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ABSTRACT  

This thesis develops a theory of holographic recording valid for 

thin recording materials. Chapter I introduces holography and gives a 

historical survey of previous work. It serves to delineate the assumptions 

used in the remainder of the thesis and to define some terminology used in 

holography. 

Chapter II treats the linear theory of hologram recording. The 

T
a
-E curve for the film is introduced and a method for measurement is 

described. The concept of modulation transfer function (MTF) for holo-

grams is discussed and a method of measurement of MTF is given. Finally, 

the combined effect of MTF and film size is examined. It is shown that 

the holographic imaging technique is space-variant; however, it is also 

shown that under some conditions the technique is space-invariant. 

Chapters III and IV deal with nonlinear effects introduced by the 

film. The effect is examined using a Fourier transform technique and 

a power series expansion. The power series shows that the modified trans-

mittance is the product of the linear transmittance and a polynomial in 

B, the normalized deviation from the mean of the light scattered by the 

object to the hologram. The results of the power series technique are 

used to examine the effect of the modified transmittance on the 
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reconstructed image. A theory which predicts the magnitude of the 

effect is given along with experimental results which tend to confirm 

the theory. In Chapter IV, another.theory, which predicts both the 

magnitude and the distribution of the nonlinear effect, is given 

along with further experimental results. 

Chapter V examines the effect that the film-grains have on the 

holographic technique. A formula for the signal-to-film-grain-noise 

ratio is derived in terms of the intensity transmittance spectrum of 

the random transmittance fluctuations caused by the recording-film 

grains. 
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CHAPTER I 

INTRODUCTION TO HOLOGRAPHY  

I.01 Introduction  

The two-step imaging process of wavefront reconstruction, which 

has lately been called holography, was invented in 1948 by Gabor.(1-4)  

By using this technique, the spatial variations of the amplitude and 

phase of a wavefield generated by an object can be recorded on a photo-

sensitive material which responds only to the intensity of the incident 

radiation. Subsequently, this record is used to regenerate the wave-

field 

 

and the regenerated wavefield can be used to form an image of 

the object. Gabor called the record of the wavefield a hologram and 

the subsequent imaging process wavefront reconstruction. 

The wavefront reconstruction technique requires that the object 

be illuminated by a spatially coherent and monochromatic source so-

that the spatial variations of the complex amplitude of the wavefield 

emanating from the object are stationary in time. Then, another mono-

chromatic wavefield which is mutually coherent with the object field 

and in which the complex amplitude is known, can be used as a reference 

wave to determine the complex amplitude of the object field. This is 

done by a process of interference whereby the amplitude and phase of 

the object field is converted into an intensity pattern in which 

variations in the level of the intensity represent the amplitude and 

variations in the spacing of the intensity levels represent the phase 

of the object field. This interference pattern can be then recorded 
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on a photosensitive surface, such as photographic film, and later 

used to regenerate the original wavefield which, in turn, can create 

a true image even in the absence of the original object. 

The wavelength of the radiation used to produce the hologram and 

to make, the reconstruction is arbitrary. Moreover, the radiation 

used for the reconstruction can have a different wavelength from the 

one used to make the hologram. Indeed, in Gabor's original work. the 

purpose of the wavefront reconstruction scheme was to correct the 

spherical aberrations present in electron lenses. He proposed that 

the hologram be made with a coherent electron beam and the recon-

struction be made with radiation in the visible region where a 

.posteriori correction of the spherical aberrations could be performed 

using well-known aberration correction techniques. Much thought has 

also gone into the possibility of making the hologram with x-rays 

and reconstructing with visible light, thus producing an x-ray micro-

scope which could, theoretically, resolve distances as small as the 

diameter of an atom.(5-9)  However, the efforts in both x-ray and 

electron beam holography have been thwarted by the lack of a bright 

monochromatic and spatially coherent source of radiation. 

The most successful work in two-wavelength holography has been 

done in conjunction with high-resolution radar systems. This type 

of radar system, which was developed independently of holography and 

has only recently been reported in the literature,(10-13)  uses micro- 

wave radiation to produce the hologram and visible light to make the 

reconstruction which is an image of the terrain over which the radar 

system has flown. This technique has been successful because monochromatic 

• 
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and spatially coherent radiation at microwave frequencies has been long 

available and because the reconstruction can be done with a small thermal' 

source emitting in the visible region. 

Although two-wavelength holography is an exciting field which holds 

much promise, most of the recent work in holography has been done using 

the same wavelength for making the hOlogram and for the reconstruction; 

here we will confine our attention to single-wavelength holography. 

Although holography was invented nearly 20 years ago, the subject 

has only recently begun to grow to such a size where it may now be con-

sidered a separate field of optics. The reason for this is twofold. 

The first reason is one of equipment limitation. In the early days, a 

sufficiently bright source of monochromatic and spatially coherent light 

was not available. Thus, the early work was restricted to simple experi-

ments which could be performed with a very small point of visible light 

produced by a thermal source which was passed through a narrow spectral 

filter. The interesting experiments, such as imaging of large three-

dimensional objects, could not be performed until this equipment re-

striction was removed by the availability of the laser in the early 

1960's. 

The second reason is a technical one. The wavefield from the 

object is a complex function of position at the recording plane and 

when this function is recorded, the conjugate of the wavefield is also 

produced in the hologram by the recording process. Thus, when the 

object wavefield is regenerated and the object reconstructed, a con-

jugate wavefield is also generated which forms an out of focus "twin-

image" at the same place as the desired image, creating an undesirable 
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background which detracts from the usefulness of the technique. Be- 

cause of this background, the original Gabor or "in-line" holograms 

are only useful for recording the wavefields of objects which contained 

relatively few scatterers. In this case, the presence of the out-of- 

focus "twin-image" does not introduce too much degradation into the 

imaging process. Gabor and others (14-18) proposed ways in which this 

conjugate wavefield could be eliminated or could be separated from 

the desired wavefield; however, these methods were difficult to imple-

ment and they never proved of.much practical importance. 

In the late 1950's, Leith and Upatnieks* applieda technique, previously 

used in high-resolution radar data processing, to holography which solved the 

problem of the "twin-image" in a practical way. They introduced the 

reference wave at an angle relative to the wavefield from the object. 

Thus, the complex amplitude of the object wavefield was recorded in 

the hologram in such a way that it could be later reconstructed com- 

pletely separated from the conjugate wave. The theory of this method 

of wavefront reconstruction, which has been called off-axis or carrier-

frequency holography, and an experimental demonstration using a mercury 

arc source, of 546 millimicron wavelength, to illuminate the object 

were published in the early 1960's by Leith and Upatnieks.(19,20)  

Soon after this initial demonstration of carrier-frequency holography, 

gas lasers became commercially available and the first demonstration of 

wavefront reconstruction of a three-dimensional object using a laser ,  

was reported by Leith and Upatnieks.(21-24)  In these experiments, they 

used a helium-neon laser emitting 632.8 millimicron wavelength radiation 

and the off-axis method to produce remarkably accurate reconstructions 



of three-dimensional objects. This experiment seemed to spur the de-

velopment of holography and, in rapid succession, many applications 

were reported. Chief among these were the development of hologram 

interferometry,(25-33)  motion picture holograms,(34'35) holography in 

thick photosensitive media(36-40) and full color reconstructionZ
41-44) 

Also, much theoretical and other experimental work has been performed 

in the last few years. (45-55)A  very complete list of the early and 

more recent work has been compiled by Chambers and Courtney-Pratt and 

this compilation has been published in the Journal of the Society of 

Motion Picture and Television Engineers. (56,57)  The reader is referred 

   

there for a general summary of the wavefront reconstruction literature. 

1.02 The Hologram 

A hologram, as we have said, is a record of the wavefield coming 

from an object which has been illuminated by monochromatic and spatially 

coherent light. A complete record would also include information about 

the state of polarization of the light. However, ignoring all but a 

single polarization component simplifies not only the actual recording 

process but, of course, much simplifies the analysis of the wavefront re-

construction technique since a scalar theory is adequate for the 

description. 

Thus, to describe the process of making a hologram, we assume that 

a(x,y) is the complex amplitude of a scalar wavefront which has been 

produced by an object located at some arbitrary distance from the re-

cording surface. The spatial variations of a(x,y) may be due to the 

variable transmittance of a transparent object transilluminated by a 
• 
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monochromatic spatially coherent source or they may be due to the variable 

reflectance of an opaque object from which the light from the source has 

been reflected. Let a
r
(x,y) be the complex amplitude of a scalar wave-

front, with the same polarization as a(x,y), which has been produced by 

a mutually coherent reference source. Then, the intensity of the light 

i at the recording plane is I(x,y) = la
r
(x,y) + a(x,y)1

l 
 or 

I(x,Y) = lar(x,Y)I2  + la(x!Y)12  

+ ar
*
(x,y)a(x,y) + ar(x,y)a

*
(x,y), 

where * denotes a complex conjugate. If the recording medium is photo 

graphic film, as is usually the case in holography; the amplitude trans-

mittance of the film is a nonlinear function of the intensity. For the 

time being, we will assume that the amplitude transmittance is linearly 

related to the intensity (later we will show under what circumstances 

this assumption is valid and also the consequences of nonlinearities) 

and, thus, we can write the amplitude transmittance as 

Ta(x,y) = IclOar(x,y)1
2 4. Ia(x,y)12 

+ a
r
*
(x,y)a(x,y) + a

r
(x,y)a

* 
 (x,5).), 	(I-2) 

where k
1 is a constant of proportionality which includes in it the time 

of exposure used in recording the hologram. 

This transmittance is the recording of the wavefront; it is the holo-

gram. We see that the third term is a record of a(x,y), the complex am-

plitude of the object wavefront. We now require a means of reconstructing 

this wavefront. 
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1.03 Reconstruction of the Wavefront  

If we illuminate the hologram by a wave which is identical to the 

reference wave, the complex amplitude emerging from the hologram is 

U(x,y) = klar(x,y) (lar(x,y)12  + la(x,y 1 2  

+ a
r
*(x,y)a(x,y) + a

r
(x,y)a*(x,y)) . 

(1-3) 

Then if a
r
(x,y)a

r
*(x,y) is a constant, the third term of Eq. (1-3), 

kilar1 2  a(x,y), is a diffracted wave which is, within a constant, identi-

cal to the wave from the original object and can be used to form an image 

which duplicates, in every detail, the original object. The condition 

that la
r

1 2  be a constant can be easily satisfied if we make ar 
a plane - 

wave or a spherical wave with small curvature. 

For a complete reconstruction of the object, the term k1
la
r

1 2  a(x,y) 

should be separable from the other terms of Eq. (1-3). As we have said 

above, this is most practically done using off-axis or carrier-frequency 

holography. 

1.04 Off-Axis or Carrier-Frequency Holography 

In carrier-frequency holography, the reference beam is introduced 

at an angle to the recording surface and is usually either a plane wave 

or a spherical wave whose amplitude over the recording surface is nearly 

constant. Although it is more convenient, in practice, to use a spherical 

reference wave to make a hologram, it is less convenient to describe the 

salient features of the resulting hologram. Thus, we assume that the 
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reference wave is a plane wave, ar  exp jUX, where ar  is the amplitude 

and ax is a linear phase shift indicating that the wave falls onto the 

recording plane at an angle to the x-axis, as shown in Fig. (I-1). Then, 

if we explicitly write out the amplitude and phase of the object wave 

as a(x,y) exp jcp(x,y), Eq. (I-2) becomes 

Ta(x,y) 
 

= kifar2  a2(x,Y) + ar
a(x,y) e--nax-cP(x,Y)] 

+ a
r
a(x,y) ej[ax-T(x'Y)]  (I-4)  

To perform the reconstruction, we illuminate the hologram with the 

original reference wave ar  exp jax and thus the complex amplitude of the 

wave emerging from the hologram is 

U(x,y) = k
1 
 a 
r  2 

 a ejax  + k
1  a r 	'Y e  

a2(x ) jax  r  

+ k
1 
 a 
r2 

 a (x,y)ejP(x'Y)  + k
1 
 a 
r
a ,y e 2  (x ) 	P e(x,y) j2ax 

. 

(I-5)  

We see that the third term of Eq. (I-5) is a diffracted wave, identical 

to the original object wave, which emerges from the hologram as shown in 

Fig. (I-2). If an observer looks into the hologram, he will see an exact 

virtual image of the object formed behind the hologram. There are three 

other waves which also emerge from the hologram. The first two terms of 

Eq. (I-5) are waves which emerge from the hologram in a direction which 

is in line with the reconstruction beam and the last term of the equation 

is a diffracted wave emerging at about twice this angle from the normal 

to the hologram; thus, the waves described by the first, second, and 

fourth terms can be separated from the object wave, as we require, if -

the original angle of the reference beam is sufficiently large. 
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PSI 

I 

Ii 

Fig. I.1 Configuration for making a carrier—frequency 

hologram. I is the incident light, M a mirror, 0 the 

object, L the light scattered by the object and H the 

hologram. 
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Ov 

Fig. 1.2 Reconstruction of the virtual image. R is the 

reconstruction beam,. M is a mirror, Ov  is the virtual 

image of the object, 1,, is the light diffracted by the 

hologram, H is the hologram, Ld  is the light directly 

transmitted by the hologram and 0 is the observer. 
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We can'also reconstruct a real image if we illuminate the hologram 

with the conjugate of the original reference wave. 	Thus, if the illumi-

nating beam is ar  exp -jax, the complex amplitude of the wave emerging 

from the hologram is 

U(x,y) = klarar2 e--jax  + klara
2
(x,y) 

2 • 	p(x,y) - P(x,Y) + k
1
a
r a(x,y) e 	

e.2ax 	- + k a 
2
a(x,y) e 

1 r- . 

(I-6) 

We see that the fourth term of Eq. (I-6) is a diffracted wave which 

emerges from the hologram and converges to form a real image of the 

object as shown in Fig. (I-3). We observe, also, that the other terms 

of Eq. (I-6) describe waves which emerge from the hologram at angles 

which are different from the wave which forms the real image and do not 

interfere with the reconstruction. 

If we combine the last two terms of Eq. (I-4), we can write the 

amplitude transmittance of the hologram as 

Ta(x,y) = kiCar2  + a2(x,y) + 2ara(x,y) cos [ax - p(x,y)].). 	(I-7) 

Consideration of this equation produces an interesting interpretation 

of the hologram process. Before the recording, a(x,y) exp jcP(x,y) 

A.real image is also preSent when the wavefront reconstruction is 
performed with the original reference wave. It is described by the fourth 
term of Eq. (I-5). However, with this mode of reconstruction, it can be-
shown tha

45t 46)  
(1) there are, in general, distortions present in the real 

' 
( 

image, (2) because of the finite thickness of the photographic 
emulsion, the real image is considerably less bright and, at times, non-
existent.(38) When the real image is reconstructed with the conjugate 
of the original reference beam, neither of these problems arise. 

The two images have come to be called the real and virtual images of 
the holographic process. They are, of course, real and virtual respectively, 
only when the reconstructed wave is, respectively, the conjugate or a 
duplicate of the reference beam used in producing the hologram. For other 
geometries, either image can be real or virtual. Nonetheless, the above 
terminology is both reasonable and widespread. Some investigators, however, 
prefer to call them the "conjugate" and "true" images (see Ref. 47). 



R 

1I 

Lt  

Fig. 1.3 Reconstruction of the real image. R is the 

reconstruction beam, M is a mirror, H is the hologram, 

Ld is the light diffracted by the hologram, Or is the 

real image of the object and Lt  is the light directly 

transmitted by the hologram. 

(18) 
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the complex amplitude of the object wave,modulates the amplitude and 

phase of a monochromatic and spatially coherent light wave cos wt. 

After recording the hologram, this complex amplitude modulates the 

amplitude and phase of a spatial carrier wave cos ax. Thus, we see 

that the reference wave performs the function of a local oscillator 

and the detection of the intensity of the sum of the object and reference 

waves by the photographic plate acts as the mixer in a manner analogous 

to a coherent receiving system. 

The spatial-frequency content of the various terms of Eq. (1-4) 

determines their separability in the subsequent wavefront reconstruction 

just as in the case of a coherent receiver. To determine what the re-

quirement for separability is, we assume that spatial-frequency content 

of a(x,y) •exp jcp(x,y) is constant in the interval 1p1 sP, where p is 

the spatial-frequency variable in i/mm, and zero otherwise. Under this 

assumption, we can determine the spatial-frequency content of the terms 

in Eq. (1-4) and plot this spectrum as in Fig. (1-4). From this plot, 

we see that the spectral separation and consequently, the desired spatial 

separation of the reconstructed waves, can be achieved by choosing a to 

be sufficiently large. 

We can also use Fig. (1-4) to define some of the terminology usually 

used in holography. The terms of Eq. (1-4) associated with the spectral 

parts la and lb are called carrier-frequency terms since they are on 

the spatial carrier a. The spectrum lb is the frequency content of the 

virtual image, while la is the frequency content of the real image. 

The term associated with the spectral part 2 is called the low-frequency 

part of the hologram and is due to the mutual interference between 
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lb 

2P 2P 

  

p(1/mm) 

   

II= IX 

 

• 

Fib. 1.4 Spatial frequency spectrum of a carrier—

fr-Jquency holo3rara: 1r,-. is associated with the term 

k1ar a(x,y) exp Acix 5)(x,y)]0  lb is associated with • 
the term k1ar a(x,y) exp —1[0x — 1(x2 y)1 1  2 is associated - 

with the term ki  a2(x,y) and 3 is associated with the 
term k1  ar

2  of L, , (1.4). 
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various parts of the object. The term associated with the cspectral. 

part 3 is called the d.c. part, in analogy with electrical engineering 

usage, since it has no spatial variation over the hologram plane. 

1.05 Zone Plate Interpretation of Holography  

Gabor, in his early papers,(3,4)  recognized that the hologram of 

a point object is a form of a Fresnel zone plate.(58)  It differs from 

the opaque and clear construction of the normal Fresnel zone plate 

since there is usually a smooth sinusoidal transition between the zones 

60) of a hologram zone plate. Rogers, (59, 	used this observation to de- 

velop a description of holography wherein the reconstruction is des-

cribed as being due to light coming from a linear superposition of 

sinusoidal zone plates. It is worthwhile to examine this concept here 

since it will be useful later in this study. 

It is well known that a Fresnel zone plate has a positive and 

negative focal length given by S=1/1
2
/X, where r1  is the radius of 

the first Fresnel zone and X is the wavelength of the radiation. It 

also has higher order foci given by ±5/3, -11/5, etc. 

If a hologram is made from an object consisting of a point lying on the 

normal through the center of the hologram, using a plane wave for a 

reference beam as shown in Fig. (I-5a), the amplitude transmittance of 

the hologram is 

k Ta(x,y) = cl  + c2  cos 
k 
 (x

2 
 + y2) = cl  + c2  cos N- r2 

0 

where c
1 
and c

2 are constants and k = 2rr/X is the propagation constant 



max xo 

(d) 

(22) 

EL 

x 	 X 

(a) 
	

(b) 

Fig. 1.5 Hologram zone plate construction and re—

construction. R1 is the reference v'ave, 0 is the 

object wave, H is the holoc;raid, Ov  is the virtual 

image v:ave, Or  is the r7;a1 image wave, R2  is the 
reconstruction v:z.-.ve and D is the directly trans—

mitted v:ave. 
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of the light. Points of maximum and minimum transmittance of the hologram 

occur at r = 0, (21101k)
1/2, ..., (2nR0n/k)1/2 and by analogy with the 

Fresnel zone plate, the hologram zone plate has focal lengths given by 

1= ±R
0
. There are no higher-order foci unless the recording non-

linearities cause a departure from the smooth sinusoidal transmittance 

given by Eq. (I-8). 

In the wavefront reconstruction shown in Fig. (I-5b), the hologram 

zone plate focuses a portion of the incident light into a real and a 

virtual point image just as a Fresnel zone plate does. Since an object 

can be approximated as a collection of points, we can regard a hologram 

of an object as a summation of zone plates, each independently causing 

a part of the incident reconstruction light to focus to a pair of point 

foci. The point images which are formed in this way are separated by an 

amount proportional to the distance between the zone plates of the holo-

gram, which are separated according to the lateral coordinates of the 

points making up the object. 

! 
If a hologram is made of a point object which lies outside the 

plane reference wave, as shown in Fig. (I-5c), the amplitude trans-

mittance of the hologram is 

Ta(c,y).cl i-c2 cos,1,;
0 
 (2x0x - (x

2 
+ y

2
1 

4" 

' 	+ c
1 
+ c

2 
cos 	 [(x - x0)

2 
+ y

2 
- x02]. 

2R
k 

0   

This is then the transmittance of a carrier-frequency hologram. Again 

the zone plate has two foci--one negative and one positive--but now the 

points of focus are located at x = x0. 
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In the reconstruction shown in Fig. (I-5d), the hologram focuses 

a portion of the reconstruction beam in such a way that the three beams 

(reconstruction, real image, and virtual image) can be separated. If 

now we extend this concept to a collection of zone plates as would be 

prOduced by a collection of object points, we see that two images--one 

real and one virtual--will be formed by the collection of zone plates. 

The minimum criterion that the real and virtual image and the recon-

struction beam be separable is that the object points'closest to the 

reference beam be outside the reference beam or we must have x
0 
 > x

max 

for all x0. In practice, the smallest x0  must be somewhat larger than 

x
max 

since the low-frequency term in the hologram, caused by the 

mutual interference of the object points, will diffract light and thus 

cause the directly transmitted wave to be larger in cross section than 

the reconstructed wave. 

1.06 Objectives of the Study  

As the title of this thesis indicates, we are interested in examining 

herein some of the factors which influence the wavefront reconstruction 

process. Thus, we shall not talk about applications of holography but, 

instead, we shall focus our attention upon some of the many factors which 

play a part in the ability of the hologram to reconstruct images. Specifi-

cally, we shall examine, in detail, the influence of the photographic 

film in holography; that is, we shall develop a linear theory of recording 

the hologram, study the effect of the modulation transfer function of the 

film, and the effect of the grain noise of the film under this ideal 

linear theory. We shall also study, in considerable detail, the effects 

of nonlinearities in the hologram recording process. 
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Some of the other factors which influence the hologram process are: 

1. The degree of monochromaticity and spatial coherence 

of the light. 

2. Aberrations in the image caused by the use of a re-

construction beam which is not identical to the 

reference beam. 

3. Instability of the components used to make the hologram. 

The effect of the light source on the general imaging process has 

been covered by Wolf, Hopkins, and others(61-63) and the effect of the 

light source in holography has been examined recently also.(53'
64,65) 

Here we will assume that the light source is quasi-monochromatic; that 

is, we will assume that any path differences introduced when making a 

hologram are much less than the coherence length X2/AX, where a is a 

measure of the degree of spread of the spectrum of the light source. 

Under this assumption, we can assume that the light source is mono-

chromatic. We will also assume that there is a high enough degree of 

spatial coherence between all the points in the object and in the 

reference beam so that we can say that the hologram process is spatially 

coherent. This joint requirement of monochromaticity and spatial co-

herence can be easily satisfied, in most cases, if we use a gas laser 

as a source of light. This type of light we shall henceforth call 

coherent light. 

Aberrations are present in the reconstructed image when the recon-

struction beam is neither idential to nor the conjugate of the reference 

beam. This aspect of the performance of holograms has been covered re- 

(46,47,66,67) cently in great detail. 	In the present treatment, we will 
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. eliminate these aberrations in the image by always using a duplicate 

or a conjugate of the reference beam. 

Instabilities caused by either the movement or vibration of the 

components used in making the hologram can cause disastrous effects. 

Movements or vibrations of a fraction of a wavelength in magnitude can 

cause the reconstruction to be weak or nonexistent. On the other hand, 

controlled movements or vibrations of very small magnitude can be 

measured by the wavefront reconstruction process. This measurement 

technique has been called hologram interferometry and forms an im-

portant part of the recent development in wavefront reconstruction. 

Again we will avoid having to consider the effect of these instabilities 

by assuming that all the components used in making the hologram are 

pertntly fixed during the exposure. 
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CHAPTER II 

LINEAR THEORY OF HOLOGRAM RECORDING  

II.01 Introduction  

In this chapter, we shall discuss the use of photographic film 

in recording holograms. We shall develop a linear theory of recording 

using the amplitude transmittance (Ta) versus exposure (E) curve to 

describe the low spatial-frequency recording characteristics of the 

film and we shall describe a method of measuring this T
a
-E curve. We shall 

also describe and show how to measure a frequency response or modulation 

transfer function (MTF) curve which is valid for holographic appli- 

cations and we shall also examine how the MTF and the recording film 

size effects the wavefront reconstruction imaging process. 

The theory, as it is developed here, is strictly applicable to the 

case where both the hologram and the object are small when compared 

to the distance between them since a simplified form of the Fresnel-

Kirchhoff diffraction formula is used in the formulation of the theory. 

However, the theory can be extended to larger objects by piecing together 

solutions obtained for a set of small objects. 

Also, we require the recording film to be thin since we neglect 

any effects due to the- thickness of the emulsion of the film.(1) Thus, 

we must restrict the applicability of the theory to situations where the 

angle, at the hologram,between the object and reference beam is small 

so that the period of the recorded spatial-frequencies is larger than 

(31) 
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the emulsion thickness. In practice, this means that this angle shodld 

be less than about 10°  if the emulsion of the film is 1511 in thickness 

and about 26° if the emulsion of the film is 6µ in thickness.'  

We also note that we assume that the object is planar in order to 

simplify the theory. This assumption does not restrict the use of the 

theory unduly since a three-dimensionM_ object can be approximated by 

a number of planar objects. 

11.02 Film Transfer Characteristics  

In wavefront reconstruction, the film is used as a square-law 

detector as well as a spatial storage device. Ideally, the squared 

modulus (intensity) of the sum of two spatially-modulated coherent 

wavefronts incident on the film is recorded so that we obtain linearity 

between this intensity and the specular amplitude transmittance of the 

film. Thus, on subsequent readout using coherent light, one of the 

original incident waves can be faithfully reconstructed from the stored 

data as explained in Chapter I. Suppose we have 

A = yx,y) + a2(x,y), 	 (II.1) 

where a
1 
and a

2 
are the complex amplitudes of the coherent wavefronts. 

Fifteen microns is the thickness of Kodak 649F emulsion coated 
on glass plates, while six microns is the thickness of the Agfa-Gevaert 
10E70 emulsion on glass plates. These two films are in common use for 
recording holograms. 
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incident on the film. We now want 

I(x,y) = Ii12  = KTa(x,y) 	 (II.2a) 

or 

E(x,y) = KI Ta(c,y), 	 (II.2b) 

where I is the intensity on the film during the recording, E is the ex-

posure, Ta  is the amplitude transmittance of the film, and K, K' are 

constants. 

It is well known that if the linear region of the D-log E curve 

of the photographic film is used, a two-step recording process will give 

the results of (II.2b), for a gamma product of two, over the range 

where the D-log E curve is linear
2) 

However, the efficiency of this 

type of recording, in terms of the modulation of the amplitude trans-

mittance, is low and the process gives low response at high spatial fre-

quencies. 

A better approach is to use a one-step process with amplitude trans- 

mittance (T
a
) versus exposUre (E) as the photographic transfer curve, 

where the exposure is given by It; t being the time of exposure.(3) 

The amplitude transmittance of the processed recording film is defined 

as 
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where I
0 
 is the intensity of the incident readout beam illumination 

and I is the intensity of the light transmitted by the film. This 

definition is valid if the amplitude transmittance is a real function. 

The assumption that the amplitude transmittance is a real function 

means that the size of the hologram must be small enough so that the 

phase perturbations, due to irregularities in the emulsion and film 

base, imposed on the light transmitted by the hologram during readout 

are negligible or that the effect of these irregularities is made 

small by immersing the hologram in an index matching medium. 
(4) 
 In 

practice, this means that the size of the hologram must be restricted 

to about 2 cm in diameter if ordinary thin glass photographic plates 

are used without an index matching medium. However, this size re-

striction can be removed if the emulsion is coated on flat glass 

plates*  or if a liquid gate is used in the reconstruction step. An 

account of the effect of these phase perturbations has been given by 

Falcon2r.(5) 

Figure II.1 shows the Ta-E curve for a high-contrast film frequently 

used in these applications, while Fig. 11.2 shows the D-log.E curve _ 

for the same film. There are two important things to notice about the 

T
a
-E curve. First, we see that there is a considerable region on the 

T
a
-E curve where approximate linearity can be obtained. Second, this.  

linear region does not coincide with the linear region of the D-log E 

curve, but corresponds more with the "toe" and the lower part of the 

linear region of the D-log E curve. 

For example, we can use the micro-flat plates coated with 649F 
emulsion commercially available from Kodak. 
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E (exposure; ergs/c2) 

Fig. 
11.1 

Amplitude-transmittance vs. exposurR curve. 
Kodak 649F plate exposed with 6328 A light, 
developed in D-19 for 12 minutes at 68°F. 
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.8 	- 
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Log Exposure 

Fig. II.2Density vs. log exposure curve. Kodak 649F plate; 
same parameters as in Fig.II.l. 
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From this comparison it is evident that the D-log E curve is of 

little interest in our applications. The photographic film which is 

optimally recorded will generally appear to be underexposed by con-

ventional standards. Also, it is apparent that attempts to achieve 

a specified slope y of the linear portion of the D-log E curve is of 

interest only as a means of relating conventional sensitometry to our 

application since the exposure of a hologram is not usually confined 

to the linear portion of the D-log E curve. 

The linearity of the T
a
-E curve mentioned above is similar to the 

linearity achieved with a vacuum tube, that is, linearity about an 

operating bias point. This poses no problem since the intensity 

functions that are recorded contain a bias or constant term which can 

be scaled to coincide with the operating point of the Ta
-E curve._. 

That the curve has negative slope is of little consequence because the 

spatial-frequency fluctuations of the intensity are modulated on a 

spatial-frequency carrier. As a result of the negative slope, the 

fluctuating part of the recorded intensity is changed in phase by 1800; 

but the amplitude of the wavefront reconstructed from the stored in-

tensity pattern is ultimately sensed by an energy detector such as the 

eye or a photocell (which is sensitive to the square of the amplitude) 

and thus the effect of the 1800  phase change is not detectable. 

11.03 SRatial Carrier-Frequency Functions  

In wavefront reconstruction, a coherent object wave with complex 

amplitude a(x,y) e 
j9i(x,y 

 ), is recorded so that both the amplitude and 

phase of the wave are preserved. This is done by adding to the wave an 
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obliquely impinging coherent reference wave. The intensity of the 

sum of the two waves contains, among other terms, a term in which the 

amplitude and phase of the original object wave are modulated onto a 

spatial carrier. This term is used in holography to later reconstruct 

the original object. 

The expression a(x,y)eic6(x1Y)  is the complex amplitude at the 

recording film due to the object. This complex function of position 

is related to the complex amplitude distribution of a planar object 

Mc- 	 (6) 
a (u,v) through(Fresnel-Kirchhoff diffraction formula. 	Or, 

a(x,y) ejgx,Y) = 
rr 	jkE + z JJ ao(u,v) e 

obj 

(x-u)2  (y-v)2] • 
2z 	2z 

dudv, (11.4) 

where X is the wavelength of the light, z is the distance from the ob- 

ject to the recording film, and k = 	. This equation is valid if z, 

the distance between the object and the hologram, is much larger than 

the size of the object and the hologram. We can also describe aej  as 

a summation if the object can be approximated as a set of discrete points. 

Thus, aeiS  can also be written as 

N 	
jkR. 

a(x,y) eigx'Y)  = 	a. e 

i=1 
(11.5) 

-jb. 
Where ai  = 	 , I)i  is the complex amplitude of the ith discrete point, 

R. is the distance of that point from the point x,y in the recording 

plane and N is the number of points. 
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The reference wave can be a plane wave given by ar  exp jcex or an 

inclined spherical wave given by ar  exp jkRr(x,y). Here, ar 
is the 

amplitude of the wave at the hologram, a is the inclination of the 

planar wave relative to the hologram, and R
r 

is the distance from the 

reference point to the recording plane. Generally, a spherical wave is 

used for the reference beam; then the intensity at the recording plane 

is the squared magnitude of the sum of the complex amplitude of the 

object and reference wave, or 
2 

jkR r(x ,y) 	igx,y)1 
I(x,y) = ar  e 	+ a(x,y) e 

= a
r
2 

4. a
2
(x,y) + 2a

r
a(x,y) cos [kR

r
(x,y) - 16(x,y)]. 	(II.6) 

We assume that the third term of (II.6) (the term bearing the information 

needed to reconstruct the object) contains spatial frequencies of limited 

extent or at least that most of the energy in the spatial-frequency spectrum 

is limited to some finite spatial-frequency band. This term is on a 

spatial carrier-frequency where the period of the spatial carrier is pro-

portional to the inclination of the reference wave. We assume that the 

carrier frequency is high enough so that the lowest spatial frequency 

in this term is greater than zero. This assumption is necessary if the 

two sidebands of the cosine term are to be disjoint in spatial frequency 

and hence separable in the reconstruction (see Chapter I). 

To make a linear recording, we must scale the average intensity-time 

product so that the exposure coincides with the center of the linear 

portion of the T
a
-E curve and we must have a

r 
>> a(x,y),for all x,y,to 

confine the variations of the exposure to the linear portion of the Ta-E 
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curve. With this assumption we can write the intensity as 

I(x,y) = ar2  + 2ar  a(x,y) cos [kRr(x,y) - cS(x,y)} 	(II.7) 

where we have neglected the term a
2
(x,y) since it is small when com-

pared to a
r
2 

or to 2a
r
a(x,y). 

. 	2 
The average exposure is <(It)› = a

r 
 t, where this average is chosen 

so that a
r
2 
 t = E

o 
(see Fig. II.1). The amplitude transmittance of the 

film is then a constant T
b 
and a spatially fluctuating part or 

Ta(x,y) = Tb  + st(12ar  a(x,y) cos [kRr(x,y) - gx,y)], 
) 	

(I1.8) 

where s is the slope of the T
a
-E curve at the operating bias point E. _ 

Thus, we have achieved a linear transfer of the signal bearing term as 

described above. The recorded transparency contains the amplitude and 

phase of the complex wave scattered by the object and can be used to re-

construct the object as described in Chapter I. 

11.04 Measurement of Transmittance-Exposure Characteristics  

The relation between amplitude transmittance and exposure is ob-

tained by uniformly exposing a sample of the recording film to various 

known levels of light intensity for a fixed amount of time or alter-

natively exposing to a fixed light intensity while varying the exposure 

* 
time. 	In this way, a set of "grey" levels are produced.oa the recording 

film where the transmittance of these levels varies from nearly zero 

(black) to nearly one (clear). 

By combining these two methods, we can determine whether the film 
has a reciprocity effect; i.e., the transmittance is not simply a function 
of It. In practice, it is desirable to expose the test film for lengths 
of time which are about the same as the time which will be used to ex-
pose a hologram so that any reciprocity effects, which may be present, 

can be neglected. 
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After the exposures have been made and the film has been developed, 

the amplitude transmittance is obtained by placing the film in a coherent 

optical system similar to that shown in Fig. 11.3. Two readings are 

taken for each transmittance step; the first with the film in place 

and the second with the film removed. The ratio of these two readings 

gives the transmittance in terms of intensity. The positive square root 

of each of the intensity ratios yields the amplitude transmittance. 

The values of transmittance thus obtained for each step can be then 

plotted against the corresponding exposure levels to obtain the T
a
-E 

curve. 

