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SUMMARY 

A numerical model to simulate vortex shedding from sharp 

edged bodies at i n f i n i t e Reynolds number i s developed using the 

discrete vortex method. This method provides an a l ternat ive 

poss ib i l i t y to Morison's equation for the prediction of wave 

induced forces on b lu f f bodies. In the discrete vortex model 

the wake shed by the body i s represented by a d ist r ibut ion of 

discrete vort ices . To solve numerically the Navier-Stokes 

equations for b luf f bodies at high Reynolds number i s , at present, 

an impossible task. A sharp-edged section i s selected in order 

to avoid the problems associated with separation from continuously 

curyed bodies such as c i r cu la r cy l inders . The computations presented 

here are for the case of a normal f l a t p late , i n f i n i t e l y th in , in 

o s c i l l a t o r y , and unid i rect ional , f low. 

I n i t i a l l y , investigations are performed using the "Biot-Savart 

law" approach, with, conformal transformation, to follow the 

evolution of the flow f i e l d . A second method, using the "Cloud-in-Cell11 

technique i s developed. This technique permits rapid calculat ion of 

the ve loc i ty f i e l d when large numbers of vort ices are present in order 

to give an improved representation of the wake regions. 

The resu l ts of the calculat ion for unidirectional flow show the 

development of a r e a l i s t i c Karman Street wake. Osc i l latory flows 

in the Keulegan-Carpenter number range of \ to 40 are examined, and 

the calculated resu l ts are in agreement with experiment. I t i s found 

necessary to introduce a c i rcu lat ion decay mechanism to the shed 

vort ices to aid the realism of the model. I t s inclusion enables a 

- 3 -



- 4 -

long term development of the flow and the calculated in - l ine force 

coeff ic ients are in good agreement with experimental resu l t s . 
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CHAPTER 1 

1.1 PHYSICAL ASPECT OF THE PROBLEM 

1.10 Introduction 

Off-shore structures are subject to an array of attacks from 

wave forces , chemical action and biological onslaught. In try ing 

to predict the wave loading which these structures must suf fer i t 

i s necessary to understand the complex state of unsteady flows in 

the sea. Recent reviews on the subject by Hogben (1974) and 

Milgram (1976) give a a overview of- the. problem 

1.11 Osc i l la tory Flow 

A l l structures are continual ly subjected to osc i l l a to ry loading, 

whether i t i s due to the higher frequency wind generated waves or 

the very low frequency t ides . These flows may be catagorized by the 

use of two parameters. F i r s t l y , by de f in i t ion , a Keulegan-Carpenter 

number ^ « M — 0 . 1 ) 

with Um the amplitude of the free stream velocity of 

osc i l l a t ion period 7", and D the diameter of body normal 

to the oncoming flow. For small amplitude surface waves this 

approximates to K ^
 N  

C ^ D 

with x o the wave amplitude. Secondly, the wave diffraction parameter 

Dl= F - ( 1 . 2 ) 

which measures the disturbance of the incident wave, of wavelength x . 
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The d i f f r a c t i o n parameter D L can be thought of as comparing 

the st ructure s i ze to the wavelength, whi le the Keulegan-Carpenter 

number i s a measure of the ra t io of wave height to body s i z e . Even 

with these two parameters the regimes have no d i s t i n c t boundaries and 

structures are subjected to a l l types of forces . To examine these 

forces i t would be best to separate the factors and explore each one 

ind i v idua l l y . In an experimental laboratory set up the Reynolds 
U D 

number, v the kinematic v i s c o s i t y , i s usual ly too low. 

Most off-shore st ructures are composed of elements of the c i r c u l a r 

cy l inder type, t y p i c a l l y 5 metres in diameter. 

1.12 Flow Regimes 

In general the flow around structures can be separated into 

four regimes, 

The re f l e c t ion regime. For cases with D
T
 > 1; as with 
JJ 

coastal s t ruc tures . 

The d i f f r a c t i o n regime. Here the d i s tor t ion of the free 

surface due to the radiated wave from the st ructure is 

s i g n i f i c a n t . Diffraction e f fec ts are important as the body 

dimensions are not small when compared to the wavelength. 

For example, with grav i ty type platforms. Here 
Dt >0.2 and K <3. L C 

The i n e r t i a regime. Here i n e r t i a ! loads dominate and both 

viscous forces and the surface e f fec t s can be neglected. This 

applies when the body dimensions are small compared to the 

wavelength but not small compared to the wave height. With 

Dr <0.2 and K < 5. 
L a 
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The drag regime. Here D
L
 <0.2 and K

 >

 25. A regime 

where the viscous forces are most prominent. The body 

diameter is small compared to both the wavelength and the 

wave height. 

These last three regimes have no clear cut boundaries and 

there is considerable overlap. The region between 25 > K
q
 > 5 

with d <0.2 is an important sub-region called the Drag/Inertia 
LI 

regime. The overlap between the Diffraction regime and the Drag/ 

Inertia regime depends on the wave steepness parameter, H/\ (usually 
•7 

<j> H the wave height).In the Drag/Inertia regime both the viscous 

and inertia forces are important and the surface effects may be 

neglected. As the Keulegan-Carpenter number increases above 5, 

the viscous forces become more significant. The separation region 

contains a pair of vortices and as the Keulegan-Carpenter number 

increases vortex shedding occurs. Initially symmetrically about 

an axis normal to the body, as the Keulegan-Carpenter number rises 

above 10 the vortex shedding pattern becomes asymmetrical. Table 1 

summarizes the above and groups them into two sections, A and B. 

In Section A all flows can be calculated with confidence. 

The motion can be assumed to be irrotational and therefore potential 

flow methods used. Progress has been made in diffraction analysis 

[Standing, 1978) and computer programs are readily available to 

calculate the loads of fixed platforms using linearised theory. 

In Section B however, large highly rotational wake areas are 

present and this rules out the use of attached flow potential 

methods. Currently prediction for Section B relies on empirical 

methods, and of these the majority make use of the equation of 

Morison. (Morison, O'Brien, Johnson and Schaaf, 1950). This 
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equation describes the in-line forces but cannot compute the 

transverse component. It also cannot give a pressure field or 

a velocity field, both of which can be important. The equation 

is empirical. If the in-line force trace is analysed to obtain 

the drag and inertia coefficients and these are subsequently used 

in Morison's equation the result does give a fair approximation 

to the original curve. The problem in using Morison's equation 

is how to choose the correct coefficients. 

The inertia force can be subdivided into two parts. The 

first part is the force the fluid would exert on the body had the 

flow not been disturbed by the presence of the body. This is often 

labelled the Froude-Krylov force and defined as 

^ = - ( 1 . 3 ) 

with u the stream velocity and v the volume of fluid displaced. 

For an infimtesimally thin plate this force is zero. 

The second part is due to the body locally disturbing the 

fluid and giving rise to increased fluid accelerations. These 

accelerations cause the body to experience an extra force equal 

to an added mass, 6M , giving 

FM - " U - 4 ) 

K is the added mass coefficient. V is a n o t i o n a l volume of fluid. M 

The definition of this is usually based on the cross-sectional area 

of the body, but in the case of a flat plate V is the volume 

displaced by a notional circular cylinder which circumscribes the 

body. The total inertia! force then becomes 
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F I - H + f M - -(1.5) 

where G is the inertia coefficient. 

This method of prediction for the inertia regime neglects viscous 

effects assuming that at low Keulegan-Carpenter number the inertia 

force dominates the viscous force. Graham (1979) has shown that 

due to the vortex formation on sharp edged bodies, the effect of 

the growing vortex may be significant as well, suggesting that the 

vortex-induced drag coefficient of the force is related to the 

internal angle of the shedding edge and td the Keulegan-Carpenter 

number, and hence for a flat plate the drag coefficient c
D
 + °° as 

K h 0. 

A large number of off-shore structures have components which 

fall within the Drag/Inertia regime, 25 > K > 5, and this makes 

it a very important region. There is no definite theory, nor as 

yet, a clear understanding of the fluid mechanics involved with 

all of the effects that occur - particularly those associated with 

flow reversal and the return of the large shed vortices and their 

interaction with the body. It is in an attempt to solve these 

problems that numerical models have been developed, yet difficulties 

in finding a solution for this process stem from inadequate knowledge 

of the position at which flow separates and the problems of modelling 

separation accurately. 

It is accepted that the drag and inertia coefficients are 

both functions of Reynolds number and the Keulegan-Carpenter 

number. (Dean, 1976; Hogben et al., 1977). The majority 

of data has been obtained from experiments on a circular cylinder 

which, when compared to sharp-edged bodies, is extremely sensitive 

to surface roughness, turbulence and Reynolds number. The Reynolds 

c 
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number s e n s i t i v i t y of a c i r cu la r cyl inder in osc i l l a tory f low, as 

in steady f low, i s due mainly to changes in the boundary l aye r , 

and to separation of th i s boundary layer . Due to the ef fects of 

reduced Reynolds number d i f fe rent features may be observed in 

laboratory scale test ing and the experiment i t s e l f may introduce 

additional features . Scale ef fects can be minimized by using 

a b lu f f body with sharp edges. 

Observation of experiments for unid i rect ional flow past a 

s tat ionary b l u f f body show a wake consist ing of an a l ternat ing 

vortex s t r e e t . This i s the r e su l t of in teract ion between the 

shear l aye rs . (Also the base pressure, v o r t i c i t y d i f f u s ion , 

v o r t i c f t y d iss ipat ion and the inf luence of the wake y i e l d a 

contribution to the wake development). Two-dimensional numerical 

models which exclude some, usua l ly most, of these inf luences s t i l l 

predict a good estimate for the.-Strouhal number. 

1.13 Shedding Patterns 

For impuls ively s tar ted flow about a simple b l u f f body, e .g . 

a f l a t plate or c i r c u l a r cy l inder , the vort ices i n i t i a l l y grow 

symmetrically from e i ther edge. Along the shear l a y e r s , which 

connect the growing vor t i ces to the separation points , i n s t a b i l i t i e s 

develop. One vortex grows s l i g h t l y f a s te r or stronger than the other. 

(The yortex L I - on the L (lower) edge of the plate in F ig . 1 . 1 ) . 
r 

The base pressure i s reduced and in response causes the vortex to 

be drawn across the wake, downstream of the smaller vortex of the 

U (upper) edge, U 1 F i g . 1 .2 . The shear layer connecting L I - to 

the separation point breaks up and severs the supply of c i r cu l a t ion 

to the vor tex , whose rate of growth would have reached i t s minimum. 



Thus the vortex i s shed, F ig . 1 .3 . 

The vortex U1+, which i s now across the wake at the reverse 

of the p late , s t i l l continues to grow but at a decreasing rate . I t 

entrains some v o r t i c i t y of the opposite s ign, l e f t in the wake by 

the cut sheet. Also, some i r rotat iona l f l u i d w i l l be drawn in 

through the opening created by the shedding of the f i r s t vortex, 

L1-. When the rate of growth of the second vortex U1+ reaches 

a minimum that too i s shed. The sheet deforms, dif fuses and i s 

drawn across the wake by the action of the base pressure and the 

influence of the new vortex growing at the lower edge, L2- , F ig . 1 .4 . 

The cycle now repeats i t s e l f . (Compare F igs . 1.4 and 1.2) 

[Sarpkaya and Shoaf f , 1979). 

Flow v i sua l i sa t ion for osc i l l a t ing streams indicates a number 

of d i f ferent vortex shedding patterns, depending on the Keulegan-

Carpenter number. There are no d i s t inc t boundaries and changes from 

one regime to the next do not always occur at precisely the same value 

of Keulegan-Carpenter number. The history of the flow and i t s method 

of s ta r t ing , either impulsively or by gradually moving from r e s t , 

w i l l have a bearing on the value of Keulegan-Carpenter number at 

which, t rans i t ion between the regimes takes place. 

The following description i s taken from Bearman et al (1981). 

I f the Keulegan-Carpenter number i s small enough no separation occurs 

for a c i rcu lar cylinder whatever the Reynolds number and there i s 

good agreement with attached flow theory. At K = 3 

(depending on the ef fect ive Reynolds number) a small separation 

bubble i s observable. With a f l a t plate this i s observable from 

around K = 1. As the Keulegan-Carpenter number increases 

this separation bubble becomes a small vortex, one on each 

edge of the plate , Fig. 1 .5 . Shortly before flow reverses the 

sense of the vor t i c i t y being shed is changed ^/T ^.45). With 

the flow reversal the vortex crosses over the plate 

and forms a pair with the newly wound 
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vortex , of opposite sense, formed at the same edge, F ig . 1 .6 . 

Together they leave the immediate region of the plate Fig. 1 .7 . 

This mode i s not f u l l y developed unt i l K = 4. For a cyl inder 

at th is Keulegan-Carpenter number the vort ices are convected 

back, with the flow reversa l , on to the cyl inder and are cancelled 

with vo r t i c i t y of opposite sense in the cyl inder boundary l aye r , 

F igs . 1.8 and 1.9 . On reaching Kq = 8 the vort ices are increased 

in strength yet the i r method of cancel lat ion appears to remain 

broadly the same. 

The second regime for the c i r cu la r cyl inder i s 8 < K^ < 15, 

The major ity of the vortex shedding takes place on one side of the 

body only. In an experimental s i tuat ion any increase in Keulegan-

Carpenter number w i l l give an increase of Reynolds number. The 

transport of v o r t i c i t y by convection and the di f fus ion of vo r t i c i t y 

now s ta r t to become important inf luences. The f i r s t vortex, 

U1+, i s formed, F ig . 1 .10, and as the flow reverses i t i s convected 

back over the cy l inder , inducing a higher velocity on the U edge. 

This encourages the new vortex being formed, U2-, to grow to a 

larger s ize than the vortex forming on the L edge, F ig. 1.11. 

The stronger vortex U2- convects away out of the immediate area 

of the cyl inder as a pair with U1+ as i t s partner, F ig . 1 .12, 

inducing a back ve loc i t y , which, with the flow reversal enables 

the lower vortex L2+ to surmount the cyl inder and cross over the 

top, F ig . 1.13. Some of the vo r t i c i t y of L2+ i s cancelled during 

th is process, but enough survives to mix and enhance the new vortex 

growing from the upper edge, which i s of the same sense, forming 

vortex U3+. The flow has now completed one cyc le . (Compare 

F igs . 1.10 and 1 .13) . 
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The next regime for the cylinder is for 15 < K <25 and C 

this corresponds to the 8 < K <16 regime for a flat plate. 

A diagonal shedding mode is now observed. The Keulgan-Carpenter 

values given here are only an indication for, as in the previous 

case, the region does not have strict limits. 

With increased Keulegan-Carpenter number the vortex U2-, 

mentioned above, can now grow even larger during the longer half-

cycle. However, ft appears that when U2- has grown sufficiently 

to be of an equal size to U1+, the vortex pair U2-/U1+ convects 

itself away at an angle of approximately 45° to the main flow, 

Fig. 1.14. Vortex U2- has broken from its feeding sheet before 

the end of the half cycle. The tail of the sheet that remains winds 

itself into a small vortex (-), and feeds on the vorticity shed 

from that edge until the end of the half cycle, Fig. 1.15. 

The yortex at the lower edge, L2+, has grown large, Fig. 1.15. 

With the flow reversal this vortex squeezes the much smaller (-) 

vortex around the L edge, Fig. 1.16, which then combines with the 

new L3- vortex in formation, which is of the same sense. When 

L3- has grown sufficiently the pair L2+/L3- sheds in a direction 

diametrically opposite to the pair shed in the previous half cycle, 

Fig. 1.17. This leaves behind a small (-) vortex on the L edge 

and the larger U3+ at the U edge, Fig. 1.18. At flow reversal 

the (_-) vortex is forced into the U4- and the cycle then 

repeats itself, Fig. 1.19. 

Vortex pairs convect away in two diametrically opposite trails 

at an inclincation of approximately 45° to the free stream. The 

orientation of the inclination can be changed by starting the flow 

differently. 

At higher Keulegan-Carpenter numbers (K > 25') additional 
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vortices form during a ha l f -cyc le , result ing in a von Karman 

Street type appearance. As the flow reverses the vort ices are 

either convected away from the body by a transport mechanism, or 

they are destroyed by mixing with oppositely signed vort ices . 

More evidence i s s t i l l required before the precise mechanism 

involved at these high Keulegan-Carpenter numbers is H^wn. 

1.14 Calculation of forces using Mori son's Equation 

Most experimental work has used the proposal of Morison, 

O'Brien, Johnson and Schaaf (1950), that the force could be divided 

into two independent components of drag and i n e r t i a . Morison et a l . 

reached th i s conclusion by measuring the forces on a ver t i ca l p i le 

and the incident wave p ro f i l e , developing an empirical re lat ionship 

to f i t the i r data. 

I = ACUDU- I
v

- I * S - n -
6

* 

This i s known as Morison's equation. D i s the frontal 

diameter of the body and u the water ve loc i ty in the plane 

perpendicular to the cy l inder ' s generators. Underlining indicates 

a vector quantity. Morison et a l . solved the equation for zero 

water par t i c le ve loc i ty to obtain then with zero acceleration 

to f ind £ . By assuming these coef f ic ients to be constant over 

a f u l l wave cycle they used these values in equation (1 .6 ) to predict 

the force. The values obtained by Morison et a l . for CD and CM 

showed no Reynolds number dependence. In the case of planar flow 

the resu l t i s purely for the in- l ine force and no account i s taken 

of the transverse force. Disagreement ex i s t s on the app l i cab i l i t y 
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and the r e l i a b i l i t y of the results obtained by th is method, but 

nevertheless th is equation i s widely used. 

The asymptotic behaviour of the drag coef f i c ient i s markedly 

d i f ferent for d i f ferent bodies when the Keulegan-Carpenter number 

i s less than 10. The CD for a f l a t plate tends to i n f i n i t y at 

zero Keulegan-Carpenter number while the CD of the c i r cu la r 

cy l inder , at B = «>, (see 1 .15 .2 ) , tends to zero. Trie f l a t plate sheds the 

strongest vort ices while the c i r cu la r cyl inder sheds the weakest 

and so i t appears these differences are associated with shed 

vort ices and the i r strengths. 

Using a generalized Blasivs Theorem method Maull and Mi l l i ne r 

(1978) obtained an expression for the forces on a c i r cu la r cyl inder 

from Lagal ly ' s Theorem, which included an acceleration term and a 

term for the shed vor t i ces ; the in - l ine force i s then given as 

' = L ^ I T W P — A * —(1 .7 ) 

where r i s c i rculat ion of a vortex in the flow f i e l d . 

Assuming i n f i n i t e Reynolds number this w i l l be constant. The 

sunmation i s taken over a l l the vortices in the f i e l d with y 

as the vert ica l distance between the vortex and i t s image 

inside the body. The cM i s the value of the iner t ia 'M 'M O 
coeff ic ient at zero Keulegan-Carpenter number. The whole 

of the second term of equation (1 .7) i s contained within the 

iner t ia term of Mori son's equation (1 . 6 ) . The transverse, or 

l i f t , force is given by the equation 

L = I r Cpx) — ( 1 . 8 ) 
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where x is the horizontal distance between a vortex and its 

image. This pair of equations allows a description of both the 

in-line and transverse forces in terms of the motion and strength 

of the vortices. It has the distinct advantage that lift and drag 

may be correlated since they are produced by the same mechanism. 

The equations (.1.7) and (1.8) may be combined and written in 

terms of a complex force, F. 

The real component of F 

is the drag force and the imaginary component the transverse force. 

o n 4Z 
n 

where
 2

 is the complex location of a vortex and. a * indicate 3. 

complex conjugate. 

For experimental use this equation will require information 

about the positions of the vortices at subsequent time steps, which 

may be hard to record. Tn a numerical 
experiment this data is easily 

obtainable. 

Graham (1979) has shown that this result, with the transformed 

variable c replacing z , holds for any cross-section of cylinder 

by merely transforming this body into a circular cylinder. Thus, 

equation 0 - 9 ) may be generalized. If c = f(z) is the conformal 

transformation then 

y = 4 - *U - < 1 - 1 0 > 
* o n 4f C.z ) 

* N 

with d the frontal diameter of the new body and D , as before, the 

diameter of the cylinder in the c-plane. C
M
 is calculable for any 
o 

shape of body using standard methods, e.g. panel methods. The imaginary 
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part of equation (1.10) i s zero for any sized f l a t plate and for 

an i n f i n i t e l y thin f l a t plate c equals 1.0 exact ly . 
O 

The coef f ic ients CM and Cn can be obtained by Fourier time 
M D * 

averaging the in- l ine force, (Keulegan and Carpenter, 1958). 

Assuming that the drag and ine r t i a coef f ic ients remain constant 

for the phases of a wave cycle and that a l l terms, except the 

f i r s t , in the expanded Fourier sine and cosine ser ies vanish; then 

for an osc i l l a t ing flow given by u ~ u
m the Fourier 

averages of cD and cM are given by 

'D 

T 

O 

F(t) w s-in wt 

*
U

J
D 

m 

dt — 0 . 1 1 ) 

and 

CM = 
M 

2 U T 
M 

K3D 

•T 
F(t) w cos wt 

<>UJD 
771 

dt 

The force function, F(t) , i s the force per unit length of body 

and w the angular ve loc i ty of the free stream of period T. 

1.15.1 Experimental Work 

Morisons equation (1 .6 ) has been extensively used for local 

force predictions on structures in f i e l d experiments leaving an 

abundance of data which i s invar iably at a higher Reynolds number 

than could be reproduced by a counterpart in a laboratory t e s t . 

These laboratory tests may use regular waves with e l l i p t i c o rb i t s , 

or plan osc i l l a to ry flow with f l a t orbits but can never e f fec t i ve ly 

match the real sea conditions. Not surpr is ingly on comparing the 

results obtained for the drag and ine r t i a coef f ic ients there i s 

considerable scatter between the f i e l d test resul ts and those from 

the laboratory (see, for example, Weigal, 1964). A plot of the 
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drag coefficient yariation with Reynolds number still shows wide 

- scatter (Weigal et al, 1957). The above results took no account 

of the variation in Keulegan-Carpenter number. 

This discrepancy between field test results and laboratory 

results was explained by Iverson and Balent (1951) as the result 

of assuming the added mass coefficient to be constant. They showed 

that this variable coefficient depended on the state of the motion 

of the fluid. Keulegan and Carpenter (1958) also noted this 

variability of the added mass coefficient. However, any variation 

of the coefficient was absorbed into their inertia coefficient 

which was used in conjunction with Morison's equation to calculate 

the force. 

In this their original work Keulegan and Carpenter investigated 

the behaviour of the forces on several plates and circular cylinders 

in an oscillating free stream, locating the body at a node of a 

standing wave in a wave tank. They represented the force as an 

expanded fourier series and by using their experimentally obtained 

time dependent values of the force calculated time averaged values 

for the drag and inertia coefficients, which were then taken as 

constant over the one cycle. Using Morison's equation with these 

calculated coefficients they obtained a force trace which they 

compared with the measured force. The agreement was generally 

satisfactory when the period of oscillation was large. However, 
r 

considerable variation was noted when the value of the parameter 
U T 

was less than 15. They found c
D
 and c

M
 correlated well 

with this non-dimensional parameter. This parameter, latterly 

called the Keulegan-Carpenter number, was also noted to be related 

to the growth and motion of the vortices. As the Keulegan-Carpenter 

number increases so the fluid moves through a larger amplitude, with 
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more vo r t i c i t y created in each cyc le , and consequently more vort ices shed 

Keulegan and Carpenter found good correlat ion between the i r 

calculated force for a c i r cu la r cyl inder and the force found 

experimentally. For the f l a t plate there was not such close 

agreement. 

