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Abstract

A machine learning approach to accelerate convergence of the nonlinear
solver in multiphase flow problems is presented here. The approach dynam-
ically controls an acceleration method based on numerical relaxation. It is
demonstrated in a Picard iterative solver but is applicable to other types
of nonlinear solvers. The aim of the machine learning acceleration is to
reduce the computational cost of the nonlinear solver by adjusting to the
complexity/physics of the system. Using dimensionless parameters to train
and control the machine learning enables the use of a simple two-dimensional
layered reservoir for training, while also exploring a wide range of the param-
eter space. Hence, the training process is simplified and it does not need to
be rerun when the machine learning acceleration is applied to other reservoir
models. We show that the method can significantly reduce the number of
nonlinear iterations without compromising the simulation results, including
models that are considerably more complex than the training case.
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1. Introduction

Modeling multiphase flow in porous media is of paramount importance to1

understand, predict and manage subsurface reservoirs with applications to2

hydrocarbon recovery, geothermal energy resources, CO2 geological seques-3

tration, groundwater sources and magma reservoirs. Mathematical models4

of such reservoirs consist of partial differential equations, that for most prob-5

lems of practical interest cannot be solved analytically. To this end, it is6

necessary to use numerical methods to solve the governing partial differen-7

tial equations (Aziz, 1979; Jackson et al., 2015). However, the numerical8

solution of the governing equations is very challenging due to the nonlinear9

nature of the problem and the strong coupling between the different equa-10

tions (Li and Tchelepi, 2015). These nonlinearities in the multiphase flow11

equations can be divided in two groups. Weak nonlinearities appear in the12

variables that are function of pressure, such as density and viscosity; strong13

nonlinearities are related with variables that depend on saturation, such as14

relative permeability and capillary pressure (Aziz, 1979; Ertekin et al., 2001).15

