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ABSTRACT

This thesis develops a theory of holographic recording valid for
thin recording materials, Chapger I introduces holography and gives a
histor?cal survey of previous work. It serves to delineate the assumptions.
used in the remainder of the thesis and. to define some terminology used in

holography.

Chapter II treats the linear theory of hologram recording. The
Ta-E curve for the film is introduced and a method for measurement is
described. The concept of modulation transfer function (MTF) for holo-
grams is discussed and a method of measurement of MIF is given. Fihally,
the combined effect of MTF and film size is examined. It is shown that
the holographic imaging technique is space-variant; however, it is also

shown that under some conditions the technique is space~-invariant.

Chapters III and IV deal with nonlinear effects introduced.by the
film. The effect is examined using a Fourier transform technique and
a power series expansion. The power series shows that the modified trans-
mittance is the product of the linear transmittance and a polynomial in
B, the normalized deviation from the mean of the light scattered by the
object to the hologram. The results of the power series technique are

used to examine the effect of the modified transmittance on the
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/
reconstructed image. A theory which predicts the magnitude of the
effect is given along with experimental results which tend to confirm
the theory. 1In Chapter IV, another.theory, which predicts both the

magnitude and the distribution of the nonlinear effect, is given

along with further experimental results.

Chapter V examines the effect that the film-grains have on the
holographic technique. A formula for the signal-to-film-grain-noise
ratio is derived in terms of the intensity tramsmittance spectrum of

the random transmittance fluctuations caused by the recording-film

grains.
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CHAPTER I

INTRODUCTION TO HOLOGRAPHY

I1.01 Introduction

The two-step imaging process of wavefront reconstruction, which‘
has lately been called holography, was invented in 1948 by Gabor.(l-h)
By using this technique, the spatial variations of’the amplitude and
phase of a wavefield generated by an object can be recorded on a photo-
sensitive material which responds only to the intensity of the incident
radiation. Subsequently, this record is used to regenerate the wave-
field and the regenerated wavefield can be used to form an image of

the object. Gabor called the record of the wavefield a hologram and

the subsequent imaging process wavefront reconstruction.

The wavefront reconstruction technique requires that the object
be illuminated by a spatially ¢oherent and monochromatic source so -
that the spatial variations of the complex amplitude of the wavefield
emanating from the object are stationary in time. Then, another mono-
chromatic wavefield which is mutually coherent with the object field
and in which the complex amplitude is known, can be used as a reference
wave to determine the complex amplitude of the object field. This is
done by a process of interference whereby the amplitude and phase of
the object field is converted into an intensity pattern in which
variations in the level of the intensiﬁy represent the amplitude and
variations in the spacing of the intensity levels represent the phase

of the object field. This interference pattern can be then recorded

) (7)
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on a photosensitive surface, such as photographic film, and later
used to regenerate the original wavefield which, in turn, can create

a true image even in the absence of the original object.

The wavelength of the radiation used to produce the hologram and
to make: the reconstruction is arbitrary. Moreover, the radiation
used for the reconstruction can have a different wavelength from the
one used to make the hologram. Indeed, in Gabor's original work the
purpose of the wavefront reconstruction scheme was to corfect the
spherical aberrations present in electron lenses. He proposed that
the hologram be made with a coherent electron beam and the recon-
struction be made with radiation in the visible region where a

.posteriori correction of the spherical aberrations could be performed
using well-known aberration correction techniques. Much thought has
also gone into the possibility of making the hologram with x-rays
and reconstructing with visible light, thus producing an x-ray micro-
scope which could, theoretiéally, resolve distances as small as the

(5-9) However, the efforts in both x-ray and

diameter of an atom.
electron beam holography have been thwarted by the lack of a bright

morochromatic and spatially coherent source of radiation.

The most successful work in two-wavelength holography has been
done in conjunction with high-resolution radar systems. This type
of radar system, which was developed independently of holography and

(10-13)

has only recently been reported in the literature, uses micro-
wave radiation to produce the hologram and visible light to make the

reconstruction which is an image of the terrain over which the radar

system has flown. This technique has been successful because monochromatic
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and spatially coherent radiation at microwave frequencies has been long
available and because the reconstruction can be done with a small thermal

source emitting in the visible region.

Although two-wavelength holography is an exciting field which holds
much promise, most of the recent work in holography has been done using

the same wavelength for making the hologram and for the Teconstruction;
here we will confine our attention to singfe-wavelength holdgraphy.

Although holography was invented nearly 20 years ago, the subject
has only recently begun to grow to such a size where it may now be con-
sidered a separate field of optics. The reason for this is twofold.
The first reason is one of equipment limitation. In the early days, a
sufficiently bright source of monochromatic and spati;lly coherent light
was not available. Thus, the early work was restricted to simple experi-
ments which could be performed with a very small point of visible light
produced by a thermal source which was passed through a narrow spectral
filter. The interesging experiments, such as iﬁaging of large three-
dimensional objects, could not be performed until this equipment re-
striction was removed by the availability of the laser in the early

1960's.

The second reason is a technical one. The wavefield from the
object is a complex function of position at the recording plane and
when this function is recorded, the conjugate of the wavefield is also
produced in the hologram by the recording process. Thus, when the
object wavefield is regenerated and the object reconstructed, a con-
jugate wavefield is also generated which forms an out of focus "twin-

image" at the same place as the desired image, creating an undesirable

-
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background which detracts from the usefulness of the technique. Be-
cause of this background, the original Gabor or "in-line" holograms
are only useful for recordiﬂg the wavefields of objects which contained
relatively few scatterers. In this case, the presence of the out-of-
focus "twin-image'" does not introduce too much degradation into the

imaging process. Gabor and others(14-18)

proposed ways in which this
conjugate wavefield could be eliminated or could be separated from

the desired wavefield; however, these methods were difficult to imple-

ment and they never proved of.much practical importance.

In the late 1950's, Leith and Upatnieks applied a technique, previously
used in high-resolution radar data processing, to holography which soléed the
problem of the "twin-image" in a practical way. They introduced the
reference wave at an angle relative to the wavefield from the object.

Thus, the complex amplitude of the object wavefield was recorded in

thg hologram in such a way that it could be later reconstructed com-
pletely separated from the conjugate wave. The theory of this method
of wavefront reconstruction, which has been called off-axis or carrier-
frequency holography, and an experimental demonstration using a mercury
arc source, of 546 millimicron wavelength, to illuminate the object

were published in the early 1960's by Leith and Upatnieks.(lg’zo)

Soon after this initial demonstration of carrier-frequency holography,
gas lasers became commercially available and the first demonstration of
wavefront reconstruction of a three-dimensional object using a laser

N ]

was reported by Leith and Upatnieks.(21~24)

In these experiments, they
used a helium-neon laser emitting 632.8 millimicron wavelength radiation

and the off-axis method to produce remarkably accurate reconstructions
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of three-dimensional objects. This experiment seemed to spur the de-
velopment of holography and, in rapid succession, many applications

were reported. Chief among these were the development of hologram

(25-33) (34,35)

interferometry, motion picture holograms,

(36-40)

holography in

(41-44)

thick photosensitive media and full color reconstructions.

Also, much theoretical and other experimental work has been performed

in the last few years.(as_ss)

A very complete list of the early and
more recent work has been compiled by Chambers and Courtney-Pratt and

this compilation has been published in the Journal of the Society of

(56,57)

Motion Picture and Television Engineers. The reader is referred

there for a general summary of the wavefront reconstruction literature.

1.02 The Hologram

A hologram, as we have said, is a record of the wavefield coming
from an object which has been illuminated by monochromatic and spatially
coherent light. A complete record would also include information about
the state of polarization of the light. However, ignoring all but a
single polarization component simplifiesinot only the actual recording
process but, of course, much simplifies the analysis of the wavefront re-
construction technique since a scalar theory is adequate for the

description.

Thus, to describe the process of making a hologram, we assume that
a(x,y) is the complex amplitude of a scalar wavefront which has been
produced by an object located at some arbitrary distance from the re-
cording surface. The spatial variations of a(x,y) may be due to the

variable transmittance of a transparent object transilluminated by a
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monochromatic spatially coherent source or they may be due’to the variable
reflectance of an opaque object from which theilight froﬁ the source has
been reflected. Let ar(x,y)'be the eomplex amplitude of a scalar wave-
front, with the same polarization as a(x,y), which has been produced by

a mutually coherent reference source. Then, the intensity of the light

at the recording plane is I(x,y) = |ar(x,y) + a(x,y)l2 or

166y) = la Goy) |2 + Jate,n|?

+a  eyatny) +a_(yda (,y), (1-1)

where * denotes a complex conjugate. If the recording medium is photo=
graphic film, as is usually the case in holography; the amplitude trans-
mittance of the film is a nonlinear function of the intensity. For the
time being, we will assume that the amplitude transmittance is linearly
related to the intensity (later we will show under what circumstances
this assumption is valid and also the consequences of nonlinearities)

and, thus, we can write the amplitude transmittance as

T o) = k{la_Geond|? + lat,y]?

+ ar*(x,y)a(x,y) + ar(x,y)a*(x,y)}, (1-2)

where kl is a constant of proportionality which includes in it the time

of exposure used in recording the hologram,

This transmittance is the recording of the wavefront; it is the holo-
ram. We see that the third term is a record of a(x,y), the complex am-
g P

plitude of the object wavefront. We now require a means of reconstructing

this wavefront.
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1.03 Reconstruction of the Wavefront

If we illuminate the hologram by a wave which is identical to the

reference wave, the complex amplitude emerging from the hologram is

Ue.y) = kya_Gey) {la o) |? 4 laenl?

Fa_fGy)atey) + a_(x,y)a" (x,y)) .

(I-3)

Then if ar(x,y)ar*(x,y) is a constant, the third term of Eq. (I-3),
kllar‘z a(x,y), is a diffracted w;ve which is, within a constant, identi-
cal to the wave from the original object and can be used to form an image
which duplicates, in every detail, the original object. The condition

2 . et . X
that larl be a constant can be easily satisfied if we make a, a plane -

wave or a spherical wave with small curvature.

For a complete reconstruction of the object, the term kllarlz a(x,y)
should be separable from the other terms of Eq. (I-3). As we have said
above, this is most practically done using off-axis or carrier-frequency

holography.

1.04 Off-Axis or Carrier-Frequency Holography

In carrier-frequency holography, the reference beam is introduceq
at an angle to the recording surface and is usually either a plane wave
or a spherical wave whose amplitude over the recording surface is nearly
constant. Although it is more convenient, in practice, to use a spherical
reference wave to make a hologram, it is less convenient to describe the

salient features of the resulting hologram. Thus, we assume that the
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reference wave is a plane wave, a_ exp jox, &here a_ is the amplitude
and ox is a linear phase shift indicating that the wave falls onto the
recording plane at an angle to the x-axis, as shown in Fig. (I-1). Then,
if we explicitly write out the amplitude and phase of the object wave

as a(x,y) exp jo(x,y), Eq. (I-2) becomes

Ta(x:}’) = kl{arz + az(x,y) + ara(x,};) e-j[cyx-CP(x,y)]

+ ara(x,y) ej[ax-@(X,y)]j}. ' (1-4)

To perform the reconstruction, we illuminate the hologram with the
original reference wave a_ exp jox and thus the complex amplitude of the

wave emerging from the hologram is

_ jox 2 jox
U(x,y) = k c© + klara (x,y) e

a a
1r

+ klarza(x,y) ejCP(x,y) + klarzaét,y) e-jﬁp(x,y) ejZax.

(I-5)
We see that the third term of Eq. (I-5) is a diffracted wave, identical
to the original object wave, which emerges from the hologram as shown in
Fig. (I-2). If an observer looks into the hologram, he will see an exact
virtual image of the object formed behind the hologram. There are three
other waves which also emerge from the hologram. The first two terms of
Eq. (I-5) are waves which emerge from the hologram in a direction which
is in line with the reconstruction beam and the last term of the equation
is a diffracted wave emerging at about twice this angle from the normal
to the hologram; thus, the waves described by the first; second, and
fourth terms can be separated from the object wave, as we require, 1if-

the original angle of the reference beam is sufficiently large.
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Fig. I.1 Configuration for making a carrier-freqguency
hologram. I is the incident light, M a mirror, O the
object, L the light scattered by the object and H the ~
hologram.

-
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I

Fig. I.2 Reconstruction of the virtual image. R is the

reconstruction beam, I is a mirror, O
image of the object, I

v is the virtual
s is the light diffracted by the
hologram, H 1s the hologramn, Ld is the light directly
transmitted by the hologram and 0 is the observer.
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~ We can also reconstruct a real image if we illuminate the hologram
| . ; . . .
with the conjugate of the original reference wave. Thus, if the illumi-

nating beam is a_ exp -jox, the complex amplitude of the wave emerging

.

from the hologram is

‘ “ax :
U(x,y) = klatat2 e XX klaraz(x,y) e dox. '

JQP(X,Y) e'_jZCYX + %k atz.a(x,y) e'j(P(X»Y)_

2 .
+ klar a(x,y) e 1

’

(I-6)
We see that the fourth term of Eq. (I-6) is a diffracted wave which
emerées from the hologram and converges to form a re;I image of the
object as shown in Fig. (I-3). We observe, also, that the other terms
of Eq. (?-6) describe waves which emerge from the hologram at aﬁgles

which are different from the wave which forms the real image and do not

interfere'with the reconstruction. X

If we combine the last two terms of Eq._(I-&), we can write the

']

amplitude transmittance of the hologram as ¢

Ta(x,y) = k1<;r2 + az(x,y) + Zata(%,y) cos [ox - w(x,y)l}. (1-7)

Consideration of this equation produces an interesting interpretation

of the hologram process. Before the recording, a(x,y) exp j¢(x{y)

£ ) ’

A_real image is also preSent when the wavefront reconstruction is
performed with the original reference wave. It is described by the fourth
term of Eq. (I-5). However, with this mode of reconstruc:tion, it can be -

shown tthaé§) there are, in general, distortions present in the real
H

image, (2) because of the finite thickness of the photographic '
emulsion, the real image is considerably less bright and, at times, non-
existent. (38)  When the real image is reconstructed with the conjugate
of the original reference beam, neither of these problems arise.

The two images have come to be called the real and virtual images of
the holographic process. They are, of course, real and virtual respectively,
only when the reconstructed wave is, respectively, the conjugate or a
duplicate of the reference beam used in producing the hologram. For other
geometries, either image can be real or virtual, Nonethelegs, the above
terminology is both reasonable and widespread. Some investigators, however,.
prefer to call them the "conjugate" and “"true" images (sce Ref. 47).
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R

A

Fig. I.3 Reconstruction of the real incge. R is the
reconstruction beam, Il is a mirror, H is the hologran,
Ld is the light diffrzcted by the hologram, 0r is the
"rezl image of the object and Ly is the light directly
transmitted by the hologramnm.
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the complex amplitude 6f the dbject wave, modulates the ampiitude and
phase of a monochromatic and spatially coherent light wave cos wt.
After recording the hologram, this complex amplitude modulates the
amplitude and phase of a spatial carrier wave cos ax. Thus, we see
that the reference wave performs the function of a local oscillator
and the detection of the.intensity of the sum of the object and reference
waves by the photographic plate acts as the mixer in a manner analogous

to a coherent receiving system.

The spatial-frequency content of the various terms of Eq. (I-4)
determines their separability in the subsequent wavefront reconstruction
just as in ghe case of a coherent receiver. To determine what the re-'
quirement for separability is, we assume that spatial-frequency content
of a(x,y) exp jP(x,y) is constant in the interval lpl = P, where p is
the spatial-frequency variable in £/mm, and zero otherwise. Under this
assumption, we can determine the spatial-frequency content of the terms
in Eq. (I-4) and plot this spectrum as in Fig. (I-4). From this plot,
we see that the spectral separation and consequently, the desired spatial

separation of the reconstructed waves, can be achieved by choosing o to

be sufficiently large.

We can also use Fig. (I-4) to define some of the terminology usually
used in holography. The terms of Eq. (I-4) associated with the spectral
parts la and 1b are called carrier-frequency terms since they are on
the spatial carrier o. The spectrum 1b is the frequency content of the
virtual image, while la is the frequency content of the real imagé.

The term associated with the spectral part 2 is called the low-frequency

part of the hologram and is due to the mutual interference between
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| la -

2p 2r
2 .
| ,,//’/////A\<<\\\\\\¥ |
' ! S
| | p(1/mn)
p= ~ 4P = X

Pig, I.4 Spaticl freguency spectrun of a2 carrier-

frocuency hologr=n: lc is assgociated with the term

kya, a(x,y) exp jlax - @(x,v)], 1b is associated with

the tern kya a(x,y) exp —=jfx - Q(x,y)), 2 is associated-
with the term k., a“(x,y) and 3 is associated with the .

5 i
term ky a . ® of Eg, (L.4).
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various parts of the object. The term associated with the/spectral-
part 3 is called the d.c. part, in analogy with electrical engineering

usage, since it has no spatial variation over the hologram plane.

I.05 Zone Plate Interpretation of Holography
(3,4)

Gabor, in his early papers, recognized that the hologram of

(58)

a point object is a form of a Fresnel zone plate. It differs from
the opaque and clear construction of the normal Fresnel zone plate
since there is usually a smooth sinusoidal transition between the zones

of a hologram zone plate. Rogers,(59,60)

used this observation to de-
velop a description of holography wherein the reconstruction is des-
cribed as being due to light coming from a linear superposition of

sinusoidal zone plates. It is worthwhile to examine this concept here

since it will be useful later in this study.

It is well known that a Fresnel zone plate has a positive and

negative focal length given by f==ir12/K, where r, is the radius of

1
the first Fresnel zone and A is the wavelength of the radiation. It

also has higher order foci given by +§/3, +§/5, etc.

If a hologram is made from an object consisting of a point lying on the
normal through the center of the hologram, using a plane wave for a
reference beam as shown in Fig. (I-5a), the amplitude transmittance of

the hologram is

) k2, 2, _ k2 ]
| Ta(x,y) = ¢, +c, cos G +y)=c, + c, cos ZRO r (1-8)

2R0 1

where c1 and <, are constants and k = 2n/A is the propagation constant
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Pige I.5 Iologram zone plzte construction and re-

conssruction. R, is the reference vove, 0 is the
0

[N
v

bjeet wave, H

o8]

the holograu, O, is the virtual

s}

T )
n weve and D is the directly itrans—

3

image vave, 0 is the r=al image wave, R? is the
) 0
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of the light., Points of maximum and minimum transmittance of the hologram
- 1/2 ' 1/2 ,
occur at r = 0, (ZRdn/k) s vees (ZnROn/k) and by analogy with the
Fresnel zone plate, the hologram zone plate has focal lengths given by
F= fRO. There are no higher-order foci unless the recording.non—
linearities cause a departure from the smooth sinusoidal transmittance

given by Eq. (I-8).

In the wavefront reconstruction shown in Fig. (I-5b), the hologram
zone plate focuses.a portién of the incident light intg a real and a
virtual point image just as a Fresnel zone plate does. Since an object
can be approximated as a collection of points, we can regard a hologram
of an object as a summation of zone plates, each independently causing
a part of the incident reconstruction light to focus to a pair of point
foci. The point images which are formed in this way are separated by an
amount proportional to the distance between the zone plates of the holo-
gram, which are separated according to the lateral coordinates of the

points making up the object.

: !
If a hologram is made of a point object which lies outside the

plane reference wave, as shown in Fig. (I-5¢), the amplitude trans-

mittance of the hologram is

2
Ta(x,y) = ¢y +c, cos E%a [ZXOX - (x2 +y ﬂ
_ K 2 2 2] i
= +c¢; + ¢, cos ZRO [(x - xo) +y -x%x5]. (I-9)

This is then the transmittance of a carrier-frequency hologram. Again
the zone plate has two foci--one negative and one positive--but now the

points of focus are located at x = Xge
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In the reconstruction shown in Fig. (I-5d), the hologfam focuses
a portion of the reconstruction beam in such a way that the three beams
(reconstruction, real imagg,-and virtual image) can be separated. If
now we extend this concept to a collection of zone plates as would be
produced by a collection of object points, we see that two images--one
real and one virtual--will be formed by the collection of zone plates..
The minimum c;iterion that the real and virtual image and the recon-
struction beam be separable is that the object points closest to the
reference beam be outside the reference beam or we must have X4 > X ax
for all Xge In practice, the smallest X4 must be somewhat larger than
X o since the low-frequency term in the hologram, caused by the
mutual interference of the object points,will diffract light and thus

cause the directly transmitted wave to be larger in cross section than

the reconstructed wave.

I.06 Objectives of the Study

lAs the title of this thesis indicates, we are interested in examining
herein some of the factors which influence the wavefront reconstruction
process. Thus, we shall not talk about applications of holography but,
instead, we shall focus our attention upon some of the many factors which
play a part in the ability of éhe hologram to reconstruct images. Specifi-
cally, we shall examine, in detail, the influence of the photographic
film in holography; that is, we shall develop a linear theory of recording
the hologram, study the effect of the modulation transfer function of the
film, and the effect of the grain noise of the film under this idea}

linear theory. We shall also study, in considerable detail, the effects

of nonlinearities in the hologram recording process.
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‘Some of the other factors which influence the holograﬁ process ‘are:
1. The degree of monochromaticity and spatial coherence
of the light,
2. Aberrations in the image caused by the use of a re-
construction beam which is not identical to the
reference beam.
3. Instability of the components used to make the hologram.
The effect of the light source on the general imaging process has

(61-63) and the effect of the

(53,64,65)

been covered by Wolf, Hopkins, and others
light source in holography has been examined recently also.
Here we will assume that the light source is quasi-monochromatic; that °
is, we will assume that any path differences introduced when magiﬁg a
hologram are much less than the coherence length KZ/AA, where A\ is a
measure of the degree of spread of the spectrum of the light source.
Under this assumption, we can assume that the light source is mono-
chromatic. We will also assume that there is a high enough degree.of
spatial coherence between all the points in the object and in the
reference beam so that we can say that the hologram process is spatially
coherent. This joint requirement of monochromaticity and spatial co-
herence can be easily satisfied, in most cases, if we use a gas laser

as a source of light. This'type of light we shall henceforth call

coherent light.

Aberrations are present in the reconstructed image when the recon-
struction beam is neither idential to nor the conjugate of the reference

beam. This aspect of the performance of holograms has been covered re-

(46,47,66,67)

cently in great detail. In the present treatment, we will
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;

eliminate these aberrations in the image by always using a duplicate

or a conjugate of the reference beam,

Instabilities caused by either the movement or vibration of the
components used in making the hologram can cause disastrous effects.
Movements or vibrations of a fraction of a wavelength in magnitude can
cause the reconstruction to be weak or nonexistent. On the other hand,
controlled movements or vibrations of very small magnitude can be
measured by the wavefront reconstruction process. This measurement
technique has been called hologram interferometry and forms an im-
portant part of the recent development in wavefront recoastruction.

Again we will avoid having to consider the effect of these instabilities

by assuming that all the components used in making the hologram are

pequntly fixed during the exposure.
o
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CHAPTER II

LINEAR THEORY OF HOLOGRAM RECORDING

I11.01 Introduction

In this chapter, we shall discuss the use of photographic film
in recording holograms. We shall develop a linear theory of recording
using the amplitude transmittance (Ta) versus exposuré (E) curve to
describe the low spatial-frequency recording characteristics of the
film and we shall describe a method of measuring this Ta-E curve. We shall
also describe and show how to measure a frequency response or modulation.
transfer function (MTF) curve‘which is valid for holographic appli-

cations and we shall also examine how the MTF and the recording film

\

size effects the wavefront reconstruction imaging process.

The theory; as it is developed here, is strictly appiicable to the
case where both the hologram and the object are small when compared
to the distance between them since a simplified form of the Fresnel-
Kirchhoff diffraction formula is used in the formulation of the theory.
However, the theory can be extended to larger objects by piecing together

solutions obtained for a set of small objects.

Also, we require the recording film to be thin since we neglect

(1)

any effects due to the thickness of the emulsion of the film. Thus,
we must restrict the applicability of the theory to situations where the

angle, at the hologram,between the object and reference beam is small

so that the period of the recorded spatial-frequencies is larger than

(31)
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the emulsion thickness. In practice, this means that this angle should

’

be less than about 10° if the emulsion of the film is 15¢ in thickness

ale

and about 26° if the emulsion of the film is 6 in thickness.

We also note that we assume that the object is planar in order to
simplify the theory. This assumption does not restrict the use of the
theory unduly since a three-dimensional object can be approximated by

a number of planar objects.

IT.02 Film Transfer Characteristics

In wavefront reconstruction, the film is used as a square-law
detector as well as a spatial storage device. Ideally, the squared
modulus (intensity) of the sum of two spatially-modulated coherent
wavefronts incident on the film is recorded so that we obtain linearity
between this intensity and the specular amplitudé transmittance of the
film. Thus, on subsequent readout using coherent light, one of the
original incident waves can be faithfully reconstructed from the stored
data as explained in Chapter I. Suppose we have

~

A =a (xy) + az(x,y), (I1.1)

where ay and a, are the complex amplitudes of the coherent wavefronts.

2

ot

"Fifteen microns is the thickness of Kodak 649F emulsion coated
on glass plates, while six microns is the thickness of the Agfa-Gevaert
10E70 emulsion on glass plates. These two films are in common use for
recording holograms.
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incident on the film. We now want

A 2 B
I(x,y) = Al = kr G, (11.2a)
or

E(x,y) = R'T_(x,y), (I1.2b)
where I is the intensity on the film during the recording, E is the ex-
posure, T, is the amplitude transmittance of the film, and K, K' are

constants.

It is well known that if the linear region of the D-log E curve
of the photographic film is used, a two-step recording process will give
the results of (II.2b), for a gamma product of two, over the range

(2)

where the D-log E curve is linear. However, the efficiency of this
type of recording, in terms of the modulation of the amplitude trans-

mittance, is low and the process gives low response at high spatial fre-

quencies.

A better approach is to use a one-step process with amplitude trans-
mittance (Ta) versus exposure (E) as the photographic transfer curve,
. . . . 3
where the exposure is given by It; t being the time of exposure.( )

The amplitude transmittance of the processed recording film is defined

as

I 1/2 ‘
Ta = (—I‘a) 3 (11.3)
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where‘IO is the intensity of the incident readout beam illumination °
and I is the intensity of the light transmitted by the film. This
definition is valid if the amplitude transmittance is a real function.
The assumption that the amplitude transmittance is a real funétion
means that the size of the hologram must be small enough so that the
phase perturbations, due to irregularities in the emulsion and film
base, imposed on the light transmitted by &he hologram during readout
are negligible or that the effect of these irregularities is made
small by immersing the hologram in an index matching medium.(a) In
practice, this means that the size of the hologram must be restricted
to about 2 cm in diameter if ordinary thin glass photographic plates
are used without an index matching medium. However, this size re-
striction can be removed if the emulsion is coated on flat glass
plates* or if a liquid gate is used in the reconstruction step. An
account of the effect of these phase perturbations has been given by

(5)

Falconar.

-_—

Figure I1.1 shows the Ta-E curve for a high-contrast film frequently
used in these applications, while Fig. I1.2 shows the DP-log.E curve .
for the same film. There are two important things to notice about the
Ta-E curve, First, we see that there is a considerable region on the
Ta-E curve where approximate linearity can be obtained. Second, this-
linear region does not coincide with the linear region of the D-log E
curve, but corresponds more with the "toe" and the lower part of the

linear region of the D-log E curve.

r.

“For example, we can use the micro-flat plates coated with 649F
emulsion commercially available from Kodak.
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From this comparison it is evident that the D-log E curve is of
‘little interest in our applications. The photographic film which is
optimally recorded will generally appear to be underexposed by con-
ventional standards. Also, it is apparent that attémpts to achieve
a specified slope Y of the linear portion of the D-log E curve is of
interest only as a means of relating conventional sensitometry to our
application since the exposure of a hologram is not usually confined

to the linear portion of the D-log E curve,

The linearity of the Ta-E curve mentioned above is similar to the
linearity achieved with a vacuum tube, that is, linearity about an
operating bias point. This poses no problem since the intensity
functions that are recorded contain a bias or constant term which can
be scaled to coincide with the operating point of the Ta—E curve, . .
That the curve has negative slope is of little consequence because the
spatial-frequency fluctuations of the intensity are modulated on a
spatial—freq;ency carrier. As a result of the negative slope, the
fluctuating part of the recorded intensity is changed in phase by 180°;
but the amplitude of the wavefront reconstructed from the stored in-
tensity pattern is ultimately sensed by an energy detector such as the
eye or a photocell (which is sensitive to the square of the amplitude)

and thus the effect of the 180° phase change 1is not detectable.

17.03 Spatial Carrier-Frequency Functions

In wavefront reconstruction, a coherent object wave, with complex

id(x,y)

amplitude a(x,y) e , is recorded so that both the amplitude and

phase of the wave are preserved. This is done by adding to the wave an
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obliquely impinging coherent reference wave. The intensity of the

sum of the two waves contains, among other terms, a term in which the
amplitude and phase of the original object wave are modulated onto a
spatial carrier. This term is used in holography to later reconstruct
the original object.

jd(x,y)

The expression a(x,y)e is the complex amplitude at the
recording film due to the object. This complex function of position

. is related to the complex amplitude distribution of a planar object

the 6)

ao(u,v) through(Fresnel-Kircmxff diffraction formula, Or,
2 2
By - J"‘E e ]
ax,y) " 000 = a_(u,v) e dudv, (I1.4)

obj

where A is the wavelength of the light, z is the distance from the ob-

™
ject to the recording film, and k = %— . This equation is valid if z,

the distance between the object and the hologram, is much larger than
the size of the object and the hologram. We can also describe aeJ¢ as

a summation if the object can be approximated as a set of discrete points.

Thus, aeJé can also be written as
N .
. jkR,
a(x,y) eJé(x’y) = j{: a, e l, (1I1.5)
i=1 '
-jbi
where a, = SR b,1 is the complex amplitude of the ith discrete point,
i

Ri is the distance of that point from the point x,y in the recording

plane and N is the number of points.
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The reference wave can be a plane wave given by a. exp j¥x or an
inclined spherical wave given by a. exp ijr(x,y). Here, a. is the
amplitude of the wave at the hologram, @ is the inclination of the
planar wave relative to the hologram, and Rr is the distance from the
reference point to the recording plane. Generally, a spherical wave is
used for the reference beam; then the intensity at the-recording plane
is the squared magnitude of the sum of the complex amplitude of the

object and reference wave, or
2
KR (x,y) 80, y)

I(x,y) =[a_e + a(x,y) e

ar2 + az(x,y) + Zara(x,y) cos [er(x,y) - é(x,y)]. (11.6)

We assume that the third term of (II.6) (the term bearing the irnformation
needed to reconstruct the object) contains spatial frequencies of limited
extent or at least that most of the energy in the spatial-frequency spectrum
is limited to some finite spatial-frequency band. This term is on a

spatial carrier-frequency where the period of the spatial carrier is pro-
portional to the inclination of the reference wave. We assume that the
carrier frequency is high -enough so that the lowest spatial frequency

in this term is greater than zero. This assumptigh is necessary if the

two sidebands of the cosine term are to be disjoint in spatial frequency

and hence separable in the reconstruction (see Chapter I).

To make a linear recording, we must scale the average intensity-time
product so that the exposure coincides with the center of the linear
portion of the Ta-E curve and we must have a_ >> a(x,y), for all x,y, to

confine the variations of the exposure to the linear portion of the Ta-E
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curve. With this assumption we can write the intensity as

2
I(X,Y) - ar

+ 2ar a(x,y) cos [er(x,y) - ¢(X,yﬂ , (11.7)
where we have neglected the term az(x,y) since it is small when com-

pared to ar2 or to 2ara(x,y).

The average exposure is {(It)p = arzt,where this average is chosen
so that arzt = Eo (see Fig. II.1). The amplitude transmittance of the

film is then a constant T, and a spatially fluctuating part or

b

Ta(x,y) = Tb 4+ st {}ar a(x,y) cos [er(x,y) - é(x,y)I} , (11.8)

where s is the slope of the Ta-E curve at the operat%ng bias point Eo.
Thus, we have achieved a linear transfer of the signal bearing term as
described above. The recorded transparency contains the amplitude and
phase of the complex wave scattered by the object and can be used to re-

construct the object as described in Chapter I.

I11.04 Measurement of Transmittance-Exposure Characteristics

The relation between amplitude transmittancé and exposure is ob-
tained by uniformly exposing a sample of the recording film to various
known levels of light intensity for a fixed amount of time or alter-
natively exposing to a fixed light intensity while varying the exposure
time.* In this way, a set of "grey" levels are produced-'ca the recording

film where the transmittance of these levels varies from nearly zero

(black) to nearly one (clear).

"By combining these two methods, we can determine whether the film
has a reciprocity effect; i.e., the transmittance is not simply a function
of It. 1In practice, it is desirable to expose the test film for lengths
of time which are about the same as the time which will be used to ex-
pose a hologram so that any reciprocity effects, which may be present,

can be neglected.
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After the exposures have been made and the film has been developed,
the amplitude transmittance is obtained by placing the film in a coherent
optical system similar to that shown in Fig. IT.3. Two readings are
taken for each transmittance step; the first with the film in place
and the second with the film removed. The éatio of these two readings
gives the transmittance in terms of intensity. The positive squére root
of each of the intensity ratios yields the amplitude transmittance.

The values of transmittance thus obtained for each step can be then

plotted against the corresponding exposure levels to obtain the Ta~E

curve.

In the optical system of Fig. II.3, a pinhole filter is used at
the measurement plane of the lens L1 to limit the 1iéht on the photo-
cell to only the specular or d.c. components leaving the film. This
is necessary so that light which has been scattered by the film grains
does not influence the transmittance reading. This type of measurement
is called a speculaf transmittance measurement. These data describe the
macroscopic characteristics of the film for use with coherent light and
are useful for setting recording levels and for estimating the linear

range of the recording film.

e

I1.05 Measurement of Other Film Characteristics

There are other film characteristics such as the location of the optimum
bias level on the Ta-E curve, the frequency response or modulation transfer
function (MTF) of the film and how much scattering is caused during the

reconstruction process by the grains in the emulsion. In this section

“The material presented in the following section has appeared pre-
viously in the published literature and is included here for complete-
ness. See Reference 7.
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we describe experiments which measured some of these characteristics (ex-
cluding the light scattering by the grains) and give some of the experi-
mental results. In a later éhapter, we shall discuss the scattering by

the grains of the recording film.

The basic experimental setup is shown in Fig. II.4. Light from
a laser, emitting at 63282,15 divided by a beam splitter; one path is the
collimated reference beam of intensity Io and the other path is the
collimated signal beam of intensity Is. The interfering plane waves
have an intensity pattern at the photographic plate that is a sinusoidal
function. This function is recorded on the film which, in these experi-
ments, was Kodak 649F film coated on glass plates and developed in D-19.

o . ,
at 68 F for five minutes. -

The experimental setup is used not only for making the recording
but also for measuring the parameters of interest. The measurements are
made by placing the developed recording plate back into the setup and

using the reference beam as a readout beam to reconstruct a signal beam.