1.15.2 The Beta Parameter 

Sarpkaya (1976a) proposed the parameter defined as 

T? R 

VT KO 
—(1.13) 

and known as the beta parameter. The ra t io of Reynolds number 

to Keulegan-Carpenter number w i l l be a constant for any given 

body at the same frequency of o s c i l l a t i o n , regardless of the 

amplitude. 

Keulegan and Carpenter (1958) found no Reynolds number 

dependence in the i r r e su l t s , but Sarpkaya (1976a) subsequently 

replotted the i r or ig inal data and found some. He suggested that 

th i s dependence for CD and c^ could have been overlooked by 

neglecting the fact that a change in Keulegan-Carpenter number w i l l 

bring about a corresponding change in Reynolds number. Therefore 

a l l of the Keulegan and Carpenter experiments were with d i f ferent 

values of the beta parameter. In a further paper Sarpkaya (1976b) 

showed a s ign i f i cant influence of the Reynolds number on the in-

l ine and transverse forces. 

Sarpkaya's new conclusions on Keulegan and Carpenter's resul ts 

(with d i f ferent 6 values) indicate that as 3 increases, so CM 

w i l l decrease, whereas his own resul ts implied the converse s i tuat ion 

Singh (1979) examined Keulegan and Carpenter's wave analysis and 

sought to explain the paradox by concluding that , in f a c t , they were 
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looking at different situations and that the effect of a vertical 

velocity, which would be modifying the vortex positions, was 

causing the diverging answers. (Keulegan and Carpenter had used 

wave heights, and hence low Keulegan-Carpenter numbers, the 

vertical velocity would not then be significant and there should 

be no decrepancy. The experimental situation would then be 

approaching that of harmonic flow. 

1.15.3 Further Investigations 

Dal ton, Hunt and Hussain (1976) studied several cases of 

Keulegan-Carpenter number and the beta parameter, and then compared 

the instantaneous force variation with corresponding Reynolds 

number; avoiding the use of Morisons equation. Their results 

showed that the in-line force on the body tended to its steady 

flow value as the Keulegan-Carpenter number increased while the 

Instantaneous Reynolds number approached a maximum. 

An alternative method for the in-line force using a root-

mean-scjuare approach was developed by Maul! and Milliner (1978). 

If F
N
 is. the R/Y$> of the MEASURED. f>rce

r
 the new coefficient is defined 

KMC. 1 

a wave tank while Sarpkaya had used a U-tube). By using small 

by 

c. 
RMS 

— ( 1 . 1 4 ) 

By non-dimensionalizing Morisons 

equation, with. E f a the new coefficient can be written as 
2F 
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C

F 
RMS 

~K 2 

o ,3 2 4 2 
— ~4 D c

 +

 * M 

K 2 

—C 1.15) 

The force predictions using this equation show very good agreement 

with the measured force on a cylinder in the low Keulegan-Carpenter 

range, 0 < K < .yrand also indicate that C i s proportional 

to K in the l im i t of K . O C 

C^ « K 2 as K + <*> 
RMS ° 

In test ing equation 1.15 Maull (1978) employed a f ixed value of CM = 2. 

and by making Cn a function of 3 found that C„ predicted thus, 
D

 RMS 
was in good agreement with the resu l ts for a c i r cu la r cy l inder . 

Shih and Buchanan (1971) made measurements on f l a t plates in the 
7 

low Reynolds number region, 0(1) < R < 0(10 ). Their approach was to 

assume dominant viscous ef fects and that the drag force was the sole 

in - l ine force. The resul ts showed CD to be a function of Reynolds 

number for R < 250 ; but for cases with R > 250 then C„ i s 
e e D 

independent of Reynolds number. However, Shih and Buchanan were 

working at low Keulegan-Carpenter number, in the i ne r t i a region, where 

the ine r t i a force i s known to dominate and so the j u s t i f i c a t i o n for 

the i r assumption i s not conclusive. 

Bearman et al .(1981) have reported that vort ices ex i s t around 

cylinders from values of Keulegan-Carpenter number equal to 3 or 4 , while 

for other sharp edged bodies they are in existence at lower Keulegan-

Carpenter numbers. Like Maul! and Mi l l iner (1978) they consider f l u i d 

motion to be a combination of an unsteady i r rotat iona l stream, and a 

flow generated by an array of vor t i ces . This assumption highlights 

the importance of vort ices and implies that once formed and shed 
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vort ices w i l l influence future flow development. In Morisons 

equation vort ices are accounted for empir ical ly in the c and 

CM components and so the ef fect of vort ices in the wake i s not 

modelled properly. Also, any asymmetry in the position or strength 

of the vort ices w i l l generate transverse loads. This e f fect i s 

not represented in the Morison equation approach to wave loading. 

1.2 NUMERICAL WORK 

1.20 Introduction 

The examination of vort ices and vortex motions by mathematical 

and numerical methods has received fresh impetus from the problems 

ar i s ing in physics and engineering - par t i cu la r l y with off-shore 

technology and high-energy plasma work. The pers istent t r a i l i n g 

vort ices of a jumbo j e t constitute a hazard to other a i r c r a f t and 

has led to a study of vortex formation by the rol l-up of vortex 

sheets and the interact ion of vortex pa i rs . Attempts to understand 

turbulence - in two dimensions - has been investigated using s t a t i s t i c a l 

mechanics on a random array of point vor t i ces . Also, the idea that 

turbulence might be represented as a superposition of interact ing 

vort ices and the believed existence of coherent structures in many 

types of flow have stimulated research into formation and interact ion 

of vortex motions. Kuchemann (1965) described them as "the sinews 

and muscles of f l u i d motions". 

1.21 F in i te Difference Schemes 

Unlike the experimental side of the subject there has been very 
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little numerical work which has studied the case of oscillating flow. 

By far the majority have examined unidirectional flow. There are 

finite-difference schemes available for general low Reynolds number 

cases. These methods are not practical for Reynolds numbers greater 

ft R 

than a few hundred. For any Reynolds number of 0(10 - 10 ) , 

finite difference methods can be considered impossible. 

The difficulty associated with this method is best explained 

by considering the problem of flow past a cylinder. Abound its 

surface a boundary layer will form whose thickness will be proportional 

to R ^ . (See, for example, Schlichting, 1960). If a finite-

difference grid is used whose grid length is characterized near the 

boundary^ and in the wake, by a length r , then the condition 

t
2

R = 0(1) —0.16) 

must be satisfied, for it will be necessary that a few mesh points 

fall within the boundary layer. In a further analysis Chorin (1969) 

suggests an even more stringent condition 

rR = 0(1) — ( 1 . 1 7 ) 

Keller and Takami (1966) also obtained these results and came to 

the conclusion that for a Reynolds number of any applicability the 

number of grid points (of a regular grid) and hence the computational 

effort required would be so prohibitive as to not contemplate 

finding a solution, even on the large computers currently available, 

by this method. 
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In actual fac t extreme d i f f i c u l t i e s are encountered at 

Reynolds numbers of several hundred. To ra ise the Reynolds number, 

even s l i gh t l y higher, w i l l require a judicious use of the parameters 

involved and y e t , because of the range of sca les , the solution 

obtained might s t i l l not be applicable. 

Therefore, i t appears, to solve numerically the problem of 

f l u i d motion around a b luf f body a gr id independent calculat ion 

method i s necessary 

1.22.1 Representation of a shear layer using the 

Discrete Vortex Method 

High Reynolds number incompressible flow often consists of 

regions of concentrated vor t i c i ty contained in i r rotat ional f l u id . 

The inv isc id motion of these regions of vor t i c i ty can be calculated 

from the local f l u id ve loc i ty , which i t s e l f may be obtained from 

the vor t i c i t y f i e l d . I t i s mathematically correct , and more 

convenient, to use these packets of vor t i c i t y in conjunction 

with the inv isc id equations of motion when modelling separated 

flows at very high Reynolds number. 

A VORTEX i s a volume of rotational f l u i d bounded by 

i r rotat iona l f l u i d , or so l id wa l l s . In two dimensions th is would 

be a f i n i t e area. A vortex fi lament i s a cyl inder of smal l , or 

i n f in i t e s s ima l , cross-section whose surface and in te r io r i s composed 

of vortex l i n e s , which are curves in space at a tangent to the 

v o r t i c i t y , and surrounded by i r rotat iona l f l u i d . A LINE VORTEX 

i s a yortex fi lament of f i n i t e strength and zero cross sect ion; 

i t i s a singular d is t r ibut ion of v o r t i c i t y . In two dimensions l ine 

yort ices are ca l led POINT VORTICES as they are characterized by a 
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point in the plane and their strength is the circulation about them. 

The velocity field of a point vortex is singular at the point. In 

computations it is often replaced by a bounded continuous field, 

such as that due to a vortex of small cross section with a given 

axisymmetric vorticity distribution. Any such isolated vortex is 

called a DISCRETE VORTEX. (See, for example, Saffman and Baker, 

1979). 

The Discrete Vortex Method is a grid independent method in 

which, an inviscid flow solution is obtained. The method represents 

a vortex sheet by a sequence of discrete vortices and calculates 

the velocity contribution of the vortices at every vortex point of 

the line. This is unlike the finite difference Navier-Stokes 

scheme which, because the entire flow field will contain some 

vorticity, will need to calculate the velocities over the entire 

field. 

The contribution to the velocity from the vorticity, 

represented by an infinitely thin sheet, s , of vortex strength 

yCs) can be expressed using the Biot-Savart integral. Assuming 

the vorticity lies along the sheet and the flow is elsewhere 

irrotational then the velocity, q = q(u
s
v), given here as Cu - iv)

3 

induced at any point C = ^Cx
3
y) due to this sheet is 

T r g j

 ds — ( 1 . 1 8 ) 

C is the complex location of a point, in the flow, Fig 1.20. The 

piecewise continuous distribution along the sheet is replaced by a 

finite set of N delta functions. The vorticity field QXx,y) 

has the representation, 

U - VO = 
% 2* 
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N 

= L 
p=i 

T 
JL 
2TT <SRC -

V 
— ( 1 . 1 9 ) 

with (S as the two-dimensional Dirac delta function and c f the 

locations of the N vor t i ces , with r^ the i r respective c i r cu la t ion . 

By performing the vector operation curl on the Navier Stokes equation 

f f + £.Vq = - — VP .'+ v v \ —(1.20) 

The vo r t i c i t y equation i s obtained 

H + 1 - ™ + — ( 1 . 2 1 ) 

where the LHS i s also the substantive der ivat ive The f i r s t 
UU 

term of the RHS i s for the di f fus ion of v o r t i c i t y due to v i s cos i t y , 

whi l s t the second term i s a measure of the in tens i f i ca t ion of 

vo r t i c i t y due to the stretching of vortex l ines by the f l u i d . I f 

the motion i s res t r i c ted to two dimensions then 

V£ = o — ( 1 . 2 2 ) 

and by requiring the flow to be inviscid,the Zcompent O[ i,2( reduces to 

§| = 0 —(1.23) 

which implies that the v o r t i c i t y of a f l u i d element remains constant 

and moves with the f l u i d . The ve loc i ty f i e l d i s found as a solution 

to Poissons equation 
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= -N —(1.24) 

where y i s the stream function. 

The complex potent ia l , co , due to a single point vortex of 

strength r p located at a point i s given by 

o r e ; = ^ i n re - ep ; —( i -25 ) 

Equation (1.18) can be discret ized to 

P=1 p 

where r = y(s)ds> F ig. 1.21. 
P 

Interaction with certain so l id surfaces can be represented 

by using a vortex and image system. F ig . 1.22 shows the case of a 

c i r cu la r cyl inder of radius a . The complex potential for th is 

system, including a uniform free stream, can be written as 

2 N T N r 2 
O R C ; * V U - * % I £ INU - C ; - I I INU - ^ ; m

 * 27T p Stt 

—(1.27) 

with Um as the free stream veloc i ty and a. * denoting a conjugate 

quantity. The f i r s t term on the RHS i s the potential representation 

of a cyl inder at the or igin using a source/sink doublet; the second 

term i s the contribution from the vort ices themselves, and the th i rd 

term i s the contribution from the vortex images inside the body and 

necessary to maintain the boundary conditions on the body. There i s 

no yortex at the centre of the cy l inder . In the model the flow w i l l 
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start from rest with no previous history or circulation in the 

.wake, and due to Kelvin Theorem (equivalent to equation 1.23) 

there will not be a need for a vortex at the origin. Differentiation 

of equation (1.27) yields the velocity equation for the system 

In order to satisfy the inviscid vorticity transport equation (1.23)
9 

the convection velocity of each vortex must be given by the value of 

the velocity field at its centre location. 

The Discrete Vortex Method assumes infinitely thin sheets of 

vorticity. At very high Reynolds number the shear layers will be 

very thin, and so, if cliFFu^-fon is ignored, these layers can be 

easily identified as infinitely thin sheets, and the sheets then 

replaced by an array of discrete vortices. 

The first attempt at simulating fluid flow using this discrete 

vortex method was presented by Rosenhead (1932) when he investigated 

the instability of the surface of discontinuity between two streams, 

of the same density, with velocity equal but in opposite directions. 

The sheet was perturbed by an initial sinusoidal disturbance and 

then replaced by twelve equally spaced vortices, along the sheet. 

The flow is everywhere irrotational, save at the vortices and the 

induced velocity is calculated at each vortex. Spatial periodicity 

was assumed also. The results showed that the vortex sheet rolled 

up into a cluster of vorticity. This calculation was performed on 

a hand calculator. With modern digital computers attempts were made 

to achieve an improvement on these results, using more point vortices 

u - iv 
3C 2-N C _ A*, * 

P 

— ( 1 . 2 8 ) 
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and more accurate time integration schemes. Birkhoff and Fisher 

(1959) used small timesteps and twice as many vortices and found 

the vortices achieved a chaotic state of motion. Although the 

vortices formed clusters their paths were highly irregular and 

occasionally crossed over; physically impossible for a vortex 

sheet. They concluded that although initially it appears the 

vortices are rolling-up, in time they will become random. 

It seems that increasing the number of vortices, with a 

decreased strength, is not the answer for a converging solution. 

Point vortices are too singular. Moore (1976) argues that 

Rosenheads original problem is ill-posed, (i.e. non-smooth 

solutions will develop in a finite time for an arbitrarily small 

disturbance). Yet the discrete vortex method is an exact solution 

of the Euler equations of inviscid motion. 

The time integration of the equations can be performed to 

the required order of accuracy using the appropriate Runge-Kutta 

formulae. The schemes used by the numerical models generally 

diyide into two groups. Firstly, those using a second-order Runge-

Kutta method, e.g. Fink and Soh (1974), Kiya and Arie (1977). This 

method Keeps the accumulation of errors from moving the vortices 

as small as possible, o(kt ). Secondly, those using the simple 

Eulerian first-order scheme, which has errors of 0(Lt
2

), e.g. 

Sarpkaya 0 9 7 5 ) , Bearman and Kameraoto (1978). This is computationally 

more efficient to perform, being an easier scheme. The accuracy of 

the calculation will be higher while the computer time required becomes 

greater, the smaller the time-step is. Sarpkaya (1975) tested his 

model using a Runge-Kutta second-order and then a central difference 

scheme and found, for small enough At, no perceivable difference 

from his original results and that the small time-step which needed 
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to be used was acceptable with regard to the total computational 

time. 

Clements (1973) also found crude integration to be better 

for it introduces a numerical viscosity which helps suppress the 

instabilities. The use of Runge-Kutta integration schemes was 

found often to be self-defeating in hastening the break up of the 

flow stability. Indeed, Clements and Maull (1975) concluded that 

"the end justified the means", and results from numerical models 

will be of use if a balance is struck between a large number of 

vortices to represent the motion, while a crude integration scheme 

is used to suppress the randomness and chaos which inevitably 

deyelops. 

After Rosenhead, Kestwater (1935) showed that the rolling-up 

process for a vortex sheet shed from a wing, with an elliptic load 

distribution, started from the wing tips. The result was similar 

to the spiral of Kaden (1931) which was predicted analytically. 

In an attempt to model the Karman Vortex Street, Abernathy 

and Kronauer (1962) considered the stability of two zero thickness 

shear layers, surrounded by two outer streams flowing in one 

direction either side of another stream, flowing in the opposite 

direction. They conducted a linearized stability analysis for the 

continuous sheets. Subsequently they replaced these continuous 

sheets by discrete vortices and introduced an initial disturbance. 

The calculation proceeded by time integrating the governing equation. 

Their results showed that vortices amalgamated into asymmetric 

clusters. The positions of these clusters could be identified as 

a vortex street. It was also found that the calculated vortex 

wakes broaden as they are formed, in agreement with experimental 

evidence. 
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Fage and dohansen (1927) found, experimentally, that the 

downstream strength of the vortex c lusters had been reduced to 

round 60% of the or iginal value shed. Abernathy and Kronauers 

model predicted vo r t i c i t y from one row being swept across the 

wake and into a cloud of oppositely signed vo r t i c i t y and in so 

doing reduced the strength of the c luster to around 60%. Vortex 

sheets are fed with v o r t i c i t y from the separating boundary layers , 

which can vary with time. This model assumed the vo r t i c i t y 

d is t r ibut ion was uniform and-also that the vortex sheets were 

i n f i n i t e in extent. Hence no account was taken of the boundary 

conditions on the sheet forming body. 

Christiansen and Zabusky (1973) also reported the development 

of staggered clouds, again very s imi la r in pattern to a Karman 

Vortex Street . They also noticed entrainment of vort ices of one 

sense into a c luster of oppositely signed v o r t i c i t y . There were 

3200 point vort ices in the flow f i e l d and the i r model used the 

Cloud-in-Cell approach, rather than the numerical Biot-Savart law 

methods (equations 1.6 and 1.7) to calculate the vortex ve loc i t i e s . 

1.22.2 The CIoud-in-Cell Method 

The C-I-C approach i s a newly established method of plasma 

physics which. is now being introduced into hydrodynamics. A mesh 

i s f i xed on the flow f i e l d and the veloc i ty i s only calculated at 

these grid points. The v o r t i c i t y contribution to the flow f i e l d 

from one point vortex i s d ist r ibuted, with a suitable weighting, over 

the adjacent mesh points; 1, 4 or 9 could. be, used. I f 4 mesh 

points are used they w i l l be the corners of the ce l l which houses 

that par t icu lar point vortex. The stream function i s obtained by 

solving Poisson's equation at the mesh points. For the point H^q) 
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this is 

= -n —(1.29) 

where n = is the grid vorticity. The velocity at each 

grid point £ = is then found by differentiation 

£ = V ¥
a
K — ( 1 . 3 0 ) 

The velocity of the individual vortices is arrived at by using a 

reverse interpolation scheme from the mesh points back to the vortex. 

The flow field is then time integrated. After every time-step a 

new grid vorticity is generated and the process is repeated. 

Authors who have used the CIC method have found it to be a 

yery fast and efficient method. For example the influence function 

of one grid point on every other point can be precalculated and 

stored then used as required. Any symmetry in the mesh system will 

reduce the storage needed. A full discussion of the efficiencies 

possible with the CIC method is given later. 

1.23 Shedding from bodies with sharp edges 

It is assumed that vortex sheets form, due to flow separation, 

whenever an ideal fluid flows around a body with a sharp edge in 

order to prevent an infinite velocity. The Kutta condition determines 

uniquely the strength of this sheet at the separation line. This 

condition requires the velocity of the fluid to be finite at the 

edge, and that the flow separates tangentially. A flat plate is 

transformable into a circular cylinder by using the Ooukowski 

transform 
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2 
Z — ( 1 . 3 1 ) 

The edges of the plate are on the vertical axis at z = H2a 

in the plate plane and these transform to the points c = Ha 

in the circle, or transformed plane. In Fig. 1.23 a plate of width 

4a has been transformed to a circle of radius a and the complex 

potential for the flow in the plate plane is fully given, under 

transformation, by equation (1.27). The condition of flow separating 

tangentially at the edges of the plate may be expressed by 

requiring 

This is illustrated in Fig. 1.24. Early work on vortex shedding 

from bluff bodies deals almost exclusively with circular cylinders, 

yet for these bodies there may be no fixed separation points. 

The position on the cylinder at which the shear layer separates 

depends on the phase reached in the shedding cycle. 

To satisfy the continuity of pressure across a vortex sheet 

(i.e. no pressure jumps) the sheet must move locally at the mean 

velocity of its two surfaces. If U is the convective velocity J

 C 

of the shear layer and u and u
2
 the velocities on each side of 

the edge, Fig. 1.25, then 

C = — ( 1 . 3 2 ) 

U C — 0 - 3 3 ) 

arid the vorticity along the sheet, y(s,), is 
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y(s) =
 u

2
 ~

 u

2 
— ( 1 . 3 4 ) 

The rate of ch&nqeof- areola, from t\\t fa o\ a flat plate is given by 

AT 
At 

KV* - V*) — ( 1 . 3 5 ) 
1 1 

For a smooth surface, where the internal edge angle is not zero, 

Ug = 0 and then 

Ar _ 7 2 _ 1 2 , ,
 OTJ

 2
 n

 ~ 

At = I u i = 7 Y ( a ) = 2 U C - { 1 ' 3 1 

In utilizing the Kutta condition a parameter must be used to 

determine how far away from the body the introduction point should 

be. Although, it is theoretically possible to insert a vortex right 

on the separation point there would, subsequently, be great difficulty 

in getting it to leave that point. The various approaches at 

implementing the Kutta condition can be classified into two groups:-

I The position of the nascent, or new, vortex is fixed in 

advance and its circulation chosen so that equation (1.32) 

is maintained. (Finite velocity at the edge condition) 

IT In effect the converse procedure. The circulation of the 

nascent vortex, r , is calculated from 
n 

T n — ( 1 . 3 7 ) 

and then its position is determined to satisfy the Kutta 

condition, equation (1.32). U is taken as the velocity s 
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at some point off the surface intended to represent the 

outer edge of the boundary layer in the real fluid, 

above the separation point. 

In either procedure there is one parameter to be decided upon, 

Although use of the circular cylinder as the bluff body is 

compounded by the moving separation points it has the advantage that 

for potential flow it is a simple case. Gerrard (1967) looked at 

shedding from such a circular body. The model took account of the 

velocity distribution around the body and the unsteady wake, but 

not the variable separation points. Not surprisingly the results 

were unsatisfactory. Attempts to incorporate the correct value for 

the rate of introduction of vorticity, along the lines of method (II) 

above, did not improve the results. This was probably due to the 

fact that the incorrect separation points were being used for the 

introduction of the nascent vortex; placing it downstream of the 

cylinder at a distance taken to be representative of the Reynolds 

number. To have fully taken account of the oscillation of the 

separation points would have required boundary layer calculations 

at every time step. 

With the use of a simple scheme to represent the movement of 

the separation points during the vortex formation process Sarpkaya 

(1968) produced a model which introduced the new vortices at 

varying positions. He introduced the vortex at the mid-points between 

the first maximum of absolute velocity encountered traversing the 

cylinder from the front stagnation point and the first maximum of 

absolute velocity on traversing the cylinder from the rear stagnation 

point. As the calculation proceeded these points varied and gave 
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a movable introduction point. The results clearly showed vortices 

rolling-up. The drag coefficient obtained agreed well with the 

experimental value found previously by Sarpkaya (1966). This 

experiment, at low Reynolds number, showed that after an impulsive 

start the drag coefficient rises to a maximum and then develops an 

oscillation at twice the vortex shedding frequency. 

