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APPROXIMATIONS IN EXTREME VALUE THEORY 

A B S T R A C T 

Let denote the largest of n independent identically distributed 

random variables each with distribution function F . Assume the limiting 

distribution of Y is the type I extreme value distribution' .' 
n 

A(x) = exp(-exp(-x)). The errors in approximating F n ( x ) by the 'ultimate' 

approximations A(px+q) and by the 'penultimate' approximations 

n 

exp{ -(-Ax+B) }, AC>0, (which are type II or III extreme value distribu-

tions) are estimated and compared. It is shown that very often penultimate 

approximations are more accurate. 

First, the case where F is the standard normal distribution is 

considered. It is shown that the optimal uniform error in the penultimate 

- 2 

approximation is order (log n) . . Moreover, sufficient conditions are 

given so that these results can be extended to a stationary Gaussian 

sequence. 

Secondly, the uniform error of the ultimate and penultimate approxi-

mations is evaluated for a wide class of distributions, including many of 

the well known examples. It is shown that the optimal penultimate approxi-

mation is ultimately closer in many cases. 

Thirdly, the errors in the statistical estimation of the parameters 

are considered. Assuming that the parameters of A(px+q) are estimated from 

D observations of Y q using maximum likelihood estimation, it is shown that 

for many F the estimates are consistent (as D-*») for an optimal ultimate 

approximation. Furthermore these estimates are asymptotically normal with 

a variance of order 1/D. 



Finally, the rates of convergence are evaluated for the case where 

Y q is the maximum of a stationary sequence satisfying certain dependence 

conditions. 
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A note on the format of this thesis 

Because Chapters 2 and 3 were submitted for publication in advance 

of the thesis the following points should be noted to avoid any confusion: 

The first point is that Chapter 2 is the main body of a paper.appearing 

in Advances in Applied Probability, June 1982, so that any later references 

to Cohen (1982) equivalently refer to Chapter 2. The second point to note 

is that the constants a^ and b^ appearing in Chapter 2 are defined expli-

citly throughout that chapter by equation (0.2) of that chapter, and are 

not the same as the constants a^ and b n defined in Chapter 3 for the general 

case. The third point is that in Chapter 2 the parameters for the general 

penultimate approximation were labelled as A , B and k , but in the later 

chapters it was necessary to relabel them as A , B and C (to avoid confusion 

with the function k(x) defined in Chapter 3). Finally the word 'paper' 

should be replaced by 'chapter' throughout. 

The notation for the numbering of formulae follows the following conven-

tion: If the formula referred to is labelled (a.b) then it is formula b 

of Section a of the same chapter. If the formula referred to is labelled 

(a.b.c) it is formula c of Section b of the (different) chapter a. 



CHAPTER 1 : INTRODUCTION 

Extreme value theory in general is concerned with the properties 

of the largest and smallest order statistics from a sequence of random 

variables. Thus it will be useful in many practical situations where 

we are interested in extreme behaviour rather than average behaviour. 

Typical situations where it has been applied are in meteorology (for 

example in- considering the highest daily rainfall, the highest windspeed^ 

etc.), insurance (largest claim), the building of dams and oil platforms 

(the highest water level) and in the studies of" stresses of materials and 

reliability. Very briefly the theory suggests that one of three types of 

distribution should be used to model the distribution of a maximum (or 

minimum), one with two estimated parameters and the others with three 

estimated parameters. The underlying theme of the present work is to 

estimate the accuracies of these three extreme value approximations and to 

show that there are good reasons why the three parameter models should be 

used in preference to the more widely used two parameter model in many 

situations. 

The most important result of the classical theory is as follows. Let 

= max (X^, X2, ... X R ) where the X J s are independent and identically 

distributed with a common distribution function F. If (Y -b )/a converges 

n n' n 0 

in distribution to a random variable X with a non-degenerate distribution 

function G, where a^ and b n are suitable normalising sequences, equivalently 

if 

F n ( a Q x + b n ) P(X < x) = G(x) 

at the continuity points of G, then G(x) can only be one of the following 



three types of extreme value distribution: 

type I : exp | - e x p ^ B - x ^ = A^x-B^ , 

type II: 0 

exp 

x B 

x > B 

type III: exp 

where a>0 andk">0. We say that F is in the domain of attraction of G 

if this happens. Furthermore it has been shown that under certain depar-

tures from the assumptions of independence and identical distribution 

these results are still valid. A complete discussion of the results of 

extreme value theory for the case of independent and identically distributed 

X k s , which we refer to as the classical case, is given by de.'-Haan. (1970) 

though some of the results go hack to the early papers of Frechet (1927), 

Fisher and Tippett (1928), and von-Mises (1936), with more rigorous proofs 

given in Gnedenko (1943). The more general theory is summarised in 

Galambos (1978). 

Suppose that in practice we have several observations of a random 

variable Y which is the maximum of a large number n of fundamental varia-
n 

bles X^. The theory of extreme values shows that a reasonable procedure 

is to estimate the distribution of Y n by fitting one of the three extreme 

value distributions (above), to the observations Y . The advantage of this 

procedure over a more direct method, such as fitting F n ( x ) , for some given 

parametric form of F , directly to the observations, is partly that the 

extreme value theory is robust to the independence and identical distribu-

tion assumptions and also that we avoid the difficult problem that the tail 
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behaviour of the fitted F (which is crucial to the behaviour of F n ( x ) ) 

might not be close to that of the true distribution unless a lot of 

data is available. The estimated distribution G can then be used to 

solve the relevant practical problems - a typical example might be to 

decide how high to build an oil platform so that the chance of the waves 

reaching the platform is suitably small. Gumbel (1958) gives a good 

discussion about putting this general procedure into practice. 