The parameters of interest are shown in Fig. II.5. They are the

incident readout illumination Ii’ the direct transmitted intensity Idc’

the intensity of the diffracted beam I, and the intensity transmitted

d

by the unexposed portion of the plate Ig'

If the Ta-E data is normalized with respect to Ig’ the average
amplitude transmittance is defined as (IdC/Ig)l/z. This curve is shown
in Fig. II.6. Generally, the value of Ig is about 807% of Ii’ but its
magnitude varies with angle and polarization of the incident beam. The

diffracted light intensity is also normalized relative to Ig; thus, the

diffracted light intensity is defined as Id/Ig
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For the simple gratings considered here, the light intensity of the
interference pattern at the emulsion surface during recording can be

written as

I =1 +I +2/I 1 cos 2n X, (I1.9)
o) S o's L

and the exposure is given by E = It, where t is the exposure time. In
Eq. (II.9), I0 and Is are the intensities of the reference beam and
signal beam, respectively, and L is the period of the fringes in the x-

direction. The modulation (or the contrast) of the fringes is given by

Y11

o’s
I +1 - °
) s

N = - (1I1.10)
If the signal is linearly recorded, the amplitude transmittance of

the grating, after exposure and development, can be written as

Ta =T, + 2s \/IOIs [tN(%)] cos[%? X - ¢(%)] R . (II.11D)

where Tb is the amplitude-transmittance bias caused by the spatially con-
stant intensity I0 + Is and s 1is the slope of the Ta-E curve at the bias
point. The terms M and ¥ are dependent on the spatial frequency and'de—

fine an optical transfer fuaction of the film, M being the MIF and ¥ being

the frequency dependent phase change.
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fhe Ta-E curve is ghown in Fig. 11.6 with a low spatial frequenéy
sinusoidal exposure function plotted along the vertical axis. The low
frequency sinusoid plotted along the horizontal axis is the spatial
variation of amplitude transmittance for which we assumed M = 1 and
¥ = 0. Linear recording is achieved when a sinusoidal exposure pro-
duces an undistorted sinusoidal amplitude-transmittance variation.
Nonlinear operation occurs, of course, when the amplitude transmittance

is a distorted version of a sinusoid.

When the linearly recorded interference pattern is read out with
the original reference beam, the intensity of the reconstructed signal

beam is

1= ()2 1171. (11.12)
d os g

The normalized diffracted light intensity is given by

2
Id/Ig = (stM) 11, - | (I1.13)

From Eq. II.13 we see that for a fixed spatial frequency, the square

root of the diffracted light intensity is linearly related to the

MTF at a fixed bias level or

1/2
T4
M = c(f—) , (11.14)
g

where C is a proportionality constant.
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By recording a series of sinuosids with fixed modulation and
at a fixed bias point in the linear region of the Ta-E curve, but with
decreasing values of L, we can determine a MTF for the film from the -
measurements of the diffracted light intensity by calculating for each

grating the quantity..

1/2 .
L4 AT
— = StMVI I =5 , ) (11.15)
o's 2
g
where AT is the ratio of the average-to-peak amplitude-transmittance
A
variation of the grating. The value of 7} is used because only half of
the diffracted light will go into the order of interest; the other

half will go into the opposite order.

We then determine the ratio of low-frequency average-to-peak amplitude
transmittance by either graphically converting an amplitude transmittance
sinusoid through the use of the Ta-E curve, or by constructing very low

frequency gratings, so that

1/2
A—T) =[st\/II] =[1/1 ]  (I1.16)
2 J1r © Slip (d g) F

where LF denotes low-frequency operation. The MTF, M, is then given
by
1/2
Id/Ig)

M= ' (11.17)

e
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which is the normalized (relative to low frequency) square root of
the fractional diffracted light. We may ignore the phase factor 1
of Eq. (IT.11) since film is isotropic and will have an even impulse

response and thus a real optical transfer function.

I1.06 Experimental Results

I1I1.06.1 Light Diffracted as a Function of Amplitude Transmittance

Fig. II.7 shows the percentage of the diffracted. light intensity
versus the amplitude-transmittance bias for different recording-beam

I

intensity ratios Tg at an offset angle of 50°, The diffraction
]

efficiency is maximized when the bias point has-an amplitude trans-
mittance near 0.5. This value is nearly independent of the ratios at'D/f
x .
reference-beam to signal-beam intensity. Some of the experiments
were repeated at lower offset aggles and similar curves were obtained
for each angle except for an upward shift causad by increased film
response at the lower offset frequencies. These results ave expected
because the Ta-E cufve has a maximum slope at Ta = 0.5. Thus, a spatially
varying exposure pattern whose average exposure produces an amplitude-
transmittance bias of about 0.5 will produce the maximum spatially varying
amplitude transmittance pattern on the photographic plate and hence will
produce the brightest diffracted wave upon readout. We shall call the
value of the exposure which produces an amplitude transmittance centéred
on the linear portion of the Ta-E curve (in this ca;e Ta‘: 0.5) the
optimum average exposure level, Eo, and designate the corresponding

average amplitude transmittance, produced by E , the optimum average
g P P y &, P g

transmittance, Tb.

“Other investigators have also found this result. See Ref. 8,



(49)

10
- 1
1 T
1o 350825
—-— 2}, .
1.0 Is '

TTTITH

1,
0.1 f—-so Me0.209
3

DIFFRACTION EFFICIENCY (Percant)

ool | | | | L

0 2 .4 6 .8 1.0
AMPLITUDE TRANSMITTANCE AT THE BIAS POINT

I‘lg IT. 7 Diffraction efiiciency vs amplitude transmittance,

@ = 50° M = 2(101.)‘/'/(1. + 1),



(50)

fhe curves in Fig. II.7 also show that the diffraction efficiency

is not increased by operating nonlinearly at a lower amplitude-trans-
mittance bias (corresponding to the linear portion of the D-log E curve),
even though the magnitude of the amplitude-transmittance excérsions may
be increased. The light diffracted into the reconstructed image is not
increased although the total diffracted light is increased by this mode
of operation; in fact, as the curves show, the diffracted light in the
reconstructed image is considerably decreased since significantly more
light is diffracted by the portion of the amplitu&e transmittance caused

by the nonlinearities.

11.06.2 Changes in Spatial Frequency

The diffraction efficiency as a function of offset anéle is shown
in Fig. II.8. The amplitude transmittance was fixed at 0.5 and the
ratio of reference-beam to signal-beam intensity was maiftitained at 50:1;
these values ensured linear operation. The diffraction efficiency was
measured for offset angles ranging from 0 = 1.35b to 8 = 120°, The
diffraction efficiency decreases at a (nearly) uniform rate up to an
angle of 50° at which point it slopes more sharply downward. The
diffraction efficiency is reduced by 50 percent for an offset angle of
90°. We can also plot the diffraction effic}ency using the total light
incident on the photographic plate from the readout beam instead of
normalizing relative to Ig' This curve is lower because some of the
incident light is reflected at the surface of the plate and some is

internally absorbed.
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'By using the results shown in the upper curve, we can obtain the
MIF of the film. We convert the offset angle to a spatial frequency
through the relation % = % sin %, take the square root 6f the
diffraction efficiency at each offset angle, and normalize these values
to the diffraction efficiency at zero frequency. Figure II.9 shows the
MTF for the Kodak 649F recording film used in these experiments. We

see that the response drops to 70.7 per cent of its peak value at

approximately 2200 lines/mm.

11.07 Effects of the MTF and the Film Size in Holography

Two properties of the recording process which affect the performance

of ho}ograms are the modulation transfer function (MTF) and the size
of the recording film. In the previous section, we Aave seen how one
of these properties can be measured. Here we shall show how the MTF
in combination with the film size affects the wavefront reconstruction

(9)

process. This problem was studied first by Van Ligten , who studied
only the effect of the MTF, and more recently by Diamond(lo), who took
into account both the MIF and the film size. We refer the reader to

Ref. 10 which contains an extensive list of other references to papers

concerned with this matter.

Here we shall approach this problem from a new point of view which
allows us to simplify the analysis and to characterize the wavefront
reconstruction process as a linear-filtering operation. We shall show
that, generally, the prccess is a space-variant linear filtering opera-
tion and also we shall show the conditions under which the process can

be considered to be a space-invariant linear-filtering operation,
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To study the effect of the MIF and the film size, we assume again
that, during the recording, the amplitude of the reference wave is
large compared to the amplitude of the object wave for all points on

the hologram. Then, the exposure can be written as

E(x,y) arzt + 2tara(x,y) cos [er(x,y) - é(x,y)]

Eo + 2tara(x,y) cos [er(X,y) - é(x,y)] . (1I1.18)

In photographic recording, the frequency filtering effect or loss
of resolution takes place during the exposure and can be taken into
account by convolving the exposure function with the impulse response
of the film. In this way, we obtain what Kelly(ll) has called the

effective exposure. Thus, the effective exposure is given by

[EGw)] ee = By % mGy), ' (11.19)

where + denotes a convolution and where m is the impulse response of the
recording film. The impulse response and the MIF, M, are Fourier trans-

form pairs and we can write the impulse response in terms of the MIF as

[+-]
3 L
m(x,y) = ﬂM@,n) 32T EXHY) geay (11.20)
-2
and the MTF in terms of the impulse response as ’

d g Exmy)
M(E,M) =‘[].m(x,y) e dxdy. (I1.21)
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Suﬁpose we consider the hologram recording setup shown in Fig.
IT1.10. Here we have a plane object with complex amplitude ao(u,v)
located a distance z from the hologram and a reference point,located
at (ur,vr, zr), which produces a spherical reference wave of amplitude
a, at the hologram. Using the Fresnel-Kirchhoff formula given by
Eq. (11.4), we can write

-JkR_(x,y;u_,v_)
E(x,y) = Eo + Ce r rr

.lj.dudv ao(u,v) eJkR(x,y;u,v) 4+ c.c. (11.22)
Ag ' '
where C = -jart/Kz, Ay is the area of the object,

2 - 2
(x-u_) (y-v,)
R =2 + L, L, (11.23)

r r 2z 2z
r r

2 2
- (x-u) (y-v)
R=2z+ PR (11.24)

and c.c. means the complex conjugate of the previous term.

The effective exposure is given by the expression (II.19) which

can be written as

N
~SRR_ Gex' -y su_,v )
[E(x,y)] off =ﬂdx'dy' E  + Ce
s
’ 3 e | BN
J[T;udv ao(u,v) e‘]kR(x x',y-y'iu,v) + c.c:} m(x',y")

s , (11.25)
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Fig, 11,10 Hologram set-up. 0 is the object,
H is the hologrzm and the reference point is
located a2t (ur,vr,zr).
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or
e (x-x'-u )2 (y-y'-v )2
. T r
-Jk Zr+ 2z + 2z
[E(x,y)]eff = Eo + Cﬂdx'dy' m(x',y') e r r
(62

? )
jk[z (X—}Z{z-u +( éz —~ J

Hdudv ao(u,v) e
A

o

+ c.c. (11.26)

We can expand the exponents in Eq. (II. 26) to obtain

. [ (e ) gg-vr)z]
-_]k Zr'rﬁ

2z 2z
r r

[E(X’Y)]eff = E, +(Ce !

o[oeew? Luﬁ]

] [ 2z 2z
jjAdudv ao(u,v) e

A
o

u v
) L ul Y .2 r V.
~ _Jzn{( [?\ (1- )J‘I\Z -?\z]' '[\Z(l z ) Az ?\ZJJ
Ze r N r

jfdx'dy' m(x',y') e

-]

NI 2,2
J}\Z (1 zr)(x +y'7)

e + c.c. (11.27)

. , . 2
In the above equation, consider the exponential which contains x'" and

2
y'". This exponentlal can be taken to be equal to one if

1 - “)(X +y! )/\7 [< n/4, Or if ld -

note that since the film is an isotropic material, m(x',y') is a

<f\?/2(1 - ~—) We

function with radial symmetry. Thus, we can also write the above in-
Yo
. 2
equality gas Irl <‘\IAz/2(1 - ;z—) vhere r = x'2 + y'z. A typical case
r

is when A = 0.00063mm and z = 100mm. Then, if we take the "worst" case

where the reference beam is collimated or where z, = % we have that
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|rl must be less than 0.125mm to satisfy the inequality. Thus, we
see, in practice, this exponential can be taken to be equal to one
since all films which may be used to record holograms have an impulse

PLN

response which is essentially zero for |r| = 0.12mm .

Thus, if we ignore the exponential of Eq. (II.27) discussed above,

the effective exposure is

- b
[E(x,y)] o f go + Cll:fdudv ao(u,v) e M(fx,fy) +c.c. , (11.28)
o ]
where
2 2 :
2 2 (x-u) (y-v_)
P _ (x-u) (y-v)~ _ r . r
i k[z z, + 72 + 52 zzr zzr (I1.29)

and where M(fx,fy) is the MTF evaluated at

13, _x 2\, r _u

fx —ﬁ'g;{‘¢ = }\Z (]. - Zr)+}\zr - }\Z > B (II.BOG)
13 .y 2\, x _ v

fy © 21 9y v o= Az <} h zr) + Kzr Az (I1.30b)

A linear recording of this exposure, in the sense described in the pre-

vious section, yields an amplitude transmittance

T(x,y) = Tb + [Tv(x,y) + Tr(x,y)] s (11.31)

ole

"For example, suppose the MIF of the film is a Gaussian curve with the
standard deviation ¢ = 25 £/mm (a very poor film). Then, the impulse response
will have nearly zero value for all values of ri > 3/0 or for all values

of Irl 2 0.12.
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where Tv and Tr are the parts of the transmittance of the hologram
which produce, respectively, the virtual and real images upon recon-

struction. Tv and Tr are given by the expressions

Tv(x,y) = Cs‘[]-dudv ao(u,v) ej‘lr M(fx’fy) | (11.32)
A
o .
and )
Tr(x,y) = C*s-[}ﬂdudv ao*(u,v) e-jw M(fx,fy) . (11.33)
A
o

To determine the effect of the MIF and hologram size upon the wave-
front reconstruction process, we can examine either the virtual or the
real image. Suppose we consider the virtual image. To reconstruct the
virtual image, we illuminate the hologram with a replica of the original
reference wave and, using the Fresnel-Kirchhoff formula (Eq. II.4),
examine the diffracted light at the original object position. Thus,
with u',v' the coordinates of the diffraction pattern at the original
object position, the complex amplitude of the reconstructed virtual image

is

eJer(x,y;urvr)

U(u',v') = i‘j;ffTv(x,y) a '
A

2
. (x-u') (y-v')2
Jk[z + =, + = .
e dxdy, (11.34)

where ar’ exp ijr is the reconstruction beam and At is the area of the

rectangular hologram of sides Lx and Ly in the x and y direction respectively.
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We note that u' and u will have nearly the same value, as will v'

and v since U(u',v') will be very small for (u' - u) > %E and for

(v! - v) > f? for a particular reconstructed image poin;i if the wavefront
reconstructiZn of ao(u,v) is to be effective.* Thus, we can write that
u'2 - u2 = (u' + u)(u' - u) ¥ 2u(u' - u) and v'2 - v2 = (v! + v)(v' - Q)

= 2v(v' - V).

Using these approximations in Eq. (I1.34), we have that

-j%[y(u'-u)+vﬁv'—vﬂ
U(u',v') = C'jf dudv a(u,v) e
Ao

jg [(u'-v)x+(v'-v)y] '
-[].dxdy M(fx,fy) e , (11.35)
At

where C' is a new constant. This equation describes the complex ampli-

tude of the reconstructed image and can be used to study the effect of

the MTF and the film size on the wavefront reconstruction process. Be-

low we study some special cases.

I11.07.1 Perfect Film

If the film is perfect, i.e., there is no frequency dependent

attenuation or M(fx’fy) = 1 for all x,y, Eq. (II.35) becomes

kI, kL
U(u',v') = C"[]'dudv ao(u,v) LxLy sinc ?Tf (u'-u) sinc 3;1 (v'-v)
A

- [+ @reny] (11.36)
e

"Here, of course, ?\z/Lx and )\z/Ly are the hologram aperture-limited

resolutions of the reconstruction process in the u' and v' directions
respectively.
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sin x .
where = = sinec x.

From (II1.36) we see that the complex amplitude of the recon-
structed image is obtained by passing the complex amplitude of the

object through a linear filter with impulse response given by

kL kL
1 1y — ot : X 1 : _ ¥ o
h(u',v') = C LxLy sinc o u' sinc 5—= v

-j— juuHvv
e 2 (11.37)

Thus, we see that the wavefront reconstruction process is a space-

Lo
‘~

variant imaging process since the impulse response depends on the

original object coordinate u,v through the exponential in Eq. (II.37).

The reason that the wavefront reconstruction process is space-
variant can be understood by considering Fig. II.11. Here; 0 is a
planar object which scatters 1ight to the hologram H. Suppose A, B,
and C are three object points which scatter light into the cones shown
by the solid lines. Since the size of the hologram is finite, the
hologram intercepts a different part of the cones of light from the
three points and, of course, upon reconstruction the light which will be
diffracted to the reconstructed image will contain only that part of the
total cone which was intercepted by the hologram. Thus, the wavefrong
reconstruction treats each of the points differently. If, however, the

points of the object are close together, as are points B and C in Fig.

The terms space-variant and space-invariant is used in optics in
analogy to the terms time-variant and time-invariant used in electrical
filters.
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Pige IT.11l Snace-variant property of holography.
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IT.11, the hologram will intercept nearly the same portioﬁ of the

cones due to the points and over a small region the wavefront re-
construction process will treat all of the object points in the same
way. In this small region, which can be called an isoplanatic patch in

(15)

analogy with ordinary optical imaging , the wavefront reconstruction

process is space-invariant.

The size of the isoplanatic patch can be determined in the follow-
ing way. 1If, IS (u'-u) uI < m/4 and I% {v'-v) vl < &/4 in Eq. (II.36),
the exponential can be neglected. This implies that Iul < Lx/8 and |v| <
Ly/8, since we can take l(u'-u)! s )\/Lx and!(v'-v)l s lz/L&. " Thus, if

the object is small compared to the hologram size we can write (II.36) as

kL KL
1 1y - et X LI i L L
Ulu',v") C LxLyt[J’dUdv ao(u,v) sinc o (u'-u) sinc 55 v'-v),
A
o
ka'. ) kL )
= ' ' ! - i _— i .
c LxLy ao(u ,v') % sinc 5, U sinc EZZ V. (11.38)

We see that for small objects (objects which are confined to the iso-
planatic region), the wavefront reconstruction process can be repre-
sented as a linear space-invariant filtering operation where the complex
amplitude of the reconstructed image is obtained by passing the complex
amplitude of the object through the linear space-invariant filter with

impulse response

kL kL’

h(u',v') = C'LxLy sinc EZE u' sinc §;X v'. (1I1.39)
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We also observe from the form of the impulse response, that the
resolution of the reconstructed image depends upon the aperture of the

hologram.

IT.07.2 Fourier Transform Holograms(13_1s)

If we have the case z = z., we have a so-called Fourier trans-
form hologram. 1In this case, we see from Eq. (II.30) that fx and

fy are independent of x and y. Thus, Eq. (IT.35) becomes

u-u Vv -v
U(u',v') = ¢! dudv a (u,v) M{—=—0, ——
’ o ’ AZ b )\Z
A
o .

. _ X T : '
LxLy sinc 5= (u'-u) sinc 7o (V'-v) e (11.40)

This result is the same as for a perfect film except that we have an
attenuation of the reconstructed image which depends, in form, upon

the MTF of the film and, in argument, upon the position of the object
point in question. Thus, we see that the MTF of the film has no effect
upon the resolution of the reconstructed image but instead affects the
brightness of the reconstruction. The resolution is still determined

by only the aperture of the hologram as in the case of perfect film.

Again, for small objects, i.e., for |u| < Lx/8 and |v| < Ly/8’

we have that

Az Az
kL u' kL v' -
% Sinc X sinc —LX— . (I1.41)
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’

Thus, for small objects, Fourier transform hologram imaging can be
represented as a combination object-dependent attenuator followed by

a linear space-invariant filter with impulse response determined by

the hologram aperture.

11.07.3 Very Good Film

Returning to Eq. (II.35), we see that if the film is '"very good"
M(fx’fy) can be taken to be nearly a constant over the hologram aperture.
Thus, M(fx’fy) is approximately independent of the hologram coordinates

and can be taken outside the inner integral of Eq. (IT1.35) and evaluated

u v
by u r v . s
at fx = er "Xz fy =3z " iz In this case, the complex amplitude

of the reconstructed image is, for small objects where lu] < Lx/8 and

|v|<Ly/8,

Yr u' Vr v'

1 1 _ 1 1 1 Al— - — L. A
U(',v') = C LxLy ao(u V') M e o’ Xz g

r . T
kL u' kL v'
% sine —3>— sinc —X—. (11.42)
2z 2z

This result is the same as for Fourier transform holograms. This repre-
sentation is a good approximation for Kodak 649F film since, in this

case, M(fx,fy) is nearly constant up to about 2200 L/mm (see Fig. II.9).

I1.07.4 TLarge Holograms

If the hologram aperture is large compared to the extent of the
MTF, the limits in the inner integral of Eq. (IL.35) can be extended

to infinity. Thus, the complex amplitude becomes
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-jl—([u(u'—u) + v(v'-v)]
Ulu',v") = C'fjdudv ao(u,v) e Z

A

0 .

© .
jlz( [(u'-u)x + (V'-v)y]
ffdxdy M(f ,f ) e . - (1I1.43)
x’y ~
30
If we let
x z Yy u
e v NS vl vl
r r
v (11.44)
= 2 .z _r _ Vv
T]—}\z(l z)_'-}\zr Az

and use the definition for the impulse response of the film given by

Eq. (IT.20), we have that

"j"—'—‘—‘k . [(u'—u) ur'+ (v.'-v) vr]
Zr(l—z—) .
Ulu',v") = C"ffdudv ao(u,v) e r
. A
. o
j——k 2 [(U'-u) u+ (v'-v) v]
<1 1 Z (1'_—)
u'-u v'-v oz
m , e (I1.45)

Z
(15 (-5
r T

where C" is a new constant. We see, again, that the wavefront recon-
struction process is a space-variant filtering operation since one of

the exponentials depend on (u'-u), (v'-v) and on u,v. If

f
k1 (u' - u) ul < n/4
Zy (l--f——)

r :

and ) . (11.486)

k 1
—_—— (v' = V) v
2y (l--f—)

r

< n/4, .
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we can again neglect the exponential, Thus, within the isoplanatic

region given by

YA K4
L (—==-1) L (—=-1)
[ VR ey

we can write the complex amplitude as

u' v'

Uu',v!') =€ a (u',v') wm

z, ’ z
(1‘2) (1‘2;) - (11.47)

'This expression represents a space-invariant filtering operation on the
complex amplitude distribution of the object. The filter impulse re-

sponse 1is

) 1
- Lk ulu . viv,
J(1—5—) Zy 2y
u' v' 2y
h(u',v') =C" m il pal (11.48)
(1-=)  (1-7)
-r r
If the reference beam is collimated, z_ = @ and the impulse response
reduces to
-jk(® ru' + 6 rv')
h(u',v') = C" m(u',v') e X y (11.49)

and becomes independent of the condition (I1.46); that is, the iso-
planatic region is extended to all points of the object. 1In the

above expression,

and 8 = lim .
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In this case, the complex amplitude of the reconstructed image is

- 110 1 0 '
' ' = ' ' ' Jk( Xru * er )
Uu',v') = K" ao(u V) e m(u',v) e

We see that in the case of the large hologram, the resolution of the

,

~
reconstructed image is determined by the film alone and does not de-

pend on the hologram aperture.

Of course, if the reference beam is in-line and parallel to the
normal to the hologram, the exponential term in the impulse response

becomes equal to one since 8 =0 = 0.
xr yr

I1.07.5 General Case

In Eq. (II1.35), we can substitute for the MIF. Thus, using the

definition for M(fx’fy) given by Eq. (II.21), we have for the complex

amplitude of the reconstructed image the expression

- [er-w + vev-v)
U(u',v') = C’-[[.dudv ao(u,v) e °
A

° ~ U v
® ik g(_s i 5) . n(_r ] x)]
| \z, 2 z, 2z

ffdgdﬂ m(E,MN) e

L) (u'-u) (v'-v)

J’l—z((l—zi)x—;—-é +yl—F— -1
r (1-=) (1-=)

ffdxdy e - % “r
A

t

Performing the integration over the hologram aperture, we get

(11.50)

(I1.51)
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-j—lzS [u(u'-u) + v(v'—v)]

Uu',v') = _[AUdV a (u,v) e
1"—9
k Yr u Ve v
EPTI (z— - ;) Sl ;)
m[ u'-u v'-v ] o (1-;;) r r
-5 12 —
r r
kL kL
—% (u'-u) sinc 'Z"ZX (v'-v) ] - (I1.52)

% Sinc
2z

ray

We see that this expression describes a space-variant filtering operation
The impulise response which will,

on the complex amplitude of the object
of course, vary over the object, for a point located at u, v,can be

written as

C'LXL ‘z
h(u',v'; 4,v) = —————Xz e
(1-%)
z
r u A v -~
Lk u-(_r I\ (._1; _ z)
J z z z z
u! — (1'—) r r
z, "’ €
1-—=)  (1-7)
r
ka kL
. i -4 ' 3 _X 1
% sinc 5= u' sinc 5—= v (11.53)

Thus, we see that this impulse response will be determined by both the

impulse response of the film and the impulse response of the aperture

which is given by the sinc functions.
To show this more clearly, we can examine the behavior of the
Returning to Eq. (II1.51), we see

general case in the isoplanatic region
T independent of the coordinates

that we can make the integral over
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u,v if [EE §| < n/4 and l%; ﬂl < n/4 or if*

Az S
[ul < B’g and lvl < )8\—121' . (IT.54)

——

In this case, after intergrating over the hologram aperture, we have

that

k
C'L L —j;[u(u'-u) + v(v'-v)]
U(u',v') = ———%rzi dudv a_(u,v) e ’
(1-2) °
r

A
o

K Eu Tiv
-] . —jm)(-z—r + _Z._E)
ffdgdn m[ § , 1 ] e % r r

zZ
g 1-=) (-2
r r
kL kL
sinc 525 [(u'—u) - §] sinc E;X [(v' - v).— ﬂ]. (I1.55) .

L L
Now, if we apply the further condition that lul < ?? and [vl < ?f s, WE

can write Eq. (II.55) as

k “r Ve
-3 - -
C'L L : , J'(l_L)G 2. V2
UCu',v') = __);_}_’_2_ a (u',v') % m Uz , Vz e Zr r x
(1-) (1-=)  (1-7)
r T r
kL kL
% sinc =—= u’ sinc =—% v' . (1I1.56)
2z 2z
“As in our previous example, we can take A = ,00063 mm and z = 100 mm.

Then, the following inequalitieé must be satisfied; |u|< '363

€
Ivl < L%%é. If we take, as before, that &€, N < 0.12 mm, then

lul, [v

and

< .066 mm defines the isoplanatic region.
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This expression clearly exhibits how the resolution of the Tecon-
structed image is influenced by both the impulse response of the film

and the diffraction-limited resolution of the aperture.
We note that for a collimated reference_beam, zr = ® and Eq.

(I1.56) becomes

—ﬁdexru' + eyrv') -
Uu',v') = C'LxLy ao(u',v') 2 m{u',v') e :

ok, KL
- : — 1 : L
% sinc 5—= u' sinc EZX v' . (11.57)

I1.08 Resolution of the Wavefront Reconstruction Process

I1.08.1 General Case -

We can use the above results to claésify the resolution we ex-
pect from the hologram process. 1In the general case, the resolution
of the hologram process is determined by the convolution of the diffraction-
limited impulse response of the aperture and the impulse response of the
film. Thus, we can expect that resolution size will be larger than we
would expect from simply a consideration of the hologram aperture size

[see Eq. (II.56)].

11.08.2 Fourier Transform Holograms

In this case, the resolution will be determined by aperture of the
hologram. The effect of the MIF of the film is non-spatial-frequency
dependent and it simply weights the complex amplitude of the reconstructed

image [see Eq. (II.41)].
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11.08.3 Very Good Film

If the film we use for the hologram is of the quality of Kodak

649F, the resolution will be determined by the aperture of the holo-
‘ .

gram as in the Fourier transform hologram case. In this case also;

the MIF of the film acts as an object-dependent attenuator which .

weights the reconstructed image [see'Eq. (11.42)].

171.08.4 Very Large Hologram

In this case, the resolution will be determined solely by the
impulse response of the film as in conventional photography [see

Eq. (I1.50)].
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CHAPTER III

ANALYSIS OF THE FIIM NONLINEARITIES IN HOLOGRAM RECORDING

I11.01 Iritroduction

The effect of the nonlinearity of the photographic film used in re-
cording holograms has‘been examined by a number of authors(l—a), start-
ing with Gabor who pointed out that the optimum hologram is obtained
when the amplitude transmittance is linearly related to the exposure.
Some of these analyses have been based on the D-log E curve of the film
but more recently the nonlinear effects have been studied on the basis
of the amplitude transmittance versus exposure (Ta—E) curve of the film(5’6).
It has been shown in Ref. 7 and in Chapt. II that opéimum holograms are
produced when the average exposure level of the hologram Eo coincides
with the center of the linear portion of the Ta—E curve, thus produéing
the optimum average transmittance Tb' This procedure is optimum in
that both the brighéness of the reconstruction and the signal to film-

grain-noise ratio is maximized(B). (We shall say more about the film-

grain-noise in Chépt. vV.)

In this chapter we extend the previous analyses with particular
emphasis on determining the effect of the film nonlinearity when making
holograms of diffusely illuminated objects. We use the Ta—E curve as
the transfer characteristic of the hologram recording film and we re-

strict our attention to carrier frequency holograms.

We assume that the sensitivity of the film is not a function of
spatial frequency, i.e., the film is perfect in the sense described in

Chapt. II, and that the amplitude transmittance of the film is a real

(73)
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.

function also as we did in Chapt. II. For the type of filﬁ usually used
in holography (say Kodak 649F or Agfa Gevaert 1070E), the first assumption
puts an upper limit of about 1500 lines/mm on the spatial frequency con-
tent of the hologram; however, the theory as developed here probably

does not apply at these high spatial-frequencies since we do not take

into account any emulsion thickness effects. We also note that we assume
here, as we did in Chapt. II, that the distance between the object and

the hologram is large when compared to the size of the hologram and object

and that the object is planar.

I1IT.02 Hologram Exposure

Suppose we have the hologram recording system shown in Fig. III.1.
The complex amplitude, due to the object,  at the plaﬂe of the hologram
is a(x,y) exp j9(x,y) and the complex amplitude due to a spherical
reference wave is a_ exp ijr(x,y). We assume that a_s the amplituée
produced at the hologram by the reference point, is a constant. Rr .
is the distance from the reference point to a point (x,y) in the hologram

and k = 2m/A. Then the intensity at the hologram is

—

Can)
k]

'
Il

Iar exp [ijr(Ei] + a(x) exp [je(ﬁi]lz

ar2 + 32 (x) + Zara(z) cos [er(E) - 9(_}_{_):], (I11.1)

where x indicates the point (x,y) in the recording plane.

2,,2 . . .
Let K = a_ /<a” (x)? be the beam ratio, i.e., the ratio of the
reference beam intensity to the space average of the intensity produced

at the hologram by the light scattered from the object. Since the
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L\

Ref,

Pig, III,1 Ilzking the hologram. O is the object,

Ref, the point refercnce source and I the hologrem,
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exposure, E', is the product of the intensity and the time,

E'(x) = t[}(az(f)) + 82(5) + Z/E(<az(§)>)1/2 a(x) cos é(ii]' (I11.2)

Here, we have set $(x) = er(E) - 0 (x).

For a carrier frequency hologram, the term a(x) cos #(x) is a
function having a finite band of spatial frequencies centered at some
average value. Here we assume that the lowest spatial frequency is
high enough to prevent overlap of the spatial frequency spectra of the

2 2 . . ,
terms a(x) cos #(x) and a“(x). Note that a” (x) is a term having spatial
frequencies centered on zero but with spectrum wider than that of a(ﬁ)

because of the squaring operation.

E'(x) may also be written as

az(x)—<az(x)) Z/Ea(ﬁ) cos P(x) j)
— — . (I11.3)

2
E'(x) = (K + 1)¢a" (x)7t <} + +
@12 () (k1) KaZ()») 2

\

If we set E0 = (K + 1)(&2(5))t, where E., is the position of the optimum

0

bias exposure corresponding to the optimum bias amplitude transmittance

Tb’ we have

. B (x) ' .
E'(x) = EO {1 + K: i + Kzle I:I + B(E):]l/z cos é(zc_)} . (111.4)

where

a? (x)-<a® (x>
<)

B(x) = (I11.5)
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and where

a(x)
KaZ (x)>)

[} + B(ﬁi]}/z cos #(x) = 175 o8 é(x). (I11.6a)
Note that B(x) is the normalized deviation from the mean of the

intensity produced at the hologram by the light scattered from the ob-

ject; that is, B(x) is the normalized deviation from the mean of the

intensity produced at the hologram in the absence of ;he reference

beam. Thus, -1 < B(x) < ® and {B(x)> = 0. The function B(x) plays

an important part in the nonlinearity analysis as we shall see

later.

If the object is made up of N discrete points, the complex ampli-
tude produced at the hologram by the light scattered by the object is

given by

N
a(x) exp Eje(i)] =Z a; exp [:j (kR (x) + \‘J.l)_-_] )
’ i=1 ) '

where a; exp jwi is proportional to the complex amplitude of the ith
resolvable object point and Rfﬁ) is the distance from the ith object
point to the point x in the hologram plane. For a spherical reference

beam as before, the intensity at the hologram is

N
o, exp [, 0] + ) 2y exe (30, G0 + ¥2]17

I(x) =
i=1
N N-1 N w
_ 2 2 - o4
=a_ + Z a,” + 2 Z aiaj cos {k[Rj (x) Ri(ﬁ)_J + \;j vy
i=1 i=1 j=i+l
N
-I: 2521r Z a, cos kE?,_j(zg) - R.l()_<_)] - 1111} . (111.7)

i=1
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In this formulation the beam ratio is

N

where 2: a.l2 is the mean intensity at the hologram of the light
i=1
scattered by the object. We may write the exposure function in the

same way as Eq. (IIT.4) if we recognize that B(x) is-given by

N-1 N
- yo-
21 j=i1 ity 08 kE{j @) Ri(§ﬂ+ Vi
B(x) = 2—— (111.5b)
DI
i
i=1
and that the carrier frequency term may be written.és
N
- -
Z a, cos {kE{r(ﬁ) Ri(ﬁﬂ Yy
1 i=
b+ B(x) 2 cos sGx) = =L 173 : (I11.6b)

N
2
Y
i=1

It is convenient to define the normalized exposure E(x) as
E(x) = [Ef(&)/on-].and to define a normalized Ta—E curve. This
normalized curve is obtained from the ordinary Ta-E curve by shifting
and scaling the exposure coordinate so that the normalized exposure
E(x) = O produces the optimum average transmittance Tb and a normalized
exposure E(x) = -1 produces unity transmittance. The ncrmalized Ta—E
curve is called F(E), the point (O,Tb) on this curve is called the

Yo

bias point and the linear slope at the bias point is designated as Sy

"We note here that the s, of this chapter is the slope of the
normalized T4-E curve and shotild not be confused with the s of Chapt.
II which is the slope of the ordinary T,-E curve.

-
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I111.03 FExposig the Hologram

To record the hologram linearly, we must have K large so that we
confine the variations in exposure to the linear portion of the normali-
zed T,-E curve. When K is large the resulting amplitude transmittance

is approximately

BGx)  ¥E 1+ 8] cos dx)
1( (111.8)

' -
TaED) =Ty + s K+ 17 K+1

b
In this linear case we see that, upon using a proper reconstruction
procedure, the second term in the brackets will form real and virtual
images which are faithful in every respect to the original object as

explained in Chapt. I.

