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Abstract

This thesis is an overview of the geometry of nearly Kihler six-manifolds. A nearly K#hler structure on
a manifold M is a special kind of non-integrable Hermitian structure (g, J) quite different from a Kéhler
structure. Dimension six is particularly interesting due to connections with the exceptional holonomy group
(G2 in dimension seven. Moreover, the classification in arbitrary dimension is reducible to that in dimension
six, where there are only four known examples, homogeneous structures on S%, 3% .S3, CP? and the variety
of flags in C3.

With this background, we review the geometry of six dimensional nearly K&hler manifolds and explore
examples. We prove that every nearly Kihler six-manifold (M, g, J) is Einstein, establish the connection
with G2 geometry and prove an important uniqueness theorem for complete nearly Kéhler six-manifolds.

This final result is particularly important for the consideration of group actions: if (M, g, J) is a complete
nearly Kihler six-manifold not isometric to a round sphere and G is a group of isometries of (M, g), then
G preserves J also. Nearly Kéhler six-manifolds with a large degree of symmetry are studied in some
depth in this thesis. We review the works of Butruille and Podesta-Spiro where a group of isometries acts
transitively and with codimension one, respectively. The former problem is solved completely, producing
just the four examples alluded to above. In the latter situation, M must be one of S°, S3x.S3 or projective
3-space, and SU(3) xSU(3) is the only interesting group that can act. The classification of nearly Kéhler
structures on M is reduced to a system of non-linear ODE which, following Podesta-Spiro, we make the first
steps in analysing. The work falls short of a classification of complete cohomogeneity one nearly Kéhler
six-manifolds and we conclude with a summary of the work remaining to be done in this direction.
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Chapter 1

Introduction

The subject of this thesis is a certain class of almost Hermitian manifolds. Recall that a triple (M, g, J) is
called almost Hermitian if (M, g) is an even dimensional Riemannian manifold and J is an almost complex
structure on M that is g-orthogonal,

g(X,Y) =g(JX,JY),VX,Y € X(M).

Kihler geometry consists in making the most natural restriction on such structures, namely that J be g-parallel,
defining a reduction of the holonomy of (MM, ¢) to a subgroup of U(n). According to the classification of
[GH80], however, the vanishing of VJ, where V is the Levi-Civita connection of g, is but one of 16 possible
types of symmetry this tensor can possess. The next simplest is the nearly Kdhler condition.

Definition 1.1. An almost Hermitian manifold (M?2", g, .J) is said to be nearly Kihler if V.J is a skew
T'M -valued bilinear form,

(VxJ)X =0, VX € TM. (1.1)

Such a triple (M, g, J) is said to be a nearly Kdiihler manifold. Two nearly Kéhler manifolds (M, g1, J1),
(Ms, g2, J2) are equivalent if there is a diffeomorphism f : M; — Ms such that f*go = g1 and f*Jy = Js.

Remark 1.2. Evidently, if f is a local isometry between (M1, g1) and (M3, g2), e.g. a Riemannian covering,
and (g2, J2) is nearly Kihler, then (g;, f*J3) is nearly Kihler also.

For a nearly Kihler structure (g, J) one can compute that the Nijenhuis tensor Vs is given by the expression
N;y(X,)Y)=4J(VxJ)Y, XY € X(M),

so J is integrable if and only if (g, J) is a Kéhler structure.

Remark 1.3. Using the decomposition of the bundle of complex forms defined by .J, the Nijenhuis tensor
can be seen to define a map ACOTNM — AROTMN . Only in complex dimension three do the domain
and range of this map have the same dimension. In this dimension, therefore, there exists the notion of a
non-degenerate Nijenhuis tensor. This notion and its close relation to six-dimensional nearly Kédhler geometry
are discussed in [Ver08].

Definition 1.4. A nearly Kihler structure is said to be strict if for every p € M and non-zero X € T}, M the
endomorphism V x J is non-trivial. In particular, if (g, J) is strictly nearly Kéhler then it is not Kahler and J
is not integrable.
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The latter definition only becomes relevant above complex dimension two.
Lemma 1.5. If (M, g, J) is a strictly nearly Kdihler manifold then dim M > 6.
Proof. For any almost Hermitian structure (g, J) one can prove the following, valid for any X, Y € X' (M),

(VxJ)JY = —J(VxJ)Y, (1.2)
g(VxJ)Y,Y) =0, (1.3)

The first of these follows by differentiating .J> = —Id, the second by differentiating g(Y, JY) = 0. Suppos-
ing now that (g, J) is nearly Kéhler and M has dimension four, we show that (g, J) cannot be strictly nearly
Kihler. The proof of this when dim M = 2 is similar but shorter still.

Fix p € M andlet X, JX,Y, JY be a unitary basis of 7),M. By (1.3) we see that g((VxJ)Y,Y) =0, and
using (1.1) we have also

9(Vx )Y, X) = —g(Y, (Vx J)X) = 0.

Using (1.2) we also have g((VxJ)Y,JX) = g((VxJ)Y,JY) = 0. Thus (VxJ)Y = 0 and, by (1.2),
(VxJ)JY = 0. As (1.2) implies (VxJ)JX = 0, we conclude VxJ = 0. The nearly Kihler structure
(g, J) cannot therefore be strict. O

The geometry of Kéhler manifolds is very rich, and one can produce many examples, the complex projective
spaces CP"and their complex submanifolds, for instance. There is also a simple local description: on a
complex manifold, every Kihler metric is given locally by an expression of the form 00 f for a real-valued
function f. On the other hand, the curvature of a Kdhler metric can have an arbitrary sign: there are abundant
examples of Kéhler manifolds with positive, negative and vanishing Ricci tensors. This is not the case
for strictly nearly Kéhler manifolds: according to Theorem 1.1 of [Nag02], every strictly nearly Kéhler
manifold has positive Ricci curvature. In particular, therefore, every complete strictly nearly Kdhler manifold
is compact with finite fundamental group. In dimension six, strictly nearly Kdhler manifolds are also Einstein
(Theorem 4.4 below). This and the paucity of examples of complete strictly nearly Kihler manifolds suggests
that strictly nearly Kdhler geometry is more rigid than Kahler geometry, at least globally (there is a brief
discussion of the local problem in section 4.3 of [Bry06]).

On any almost Hermitian manifold (M, g, J) the following formula defines a connection preserving (g, J),
1
DxY =VxY = ZJ(VxJ)Y, X,Y € X(M).

The condition that (g, J) be Kéhler is equivalent to D = V. In nearly Kihler geometry, where D # V,
it transpires that D is, for some purposes, the more useful connection. This is evidenced by recent
work of Nagy (e.g. [Nag02]) and Ddvila-Cabrera. The latter authors prove the following de Rham-
type result (p 148, [DC12]). See section 1.1.2 for the concept of twistor space. For a definition of
the notion of special algebraic torsion in (III) and (IV) see p. 152 of [DCI12] — all that is important
for the purposes of the discussion here is to know that such cases arise from a twistor construction.
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Theorem 1.6. Let (M?", g, .J) be a complete simply connected nearly Kihler manifold. Then it is
equivalent to a product of the following classes of nearly Kdhler manifold

(1) Kdhler manifolds;
(2) Homogeneous strictly nearly Kdahler manifolds of four definite types:

(I) The holonomy representation of D is real irreducible. If n = 3, then (M, g) is a round
six-sphere;
(II) The holonomy representation of D is complex irreducible and there is a D-parallel
decomposition TM = € ® JE;

(Ill) (M,g,J) has special algebraic torsion and its horizontal distribution is complex
Hol(D)-reducible. In this case (M, g, J) is the twistor space over a non-symmetric
positive quaternion Kdhler manifold;

(IV) (M, g, J) has special algebraic torsion and its horizontal distribution is real Hol(D)-
irreducible. In this case (M, g, J) is the twistor space over a symmetric positive
quaternion Kdhler manifold;

(3) Non-homogeneous twistor spaces over quaternion Kdhler manifolds with positive scalar
curvature.

(4) Non-homogeneous six dimensional strictly nearly Kdhler manifolds.

No examples are yet known of nearly Kéhler manifolds of type (3) or (4), and the problem of constructing
examples is very pertinent. Related to this is a conjecture of LeBrun-Salamon (explored in their paper [LLS94])
which asserts that every positive quaternion Kéhler manifold is homogeneous (and therefore a Wolf space
[Ale68]) — this would be true if (3) were vacuous. The problem of whether there exist non-homogeneous six
dimensional nearly Kéhler manifolds was a significant motivation for the author’s original interest in nearly
Kihler geometry.

The theorem strongly suggests that nearly Kidhler geometry in dimension six has an exceptional character.
This is due to a number of algebraic phenomena peculiar to dimension six elaborated in Chapter 4. In this
dimension there are but four known examples: they are homogeneous strictly nearly Kihler structures on S,
53 x §3, CP? and [F1,2. Their geometry is described in sections 1.1.1 and 3.2. Non-complete six dimensional
examples will also be produced in section 4.5 and in Theorem 6.15: the former examples illustrate some of
the special global features of nearly Kihler geometry in dimension six. Nearly Kéihler geometry in dimension
six is also intimately connected with the seven dimensional geometry of the exceptional Lie group Go, and
this connection constitutes one of the principal themes of this work.

The outline for this thesis is as follows. We present in 1.1 the first examples of nearly Kihler manifolds. As a
means to understand these and other examples, the theory of 3-symmetric spaces is described in the chapter
3, concluding with a detailed discussion of the six-dimensional strictly nearly Kihler structures onS3 x S3,
CP? and F 5.

From chapter 4 onwards we specialise to dimension six: chapter 4 describe the special flavour nearly Kéhler
geometry takes in this dimension; chapters 5 and 6 review recent studies of nearly Kéhler six manifolds with a
large degree of symmetry: section 5.1 reviews the work of Butruille on homogeneous nearly Kihler manifolds;
section 5.2 and chapter 6 that of Podesta and Spiro on the cohomogeneity one case. Although the full coho-
mogeneity one problem is so far unsolved, the interest of much of the work of Podesta and Spiro lies in their
failure to produce new examples. Indeed, having shown that the only compact manifolds that can be strictly
nearly Kihler and admit a cohomogeneity one isometric group action are S%, $3 x S and CP3. The anal-
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ysis involved in proving that any such nearly Kéhler structure is homogeneous seems at present rather difficult.

The outline above presupposes a large amount of material. In Chapter 2, we provide a short review of standard
material on manifolds admitting groups actions with only one or two orbit types, i.e. homogeneous and
cohomogeneity one group actions, respectively. This is included to fix the relevant concepts for later use and
make the exposition in chapter 5 and 6 as streamlined as possible.

1.1 First Examples

1.1.1 The Round S°

The first example of a strictly nearly Kihler manifold is the familiar round six-sphere. Here, the geometry
of the exceptional Lie group G is already manifest. An excellent introduction to Go geometry, including
details of all the facts about G2 used throughout this thesis, is the set of notes [SW10].

Recall that the exceptional group Go is defined as the group of automorphisms of the eight-dimensional
normed algebra of octonions O. As an inner product space @ = H & H, and the algebra structure is defined
by
(p,q) - (r,s) = (pr — 8¢, sp+qr) , p.q,7,s € H.

It is a basic fact that G acts by isometries on O fixing the identity (1,0). Thus G is a subgroup of SO(7)
and acts on the unit sphere in the orthogonal complement of 1 in Q. This action is transitive. Moreover, the
isotropy subgroup K, of any z in this S% is conjugate to SU(3). Indeed, K, acts on the tangent plane 2
and this latter space possesses a complex structure .J, defined by

Jo(y) = Im(z - ),
where Im is the orthogonal projection in @ onto 1+ = Im H @& H. Since K acts by automorphisms and
isometries of O, one sees that it acts by unitary transformations on the complex vector space (z+, J;). A
little more work shows that K, = SU(z+, J,,).
For z,y € R C O, the map appearing above,
(2, y) — Im(z - y),

is a bilinear operation called a vector cross product. As will be seen later, the notion of vector cross product
is of some importance to nearly Kéhler geometry. For now we prove the following.

Proposition 1.7. Let n be the outward unit normal vector field of S® C R and define an almost complex

structure on S® by
JX=nxX,XeTSs".

Then (g4, J) is a strict nearly Kéhler structure on S°.
Proof. Let V' be the the Levi-Civita connection of g,q4. For X, Y € X (S9), this is given by
VY =VxY — (n-VxY)n,

where (, ) and V are, respectively, the Euclidean metric and connection on R”. Now, for any orthonormal

basis eq, ..., er of R” and X a vector field orthogonal to 7,
B ‘ ‘xj N o 5ij T3y _X X-n _X
Van = 2 XViShe) = ) X (e-m) =T -Fm=T
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So for any X, Y vector fields orthogonal to n,
Vi%(JY) = (Vxn) xY +nx (VxY)—n((Vxn) xY +nx (VxY),n)

X X
== xY +nx (VY +(VxY,n)n) —n(= x Y,n)
T T

v onldx xvin) + IV,
T

r

Restricting to the unit sphere then, we see that
(Vi )Y =V5(JY) - J(VY) =X xY —n(X xY,n),
which is a skew but non-trivial bilinear form in X, Y. ]

How many nearly Kihler structures does (59, g.q) possess? Consider an arbitrary orthonormal basis
E = {ey,...,er} of R7. Adjoin a symbol 1 to E, identify (with the obvious orderings) the resulting
set with the standard basis of H ¢ H and let O be the octonionic algebra these generate. Every such
therefore defines a vector cross product x z on R” and an almost complex structure Jz on S°.

For two orthonormal bases E, E’, when are the strictly nearly Kéhler structures (g.q, Jg) and (gyq, Jg7)
equivalent, that is when does there exist g € Isom (S, g.q) such that g*.Jzr = Jg? Supposing such a
g € SO(7) exists, we have, for any p € S% and X € 7,56

np xg X = (Jg)pX = (" Jp)p(X) = ngp X gX.
Setting p = ¢; and X = e;, j # 1, this becomes
€; XE €5 = ge; Xgr ge;.

Identifying O and O g with O, this implies that g € Go and gE = E’. The set of equivalence classes of
strict nearly Kéhler structures (g,4, J) on S% therefore contains the 7-dimensional coset space SO(7)/Ga
diffeomorphic to RP7. We shall later prove that every nearly Kihler structure on the round six-sphere
is obtained in this way (Proposition 4.12). This description of the nearly Kihler structures on the round
six-sphere paints a perhaps misleading picture of the abundance of nearly Kihler structures. Contrary to what
one might expect, Theorem 4.5 proved below shows that the nearly Kéhler geometry of (S, g,q) is in fact
very atypical.

1.1.2 Twistor Spaces over Positive Quaternion-Kéhler Manifolds

The twistor spaces provide a particularly important class of examples of strictly nearly Kidhler manifolds.
While we confine ourselves here merely to statements of fact, our assertions will be borne out by later
examples.

Let (M, g) be an even-dimensional oriented Riemannian manifold. The twistor fibration, T : T (M, g) — M,
of M is the fibre bundle whose fibre over p € M is the set of orthogonal complex structures on the tangent
plane inducing the correct orientation on 1}, M,

T(Mag)p = {‘] S SO(Tva g) : J2 = _IdTpM}‘

When dim M = 4, it turns out that 7 : 7 (M, g) — M is a 2-sphere bundle and can be identified with the
bundle of unit anti-self-dual 2-forms on M. On the fibres of 7 there is then an Hermitian structure, the
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standard Kihler structure on CP*. In fact, it can be shown that there exists a canonical Kihler structure (h, J)
on the fibres of the twistor fibration whatever the dimension of M and, given this, one can define a family of
Hermitian structures (gs, J+), s > 0, on the total space 7 (1M, g) as follows.

First, fix a splitting
T.T(M,g) = Tor ™ (1(2)) ® (" Ty()M)a , @ € T(M, g).
With respect to this, J+ can be defined by
Ji|Tor N (7(2) = £dp , Ji|(T* Ty M)s = 2,

and the metrics by
gs =sh, +7%g, s> 0.

It turns out that if (M an g) is quaternion-Kihler (self-dual when n = 1) with positive Ricci curvature, then

(gs, J—) is strictly nearly Kéhler for the unique value s = % (see [ES85]). In fact, in four dimensions the only

such manifolds are the round 4-sphere and CP? with its Fubini-Study metric, and it is possible to identify the
twistor spaces of these manifolds as CPP? and [F1 2, respectively (Theorem 6.1, [Hit81]). We shall describe the

strictly nearly Kihler structures on CP? and IF1,2 resulting from this construction more fully in section 3.2.



Chapter 2

Group Actions with Few Orbit Types

As advertised in the introduction, this is to be a short chapter reviewing for later use standard material on
group actions. Throughout this thesis, if G denotes a Lie group, then its Lie algebra is written g. The adjoint
representation of a Lie group G on its Lie algebra is denoted Adg.

Definition 2.1. A smooth action by a Lie group G on a smooth manifold M is a homomorphism f : G —
Diff (M). We refer to M as a smooth G-space, and for all g € G and p € M we abbreviate f(g)(p) as g - p.
A diffeomorphism ¢ between GG-spaces M7 and My is called a G-diffeomorphism or G-equivalence, if ¢
commutes with the given actions by G, i.e. g - ¢(p) = ¢(g - p) forallg € Gandp € M.

G is said to act transitively on M if for some (and therefore any) p € M the orbit G - p coincides with M.
For p € M, the subgroup of elements of G fixing p, i.e. the isotropy or stabiliser group of p, is denoted H,,.
For any p € M the G action defines a representation of H,, on T}, M, the isotropy representation of H,.

G is said to act effectively if ker f is trivial, almost effectively if ker f is discrete. It can be assumed that any
G-action is effective for as ker f is a closed normal subgroup, G = G/ ker f is a compact Lie group and acts
effectively on M. If ker f is discrete, then GG and G have isomorphic Lie algebras.

A tensor 7 of rank (7, s) on M is said to be G-invariant if g*1 = T, i.e. for all vector fields X1, ..., X, and
1-forms a7, ..., a5 we have

a(g« X1, ..., 0:Xr, g%, ..., 9" as)|p = a(X1,..., Xr 00, ..., 0)|gp, Vg € G, pE M.

In this thesis we shall be concerned firstly with G-invariant metrics on a manifold M, later with invariant
almost complex structures and differential forms.

The basic result about group actions is the following (Chapter IV, Theorem 3.1, [Bre72]). See Chapter I,
Theorem 3.1, [Bre72] for a list of properties of the quotient map = : M — M/G.

Theorem 2.2. Let G be a compact Lie group and M a connected smooth G-space with M /G connected.
Then there exists a unique maximal orbit type G | H for the action, that is H is conjugate to a subgroup of
each isotropy group H,,. The union M™ of orbits of this type is an open dense subset of M.

Definition 2.3. If G and M are as in the theorem, then H is referred to as the principal isotropy subgroup
and an orbit in M™ as a principal orbit. The set M * is called the regular part of M. Orbits disjoint from M*
are referred to as singular: singular orbits correspond to points in M /G \ w(M™).

The following result is a general case of Theorem 9.3, Chapter I of [Bre72].
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Theorem 2.4. Let G be a connected Lie group and M a connected G-space. If the G-action is effective then
there exists a connected Lie group G covering G that acts effectively on the universal covering space M of
M, covers the action of G on M and that fits into the following short exact sequence

1 —m(M)—G—G— 1.

In particular, if G is compact and w1 (M) is finite, then G is compact.

2.1 Transitive Group Actions

The simplest G-spaces M are those for which G acts transitively. In this case there is only one principal orbit,
namely the whole of M. We are particularly interested in the Riemannian situation.

Definition 2.5. A connected smooth G-space M is said to be homogeneous if G acts transitively. A
Riemannian manifold (M, g) is said to be a Riemannian homogeneous space, or homogeneous, if there exists
a connected Lie group GG which acts transitively on M leaving g invariant.

In section 5.3 we shall classify all strictly nearly Kéhler six-manifolds (M, g, J) admitting a transitive action
by a group G preserving the structure (g, J). Homogeneous spaces are automatically complete, so Theorem
4.4 implies that any such space M is compact and 71 (M) is finite. Moreover, the isometry group Iso(M, g)
of a compact Riemannian manifold is a compact Lie group (see [MS39]), and so it follows that if G is a Lie
group acting transitively and effectively on M, then G is compact. We shall therefore assume throughout this
section that both G’ and M are compact and that 71 (M) is finite.

The following theorem is the basic result on homogeneous spaces (e.g. chapter X of [KN69]).

Theorem 2.6. Let (M, g) be a compact Riemannian homogeneous space for an action by a compact Lie
group G. Fixing p € M and setting H = H,, then
(i) Each of the subgroups H, for ¢ € M is conjugate to H in G;

(ii) There is a metric § on G that is G-invariant and that induces an orthogonal splitting g = b & m with
the property that wm is invariant under the adjoint action by H, Adg|gm = m ;

(iii) Letting w denote the left-invariant distribution on G induced by w, then (| defines a G-invariant
metric g on G/ H and there is an isometry between (G/H, g) and (M, g) under which eH is identified
with p, and w identified with T, M ;

(iv) Under the above identification, there is a one-to-one correspondence between G-invariant tensor fields
on M and Adg|g-invariant tensors on m.

Remark 2.7. A homogeneous space G/ H for which there is an invariant decomposition of g as in (ii) is said
to be reductive. If G is not be compact, there may be no G-invariant metrics on G and GG/ H may not be
reductive.

Remark 2.8. The above proposition provides a description of all G-invariant metrics on a compact homo-
geneous space G/ H. In particular, if there is an H-invariant decomposition of the isotropy representation
of G/H, m = @,_, m, where the m,, are mutually non-equivalent irreducible representations of H, then
the space of G-invariant metrics on G/ H is r-dimensional, for up to scale there exists a unique H-invariant
metric on each of the m,, by Schur’s lemma. In most cases of interest in this thesis this assumption on
the decomposition of the isotropy representation will hold, but if any of the m,, appear with multiplicity
greater than one, however, then the space of invariant metrics will be larger. The single case in which such
considerations are of importance will be in section 5.2.



2.1. TRANSITIVE GROUP ACTIONS

It is possible to present a homogeneous space G/ H in a number of ways, for instance
SO(2n)/SO(2n — 1) = §?"~1 = U(n)/U(n — 1).
We describe now how a homogeneous space may be written in some sort of minimal form.

As we assume 71 (M) to be finite, if G is a connected compact Lie group acting transitively and effectively
on M, then there is by Theorem 2.4 a connected compact Lie group G acting transitively on the universal
covering space M. By this means we reduce to the case in which M is connected and simply connected.