In order to solve the discretized equations, nonlinear solvers based on16

Newton methods in a fully implicit formulation have been traditionally used.17

However, sequential methods have been gaining ground in recent years (Sali-18

nas et al., 2017a; Jiang and Tchelepi, 2019; Freitas et al., 2020). These type19

of methods are attractive because the multiphysics problem can be subdi-20

vided and each subproblem solved separately, which gives wide flexibility21

and extensibility. For example, each subproblem can be solved in an effi-22

cient manner through specialized solvers. The Picard iterative method can23

work as a sequential approach, that can also be interpreted as a sequential24

fixed-point iteration or a nonlinear block Gauss-Seidel process. This kind of25

method requires fewer conditions to achieve convergence than Newton meth-26

ods, and the discretized equations can be directly solved which simplifies the27

implementation (Elman et al., 2005; Lott et al., 2012). Newton methods are28

also used in sequential approaches both in the inner and/or outer loops, as29

they have quadratic convergence and in general are faster than Picard itera-30

tive processes (Ortega and Rheinboldt, 1970; Jenny et al., 2006; Wong et al.,31

2019).32

Jenny et al. (2006) proposed a sequential-implicit fixed point multi-scale33

strategy for isothermal multiphase flow in porous media where in each fixed34

point iteration (outer loop) a sequence of subproblems are solved using the35

Newton method (inner loop). Salinas et al. (2017a) proposed a different ap-36

2



proach, in which the Picard iterative method is also used in the inner loop37

along with different methods to improve the convergence behavior. A draw-38

back of sequential methods is that they often suffer from slow convergence39

when there is strong coupling between the equations (Wong et al., 2019; Jiang40

and Tchelepi, 2019).41

Rapid convergence of the nonlinear solver is of vital importance as it42

strongly affects the overall computational time. Therefore, a great deal of43

effort has been put on obtaining robust and stable convergence rates in se-44

quential methods. Salinas et al. (2017a) proposed an acceleration technique45

based on numerical relaxation that is applied to the saturation field for the46

multiphase flow in porous media problem. Jiang and Tchelepi (2019) applied47

three nonlinear acceleration techniques to the sequential-implicit fixed point48

method for improving the outer-loop convergence. Among the numerical49

relaxation, quasi-Newton and Anderson acceleration, numerical relaxation50

achieved the best overall performance. Salinas et al. (2020) presented a51

mass conservative vanishing artificial diffusion that accelerates the nonlin-52

ear solver. The proposed artificial diffusion vanishes when convergence is53

achieved and targets sharp displacement (shock) fronts that arise in many54

problems when one fluid phase displaces another.55

The success of machine learning in different fields has inspired recent ap-56

plications with the aim of reducing the computational cost in numerical simu-57

lations by accelerating the convergence of the numerical solution. Oladokun58

et al. (2020) used a random forest regression to determine the linear con-59

vergence tolerance of the nonlinear solver. Random forests is an ensemble60

method that fits a number of decision trees in sub-samples of the dataset61

and combine/average their result to improve predictive accuracy and con-62

trol over-fitting (Breiman, 2001). The method proposed by Oladokun et al.63

(2020) reduced the number of linear iterations while not compromising the64

number of nonlinear iterations.65

In this work, a machine learning acceleration to dynamically control the66

numerical relaxation is evaluated. Two approaches are proposed and applied67

to a Picard iterative solver in a multiphase porous media flow. The proposed68

acceleration method can be applicable to other types of nonlinear solvers69

that uses numerical relaxation. For the machine learning training, data from70

a multiphase flow simulation in a simple two-dimensional layered reservoir71

is used, which considerably simplifies this step. This approach is possible72

because the training process is performed based on the reservoir parameters73

scaled to a dimensionless space, which can represent many of the main flow74
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features observed in models of natural reservoirs. The aim of the machine75

learning acceleration is to reduce the computational cost of the nonlinear76

solver by adjusting itself to the complexity/physics of the system.77

The remaining of this paper is structured as follows. In Section 2, the gov-78

erning equations of multiphase flow in porous media are described. Following79

that, Section 3 details the nonlinear Picard iterative solver used here. Sub-80

sequently, the proposed machine learning acceleration is described in Section81

4, and then in Section 5 this method is applied to four test cases. The results82

are discussed in Section 6, and finally, concluding remarks are presented in83

Section 7.84

2. Governing equations85

The formulation for incompressible flow with gravity and capillary pres-86

sure is reported here. The mass-balance equation for phase α of immiscible-87

fluid phases is88

φ
∂Sα
∂t

+∇ · qα = scty,α, (1)

where t represents time and φ is the rock porosity. Sα is the saturation of89

phase α, qα is the Darcy velocity, and scty,α is a source term.90

The multiphase Darcy’s law for phase α is given by91

qα =
krαK

µα
(−∇pα + ραg∇z), (2)

where p is the pressure, ρ is the density, g is the gravitational acceleration,92

and ∇z is the gravity direction. krα, K, and µα are the relative permeability,93

permeability tensor, and viscosity, respectively. The Darcy law can also be94

written in a slightly modified form as95

σαuα = −∇pα + ραg∇z, (3)

with96

σα = µαSα(krαK)−1, (4)

and97

uα =
qα
Sα
, (5)

where uα is the saturation-weighted Darcy velocity. The relative permeability98

is a power-law function of saturation. Hence, writing the Darcy law as Eq.99
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(3) helps to reduce the nonlinearity of the equation (Jackson et al., 2015;100

Gomes et al., 2017).101

Considering a wetting and non-wetting phase and including capillary pres-102

sure,103

pc = pnw − pw, (6)

where pw and pnw are the pressures of the wetting and non-wetting phases,104

respectively. pc is the capillary pressure. To close the system of equations,105

the saturation constraint is given by106

Sw + Snw = 1, (7)

where Sw and Snw are the saturations of the wetting and non-wetting phases,107

respectively.108

Here, the time is discretized using a θ-method where θ smoothly varies109

between 0.5 (Crank-Nicolson) and 1 (implicit Euler) based on total variation110

diminishing (TVD) criterion (Pavlidis et al., 2014). The spatial discretization111