When K is not large enough, this linear approximation is not valid

and the amplitude transmittance is

Ta(E') = T+ F(E), (111.9)

b

where F 15 » function de@w“u?~fue trausmitlaunce vS$- exposove
Corve of Yhe Gnlm- )—\lso)we have

B(x) 2/K [1 + B(ii]l/z cos 4(x)
F(E) = F[:

K+1 7 K+ 1

(5)

This may also be written in terms of a Fourier transform as
B [ 2]
1 ~ .
F(E) = P F(w) exp (FUE) dw ,
-8

where F(w) is the Fourier transform of TF(E). Substituting the value of

E in the above equation, we find that
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F(E) = E-lr—r_[ dwF(w) exp ju (B(?Q 2\/—_ [1 3 BL)J cos é(x)) )

K+ 1 K+1

We expand the exponential function in this expression using the Jacobi-

)

Anger formula Then

F(E) = Hm [B(E); KJ cos mé (x)

m=

where Hm, the coefficients of the above series, are given by

U.‘B(x) 2Kl/2 [:l + B(_}E)Jl/z
H [B(x), KJ ( ) f F(w) exp j ) ( w) dw

K+l K+1

and where Jm is the Bessel function and 80 =1, em =’2 (m # 0). The
coefficients H are functions of B(x) and are dependent on the form of

the nonlinearity and on the beam ratio as the parameter. The resultant

amplitude transmittance is
T_(E') = T, + HOEB(X); K] + Z Hm[:B(E); K] cos mé(x). (I11.10)

I11.04 Effect of the Nonlinearity,

A number of qualitative observations can be made about the hologram
recording process by comparing equations (III.8) and (I1I.10). 1In
equation (III.l0), that part of the amplitude transmittance used to re-
construct the real and virtual images of the object corresponds to the’
first-order term (m = 1l). We see that the phase of this term is in
aéreement with the phase of the corresponding first-order term in

Eq. (III.8) but that the amplitudes differ, The amplitude H]_[B(E); K]
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is a function of B(x) and we would expect that the variation of B(x)
will determine the amount of amplitude distortion that a given com-
bination of film nonlinearity and beam ratio, K, will produce. For
example, if B(x) is zero or varies only a small amount about zéro,
most of the information about the object is contained in the phase part
of the record and the film nonlinearity has little effect on~the recon-
struction. This situation occurs when making holograms of photo-
graphic transparencies illuminated by plane or spherical waves.* More
generally, the variation of B(x) may be quite large and we would expect
severe amplitude distortion of the transmittance of the hologram for
small K. This amplitude distortion has the effect of introducing inter-

modulation products into the first-order term which, in turn, produce

distorted or noisy reconstructed images.

For m > 1 we see that the noniinearity has generated higher
order amplitude transmittance terms having distorted amplitudes and
phases which were not present in Eq. (III.8). In addition, the zero-
order term (m = 0) is a distorted version of the linearly recorded low-
frequency term SlB(E)/(K + 1). The distortion present in these terms
produces intermodulation products which tend to widen the spatial fre-
quency spectra of the terms. Thus, even if the spatial-carrier fre-
quency is high enough to avoid spectral overlap between the zero and
first-order terms of Eq. (I[I.8), the-terms for m # 1 in Eq. (III.10)
may contain spatial frequencies which overlap the spectrum of the

first-order term. This spectral overlap means that parts of the waves

“This also can be the situation when making spatial filters. See
Ref. 10.
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which are generated in the reconstruction by the terms where m # 1
are present at the same place as the desired reconstructed images, thus

introducing a spatial-overlap noise into the hologram process.

This'type of noise can be avoided by increasing the spatial-
carrier frequency, provided that the film has an adequate spatial
frequency response. The increase in carrier frequency will inérease
the diffraction angle of the waves generated by the terms for m> 0
and these waves will thus propagate in the reconstruction in such
directions that there will be no spatial overlap at the place where
the desired first-order reconstructed images are formed. In this
study, we assume that the carrier frequency is high enough to avoid -
spatial-overlap noise and we ignore all but the first-order term when

we consider the noise generated in the reconstructed images by the

amplitude distortion.

I11.05 Effect of the Object Intensity Pattern

An examination of Eq. (III.4) reveals that the exposure function
consists of three terms: a constant term, a zero-order term which is
a low frequency-spatial fluctuation directly related to B(x) and a
spatial-carrier frequency term whose amplitude and phase are directly
related to the complex amplitude produced at the hologram by the ligﬁt

scattered by the object.

The second term makes the analysis of the hologram nonlinearities
different from the usual nonlinear analysis and creates the major part
of the amplitude distortion which is caused by the film nonlinearity.

This troublesome second term causes the effective bias point of the
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Ta—E curve to shift as B(x) changes in magnitude. This bias shift
is especially troublesome when the intensity produced by the object

at the hologram has a large dynamic range.

A situation of this kind is shown in Fig. I1I.2. At the right is
shown the relative intensity due to the object alone. Below the Ta—E
curve is the exposure function of the recording. The dashed line in-
dicates the shifting bias level while the solid lines are the envelope
of the carrier frequency function. The high frequency spatial fluctuations

in this envelope are represented by the straight lines contained within

the envelope.

Just to the right of the Ta—E curve is shown the resulting trans-
mittance fluctuations. It is apparent that the nonlinear Ta-E curve
has distorted the signal by suppressing the high intensity regions while
leaving the low intensity regions nearly unchanged. This is the type
of intensity pattern one encounters‘when making holograms of an object,
which is a photographic transparency illuminated by a plane wave, at

(11)

the back.focus of a lens. In this case, it is known that the com-
plex amplitude of the light due to the object is given by the Fourier
transform of the photographic transparency. The high intensity region
is related, in this case, to the average level and very low frequency

content of the transparency while the low intensity region is related

to the higher frequency content of the transparency.

. Note that the major effect of the nonlinearity is to increase the
contrast of the reconstruction since, in this instance, the nonlinearity

of the film suppresses the part of the object's spectrum which represents
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-

the average level and thus, the average level of the reconstruction,
while it has little effect on the high frequency part which accounts

for the fluctuations around the average level.

In order to adequately analyse the nonlinearities for this type
of object, we must find a function which describes the experimentally
determined Ta-E curve for both low and high values of exposure:
Generally, a single function cannot be found which f%ts for a large
range of exposure; however, a very good fit can be made by adding to-

gether several functions.

We will go no further here in the analysis of nonlinearities of

this type of hologram but will only make some remarks. In this type
. 1/2

of hologram, the function [}Z/E/(K + 12]4(1 + B) is related to the
magnitude of the Fourier transform of the object and points in the
hologram plane can be given one-to-one correspondence with the spatial
frequencies of the object. We have also seen that the nonlinear effect
is a function of B(x) and thus, is related to the amplitude distribution

of the Fourier transform of the object. Thus, HI(B; K) may be

written as

i (85 ) = locol n' e 1),

where 0(x) is the Fourier transform of the object suitably normalized
and where Hl' is, at present, an undetermined real function which may
be thought of as a '"filter transfer function." Since the "filter

transfer function'" is real, it has associated with it an "impulse re-
sponse" which is even. Carrying this idea one step further, one can

think of replacing the nonlinearity by a "linear filter," the impulse
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response of which convolves the amplitude distribution of‘the object.
Although this concept is useful for visualizing the effect of the non-
linearity, care must be exercised in using it since the "filter transfer
function" depends on the object and thus does not satisfy the usual re-

quirements of linearity.

ITT1.06 Taylor Series Form for Nonlinearities

We now study another method of treating the nonlinearities where
we do not use the Fourier transform technique of Section III1.03 for ob-

~

taining the resulting nonlinear amplitude transmittance.

We begin by recalling that the amplitude transmittance of the holo-

gram is

! =
Ta(E ) Tb
where E = (E'/EO)—I is the normalized exposure and F(E) is the description

of the normalized Té-E curve, We can expand F(E) in a Taylor series

s i
about the point E", thus

(),
re) = ) B @ g,

n!
n=0

(n)

where F is the nth derivative of F.

1/2
We recall that E = (B + Z/E(l + B) / cos #)Y/(K + 1). Then, if

E* = B/(K + 1), we find that E - E* = 2/R(L + B)I/2 cos 4/(K + 1) and
il (n) £
b =Y T o "
n=0

where ¢ = 2/K(1l + ?)1/2/(K + D).

+ F(E), (I11.

9)
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We expand this function as

, (i_V) *
F(E) = [F(a‘“‘) +EED 1yp) 2y B2 ED (g &*

(viii)(E*)

(vi) , %
F (E7) 6
+ = (5/16) < 3

(35/128) & + ]

t (v)
4+ ¢ cos & [F flj‘ ) 3,(E ) (3/4) c2 —'——(E“)‘ (5/8) c

(Vi.i.) e (ix) kS
+ f——%ﬁ (35/64) <® + E——QJE—l (63/128) < + ]
(iv)
+ 2 cos 24 [——i—— (1/2) + ———l~ (1/2) 2

(vi) (viii), *
+ -———(——— (15/32) c9 + E——#—E—Z (7/16) c6 + ]

+ terms in cos m, m =3, &4, 5, ... . ’ (III.11)

Let o
F(E) = E: s, EY (I11.12)

v=1

be a power series which represents the experimentally determined normalized

Ta—E curve. Then the nth derivative of F(E) is

(n) v-n, ~
ZWS : n=20,1, 2,

ata

E” the nth derivative becomes

L2
(M) gy = (W) _ Z v! g \' ¢ _
F (E7) = K + K+ 1) (v - m)! Sv K+ 1 , form =0, 1, 2,

Y

and letting E

v=n
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Using the above expression in Eq. (III.1l1l), we find that the ampli-

tude transmittance of the hologram is

252K

éK + 1)2

T(E') = Tb +

B
To * 51 CooPo®) T3 1

R LAY '
S CmOPm(B) KLl cos mg,

(I11.13)
where Pm(B) are polynomials in B given by
€
Cmi i
P _(B) = T B _ (I1I.14)
=0 ™

and where Cm.1 are constants dependent on the coefficients of the series
expansion of the Ta-E curve (sv) given by Eq. (II1.12) and beam ratio

(K). T, is a constant which is also dependent on these parameters. We

shall not display all these constants here, but a typical constant is

2
10K

7 (s5/sy)

3K
C =(1+-““—-‘—(s/s)+
10 ®+12 T ke

3 A
35K 126K
_,_____6 (57/51) +__..____._é. (59/51) + ..-)-

(K + 1) (K + 1)

We see from Eq. (III.13) that the transmittance of the recording

contains the zero-order term s (B) B/(K + 1) which is proportional

1 %00%o

to the zero-order term in the exposure function as given by Eq. (III.4),

.

See Appendix A for the constants, TO’ COi’ and Cli'
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except that it is multiplied by a polynomial in B. Eq. (III.13) also
. . 1/2
contains the first-order term s

(8) 2/K (1 + B) cos /(K 4+ 1)

1 10 1
which again is proportional to the first-order term in the exposure
function except that the term in Eq. (III.13) is multiplied by a poly-
nomial in B. The transmittance expression also contains an infinity

of higher-order terms just as we found in the Fourier-transform solution,

Eq. (III.10).

In fact, a comparison of the coefficients of Eq. (III.10) and

Eq. (III.13) shows that

252K
H.(B; K) = —=5—— T_ + s (B) >
0 K + 1)2 0 1 00 0 K + K+ L
H, (B; K) = S1 (B) (1 + B) 1/2
1\ 101 K + K+ L

and so forth. Apparently then, the distortion of the amplitude term
is, to within a constant, the polynomial Pm(B) associated with the mth
term. Thus, we have found an explicit solution for the amplitude terms
which we can calculate provided that we have a power series expansion
about the point E = O for the experimentally determined Ta-E curve,

111.07 The Power Series of the T -E Curve

a

In order to continue the calculation, it is necessary to know how
much of the experimentally determined and normalized, Ta~E curve need
be represented by the power series given by Eq. (III.12). To know this,
we must either know the exposure function exactly or we must know its

statistics to determine the probable values it will have. However, in
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Ve

order to determine the statistics of the exposure function, we must
normally take measurements on a class of objects, We can avoid this
task and still get an upper-bound estimate of the propbability distri-
bution of the exposure function by using Jaynes' principle of maximum

(12)

uncertainty This procedure maximizes the entropy and thus, the
uncertainty of a distribution subject to the known constraints on the
probability density function (p.d.f.) and determines the wides; p.d.f.
under the circumstances.

Therefore, we determine the widest p.d.f. of (1 + B) which we

\

denote as p(l + B), by maximizing the entropy

[+s ]

~

H = —f p(l + B) log p(l + B) d(1 + B), (111.15)
-®

subject to the c;nstraint that the integral of p must be one (for p to be

a p.d.f.) and that the mean of (1l + B) is equal to one. A further

constraint is that the lower limit of the integral in Eq. (ITI.l5) must

be zero since (1 + B) iz the normalized intensity produced at the hologram by

the light scattered from the object which, by definition, must be greater

than or equal to zero.

Thus, the constraints are

-]

fp(l + B) d(1 +B) =1, v(III.16a)
0 : '

-[.(1 + ﬁ) p(l +B) d(1 +B) =1 . (III.16b)
0
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,

The p.d.f. can be found by using Lagrange multipliers(lz) Using
this technique, we find that p(l + B) ='a exp b(l + B) where a and b '
are constants to be determined from Eq. (III.1l6). Applying the

constraints, we find that

fa exp [b(1 +B)] d(l +B) =1,
"0
fa(l +38) exp[b(L +B)] d(l +B) =1,
0

2 .
that a = b and a = -b. Thus,

p(l + B)

exp [-(1 + B)], for (1 + B) 20 (ITI.17)

0, otherwise.

We note that exp [-(1 + B)] is an exponential p.d.f. and that such a
p.d.f. is obtained for a random variable which is formed by adding the
squares of two independent Gaussian random variables each with zero
mean(l3). The two Gaussian random variables can be identified with

the real and imaginary parts of the complex amplitude produced at the
hologram by the light scattered by the object. Since the squares of the
real and imaginary parts of the complex amplitude are added to produce
the intensity, we see that the complex amplitude which produces the

widest p.d.f., of the normalized intensity (1l 4+ B), is one which has

independent and zero mean real and imaginary components with Gaussian

statistics.
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We now use this p.d.f. to determine what value of E will make ¢
very small in the following probability expression: Prob. [Emax > E] = e,
1 .
We find, from Eq. (III1.4), that Emax = [B + 2/X (1 + B) /ZJ/(K + 1),

Then we have that

B 2/K 1/2
> =
Prob.(K+1+K+1(l+B) E) €,

which is the same as
(E+1) (K+1) (EL1) (K+1) 172
Prob. { (1 + B) > K S 2 +1 -2 (_.;__E_;__) = e .

Using Eq. (II1I1.17), we find that

1/2
eep k[ ERED L (EDE0)T]

i

An examination of the above expression reveals that, for K = 1,
the probability of Emax exceeding three is 0.035 and that for K = 2, this
probability is 0.015. Thus, we see that only a small error is wade if

we assume that the experimentally determined normalized Ta-E curve can

be represented by a power series valid for -1 g E § 3.

111.08 Results of the Power Series Technique

A power series which represents the experimental Ta—E curve for
Kodak 649F spectroscopic plates (developed in D-19 for 5 min at 20%c)

is given by

9
F(E) = Z s, EY,
v=1
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where the sv's, as well as the points of fit to the experimental cufve,

are shown in Fig. ITT.3.

Using these data, we calculate the coefficients Cmi which are
shown in F igures III.4 and III1.5. Figure III.4 shows the magnitude
of the cgefficients of PO(B), the added constant term [ZK/(K *1)2]T0 52 and
the constant COO' These coefficients are associated with the zero-order
terms of Eq. (III.13) and determine the "glow'" around the constant term
in the reconstruction. The coefficients of the first-order term are
shown in Fig. III.5. These coefficients determine the amplitude dis-
tortion, due to the nonlinearities, of the amplitude transmittance

term which reconstructs the real and virtual images. These coefficients

have relatively high values for small K and i but decrease rapidly as

K and i increase. For example, for K = 4 the polynomial P1 is

Pl(B; 4) = (1 - 0.1958B + O.OZOB2 + 0.0018B3 - O.OOOSB4 + ...).
Using Eqs. (III.6b) and (III.13), we find that the first-order term
of the amplitude transmittance which reconstructs the real and virtual

images of an object consisting of discrete points is

N
Ta = DPl(B) E: a, cos [k(Rr - Ri) - Vi]’ (ITI.18)
i=1
where
e N -1/2
2/ K 2
D = ® + 1) sy Clo-(z a; . (II1.19)
i=1

Using Eq. (IIL.l4) for m = 1, we find that the term which reconstructs

the ith point is
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C
T, =D 1+E-l—1-B+E—1-2-B2+...) a.cos[k(R -R.)-'l/,._].
L 10 10 . L r 1

We see that the reconstruction of the ith point of the object is made
up of several terms. For the case K = 4, cited above, the coefficient
of the linear term in B dominates and part of the hologram amplitude

transmittance which goes to reconstruct the ith point is approﬁimately

= - - \
T, = D(L - 0.195B) a_ cos [k(Rr R + vi] .

Thus, we see that the mnonlinearity has the effect of producing two
reconstructed images of each object point. One undistorted point
image is produced by the constant amplitude sinusoidal Fresnel zone

plate

= 1 - - Y
T. D a, cos [&(Rr Ri) Vi]

associated with the constant of the polynomial PI(B)' The strength
of this point image is proportional to the strength of the original
object point. The other "image" is produced by the amplitude weighted
sinusoidal Fresnel zone plate

T, = 0.195 DaB cos [ k®_ - R - wi] ,
where the amplitude weighting is determined by B(x). B(x) is a function
with low spatial frequency components which are due to the interference
at the hologram between the waves from pairs of object points. In the
above expression B(x) multiplies the carrier frequency term producing

intermodulation product terms which do not contribute to reconstructing



(98)

-

the desired image but instead distribute the light in the image plane

in an undesirable way, thus creating a noisy reconstruction,

We also note that the amplitude weighting is identical for all
zone plates and thus the nonlinearity produces the same result as
placing a mask with amplitude transmittance B(x) over a linearly re-

corded hologram.

We must distinguish between two cases when cons%dering the effect
of the intermodulation products. The first is when B(x) is a random-
"like function as would be the case for a diffusely illuminated object
with no periodicities. 1In this case we would expect the intermodulation
products also to be random and thus distribute a random pattern of
light in the image. The second is when the intensity is due to an
object which is periodic thus making B(x) and consequently the inter-
modulation products periodic. 1In this case we would expect the inter-
modulation products to distribute the light according to a pattern with

periodicities related to the periodicities of the object.

Figure ITI1.6 shows schematically the reconstructed image of a point
in the object, for nonlinear operation in these two cases. At the
top is the image of a point for the first case. The narrow pulse is
the undistorted point image produced by the amplitude transmittance Tiu'
Since B(x) is a random function, the amplitude traﬂsmittance Tid will
produce a low-level clutter about the narrow pulse. Thus clutter is
spread over an area approximately twice the size of the object since
the spatial frequencies of the intensity fluctuations are about twice

the frequency of the fluctuations of the complex amplitude, at the holo-

gram and, of course, these frequencies are inversely proportional to the
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siz~» of the object, Nonlinear operation with objects whose intensity
pattern at the hologram is random is not especially troublesome since
the effect of the low-level clutter is to add a background glow or noise

to the reconstruction.

At the bottom of Fig. II1I1.6 is shown the point image for the second
case. Again we have the naérow pulse fromthe undistorted zone-plate
of amplitude transmittance Tiu but, in this case, instead of low-level
clutter, the periodic amplitude fluctuations of the second zone plate,
Tid’ produce side lobes around the narrow pulse. These side lobes,
which are at distances from the narrow pulse related to the periodicities

(6)

in the object, can be especially troublesome since they produce false

satellite images near the true reconstructed image.

II1.09 Some Further Numerical Results

Fig. IIIL.7 is the magnitude of the coefficient of the first-order

transmittance term of the hologram, given by Eq. (III.13) for m = 1,
plotted against the quantity (1 + B)1/2, which is proportional to the
coefficient of the carrier frequency term of the exposure function

(Eq. IIL.4). A straight line on this graph means that there is a linear
transfer between these coefficients and that the film nonlinearity has
no effect on the reconstruction of the first-order images. At K = 6 the

line is only slightly curved, but K must be considerably larger to ob-

tain a straight line.

Fig. ITI.8 shows the average brightness of the undistorted real or
virtual first-order image plotted against K. This plot, along with

Fig. III.7, can be used to determine a reasonable compromise between



3

| ] ] 1 i |

Fig,

IIT1.7.

0.5 75 , LO - 123 .50 .75 2.0
11+8)2
Relationship Between exposure envelope and record-

ing envelope with K as a Parameter

(101)



’

(102)

the brightness of the recénstruction and the deleterious effect of gon—
linearities. For instance, at K = 10 there is reasonably good linearity
and the brightness of the reconstruction is only about 3 dB below that
at K =1, Figure II1.8 also shows a plot of the square of the zero-
order term, which is linear in B(x), versus K. This can be taken as a
measure of the average brightness of the light which forms around the
reconstruction beam. We see that it is large at K = 1 but drops rapidly
as K increases. This behavior corroborates the reports that a great
deal of flare iight exists around the reconstruction beam when the

(14)

beam ratio is low

For K greater than about 15, curve 2 of Fig. II1.8 is a direct
measure of the average brightness of this flare light since all of the

coefficients, COi/CO of PO(B) are negligible. At K = 15, the bright-

0
ness of the zero-order term is about 18 dB below the reconstructed
image and at K = 30 about 21 dB. We can take advantage of the fact that
the brightness of the zero order flare is very low by allowing the

spatial frequency spectrum of the first-order term to overlap the low-

frequency space, thus saving the bandwidth of the film.

We have seen that for normalized intensity distributions, 1 + B,
where the fluctuations of B are small compared to one, the non-
linearity has little or no effect. Thus, we would be tempted to operate
with beam ratios of less than one. However, Fig. II1.8 shows that the
optimum value for K is one, since it is at this point where the bright-

ness of the reconstructed image is maximized.
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III.10 Average Noise Due to Nonlinearities

In this section we shall examine more quantitatively the effect
that nonlinearities have on the reconstructed image of a diffusely
illuminated object. 1In order to simplify the calculations, we shall
confine our attention to flat objects of small angular size located
in a plane parallel to the hologram-as we have done previously. Further,
we assume that the object consists of a collection of N closely packed,
but distinct, points and that the points are about tﬁe size of the
resolution element associated with the hologram aperture. The use
of an object of this type also simplifies the mathematical complexity
of the problem, since we can replace the usual convolution formulation
of holography by a simple summation over the N points, while it intro-
duces only a small error when the results are applied to the case of a

cont inuous object.

Recall that the complex amplitude of the ith point of the 6bject
is a'i exp j?i where a'i and vi are, respectively, the amplitude and
random phase of the ith object point. For a diffusely illuminated ob-
ject, it is reasonable to assume that the ¢i's are independent random
variables which, when reduced modulo 2ﬁ,.are uniformly distributed be-

tween O and 2m,

To recenstruct the virtual image, we illuminate the hologram with
khe original reference beam of complex amplitude a_ exp ijr and
examine the light diffracted from the hologram at the original object
position through Ehe use of the Fresnel-Kirchhoff formula given by
Eq. (II.4) of Chapt. II. Thus, the complex amplitude of the recon-

structed virtual image is



Here Tav is the portion of the amplitude transmittance of the holo-
gram which reconstructs the virtual image, R is the distance from
the point x to a point in the virtual image, At is the area of the
hologram and z is the distance from the object to the hologram. he

amplitude transmittance, Tav is, from Eq. (IIT1.18), given by

DP (B) k(R -R. ) -y .
Tav zz: a, ]

i=1

Thus, the complex amplitude at a particuiar point 1 of the virtual

image is

N
-ja D k(R -R )+v
Uuy,v)) = g ﬂ Z ] dx . (I11.20)

t

At point 1, the signal amplitude is the complex amplitude produced
by the undistorted zone plate due to the original object point 1,

Thus,

or

-ja,a_D A v
_ lr t 1
U1 =, ° . (I11.21)
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The noise at point 1 is due to the low-level clutter contributed
by the distorted zone plates produced by the intermodulation products.
Thus, we define the noise at point 1 to be the sum of the complex

amplitudes contributed by the N amplitude weighted zone plates, or

SEEY d e Sk@R)) :
v =t _[[ e, -1 ) e, ax . (171.22)

i=1

Since

(x - ui)z &y - vi)2

and

2 2
G- udt (- v
Ry =2+ —%; L ;

where uy, v, are the coordinates of point 1 of the object and ug, Vi

are the coordinates of a general object point,

we have that

2 2 2 2
(ui - Uy ) + (v,l - vy )
Ry = Ry = 22 +

[xco, - up) +v0o, - v))]

M=

and that

-ipa X i,
U . = —e—2Fr - . dxd [P (B) - 1]
nl 2z a; ® Y 1

t

j%%[(uiz_u12)¢(vi2-v12q] jg[x(”1"“i)+Y(v1'viﬂ
e e . (111.23)



(107)
The average intensity of the reconstructed image at point 1 is

m, =& lo, +u 17},

-

where E{ } denotes a statistical average. Then,

2 2 . N . )
a_ D vy ity
(I)1 = =5 E alAt e + E: a, e dxdy [Pl(B) - q
Mz i=1 A
. .
2 2
O i 7k0) I S
iy 1 i 1 Jz{x(ul ui)*y(vl—viﬂ 2
e e (IT1.24)
By expanding this expression, we obtain
2 2 . N .y
a P . "Iy o
(I)l = —5 % ay At + E alAt e Zai e dxdy [PI(B) - 1]
4A" z :
i=1 .
t
k[, 2 2 2 29 .k ) i
e (ORI S OOt I L LYCRRp I (|
e e + c.c.
N g )
Yoage
+ E ai e dxdy [Pl(B) - q
i=1 At
X 2 2 2 27 k
i [(ui ~u Py By )] i x(ul-ui)+y(v1—vi)] 2
e e s (I11.25)

where c.c. means complex conjugate of the previous term.

Let the intensity of the undistorted virtual image be called the

signal intensity which we denote by Il' This intensity is the first
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term of Eq. (III.25). Thus,

: . (I11.26)
1 QXZ 2

The remaining terms of Eq.

(I11.25) are noise terms. It is con-

venient to denote the cross-product terms (second and third terms in

Eq. (III.25) by I'nl and the remaining term by I"nl. Then,
— . I3 — '
(I)1 Il + Inl’ where the noise term is I I

N III

nl al ~ nl’
As a consequence of the assumption that the v;s are uniformly

distributed independent random variablés, I'nl is given by

, o _ 1% Tt [ ) ]'
T © 72 E{P (B -1

By substituting the series, given in Eq. (III.l4) corresponding tom =1,

in the last formula and using the fact that the mean of B is zero, we
have

<«
a Za 2 A 2 2

D
' _ 1 r t In o
- 77 E e E(B ) (ITT.27)

z n=2

Also, as a consequence of the assumed randomness of the ¥

N
r 2
I"nl = 4)\2 5 Z a, dxdy ﬂdx'dy'
At

i=1 At

E %1[B(X,Y>] - }{P1[B(x"y')] ) }

o0 G x4 ) 0y )]

e
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If we let x' - x = A8x and y' - y = Ay, we can write
Cm -
o arZ D2 N ) ﬂ
" e ———— Z a, dxdy -g'dl\xdl\y
nl 2 2 i
20° z i1 o ~,

A
rect X—-I':—-—E rect Z—{—AX rect %{— rect L

t t t Lt

-j%[AX(xl-xi) + AY(yl'yi)]

. E {Pl[B(x +b%, y + L\y)] ; }{Pl[B(x,y)] ; 1} , (111.28)

where we have assumed that the shape of the hologram is a square having

sides of length Lt and where we have used the rectangular function so

that we can extend the limits of integration to infinity. The rectangular

function is defined as

rect =1  for |L] s 1/2

i

0 otherwise.

Using the series given in Eq. (III.l4) for m = 1, we can write the ex-

pression containing the polynomials in Eq. (III.28) as

{ [B(*{ + Ax, y + Ay) - }{ B(x,y - } Z Z (Ax Ay) (I11.29)

n=1l m=1

where
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s

C. C
E[an(Ax’Ayﬂ = ~l5~l§ E [Bn(x + Ax, y + Ay) Bm(x,y)] . (11I.30)

In order to calculate the statistical averages, we must know the
joint probability density function of Bx+Ax’ Bx. To simplify the calcu-
lation, we will assume that the an(Ax,Ay) are functions of the type
shown in Fig. I11.9. We assume that the function an is constaﬁL and
equal to an(0,0) over the small square whose sides are equal to
)\z/LO max(n,mj and which is centered at Ax = Ay = 0 in the Ax,Ay plane;
and further, that it is_constant and equal to anﬁﬁ,m) for all other

)

values of Ax or Ay. Here Ly is the length of the original object,
which we assume to be a square, and max(n,m) is the greater of the two

integers n and m.

We justify Lhese assumptions by considering Fig. (ITI.10). The
complex amplitude at the hologram, due to the object,will have spatial
frequencies given by sin eH/k, which is given approximately by LO/Kz.
We therefore expect that the intensity, which is the sqﬁared magnitude
of the complex amplitude, will contain spatial frequencies about twice
as high, that is of the order of 2LO/Kz. Thus B will contain a structure
which is about Kz/ZLO in linear size. Further squaring of B will tend
to increase its frequency content and decrease t%e linear size of its
structure. Thus, we would expect that the functions Bn(x + Ax, y + Ay)
and Bm(x,y) would be highly correlated for the small values ofleland
py]< lz/4LO max (n,m) and that they will be uncorrelated forleIand
py]> XZ/ALO max(n,m). The factor max(n,m) is included since the

function with the highest frequency content will determine the "corre-

lation distance." To simplify the calculations, we make E[an(Ax,Ayﬂ
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uniform and equal to E[an(0,0)] for |Ax| = !Ayl s KzﬁALO max(n,h) and

uniform and equal to E[anG”,”)]for |Ax| = |Ay| > Kzﬁ@LO wax(n,m). The

values of E[P (0,0)] and E[P (0’,‘39)] are
nm . nm

E[an(0,0)] = E(:—(l:—nCL‘Z“ E [Bn—Lm(Ax,Ay)]
10

and : .

’

ﬁ[an(m,m)] = %“—Cg E [Bn(Ax,Ay)] E [‘Bm(Ax,Ay)]
10

Recognizing that Ax/2L << Lt and using Eqs. (III.29) and IIL.30) and

0

the average values of P given above, we can write‘Eq. (I11.28) as

2 2 0
a, D 2 X
I"nl = —5 3 zaj_ dxdy rect 1 rect iL
4A"z . t t
i=l -o
a, b .k _ _ ]
° & ¢ C 2 2 s [(”1 uy)bx 4 (vy-v )by
Z Z n r2n E[Bn]E[Bm]ff dAxdldy e
(Cin)
n=1 m=1 10 | b1
a —'-E( -u_)A +.(v-v)A]
t Jz [”1 i7°% 17V
* E[Bn+m]_[]-dAXdAy ) , (111.31)
a3
where
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and

%
( ) = F Az /4Ly max (n,m).

a3

Integrating over x,y and Ax,8y in Eq. (III.31), we find that

2 2 N
jak = “r ° j{: a 2
nl 4)\2 ZZ - i
i=1
®  »
C1 C1 . 0 kL kL
Z Z L l; E[B]E[B] L sine” —= (u. - u,) sinc (v, -
. ) t 2 i 2 1
n=1 m=1 10
E[BnJ_m])\zzthz CNCHEROS! KA (v, - v)
+ sinc ~sinc ,
4L02[max(n,n0]2 4L0 max (n,m) ALO max (x,m)

(111.32)

whetre sinc x = sin x/x.

Returning to Fig. III1.10, we see that for a square hologram, of
sides Lt’ the area of a resolvable spot in the reconstrucced image is
2 . .
about equal to (Rz/Lt) .  Thus, the number of resolvable points in the

object is of approximate magnitude given by

L02
N = ) (I1I.33a)
(hz/1.)
t
or
Kzzz Lt2 At
. (I1I.33b)
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"In the first term of Eq. (IT11.32), the function

.2 . -
sinc [E{Lt(u1 ui)/Zé] is zero for (u1 - ui) = )\z/Lt and the other

sinc function in the term is zero for (v
1

- v,) =Xz/L_. Thus, in
1 1)-~ / t ?
this term we need only include the point i = 1 in the summation over

i since for all i # 1 the magnitude of these sinc functions will be

negligible.

In the second term of Eq. (III1.32), the zeros of the sinc
functions are at (u1 - ui) = (Yl - vi) = 2LO max(n,m).- Since
2LO max (n,m) is at least the object size, we will make only a

small error if we set these sinc functions equal to one. If we use

the above facts and also note that

2 7
E a % =a",
1 L

i=1

AT

2 . . . ;
where a, s the average intensity of the reconstructed image, we can

write that

o [z, ]
. a 2 D2 At2 Cl Clm , ] _ aiZ E[Bn+m]
o A St (g
nl 2 2 2 1 2
407 2 o=l m=1 <C10) 4 max(n,mﬂ
(1I11.33)

The signal-intensity to average-noise-intensity ratio (S/N) is,

from Eqs. (IIT1.26), (I11.27), and (II11.23),

a 2
o 1 .
I (s m ® ) f
ol 2 Cln n Clnclm 2 n m aiz E[Bnnm]
20 9 ] w )L ), A 2 p s[5 +
L CIO (C )2 L 4[ma (n m)]2
n=2 n=1 m=1 ‘"10 xin,

(I11.34)
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Thus, we see that the S/N at a point in the image depends on the
image intensity at the point, on the film transfer characteristics
through the constants Cln’ on the form of B(x) and on the average
image intensity and is independent of other considerations, such as

the size of the object or the hologram-

To get a lower bound on the S/N we use the exponential p.d.f. given
by Eq. (III.17). 1In this case we find that, in the double sum of Eq.
(1I11.34), the terms containinglﬂ&fﬂE@m]are negligible compared to the

terms containing EDfl ] and we can write that

Il a,2 ) :
= = L (I11.35a)
nl 2 2
2G13l + G2ai
or
I
1o 1 , (I1I.35b)
T 2, 2
26) *+ Gya,"/a;
where
[e0] 3
" C
% =§ : cln E[Bn]
" 10
and

Z Z & [Bn-!-m]

ST 4(C10 max(n m)]

are called noise coefficients. G, is the coefficient of the signal

1

dependent noise, so-called because the magnitude depends directly

upon the intensity of the signal at the reconstructed image point in



a1

question, and G, is the coefficient of the nonsignal dependent noise.

2
This latter noise does not depend directly upon the signal at the point
in question but on the value of the average reconstructed image in-

tensity, thus it can be nonzero in portions of the reconstructed image

where the intensity of the original object was zero.

These coefficients are plotted.versus K in Fig. III.11. The co-

efficient G1 is shown only for values of K 2 2 because the power series

solution converges too slowly to conveniently determine G1 for small

values of K using the p.d.f. given by Eq. (III.17).

We see from Fig. III.1ll that the noise coefficients are relatively
large for small K but decrease fairly rapidly as K increases. For K

larger than about six we may use the following approximations:

and
2

o =1(i)
2 4 C10

Returning to Eq. (III.35b), we see that the S/N depends upon the
ratio of the average image intensity to the image intensity at the
particular point in question. 1In the high and medium intensity regions
it will vary as the image intensity varies and will be the smallest

—Z

2
when a; << a, - For example, at K = 2:

I

1 - 1
Inl a,l2
0.057 + 5 0.0L8

a1
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2 2 ~ 2 2 ~
> = a = nea . 1
For a; a.’, II/Inl 18 and for ay a,”, Il/Inl 13 But if
a12 = 0.01 aiz, then the S/N is approximately 1/2. The situation

improves somewhat at K = 4 where the S/N is about 26 in the high in-
tensity region and about one in the low intensity region. However,

even at K = 10 where the S/N is about 175 in the high intensity region

we may have a low S/N (about 4 for al2 = 0.01 aiz) in some parté of

the reconstructed image of an object having a large dynamic range,

We must emphasize that these values for the S/N are a lower bound
since we have chosen the widest possible p.d.f. for (1 + B); thus,
producing the largest possible values of E[Bn]. In practice we may
expect the p.d.f. of (1 + B) to be narrower than the one given in
Eq. (I11.17) and, thus, we would expect the values o% the S/N to be
higher for objects where the assumed correlation function of Fig. I1II.9
is valid; i.e., for objects in which there may be small regions of very

high or low intensity but in which the average departure from the mean

intensity is small,

ITII.11. Experimental Results

The experiment shown schematically in Fig. III.12 was set up to
check the theory given in the preéeding gsection. The object, 0, con-
sisted of a two-inch square piece of ground glass with an opaque square
stop, one~third the size of the object, obstructing the cznter of the
ground glass. Since the ground glass totally scattered coherent light
passed through it, we can assume that the object produced an intemnsity
distribution, at the hologram, with first-order statistics given by
the exponential probability densitv function mentioned above. (Also

see Appendix B.)
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Experimental Setup. M is a mirror,

BS is a beam splitter, and'L is a laser.
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The object was placed.about 20 inches from the hblogram, H, and
transilluminated by a spherical wave diverging from a poiﬁt focus,
The reference beam, R, was also a sphefical wave diverging from a
point focus and both beams were derived from a He-Ne laser emitting
at 63288 wavelength., The angle between the reference beam and the
object beam was 11° as shown in the figure. After the h;lograms were
exposed and developed, they were placed back into the-setup and the
virtual image was reconstructed by illuminating the hologram with only
the original reference beam. The virtual image was subsequently

photographed by the camera C.