The quotient map G — M is a principal H-bundle and has the following long exact sequence in homotopy,
e — 7Tz<H) — WZ(G) — WZ(M) — 7TZ‘_1(H> —_— s — 71’0(M) — 1.

Since 71 (M), mo(M) and m(G) are assumed trivial, we see from this that H is connected. It is possible to
reduce to the case in which G is semi-simple (Proposition 9, [Oni94]).

Lemma 2.9. Let G/ H be a compact almost effective homogeneous space with finite fundamental group. Let
3 D gg be the decomposition of the Lie algebra of G into its centre 3 and semi-simple part gg, and let G g be
the connected subgroup of G with Lie algebra gs. Then Gg acts transitively and almost effectively on G/ H.

Now, it is well known that if G is a compact connected semi-simple Lie group then 71 (G) is finite (Remark
7.13, [BtD85]). The universal covering space G of G is therefore a compact semi-simple Lie group.

Lemma 2.10. Let M = G /H be a homogeneous space and T : G — G the universal covering group of G.
Then setting H = 7—(H), the map N

p:gH — m(g)H
defines an equivalence between M and G / H and the action of G on M is almost effective.

Proof. The map p is well defined and injective for if g; and g belong to the same G-orbit then 9199 leH ,
and this occurs if and only if 7(g1)7(ge) ™! € H, thatis w(g1) and 7(g2) belong to the same G-orbit. p is
onto since 7 is onto. The action by G defines a homomorphism f : G — Diff (M), and, by construction,
ker f is a subgroup of the discrete group of deck transformation of 7 : G — G. The action by G is therefore
almost effective. O

By means of this fact and the preceding lemma, therefore, from the general case of a compact, connected
homogeneous space M with finite fundamental group we may reduce to the case in which M is simply
connected and M = G/H where G is a compact, connected, simply-connected and semi-simple Lie group
acting almost effectively on M and H is a connected compact subgroup.

Consider then G and H as above. G is simply connected and semi-simple, and so may be decomposed as a
direct product of compact, connected, simply-connected and simple Lie groups Gy, . .., G,. If for some p
the projection H — G, is onto then it follows from Theorem 1.4 of [BK06] that II;..,G), acts transitively
on M with connected isotropy group H M II;.,G,. We now recapitulate and formulate this reduction as a
definition.

Definition 2.11. Let M = G/ H be an arbitrary compact, connected, simply connected homogeneous space.
The presentation constructed above of M as (II;G;)/H, where the G; are compact, connected, simply-
connected and simple Lie groups acting almost effectively on M and H is a connected subgroup of 1I;G;
such that no projection H — G is onto, is called a canonical presentation of G/ H.
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Remark 2.12. The term canonical presentation is not used to suggest that this presentation is any sense
unique, only that given the presentation of M as G/ H the canonical presentation produces a particularly nice
choice of group that acts transitively on M.

For a compact Riemannian manifold (M", g), the dimension of its isometry group is at most $n(n+1).
The classification of all connected, simply connected compact n-dimensional Riemannian homogeneous
spaces is therefore reduced by the above construction to the classification of all simply connected, connected,
compact semi-simple Lie groups of dimension at most %n(n—i—l) and of their closed connected subgroups.
This programme has been completed up to dimension eleven in [BK06], where it is further shown that every
Riemannian homogeneous space of such dimension admits a homogeneous Einstein metric.

In section 5.1 we shall see that the hypothesis that G/H be strictly nearly Kéhler further restricts the
dimension of G: by considering the isotropy group we shall show that this dimension is at most 14. The list
of connected simply connected compact semi-simple Lie groups up to this dimension is extremely short.

Theorem 2.13. If G is a connected simply connected compact semi-simple Lie group with dim G < 14, then
G is isomorphic to a product of the groups SU(2), SU(3), Sp(2) or Ga.

For G a compact Lie group, the homogeneous spaces G/ H where H is a connected subgroup of maximal
rank in G, i.e. H contains a maximal torus of G, are particularly important. Such a homogeneous space is
referred to as a partial G-flag, a G-flag being a partial G-flag G /T where T is a maximal torus. There is a
general theory of maximal subgroups H in a compact Lie group GG due to Borel and de Siebenthal [BDS49].
The special nature of homogeneous spaces of this type allows one to count all G-invariant almost complex
structures (Proposition 13.4, [BH58]).

Theorem 2.14. Let G/ H be a partial G-flag and let m = my @ - - - @ m,. be a decomposition of the isotropy
representation into irreducible representations. If G/ H possesses a G-invariant almost complex structure,
then the m; are unique and G/ H admits exactly 2" G-invariant almost complex structures.

Remark 2.15. Not every partial flag possesses an invariant almost complex structure, for instance HP" =
Sp(n +1)/Sp(1) x Sp(n) does not (p. 35, [Yan87]). Theorem C of [Wan54] states that a partial flag G/ H
possesses an integrable G-invariant almost complex structure if and only if H is the centraliser of a maximal
torus.

2.2  Group Actions of Cohomogeneity One

Definition 2.16. A compact connected Lie group G is said to act with cohomogeneity one on a manifold M
if M* consists of orbits of codimension one, equivalently M /G is one dimensional.

One can prove the following structure theorem for such spaces (Chapter IV, Theorem 8.2, [Bre72]).

Theorem 2.17. Let G be a compact Lie group acting with cohomogeneity one on a compact manifold M
with principal isotropy group H. There are two cases according to the topology of M /G:

(i) M/G is diffeomorphic to S'. Then M is a G/ H-bundle over S*.

(ii)) M /G is a connected closed interval of R. Then M* corresponds to the interior of M /G and there
are two singular orbits with isotropy groups K1, Ky corresponding to the boundary points of M /G.
Moreover, there are representations K; — O(V;) of K; on Euclidean spaces V; such that the induced
action on the unit sphere in V; is transitive and has isotropy group H, and M is G-diffeomorphic to
the identification space

G xx, D1 UG XK, D2,
®

10
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where D; is the unit disk in V; and ¢:G /H—G [ H is some G-equivalence of 0D;=G/H.

Remark 2.18. Using this description, it is in principle possible to give a complete classification of coho-
mogeneity one GG-spaces. This has been done, for example, in dimensions five, six and seven in the thesis
[HoeO7].

If M has finite fundamental group then (i) is not possible, for the long exact homotopy sequence gives
7T1(M) — 71'1(51) — Wo(G/H),

and connectivity of G/ H implies then that 71 (M) — 71 (S1) is onto, a contradiction. All the cohomogeneity
one G-spaces considered here then will be a union of disc bundles. For applying the theory of cohomogeneity
one group actions to strictly nearly Kihler manifolds, therefore, we shall always assume that the topology is
of the kind described in (ii) of the theorem.

Let V be a Euclidean space and p : K — O(V) a representation of a compact Lie group that acts transitively
on the unit sphere in V' with isotropy group H. Setting H = ker p C H, the group K/ H now acts effectively
and transitively on the unit sphere in V' with isotropy group H/ H. Borel has classified the compact Lie
groups that act in this way. His results are summarised in Table 2.1.

K SO(n) U(n) SU(n) Sp(n)Sp(1) Sp(n)U(1) Sp(n) Go | Spin(7) | Spin(9)
H | SO(n—1) | U(n—1) | SU(n—1) | Sp(n—1)Sp(1) | U(n—1)Sp(1) | Sp(n—1) | SU(3) Go Spin(7)
R’/I_} gn—1 §2n—1 §2n—1 Gdn—1 Gin—1 Gdn—1 g6 S7 S5

Table 2.1: Borel’s list

Definition 2.19. The group diagram of a compact manifold admitting a cohomogeneity one almost effective
action by a Lie group G, with principal isotropy group H and singular isotropy groups K, K>, is the string
of inclusions G O K1, Ko D H. We say that a sequence of compact groups G O K1, Ko D H is realisable
if it is the group diagram of a compact GG-space.

The following result is taken from section 1 of [GWZ08].

Theorem 2.20. A sequence of compact Lie groups G O K1, Ko D H is realisable if and only if K1 /H and
Ky /H are diffeomorphic to spheres in Euclidean spaces V;, for i =1,2, respectively. All realisations are of
the form
G ><K1 D1 UG XK2 _DZ,
©
where D; is the unit disk in V; and ¢ : G/H — G/H is some G-equivalence of 0D; = G/H. Two such
realisations are G-equivalent if and only if they are related by the following operations
(i) Interchanging K| and Ks;
(ii) Conjugating H, K1 and K5 by the same element of G,
(iii) Replacing one of the K; with hI(;h ™! for h € Ng(H), where Ng denotes the connected component
of the normaliser in G.

The set of G-equivalence classes of realisations of (G, H, K1, K2) is thus in one-to-one correspondence with
the double quotient
No\Ne(H) /N1,

where N; = Nq(H) N Ng(K;), i =1,2.

11
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In classifying cohomogeneity one nearly Kihler six-manifolds a small number of basic tools are used to
eliminate the a priori groups that might act. The fundamental group is the main device to be used, but a useful
trick is to enlarge the group which acts following the following construction (Proposition 2.1.16, [Hoe07]).

Proposition 2.21. Let M be a compact simply connected manifold admitting a cohomogeneity one action
with group diagram G O K1, Ko D H and let L be a compact connected subgroup of No(H) N Ng(K71) N
N¢(K2). Define G' = L/(L N H) and an action by (g, [l]) € G x G' on M by the following action on each
G-orbit g1H, C M (H,=H or K1, K>) by

(9:[1]) - g1Hp = g1l H,,.

This action by G x G, the normal extension of G by L, is smooth and almost effective, the G x G'-orbits
coincide with those of G and the group diagram is

GxG D (Kyx1)-AL,(Kyx1)-ALD (H x1)- AL,
where AL = {(,[l]) : l € L}.
The geometric picture of cohomogeneity one GG-spaces is relatively straightforward.

Proposition 2.22. If G acts with cohomogeneity one on a compact simply connected manifold M and M
possesses a G-invariant metric g, then there is a unit vector field & on M, unique up to orientation, the
integral curves of which are geodesics and such that

(i) & is G-invariant and intersects all G-orbits orthogonally;

(ii) For p € M*, any integral curve -y, of & through p can be extended to a minimal geodesic y, : [0,1] —
M connecting the singular orbits.

Moreover, there is a G-diffeomorphism between M* and (0,1) x G /H,. In these coordinates, g is of the form
dtQ + at,

wheret € (0,1) and {g: }1e(0,1) is a family of G-invariant metrics on the orbit G / Hy. Finally, for S a singular
orbit with v,(0) € S and H., (=K, K acts transitively on the unit sphere in V = (TqS)L with isotropy
group Hy, and the normal bundle of S is G-equivalent to G X V.

12



Chapter 3

3-Symmetric Spaces and Nearly Kahler
Geometry

Like symmetric spaces, 3-symmetric spaces belong to the class of Riemannian homogeneous spaces defined
by an automorphism of finite order, three in this case; they were first studied by Gray in [Gra72] and classified
in [WG68a, WG68b] by Gray and Wolf. The role the concept plays in nearly Kéhler geometry is not entirely
clear, but Butruille has shown that all homogeneous strictly nearly Kéhler manifolds are 3-symmetric (see the
introduction to Chapter 5). The position adopted in this thesis is that the 3-symmetric space concept is mostly
of interest as a means to generate and understand the geometry of examples.

The exposition in the proceeding section parallels the standard discussion of Riemannian symmetric spaces
as Riemannian manifolds admitting a family of isometric involutions, working toward the formulation as
certain algebraically special homogeneous spaces. We are able to characterise precisely when a 3-symmetric
space is nearly Kéhler (Proposition 3.5) and, using this result, in the next section describe the six dimensional
examples.

3.1 3-Symmetric Spaces

Definition 3.1. An even dimensional Riemannian manifold (M, g) is said to be locally 3-symmetric if for
each p € M there exists an isometry 6, defined near p such that:
(i) 63 = Tdys;
(ii) p is an isolated fixed point of 6,,;
(iii) 6, is holomorphic with respect to the canonical almost complex structure J of the family {6, },cnm
defined by
V3

1

In other words, df, o J = J o df,,.
If the domain of the 6, can be extended to the whole of A then (M, g) is said to be a 3-symmetric space.

The assumption that the 6, are local isometries implies that (g, J) is an almost Hermitian structure on M,
and an almost Hermitian manifold (M, g, J) is said to be (locally) 3-symmetric if J is the canonical almost
complex structure of a family of (local) isometries as above.

The following are some basic properties, proved in [Gra72]. The first requires the identities proved in section
4.2.

13
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Proposition 3.2. Let (M, g, J) be an almost Hermitian manifold and set © = —%Id + @J , as before. Then
(i) If (M, g, J) is nearly Kéihler then © preserves all derivatives V*.J ;
(ii) (M, g, J) is Kihler and locally 3-symmetric if and only if it is locally Hermitian symmetric;
(iii) If (M, g, J) is simply connected, complete and locally 3-symmetric then it is 3-symmetric;
(iv) If (M, g, J) is 3-symmetric, then the group of isometries preserving J acts transitively. (M, g) is
therefore a homogeneous space and, in particular, complete.

Remark 3.3. Statement (ii) shows that the 3-symmetric concept essentially excludes Kihler geometry.
Moreover, given a family {6},c s as in (i) and (ii) of Definition 3.1, and defining © = —%Id + @J for J
the canonical almost complex structure of the family, then thef,, are holomorphic if and only if © preserves
VJ and V2J (Proposition 3.6 [Gra72]). Thus, part (i) of the proposition tells us that the meaning of the
3-symmetric concept for nearly Kéhler geometry is that the infinitesimal isometries © integrate to local
isometries. In fact, a strictly nearly Kéhler six-manifold is 3-symmetric if and only if its curvature satisfies

VR(X,X,JX,X,JX) =0, VX € X(M).

This follows from Theorem 4.6 of [Gra72] and the observation that strictly nearly Kéhler six-manifolds are
Einstein (Theorem 4.4) and therefore analytic by the results of [DK&1].

The classification of 3-symmetric spaces is analogous to Cartan’s classification of Riemannian symmetric
spaces. To describe how this goes, let (M, g) be a Riemannian 3-symmetric space and define G to be the
largest connected group of isometries preserving the canonical almost complex structure, H the isotropy
group in G of a fixed p € M, and define ¢ € Diff (G) by t(g) = 6, 0 g o 6,1, Let G* be the fixed point set of
t, G} its component containing the identity. The following properties are easily verified:

(a) t1is an automorphism of order three;
(b) Gy Cc H C GY

(c) There are a G-invariant Riemannian metric g and a G-invariant almost complex structure .J on G/ H

sothat (G/H,g,J) and (M, g, J) are equivalent as almost Hermitian manifolds.

The following simple proposition initiates the classification.

Proposition 3.4. If (G, H,t) satisfies (a)-(c) above and t. is the induced map of the Lie algebra g of G, then
(i) h={X eg|t. X =X},
(ii) G/H is a reductive homogeneous space. Specifically, defining m = ker(1 + t + t2), there is a vector
space decomposition g = ) @ m where m is Adg|g-invariant.

Given a reductive Lie algebra, when does it admit an automorphism of order three? If such a map ¢ exists,
there is a decomposition m® = m™ @ m~ where T' = ¢, acts by —% + ?z on m®*. As T is a Lie algebra
automorphism the following hold

mfmflcm™, [m~,m ] cm®, [m",m7]cp® (3.1
Conversely, given a reductive Lie algebra g = h & m with a splitting m© = m™ @ m™~ satisfying (3.1), we
may define a linear map 7" on g€ in the obvious way,

T|h=1d, Tjm* = L(-1+£iV3)1d.

A 3-symmetric space is therefore equivalent to a reductive Lie algebra g = h & m with a splitting
m® = m* @ m~ satisfying (3.1). In fact, the relations (3.1) imply that the canonical almost complex
structure J of a 3-symmetric space is never integrable, for the i-eigenspace of J € End(m®) is, by definition,
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m™, and (3.1) implies that this is never a Lie algebra.

The next result provides our basic tool for building examples of nearly Kihler manifolds. By classification,
Gray shows that the condition of natural reductivity is satisfied for all 3-symmetric spaces (G, H, t) (Theorem
6.1, [Gra72]). In fact, he shows that, up to scale, there is a unique metric making GG/ H naturally reductive.

Proposition 3.5. Suppose that (G, H,t) satisfies (a)-(c) above and that there is an Adg(H )- and t-invariant
inner product ( , ) on m. Then the induced 3-symmetric space structure on G | H is nearly Kchler if and only
if it is a naturally reductive homogeneous space, that is

(X, Y]m, Z) =(X,[Y, Z]m), VX,Y,Z € m.

Here, Wy, denotes the orthogonal projection of W € g onto m.

3.2 3-symmetric Strictly Nearly Kihler Six-Manifolds

Three examples of homogeneous strictly nearly Kihler six-manifolds were described in section 1.1, namely
the round S8, and CP? and [F1,2 with non-standard almost Hermitian structures. In this section we describe
in more detail the geometry of CP3 and IF1,2 and the fourth and only further homogeneous example 3 x 83
in greater detail, representing them as 3-symmetric spaces. The round six-sphere is also a 3-symmetric space
but we shall not prove this. The fact that these four are the only 3-symmetric spaces in dimension six can be
read from the lists given in [Gra72].

3201 93 x S8

Let K be a connected and simply connected compact simple Lie group. Set G = K x K x K and let
H = A(K) be the diagonal. There is an obvious automorphism of G of order three fixing H, namely the
cyclic permutation

(k‘l,k'g,k‘g) e K xKxKr— (kg,kil,kg).
The complement m of Proposition 3.4 is easily seen to be
{(X,)Y,Z)ctptat| X+Y +7Z =0}

Given now a bi-invariant metric ¢ on K, the Lie algebra of the isotropy group is always orthogonal to m with
respect to the product metric on GG, and we thus satisfy the natural reductivity hypotheses of Proposition 3.5.
To compute the resulting nearly Kahler structure on G/ H, identify K x K x K/A(K) with K x K via

[k1, ko, k3] — (k1kz ', kakst).

Then it is straightforward to compute that, for left-invariant vector fields X, Y, X', Y’ on K, the nearly Kihler
structure on K x K is given by

g(X,Y), (X', Y") = q(X, X") +q(Y,Y") = 5 (a(X,Y') +q(Y, X)),

J(X,Y) = F(-Y + 35X, X +3Y).

3.2)

If K x K is six dimensional then K = SU(2) and we obtain a strict nearly Kéhler structure on S3 x 3.
This nearly Kihler structure is invariant also for the left action of S x S on itself.
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322 CP?

Identifying (w, z) € C* with (w,2j) € H @ H, defines a transitive action by G = Sp(2) on C*. This
descends to a transitive action on CPP3. The isotropy group of [1: 0: 0: 0] is H = S x Sp(1).
Consider the following Ad(H )-invariant subspaces of g,

AL )0 e}

The subspace m = p™ @ p~ is an Ad(H )-invariant complement to b in g. The representation of Sp(1) on
pT is equivalent to that on H in which Sp(1) acts by multiplication on the left; A € S' acts on the right
by X. On p~, Sp(1) acts trivially and the representation of S! is equivalent to that on C in which )\ acts as
multiplication by A2. As the p* are irreducible, any invariant metric is of the form gs,t = sg+thfors,t >0,
where g and h are the standard Hermitian structures on H and C, respectively.

Suppose now that o € Aut(G) fixes H: it induces an automorphism o, of m. As o commutes with Ad(H )
and the p* are irreducible and mutually non-equivalent, o restricts to an automorphism of the p*. The p* are
actually complex representations of H: on p* there is a complex structure given by conjugation by diag(1,);
on p~ the standard complex structure coincides with conjugation by diag(1, ei%). As both of these are
elements of H, o, |ps+ must be complex linear. By Schur’s lemma, o, |p4 therefore acts as multiplication (on
the right) by AL € C*.

As an automorphism, o, must preserve the following Lie brackets
prpt]chep, [prpT] Cp, phpT] Cp™

The first two relations are preserved if and only if |A\+| = 1, and the final bracket if and only if \; = \_. If &
defines a 3-symmetric structure, therefore, it can be one of only two possibilities, Ay = exp(ii%”) or Ay =
exp(:Fi%”). In fact, o is nothing but the inner automorphism given by conjugation by (1, e*27/3) ¢ Z(H).

Let .Jxk be the almost complex structure on CPP? defined by conjugation by (1, 2 /3 ). By construction,
Jnk acts by multiplication by ¢ on p*, by —ion p~.

Using the above brackets it is not difficult to compute that g ; is naturally reductive precisely when ¢ = 2s.
By Proposition 3.5, therefore, ((C]P’3, 91,2, JNk) is strictly nearly Kahler. This coincides with the twistor
description of section 1.1, for it can be shown that the quotient fibration

2 _ Sp(1) Sp(2) T

§? =2 s P = s HP! 5p(2)

U() (1) = Sp(1) = 5p(1) x Sp(1)’ G-

is nothing but the twistor fibration of S* = HP!. The distribution generated by p~ evidently generates the
vertical distribution of 7 and, with the family of metrics g ; on its total space, 7 is a Riemannian submersion
with horizontal distribution p™. It is now easy to see that the nearly Kihler structure (g; 2, Jxk) constructed
here is precisely that described in section 1.1.2.

323 Fi,

The complex flag manifold F; o consists of pairs (r, [) where 7 is a complex 2-plane in C3 and [ is a complex
line in C? lying in 7. The flag inherits an action by U(3) from that on C? and this is transitive with isotropy
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subgroup conjugate to U(1) x U(1) x U(1). Indeed, U(3) is the set of unitary bases (u1, ug, u3) of C* and
the map (uq,ug,uz) € U(3) — ((u1,uz), (u1)) € Fy2 is onto. By factoring out the determinant we can
also view Fy o as the homogeneous space SU(3)/7? where T is the standard maximal torus of SU(3), the
set of elements of U(1) x U(1) x U(1) C U(3) with unit determinant.

There are three maps F1 2 — CP2, 7 : (m,1) > I, 7y : (m,0) = I* N7and 7y : (m,0) — 71, These
correspond to three splittings of the twistor fibration of CP? and so give six complex structures I, Jo, K4
as in section 1.1.2. It happens that I, J;, K are distinct while I_ = J_ = K_. We construct these at the
infinitesimal level.

The isotropy representation in this case has three summands,

0 —z 0 00 O
p1 = z 0 0 cz2e€Ch, p2= 0 0 —z :2€Cy,
0O 0 O 0 2z O
0 0 —z
p3 = 0 0 O :zeC
z 0 0

We identify (u,v,w) € C? with the following element of the isotropy representation m = p; @ pa © p3

0 —u v
u 0 —w
v w 0

The representations of the torus H = U(1) x U(1) x U(1) on the p; are irreducible, so any invariant metric
on [Fq o is of the form g, s = rhy + shy + ths for r,s,t > 0 where h; are invariant metrics on the p;
identified with the standard ones on C. There is also an obvious invariant almost complex structure on m
through the identification with C3 and this restricts to an almost complex structure on each summand p;. Let
p;c = p;r @ p; be the resulting decomposition of the complexification.