Stansby (1977) produced a model which examined the forces on 

a cylinder in oscillating flow and found that the force trace agreed 

closely with experiment. The idea behind his insertion procedure was 

to produce a stagnation region, satisfying the no-slip condition, 

underneath, the shear layer as it leaves the body. The vortices were 

introduced "at a point on the cylinder where separation is known to 

occur". The velocity is then calculated at that point. - . A small 

distance out on the normal to this point a vortex,with only enough 

circulation to reduce this velocity at the cylinder to zero, is 

inserted. The velocity, U , is calculated at the vortex point 
s 

1 2 
and the vortex itself is given a new circulation equal to U AT 

<& s 

and replaced on the normal so the velocity is again zero on the 

cylinder. The results compared well with those calculated via 

Morisons equation. For the case of steady flow the Strouhal number 

predicted for the vortex shedding frequency was in reasonable 

agreement with the experimental value. However, most models of vortex 

shedding from cylinders in unidirectional flow seem to predict the 

Strouhal number fairly accurately. 

Because of the uncertainty associated with the separation point 

sharp edged bodies with known and fixed separation points have also 

been modelled. If a flat plate is used for the body it can quickly 

be transformed into a circular cylinder by using the complex conformal 
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transformation, equation 1.31. The separation points of a flat 

plate are known exactly and in the circle plane, using the above 

transformation for a vertical plate, will be permanently at the 

intersection of the circle with the vertical axis, Fig. 1.23. 

Sarpkaya (1975) looked at a flat plate inclined at an angle to 

the free stream, using introduction method (II). The introduction 

point was allowed to vary along the line of extention of the plate. 

The required u for equation 0.37) was calculated as the mean 
s 

of the velocities of the last four vortices shed. This corresponds 

to the instantaneous convection velocity of the shear layer and it 

appears that Sarpkaya has assumed u = u
7
 for a flat plate, rather 

s J-
than 

U

s
 =  V

o
 =

 I
 ( u

l
+ u

2
}  =

 u
2
-jy(s) — ( 1 . 3 8 ) 

Th.e inclined plate provided an asymmetrical disturbance to 

initiate alternate vortex shedding from the edges. The results 

were very good, providing a Karman street formation for the wake 

and predicting a Strouhal number of St = 0.154, which is in 

close agreement with that found experimentally by Fage and Johansen 

(1927) of st - 0.148. The calculated force coefficient was 

20-25$ higher than those recorded experimentally and Sarpkaya 

explained this as being due to the lack of sufficient mixing in the 

wake; finding only a 10-15$ reduction between the shed vorticity 

and the yorticity in the wake, whereas Fage and Johansen found this 

reduction to be about 40$. 

Kiya, Arie and Harigane (1979) felt that the instantaneous 

convection velocity of the shear layers should take account of the 

difference between the velocity at the outer and inner edges of the 



- 42 -

shear layer. They used introduction method (II) with 

US
2 = ( V 2 - V 2 ) - V2 ~{1.39) 

U was calculated at a point a small distance upstream of the 

shedding point, perpendicular to the plate; viewing this as 

"the edge of the boundary layer at the separation point". This 

method, like Sarpkaya's predicts the Strouhal number well but 

gives a drag coefficient 20-40% larger than those obtained 

experimentally. 

Bearman and Kamemoto (1978) made a comprehensive study of 

introduction method (I). Using impulsively started unidirectional 

flow they performed a systematic examination of the effects of 

varying the position of introduction; believing that the point 

at which a vortex first appears has considerable influence on the 

shedding process and the subsequent vortex development. To 

catalogue their results they defined a non-dimensional parameter 

= P A R . H I . 4 0 ) 
M % 

where At. is the time interval between the introduction of the 

vortices and a the distance, in the transformed plane, between 
s 

the introduction point and the separation point on the circle. 

Cases with the same P
K
 value exhibited similar flow features. 

For a range of introduction points along the extension of the plate 
I 

the behaviour of the inserted vortices remained realistic. These 

all had p
v
 > 0.3 . When p <0.3 the results were not good; 
K K 

C
D
 being far lower than experiment and the appearance of the rolled-up 
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vortices being too "loose" to be recognised as a coherent structure. 

As P
K
 increased the windings of the rolled-up spiral became 

tighter and obviously recognizable as a vortex cluster. Bearman 

and Kamemoto did not propose an upper bound for P
v
 but only 

tested up to P
v
 = 1.9, concluding that the best position for 

A 

introduction will be related to the time-step used, through P
K
. 

For 0.3 < P
K
 < 1.9 the rate of growth of circulation compared 

favourably, as did the drag coefficient, with previous theoretical 

work. 

Kiya and Arie (1977) also used introduction method (I) and 

investigated the effects of varying the ratio of the insertion 

distance from the plate with its half-width. They found that the 

Strouhal number was not greatly altered by changes in this ratio 

but the effect on the drag was considerable. 

Clements (1973) and Clements and Maul! (1975) compared two 

methods of introduction, related by a single parameter, for their 

model of flow around a parallel-sided body, and found that the 

Stroufial number was relatively insensitive to change of this 

parameter. This parameter was the distance of the introduction 

point above the transformed corner. The base pressure was very 

sensitive to this parameter and to the time step. The first method 

u 2 

was to calculate the required vorticity from s / and to introduce 

the vortex at the corner (u was taken a small distance from the v

 s 

corner). In the second method they used the Kutta condition as in 

introduction method (I). 

Investigating the shedding from an isolated edge Graham (1977) 

found the position of introduction on an extension of the wetted 

surface and examined the effect of varying the internal angle of the 
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edge. He showed that at low Keulegan-Carpenter numbers the force 

and drag coef f i c ient were functions of the Keulegan-Carpenter 

number and the internal angle of the body. The predicted flow 

patterns compared well with experimental flow v i sua l i sa t ion 

patterns. The inserted vortex was assumed to convect away with 

the mean of the upper and lower surface ve loc i t ies and the distance 

between the insert ion point and the edge i t s e l f was related to the 

length of continuous vortex sheet that would have been shed from 

that edge during the time-step At. Maul! (1979) has questioned 

the va l i d i t y of th is approach and proposed a d i f ferent formula for 

the convection ve loc i ty which he derived from the integral of 

v o r t i c i t y f lux at separation. 

A l i s t of the insert ion method used by the d i f ferent workers 

i s given in TABLE 2, column 1. 

1.24 S tab i l i t y of the Biot-Savart Method and 

Amalgamation Methods 

Some time af ter the s t a r t of an inv i sc id vortex calculat ion 

there i s invar iably an increasing randomization and the development 

of chaotic motion in the computed flow patterns. Moore (1974) 

has shown that th is stems from the inherent i n s t a b i l i t y of arrays 

of point vor t i ces , and that the minimum wavelength of the i n s t a b i l i t y 

wave w i l l be equal to the smallest interval between the vort ices . 

Even i f the i n i t i a l spacings are equal subsequent motion introduces 

errors and the spacing becomes uneven. For a flow f i e l d , given at 

an i n i t i a l instant and allowed to develop under the action of a free 

stream, the f i n i t e amplitude i n s t a b i l i t y of a uniform sheet - the 

Helmholz i n s t a b i l i t y - cannot be removed. 
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Chorin and Bernard (1972) show that the discrete approximation 

to a continuous sheet can only be possible when the rate of change 

of vo r t i c i t y along the sheet i s small compared with the spacing along 

the sheet. I f th is condition i s not maintained there i s the 

poss ib i l i t y of two vort ices orbit ing around each other. This i s 

because the ve loc i t ies induced on these vort ices are not su f f i c i en t l y 

accurate to keep them in the i r correct posit ions. When an e l l i p t i c a l l y 

loaded aerofoi l i s considered th is condition could never be s a t i s f i e d ' 

since the vo r t i c i t y at the t ip i s i n f i n i t e . Chorin and Bernard 

proposed a modification into the stream function representation of 

the discrete vortex to circumvent th i s point. By defining a small 

cut-off distance a, the normal stream function bra, unit discrete, vortex 

V M = j l o f f M y r —(1 .41) 

with r as the radial distance, outward from the vortex, i s changed 

to 

7 
V(r) = logCr) With r >, a 

—(1.42) 
7 y> 

VM = with r < a 
2 IT a 

This vortex i s sometimes ca l led Chorins vortex, and resul ts 

in a smoothly rol l ing-up sheet which c losely approximates Kaden's 

s p i r a l . The introduction of a f i n i t e core does ensure that rounding 

of f errors become less important and any i r r egu l a r i t i e s that may be 

caused by i t w i l l not be propagated. 

Fink and Soh (1974) t r ied to eliminate the error in the exact 

location of point vort ices representing a sheet by replacing the 
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vorticity density along a sheet by an entirely new set of equi-

distant vortices, whose strengths are adjusted to give a good 

representation of that sheet. This procedure was carried out 

at each time step. They had some success for this method seemed 

to remove the chaotic motion. The results gave good agreement 

with, the Anton Power Law for the rate of growth of total circulation 

TCt) 
A 

2 U 2a 
772 

U t 
772 
2a 

where 2a is the half width of the body. Sarpkaya and Shoaff (1979) 

extended this work to longer flow times and their numerical experiment 

generated values in reasonable agreement with experiment. However, 

Sarpkaya was not convinced that rediscretization was absolutely 

necessary for on re-working his 1975 paper, with a flat plate and 

originally without rediscretization, he obtained similar results. 

All models which use the numerical Biot-Savart law to calculate 

O 

the conyection velocity of each vortex must perform o(N
v
 ) 

calculations at each time step, if N is the number of discrete 

yortices, in order to obtain that velocity. The increasing number 

of operations sets a practical limit on the number of vortices which 

can be used in a calculation and most workers have found this limit 

to be only several hundred. Clements (1973) amalgamated clusters of 

yortices which had moved further than two body diameters downstream 

into one single vortex located at the centre of vorticity of the 

cluster and given the resultant strength of all the vortices of the 

cluster. This procedure has been widely adopted as it permits 

longer calculations by keeping the number of point vortices in use 

down. Apart from the difficulty of identifying the boundaries of a 
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vortex, except by inspection, the procedure is questionable for 

the effect that a sudden amalgamation may have on the flow due to 

the sensitivity of the invariants (e.g. linear momentum, angular . 

momentum, kinetic energy and total vorticity). Some models try to 

reduce this effect by performing the amalgamation of a cluster 

slowly. After a certain time, or on passing a prescribed distance, 

the oldest vortex amalgamates with its immediate successor. The 

resultant vortex fs placed, as before, at the centre of vorticity 

of the two participants. The process is repeated each time step, 

and the growing vortex will slowly become a "core" to the vortex 

cluster until finally this large vortex represents the cluster 

itself. 

The increasing randomization associated with longer time flows 

is a major difficulty in the calculation of oscillatory flow. With 

the flow reversal the clusters are brought back towards the body 

and pass close by it. This can give a chaotic element to the 

formation process. Stansby (1977), studying oscillatory flow 

around a cylinder, found that the clusters of oppositely signed 

vorticity did not pair themselves and convect away on flow reversal, 

as noticed in experiments (see section 1.13). Instead a continuous 

build up of vortices in the body region resulted, and this flow 

pattern is not in agreement with observation. 

Bearman and Graham (1979) suggest that the reluctance of the 

vortices to convect away from the body may be associated with the 

instability which leads to the randomization of the clouds, and so 

leaves them with little definite structure. 

To make his model stable Kudo (1981) introduced a simple 

elimination procedure. After a vortex has travelled a distance 
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defined as "a little further than the vortex would sweep for the 

first half period after the flow starts from rest", it is removed 

from the calculation. Using this technique for a flat plate in 

oscillatory flow his results were in close agreement with those 

of Keulegan and Carpenter (1958) for the drag coefficient, and 

for the inertia coefficient with K <4. The calculated c 
e m 

rises continually and for K > 5 diverges from the experimental 

value. 

This dissipation mechanism keeps down the number of vortices 

in the flow, if somewhat arbitrarily. Without it old vortices 

could occasionally approach the back of the plate and make the 

system unstable, as noted, amongst others, by Clements (1973), 

Sarpkaya (1975) and Kiya and Arie (1977). They all removed vortices 

which approached nearer than a specified distance to the rear face 

of the plate along the lines of the cut-off mechanism of Chorin and 

Bearnard (1972). 

Sarpkaya and Shoaff (1979) extended this to include removal 

of two oppositely signed vortices when they came within a prescribed 

distance of each other. This helped them achieve a larger reduction 

in the wake vorticity and in turn improved the accuracy of their 

results. Kiya, Arie and Harigane (1979) employed a Chorin-type 

vortex to ensure that large velocities were not produced due to 

the singularity of the point vortices. 

Nagamo, Naito and Takato (1980) looked at vortex shedding from 

a square prism and included shedding from all four edges. They used 

amalgamation routines for any two vortices which approached each 

other closer than a specified cut off distance. Their method gave 

realistic results, but was in effect a finite Reynolds number 
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calculat ion for they allowed the vort ices to have a growing 

f i n i t e core witK & vortic.it/otistribah'oa accordi™ to 

\ ^ I 
v(r,t) = r 

0 
1 - exp V 

4\>t 
\ 4 

where r i s the radial distance outward from the vortex, v the 

kinematic v i scos i ty and t the time, or age, of the vortex. Kiya, 

Arie and Harigane(1979) tested the i r model with and without inclusion 

of th is decay funct ion, viewing i t as a representation of the growing 

three-dimensional nature of the vortex cores and finding i t s 

inclusion benef ic ia l in dampening numerical i n s t a b i l i t i e s . This 

c i rcu la t ion decay models a process by which the strength of the 

v o r t i c i t y in the normal direction of the two dimensional plane i s 

reduced. The resu l ts were in closer agreement with experiment; 

reducing the drag and increasing the rate of growth of c i rcu la t ion 

to within 5% of the experimental value, where previously the drag 

had yaried between 20-40% higher and the rate of growth of 

c i rcu la t ion was 9% smaller . 

Leonard (1980) has shown that the "vortex blob" technique 

(vort ices with f i n i t e cores) does not preserve spat ia l accuracy, 

unlike the inv i sc id approach which s a t i s f i e s the equations of 

motion exact ly , save for time integration er rors . With the blob 

technique the computational elements are assumed to reta in the same 

shape for a l l time, even though in a real f l u i d an element carrying 

v o r t i c i t y may suf fer considerable s t ra in and d i s to r t . 

The e f fect of v o r t i c i t y cancel lat ion through mixing i s 

represented in discrete vortex models by a certain number of 

vort ices entering a given vortex c luster of opposite sense. In 
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practice only an in su f f i c i en t amount of mixing ever occurs. I t 

has been noted by several workers that the concentrated vortices 

of the wake contain about 80$ of the shed v o r t i c i t y ; in 

contrast to the experimentally measured value of around 60$. 

1.25 Representing V iscos i ty 

Chorin (1973) represented v i scos i ty by adding a random walk 

e f fec t on to the motion of the vort ices at each time step. By 

using a step length proportional to CvLt)2 the ef fects of 

v i s cos i t y w i l l be correct ly reproduced within the s t a t i s t i c a l 

sense. Ashurst (1977) incorporated th is method into the calculat ion 

of flow down a step with very sat i s factory re su l t s . The model used 

a yast amount of computer time but the calculat ion succeeded in 

producing good v i sua l i sa t ion . Milinazzo and Saffman (1977) found 

that while the method i t s e l f was sound, the number of vort ices 

required to give adequate resu l ts must be large when compared to 

the Reynolds number involved. 

Other techniques which are used in modelling may resu l t in 

the di f fus ion of v o r t i c i t y , whether intentional or not, e .g . the 

use of low order time integration schemes. Di f fus ion, by some 

means or other, i s shown by a l l workers to help present an 

ordered flow f i e l d . However, the numerical errors introduced by 

these techniques which are used to suppress chaotic motion have 

not been subjected to a systematic examination as there i s no 

physical meaning to discrete vort ices used as the representation 

of a sheet. 



1.26.1 Detai ls of the Numerical Calculation -

Routh's Correction 

The velocity of a vortex in one plane does not give the 

correct velocity when transformed into another plane. I t i s 

necessary to use Routh's correction. For a veloci ty in the c i r c l e 

plane th is reduces to subtracting the complex potential for the 

vortex, say the pth, which i s located at the point at which the 

velocity i s to be calculated, i . e . i t i s necessary to subtract 
iT 

faE- log (Z - z ) from equation (1 .27) . To determine the velocity 

in the real plane the inclusion of the appropriate transformation 

i s necessary, which in the c i r c l e plane and using equation (1.31) 

for the transformation requires subtracting from the potential 

equation 

i T iT 

fa
 +

 ifar 

2 \ 
1 + a_ —(1.44) 

P 

The second term here i s a consequence of the transformation used. 

This gives the veloc i ty in the c i r c l e plane at c = as 

u - vo -
dco 

U m 1 -
a 
2 ̂  N 

+ i
 I

 r

± 

j'yp 
5 - C. e -

a

 fa* 
3 

- { 1 . 4 5 ) 

iT 
+ —E. 
* 2ir 

a 

f
 2

 ^
 2

S 

where the l a s t term p fa a 2 i s the Routh correction for the 
2 » 

c i r c l e plane, and the summation excludes the pth vortex. 
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I f the time integration i s to be performed in the c i r c l e 

plane the ve loc i ty must be modified to take account of the 

transformation. 

I f z. 7
 , 3fi>* a C*

 A
 + -

 7
 .

 c z0 +jl 'tz
 L t

 - zo+
 e 

and c = f(z) 

then = + zf'(z0) + \ £ V czq) + 

Therefore, to f i r s t order, the ve loc i ty used in the c i r c l e plane in 

the time integration i s given by 

dto* 
h

 =

 3 ? 
H 
3 Z 

— ( 1 . 4 6 ) 

The inclusion of Routh's correction w i l l modify th is to 

36) * - ill..
 a  

3C 
3 Z 

—(1.47) 

Multiplying out th i s l a s t equation w i l l give the f u l l Routh rule 

correction for a ve loc i ty in the plate plane in i t s usual form as 

iT
p
 a X 

2tt , 2 ^ 2,2 
(X + d ) -

1.26.2 Detai ls of the numerical calculat ion - Time integration 

A long flow time would be possible by using large time-steps. 

However the s i ze of the step must be governed by the a b i l i t y of the 
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vort ices to follow the streamlines especia l ly near the separation 

point where they are usual ly highly curved. In Fig. 1.26, from 

Clements (1973) the so l id l ines are true streamlines for steady 

curved flow. The broken l ine shows the path that a pa r t i c l e , with 

constant ve loc i ty , would take for subsequent time-steps. The 

par t ic le follows a path of smaller curvature than the true stream-

l ine path. In a discrete vortex model, i f At i s too large the 

vort ices w i l l not be capable of following the high curvature of the 

streamlines and could break through a l ine of vort ices representing 

a part of a vortex sp i ra l further out from the centre. 

Mostauthors aim to use a low number of vort ices and to keep 

integration time steps as large as possible so as to make the total 

computer time required, and the cost , as small as possible. 

Clements (1973) found that i f the time step interval was increased 

then vort ices of r e l a t i ve l y large strength were inserted with wide 

spacings. Amalgamation methods (see 1.24) are e f fect ive in keeping 

the total number of vort ices down with the additional advantage of 

helping to suppress i n s t a b i l i t y growth and therefore make longer 

flows more possible. Longer interva ls between the introduction of 

vort ices instead of at each time step, w i l l keep the number of 

vort ices in the flow lower. Sarpkaya (1975) included an amalgamation 

routine and allowed f i ve small time steps between each insert ion. 

This was successful in preserving s t a b i l i t y and giving a very long 

flow time with a low total number of vort ices . Usual ly , e .g . 

Clements (1973), Nagamo et al (1980), Stansby (1977) the interval 

between successive insert ions i s two time-steps. I t i s th is 

i n te r va l , and not the time integration step length, which Clements 

(1973) says i s c r i t i c a l for the s t a b i l i t y of the method and the 

r e l i a b i l i t y of the re su l t s . 
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The CIC method can handle a very large number of vort ices . 

Christiansen (1973) used 0(3000) and even larger numbers should 

be possible. The normal Courant-Friedriches-Levy c r i te r ion for^ 

the mesh s t a b i l i t y , applied to the CIC method on a square gr id , 

would require 

V Lt < 8R —(1 m ,
 x 

where Afl i s the mesh width. There i s no evidence to suggest 

that th is re s t r i c t ion i s necessary when applied to a mesh in 

the CIC method. Christiansen (1973) used a 'leapfrog1 integration 

scheme to give a large timestep for his model of the interact ion 

between isolated areas of v o r t i c i t y . However the leapfrog scheme 

can become unstable and cause i n s t a b i l i t i e s when the two leve ls 

get out of step. 

1.27 Summary 

Results so fa r presented, see Table 2, while dealing with 

several types of bodies, a l l indicate that the Strouhal number i s 

r e l a t i v e l y insens i t ive to changes in the shedding process and to 

whether or not a c i rcu la t ion reduction scheme i s included. This 

i n s e n s i t i v i t y explains the success of ear ly models in predicting 

the Strouhal number f a i r l y accurately . 

The drag coef f i c ient i s generally found to be 10 - 20% 

higher in the calculat ions and most authors agree that th is i s 

due to in su f f i c i en t cancell ing between oppositely signed v o r t i c i t y . 

Estimates for the l i f t coef f i c ient are higher than" those proposed 
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experimentally and are found to be sens i t ive to changes of the 

parameters used. Nagamo et a l . (1980) found c L to be the most 

c losely predicted of the i r resul ts on the square prism. 

There are only a few resul ts for osc i l l a to ry flow. The 

force traces agree c losely with those obtained experimentally 

but with higher peaks, presumably due to the returning vortex 

c luster passing close to the body. Experimentally Sarpkaya (1966) 

found cM approximately constant on a cyl inder for Reynolds number 

0(10
5

) and K
o
 > 15 at c ^ 1.8. Stansby (1977) calculated that 

C
tg

 slowly rose from 1.25 at K =15 to 1.6 at x = 30. The 
m o c 

l i f t coef f ic ient for the two data sets are close at x =15 with 
<2 

C
T
 ^ 0.65. The experimental value drops considerably reaching 

C
r
 = 0.16 at x = 30, while at the same stage the numerical 
L C 

value has only s l i g h t l y f a l l en to c
T
 = 0.46. The calculated drag 

coef f ic ient i s within reasonable agreement of the experimental 

value throughout the range examined. 

To summarize:-

TABLE 3 

In- l ine 
force 

'd 'M 

Steady High High 
up to 40% 

High 
Sensit ive 

Close 
Insensi t ive 

Osc i l la t ing Reasonable Reasonable Very High Very high 
Good to High Diverging 

for x >5 
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Models which have included a numerical statistical viscosity, 

or employed some form of circulation reduction scheme have 

usually calculated the force coefficients to within reasonable
 k 

accuracy of their experimental counterparts. 

The first CIC programs which include shedding from a body 

are now beginning to appear (e.g. Stansby, 1982) but as yet there 

has been no systematic investigation of the effects of mesh size 

and the resolution on the final results. Errors of grid-scale size 

are in evidence and the effect of the size, and shape, of the cell 

on these is not known. The introduction of a body means that the 

calculation must solve the boundary conditions and these must be 

fitted exactly at the body. 



CHAPTER 2 

2.1 THE BIOT-SAVART NUMERICAL MODEL 

2.10 Introduction 

The program VORTEZ was written and coded to evaluate the velocity 

at each vortex due to the influence of every other vortex in the flow 

field about a flat plate, as given by the Biot-Savart law and 

explained in Chapter 1. The bluff body used was chosen to be a flat 

plate because it can be easily transformed into a circle using 

equation (1.31) (a case for which potential representation is simple) 

and also because the separation points can be located exactly. Vorti-

city was introduced into the flow from these points and the time 

development of the model was examined. 