In the optical system of Fig. 11.3, a pinhole filter is used at 

the measurement plane of the lens 1l  to limit the light on the photo-

cell to only the specular or d.c. components leaving the film. This 

is necessary so that light which has been scattered by the film grains 

does not influence the transmittance reading. This type of measurement 

is called a specular transmittance measurement. These data describe the 

macroscopic characteristics of the film for use with coherent light and 

are useful for setting recording levels and for estimating the linear 

range of the recording film. 

... 
11.05 Measurement of Other Film Characteristics  

There are other film characteristics such as the location of the optimum 

bias level on the T
a
-E curve, the frequency response or modulation transfer 

function (MTF) of the film and how much scattering is caused during the 

reconstruction process by the grains in the emulsion. In this section 

The material presented in the following section has appeared pre-
viously in the published literature and is included here for complete-
ness. See Reference 7. 
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Fig.,II t 3: Optical system for measuring amplitude-transmittance 
vs. exposure curve. ' 
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we describe experiments which measured some of these characteristics (ex-

cluding the light scattering by the grains) and give some of the experi-

mental results. In a later chapter, we shall discuss the scattering by 

the grains of the recording film. 

The basic experimental setup is shown in Fig. 11.4. Light from 

0 
a laser, emitting at 6328A,is divided by a beam splitter; one path is the 

collimated reference beam of intensity Io  and the other path is the 

collimated signal beam of intensity Is. The interfering plane waves 

have an intensity pattern at the photographic plate that is a sinusoidal 

function. This function is recorded on the film which, in these experi-

ments, was Kodak 649F film coated on glass plates and developed in D-19 

at 68
o
F for five minutes. 

The experimental setup is used not only for making the recording 

but also for measuring the parameters of interest. The measurements are 

made by placing the developed recording plate back into the setup and 

using the reference beam as a readout beam to reconstruct a signal beam. 

The parameters of interest are shown in Fig. 11.5. They are the 

incidentreadoutilluminationI.,the direct transmitted intensity I
dc

, 

the intensity of the diffracted beam I
d 

and the intensity transmitted 

by the unexposed portion of the plate I . 

If the T
a
-E data is normalized with respect to I , the average 

amplitude transmittance is defined as (1
dc
/1

g
1/2

. This curve is shown 

in Fig. 11.6. Generally, the value of I is about 80% of I
i
, but its g

magnitude varies with angle and polarization of the incident beam. The 

diffracted light intensity is also normalized relative to I ; thus, the 

diffracted light intensity is defined as
d
/1
g 
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Fig. 11.4 Experimental betup. 

Schematic of the measured readout parameters. • ;Ampli- 
tude transmittance 	 Fraction 'of light 
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For the simple gratings considered here, the light intensity of the 

interference pattern at the emulsion surface during recording can be 

written as 

I = I
o 	

I
s 	

2/I 
o  Is 	

21T cos -- x, 

and the exposure is given by E = It, where t is the exposure time. In 

Eq. (II.9), I
o 
and I

s 
are the intensities of the reference beam and 

signal beam, respectively, and L is the period of the fringes in the x-

direction. The modulation (or the contrast) of the fringes is given by.  

VI 7,1  = 	s  
To + Is - • 

If the signal is linearly recorded; the amplitude transmittance of 

the grating, after exposure and development, can be written as 

1 	 1 

	

T
a 
= Tb 2s IT7; [tM(01 	Lx - 40] , 

where T
b 

is the amplitude-transmittance bias caused by the spatially con-

stant intensity I
o 
+ I

s 
and s is the slope of the T

a
-E curve at the bias 

point. The terms M and 4r  are dependent on the spatial frequency and de-

fine an optical transfer fuaction of the film, M being the MTF and III being 

the frequency dependent phase change. 
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The T
a
-E curve is shown in Fig. 11.6 with a low spatial frequency 

sinusoidal exposure function plotted along the vertical axis. The low 

frequency sinusoid plotted along the horizontal axis is the spatial 

variation of amplitude transmittance for which we assumed M = 1 and 

III --, 0. Linear recording is achieved when a sinusoidal exposure pro- 

duces an undistorted sinusoidal amplitude-transmittance variation. 

Nonlinear operation occurs, of course, when the amplitude transmittance 

is a distorted version of a sinusoid. 

When the linearly recorded interference pattern is read out with 

the original reference beam, the intensity of the reconstructed signal 

beam is 

I
d 

= (stM)
2 
I
o
I
s
I
g
. 

The normalized diffracted light intensity is given by 

I
d
LIg 

= (stM)
2 
I 
o  Is 

 . 

From Eq.,II.13 we see that for a fixed spatial frequency, the square 

root of the diffracted light intensity is linearly related to the 

MTF at a fixed bias level or 

I
d 

' 
M = C (— 

Ig]) 

1/2 

 

where C is a proportionality constant. 
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By recording a series of sinuosids with fixed modulation and 

at a fixed bias point in the linear region of the T
a
-E curve, but with 

decreasing values of L, we can determine a MTF for the film from the 

of the diffracted light - intensity by calculating- for each 

grating the quantity._ 

I 

I 

1/2 

(11.15) 
A2T s t M "TOT: 

where AT is the ratio of the average-to-peak amplitude-transmittance 

AT 
variation of the grating. The value of T is used because only half of 

the diffracted light will go into the order of interest; the other 

half will go into the opposite order. 

We then determine the ratio of low-frequency average-to-peak amplitude 

transmittance by either graphically converting an amplitude transmittance 

sinusoid through the use of the T
a
-E curve, or by constructing very low 

frequency gratings, so that 

N1/2] 
(4) 	= [ S t 110Isi = E6d/Ig) 	3 

LF 	LF 	LF 

where LF denotes low-frequency operation. The MTF, M, is then given 

by 

1/2 

6d/Ig  
M - 

[(Id/1)1 
LF 
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which is the normalized (relative to low frequency) square root of 

the fractional diffracted light. We may ignore the phase factor * 

of Eq. (II.11) since film is isotropic and will have an even impulse 

response and thus a real optical transfer function. 

11.06 Experimental Results  

11.06.1 Light Diffracted as a Function of Amplitude Transmittance  

Fig. 11.7 shows the percentage of the diffracted. light intensity 

versus the amplitude-transmittance bias for different recording-beam 
I
o 

intensity ratios —
I 

at an offset angle of 500. The diffraction 

efficiency is maximized when the bias point has.an amplitude trans-

mittance near 0.5. This value is nearly independent of the ratios at' 07'  

reference-beam to signal-beam intensity. 	Some of the experiments 

were repeated at lower offset angles and similar curves were obtained 

for each angle except for an upward shift caused by increased film 

response at the lower offset frequencies. These results are expected 

because the T
a
-E curve has a maximum slope at T

a 
= 0.5. Thus, a spatially 

varying exposure pattern whose average exposure produces an amplitude-

transmittance bias of about 0.5 will produce the maximum spatially varying 

amplitude transmittance pattern on the photographic plate and hence will 

produce the brightest diffracted wave upon readout. We shall call the 

value of the exposure which produces an amplitude transmittance centered 

on the linear portion of the T
a
-E curve (in this case T

a 	
0.5) the 

optimum average exposure level, Eo, and designate the corresponding 

average amplitude transmittance, produced by Eo, the optimum average 

transmittance, Tb. 

Other investigators have also found this result. See Ref. 8. 
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AMPLITUDE TRANSMITTANCE AT THE BIAS POINT 

Fig• 11.7 	Diffraction efficiency vs amplitude transmittance. 
50°. M = 2(/01.)1/1/(io + /). 
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The curves in Fig. 11.7 also show that the diffraction efficienCy 

is not increased by operating nonlinearly at a lower amplitude-trans-

mittance bias (corresponding to the linear portion of the D-log E curve), 

even though the magnitude of the amplitude-transmittance excursions may 

be increased. The light diffracted into the reconstructed image is not 

increased although the total diffracted light is increased by this mode 

of operation; in fact, as the curves show, the diffracted light in the 

reconstructed image is considerably decreased since significantly more 

light is diffracted by the portion of the amplitude transmittance caused 

by the nonlinearities. 

11.06.2 Changes in Spatial Frequency 

The diffraction efficiency as a function of offset angle is shown 

in Fig. 11.8. The amplitude transmittance was fixed at 0.5 and the 

ratio of reference-beam to signal-beam intensity was maintained at 50:1; 

these values ensured linear operation. The diffraction efficiency was 

measured for offset angles ranging from 0 = 1.35°  to 8 = 120°. The 

diffraction effiCiency decreases at a (nearly) uniform rate up to an 

angle of 50
o 
at which point it slopes more sharply downward. The 

diffraction efficiency is reduced by 50 percent for an offset angle of 

90°. We can also plot the diffraction efficiency using the total light 

incident on the photographic plate from the readout beam instead of 

normalizing relative to I . This curve is lower because some of the 
g 

incident light is reflected at the surface of the plate and some is 

internally absorbed. 
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By using the results shown in the upper curve, we can obtain the 

MTF of the film. We convert the offset angle to a spatial frequency 

through the relation 1 
	2 	8 
= 7- sin 	take the square root of the 

A 

diffraction efficiency at each offset angle, and normalize these values 

to the diffraction efficiency at zero frequency. Figure 11.9 shows the 

MTF for the Kodak 649F recording film used in these experiments. We 

see that the response drops to 70.7 per cent of its peak value at 

approximately 2200 lines/mm. 

11.07 Effects of the MTF and the Film Size in Holography  

Two properties of the recording process which affect the performance 

of holograms are the modulation transfer function (MTF) and the size 

of the recording film. In the previous section, we have seen how one 

of these properties can be measured. Here we shall show how the MTF 

in combination with the film size affects the wavefront reconstruction 

process. This problem was studied first by Van Ligten
(9), who studied 

only the effect of the MTF, and more recently by Diamond
(10)

, w
h
o took 

into account both the MTF and the film size. We refer the reader to 

Ref. 10 which contains an extensive list of other references to papers 

concerned with this matter. 

Here we shall approach this problem from a new point of view which 

allows us to simplify the analysis and to characterize the wavefront 

reconstruction process as a linear-filtering operation. We shall show 

that, generally, the process is a space-variant linear filtering opera-

tion and also we shall show the conditions under which the process can 

be considered to be a space-invariant linear-filtering operation. 
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To study the effect of the MTF and the film size, we assume again 

that, during the recording, the amplitude of the reference wave is 

large compared to the amplitude of the object wave for all points on 

the hologram. Then, the exposure can be written as 

E(x,y) = a
r
2
t + 2ta

r
a(x,y) cos [kRr(x,y) - 4(x,y)] 

= E
o 
 + 2ta 

r
a(x,y) cos [kRr(x,y) - f6(x,y)] . 	(II.18) 

In photographic recording, the frequency filtering effect or loss 

of resolution takes place during the exposure and can be taken into 

account by convolving the exposure function with the impulse response 

of the film. In this way, we obtain what Kelly(11)  has called the 

effective exposure. Thus, the effective exposure is given by 

[E(x,y)i eff  = E(x,y) * m(x,y), 

where * denotes a convolution and where m is the impulse response of the 

recording film. The impulse response and the MTF, M, are Fourier trans-

form pairs and we can write the impulse response in terms of the MTF as 

rn(x,y)= if 	ei2"§x4:11Y) d 	 (11.20) 

and the MTF in terms of the impulse response as 

03 

M(,1) =fim(x,y) e 

_co 

-j2u(§x+71y) 
dxdy. 
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Suppose we consider the hologram recording setup shown in Fig. 

11.10. Here we have a plane object with complex amplitude ao(u,v) 

located a distance z from the hologram and a reference point located 

at 	(u r  ,v r  , z r), which produces a spherical reference wave of amplitude 

a
r 

at the hologram. Using the Fresnel-Kirchhoff formula given by 

Eq. (11.4), we can write 

E(x,y) = E
o 
+ Ce 

-j kR
r
(x,y;u

r
,vr) 

JJdudv ao(u,v) ejkR(x,y;u,v) 

A0  

where C = -ja
r
t/Xz

' A0 
is the area of the object, 

(x-u
r
)
2 	

(y-vr)
2 

R = z + r 	r 	2zr 	2z
r  

(x-u)
2 	

(y-v)
2  

R = z + 
2z 	2z 

+ c.c. 	(11.22) 

(11.23) 

(11.24) 

and c.c. means the complex conjugate of the previous term. 

The effective exposure is given by the expression (11.19) which 

can be written as 

ea 

[E(x,y] eff  = 	dx t dy 	0
+ Ce -jkRr

(x-xt,y-yl;u r ,v r  ) 

e
jkR(x-x t ,y-y' Irdudv ao(u,v) 

A  

;u,v) 
+ c.c) m(x t ,y t) 

(11.25) 



(u pv ,z ) r r r 

Lx 

Z 

' (55) 

Fig. 11.10 Hologram set—up. 0 is the object, 

II is the hologrm and the reference point is 

located at (u ,v oz ). r r r 
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or 
(x-x 1 -ur)

2 
(y-y 1 -vr)

2
] 

-jk[ 	 
2zr 	

1 	 
2zr  

co 

E
o 
+ Clindx'dyl 	 m(x',y') e 	

z
r 

 [E(x 
,y)] eff 

+ c.c. 	(11.26) 

We can expand the exponents in Eq. (11.26) to obtain 

-jk[

(x-ur)2  (8-vr)21 
7r; 	

2z
r 
	2z 

 
Px,y)leff  = E0  +(e.  

jk (x-u)
2 
 (Y-v)2] [7-1 

2z 2z 

J
.dudv a

o
(u,v) e 

z ,2 ,2 
+y ) 

r 
c.c. (11.27) 

In the above equation, consider the exponential which contains x'
2 

and 

y'2. This exponential can be taken to be equal to one if 

IF(1
z 	

+ y12)/Xz i< 7/4. Or if Nx12  + y 12 1 <1177/2(1 - I- ). We 
r 

	

	
z
r 

note that since the film is an isotropic material, m(x',y') is a 

function with radial symmetry. Thus, we can also write the above in-

z 
equality as 	r I < "F/2 (1 - ) where r

2
= x

,2 
+ y

,2
. A typical case 

is when X = 0.00063mm and z lz! 100mm. Then, if we take the "worst" case 

where the reference beam is collimated or where z
r 

= °', we have that 
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I rl must be less than 0.125mm to satisfy the inequality. Thus, we 

see, in practice, this exponential can be taken to be equal to one 

since all films which may be used to record holograms have an impulse 

response which is essentially zero for Irl 	0.12mm
* 

 . 

Thus, if we ignore the exponential of Eq. (11.27) discussed above, 

the effective exposure is 

[E(x,y)1 eff  = E + Cif dude ao(u,v) eill M(fx'fy)  + C.C. f 

A 0 

where 

(x-u)
2 	

(y-v)
2 	(x-ur)

2 
_ (Y-vr)

2
] 

t = k[z - z + 
r 	

4. 	 
2z 	2z 	2z 	2z

r  

and where M(f 
x 
 ,f 
y
) is the MTF evaluated at 

_ 1 a 	_ x / _ z N 4. ur 	u 
f 
x - 27 (i)c * - x; Q. 

	
z
r
) Xz

r 	
Xz ' 

v
r 

-
_ 	:

y v'
1  . it ( _ z \ 4. 	v 

f 	 _ 
Y 	Az 	z

r
i 	Xz

r 	
Xz ' 

(11.28) 

(11.29) 

A linear recording of this exposure, in the sense described in the pre-

vious section, yields an amplitude transmittance 

T(x,y) = Tb  + [Tv(x,y) + Tr(x,y)] , 	(11.31) 

* 
For example, suppose the MTF of the film is a Gaussian curve with the 

? 

standard deviation a = 25 timm (a very poor film . Then, the impulse response 
will have nearly zero value for all values of Ir > 3/a or for all values 
of Id z  0.12. 
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where T
v 
and T

r 
are the parts of the transmittance of the hologram 

which produce, respectively, the virtual and real images upon recon-

struction. T
v 

and T
r 

are given by the expressions 

T
v
(x,y) = Cs fidudv a

o
(u,v) ej  M(f ,f ) 

x y 
A  

and 

T
r
(x,y) = Csfi 	

jt 
dudv a

o
*
(u,v) e 	M(f 

x 
 ,f 
y
) . 

A  

(11.32) 

(11.33) 

To determine the effect of the MTF and hologram size upon the wave-

front reconstruction process, we can examine either the virtual or the 

real image. Suppose we consider the virtual image. To reconstruct the 

virtual image, we illuminate the hologram with a replica of the original 

reference wave and, using the Fresnel-Kirchhoff formula (Eq. 11.4), 

examine the diffracted light at the original object position. Thus, 

with 1.11 ,17' the coordinates of the diffraction pattern at the original 

object position, the complex amplitude of the reconstructed virtual image 

is 

rr
jkRr

(x,y;u r  vr  ) 

z
U(u1 ,v1 ) = 	T

v
(x,y) a

r 
e 

At 
-jk z 	

(x-u')
2 	(y-v/)2] 

[ +. 
2z 	2z • 

e  dxdy, (11.34) 

where a
r 

exp jkR
r 

is the reconstruction beam and A
t 

is the area of the 

rectangular hologram of sides L
x 
and L in the x and y direction respectively. 
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We note that u' and u will have nearly the same value, as will v' 

X and v since U(u',v') will be very small for Cu' - u) > 
I;
z and for 

reconstruction of a
o
(u,v) is to be effective. 	Thus, we can write that 

, - u 	,u, 2 	2 
u k 	+ u)(ul  - u) 	2u(ul  - u) and v'

2 
- v

2 
= (vI  + v)(vf  - v) 

2v(v' - v). Using these approximations in Eq. (11.34), we have that 

Ji JiU(u',v') = C' 	dudv a(u,v) e 

-i
z
[u(uI  -u)+v(v'-v)] 

A 
 

TA(u'-v)x+(vI -v)y] 

ffdxdy M(f ,f ) e x y 
At  

(11.35) 

where C' is a new constant. This equation describes the complex ampli-

tude of the reconstructed image and can be used to study the effect of 

the MTF and the film size on the wavefront reconstruction process. Be-

low we study some special cases. 

11.07.1 Perfect Film 

If the film is perfect, i.e., there is no frequency dependent 

attenuation or M(f ,f ) = 1 for all x,y, Eq. (11.35) becomes 
x y 

U(u',v1) = C' 	dudv a
o
(u,v) L 

x  Ly 	2 z 
x 

sinc 	(u' -u) sinc ITII 
J 	

(v'-v) 
i Jr 

kL  
2z 

A  
• 

.k 
+ (v'-v)v] 

e z  
(11.36) 

   

Here, of course, Xz/Lx  and Xz/Ly  are the hologram aperture-limited 
resolutions of the reconstruction process in the u' and v' directions 
respectively. 

(v' - v) > ?_tz.. for a particular reconstructed image point, if the wavefront 
L. 
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sin x 
where 	= sinc x. 

x 

From (11.36) we see that the complex amplitude of the recon- 

structed image is obtained by passing the complex amplitude of the 

object through a linear filter with impulse response given by 

kL
x 	

2z

kL 

2z 
h(u',v1 ) = C'LxLy  sinc 	u' sinc --Z v' 

- j—
z
k  

e 
[uut+vvi 

(11.37) 

Thus, we see that the wavefront reconstruction process is a space-

variant imaging process since the impulse response depends on the 

original object coordinate u,v through the exponential in Eq. (11.37). 

The reason that the wavefront reconstruction process is space-

variant can be understood by considering Fig. II.11. Here, 0 is a 

planar object which scatters light to the hologram H. Suppose A, B, 

and C are three object points which scatter light into the cones shown 

by the solid lines. Since the size of the hologram is finite, the 

hologram intercepts a different part of the cones of light from the 

three points and, of course, upon reconstruction the light which will be 

diffracted to the reconstructed image will contain only that part of the 

total cone which was intercepted by the hologram. Thus, the wavefront 

reconstruction treats each of the points differently. If, however, the 

points of the object are close together, as are points B and C in Fig. 

The terms space-variant and space-invariant is used in optic6 in 
analogy to the terms time-variant and time-invariant used in electrical 
filters. 
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Fig. II.11 SiDace—variant property of holography. 
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II.11, the hologram will intercept nearly the same portion of the 

cones due to the points and over a small region the wavefront re-

construction process will treat all of the object points in the same 

way. In this small region, which can be called an isoplanatic patch in 

analogy with ordinary optical imaging
(15)

, the wavefront reconstruction 

process is space-invariant. 

The size of the isoplanatic patch can be determined in the follow-

ing way. If, Iz  (u'-u) ul < r/4 and I-  (v'-v) vi < 7/4 in Eq. (11.36), 

the exponential can be neglected. This implies that lul < L
x
/8 and Ivl < 

L /8, since we can take 1(u'-u)1 	X/Lx  andl(v'-v)I 	Xz/Ly. Thus, if 

the object is small compared to the hologram size we can write (11.36) as 

kL 	kL 
U(u',v') = C'L 

x  Ly 
 firdudv a

o
(u,v) sinc 	(u, 
	

2z 
-u) sinc 	(v'-v), 

2z
x 
  

A 
 

	

kLx 	kL 
= C'L L a (111 ,v 1 ) * sinc 	sinc --Z v' 

X y o 	2z 	2z 	' 
(11.38) 

We see that for small objects (objects which are confined to the iso-

planatic region), the wavefront reconstruction process can be repre-

sented as a linear space-invariant filtering operation where the complex 

amplitude of the reconstructed image is obtained by passing the complex 

amplitude of the object through the linear space-invariant filter with 

impulse response 

kL 	kL'kL.  
h(u',v') = C'L 

x  Ly 	2z 
sinc 	ul  sinc 	v'. 

2z (11.39) 
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We also observe from the form of the impulse response, that the 

resolution of the reconstructed image depends upon the aperture of the 

hologram. 

11.07.2 Fourier Transform Holograms(13-15) 

If we have the case z = z
r
, we have a so-called Fourier trans- 

form hologram. In this case, we see from Eq. (II.30) that f
x 
and 

f are independent of x and y. Thus, Eq. (11.35) becomes 
Y 

if 	
u -u v -v 

U(u',v') = C I 	dude ao(u,v) 	, 
Xz 

4 % 
 

kL 
(u'-u) 

kLkL 
sine --I 

.k 
- 3— 

(v'-v) e 	z  
[..(u'-u)u + 	(v t -v)v] 

(II.40) 
L L 	sine 
x y 	2z 2z 

This result is the same as for a perfect film except that we have an 

attenuation of the reconstructed image which depends, in form, upon 

the MTF of the film and, in argument, upon the position of the object 

point in question. Thus, we see that the MTF of the film has no effect 

upon the resolution of the reconstructed image but instead affects the 

brightness of the reconstruction. The resolution is still determined 

by only the aperture of the hologram as in the case of perfect film. 

Again, for small objects, i.e., for lul < L
x
/8 and Ivl < L

Y 
 /8, 

we have that 

u
r
-u' v

r
-v.  

	

U(u',v') = C'L L a (u',17').M . 	, X y o 	Az 	Xz 

kL u' 	kL vl  

2z 	2z 
* sinc 	 sinc --X-- . 

A 
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Thus, for small objects, Fourier transform hologram imaging can be 

represented as a combination object-dependent attenuator followed by 

a linear space-invariant filter with impulse response determined by 

the hologram aperture. 

11.07.3 Very Good Film 

Returning to Eq. (11.35), we see that if the film is "very good" 

M(f ,f ) can be taken to be nearly a constant over the hologram aperture. 
x y 

Thus, M(f
x'

f
y
) is approximately independent of the hologram coordinates 

and can be taken outside the inner integral of Eq. (11.35) and evaluated 
u
r 	u 	

vr 
at fx 
	Xz 
= 	f = 	In this.case, the complex amplitude 

r 
Xz' y Xz Xz' 

r 
  

of the reconstructed image is, for small objects where lul < Lx
/8 and 

Iv' 	< L 
Y
/8, 

ur  
U(u',v') = C'L 

x  Ly 
 a 
o
(ul ,v') M xz  

r 

v
r u' 

Xz' Xz 
.r 

_ v' 
Xz 

* sinc 
kLu' 
x 

 

2z 

kL v' 
sinc --I-- 

2z ' 
(11.42) 

This result is the same as for Fourier transform holograms. This repre-

sentation is a good approximation for Kodak 649F film since, in this 

case, M(f 
x 
 ,f 
y
) is nearly constant up to about 2200 ?/mm (see Fig. 11.9). 

11.07.4 Large Holograms  

If the hologram aperture is large compared to the extent of the 

MTF, the limits in the inner integral of Eq. (11.35) can be extended 

to infinity. Thus, the complex amplitude becomes 



k 	1  
(v' - v) < n/4, 

z
r (1-) 

z
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(65). 	. 

U(u',v') = C 
rr 	 -j—

z
[u(ul  -u) + v(v'-v)} 

JJ dudv a
o
(u,v) e 

A
o 

eo 
Co 	jqu'-u)x + (v'-v)y] 
.ffdxdy M(f ,f ) e z  

x y 
-0° 

(11.43) 

If we let 

u
r 

§ ,=x3-4  (1 - --• ) + 
z
r 	

Xz 	AZ ' 
r 

 

(11.44) 
TI 

= XYZ. (1 	z• ) 	Xz 	Xz 
r 	r 

and use the definition for the impulse response of the film given by 

Eq. (II.20), we have that 

[(u' -u) u
r 

+ (v'-v) y
r] 

U(u',v') = C" 
Ji 

 idudv ao(u,v) e 

• A
o 

zr zr 

. 	k 
3 

j 	
k  

z  [(u'-u) u 1 (v'-v) v] 
z (1--) 

	

U'-u 	

(1—:—) 

v'-v r z 
r 	 (11.45) 

	

r 	r 

where C" is a new constant. We see, again, that the wavefront recon-

struction process is a space-variant filtering operation since one of 

the exponentials depend on (u'-u), (v'-v) and on u,v. If 

(u' - u) u < n/4 
z
r (1—• ) 

z
r 

and 	 (11.46) 
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we can again neglect the exponential. Thus, within the isoplanatic 

region given by 

lul < 	8  
L-1) 

and 	< 	Y 
; 

we can write the complex amplitude as 

   

k  
u'ur  v'v

r . 
J • z 	z 	z 
(1-71 ) 	r •v'  

(l -._._
z  
r 

 

U(u',v') = C" a
o
(u',v 1  ) * m 	 

  

(11.47) 

This expression represents a space-invariant filtering operation on the 

complex amplitude distribution of the object. The filter impulse re-

sponse is 

If the reference beam is collimated, z
r 

= m, and the impulse response 

reduces to 

-jk(0 u' + 0 v') 
h(u',v') = C" m(u',v') e 	xr 	yr 

and becomes independent of the condition (11.46); that is, the iso-

planatic region is extended to all points of the object. In the 

above expression, 

u 	 v
r 

-*I z — 
0 	= lim 

r 

-r- 	
and 	0 	= lim -- 

xr 	 yr 	,3) zr -1 z 	 z r 	 r 

---- 

(11.49) 
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In this case, the complex amplitude of the reconstructed image is 

-jk(8 u' + 8 v') 
U(u',v1 ) = K" ao(ul ,v') ,; xr 	yr 

m(u',v) e 	 (II.50) 

We see that in the case of the large hologram, the resolution of the 

reconstructed image is determined by the film alone and does not de-

pend on the hologram aperture. 

Of course, if the reference beam is in-line and parallel to the 

normal to the hologram, the exponential term in the impulse response 

becomes equal to one since 8 	. 0 	= O. 
xr yr 

11.07.5 General Case  

In, Eq. (11.35), we can substitute for the MTF. Thus, using the 

definition for M(f ,f ) given by Eq. (II.21), we have for the complex 
x y 

amplitude of the reconstructed image the expression 

.k 
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A
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Performing the integration over the hologram aperture, we get 
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We see that this expression describes a space-variant filtering operation 

on the complex amplitude of the object. The impulse response which will, 

of course, vary over the object, for a point located at a, ;',,can be 

written as 

C'L L 	+ 
h(u',v'; am 	x y2

z   
a  LL 

(1- ) 
r  

	 Ll 	- 
z 	z 	z 	z 
r 

+ vl (
v
r 

r
e  

zr  

sinc 
kL 	kL 

2z 

kL 

2z 
11. 1  sinc 	 (11.53) 

Thus, we see that this impulse response will be determined by both the 

impulse response of the film and the impulse response of the aperture 

which is given by the sinc functions. 

To show this more clearly, we can examine the behavior of the 

general case in the isoplanatic region. Returning to Eq. (11.51), we see 

that we can make the integral over E, 1 independent of the coordinates 



kL
x sinc 

2z 

+ v(v.-v)J 

dudv a
o
(u,v) e U(u',v') 

ii 

k 	§ur ilvr  

e 

;1;Y'l  

r  

[(v' 	- v) 

z r 

(11.55) 

(1-iL)J 

sinc 

mr 	 , 
(1-L) 

[(u'-u) - 

(69) 

Iku  
u,v if 1 — §1 < 7/4 and I w iiI < n/4 or if

* 

Xz 
lui < 

Xz 
and 	Iv' < (11.54) 

In this case, after intergrating over the hologram aperture, we have 

that 

L 	L 
Now, if we apply the further condition that 1111 < 	and Ivl < —Y 	we 

8 

can write Eq. (11.55) as 

k z  

e 

ur 	yr  ) 
+ v ' zr 	zr C'L L u1 	v1 	(1--zF 

U(u',v') = 	x  Y 	a (u',v') * m 	, 
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z  
z \ :—) 	(1-t-) 
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r
/  r 	r 

kL 	kL 
:csinc 2zx u' sinc 2 	

v' 
z 

(11.56) 

*As in our previous example, we can take X = .00063 mm and z = 100 mm. 

Then, the following inequalities must be satisfied; hid< .063 and 
3 

Iv' < .06 ----. If we take, as before, that E, 1 < 0.12 mm, then 

I ul, Ivl < .066 mm defines the isoplanatic region. 
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This expression clearly exhibits how the resolution of the recon-

structed image is influenced by both the impulse response of the film 

and the diffraction-limited resolution of the aperture. 

We note that for a collimated reference- beam, z
r 

= r" and Eq. 
—, 

(11.56) becomes 

-jk(0 u' + 8 v') 
U(u',v') = C'L 

x  Ly 
 a 
o
(u',v') ,;m(u',v1 ) e 	

xr 	yr 

kL 	kL 
* sinc 

2z
x  ut  sine --Z v' . 

2z 
(11.57) 

11.08 Resolution of the Wavefront Reconstruction Process 

11.08.1 General Case  

We can use the above results to classify the resolution we ex- 

pect from the hologram process. In the general case, the resolution 

of the hologram process is determined by the convolution of the diffraction- 

limited impulse response of the aperture and the impulse response of the 

film. Thus, we can expect that resolution size will be larger than we 

would expect from simply a consideration of the hologram aperture size 

[see Eq. (11.56)]. 

11.08.2 Fourier Transform Holograms 

In this case, the resolution will be determined by aperture of the 

hologram. The effect of the MTF of the film is non-spatial-frequency 

dependent and it simply weights the complex amplitude of the reconstructed 

image [see Eq. (11.41)]. 
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11.08.3 Very Good Film 

If the film we use for the hologram is of the quality of Kodak 

649F, the resolution will be determined by the aperture of the holo-

gram as in the Fourier transform hologram case. In this case also; 

the MTF of the film acts as an object-dependent attenuator which. 

weights the reconstructed image [see- Eq. (11.42)]. 

11.08.4 Very Large Hologram  

In this case, the resolution will be determined solely by the 

impulse response of the film as in conventional photography [see 

Eq. (II.50)]. 
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CHAPTER III 

ANALYSIS OF THE FILM NONLINEARITIES IN HOLOGRAM RECORDING 

III.01 Introduction  

The effect of the nonlinearity of the photographic film used in re- 

cording holograms has been examined by a number of authors
(1-4)

, start- 

ing with Gabor who pointed out that the optimum hologram is obtained 

when the amplitude transmittance is linearly related to the exposure. 

Some of these analyses have been based on the D-log E curve of the film 

but more recently the nonlinear effects have been studied on the basis 

of the amplitude transmittance versus exposure (Ta-E) curve of the film
(5
'
6) 

It has been shown in Ref. 7 and in Chapt. II that optimum holograms are 

produced when the average' exposure level of the hologram Eo 
coincides 

with the center of the linear portion of the T
a
-E curve, thus producing 

the optimum average transmittance Tb. This procedure is optimum in 

that both the brightness of the reconstruction and the signal to film- 

grain-noise ratio is maximized(8). (We shall say more about the film- 

grain-noise in Chapt. 

In this chapter we extend the previous analyses with particular 

emphasis on determining the effect of the film nonlinearity when making 

holograms of diffusely illuminated objects. We use the Ta
-E curve as 

the transfer characteristic of the hologram recording film and we re-

strict our attention to carrier frequency holograms. 

We assume that the sensitivity of the film is not a function of 

spatial frequency, i.e., the film is perfect in the sense described in 

Chapt. II, and that the amplitude transmittance of the film is a real 

(73) 
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function also as we did in Chapt. II. For the type of film usually used 

in holography (say Kodak 649F or Agfa Gevaert 1070E), the first assumption 

puts an upper limit of about 1500 lines/mm on the spatial frequency con-

tent of the hologram; however, the theory as developed here probably 

does not apply at these high spatial-frequencies since we do not take 

into account any emulsion thickness effects. We also note that we assume 

here, as we did in Chapt. II, that the distance between the object and 

the hologram is large when compared to the size of the hologratil and object 

and that the object is planar. 

111.02 Hologram Exposure  

Suppose we have the hologram recording system shown in Fig. III.1. 

The complex amplitude, due to the object,.at the plane of the hologram 

is a(x,y) exp je(x,y) and.  the complex amplitude due to a spherical 

reference wave is a
r 

exp jkRr(x,y). We assume that a
r
, the amplitude 

produced at the hologram by the reference point, is a constant. R
r 

is the distance from the reference point to a point (x,y) in the hologram 

and k = 27/X. Then the intensity at the hologram is 

I(x) = la
r 

exp [jkRr(x)] 	a(x) exp De(x)J l2 

= a
r
2 

4- a2(x) + 2a
r
a(x) cos EkR

r 
 (x) - e 	, 

where x indicates the point (x,y) in the recording plane. 

Let K = a
r
2
ka

2
(x)› be the beam ratio, i.e., the ratio of the 

reference beam intensity to the space average of the intensity produced 

at the hologram by the light scattered from the object. Since the 



(75) 

II 
Ref. 

Fig. 111.1 'Taking the holorsram. 0 is the object, 

Ref. the point reference source and lithe holocr2m.. 
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exposure, 	is the product of the intensity and the time, 

E1(!) = t&02  (x)› + a2(x) + 2s/R-((a2(x)>)1/2  a(x) cos 6(x):]. 	(III.2) 

Here, we have set $(x) = kRr(x) - e(x). 

For a carrier frequency holograin, the term a(x) cos $(x) is a 

function having a finite band of spatial frequencies centered at some 

average value. Here we assume that the lowest spatial frequency is 

high enough to prevent overlap of the spatial frequency spectra of the 

terms a(x) cos s6(x) and a
2
(x). Note that a

2
(x) is a term having spatial 

frequencies centered on zero but with spectrum wider than that of a(x) 

because of the squaring operation. 

E l (x) may also be written as 

a2  (x) 	alila(x) cos pi(x) 
E (x) = (K + 1)<a

2
(x),t 	1 + 	 

(K+1)(a
2
(x)) 	(K+1)(<a2 (x)))1/2  

(III.3) 

If we set E
0 
 = (K ± 1)‹a

2
(x)›t

' 
 where E

0 
 is the position of the optimum 

bias exposure corresponding to the optimum bias amplitude transmittance 

Tb, we have 

B (
1}  ( 	0 

   Cl + B(x):]1/2  cos gxl 1 E' (x) 
= E0 1  + K + 1 + K2+1 

(111.4) 

where 

a
2
(x)-6

2
(x)› 

 

(III.5a) 
<a

2 
(x)> 
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and_where 

a(x) 
+ B(x):]112  cos 4(x) — 	2 	1/2 cos s6(x). 