There are the following brackets

[(’LL, Oa 0)7 (07 v, 0)] = (07 O> _%)a [(U, 07 O)a (07 07 ’U.J)] = (07 uw, 0)>
[(0,v,0),(0,0,w)] = (—vw,0,0),
and _
[(u,0,0), («,0,0)] = diag(—uu’ + vu/,ur/ — u'w,0) ete.

Together these give

el Cpds Ippa ] ={0}, [p, 5] C g,

[pi"-7p3—] = {0}, [Pfapﬂ = {0} ) [pi—vpl_] - h(c'
There are eight possible subspaces p? ® pgi &) pét half of which are obtained from the other by complex
conjugation. The brackets above show that three of these four, namely pf &) p;r Dps.p D p; & p;j and
pf Dpy, © p;’, are integrable — they represent the complex structures I, J;, K defined by the twistor
construction above. The remaining subspace m* = pf S5 ]32+ &3] p; is not integrable but satisfies (3.1) with

m~ =p; ®p, D Py, and so defines a 3-symmetric structure. It is easy to see that g, ; is naturally reductive
if and only if » = s = ¢, and we obtain a strictly nearly Kéahler structure on [Fy 5.
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Chapter 4

Six-Dimensional Nearly Kéahler Manifolds

Nearly Kéhler geometry in dimension six has a peculiar flavour due to connections with the seven dimen-
sional geometry associated to the exceptional Lie group Gao. The purpose of this section is to tease out
this connection which seems to be amongst the most interesting aspects of nearly Kihler geometry and a
significant motivation for its further study.

To make the transition from nearly Kdhler geometry in dimension six to the seven dimensional geometry of
G2 we require the notion of the Riemannian cone.

Definition 4.1. The cone (M, ¢') over a Riemannian manifold (M, g) is the product manifold M x R,
where R, = (0, c0), equipped with the metric ¢’ = dr? 4 r?m*g. Here, we have canonical projections
r: M — Ry = (0,00), 7 : M — M, and we make the canonical identification of T'(M x R, ) with
T TM @ r*TR,. We refer to M as the link of its cone.

We shall prove the following theorem about cones over nearly Kéhler manifolds.

Theorem 4.2. (M, g) is strictly nearly Kdhler if and only if there exists a constant y > 0 such that the cone
over (M, i~ 'g) has holonomy a subgroup of G.

Remark 4.3. Geometries defined on cones is an area that has received some attention in recent years. Ac-
cording to the holonomy theorem of Berger (e.g. chapter 3 of [Joy(00]), there are three special geometries
associated with irreducible non-symmetric Ricci flat metrics: SU(n) in dimension 2n, G2 in dimension
7 and Spin(7) in dimension 8. Riemannian cones with holonomy SU(n), i.e. Calabi-Yau cones, are well
understood: their (2n — 1)-dimensional links are Sasaki-Einstein manifolds. These are defined by a special
kind of contact geometry, and there are a great many examples and a consequently well-developed theory
(see e.g. the book [BGO8]). The link of a cone with Spin(7) holonomy is a nearly Go manifold, and these
also have been well studied (e.g. [FKMS97]).

The geometry of Go cones, i.e. nearly Kéhler geometry, remains largely a mystery. Nearly Kéhler manifolds
with a high degree of symmetry have been studied in some detail but all attempts to date have failed to
produce more than the four smooth compact examples presented above. This work is reviewed in later
chapters. Non-complete examples of strictly nearly Kihler six-manifolds are easy to produce: we present an
infinite family of these in section 4.5.

Theorem 4.2 is a local result, requiring a number of curvature identities for nearly Kéhler manifolds. This
argument is scattered over several papers by Gray [Gra69, Gra70, Gra76, Gra72] and appears not to have been
brought together elsewhere in the literature. A corollary of Theorem 4.2 will be the following important fact.

19



CHAPTER 4. SIX-DIMENSIONAL NEARLY KAHLER MANIFOLDS
Theorem 4.4. [f (M, g, J) is a strictly nearly Kdhler six-manifold then it is Einstein with positive scalar
curvature. In particular, if (M, g) is complete then it is compact and w1 (M) is finite.

The second statement of the theorem uses the Theorem of Bonnet-Myers. We shall see that the Einstein
constant is proportional to the scale factor introduced in the statement of Theorem 4.2.

The objective in section 4.1 is to elaborate the meaning of the inclusion Hol(g) C Gg and prove the following
global result using Theorem 4.2. Our work on group actions in section 5 depends fundamentally on this
theorem.

Theorem 4.5. Let (M, g) be a complete oriented Riemannian six-manifold not isometric to a round sphere.
Then there is at most one almost complex structure J on M inducing the correct orientation and such that
(g,J) is strictly nearly Kdihler.

Remark 4.6. This is a genuinely global result. In section 4.5, non-complete examples of six-manifolds
(M, g) are produced that violate the conclusion of Theorem 4.5.
4.1 Gy Geometry and G, Cones

We commence this section by recalling some basic geometry associated to the Lie group Gs. General
references for this section are [SW10] and [Bryl2]. Gy was defined in section 1.1.1 as Aut(Q), the
automorphism group of the non-associative algebra of octonions, but there are two closely related, and for
our purposes more useful, equivalent definitions of this group. The first involves the notion of cross product
introduced in section 1.1.1.

Definition 4.7. Let V' be a seven dimensional inner product space. A cross product on V is a linear map
x : V ®V — V such that for all v, w € V the following identities hold

vXw=—-wxv, gvxww)=0,

o x wl* = [u*w]* - (v, w)*.
Given such choices, one can define a multiplication on R & V' by
(s,v) - (t,w) =st+ sw+tv+ (v,w)+vXw, v,w eV,

and it is straightforward to see that this makes R & V' into a normed division algebra. The resulting algebra
must be isomorphic to O, with V' corresponding to the subspace of imaginary octonions, and it can be shown
that the group of automorphisms of O is precisely the group of g € GL(V') preserving the cross product,

g(v) x g(w) = g(v x w), Vo,w € V.
Consider now the trilinear form on V' defined by

oo(u,v,w) = (u,v X w), u,v,w € V. 4.1)

It is not difficult to see that this is, in fact, an alternating form. We call it the standard Go structure. If one
adopts the convention for octonionic multiplication of [Joy00], then setting V = R we have

b = 012 4 o145 | G167 4 ;246 _ (25T _ 347 _ 356 42)
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4.1. Go GEOMETRY AND G9 CONES

where 0% = o' A 07 A 0% and {07}7_, is the basis of 1-forms dual to the standard orthonormal basis of
R7. The interesting fact about ¢y is that it determines both the metric and orientationvol on R”, these being
related by the formula

(vigo) A (wigp) A o = é(v, w)vol, v,w € R".

We see then that the cross product can be recovered from ¢ and the stabiliser of ¢ in GL(V') is again
Go. The Euclidean metric is not uniquely determined by ¢¢: for any g € SO(7) the 3-form g* ¢ preserves
the previous formula and is of the same type as ¢, in that it is determined by (4.1) for an isomorphic copy of Q.

Of further interest, it is elementary that the GL(V')-orbit of ¢y is open, for dim Gy = 14 and
dim A*V* = 35 = dim GL(V) — dim Go.

In fact, ¢¢ is almost uniquely determined by this property: if ¢ is a 3-form on V' with open GL(7)-orbit and
compact stabiliser, then ¢ belongs to the GL(7)-orbit of ¢g. This property of ¢y is referred to as stability
(see [HitO1] for a discussion of this phenomenon). We shall see a manifestation of stability in dimension six
in section 4.4. Any element in the GL(7)-orbit of ¢y is referred to as a Gy structure.

The geometry described so far provides the local model for the theory of Gy holonomy.

Definition 4.8. Let (M, g) be a Riemannian 7-manifold. A cross product on M is a bundle map x :
TM ® TM — TM such that for all X,Y € X (M) the following identities hold

XxY=-YxX, 4.3)
g(XxY, Y) =0, 4.4)
X x Y= |XPIY]? - g(X,Y)% (4.5)

A Gy structure ¢ on M is a 3-form such that ¢, is a stable 3-form on 7, M for every p in M; as described
above ¢ induces a metric g, on M. These two notions are equivalent, being related by formula (4.1).

As for almost complex structures (section 1), there is a classification of Gy structures ¢ due to Fernandez
and Gray (Theorem 5.2, [FG82]) according to the symmetries of the torsion V. The simplest case is the
vanishing of this tensor.

Definition 4.9. A G structure g is said to be torsion-free if ¢ is g,-parallel, equivalently if Hol(g,) C Go.

An important corollary of the classification of Fernandez and Gray is that the vanishing V¢ = 0 is equivalent
to the equations dp = d*p = 0. An elementary consequence of the inclusion Hol(g) C Gg is that g is Ricci
flat (Proposition 7, [Bon66]). Both of these facts will be used below.

Sufficient preliminary material is now in place to return to our main line of inquiry. Denoting by¢ the radial
vector field % on a cone, we have the following proposition, one half of Theorem 4.2.

Proposition 4.10. If (M, g) is a Riemannian manifold such that the cone (M', g') possesses a parallel
cross product X, then the expression

JX =tx X, X eT(x*TM)

defines a strictly nearly Kdhler structure on (M, g). Moreover, (M, g) is Einstein with constant scalar
curvature 30.
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Proof. By (4.4), for every X € I'(n*T'M) JX is orthogonal to £ and so defines a vector field on M. From
this formula we also see that g(J X, X) = 0, and, polarising this, g(JX,Y) = —g(X, JY). Equation (4.5)
implies | J X |? = | X|?, polarisation of which gives g(JX, JY) = g(X,Y"). These latter two formulae imply
J? = —1Id, so J indeed defines an orthogonal almost complex structure on (M, g).

Let now V'’ be the Levi-Civita connection of ¢’. This is given by the formulae (e.g. Lemma 1.1 of [Gal79])

Véfzo, ’X§:V'£X:%X, Y =VxY —rg(X,Y)E X,Y e [(n*TM). (4.6)

Using these, (4.3) and (4.4), and the assumption that x is V’-parallel we compute

(Vx )X = Vx(JX) - J(VxX),
= V(€ x X) +rg(§ x X, X){ — € x VxX,
=Vie x X +¢Ex VX — € x VxX,

1
= ;X XX +EXVxX —rg(X,X)ExE&—Ex VxX,
=0.
The curvature tensor of ¢’ is given by the formulae (Lemma 1.2, [Gal79])

R(X,Y)Z = R(X,Y)Z — (g(Y, 2)X — g(X, Z)Y). @43)

Here W € X(M'), X,Y € I'(m*T'M) and R is the curvature tensor of g. But Hol(¢') C Gy implies that ¢’
is Ricci-flat (Definition 4.8). It is then easy to see from the curvature formulae above that g is Einstein with
Einstein constant 5 and so scal, = 30. O

We conclude this section by proving the corollary to Theorem 4.2 quoted above.

Theorem. Let (M, g) be a complete oriented Riemannian 6-manifold not isometric to a round sphere. Then
there is at most one almost complex structure J on M inducing the correct orientation and such that (g, J) is
strictly nearly Kdhler.

Proof. Let (]\71 , g) denote the universal Riemannian covering space of (M, g). It is strictly nearly Kéhler,
so its cone, (M, §'), has holonomy a subgroup of G by Theorem 4.2. If it can be shown that (M, §') is
neither locally symmetric nor reducible then it will follow from Berger’s theorem that Hol(§') = Go. To
this end we require the following result (Proposition 3.1, [Gal79]), the proof of which can be found in the
Appendix to this work .

Lemma 4.11. Let (M™, g) be a complete Riemannian manifold. If the cone over (M, g) is reducible or
locally symmetric, then it is flat and (M, g) is locally isometric to the standard n-sphere.

Therefore, (M, ) is either isometric to a round six-sphere or Hol(§') = Go. But the only isometric
coverings S% — X are the double covering with X = RP® and the trivial one with X = S%. As RPS is
non-orientable, if Hol(g’) is a proper subgroup of G, then ()M, g) must be isometric to a round six-sphere.
This contradicts our hypotheses.

Suppose then that Hol(g") = G but there exist two almost complex structures Jy, Jo such that (M, g, J;) and
(M, g, Jo) are both strictly nearly Kéhler. This implies the existence of two parallel G2 structures ¢y, ¢ on
M’. But if Hol(g") = Gy, this is impossible unless ¢; = +¢-. Indeed, by a basic result in the representation
theory of G (Lemma 3.2, [FG82]), there is a unique 1-dimensional trivial subspace of A3(IR7)*, namely that

spanned by ¢g. It follows then that J; = +.Js. O
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We can also count the number of nearly Kéhler structures on the round sphere.

Proposition 4.12. Let (S, g.q) be a round six-sphere. Then the set of strictly nearly Kdihler structures on
S8 compatible with g.q and the standard orientation forms a manifold diffeomorphic to RP”.

Proof. By Theorem 4.2 there is a one-to-one correspondence between almost complex structures .J such
that (S, g,q,J) is strictly nearly Kihler and parallel Gy structures on the cone C(S%, g.q) = R\ {0}.
Parallel G5 structures on R are constant, so the question is how many constant Gy structures compatible
with the Euclidean metric are there? It is easy to see that the set of such is exactly the homogeneous space

SO(7)/Gy = RP”. O

4.2 Curvature Identities for Strictly Nearly Kihler Manifolds

In the previous section it was proven that for a six-manifold (M, g) to be strictly nearly Kéhler it sufficed that
the cone over (M, g) had holonomy a subgroup of Gs. To establish the necessity of this condition, we prove
in this section several curvature identities of Gray. These will be used to conclude the proof of Theorem 4.2 in
the next section and to show that strictly nearly Kédhler manifolds are Einstein with positive scalar curvature.
In this section we shall also be able to prove that any strictly nearly Kéhler six-manifold is of constant type.

Definition 4.13. If (M, g, J) is an almost Hermitian manifold, the associated Kihler form is the 2-form
defined by
w(X,Y)=9¢(X,JY), X,)Y € X(M).

Define also a trilinear form by
AUX,Y,Z2)=9(Y,(VxJ)Z), X,Y,Z € X(M).
For the mean time, no restriction is made on the dimension of M.
Lemma 4.14. An almost Hermitian manifold (M, g, J) is nearly Kdhler if and only if € is alternating.

Proof. For any vector field X, VxJ is a skew-orthogonal endomorphism by (4.10), and so Q(X,Y, Z) is
alternating in Y, Z. To prove the lemma it therefore suffices to show that €2 is alternating in X, Z, which
holds if and only if

g Y, (VxJ)Z)=—g(Y,(VzJ)X), VXY, Z € X(M).

As g is non-degenerate, we see that this is precisely the condition that (V xJ)Y be skew in X, Y. U

Recall the following formula from chapter 1

(Vx )Y = —J(VxJ)Y, 4.9)

valid for any X, Y € X' (M). Using these we prove the first in a sequence of curvature identities.
Lemma 4.15. If (M, g, J) is an almost Hermitian manifold, then the following identities hold

VVw(W,X,Y,Z) - VVW(X,W,Y,Z) = w(RwxY, Z) + w(Y, Rwx Z), (4.11)
(VxJ)Y|? = VVw(X, X,Y,JY), (4.12)

valid for any W, XY, Z € X(M).
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Proof. To prove these, compute first that

Vw(X,Y, Z) = X(w(Y, Z)) — w(VxY, Z) — (Y, Vx2)
— g(VxY, JZ) + g(Y,Vx(JZ)) — ¢(VxY, JZ) — g(Y, J(VxZ))
=g9(Y,(VxJ)Z)
— Q(X,Y, Z). 4.13)

The second derivative is then given by

VVw(W, X,Y,Z) = W(Vw(X,Y, 2)) — Vo(VwX,Y,Z) — Vu(X, VY, Z) — Vu(X,Y, Viy Z)
=9(VwY,(VxJ)2) + 9(Y,Vw((VxJ)Z2))) = g(Y, (VvyxJ)Z)
—9(VwY, (VxJ)Z) — g(Y,(VxJ)(Vw Z))
= g(Y, (vaxj - VVW)(J)Z).

Thus,
VVW(W, X,Y,Z) ~ VV(X,W,Y, Z) = g(Y, (Vw, Vx]J — Viw.x)))2)-

This gives (4.11) if we recall the formula for the curvature of V extended to End(7T'M).

To prove (4.12), observe that
g, (Vv J)JY) = —g(Vv )Y, JY) = g(J(VvJ)Y,Y) = —g((VvJ)JY,Y) = 0. (4.14)
Therefore,

VVw(X, X, Y, JY) = g(Y,Vx((VxJ)JY))) = g(Y, (VxJ)(Vx(JY))) = g(Y, (Vv xJ)JY)
= Xg(Y, (VxJ)JY) = g(VxY,(Vx J)JY) + g(Vx )Y, Vx(JY))
= —9(J(VxY),(VxJ)Y) + g((Vx J)Y, Vx (JY))
=g((VxJ)Y, (VxJ)Y). =

We proceed now to the case in which (g, J) is nearly Kéhler. By (4.13) and Lemma 4.14, Vw(X, Y, Z) is
skew in XY, so that VVw(W, X, Y, Z) is also skew in X, Y’; then from (4.11) we see that

(VxJ)Y | =VVw(X,X,Y,JY) = -VVuw(X,Y, X, JY)
= —VVw(X,Y,X,JY)+ VVuw(Y, X, X, JY)
= g(nyX,Y) — g(nyJX, JY)

We can prove by a polarisation argument the following more general result,

9(Vw )X, (VyJ)Z) = g(RwxY, Z) — g(Rwx JY, J Z). (4.15)
To see this, define elements of (A?T'M)* ® (A2TM)* by extending linearly the formulae
a(WAXYNZ)=g(Vw )X, (VyJ)2)), B(WAX,)YNZ)=g(RwxY,Z) — g(RwxJY, JZ).

These are actually both elements of S?((A2T'M)*) and so are determined by their values on the diagonal.
But

a(XAY,XAY) =|(VxJ)Y|* = g(RxyX,Y) — g(RxyJX,JY) = B(X ANY,X \Y),

so a = 3, as required. Using this last identity the following can be proved.
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Lemma 4.16. If (M, g, J) is a nearly Kdihler manifold, then the following identity holds

29(Y,(VVJ)(W, X, Z)) = 2VVw(W, X,Y, Z)
(Vw )X, J(VyJ)Z),

_X,(‘SS/,Z g
valid for any W, XY, Z € X(M). The symbol S denotes a cyclic summation.
Proof. To prove this, combine (4.11) and (4.15) to obtain

VVwW,X,Y,Z) = VVw(X, WY, Z) = —g(VwJ) X, J(VyJ)Z). (4.16)
As VVw(W, X,Y, Z) is skew in the last three arguments, using (4.16) we have

VVW(W,W,Y, Z) = ~VVw(W,Y,W, Z) = ~VVw(W,Y, W, Z) + VVu(Y,W,W, Z)
= —g(Vw )Y, J(VwJ)Z).

Polarising this equation gives
V(W X,Y, Z) + VVu(X,W,Y, Z) = —g(Vw )Y, J(VxJ)Z) + g(Vw])Z, ] (Vx J)Y).
Adding this to equation (4.16) proves the lemma. O

Recall now the definition of the Ricci endomorphism: for an arbitrary local orthonormal frame ey, . . ., es,, of
(M, g) this is defined by the trace

2n
g(RlCX, Y) = ZRXeiYei ; X>Y € X(M>

i=1
We define a second endomorphism by

2n
g(Ric* X, Y) = Z Rxe,gvie, » X, Y € X(M).
i=1

Using (4.15), the difference of these tensors is given by
2n

g((Ric — Ric") X, Y) = " g((VxJ)es, (VyJ)er). (4.17)
i=1

Using this and Lemma 4.16 we can prove the next identity.

Lemma 4.17. If (M, g, J) is a nearly Kdhler manifold, then the following identity holds

2¢(V(Ric — Ric*)(Z, X),Y)
= g((Ric — Ric*)J X, (VzJ)Y) + g((Ric — Ric*)JY, (VzJ)X). (4.18)

valid for any , X, Y, 7Z € X(M).
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Proof. Differentiating (4.17) and employing Lemma 4.16 we obtain

g(V(Ric—Ric")(Z, X), X),
2n

=2> g((VxJ)ei, (VVJ(Z, X, e:))

=1
2n
= > A9(V2)X, (Ve, )T (VxD)ei) + g(V2J)(Vx)es, (VxT) Jei)
i=1
+9((VzJ)ei, (V(ij)eiJ)JX)}

2n
==Y A9(Ve, NV D)X, T (Ve )X) + g(V2T)(VxT)ei, (Vx T) T e;)
i=1
+9((Vx ) (V2T )er, J(Vx)e)} (4.19)
Setting W = (VxJ)e; the second term in brackets becomes ¢((V,J)W, JW) and this is then seen to

vanish by (4.14). Furthermore, equations (4.3) and (4.4) show that the matrix A;; = g(J(VzJ)e;, €;) is
skew-symmetric,

Ay = —g9((VzJ)ei, Jej) = glei, (VzJ)Jej) = —glei, J(VzJ)ej) = —Aji,

and the third term in (4.19) is then seen to vanish for

2n
D 9(VxI)(Vz e, J(VxD)er) = > g(VxJ)Aijej, (VxJ)ei)
i=1 ]
= — Zg((VXJ)6j7 (VXJ)(A]’LGZ)
o
== g((VxJei, J(VxI)(Vz])e).
=1

Using (4.17), equation (4.19) becomes the identity
g(V(Ric — Ric*)(Z, X), X) = g((Ric — Ric*)J X, (VzJ)X).
Polarising this we arrive at the required identity. O

We now assume that (M, g, J) is six-dimensional and strictly nearly Kihler. Fix p € M and let £y, Es be
orthonormal vector fields defined near p such that Ey, JE, Fo, JFE5 form an orthonormal set. Define a unit
vector field E'3 and positive function p by

(Vg,J)Ey = uEs. (4.20)

It is straightforward to see that p cannot vanish if the nearly Kihler structure (g,.J) is strict. The set
& ={E\,JE\, Ey, JEy, E3, JE3} is therefore a local unitary frame. Using this one obtains the following
formula.

(Vx DY PP = 2 {|XPIYP - 9(X,Y)? - g(X,JY)*}, VXY € X(M).

