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ABSTRACT 

A study of some work performed upon the eye of the Limulus 

crab indicated a technique which might have application in the 

field of communication engineering for cases where it is desired 

to separate a frequency band into several adjacent frequency bands. 

The system evolved consists of separate filters which are 

interconnected so as to increase the effective complexity of each 

unit and thereby increase its effectiveness as a filter. 

The behaviour of the interconnected system is then analysed 

and some of the basic properties are examined by consid=ation 

of an infinite array of units, and is based on an idealised 

frequency transformation which is only approximately achieved in 

practice. 	The results of this analysis are of limited value)  

so a numerical design procedure was developed which allowed the 

design of filters which would have, very nearly, a given pass—

band behaviour when interconnected. Application of the design 

method showed areas where this technique may be of advantage 

in that it reduces the complexity of the system for a given 

application. 	The sensitivity of the system to inexact 

realisation was also investigated and found to be comparable to 

conventional techniques. 

An experimental realisation technique was also developed 

using an electronic analogue computer in order to check the 

mithematics, the physical realisability of the system and the 

computer programs. Although this realisation technique 

uses operational amplifiers, it could have many advanterres -car 

practical systems. 
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CHAPTER ONE  

DEVr,d,OPMERT OP THE BASIC SYSTEn 

1.1 Lateral inhibition in the Limulus crab.  

In recent years the development of electro—neurophysiology 

has thrown considerable light on the type of information 

processing performed by the peripheral nervous system. A system 

that has been extensively explored is that of the eye of the 
* Limulus crab. (Ratliff 1961, et a1.1963) 1,2  

The eye of this crab is a compound eye consisting of about a 

thousand elementary facets called ommatidia, each of which is a 

system of receptor cells with a single nerve output. 	The 

front of the ommatidium has an elementary crystalline lens 

which collects light from a conical field of view and the 

ommatidia are arranged on the surface of a sphere such that each 

obtains light from a slightly different part of the environment, 

but with considerable overlap. 	Thus it would be thought that•  

the crab would have very little visual discrimination. Behind 

the 	the single nerve fibres from each ommatidium are 

interconnected in a complex manner which, so far, has not been 

resolved histologically. The individual nerve fibres do not lose 

their identity and in the optic nerve there is still a one—to—one 

correspondence between the individual ommatidia and a nerve fibre. 

In the experiments of Ratliff and others, nerve fibres have 

been isolated and associated with the appropriate ommatidium 

by observing the firing rate of the fibres when individual 

ommatidia were illuminated. 

The firing rate (impulses per second) was found to be 

proportional (logarithmically) to the illumination. 	However  

when adjacent ommatidia were illuminated then it was found that 

the firing rates interacted. 	The various experiments indicated 

that the dependence is that the firing rate of a particular nerve 

is proportional to the excitation, but adjacent firing patterns 

• * references: see page Ill 
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tended to inhibit this rate. This lateral inhibition was found 

to be very nearly linear once a certain threshold had been 

reached, and the threshold and coefficient of proportionality 

were found to be a function of the physical separation of the 

ommatidia. The effect of several adjacent nerves firing was 

the sum of their individual effects. 	These results lead the 

experimenters to state their results in the form ( Fartline 

Ratliff '1957) 3  

z
n 

= y
n 

— 	(z. 	z .) 
ni 	of 

Where z
n 

is the firing rate, yn 
the excitation from the 

retina and band z . coefficients of proportionality and the 
ni. 	of 

threshold,respectively.Ifzi<zoithenthetermz.1 —zoi is 

taken as zero. 	Also none of the z
n 

may be negative so they take 

zero as their minimum value. 	The summation convention used here 

and in the rest of the chapter is that the summation is taken 

from i = 1 to N, unless otherwise stated. Further, the dash on 

the summation sign indicates that the term i = n is omitted. 

Assuming this ecivation to be true, Reichardt(1962)4  made 

the theoretical observation that, with appropriate simplifying 

assumptions, the change in light intensities of the crab's 

environment produces linear and additive changes in the excitation, 

yn,from the retina. 	Fe considered the case of a one—dimensional 

line of N ommatidia looking at a row of N point objects of 

intensity xi, i = 1, . See Figure 1.1. Because of the construction 

of the compound eye, each ormatidium receives light from se-reral 

of the object points, so that the excitiation yn  is given by 

y
n 	

a. 
n
.x. 	 (1.2) 

where ani  are the elements of the overlap matrix, 
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Figure 1.1 Simplified diagram of ideal eye system  
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i.e. 	= • [Ai 2.] 
	

(1.3) 

Thus, provided [A] is a non—singular matrix, then no 

information is lost. To obtain the initial stimuli the crab 

has merely to solve about 1000 simultaneous algebraic enuations. 

This, in fact, is :?fat it does. 

Considering equation (1.1) Reichardt then assumed that the 

thresholds o. were negligible compared to the zi, so 
 

z
n 	yn  	b niz. 	 (1.4) 

If bnn 
= 1, then this may be written 

37:n = 
	 (1.5) 

Which in matrix form is 

y] = [B] d 
	

(1.6) 
Comparing equations (1.3) and (1.6) it is immediately 

obvious that if [A] = [B] then d = A , that is if the 
coefficients of proportionality are exactly the same as the 

coefficients in the overlap matrix, then the nervous system 

is capable of reproducing precisely the intensities of the r 
object points in the Er nerve fibres. This is indeed a remarkable 

potential property of the nervous system of the crab, but it is 

not known how well it is achieved in practice, or even how 

necessary such exact separation is to the crab. 

A similar situation occurs in the mammalian ear.5  The 

receptor organ consists of a membrane called the Basilar membrane, 

which is so shaped and excited that different portions vibrate at 

different frecluencies. 	Along the length of the membrane are 

situated hair cells which produce firings at a rate proportional 

to the local displacement of the membrane. As with the compound 
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eye there is considerable overlap of stimulation by indiVidual 

stimulii, but a process of lateral inhibition effectively 

regenerates the individual stinulii into separate nerves. 	This 

is thought to be the basis of the human ability for very fine 

pitch discrimination in spite of the known poor response of the 

Basilar membrane and hair cells. 

1.2 Application to filter systems  

Whilst reading about the exciting way in which Nature is 

able to disentangle overlapping stimuli, the author was struck by 

the application of this principle of lateral inhibition to 

Communication Engineering. 	In particular, to the problem of 

separating signals of similar frequencies into separate channels, 

as is necessary, for example, in a-frequency—division—multiplex 

system. 

In such systems, many signals are multiplexed onto a single 

transmission path by modulating them onto different carrier 

signals.(e.g. see reference 21) At the receiver these signals• 

must be separated by a bank of band—pass filters before demodulation. 

To obtain economical use of available bandwidth, these filters must 

have a rapid increase in attenuation beyond the pass—band limit 

to prevent adjacent channel interference, and to allow adjacent 

pass—bands to be as close as 7osible. 

Conventional filter design uses inductor and capacitor 

structures whose transfer characteristics approximate the ideal 

band—pass filter requirement. 	It is impossible to achieve the 

ideal exactly but it may be approximated as closely as desired by 

the use of sufficient conponents. 	The transfer function for a 

finite lumped circuit is a rational function in the Laplace transform 

variable, s the order of which depends upon the number of 

compoents. 	A simple filter approximation is that due to 
6 

a low—pass prototype is designed such that the squared moaulus 

of the transfer function f(s),s = jw for a cut—off frequency of 

Butterworth ( see 7.Teinberg 1962 Chapter 11) In these filters 
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w = 1 is given by 

1 
-l--~ 

+w 

where E is the order of approxi8ation. As N increases arrl 

thereby the COI;1})lGxity of the circuit, the C1pproxiJ:1ation becof.1es 

better, as may be seen in Figure 1.2. 

The question engenclerocl by the cliscuG~cion on the crab is 

lrhether one may pc,rti tion freClucncy s:pac e ui th much poorer 

filters. (lThich I'Toula be cl1eaper ancl, if of a Imler order, then 

smaller too), and then reduce tho cnruing adjac?nt channel 

interference by a prOcef.?::; of lateral inhibition. 

Consider a set of linear bancl.-pass fil ters being used to 

partition freQuency Sl)QCe. E-:lch filter I:1ay be re8"ctrcled as a 

receptor lookinc at frequency 8})aCe, and as they are not ideQ,l then 

the fil te}'s Hill receive signals from adjacent cbc:..nnels. 

Assune that the fres.uency space is partitioned into 

adjacent bands with centre frequencies (either arithuetic or C800etri 

~1 to w n' the lOITer and Ul)per frequencies of the nth band 

being denoted by w' ancl 
n 

wIt reEpectively. 
n 

Cour; ider n01T th2. t 

each bal1cl in this freCJ.uer:c~~ space conta.i:ns a rlGsr::aee x. (t) 
3. 

linited in frequencies to 

Rence 

x. (j w ) = 0 
~ 

w' < I w I ~ W ~f • 
i ]. 

for w'.' < I w 1 < tv! 
~ ~ 

where X. (j w) is the Fourier tr2.11sforrJ of x. (t). 
~ 3. 

The total sienal is therefore the sum of the individual 

siGnals i.e. 
N 

x(t) = L 
i=l 

x. (t) 
3. 

ana hence the transform of the sum is given by 
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Figure 1.2 	Butterworth low-pass approximation 
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ani(jk-,  ) = An(juo ) B(j ) 

w' 4 4..."1 
B 	) 

0 	elsewhere 

where 

x ( 	) 	 (1.8) 

If the transfer function of the nth filter is An(jto ) then 

the Fourier transform of its output Yn(jw), is clearly 

Zxi( jw) 	(1.9) 

The problem of the filter design is to find a circuit whose 

transfer function An(jw) has a magnitude which is nearly constant 

in the frequency range u.); 4 KoK Lo;1 and is sufficiently 

small outside this range to prevent components of the unwanted 	• 

messages from interfering with those of the required message, 

x(t). This behaviour may always be achieved in principle to any 

degree of accuracy provided that the filter has sufficient complexity 

In order to apply the analogy of lateral inhibition it is 

convenient to regard the filter transfer functions as being composed 
e asuclof/Tfunctions, aro(jto ),-Alere aro(j6) ) takes the 

value of An 	) in the ith frequency band and is zero elsewhere. 

i.e. 

Thus B.(j6.3) is an ideal ( and physically unrealisable) band-pass 

function. This is shown in Figure 1.3. By virtue of equations 

(1,7) and (1.10) then eivation (1.8) may be expressed 

Yn( j`' ) ani 	) 	) 	(1.12) 

This equation has the same form as that of equation (1.2) 

so by analogy to equation (1.4) if a system of F units may be 

constructed such that the output from the nth unit n(t) has 

the Fourier transform of 
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Figure 1.3 	An illustration of equations (1M) and (14)  
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zn( 
• 
) ) Xbni(jw) Zi(jua) 

(1.13) 

where b 	a (it,o) 
ni 	ni 

then from the previous discussion it is clear that 

Z
n
(jw) .

n 	) and exact partitioning will have been achieved. 

The desired system may be realised with the aid of 

operational amplifiers as used in analogue computers. 	A 

system which satisfies equation (1.13) may be realised by a 

set of N of the circuit shown in Figure 1.4. 

Thus if one can synthesise a set of transfer functions 

bni(jW  ) = ani
(j6.7) as defined by equation (1.10) then perfect 

band—pass filters will be produced. It is apparent from the 

definition of the ani
(jw) that the set of transfer functions 

required for the nth unit are the function An(jw) in cascade 

with an ideal band—pass filter Di(jto) connected to the output 

from the ith filter unit. 

However, the object of the whole system is to ensure that the 

spectrum of the output of each unit is suitably band—limited, so 

ideally there should be no necessity for the ideal band—pass 

filter in the realisation of the bni
(jw) functions. 

Thus a good approximation to the bni(ji,J) functions is simply 

An(jw) for all i. 	All the transfer functions into the nth unit 

are now the same, i.e. An(jw ) , so that if the transfer function 

of the summing amplifier is changed from — 1 to — Ail(jt-) then 

the reeuired system will have the much simpler form of Figure 1.5. 

Here the nth unit operates with a transfer function of 

— n
(jw) upon the sum of its inputs i.e. 

Zn(jw ) 	
An(i' ) [X(j''')  ) 	

Zi(16J .14) 

The rest of the thesis discusses 'variousdesign procedures for 

17,  
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Figure 1.5 Simplified version of Figure h. 



the A (jw) functions which will produce effective band—pass filters 

when used in systems of this type. The crab has served its 

purpose and will now be discarded. 

1.3  Consideration of the new system  

The effective transfer function between the input and the 

nth output, fn(jto),is defined by 

fn(it"' ) 
Z
n 	

) 
(1.15) 

X(j' ) 

It is possible in the fully interconnected case described to find 

a simple expression for the overall transfer function of each unit. 

Equation (1.14) may be rewritten 

fn = An 
 [1 — F fn 	(1.16) 

where the functional dependancies upon 	have been dropped for 

clarity and where 

From equation (1.16) 

Ah 
fn 

= (1 — F) 
1 — A

n 

(1.17) 

Summing both sides of this equation for i = 1 to IT yields 

therefore 

A. 
(1 — I?) y 	 

— A. 

20. 

(1.18) 



A. 

/ 1 — A. 3- 
A. 

1 4- 
F 

Yn 
1  

An 

1  
yn 

7 
yi 

or alternatively 

fn = 
1 -I- yn  ( 1 	) 

Yi 

SO 

fn 
1 + 

(1.19) 

and substituting t1-is back into (1.17) gives fn  in terms of 

individual transfer functions A. 

An 

fn 
1 — An (1.20) 

1 + 
A 

 1 	 
1 — A. 2 

This equation may be put into. a neater form if one substitutes 

This is the basic equation describing the overall system. 

