discretization error.

Under certain circumstances, e.g. when modelling a rotor designed specifically to

take advantage of the deep bar effect, the procedure outlined above may prove to be

over simplistic. In such a case, an alternative would be to calculate the slot leakage

and subtract it as before, and then to add in a more accurate value of total leakage

inductance corresponding to the operating point of the machine. This value could be

provided by any convenient means.

A suitable method was described by Williamson & Begg in 1985. It utilises finite

elements to model a single rotor slot pitch and its airgap, thus incorporating satura-

lion effects as well. By applying appropriate boundary conditions to simulate the sta-

tor magnetomotive force and periodicity, the leakage inductance of any slot shape

may be determined from a field solution corresponding to a particular operating

point. As only one bar is modelled, even a small mesh of approximately 250 nodes is

sufficient to ensure a high level of accuracy. It is perfectly feasible to solve this finite

element problem for a range of bar currents and slip frequencies and to store the

corresponding values of leakage inductance Lk in a look-up table. The required

value can then be retrieved for any operating point, and added to the rotor self induc-

tance as follows

L = L - Ld + L	 (2.34b)

where L is obtained from the look-up table. Once again, linear interpolation may

be used for operating points falling in between the stored values.
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2.7. Three dimensional effects

The model described thus far is still a purely two dimensional one. Real machines

are affected by their three dimensionality to a greater or lesser degree depending very

much on the actual machine concerned, and its mode of operation. A complete three

dimensional finite element model which may be time-stepped is still well beyond the

realms of practicality, and so alternative means of accounting for its effects have

been used. Classical methods have been applied extensively to correct the parame-

ters of the circuit equations although in one case, the field solution is modified as

well.

2.7.1. Rotor end-ring resistance

The resistance of the rotor end-rings may be calculated according to a method first

proposed by P. H. Trickey in 1936. Trickey showed that if certain simplifying

assumptions are made, the end-ring resistance of a cage rotor may be calculated by an

analytical formula

27tDpR = ( Kr&ng	 (2.35)

where Krsng is a correction factor for wide end-rings given by

______ I D•lKrg =p	 p I [1	 (2.36)

'[j
The end-ring resistance is then incorporated into the five-coil model by in the usual

manner. The real rotor cage is equated to an equivalent cage with zero-resistance

end-rings and effective harmonic bar resistances as follows

Re
Rb() = VRb 

+	 21 mp IC1	
(2.37)

I	 I
Nbj
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Note that only the resistance of the actual rotor bar is corrected for skin effect. The

effective bar resistance Rb() is then used to calculate the rotor d- and q-axis resis-

tance as outlined in chapter 2.2. One point to note is that the effective bar resistance

seen by different harmonics changes according to harmonic number and so

Rd 1 ^Rd3^Rd5

The fact that the extended version of the five-coil model treats each rotor harmonic as

a separate circuit enables this effect to be accurately modelled. This is yet another

advantage of using a coupled circuits and magnetostatic finite element formulation.

As mentioned earlier, equation (2.35) was derived subject to several assumptions.

The most important of these is the mechanism by which current is introduced into the

end-ring. Trickey assumed a sinusoidal current distribution along the rotor bar

pitch-circle diameter. This effectively models the junction between rotor bars and

end-ring as a smooth circumferential line of point sources, and is clearly a significant

assumption. In certain cases e.g. rotors designed with deep bars, this assumption is

likely to be over simplistic. Furthermore, if the rotor is short compared to its diame-

ter, the end-ring resistance contributes heavily to the value of effective bar resistance

and the accuracy of the value of end-ring resistance becomes of paramount impor-

tance.

Under such conditions, a far superior method for the determination of end-ring resis-

tance is that of Williamson and Begg (1986). This utiuises finite elements to model a

sector of the real end-ring corresponding to one rotor slot pitch. A known current is

injected at the junction of the rotor bar and end-ring, and the corresponding potential

distribution determined. By equating potentials to power loss over the whole sector,

a value for R may be obtained. The authors report very good agreement between

their calculations and experimental results.
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2.7.2. End-winding leakage inductance

The calculation of inductance parameters using finite elements ignores the effects of

stator end-windings as these are not represented in a two dimensional slice of a

machine. However, under certain conditions, for example starting, it may have a

considerable effect on machine performance. Its inclusion in the 5-coil model is

achieved by adding it to the self inductance of each stator coil. This is justified on the

grounds that the flux paths of the end-windings lie entirely in air and are not affected

by saturation.

Determination of the exact value of end-winding leakage inductance is something of

a black art. Analytical formulae are usually used, but there appears to be little agree-

ment among them. Two formulae quoted in Say and Alger are

x - 
41 lLON1HksY

ew

where k is Say's own short pitching factor and Y is the pole pitch. Alger quotes

7qfdN
Xew = 2106 

(ppu - 0.3)
p

where ppu is the per unit short pitching of the winding and q is the number of

phases. Manufacturer's proprietary formulae are equally empirical. Applying these

to the machine used for experimental verification results in three totally different

values as shown in Table 2.3 overleaf.

This particular motor was previously used by Dr. M. Robinson for his research. In

the course of his work, an accurate value of end-winding inductance was required,

and was eventually determined by experiment to be 7.32 1 mE. This value has been

used for the simulations of the test motor's performance.
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Method used End-winding leakage reactance ()

Say	 4.50

Alger	 2.79

Manufacturer	 2.24

Table 2.3

2.7.3. Stacking factor

The axial length of a machine is often multiplied by a stacking factor which accounts

for the thickness of the insulation layers on the steel laminations used. However, this

ignores the increased saturation levels that result from the reduced volume of iron

available. In 1987, Smith proposed that axial stacking factors be applied to correct

the values of flux density calculated from two dimensional finite element field solu-

lions. The procedure is as follows:

(i) The elemental flux density in iron is determined from values of nodal potential

and scaled by the axial stacking factor k.

(ii) The elemental reluctivities corresponding to the scaled values of flux density are

obtained.

VFE f(li.FE)

(iii) These are then scaled by the axial stacking factor again

v = k VFE
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The inclusion of the increased saturation levels by correcting the iron reluctivities

should be an improved representation and so this approach was adopted.

2.7.4. Rotor bar skew

Rotor bar skew is a common feature of many cage induction machines, and is usually

introduced to counter the effects of space harmonic components of airgap flux density

introduced by slotting. Skewing causes the induced emf in the rotor bars to be

reduced as the bar may be considered to be spread over the angle of skew y. This

reduction is equivalent to a reduced flux linkage between stator and rotor and the

stator-rotor mutual inductance terms are therefore modified by a skew factor

• 1mpy'1sin1 2 
J

Mrs' Mrs

	

	 (2.38)
in!, Y

2

where y is the actual angular displacement between the two ends of a rotor bar, and in

the harmonic number.

However, the skew factor takes no account of axial changes in saturation which are

caused by the angular displacement of the rotor bar currents as they travel down the

axis of the machine. These effects are likely to be most prominent in machines where

harmonic effects are significant and which have heavily skewed rotors as a conse-

quence.

In such cases, an alternative treatment of rotor bar skew would be to treat the rotor as

a stack of shorter rotors, each identical in cross-section but displaced relative to the

rotor preceding it by some angle. The object is to model a continuously skewed rotor

by a stack of short unskewed rotor segments in a piecewise fashion as shown by the

schematic diagram in Fig. 2.10.
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At every time step, after the circuit equations have been solved, steps (c) and (d) in

the flowchart of Fig. 2.1 are executed for each of the rotor segments. If there are R

rotor segments, then R finite element solutions both linear and non-linear will be

required. The excitation cuirents for both stator and rotor (step (c)) remain fixed for

all the finite element non-linear solutions, but the rotor mesh is rotated through the R

positions required to obtain solutions for each of the segments in the stack. The

inductance parameters for each of the R rotor segments are calculated and summed to

provide the inductance matrix L of the complete machine as used in step (e) of the

flowchart in Fig. 2.1.