(x)>) 
(III.6a) 

Note that B(x) is the normalized deviation from the mean of the 

intensity produced at the hologram by the light scattered from the ob-

ject; that is, B(x) is the normalized deviation from the mean of the 

intensity produced at the hologram in the absence of the reference 

beam. Thus, -1 	B(x) < ©0  and <B(x)> = 0. The function B(x) plays 

an important part in the non linearity analysis as we shall see 

later. 

If the object is made up of N discrete points, the complex ampli-

tude produced at the hologram by the light scattered by the object is 

given by 

a(x) exp Eje (x)i = 

  

a . exp 	(kRi(x) 	Vi)] , 

 

i=1 

 

where a
i 
exp j*

i 
is proportional to the complex amplitude of the ith 

resolvable object point and Rjx) is the distance from the ith object 

point to the point x in the hologram plane. For a spherical reference 

beam as before, the intensity at the hologram is 

N 

I(x)=Iar exppldIr Wi+Ea.exp p(kRi(x) + 1;r i)] I2  

i=1 
N 	N-1N 

=ar2 +Ea.2 + 2 E 	a.a. cos k[it.
J 
 (x) - Ri(s))] + 1;ri  - 

1=1 	i=1 j=i+1 

N 

+ 2a 
r 	

a i  cos (k[l (x) - 

1=1 
3. 
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In this formulation the beam ratio is 

a
r
2 

N 	
2 a.  

where 	a.2  is the mean intensity at the hologram of the light 

i=1 
scattered by the object. We may write the exposure function in the 

same way as Eq. (III.4) if we recognize that B(x) is-given by 

N-1 N 

E 	E 	a .1a .J  cos (14-11. j  (20 -Ri 	111j-* i  

BOO = .2i=1 	l=i+1  
N 	

2 
ai 

 

i=1 

and that the carrier frequency term may be written. as 

E  a. cos k[Rr(x)-Ri(xil-klr i) 

+ B(x)...1 
11/2  

cos 0(x) — 1=1 	 1/2 
ai
l 

K = 

(i

N  

=1 

(III.5b) 

(III.6b) 

It is convenient to define the normalized exposure E(x) as 

E(x) = D i (x)/E
0 
 :)- 1 and to define a normalized T

a
-E curve. This 

normalized curve is obtained from the ordinary Ta-E curve by shifting 

and scaling the exposure coordinate so that the normalized exposure 

E(x) = 0 produces the optimum average transmittance T
b 
and a normalized 

exposure E(x) = -1 produces unity transmittance. The ncrmalized T
a
-E 

curve is called F(E), the point (O,Tb) on this curve is called the 

bias point and the linear slope at the bias point is designated as 

We note here that the s of this chapter is the slope of the 
normalized Ta-E curve and should not be confused with the s of Chapt. 
II which is the slope of the ordinary Ta-E curve. 
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111.03 Exposi-g the Hologram 

To record the hologram linearly, we must have K large so that we 

confine the variations in exposure to the linear portion of the normali-

zed Ta-E curve. When K is large the resulting amplitude transmittance 

is approximately 

(13(2:c) 	2/1 El + B(2s)j
1/2 

cos S(1 
Ta  (E ) = Tb  + s, 	 

	

K + 1 	K + 1 (111.8) 

In this linear case we see that, upon using a proper reconstruction 

procedure, the second term in the brackets will form real and virtual 

images which are faithful in every respect to the original object as 

explained in Chapt. I. 

When K is not large enough, this linear approximation is not valid 

and the amplitude transmittance is 

Ta(E') = Tb  + F(E), 	 (III.9) 

where 
Curve 

F ,s A -r., 	IA cteclvttil -i-Lte 	ra LA % 	vtc 	S• c foSOire 

" 	fi I t.4 . 	IS'a ) tue Vta 

[BOO 	2/i [1 + B(X)J1/2  cos $(x) 
F(E) F 	 

	

K + 1 	K + 1 

This may also be written in terms of a Fourier transform(5) as 

F(E) =1 
	

F(w) exp (jwE) dw , 

ti 

where F(w) is the Fourier transform of F(E). Substituting the value of 

E in the above equation, we find that 



co 
7' 

	

1 	 (x) 	Zii 	+ 
B(  )]1/2 

 cos f6(x)).  F(E) = 	dZ(w) exp 	+  

	

2n 	K + 1 	K + 1 
_m 

We expand the exponential function in this expression using the Jacobi-

Anger formula(9). Then 

F(E) = 	Hm  [B(x); KJ cos ms6(x) 

where H
m, the coefficients of the above series, are given by 

Hm03(); 
M 

(j )m 
ji 

 F(w) 
wB(x)N (2K1/2 B(x)j1/2 

exp j
K + 1) Jul 	K + 1 

dw 

and where J
m is the Bessel function and eo  = 1, em 

= 2 (m A 0). The 

coefficients H
m 

are functions of B(x) and are dependent on the form of 

the nonlinearity and on the beam ratio as the parameter. The resultant 

amplitude transmittance is 

CO 

Ta(E') = Tb  + H003(x); K] + E Hm[B(x) ;  K]  cos mch(x). 	(III.10) 

m=1 

111.04 Effect of the Nonlinearity, 

A number of qualitative observations can be made about the hologram 

recording process by comparing equations (II1.8) and (III.10). In 

equation (III.10), that part of the amplitude transmittance used to re-

construct the real and virtual images of the object -
corresponds to the' 

first-order term (m = 1). We see that the phase of this term is in 

agreement with the phase of the corresponding first-order term in 

Eq. (III.8) but that the amplitudes differ. The amplitude HiCB(x); K] 



is a function of B(x) and we would expect that the variation of B(x) 

will determine the amount of amplitude distortion that a given com-

bination of film nonlinearity and beam ratio, K, will produce. For 

.example, if B(x) is zero or varies only a small amount about zero, 

most of the information about the object is contained in the phase part 

of the record and the film nonlinearity has little effect on the recon-

struction. This situation occurs when making holograms of photo-

graphic transparencies illuminated by plane or spherical waves. More 

generally, the variation of B(x) may be quite large and we would expect 

severe amplitude distortion of the transmittance of the hologram for 

small K. This amplitude distortion has the effect of introducing inter-

modulation products into the first-order term which; in turn, produce 

distorted or noisy reconstructed images. 

For m > 1 we see that the nonlinearity has generated higher 

order amplitude transmittance terms having distorted amplitudes and 

phases which were not present in Eq. (III.8). In addition, the zero-

order term (m = 0) is a distorted version of the linearly recorded low-

frequency term s1B(x)/(K + 1). The distortion present in these terms 

produces intermodulation products which tend to widen the spatial fre-

quency spectra of the terms. Thus, even if the spatial-carrier fre-

quency is high enough to avoid spectral overlap between the zero and 

first-order terms of Eq. (III.8), the-terms for m j4 1 in Eq. (III.10) 

may contain spatial frequencies which overlap the spectrum of the 

first-order term. This spectral overlap means that parts of the waves 

This also can be the situation when making spatial filters. See 
Ref. 10. 
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which are generated in the reconstruction by the terms where m 	1 

are present at the same place as the desired reconstructed images, thus 

introducing a spatial-overlap noise into the hologram process. 

This type of noise can be avoided by increasing the spatial-

carrier frequency, provided that the film has an adequate spatial 

freqdency response. The increase in carrier frequency will increase 

the diffraction angle of the waves generated by the terms for m > 0 

and these waves will thus propagate in the reconstruction in such 

directions that there will be no spatial overlap at the place where 

the desired first-order reconstructed images are formed. In this 

study, we assume that the carrier frequency is high enough to avoid 

spatial-overlap noise and we ignore all but the first-order term when 

we consider the noise generated in the reconstructed images by the 

amplitude distortion. 

111.05 Effect of the Object Intensity Pattern  

An examination of Eq. (III.4) reveals that the exposure function 

consists of three terms: a constant term, a zero-order term which is 

a low frequency spatial fluctuation directly related to B(x) and a 

spatial-carrier frequency term whose amplitude and phase are directly 

related to the complex amplitude produced at the hologram by the light 

scattered by the object. 

The second term makes the analysis of the hologram nonlinearities 

different from the usual nonlinear analysis and creates the major part 

of the amplitude distortion which is caused by the film nonlinearity. 

This troublesome second term causes the effective bias poin't of the 
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T
a
-E curve to shift as B(x) changes in magnitude. This bias shift 

is especially troublesome when the intensity produced by the object 

at the hologram has a large dynamic range. 

A situation of this kind is shown in Fig. 111.2. At the right is 

shown the relative intensity due to the object alone. Below the T
a
-E 

curve is the exposure function of the recording. The dashed line in- 

dicates the shifting bias level while the solid lines are the envelope 

of the carrier frequency function. The high frequency spatial fluctuations 

in this envelope are represented by the straight lines contained within 

the envelope. 

Just to the right of the T
a
-E curve is shown the resulting trans-

mittance fluctuations. It is apparent that the nonlinear T
a
-E curve 

has distorted the signal by suppressing the high intensity regions while 

leaving the low intensity regions nearly unchanged. This is the type 

of intensity pattern one encounters when making holograms of an object, 

which is a photographic transparency illuminated by a plane wave, at 

the back focus of a lens.(11)  In this case, it is known that the com-

plex amplitude of the light due to the object is given by the Fourier 

transform of the photographic transparency. The high intensity region 

is related, in this case, to the average level and very low frequency 

content of the transparency while the low intensity region is related 

to the higher frequency content, of the - transparency. 

_Note that the major effect of the nonlinearity is to increase the 

contrast of the reconstruction since, in this instance, the nonlinearity 

of the film suppresses the part of the object's spectrum which represents 
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the average level and thus, the average level of the reconstruction, 

while it has little effect on the high frequency part which accounts 

for the fluctuations around the average level. 

In order to adequately analyse the nonlinearities for this type 

of object, we must find a function which describes the experimentally 

determined T
a
-E curve for both low and high values of exposure. 

Generally, a single function cannot be found which fits for a large 

range of exposure; however, a very good fit can be made by adding to-

gether several functions. 

We will go no further here in the analysis of nonlinearities of 

this type of hologram but will only make some remarks. In this type 

of hologram, the function [(2/17/(K + q)4(1 + B)
1/2 
 is related to the 

magnitude of the Fourier transform of the object and points in the 

hologram plane can be given one-to-one correspondence with the spatial 

frequencies of the object. We have also seen that the nonlinear effect 

is a function of B(x) and thus, is related to the amplitude distribution 

of the Fourier transform of the object. 	Thus, H/(B; K) may be 

written as 

H
1 
 (B; K) = 10(x)I H

1
l(B; K), 

where 0(x) is the Fourier transform of the object suitably normalized 

and where H1' is, at present, an undetermined real function which may 

be thought of as a "filter transfer function." Since the "filter 

transfer function" is real, it has associated with it an "impulse re-

sponse" which is even. Carrying this idea one step further, one can 

think of replacing the nonlinearity by a "linear filter," the impulse 
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response of which convolves the amplitude distribution of the object. 

Although this concept is useful for visualizing the effect of the non-

linearity, care must be exercised in using it since the "filter transfer 

function" depends on the object and thus does not satisfy the usual re-

quirements of linearity. 

111.06 Taylor Series Form for Nonlinearities  

We now study another method of treating the nonlinearities where 

we do not use the Fourier transform technique of Section 111.03 for ob-

taining the resulting nonlinear amplitude transmittance. 

We begin by recalling that the amplitude transmittance of the holo-

gram is 

Ta(E') = Tb  + F(E), 	 (III. 9) 

where E = (E'/E0)-1 is the normalized exposure and F(E) is the description 

of the normalized T.-E curve. We can expand F(E) in a Taylor series 
a 

about the point E
*
, thus 

uo 

F(E) 	E F(n) (E".)  
ni 	

(E - E*)n  

n=0 

where F(n) is the nth derivative of F. 

We recall that E = (B + ilia + B)
1/2 
 cos $)/(K + 1). Then, if 

E 	= B/ (K + 1), we find that E - E" = 2/R.(1 + B)
1/2 

cos 56/ (K + 1) and 

F(n)  
F(E) = 	

n 	
(c cos 0

n (E*)  
n=0 

where c = 2/i(1 + B)
1/2

/(K + 1). 
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We expand this function as 

F(E) = F(E*) + F"(E*)  
[ 

2! 	(1/
2) c2  1_ F(i4v)(e)  (3/8) c

4 
! 

F  (v

6

) viii) (E ) 
8! 

(E)  (5/16) c
6 	F

(  
+ 	(35/128) c

8 

) , F1  (E*) 	F"'(E*) 	2 	F 
(v5!  

(E')  
+ c cos ¢ 	

3 	
(3/4) c + 	(5/8) c

4 
1! 	!  

F
(vii)

(E
*
) 	6 F

(ix)(E)  
(35/64) c + 	(63/128) c

8 
7! 	9! 	

+ ...] 

+ c
2 
cos 2¢ I F"E 	

(iv) (*) 	F 	(E") 
' 	(1/2) + 	(1/2) c

2 
2! 	4! 

F
(vi)

(E
*
) 	9 F

(viii)
(E
*
) 

	

(15/32) c + 	(7/16) c
6 

	

6! 	8! 
+ 

+ terms in cos m¢, m = 3, 4, 5, . 	 (I1I.11) 

Let 	 CIJ 

F(E) 	E s
v 
E. 	 (111.12) 

v=1 

be a power series which represents the experimentally determined normalized 

T
a
-E curve. Then the nth derivative of F(E) is 

F(n)(E) = 	
v!  

s E
v-n 	

n = 0, 1, 2, ... (v _ n)! v 	' 
v=n 

and letting E = E the nth derivative becomes 

v-n v!  

	

F(n) (E
-) = F

(n) 	B  ) 
K + 1 	(v 	n)! 

s
v 	+ 	

for n = 0, 1, 2, ... 
' 

v=n 



(88) 

Using the above expression in Eq. (III.11), we find that the ampli-

tude transmittance of the hologram is 

2s2K 
T(E') = Tb  + . 	 

2 TO 	s
l 
C
00
P
0
(B) 

 K + 1 
(K + 1) 

K 	
)m (VT( (1 + B)1/2  

+ 	sm Cm()
P
m
(B) 	cos m$, 

4  1 	
(III.13) 

where Pm(B) are polynomials in B given by 

Pm (B) =  
C . . 
M1

C  (III.14) 

i=0 m0 

and where Cmi  are constants dependent on the coefficients of the series 

expansion of the Ta-E curve (s 
v
)given by Eq. (III.12) and beam ratio 

(K). To  is a constant which is also dependent on these parameters. We 

shall not display all these constants here, but a typical constant is 

C
10 

= 
Cl 

+ 	3K 	(s /s ) + 	
10K 	

(s /s ) 
(K + 1)

2 	3 1 
(K + 1)

4 	5 1 

3 
35K  

(s
7 
/s 
1) 
 + 	

126K4 
 (s /s ) + ...]) 

(K + 1)
6 

(K + 1)
8 	9 I 

We see from Eq. (III.13) that the transmittance of the recording 

contains the zero-order term s1 C
00  P0 

 (B) B/(K 4 1) which is proportional 

to the zero-order term in the exposure function as given by Eq. (III.4), 

See Appendix A for the constants, T0, C
Oi' 

and C. 

2 



(89) 

except that it is multiplied by a polynomial in B. Eq. (III.13) also 

contains the first-order term s
1 
C
10
P
1
(B) 	(1 + B)

1/2 
 cos WK + 1) 

which again is proportional to the first-order term in the exposure 

function except that the term in Eq. (III.13) is multiplied by a poly- 

nomial in B. The transmittance expression also contains an infinity 

of higher-order terms just as we found in the Fourier-transform solution, 

Eq. (III.10). 

In fact, a comparison of the coefficients of Eq. (III.10) and 

Eq. (III.13) shows that 

2s
2
K 

H0' 
(B. K) - 

(K + 1)
2 
T
O 
 + s

l 
C
00
P
0
(B) 

K + 1 ' 

2 
H1' 
(B. K) = s

1 
C
10
P
1
(B) 

 K + 
/IT  

1 
(1 + B)

1/2 
, 

and so forth. Apparently then, the distortion of the amplitude term 

is, to within a constant, the polynomial P
m
(B) associated with the mth 

term. Thus, we have found an explicit solution for the amplitude terms 

which we can calculate provided that' we have a power series expansion 

about the point E = 0 for the experimentally determined T
a
-E curve. 

111.07 The Power Series of the T
a
-E Curve 

In order to continue the calculation, it is necessary to know how 

much of the experimentally determined and normalized, T
a
-E curve need 

be represented by the power series given by Eq. (III.12). To know this, 

we must either know the exposure function exactly or we must know its 

statistics to determine the probable values it will have. However, in 
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order to determine the statistics of the exposure function, we must 

normally take measurements on a class of objects. We can avoid this 

task and still get an upper-bound estimate of the probability distri-

bution of the exposure function by using Jaynes' principle of maximum 

uncertainty
(12)

. This procedure maximizes the entropy and thus, the 

uncertainty of a distribution subject to the known constraints on the 

probability density function (p.d.f.) and determines the widest p.d.f. 

under the circumstances. 

Therefore, we determine the widest p.d.f. of (1 + B) which we 

denote as p(1 + B), by maximizing the entropy 

= - ji p(1 + B) log p(1 + B) d(1 + B), 	(III.15) 

-co 

subject to the constraint that the integral of p must be one (for p to be 

a p.d.f.) and that the mean of (1 	B) is equal to one. A further 

constraint is that the lower limit of the integral in Eq. (I1I.15) must 

be zero since (1 	B) is the normalized intensity produced at the hologram by 

the light scattered from the object which, by definition, must be greater 

than or equal to zero. 

Thus, the constraints are 

f p(1 + B) d(1 + B) = 1, 	 (III.16a) 

0 

1(1 	B) p(1 	B) d(1 + B) = 1 	(III.16b) 

0 
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The p.d.f. can be found by using Lagrange multipliers(12). Using 

this technique, we find that p(1 + B) = a exp b(1 + B) where a and b 

are constants to be determined from Eq. (111.16). Applying the 

constraints, we find that 

.0 

a exp 
	

+ B)..] d(1 + B) = 1, 

a (1 + B) exp Eb (1 + B)] d (1 + B) =' 1, 

0 

that a = b
2 
and a = -b. Thus, 

	

p-(1 + B) = exp [-(1 + B)], for (1 + B) 	0 	(111.17) 

= 0, otherwise. 

We note that exp 	+ B)] is an exponential p.d.f. and that such a 

p.d.f. is obtained for a random variable which is formed by adding the 

squares of two independent Gaussian random variables each with zero 

mean
(13)

. The two Gaussian random variables can be identified with 

the real and imaginary parts of the complex amplitude produced at the 

hologram by the light scattered by the object. Since the squares of the 

real and imaginary parts of the complex amplitude are added to produce 

the intensity, we see that the complex amplitude which produces the 

widest p.d.f., of the normalized intensity (1 + B), is one which has 

independent and zero mean real and imaginary components with Gaussian 

statistics. 
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We now use this p.d.f. to determine what value of E will make e 

very small in the following probability expression: Prob. [Emax  > E] = e. 

We 	find, from Eq. (II1.4), that E max = [B + 	(1 + B)1121/(K + 1). 

Then we have that 

7i 
Prob. K ( 	B 1 + K

2/
+ 1 (1 + B)

1/2 
 > 	= e, 

+  

which is ,the same as 

(.. 	

]:} 
[  (E+1)(

K
K+1) 	((E+1) (K+1)\ 

 1/2 
Prob. (1 + B) > K 	+1 	

) 

	

2 	=c . 
K  

Using Eq. (1II.17), we find that 

] 
e = exp - K 	+ 1 - 2 

[(E+1) (K+1) 	((E+1) (K+1)) 1/2 

An examination of the above expression reveals that, for K = 1, 

the probability of E
max 

exceeding three is 0.035 and that for K = 2, this 

probability is 0.015. Thus, we see that only a small error is made if 

we assume that the experimentally determined normalized Ta-E curve can 

be represented by a power series valid for -1 = E = 3. 

111.08 Results of the Power Series Technique  

A power series which represents the experimental Ta-E curve for 

Kodak 649F spectroscopic plates (developed in D-19 for 5 min at 20°c) 

is given by 

9 

F(E) = E s
v 
E
v
, 

v=1 



N 	-1/2 
2 

D 
(K .1- 1) 

s
l  C10

.(E a 
i
) 

i=1. 

(111.19) 
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where the s
v

I s, as well as the points of fit to the experimental curve, 

are shown in Fig. 111.3. 

Using these data, we calculate the coefficients C . which are 
mi 

shown in Figures 111.4 and 111.5. Figure 111.4 shows the magnitude 

of the coefficients of P
0 
 (B), the added constant term [2K/(K -4-1)2]To  s2 and 

the constant C00. These coefficientd are associated with the zero-order 

terms of Eq: (II1.13) and determine the "glow" around the constant term 

in the reconstruction. The coefficients of the first-order term are 

shown in Fig. 111.5. These coefficients determine the amplitude dis- 

tortion, due to the nonlinearities, of the amplitude transmittance 

term which reconstructs the real and virtual images. These coefficients 

have relatively high values for small K and i but decrease rapidly as 

K and i increase. For example, for K = 4 the polynomial P1  is 

P
1
(B; 4) = (1 - 0.195B ± 0.020B

2 
+ 0.0018B

3 
- 0.0005B

4 
 + ...). 

Using Eqs. (III.6b) and (III.13), we find that the first-order term 

of the amplitude transmittance which reconstructs the real and virtual 

images of an object consisting of discrete points is 

T
a 
= DP

1 
 (B) 
	

a. cos [k(Rr  - Ri.) - 
	(III.18) 

i=1 

where 

Using Eq. (III.14) for m = 1, we find that the term which reconstructs 

the ith point is 
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a.
1 
 cos  [k(R

r 
- R.) 

C10 

	

	 1 C10 
• 

We see that the reconstruction of the ith point of the object is made 

up of several terms. For the case K = 4, cited above, the coefficient 

of the linear term in B dominates and part of the hologram amplitude 

transmittance which goes to reconstruct the ith point is approximately 

Ti 	= ])(1 - 0.195B) a. cos [k(R 
r 
 - R.) +  

Thus, we see that the nonlinearity has the effect of producing two 

reconstructed images of each object Point. One undistorted point 

image is produced by the constant amplitude sinusoidal Fresnel zone 

plate 

T. = D a. cos [k(R
r 

- R.) - V. 
111 

associated with the constant of the polynomial P1(B). The strength 

of this point image is proportional to the strength of the original 

object point. The other "image" is produced by the amplitude weighted 

sinusoidal Fresnel zone plate 

Tid 	= 0.195 Da.B cos [k(it 
r 
 - R.) - 

where the amplitude weighting is determined by B(x). B(x) is a function 

with low spatial frequency components which are due to the interference 

at the hologram between the waves from pairs of object points. In the 

above expression B(x) multiplies the carrier frequency term producing 

intermodulation product terms which do not contribute to reconstructing 
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the desired image but instead distribute the light in the image plane 

in an undesirable way, thus creating a noisy reconstruction. 

We also note that the amplitude weighting is identical for all 

zone plates and thus the nonlinearity produces the same result as 

placing a mask with amplitude transmittance B(x) over a linearly re-

corded hologram. 

We must distinguish between two cases when considering the effect 

of the intermodulation products. The first is when B(x) is a random-

like function as would be the case for a diffusely illuminated object 

with no periodicities. In this case we would expect the intermodulation 

products also to be random and thus distribute a random pattern of 

light in the image. The second is when the intensity is due to an 

object which is periodic thus making B(x) and consequently the inter-

modulation products periodic. In this case we would expect the inter-

modulation products to distribute the Light according to a pattern with 

periodicities related to the periodicities of the object. 

Figure 111.6 shows schematically the reconstructed image of a point 

in the object, for nonlinear operation in these two cases. At the 

top is the image of a point for the first case. The narrow pulse is 

the undistorted point image produced by the amplitude transmittance T. . 
lu 

Since B(x) is a random function, the amplitude transmittance T
id 
 will 

produce a low-level clutter about the narrow pulse. Thus clutter is 

spread over an area approximately twice the size of the object since 

the spatial frequencies of the intensity fluctuations are about twice 

the frequency of the fluctuations of the complex amplitude, at the holo-

gram and, of course, these frequencies are inversely proportional to the 
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siz-I of the object. 	Nonlinear operation with objects whose intensity 

pattern at the hologram is random is not especially troublesome since 

the effect of the low-level clutter is to add a background glow or noise 

to the reconstruction. 

At the bottom of Fig. 111.6 is shown the point image for the second 

case. Again we have the narrow pulse from the undistorted zone plate 

of amplitude transmittance Tiu  but, in this case, instead of low-level 

clutter, the periodic amplitude fluctuations of the second zone plate, 

Tid, produce side lobes around the narrow pulse. These side lobes, 

which are at distances from the narrow pulse related to the periodicities 

in the object, can be especially troublesome
(6) 

since they produce false 

satellite images near the true reconstructed image. 

111.09 Some Further Numerical Results  

Fig. 111.7 is the magnitude of the coefficient of the first-order 

transmittance term of the hologram, given by Eq. (II1.13) for m = 1, 

, 
plotted against the quantity (1 + B)1/2, which is proportional to the 

coefficient of the carrier frequency term of the exposure function 

(Eq. 111.4): A straight line on this graph means that there is a linear 

transfer between these coefficients and that the film nonlinearity has 

no effect on the reconstruction of the first-order images. At K = 6 the 

line is only slightly curved, but K must be considerably larger to ob-

tain a straight line. 

Fig. 111.8 shows the average brightness of the undistorted real or 

virtual first-order image plotted against K. This plot, along with 

Fig. 111.7, can be used to determine a reasonable compromise between 
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the brightness of the reconstruction and the deleterious effect of non-

linearities. For instance, at K = 10 there is reasonably good linearity 

and the brightness of the reconstruction is only about 3 dB below that 

at K = 1. Figure 111.8 also shows a plot of the square of the zero-

order term, which is linear in B(x), versus K. This can be taken as a 

measure of the average brightness of. the light which forms around the 

reconstruction beam. We see that it is large at K = 1 but drops rapidly 

as K increases. This behavior corroborates the reports that a great 

deal of flare light exists around the reconstruction beam when the 

beam ratio is low(14).  

For K greater than about 15, curve 2 of Fig. 111.8 is a direct 

measure of the average brightness of this flare light since all of the 

coefficients, C
Oi /C00 of P0 

 (B) are negligible. At K = 15, the bright-

ness of the zero-order term is about 18 dB below the reconstructed 

image and at K = 30 about 21 dB. We can take advantage of the fact that 

the brightness of the zero order flare is very low by allowing the 

spatial frequency spectrum of the first-order term to overlap the low-

frequency space, thus saving the bandwidth of the film. 

We have seen that for normalized intensity distributions, 1 	B, 

where the fluctuations of B are small compared to one, the non-

linearity has little or no effect. Thus, we would be tempted to operate 

with beam ratios of less than one. However, Fig. 111.8 shows that the 

optimum value for K is one, since it is at this point where the bright-

ness of the reconstructed image is maximized. 
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III.10 Average Noise Due to Nonlinearities  

In this section we shall examine more quantitatively the effect 

that nonlinearities have on the reconstructed image of a diffusely 

illuminated object. In order to simplify the calculations, we shall 

confine our attention to flat objects of small angular size located 

in a plane parallel to the hologram-as we have done previously: Further, 

we assume that the object consists of a collection of N closely packed, 

but distinct, points and that the points are about the size of the 

resolution element associated with the hologram aperture. The use 

of an object of this type also simplifies the mathematical complexity 

of the problem, since we can replace the usual convolution formulation 

of holography by a simple summation over the N points, while it intro-

duces only a small error when the results are applied to the case of a 

continuous object. 

Recall that the complex amplitude of the ith point of the object 

is a'. exp j'4. where a'. and Y.  are, respectively, the amplitude and 

random phase of the ith object point. For a diffusely illuminated ob-

ject,itisreasonabletoassumethattheir.'s are independent random 

variables which, when reduced modulo 217, are uniformly distributed be-

tween 0 and 271. 

To reconstruct the virtual image, we illuminate the hologram with 

the original reference beam of complex amplitude a
r 

exp jkR
r 

and 

examine the light diffracted from the hologram at the original object 

position through the use of the Fresnel-Kirchhoff formula given by 

Eq. (II.4) of Chapt. II. Thus, the complex amplitude of the recon-

structed virtual image is ' 
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jkR 

U(u,v) = ;I 
Az  a  r 

 e rffT 
av 

A
t 

jkR 
e 	dx. 

Here T 	is the portion of the amplitude transmittance of the holo-
av 

gram which reconstructs the virtual image, R is the distance, from 

the point x to a point in the virtual image, A
t 

is the area of the 

hologram and z is the distance from the object to the hologram. The 

amplitude transmittance, Tay  is, from Eq. (III.18), given by 

D P
1
(B) 

2 	

-j[k(Rr-Ri)-4 

T
av 

= 	ai  e 

i=1 

Thus, the complex amplitude at a particular point 1 of the virtual 

image is 

U(u1,v1) - 

-ja
r  D 
	

N 	
i 

j[k(R.-R
1 
 )141r ] 

2Xz 	
P I(B) E ai  e 

A
t 	

i=1 

dx . (III.20) 

At point 1, the signal amplitude is the complex amplitude produced 

by the undistorted zone plate due to the original object point 1. 

Thus, 

-ja
r 
 D 

	

U1 	2Xz 
	al 

	

1 	2Xz 
	dx 

A
t 

or 

-ja
l
a
r 
 D A

t 
 j111

1 

1 	2Xz 
(III.21) 
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The noise at point 1 is due to the low-level clutter contributed 

by the distorted zone plates produced by the intermodulation products. 

Thus, we define the noise at point 1 to be the sum of the complex 

amplitudes,  contributed by the N amplitude weighted zone plates, or 

-j D ar N  	 jk(R.-R1) 

2Xz 
U
nl 
 
	 

JJ 
[P

1 
(B) -1] E . e 	e 	dx 

A t  

(111.22) 

Since 

(x 	ui)
2 	

(y - v.)
2 

R. = z 
2z 	2z 

and 

(x 	ul)2 
	

(y  - v1)2  RI  = z + 
2z 	2z 

where u1, v
1 

are the coordinates of point 1 of the object and u,, v. a. 

are the coordinates of a general object point, 

we have that 

(11.2  - u1
2
) + (v.

2 
- v1

2
) 1 

	

(R. - R1) 	2z  ) 	 + 2 [x(ul  - ui) + y(vi  - 

and that 

-j D a 	N 	i* 
U
nl 
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2Xz 
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1
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-ul )-L(vi -v1 )j 	

j7tx(u
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 -u
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1
-v 
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The average intensity of the reconstructed image at point 1 is 

(I)1  = E (kJ1 
+ Un112\.1' 

where EC ) denotes a statistical average. Then, 

a
r
2 
D
2 

1 (I)1  2 	2 E(a1At e 	
+ E ai  e 	ffdxdy [P1(B) - 

4X z i=1 	At 	
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By expanding this expression, we obtain 
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where c.c. means complex conjugate of the previous term. 

Let the intensity of the undistorted virtual image be called the 

signal intensity which we denote by Il. This intensity is the first 



I
1 
= 	 

4X
2 
z
2 

2 	2 A  2 D 
 2 

a
l
a
r 	t 

 

(108) 

term of Eq. (111.25). Thus, 

(111.26) 

The remaining terms of Eq. (111.25) are noise terms. It is con-

venient to denote the cross-product terms (second and third terms in 

Eq. (111.25) by I'n1  and the remaining term by I"ni. Then, 

=IL  + Ini, where the noise term is In].  = 
I'n1 	1%1' 

As a consequence of the assumption that the k'qs are uniformly 

distributed independent random variables, I'
n1 

is given by 

a
l r 
2
a
2 
At
2 
D
2 

I'
n1 

= 	E [P
1
(B) - 

2X
2 
z
2 

By substituting the series, given in Eq. (111.14) corresponding to m = 1, 

in the last formula and using the fact that the mean of B is zero, we 

have 

2 2 2 2 e° 
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(111.27) 

Also, as a consequence of the assumed randomness of the 111 .'s, 

a
r 	 rr 

2 

2 D2 	
N 

E ai 	dxdy 	dx f  cly' 
4X
2 z JJ 

i=1 	A t 	A
t 

• 

E ) ( i_  [B(x,y), - 1(E'1[B(x l ,y 1 )] 

k r I (x' -x) (x1-x j)+(y' -y) (yryi)J 
e 



(109j 

If we let x' - x = Ax and y' - y = Ay, we can write 

a
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where we have assumed that the shape of the hologram is a square having 

sides of length Lt  and where we have used the rectangular function so 

that we can extend the limits of integration to infinity. The rectangular 

function is defined as 

rect 	= 1 	for ILI 5  L/2 

= 0 	otherwise. 

Using the series given in Eq. (111.14) for m = 1, we can write the ex-

pression containing the polynomials in Eq. (111.28) as 

m m 

[B(x + Ax, y + Ay)J - 1)(P
1
[B(x,y)] 	

n=1 m=1 

Pnm(A x , A y ) (111.29) 

where 
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m 
E[P

nm
(Ax,Ay] 	

C
l
2 

(C10) 

E [Bn(x + Ax, y ± Ay) Bm(x,y)] . 	(III.30) 

' 	In order to calculate the statistical averages, we must know the 

joint probability density function of B
xx' 

 B. To simplify the calcu-

lation, we will assume that the P
nm
(Ax,Ay) are functions of the type 

shown in Fig. 111.9. We assume that the function Pnm  is constant and 

equal to P
nm
(0,0) over the small square whose sides are equal to 

Xz/Lo  max(n,m) and which is centered at Ax = Ay = 0 in the Ax,Ay plane; 

and further, that it is constant and equal to Pnrne,m) for all other 

values of Ax or Ay. Here L
0 
 is the length of the original object, 

which we assume to be a square, and max(n,m) is the greater of the two 

integers n and m. 

We justify these assumptions by considering Fig. (III.10). The 

complex amplitude at the hologram, due to the object,will have spatial 

frequencies given by sin OH/X, which is given approximately by L0/Xz. 

We therefore expect that the intensity, which is the squared magnitude 

of the complex amplitude, will contain spatial frequencies about twice 

as high, that is of the order of 2L0Az. Thus B will contain a structure 

which is about Xz/2L
0 

in linear size. Further squaring of B will tend 

to increase its frequency content and decrease the linear size of its 

structure. Thus, we would expect that the functions Bn(x + Ax, y + Ay) 

and Bm(x,y) would be highly correlated for the small values oflAxiand 

141 < Xz/4L0  max(n,m) and that they will be uncorrelated for lAxl and 

INyl> Xz/4L0  max(n,m). The factor max(n,m) is included since the 

function with the highest frequency content will determine the "corre-

lation distance." To simplify the calculations, we make E[Pnm(Ax,Ay)] 
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Fig. 111.9.. Assumed correlation function of B(x,y). 
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uniform and equal to E[Pnm(0,0)] for 'Ad = 141 	Xz/4L0  max(n,m) and 

uniform and equal. to E[Pnm(°',c')]for lAxl = lAyl > Xz/4-L0  max(n,m). The 

values of E [Pnm  (0,0)] and [P  

m E[Pnm(0,0)] - 
C lnC l 	

_n_Lm 
2  E 	(Ax,A5)] 

and 

m E [Pnm  (co 	
C
ln

C
l  = 	E [Ea(Ax,Ayl E [Bm(Ax,Ad 

(C10
)2 

Recognizing that ax/2L0  << Lt  and using Eqs. (111.29) a-nd 111.30) and 

the average values of Pnm  given above, we can write 'Eq. (111.28) as 
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and 

	

(:

3

4)  = 	X.z/4L
0 
 max(n,m). 