2.11 Details of the model 

The flow field of a plate of width 4a was transformed into the 

flow about a circular cylinder of radius a using equation (1.31); 

illustrated in Fig.2.1. The potential equation for the flow in this 

plane, as given earlier, is 

u)U) = u m 

a 2 

5+ 

N 

+ 1 
it r a

2

] 
Zn(£-c ) - In x- — 

2ir v L c* J 
* v 4 

• ( 2 . 1 / 
1.27) 

where c is a point in the circle plane and c
p
 the locations of the 

N vortices. The velocity was calculated at the two shedding points 

£ = ± ia. A vortex was then inserted close to each shedding point 

with sufficient circulation to satisfy the Kutta condition at the 

separation points on the plate, giving a finite velocity at the edge. 

- 57 -
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The method of introduction was made to be as simple as possible and 

followed the previously described introduction method (I). The 

effect of the emerging shear layer which would have emanated from the 

edge in the small time interval At is represented by a single point 

vortex placed a short distance out from the separation point, Fig.2.2. 

Following Bearman and Kamemoto (1978) the locus of the vortex intro-

duction point was required to lie on the outward normal of the 

transformed separation points, c . A length along the normal, 
s 

was used such that the nascent vortices were introduced at 

C = ± i{a + a ). The conjugate velocity* at C = C is given by 
CL S S 

8co 

3C 

N ft 

= 2u + i 
p~l 2tt C--C 

s p 
5 -a

2

/C* 
s V J 

— ( 2 . 2 ) 

The strength of the nascent vortex was selected to give zero tangen-

tial velocity in the circle plane at the separation points. Each edge 

was treated separately as the effect of a nev.- vortex introduced at 

C = 
a 

is negligible at c = -c . This implies that 

8u) iv a 

Sit C -z, z, -a/z* 
s *a s 

= 0 — ( 2 . 3) 

which can be solved to yield then similarly for the other 

edge. This introduced two new vortices into the field of flow, one 

by each separation point. The velocity equation at the other vortices 

C = c . was then gi ven by 

3u) 
= u C - 2 -

' J 
V 

N+2 ir 

+ I - E 

p=7 Stt 
p?3 

K

 J p J p
 J  

(2.4) 

as there were now (tf+2) vortices in the flow. The position of 

each vortex was advanced during a small time step,. At. Vortex 
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introduction can be performed every timestep or after a multiple of 

timesteps, i.e. At^ = nLt, but each introduction inserts two more 

vortices into the flow. 

The motion was followed by integrating the system of ordinary 

differential equations in the Z, or physical plane with the 

inclusion of an inverse transformation factor, so that 

_9w 
9z $7 17

 _

 1r 17 
9(l) 
9C 

h 
9 z 

-(2.5) 

As a tcg,f\sformation is use,cl it is necessary to 

include Routh's correction, see section 1.26.1. The velocity is 

then given by 

q* H

Z 

9o) it. a _ q_ 
9; 2tt £(c2+a2) 

9C 

hz - ( 2 . 6 ) 

and calculated at every vortex point c = for j = 2, N+2. 
o 

The force exerted on the body was calculated using the general-

ized Blasius Theorem approach, given by Sarpkaya (1975) and described 

in section 1.14. This gives the vector force F for this case as 

l - 4 ™ 2 c

m at 
o 

dU . d I 
- * 

p=2 
C - — 

v c* 
v <=>p J 

(2.7) 

For an infinitely thin flat plate, C
M
 equals 1.0'and the flow is 
o 

assumed incompressible with p taken as unity. The differentiation 

was calculated using central differences, so that if 

n 
nt) = l r 

p=2
 1 

r — pl-
IP x>t 
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the differential at time t is given by 

-

t , - t
 7 n+J n-i 

To save undue calculation, the in-line force was calculated after 

every fourth timestep, i.e.
 t

n
 ~

 4 T h e

 logical flow 

chart for the program VORTEZ is given in Table 4. 

2.21 Impulsively started flow 

The effect on the emerging shear layer, and its roll-up, of a 

variation in the insertion length a was studied. The parameter 
s 

a 
P
v9
 defined earlier in equation (1.40) as P

v
 = rrr-^r was used to 

A A U i\u 
m 

catalogue the results. Changes in p were brought about by 
A 

varying a or At.. The free stream velocity u was constant 
* s % m 

throughout these calculations. The results correlated well with 

those of Bearman and Kamemoto (1978). 

With high there emerges a pair of well-defined, 

tightly rolled-up vortex clusters growing symmetrically downstream, 

one from either edge, Fig.2.3. With lower P
K
 the vortex clusters 

appear as more loosely wound spirals, Fig.2.4. When p < the 
A 

clusters are not perceivable as organised structures, Fig.2.5. 

The initial rate of growth of circulation from an impulsive start 

is plotted in Graph 1. The curves fit in well with those of Bearman 

and Kamemoto and are also in good agreement with the Anton similarity 

power law, as described by Fink and Soh (1974). They found that the 

initial rate of growth of circulation is proportional to the non-

dimensional i zed time of flow raised to the power of 1/3. Graph 1 

shows this and the result of Graham (1977) who used the Single Point 

Vortex (SPV) method to obtain similar results. The displacement of 
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the emerging shear layer for the case of p = 1.85 is shown 
u t K 

in Fig. 2.6 at a time = 1.0. The lines of discrete vortices 5

 2a 

have started to wind around themselves and the formation of vortex 

clusters has begun. The in-line force coefficient, Graph 2, peaks 

very soon after the impulsive start and then decreases. If the 

clusters are left to grow, they continue to wind, Fig. 2.7, and will 

eventually perturb themselves, due to numerical truncation error and 

instabilities entering the calculation. The familiar Karman vortex 

street wake would then develop. 

A perturbation is necessary to initiate vortex shedding. The 

inclusion of an artificial disturbance will hasten its development. 

Several options are available: (a) Incline the plate at a large 

angle of incidence (approx. 60°) to the oncoming stream, Sarpkaya 

(1975), Kiya and Arie (1977); (b) Change the position, or 

strength of a cluster already formed, Sarpkaya and Shoaff (1979); 

(c) Include stronger vortices than required (Clements, 1973). A 

variation of this last method was eventually used. One single 

vortex of approximately double the strength of the maximum of any 

single vortex released into a cluster was located one plate width 

downstream and displaced below the axis by a half-plate width, 

i.e. ^ = "(4 + 2i)a at the commencement of motion, t = 0. As 

the time proceeded, a wake structure, not unlike a Karmen street in 

appearance, became established in the downstream direction. A 

typical sequence is shown in Fig. 2.8,with P
K
 = 0.94. 

The evolving vortex cluster is created by the insertion of, at 

first, vortices of increasing strength and then decreasing strength. 

The cluster does not detach itself as soon as the weakest point 

vortex has been inserted. As the flow continues after this minimum 
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has been passed, vortices of increasing strength are inserted and only 

when this weakest vortex has travelled a small distance downstream does 

the line of vortices divide at this vortex. The 'tail' formed is 

gradually wound into the cluster as it moves away downstream. The 

short line of vortices, which are of increasing strength towards the 

shedding edge, remains attached and winds itself into a new cluster. 

The Strouhal number can be estimated by inspection of Graph 3 

and, as in most discrete vortex nummerical models, is well predicted 

with s. = 0.160 for the case of p -0.24. This is in 
V K 

agreement with previous estimates. Fage and Johansen (1927) found 

experimentally that s = 0.148 while Abernathy and Kronauer (1962) 

give s = 0.164. 

Usually after 2, and at most 3, periods of vortex shedding, the 

drag force trace begins to show erratic movements, see Graph 3, as 

instabilities work in to the calculation. By this stage there are 

of the order of 0 (200) vortices in the flow. This limit of only 

several hundred vortices has been found by other workers to be the 

case (although the exact number will depend on the computer used). 

However, the early results and the computed flow patterns are good. 

The computed flow patterns presented here are of the Cartesian 

location of the point vortices in the physical plane. These points 

lie on filament lines emanating from the separation points. Some 

of the pictures are of a "streak" type. These are constructed by 

joining together the locations of a vortex at two instances in 

time. To compare with visualisations of Singh (1979), the non-

dimensional time interval between these two frames is calculated to 

correspond to a l/10th-second exposure time with a 76.2 mm diameter 

body, which was used in Singh's experiment. The relationship between 
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streak!ines and the instantaneous streamlines is extremely complex. 

Filament lines are obtained where using dye, or smoke, in visualisation 

experiments. Instantaneous streamline patterns can be obtained from 

short time exposure photographs of small particles such as aluminium, 

which have been introduced into the flow. 

For very short time 

intervals, streaklines, pathlines and instantaneous streamlines are 

identical (Perry, Chong and Lim, 1982). 

In conclusion, it was confirmed that a correlation between the 

location of vortex insertion and the integration timestep size existed 

and effected the resulting flow characteristics. This is in agree-

ment with Bearman and Kamemoto's findings, and that flow with 

P
K
<0.3 give unrealistic results, both in force coefficient result 

and computed flow patterns. No upper limit was found. For cases 

with pg> 1.8 computational difficulties are encountered before the 

pattern is sufficiently developed, because such a case uses a very 

small timestep. As two vortices are introduced every other timestep, 

the number of steps is governed by the practical limit on the number 

of vortices. Measuring the time in CDC6500 seconds, the central 

processing time required to develop a flow with 180 point vortices, 

is 750 cp sees, which gives an average of 8.333 cp secs/timestep. 

This average is misleading as the number of operations in a single 

timestep is proportional to the square of the number of vortices in 

the flow at that time. The total time required to reach 200 point 

vortices is 1100 cp sees, which implies that the last 20 integrations 

require, on average, 30 cp secs/timestep. 
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2.22 Oscillating flow 

The stream velocity has the form U(t)= U sin(wt) where w is 
m 

the frequency in radians/sec, w is related to the Keulegan-Carpenter 

2ir u 
number by __ ™ and v is the maximum stream velocity during 

K 4a m j o q 

a cycle. Low values of the Keulegan-Carpenter number were used to 

test the model (X = 3 and 6). Figure 2.9 shows the flow 

patterns during the first oscillation. As the flow moves into subse-

quent oscillations, chaotic motions develop, F ig .2.10. One of the 

main causes of this breakdown of structure is due to the inability of 

the vortices to convect away from the body region. The force coeffic-

ients for these cases are close to the values found experimentally. 

Experimental evidence (Bearman et al. 1981) show that at a Keulegan-

Carpenter number of 3 or 6, a vortex cluster formed on one edge of the 

plate will, with the flow decelerating and then reversing, pass over 

the top of the plate and align itself as one part of a pair with the 

new vortex then being formed at the shedding edge as the other part 

(e./. Fig.1.6). Each vortex in the pair induces a velocity upon the 

other and so the pair moves out of the region of the plate. 

The failure of the model to reproduce this effect could be due to the 

nature of a cluster - an array of point vortices which, in time, is 

becoming more random and more diffused. The structure of the cluster 

may cause it to break up prematurely. The Single Point Vortex 

method with all the vorticity of one sense concentrated into a single 

point, exhibits pair shedding, but only if the vortices are artifi-

cially split (shed) when the second vortex reaches the same magnitude 

as the first in any pair (Graham, 1977). 

An amalgamation routine was introduced to help maintain the 

stability of the model. The oldest vortex in a cluster was made the 
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"core" vortex. The "core" vortex and the point vortex immediately 

behind i t in time were amalgamated together and the resultant new 

"core" placed at the centre of vo r t i c i t y of the two part ic ipants . As 

the "core" becomes la rger , so the new resultant position w i l l involve 

less of a relocation. This process conserves the total c i r cu la t ion 

but cannot maintain the correct veloci ty d i s t r ibut ion , especia l ly 

close to a "core". As the "core" moves further away from the body, 

the e f fect of th i s replacement on the body w i l l diminish. No amalga-

mations were performed in the f i r s t hal f-cyc le so that the structure 

of the flow f i e l d could develop normally. , The interval between 

amalgamations was chosen to be two timesteps; once amalgamation has 

commenced, the total number of vort ices in the flow w i l l remain 

constant. No removal or destruction of vo r t i c i t y was included. 

Using the above process, the flow was able to develop over 

several o sc i l l a t ions . Pair shedding was observed in the f i r s t two 

cyc les , Fig. 2.11. After th is time, chaotic motion became evident 

and the effects of i n s t a b i l i t i e s distorted the flow patterns. By 

allowing vort ices to amalgamate, the onset of chaos i s held back but 

not postponed indef in i te ly as numerical i n s t a b i l i t i e s , truncation 

errors and errors in the numerical ccmplex transformation work through 

the calculat ion. These ef fects indicate that i t i s not possible to 

run to e f fec t ive lengths of flow time without some mechanism to prevent 

the development of randomization. 

For k = 6 the resu l ts a f te r the f i r s t o sc i l l a t i on give o 

= 3.65 and c „ - 1 .16; both lower than the i r experimental equiva-
D M 

lent . In the f i r s t hal f-cyc le the in - l ine force i s low. This i s 

because the flow i s s tart ing from rest and no previous vort ices have 

been shed, which produce back flow on the plate . The Cp peak for 

the f i r s t hal f-cyc le i s approximately 2/3rds the magnitude of subse-

The computer l ibrary routine used to perform complex div is ion 
involved a series solution. 
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quent peaks. Here | C
p
 | = 3,03, and in the second ha l f cycle 
max 

|C
p
 | =6.46, occurring at times t/T = 0.208 and 0.608 respect ive ly ; 
m a x n ( 

wth C p ^ ^ l l M a compldc g/c lc .0unnjtk - s e c a n i c y c l e the f i r s t | = 6.84, 
max 

the second \c | = 6.13 at t/T = 0.792, which gives a reduced 
max 

i ne r t i a coef f i c ient of C
M
 = 0.49 due to the increased time lag bet-

ween maximum acceleration (t/T = 0.0 or t/T -0.5) and the maximum 

in- l ine force. This i s very much lower than experiment which 

suggests a value of C = 1.35 (Singh, 1979) or the work of Graham 

(1979), which calculates C
M
 = 1.83. The low C

M
 'value in the 

second cycle may also be due to the extensive amalgamation which i s 

necessary during that cycle to maintain s t a b i l i t y . The model 

predicts = 5.44 in the second cyc le . This i s closer agreement. 

Experimentally Singh gives C
D
 = 3.77 and from flow around a single 

edge, Graham calculated c
D
 = 6.49. 

Using k = 3 i t was possible to complete three osc i l l a t i ons . 

As no amalgamation was included, the predicted flow pattern became 

extremely distorted, F ig .2 .10 . Although this v i sua l i sat ion i s 

chaotic , the results are in closer agreement, y ie ld ing = 9.33
s 

C - 1.18 and C„ = 6.98. Graph 4 plots the in- l ine force for 
M

 RMS 

th is case. Graham predicts C
D
 = 8.18 and C

M
 = 1.52 and the 

nearest experimental resu l t of K^ = 2.7 f inds C
D
 = 9.76 and 

C
M
 = 1.56 (Keulegan and Carpenter, 19.58). 

When amalgamation of vortices i s included, the v i sua l i sat ion i s 

recognisable as a flow consisting of c lusters of vort ices . Without 

amalgamation routines only short flow times are possible before chaos 

breaks up the organised structure . However, the in- l ine coeff-

ic ients for these cases are in closer agreement with experimental and 

theoretical values. This paradox must be accounted for by concluding 

that the simple centre of vo r t i c i t y amalgamation routine i s not s u f f i c -
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i en t , and a scheme which conserves more, i f not a l l , of the invariants 

i s necessary; for i f any model i s to be considered re l iab le both the 

v isua l i sat ion and the numerical coeff ic ients must agree with experi-

mental evidence for cases which are d i rect comparisons. Some 

workers have t r i ed redistr ibut ion routines which share the vo r t i c i t y 

equally among the vortices representing the emergent shear layer 

a f te r each timestep, e .g . Sarpkaya and Shoaff (1979) and Fink and 

Soh (1974) but have not proved them to be any better . 

2.23 Summary 

A l l applications of the method of discrete vortices have 

exhibited some unsatisfactory features which have required the use of 

new parameters that are not related to the conservation equations in 

order to give successful resu l ts . They can be summarized as fol lows: 

( i ) A c luster of discrete vort ices which moves under i t s own 

influence inevitably tends to a random dis t r ibut ion . The 

discrete vortex sheets suf fer from the Helmholtz instabi-

l i t y , independently of other numerical i n s t a b i l i t i e s . The 

Helmholtz i n s t a b i l i t y shows that an in f in i tes imal d istur-

bance of the sheet w i l l grow exponentially and the small-

est length scales w i l l grow the fas tes t (Saffman and 

Baker, 1979). 

( i i ) Computer storage and processing time impose severe l imi ts 

on the ca lcu lat ion . Most of the computational time i s 

taken up by the calculat ion of the ve loc i t i e s . I f 

vortex c lusters are coalesced to lower the number of 

vor t i ces , the computer time and storage can be l imited. 
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The d i f f i c u l t y expressed in ( i ) i s that , l e f t unattended, chaotic 

motion always develops in any vortex model, and i t seems that the 

basic idea of replacing the sheet by point vortices may be at f au l t 

(Moore, 1974). Using more point vort ices makes matters worse, not 

better . The d i f f i c u l t y in ( i i ) i s due to the long calculat ion time 

which increases proportionally to the square of the number of 

vort ices . This means that the cost of the processing time becomes 

too high and uneconomic for the method to be considered as a r e a l i -

s t i c way of examining a long time development of f l u i d motion. 



CHAPTER 3 

3.1 THE CLOUD-IN-CELL NUMERICAL MODEL 

3.10 Introduction 

The Cloud-In-Cell (CIC) method i s rapidly becoming a standard 

technique of plasma and high-energy physics because of i t s a b i l i t y 

to handle a very large number of par t i c les and compute the i r paths 

and interactions at very much higher speed than the Biot-Savart 

method given above. This in turn means very much less computing 

time i s required with corresponding cost savings. Christiansen 

(1973) gives f u l l deta i l s of this method and presents examples of 

th is method in potential problems. The motion of a two-dimensional, 

incompressible, i nv i s c id and homogeneous f l u i d with the gradual 

evolution of a continuous vo r t i c i t y d ist r ibut ion i s a potential flow 

problem. 

3.11 Mesh Scheme and interpolation scheme 

The theory behind the CIC method has been described in 

Section 1.22.2 and may be summarized as fol lows: 

( i ) Represent the shed vortex sheets by arrays of point 
vort ices . 

( i i ) Ident i fy the ce l l each vortex resides in . 

( i i i ) Interpolate the vo r t i c i t y on to the surrounding grid 

points. 

( i v ) Calculate the velocity at these grid points. 

(v) Reinterpolate the ve loc i ty . 

( v i ) Time integrate the motion. 

- 69 -
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This method can be used to improve considerably the computational 

e f f i c iency when a large number of point vort ices are involved. The 

f i r s t model developed, program SEAVOR, used the influence function 

method, i . e . the ve loc i ty at each gr id point was calculated using the 

Biot Savart approach from the influence of every other mesh point . 

With an I x J mesh th is requires solving 

So) 

ac 

— = u i -
a' 

r . . 

i i 
2tt 

3=1 
C - 4 

•(3.1) 

•Z-yd 

t . . 
where i s the circulation at the mesh point I f there are 

N point vort ices in the f low, then the numerical Biot-Savart method 

w i l l require the order of 0(N
 2

) operations per timestep. With th i s 

CIC method, for an I x J mesh, the number of operations required per 
timestep i s of the order 0(I

2

J
2

). For N »IJ, the mesh scheme i s r v 

computationally more e f f i c i e n t (another method for ca lcu lat ing the 

ve loc i ty at each gr id point i s described in Section 3 .21) . 

A l l CIC methods to date have employed a square, or rectangular 

gr id and used a simple b i l i nea r interpolat ion scheme (area weighting) 

to map the vort ices in the i r c e l l s . In the transformed plane, the 

body i s a c i r c l e . A c i r c u l a r mesh was constructed around the body 

using 

j-1 
r. = ail + A) 
t 

— ( 3 . 2 ) 

where a i s the radius of the c i r c l e ; r . the radius of the i t h 
Is 

r ing , and A the angle between two successive arms of the mesh, 

given by 

A = 60 = 2tt 

J 

— ( 3 . 3 ) 
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for an I x J mesh with I t r ave l l i ng outwards for i - l
9
 I rings 

and J t rave l l ing counterclockwise with j =7, J arms, F ig . 3 . 1 . The use of 

this s ty le of mesh allows s impl i f i cat ion of the f i n i t e difference 

representation of Poisson's equation to second order throughout (see 

Section 3.21) and here, using the influence function method, enables 

e f f i c i e n t programming in storing and implementing the method due to 

the regularly increasing nature of the grid and i t s symmetry. 

The b i l inear interpolation scheme was modified to take account of 

the c i r cu l a r nature of the gr id . I f p and q are the radial 

coordinates of the mesh point then 

a - p + X6r. and b - q + y66 
Yt Yt 

w i l l be the coordinates ( a b y of the nth point vortex, where 

6 r . i s the difference between the r ing radius r . 7 and r . , F ig . 3 . 2 . 
1s » J. 1, 

The area 4 i s found from the difference between the two segments 

of radius (r .+ X6r . ) and radius r . , normalized over the c e l l ; and 
% Is 1s 

s im i l a r l y for the other regions. I f i s the vo r t i c i t y at the 

mesh point then the modified interpolation scheme for th is 
r

n c i r cu l a r grid system, for each vortex —- i s 
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n 
2ir ( 2 - X ) ( 2 - y ) 

2r • + 6r . + X6r . % ^ ^ 

+ <5 r . 
n A - • a 

2tt
 r

4 

qusj+l) -h a ~ X ) v 

2r. + Sr. + A6r. ^ % 

2r . + 6r . 
n 
2ir 

n 
Sir 

x(l-v) 
2r. + xfir. ^ , ^ 

+ Sr. % % 

n 
2ir A2 

— ( 3 . 4 ) 

n . 
2tt 

2r. + X6r. fr ^ 

2r . + Sr . ^ ^ 
Sir 

>12 

where A1 + A2 + a 3 + a 4 = 2. 

The body i s the centre ring of the mesh and so a s imi la r system 

was constructed for the images inside the body, F ig . 3 . 3 . 

a (i-1. 

Fig. 3.3. 
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fl(^j) 
n 
Sir (i-x)a-u) 

2r. - Sr. , - XSr. ~ 

2r. -sr. , 

n 
27 

Sr. - Sr. - -.XSr. 7 
i i-l i-l 

2r. - Sr. , 

n 
^ X ( M i ) 

Sr. - XSr. , 

Sr . - Sr. , 

— ( 3 . 5 ) 

n = ^ Xy 
Sr. - Ar. , 

i i-l 
2r,. - Sr. • 

i i-l_ 

The velocity is calculated at each mesh point using Eqn.(3.1) to 

give u d j j ) . A reverse scheme is then employed to give the indivi-

dual velocity of the vortex, q , using the same values of X, y, r. 

and Sr. as originally found. This gives 
i 

a = (7-X)(7-y) an 

~2r. + Sr. + XSr . i i i 
2r. + Sr. i i 

+ U - X ) y 
~Sr. + Sr. + XSr. i l l 

2r. + Sr. 
7. ^ 

u(i+l
3
j) 

+ X (2-y) 
~Sr. + XSr 7 i i 
2r. + Sr. 

7. ^ 

-(3.6) 

+ Xy 
Sr. + XSr . 

Sr. + 6r. i i 
u(i+l ,j+7) 

This method of interpolation conserves vorticity but does not 

produce an isotropic velocity field. Relatively large perturbations 

due to the mesh, on a scale compared to the mesh size, may be 
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produced but Leonard (1980), reviewing current methods, indicates 

that although these fine-scale errors are present, they may not 

seriously affect the large scale features, which seem to be mesh 

independent. 

