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ABSTRACT

A study of some vork performed upon the eye of the Limulus
crab indicated a technique which might have application in the
field of communication engineering for cases wherc it is desired
to separate a frequency band into several adjacent {requency bands.
The system evolved consists of separate filters which axe
interconnected so as to increase the effective complexity of each
unit and thereby increase its effectiveness as a filter,

The behaviour of the interconnected system is then analysed
and some of the basgic properties are examined by consid:ration
of an infinite array of units and is based on an idealised
frequency transformation which is only approximately achieved in
practice. The results of this analysis are of limited value,
80 a numerical design procedure was developed which allowed the
design of filters which would have, very nearly, a given pass-
band behaviour when interconnected. Application of the design
method showed areas where this technique may be of advantage
in tkat it reduces the complexity of the system for a given
application, The sensitivity of the system to inexact
realisation was also investigated and found to be comparable to
conventional technigues.

An experimental realisation technigue was also developed
uging an electronic analogue computer in order to check the
m..thematics, the physical realisability of the system and the
computer programs, Although this realisation technique
uses operational amplifiers, it could have many advant~ses for

practical systems.
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CHAPTER COIH
DEVELOPLENT OF THE BASIC SYSTHH

1.1 Latersl inbhibition in the Limulue crab,.

In recent years the developrent of electro-neurophysiology
has throim considerable light on the type of informetion
Processing perforned by the peripherzl nervous systemn, A systenm
that has been extensively explored is that of the eye of the
Lirulus crab. (Ratliff 1961, et al.1963) S22 % _

The eye of this crab is a compound eye consisting of about a
thousand elementary facels called ommatidia, each of which is a
system of receptor cells with 2 =ingle nerve output. The
front of the ommatidium has an elenentary crystalline lens
which collects light from a conical field of view and the
ommatidig are arranged on the surface of & esphere such that each
obtains light from a slightly different part of the'envirqnment,
but with considerable overlap, Thue it would be thought that
tke crab would have very little visual discrimination, Bohind
the eye the single nerve fibres from each ommatidium are
interconnected in a complex manner which, so far, kas not been
resolved Listologically. The individual nerve fibres do not lose
their identity and in the oplic nexve there is still a one-to-one
correspondence between the irdividual ommatidia znd a nerve fibre.

In the experiments of Ratliff and others, nerve fibres have
been isolnted and associated with the approgriate ommatidium
by observing the firing rate of the fibres wken individual
omnatidia were illuninated.

The firing rate (impulses per cecond) was found to be
proportional (logarithmically) to the illumination.  Fowever
when adjacent ommatidia were illuminated then it was found that
the firing rates interacted. The various experiments indicated
that the dependence is that the firing rate of a particular nexve

is proportionzl to the excitation, but adjacent firing patierns

* references: sce page 8



tended to inhibit this rate, This lateral inhibition was found
1o be very nearly linear once 2 certain threshold hed been
reached, and the threshold and coefficient of proportionality
were found to be a function of the physical separation of the
ommatidia. The effect of several adjacent nerves Tiring was
the sum of their individuzl effects. These results lead the
experimenters to state their results in the form ( Hartline &

Ratliff 1957) o

n T In "~ zﬁni(zi - Zoi) (1.1)

Yhere 2z is the firinge rate the excitation from the
n ? ¥n

retina and bni and Zos coefficients of proportioraliity and the

threshold, respectively. If Zi< Z04 then the term 2 = 2o is
taken as zero, Also none of the z, may be negative so they take

=

zero ag their minimum value. The sunmation convention used here

and in ttre rest of the chapter is that the summation is taken

from i = 1 to ¥, unless otherwise stated. Further, the dash on

the surmation eign indic2tes that the term i = n is omitted.
Assuming this equation to be true, Reic}uard‘b(196’2)Z'L nade

the theoretical observation that, with appropriate simplifying

assumptions, tre change in light intensities of the crab's

environment produces linear and additive ckanges in the excitation,

yn,from the retina. Fe considered the case of a one-dimensional

line of N ommatidia looking at a row of N point objects of

intensity Xy i=1l, . See Pigure 1,1. Because of the consiruction

of the compound eye, each ommatidium receives light from se-reral

of the object points, so that the excitiation In is given by

y, = Ye % (1.2)

n ni

vhere &5 are the elenents of the overlap matrix,

90
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iie. v =-[2] 4 o (1.3)

Thus, provided [A] is a non-singular matrix, then no
information is lost. To obtain the initial stimuli the crad
has merely to solve about 1000 simultaneous algebraic equations.
This, in fact, ies wrat it does, '

Concidering equation (l.1) Reichardt then azsumed that the

thresholds z 5 Were ﬁegligible compared to the Zis SO

]
,zn = yn— anizi (1.4)
If bnn = 1, then this may be wrritten
In = Ezbnizi ) (1.5)

Which in matrix form is

1 = [3] 4 (1.6)

Comparing equations (1.3) and (1.6) it is immediately
[a] =[] tren o =4 , tnet is 12 the

coefficients of proporiiornality are exactly the same as the

b

obvioug that i

coefficients in the overlap matrix, then the nervous systen

is capzble of reproducing precisely the intensities of the I7
object points in tre Il nerve fibres. Thie is indeed a renarkable
potential promeriy of the nervous system of the crab, but it is
not known how well it is achieved in practice, or even how
necessary such exact separation is to the creb,

A similar situation occurs in the nmanmalian ear.5 The
recentor organ consiste of a membrane called the Basilar merbrane,
vwhich is so shaped and excited that different portions vibrate at
different freauencies. Along the length of the merbrane are
situated hair cells which produce firings at a rate vroportional

to the local displacement of the merbrane. ¢ witk the compound

11.



eye there is considerable overlap of stimu!ation by individual
stimulii, but a pracess of lateral inhibition effectively
regenerates the individual stirmlii into separste Nerves. This
is thought to Le the basis of the human ability for very fine

pitch discrimination in spite of the known poor response of the

Basilar membrane and hair cells.

1.2 Application to filter systems

Whilst reading azbout the exciting way in which Nature is
able to disentangle overlapping stimuli, the author was struck by
the application of this principle of lateral inhibition to
Communication Ingineering. In pariicular, to the problem of
separating signals of similar frequencies into separate channels
as is necessary, for exanvle, in o frequency-division-multiplex
system.

In such °J :tenms, many signals are multiplexed onto a single
transmission path by modulating them onto dlfferent carrier
signals,(e.g. see reference 21) At the receiver these signals
miet be separated by a bank of band-pass filters before denodulaiion,
To obtain econonical use of available bandwidtk, these filters nust
have a rapid increase in attenuation beyond the pass—band limit
to prevent adjacent channel interference, and to allow adjacent
pass-bands 10 be as close as rosuible.

Conventional filter design uses inductor and capacitor
structures whose transfer characteristics approximate the ideal
band-pass £ilicr requirsment, I+ is inpossible to achleve tl
ideal exactly but it may be approxirated as closely as desired by
the use of sufficiant corponents. Thre tran sfer function for o
finite lumped circuit is a rationzl function in the Laplace transforn
variable, & , the order of whick depernds upon the nuiber of
comporents, A eimple filter apvroximation is that due to
Buttervorth ( see Jeinberg 1962 Chanter 11) 6. In these filters
a low-pass prototype is designed such that the squared modulus

of the transfer function f£(s),s = jo Tor a cui—off frequency of

12,



w=1 is given by

,f(.j“’ )[ ¢ - *““‘"l*"gr*'
. ‘ 1 +w™
where Ii is the order of approximation. As 11 increases and
thereby the complexity of the circuit, the approximation becomnes
better, as may be seen in Figure 1.2,

The question engendered by the discussion on the crab is
whether one may partition fresuency space with much poorer
filters (which would be cheaper and, if of a lower order, then
smaller too), and then reduce the ensuing adjacent channel
interference by a process of lateral inhibition.

Consider a set of linear vand-pass filters beinz used to
rartition frequency svace, Bach filter nmay be regarded as a
receptor looking at frequency space, and as they are not ideal 1k

the filters will receive signals from adjacent channels,
& J

Asgune that the frequency space is partitioned into .
adjacent bands with centre freguencies (either arithmetic or geonetri
091 to (AH, the lower and upper freauencies of the nth band
being denoted by “ﬂn and w"n respectively. Congider now that
each band in this frequerncy space contains a nessage xi(t)
linited in frequencies to w! < Jw|fwr ,

- i i
Hence

Xi(jco) =0 for ! <lwldw! (1.7)

where Ki(jh>) is the Fourier trensform of xi(t).
The total signal is therefore the sum of the individual

signals i.e.

x(t) = xi(t)

L=

and hence the transform of the sum is given by
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Xgw) = Vx5 (Ge) (1.8)

If tke transfer function of the nth filter is An(jks) then

the Pourier transform of its output Yn(jua), is clearly

rv) = aGe) JxGe) (1.9)

The problem of the filter design is to find a circuit whose

transfer function An(jh>) hag a nagnitude vhich is nearly constant
in tke freguency range LQ;'L L] € LJH and is sufficiently
smnall outside this range to prevent components of the unvanted .
messages {rom interfering with those of the required nessage,
xh(t). Thie behaviour may always be achleved in principle to any
degree of accuracy provided that the filter has sufficient complexity

In order to apply the analogy of lateral inhibition it is
convenient to regard the filter iransfer functions as being composed
of a sun of N functions, ani(jL>) , where ani(jua) takes the

value of An(jw ) in the ith frequency band and is zero elsevbere.

i.e.
a (=) = 4 (§») B,(jw) (1.10)
where 1 w! L\l & w;
B.(jw ) = + (1.11)
* 0 elsevhere

Thus B,(jw ) is an ideal ( and physically unrealisable) band-pass
i
function., This is chowm in Pigure 1.3. By virtue of equations

(1.7) and (1.10) then eruation (1.8) may be expressed

Y,(3w) = 2, (3w ) X (§») (1.12)

N

i=1

This etuation has the same form as that of eauation (1.2)

so by anzlogy to eruation (1.4) if a system of ¥ units may be
constructed such that the output from the nth unit zn(t) has

the Fouriecr transform of

15.
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Z(j) = T() - Yo (3w) 7(5)

(1.13)
vhere bni(JuJ) = ani(JbJ)
then from the previous discussion it is clear that
Zn(jua) = Xh(ju ) and exact partitioning will have been achieved,

The desired system may be realised with the z2id of
overational amplificrs as used in analogue computers. A
system which satisfies equation (1.13) may be realised by a
set of N of the circuit shown in Pigure l.4.

Thus if one can synthesise a set of trensfer functions
bni(jk:) = ani(juJ) ag defined by eauation (1.10) then perfect
band-pass filters will be produced, It is apparent fron the
definition of the ani(jvﬂ) that thg set of transfer functions
required for the nth unit are tke funciion An(ju:) in cascade
with an idezl band-pass filter Bi(ij) connected to the output
frorn the ith filier unit.

However, the object of the whole system is 1o ensure that the
spectyrum of the output of each unit is sulitably band-limited, so
ideally there should be no necessity for the ideal band-pass
filter in the realisation of the bni(jvs) functions,

Thus a good approximation to the bni(ju:) functions is simply
An(jua) for all i. All the transfer funciions into the nth unit
are now thke same, i.e. An(jv’) , so that if the transTer function
of the surning amplifier is changed from - 1 to - Ah(jha) then
the reguired system will have the much simpler form of Figure 1l.5.

Here the nth unit orerates with a transfer function of

- An(juJ) upon the sum of its inputs i.e.

- z,(Gw) = —-An(a'w) [X(J‘*")' 2' Zi(j‘”)]
(1.14)

The rest of the thescis discusses various decign procedures for

117,
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the Ar(jvJ) functions which will produce effective band-pass filters
1 . '
when used in systens of this type. The crab has served its

purpoge and will now be discarded.

1.3 Congideration of the new system

The effective transfer function betwreen the input and the

nth output, fn( jw )yis defined by

Z (3% )
£ (3w) = n. (1.15)
X(3% )

It is possible in the fully interconnected case described to find
a simple expression for the overall transfer function of each unit,
Eruation (1.14) may be rewritten

£ = A [1-FP+z ) (1.16) -

where the functional dependancies upon jo have beefl dropped for

clarity and where

A
£ = (l - F) 2 (1'17)
n 1-4

Summing both sides of this enquation for i = 1 to W yields
)4

F = (1-7) Xl-m—i—-— (1.18)
]

therefore



Ai
’ Z 1 ~ A,
_ 1
h A

l+§:l—‘_£—.-
- A,
1

and substituting this bock into (1.17) gives £, in terms of

F (1.;9)

individual transfer functions Ai'

A
n
1A
£, = = (1.20)
1
1+ E:
1 -4

This ejuation may be put into a neater form if one substitutes

1
Yy, = —§— - 1 (1.21)
n .
S0
1
y
£ = 1 (1.20)
1
1+ E:_yi
or alternatively ,
£ = L : (1.21)
- Loy, (14 51 )
Y.
1

This is the basic equation describing the overall system.
The problem is to find suitable funciions, Ah, which may be
realised conveniently and vhich will generate the required band—
pass functions, fn'

The operation of the filter system may be urnderstood in

21



Physical terms by consideration of the simple three-unit filter
of Pigure 1.6 . Each unit receives asg input the system input
and the ontputs from the other two units,

In the pass-band of a particular unit it is required that
ideally Ah = 1 in amplitude and phase. ' The effect of the
summing and inverting amplifier is to produce, as output, the
pegative of the input. Since this output is presented to the
input of all the other units, it cancels the system input, and,
thus, irrespective of the other filter characteristics Ai(i £ n),
there will be zerc outpui from all the other units, In
matheratical terms, if A =1, then, fron (1.21) ¥, = 0.