The interesting fact is that y is a constant function: employing the terminology of the paper [Gra70], (g, J) is
said to be of constant type. We prove this using the identities derived above.
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Polarising (4.21) gives
9(Vx Y, (Vx)Z) = 1 {|XPg(Y, Z) - g(X,Y)g(X, Z) — g(X, JY)g(X, Z)} .

Substitute this into equation (4.17) to obtain

g((Ric — Ric") X 22{9 (X,Y) —g(ei, X)g(e;,, Y) —glei, JX)g(e;, JY)}
= {69(X7 V) —g(X,Y)—g(JX,JY)}
= 4% g(X,Y).
We see then that Ric — Ric* = 4u2Id. On the other hand, substituting this into (4.18) gives

This implies V(Ric — Ric*) = 0, and we conclude that 4 is constant.

4.3 Conclusion of the Proof of Theorem 4.2

It was shown in the previous section that on a strictly nearly Kihler manifold (M9, g,.J) there exists a
constant 4 such that

(VxJ)(YV)? = 12 {|XPIY]? - g(X,Y)? - g(X,JY)?} , VX,Y € X(M). 4.21)

1. we may assume 1 = 1. Define now a product on the cone M’ by the formulae

Rescaling g by a factor of p™
ExX=-XxE=JX,ExE=0, X xY =r(VxJ)Y —rg(X,JY)E

Using (4.21), it is immediate that this product satisfies equations (4.3), (4.4) and (4.5), and so defines a cross
product on (M’, ¢'). The induced Gq structure on M’ is defined by

o(X,Y,2)=¢(X,Y x Z), X,Y,Z € X(M).

We shall show that ¢ is closed and coclosed, so that, by the theorem of Fernandez and Gray quoted following
Definition 4.8, (M, ¢’) has holonomy contained in Go. But first compute for X,Y, Z € T'(7*T M)

P&, X)Y) =g (&r(Vx )Y —rPg(X,JY)E) = —r’w(X,Y),
o(X,Y,2) = ¢ (X,r(Vy)Z —r2g(Y, ] 2)¢) = —r*QX,Y, Z).

Thus
p= —r2dr Aw — 3. (4.22)

To compute the dual %’y of this 3-form on (M’ ¢), recall first that the Riemannian volume on (M, g) is

3iw?. As |w|?> = 3, we have then *w = Jw?. Returning to the unitary frame & defined by (4.20), we have
Q=c'ANd*’ AP —c' AP AP — B ANt A+ 02 Aot A GE, (4.23)

where o!, ..., 00 is the basis dual to &, so that J*¢ = ¢'*3 for i < 3. But as vol, = ol AGS, it s
immediate that *Q2 = J*(, where

JUX,Y, Z) =Q(JX,JY,JZ), X,Y,Z € X(TM).
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Orienting the cone M’ using the volume form rdrA %w?’, we arrive at
* o= —r4w22 +r3dr A JFQ.
We see then that dp = d ' ¢ = 0 if and only if the following equations hold
dw = 3Q, dJ*Q = —2w2.
Reinstating the original scale, these become
dw =30, dJ*Q = —2pw?.

It remains now to prove these. The first of these equations follows immediately from (4.13); the second
requires the identities proven in the previous section. Now,

dIQUW, X,Y, Z) = Sw.xyz0(W,X,Y, Z)VJ*QUW, X,Y, Z). (4.24)

Where o(W, X, Y, Z) =1,0(Z, W, X,Y) = —1 etc. As the tensor VJ*Q(W, XY, Z) is already skew in
X,Y, Z, the main quantity to compute is

BW, X, Y, Z)=VJQW,X,Y,Z) -V QUX, W)Y, Z).
Using (4.9) and (4.10) it is straightforward to show that
UWJIX,JY,JZ)=QX,Y,JZ).
Using this formula we then have

WQX,Y,JZ)) - UVwX,Y,JZ) - UX,VwY,JZ) - QUX,Y,JVwZ) — ...
=9(Vw(JZ),(VxJ)Y) +9(JZ,Vw((VxJ])Y))
—9(JZ,(Voux))Y) —g9(JZ,(VxJ)(VwY)) = g(JVwZ,(VxJ)Y) — ...
=9(JZ,([Vw,Vx]J = Viw x)/)Y)
+9(VwJ)Z,(VxJ)Y) = g(VxJ)Z,(VwJ)Y)
— g(JRwxY,JZ) — g(Rwx JY, JZ)
+9(VwJ)Z,(VxJ)Y) = g(VxJ)Z,(VwJ)Y)
=g9(Vw )X, (Vy)Z) + g(Vw ) Z,(VxJ)Y) = g(VxJ)Z, (Vw J)Y). (4.25)

We compute the components of 3 with reference to the framing £ = {E;, JE;}i=1 2,3 defined above. We
see from (4.25) that, in the first instance, only components of the form 5(E;, E;, JE, JE;), i,j,k < 3
can possibly be non-vanishing — certainly an index must appear twice and it is easy to see that if only one
or if three Js appear then each term in (4.25) vanishes. Further inspection shows that the only non-zero
components amongst these are 5(F;, ), JE;, JE;) = 1. We have then that

1
B=> EiANE;ANJE; NJE; = _sz_
1<J

Adding these up according to (4.24) gives dJ*Q) = —4 - %wQ as required. This concludes the proof of
Theorem 4.2. Proposition 4.10 then shows that g is Einstein with scalar curvature 30x > 0, and we have also
proven Theorem 4.4.
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4.4 Half-flat SU(3) Structures

In the previous section it was shown that on a six-manifold M a strictly nearly Kéhler structure (g, J) with
scalar curvature 30 > 0 is equivalent to a pair (w,2), consisting of a 2- and a 3-form, satisfying the
equations

dw =30, dJ*Q = —2uw?, (4.26)
and such that the expression (4.22) defines a G structure ¢ on the cone over (M, g). In fact, we see that

W= (5'—90)|{'r:1}) 0= @‘{r:l}a

so the pair (w, §2) can be considered as being induced by M sitting as a hypersurface in the torsion-free Go
manifold (M’, o). In this section we briefly explore the special geometry of hypersurfaces in Gy manifolds.
For this some algebraic preparation is necessary, much of it lifted from [HitO1].

Definition 4.18. Let eq, ..., eg be the standard orthonormal basis of V' = RS and let J be the standard
complex structure,
Jei = €i+3, 1= 1,2,3.

Denoting by {o?} the basis of V* dual to {e;} and setting dz* = 0% + /—10""3 € (V @ C)*, the standard
SU(3) structure, (wo, ), on V is defined by
3
V-1 . 4
wo = 7Zdz’Ad21 =o' Aot + 02 N0° + 03 Ao,
2 4
Qo =Redz' Nd22Ad22 =0 ANa?ANo® = ANa® Aab — a3 Aot Ad® + 0% Aot A S,

An SU(3) structure on V' is an element of the GL(6)-orbit of the standard SU(3) structure.

Setting Ug = dz' A dz? A dz3, the following are easily verified
* 3 2 *
woAQy =0, Im¥y=J"ReVYy, w =§Qo/\J Qp.

The stabiliser in GL(6) of wp is Sp(3) and the stabiliser of €2 is SL(3, C). The intersections of these groups,
i.e. the stabiliser of the pair (wp, o), is well known to be SU(3). In fact, we have the following result
(Proposition 12, [Bry06]). The final condition is only necessary to fix the scale of ).

Proposition 4.19. A pair (w, Q) € A2V* @ A3V* lies in the same GL(6)-orbit as (wo, Qo) if and only if the
following hold:
(i) w is non-degenerate, w3 # 0;
(i) Q is w-primitive, w A 2 = 0;
(iii) The stabiliser in GL(6) of (w, Q) is compact;
(iv) The normalisation w> = %Q A J*€ holds.

It is elementary that any non-degenerate 2-form has an openGL(6)-orbit. The orbit of 2y is also open since
dim A*V* = 20 = dim GL(6) — dim SL(3, C).

As in dimension seven for 3-forms, there is therefore a notion of stability for 2- and 3-forms in dimension six.
The stability of 3-forms is captured by the following algebraic construction.
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Definition 4.20. Fix an orientation 77 on V. The wedge product defines amap A : A°V* — Hom(V*, ASV*),
where

AW) () = Aa, p € NV* a € V*.
This gives amap A : ASV* — V @ ASV*. For every 6 € A3V* we then define Sy € End(V) by
Sp(v) @n=A((vLd)NO), veV.

It can be shown that there exists a degree 4 irreducible SL(V/)-invariant polynomial map P : A3V* — R
such that
S3(v)=P@)v,VYveV.

There are precisely two disjoint open GL(6)-orbits in A3V*, the components of P~1(IR \ {0}). The forms 6
of interest to us are those which have P(#) < 0, for these define a complex structure Jg on V' by

Jo(v) = T(@SQ(U)’ veV.

For ease of reference we call such forms stable and ignore the other orbit, where the stabiliser is SL(3,R) x
SL(3,R).

It turns out that Jo, = J. If () is a stable 3-form then for any u, v, w € V we have
JoUu, v, w) = Q(Jqu, v, w). (4.27)

Thus, with respect to the decomposition of complex forms A(p’q)(V* ® C) defined by Jg, the following
complex 3-form has bidegree (3, 0),

U = Q+iJ50. (4.28)

Moreover, if 6 is a stable 3-form on V' and w is a 2-form, the equation w A # = 0 is equivalent to the condition
that w be Jy-invariant,

w(Jpv, Jpw) = w(v,w), v,w € V.

For arbitrary () a stable 3-form and a stable (i.e. non-degenerate) 2-form w satisfying w A 2 = 0, the
Jo-invariant non-degenerate bilinear form defined by

gw7Q(U,UJ) = (.U(JQ’U,U})’ v,w € V7

will be have a definite signature or signature (p, p) for p € N. An SU(3) structure is therefore equivalent to a
stable pair (w, 2) such that g,  is a positive form.

The generalisation of the above geometry to manifolds is straightforward.

Definition 4.21. On a six-dimensional manifold M, a pair (w, Q) € Q?(M) @ Q3(M) is called an SU(3)
structure if (wp, ;) is an SU(3) structure on T, M for every p € M.

Given a strictly nearly Kéhler structure (g, J) on a six-manifold M, our work in previous sections shows that
the pair (w, 2) defined by

w(X,Y) =g(X,JY), UX,Y, Z) = g(Y,(VxJ)Z), X,Y,Z € X(M), (4.29)
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is an SU(3) structure. However, it should be noted that the normalisation of Proposition (4.19) (iv) is not
satisfied by the pair (w, €2) as defined here. This is somewhat in defiance of standard conventions, but makes
no material difference.

Using the above facts we can thus provide the following description of nearly Kihler geometry. Note that the
condition w A ) = 0 follows automatically from (4.30) and so is not included as a hypothesis.

Theorem 4.22. Let M be a six-manifold and suppose (w, Q) € Q*(M) @ Q3(M) are such that:
(i) S is stable and the tensor g, o on M defined by

9o0(X,Y) = w(JoX,Y), X,Y € X(M)

is a Riemannian metric;
(ii) There exists a > 0 so that

dw =30, dJ5Q = —2pw? (4.30)

Then (gw,0, Ja) is a strict nearly Kdihler structure on M with scalar curvature 30p. Conversely, given a
strict nearly Kdhler structure (g, J) on a six-manifold M, the induced pair defined by (4.29) satisfies (i) and
(ii) with p = 3—10scalg, and Jo = J.

An important corollary of this formulation of strictly nearly Kdhler geometry is the following non-existence
result.

Lemma 4.23. If (M, g, J) is a strictly nearly Kdahler six-manifold, then there are no almost complex surfaces
in M.

Proof. Suppose that there exists an almost complex surface N in M. Forp € N, let X, JX Y, JY and
Z,JZ be local unitary framings of, respectively, TN and the normal bundle of [V near p. Then it easy to see
from (4.23) that Q|IN = 0, which, from the second equation of (4.30), implies w?|N = 0. However, since NV
is almost complex, w?|N is proportional to the metric volume form on N, a contradiction. 0

The relevance of Go geometry to this discussion may now be revealed. Recall from section 1.1.1 that the
stabiliser in G of a unit vector € V' is conjugate to SU(3). It follows that the pair

w = (l’|_¢0)|$1_, Q= ¢0’zl—a

is stabilised by SU(3). Furthermore, (w, ) is an SU(3) structure on the plane 2. Indeed, since Gy is
transitive on S% one can assume that 2 = e and from the explicit expression (4.1) we can see that

1
b0 =0 Awo + Qo, *xpg = fgwg + 0" A JEQo. 4.31)

Therefore, if IV is a seven-manifold and ¢ is a Go structure on N, any oriented hypersurface M in NV inherits
an SU(3) structure, (w17, 2 11)-

Proposition 4.24. If © a torsion-free Go structure on a seven manifold N, then for any oriented hypersurface
M in N
WM N dwy v =0, dQ%M =0.

Proof. Recall that ¢ is parallel if and only if it is closed and coclosed. From (4.31) we then have

QY = d(plm) = (de)|u, dw? = =2d(xp|m) = =2(dxp) | mr- O
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This motivates the following.

Definition 4.25. An SU(3) structure (w,{2) on a six-manifold M is said to be half-flat if the following
equations hold
wAdw=0, d2=0.

The relevance of the term half-flat is explained on p. 12 of [CS02]. In the case that N is a hypersurface in a
torsion-free Gy manifold (M, ¢) and (w, Q) = (wy, §),), then one can show that half the components of the
second fundamental form 77 of N in M vanish. Intrinsically, a half-flat SU(3) structure (w, §2) is one for
which half of the components of the torsion of the SU(3) structure, a first order invariant of (w, {2), vanish
identically. The whole torsion vanishes if and only if the SU(3) structure is Calabi-Yau.

Equations (4.26) show that the SU(3) structure of a strictly nearly Kihler six-manifold is half-flat. Moreover,
any strictly nearly Kéhler manifold can be realised as a hypersurface in a torsion-free Go manifold simply

by passing to the cone. In general, however, not every half-flat SU(3) structure can be obtained in this way
(Theorem 5, [Bry12]). On the other hand, if the SU(3) structure is real analytic, then the inverse problem can
be solved uniquely (Theorem 4, [Bry06]). This result was originally stated as proven in [HitO1], but the proof
is erroneous, as the examples in [Bry06] show.

In section 5.1 we classify all homogeneous strictly nearly Kéhler six-manifolds. This requires classifying
the invariant strictly nearly Kihler structures on S x S3, and therefore falls into the larger classification of
half-flat SU(3) structures on this Lie group proven in [MS13]. Before this paper the classification of half-flat
SU(3) structures on an arbitrary six-dimensional Lie group was investigated in the PhD thesis [SH10].

4.5 Incomplete Nearly Kihler Six-Manifolds

We conclude this chapter by describing an infinite number of mildly singular strictly nearly Kéhler six-
manifolds. The basic ingredient for this is the notion of the sine cone.

Definition 4.26. The sine cone over a Riemannian manifold (M, g) is the manifold M x (0, 7) equipped
with the metric

d6? +sin? 0 g.
The sine cone over (M, g) is incomplete unless (M, g) is isometric to a round sphere. For general (M, g), its
sine cone is somewhat degenerate, in a neighbourhood of the singularities at § = 0, 7 approximating the cone
(M',g").
The following simple result immediately provides us with strictly nearly Kéhler six-manifolds.

Proposition 4.27. For any Riemannian manifold (M, g), the cone over its sine cone is isometric to the
Riemannian product (R x M',dt*> @ ¢').

Proof. The cone over the sine cone of (M, g) is the space M x (0, 7) x (0, 00) equipped with the metric
dr® +12(d6* +sin®0 g), 6 € (0,7), r € (0,0).
The product (R x M’ dt? @ ¢') has the metric
dt* + ds* + 5% g, s,t € (0,00).
The formulae
s=rsinf, t =rcosb, (4.32)

define an isometry between the two Riemannian manifolds under consideration. O
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For a Riemannian five-manifold (), g) then, the cone over its sine cone has holonomy contained in G
if and only if the cone over (M, g) has holonomy contained in SU(3), i.e. (M, g) is Sasaki-Einstein (see
Remark 4.3). The simplest example of a Sasaki-Einstein manifold is the round S°. There are two ways to
see this: first, the cone over (S°, g.q) is RS which has the standard Calabi-Yau structure; second (S°, g,q)
is the sine cone over (S%, g.q), which is strictly nearly Kéhler. There also exists a countably infinite family
of non-isometric Sasaki-Einstein metrics {gpq}p qen, o0 52 % 83 (Theorem 11.4.5, [BG08]). We have,
therefore, an infinite family of incomplete strictly nearly Kahler manifolds.

Remark 4.28. Notice that the transformation ¢ : # — 7 — @ is an isometry of the sine cone over (M, g) and

fixes the hypersurface {§ = 7}, identifiable with (M, g). Thus (M, g) can be realised as a totally geodesic

hypersurface in a strictly nearly Kihler six-manifold. In general, if N is an arbitrary strictly nearly Kéhler
six-manifold then any totally geodesic hypersurface carries an induced Sasaki-Einstein structure (Theorem
2.2, [FIMUO8]). The proof of this parallels the discussion of half-flat SU(3) structures given above.

We explore now the geometry of the examples of nearly Kéhler manifolds obtained by the foregoing
construction. In dimension five we can give a special description of Sasaki-Einstein metrics. We begin with a
definition.

Definition 4.29. Suppose (M, g) is a Sasaki-Einstein five-manifold, so that its cone is Calabi-Yau. Let (w, Q)
be the SU(3) structure on the cone over M determined by the Calabi-Yau structure (see [Joy00]). Identify M
with the hypersurface {r = 1} in M’ and set

n=(={w)m, w1 =w|M, wy = (E&Q)|m, w3 = (=€ Q)|
where 7 is the radial coordinate on M’ and £ = %. Thus
w=r%w; +ryp Adr, Q= 13wy A —12w3 Adr.

The following proposition is taken from the exposition of section 2 of [FIMUOS]. It is of interest as
a formulation of Sasaki-Einstein geometry independent of conical Calabi-Yau structures similar to the
description of nearly Kéhler geometry given in the previous section.

Proposition 4.30. The quadruple (n,w1,ws,ws) defines an SU(2) structure on M, that is there exists a
4-form v on M such that

wi Awj = v, v An #0, (4.33)

and
Xiw =Yiws = w3(X,Y)>0.

Moreover, the following differential relations are satisfied
dn = —2ws, dwy = 3n A we, dws = —3n A ws.

We can now describe explicitly the nearly Kihler SU(3) structure on the sine cone over (M, g). The formulae
are from Theorem 3.7 of [FIMUOS8]. Proposition 4.30 can be used to show that the SU(3) structure satisfies
equations (4.30).

Proposition 4.31. Let (M, g) be a Sasaki-Einstein five-manifold. Then for (n,w1,ws,ws) as above, the
following defines a strictly nearly Kdihler structure (w,2) on R x M

w = sin29(— sin @ ws + cosOwy) +sinf db A n, (4.34)
Q =sin®0n Awy +sin®60do A (cosOws —sinfwy) A db (4.35)

and induces the metric df* + sin® @ g.
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Proof. From the foregoing definition, the following defines a torsion-free Go structure on R x M’ inducing
the product metric,

© = dt A (52w + sp Ads) + (s3ws A — s2ws A ds). (4.36)

We use the same convention for coordinates as Proposition 4.27, with s is the radial coordinate on M, t the
cylindrical coordinate on R x M’. The isometry defined by (4.32) gives a conical torsion-free Go structure
of the form

¢ =ridr Aw+r3Q.

Applying this transformation explicitly to (4.36) gives the desired formulae for (w, €2). O

Observe that the isometry ¢ : § — 7 — 6 of the sine cone over (M, g) does not preserve the SU(3) structure
(4.34). Moreover, using (4.33) we obtain

w3 =sin®0dd AnAwv,

from which it is seen that ¢ preserves the orientation. There are therefore two distinct strictly nearly Kihler
structures on R x M inducing the same metric and orientation.

Moreover, if (M, g) is a homogeneous Sasaki-Einstein five-manifold with a compact group G acting transi-
tively (in which case (M, g) is a quotient of (S, grq) or (S x S3, g1.1), Corollary 11.1.14, [BG08]), then its
sine cone has a cohomogeneity one action by GG. The existence of strictly nearly Kéhler six-manifolds admit-
ting a cohomogeneity one group action and for which there exist isometries failing to induce an equivalence
of nearly Kéhler structures is of relevance to chapters 5 and 6. See in particular remark 6.16.
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Chapter 5

Nearly Kahler Six-Manifolds with
Symmetry

In previous chapters we described four strictly nearly Kihler six-manifolds, namely S¢, $3 x S3, CP? and
[F1,2. These were all 3-symmetric and, in particular, homogeneous. A natural first attempt to produce further
examples is to reduce the complexity of the PDEs (4.30) by introducing a high degree of symmetry. In
section 5.1 we study strictly nearly Kihler manifolds with a transitive action by a group preserving the nearly
Kihler structure, and, in section 5.2, by a cohomogeneity one Lie group action. In the homogeneous case the
problem is reduced to pure algebra; in the cohomogeneity one case, once one has determined the groups that
can act, the problem reduces to the analysis of a system of ordinary differential equations.

The homogeneous case is reviewed in full in section 5.1 and we present and prove a theorem of Butruille.
The original exposition of Butruille is the French paper [But05], but we follow the later English summary of
this article [But10]. The theorem (Theorem 2, [But05] or Theorem 1, [But10]) states that the four examples
of strictly nearly Kihler structures on S5, S3 x S3, CP3 and Ty 5 are the only homogeneous strictly nearly
Kihler six-manifolds. By the results quoted in the introduction, this in fact proves that a homogeneous strictly
nearly K#hler manifold of arbitrary dimension is 3-symmetric, an early conjecture of Gray (see Theorem 2
and the accompanying discussion in [But10]).

Section 5.2 reviews the work of Podesta and Spiro on simply connected compact strictly nearly Kihler
six-manifolds admitting group actions of cohomogeneity one preserving the nearly Kihler structure. In that
section we present the algebraic aspect of this problem taken from the first paper [PS10] of these authors,
determining the possible group diagrams and the equivariant diffeomorphism types of the resulting six-
manifolds. It turns out that only SU(3) and SU(2) x SU(2) can act in this way and the diffeomorphism types
are 5%, $3 x S and CP3. The SU(3) case is not very interesting, giving only the standard homogeneous
strictly nearly Kihler structure on S%; the SU(2) x SU(2) case is further examined in chapter 6 but is not
completely solved.

Before beginning this review, we establish the following important theorem (Proposition 3.1, [SNMO04]).