is based on the Double Control Volume Finite Element method, described in112

Salinas et al. (2017b), which is an improvement for highly distorted meshes113

of the Control Volume Finite Element method (Fung et al., 1992; Durlofsky,114

1993; Jackson et al., 2015; Gomes et al., 2017). The velocity is discretized115

using finite elements, but pressure and saturation are discretized using control116

volumes. The Imperial College Finite Element Reservoir SimulaTor (IC-117

FERST) is used here for the solutions of the reported equations (Gomes118

et al., 2017; Salinas et al., 2017a,b).119

3. Nonlinear solver120

A Picard iterative method is used to solve the discretized form of the121

nonlinear system of equations formed by Eqs. (1), (3), (5), (6) and (7). The122

overall method is described in Figure 1. The solver comprises three main123

loops: the solid line (C) represents the time loop; the dotted line (B) denotes124

the coupling between the saturation and pressure (nonlinear outer loop); and125

the dashed line (A) iterates over saturation and velocity (nonlinear inner126

loop). In the latter loop after calculating the saturation, σα is recalculated127

and the velocity is updated. A new saturation is calculated using the new128

velocity. The process continues until it reaches convergence or the maximum129

number of iterations. After that, having the new saturation, a new pressure130

is estimated in the outer loop. Then a new velocity is calculated from the131
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pressure estimation. A new inner loop iteration starts. Until convergence or132

the maximum number of iterations is reached, the process repeats.133

Figure 1: Flow chart of the nonlinear solver iterations. Reprinted from (Salinas et al.,
2017a).

A relaxation parameter is used here in order to accelerate the convergence134

of the nonlinear solver. The new saturation is updated by weighting the new135

calculated field with the saturations obtained in the previous iterations of136

the inner loop. The new saturation is calculated as137

Sk = ωkS̃k + (1− ωk)Sk−1 + (1− ωk)β+1ωk(Sk−2 − Sk−1), (8)

where k is the index representing the current inner-loop iteration, Sk138

is the new saturation after relaxation, and S̃k is the saturation obtained139

after (4) in Figure 1. ω is the relaxation parameter, and β is the exponent140

that controls the relative importance of Sk−1 and Sk−2. In this work, β is141

considered constant with the value of 0.4 as in Salinas et al. (2017a).142
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Having the initial value of w0 the subsequent relaxation parameters (wk)143

are calculated to yield the best convergence ratio reducing the residual of144

the saturation. A second order curve is fitted to the last three values of the145

residual ratio of convergence and their corresponding relaxation factor. After146

that, an optimal is calculated and assigned to the next wk. If a minimum147

cannot be obtained or the last three values are not available, the algorithm148

calculates wk based on the last value and its respective convergence ratio149

(Salinas et al., 2017a).150

How w0 is chosen is a significant topic. A naive method could choose a151

static value for all outer iterations. Nevertheless, the relaxation parameters152

need to be small enough to avoid divergence and as large as possible to153

accelerate convergence. In the convergence of nonlinear loops, the value of154

w0 plays a significant role, but is not known a-priori and is problem-specific.155

In addition, even the optimal static value can result in more iterations than156

an effective dynamic relaxation parameter (Küttler and Wall, 2008; Jiang157

and Tchelepi, 2019).158

To this end, a machine learning algorithm is proposed to produce the val-159

ues of w0 based on the physics of the system scaled to a dimensionless space,160

at the beginning of each outer nonlinear iteration. The primary objective is161

to minimize the computational cost by decreasing the number of nonlinear162

iterations.163

4. Machine learning acceleration164

Two new approaches of machine learning to control the relaxation param-165

eter in each outer nonlinear iteration are tested here. In the first approach,166

the machine learning model inputs are dimensionless numbers, simulation167

properties, and the number of inner nonlinear iterations at each outer non-168

linear iteration. The output of the model is the value of the relaxation pa-169

rameter, as shown in Figure 2a. Thus, after training the model, the number170

of inner nonlinear iterations can be set to a low value, such as one, and the171

corresponding relaxation factor can be determined. In the second approach172

the machine learning model inputs are dimensionless numbers, simulation173

properties, and the relaxation parameter. The output of the model is the174

number of inner nonlinear iterations, as shown in Figure 2b. For this case,175

after training the model the relaxation factor that produces the minimum176

number of nonlinear iterations can be found. It is worth mentioning that in177

the approach presented in Figure 2b one more step is needed after running178
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the machine learning model. This step is a single variable optimization to179

find the relaxation parameter that minimizes the number of inner nonlinear180

iterations.181

(a) Approach 1. (b) Approach 2.