3.12 Introduction of vorticity and the 

shedding mechanism 

If a point vortex is placed within the first ring of cells 

outside the body and is on, say, the outward normal of the shedding 

point (c = ±ia)> the velocity at the shedding point calculated by 

the grid system becomes unrealistic. At the oattf edge of the 

first mesh there is no error between the correct velocity and the 

velocity calculated by the mesh system, see Fig.3.4. As the 

boiy is approached, this error grows rapidly. A vortex close to 

the body is reproduced as a contribution to the vorticity at the 

first outward grid point, Fig.3.5. The mesh theory can only 

estimate the velocity due to this vortex and its image at the shedding -point, 

u
 7

 s as 
mesh 

i\t 1 iXr ' 1 
u

mesh
 =

-~2tT 6r7 ~ 6F77 —(3.7) 

i 1—1 

The symbols are as in Fig.3.5. In this situation, the correct 

velocity at the shedding point,
 u

T e a
i > ^ Qiven by 

iT 1 iT 1 

^ r - " s T * = — - ( 3 . 8 ) real " " 2ir X£F7 2ir X6r. , i i-l 
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The mesh system predicts a velocity distribution similar to that 

of a vortex with a core. The error between the velocities is due to 

the fact that the velocity point is close to a cell wall (which is the 

cylinder) and that at the shedding point the net vorticity is zero. 

The error is negligible for cells which are not adjacent to the circle 

and so involve all the corners of the mesh for the reinterpolation. 

The two cells either side of the shedding point are referred to 

as the shedding cells (shaded in Fig.3.5). A correction velocity 

equal to the difference between the real and mesh velocities, 

u

real~
u

mesh
9 o n t o v e

l°
c

ity supplied by the program for 

the vortices in these shedding cells. In practice, this only 

concerns a small number of vortices, apart from those being intro-

duced by the shedding mechanism. Any new vortices, which in a real 

flow would be created at the shedding point, will enter the grid 

system via either of the two shedding cells. 

At the end of one timestep, the latest shed vortex, in either of the 

shedding cells, is termed the link vortex. New vortices of equal strength are 

placed along the vector between the shedding point and the link 

vortex, Fig.3.6. The number of vortices required, equally spaced, 

to satisfy the Kutta condition and give zero tangential velocity at 

the shedding point, is found by successive iteration from one, until 

the required number is found. If there is no vortex in the shedding 

cell, the new vortices are introduced along the outward normal at the 

shedding point, Fig.3.7. This corresponds to placing the vortices 

along an extension of the plate, in the physical plane. The new 

vortices are placed along a length equal to the length of the emerging 

shear layer in that timestep 

u T bt 
2 = — * u dt m 

(3.9) 
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with u as previously , the convective velocity of the shear layer 

at the shedding point which i s found from the mean veloci ty of i t s 

two edges. This gives the length of emerging shear l ayer , ds
>%

 as 

ds = J h ^ d t —(3 .10) 

where AT i s the change in c i r cu la t ion , due to n^ vort ices 

of strength tq being introduced. This method of insert ion was 

also used i f the l ink vector should make an angle greater than 90° 

with the outward normal at the shedding point, for the program might 

then try to inser t vortices inside the c i r c l e . The value of n . was 

found by i te ra t ion . The model assumed the integral number of vort ices 

inserted sa t i s f i ed the Kutta condition exact ly , i . e . = 0 at 

C = ± ia. 

The factor -|§- used in the velocity calculat ion i s non-zero and 
o a 

tends to i n f i n i t y as r, + i a . To avoid using an un rea l i s t i ca l l y high 

value for this factor , the insert ion positions were biased so that a 

double space was l e f t next to the cyl inder and the spacing between the 

vortices equal, F ig .3 . 7 . This biasing was accounted for in the 

i te rat ion routine to determine n.. For large n. {n. >_ 5) th is was 

not s u f f i c i e n t ; the vortex c losest to the body w i l l be given a 

velocity f a r larger than the vortex at the head of the insert ion l i ne . 

Using a value of n . = 2 the value of -|§ at the f i r s t grid point out 
% Ou 

from the shedding point was l inear l y extrapolated to y i e l d a value of 

2.3333 x | | 
oil 

at the cy l inder . This estimation was used for -|§ 
• -t VU l+l 

at the shedding points. 

Idea l l y , the emerging shear layer should travel outwards i t s own 

length in the space of one timestep. By not representing the veloci-

t ies of the vort ices su f f i c i en t l y accurately , th is could lead to a 
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local stretching of the shear layer . There i s evidence from the 

results to suggest that even with th is approximation towards the 

shedding point, the errors introduced are not any larger than the 

i n t r i n s i c errors of the method. In f a c t , i t appears that th is 

misrepresentation i s confined to a purely local act ion, having l i t t l e 

or no ef fect on the motion as a whole. 

3.13 Time integration and vortex s ize 

The vortices are moved with the i r individual velocity during a 

short time in te rva l , 6£, as before, using a simple scheme 

Z(t + 6t ) = Z(t) + q* 6t —(3 .11 ) 

where q^ = u . More advanced schemes were not considered as 

preference amongst most workers i s for a low order accuracy integra-

tion scheme. The Courant-Friedrichs-Levy c r i t e r i a for s t a b i l i t y of 

the grid system i s given by 

U 6t < 6r —(3 .12 ) m
 v

 ' 

Using the shedding c e l l mesh width A as 6r and defining 

6t = t(p , th is condition becomes 
m 

< 1 

Test values of ranged between 0.1 and 0 .5 . However, there i s no 

evidence to suggest that th is c r i t e r i a i s necessary to maintain the 

s t a b i l i t y of the flow and values of up to 1.6 were examined. The 
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results shown in graph 5 (curve A) compare values with the drag 

and ine r t i a coef f ic ients for an unperturbed osc i l l a t i ng flow at a 

K^ = 13. As i s increased, the integration becomes coarser^ and 

the accuracy of the coef f ic ients f a l l s . 

A res t r i c t ion was placed on the length of emerging shear layer , 

ds, which required a l l vortices to be introduced into the shedding 

c e l l , i . e . ds <. Sr. At times of maximum shedding i t may not be 

possible to inser t a l l the vortices as the required ds could be 

greater than Sr. The value of was therefore decreased, by 

i t e ra t ion , unt i l ds < r. As the flow moved on from maximum 

shedding, so £<f> regained i t s or iginal value. This procedure can 

reduce the total number of timesteps required per o s c i l l a t i on . The 

var iat ion of the maximum value used and the in- l ine force 

coef f ic ients i s plotted in graph 5, curve B, and shows that although the 

CD curve f a l l s slowly with increasing £<f>, there i s s t i l l close 

agreement with the resul ts calculated using a f i xed , small value 

of £<f> requiring a much larger number of integrations per o sc i l l a -

t ion. 

A reduction in ds could also have been achieved by reducing 

the strength of the incoming vort ices . . However, in th is model, a l l 

vortices were created with equal strength of one vo r t i c i t y uni t . The 

method only allows an integral number of vort ices to be inserted. I f 

an overestimate i s used, rounding up to the nearest integral number 

of vo r t i c i t y un i ts , an osc i l l a t i ng i n s t a b i l i t y can be permitted to 

grow. For example, a small posit ive velocity at the shedding edge, 

say near to a veloci ty minimum, i s oversat i s f ied by the introduction 

of one posit ive vortex. After time integrating the flow finds 

i t s e l f in the wrong sense, negative, and so a vortex of negative sense 

i s inserted to restore the balance. After the next time integration 
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the velocity at the shedding point w i l l be more posit ive and, on 

rounding upwards, requires two posit ive vort ices to be inserted. This 

i n s t a b i l i t y can quickly grow with each timestep, insert ing vortices as 

1-plus, 1-minus, 2-plus, 2-minus, 3-plus, e t c . , giving i r r egu la r i t i e s 

in the force trace and, on occasions, causing the whole model to break 

down. The number of vort ices inserted was always rounded down to 

prevent th i s . Any error introduced by th is s l i gh t reduction for the 

inserted vo r t i c i t y i s absorbed into the calculat ion at the next time-

step. 

The s ize of a vortex unit - the strength of a s ingle point vortex 

- was varied unt i l a value was found which was small enough to sa t i s f y 

the Kutta condition with reasonable accuracy, and large enough not to 

require too many vort ices . In the model V i s the vo r t i c i t y of a 

s ingle vortex such that L = — G r a p h 6i shows how, for instan-
3  s

 2aU
m
 2r •

 v  

taneously started f low, d i f ferent values of Vs a f fec t the i n i t i a l 

rate of growth of vo r t i c i t y from one edge. As V f a l l s below 
s 

0.075, the agreement i s close to that of other workers. With 

V = 0.025, the results follow the Multi-Point Vortex results of Fink 
s 

and Soh (1974) very accurately . The results with V = 0.01 f a l l in 
s 

the range suggested by Bearman and Kamemoto (1978) as giving acceptable 

resu l t s . The visual output, F i g . 3 . 8 , for low V c lear ly shows a 
s 

vortex c luster winding up at each edge of the p late . With V = 0.075 
s 

the c luster i s loosely rolled-up and only vaguely recognizable. A 

very small w i l l require a large number of vort ices to reach flow 

times of in te res t . Consequently the model used values of V
Q
 such 

that 0.01 < V < 0 .04; usually V = 0.02. 
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3.14 Results using osc iHat ing streams 

An osc i l l a t i ng stream at low Keulegan-Carpenter number was 

examined to see how the vortex shedding routine behaved with flow 

reversa l . Values of K = 1 and K = 2 were used. Both cases 
a c 

gave s imi la r resu l t s . The sequence i s shown in F ig . 3 . 9 . The 

f i r s t vortex r ises over the plate with the flow reversal and pairs 

with the oppositely signed vortex being formed at the edge. However, 

there i s no indication that th is pai r w i l l convect away diagonally ; 

rather they travel para l le l to the ax i s . . With the flow reversal 

the vortex c losest to the a x i s , which contains almost twice as many 

vortices as the outer vortex, i s oriented towards the a x i s , and 

the pairs from each edge are drawn together. A l l structure then 

appears to be los t for these vortices but a new vortex sp i ra l has 

been formed on the other side of the plate during that ha l f -cyc le . 

With the next flow reversal th is vortex crosses over the plate and 

the process i s repeated. Some of the previous vort ices of the same 

sense combine and enhance the vortex formed and so that too i s 

stronger. The average of the in- l ine force coef f ic ients for each 

cycle in the case of K = 2 gives C
D
 = 10.34 and C

M
 = 1.38, which 

are in the region of the experimentally found values, though higher 

and lower respect ively . 

This mode of vortex pair separation has not been observed in 

laboratory U-tube experiments and may be a s tar t ing flow e f f ec t . 

Recent v i sua l i zat ion studies by Oshima and Oshima (1980) on the 

s imi la r case of an impulsively started ae ro fo i l , moving in a direc-

tion normal to i t s chord, show a remarkably s imi la r f low, F ig .3 .10 , 

with the vortex pairs t rave l l ing away from the body para l le l to the 

ax i s . 
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The flow pattern predicted for the higher Keulegan-Carpenter 

value, K = 7.4, i s in many ways very s im i l a r , F ig .3 .11 . In this 

case the vortex pairs c lear ly separate from the shear layers and 

travel away from the plate and then towards each other. The remain-

ing shear layer winds i t s e l f into a small c lus te r ; with the flow 

reversa l , these cross over the plate and pair with the new vortices 

being formed. These pairs are shed, and as in the previous ha l f -

cyc le , t ravel away from the body and then towards the ax i s . Shedding 

in both directions i s a character i s t i c of flow at t h i s , and higher, 

Keulegan-Carpenter values. Experimental' observation for 8 < kq < 16 

show the convection paths to l i e diagonal, rather than p a r a l l e l , to 

the ax i s . The calculated drag and ine r t i a coef f ic ients are. both 

higher, but s t i l l in reasonable agreement with the experimentally 

obtained values with = 6.82 and c„ = 1.84. 

D M 

As the f igures show, many vort ices rec i rcu late and some become 

entrained within a new growing vortex. Each vortex has constant 

c i r cu la t ion which means that previously shed vortices returning 

towards the plate have as much influence on the flow as have vortices 

which have only recently been shed. The computing time required had 

increased greatly from 0(3 .0) cp sees per timestep in the f i r s t o sc i l -

lat ion with 100 vort ices , to 0(8 .5) cp sees per step with 150.0 vor t i -

ces in the second osc i l l a t i on . The model showed no sign of growing 

numerical i n s t a b i l i t i e s leading to randomness. 

3.15 Further optimization of the computation 

The use of the CIC method gives scope for several savings in the 

computer time required and an increase in the e f f i c i ency , li 
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n 

(a) I t i s unnecessary to include the term at every point 

in the summation, and only requires the f ina l sum to be mult ipl ied by 

that factor . 

(b) Mesh points with zero vo r t i c i t y can be excluded for that 

timestep. In pract ice , the number of ce l l s involved in the velocity 

calculat ion i s usually considerably less than the total number of ce l l s 

in the mesh. 
7 

(c) The influence function, i . e . the term for the 

influence of a point ^ o n the P°i 'nt La> can be precalculated 

and stored for the e f fec t of each point of the grid on every other 

point of the grid and recal led , as and when necessary. This greatly 

improves the e f f i c iency of the method, reducing the time required for 

one timestep by approximately 50%. 

3.20 Incorporating Fourier transforms. 

Introduction 

The influence function method for calculat ing the velocity at the 

grid points (stage ( i v ) in 3.11) can be replaced by a method which uses 

the di f ferent iated stream function, where the ve loc i ty , u, at the 

grid point i s given by 

u = - J i M 
dy ' dx , 

—(3.13) 

with ijj the stream function. The stream function i s obtained through 

Poisson's equation for the grid v o r t i c i t y , ft, 

V
2

ip = - f t —(3 .14 ) 

with V2 as the two dimensional Laplacian operator. Poisson's 

equation can be solved by Fourier transform methods. By using the 
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Fast Fourier Transform method (Cooleyand Tukey, 1965), which performs 

these transformations extremely f a s t and e f f i c i e n t l y (and i s readi ly 

avai lable from computer l i b r a r i e s ) , the cp time required for one time 

integrat ion, in the program VICYOR, i s approximately 1 cp second. The 

d i f fe rent ia t ion of the stream function can be performed by standard 

techniques, for example, the central difference method. 

3.21 Mesh scheme and Fourier transforms 

The radial I x J mesh described e a r l i e r ( j r ings , j arms) was 

a l tered so that the number of points in the J direct ion was equal to 

an integer power of 2 ( i . e . J = m in teger ) . This was the direc-

tion used for the Fourier transform and the requirement i s necessary in 

order to use the FFT routines (see Cooley and Tukey, 1965). Previously 

the velocity ca lculat ion required the 0 ( l 2 J 2 ) operations at each time-

step. The FFT method requires the 0(1^ log J) operations for the 

streamfunction ca lcu la t ion , plus the 0(Je7) operations for the f i n i t e 

difference scheme, giving 0 operations per timestep. IJ(1 + log c7) 

For the 64 x 64 mesh used in the model, th i s i s a considerable reduc-

t i on. 

The cyl inder i s now the innermost mesh of the gr id , r^ = a. The 

values of on the cyl inder and on the outer boundary of the mesh 

( i = 1 and i = I respect ive ly ) are found from 

jh. . = im (oj) with i - 1 and i = I—(3.15) 

where, as before, w i s the complex potential given by equation (1.27) 

and calculated from every mesh point with v o r t i c i t y . The periodic 
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boundary condition i s used a t j = 1 and j = J + l , so that 

= j+l —(3.16) 

By expanding \j/. . through a Taylor ser ies 
0 

ty (Sr.)
2

 3
2

i|i 
=

 • i ^ i i
 +

 - r - a n
 +

 •••• 

The f u l l second der ivat ive in the radia l d i rect ion can be 

expressed as 

3
2

 i d 

dr
2  +

 r dr 
• h+i+ h-i ~2 ** * —(3.17) 

to second order in A, where as before r- = (1 + A) i s the 

equation* for the mesh. i s taken here as the average mesh 

width, ^ ( r . , - r . J , so that to second order th i s becomes 
2 

S r . = A (1 + A) i 
i-3/2 

—(3.18) 

Expressing the Poisson equation in c y l i n d r i c a l coordinates fo r 

the mesh point { i^a) when as in c y l i nd r i ca l po lars , i s taken in 

the r d i rect ion and j in the circumferential d i rec t ion , gives 

d r 2 r d r r
2

 962 
- q — ( 3 . 1 9 ) 

On Fourier transforming inttc. circumferential d i rec t ion , with respect to 

9, the equation becomes 
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+ | - & 1 ' = - f f - ( 3 . 2 0 ) 

where G i s the Four ier transform of the v o r t i c i t y and ¥ = ? (£ ,&) 

i s the Four ier transform of "f with k the wave number. 

Using Eqn . (3 .17 ) , equation (3 .20) can be rewritten as 

?(Ul,k) + f e y , * ) - m , k ) J
U t k ) s

 — ( 3 . 2 1 ) 

By l e t t i n g - & = 2 + k
z

z. This reduces to 

n u i , k ) + m i , k ) + w u - i j k ) = m , k ) — ( 3 . 2 2 ) 

where z i s given, to second order , by 

6 r . 2 A2 (2 + A)2 A2 
V 

z = 
r-

2

 ' 4(1 + A)
2

 ' (1 + A)2 — ( 3 . 2 3 ) 
1 

and I ( i j k ) as 

Y(i,k) = 6r.
2  

1 

which to second order in A can be expressed as 

Y(i,k) = a 2 A 2 U + L)
U

~
Z

 G. — ( 3 . 2 4 ) 

The v o r t i c i t y must be normalized over the area of the c e l l in 

which i t i s located. As the vortex which contributes to a pa r t i cu la r 

mesh point could reside in any of the four surrounding c e l l s , an 

average of these four c e l l s i s used for the area. So that 

=

 1/4 A H i + A )
2

^
4

( 4 + 6L + 4A
Z

 + A 3 ) 
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and to second order this becomes 

= 1 -T-r — ( 3 . 2 5 ) 
2/I .

 A
 X 2I-4 

A (I + A)' 

The full periodic Fourier transform is used due to the 

presence of periodic boundary conditions in j , (period = J). 

The procedure for solution can be divided into three stages: 

1. A full transform is applied to obtain the coefficients 

i.
 v
 for all ly and for all j. This leaves (j/2 + 1) 

%y k 

even tridiagonal systems and {J/2 - 1) odd tridiagonal 

systems of the form of equation (3.19), and requires 

performing 2{L-2) periodic transforms of length J. 

2. The systems are solved for each value of the wave number, 

K. This involves solving J tridiagonal systems of 

order {1-2) and yields J/2 solutions for the even 

cosine system and {j/2 - 1) solutions for the odd sine 

system. One method of solution is to use Gaussian 

elimination. By using 

a , = (T
1

 W 

k --
 S

2
J

2yk \ --
 S

2^iyk - W 

3 < I < I - 1 

The solutions are obtained from 

, = t. - a. y. 7 - 1 < i < i - 2 
%yk % ^ z+ly k — — 

a n d  =

 *I-1 
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The values Y^ and Y
x
 are obtained from the boundary 

conditions (equation (3.15)). The number of coefficients 

involved in solving this tridiagonal system is 

( e 7 / 2 + 2 ) ( l - 1). An alternative would have been to use 

the Fourier Analysis and Cyclic Reduction method (FACR). 

This combines the Fourier transform method with cyclic 

reduction, and can be a faster method, see Temperton (1979). 

3. Finally, an inverse transform is applied to each ring and 

the solution \b. . is obtained. 

A finite difference scheme, obtained from Taylor expansions about 

for and ^ . can be used to find the velocity at the grid 
1s 1s I J. 1s—1 

points. Expanding along a mesh arm for the first derivative gives 

(in cylindrical polar coordinates) 

3r " 6 r . ( 2 + a) { ' 
is 

to second order in Sr.. For the inner and outer boundaries a double 
^ 

width expansion is used, namely 

dip
2
 Sr

2

2

 a
2

^ 

=
 + 6 r

l 1 7
 +

 —
 + 

a ^ ( S r ^ S r y
2

 a
2

^ 
= + ( 6 r

l
 +

 1 7
 + 

giving, to second order 

2 8 r
4  + 

a* 4(1 +A)ipp - il> - (3 + 4A ) i | y 
= t I — — - — ( 3 . 2 7 ) 

dr Sr
2
(2 + a) 
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dip 
and s imi la r l y for — -

a* 

dipj. (3 + 2A)jp
T
 + 11 + 2A)iP

x
_
2
 - 4(1 + A ) ^ 

tejfa
2

 + a.) 

A centred difference scheme was used for the angular direct ion 

—(3 .28 ) 

= - " ( 3 . 2 9 ) 

ae 2r.66 
l 

which gives the velocity u = (U ,t/Q) v ia 
— 2? W 

"r - 8
 a n d

 f (3.30) 

In the program the velocity components are transformed into 

Cartesian coordinates and a l l further operations are performed using 

these Cartesian coordinates. The self-induced velocity correction 

i s calculated, in the same manner as previously , but now the compen-

satory term i s applied at the mesh points. 

3.22 Computational optimization 

The CIC method i s considerably fas te r than the numerical Biot-

Savart method and by using the Fast Fourier transform technique to 

perform the transforms the computational speed i s increased by an order 

of magnitude to approximately 1 cp sec per timestep. The computational 

time i s an important factor when considering any future implementation 

of the method. Other changes were made to the program to increase the 

computational e f f i c iency and to remove any unnecessary ca lculat ions . 

The calculat ion of the ve loc i t ies accounts for 80% of the computa-

tional time and the greater part of that i s taken by solving the 
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streamfunction equation on the inner and outer rings of the mesh. The 

potential equation (1.27) can be separated into two parts: (i) the 

contributi on due to the free stream and the presence of the cylinder, 

f
 2

 1 

. - — , and (ii) the contribution from the vortices and 

^ fj 3 

their images 

j-J r 
i-i r. 
I 

i-1 2tt 
3-1 

Z » ( c - In 
t/ 

a
2 

The contribution 

from (i) was calculated at every point on the outer ring 5 = 5 . 
J~y 3 

for 1 < 3 plus once more for the inner boundary 5 = 5 .. 
ly 3 

The cylinder will always be a streamline, i.e. ty = constant, and so 

only one point on the cylinder need be used. The contribution (ii) 

was reduced from every point on the boundary to every 8th point with 

the streamfunction at the intervening 7 points being found by 

linear interpolation. The two parts (i) and (ii) were combined to 

give i|>. . along both boundaries. With a 64 x 64 mesh the error 
3 

introduced by this reduced calculation scheme only appeared in the 

8th significant figure when calculating the velocity at mesh points 

near the body. 

To reduce the computer time required even further, the calcu-

lation of the streamfunction on the boundaries was performed only 

once; previously these values were calculated before, andafter, 

the insertion of new vortices. The effect on the outer boundary of 

a new vortex could only be very modest as for a 64 x 64 mesh this 

boundary radius would be 2* = 385.01a. The value of ip on the 
65 

inner boundary, radius r
1
 = a , is constant all round the cylinder 

and this constant will not change unless there is asymmetrical vortex-

insertion. (While the flow remains symmetrical that constant is zero.) 
ii 

The error introduced by this procedure is small, the order of 1%, as 

the contribution of the new vortices is correctly accounted for in the 
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next loop of the calculation. 

After vortex insertion only the vorticity of the first ring out-

wards from the cylinder, i = 2, could have changed. The values of 

the radially transformed vorticity Y(i
s
k) are stored after calcula-

ting the velocity at the separation point. After insertion, a new 

value for Y(2,k) is found. The other Ki^k), i>_3, are retrieved 

and the tridiagonal matrix is solved, proceeding outwards only until 

the grid point on the far side of the vortex which is furthest from 

the cylinder is reached. 