The problem is to find suitable functions, An, which may be 

realised conveniently and which will generate the required band—

pass functions, fn. 
The oneration of the filter system may be understood in 
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physical terms by consideration of the simple three—unit filter 

of Figure 1.6 . 	Each unit receives as input the system input 

and the outputs from the other two units. 

In the pass—band of a particular unit it is required that 

ideally An  = 1 in amplitude and phase. The effect of the 

summing and inverting amplifier is to produce, as output, the 

negative of the input. 	Since this _output is presented to the 

input of all the other units, it cancels the system input, and, 

thus, irrespective of the other filter characteristics Ai(i / n), 

there will be zero output from all the other units. 	In 

mathematical terms, if An  = 1, then, from (1.21) yn  = 0. 

In the equation for the output of the nth unit, (1.22) the sum 

in the denominator contains liyn  and is thus infinite. However, 

for i = n the numerator also contains l/yn. Thus fn is unity 

whereas f., -where i = n, is zero. • This is seen more clearly 

in ecuation (1.23) where the common 1/yn terms have been 

multiplied out. 

If the individual transfer function is not exactly — 1, 

then exact cancellation will not occur and IY I will be small. 

However, provided that the outputs from the other units are not too 

large, the overall effect at the output of the summing amplifier 

will be an attenuated signal. 	There is thus an apparent increase 

in attenuation of the interconnected system over the individual 

units. 

This then is the basic principle: the remainder of the thesis 

deals with the search for a suitable set of functions and a design 

procedure, plus a convenient method of realising the filters. 

1.4 Possible desir;n Procedures  

From equation (1.17) the transfer function of the individual 

units may be expressed in terms of the set of resultant functions 

f.. 
1 
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Figure 1.6 A simple three-unit filter system 
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A.  1 (1.24) 

 

1 + 1 — 

 

fn 

SinceF=.1f.then this reduces to 

An 
n (1.25) 

rf. 

Thus given a set of required functions, fi  it is possible 

to comput the A. necessary to realise them. 	However, this 

approach is not directly applicable, since the object is to 

produce a better ( and therefore higher order) filter function 

fromsirmele.A.i.comoonents.Asitstandsl ifthef.1 
 are rational 

functions in s then the A
n 
will, in general, be a much higher 

order function unless some factors of fn 
cancel with the 

denominator. 	It was therefore decided initially to approach.the 

problem analytically to find the types of response obtainable with 

different individual functions and this apl)roach is described in 

Chapters 2 and 3. 	Whilst it was found that the analytic approach 

yielded some interesting results for the simpler cases, the 

mathematics became opaque for higher order cases. For this 

reason a numerical a-,4)roximation techniaue was developed and 

programmed. 	This led to a suitable design procedure for these 

higher cases, described in Chapter 4. 	In Chapter 4 there is 

also sore discussion of the sensitivity problem and it is 

demonstrated that although the system relies on feedback paths 

there is no greater sensitivity problem than with conventional 

filters. 

Chapter 5 describes the suitable realisation techniques 

especially applicable to this type of filter and some of the 

practical applications of this type of filter are discussed 

in Chapter 6. 	The general filter system described here is the 

24 



subject of British Patent application No.41410/69 

• 

1.5 Relationship of system to the prior art  

Although the evolution of this filter system came from the 

bionic direction as described in this chapter, it was subsequently 

found that the use of analogue computer elements for the inversion 

of a matrix is well lmown.. ( e.g. see reference 7 Chapter 9) 

This is the d.c. eiuikl,alent of the basic system as described in 

Section 1.1. 	In practice, the straightforward application 

of the idea usually introduces stability problems and it is 

necessary to tailor the transfer function of the summers to 

ensure stability. 

The use of circuits simulating lateral inhibition has 

been demonstrated by 	a„,4  1-4.6 vitte  ( 	4-etette, e) 

in enuipment used for speech recognition experiments. 	The 

technique used is to rectify the output from a set of band—pass 

filters and to pass the rectified signals into circuits simulating 

lateral inhibition. This has the effect of sharpening the 

response to any single frequency, but the whole process is 

obviously a non—linear one and therefore not applicable for the 

present purpose of linear separation. 

There is a very useful class of band—pass filters invented 

by Lerner 9, the basic structure of which is shown in Figure 1.7a. 

If the poles and zeros of the admittances are equally spaced in 

the required pass—band and if a pole of one admittance occurs at 

*the same frequency as a zero of the other and vice—versa, then it is 

found that the amplitude response is nearly equiripple and that 

a nearly linear—phase characteristic is obtained ( which is the 

main attraction of the filter). 	These admittances may be 

achieved by circuits as shaun'in Figure 1.7b. In order to 

maintain the linear—phase characteristics at the band—edges it 

is found necessary to double the impedance level of the resonators 

at the band—edges and have their resonant frequency only half 

25. 



(a) Basic structure of Lerner Filter  

(b) Pole - zero positions of Ya  and Yb  and example of admittance 

•	 

	

--foo-o0-1 I 	 
	raircr—C 1- 

	

-mctw,-1 1 	 

--ntr—i i 

	r‘--r-oro--4 I 	 
(c) Example of Drouithet and Goodman filter system 

Figure 1.7 Applications of Lerner filter 
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the spacing of the in—band resonators. 

When it is necessary to use several of the Lerner band—pass 

filters with adjacent pass—bands it is possible to share the 

connector resonators between adjacent filters. 	A suitable 

circuit to achieve this has been described by Drouilhet and 

Goodman 10, as shown in Figure 1.7c. This system bears some 

resemblance to the system described in this thesis, the essential 

difference being that in the Drouilhet system the output of 

any one particular filter is only a weighted sum of the outputs from 

simple filters , and unlike the system described here, there is 

no feedback involved. This means in practice that the stop—band 

behaviour of the Drouilhet filters is only marginally affected 

by the adjacent filters whereas in the system described here 

the stop—band characteristic and in particular the location of 

transmission zeros, is dependent upon all the adjacent units. 

A further situation uhich has similarities to the techninue 

described here is that of phased aerial arrays such as are 

used for radar systems (e.g. see reference 11 p.244) 	In this 

application the signals from a periodic array of aerial elements are 

passed through phase changes and then summed. An effect 

analogous to that of diffraction occurs with the result that the 

system responds to signals incident from a given direction. 

But again this is only a case of simple addition, and has no 

feedback involved. 

27. 



CHAPTER TITO  

FREQUE2TCY TiLlilLiTRI.TATIONS AflD ./-1PPROXILIATI CMS 

2.1 Freouency transformations for a cet of band—pass filters  

When band—pass filters are used in sets, their frequency 

responses are usually reTuired to be similar on either a 

logarithmic or a linear freouency scale. For use in a freouency—

division—multipleg system constant bandwidth is used, so linear 

similarity is required, whereas frequency analysis for biological 

research or speech analysis usually requires constant proportional 

bandwidth or logarithmic similarity. 

With all these filters it is convenient to discuss their 

characteristics with respect to a single normalised prototype 

function. 	If this prototype function is A(S) then the transfer 

function of the nth unitI An
(s), may be obtained by a suitable 

change of variable, S n 	
Thus 

An
(s) = A(Sn

) 
	

(2.1) 

It is also desirable to arrange that the transfer function 

of (n-+v )th unit is simply related to that of the nth unit. i.e. 

 

A
h+v 

(s) = A(Sn 
— j2v ) (2.2) 

so that if 

Sn 	
jx 

  

(2.3) 

then a normalised frequency variable, 	which is in the range 

—14  xn 
1 in the nth pass—band will be in the range 

2v — 1 < xn< 2v ± 1 
	

(2.4) 

in the (n + v )th nass—band. 

For the linear case, if the pass—band spacing is aw 
21 7 

then the arithmetic centre freouency of the (n + v )-tli band is 
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given by 

n+y • = 	+ 	tO 
	 (2.5) 

whereL,
n 

and • L I.1 	are the arithmetic centre frequencies of 

the nth and (n +p )th bands. 	The chnlIge of variable necessary 

to satisfy conditions (2.1) and (2.2) is 

 

x
n 

S
n 

L'") 	ts)  n 

 

(2.6) 

(2.6a) 

 

:7 1 ix 
n 

 

or 
LX 

 

n 

If the lower and upper band-edge frequencies are (,)1!I  

and to then for the geometric case, the centre frequencies 

are related by 

n+v 	
k2v 
n 
	 (2.7) . 

where 
	

k
2 = 	tt/ to 	 (2.8) 

The necessary transformation in this instance is 

x
n 

log w - 10g n  
(2.9) 

log k 

for both cases it may be seen that 

xn+v = 	x - 2v 
	

(2.10a) 

i.e. S
n+v 	

S
n 
 - j1, 

The nth arithmetic pass-band extends from (.)1  = w -A-A0  
n 	n 
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11 

n -= .)n 

n 

where 

and 

to tou = wi  -ii-Awn  to u3" = W ,4-111Lat, and the geometric from 
n n 	n n ' 

L3 n t  = Wrik to Wit  = k 6.)n, so bothtransformations have the n 
required property that 

	

- 1 	xn  1 as w' 4 w < n 

Because of these conditions, all the bandpass functions may 

be expressed as transformations of the prototype function, 

i.e. in terns of xn. It is convenient therefore to drop the 

n subscript on this variable i.e. 

	

X 	x - 2y 	 (2.10b) 

2.2 Approximate realisation of transformations  

The transformations (2.6) and (2.9) may not be realised 

exactly as is possible in the conventional lou-pass to band.- 

pass transformation. 

22 
("3 	-  t'')  n 	la n 	 ( ta 	t..)n • ) = 	_ - 

t...) ZN w 	Awn 	
w 	lop 

n n 
(2.11) 

s
2 	2 

n 
s A L.) 

n 

or 

SL 

Sn 

However, these transformations may be ap-croximated over a 

limited frequency rane by this transformation. For the 

linear case, from enuation (2.6) 

L.) n 	1 + 713n ) 
	

(2.12) 
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where 

hence 

for •-Bnx << 

Bn 

1 

n 

then 

Aw n  

x 

2 	tfr, n 
VMS 

1 + 

1 + Bnx 

(2.13) 

(2.14) 

_n. 	x 	 (2.14a) 



Thu- for x ((.2/B the tr=Fformation (2.19 ir 	a7proximation 
li 

to the require 

Thi 	is the 
unit the required 

SL 

Since (.../=
n+y

[1 

Thus in the roaion 

n+y 

+ (x 

+y 

n+y 

t=sformatiwi. 
transZo7mation 

trancliforD2,tion 

_"or thr nth 

is 

Wn+ 

unit, for tho (n 

(2.15) 

x 	2y) 

(2.16) 

(2.17) 

k: 	n+  

— 2 y )B +0'then 

1 +(x 
n+y 

1 + B
n+Y (x 

(x w  2y)4(1 

x 	y 

At, 

21,0) 

- 2k) 

as required by (2.1/a ) 
Those approximations have the Droperty that 	(n +w)th 

trarrformation is best for xn+1, small. 	Consideration of 

orluation (1.2a) shows that thiE is the dorirablo state of affairs 
inco the y . terms :rave 	affect upon the overall response 1  

whenthoyaresmallandth all. 

Similar results occur for the Geor:,etric F. pacincf. 

From equation (2.V 

GJ =
x 

in the geometric case, the pass—b,md exten(:s 1 = 	
/k 

11 
11 

to tx.31   = } X
11

so 

= L.) (17_ — h7-1) 
11 

2.9 



II. 11 
Pbx 11 - -1-,b 

2b 	C 1 - 
4- 
+ 

1, -"a-0 Z x 4.2)„ 

- 	• • • 1 

	(2.21) 

so 
U.20) 

1: 

If k is nonr unity, cay 	= 1 + b, tIlen ILn tecomos 

so if 42 44. ) then 

n 	x 

For rToomotrio ppaoing, tLo ratio 1: is indoponacnt of the unit 

FO tho ( n +p )th transforration ir 

_n. 11-FY 

if ,1,;132,C. 	1 anel. -1,J12(x - 2044  1 

Figure 2.1. rhow!--: tio Eoviation of no -Tproximating fua'actions 
from the ideal. 	The problem of realisation is dealt with more 
fully in Chapter Five. 
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2.3 Application of transformations 

It will be found later that the most interesting sets 
of band-pass filterE are those based on first and second-

order prototype functions with unity gain at zero frequency 

i.e. 	A(S) 

and 	A(S) 

1 

  

(2.22a) 

   

  

(2.22b) 
1 + a

l
S + a

2
S2 

If the transformation (2.11) is applied to the first-order 

prototype then 

An(s) - 1 

n 1 + a_, awn  ( 

  

Li n  
) 	(2.23) 

Un 

 

this is the equation of a simple resonant circus+, shown 

fOr example in Figure 2.3 here the Q value is 

Q 
L.) n  

1.e the effective value of the tranformed circuit from 

a first-order prototype is al  divided by the proportional 
banidth. 

If an active filter realisation is used for the band-pass 

filters then it is likely that it will utilise a cascade of 

circuits, each of which realises a second-oraer transfer 

function of the form of (17uation(2.23). 	7-f the prototype 

function can be factorised with a set of ',_near facLors 

with real roots then each of these factors can be txe_rsrod 

in tie sane way as equation 12.23. 	Ih practice however, it 



Figure 2.2. Simple band-pass filter 
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is more likely that the roots of the prototype function 

will be in complex conjugate pairs if the prototype 'function 

is of even order, plus a single real root if the prototype 

function is odd. 