Figure 2: Two new approaches to control the value of the relaxation parameter in each
outer nonlinear iteration.

4.1. Input parameters and dimensionless numbers182

The spatial distribution of fluids during multiphase flow in porous me-183

dia is controlled by the combination of the viscous, capillary and gravita-184

tional forces that drive the fluid flow (Hoteit and Firoozabadi, 2008; Li and185

Tchelepi, 2015; Debbabi et al., 2017a,b, 2018b). Furthermore, the relative186

importance of these mechanisms depends on the combination of the flow rate,187

the system length scales and fluid rock properties (Debbabi et al., 2018b).188

Therefore, the inputs of the machine learning model are the dimensionless189

numbers presented on Debbabi et al. (2017a,b, 2018a). Using dimension-190

less parameters to train and control the machine learning acceleration en-191

ables us to use a simple two-dimensional layered reservoir for training, while192

also exploring a wide range of the parameter space. The following param-193

eters were also added to the inputs: the total mobility, the Darcy velocity,194

the Courant–Friedrichs–Lewy (CFL) number, the CFL number at the shock195

front, the value of the vanishing artificial diffusion (as in Salinas et al. (2020)),196

the two last transport equation residuals, and their ratio. The percentage197

of elements in the shock front is also used as an input. It is calculated as198

the number of elements in the shock front divided by the total number of199
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elements. If there is no element in the shock front, such as in a smooth200

variation of saturation, the percentage of elements in the shock front is zero.201

Table 1 summarizes all the input parameters. L is the domain length,202

H is domain thickness, kh and kv are the average horizontal and vertical203

permeabilities, ∆t is the time step size, ∆l is the characteristic length of204

one element, λT (sf ) is the total mobility just behind the shock front and205

λT (s∞) is the total mobility in front of the shock front. kerd is the end-206

point relative permeability of the displaced phase, µd is the viscosity of the207

displaced phase, P e
c is the entry capillary pressure, θ is the angle between the208

flow main direction and the horizontal plane, and ∆ρ is the density contrast209

between phases.210

4.2. Training process211

The machine learning model is trained using results from a multiphase212

flow simulation in a simple two-dimensional layered model, as shown in Figure213

3. Φ, kh and kv are the porosity, horizontal and vertical permeabilities,214

respectively. As the reservoir model needs to be run several times to create215

the dataset for training, this approach considerably simplifies the training216

process. Furthermore, the training step does not need to be rerun when the217

machine learning acceleration is applied to other reservoir models.218

Figure 3: Two dimensional homogeneous layered reservoir used for training.

In order to perturb the physical parameters presented in Table 1 for219

generating the training set, 6500 simulations were performed changing the220

following simulations inputs: porosities, horizontal and vertical permeabil-221

ities, time step, relative permeability, capillary pressure, viscosity, gravity222

magnitude and direction, and the relaxation factor. The maximum number223

of inner nonlinear iterations was set to 50 in all simulations. Table 2 show224

the resulting range of the physical parameters in the training set. It can be225

seen from the values of the variables in Table 2, that a wide range of the226
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Table 1: Input parameters for the machine learning model.

Parameter Expression Comments

Effective aspect ratio R = L
H

√
kv
kh

Darcy velocity q =
∑

α ||qα||2
Calculated control-volume wise.
Used as average, max and min

Total mobility λT =
∑

α
krα
µα

Calculated control-volume wise.
Used as average, max and min

CFL number CFL = q∆t
∆l

Maximum value of all elements.

