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SUMMARY

A numerical model to simulate vortex shedding from sharp
edged bodies at infinite Reynolds number is developed using the
discrete vortex method. This method provides an alternative
possibility to Morison's equation for the prediction of wave
induced forces on bluff bodies. In the discrete vortex model
the wake shed by the body is represented by a distribution of
discrete vortices. To solve numerically the Navier-Stokes
equations for bluff bodies at high Reynolds number is, at present,
an impossible task. A shérp-edged section is selected in order
to avoid the problems assaciated with seﬁaration from cbntinuous]y
curved bodies such as circular cylinders. The computations presented
here are for the case of a normal flat plate, infinitely thin, in

oscillatory, and unidirectional, flow.

Initially, investigations are performed using the "Biot-Savart
Taw" approach, with conformal transformation, to follow the
evolution of the flow field. A second method, using the "Cloud-in-Cel1"
technique is developed. This technique permits rapid calculation of
the velocity field when large numbers of vortices are present in order

to give an improved representation of the wake regions.

The results of the calculation for unidirectional flow show the
development of a realistic Karman Street wake. Oscillatory fiows
in the Keulegan-Carpenter number range of 3 to 40 are examined, and
the calculated results are in agreement with experiment. It is found
necessary to introduce a circulation decay mechanism to the shed

vortices to aid the realism of the model. Its inclusion enables a
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long term development of the flow and the calculated in-line force

coefficients are in good agreement with experimental results.
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CHAPTER 1

1.1 PHYSICAL ASPECT OF THE PROBLEM

1.10 Introduction

Off-shore structures are subject to an array of attacks from
wave forces, chemical action and biological onslaught. In trying
to predict the wave loading which these structures must suffer it
is necessary to understanﬂ the complex state of unsteady flows in
the sea. Recent reviews on the subject by Hogben (1974) and

Milgram (1976) give an overview of the problem

1.11 Oscillatory Flow

A1l structures are continually subjected to oscillatory loading,
whether it is due to the higher frequency wind generated waves or
the very low frequency tides. These flows may be catagorized by the
use of two parameters. Firstly, by definition, a Keulegan-Carpenter
number K . : __(1.1)
with {}, the amplitude of the free stream velocity of
oscillation period 7, and O the diameter of body normal
to the oncoming flow., For small amplitude surface waves this

approximates to ¥ 2z

c

lavd

with = the wave amplitude. Secondly, the wave diffraction parameter

._ D oy
b, = % (1.2)

which measures the disturbance of the incident wave, of wavelength .

-0 -



- 10 -

The diffraction parameter D, can be thought of as comparing
~ the structure size to the wavelength, while the Keulegan-Carpenter
number is a measure of the ratio of wave height to body size. Even
with these two parameters the regimes havé no distinct boundaries and
structures are subjected to all types of forces. To examine these
forces it would be best to separate the factors and explore each one

individually. In an experimental laboratory set up the Reynolds

up .
number, —%—, v the kinematic viscosity, is usually too low.

Most off-shore structures are composed of elements of the circular

cylinder type, typically 5 metres in diameter.

1.12 Flow Regimes

In general the flow around structures can be separated into

four regimes,

- The reflection regime. For cases with D, > I; as with
coastal structures.

- The diffraction regime. FHere the distortion of the free
surface due to the radiated wave from the structure 13
significant. Diffraclion effects are important as the body
dimensions are not small when compared to the wavelength.
For example, with gravity type platforms. Here
DL > 0.2 and K, <3.

- The inertia regime. Here inertial loads dominate and both
viscous forces and the surface effects can be neglected. This
applies when the body dimensions are sma11'compared to the
wavelength but not small compared to the wave height. With

D. <0.2 and KB < 5.
L e
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- The drag regime. Here D, < 0.2 and X_ > 25. A regime
where the viscous forces are most prominent. The body
diameter is small compared to both the wavelength and the

wave height.

These last three regimes have no clear cut boundaries and
there is considerable overlap. The region between 25 > K, >3
with D, <0.2 1s an important sub-region called the Drag/Inertia
regime. The overlap between the Diffraction regime and the Drag/
Inertia regime depends on the wave steepness parameter, E/x (usually
<%, H the wave height).In the Drag/Inertia regime both the viscous
and inertia forces are important and the surface effects may be
neglected. As the Keulegan-Carpenter number increases above 5,
the yiscous forces become more significant. The separation region
contains a pair of vortices and as the Keulegan-Carpenter number
increases vortex shedding occurs. Initially symmetr{cally about
an axis normal to the body, as the Keulegan-Carpenter number rises
aboye 10 the vortex shedding pattern becomes asymmetrical. Table 1
summarizes the above and groups them into two sections, A and B.

In Section A all flows can be calculated with confidence.
The motion can be assumed to be irrotational and therefore potential
flow methods used. Progress has been made in diffraction analysis
(Standing, 1978) and computer programs are readily available to
calculate the loads of fixed platforms using linearised theory.

In Section B however, large highly rotational wake areas are
present and this rules out the use of attached flow potential
methods. Currently prediction for Section B relies on empirical

methods, and of these the majority make use of the equation of

Morison. {(Morison, 0'Brien, Johnson and Schaaf, 1950). This
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equation describes the in-line forces but cannot compute the
transverse component. It also cannot give a pressure fieid or
a velocity field, both of which can be important. The equation
is empirical. If the in-line force trace is analysed to obtain A
.the drag and inertia coefficients and these are subsequently used
in Morison's equation the result does give a fair approximation
to the original curve. The probiem in using Morison's equation
is how to choose the correct coefficients.

The inertia force can be subdivided into two parts. The
first part is the force the fluid would exert on the body had the
fiow not been disturbed by the presence of the body. This is often

labelled the Froude-Krylov force and defined as

- - dau -
F, o= oV o (1.3)

with U the stream velocity and Vy the volume of fluid displaced.
For an infinitesimaily thin plate this force is zero.

| The second part is due to the body localily disturbing the
fluid and giving rise to increased fluid accelerations. These
accelerations cause the body to experience an extra force equal

to an added mass, &m , giving

FM = éma%- = pK ¥V '&-‘_E --(].4)

K 1is the added mass coefficient. v is a notional yolume of fluid.
The definition of this is usually based on the cross-sectional area
of the body, but in the case of a flat plate V  is the volume
displaced by a notional circular cylinder which circumscribes the

body. The total inertial force then becomes
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- - av -
Fp = Fp + By = o0y Tuzz (1.5)
Vy
where C, = (7— + K) is the inertia coefficient.
M

This method of prediction for the inertia'regime neglects viscous
effects assuming that at Tow Keulegan-Carpenter number the inertia
force dominates the viscous force. Graham {1979) has shown that
due to the vortex formation on sharp edged bodies, the effect of
the growing vortex may be significant as well, suggesting that the
vortex-induced drag coefficient of the force is related to the
internal angle of the shedding edge and to the Keulegan-Carpenter
number, and hence for a flat plate the drag coefficient Cp> = as
Ka + 0. |

A large number of off-shore struéfdfes have components which
fall within the Drag/Inertia regime, 25 > Kc > 5§, and this makes
it a very important region. There is no definite theory, nor as
yet, a clear understanding of the f]uidrmechanics involved with
all of the effects that occur - particularly those associated with
flow reversal and the return of tﬁe large shed vortices and their
interaction with the body. It is in an attempt to solve these
problems that numerical models have been developed, yet difficulties
in finding a solution for this process stem from inadequate knowledge
of the position at which fiow separates and the problems of modelling

separation accurately.

It is acéepted théf the drag-and &nertia coefficients are
both functions of Reynolds number and the Keuiegan-Carpenter
number. (Dean, 19765 Hogben et al., 1977). The majority
of data has been obtained from experiments on a circular cylinder
which, when compared to sharp-edged bodies, is extremely sensitive

to surface roughness, turbulence and Reynolds number. The Reynolds
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number sensitivity of a circular cylinder in oscillatory flow, as
in steady flow, is due mainly to changes in the boundary layer,
and to separation of this boundary layer. Due to the effects of
reduced Reynolds number different features may'be chserved in
laboratory scale testing and the experiment itself may introduce
additional features. Scale effects can be minimized by Qsing

a bluff body with sharp edges.

Observation of experiments for unidirectional flow past a
stationary b1uff body show a wake consisting of an alternating
yortex street. This is the result of interaction between the
shear layers. (Also the base pressure, vorticity diffusion,
vorticity dissipation and the influence of the wake yield a
contribution to the wake deve1opment).' Two-dimensional numerical

models which exclude some, usually most, of these influences still

predict a 3ood estimate for the Strouhgl number.

1.13 Shedding Patterns

For impulsively started flow about a simple bluff body, e.g.
a flat plate or circular cylinder, the vortices initially grow
symmetrically from either edge. Along the shear layers, which
connect the growing vortices to the separation points, instabilities
develop. One vortex grows slightly faster or stronger than the other.
(The vortex L1- on the L (lower) edge of the plate in Fig. 1.1).
The base pressure is reduced and iﬁ response causes the vortex to
be drawn across the wake, downstream of the smaller vortex of the
U (upper) edge, U1+, Fig. 1.2. The shear layer connecting L1- to
the separation point breaks up and severs the supply of circulation

to the vortex, whose rate of growth would have reached its minimum.
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Thus the vortex is shed, Fig. 1.3.

The vortex Ul+, which is now across the wake at the reverse
of the piate, still continues to grow but at a decreasing rate. It
entrains some vorticity of the opposite sﬁgn, left in the wake by
the cut sheet. Also, some irrofationa1 fluid will be drawn in
through the opening created by the shedding of the first vortex,
L1-. When the rate of growth of the second vortex Ul+ reaches
a minimum that too is shed. The sheet deforms, diffuses and is
drawn across the wake by the action of the base pressure and the
influence of the new vortex growing at the lower edge, L2-, Fig. 1.4.
The cycle now repeats itself. (Compare Figs. 1.4 and 1.2)
(Sarpkaya and Shoaff, 1979).

Flow visualisation for oscillating streams indicates a number
of different vortex shedding patterns, depending on the Keulegan-
Carpenter number. There are no distinct boundaries and changes from
one regime to the next do not always occur at precisely the same value
of Keulegan-Carpenter number. The history of the flow and its method
of starting, either impulsively or by gradually moving from rest, .
will have a bearing on the value of Keulegan-Carpenter number at
which transition between the regimes takes place.

The following description is taken from Bearman et al (1981).

If the Keulegan-Carpenter number is small enough no separation occurs
for a circular cylinder whatever the Reynolds number and there is
good agreement with attached flow theory. At 'K¢ = 3 —
(depending on the effective Reynolds number) a small separation
bubble is observable. With & flat plate this is observable from
around K, = 1. As the Keulegan-Carpenter number increases

this separation bubble becomes a small vortex, one on =ach

edge of the plate, Fig. 1.5. Shortly before flow reverses the

sense of the vorticity being shed is changed (t/T v, 45). MHith

the flow reversal the vortex crosses over the plate

and forms a pair with the newly wound
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vortex, of opposite sense, formed at the same edge, Fig. 1.6.
- Together they leave the immediate region of the plate Fig. 1.7.
This mode is not fully developed until Ké = 4. For a cylinder
at this Keulegan-Carpenter number the vortices are convected
back, with the fiow reversal, on to the cylinder and are cancelled
with vorticity of opposite sense in the cylinder boundary layer,
Figs. 1.8 and 1.9. On reaching K, =8 the vortices are increased
in strength yet their method of cancellation appears to remain
broadly the same.

The second regime for the circular cylinder is 8 < K, < 15.
The majority of the vortex shedding takes place on one side of the
body only. In an experimental situation any increase in Keulegan-
Carpenter number will give an increase of Reynolds number. The
transport of vorticity by convection and the diffusion of vorticity
now start to become important influences. The first vortex,
Ul+, is formed, Fig. 1.10, and as the flow reverses it is convected
back over the cylinder, inducing a higher ve]ocity on the U edge.
This encourages the new vortex being formed, U2-, to grow to a
larger size than the vortex forming on the L edge, Fig. 1.11.
The stronger vortex U2- convects away out of the immediate area
of the cylinder as a pair with Ul+ as its partner, Fig. 1.12,
i{nducing a back velocity, which, with the flow reversal enables
the Tower vortex L2% to surmount the cylinder and cross over the
top, Fig. 1.13. Some of the vorticity of L2+ is cancelled during
this process, but enough survives to mix and enhance the new vortex
growing from the upper edge, which is of the same sense, forming
vortex U3+. The flow has now compieted one cycle. (Compare

Figs. 1.10 and 1.13).
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The next regime for the cylinder is for 15 < K, <25 and

- this corresponds to the 8 < Kc < 16 regime for a flat plate.

A diagonal shedding mode is now obserVed._ The Keulgan-Carpenter
values given here are only an indication for, as in the previous
case, the region does not have strict limits.

With increased Keulegan-Carpenter number the vortex U2-,
mentioned above, can now grow even larger during the longer half-
cycle. However, it appears that when U2- has grown sufficiently
to be of an equal size to Ui+, the vortex pair U2-/Ul+ convects
itself away at an éng]e of approximately 45° to the main flow,

Fig. 1.14. VYortex U2- has broken from its feeding sheet before
the end of the half cycle. The tail of the sheet that remains winds
itself into a small vortex (-), and feeds on the vorticity shed
from that edge until the end of the half cycle, Fig. 1.15.

The vortex at the lower edge, L2+, has grown large, Fig. 1.15.
With the fiow reversal this vdrtex squeezes the much smaller (-)
yortex around the L edge, Fig. 1.16, which then combines with the
new L3~ vortex in formation, which is of the same sense. When
L3- Hhas grown sufficiently the pair L2+/L3- sheds in a direction
diametrically opposite to the pair shed in the previous haif cycle,
Fig. 1.17. This leaves behind a small (-) vortex on the L edge
and the jarger U3+ at the U edge, Fig. 1.18. At flow reversal
the (-) vortex is forced into the U4- and the cycle then
repeats itself, Fig. 1.19.

Yortex pairs convect away in two diametrically opposite trails
at an inclincation of approximate1y.45° to the free stream. The
orientation of the inclination can be changed by starting the flow
differently.

At higher Keulegan-Carpenter numbers (Kc > 25) additional
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vortices form during a half-cycle, resuiting in a von Karman

~ Street type appearance. As the flow reverses the vortices are
either convected away from the body by a transport mechanism, or
they are destroyed by mixing with opposifé]y signed vortices.
More evidence is still required before the precise mechanism

invoived at these high Keulegan-Carpenter numbers is known.

1.14 Caiculation of forces using Morison's Equation

Most experimental work has used the proposal of Morison,
0'Brien, Johnson and Schaaf (1950), that £he force could be divided
into two independent components of drag and inertia. Morison et al.
reached this conclusion by measuring the forces on a vertical pile
and the incident wave profile, developing an empirical relationship

to fit their data.

This is known as Morison's equation. D is the frontal
diameter of the body and U the water velocity in the plane
perpendicular to the cylinder's generators. Underlining indicates
a vector quantity. Morison et al. solved the equation for zero
water particle velocity to obtain Cop then with zero acceleration
to find Cp By assuming these coefficients to be constant over
a full wave cycle they used these values in equation (1.6) to predict
the force. The values obtained by Morison et al. for h and Cy
showed no Reynolds number dependence. In the case of planar flow

the result is purely for the in-line force and no account is taken

of the transverse force. Disagreement exists on the applicability
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and the reliability of the results obtained by this method, but
nevertheless this equation is widely used.

The asymptotic behaviour of the drag coefficient is markedly
different for different bodies when the Keulegan-Carpenter number
is less than 10. The ¢y for a flat plate tends to infinity at

zero Keulegan-Carpenter number while the Ch

cylinder, at 8 = », {see 1.15.2), tends to zero. Tne flat plate sheds the

of the circular

strongest vortices while the circular cylinder sheds the weakest
and so it appears these differences are associated with shed
vortices and their strengths.

Using a generalized Blasivs Theorem method Maull and Milliner
(1978) obtained an expression for the forces on a circular cylinder
from Lagally's Theorem, which included an acceleration term and a

term for the shed vortices; the in-1ine force is then given as

R

_ d D" dU
F o= E T oE pr‘) + CMO p THE —(].7)
where r© 1is circulation of a vortex in the flow field.

Assuming infinite Réyno]ds number this will be constant. The
summation is taken over all the vortices in the field with y
as the vertical distance between the vortex and its image
inside the body. The Cy is the value of the inertia
coefficient at zefo Keuiegan-Carpenter number. The whole

of the second term of equation (1.7) is contained within the
inertia term of Morison's equation (1.6). The transverse, or

1ift, force is given hy the equation

d
L = ZF-CT_E(px) : —{1.8)
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where zx 1is the horizontal distance between a vortex and its
image. This pair of equations allows a description of both the
in-Tine and transverse forces in terms of the motion and strength
of the vortices. It has the distinct advantage that 1ift and drég

may be correlated since they are produced by the same mechanism.

The equations (1.7) and (1.8) may be combined and written in
terms of a complex force, ' F,
The real component of F

is the drag force and the imaginary component the transverse force.

g 2
_ D v _ .. d v . D :
Fo= Iz pCMo 7 " P ?);rn (z, o =) ~{1.9)
' n

where Z is the complex location of a vortex and a * indicales &
complex coqjugate.

For experimental use this equation will require information
about the positions of the vortices at subsequent time steps, which
may be hard to record. In a numerical experihent this data is easily

obtainable.

Graham (197%) has shown that this result, with the transformed
variable ¢ vreplacing z , holds for any cross-section of cylinder
by merely transforming this bBody into a circular cylinder. Thus,
equation (1.9) may be generalized. If ¢ = #f(z)} 1is the conformal

transformation then

2

F o= 3 _ o0 —-4p=:) T (f(z)-—5— —(1.10)
¢ Mo at ¢ n n n 4f (.zn)

with 4 the frontal diameter of the new body and D , as before, the

diameter of the cylinder in the z-plane. Cy is calculable for any
o

shape of body using standard methods, e.g. panel methods. The imaginary
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part of equation (1.10) is zero for any sized flat plate and for

- an infinitely thin flat plate QM equals 1.0 exactly.
o

The coefficients Chy and CD can be.obtained by Fourier time
averaging the in-line force, (Keulegan and Carpenter, 1958).
Assuming that the drag and inertia coefficients remain constant

for the phases of a wave cycle and that all terms, except the

first, in the expanded Fourier sine and cosine series vanish; then

for an oscillating flow given by U = Uﬁ sin wt the Pourier
averages of ¢, and Cy are given by
T
c = 8 J F(t) v sin wt g, 1.1
D 4 2
o pll D :
m
and
2urT 7
c. = m J‘ F(t) w cos Wt g, —(1.12)
M 3 2
™ D o pUmD

The force function, F(t) , 1is the force per unit length of body

and w the angular velocity of the free stream of period 7.

1.15.1 Experimental Work

Morisons equation {1.6) has been extensively used for local
force predictions on structures in field experiments Teaving an
abundance of data which is invariably at a higher Reynolds number
than could be reproduced by a counterpart in a laboratory test.

These laboratory tests may use reguiar waves with elliptic orbits,

or plan oscillatory flow with flat orbits but can never effectively
match the real sea conditions. Not surprisingly on comparing the
resuits obtained for the drag and inertia coefficients there is
considerable scatter between the field test results and those from

the laboratory (see, for example, Weigal, 1964). A plot of the
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drag coefficient variation with Reynolds number still shows wide
. scatter (Weigal et al, 1957). The above results took no account

of the variation in Keulegan-Carpenter number.

This discrepancy between field test resuits and laboratory
results was explained by Iverson and Balent (1951) as the result
of assuming the added mass coefficient to be constant. They showed
that this variable coefficient depended on the state of the motion
of the fluid. Keulegan and Carpenter (1958) also noted this
variability of the added mass coefficient.- However, any variation
of the coefficient was absorbed into theif inertia coefficient
which was used in conjunction with Morisons equation to calculate

the force.