Theorem 5.1. Let (M, g, J) be a complete strictly nearly Kdhler six-manifold not isometric to a round
sphere. Then if o € Iso(M, g) is orientation preserving, « preserves J. In particular, if G C Iso(M, g) is a
connected Lie group then G preserves J.

Proof. Consider o*J. Since « preserves the metric it follows that (g, a*.J) is a strictly nearly Kihler
structure on M. But by Theorem (4.5), the pair (g, J) is unique amongst strictly nearly Kéhler structures
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compatible with g and inducing the orientation of .J. Since « is assumed orientation preserving, it follows
that a*J = J. O

Remark 5.2. The discussion in section 4.5 shows that completeness is a necessary hypothesis in this theorem.

5.1 Homogeneous Nearly Kihler Six-Manifolds

The goal of this section is to classify all homogeneous strictly nearly Kéhler manifolds of dimension six
(Theorem 2 [Butl10]). From the discussion in section 2.1, the hypothesis that M be simply connected
is not restrictive. Recall from Definition 2.11 that a canonical presentation G/H of a simply connected
homogeneous space consists of a connected, simply-connected semi-simple compact Lie group G = G X
-+ x Gy, where G; are simple factors, and a closed subgroup H such that no projection H — G; is onto.

Theorem 5.3. Let M be a six-dimensional connected, simply connected homogeneous space, and suppose
that G/ H is a canonical presentation of M. If there exists a G-invariant strictly nearly Kdihler structure on
M, then G, H and M must be as given in Table 5.1. The nearly Kdihler structure on M is, up to scaling, one
of the 3-symmetric structures described in section 3.2 or one of those on the six-sphere described in section
1.1.1. The subgroup T? C SU(3) is the standard maximal torus.

H G M

0 SU(2) x SU(2) 3 x S8
T2 SU(3) Fy 2
U(1) x SU(2) Sp(2) CcP3
SU(3) G S0

Table 5.1: Homogeneous strictly nearly Kédhler manifolds

Remark 5.4. If (G/H, g) is a homogeneous space not isometric to a round sphere, then by Theorem 5.1 any
almost complex structure J such that (g, .J) is strictly nearly Kihler is automatically G-invariant. In this case
the hypothesis that G preserve J is superfluous in Theorem 5.3.

The proof of Theorem 5.3 is separated into two parts:

(D It is shown that the smallest group G of isometries that can act transitively on a strictly nearly Kahler
manifold of dimension six is one of those listed in Table 5.1. The proof of this consists of the
observation that if G preserves a strictly nearly Kihler structure then it also preserves the SU(3)
structure it defines; this implies H C SU(3). Using then the fact that dim G — dim H = 6, the
classification of compact Lie groups given in Theorem 2.13 provides the list of groups that can
act: a number of these a priori possibilities are incompatible with the nearly Kihler assumption; the
remaining groups are those given in Table 5.1. This first part of the proof is completed by demonstrating
that the inclusions H C G are standard.

(IT) Tt is next proven that the strictly nearly Kihler structures on S®, % x S3, CP? and IF;  constructed in
previous sections are the unique G-invariant such structures for G = G, SU(2) x SU(2), Sp(2) and
SU(3), respectively. Notice that each of the three spaces S%, CP? and IF1,2 are partial flag manifolds
(see p. 10).

36



5.1. HOMOGENEOUS NEARLY KAHLER S1X-MANIFOLDS

This dichotomy between a classification of partial flags G/H and the case G/H = SU(2) x SU(2) is
reflected in the general theory of simply connected homogeneous Einstein six-manifolds [NRO3]. As in
the nearly Kéhler case, the general classification of partial flags is tractable — in the nearly Kihler case
this is accomplished relatively easily using Theorem 2.14 and the description of the invariant almost
complex structures on CP? and [F1,2 provided in section 3.2. On the other hand, the classification of
left-invariant Einstein metrics on M = SU(2) x SU(2) has not been resolved. This problem is soluble
but non-trivial in the nearly Kéhler situation.

5.1.1 Proof of Theorem 5.3: Part 1

Let (G/H,g,J) be a simply connected strictly nearly Kéhler six-manifold, where G/H is a canonical
presentation and G preserves (g, J). As in section 4.4, the nearly Kéhler structure defines an SU(3) structure
(w, ) on G/H. By supposition G preserves g and .J, and so fixes w and, recalling (4.30), the equation
dw = 3Q implies that G preserves () also. We see then that H acts on T,y G/H fixing (werr, Qerr), ie.
H C SU(3). This latter fact is the key observation. For the remainder of the proof, we make free use of the
classification of semi-simple Lie algebras in low dimensions, Theorem 2.13.

Being a compact Lie algebra of dimension at most eight then, b is a direct sum of factors isomorphic to su(3),
su(2) or u(1l). Asrank H < rank SU(3) = 2, h must be trivial or isomorphic to one of u(1), u(1) & u(1),
su(2), u(l) @ su(2), su(2)®su(2) or su(3). It is shown now that none of the cases h = u(1),su(2) or
su(2) & su(2) are possible.

(i) The case h = su(2) @ su(2) defines an embedding ¢ : su(2) @ su(2) — su(3). This gives two mutually
commuting three dimensional faithful representations pi, p2 of su(2). By Schur’s lemma, one of these
representations is irreducible and the other trivial or there is a trivial 1 dimensional subspace of the p;
and an invariant complement V; of dimension 2. In the first case there is a p; with a non-zero kernel, a
contradiction. In the second case, one of the V; must be irreducible and the other trivial or both must be
trivial. This again gives a p; with a non-zero kernel. There can therefore be no such embedding .

(ii) Suppose that h = su(2). As G is then nine dimensional, connected, simply connected and compact,
we must have G = SU(2) & SU(2) & SU(2). Let by, b2, b3 be the projections of h to each of the three
su(2) factors in g. Since G/ H is a canonical presentation of M, the h; have dimension at most two. But
as all Lie algebras of dimension at most two are abelian and h C §; & ha & b3 we obtain a contradiction.
Thus one of the h; equals su(2), and G/H cannot be canonical.

(iii) If h = u(1) then g has dimension seven. There is no compact semi-simple Lie group in this dimension.

We deduce the possible G in each of the remaining cases.

(iv) If h = {0} then G is a connected simply connected compact semi-simple Lie algebra of dimension six.
There is only one possibility, namely G = SU(2) x SU(2).

(v) If h = 2u(1) then G has dimension eight and can only be SU(3). Since H is then a maximal torus in G
it is conjugate to 7% and G/H = Fy 5.

The remaining two cases require a little further work.

(vi) If h = u(1) @ su(2) then G has dimension ten and so is isomorphic to Sp(2). We determine which
subalgebras of g isomorphic to f give rise to nearly Kéhler structures.

The isotropy representation m of fj is six dimensional and, by supposition, possesses an h-invariant
complex structure. The action by the subalgebra s1(2) of h must then be either the trivial representation
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of complex dimension three, the sum of the trivial one dimensional complex representation C and
the defining representation on C? or the irreducible representation of complex dimension three on
Sme((C2). The former case is not possible for an almost effective action. Schur’s lemma implies that

the complementary u(1) factor acts by multiplication on these su1(2)-irreducible summands, and so is
determined by an integer weight. For W one of the three foregoing irreducible representations of su(2),
write T, for the representation of u(1) on W given by multiplication with weight p € Z. Thus m is
equivalent to either C, & C2 or Sym*(C?),, for integers p, q.

If G/H is strictly nearly Kéhler then there exists an invariant complex 3-form ¥ given by (4.28), so
(ABOm)H is non-trivial. Supposing m = Sym?(C?),, then u(1) acts on A3m with weight 3p, and so
there are no H-invariant 3-forms unless p = 0, impossible if G acts almost effectively. If m = C, ® C?,
then A0 m decomposes as C, ® A2C2, which has invariant elements if and only if p = —2g. This
corresponds to the embedding

U(1) x Sp(1) — Sp(2); (2, ) — diag(z?, o),
all of which have the same image in G.

If h = su(3), then G is fourteen dimensional and so is isomorphic to Go or SU(3) x SU(2) x SU(2).
In the latter case, consider the projection of h to su(2) @ su(2): for dimensional reasons this has a
non-trivial kernel, and as § is simple this implies that this kernel equals . The kernel of the projection
h — su(3) must then be trivial. But this implies that h — su(3) is onto, contradicting the assumption
that G/ H is a canonical projection. Thus, G = Ga. As above, the isotropy representation of b is a
complex representation of complex dimension three. There are only two such representations of su(3),
namely the trivial representation and the defining representation on C3. Since the action is almost

effective we must be in the latter situation, in which case b is the standard su(3) subalgebra of go, and
G/H = S°.

This completes the proof of Part I.

5.1.2 Proof of Theorem 5.3: Part II

Proposition 5.5. The strictly nearly Kdhler structures on the spaces

S% = G2/SU(3) , CP? = Sp(2)/Sp(1) x U(1) and Fy, = U(3)/U(1) x U(1) x U(1)

are unique up to scale for the given homogeneous structure.

Proof. The S° case is simplest since the isotropy representation is irreducible. There is then, up to scale, a
unique invariant metric, the round metric, and, by Proposition 4.12, the almost complex structure must be one
of those described in section 1.1.1.

Now consider F1 o = SU(3)/T?2. The isotropy representation was described in section 3.2.3: there are

three irreducible summands, p;, i = 1,2, 3, giving, by Theorem 2.14, at most eight SU(3)-invariant almost
complex structures on [F1 . This number is realised by the complex structures of the three distinct Kihler

structures and that of the 3-symmetric strictly nearly Kihler structure described previously, together with

their respective opposites. There cannot, therefore, be any further invariant almost complex structures, in

particular there are no further invariant nearly Kéhler structures.

Similarly, from the description of the isotropy representation of CP* = Sp(2)/Sp(1) x U(1), the isotropy
representation has two irreducible invariant subspaces giving at most four invariant almost complex structures.
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This number is realised by the almost complex structures belonging to the standard Kihler structure and the
nearly Kihler structure of section 3.2.2 together with their opposites. Again, there cannot, therefore, be any
further invariant nearly Kéhler structures.

For both CP* and [F1 2, there is up to scale a unique metric for which the 3-symmetric structures are naturally
reductive and so the claimed uniqueness follows. O

Uniqueness of the left-invariant strictly nearly Kihler structure on S x S3 requires a more involved argument.
This algebraic calculation is carried out in [But10] pp. 10-13 and is essentially the new result of that paper.
To perform this calculation we adopt the SU(3) structure description of nearly Kihler geometry, Theorem
4.22. Given, then, a left-invariant 2-form w on S x S, we ask under what conditions does the pair (w, §dw)
define a strictly nearly Kéhler structure.

Let {0;}icz, and {7; };cz, be bases of left-invariant 1-forms on S® satisfying the Maurer-Cartan equations
do; = 0541 N Oiya, dT = Ti+ 1 A Tiq0, © € Zs3. 5.1

Trivialising A?(S3 x $3) by the frame {o; A 7;}; j, it is straightforward to show that any invariant 2-form
can be written in the form

g a; 0ip1 N o2 + E bi Tiv1 A Tig2 + g Cij 0; N Tj,
i€Ls i€Zs i,j€Z3

for some a;, b;, ¢;; € R. Let w be of this form and abbreviate A = (a;), B = (b;) € R, C = (c;;) € M3(R).

Lemma 5.6. If w is a left-invariant 2-form on S® x S3, then w is non-degenerate and w A dw = 0 if and
only if there are bases {o;}i € Z3,{7;}i € Z3 of left invariant 1-forms on S* and \1, A2, A3 € R so that

W=AMOLATL+A0o9g ATy + Ag0o3 A T3.
Proof. Given an arbitrary pair of bases {0 }icz,, {7i }iczy, compute

3
w’ = 3! Z aibjckl Oit1 N T2 NTjp1 N Tjpa N O AT
Z"j7k7l
+ Z CiiClICmn Oy NTj N Ok ATy N O A Th.

i7j7k7l7m7n

In the first sum, the only non-vanishing terms have £ = ¢ and [ = j. The sum is then the matrix product
(A'CB) vol, where vol = []; o; A 7;. The second sum evaluates to 3! det C vol, so w is non-degenerate if
and only if

A'CB +det C #0. (5.2)

Using (5.1), we have

dw = E Cij Oi+1 N Oip2 N Tj — E Cij i N Tj+1 N\ Tjy2.

% A
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Thus

wAdw = E aiCjk 0it1 N Oip2 N Oj N Tpg1 A Trgo
7:7j7k;

+ E biCjk Tit1 N Tiva AT AN Tj11 N Ojyo
1,3,k

+ E CijCll Oi N Oy 1 NOkaoa NTj AT
1,5,k

+ E CijCkl 03 N Ok N Tj N Tpp1 N Tiao.
1,5,k

The first two sums vanish if and only if A/‘C = CB = 0. In the third, the only non-zero summands have
k = i, and the whole sum then vanishes as c;;c;; is symmetric in k,[. Likewise for the fourth sum. If
A'C = OB = 0 then from (5.2) we must have det C' # 0 and A = B = 0. We diagonalise C' as follows. As
C € GL(R?) we may write C = S - O, for S symmetric and O € SO(3). Now let P € SO(3) diagonalise
S, S = P'DP for D = diag(\1, A2, A3) ; then C' = P*DPO. But (P, PO) € SO(3) x SO(3), so we can
act by an element of S3 x S3 to obtain C' = D, and the lemma now follows. O

We can now characterise when w defines an SU(3) structure.

Lemma 5.7. Ifw = ) . \; 0; A\ 7; is non-degenerate and satisfies w A dw = 0, then the 3-form Q:%dw is
stable if and only if

()\1 + Ay + )\3)()\1 + Ay — /\3)()\1 — Ao+ )\3)()\1 — Ay — )\3) < 0. (5.3)
The resulting bilinear form g, o is a positive definite metric if and only if
A1AoAg > 0.

Proof. Denoting by {o"};c7, and {7%};cz, the bases of vector fields dual to {o;} and {7;}, we have

) 1
o' = 3 (Ak42 Okl A Thp2 — M1 Okt A Tl 1 — AeTht A Thg2) -
Further calculation shows that

g(O'kLQ) ANQ = —2Ak+2Ak+1 VOIO— A Tk+1 VAN Tk+2

+ (Aigo + Af1 — AR) Okt1 A Ok Avolr,
where vol, = [, 04, vol. = [[, 7. Thus

I Q) AQA T = 0Ny + Aoy — A2) vol,
9(Ukl_Q) ANQANT = _26kl)\k+2)\k+1 vol,

so then
3Sa(c") = (A2 + Moy — AD) 0% — 20psodiyr 7"

A similar calculation shows that
3Sa(T%) = (N2 o+ May — AD) 7% — 2X\ 2\ o™

40



5.1. HOMOGENEOUS NEARLY KAHLER S1X-MANIFOLDS

Then

81S3(0") = {(Aiy2 + A1 = AD)® = @Aero A1)’} 0"
= (Ak + Nep1 T Absa — 280041 — 20080 — 2221 Af ) o

= (A + A2+ A3) (A + A2 — A3) (A1 — A2+ A3) (A1 — Ao — Az)o.

It is seen then that {2 is stable if and only if (5.3) holds. We now compute g, . The almost complex structure
defined by 2 is given by the expressions

Jg(ak) = oo’ + ﬁka, JQ(Tk) = —apT’ + ﬂkak, (5.4)
where

ar = KA = AMga — Aeg1)s Br = =26 M2 e,

5.5
K= [—()\1—1—)\2—1—)\3)()\14-)\2—)\3) ()\1—>\2+)\3)()\1—)\2—>\3)] . (5-5)

[

Now compute
Gua(0?,0%) = —6,10B), gual(t?, ™) = —6;NiBjs gua(o?, ) = 6,6 8;.

Thus g, ¢ 1s the direct sum of the three quadratic forms defined by the matrices

—/\jﬂj Ajaj > .
) - 1727 37
< Ajaj =i g

and so is positive definite if and only if
=AiBjs (NiB;)? = (Njay)? > 0.

The second expression equals )\? 2, and so is positive. The first expression is the second inequality of the
lemma. O

Lemma 5.8. Let w = ), \j 0; A 7; be non-degenerate, satisfy w A\ dw = 0 and be such that the 3-form
Q= %dw is stable. Then (w, Q) defines a strictly nearly Kdihler structure on S x S if and only if there is a
> 0 such that

1
iy = —guﬁ?ﬂi, (5.6)

where «;, 3; and k are given in (5.5).

Proof. From equation (4.27) it follows that
_3JS*ZQ = Z i {J*Ui_;,_l NOiga ATy + 0441 N J*O'Z‘+2 N T + 0i41 N Oiq2 A Jr;

(2

—J 0 ANTig1 AN Tigo — 0 N T Tig1 A Tivo — 03 A Tiv1 A J*Ti+2} ,

= Z i {—=Bi(voly + voly) + (aiy1 + ip2 — ) (i1 A Oigo ATy + 04 A Tig1 A Tigo)
i
+Biv1(0ig2 A Ti A Tig1 — 05 A Oig1 A Tig2) + Biv2(0is1 A Tiga ATy — 03 A Tig1 A 0ig2)} .
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The first term is obviously closed, while the third and fourth terms are exact. We have then
—3dJ§*ZQ =2 Z )\i(Oéi_g_l + Q42 — Oti) Oit1 N Ojg2 N\ Tig1 N\ Tig2
i
=-2 Z Xi0 041 A 02 A Tig1 A Tig2

1

:—2(>\OOZOO']_/\0'2/\7—1/\7'2—")\10{]_0'2/\0'0/\7'2/\7'0"‘)\2&20’0/\0’]_/\'TO/\T]_).

But
w? = Z)\iAjai Naj N1y NTj,
i’j
:2()\0)\10‘0/\0’1/\7’0/\7’1—I—)\o)\QO'()/\0'2/\7'0/\7'2—|—)\1/\201/\02/\7'1/\7'2).
Comparing coefficients gives (5.6). O

We can now prove the required uniqueness for nearly Kihler structures on S3 x S (Proposition 2.5, [But10]).

Proposition 5.9. Up to scaling and sign, there exists a unique left-invariant strictly nearly Kdihler structure
on S® x S3, namely that given in (3.2).

Proof. Define ¢ = —%pAi oAz and A = A? + A + A\3. Then (5.6) is the statement that each A? solves the
quadratic equation

222 — Az —c=0. (5.7)

This possesses at most two solutions, so A3 = A2, say, and we suppose that \? # A3. The sum of the roots is

then equal to half the coefficient of the linear term in (5.7), i.e. A + A3 = LA. But A = A2 4+ 2A3, 50 A = 0.

This contradicts the second inequality of Lemma 5.7. Thus A\? = A3 = 3. Since A\;\2A3 > 0, the A\; must
coincide or two coincide and the third differs by a sign. Any of the latter solutions can be transformed into
one with A\; = Ao = A\3: if \{ = Ay = —\3 < 0, say, then acting on one factor of S3 x S? by

S O =

0 0
0 1 | €SO(3)
-1 0

has the desired effect. It is easy to see that the strictly nearly Kéhler structure (3.2) has Ay = A2 = A3, and so
the theorem is proven. O

5.2 Nearly Kiihler Six-Manifolds of Cohomogeneity One

In this section we consider strictly nearly Kdhler six-manifolds admitting a cohomogeneity one action by a
connected compact Lie group G, classifying the G that can act and fixing the diffeomorphism type of the
underlying manifolds. The main result of this section is Theorem 1.1 of [PS10].

For M a compact strictly nearly Kihler six-manifold with a G-action, 71 (M) is finite by Theorem 4.4, and
so by Theorem 2.4 the G-action may be lifted to an action by a compact group on the compact universal
covering space of M. The action on the latter space is evidently of cohomogeneity one, so there is therefore
no loss of generality in the assumption that M be simply connected. We now state the theorem.
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Theorem 5.10. Let G O K1, Ko D H be the group diagram of a cohomogeneity one almost effective group
action preserving the nearly Kdihler structure of a compact connected simply connected strictly nearly Kdihler
six-manifold (M, g, J). Then (g,4, 1, ¢2) and the G-diffeomorphism type of M are contained in Table 5.2.
The quadruple (G, H, K1, K3) consists of connected groups and G may be assumed simply connected. The
G-actions in column five are those described below and A denotes the diagonal map of a standard inclusion.

g h 3l 1) M

su(3) su(2) su(3) su(3) S6

su(2) @su(2) || A(u(l)) A(su(2)) su(2) e u(l) S6

su(2) ®su(2) || A(u(1)) || su(2) e u(l) || u(l) @ su(2) CP3
su(2) @ su(2) || Adu(l)) A(s5u(2)) A(su(2)) 53 x 83

Table 5.2: Group diagrams of nearly Kéhler six-manifolds

Remark 5.11. If SU(3) acts with cohomogeneity one on a compact strictly nearly Kihler six-manifold
(M, g), then it is shown in Theorem 1.2, [PS10] that (M, g) has constant sectional curvature. But as the
isotropy representation on the principal orbit SU(3)/SU(2) = S° is irreducible we see that in a neighbour-
hood of a given principal orbit ¢ = dt> + f(t)g.q for some positive function f. Thus if g is complete
f = sin? Xt for some A > 0 and the metric is round. The more interesting situation is therefore when
SU(2) x SU(2) acts with cohomogeneity one. This is further explored in chapter 6.

The proof of Theorem 5.10 is separated into three parts:

(I) We prove that the pairs of Lie algebras (g, h) that can arise are (su(2)®su(2),u(1)) and (su(3), su(2)),
and the inclusions h C g are determined. We use the facts that G preserves (g, J) and that 71 (M) is
trivial together with Lemma 4.23;

(I) Using Table 2.1, we compute the singular isotropy groups compatible with the above (g, b);

(IT) Finally, we show that any admissible quadruple (G, H, K1, K3) consists of connected groups and
show that the topology of the resulting cohomogeneity one (G-spaces is unique up to G-equivalence.

Before commencing the proof, we describe cohomogeneity one group actions on S¢, 3 x $3 and CP?
preserving their unique homogeneous nearly Kihler structures. The groups that act are all subgroups of the
relevant transitive groups given earlier.

5.2.1 S° as a Space of Cohomogeneity One

The round S° stands out in having two distinct cohomogeneity one group actions. It was already seen that
(89, grq) is the homogeneous space Go/SU(3). Recall that the subgroup of Go fixing a unit vector z is
identified with SU(3) via the identification between C? and T},.S® defined by the almost complex structure .J,,
of section 1.1.1. This inclusion of SU(3) in G5 thus provides an action on S® preserving the nearly Kihler
structures of section 1.1.1.