Shock-front CFL number CFLf = q∆t
∆l

Maximum value of all elements
in the shock front

Shock-front number ratio -
Percentage of elements in the

shock front

Shock-front mobility ratio Mf =
λT (sf )
λT (s∞)

Calculated control-volume wise.
Used as average, max and min

Longitudinal capillary Ncv,L =
khk

e
rdP

e
c

qµdL

Calculated control-volume wise.
Used as average, max and min

Transverse capillary Ncv,T =
kvkerdP

e
c L

qµdH2

Calculated control-volume wise.
Used as average, max and min

Buoyancy number Nbv =
khk

e
rd∆ρg cos(θ)H

qµdL

Calculated control-volume wise.
Used as average, max and min

Longitudinal buoyancy Nbv,L =
khk

e
rd∆ρg sin(θ)

qµd

Calculated control-volume wise.
Used as average, max and min

Transverse buoyancy Nbv,T =
kvkerd∆ρg cos(θ)L

qµdH

Calculated control-volume wise.
Used as average, max and min

Vanishing artificial diffusion -
Calculated as in Salinas et al. (2020).

Used as average, max and min

Transport equation residual -
Two last residuals and their ratio.

Number of inner
nonlinear iterations

-
Only for approach 1

Relaxation parameter -
Only for approach 2

parameter space is explored, although using a simple two-layered reservoir227

for training.228
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Table 2: Range of the physical parameters in the training set.

Parameter Min Average Max

Effective aspect ratio 1.58 4.61 7.07

Darcy velocity (m.s−1) 1.32× 10−12 3.21× 10−6 2.79

Total mobility (Pa−1.s−1) 2.50 7.13× 102 1.00× 104

CFL number 1.78× 10−3 4.15× 101 1.78× 106

Shock-front CFL number 0.00 1.34× 101 8.08× 105

Shock-front number ratio 0.00 1.87× 10−2 8.57× 10−1

Shock-front mobility ratio 9.99× 10−4 1.01 1.00× 103

Longitudinal capillary 0.00 3.13× 10−3 2.87× 102

Transverse capillary 0.00 8.24× 10−2 9.02× 103

Buoyancy number 0.00 9.50× 10−2 4.32× 103

Longitudinal buoyancy 0.00 4.55× 10−1 2.46× 104

Transverse buoyancy 0.00 2.60 1.49× 105

4.3. Machine learning model229

Different machine learning models were tested and the best performance230

was achieved by using random forest regression. Random forests, introduced231

by Breiman (2001), are a classification and regression technique that combine232

decision tree predictions and are a widely used algorithm. In the random233

forests algorithm, each tree in the ensemble is trained based on samples234

drawn from the training set with or without replacement. Moreover, when235

splitting each node during the construction of the tree, the best split is found236

in a random subset of the inputs. These two random aspects were added in237

order to diminish the variance of the forest estimator (Breiman et al., 1998;238

Breiman, 2001). In a broader view, each decision tree is constructed by239

randomly selecting a subset of features and training examples. Thus, the240

final result is taken by averaging the values generated in each tree, as shown241

in Figure 4.242

After training, each instance in Figure 4 represents a vector containing243

all the input parameters in Table 1. Thus, a subset of the parameters in this244

vector goes to each decision tree, depending on the best split found during245

the training process. The outcome of each tree is averaged to produce the246

final result. For the approach 1 the result is the relaxation parameter and247

for the approach 2 the result is the number of inner nonlinear iterations.248

The implementation of the random forest used in this work is the one249

in Pedregosa et al. (2011). The hyperparameters were optimized using a250
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Figure 4: Random forest regressor. Each instance represents the input parameters in
Table 1, and the final result is the relaxation parameter for the approach 1 or the number
of inner nonlinear iterations for the approaches 2.

grid search and the values that resulted in the lowest error for the validation251

data are presented in Table 3. The loss function is the mean square error.252

Figure 5 shows the learning curve of the machine learning model for approach253

1. The learning curve shows the validation and training errors for different254

numbers of training instances and can be used to quantify the benefit of255

adding more data to the training set. In our study, 6500 simulations, that256

represents nearly 1.8× 106 instances (outer nonlinear iterations), were used257

for the training (80%) and validation data (20%). Figure 5 shows that the258

rate of error reduction once we reach this number of instances is small, so259

continuing to add further training simulations would not result in significant260

error reduction. Hence our choice of dataset size. The learning curve for261

approach 2 showed comparable results, so is not presented here.262

Table 3: Random forest hyperparameters.