This method has an added bonus. If R rotor segments are chosen to form the stack

modelling the skewed rotor, it is possible to model the effect of skew on R —1 space

harmonics exactly. This is shown by first considering the induced electromotive

force in a skewed bar E, due to a general travelling flux wave

B =1 sin[01 _npO] which is given by
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1mpy1
a

sin 
L 

2 J	
[	 -	

(2.39)E=Bvw
"!l' '1

2

where v = --. The emf induced in the r -th bar segment of the equivalent stacked

rotor is given by

E, = Evw, sin (w - mp y)	 (2.40)

where Wr is the axial length of the r -th bar segment and y, its position with respect to

one end of the real bar (see Fig. 2.10). Clearly Zw, = w. For equal induced emfs in

both bars at all instants in time,

R

E=Er
r =1

where R denotes the total number of stacked rotor segments. From equations (2.39)

and (2.40),

Rw
sin 

[ _2	
sin [ot - m '] =
	

sin (o)t - mj 'Yr)mpy r=i
2

Expanding the terms in cot and equating terms in sin cot and cos cot on either side,

sin (mpy) = R
CO5(PflPYr)	 (2.41)

,npY	 ,= w

and

1—cos(mp'y)	 R

mpy	
=--sin(nP'Y.)	 (2.42)

R
Given the constraints w, = w and 'YR = 'y, this means that for R stacked rotor seg-

r=i

ments, there are R —1 unknown values of both W and 'Yr• By choosing appropriate

values of harmonic number m, these equalions may then be solved. For example,
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consider the case where 3 rotor segments are chosen to make up the stacked rotor i.e.

R =3. Equations (2.41) and (2.42) then become

	

sinmpy W1	 W2
= -	 cos (mp y) + - cos (mp Y2)	 (2.43)

?npT	 w	 W

W -W1-W2
+	

W	
cos(npy)

and

1—cosmpy W1	 W2
= - sin mpy1 ) + - sin,npy2)	 (2.44)

+	
12 

sin(mpy)
W

The unknown variables are 'YI ' 72' w 1 and w 2. By introducing m = 1 and, say m = 5

into equations (2.43) and (2.44), there will then be 4 equations in 4 unknowns. The

equations may then be solved by any convenient means to determine suitable rotor

segment lengths w,. and angular displacements 7,. which will model the skew of the

rotor exactly for the fundamental and fifth harmonic flux densities. In general, select-

ing R rotor segments for the stacked rotor model enables exact solutions to be

obtained for R - 1 harmonics.
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41 5V

4

delta

65.13 mm

64.70 mm

Newcor 800-65

1435rpm

83.5 mm

36

342

single layer concentric

4.95 ( at 20°C

28

cast aluminium

28845876 m at 20°C

1 rotor slot pitch

3. Experimental verification and simulation

3.1. Test procedure

Verification of the model was done on a small commercially produced motor rated at

4kW. Its details are given below:

General

Rated line volts

No. of poles

Connection

Stator bore diameter

Rotor diameter

Lamination material

Rated speed

Gross core length

Stator

No. of slots

No. of turns per phase

Winding

Resistance per phase

Rotor

No. of slots

Type of bar

conductivity

skew
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A cross-section of the motor is shown in Fig. 3.1. The stator phase resistance was

measured with a Kelvin bridge at room temperature which was assumed to be 20°C.

The conductivity of the aluminium alloy used for the cast rotor was determined by

metallurgical analysis.

Figure 3.1

A schematic diagram of the test rig used is shown in Fig. 3.2 overleaf. The torque and

speed transducer was used to determine the loss torque table discussed in chapter 2.5,

but was removed for the transient tests. This was done as it was discovered that the

frequency response of the transducer was not sufficient for accurate measurement of
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the expected transients. A tachogenerator was substituted for the speed readings.

Direct confirmation of the shaft torque of the induction motor during the transient

was therefore not possible. However, if the rotor speeds from both simulation and

experiment agree throughout the duration of the transient, the implication is that the

torque calculated in the simulation algorithm is accurate. The proviso to this is that

the moment of inertia J,, of the rotating system is accurate. To ensure this, J,,,,

was determined experimentally using two different methods. The first was an inertia

drop test, and the second utilised a rigid pendulum.

Verification was obtained by noting the initial conditions of an experimentally

applied transient and applying exactly the same set of conditions to the simulation.

As the proposed algorithm is voltage driven, the parameters required are the speed of

the rotor, the magnitude of the three phase voltages, and their respective phase angles

at the moment they are applied to the motor. In order to achieve this, experimental

data from the transients was recorded on a wide-band multichannel analogue

recorder. The data was then digitised with a 12-bit A/D conversion system to enable

transfer to a computer.

For each transient experiment all three phase voltages and currents were recorded, as

was the output of the tachogenerator. Ideally, the digitised phase voltages could then

be used as input information for the computer simulation. In practice, the use of

analogue recordings limits accuracy to about 1% at best. This means that the digi-

tised phase voltages could be in error by ±4V. For this reason, it was decided that the

magnitude of the phase voltages should be determined by digital multhneters read

just before the application of a transient The voltages would then be assumed to be

constant over the period of the experiment
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A total of 4 tests were performed:

(i) Direct on-line starting

(ii) Reconnection at speed

(iii) Locked rotor test

(iv) Load tests

Results obtained from conventional linear analysis have also been presented for the

purposes of comparison.
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3.2. Direct on-line starting

This test involves throwing switch S 1 in Fig. 3.2 into the 'on' position and recording

the results. The rotor of the dc machine was coupled directly to the rotor of the test

motor to act as an inertial load, the torque and speed transducer having been

removed.

The initial conditions of this experiment are as follows:

VR = 422 sin (cot + a)

Vr=425sin[Wt _2-+a]

VB =424sin[wt +

=0

where a = 640, and co = lOOir rad/s. Due to the short duration of the experiment, it

may be safely assumed that the temperature of both stator and rotor remain constant

at 20°C throughout.

Figs. 3.3 - 3.7 show results obtained experimentally and from the computer simula-

tion. In Fig. 3.6, the output of the ac tachogenerator has been scaled to indicate speed

- its shape does not imply that the speed of the test motor is fluctuating between

1500 and -1500 rpm. The behaviour of the stator self inductance as shown in Fig. 3.7

cannot be verified, but has been displayed to illustrate the effects of magnetic satura-

tion. The simulation required approximately 6600 CP seconds on a CDC Cyber

170/855 computer. Alternatively, solution to the same accuracy (64 bit) on a Sun

4t260 workstation required 12900 CP seconds.
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3.3. Reconnection at speed

In this experiment, the dc machine was used to drive the unexcited induction motor at

a pre-set speed. At a convenient point in time corresponding to t =0, switch S2 in

Fig. 3.2 was turned off and switch S 1 turned on simultaneously. As before, the rotor

of the induction motor was coupled directly to the rotor of the dc machine. The

speed of the coupled rotors was measured just before the application of the transient

with a tachometer.

The initial conditions of this experiment are as follows:

VR = 420 sin (ot + a)

Vy = 424 sin [cot - - + a)

VB =423sin[cot+-+a]

O)r = 1375rpm

where a = 286°.

Figs. 3.8 - 3.12 show the results obtained both experimentally and from simulations.

Solution time for this simulation was 2400 CP seconds on a CDC Cyber 170/855

computer and 4650 CP seconds on a Sun 4/260 workstation.

Verification of the rotor speed predictions for this experiment was not possible as the

duration of the transient was too short to allow accurate definition of the envelope of

the ac tachogenerator's output. Once again, the short duration of the experiment

allows the temperature of both rotor and stator to be assumed constant at 20°C.
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3.4. Linear simulations

The two preceding transient experiments were simulated with the basic 5-coil model,

but without the use of finite elements. Analytical formulae were used to calculate the

inductance parameters as described in chapter 2. As no field solutions are used, it is

not possible to calculate torque by utilising Lorentz forces as outlined in chapter 2.4.