In this their original work Keulegan and Carpenter investigated
the behaviour of the forces on several plates and circular cylinders
in an oscillating free stream, locating the body at a node of a
standing waye in a wave tank. They represented the force as an
expahded fourier series and by using their experimentally obtained
time dependent values of the force ca1cu1ated time averaged values
for the drag and inertia coefficients, which were then taken as
constant over the one cycle. Using Morison's equation with these
calculated coefficients they obtained a force trace which they
compared with the measufed force. The agreement was generally
satisfactpry'when the period of osciliation was large. However,

considerable yariation was noted «hen the value of the parameter

ur
2~ was less than 15. They found ¢, and ¢, correlated well

with this non-dimensional parameter. This parameter, latterly
called the Keulegan-Carpenter number, was also noted to be related

to the growth and motion of the vortices. As the Keulegan-Carpenter

number increases so the fluid moves through a larger amplitude, with
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more vorticity created in each cycle, and consequently more vortices shed.

Keulegan and Carpenter found good correlation between their
~calculated force for a circular cylinder and the force found
experimentally. For the flat plate there was not such close

agreement.

1.15.2 The Beta Parameter

Sarpkaya (1976a) proposed the parameter defined as

and known as the beta parameter. The ratio of Reynolds number
to Keulegan-Carpenter number will be a constant for any given
body at the same frequency of osci11atioﬁ, regardiess of the

amp1itude.

Keulegan and Carpenter (1958) found no Reynolds number
dependence in their results, but Sarpkaya (1976a) subsequently
replotted their original data and found some. He suggested that
this dependence for ¢, and qw' could have been overlooked by
neglecting the fact that a change in Keulegan-Carpenter number will
bring about a corresponding change in Reynolds number. Therefore
2all of the Kéu1egan and Carpenter experiments were with different
values of the beta parameter. In a further paper Sarpkaya (1976b)

showed a significant influence of the Reynolds number on the in-

1ine and transverse forces.

Sarpkaya'é new conclusions on Keulegan and Carpenter's results
(with different g values) indicate that as B increases, so Cy
will decrease, whereas his own results implied the converse situation.
Singh (1979) examined Keulegan and Carpenter's wave analysis and

sought to explain the paradox by concluding that, in fact, they were
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looking at different situations and that the effect of a vertical
velocity, which would be modifying the vortex positions, was
causing the diverging answers. (Keu]egah:and Carpenter had used
a wave tank while Sarpkaya had used a U-tdbe). By using small
wave heights, and hence Tow Keulegan-Carpenter numbers, the
vertical velocity would not then be significant and there should
be no decrepancy. The experimental situation would then be

approaching that of harmonic flow.

1.15.3 Further Investigations

Dalton, Hunt and Hussain (1976) studied several cases of
Keulegan-Carpenter number and the beta-parameter, and then compared
the instantaneous force variation with corresponding Reynolds
number; avoiding the use of Morisons equation. Their results
showed that the in-1ine force on the body tended to its steady
Flow value as the Keulegan-Carpenter number increased while the

instantaneous Reynolds number approached a maximum.

An alternative method for the in-1ine force using a root-
mean-square approach was developed by Maull and Milliner (1978).

If E, is the RIS of the measured force, the new coefficient is defined

by
¢ _xo
- - - M .
Frms oo TV —{1.14)
By non-dimensionalizing Morisons
3
pD

equation. with 7 the new coefficient can be written as

a7
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CF . = 17_2-_ (Z CD KC + T CM }:l ‘—'—(‘[.15)

The force predictions using this equation show very good agreement

with the measured force on a cylinder in the low Keulegan-Carpenter

‘range, 0 < K_< 37.and also indicate that CF is proportional
5 ¢ RMS
to X in the Timit of X .
44 e
CF = Kéz as Kc +> ®
RMS
In testing equation 1.15 Maull (1978) employed a fixed value of C,, = 2.00

M

and by making ¢, a function of B found that ¢ predicted thus,

D Frus

was in good agreement with the results for a circular cylinder.

Shih and Buchanan (197 1) made measurements on flat plates in the
Tow Reynolds number region, 0(1) < Re < 0(103). Their approach was to
assume dominant viscous effects and that the drag force was the sole

in-Tine force. The results showed ¢y

ndmber for Re < 250 ;3 but for cases with Re > 260 then CD is

independent of Reynolds number. However, Shih and Buchanan were

to be a function of Reynolds

working at low Keulegan-Carpenter number, in the inertia region, where
the inertia force is known to dominate and so the justification for

their assumption is not conclusive.

Bearman et al.(1981) have reported that vortices exist around
cylinders from values of Keulegan-Carpenter number equal to 3 or 4, while
for other sharp edged bodies they are in existence at Tower Keulegan-
Carpenter numbers. Like Maull and Milliner (1978) they consider fluid
motion to be a combination of an unsteady irrotational stream, and a
flow generated by an array of vortices. This assumption highlights

the importance of vortices and implies that once formed and shed
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vortices will infiuence future flow development. In Morisons
_equation vortices are accounted for empirically in the CD and

QM components and so the effect of vortices in the wake is not
modelled properly. Also, any asymmetry in‘the position or strengfh
of the vortices will generate transverse loads. This effect is

not represented in the Morison equation approach to wave loading.

1.2  NUMERICAL WORK

1.20 Introduction

The examination of vortices and vortex motions by mathematical
and numerical methods has received fresh impetus from the problems
arising in physics and engineering - particularly with off-shore
technology and high-energy plasma work. The persistent trailing
vortices of a jumbo jet constitute a hazard to other aircraft and
has led to a study of vortex formation by the roll-up of vortex
sheets and the interaction of vortex pairs. Attempts to understand
turbulence - in two dimensions - has been investigated using statistical
mechanics on a random array of point vortices. Also, the idea that
turbulence might be represented as a superposition of interacting
vortices and the believed existence of coherent structures in many
types of flow have stimulated research into formation and interaction
of vortex motions. Kuchemann {1965) described them as "the sinews

and muscles of fiuid motions".

1.21 Finite Difference Schemes

Unlike the experimental side of the subject there has been very
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lTittle numerical work which has studied the case of oscillating flow.
"By far the majority have examined unidirectional flow. There are
finite-difference schemes available for general low Reynolds number
cases. These methods are not practical for Reynolds numbers greater
than a few hundred. For any Reynolds number of oc10° - 108) s

finite difference methods can be considered impossible.

The difficulty associated with this method is best explained
by considering the problem of flow past a cylinder. Around its
surface a boundary layer will form whose thickness will be proportional

to Re-% (See, for example, Schlichting, 1960). If a finite-
difference grid is used whose grid length is characterized near the

boundary, and in the wake, by a length ., then the condition

r°R 0(1) . —{1.16)
must be satisfied, for it will be necessary that a few mesh points
fall within the boundary layer Inafurther analysis Chorin (1969)

suggests an even more stringent condition
rR = 0{1) —{1.17)

Keller and Takami (1966) also obtained these results and came to

the concliusion that for a Reynolds number of any applicability the
number of grid points (of a regular grid) and hence the computational
effort required would be so prohibitive as to not contemplate
finding a solution, even on the large computers currently aQai]ab]e,

by this method.
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In actual fact extreme difficulties are encountered at
. Reynolds numbers of several hundred. To raise the Reynolds number,
even slightly higher, will require a judicious use of the parameters
involved and yet, because of therrange of‘écales, the solution

obtained might still not be applicable.

Therefore,. it appears, to solve numeriadI[y the problem of
fluid motion around a bluff body a grid independent calculation

method is necessary

1.22.1 Representation of a shear Tajer using the

Discrete Vortex Method

High Reynolds number incompressible flow often consists of
regidns of concentrated vorticity contained in irrotational fluid.
The inviscid motion of these regions of vorticity can be calculated
from the local fluid velocity, which itself may be obtained from
the vorticity field. It is mathematically correct, and more
convenient, to use these packets of vorticity in conjunction
with the inviscid equations of motion when modeiling separated

flows at very high Reynolds number,

A VORTEX is a volume of rotational fluid bounded by
irrotational fluid, or solid walls. In two dimensions this would
be a finite area. A vortex filament is a cylinder of small, or
infinitessimal, cross-section whose surface and interior is composed
of vortex lines, which are curves in space at a tangent to the
vorticity, and surrounded by irrotational fluid. A LINE VORTEX
is a vortex filament of finite strength and zero cross section;
it is a singular distribution of vorticity. In two dimensions line

yortices are called POINT VORTICES as they are characterized by a
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point in the plane and their strength is the circulation about them.
_The velocity field of a point vortex is singular at the point. In
computations it is often replaced by a bounded continuous field,
such as that due to a vortex of small croﬁg section with a given
axisymmetric vorticity distribution. Any such isolated vortex is
called a DISCRETE VORTEX. (See, for example, Saffman and Baker,
1879).

The Discrete Vortex Method is a grid independenf method in
which an inviscid flow solution is obtained. The method represents
a vortex sheet by a sequence of discrete vortices and calculates
the velocity contribution of the vortices at every vortex point of
the line.  This is unlike the finite difference Navier-Stokes
scheme which, because the entire flow fié1d will contain some
yorticity, will need to calculate the velocities over the entire

field.

The contribution to the velocity from the vorticity,
represented by an infinitely thin sheet, s, of vortex strength
v(s) can be expressed using the Biot-Savart integral. Assuming
the vorticity lies along the sheet and the flow is elsewhere
irrotational then the velocity, ¢ = g(u,v), given here as (u - iv),

induced at any point T = Z(xz,y) due to this sheet is

w-d - = | —xEl g —{1.18)
m
z - t(s)

r 1s the complex location of a point in the flow, Fig 1.20. The
piecewise continuous distribution along the sheet is replaced by a
finite set of N delta functions. The vorticity field o(mx,y)

has the representation,



N
T
T = pz L sir - ) —(1.19)

with 68 as the two-dimensional Dirac delta function and Lo the
locations of the N vortices, with rp their respective circulation.

By performing the vector operation curl on the Navier Stokes equation

g%- +q.V =- %-VP + wéy ‘ —(1.20)

The vorticity equation is obtained

r

3 4 gve =waravg - —(1.21)

where the LHS is also the substantive derivative %%. The first
term of the RHS is for the diffusion of vorticity due to viscosity,
whilst the second term is a measure of the intensification of
vorticity due to the stretching of vortex lines by the fluid. If

the motion is restricted to two dimensions then

v = 0 —(1.22)
and by requiring the flow to be inviscid,chcmemntoF 1.2 reduces to

Da  _
7z = 0 —(1.23)

which implies that the vorticity of a fluid element remains constant
and moves with the fluid. The velocity field is found as a solution

to Poissons equation



Y o= -9 —(1.24)

where ¥ 1is the stream function.

The complex potential, w , due to a single point vortex of

strength rp located at a point Cp is given by

ir |
L) = FEn(t-t) —(1.25)

Equation (1.18) can be discretized to

, I T
. - 1
u-iv = & ] ?;—ZB-C— —(1.26)
p=1 2

where I‘p = vy{e)ds, Fig. 1.21.

Interaction with certain solid surfaces can be represented
by using a vortex and image system. Fig. 1.22 shows the case of a
circu]ar cylinder of radius a. The complex botentia1 for this

system, including a uniform free stream, can be written as

- a2 g .52 f PP a2
wly) ~ U (g -==]+1 n(c -~z ) -1 ) ==1In(y - =,)
m 4 p=1 an P p=1 27 Cp*'

—{1.27)

with qﬂ as the free stream velocity and a # denoting a conjugate
quantity. The first term on the RHS is the potential representation
of a cylinder at the origin using a source/sink doublet; the second
term is the contribution from the vortices themselves, and the third
term is the contribution from the vortex images inside the body and
necessary to maintain the boundary conditions on the body. There is

no vortex at the centre of the cylinder. In the model the flow will
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start from rest with no previous history or circulation in the
.wake, and due to Kelvin Theorem {equivalent to equation 1.23)
there will not be a need for a vortex at the origin. Differentiation

of equation (1.27) yields the velocity equation for the system

36, (T) -2 ﬁ’ - ’i’ L o1
u=-ip= & U (1 -%)+ 4 — - S
24 m CZ p=12“ z Cp p=1 gr & _a /cp*
—{1.28)

In order to satisfy the inviscid vorticity ‘transport equation (1.23),
the convection velocity of each vortex must be given by the value of

the velocity field at its centre location.

The Discrete Yortex Method assumes énfinitéy thin sheets of
vorticity. At very high Reynolds number the shear layers will be
very thin, and so, if diffusion is ignored, these layers can be
easily identified as infinitely thin sheets, and the sheets then

replaced by an array of discrete vortices.

The first attempt at simulating fluid flow using this discrete
vortex method was presented by Rosenhead (1932) when he investigated
the instability of the surface of discontinuity between two streams,
of the same density, with velocity equal but in opposite directions.
The sheet was perturbed by an initial sinusoidal disturbance and
then replaced by twelve equally spaced vortices, along the sheet.
The flow is everywhere irrotational, save at the vortices and the
induced velocity is calculated at each vortex. Spatial periodicity
was assumed also. The results showed that the vortex sheet rolled
up into a cluster of vorticity. This calculation was performed on
a hand calculator. With modern digital computers attempts were made

to achieve an improvement on these results, using more point vortices
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and more accurate time integration schemes. Birkhoff and Fisher
(1959) used small timesteps and twice as many vortices and found
'the vortices achieved a chaotic state of motion. Although the
yortices formed clusters their paths were highly irregular and
occasionally crossed over; physically impossibie for a vortex
sheet. They concluded that although initially it appears the

vortices are rolling-up, in time they will become random.

It seems that increasing the number of vortices, with a
decreased strength, is not the answer for a converging solution.
Point vortices are too singular. Moore (1976) argues that
Rosenheads original problem is i11-posed. (i.e. non-smooth
solutions will develop in a finite time for an-arbitrarily small
disturbance). Yet the discrete vortex method is an exact solution

of the Euler equations of inviscid motion.

The time integration of the equations can be performed to
the required order of accuracy‘using the appropriate Runge-Kutta
formuiae. The schemes used by the numerical models generally
divide into two groups. Firstly, those using a second-order Runge-
Kutta method, e.g. Fink and Soh (1974), Kiya and Arie (1977). This
method keeps the accumulation of errors from moving the vortices
as small as possible, O(Atg). Secondly, those using the simple
Eulerian first-order scheme, which has errors of o(st?), e.g.
Sarpkaya (1975), Bearman and Kamemoto (1978)}. This is computaticnally
more efficient to perform, being an easier scheme. The accuracy of
the caiculation will be higher while the computer time required becomes
greater, the smaller the time-step is. Sarpkaya (1975) tested his
model using a Runge-Kutta second-order and then a central difference
scheme and found, for small enough at, no perceivable difference

from his original results and that the small time-step which needed



- 34 -

to be used was acceptable with regard to the total computational

time.

Clements (1973) also found crude integration to be better
for it introduces a numerical viscosity which helps suppress the
instabilities. The use of Runge~Kutta integration schemes was
found often to be self-defeating in hastening the break up of the
flow stability. Indeed, Clements and Maull (1975) concluded that
“the and justified the means", and results from numerical models
will be of use if a balance is struck between a large number of
yortices to represent the motion, while a crude integration scheme
is used to suppress the randomness and chaos which inevitably

develops.

After Rosenhead, Westwater (1935) showed that the rolling-up
process for a vortex sheet shed from a wing, with an elliptic load
distribution, started from the wing tips. The result was similar

to the spiral of Kaden (1931} which was predicted analytically.

In an attempt to model the Karman Yortex Street, Abernathy
and Kronauer (1962} considered the stability of two zero thickness
shear layers, surrounded by two outer streams flowing in one
direction either side of another stream, flowing in the opposite
directian. They conducted a linearized stability analysis for the
continuous sheets. Subsequently they replaced these continuous
sheets by discrete vortices and introduced an initial disturbance.
The calculation proceeded by time integrating the governing equation.
Their results showed that vortices amalgamated into asymmetric
clusters. The positions of these clusters could be identified as
a vortex street. It was also found that the calculated vortex
wakes broaden as they are formed, in agreement with gxperimental

evidence.
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Fage and Johansen {1927) found, experimentally, that the
_downstream strength of the vortex clusters had been reduced to
round 60% of the original value shed. Abernathy and Kronauers
model predicted vorticity from one row beihg swept across the
wake and into a cloud of oppositely signed vorticity and in so
doing reduced the strength of the cluster to around 60%. Vortex
sheets are fed with vortibity from the separating boundary layers,
which can vary with time. This model assumed the vorticity
distribution was uniform and-aiso that the vortex sheets were
infinite in extent. Hence no account was taken of the boundary

conditions on the sheet forming body.

Christiansen and Zabusky (1973) ﬁlso reported the development
of staggered clouds, again very similaf in pattern to a Karman
Vortex Street. They also noticed entrainment of vortices of one
sense into a cluster of oppositely signed vorticity. There were
3200 point vortices in the f1o& field and their model used the
Cioud-in-Cell approach, rather than the numerical Biot-Savart law

methods (equations 1.6 and 1.7) to calculate the vortex velocities.

1.22.2 The Cloud-inCell Method

The C-I-C approach is a newly established method of plasma
physics which.is now being introduced into hydrodynamics. A mesh
is fixed on the flow field and the velocity is only ca1cu1ated'at
these grid points. The vorticity contribution to the flow field
from one point vortex is distributed, with a suitable weighting, over
the adjacent mesh points; 1, 4 or 9 coulcd be used. If 4 mesh
points.are used they will be the corners of the cell which houses

that particular point vortex. The stream function is obtained by

solving Poisson's equation at the mesh points. For the point (Z,7)
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this is
VY = - ) -—{1.29)

where o = Q(Z,7) 1is the grid vorticity. The velocity at each

grid point ¢ = g(%,4) is then found by differentiation

g = VK | —{1.30)

The velocity of the individual vortices isiarrived at by using a
reverse interpolation scheme from the mesh points back to the vortex.
The flow field is then time integrated. After every time-step a

new grid vorticity is generated and the process is repeated.

Authors who have used the CIC method have found it to be a
very fast and efficient method. For example the influence function
of one grid point on every other point can be precalculated and
stored then used as required. Any symmetry in the mesh system will
reduce the storage needed. A Full discussion of the efficiencies

possible with the CIC method is given later.

1.23 Shedding from bodies with sharp edges

It is assumed that vortex sheets form, due to flow separation,
whenever an ideal fluid flows around a body with a sharp edge in
order to prevent an infinite velocity. The Kutta condition determines
uniquely the strength of this sheet at the separation line. This
condition requires the velocity of the fluid to be finite at the
edge, and that the flow separates tangentially. A flat plate is
transformable into a circular cylinder by using the Joukowski

transform



Z = ;-g— —(1.31)

The edges of the plate are on the vertical axis at Z = #{2a

i

I

in the plate plane and these transform to the points ¢
in the circle, or transformed plane. In Fig. 1.23 a plate of width
4q has been transformed to a circle of radius @ and the complex
potential for the flow in the plate plane is fully given, under
transformation, by equation (1.27). The condition of flow separating
tangentially at the edges of the plate may be expressed by

requiring

‘g% (z) = 0 at = :ia —{(1.32)

This is illustrated in Fig. 1.24. Early work on vortex shedding
from bluff bodies deals almost exclusively with circular cylinders,
yet for these bodies there may be no fixed separation points.

The position on the ¢ylinder at which the shear layer separates

-depends on the phase reached in the shedding cycle.