Parameter Approach 1 Approach 2

Bootstrap False False

The number of trees in the forest 50 50

The number of features to consider for splitting 10 5

The maximum depth of the tree 30 30

The minimum number of samples to be a leaf node 2 2
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Figure 5: Learning curve for the approach 1. The vertical axis is the error of the machine
learning model, and the horizontal axis represents the size of the dataset used for training.

4.4. Comparing the two approaches263

When comparing the two approaches, the first one outperforms the second264

in all tests. Moreover, the approach 2 needs to perform an additional single265

variable optimization to determine the relaxation factor. Therefore, the ap-266

proach 1 was selected to continue the experiments, and for the remaining of267

this paper it will be also referred as the machine learning acceleration.268

5. Numerical experiments269

The machine learning acceleration is tested in four reservoir cases. All270

test cases represent two phase immiscible flow in a porous medium. The271

first is the two-dimensional layered reservoir used for training. The second is272

a two-dimensional heterogeneous reservoir with permeability varying in four273

quadrants. The third is a more realistic three-dimensional channelized model,274

and the fourth is a three-dimensional faulted reservoir. All were tested with275

and without gravity and capillary pressure. A Brooks-Corey model (Brooks276

and Corey, 1964) is used for the relative permeability and capillary pressure.277

The convergence criteria used for the nonlinear solver is that the relative278

mass conservation of the system within a time step has to be below 10−3
279

and the infinite norm of the saturation difference between two consecutive280

nonlinear iterations has to be below 10−2. The maximum number of outer and281

inner nonlinear iterations is set to 30 and 10, respectively. When comparing282

different cases, the number of nonlinear iterations is calculated as the number283
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of outer nonlinear iterations plus the number of inner nonlinear iterations284

divided by 3, as in Salinas et al. (2017a). As mentioned before, the approach285

1 was selected to continue the experiments and it is compared with the default286

dynamic relaxation presented in IC-FERST (Salinas et al., 2017a), with fixed287

relaxations and with no relaxation. The default dynamic acceleration in IC-288

FERST is based mainly on the CFL number.289

5.1. Test case 1290

Test case 1 is the same reservoir model used to train the random forest.291

It is a two-dimensional model with two layers (Figure 6). The porosity in292

the top layer is 10% and the horizontal permeability is 200 mD. The bottom293

layer has 20% of porosity and 100 mD of horizontal permeability. The vertical294

permeability is equal to 10% of the horizontal. We inject water on the left295

and produce oil and water on the right by imposing a fixed pressure on both296

boundaries. The second column of Table 4 shows the rock-fluid properties of297

this case.298

Table 4: Rock-fluid properties of the four test cases.

Property Cases 1 and 2 Case 3 Case 4

Viscosity ratio 5 5 5

Density contrast 300 kg/m3 289 kg/m3 300 kg/m3

Entry capillary pressure 1000 Pa 100 Pa 10000 Pa

Capillary exponent 1.0 1.0 1.0

Relative permeability end point of water 1.0 0.3 0.3

Relative permeability end point of oil 1.0 0.8 0.8

Relative permeability exponent 2.0 2.0 2.0

Immobile fraction of water 20 % 20 % 20 %

Immobile fraction of oil 30 % 20 % 20 %

Figure 6 shows the permeability and the saturation profile after 62 days299

along with the simulation mesh. The total simulation time is 100 days and300

the time step is set to 1 day. The breakthrough of water - i.e., the time301

at which injected water reaches the opposite model boundary - is within302

this time scale. The machine learning acceleration is compared with the de-303

fault dynamic acceleration in IC-FERST, and with fixed relaxations. Figure304

7 shows the cumulative number of nonlinear iterations over the simulation305

time for all cases. The machine learning acceleration performs better than306
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the other relaxations practically over all time steps. The values of the relax-307

ation parameter generated by the machine learning acceleration, for the case308

without gravity and capillary pressure, are presented in Figure 8. At around309

300 outer nonlinear iterations, a major change occurs in the value of the310

relaxation factor with increasing non linear iterations. This change occurs311

just after the breakthrough of water (around 65 days or 275 outer iterations)312

when the displacement front - the sharp change in saturation at the leading313

edge of the displacement and the most challenging solution feature to resolve314

- has passed out of the domain. Solution of the nonlinear system of equations315

is therefore easier so the machine learning acceleration increases the value of316

the relaxation.317

Figure 6: Permeability field in m2 (top) and oil saturation after 62 days (bottom).