Instead, torque is determined by classical techniques. The stored energy in the five

coils is calculated in terms of the self and mutual inductances of each coil and the

coil currents as follows

N

Wk =-}Lkik2+

I=k+1

where N denotes the total number of coils (five in this case) and W the stored energy.

The torque is then determined by the following expression

NaWk

k=1	 r

In fact, the 5-coil model is a derivative of the classical two-axis models of Kron and

Park with a few minor differences which make it more convenient to use. No

assumptions about zero sequence currents are necessary, and it is possible to apply

unbalanced 3-phase voltages as was done for the simulation of the two transient

experiments. The modelling of rotor skew correction and space harmonics may also

be incorporated exactly as described in chapter 2.

Figs. 3.13-3.17 show the phase current, torque and rotor speed of the test motor for

the two transient experiments as predicted by the linear 5-coil model.
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3.5. Locked rotor test

A locked rotor test was performed on the test motor to provide additional

confirmation that the parameters of the model have been correctly modelled. Read-

ings were taken up to 4 times the rated value of current. Each set of test values was

taken a day apart, and the readings of phase voltage, current and input power were

taken as fast as possible.

Each test point was then simulated using the experimentally recorded phase voltages

as input data. Fig. 3.18 overleaf provides a comparison between test and simulated

values of voltage against current. The agreement between the two sets of values is

very good, and provides additional confirmation that the value of end-winding leak-

age inductance used (7.321 mH) isisa1

Fig. 3.19 is a plot of average input power per phase against average phase current

squared. The gradient is given by the line 	 if iron losses are neglected,

r1+r2'=8.55L2

At 20°C, r 1 = 4.95 and so = 3.60Q.

The value for T2' seen by the fundamental of the phase current in the simulation may

be calculated purely in terms of physical dimensions and material properties. From

chapter 2.7 and Appendix 2,

6Npjjk 2
_______ 2 Nb

Nb ] 
iTReff)

=3.34Q

This is approximately 7% lower than the value obtained experimentally. The

discrepancy is believed to be due to the fact that the harmonics have been ignored in

this calculation. Although the inclusion of harmonics in the model is quite straight

forward, it is not possible to combine the various values of Rb( ,r ) seen by the
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harmonics into a single all-inclusive equivalent value of r 2'. The experimental value

of r2' is, however an all-inclusive value as it has been calculated from total ohmic

loss.

This is supported by the second set of locked rotor simulations (as plotted on Fig.

3.18) in which the 3rd and 5th harmonics were included. The results from these simu-

lations are slightly more accurate, suggesting that the modelling of harmonics is

important in a locked rotor test.

300.00

250.00

100.00

*50.00
-I
C

100.00

50.00
I

CURRENT (R)

Figure 3.18 : Phase voltage against phase current
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3.6. Load tests

Due to the lack of direct confirmation that torque is being correctly calculated by the

model, it was decided to check it against a series of steady state load tests. The dc

machine in Fig. 3.2 was used as a dynamometer, providing the load for the test motor.

Values of torque and speed were obtained from the torque and speed transducer over

a range of speeds. For each test point, the test motor was allowed to reach a stable

operating point before readings were taken.

Temperature correction for the simulation was carried out by first running the test

motor at its rated load point (1435 rpm) until its temperature stabilised. The stator

phase resistances were then measured and by working backwards, the temperature

rise in the stator was determined. This is not possible for the rotor, and consultations

with the manufacturer resulted in the temperature of the rotor being assumed to be

25°C above that of the stator. The temperature and corresponding values of resis-

tance for each separate load point were then determined by scaling in proportion to

ie.

ETii?

AT2

where AT refers to the rise in temperature above ambient (assumed to be 20°C). The

phase resistance of the stator for stable operation at 1435 rpm was measured to be

6.66fl with a Kelvin bridge. This corresponds to a temperature rise of 89°C, which

agrees tolerably well with the value of 80°C quoted on the nameplate. The results are

shown in Fig. 3.20 on the preceding page. Although this still does not provide proof

of the accuracy of transient torque as shown in Figs. 3.5 and 3.10, it does provide

direct vindication of the method of torque calculation used.
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4. System studies

It is an inherent feature of all numerical step-by-step models that they are intensive

users of computing resources. This is particularly so for models in which large sys-

tems of equations are solved at each step, as in the present case. Optimization of the

model so as to provide maximum accuracy with minimum expenditure of CPU time

is therefore of great importance. This may be achieved by careful manipulation of

the parameters controlling the accuracy of the model. It is the intention of this

chapter to explore and determine the effects of changing these parameters, and the

limitations to be observed in doing so.

The actual algorithm used for all the simulations in this thesis is detailed in Fig. 4.1

overleaf. It is essentially the same as the basic algorithm outlined in chapter 2.1, but

incorporates numerous refinements to optimise accuracy as a function of CPU time.

At time t corresponding to the beginning of a time step, the voltage equations are

solved in step (a). A suitable time step & corresponding to the maximum allowable

change in flux linkage L'Pm is then determined. In step (b), the rotor is then rotated

by an angular displacement t°r calculated from &. Step (d) is then executed to

determine a value of .- for each circuit. Note that as no non-linear finite element
&

solution has been executed yet, it is assumed that no change in saturation occurs over

&. Having determined an initial guess at 4-, a restep is then executed in which the

correction for changes in saturation over the time step & is provided by the use of a

non-linear finite element solution. This involves resolving the voltage equations in

step (a), then executing a non-linear finite element solution (step (c)) followed by step

(d). The excitation currents used for the non-linear solution are the latest known

values of i + . If necessary, further resteps through (a), (c), (d), and (e) may be cxc-

cuted. The torque may then be calculated and the whole process repeated for a new

time step. The total number of non-linear finite element solutions required for each
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time step is thus given by ISTEP - 1. The idea of executing a series of multiple

non-linear solves to calculate one point may seem expensive, but in practice, satisfac-

tory convergence occurs in 2 or 3 iterations.

The finite element mesh used to compute the simulation results in the last chapter is

shown in Fig. 4.2. Considerations of symmetry require only one pole pitch to be

modelled. In the case of a 4 pole machine, this corresponds to a quarter machine.

The mesh consists of 764 nodes and 1474 first order triangular elements.

Figure 4.2: 764 node mesh
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4.1. Restepping and finite element convergence

The importance of restepping lies in the requirement that the correct currents be

specified in each circuit at all times. Any errors in the currents will lead to subse-

quent errors in the calculation of torque, rotor speed and position. These errors are

cumulative, and will eventually become sufficiently large to return an incorrect solu-

tion. Thus in solving the circuit equations

'P'=V—Ri

the current I must be allowed to vary through the time step &, especially if & is

large. However, for the present time step can only be calculated at the end of the

time step. In other words, a priori knowledge of the behaviour of current during the

time step is required, and this may only be achieved by restepping. The restep

mechanism involves cycling through the steps (a), (c), (d), and (e) in Fig. 4.1 for any

given time step and may be implemented in one of two ways:

(i) A fixed number of resteps set in advance, or

(ii) A variable number of resteps executed as conditions warrant.