In the equation for the output of the nth unit, (1.22) the sum
in the denominator contains l/yn and is thus infinite, However,
for i = n the numerator also conitains l/yn. Thus fn is unity
whereas.fi, vhere i = n, is zero, = This is seen nore clearly

in egquation (1.23) where the common l/yn terns have been
mltiplied out. .

If the individual transfer function is not exactly -~ 1,
then exact cancellation will not occur and [yn[ will Dbe snall,
However, provided that the outruts from the other uniis are not too
large, the overall effect at the output of the suvming amplifier
will be an attenuated signal, There is thus an apparent increase
in attenuation of the intercomnecied system over the individual
unitse.

Thie then is the basgic principle: the remainder of the thesis
‘deals with the search for a suitable set of functions and a design

procedure, plus a convenient method of realising the filters,

1.4 Posgible design procedurcs

Prom ecsuation (1.17) tle transfer function of the individual
units nay be expressed in terus of the set of resultant funciions

f..
L
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A = (1.24)

Since F = zgfi then this reduces to

£
n
Tl - E'fi

Thus given a get of required functions, £, it is possible
=8 ; b i -

A =
n

(1.25)

to comput the Ai necessary to realise them, Towever, this
approach is not dircctly applicable, since the object is to
produce a better ( and therefore higher order) filter function
from sinple Ai.comppnents. As it stands, if the fi are raticnal
functions in s then the A.n will, in general, be a much higher
order function unless some faciors of fn cancel with the
denoninator, It was therafore decided initially to apvuroach:ile
problen analytically to find the types of rosponce obiainable with
different individuwal functions and this approéeh is described\in
Chapters 2 and 3. Yhilet it was found that the analytic approach
yielded some intcresting recults for the simpler cases, the
nathermatics became opanue for hisher order cases. Tor this
reason a nuvnerical arproxination tectnioue was developed and
prozramned. Tkis led to a suitable desizn procedure for these
hizher cases, descrited in Chapter 4. In Chapter 4 there is
.also sore discuscion of the sensitivity problem and it is
denonstrated that although the cystem relies on feedback paths
there is no greater sensitivity problem than with conventional
filters, .

Chapter 5 describes the suitable realisation technicues

epecially applicable to this type of filter and some of the

practical applications of this type of filter are dieccuseed

in Chapter 6. The general filter system described here is the

24.
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subject of British Patent application Ho.l¥1437o/68

1.5 Relationship of ryrctern 1o the vrior art

Although the evolution of this filter systen came from the
bionic direction ag described in this ckhapter, it was subsesuently
Tound that the use of analozue corputer elements for the inversion
of a matrix is well known. ( e.g. see refercnce T Chapter 9)

This is the d.c. ecuivalent of the basic systen as described in
Section 1.1. In practice, the straightforward application

of the idea usually introduces stability problems and it is
necessary to tailor the transfer function of the sumnmers to
ensure stability. ]

The use of circuits sgimulating lateral inhibition has
been demonstrated by Wartin and TklAVAﬁe( reterecce ?)
in eauipnment used for speech recognition exm»erinments. The
technigue used is to rectify the output from a2 set of band-pess
filters and to pass the rectified signals into circuits simulating
lateral inhibition, This has the effect of sharpening the
response to any single frequency, but the whole process is
obviously a non-linear one and therefore not applicable for the
precent purpose of linear separation,

There ic a very useful class of band-pass filters invented
by Lerner 9, the basic structure of which is shown in Figure 1.7Ta.
If the poles and Zeros of the admittances are equally spaced in

the recuired pass-band and if a pole of one adnittance occurs at
the same frequency as a zero of the othker and vice-versa, then it is
found that the amplitude response is nearly equiripple and that
a nearly linear-phase characteristic is obiained ( which is the
main attraction of the filter), These adnittances may be

achieved by circuits as shown in Pigure l.7Tb. In order to
maintain the linear-phace characteristics at the band-edges it

is found necescary to double the impedance level of the resonators

at the band-edmes and have thelr recsonant frecuency only half

25.
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the spacing of the in-band resonators.

zeveral of the Lerner band-pass

o]

When it is necessary to us

4]

filters with adjacent pacs-bands it is possible to share the
copnector resonators between adjacent filters. A suitable
circuit to achieve this bhas been described by Drouilhet and
Goodman 10, as shown in Pigure 1,7c. This systenm bears sone
resemblance to the system dezcribed in this theeis, the essential
difference being that in the Drouilhet gystem the output of

any one particular filter is only a weighted sum of the outputs {rom
simple filters , and unlilke the system described here, there is
no feedback involved, Thie means in practice that the stop-band
behaviour of the Drouilhet filters is only marginally aflfected
by the adjacent filters vhereas in the system described here

the stop-band characteristic and in particular the location of
transmission zeros, is dependent upon a2ll the adjacent unite.

A further situation which has similarities to the techniaue
described here is trhat of pharsed aerizl arrays such &s are )
used for radar systems (e.g. see reference 1l D.244) In this
application the cignals from a periodic array of aerial elements are
passed throush phase changes and then sunmed. An effect
analogous to that of diffraction occurs with the result that the
systen responds to signals incident from a given direction.

But again thies is only a case of sinple addition, and has no

feedback involved.

21,



FREQUENICY PRANSFORIATICNS AWD APPROXINATIONS

2.1 PFrejuency trancformations for a get of band-pass filters

When band-pacs filters are used in sets, their frequency
responses are usually rejuired to be similar on either a
logarithnic or a linear frecuency scale. Tor use in a frejuency-
division-mltiplex systen constant bandwidth is used, so linear
sinilarity is required, whereas fretuency analysis for biological
research or specch analysis ucually reauires constant proportionzl
bandwidth or logarithmic similarity.

With all these Tilters it is convenient to discuss their
characteristics with resvect to a gingle normalised prototype
function., If this prototype function is A(S) thoen the transfer
function of the nth unit,An(s), ney be obtained by a suitable
change of variable, & = Sn. Thus

An(s) = A(Sn) (2.1)

It is also desirable to arranse that the transfer funciion
(]

of (n +v )th unit is sinply related to that of the nth unit. i.e.

AL (s) = A(Sn - j2v ) (2.2)
so that if
s, = Ix, (2.3)

then a normalised frequency variable, X, 0 which is in the range

-1< xn< 1 in the nth pase-band will be in the range
2y - 1l<x <2y + 1 (2.4)

in tke (n +v )th pass-band,
Por the linear case, if the pass-band spacing is Awn,
then the arithretic centre frequency of the (n +¥ )th band is

28



given by

. = + 2

w L, + Aw - (2.5)
where wn and - wn+v are the arithmetic centre frequencies of
the nth and (n +y )th bands. The change of variable necessary

to satisfy conditions (2.1) and (2.2) is

w - w
x = z (2.6)
n 1 Aw

= n

s - i _u)

or s - D2 g (2.6a)

1 1 Aw

= n

If the lover and upper band-cdge frequencies are co;l
and wl'_l then for the geometric case, the cenire frequencies

are related by

2v
wn+v - wnk (2.7)

2 _ t
where k¥ = LJH/ W (2.8)

The necesscary transformation in this instance is

logw - logw
b'd = L (2‘9)
n log k

for both cases it may be seen that

= - 2010&
T (2.100)
l.e. Sn+v = Sn - jey

The nth arithmeiic pass~band extends fron w;l = wn - —:}Aun

29.



1 1 I
to w! = ”ﬁ - 5Aw, to \g; = W, + AL, and‘ﬁhe georetric from
k)é = (Jn/k to LJH = It “)n’ so bothtransformations have the

required property that

-1 £ x £€1 as w

! 1l
n n$ W Swy

Because of these conditions, all tke bandpass functions may
be expressed as tranzsformations of the prototype function,
i.e. in texrns of xn. It is convenient therefore to drop the

n subscript on this variable i.e.

x - 2y (2.10b)

xn+)'

2,2 Approxirate realisation of transformations

The transformations (2.6) and (2.9) may not be realised
xactly as is possible in the conventional lov-pass to band-

pass transforraticn.

2 2 © w
W T Wy n L n
-nn = =-—-‘-"'-(:) -_ ;:3-—)
wAw Aw, n
(2.11)
2
s + W
or S =
n s Aw
where L = W w!
n n n
- [ . '
and Aw = w) -wg
However, these transfornations may be apnroximated over a
linited frequercy ranze by this trancformation. For the
linear case, fron eiuztion {2.6)
LW = xB 2412
Un(l+ n) (2.12)

30,



Aw

.t = 2013
where Bn R ( )
n
1+ —.,%—an
Hence N = b4 (2.14)
n
1+ Bn}:
for -:}_-an << 1 then
n - x (2.142)

21



Thue for x €£2/B

o

i1

to the rotuired transfornniilon,

(N

the tronrlormation (2.10 ir 2 zood anproxirotion

Thi: ir the trenslormation Tor the nth unit, Tor the (n +wp)th

unit the required troncTornation ies

> 2]

w - W
_ﬂ_ - N+ p (2.15)

-+ Y w A w Nt

Since ws= w 1+ (x- 21}>3“+H] tlen

n+y
1+ 43 +u(?-9v)
Mooy W75 e | T
Tnty

(2.16)

3

Thuce in the region %Bp+y (x - 23)<2]

e

N X - 2y (2.17)

n-+y
as reavired by (2.10a)
Thone apnhroxinations have the »Hroperiy that the (n + 1)tk

tranrformation ic best for small. Consideration of

p
n-+y

cruntion (1.23) shows that this ic tho derirable state of affairs

since the y. terme bove most offcect wpor the overell responsce
i
vhen thoy are small and thoe point occurs fox X snunll,
Similar results ocour Tor the groneiric spacing,

From equation (2..8)

=
]
ot
ha
jar
e}

'
goometric casc, tho pace-bend extendts from bdl = hdn/k

W, = kw £0
1 11

ok
(o]

Aw, = W (t=17) (2.19)

n pas



So

ﬁ- - s et ‘."::11.4 e ( 2,20 )

|

If k ig neor unity, ooy It = 1 + b, then fi. Leconcse
n

I = . .2}?}~.E_1'_ Nt Sib- + :ﬁ:rf(?_cf ."."'_ZA)_'_..?,' ] (2.21 )
n b (1= b+ = uun ]

co if 4b7 << 1 then -

For geomotric sprocing, tha ratio k is independcont of <

g0 the ( n +):)th trangforration ig

! 2 x-2ov

n+y
. 2 2 -
if 4b° <4< L and 3 (x ~ 2v )<< 1
Fisure 2.1, chowe the doviation of thoe ~pproximating functions

-

from the idenl, The problern realisation ie donlt with nore

Q
2]

fully in Chantexr Five,

33.



‘l. o +

~1.2%5 ]

10) Linear ?ass-bc\ncJ case

Propovtionad 0

JL
é‘3310”5-‘:3

eyvoy

15}
1.5 1
L2s
Lool
0.75 |

0.59)

©:2.5]

aB

k=)\5

-d.25

{b) ocometric pas-band case

(v}
f)_‘o,ure: 2.0 Deviation of a provimatin Gau(-ta'om ;UQH NS |
Au s P 9

24



-~

2.3 Application of trancfornations

It will ve found lzter that the most interesting seits
of band-pass filter:z are thogse based on {iret and second-

order prototype funciions with unity gain at zero fresuency

i.e. A(s) L .(2.22a)

(2.22v)

~and A(S)

If tre traneformation (2,11) is applied to the firsi-order

prototiype then

1.
An(s) =
) w
) 1 4+a, —2 (= 4+ —=2) (2.23)
lA“%l Ly < .

this is the eguation of a simple reconznt circuit showm

for exzriple in Pigure 2.8 vhere tre Q value is

o

i,e the effTective J wvalue of tl.e tronsformed circuit fron
a2 Tirst—order prototype ic al divided by the proportional
bandridth, ‘

If an active filter rezlisation is used for the band--pass
filters then it is likely that it will utilise a cascade of
circuits, each of which realises a second—order trancfer

functien of tre form of equation(Q.?ﬁ. 17 the prototype

?

function can be faciorised with a set of

with real roots tlen esch of thesre Tactors can be trerefornped

in tre same way =se euuation\2.2§l In practice however, it

35



Figure 2,2, Simple band-pass filter
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is nore likely thet the roots of the prototype funcition
will be in complex conjugzete parirs if the prototype funciion
is of even oxder, plus a single real root if the prototype
function is odd.