Consider the case of the second-order prototype function 

and assume that its roots are complex conjugate at 

Hence 

0-  = 	+ jx 

cr -d jx 
(2.24) 

07  fr 
	1 	 1 2 

1 + a 	a
2
S
2 

(U1 	S) (r2  + S) 

[1 	2- a  -- (S + jx)] [ + 	(S 

This may now be considered as the product of two first-order 

factors of the form 

(2.25) 

1 + d(S ±jx) 

 

By virtue of the assumed frequency transformation these 

correspond to a second - order band-pass functions at centre 

frequencies of 

n
(1 ± B 
	

(2.26a) 

for the linear case and 
+ x 

(2.26b) 

i rt 	5 eoroe-tric 
The Q factor will be -the same for each facto'r and in both caseF, is 

1  (2.28) 
d2B

n 
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2.4. ApDroximtion forAinfinite filters 

The general equation for thr interconnected system is given 

by equation (1.23) 

f 
1/yn  

1 + 	i/y. 

The denominator of this Junction is the name for all the units. 

Y. i.e. 

1 

For the nth unit, this sum may be rewritten 

11.-n 

P = 1-n 

1 
d n+v 

(?.2q) 

However, remembering the definition of yi  as 1/A. - 1 with the 

A. being band-pars functions, then th,J, y. will be small in the 

region of the ith pass-bana ana large elsewhere. 	Thus the sum 

function in the region of the ith pass-bana will be dominated 

by the yi  term and yi  + terms will have decreasing effect as 

increases. 	Therefore, except for Jreauencies near the pass-

bands of the high and low freueney ends of the hole set of units, 

to a good approximation the rum linitr may be extended to t °.° 

i.e. 
op 

1 

v 	- cc 	Yn+), 
(2.310) 

for i #19  and i N 

For tho definition of the transformation proposed, cauation 
A 
n+y(s) 
	A(S - j2u ), therefore 
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Y 	(e) = Y(E 	j21 ) 
	

(2.80 

whore 

y(S) 	VA(2) - 1 	 (2.sA) 

y(S) my be expanded in partial fractions to 

M 
1 hla 

m 
(2.33) 

where Sm are the roots of y(F) ( asrumod all '.istinct) arel kn 
are tie residues of y(0 at thorn roots. 	The rum function may be 
written approximately 

y(5) 
1: 

= ----------- .9 
111 =  

This exprer-sion rosombles the partial fraction expansion of the 

hyperbolic cotangent, viz. 

w. 
cot]i z 

= 	z 	j rr 
	( z. 3s) 

Equation (2.27) my be oxprosed 

m = 1 	
(246) 

341. 

k — cot3: 	(S 

	

7r 	Tt 

	

m 2 	n 



For Sm = dm + jxm and 17,n = jx this become. 

 

"N. 

lr 	Tr jk 	cot 7 	(x 	x ) 	Cdr,;  y( ) 

   

(2.37) 

Tho different valuer of xcorrespond to a chance of orio;in r. 

on the x axis and thy' dmvalues oroduce the different behaviours. 

It is possible that these functions could be used in some form 

of template design'proccjure, but this has not been investigated. 

for different pass—bnd —idthr, in the linear and c'metric casos. 



A(S) = 
	1 

and thus 	y(s) = a + a 	a2J2 

CEAPTER TITRE1r, 

SOME TLEOn OF SIMPLE FILTERS 

3.1  Introduction  

It is possible to derive some simple results for the eases 
whore the prototype function is first or second order in S 

but beyond this the problem becomes analyticrl.11y opaque and an 
approximate design procedure had to be developed. 	This design 

method is described in Chaptrx Four, but,in this chapter, those simple 

results will be discussed because they give come idea of the general 
behaviour of the system. 	The expression for an infinite set of 

filters 4 compared to the case of three units in order to assess 

the magnitude of the approximation involved. 

The interconnected response is given by equation (1. 2B). 

It is more convenient to use the reciprocal of fn ( 	g ) and 

talk of the loss ratio, rather than the gain ratio. In the 
following, gn  will be referred to as the loss with ratio implicit. 

 

4 
= 	lifn 	y [ 1 + 

Yi 

 

c'n 
(3.1) 

  

The prototype function A(S) may be written 

(3.2) 

(3.3 ) 

The simplest first order prototype is A(S) = 1/(1 + alS), 

a non—zero a
o 

introduces additional complications. The first and 

second orders are examined both Sri-ft and without a zero ao 
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cot 2  X I 

2 2 2 . a
1 
 x 

2 
gn(jx) I 

Tr 
x cot'   xj 

a1x 

TT 	Tr 
X COu -2- 

Hence 

and arg gn(jx) = arc tan 

gn(jx) = ja 
1 x [ 

l 	Tr  
al 2  

= ja1x + - 
Tr 

2 x cot -x 2 

(3.3) 

(3.3a) 

(3.4) 

(3.5) 

3.2  First order prototype  
For the infinite filter, since y(S) . a1S then from equation 

(3.1) a,8 (2.36) 

4.  1 	TT coati? 
Tr 
- S] gn(S) 	a1S 

1  
- 2 1 

therefore 

From equation (3.4), it may be seen that at x = 0 the loss 

is unity and at x
ir ± 2, ± 4 etc., cot 	is infinite giving rise 

to infinite loss. However, at x = 1, f 3 etc„ cot7x'will be 
zero and the loss will be a x which is slightly less than the 

loss for the unconnected unit which is ,I(1 a2x2) 
If a1 2  - 

Tr 
then (3.4) 

2 
ign(ix)1 	- 

and (3.5) become 

( 2  x )
2 

2 rr 
sin 	— X 

2 

(3.6) 

and 	arg gn(jx) = 7-71;x 	(3.7) 



If x is the linear variable9  then this response has a linear phase 

response.which implies a constant time delay. The amplitude response 

is of the form sin x / x function. 	The ideal amplitude and phase 

65 response is shown in Figure3.1 and 3.2. The pass-band limit 
4 

is x = 1 and the loss reaches minima.* very near to x - 3, - ▪ 5 etc. 
At these points, the actual loss is 

x 
20 log -

-rr 
- x 
2 

1 	3.9 	db 

• 3 	13.5. 	db 

• 5 	17.9 	db 

As a comparison to the ideal case, the exact magnitude and 

phase from a set of 5 units with arithmetic pass-band spacing are 

shown in Pigures3.3-4.In this example the pass-band of the central 

unit is %4,5 

This particular result of al  = has been the only pure analytic 

result obtained. The other designs are all approximations to known 

• approximating functions. Although considerable search was made for 

a suitbble set of functions, none were found and empirical 

approximating techniques had to be used. Thus it is very likoly 

that much bettor functions may yot be found to form the basis for design. 

2.3 ApproximationP to ideal filter cl)aracteristics 

A major portion of conventional filtcr design theory consists 

of tic study of function which will approximate ideal filter 

characteristics aff be roali::ablr, in e, pre-aefhkea Torn 
	Th 	are 

two main Blass es of aP:)roxitioni' which are used mainly for ti__:r 

lathematical tractability. These arc the classes of maximally flat 

and eQuiripple ap-,roximations. 

In the ,aximally flat approximation, the approximating function Q  

	

is Bade to hold in the --r'*on of a -,)oint. 	this function is 

expanded as a Maclaurin series, ilaximal flatness is produced by putting 
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FIGURES 3.1 a 32 Arnplitude and phase responses of a first orde r prototype  
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to zero ar .:any of the derivatives as possible. When the teehniclue 
in applied to the amplitude response of a lour—paz,s filter function 

TN, then the of rlitude rm-ponr.o may be written 

IT(jx)1 2  
co(1 + c2x

2  + o x + 	 c2mx
2m) 

1 + 2x-
7  
+ d

4
x4  + 	 d x2n 2n 

The Maclaurin series about the origin may be obtained by a 

process of long division i.e. 

2 T(jx)I = co 	+ ( c2 — ci2 )x2 +[(c, —
4) 
	a2(c2 — 2 )] x + 

L:-  

For thin to be a low—pass filter function then c . 1 and m<n. o 2 4 Since this is a Maclaurin series, the coefficients of x 9x ... etc., 
1 2 are the 2nd, 	etc., derivatives ofIT(jx)i evaluated at x = 0. 

As more derivatives are put to zero the curve will become flatter 

around x = 0. Thin may be achieved by rutting c2  = d21  04  = a4,.. 
c2m 	d2m and d2m + 2 = 0, sem d, — 2 = 0 with d2n  of arbitrary 

value. Thin arbitrariness ray be used to normalise the freouency 

The function will be said to be maximally flat to the 

pth order if 2p derivatives are put to zero. 
The fraction yielded by this procedure will bo of the form 

2m 
1 + c2x

2 + c4 x4 + 	c7ra  z--  

2 2n 
1 + c2

x + c x' + 	c x +d, x  
4 	2m 	c'n 

  

1 (3.8) 

 

1 + a x--  2n  
2 

1+ x- + 	c2mx
2m  

 

Thin= _"unction is maximally flat to (n — 1 )th order. 
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The majority of filter approximations are reouired to 

approximate a constant or else some specified function over a 

band of freouencies rather than around a specified point. 	In 

such cases the problem may be stated as finding the polynomial 

F(x), to approximate a given function f(x) over a range of 

x1  ...5 	4=.3c29  x 	such that 

6 = max I f(x) — P(x)1 

is minimised. 

The optimum function which satisfies the condition is one which 

oscillates equally on either side of f(x). 	Enuiripple approximations 

are usually better since a given order of polynomial will produce 

a smaller maximumts.  error if it is equiripple than if it is maximally 

flats  ba-at- a c..54-- or._ 	Kspm,se 

The mathematics involved for eouiripple approximation is 

considerably more complicated than for maximally flat approximations. 

Also, true equiripple behaviour may only be achieved if the 

approximating functions are unconstrained. However, the types of 

function encountered in the interconnected filters are considerably 

constrained. 	In Section 1.4. it was mentioned that to obtain a 

lower order prototype function, An, than the design functions 

f., some cancellation of factors was necessary in equation (1.2S). 
1 

It was not found possible to synthesise suitable equiripple 

or even approximately equiripple functions which would have simple 

realisations. 	For this reason, it was decided to concentrate on 

use of maximally flat approximating functions which yielded 

approximate maximally flat behaviour of the interconnected magnitude 

response. 
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Another class of mathematically tractable approximations 

is that discovered by Papoulis.12 	This class of filter 

is defined as having the maximum rate of increase of 

attenuation at the cut-off freouency, subject to the 

increase of pass-band attenuation being monotonic with 

frequency. 	These approximations are found to have a 

better stop-band characteristic than the Butterworth functions 

and better transient response than the Chebyshev filters. 

For the applications of this thesis they might be 

well suited as a basic approximating function but they 

were not investigated. 
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3.3 First order maximally flat approximation 

The amplitude response of the simple first order infinite 

filter is given by equation (3.4). 	To investigate its pass-band 

baaviour, consider the polynomial approximation to z cot z. 

Cot z may be expressed in the form of an infinite series ( from 
i3 

Eandbook of Mathematical Functions, 19649  p.75.) 

cot z 1 z z3  2z5-_  
z 3 45 945 

• • • 

Nonce 

2 	2 
x Cot 	x 	1 - 0.8222x

2 
- 0.1352x4 — 0.0317x6 .... (3.9) 

Tr 

This approximation is required for the pass-band region i.e. 

	

xl t 1. 	The maximum error of this series will occur for the 

largest x of intelwvt, which in this case will be unity. 	At this 

point the exact function is zero and the truncated series has the 

following values. 

No. of terms Value at x = 1 

0,1773 

0.0426 

0.0109 

to x2 

-to x4 

to x
6 

Thus the first two terms provides a good approximation to what 

is only an aporoximation anyway. 	Enuation (3.4) may be written, to 

the sixth order. 

6n" 	' 
t Ax )2 = 1  .4. ta1 

 
2 

1.6444)x2  + 0.4056x4  + 0.1410x6 	(3.10) 

If a1 = 1.6444 i.e. a1 = 1.2824 then the loss will be maximally 

flat to the first order. 	This response is shown in Figure 3.E. 



Infinite set ) 
av=1.5709 

0 2 3 4 5 

I 

3rd of 	5 ) 0.1=1118 

2nd of 3 ) al= i 

Y(5)= a15 

I 

FIGURE 3.5 First order maximally  flat responses.  



2 
25 

It is inte4ting to compare this result to the case of the 

centre unit of three units. The individual yi  functions may be uritten 

= al(` 
	j2) 

YO 	a1S  

YI =a1(S -  j2) 

Hence,from (3.1) 

gn(5) = 1 	a15  2 
4 + S 

 

therefore 

I

gn(jx)1 2 „, 1  

 

(a2  l  - 1 .)x2 	0.5(1 	a2\  x + 0.0625a2x6 4 

      

 

( 1 	0.25x2)  2 

 

For a2 = 1 this reduces to 

   

2 
1 + 0.062516 .  

( 1 - 0.25x
22 

 
(3.11) 

--. 1 + 0.062516 

   

   

which is maximally flat to the second order. This is better than 

the infinite filter in that it is maximally flat to a higher order 

but this is a fortuitous result as there are only three units. A 

similar computation on a five-unit filter gives 

.2 	(a21 - 1.250)x2t(0.907 - 0.6254)x
4+(0.1294 - 0.130)16 

I gn(ix)1 = 1 
+ 

(1 - 0.2
5012)2 (1 - 0.062512)2  

If a2 = 1.250 i.e. a1  = 1.118 then this becomes 1 	-  

ck. 



2 

=n 	1 	
0.125x4 + 0.065x6 

(1 	0.250x2) ( 1 — 0.0625x2)2 

 

(3.12) 

 

1 + 0.125x4 + 0.143x6 

which is maximally flat to the first order. 	These responses are 

shown also in Figure 3.5. Thin is still different from the result 
for infinite filters since these first order filters have a low rate 

of increase of lose with frenuency. 	This means that effective 

interaction is between more than adjacent units. 	With higher order 

filters this problem is reduced and there is good agreement between 

the results from the infinite set and results from only three or five 

units. 	In the design procedure to be described in Chapter Four, 

the opposite assumption is made i.e, the infinite filter results 

are derived from the three-unit behaviour. 