Four ﬁolograms, with beam ratios K = 1, 1.8, 9.7 and 26, were made
on Kodak 649F plates, developed in D-19 for five minutes at 20°Cc. Un-
fortunately, the hologram exposures were not arranged so that the bias
level of the exposure produced the optimum amplitude transmittance. Thus,
the experimental results cannot be directly compared to the theory given
above since the normalized Ta-E curve of the experiment cannot be taken
to be the exact curve given in Fig. III.3. However, the experimental

results should give an order of magnitude check on the theory.

Figure III.L3 s%ows three reconstructions from the hologram which
were made with a beam ratio K = 1. The reconsfruction on the left was taken
with a camera exposure which was 16 times that required to expose the
film so that the brightest part of the reconstructed image was just
visible on the film. 1In this picture, the speckled exposure in the
region of the opaque stop is caused by the nonsignal dependent inter-
modulation noise produced by the film nonlinearities during the hologram

exposure. The middle picture was exposed for a factor of two longer
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than the picture on the left. Finally, the picture on the right was
exposed for a factor of eight longer than the picture on the left,
Thus, a series of pictures of this type give a measure of the magni-
tude and distribution of the nonsignal dependent intermodulation
pgoduct noise of the reconstructed image in the regions where the
intensity of the original object was zero since, in these regions,

the signal dependent noise is zero.

Similar photographs of the reconstructions of the other holograms
were also taken and used to estimate the magnitude of the nonsignal
dependent noise, at the center and the edge of the reconstructed
image, relative to the brightest intensity of the reconstructed image.
Figure III.1l4 shows these estimates along with a curve calculated
by using the theory given in Section TII.10. The crosses give the -
relative intensity of the nonsignal dependent noise at the center of
the reconstructed image while the circles give the relative noise at the
edge of the reconstructed image. The calculated curve is a plot of the

expression

' a.2G
A = nl B i 72
TI,+ 1 T2 —7
1 nl al + 2 Gla1 + G2 ai
f
. . . 2 2 .
In plotting this expression, we assumed that a1 =a; . This

assumption is valid for uniform illumination of the object during the
hologram exposure. However, as is evident from Fig. TIIT.13, the object

illumination was somewhat lower at the corners of the ground glass; thus,
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ai2 should be taken to be smaller than alz. Unfortunately, we were un-
able to measure the distribution of the illumination; however, we esti-
mate that an error of about one to two dB is present in the calculated
curve of Fig., III.1l4; that is, the curve should be actually somewﬁat

lower than is shown in the figure.

We see that the experimental points follow the calculated curve
and agree in magnitude with the theory within 6 dB at.the center of
the reconstruction and within 3 dB at the edge of the reconstruction
for low values of K. Some of the discrepency, in magnitude, between
theory and experiment can be attributed to the fact that the bias levels
of the holograms were not set at the optimum level* and thus the Ta-E
curvé used in the theoretical calculations was incorrect, and some to
the fact that the part of the original object, which was supposed to
be opaque, was not but instead transmitted a small amount of light.
These not completely opaque parts, which were not taken into account
in the theoretical calculations, have the effect cf raising the
general background level in the reconstruction and thus raising the

general noise level.

We can see from Fig. III1.14 that there is more than 6 dB difference
between the theory and experiment at the high K value of 26. This
greater disagreement at the high K level probably occurs because other
sources of noise, namely scattering from the film grains, the glass plate

and other components in the reconstruction system begin to be a significant

ata

“The optimum bias level of the holograms, in this case, is T, = 0.5
(see Fig. 11I1.3). However, the bias level of the holograms used in

the experiment varied from about Tb = 0.3 to about Tb = 0.64.
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part of the total noise thus raising the noise level. These other
sources of noise are also present at low K values; thus, some of the
discrepency mentioned above can be attributed to these otlier sources

of noise.

We can also note from the experimental results that the noise
level at the center and the edge of &he reconstruction are différent.
This is a basic defect of the theory; it does not predict the distri-
bution of the nonsignal dependent intermodulation noise but only
some average value. This is the result of assuming a fixed corre-
lation function for B (see Fig. II1I1.9) instead of relating the
correlation function to the actual object. It is possible to formulate

a theory which does predict both the magnitude and the distribution

of this noise as we shall show in the next chapter,
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CHAPTER 1V

SOME FURTHER ANALYSIS OF HOLOGRAM NONLINEARITIES

IV.01 Introduction

In Chapter III we derived a theory which predicts the magnitude of
the intermodulation product noise due to film nonlinearities but does
not éredict the distribution of this noise. Here we shall derive a
theory that, under certain assumptions, predicts both the magnitude

and distribution of this noise.

(1). In

Similar work has been done recently by Goodman and Knight
their work, the Fourier transform technique for amalysing film non;
linearities is used, whereas here we shall use the power series tech-
nique given in the last chapter.* Thus, the method given here can be
likened to the direct method for nonlinear analysis of electrical
devices wvhich is described in, for example, Chapter 12 of Ref. 2, while

Fourier transform technique of Goodman and Knight is more like the trans-

form method which is described in Chapter 13 of the same reference.

The direct method, as given here, has the advantage that both the
calculation of the statistical functions necessary to derive the theory
and the actual derivation is considerably simpler. An added advantage

of the direct method is that it is easier to separate the signal dependent

o

&See Section III1.03, Chapter III for a description of the Fourier
transform technique and Section III.06, Chapter III for a description
of the power series technique.
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and the nonsignal dependent intermodulation product noise terms in

the final noise formula,

We shall derive the theory of this chapter using the same assumptions
as we used in Chapter III; namely, that the amplitude transmittance of
the film is a real function, the film emulsion is thin, the object is
planar, and both the object and hologram are small when compared to the
distance between them and that the film is perfect in the sense described

c

in Chapter II.

IV.02 Preliminary Considerations

According to the Fresnel-Kirchhoff formula (see Eq. II.4, Chapt. II),
the complex amplitude, a(x) exp jB8(x), of the light scattered to the holo-
" gram by a small planar object can be written as

52% [ ¢5-07)

a(x) eJe(E) = i% eszdly-O(u,v) e dudv, (1v.1)
A
)

where z is the distance from the hologram to the object, x = x,y
are the coordinates of the hologram plane, O(u,v) is the complex amplitude

of the object in the u,v plane, and Ao is the area of the object.

Let O(u,v) be made up of a deterministic complex amplitude ao(u,v)
and a random phase part exp jY¥(u,v). For the case of a transparent object
backed by a ground glass, ao(u,v) would represent the tr: smittance of the
object and exp jY(u,v) would represent the phase shifts introduced by

the ground glass. For a reflective object, exp j¥(u,v) would represent
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the phase shifts due to many small imperfections on the surface of

the object.

The types of objects described above are what we called diffuse
objects in Chapter I1II. It is reasonable to assume that for this type
of object, Y(ul,vl) is a random variable which has, when reduced modulo
21 ," a probability density function which is uniformly distributed between
0 and 27. Further, it is also reasonable to assume that Y(ul,vl) and
Y(uz,vz) are independent random variables for any two points of the
object. This assumption implies that the structure of the ground glass
or the imperfections of the surface of a reflective objecé are small
when compared to the size of the variatiouns in the deterwministic part of
the transmittance of the object. Thus, we can write that
)

E 15 u

LT Uy vy =V, (1v.2)

0; otherwise.

3

As'a consequence of the first assumption given above, we shéw in
Appendix B that a(x) exp je(i) is-a complex random variable which has
real and imaginary components which‘are each Gaussian and independent
of each other and we show that a2(§) has an exponential probability
function. Further, we also determine the joint probability density

. %*
function of a(gl) and a(§2) and from this density function find that
n-+m n-Hm

Fj[an(iﬁ am(zz)] 22 B2 (n : 2)'1“ (m : 2)

' )
F (—%, -%; I; lf—[[‘-—) , (IV.3)
4o

*
See Eq. B.49, Appendix B.
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1
where 02 =7 E[az(i)], I'C ) is the gamma function, F(a,b; c; 2z) is

the hypergeometric function, and

sle Gxp)-8x,))] }

@

R(x;5%X,) = Eé(il) a(x,) e (1v.4)
is the correlation function of the complex amplitude a(x) exp jO(x).
-Using Eq. IV.1l, we can write R in terms of the complex amplitude
of the object. Thus,
.jg_[ 2 2 2 2
R(x;»x)) = Y ffduldvl
A
- . o
du,d (u,,v,) a "
updvy 8, (upsvy) a  (uy,vy)
A
o
-jE(k u, =X, u +y.v.-y, v )
j[y(u Vv, )-Y(u,,v ﬂ z2V11 72727171 7272
1’71 2’72
Efe e
. K 2 2 2 2
Pl CRRT A R
e : . . (1Iv.5)
Applying Eq.  IV.2 to Eq. IV.5, we have that
k
2 A ~ y 3o ety v] 2
R(x,,x,, = dudv la (u,v)l e . (1v.6)
1°=2’, z)2 o ' !
A
o

Thus, we see that the correlation function of the complex amplitude,
}
a(x) exp jB(x), can be written in terms of a Fourier transform of the in-

tensity distribution of the object.
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With the above preliminary considerations in mind, we can proceed
to derive the formulae which describe the effect of the film nonlinearities

on the reconstructed image.

IV.03 Average Noise Due to Nonlinearities

We have shown that film nonlinearities change the ideal linear
transmittance of the first-order portion of the hologram given by

(see Eq. II1.8, Chapter III)

1/2
(o) = 2K sl[l + 3(5)]

— cos [er - 9(5)] , (1v.7)

to a distorted transmittance given by (see Eq. III.13, Chapter III)

2/K [ ‘11 €12 2 ]
T,(Xx) =5——=-s, C 1 45— B(X) + =B (x) + ...
d K+ 1% %0 Co o
1/2
[1 +3)]  cos [er - 0w - (1V.8)

Here K is the beam ratio, s, is the slope of the linear portion of the

1

normalized T -E curve,

a? (x) a? (x)
B(x) =57 - 1=—p5p--1 , (Iv.9)

{ [a2 (;_;)]) 20%

%:isthecﬁstance from a point reference source to the hologram, and C10
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‘11 S “
and =, =—, . are constants which depend on the T -E curve and
c c a
10 10
the beam ratio K. 1In Eq. IV.9, we have zssumed that the space average

<az(5)) is equal to the statistical average E[?Z(Eﬂ = 202.

If the hologram is illuminated by the wave a_ exp ijr’ which is
a replica of the original reference wave, the complex amplitude of the

wave which will reconstruct the virtual image is, from Eq. IV.8,

C C Ny a(ﬁ) 0
Ud(z) =a_ D [1 + Ell B(x) + Elg BZ(E) + ...J — ¢ ) , (1v.10)
. 10 10 2 0
where
D = 7K o Gy (1v.11)
(X + 1) ' :

This can be divided into a signal wave (the wave which will produce an
undistorted virtual image) and into a noise wave (the wave associated
with the intermodulation products produced by the nonlinearities which

will produce a distorted virtual image). Thus,

S(x) = a_ D a(x) eje(ﬁ) (1v.12)
V2 o
: C C Da_a(x) .
N(x) =[z;‘u BG) + go B (o) + } S St L (1v.13)
10 10 /2o

where S(x) and N(x) are the signal and noise wave respectively., Since
Ud(g) = §(x) + N(x), we can write the signal and noise in terms of the

complex amplitude of the object by using Eq. IV.1l, as
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D a
U, (x,y) = £ *l eIk a_(u,v) e 3¥ (u,v) JkR[(X) ’V] dudv
d /z

Q

C P
[ o« EI_ZB?-(H...] SR
10 10 :

-[[a (u,v) edt (V) [R(x)’ u ")] dudv \ . (IV.14)

where

2 , 2
R[(g); u,v] - w ZZ(Y ') N (1V.15)

Thus, the complex amplitude at the image point 1 can be found by using

the Fresnel-Kirchhoff formula, as

- -Jk[R(x Y3 up,vy )] ' ’
U(u,,v,) = fU (x,y) e dxdy, (1v.16)

where At is the aperture of the hologram., Using Eq. IV.14, we have that

-D ar
Vl) = [Sv(ul,vl) + Nv(ul,vl)] s (Iv.17)

U,
1 022 /7 o

where -
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- rr a?
8, (upvy) = H dudvj dxdy a_(u,v) L3 (u,v)
A
(o]

A

2 2 k
(u -u) +v v, ) i~ x(u-u )4y (v-v,)
e Z[ 1 1] (1v.18)

and

N (u,,vy) =[[dudY-[[dxdy a_(u,v) ej‘i’(u,v)
A K
o t

[.Ell B(x,y) + 513 B2 (x,y) + ...]
10 10

2 2 k
(u Uyt -V, ) = Ix (u~u Y4y (v-v.)
e Z[ 1 1] (1V.19)

Sv(ul,vl) and Nv(ul’vl) are proportional to the complex amplitudes of
the signal and noise, respectively, at the virtual image point 1.

The average intensity, (I)l, at the point 1 is given by

E[U(ul,vl) U*(ul,vl)] or using IV.17, we have
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D2 I
r

- __-fz——gi-{} [Sv(ul,vl) sv‘(ul,vl)] +E [Sv(ul,vl) Nv*<u1,v1ﬂ

(1)
.1 ‘(Az)" 2

+ E [sv*(ul,vl) Nv(ul,vl)] +E [Nv(ul,vl) Nv*(ul,vl)I} ,

Oor we can write that

D2 Ir : C
(I)1 = E;;;Z—;gi [Il(ul’vl) + I'nl(ul,vl) + I”nl(ul’vl)] s (1v.20)
.where
"I, =EGS S, (1v.21)
' = E(SVNV*) + E(S *N) (1V.22)
R LA E(N;Nv*) , (1v.23)
and where Ir = ar2 is the intensity due to the reconstruction beam

at the hologram.

Using Eq. IV.18, we can write the term I1 as

Il(uisvl) =ffdudv-[[du'dv' _[[dXdyf_[dx'dy' ao(u,v) ao*(u',v')
Ao Ao At At
.k 2 .2 2 2

k ' utu )y (v

Ed an
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Applying Eq. IV.2 to Eq. IV.24, we have that

2
- 1 1
Il(gl,vl) —ﬂdudvﬂdxdy ﬂdx dy lao(u,v)l A,
. Ao At At

-j‘;( [(x-X') (u—u1)+(y-y' ) (v-vl)]

e ] . (1v.25)
Performing the integration over x,y and x',y', Eq. IV.25 becomes
2 2 2 Kby 2 Kby
Il(ul,v1)=Ao(LxLy) -/:[dudv lao(u,v)l sinc” 5= Su-ul) sine” o (v-v1 s
Ao -
) ) (1v.26)
which we also can write as
kL kL

. = 2 2 .2 X .2y
Il(ul,vl) = (LxLy) Iao(ul,vl)l * sinc” 7== u; sine” o= v, (Ao), (1v.27)
where Lx and Ly are the sides of the hologram aperture in the x and y

direction, respectively.

Consider the term I'nl. Using.Eqs. IV.18 and IV.19, this can be

written as

I'nl(ul,vl) =jfdudvﬂdu'dv’ﬂdxdy ﬂdx'dy' ao(u,v) ao*(u',v')
A A A A
- . o [o} t t

c

: P C ’
E {eJ[Y(U,V)-Y(U ,V_ )] E[El_]; B(X',y') +El—2' BZ(X,,y,) + .‘.]
10 10
ot ?y ety v ey )
e e
C : | (1v.28)

. 4+ c.c.,
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where c.c. means complex conjugate of the previous term.

Applying Eq. IV.2 to the above, we obtain

2
) = V)
1 nl(ul,vl) -[[dxdy -ﬂ’dx dy 'J:/’dudv .Iao(u,v)l Ao ’
A A A, '

C c

C C
E [-—Ll- B(x',y") +-—1-g Bz(x',y') + ]
10 10

-k
== 1% ") (u-u )+ (y-y " )Y (v=v )
e z[ 1 1] + c.c. (1v.29)

Using Eq. 1V.9, we can write that

2 2
C c C a”(x') C a” (x") 2
E[-—C“ Bx') + 5o B(x') + ... =E[gu(‘2 - > +51—2< 7 +]
10 10 10 \ 20 10 \ 20

Thus, using Eq. IV.3, we have that

C C C C C
11, , 12 .2, [ 12 13 14
E[——C B(_)5)+-—-—C B(E)+'-°']~(C +2C +9C +>

10 10 10 10 10

Using the above expression in Eq. Iv.29 and after integrating over

x,y and x',y', we have

. C c Cc
2 2 12 13 14
' = —_— n 22 ==
1 nl (ul,Vl) Z(LxLy) ﬂdudv lao(u,V)l (C + 2 C + 9 C + .. .) Ao
A 10 10 10
' o

2 ka 2 EX :
sinc o= (u-ul) sinc” 7~ (v-vl) , ' (1v.30)
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or

. C C C
oy =2 i P (P2 g )
n xy 10 10 10

2 2 KLy 2 KLy
A, lao(ul,vl)l % sinc” 5== u, sinc” o~ . . (1v.31)

Consider the term I"nl(ul,vl). Using Eq. IV.19, this can be

written as

a1ty =ffdudV_[[dU'dV' _[[d’xdy ffdx'dy' a_(u,v) a *(u',v')
: A A’ A - A .
4 . o X -

j[‘i’(u,v)-‘:"(u',v')] c C
E{e E -é£ B(x,y) + EE Bz(x,y)
10 10
C11 C12 2 j%(uz-u'z-wz-v'z)
T B(x',y") + PN B (x',y") + ] e )
10 10

!

" )
“j=lx(u-u )4y (v-v )<x"(u'-u. )-y' (v'-v.) :
e z[ 1 177 1 1] . dV-32)

r

Applying Eq. .IV.2 to this expression yields

I"nl(u'l,vl)on_[[dudv Iao(u,‘v)l2 jfdxdy ffdx'dy'
Ao At Ay

c C . c
. E [C—ll B(x,y) +'C~lg Bz(x,y) + ] [EH B(x',y")
10 10 10

k
j= {x=x") (u =u)+(y-y ') (v,-V)
+ ;;E— Bz(x',y') + ] e ° [ 1 1 ].(IV.33)
10 : .
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In Eq. IV.33, consider the expression giving the expected value
of the product of the two polynomials. Using Eq. IV.9 we can write

this expression as

ZZ lnlmBn()B(x)=

n=1 m=1

2 n 2 m
a” (x) a (x')
Z Z “1n’1m < 5 - 1) ( - ) i (1V.34)

n=1 m=1 20 20

Thus, using the relation given in Eq. IV.3, we have that

| IR Gx,x") |2
Z Z Rt B(x)B(_) 8+ b

o)
n=1 m=1 4
2
[R(x,x")] 2
+c % + ..., (Iv.35)
4o
where the coefficients of this expression are
2 2 ’
c c C c
12 13 12 13
= (‘C—-—) - 68 E_) +6C—-—- C—-—-—-+ PR N (IV.36)
10 : 10 10 10

10 10 Ci0 10 10 10 %10 10 %10
(1v.37)
2 C C.., C ‘
c =4 (012) 32(Cl3> + 12 ——Cl El— + (1v.38) -
10 10 10 ‘10
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If we substitute Eq. IV.35 in Eq. IV.33, we obtain
2
1t . 1 t
I nl(ul,v1)=Aoj]dudv lao(u,v)l ﬂdxdy ﬂdx dy
. Ao At At

lR(i,ZE')lz !R(z.z')lz ?

a+bpb —mm—m <+ ¢ — + ...
404 404 )

k
=j= [(x=x") (u-u ) +(y-y' )Y (v-v.) )
e Z[ 1 1] : (1v.39)

An expression for the correlation function !R(_}ﬁ,_)ﬁ')lz is given in
terms of the object intensity function [ao(u,v)l2 by Eq. IV.6. Thus, using
Eq. 1IV.6 in Eq. IV.39 and integrating over X,y and x',y', we obtain the

expression

: 2 . 2 2 ka
Tap(epsvy)=a, [a (L Ly) .f’ao(“"’>, sine” 3 (u-uy)
- ;
(o]

2 KL, 2
sinc >3 (v-vl) dudv| + b(LxLy) fdudv
) . s
. o

x lac‘(u,v)l2 lao(u-—ul,v-vl)lzﬁ' lao(u-ul,v-vl)l2

kL

. R 2

. Zka ~ sinc ——zzz (v-—vl)
sinc’ 5= (u-ul) 7 +
['[/‘Iac’(u,v)l2 dudv]
A t
o

2 2 2 ' 2

[c(LxLy) -[[dudv lao(u,v), Iao(u-ul,v-—vl)l g ,ao(u-ul,v-vl)l
A
o
2 2 kL kL
* |a°(u-u1,v-v1), % sinc Z_zﬁ (u-ul)'sinc EZZ (v-vl)
+ .., (1v.40)

X 1
9 4
[-[flao(u,v)l dudv]
. . AO
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In the above equation, the 3 (pentagon) denotes a correlation while

the %, as usual, denotes a convolution,

c
For K about four or larger, the coefficients Ln become such that
10
we can simplify Eq. IV.40 as follows:

c 2
s o [(52) | 2
I"nl(ul’"l) - . .2 .1]‘dudv lao(u,Y)l
[ﬂlao(u,v)l dudv] At
Ao<

2, 2
lao(u—ul,v—vl)l N’Iao(u—ul,v—vl)[ * h(u—ul,v-vl) R (1v.41)

where

) 2 KLy 2 KLy
h(g,v) = (}lnc 5, U sine == v . (1v.42)

2 2 - . .
The term !aol #* Iaol % h is a filtered version of the autocorrelation

.function of the object intensity distribution. This quantity will

2 2 ,
closely resemble faol g laol and will occupy about the same area,
namely, about twice the area of the object. From Eq. IV.41, we sece
‘that the noise is computed by posftioﬁing the center of the function
25 2 . . . .
Iaol |ao| at the object point in question, Uy Vs and then taking

the product of the object intensity and the autocorrelation function

and integrating over the overlapped area of these two functions. Thus,
we see that the noise term I"nl is an integral over the area of the

overlap of the two functions and can be nonzero even if the particular:

objeét peint u,,v. has zero intensity.

11
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Equation IV.41 is the expression which gives both the magnitude
and distribution of the nonsignal dependent noise due to the inter-
modulation products produced by the nonlinearities. We can show, in

the following way, that the magnitude of I" does not depend on the

nl
size of the object but only on the form of intensity distribution of
the object. Suppose the sinc functions in Eq. IV.42 can be taken io
be delta functions. Then applying the first mean-value theorem(3) to

Eq. IV.41, we have
2

. .
( 11 L o
10 2
(ul,v ) = I[dudv la (u, v)l
{la @ v)l2 L )}

~[]'|ao(u',v')|2 Ia;(u -ugp o+ u;, vy + v')l2 du'dv',
0.A. ' .

~

(1v.43)

where U, V is some poinp in the object and Lu’Lv are the sides of a
.réctangplar object of area Ao, in the u,v direction respectively. O.A.
is the 6verlapped area common to Iao|2 and the displaced version of
Iaolz in the integral over u',v'. A further application of the first

mean-value theorem yields

2
c
Ill (U v )'g ._1._11 (L L )2 A
nl 1’1 C10 Xy o

Si.u[léudv lao(u,v)lzlao(u',v")lzlao(u-u14u', v-v ) |2
A

. 2 2 ¢
{Ia @,V | }
° (1V.44)
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Here CL L = 0.A. and W', ¥' is a point in the overlap area. Thus, we
uv
see that this noise is proportional to a weighted average over the over-
2 2, 2}
lapped area of [ao(u,v)[ :nui(lao(u-ul,v-vl)l b Iao(u~u1,v-v1)l and
is dependent on the intensity distribution of the object but not its

size.

The average intensity of the reconstructed image, (I)l’ can be
found by substituting Eqs. 1V.27, IV.31, and IV.41 in IV.20. Thus, the

average intensity of the reconstructed image at point 1 -is

2 ..
Vrsagion, J lagpvpl” v 12) 'a G Al
2 a2’

(1), =
1 (z)? 20% (Az)?.
L L
xy
C11 2 a ul,vl)
+ (C ) 7 3 % h(ul,vl) . (1Iv.45)
10/ 20° (Az)
C12
In the second term of the above equation, we assumed that —— is the
' 10

dominant coefficient and, hence, have neglected the other coefficients.
The first term of Eq. IV.45 is the signal; i.e., the undistorted re-
constructed object intensity at ﬁoint 1. The second term is a signal
dependent noise and the third term is‘the nonsignal dependent noise;
i.e., the noise not directly dependent on the signal at point 1, as is
the signal dependent noise, but depéndent on a weighted average over

the object-intensity object-intensity-correlation preoduct. The

weighted average is given by

a(ul,vl) = J[[;udv lao(u,v)l2 lao(u-u
A
o

2 -2 '
UL[lao(u,v)[ dudv . (1V.46)
A

2% [a_(u-u ,vev )|
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We can define a signal-to-noise ratio as we did in Chapt. III. Thus,
the signal-to-noise ratio is given by dividing the undistorted re-
constructed object intensity at point 1 by the sum of the signal de-

pendent and the nonsignal dependent noise, or

2
la, (uyov))l

C C,.\2
12 2 11 ~
2(———) la (u,,v )l + -—) a(u,,v,)
C10 o~ 1°°1 C10 1°°1

S/N= o h(ul,vl) . (IV.47)

Thus, we see that the signal-to-noise ratio depends on the reconstructed
object intensity at the point in question, on the form of the intensity
distribution of the object since the nonsignal dependent noise is a
function of the form of the object intensity, and on the film transfer

C11 Cy

characteristics and beam ratio through the constants ——— and —— and
10 10

is independent of other considerations such as object and hologram

size just as we found in Chapt. III. 1In fact, a comparison of the S/N
relation given in Eq. IV.47 and the S/N given by Eq. III.34 of Chapt.
I1T shows thég they differ only in that the nonsign;1 dependent noise
term in Eq. II1I1.34 is the same for all points in the reconstructed
image while the nonsignal dependent noise term of Eq. IV.47 varies over

the reconstructed image in a manner described by Eq. IV.46.

IV.04 Computation of S/N

Example 1.

Suppose lao(u,v)l is given by the distribution shown in Fig. IV.1;
, 2 2, - - .
i.e., lao(u,v)l =a = in the shaded region and is zero otherwise.
From this intensity distribution we can compute the autocorrelation of

the intersity. This function is shown in Fig. 1V.2.
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11 12
For K = 5, we have that — ¥ 0.2 and —— ¥ 0.02 (see Fig. III.5,
10 10

Chapt. III). Using these values, we can compute the noise and thus
determine the average intensity of the reconstructed image. This is
shown in Fig. IV.3 for a section of the reconstructed object along
the u axis (v = 0). We see from this figure that the nonsignal de-
pendent and the signal dependent noise both add to the signal in th-
region of the reconstruction where the object intensity is nonzero;
but in regions where the object intensity is zero, only the nonsignal

dependent noise contributes to the average intensity. .

The nonsignal dependent noise extends out to 13 Lu/2 or, it is three
times the size of the object. The reason for this can be explained by
examining Eq. IV.46. This equation, which gives the distribution of
the nonsignal dependent noise, is a convolution of the object intensity
. with the autocorrelation of the object intensity. Thus, since the auto-
correlation is twice the size of the object, the convolution of this
function with the object intensity will produce a function three times

the size of the object.

Example 2.

As a second example, we take the intensity of the object, !ao(u,v)lz,
to be the distribution shown in Fig. IV.4. That is, the object is a

36-point regular array with the 9th and 21lst points missing. Point 21
|L Il

is located at u, = v, = =% . Suppose we want to find the noise

-
1 107 "1 10

. . . . 2
at point 21 in the reconstructed image. Since Iao(u,v)l = 0 there,
we have no signal dependent noise. So the noise at this point is obtained

by integrating over the overlap (shown in Fig. IV.5) of the object intensity
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and the filtered normalized-correlation function, Thus, for

!
E——'E 0.2, the peak noise N is
10 '
a2
" = [9 + 2(11) + 4(14) + 17 + 2(15) + 2(19) + 2(12) + 7(18)
nl 2
(34) -
Cll ’
+ 5(23) + 4(28) + 3(22) + 34] (——
C
10
c 2
679 11 2 2
n = 7 = = ~ 3
1 nl 1216 Clo) a 0.022 a . [~ 16.5 dB down from sxgnal] .

Note that this is about the same value for nonsignal dependent noise
as we got near the center of the intense region of Example 1. The

distribution of the noise around the 2lst point position will be

L L L L
", (u,,v.) = 0.022 a2 sinc2 — u, + — sinc2 L v, - <
nl 1’71 : Az 1 10 Az 1 10

Suppose now we want to find the nonsignal dependent noise at
L L

__u -7 v . . . .
LR R 7 T point just outside the reconstructed image.

Again we integrate over the overlap. Thus,

2

a’ 11 2
™ (u,vy) = 5 (%;—) 370 = 0.0122 a> [~ 194p down] .
(34)

10

This is about the same amount of noise we obtained just outside the re-

constructed object in Example 1.

It is clear, of course, that there is no noise except in the close
vicinity of the mesh points of the correlation function since this is the
only place where there can be overlap between the object-intensity and

object-intensity-correlation functions.

7
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Example 3.

As a final example, we calculate the average intensity of the
reconstructed image for the square object with the opaque center which

was used in the experiment of Chapt. III.

This intensity distribution is shown in Fig. IV.6. Notice that
the distribution resembles the distribution shown in photographs of
Fig. I11.13 of Chapt. III. Fig. IV.6 was calculated for a beam ratio
of 10. We can note that the difference in intensity of the nonsignal
dependent noise at the center and the edge of the reconstructed object
is about 3 dB, the same value as determined experimentally and shown
in Fig. I1I1II1.14 of Chapt. III. Thus, although we cannot compare the
magnitude of the calculated and measured noise, we see that the

distribution of the calculated and measured values agree.

IV.05 Experimental Results -

A hologr§m was made of a flat, rectangular transmitting object
consisting of five equal width bars.of varying transmittance with two
narrow opaque strips obscuriﬁg the edge of two of the bars. A éection
through the center of this object is shown in Fig. IV.7. This trans-
mitting object was backed with a ground glaés which totally destrofed
the spectral component ;f the beam used to illuminate the object during
the hologram exposure. The h910gram was made using Kodak 649F plates
at a beam rat}o of K = 3.8 and had an average amplitude transmittance

of Tb = 0.47 after development in D-19 at 68°F for five minutes.

The average intensity of the reconstruction was measured by scanning

through the center of the reconstructed image with a pinhole-photocell
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combination. These measured values, along with-the values calculated
by using the above theory, are shown in Fig. IV.8. We note that there
is good agreement between the experiment and the theory. That is,

at most places in the reconstruction the measured values are within
one-to-three dB of the calculated values. There seems to be a small
asymmetry in the measured values; they are lower than the calculated
values on the left side of the reconstruction while they are higher

on the right. This may be the result of the system noise, which is
about 30 dB down, being asymmetrical. Nevertheless, the agreement seems’
to be good enough to conclqde that the theory presented aboye can be
used to predict both the magnitude and the distribution of the inter-
modulation product noise caused by the nonlinearities in the hologram

recording film.
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CHAPTER V

THE EFFECT OF FIIM-GRAIN NOISE IN HOLOGRAPHY

V.0l Introduction

There are two major sources of noise which degrade the wavefront
reconstrdaction imaging technique. First, there is the intermodulation
product noise which is due to the nonlinearity of the film used in
recording the hologram and second, there is the noise which can be
attributed to the random fluctuations of the am@litude transmittance

of the hologram caused by the grains of the photographic emulsion.

The intermodulation préduct noise is the dominant source of noise
at low values of beém ratio (K) since this is where the film non-
linearities produce their major effect and since at low K values the
random fluctuation due to the film grains is usually small compared
to the part of the amplitude transmittance which goes to reconstruct
a point of the object. The film-grain noise becomes dominant at
high K values because there the wavefront reconstruction process is
linear and no intermodulation product noise is present in the recon-
structed image and because at these values of K the random fluctuations
due to the film grains become comparable to the amplitude transmittance

fluctuations of the hologram contributed by a point of the object.
The problem of film-grain noise in wavefront reconstruction has
1
been treated by Goodman( ). Here, we shall proceed in much the same

way but we shall be able to derive a more general formula for the

signal-to-noise ratio by removing a restrictive assumption made by

(158)
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Goodman and we shall also be able to express the signal-to-noise
ratio in terms of the intensity transmittance or Wiener spectrum
of the random transmittance fluctuations due to the film grains.
Again, we shall assume that the object is planar and that the holo-
gram and the object are small when compared to the distance between

them.

V.02 The Hologram Transmittance

Since the grain noise has little effect in holography, except

. when the light scattered by the object is weak yelative to the light
from the reference beam, we can take the recording process to be
linear and an examination of the effect of the grain noise on a simple

one-point object will suffice to illustrate the principles involved.

Let the intensity of>the light incident on the hologram, during
exposure, be from a reference point, located at (ur, vr, zr), and
from a one-point object, located at (u, v, z), as shown in Fig. V.l.
Then the intensity is

JKR_ j(KR4Y) 2
e

|
o
o
+
o

. I(X:Y) -

[l
o

+a’ + 2a_a cos [k(Rr - R) - ‘i’]. W.1)

Here Rr and R are, respectively, the distances from the reference point

and the object point to the hologram, a is the amplitude of the

j¥Y

reference point, and ae is the complex amplitude of the point object.



Ref.

Fig. V.1.

" Hologram of a one-point object.
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The exposure of the hologram is given by

arzt + 2(art1/2)(at1/2) cos [k(Rr - R) - Y]

E(x,y)

or

. 2 1 .
E(x,y) = E_+ 2E 1/ E /2 cos [k(R - R) - Y], v.2)
r r r
2 2
where Er =a. t and E = a' t are the exposures due to the reference
beam and the object respectively, and t is the time of exposure. In
- the above equation, we have assumed that a << a and thus we have

neglected the term a2t in the exposure expression.

We have seen in Chapt. II that the frequency filtering effects
of the film can be taken into account by modifying the actual exposure
to get an effective exposure. Thus, the effective exposure is (see
Eq. 11.28)

[E(x,y)]eff = Er + ZErll2 E1/2 M(fx, fy) cos [k(Rr - R) - V], v.3)

where
_1a ]
gx = 77 5% [k(Rr - R) - YU, v.4)
1 3 [ © ] (v.5)
gy = 3n 3y kR - R) - ¥|;

and M(fx,fy) is the modulation transfer function (MTF) of the film

used for the hologram.
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The exposure is set so that Er is equal to the optimum bias ex-
posure centered on the linear portion of the Ta—E curve; thus, the

amplitude transmittance of the hologram is

T(x,y) = T, 12 g1/

where, again, T. is the optimum bias transmittance and s is the slope

b
of the linear portion of the Ta-E curve at the optimum bias point.

(See Chapt. II.)