Consider the case of the second-—order protoiype funclion

and assume that ite roots are complex conjugate at

U—.l ="d. + ,j}C (2.24)
0‘2 =-d - jx
Hence
1 _ 01 Ué _
2
" @ < <
1+ 2,5+ 2,8 (o + 2) (0, + 8)
: 1

[l +;§~(S -:.J'X)][l "L%Z'(S" j::)]

This may now be congidered ag the product of two first-order
factors of the Torm

[1 +(%)2 (2.25)

e e st

1 +a(s ¥ i)

Py virtue of thie assured frequency transformation these
correspond to a2 second — order band-pass functions at centre

frequencies of
w (1 %38x) (2.262)

for the linezr case and
+ x
w k
n &)
( 20 260 )
in the geometric case..
The €@ factor will be the same Tor each faclor and in botl cazes is

. 1 ;
Q= —-&—2—:.:-‘— ) (2.28)

3%.



Ko+ of
2¢4. hpproxinction fox, Jnfinite filtors

The general emuwtlon for the interconnccted system iz given
by ecquation (1.23)

1/y.

1
1+ 1/;;i

n

The denoninator of this function is the sone for 2ll the units,.

For convenience, dcnote the sun of the recivrocal s by Ye dlece

Y =zl

For tho nth unit, thirs cunm 1may be rewritten

T 1
Y = Z - L v ?.2‘?)
Y= 1l-n Y n+y

Horever, remembering tho definition of ¥, as 1/Ai - 1 with the
L. being band-pass functions, the 1y, Wi It in the
ll being bant-p2 unctions, then the y. will be small in <l
region of the ith pass~band and larze elecvwhere, Thur the sum
function in the region of the ith pass-band wi nina
functio th i £ the it} s-—band will be dominated
by the y, term and ¥y, terms will hove decreasing cifcect as »
s’ .,L,+
inoreases. Therefore, oxcept for frecucncies ncar tho pass
honde of the high and low frecucncy cnds of the wholce set of units,

to a zood epproxinmation ithe sum linite moy be coxtonded to % o0

= )
: S N S o R
LeCo Y - L_ y (Lta.o)
V= —o0 N+

for i ¢ 1, andt & 410

For the dofinition of tho trancformation proposcd, equotion (2.2),

v(s) ¢S L~ d2v ), therefore
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il

n+y y(Sn - J2v) (2.81)

whero
v(s) = 1/4(2) - 1 (2.82)

y(S) nwy be cxuanded in partial froactions to
Iz
1 i}
. VEYT T E R (2.83)

whero § are the roots of () ( asrumed 2ll Cistinet) and Ik
are the ronidues of y(©) at these roots. The run function may be

written ovproximately

-od N ~m

(2.3%)

Thice exprersion resembles tlho Dortiel fraction oxpansion of the

hyperbolic cotangent, viz,

coth % = Z — - - (2. 35) :

r{ i _ 1.1‘ I ..13. - 9
Y(<) = w}}; . k5 coth 5 (8, = 8))
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0 . j}:r~ and & = jx this bhacones
A, V) 4

H . i
()

h!
i ‘ ‘
o ]
2y
'

. ke )
1 no 2 OOt'§ (X - xm> - Jdm

(2.3%7)

The difforent valuce of x_coxrespond to a change of origin
on the x axir and thoe

dqv&lues nroduce the difforcnt bohoviours.

It is poseible that these funciions could be used in some fornm

of template design procedure, but this has not been investigated.

for differcnt pass-hand i
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CIAPTER T'FREN
SOME TLRCNY OF FTMPLE PILTERS

3.1 Introduction

It is poseible to derive gsere cimple rerults for the casoce
wherce the prototype Tunction im first or recond order in 8
but boyond <hic the problem becomes analybtictlly opaque and an
approximnate derign procedure had to be develoned, This Corien
method is described in Chaptrr Four, but,in this chapter, tresc simple
results will be discusred because they give come ideca of the gencrs
behaviour of the cycten, The cxpreccion for arn infinite met of
filters is compared to the casc of threo unite in order to anscss
the magnitude of the approximation involwved,

The interconnected responso is given by ecuation (1.28).
It is more convenient to use the rociprocal of £ (2 2, ) and

talk of the loses ratio, rather than the zain ratioc. In the

following, 8, will be reforred to as the logs with ratio implicit.

g, = 1t = y |1 *-z:~lw (3.1)

The prototype Function A(S) may beo vritten

A(S) L —

2.
(1 + ao) + 6,8 + a8 ;@3
(3.2)
: 2
ag + 315 + aZS EEE?Eé (3.3)

The cimplest first order prototyns ir A(S) = 1/(1 + alS),

and thue 7(9)

it

2 non-%ero ao, introduccs additional complicationn. The {iret and

gecond ordere are examined both with and without a zero ao.



3,2 Pirct order »rototype

For the infinite filter, since y(S) = a,S then from equation

(3.1) awd (2-36)

1

1 7T w ]
= a.f = = i
gn(S) a. s [1 +T 5 ocoth S

1
therefore
. . .1 T T
g,(ix) = Jalz{ 1-35 zo0t % x] (3.3)
= 3 L A
= ja;X + 3% cot 3x (3.3a)
2 - 2
. 2 _2 w Lt .
Hence ’gn(sx) ' = ay X +[-§ x cot x“ (3.4)
a.x -
and arg gn(jx) = arc tan | me—tee—ee (3.5)
T
5 X cot 5 x'd

From ecuation (3.4), it may be seen that at x = O the loss
ie unity and at x = * 2, x 4 etc,; cot T-ztx ie infinite giving rise
to infinite loss. However; at x = s 1, 3 etc,, cot ?é-x‘will be

zero and the locs will be a.x, vwhich is slightly less than the

1
loss for the unconnected unit vhich is J(1 + a ¥ )

If a, = gthen (3.4) and (3.5) becone

1
m 2
2 (5 =)
’gn(jX)‘ = “""2'?—;——" (3.6)
gin -2-1'.
and arg gn(,jx) = gx ' (3.7)

h2.



If x.is the linear variable, then this recmonse has o linear phase
response . which implies a constant time delay. The amplitude response
ig of the form gin x / x function. The ideal amplitude and phase
response i chown in Figures3.,l and 3.2, The pass-band limit

is x =% 1l and the loss reaches minimam very near to x = o 3, z 5 etc.

At these pointe, the actual loss is

20 log-z-x

x
I 3.9 db
A 13.5. ab
5 17.9 b

As a comparison to the ideal case, the exact magnitude and

Phase from a set of 5 units with aritlmetic pass—band spacing are

chown in Tigures3.3- 4 .In thic example the pass-band of the central
unit is 5%ef fa wle (requonmcy .
This particular result of al =‘%-has been the only pure analytic

esult obtained, The other designs are all approximations to known
approximating functions. Although considerable search was made Ffor
a sutitable get of functions, none were found and empirical
approximating techniques had to be used, Thue it ie wery liksly
tha

2.3 Apprroximations to inesl filtor CbFT%CbOIW‘tLCS

A major portion of conventionol filtcr design ilcory consigts

of the etudy of functions which will apnroximete ideal filtcer

characteristice an” bo resalicable in 2 pre-defined Torn T 1o ars
two ain clagses of apsroxitntions which are used mpainly for thoir

athematical tractability. Thene arc the clasres of naxinelly flat

and ecuiripple apmroximations,
In the saxinelly flat apsroxination, ithe arpproximating function

ig made Yo hold in the zsion of a point, Men thie function ia

expanded as o Maclaurin cepries, ;wxiunal flatners ie produced by putting
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to zero ar many of the derivatives as posrible, When the technioue
ig applicd teo the amvlituds resvonre of a lov-pacs filter function
T(F), then the amrlitude rorponre may be writien

2m
2mX
4 on

2 A.
1+ d2x + d4x 4 eonrses dgnx

2 4
Co(l + CoXT 4+ 8, X 4+ seees ©

2

‘T(jx)xg -

The FMaclaurin ceries about the origin may be obtained by a
procesg of long divieion i.e,

|72 % = o, f1 4 (o = a0 +flo, = a,) - ay(e, = a) ]+ ... }

For tIhirs to be a low-pace £ilter function then e, = 1 and m€n.

N

Since this is 2 Maclourin serics, the coefficicents of x ,x4... etc.,
are the 2nd, 4th eses etc., derivatives of‘T(jx){2 evaluzted at x = O.
A= nore derivatives zre vut to zero the curve will becouwe flatter
around x = O, This may be wchioved by Matting 02 = d2, ¢, = d4,..

4
= & = e v = 3 ! ‘_ D a 11 a7V
sss Cp dEm nd dZm + 2 0, d 0 with a, of jrblcr 7y

“n - 2 £a5]
value, Thie arbitrarinese 1may be ured to norymalise the frecuency
TEeNTons ¢, The function 7rill be eaid to be maxinnlly flat to the
pth orxder if¥ 2» derivatives arc put tto zoro.

The fraction yielded by this procndure will bo of the form

' 2 4 Om
o 1+ 02X + 04x 4 enoece cgpx
[o(5x)|" = Sa— =

2
IL+c,x +¢
[

xé + c x?m + d y2n
4 s 0o B0 2;:‘ Qn\

1 (3.8)

= T S
1 + d. x
an
1 +c x2 + c x2m
2 v Mon

Mhie furction iz maxirally flat to (n - 1 )th order.

AT.



The majority of filter approximations are recuired to
approximate a consltant or elze come gpecified Tunction over a
band of frecuencies rather than around a specified point. In
such cares the problem may be stated as finding the polynomial
P(x); to approximate a given function f£(x) over a range of
x, $x<x,, such that

-~ 29

€ = max f(x) - F(x)

ie mininiced. . s
14

The optimum function vhich gatisfies the condition is one which
orcillates equally on either side of f(x). Bauiripple approximations
are urvally better rince a given order of polynomial will produce
a smaller maximungfror if it ie eguiripple than if it is waximally
flat, bub ok o ot of o wotse phase lSpoSe

The mathematics involved for ecuiripple approximation is
considerably more complicated than for maxzimally flat approximations.
Also, true equiripple behaviour may only be achieved if the
approxinating functions are unconstrained., Hovever, the types of
function encountered in the interconnected filters are considerably
conetrained, In Section l,4. it war mentioned that to obtain a
lower order prototyne function, An, than the design funcitions
Tis some cancellation of factors was necessary in equation (1.2¥).

It was not found poersible to synthesire suitable equiripple

or even approximately eauiripple functions which would have simple
realisations. For this reason, it was decided to concentrate on
usge of maxinally flat approximating functions which yielded
approximate maximally flat behaviour of the interconnected magnitude

TEREPONSS,
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Another class of mathematically tractable approximations
is that discovered by Papoulis.12 This class of filter
is defined as having the maximum rate of increase of
attenuation at the cut-off frequency, subject to the
increace of pass-band attenuation being monotonic with
frequency. These approximations are found to have a
better stop-band characteristiic than the Butterworth functions
and better transient response than the Chebyshev filters.
Por the applications of this thesis they might be

well suited as a basic approximating function but they

were not invectigated.

49.



3.3 Firet order maximally Tlat aprroximation

The amplitude responece of the cimple first oxder infinite
filter is given by equation (3.4). To invertigate its pass-band
behovioury, congider the polynomial approximation to z cot z.

Cot z may be expressed in the form of an infinite reries ( from
Landbook of Mathematical Functions, 1964;3p.75.)

L1
cot = = -x - RN, = . .e

Ilence

4 0.0317x6 eeve (3.9)

Tr
%; x Cot T X = 1 - O.8222x2 - 0.1352x

Thig approximation is reguired for the pass~band region i.e,
1x1 £ 1. The maximum error of this series will occur for the
largest x of interest, which in this case will be unity. At this
point the exact function is zero and the truncated series has the

followina values,

No., of terms Value at x = 1
to x° 0,1776
to x7 0.0426
to x6 0.0109

Thus the first two terme provides a good approximation to what
is only an aporoximation anyway. Hruation (3.4) may be written, to

the sixth order,

lgn(jx){z =1 + (af - l.6444)x2 + 0.4056x4 + 0.14.10x6 (3.10)
It ai = 1,6444 i.e. aq = 1,2824 then the loss will be maximally

flat to the firet order, Thie response ir shown in Pigure 3.8.
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r
It ie inte:éting to compare thic result to the case of the

centre unit of three unite, The individual ¥s functions may be written

i

™, N
¥_y = a(8 + 32)

<
yo = al))

yl =al(s"' J2>

Henceyfrom (3.1)

2
gn(S) =1 + a8 + 2% o
4 + S
therefore
(5) o (ai - l)x2 + 0.5(1 - ai)x4 + O.O625a§x6
g,lJx ’ =1+ =

{ n (1-0.252°) 2

Por ai = 1 this reduces to
2 0.0625x6

1+ (3.11)

il

g, (ix)
- (1~ O.?5x2)2

1+ 0.0625x6 resas

which ig maximally flat to the srecond order, This ie better than
the infinite filter in that it ie maximally flat to a higher order
but this is a fortultous result as there ars only three units. A
gimilar computation on a five-unit filter gives
> (a5 - 1.250)x°+(0.907 - 0.625a5 )x*+ (0.1292
g (3x)] =1+ —— -
n 2.2 o 2y2
: (1 ~ 0.250x7)° (1 - 0.0525x7)

i - 0.130)x°

If ai = 1,250 i.e. a; = 1.118 then this becomes

st



"__E&EE§Z£;+ O.O§5x6
(1 - O.250K2) (1 - 0.0625%")°

It

1+

!gn(jx)'z (3.12)

1+ 0.1255% 4 0.113x°

which ig maximally flat to the firet order. Thegse recponses are
rhown alsfo in Figure 3.5, Thig ic etill different from the result
for infinite filters since these first order filters have a2 low rate
of increace of logss with frecuency. Thie means that effective
interaction is between more than adjacent units, With higher oxrder
filters this problem i¢ reduced and there is good agreement between
the results from the infinite set and results from only three or five
unite, In the degign procedure to be described in Chapter Four,
the opposite assumption is made i.e, the infinite filter results

are derived from the three-~unit behaviour,

3.4 Bffect of non-Zero ag coefficient

The first order function used in sections 3.1, and 3.3. is not

the most general care since it was ascumed that a,. was zero, In

fact, the use of a non-zcro aq gives rise to worsg characteristics
but if 2q is only enmall the degradation produced is clight. Thue,
if the actual realiration i¢ not precise and the amplitude and

phare at the point corresponding to x = 0 ir not exactly unity, then
only a slight degradation of the overall characteristics ococurs.