3.4 -Effect of  non-zero, ao  coefficient 
The first order function used in sections 3.1. and 3.3. is not 

the most general case since it was assumed that a
0 
 was zero. 	In 

fact, the use of a non-zero a
0 
 gives rise to worse characteristics 

but if a
0 
 is only small the degradation produced is slight. Thus, 

if the actual realisation is not precise and the amplitude and 

phase at the point corresponding to x = 0 is not exactly unity, then 

only a Flight degradation of the overall characteristics occurs. 
The general first order Prototype Y furLction is 

y(F;) = a
0 	

a
1
S 
	

(3.13) 

Where a07 -1, as may be seen from its definition in eouation (3.2) 

The overall inverse transfer function for the infinite set of filters 

is thus 



gn(5) 	(a0 	a S) 	+ h coth ( s +0_ (3.14) 

    

where 
a 

" a = a0 and 	h =  
1 	a 2 1  

The amplitude squared of this function may be found by 

multiplying the function evaluated at S = jx by its complex 

conjugate. 	This gives 

2 
gn(jx)I = (ag + 4x2i1 — jh cot 	(x — jd) 	1 + jh cot 	( 	id)  

fa2
0  ` 

a2x2)  1 
sinh di 1 	2h + cosh a' h

2 cos
2 
 x' + 

Wm. 

+ sinh-
9 
 d 1  

sin2x' 
••• 

+ sinh
2d' sin2  x' + sinh2d' 

, 4.(x2  + d2) 

sin2x' + sinh2d' 

I [h2 — licos2  x' + (cosh d' + sinh a')2  

(3.15) 

where 	ar . 2d 	and 	x' = z 

For a1 	
1 

= --Tr the equation simplifies to 2 

2 
x (cosh d' + sinh d')2  

	

` 
i
2 	2 	

1 
2 	/ 

sin x' + sinh-d' 	(3.16) 

arr 
For values of a

1 near -- 2 
far different.  

9  this expression will not be 



n(ix) 	12 	1 + ( 	) 

On(jOY-- 	1 + ( sin x' N2 
sinh 

x' 2 
(3.17) 

F:ince it is relative attenuation that is important in a filter, 

this function is more accurately viewed if it is normalised with 

respect to its x = 0 value. 	Thus 

For d' small then this approximates the a
0 
 = 0 case of 

section 3.1. 	The minimum will still occur near x = - + 3, - + 5 etc. 

and the maximum near x = +- 2 etc. The maxima uill not nou be 

infinite as was the case for a0  zero but will be slightly reduced. 

The loss for a few values of d for the case a1 	2 = 	is 

shown in Figure 3.6. 	As may be seen there appears to be no 

advantage in deliberately using a non - zero a0. However 

small values of a0  do not degrade the performance appreciably. 
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3.5 second order protoype 
For the second order prototype, with a un 0 

0 

y(S) = alS + a S
2 

Hence 

1 	1 
a 	S + d 

where 

	

	a = al/a2  in this case. 

From er.uat ion ( 2.29 ) 

Y(S) = h [I coth 	S 	coth 	(S + d)] 	(3.18) 

Where h = 7112a
1
. 	Therefore 

Y(jx) 	jh ['cot 	x - cot (x id) 

ir 	-Tr then (3.18) C . cot — x and C1 	coth 7 d 	(3.18) may be expressed 

Put 

Y(jx) 

X 

—jh 

C2 + 1 

C2 + 1 
( 

C2  + C2 

C2 4. Ci 

C — jc ) 

(3.19) 

C
2 
varies between zero and infinity and C1 is always greater than 

unity, therefore 

1 

C2 1 

X 	1 (3.20) 
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However, even for small d, C1  is nearly unity, for instance 

coth 1 
2 

0.35 2.00 

0.50 1.52 

1.00 1.09 

2.00 1.004 

The interconnected loss function may be written 

= 	ja
1
x — a

2
x 2] I 1 — jhX (C jC1)] gn(ix)  

Hence 

2 g  (ix)   
(4x2 	

2 a2x4) 	(1 — hXC1)2  h2 2C2 

(3.22) 

d 

(3.21)  

The factor (3.20) is not going to vary very rapidly or very 

much with x, so the minima in the stop—bands will occur near the 

points where C = 0 i.e. X = 1/C . 	The value of these minima 1 
will be approximately 

gn(jx)1 	- I y(jx) 	(1 - h/c1)1 (3.23) 

  

Thus if h/C
1> 2 then the loss of the interconnected response at 

the minima may be larger than that of the individual unit. 

Thee approximations make it possible to find values of al  

and a
2 which will generate a second order maximally flat interconnected 

tranfer function. 	Assume that C
1 

is nearly unity i.e. X is nearly 

unity, then (3.22) may be written 

5 



Ign 
2 

[I 1 + 	E x cot a2 	 x )
2 mr (al ...1L12x2 

2' 

 

   

remembering that d = al/a2'and h .1//2al. This equation may be 

expanded to the sixth order with the aid of (3.9) and the 

coefficients of the second and fourth powers equated to zero. 

This giver two equations which are satisfied by 

al  = 2.57 

and 

d 	= 1.25 
	

i.e. a
2 = 2.06 

For this value of a, Cl  = 1.04 so the approximation Ci  to 

unity is justified. 	The coefficient of the sixth power for the 

valuer is 0.466. 

This reEponse is shown in Figure 3.7 where it is compared with 
the actual(computed) response of the centre unit of three and five 

interconnected unite 	 

Another consistent solution is: a
1 = 0.57 and a2 

.-- 0.46 

but this solution has worse asymptotic behaviour. 

The extenion of this method of synthesis- to a higher 

order filter doer not appear higlly Practical and for this 

reason, the approximate design method of the next chapter was 

developed. 

Sq. 
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CHAPTER FOUR  

AN APPROXIMATE DESIGN PROCEDURE 

4.1. Introduction  

Pure analytic approaches to the problem of design do not seem 

to yield any significant results for the higher order filters and, 

for this reason, an approximate numerical design procedure was 

developed. 	The interconnected response is given by equation (1.23) as 

1 
gn 

= 1 +Yn  + y ›- n Y1  . 
(4.1) 

where it will be remembered that gn  is reciprocal of f
n 
and the 

dash on the summation sign indicates that the i = n term is omitted. 

In most cases of interest it will be desired that the loss 

functions of all the filter units will be similar on either a 

geometric or arithmetic frequency scale. This may be achieved 

approximately, as was described in Chapter Two, by deriving all 

the basic transfer functions from the s=2 prototype. The use of 

this approach is only convenient when the prototype functions are 

symmetrical on the frequency scale, i.e. even functions of S. For 

this reason only the centre units can have their interconnected 

behaviour conveniently described by a prototype function. However, 

since the object of the exercise is to produce overall loss functions 

which are large in the stop—bands, then it is a reasonable assumption 

that only adjacent units interact to a significant extent. Thus for 

units not at the ends of the set of filters, the prototype description 

should prove adequate. 	In all cases the problem of analysis is 

straight forward so that the resultant exact frequency response may 

always be plotted to check the validity of all the approximation made. 

For these reasons the design procedure is based on the design of the 

centre unit of three units. 

From equation (2.4) of Chapter Two, the prototype loss function 

may be written 



g(S) = 1 + Y(s) + Y(s) 1 	 1  
Y(S 	j2) 	Y(S — j2) 

[ 

Ys 1 + Y(S) + Y(S) (4.2) 
YP  

where Ys = Y(S — j2) + Y(S + j2) (4.3) 

and Y = Y(S —j2) Y(S + j2) (4.4) 

If the transfer function of the basic unit is the reciprocal 

of a simple polynomial D(S) of the m th order in S then 

1 
A(s) = (4.5) 

D(S) 

and thelefore Y(S) = 	D(S) — 1 (4.6) 

Equation (4.2) may be rewritten 

g(S) 	= 	D(S) + B(S) (4.7) 

Ys (4.8) Y(S) where 	B(S) 	= 
Yp 

Hence the coefficients of B(S) are a function of the 

coefficients of D(S). 	This B(S) term is the effect of interconnection 

and in general this will improve the stop—band behaviour of Jg(jx)f 2 

but at the cost of perturbing the pass—band behaviour. The 

design problem may be stated as finding a D(S) such that when 

perturbed by the addition of the B(S) function, the overall effect 

will be to give a designed pass—band behaviour. The stop—band 

behaviour will then be a function of the parameters chosen for the 

pass—band. 

6 2. 



4.2 Conventional synthesis method 

The first step in conventional filter synthesis by the insertion 

loss method is to select a suitable rational function which 

approximates the magnitude (squared) of the loss requiredlas was 

described in Section 2.3. 	It is then necessary to find a transfer 

function whose squared modulus is this approximating function i.e. 

given E = pg(S) I2s 	jx  find g(S). 	If this loss function is a 

simple polynomial then the transfer function required will be the 

reciprocal of a simple polynomial. 

This transfer function must be that of a stable circuit and it 
6 

may be shown ( e.g. ffeinberg)Chapter 6) that this entails that its 

denominator, g(S), must have real coefficients and that all the roots 

of g(S) must have non—positive real parts. 	Hence, if the roots of 

g(S) have non—positive real parts those of g( —S ) must have 

non—negative real parts. 

The denominator may be written as 

g(S) 	M +SH 

where M and N are even polynomials in S. The squared modulus of 

the loss function is 

E = ig(jx)1 2 = g(ix) g(—jx) 

= M
2 

x
2
N
2 

so E must be an even function in x, with real coefficients i.e. only 

even powers of x are present. Thus g(S) may be obtained by 

factorising E and assigning all factors whose roots have positive real 

parts to g(—S) and all with negative real parts to g(S). 	Any factors 

with roots with zero real parts must occur with even multiplicity and, 

in this case, half the factors may be allocated to each function. 

Polynomials with this property of no roots with positive real 

parts are frequently called Hurwitz and this process called a 

Hurwitz factorisation. 

The problem for the interconnected filters is the choice of the 
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approximating magnitude function and so far no suitable functions 

have been found. 	The effect of interconnection is shown as the B(S) 

term in equation (4,7.). 	In the pass—band, B(S) will have no poles 

and may be approximated by a polynomial series in S produced by division 

of the denominator into the numerator. 	Call this function B'(S). 

The pass—band behaviour will be ,riven approximately by 

	

E= I gt (ix)1 2 =1 D(ix) 	IV (ix-) 1 2 
	

(4.9) 

If D is of order m in S then there are m+1 coefficients to vary in 

this equation and hence E in principle may be specified to the 2m th 

order in S. 	However, B'(S) will in general be an infinite series in 

S and coefficients up to and including that of SG"' will affect the 

coefficients up to x2rl of E. 	Thus the simple factorisation of 

conventional filter synthesis is inadequate and must be extended. 

4.3 Generalisation of Hurwitz factorisation  

The factorisation problem may be stated as: 

Given a modulus sauared function E(x) of order 2m in x 

and a partial transfer function B(S) of order 2m in S 

find the transfer function D(S) of order m in S such that 

D(jx) + B(jx)i 2 = 
E(x) x2m+2 

H(x) 	(4.10) 

where P1(x) is some undetermined polynomial in x. 

This equation may be rewritten 

1 D 1 2 = E — {1D + B1 2 	iD~2 J 
x2m+2 

where the functional dependence on x has been dropped for( 4I .cl) convenience. 

Since ID 1 2 is of order 2m then it will not be affected by H which 

is chosen such that the coefficients of x2m+2 and higher are zero 

6 



on the right-hand side of equation (4.11). 	Hence D(S) may be 

obtained from a Hurwitz factorisation of the right-hand side of 

(4.11) truncated above the x2m term. 	This is an implicit equation 

but expressed in the above form _t is capable of iterative solution i.e 

2 i Dn+1 (S) = Hurwitz Truncated [ E - ( Dn + Bi 	iDn 1
2 

 

with D0(S)  = Euruitzi E 3- 
	

(4.11. ) 

As an example of this technique, consider the simple case of 

E = 1 4x4 

, B = 0.2 3  + 0.1 S4 

D 
, 	2 ID + B I  

rtep 1. s s2 1 x2 x4  x6 x8 

1.  1.00 2.00 2.00 1.00 0.00 3.40 - 0.36 0.01 

2.  1.00 2.07 2.14 1.00 0.00 3.97 - 0.39 0.0T 

3.  1.00 2.07 2.15 1.00 0.00 4.00 - 0.39 0.01 

convergence to the fourth decimal place for this example takes 

5 cycles giving 

D = 1.0000 + 2.0745 S + 2.1517 S
2 

ID( 	2  = 1.0000 + 0.0000 x2  + 4.6298 x4  

)1) + B!2 = 1.0000 + 0.0000 x
2 

+ 4.0000 x4  - 0.3903 x6  + 0.0100 x8  

4.4 Basic Technique 

This technique provides the essential tool for synthesising 

transfer functions on the basis of equation (4.7). Again this leads 

to an iterative process which in the majority of useful filters converges 

in a few cycles. 	The basis of the method is to choose a suitable 

E function of order 2m where m is the order of D(S) the basic 
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prototype. As a first approximation D(S) may be taken to be the 

Hurwitz factorisation of E. 	It is then possible to form the 

functions Y and Y
117 as is described in the Appendix A.3, and 

hence find the polynomial approximation to B(S) to the 2m th 

order. 	The next approximation to D(S) is then taken to be that 

transfer function which, together with B(S), produces E when the 

squared modulus is taken. This cycle may now be repeated with the 

new D(S) until the coefficients of D(S) converge to a final value. 