Option (i) has the advantage of simplicity. A series of test simulations of the tran-

sient experiments of chapter 3 showed that no fewer than two resteps should be used

for the transient experiments described in the previous chapter. However, this is a

rather unsatisfactory method as there is no way of knowing how many resteps will

prove adequate prior to running a simulation. In practical terms, few users can afford

the luxury of running simulation after simulation with an increasing number of

resteps until the results converge. It is also probable that what may prove to be an

adequate number of resteps in one case may be insufficient for another. At best, the

user may specify a large number of resteps.
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Option (ii) is a preferable mechanism. It is more efficient, and uncertainties over the

optimum or minimum acceptable number of resteps to use are avoided. The problem

lies in defining the mechanism which determines if a restep is necessary. If a priori

knowledge of %- were available, the current at the end of the time step in step (a)

would be exactly the same as that calculated in step (d). In step (a),

Ai
t +& = t +

and in step (d),

1t+Eu

Comparison of these two quantities is thus a suitable means of deciding if a restep is

required. The exact implementation of the restep decision-making mechanism may

vary, but one example which was implemented involves the calculation of an error

term

1 Nc{1_

where N denotes the number of circuits concerned. This works out the average per-

centage discrepancy c in the Circuit currents between steps (a) and (d) on the

flowchart (Fig. 4.1). If the error term £ is greater than some maximum tolerance c

a restep is executed.

This implementation was tested for several values of by simulating the direct

on-line start experiment It was found that the maximum permissible error was 0.05,

which confirms the earlier belief that the accuracy of the circuit currents is crucial.

The execution time required for the simulation of the 20 mains cycles depicted in

Figs. 3.3 - 3.7 using this more flexible restep criteria was 5900 CDC Cyber 170/855

CP secs, an improvement of around 10%.
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At first sight, the idea of executing several non-linear finite element solutions just to

determine one operating point may seem extravagant. However, due to the nature of

the proposed model, the non-linear solutions executed are magnetostatic and may

therefore be thought of as dc solutions. Each field solution is determined for a given

set of currents at a particular instant in time. This in turn yields a snapshot of mag-

netic saturation in the machine through the reluctivities of the individual finite ele-

ments.

The important point about the use of magnetostatic finite element solutions is that

they need not be very accurate. Non-linear finite element solutions are inevitably

iterative and generally require repeated solutions to equation (4.1). A finite element

solution is deemed to be correct when it satisfies some convergence criteria. In prac-

tice, this means that it is possible to use cruder convergence criteria than is the case

with eddy current formulations. For example, the convergence criterion used for all

non-linear simulations presented in this thesis was

ELMk+1 
<0.01

The result is very fast non-linear finite element solutions which generally converge

within 4 iterations. This is further reduced on restepping during which convergence

is generally achieved in 2 or 3 iterations which means that executing several non-

linear finite element solutions for each time step presents no problem.
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4.2. Time step size

The magnitude of the step size is a major factor in any time-stepped model such as

the present one. For reasons of economy, it would be preferable to set this parameter

as large as possible. However, blind application of this policy is generally rewarded

with decreasing accuracy and in some cases, numerical instability. Setting the

correct time step size is thus a matter of some interest. A small time step may be

necessaiy if the parameters affecting the accuracy of the final result are changing

quickly. On the other hand, if these parameters are more or less stable, a large time

step may prove more economical. Should both these cases occur over the time period

of interest, then a fixed time step would clearly be rather unsuitable. A more efficient

approach would be to incorporate an algorithm which varies the magnitude of the

time step according to a set of pit-determined rules.

For this particular model, the flux linkage 'I' is the quantity used to control time step

size. As mentioned earlier in chapter 2, flux linkage is directly relatable to magnetic

saturation. The change in 'P may therefore be used as a measure of change in mag-

netic saturation levels. Maximum efficiency may be achieved by adjusting the time

step & such that the change in 'P over & is limited to some pit-determined max-

imum allowable change In this way, the costly finite element solutions are

executed at intervals of equal change in magnetic saturation.

The actual method adopted proceeds in the following manner: At the beginning of

each program loop, a time step of 1 ms was set and the voltage equations (eqn (2.6))

solved. The resultant changes in 'I' are then compared with the pit-stored values of

A'I' for each circuit. Should the change in 'P exceed for any circuit, the

time step & is then scaled down accordingly. The voltage equations are then

resolved with the same initial conditions as before, the only difference being the

smaller time step. This procedure is repeated until the condition z'P < A'P is

satisfied for all the circuits.
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The values to be used for 1'l'm were set by first running a purely linear non-finite

element solution for the test motor. Values used for the inductance parameters were

determined analytically. The peak steady state values of stator and rotor flux linkage

were noted. For the test motor,

peak stator flux linkage	 'I' = 1.75 Wb

peak rotor flux linkage	 ' = 0.035 Wb

It should be noted that there must be a limit to the maximum allowable time step &.

This is because it is necessary that there be a minimum number of solution points cal-

culated per mains cycle. Furthermore, it must be borne in mind that the linear approx-

imation of	 is a reasonable approximation to sinusoidal behaviour only when & is

relatively short compared with the period of the sinusoid. In this case, it was decided

that there should be a minimum of 20 simulation points per mains cycle, which

translates to a maximum allowable time step of 1 ms.

The results shown in Figs. 3.3 - 3.12 were obtained by setting IWm = 0.2 'f'.

Simulation of the direct on-line starting experiment was repeated for two other cases,

=0.154' and 0.3 F . Figs. 4.3-4.6 illustrate phase current and torque against

time for these two cases, and the run up speeds for .all three cases are shown superim-

posed on Fig. 4.7.

It is quite clear from the results that the simulations become increasingly accurate

with decreasing time step size. It is also evident that the predictions of current con-

verge faster than those of torque with decreasing time step size. Comparisons

between the results obtained from A'P,= 0.24' and 0.1541 show little discernible

difference in the predictions of current. However, there is a noticeable difference in

the predictions of rotor speed.

- 89-



Execution times for the simulation of the 20 mains cycles of the direct on-line startup

plotted are given below for the 764 node mesh as shown in Fig. 4.2.

'm015 4':	 8400 CDC Cyber 170/855 CP secs

6600 CDC Cyber 170/855 CP secs

1'max=0.304'.	 4830 DC Cyber 170/855 CP secs

Although it should be remembered that the time step varies according to prevailing

conditions in the machine, a good idea of its range may be inferred from the total

number of solution points required for each of the 3 simulations above. Table 4.1

below displays the necessary information.

EWmax	 Total no. of solution points	 Average time step

0.154'	 817	 490p.s

0.20h Fr 	610	 656ps

0.304'	 416	 962p.s

Table 4.1
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43. Mesh density

An essential consideration in any method based on finite element techniques is mesh

discretization. The finite element method represents spatially continuous phenomena

as a series of discrete regions. The use of finite elements always results in an approx-

imate solution in which the overall error is dependent on the level of discretization. A

fine mesh will generally deliver more accurate solutions than a coarse one. However,

the cost of solving a large system of equations associated with fine meshing is

correspondingly high. For example, the CPU time taken to solve the matrix equation

[s] [A] 
= [I]

	
(4.1)

n3with a Gaussian elimination solver is proportional to -r where n is the number of

equations involved. In practice, finite element solutions are iterative, requiring many

solutions of equation (4.1). Doubling the number of nodes will therefore result in an

eightfold increase in solution time.

The question of how fine the mesh should be assumes new significance in the context

of a time-stepping model such as this. Finite element solutions are executed at each

time step, not just as one-offs. If the mesh used is excessively fine, the repeated solu-

tions required will render the method unnecessarily expensive. The use of adaptive

meshing techniques to determine the optimum mesh to use was rejected as most such

algorithms function by estimating the error from an existing solution, then modifying

the mesh to reduce errors (see Cendes et al, 1983, and Biddlecombe et al, 1986).

As the finite element solutions in this model are used primarily to calculate induc-

tance parameters, it was decided that these should be used as a benchmark in deter-

mining the fineness of mesh to be used. By calculating the unsaturated inductance

parameters with several different meshes and comparing them with analytically

obtained values, the optimum mesh to use may be detennined.
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Several finite element meshes of the test motor were drawn up and the inductance

parameters calculated as described in chapter 2 for the unsaturated case. However, as

the test motor has totally enclosed slots, the rotor slot bridge provides a short circuit

path for rotor flux, thus rendering unsaturated finite element calculations inaccurate.