If y € S is perpendicular to z, then the subgroup H, of SU(3) fixing y fixes J,y also and so is conjugate to
SU(2). The SU(3)-orbit through y is therefore the equatorial 5-sphere. On the other hand if y = +z, H,,
is the whole of SU(3). The six-sphere thus admits a cohomogeneity one action by SU(3), whose principal
orbits form a family of great spheres and whose singular orbits are the poles +x.
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The second action is by SU(2) x SU(2). Identifying SU(2) x SU(2) with pairs of unit quaternions (x,y),
define an action on (p, ¢) € O by

(#,y) - (p, @) = (xpT, yqT). (5.8)
It is straightforward to check that this action preserves octonionic multiplication and so induces an inclusion
into Go. In particular, we can restrict to an action of SU(2) x SU(2) on Im H & H.

Suppose then that (z,y) € SU(2) x SU(2) fixes (p,q) € ImH & H,

IPpT =p, YqT = q.

If p and ¢ are both non-zero, their SU(2) x SU(2)-orbit contains (¢, 1). Then z = y and x € U(1). Orbits
of such (p, q) therefore have cohomogeneity one, are diffeomorphic to S® x S2, and have isotropy group
conjugate to the diagonal in SU(2) x SU(2) of the subgroup U(1) C SU(2). If ¢ = 0, the orbit contains
(7,0) so x € U(1), but y is arbitrary. If p = 0, the orbit contains (0, 1) so that y = x with x arbitrary. The
two singular isotropy groups are, therefore, U(1) x SU(2) and A(SU(2)), giving singular orbits S? and S3,
respectively.

5.2.2 53 x S3 as a Space of Cohomogeneity One
Define an isometric action of (z,y) € SU(2) x SU(2) on (p,q) € S3 x S Cc H@ Hby

(z,9) - (p,q) = (zpZ,yqT).

The orbit of a point (p, ¢) contains (r, 1) for r € S3. If (x, y) stabilises (7, 1) then z = y. If r = £1 then z
is arbitrary, and the isotropy group here is conjugate to A(SU(2)). If r has non-trivial imaginary part s, then
r=a+ ﬁb where a, b are real and a? + b? = 1, so the isotropy group is conjugate to A(U(1)).

This action is therefore of cohomogeneity one, with principal orbit type S x S? and two singular orbits
diffeomorphic to S3.

5.2.3 CP? as a Space of Cohomogeneity One

The action by SU(2) x SU(2) on CP? is by the inclusion into Sp(2) corresponding to the splitting H? = H@H.
Recall the twistor fibration 7 : CP3 — HP!. The 2-spheres 7~ !([1: 0]) and 7~([0: 1]) are SU(2)xSU(2)-
orbits with isotropy groups U(1) x SU(2) and SU(2) x U(1), respectively. The isotropy of any complex
line [zp : 21 : 22 : 23] with both zp+ 21 7 and 29 + z3j non-trivial, however, is evidently conjugate to A(U(1)).

From these calculations it is seen that SU(2) x SU(2) acts with cohomogeneity one on CP3. The principal
orbit type is 5% x S? and the two singular orbits are 2-spheres.

5.2.4 Proof of Theorem 5.10: Part 1

As in the statement of Theorem 5.10, let G D K, K9 D H be the group diagram of (M, g, J). Fix a point
p € M* with isotropy group H. As in Proposition 2.22, we let £ be the unit geodesic vector field on M*.

As in the proof of Theorem 5.3, the isotropy representation on 7, M induces an inclusion ) C su(3). Further-
more, the G-orbit through p has codimension one, so i must fix a unit vector normal to G - p, say u € T, M.
As b also fixes J, b fixes Ju and so h C su(2). This limits b to be one of {0}, u(1) and su(2).

Using now dim g — dim h = 5, we obtain the following list.
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@

h = {0} and g is isomorphic to 5u(1) or su(2) & 2u(1);

(ii) b = u(1) and g is isomorphic to 6u(1), 3u(1) ® su(2) or 2su(2);
(iii) b = su(2) and g is isomorphic to 5u(1) @ su(2), 2u(1) & 2su(2) or su(3).

Almost all of these can be ruled out, as we now show.

(i) b={0}:

(a)

(b)

Suppose g = 5u(1) and let S be a singular orbit in M with isotropy group K. By Theorem 2.17,
K/H is a sphere, i.e. £ is isomorphic to u(1) or su(2). But K must be abelian since G is, so K = S*
and S is a 4-torus. The normal bundle of S is G x ¢ R?, where K acts on R? via the isomorphism
K = 80(2). As G is abelian, this bundle is nothing but the trivial bundle S x R2. Gluing two copies
of this along the boundaries of the respective unit disc bundles identifies M as S x S2, which has
infinite fundamental group.

Suppose g = 2u(1)@su(2). Let S; be a singular orbit with isotropy group K. By Theorem 2.17, ¢; is
either u(1) or su(2). Suppose that £; = su(2) so that S; has dimension two, and let Sy be the other
singular orbit of M. But then as S has codimension larger than two, we have 71 (M \S1)=m1(M)=1,
while M\ S retracts onto the second singular orbit Sy, so 71(S2) is trivial. Whichever the isotropy
group of the singular orbit Sa, this is not possible, so the ¢; are isomorphic to u(1).

Supposing now that €; is in the centre of g, if ¢; € S; and K; = H,, then T,,, S; = (T,,, M)*. The latter
space is J,,-invariant since £; commutes with J,, and also four dlmensmnal This contradicts Lemma
4.23. By conjugating in GG, we may therefore assume that both projections of the ¢; to the su(2) factor
in g coincide with the standard Cartan subalgebra [. Now consider Ng(H) N Ng(K1) N Ng(K2)

— its Lie algebra is abelian and contains . Let L be the connected subgroup of G generated by .

By Proposition 2.21, L defines a normal extension of the G-action to a cohomogeneity one group
action by G x G’ where G’ = L/(L N H). From the description of the group diagram given in
Proposition 2.21, the principal isotropy group has Lie algebra [ = u(1). We therefore reduce to the
case (g,h) = (3u(1)®su(2),u(1)) dealt with below.

(i) b = u(1):

45

(a)
(b)

If g = 6u(1), then H is an ideal in G and the action cannot be almost effective.

Suppose g = 3u(1)dsu(2), let S be a singular orbit and fix ¢ € S with isotropy group K. K acts
transitively on the unit sphere in a Euclidean space R™ with isotropy group H. Let H be the kernel of
the action on R", f] its Lie algebra: as h has dimension one, h =bhor h = {0}.

Suppose that 6 = bh. Then ¢/ 6 acts effectively with trivial isotropy group, so from Table 2.1 is
isomorphic to either u(1) or su(2). But h = b is an ideal, so if the latter case obtains then b is in the
centraliser of a copy of su(2) in g. This implies that b is in the centre of g, which is impossible if G
acts almost effectively.

It remains then that £/ = u(1). As b has a non-trivial projection to the su(2) factor in g (for else
lies in the centre and the action is not almost effective), we havet = ) & £y for a sub-algebra €, lying
in the centre of g. As £ is contained in the centre of g, we have 7,,S = (T, M)*. However, the space
(T, M)* is J,-invariant and four dimensional, contradicting Lemma 4.23.

We conclude that h = {0}. From Table 2.1, (&, §) is either (s0(3),50(2)) or (u(2),u(1)), and S is a
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torus of dimension two or three. However, as in (ib), codim S > 2 implies that 71 (S) = 1.
(iii) b = su(2):

We saw above that the isotropy representation of h on 7}, M decomposes as (u, J,u) & V where V' is a
two dimensional complex representation of h). From basic representation theory of su(2), V' must be
either trivial or the defining representation on C2. The former case corresponds to g = 5u(1) @ su(2)

or g = 2u(1) @ 2su(2) with b equal to an su(2) factor. Since b is then an ideal the action cannot be
almost effective. The case in which V' = C? corresponds to the isotropy representation of the standard
inclusion su(2) C su(3).

The list of pairs (g, b) is thus reduced to two possibilities, (s1(2) & su(2),u(1)) and (su(3),su(2)). In the
latter case, it has been shown that su(2) C su(3) is the standard inclusion. It remains to determine the
inclusion u(1) C su(2) @ su(2).

Lemma 5.12. Up to conjugation, the inclusion by C g is the diagonal of the standard Cartan sub-algebra.

Proof. Denote by (sus);, i = 1,2, the summands in g, and let p; : g — (su2);, ¢ = 1,2, be the orthogonal
projections. It is first shown that p;(h) # {0} fori =1, 2.

Suppose not, p2(h) = {0}, say, and consider the set N = (M*)?. N is evidently an almost complex
submanifold of M. Since H fixes &, & takes values in T'N; the remaining directions in N come from those
generated by the centraliser of h in g mod h. By assumption, this is precisely (stt2)2. Thus N has dimension
four, contradicting Lemma 4.23.

Thus, t = p1(h) @ p2(h) is a Cartan subalgebra in g containing f. Let a be the orthogonal complement of
in t and n; the orthogonal complement of p;(h) in (susz);, ¢ = 1,2. We claim that ) < g is equivalent to the
diagonal of the standard inclusion if and only if the n; are equivalent as representation of h.

To see this recall that by standard representation theory there are generators H; of p;(h), generators X;, Y; of
n; and integers p; such that

(Hi, Xi) =piYs, [Hi, Y] = —piX;, i =1,2.

b is the subspace spanned by (H1, H2), and the statement that the n; are equivalent as representations of b is
precisely the equality of the p;, for then the vector space isomorphism 6 sending X; to X» and Yj to Y5 com-
mutes with b. Extending this to g by  : H; + Ha, we obtain 6 € aut(g)* such that 6|p; (h) = pa(€). The
image of t under 1 @6 is then a Cartan sub-algebra of g in which b sits diagonally. Since aut(sus) = inn(sus),
1 @ 0 is inner.

It is proven now that if the n; are not equivalent then V.J = 0, contradicting the hypothesis that the nearly
Kihler structure is strict.

The 3-form € associated to the strictly nearly Kahler structure (g, .J) is H-invariant and so is a linear form
on the space of invariants (A3TpM ). To compute this space, first remark that as a [ -space we have

MM ={(a& (&) ® (A & A%} & {(m @ A%np) & (A% @ o)}
@(Cl S <€pv >) & (nl &® 112).

Both a and ¢, are trivial factors. As the n; are assumed non-equivalent, the final factor is irreducible. Being
one-dimensional the A2n; are trivial. In all we have then that

(NPT, M) = (a@ (&) ® (A*ng & A’ny),

(5.9
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and (2, is determined by the components €2,(&,, n;, n;) and €, (a, n;, n;).

Since J, € End(T),M) commutes with the K -action, our assumption on the n; and Schur’s lemma imply
that J|n; = n; and J|a = (§,). Let ~y be the integral curve of £ passing through p and choose a vector field v
along v such that v, € n;. Setting w = Jv, then w), € n;, and we have (extending v and w arbitrarily after
the first line)

Qp(&ps vpy wp) = g(Ve)v,w)p = g(Ve(Jv) = J(Vev), w)p = g(Vew, w)p — g(Vev, v)p
= 26 (5w w) ~ g(o,0),

=0.

But n; = (vp, wp), 80 Qp(&p, ni, ;) = 0. Since Jp|a = (€,) and J|n; = n;, the vanishing Q,(a,n;,n;) =0
follows from (4.27). For every p € M?*, therefore, 2, = 0 and thus (V.J), = 0. As M* is dense,
VvJ=0. ]

5.2.5 Proof of Theorem 5.10: Part 11

The above arguments have whittled down the possible pairs (g, h) to just the two cases (su(2)Psu(2), A(u(1)))
and (su(3),su(2)). Now let S be a singular orbit in M and fix ¢ € S with isotropy group K.

Suppose first that h=su(2). This is simple, so the ideal b is trivial or equal to su(2). In the former case the
action of £ on the unit sphere in the normal isotropy representation is effective with isotropy sub-algebra
su(2), so t=su(3) or s0(4) by Table 2.1. As established in (ii) of section 5.1.1, there is no inclusion of
50(4)=su(2)@su(2) into su(3), so we must have t=su(3).

If instead h=Hh, then €/h=su(2) or u(1). But then t=hcp for p a non-zero sub-algebra of £ commuting with
h. However, the only such commuting algebra in s1(3) is the trivial one, a contradiction. This gives the first
four columns of the first row of Table 5.2.

Consider next the case (g, £)=(su(2) & su(2), A(u(1))). Again, b is {0} or h. In the former case £ is
50(3)=su(2) or u(2)=u(1)®su(2). When h = b, we have £ = ) @ p for p a sub-algebra of £ commuting
with b and isomorphic to s1(2) or u(1). The latter cannot occur for as 7,S= (1, M )?, if p=u(1) then Sis a

complex surface, contradicting Lemma 4.23.

It remains to determine the second inclusion in the following sequence
u(l) C € C su(2) @ su(2), (5.10)

for £=su(2) or su(2)@u(1). The composition is the diagonal of the standard Cartan subalgebra u(1) C su(2).

If £=su(2) the first inclusion in (5.10) is of the standard torus. The representation of £ on the normal fibre
(T,S)* at q is equivalent to the adjoint action of su(2). Since £ commutes with .J, and this representation is
irreducible, we must have J,(7,,S)* = TS or J,(T,S)* = (T,S)*. Since (T,S)* has dimension three the
latter is not possible, so the isotropy representation of S = GG/ K is the adjoint representation. The second
inclusion in (5.10) may therefore be identified with the diagonal.

Suppose now that £ = su(2)®u(1). This algebra comes from the homogeneous space S = U(2)/U(1),
where U(1) is identified with the subgroup of matrices of the form diag(1, z) for z € U(1). The Lie algebra
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u(2) is the set of 2x2 skew-Hermitian matrices, and the splitting u(2)=su(2)®u(1) is given by identifying
su(2) with the subspace of trace-free elements and 1(1) with the span of diag(i, 7). The projection of the
inclusion ) C & to each factor is therefore the standard torus.

Now, as the representation of K on (7,5)? is irreducible and K preserves .J, we have JT,5 = T,S. As a
representation of complex dimension one, the restriction of the isotropy representation to su(2) C € must
therefore be trivial. It follows then that this factor coincides with one of those in g = su(2) & su(2), and the
u(1) factor lies in the complementary factor. Conjugating so that this u(1) is the standard Cartan subalgebra,
we complete the relevant parts of Table 5.2.

5.2.6 Proof of Theorem 5.10: Part II1

If G acts with cohomogeneity one on a nearly Kihler six-manifold (M, g, J) preserving (g, J), then we have
shown that g is su(2)®su(2) or su(3). In particular G is semi-simple, so 71 (G) is finite and the universal
covering group Gof Gis compact. Moreover, if 7 : G — @ is the universal covering then g €~é acts on
p € M by g-p=m(g)-p. Since the orbits of the G-action are identical to those of the G-action, G acts with
cohomogeneity one. We may therefore assume that G is simply connected, i.e. G=SU(3) or SU(2) x SU(2).

Lemma 5.13. For the (g, ¢, b1, h2) obtained above the groups H, K and Ky are connected.

Proof. Let S; be the singular orbit corresponding to K;. For all three possible algebras ¢;, S; has codimension
greater than two. As in (i)(b) above, this implies that the S; are simply connected. Having assumed G and
M to be connected .S; = G/ K; must be connected, so the long exact homotopy sequence then implies that
the K; are connected. Finally, as the spheres H; / K have dimension greater than 1, connectivity of the H;
implies that of K. O

Having reduced the possible quadruples (G, K, Hy, Hs) to those of the three examples S°, 3 x S and
CP3, it remains to show that up to equivalence there is a unique way to identify the disc bundles defined by
the quadruples (G, H, K1, K3). According to Theorem 2.20, all we need show is that the following double
quotient is trivial

No\N¢(H)/N1, (5.11)

where N; = Ng(H) N Ng(K;), and N¢ denotes the normaliser.
If (G, H) = (SU(3),SU(2)), then the normaliser of H equals H. Since the only singular isotropy group in
this case equals G, (5.11) is trivial as required. When (G, H) = (SU(2) x SU(2), A(U(1))), the normaliser

of H again equals H. The normaliser of each of the possible singular isotropy sub-algebras A(SU(2)) and
SU(2) @ U(1) is also trivial, so in all cases (5.11) is trivial.
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Chapter 6

The ODEs Defined by Strictly Nearly
Kihler Six-Manifolds of Cohomogeneity
One

In section 5.2 we completed the algebraic part of the classification of compact strictly nearly Kahler six-
manifolds admitting a cohomogeneity one action by a compact group G. To progress further in this problem
we derive and make a detailed study of the system of ODEs such an action defines when G = SU(2) x SU(2).
Our exposition follows closely that of [PS12] throughout.

We are not able to classify completely the solutions to the ODEs obtained. The best result so far obtained is
Theorem 6.15, which states that there exists a one-parameter family of mutually non-equivalent strictly nearly
Kihler structures on the tangent bundle 7'S® invariant under the cohomogeneity one action by G. Thus if M
is a six-manifold on which G acts with cohomogeneity one with a singular orbit S diffeomorphic to 53, then
there exists a one-parameter strictly nearly Kéhler structure in a neighbourhood of S. This family interpolates
between the two examples arising from neighbourhoods of the singular orbits of this type in S? x S3 and S°.

6.1 Cohomogeneity One Actions by SU(2) x SU(2)

Let (M, g, J) be a strictly nearly Kihler six-manifold and suppose that G = SU(2) x SU(2) acts with
cohomogeneity one preserving (g, J). The principal isotropy group of any point in the regular part M* of M
is conjugate in G to H = A(U(1)) (Lemma 5.12). For X € g we let X be the corresponding Killing vector
field on M. We make the following assumptions throughout this section.

(i) Fix p € M™ and let  be a unit speed geodesic through p meeting every orbit in M* orthogonally.
Denote t € I = (—a,a), a > 0, the arc-length parameter, and set £ = 4.

(i1) This section is only immediately concerned with what occurs away from any singular orbits. We shall
therefore abuse notation and write M = M* = I x G/H where p = {0} x H/H. Singular orbits
will be considered in the next section. In these coordinates g is of the form

dt* + Gt
for a family of G-invariant metrics {g; }¢c(q,p) On G/H. Also, { = % and
966 =19 X)=0, X eg. (6.1)
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(iii) We fix a basis H, F, V of su(2) having the following Lie brackets
1
[H,E]=V, [H V] =—-E, [E,V]:—iH. (6.2)

If we were to identify su(2) with Im H then the identifications

1 1 1
H=-i E=—j V=—IFk, 6.3
2 2¢? 22 ©3)

are consistent with these brackets. The normalisations are chosen such that ¥ and V' are unit vec-
tors with respect to the Killing form on su(2). The vector H spans the standard Cartan sub-algebra
of su(2) and we let n be the orthogonal complement of this sub-algebra with respect to the Killing form.

Define now a basis of g by

U:(H7H) ) Elz(EaO) ) VIZ(MO)’

A=(H,—H) , By=(0,E) , Vh=(0,V). 64

then ¢ is spanned by U. For i = 1, 2, we let su(2); be, respectively, the first and second factor in g and
n; the complement of the projection of € to su(2);, i.e. n; = (E;, V;). We thus obtain a trivialisation of
YT M

VTM = (& A, B, Vi, By, Vi ). (6.5)
The basis dual to this trivialisation we denote by dt, a, e1, v1, €2, v2, orienting M by
T=dtANaNeL Avi AegAvs.

We follow the same procedure as in the sequence of lemmas culminating in Proposition 5.9. We first determine
the spaces of G-invariant 2- and 3-forms.

Lemma 6.1. The space of G-invariant 2-forms on M is five dimensional, generated over C*°(I) by

wh, ..., w®, where

wl‘ry:dt/\(:h (,«)2|,y:€1/\’l)17 w3‘7:e2/\v27

i 50 (6.6)
Wy =erANex+uviAvay, wly=eAva—viAeg.

The space of G-invariant 3-forms on M is eight dimensional, generated over C*=(I) by V%, a = 1,2,
1 =2,3,4,5, where

YU, = dt AWy, v =a AWy, i =2,3,4,5. (6.7)

Proof. By G-invariance, it suffices to compute (v*A?T*M)%. As a representation of K the space y*T™* M
splits as
(dt) & (a) & (e1,v1) © (e2,v2).

We then get

YAPT*M = A*(eq,v1) ® A*(ea, v2) & ((dt) ® (a))
@ ((dt) ® (e1,v1)) ® ((dt) @ (e2,v2))
® ((a) ® (e1,v1)) ® ((a) ® (e2,v2))
@ ({e1,v1) ® (e, v2)).

o2y
o2y
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Since the n; are irreducible, none of the invariant subspaces in lines two and three can contain trivial subspaces.
The third subspace in the first line is evidently trivial, and it was shown in the proof of Lemma 5.12 that the
A2n; are also trivial. These three trivial subspaces give w'!, w? and w?.

Since the n; are equivalent as K -modules to n, we can make the following K -invariant decomposition
n ®@ng = An@ Sg(n) o&T

where S2(n) consists of symmetric trace-free elements of n?® and T consists of elements of pure trace, i.e.
those proportional to e ® e + v ® v. Both T and A®n are trivial, spanned by w* and w®, respectively. As
Sg (n) is two dimensional, were it to contain a trivial subspace it would be a trivial representation, and this
cannot happen for then n; ® ns must be trivial, which it is not. The possible trivial subspaces have therefore
been exhausted.

From equation 5.9 in the proof of Lemma 5.12, we know that

(AT = {(A,€) @ (A% @ M%)} & {(A,©) ® (@ 7)<} (638)
The lemma now follows from the computation of (n; ® ng)*. O
The following identities are easily proved

w:f :w?) = —2wyr Awsg, Wg ANwg =wyg Awg =ws Awy = ws Awg =0. (6.9)

Lemma 6.2. The derivatives of the w' are given as follows

dw' = (12 —13), dw? = dw? =0,
do = —20%,  duwd = 2924,

Proof. By the Cartan formula, if o is a G-invariant 1-form and X, Y are G-invariant vector fields then,
da(X,Y) =—a([X,Y]). (6.10)

We use this to compute the derivatives of a and the e;, v;. First,

— — 1.

(B4, VA) = [Br, Vi) = —5(7,0) = — 74,

and similarly [Es, Vo] = %A. It follows then that

1
da = Z(WQ —w?). (6.11)
It is clear that de; = a A v1 and dv; = —a A e1. On the other hand, des = —a A v2 and dvy = a A e, the
position of the minus signs being reversed since now [A, Fs] = —V5. We can now compute

1
dw' = —dt A da = _Zdt A (w? = w?),
and

dw? =dey Advy — ey Advy =aAvy Avy+e1 AaAep = 0.
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A similar calculation shows that dw® = 0. Next,
dw® = dey N e — e1 A desy + dvy A vy — v1 A dus
=a/NviNex+e NaNvy—aNeitNva—vi ANaey
= —2a A (eg ANvy —v1 Aeg)
= —2a Aw’.