These modifications to the scheme do not reduce the accuracy 

significantly, yet they do reduce the computational time required by a 

further 30-40%. These optimizations were included in the program 

VICVIC. At the start of flow with N < 100, 0(0.6) cp sees per 

timestep are required. When N' = 4000, the program requires 0(3) cp 

sees per timestep. 

3.23 Results of the CIC method using 

Fourier Transforms 

In the absence of any vortices the program calculated the velocity 

at the separation points on the cylinder, i.e. at £ = ± ia
3
 to be 

1-97 u ; accurate to within 1.5%. 

The flow is started impulsively and vortex insertion commences 

from both edges. To forestall the necessity of inserting a large 

number of vortices in the first timestep, two unit vortices were 

placed slightly downstream of the body, symmetrically about, and one • 

half-plate width away, from the axis, Fig.3.12, to reduce the velocity 

at the separation points. Various points were tried for the initial 
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locat ion with no obvious di f ference between these s ta r t i ng flow 

solut ions . The distance downstream of the body was smal l , but 

outside the f i r s t r ing of the mesh. In the case of flow s ta r t ing 

from r e s t , i t was not necessary to include these two i n i t i a l vor t i ces . 

As the flow develops, the l i ne of d iscrete vort ices shed from 

each edge r o l l themselves into s p i r a l s , F ig . 3.13a. An enlargment 

of the top edge of the plate i s shown in F ig . 3.13b and the l ines 

of the sp i r a l can be c l ea r l y i d e n t i f i e d . Graph 6i i .shows the rate 

of growth of v o r t i c i t y compared to Anton's 2/3-power law, and th i s 

agrees i n i t i a l l y . The instantaneous i n - l i n e force coe f f i c i en t i s 

given in graph 7 and i s compared with Bearman and Kamemoto's 

(1978) resu l t s and Fink and Soh's (1974) r e su l t s . 

Assuming that the flow reacts to the newly inserted vort ices as 

the introduction of v o r t i c i t y on the f i r s t outward mesh point , a value 

of P = 1.0 can be obtained, taking the f i r s t gr id spacing A as 
A 

the distance a and tha t , on average, vortex inser t ion takes place 
s 

every other timestep, with t<t> = 0.5. The calculated trace 
r 

shown in graph 7 i s general ly lower but s t i l l consistent with a flow 

at th i s value of the parameter P K . 

The development of a 'Karman s t ree t ' type flow wi th in a pract i ca l 

length of time requires an a r t i f i c i a l perturbation to create the asym-

metry i n i t i a l l y . This was achieved by adding an extra term to the 

ve loc i ty potential as the flow s tar ted . This perturbation was a cross-

flow which decayed exponential ly with time, and of the form co = £aZ, 
cc 

so that the addit ion to the ve loc i ty becomes 

do) 
X . „ = 

4 
a 

1 - 4 
2 

I 5 ) 
& & —(3 .31 ) 
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The flow i s most susceptible to a perturbation at small t . Sarpkaya 

and Shoaff (1979) quote 4 < T < 9 as the best time to apply i t . By 

choosing e = 0.01-, this extra velocity term w i l l not be ef fect ive 

for t > 10. To delay the f u l l onset of the perturbation, a was 

made a function of time such that a =0.1 SIN 
T.t The shape of 
16 

this perturbation function i s plotted in F ig .3 .14 . The wake develops 

by shedding vortex clusters separately from the edges. F ig .3 .15 
' U T 

shows the flow at -FL = 28.87. The street-type formation of the 
2A 

wake i s c lear ly recognizable, and the Strouhal number for this case 

i s calculated as S, = 0.164. The vortex s i ze , 7s, used was 
u 

VS = 0.025. Values of VS = 0.075 and VS = O.OIO were also 

t r ied . In the former, the clusters were vaguely defined and the 

in- l ine force lower, implying that not enough vor t i c i ty was being 

introduced to maintain the correct structure; in the l a t t e r , very 

densely packed clusters were formed ro l l ing up very closely to the 

plate. * . 

Graphs 8 and 9 show the in- l ine force coef f i c ient and the rate of 

change of vo r t i c i t y respectively for the case of VS = 0.025. The 

i 9r 
l a t t e r with — - — = 1.257 being 20% higher than the experimental 

um 91 

value of 1.04 found by Maskell (1964). The former i s considerably 

higher and s imi la r to force traces for vortex shedding behind an 

osc i l l a t i ng f l a t p late , giving a very high values for C
D
 of C

D
 ^ 4.1. 

This i s most cer ta in ly due to the roll ing-up vortex being in close 

proximity to the reverse of the plate . Also, in a l l cases tested 

there was a lack of mixing between c lus te rs . 

An osc i l l a t i ng stream was applied and Keulegan-Carpenter numbers 

in the range 1 <. k <.12 were examined. The predicted flow patterns 

were s imi la r to those described in section 3.14 for .the par t i cu la r 

Keulegan-Carpenter value, i . e . for low k values, pair shedding in a 
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s ingle direct ion only , symmetrically about the a x i s ; at the higher 

K values, pair shedding in both d i rect ions . As before, the model 

predicted tha t , with the flow reve r sa l , vort ices were convected back 

towards the p la te , and inter fered with the vortex formation process. 

The drag and i n e r t i a coef f i c ients were, except for the4iigh k 

values , s l i g h t l y higher than those calculated by Graham's (1979) 

model, see graphs 10 and 11 and column 3 of Table 5 (the N-case 

r e s u l t s ) . 

After several o s c i l l a t i o n s , small deviations from symmetry are 

apparent in the calculated flow pattern dde to truncation errors 

working the i r way through the ca lcu la t ion . An extremely long compu-

tat ional time would be required to allow the flow to develop into a 

f u l l y asymmetric mode by th i s method. A perturbation was applied to 

hasten th i s development and several schemes were t r i e d , s im i l a r to 

those used for steady f low. The method f i n a l l y adopted was to allow 

the flow to develop as i f i t were a unidirect ional stream subjected 

to the perturbation which formed the s t ree t wake patterns described 

e a r l i e r . When the f i r s t large yortex was s u f f i c i e n t l y formed (a f te r 

the plate had moved 2 diameters) , F ig . 3 . 16 , the small hal f-vortex was 

removed and the stream reversed, putting the flow into o s c i l l a t o r y 

motion. The flow pattern quickly showed the diagonal shedding pattern 

associated with Keulegan-Carpenter numbers around 10. F ig . 3.17a shows 

the flow pattern, for k = 75, at a time t/t - 0.889 a f te r the f i r s t 

pair has shed and the other vort ices have aligned'themselves i n : t o s im i l a r 

posi t ions , with respect to the plate and the free stream d i rec t ion , 

as in the previous ha l f - cyc le . During the next ha l f -cyc le th i s second 

pair w i l l shed diagonally and a new pair w i l l form. Fig.3.17b shows 

the flow at
 t

/T = 1. 70. 

The t ra jec tory of a shed pair i s curved, i . e . rather than 

continui ng to leave the region of the plate in a dia<jon&I direction. 
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the pair follows a path which i s curved towards the ax i s . As the flow 

reverses the pair i s convected back towards the p late , causing disrup-

tion to the shedding process. This rec i rcu lat ion has not been observed 

experimentally, perhaps because of the l im i t s imposed by the tank wa l l s . 

3.30 Introduction of a decay procedure 

I f an a r t i f i c i a l procedure i s introduced to reduce the strength of 

the vortices as a function of time, then any that are brought back to 

the bod^ w i l l have less c i rcu la t ion and therefore cause less in te r fe r -

ence with the shedding mechanism. The idea of including a c i rcu la t ion 

decay procedure i s not new and has been used by other workers to e i ther 

simulate v iscos i ty (e .g . Nagamo, Naito and Takato, 1980) or to represent 

three-dimensional e f fects (e .g . Kiya, Arie and Harigane, 1979); see 

Section 1.24. Such a procedure was included in the model, not as an 

attempt to introduce a v iscos i ty into the problem, which can be success-

f u l l y incorporated in a s t a t i s t i c a l sense using the 'random-walk' method, 

e .g . Chorin (1969) (see Section 1 .25) , but nominally to take account of 

the growing three dimensionality of the vortex cores due to the deforma-

tion of the vortex f i laments. 

3.31 The c i rcu la t ion decay method 

Most workers have taken the solution of the Navier-Stokes equation 

for the decay of c i rcu la t ion within a f ixed radius of an isolated rec t i -

l inear viscous vortex, i n i t i a l l y concentrated on the axis of rotat ion, 

as the i r equation for c i rcu la t ion reduction of a discrete vortex, 

expressed by 
r

(
t) = r

o 

where t i s the age of the vortex and a the cut-off radius. This 

does not in fac t reduce c i rcu la t ion but merely spreads i t out. I t i s 

not possible to say what the actual equation for the growing three 

dimensionality of the vortex cores i s , but as i t i s only a token 

1 - exp 
-cr 
4vt 

—(3.32) 
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representation, any reasonable function may be t r ied . The decay 

function used in the model was of the form 

r(t) = r
Q
 exp(-kt

z

) —(3.33) 

with k chosen as 0.25, so that T(t) ^ 0.5 at t = 1.0. The shape 

of this decay function i s shown in F ig .3 .18 . There i s only a s l ight 

decay in the f i r s t hal f cycle ; the function f a l l s quickly in the next 
-r 

two hal f cycles and then decays slowly. The ef fect of di f ferent e 

values on the in- l ine force coeff ic ients for K -4 i s shown in 
c 

graph 12. The iner t ia coeff ic ient appears to be re la t i ve ly insensi-

t ive to changes of the decay factor , only increasing above the zero 

decay level for k > 1.6
3
 i . e . , when the decay becomes extremely f a s t . 

The drag coeff ic ient i s sensit ive to change, being lowest with the 

fastest decay (14% below zero decay level with k = 4.0). This gradually 

increases to i t s zero decay level as the decay speed becomes slower. 

The symmetrical osc i l la tory flow cases described above were repeated 

with the c i rcu lat ion decay routine included in the model. The flow 

structure of the wake was c lear ly v i s i b l e , even af ter many osc i l l a t ions , 

as the predicted flow pattern was not now disrupted by the returning 

vort ices . The flow pattern for - 7, at a time V ? " «3.01 i s 

shown in Fig.3.19, with the older vortices (r(t) < 0. 5 r ) represented by 

the small dots. Any vortices which may return to the v i c i n i t y of the 

plate no longer have su f f i c ient strength to disrupt the shedding process 

and so the predicted flow behaviour i s maintained over many cycles 

(unt i l the asymmetrical disturbances of truncation become e f fec t i ve ) . 

The inclusion of this decay factor also has a smoothing ef fect on 

the in- l ine force trace (see graph 13). The trace becomes extremely 

regular a f ter the i n i t i a l s tart ing osc i l l a t ion and i s character is t ic of 
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the shape that i s found using experimental results and Mori son's 

equation. 

The results for the case of symmetrical osc i l l a to ry flow with 

vortex c i rcu la t ion decay (the 5-case resu l t s ) are given in Table 5, 

column 2, and plotted in graphs 10 and 11 for the drag and ine r t i a 

coef f ic ients respectively for Keulegan-Carpenter values of % ± K < 16. 

The e f fec t of the decay factor i s to reduce the drag coef f i c ient below 

the tf-case resu l t (no c i rcu lat ion decay) and the isolated edge resu l t 

(Graham, 1979); the shape of a l l the curves i s the same. The 

i ne r t i a coef f i c ient i s lower than the tf-case resu l t , but both curves -

with and without the decay factor - are higher than the isolated edge 

resu l t and are diverging for k > 2. I t appears that the CM 

value goes on increasing with increasing Keulegan-Carpenter number. 

This i s contrary to experimental results which show a decreasing CM 

for 8 < k^ < 12, and following that a slowly r i s ing cm with 

increasing k . The decreasing section of the cm curve occurs with 

the k region that sheds vortex pairs in the diagonal shedding mode 

and so the computed flow pattern, e .g . F ig .3 .19 , cannot be a true 

representation of the physical case. For k < 2 the cm curve of 

the no-decay (N) case i s lower than the isolated edge resu l t . 

Although there i s vo r t i c i t y creation at the separation point , 

the model i s essent ia l l y an inv i s c id one and the inclusion of a c i rcu-

lat ion decay factor does not introduce a numerical Reynolds number. 

When implementing Blasius Theorem to calculate the force on the body, 

the or ig inal vortex strength, i . e . the strength at inser t ion , i s used. 

This i s because i t i s an inv i sc id theorem and assumes that there i s no 

change in the total c i r cu la t ion . 
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3.32 Further results using c i rcu lat ion decay and 
a perturbation 

The most successful aspect about using the perturbation i s that 

the computed results and flow patterns quickly se t t l e into shedding 

modes closely associated with those obtained experimentally, which 

i f l e f t for asymmetry to grow from the rounding errors would require 

a very long computational time. The asymmetric perturbation described 

above was used with the model ( including c i rcu la t ion decay) for 

Keulegan-Carpenter numbers 2±K ±40. The calculated results (the 

4-case resu l ts ) are presented in Table 5 , and plotted in graphs 14 and 

15 for the cD and cM respectively and compared with previous experi-

mental resu l t s . The drag coef f ic ient f i t s in we l l , being lower than 

the f i r s t results obtained (Keulegan and Carpenter, 1958) but comparing 

favourably with the recent results of Obasaju (1981). These results 

show a high drag coef f i c ient at low K with C
D
 = 7.86 at K = 1.00; 

f a l l i n g to =5.46 at K = 4.12 and c n =4.21 at K = 8.22. 
D o D c 

The computation predicts C' = 6.07 at K
Q
 = 4.0 and C

D
 = 4.47 at 

k =8.0. As the Keulegan-Carpenter number increases, the experi-

mental drag coef f i c ient slowly decreases so that by x = 39.23 the 

CP =2.82... The calculat ion y ie lds a s l i gh t l y higher value of C
D
 = 2.97. 

A typ ica l . f low pattern for k =10 i s shown in F ig .3 .20 and i t s 

in- l ine force trace in graph 16. 

The calculated C
M
 (graph 15) exhibits a decline between K

q
 = 8 

and K = 16. This i s consistent with experimental evidence. 

Obasuju's (1981) results show C
M
 r i s ing to 1.76 at K

Q
 = 8.22, 

decreasing to 0.72 at K = 16.78, and then slowly r i s i n g , so by 
o 

K = 39.123 the c.
M
 = 2.14. The calculat ion predicts c =1.49 at 

c II M M 

K = 8.1b, f a l l i n g to C„ = 0.82. at K = 15.0 and then r i s ing to 
o it M o 

C = 1.15 by K = 40.0. Although th is l a s t resu l t i s low, the 
m c 

general agreement of the C results with experiment i s good. I t i s 
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the effect of the asymmetrical shedding which has brought the CM 

values into l ine with the experimental resu l t s . An interact ion 

between the edges i s set up in the middle Keulegan-Carpenter number 

region ( 8<K q <16 ) which sheds only one pa i r into the flow each 

ha l f-cyc le ( instead of the usual one pa i r from each edge). This 

causes a reduction in the ine r t i a coef f i c ient due to the change in 

magnitude, and phase, of the maximum in - l i ne force , see graph 17, 

and in i t s re lat ionship with the cosinusoidal term of the i n e r t i a 

coef f i c ient ca lcu lat ion (Eqn.1.12) . Kudo (1981) found that C' 

continually increased with K and concluded that th is was due to 

the forced symmetry of his model; Graham's (1977) i so lated edge 

calculat ion also predicted an increasing i ne r t i a coe f f i c i en t . Only 

by treat ing each edge ind i v idua l l y , as in the model, can the inter-

action between the edges develop and establ ish the diagonal shedding 

mode which leads to computed results in close agreement with experiment. 

The e a r l i e r resul ts for the symmetric case (the S-case resu l t s ) 

confirms th i s . 

The phase difference between the point of maximum acceleration 

and the absolute maximum of the i n - l i ne force in each ha l f -cyc le i s 

plotted in graph 17. As the Keulegan-Carpenter number increases, 

the phase difference decreases. The experimental values obtained by 

Singh (1979) and Keulegan and Carpenter (1958), which are also plotted, 

behave s i m i l a r l y . 

The use of the perturbation at very high Keulegan-Carpenter 

numbers i n i t i a t e s a s t reet of a l te rnat i ve ly signed vortex c lus te r s ; 

Fig.3.21 shows the predicted flow pattern for K
q
 = 40 a f te r one flow 

reversa l . There have been no systematic v i sua l i sa t ion experiments at 

such high Keulegan-Carpenter values to ident i fy the processes associ-

ated with flow reversa l . I t appears from the numerical results that 
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with the flow reversal some vor t i c i t y i s convected away, in the form 

of vortex pa i r s , and a new street-type wake forms on the opposite side 

of the p la te , F ig .3 .22 . The f l u i d mechanics of th is shedding mode i s 

discussed in section 4.24. Due to the ef fects of the perturbation 

there are extra c lusters in the wake during the f i r s t o s c i l l a t i o n . As 

the flow reverses, these travel back towards the plate but do not cross 

over; the i r structure then appears to be los t as the new wake forms, 

F ig .3 .23 . There are 4000 point vortices shown in this Figure and the 

calculat ion time has lengthened to 3 cp sees per timestep, which l imi t s 

the flow development time to only a few osc i l l a t ions . The calculated 

ine r t i a coef f i c ient i s lower than experimentally obtained values. This 

i s most cer ta in ly due to the flow s t i l l being influenced by the 

s tar t ing process. The higher Kq values have only developed over 

3 - 4 o s c i l l a t i o n s , while the low K values have run for 8 - 1 0 osc i l -
o 

l a t ions . 

The perturbation was also t r i ed with various other Keulegan-

Carpenter numbers. The computed flow pattern for K = 4, f i ve osc i l -
Cs 

lat ions a f te r the perturbation, i s shown in F ig .3 .24 . The two 

roll ing-up vort ices are tending towards equal strength as the rate of 

introduction of vortices i s becoming the same for each edge. The 

flow pattern i s not yet completely symmetrical. There are s t i l l many 

vortices from the e a r l i e r cycles in the flow and these, to an extent , 

w i l l be influencing the new ro l l i ng up vort ices , but the i r e f fec t i s 

diminishing with time. The drag and i ne r t i a coef f ic ients for this 

case (A-case) are very close to the unperturbed, symmetric counterparts 

(S-case) : C
D
 = 6.07 and for the symmetric case C

D
 = 6.44; C

M
 = 1.36 

against an s-case value of C
M
 = 1.71. Experimentally Obasaju (1981) 

found c = 5.46 and C
M
 = 1.67 for a K

q
 = 4.17. 
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The results have shown that the diagonal shedding mode associated 

with 8<K <16 i s a stable regime only for flows with Keulegan-

Carpenter numbers within this range; once i n i t i a t e d , this flow 

pattern pers i s t s . Outside these Kq l i m i t s , this mode of shedding 

i s not maintained. The flow that develops i s not consistent with the 

diagonal shedding pattern and appears to change to a flow pattern in 

keeping with the par t icu lar k value. 

In the case of steady flow (e f fec t i ve l y K = «>) a decay factor 

equivalent to the one used for K = 40 was included. The predicted 

flow pattern, F ig .3 .25 , shows that the vortex c lusters are now ro l l ing 

up further away from the plate than previously (without c i rcu lat ion 

decay). The in- l ine force , graph 18, i s also reduced, se t t l ing to an 

average of C
D
 = 2.33. The Strouhal number i s only s l i gh t l y lower 

at S - 0.146, but s t i l l in excel lent agreement with experimental 

resu l t s . 

The inclusion of the c i rcu la t ion decay procedure has enabled the 

model to predict flow patterns and calculate in - l ine force coef f ic ients 

which are consistent with those found experimentally; i t has also 

allowed the flow to develop and be sustained over many cycles . 



CHAPTER 4 

4.1 Choice of Parameters and outstanding problems 

There are several parameters to be selected and occasionally 

the choice has to be made a r b i t r a r i l y . The principal problems which 

have to be solved are as given below. Some of these can be solved 

by the select ion of a suitable parameter. 

(1) A group of vort ices moving under i t s own influence 

invar iably leads to random distr ibut ion due to i n s t a b i l i t i e s , 

for example the Helmholtz i n s t a b i l i t y . 

(2) Time integration scheme and step s i ze . 

(3) The insert ion of v o r t i c i t y at the separation points 

must be performed carefu l ly to enable an accurate shedding 

procedure. 

(4) Numerical models of symmetrically started flow w i l l 

remain symmetric unt i l the rounding errors in the computer 

have time to build up. 

(5) The laws of inv i sc id flow theory do not allow any 

dif fusion of v o r t i c i t y . 

(6) Limitations imposed by computer storage and time. 

1. The CIC program VrCVrC did not exhib i t the d r i f t to chaotic 

motion often seen when using the or ig inal Biot-Savart program VORTEZ. , 

Only in osc i l l a to ry flow when the c lusters are swept back into the 

v i c i n i t y of the plate does randomness begin to occur. The inclusion 
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of vortex c i rcu lat ion decay remedies this due to the returning 

vortex c lusters having less influence and not disrupting the shedding 

process. The ident i f i ca t ion of an individual c luster i s often 

possible for very long flow times, par t i cu la r ly in the steady flow 

case where the c lusters remain as isolated regions of v o r t i c i t y , 

F ig . 4.1 

The transference of v o r t i c i t y to the mesh points w i l l introduce 

perturbations scaled by the mesh spacings and introduce sub-grid 

scale structures . For example, F ig . 4.2 shows a s t ra ight section of 

vortex sheet crossing several grids and indicates how redistr ibut ion 

to the c losest mesh points can create grid-scale perturbations. 

Evidence from the resul ts presented here, and others, e .g . Christianseen 

(1973) or Leonard (1980), i s that the large scale features appear to be 

mesh independent and not ser iously affected by the presence of these 

grid-scale features. As F ig . 4.1 shows each c luster i s well defined 

throughout the wake. 

Errors are introduced into the calculated veloci ty f i e l d by the 

anisotropic nature of the gr id. These errors can be eliminated by 

e i ther adopting a more complex interpolation algorithm (one with 

approximate radial dependence only) or by constructing a d i f ferent shape 

mesh. Christiansen (1973) suggests that a hexagonal or t r iangular 

mesh w i l l be better . 

The Helmhotz i n s t a b i l i t y i s an inherent feature of any vortex 

sheet discret ized into point vor t i ces . The more vort ices that are 

used for the d iscret izat ion the quicker the i n s t a b i l i t y grows as the 

smaller wavelengths grow the f a s te s t . With the CIC model only 

wavelengths greater than grid s ize can grow. The errors introduced 

into the model by misrepresentation, e .g . coarse integration schemes, 

truncation e r rors , e t c . , are e f fect ive in suppressing the i n s t a b i l i t i e s . 
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Various other mesh s izes were tested and the re su l t s , for 

K
q
 ~ 7

a
 are plotted in graph 19. The abcissa i s the measure of radial 

meshes, i . e . the number of ce l l s in one ring around the cy l inder : 

ring there i s l i t t l e change in the calculated in- l ine force coef f i c ients . 

This-might imply the existence of some kind of c r i t i c a l Reynolds number. 

The CIC method imposes a "cut-off" length on the influence of an 

individual vortex of one grid width. This length can have the same 

ef fect as in a "Chorin-type" vortex (Chorin, 1972) and hence, by 

analogy implies an e f fec t ive Reynolds number. The shape of the grid 

provides good resolution of the flow f i e l d ( i . e . a high density of 

grid points) around the shedding edges, with progressively wider mesh 

spacings when moving away from the plate . Due to this there can be 

no typical grid length as such with which to characterize the mesh. 