The criterion to test for convergnce was chosen arbitrarily 

to be that the coefficient of S in D(S) should agree to 4 decimal 

places in two successive cycles. This is almost certainly much 

better than is required, but even at this accuracy most of the 

filters designed converged within 10 cycles, Not all the filters 

attempted in fact succeeded, especially the higher order equiripple 

filters, because the generalised Hurwitz factorisation was 

impossible. This meant that, although the E function chosen 

might be realisable by conventional techniques, in order to use 

this configuration the individual units would have to have 

unstable functions and would only be stable when interconnected. 

These cases were not pursued. 

As an example consider the design based on a second order 

prototype with a maximally flat pass—band whose 3db point is at 

x = 1.0. 	Thus the design function for the reference filter is 

E = 1 + x4 

The first approximation to D(S) is the Hurwitz factorisation 

of E which to 3 decimal places is 

D0(S) = 1 + 1.414 S + S2  

Hence from equations (4.2) to (4.8) 
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Y(S) = 1.414 S + S2  

Y = 8 + 2.828 S + 2 S2 

T = 24 + 11.312 S + 10 S2 + 2.828 S3 + S4  

B(S) = — 0.471 S + 0.056 S2  + 0.406 S3  — 0.076 S4  

(to the fourth order) 

The next approximation to D(S) may be found by applying 

the generalised Hurwitz factorisation of the previous section. 

Converiance to the 4th decimal place for this example takes 10 

cycles and gives 

D
1(S) = 1.000 + 2.269 S + 1.560 S2  

so now 

Dl(S) 	B(S) I 2s=ix  

1.000 + 0.000x
2 
+ 1.000x4 + 0.409x6 + 0.006x8 

The process is now repeated with the new value of D(S) and 

converAnce to the 4th decimal place takes 6 cycles. The successive 
values are shown in Table 4.1. and the complete operation takes about 

0.1 minute on an I.B.N. 7090 computer. This could be reduced considerabl 

if necessary,as no attempt was made to produce an efficient program. 

Step SO  S 

0 1.00000 1.41421 1.00000 

1 1.00000 2.26902 1.56018 

2 1.00000 2.27166 1.54072 

3 1.00000 2.27268 1.53088 

4 1.00000 2.27311 1.52590 

5 1.00000 2.27332 1.52337 

6 1.00000 2.27342 1.52209 

Table 4.1. Successive steps for example  
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The amplitude response for this filter system is shoun in 

Figure 4.1. where it is compared with the reference filter attenuation. 

In this example, the reference filter and interconnected filter 

attenuations are almost identical for x less than 0.8. Also shown 

in this Figure is the attenuation of the single unit before inter- 

connection, this has a much poorer pass-band and starts to cut-off 

sooner than the required response. The effect of interconnection is 

to broaden the pass-band and give an attenuation pole at x = 2.0 

as expected. The attenuation of the interconnected system falls 

below that of the single unit for higher frequencies, but, in this 

example, at least, it does not fall below the attenuation of the 

simpler reference filter. 

Another second-order example is shown in Figure 4.2 for the 

case where the pass-band is equiripple over the range Ix l<0.8 

and of amplitude 1 db. The reference filter design functions which 

have these equiripple properties are derived from the Chebyshev 
6 

polynomials as described in Weinberg,Chapter 11. The transfer 

functions for this and some other useful filters are shown in 

Tables 4.2 to 4.4. 
These examples demonstrate the advantages that are possible by 

interconnection. For a given pass-band characteristic then the 

reference filter attenuations show the best stop-band characteristics 

that may be obtained from a second order prototype. If a set of 

these filters are interconnected then, for the same pass-band 

characteristics, better stop-band behaviour is obtained for no 

additional complexity. 

In any practical system the approximation involved by considering 

only the centre of three units is not justified, since there will be 

some interaction in the pass-band due to other than adjacent units. 

Also, the frequency transformation will not be exact so that the 

interaction due to the other units will not be exactly as computed. 

For filters of less than 10, bandwidth and based on 2nd order 
prototypes, this is not a serious perturbation. The actual attenuations 

of a system of 11 filters with a maximally flat pass-band whose 3db 

point is at x = 0.8 are shown in Figure 4.3, where they are compared 
to the designed characteristic of the middle of 3 units. They are 
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Order S0 S1 S2 S3 s4 

1 1.0000 1.4142 

2 1.0000 2.2734 1.5221 

3 1.0000 2.6558 3.0866 1.4046 

4 1.0000 2.8236 4.4720 3.8175 1.3903 

Table 4.2 Maximally flat pass-band (3db at x  = 1.0)  

Order S0 S1 S2 S3 s4 

1 1.0000 1.6008 

2 1.0000 2.4641 2.1174 

3 1.0000 2.8261 3.8565 2.3366 

4 1.0000 3.1978 5.5219 5.5250 2.6199 

Table 4.3 Maximally flat pass-band (3db at x = 0.8)  

Order 0 S1 S2 S3  S4  

2(c) 1.0000 1.9221 1.9569 

2(b) 1.1511 2.0647 2.1209 

3 1.0000 3.1566 3.2365 3.9671 

4(a)  1.0000 3.3239 8.1987 6.9684 9.0554 

4(b)  1.1204 3.7376 9.2121 7.7959 10.1332 

Table 4.4 Equiripple pass-band (ldb ripple xr'-'0.8)  

Notes (a) Attenuation at x = 0 is 0 db 

(b) Attenuation at x = 0 is 1 db 
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drawn such that their pass-bands coincide to aid comparison. The 

attenuation of filter units 6 - 11 are the mirror images of filter 

units 1 - 5. 

The main point to be noticed is that the attenuation minima 

near x = 3 are less for the case where there are further filter 

units beyond this frequency and since this is likely to be the case 

then the 3 unit stop-band behaviour gives an optimistic result. 
For a more accurate estimate of this attenuation a 5 unit stop-band 
attenuation must be considered. This is done in Figures 4.4 to 4.6 
where the stop-band attenuations of the centre of 5 filter units 
are shown for different nominal pass-band behaviour and different 

prototype orders. They are compared to the reference filter stop-

band behaviour, so as to demonstrate the improvement that may be 

achieved by means of interconnection. Above 4th order prototype 

designs there appears to be little stop-band improvement except in 

the vicinity of the attenuation poles. 

It is difficult to specify a single figure for the improvement. 

The obvious choice would be the minimum stop-band attenuation and the 

frequency at which this minimumis first reached. This may then be 

compared -to the attenuation of the design filter. These figures are 

shown in Table 4,5. However, for the type of applications envisaged, 

the pass-bands of all the filters will have the same width and hence 

the stop-bands of the associated filters will have to coincide with 

the pass-bands of the other units. Thus, if the pass-band extends 

from Ix; ..1;k then the stop-band must be lx1:;,;2 	k. A pass-band which 

extends to x = - 0.8 will have to have its stop-band starting atlx1= 1.2. 

But, as may be seen from the table, the minimum stop-band attenuation 

is not reached until x greater than 1.6 in the cases considered and 

the attenuation in these cases at x = 1.2 is little better and 

sometimes worse than is obtained with the reference filter. Thus the 

minimum attenuation above a certain frequency specification is not 

a good description for this type of filter. 

In practice, it may be necessary to discover whether these 

filters have any application by experiment or by computer simulation. 
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Type Order Minimum 

attenuation 

Cdb) 

Stop-band 

limit 

_x) 

Attenuation 

of reference 

filter (db) 

Improvement 

(db), 

Maximally 1 13.2 1.65 5.8 7.4 
flat 2 17.4 1.67 9.2 8.2 

3db at 3 23.7 1.77 14.5 9.2 
x = 1.0 4 32.2 1.85 22.0 10.2 

Maximally L 14.6 1.70 7.2 7.4 
flat 2 19.9 1,70 13.5 6.4 
3db at 3 27.7 1.77 20.7 7.0 
x = 0.8 4 36.6 1.85 29.2 7.4 

Equiripple 2 11.2 1.65 10.6 6.6 
ldb ripplE 3 31.0 1.80 26.0 5.0 

to x = 0.5 4 45.0 1.87 39.o 6.o 

Table 4.5 Comparison of interconnected to design filters  
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4.5 Effect of errors in component values and frequencyktransformation  

An important criterion in any filter realisation technique 

is the sensitivity of the overall frequency response to component 

variations and in our case, to the errors involved by using an 

approximate frequency transformation. In the systems under 

consideration here the area of most sensitivity will be the 

pass—band of the individual units, since it is these which interact 

to produce the desired characteristics. In order to estimate 

the effect of realisation errors upon the overall response a 

three unit filter system was considered in which the coefficients of 

each unit were changed in a random manner. Each coefficient in 

each unit was multiplied by a factor 

1 dG 

where d was the proportional error and G was a random number 

different for each coefficient. These random numbers had a 

gaussian distribution with zero mean and a standard deviation of unity. 

The resultant frequency response for 8 different sets of 
filters was computed and the total variations on the ideal 

characteristic is shown in Figures 4.7 to 4.9 for 5% and 10% 
variation in coefficients. In order to compare the variation with 

the standard cases, the frequency response is also computed for 

the reference filters with randomised coefficients. As may be 

seen, the interconnected filters have less spread than the reference 

filters This is probably due to the fact that the interconnected 

filters are influenced by a larger number of coefficients and 

therefore the probability of error is less. 
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This behaviour .is in strong contrast to that normally 

expected from active filter circuits involving cancellation of 

high level signals to achieve their required behaviour. 

The effect of errors in the gain at the centre frequency 

means that exact cancellation will not occur and hence an 

infinite attenuation will notY be achieved at these frequencies. 

If the gains at these points are matched to within some fraction 

E then the signal after cancellation will be attenuated by a 

factor C and to a first—order the attenuation achieved by the 

interconnected system will be greater by a factor 1A. than by 

the filter unit on its own. For example, if the gains are 

matched to 1% then the maximum attenuation will be (approximately) 

4003 greater than that achieved by an unconnected filter. 

The main effect of the use of an approximate frequency 

transformation will be seen at the boints of minimum attenuation 

This may be seen by in the region of x = + 3, 5 etc. 

rewriting equation (1.23) 	An 

fn 
	1 — An 

A. 
1+ L 1  

1 — A. 

Hence 
1 
fn 

1 
An 

1 
An 

[1 

  

A. 1 

  

1—A. 1 

       

    

1 
yi 

  

        

         

ThisequationisexactifthecorrectexpressionfortheLare 

used. However, it has been found convenient to use one of the 

approximate frequency transformations of Chapter Two, and hence 

the system is designed on the assumption that the transfer 

function has a value 
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A
n
(s) = A(jx) 

where x is given by equation (2.6) or (2.9). 	In fact 

the exact transformation is that of equation (2.11) so that 

at the frequency of interest the transfer function has the 

value A n(s) (say) where 

An(s) = A(j.111) 

It has been demonstrated in Chapter Two that the approximation 

for the (n -1-11  )th unit is best in the (n +V )th pass—band. 	In 

the (n +v)th pass—band the term yn+1, will be small and the 

other terms large and hence the expression in brackets in 

equation (4.14) will be dominated by this term and thus the use 

of an approximate transformation will introduce negligible 

error in this bracketed expression for any frequency within 

any of the pass—bands of the interconnected units. 	For 

frequencies outside this range,the bracketed expression will 

be nearly unity anyway. 	However, the effect of the 

approximate transformation on the term An  outside the bracket 

will get progressively worse as the frequency gets further from 

the nth pass—band. 	The deviations of the actual transformation 

from the desired transformation has been shown in Figures 2.1 

&fta=e1.74 for a few cases of interest. 	Hence if An(s) is 

dominated in the stop—band by its highest order term then 

An(s) 	A(jx) 
N ( 	_Lc  )11 	( 4 . 15 ) 

An(s) 	A(j.r4) 

 

where 11 is the order of the prototype design function. The 

error in dB in any particular use can be obtained from the 

83. 



graphs of Figures 2.1    as appropriate)  and multiplied 

by M to give an approximate magnitude of the error. 	This 

error will be such that the attenuation in the lower stop-band 

will be less than the ideal case and it will be greater in 

the upper stop-band. 

As an example, consider the case of a set of filters 

with arithmetic spaced pass-bands and the c.entre filter has 

a pass-band width which is 4% of the centre frequency. 	Hence 

from Figure 2.1 the error °ix = -3 and 3 is -0.27 and 0.25dB 

respectively. 	Hence for a second-order prototype design 

there will be errors of attenuation of - 0.54 and 0.50db 

at frequencies corresponding to x = 4. 3. 	For a filter 

bank with a 10% bandwidth the corresponding figures are 

- 1.46 and 1.16dB . 
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CHAPTLidi PDF?,  

PRACTICAL REALISATION 

5.1 Methods Available  

There are several techniques available which may be 

used to realise the individual units. 	The essential 

requirement is to perform a frequency band—paSs action on 

the sum of its inputs and, in particular, the overall transfer 

function should be accurately — 1 in amplitude and phase in 

the centre of
ike  
pass—band. The most convenient way of producing 

the summing action is by means of an operational amplifier with 

equal-valued input resistors as shown in Figure 5.1. 

For an amplifier of finite gain, the output voltage is 

given by 

— 
vo = 	 (5.1) 

R 	1 ( YR + 1) 
Rf 
	Rf 

so that the effects of low gain may be compensated by suitable 

choice of Rf  . 

An alternative systen is to use a transistor for each 

input with a common collector, as shown in Figure 5.2. 

Here the gain of each input will be governed by the ration of 

the emitter to collector resistances. 	This circuit has 

the possible advantage that the inputs are of high impedance 

whereas in the first circuit tl'e input impedance is R. 