This was circumvented by creating fictitous rotor slot openings of standard shape and

width for all the meshes. Under real operating conditions, this flux short-circuit prob-

1cm would not arise because the slot bridge would saturate rapidly, thus creating an

approximation to an open slot. The results of the calculations are shown in Table 4.2

below.

L (mH)	 ii (mH)	 L, (iH)

Analytical	 428.788	 8.627	 186.48

999 nodes	 399.730	 7.747	 170.72

764 nodes	 381.780	 7.386	 163.13

547 nodes	 352.157	 6.615	 153.31

Table 4.2

The finest mesh (999 nodes) is shown in Fig. 4.8 and the coarsest (547 nodes) in Fig.

4.9. Meshes of more than 1000 nodes were also tested, but no significant improve-

ment was obtained within the bounds of practicality.

The trend displayed in Table 4.2 holds true for saturated operation as well. Fig. 4.10

shows 3 mains cycles of a steady state simulation of the test motor running light. The

differences between L, as calculated by the 3 different meshes are clearly seen.
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Figure 4.8: 999 node mesh
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Figure 4.9 : 547 node mesh
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It might be expected that simulations of the experiments of chapter 3 would display

similar trends as regards accuracy. Figs. 4.11 - 4.15 display simulations of the

direct on-line starting test obtained using the finest and coarsest meshes respectively.

Comparison with the results of Figs. 3.4 - 3.6 shows little variation in the accuracy

of predictions of current, torque and speed. These results were all obtained under

identical conditions, i.e. a time step size set by A'f' = 0.2 'f' and two resteps

(ISTEP = 3). The execution times for the 20 mains cycles plotted are given below:

547 node mesh:	 3500 CDC Cyber 170/855 CP secs

764 node mesh:	 6600 CDC Cyber 170/855 CP secs

999 node mesh:	 12300 CDC Cyber 170/855 CP secs

Given the results shown in Table 4.2 and Fig. 4.10, the uniformly good results seem

somewhat surprising. The answer may be found by referring to the induction motor

equivalent circuit. The parameters of this model are stator and rotor phase resistance

and leakage reactance, and magnetising reactance. From Appendix 2,

= R

2 I6IVPHkW]

Nb

'	 lPHkW
X1=4LS_MS_M Nb ]

I	 6WPHkWI26NPHkW	 A

= Nb Ii Nb	
- MJ

A

XmO)M 
Nb
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These relationships suggest that it is not the self and mutual inductances of the

machine which are important. Rather, it is their differences. Thus the fact that the 3

meshes return values of L3 , M, L, and )1S,. which differ considerably in accuracy is

of no importance provided these quantities give consistently accurate values for x1

and x 2' when subtracted.
I______

Proof is provided by considering the direct on-line starting test. Initially, the rotor is

rotating very slowly and its slip is close to 1. The induction motor equivalent circuit

under these conditions may therefore be approximated as shown in Fig. 4.16 below.

r	 ixi

Figure 4.16

The resistance parameters are fixed and unaltered by magnetic saturation. However,

x 1 and x2' are saturation dependent and will change in value according to the large

starting currents. In order for the 3 different meshes to predict the starting currents

and torque accurately through the run-up, the changes in x 1 and x2' must be modelled

equally well. Table 4.3 overleaf shows the values of all the reactance parameters

averaged over the first 3 mains cycles of the starting test as calculated by the different

meshes. Unfortunately, the values quoted for x2' are not very reliable due to the

uncertainty caused by slotting effects.
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mesh size	 547 nodes	 764 nodes	 999 nodes

x 1 infl	 4.12	 4.21	 4.21

x 2' in	 6.42	 7.35	 8.60

Xm in	 118.26	 122.76	 126.33

Table 4.3

As the rotor speeds up, the rotor slip decreases and the impedance of the rotor circuit

rises. When the motor reaches its running light speed, the value of slip is almost cer-

tainly below 0.01 and the induction motor equivalent circuit then approximates to

Fig. 4.17 below.

r1	 ixi

Figure 4.17

Table 4.4 overleaf shows the values of x 1 and x,,, averaged over 3 mains cycles of a

simulation of the test motor running light.
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mesh size	 547 nodes	 764 nodes	 999 nodes

x 1 in (	 6.88	 7.35	 6.54

XmIflQ	 124.88	 130.80	 135.72

Table 4.4

The results shown in Tables 4.2 - 4.4 provide strong evidence of the importance of

the leakage and magnetising reactances. Given that all the other parameters of the

equivalent circuit of Fig. 4.16 remain unchanged, increasing mesh density will lead to

a reduction in input current and hence torque, resulting in slower acceleration -

exactly as depicted in Fig. 4.15.
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4.4. Harmonic effects

Thus far, all the simulation results presented (except for Fig. 3.18) have been

obtained using the basic 5-coil model in which only the fundamental d- and q-axis

currents are modelled. As stated in chapter 2, the inclusion of harmonic effects is a

relatively straightforward matter, and a simulation of the direct on-line starting test

was performed with 3rd and 5th harmonics included.

The results are displayed in Figs. 4.18-4.20, and were obtained using time steps set

by max = 0.2 'f' and 2 resteps. The discrepancy between the predictions of rotor

speed from the basic and extended versions of the 5-coil model seem somewhat

surprising. However, on resetting LWm = 0.15 '1', satisfactory agreement between

the two models was obtained. This suggests that the initial discrepancy was due to the

increased ripple in airgap flux density being poorly modelled by larger time steps.

Execution times in CDC Cyber 170/855 CP seconds for the 2 simulations are tabu-

lated below:

	

1max	 Fundamental only	 Harmonics included

	

0.15'f'	 8400	 10000

	

0.204'	 6600	 7800

Table 4.5
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5. Conclusions

The objective of this project was to develop an improved general model for the pred-

iction of transient characteristics in cage induction machines. Experimental

verification of the model which has been presented in this thesis suggests that this has

been achieved satisfactorily.

It is believed that the coupled circuits and fields model which has been developed

offers certain advantages over existing time-stepped finite element models. For

example, the results presented in chapter 4 suggest that it is reasonably insensitive to

time step size. Tolerably good solutions for a direct on-line start from standstill may

be obtained with approximately 20 points per mains cycle, corresponding to a time

step of 1 ms.

It has also been shown that acceptable results may be obtained with surprisingly

crude meshes provided the airgap region is well modelled. Finally, the use of magne-

tostatic finite element solutions as opposed to an eddy current formulation confers

substantial savings in execution time.

To summarise, the main point of interest about this model is that it does not depend

entirely on finite element field solutions. By extensive use of circuit methods, the

role of the finite elements has been restricted so that they only account for

phenomena which cannot otherwise be accurately modelled. The resultant subordina-

tion of finite element field solutions to a circuit model yields significant advantages in

terms of simplicity and simulation time without sacrificing accuracy.
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6. Recommendations for further work

The main achievement of this project has been the validation of a new transient

model for cage induction machines. Combining finite element field solutions with

circuit analysis has been shown to be both fast and accurate. However, although the

basic model has been satisfactorily tested, there remains scope for considerable sup-

plementary work.

It is felt that the next step should be taken to establish the generality of the model.

Chapter 2 presented several alternative techniques to account for certain phenomena

such as skin effect, rotor bar skew and the calculation of end-ring resistance. These

could be implemented preferably in order to model motors with the necessary charac-

teristics. For example, it would be instructive to apply the rotor bar model of Willi-

amson and Begg (1985) in the context of the new transient model to simulate the

starting characteristics of a motor with deep bars. Similarly, it would be interesting

to know if the harmonic form of the new model is capable of predicting phenomena

such as crawling in harmonic-laden machines.

A second major area for confirmation is the simulation of other transient conditions.