To satisfy the continuity of pressure across a vortex sheet
(i.e. no pressure jumps) the sheet must move locaily at the mean

velocity of its two surfaces. If Ué is the convective velocity

of the shear tayer and U, and Ug the velocities on each side of
the edge, Fig. 1.25, then
_ 1
v, = 'E{UJ + U,) —{1.33)

and the vorticity along the sheet, ~v(s), is



v(s) = U, - U —(1.34)

The rate of chq,nae of circalgbion from fthe ec[ge of 2 el plake is given by

wi-y?l

AT 1 J
rl 1 2

At
For a smooth surface, where the internal edge angle is not zero,

U2 = 0 and then

1 1 2
= = 3U = EY(S) = v, —{1.36)

In utilizing the Kutta condition a parameter must be used to
determine how far away from the body the introduction point should
Be. Although it is theoretically possible to insert a vortex right
on the separation point tﬁere would, subsequently, be great difficulty
in getting it to leave that point. The various approaches at

implementing the Kutta condition can be classified into two groups:-
I The position of the nascent, or new, vortex is fixed in
adyance and its circulation chosen so that equation (1.32)

is maintained. (Finite velocity at the edge condition)

IT In effect the converse procedure. The circulation of the

nascent vortex, rn, is calculated from
ro= -é—U ¢ —(1.37)

and then its position is determined to satisfy the Kutta

condition, equation (1.32). Us is taken as the velocity
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at some point off the surface intended to represent the
outer edge of the boundary layer in the real fluid,

above the separation point.

In either procedure there is one parameter to be decided upon.

Although use of the c¢ircular cylinder as the bluff body is
compounded by the moving separation points it has the advantage that
for potential flow it is a simple case. Gerrard (1967) looked at
shedding from such a circular body. The moﬁel took account of the
velocity distribution around the body and the unsteady wake, but
not the variable separation points. Not surprisingly the results
were unsatisfactory. Attempts to incorporate the correct value for
the rate of introduction of vorticity, along the Tines of method (II)
above, did not improve the results. This was probably due to the
fact that the incorrect separation points were being used for the
introduction of the nascent vortex; placing it downstream of the
cylinder at a distance taken to be representative of the Reynolds
number. To have fully taken account of the oscillation of the
separation points would have required boundary 1ayef calculations

at every time step.

With the use of a simple scheme to represent the movement of
the separation points during the vortex formation process Sarpkaya
(1968) produced a model which introduced the new vortices at
yarying positions. He introduced the vortex at the mid-points between
the first maximum of absolute velocity encountered traversing the
cylinder from the front stagnation point and the first maximum of
absolute velocity on traversing the cylinder from the rear stagnation

point. As the calculation proceeded these points varied and gave
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a movable introduction point. The results clearly showed vortices
“rolling-up. The drag coefficient obtained agreed well with the
experimental value found previously by Sarpkaya {1966). This
experiment, at low Reynolds number, showed that after an impulsive
start the drag coefficient rises to a maximum and then develops an

oscillation at twice the vortex shedding frequency.

Stansby (1977) produced a model which examined the forces on
a cylinder in oscillating flow and found that the force trace agreed
closely with experiment. - The idea behind Qis insertion procedure was
to produce a stagnation region, satisfying the no-slip condition,
underneath the shear layer as it leaves the body. The vortices were
introduced "at a point on the cylinder where separation is known to
occur”. The velocity is then calculated at that point. .. A small
distance out on the normal to this point a vortex,with only enough
circulation to reduce this velocity at the cylinder to zero, is |

inserted. The velocity, Ugs is calculated at the vortex point

L
P

and replaced on the normal so the velocity is again zero on the

and the vortex itself is given a new circulation equal to Uég At
cylinder. The results compared well with those calculated via
Morisons equation. For the case of steady flow the Strouhal number
predicted for the vortex shedding frequency was in reasonabie
agreement with the experimental value. However, most models of vortex
shedding from cylinders in unidirectional flow seem to predict the

Strouhal number fairly accurately.

Because of the uncertainty associated with the separation point
sharp edged bodies with known and fixed separation points have also
been modelied. If a flat plate is used for the body it can quickly

be transformed into a circular cylinder by using the complex conformal
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transformation, equation 1.31. The separation points of a flat
plate are known exactly and in the circle plane, using the above

‘transformation for a vertical plate, will be permanently at the
intersection of the circle with the vertical axis, Fig. 1.23.
Sarpkaya (1975) looked at a flat plate inclined at an angle to
the free stream, using introduction method (II). The introduction
point was allowed to vary along the line of extention of the plate.
The required U, for equation (1.37) was calculated as the mean
of the velocities of the last four vortices shed. This corresponds

to the instantaneous convection velocity of the shear layer and it

appears that Sarpkaya has assumed Us = uy for a flat plate, rather
than
vo= U = Lu +u) = u -<y(s) —{(1.38)
s e 7 ¥ T Y 1- 27 ¥

The inclined plate provided an asymmetrical disturbance to
initiate alternate vortex shedding from the edges. The results
were very good, providing a Karman street formation for the wake
and predicting a Strouhal number of St = 0.154, which is in
close agreeﬁent with that found experimentally by Fage and Johansen
(1927) of st = 0.148. The calculated force coefficient was
20-25% higher than those recorded experimentally and Sarpkaya
explained this as being due to the lack of sufficient mixing in the
wake; finding only a 10-15% reduction between the shed vorticity
and the vorticity in the wake, whereas Fage and Johansen found this

reduction to be about 40%.

Kiya, Arie and Harigane (1979) felt that the instantaneous
convection velocity of the shear layers should take account of the

difference between the velocity at the outer and inner edges of the
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shear layer. They used introduction method (II) with

ve = (-0 = u —{1.39)

U, was calculated at a point a small distance upstream of the
shedding point, perpendicular to the plate; viewing this as
"the edge of the boundary layer at the separation point". This
method, Tike Sarpkaya's predicts the Strouhal number well but
gives a drag coefficient 20-40% larger than those obtained

experimentally.

Bearman and Kamemoto (1978) made a comprehensive study of
introduction method (I). Using impulsively started unidirectional
flow they performed a systematic examination of the effects of
varying the position of introduction; believing that the point
at which a vortex first appears has considerable influence on the
shedding process and the subsequent vortex development. Jo

catalogue their resuits they defined a non-dimensional parameter

a
_ 8
P, = g L —(1.40)
m i

where at, is the time interval between the introduction of the
vortices and a, the distance, in the transformed plane, between
the introduction point and the separation point on the circle.

Cases with the same P, value exhibited similar flow features.

K
For a range of introduction points along the extension of the plate

the behaviour of the inserted vortices remained realistic. These

all had P, > 0.3 . When P, < 0.3 the resuits were not good;

CD being far Tower than experiment and the appearance of the rolled-up
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vortices being too "loose" to be recognised as a coherent structure.
_As Py increased the windings of the rolled-up spiral became
tighter and obviously recognizable as a vortex cluster. Bearman
and Kamemoto did not propose an upper bouﬁd for Py but only |
tested up to P, = 1.9, concluding that the best position for
introduction will be related to the time-step used, through P,.
For 0.3 < Py < 1.9 the rate of growth of circulation compared
favourably, as did the drag coefficient, with previous theoretical

work.

Kiya and Arie (1977) also used introduction method (I) and
investigated the effects of varying the ratio of the insertion
distance from the plate with its half-width. They found that the
Strouhal number was not greatly altered by changes in this ratio

but the effect on the drag was considerable.

C]eménts (19}3) and Clements and Maull (1975) compared two
methods of introduction, related by a sing]é parameter, for their
model of flow around a parallel-sided body, and found that the
Strouhal number was relatively insensitive to change of this
parameter. This parameter was the distance of the introduction
point above the transformed corner. The base pressure was very
sensitive to this parameter and to-the time step. The first method
was to calculate the required vorticity from U32/2 and to introduce
the vortex at the corner (US was taken a small distance from the
corner). In the second method they used the Kutta condition as in

introduction method (I).

Investigating the shedding from an isolated edge Graham (1977)
found the position of introduction on an extension of the wetted

surface and examined the effect of varying the internal angle of the
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edge. He showed that at low Keulegan-Carpenter numbers the force
-and drag coefficient were functions of the Keulegan-Carpenter
number and the internal anQ]e of the body. The predicted flow
patterns compared well with experimental flow visualisation
patterns. The inserted vortex was assumed to convect away with
the mean of the upper and lower surface velocities and the distance
between the insertion point and the edge itself was related to the
length of continuous vortex sheet that would have beeﬁ shed from
that edge during the time-step aA¢. Maull (1979) has questioned
the validity of this approach and proposedea different formula for
the convection velocity which he derived from the integral of

vorticity flux at separation.

A 1list of the insertion method used by the different workers

is given in TABLE 2, column 1.

1.24 Stability of the Biot-Savart Method and

Amalgamation Methods

Some time after the start of an inviscid vortex calculation
there is invariably an increasing randomization and the development
of chaotic motion in the computed flow patterns. Moore (1974)
has shown that this stems from the inherent instability of arrays
of point vortices, and that the minimum wavelength of the instability
wave wWill be equal to the smallest interval between the vortices.
Even if the initial spacings are equal subsequent motion introduces
errors and the spacing becomes uneven. For a flow field, given at
an initial instant and allowed to develop under the action of a free
stream, the finite amplitude instabiltity of a uniform sheet - the

Helmholz instability - cannot be removed.
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Chorin and Bernard (1972) show that the discrete approximation
to a continuous sheet can onily be possible when the rate of change
of vorticity along the sheet is small compared with the spacing along
the sheet. If this condition is not maintained there is the
possibility of two vortices orbiting around each other. This is
because the velocities induced on these vortices are not sufficiently
accurate to keep them in their correct positions. When an elliptically
Toaded aerofoil is considered this condition could never be satisfied '
since the vorticity at the tip is infinite. Chorin and Bernard
proposed a modification into the stream function representation of
the discrete vortex to circumvent this point. By defining a small
cut-off distance o, the normal stream function for a unit discrele vortex

¥(r) = %= log(r) —{(1.41)

Fr

Wwith » as the radial distance, outward from the vortex, is changed

to

¥(r) = ';—ﬂlog(r) with r > 0

—(1.42)

¥(r) with r < g

af

E
an

This vortex is sometimes called Chorins vortex, and results
in a smoothly rolling-up sheet which closely approximates Kaden's
spiral. The introduction of a finite core does ensure that rounding
of f errors become less important and any irregularities that may be

caused by it will not be propagated.

Fink and Soh (1974} tried to eliminate the error in the exact

location of point vortices representing a sheet by replacing the
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vorticity density along a sheet by an entirely new set of equi-
distant vortices, whose strengths are adjusted to give a good
representation of that sheet. This procedure was carried*out

at each time step. They had some success for this method seemed

to remove the chaotic motion. The results gave good agreement

with the Anton Power Law for the rate of growth of total circulation

1/
gy 8
m

T(t) o [ J
2 qm&z Za

where 2ag 1is the half width of the body. Sarpkaya and Shoaff (1979)
extended this work to longer flow times and their numerical experiment
generated values in reasonable agreemenf with experiment. However,
Sarpkaya was not convinced that rediscretization was absolutely
necessary for on re-working his 1975 paper, with a flat plate and

originally without rediscretization, he obtained similar results.

A1l models which use the numerical Biot-Savart law to calculate
the convection velocity of each vortex must perform O(Nv2)
calculations at each time step, if v, is the number of discrete
yortices, in order to obtain that velocity. The increasing number
of operations sets a practical 1imit on the number of vortices which
can be used in a calculation and most workers have found this limit
to be only several hundred. Clements (1973) amalgamated clusters of
vortices which had moved further than two body diameters downstream
into one single vortex located at the centre of vorticity of the
cluster and given the resultant strength of all the vortices of the
cluster. This procedure has been widely adopted as it permits
longer calculations by keeping the number of point vortices in use

down. Apart from the difficulty of identifying the boundaries of a
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vortex, except by inspection, the procedure is questionable for
the effect that a sudden amalgamation may have on the flow due to
the sensitivity of the invariants (e.g. linear momentum, angular .
momentum, kinetic energy and total vorticity). Some models try to
reduce this effect by performing the amalgamation of a cluster
sTowly. After a certain time, or on passing a prescribed distance,
the oldest vortex amalgamates with its immediate successor. The
resultant vortex is placed, as before, at the centré of vorticity
of the two participants. The process is repeated each time step,
and the growing vortex will slowly become é "core" to the vortex
¢cluster until finally this large vortex represents the cluster

itself.

The increasing randomization associated with longer time flows
is a major difficulty in the calculation of oscillatory flow. With
the flow reversal the clusters are brought back towards the body
and pass close by it. This can give a chaotic element to the
formation process. Stansby (1977}, studying oscillatory flow
around a cylinder, found that the clusters of oppositely signed
vorticity did not pair themselves and convect away on flow reversal,
as noticed in experiments (see section 1.13). Instead a continuous
Build up of vortices in the body region resulted, and this flow

pattern is not in agreement with observation.

Bearman and Graham (1979) suggest that the reluctance of the
yortices to convect away from the body may be associated with the
instability which leads to the randomization of the clouds, and so

leaves them with 1ittle definite structure.

To make his model stable Kudo (1981) introduced a simple

elimination procedure. After a vortex has travelled a distance
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defined as "a little further than the vortex would sweep for the
. first half period after the flow starts from rest”, it is removed
from the calculation. Using this techniqqe for a flat plate in
oscillatory flow his results were in close agreement with those
of Keulegan and Carpenter (1958) for the drag coefficient, and
for the inertia coefficient with K, < 4. The calcuiated G
rises continually and for Kc > 5 diverges from the experimental

value.

This dissipation mechanism keeps down the number of vortices
in the flow, if somewhat arbitrarily. Witﬁout it old vortices
could occasionally approach the back of the plate and make the
system unstable, as noted, amongst others, by Clements (1973},
Sarpkaya (1975) and Kiya and Arie (1977).. They all removed vortices
which approached nearer than a specifjed distance to the rear face
of the plate along the lines of the cut-off mechanism of Chorin and

Bearnard (1972). -

Sarpkaya and Shoaff (1979) extended this to include removal
of two oppositely signed vortices when they came within a prescribed
distance of each other. This helped them achieve a larger reduction
in the wake vorticity and in turn improved the accuracy of their
results. Kiya, Arie and Harigane (1979) employed a Chorin-type
vortex to ensure that large velocities were not produced due to

the singularity of the point vortices.

Nagamo, Naito and Takato (1980) looked at vortex shedding from
a square prism and included shedding from all four edges. They used
amalgamation routines for any two vortices which approached each
other cioser than a specified cut off distance. Their method gave

realistic results, but was in effect a finite Reynolds number
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calculation for they allowed the vortices to have a growing

_finite core with & vorticily distribution guven a(‘_(‘_orc[fm] to

2 .
z-emp[-jTtﬂ —{1.43)

r(né) = ro

where r 1is the radial distance outward from the vortex, v the
kinematic viscosity and ¢ the time, or age, of the vortex. Kiya,
Arie and Harigane (1973) tested their model with and wi thout inclusion
of this decay function, viewing it as a representation of the growing
three-dimensional nature of the vortex cor;s and finding its
inclusion beneficial in dampening numerical instabilities. This
circulation decay models a process by whjch the strength of the
yorticity in the normal direction of the two dimensional plane is
reduced. The results were in closer agreement with experiment;
reducing the drag and increasing the rate of growth of circulation

to within 5% of the experimental value, where previously the drag

had varied between 20-40% higher and the rate of growth of

circulation was 9% smaller.

Leonard (1980) has shown that the "vortex blob" technique
(vortices with finite cores) does not preserve spatial accuracy,
unlike the inviscid approach which satisfies the equations of
motion exactly, save for time integration errors. With the blob
technique the computational elements are assumed to retain the same
shape for all time, even though in a real fluid an element carrying

vorticity may suffer considerable strain and distort.

The effect of vorticity cancellation through mixing is
represented in discrete vortex models by a certain number of

vortices entering a given vortex cluster of opposite sense. In
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practice only an insufficient amount of mixing ever occurs. It
_has been noted by several workers that the concentrated vortices
of the wake contain about 80% of the shed vorticity; in

contrast to the experimentally measured vajue of around 60%.

1.25 Representing Viscosity

Chorin (1973) represented viscosity by adding a_random walk
effect on to the motion of the vortices at each time step. By
using a step length proportional to évﬁt)% the effects of
viscosity will be correctly reproduced witﬁin the statistical
sense. Ashurst (1977) incorporated this method into the calculation
of flow down a step with very satisfactory results. The model used
a yast amount of computer time but the calculation succeeded in
producing good visualisation. Milinazzo and Saffman (1977) found
that while the method itse]f was sound, the number of vortices
required to give adequate results must be.large when compared to

the Reynolds number involved.

Other techniqgues which are used in modelling may result in
the diffusion of vorticity, whether intentional or not, e.g. the
use of lTow order time integration schemes. Diffusion, by some
means or other, is shown by all workers to help present an
ordered flow field. However, the numerical errors introduced by
these techniques which are used to suppress chaotic motion have
not been subjected to a systematic examination as there is no
physical meaning to discrete vortices used as the representation

of a sheet.
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1.26.1 Details of the Numerical Calculation -

Routh's Correction

The velocity of a vortex in one plane does not give the
correct velocity when transformed into another plane. It is
necessary to use Routh's correction. For a velocity in the circle
plane this reduces to subtracting the complex potential for the
vortex, say the pth, which is located at the point at which the
Ye]ocity is to be calculated, i.e. it is necessary to subtract
;;E- log (2 - Zp) from equation {1.27). To determine the velocity
in the real plane the inclusion of the appropriate transformation
is necessary, which in the circle plane and usfng equation (1.31)

for the transformation requires subtracting from the potential

equation
1 T f i
2 logli -t )+ 52 wgl 1+ = —(1.44)

The second term here is a consequence of the transformation used.

This gives the velocity in the circle plane at ¢z = gp as
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circle plane, and the summation excludes the pth vortex.
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If the time integration is to be performed in the circle

-plane the velocity must be modified to take account of the

transformation.
. WwHaLt L
If Zl E Zo+ T 3% At Zo-}-e
and ¢ = f(z2)
then 7. = ¢ + ef'(Z) + % e2f" (2) +
1 o 0 2 o Tt

Therefore, to first order, the velocity used in the circle plane in

the time integration is given by

_ dw* | ag {2
The inclusion of Routh's correction will modify this to
I T 1N | 14

Multiplying out this last equation will give the full Routh rule
correction for a velocity in the plate plane in its usual form as

. 2

1l _aT .

2 2 2.2
T+ a®)d

1.26.2 Details of the numerical calculation ~ Time integration

A long flow time would be possible by using large time-steps.

However the size of the step must be governed by the ability of the
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vortices to follow the streamlines especially near the separation
point where they are usually highly curved. In Fig. 1.26, from
Clements - (1973) the solid lines are true streamlines for steady
curved flow. The broken T1ine shows the path that a particie, with
constant velocity, would take for subsequent time-steps. The
particle follows a path of smaller curvature than the true stream-
1ine path. In a discrete vortex model, if at 1is too large the
vortices will not be capable of following the high curvature of the
streamlines and could break through a line of vortices representing

a part of a vortex spiral further out from the centre.