5.2. Test case 2318

Test case 2 is a two-dimensional reservoir with four domains arranged as319

quadrants (Figure 9). The permeabilities in the top layer are 200 mD and 20320

mD, whereas the permeabilities in the bottom layer are 10 mD and 100 mD.321

The vertical permeability is equal to the horizontal and the porosity is 20%322

in all layers. We inject water on the left and produce oil and water on the323

right by imposing a fixed pressure on both boundaries. The second column324

of Table 4 shows the rock-fluid properties of this case.325
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Figure 7: Cumulative number of nonlinear iterations for test case 1.

Figure 9 shows the permeability and the saturation profile after 100 days326

along with the simulation mesh. The total time of the simulation is 150 days327

and the time step is set to 1 day. The breakthrough of water is within this328

time scale. Figure 10 shows the cumulative number of nonlinear iterations329

over the simulation time for all cases. In contrast to test case 1 the machine330

learning acceleration does not perform better than the other relaxations in331
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Figure 8: Values of the relaxation parameter generated by the machine learning accelera-
tion.

all cases. Figure 10b shows that the fixed relaxation of 0.5 performs better,332

after 75 days of simulation, in the case with gravity and no capillary pressure.333

However, for the other three cases (Figures 10a, 10c and 10d) the proposed334

acceleration achieved the best performance.335

Figure 9: Permeability field in m2 (top) and oil saturation after 100 days (bottom).
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(a) No gravity and capillary pressure.
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(b) With gravity.
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(c) With capillary pressure.
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(d) With gravity and capillary pressure.

Figure 10: Cumulative number of nonlinear iterations for test case 2.

5.3. Test case 3336

A more realistic three-dimensional model of fluvial sandstone channels337

embedded in a low permeability mudstone background is also tested (Figure338

11). The channels are divided in three sets, thin channels, medium size339

channels, and wide channels. The permeabilities in each set of channels are340

1000 mD, 200 mD, and 100 mD, respectively. The vertical permeability is341
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equal to the horizontal and the porosity is 20% in all channels. We inject342

water on one side and produce oil and water on the opposite one by imposing343

a fixed pressure on both boundaries. The third column of Table 4 shows the344

rock-fluid properties of this case.345

Figure 11 shows the permeability and the saturation profile after 1000346

days along with the simulation mesh. The total time of the simulation is347

1000 days and the time step is set to 10 days. The breakthrough of water348

is within this time scale. Figure 12 shows the cumulative number of nonlin-349

ear iterations over the simulation time for all cases. The machine learning350

acceleration performs better than the other relaxations practically over all351

time steps. It is worth mentioning that in the case with gravity and capillary352

pressure (Figure 12d) the simulation with no relaxation fails to converge.353

Figure 11: Permeability field in m2 (top) and oil saturation after 1000 days (bottom).
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(a) No gravity and capillary pressure.
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(b) With gravity.
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(c) With capillary pressure.
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(d) With gravity and capillary pressure.

Figure 12: Cumulative number of nonlinear iterations for test case 3.