An approximate calculat ion can be performed, for example, by taking 

the width of the ce l l which houses the f i r s t vortex a f t e r , say, one 

osc i l l a t i on . For k = 7*0 and = 1.0 the f i r s t vortex i s 

at z - 3a * 4ai, and has 6r = o. 25. 

Using the c i rcu la t ion decay factor to calculate the c i rcu lat ion at the 

centre of the Chorin vortex gives 

and th i s y ie lds an e f fec t ive Reynolds number of r * 400 However 

there i s l i t t l e j u s t i f i c a t i o n for th is argument as the amplitude 

w i l l depend on the Keulegan-Carpenter number, and also the exponential 

terms are d i f fe rent l y shaped functions. The Chorin- vortex smoothly 

5 
The indication i s that when there are more than 2 ce l l s in any one 
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redist r ibutes the v o r t i c i t y r a d i a l l y , while the e f fec t of the 

mesh i s to create a non-smooth radia l d i s t r ibut ion . 

2. A simple time integrat ion was used with the model, part ly for 

s imp l i c i t y and pa r t l y to aid the s t a b i l i t y of the method. Leonard 

(1980) found, rather paradoxica l ly , that the best resu l ts with the 

point vortex method are often achieved by employing a coarse scheme 

and only a few vor t i ces . The Euler ian f i r s t order method used i s 

only accurate to J(A'fc). Use of Runge-Kutta integrat ion schemes 

would have improved temporal accuracy; the order of the scheme 

determining the accuracy. Sarpkaya (1975) used the simple Euler ian 

method and tested his resu l t s against more accurate schemes: a 

second order Runge-Kutta and a centred-difference scheme. For 

small enough At = he found l i t t l e dif ference in the r e su l t s . 

To place a vortex with in the shedding c e l l requires 

' /% 6T6t < A — ( 4 . 1 ) 

where fir i s the change in c i r cu la t ion due to the insert ion of n^ 

vort ices of strength T q such that fir = n £ 0 (section 3 .12 ) . 
2u 

The major i ty of the ca lculat ions carr ied out used fit = 0.4 x—, 
64 

which s a t i s f i e s equation 4.1 up to n. = 3 and i s equal to the 

step s i ze used by Sarpkaya (1975). For n . > 4 i t i s necessary to 
is 

use a small value for a unit of v o r t i c i t y or e lse employ a smaller 

time step s i z e . ( In the tes t n^ rare ly went above 6. Maximum n^ 

i s highest for low K ) . The use of a small time step w i l l make the 
cs 

tota l number of integrations extremely la rge , espec ia l ly at the 

higher K values. The resu l ts using a var iable time step length, 
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plotted in graph 5, curve B, show that the total number of 

integrations per flow osc i l l a t ion can be reduced, with an associated 

saving in the computer cost , and s t i l l give resul ts in close 

agreement with those calculated using a very much larger number 

of time steps per o sc i l l a t i on . 

3. One aspect not f u l l y solved by the model i s the importance 

of simulating the shedding mode correct ly . The use of CIC techniques 

does introduce more problems than in the Biot-Savart method but 

these d i f f i c u l t i e s can be solved. To inser t a vortex into the flow 

using the Biot-Savart model, as with the program VORTEZ described 

in Chapter 2, requires two parameters: the strength and position 

of the vortex. With the CIC method this requirement i s amended to 

include select ion of positions for a l l the incoming vort ices . (Their 

strengths being equal) and therefore a knowledge of the convection 

ve loc i ty . 

An unfortunate aspect of using only an integral number of 

vor t i ces , besides only sa t i s fy ing the Kutta condition to an integral 

value, i s that on occasions before a flow reversal i s approached, 

the tangential ve loc i ty i s not large enough to be balanced by the 

insert ion of one vortex and so no vortex i s inserted. The free 

stream i s decelerating at th is stage and there can often be many 

time steps without any new vort ices being inserted. Shedding 

recommences with oppositely signed vo r t i c i t y short ly before free 

stream reversal and continue as the flow accelerates in the new 

direct ion. 

In a real flow the emerging vortex sheet i s continuous. By 

connecting the separation points to the l a s t released vortex and 
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subdividing that l ine equal ly , so that on placing vort ices on 

these points they w i l l give integer zero tangential ve loci ty at 

the separation point , i s i n t u i t i v e l y r e a l i s t i c . 

4. To hasten the t rans i t ion to an asymmetrical vortex shedding 

mode i t i s necessary to introduce a l imited antisymmetric perturbation 

with no memory e f fect apart from producing asymmetrical f low. A 

small cross-flow was applied, in steady f low, and allowed to grow 

sinusoidal ly (section 3 .23) . I f the perturbation was delayed or of 

a reduced strength the amplif icat ion of the disturbance required a 

long flow time before asynmetric vortex shedding became established. 

I f the perturbation was applied too ear ly in the calculat ion the 

emerging wake structure was to ta l l y disrupted by the introduced 

cross flow. 

The computed flow patterns for osc i l l a to ry flow remain 

symmetrical when no disturbance i s applied. The asymmetric mode 

does eventually appear due to perturbations brought about by 

numerical truncation, but the flow time required for th is to 

develop i s long. The aim of applying a perturbation was to hasten 

th is t rans i t ion to asymmetric vortex shedding. After the order 

0(1000) time steps s l igh t differences in the calculat ions for each 

edge are detectable. For a case of k -10 requring the order 

0(1000) time steps per osc i l l a t ion asymmetry in the computed flow 

patterns become apparent during the th i rd o s c i l l a t i o n . As F ig . 4 .3 

shows, at a flow time of
 t

/T = 3.03 an asymmetrical mode i s develop-

ing. This has caused the in - l ine force coeff ic ients for these higher 

K values to be s l i gh t l y lower than the general trend (graphs 10 and o 

11). 

Mathematical models that calculate flow s tar t ing from res t , 

for osc i l l a to ry motion, always predict that the f i r s t vortex w i l l 

have a total c i rcu la t ion of approximately ha l f that of the second 
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and subsequent clusters. This is due to the reduced formation time 

for the first cluster and the lack of back flow on the plate due 

to the absence of any yortices in the wake. Consequently, the 

stronger second vortex of the first pair is the major influence on 

its trajectory (for example see Fig. 3.11). Starting the flow at 

a different point in the oscillation cycle does not appear to remove 

this imbalance in the strengths of the vortex clusters of the first 

shed pair. An off-edge perturbation was used to counteract this 

starting effect. By trial and error the most effective perturbation 

was found to be co = -ctZ? with a = sin I which becomes 

P I
 2 T

/
4
J 

d0) ( \ ( 4\ 

3 T 3C 
jl - - sin 

a 
1 -

,4> 
O < t < 3T/

S
 —(4.2) 

3T 

The function was terminated at t = /8 so that the third vortex 

cluster formed at each edge would not be directly influenced by 

this perturbation. The form of the perturbation actually seen by 

the plate is sketched on Fig. 4.4. 

With or without the off-edge perturbation the model always 

predicted for oscillatory flow, initially, two pairs of oppositely 

signed clusters, one pair shed from each edge, travelling away 

from the body and parallel to the axis. This has recently been 

observed by Oshima and Oshima (1980) and the similarity between 

their visualisations and the computed flow patterns can be seen 

by. comparing Figs.3.9 and 3.10. The off-edge perturbation was 

effective in assisting the first pair of vortices to travel further 

away from the vicinity of the plate by trying to counteract the 

unequal vorticity distribution between the first two clusters shed. 
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5. A part icular problem of a model which does not amalgamate 

vortices i s that once created, a point vortex i s always in 

existence. Clusters of vortices are shed and depart from the region 

of the body only to return with the next flow reversal and interfere 

with the shedding mechanism; for at an equal distance they have as 

much influence on the shedding edge as a newly formed vortex. Without 

including a mechanism to reduce the c i rculat ion the flow patterns for 

osc i l l a tory flow are disrupted by the return of previously shed 

vort ices , which leads to chaotic motion. Other workers, for example 

Kijya, Arie and Harigane(i979)9 have also found i t necessary to 

include an a r t i f i c i a l reduction in c i rculat ion to preserve the 

s t a b i l i t y of the model and they too regard i t s inclusion as a 

representation of the growing three dimensionality of the vortex 

cores. In actual fact a l ine vortex, which becomes wavy ( i . e . three 

dimensional effects appear) s t i l l has no reduction in overall 

c i rcu la t ion , the ve loc i ty components are simply redistr ibuted. 

This introduces a new parameter: the decay rate. Using the 

function 

V(t) = T
0
 expC-kt

2

) ~(4.3) 

the value of k was chosen as k = 0.25 with the aim of giving 

near f u l l strength vortices throughout the formation and shedding of 

a vortex c lus ter , and the pairing process in the next half cycle . 

When the vortex returns with the reverse flow i t s influence w i l l 

have become smaller. After one osc i l l a t ion r(1) = 0.779T
 0
, and 

by the end of the second osc i l l a t ion T(2) = 0.368t
q
. When 

rCt) = O.OIT the vortex was removed from the calculat ion, th is 
o 
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was at = 4.29. Usually by th is stage the vortex was f a r 

away from the body. 

The decay mechanism i s not an attempt to reproduce the 

dif fusion property of v o r t i c i t y . This can be done adequately 

using standard methods e.g. the random-walk technique. I t i s a 

step towards taking account of the redistr ibut ion of vo r t i c i t y 

caused by components of vo r t i c i t y in directions other than normal to 

the two-dimensional plane. There are several ef fects which do 

introduce a numerical v i s cos i t y , for example, the anisotropic 

velocity f i e l d ; truncation er rors ; the use of a coarse integration 

scheme. The inclusion of these ef fects or in fact the misrepresentation 

of the physical case i s not so severe an approximation as i t seems. 

To obtain a numerically sat i s factory model a balance has to be 

struck between these ef fects which help s t a b i l i z e the motion and 

prevent i n s t a b i l i t i e s growing and the f ine scale approximation needed 

to represent the shedding process cor rect ly . The results show that 

the inclusion of c i rcu la t ion reduction, apart from helping to 

preserve the s t a b i l i t y of the model does bring the calculated 

results into l ine with the experimentally obtained ones, Obasaju 

(1981), t yp i ca l l y at a beta parameter value of 3 ^ 500, see graphs 

14 and 15. 

6. With the numerical Biot-Savart law model the computational 
2 

time i s proportional to the square of the number of vor t i ces , N . 

The calculat ion of the ve loc i t ies of the vort ices accounts for 

some 80% of the total computer time required. Any attempts to 

reduce the time s ign i f i can t l y must make approximations with some 
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of the routines. The computational time for the CIC method, which 

retains the Lagrangian treatment of the vo r t i c i t y f i e l d while 

solving the ve loc i ty equations on a f ixed Eulerian mesh i s 

proportional to N log
n
 N , where N i s the number of mesh r r m m m 

2 
points involved, which i s considerably less than N , for a l l 

N > N . The use of Fast Fourier Transforms to solve the stream 
v m 

function equation replaces the influence function approach by a 

fas ter and hence cheaper method. A comparison of re la t i ve speeds 

of the models i s given in Table 6 for one integration time step 

wi th the order of 0(100) vor t i ces . 

TABLE 6 : 

Approximate CP time required for one time step with the order 0(100) vort ices 

Biot-Savart Model (V0RTEZ) 12 cp sees 

CIC Model using Influence Function (SEAV0R) 5 cp sees 

CIC Model using Fourier Transform 3 cp sees 

CIC Model using FFT (VICV0R) 1 cp sec 

CIC Model using FFT and p a r t i a l l y optimized code (VICVIC) .6 cp sec 

When using 4000 vort ices the model in i t s f i na l form - VICVIC -

s t i l l has a f a i r l y high cost for each timestep; requiring 0(3 .0 ) cp 

sees. A f u l l e r optimization and s impl i f i cat ion of the logical 

structure of the program w i l l y i e l d further reductions of time, 

possibly by as much as 30-40%. 

4.21 Steady Motion 

The model with and without c i rcu lat ion reduction, gave very good 
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v isua l i sat ions of Karman s t reet type wakes. Without c i rcu lat ion 

reduction the estimated Strouhal number for the wake was st = 0.160. 

The in - l ine force coe f f i c i en t , c , was considerably higher than the 
h 

experimental value, with ._C
P
 - 4.1. Inspection of the v isua l i sat ions 

reveals how closely behind the plate the vortex c lusters are being 

formed; which gives higher suction on the reverse of the plate 

and consequently a high in - l i ne force coef f i c ient . With c i rcu lat ion 

reduction included (using the equivalent decay rate of a case of 

K = 40) the i n - l i ne force coef f i c ient i s predicted as C
P
 = 2.33

9 

graph 18, with a Strouhal frequency of S = 0.146. Inspection of 

the computed flow pattern now shows the vortices ro l l ing up s l i g h t l y 

further away from the p late , F ig . 3.25. This downstream displacement 

i s su f f i c i en t to bring the resu l ts into close agreement with 

experiment. The flow patterns for the two cases, with and without 

decay, are compared in F ig . 4.5a. Alongside the former i s shown a 

two dimensional flow v i sua l i sa t ion by Perry , Chong and Lim (1982) 

using a smoke trace at R = 3000 for a f l a t plate with aspect 

rat io 1 .76, F ig . 4 .5b, which corresponds we l l . 

4.22 Osc i l la tory Flow: l < kq < 8 

Examination of flows in this region showed the emerging sheets 

winding themselves into vortex c lus ters . The computed v i sua l i sa t ion 

had good resolution showing c lea r l y the winds of the s p i r a l , e .g . 

F ig . 4 .6 ; even at K = 1 th is winding i s v i s i b l e . With the 

passing of time the structure of the centre of the c luster i s lo s t 

but the individual ident i ty of each c luster i s maintained. The 

model showed vort ices crossing over the plate , as the flow reversed, 

and forming pairs with the new vortex c lusters being formed at the edges. 
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The pairs shed when the i r second c lusters separate from the i r 

feeding shear layers*. I n i t i a l l y the pairs t ravel led away from the 

plate , para l le l to the a x i s , and then towards the ax i s . The two 

vortex c lusters nearest the plate , F ig . 4 .7 , influenced each other 

and formed a pair t rave l l ing towards the p late . The direct ion 

of the free stream at th is stage was also towards the plate . The 

two clusters returned to the v i c i n i t y of the plate and combined 

with the new yort ices being formed. 

Although at low K values [K * L) several osc i l l a t ions 
C O 

were s t i l l possible , at higher kq values {k % 8) the shedding 

process was disrupted. The inclusion of vortex c i rcu la t ion decay 

prevented th i s mechanism as the influence of the returning vortices 

had diminished. 

At the higher K values [K ^ 8 ) small perturbations or 

secondary motions are v i s i b l e around the outer winds of the c lus te r , 

F ig . 4 .8 . This behaviour has been noted experimentally by Pierce 

(.1961), who observed the formation of rotation centres along the 

ro l led shear layer and interpreted th is as evidence of the s t a b i l i t y 

properties of the shear layer - the Helmholtz i n s t a b i l i t y . The e f fec t 

has also beer, observed by Pull in and Perry (1980) who ascribed 

i t solely to vibration of their apparatus. This effect did not 

necessarily appear when the model was used with a di f ferent set of 

numerical parameters. 

The asymmetric perturbation was applied to tests for Keulegan-

Carpenter numbers of kq < 6 with l i t t l e e f fect . The flow was 

loca l ly disturbed but no asymmetrical motion Persisted. There i s 

l i t t l e interaction between the edges in this region and so the wake 

quickly returns to the same pattern; that as i f no perturbation 

has been applied. 
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4.23 Osci l latory Flow: 6 < k < 16 

The numerical reconstruction of the diagonal vortex patterns 

observed experimentally in this region i s one of the most important 

achievements of the model. Tests have shown that once the mode i s 

established i t i s a stable s i tuat ion unique to th is range of Keulegan-

Carpenter numbers. Without vortex c i rcu lat ion decay the motion was 

disrupted by the shed vortex pair completing a c i r c u i t and returning 

towards the p late ; subsequently af fect ing the shedding process. A 

computed v i sua l i sa t ion has been inserted into a sequence of photographs 

at K^ - 15 with good agreement, F ig . 4 .9 . The photographs, from 

Singh (1979), are of neutral ly buoyant part ic les in a U-tube experiment. 

In laboratory tests rec i rcu lat ion of a diagonally shed vortex pair 

i s never observed. By scal ing the computed flow pattern to the U-tube 

experiment of Singh i t i s calculated that the shed pair would have 

col l ided with the tunnel wall before being rec i rculated. 

In the absence of an introduced perturbation the flow pattern 

remains symmetrical, howeyer there was now shedding in both di rect ions . 

As with the lower Keulegan-Carpenter number regime vortex pairs are 

formed on both edges and travel away from the p late , para l le l to the 

a x i s , when the newest vortex breaks from i t s feeding sheet. Now, 

the remainder of the shear layer winds i t s e l f into a new c luster during 

the remainder of the cyc le , F ig . 3 .11 , and with the flow reversal 

crosses over the plate and forms a pair with the vortex being created 

at the edge. This pair i s then shed and the process repeats i t s e l f . 

When the perturbation i s used the pair sheds diagonally, t rave l l ing 

away from the plate with an angle of approximately 45° to the horizontal 

ax i s . The remaining shear layer at that edge winds i t s e l f into a small 
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vortex. Due to the asymmetrical nature of the flow there i s a larger 

vortex at the opposite edge, e .g . F ig . 3.20. As the flow reverses 

the small vortex i s squeezed between the large vortex and the edge 

as they both cross under the plate . The small vortex i s enhanced by 

new vo r t i c i t y shed from the edge and a pair i s formed and sheds in a 

direct ion diametr ical ly opposite to the previous pa i r . The complete 

process i s sketched in Fig. 1.14 to 1.19. 

4.24 Osci l latory Flow: K >15 

The modelling of flow with a high Keulegan-Carpenter number has 

previously been unmanageable, for such cases have a large period and 

the l imitat ions imposed on the number of vort ices has res t r i c ted the 

number of time integrations possible. The CIC model has removed 

th is obstacle. The results have shown interest ing features about 

the flow which have not ye t been examined experimentally in de ta i l . 

At K
q
 = 40 the computer v i sua l i sa t ion predicts a Karman s t reet 

type wake with f i v e a l ternate ly signed vortex c lusters being shed; 

the f i r s t two c lusters of the s t reet having paired with vortex 

c lusters formed in the previous ha l f -cyc le . The test model only 

examined four osc i l l a t ions yet a shedding mode had been established 

and was repeated through every ha l f cyc le . This i s shown 

schematically in F ig . 4.10. As the flow reverses the small 

c lus te r , A:5+ crosses over the top of the p late , in between 

the large c lus te r , A :4- , and the edge. The c luster A:5+ combines 

with the new vortex growing from the edge to form B : l+ , and a pair 

i s formed between this c luster and A:4- which convects away at a 

small angle to the a x i s , see F ig . 4.10. The wake never appears to 

diverge great ly from the axis and so on return the c luster A:3+ i s 
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s t i l l close to the level of the edge. Vortex A:3+ then crosses 

underneath making a pair with vortex B :2- , formed at the lower 

edge. This convects away at an angle only s l i gh t l y inc l ined to the 

ax i s . In the remainder of the hal f-cyc le a small Karman s t reet i s 

formed, see F ig . 4 .10. The pairs A :4-/B : l+ and A:3+/B:2- appear 

to take no further part in the shedding process, having e f fec t i ve l y 

l e f t the v i c i n i t y of the plate. With the next flow reversal the 

vortex B:5+ crosses underneath the p la te , between the edge and the 

vortex c luster B :4- , and combines with the new A: l+ . The pair 

B :4-/A: l+ i s formed and convects away. The c luster B:3+ has 

returned to the plate and crosses over, pair ing with A:2- . Then 

f i n a l l y the s t reet of A:3+, A:4- and the small A:5+ i s formed. 

This completes one cyc le . 

The th i rd vortex of every hal f-cyc le (A:3+, B:3+) appears to 

approach quite c lose ly to the back of the plate before passing around 

i t . This w i l l reduce the pressure on the reverse of the plate and 

promote a higher in - l ine force coef f i c ient at a l a te r phase in the 

cycle . The model predicts that the maximum in- l ine force occurs at 

= 0.224. The ine r t i a coef f i c ient i s not in such close agreement 

with the experimental resu l ts as the drag coef f i c ient i s . This i s 

almost cer ta in ly due to the flow not being f u l l y sett led down af ter 

the s tar t ing process. At lower Keulegan-Carpenter values (cases which 

do not produce a "street" each hal f cycle) the s tar t ing ef fects are 

quickly forgotten as the perturbing vortex i s swept away. With th is 

K^ value, although, the perturbing vortex i t s e l f has been convected 

away,, the f i r s t wake produced consists of f i ve vortex c lus te rs . With 

the flow reversal three c lusters cross back over the p late , which 
li a 

leaves two c lusters in the v i c i n i t y of the plate . ( In subsequent 

hal f-cycles the equivalent of these two c lus te r s , A:1 and A :2 , 

each become part of a pair and convect away). Unti l the e f fec t of 
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these c lusters i s removed the flow w i l l not have f u l l y set t led down 

and th i s w i l l be ref lected i n i t i a l l y in the coef f i c ients . 

4.25 Character ist ics of the flow regimes 

The computed resu l ts show c lear ly the mechanisms involved in 

the flow for the d i f ferent Keulegan-Carpenter numbers. At high 

Keulegan-Carpenter numbers (K >25) the motion i s dominated by 

the behaviour of the vortex c lus ters . Every hal f cyc le .a small 

s t r ee t , of r e l a t i v e l y large c luster s i z e , i s formed. The phase of 

the maximum force on the plate occurs with the maximum velocity of 

the stream, i . e . the motion of the vort ices i s the major influence 

in calculat ing the in - l ine force coe f f i c i en t s , see graph 17. 

As the Keulegan-Carpenter number i s decreased the Drag/Inertia 

regime i s entered. The vortices shed from each edge convect away 

as a pair along the diagonal. An interact ion between the edges i s 

established and only one large vortex and one small vortex are formed 

at the edges in each ha l f - cyc le , e .g. f i g . 3.17 or 3.20. When the 

small vortex crosses the plate i t i s enhanced by vo r t i c i t y shed from 

the edge. A pair of c lusters o f , approximately equal strength i s 

formed and these convect away. The small amount of vo r t i c i t y l e f t 

at the edge forms the basis of next pair to be shed, diagonally 

opposite, and so perpetuates the diagonal shedding mode. The motion 

of v o r t i c i t y around the plate causes a higher maximum in- l ine force , 

and the phase of that force to be e a r l i e r in the cyc le . I t appears 

that the second vortex c luster separates from i t s feeding layer (and 

the pair sheds) short ly before the maximum in- l ine force occurs and 

th i s causes a small in f lec t ion on the in- l ine force t race , for 

example graph 16. 



- 117 -

In the low Keulegan-Carpenter number region (# < 5 ) the 
c 

strength of the vort ices i s r e l a t i ve l y smaller due to the reduced 

formation time. The in- l ine force trace now exhibits very sharp 

peaks due to the vortex c lusters passing close to the shedding 

edge. The vort ices do not convect away or travel out of the region 

of the plate and the model predicts that the maximum in- l ine force 

occurs close to maximum acceleration. 

Using a mathematical model i t i s possible to follow the paths 

and interactions of the vortex c lusters arid to obtain values for 

any coef f i c ient required, at any point in the flow f i e l d . Graphs 

14-18 show that the method developed here works we l l . The calculated 

N-case resul ts are in good agreement with previous theoretical s tudies , 

which have usual ly always calculated higher values for the coef f ic ients 

than those found experimentally. When vortex c i rcu la t ion reduction i s 

included (the S and A-case re su l t s ) the agreement with experiment i s 

extremely good. 