Mostauthors aim to use a low number of vortices and to keep
integration time steps as large as possible so as to make the total
-computer time required, and the cost, a§ small as possible.
Clements (1973) found that if the time step interval was increased
then vortices of relatively large strength were inserted with wide
spacings. Amalgamation methods (see 1.24) are effective in keeping
the total number of vortices down with the additional advantage of
helping to suppress instaliility growth and therefore make longer
flows more possible., Longer intervals between the introduction of
vortices instead of at each time step, will keep the number of
vortices in the f]ow*1o%er. Sarpkaya (1975) included an amalgamation
routine and allowed five small time steps between each insertion.
This was successful in preserving stability and giving a very long
flow time with a low total number of vortices. Usually, e.qg.
Clements (1973), Nagamo et al (1980), Stansby (1977) the interval
between successive insertions is two time-steps. It is this
interval, and not the time integration step length, which Clements
(1973) says is critical for the stability of the method and the

reliability of the results.
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The CIC method can handle a very large number of vortices.
Christiansen (1973) used 0(3000) and even larger numbers should
be possible. The normal Courant-Friedriches-Levy criterion for.
the mesh stability, applied to the CIC method on a square grid,

would require
U 4t < AR _ —(1.48)

where AR 1is the mesh width. There is no evidence to suggest
that this restriction is necessary when ;pp1ied to a mesh in

the CIC method. Christiansen (1973) used a 'leapfrog' integration
scheme to give a large timestép for his model of the interaction
between isolated areas of vorticity. However the leapfrog scheme
can become unstable and cause instabilities when the two levels

get out of step.

1.27 Summary

Results so far presented, see Table 2, while dealing with
several types of bodies, all indicate that the Strouhal number is
relatively insensitive to changes in the shedding process and to
whether or not a circulation reduction scheme is included. This
insensitivity explains the success of early models in predicting

the Strouhal number fairly accurately.

The drag coefficient is generally found to be 10 - 20%
higher in the calculations and most authors agree that this is
due to insufficient canceiling between oppositely signed vorticity.

Estimates for the 1ift coefficient are higher.than' those proposed
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experimentally and are found to be sensitive to changes of the

parameters used. Nagamo et al (71980) found (. to be the most

L
closely predicted of their results on the square prism.

There are only a few results for oscillatory flow. The
force traces agree closely with those obtained experimentaily
but with higher peaks, presumably due to the returning vortex
cluster passing close to the body. = Experimentally Sarpkaya (1966)’

found Cy approximately constant on a cylinder for~Reyno1ds number

0(10°) and x, > 15 at C, ~ 1.8. Stansby (1977) calculated that

QM slowly rose from 1.25 at Kc = 15 ;to 1.6 at Kc = 30. The

1ift coefficient for the two data sets are close at Kc = 15 With

QL ~ 0.65. The experimental value drops considerably reaching

CL = 0.16 at Kc = 30, while at the same stage the numerical

value has only slightly fallen to C, = 0.46. The calculated drag
coefficient is within reasonable agreement of the experimental

value throughout the range examined.

To summarize:-

TABLE 3
In-Tine . ¢y QM CL S,
force
Steady : High High - High Close o
up to 40% Sensitive Insensitive
Oscillating Reasonable Reasonable Very High Very high -

Good to High Diverging
for K, > 5
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Models which have included a numerical statistical viscosity,
or employed some form of circulation reduction scheme have
usually calculated the force coefficients to within reasonable .

accuracy of their experimental counterparts.

The first CIC programs which include shedding from a body
are now beginning to appear {e.g. Stansby, 1982) but as yet there
has been no systematic investigation of the effects of mesh size
and the resolution on the final resuits. Errors of grid-scale size
are in evidence and the effect of the size, and shape, of the cell
on these is not known. The introduction of a body means that the
calculation must solve the boundary conditions and these must be

fitted exactly at the body.



CHAPTER 2

2.1 THE BIOT-SAVART NUMERICAL MODEL

2.10 Introduction

The program VORTEZ was written and coded to evaluate the velocity
at each vortex due to the influence of every other vortex in the flow
field about a flat plate, as given by the Biot-Savart law and
explained in Chapter 1. The bluff body used was chosen to be a flat
plate because it can be easily transformed into a circle using
equation (1.31) (a case for which potentiél representation is simple)
and also because the separation points can be located exactly. Vorti-
city was introduced into the flow from these points and the time

development of the model was examined.

2.11 Details of the model

The flow field of a plate of width 4a was transformed into the
flow about a circular cylinder of radius a using equation (1.31);
illustrated in Fig.2.1. The potential equation for the flow in this

plane, as given earlier, is

[ az} T “p m[z az] (2.1/
w(g) = U Jo+— | + n(g-g ) - - — —(2.
M) pi1 em P c; 1.27)

where ¢ 1is a point in the circle plane and cp the locations of the
¥ vortices. The velocity was calculated at the two shedding points

r =+ 7g. A vortex was then inserted close to each shedding point
with sufficient circulation to satisfy the Kqua condition at the

separation points on the plate, giving a finite velocity at the edge.

- 57 -
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The method of introduction was made to be as simple as possible and

_ followed the previously described introduction method (I). The
effect of the emerging shear Tayer which would have emanated from the
edge in the small time interval At is répresented by a single pbint
vortex placed a short distance out from the separation point, Fig.2.2.
Following Bearman and Kamemoto (1978) the locus of the vortex intro-
duction point was required to lie on the outward normal of the
transformed separation points, (e A length along the normal,

was used such that the nascent vortices were introduced at

L, =% i{a + as). The conjugate velocity-at ¢ = Sy is given by

ow N 4T 1 1

— | = + ] E - — —(2.2)
= - — *

14 =3 p=l &m | L4, tyma /)

The strength of the nascent vortex was selected to give zero tangen-
tial velocity in the circle plane at the separation points. Each edge
was treated separately as the effect of a new vortex introduced at

L = 4T, is negligible at ¢ = -Ea. This implies that

ow ira 1 1
— + - =0 —(2.3)
14 an [ ;s-a/;;.

- s ad
L=z,

T
which can be solved to yield E%’ then similarly for the other
edge. This introduced two new vortices into the field of flow, one
by each separation point. The velocity equation at the other vortices

L = gj was then given by

3w

2 N2 1T 1 1 .
— = U{Cj"g—i t p[ e } §=1;, N+2
& g om e Ly, ety
S p#J P —(2.4)

ééﬁthere were now (M+2) vortices in the flow. The position of

each vortex was advanced during a small time step,. At. Vortex
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introduction can be performed every timestep or after a multiple of
timesteps, i.e. At = nht, but each introduction inserts two more

vortices into the flow.

The motion was followed by integrating the system of ordinary
differential equations in the Z, or physical plane with the

inclusion of an inverse transformation factor, so that

ot ow 3z
* - o —— = — - —— s
G = 3z T 3T " Oz (2.5)
As a transfermation s used - it is necessary to

include Routh's correction, see section 1.26.1. The velocity is

then given by

oW 7,1"3 a® 18
qé "l T TZm T(tF+ad 3z —(2.6)
L

and calculated at every vortex point ¢ = cj, for g4 = 1, N+2.

The force exerted on the body was calculated using the general-
ized Blasius Theorem approach, given by Sarpkaya (1975) and described

in section 1.14. This gives the vector force F for this case as

- 2 au o i_ _ a° —(2.7
_}_?._-4'na CMO EE l'Lp dtpzl I"p[ﬁ C;] ( )

For an infinitely thin flat plate, QM equals 1.0 and the flow is
(7]

assumed incompressible with p taken as unity. The differentiation

was calculated using central differences, so that if

p=z PP %



1
the differential at time t, is given by
f(tnﬂ’) - f(tn-l)

7|’-n+l‘ - tn—

1

To save undue calculation, the in-l1ine force was calculated after
every fourth timestep, i.e. tn+1- ¢, = 4ht. The Tlogical flow
chart for the program VORTEZ is given in Table 4.

2.21 Impulsively started flow

The effect on the emerging shear layer, and its roll-up, of a
variation in the insertion length a, was studied. The parameter

a

P, defined earlier in equation (1.40) as P, = was used to

-
K K UmAt
 catalogue the results. Changes in P, were brought about by
varying a, or Ati‘ The free stream velocity Um was constant
throughout these calculations. The results correlated well with

those of Bearman and Kamemoto (1978).

With high Py(Pp>1}, there emerges a pair of well-defined,
ﬁightly rolled-up vortex clusters growing symmetrically downstream,
one from either edge, Fig.2.3. With Tower Py the vortex clusters
appear as more loosely wound spirals, Fig.2.4. When P_ < ~0.3 the

K
clusters are not perceivable as organised structures, Fig.2.5.

The initial rate of growth of circulation from an impulsive start
is plotted in Graph 1. The curves fit in well with those‘of Bearman
and Kamemoto andare also in good agreement with the Anton similarity
power law, as described by Fink and Soh (1974). They found that the
initial rate of growth of circulation is proportional to the non-
dimensionalized time of flow raised to the power of 1/3. Graph 1
shows this and the result of Graham (1977) who used the Single Point

Vortex (SPV) method to obtain similar results. The displacement of



_6]-

the emerging shear layer for the case of P, = 1.85 1is shown
Ut
in-Fig. 2.6 at a time Eg_ = 1.0. The lines of discrete vortices

have started to wind around themselves and the formation of vortex
clusters has begun. The'in—1ine force coefficient, Graph 2, peaks
very soon after the impulsive start and then decreases. If the
clusters are left to grow, they continue to wind, Fig. 2.7, and will
eventually perturb themselves, due to numerical truncation error and
instabilities entering the calculation. The familiar Karman vortex

street wake would then develop.

A perturbation is necessary to initiéte vortex shedding. The
incliusion of én artificial disturbance will hasten its development.
Several options are available: (a) Incline the plate at a large
angle of incidence (approx. 600) to the oncoming stream, Sarpkaya
(1975), Kiya and Arie (1977); (b) Change the position, or
strength of a cluster already formed, Sarpkaya and Shoaff (1979};

(c) Include stronger vortice§ than required (Clements, 1973). A
.variation of.this last method was eventually used. One single
vortex of approximately doubie the strength of the maximum of any
single vortex released into a cluster was located one plate width
downstream and displaced below the axis by a haif-plate width,

i.e. = ~(4 + 2¢)g at the commencement of motion, <+ = 0. As

z

1
the time proceeded, a wake structure, not unlike a Karman street in
appearance, became established in the downstream direction. A

“typical sequence is shown in Fig. 2.8,with PK = 0.94.

The evolving vortex cluster is created by the insertion of, at
first, vortices of increasing strength and then decreasing strength.
The cluster does not detach itself as soon as the weakest point

vortex has been inserted. As the flow continues after this minimum
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has been passed, vortices of increasing strength are inserted and only
. when this weakest vortex has travelled a small distance downstream does
the Tline of vortices divide at this vortex. The 'tail' formed is
gradually wound into the cluster as it mers away downstream, fhe
short line of vortices, which are of increasing strength towards the

shedding edge, remains attached and winds itself into a new cluster.

The Strouhal number can be estimated by inspection of Graph 3
and, as in most discrete vortex nummerical models, is‘well predicted
with 5, = 0.160 for the case of P, = 0.84, This is in
agreement with previous estimates. Fage and Johansen (1927) found
experimentally that s, = 0.148 while Abernathy and Kronauer (1962)

give 9, = 0.164.

Usually after 2, and at most 3, periods of vortex shedding, the
drag force trace begins to show erratic movements, see Graph 3, as
instabilities work in to the calculation. By this stage there are
of the order of 0 (200) vortices in the flow. This limit of only
several hundred vortices has been found by other workers to be the
case (although the exact number will depend on the computer used).

However, the early results and the computed flow patterns are good.

The computed flow patterns presented here are of the Cartesian
location of the point vortices in the physical plane. These points
lie on filament 1ines emanating from the separation points. Some
of the pictures are of a "streak" type. These are constructed by
joining together the locations of a vortex at two instances in
time. To compare with visualisations of Singh (1979), the non-
dimensional time interval between these two frames is calculated to
correspond to a 1/10th-second exposure time with a 76.2 mm diameter

body, which was used in Singh's experiment. The relationship between
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streaklines and the instantaneous streamlines is extremely complex.
Filameaf 1ines are obtained where using dye, or smoke, in visualisation
experiments.  Instantaneous streamline patterns can be obtained from
short time exposure photographs of small particles such as a]umiﬁium,
which have been introduced into the flow.

For very short time
intervals, streaklines, pathlines and instantaneous streamlines are

identical (Perry, Chong and Lim, 1982).

In conclusion, it was confirmed that a correlation between the
location of vortex insertion and the integration timestep size existed
and effected the resulting flow characteristics. This is in agree-
ment with Bearman and Kamemoto's findings, and that flow with
Pp<0.8 give unrealistic results, bothrin force coefficient result
and computed flow patterns. No upper 1limit was found. For cases
with Py>1.8 computational difficulties are encountered before the
pattern is sufficiently developed, because such a case uses a very
small timestep. As two vortices are introduced every other timestep,
the number of steps is governed by the practical limit on the number
of vortices. Measuring thetime in CDC6500 seconds, the central
processing time required to develop a flow with 180 point vortices,
is 750 cp secs, which gives an average of 8.333 cp secs/timestep.

This average is misleading as the number of operations in a single
timestep is proportional to the square of the number of vortices in
the flow at that time. The total time required to reach 200 point

vortices is 1100 cp secs, which implies that the last 20 integrations

require, bn average, 30 cp secs/timestep.
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2.22 0Oscillating flow

The stream velocity has the form U(¢)= v sin (wt) where w 15

the frequency in radians/sec, w» 1is related to the Keulegan-Carpenter
am U]‘,n
Kc da
a cycle. Low values of the Keulegan-Carpenter number were used to

number by w =

and Uﬁ is the maximum stream velocity during

test the model (K, =8 and 8). Figure 2.9 shows the flow

patterns during the first oscillation. As the flow moves into subse-
quent oscillations, chaotic motions develop, Fig.2.10. One of the
main causes of this breakdown of structure is due to the inability of
the vortices to convect away from the body region. The force coeffic~
ients for these cases are close to the values found experimentally.
Experimental evidence (Bearman et al. 1981) show that at a Keulegan-
Carpenter number of 3 or 6, a vortéx cluster formed on one edge of the
piate will, with the flow decelerating and then reversing, pass over
the top of the plate and align itself as one part of a pair with the
new vortex then being formed at the shedding edge as the other part
(e.f. Fig.1.6). Each vortex in the pair induces a velocity upon the
other and so the pair moves out of the region of the plate.

The failure of the model to reproduce this effect could be due to the
nature of a cluster - an array of point vortices which, in time, is
becoming more random and more diffused. The structure of the cluster
may cause it to break up prematurely. The Single Point Vortex
method with all the vorticity of one sense concentrated into a single
point, exhibits pair shedding, but only if the vortices are artifi-
cially split (shed) when the second vortex reaches the same magnitude

as the first in any pair (Graham, 1977).

An amalgamation routine was introduced to help maintain the

stability of the model. The oldest vortex in a cluster was made the
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"core" vortex. The "core" vortex and the point vortex immediately
behind it in time were amalgamated together and the resultant new
"core" placed at the centre of vorticity of the two participants. As
the "core" becomes larger, so the new resultant position will involve
less of a relocation. This process conserves the total circulation
but cannot maintain the correct velocity distribution, especially
close to a "core". As the "core" moves further away from the body,
the effect of this replacement on the body will diminish. No amalga-
mations were performed in the first half-cycle so that the structure
of the flow field could develop normally., The interval between
amalgamations wa§ chosen to be two timesteps; once amalgamation has
comnenced, the total number of vortices in the flow will remain

constant. No removal or destruction of vorticity was included.

Using the above process, the flow was able to develop over
several oscillations. Pair shedding was observed in the first two
cycles, Fig. 2.11. After this time, chaotic motion became evident
and the effects of instabilities distorted the flow patterns. By
allowing vortices to amalgamate, the onset of chaos is held back but
not postponed indefinitely as numerical instabilities, truncation
errors and errors in the numerical complex transformatio#‘work through
the calculation. These effects indicate that it is not possible to
run to effective lengths of flow time without some mechanism to prevent

the development of randomization.

For K,=6 the results after the first oscillation give

Cp = 3.65 and Cy = 1.163 both lower than their experimental equiva-

lent. In the first half-cycle the in-line force is Tow. This is
because the flow is starting from rest and no previous vortices have

been shed, which produce back flow on the p1ate. The (. peak for

_ F
the first half-cycle is approximately 2/3rds the magnitude of subse-

*eThe computer library routine used to.perform complex division
involved a series solution. '
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quent peaks. Here |¢F | = 3.03, and in the second half cycle

masx
IQF | = 6.46, occurring at times <¢/T = 0.208 and 0.608 respectively;

max
with G 2221 for a complele C;VC[C- During the seend cycle the first e, | =6.84,
' max

the second IQF | =6.13 at /7 = 0.792, which gives a reduced
max

inertia coefficient of CM = 0.49 due to the increased time lag bet-
ween maximum acceleration (¢/T = 0.0 or +/T = 0.5) and the maximum
1n-1jne force. This is very much lower than experiment which
suggests a value of €, =1.3 (Singh, 1979) or the work of Graham
(1979), which calculates ¢, = 1.83. The low ¢, "value in the
second cycle may also be due to the exten§1ve amalgamation which is
necessary during that cycle to maintain stabi]ity. The mode]l

predicts ¢, = 56.4¢4 1in the second éyc]e. This is closer agreement,

D
Experimentally Singh gives Cp = 8.77 and from flow around a single
edge, Graham calculated CD = 6.48.

Using K, =3 it was possible to complete three oscillations.
As no amalgamation was included, the predicted flow pattern became
éxtreme]y distorted, Fig.2.10.  Although this visualisation is

chaotic, the results are in closer agreement, yielding ¢. = 9. 33,

D
¢ =1.18 and C = 6.98, Graph 4 plots the in-line force for
M FRMS
this case. Graham predicts ¢, = 8.18 and Cy = 1.52 and the
nearest experimental result of K& = 2.7 finds Cp = 9.76 and

Cy = 1.56 (Keulegan and Carpenter, 1958).

When amalgamation of vortices is included, the visualisation is
recognisable as a flow consisting of clusters of vortices. Without
amalgamation routines only short flow times are possible before chaos
breaks up the organised structure. However, the in-line coeff-
jcients for these cases are in closer agreement with experimental and
theoretical values. This paradox must be accounted for by concluding

that the simple centre of vorticity amalgamation routine is not suffic-
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i$ necessary;
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visualisation and the numerical coefficients must agree with experi-

mental evidence for cases which are direct comparisons. Some

workers have tried redistribution routines which share the vorticity

equally among the vortices representing the emergent shear layer

after each timestep, e.g. Sarpkaya and Shoaff (1979) and Fink and

Soh (1974) but have not proved them to be any better.

2.23 Summary

A1l applications of the method of discrete vortices have

exhibited some unsatisfactory features which have required the use of

new parameters that are not related to the conservation equations in

order to give successful results.

(1)

(1)

A cluster of discrete vortices which moves under its own
influence inevitably tends to a random distribution. The
discrete vortex sheets suffer from the Helmholtz instabi-
lity, independently of other numerical instabilities. The
Helmholtz instability shows that an infinitesimal distur-
bance of the sheet will grow exponentially and the small-
est length scales will grow the fastest (Saffman and

Baker, 1979).

Computer storage and processing time impose severe limits
on the calculation. Most of the computational time is
taken up by the calculation of the velocities. If
vortex clusters are coalesced to Tower the number of

vortices, the computer time and storage can-be Timited.

for if any model is to be considered reliable both the

They can be summarized as follows:
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The difficulty expressed in (i) is that, left unattended, chaotic

“ motion always develops in any vortex model, and it seems that the
basic idea of replacing the sheet by point vortices may be at fault
(Moore, 1974). Using more point vortices makes matters worse, not
better. The difficulty in (ii} is due to the 1on§ calculation time
which increases proportionally to the square of the number of
vortices. This means that the cost of the processing time becomes
too high and uneconomic for the method to be consideréd as a reali-

stic way of examining a long time development of fluid motion.