The use of a voltage-forced circuit model lends itself to considerable flexibility, and

obvious candidates for inclusion here are the simulation of a supply line fault causing

a short circuit or the loss of a phase, and operation when fed from either an inverter

or converter.

Most current research in the area of electrical machines is aimed at reducing the

experience factor in the design and analysis process. Improvements to the new tran-

sient model could therefore be made in the calculation of end-winding inductance.

This is a fairly important quantity as it is a major component of stator leakage induc-

tance. For the purposes of this thesis, it had to be determined experimentally as there

was no reliable method for calculating it accurately from physical d2fl
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Incorporation of a thermal model is another feature which would prove most useful.

Part of the reason for the good agreement between the results from simulations and

experiments is that the temperatures of both the stator and rotor of the test machine

were known. This would not have been the case if the machine had been running for

any length of time prior to the experiment.

The final consideration which remains is the question of execution times. Whilst it is

believed that this model is fast relative to other existing time-stepped finite element

models, it is still very CPU intensive. For example, an unloaded direct on-line start

from standstill on the test motor lasts approximately 5 mains cycles. Given the exe-

cution times quoted in chapter 3, this would translate roughly to one hour on an

advanced engineering workstation.

It is likely that the largest gains in reducing execution time will be made by mesh

optimization. Chapter 4 seems to indicate that the sole requirement of the mesh is

that the magnetising and leakage inductance are correctly calculated. Further investi-

gation into the relationship between mesh density, especially around the airgap and

these inductances should prove most useful.
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Appendix 1 : Rotor model

Consider the example of a 2 pole induction machine cage rotor as shown in Fig. 1

below. If the steady state bar current in slot 1 is written Ibe, then the current

flowing in slot 2 is Ib e J(30:	 where 8 is the angle separating slots 1 and 2. Simi-

larly, the bar current in slot 3 is	 and so on. However, if all the bar

currents are frozen at some given point in time, their magnitudes will be distributed

sinusoidally with respect to their positions in space.

0
0	 d

0
oc?

Figure 1
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if each pair of diametrically opposite slots is considered to form a coil, the total mag-

netomotive force of the rotor may be resolved along two perpendicular axes, corn-

monly termed the d- and q-axes as follows:

Coill:

Coil 2

Coil 3

Nb
Coil -i-:

d-axis	 q-axis

0

1dCOS8	 lqSlfl3

'd cos 28	 sin 28

Nb
Iq5fl -i--i 8

Nb
8

where 'd and 'q represent current resolved along the d- and q-axes respectively. If

we now consider each slot to be made up of N turns of wire rather than a single bar,

the sum of mmfs along the two axes is given by

Nb

2

d-axis :	 NIacos(n-1)8
n=1

Nb

2

q-axis :	 NJqSifl(fll)&
n=1

This may be equated to a rotor with just two coils aligned along the d- and q-axes and

carrying currents of magnitude I and 'q respectively. These two coils have

sinusoidally distributed turns as described by the cosine and sine terms above. Refer-

ring to Fig. 1 for example, the d-axis coil has N turns in slot 1, N cos 8 turns in slot 2,

N cos 28 turns in slot 3 and so on. Similarly, the q-axis coil is distributed with no
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d d3

turns in slot 1, N sin 8 turns in slot 2, N sin 28 turns in slot 3 and so on. If the number

of turns N then tends to 1, the analogy with a cage rotor then becomes exact. The

total current in the n -th slot is then given by

jdC0S O l)6+Iq sin(n —1)8

Harmonics may also be incorporated into this model in the same manner. The m -th

harmonic coil mmfs are resolved along their respective harmonic d- and q-axes. For

example, the 3rd harmonic axes are shown in Fig. 2 for the same 2 pole rotor.

Figure 2
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The total 3rd harmonic mmf of the rotor is resolved along these axes in the same way

as before:

Coil 1:

Coil 2

Coil 3

Nb
Coil

d-axis

jd3 cos 3&

1d3 COS66

Jd3C0S [
	

- 38

q-axis

0

Jq3Sifl3&

Iq3Slfl6&

Jq3Sfl [ NbT]38

By extending m to infinity the total sum of mmfs along the two sets of d- and q-axes

is therefore given by

N,,
o.2

d-axis :	 cos (n - l)m 8
m=ln=1

N,,
.o2

q-axis :

	

	 ZIq3Sifl(n - l)m8
m=ln=1

which may be modelled by using one pair of d- and q-coils for each harmonic that

requires to be modelled. As before, each coil has sinusoidally disiributed turns and

the general expression for the total current in the n -th slot is

cos (n - 1)m 8 + sin (n - i)m 8
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Appendix 2 : Derivation of equivalent circuit parameters from the 5-coil model

Derivation of the standard induction motor equivalent circuit from the 5-coil model

requires that equations (2.6) and (2.7) be combined first, so that

V=--+Ri
dt

= f(Li)+Ri

=L-- +i- +Ri
dt	 dt

Equation (1) may then be expanded phase by phase. The voltage equation for the red

phase is then given by

VR LR1R'+MRy1y'+MRB1B'+MRdd'+MRqiq'

I dMRd 	 dMRq.l

+ [ d e td + dO i
q] + RR R	 (2)

diR
where R' denotes -i--. Similar equations may be wntten for the other stator phases.

For the rotor, the d-axis voltage equation is

I	 F•	 I	 •	 I	 •	 I	 •+LVijJZJ + Ivi dy ly +IVIdBZB

____	 dM	 IMdB • 1+ (Or [ 
dO R + dO iy + dO tBj + Rd 1d	 (3)

Once again, a similar expression exists for the q-axis.

In order to expand equations (2) and (3), it is necessary to define a coordinate system

and frame of reference. Any convenient convention may be chosen as long as con-

sistency is maintained.

(1)
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Figure 1

From Fig. 1 we may now define the stator and rotor currents accordingly,

1R =J5COSO)t

jy I	
[	 2K1

=	 °tTj

1B =I cos	 ^

1d = r 1 0S(50)t +4))

1q	 r Sjfl (s O)t +4))

Note that stator and rotor currents are directed such as to produce opposing magne-.

tomotive forces as in reality. The inductances from Fig. 1 may then be written

MRd = cos ( + t)

2K 1MYd=Afcos[9+f3___J

2K]
MBd=!.fcos[O+13+TJ

MRq = M sin (0+ I)

2K 1
Myq

2K 1
MBq =_sin[o++TJ
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Assuming balanced currents ie. 1R + ly + B =0 and substituting for MRd and MRq.

equation (2) may be expanded as follows,

V3 =—co(L —M3 )I3 sin cot +scoA&J, cos(O +13) sin (scot +4))

+soit,,I, sin(0 + f3)cos (scot +4))+W,1ifsri, sin(0 + J3)cos(swt +4))

+O)rMsrf, COS (8+13) Sfl (SCOt +4))+R51, COS COt

=-CO(L, -M,)I3 sin cot +R3 13 cos cot

+ s co!c,f, [ cos (0+13) sin (scot + 4)) + sin (0+13) cos (s cot + 4))]

r'sr'r [ sin(0 + 13)cos (swt i-4))+ cos(8 + 13)sin(s cot +4))]

= -co(L3 -M3 )I3 sin cot +R3 13 cos cot +coM,I, sin(0 + (3+s cot +4))

=-co(L3 -M3 )I3 sin cot +R3 18 coscot +COMç,I, sin(cot +13+4))

as 0= COrt and co = s co + cot . Rewriting in complex notation,

V3 =Re{Rs Is +fco(Ls_Ms )!s_fcoIr eJ0)}eb01 	 (4)

Expanding equation (3) next,

0=scoL,I, sin(scot +4))RrIr cos(scot +4))

COAL,Ir cos(0+ 13)sincot COA1,.ir cos(0 + J3---)sin(cot 2!.)