The derivative of w® is obtained in the same manor. O

Lemma 6.3. The derivatives of the 1™ are given as follows
dpl? = dyp'3 =0, dyp™ =2dt NaAW®, dp'® = —2dt Aa Aw?,
dy?? = —%uﬂ AW, dy? = —iuﬁ AW, dyp* = dy®® = 0.

Proof. All of these are obvious from Lemma 6.2 except perhaps the closure of 124 and 4?°: use Lemma 6.2,
and equations (6.11) and (6.9) to obtain

1
dw24:da/\w4—a/\dw4:Z(wQ—w3)Aw4:O. O

Lemma 64 Ifw=> fiw' is an invariant 2-form on M, then, writing the invariant 3-form %dw as
> ai Paih™, we have

p22 = p23 = 0, p12=%(fé+%), plszé(fé—%)7
P4 = %4, P15 = %7 poa = 2f5, p2s = —3fa.
Proof. Using Lemma 6.2 we compute

dw = Z(fi’dt Aw' + fidw")

1
5 o
=D [+ AW =) - 2fi9% + 250,
i=2
from which the claimed formulae follow. O

Lemma 6.5. Suppose w = ), fiw' is an invariant 2-form on M and set Q) = %dw. Then §Q is a stable
3-form and g, o = w(-, Jo-) satisfies (6.1) if and only if the following conditions are satisfied
(i) f1 < 0 and there exists 0y € R such that

fa="Facosby, f5="fasinby, (6.12)
where f4 = \/f42 + f52,
i) 47— ({02 - (B+4) (5-4)} =0
i) (1) = (#+2) (5-4) >0
With respect to the basis (6.5), Jo = K & L where

0 fi
K—(;l 0)7

0 —p15P24 + P14D25 P13P25 —p13P24
[ _ h| Pisp2a—puapzs 0 P13P24 P13D25
i b12p25 Pb12P24 0 P15P24 — P14P25
—Pp12P24 P12P25 —Pp15P24 + P1ap2s 0

and where Q) = i Paith™, with the coefficients given by Lemma 6.4.
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Proof. Using (6.9) and the expressions for w?, w?) given in (6.9), we have

(SLQ) A = Zpu’wi A (pljdt + pgja) VAN wj,
,J
= 2p1ap13dt A w? A w? + pra(pradt + pasa)(Wh)? + prs(prsdt + pasa)(w®)
= (L) NQ

= 2{(p12p13 — P4 — P5)dt — (P1apoa + P15pas)a} Aw® Aw?.

2

This gives
Sa(€) = 2(p1ap24 + P15pas )€ + 2(p1ap1s — Pia — Pis) A.

Similarly,
Sa(A) = —2(p1ap24 + p15pas) A + 2(p34 + p35)E.

Supposing now that (2 is stable and (6.1) is satisfied, then g, o (Sq(§), £) = 0, which occurs if and only if
P14p24 + p15p2s = 0.

Using the formulae from the Lemma 6.4, this equation becomes
2 !/ !
§(f4f5 — [5.f4) =0.

Therefore, if f; # 0 the ratio f5/ f4 is constant; if f5 # 0, then f4/ f5 is constant. The expressions (6.12) for
f1 and f5 now follow.

Now,

S&(€) = 4(pr12p13 — pla — pis) (Poa + P35)E-
We recognise from this that

P(Q) = 4(p1ap13 — pis — Pis) (Doa + Dds)-

Thus, €2 is stable if and only if
pi2p13 — Py — pi5 < 0.
Using Lemma 6.4 and (6.12) this inequality is easily seen to provide condition (iii), and also the expression

for K.

The first condition in (6.1) is

2 2

P1a + Pis — P12P15

1=w(& Jaf) = _fl\/ Lot : (6.13)
P2y + P25

This gives f; < 0 and, using Lemma 6.4, also (ii).

It remains to compute the rest of Jg. As we do not require the explicit formula for L and the calculation is
rather tedious, we leave the details to the reader. O

53



CHAPTER 6. THE ODES DEFINED BY STRICTLY NEARLY KAHLER
SIX-MANIFOLDS OF COHOMOGENEITY ONE

Lemma 6.6. Suppose w = ), f;w? is an invariant 2-form on M, Q = %dw is a stable 3-form, w is
Jo-invariant and g,, o = w(-, Jq-) satisfies (6.1). Then, for u > 0, the equation

A5 = —2pw’
is equivalent to the following ODE system
[(f5 + ifl)fl]’ +12uf1fa =0, (6.14)
[(f3— ifl)fl]’ +12uf1fs =0, (6.15)
(Faf1) — 4;? +12uf1fs = 0, (6.16)
Filfs = F 5 )+ 48 fafs — 12) = . (6.17)

If this is satisfied then equation (ii) of Lemma 6.5 can be replaced with the following algebraic condition
satisfied for some ty € I,

fag— (- (5+2) (5-2)) )

Proof. Let us write J5§) = Zaiﬁm’@bai- By (4.27) and Lemma 6.5, for X,Y € g we have

= 0. (6.18)

t=to

JEQUA, X)Y) = QJqA, X,Y),
=> pifiw'(X,Y)

S0 po; = f1po;. Similarly, p; = —%pli. Using Lemma 6.3, we have
dIEQ =" (P dp* + (phy) dt A + pojdip™)
i

1,. .
= = (P22 + P2s) w? Aw?

+dt Aa A {(2p14 + Phs) w® + (Phy — P15) w? + Phow? + Phyw®} .
Now, as (w?)? = (w?)? = —2w? A w3, we have

5

w? = 2Zf1fi dt AaAw' + 2(fafs — fi)wQ AwS.
=1

The equation d.J5§) = —2p w? is therefore equivalent to the following system of ODE

Do = —4pf1f2,

15I23 = —4dufifs,

Doy — 2p15 = —4pf1fa,

Ps + 2P14 = —4pfifs,
Poz + P23 = 16p(f2f3 — 7)-
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Finally, using the expressions for the p,; obtained above and those for the p,; from Lemma 6.4, these five
equations give the four (6.14)-(6.17), one equation being lost since f4 and f5 are proportional by Lemma 6.5.

It remains to prove (6.18). Define

A=4ff—f} ((fi;)2 - <f5+{11> <fé - Q)) '

Then by equations (6.14), (6.15) and (6.16) we have

A = 8fuf) {2f’4f1<f;f1>’ - [fl <f§ + ff)] f (fé - JZ) ~ /i (fé * JZ) {fl (fé B JZ)] } ’

= 12uff {2f4ﬂ — (fafs) + ifl(fé - fé)} :

But notice that the expression in brackets here is proportional to the derivative of (6.17) and so we obtain
A’ = 0. If the system (6.14)-(6.17) is satisfied, therefore, the equation A = 0 of Lemma 6.5 is satisfied if and
only if A(tp) = 0 for some ¢. O

Corollary 6.7. Let w be a G-invariant 2-form on M with w|, = Y, fiw". Then if (w, %dw) defines a strictly
nearly Kdihler structure on M the f; are analytic functions.

Proof. We know by Theorem 4.4 and the results of [DK81] thatg, 1, is analytic in any normal coordinate
'3

system. Consider then the Killing vector field A : in a normal coordinate system it satisfies a first order
linear PDE with analytic coefficients, and the Cauchy-Kowalevski theorem implies then thatA is analytic in

these coordinates, uniquely determined by A;—q, VA|;,—o. It follows then that f; = 9o, L deo (fl|7, AH) is an
analytic function. Analyticity of the remaining f; follows from (6.14), (6.15) and (6.16) using basic regularity
properties of linear ODE:s. O

6.2 The Space of Solutions

The description of cohomogeneity one strictly nearly Kahler structures given in in Lemma 6.6 is not entirely
satisfactory, there being three equations of second order, one of first order and an algebraic condition. The
role of fj is also not entirely clear. In this section we reformulate Lemma 6.6 by change of variables as a
regular system of second order ODE with a number of first integrals.

First, for f1, f2, f3,f4 : (a,b) — R smooth functions with f; < 0, choose ¢y € (a, b) and define

t

0= | R

1 t
du, o) =5 [ Al

As §'(t) < 0, there is a well-defined change of parameterisation from ¢ to s and we set

hi(s) = g(t(s)), ha(s) = fa(t(s)) + f3(t(5)), ha(s) = fa(t(s)) — f3(t(s)), ha = 2fa(t(s)).  (6.19)
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Proposition 6.8. The change of variables (6.19) gives a one-to-one correspondence between functions
f1, f2y f3,§4 ¢ (a,b) — R such that f1 < 0 and such that the system of ODE 6.14-6.17 together with the
algebraic constraint 6.18 are satisfied and solutions h1, ha, hs, hy to the regular system of ODE

2(h})?hs+g,; hyha
h3—h32—h3

hy + =0,

hY + 24 b hy =0
(6.20)
py — 2 by =0,
Rl + 24u hyhy = 0,
with initial conditions a; = h;(0), b; = h}(0) satisfying
ay =0, by >0, b3 — b2 — b3 — b? — 2b1b3 < 0, T(az, a3, a4, by, b, b3, by) = 0,
where T = (I',7%,73,T%) : R" — R* is defined by

T' = 12p(a3 — a2 — a3) + by + bs,
T? = 4a3 + b2 — b2 — b2 — b2 — 2b3by,

% = agby — agbs — asby — azby,
9
T = E'Mbl(a% — a3 —a?) +al.

Proof. Equations (6.14) and (6.15) are equivalent to

(5 3 AAY £ — 3 FORY + 12051 (fa £ ) = 0.

Making the change of variables (6.19) and using % = f1(t) and K| (s) = (f1(t(s)))? these become
5+ 24puhihy =0, WY + hY +24uhihs = 0. (6.21)

We recognise the first of these as the second equation in (6.20) and we work now to find hY. First, the ODEs
(6.16) and (6.17) become, respectively,

Ry 4 24p hihy —4hg =0, By + by + 120 (k3 — h3 — h3) = 0. (6.22)

From the proof of Lemma 6.6, equation (6.18) is satisfied at ¢ = ¢ if and only if it is satisfied at all £. This
latter condition is equivalent to the following equation in the new variables.

(h3)? — (hy)* — (y)? — (M})? — 2h\ By + 4h% = 0. (6.23)
Differentiate the second equation of (6.22) and subtract the second equation of (6.21) to obtain
hohly — hah’y — hyhly — b R = 0. (6.24)

Now differentiate this and replace the expressions for the second derivatives, h;-’ , 1 =2,3,4, given above, to
give

(hy)? — (h3)? — (Ry)? — Wik — 24 by (h3 — b3 — h}) = 0.
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Now subtract (6.23) from this to give
(h1)? + hyh — 8h — 24p I (h3 — b3 — hi) = 0,

and use the second equation of (6.22) to obtain

2
Wy(h3 — h3 — h3) + @hi = 0. (6.25)

Finally, differentiating this and using (6.23) we arrive at the first equation of (6.20).

The second equation in (6.22) gives the equation Z' = 0, (6.23) gives 7?2 =0, (6.24) gives 7% = 0, and
(6.25) gives the component Z* = 0. Conversely, if k1, ha, h3, hy satisfy the system (6.20) and the algebraic
conditions Z = 0 at ¢ = ¢, then working back along the sequence of differentiations above one arrives at the
system (6.14)-(6.17) and the condition (6.18) for fi, fa, f3, f4- O

6.3 Local Homogeneity

The three homogeneous nearly Kihler spaces S, S x S% and CIP® admit cohomogeneity one actions by the
group SU(2)xSU(2) preserving the nearly Kihler structure. In this section we characterise nearly Kihler
spaces of cohomogeneity one that are locally homogeneous. We then determine the functions fy, ..., f5 of
these three examples.

Definition 6.9. A Riemannian manifold (M, g) is locally homogeneous if for every p € M the pseudo-group
of local isometries generated by the algebra of germs of Killing vector fields at p acts transitively on a
neighbourhood of p.

For a strictly nearly Kihler structure (g,.J) we denote by aut,(g, J) the Lie algebra of germs of Killing
vectors fields at p preserving J.

Proposition 6.10. Let (M, g, J) be a six-dimensional strictly nearly Kdhler manifold admitting a cohomo-
geneity one action by SU(2) x SU(2) preserving (g, J). Then (M, g) is locally homogeneous if and only if it
is locally equivalent to one of the compact homogeneous strictly nearly Kihler six-manifolds S, S3 x S? and
CIP3. Moreover, this occurs if and only if for every p € M, aut,(g, J) is strictly larger than su(2) @ su(2).

Proof. Fix p € M and let g be the Lie algebra of germs of Killing vector fields at p that preserve J and let
be the isotropy algebra of vector fields in g vanishing at p. Let G, H denote the connected, simply connected
Lie groups generated by g and hh — by assumption G acts transitively on a neighbourhood of p. To prove
the lemma it suffices to show that H is a closed subgroup of G, for then (M, g) is locally isometric to a
homogeneous space (Theorem 5.1 [Tri92]) and we can apply the classification of Theorem 5.3.

Suppose that H is not closed in G, then the Lie algebra b of the closure of H is strictly larger than f and
contains b as an ideal (Lemma 2, p. 612, [Mos50]). We obtain then a decomposition h = h & p with p
non-trivial and commuting with b.

The cohomogeneity one action defines an inclusion su(2) @ su(2) C g, and su(2) @ su(2) N b is the isotropy
algebra of this, equal to u(1) by Theorem 5.10. Moreover, the isotropy representation of (g, h) defines an
embedding of b into su(3), and so b is isomorphic to one of u(1), 2u(1), su(2), u(1) Gsu(2) and su(3). Since
there exists a non-trivial subspace p complementary to and commuting with b, the isotropy representation
of h must act reducibly with a trivial subspace; this restricts b to be one of u(1) and su(2). But since H is

57



CHAPTER 6. THE ODES DEFINED BY STRICTLY NEARLY KAHLER
SIX-MANIFOLDS OF COHOMOGENEITY ONE

not closed it cannot be semi-simple (Corollary 1 p. 615 [Mos50]), so b is isomorphic to u(1) and therefore
coincides with the isotropy subalgebra of the SU(2) x SU(2) action. But this generates a closed subgroup of
SU(2) x SU(2), and SU(2) x SU(2), being semi-simple, is closed in G, contradicting the hypothesis that H
is not closed in G.

The final statement follows from Theorem 5.10 as follows. Since G contains su(2)®su(2), a generic point has
an orbit of codimension at most one. If there is a G-orbit of codimension one then G acts with cohomogeneity
one, but this is not possible if G is strictly larger than su(2) @ su(2) by the classification of groups that can
act with cohomgeneity one. Thus G acts transitively. O

Remark 6.11. Let (M, g, J) be a strictly nearly Kéhler six-manifold admitting a cohomgeneity one action
by SU(2)xSU(2). This defines four functions h(s), ha(s), h3(s), ha(s) on M* as in Proposition 6.20.
By Corollary 6.7 each of the functions h;(s) is analytic in s, and the second order problem (6.20) is thus
determined by the eight parameters a; = h;(0) and b; = h}(0), the first of which, a1, is automatically zero.
The four independent constraints Z = 0 leave three independent parameters.

The one parameter group A = {e*4}, on M* further reduces the number of parameters characterising the
local existence problem for nonequivalent strictly nearly Kéhler six manifolds that are of cohomogeneity
one for an action by G from three to two. A simple computation also shows that the induced action of A on
2-forms restricts to an endomorphism of (w*, w®) acting there by two dimensional rotations, removing the
apparent freedom to choose the parameter 6 in (6.12) arbitrarily. However, if the solution extends from the
principal part to a singular orbit of type 52 then it is shown below that one must fix §y = 5.

The argument given for the proof of Proposition 4.2 of [PS12] shows that, in fact, the maximal dimension
of a local family of non-equivalent G-invariant strictly nearly Kihler structures is precisely two. Contrary
to the claim made there, however, it does not show that the metrics contained in this family are mutually
non-isometric. This claim relies upon the mistaken assumption that if (g, .J) is a strictly nearly Kihler
structure and ¢ is an isometry of g then ¢ preserves .J also: in the absence of completeness we have seen that
this is not the case (section 4.5).

6.3.1 The f; of S°

As before we consider S¢ € Im Q. The singular orbits are G - (7,0) = S3 and G - (0,1) = S?, and these are
connected by the following curve

7(t) = (icost,sint), t € (0, F).

With the identifications (6.3) and the action (5.8), we see that

El’w(t) = —%(k cost,—3 I sint), EQ‘,Y(t) = 7(0 jsint),
Vl‘v(t) = %(J cost, ESlnt)v V2|7(t) %[(0 ksint),

Al 4y = (0, —isint).

From these it is evident that v meets all principal orbits orthogonally. Using JX ‘v(t) =TIm(vy - X) for X a
vector field on S¢, we obtain

JEl‘v(t

(j(cost?t — % sint), '2“ sint cost), JE2|7( 7(] sin?t, —ksintcost),
IV L

7 :
%(k(cos t+ 1sin?t), —fsmtcost) JValye)
JA|7 = (—isin®t,sint cost).

lvt) = T(ksm t,jsintcost),
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Then using the Euclidean metric on Im O, we obtain

fi(t) = —sint, fo(t) = —1 cost(2cos’ t —sin?t),
f3(t) = —gsin*tcost, fu(t) =0, f5(t)=—1%sin’tcost.

6.3.2 The f; of CP*

The necessary computations are most easily made in the total space of the quotient fibration H? — CP3.
Thus, forp = [1: 0: 0 : 0] € CP?, let p = (1,0) € H? be a lift. We identify the basis (6.4) with the
following elements of sp(2).

1 ] O 1 k 0 1 O 0
Er=55l00) "=aslo o) 27230 j )
00 i 0
_ 1 _1
V2—2¢§<0 k;)’A_2<0 z)
The following curve interpolates between the two S? singular orbits at t = 0 and t = 5
0 -1 .
~(t) = exp [t ( 1 0 )} - p = (cost,sint).
The curve 7(t) = (cost,sint) is a geodesic and a lift of y. As vector fields on H?,
Eljﬁ(t) = ﬁf‘j cost,0), \A/'ll:y(t 2\f(kzcost 0), Fs l5t) 2—(0 jsint),
Valy) = \[(0 ksint), A|7 $(icost, —isint).

All of these but A are orthogonal to the Hopf fibre through p. Discarding then that component of A, itis easy
to see that v meets the principal orbits orthogonally. Recall that Tp(C]P’3 =pt @ p~ where

() [ R (CAPIE

These determine distributions on CP? and, for a vector field X, we let zx denote the projection to the
distribution generated by p—, arx the component in that generated by p™. We find then

_ _ J : 1 2 _ ] .

. = - —— in - = ——¢gin - =1 in
zEllw) 2\[ cos? t, aEl‘W) 2\/5 costsint, zE2|'y(t) 2\/§S i t, aEz\w) 2];/5 costsint,
27 = cos?t, ap costsint, zp = _sin“t, ay = —“_costsint

Vilycey 2\/ ’ Vilyey — 2\/ Valyy = 2v2 ’ Valyay = 2v2 ’

A = 0, YAy = T2 L costsint, Zt) =0 ayp = L

Now using the metric
/ / 1 / /
9((), (,0) = 5(5:2) + (@), 2 €C, a €M,
and J|,+ = +ild,+ we get

f1 = —sintcost, fo = 16 L (2sin?t — cos t) cos? t,
3 = —<=(2cos”t —sin 4= 5 = = sin? cos?
f L(2cos?t —sin?t)sin?¢, f1 =0, f5= 2 sin?cos’t.

@
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6.3.3 The f; of S x S5

The following curve connects the singular orbits through (+1,1) € $3 x §3

2(t) = exp(tN) - (1, 1), N = *f << : y > ,0,< BZ ) )) e (0.5%).

S

Using this curve it is straightforward using the formula (3.2) to compute that

fi= =¥ fo= =¥ sin(2v/61),
f3 = Oa f4 = 07 f5 = —%Sln(\/ét)

6.4 Solutions Extending over an S Singular Orbit

If G = SU(2) x SU(2) acts with cohomogeneity one on (M, g) with one singular orbit S diffeomorphic to S,
then the isotropy subgroup of that orbit can be identified with K’ = A(SU(2)) and M with the vector bundle
G X aq t, where Ad is the adjoint action of K on its Lie algebra. In section 6.1 we derived the equations
satisfied by strictly nearly Kihler structures on the principal part M* = G x g (£ \ {0}), and in this sec-
tion we analyse the problem of extending any solution to these equations over the zero section G x x {0} = S.

Defining then
Ey =E 1+ Ey, Ve =Vi£ Vs,

we have t=(U, E, V), and m = (A, E_, V_) is the isotropy representation of S=G /K. Let dt,a, eq, vy
be the basis of 1-forms dual to £, A, E+, V.. The representations of K on ¢ and m are equivalent, the
isomorphism being simply U — A, E4 — E_and V. — V_.

The principal orbits are the sphere bundles of vectors of fixed length in G X i &, tangent to which are
A,E+,Vy. Thecurve v : t € Ry +— [e, tU] is a geodesic and meets all the orbits in M* orthogonally.

Lemma 6.12. Let w be a G-invariant 2-form on M \ S, with w|y, = Y, fiw'. Then w admits a smooth
extension to M if and only if f1, ..., f5 extend smoothly at t = 0 and the following hold:

(i) f1and f4 are even functions and fo, f3 and f5 are odd;
(it) f3(0) = 3/1(0) + £5(0), f5(0) = —1/1(0) — f5(0), fa(0) =
Moreover; if w extends smoothly, (w|s)? is non-zero if and only if ay # 0.

Proof. We adopt the Cartesian coordinate system (¢, x,y) for € which identifies ¢ with Im H, hence % =1,

6% =7, a% = k. The geodesic y can then be represented by the integral curve ¢ — it of %. As representations

of K we can identify . with 2\@(9%, Vi with 2\@8%. However, as Killing vector fields on M*

- d / _1_ig _ 1 g t 0
Eilyw = s (€2ﬁj y(t)e 2v2? ) . = -5 87
o d L ks ——L ks t 0
Vilyw = s (62“5 y(t)e 2v2 e 7 87
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‘We have then that

V2 V2
etly) = <_tdy + 2e_ s Vil = wa + 20 ;
v(t)

v(t)

V2 V2
62’7(15) = <_tdy — 2e_ s 02\7(t) = de + 20_ s
(1) ~(t)

and so, for clarity suppressing restrictions on the right hand side,

2 2

ot

+ f3 ( ﬁdy—Qe) A (ﬁdm~l—21)> +2\2/§f4(—e Ady +v_ Adz)

ot 2
4
+ f5| —2e- Av_ + t—Qd:c/\dy

= 2%@7/\@; + (fo+ f3s—2fs)e- No_

—i—fldt/\a—l—\@@

2v/2
\t[f4(—dx ANv_ +dyANe_).