CHAPTER 3

3.1 THE CLOUD-IN-CELL NUMERICAL MODEL

3.10 Introduction

The Cloud-In-Cell (CIC) method is rapidly becoming a standard
technique of plasma and high-energy physics because of its ability
to handle a very large number of particles and compute their paths
and interactions at very much higher speed than the Biot-Savart
method giveﬁ above. This in turn means very much less computing
time is required with corresponding cost ;avings. Christiansen
(1973) gives full details of this method and presents examples of
this method in pdtentia] problems.  The motion of a two-dimensional,
incompressible, inviscid and homogeneous fluid with the gradual
evolution of a continuous vorticity distribution is a potential flow

probtiem,

3.11 Mesh Scheme and interpolation scheme

The theory behind the CIC method has been described in
Section 1.22.2 and may be summarized as follows:
(i) Represent the shed vortex sheets by arrays of point
vortices.
(i1) Identify the cell each vortex resides in.

(iii) Interpolate the vorticity on to the surrounding grid
points.

(iv) Calculate the velocity at these grid points.
(v) Reinterpolate the velocity.

(vi) Time integrate the motion.

- 69 -
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This method can be used to improve considerably the computational
efficiency when a large number of point vortices are involved. The
first model developed, program SEAVOR, used the influence function
method, i.e. the velocity at each grid point was calculated using the
Biot Savart approach from the influence of every other mesh point.

With an I x J mesh this requires solving

2’“—"
aw 2 J=J r, . 1-
— = U(:-ELJ+ i ] [ J —(3.1)
:14 r? =1 2w T - . .

=1 %

where ri’j is the circulation at the mesh point (7,7). If there are
n, point vortices in the flow, then thg numerical Biot-Savart method
will require the order of O(sz) operations per timestep. With this
CIC method, for an I x J mesh, the number of operations required per
timestep is of the order 0(I%27%). For N >>1J, the mesh scheme is

computationally more efficient {(another method for calculating the

velocity at each grid point is described in Section 3.21).

A1l CIC methods to date have employed a square, or rectangular
grid and used a simple bilinear interpolation scheme (area weighting)
to map the vortices in their cells. In the transformed plane, the
body is a circle. A circular mesh was constructed around the body

using

v, = al1+ 07 —(3.2)

where a is the radius of the circle; r. the radius of the <th
ring, and A the angle between two successive arms of the mesh,

given by

A = 68 = &L ‘ —(3.3)
J
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for an I xJ mesh with I travelling outwards for < = I, I rings

- and ¢ travelling counterclockwise with j=1, J arms, Fig.3.1. The use of
this style of mesh aliows simplification pf the finite differencg
representation of Poisson's equation to second order throughout (see

Section 3.21) and here, using the influence function method, enables
efficient programming in storing ahd implementing the method due to

the regularly increasing nature of the grid and its symmetry.

The bilinear interpolation scheme was modified to take account of
the circular nature of the grid. If p and g are the radial

coordinates of the mesh point (Z,7) then

a, =p * AGri and b, =q * uéo

will be the coordinates (an, bn) of the =nth point vortex, where

éri is the difference between the ring radius r., and s Fig.3.2.

1

Qli+1,5+1)

Q(1,g+1)

Q(i+1,7)

Pre1

Fig.3.2

The area Al is found from the difference between the two segments
of radius (Pi+ Aér.) and radius P normalized over the cell; and
similarly for the other regions. If Q(<,4) is the vorticity at the
mesh point (Z,7) then the modified interpo]ation'scheme for this

T .
circular grid system, for each vortex 5% is



I

2

3
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4

. T Sr. + 6r. + Abr. T
.. . n _ _ 1 L L2 B
9(1”?7.) 2T (1-M)(1 U)[ or. + or. :[ T A
A e
T op .+ 5r.+mr.‘| T
. . n 1 1 7z -_n.,
Az, g+1) = 5 (Z-D) S = = A3
Z z 'J
T dr. + Abr. r
o n IRl R
QZ+1,4) = e ACI-1) J:W] o A2
1 1
Fn 2Pi + Aéri Fn;
AL = g M\ e, | T m M
T i
where 4. + A4, + A, +4, = 1.

—(3.4)

The body is the centre ring of the mesh and so a similar system

was constructed for the images inside the body, Fig.3.3.

Fig. 3.3.

Qri-1,4+1)

Qli-1,4)

=1

i, g+1)
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T 2r. - 6r. ., - Abp.
P - _n - _ Z 1~1 11
(2, 4) = g (I-AMIZ-w) [ T :l
A -1
r 2r. - 8r, , - Abr,
g - " _ z i~1 -1
Ui, g+1) = Zr (1A I: Zr. - or, :l
7 -1
—(3.5)
] ] Tn 2ri - lGri_
Q(4-1,d) = AT |
1 =1
T 2r. - Ar,
.y _ n 7 1-1
Q(i-1,7+1) = o lul}r- e :’
i -1

The velocity is calculated at each mesh point using Eqn.(3.1} to
give u(Z,j). A reverse scheme is then-employed to give the indivi-

dual velocity of the vortex, Q> using the same values of X, u, r,

and Gri as originaily found. This gives

Zri + Sri + Adri
g, = (I-0)(1-w) u(z,g)

2r1; + (Sr'i

2r, + 8r. + Adr.
i

+  (I-M)p R u(i+l,d)
1 1

—(3.5)

2Pi + lari
F A | I D)
T T

2r. + Adp.
z

t AU 2r=1: + 61'1;

u(i+l,j+1)

This method of interpolation conserves vorticity but does not
produce an isotropic velocity field. Relatively large perturbations

due to the mesh, on a scale compared to the mesh size, may be
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produced but Leonard (1980), reviewing current methods, indicates
that although these fine-scale errors are present, they may not
seriously affect the large scale features, which seem to be mesh

independent.

3.12 Introduction of vorticity and the
shedding mechanism

If a point vortex is placed within the first ring of cells
outside the body and is on, say, the outward normal of the shedding
point (¢ = +Za), the velocity at the shedding point calculated by
the grid system becomes unrealistic. At the ouler edge of the
first mesh there is no error between fhé'correct velocity and the
velocity calculated by the mesh system, see Fig.3.4. As the
,b04y is approached, this error grows rapidly. A vortex close to
the body is reproduced as a contribution to the vorticity at the
first outward grid point, Fig.3.5. The mesh theory can only
estimate the velocity due to this vortex and its image at the sheddingpomt,

a
Unesh® 2°

TAT 1 AT 1

- n _ n .
Ynesh -~ 2om Gri o - éri (3.7)

The symbols are as in Fig.3.5. In this situation, the correct

velocity at the shedding point, Upoal? is given by

iFn 1 irn 1 : 3 8)'
U = - - —( 3.
real 2 Adri am )\Gri_ 1
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The mesh system predicts a velocity distribution similar to that

“ of a vortex with a core. The error between the velocities is due to

the fact that the velocity point is close to a cell wall (which is the
cylinder) and that at the shedding point the net vorticity is zero.
The error is negligible for cells which are not adjacent to the circle

and so involve all the corners of the mesh for the reinterpolation.

The two cells either side of the shedding point are referred to
as the shedding cells (shaded in Fig.3.5). A correction velocity
equal to the difference between the real apd mesh velocities,

Uoal Ynesh? is added on to the velocity supplied by the program for
the vortices in these shedding cells. In practice, this only
concerns a small number of vortices, apart from those being intro-
duced by the shedding mechanism.  Any new vortices, which in a real

flow would be created at the shedding point, will enter the grid

system via either of the two shedding cells.

At the end of one timestep, the latest shed vortex, in either of the
shedding cells, is termed the Tink vortex. New vortices of equal strength are
placed along the vector between the shedding point and the link
vortex, Fig.3.6. The number of vortices required, equally spaced,
to satisfy the Kutta condition and give zero tangential velocity at
the shedding point, is found by successive iteration from one, until
the required number is found. If there is no vortex in the shedding
cell, the new vortices are introduced along the outward normal at the
shedding point, Fig.3.7. This corresponds to placing the vortices
along an extension of the plate, in the physical plane. The new
vortices are placed along a length equal to the length of the emerging '

shear layer in that timestep

ds ¥ .
7 —(3.9)
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with Uc as previously, the convective velocity of the shear layer
- at the shedding point which is found from the mean velocity of its

two edges. This gives the length of emerging shear layer, ds,. as

ds = [fEATdt —(3.10)

where AI' 1is the change in circulation, due to > vortices

of strength Ty being introduced. This method of insertion was

also used if the link vector should make an angle gréater than 90°
with the outward normal at the shedding point, for the program might
then try to insert vortices inside the cirE]e. The value of n. was
found by iteration. The model assumed the integral number of vortices
inserted satisfied the Kutta condition exactly, i.e. B 0 at

14
T =t ia.

The factor ~%§ used in the velocity calculation is non-zero and

tends to infinity as ¢ - Za. To avoid using an unrealistically high
value for this factor, the insertion positions were biased so that a
double space was left next to the cylinder and the spacing between the
vortices equal, Fig.3.7. This biasing was accounted for in the
iteration routine to determine e For large n, (ni > 5) this was
not sufficient; the vortex closest to the body will be given a
velocity far larger than the vortex at the head of the insertion line.
oL

Using a value of n, =2 the value of =7 at the first grid point out

from the shedding point was linearly extrapolated to yield a value of

2.3333 x L at the cylinder. This estimation was used for %%
7

at the shedding points.
Ideally, the emerging shear layer should travel outwards its own

length in the space of one timestep. By not representing the veloci-

ties of the vortices sufficiently accurately, this could lead to a
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local stretching of the shear layer. There is evidence from the
results to suggest that even with this approximation towards the
shedding point, the errors introduced are not any larger fhan the
intrinsic errors of the method. In fact, it appears that this
misrepresentation is confined to a purely local action, having 1ittle

or no effect on the motion as a whole.

3.13 Time integration and vortex size

The vortices are moved with their individual velocity during a

short time interval, &%, as before, using a simple scheme

2(t + 6t) = 2(¢) + g} 6t —(3.11)

i
9z *
preference amongst most workers is for a low order accuracy integra-

where g, = u More advanced schemes were not considered as
tion scheme. The Courant-Friedrichs-Levy criteria for stability of

the grid system is given by
U 8t £ dr —(3.12)

Using the shedding cell mesh width A as d&r and defining

8t = tp ﬁl » this condition becomes
m

td < 1
Test values of t¢ ranged between 0.1 and 0.5. However, there is no
evidence to suggest that this criteria is necessary to maintain the

stability of the flow and values of z¢ up to 1.6 were examined. The
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results shown in graph 5 (curve A) compare t¢ values with the drag
and inertia coefficients for an unperturbed oscillating flow at a

K
e

1}

13.  As ¢ 1is increased, the integration becomes coarser and

the accuracy of the coefficients faills.

A restriction was placed on the length of emerging shear layer,
ds, which required all vortices to be introduced into the shedding
cell, i.e. ds < 6». At times of maximum shedding it may not be
possible to insert all the vortices as the required ds could be
greater than &». The value of ¢¢ was therefore decreased, by -
iteration, until ds < ». As the flow moved on from maximum
shedding, so #¢ regained its original value. This procedure can
reduce the total number of timesteps required per oscillation. The
variation of the maximum ¢ value used and the in-line force
coefficients is plotted in graph 5, curve B, and shows that although the
CD curve falls slowly with increasing ¢¢, there is still close
agreement with the results calculated using a fixed, small value

of t¢ requiring a much larger number of integrations per oscilla-

tion.

A reduction in ds could also have been achieved by reducing
the strength of the incoming vortices.. However, in this model, all
vortices were created with equal strength of one vorticity unit. The
method only allows an integral number of vortices to be inserted. If
an overestimate is used, rounding up to the nearest integra1 number
of vorticity units, an oscillating instability can be permitted to
grow. For examplie, a small positive velocity at the shedding edge,
say near to a velocity minimum, is oversatisfied by the introduction
6f one positive vortex. After time integrating the flow finds
itself in the wrong sense, negative, and so a vortex of negative sense

is inserted to restore the balance. After the next time integration



- 79 -

the velocity at the shedding point will be more positive and, on

* rounding upwards, requires two positive vortices to be inserted. This
instability can quickly grow with each timestep, inserting vortices as
1-plus, 1-minus, 2-plus, 2-minus, 3-plus, etc., giving irregularities
in the force trace and, on occasions, causing the whole model to break
down. The number of vortices inserted was always rounded down to
prevent this. Any error introduced by this slight reduction for the
inserted vorticity is absorbed into the calculation ét the next time-

step.

The size of a vortex unit - the strength of a single point vortex
- was varied until a value was found which was small enough to satisfy
the Kutta condition with reasonable accuracy, and large enough not to
require too many vortices. In the model Vé is the vorticity of a
single vortex such that K':i;%;ié%' Graph 6i sﬁows how, for instan-
taneously started flow, different values of Vé affect the initial
rate of growth of vorticity from one edge. As Vé falls below
0.075, the agreement is close to that of other workers. With
v, = 0.025, the results follow the Multi-Point Vortex results of Fink
and Soh (1974) very accurately. The results with Vé = 0.01 fall in
the range suggested by Bearman and Kamemoto (1978) as giving acceptable
results. The visual output, ?19.3.8, for low Vé clearly shows a
vortex cluster winding up at each edge of the plate. With Vg = 0.075
the cluster is loosely rolled-up and only vaguely recognizable. A
very small Vé will require a large number of vortices to reach flow
times of interest. =~ Consequently the model used values of Vg such

that 0.01 < v, < 0.04; usually vV, = 0.02.
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3.14 Results using oscillating streams

An oscillating stream at low Keulegan-Carpenter number was
examined to see how the vortex shedding routine behaved with flow
reversal. Values of Ké = 1 and K, = 2 were used. Both cases
gave similar results. The sequence is shown in Fig.3.9. The
first vortex rises over the plate with the flow reversal and pairs
with the oppositely signed vortex being formed at the edge. However,
there is no indication that this pair will convect away diagonally;
rather they travel parallel to the axis., With the flow reversal
the vortex closest to the axis, which contains almost twice as manyA
vortices as the outer vortex, is oriented towards the axis, and
the pairs from each edge are drawn together. All structure then
appears to be lost for these vortices but a new vortex spiral has
been formed on the other side of the plate during that ha]f—cycie._
With the next flow reversal this vortex crosses over the plate and
the process is repeated. Some of the previous vortices of the same
'sense combine and enhance the vortex formed and so that too is
stronger. The average of thelin-1ine force coefficients for each
cycle in the case of Kc = 2 gives .CD = 70.34 and CM = 71.38, which
are in the region of the experimentally found values, though higher

and lower respectively.

This mode of vortex pair separation has not been observed in
laboratory U-tube experiments and may be a starting flow effect.
Recent visualization studies by Oshima and Oshima (1980) on the
similar case of an impulsively started aerofoil, moving in a direc-
tion normal to its chord, show é remarkably similar flow, Fig.3.10,
with the vortex pairs travelling away from the body parallel to the

axis.
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The flow pattern predicted for the higher Keulegan-Carpenter
value, K, =7.4, is in many ways very similar, Fig.3.11. In this
case the vortex pairs clearly separate from the shear layers and
travel away from the plate and then towafds each other. The remain-
ing shear layer winds itself into a small cluster; with the flow
reversal, these cross over the plate and pair with the new vortices
being formed. These pairs are shed, and as in the previous half-
cycle, travel away from the body and then towards the axis. Shedding
in both directions is a characteristic of flow at this, and higher,
Keulegan-Carpenter values. Experimental observation for g < K,< 16
show the convection paths to lie diagonal, father than parallel, to
the axis. The calculated drag and inertia coefficients are both
higher, but still in reasonable agreehéﬁt with the experimentally

obtained values with CD = 6,82 and qw = 1,84,

As the figures show, many vortices recirculate and some become
entrained within a new growing vortex. Each vortex has constant
circulation which means that previously shed vortices returning
towards the plate have as much influence on the flow as have vortices
which have only recently been shed. The computing time required had
increased greatly from 0(3.0) cp secs per timestep in the first oscil-
lation with 100 vortices, to 0(8.5) cp secs per step with 1500 vorti-
ces in the second oscillation. The model showed no sign of growing

numerical instabilities leading to randomness.

3.15 Further optimization of the computation:

The use of the CIC method gives scope for several savings in the
/

computer time required and an increase in the efficiency. ﬁ
£
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(a) It is unnecessary to include the 55 term at every point
in the summation, and only requires the final sum to be multiplied by

that factor.

(b) HMesh points with zero vorticitylcan be excluded for th;t
timestep. In practice, the number of ceT]s involved in the velocity
calculation is usually considerably less than the total number of cells
in the mesh.

1
a5
influence of a point T, on the point . can be precalculated

(c}) The influence function, i.e. the term for the

and stored for the effect of each point of the grid on every other
point of the grid and recalled, as and when necessary. This greatly
improves the efficiency of the method, reducing the time required for

one timestep by approximately 50%.

3.20 Incorporating Fourier transforms.
Introduction

The influence function method for calculating the velocity at the
grid points (stage (iv) in 3.11)} can be replaced by a method which uses
the differentiated stream function, where the velocity, U, at the

grid point is given by
U = [—ﬂ 3“-’] —(3.13)
with  the stream function. The stream function is obtained through
Poisson's equation for the grid vorticity, &,
vy = -Q —(3.14)

with V2 as the two dimensional Laplacian operator. Poisson's

equation can be solved by Fourier transform methods. By using the
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Fast Fourier Transform method (Cooley and Tukey, 1965), which performs
~ these transformations extremely fast and efficiently (and is readily
available from computer libraries), the cp time required for one time
integration, in the program VICVOR, is apbroximate]y 1 cp second: The
differentiation of the stream function can be performed by standard

techniques, for example, the central difference method.

3.21 Mesh scheme and Fourier transforms

The radial I x J mesh described earlier (I rings, J arms) was
altered so that the number of points in the J direction was equal to
an integer power of 2 (i.e. J = 2m, m infeger). This was the direc-
tion used for the Fourier transform and the requirement is necessary in
order to use the FFT routines (see Cooley and Tukey, 1965). Previously
the velocity calculation required the 0(I2J?) operations at each time-
step. The FFT method requires the 0{IJ log J) operations for the
streamfunction calculation, plus the O(iJ) operations for the finite
difference scheme, giving O[IU(J + log J)] operations per timestep.

For the 64 x 64 mesh used in the model, this is a considerable reduc-

tion.

The cylinder is now the innermost mesh of the grid, r, = a. The
values of ¢ on the cylinder and on the outer boundary of the mesh
(Z =1 and % = I respectively) are found from
1) i c Im (w) withZ =1 and < = I —(3.15)
where, as before, w is the complex potential given by equation (1.27)'

and calculated from every mesh point with vorticity. The periodic
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boundary condition is used at j =1 and j = J+I, so that

V. = 1271217 —(3.16)

Z,1 \ZR N

By expanding wi f through a Taylor series

oy (6ri)2
= Yt lry s v —

3%y
1]) 31"_2 +

741

The full second derivativein the radial direction can be

expressed as

82 1 3 . V. . +P. =2,
- 1t 1—1 L .
[Erz'*; 'a?]“’ : 572 —(3-17)

%

to second order in A, where as before 7 = (1 + A)tﬁl is the
equation for the mesh. 6P£ is taken here as the average mesh

- . ;) so that to second order this becomes

i 2
w1dth, Z(Pi+1

i=3/2 —(3.18)

Gri = A(I + A)
Expressing the Poisson equation in cylindrical coordinates for
the mesh point (£,7) when <, as in cylindrical polars, is taken in

the r direction and j§ in the cirumferential direction, gives

%y 1w L 1% | —(3.19
=t T r e i Te 2 (3.19)

On Fourier transforming i the circumferentia] direction, with respect to

8, the equation becomes
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r? r or rz —(3.20)
where & is the Fourier transform of the vorticity and ¥ = ¥(¢, k)

is the Fourier transform of ¥ (<,7) with % the wave number.