The general first order »rototype Y function ie
y(5) = 2y + 218 (3.13)
Where a -1, as nay be geen from ite definition in eguation (3.2)
07 ’ ¥

The overall inverse transfer function for the infinite cet of filters

ie thus

s2.



- .
gn(S) = (ao + alS) ‘_l + h coth 3 (2 +a )} (3.14)

o
where d = 59 and h = i. 5
1 &

The amplitude squared of this function may be found by
multiplying the function evaluated at S = jx by its complex

conjugate. Thie gives

2
. 2 2.2 . 118 . . 14 .
gn(;;x)t = (ao +ajx )[l - jh cot 7 (x - Jd)][l + jh cot 3 ( x + Jd)}
- 2 )
2 2 2 einh 4' coeh 4! 2 cos x!' 4 sinh"a4!
= (aZ + a°x 1 + 2h +h
0 1 2 2 2 2
sin x' + ginh d! gin x!' 4+ ginh d&!

aje_(x2 + d2)

]

5 S [?2 - l]cosex' + (cogh d' 4+ cinh d')z}
sinx' + sinha! (3.15)

-
where ag' = Eld and X' = - X

For a, = %3" the equation simplifies to

n

2 Y,Z " d'2 5
!g (jx)' (- e A } (cosh d!' + ginh d')
n cin x=!' + einh 4! (3 16)

w ) . .
near = 4 thie expression will not be

For values of al 5

far different.
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fince it ig relative attenuation that ie important in a filter,
thie function is nmore accurately viewed if it is normalised with

regpect to its x = O value, Thug

. 2 x! |2
gn(v]-’c) B 1 + ( at ) (3'17)
z (30) B gin x' |2
n 1+ ( —==eme)
ginh 4!
For 4! emall then this approximates the a_ = 0 case of

gection 3.1, The minimum 1will still occur negr x =1 3 z 5 etc,
and the maximum near x = -+ 2 etc. The maxima will not now be
infinite as wag the case for 24 zero but will be ilightly reduced,
The loses for a few values of 4 for the case ay =.§Tf is

ghown in Pigure 3.6, As mey be reen there appears to be no
advantage in deliberately using a non - zZero age Fowever

small values of aq do not degrade the performance appreciably.
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3¢5 Second order prototype
For the gecond order prototype, with aq
v(s) = a8 + a?SZ
Hence
1 1 L
a; | 7% - S+ 4

1
7E T

d = a;/a, in this case.

where
From ecuation (2.29)
¥(S) = h [cothzrz-s— coth%r(s +d)} (3.18)
¥here h = T"/Zal. Therefore
. . T ™ .
Y(jx) = - jb [cot 5 X - cot (x - ja) ]
I w
Put € = cot 3 x and C; = coth 3 d then (3.18) may be expressed
2 + 1
Y(ix) = -3jh § —=i- ( C - 3C,)
2 2 1
C™ + G
o .
Put X = -t d (3.19)
C™ + CJ
1
CZ varies between zeroc and infinity and Cl ig always greater than
unity, therefore
é £x €1 (3.20)
Cl
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However, even for small 4, C. ic nearly unity, for instance : -

1
coth 3 d
a_ Soth sT
0035 2.00
0.50 1.52
1.00 1.09
2.00 1.004

The interconnected loss function may be written
g (ix) =1 ja.x - a x° 1 - jhX (¢ - jc.) (3.21)
n 1 2 1 :

Hence

9 2

i g (JY)! = (a] °% 4 a x4) [ (1 - nxc )
(3.22)

The factor (3.20) is not going to vary very rapidly or very
much with x; =o the minima in the stop-bands will occur near the
points where € = 0 i.e. X = l/Ci . The value of there minimo

will be approximately
les(0] = {50}l a - ve)l (3.23)

Thur if h/Cl~> 2 then the lore of the interconnected response at
the minima may be larger than that of the individual unit.
There approximations make it voggible to find values of al
and an tthich will generate a cecond order maxinally flat interconnected
transfer function. Agsune that Cl isr nearly unity i.e. X is nearly

unity, then (3.22) may be written
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. 2 x2 1 L, T ki 2 n.2 2
gn(JX), = 1 + =5 J' ( T X cot s X ) + (al - 5) e
a®

remembering that d = al/aQ‘and h =‘T/2al~ This equation mey be
expantied to the sixth order with the aid of (3.9) and the
cocfficiente of the second and fourth powers equated to zero,

Thir giver two eguations wvhich are ratisfied by

Y]

1 = 2057
and

d = 1025 ioe. 32 = 2.06

For thie value of &, C;, = 1,04 go the approximation C. to

1 1
unity is justified, The coefficient of the sixth power for the
values is 0.466.

Thic recponse is crhown in Figure 3,7 wvhere it ic compared with
the actual(computed) response of the centre unit of three and five

interconnected units Crbendinths ).

Another consistent solution is a

1= 0.57 and a. = 0,46
but thie solution hae worse asymptotic behaviour.

The extencion of thir method of synthesis to a hig
order filter doer not appear higlly practical and for this
reason, the approximate design method of the next chapter was

developed.
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CHAPTER FOUR
AN APPROXIMATE DESIGN PROCEDURE

4.1, Introduction

Pure analytic approaches to the problem of design do not seem
to yield any significant results for the higher order filters and,
for this reason, an approximate numerical design procedure was

developed. The interconnected response is given by equation (1.23) as

toq
g, = l+yn+ynz ;i (4.1)

where it will be remembered that g, is reciprocal of fn and the
dash on the summation sign indicates that the 1 = n term is omitted.

In most cases of interest it will be desired that the loss
functions of all the filter units will be similar on either a
geometric or arithmetic frequency scale. This may be achieved
approximately, as was described in Chapter Two, by deriving all
the basic transfer functions from the sane prototype. The use of
this approach is only convenient when the prototype functions are
symmetrical on the frequency scale, i.e. even functions of S. For
this reason only the centre units can have their intercomnected
behaviour conveniently described by a prototype function. However,
gince the object of the exercise is to produce overall loss functions
which are large in the stop-bands, then it is a reasonable assumption
that only adjacent units interact to a significant extent. Thus for
units not at the ends of the set of filters, the prototype description
should prove adequate. In all cases the problem of analysis is
straight forward so that the resultant exact frequency response may
always be plotted to check the validity of all the approximation made,
For these reasons the design procedure is based on the design of the
centre unit of three units.

From equation (2.4) of Chapter Two, the prototype loss function

may be written



g(8) =1 + Y(8) + Y(s) —r o, -1 }
Y(s + j2) Y(s - j2)
g
=1 + Y(8) + 7(s8) (4.2)
e
where Yo = Y(S - j2) + Y(S + j2) (4.3)
and T, = Y(s -j2) Y(S + j2) (4.4)

If the transfer function of the basic unit is the reciprocal

of a simple polynomial D(S8) of the m th order in S then

1

a(s) = (4.5)
D(s)
and theiefore ¥(S) = D(S) ~ 1 (4.6)
Equation (4.2) may be rewritten
g(s) = D(8) + B(S) (4.7)
Y
where B(s) = Y(8) S (4.8)
Tp

Hence the coefficients of B(S) are a function of the
coefficients of D(S). This B(S) term is the effect of interconnection
and in general this will improve the stop-band behaviour of lg(jx)l 2
but at the cost of perturbing the pass-band behaviour, The
design problem may be stated as finding a D(S) such that,when
perturbed by the add_ition of the B(S) function, the overall effect
will be to give a designed pass-band behaviour. The stop-band
behaviour will then be a function of the parameters chosen for the

pass-band.
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4.2 Conventional synthesis method

The first step in conventional filter synthesis by the insertion
loss method is to select a suitable rational function which
approximates the magnitude (squared) of the loss required,as was
degcribed in Section 2.3. It is then necessary to find a transfer
function whose squared modulus is this approximating function i.e.
given B = ]g(S) !25 _ j# find g(S). If this loss function is a
simple polynomial then the transfer function required will be the
reciprocal of a simple polynomial,

This transfer function must be that of a stable circuit and it
may be shown ( e.g. WeinbergiChapter 6) that this entails that its
denominator, g(S), must have real coefficients and that all the roots
of g(S) must have non-positive real parts. Hence, if the roots of
g(8) have non-positive real parts those of g( -5 ) must have
non-negative real parts.

The denominator may be written as

g(S) =M + SN

where M and N are even polynomials in S, The squared modulus of

the loss function is

B- et | ® - g(in) gl-ix)

M-+ x°m°

f

so E must be an even function in x, with real coefficients i.,e, only
even powers of x are present. Thus g(S) may be obtained by
factorising B and assigning all factors whose roots have positive real
parts to g(-S) and all with negative real parts to g(S). Any factors
with roots with zero real parts must occur with even multiplicity and,
in this case, half the factors may be allocated to each function.
Polynomials with this property of no roots with positive real
parts are frequently called Hurwitz and this process called a
HFurwitz factorisation.
The problem for the interconnected filters is the choice of the
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approximating magnitude function and so far no suitable functions

have been found. The effect of interconnection is shown as the B(S)
term in equation (4,7.). In the pass—band, B(S) will have no poles

and may be approximated by a polynomial series in S produced by division
of the denominator into the numerator. Call this function B'(S).

The pass~band behaviour will be given approximately by
. 2 . . 2
E=le'(32)] © =] D(3x) + B'(3x) ] (4.9)

If D is of order m in S then there are m+l coefficients to vary in
this equation and hence E in principle may be specified to the 2m th
order in S. However, B'(S) will in general be an infinite series in
5 and coefficients up to and including that of SE"'will affect the
coefficients up to x°™Mof B,  Thus the simple factorisation of

conventional filter synthesis is inadequate and must be extended.

4.3 Generalisation of Hurwitz factorisation

The factorisation problem may be stated as:s
Given a modulus sguared function EKX) of order 2m in x
and a partial transfer function B(S) of order 2m in S
find the transfer function D(S) of order m in S such that

|p(5%) + 330 | 2 - Bx) + P u(x)  (4.10)

where H(x) is some undetermined polynomial in x.

Thig equation may be rewritten
Ipl? -%- {(D +3] %~ Ip F{} R (4.11)

where the functional dependénce on x has been dropped for convenience,
Since l Dl 2 is of order 2m then it will not be affected by H which

is chogen such that the coefficients of x2m+2 and higher are zero
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on the right-hand side of ecuation (4.11). Hence D(S) may be

obtained from a Hurwitz factorisation of the right-hand side of

(4.11) truncated above the 2% term. Thie is an implicit equation ,

but expressed in the above form .t is capable of iterative solution i.e
D, (8) = Hurwitz{'l‘mncated [L“ - (Ip, + |2 - I, 12)]}

with D (S) = Hurwitz {_ B } (4.11.)