The presence of the film-grain noise modifies this transmittance.
For small transmittance variations recorded aboug a mean transmittance
Tb’ as we have in the linear case, the grain_noise can be written as
T'(x,y) = Tb + T(x,y), where T(g,y) can be taken to be an additive
random term in the total transmittance of the recorded hologram.*
This additive random term has a zero mean and is independent of the

transmittance variations due to the interference between the reference

and object beam. Thus, the modified transmittance is

T(x,y) = Tb 1/2 _1/2

This assumption is valid only for small variation of the trans-
mittance since, in actual fact, the level of the random transmittance
variation is a function of the average transmittance level (see Refs.
2 and 3), and thus, the grain noise cannot be treated as an additive
noise. However, in the linear case of hologram recording, where the

+ 2Er E s M(fx,fy) cos [k(Rr - R) - T] +-T(x,y). (v.

2
+ 2s Er E M(fx,fy) cos [k(Rr - R) - ?], (V.6)

7)

variation in amplitude transmittance is small, we can assume that the level

of the random fluctuations are fixed and determined only by the optimum
amplitude transmittance bias level.
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V.03 The Reconstructed Signal Intensity

The method of reconstruction of the real image is shown in

Fig. V.2. We assume that the hologram is a rectangle of sides Lx-

and Ly in the x and y direction, respectively. Thus, At = LxLy’

where At is the area of the hologram. The reconstruction wave in-

cident on the hologram is the conjugate of the original reference

1/2

beam; thus, the complex amplitude of this wave is Ir exp [-ijrJ,

where Ir is the intensity of the wave at the hologram plane.

The complex amplitude, at the hologram, due to the interaction

of the reconstruction wave and the real image part of the hologram

transmittance 1is

- jkR ‘ il ke -R)-‘i’]
o122 Ty /2 _1/2 [ r
u(x,y) = 1r e s M(fx,fy) Er E e .

. Thus, by using the Fresnel-Kirchhoff diffraction formula (Eq. II.6),

the complex amplitude of the reconstructed point object is

U(u,v; u',v') = -; s(I E E) ~[]~dxdy M(f s ) e—j(R—R') s

where R' is the distance from the point x,y in the hologram to the

point u',v' in the image plane,

2 2
+(X'“)+(>"V)
22z 2z ’

2 2
(x - u") (y - v")
72 T 22

and

(v.8)

(V.9

(v.10)

(v.11)
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Fig. V.2,

Reconstructing the real image.
Re is the real image plane,

(%91)



. :
- - X - 2 SR S
r r
_X_ Z Vv Vr
fy='xz(1'7z:)+i?"k—{ ' .13

The peak intensity is obtained at the position of the original object

point; thas, the peak intensity is

2
I=lu@=u,vs=yv)|", (v.14)
or
82 Ir Er E At2 G2
I = — . (V.].S)
2 2
.Z

where G is a spatial-frequency-dependent factor given by

G = —LffM(f £ ) dxdy. (v.16)
At ‘x’y
A
t

V.04 The Average Noise Intensity

The average value of the intensity produced by the film-grain
fluctuations at the reconstruction can be found in much the same manner.
Let UT(U’V) be the complex amplitude of the light scattered by the film
grains to the image plane at the position of the reconstructed point

object. Then, again using the Fresnel-Kirchhoff diffraction formula,

. -jk(R -R)
UT(u,v) = ii Ir1/2~[]-7(x,y) e r dxdy, (V.17)
A
t
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where R is given by Eq. (V.10) and R_, the distance from the original

reference point in the hologram, is given by

2
G- ud - v
Rr - % T T
r r

(v.18)

. (u 2+ 2) '—k—(uz+ 2)
. 1/2 -jk(zr-z) Jer r vr JZz v
UT(u,v) =2l g e e e

1___) sk Yr u e v
322< GPy?y k[ E ey (2

Nz oz ]
ffdxdy T(x,y) e e r £ . (v.19)

The average intensity of the film-grain noise is

T

T () =E [IUT<u,v>|2] , (v.20)

r - .
where EL ] is a statistical average. Thus,

I -
1 - =5 . ~ *
I (u,v) = 2 2_[7-dx1dy1“[]rdk2dy2 E[n(xl,yl) T (xz,yzﬂ
A A )
t t

2 2 2 2. . Yr u Yr v
(1-2) (x 1 "Xy FY 7Y, ) ik (x1~y1)(;j-;)-%(yl-yz)(;—-;)
r r

JZz Z.
e ) e
(v.21)
In the above equation, let Xy T Xy = Ax and Xy = X. Then,
IT(u,v) = dxdy dAxddy QOTT(AX,Ay)
rect x - Ox rect y__-_éy_ rect X rect L (V-22)
L L L L
X y X y

Jk[ﬂx(—-—~>+ y<~—-;>] 322(1-——> (x248y?)  Fe(1-Z-) (bxxtdyy)
r

e r r e e .
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In this equation, we have extended the limits of integration to in-
finity and compensated by putting rectangular functions inside the
integral. The function P is the autocorrelation function of the
random transmittance fluctuations caused by the film grains. It is

defined as

9 (Bx,48y) = E[T(x +Hx, y + by) T*(x,y)]

In order to simplify Eq. (V.22), we observe that the integration
over Ax and Ay will give significant values only for Ax and Ay which
are of the order of the grain size since the autocorrelation function
mTT(Ax,Ay) will be very small for Ax or Ay larger than 4, the grain
diameter. Thus, we can set x - 8x = x and y - Ay = y. Further, we
can assume'that sz and Ay2 are small when compaged to the other
dimensions of the hologram and thus sz and Ay2 can be taken to be
zero. This amounts to assuming that the observation plane, that is
the plane of the reconstructed image, lies in the far field of the

ey

individual £ilm grains . Thus, after performing the integration

in Eq. (V.22) over Ax and Ay, we obtain

oo
I
T e ¥ x Y
IT(u,v) = Az 2-[dedy rect T rect )
Z "o X y

u v
u __r _ X _ZN VM __ ¥ Y _ oz
é'r'r [Kz Kzr Az a zr)’ Az Az Az ¢ Zr)] }

-

(v.23)

(v.24)

where @TT(p,q) is the spatial-frequency spectrum or the Wiener spectrum
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of the random amplitude-transmittance fluctuations due to the film
grains; @TT, which can also be called the intensity-transmittance

spectrum of the film-grain noise, is defined as

: = - 327 (px+qy)
2 . (p,9) =ﬂ’<@ﬁ(x,y) e ' dxdy, (v.25)

-0

where p and q are spatial-frequency variables and where the intensity

. 2
transmittance spectrum has units of 1/({/mm)".

If we make the change of variables,

in Eq. (V.24), we have that

_ I 2 2
IT(u,V)=———-z——zjf ¢ .(p,q) dpdq, (vV.26)
- ;_) a, b
r 1 71
where
A R N .
=%z Az T 2Az (1 - ;_)
a r r
1
and bz
v Ve Lz z
“hz xz t 2az -
b r - r
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Figure V.2 indicates the significance of the a's and b's. For
example, if the reference beam and the object are in the x-z plane
(u/Az - ur/lzr) is, within the Fresnel approximatiom, equal to
sin BO/A, the spatial frequency at the center of the ﬁologram. The
term Lx(l/z - 1/zr)/2l, to the same approximation, represents the change
of spaéial frequency from the center of the hologram to the edge:
Similarly, we see that the limits of the double inﬁegral define the

spatial-frequency bandwidth of the hologram.

Since @TT is a positive function, we can use the first mean-value
theorem(A) to write Eq. (V.26) as
a, b
- Ir 2 .2
IT<qu) = —'——_z—__z' @TT<p0;q0) deq ’ (V-27)
a- ;—) a, b
r 11
or as’

where At = LxLy is the area of the hologram and Py 9g is a point some-

-where within the relevant transmittance-spectrum bandwidth.

V.05 The Signal-to-Noise Ratio
(1)

As Goodman has pointed out, the proper signal-to-noise ratio touse
in holography is the ratio of the peak reconstructed image intensity, due to
the object alone, to the standard deviation of the total intensity in

the reconstructed image plane. Let the total intensity in the image

plane be 1', then
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1' = [U+UT|2 4 (v.29)

and the variance of I' is

o =ra'? - 2@ (v.30)

If one observes that UT(u,v) is a sum of a 1argé number af randomly

phased complex amplitudes due to the scattering of the individual

- film grains, then a reasonable assumption is that UT is a zero mean =
complex Gaussian random process with independent real and imaginary |
parts. (See Appendix B also:) As a consequence of this assumption,

we have that

E[I'z] = 1% 4 41 YT + Z(TT)2 (V.31)

and

g2 [1'] =12 421 TT + (TT)2 , (v.32)

and that the standard deviation of the total image intensity is

_ L 112 '
c=1 [1 + 2 ———] . (v.33)
T 1

.

Thus, the ratio of the intensity due to the reconstructed image to the

standard deviation of the total intensity is

L : (V.34)
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However, since 1/0 is a monotonically increasing function of I/IT, it
is useful to determine the relationship of this latter ratio to the

hologram parameters.

The ratio I/.I—,r can be found from Egqs. (V.5) and (V.28). Thus,

1 s2 G2 At ErE
— = . (v.35)
I . %..(pgs9p)

This equation can also be written as
1 sy 6 A
- = 1 (v.36)
I. K @Tr(po’qo)

where $, = sEr is the slope of the normalized Ta-E curve and K = Er/E

is the beam ratio (see Chapt. III).

Thus, we see that the ratio given by Eq. (V.36), which is
monotonically related to the signal—to—n;ise ratio, is proportional
to the square of the slope of the normalizea Ta-E curve at the optimum
bias point, to the area of the hologram and to the square of a spatial-
frequency dependent factor given by Eq. (V.16) and is inversely pro-
portional to the beam ratio and the value of the intensity transmittance

spectrum at some point within the bandwidth defined by the size of the
hologram.
If we have that z = z_s the reference point and the object point

the same distance from the hologram, we have a Fourier-transform holo-

gram. In this case we see from Eq. (V.24) that



1 u v
I =—F=3 L r v xr
T l2 2 "1t Az Az ’ Az Az
z T by
m|m
‘[[rect — rect L dxdy
L L
i) X y
Ir At u Yy v Ve |
- \2 2 @TT Az Az ’ Az Az * (v.37)
z r r

1 t i (V.38)

oL [lufe - v T2 g (v.39)
A TERIARYERY: y :
or
u ur v Vr
¢ = “(r RS E‘) . (V.40)

or G is just equal to the MIF evaluated at p = (u/Az - ur/lzr) and

q = (v/Az - yr/lzr).

V.06 Measurement of @TT

An estimate of QTT can be obtained by measuring the light scattered

by a uniformly exposed photographic plate in an optical syétem similar

to that shown in Fig. V.3. 1In this coherent optical system, which is

linear in complex amplitude, f(x,y) is the complex amplitude of the light



Fig.
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V.3. Optical System for Measuring %r ¢ (p,q). Io is the intensity of the
monochreomatic plane wave incident on P1; Pj contains the random complex
amplitude-transmittance function T (x,y); Pp contains the filter; and

P, contains the randem complex amplitude distribution function f£(x,y).

(FC)q and (PC)p are photocells. L is a lens.

(€L1)
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distribution at plane P, normalized with respect to the light in-

3

cident on plane P This quantity can be written as

X
f(x,y) = 7' (x,y) * h(x,y), : (v.41)

where T'(x,y) = T, + T(x,y) is the complex transmittance of the uni-

b

formly exposed photographic plate at plane P., h(x,y) is the impulse

1’

response of the filter at plane P2 and % denotes a convolution. The

autocorrelation function of f£(x,y) is defined as
%
Ppp (Ox,8y) = E[f(x + 8%, y + Ay) £ (x,y) ]

This can also be written in terms of @TT(p,q) and H(p,q), the complex

transmittance of the filter at plane P2. Thus,
@
, 32M(phx+qhy)
9pe (Bx,8y) = [f dpdq 2. (p,q) [HG, )" e : (v.42)
- -~

2 .
Suppose that ,H(p,q)’ is

Py - @/2)y =p = po' + (8/2)
)| = 1 for

ap' - (6/2) $q Sqy + (6/2)

and

|H(p,q)l2 = 0 otherwise (V.43)
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and that 6 is sufficiently small so that @TT(p;q) can be taken to be a

constant equal to @TT(pO', qO'). Then, we see from Eq. (V.42) that

1 1 2
e (0,0) = ¢ . (py"s qp") O _ . (V.44)

and that for & = U/mm

1 (P 55p") = O 0,0/ (V.45)

‘" If we assume that the statistical average mff(0,0) can be estimated by

a space average, then
1 2 B
®..0,0) T< [[lex, )| dxdy = = (V.46)
ff A B2 .
’ A

- where B1 is the total energy incident on the photocell (PC)l,when the

plane P. contains the uniformly exposed photographic plate of complex

1

contains the filter, while B, is the

+ T(x,y) and P 2

transmittance T

b 2

total energy incident on the photocell when the photographic plate and
the filter are removed from the optical system. Here, A is the area of
the photocell (PC)l' In the measurement, the area A must be large enough
so that its Airy pattern at plane P2 is much smaller than the spatial-

frequency bandwidth of the filter,’c but to avoid spurious effects due

This condition is analogous to one used in electrical time
filters, where the frequency bandwidth of the measurement filter must
be greater than the reciprocal of the measurement time to provide a
good estimate of the power spectrum of the random process being
measured. See, for instance, Ref. 5.
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to the constant term Tb’ it must be slightly smaller than the spatial

(6)

extent of the photographic plate in plane P1 . B1 and B2 can also
be measured by using the photocell (PC)Z; however, in this case it

is more difficult to avoid the spurious effect caused.by the constant
term T, . Thus, we see that the function @TT(p,q) can be determined by

b

measuring B, and B, for various values of po', qo'.

V.07 The Minimum Detectable Point Object

The qu;ntity @TT(p,q) has recently been measured by Doherty and
reported by Burckhardt(3) for Kodak 649F plates'at several values of
amplitudeitransmittance. For an amplitude transmittance of 0.529

ata

their measured data can be approximated by the expressionh

2 (F) = [exp (-o.oozasf)] x 1078 , (V.47)

2 2 2 :
where §7 = p~ + ¢ . 1In this expression we have assumed that @TT has

radial symmetry. This is probably a good assumption because of the
isotropic nature of the photographic emulsion. We can use this ex-
pression to estimate the smallest point object which zan be recon-

structed with a hologram.

We have_ indicated above that the proper signal-to-noise ratio for
holography is the ratio of the peak intensity of the reconstructed

point image to the standard deviation of the total image intensity.

“Burckhardt only gives values of &;r(f) for § = 200 4/mm to

f = 750 £/mm. However, we assume that the experimental curve can be
extrapolated to lower and higher spatial frequencies.
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This ratio is given by Eq. (V.34) in terms of the ratio of the peak
image intensity to the average noise intensity. Notice that for

1 >> TT, the signal-to-noise ratio can be written as

2
1./1 :
e . (v.48)
T

If we arbitrarily assume that 1/0 = 5 for minimum detectability,

then I]TT = 50. 1If we take, for an example, a Fourier-transform holo-

. gram, where
u Yy
(%;-- X;;) = 300 4/mn

and

*and assume that the hologram recording material is Kodak 649F, then
sl'z 0.56 at T_ = 0.5 (see Fig. II1.3) and G = 0.95 (see Fig. I1I1.9).
The beam ratio of the smallest detectable point object is, from
Eq. (v.38),
2
G2 s, A

1 "t
Kmin T 50 éTT(300) : (v.49)

Substituting the above data, we find that Kmin =1.2x 106 At' (This

resplt will hold approximately for an ordinary hologram, where z # Z_s

if the spatial frequency at the center of the hologram is about 300 {/mm.)
Thus, for a square hologram, 10mm on a side, this corresponds to a beam
ratio K = Er/E’ of 1.2 x 108. Thus, we see that very weak point objects
can be detected by a hologram.

s
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Tﬁe above results apply for a hologram whefe the light scat&ered
by the point object covers the entire hologram. However, this may
not be the case if, for example, the point object is a transilluminated
opaque plate containing a relatively large hole. in this case, the
equation for the peak reconstructed image intensity, I, is modified
by replacing At by the area, at the hologram, covered by the light

scattered by the hole. Thus, if AS is this area, Eq. (V.38) becomes

2 2 2

i__% ¢ A (ié) (V.50)

V.08 Signal-to-Noise Ratio for a Diffuse Object

If the object is a diffuse surface made up of many unresolved
points, the proper beam ratio is given by the ratio Er/Es’ where ES
is the exposure due to the collection of points. We have seen in

Chapt. III that the beam ratio can be written as

K= ———. (v.51)

where Er =a_ t is the exposure due to the reference beam. Thus, for

use here, we can write the beam ratio as

1

s (v.52)

& |

EI'
K = ) N
N(ﬁ Z E
i=1

where Ei = ait is the exposure due to the ith point and where E is
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the exposure due to an average point. Then, using the above equation

in Eq. (V.35) and noting that sy = sEr, we have that
2 2

I s; © E A

— T Ko ( ) - N (v.53)

T t1\Pp99’ E :
If the object is a rectangle with sides Lu and Lv in the u and v
direction respectively, then

Lu L
N = < (V.54)

0 g

where Lx and Ly are the sides of the rectangular hologram in the x

“and y direction respectively. Since At = Lx Ly, we have that

A 2
t A
el (v.55)
u v
and that
2 2
I = __jiL_ji___ . l.. E . ___i!i___ (v.56)
n ffet) FOE (L)
Z Z

Thus, we see that I/i} is independent of the size of the hologram but

is inversely proportional to the angular size of the object. This ratio
is also inversely proportional to the beam ratio and is directly
proportional to the ratio of the exposure due to the particular point

in question to the exposure due to an average point. Finally, we note

that the ratio E/E can be written as



E . , (V.57)
E

2, . . . '
where a  is the intensity of a particular reconstructed image point

—

2 . . .
and a, 1is the average reconstructed image intensity. Thus,

I s G . 1 a2 XZ
A
. a. —

1 r4 Z

(V.58)
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APPENDIX A

COEFFICIENTS OF THE DISTORTION POLYNOMIALS PRODUCED BY FILM NONLINEARITIES

A.01l Introduction
We have shown in Chapter III that the nonlinearity of the film
distorts the transmissivity of the hologram. This distortion can be

written in the form of a polynomial in B(x,y) where

2
a (x,y)

B(x,y) = —5—— -1
<a2(x,y)>

and where az(x,y) is the intensity, at the hologram, of the light scattered

by the object.

Here we list some of the coefficients of the zero and first-order

polynomial.

A.02 Coefficients of PO(B) and Ty
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APPENDIX B

STATISTICS OF THE HOLOGRAM EXPOSURE FUNCTION

B.01l Introduction

In this appendix, we investigate the statistics, at the holo-
gram aperture, of the coherent light scattered by an object. We
are interested in diffuse objects, i.e., those which completely
scatter the light and thus destroy any specular components which
were present in the incident light., Most fine ground-glass trans-
mitting screens scatter in this way as do reflecting objects with
surfaces which have many small imperfections which are, in sizé,
the order of the wavelength of the coherent light. We call such
objects diffuse reflectors and in this appendix we deriv; certain
statistics associated with the coherent light scattered by these .
objects. Consider’Fig. B.1l. Here the object O is illuminated by
a coherent source, of wavelength A, and this coherent light is

scattered by the object to the hologram H. The complex amplitude of

the light at the hologram can be written as a(x,y) exp j®(x,y), and

-we can approximate this function as

N(x,y)
aey) exp J8Gey) = Y A Gey) e i G 4y ] 3.1)

n=1

where N(x,y) is the number of points in the object, contributing to the
complex amplitude at the point x,y, which can be resolved by the holo-

gram aperture, Rn(x,y) is the distance from the nth point of the object

. (B-1)
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nth point

Lo . g
- ™~ :
7 == e -==>

Fig. B.1l. Coherent lighf scattered from the
object 0 to the hologram H.
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t
to a point in the hologram, ¥ is the. phase of the n h oint, and
g v P P

a cos & (x,y) 1/2
lAn(X:Y)[ - .0 n (' watts ) . (B.2)

R (x,y) unit area

: t
In the above expression, an2 is the total power emitted by the n
point measured in watts and en(x,y) is the angle between the normal
to the hologram at x,y and the line of length Rn(x,y). The complex
amplitude of the nth object point is Cn 6(u - u, V- Vn)’ where
= A . - 5 - L . : ‘s
C, a_ exp J[Wn /2], 6(u u v Vn) is the Dirac delta funct'ion,

and u,v are the coordinates of the object.

B.02 Probability Density Function of the Complex Amplitude

If the object is a relatively flat, diffuse reflector, all of the
resglvable points will contribute light to each point of the hologram
and N(x,y) can be considered to be a constant independent of x and y.
Also, it is not unreasonable to consider Wn as a random variable which,
when reduced modulo 27, is uniformly distributed between 0 and 27 and
to assume that Wi is independent of ¢j where i and j are two arbitrary
resolvable object points. Thus, we see that the complex amplitude at
a point x,y of the hologram is the sum of N independent random vectors
each of complex amplitude given by An(x,y) exp %I%Rn(x,y) + W;J. In
this case, wé can show that the probability density function of the com-

plex amplitude approaches a normal law as N grows large.

Let
N

X = a(x,y) cos B(r,y) = 3 A Goy) cos [ kR Gy + 4], (.3)

n=1

(190)
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N
Y = a(x,y) sin &(x,y) = }E: An(x,y) sin [kRn(x,y) + Wn]. (B.4)

n=1

Here, X and Y are the components of the complex amplitude vector,
a(x,y) exp j®(x,y). X and Y, in turn, have components X and Y

which are independent random variables, where

An(x,y) cos [kRn(x,y) + ¢n], (B.5)

”
It

«
fl

A_(x,y) sin [kR_(e,y) + wr]_ . (B.6)

Thus, we see that the statistical average of X and yn is

Elx ] = E[y ] = 0, and that
n n

N
By = elx?] = % Z lAn(x,y)!z , (B.7)
n=1
N _
Moy = Bly?] = %Z lAn(x,y)|2 ) (B.8)
n=1
by = lxy] =0 . (B.9)

A sufficient condition that the probability density function of

the complex amplitude approach a normal law is that

N
-3/2 3
c =¥, Z E{lxn[ }40 , (B.10)
n=1 )
N
_ -3/2 3
C, = by z E{!ynl )-)0 , (B.11)
n=1
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(1)

as N9, We can show that this condition is satisfied. We

have that

|xn|3 lAn(x,y) cos [kRn(x,y) + ¢n]|3 R (8.12)

S
Iy 17 = 6oy eos [ coyd + 4 - 3] 17 (3.13)

To expand these expressions, we consider X and y, as signals being

passed through an even vEh law full wave device(z). Thus, with An = |Anl

and § = arg A , we have that
n n

M
- o cen [ 41,44
lxnl = Z 2Cc(3,m) An (x,y) cos m kRn(x,y) + \L’n -+ ‘IJn , (B.14)
m=0,2,4,
M
3 _ » 3 _n
Iyn! = 2: 2C(3,m) An (x,y) cos m [kRn(x,y) + Wn + @n 2},
m=0,2,4f... (B.15)
where
€ I's)
c(3,m) = ;€ =1;e¢ =2, m# 0. (B.16)
' 241" ..5;“1. ) _5-'r_m © "
2 2
Thus,
31 138 _ + 3
E{lxnl}—Eﬁ_yn;} - 20(3,0) & “x,y) (8.17)
and

(192)



(B-6) L

C(3 0) (x,y)
c, = Cy = 72 (B.18)
ey
Ny An (x,y)
n=1
N 3/2
Sinc L A 3( )] and 1 Z (x ) stay fixed as N7 @
ince | & n Y N 5% R
n=1

we see that the condition that C and Cy 2+ 0 as N?*® is satisfied and

conclude that the joint probability density function of X and Y is a

(3)

bivariate Gaussian density given by

1 ('2 + xz)
p(x,y) = ——=—— exp |- == ) (B.19)
2 2
2n o 20
X,y X,y
N
' where 02 = = = l Z A 2(X y) Recall from Eq (B 3) and
X,y 11 Q2 2 n 2t ) )
(B.4) that n=1
X = a(x,y) cos &(x,y),
Y = a(x,y) sin 8(x,y),

where a(x,y).is the amplitude and $(x,y) is the phase of the complex
amplitude due to the light scattered by the object. Then, we can write

the joint probability density function of the amplitude and phase as

2
platey), 26y = 25 exp ( 2503 Y for a(x,y) = 0
2n O
X,

(B.20)

n

0 otherwise,

and 0 < $(x,y) = 2m.
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B.03 Probability Density Function of the Amplifude and Intensity

It follows from Eq. (B.20) that

p a(x,y)] - EQL’)L_ exp E.Aé.zll) for a(x,y) = 0
c
X,y X,y
= 0 otherwise , (B.21)
and
1 -
60y = for 05 8(x,y) S om

27

=0 otherwise (B.22)

The probability density function of the amplitude is a Rayleigh distri-
bution and we also see that, at any point in the hologram, the ampli-
tude and phase of the complex amplitude are independent random variables

since

p[a(x,y), cI’(x,y)] = p[a(x,y)] p[‘l’(x,y)].

The moments E[a"] are given in section B.08 (see Eq. (B.46b)).

The intensity of the light at the hologram is given by

. ' )
I = Ia(x,y) eJQ(x’y)l = az(x,y) (watts/unit area). (B.23)

(4)

Thus, the probability density function of the intensity is

) 2 a2(x ) 2
p(I) = p[a (x,y)] = exp (- —T*‘L ; a (x,y) 20
20 20 .
X,y X,y
Y =0 otherwise | . (B.24)
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and we conclude that the probability density function of the intensity
is an exponential function. The moments E[In] = E[azn] are given in the

section B.08 (see Eq. (B.46b)).

It is interesting to note that we can obtain the exponential
probability density function for the intensity by maximiz;ng the enthropy
of the function az(x,y) under the constraints that a?(x,y) 2 0 and that
az(x,y) has a finite mean (see Chapter I1II). 1In this case, we obtain
the probability density function with the widest spread on tﬁe az(x,y)

axis.

B.04 Joint Probability Demnsity Function

We are also interested in the joint probability density function

of

o]
|

2 - a(xzﬁyz),

st}
|

1 - a(xl’yl)’

\
H
|

=@
2 (X23y2),

@ =§(X1:y1).

However, before we determine p(al, 32’ @1, @2) we specialize to

the case where the hologram is not too large relative to the hologram-

object distance. In this case

a cos 8 (x,y) a_ cos 8 1/2
lA (x y)l __n n ~'n n_x o, watts
n*’ R (x,y) — n \unit area '
n Rn

(195)
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Thus,
N
02 202_12 KZ- watts
X,y T2 n unit area

is a constant over the hologram plane.

Now, recall from Eq. (B.3) and (B.4) that

= a(x,y) cos ¥ (x,y)

>4
|

g P

Kﬁ cos [kRn($’y) + ¢n] s

n=1

N

]

a(x,y) sin ¢ (x,y)

]
It

An sin [kRn(x,y) + ¢n] ,
1

n=

where ¢n are independent random variables which are uniformly distri-

buted between zero and 2m. We also recall that E[Y] = E[X] = E[XY] =0

and that E[Yz] = E[Xz] = 02.

Let

= 6 =
X a(xl,yl) cos -(xl,yl) a, cos &,

N
= Z Xn cos [kRn(xl,yl) + ‘lfn] .

= 3 = i 6
Y a(xl,yl) sin @(xl,yl) a, sin &,
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19t

X2 = a(xz,yz) cos @(xz,yz) = a, cos &,

N
- n x
Z An cos [kRn(XZ’yz) + ‘,!n],
=1

j=]

Y2 = a(xz,yz) sin[kRn(xz,yz) + \I!n] = a, sin 11!2

N
.= Z An sin [kRn(xz,yz) + 'J(n].
n=1

Since X., Y., XZ’ Y, are Gaussian random variables, their joint prob-

1’ 1 2
(5)

ability density function is for X1 =V Y X , and

1T Y fp T Y,

Y2 = ya’

4 4
1
eXP N~ m Z Z |Alnm ynym

n=1 m=1

(Zn)z |A[l/2 ?

p(yl,yz,y3,y4) = (B.25)

where |A|nm is the cofactor of the element in the nth row and mth

column in the determinant |A| of the covariance matrix

E[%lz] - o? E[X1Y1] =0 E[X1X2] E[X1Y2]
2 2
E[lel] =0 E[Y1 =0 E[lez] E[Yle]
A=
2 2
E[X2X1] E[XZYZJ E[x2 l=0 E[XZYZJ =0
2 2
E[szll E[YZYl] E[Y2X2] =0 E[Y2 ]=o0 |
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Using the summation relations for the X's and Y's, we can show that

E[xlxz] = E[Y1Y2]
and that
E[Xle] = -E[lez] .
Now let
J’[‘1> (xl,yl)-@(xz,yz)]
R(xl,ylhxz,yz) = E a(xl,yl) a(xz,yz) e : , (B.26)

where R(Xl’yPXQ’yz) is the non-stationary correlation function of

the complex amplitude. We note that

2

R(Xl = Xza yl = yz) = E[az‘(X)Y)] = 00 3 (B'27)

2 ' .
where S, is the mean square value of the complex amplitude. Also,

"2 2 2 2 2
c ‘= o = = = = 207,
we see that o o + v 20° or that R(x1 Xy ¥ y2) 2

We can also write

R(Xl:ylaxz:yz) = E[(X2 + JYZ)(X]_ = JY].)] = 2E[}x1X2] -+ JZE[Xle].

(B.28)

ot

“We can show that R is non-stationary by computing R(xl,yl,xz,yz)
using the summation relations for a(x,y) exp j®(x,y). When this
computation is performed, we find that R is not simply a function of

(x1 - x2) and.(y1 - y2); thus, R is non-stationary.
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Then, if we 1let

R (x5 ¥.%,,y,) = E[X X1,
where
_ _ _ 2 2
Rt = %, ¥; = 9,) = Elx“] =0
and
RCS(Xl’yl’XZ’yz) = E[XIYZJ bl
where

R__(x; =%, y; =¥,) = Elxy] =0,

we have that
R(x1,¥9,%5,9,)

2 = Rc(xl’yl’XZ’YZ) + jRCS(XleI).XZ:yz)

and

2 2 2
IRl. =4® "+ R

Thus, the covariance matrix is

[ o2 0 R R |
a4 cS

0 o2 R, R,

A= )
R -R o 0
[ cS

2

[e)
ke RCS RC 0 -

(B.29)

(B.30)

(B.31)

(B.32)

Following Ref. 2, p. 162, we can write the determinant of the matrix as
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A 2 L 2
[A] = [o' “RZ? - Rcsz] = [34 - *El—] (B.33)

c

and the various cofactors as

Ch h L2 (a1/2
Ay = hgp = Ayy = Ay =0 AT

=A = = =
A12 21 A34 A43 0 ’
1/2
= =A = = -
Ay =g =y, =, = (4] ;
_ _ _ _ 1/2
A14 - A41 'A23 - A32 - RcslAl .
. o ‘2
We note that Xl”xét?14Y2 IAI = 0 since R(0,0) = 207,

Using these relations, we can write

1
P(X Y. ,X :Y)=_—__——
1°’71°72° 72 4ﬂ2|A|1/2
r - <
2 2 2 2 2
o] (xl + Yl + x2 +Y, )
1
B exp 4 - 77 _ZRC(XIXZ + Y1Y2) > .
2[A]
-—ZRCS(XlYl - lez) i
. J
(B.34)

From Eq. (B.34) it follows that the joint probability of the amplitudes

(6)

and phases is

a_a

12
p(a ’a ’é ’@ ) = 75
1°72°71°72 4ﬂ2|A|1/2 .
r N\
r 2 2 2 9
a (a1 + a, )
1
exp é - —75 | -2R_a,a, cos @, - %) P
ZIA, /2 c 12 2 1

_-2Rcsa1a2 sin (@2 - le:J

n G

(B.35)
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for a)s a, 20 and 0 S @1, @25 21 and zero otherwise.

"B.05 Joint Probébility Density Function of the Amplitudes

One can also calculate the p(al,az) and p(§1’§2) and we refer
the reader to Ref. 2, pgs. 163 and 164 for the details. Here we

will give, for convenience, the expression for p(al,az). Thus,

' ) o?(a,? + 2,7
p(a ;,a,) = exp |- (B.36)
1°72 I1/2 I | 2IAII/Z

for a;, a, 2 0 and zero otherwise. Here Io(x) is the zero-order modi-

fied Bessel function of the first kind,
It is sometimes necessary to find the moments E[a ,azm]. The
details of the calculation are given in Section B.08 (Eq. (B.49)).

Here we list the expression for the moments,

m+n n+m

ntm 2
Bala" - @7 @ P () 1) (3 3 0 )

2
4
for o 2 1%4— and n;Z’ m;Z 0. Here F(a,b; c; z) is the hypergeo-

metric function. Note that for n or m an even integer, this function

terminates after a finite number of terms since

Lo - ab a(a+1)b(b+15
F(a,b; c; 2) 1+ . 2 + c(ct1) 2

a(a+l) (a+2) (b+1) (b+2)
c(ct+l) (c+2) 3!

+ e

;- ' _ (201)
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B.06 An Application

n

m
10 39 1, we can

As an application of the above formula for Ela
calculate the correlation coefficient of the intensity. Thus,
E[a 2,322] = m2

1 2
a

239 9y
a

~ E[a12,322] - Eztaz]

£la?] - £%[a%]

2
404 1+J-&l|r> - 404 .
_ ho I LV

4 4 4 2

80 - 40 4o o]
0 .

Thus, we see that the correlation coefficient of the intensity is re-
lated in a simple way to the correlation function of the complex ampli-

tude of the light incident on the hologrém.

Another application is to calculate the correlation coefficient of

the amplitudes. Thus,

2
E[alaz] - ma
a 2

1°72 o]
a

E[alazj - Ez[a]

E[az] - Ez[a]

]
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2 2
= 0.92 l—l— + ~— l—l— T lﬁ%— . 15%— :
a8 16a° Lo o

Thus, we sece that the correlation coefficients of the amplitude and
the intensity are very nearly the same. The above facts have been

(7
known for some time in antenna theory ).

B.07 The Behavior of Functions of R(xl,yl; xz,yz)

In the rest of this appendix, we will specialize to relatively
small objects near the axis of the hologram so that we can write the

complex amplitude of the light scattered from the object and received

at the hologram as

.

- ' '™ j-z—E- [(x-u)z-l-()"v)z]
a(x,y) ed2C0Y) o = eI¥? Jﬂﬂo(u,v) e _ dudv. (B.37)

Here 0O(u,v) is'the.complex amplitude of the object. To be consistent
with our previous assumptions, we divide O(u,v) into a deterministic
complex amplitude ao(u,v) and a random phasg part exp jy(u,v). We
assume that y(u,v) is a random variéﬁle with uniform probability density
function between 0 and 27, and we also assume that V(ul,vl) and ﬂt(uz,vz) are

independent for any two points of the object; Thus we can write that

IR RETORS bk

Eje = 13Uy =,

vy =‘_;V2j° (B.38)

= 0; otherwise.
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Now the correlation function of the complex amplitude is

5[0 6y 4 ()

CRGxpygs Xy1¥y) = E a(xl.yl)a(xz,yz) e (B.39)
or using (B.37) k 2 9 2 2
. z_z[<x1 Xy My ey, )] . '
R("l,yl; x2)Y2) = 2 ffduldvl )
(Az) A , ‘
-]
%
ffduzdvz ao(ul,vl) ao(UZ’VZ)
«t0
j[V(U v.)-y(u,,v ﬂ -jk[x u =X, u,+y.v.=y,v
Ele 171 2’72 e21122 11 2.2
k 2 2 2 2
jzz [u]_ suy VeV, ] . (B.40)

e
:Applying Eq. (B.38), we have that
L K[, 2 2., 2 2
ejzz [(xl 'xz )+(Y1 "Y2 )] ©

R(xl’yl; x2)y2) = ()\z)z ffdudv

-0

-

- 5% [0yt 77,0

A, la w,v)]? e (3.41)

which, as we remarked before, is non-stationary.