Using Eqn.(3.17), equation (3.20) can be rewritten as

a

Y(i+1,k) + V(£-1,k) - Z¥(<,k) _ &k

o2 7 Y(i,k) = - Gy —(3.21)
By letting - B = 2 + k®e.  This reduces to
V(£+1,k) + BY(Z,k) + ¥(4-1,k) = Y(£,k) —(3.22)
where ¢ 1s given, to second order, by
§r 2 A%(2 + A)? A?
€7 TT T IaabhT T T b —(3.23)
and Y(Z,k) as
Y(Z,k) = 61"7:2 (L, k)
which to second order in A can be expressed as
Y4,k = a1+ 028 g —(3.24)

z

The vorticity must be normalized over the area of the cell in
which it is located. As the vortex which contributes to a particular
mesh point could reside in any of the four surrounding cells, an

average of these four cells is used for the area. So that

(<, 5)
1/4 8201 + 0)ZPT4(e + 68 + A% + AY)

Q,9) =
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and to second order this becomes

i

Q(i:j) = F(?:_,J) g
22(1 .4+ )2t

—(3.25)

The full periodic Fourier transform is used due to the

presence of periodic boundary conditions in j, (period = J}.

The procedure for solution can be divided into three stages:

1. A full transform is applied to obtain the coefficients

ik

even tridiagonal systems and (J/2 - 7} odd tridiagonal

for all <, and for all j. This leaves (J/2 + 1)

systems of the form of equation (3.19}, and requires

performing 2(7-2) periodic transforms of length 4.

2. The systems are solved for each value of the wave number,
k. This involves solving J tridiagonal systems of
order (I - 2) and yields J/2 solutions for the even
cosine system and (J/2 - 1) solutions for the odd sine
system. One method of so1utionlis to use Gaussian

elimination. By using

_ a1 - -
sy = B s; = (B S:_q)
3<i8I-1
ty = 857 % tp = 8eXy g T Fpg)

The solutions are obtained from

¥ =t,~-s5. Y%

ik St T % Y 1<t I-2

and wI—I,k =t
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The values @5 and @E_ are obtained from the boundary
conditions (equation (3.15)). The number of coefficients
involved in solving this tridiagonal system is

(7/2 +1)(I - 1). An alternative would have been to use
the Fourier Analysis and Cyclic Reduction method (FACR),

This combines the Fourier transform method with cyclic

reduction, and can be a faster method, see Temperton (1979).

3. Finally, an inverse transform is applied to each ring and
the solution y, ., s obtained.
Tad
A finite difference scheme, obtained from Taylor expansions about
can be used to find the velocity at the grid

i)
points. Expanding along a mesh arm for the first derivative gives

v, for ¥,  and V.
7 7+1 1=
(in-cylindrical polar coordinates)

v, Uog t 200 =, (1+2) )
2 57, (2+ B) —(3.26)

to second order in Gri' For the inner and outer boundaries a double

width expansion is used, namely

dy, ort 3%y,

1
wz = wl + 6r1 ™ + 3 A2 t e
1) (8r,+6r,)2 3%y
_ 1 1 2 1
w3 = wl + (6:{:1 o+ 51.2) " + 5 s t e

giving, to second order

5 201 +MY, - Y, - (3 + 4A)D, B
v, 2" Y3 280Yy _ —(3.27)
or 6?2(2 + A)
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BQI
and similarly for —
or
QE?E _ (3 + 2A)w1; t (1 + 20y, - 401 + L)Y, . _(3.28)
8r érI_I(Z + A) .
A centred difference scheme was used for the angular direction
3_"’ _ Vi 41 = Ve, 5-1 —(3.29)
28 2 r.s6
z
which gives the velocity u = (U,Uq) via
y = N and gy = -1 —(3.30)

r a6 6 r or

In the program the velocity componénts are transformed into
Cartesian coordinates and all furiher operatiohs are performéd using
these Cartesian coordinates. Tﬁe self-induced ve1ocity correction
is calculated, in the same maﬁner as previously, but now the compen-

satory term is applied at the mesh points.

3.22 Computational optimization

The CIC method is considerably faster than the numerical Biot-
Savart method and by using the Fast Fourier transform technique to
perform the transforms the computational speed is increased by an order
of maénitude to approximately 1 cp sec per timestep. The computational
time is an important factor when considering any future implementation
of the method. Other changes were made to the program to increase thg

computational efficiency and to remove any unnecessary calculations.

The calculation of the velocities accounts for 80% of the computa-

tional time and the greater part of that is taken by solving the
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streamfunction equation on the inner and outer rings of the mesh. The
potential equation (1.27) can be separated into two parts: (i) the

contribution due to the free stream and the presence of the cylinder,

. : .
U[;. e ], and (ii) the contribution from the vortices and
L 1sd C?:,j :
their images
J=d
i=1 T, . a?
i—2d | m(g-z. ) - Infg- . The contribution
. Tyd *
121 an L ) J
J=1 2 .
from (i) was calculated at every point on the outer ring ¢ = ¢

L
for 71 <4 <J, plus once mre for the inner boundary =z = Ly 4
: >

The cylinder will always be a stream]ine,ii.e. P = constant, and so
only one point on the cylinder need be used. The contribution (ii)
was reduced from every point on the bpundany to every 8th point with
the streamfunction at the intervening f-points being found by

linear interpolation. The two parts (i) and (ii) were combined to
give wi,j along both boundqries. With a 64 x 64 mesh the error
introduced by this reduced calculation scheme only appeared in the
8th significant figure when calculating the velocity at mesh points

near the body.

To reduce the computer time required even further, the calcu-
lation of the streamfunction on the boundaries was performed only
once; previously these values wefe calculated before, andafter,
the insertion of new vortices. The effect on the outer boundary of
a new vortex could only be very modest as for a 64 x 64 mesh this

boundary radius would be »_, = 365.01&. The value of ¢ on the

64
inner boundary, radius r, = a, is constant all round the cylinder

and this constant will not change unless there is asymmetrical vortex -
insertion. (While the flow rquins symmetrical that constant is zero.)

The error introduced by this pr&cedure is small, the order of 1%, as

the contribution of the new vortices is correctly accounted for in the
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next loop of the calculation.

After vortex insertion only the vorticity of the first ring out-
wards from the cylinder, < = 2, could have changed. The values of
the radially transformed vorticity Y(<,k) are stored after calcula-
ting the velocity at the separation point. After insertion, a new
value for ¥(2,k) 1is found. The other Y(<,k), ©>3, are retrieved
and the tridiagonal matrix is solved, proceeding outwards only until
the grid point on the far side of the vortex which is furthest from

the cylinder is reached.

These modifications to the scheme do not reduce the accuracy
significantly, yet they do reduce the computational time required by a
further 30-40%. These optimizations-ﬁére included in the program
VICVIC. At the start of flow with ¥, < 100, 0(0.6) cp secs per
timestep are required. When Nv = 4000, the program requires 0(3) cp

secs per timestep.

3.23 Results of the CIC method using
Fourier Transforms

In the absence of any vortices the program calculated the velocity

at the separation points on the cylinder, i.e. %% at ¢ = £4a, to be

1. 97 Uﬁ; accurate to within 1.5%.

*

The flow is started impulsively and vortex insertion commences
from both edges. To forestall the necessity of inserting a large
number of vortices in the first timestep, two unit vortices were
placed slightly downstream of the body, symmetrically about, and one
halprlate width away, from the axis, Fig.3.12, to reduce the velocity

at the separation points. Various points were tried for the initial
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location with no obvious difference between these starting flow
solutions. The distance downstream of the body was small, but
outside the first ring of the mesh. In ;he case of flow starting

from rest, it was not necessary to inciude these two initial vortices.

As the flow develops, the line of discrete vortices shed from
each edge roll themselves into spirals, Fig. 3.13a. An enlargment
of the top edge of the plate is shown in Fig. 3.13b and the l1ines
of the spiral can be cleariy identified. Graph 611.;hows the rate
of growth of vorticity compared to Anton's 2/3-power law, and this
agrees initially. The instantaneous in-1{ne force coefficient is
given in graph 7 and is compared with Bearman and Kamemoto's

(1978) results and Fink and Soh's (1974} results.

Assuming that the flow reacts to the newly inserted vortices as
the introduction of -vorticity on the first outward mesh point, a value
of P, = 1.0 can be obtained, taking the first gfid spacing A as
the distance a, and that, on average, vortex insertion takes place
every other timestep, with #¢ = 0.5. The calculated QF trace
shown in graph 7 is generally lower but still consistent with a flow
at this value of the parameter Py-

The development of a 'Karman street' type flow within a practical
length of time requires an artificial perturbation to create the asym-
metry initially. This was achieved by adding an extra term to the
velocity potential as the flow started. This perturbation was a cross-
flow which decayed exponentially with time, and of the form W = ZaZ,

'so that the addition to the velocity becomes

36 a4]_t2
—= = dagls - 4 |78 —{3.31)
oL [
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The flow is most susceptible to a perturbation at smail z. Sarpkaya
and Shoaff (1979) quote 4 < ¢ < 9 as the best time to apply it. By
choosing B8 = 0.01, this extra velocity term will not be effective
for ¢ > 120. To delay the full onset of the perturbation, o was
made a function of time such that o = 0.1 sin %% . The shape of
this perturbation function is plotted in Fig.3.14. The wake develops

by shedding vortex clusters separately from the edges. Fig.3.15
Ut

shows the flow at Eg_ = 2867, The street-type formation of the
wake is clearly recognizable, and the Strouhal number for this case
is calculated as St = 0.164. The vortex size, Vs, used was

vs = 0.,025. Values of Vs = 0.075 and Vs = 0.010 were also
tried. In the former, the clusters were vaguely defined and the
in-line force lower, implying that not enough vorticity was befng
introduced to maintain tﬁe correct structure; in the latter, very.
densely packed clusters were formed rolling up very c1ose1y.to'the

plate.

Graphs 8 and 9 show the in-line force coefficient and the rate of

change of vorticity respectively for the case of Vs = 0.025. The

latter with Eig -%% = 1.257 being 20% higher than the experimental
value of 7.0¢ found by Maskell (1964). The former is considerably
higher and similar to force traces for vortex shedding behind an
oscillating flat plate, giving a very high values for ¢p of Cp ™ dole
This is most certainly due to the rolling-up vortex being in close
proximity to the reverse of the plate. Also, in all cases tested

there was a lack of mixing between clusters.

An oscillating stream was applied and Keulegan-Carpenter numbers
in the range 1 <K, < 12 were examined. The predicted flow patterns
were similar to those described in section 3.14 for the particular

Keuiegan-Carpenter value, i.e. for low K, values, pair shedding in a
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single direction only, symmetrically about the axis; at the higher
'AKc values, pair shedding in both directions. As before, the model
predicted that, with the flow reversal, vortices were convected back
towards the plate, and interfered with the vortex formation procéss.
The drag and inertia coefficients were, except for the-high K;‘, )
values, slightly higher than those calculated by Graham's (1979)
model, see graphs 10 and 11 and column 3 of Table 5 (the ¥-case

results).

After several oscillations, small deviations from symmetry are
apparent in the calculated flow pattern die to truncation errors
working their way through the calculiation. An extremely long compu-
tational time would be required to allow the flow to develop into a
fully asymmetric mode by this method.l-A'perturbation was applied to
hasten this development and several schemes were tried, similar to
those used for steady flow. The method finally adopted was to allow
the flow to develop as if it were a unidirectional stream subjected
to the perturbation which formed the street wake patterns described
earlier. When the first large yortex was sufficiently formed (after
the plate had moved 2 diameters), Fig.3.16, the small half-vortex was
removed and the stream reversed, puttiﬁg the flow into oscillatory
motion. The flow pattern quickly showed the diagonal shedding pattern
associateﬁ with Keulegan-Carpenter numbers around 10. Fig. 3.17a shows
the flow pattern, for K, = 15, at a time t/T = 0.88, after the first
pair has shed and the other vortices have aligned-themselves in:to similar
positions, with respect to the plate and the free stream direction,
as in the previous half-cycle. During the next half-cycle this second
pair will shed diagonally and a new pair will form. Fig.3.17b shows
the flow at ®/T = 1.70.

The trajectory of a shed pair is curved, i.e. -rather than

continuing to leave the region of the plate inadﬁﬂonalchmﬁﬁon-
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the pair follows a path which is curved towards the axis. As the flow
reverses the pair is convected back towards the plate, causing disrup-

_ tion to the shedding process. This recirculation has not been observed

experimentally, perhaps because of the limits imposed by the tank walls.

3.30 Introduction of a decay procedure

If an artificial procedure is introduced to reduce the strength of
the vortices as a function of time, then any that are brought back to
the body will have less circulation and therefore cause less interfer-
ence with the shedding mechanism. The idea of including a circulation
decay procedure is not new and has been used by other workers to either
simulate viscosity (e.g. Nagamo, Naito and Takato, 1980) or to represént
three-dimensional effects (e.g. Kﬁya, Arie and Harigane, 1979); see
Section 1.24. Such a procedure was included in the model, not as an
attempt to introduce a viscosity into the probiem, which can be success-
fully incorporated in a statistical sense using the 'random-walk' method,
e.g. Chorin (1969) (see Section 1.25), but nominally to take account of
the growing three dimensionality of the vortex cores due to the deforma-

tion of the vortex filaments.

3.31 The circulation decay method

Most workers have taken the solution of the Navier-Stokes equation
for the decay of circulation within a fixed radius of an isolated recti-
linear viscous vortex, initially concentrated on the axis of rotation,

as their equation for circulation reduction of a discrete vortex,

r(¢) = ro[z - e:z:p[ '—i’)-:; ﬂ —(3.32)

where ¢ is the age of the vortex and o the cut-off radius. This

expressed by

does not in fact reduce circulation but merely spreads it out. It is
not possible to say what the actual equation for the growing three

dimensionality of the vortex cores is, but as it is only a token
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representation, any reasonable function may be tried. The decay
function used in the model was of the form

T(¢) = T_ exp(-kt?) —(3.33)

with %k chosen as 0.25, so that T(£})~ 0.5 at ¢ = 1.0. The shape

of this decay function is shown in Fig.3.18. There is only a slight
decay in the first half cycle; the function falls quickly in the next

two half cycles and then decays slowly. The effect of different e
values on the in-Tine force coefficients for K, =4 "is shown in

graph 12.  The inertia coefficient appears to be relatively insensi-

tive to changes of the decay factor, only %nqreasing above the zero

decay level for %k > 1.6, i.e., when the decay becomes extremely fast.

The drag coefficient is sensitive to change, being lowest with the

fastest decay (14% below zero decay 1evef with %k = 4.0). This gradually

increases to its zero decay level as the decay speed becomes slewer.

The symmetrical oscillatory flow cases described above were repeated
with the circulation decay routine included in the model. The flow
structure of the wake was clearly visible, even after many oscillations,
as the predicted flow pattern was not now disrupted by the returning
vortices. The flow pattern for X =7 at a time /T = 3.01 s
shown in Fig.3.19, with the older vortices (I'(z) < 0.5ro)represented by
the small dots. Any vortices which may return to the vicinity of the
plate no longer have sufficient strength to disrupt the shedding process
and so the predicted flow behaviour is maintained over many cycles

(until the asymmetrical disturbances of truncation become effective).

The inclusion of this decay factor also has a smoothing effect on
the in-line force trace (see graph 13). The trace becomes extremely

regular after the initial starting oscillation and is characteristic of
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the shape that is found using experimental results and Morison's

equation.

The results for the case of symmetffcal oscillatory flow w{th
vortex circulation decay (the S-case results) are given in Table 5,
column 2, and plotted in graphs 10 and 11 for the drag and inertia
coefficients respectively for Keulegan-Carpenter values of ¥ <K, < 16.
The effect of the decay factor is to reduce thé drag coefficient below
the N-case result (no circulation decay) and the isolated edge result
(Graham, 1979); the shape of all the curves is the same. The
inertia coefficient is lower than the ¥-case result, but both curvesr-
with and without the decay factor - are higher than the isolated edge
result and are diverging for Ké > 2. It appears that the CM
value goes on increasing with increasing Keulegan-Carpenter number.
This is contrary to experimental results which show a decreasing ¢

M
for 8 < K, < 12, and following that a slowly rising Cy with
.increasing K, The decreasing section of the €y, curve occurs with
the K, region that sheds vortex pairs in the diagonal shedding mode
and so the computed flow pattern, e.g. Fig.3.19, cannot be a true
representation of the physical case. For Kc < 2 the cM curve of

the no-decay (¥) case is lower than the isolated edge result.

Although there is vorticity creation at the separation point,
the model is essentially an inviscid one and the inclusion of a circu-
lation decay factor does not introduce a numerical Reynolds number.
When implementing Blasius Theorem to calculate the force on the body,
the original vortex strength, i.e. the strength at insertion, is used.
This -is because it is an inviscid theorem and assumes that there is no

change in the total circulation.
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3.32 Further results using circulation decay and
a perturbation

The most successful aspect about using the perturbation is that
the computed results and flow patterns quickly settle into shedding
modes closely associated with those oﬁtéined experimentally, which
if Teft for asymmetry to grow from the rounding errors would require
a very long computational time. The asymmetric perturbation described
above was used with the model (including circulation‘decay) for
Keulegan-Carpenter numbers 25Kc_<_40. The calculated results (the |
A-case results) are presented in Table 5, End plotted in graphs 14 and
15 for the Ch and QM respectively and compared with previous experi-
mental results. The drag coefficient{fits in well, being lower than
the first results obtained (Keulegan and'Carpenter, 1958) but comparing
favourably with the recent results of Obasaju (1981). These results
show a high drag coefficient at low K, with Cp,=7.86 at K,k = 1.00;
falling to C_ = 5.46 at K, = 4.1 and ¢

D D

The computation‘predicts CD =6.07 at K, =4.0 and ¢y =44 at

K, =8.0. As the Keulegan-Carpenter number increases, the experi-

=4.21 at Kc = 8.22.

1]

mental drag coefficient slowly decreases so that by X 39.23 the

c

CD =2,82.. The calculation yields a slightly higher value of cp = 2.97.

A typical_flow pattern for kK, = 10 1is shown in Fig.3.20 and its

in-Tine force trace in graph 16.

The calculated QM

and K, = 16. This is consistent with experimental evidence.

(graph 15) exhibits a decline between X, 6 =8

- Obasuju's (1981) results show Cy rising to 1.76 at Kk, = 8.22,

decreasing to 0.72 at K, = 16.78, and then slowly rising, so by

Ké = 35,/23 the Cy = 2.74. The calculation predicts Cy = 7.49 at
K, = 8{b, falling to Cy = 0.82 at K, =15.0 and then rising to

4 C
Cy = 1.15 Dby K, = 40.0. Although this last result is low, the

generaﬁ agreement of the Cy results with experiment is good. It is



- 98 -

the effect of the asymmetrical shedding which has brought the CM
values into line with the experimental results. An interaction
between the edges is set up in the middle Keulegan-Carpenter number
region (8-:Ez'<16) which sheds only one pair into the f]oﬁ each
half-cycle (instead of the usual one pair from each edge). This
causes a reduction in the 1nertia coefficient due to the change in
magnitude, and phase, of the maximum in-line force, see graph 17,
and in its relationship with the cosinusoidal term o% the inertia
coefficient calculation (Egn.1.12). Kudq (1981) found that Cy
continually increased with K, and conc]dded that this was due to

the forced symmetry of his model; Graham's (1977) isolated edge
calculation also predicted an increasing inertia coefficient. Only

by treating each edge individually, as iﬁ the model, can the inter-
action between the edges develop and establish the diagonal shedding
mode which leads to computed results in close agreement with experiment.

The earlier results for the symmetric case (the S-case results)

confirms this.