It is also conceivable that an all passive structure could 

be constructed using multiple—input transformers, but this is 

likely to introduce more complicated impedance matching 

problems. 	The most straightforward method of realising 

the band—pass action is by the use of conventional LCR circuits. 



R 	 Rf 

Figure 5.1. Operational amplifier use as adder 

Figure 5.2. Use of transistors for adder 
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The first step is to realise the lou—pass prototype function 

and then to transform this to the various band—pass filters 

by means of the transformations of Section 2.1. 	Since the 

output impedance of the operational amplifier adder is 

ideally zero then a possible circuit is that of an LC circuit 

terminated in a resistance as shown in prototype form for a 

second —order in Figure 5.3a. 	A transformed version is 

shown in Figure 5.3b. 

However, it has been pointed out by Orchar?4 that if a 

reactive circuit is placed between a source of finite internal 

impedance and a resistance load then at the frequencies of 

maximum power transfer, any change in the reactive component 

values can only reduce the power transferred. 	Hence it 

may be inferred that the sensitivity of the transfer function 

to reactive component changes must be of a quadratic or 

second—order nature and therefore small. 	Thus the use of 

a doubly-loaded LC circuit as the filter,(as shown in 

Figure 5.3c) will be likely to have a lower reactive component 

sensitivity than the singly-loaded version shown in Figure 5.3n. 
If the multiple transistor adder of Figure 5.2 is used then 

the output impedance will be Rf 
and this approach is necessary 

anyway. 

The synthesis techniques for both these types are part 

of conventional filter theory and are described for instance 

in Wienberg 6, Chapter 12. 
Since an operational amplifier may be used for summing 

action, another approach to achieve the frequency selective 

action is to modify the feedback circuit. 	From the physical 

considerations of Chapter One. it is clear that the resonant 

characteristic must be — 1 in magnitude and phase in the 

pass—band and is small in the stop—band. 	This contrasts 

with conventional filter synthesis where the usual requirement 

is that the transfer function approximates unity in magnitude 

21. 



Figure 5.3(a). Second-order prototype for voltage source 

Figure 5.3(b). Transformed version of (a) 

Figure 5.3(c). Doubly-loaded second-order prototype 

Figures 5.3. Passive realisations of frequency selective sections 

se. 



only. 

A simple circuit which appears to satisfy this requirement 

is Chown in Figure 5.4. This circuit consists of a high gain 

amplifier connected as an operational amplifier. 	There is a 

parallel tuned circuit connected across the feedback resistor 

between A and B. 	At the resonant frequency of this tuned 

circuit its impedance will be infinite, and the amplifier will 

act as a conventional inverter. 	The output,(assuming very 

high gain) will be the negative of the sum of the inputs. 

On either side of the resonant frequency the impedance of 

the reactive circuit will decrease and this will have the 

effect of reducing the gain of the amplifier. 

With only a simple resonant circuit connected across 

the feedback path, the rate of reduction of gain with frequency 

will not be very high. 	The next more complicated circuit 

that may be connected across the feedback resistor is shown 

in Figure 5.4b. 

The extra capacitor to earth is needed because a simple 

two—terminal reactive circuit obeys Foster's reactance . 

theorem (Weinberg 11p.315) which states that the poles 

and zeroes of a two--terminal reactive admittance function 

Y(s)1  must alternate along the s = jw axis. 	In other 

words, the short-circuit and open-circuit or resonant and anti—

resonant conditions must alternate as frequency increases. 

The addition of a third terminal allows this restriction to be 

removed and the pole may be moved to lower frequency than the 

zeroes. For a given magnitude in the pass—band, this circuit 

has a steeper rate of reduction of gain with frequency than 

the simple circuit of Figure 5.3. 	It also appears to have 

the advantage that, at the resonant frequencies of the parallel 

tuned circuit, the admittance is zero, and at these frequencies 

the gain of the circuit will be exactly — 1. 

$1, 



Figure 5.4(a). Simple circuit for An  

a 
	0 

Figure 5.4(b). More complicated feedback circuit 

Figures 5.4 Alternative passive realisations 
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Unfortunately, %Thenever any such circuit is constructed, it 

invariably oscillates. 	The reason for this is clear when one 

examines the transfer function of the unit. 	If the short 

circuit transfer admittance of the reactive circuit is Y then 

for a very large gain, the voltage transfer is given by 

vout 

 

1 (5.2) 
v. 1 

 

1 + RY 

One of the necessary conditions for a circuit to be stable 

is that it transfer function expressed in terms of the Laplace 

transform variable, s 2  has no poles for complex frequencies 

with positive real parts. 	In other words, the denominator of 

this function must have no zeroes in the real half of the 

complex plane. 	Such polynomials are well known in circuit 

synthesis theory as Hurwitz. 	One of the necessary conditions 

for a polynomial to be Hurwitz is that the zeroes of its odd 

and even parts interlace on the it-3 axis. (Ueinberg 1962, p. 

238 )11 

Now consider the transfer function of equation (5.2) 

If Y is purely reactive then it may be expressd in the form 

Y = P(s)/sQ(s) where P(s) and Q(s) are even functions in s. 

Equation (5.2) may be written: 

vout 

 

Q(s)  

 

(5.3) 

   

V. 1 

 

Q(s) + RP(s) 

For the transfer function to be of any interest, Y 

must have its zeroes in the pass—band and its poles in the 

stop—bands. 	Therefore, except for the first—order case of 

a single zero, as in Figure 5.3 Q(s) and P(s) do not have 
their zeros interlacing and the circuit is unstable. 

This result could also have been predicted by one of 

Bode's theorems, (Bode 1943
14

,p.245) which states that: 

qt. 



Any stable active transfer circuit may be 

replaced by a passive transfer circuit 

together with an ideal amplifier with a 

uniform response. 

i.e. The use of active circuits has the role effect on the 

transfer function of giving it gain. 	The use of a feedback 

amplifier will not, therfore, generate any new functions, although 

an active configuration may have practical advantages. 

Thus the search for some sophisticated circuit 

configuration which may realise the requirements better than 

conventional passive systems is doomed to failure. 

A common method 23 ..of obtaining a simple band-pass filter 

is the use of a twin-T feedback circuit as shown in Figure 5.5. 
The overall voltage transfer ratio for this circuit, for large 

gain is given by 

vo 

  

(5.4) 

   

v. 

where y21  is the short circuit transfer admittance of the 

twin-T circuit, which is 

1 1 	+ 	s
2
T
2 

T 	= CR (5.5) Y21 = 	2R 1 	+ sT 

Bence, equation (5.4) becomes: 

vo 
1 + sT 

1 + sT + X (I + s2T2) v. 
(5.6) 

where 	n = 	B1/2R 



The numerator of equation (5.6) proves enbarassing for 

the present application, since it introduces extra phase 

shift and also produces an asymetrical frequency response. 

However, it is possible to cancel its effect by passing the 

output through a simple RC circuit whose transfer function is 

vo 	 1 
V. 

 

1 sT 

The output from the unit is now across a capacitor rather 

than the low impedance of a voltage amplifier, and this will 

usually mean that a buffer amplifier will be necessary. 

There are several other circuits
24 

possible for simple 

bandpass actions. 	For instance, a circuit with single 

feedback path is shown in Figure 5.5b
15 

and one with a 

multiple feedback path in Figure 5.5e16. 	Alternatively, 

if the operational amplifier is used as a fixed gain amplifier 

then one of the circuits due to Sallen and Key
17 may be used 

as shown in Figure 5.5d. 	These circuits all suffer from 

a major-disadvantage - the ratio of capacitor values 

(or resistor values) depends upon the sauare-of the Q value 

of the circuit and consequently this becomes impractical for 

Q values much in excess of 10. 	Also it should be noted that 

no summing junction now exists and a separate amplifier must 

be used for the summing action. 

It is well known 
18'19 25 that much simpler active filter 

circuits result if a direct synthesis using the techniques of 

analogue computation is used. 	These filters though 

expensive in the number of operational amplifiers used have 

a low-spread of component values and low sensitivity to 

component and active element parameter variations. 	For this 

reason, the experimental verification of the principles described 

in this thesis was performed using an analogue computer, and 

ei3 . 
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Figure 5.5(a). Simple band-pass circuit using twin-I feedback 
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Figure 5.5(b). Single feedback band-pass filter 
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Figure 5.5(c). Multiple feedback band-pass filter 
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Figure 5.5(d). Sallen and Key filter 

Figures 5.5 Active band-pass filter realisations 



the exact experimental technique is described in the next section. 
With the modern trend to integrated circuit operational 

amplifiers, it is very likely that this will be the most 
economic solution as well as one of the best.22 



5.2 Filter realisation using analogue computer techniques  

The analogue computer approach to transfer function synthesis 

consists of regarding the transfer function as,an operational 

equation and realising this equation by means of high gain 

operational amplifiers connected as summers and as integrators 
20 

(e.g. Fifer 1961 Chapter 13). 	The summer has already been 

illustrated in Figure 5.1. and the operational integrator is shown 

in Figure 5.8. 

RI  

C on v 
symbol 

Figure 5.6. Operational amplifier connected as an integrator 

The output voltage of this circuit is 

V 

 

X, K.
1 
 v. 
1 

  

(5.7) 
0 

s +-217EK. s] p 

3. 	for 
r 

where K. 	
1 
CR. 1 

The standard method for realising a transfer function on an 

analogue computer is to express the required output voltage as a 

weighed sum of the input voltage, its integrals and integrals of 



the output voltage. 	For instance, consider the 1st order low—pass 

filter function with nominal cut—off frequency of Sib  1/T. 

— vo 	—1 	 (5.8) 
1 ST 

This may be rewritten 

1 ( -v.1 	o) ST 
(5.9) 

which leads to the realisation of Figure 5.7a. 	The number of 
amplifiers may be reduced by using the circuit of Figure 5.1b. 

but this circuit now relies upon the two potentiometer ratios to 

be of equal value to achieve an accurate —1 gain at zero frequency. 

In the former case, if the potentiometer ratio is slightly 

inaccurate, it will only affect the value of T and not the zero 

frequency gain. This is important since the zero frequency 

point of the prototype becomes the centre frequency of the 

pass—band of the transformed filter, which for these applications 

-Errybe accurately unity. 

v. 1 

(9) 

— 

(b) 

Figure 5.7. Analogue computer realisations of equation (5.8)  
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A similar process may be applied to a second.order lou—pass 

prototype. 

vo 

v. 

Rewritten this becomes 

1 (5.10) 
1 + aST + S

2
T
2 

vo = 	ST av
o — —747( v. — vo 	

(5.11) —  

which leads to the realisation of Figure 5.1V. 

Figure 5.401. Realisation of equation (5.11)  



	

v
o 	1 	d  

	

v. 	S 	s 	t,-'o 

	

1 	 + s ta o 

therefore 
[c.117.  - 	

v s 
0 

(5.13) 

5.3. Band-pass filters  

It was explained in Section 2.1 that the prototype low-pass 

filter may be transformed to a band-pass filter by means of the 

transformation of equation (2.1) which may be written 

S 1 ( s 
d o 

0  

LI 0 

   

(5.12) 

   

where 	d the relative bandwidth. 

 

?There this is applied to an integrator, then 

and this is realised by the circuit of Figure 5..4'_a. 	This particular 

circuit does not give any sign inversion as does the usual 

integrator, but this can always be added if necessary, or alternatively, 

the circuit of Figure 5.1.(tb can be used, but this is not such a good 

a. 



circuit, since the centre frequency gain is now a function of all 

the potentiometer settings. 

Co) 

(6) 

Figure 5.96.. Realisations of band-pass transformation  

lh t‘iii SMq 
If d is unity, then the input potentiometer may be omitted. 

In practice, the low-pass prototype can be designed so that it 

has the correct band-width. 	If the required band-pass filter is to 

have a centre frequency of t..../0  and a bandwidth extending from 

wl  = tA-1
o

/IC to 	= 	k (,1) then the prototype must have a 

cut-off frequency of -Al o• ( = l/T) where 

SL 
0 
_ 1 

T 
1 

k 

for the transformation with d equal to unity to be applicable. 

For narrow band filters where k = 1 b and b 4.< 1 then -11- = 2b. 



This transformation may be applied directly to the 1st order 

prototype of Figure 5.74 yielding the filter of Figure 5.10. 	It 
is convenient to refer to the order of the band-pass transformations 

as the same as its low-pass pT-ototype. 	Figure 5.13, will therefore 

be called a first order band-pass filter. 

T - -1  
Lry o 	 

Ire, 

Figure 5.LO. Band-pass transformation of 1st order prototype  

The transfer function of this circuit may be seen to be 

v  

 

1 (5.14) 

   

lj")  0 \ 
vi 	 1 + T ( 

LA) 
0 

which .is that of the standard resonance equation with T being the 

"Q-value" of the circuit. 	Some physical insight into the operation 

of this circuit is useful. 	The band--pass transformation circuit 

of Figure 5.13 is in fact a simple harmonic oscillator and if 

constructed from high quality amplifiers will sustain an 

oscillation of constant amplitude and frequency of 4.1
o 
radians 

per second. But it f"ct•fi 10-e shown tliat 	the effect of 

finite gain in the integrator amplifiers and resistance in parallel 

with the integrating capacitors, is to produce a damping of the 

oscillations. Mien the circuit is excited by a continuous 

*44.sce reAeonKa zo e 402.-It awl (542-6 awl retevelAter 26-4  



sinusoidal input, the effect of the integrator connected between 

output and input is to produce positive feedback which amplifies 

the input for frequencies near the centre frequency. Uhen the 

excitation frequency equals the centre frequency, then theoretically, 

an infinite amplification occurs, but in practice, a small signal 

is necessary to produce El  given output which will depend upon 

the effective Q of the circuit. 