© (204)
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It will also be uscful to calculate

2 2

IR(xl’yl; x2)y2)l = '-—_—O_‘Z,- I lao(u,v)l . !
- ;

i k[ 2

Eorepurtryvyv]
e 2 172 172 dudv] , (B.42)
which we see is stationary. Thus,
IR,y %),y )ll2 = R(x, = X, ¥, = ¥,) o (.43)
1’717 7272 1 271 2

Recall that

202 = E[azl(x,y)] .

Thus,
24
2 - A '
20 = R(xl = xz) yl = yZ) = ozf laO(U,V)lz dUdV ’
(Az)" o
and
Ao [
“x)ut(y,-y,)V)
[ |2 f Ia (u, V)I 2 172 dudv
R(x;-%,; ¥;-¥,)

2

/A
4o
) {jla (u,v)l dudv

B.08 Some Moments Useful in Hologram Analysis

.B.08.1 The Rayleigh Distribution

Let p(a) be a Rayleigh distribution, Then,
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2
__a_
’ a
p(a)=ize2 for a> 0
o
=0 otherwise )
and 2
[++] ..— d [+
a
f _ 2n/2 Unfxn/Z X dx ’
cr
0 0

E[an]= 2™2 6™ Tt 4 n/2)

For n even, we have

E[a“]= 2772 (2)r o n=2, 4,6,

Since F(l + ) -—-3—2;_1—(‘—1 I'(1/2), for n odd, we have that

E[alj — (1.3.5...n)—“l% gn; n=1, 3, 5,

Thus, the mean value of a is

ele) \Zo

and the variance 1is

E[az] - E2[a] = 202 - 1%02 =(4 ; 11)02 ]

The standard deviation to mean ratio is

{E [2%] - E [a])

1/2

(206)
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B.08.2 The Exponential Distribution

2
Let p(a’) be an exponential distribution. Then,

2
A
2
p(az) = —lf e 20 for a> 0
20
=0 otherwise kB.47)
and 2
© 8
[2n] fa?'“ 20° 2
El a = —5 e da
0 20
= 2" ! 02n . (B.48)
2,
Thus, the mean value of a is
E[az] = 202

and the variance is
E[al’] - Ez[az] - 8d”" - 4o® = 4o” .
The standard deviation to mean ratio is one.

B.08.3 Joint Probability Density Function of the Amplitudes at
the Hologram

Let p(al,az) be

2 2 2

aa, IR[ ) fof (a1 +a2 )

p(a,,a,) = —= = 1 (a.a exp - —
1’72 |Ai1/2 o 172 zlAll/Z 2|A|1/2
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for a;, a = 0 and zero otherwise. Here Io(x) is the zero-order

2

modified Bessel function of the first kind. Then,

0 |A]
_9_3 a; 2 _0—2_ a2 2
. 2 |A|1/4 . 2 |/\|1/4 dal daz
lAll/& lAIl/&
or
ntmt2 ®

2 2
E[alnazm] _ IAl 4 j:[-xn+1 ym-%-l IO(Cny) e—B(x +y7) dxdy

~ 0]

where
1]
¥="
and
B = 02/2 .

. X 2
Consider the integral over x. If we let x~ = v, then

¢5-2)

[+2]
w
2 1 -Bv
fxn+l IO(Cny) o Bx" 4x = zfv Io(ozyﬁ) e dv
0 0
. . ) (8)
and if we use the formula
p-1/2 -ax _T@®+ve1/2) 22 - (F )
fx e L,, (2b7x) dx = T(v+)p ¢ 8 M-LL,V 7 )

0

which is valid for Re (0+Vv+1/2) > 0, we have that

(208)



(B-22)

@ ) r n+2) o2y (n+1) 5
ntl o o -Bx” . _ X2/ 8B 2 oy
fx I (axy) e dx = oy © (8) M- - 0(48 )

0 2/

for ntl + L 0, where M (x) is the Wittaker function.
2 2 M,V i

It is convenient to transform the Wittaker function to the con-

fluent hypergeometric function with the aid of the formula

z 1
M. (z) = e"2 254“ M(l tp -K, 1+ 2p; z)
= T - 3 3 .
K>M 2
Thus,
n+m+2
4 n+2
E[ n m] IAI r ) m+1 M n+2 1 dzyz -By2 dy
1 72 B n+2 2 2 7 4B
2 (8) 2 0
n+2
—_—
for 5 0.

Now consider the integral over y and let y2 = v. Then, using

(10)

the formula

48 20 g b

© o2 )
f ( 2 '1) (n+2 o ) -Bv 1“( ) (n+2 )
v M7 LY ;

0 2

Gy

where F(a,b; c; z) is the hypergeometric function, we have that

n+mH-2 . n+2)r o~y

n om IAI 4 2 ) n+2 w2, o az
Ela a = F 2 2 :1a 2 )
172 m-nt+b 48

4@) 2

> 0 and B > . since & =

2 2
-2 w2 o . LY =9
valid for E%g, - 4 Or, > and B = >

»
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n4m+7

#2 2 .

E[ n_m _ IAI ¥ (mT ) (%42 m{Z ) lBLi)
L 4
4o

g 22 - an+4
2
valid for Dgg, m;Z > 0 and 04 > lB%— .

(1)

It is convenient to use the formula

F(a,b; c; z) = (1 - Z)c—a-b F(c - a, ¢ - b; ¢; z)
to get
mn | 2
n_ m 2 n-H2\ - o2 m_ R| )
E[alaz]=2 ( & (3 5 )
4o
2
valid for D%Z’ E%Z > 0 and 04 > l%l—. Here we have used the relation
/2 4 IRI2
[A] =01 - ).
. Lo
2
4 IRI - [ n nﬂ _ n+m1
When o = L we have that a; a, and E 1 @2 = E[a .
However, 9
a

2]
202
nim
‘[- e dx ,
0
which can be &valuated, by using a formula given above, as
mn mn

E[a“+‘“] = (2) : %) ’ I‘(1 4+ 0 “ZL “) .

2 2 '
Now, when 04 = 15%— we have that lB%— =1 and(lz)

(210)
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m
r(1+ +2)

2
lim F(}%, —%; 1 IRL )
2 4a r 1+—)r (1+—)
Ir[© ., 1 2
404
Thus,
min 2
lim E[ 1“ 2m] = lim ) 2 U 2 F(nE-Z) (m—i—Z)F(z, % ,'IB‘ZIL—)
al"a2 lRlz 1 ho
4
4o

mn mn
=22 % ? l"(“—h;_—E + 1) = E[an+m].

Since the solution for E[alnaznq and E[an+m] agfee at the limiting
(13)

point, we can use the principle of analytic continuation to write

- (2) 2 (oz)y‘z—nr MO p(m2) g2 mog, Iz[? (B.49)
2 2 2 2 2 4

Lo

2
for 04 2 l%}—- and E%g, E%g > 0.

B.08.4 The Joint Probability Density Function of Complex Amplitudes
at the Hologram

Let p(al, a, ® @2) be

2> Y
a.a
172
P(a y 8,y 2o, % ) =
1 2 2
1 . |A|1/2 .
r 1 .
[~ 2 2 2 ]
o] (a1 + a, )
1
exp {- ———= | -2R a,a, cos (3, - &.)
ﬁ 2|All/2 c1l2 2 1 >
L _—ZRCsalaz sin (@2 - §1>—U

(211) '
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for a,, a, 20 and 0 5 @l, & <27 and zero othérwise. Here

1 9 2
R 2 + R 2 = JEJ-— Then,
c cs 4
2w 2m L)
J<@2-®1)]
E[a1 a, e =f déldéz dalda2
0 0 00
. aln+1 32m+1 j@z"él) 2IMl/z 2
X ————=57— e e
1/2
[
ala2 .
'ATI/E [Rc\cos (Qz-@l)+RCS sut(@z-@l)]

Consider the integral over @1 and @2 and let

21 2
= -—13'/. f [cos (@2 - @1) + j sin (5.52 - @1)]
0

a.a 1/2 R
172 2 2 -1 “cs
W GC +Rcs ) cos (Qz-él-tan R ) .

4
Since exp z cos | = @ Z emIm(z) cos my ; €, = 1; e = 2, m# 0(l ),

we have that m=0

21

om
=2 [ e f t, [cos @, - 8 4 5 sin G, - 2]
0

2 R
172 -1 “cs
E € I cos m( - ®_ - tan —-—) s
(IAll/Z 2 ) 2 1 Rc

m=1
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or interchanging summation and integration, we have

® a.a VALl 2m
192 |r]Y 1 1
= —_ ) —_—
Py Zemlm (IAll/z 2) 2nf 2y 2nf %,
m=0 0 0
R
1 -1 ¢s
5 [(m 4 1)(‘1’2 - @1) - m tan R_ ]

) - m taﬂ_

1

R

-1 ¢s
4+ cos |(m- 1)@, - ¢.) - m tan ———]

o 50, 1w
R
c
2 R
c

3

R
. -1 “¢s
- - & - - _£s
sin [(m 1)(_2 §1) m tan RC ]

+ 3¢ sin [(m + 1)(@2 -

anc tpon integration over @1 and §2, we have

aRr i R
D. = ( C + ] cs) 1 |R| a.a
1 IR] 1 2[’\|1/2 172 )°

where Il(x) is the first-order modified Bessel function of the first

kind. Then,

ntmf-2 @

E[a1nazm eJ'(‘Pz"Pl)] =f(fg%fc_51 [ 4 ﬂ' IATT}‘* |A([13‘*
0
2 " 1l
X 7T m—‘-l ( ll/z)
HENE

4 2 2
2N P )
T\ 2
. e
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or

. . 2 ©
j@.-3.)] @R +iR ) ulasd
gla My @ 2 17 _ c cs |A[ 4 dxd
1 92 ¢ [R] y
0
ENNE
(L 1, (|1;[ xy)e 2 . 2

Let

] 1
—_— - v
D=%j‘v22 Il(my’f\;)e dv
0

where again Mp, v(x) is the Wittaker function and the integral is valid
b

n+3 . . . .
for N > 0. Using a formula given above, we can write the Wittaker

function in terms of the confluent hypergeometric function and, thus,

n—éé n+3
2 I\ 2 ) 22
3 n+3 . lRl y
Dy = 3 [Rly M(z » 25 ) :
2. 27 8o
)
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Thus,
n-3 ,
' o
o i _@1) 2 I n;B) n+272
= —_— i A
Bla,"a" e 5 R+ 3R (A fdy
. 2.2 0
(©7)
;c_z.yz 2 2
™2 o 2 M(n—zl-B’z;JR|)2r)_
80
Let
r - 2 2
R
b, = [ g2 2 w3 Z’JRIy ay
3 2 802
0
2
and let t =y . Then,
2 -
. 1 e
-5t
1 2 2 n+3
D3 = 2‘[-e t (-2 s ) dt ,
0
16)

which can be integrated to yield

(m+3) (%+3 mn3’ 2; 1513)
2 2 2 404

()

2
4
for E%é >0 and o' > l%%— . Here F(a,b; c¢; z) is the hypergeometric

function. Thus,
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IR[Z n+3 we3
4’ 27 2

for G > > 0. Here we have used a relation given

above to transform the hypergeometric function and we have also used

the relation IAll/z = 04(1 - IRIZ/ACTA).

2
We observe that when 04 = J—R-J—, a, = a, and . =29 nd (17)
4 1 2 1 2
F(l + n+m)
lim (.2 L. ooy, (R +3iR_ ) =
2222720 4 c ™ 3 s (n+3) (m'r3)
4o

Thus, the limits on the expression for the moments are

|Rl nt3 m3

>
02 ,2,20.
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Spatial riliering for Detection

Adam Kozma and David Lee Kelly

cf Signais Submerged in Noise

Matched filtering is deseribed as a spatial filtering operution. A technique for producing a matched
filter, wherein the filter transfer function is modulated onto a spatial carrier and the resulting function is
hard-clipped allowing a filter construction of completely opague and transparent lines, is given. The

effect of this nonlinearily on the S/ is shown to be small.
filter is shown to be negligible if the spatinl earrier is sufficiently high.

The eflects of extraneous frequencies in the
Experimental results are pre-

sented showing the detectability of the signal in the presence of various levels of additive noise.

Introduction

In recent years il has been established that operations
of an integral transform nature, like those performed by
lincar electrical networks, ean be implemented using
optical systems.?™* This would only be of acadenic
interest were it not for the fact that optical systems offer
certain advantages over eleetrical networks when it is
necessary to perform operations on sets of signals or on
signals which are two-dimensional in nature.’ In
these cases the two dimensions of the optics can be
utilized to provide a multichannel filter bank for sets
of signals, or to climinate such complicated operations
as scanning of two-dimensional signals.

This paper is concerned with the problem of con-
structing filicrs for performing a spatial filtering opera-
tion on signals, of clectrical origin, which have been re-
corded as density variations on a medium such as
photographic film. The spatial filtering operation is
performed using a coherent optical system, which is
lincar in amplitude, and i which both the amplitude
and phase of the light may be modulated by placing
transparencies in appropriate places in the system.
The deseription will be in terms of a single-channel
oplical system, although what follows can be easily
extended to multichannel systems, whichi have been
deseribed clsewhere.®

The authors were with the Institute of Science and Tech-
nology, The University of Michigan, Ann Arbor, Michigan, when
this work was done. D. L. elly is now with Conductron
Corporation, Ann Arbor, Michigan.

Yeceived 17 November 1964,

This work was presented at the October 1964 New York
Meeting of the Optical Society of America {J. Opt. Soc. Am. 31,
1395 (1961)].

The work reported herein was conducted by the Radar Tab-
oratory of the Institute of Science and Technology at The
University of Michigan for the U. 8. Air Force under contract.

<

While various coherent optical configurations are
possible, we will deseribe the filtering operation with
reference to the one shown in Iig. 1. Here lens I,
collimales a point source of monochromatic light.
This collimated light is used to illuminate an object
transparency placed in an apertwre in plane Pa. It s
the nature of »uch an optical system that a Fourier
transformation of the hight amplitude emerging from
the object transpareney is displayed as a spatial distri-
bution of light amplitude at plane Py If we assume
that the strueture of the object transpareney is sufii-
ciently coarse and the lenses are well corrected, all of
the I'ourier orders present in the objeet will be displayed
at 3, without distortion, and in this ideal system, we
know that these Fourier orders will be recombined by
lens Ls to form an image at the plane Py. If the co-
ordinates shown in Fig. 1 arve used, the image-forning
operation can be considered as the result of a Fourier
transformation of the object to the filter plane and an
inverse Fourier transformation of the Fourier orders
into the image. The operation of spatial filtering is
performed by placing filier transparencies in plane P
50 as to alter the amplitude and phase representing the
Fourier orders present there.  In this wuy, ivis possible
to control the image formed at plane P

This optical system is analogous to a linear clectrical
system where the object represents the siznal, the filter
transparency a lincar filter, and the image the result of
filtering the signal.  In the following section we will
deseribe hiow this optical system is used for matehed
filtering,

The Matched Filter

The matched filter is the optimum lincar filter for de-
teeting the presence of a deterministic signal in addi-
tive, stationary noise. This filter comes into use in
situations where it is necessary to determine if a re-
ceived signal consists solely of noise or of noise plus
some signal of kuown form. If a sufficient amount of
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Fig. 1. A coherent aptical system nzed for spatial filtering.
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Fig. 2. Matched filtering with o coherent nptical systeni,

noise is present it way be impossible to delermine this
by simply observing the received waveform and one
must resort to some fillering scheme which increases
the signal to noise ratio to a point where a correct
decision is possible. The matched filter accomplishes
this by concentrating all of the signal encrgy into a
relatively short duration while allowing the noise to
remain distributed over the original obscl\ahon time,
thus greatly increasing the peak sighal power to mean
square noise ratio.

This coneept is casily explained as a spatial filiering
operation with reference to Fig. 2. Supposc the object
transparency, in plane P, contains a signal obscured by
additive noise whose power speetrum is uniform. In
this casc, it is well known that the spatial matched
filter must have a transfer function with complex
transmittance proportional to the complex conjugate of
the Tourier spectrum of the signal.  Sinece the signal
and noise are additive, the I'ouricr orders of the-signal
and noisc at the filter plane are also additive and can be
considered separately.  Consider first. the signal.  Since
the filter transmitlance at cach poinl is proportional to
the conjugate of the Fourier orders of the signal spee-
trum the light emerging from the filter plane, which is
duc to the signal, contains only aniplitude information.
Thus, it is a plane wave with amplitude weighting and
will be imaged into a small length along the image axis
by lens Li. Thus, we sec that the matched filter can
be considered as a compensating phase plate which
converls the distorted wavefront of the Iourier spec-
trum of the signal to a plane wave.

Consider the noise next. The filter has no effect on
the phase of the noise spectvum, which is randon.
The filter, however, does atienuate the amplitude of
the noise spectrum in places where the signal spectrum
is low and the total effcet is that the noisc is amplitude-
weighted and imaged at plane P; essentially unchanged

- but atfenuated relative to the peak signal.
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It the image s now examined at the position where
the collimated w ave, protducad by the filter, has cone
to focus we see that thc filter has (,om,c-nuatcd most of
the light, diffvacted by the signal, into a small difirac-
tion pattern whirh is the adoenrrelation function of the
signal, greatly enhuneing the peak signal to mean
squate noise ratio.  In the case of noise only, on the
object  transparency, there js no concceuntration of
energy and, heare, no bright points appear in the hnage.

Realization of the Matched Filter

We have scen that the matched filtering aperation re-
quires a spatial filter which can alter both the amplitude
and phase of the Fourier orders of the signal.  In prin-
ciple this can he aceomplished by independently con-
trolling the density variations and the thickness varia-
tions of the filter transparency.  lixeept for ecertuin
special cases, this is too diflicult to du in practice.

In communication enginerring it is well known that o
complex signal must be coded, tn some way, before it
can be transniitted over a single channel.3s  This can
be done by modulating the amplitude of a eavrier by
the modulus of the complex signal and by modula-
ting the phase of the carrier by the phase of the com-
plex signal.  The real part of this modulated carrier
theu ean be transmitted and througl proper demodula-
tion procedures, the complex signal can be recovered at
the receiver.

This technique ean also be applicd to making spatial
filters having any desived amplitude and phase eharae-
teristic without resorting to density and thickness con-
trol of the filter.  The basis of the method is to trans-
late the required tvansfer function onto o spatial carrier
and record the real part of this modulated function on
ordinary photographie plates.  The result is a grating-
ke structure in which the amplitude control manifests
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Fig. 3. A sputial carrier modulated filter used for matehed

filtering.
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Fig. 5. Signal derived from a p~eudo-random binary eode.

:1 '
i

itself in a density variation of the fihn and the phase
control as variations in the grating spacing.  When this
filter is placed ju the optical systent an analogous de-
madulation oceurs in the passage of the light from the
filter plane 1o the image plane.

This teehnique for constructing complex filters, or
recording of complex functions, was described by Cu-
trona ¢t al.’ aud used by Leith and Upatnicks in their
work on holograms® and by Vander Lugt in his work
on two-dimensional spatial filtering.?

A more quantitative description of this {echnique
can be given as follows. Suppese the filter transfer
function we wish to obtain is the complex function
Aw)e®@.  This function modulates the spatial carvier
e giving A(e)c @ After taking the real
part we obtain A{w) cos[aw + ¢{w)], a real, bipolar
function. But since we wish to record this on photo-
graphic film we add a bias term and adjust 4 so that the
resultant is always positive and less than one.  In this
way we finally have S, + kA(w) cos[aw + ¢(w)].
Upon placing this spatial filter into the optical system
we sce that the ight emerging from the filter is sepa-
rated into three waves. That this should occuT is evi-
dent not ouly from the mathemadties, but also from the
counsideration that the spatial filter thus construcied is
essentially a modulated diffraction grating, which pro-
duces a zero-order wave and two first-order waves.

The situation is deseribed with reference to g, 3.
The zero-order wave is generated by the inleraction of
the signal speetrum and the bias term, and is of no in-
terest sinee it simply reproduces the original signal
cenlered on the optical axis.  One of the fisst-order dif-
fracted waves represents the product of (he signal
spectrum with the matched filter term of the filter, and
is the desired output.  The other first-order diffracted
wave represents the product of the signal spectrum with
a term that has the smne form as the signal spectrum.
This produces the self-convolution of the signal and, in
our present instance, this also is of no interest. It is
clear that if the spatia} carrier « > L, where L is the
length of the signal, these three terms will be separated
in the output, or image, plane since the desired result

includine the sceomdwry axima s approximately 7
wide.

The Hard-Clipped Filter

The filter we wish to consider heve is one in which the
amplitude control of the filicr is neglected and tle
phase control s cffected by making the filter of com-
pletely opique and transpaoent lines,  The disadvaun-
tage of making the filierinthis way is that it no longeris
the optimuum Lnewr Oilter and we must expeet a de-
erease i outpul signal-to-noise mtio. A sceond dis-
advantage is that making the spacing variations {rom
black and white lines corresponds Lo a hard-clipping
of the filter resulting in higher ordes ters being present
in the filker.  We shall show that for a class of signals
with a nearly uniform amplitude spectrum the decrease
in signal-to-noisc ratio is small.  This is a realistic case
in practice since (his generally results from the con-
straints of signal design,  We shall also show that the
higher order intermoditlation terins are not harmful if
the carrier e is sufliciently high; « > L.

The transfer funetion we wish 1o obtain is again the
complex function A (w)e™®,  The real filter which ap-
proximaltes this, using ouly black and white lines, has
transmission 1" given by,

1 .Hw) coni 4 olw

T et O W
22l S 1

which have values only O or 1. Thix transimi~sion fune-
tion can be thought of as the result of performing the
nonlinear operation, shown in Fig. 4, on the funetion
A(w) cos[aw 4+ @{w)]. Using this concept, the traus-
form methods of handling nonlincarities' can be used
to expand (1) to give

T A A PO T £ I T
bomstometastesidiiascind eresediiinbe ¢ afiiloimne ciom

«
T = Z C(0,m) cos[maw 4 melwlp (2
w =0
where
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}
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Fig. 7. Result af filteriug signal.

April 1965 / Yol. 4, No. 4 / APPLIED OPTICS 359



z
5
>

N
\
N

(2 SR P IPINRY

-7

DRV

] 3

LA SRS

PIRIT OS N

- MR ST e T Nt e
P R S e Pl R ISP VY RN DU RVTRTIFOUP SN R vy Sy
()
e [ Bk A T Tt [ Y
HRU B : Yoy, b
vt IE“' ,l PR ‘l: .
[ P,
b
LR BT S i L
"';’7"""‘,', .1.|x';‘ ',
A DU
gy D Ly X 3 . '
ol Lot Coq L
IP!‘ l.’l-; . "l' L
""; b ra ot Vo
Vi i ?I Sy :: Ve by
} b, P B T Lol
¢ IR YT AEPEEERTE AR AR
L LA L AR ! ’: IR I
DR L R A D W BN
R AP SRR S P AT
RN EPT T R PR B S BN SN B O ——
h
Fig. 9. (a) Signal plus noise: §/N = —1.5dB. (b) Result of
filtering: S/N = —1.5dB.
€tm
C(0,;m) =

2r(1 — m/21(1 + m/2)
where T'(z) is the I' function of z, and

_JLm= 0
= 2,m=12,..,

After evaluating the coeflicients, we find that

m-—1

1 = 2(—1) 2
T == - > 2(=-1) °

cos|maw + ma{w)]. (3)
2 m=T135... mx

When this filter is used in the optical system of Fig, 3,
the three previously noted images (the zero-order and
the two first-order speetra at angles £8) are produced
along with a mulliplicity of images diffracted at angles
of =33, £ 353,cle. Wecansee from (3) that the mth-
order image has a width that is approximately m times
that of the first-order diflracted image.* However,
if @ 2 I, the position of the mth image will also be
displaced from the axis a distance > mIL and hence
will not interfere with the desired first-order diffracted
image. The net ¢ficet of the hard-elipped filter can be
deseribed by eousidering cach of the teris in (3) as one
filter of a parallel bank of filters since if « is sufficiently
large the displacements assoeiated with o will eause a
scries of disjoint Images to appear. Iach of these
filters will have a coustant amplitude characteristic

* The image of the first diffracted side order is of width L,
since it consists of a bright concentrated portion of approaimate
width 1/L and secondary maxima or side Iubes extending in bath
directions a distance L/2.
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given by the cocflicients of the series (3) and a phasc
response delermined by the secound terin of the argu-
ment of (3).  This is seen miore elewrly by rewriting (33)
as

(2]

- C((),!m[)
-

mos= 0, 21, 3,... €n

7= imfaw + $fw)] 4)
Thus, the correct filler phase reaponse for a signal with
Fourier spectrum A (@)e? is the term in (1) associated
with s = —1 which has a uniform mnplitude response
of 1/7. As noted previously, the resultant filtered
signal is viewed a distance « off the optical axis. It
is worth noting that a hard-elipped fiiter followed by an
amplitude only filter would produce the same results
as a true matched filter. :

The concentration of the signal cuergy by the filter
takes place, in the itage plane, at the first-order dif-
fracted image. At this point the peak finage intensity
{o mean square noise intensity can be found. It is in-
teresting {o compare this ratio, p, to the ratio which
would be obtained from a filier which also had ampli-

tude weighting, i.c., a true matched filter. Suppose
the signal of interest has a ourier speetrum
sitaw
ky we""(“’), for —xfa < wX w/a
5 (w) = © 3)
0 otherwise.

Suppose the intensity spectrum of the noiseis uniformly
distributed over the same frequency range and has
value Ny in units of intensity per unit radian frequeney.

The filter with both amplitude and phase eontrol,
for this signal, has transmission 7',
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Fig. 10. (a) Signal plus noise: S/N = —4.5dB. (b) Result of

filtering: S/V = —4.5 dB.
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Fig. 11. (a) Signal plus noise: S/N¥ = —7.5 dB. (b) Result
of filtering: S/N = —7.5dB.

sinaw

Sy + ks ( o ) cosfaw + ¢(w)], for —xfa <w L=/a
w
T= 0 otherwise, (6)

where the values of the constants are assumed to be
adjusted so that this transmittance can be realized on
photographic film.

The ratio of peak image intensity of the first-dif-
fracted order to immean square noise intensily isgiven by,’

1 x/a . s P
z—f Kok sinaw Sinaw do
TJ —x/a w aw
Pm = B - ' (7)
No r/a SiNaw \?
—- kst dus -
2x }) =/a w N
_ 9.452 k0
p'}l - A’.

The ratio p, due to the filter with only phase control, is

given by
l.f'/" E‘ Siﬂ'_‘f' dwl,
2x w |

- =x/a ¥
P = A\.o r/a 1\: ’ (S)
AL f N i
2!' _',/‘.l T
0348 ka
P = No

Then the ratio p,./p is 1.29, or aboul a 1.1-dB loss.

Filter Construction

A filter, with phase control ounly, was constructed to
maich a signal made up of a scrics of binary elements

with amphitudes either &1, The amplitude of cach
clevvent was determined by making a correspondence
between each element and o preudo-random binary
sequence.  Fhis type of sighal was chosen since it is
known to have good autocorrelation propertics, i.c.,
the resulic of matehed filtering is a sharp narrow peak
with low side lobe levels,  Since it was desired to in-
troduce this signal infto the optical system as a photo-
graphic franspareney the sequence was changed, such
that a clear strip corresporded to a 41 and an opaque
strip corresponded 1o a —1. This amounts to adding a
bias to the original bipolar signal.  In order {o separato
the Tourier spectrinn of the bias term from that of the
signal, at the filfer plane, the signal was also modulated
onto a spatial earrier.  Thus the Fowrien speetrn of the
transparvency is displayed as a de term appearing on the
axis of the optical system and two conjugate difiracted
orders due to the signal.  The filter transparency used
has zero {ransmission everywhere exeept in the region
occupied by maost of the energy of one of the diffracted
orders of the signal. The filter was construeted by
first calculating the Fourier spectra of the signal on a
digital computer, converling this continuous data to
the hard clipped values, drawing the required black and
white lines on a large scale, and then reducing this
drawing, to a suttable size, on photographic film.  This
signal aud maiching filter are shown in Figs. 5 and G.

Experimental Results of Filtering

Figure 7 shows the result of this filtering operation,
The broad area, on the left, is recognized as the image
of the signal.
to the bias term present on the filter.

This image is formed on axis and is due
The bright line

e ,r' R
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Tig. 12. (a) Signal plus noise: 8/¥ = —10.5 dB.
of filtering: S/N = —10.3 dB.

(b) Result
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on the right is the desived maltehed filler outpul. "T'he
bright line is flanked by low-level lines which are the
sccondary maxima of the diffraction pattern of which
the bright line is the central portion.  The opposite
diffracted order is not shown; however, if it were, it
would look like the low-level lines surrounding the
bright maiched filter output.

Figure 8 shows a sample of noise which was used in
further experiments to obseure the sigual.  The signal
and noisc were combined using an interferometrie tech-
nique in order to get a good approximation to the case
of signal and additive noise.  The next series of figures
(Figs. 9-12) cach contain two sub-fizures. At the lop
is shown the signal plus noise and at the bot{on the re-
sult of the matched fillering operation. It is interest-
ing to note that the signal is casily deleeted by the
eye, even without processing, for signal-to-uoise ratios
—4.5 dB and higher. This is probably due to the fact
that while the noisc is isolropie, the signal is one-di-
mensional and the eye is able to diseriminate between
these two different spatial structures. Iowever, when
the sigual to noise ratio is —7.5 dB or lower the signal
can 1o longer be deteeted by the eye.  In this case it is
neecssary to observe the presence of the signal in the
matched filter output.

Conclusions

It has been shown that a filter can be constructed,
using only elear and opaque strips, which will operate
on the phasc of the light in a coherent optical system.
The filter is a good approximatlion to a matched filter
- differing only in that a small amount of peak signal to
menn square noise is sacrificed.  The hard-clipping also
produces higher order terms in the filter transfer fune-
tion; however, these higher order terns act in a dis-

392 APPLIED OPTICS / Vol. 4, No. 4 / April 1965

joint manner on the signad spectrum causing no loss ir.
signal to noise ratio.  Ixperimental resulls show that
this filter is able 1o deteet signals obsenred by additive
noise whete the signal-to-noise ratio is at least as low as
—10.5 dB.

The authors wish to thank C. J. Palermo and L. N,
Leith for the many suggestions and diseussions {hey
contributed during this work. Thanks are also due to
A. I'riesem for preparing the signals with additive noisc
which were used in the experinients.
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Photographic Recording of Spatially Modulated Coherent Light*

Apax Kozya
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Photographic recording of spatially muodulated coherent light, such as is encountered in wavefront recon-
struction or coherent optical data processing, is de-criliedl in terms of the amplitude transmittance (73) vs
exposure (£) curve of the film. Tt is proposed that the Ty~ E curve is more appropriate for this appiication
than the P—log £ curve. The nonlinear effects of recording are analyzed in this context using a nonlincar
“circult” model. A general espression for the resulting amplitude transmittance Is derived by usc of a

Fourier-transform technique. A specific nonlinearity, the error-function limiter, is analyzed in detail to

illustrate the effects of the film nonlinearity,

IxpEX HEADINGS : Holography'; Detector; Photography ; Fourier tiansforms.

1. INTRODUCTION

ECENTLY there has been an increasing intercst

in coherent optics and the related photographic

techniques. This interest has been stimulated by the

development of the laser as a practical coherent light

source and in part by the recent advances in wavefront

reconstruction, cohcrent optical matched filtering, and
optical data processing.

This paper is concerned with one of the aspects of

coherent photographic recording, namely the problem
of recording the type of spatially modulated light
patterns encountered in the Leith-Upatnicks! wave-
front rcconstruction technique and in the interfero-
metric method for constructing spatial filters recently
described by Vander Lugt.? We discuss the basic trans-
fer characteristics of the photographic film and the
effects of the nonlinearilies encountered in the recording
process.

2, FILM TRANSFER CHARACTERISTICS

In coherent photographic applications such as wave-

front reconstruction or in interferometric construction

of spatial filters, the film is used as a square-law detector
as well as a spatial storage device. Jdeally, the intensity
of the sum of two spatially modulated coherent wave-
fronts, incident on the film, is to be rccorded in such a
way as to obtain linearity between this intensity and
the specular amplitude transmittance of the resulting
recording. Thus, on subsequent readout in a coherent
optical system the original incident-wave amplitudes
can be faithfully recreated from the stored data. Thus,
we have

A‘=Al(x,y)+flz(xx}')) (1)

where A3 and A, are the complex amplitudes of the
toherent wavefronts, Then it is desired that

Iey)=|AP=KTuey),  * ()

* Work supported, in part, by the Avioniecs Laboratory, USAT
Systems Command under contract number AF 33(615)-3100.

1E. Leith and J. Upatnieks, J. Opt. Soc. Am. 52, 1123 (1962);
§3, 1377 (1963); 54, 1295 (1964).

2 A, Vander Lugt, Trans. IEEE I1T-10, 139 (1964).

or
E(,y)=K'T.(x,y), (2b)

where [ is the incident intensity, F is the exposure, T
is the resultant amplitude transmittance, and K,AK” are
proportionality constants.

It is well-known that if the linear region of the
D—log L curve of photographic film is used, a two-step
recording process zives the result of (2b) for a gamma
product of two.2 However, the efiiciency of this type of
recording, in terms of the modulation of the final ampli-
tude transmittance,’is low and the process is difficult to
accomplish with good fidelity at high spatial frequencies.

A more appropriate approach is to use a one-step
process with exposure vs amplitude transmittance as the
photographic transfer curve, where the exposure is
given by Xt ¢ being the time of exposure. The ampli-
tude transmittance is defined as

Ta=(I"/15)}, 3)
where I’s is the intensity of the cohcrent light used in
the read-out process while 77 is the light intensity
transmitted by the recording. Here we assume that the
amplitude transmittance is a real function (that the
thickness variations of the film are negligible or that
the film is immersed in an index-matching liquid).

Figure 1 shows the £—T, curve for a high-contrast
film used in thesc applications while Fig. 2 shows the
D—log I curve for the same film. There is a considcrable
region on the £Z—7, curve over which approximate
linearity is obtained. This linear region does not coincide
with the linear region of the D—log £ curve, but corre-
sponds more with the toe and the lower part of the
linear region of the D—log E curve.

From this comparison it is evident that the D—log
curve is of little interest in this application. In general,
the photographic film which is optimally recorded
appeirs to be underexposed by conventional standards.
The film thus appears to be faster when used in this
way. Also, it is apparent that attempts to achieve a
specified slope v of the D—log £ curve is of interest

3 M. Born and E. Wolf, Principles of Optics (Pergamon Press
Ltd. Londan, 1959), p. 454,
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I16. 1, Exposure vs amplitude transmittance
curve. 0 is operating-bias point.

only as a means of relating conventional sensitometry to
this application.

The lincarity of the £—7, curve mentioned above
docs not satisfy the mathematical definition for line-
arity. It is, instead, the type of linearity achicved with
a vacuum tube, that is, lincarity about an operating-bias
point. This poses no problem, since the intensity
functions that are to be recorded contain a bias term
which can be scaled to coincide with the operating point
of the £—~T, curve. That the linearity is inverse is of
little consequence since the spatial fluctuations of the
intensity arec modulated on a spatial carrier. The net
effect is that the fluctuating part of the recorded signal
is changed in phase by 180° and in the recadout the
amplitude of the recovered signal is similarly reversed
in phase. However, since the recovered signal is ulti-
mately sensed by an energy detector such as the eye or
a photocell which is sensitive to the square of the ampli-
tude, the 180° phase change is cancelled.

3. SPATIAL CARRIER-FREQUENCY
FUNCTIONS

In both wavefront reconstruction and in inter-
ferometric spatial filters, a colierent wave with complex
amplitude a(x,y)e ¢ is recorded in such a way as to
preserve both the amplitude and phase of the complex
wave. This is done by adding to the wave an obliquely
impinging coherent reference wave. The intensity of
the resultant wave contains, among other terms, a
term in which the amplitude and phase of the original
wave are modulated onto a spatial carrier. We assume
in what follows that the waves only vary in onc spatial
dimension and that the reference wave is planar; the
results can immediately be extended to two spatial
dimensions.