As an example of this technicue, consider the simple case of

B=14+ 4x4
B = 0.2 33 + 0.1 84
D 1D + Bl 2
Ttepf 1. 8 52 1 x2 x4 x6 x8
1. l.OO 2.00 2.00 1.00 OQOO 3'40 - 0036 Oool

2 1,00 2.07 2.14 1.00 0.00 3.97 - 0.39 0.01
3. 1.00 2.07 2.15 1.00 0.00 4.00 - 0.39 0.0%

convergence to the fourth decimal place for this example takes

5 cycles giving

1.0000 + 2.0745 S + 2.1517 52

D -
1ol 2 . 1.0000 + 0.0000 x° + 4.6298 = .
|D + }312 - 1,0000 + 0.0000 x° + 4.,0000 = - 0.3903 < + 0.0100 ¥

4.4 Basic Technique

This technique provides the essential tool for synthesising
transfer functions on the basis of equation (4.7). Again this leads
to an iterative process which in the majority of useful filters converges
in a few cycles. The basis of the method is to choose a suitable

B function of order 2m where m is the order of D(S) the basic
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prototype. As a first approximation D(S) may be taken to be the
Burwitz factorisation of I, It is then possible to form the
functions YS and. YP’ as is described in the Appendix A.3, and
hence find the polynomial approximation to B(S) to the 2m th
order, The next approximation to D(S) is then taken to be that
transfer function which, together with B(S), produces E when the
squared modulus is taken. This cycle may now be repeated with the
new D(S) until the coefficients of D(S) converge to a final value,

The criterion to test for converggnce was chosem arbitrarily
to be that the coefficient of $ in D(S) should agree to 4 decimal
places in two successive cycles, This is almost certainly much
better than is reguired, but even at this accuracy most of the)
filters designed converged within 10 cycles, Not all the filters
attempted in fact succeeded, especially the higher order equiripple
filters, because the generalised Hurwitz factorisation was
impossible, This meant that, although the E function chosen
might be realisable by conventional techniques, in order to use
this configuration the individual units would have to have
unstable functions and would only be stable when interconnected,
These cases were not pursued,

As an example consider the design based on a second order
protetype with a maximally flat pass—band whose 3db ﬁoint is at

x = 1.0, Thus the design function for the reference filter is

E=1+ x4

The first approximation to D(S) is the Hurwitz factorisation

of B which to 3 decimal places is

D(S) =1 +1.414 5 + s

Hence from equations (4.2) to (4.8)
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2

Y(8) = 1.414 5 + S

T, =-08+2.8285+2s°

T, =24 +11.312 S + 10 §° + 2,828 & + s

B(S) = - 0.471 S + 0.056 s° 4 0.406 s3 - 0.076 s*

(to the fourth order)

The next approximation to D(S) may be found by applying
the generalised Hurwitz factorisation of the previous section.
Convergépce to the 4th decimal place for this example takes 10
cycles and gives

Dl(S) = 1,000 + 2.269 S + 1.560 5°

so now
. 2
D, () + B(s) | S=ix
2 4 6 8
1.000 + 0.000x + 1.000x + 0,409x + 0.,006x
The process is now repeated with the new value of D(S) and

e
convergynce to the 4th decimal place takes 6 cycles. The successive

values are shown in Table 4.1l. and the complete operation takes about

0.1 minute on an I.B.M. T090 computer. This could be reduced considerabl

if necessary,as no attempt was made to produce an efficient program.

Step 50 S 5°

0 1.00000 1.41421 1.00000
1 1.00000 2,26902 1,56018
2 1,00000 2,27166 1,54072
3 1.00000 2.27268 1.53088
4 1.00000 2,27311 1.52590
5 1,00000 2.27332 1.52337
6 1.00000 2.27342 1.52209

Table 4.1. Successive steps for example
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The amplitude reésponse for this Filter system ig shoun in
Figure 4.1. where it is compared with the reference Tilter attemuation.
In this example, the reference filter and interconnected filter
attenuations are almost identical for x less than 0.8. Also shown
in this Figure is the attenuation of the single unit before inter—
connection, this has a much poorer pass—band and starts to cut-—off
sooner than the required response. The effect of interconnection is
to broaden the pass-band and give an attenuation pole at x = 2,0
as expected. The attenuation of the interconnected system falls
below that of the single unit for higher freguencies, but, in this
example, at least, it does not fall below the attenuation of the
simpler reference filter.

Another second=order example is shown in Figure 4.2 for the
case where the pass-band is equiripple over the range 'X l<0.8
and of amplitude 1 db, The reference filter design functions which
have these equiripple properties are derived from the Chebyshev
polynomials as described in ﬁeinberg,Chapter 11, The transfer
functions for this and some other useful filterg are shown in
Tables 4.2 to 4.4.

These examples demonstrate the advantages that are possible by
interconnection. For a given pass~band characteristic then the
reference filter attenuations show the best stop=-band characteristics
that may be obtained from a second order prototype. If a set of
these filters are interconnected then, for the same pass-band
characteristics, better stop-band behaviour is obtained for no
additional complexity.

In any practical system the approximation involved by considering
only the centre of three units is not justified, since there will be
some interaction in the pass-band due to other than adjacent units.
Also, the frequency transformation will not be exact so that the
interaction due to the other units will not be exactly as computed.
For filters of less than 10% bandwidth and based on 2nd order
prototypes, this is not a serious perturbation. The actual attenuations
of a system of 11 filters with a maximally flat pass-band whose 3db
point is at x = 0.8 are shown in Pigure 4.3, vhere they are compared
to the designed characteristic of the middle of 3 units. They are
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Ord o s0 st 52 53 g4

1.0000 1.4142

2 1.0000 2.2734 1.5221
3 1.0000 2.6558 3.0866 1.4046
4 1.0000 2.8236 4.4720 3.8175 1.3903

Table 4.2 Maximally flat pass-band (3db at x = 1,0)

Order 0 st 5° & g4
1 1.0000  1.6008
2 1.0000  2.4641  2.1174

1.0000 2.8261 3.8565 2.3366
1.0000 3.1978 5.5219 5.5250 2.6199

~ oW

Table 4.3 MWaximally flat pass—band (3db at X = 0.8)

order 59 st 52 53 st

2(a) 1.0000 1.9221 1.9569

2(b) 1.1511 2.0647 2,1209

3 1.0000 3.1566 3.2365 3.9671

4(a) 1.0000 3.3239 8.1987 6.9684 9.0554
4(b) 1.1204 3.7376 9,2121 T.7959 10.1332

a

Table 4.4 Rquiripple pass—band (1ldb ripple X ¥*0.8)

0 is O db
0 is 1 db

Notes (a) Attenuation at x

(b) Attenuation at x

at.
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drawn such that their pass~bands coincide to aid comparison. The
attenuation of filter units 6 - 11 are the mirror images of filter
units 1 - 5.

The main point to be noticed is that the attenuation minima
near x = 3 are less for the case where there are further filter
units beyond this frequency and since this is likely to be the case
then the 3 unit stop~band behaviour gives an optimistic result,.

For a more accurate estimate of this attenuation a 5 unit stop-band
attemiation must be considered. This is done in Figures 4.4 to 4.6
where the stop-band attenuations of the centre of 5 filter units
are shown for different nominal pass-band behaviour and different
prototype orders. They are compared to the reference filter stop-
band behaviour, so as to demonstrate the improvement that may be
achieved by means of interconnection., A4bove 4th order prototype
degigns there appears to be little stop-band improvement except in
the vicinity of the attenuation poles.

It is difficult to specify a single figure for the improvement,
The obvious choice would be the minimum stop-band attenuation and the
frequency at which this minimumis firgst reached. This may then be
compared to the attenuation of the design filter., These figures are
shown in Table 4.5. However, for the type of applications envisaged,
the pass—bands of all the filters will have the same width and hence
the stop-bands of the associated filters will have to coincide with
the pass-bands of the other units. Thus, if the pass-band extends
from | x| £ k then the stop~-band must be ‘xﬂi}Z - k. A pass-band which
extends to x = = 0.8 will have to have its gtop~band starting at[x]: 1.2,
But, as may be seen from the table, the minimum stop-~-band attenuation
is not reached until x greater than 1.6 in the cases considered and
the attenuation in these cases a2t x = 1.2 is little better and
sometimes worse than is obtained with the reference filter., Thus the
minimim attenuation above a certain frequency specification is not
a good description for this type of filter,

In practice, it may be necessary to discover whether these

filters have any application by experiment or by computer simulation,
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Tyvpe Order Minimum Stop~-band | Attenuation | Improvement
attenuation { 1imit of reference
(db) (x) filter (db) (db)
Mexinally | 1 13.2 1.65 5.8 Ted
flat 2 17.4 1.67 9.2 8.2
3db at 3 23.7 1.77 14.5 8.2
x = 1,0 4 32.2 1.85 22,0 10.2
Meximally | L 14.6 1,70 7.2 Tod
flat 2 19.9 1,70 13.5 6.4
3db at 3 27.7 1.77 20.7 Te0
x = 0,8 4 36.6 1,85 29,2 T.4
Eguirippls 17.2 1.65 10.6 6.6
1db ripplq 31.0 1.80 26,0 5.0
to x = 0.4 4 45,0 1.87 39.0 6.0

Table 4.5 Comparison of interconnected to design filters
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tn tha uoe of apploxumals

4,5 Bffect of errors in component values and frecuency,transformation

An important criterion in any filter realisation technique
ig the sensitivity of the overall freguency response to component
variations and in our case, to the errors involved'by using an
approximate frequency transformation. In the systems under
congideration here the area of most sensitivity will be the
pass-band of the individual units, since it is these which interact
to produce the desired characteristics. In order to estimate
the effect of realisation errors upon the overall response a
three unit filter system was considered in which the coefficients of
each unit were changed in a random manner, Bach coefficient in

each unit was multiplied by a factor

1+ 4G

where d was the proportional error and G was a random number
different for each coefficient, These random numbers had a
gaussian distribution with zero mean and a standard deviation of unity.
The resultant frequency response for 8 different sets of
filters was computed and the total variations on the ideal
characteristic is shown in Figures 4.7 to 4.9 for 5% and 10%
variation in coefficients. In order to compare the variation with
the standard cases, the frequency response is also computed for
the reference filters with randomised coefficients. As may De
seen, the interconnected filters have less spread than the reference
filters This is probably due to the fact that the interconnected
filters are influenced by a larger number of coefficients and

therefore the probability of error is less.
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This behaviour is in strong contrast to that normally
expected from active filter circuits involving cancellation of
high level signals 1o achieve their required behaviour,

‘ The effect of errors in the gain at the centre frequency
means that exact cancellation will not occur and hence an
infinite attenuation will nof’be achieved at these frequencies,
If the gains at these pointe are matched to within some fraction

€ then the signal after cancellation will be attenuated by a
factor € and to a first-order the attenuation achieved by the
interconnected system will be greater by a factor 1/6 than by
the filter unit on its own, For example, if the gains are
matched to 1 then the maximum attenuation will be (approximately)
4048 greater than that achieved by an unconnected filter,

The main effect of the use of an approximate freguency

transformation will be seen at the points of minimun attermation

in the region of x = + 3, + 5 etc, This may be seen by
rewriting equation (1.23) A
' : n
1 -~ An
I = A,
1+
1 ~ A,
i
i ' A,
Hence L . L {1 Z S S (4.13)
f A 1 -~ A,
n n L i
1 - ' 1
= = h o+ - (4.14)
Ah L EE T3

This equation is exact if the correct expression for the Ai are
used, However, it has been found convenient to use one of the
approximate frequency transformations of Chapter Two, and hence
the system is designed on the assumption that the itransfer

function has a value
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a(s) = a(3)

vhere x is given by equation (2.6) or (2.9). In fact
the exact transformation is that of equation (2.11) so that
at the frequency of interest the transfer funciion has the

value A'n(s) (say) where
as) = a3 )

It has been demonstrated in Chapter Two that the approximation
for the (n +v )th unit is best in the (n +Vv )th pass-band. 1In
the (n + Y )th pass—band the term Yty will be small and the
other terms large and hence the expression in brackets in
equation (4.14) will b> dominated by this term and thus the use
of an approximate transformation will introduce negligible
error in this bracketed expression for any frequency within

any of the pass-bands of the interconnected units, For
frequencies outside this range,the bracketed expression will

be nearly unity anywvay. Howvever, the effect of the .
approximate transformation on the term An outside the bracket
will get progressively worse as the frequency gets further from
the nth pass-~band, The deviations of the actual transformation
from the desired transformation has been shown in Pigures 2,1
axnd—=C3 for a few gases of interest. Hence if An(s) is
dominated in tke stop-band by its highest order term then

A ) A L (="
A(s) A3 fho '

where M is the order of the prototype design function. The

erroxr in dB in any particular use can be obtained from the
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graphe of Figures 2.1 aed=Ps2, as appropriate, and mﬁltiplied
by M +to give an approximate magnitude of the error, This
error will be such that the attenuation in the lower stop~band
will be less than the ideal case and it will be greater in
the upper stop-band, ’

As an example, consider the case of a set of filters
with arithmetic spaced pass-—bands and the cenire filter has
a pass—band widith which.is 4% of the centre fregquency. Hence
from Figure 2.1 the error af x = =3 and 3 is -0.27 and 0.254B
respectively, Hence for a second-order prototype design
there will be errors of attenuation of -~ 0.54 and 0.504B
at frequencies corresponding to x = + 3. For a Tilter
bank with a 10% bandwidth the corresponding figures are
- 1.46 and 1,16d8B . |
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CHAPTHR PIVZHE
PRACTICAL REALISATICH

5.1 Methods Available

There are several techniaues available vhich may be

used to realise the individual units. The essential
requirenent is to perform a frequency band-pass action on
the sum of its inputs and, in particular, the overall transfer
function should be accurately - 1 in amplitude and phase in
the centre ofﬂ%ass~band. The most convenient way of producing
the sumning action is by meané of an operational amplifier with
equal- valued input resistors as showm in Figure 5.1,

For an amplifier of finite gain, the output voltage is

given by

- Ezvi.
v = (5.1)
R L IR
Rf + v ( R, + 1)

so that the effects of low gain may be conmpensated by suitable

choice of R

An altgrnative systen is to use a transistor for each
input with a common collector, as chown in Figure 5.2.