Integrating over x,y and Ax,iy in Eq. (III.31), we find that 
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4L0 max(x,m)' 

(111.32) 

where sinc x = sin x/x. 

Returning to Fig. III.10, we see that for a square hologram, of 

sides Lt' the area of a resolvable spot in the reconstructed image is 

about equal to (Xz/Lt)2. Thus, the number of resolvable points in the 

object is of approximate magnitude given by 

Or 

L
o
2 

N - 
(Xz/Lt)2  

(III.33a) 
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i=1 
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n the first term of Eq. (111.32), the function 

sinc2E(.Lt(ul -u.)/2z]iszerofor(u1 -u.)= Xz/Lt  and the other 

sinc function in the term is zero for (v1  - vi) 7 Xz/Lt. Thus, in 

this term we need only include the point i = 1 in the summation over 

i since for all i 4 1 the magnitude of these sinc functions will be 

negligible. 

In the second term of Eq. (111.32), the zeros of the sinc 

functions are at (u1  - ui) = (v1  - vi) = 2L0  max(n,m).. Since 

2L
0 
 max(n,m) is at least the object size, we will make only a 

small error if we set these sinc functions equal to one. If we use 

the above facts and also note that 

N 
1 	a  2 	2 

171 	 = a. 	. 

1=1 

where a.2  is the average intensity of the reconstructed image, we can 

write that 
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The signal-intensity to average-noise-intensity ratio (S/N) is, 

from Eqs. (I11.26), (111.27), and (111.23), 
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Thus, we see that the S/N at a point in the image depends on the 

image intensity at the point, on the film transfer characteristics 

through the constants Cln' 
on the form of B(x) and on the average 

image intensity and is independent of other considerations, such as 

the size of the object or the hologram. 

To get a lower bound on the S/N we use the exponential p.d.f. given 

by Eq. (III.17). In this case we find that, in the double sum of Eq. 

(III.34),the terms containing E [ B1 E[B
m 
 are negligible compared to the 

terms containing 43
n1 and we can write that 
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E[Bnl 

4(C10 ) 2 
[max (n,m)] 2  

are called noise coefficients. GI 
is the coefficient of the signal 

dependent noise, so-called because the magnitude depends directly 

upon the intensity. of the signal at the reconstructed image point in 
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question, and G
2 

is the coefficient of the nonsignal dependent noise. 

This latter noise does not depend directly upon the signal at the point 

in question but on the value of the average reconstructed image in-

tensity, thus it can be nonzero in portions of the reconstructed image 

where the intensity of the original object was zero. 

These coefficients are plotted versus K in Fig. III.11. The co- 

efficient G
1 

is shown only for values of K 	2 because the power series 

solution converges too slowly to conveniently determine G
1 
for small 

values of K using the p.d.f. given by Eq. (III.17). 

We see from Fig. III.11 that the noise coefficients are relatively 

large for small K but decrease fairly rapidly as K increases. For K 

larger than about six we may use the following approximations: 

Cl  = 
C
10 

and 

2 =7; d
1(:)) 

1(
c
11 

Returning to Eq. (III.35b),we see that the S/N depends upon the 

ratio of the average image intensity to the image intensity at the 

particular point in question. In the high and medium intensity regions 

it will vary as the image intensity varies and will be the smallest 

whenal.2 <<a..For example, at K = 2: 
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For a
1
2 
 >> a.

2
'  I1 /In1 

7-2,i' 18 and for a
1
2 
 = a.

2
'  I1 /1nl 	

But if 

a12;--. 0.01a.2, then the S/N is approximately 1/2. The situation 

improves somewhat at K = 4 where the S/N is about 26 in the high La-

tensity region and about one in the low intensity region. However, 

even at K = 10 where the S/N is about 175 in the high intensity region 

we may have a low S/N (about 4 for a
1
2 

= 0.01 a
i
2
) in some parts of 

the reconstructed image of an object having a large dynamic range. 

We must emphasize that these values' for the S/N are a lower bound 

since we have chosen the widest possible p.d.f. for (1 + B); thus, 

producing the largest possible values of gel. In practice we may 

expect the p.d.f. of (1 + B) to be narrower than the one given in 

Eq. (III.17) and, thus, we would expect the values of the S/N to be 

higher for objects where the assumed correlation function of Fig. 111.9 

is valid; i.e., for objects in which there may be small regions of very 

high or low intensity but in which the average departure from the mean 

intensity is small. 

1II.11. Experimental Results  

The experiment shown schematically in Fig. 111.12 was set up to 

check the theory given in the preceding section. The object, 0, con-

sisted of a two-inch square piece of ground glass with an opaque square 

stop, one-third the size of the object, obstructing the center of the 

ground glass. Since the ground glass totally scattered coherent light 

passed through it, we can assume that the object produced an intensity 

distribution, at the hologram, with first-order statistics given by 

the exponential probability density function mentioned above. (Also 

see Appendix B.) 
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‘7"\--  \ • \ Fig. 111.12. Experimental Setup. M is a mirror, 

BS is a beam splitter, and'L is a laser. 
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The object was placed about 20 inches from the hologram, H, and 

transilluminated by a spherical wave diverging from a point focus. 

The reference beam, R, was also a spherical wave diverging fiom a 

pOint focus and both beams were derived from a He-Ne laser emitting 

a't 6328X wavelength. The angle between the reference beam and the 

object beam was 11
o 
as shown in the figure. After the holograms were 

exposed and developed, they were placed back into the - setup and the 

virtual image was reconstructed by illuminating the hologram with only 

the original reference beam.-  The virtual image was subsequently 

photographed by the camera C. 

Four holograms, with beam ratios K = 1, 1.8, 9.7 and 26, were made 

on Kodak 649F plates, developed in D-19 for five minutes at 20°C. Un-

fortunately, the hologram exposures were not arranged so that the bias 

level of the exposure produced the optimum amplitude transmittance. Thus, 

the experimental results cannot be directly compared to the theory given 

above since the normalized T
a
-E curve of the experiment cannot be taken 

to be the exact curve given in Fig. 111.3. However, the experimental 

results should give an order of magnitude check on the theory. 

Figure 111.13 shows three reconstructions from the hologram which 

were made with a beam ratio K = 1. The reconstruction on the left was taken 

with a camera exposure which was 16 times that required to expose the 

film so that the brightest part of the reconstructed image was just 

visible on the film. In this picture, the speckled exposure in the 

region of the opaque stop is caused by the nonsignal dependent inter- 

modulation noise produced by the film nonlinearities during the hologram 

exposure. The middle picture was exposed for a factor of two longer 
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than the picture on the left. Finally, the picture on the right was 

exposed for a factor of eight longer than the picture on the left. 

Thus, a series of pictures of this type give a measure of the magni-

tude and distribution of the nonsignal dependent intermodulation 

product noise of the reconstructed image in the regions where the 

intensity of the original object was zero since, in these regions, 

the signal dependent noise is zero. 

Similar photographs of the reconstructions of the other holograms 

were also taken and used to estimate the magnitude of the nonsignal 

dependent noise, at the center and the edge of the reconstructed 

image, relative to the brightest intensity of the reconstructed image. 

Figure 111.14 shows these estimates along with a curve calculated 

by using the theory given in Section III.10. The crosses give the 

relative intensity of the nonsignal dependent noise at the center of 

the reconstructed image while the circles give the relative noise at the 

edge of the reconstructed image. The calculated curve is a plot of the 

expression 

2 

A — 
I
nl 	a. G2  

I
I 
 + I

nl 	a
l
2 
+ 2 Glal2  + G

2 
 a 
--

7 

In plottingthisexpression,weassumedthata
1
2 =a.2. This 

assumption is valid for uniform illumination of the object during the 

hologram exposure. However, as is evident from Fig. 111.13, the object 

illumination was somewhat lower at the corners of the ground glass; thus, 
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a.
1
2  should be taken to be smaller than a

1
2
. Unfortunately, we were un- 

able to measure the distribution of the illumination;-however, we esti-

mate that an error of about one to two dB is present in the calculated 

curve of Fig. 111.14; that is, the curve should be actually somewhat 

lower than is shown in the figure. 

We see that the experimental points follow the calculated curve 

and agree in magnitude with the theory within 6 dB at the center of 

the reconstruction and within 3 dB at the edge of the reconstruction 

for low values of K. Some of the discrepency, in magnitude, between 

theory and experiment can be attributed to the fact that the bias levels 

of the holograms were not set at the optimum level and thus the T
a
-E 

curve used in the theoretical calculations was incorrect, and some to 

the fact that the part of the original object, which was supposed to 

be opaque, was not but instead transmitted a small amount of light. 

These not completely opaque parts, which were not taken into account . 

in the theoretical calculations, have the effect of raising the 

general background level in the reconstruction and thus raising the 

general noise level. 

We can see from Fig. 111.14 that there is more than 6 dB difference 

between the theory and experiment at the high K value of 26. This 

greater disagreement at the high K level probably occurs because other 

sources of noise, namely scattering from the film grains, the glass plate 

and other components in the reconstruction system begin to be a significant 

The optimum bias level of the holograms, in this case, is T = 0.5 
(see Fig. 111.3). However, the bis level of the holograms used in 
the experiment varied from about Tb  = 0.3 to about Tb  = 0.64. 
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part of the total noise thus raising the noise level. These other 

sources of noise are also present at low K values; thus, some of the 

discrepency mentioned above can be attributed to these other sources 

of noise. 

We can also note from the experimental results that the noise 

level at the center and the edge of the reconstruction are different. 

This is a basic defect of the theory; it does not predict the distri-

bution of the nonsignal dependent intermodulation noise but only 

some average value. This is the result of assuming a fixed corre-

lation function for B (see Fig. 111.9) instead of relating the 

correlation function to the actual object. It is possible to formulate 

a theory which does predict both the magnitude and the distribution 

of this noise as we shall show in the next chapter. 
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CHAPTER IV 

SOME FURTHER ANALYSIS OF HOLOGRAM NONLINEARITIES 

IV.01 Introduction  

In Chapter III we derived a theory which predicts the magnitude of 

the intermodulation product noise due to film nonlinearities but does 

not predict the distribution of this noise. Here we shall derive a 

theory that, under certain assumptions, predicts both the magnitude 

and distribution of this noise. 

Similar work has been done recently by Goodman and Knight
(1)

. In 

their work, the Fourier transform technique for analysing film non-

linearities is used, whereas here we shall use the power series tech- 

nique given in the last chapter. 	Thus, the method given here can be 

likened to the direct method for nonlinear analysis of electrical 

devices which is described in, for example, Chapter 12 of Ref. 2, while 

Fourier transform technique of Goodman and Knight is more like the trans-

form method which is described in Chapter 13 of the same reference. 

The direct method, as given here, has the advantage that both the 

calculation of the statistical functions necessary to derive the theory 

and the actual derivation is considerably simpler. An added advantage 

of the direct method is that it is easier to separate the signal dependent 

See Section 111.03, Chapter III for a description of the Fourier 
transform technique and Section 111.06, Chapter III for a description 
of the power series technique. 
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and the nonsignal dependent intermodulation product noise terms in 

the final noise formula. 

We shall derive the theory of this chapter using the same assumptions 

as we used in Chapter III; namely, that the amplitude transmittance of 

the film is a real function, the film emulsion is thin, the object is 

planar, and both the object and hologram are small when compared to the 

distance between them and that the film is perfect in the sense described 

in Chapter II. 

IV.02 Preliminary Considerations  

According to the Fresnel-Kirchhoff formula (see Eq. 11.4, Chapt. II), 

the complex amplitude, a(x) exp je(x), of the light scattered to the holo-

gram by a small planar object can be written as 

je (x) = 	ejkz 
a(x) e 	a 0 (u,v) e 

j12z [(x-u)2+(y-v):1 L 
dudv, 	(IV.1) 

A 
0 

where z is the distance from the 	hologram to the object, x = x,y 

are the coordinates of the hologram plane, 0(u,y) is the complex amplitude 

of the object in the u,v plane, and Ao  is the area of the object. 

Let 0(u,v) be made up of a deterministic complex amplitude ao(u,v) 

and a random phase part exp jY(u,v). For the case of a transparent object 

backed by a ground glass, ao(u,v) would represent the tri smittance of the 

object and exp jY(u,v) would represent the phase shifts introduced by 

the ground glass. For a reflective object, exp ff(u,v) would represent 
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the phase shifts due to many small imperfections on the surface of 

the object. 

The types of objects described above are what we called diffuse 

objects in Chapter III. It is reasonable to assume that for this type 

of object, Y(urvi) is a random variable which has, when reduced modulo 

2n,..a probability density function which is uniformly distributed between 

0 and 2n. Further, it is also reasonable to assume that l'(u11v1)  and 

Y(u2,v2) are independent random variables for any two points of the 

object. This assumption implies that the structure of the ground glass 

or the imperfections of the surface of a reflective object are small 

when compared to the size of the variations in the deterministic part of 

the transmittance of the object. Thus, we can write that 

E 	e
; (u1 v1) -Y (u

2'
v
2
)]) 	

1;u1  = u2, vi  = v2. 	(IV.2) 

• 

0; otherwise. 

As a consequence of the first assumption given above, we show in 

Appendix B that a(x) exp j0(x) is - a complex random variable which has 

real and imaginary components which are each Gaussian and independent 

of each other and we show that a
2
(x) hag an exponential probability 

function. Further,. we also determine the joint probability density 

function of a(x
1 
 ) and a(x

2 
 ) and from this density function find that 
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See Eq. B.49, Appendix B. 
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1 	r 
where a = 2 ELa

2 
 (20], r( ) is the gamma function, F(a,b; c; z) is 

the hypergeometric function, and 

R(xl,x2) = E {: a(LI) a(x2) e 
j[e (X1)-e (x2 )3 	

(IV.4) 

is the correlation function of the complex amplitude a(x) exp j0(x). 

Using Eq. IV.1, we can write R in terms of the complex amplitude 

of the object. Thus, 
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• 

Applying Eq. IV.2 to Eq. IV.5, we have that 

1 	 A 

I 	
o 

R(x x 	dudv 
—1'2', 	ckz)2 

Ao  

!ao(u,v)!2 	
P1-x2)u:r:(Y1-Y2)v]12 

• (IV. 6) 

Thus, we see that the correlation function of the complex amplitude, 

a (x) exp j0(x), can be written in .terms of a Fourier transform of the in- 

tensity distribution of the object. 
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With the above preliminary considerations in mind, we can proceed 

to derive the formulae which describe the effect of the film nonlinearities 

on the reconstructed image. 

IV.03 Average Noise Due to Nonlinearities  

We have shown that film nonlinearities change the ideal linear 

transmittance of the first-order portion of the hologram given by 

(see Eq. 111.8, Chapter III) 

1/2 
T (
—
x) = 

K
25(
+ 1 

s
l
[1 + B(x)] 	cos [kRr  - (2_01 , (1V.7) 

to a distorted transmittance given by (see Eq. 111.13, Chapter III) 

2/1-K- 
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K + 1 	1 	10 
B(L) C10 

B 
C10 

1/2 
[1 + B(x)1 	cos [kHz.  - 8 ())] . 	 (IV.8) 

Here K is the beam ratio, sl  is the slope of the linear portion of the 

normalized T
a
7E curve, 

a2  (x) 	a2  (x) 
B(x) - 	 - 1 - 2 	1 , 
• <az  ()s)]) 	2a 

(1V.9) 

is the distance from a point reference source to the hologram, and C
10 
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C
11 012 

and
' 	

are constants which depend on the T
a
-E curve and 

ld
' C

10 
 

the beam ratio K. In Eq. IV.9, we have assumed that the space average 

<a2(x)) is equal to the statistical average E[a
2
(x).] = 210.2. 

If the hologram is illuminated by the wave a
r 

exp jkR
r
, which is 

a replica of the original reference wave, the complex amplitude of the 

wave which will reconstruct the virtual image is, from Eq. IV.8, 
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U
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(IV.10) 

where 

This can be divided into a signal wave (the wave which will produce an 

undistorted virtual image) and into a noise wave (the wave associated 

with the intermodulation products produced by the nonlinearities which 

will produce a distorted virtual image). Thus, 

S(x) = a 	D 	a(x) eie (1) 	 (IV.12) r   
Vrli a 

C 	C
12 9  

D ar  a(x) 40(0  

	

N(x) = -6--
11 B(x) 

 + 67- B2(x) 	+   eJ  
10 	10 	127 

where S(x) and N(x) are the signal and noise wave respectively. Since 

Ud(x)  = S(x) + N(x), we can write the signal and noise in terms of the 

complex amplitude of the object by using Eq. IV.l, as 

(1\7.13) 
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where 

1120; 	- (x  - u)2  + (y - v)
2 

2z 
(IV.15) 

Thus, the complex amplitude at the image point 1 can be found by using 

the Fresnel-Kirchhoff formula, as 

U(urvi) = 	e-jkz fir 	
-j1111.(x,y;.0

1
,v).1 

U
d
(x
'
y) e 

A
t 

dxdy, 	(IV.16) 

where A
t 

is the aperture of the hologram. Using Eq. IV.14; we have that 

-D a 
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U(u1,v1) - 	2 	[Sv(ui,v1) + Mul,v1)] 
(Xz) /2 a 

(11/.17) 

where • 
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1 

Sv(ui,v1) and Nv(u1,171) are proportional to the complex amplitudes of 

the signal and noise, respectively, at the virtual image point 1. 

The average intensity, Mr  at the point 1 is given by 

E[U(ui,v1) U'(u1,v1)} or using IV.17, we have 

(IV.19) 
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(IV.20) 

(IV.21) 

(IV.22) 

(IV.23) 

and where I
r 

= art is the intensity due to the reconstruction beam 

at the hologram. 

Using Eq. IV.18, we can write the term Il  as 

I
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Applying Eq. IV.2 to Eq. IV.24, we have that 
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Performing the integration over x,y and x',y', Eq. IV.25 becomes 
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which we also can write as 
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where L
x 
and L are the sides of the hologram aperture in the x and y 

direction, respectively. 

Consider the term 
I'nl. 

 Using Eqs. IV.18 and IV.19, this can be 

written as 
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where c.c. means complex conjugate of the previous term. 

Applying Eq. IV.2 to the above, we obtain 
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Using Eq. IV.9, we can write that 
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Using the above expression in Eq. IV.29 and after integrating over 

x,y and x',y', we have 

	

i 
(r,C

12 	
C
13 

C
14 

nl
(u

1
,v

1
) = 2(L L )

2 
lidudv lao(u,v)1 

2 

x y 	
+ 
2 6

13 + 9 -6-- 	... Ao  

	

10 	10 	10 
A
o 

• 

2 
kL
x 	. 2 

kL
y 
(v-v1) sinc 	(u-u1) stile 2z  

2z 
(IV.30) 



(139) 
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Consider the term I"
nl

(u
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1
). Using Eq. IV.19, this can be 

written as 
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Applying Eq. IV.2 to this expression yields 
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In Eq. IV.33, consider the expression giving the expected value 

of the product of the two polynomials. Using Eq. IV.9 we can write 

this expression as 
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Thus, using the relation given in Eq. IV.3, we have that 
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where the coefficients of this expression are 
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If we substitute Eq. IV.35 in Eq. IV.33, we obtain 
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An expression for the correlation function 1R(x,x')12  is given in 

terms of the object intensity function 1a0(u,v)1 2  by Eq. IV.6. Thus, using 

Eq. IV.6 in Eq. IV.39 and integrating over x,y and x',y', we obtain the 

expression 
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In the above equation, the 	(pentagon) denotes a correlation while 

the *, as usual, denotes a convolution. 

For K about four or larger, the coefficients ---
Cln  become such that 
C
10 

we can simplify Eq. IV.40 as follows: 
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The term I a 
01
2 
'I' I ao1

2 
* h is a filtered version of the autocorrelation 

.function of the object intensity distribution. This quantity will 

closely resemble la
o

1 23t 1a
o
12 
 and will occupy about the same area, 

namely, about twice the area of the object. From Eq. IV.41, we see 

that the noise is computed-13y positioning the center of the function 

0E101 2 	I ao
l 2) at the object point in question, ul,vi, and then taking 

the product of the object intensity and the autocorrelation function 

and integrating over the overlapped area of these two functions. Thus, 

we see that the noise term I"
nl 

is an integral over the area of the 

overlap of the two functions and can be nonzero even if the particular 

object point ul,vi  has zero intensity. 
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Equation IV.41 is the expression which gives both the magnitude 

and distribution of the nonsignal dependent noise due to the inter-

modulation products produced by the nonlinearities. We can show, in 

the following way, that the magnitude of I"
nl 

does not depend on the 

size of the object but only on the form of intensity distribution of 

the object. 	Suppose the sinc functions in Eq. IV.42 can be taken ;to 

be delta functions. Then applying the first mean-value theorem(3) to 

Eq. IV.41, we have 
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where u, v is some point in the object and L ,L are the sides of a 
u v 

.rectangular object of area A
o
, in the u,v direction respectively. 

is the overlapped area common to la 0l2and  the displaced version of 
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Here CL L = 0.A. and 11', V is a point in the overlap area. Thus, we 
u v 

see that this noise is proportional to a weighted average over the over- 
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1
)1 	lao(u-ui,v-v1)1 j and 

is dependent on the intensity distribution of the object but not its 

size. 

The average intensity of the reconstructed image, M I., can be 

found by substituting Eqs. IV.27, IV.31, and IV.41 in IV.20. Thus, the 

average intensity of the reconstructed image at point 1 is 
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In the second term of the above equation, we assumed that 
12 

is the 
C
10 

dominant coefficient and, hence, have neglected the other coefficients. 

The first term of Eq. IV.45 is the signal; i.e., the undistorted re-

constructed object intensity at point 1. The second term is a signal 

dependent noise and the third term is the nonsignal dependent noise; 

i.e., the noise not directly dependent on the signal at point 1, as is 

the signal dependent noise, but dependent on a weighted average over 

the object-intensity object-intensity-correlation product. The 

weighted average is given by 
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We can define a signal-to-noise ratio as we did in Chapt. III. Thus, 

the signal-to-noise ratio is given by dividing the undistorted re-

constructed object intensity at point 1 by the sum of the signal de-

pendent and the nonsignal dependent noise, or 

S/N — 
lao(u1,v1)12  

lao(ur vi )1 2  1C 2  111 
\ciol 

* h(ui,v1) (IV.47) 

Thus, we see that the signal-to-noise ratio depends on the reconstructed 

object intensity at the point in question, on the form of the intensity 

distribution of the object since the nonsignal dependent noise is a 

function of the form orthe object intensity, and on the film transfer 

characteristics and beam ratio through the constants --- and --- and 
CC
11 

10 	
CC
12 
10 

is independent of other considerations such as object and hologram 

size just as we found in Chapt. III. In.fact, a comparison of the S/N 

relation given in Eq. IV.47 and the S/N given by Eq. 111.34 of Chapt. 

III shows that they differ only in that the nonsignal dependent noise 

term in Eq. 111.34 is the same for all points in the reconstructed 

image while the nonsignal dependent noise term of Eq. IV.47 varies over 

the reconstructed image in a manner described by Eq. IV.46. 

IV.04 Computation of S/N 

Example 1. 

1 
Suppose la

o
(u,v)1

2 
 is given by the distribution shown in Fig. IV.1; 

i.e., la (u,v) 12  = a 2  in the shaded region and 
o 	

is zero otherwise. 

From this intensity distribution we can compute the autocorrelation of 

the intensity. This function is shown in Fig. IV.2. 
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For K = 5, we have that --- 	0.2 and --- 	0.02 (see Fig. 111.5, 

	

CCli 

10 	
C

C 
 12 

10 
Chapt. III). Using these values, we can compute the noise and thus 

determine the average intensity of the reconstructed image. This is 

shown in Fig. IV.3 for a section of the reconstructed object along 

the u axis (v = 0). We see from this figure that the nonsignal de-

pendent and the signal dependent noise both add to the signal in the. 

region of the reconstruction where the object intensity is nonzero; 

but in regions where the object intensity is zero, only the nonsignal 

dependent noise contributes to the average intensity. 

The nonsignal dependent noise extends out to ±3 L
u
/2 or, it is three 

times the size of the object. The reason for this can be explained by 

examining Eq. IV.46. This equation, which gives the distribution of 

the nonsignal dependent noise, is a convolution of the object intensity 

with the autocorrelation of the object intensity. Thus, since the auto-

correlation is twice the size of the object, the convolution of this 

function with the object intensity will produce a function three times 

the size of the object. 

Example 2. 

As a second example, we take the intensity of the object, 
I
a
o
(u,v)12  

to be the distribution shown in Fig. IV.4. That is, the object is a 

36-point regular array with the 9th and 21st points missing. Point 21 
.L 	I. 

 
is located atul = 	. Suppose we want to find the noise 

= 	v1 lo  
12 

at point 21 in the reconstructed image. Since la
o
(u,v)1 = 0 there, 

we have no signal dependent noise. So the noise at this point is obtained 

by integrating over the overlap (shown in Fig. IV.5) of the object intensity 
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and the filtered normalized-correlation function. Thus, for 

711 - = 0.2, the peak noise N is 

2 
I"nl 	

a 	 r9 	2(11) + 4(14) + 17 + 2(15) + 2(19) -4- 2(12) -4- 7(18) 
(34)

2  

+ 5(23) + 4(28) + 3(22) + 34] (7111 7-- i  
10 

2 
679  c11 

I" 	
( 

= 	a
2 

= 0.022 a
2
. 

nl 1216 C
10) 

16.5 dB down from signal] . 

Note that this is about the same value for nonsignal dependent noise 

as we got near the center of the intense region of Example 1. The 

distribution of the noise around the 21st point position will be 

2 2 
TTL
x 	

2 nL 
I"nl (u1  ,v1  ) = 0.022 a sine xz  Cul  +10  sinc 	( 	LI/  

	

Az 	vl - 10) • 

Suppose now we want to find the nonsignal dependent noise at 
L
u 	

L 
 

ul 	10 	
= , 

1 	
7 
 TO ' 

a point just outside the reconstructed image. =  

Again we integrate over the overlap. Thus, 

2 2 

I"nl
(uv

I
) - a 	Cll 

(c ) 370 = 0.0122 a2  
(34)

2   
10 

19 dB down] . 

This.is about the same amount of noise we obtained just outside the re-

constructed object in Example 1. 

It is clear, of course, that there is no noise except in the close 

vicinity of the mesh points of the correlation function since this is the 

only place where there can be overlap between the object-intensity and 

object-intensity-correlation functions. 

C10 



(152) 

Example 3. 

As a final example, we calculate the average intensity of the 

reconstructed image for the square object with the opaque center which 

was used in the experiment of Chapt. III. 

This intensity distribution is shown in Fig. IV.6. Notice that 

the distribution resembles the distribution shown in photographs of 

Fig. 111.13 of Chapt. III. Fig. IV.6 was calculated for a beam ratio 

of 10. We can note that the difference in intensity of the nonsignal 

dependent noise at the center and the edge of the reconstructed object 

is about 3 dB, the same value as determined experimentally and shown 

in Fig. 111.14 of Chapt. III. Thus, although we cannot compare the 

magnitude of the calculated and measured noise, we see that the 

digtribution of the calculated and measured values agree. 

IV.05 Experimental Results  

A hologram was made of a flat, rectangular transmitting object 

consisting of five equal width bars of varying transmittance with two 

narrow opaque strips obscuring the edge of two of the bars. A section 

through the center of this object is shown in Fig. IV.7. This trans-

mitting object was backed with a ground glass which totally destroyed 

the spectral component of the beam used to illuminate the object during 

the hologram exposure. The hologram was made using Kodak 649F plates 

at a beam ratio of K = 3.8 and had an average amplitude transmittance 

of T
b 
= 0.47 after development in D-19 at 68

o
F for five minutes. 

The average intensity of the reconstruction was measured by scanning 

through the center of the reconstructed image with a pinhole-photocell 
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Fig. IV.7 	Section Through the Center of a High Dynamic 
Range Object. The values of the intensity 
transmittance of the object are plotted 
versus the distance along the object. 



(155) 

combination. These measured values, along with the values calculated 

by using the above theory, are shown in Fig. IV.8. We note that there 

is good agreement between the experiment and the theory. That is, 

at most places in the reconstruction the measured values are within 

one-to-three dB of the calculated values. There seems to be a small 

asymmetry in the measured values; they are lower than the calculated 

values on the left side of the reconstruction while they are higher 

on the right. This may be the result of the system noise, which is 

about 30 dB down, being asymmetrical. Nevertheless, the agreement seems' 

to be good enough to conclude that the theory presented above can be 

used to predict both the magnitude and the distribution of the inter-

modulation product noise caused by the nonlinearities in the hologram 

recording film. 
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CHAPTER V 

THE EFFECT OF FILM-GRAIN NOISE IN HOLOGRAPHY  

V.01 Introduction  

There are two major sources of noise which degrade the wavefront 

reconstruction imaging technique. First, there is the intermodulation 

product noise which is due to the nonlinearity of the film used in 

recording the hologram and second, there is the noise which can be 

attributed to the random fluctuations of the amplitude transmittance 

of the hologram caused by the grains of the photographic emulsion. 

The intermodulation product noise is the dominant source of noise 

at low values of beam ratio (K) since this is where the film non-

linearities produce their major effect and since at low K values the 

random fluctuation due to the film grains is usually small compared 

to the part of the amplitude transmittance which goes to reconstruct 

a point of the object. The film-grain noise becomes dominant at 

high K values because there the wavefront reconstruction process is 

linear and no intermodulation product noise is present in the recon-

structed image and because at these values of K the random fluctuations 

due to the film grains become comparable to the amplitude transmittance 

fluctuations of the hologram contributed by a point of the object. 

The prOblem of film-grain noise in wavefront reconstruction has 

been treated by Goodman(1). Here, we shall proceed in much the same 

way but we shall be able to derive a more general formula for the 

signal-to-noise ratio by removing a restrictive assumption made by 

(158) 



(159) 

Goodman and we shall also be able to express the signal-to-noise 

ratio in terms of the intensity transmittance or Wiener spectrum 

of the random transmittance fluctuations due to the film grains. 

Again, we shall assume that the object is planar and that the holo-

gram and the object are small when compared to the distance between 

them. 

V.02 The Hologram Transmittance  

Since the grain noise has little effect in holography, except 

when the light scattered by the object is weak relative to the light 

from the reference beam, we can take the recording process to be 

linear and an examination of the effect of the grain noise on a simple 

one-point object will suffice to illustrate the principles involved. 

Let the intensity of the light incident on the hologram, during 

exposure, be from a reference point, located at (u , v , z ), and r 	r 
from a one-point object, located at (u, v, z), as shown in Fig. V.1. 

Then the intensity is 

jkR
r 	

j(kR+Y) 2 
I(x,y) = Car  e 	+ a e 

= a
r
2 

+ a
2 
+ 2ara cos [k(Rr  - R) - (V.1) 

 

Here Rr 
and R are, respectively, the distances from the reference point 

and the object point to the hologram, ar  is the amplitude of the 

lY  reference point, and ae 	is the complex amplitude of the point object. 



z r 

L x 	,-. m 0 ,... 

Ref. 
(ur'vr'zr)  
4 	 

Fig. V.1. Hologram of a one-point object. 
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The exposure of the hologram is given by 

E(x,y) = ar2t + 2(art1/2)(at1/2) cos [k(1Ir  - R) - 

or 

E(x,y) = Er  + 2Er
1/2 

E
1/2 

cos [k(Rr  - R) - T], 	(V.2) 

where E
r 
= a

r
2
t and E = a

2
t are the exposures due to the reference 

beam and the object respectively, and t is the time of exposure. In 

• the above equation, we have assumed that a << ar and thus we have 

neglected the term a
2
t in the exposure expression. 

We have seen in Chapt. II that the frequency filtering effects 

of the film can be taken into account by modifying the actual exposure 

to get 

Eq. 	11.28) 

where 

an effective exposure. 

[E(x,y)]eff  = Er  + 2Er 1/2 

fx 	2n r  3Tc  

1 
f E;  

Thus, 	the effective 

E1/2 
 M(fx, fy) 

k(Rr  - R) 

[k(ltr 
	R) 	- T]; 

exposure is 	(see 

cos 	[k(Rr  - R) - T], 	(V.3) 

(V.4)  

(V.5)  

and M(f ,f ) is the modulation transfer function (MTF) of the film 
x y 

used for the hologram. 
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The exposure is set so that E
r 

is equal to the optimum bias ex-

posure centered on the linear portion of the T
a
-E curve; thus, the 

amplitude transmittance of the hologram is 

T(x,y) = T
b 
+ 2s E

r
1/2 

E
1/2 

M(f 
x 
 ,f 
y
) cos [k(R

r 
- R) - V], 	(V.6) 

where, again, Tb  is the optimum bias transmittance and s is the slope 

of the linear portion of the T
a
-E curve at the optimum bias point. 

(See Chapt. II.) 

The presence of the film-grain noise modifies this transmittance. 

For small transmittance variations recorded about a mean transmittance 

Tb, as we have in the linear case, the grain noise can be written as 

T'(x,y) = Tb  + T(x,y), where T(x,y) can be taken to be an additive 

random term in the total transmittance of the recorded hologram. 

• This additive random term has a zero mean and is independent of the 

transmittance variations due to the interference between the reference 

and object beam. Thus, the modified transmittance is 

T(x,y) = T
b 
+ 2E

r
1/2 

E
1/2 

s M (f ,f 
Y
) cos [k(R

r 
- R) - V] + T(x,y). 	(11.7) 

* 
This assumption is valid only for small variation of the trans- 

mittance since, in actual fact, the level of the random transmittance 
variation is a function of the average transmittance level (see Refs. 
2 and 3), and thus, the grain noise cannot be treated as an additive 
noise. However, in the linear case of hologram recording, where the 
variation in amplitude transmittance is small, we can assume that the level 
of the random fluctuations are fixed and determined only by the optimum 
amplitude transmittance bias level. 
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V.03 The Reconstructed Signal Intensity  

The method of reconstruction of the real image is shown in 

Fig. V.2. We assume that the hologram is a rectangle of sides L 
x- 

and L in the x and y direction, respectively. ThuS, At  = L
x  Ly 

 , 

where A
t 

is the area of the hologram. The reconstruction wave in-

cident on the hologram is the conjugate of the original reference 

beam; thus, the complex amplitude of this wave is 
r1/2 

exp [-jkR
r
], 

where 1
r 

is the intensity of the wave at the hologram plane. 

The complex amplitude, at the hologram, due to the interaction 

of the reconstruction wave and the real image part of the hologram 

transmittance is 

1/2  -jkR r 	 1/2 .1/2 j[k(Rr-R)-/) 
u(x,y) = Ir 	 s WI 	E 	e 

x'f y
) E r 

. Thus, by using the Fresnel-Kirchhoff diffraction formula (Eq. 11.6), 

the complex amplitude of the reconstructed point object is 

U(u,v; u1,17') = Xz 
 s(IrErE)1/2 	M(f

x'
f
y
) ei(R-R') 

A
t 

where 11' is the distance from the point x,y in the hologram to the 

point u',171  in the image plane, 

R = z 
(x - u)

2 	
(y - v)

2 
+ 2z 	2z 

(V.8)  

(V.9)  

(V.10)  

and 

R' = z + (x - u')
2 	

(y - v7 )
2 

2z 	2z 
(V.11) 
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Fig. V.Z. Reconstructing the real image. 
Re is the real image plane. 
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r 

f Xz zr  Az V. -  

(V.12) 

(V.13) 

or 

2 z2 

2 
I
r 
E
r 

E A
t_ 

G 
2 2 

I - (V.15) 

-jk(R-R) 
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The peak intensity is obtained at the position of the original object 

point; this, the peak intensity is 

v')12  , 	 (7.14) 

where G is a spatial-frequency-dependent factor given by 

G = A-11(f ,f ) dxdy. 
1 

-x y 
A t 

(V.16) 

V.04 The Average Noise Intensity  

The average value of the intensity produced by the film-grain 

fluctuations at the reconstruction can be found in much the same manner. 