5.4. Test case 4354

Test case 4 is a second more realistic three-dimensional model of a faulted355

reservoir (Figure 13). The reservoir comprises a sequence of alternated sand-356

stone and mudstone layers. The porosity in the sandstone layers is 10%357

and the horizontal permeability is 1000 mD. The mudstone layers have 20%358

porosity and 1 mD of horizontal permeability. The vertical permeability is359
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equal to the horizontal. We inject water on one side and produce oil and360

water on the opposite one by imposing a fixed pressure on both boundaries.361

The fourth column of Table 4 shows the rock-fluid properties of this case.362

Figure 13 shows the permeability and the saturation profile after 100363

days along with the simulation mesh. The total time of the simulation is364

200 days and the time step is set to 1 days. The breakthrough of water is365

within this time scale. Figure 14 shows the cumulative number of nonlinear366

iterations over the simulation time for all cases. In Figures 14a and 14b the367

fixed relaxation of 0.8 has the best results, although it is closely followed by368

the machine learning acceleration. When capillary pressure is added (Figures369

14c and 14d) the fixed relaxation of 0.8 fails to converge. In these cases the370

machine learning acceleration continues to work well and delivers the best371

performance.372

6. Discussion373

Handling properly nonlinearities in systems of partial derivative equations374

is always a challenging and time-consuming issue that severely affects the375

performance of the overall system and that requires an extensive knowledge376

of the system to be solved for to be able to handle it properly. The approach377

presented here shows, in the authors opinion, an easy way to deal with such378

nonlinear systems without requiring as much effort as a tailored nonlinear379

solver, while providing excellent results. In this way, we think that the380

machine learning acceleration is not constrained to the porous media flow381

equations but extendable to any other system that can be studied based382

on dimensionless numbers and that a relaxation approach can be used to383

stabilize the nonlinear solver.384

The machine learning acceleration presented here performed better than385

the fixed relaxations and the default acceleration presented in IC-FERST for386

almost all the cases, see Figures 7, 10, 12 and 14. Note that in our ’proof387

of concept’ implementation reported here, there was no simulation walltime388

improvement despite the observed reduction in non-linear iterations. This389

is simply because an external python library was used to implement the390

random forest, with the outputs passed ’on-the-fly’ to the numerical simu-391

lator on each outer non-linear iteration. Measurements of the loading time392

of the libraries and the random forest cost shows that changing to an em-393

bedded random forest library will significantly reduce this cost, consequently394
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Figure 13: Permeability field in m2 (top) and oil saturation after 100 days (bottom).

decreasing the walltime proportionally to the reduction of the number of395

nonlinear iterations.396

The average reduction in the number of nonlinear iterations obtained397

due to the presented method is above 24%. Even the cases where a fixed398

relaxation is better than the machine learning acceleration, the number of399

iterations of the latter is close to the best value. It is worth mentioning that400

the optimum value of the relaxation factor is not known a-priori and it is401

problem specific. Therefore, having an acceleration that adapts itself to the402

complexity/physics of the system throughout the numerical simulation is of403
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(a) No gravity and capillary pressure.
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(b) With gravity.
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(c) With capillary pressure.
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(d) With gravity and capillary pressure.

Figure 14: Cumulative number of nonlinear iterations for test case 4.

great value and has driven several publications for different fields. Although a404

particular fixed relaxation can work well for one specific simulation, for other405

cases it may not produce goods results. For example, the fixed relaxation 0.8406

has the best results for two simulations of the test case 4. Nonetheless, it fail407

to converge in the same test case when capillary pressure is incorporated.408
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7. Conclusions409

A robust and efficient machine learning nonlinear solvers is presented.410

The proposed method is implemented within a Picard iterative nonlinear411

solver with numerical relaxation for multiphase flow in porous media. The412

main strengths of the presented method are two: (i) The training process is413

considerably simplified by using dimensionless parameters to train and con-414

trol the machine learning. As a result, only a simple two-dimensional layered415

reservoir can be used for training and the machine learning model do not416

need to be retrained when applied to other reservoirs. (ii) Since it is based417

on machine learning, it is not completely necessary to deeply understand the418

physics of the problem to improve the efficiency and robustness of the non-419

linear solver, making it, from the authors perspective, easy to implement in420

different areas. The presented methodology ensures that it is applicable to421

other types of nonlinear solvers as long as they are based on numerical relax-422

ation. The presented method has shown that it can significantly improve the423

efficiency and stability of a nonlinear solver. In the numerical experiments424

studied (the training model and more realistic and challenging reservoir mod-425

els) the presented method is able to increase the performance more than 24%426

while also increasing its robustness.427
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