Here the gain of each input will be governed by the ration of
the emitter to collector resistances. This circuit has

the possible advantage that the inputs are of high impedance
whereas in the first circuit tre input impedance is R,

It is also conceivable that an all passive structure could
be constructed using multiple~input transformers, but this is
likely to introduce more complicated impedance matching
problems, The most straightforwvard method of realising

the band-pass action is by the use of conventional LCR circuits.
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Figure 5.'l. Operational amplifier use as adder
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Figure 5,2, Use of transistors for adder
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The Tirst step is to realise the lou-pass prototypé function
and then to transform this to the various band-pass filters
by means of the transformations of Section 2.1. Since the
output inpedance of the overational amplifier adder is
ideally zero then a posgible circuit is that of an LC circuitl
terninated in a resistance ag chowm in prototype form fTor a
second —order in Figure 5.3a. A transformed version is
shown in Pigure 5.3b. 3

However, it has been pointed out by Orchard b that if a
reactive circuit is placed between a source of finite internal
impedance and a resistance load then at the frequencies of
maximum power transfer, any change in the reactive component
values can only reduce the power transferred. Hence it

may be inferred that the sensitivity of the transfer function
to reactive component changes must be of a quadratic or
second—order nature and therefore small, Thus the use of

a doubly-loaded LC circuit as the filter,(as shown in

Pigure 5.3c) will be likely to have a lower reactive component
sensitivity than the singly-loaded version shown in Figure 5.3a.
If the multiple transistor adder of Figure 5.2 is used then
the output impedance will be Rf and this approach is necessary
anyvay.

The synthesis techniques for both these types are part
of conventional filter theory and are described for instance
in Wienberg 6, Chapter 12.

Since an opérationelzimplifier may be used for sunning
action, another approach to achieve the freguency selective
action is to modify the feedback circuit, From tlhe physical
considerations of Chapter One. it is clear that the resonant
characteristic must be — 1 in magnitude and phase in the
pass-band and is small in the stop~-band. This contrarsts
with conventional filter synthesis where the usual requirement

is that the transfer function approxinates unity in magnitude
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Figure 5.3(a). Second-order prototype for voltage source
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Figure 5, 3(c). Doubly-loaded second-order prototype

Figures 5.3. Passive realisations of frequency selective sections
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only. .

A simple circuit which appeares to satisfy this fequirement
is chown in Pigure 5.4. This circuit consists of a high gain
amplifier connected as an operational amplifier, There is a
parallel tuned circuit connected across the feedback resistor
between A and B, At the resonant frequency of this tuned
circuit its impedance will be infinite, and the amplifier will
act as a conventional invertor. The output,(assuning very
high gain) will be the negative of the sum of the inputs.

On either side of the resonant frequency the impedance of
the reactive circuit will decrease and this will hkave the
effect of reducing the gain of the anplifier.

With only a simple resonant circuit connected across
the feedback pathk, the rate of reduction of gain with frequency
will not be very high. The next more complicated circuit
that may be connccted across the feedback resistor is shown
in Figure 5.4b.

The extra capacitor to ecarth is needed because a sinmple
two—terminal reactive circuit obeys Toster's reactance‘. Sl
theorem (Weinberg 11p.3l5) which states that the poles
and zeroes of a two~terminal reactive admittance function
Y(s), st alternate along the s = jw axis. In other
words, the short-circuit and open-circuit or resonant and anti-
resonant conditions rmst alternate as freguency incrsases.

The addition of a third terminal allows this restriction to be
removed and the pole may be moved to lower frequency than the
ZeTroes. For a given magnitude in the pass—-band, this circuit
has a steeper rate of reduction of gain with frequency than
the simple circuit of Tigure 5.3. It also appears to have
the advantage that, at the resonant frequencies of the parallel
tuned circuit, the admittance is zero, and at these frequencies

the gain of the circuit will be exactly - 1,
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Figure 5. 4(b). More complicated feedback circuit

Figures 5.4 Alternative passive realisations
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Unfortunately, Wwhenever any such circuit is constructed, it
invariably oscillates. The reagon for this is c¢lear when one
examines the transfer function of the unit. If the short
circuit transfer admittance of the reactive circuit is Y then

for a very large gain, the voltage transfer is given by

out - _ 1l (5 2)
v 1 + RY

One of the necessary conditions for a circuit to be stable
is that it transefer function expressed in terms of the Laplace
transform variable, s 4 has no poles for complex frequencies
with positive real parts. In other words, the denominator of
this function muet have no zeroes in the real half of the
complex plane. Such polynomials are well known in circuit
synthesis theory as Hurwitsz. One of the necessary conditions
for a polynomial to be Hurwitz is that the zeroes of its odd
and even parts interlace on the jw axis. (Veinberg 1962, p. S
238)11

Now consider the transfer function of equation (5.2)

If Y is purely reactive then it may be expresseéd in the form
Y = P(s)/s9(s) where P(s) and Q(s) are even functions in s.

Equation (5.2) may be written:

__;EEEI - - Q(S) (5.3)
A » Q(s) + RP(s)

Por the transfer function to be of any interest, Y
must have ite zeroes in the pascs-band and its poles in the
stop-bands., Therefore, except for the first-order case of
a single zero, as in Figure 5.3 7(s) and P(s) do not have
their zeros interlacing and the circuit is unstable,

This result could also have been predicted by one of

° '
Bode's theorenms, (Bode 1943 4,p.245) which states that:

qi.



Any stable active transfer circuit may be
replaced by a passive transfer circuit
together with an ideal amplifier with a

uniform response,

i.e. The use of active circuits has the gole effcct on the
transfer function of giwing it gain. The use of a Teedback
amplifier will not, therfore, generate any new functions, although
an active configuration may have practical advantages.

Thus the search for some sophisticated circuit
configuration which may realise the requirements betier than
conventional passive systems is doomed to failure,

23

A conmon method .of obtaining a simple band-pass filter
is the use of a twin-T feedback circuit as shown in Figure 5.5.
The overall voltage transfer ratio for this circuit, for large

gain is given by

v -1
—_—9 . - (5.4)
V3 1-Byn

where Yor is the short circuit transfer admittance of the

twin-T circuit, which is

2.2
1 1 4+ sT . _
Y21 5 - "R [ 1 + 8T ]’ T =CR (5.5)

Hence, equation (5.4) becomes:

1 4+ sT

v 1+ 8T+ \(1 + sz’l‘z)
(5.6)

Rl/ 2R

it

where A
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The numerator of equation (5.6) proves eﬁbarassing for
the present application, since it introduces extra phase
shift and also pfoduces an asymetrical frequency response.
However, it is possible to cancel its effect by passing the

output through a simple RC circuit vhose transfer function is

<
0 1

v 1 + sT

The output from the unit is now across & capacitor rather
than the low impedance of a voltage amplifier, and this will
usually mean that a buffer amplifier will be necessary.

24

There are several other circuits™ " possible for simple
bandpass actions, For instance, a circuit with single
feedback path is shown in Pigure 5.§b15 and one with a

multiple feedback path in Figure 5.5c16. Alternatively,

if the operational amplifier is used as a fixed gain amplifier -

17

then one of the circuits due to Sallen and XKey ' may be used
as shown in Pigure 5.5d. These circuits all suffer from

a major- disadvantage = - the ratio of capacitor wvalues

(or resistor values) depends upon the saquare- of the Q value
of the circuit and conseauently this becomes impractical for
Q values much in excess of 10, Also it should be noted that
no summning junction now exists and a separate amplifier must

be used for the summing action,

It is well known 18,19,25 that much simpler active filter
circuits reéult if a direct synthesis using the techniques of
analogue conputation is used. Thece filters though
expensive in the number of operational amplifiers used have
a low-spread of component wvalues and low sensitivity to
component and active element parameter variations. Por this
reason, the experimental verification of the principles described

in this thesis was performed using an analogue conmputer, and
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Figure 5,5(a). Simple band-pass circuit using twin-T feedback
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Figure 5.5(b). Single feedback band-pass filter
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Figure 5, 5(c). Multiple feedback band-pass filter
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Figure 5,5(d). Sallen and Key filter

Figures 5.5 Active band-pass filter realisations



the exact experimental {technique is described in the next section,
Hith the modern trend to integrated circuit operational
amplifiers, it is very likely that this will be the most

economic solution as well as one of the best.22



5.2 Pilter realisation using analogue computer technigues

The analogue computer approach to transfer function synthesis
consists of regarding the transfer function as.an operational
eqQuation and realising this equation by means of high gain
operational amplifiers connected as summers and as integrators
(e.g. Fifevf°1961 Chaepter 13)., The summer has already been
illustrated in Figure 531. and the operational integrator is shown

in Figu-re 5.8'

R, c
o I
V" — u-o : U-D
Uy o)
I

conveéntona }

symbo’

Pigure 5.6, Operational amplifier connected as an integrator

The output voltage of this circuit is

z K.v.
v, = - L (5.7)
=L
sl+ 5 ZKi + s]
= - b d £ "’ OD
= Z Kivi foxr r
1
Wwhere Ki = CRi

The starndard method for realising a transfer function on an
analogue computer is to express the required output voltage as a

weighed sum of the input voltage, its integrals and integrals of

q6.
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the output voltage. For instance, consider thes 1lst order low-pass

filter function with nominal cut-off frequency of Jlb = l/Ta

e . =2 (5.8)

This may be rewritten

- v - = (v, =) (5.9)
ST

which leads to the realisation of Pigure 5.7a. The number of
amplifiers may be reduced by using the circuit of Figure 5.%b.

but this circuit now relies upon the two potentiometer ratios to
be of equal wvalue to achieve an accurate -1 gain at zero frequency.
In the former case, if the potentiometer ratio is slightly
inéocurate, it will only affect the value of T and not the zero
frequency gain. This is important since the zero frequency

point of the prototype becomes the centre frequency of the
pags—band of the trarnsformed filter, which for these applications

<y be accurately unity.

musk
. _k
- KT S
M [
(@)
L K
KT iy
U ey = U

(b)

Figure 5.F. Analogue computer realisations of equation (5.8)
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A sgimilar process may be applied to a second=order lov-pass

prototype.
v ,
o) 1
vi 1l 4+4aS?T 4+ 8T
Rewritten this becomes
1 1
Vo T T 3T [ av, - gl vy - VO)J (5.11)

which leads to the reanlisation of FPigure 5.8

L -k L -k
KT s KT s
U Oy
19
-1 — =
2
KT

Figure 5.%®. Realisation of eguation (5,11)
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5.3. Band-pass filters

It was explained in Section 2.1 that the prototype low-~pass

filter may be transformed to a band-pass filter by means of

transformation of equation (2.1) which may be written

1 ] e}
8§ = (57— + =) (5.12)
o
FANW
where d = the relative bandvidth,
o .

Where this is applied to an integrator, then

- = (5.13)
v S ] o
i — -
W,
e Wy
therefore v = m— Av, = —
o) s i s o)

the

and this is realised by the circuit of Figure 5.9a. This particular

circuit does not give any sign inversion as does the usual

integratory, but this can always be added if necessary, or alternatively,

the circuit of Figure 5. can be used, but this is not such a good

aq,



circuit, since the centre frequency gain is now a Tunction of all

the potentiometer settings.

¢)

Figure 5.%. Realisations of band-pass transformation

in Rigory S-7T0
If 4 is unity, then the input potentiometer may be omitted.

In practice, the low-pass prototype can be designed so that it

has the correct band-width, If the required band-pass filter is to
have a centre frequency of boo and a bandwidth extending from

Ldé = tdb/k to L“: = ko (k21) then the prototype must have a
cut~off frequency of.ﬁlo~ ( = 1/T) where

for the transformation with & equal to unity to be applicable.

For narrow band filters where k = 1 + b and b<4<1 then Jk . = 2b.



This transformation may be applied directly to the lst order
prototype of Figure 5.¥a& yielding the filter of Figure 5.10. It

is convenient to refer to the order of the band-pags transformations
as the same as its low-pass prototype. Figure 5.10 will therefore

be called a first order band-pass filter,

{
T [

¥
1
g

T'igure 5.10. Band-pass transformation of lgt order prototype

The transfer function of this circuit may be seen to be

o) 1

= — " (5'14)
V. S O
i 1+ 7 ( ;—-; + o= )

which is that of the standard resonance equation with T being the
"Q-value! of the circuit,. Some physical insight into the operation
of this circuit is useful. The band--pass transformation circuit

of Figure 5,13 is in fact a simple harmonic oscillator and if
congtructed from high quality amplifiers will sustain an

oscillation of constant amplitude and frequency of a:o radians

per second, But it may be shown that the effect of
finite gain in the integrator amplifiers and resistance in parallel
with the integrating capacitors, is to produce a damping of the

oscillations, When the circuit is excited by a continuous

*eﬂ.ke re“ere\«q 20 94“”"“ and fS'Q?.-la and re('evem.er 26-8%
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sinusoidal input, the effect of the integrator connected between
output and input is to produce positive feedback which amplifiecs

the input for frequencies near the centre frequency. Then the
excitation frequency equals tlLe centre freouency, then theoretically,
an infinite amplification occurs, but in practice, a small signal

is necessary to produce 5 given ouiput which will depend upcn

the effective Q@ of the circuit.