Let UT
(u,v) be the complex amplitude of the light scattered by the film 

grains to the image plane at the position of the reconstructed point 

object. Then, again using the Fresnel-Kirchhoff diffraction formula, 
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where R is given by Eq. (V.10) and Rr, the distance from the original 

reference point in the hologram, is given by 

(x - u
r
)
2 	

(y - v
r
)
2 

R
r 

= z
r 
+ 

2z
r 	

2z
r  

(V.18) 

Thus, 
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A
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The average intensity of the film-grain noise is 

	

IT(u,v) = E {1UT(u,v)11 , 	 (V.20) 

where EL-  ] is a statistical average. Thus, 
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In the above equation, let x
1 
- x

2 
= Ax and x

2 
= x. Then, 

IT(u,v) =  2r 	2 	dxdy 	dAxdAy 0
'TT

(Ax,Ay) 
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In this equation, we have extended the limits of integration to in-

finity and compensated by putting rectangular functions inside the 

integral. The function TTT 
is the autocorrelation function of the 

random transmittance fluctuations caused by the film grains. It is 

defined as 

cpTT (Ax,Ay) = E 	+Ax, y + Ay) T*(x,y)] . 	(V.23) 

In order to simplify Eq. (V.22), we observe that the integration 

over Ax and Ay will give significant values only for Ax and Ay which 

are of the order of the grain size since the autocorrelation function 

TTT(Ax,Ay) will be very small for Ax or Ay larger than 4,, the grain 

diameter. Thus, we can set x - Ax = x and y - Ay = y. Further, we 

can assume that Ax
2 

and Ay
2 

are small when compared to the other 

dimensions of the hologram and thus Ax
2 

and Ay
2 

can be taken to be 

zero. This amounts to assuming that the observation plane, that is 

the plane of the reconstructed image, lies in the far field of the 

individual film grains(1). Thus, after performing the integration 

in Eq. (V.22) over Ax and Ay, we obtain 
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where
TT
(p,q) is the spatial-frequency spectrum or the Wiener spectrum 

IT  (u v) 
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of the random amplitude-transmittance fluctuations due to the film 

grains; . 
TT- 

 , which can also be called the intensity-transmittance 

spectrum of the film-grain noise, is defined as 

 

CO -j2r(px-ily) 

(x,y) e 	dxdy, 
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TT 
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where p and q are spatial-frequency variables and where the intensity 

, 
transmittance spectrum has units of 1/(t/mm)

2 
 . 

If we make the change of variables, 
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r _ _y_.  ,1  _ z ) 

q  — kz - kz
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Figure V.2 indicates the significance of the a's and b's. For 

example, if the reference beam and the object are in the x-z plane 

(u/Xz - ur/Xzr) is, within the Fresnel approximation, equal to 

sin 00/X, the spatial frequency at the center of the hologram. The 

term L
x
(l/z - 1/z

r
)/2X, to the same approximation, represents the change 

of spatial frequency from the center of the hologram to the edge. 

Similarly, we see that the limits of the double integral define the 

spatial-frequency bandwidth of the hologram. 

Since ITT 
is a positive function, we can use the first mean-value 

theorem
(4) 

to write Eq. (V.26) as 

I(u'v) 
I
r 

22 b2 

I TT(po,q04 ji dpdq 

a
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b
1 

(V.27) 

or as' 

Ir  At  
YT(u,v) = Tf 'I'TT(p0,(10) 

X z 
(V.28) 

where At  = L
x  Ly 

 is the area of the hologram and p0,q0  is a point some-

where  within the relevant transmittance-spectrum bandwidth. 

V.05 The Signal-to-Noise Ratio  

As Goodman
(1) has pointed out, the proper signal-to-noise ratio to use 

in holography is the ratio of the peak reconstructed image intensity, due to 

the object alone, to the standard deviation of the total intensity in 

the reconstructed image plane. Let the total intensity in the image 

plane be I', then 
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I' = 111 + U
T

1 2 

	

(V.29) 

and the variance of I' is 

2 
a = E(I'

2
) - E

2 
 (I') (V.30) 

If one observes that UT(u,v) is a sum of a large number of randomly 

phased complex amplitudes due to the scattering of the individual 

• film grains, then a reasonable assumption is that UT  is a zero mean 

complex Gaussian random process with independent real and imaginary 

parts. (See Appendix B also:) As a consequence of this assumption, 

we have that 

41'
2] 

= 1
2 
+ 41 IT  + 2(1

T 
)2 

(V.31) 

and 

E2[1,1 = 12 + 21 IT  + (IT)2 	 (V.32) 

and that the standard deviation of the total image intensity is 

1/2  a = Y 	1_-1- [ 	2 I T 	----] 
I 
T 

(V.33)  

Thus, the ratio of the intensity due to the reconstructed image to the 

, standard deviation of the total intensity is 

I 	I  

c7 
	

IT 	/ [1 + 2 	11/2  
ITj 

(V.34)  
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However, since I/0" is a monotonically increasing function of I/1 , it 

is useful to determine the relationship of this latter ratio to the 

 

hologram parameters. 

   

The ratio 	T can be found from Eqs. (V.5) and (V.28). Thus, 
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This equation can also be written as 
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where s
1 
= sE

r 
is the slope of the normalized T

a
-E curve and K = E

r
/E 

is the beam ratio (see Chapt. III). 

Thus, we see that the ratio given by Eq. (V.36), which is 

monotonically related to the signal-to-noise ratio, is proportional 

to the square of the slope of the normalized T
a
-E curve at the optimum 

bias point, to the area of the hologram and to the square of a spatial-

fiequency dependent factor given by Eq. (V.16) and is inversely pro-

portional to the beam ratio and the value of the intensity transmittance 

spectrum at some point within the bandwidth defined by the size of the 

hologram. 

If we have that z = z
r' 

the reference point and the object point 

the same distance from the hologram, we have a Fourier-transform holo-

gram. In this case we see from Eq. (V.24) that 
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and, thus, for a Fourier-transform hologram, 
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Also, we see from Eq. (V.16) that for a Fourier-transform hologram 
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or 

r 	V 	
Vr  ) 

G = 14(F - Xz
r ' Az Xzr 

(V.40) 

or G is just equal to the MTF evaluated at p = (u/Az - ur/Azr) and 

q = (v/Az - vr  /Xz r ). 
-  

V.06 Measurement of ITT 

An estimate of ITTcan 
 be obtained by measuring the light scattered 

by a uniformly exposed photographic plate in an optical system similar 

to that shown in Fig. V.3. In this coherent optical system, which is 

linear in complex amplitude, f(x,y) is the complex amplitude of the light 



Pa 	 P3  
1 	 ti 
vi (PC)

a 	 1 (PC), 
L 1--\\ 	 ---\ 

10  

Fig. V.3. Optical System for Measuring °T T*(p,q). 10  is the intensity of the 
monochromatic plane wave incident on Pl; PI contains the randai complex 
amplitude-transmittance function -r (x,y); P2  contains the filter; and 
1, 	contains the random complex amplitude distribution function f(xly). 3 
(PC)1  and (PC)2  are photocells. L is a lens. 
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distribution at plane P
3 
normalized with respect to the light in- 

cident on plane P
1
. This quantity can be written as 

f(x,y) = T I(x,y) * h(x,y), 

where T'(x,y) = Tb 	T(x,y) is the complex transmittance of the uni-

formly exposed photographic plate at plane P1, h(x,y) is the impulse 

response of the filter at plane P2  and * denotes a convolution. The 

autocorrelation function of f(x,y) is defined as 

cpt f  (Ax,Ay) = E [f (x + Ax, y + Ay) f*(x,y) J  . 

This can also be written in terms of TT
(p,q) and H(p,q), the complex 

transmittance of the filter at plane P2. Thus, 

j2n(pAx-RIAy) 
Trf(Ax,Ay) =11 dpdq '1',TT(p,q) 	12e 

_co 

,1   
2 

Suppose that IH(p,q)1 is 

(v.41) 

(V.42) 
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p0' - 	(6/2) sp 5  p0 ' 	(8 /2 ) 

for 

- 	(8 /2 ) 5  q 5  q0' + 	(6 /2 ) 

2 
IH(p,q)I = 0 	otherwise 	 (V.43) 

and 
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and that 8 is sufficiently small so that 1,TT
(p,.q) can be taken to be a 

constant equal to /.1.T(pol , q0'). Then, we see from Eq. (V.42) that 

(P4f
(0,0) =

TT
(p
0' c101) 62 

	
(V.44) 

and that for 8 = It/mm 

TT (p
0 
 ',q

0  I
) = cnf f  (0,0)/(L/mm)2 . 	(V.45) 

Ifweassumethatthestatisticalaveragem
f
.
f
0,0) can be estimated by 

a space average, then 
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where B1  is the total energy incident on the photocell (PC)1,when the 

plane P
1 
contains the uniformly exposed photographic plate of complex 

transmittance T
b 
+ T(x,y) and P

2 
contains the filter, while B

2 
is the 

total energy incident on the photocell when the photographic plate and 

the filter are removed from the optical system. Here, A is the area of 

the photocell (PC)1. In the measurement, the area A must be large enough 

so that its Airy pattern at plane P2  is much smaller than the spatial-

frequency bandwidth of the filter,
* 
 but to avoid spurious effects due 

This condition is analogous to one used in electrical time 
filters, where the frequency bandwidth of the measurement filter must 
be greater than the reciprocal of the measurement time to provide a 
good estimate of the power spectrum of the random process being 
measured. See, for instance, Ref. 5. 
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to the constant term Tb, it must be slightly smaller than the sp&Lial 

extent of the photographic plate in plane P
1
(6) 

 . B
1 
and B

2 
can also 

• 
be measured by using the photocell (PC)2; however, in this case it 

is more difficult to avoid the spurious effect caused-by the constant 

term Tb. Thus, we see that the function c/TT(p,q) can be determined by 

measuring B1  and B2  for various values of po', q01 . 

V.07 The Minimum Detectable Point Object  

The quantity 	has recently been measured by Doherty and 

reported by Burckhardt(3) for Kodak 649F plates at several values of 

amplitude transmittance. For an amplitude transmittance of 0.529 

their measured data can be approximated by the expression 

TT 
 (f) = [exp (-0.00248f)] x 10-8 
	

(V.47) 

where f2 = p2 + q2. In this expression we have assumed that TT 
 has 

radial symmetry. This is probably a good assumption because of the 

isotropic nature of the photographic emulsion. We can use this ex-

pression to estimate the smallest point object which can be recon-

structed with a hologram. 

We have.indicated above that the proper signal-to-noise ratio for 

holography is the ratio of the peak intensity of the reconstructed 

po-int image to the standard deviation of the total image intensity. 

Burckhardt only gives values of c.I'TT(f) for f = 200 '/mm to 

f = 750 -'/mm. However, we assume that the experimental curve can be 
extrapolated to lower and higher spatial frequencies. 
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This ratio is given by Eq. (V.34) in terms of the ratio of the peak 

image intensity to the average noise intensity. Notice that for 

I >> IT, the signal-to-noise ratio can be written as 

If we arbitrarily assume that Va = 5 for minimum detectability, 

then I/IT  = 50. If we take, for an example, a Fourier-transform holo- 

, gram, where 

u 

C
r 

kz  XT) = 300 1./mm 

and 

v 
Az 

yr\  

Xz 
r 

 

 

 

= 0 , 

   

'and assume that the hologram recording material is Kodak 649F, then 

s
1 	

0.56 at T
a 

= 0.5 (see Fig. 111.3) and G = 0.95 (see Fig. 11.9). 

The beam ratio of the smallest detectable point object is, from 

Eq. (V.38), 

Substituting the above data, we find that K
min 

= 1.2 x 10
6 
 A

t 
(This 

result will hold approximately for an ordinary hologram, where z 0 zr, 

if the spatial frequency at the center of the hologram is about 300 i/mm.) 

Thus,. for a square hologram, 10mm on a side, this corresponds to a beam 

ratio K = E
r
/E, of 1.2 x 10

8
. Thus, we see that very weak point objects 

can be detected by a hologram. 



K 	(a 	) 	
• • 

IT 	TT 0' 
a  
'0- 	At 

s,
2 
G
2 
At 	(As) 

2 

(V.50) 

(178) 

The above results apply for a hologram where the light scattered 

by the point object covers the entire hologram. However, this may 

not be the case if, for example, the point object is a transilluminated 

opaque plate containing a relatively large hole. In this case, the 

equation for the peak reconstructed image intensity, I, is modified 

by replacing A
t 
by the area, at the hologram, covered by the light 

scattered by the hole. Thus, if As  is this area, Eq. (V.38) becomes 

V.08 Signal-to-Noise Ratio for a Diffuse Object 

If the object is a diffuse surface made up of many unresolved 

points, the proper beam ratio is given by the ratio E T  /E S, where Es 

is the exposure due to the collection of points. We have seen in 

Chapt. III that the beam ratio can be written as 

E 
r  

K = 	 (V.51) 
N 

t 2: a.2  
i=1 1  

where E
r 

= a 
2
t is the exposure due to the reference beam. Thus, for 

use here, we can write the beam ratio as 

K - 
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1
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Ni 
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where E. = a.t is the exposure due to the ith point and where E is 



L L 
N 	

u v 

(1=11!) 
x y 

(179) 

the exposure due to an average point. Then, using the above equation 

in Eq. (V.35) and noting that s1 
 = sE

r
, we have that 

2 2 
E 
A
t I = 	

s
1 
 G 

-f K 	N 
(V.53) 

If the object is a rectangle with sides L
u 
and L

v 
in the u and v 

direction respectively, then 

(V.54) 

where L
x 
and L

y 
are the sides of the rectangular hologram in the x 

• and y direction respectively. Since At 
= L

x 
 L , we have that 
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A
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and that 
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(V.56)  

Thus, we see that I/IT  is independent of the size of the hologram but 

is inversely proportional to the angular size of the object. This ratio 

is also inversely proportional to the beam ratio and is directly 

proportional to the ratio of the exposure due to the particular point 

in question to the exposure due to an average point. Finally, we note 

that the ratio E/E can be written as 
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where a
2 

is the intensity of a particular reconstructed image point 

and a.2  is the average reconstructed image intensity. Thus, 
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APPENDIX A 

COEFFICIENTS OF THE DISTORTION POLYNOMIALS PRODUCED BY FILM NONLINEARITIES  

A.01 Introduction 

We have shown in Chapter III that the nonlinearity of the film 

distorts the transmissivity of the hologram. This distortion can be 

written in the form of a polynomial in B(x,y) where 

2 
a  (x,Y) 

B(x,Y) ' 	9 	- 1 

a-(x,Y)> 

and where a
2
(x,y) is the intensity, at the hologram, of the light scattered 

by the object. 

Here we list some of the coefficients of the zero and first-order 

polynomial. 
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APPENDIX B 

STATISTICS OF THE HOLOGRAM EXPOSURE FUNCTION  

B.01 Introduction  

In this appendix, we investigate the statistics, at the holo-

gram aperture, of the coherent light scattered by an object. We 

are interested in diffuse objects, i.e., those which completely 

scatter the light and thus destroy any specular components which 

were present in the incident light. Most fine ground-glas trans-

mitting screens scatter in this way as do reflecting objects with 

surfaces which have many small imperfections which are, in size, 

the order of the wavelength of the coherent light. We call such 

objects diffuse reflectors and in this appendix we derive certain 

statistics associated with the coherent light scattered by these . 

objects. Consider Fig. B.1. Here the object 0 is illuminated by 

a coherent source, of wavelength X, and this coherent light is 

scattered by the object to the hologram H. The complex amplitude of 

the light at the hologram can be written as a(x,y) exp i/(x,y), and 

.we can approximate this function as 

N(x,y) 

a(x,y) exp j“x,y) = E 	An(x,y) exp j[kR
n
(x,y) + 

. n=1 

(B.1) 

where N(x,y) is the number of points in the object, contributing to the 

complex amplitude at the point x,y, which can be resolved by the holo-

gram aperture, R
n
(x,y) is the distance from the n

th 
point of the object 

(B-1) 



 

z 

Fig. B.1. Coherent light scattered from the 

object 0 to the hologram H. 



(B-3) 

to a point in the hologram, t
n 

is the. phase of the n
th 

point, and 

lAn (x,y)1 = 
a
n 
cos

n
(x,y) watts  1/2 

Rn(x,y) 	unit area 
(B.2) 

In the above expression, a 
2 

is the total power emitted by the n
th 

point measured in watts and 0
n
(x,y) is the angle between the normal 

to the hologram at x,y and the line of length Rn(x,y). The complex 

amplitude of the n
th 

object point is C
n 

5(u - u
n
, v - v

n
) where 

C
n 

= Xa
n 

exp j[t
n 

- u/2], 8(u - u
n
, v - v

n
) is the Dirac delta function, 

and u,v are the coordinates of the object. 

B.02 Probability Density Function of the Complex Amplitude  

If the object is a relatively flat, diffuse reflector, all of the 

resolvable points will contribute light to each point of the hologram 

and N(x,y) can be considered to be a constant independent of x and y. 

Also, it is not unreasonable to consider *
n 
as a random variable which, 

when reduced modulo 2u, is uniformly distributed between 0 and 27 and 

toassumethattis independent of W.  where i and j are two arbitrary 

resolvable object points. Thus, we see that the complex amplitude at 

a point x,y of the hologram is the sum of N independent random vectors 

each of complex amplitude given by An(x,y) exp ji&n(x,y) + $1J. In 

this case, we can show that the probability density function of the com-

plex amplitude approaches a normal law as N grows large. 

Let 
N 

X = a(x,y) cos (x,y) = 	An(x,y) cos [ kRn(x,y) 	t 	
' 
	(B.3) 

n=1 
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Y = a(x,y) sin “X,y) = E  An(x,y) sin [kRn(x,y) + 	(B.4) 

n=1 

Here, X and Y are the components of the complex amplitude vector, 

a(x,y) exp j'(x,y). X and Y, in turn, have components xn  and yn, 

which are independent random variables, where 

x
n 

= A
n
(x,y) cos [kRn(x,y) + 

y
n 

= A
n
(x,y) sin [kRn(x,y) + rJ  . 

Thus, we see that the statistical average of xn  and yn  is 

ECxnI = Elyr ] = 0, and that 

P11 
= ED(2] = 1 	i V 2 n(x,y)I2 

n=1 

µ
22 

= B[Y2] = E l An (x,y)12 
n=1 

p12 
= E[XY1 = 0 . 

(B.7)  

(B.8)  

(B.9)  

A sufficient condition that the probability density function of 

the complex amplitude approach a normal law is that 

N 

Ox 	
p11 -3/2 E Eckni3 )  _.0 

n=1 

N 

Cy = p22-312  " EQYn13).40  
n=1 

(B.10)  

(B.11)  
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M 

I Ynl3  E 
m=0,2,4,... 

2C(3,m) An3(x,y) cos m [kR
n
(x,y) + *

n 
+

n 

(B-5) 

• 
as N 4 cj/ •

(1) 
 We can show that this condition is satisfied. We 

have that 

lxn 1 3  = I lAn(x,y) cos [kR
n
(x,y) + *n113  , (B.12) 

  

cos [kRn(x,y) + *n  - 
I 3. 

 

 

l Yn
13 

= IAn(x,Y) 
(B.13) 

    

To expand these expressions, we consider x
n 

and y
n 

as signals being 

passed through an even with law full wave device
(2) 	

Thus, with An = 
IA n 1 

and 1J
n 

= arg A
n
, we have that 

M 

kn i3 	E 	2C(3,m) An3(x,y) cos m [kR
n
(x,y) + *

n 
+

n 
, (B.14) 

m=0,2,4,... 

where 

C(3,m) 
e r(4) 

, c
o 

= 1; c
m 
= 2, m 	O. (B.16) 

24rr 2-litm) \ 	2 

Thus, 

1)- I  n! 
	

= E(Ixn1 	- 2C(3,0) An3(x,y) 
	

(B.17) 

and 
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25/2 
	1,  E  
C(3,0)  ( 	A 

n3 
 (x,y) 

N  
n=1 

x 	y 	])3/2 

N1/2( 	2  
2N 	An (xa)  

n=1 

C C — — (B.18) 

P(x,Y) = 	
1
2 	

exp 
2n a 

 
x,y II 

(x2  + y2)  
2a 2 ' 

x,y 

(B.19) 

(B-6) 

N 	N 	3/2 

Since (1  1: A
n
3(x,y) and "31-ill  E An2  N 	

(x,y) 	stay fixed as N 9  m, 

n=1 	n=1 
we see that the condition that C

x 
and C 9  0 as N 4 c°  is satisfied and 

Y 

conclude that the joint probability density function of X and Y is a 

bivariate Gaussian density given by(3) 

N 

11 
	- n2

( x,y). 
p:(2 	

E A 	Recall from Eq. (B.3) and where cr2
x,y 	

=  

(B.4) that 
	n=1 

X = a(x,y) cos “x,y), 

Y = a(x,y) sin cl.(x,y), 

where a(x,y).is the amplitude and “x,y) is the phase of the complex 

amplitude due to the light scattered by the object. Then, we can write 

the joint probability density function of the amplitude and phase as 

P[a(x,y), (“x,y), 	
a(x,y) 

Zn 62 
x,y 

exp for a(x,y) 	0 

= 0 otherwise, 
	 (B.20) 

and 0 s “x,y) 5  27. 
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B.03 Probability Density Function of the Amplitude and Intensity  

It follows from 

p[a(x,Y )]  

Eq. 	(B.20) 

(x ,y) 

that 

a2  (x 
for a(x,y) 0 exp 

a2 20'2 
x,y 	x,y 

= 0 otherwise 	 (B.21) 

and 

PP(x,Y)] = 
	

for 0 s “x,y) s  2n 

= 0 	otherwise 	 (B.22) 

The probability density function of the amplitude is a Rayleigh distri-

bution and we also see that, at any point in the hologram, the ampli-

tude and phase of the complex amplitude are independent random variables 

since 

p[a (x,y) , 	(x,y)] = p [a (x,d p[(1' (x,y)] . 

The moments Elan] are given in section B.08 (see Eq. (B.46b)). 

The intensity of the light at the hologram is given by 

2  I = Ia(x,y) e3"xa)1 = a2(x,y) (watts/unit area). 	(B.23) 

Thus, the probability density function of the intensity is(4)  

P (I) = p[a2  (x,y)] 
1 a

2
(x,y) 

; 	a
2
(x,y) z  0 

2a
2 

exp 
2a2  

x,y 	x,y 

= 0 	otherwise 	(B.24) 
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and we conclude that the probability density function of the intensity 

r , r , is an exponential function. The moments ELIn  J = ELa
2n 

 J are given in the 

section B.08 (see Eq. (B.46b)). 

It is interesting to note that we can obtain the exponential 

probability density function for the intensity by maximizing the enthropy 

of the function a2(x,y) under the constraints that a
2
(x,y) z  0 and that 

a
2
(x,y) has a finite mean (see Chapter III). In this case, we obtain 

the probability density function with the widest spread on the a
2
(x,y) 

axis. 

B.04 Joint Probability Density Function  

We are also interested in the joint probability density function 

of 

a
2 

= a(x
2
,y
2
), 

a
1 
 = a(x

1
,y
1
), 

(1
2 
=

2
,y
2
) 

 

1 = (1(x1'Y1). 

However, before we determine p(a
l' 

a
2, 	

(1.
2
) we specialize to 

the case where the hologram is not too large relative to the hologram-

object distance. In this case 

IA
n
(x,y)I = 

a
n 	

cos en(x,y) 	a
n 	

cos E
n 

 
watts 

Rn(x,y) 
A n 
	unit area 

n 
 

1/2 
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Thus, 

N 
a2 	— 2 1 E   2 	watts  2 :) = 	= -_ 	A

n x,y 	unit area 
n=1 

is a constant over the hologram plane. 

Now, recall from Eq. (B.3) and (B.4) that 

N 

X = 	a(x,y) cos (1.(x,y) =
n 

cos [kR 
n
(x,y) + 

n=1 

Y = a(x,y) sin (x,y) = E IA sin PRn(x,y) + *n 
n=1 

where lit
n 

are independent random variables which are uniformly distri- 

buted between zero and 2u. We also recall that E[Y] = E[X] = 	= 0 

and that E[Y2] = E[X2] = a2. 

Let 

X1  = a(xl,y1) cos “x1,y1) = al  cos r1, 1  

N 

= E A
n 

cos [kR
n
(x

1
,y

1
) 

n=1 

Y
1 
 = a(x

1
,y

1
) sin “xy

1
) = a

1 
sin 

61   

= 	A11 sin [kRn(xl,y1) + *n] 
n=1 
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X
2 
= a(x

2'
y
2
) cos “x

2'
y
2
) = a

2 
cos 62 

E 	cos [kRn (x2 ,y2) 

n=1 

Y
2 

= a(x2,y2) sin [ 1cRn(x2,y2) + nj = a2 sin *2  

= E An  sin [kRn(x2  y2) + 
n=1 

Since X1, Y
1
, X2, Y

2 
 are Gaussian random variables, their joint prob- 

ability (5) density function is 	for X
1 

= y
l
, Y

1  
 = y

2
, X

2 
= y

3
, and 

Y2 
= y4, 

 

4 4 

exp 	

Yi 	

Alnm  YnYm 2) 
lATE   l  

P(Y1,Y2,Y3,Y4) - 	
n= 

I A 
1 1/2 1
m=1  

. 
(2n)  

(B.25) 

where IAI nm is the cofactor of the element in the nth row and mth 

column in the determinant IAI of the covariance matrix 

aft 

E[X
1  2
] = 02 	E[X1Y1] = 0 	E[X

1X2
] 	E[X

1Y2] 

E[Y
1  X1 

 ] = 0 	E[Y
1  2
] = a2 	E[Y1X2] 	E[Y1Y2] 

A= 

E[X
2
X
1
] 

E[Y2X1] 

r 	1  
E[X

2
Y
2
] 	ELX

2
2 
 _1 =

2 	E[X2Y2] = 0 

E[Y
2
Y
1
] 	E[Y2' X

2 
 ] = 0 	E[Y

2
2] = a2 
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Using the summation relations for the X's and Y's, we can show that 

E[X1X2] = EEY
1Y2I 

and that 

E[X
1
Y
2
] = -E[Y

1
X
2
] . 

Now let 

R(x
1
,y1' x

2
,y
2
) = E a(x

1
,y
1
) a(x

2
,y
2
) e

j['(x1,Y1)4(x2,Y2? , 
	(B.26) 

where R(x1" 
vl' x v ) is the non-stationary correlation function of 

the complex amplitude. We note that 

R(x1  = x2, y1  = y2) = E [a
2(x,y)] = 0.02 , 	(B.27) 

where co
2 

is the mean square value of the complex amplitude. Also, 

"2 2 	2 
we see that a

o 
= a

X 
+ 	= 2a

2 
or that R(x

1 = x2, y1 = y2)  
2o.2 

We can also write 

R(x1,y10(2,y2) = E[(X2  + jY2)(X1 	jY1)J = 24X1
X
2 

+ j2E[X
1
Y
2
I 

(B.28) 

*We can show that R is non-stationary by computing R(xl,yi,x2,y2) 

using the summation relations for a(x,y) exp j“x,y). When this 

computation is performed, we find that R is not simply a function of 

(x1  - x2) and (yl  - y2); thus, R is non-stationary. 
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Re(xi, yi,x2,y2) =
1
X
2
] 
 ' 

Rc(xl  = x2, y1  = y2) = E[X2] = Pu2  

Rcs(x1,Y1'x2'Y2) = E[X1  Y2 
 ] 
' 

Rcs(xl 7=  x2' y1 = y2) = E[XY] = 0 , 

(B.29)  

(B.30)  

12 
IR' 	= 4(R

c
2 
+ R cs

2
) . 	(B.32) 

Thus, the covariance matrix is 

cs2 	
0 	R

c 	cs 

0 	a2 -R 	R 
cs 	c  

R
c 	

-R 	a2 0 
cs 

R 	R
c 	

0 2 
cs 	*me 

Following Ref. 2, p. 162, we can write the determinant of the matrix as 

(199) 

n = 

we have that 

and 

R(xial0c2,Y2) 

2 	 — R c  (x1 ,y1' x2' y2 
 ) + jR cs (x y x

2'  y2 
 ) (B.31) 

Then, if we let 

where 

arid 

where 
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2 	
1 11 
12]

2 

IA' = 	 ._ [a4  - R 2  - R 2 ] = a4  - 1  
c 	cs 	4 

(B.33) 

and the various cofactors as 

A
11 

= A
22 

= A
33 

= A
44 

= a2  IA1 1/2  

A
12 

= A
21 

= A
34 

= A
43 

= 0 

A13 = A31 = A24 = A42 1--- -RcIAI1/

2 

A 	= -A 	= -R IAI 1 /2  

	

A14 = A41 = - 23 	32 	cs.  

• 

We note that 	slim 	IAI = 0 since R(0,0) = 2a2. 
xy 
12' 143'2 

Using these relations, we can write 

p(X ,Y X Y ) = 	, 
1 
 1  /, 

1 1' 2' 2 	
471A1- 

0
2
(X1

2 
+ Y

12 
+ X2

2 
+ Y2

2
) 

1  
--2Rc(X1X2  + Y1Y2) 
2 1 A 1 1 /2  

-2R
cs

(X
1
Y
1 
- Y

1
X
2
) 

(B.34) 

From Eq. (B.34) it follows that the joint probability of the amplitudes 

and phases 	is(')  

a
1
a
2 _ 

1 

I

62(a12 + 

-- 	

2, 

a2 ) 

-2Rcala2  cos 

-2Rcsala2  sin 

(1
2 

(12  

- 	1,
1
) 

- 	1, 1  

P(a1
,a
2'l'

.(1)
2
) 

4n2IA1 1/2  

exp 
2IA1 1/2  

(B.35) 
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for a
l' 

a
2 	

0 and 0 	(1'
2 

2n and zero otherwise. 

B.05 Joint Probability Density Function of the Amplitudes  

One can also calculate the p(al,a2) and p( 1, 2) and we refer 

the reader to Ref. 2, pgs. 163 and 164 for the details. Here we 

will give, for convenience, the expression for p(a1,a2). Thus, 

2 2 

p(a ,a ) — 
ala2

,  I 
( 

o 	 A1 1/2 	2 	exp [ 
ala2 	IRI) 	a (a

1 
 + a

2
2
) 

1 2 	1 A11/2 211111/2 	
(B.36) 

• 

for a1, a
2 	

0 and zero otherwise. Here I
o
(x) is the zero-order modi-

fied Bessel function of the first kind. 

r 	l 
It is sometimes necessary to find the moments ELa

1
n 

 '
a
2
m
J. The 

details of the calculation are given in Section B.08 (Eq. (B.49)). 

Here we list the expression for the moments, 

m+n 

-E[a
1'

a
2
m] = (2) 2  

n+m 

(a
2
) 
2 

F(
r(

2 / 
n+2N F(m+2) Ff-n -m 	1R1 2) 2} 	

2 / 	2' ; 
4a

4 

4 	IR12 	
n+2 ' 2 

m+2 for a 	and 	> O. Here F(a,b; c; z) is the hypergeo- 
4 	2 

metric function. Note that for n or m an even integer, this function 

terminates after a finite number of terms since 

ab 	a(a+l)b(b+1) 2 
F(a,b; c; z) = 1 + c  z + 

c(c+1) 2! 
z 

 

a(a+1)(a+2)(b+1)(b+2) 3 
c(c+l)(c+2) 3! 	

z + 
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B.06 An Application 

r 
As an application of the above formula for ELa

1
n 
' 
a
2

m .i 
1, we can 

calculate the correlation coefficient of the intensity. Thus, 

E[a
1
2
'
a
2
2] - m2

2 
a 

2 2 	2 
a 

al 'a2 
a
2 

r 2 	21 	2r 21 
aa1 'a2 	- E La J 

E[a4] - E2[a2] 

4a4 
(i _IA!) 4a4 

4u
4 

1R12 
	102 

8u
4 

- 4u
4 	

4a4 	0'0
2
. 

Thus, we see that the correlation coefficient of the intensity is re-

lated in.a simple way to the correlation function of the complex ampli-

tude of the light incident on the hologram. 

Another application is to calculate the correlation coefficient of 

the amplitudes. Thus, 

E[a
1
a
2
] - m

a
2  

Pa , 
1
a 
2 	a

a
2 

E[a1a2] - E2[a] 

E[a2] - E2[a] 

rr 2 
2 a  

10 4  
(1. + 40.4 1 IR14  

64 16681606 

E  02 
2 

(4 - rr \ 0.2 
1/4 ,, 	2 

(202) 



(B-16) 

12 

111L 	
1 

1 [RI  
4 

IRI 2 	IR1 2  
(— = 0.92 

• Pa
l'a2 	4a

4 	16 
16a

8 
4a
4 

a
o

4 

Thus, we see that the correlation coefficients of the amplitude and 

the intensity are very nearly the same. The above facts have been 

known for some time in antenna theory
(7) 

B.07 The Behavior of Functions of R(xl,y1; x2,y2) 

In the rest of this appendix, we will specialize to relatively 

small objects near the axis of the hologram so that we can write the 

complex amplitude of the light scattered from the object and received 

at the hologram as 

 

co 
I
r.(x _021.(y _v)2] 

u,v) e 	dudv. (B.37) a(x,y) eP(x,Y) = 
Az 

Here 0(u,v) is. the complex amplitude of the object. To be consistent 

with our previous assumptions, we divide 0(u,v) into a deterministic 

complex amplitude a
o
(u,v) and a random phase part exp j“u,v). We 

assume that ir(u,v) is a random variable with uniform probability density 

function between 0 and 2n, and we also assume that iqui,v1) and ii(u2,v2) are 

independent for any two points of the object; Thus we can write that 

Ell

j[*(ui,v1)-“u2,v21 

e 	J 	= 
1; ul 	-v1 =:V2-'' 

= 0; otherwise. 

(B.38) 
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Now the correlation function of the complex amplitude is 

 

j  ["x1a1)4 (x2 1Y2 )] 
R(xi  ,y i  ; x2 ,y2 ) 	E [ a (x i ,yda (x2  ,y2) e 
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B.39) 

 

ff du2dv2 a  o (u v1 o ) *(u2 ,v2 ) 
t1:1 

E 
j 

e [ 
[1;1 	(u2  ,v2 )} -..j-{x1u1-x2 u2i-yivi-y2v2] 

e j2
k
z Lru  12-U224-v12-v2

2
i 

	
(B.40) 

: Applying 	Eq. (B.38) , we have that 

R(x1,y1; x2 ,y2) 

k r, 2 	2‘..LI  2 	2 \1 
e J2z L`l -)c2 	'II -Y2 

03 

JJ 
 d udv 

_co 
002 

A 	lao(u01)12  e z 	1
- 
x2.

) 
t1+(Y1-Y2)11] 
	

(B.41) 

which, as we remarked before, is non-stationary. 