4.3 Conclusions and Recommendations 

The approach and the direction of the research described above 

has been that of a qua l i ta t ive study into the numerical reproduction 

of the formation and shedding of vort ices from a f l a t plate in 

osc i l l a t i ng and steady streams. The c r i t e r i a has been to obtain 

in- l ine drag and ine r t i a coeff ic ients which agree well with 

experimentally determined resul ts and th is has been successful ly 

achieved. Rigorous proofs of some of the numerical processes involved 

have not been attempted. The prediction of v i sua l i sa t ion pictures 

which bear a resemblance to laboratory observations has been an 
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important part of the study. The CIC method has made longer flow 

times possible and at a faster computational speed than can be 

obtained from using the Biot-Savart method. I t removes small 

wavelength i n s t a b i l i t i e s and preserves the flow structure. The 

comparison of two computed flow patterns, one from the Biot-Savart 

model, the second from the CIC model without decay, f i g . 4 .11 , 

indicates how c lea r l y the areas of v o r t i c i t y in the flow f i e l d are 

ident i f ied with the CIC model. As the flow continues the older 

vortex clusters inter fere with the shedding mechanism. I t had not 

been possible to continue beyond th is stage with the Biot-Savart 

model due to the i n s t a b i l i t i e s . 

The model re l i ed on the use of r e l a t i ve l y few parameters for 

i t s success: the mesh s i z e , the timestep s i z e , the strength of one 

point vortex; and also the c i rcu la t ion decay rate . The basis for 

inclusion of th is in the model i s questionable but j u s t i f i c a t i o n must 

come from the fac t that the known features of the flow are modelled 

better by i t s use. This i s rather qua l i ta t i ve but nevertheless i t s 

inclusion improves the resu l ts when compared to experiment, promotes 

s t a b i l i t y and permits longer flow times. 

The use of time saving routines in conjunction with the Fast 

Fourier Transform method for the solution of Poissons equation w i l l 

make the CTC method an extremely v iable proposition for further 

development and incorporation into pract ica l s i tuat ions . The model 

has shown that i t i s possible to simulate vortex shedding from a 

f l a t plate in steady or osc i l l a t i ng streams and capable of handling 

thousands of point vort ices for long flow times with no d i f f i c u l t y . 

I t w i l l be feas ible to use any shape of body with two known separation 

points in the model simply by transforming that body into a c i r c l e 
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by the use of an appropriate transform; and by extension of the 

shedding routine to bodies with more than two shedding points. The 

Schwarz-Christoffel transform can be used to transform any n-sided 

polygon into a c i r c l e . 

Further work remains on the shedding mechanism. The calculat ion 

of the ve loc i ty in the v i c i n i t y of the shedding points must be 

performed carefu l ly to enable an accurate shedding procedure. One 

development might be to subdivide the f i r s t mesh into smaller c e l l s , 

using these as introduction c e l l s . The model could then supply an 

accurate value of the velocity to within close range of the body. 

A systematic invest igat ion into the inclusion of vortex 

c i rcu lat ion decay and the ef fects of using d i f ferent decay functions 

w i l l be helpful in ident i fy ing the extent to which such procedures 

influence the motion. Models which have included c i rcu lat ion decay 

have a l l found improved re su l t s , e .g . K iya , Arie and Harigane (1979), 

and with th is model the predicted flow patterns for a l l four flow 

regimes examined resembled the i r real flow counterparts, with 

corresponding close agreement for the in - l ine force coef f i c ients . 



REFERENCES 

ABERNATHY, F.H. and KRONAUER, R.E . 1962 J. Fluid Mech. 13, 1-20. 

ASHURST, W.T. 1977 Sandia Lab. Rep. SAND 77-8612. 

BEARMAN, P.W. and GRAHAM, J.M.R. 1979 BOSS '79 309. 

BEARMAN, P.W., GRAHAM, J .M.R . , NAYLOR, P. and OBASAJU, E. 1981. 

Int. Symp. Hydrodynamics in Ocean Eng., Trondheim, Norway. 

BEARMAN, P.W. and KAMAMOTO, K. 1978. IC Aero Rote: 78-108. 

BIRKHOFF, G.D. and FISHER, J . 1959. Rc. Circ. mat Palermo 8, 

77-90. 

CHORIN, A . J . 1969. Math. Cornp. 23, 341. 

CHORIN, A . J . 1973 J. Fluid Mech. 57, 785-796. 

CHORIN, A . J . and BERNARD, P.S. 1972 J.Comp. Phys. 13, 423-428. 

CHRISTIANSEN, J . P . 1973. J. Corrrp. Phys. 13, 363-379. 

CHRISTIANSEN, J . P . and ZABUSKY, N.J. 1973 J. Fluid Mech. 61, 

219-243. 

CLEMENTS, R .R . 1973 J. Fluid Mech. 57, 321. 

CLEMENTS, R.R. and MAULL, D.J . 1975 Prog. Aerospace Sic. 16, 

129-146. 

COOLEY, J.W. and TUKEY, J.W. 1965 Math. Comp. 19, 297. 

DALTON, C . , HUNT, J . P . and HUSSAIN, A.K.M.F. 1976 Proc. Offshore 

Tech. Conf., OTC 2538. 

DEAN, R.G. 1976 Behaviour of Offshore Structures (BOSS'76)
9 

Trondheim, Norway. 

FAGE, A. and JOHANSEN, F .C. 1927 Proc. Roy. Soc. 116, 170-197. 

FINK, P . T . and SOH, W.K. 1974 Proc. 10th Symp. Naval Hydrodynamics, 

Cambridge, Mass. 

GERRARD, H.J . 1967 Phil. Trans. Roy. Soc. 261, 137-162. 

GRAHAM, J . M . R . 1977 IC Aero Report: 77-06. 

- 120 -



- 121 -

GRAHAM, J .M.R . 1979 J. Fluid Meek. 97, 331-346. 

HOGBEN, N. 1974 Maritime Tech. Monograph 1, Roy. Inst. Naval 

Architects. 

HOGBEN, N. , MILLER, B . L . , SEARLE, J.W. and WARD, G. 1977 

National Maritime Institute Report: Rll. 

IVERSON, H.W. and BALENT, R. 1951 J. Applied Rhys. 22. 

KADEN, H. 1931 Ing. Arch. 2, 140-168. 

KELLAR, H.B. and TAKAMI, H. 1966 Num. Sol. of Nonlinear Diff. 

Eq., Wiley, 115. 

KEULEGAN, G.H. and CARPENTER, L .H. 1958 J. Res. National Bureau 

of Standards 60, 423-440. 

KIYA, M. and ARIE, A. 1977 J. Fluid Mech. 82, 241-253. 

KIYA, M., ARIE, A. and HARIGANE, K. 1979 Mem. Faculty of Eng., 

University of Hokkaido, 15. 

KUCHEMAN, D. 1965 J. Fluid Mech. 21, 1 -20 . 

KUDO, K. 1981 3rd Int. Con. Num. Ship Hydrodynamics, Paris, 3. 

LEONARD, A. 1980 J. Comp. Phys. 37, 289-335. 

MASKELL, E . C . 1964 Proc. 3rd. Cong. Int. Coun. Aero. Sci., 737-750. 

MAULL, D . J . 1979 IUTAM/IAHR, Karlsruhe. 

MAULL, D . J . and MILLINER, M.G. 1978 Coastal Eng. 2, 149. 

MILIGRAM, J . H . 1976 Behaviour of Offshore Structures (BOSS '76), 

Trondheim, Norway. 

MILINAZZO, F . and SAFFMAN, P.G. 1977 J. Comp. Phys. 23, 380-392. 

MORISON, J . R . , O'BRIEN, M.P. , JOHNSON, J.W. and SCHAFF, S.A. 1950 

Petroleum Trans., AIME, 189, 149-157. 

MOORE, D.W. 1974 J. Fluid Mech. 63, 225-235. 

MOORE, D.W. 1976 Mathematika 23, 35-44. 

NAGAM0, S . , NAIT0, M. and TAKATA, H. 1980 Euromech 119 (eds. 

P.W. Bearman and J.M.R. Graham) J. Fluid Mech. 99. 

225-245. 



- 122 -

OBASAJU, E . 1981 Private communication. 

OSHIMA, Y. and OSHIMA, K. 1980 Proc. ICTAM, Toronto, Canada. 

PIERCE, D. 1961 J. Fluid Mech. 11, 460-464. 

PERRY, A . E . , CHONG, M.S. and LIM, T . T . 1982 J. Fluid Mech. 116, 

77-90. 

PULLIN, D . I . and PERRY, A .E . 1980. J. Fluid Mech. 97, 239-262. 

ROSENHEAD, L . 1931 Proc. Roy. Soc. A 134, 17-192. 

SAFFMAN, P.G. and BAKER, G.R. 1979 Ann. Rev. FluidMech. 11, 

95-122. 

SARPKAYA, T. 1966 AIAA 4, 414-420. 

SARPKAYA, T . 1968 J. Basic Eng. Trans. ASME 90, 511-520. 

SARPKAYA, T . 1975 J. Fluid Mech. 68, 109-128. 

SARPKAYA, T . 1976a (Feb) Naval Postgrad. Sch., Monterey, 

California, Report NPS-59SL 76021. 

SARPKAYA, T . 1976b (June) Naval Postgrad. Sch., Monterey, 

California, Report NPS-69SL 76062. 

SARPKAYA, T . and SH0AFF, R . L . 1979 AIAA 17, 1193-1200. 

SCHLICHTING, H. 1960 Boundary-Layer Theory, 6th ed., 

McGraw-Hill, New York. 

SHIH, C.C. and BUCHANAN, O.H. 1971 J. Fluid Mech. 48, 229. 

SINGH, S . 1979 Ph.D. Thesis, Faculty of Eng., University of London. 

STANSBY, P .K . 1977 Proc. Inst. Civ. Eng. 63, 865. 

STANSBY, P .K . and DIXON, A.G. 1982 Aero Quarterly 33, 105-123. 

TEMPERTON, C. 1979 J. Comp. Phys. 31, 1-20. 

WE I GAL, R . L . 1964 Oceanograp>hical Engineering. Prent ice H a l l , London. 

WEIGAL, R . L . , BEEBE, K . E . and MOON, J . 1957 J. Hydraul. Div., ASCE, 

83 HY2, 1-36. 

WESTWATER, F . L . 1935 Aero. Res. Comm. Rep. Memo. 1692. 



TABLES 

Diffract ion Non-diffraction 

Inert ia 

h > 0.2 > d, 

K < o 

Drag 

Drag/inertia 

< K 

Large body compared 
to wavelength, x 

Small body compared 
to wavelength, x 

I r rotat ional 
Potential flow methods 

Highly rotational wake areas 
Empirical methods 

TABLE 1. Flow regimes for cy l indr ica l bodies in 
waves, divided into two groups. 

i 
i! n 

- 123 -



- 124 -

TABLE 2. Results of ca lculat ions by d i f f e ren t authors for 
flow around b lu f f bodies. 

• Author Shedding 
Method 

Flow Body Results 
[ ] - Exptl . resu l t s 

Bearman and 
Kamemoto 

. I Steady F l a t P I . C' : 

a r . 
at' 

good 

good 
with P

7
 >0.3 
k 

Chorin F i n i t e 
di f ference 
"11" 

Steady Cylinder r 

R 
e 

= JO2 

= ^ 

ii 
ii 

1.18 [1.30] 

1.15 [.1.0 ] 

R 
e 

= 10
4  

°D = 
1.29 [l.22] 

;• R 
e 

= 10
5  

°D = 
0.29 [0.35] 

Clements Steady B l u f f 
body 

5 : good 

Fink and Soh I I Steady F l a t P I . e : 

a r . 
at ' 

good 

good agreement with Anton 
power law for r(t) growth 

Graham I I Oscl . Single 
edge 

CD : good 

C F : proportional to K q 

Varying internal angle. 

Kiya and Ar ie Steady F l a t P I . C'. increases with a 
D s 

S^ = 0.140 ( i n sens i t i ve ) 

Chorin vortex 

K iya , Ar ie and I I 
Harigane 

Steady F l a t P I . c
D

m

. 2.0-2.8 (20-40% high/ 

I 0 . 9 (9% low; 

5 : 0.143-0.162 (chosen) 

With c i r cu la t ion decay 
resu l t s wi th in 5%. 

Kudo I I Oscl . F l a t P I . c : good 

C
M

m

.diverging for K < 5 
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TABLE 2. (continued) 

Nagamo et a l . I I Steady Prism Cjy well predicted 

C
T
: quite good 
li 

S : 10% high 

Sarpkaya I I Steady F la t P I . 20% high 

S : sat is factory 
"G 

Sarpkaya and 
Schoaff 

I I with Steady Cylinder C * 1.20 [l.l5] 
b . l . ca lc . 

S, ^ 0.206 [ 0.185] 
v 

cr = 0.8 l 
Function of the diss ipat ion; 
Cn and s, least sens i t ive . 
Re ^ 10 . 

Stansby no s l i p Steady Cylinder cd = 0.8 (reasonable) 

no s l i p + Oscl. 
separation 
at 950 

Cylinder c : high 

C-. 1 ow 
M 

'L' 
diverging at high K 

Compared to Sarpkaya's 1966 
experiment 
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TABLE 4. Logical flowchart of the numerical 
Biot-Savart law program VORTEZ. 

ct<L 



TABLE 2. (continued) 

- 127 -

Notes: 

1. With the CIC method boxes 2 and 3 would be replaced by: 

Solve the Kutta condition, by i terat ion for each 
edge to f ind the required number of equal strength 
vort ices . 

2. In the optimized versions of the CIC program the ef fect of 

inserted vortices on the boundary conditions was considered 

negligible and box 4 omitted. The boundary conditions 

obtained to calculate the velocity in box 1 were used. 
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TABLE 5. Calculation in- l ine force coeff ic ients 

A' = Asymmetrically started flow with c i rcu lat ion 
decay included 

S = Symmetrically started flow with c i rcu lat ion 
decay included 

N = Symmetrically started flow without c i rcu lat ion 
decay 

( i ) Drag Coef f ic ient , CD ( i i ) Iner t ia Coef f ic ient , C* 
M 

Kc A S N KC A S N 

i — 14.47 - i - 1.33 -

i — - 11.62 1 - . - 1.21 
2 8.86 8.34 9.19 2 1.28 1.56 1.45 

4 6.07 6.44 7.13 4 1.36 1.71 1.78 

6 5.14 - - 6 1.51 - -

7 - 5.16 - 7 - 2.15 -

8 4.47 - 5.65 8 1.49 - 2.58 
10 3.83 4.66 - 10 1.14 2.48 -

12 4.32 - 3.88 12 0.73 - 2.78 

13 - 4.49 - 13 - 2.67 -

15 3.28 - - 15 0.82 - -

16 - 3.30 - 16 - 2.79 -

20 4.42 - - 20 0.94 - -

25 3.93 - - 25 1.25 - -

40 3.10 - — 40 1.15 - -
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TABLE 5. (continued) 

.. ( i i i ) Root-Mean-Square in- l ine force coef f i c ient , Cp 
rms 

K r A S N 

i - 20.78 
1 - - 11.56 
2 7.05 6.87 7.92 
4 4.36 5.59 4.97 
6 3.91 - -

7 - 4.16 -

8 3.33 - 4-.16 
10 2.82 3.11 -

12 2.78 - 2.78 
13 - 3.69 -

15 2.35 -

16 - 2.50 -

20 3.06 - -

25 3.36 - -

40 2.14 - -
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TABLE 7 Phase and maximum i n - l i n e force 

A = Asymmetrically s tar ted flow with c i r cu la t ion 
decay included 

S = Symmetrically s tar ted flow with c i r cu la t ion 
decay included 

N = Symmetrically started flow without 
c i r cu la t ion decay 

( i ) Maximum i n - l i n e force , |Cp | ( i i ) Hal f-cyc le phase of maximum 
max i n - l i n e force , t/y 

K

c 
A S N K c 

;

 A S N 

i - 27.00 - i - .089 -

1 - - 15.98 1. - - .120 

2 10.82 11.15 12.42 2 .161 .151 .160 

4 7.78 8.93 9.74 4 .156 .144 .165 

6 6.40 - - • 6 .167 - -

7 - 6.96 - 7 - .143 -

8 6.31 - 7.89 8 .139 - .157 

10 5.07 6.62 - 10 .159 .139 -

12 4.40 - -4.92 12 .124 - .157 

13 - 6.47 - 13 - .140 -

15 4.14 - . - 15 .167 - -

16 - 4.39 - 16 - .160 -

20 4.85 - - 20 .203 - -

25 4.56 - 25 .207 - -

40 3.91 - - 40 .224 - -
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Figure 2.8 Large 
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Figure 2.8 
(continued) 

• 

• • 

• • 

• 

• 
• 

• 

• 

— 

o 
0 0 
C M 

• 
• 

• 
• 

• 

• 

-
-

D 

• 
-

0 

o 

- ® O 0 ° 
° o 

0 ° ° 
o 

o 
o 
C M 

o 
0 0

 0 
o O

 0 o -

" o 0
 0

 O 
0 

_ 0 
0 o ° *

 0 

o 
o 
C O 

o O O 
o 

° o o o 

0 
« „ 0 ° 

° ° o 
o o 

-

O 

^ t 
3 1

 1 

• 
• • 

• 
• • • 0 

• • • • • 
0 

0 • 
• • • 

-

o 
C M 

0 0 • 
• • 

• • • 
• o 

• 
o 
0 0 

• • • • . • 
• 

• • • 
• • 

• 
o 

o 

C O 

II 

Jjpl C M 

• • 
. 

• - ° o 

° ° 0-
• 
• o 
• O^ o 
• • 
• • 

o ° 
- o o o 
0 ° o o o 

o 
o o O o 

' ° • 0 
• ° o 

o 

o 
\ * 



- 144 -

Figure 
2.9 V 

=0-18 • • 

sequence 
for 

i i 1 1 1 sequence 
for U=+0-9 
K =3 
c 

o ° o r 

P
R
=0.93 

o ° o o o 

a =0.37 
s 

A t =0.2 

x = 1.9a 
0 

=0-24 0 0 
o 

• • 
• • • • 

• • • • • 

1 1 
1 -i i 1 

° o 
° o 

u=+i-o 

V 
= 1 0 

• 
• 

• 
• 

• • • O o 
o O 

• 
• 

• 
• oc 

o 
c 

• • 
o 0 

o 

° 0 

0 
o 

o 

o 

• 
0 • 

1 1 1 1 —1 < 

• 

- 1 
u = o o 

• 
° o • 

• • • 
0 • • 

•o o ° 

• • 
• 

c 

• 
o • 

O o 
o o ° 

V 
= 1 6 7 

• 
• 
• 

• • 

o • • 

• o 

0 0 
o 

0 

0 

o 

o 
o 

0 

• 

• • • 

• • • o • 
• 

• • 
• 

° 0 
o o 

o 
• 

• 

Figure 
2.10 

• 0 0 o . o • o Figure 
2.10 A . 1 • 1 o 

• -

• 
• 

» 

• o 
u = - 0 9 

K = 3 
c 

P
R
= 0.93 

a = 0.37 
s 

• » 
o 

o o 

° o 
o • • 

o • 
o o ° 

• 
• 

• 

» 

o O 

° ° 
O ° • 

° o ° • o 
o ° 

• 

• 

At= 0.2 •• 
x = 1.9a 1 1 I 1 1 1 1 1 

-8a • -6a -Aa -2a 0 2a ia 6a 



- 145 -

Figure 2.11 
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Figure 2.11 
(continued) 
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Figure 3.5 
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Figure 
3.9 
(cont . ) 
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Figure 
3.11 
(cont.) 
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Figure 3.15 
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Figure 3.16| 
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Circulation decay function, with k = 0.25 
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Figure 
3.19 

K
c
 = 7 

t
/ T
 - 3.01* 

V = .02 
s 

2402 
vort ices * • 

• V 

fO 
CO 

la; = 4.5a 
o 

« * 
1» * f 

• 
• t 

• / V • 
• 

J
 % « 

/ 
• * 
• « 

N 
t 

V v • • • • 
• , 

. i \ A
4 

fC 

• h 
w * 

< • » »• » i'i' •. 
% » • • 

• 9 

t . . * 
<0 
I 

.. * 

(O 
CO 
I 



- 161 -
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Figure 3.21 K = 40
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Figure 3.22 
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Figure 4 .3 = 10 (S-case) 
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Figure 4.8| 
C « ) 

\ka = 10 
|S-case 

VT = 2.241 

V = .02 8 
2426 
vortices 
X = 6.4A o 

••» • » * 
v •» •. 

» • • 

/ % ' V 

• / < 

• • / s*. L 

i 

-
 %

 'V. * % 

• •• 

,t 

* 

\\ 

• 1 

* 
* • 

• i 
< 

? i K / - ; / • • 

l ..* • V, . •
 t
\ 

:
v

i « . v . . 
• / M. • 

r • * 

• _ 
t . 

• » • * 

• 
* 

•• '' t 

r. t « 

• • • • . 

• V 

(O 
CO 
i 

I CM 

« u 

! 
* » * • 

* VM* • ' i vo 

- « 

v ' 



Figure 4.9 
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GRAPHS 

"GRAPH 1: In i t ia l rate of growth of circulation for the top edge 
of the plate after an impulsive start (program VORTEZ) 
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• GRAPH 2: Instantaneous in-line force coefficient 
after an impulsive start 
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GRAPH 3: Instantaneous in-line force coefficient 
after a perturbed start 
P. = .94 Y = 0.160 
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GRAPH 4: Instantaneous in-line force coefficient for oscillating 
flow with K = 3 
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GRAPH 6 ( i ) : In i t ia l rate of growth of circulation from the top' 
edge of the plate after an impulsive start 
(program SEAVOR) 
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GRAPH 6 i i : In i t ia l rate of growth of circulation for the 
top edge of the plate after an impulsive start 
(program VICVOR) 
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GRAPH 7: Instantaneous in-line force coefficient after 
an impulsive start (program VICVOR) 
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GRAPH 8: Instantaneous in-line force coefficient after a 
perturbed start (program VICVIC) 
V = 0.025 
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GRAPH 9: Rate of change of circulation after a perturbed 
start (program VrCVIC) 
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GRAPH 10: Variation of drag coefficient, C4, 
with Keulegan-Carpenter number 
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GRAPH 11: Variation of inertia coefficient,?, 
with Keulegan-Carpenter number 
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GRAPH 12: Variation of the in-line force coefficients 
for changes in the Circulation Decay factor 
K = 4 o V =0.02 

s 
t = .4 o 
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GRAPH 13: Instantaneous in-line force coefficient for K
c
 = 4 with 

circulation decay included in the model (program VICVIC) ks .2 
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GRAPH 14: Variation of the drag coefficient with Keulegan-Carpenter 
number with Circulation Decay included in the model 
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GRAPH 15: Variation of the inertia coefficient with Keulegan-
Carpenter number with Circulation Decay included in 
model 
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GRAPH 16: Instantaneous in-line force coefficient for K
0
 = 10 with 

Circulation decay included in the model (program VICVIC) v8-.02 k=*25 
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GRAPH 17: Phase difference between the point of 
maximum acceleration (t - O.O) and the 
absolute maximum of the in-line force in 
each half cycle 
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GRAPH 18: Instantaneous in-line force for uni-
directional flow after a perturbed start 
with Circulation Decay included in the 
model 
S^ = 0.146 
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GRAPH 19: Variation of the in-line force coefficients 
with changes in the number of cells in the 
radial direction of the mesh 
K = 7 o V = 0.02 

s 
t = 0.4 o 