In the band-pass circuit of Figure 5.1f, the excitation to the
transformed integrator is a proportion of the difference between the
input and output voltages. Thus at resonance, since ideally the
transformed integrator regquires no excitation in order to sustain
an output, the input and output voltages will be of equal amplitude
and in anti-phase. For input sighnals of frenuencies away from the
centre freguency of the transformed integrator, then some excitation
will be necessary and the output signal will be less in amplitude
than the input. The accuracy with which the overall circuit
produces o transfer function of -1 at the centre frequency depends
upon the second order integrator defects mentioned above, and
not upon any potentiometer settings. ' Any error in the integrator
time constants will only affect the centre frequency. Also the
voltage levels at all parts of the circuit will be of the same
order, even at resonance.

These properties are in strong contrast to the majorily of
other active realisations of Tilter circuits vhich are available,

In these other realisations any small change in component values
usually has a large effect upon the transfer function and, in particvlar
upon the centre frequency amplification. For applications ‘
where this accurate centre frequency gain is not so important,

then one of the summers in the filter may be omitted if the

alternative %ransfornntion of Figure 5.515 is used. This leads

to the circuit of Figure 5.14+

2
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Figure 5.14 Alternative first order band-pass filter

The effect of the transformation upon the second-order
protdtype is shown in Pigure 5;1% and it is this circuit upon

which most of the experimental verification was performed.

U ! ——— —

< T

Figure 5.12. 2nd order band-pass Tilter.
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In order to obtain a mid-band gain of unity it is necessaxy
for all the transformed integrators to resonate at the same
frequency. At higher frequoncies of operation the resonant
frequency may well not be given by the potentiometer settings ( see
next section) and a slight readjustment may be nececssary. The
easiest way to achieve this is to connect a small degree of feedback
across the transformed circuit and theon adjust the potentiometer
to equal values such that the output voltage is exactly in anti-phase
with the input voltage when it is at the mid-band freguency. The
slight feedback is necessary because otherwise the gain of the
circult is theoretically infinite and very small input voltages

would be required in practice for the adjustment.

5.4 Exporimental details

Some of the filter characteristics mentioned in the previous
chapter were constructed on a P.A.C.E. 48 analogue computer in
order to check the mathematics and the approximations. This
computer contains 48 amplifiers, 16 of which may be used as integrators.
The working frequencies were chosen to be in the region of 100 c/s
as this represented a compromise between the amplifier design
frequency limits and a high cnough freguency to allow quick
measurenents, The frequency responses were plotted with the aid
of a Muirhead-Wigan decade oscillator, as this allowed the easy
adjustment of frequency down to 0.1 c/s steps if necessary. The
output from this oscillator could be relied upon to be constant
over the frequency range of interest, so the attenuation could be
read directly from a Ballantyne valve-voltmeter, which was conveniently
calibrated in dccibels. The input and output of the filter was
continuously monitored with a double beam oscilliscope to ensure
that no clipping occurred and that no harmonic distortion or hum
was giving false readings on the voltmeter,

The fecdback capacitor on the integrators was chosen to be
0.02p F which with 100k L resistors gave a K. = 500, so for 100c/s
the potentiometer settings required is 21Tf/5OO = 1.257. This
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could be achieved by changing the resistors to 10kSfland using
potentiometer settings of 0.126 but,since it is neoessaiy for these
potentiometers to be very accurately set, the circuit of Figure 5.1%
wag used. The potentiometer settings for other centre frequencies

are algo shown,

f (O/S) P
80 .005
90 ‘ .131
100 «257
P 110 .382
120 . 508

Figure 5,18. Techniques for obtaining high resolution potentiometer

settings

The accuracy of realisation of the transformed integrators
was checked by adjusting their centre frequencies to the correct
value as determined by the oscillator and measuring the effective
@ value., In the 1000/s region the changgfnecessary to adjust the
centre frequency were of the order of 0.5 - 1.0 % for the two
effective potentiometer ratios,. The number of cycles,N, that a
free oscillation took to decay by half was counted with the aid of
a long persistance oscilloscope and for 1000/s was Tound to be 27.
Hence, since Q can be shown to be approximately equal to 4.5N then
this givés a 2 of 122. This was adequate for the experiments and
no attempt was made to improve it although such improvement would

be straight-forward.
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5.5 Experinental results

The size of the computer limited the number of units to §
for the first order prototype cesigng and 3 for the second ordem
prototype. The characteristics selected for testing were-
aq =TT/2 Tor the first order prototype, and for the second order,
the maximally flat pass-band with 3db at x = 0.8. In both cases
arithmetic band-pass transformations werc chosen as these are the
cases which are most likely to be of practical value.

The experimental results for the 3rd of 5 first order units
are shown in Figure 5.1, The centre frequencies of the units
arc spaced at 10c/s from 80 to 120c/s. In this case no
frequency adjustment of the transformed integrators was made.

The agroement between the practical and the ideal results in the
pass-band 1s very goodsalthough,at the centre frequency, there is
a small loss of 0.3 db which is due to the finite Q of the
resonators, In the lower stop-band the expcerimental results

are slightly higher than the ideal and slightly lower in the upper
stop-band. Thig is due to the non-ideal frequency transformation
used,

Also shown in these results is the effect of partial inter-
connection where each unit only reccives an output from the
adjacent unit(s). The pass-band behaviour is similar but there
is a larger mid-band loss, This presumably occurs because the
output from the lst and 5th units are no longer cancelled and,
although small, at lOOc/s their sum is still sufficient to produce
an additional loss. The stop-band behaviour ig similar to that
which would have been cexpected from a 3 unit conncction and the
difference is different in the two stop-bands becausc of the inexact
frequency transformation.

The experimental results for the 2nd of 3 sccond order
prototype designs are shown in Figure S.Hgﬂwith centre frequencies

at 90,100 and 110c/s. The transformed integrators were all

lob:



aligned to their correct centre frecuency in this casc, as inaccuracies
can lead to poor pags-band responsc, The mid-band loss in this
case for the lOOc/s unit is 0.,5db which is due to non-ideal
resonators. The experimental results hore are in good agrcement
with the idcalised theory. This agrcecment would be betiter for
narrover pags—-bands.

The size of the computer did not allow for more than the
3 gecond order units, £o0 no experimcntal measurements of the
cffocts of partial intercomnasction wore possible. Hovever,
the stop-band attenuation of the highcr order prototypes is
progressively bett r than the first order and hence the effect
of only partial interconncction will be even less in these
higher order cages and the responses will tend to the 2nd of

3 units response, in the region of the centre frequency.

to’?Z-
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CHAPT#R STX
POSSIBLE APPLICATICHS OF SYSTHEM

6.1 Introduction

In many ways the filter system described here is a
solution looking for a problem. Although a synthesis technique
has been developed as described in Chapter Four, it leads
to characteristics which have a specific {type of behaviour
i.e. the periodic transmission zeros (on a linear or
geometrié frequency scale). Also, as may be seen from the
graphs of stop-band behaviour (Pigures 4.4 - 4,6), there
appears to be little improvement of the filter characteristics
beyond the 4th—order prototype design. Hence the original
desire to esynthesis filters for use.in a speech frequency-
division-multiplex system was frustrated. A typical decign
requirement for such filters is given in reference 29 p.346.
For a 4kHz channel spacing, the receive filters need a
pass-band with less than 0.33dB ripple extending over
fo + 300Hz to fo + 3,400Hz where fo is the carrier frequency.
In order to remove the unwanted side-band a stop-band
attenuation of at least 504B is needed for frequencies in the
range £< {-600Hz to f >4+4,300Hz. In practice there are
also requirements on the transiﬁﬁion region since there will be
unwanted speech energy out of the band 300 -3,400Hz, which may
not be completely removed by the transmit filteryand this nmay
cause interference in adjacent channels if it is not removed
by the channel receive filter, or a low-pass filter after
demodulation. It is clear from the characteristic achievable

from the interconnected filters that they are totally inadesuate

for such tasks.
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However, there are a large number of other applications
where it is necessary to partition frequency space with
considerably less stringent requirements and for all the
following examples it is considered that the interconnected
filters will yield a solution which will be cheaper than
existing solutions. .

There is no need to describe detailed ecomomics, since if
it can be shown that a comparable performance to that of +the
conventional solution may be obitazined from the interconnection
of a filter of lower order than the conventional one, then,
Provided the cost of interconnection is low, the interconnected
solution will be cheaper, This will be especially true if
active filters are used, since the cost of interconnection will
be negligible and the savings from the reduction of the
order of the individual filter will be greatest,

In practice, full interconnection is not necessary if,
at a frequency far enough away from the centre frequency of a
particular unit, the basic attenuation is high eneough. Cn
physical grounds this lack of interconnection will have negligible
effect upon the pass-band, It is tempting to try and prove
that the effect of partial interconnection may be described by

a generalisation of equation (1.23)

2]

2
. + 1
. I3

1=

.

where n1 and n2 are the limits of the interconnection. However

althouzh this eguation may prove to be a good approximation

it is obviously incorrect, since the nth unit will still be
affected by all the other units, even if there is no direct

(1118



interconnection.
Typical applica%ion are:
(1) Harmonic separation for multiplex carrier supplies.
(2) Separation filters for rultiplexed telegraph signals.
(3) Separation filters for use vith tone-dialling telephones.,
(4) Pilter banks for use in doppler radar for target
gpeed identification.
(5) Speech analysis system for research, pattern
recognition or vocoding operations.
(6) Filters for low-speed parallel data transmission systens,
The first three of these applications will be discusced in more

detail.,

6.2 Harmonic separation for rultiplex carrier supplies

The simplest application is fox harmonic separation. In
the frequency-division-multiplex systems referred to, a series of
carrier frequencies are necessary for the modulation and
demodulation processes, and these are normally derived from a
common fregquency source, e.g. see reference 30, This
source is squared and the resulting harmonics are separated by
a bank of filters, This is ap ideal application for the
interconnected filters, If there is one unit tuned to each
harmonic, and these are interconnected, the resulting attenuation
of a particular unit will have attenuation poles at all the
frequencies of the other harmonics. If the mid-band fregquency
gain of a particular unit is not exactly unity, and, if the
summing circuit is not exact, then the overall effect will be to
decrease this infinite attenuation. If the two signals are
1% out at the centre frequency, then there will still be 40dB
(approximately) extra attenuation over the basic unit
attenuation., In the region of these poles the attenuation will
still be high and the choice of the characteristic will depend

upon the fxéquency stability of basic units.



A typical filter is described in reference 30 and consists
of six sections, four of which contain transmission‘Zeros.
The figures quoted are 4548 and T75dB minimunm atteruation at
fo : 4kHz and fo Y 8xuz respectively. Since it is necessary
to control the carrier freguencies to within a few Hertz then
there is no stringent requirement upon the paés—band width and
a sultable characteristic would be that of the lst oxder fronm
Figure 4.5,

The basic filter would give about 8 and 15dB attenuation
at f_ % 48z ana £, % 8z, Hence a 1% tolerance on the
summation would achieve 48aB at £ z 4¥z and 553B at £ t 8hz,
which may well be adequate for the separation. Since some
amplification of the separated signals will be necessaxry 1o
realise the interconnected system all that would be necessary
would be to apply some feedback to %he anplifiers to provide
the simple frequency shaping required and then to add summing
resistors to provide the interconneciion. Hence at a cost
of N2 1% resictors nearly all the band-pass filters will becone

uNnecessary.

6.3 Telegraph multiplex systems

Another application where this system may be of use ig in
telegraph multiplex systens., This is similar to the frequercy-
divicion-cystems as used for speech, but gince binary
information is being rent, a much poorer stop-band attenuation
is permissible, For instance, the CCITT recommend the use
of 24 channel amnplitude~modulated multiplex system for 5D
bavd rate with carriers at 120Hz spacing in the range 420 - 3180Hz32.
Alternatively, a frequency-shift technicque may be used with
the same carriers and a shift of & 603233. A suitable
filter for the former case is described in reference 34 p.l147.
The requirements are that the pass-band should be arithmetipal

and not more than 2,5dB attenuation at fo o 35Hz and at least

W3,



- 3048 at £ X 120Hz, (i.e. the adjacent carriers). The
filters necessary for this task are of four sections with

two of the sections giving transmission zeros. Since

the units are spaced at 120Fz then fo + 35Hz corresponds to

x = 35/60 = 0.6. FProm Figure 4.5 it may be seen that a
first-order prototype approxination will achieve 304B easily

in the region x = 2 (i.e. around fo = 120Hz). However, the
attenuation beyond this decreases to a minimum value of 154B
around x = 3. The second and third-order prototype
approximations have minime of 20dB and 27dB at x = 2.7 and

2.4 respectively. Hence the third-order prototype would give
adequate behaviour especially if only adjacent units were
interconnected since in thie will raise the minima by about 3dB
(e.g. see the effect in Figure 3.7). However, it may well be
that a second-order prototype approximation would be practical
because although the attenuation does drop to below the
specifications for a conventional filter, this drop occurs beitween
the pass~bands of adjacent channels and given adequate transmit
filters a practical system may result. It would be necessary
to condgct a detailed experimental or theoretical study to see

vhether this type of filter oharacteristic can in fact be used.