• (204) 



2 

dudv 

Y2)1 2  
iff 1%0,0..12 e 

j
;
4(x

1
-x
2
)u+(y

1
-y
2
)17] 

2 

1 
R1%007)1

2 
 dudv) 

IR(xl-x2, yl- 

4o
4 

(B.44) 

(B-18) 

It will also be useful to calculate 

2 
• \1 2 	Ao  
. 	111(x1  ,y1  x2 ,Y2,1 	(xz)4 
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which we see is stationary. 	Thus, 

1 
IR(xliYi; x2a2)1
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, 

• 

(B.42)  

(B.43)  

Recall that 

20
2 

= E 	x,y) 

Thus, 

co 

A 
202 	 o 

2, 1 Y2) R(xl 	x 	Y 	002o
(u,v)12 dudv , 

and 

B.08 Some Moments Useful in Hologram Analysis 

.B.08.1 The Rayleigh Distribution  

Let p(a) be a Rayleigh distribution. Then, 
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a2 

p(a) = a —2- e 
202 

for a > 0 

 

= 0 	otherwise 

(B.45)  

and 2 
0 	 co 

E'11] j- an+1 	
- 

a 

202 da 
e 	 = 2

n/2 CTnixn/2 e-x 
dx 

02  
0 	 0 

 

 

E  [al. 2n/2 on F(1 + n/2) (B.46)  

For n even, we have 

Since 

gani= 2n/2  MI an.  2 ' 	' 

n    r(1/2), F t!. + 2)- 	2n+1 
2 

n = 2, 4, 6, ... 	(B.46a) 

for n odd, we have that 

17 
= (1-3.5...n)1 

	an  ; 	n = 1, 3, 5, 	(B.46b) 

Thus, the mean value of a is 

E[a] =1a , 

and the variance is 

-  Ela21 - E2 [a] = 202 	u - 	2 (4 IT) _2 2 	. 

The standard deviation to mean ratio is 

%1/2 
(ELI - E2[a]./ 	= 	TT ) 

1/2 
= 0.52 . 

ELa] 	7 
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B.08.2 The Exponential Distribution  

Let p(a
2
) be an exponential distribution. Then, 

a
2 

and 

P(a
2
) = 

1 	202 
2  e 

 

20 

= 0 

for a > 0 

otherwise 

a2 

(B.47) 

E[a2I = 	
e 202 

da
2 

0 
202 

 

 

= 2
n  n'. 02n . 

 

(B.48) 

Thus, the mean value of a
2 

is 

E[a
2
] = 202  

and the variance is 

E[a
4] 

	E2  [a21 = 80
4 

- 40
4 

= 40
4 
. 

The standard deviation to mean ratio is one. 

B.08.3 joint Probability Density Function of the Amplitudes at  
the Hologram  

Let p(al,a2) be 

   

0
2(a12i_a22)] 

21W/2 P(al'a2)  
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for al, a2 	0 and zero otherwise. Here 10(x) is the zero-order 

modified Bessel function of the first kind. Then, 
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Consider the integral over x. If we let x
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(8) 
and if we use the formula 
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> 0,where M 	(x) is the Wittaker function. 
11,v 

It is convenient to transform the Wittaker function to the con- 

fluent hypergeometric function with the aid of the formula
(9)
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where F(a,b;c; z) is the hypergeometric function, we have that 
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B.08.4 The Joint Probability Density Function of Complex Amplitudes  

at the Hologram  

Let p(al, a2, 	(12) be 
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or interchanging summation and integration, we have 
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•• 	 • Spacial ri.„Iing for Detection of Sign?As Submerged in Noise 

Adam Kozma and David Lee Kelly 

Matched filtering is described as a spatial filtering operation. A technique co,. producing a matched 
filter, wherein the filter transfer function is modulated onto a spatial carrier and the resulting function is 
hard-clipped allowing a filter construction of completely opaque and transparent lines, is given. The 
effect of this nonlinearity on the S/N is shown to be small. The effects of extraneous frequencies in the 
filter is show n to be negligible if the spatial carrier is sufficiently high. Experimental results are pre-
sented showing the delectability of the signal in the presence of various levels of additive noise. 

Introduction 

In recent years it has been established that operations 
of an integral transform nature, like those performed by 
linear electrical networks, can be implemented using 
optical systems.'-4  This would only be of acadeMic 
interest were it not for the fact that optical systems offer 
certain advantages over electrical networks when it is 
necessary to perform operations on sets of signals or on 
signals which are two-dimensional in nature.' In 
these cases the two dimensions of the optics can be 
utilized to provide a multichannel filter bank for sets 
of signals, or to eliminate such complicated operations 
as scanning of two-dimensional signals. 

This paper is concerned with the problem of con-
structing filters for performing a spatial filtering opera-
tion on signals, of electrical origin, which have been re-
corded as density variations on a medium such as 
photographic film. The spatial filtering operation is 
performed using a coherent optical system, which is 
linear in amplitude, and in which both the amplitude 
and phase of the light may be modulated by placing 
transparencies in appropriate places in the system. 
The description will be in terms of a single-channel 
optical system, although what follows can he easily 
extended to multichannel systems, which have been 
described elsewhere.' 

The authors were with the Institute of Science and Tech-
nology, The University of Michigan, Ann Arbor, Michigan, when 
this work was done. D. L. Kelly is now with Conductron 
Corporation, Ann Arbor, Michigan. 
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The work reported herein was conducted by the Radar Lab-
oratory of the Institute of Science and Technology at The 
University of Michigan for the U. S. Air Force under contract. 

While various coherent optical configurations are 
possible, we will describe the filtering operation with 
reference to the one shown in Fig. 1. Here lens L1  
collimates a point source of monochromatic light. 
This collimated light is used to illuminate an object 
transparency placed in an aperture in plane P2. It is 
the nature of such an optical system that a Fourier 
transformation of the light amplitude emerging from 
the object transparency is displayed as a spatial distri-
bUtion of light amplitude at plane P3. If we assume 
that the structure of the object transparency is suffi-
ciently coarse and the lenses are well corrected, all of 
the Fourier orders present in the object will be displayed 
at P3, without distortion, and in this ideal system, we 
know that these Fourier orders will be recombined by 
lens L3 to form an image at the plane P4. If the co-
ordinates shown in Fig. 1 are used, the image-forming 
operation can be considered as the result of a Fourier 
transformation of the object to the filter plane and an 
inverse Fourier transformation of the Fourier orders 
into the image. The operation of spatial filtering is 
perforated by placing filter transpareneies in plane P3 
so as to alter the amplitude and phase representing the 
Fourier orders present there. In this way, it is possible 
to control the image formed at plane P4. 

This optical system is analogous to a linear electrical 
system where the object represents the signal, the filter 
transparency a linear filter, and the image the result of 
filtering the signal. In the following section we will 
describe how this optical system is used for matched 
filtering. 

The Matched Filter 
The matched filter is the optimum linear filter for de-

tecting the presence of a deterministic signal in addi-
tive, stationary noise.' This filter comes into use in 
situations where it is necessary to determine if a re-
ceived signal consists solely of noise or of noise plus 
some signal of known form. If a sufficient amount of 

April 1965 / Vol. 4. No. 4 / APPLIED OPTICS 337 



Object 
	

Filter Image of Noise 

L
3 

Tr/  

Imaged Point 
P4  

Due to Signal 

Plane Vase Emerging 
from Filter Due to Signal 

Fig. 2. :Matched filtering with a coherent optical syntent. 

(M. A(.0) (of 1.4 • CO] 

4/2 

tic.) I ces ja, • el.)  
1/2 	14.4 • z 	• al,111 	• 

0:7) 

In 

Fig. 1. A coherent optical syd.eta ti.ted for spatial filtering. 

noise is present it may be impossible to determine this 
by simply observing the received waveform and one 
must resort to some filtering scheme which inereases 
the signal to noise ratio to a point where a correct 
decision is possible. The matched filter accomplishes 
this by concentrating all of the signal energy into a 
relatively short duration while allowing the noise to 
remain distributed over the original observation time, 
thus greatly increasing the peak signal power to mean 
square noise ratio. 

This concept is easily explained as a spatial filtering 
operation with reference to Fig. 2. Suppose the object 
transparency, in plane P2, contains a signal obscured by 
additive noise whose power spectrum is uniform. In 
this case, it is well known that the spatial matched 
filter must have a transfer function with complex 
transmittance proportional to the complex conjugate of 
the Fourier spectrum of the signal. Since the signal 
and noise are additive, the Fourier orders of the-signal 
and noise at the filter plane are also additive and can be 
considered separately. Consider first the signal. Since 
the filter transmittance at each point is proportional to 
the conjugate of the Fourier orders of the signal spec-
trum the light emerging front the filter plane, which is 
due to the signal, contains only amplitude information. 
Thus, it is a plane wave with amplitude weighting and 
will be imaged into a small length along the image axis 
by lens 1,3. Thus, we sec that the matched filter can 
be considered as a compensating phase plate which 
converts the distorted wavcfront of the Fourier spec-
trum of the signal to a plane wave. 

Consider the noise next. The filter has no effect on 
the phase of the noise spectrum, which is random. 
The filter, however, does attenuate the amplitude of 
the noise spectrum in places where the signal spectrum 
is low and the total effect is that the noise is amplitude-
weighted and imaged at plane P3 essentially unchanged 
but, attenuated relative to the peak signal. 
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If the image is now examined at the position where 
the collimated wave, produced by the filter, has come 
to focus we see that the filter has concentrated most of 
the light, diffracted by the signal, into a small diffrac-
tion pattern ‘vilich is the antoeorrelat ion function of the 
signal, greatly enhancing the peak signal to mean 
square noise ratio. lit the case of noise only, on the 
object transparency, there is no concentration of 
energy and, hence, no bright points appear in the image. 

Realization of the Matched Filter 

We have seen that the twitched filtering-  operation re- 
quires a spatial filler 	can alter both the amplitude 
and phase of time Fourier orders of the signal. In prin-
ciple this cart be accomplished by independently con-
trolling the density variations and the thickness varia-
tions of the filter transparency. Except for certain 
special cases, this is too difficult to do in practice. 

In communication engineering it is well known that a 
complex signal must be coded, in sonic way, before it 
can be transmitted over a single channel.'-6  This can 
he done by modulating, the amplitude of a carrier by 
the modulus of the complex signal and by modula-
ting the phase of the carrier by the phase of the com-
plex signal. The real part of this modulated carrier 
then can be transmitted and through proper demodula-
tion procedures, the complex signal can be recovered at 
the receiver. 

This technique can also be applied to making spatial 
filters having any desired amplitude and phase charac-
teristic without, resorting to density and thickness con-
trol of the filter. The basis of the method is to trans-
late the required transfer function onto a spatial carrier 
and record the real part of this modulated function on 
ordinary photographic plates. The result is a grating-
like structure in which the amplitude control manifests 

IH•ir.A ta,ter A(.1,14(4)  

n. 1t 	.1,111..14 I. ‘11-1.1 L;  At.) 
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Fig. 1. A spatial carrier modulated filter %Ned for matched 
filtering. 
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Fig. 4. A nonlinear system producing a hard-clipped tran4er 
function. 
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Fig. 5. Signal derived from a p.enilo-rmitlinn binary code. 

Fig. 6. Ilartl-clipped matched filter. 

itself in a density variation of the film and the phase 
control as variations in the grating spacing. When this 
filter is placed in the optical system an analogous de-
modulation occurs in the passage of the light from the 
filter plane to the image plane. 

This technique for constructing complex filters, or 
recording of complex functions, was described by Cu-
trona cl al.' and used by Leith and Upatnieks in their 
work on holograms8  and by Vander Lugt in his work 
on two-dimensional spatial filtering.' 

A more quantitative description of this technique 
can be given as follows. Suppose the filter transfer 
function we wish to obtain is the complex function 
A (6.)e4'4'). This function modulates the spatial carrier 
el", giving A (c.:)c'("“' -"c") 1. After taking the real 
part we obtain A(w) cos[aw 	OM], a real, bipolar 
function. But since we wish to record this on photo-
graphic film we acid a bias term and adjust A so that the 
resultant is always positive and less than one. In this 
way we finally have St, + kA(w) cos[aw 	c5(c0)]. 
Upon placing this spatial filter into the optical system 
we see that the light emerging from the filter is sepa-
rated into three waves. That this should occifr is evi-
dent not only from the mathematics, but also from the 
consideration that the spatial filter thus constructed is 
essentially a modulated diffraction grating, which pro-
duces a zero-order wave and two first-order waves. 

The situation is described with reference to Fig. 3. 
The zero-order wave is generated by the interaction of 
the signal spectrum and the bias term, and is of no in-
terest since it simply reproduces the original signal 
centered on the optical axis. One of the first-order dif-
fracted waves represents the product of the signal 
spectrum with the matched filter term of the filter, and 
is the desired output. The other first-order diffracted 
wave represents the product of the signal spectrum with 
a term that has the same form as the signal spectrum. 
This produces the self-convolution of the signal and, in 
our present instance, this also is of no interest. It is 
clear that if the spatial carrier a > L, where L is the 
length of the signal, these three terms will be separated 
in the output, or image, plane since the desired result  

including the secondary maxima i, approximately /. 
wide. 

The Hard-Clipped Filter 
The filter we wi-,11 to eoie 	here is one in which the 

amplitude cmitrol of the filter is neglected and the 
phase control is effected hy making the filter of com-
pletely opaque and transparent lines. The dil,adVall-
Inge of making the filter in this way is that it no longer is 
the optimum linear filter and we must expect a de-
crease in output signal-to-noise ratio. A second dis-
advantage is that. niakitig the spacing variations front 
black and white lines eorre,pow's to a hard-clipping 
of the filter resulting in higher circle; terms beingpresent 
in the filter. We shall show that for a class of signal-, 
with a nearly uniform amplitude spectrum the decrease 
in signal-to-noise ratio is small. This is a realistic ca--e 
in practice since this generally results from the con-
straints of signal design. We shall also show that the 
higher order int ermodulat ion terms are not harmful if 
the carrier a is sufficiently high; a > L. 

The transfer funct ion we wish to obtain is again the 
complex function A (co)c'o('''. The real filter which ap-
proximates this, using only black and white lines, has 
transmission T given by, 

11 ,l(w) cimta-, 	OM] = - 	 (1) 
2 	2 ;.1(0,1 erts;t,,, 	65(0.011 

which have values only 0 or 1. This transmission func-
tion call he thought of as the result of performing the 
nonlinear operation, shown in Fig. 4, on the function 
A (co) cos[aw 	ct,(w)]. Using this concept, the trans- 
form methods of handling nonlinearities" can be used 
to expand (1) to give 

T = E C(O,m) 	mo(w)], 	(2) 
vt = 0 

where 
•Ir r, 

• 
• ' I 	I 	: 

OA*, 	t• 41 	La 	I „ti 	 I 

Fig. 7. liemlt of filtering signal. 

Fig. S Noise uNed to obscure signal. 
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given by the coefficients of the series (3) and a phase 
response determined by the second tern of the argu-
ment of (a). This is ;wen more clearly by rewriting (3) 
as 

7' = 	 OM). 	(4)  
0, 71..1, 	 frn 

Thus, the correct filter phase response for a signal with 
Fourier spectrum A (w)e'''('''i is the term in (-1) associated 
with in = 	which has a unsorm amplitude ru:Ton:-P. 
of 1/r. As noted previously, the resultant filtered 
signal is viewed a distance a off the optical axis. It 
is worth noting that a hard-clipped Iii ter followed by an 
amplitude only filter would produce the same results 

• as a true matched filler. 
The concentration of the signal energy by the filter 

takes place, in the image plane, at the first-order dif-
fracted image. At this point the peak image intensity 
to mean square noise intensity can be found. It is in-
teresting to compare this ratio, p, to the ratio which 
would be obtained from a filter which also had ampli-
tude weighting, i.e., a true matched filter. Suppose 
the signal of interest has a Fourier spectrum 

Sinn°, — ei,“`4, for — r/a < < r/a 
(w) = 	w 	 (5) 

• 0 	otherwibe. 

Suppose the intensity spectrum of the noise is uniformly 
distributed over the same frequency range and has 
value No  in units of intensity per unit radian frequency. 

The filter with both amplitude and phase control, 
for this signal, has transmission T, 

• 

•  	•  iroh.o....:44:4,41••:4*  t';'.2 ' a....413.L4 

(h) 

Fig. 10. (a) Signal plus noise: S/N ==. —4.5 dB. (h) Result of 
filtering: S/N = —4.5 dB. 
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Fig. 9. (a) Signal pins noise: S/N = —1.5 dB. (b) Result of 
filtering: S/N = —1.5 dB. 

trn 
C(0,M) — 

2F(1 — tn/2)1'(1 	/2)' 

where r(x) is the r function of x, and 

1.
1, in = 0 
2, in = 1,2,... 

After evaluating the coefficients, we find that 

2  

	

T 	-1  + 	E 	2( — 1)  
COsliizaco 7114(01. (3) 2 m 

When this filter is used in the optical system of Fig. 3, 
the three previously noted images (the zero-order and 
the two first-order spectra at angles ± $3) are produced 
along with a multiplicity of images diffracted at angles 
of ± 3/3, ± 5 etc. We can see from (3) that the /nth-
order image has a width that is approximately in times 
that of the first-order diffracted image.* However, 
if a > L, the position of the ?nth image will also be 
displaced from the axis a distance > inh and hence 
will not interfere with the desired first-order diffracted 
image. The net effect, of the hard-clipped filter can be 
described by considering each of the terms in (3) as one 
filter of a parallel bank of filters since if a is sufficiently 
large the displacements associated with a will cause a 
series of disjoint images to appear. Each of these 
filters will have a constant amplitude characteristic 

The image of the first diffracted side order is of midth L, 
since it consists of a bright concentrated portion of approximate 
width 1/L and secondary maxima or side lobes extending in both 
directions a distance L/2. 
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Fig. 11. (a) Signal plus noise: S/N = —7.5 dB. (b) Result 
of filtering: S/N = —7.5 dB. 

T — 
sb + cos (Cos.cuo 

0 	otherwise, 

(si"al 
aw 
	 m(w)J, for —w/a <6,  < r/a 

(6)  

where the values of the constants are assumed to be 
adjusted so that this transmittance can be realized on 
photographic film. 

The ratio of peak image intensity of the first-dif-
fracted order to I lean square noise intensity is given by,1  

If 	sinaw kik:— — dw 2,r  ow 
Pr, = 

	

No 

27 

f 	
121 	 dca 

r/a 	(si naw)2 

— r/a 

0.452 ki2a 
P.' — Ne  

The ratio p, due to the filter with only phase control, is 
given by 

Then the ratio p„,/ p is 1.29, or about a 1.1-dB loss. 

Filter Construction 
A filter, with phase control only, was constructed to 

match a signal made up of a series of binary elements  

will' amplitudes eit her ± I. The amplitude of each 
element was determined by malting a correspondence 

tacit 	 and a pseudo-random binary 
sequence. This type of signal was chosen since it is 
known to have good autocorrelation properties, i.e., 
the result, of niat died filtering is a sharp narrow peak 
with low side lobe levels. Since it was desired to in-
troduce this signal into the optical system as a photo-
graphic trarn-parcncy the sequence was changed, such 
that a clear strip corresponded to a +1 and an opaque 
strip corresponded to a —I. This amounts to adding a 
bias to the original bipolar signal. In order to separate 
the Fourier spectrum of the bias term from that of the 
signal, at the filter plane, the signal was also modulated 
onto a spatial carrier. Thus the Fourier; spectra of t he 
transparency is displayed as a de term appearing on the 
axis of the optical system and two conjugate diffracted 
orders due to the signal. The filter transparency used 
has zero transmission everywhere except in the region 
occupied by most of the energy of one of the diffracted 
orders of the signal. The filter was constructed by 
first calculating the Fourier spectra of the signal on a 
digital computer, converting this continuous data to 
the hard clipped values, drawing the required black and 
white lines on a large scale, and then reducing this 
drawing, to a suitable size, on photographic film. This 
signal and matching filter arc shown in Figs. 5 and 6. 

Experimental Results of Filtering 
Figure 7 shows the result of this filtering operation. 

The broad area, on the left, is recognized as the image 
of the signal. This image is formed on axis and is due 
to the bias term present on the filter. The bright. line 

(a) 

1.• • 	'• 	 ; 
.1, 	' f!'%:•":•••':!,•:• • • •• 	. 	• 

(h) 
Fig. 12. (a) Signal plus noise: S/N = —10.5 dB. (b) Result 

of filtering: S/N = —10.5 dB. 

(7)  
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on the right is the desired matched filler output. The 
bright, line is flanked by low-level lines which are the 
secondary maxima of the diffraction pat tern of which 
the bright line is the central portion. The opposite 
diffracted order• is not• shown; however, if it were, it 
would look like the low-level lines surrounding the 
bright matched filter output. 

Figure S shows a sample of noise which was used in 
further experiments to obscure, the signal. The signal 
and noise were combined using On interferometrie tech-
nique in order to get a good approximation to the case 
of signal and additive noise. The next, series of figures 
(Figs. 9-12) each contain two sub-figures. At the top 
is shown the signal plus noise and at the bottom the re-
sult of the matched filtering operation. It, is interest-
ing to note that the signal is easily detected by the 
eye, even without processing, for signal-to-noise ratios 
—4.5 dI3 and higher. This is probably due to the fact, 
that while the noise, is isotropic, the signal is one-di-
mensional and the eye is able to discriminate between 
these two different spatial structures. However, when 
the signal to noise ratio is —7.5 dB or lower the signal 
can no longer be detected by the eye. In this case it is 
necessary to observe the presence of the signal in the 
matched filter output. 

Conclusions 
It has been shown that, a filter can he constructed, 

using only clear and opaque strips, which will operate 
on the phase of the light in a coherent optical system. 
The filter is a good approximation to a matched filter 

• differing only in that, a small amount of peak signal to 
mean square noise is sacrificed. The hard-clipping also 
produces higher order terms in the filter transfer func-
tion; however, these higher order terms act in a dis- 

joint manner on the signal spect11111 causing no loss it. 
signal to noise ratio. Experimental results show that 
this filter is able io detect signals obscured by additive 
noise whet e the signal-to-noise ratio is at least as low at-
-10.5 (113. 

The authors wish to thank C. J. Palermo and E. N. 
Leith for the many suggestions and discussions they 
contributed during this work. Thanks are also due to 
A. Friesem for preparing the signals with additive noise 
which were used in the experiments. 
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Photographic recording of spatially modulated coherent light, such as is encountered in wavdront recon- 
struction or coherent optical data processing, is descrihc,1 in terms of the amplitude transmittance (T.) vs 
exposure (E) curve of the film. It is proposed that the 	E curve is more appropriate for this application 
than the D—lng ./:; curve. The nonlinear effects of recording are analyzed in this context using a nonlinear 
"circuit" model. A general expression for the resulting amplitude transmittance is derived by use of a 
Fourier-transform technique. A specific nonlinearity, the error-function limiter, is analyzed in detail to 
illustrate the effects of the film nonlinearity. 
INDEX HEADINGS: Holography; Detector; Photography; Fourier tiansforms. 

1. INTRODUCTION 

RECENTLY there has been an increasing interest 
in coherent optics and the related photographic 

techniques. This interest has been stimulated by the 
development of the laser as a practical coherent light 
source and in part by the recent advances in wavefront 
reconstruction, coherent optical matched filtering, and 
optical data processing. 

This paper is concerned with one of the aspects of 
coherent photographic recording, namely the problem 
of recording the type of spatially modulated light 
patterns encountered in the Leith-Upatnieks' wave-
front reconstruction technique and in the interfero-
metric method for constructing spatial filters recently 
described by Vander Lugt.2  We discuss the basic trans-
fer characteristics of the photographic film and the 
effects of the nonlinearities encountered in the recording 
process. 

2. FILM TRANSFER CHARACTERISTICS 

In coherent photographic applications such as wave-
front reconstruction or in interferometric construction 
of spatial filters, the film is used as a square-law detector 
as well as a spatial storage device. Ideally, the intensity 
of the sum of two spatially modulated coherent yave-
fronts, incident on the film, is to be recorded in such a 
way as to obtain linearity between this intensity and 
the specular amplitude transmittance of the resulting 
recording. Thus, on subsequent readout in a coherent 
optical system the original incident-wave amplitudes 
can be faithfully recreated from the stored data. Thus, 
we have 

A = A i(x,y)-l- A 2 (X,Y), 	 (1) 

where A l  and A 2 are the complex amplitudes of the 
coherent wavcfronts. Then it is desired that 

/ (AV) = I A* 1 2  = K Ta(x,Y), 	• 
	

(2a) 

* Work supported, in part, by the Avionics Laboratory, USAF 
Systems Command under contract number AF 33(615)-3100. 

' E. Leith and J. Upatnieks, J. Opt. Soc. Am. 52, 1123 (1962); 
53, 1377 (1963); 54, 1295 (1964). 

3  A. Vander Lugt, Trans. IEEE 1T-10, 139 (1964). 

or 
li(x,y)=K'T.(x,y), 	 (2b) 

where I is the incident intensity, E is the exposure, T. 
is the resultant amplitude transmittance, and 	arc 
proportionality constant',. 

It is Ns-ell-known that if the linear region of the 
D—log E curve of photographic film is used, a two-step 
recording process gives the result of (2b) for a gamma 
product of two.3  However, the efficiency of this type of 
recording, in terms of the modulation of the final ampli-
tude transmittance, is low and the process is difficult to 
accomplish with good fidelity at high spatial frequencies. 

A more appropriate approach is to use a one-step 
process with exposure vs amplitude transmittance as the 
photographic transfer curve, where the exposure is 
given by /X/, 1 being the time of exposure. The ampli-
tude transmittance is defined as 

' 	T.= (11/I 0̀ )I, 	 (3) 

where I'o is the intensity of the coherent light used in 
the read-out process while I' is the light intensity 
transmitted by the recording. Here we assume that the 
amplitude transmittance is a real function (that the 
thickness variations of the film are negligible or that 
the film is immersed in an index-matching liquid). 

Figure 1 shows the E—T„ curve for a high-contrast 
film used in these applications while Fig. 2 shows the 
D— log E curve for the same film. There is a considcrable 
region on the E—T c, curve over which approximate 
linearity is obtained. This linear region does not coincide 
with the linear region of the D— log E curve, but corre-
sponds more with the toe and the lower part of the 
linear region of the D —log E curve. 

From this comparison it is evident that the D— log E 
curve is of little interest in this application. In general, 
the photographic film which is optimally recorded 
appears to be underexposed by conventional standards. 
The film thus appears to be faster when used in this 
way. Also, it is apparent that attempts to achieve a 
specified slope 7 of the D—log E curve is of interest 

3  M. Born and E. Wolf, Principles of Optics (Pergamon Press 
Ltd. London, 1959), p. 454. 
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only as a means of relating conventional sensitometry to 
this application. 

The linearity of the E— T. curve mentioned above 
does not satisfy the mathematical definition for line-
arity. It is, instead, the type of linearity achieved with 
a vacuum tube, that is, linearity about an operating-bias 
point. This poses no problem, since the intensity 
functions that are to be recorded contain a bias term 
which can be scaled to coincide with the operating point 
of the E 	curve. That the linearity is inverse is of 
little consequence since the spatial fluctuations of the 
intensity are modulated on a spatial carrier. The net 
effect is that the fluctuating part of the recorded signal 
is changed in phase by 180° and in the readout the 
amplitude of the recovered signal is similarly reversed 
in phase. However, since the recovered signal is ulti-
mately sensed by an energy detector such as the eye or 
a photocell which is sensitive to the square of the ampli-
tude, the 180° phase change is cancelled. 

3. SPATIAL CARRIER-FREQUENCY - 
FUNCTIONS 

In both wavefront reconstruction and in inter-
ferometric spatial filters, a coherent wave with complex 
amplitude a (x,y)c-i ( z.v )  is recorded in such a way as to 
preserve both the amplitude and phase of the complex 
wave. This is done by adding to the wave an obliquely 
impinging coherent reference wave. The intensity of 
the resultant wave contains, among other terms, a 
term in which the amplitude and phase of the original 
wave are modulated onto a spatial carrier. We assume 
in what follows that the waves only vary in one spatial 
dimension and that the reference wave is planar; the 
results can immediately be extended to two spatial 
dimensions. 

The complex amplitude of the wave to be recorded, 
which is called the signal wave, is then a(x)e-'# ( s )  and  

the reference wave is ke`a'. The intensity is given by 
I (.r), where 

I( v )=  I k c'az-1- a (x)e-'6(.01 2  
-1- 	(x)+2ka (x) cos[ax 	Cr)] 	(4) 

and k is the amplitude of the reference wave. We assume 
that the third term of (4) (the signal-bearing term) 
contains spatial frequencies of limited extent or at least 
that most of the energy in the spatial spectrum is 
limited to some finite frequency band. The carrier 
frequency a=2r/L, where L is the spatial period of the 
fringes formed by the reference wave. The carrier fre-
quency, which is related to the angle of the reference 
wave, is assumed to be sufficiently high that the lowest 
spatial frequency in the third term is greater than zero. 

The exposure of the film is IX! where I is chosen so 
that P1=Eo. The amplitude transmittance of the film 
is then made up of a constant part To  and a spatially 
fluctuating part g(x) and is given by 

T a CO= To+ g(x). 	 (5 ) 

If k is sufficiently large compared to a (x) then the ex-
posure is essentially confined to the linear portion of 
the Ta —E curve and the transmittance Ta(x) is 

T.(.i) T0-131{a2(x)-1-2ka(x) cos[ax-FOM), (6) 

where 13 is the slope of the T.— E curve in the vicinity 
of the operating bias point Eo. Thus, we have achieved 
a linear transfer in the sense described above. The second 
term of (4) has also been linearly recorded. However, 
under the conditions of linear recording where k is large 
compared to a (x), a2  (x) is small compared to 2ka(x) 
and can be neglected. 

4. EFFECTS OF NONLINEAR RECORDING 

In practice it is desirable to make k and a(r) about 
the same magnitude since-  under this condition the 
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Fro. 3. Circuit mmle for analyzing film nonlincaritics. 

resulting useful amplitude transmittance fluctuations 
are maximized. IIowever, in this case the recording is no 
longer linear. The effect of this nonlinear recording can 
be analyzed with the help of the "circuit" model shown 
in Fig. 3. Here the input to the model is the exposure 
E(x) and the output is the amplitude transmittance 
Ta(x). The input to the nonlinearity is Ei(x), the 
original exposure with the bias removed, and the output 
from the nonlinearity is some nonlinear function of this 
input. Then by expressing —g(x) as an inverse Fourier 
transform-we have 

— g(x)=G[EI(x)] 

1 
=— 	C.; (0.)c;-Ei(r)LICO, 

27t- 
(7)  

where 0 is the Fourier transform of the nonlinearity 
G,4  and Ei(x).= la1(x)-1-2Ika(x) cos[ar+55(x)]. After 
substituting E1  in (7) we have 

_g (0=  1 row  

2r J, 
X exp(iay Vas 	2Ika (x) cosEax-1-0(a-)]))dco. 

Expanding part of the exponential term using the 
Jacobi-Anger formula,' we have 

—g(x)= E '[a (x)] cost•[ax-1-0(x)], 	(9) 

where 

fry 

11,[a(x)]= - 	 f  C(co)e ic`a s(7)1°.1,[2tka (x)w]dco, (9a).. 
2r 

and where , is the Besse] function and 

Co= 1, c,= 2 (v. 1, 2, 

The transmittance then becomes 

T. (x) = T o— (ll o[n (x)] 

+> 	'[a (x)] cosl[ax -I-gx)]) . (10) 

4  The technique of representing a nonlinearity by its Fourier 
transform is well-known in the study of nonlinear electrical de-
vices. See, D. Middleton, Quart. Appl. Math., 5, 4,15 (1948). 

W. Magnus and F. Oberhettinger, Functions of Mathematical 
Physics (Chelsea Publishing Co., New York, 1949), p. 

(8)  
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Some general observations can be mare about the 
recording process by comparing Eqs. (6) and (10). For 
v= 1, we have preserved the phase of the original signal 
while distorting the amplitude. If the spatial carrier 
frequency is large compared to the spatial bandwidth 
of tile signal, the various tenns in tile series of (10) do 
not contain overlapping spatial frequencies even though 
the amplitude distortion tends to widcu the bandwidth 
of each Lei in. Consequently, the unwanted terms in the 
series can be removed by spatial filtering and the desired 
term for 	1, can be recovered with undistorted phase. 
In cases whew a(x) is a slowly varying function or a 
constant, most of the information in the signal is con-
tained in the phase part and the nonlinearity is of no 
importance. This situation occurs in some matched 
filter work.' 

Equations (6) and (10) also differ in the second term; 
fie(x) is replaced by Ho[a(x)].  Since a'-'(x) is a term 
whose spatial frequencies are centered on zero the term 
II °[a (4] also has frequencies centered there. The band-
width of this new term, which is dependent on the type 
and severity of the nonlinearity, may have spatial 
frequencies in common with the first term in the series. 
In this case, since the common frequencies cannot be 
removed by spatial filtering, a noise is introduced into 
the recovered signal. The magnitude of this noise 
depends on the amount of departure from linearity and 
magnitude of the spatial carrier. 

5. THE ERROR-FUNCTION LIMITER 

The effect of the nonlinearity is perhaps best under-
stood by considering a specific model for the non-
linearity. A tractable model for detailed analysis is the 
error-function limiters centered on the bias point of die 
E— T c, film transfer characteristic. This model has odd 
symmetry about this point and hence cannot be a true 
model for the film. However, the even contributions 
from the film nonlinearity arc usually much smaller 
than the odd ones, thus somewhat justifying the choice. 

Other models for the nonlinearity could also be 
chosen, such as a cubic curve or some other with-Jaw 
devices; the results for each case would be different. In 
practice, if an exact calculation of the effect of the 
nonlinearity is desirable, an empirical curve can be 
fitted to the actual film transfer curve and the nonlinear 
effects can be investigated using numerical techniques. 

The form of the error-function limiter is shown in 
Fig. 4 and is given by 

2! ft 
c--xl 	dx, 	I  (11) 

a (27r) 

A. Kozma and D. L. Kelly, Appl. Opt. 4, 3S7 (1965). 
7  J. Galcjs, Trans. IEEE 11.5, 79 (1959). 
s W. B. Davenport and W. L. Hoot, ,f n Introduction to the 

Theory of Random Signals and Noise (McGraw—Hill Book Co., 
Inc., New York, 1958), Chap. 13. 
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where L is related to the transmittance limits of the 
film and o- to the severity of the nonlinearity. 

The Fourier transform of this function, taken in the 
generalized Fourier-transform sense, is given by' 

6(0= (2/./ite)c--°'-''/2. 	(12) 

Substittiting this in Eq. (9a), we have for II ,[a(x)], 

e,L 
11  'Ca (x)J =—(i)"1  

t2 
w 	c'cia' ( x )1'°J ,[2ti: a (x)co]th a. 	(13) 

If we expand the integrand using the power-series 
expansion 

(i)• 	(X)CO]s  
eilf01(.014.,  = E 	  

Asa 	# • 

we have for II„ 

L 	(i)P- f-'-'Eta2 (x)JP 

	

H,Ea (A)] = 	E 	 
pv.=1:1 {,f 

• CO P-1C—Q1'212 j,[21kti(x)co]dca. (15) 
—CO 

Since the Bessel function is even for even index—and 
odd for odd index—this can be integrated° to yield for 
,the coefficients of the expansion (10): 

,[a (a)] 
L e,[2tlea(x)]• 

7 	2'r (141) 
(_ 1)(p f-r--1) nr[0,+vv2][1d2(x)m, 

	

XE 	

!DI (2) l]"+, 
 

• { (A+ v) /2, v+1, — 2Et ka (x)/ o-32 ), (16) 

where the sum is over the odd integers (If = I, 3, 5,-• • • ) 
for v even, and over the even integers (p= 0, 2, 4, ••• •) 
for v odd. In these coefficients, I' is the gamma function 
and Al-  is the confluent hypergeometric of Kummer 
function. 