The complex amplitude of the wave to be recorded,
which is called the signal wave, is then a(x)e=") and

KOZMA
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the reference wave is ke, The intensity is given by
I(x), where

I(x)=|keior4a(x)eiot |2
=k4a?(x)+2ka (x) cosfax+¢(x)] 4

and k& is the amplitude of the reference wave. We assume
that the third term of (4) (the signal-bearing term)
contains spatial frequencices of limited extent or at least
that most of the energy in the spatial spectrumn is
limited to some finite {requency band. The carrier
frequency a=2r/L, where L is the spatial period of the
fringes formed by the reference wave. The carrier fre-
quency, which is related to the angle of the refercnce
wave, is assumed to be sufticiently high that the lowest
spatial frequency in the third term is greater than zero.

The exposure of the film is IX¢ where ¢ is chosen so
that k%= E,. The amplitude transmittance of the film
is then made up of a constant part T and a spatmlly
fluctuating part g(x) and is given by

To(x)=Totg(x). (5)

If £ is sufficiently large compared to a(x) then the ex-
posure is cssentially confined to the lincar portion of
the 7.— E curve and the transmittance 7a(x) is

To(x) = To—Bt{a*(x)-+2ka(x) cos[av+¢ (x)]}, (6)

where B is the slope of the To,—E curve in the vicinity
of the operating bias point Eo. Thus, we have achieved
a linear transfer in the sense described above. The second
term of (4) has also been lincarly recorded. However,
under the conditions of linear recording where £ is large
compared to a(x), a?(x) is small compared to 2ka(x)
and can be neglected.
4. EFFECTS OF NONLINEAR RECORDING
In practice it is desirable to make k£ and a(x) about
the same magnitude since’ under this condition the
.3,6—
5.2}
2.6

24+

2.0

o
1

DENSITY

T
2600

T
le00

T
200 400 looo
LOG EXPOSURE

F16. 2. Log exposure vs density. Kodak 649F plate. Exposed
with He-Ne xf:s.scr light (6328 A); developed in D-19 for 12 min
at 68°F. .
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Efx) ray €;(x) G[/ o[, =) JTo=To+alx)
- 3 =
ey | I,

I1c. 3. Circuit madel for analying film nonlincaritics.

resulting useful amplitude transmittance fluctuations
are maximized. However, in this case the recording is no
longer lincar. "The clicct of this nonlinear recording can
be analyzed with the help of the “circuit” model shown
in Fig. 3. Here the input to the model is the exposure
E(x) and the output is the amplitude transmittance
T.(v). The input to the nonlincarity is J(x), the
original exposure with the bias removed, and the output
from the nonlinearity is some nonlinear function of this

" input. Then by expressing —g(x) as an inverse Fourier

transform-we have

—8()=G[E(x)]

o0

2rJ

G (w)cie Py,

@)

where G is the Fourier transform of the nonlinearity
Gt and Ei(x)=ta?(c)4-2tka(v) cos[ax+¢ (x)]. After
substituting £, in (7) we have

W= [ e
g.t)—azw . w

®

Expanding part of the cxponential term using the
Jacobi-Anger formula,? we have

Xexp{iw{ta? (x)+ 2tka (x) cosfax-+¢ (x) ]} Jdw.

—g)= ¥ @] coslavt+é (5], ©)

=0

where

1Lu4@j=§ko]f°C@gﬂwunwf{mmm@wyb,@55

and whcre J, 1s the Bessel function and
6= 1, 6=2(v=1,2, -*).
The transmittance then becomes

Talx)=To—(11[a(x)]
+§M@@hw&WMML(M

4 The technigue of representing a nonlinearity by its Fourier
transforin is well-known in the study of nonlinear electrical de-
vices, See, D. Middlcton, Quart. Appl. Math,, 5, 415 (1948).

YW, Magnus and F. Oberhettinger, Funclions of Mathemalical
Physies (Chelsea Publishing Co., New York, 1949), p. 18.
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Some general observations can bhe muade about the
recording process by comparing s, (6) and (10). For
v=1, we have preserved the phase of the original signal
while distorting the amplitude. Tf the spatial carrier
frequency is large compared to the spatial bandwidth
of tiie signal, the various terms in tie scries of (10) do
not conlain overlapping spatial frequencies even though
the anplitude distortion tends to widen the bandwidth
of caclt term. Conserquently, the unwanted terms in the
series can be removed by spatial filtering and the desired
term for v=1, can be recovered with undistorted phase.
In cases whete a(x) is a slowly varying function or a
constant, most of the information in the signal is con-
tained in the phase part and the nonlincarity is of no
importance. This situation occurs in some matched
filter work.® :

Iquations (6) and (10) also differ in the second term;
Bta*(x) is replaced by Ho[a(x)]. Since ¢*(x) is a term
whose spatial frequencies are centered on zero the term
I a(x)] also has frequencies centered there, The band-
width of this new term, which is dependent on the type
and severity of the mnonlinearity, may have spatial
frequencics in common with the first term in the series.
In this case, since the common frequencies cannot be
removed by spatial filtering, a noise is introduced into
the recovered signal. The magnitude of this noise
depends on the amount of departure from lincarity and
magnitude of the spatial carrier.

5. THE ERROR-FUNCTION LIMITER

The effect of the nonlincarity is perhaps best under-
stood by consideting a specific model for the non-
lincarity. A tractable model for detailed analysis is the
crror-function limiter” centered on the bias point of the
E—T, film transfer characteristic. This model has odd
symmetry about this point and hence cannot be a true
model for the film. However, the even contributions
from the film nonlincarity are usually much smalier
than the odd ones, thus somewhat justifying the choice,

Other miodels for the nonlinearity could also be
chosen, such as a cubic curve or some other sth-Jaw
device?; the results for cach case would be ditferent. In
practice, if an exact calculation of the cfiect of the
nonlinearity is desirable, an empitical curve can be
fitted to the actual filin transfer curve and the nonlinear
elfects can be investigated using numerical lechnigues,

The form of the crror-function limiter is shown in
Fig. 4 and is given by

2L t
/ e—x’m'(»\,
(7(27‘!‘)i 0

' A. Kozma and D. L. Xellv, Appl. Opt, 4, 387 (19G5).

? 1. Galejs, Trans. IEEE Fi'5, 19 (1959). ‘

*W. B. Davenport and W. L. Root, An Inlroduction to e
Theory of Random Signals and Noise (McGraw-Hill Book Co.,
Inc., New York, 1938), Chap. 13.

.

GQE)= (1)
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where L is related to the transmittance limits of the
film and ¢ to the severity of the nonlinearity.

The Fourier transform of this function, taken in the
generalized Fourier-transform sense, is given by?

Gw)= QL/iw)e ", (12)
Substituting this in Eq. (9a), we have for /1,[a(x)],

&L
1,[a (x)]=7(i)"“

o o—eul/2
."f/ el e J Mtka (2)w e, (13)

w

If we expand the integrand using the power-series
expansion

e"“"’ [€3) Z
=0

= (i)+[ta? (-f)wj"’ (14)
u!

we have for 17,,

e'L o 7Y it r—1 2(x) o
I ey=st 5 Qe

T w=0 p!

-/ w*le 2 L2k (x)o o, (15)

Since the Bessel function is even for even index—and
odd for odd index—this can be integrated™ to yield for
.the cocfficients of the expansion (10):

L e[ 2tha(x) T

fLa (x)};: 2T (+41)
(= 1) =D o1}/ 210 () )
® u'fo/ (23 ]+

“M{(et2)/2, v+, —2ltka(x)/o T}, (16)

where the sum is over the odd integers (u=1, 3, 5,7+ --)
for » even, and over the even integers (=0, 2, 4, -~ -)
for » odd. In these coefhicients, I' is the gamma function
and M is the confluent hypergecometric of Kumumer
function. :

Let us consider the case where /a?(x) is small enough
when compared to 2tka(x) so that only the first two
terms of (14) need be used. We also assume that the
carrier frequency « is sufficiently high that the coef-
ficients #/,, for ¥>1, can be dropped since then the

?* The generalized Fourier transform of G(¢) is F{G(§)} or G(w)
and, using the differentiation rule, G{w) = (1/f)F{(d/d)G(D)).
However,FF {((d/d5)G(§)) =¥ {[21L./0 (2n)V]et=2*2¢} is an ordinary
Fourier transform given by 2Lete?«?3), Sce, for instance, G. A.
Campbell and R. M. Foster, Fourier fnlegrels for Practical A ppli-
cations, (D. Van Nostrand Co., Inc., New York, 1954) p. 82,

B Y. Grobner and N. Hoffreiter, Imfegroltafel, Bestimmle
Integral (Springer-Verlag, Wien, 1961), Vol. 2, p. 198.
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spatial frequencies do not overlap with the frequencies
of the term fI,. Then the cocflicients reduce to

Ho[a(x)]=[L/ (@) )ta*(x)/ [/ ()10}

XA{L 1, —2[tka(x)/o ) (17)
[a(x)1=[L/ @) ] [2tka (x)1/o (2)1)
XA}, 2, —2[tha(x)/a ). (18)

We can rewrite the confluent hypergeometric func-

tion, in (17), in terms of the modified Bessel {functions
Iot

M3, 1, —2[tka(x)/o )
=o' [ [tha (x)/o 7}

and, using the recurrence relation

azM[e-+1, 641, 5]
=b(1—b+25)M(a,b,5)+b(b—1)M[a—1,0—1,12]

and the Kummer transformation??
M[abz]=eM[b—a, b, —2],

we find that

ML, 2, —2(@kha(x)/o)]

(19)

=2¢-ltkaIN [ Ttka(x) /e T}, (20)
so that (17) and (18) can be rewritten as
HLa ()= [/ () I[ta* () (2) Ve tecren
XIol[tha(x)/a F} (21)
M0 1= [L/ G Htha(2)/o (2)V -t
XIo{[tka(x)/c ). (22)

It is clear from these equations that the function
exp{—[tka(x)/o P} Ioi[tka(x)/c P} is the amplitude-
distortion term. The severity of distortion depends on
the ratio tha (x)/o where o is a measure of the amount of
nonlinearity. A plot of this function, Fig. 5, shows that

M. Abramowitz and I. A. Stegun, Handbook of Matlcmatical
Functions (U. S. Department of Commerce, National Bureau of
Standards, Washington, 1964 and Dover Publication Inc.,, N. Y.,
1965), p. 509.

2 Ref. 11, pp. 505-507.
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F16. 5. Plot of the amplitude-distortion factor for an
error-function nonlinearity.

as tka(x)/e becones small for all values of 2 (the con-
dition for linearity) the amplitude distortion disappears
as expected ; however, the amplitude also becomes small
and the readout light utilization is low. In order to
examine in more detail this amplitude distortion, two
limiting cases are discussed.

6. SMALL DEPARTURES FROM LINEARITY

For small values of the argument of e47,(ir), which
implies large ¢ and consequently small departures from
lincarity, a power-sciics expansion can be used to give

Ho[o (x)]=[ @)L/ (@) ]{1a*(x)/o— (tk?/o)[ta* (x)/a
+i(W/oylia* (x) /o P—--+), (23)

e (x)]=[2(2)'L/ (r) J(2tka (x)/o—§ (2ka (x) /o)’
+@3/64) (2ka(x) /)P~ -} (24)

We sec that the first term of both 7/, and H are what
would occur with complete linearity and hence the signal
is completely recovered. However, there are additional
terms in both 7o and . The effect of these additional

terms in 2o is to make the spatial-frequency spectrum:

wider and perhaps to create frequency components
which overlap the terms with coeflicient I3, since
squaring afunction has the approximate effect of doubl-
ing its frequency spectrum. The effect of additional
terms in II, for spatial filtering, would be to modify the
amplitude of the transfer function of the filter. In the
special case of the matched filter this would affect the
signal-to-noise performance of the filter and lower its
ciliciency. In wavefront reconstruction, the additional
terms would have approximately the same effect
as in the matched filter but the result is not as casily
measurable.
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7. LARGE DEPARTURES FROM LINEARITY

Large values of the argument of 7o imply greater
departures from lincarity. For o sufficiently large an
asymptotic expansion of ¢=4/,(ir) can be used to give®

Hola (@)1~ (L/m){a(x)/k4-1/8 1k /o) a (x)/

+9/128(k* /o) [a(x)/ kT 4----}, (25)
H[a(x)]~ @L/=)(141/2[ 2tka(x),/c ]
+9/8[2tka(x)/o J+---}. (26)

In this case, there are no terms in which the signal is
completely recovered upon reconstriction, and complete
amplitude distortion occurs. In fact, as 2tka (x)/oc —»,
all traces of the amplitude in ff, are removed except
for positive and negative fluctuations of the cosine
term of (10) and J/,= (4L/x), a constant. This case,
for 1a*(x)<<2tka(x), was discussed previously for
matched filtering®; for a(x), a slowly varying function
of «, the severe nonlinearity has little efiect on the result.

CONCLUSIONS

In wavefront reconstruction or for interferometric
construction of spatial filters, a one-step recording pro-
cess using £—T, as the film transfer characteristic is
appropriate since the amplitude-transmittance fluctu-
ations of the resultant recording are maximized and
since recordings of good fidelity can be made when high
spatial frequencies are present.

Even though there are nonlincarities in the recording,
the phase of the signal is not distorted and the desired
phase can be recovered by spatial filtering. For sinall
departures from linearity, the amplitude and phase can
be completely recovered although the recovered signal
is accompanicd by other terms which have amplitude
distortion. For large departures from linearity the signal
cannot be recovered completely, since there is always
some amplitude distortion. In the liinit, where the non-
linearity is extremely large, the amplitude fluctuations
of the recovered signal are removed except for sign
changes given by the phase part of the recovered signal.
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Holographic Data Storage in Three-Dimensional Media

E. N. Leith, A. Kozma, J. Upatnieks, J. Marks, and N. Massey

The holographic storage of diffraciion patterns in a three-dimensional media is deseribed from a vector
viewpoint derived from the Kirehhoff diffeaction integral.  The sensitivity of the reconstruction to wave-
length and to the orientation of the readout beam is ealeulated, and experimental results are given.

. Introduction

In most instances of holographic recording, the
photographic emulsion is regarded as a two-dimensional
storage medium! since the emulsion thickness is much
smaller than the finest detail of the recorded diffraction
pattern. However, instances arise when this view-
point is not adequate, particularly in the case of the
spatial-carrier-type hologram?; here the spatial wave-
Ieugth of the carrier may be less than the emulsion
thickness, and the hiolograun acquires the properties of a
three-dimensional diffraction grating. Then the dif-
fraction proccss must be described in terms of Bragg
angle reflections, analogous to x-ray diffraction from
erystals. The intensity of a diffracied order becomes
a function of the angle at which the incident. Hlumina-
tiou strikes the hologram and the wavelength 6f the
illumination.

In addition, other media have recently become avail-
able, such as photochromic glasses and bleachable
alkali halides, which are usually several millimeters
thick.? Such media qualify, under almost any eircum-
stances, as three-dimensional.

The use of three-dimensional materials for holo-
graphic storage has been diseussed by Denisyuk* and
van Heerden.* The three-dimensional properties of
photographie emulsions have been utilized by Penning-
ton and Lin® for muiticolor holography, and Frieseny?
has reported experimental resulls using these propertics
for suppression of the conjugate image of a hologram.
Fleisher et al, have discussed information storage
in Lippmann emulsions.

The anthors are in the Radar and Oplics Laboratory, Institnte
of Science and Technology, The Univemsity of Michigan, Ann
Arbor, Michigan 48107,
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In this paper the authors analyze the effect of einul-
sion thickness on the optical charteteristies of the
reconstructed images. The sensitivity of the recon-
structed images to the incidence angle and wavelength
of the rcadout wave is caleulated as a function of the
various holograin construction parameters.  The caleu-
lations are supported with experimental results.  Fi-
nally, a rigorous solution, derived from Maxwell's cqua-
tions, is given for a special case of the above stated
problem.

. Analysis

In the construction of a hologram, the waves seat(ered
by the object interfere in the recording medium with a
plane-polarized planar or spherical reference wave.
Negleeting the portion of the object waves whose
polarizalion does not coincide with the 1eference wave,
the complex spatial distribution of the light fron the
objeet can be decomposed into a spectrum of plane-
polarized plane waves. We consider a single com-
ponent whose complex amplitude is v, = a, expik,
r, where k, is the complex propagation constant, |k|
=k = 2zn/\, r is the distance to the point (r,y) in
the recording medium from the origin of the coordinate
system, A is the wavelength of the monochromatic wave
illuminating the object, and n is the refractive index
of the medium in which the wave propagates. If
6. is the angle of incidetice of this wave on the recording
plate, as shown in Fig. 1, we have k, - r = % (xcosf,
-+ ysing,), and

u, = a.cik(x cosfs+ ¥ sinﬂ.)' (l)

Let the reference heam u, = expile, - r impinge on the
recording surface at the angle 0,, as shown in Fig. 1;
thus, k, - r = k(z cos8, + ysing,) and

r4

u, = a'en'k(x costr-t-y sinarl. (q)

Yor simplicity, we have taken the reference wave to be
planar, We have chosen the propagation vectors to be
in the x-y plane. This simplifies the analyvsis without
the loss of any essentials, since we can always choose
the coordinate system so that these two vectors define
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the z—y plane. Generally, this will result in the emul-
ston surface not lying it the y—z plane, but the oricnta-
tion of this surface in the hologram construction process
is obviously of little consequence.

Another simplification relates to the index of refrac-
tion of the emulsion. A wave incident on the emulsion
at an anglo 8, witl have an angle 8,” within the emulsion,
where n sing,” = sinf,, where n is the index of refraction
of the emulsion. We simplify the notation by con-
sidering propagation dircctions within the emulsion;
these can then be related to the corresponding prop-
agations outside the emulsion.

The intensity of the light within the emulsion is thus

I = Iu. 4wt = 2 4 2 cosy, (3)

where ¢ = (k. — k,) - r and where the signal and the
reference wave have unity amplitude. We assume the
function I is then linearly recorded by the emulsion;
the amplitude transmittanee of the hologram becomes

T = T, -+ 2B cosg, ’ 1)

where T, is the bias transmittance and B is a constant
incorporating the slope of the recording eurve and the
time of exposure.®

In the reconstruction process (Fig. 2), a plane wave
(called the readout wave) is incident on the hologram
at an angle ¢, We write this wave as u; = expig,
= expik, - r where |k,| = &' = 2xn/\ and where N’
is the wavelength of the readout illumination. Pro-
cceding as before, we have

u, = expik'(s cosdi+¥ sin!!.). (5)

This wave is multiplied by the transmitltance of the
hologram, producing diffracted waves that leave the
mediwm.  The diffracted field is computed by using
the scalar Kirchhoff diffraction integral. Each point
P(z, y) within the emulsion generates a contribution in
accordance with Eq. (3), and the diffracted ficld at
point P(x,, y,) is then the integral over the volume of
the recording medium,

ug = f Q(Ts -+ 28 cosad) explise+k’s) gy, (6)

v
where s is the distance between P(z,y) and P(r.y.).
Contained in @ are the usual factors of the Iirchhoff
formulation. An additional problem to be considered
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is that the path funetion changes directien when t
difiracted wave leaves the recording medium, h
repositioning  the reconstructed image. The e
of this phienonienon can be corrected later and is
gleeted in the analysis.

The transmittance terin in Eq. (3) can be writtea
(2 + Bexpi¢ + Bexp - i), where the second and thi
terms signify the real aud virtiual images, respecti- e

. Since only the first-order diffracted waves (the real a

virtual images) are of interest, Iq. (6) can be simpi fi
to

ug, = Bf Qexpv(:!:é+¢i+k’s) dv, ¢
r

where the upper sign refers to the real image ancd t
lower to the virtual image.

Let the angular direction of the diffracted wav:
¥. TFor convenienee, a eoordinate system: will be s
in which the difiracted wave propagates parallel tc o
of the coordinate axes. The coordinate rotation

T = £ cosy — § siny,
y = & sinyg -} § cosyp

aligns the x axis with the dircetion of the diffin t
wave.

Since we are interested only in relative intensitics
the diffracted orders and in the behavior of th i
tensities as we change A and the angles (4., €, (
and since the diffracted orders are plane waves ¢
sufficient to find the amplitudes of the diffiacted «1
at only a single point in the diffracted field. Wit ¢
loss of generality, we can take this point to beon t ¢
axis.

At this point we introduece an approximation th..Li:
critical step in the analysis, viz, thal the onl:- -~
nificant contributions to the integral of Bq. (0] ¢
produced by the elemental diffracting centers I i
along the line through P(x,, ) and normal t t
diffracted waves.* Irom s physical viewpoins,
regard cach clemental plane normal to the & a.i
producing a plane wave, which then propagates in ¢
direction of the Z axis; the various plane waves h
generated add in amplitude, and the resultant wa
Fiz. 2. Thc s
. out process T
P(x,y} | >—"* readout bean ¢
VJL' P(xg,¥¢) ters the plate :t
% angle 8. Th:go.

Pz, z,)is thepo

at which tle ¢
4 fracted ficld is ¢
oj \ culated. P(e,.)
] X

a point within ¢
N .

Y

N

emulsion. ¢ is ¢
distance bt ¢
the two pon s,

* This and subsequent assumptions are, of conrse, sppro dra:
and would, in some situations, be inapplicable. For exancp!,
diffraction angles close to 90° to the normal of the surface o ¢
recording plate, as well as to recording media having a th.el a
comparable to the lateral dimensions of the recording plu o,



is the veclor sum of these contributions.  Thus, Tiq.
(7) can be writien as anintegral along the r axis:

L./cosy
. = BQ f (TS Fob Aot =Dl gy, (9)
0 .

and @ can be {aken outlside the integral sign since it is
independent of 2. In Iq. (9) d is the distance parallel
to the z axis, from the origin to the fickd point on the
& axis under cousideration, and I, is the emulsion thick-
ness.

Usiug Eqgs. (1), (2), and 5) in Eq. (9), with the ap-
propriate change of coordinates, we obtain

L/cosy
ug, = CI"f expi[k’2[£p’ cos(y — 8,)
) 0

F p’ cos(y — 0,) + cos(y — 0,) — 1] 4- k'd/cosy} de, (10)

where F = oxpih’p[Fp’ sin(y-8) = p’ sin(y-0,) —
sin(y¢-8.)], p’ = A'/X = ratio of readout to readin wave-
lengths, and where various constants including Q have
been absorbed into C. This expression is inlegrated
toyicld :

Ue. = C'F secy sinc{(K’L/2 cosy)|£p’ cos(y — 0,)
F p’cos(y — 8,) + cos(y — 6,) — 11} (11)

wg, = C'F scey sine{(kL/2 cosy)[== cos(¢ — 8,)
F cos(¢ — 6,) + p cos(¥ — 8,) — pl}, (12)

where p = 1/p’, since = sine/a, and €’ is a new con-
stant; and, as before, the upper and lower scts of signs
designate, respectively, the real and virtual images.

We want to determine the angle ¢ at which the
diffracted wave oceurs. This can be found by using
Eq. (12) and by applying the grating diffraction equa-
tion

sing; — sinyg = £(X’/A) (13)

to cach ineremenial surface within the emulsion, and
hence to the entire structure. In Fq. (13), A is the
spacing of the recorded fringes measured along the y
coordinate and is given by A = X/(sing, — sing,).

Equalion (13) and the argument of the sine funetion
in Eq. (12) can be combined into the veetor equation

& o F 60 4 peiti — po¥ = 2K /KL (14)
%k F ki + k, — ky = 2K/L. (15)

The projeetion of Eq. (15) on the imaginary axis yields
Eq. (13). Rotatling the vectors by —¢, i.c.,, multi-
plying Iiq. (14) by e~ %, and projecling this on the
real axis, yiclds

kL/2 cosy [ cos(0, — ¢) F cos(0, — )
+ pcos(e, — ¢) — pl = K, (16)

which is the argument of the sinc funetion in Eq. (12).
The diffracted wave is maximized when the argument
of Eq. (12) is zero; thus, K in Iigs. (14)=(106) is zcro,
and Iq. (14) [or Eq. (16)] represents fonr vectors that
sum to zero. This condition was noted by Denisyuk
and van Heerden. For the case p = 1 (same wave-
lengths used for both recording and readout), the vec-
tors arc equal in length.  Laying the veetors end to end
forms a quadrilaterol; since the sides are equal, this is

a paraliclograan.  Tenee, the vectors must suin to zero in
pairs.  The following solutions are obtained:

Lower sign (virtual image) Upper sign {(real image)

(r-10, =0, ¢ = 0, (r-1)0, =0, ¢ = 6,
W20, =0, + w, b =0, -+ = (20, =0, + x ¢ = 6, + =
(=30, = 0., ¢ = 0. (r-3)0, = 0,, ¥ = 0..

I1l. Discussion of the Solutions

The six solutions are quite distinetive from each
other; in this section we give o brief account of each.

In solution v-1, the rearlout, wave is aligned with the
reference beam and the output wave is alighed with the
object wave. This produces a virtual image, and is the
typieal mode of hologram readout.

In solution z-2, the piate is turned around so that
the light travels through the plate in the opposite
dircction from the way it travelled when the plate was
exposed. A virtual image is again produced; however,
it is inferior to the previous ease.  To understand why,
recall that the wave arrtving at angle 6, when the holo-
gram was made is one component of a spectrum of
plane waves. In order that each component planc
wave be properly reproduced in the reconstruction, the
reaclout beam must simultancously satisfy the relation
0: = 0, for all components. It ean do =0, however, for
only onc component (or, in practice, for a small band
of comiponents). Thus, the hologiun reconstructs
only a portion of the image at a time; the reconstructed
portion depends upon the plate orientation.

In solution -1, a real image is produced, having the
same defeets discussed in solution v-2.

In solution r-2, a real image is produeccd, free from
the defeets of r-1. Thus, the best real hinage i< pro-
duced by positioning the hologram so that the illu-
mination comes from the opposite direction from the one
that produces the best virtual image.

Solutions »-3 and r-3 are trivial resulls arising when
the angle between signal beams is zero.

When the readout is adjusted for a maximum dif-
fracted wave it can be readily shown, using Eqs. (14)-
(16), that the Bragg law holds for the constant phase
surfaces recorded wilthin the eimulsion.  These surfaces
satisfy the equation

8, = tan~cosf, — cos0,/sin0, — sing,), (17)

while the Bragg law requires that ¢ = 6, — 26,.  I'rom
these relations we find, with the aid of Eq. (14), that

9|+\(’= 0, “i‘ o, (ls)

It is readily scen that the various real and virtual
image solutions given above also satisly 15¢. (18).

IV. Orientation Sensitivity

The sensitivily of the hologram to changes in the
reacdout direction 6, of the readout beam and to the
readout wavelength A ean be derived readily fiom Igs.
(12)-(16). Let A2 be the angle through which the
readout beam must be rotaled to cause the intensity
of the diffracted wave to go from its maximum value to
extinetion. The latter occurs when the argument of
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Fig. 3. Vector diagram of the cffect of altering the dircetion of

the readout wave. The vectors k7 and k¢ are shown for the solu-

tion -1. When the readout wave direction 8, is altered by oJ,

the diffracted wave changes direction hy Ay in such a way that
the residual vector is parallel to the real axis.
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Fig. 4. Plot of the change a9, in readout angle nceded to ex-
tinguish the diffracted wave (solution v-1) as a function of 6,, for
0, = 0. The parnmeters are for Eastman Kodak type 6{0F
emulsion coated on & glass plate: A = 6328 A and the emulsion
thickness L = 15.5 p.  Also shown is the change Ay of- the dif-
fraction angle resulling from the change A9,. Several experi-
mentally determined points eorrected for emmilsion thickness are
given (designated by x's). The angles are those within the
emulsion (refractive index 1.52). The hutched area represents
a region that is not readily accessible; that is, an angle of 41°
within the emulsion corresponds to an angle of 90° for the beam
in air.

the sinc function of Eq. (12) is equal to =. When the
angle of incidence is altered, the angle at which the
diffracted wave occurs also changes—such that Iq.
(13) is satisfied. Thus, as 0,—0; -+ Af; and y—y -
Ay, Eqs. (13) and (16) become

sin(0, + A0)) — sin(0, -+ A¢) = —sing, -+ sing, 19

—cos(0, — 0, + A¢) + cosAy + cos (6, — 0, -4y — 40,)
— 1 = (N/2L) cos(a, -+ ay), (20)

where we have made p = 1and have chosen the virtual
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image reconstruction ¥ — 1, for which ¢, = 8, and
= 0.

These equations are not readily interpreted, but the
veetor dingran of Fig, 3 gives a pictorial representation
of the process. A change A7, in the readout wave
resulls in a deviation Ay in the diffracted wave.  The
deviation causes the tenninns of the vector ky to be
displaced horizontally, generating a difference veetor d
that 1s normal to the hmaginary axis, as required by
LEq. (14). I'rom Bq. (15), we have ld| = 2K/L. The
projection of d on the rotated veclor Ky.pay is the real
part of Eq. (13), and delermines the argument of the
sinc function of I8q. (12) aud thus the relative inlensity
of the diffracted wave.

Figure 4 shows Af%; as a function of 6, for 0, = 0,
A=XN =6328 Aand I, = 15.5 . The corresponding
change Ay in the direction of the diffracted wave is also
shown. We see that values of 8, near 0 or = require
large values of Af; to cause extinction of the difiracted
wave, and values of ¢, = 7/2 require the smallest values.
The intensity of the diffracled wave is relatively in-
sensitive to the orientation of the hologram in the
readout beam if the reference and signal beams are
brought together at low angles, or when the reference
beam is introduced from the back side of the recording
plate in a direction nearly opposite to that of the signal
beam. On the other hand, maximum orienlation
sensitivily is oblained when the signal and reference
beams are brought together at right angles.

V. Change in Wavelength

If the reconstiruction is made using light of a wave-
length differcnt from that u~ed in making the hologram,
Iiq. (16) can still be satisfiedd over a broad range of
conditions, which ean be deseribed with the aid of Fig.
5. If the readout wavelength N’ is longer than the
hologram eonstruction wavelenglh A, the situation is
depicled in Fig. 5(a). As A’ becomes larger, the angle
between incident and diffracted waves becomes greater
until the angle finally becomes equal to «. If the
length of the readout wavelength goes beyond that
value, the veetor summation no longer can be zcro, and
the diffracted wave disappears. For readout with
wavelengths shorler than the wavelength used for
hologram conslruction, no such limit exists: when the
readout wavelength is short, the readout and difiracted
waves become parallel,

(b)

Tig. 5. Veetor diagram showing A0, and Ay as the rendout wave-

length A’ is varied, always reorienting the plate to produce

maximum intensity of a first-order diffraction. In (a), the read-

out wavelength is longer than the vavelength used for holograim

construction, ie, A > A. In (b), the situation i3 reversed:
A<
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Fig. 6. Vector diagram showing diffraction sensitivity when the

incident beam angle 8; is maintained constant as the readout

wavelength is varied. The vectors ki and kgare for p = 1and

for p < 1, corresponding to readont with a longer wavelength

than is used in making the hologram, The diagram is for the
solution v—1.

Vi. Wavelength Sensitivity

Let the wavelength sensitivity be defined as the
change in wavelength required to eause the intensily
of the diffracted wave to change from its maximum
value to zcro, while the angle 8; of the readout wave is
maintained constant. Equations (13) and (16) be-
come, in the vicinity of the virtual image solution
v-1,

sing, — sin{8, + A¢) = —(1/p)}sing, — sind,) (21)

—cos(0, — 0, — Ay) + cosAy + p cos(0, — 0, — AY)
— p = (2K/k'L) cos{0. + Ay). (22)

The process can be readily visualized and a quan-
titative analysis obtlained from the vector diagram
of Fig. 6, which depicts the ease where the reconstrue-
tion is made with a wavelength longer than that used
for constructing the hologram. The vectors ki and ky,
are shorlened, and the angle of diffraction changes by
Ay such that the terminus of the vector k is displaced
horizoutally from its position at p = 1, thus satisfying
Eq. (13). The diffcrence vector d from Eq. (15) is
given by 2K/I. The projection of this veclor on
Ky a¢ is the right-hand side of Bq. (22). From this
diagram the intensity and angle of the diffracted wave
is visualized readily as a function of p.

Figure 7 shows, for Kodak G49F high resolution
speetroscopic  plates, the wavelenglh change AX
required to extinguish the diffracted wave plotted as a
function of the reference beam angle 8,.  Also shown is
the change in diffraction angle produced as a conse-
quence of the wavclength change AN, These graphs
arc ploilted from Igs. (13) and (16).

Vil. Discussion

On the basis of the analysis presented, holograms
made on a medium of nonnegligible thickness may be
classified into three categorics, depending on the value
of 0, — 0. (a) 0, — 0, is small (less than 10° for East~
man Kodak type 619F plates). The wavelength sensi-
tivity and the orientation sensitivity are low, and the

emulsion behaves like a two-dimensional medium
(b) 8, — 0, is moderately large (fromn about 10° 10 120

for G191 plates).  The rotational sensitivity is greates

in this region vo that alignment of the hologram with th
readout beam is critical.  Thus, & multiplicity of iinage.
can be stored, each produced with a differently orientec
readout beam (sce Fig. 8). Wuavelength sensitivity i
fair, and one can suppress wavelengths that are sep
arated by scveral hundred angstroms, for example, in
the color hologram experiments described by Penning-
ton and Lin.® (c) 6, — 0, is quite large, with the signal
and reference beams entering from opposite sides of the
plate. The recorded fringes lie nearly parallel to the
emulsion surface. This type of hologram has the
greatest wavelength sensitivity: AX is about 80 A for
6491" plates. Holograms macle in this manner can be
observed with white light. Such a hologram acts as an
interference filter, producing a diff racted image only ina
relatively narrow wavelength band. Figure 9 shows
the image produced by this kind of hologram when it is
illuminated by the white light of a zirconium are point
souree.

The angular sensitivity is low, however, so that rola-
tion of the holograms fails to extinguish the recon-
structed image. Rotation, instead, causes the recon-
structed image to change color just as the color trans-
milled by a multilayer interference filter changes when
the filter is rotated relative to the direction of the trans-
mitted beam of light. This kind of hologram was first
described by Denisyuk,* who noted its similatity to
Lippmann color photography. Also, Hoffman ¢t al.1°
have reporied holograms produced in this manner using
three-dimensional, diffusely reflecting objeets, although
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Tig. 7. Plot of the wavelength change A\ needed to extinguish
the diffracted wave (solution v—1) while maintaining the readont
angle ¢; consiant. The parameters are for Eastman Kodak
type G49F emulsion coated on glass plate: A = 6328 Aand L =
15.5 . Also shown is the variation of the diffraction angle as-
saciated with change A\, and some cxperimentally determined
points (designated by small x's). The calculated angles are those

* that exist within the emulsion (assumed to have index of re-

fraction 1.52). The hatched area is normally inaccessible, as
explained in the caption of Fig. 4.
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the prism angle. The results were in agreement with
the prediction, thus supporting the above hypothesis
concerning the origin of these unexpected images.

A further anomaly, observed with holograms made
with the reference beam entering from the back side of
the platc, is that the images (except for the anomalous
ones noted above) do not reconstruct when the holo-
gram is illuminated by the same wavelength used to
make it. This anomaly is caused by the ciulsion
shrinkage that occurs during chemieal processing,

As a consequence of the emulsion shrinkage, holo-
grams madc with large 0, cannot be reconstrueted in the
6328 A& light in which they were made, but will recon-
struct in illumination of shorter wavelength. If the
emulsion is developed and fixed, the optimumn wave-
length for reconstruction appears to be 5100 &, with
5600 & green Leing approximately the upper wavelength
cutoff. As suggested by Fleisher ef al.?, the emulsion
shrinkage can be reduced by omitting the fixing step
- in the chemical processing; when doing this, the max-
imum wavelength that produces a reconstruction is
extended to orange-red.