- coIII, cos (8+13 +	 sin (cot +	 - co ?I sin (8+13) cos cot

-co,,I, sin (0+ t3_ .L)cos (cot 2,r

COr ! ,I, sin(0+D+-)cos(cot+--)

= S (OL,i,. sin (scot + 4)) —R,1. cos (scot + 4))

- co1, .1, f [ cos (0+13) sin cot - sin (0+13) cos cot]

- cor i. I,f [ cos cot sin (8+13)— sin cot cos (0+13)]
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=SWL,J, sin(sou+4))—R,I, cos(sost +4))

_sw1f,I5 f sin (scDt —13)

= Re' —I,e+jo)Lr 1, e1 —j c0 ip 1s	 (5a)Is
Similarly, it may be shown that the rotor q-axis equation is given by

1,e+fo)L,i, e1 —j oifs,.I,	 (5b)0 Im

Rewriting equations (4) and (5) in phasor form,

V3 = RJ + j o(L — M, )J - j OA,rI,	 (6)

R_	 -
0=	 + f COLir 'r J O)M3, 1:	 (7)

where

- Is

T-

In order to refer the rotor quantities to the stator frame of reference, it is necessary to

consider the magnetomotive force generated by!, = 1A and I, = 1A in the machine.

!!..— H3d1 _.±f...
F, — h',c!l - 4),

	

—	 3INpHk.,,dw
4), per pole

	

—	 lrgm2p2

INb pdW
	•, per pole 

=	 2Rgm2p2

6WPHkW

Nb
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S

6N 11 k
Thus 1A in the stator produces	 more flux than 1A distributed sinusoidally

Nb

in the rotor bars.

i;'= 6Npk

where I' denotes the referred rotor current. Equations (6) and (7) thus become

,6NPHFCWT,	 (8)V,=RI+jco(L3—M)I—JwM 
Nb r

Rr PH k -	 'PH k

Nb	 Nb 
i,'_jovii5 f 	 (9)

r 1 	xl	 x'2

Figure 2

If we now consider the induction motor equivaient circuit of Fig. 2, applying

Kirchoff's Laws and summing voltage drops around each current ioop yields two

equations:

VllTl+lXl+(lll2')Xm
	 (10)

(11)
S
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Rearrangement of equations (8) and (9) gives

6Npj,k —	 6Npjjk
V =R31,+jw(L5 —M,)13 —jcoM	 15+joM	 (1-1,')

Nb	 Nb

=R3 1,	 —M,	
6Npjk]_

+jcoM	 (1s1r')
.6NPHk — -

Nb
	 (12)

and

Rr 6NPH k —	 6N11 k -	 - 3

=	 Nb	
'+ j (DL, 

Nb 
1,'f o)M15 2

— 2R, 'TPH k i; '+j O)Lr 6N
PH k

Jy'fOJ,'+J(O1(Jr'J)
3s Nb	 Nb

21, I6NPHkW1

Nb J
'PH'w	 -

+joM	 (,'—)
Nb

2	 6NPH k 2 6NPH k

Nb	 -	 Nb

(13)

The parameters of the two different models may then be equated as follows

= R3

r2'=*
I 6Npk.,'l2

R,[ 
Nb J

x i = 4L5 —M, ,6NpHk]

6NPHkWI26WPHkWX2(D 
Nb [1 Nb 

Lr_]

IPHkW
XmWM

"'b
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Appendix 3 : Extraction of d- and q-axis induced emf

The general expression for the electromotive force induced in the n -th bar of an

induction machine rotor is

Eb ={EbCOSPUnP8+Eb.

where Eb and Eb refer to the d- and q-axis induced bar emfs respectively. In order

to determine the k -th harmonic induced emf for the fictitous d- and q-axis coils, it is

necessary to extract the k -th harmonic induced emf from each bar and sum them. For

the d-axis, this may be achieved by multiplication as follows:

Nb

Ed = Eb cos knp
n=1

Nbf

=

n=l nz l	 J

=Z{Eb4E1+E2] +Eb[E3+E4]}

where

Nb

E 1 = cosnnzp8cosknp6
n=1

Nb

cosnmp&cosknp8
1=1

N
E3= sinnmp8cosknp3

n=1

Nb

E4 = sin nmp8cosknp6

forthecase m^k

forthecase m=k

forthecase in^k

forthecase m=k

-130-



1. Evaluation of E1

N

E 1 = cosn,np8cosknp8
n=1

Nb 1 r
= j-[cos(m+k)np8+ cos(m_k)ip3]

This is equivalent to evaluating - cos qnp 8 where q takes on the values (m + k)

and (m - k).

-- cosqnp8=Re{eM!16}

n=1

=fRe{ 
e8[i_efl'4]

- 

+Re{ 

eJ1'6(1 —1 +f0)}
-

=0

i.e.	 E1=0

2. Evaluation of E2

Nb

E 2= cosnmp&cosk'ip8
,i=1

Nb
= cos2kp6

n=1

Nb11

= j-1cos2knP8+ i}
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111711

cos2knp6+ 2
n=1

Nb

2

3. Evaluation of E3

N11

E3 = sinn,np6coskrq&
n=1

N111r

= .-[sin(m+k)np8+sin(m—k)np8j
n=1

1N11

This is equivalent to evaluating - sin qnp 6 where q takes on the values (m + k)

and (m - k).

1	 IN11	 '1

- sinqnp8=-çIm
"	 j

= +1m { e' 1— e 

aw11] }

=0

i.e.	 E3=O

4. Evaluation of E4

N11

E4 = sinnnzp6cosknp8
,i=1

=- sin2k,p8
2,
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= Fm{18}

i{ei6[i_e1'J }
1—e''5

=0

Summing up the four terms,

Ed = E EbEl + Eb E 2 + EbE3 + EbE4
m^k	 m^k

Nb
= TEb

which is the k -th harmonic induced emf of the fictitous d-axis coil.

This process may now be repeated for the extraction of the equivalent q-axis induced

emis by multiplying by sin knp 6, in which case

Nb

Eq = Eb Sfl knp 6
n=1

N1
=

n=1m	 J

={Eb [E l +E2] +Eb[E3+E4]}
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Once again, this expression may be split into 4 terms for ease of evaluation:

N,
E 1 = cosnmp8sinknp8

ii=1

N,
E 2= cosnnzp8sinknpö

i=1

N,
E 3 = sinnmp6sinknp8

N,
E4 = sinnmp&sinknp8

ii=1

for the case	 ,n ^ k

for the case m = k

forthecase	 m^k

forthecase	 m=k

From the earlier evaluation of d-axis induced emfs, it is clear that

E1=E2=O

and only the last two terms need to be determined.

5. Evaluation of E3

N,
E 3 = sin nmp6sin knp&

n=1

N,11
= .j [cos(m+k)nP6 .. cos(m—k)nP3]

Once again, this is equivalent to evaluating - cos qnp & where q takes on the
2 ,

values (m + k) and (m - k). From earlier analysis,

N,

Z cosqnp&=O

i.e.	 E3=O
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6. Evaluation of E4

N

E4 = sinnmp8sinknp8

Nb
= sin2knp8

n=1

N1I

=	 i1_C0S2P5}
11=1

= L.- +.-cos2knp&
n=1

Nb

2

Summing up the four terms,

Eq* = EbEI + Eb4 E2 + Ebq E3 + Eb,E4
m*k	 m^k

Nb
=

which is the k -th harmonic induced emf of the fictitous q-axis coil.
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Appendix 4 : Derivation of analytical expressions for inductance

The classical method of calculating machine inductances relies on calculating the air-

gap flux density established by the excitation of a circuit on either the stator or rotor.

The flux linkage with any particular circuit due to the airgap flux density is then

determined, and thus the inductance between the two circuits may be calculated.

1. Stator self inductance

To calculate the self inductance of one stator phase, we first require the flux per pole.