Let us consider the case where ta2(x) is small enough 
when compared to 2tka (x) so that only the first two 
terms of (14) need be used. We also assume that the 
carrier frequency a is sufficiently high that the coef-
ficients if,, for v>1, can be dropped since then the 

'The generalized Fourier transform of G(0 is F(G(0) or d(w) 
and, using the differentiation rule, (c.u)= (1/L)/:((rUdOG(r)). 
I Iowever,F (d/e/OG(l)) F (PLAT (2r) lie(—z2/20) is an ordinary 
Fourier transform given by 2Lc('''',2). Sec, for instance, G. A. 
Campbell and R. M. Foster, Fourier Integrals for Practical p 
cations, (D. Van Nostrand Co., Inc., New York, 1954) p. 82. 

" W. Grbbner and N. Hoffreiter, Integroltofel, Bcstinunte 
Integral (Springer-Verlag, Wien, 1961), Vol. 2, p. 193. 

G10 

Fm. 4. The error-function limiter. 
G(1') =[21./o (27)1 ] ,for (A71 2.2 )(1x. 

spatial frequencies do not overlap with the frequencies 
of the term iii. Then the coefficients reduce to 

HoD (41= [L/ (7r) '] ( (x)/ Ca/ (2) g 
X.A/VA, I, —2[14. a (x)/a]2 ) (17) 

• 
II i[a(x)]= EL/ (7)g([21k a (.1.)]/ a ( 2 )-1 ) 

X 310, 2, —2 [ika (x)/ a]2 ) . (18) 

We can rewrite the confluent hypergeometric func-
tion, in (17), in terms of the modified Bessel functions 
/0," 

M (;, 1, —2 Elka (0/ erT) 
c-r"(' ( z )1°P 	ka (-L)/ a]2 ) 	(19) 

and, using the recurrence relation 

az3I[a+1, b+ 1, z] 
=b(1—b+z)M(a,b,z)+b(b— 1),11[a-1, b —1, z] 

and the Kummer transfonnationu 

.111 [a ,b 	f [b — a, b, — z], 

We find that 

Mn, 2, —2 (ik a (.0 /0)2 ] 

	

2c-rtk a ( r )  I °P.I otElk a (Wall 
	

(20) 

so that (17) and (18) can be rewritten as 

HoCa (41-= CL/(703JCia' (x)/0" (2)-1}-11"(x)°" 
X/0( Pka (x)/(732) (21) 

H I D (x)j= EL/ (r)ial[tka (0,/cr (2)-13e-I1d.(,)/p12  

X/0( [Ike (x)/a]2 ). (22) 

It is clear from these equations that the function 
exp(— [Ike C0/0-]2 ) Tot Dke (.1)/a3) is the amplitude-
distortion term. The severity of distortion depends on 
the ratio Ike (x)/ a where a is a measure of the amount of 
nonlinearity. A plot of this function, Fig. 5, shows that 

" M. Abramowitz and I. A. Stegun, Handbook of Mathematical 
Functions (U. S. Department of Commerce, National Bureau of 
Standards, Washington, 1964 and Dover Publication Inc., N. V., 
1965), p. 509. 

"Ref. 11, pp. 505-507. 

(14) 
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FIG. 5. Plot of the amplitudc-distortion factor for an 
error-function nonlinearity. 

as tka(x)/a becomes small for all values of x (the con-
dition for linearity) the amplitude distortion disappears 
as expected; however, the amplitude also becomes small 
and the readout light utilization is low. In order to 
examine in more detail this amplitude distortion, two 
limiting cases arc discussed. 

6. SMALL DEPARTURES FROM LINEARITY 

For small values of the argument of r- u.( 0 01), which 
implies large a and consequently small departures from 
linearity, a power-selies expansion can be used to give 

Ho[a (x)] = [(2)ILA70i1{ (x)/0- — oiem[ta2(x)/cr]2 
"fi.(1k2/0)2[1a2(x)ic]' • • • ) , (23) 

II I [a(x)]=[2(2)1L/(7r)1](21ka (x)/a— (21ka (.1)/ (T)z 
(3/64) (2 tka (x) /a)s — • • • ) . (24) 

We see that the first term of both //n  and Hi  are what 
would occur with complete linearity and hence the signal 
is completely recovered. However, there are additional 
terms in both /10  and Il'. The effect of these additional 
terms in //0  is to make the spatial-frequency spectrum., 
wider and perhaps to create frequency components 
which overlap the terms with coefficient /11, since 
squaring a -function has the approximate effect of doubl-
ing its frequency spectrum. The effect of additional 
terms in Hi  for spatial filtering, would be to modify the 
amplitude of the transfer function of the filter. In the 
special case of the matched filter this would affect the 
signal-to-noise performance of the filter and lower its 
efficiency. In wavefront reconstruction, the additional 
terms would have approximately the same effect 
as in the matched filter but the result is not as easily 
measurable. 

7. LARGE DEPARTURES FROM LINEARITY 

Large values of the argument of /0  imply greater 
departures from linearity. For u sufficiently- large an 
asymptotic expansion of c-'10(u) can be used to give's 

// 0[a (x)]•••• / 7r)(a (x)/k+ 1/8 (I k 2,/ a)2o (4/ k 
+ 9/128 (1PA) l[a (x)/k]'+ • • • ) , (25) 

LI& (x)] (4L/ir) 1+ 1/2[2t k a (r) / (I]= 
9/8[2tka (x)/o-]4+ • • • ) . (26) 

In this case, there arc no terms in which the signal is 
completely recovered upon reconstruction, and complete 
amplitude distortion occurs. In fact, as 2tka (A)/ 	, 
all traces of the amplitude in II are removed except 
for positive and negative fluctuations of the cosine 
term of (10) and Hi= (4L/r), a constant. This case, 
for 	1a2  (x)<<2t k a (x), was discussed previously for 
matched filterinte; for a (x), a slowly varying function 
of x, the severe nonlinearity has little effect on the result. 

CONCLUSIONS 

In wavefront reconstruction or for interferometric 
construction of spatial filters, a one-step recording pro-
cess using E— T. as the film transfer characteristic is 
appropriate since the amplitude-transmittance fluctu-
ations of the resultant recording arc maximized and 
since recordings of good fidelity can be made when high 
spatial frequencies arc present. 

Even though there arc nonlinearities in the recording, 
the phase of the signal is not distorted and the desired 
phase can be recovered by spatial filtering. For small 
departures from linearity, the amplitude and phase can 
be completely recovered although the recovered signal 
is accompanied by other terms which have amplitude 
distortion. For large departures from linearity the signal 
cannot be recovered completely, since there is always 
some amplitude distortion. In the limit, where the non-
linearity is extremely large, the amplitude fluctuations 
of the recovered signal are removed except for sign 
changes given by the phase part of the recovered signal. 
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Holographic Data Storage in Three-Dimensional Media 

E. N. Leith, A. Kozma, J. Upatnieks, J. Marks, and N. Massey 

The holographic storage of difTrat ;ion patterns in a three-dimensional media is described from a vector 
viewpoint derived from the Kirchhoff diffraction integral. The sensitivity of the reconstruction to wave-
length arid to the orientation of the readout beam is calculated, and experimental results are given. 

I. Introduction 
In most instances of holographic recording, the 

photographic emulsion is regarded as a two-dimensional 
storage medium' since the emulsion thickness is much 
smaller than the finest detail of the recorded diffraction 
pattern. However, instances arise when this view-
point is not adequate, particularly in the case of the 
spatial-carrier-type hologram2; here the spatial wave-
length of the carrier may be less than the emulsion 
thickness, and the hologram acquires the properties of a 
three-dimensional diffraction grating. Then the dif-
fraction process must be described in terms of Bragg 
angle reflections, analogous to x-ray diffraction from 
crystals. The intensity of a diffracted order becomes 
a function of the angle at which the incident. illumina-
tion strikes the hologram and the wavelength of the 
illumination. 

In addition, other media have recently become avail-
able, such as photochromic glasses and bleachable 
alkali halides, which are usually several millimeters 
thick.3  Such media qualify, under almost any circum-
stances, as three-dimensional. 

The use of three-dimensional materials for holo-
graphic storage has been discussed by Denisyuk' and 
van Heerden.5  The three-dimensional properties of 
photographic emulsions have been utilized by Penning-
ton and Lin6  for multicolor holography, and Friesem7  
has reported experimental results using these properties 
for suppression of the conjugate image of a hologram. 
Fleisher et al.% have discussed information storage 
in Lippmann emulsions. 

The authors arc in the Radar and Optics Laboratory, Institute 
of Science and Technology, The University of Michigan, Ann 
Arbor, Michigan 18107. 
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In this paper the authors analyze the effect of emul-
sion thickness on the optical characteristics of the 
reconstructed images. The sensitivity of the recon-
structed images to the incidence angle and wavelength 
of the readout wave is calculated as a function of the 
various hologram construction parameters. The calcu-
lations are supported with experimental results. Fi-
nally, a rigorous solution, derived from :\ faxwell's equa - 
tions, is given for a special ease of the above stated 
problem. 

II. Analysis 
In the construction of a hologram, the waves scattered 

by the object interfere in the recording medium with a 
plane-polarized planar or spherical reference wave. 
Neglecting the portion of the object waves whose 
polarization does not coincide with tine reference wave, 
the complex spatial distribution of the light from the 
object can be decomposed into a spectrum of plane-
polarized plane waves. We consider a single com-
ponent whose complex amplitude is u. = a, expac, • 
r, where lc, is the complex propagation constant, 1k,! 
= k = 2irn/X, r is the distance to the point (x,y) in 
the recording medium from the origin of the coordinate 
system, X is the wavelength of the monochromatic wave 
illuminating the object, and n is the refractive index 
of the medium in which the WtIVC propagates. If 
0, is the angle of incidence of this wave on the recording 
plate, as shown in Fig. 1, we have k. • r = k (xcos0, 

y sin0,), and 

= a c ik(x cose.+y sinBo , • 

Let the reference beam u, = expik, • r impinge on the 
recording surface at the angle 0„ as shown in Fig. 1; 
thus, k, • r = k(x cos0, 	y sina,) and 

area(x coo,+y thw. 	 (2) 

For simplicity, we have taken the reference wave to be 
planar. We have chosen the propagation vectors to be 
in the x—y plane. This simplifies the analysis without 
the loss of any essentials, since we can always choose 
the coordinate system so that these two vectors define 

(1) 
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is that the path function changes direction when t 
diffracted wave leaves the recording medium,' ,h 
repositioning the reconstructed image. The cit 
of this phenomenon can be corrected later and is ► 
glected in the analysis. 

The trammittunce term in Eq. (3) can be writtca 
(2 	B expio B exp — k)), where the second and On 
terms signify the real and virtual images, respecti—e' 
Since only the first-order diffracted waves (the real a 
virtual images) are of interest, Eq. (6) can be simpl fi 
to 

u d 	= B f 	ex pl(±4 +15i k' s) dv, 

Fig. 1. The reach') 
process. The vectors 
designate the normals 
to the impinging wave- 
fronts; 	and 0, des- 
ignate angles within 
the emulsion. The 
broken lines show the 
constant density sur-
faces produced within 
the emulsion as a con-
sequence of interfer-
ence between the two 

waves. 

the x—y plane. Generally, this will result in the emul-
sion surface not lying in the y—z plane, but the orienta-
tion of this surface in the hologram construction process 
is obviously of little consequence. 

Another simplification relates to the index of refrac-
tion of the emulsion. A wave incident on the emulsion 
at an angle 0, will have an angle 0,' within the emulsion, 
where a sin0,' = sin0„ where n is the index of refraction 
of the emulsion. lVe simplify the notation by con-
sidering propagation directions within the emulsion; 
these can then be related to the corresponding prop-
agations outside the emulsion. 

The intensity of the light within the emulsion is thus 

I 	it,12 = 2 -1- 2 coso, 	 (3) 

where q5 = (k, — k,) • r and where the signal and the 
reference wave have unity amplitude. We assume the 
function I is then linearly recorded by the emulsion; 
the amplitude transmittance of the hologram becomes 

T = To  + 213 cosy'., 	 (4) 

where To  is the bias transmittance and B is a constant 
incorporating the slope of the recording curve and the 
time of exposure.' 

In the reconstruction process (Fig. 2), a plane wave 
(called the readout wave) is incident on the hologram 
at an angle Or. We write this wave as tr, = expiq5, 
= expik, • r where lk,1 = k' = 2irn/X' and where X' 
is the wavelength of the readout illumination. Pro-
ceeding as before, we have 

q.cosOt+y sins,) u, 	exe 	 (5) 

This wave is multiplied by the transmittance of the 
hologram, producing diffracted waves that leave the 
medium. The diffracted field is computed by using 
the scalar Kirchhoff diffraction integral. Each point 
P(x, y) within the emulsion generates a contribution in 
accordance with Eq. (3), and the diffracted field at 
point P(x„ y,) is then the integral over the volume of 
the recording medium, 

J 
cu -E ud  = 	Q(To + 2B cos0) exp(ik's)  dv, 

o 

where s is the distance between P(x,y) and P(x.,y.). 
Contained in Q are the usual factors of the Kirchhoff 
formulation. An additional problem to be considered 
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where the tipper sign refers to the real image anc' t 
lower to the virtual image. 

Let the angular direction of the diffracted way 
IP. For convenience, a coordinate system will bc, is 

in which the diffracted wave propagates parallel to o 
of the coordinate axes. The coordinate rotation 

x = i costa — g sink, 

y = 	slink + 9 ce,t,r, 

aligns the x axis with the direction of the diffta t 
wave. 

Since we arc interested only in relative intensit it s 
the diffracted orders and in the behavior of tl.t. i 
tensities as we change X' and the angles (0„ 0,, 
and since the diffracted orders are plane waves t 
sufficient to find the amplitudes of the diffracted 
at only a single point in the diffracted field. Wit! G 

loss of generality, we can take this point to be on t 
axis. 

At this point we introduce an approximation that i 
critical step in the analysis, viz, that the on1:- 
nificant contributions to the integral of Eq. G ) 
produced by the elemental diffracting center.; 1: i 
along the line through P(x„ y,) and normal t t 
diffracted waves.* From a physical viewpoin ;, -
regard each elemental plane normal to the i a.:i 
producing a plane wave, which then propagates in t 
direction of the x axis; the various planp waves .11 
generated add in amplitude, and the resultant v.,: 

Fig. 2. Tin I 
out process 
readout bca 
tors the plat( 
angle 	Th ; 
P(x„ o ) is th a 
at which t! e e 
fracted field is c 
culat ed. 1'( 	) 
a point within t 
emulsion. e. is t 
distance b 

the two po n s. 

• This and subsequent assumptions are, of course, r ppro 
and would, in some situations, be inapplicable. For exan, p! 
diffraction angles close to 90° to the normal of the sm-faci o t 
recording plate, as well as to recording media having a th,cl 
comparable to the lateral dimensions of the recording Om 

(6) 



a 

is the vector sum of these rontributions. Thus, Eq. 
(7) can be written as an integral along the x axis: 

/Ids  = BQ 
.1,0L/cos,;,  eq-E0 	43d/coq--211 	(9) 

and Q can be taken outside the integral sign since it is 
independent of x. In Eq. (9) d is the distance parallel 
to the x axis, from the origin to the field point on the 
x axis under consideration, and L is the emulsion thick-
ness. 

Using Eqs. (1), (2), and (5) in Eq. (9), with the ap-
propriate change of coordinates, we obtain 

udy = CF 

p' cos(v. - 0.) 	cos(' - 0,) - 11 	k'd/coa#} dc, (10) 

where F = expik/Y[Tp' sin(IP-0,) ± p' sin('-0.) - 
p' = X'/X = ratio of readout to readin wave-

lengths, and where various constants including Q have 
been absorbed into C. This expression is integrated 
to yield 
Le,. = C'F sect sincl(k2/2 cosO[±p' cos(st - 0,) 

F p' cos( - 0.) 	cos(ik - 0,) - 111 (11) 

= C'F sect sinci(kL/2 cos01± cosN,  - Or) 
cos( - 0.) 	p cost - 0,) - p] j, (12) 

where p = 	sinca = sina/cy, and C' is a new con- 
stant; and, as before, the upper and lower sets of signs 
designate, respectively, the real and virtual images. 

We want to determine the angle 11, at which the 
diffracted wave occurs. This can be found by using 
Eq. (12) and by applying the grating diffraction equa-
tion 

sinOi - sin %t = ±(X'/A) 	 (13) 

to each incremental surface within the emulsion, and 
hence to the entire structure. In Eq. (13), A is the 
spacing of the recorded fringes measured along the y 
coordinate and is given by A = X/(sinO, - sin0,). 

Equation (13) and the argument of the sine function 
in Eq. (12) can be combined into the vector equation 

pc i°̀  - pci# = 2K /U. 	(14) 

k, 	k, 	k, - 	= 2K/L. 	(15) 

The projection of Eq. (15) on the imaginary axis yields 
Eq. (13). Rotating the vectors by - IP, i.e., multi- 
plying Eq. (14) by 	and projecting this on the 
real axis, yields 
kL/2 cosi. (=b cos(Or  - it) 	cos(0, - t,t) 

p cos(0, - %L) - pl = K, (10) 

which is the argument of the sine function in Eq. (12). 
The diffracted wave is maximized when the argument 

of Eq. (12) is zero; thus, K in Eqs. (14)-(16) is zero, 
and Eq. (14) [or Eq. (16)] represents four vectors that 
sum to zero. This condition was noted by Denisyuk 
and van Heerden. For the case p = 1 (same wave-
lengths used for both recording and readout), the vec-
tors are equal in length. Laying the vectors end to end 
forms a quadrilaterol; since the sides are equal, this is  

a parallelogram. Ilence, the vectors must sum to zero in 
pairs. The following solutions arc obtained: 

Lower sign (vhInal image) 	Upper :Igo (real image) 
(v-1)0, = 0„ = 0„ # = 0, 
(v-2)0, = 0, .71-, 	t  -= 0, + A (r-2)0, = 0, r, + 
(v-3)0, = 0„ = 0, (r-3)0, = 0„ # 0,. 

III. Discussion of the Solutions 

The six solutions are quite distinctive from each 
other; in this section we give a brief account of each. 

In solution v-1, the readout, wave is aligned with the 
reference beam and the output wave is aligned with the 
object wave. This produces a virtisil image, and is the 
typical mode of hologram readout. 

In solution v-2, the plate is (turned around so that 
the light travels through the plate in the opposite 
direction from the way it travelled when the plate was 
exposed. A virtual image is again produced; however, 
it is inferior to the previous case. To understand why, 
recall that the wave arriving at angle O. when the holo-
gram was made is one component of a spectrum of 
plane waves. In order that each component plane 
wave be properly reproduced in the reconstruction, the 
readout beam must simultaneously satisfy the relation 

= 0, for all components. It can do so, however, for 
only one component (or, in practice, for a small band 
of components). Thus, the hologram reconstructs 
only a portion of the image at a time; the reconstructed 
portion depends upon the plate orientation. 

In solution r-1, a real image is produced, having the 
same defects discussed in solution v-2. 

In solution r-2, a real image is produced, free from 
the defects of r-1. Thus, the best real image k pro-
duced by positioning the hologram so that the illu-
mination conies from the opposite direction from the one 
that produces the best virtual image. 

Solutions v-3 and r-3 are trivial results arising when 
the angle between signal beams is zero. 

When the readout is adjusted for a maximum dif-
fracted wave it can be readily shown, using Eqs. (14)-
(16), that the Bragg law holds for the constant phase 
surfaces recorded within the emulsion. These surfaces 
satisfy the equation 

eb = tan -1(cos0, - cosOdsiliO, - 	 (17) 

while the Bragg law requires that y = 0, - 20b. From 
these relations we find, with the aid of Eq. (14), that 

0, + 	= 0. -1- 0, 	 (1s) 

It is readily seen that the various real and virtual 
image solutions given above also satisfy Eq. (18). 

IV. Orientation Sensitivity 
The sensitivity of the hologram to changes in the 

readout direction 0, of the readout beam and to the 
readout wavelength X' can be derived readily from Eqs. 
(12)-(16). Let a!), be the angle through which the 
readout beam must be rotated to cause the intensity 
of the diffracted wave to go from its maximum value to 
extinction. The latter occurs when the argument. of 

0 .1 
L/cosi, 

expifk'4±p' coot - or) 
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Fig. 3. Vector diagram of the effect of altering the direction of 
the readout wave. The vectors k; and Ice, are shown for the solu-
tion v-1. When the readout wave direction 0, is altered by e1i, 
the diffracted wave changes direction by As!,  in such a way that 

the residual vector is parallel to the real axis. 

Fig. 4. Plot of the change M, in readout angle needed to ex-
tinguish the diffracted wave (solution v-1) as a function of 0„ for 
0, = 0. The parameters are for Eastman Kodak type 619F 
emulsion coated on a glass plate: X = 6325 A and the emulsion 
thickness L = 15.5 a. Also shown is the change tiv: of- the dif-
fraction angle resulting from the change 60,. Several experi-
mentally determined points corrected for emulsion thickness arc 
given (designated by x's). The angles are those within the 
emulsion (refractive index 1.52). The hatched area represents 
a region that is not readily accessible; that is, an angle of 41° 
within the emulsion corresponds to an angle of 90° for the beam 

in air. 

the sine function of Eq. (12) is equal to r. When the 
angle of incidence is altered, the angle at which the 
diffracted wave occurs also changes—such that Eq. 
(13) is satisfied. Thus, as 0,—)0; 	AO;  and 1,t,—)1,f, 
AW, Eqs. (13) and (16) become 

sin(0, + 600 — sin(0, + Alp) 	—sino, 	sin°, 	(19) 

—cos(0, — 0, + 	cosAIP + cos (0, — 0, 4.!, 	60,) 
— 1 = (V/2/.) cos(0, 	AA (20) 

where we have made p = 1 and have chosen the virtual 
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image reconstruction v — 1, for which 0, = 0, and tih 
0,. 

These equations arc not, readily' interpreted, but the 
vector diagram of Fig. 3 gives a pictorial representation 
of the process. A change A0, in the readout wave 
results in a deviation AV/ in the diffracted wave. The 
deviation causes the terminus of the vector 1:,!, to be 
displaced horizontally, generating a difference vector d 
that is normal to the imaginary axis, as required by 
Eq. (14). From Eq. (15), we have Idi = 2K/L. The 
projection of d on the rotated vector k,.-t.,0  is the real 
part of Eq. (15), and determines the argument of the 
sine function of Eq. (12) and thus the relative intensity 
of the diffracted wave. 

Figure 4 shows AO, as a function of 0, for 0, = 0, 
A = 	= 6328 A and L = 15.5 p. The corresponding 
change A;/./ in the direction of the diffracted wave is also 
shown. 'We see that values of 0, near 0 or r require 
large values of AO, to cause extinction of the diffracted 
wave, and values of 0, --=-• 7/2 require the smallest value. 

The intensity of the diffracted wave is relatively in-
sensitive to the orientation of the hologram in the 
readout beam if the reference and signal beams are 
brought together at low angles, or when the reference 
beam is introduced from the back side of the recording 
plate in a direction nearly opposite to that of the signal 
beam. On the other hand, maximum orientation 
sensitivity is obtained when the signal and reference 
beams are brought, together at right angles. 

V. Change in Wavelength 
If the reconstruction is made using light of a wave-

length different from that used in making the hologram. 
Eq. (16) can still be satisfied over a broad range of 
conditions, which can be described with the aid of Fig. 
5. If the readout wavelength A' is longer than the 
hologram construction wavelength A, the situation is 
depicted in Fig. 5(a). As A' becomes larger, the angle 
between incident and diffracted waves becomes greater 
until the angle finally becomes equal to r. If the 
length of the readout wavelength goes beyond that 
value, the vector summation no longer can be zero, and 
the diffracted wave disappears. For readout with 
wavelengths shorter than the wavelength used for 
hologram construction, no such limit, exists: when the 
readout wavelength is short, the readout and diffracted 
waves become parallel. 

(b) 

Fig. 5. Vector diagram showing AO, and z!o,b as the readout wave-
length X' is varied, always reorienting the plate to produce 
maximum intensity of a first-order diffraction. In (a), the read-
out wavelength is longer than the wavelength used for hologram 
construction, i.e., X' > X. In (b), the situation is reversed: 

A' <a. 
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Fig. O. Vector diagram showing diffraction sensitivity when the 
incident beam angle 0;  is maintained constant as the rem:out 
wavelength is varied. The vectors ki and k 4  are for p = 1 and 
for p < 1, corresponding to readout with a longer wavelength 
than is used in making the hologram. The diagram is for the 

solution v-1. 

VI. Wavelength Sensitivity 
Let the wavelength sensitivity be defined as the 

change in wavelength required to cause the intensity 
of the diffracted wave to change from its maximum 
value to zero, while the angle 0;  of the readout wave is 
maintained constant. Equations (13) and (16) be-
come, in the vicinity of the virtual image solution 
v-1, 

sin0, — sin(0. + 	—(1/p)(sin0, — sin0,) 	(21) 

—cos(0, — 0, — As) 	coselt, 	p cos(0, — 0. — 
— p = (2K / kl) cos(0, + 44). (22) 

The process can be readily visualized and a quan-
titative analysis obtained from the vector diagram 
of Fig. 6, which depicts the case where the reconstruc-
tion is made with a wavelength longer than that used 
for constructing the hologram. The vectors ki  and 
are shortened, and the angle of diffraction changes by 
Act/ such that the terminus of the vector lt,t, is displaced 
horizontally from its position at p = 1, thus satisfying 
Eq. (13). The difference vector d from Eq. (15) is 
given by 2K/ L. The projection of this vector on 
k# 4_,A,c  is the right-hand side of Eq. (22). From this 
diagram the intensity and angle of the diffracted wave 
is visualized readily as a function of p. 

Figure 7 shows, for Kodak 649F high resolution 
spectroscopic plates, the wavelength change AX 
required to extinguish the diffracted wave plotted as a 
function of the reference beam angle 0,. Also shown is 
the change in diffraction angle produced as a conse-
quence of the wavelength change AX. These graphs 
are plotted from Eqs. (13) and (16). 

VII. Discussion 
On the basis of the analysis presented, holograms 

made on a medium of nonnegligible thickness may be 
classified into three categories, depending on the value 
of 0,. — 0,. (a) 0, — 0, is small (less than 10° for East-
man Kodak type 649F plates). The wavelength sensi-
tivity and the orientation sensitivity are low, and the  

emulsion behaves like a two-dimensional medium 
(b) 0, — 0, is moderately large (from about 100  to 120 
for 6-10F plates). The rotational sensitivity is greatcs 
in this region so that alignment of the hologram with th 
readout beam is critical. Thus, a multiplicity of image. 
can be stored, each produced with a differently orientet 
readout beam (see Fig. 8). Wavelength sensitivity h 
fair, and one can suppress wavelengths that are sep 
arated by several hundred angstroms, for example, in 
the color hologram experiments described by Penning-
ton and Lin.' (c) 0, — 0, is quite large, with the signal 
and reference beams entering front opposite sides of the 
plate. The recorded fringes lie nearly parallel to the 
emulsion surface. This type of hologram has.  the 
greatest wavelength sensitivity: AX is about 80 A for 
649E plates. Holograms made in this manner can be 
observed with white light. Such a hologram acts as an 
interference filter, producing a diffracted image only in a 
relatively narrow wavelength band. Figure 9 shows 
the image produced by this kind of hologram when it is 
illuminated by the white light of a zirconium arc point 
source. 

The angular sensitivity is low, however, so that rota-
tion of the holograms fails to extinguish the recon-
structed image. Rotation, instead, causes the recon-
structed image to change color just as the color trans-
mitted by a multilayer interference filter changes when 
the filter is rotated relative to the direction of the trans-
mitted beam of light. This kind of hologram was first 
described by Denisyuk,4  who noted its similarity to 
Lippmann color photography. Also, Hoffman et at." 
have reported holograms produced in this manner using 
three-dimensional, diffusely reflecting objects, although 

Fig. 7. Plot of the wavelength change AX needed to extinguish 
the diffracted wave (solution v-1) while maintaining the readout 
angle ci constant. The parameters are for Eastman Kodak 
type 649F emulsion coated on glass plate: 11 = 6328 A and L 
15.5 p. Also ShON% a is the variation of the diffraction angle as-
sociated with change AX, and some experimentally determined 
points (designated by small x's). The calculated angles are those 
that exist within the emulsion (assumed to have index of re-
fraction 1.52). The hatched area is normally inaccessible, us 

explained in the caption of Fig. 4. 
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Fig. 8. Sequence of super-
imposed holographic images, 
each one readin at a different 
orientation of the recording 
plate. Readout is done by 
rotating the plate in the illu-
minating beam, thus repro-
ducing each image in succes- 

sion as a hologram movie. 
they did not note the wavelength sensitivity. Schwartz" 
and his group have also produced holograms of this 
type, and have noted that reconstructions are obtainable 
in white light. 

VIII. Experiments Results 

Various experiments were performed to verify the 
results developed in the previous sections. In these 
experiments the interference between two plane waves 
at 6328 was recorded on Eastman Kodak type 649F 
plates, and the readout was similarly carried out .using, 
in most instances, 6328 A illumination. 

Figure 10 shows the relative intensity of the diffracted 
wave as a function of the incidence angle of the readout 
wave. The theoretical curves were obtained from 
Eqs. (19) and (20); the emulsion thickness was ob-
tained by measurements in our laboratory, and cor-
roborates- the data supplied by the manufacturer. The 
agreement between theory and experiment is generally 
good, except for the secondary maxima. A persistent 
disagreement, present in all of our experimental data, 
is the asymmetry of the curves: one side of the curve 
exhibits well-defined side lobes and good agreement 
with theory, but the other side does not. The agree- 

molt between theory and experiment is, in any event, 
better than one might infer from a casual observation 
of the graphs, since the scmilog plot emphasizes the 
discrepancies in the secondary maxima. 

Several experimental values of orientation sensi-
tivity were obtained and are shown on the orientation 
sensitivity curve of Fig. 4. Similar experimental 
results are shown on the wavelength sensitivity curves 
of Fig. 7. 

In perfon»ing these experiments, several interesting 
effects were observed. One curious effect, shown in 
Fig. 11, is this: as the plate was rotated, the intensity 
of the zero order remained essentially constant, except 
for a small, but sharp and well-defined, peak that oc-
curred at the angle which maximized the light in the 
first order. 

In holograms where the reference beam is introduced 
from the back side, a strong reconstructed image is 
observed in transmitted light as well as in reflected 
light. From the theory presented in this article, the 
latter is expected, but not the former. There are, in 
fact, two sets of transmitted-light images, each oc-
curring at a different orientation of the hologram rela-
tive to the readout beam. 

It was hypothesized that these images are formed by 
internal reflection of the signal and reference waves 
within the glass plate. In order to verify this supposi-
tion, a shallow-angle prism was coupled to a section of 
the hologram plate surface when the hologram was 
made. The internal reflection would then occur on the 
air-prism interface, and the change in the angle of re-
flection would alter the direction of the reflected signal 
and reference beams in a known manlier, thus angularly 
displacing the reconstructed image position by twice 

• 

Fig. 9. Virtual image from a hologram illuminated with white 
light from a zirconium concentrated arc source. The reference 
beam was introduced at 0, = IGO° (external angle). The holo-
gram was made at 6328 A; the reconstruction ranges from violet 
to green, depending on the angle of incidence of the white light. 
Emulsion shrinkage precludes a reconstruction at, wavelengths 
longer than green, unless the plate remains unfixed, whereupon 

reconstructions up to orange-red are obtainable. 

1308 APPLIED OPTICS / Vol. 5, No. 8 / August 1966 



60 
. 	/ 

40 50 
011DEGREES1 

-r 	1 - 	 r 1 "' 1 

(a) 

(b) 

I 	1,  
60 	70 	80 	90 

01 /DEGREES' 

(c) 

.001 
50 

.00 1  — t  
30 

. 	I 	. 	1 	, 	1  
0 	10 	20 

.9,9110EGREES1 

.o 

I 

.01 

.1 

I 

.01 

20 

Fig. 10. Theoretical curves and experimental points showing the 
relative intensity of the diffracted wave as a function of the in-
cidence angle of the readout wave for 0. = 0 and three values of 
0,: (a) 0, =. 15.0°, (h) 0, = 40°, and (c) 0, = 70°. Experimental 

points are shown as x's. 

the prism angle. The results were in agreement with 
the prediction, thus supporting the above hypothesis 
concerning the origin of these unexpected images. 

A further anomaly, observed with holograms made 
with the reference beam entering from the back side of 
the plate, is that the images (except for the anomalous 
ones noted above) do not reconstruct when the holo-
gram is illuminated by the same wavelength used to 
make it. This anomaly is caused by the emulsion 
shrinkage that occurs during chemical processing. 

As a consequence of the emulsion shrinkage, holo-
grams made with large 0, cannot be reconstructed in the 
6328 A light in which they were made, but will recon-
struct in illumination of shorter wavelength. If the 
emulsion is developed and fixed, the optimum wave-
length for reconstruction appears to be 5100 A, with 
5600 A green being approximately the upper wavelength 
cutoff. As suggested by Fleisher cl al.8, the emulsion 
shrinkage can be reduced by omitting the fixing step 
in the chemical processing; when doing this, the max-
imum wavelength that produces a reconstruction is 
extended to orange-red. 

We have found the subsequent, values for thickness of 
Kodak 6191 emulsion on glass plates: undeveloped, 
15.5 p; developed and not fixed, 15.0 p; developed and 
fixed, 13.5 p. 

Additional experiments were performed on specially 
coated 6191 plates received from Eastman Kodak. 
These had an emulsion thickness of about 42 p. In 
measuring the intensity of the diffracted wave as a 
function of plate orient:Ltion, two anomalous effects 
were observed. First, the curves, (e.g., curve a in 
Fig. 12) were broader than predicted by theory; and 
second, the secondary maxima were absent. It was 
inferred, therefore, that the deeper portions of the 
emulsion were not being developed. 

In order to correct, this difficulty, special developing 
methods recommended by Eastman Kodak and used 
also by Fleisher were tried. First, the plates were pre-
soaked in water in order to soften the emulsion. This 
produced an improvement, as noted in curve b in Fig. 12. 
Finally, an elaborate developing process, such as that 
used for nuclear emulsions, was tried involving low 
temperatures and extended development time. This 
produced a curve (c of Fig. 12) having approximately 
the expected theoretical width of the primary maxima, 
and also having secondary maxima. 

The absence of secondary maxima is explained by 
supposing the contrast of the recorded fringes to de-
crease in some regular manner, approximately expo-
nentially, with increasing depth in the emulsion. On 
the basis of this model, Eq. (9) becomes 

ud , = BQ 
fo

L/cos0 w(04±01-0;4- kw/cosv-1)1d:i:i r  (23) 

where 117(1) describes the fringe contrast as a function 
of depth. From Eq. (23) we observe that a Fourier 
transform relation exists between lV(.) and ud.,12.13  
A uniform value of 117-117  = 1 when 0 < x < L/cos*--- 
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Fig. 11. Intensity of the zero-order spectrum as 0; is varied. 
A peaking occurs at the angle that maximizes the light in the 
first order. In (a), the polarization of the readout beam is 
parallel to the fringe contours. In (b), the polarization is rotated 

by T/2. 
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gives rise to the sinfi/f1 distribution, whereas an ex-
ponential form for IV eliminates the secondary maxima. 