6.4 Tone signalling systems
Future telephones will be equipped with push-~buttons rather

than dials35 for signalling purposes. These buttons are used for
.sending a pair of audio tones, one tone from each of two groups

of four giving a total of 16 combinations to cover the normal 10
necessary for dialling plus additional services suéh as party lines
etc. At the exchange it will be necessary 1o use two small

filter banks to decide which of the tones have been sent and,

for this purpose it may be adequate to use only a fully interconnected
system based on a first-order prototype function, The pass=band
width rust only be adeguate to cover the range of the allowable

tolerances of the oscillators in the subscriber's set,

LA,



6.8 Extensions of the theory

The interconnection principle is extensible to simple low-pass,
high=pass filter pairs as are sometimes nceded for band separation,.
If the low-pass and high-pass basic units have transfer functions
A and A, respectively, then if they are derived from the same

1 2
prototype, for a normalised transition frequency of unity

Al(S) = A2(1/s) (6.1)
Hence, from equations (1.19) and (1.21)
£, = L (6.2)
1+y, (1 P
1 y
2
1
£, = (6.3)
1+, (1 b )
71
For the first order case then
A (S)= L
1 1+ a.S
1
hence vy = alS,
. A
Yo = 78
S0 fl _ 1 .
1 +a,85 + 5~
1
S2
T, = 2
1 +a3 + S
which are the second order responses, For a, = 1,414 then a second

1
order maximally flat response will be obtained. Por a second

order basic filter

L43s



1

Al(S) ) 1 + S 82
al + a2
. ) 1 + clS
1 - ‘ 2 3 4
1 + bls + bgs + bBS + S
a
where c¢. = 1
1 a
2 al
bl =b3 = a;(l-]-'raz)
1 2 2
b2 = '—‘-‘a? (oul -+ ag)

The effect of interconnection is to introduce a complex zero at
b = l/cl (c1 Tor high-pass unit) and to increage the order of the
denominator to fourth order. With suitable choice of coefficients
by a method similar to that of Chapter Four more efficient filters
may be formed,

The major extension of the theory in this thesis will be to
the case where the basic unit has zeroes of transmission at finite
frequencies. This may well lead to better attenuation behaviour
in the transition region between pass and stop-bands, but probably

at the cost of worse attenuvation for the higher frequencies.

6.6 Summary and conclusions

" On the basis of a heuristic argument, derived from a biological
analogy, a circuit configuration was evolved which was thought
might have some practical advantages for separating frequency bands.
The initial study was based on some idealised frequency transformations
and on infinite array of filter units. Although this produced
some interesting results for simple filters, the higher order
filters proved impervious to this attack and a purely numerical
approximation procedure was evolved. The basis of this approximation
relied upon an extension of the conventional Hurwitz factorisation

and this may well have application in the field of filter

LYY 98



synthesis or commecting networks. As well as giving a
determinate design method, this technique allowed a direct
comparison to be made between a simple filter of a given order and
an interconnected filter of the same order and same pass-band
behaviour, Thue a comparison of the stop-band behaviours
showed the advantages that could be obtained from interconnection.

These results showed that improved transition region
behaviour wag obtained from interconnection, but the attenuation
droppcd to a minimum further into the stop~band and this minimum
could be lower than the simple reference filter. Above fourth
order prototype little improvement was found from interconnection
It was difficult to chgﬁ%cterise the stop~band behaviour by
conventional means and|applications that these filters have will
have to be based upon the special properties of the configuration.

In order to test the results experimentally a technique was
evolved for constructing filters with analogue computer components.
Although the general principles of this technique are well known,
special configurations were found which had practical advantages
and allowed for easy alignment, The theoretical expectations
were fully supported by the experiments.

The basgic conclusion is that some improvement in performance
is possible by the use of the lateral inhibition principles,
but the characteristice achieved have a special form, so that it
is not possible to solve all problems efficiently by this tcchnique.
However, for those problems which lend themselves to the use of
these characteristics, considerable practical advantage,in terms
of number of componente,may be achieved., The examples cited
where these advantages may accrue arc harmonic separation,
tone dialling filters and, possibly, telegraph frequency

demultiplexing filters.
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APP NDIX
SOIE DETAILS OF THE CONPUTER PROGRAMITE USED

A,1l General description

The mathematical description of the design procedure is contained
in Section 4.4 and a functional flow diagram of this process is
shown in Figure A.1l, There are three main subroutines upon which this
program depends, and these will be discussed in the rest of this
section, Ho attempt has been made to optimise the running time of
the program,since they were suficiently short anyway. Thc programs
were written in FORTRAN 1V and run on the Imperial College
I.B.1l. 7090 machine.

A,2 Murwitz factorisation programs

Thig is a subroutine which accepts a real polynomial in S of
order M and finds all the roots with negative real parts. It then
multiplies all the factors together which contain these roots to
produce the Hurwitz polynomial as described in Section 4.2. The
program also checks that exactly half the roots are assigned to the
Hurwitz polynomial, otherwise it returns an error condition because,
in this case, the input polynomial corresponds to a non-realisable
function,

The actual factorisation program is a standard subroutine supplied
by the computer service, and it puts the rcal and imaginary parts of
the roots in locations ROOTR(I) and ROOTI(I) for I = 1,M. The
Hurwitz factorisation program then assembles the selected roots in
locations ROOTH(J) real parts in odd J and imaginary in even J. The
factors to which these roots give rise are stored in ROOTH(J) and
ROOTM(JH).

The count of the number of coefficients of the final multiplied
polynomial is kept in NCOFS. For the final polynomial to be Hurwitz,
its order must be half that of the input polynomial i.e. 2%(ICOFS - 1)
= M must be true. The number of factors is kept in Jl.

If the roots given by the factorisation program are fal jb where
a and b are non-negative, then the following action is necessary to

form the reguired polynomials,
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Read reference filter
polynomial,E of order
2N

~

Find Hurwitz decomposition
D(s)of E such that
tos) e

No

Y[s) = DIls) - 1

Form Yp and Y from Y(s)
where
%(s)= v(s-j2) + v(s+j2)

v,(5) = ¥5-j2) x Y(s+j2)

Put B(S) equal to
(SERACNAC)

truncate d after
Nth order

Find generalised Hurwitz
decomposition, D(S)of E
such Fhat

[pts)+ Bs)| = &

R

Check forconvergance
of D(S)

Yes

N

.{Compute Frequency resporisé

and print results,

END

FIGURE A4 Simplified functional flow-diggcam.
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+ - .
(l) +a - jb Non - Hurwitz root, go to next root

(2) - a + jb  Required root, since input polynomial was real,
then root - a - jb must also exist. Hence these

two roots will give rise to a factor

1+ 22a ) S+ -E—l——;— 32
a + b a” + b°
(3) -a ~3b Required root but included in (2)
(4) o jb b = 0 Non-Hurwitz polynomial
b = 0 must be a double root only for Hurwitz polynomial

so set ZROOT = , TRUE, for first occurrence., The

effect will be to multiply polynomial by S.

(5) - a + j0 Required root, this gives a factor

1 +-£— S
a

The skeleton flow diagram for this program is shown in Figure 4.2,
The generalised Hurwitz factorisation program is as simple as its

description in Section 4.3 impliese.

A.3 Computation of the YS and YP functions

These two functions are defined by equations (4.3) and (4.4)

Yo =7 (8 - 32) + Y (8 + j2)
Y, =% (8 - j2) * Y (S + j2)
1) . .
where Y(8) = 2 a, st (4.1)
i=0 +
N i
¥(s - j2) = Z (4; - B,) S (4.2)

i=0
and since the coefficients are real then
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Find all roots (M)
a+jb

L

ZROOT =FALSE
NC OFS =1
J =1

ZROOT=TRUE

4

ROOTM(J)=-1/a
ROOTM(J+1)=0

NCOFS=NCOFS+1

'.\_//‘—’—”- =
=0 <0
¢ b ?
>0
ROOTM{J) =
20/la% b?)
ROO TM{J+1)=
1/(021- b2)

NCOFS=NCOFS+ 2

Multiply Ffactors

Erroy.
Conditien

~

125

FIGURE _A.2 Skeleton flow diagram for Hurwitz factorisation.




i) .

Y(s + 32 = = (A, + jB.) s* (A.3)
. 1 1
i=0
and therefore ¥
i
Ty = 2 Z A.S (A.4)
i=0
i 1. o . 1o
and Tp =| 2. Aisl +| = Bisl (4.5)
isl i=1

Since the constant term of YP is Ag + Bi it is convenient to
normalise both YP and YS to this wvalue.
The Ai and Bi coefficients may be found from eguations

(A.1) and (A.3) by application of Maclaurin's theorem.
N i
(S + j2) = 2 a,(8 + 32)

i=kL

= Y(32) + SY(l)(jZ) + %52 Y(z)(j?_’)

1 k k), .
. (x),. . .
Thus AF + JBP = Y (32) vhich may be readily computed,
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GENERALISATION OF THE
FACTORISATION PROCEDURE FOR
CONSTRUCTING HURWITZ POLYNOMIALS

FROM MAGNITUDE-SQUARED FUNCTIONS

In circuit synthesis and allied problems it is frequently

necessary to obtain a real polynomial, the roots of which all

have nonpositive real parts and thc squared modulus of

which is a given function. An extension of this method is

described here for the case where it is necessary to find such a |
olynomial which, when added to another given polynomial,

as a defined squared modulus. A numerical example is

given.

In circuit synthesis problems it is frequently necessary to
obtain a real polynomial, the roots of which all have non-
positive real parts, and the squared modulus of which is a
given function; i.e. the problem is to find D(s) so.that
N 2 . :

- pef, = Ew m
where E(w) is a given, real, even polynomial which is a
required magnitude (squared) response. This process is

normally performed* by finding all the roots of E(—/js) and
assigning the factors, with roots having negative real parts, to
D(s). Any factors, with roots having zero real parts, must
occur with even multiplicity, and, in this case, half the factors'
may be allocated to D(s). Exactly half the factors must be
included in D(s), otherwise the magnitude response is un-
realisable. This procedure is frequently called Hurwitz
factorisation, and one may define it as

@

A problem has arisen where an extension of this procedure
was required, and this may well have other applications. A
particular system had a transfer function B(s), and it was
desired to add another transfer function D(s), of order n,
so that the first 2n < 1 coefficients of the squared modulus
of the sum of these two functions was defined. The problem
could be stated as follows:

Given a modulus squared function E(w), of order 2n in w,
and a transfer function B(s), of order 2n in s, find the transfer
function D(s), of order n in s, so that

D(s) = Hurwitz{E(w)} . . . .

RN

[0 + 86, = Bw) + w28
where H(w) is some undefined polynomial in w.
Eqn. 3 may be rewritten as '
|D|> = E—{|D + B|* — [D[*} + w?"+2H @,

where the functional dependencies have been dropped for
convenience. Since [D|? is of order 2n, it will not be
affected by H, which is chosen so that the coefficients of
w+2 and higher are zero on the right-hand side of eqn. 4.
Hence D(s) may be obtained from a Hurwitz factorisation of
the right-hand side of eqn. 4 when it is truncated above the
w?" term, This is an implicit equation, but expressed in this
form it is possible to solve it iteratively, i.e. .

Dy.,1(s) = Hurwitz [truncated {E — (D, +B[*— | D,|)}]
Wwith Dy(s) = Hurwitz {E}. |

As an example of this technique, consider the simplg case of
E=1+ 4w ' '
B=02s34+0-15*

¢

The first three steps are shown in Table 1.

Table 1

D ID + Bj?
;;; 3° 5 kel ©° w2 w* o wl
11100 2200 2-00 ! 1-00 0:00 3-40 ~0-36 0-01
211-00 207 2-141-00 0-00 3-97 —G-39 0-01
301100 2:07 2-15] 1-00 0-00 4:00 —0-39 0-01

Convergence to the fourth decimal place for this sxample.

takes 5 cycles, giving -
D = 1-0000 4 2-0745s 4 2-.517~
| D|2 = 1-0000 -+ 0-0000cw? -+ 4-6298w*
|D + Bj? = 1:0000 + 0-0000w? + 4-0000w*
"~ 0-3903w® - 0-0100c®
The convergence of this process has not uwer. exziined
theoretically, but all the examples used to date, ior ~uich a

realisable function exists, have converged to 4 dGecirna places

within about 10 cycles.
M. T. HILLS 21s: tMarc’. 1967

Electrical Engineering Department
Imperial College of Science & Technology
London SW7, England

* WEINBERG: ‘Circuit anelysis and synthesls’, chapter 6 =

ELECTRONICS LETTERS
2 4)pp 1656

(Aprii 1967)
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