This is calculated overleaf with reference to Fig. 1 below:

/1
\	 P	 I

I

I

k	 2L.
P2

I	 I
I	 I
I	 I

Figure 1
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cI = rwBde

II

p

dwf
= • j B

g_ sin mp 0

dw1
= pBgji4_cosnpO]J

-±-
gK.

as cos m 7t = — 1 for odd m. The flux linkage per pole is then given by

'I'	
NPHkW

p

and the total flux linkage is

O W1, =	 gjNpH

If the stator self inductance is required, the airgap flux density is established by excit-

ing the coils of a stator phase, in which case

- 2IkJINFHkW

- igk mj

Ls-

2dw Npjk2

nip]
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2. Rotor self inductance

Determination of the flux linkage of the rotor for any given airgap flux density is not

as straightforward as for the stator. Once again, it is necessary to refer to the rotor

model which considers the rotor bars to be made up of a series of sinusoidally distri-

buted windings (see Appendix 1). Referring to Fig. 2, the flux linking the k -th coil as

indicated by the shaded slots is given by

N

N cos (k-1)mpS

-N

-N cosmpä

-N cos (k-1)mpö

Figui 2

(k-1)8

= N cos (k - 1)nzp ö 5 
B-?d e

(k1)5+!.

(k-1)8

= çN cos (IC 1 )inp 8 5 Eg1 sin rip OdO

(k-1)&-s-
p
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= dw N
	 (k - 1) 4	 0]

2mp
P

=	 Nêg11, cos2(k - 1)nzp 8
mp

Nb
The flux linkage over one pole pitch is obtained by summing "k over	 bars.

Nb

2p

k=1

=	 cos2(k - l)mp 5
mp

The summation is carried out as follows:

2p	 2p11	 1
cos(k - 1)mp 8 = —1 + cos2(k - l)mp 5

k=1	 k=12	 j

INb 	 1

=	 + Re	 &e_j 2mp 6J
Nb	

I eJ2"V' &e j2m1 	 -1 e	 2J

=—+Rel
4p

Nb

4p

as e1m = 1 +jO. The flux linkage per pole pitch is thus given by

dwNb
'I' =—NB -P	 Su4p
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Setting the number of turns per slot N to 1,

P nip	 4p

The total flux linkage for the rotor is then given by

dw
=

The airgap flux density established by exciting either the d- or q-coil (see Appendix

5) is given by

2irgk,rnp

L
_E0

r -

_ tiAw Nb 2

- 8itgk nip

An alternative method for calculating rotor self inductance which accounts for the

discrete nature of the rotor bars also exists. It has the advantage of including the dif-

ferential leakage in its expression and may be derived with reference to Fig. 3 by

summing around the dotted line so that

[in+1)_ji&n] g

ffeJM [e1 6 _i] =Th

= 
g[ei8_i)

-

g[e'8_ i]
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rotor iron

airgap

- ja(n+1)
He

airgap

3 mtor hon

- ja(n+1)
It

31.t
1 ja(n-1)	 an

rotor bar

Figure 3

The flux density due to the n -th bar is given by Be3 . If we now say that = Id'

potde'Bd=Re{[j8i]}

=Re{ Motd

g[ei1A8_e_i]

I Po1 ( cos (n - ½)8 + j sin (n - ½)6)
= Re

f2gsin(½6)

- JIOIdsrn(n—½)

- 2g sin('h.5)

The total energy stored by the n -th bar is given by

D2

w 
_xdwg

2po Nb

- itdw iJ) sin2(n - Y2)8

-	 8gN Sjfl2('hö)
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Summing over Nb bars to find total engy stored in the d-axis coil,

rcdwto!j Nb

w =	 V sin2(n - '/2)6
8gN sin2(½3) ,t'i

The summation term is given by

Nb
	

Nb1

sin(n —½)&=
	

—(cOS(2n

,z=1
	

n=1

Nb 1Nb

= -j-- 
+jRe{ei6ei2I6}

Nb	 N1	 ei26[1_ei2J }

L1—e

Nb

2

as	 = 1 + JO always. The total energy stored in the d-axis coil is therefore

w- 
7tdWJ01)

- 16g sin2(½6)

_1, ,2
-

8g sin2(½6)
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3. Stator-rotor mutual inductance

This may be calculated for two cases: The airgap flux density may be established by

exciting the rotor and calculating the flux linkage with the stator or vice versa. Both

cases may be shown to yield identical formulae as might be expected. The airgap flux

density established by the exciting the rotor is

A1oINb

gjui - 2itgkrnp

Flux linkage with the stator is given by

NPHkW
mp 

g,.	 -

The peak mutual inductance between rotor and stator is thus given by

Msr=T

- dWNb N11 kw

- 27rgkm2p2

The airgap flux density established by the exciting the stator is

- 2jN k

- icgkmp

Flux linkage with the rotor is given by

p= dw Nb
4mp g

The peak mutual inductance between stator and rotor is thus given by

Msr

- PIJJWNbNP,, k

- 2itgkm2p2
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Appendh S : Derivation of analytical expressions for airgap flux density

The standard formula for the airgap flux density due to one excited stator phase of a

three phase motor is given by

- 2IPONPHkW

-	 rgmp

Determination of the airgap flux density due to distributed bar currents of different

magnitudes is, however not as straightforward. In order to calculate the airgap flux

density due to a rotor bar current distribution, we first consider one pair of bars a pole

pitch apart, each energised with a current! as shown below:

Figare 1



The current in each bar may be rewritten as follows

I =J--Ed
2ir

where 1 denotes current density per unit length and may be expressed as

121

Carrying out a Fourier analysis over the period from 	 to

= -JJcosmpOdO_ 2_JICOsmPOdO

	

I	 B 
[srnn 0]=_4sinnpe] f-

	

mit[L	
2

	

— 21 cosmpa mp	 ____

.{	 2

= 41 s{co_cos(nPa_m4
mitt3d	 2

41
micfid2

	assuming sin ''	 ___
	2 	 2

=	 cosmpcL
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cosnacosm7t=cosnp
as	 sinrnpasininit=O J 

for odd m

Similarly,

b, =4P_sinnpa

a0 =0	 as there is no dc level

The pair of excited bars in Fig. 1 may therefore be represented by a current distribu-

tion J (0) where

J(0)= - {cosmPacosmP0 + sinnPasinmP0}

Nb	 Nb
Over one pole pair, there are - bars, i.e. - coils. At different values of a, the

p

current in the bars varies according to Table 1 below (5 denotes the rotor slot pitch

angle).

a	 d-axis current	 q-axis current

0	 I	 0

8	 Icosmp8	 Isinmp6

28	 Icos2mp8	 Isin2,np8

Icosn,np8	 !sinnmp8

Table I
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Nb
cos2nnp8=--- 

F
sin nnp 8 cos nmp & = OJ

but
Nb

for m = 1-4—

So a d-axis bar current distribution would be represented by a current density sheet

described by summing the d-axis bar currents over one pole pair as follows

Nb

4f 2 so I
cos2nmp8cosmpO+sinn,np6cosnmp3sinmpO

itd n-tm-li

so J(0)=--cosmpO
4Pm=i

1N= b	
cosmpO

m=1

cosmp9
A IN,,

where J =

Similarly, for the distributed q-axis bar currents, it may be shown that

J(0)=J sinmpO

In order to determine the airgap flux density due to

J(e)=icosnpe

consider a loop around the airgap as shown in Fig. 2 overleaf
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- ---I

stator iron

I	 st.ator airgap surface	 I

I	 I

rotor augap surface

I	
rotoriron	

I	 I

-

Figure 2

Summing for H across the airgap,

Md[H+e]_H= 
2 

Jcosmpe

2g 
cosmpO

Id sinmpO
2gmp

Id
Bgm	 sinmpe

2ginp

A	 ModINb

B2 - 2gmp ,td

JNb

- 2irgnzp
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