Another experiment confirming this model was also 
performed. Two parallel photographic plates, slightly 
separated, were exposed simultaneously to the same 
interference pattern. The plates were chemically 
processed without disturbing their alignment and were 
subsequently illuminated in the same way that they 
were exposed. The intensity of the reconstructed 
image, as a function of the angle between the plates 
and the readout beam, behaved like a double slit dif-
fraction pattern. The intensity function contained 
fine structures, related to the plate separation, -within 
an envelope determined by the emulsion thickness of 
the plates. The experimental results were similar to 
those produced by Cohen and Gordon" in their ex-
periments on light scattering from a double column of 
ultrasonic sound propagated in water. 

IX. Conclusion 
We hope the results presented represent a step 

toward an adequate description of holographic storage 
in thick media. The theory, as presented here and in 
previous papers, 4•5,8  is only a beginning: much further 
work is needed. An important goal is to develop a 
complete communication-oriented theory of information 
storage in three-dimensional media; as yet, it appears 
that no adequate theory exists. 

We acknowledge fruitful conversations with A. 
Friesem and R. Fedorowicz. In addition, we thank 
A. Vander Lugt for his critical review of the text. 
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Appendix 
In this appendix we show that a :•olution of Maxwell's 

equations, adapted from the theory of scattering of 
coherent light by ultrasonic sound waves, is equivalent 
to the Kirchhoff formulation for calculating the relative 
intensities of the diffracted orders of three-dimensional 
gratings, as shown in Fig. 1, \dell 0, = —0,. 

We adopt the ultrasonic theory intact, as given in 
Born and Wolf", except that we assume that the dielec-
tric constant of the photographic emulsion is constant 
in space and time, and that the conductivity of the 
emulsion is a variable, a = ao + v, cosy', where q is 
the radian spatial frequency of the recorded diffraction 
pattern. 

Since we are interested in the diffraction excited by 
a monochromatic plane wave incident on the emulsion, 
we write E = Eoe'"`, where Eo  is the spatial variation 
of the electric vector inside the emulsion and w is the 
radian frequency of the field. 

Generally, div 1e 	1:(47rolco)]E01 = 0; however, if 
we assume al << co, to a good approximation div E3  
= 0, and the wave equation that must be satisfied is 
given by 

V 2E. + ki2E. = 0, 	 (24) 

where k,2 = (co2/c 2  [c 	i(17ra/co)], k1  is the complex 
propagation constant, and the permeability a is as-
sumed to be unity. 

If we assume that, the incident wave of amplitude 
A, is plane polarized with its electric vector along the z 
direction, the E., and E, components of Ea  may be 
neglected, and E, will be independent of the z coordi-
nate. Consequently, the diffracted field may be ob-
tained by solving the equation 

(07lizPx1) (a2Ei/60) 
—(0/ci)le 	i(47/w)(.70  + cz  cosqx)1Ez. (25) 

We assume solutions of the form 

Ez  = E vo)eck,singt-i-loyi, 	 (20) 

where 1 = 0, ± 	2,..., and 0 is the angle (within 
the emulsion) that the incident, or readout, wave makes 
with the x axis. Making use of the grating equation 
sin° ± (1q/k2 ) = simP±/, where ih r  is thq angle (within 
the emulsion) that the diffracted orders make with the 
x axis. And proceeding as in Ref. 14, a solution for 
the first-order diffracted waves, V±, (x), is 

V±1(x) = —k12 A(2/radw) sin Raor i2  — (a,t)"2 ]x 
(as — alt)/2  

X exp i [(a±r)"' — (a,)'19 x, (27) 

where cr± i is defined as oc±1 = k12[1 — 	(/q/k,) 
/ is either zero or one, k = 27r7t/A, the ordinary pro-
pagation constant inside the emulsion, it is the refractive 
index of the emulsion, and X is the wavelength of the 
incident light. The intensity of the diffracted wave 
emerging from the emulsion is found by taking y = L 
(where Lis the thickness of the emulsion) and obtaining 

Fig. 12. Curves showing 
two anomalous effects ob-
served while measuring the 
intensity of the diffracted 
wave as n function of plate 
orientation, for emulsion of 
42-p thickness. (a) Curve is 
broader than predicted by 
theory, and the secondary 
maxima arc absent. (b) 
Improvement by special de-
veloping methods, including 
presoaking plates to soften 
emulsion. (c) Result ob-
tained by using an elaborate 
developing process involving 
low temperatures and ex-
tended development time. 
This curve conforms to the 

predicted result. 



I = S1 tin(kL/2) (co:,0 - cosy) 	
(32)

t 
cos,0 

(28), obtained by the 
(28) 

k/2(cos70 - 

which is in agreement with Eq. 
more rigorous method. 

sin— (cosg; - 
IIVL)12  - S 	  

2 (cos'0, - cos't') 

where all the constants have been absorbed in 8.16  

In this equation, we have replaced k1  by k since "E 

	

[e 	i(-Irao/w)], and for the cases of experimental 
interest E = E.*  

We want to show that the Kirchhoff formulation used 
in the body of the paper yields the same result as does 
the more rigorous solution obtained above. Equation 
(10), for the case 0, = —0, and p = 1 which is assumed 
here, becomes 

	

u.f.± 	CF 
rcosp 	

sitin±(q/k) qin 

(29) 

Application of the grating equation, sinV, = sin0 th 
(q/k), yields 

Val = 
foL/cos# 

C't 	ilk"( conit,  cosili+sinN,T (q/k) rinti'd.:(4/k) 	-1) des 

or 

foL/c04,  
tedl.  = C, 	cik3 cosgeoss,.- cow dg. 	(30) 

From this, the intensity of the waves can be written as 

sin(kL/2) (cos- cosy)
/ = S1 	 (31) 

lk/2 (cos9; - cos0 (2 cosy) 

We note that for the virtual image we have 1t, = 
Oi; hence, 2 cosi!, = (cost' 	cos0;), and the above 
equation can be written as 

The average amplitude transmission of a properly recorded 
hologram is about 40%; hence, the transmittance 7' for a uni-
formly- exposed thick emulsion is T = exp - (4r/X)nAl, where a 
is the refractive index, L is the emulsion thickness (about 15 A for 
Eastman Kodak 649F on glass plates) and K is the attenuation 
index. Consequently, k 	(0.000/n) <.< 1, since a is on the order 
of 1 for this emulsion, e.g., FCC Ref. 14, p. G10. 
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Recording Parameters of Spatially 
Modulated Coherent Wavefronts 

A. A. Friesem, A. Kozma, and G. F. Adams 

Various parameters of recording spatially modulated coherent light have been studied, with particular 
emphasis on the parameters related to constructing holograms. These include the ratio of the reference 
beam's intensity to that of the signal beam, the offset angle, the film's transfer charactei Mie, and the re-
cording wavelength. Experimental results were obtained by recording interference patterns on high-
resolution film using the 6328-A line of the Ife—Ne laser. The bias level of the interference pattern was 
varied so as to vary the operating point on the curve representing the film's amplitude transmittance vs 
exposure characteristics. The percent modulation and the spatial frequency were also varied at each of 
the operating points. Interference patterns were recorded, using the 48801 and 5145-A lines from the 
argon laser. From these data, the optimum bias level and the ratio of the signal beam to the reference 
beam for recording interference patterns are determined. The modulation transfer function of the film 
can also be determined. 

I. Introduction 
In a study of the parameters of recording spatially 

modulated coherent light, first we must establish which 
parameters should be investigated. The parameters 
(and their combinations) easily can become numerous; 
to study all of them is impractical. The following is a 
list of possible variations: 

(1) The type of recording medium could he film, 
photographic plates, photochromic crystals, or a ther-
moplastic material. 

(2) For photographic materials, the development 
process is an important factor. The type of developer, 
the time for developing, the developer's temperature, 
the presoaking procedures, etc., affect the performance 
of the recording. 

(3) For each combination of recording media and 
developing process, the important parameters for work-
ing with coherent, light are sensitivity, reciprocity effect, 
linearity of the recording medium, wavelength depend-
ence, and thickness of the medium. 

To limit the number of variables, we confined our 
study to Kodak spectroscopic plates with 649F emulsion 
because this is the most commonly used recording 
medium in hologram work. Next, we considered the 
developing procedure; its role is illustrated in Fig. 1, 
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Run Laboratories of The University of Michigan's Institute of 
Science and Technology, Ann Arbor, Michigan 48107. 
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where the amplitude transmittance vs exposure curve 
— E) of 619E photographic plates is plotted for 

three different developers. These curves were obtained 
by varying the exposure time while keeping the inten-
sity constant. Besides varying the developing solu-
tions, the developer's temperature and the developing 
time could also be -varied. In addition to the devel-
opers indicated in Fig. 1, we tried Kodak D-S and High 
Resolution developers, but, found that D-19 with a 
development time of 5 min appeared to give the best 
results. The slope of the T. — E curve was quite steep, 
and only a small amount of chemical fog was present. 
Therefore, we used this developing procedure (at a 
constant temperature of 20°C) in all the experiments. 

It, should be noted that this type of transfer charac-
teristic (the amplitude transmittance vs exposure curve) 
is the most suitable characterization of the recording 
medium for hologram work because the holographic 
process requires linearity between the exposure and the 
resulting amplitude transmittance of the hologram.'-
By utilizing the slope of the 'Pc, — E curve at a particular 
bias point, we can predict the amount of light diffracted 
by the hologram for low offset angles. This curve is 
similar to the transfer characteristic of an amplifier. 
The bias point corresponds to the amplifier's operating 
point, and the slope of the curve corresponds to the 
amplifier's gain. 

These curves are nonlinear, but a linear approxima-
tion is valid over a small interval of exposures. In our 
experiments, we purposefully recorded both linearly and 
nonlinearly. This was done either by varying the bias 
level, varying the percent modulation, or by varying 
both. Thus, several operating points on the T. 	E 
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used the beam from the ditt'etion of /, to check the 
measurements. In most instances, the measured re-
sults agreed to within 10%. 

The measured intensities are shown schematically in 
Fig. 3. These parametem are the incident illumination 
intensity 1,, the direct intensity trum,mitted by the re-
cording medium Id, the intensity of the diffracted beam 
Id, and the intensity transmitted by the unexposed por-
tion of the plate 4. All intensities were measured by 
using an integrating lens to collect all of the light on a 
photomultiplier tube. We usually normalize all mea-
surements of amplitude transmittance vs exposure data 
with respect to /9. The average amplitude transmit-
tance is then defined as (id/0)1h  (Ref. G) and the dif- 
(meted light intensity is defined as /d/4. Generally, 

Ne--- 019, 5 MINUTES the value of I, is about 80% of the incident beam's in-
tensity, but its magnitude varies with the angle and 
polarization of the incident beam. 

III. Theory 
For the simple gratings considered here, the light 

intensity of the interference pattern at the emulsion 
Fig. 1. Amplitude transmittance vs exposure characteristics: 	surface can be written as 
Kodak 649F spectroscopic plates for three different developers. 
Exposed and interrogated with the 6328-A line of lie—Ne laser. 

	DEKTOL 1:1, 6 MINUTES 

I 	1 	tttt 	JJ 	lllllll 
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RELATIVE EXPOSURE 

/ = /0  + I, 	2(10/.)1/' (cos-rx), 
a 	 (1) 

curve were used, and the percent modulation was varied 
at each point. We measured the percentage of light 
diffracted by the emulsion (the diffraction efficiency) as 
a function of both the modulation and the average 
amplitude transmittance. We also measured the dif-
fraction efficiency as a function of offset angle and wave-
length. 

To obtain the desired quantitative data, we con-
structed simple interference gratings by using mono-
chromatic plane waves for both reference and signal 
beams. We used the 6325-A line of the He—Ne laser 
both for recording the gratings and for reading them. 
In Sec. IV.1) we describe some experiments for which 
the blue and green (4880-A and 5145-A) lines of the 
argon laser were used. 

II. Experimental Procedure 
The basic experimental setup is shown in Fig. 2. 

Light from the laser is divided by the beam splitter; one 
path is the reference beam /0  and the other path is the 
signal beam I,. The pinhole assemblies and the col-
limating lenses are used to expand and collimate the 
laser beam. The interfering plane waves are recorded 
on the photographic plate. The normal of the plate 
bisects the angle 0 between the two plane waves. The 
spatial frequency of the fringes, determined by the 
angle 0, is called the offset frequency of the recorded 
grating. We can control the ratio of reference beam to 
signal beam by inserting neutral density filters in either 
beam. 

We also used this setup for measuring some of the 
parameters listed earlier, except that only one beam is 
used in the reconstruction process. First we used the 
reconstruction beam from the direction of /0  and then 
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Fig. 2. Experimental setup. 
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and the exposure is given by B = It, where t is the 

	

i • 	exposure time. In Eq. (1), 1'0 	and I, are the intensities 
of the reference beam and signal beam, respectively, and 
a is the period of the fringes in the x direction. The 
modulation or the contrast of the fringes is given by 

	

M = 2(1'01,)"/(10  ± I,). 	 (2) 

	

The relationship between k = 	and M is shown in 
Fig. 4. The modulation varies between one and zero, 
while k varies between one and infinity. 

If we linearly record the signal, we can write the 
amplitude transmittance of the grating, after exposure 
and development, as 

	

) 	 3T.= Tb 2fl(101.0[SI( 1
1 

cos[ —  x — s (1)1,() 
a 	a 

point 7'5 , 110 is identically zero. If not, the coefficient, 
Ho  represents a small bias shift resulting from the non-
linear distortion. The coefficient //1  is the amplitude 
of the fundamental frequency of the nonlinearly dis-
torted amplitude transmittance, while II, for p > 
describes the coefficients of the higher order terms gen-
erated by the nonlinearity. 

By the analogy with the linear case, we can write the 
amplitude transmittance of a nonideal film as 

T. = T6  + E 11,,[2(1ototh j1 1i(Il 
v-0 	 a 

X coi,[27r/Lx  — 0(91 (6) 
a 	a 

where K and 0 are the frequency-dependent parts of 
the optical transfer function. 

When the linearly.  Jecorded interference pattern is 
read out with one of the original beams, the intensity of 
the diffracted light along the direction of the other beam 
is given by 

	

Id = O1Kr101.4, 	 (7) 

and the normalized diffracted light intensity is given by 

	

= Um /02W.. 	 (8) 

From Eq. (8) we see that for a fixed spatial frequency, 
the square root of the diffracted light intensity is 
linearly related to the modulation at a fixed bias level, 
Or 

tO 

6 

2  

where T5  is the amplitude transmittance bias caused by 
the spatially constant intensity I0  -I-  1,, and 13 is the 
slope of the curve of the amplitude transmittance vs the 
exposure at the bias point. The terms K and 0 are 
dependent, on the spatial frequency and define an optical 
transfer function of the film. 

The transfer characteristic considered here is shown 
in Fig. 5 for a low spatial frequency, for which we 
assumed K as one and 0 as zero. The sinusoidal func-
tion plotted along the vertical axis is the spatial 
variation of exposure, and the sinusoid plotted along 
the horizontal axis is the spatial variation of amplitude 
transmittance. Linear recording is achieved when a 
sinusoidal exposure produces an undistorted, sinusoidal, 
amplitude transmittance variation. Nonlinear opera-
tion occurs, of course, when the amplitude transmittance 
is a distorted sinusoid. In the nonlinear case for an 
ideal film with optical transfer function equal to one at, 
all frequencies, it can be shown' that, 

	

7'. = Tb E 	1] cos(27'-:1-1,  

	

..0 	 (4) 

where the coefficients H, are given by 
.,, 

//,,[2(ior.)7 Lrr  ! 1] = ' (09  f 	e;(64/42(ici.)" koldw, (5) 2 -0. 

and where 0 = I E1,2,... = 2, G(co) is the Fourier trans-
form of the T. — E curve.' J, is a Besse] function. 

• If the Ta  — B curve is an odd function about the bias 
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where C is a proportionality constant. 
By recording a series of gratings with fixed modula-

tion and at a fixed bias point in the linear region of the 
TQ  — B curve, but with decreasing values of ce, we can 
calculate a modulation transfer function for the film 
from the measurements of the diffracted light intensity. 
First we find for each grating 

91 /' 9tK.0-0/01 /. = AT 
2 

_ (10) 
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which is the normalized (relative to low frequency) 
square root of the fractional diffracted light. 

IV. Experimental Results 

A. 	Light Diffracted as a Function of Amplitude 
Tra nsmittance 

Figure 6 shows the percentage of the diffracted light 
intensity vs the amplitude transmittance bias for differ-
ing recording beam intensity ratios /0//, (or modulation 
levels) at an offset angle of 50°. The diffraction effi-
ciency is maximized when the bias point has a transmit-
tance amplitude near 0.5. This value is nearly inde-
pendent of the ratios of reference beam to signal beam 
intensity, which, in this case, are 1, 3.5, and 90. Sonic 
of these experiments were repeated at offset angles of 
10° and 30°. For each angle, similar curves were ob-
tained except for an upward shift caused by increased 
film response at the lower offset frequencies. These re-
sults are expected because the curve of amplitude 
transmittance vs exposure has a maximum slope at, 

= 0.5. Thus, a spatially varying exposure pattern 
whose average exposure produces a biased amplitude 
transmittance of 0.5 will produce the maximum spatially 
varying amplitude transmittance pattern on the photo-
graphic plate. 

The curves in Fig. 6 also show that the diffraction 
efficiency is not increased by operating nonlinearly at 
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.9 

t .7 
I"..0  

a.5 

0 .4 
1Offrod 	

+Q.
ed j 	• 

-3 	 =Incident 	• 

6 .2  

where AT is the ratio of the grating's average-to-peak 
amplitude transmittance variation. The value of AT/2 	 • 
is used because only half the light, will go into the dif- 
fracted order of interest; the other half will go into the 
opposite order or, for thick recording media, will be 	Fig. 7. Diffraction efficiency vs offset angle. 7'. = 0.5. /o//, 
absorbed by the emulsion or slightly increase the do 

Then we determine the ratio of low frequency average- 
to-peak amplitude transmittance by either graphically 	.9 
converting an amplitude transmittance sinusoid through 	f 
the use of the T. — E curve or by constructing low 	•3 5  
frequency gratings, so that 'd 

 3 
o z 

/AT\ 
= 101(101.)'/UP = RidgOv'lLp, 

tO 20 40 100 200 2000 3003 

where LP denotes low frequency operation. The mod- SPATIAL FPEOLIENCY Illnet/mm) 

ulation transfer function K is then given by 	 Fig. 8. Modulation transfer function. T. = .0.5. /o/r. = 50. 
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amplitude transmittance of lower bias (corresponding 
to the linear portion of the D — logy curve), even 
though the magnitude of the amplitude transmittance 
excursions may be increased. This is because the light 
diffracted into the first order is not increased, although 
the total diffracted light is increased by this mode of 
operation; in fact, as the curves show, it is considerably 
decreased. Because the brightness of a hologram de-
pends only upon the light diffracted into the first order 
image, optimum results arc obtained when the ampli-
tude transmittance is about 0.5. 

B. Changes in Spatial Frequency 
The effect of offset angle on diffraction efficiency is 

shown in Fig. 7. The amplitude transmittance was 
fixed at 0.5 and the ratio of reference beam to signal 
beam intensity was maintained at 50:1; these values 
ensured linear operation. We measured the diffraction 
efficiency for offset angles ranging from 0 = 1.35° to 

= 120°. The diffraction efficiency decreases at a 
uniform rate up to an angle of 50°, at which point it 
slopes more sharply downward. The diffraction effi-
ciency is reduced by 50% for an offset angle of 90°. 
We also plotted the diffraction efficiency using the total 
light. incident on the photographic plate from the read- 
out beam instead of normalizing relative to 	This 
curve is lower because some of the incident light is re-
flected at the surface of the plate and some is internally 
absorbed. 

By using the results shown in the upper curve, we can 
obtain the modulation transfer function. We convert 
the offset angle to a spatial frequency through the 
relation 1/cr = (2/X) sin0/2, take the square root of the 
diffraction efficiency at each offset angle, and normalize 
these values to the diffraction efficiency at zero fre-
quency. 

Figure 8 shows the modulation transfer function for 
649F. The response drops to 70.7% of its peak value 
at approximately 2200 lines/Iran. 

Of course, we must remember that the photographic 
emulsion is in reality a three-dimemional recording 
medium, particularly at high spatial frequencies, where 
the spacing of the recorded interference fringes is com-
parable to, or less than, the emulsion thick nessP 
Normally, this third dimension is either extremely small 
or its effect is insignificant and is generally neglected. 
In holographic work, however, the role of the emulsion 
thickness and emulsion shrinkage during the chemical 
processing is quite important. In our experimental 
measurements the effect of emulsion thickness is in-
cluded in the results. 

It should be noted that one must be cautious when 
using the modulation transfer function where the re-
corded interference pattern is composed of a range of 
frequencies. In such situations, the presence of shrink-
age generally causes a spatial-frequency-dependent 
change in both the orientation and the spacing of the 
recorded interference fringes. Simultaneous satisfac-
tion of the Bragg relation for all spatial frequency com-
ponents is not possible, so the response factor is de-
graded for most of the recorded frequencies. 

C. Variations in Modulation 
In Fig. 0 we show the effect of varying (he modulation 

at a fixed bias level and fixed offset angle on the square 
root of the diffracted light intensity. We obtained the 
straight line asymptote by graphically plotting two 
small sinusoids through the 	E curve to obtain the 
ideal amplitude transmittance excursion. These values 
were then multiplied by the response factor obtained 

EXPOSURE tergtern t 1 

Fig. 10. Amplitude transmittance vs exposure characteristics; 
Kodak 649F spntroseop:c plates at three different wavelengths. 
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Fig. 11. Diffraction efficiency vs wavelength. 

from Fig. S; these modified points were used to draw 
the straight line. 

The experimental curve departs from this line for 
Al 	0.5, or /0//, = 13.5. For higher values of M, the 
recording becomes nonlinear. Nonlinearities degrade 
the reconstructed image by decreasing the signal-to-
noise ratio (unless the offset angle is sufficiently high) 
and by generating false images with certain objects.° 

D. Wavelength Sensitivity 
We also investigated the amplitude transmittance vs 

exposure behavior of the 619F photographic plates and 
the diffraction efficiencies for several wavelengths. 
Figure 10 shows the T. — E characteristics for three 
wavelengths; the 632S-A red line of the lle—Ne laser, 
and the 4SSO-A and 5115-A blue and green lines of the 
argon laser. The general characteristics of the three 
curves are nearly the same for each wavelength. Thus, 
we would expect that both the recording sensitivity and 
the diffraction efficiency would be nearly the same if 
we used any of the three wavelengths. Additional ex-
periments, however, indicate that the diffraction effi- 

ciency is not, independent of wavelength variations. 
These experimental results are Shown in Fig. 11. We 
note a reduction in diffract ion efficiency at shorter wave-
lengths; of couse, part of this reduction is caused by a 
higher spatial frequency for a fixed offset angle. How-
ever, the major reduction results from a phenomenon 
inherent, in the emulsion and can probably be attributed 
to increased scattering at shorter wavelengths. 

V. Conclusions 
A series of experiments was performed that deter-

mined the effects that amplitude transmittance bias 
level, offset angle, ratio of reference beam to signal beam 
intensity, and recording wavelengths have on the dif-
fraction efficiency of interferomet rically recorded signals. 
The modulation transfer function for the recording 
medium was also found to be determinable. The 
emphasis in these expel iments was upon using a com-
mercially available recording medium and studying the 
effect of important parameters for constructing opti-
mum quality holograms. 

The authors acknowledge discussions with E. N. 
Leith and A. Vander Lugt during the course of this 
work and thank H. IL Hopkins for reading the manu-
script and for offering helpful comments. 
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INDEX I In WINGS : 	 lolograph 

r-r-t HE effect of film-grain noise in wavefroill •-•,:onstruction 
has recently been amity/eel by Goodman) We shall show 

that the first of Goodman's two formal assumptions, alone, leads 
to a more general result that is useful in computing the signal-to-
noise ratio of various types of holograms. 

We assume that the reader is familiar with Ref. 1. Thus, using 
the definitions and notation of Goodman's paper and assuming 
that the reconstruction wave is a convergent wave as shown it, 
Fig. 1, we may w rite the average film-grain noise, at the real 
image, as 

(f (red4)) =-•- rIPA (1.14 dandy, 
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This equation is similar to one contained in Ref. 1, Appendix A. 
The autocorrelation function of the complex amplitude trans-
mittance function r' describing the random grain fluctuations, 
may be written as 

veT.(A2:e4)= (2/(x-FAx,Y-FAY)T'*(Xr.Y)); 	(2) 

where r" is the complex conjugate of r' and the sharp brackets 
indicate a statistical average. 

In order to simplify this equation, we observe that the integra-
tion over Ax and Ay will give significant values only for Ax and 
Ay which arc of the order of the grain size, since the autocorrcla-
tion function 42,,,.,(Ax,Ay) still be very small for 3c or Ay larger 
than 1, the grain diameter. Thus, we may set x,-Ax= xi and 
yr-Gy=y,. Further, we may assume that Ac and Ay! are small 
when compared to the other dimensions of the hologram and that 
they may be taken to be zero. This assumption amounts to assum-
ing that the observation plane (e0) lies in the far field of the 
individual film grains.' Thus, after integration over Ax and Ay, 
we obtain 

yi (1„ (cr,/3))= az d'  lid vidyi rect-
L

rcct-L 

cy 	ti 	g 	
, 
ti 

	

d 	(3)  

where .1,,,,,(p,q) is the spatial-frequency spectrum or W.ener 
spectrum of the random amplitude-transmittance fluctuations 
due to the film grains; 	which may also be called the trans- 
mittance spectrum of the film-grain noise, is defined as 

), 	= f f e (re1') exPE-fir (PX+9.Y)JdAdY, 	(4) 

• 
where p and q arc spatial frequency variables, and where the 
transmittance spectrum has units of 1/(//mm)2. 

If we make the change of variables 

a 	1 /. (1,1 	_ fl _ 	(1_ 	y, p 	
x,d,\  

we find that 

(1-(„,,3)>--11,/(1--d)211" ee 	(PP '1)44 	(5) 

where 

((a t  \ _ a ± 	dt\ (o l \ e; 
\ad 	X_d, 2X J/,‘, 	d pj' \142XJ1,\. 	dpi•  

Figure 1 indicates the significance of the 	L's. For eruupie, 

	

w ithin the Fre,nel 	 equ a l to (sine7,)/X2 
the Spatial frequency at the cutter of the hologram. The term, 
L(i/d, — 	to the 'aloe approximation, represents the 
change of ...initial frequency from the center of the hologram to the 
edge. Similarly, sae see that the lindis of the double integral de.ine 
the spatial-frequency bandwidth of the hologram. 

Since 	is a positive function w e may use the first mean-'.aloe 
theorem= to write 

(/,‘ (a,13)) 	( l_ 	• (p„,e/ o )f " 	dpflq, 	(6) 

( 1.n(")17 ))=j-t-1.,' ,' (PCWI. 	 (7) 

where A e  is the area of the hologram and Po, q3 i- a point somewhere 
within the relevant transmittance-spectrum Landteicith. 

For a point object, the ratio of signal to average film-grain noise 
[using Eq. (7) above and Eq. (9) front Ref. 1] m:,y be written as 

Ii/(T.)=KVE,F,A 	e(P ,,,q0) • 	 (8) 

Here x is the slope of the T„ -E curve of the recording material, 
E, and E, are the exposures due to the record:Jig reference Leant 
and signal beam, respectively, and K is a spatial-frequency-
dependent factor gix en by 

K =— f f 	 ). (1— .7d ) — 	d 1 
A I 	X141; 	(1, 	 A  

Ae 

where az (p,q) is the modulation transfer function of the film on 
an amplitude-transmittance basis) Equation (6) may also be 
written as 

2n2m2. l e  
(9) 

where 17- (xE,) is the slope of the normalized T.-E curve' and 
E,) is the ratio of signal exposure to reference exposure. 

Thus, we see that this quantity, which is monotonically related 
to the signal-to-noise ratio,' is proportional to the square of the 
slope of the normalized T.-E curve at the bias point, to the area 
of the hologram and to the square of the efiectix e .dgnal modulation 
and is inversely proportional to the value of the transmittance 
spectrum evaluated at sonic point within the bandwidth clefined 
by the size of the hologram. 

If we have that di= d r , we have a Fourier-transform hologram. 
In this case 

x1,749 	x 	)f f rect- rect-a V1  •1 . 

•  X224,2 	XX...d. 
and 

A-2,12mM eil';','(x-ra,d7x---:-/,)• • 
For a Fourier-transform hologram, K=3(-rt/X :d„-0/X :d,) or 
K is the modulation transfer function evaluated at p= -a/NA 
and q= - IN :a 

An estimate of sly,• may be obtained by measuring the light 
scattered by a uniformly exposed photographic plate in an 
optical system similar to that shown in Fig. 2. In this optical 

(10) 



(a, (1 ) 
1 

(x,Y) 
1 	' 

Fi 

w  

d, 

. P3  
I (PC), j

P 

J 
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d1. 

Fie. I. Recoil:Unction of the real image. The hologram is assumed to 
be square v. ith aides of length L. W is the reconstruction trace and C is it. 
center of curvature. R is the reconstructed real image. 

system, which is linear in complex amplitude, f (x,y) is the com-
plex amplitude at Pi  normalized with respect to the incident light. 
This quantity may be written as 

./(x8Y) = T'(1.1.1)*h (x,Y), 	 (12) 

where (x,y) is the impulse response of the filter at P2  and 
denotes a convolution. The autocorrelation function of f is' 

VW (AA.  ,AY) = ( f(ri--V,Y-FAY).f*(x,y)), 	 (13a) 

4' 	(AX,,SY) = 	d Pd ((Dee (P,q)I (P,012  

X expfir (pAx-I-q1y). (13h) 

Suppose that the filter transfer function is 

	

I /I (p,9)12= 1 for pe — (.5/2) 	poi+ (3/2) 
and 

go — (3/2) 	(6/2) 
	

(14) 

1//(p,9)i2 = 0 otherwise 

and that b is sufficiently small that 4,,,,, (p,q) may he taken as a 
constant equal to <Pee (po',q01). Then 

ff (0,0 ) ='s',-,' (P0',90')32 	 (15) 
and for S=1 !/mm 

(Po',cri) = q't f (0,0)/ (//nsm)2. 	(16) 
If we assume that the statistical average VW may be estimated by 
a space average, then 

1 	 , 
V •II — A ,0 ) 	j.  If (X ,Y )1 2dAdY = B-20 

A 

Fin. 2. Optical system for measuring 	 1, is the intensity of the 
monochromatic plane wave incident on Pt; Pi contains the random complex 
arnplitude-transinit Lance function r'(r.y); I', contains the filter; and P3 
Contains the. random complex amplitude distribution function f(x,y). 
(PC), and (PC), arc photocells. L is a lens. 

where /31  is the power incident on the pliotoCell (PC11  when Pt  
contains the complex traiestnitlatiee function T' and P2  contains 
the filter, /3, is the power ;ocidehi on the photocell when 1).  atlii 
the filter are removed front the optaatl ,yst 	and .1 is the area 
of the photocell. lo the IliCa,ureincr.t, the arc,' 	mut be large 
enough so that. its Airy pattern at 	is much smaller than the 
bandwidth of the filar' hut, to ax oh! spurious effects due to the 
constant term of 5, it must Lc slightly smaller than the spatial 
extent of f (x,y) in I',, (Ref. 7). /38  and /3, may be imeasured by 
using the photocell (PC),; host ever, in this case, it is more difficult 
to avoid the effects of the constaot term of r. Thus, we see that the 
function O', ,,, cp,o may be di:terniii,cd by measuring B, and B 
for various values of 	and go'. 

The quantity ,1,,.,•(p,q) has recently been measured by Doherty, 
and reported 1):,' Muck's:mit,' for Kodak 6491' spectroscopic 
plates at several values of transmittance. For an amplitude 
transmittance of 0.529 their measured data may be approximated 
by the expression 

(.0 = [e\p(-0.(x0248 j)3Xl0-", 	(18) 

where p— p2-1-q2, and we assume that "lye has radial symmetry.' 
We may use this expression to estimate the smallest point signal 
detectable with a hologram. 

Goodman' has shown that the proper signal-to-noise ratio for 
holography is the ratio of reconstructed signal 1, to the standard 
deviation rr of the noise and that for II(I,,)>>1, this ratio is 
given by the expression 

I 	= [/,-/2(/„):i. 	 (19) 

We arbitrarily assume that ',At= 5 for minimum detectabIlitY, 
then I ,/ (I „)= 50. If we take, for an example, a Fourier hologram 
Mith a/N4,----  300 lines/mm, 83/X,d, 0 and assume that the record-
ing medium is Kodak 6-19F. Then i):-',0.56 at 7.,,= 0.5 for develop-
ment in D-I9 for S min at 68°F and K=0.95 (Ref. 3). The 
modulation of the smallest detectable signal is 

5000,,,, (300) 
11128,, 

2,82.4 

Substituting the above data we find that rn,„,„2 --- 0.8 IX 10-VA 8. 
(This result will bold approximately for a Fresnel hologram if its 
center spatial frequency is 300 lines/mm). Thus, for a square 
hologram, 10 mm on a side, this corresponds to a beans ratio, 

E„ of 0.84X10-'. 
The above results apply for a hologram where the signal 

covers the entire photographic record. However, this may not be 
the case, for example, if the point object is a transilluminated 
opaque plate containing a relatively large hole. In this case, the 
equation for I, is modified by replacing A, by the area of the signal 
at the hologram, A,, and Eq. (9) becomes 

(21) 

If the object is a diffuse surface made up of many unresolved 
points, the proper beans ratio is given by E,/ E„ w here L, is the 
exposure due to the collection of points. For a uniform object 
containing N resolved points, 	N E. and 

/ 8/(/,,)= [KY (Ed Er)/cPee (Po,90)3 (A 8/N). 	(22) 

If the object is square with sides of length Lo then X;%:-.=L°2/ 
(X7d,/L)1, and since 118 =-• L2, 

(r.)dy,.(P0,90)(Laid,)'. 
	 (23) 

Thus, we see that /,/(1,,) is independent of the size of the hologram 
but is inversely proportional to the square of the angular size of 
the object. 

(20) 

(17) 	 1,1(1 ,,)=[K 2,1'iii 2:1 1/4',.,' (Po/143 (A ./A r)2. 
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(Cambridge Um vo sit% 	London, 1927). p 65. 
4 A. A. Frietim. 	Koznia. and G. Adams, App 1. Opt. 6, 801 (1967). 
4  The curve is normalized in such a 'stay that a 11011 exposure, which 

111 tiliS c.r,c is tat.. II In Lc t 	 retic, 
s a trail-um tan, e wbn It I, ,A lit ,/,1 on do Local portion of the 

r 	%e. 
Ir. 11.11191:r/rt. Jr. 	\ 	14.4/,.t. 	 co,1 Noise 

(NIrt.r.,w-11.11 	 1.1. York. 	p. 181, 
• I 1,1, 	oil.11,,,z.pis, tit, F ,  tilt al tone •ignal-, 	1It9 
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of Cite n1,1,1111111. lit 11E111' to  14-01.1.1. 	4,,,01.•.thiti..ti• of the po,at.r ,pectrnnt.  
See, for tint 	e. R. It. Ida, 	am: J. 	. I nom. 3 lira cut-rotten: ref I'otter 
.Spr gird (Do% nr 	111,..1.011, 1111., N, 

7  E. N. !Aid], 	Eng. 6, 75 (Ii/02). 
4 C. II. Burt Khan's. J. Opt. Sin.. Am. 56, 1114.\ (1906;. 
linrckliardt gist vain., 14>r .1,, 	Irons 200 l; toot to 750 limn. We 
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spatial 1 re.jarlICIes. 
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