In the band—pass circuit of Figure 5.10, the excitation to the 

transformed integrator is a proportion of the difference between the 

input and output voltages. Thus at resonance, since ideally the 

transformed integrator requires no excitation in order to sustain 

an output, the input and output voltages will be of equal amplitude 

and in anti—phase. For input signals of frequencies away from the 

centre frequency of the transformed integrator, then some excitation 

will be necessary and the output signal will be less in amplitude 

than the input. The accuracy with which the overall circuit 

produces a transfer function of —1 at the centre frequency depends 

upon the second order integrator defects mentioned above, and 

not upon any potentiometer settings. 	Any error in the integrator 

time constants will only affect the centre frequency. Also the 

voltage levels at all parts of the circuit will be of the same 

order, even at resonance. 

These properties are in strong contrast to the majority of 

other active realisations of filter circuits which are available. 

In these other realisations any small change in component values 

usually has a large effect upon the transfer function and, in particrlaw 

upon the centre frequency amplification. For applications 

where this accurate centre frequency gain is not so important, 

then one of the summers in the filter may be omitted if the 

alternative transformAtion of Figure 5.47.1$ is used. 	This leads 

to the circuit of Figure 5.14: 
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Figure 5.1t  Alternative first, order hand-pass filter 

The effect of the transformation upon the second-order 

prototype is shown in Figure 5.4 and it is this circuit upon 

which most of the experimental verification was perforMed. 

9
T 

 

Figure 5.12. 2nd order band-pass filter.  
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In order to obtain a mid-band gain of unity it is necessary 

for all the transformed integrators to resonate at the same 

frequency. 	At higher frequencies of operation the resonant 

frequency may well not be given by the potentiometer settings ( see 

next section) and a slight readjustment may be necessary. 	The 

easiest way to achieve this is to connect a small degree of feedback 

across the transformed circuit and then adjust the potentiometer 

to equal values such that the output voltage is exactly in anti-phase 

with the input voltage when it is at the mid-band frequency. The 

slight feedback is necessary because otherwise the gain of the 

circuit is theoretically infinite and very small input voltages 

would be required in practice for the adjustment. 

5.4 aporimental details  
Some of the filter characteristics mentioned in the previous 

chapter were constructed on a P.A.C.E. 48 analogue computer in 

order to check the mathematics and the approximations. This 

computer contains 48 amplifiers, 16 of which may be used as integrators. 

The working frequencies were chosen to be in the region of 100 c/s 

as this represented a compromise between the amplifier design 

frequency limits and a high enough frequency to allow quick 

measurements. 	The frequency responses were plotted with the aid 

of a Muirhead-Wigan decade oscillator, as this allowed the easy 

adjustment of frequency down to 0.1 c/s steps if necessary. 	The 

output from this oscillator could be relied upon to be constant 

over the frequency range of interest, so the attenuation could be 

read directly from a Ballantyne valve-voltmeter, which was conveniently 

calibrated in decibels. 	The input and output of the filter was 

continuously monitored with a double beam oscilliscope to ensure 

that no clipping occurred and that no harmonic distortion or hum 

was giving false readings on the voltmeter. 

The feedback capacitor on the integrators was chosen to be 

0.021)F which with 100kiLresistors gave a Ki  = 500, so for 100c/s 

the potentiometer settings required is 21rf/500 = 1.257. 	This 



could be achieved by changing the resistors to 10ka_anC_ using 

potentiometer settings of 0.126 but,since it is necessary for these 

potentiometers to be very accurately set, the circuit of Figure 5.13 

was used. 	The potentiometer settings for other centre frequencies 

are also shown. 

0 	 
	0 

f (c/s) 

8o 	.005 

go 	.131 

100 	.257 

110 	.382 

120 	.508 

 

P 

 

Figure 5.13. Techniques for obtaining high resolution potentiometer 

settings 

The accuracy of realisation of the transformed integrators 

was checked by adjusting their centre frequencies to the correct 

value as determined by the oscillator and measuring the effective 

Q value. 	In the 100c/s region the change/ necessary to adjust the 

centre frequency were of the order of 0.5 - 1.0 % for the two 

effective potentiometer ratios. The number of cycles,N, that a 

free oscillation took to decay by half was counted with the aid of 

a long persistance oscilloscope and for 100c/s was found to be 27. 

Hence, since Q. can be shown to be approximately eoual to 4.5Y then 

this gives a r), of 122. 	This was adequate for the experiments and 

no attempt was made to improve it although such improvement would 

be straight-forward. 



5.5 Experimental results 

The size of the computer limited the number of units to 5 

for the first order prototype designs and 3 for the second order 

prototype. 	The characteristics selected for testing were? 

a1 =17./2 for the first order prototype, and for the second order, 

the maximally flat pass-band with 3db at x = 0.8. 	In both cases 

arithmetic band-pass transformations were chosen as these are the 

cases which are most likely to be of practical value. 

The experimental results for the 3rd of 5 first order units 

are shown in Figure 5.14. 	The centre frequencies of the units 

are spaced at 10c/s from SO to 120c/s. 	In this case no 

frequency adjustment of the transformed integrators was made. 

The agreement between the practical and the ideal results in the 

pass-band is very good,although,at the centre frequency, there is 

a small loss of 0.3 db which is due to the finite Q of the 

resonators. 	In the lower stop-band the experimental results 

are slightly higher than the ideal and slightly lower in the upper 

stop-band. 	This is duo to the non-ideal frequency transformation 

used. 

Also shown in these results is the effect of partial inter-

connection where each unit only receives an output from the 

adjacent unit(s). The pass-band behaviour is similar but there 

is a larger mid-band loss. 	This presumably occurs because the 

output from the 1st and 5th units are no longer cancelled and, 

although small, at 100c/s their sum is still sufficient to produce 

an additional loss. The stop-band behaviour is similar to that 

which would have been expected from a 3 unit connection and the 

difference is different in the two stop-bands because of the inexact 

frequency transformation. 

The experimental results for the 2nd of 3 second order 

prototype designs are shown in Figure 5.1,.rwith centre frequencies 

at 90,100 and 1100/s. 	The transformed integrators were all 

166t 



aligned to their correct centre frequency in this case, a, inaccuracies 

can lead to poor pass—band response. 	The mid—band loss in this 

case for the 100c/s unit is 0.5db which is due to non—ideal 

resonators. 	The experimental results hero are in good agreement 

with the idealised theory. 	This agreement would be better for 

narrower pass—bands. 

The size of the computer did not allow for more than the 

3 second order units, so no experimental measurements of the 

effects of partial interconnection wore possible. However, 

the stop—band attenuation of the higher order prototypes is 

progressively bettr than the first order and hence the effect 

of only partial interconnection will be even less in these 

higher order cases and the responses will tend to the 2nd of 

3 units response, in the region of the centre frequency. 

1b7. 
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ClIAPT.:i31/ SIX  

POSSIBLE APPLICATIONS OF SYSTEM 

6.1 Introduction  

In many ways the filter system described here is a 

solution looking for a problem. 	Although a synthesis technique 

has been developed as described in Chapter Four, it leads 

to characteristics which have a specific type of behaviour 

i.e. the periodic transmission zeros (on a linear or 

geometric frequency scale). 	Also, as may be seen from the 

graphs of stop—band behaviour (Figures 4.4 — 4.6), there 
appears to be little improvement of the filter characteristics 

beyond the 4th—order prototype design. 	Hence the original 

desire to synthesis filters for use.in a speech frequency—

division—multiplex system was frustrated. A typical design 

requirement for such filters is given in reference 29 p.346. 

For a 4kHz channel spacing, the receive filters need a 

pass—band with less than 0.3dB ripple extending over 

fo 	300Hz to fo  3,400Hz where fo is the carrier frequency. 

In order to remove the unwanted side—band a stop—band 

attenuation of at least 50dB is needed for frequencies in the 

range f<5,-60011z to f fo-4,300Hz. 	In practice there are 

also requirements on the transition region since there will be 

unwanted speech energy out of the band 300 —3,400Hz, which may 

not be completely removed by the transmit filterland this may 

cause interference in adjacent channels if it is not removed 

by the channel receive filter, or a low—pass filter after 

demodulation. 	It is clear from the characteristic achievable 

from the interconnected filters that they are totally inadequate 

for such tasks. 

Ito. 



However, there are a large number of other applications 

where it is necessary to partition frequency space with 

considerably less stringent requirements and for all the 

following examples it is considered that the interconnected 

filters will yield a solution which will be cheaper than 

existing solutions. 

There is no need to describe detailed economics, since if 

it can be shown that a comparable performance to that of the 

conventional solution may be obtained from the interconnection 

of a filter of lower order than the conventional one, then, 

provided the cost of interconnection is low, the interconnected 

solution will be cheaper. 	This will be especially true if 

active filters are used, since the cost of interconnection will 

be negligible and the savings from the reduction of the 

order of the individual filter will be greatest. 

In practice, full interconnection is not necessary if, 

at a frequency far enough away from the centre frequency of a 

particular unit, the basic attenuation is high eneough. 	On 

physical grounds this lack of interconnection will have negligible 

effect upon the pass—band. 	It is tempting to try and prove 

that the effect of partial interconnection may be described by 

a generalisation of equation (1.23) 

fn 

71 
n 

 

n2 1 + 1 
i=n1 

yi 

where n
1 
and n

2 
are the limits of the interconnection. However 

although this equation may prove to be a good approximation 

it is obviously incorrect, since the nth unit will still be 

affected by all the other units, even if there is no direct 



interconnection. 

Typical application are: 

(1) Harmonic separation for multiplex carrier supplies. 

(2) Separation filters for multiplexed telegraph signals. 

(3) Separation filters for use with tone-dialling telephones. 

(4) Filter banks for use in doppler radar for target 

speed identification. 

(5) Speech analysis system for research, pattern 

recognition or vocoaing operations. 

(6) Filters for low-speed parallel data transmission systems. 

The first three of these applications will be discussed in more 

detail. 

6.2 Harmonic separation for multiplex carrier supplies  

	

The simplest application is fox. harmonic separation. 	In 

the frequency-division-multiplex systems referred to, a series of 

carrier frequencies are necessary for the modulation and 

demodulation processes, and these are normally derived from a 

common frequency sources  e.g. see reference 30. 	This 

source is squared and the resulting harmonics are separated by 

a bank Of filters. 	This is all ideal application for the 

interconnected filters. 	If there is one unit tuned to each 

harmonic, and these are interconnected, the resulting attenuation 

of a particular unit will have attenuation poles at all the 

frequencies of the other harmonics. 	If the mid-band frequency 

gain of a particular unit is not exactly unity, and, if the 

summing circuit is not exact, then the overall effect will be to 

decrease this infinite attenuation. 	If the two signals are 

15 out at the centre frequency, then there will still be 40dB 

(approximately) extra attenuation over the basic unit 

attenuation. 	In the region of these poles the attenuation will 

still be high and the choice of the characteristic will depend 

upon the frenuency stability of basic units. 

z. 



A typical filter is described in reference 30 and consists 

of six sections, four of which contain transmission zeros. 

Tlie figures quoted are 45dB and 75dB minimum attenuation at 

fo — 4kHz and fo 8kHz respectively. 	Since it is necessary 

to control the carrier frequencies to within a few Hertz then 

there is no stringent requirement upon the pass—band width and 

a suitable characteristic would be that of the 1st order from 

Figure 4.5. 

The basic filter would give about 8 and 15dB attenuation 

at f
o  ± 4Hz and fo — 8Hz. 	Hence a 1% tolerance on the 

summation would achieve 48dB at fo  — 4Hz and 55dB at f
o 8Hz. 

which may well be adequate for the separation. 	Since some 

amplification of the separated signals will be necessary to 

realise the interconnected system all that would be necessary 

would be to apply some feedback to the amplifiers to provide 

the simple frequency shaping required and then to add summing 

resistors to provide the interconnection. 	Hence at a cost 

of N2  1c/c resistors nearly all the band—pass filters will become 

unnecessary. 

6.3 Telegraph multiplex systems  

Another application where this system may be of use is in 

telegraph multiplex systems. 	This is similar to the frequency— 

division—systems as used for speech, but since binary 

information is being sent, a much poorer stop—land attenuation 

is permissible. 	For instance, the CCITT recommend the use 

of 24 channel amplitude—modulated multiplex system for 5D 

bavd rate with carriers at 120Hz spacing in the range 420 — 3180Hz32. 

Alternatively, a frequency—shift technique may be used with 

the same carriers and a shift of t 60.11z33. 	A suitable 

filter for the former case is described in reference 34 p.147. 

The requirements are that the pass—band should be arithmetical 

and not more than 2.5dB attenuation at f ±35Hz and at least 

"3. 



- 30d6 at fo 
12011z.(i.e. the adjacent carriers). 	The 

filters necessary for this task are of four sections with 

two of the sections giving transmission zeros. 	Since 

the units are spacca at 120Hz then fo  + 35Hz corresponds to 

x = 35/60 = 0.6. 	From Figure 4.5 it may be seen that a 

first-order prototype approximation will achieve 30dB easily 

in the region x = 2 (i.e. around fo  = 120Hz). 	However, the 

attenuation beyond this decreases to a minimum value of 15dB 

around x = 3. The second and third-order prototype 

approximations have minima of 20dB and 27dB at x = 2.7 and 

2.4 respectively. Hence the third-order prototype would give 

adequate behaviour especially if only adjacent units were 

interconnected since in this will raise the minima by about 3a 

(e.g. see the effect in Figure 3.7). However, it may well be 

that a second-order prototype approimation would be practical 

because although the attenuation does drop to below the 

specifications for a conventional filter, this drop occurs between 

the pass-bands of adjacent channels and given adequate transmit 

filters a practical system may result. It would be necessary 

to conduct a detailed experimental or theoretical study to see 

whether this type of filter characteristic can in fact be used. 