(dxNe_ +dy Nv-)
+

The restriction of w to £\ {0} defines a K-equivariant map £\ {0} — A2(E® m). As A2(E®m) =
A%t ® A’m @ (£ ® m), then, w extends over S if and only if each of the respective components w®, w™ and
Wt extend. Now,

2f2 + f3+2f5
t

2 2
M = g dr Ndyly, N0 = (fa+ f3 - 2f5)e- A

Let R : (t,z,y) — (—t,x,—y) then R € SO(3) and w|,((—0) = R*wy((0,)), and we see then that w
extends if and only if the following coefficients are odd in ¢

2
BERT2S ot o
In particular, fo + f3 and f5 are odd and
f2(0) + £3(0) +2£5(0) = 0. (6.26)

We consider now the remaining component,

f3— fo
t

2+/2
wé®m]7(t) = fidt ANa+V?2 (de Ne— +dyNv_)+ \tff4(—da: ANv_ +dyANe_).

From this we see that f; and A = 2f3t;f2 must be even and % odd. Together with our previous deductions
about the parity of fa, f3 and f5, we arrive then at (i) of the lemma.
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As € and m are equivalent there is an invariant decomposition £ ® m = A2¢ @ S2¢, and we can identify the
components of w*®™ with respect to this decompositions as

f3 2v/2

SQEH(t fidt Aa+ 2 (d:p/\e +dyNv_), AQE].Y = —f4( dx Nv_ +dyNe_).
For (t,r,y) € € with 22 + 2 # 0, define p = \/t2 + 22 + y2 and
sinf = 2| cosd £ + 7 sin ¢ < cos ¢ f
inf ==, =——  sing = ——, = —.
p p 2 + z2 V2 + 22

Then the transformation

cosfcos¢p  cosfsing sinf
Q= —sin ¢ cos ¢ 0 € SO(3)

—sinflcos¢ —sinfsing cosd
sends (t,,y) to (p,0,0), so that w, = Q*w(,0,0)- Recalling that A, E_, V_ transforms in the same manner

as dt, dx, dy, this implies

1
wy = —= f1(p)(cos B cos ¢ dt + cos @sin ¢ dx + sinf d
P filp)( ¢ Y

V2

A (cosBcospa+ cosfsingpe_ +sinfv_)

>
>

(
(

+
S

(—singdt + cospdx) A (—singa + cospe_)

>
=

+
5]

(—sin @ cos ¢ dt — sin @ sin ¢ dx + cos 0 dy)
A (—sinfcospa —sinfsingpe_ + cosfv_)

- (A5 420 )(1—5>>tha+\f<f1( 20 (1-5) Jaene
1 2

o (0% 300 (1= ) ) dy o+ V25 (R6) = At e

VL (o) = Mo)dt he+ V22 (o) - A(p)) dx Av_.

From this we see that

0= lim(f1(p) — A(p)) = f1(0) — 2(f3(0) — f2(0)).

p—0
This and (6.26) above give (ii) of the lemma.

Finally, from (i) and (ii) of the lemma we have
2
Wy(0) = 1 <dt ANa—+ \g(d:z ANe_ +dy A v)) , (6.27)

and therefore (w. (o)) # 0 if and only if f1(0) # 0. O

Lemma 6.13. Let w be a G-invariant 2-form on M \ S withwl|, = 3", fiw'. If (v, 2dw) defines a strictly
nearly Kdihler structure on M \ S, then %dw extends over M as a stable 3-form if and only if f1(0) # 0,
fa=0and fL(0) # 0.
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Proof. The condition f1(0) # 0 is necessary from Lemma 6.12. If (w, $dw) defines a strictly nearly Kahler
structure on M then f4 satisfies the non-singular ODE (6.16) for all £ > 0. By the proof of Corollary 6.7,
f1 is analytic on the whole of M, so f4 is analytic. Now, from (i) of Lemma 6.12, f4 and f5 have opposite
parity, so it follows that either f4 = O or f5 = 0. If f5 = 0, then f4 = f4 is even and §,(0) = 0. But

from (ii) of Lemma 6.12, by differentiating (6.16) one sees then that fik) (0) = 0 forall &k > 0, soif fy4 is
an analytic function we must have f4 = 0, a contradiction. It must then be the case that f4 = f5 and f£(0) # 0.

In Lemma 6.5, M* was oriented by 7 = dt A E1 A Vi A Eo A Vo which does not extends to a volume form
over M. By assumption, however, w? is a volume form on M and

Wl = 6f1(f2fs — f)T.

Using this volume form, the polynomial of Definition 4.20 differs on M* by a factor of (6f1(fafs — f2))>.
Ignoring positive numerical factors, therefore, on M* we have

P(3dwhy) = —]Wzg_fg)z <(ff/’) <f2 fl) <f3 . fl>)

Since f1(0) # 0, we see then that %dw is stable if and only if

2
%g%(fzﬁs% ((féfl)z - N1 (f2 fl) <f3 - fl)) > 0. (6.28)

Define

g=fofs— f3, h=(fif1)> — f (fz fl) (f3 - fl)

Then g(0) = 0 as f2(0) = f3(0) = f5(0) = 0. Moreover, from (ii) of Lemma 6.12 we see that
/ 1 ! 1 !/
f2(0) + Zfl(o) = f3(0) — Zfl(o) = —/5(0)
and so h(0) = 0. We apply L’Hopital’s rule to compute (6.28).

Firstly, from (6.17), and (6.14) and (6.15, for £ > 1 we have

o =~ (AU B | = Al - R

Thus ¢/(0) = 0 and ¢”(0) = 1f1(0)(f4(0) — f5(0)) = 2f1(0)2 # 0. The product rule shows that
(¢®)*®)(0) = 0 for k < 4 and (g)™* (0) = 64" (0)2.

Now, by (6.14), (6.15) and (6.16)

w0 = {2nnsny - | (5 fl)] n(o= ) o (me k) o (5 fl)]}

_ {2féf1 (;flfg - 12uf1f5> 1202 <f3 ! 1) 12uf s (fz / 1)}

=0.

t=0

t=0
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Similarly, using also (ii) of Lemma 6.12,

W'(0) = {2féf1 <;1f5 - 12Nf1f5> +12u(f1f2) f1 (fé - “’2) +12u(f1f3) f1 <f§ + ‘Q)}
t=0
— 211(0)£2(0) (Oifé(O) - 12uf1(0)fé(0)> 12 f1 (02750 £2(0) — 120020 £5(0) £5(0)

= 8f3(0)".
Then (f2h)*) = (0 for k < 4 and the fourth derivative is 6 f4(0)2h"(0) = 48 f£(0)*. Thus (6.28) equals
82 - 4811(0)
6/1(0)* 7
which is positive as required. O

As aresult of these lemmas we can prove the following. As a check on this result, note that near the singular
orbit of type S3 in S and near both S singular orbits in S3 x S3, the f; satisfy (i), (i) and (iii).

Proposition 6.14. Let f1, fo, f3,f4 be smooth functions on some interval (—a,a), a > 0 such that
(i) f1is even and strictly negative;
(ii) fa, f3 and §4 are odd and

F5(0) = 3 10) + F5(0), 4(0) = — 1 f1(0) — f3(0) #0;

(iii) f1, f2, f3, fa satisfy the differential system (6.14)-(6.17) and (6.18).
Then there exists ane < a and a G-invariant strictly nearly Kdihler structure (w, ) on a tubular neighbour-

hood G - ([0, €)) of S = S3 such that w|, =Y, fiw".

Proof. We let w be the G-invariant 2-form on M* defined by w|, = >, fiw’ and set Q = 1dw. By the
previous lemma, (w, ) extends over M and €2 is stable. It remains to show that g = g, o is a positive
definite metric near S. Now, T’y M = h & m. As v'(0) € h and

J~'(0) = lim J+/(t) = lim lfl =

=0 t—0 fi f1 (O)A cm

we see that Jh Nm # {0} so Jh = m since h and m are irreducible. But then, g, (o) (h, m) = w,)(m, m)
and this vanishes by (6.27). Finally, g(7'(0),~/(0)) = 1 so by G-invariance

0By, By) = g(By, [UV4]) = —a(Vi, B2U) = 30(U,0) = .

Similarly g(E4+,Vy) =0and g(Vy, V4) = %. In this basis, therefore, g, (o) is proportional to the standard
metric. In particular, g, (o) is positive definite and so by continuity g is positive definite in a neighbourhood of
S. O

Our final result represents the extent of the analysis of the cohomogeneity one problem that has so far
been carried out. It shows that functions as in Proposition 6.14 may always be found. Indeed, we see that
nonequivalent non-homgeneous solutions extending over an S3 singular orbit come in a one-dimensional
family, which should be compared with the situation on the principal part where there is at most a two-
parameter family of nonequivalent non-locally homogeneous solutions (Remark 6.11).
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Theorem 6.15. For every value of 1 > 0, there exists a one-parameter family of non-equivalent strictly
nearly Kdhler structures on
TSS = (SU(2) X SU(Q)) XA(SU(2)) RS

that are not locally homogeneous, have scalar curvature 30 and are preserved by the cohomogeneity one
action by SU(2) x SU(2).

Remark 6.16. More than this is asserted in [PS12]. There it is claimed that the family constructed above
consists not only of non-equivalent nearly Kéhler structures but that all the metrics in the family are non-
isometric. Their proof appears to rely on the assumption that any isometry preserving the metric in a strictly
nearly Kéhler structure preserves the whole structure. For non-complete spaces we saw in section 4.5 that
this was not the case.

Proof. We fix yn = 2 for convenience. For odd functions h1, ho, h3, hy satistfying
11(0) > 0, h3(0) = =11 (0), h5(0) = —hy(0) # 0, (6.29)

we have Z({h;(0), h;(0)}) = 0, so by the previous proposition and Proposition 6.8 it suffices to solve the
system (6.20) with p = 2 for odd functions hq, ha, ha, hy satisfying (6.29). Given such functions we have in
particular

2
h{(h3 — h3 — h3) + 2(h})?hs + §hf4h4 = 0.

Differentiating this, taking the limit s — 0 and using (6.29) gives

1
2(63—-b3) =0.
(1t~ 51%)
The problem is therefore to solve (6.20) for odd functions A1, hs, h3, hy satisfying
R1(0) = a >0, h5(0) = —a, h)(0) = —h5(0) = 3av/a. (6.30)

Choosing the negative square root, h (0) = —3a/a, gives an isometric solution.

To solve this problem it is slightly easier to solve for the even functions p1, p2, p3, p4 defined by h; = sp;,
i=1,2,4, and hy = s(p3 — p1). The initial conditions (6.29) then become

p1(0) = a, p3(0) = 0,p4(0) = —p2(0) = 3av/ar,

and the system (6.20) becomes

no 2. 18p1p’1(p3—p1)+p4p21) 2 9p3(ps—p1)+pi 2(p))3%(ps—p1) _
Pt (pl t 5-tspPD ) T G Grsp1 D T F-rs-pr P O
P + Zph + 48p1p2 + 48s pip2 = 0, 6.31)

ps + <p5 + 48p1(ps — p1) + 48spi(ps — p1) =0,
P+ 2py +4pa(12py — 1) + 485 pips = 0.

We can now use the following thgorem (Théoreme 7.1 [Mal74]) to solve this initial value problem. For a
smooth function F' : R® — R™, F'x denotes the formal Taylor expansion of F' about x € R™.

Theorem. Let k be an integer, yo € R™ and ® a smooth R™-valued function of the m + 1 variables

T, Y1, -, Ym defined in a neighbourhood of xg = (0,y¢). Then if there exists a formal power series
H =32 ciz" with coefficients in R™ and co = yq satisfying
dH ~
k
E = (pr (CE, H),
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there exists a smooth R™-valued function F(x) satisfying F o= H and

dF

k

— =®(x, F).

€ d:U (x7 )

Defining P = (p1, p2, p3, p4) and Q = P’ the problem at hand has the following schematic form,
1 1

where where A, B and C are smooth R*-valued functions defined on suitable open neighbourhoods of
Po € R, (Po,0) € R and (0, Py, 0) € R, respectively. We seek formal solutions of the form

Pn n ~ Pn n—
P= Z N2 _Z@Tims2 L

n>0 n>1

There are then the following Taylor expansions

1D _ Aon 2n DD A _ Bon+1 on+l S, D A _ Con op
A(P(S)) - Z (Qn)'s ’ B(P(S)a Q(S)) - Z (271 + 1)'3 I C(S,P(S), Q(S)) - Z (271)'8 )
n>0 k>0 n>0
so that (6.32) becomes
B Agni2 Bant1
Ponvz = @nt2)2ntl) 24l Can. (6.33)
Now,
d2n+2 -

= dAlp(o) - Pansa + -+,
5=0

where the ellipsis denotes terms involving the lower order coefficients P;, ¢ < 2n. Similarly,

Aonyo = WA(P(S))

d2n+1

~ 0B
Bony1 = WB(P(S)7 Qs))| =

=55 P2 +oe

(P(0),0)

We can then write (6.33) as the following recursion relation

1 1 0B
(2n + 2)(2n + 1)dA|7’< P2 o 29|

Popyo =  Pony2 + Doy, (6.34)

(P(0),0)
where Do, is a fixed function of Py, P2, Py, . . . , Payn. Defining then

1 1 0B

n=1d— dAlpg) — ——— ——
£ (2n+2)2n +1) PO = 5,51 80

Y

(P(0),0)
we show that det Lo, # 0 so that P is uniquely determined. First, compute
4
—9 ~575
o o | op
0 0 T 009
0 0

dot £ m?—3n—8 [2n—1\"
e = —
T T 2n+ )n+ ) \2n+1)

dAlp) =

(P(0),0)

oo o o
oo o o
oo o o
oo N O
oNn O O
woo“‘

Ew

We find then that

66



6.4. SOLUTIONS EXTENDING OVER AN S3 SINGULAR ORBIT

non-zero for all positive integral n. There therefore exists a genuine smooth solution, P, to (6.31) with Taylor
expansion P at s = 0.

Since P has only even powers of s, the even function P(|s|) is smooth at s = 0. It also satisfies 6.31 and so
defines a nearly Kéhler structure of the kind claimed in the statement of the theorem. Moreover, by Corollary
6.7, any such solution is analytic and so is uniquely determined by the initial parameterce = p1(0). We thus
obtain a unique family of invariant strictly nearly Kihler structures {(ga, Ja) }a>0 on T.S3.

It remains to show that the nearly Kéhler structures (gq, Jo) and (gg, Jo) are locally equivalent if and only
if @« = (. To this end let p be a point in the singular orbit S and ¢ : U — U a local equivalence on a
neighbourhood U of p. Defining g, = aut(ga, Jo ), and, mutatis mutandis, gg, we see that ¢ defines an
isomorphism @y : go — 93.

By Proposition 6.10, a solution g, is locally homogeneous if and only if & equals the value of % f? at the S3
singular orbit in S® or $2 x S2 equipped with their unique homogeneous nearly Kihler metrics with scalar
curvature 60. Thus, if o, 5 are distinct from these two values, then g, and gg are isomorphic to su(2)®su(2).
This implies that ¢ preserves the orbits of the action by G=SU(2)xSU(2), and so, in particular, preserves S.
Moreover, as ¢ preserves principal orbits, ¢, must preserve the isotropy algebra hh C g. As a Lie algebra
automorphism, ¢, also preserves the commutator subgroup of b, i.e. 4,0*121;,, = A With these facts we
conclude that

w(p):

20 = ga(Ap, 4p) = 95(’2130(10)’ Ap(p)) = 28. 0
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Chapter 7

Conclusion

The analysis of cohomogeneity one strictly nearly Kihler six manifolds presented in the previous chapter
terminates rather abruptly, leaving several problems unanswered. While we have analysed the problem
of extending solutions from the principal part to a singular orbit of type S®, what are the corresponding
conditions for singular orbits of type S?? Furthermore, is there an existence result analogous to Theorem
6.15 for SU(2)xSU(2)-invariant strictly nearly Khler structures on the relevant vector bundle over S2?
Given the generality of the method employed in the proof of Theorem 6.15, an assertion to the positive does
not seem unreasonable. As to the more interesting problem presented by compact strictly nearly Kéhler
six-manifolds of cohomogeneity one, only numerical analysis of the ODE system (6.20) or the power series
solution of Theorem 6.15 would seem to provide a hope of understanding the behavior of solutions.
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Appendix

Proof of Gallot’s Lemma

The purpose of this appendix is to prove the following result of Gallot quoted in the proof of Theorem 4.5.

Lemma. Let (M™, g) be a complete Riemannian manifold. If the cone over (M, g) is locally reducible or
locally symmetric, then (M, g) is locally isometric to the round n-sphere.

Proof. Recall from the proof of Proposition 4.10 the formulae for the Levi-Civita connection V’ and curvature
R’ of the cone (M’ ¢') over (M, g),

1
Vel =0, Vi€ =V X = ;X, ViY =VxY —rg(X,Y)¢

R(X', &) =0,R'(,)¢=0, RI(X,)Y)Z=R(X,Y)Z - (9(Y,Z2)X —g(X,2)Y),

where X is tangent to M’, X, Y are tangent to M and £ = %. From this it is clear that the cone on (M, g)
is flat precisely when (M, g) has sectional curvature equal to one, i.e. is locally isometric to the n-sphere. To
establish the lemma, then, it suffices to prove that if the cone is either locally reducible or locally symmetric
then it is flat.

It is well known that a Riemannian manifold is locally symmetric if and only if its Riemann curvature tensor
is parallel. In particular the following component vanishes

0= (VxR)(&Y)Z=Vx(R(§Y)Z) - R(VxE.Y)Z - R(§,VxY)Z - R(§,Y)VXZ,
= -R(Vx¢,Y)Z,

1
=-——-R(X,Y)Z.
,
If the cone is locally symmetric, therefore, it is flat.

Suppose now that (M, ¢') is locally reducible. There therefore exist Holy(g')-invariant orthogonal sub-
bundles Vi, V5 of T M’ such that TM' = V; & V5. Define then the following subsets

Ci={meM : & eV}, i=1,2.

For a point m; € C; let Ma(m1) be an integral submanifold for the distribution V5 through m;. Similarly,
for a point mg € Cs let Mj(myg) be an integral submanifold for the distribution V; through mo.

Lemma .1. Forany m; € C;, i = 1,2, My(m2) and Ma(my) are totally geodesic.
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APPENDIX . PROOF OF GALLOT’S LEMMA

Proof. Consider vector fields X, Y on Ms: these take values in V5, so parallel transport along fibres of the
normal bundle of M5 defines local extensions of X and Y taking values in V5, and the derivative V’XY is
also a section of V5. But the second fundamental form of M is

I(X,Y) = (VxY)",
which component lies in V; and so vanishes. O
Lemma .2. The set M’ \ (Cy U C3) is dense.

Proof. If the statement of the lemma were false then there would exist a point m with an open neighbourhood
U disjoint from M’ \ (C1 U C2). The C; are disjoint so &|ir lies wholly in, say, V.

Consider now, as above, the integral manifold Mz (m). The intersection W = U N Ma(m) is a relatively
open subset in Ms(m) contained in C. Choose a point w € W distinct from m and which can be connected
to m by a geodesic «y in M». Consider now the following vector field along v

X'(t) = r&ym — tA(2) -

Then X'(0) = r&,,» € V; and by the formulae for V’,

V%X’:rvgg—»‘y:r%—»‘yzo.

As a parallel vector field along v, X' (t) therefore lies in V; for all ¢. Notice now that

réyy = X'(1) +4(1),

in which the first factor on the right is an element of V; while the second of Vo. But W C (', that is
&1y € Vi, and, therefore, (1) = 0, a contradiction. O

Lemma .3. For any m; € C;, the integral manifolds Mi(mz) and Ma(m,) are flat.

Proof. Consider a geodesic «y in My with v(0) = m;, and define, as in the previous lemma, the following
parallel vector field along it

X'(t) = r&yu — ty(t) .
Again, X'(0) = €, € V1, so X' takes values in V;. However, observe now that as the curvatures /', -)
annihilate £ we have

R(, )X = —tR'(-,-)7.
But the endomorphisms R'(+, -) are elements of hol(g’) and so preserve the splitting V1 & V5 of the holonomy

representation. In consequence, the left hand side of the above equality lies in V5, while the right is in V1, so
Rl('a )y =0.

Looking now at the Jacobi equation, we see that for every geodesic v emanating from m;, any Jacobi field J

along ~ satisfies
D2
—J =0.
dt?

Thus if J(0) = 0 and .J(0) = w, then J(t) = tW(t) where W is the parallel translate of w along +. But any
Jacobi field satisfying J(0) = 0 and J(0) = w can be written as

J(t) = (deXPml)t«‘y(O) (tw) ;
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where exp,, is the exponential map for M; at p € My with its induced metric. Given then two Jacobi fields
J1, Jo with J;(0) = 0 and J;(0) = w;, we have

wy - wy = g'(Ji(1), J2(1))y) = 9'((dexpm'1)ﬁ(0) (w1), (dexpyy )30y (w2)) -
As this holds for all ¥(0),wy,ws € Tr,, Mo, we see that exp,,,, is an isometry and Mz (m; ) is flat. O

Consider now a point m € M \ (C7 U Cs). By the choice of m, the components &; of &,, in V; are
non-vanishing and we define geodesics ~; so as to satisfy

7i(0) =m, 4;(0) = =&, i =1,2.
Define along +; the following parallel vector field
Xi =180 — (t = 1().

Then X/(0) = &;, where i # j, and so X[(t) € V; for all ¢.

Since 7/(0) # +&, we claim that is defined for all ¢, in particular for ¢ = 1. Given this then X/(1) =
r&y,1) € Vj, thatis ;(1) € Cj. Were this the case then by the previous lemma m lies at the intersection of
two orthogonal totally geodesic flat submanifolds, namely M;(v2(1)) and Ma(y1(1)), and R’ vanishes on
the dense subset M’ \ (C1 U C2), and so is trivial by continuity.

It remains to show that ~(¢) exists for all values of the arc-length parameter ¢. Indeed, let v be an arbitrary

unit speed geodesic in M’ with (0) = (g, p) and 7/ (0) = (a&p,, X) with X € T,, M \ {0}. Let c be the

geodesic in M with ¢(0) = p and ¢/(0) = X. Then the following map is a local isometry onto its image
f:C\R_ — M'; (re'?) = (r,c(0)).

It follows then that - is complete.
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