The phase difference between the point of maximum acceleration
and the absolute maximum of the in-line force in each half-cycle is
plotted in graph 17. As the Keulegan-Carpenter number increases,
the phase difference decreases. The experimental values obtained by
Singh (1979) and Keulegan and Carpenter (1958), which are also plotted,

behave similarly.

The use of the perturbation at very high Keulegan-Carpenter
numbers initiates a street of alternatively signed vortex clusters;
Fig.3.21 shows the predicted flow pattern for Kc = 40 after one fTow'
reversal. There have been no systematic visualisation experiments at
such high Keulegan-Carpenter values to identify the processes associ-

ated with flow reversal. It appears from the numerical results that
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with the flow reversal some vorticity is convected away, in the form

" of vortex pairs, and a new street-type wake forms on the opposite side
of the plate, Fig.3.22. The fluid mechanics of this shedding mode is
discussed in section 4.24. Due to the effects of the perturbation
there are extra clusters in the wake during the first oscillation. As
the flow reverses, these travel back towards the plate but do not cross
over; their structure then appears to be Tost as the new wake forms,
Fi1g.3.23. There are 4000 point vortices shown in tﬁis Figure and the
calculation time has Jlengthened to 3 ¢p secs per timestep, which limits
the flow development time to only a few ogci]1ations. The calculated
inertia coefficient is lower than experimentally obtained values. This
is most certainly due to the flow still being influenced by the
starting process. The higher K, values have only developed over
3-4 oscillations, while the Tow K, values have run for 8-10 oscil-

lations.

The perturbation was also tried with various other Keulegan-
Carpenter numbers. The computed flow pattern for K, =4, five oscil-
lations after the perturbation, is shown in Fig.3.24. The two
rolling-up vortices are tending towards equal strength as the rate of
introduction of vortices is becoming the same for each edge. The
flow pattern is not yet completely symmetrical. There are still many
vortices from the earlier cycles in the flow and these, to an extent,
will be influencing the new rolling up vortices, but their effect is
diminishing with time. The drag and inertia coefficients for this
case (A-case) are very close to the unperturbed, symmetric counterparts

D Y

against an S-case value of QM = 1.71. Experimentally Obasaju (1981)

found CD = 5.46 and QM = 1.67 for a K, = 4'17ﬂ

(5-case) : ¢, = £.07 and for the symmetric case ¢, = 6.44; C, = 1.36
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The results have shown that the diagonal shedding mode associated
- with 8<K, <16 is a stable regime only for flows with Keulegan-
Carpenter numbers within this range; once initiated, this flow
pattern persists. Outside these K, limits, this mode of shedding
is not maintained. The flow that develops is not consistent with the
diagonal shedding pattern and appears to change to a flow pattern in

keeping with the particular Kc value.

In the case of steady flow (effectively KE = o) a decay factor
equivalent to the one used for Ké = 40 was included. The predicted
flow pattern, Fig.3.25, shows that the vor%ex clusters are now rolling
up further away from the plate than previously (without circulation
decay).  The in-line force, graph 18, is also reduced, settling to an
average of ¢_. = 2.33. The Strouhal number is only sTightly lower

D

at S, = 0.146, but still in excellent agreement with experimental

t
results.

The inclusion of the circulation decay procedure has enabled the
model to predict flow patterns and calculate in-line force coefficients
which are consistent with those found experimentally; it has also

allowed the flow to develop and be sustained over many cycles,



CHAPTER 4

4.1 Choice of Parameters and outstanding problems

There are several parameters to be selected and occasionally
the choice has to be made arbitrarily. The principal problems which
have to be solved are as given below. Some of these can be solved

by the selection of a suitable parameter.

(1) A group of vortices moving under its own influence
invariably leads to random distribution'due to instabilities,

for example the Helmholtz instability.
(2) Time integration scheme and stép size.

(3) The insertion of vorticity at the separation points
must be performed carefully to enable an accurate shedding

procedure.

(4) Numerical models of symmetrically started flow wili
remain symmetric until the rounding errors in the computer

have time to build up.

(5) The laws of inviscid flow theory do not allow any

diffusion of vorticity.

(6) Limitations imposed by computer storage and time.
1. The CIC program VICVIC did not exhibit the drift to chaotic
motian often seen when using the original Biot-Savart program VORTEZ.
Only in oscillatory flow when the clusters are swept back into the

vicinity of the plate does randomness begin to occur. The inclusion

- 101 -
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of vortex circulation decay remedies this due to the returning

. vortex clusters having less influence and nof disrupting the shedding
process. The identification of an individuai cluster is often
possible for very ilong flow times, particularly in the steady flow
case where the clusters remain as isolated regions of vorticity,

Fig. 4.1

The transference of vorticity to the mesh points will introduce
perturbations scaled by the mesh spacings and introduce sub-grid
scale structureé. For example, Fig. 4.2 shows a straight section of
vortex sheet crossing several grids and iﬁdicates how redistribution
to the closest mesh points can create grid-scale perturbations.
Evidence from the results presented here, and others, e.g. Christianseen
(1973) or Leonard (1980), is that the 1a}ge scale features appear to be
mesh independent and not seriously affected by the presence of these
grid-scale features. As Fig. 4.1 shows each cluster is well defined

throughout the wake.

Errors are introduced into the calculated velocity field by the
anisotropic nature of the grid. These errors can be eliminated by
either adopting a more complex interpolation algorithm (one with
approximate radial dependence only) or chonshuchnﬂ a different shape
mesh. Christiansen (1973) suggests that a hexagonal or trianguiar

mesh will be better.

The Helmhotz instability is an inherent feature of any vortex
sheet discretized into point vortices. The more vortices that are
used for the discretization the quicker the instability grows as the
smaller wavelengths grow the fastest. With the CIC model only
wavelengths greater than grid size can grow. The errors introduced
into the model by misrepresentation, e.g. coarse integration schemes,

truncation errors, etc., are effective in suppressing the instabilities.
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Various other mesh sizes were tested and the results, for
- K, = 7, are plotted in graph 19. The abcissa is the measure of radial
meshes, i.e. the number of cells in one ring around the cylinder.
The indication is that when there are more than 25 cells in any one
ring there is little change in the calculated in-line force coefficients.
This-might imply the existence of some kind of critical Reynoids number.
The CIC method imposes a "cut-off" length on the influence of an
individual vortex of one grid width. This length can have the same
effect as in a "Chorin-type" vortex (Chorin, 1872) and hence, by
analogy implies an effective Reynolds number. The shape of the grid‘
provides good resolution of the flow field (i.e. a high density of
grid points) around the shedding edges, with progressively wider mesh
spacings when moving away from the plate. Due to this there can be
no typical grid length as such with which to characterize the mesh.
An approximate calculation can be performed, for example, by taking
the width of the cell which houses the first vortex after, say, one
oscillation. For K, = 7.0 . and #/T = 1.0 the first vortex is

at Z = 3z % 4aif, and has é&r = 0,25,

Using the circulation decay factor to calculate the circulation at the

centre of the Chorin vortex gives
- “kt" F1 = exp| 2o
It} = r e = T, EJ e:x:p[ 7 t)]

and this yields an effective Reynolds number of R, ~ 400 However
there is little justification for this argument as the amplitude
will depend on the Keulegan-Carpenter number, and also the exponential

terms are differently shaped functions. The Chorin vortex smoothly
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redistributes the vorticity radially, while the effect of the

" mesh is to create a non-smooth radial distribution.

2. A simple time integration was used with the model, partly for
simplicity and partly to aid the stability of the method. Leonard
(1980) found, rather paradoxically, that the best results with the
point vortex method are often achieved by employing a coarse scheme
and only a few vortices. The Eulerian first order method used is
only accurate to 0(At). Use of Runge-Kutta integration schemes
would have improved temporal accuracy; tﬂe order of the scheme
determining the accuracy. Sarpkaya (1975) used the simple Eulerian
method and tested his results against more accurate schemes: a
second order Runge-Kutta and a centred-difference scheme. For

U

small enough 4&¢ = -agé he found little difference in the results.

To place a vortex within the shedding cell requires
CVESTeE < & —(4.1)

where &P 1is the change in circulation due to the insertion of n

yortices of strength T& such that 6r = n.T, (section 3.12).

The majority of the calculations carried out used &t = 0.4 x§13
' _ 64

which satisfies equation 4.1 up to n, = 3 and is equal to the

step size used by Sarpkaya (1975). For n.> 4 it is necessary to
use a small value for a unit of vorticity or else employ a smaller
time step size. (In the test n. rarely went above 6. Maximum »;
is highest for Tow Kc). The use of a small time ﬁtep will make the
total number of integrations extremely large, especially at the

higher K, values. The results using a variable time step length,
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plotted in graph 5, curve B, show that the total number of

" integrations per flow oscillation can be reduced, with an associated
saving in the computer cost, and still give results in close
agreement with those caiculated using a very muéh larger number

of time steps per oscillation.

3. One aspect not fully solved by the model is the_importance

of simulating the shedding mode correctly. The use of CIC techniques
does introduce more problems than in the Biot-Savart method but

these difficulties can be solved. To insért-a vortex into the flow
using the Biot-Savart model, as with the program VORTEZ described

in Chapter 2, requires two parameters:.‘the strength and position

of the vortex. With the CIC method this requirement is amended to
include selection of positions for all the incoming vortices. (Their
strengths being equal) and therefore a knowledge of the convection

velocity.

An unfortunate aspect of using only an integral number of
vartices, hesides on]y'satisfyiné the Kutta condition to an integral
value, is that on occasions before a flow reversal is approached,
the tangential velocity is not large enough to be balanced by the
insertion of one vortex and so no vortex is inserted. The free
stream 1is duxlerating at this stage and there can often be many
time steps without any new vortices being inserted. Shedding
recommences with oppositely signed vorticity shortly before free
stream reversal and continue as the flow accelerates in the new

direction.

In a real flow the emerging vortex sheet is continuous. By

cannecting the separation points to the last released vortex and
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~ subdividing that Tine equally, so that on placing vortices on
these points they will give integer zero tangential velocity at

the separation point, is intuitively realistic.

4., To hasten the transition to an asymmetricé] vortex shedding‘

mode it is necessary to introduce a limited antisymmetric perturbation
with no memory effect apart from producing asymmetrical flow. A

small cross-flow was applied, in steady flow, and allowed to grow
sinusoidally (section 3.23). If the perturbation was delayed or of

a reduced strength the amplification of the disturbance required a
Tong f]oﬁ time before asymmetric vortex shedding became established.
If the perturbation was applied too early in the calculation the
emerging wake structure was totally disrupted by the introduced

cross flow.

The computed flow patterns for oscillatory flow remain
symmetrical when no disturbance is applied. The asymmetric mode
does eventually appear due to perturbations brought about by
numerical trﬁncation, but the flow time required for this to
develop is long. The aim of applying a perturbation was to hasten
this transition to asymmetric vortex shedding. After the order
0(1000) time steps slight differences in the calculations for each
edge are detectable. For a case of K, =10 requring the order
0(1000) time steps per oscillation asymmetry in the computed flow
patterns become apparent during the third oscillation. As Fig. 4.3
shows, at a flow time of t/T = 3.03 an asymmetrical mode is develop-
ing. This has caused the in-line force coefficients for these higher
K, values to be slightly lower than the general trend (graphs 10 and
11).

Mathematical models that calculate flow starting from rest,
for oscillatory motion, always predict that the first vortex will

have a total circulation of approximately haif that of the second
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and subsequent clusters. This is due to the reduced formation time
for the first cluster and the lack of back flow on the plate due

to the absence of any vortices in the wake. Consequently, the
stronger second vortex of the first pair is the major influence ﬁn
its trdjectory (for example see Fig. 3.11). Starting the flow at

a different point in the oscillation cycle does not appear to remove
this imbalance in the strengths of the vortex clusters of the first
shed pair. An off-edge perturbation was used to counteract this

starting effect. By trial and error the most effective perturbation

was found to be @ ="aZ€ with o = sén[2n—3¥-) which becomes
p 32/4
o0 8t t a4
5.EE_. = - 5in[§1'§ g[ - %ZJ 0 <t <3r/, —(4.2)

3T/8 so that the third vortex

The function was termiﬁated at ¢t =
cluster formed at each edge would not be directly influenced by
this perturbation. The form of the perturbation actually seen by
the p1ate is sketched on Fig. 4.4.
- With or withouf the off-edge perturba;ibn the model always
predicted for oscillatory flow, initially, two pairs of oppositely
signed clusters, one pair shed from each edge, travelling away l
from the body and parallel to the axis. This has recentiy been
observed by Oshima and Oshima (1980) and the similarity between
their visualisations and the computed flow patterns can be seen
by comparing Figs.3.9 and 3.10. The off-edge perturbation was
effective in assisting the first pair of vortices to travel further

away from the vicinity of the plate by trying to counteract the

unequal vorticity distribution between the first two clusters shed.
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5. A particular problem of a model which does not amalgamate
vortices is that once created, a point vortex is always {n

existence. Clusters of vortices are shed and depart from the region
of the body only to return with the next fiow reversal and interfere
with the shedding mechanism; for at an equal distance they have as
much influence on the shedding edge as a newly formed vortex. Without
including a mechanism to reduce the circulation the flow patterns for
oscillatory flow are disrupted by the return of previously shed
vortices, which leads to chaotic motion. 'Other workers, for example
Kiya, Arie and Harigane(1979), have also found it necessary to
include an artificial reduction in circulation to preserve the
stability of the model and they too regard its inclusion as a
representation of the growing three dimensionality of the vortex
cores. In actual fact a Tine vortex, which becomes wavy (i.e. three

dimensional effects appear) still has no reduction in overall

circulation, the velocity components are simply redistributed.

This introduces a new parameter: the decay rate. Using the

function
2
r(t) = T, exp(—kt™) - —(4.3)

the value of %k was chosen as % = 0.25 with the aim of giving
near full strength vortices throughout the formation and shedding of
a vortex cluster, and the pairing process in the next half cycle.
When the vortex returns with the reverse flow its influence will
have become smaller. After one oscillation r(1) = 0.779T, and
by the end of the second oscillation Tr(2) = 0.368r . When

r(t) = O.OJPOthe vortex was removed from the calculation, this
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was at t/T = 4,29, \Usually by this stage the vortex was far

away from the body.

The decay mechanism is not an attempf to reproduce the
diffusion property of vorticity. This can be done adequately
using standard methods e.g. the random-walk technique. It is a
step towards taking account of the redistribution of vorticity
caused by components of vorticity in directions other than normal to
the two-dimensional plane. There are several effects which do
introduce a numerical viscosity, for example, the anisotropic
velocity field; truncation errors; the use'of a coarse integration
scheme. The inclusion of these effects or in fact the misrepresentation
of the physical case is not so Severe éh‘approximation as it seems.
To obtain a numerically satisfactory model a balance has to be
struck between these effects which help stabilize the motion and
prevent instabilities growing and the f{ne scale approximation needed
to represent the shedding process correctly. The results show that
the inclusion of circulation reduction, apart from helping to
preserve the stability of the model does bring the calculated
results into line with the experimentally obtained ones, Obasaju
(1981), typically at a beta parameter value of 8 o 500, see graphs
14 and 15.

6. With the numerical Biot-Savart law model the computational
time is proportional to the square of the number of vortices, Nﬁ.
The calculation of the velocities of the vortices accounts for
some 80% of the total computer time required. Any attempts to

reduce the time significantly must make approximations with some
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of the routines. The computational time for the CIC method, which
- retains the Lagrangian treatment of the vorticity field whi]é
solving the velocity equations on a fixeq Eulerian mesh is
proportional to N logy N » where §_ s the number of mesh
points involved, which is considerably less than sz, for all
B,>0N. The use of Fast Fourier Transforms to solve the stream
function equation replaces the influence function approach by a
faster and hence cheaper method. A comparison of relative speeds

of the models is given in Table 6 for one integration time step

with the order of 0(100) vortices.

TABLE 6

Approximate CP time required for one time step with the order G(100) vortices

Biot-Savart Model (VORTEZ) 12 cp secs

CIC Model using Influence Function (SEAYOR) 5 cp secs
CIC Model using Fourier Transform 3 cp secs
CIC Model using FFT (VICVOR) 1 cp sec
CIC Model using FFT and partially optimized code (VICVIC) .6 cp sec

When using 4000 vortices the model in its final form - VICVIC -
still has a fairly high cost for each timestep; requiring 0(3.0) cp
secs. A fuller optimization and simplification of the logical
structure of the program will yield further reductions of time,

possibly by as much as 30-40%.

4,21 Steady Motion

The model with and without circulation reduction, gave very good
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visualisations of Karman street type wakes. Without circulation

" reduction the estimated Strouhal number for the wake was s, = 0.160.
The in-1ine force coefficient, CF’ was considerably higher than the
experimental value, with ,CF =4.1. . Inspection of the visualisations

reveals how cliosely behind the plate the vortex clusters are being
formed; which gives higher suction on the reverse of the plate

and consequently a high in-line force coefficient. With circulation
reduction included (using the eguivaient decay rate of a case of

K, = 20) the in-line force coefficient %5 predicted as (¢, = 2.33,
graph 18, with a Strouhal frequency of S;. = (0.146. Inspection of
the computed flow pattern now shows the vortices rolling up sltightly
further away from the plate, Fig. 3.25.. This downstream displacement
is sufficient to bring the results into close agreement with
experiment. The flow patterns for the two cases, with and without
decay, are compared in Fig. 4.5a; Alongside the former is shown a
itwo dimensional flow visualisation by Perry, Chong and Lim (1982)

using a smoke trace at R, = 3000 for a flat plate with aspect

ratio 1.76, Fig. 4.5b, which corresponds well.

4.22 Oscillatory Flow: 1 < K, <8

Examination of flows in this region showed the emerging sheets
winding themselves into vortex clusters. The computed visualisation
had good resolution showing clearly the winds of the spiral, e.g.
Fig. 4.6; even at K, = 1 this winding is visible. With the
passiﬁ§ of time the structure of the centre of the cluster is iost
but the individual identity of each cluster is maintained. The
model1 showed vortices crossing over the plate, as the flow reversed,

and forming pairs with the new vortex clusters being formed at the edges.



- 112 -

The pairs shed when their second clusters separate from their
feeding shear layers. Initially the pairs travelled away from the
plate, parallel to the axis, and then towards the axis. The two
vortex clusters nearest the plate, Fig. 4.7, influenced each other
and formed a pair travelling towards the plate. The direction

of fhe free stream at this stage was also towards the plate. The
two clusters returned to the vicinity of the plate and combined

with the new vortices being formed.

Although at Tow K, values (Kc ~ 1) several oscillations
were still possible, at higher K% values (Ké ~ 8} the shedding
process was disrupted. The inclusion of vortex circulation decay
prevented this mechanism as the inf1uéﬁié of the returning vortices

had diminished.

At the higher Knc values (Kc ~ 8) small perturbations or
secondary motions are visihle around the outer winds of the cluster,
Fig. 4.8. This behayiour has been noted experimentally by Pierce
(1961), who observed the formation of rotation centres along the
rolled shear layer and interpreted this as evidence of the stability
properties of the shear layer - the Helmhoitz instability. The effect
has also beer. observed by Pullin and Perry (1980) who ascribed
it solely to vibration of their apparatus. This effect did not
neceséarily appear when the model was used with a different set of

numerical parameters.

The asymmetric perturbation was applied to tests for Keulegan-
Carpenter numbers of Kc < & with 1ittle effect. The flow was
locally disturbed but no asymmetrical motion nersisted. There is
little interaction between.the edges in this region and so the wake
guickly returns to the same pattern; that as if no perturbation

has been applied.
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4.23 Oscillatory Flow: 6 < Ké < 16

The numerical reconstruction of the diagonal vortex patterns
observed experimentally in this region is one of the most important
achievements of the model. Tests have shown that once the mode is
established it is a stable situation unique to this range of Keulegan-
Carpenter numbers. Without vortex circulation decay the motion was
disrupted by the shed vortex pair completing a circuit and returning
towards the plate; subsequently affecting the shedding process. A
computed visualisation has been inserted into a sequence of photographs
at Kc = 15 with good agreement, Fig. 4.9. The photographs, from
Singh (1379), are of neutrally buoyant particles in a U-tube experiment.
In laboratory tests recirculation of a diagonally shed vortex pair
is never observed. By scaling the computed flow pattern to the U-tube
experiment of Singh it is calculated that the shed pair would have

collided with the tunnel wall before being recirculated.