We have found the subsequent values for thickness of
Kodak 619" emulsion on glass plates: undeveloped,
15.5 p; developed and not fixed, 15.0 u; developed and
fixed, 13.5 p.

Additional experiments were performed on specially
coated GIOI" plates reccived from Eastman Kodak.
These had an emulsion thickuess of ahout 42 u.  In
measuring the intensity of the diffracted wave as a
function of plate orientation, two anomalous cffects
were observed.  First, the curves, (c.g., curve @ in
Fig. 12) were broader than predicted by theory; and
second, the secondary maxima were absent. It was
inferred, therclore, that the deeper portions of the
emulsion were not being developed.

In order to corrcet this difficulty, special developing
methods recommended by Fastman Kodak and used
also by Fleisher were tried.  First, the plates were pre-
soaked in water in order to soften the emulsion.  This
produeed an improvement, as noted incurve b in Fig, 12,
Finally, an claborate developing process, such as that
used for nuclear emulsions, was tried involving low
temperatures and extended development time.  This
produced a curve (¢ of VFig. 12) having approximately
the expected theoretical width of the primary maxima,
and also having secondary maxima.

The absence of sccondary maxima is explained by
supposing the coutrast of the recorded fringes to de-
crease in some regular manner, approximalcly expo-
nentially, with increasing depth in the emulsion. On
the basis of this model, Eq. (9) becomes

L/cosy
Uy, = ]}Qf W(g)e (ES+eit¥d/cosv~0lga  (23)
0

where 1 (z) describes the fringe contrast as a function
of depth. From Eq. (23) we observe that a Fourier
transform relation exists between W(E) and ug,.'213
A uniform value of W—1¥ = 1 when 0 < 2 < L/cosy—

B T T e e
g ]

| J
20k ° -
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! 1
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[ b §
Ty ]
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.05+ .
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orl J 4 1 1 l_l ’3 I L ] l 1 [} 13 1 3
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A0 (DEGREES)

Tig. 11. Intensily of the zero-order spectrum as ¢; i3 varicd.

A peaking occurs at the angle that maximizes the light in the

first order. In (a), the polarization of the readout beam is

paraliel to the fringe contours. In(b), the polarization is rotated
by x/2.
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two anomalous effects ob-
served while measuring the
intensity of the diffracted
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42-p thickness. () Curve is
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emulsion.  (e) Result ob- g
tained by using an elaborate
developing process involving

Jow temperatures and ex-
tended development time.
This curve conforms to the

predicted result.
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gives rise to the sing/g distribution, whereas an ex-
ponential form for W eliminates the secondary maxima,

Another experiment confirming this model was also
performed. Two parallel photographic plates, slightly
separated, were exposed simultancously o the same
interference pattern. The plates were chemically
processed without disturbing their alignment and were
subsequently illuminated in the same way that they
were exposed. The intensity of the reconstructed
image, as a function of the angle between the plates
and the readout beam, behaved like o double slit dif-
fraction pattern. The intlensity function contained
fine structurcs, related to the plate separation, within
an envelope determined by the emulsion thickness of
the plates. The experimental resulls were similar to
those produced by Colien and Gordon®® in their ex-
periments on light seatiering from a double column of
ultrasonic sound propagated in water,

IX. Conclusion

We hope the results presented represent a step
toward an adequate description of holographic storage
in thick media. The theory, as presented here and in
previous papers,*®8 is only a beginning: much further
work is needed. An important goal is to develop a
complete communieation-oriented theory of information
storage in three-dimensional media; as yet, it appears
that no adequate theory exists.

We acknowledge fruitful conversations with A,
Friesem and R. Fedorowicz. In addition, we thank
A. Vander Lugt for his critical review of the text.
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Vo) = =k Al2roy/w)

Appendix

In this appendix we show that a solution of Maxwell's
cquations, adupted from the theory of scattering of
coherent light by ultrasonic sound waves, is equivalent
to the Kirchhoff formulation for ealenlating the relative
intensities of the diffracted orders of three-dimensional
gratings, asshown in I'ig. 1, when 0, = —9,.

We adopt the ultrasonic theory intact, as given in
Born and Woli4, except that we assume that the dielce-
tric constant of the photographic emulsion is constant
in space and time, and that the conductivity of the
emulsion is a variable, ¢ = ¢ + o) cosgy, where q is
the radian spatial frequency of the recorded diffraction
patiern.

Since we are interesterd in the diffraction excited by
a monochromatic plane wave incident on the emulsion,
we write E = Ee’, where Eg is the spatial variation
of the electric vector inside the emulsion and o is the
radian frequency of the ficld.

Generally, div{[e + 1(dxo/w)]E} = 0; however, if
we assume oy K o, to a good approximation div I
= 0, and the wave equation that must be satisfied is
given by

ViE, 4 k2K, = 0, (24)

where k2 = (0¥/c? [e + i(dwo/w)], k1 is the complex
propagation constant, and the permeability p is as-
sumed to be unity.

If we assume that the incident wave of amplitude
4, is plane polarized with its electric vector along the z
direction, the E, and £, components of E; may be
neglected, and Z, will be independent of the z coordi-
nate. Consequently, the difiracted field may be ab-
tained by solving the equation

(0L /0x?) +4- (DE./dy?)
= —(w¥/c*)]e + {(4dn/w)(00 + oy cosqr)]E,. (25)

We assume solutions of the form

E, = 2,3 Vi(z)ell thsioor o), (20)

where ! = 0, = 1, + 2,. .., and 0 is the angle (within
the emulsion) that the incident, or readout, wave makes
with the z axis. Making use of the graling equation
sing = (lg/k) = sindyy, where Yo is the angle (within
the emulsion) that the diffracted orders make with the
z axis. And proceeding as in Refl. 14, a solution for
the first-order diffracted waves, Vo, (), is

sin[(e)V? — (ay)V?)z
(“’o - “1!)/2
X exp if(as)¥? — (a7 2, (27)

where ey is defined as ayr = k21 — [sindy, (g/k)]?),
1 is cither zero or onc, k = 2xn/2, the ordinary pro-
pagation constant inside the emulsion, n is therefractive
index of the emulsion, and XA is the wavelength of the
incident light. The intensity of the diffracted wave
emerging from the emulsion is found by takingy = L
(where L is the thickness of the emulsion) and obtaining

e mi e e——————————



"J :
sin%- {cos8; — cosy)L

IWadL) = 8 - (28)
é(cos’o. — cosyy)

where all the constants have been absorbed in S.18

In this equation, we have repiaced ky by & since &
= [e 4 {(d7oe/w)], and for the cases of experimental
intercst € = e*

We want to show that the Iirchhoff formulalion used
in the body of the paper yields the same result as does
the more rigorous solution obtained above. Equation
(10), for the case 8, = —0, and p = 1 which is assumed
here, becomes

L/cosy
sy = CF f eik?[ms{f cosfi-f-sing sinfik(g/k) <ing—1] ds.
0

(29)

Application of the grating equation, sing = sinf; =%
(¢/F), yiclds

Ugy =

L/cosy
G f % [cosd costiitsin®p (o/h) siay L:(¢/k) sind —1] o
(]

or
L/cosy
gy = C f cilc.‘-E cosy(cossi—cosy) ga (30)
o

From this, the intensity of the waves can be written as

o J 8IM(EL/2) (cos8;i — cosy) :
F=35 {I;/2 (cos8 ~ cosy) (2 cos;’z)} @G

We note that for the virtual image we have ¢ =
0:; hence, 2 cosyy = (cosy + cosy), and the above
equation can be written as

* The average nmplitude transmission of a properly recorded
hologram is about 409;; hence, the transmittance 7' for s uni-
formly exposed thick emulsion is T = exp — (4x/A) nxl,, where n
is the refractive irdex, L is the emulsion thickness (about 15 s for
Eastman Kodak 649F on glass plates) and x is the attenuation
index, Consequently, x = (0.006/n) « 1, since n is on the order
of 1 for this emulsion, ¢.g., see Ref. 14, p. 610,

[ =5 {sin(k!’;/Z) (cos0 — cosy) " 32)

k/2(cos0 — costy)

which is in agreement with Iiq. (28), obtained by the
more rigorous method.
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Recording Parameters of Spatially

Modulated Coherent Wavefronis

A. A. Friesem, A. Kozma, and G. F. Adams

Various parameters of recording spatially modulated colierent light huave been studied, with particular
emphasis on the parameters related to constmeting holograms.  These inclnde the ratio of the reference
beam’s intensity to that of the signal beam, the ofiset angle, the filin's transfer characteiistie, and the re-
cording wavelength. ISaperimental results were ohtained by recording interference patterns on high-
resolution film using the 6328-A line of the ITe-Ne laser. Tlie bias level of the interference pattern was
varied 5o as to vary the operating point on the curve representing the film’s amplitnde transmittance vs
exposure characteristics. The percent modulation and the spatial frequency were also varied at each of
the operating points.  Interference patterns were recorded, using the 4880-X and 5145-3 lincs from the
argon Jaser. From these datz, the optimum bias level and the ratio of the signal beam to the reference
beam for recording interference patterns are determined, The modulation transfer function of the film

can also be determined.

}. Introduction

In a study of the parameters of recording spatially
modulated coherent light, first we must establish which
paramcelers should be investigaled. The parameters
(and their combinations) easily can become numerous;
to study all of them is impractical. The following is o
list of possible variations:

(1) The type of recording medium could be film,
pholographic plates, photochromic crystals, or a ther-
moplastic maicrial.

(2) TYor photographic malerials, the development
process is an important factor.  The {ype of developer,
the time for developing, the developer’s temperature,
the presoaking procedures, ete., affect the performance
of the rccording.

(3) Tor each combination of recording media and
developing process, the important parameters for work-
ing with cohcrent light are sensitivity, reciprocity cffect,
linearity of the recording medium, wavelength depend-
ence, and thickness of the medium.

To limit the number of variables, we confined our
study to I{odak spectroscopic plates with 649F emulsion
because this is the most commonly used recording
medium in hologram work, Next, we considered the
developing procedure; its role is illustrated in Fig. 1,

The authors are with the Radar and Opties Laborztory, Willow
Run Laboratorics of The University of Michigan’s Institute of
Science and Technology, Ann Arbor, Michigan 48107.

Received 9 January 1967,

This work w:s done in large part under the auspices of Ilolotron
Corporation.

where the amplilude trausmitlance vs exposure curve
(T's — I) of 619I" photographic plates is plotfed for
three different developers.  These curves were obtained
by varying the exposure time while keeping the inten-
sily constant. Besides varying the developing solu-
tions, the devecloper’s temperature and the developing
time could also be varied. In addition to the devel-
opers indicated in Fig. 1, we tricd Kodak D-8 and High
Resolution developers, but found that D-19 with a
development time of 5 min appeared to give the best
resulls. The slope of the T, — F5 curve was quiie steep,
and only a small amount of chemical fog was present.
Thercfore, we used this developing procedure (at o
conslant temperature of 20°C) in all the experiments.

It should be noted that this type of transfer charac-
teristic (the amplitude transmittance vs exposure curve)
is the most suitable charac{erization of the recording
medium for hologram work beecause the holographic
process requires linearity between the exposure and the
resulling amplitude transmittance of the hologram.!-3
By utilizing the slope of the T, — I curve at a particular
bias point, we can predict the amount of light diffracted
by the hologram for low offset angles. This curve is
similar to the transfer characteristic of an amplificr,
The bias point corresponds to the amplifier’s operating
point, and the slope of the curve corresponds to the
amplifier’s gain.

These curves are nonlincar, but a lincar approxima-
tion is valid over a small interval of exposures. In our
experiments, we purposcfully recorded both linearly and
nonlincarly. This was done either by varying the bias
Ievel, varying the pereent modulation, or by varying
both. Thus, several operating points on the 7o — E

May 1957 / Vol. 6, No. 5 / APPLIED OPTICS 851



1.0
.9
.8
o D11, 4 MINUTES
Lo
iy \
8 \
i s} \
= \ A
=
.51
: \
= \
[ o3 41 \
w ,
[=]
2 3} \
pu )
§ \ N
< .21 \ 019, 5 MINUTES
a3 ‘ﬁ- DEKTOL 1:1, 6 MINUTES
\,\. _
L 1 Lo 11 1 1 1 ] Lo, ) I} !

i
O 1 2345 678 9 1011121B314I51617 18

RELATIVE EXPOSURE

Fig. 1. Amplitude transmittance vs exposure characleristics:
Kodak 640F spectroscopic plates for three different developers.
Exposed and interrogated with the 6328-A line of He-Ne laser.

curve were used, and the percent modulation was varied
at cach point. We measured the pereentage of light
diffracted by the emulsion (the diffraction efliciency) as
s function of both the modulation and the average
amplitude transmitlance. We also measured the dif-
fraction efficiency as a function of offset angle and wave-
length.

To obtain the desired quantitative datla, we con-
structed simple interference gratings by using mono-
chromatic plane waves for both reference and signal
beams. We used the 6328-A line of the He-Ne laser
both for recording the gratings and for reading them.
In Sce. IV.D we deseribe some experiments for which
the blue and green (4880-A and 5145-A) lines of the
argon laser were used. .

ll. Experimental Procedure

The basic experimental setup is shown in Fig. 2.
Light from the laser is divided by the beam splitter; one
path is the reference beam Iy and the other path is the
signal beamm I,. The pinhole assemblies and the col-
limating lenses are used to expand and collimate the
laser beam. The interfering plane waves are recorded
on the pholographic plate. The normal of the plate
biscets the angle 8 between the two plane waves. The
spatial frequency of the fringes, delermined by the
angle 0, is called the offset frequency of the recorded
graling. We can control the ratio of reference beam to
signal beam by inserting neutral density filters in cither
beam.

We also used this setup for measuring some of the
parameters listed carlier, cxeept, that only one beam is
used in the reconstruction process. Tirst we used the
reconstruction beam from the dircetion of Iy and then

852 APPLIED OPTICS / Vol. 6, No. 5 / May 1957

used the beam from the direetion of £, to cheek the
measurements. In most instances, {he measured re-
sults agreed to within 10%,

The measured intensities are shown schematieally in
IMig. 3. These parnmeters are the incident ilhimination
intensity T4, the direet intensity transmitied by the re-
cording medium Ju., the intensity of the diffracted Leam
T4, and the intensity transmitied by the unexposed por-
tion of the plate I, All intensitics were measured by
using an integrating leus to colleet all of the light on o
nhotomultiplicy tube. We usually normalize all meu-
surements of amplitude ransmitiance vs exposure data
with respect to J,.  The average amnplitude transmit-
tance is then defined as (74./7,)'* (Ref. 6) and the dif-
fracted light intensily is defined as I4/I,. Generally,
the value of 7, is about 80% of the incideut beam’s in-
teusity, but its magnitude varies with the angle and
polarization of the incident beam.

il. Theory

For the simple gratings counsidered here, the light
intensity of the interference pattern at the emulsion
surface can be written as

I = Iy 4 I, + 2(LL)/ (('032:"2:)- 4]
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Fig. 3. Schemelic of the measured readout parnmeters.  Ampli-
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and the cxposure is given by F = I, where ¢ is the
exposure time. In IEq. (1), Io and I, are the intensitics
of the reference beam and signal beam, respeetively, and
« is the period of the fringes in the z direction. The
modulation or the contrast of the fringes is given by

M = ULLYA/ (T + ). (2)

The relationship between & = Ip/1, and 3 is shown in
Fig. 4. The modulation varies between one and zero,
while &k varies between ane and infinity.

If we lincarly vecord the signal, we can write the
amplitude transmittance of the grating, after ¢xposure
and development, as

T, =Ty + 28(1.1,)'"* [u\’( 3)] cos[z——" z — g‘)(l)]r (3)

where T’ is the amplitude transmittance bias caused by
the spatially constant intensity Iy 4- I, and g8 is the
slope of the curve of the amplitude transmittance vs the
exposure at the bias point. The terms X and ¢ are
dependent on the spatial frequency and define an optical
transfer function of the filin.

The transfer characteristic considered here is shown
in Fig. 5 for a low spatial frequency, for which we
assumed K as one and ¢ as zero. The sinusoidal fune-
tion plotted along the verlical axis is the spatial
variation of exposure, and the sinusoid ploited along
the horizontal axis is the spatial variation of amplitude
transmittance. Linear rccording is achieved when a
sinusoidal exposure produces an undistorted, sinusoidal,
amplitude transmitiance variation. Nonlinear opera-
tion oceurs, of course, when the amplitude transmitiance
is a distorted sinusoid. In the nonlincar case for an
ideal film with optical transfer function equal to one 2l
all frequenecics, it can be shown* that

Te= Ty 2 I[200u1)/2 1] cos(z""”), )
v 0 «

where the coefficients H, are given by

™

H[2(1e1,)' /1] = ;_:- (1')Uf Go)[2(1:1,)'7 to]dw,  (3)

—_—-
and where ¢ = 1 a7, = 2, G(w) is the Fourier trans-
form of the T, — ¥ curve* J, is & Bessel function.

If the T, — I curve is an odd function about the bias

point 1%, H, is identically zero. I not, the coefficient
I vepresents a small bias hift resulling from the non-
linear distortion.  The coeflicient 1{; is the amplitude
of the fundmmental frequency of the nonlincarly dis-
torted amplitude transmittanee, while I, for » > 1
describes the cocflicients of the higher order terms gen-
erated by the nonlincarity.

By the analogy with the lincar case, we can write the
amplitude transmittance of a nonideal film as

To=Ts+ 2, H[2(1.)/ 1) K(E)
=0 o

X co.s[zzm - ¢((‘11‘) J, (6)

where X and ¢ are the frequency-dependent parts of
the optical transfer function.

When the linearly recorded interference pattern is
read out with one of the original beams, the intensity of
the diffracted light along the dircction of the other beam
is given by

Ia = (K11, (7)
and the normalized diffracted light intensity is given by
1afly = (UKD, (8)

From Eq. (8) we sce that for a fixed spatial frequency,
the square root of the diffracted light intensity is
linearly related to the modulation at a fixed bias level,
or

AMPLITUDE TRANSMITTANCE (T,)

- B=tung

TH= (I 4 I,

PO P NP R BTV O B P PR O AT P PO D |
0 400 800 12060 1500 2000 2400 2C00

EXPOSURE {erg/em?)

Fig. 5. Transfer characteristics; Xodak 619T spectroscopie
plates.
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where C is a proportionality constant,

By recording a series of gratings with fixed modula-
tion and at a fixed bias point in the linear region of the
T. — E curve, but with decreasing values of o, we can
calculate a modulation transfer function for the film
from the measurements of the diffracted light intensity.
First we find for each grating

IAYA ' AT
=) = BK(LL) = =,
(1’) BtK (lol,) )

. Qo)
where AT is the ratio of the grating's average-to-peak
amplitude transmittance variation. The value of AT/2
is used because only half the light will go into the dif-
fracted order of intcrest; the other half will go into the
opposite order or, for thick recording media, will be
absorbed by the emulsion or slightly increase the de
light.?

Then we determine the ratio of low frequency average-
to-peak amplitude transmittance by either graphically
converting an amplitude transmitlance sinusoid through
the use of the 7, — E curve or by constructing low
frequency gratings, so that

(%T) = [BU(II) /) rr = [(Te/15)"}Lr, (11)
Lr

where LI denotes low frequency operation. The mod-

ulation transfer function K is then given by
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Uall,)'

= ST (12)

T ST “

which is the normalized (relative (o low frequency)
square rool of the Mractional diffracted light.

IV. Experimental Results

A. Light Diffracted as a Function of Amplitude
Transmittance

Figure 6 shows the percentage of the diffracied light
intensity vs the amplitude transmittance bias for differ-
ing reearding heam intensity ratios Io/7; (or modulation
levels) at an offset angle of 50°.  The diffraction effi-
cieney is maximized when the bias point has a transmit-
tance amplitude near 0.5. This value is nearly inde-
pendent of the ratios of reference beam to signal beam
intensity, which, in this case, arce 1, 3.5, and 90. Some
of these experiments were repeated at offset angles of
10° and 30°. Tor each angle, similar curves were ob-
tained except for an upward shift caused by inereased
film response at the lower offset frequencies.  These re-
sults arc expected because the curve of amplitude
transmittance vs exposure has o maximum slope at
T. = 0.5. Thus, a spatially varying exposure pattern
whose average exposure produces a biased amplitude
trausmittance of 0.5 will produce the maximum spatially
varying amplitude transmittance patfern on the photo-
graphic plate.

The curves in Fig. 6 also show that the diflraction
efficiency is not increased by operating nonlinearly at
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amplitude transmittance of lower bias (correspouding
to the lincar portion of the ' — logE curvc), cven
though the magnitude of the amplitude transmittance
cxcursions may be increased.  This is because the light
diffracted info the first order is not increased, although
the tolal dilfracted light is incrensed by this mode of
operation; in facl, as the curves show, it is considerably
decreased.  Because the brightness of a hologram de-
pends only upon the light diffracted into the first order
image, optimum results are obtained when the ampli-
tude transmittance is about 0.5,

B. Changes in Spatial Frequency

The effeet of offset angle on diffraction cfliciency is
shown in Fig. 7. The amplitude transmitlance was
fixed at 0.5 and the ratio of reference beam (o signal
beam intensity was maintained at 50:1; these values
ensured linear operation.  We measured the difiraction
efliciency for offset angles ranging from 6 = 1.35° to
6 = 120°. ‘The difiraction ecflicicney deercases at a
uniform rate up to an angle of 50°, at which point it
slopes more sharply downward. The diffraction cffi-
cieney is reduced by 50% for an offset angle of 90°,
We also plotted the diffraction cflicieney using the total
light incident on the photographic plate from the read-
out beam instead of normalizing relalive to 7, This
curve is lower beeause some of the incident light is re-
flected at the surface of the plate and some is internally
absorbed.

By using the results shown in the upper curve, we can
obtain the modulation transfer function. We convert
the offset angle to a spatial frequency through the
rclation 1/« = (2/)\) sin0/2, take the square root of the
diffraction efficicncy at each offset angle, and normalize
these values to the diffraction ecfficiency at zero fre-
. quency.

Figure 8 shows the modulation transfer function for
649", The responsc drops to 70.7%, of its peak value
at approximately 2200 lines/mm.

.

Of course, we must remember that the photographic
emulsion is in reality a three-dimensional recording
medium, particularly at high spatial frequencies, where
the spacing of the recorded interference fringes is com-
parable to, or less than, the emulsion thickness.?
Normally, this third dimension is cither extremely small
or its cffect is insignificant and is generally negleeted.
In holographic work, however, the role of the emulsion
thickness and emulsion shrinkage during the chemical
processing s quile important. In our experimental
measuremenis the effect of emulsion thickness is in-
cluded in the results.

It should be notled that one must be cautious when
using the modulation transfer function where the re-
corded inlerference patiern is composed of a range of
frequencies.  Insuch situations, the presence of shrinl-
age generally causes a  spalial-frequency-dependent
change in both the orientation and the spacing of the
recorded interference fringes. Simultancous satisfac-
tion of the Bragg relation for all spatial frequency com-
pounents is not possible, so the response factor is de-
graded for most of the recorded frequencies.

C. Variations in Modulation

InFig. 9 we show theeflfect of varying the modulation
at a fixed bias level and fixed offset angle on the square
reot of the diffvacied light intensity.  We obtained Lhe
straight line asymptote by graphically plotting two
small sinusoids through the 7'y, — F curve to obtain the
ideal amplitude transmittance excursion. These values
were then multiplied by the response factor obtained

(To)
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Fig. 10. Amplitude transmittance vs exposure characteristics;
Kodak 649F spectroscopic plates at three dilferent wavelengths.
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Fig. 11. Dillraction cfliciency vs wavelength.

from Fig. 8; these modified points were used to draw
the siraight line.

The experimental curve departs from this line for
M = 0.5, orI,/I, = 13.5. Yor higher values of A, the
recording becomes nonlinear. Nonlinearities degrade
the reconstructed image by decreasing the signal-to-
noise ratio (unless the offset angle is sufliciently high)
and by generating false images with ceriain objeets.4®

D. Wavelength Sensitivity

We also investigated the amplitude transmittance vs
exposure behavior of the 6191 photographic plates and
the diffraction cfficiencies for several wavelenglhs.
Figure 10 shows the T, — K characteristics for three
wavelengths; the 6328-A red line of the He-Ne luser,
and the 4880-A and 5145-A blue and green lines of the
argon laser. The general characteristics of the three
curves are nearly the same for each wavelength.  Thus,
we would expeet that both the recording sensitivity and
the diffraction efficiency would be nearly the same if
we used any of the three wavelengths.  Additional ex-
periments, however, indicate that the diffraction effi-

856 APPLIED OPTICS / Vol. 6, No. 5 / May 1857

ciency is not independent of wavelength variations.
These experimental results are shown in Fig, 11, We
nofe a reduction in diffiraction eflicieney at shorter wave-
lengths; of course, part of this reduction is caused by a
higher spatial frequeney for a fixed offsot angle.  Iow-
ever, the major reduction results from a plicnomenon
inherent in the enmilsion and ean probably be attributed
to increased scattering at shorter wavelengths.

V. Conclusions

A series of experimenis was performed thal deter-
mined the effects that amplitude transmittance bias
level, offset angle, ratio of reference beam to signal beam
intensity, and recording wavelengths have on the dif-
fraction efliciency of inlerferometrically recorded signals.
The modulation transfer function for the recording
medium was also found to be determinable. The
emphasis in these experiments was upon using a com-
meretally available recording medium and studying the
effect, of imporfant parameters for econstructing opli-
mum quality holograms.

The authors acknowledge discussions with . N.
Leith and A. Vander Lugt during the course of this
work and thank M. H. Hopkins for reading the manu-
script and for offering helpful comnients.
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Effects of Film-Grain Noise in Holography~
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e eficet of flm-grain noise in wavefront coconstruction

£ has recently been ait tyzed by Goodmant We shail show
that the first of Goadmuan’s two formal assumpiions, dlone, leuls
10 a more geaerad reault that s useiul in computing the signal-to-
noise ratio of virious types of holograms.

We assunie that the reader is familiar with Ref. 1. Thus, using
the definitions and notation of Goodman's paper and assuming
that the reconstruction wave is a convergent wave as shown it
Fig. 1, we may write the average film-grain noise, at the real

image, as
/fa’udy

L cty rch( =3 e L()"_Ay)
rec LrC L L L

(I

1 1
@reee (AN, A) cxpji(z—-d—p) (Arviay?)

2x
cxp;

(——-—-)(HA\ +3xA))—~(nAL+,’33))]

This equation is similar to one contained in Rei. 1, Appendix A.
The autocorrelation function of the complex amplitude trans-
mittance function 1 descrihing the randum grain fluctuations,
may be written as

e (A,8) = (¢ (e-FAx,y+ay) 7" (2,0), 2

where 7'* is the complex conjugate of 7' and the sharp brackets
indicate a statistical average.

In order to simplify this cquation, we olserve that the integra-
tion over Ax and Ay will give significant values only for Ax and
Ay which are of the order of the grain size, since the autocorrcla-
tion funclion ¢, (ax,8y) will be very small for 3¢ or Ay larger
than /, the grain diameter. Thus, we may set xy—Jdr=x; and
yi—Ay=y:. Further, we may assume that 41?* and 3y? are small
when compared to the other dimensions of the hologram and that
they may be taken to be zero. This assumption amounts to assum-
ing that the observation plane («,8) lics in the far ficld of the
individual film grains.? Thus, after integration over Ax zmd Ay,
we obtain

»
L L

o 1 d, B ] ( d.) ]
Byl S (1= e (1= |, G
X"'[x.«z. x.«z.(‘ d,)“"m. oA a2

where @,q.(p,q) is the spatial-frequency spectrum or Wiener
spectrum of the random amplitude-transmittance tluctuations
duc to the film grains; &, which may also be called the trans-
mittance spectrum of the film-grain noise, is defined as

4’.':'(P,Q)=[['Pr'v'(~",}’) cvp[—er(p.\:-{-qy)]d.\dy, (4)

where p and ¢ arc spatial frequency variables, and where the
transmitlance spectrum has units of 1/(¢/mm)2
If we make the change of variables

_L_L(l ﬂ)f. _B_ 1 1_.15)
A WA WA LA WA WA

we find that

AN ([ . )
niwin=[ 10/ (-2 [ drtpsiaran ©
i 5 Jy .

where |

(11; o a IA (1 Il') Iy S . L (1 e,
d;) ?\_.’.’.iZ)\_z/. \ da b_-) “)\.II‘-‘—Z)\_{I‘ l];,)l
Figure 1 indicaies the signifcance of the a’s and ¥'s. For exaunple,
a/Xyl, is, within the Fresnel approsimation, cogial to (Sindy) /X,
the spattial frequency at the custer of the hologram. The term,
LO/d = 1/d,) /20, to the same approvimation, represents tie
change of spatial frequency fron the center of the hologram to the
edge. Similarly, we see that the mits of the double integral deine
the spatial-frequency bandwidthy of the hologran,

Since Wy, is o positive function we may vee the first mean-valuc
theorem? to write

o= 1,/ (1—‘%)2]["'("0.‘103 N " apdy (G

ar
W Fad N -
by = Jisbens (o), )

where A 1 is the area of the hologram and pg, g; i~ a point somewhere
within the relevant transmittance-<pectrum bandwidth,

For a point object, the ratio Uf.\l-‘,;n-'\l to averazge filni-grain noise
Cusing Eeq. {7) above and Eq. (9) from Ref. 1] muy be written as

Il/([’l)= ]\-ZXEEI rA l/'x'r‘v' (l’,"l(l'”)' (8)

Here X is the slope of the Ta—F; curve of the recording material,
E, and 12, are the esposures due to the recording reference beam
and siynal heam, respectively, and K is a spatial-frequency-
dependent factor given by ’

- _GN\_ « ¥ _é> B .
/f[ ( ,) )\,d,'k.d.(l AR VA il

where JC(p,q) is the miodulation transier function of the film nn
an ampiitude-transmittance busis? Equation (8) may also be
written as

[i Ky
(In) &P, v"pﬁ,qn)

where y=(XF;) is the slope of the normalized 7,/ curve' and
m?= (,/1) is the rativ of signal exposure to reference cxposure.

Thus, we see that this quantity, which is monotonically related
to the signal-to-noice ratio! is propoertional te the squarce of the
slope of the normalized 7a—/5 curve at the bias point, to the area
of the hologram and to the square of the eifectiv ¢ siynal modulation
and is inversely proportional to the value of the transmittance
spectrum evaludated at some point within the bandwidth defined
by the size of the hologram.

If we have that di=d}, we have a Fourier-transform hologram.
In this casc

e e %) f f reet rect 2l

©)

I1,. a
Xz’d 2t ()\-_d.')v.-u', (0
and
I; a 8
—— 2,12 » —_—
A Kt d fbv,. ()\:d.')\:d.)' (1)

For a Fourier-transform hologram, K =X (—a/A:d,,—8/2d,) or
K is the modulation transfer function evaluated at p= —a,/Ndd,
and q=—8/xd,.

An cstimate of <,,- may be obtained by tieasuring the light
scaltered by a uniformly evposed pholographic plate in an
optical system similar to that shown in Fig. 2. In this optical
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Fi1c. 1. Reconstruction of the real umage. The hologram is assumedd to
be suuare with sides of lengih L. 1 s the reconstruction wave and € 1a its
center of curvatute. R s the reconstructed real image,

system, which is linear in complex amplitude, f{x,») is the com-
plex amplitude at 3 normalized with respect to the incident light.
This quantity may be writien as

Joy) =" (x,3)h (x3), (12)

vhere (x,y) is the impulse response of the filter at Py and «
denotes a convolution. The autocorrelution function of fis®

err(Ax,35) ={f e+ 3x,y+89) /* (530, (13a)
orr@x = [ [dptgo ()l 01
Xexpim(pavtgay). (13b)
Suppose that the dilter transfer function is
[ P=1 for p'—G/D<p<p'+(/2)
and
9’ —(6/2)<q< g’ -+ (8/2) (14)

[H(p,g)|?=0 otherwisc

and that & is sufliciently small that &,.,-(p,9) may be taken as a
constant equal to 94 (fo',00"). Then

1/ (0,0)=<17,-,»(po’,q0‘)6'-’ 1%
and for 8=11/mm .
Drrve(po’i00) = 47 (0,00 / ({/mum)2, 19

If we assume that the statistical average 77 may be estimated by
a space average, then

o002 [ [1 63 Puray=3, )
A

0
o0
o0

| L E PC), L (PC),

Fic. 2, Optical system for measuring ®urpe (5,9}, Lo is the intensity of the
monochromatic plane wave incidenl on 7’15 Py contains the random complex
amplitude-transnutiance fnnction r'(v.y); Py contamns the filter; and Py
contains the. random complex amphitude distribution function f{x,9).
{(PC)1and (£C)1 are phatocelis. L 1s a lens.
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where By is the power inddent on the photocell (2C)y when £
contains the compiey transmittance junction 7 and P, contains
the tilter, Beis the power incident on the photocell when #* and
the filter are remaved from Uie optical sysiem and A is the arca
of the photocll Tn the measuremen, the area 4 must be large
enotgzh o that its Airy pattern al /2, is much smatler than the
bandwidth of the filur® but, to avoid sparious eticets due o the
constant term of 7, it must Le slightly smuller than the spatiul
extent of f{x,y) in /4, (Ref, 7). B and B may beymeasured by
using the photacell (C):; however, in this case, itis more difficult
to avold the eifects of the constant term of 1. Thus, we see that the
functien @, (p,g) may be determined by measuring B, and B,
for various values of gy and g/,

‘The quantity by« (p,g) has recently been measured by Doherty,
and reported by Burckhardt,t for Kodak 61919 spectroscopic
plates at scveral values of transmittance, For an amplituide
transmittance of 0.529 their measured data may be approaimated
by the expression

Dy () = [oap (= 0.00248 1) ] 1073, (18)

where f2==p*-b42, and we assume that 4,.,» has radial symmetry.$
We may use this expression to estimate the smallest point signal
detectable with a hologram,

Goodiman! has shown that the proper signal-to-noise ratio for
holography is the ratio of reconstructed signal [, to the standard
deviation ¢ of the noise and that for 1,/{/.) 31, this ratio is
given by the eapression

I,/d=[[,‘/2<[,.,)]i. (ll‘))

We arbitracily assume that 7,/e=3 for minimum detectability,
then 7,/{7.)=30. 1f we take, for an example, a Fourier hologram
with e/A.d, =300 lines/mam, 8/A 4, =0 and assume that the record-
ing medium is Kodak 649F. Then 9220.36 at Tw=0.5 for develop-
nmient in D-19 for 3 min at 63°F and K=0.95 (Ref. 3). The
modulation of the smallest detectable signal is

00, (300)
RKuyg,

20)

M0 =

Substituting the above data we find that m,,, 2=081X10-¢/4,.
(This result will hold approvimately for a Fresnel hologram if its
center spatial frequency is 300 lines/mm). Thus, for a square
hologram, 10 mum on a side, this corresponds to a beam ratio,
F. /1y, of 0.84X 1078,

The above results apply for a hologram where the signal
covers the endre photographic record, However, this may not be
the case, for example, if the point object is a transiluminated
opaque plale containing a relatively large hole. In this case, the
equation for 7, is modilied by replacing A by the area of the signal
at the hologram, d,, and Eq. (9) becomes

i/ o) =[R2 ofBe g (po,qo) J( o /A 2 (21)

If the object is a iliffuse surface made up of many unresoived
points, the proper beam ratio is given by £,/F;, where 72, is the
exposure due to the collection of points. For a uniform object
containing N resolved points, /5, =N £, and

L/ ) =[R2 (L D fPerer (po,q) T/, (22)

If the object is square with sides of length L, then N1/
\d./L)?, and since A= 13,

£ Keg\2{EL /1)

(T0) v (Goga) (Lofd )"

Thus, wesce that 1,/{7,) is indcpendent of the size of the hologram
but is inversely proportional to the square of the angular size of
the object.

(23)
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