6.4 Tone signalling systems  

Future telephones will be equipped with push-buttons rather 

than dials35 for signalling purposes. These buttons are used for 

sending a pair of audio tones, one tone from each of two groups 

of four giving a total of 16 combinations to cover the normal 10 

necessary for dialling plus additional services such as party lines 

etc. At the exchange it will be necessary to use two small 

filter banks to decide which of the tones have been sent and, 

for this purpose it may be adequate to use only a fully interconnected 

system based on a first-order prototype function. The pass-band 
width must only be adequate to cover the range of the allowable 

tolerances of the oscillators in the subscriber's set. 

It 4. 
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1  (6.3) 

1 \ 
1 + y2  ( 1 + 	) 

Y1 

the ad7cnt f pr_sh butt n dialling on th tolophono 

6.5 71r-tensions of the theory  

The interconnection principle is extensible to simple low-pass, 

high-pass filter pairs as are sometimes needed for band separation. 

If the low-pass and high-pass basic units have transfer functions 

A
l 
and A

2 
respectively, then if they are derived from the same 

prototype, for a normalised transition frequency of unity 

A
1  (S) = A2

(1/S) (6.1) 

Hence, from equations (1.19) and (1.21) 

f1 	
1  (6.2) 

1 + y
1 
( 1 + 	) 

2 

For the first order case then 

A
1
(S)- 

hence y1 = a1
S 
a1  

Y2 = 	S 

f1  1 + a1S + S2  

S2 

which are the second order responses. For a1 
= 1.414 then a second 

order maximally flat response will be obtained. ?or a second 

order basic filter 

1 
1 + a1S 

SO 1 

f2 1 	aS + S
2 



A1  (S) 
1 

 

1 + a
1 
 S + a

2
S 
2 

1 + c S 

1 	2 	A 1 + b S + b
2
S 	b3S3 	s' 

a
1 where c

1 = 	a 
2 

 b1  =h3 .: a  ai(1 a
2) 

b
2 	

1 	2 (a + a2) 
a 	1 	2 

The effect of interconnection is to introduce a complex zero at 

t."-i= 1/c
1 
 (c

1 
 for high—pass unit) and to increase the order of the 

denominator to fourth order. 	With suitable choice of coefficients 

by a method similar to that of Chapter Four more efficient filters 

may be formed. 

The major extension of the theory in this thesis will be to 

the case where the basic unit has zeroes of transmission at finite 

frequencies. 	This may well lead to better attenuation behaviour 

in the transition region between pass and stop—bands, but probably 

at the cost of worse attenuation for the higher frequencies. 

6.6 Summary and conclusions  
On the basis of a heuristic argument, derived from a biological 

analogy, a circuit configuration was evolved which was thought 

might have some practical advantages for separating frequency bands. 

The initial study was based on some idealised frequency transformations 

and on infinite array of filter units. Although this produced 

some interesting results for simple filters, the higher order 

filters proved impervious to this attack and a purely numerical 

approximation procedure was evolved. 	The basis of this approximation 

relied upon an extension: of the conventional Hurwitz factorisation 

and this may well have application in the field of filter 

!6.I  



synthesis or connecting networks. 	As well as ,giving a 

determinate design method, this technique allowed a direct 

comparison to be made between a simple filter of a given order and 

an interconnected filter of the same order and same pass—band 

behaviour. 	Thus a comparison of the stop—band behaviours 

showed the advantages that could be obtained from interconnection. 

These results showed that improved transition region 

behaviour was obtained from interconnection, but the attenuation 

dropped to a minimum further into the stop—band and this minimum 

could be lower than the simple reference filter. Above fourth 

order prototype little improvement was found from interconnection 

It was difficult to characterise the stop—band behaviour by y 
conventional means andkapplications that these filters have will 

have to be based upon the special properties of the configuration. 

In order to test the results experimentally a technique was 

evolved for constructing filters with analogue computer components. 

Although the general principles of this technique are well known, 

special configurations were found which had practical advantages 

and allowed for easy alignment. 	The theoretical expectations 

were fully supported by the experiments. 

The basic conclusion is that some improvement in performance 

is possible by the use of the lateral inhibition principles, 

but the characteristics achieved have a special form, so that it 

is not possible to solve all problems efficiently by this technique. 

However, for those problems which lend themselves to the use of 

these characteristics, considerable practical advantagelin terms 

of number of components,may be achieved. The examples cited 

where these advantages may accrue are harmonic separation, 

tone dialling filters and, possibly, telegraph frequency 

demultiplexing filters. 

14,1. 
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APP 

SOME DETAILS OF THE COTIPUTER PROGRATEE USED 

A.1 General description  

The mathematical description of the design procedure is contained 

in Section 4.4 and a functional flow diagram of this process is 

shown in Figure A.1. There are three main subroutines upon which this 

program depends, and these will be discussed in the rest of this 

section. 	No attempt has been made to optimise the running time of 

the program,since they were suficiently short anyway. The programs 

were written in FORTRAN IV and run on the Imperial College 

I.B.H. 7090 machine. 

A.2 Hurwitz factorisation programs 

This is a subroutine which accepts a real polynomial in S of 

order H and finds all the roots with negative real parts. It then 

multiplies all the factors together which contain these roots to 

produce the Hurwitz polynomial as described in Section 4.2. The 

program also checks that exactly half the roots are assigned to the 

Hurwitz polynomial, otherwise it returns an error condition because, 

in this case, the input polynomial corresponds to a non—realisable 

function. 

The actual factorisation program is a standard subroutine supplied 

by the computer service, and it puts the real and imaginary parts of 

the roots in locations ROOTR(I) and ROOTI(I) for I = 1,H. The 

Hurwitz factorisation program then assembles the selected roots in 

locations ROOTH(J) real parts in odd J and imaginary in even J. The 

factors to which these roots give rise are stored in ROOTH(J) and 

ROOTH(JH). 

The count of the number of coefficients of the final multiplied 

polynomial is kept in NCOFS. For the final polynomial to be Hurwitz, 

its order must be half that of the input polynomial i.e. 2*(I\TCOFS — 1) 

= It must be true. The number of factors is kept in 51. 
+ 

If the roots given by the factorisation program are —+ 
	j a — b where 

a and b are non—negative, then the following action is necessary to 

form the reouired polynomials. 
/AZ. 



Read reference Filter 
polynomial)Eiof order 

2N 

Find Hurwitz decompositiorl 
D(S),of E such that 

tD(S)12=E 

Y(S) = D(S) - 

Form Y and 
where 

(S) = Y(5-j 2) 
Y (S) = Y(S-j2)  

Y From Y(5) 

Y(S+j 2) 
x Y(S+j2) 

No 

Put B(S) equal to 
Y(S) x Y5(5)/Y0 

truncated 	af ter 
Nth order 

Find generalised Hurwitz 
decomposition, D(5) of E 
such that 	2  

11)(5)4. WSJ, 

Chec k for cony erganc e 
of D(S) 

Yes 

Compute Frequency response 
and print results. 

END 

FIGURE Al Simplifie d functional flow-diagram. 
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N 
where Y(S) = 7,z 

1=0 
S 

Y(S — j2) =2: 	(A.
1 
 — jBi) Si  

i=0 

(1) + a lt jb 	Non - Hurwitz root, go to next root 

(2) - a + jb Required root, since input polynomial was real, 

then root - a - jb must also exist. Hence these 

two roots will give rise to a factor 

2a  1+ 	S + 2 
1 	

S
2 

a2 + b2 a + b2 

(3)  -a -jb Required root but included in (2) 

(4)  0 f jb b = 0 Non-Hurwitz polynomial 

b = 0 must be a double root only for Hurwitz polynomial 

so set ZROOT = . TRUE. for first occurrence. The 

effect will be to multiply polynomial by S. 

(5)  - a + j0 Required root, this gives a factor 

1 	S 1 + a 

The skeleton flow diagram for this program is shown in Figure A.2. 

The generalised Hurwitz factorisation program is as simple as its 

description in Section 4.3 implies. 

A.3 Computation of the Ys  and Yp  functions 

These two functions are defined by equations (4.3) and (4.4) 

Y 	= Y (S - j2) + Y (S + j2) 

Y 	= Y (S - j2) * Y (S + j2) 

and since the coefficients are real then 



C. 

ROOTM(J) = 
2 aAa2+ b2) 

ROO Tt-(.1+1)= 
1/(c3 2.1. b2) 

NCOFS ,,NCOFS+ 2 

= <0 

•>0 

Find all roots (t%) 
a+ jb 

ZROOT = FALSE 
NCOFS =1 

J =1 

1, M 

ZROOT =TRUE 

> 0 

0 

TRUE 

NC OFS=NCOFS+1 

ROOTNI(J)5-1/a  
ROOTM(J+1) =0 

= J + 2 

CONTINUE 

J1 =J - 

FIGURE A.2 Skeleton flow diagram for Hurwitz factorisation.  
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H 
Y(S 	j 	Z.. (A.

1 	
jBi) Si  

1=0 

and therefore 

Y = 2 Y A.si  
i=0 — 	— N 	N 

and Yp = 7,E AiSi 2 + 2: BiSi  

L.i=1 	_i=1 

2 

Since the constant term of Yp  is A2 + Bo
2  it is convenient to o 

normalise both 	and YS  to this value. 

The .A.1  and B.1  coefficients may be found from emotions 

(A.1) and (A,3) by application of Maclaurints theorem. 

N 
Y(S + j2) = 	ai(S + j2)i  

i=1 

1 	. = Y02) + SY(1)0 	7  2) + 	S2 Y(2) (02) 

1 + 	sk y(k)02)  . , ... ! 

• • • 

(k) Thus A1. + jB = Y (j2) which may be readily computed. 



GENERALISATION OF THE 
FACTORISATION PROCEDURE FOR 
CONSTRUCTING HURWITZ POLYNOMIALS' 
FROM MAGNITUDE-SQUARED FUNCTIONS • 

In circuit synthesis and allied problems it is frequently 
necessary to obtain a real polynomial, the roots of which all 
have nonpositive real parts and the squared modulus of 
which is a given function. An extension of this method is 
described here for the case where it is necessary to find such a 
polynomial which, when added to another given polynomial, 
has a defined squared modulus. A numerical example is 
given. 

In circuit synthesis problems it is frequently necessary to 
obtain a real polynomial, the roots of which all have non-
positive real parts, and the squared modulus of which is a 
given function; i.e. the problem is to find D(s) so 'that 

• 
ID(s)132.4. = E(w) 	  ( 1 ) 

where E(w) is a given, real, even polynomial which is a 
required magnitude (squared) response. This process is 

normally performed* by finding all the roots of E(-js) and 
assigning the factors, with roots having negative real parts, to 
D(s). Any factors, with roots having zero real parts, must 
occur with even multiplicity, and, in this case, half the factors 
may be allocated to D(s). Exactly half the factors must be 
included in D(s), otherwise the magnitude response is un-
realisable. This procedure is frequently called Hurwitz 
factorisation, and one may define it as 

	

D(s) = Hurwitz {E(w)}   (2) 

A problem has arisen where an extension of this procedure 
was required, and this may well have other applications. A 
particular system had a transfer function B(s), and it was 
desired to add another transfer function D(s), of order n, 
so that the first 2n 	1 coefficients of the squared modulus 
of the sum of these two functions was defined, The problem 
could be stated as follows: 

Given a modulus squared function E(w), of order 2n in w, 
and a transfer function B(s), of order 2n in s, find the transfer 
function D(s), of order n in s, so that 

D(s)-4--)7(s)1%= E(w) w2.+2H( 0) 	.- (3) 

where H(w) is some undefined polynomial in co. 
Eqn. 3 may be rewritten as 

1D12  = E {1B + B12  - I D12} W2n-I-211 	(4) 

where the functional dependencies have been dropped for 
convenience. Since 11)1 2  is of order 2n; it will not be 
affected by H, which is chosen so that the coefficients' of 
w2.+2 and higher are zero on the right-hand side of eqn. 4. 
Hence D(s) may be obtained from a Hurwitz factorisation of 
the right-hand side of eqn. 4 when it is truncated above the 
w2" term. This is an implicit equation, but expressed in this 
form it is possible to solve it iteratively, i.e. 

D.4. 1(s) = Hurwitz [truncated {E - (I  Dn-1-B1271D n12))] 

with Dols) = Hurwitz {E}. 

As an example of this technique, consider the simple case of 

E= I +4w4  

B 	0.2s3  + 0. 	, 

The first three steps are shown in Table I. 

Table 1 

ID 	B 

Step S°  12  c).  6)2 (el oi6  ra 

1.00 2.00 2.00 1.00 0.00 3.40 --0.56  0.01 
2 1.00 2.07 2.14 1.00 0.00 3.97 -0.39 0.01 
3 1.00 2.07 2.15 1.00 0.00 4.00 -039 0.01 

Convergence to the fourth decimal place for this .3xample,  
takes 5 cycles, giving 

D = 1.0000 + 2.0745s + 2- 1517.-
ID12  = 1.0000 0.0000w2  + 4- 629F at 

ID + B12  = 1.0000 + 0 .0000cio2  4.0000co4  
- 0.3903w6  -r 0.0100co8  

The convergence of this process has not teen ex:,rnined 
theoretically, but all the examples used to date, for N, lich a 
realisable function exists, have converged to 4 dec;rria, places r 
within about 10 cycles. 

M. T. HILLS 	 21s. 	.967 

Electrical Engineering Department 
Imperial College of Science & Technology 
London SW7, England 
* WEINBERG: 'Circuit analysis and synthesis', chapter 6 
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