In the absence of an introduced perturbation the flow pattern
Eemains synmetrical, however there was now shedding in both directions.
As with the Tower Keulegan-Carpenter number regime vortex pairs are
formed on both edges and travel away from the plate, parallel to the
axis, when the newest vortex breaks from its feeding sheet. Now,
the remainder of the shear layer winds itself into a new cluster during
the remainder of the cycle, Fig. 3.11, and with the flow reversal
crosses over the plate and forms a pair with the vortex being created

at the edge. This pair.is then shed and the process repeats itself.

When the perturbation is used the pair sheds diagonally, travelling
away from the plate with an angle of approximately 45° to the horizontal

axis. The remaining shear layer at that edge winds itself into a small
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vortex. Due to the asymmetrical nature of the fiow there is a larger
vortex at the opposite edge, e.g. Fig. 3.20. As the flow reverses
the small vortex is squeezed between the large vortex and the edge

as they both cross under the plate. The small vortex is enhanced by
new vorticity shed from the edge and a pair is formed and sheds in a
direction diametrically opposite to the previous pair. The complete

process is sketched in Fig. 1.14 to 1.18.

4,24 Oscillatory Flow: K, >15

The modelling of flow with a high Keulegan-Carpenter number has
previously been unmanageable, for such cases have a large period and
the limitations imposed on the number of vortices has restricted the
number of time integrations possible. The CIC model has removed
this obstacle. Thé results have shown interesting features about
the flow which have not yet been examined experimentally in detail.
A; K, = 40 the computer visualisation predicts a Karman street
- type wake with five a]ternately signed vortex clusters being shed;
the first two clusters of the street having paired with vortex
clusters formed in the previous half-cycle. The test model only
examined four oscillations yet a shedding mode had been established
and was repeated through every half cycle. This is shown "
schematically in Fig. 4.10. As the flow reverses the small
cluster, A:5+ crosses over the top of the plate, in between
the large cluster, A:4-, and the edge. The cluster A:5+ combines
with the new vortex growing from the edge to form B:1+, and a pair
is formed between this cluster and A:4- which convects away at a
small angle to the axis, see Fig. 4.10. The wake never appears to

diverge greatly from the axis and so on return the cluster A:3+ is
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still close to the level of the edge. Vortex A:3+ then crosses

* underneath making a pair with vortex B:2-, formed at the lower
edge. This convects away at an angle only slightly inclined to the
axis. In the remainder of the half-cycle a small Karman street is
formed, see Fig. 4.10. The pairs A:4-/B:1+ and A:3+/B:2- apbear
to take no further part in the shedding process, having effectively
left the vicinity of the plate. With the next flow reversal the
vortex B:5+ crosses underneath the plate, between tﬁe edge and the
vortex cluster B:4-, and combines with the new A:1+. The pair
B:4-/A:1+ 1is formed and convects away. fhe cluster B:3+ has
returned to the plate and crosses over, pairing with A:2-. Then
finally the street of A:3#, A:4-~: and the small A:5+ is formed.

This compietes one cycle.

The third vortex of every half-cycle (A:3+, B:3+) appears to
approach quite closely to the back of the plate before passing around
it. This will reduce the pressure on the reverse of the plate and
promote a higher in-line force coefficient at a later phase in the
cycle. The model predicts that the maximum in-line force occurs at
t/T = p.224. The inertia coefficient is not in such c¢lose agreement
with the experimental results as the drag coefficient is. This is
almost certainiy due to the flow ndt being fully settled down after
the starting process. At lower Keulegan-Carpenter values (cases which
do not produce a “streetf each half cycle) the starting effects are
quickly forgotten as the perturbing.vortex is swept away. With this
Kc value, although the perturbing vortex itself has been convected
away,. the first wake produced consists of five vortex clusters. MWith
the flow reversal three clusters fross back over the plate, which
Teaves two clusters in the vicinfiy of the plate. {In subsequent

half-cycles the equivalent of these two clusters, A:1 and A:2,

each become part of a pair and convect away). Until the effect of
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these clusters is removed the flow will not have fully settled down

" and this will be reflected initially in the coefficients.

4.25 Characteristics of the flow regimes

The computed results show clearly the mechanisms involved in
the flow for the different Keulegan-Carpenter numbers. At high
Keulegan-Carpenter numbers (X, > 25) the motion is dominated by
the behaviour of the vortex clusters. Every half cycle.a small
street, of relatively large cluster size, is formed. The phase of
the maximum force on the plate occurs with the maximum velocity of
the stream, i.e. the motion of the vortices is the major influence
in calculating the in-line force coeff{éﬁents, see graph 17.

As the Keulegan-Carpenter number is decreased the Drag/Inertia
regime is entered. The vortices shed from each edge convect away

as a pair along the diagonal. An interéction between the edges is
established and only one large vortex and one small vortex are formed
at the edges in each half-cycle, e.g. fig. 3.17 or 3.20. When the
smail vortex crosses the plate it is enhanced by vorticity shed from
the edge. A pair of clusters of, approximately equal strength is
formed and these conVect away. The small amount of vorticity left
at the edge forms the basis of next pair to be shed, diagonally
opposite, and so perpetuates the diagonal shedding mode. The motion
of vorticity around the plate causes a higher maximum in-line force,
and the phase of that force to be earlier in the cycle. It appears
that the second vortex cluster separates from its feeding layer (and
the pair sheds) shortly before the maximum in-line force occur§ and
this causes a small inflection on the in-l1ine force trace, for

example graph 16.
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In the low Keulegan-Carpenter number region (x < g) the
e

strength of the vortices is relatively smaller due to the reduced
formation time. The in-line force trace now exhibits very sharp'
peaks due to the vortex clusters passing close to the shedding
edge. The vortices do not convect away or travel out of the region
of the plate and the model predicts that the maximum in-line force

occurs close to maximum acceleration,

Using a mathematical model it is possible to follow the paths
and interactions of the vortex clusters and to obtain values for
any coefficient required, at any point in thé flow field. Graphs
14~18 show that the method developed here works well. The calculated
N-case results are in good agreement Q{th previous theoretical studies,
which have usually always calculated higher values for the coefficients
than those found experimentally. When vortex circulation reduction is
included (the S and A-case results) theragreement with experiment is

extremely good.

4.3 Conclusions and Recommendations

The approach and the direction of the research described above
has been that of a qualitative study into the numerical reproduction
of the formation and shedding of vortices from a flat plate in
oscillating and steady streams. The criteria has been to obtain
in-1ine drag and inertia coefficients which agree well with
experimentally determined results and this has been successfully
achieved. Rigorous proofs of some of the numerical processes involved
have not been attempted. The prediction of visualisation pictures

which bear a resemblance to laboratory observations has been an
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important part of the study. The CIC method has made longer flow
times possible and at a faster computational speed than can be
obtained from using the Biot-Savart method. It removes small
wavelength instabilities and preserves the flow structure. The ‘
comparison of two computed flow patterns, one from the Biot-Savart
model, the second from the CIC model without decay, fig. 4.11,
indicates how clearly the areas of vorticity in the flow field are
identified with the CIC model. As the flow continues the older
vortex clusters interfere with the shedding mechanism. It had not
been possible to continue beyond this stage with the Biot-Savart

model due to the instabilities.

The model relied on the use of relatively few parameters for
its success: the mesh size, the timeéfép size, the strength of one
point vortex; and also the circulation decay rate. The basis for
inclusion of this in the model is questionable but justification must
come from the fact that the known features of the flow are modelled
better by its use. This is rather qualitative but nevertheless its
inclusion improves the results when compared to experiment, promotes

stability and permits longer flow times.

The use of time saving routines in conjunction with the Fast
Fourier Transform method for the solution of Poissons equation will
make the CIC method an extremely viable proposition for further
development and incorporation into practical situations. The model
has shown that it is possible to simulate vortex shedding from a
flat plate in steady or oscillating streams and capable of handling
thousands of point vortices for long flow times with no difficulty.

It will be feasible to use any shape of body with two known separation

points in the model simply by transforming that body into a circle
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by the use of an appropriate transform; and by extension of the
shedding routine to bodies with more than two shedding points. The
Schwarz-Christoffel transform can be used to transform any n-sidéd

polygon into a circle.

Further work remains on the shedding mechanism. The calculation
of the velocity in the vicinity of the shedding points must be
performed carefully to enable an accurate shedding pfbcedure. One
development might be to subdivide the first mesh into smailer cells,
using these as introduction cells. The moHeI could then supply an

accurate value of the velocity to within close range of the body.

A systematic investigation into the_ihc1usion of vortex
circulation decay and the effects of usiﬁg different decay functions
will be helpful in identifying the extent to which such procedures
influence the motion. Models which have included circulation decay
have all found improved results, e.g. Kiya, Arie and Harigane (1979),
and with this model the predicted flow patterns for all four flow
regimes examined resembled their real flow counterparts, with

corresponding close agreement for the in-line force coefficients.
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TABLES

A B
Diffraction Non-diffraction
DL >0.2 > DL
Inertia _ Drag
Drag/inertia
KC < < KC

- A =

Large body compared
to wavelength, 2

Small body compared
to wavelength, 2

Irrotational
Potential flow methods

Highly rotational wake areas
Empirical methods

b e e v e S e e e e v e (4] e e e em m () e m— e m e

TABLE 1. Flow regimes for cylindrical bodies in
waves, divided into two groups.
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Results of calculations by different authors for

TABLE 2.
flow around biuff bodies.
Author Shedding Flow Body Results
Method [ ] = Exptl. results
Bearman and H Steady Flat PI1. Cpt good
Kamemoto with Pk > 0,8
3T,
5E good
Chorin Finite  Steady Cylinder &, = 120° ¢, = 1.18 [1.30]
difference ¢ 3
II R, = 10" C,=1.15 [1.0 ]
4
R, = 100 Cp=1.29 [1.12]
. 5
i R, = 10" C,=0.29 [0.35]
Clements "t Steady Bluff 8, good
body
Fink and Soh 11 Steady Flat P1. €y good
%%} good agreement with Anton
power law for r(t} growth
Graham 11 Oscl. Singie CD: good
edge _
CF: proportional to Kc
VYarying internal angle.
Kiya and Arie I Steady Flat P1. Cp increases with a,
§, = 0.140 (insensitive)
Chorin vortex
Kiya, Arie and 1I Steady Fliat P1. Cpt 2.0-2.8 (20-40% high)
Harigane
3T _
T 0.9 (9% low)
5,1 0.143-0.162 (chosen)
With circulation decay
results within &%.
Kudo II Oscl. Flat Pl. CD: good

QM:d1verg1ng for K, <5
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TABLE 2. (continued)

Nagamo et al. IT Steady Prism Cp well predicted
CL: quite good
St: 0% high
Sarpkaya II Steady Flat P1. CD: 20% high
St: satisfactory

Sarpkaya and

IT with Steady Cylinder

c.~1.20 [1.15]

Schoaff b.1. calc. D
5, v 0.206 [ 0.185]
C‘L = 0.8
Function of the dissipation;
¢, and 5, least sensitive.
D 4t
Re ~ 107,
Stansby no slip Steady Cylinder ¢, = 0.8 (reasonable)

no slip + Oscl. Cylinder ¢, high

separation

at 950 Cff Tow

QL: diverging at high K,

Compared to Sarpkaya's 1966
experiment
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TABLE 4. Logical flowchart of the numerical

Biot-Savart law program VORTEZ.

|

1. Use the position and strength of all
N, vortices in the flow field to calculate
the velocity at the shedding points,

g = i-ia

{

2. Solve the Kutta condition to obtain the
strength of the nascent vortex required at

each edge.

3. Insert the vortices, Nv = Nv + 2

|

. 4, Calculate the velocity at every vortex

point in the flow field.

+

- 5. Move each vortex with its own velocity

for a time interval, At

TIst, 2nd and 3rd time

-}

4th time

6.  Calculate the in-1ine force

N R
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TABLE 4 (continued)

Notes:

1. With the CIC method boxes 2 and 3 would be replaced by:

Solve the Kutta condition, by iteration for each
edge to find the reguired number of equal strength

vortices.

2. In the optimized versions of the CIC program the effect of
inserted vortices on the boundary conditions was considered
negligible and box 4 omitted. The Boundary conditions

obtained to calculate the velocity in box 1 were used.



(i) Drag Coefficient, CD
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TABLE 5. Calculation in-line force coefficients

= Asymmetricaliy started lomw with circulation
decay included -

= Symmetrically started flow with circulation
decay included

Symmetrically started flow without circulation
decay

(1i) Inertia Coefficient, Cy

Ke A S N Ke A S N
i - 1447 - y - 1.33 -

1 - - 11.62 1 - - 1.21

2 8.8 8.34 9.19 2 1.28 1.5 1.45

4 6.07 6.44 7.13 4 1.3 1.71 1.78

6 5.14 - - 6 1.5 - -

7 - 5.16 = 7 - 2.15 -

8 4.47 - 5.65 8 1.49 - 2.58
10 3.83 4.66 - 10 1.14 2.48 -
12 4.32 - 3.88 12 0.73 - 2.78
13 - 4.49 - 13 - 2.67 -
15 3.28 - - 15 0.82 - -
16 - 3.30 - 16 - 2.79 -
20  4.42 - - ' 20 0.94 - -
25  3.93 - - 25 1.25 - -
40 3.10 - - 40 1.15 - -




TABLE 5. (continued)

. (iii) Root-Mean-Sguare in-line force coefficient, CF

- 129 -

ke A S N
} - 20.78 -
1 - - 11.56
2 7.05 6.87 7.92
4 4.3 5.59 4,97
6 3.91 - -
7 - 4.16 -
8 3.33 - 4.16
10 2.8 311 -
12 2.78 - 2.78
13 - 3.69 -
15  2.35 - 3
16 - 2.50 -
20  3.06 - -
25 3.3 - -
0 214 - -

s
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TABLE 7 Phase and maximum in-line force

Asymmetrically started flow with circulation
decay included

Symmétrically started flow with circulation
decay included

Symmetrically started flow without

circulation decay

(i) Maximum in-line force, ICF

Ke A S N
i - 27.00 -

1 - - 15.98

2 10.82 11.15 12.42

4 7.78 8.93 9.74

6 6.40 - -

7 - 6.96 -

8 6.31 - 7.89
10 5.07 6.62 -
12 4,40 - -4.92
13 - 647 -
15 4.14 - -
16 - 4,39 -
20 4.85 - -
25  4.56 - -
40 3.91 - -

max

(i1) Half-cycle phase of maximum

in-line force, t/T

Ke T A S N
- .089 -
1 - - .20
2 .161 .151 .160
4 .156 .144 .165
6 .167 - -
7 - .143 -
8 .139 - .157
10 .159 .139 -
12 .124 - .157
13 - .140 -
15 .167 - -
16 - .160 -
20 .203 - -
25 .207 - -
40 - -

224
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Figure 2.8
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Figure 2.11
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‘Figure
3.1
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Figure 3.4
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Figure 3.6
-
With N, vortices inserted along link vector,
which is divided into Ni + 1 equal segments.
Here Ni = 3.
Figure 3.7

With Ni = 3 vortices inserted on outward
normal. The spacing between vortices is
equal with a double space at the body.
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Figure 3.8
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Figure
3!]]
(cont.)
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Figure 3.16

Position of vortices at the perturbed start for
oscillatory motion

-

268 ST
vortices . o, ™
Y - ;,. ..‘:- 's_.

V. o=.02 ERIRAGME A S
§ NI

."' - .' _.g/ ’

‘-.,:.:- . . .'l

-c,,,..) .t

) | . 1 . |
0 4a 8a

Figure Rt LJ
3.17a R =
XK = 15 5
c y
V. o= .02
8
tip o= .88
462
vortices
mb = 4, 8a B

-24a -16a -8a 0




- 158 -

,e .
~, ! b Ah .
of e " L.
L] A
o Ll hd
*
L 34 -
* No - ooo ** '
* - .
-
* .biono‘.. M
» o-u.o.n-
- r e »
et
L7¢]
[+3]
D U
[ Ll ol
. +2
™~ [
o
n >
B~ o
/ W
+ M~
L2
P
—
o™
<3}
1 3
=
o
e
[E

LIS

» -
- v oo-
L] L] »
* ’ ..wtowv-o:
. 't
* v &
P
v . - .,
[ v
L4
Jl .-toc‘f.J..-
H PiFat [T A
y. - i W «nﬂo..
- =y,
“ -
» .t. rho u + .
v-oo tﬂ .
(] ” L ) &
b - ooﬁ ! -
* e o'aonl . .
BN
- - 0‘.\-0. LY [ . -
-
...o ¢ T.a
- .
.
. -
*
.

‘ Dl

.-
u‘-nc--.t 4
*+ 7 * .
L]
L nnﬁ\n W
. -
»
L)
H . o
L)

eye

B9t

eg 0 eg-

eq|- eH2- eze-

20b~




- 159 -

Figure
3.18

Circulation decay function, with % = 0.25

r(¢) = T, exp(-kt’)
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Figure 4.8
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GRAPHS

"GRAPH 1: Initial rate of growth of circulation for the top edge
of the plate after an impulsive start {program VORTEZ)
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. GRAPH 2: Instantaneous in-line force coefficient
after an impulsive start
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GRAPH 3: Instantaneous in-line force coefficient
after a perturbed start
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GRAPH 4: Instantaneous in-line force coefficient for oscillating
fiow with K, = 3

Pk = .83
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GRAPH 5: VYariation of the in-line force coefficients'with the
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GRAPH 6(1): Initial rate of growth of circulation from the top
. edge of the plate after an impulsive start
(program SEAVOR)
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GRAPH 6ii: Initial rate of growth of circulation for the
top edge of the plate after an impulsive start
(program VICVOR)
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GRAPH 7: Instantaneous in-line force coefficient after
an impulsive start (program YICYOR)
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GRAPH 8: Instantaneous in-line force 'coefﬁ‘cient after a
perturbed start (program VICVIC)
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GRAPH 10:
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Variation of drag coefficient, C,.,

with Keulegan-Carpenter number
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GRAPH 11:
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Variation of inertia coefficient,C,,,
with Keulegan-Carpenter number
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GRAPH 12: Variation of the in-line force coefficients
for changes in the Circulation Decay factor
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GRAPH 13: Instantaneous in-line force coefficient for Xk, = ¢4 with
circulation decay included in the model (program VICVIC) k=.2
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GRAPH 14:
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yariation of the drag coefficient with Keulegan-Carpenter
number with Circulation Decay incliuded in the model
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GRAPH 15:
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Variation of the inertia coefficient with Keulegan-
Carpenter number with Circulation Decay included in
mode]

A—-case

Obasaju 1981

6 20 24 28 32 36 40

12




- 192 -
GRAPH 16: Instantaneous in-line force coefficient for X, = 10 with
Circulation decay included in the model (program VICVIC} V,=.02 k=.25
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GRAPH 17:
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Phase difference between the point of
maximum acceleration (£ = 0.0) and the
absolute maximum of the in-line force in
each half cycle
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GRAPH 18: Instantaneous in-l1ine force for uni-
directional flow after a perturbed start
with Circulation Decay included in the

mode1
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GRAPH 19: Variation of the in-line force coefficients
with changes in the number of cells in the
radial direction of the mesh
K =7 V =0.02 t = 0.4
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