One of the most crucial problems in the application of extreme value 

theory is the choice of the appropriate type of extreme value distribu-

tion to be used. For several reasons, both practical and theoretical, 

the type I distribution is very often used in preference to the other two 

types to estimate the distribution of a maximum. For similar reasons in 

reliability situations the three-parameter Weibull distribution (the type 

III extreme-value distribution for a minimum) 

Q 

1 - F(x) = exp{ - ^ x - y y } , x > y 

is often used with a known value (often zero) of the location parameter y 

in order to estimate the distribution of a minimum. 

Note that if X has the Weibull distribution above, then log (X~Y) has 

a type I extreme-value distribution for*a minimum. Thus although we shall 

frequently discuss the problem of choosing between the type I and the other 

types of extreme value distribution and do not consider the problem of 

choosing between using the Weibull distribution with given y or estimated yf 

it is clear that these problems are somewhat related. 

The practical advantage of the type I distribution is essentially that 

it is easier to fit this distribution to the observations than the other 
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two types. For example, if maximum likelihood estimation is used then 

the likelihood equations are less complicated and less prone to numerical 

instability and the Newton-Raphson iteration works well for the type I 

case because a log-concave parameterisation exists (see Chapter 4 for 

some further discussion). Furthermore there are several simpler methods 

such as linear estimation (Mann et al (1974)) which seem to work well for 

the type I case but do not seem to be applicable to the general type II 

and III cases where all the parameters are unknown. 

The main theoretical reason why the type I approximation has often 

been preferred is that it is the limiting distribution for many of the 

well-known examples such as the normal, log-normal and gamma distributions 

and so seems the natural one to use. Another theoretical reason why the 

type I distribution has been preferred in some situations is because it 

was felt that the amount of data was insufficient to allow accurate esti-

mation of the extra parameter involved. 

One of the main aims of the present study is to study these approxi-

mations and show that there are good reasons why the type II and III 

approximations should he used instead of the type I approximation, even if 

the limiting distribution is type I, provided that there is enough data to 

allow reasonably accurate estimation. This generalises the observation by 

Fisher and Tippett (1928) that for normal extremes in the classical case 

a sequence of type III approximations, which they referred to as the 

'penultimate form of approximation' is closer to the true distribution 

F n(x) of Y n than a (limiting) sequence of type I approximations, which 

they referred to as the 'ultimate form of approximation'. Thus in the 

general case we shall refer to the distribution 
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exp { - (-Ax+B) C } 

0 

1 

Ax < B 

Ax > B; A,C < 0 

Ax ^ B; A,C > 0 

(AC > 0) as a penultimate approximation (either a type II or type III 

extreme value distribution depending on the sign of A) and a distribution 

of the form A(Ax+B), A > 0 as an ultimate approximation. 

In the following chapters we obtain several results in which the 

error in the ultimate approximation is estimated. These results effec-

tively give some important new rates of convergence results under differing 

circumstances when the limiting distribution is type I.. We also give 

some results for the error in the penultimate approximation so as to allow a 

comparison to be made. 

In Chapter 2 we consider the case of extremes from independent iden-

tically distributed normal sequences. Assume that the number of observa-

tions is so large that errors in estimating the parameters can be ignored. 

Hall (1979) showed that the error in the ultimate approximation 

A((x-3)/ct) for <T(x) is uniformly (in x) order 1/log n if the normalising 

constants (depending on n) are chosen optimally. In that chapter we inves-

tigate the penultimate approximation and show that if the parameters A , B 

and C (also depending on n) satisfy certain conditions then the order of 

the penultimate approximation is uniformly l/(log n) and that no improve-

- 2 

ment to o ((log n) ) is possible. We also show that if the X M s form a 

stationary Gaussian sequence satisfying suitable conditions then we get 

similar results. 
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In Chapter 3 the results of Chapter 2 are generalised to two wide 

classes N and E of distributions F in the domain of attraction of A 

which together include many of the well-known distributions. We again 

assume that errors in parameter estimation can be ignored. For the class 

N , which includes the normal, gamma and log-normal distributions, we show 

that there is a sequence s n such that the order of the optimal ultimate 

approximation (ignoring errors in parameter estimation) is uniformly 

0 ( s n ) , whereas the order of a penultimate approximation satisfying suitable 

conditions is uniformly oCs^). Furthermore, under some additional con-

straints on F we evaluate the uniform order of the optimal penultimate 

2 

approximations and show that quite often the order is 0 ( s n ). This shows 

that in these circumstances the penultimate approximations are closer 

than the ultimate approximations to the true distribution (for large n ) . 

For the class E , which includes the exponential and gamma distributions, 

we obtain the uniform order of the ultimate approximation as at most 

OCr^) for some sequence r Q , but show that it is sometimes possible for the 

error in the optimal ultimate approximations to be °(r
n)>

 s o that though 

the optimal penultimate approximations cannot be worse (in this sense) 

than the ultimate approximations, they may not be better. 

In Chapter 4 we consider the effect of the errors in parameter esti-

mation. Suppose we base our approximations on the (limiting) type I 

extreme value distribution using maximum likelihood estimation based on D 

observations of Y , and that F is in the domain of attraction of A. 
n 

We show that for many F in class N the estimates are strongly consistent 

as D °° for a and 8 such that A((x-6 )/a ) is an optimal ultimate approxi-
n n n n 

mation (to the true distribution F n(x)) in the sense of Chapter 3. We 
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then show that the limiting distribution of the estimates as D + » 

is asymptotically normal with a variance of order 1/D. 

It will also be seen from the discussion in Chapter 4 that several 

conjectures are made on the basis of these results for the overall 

behaviour of both the ultimate and penultimate approximations, taking 

into account the errors in parameter estimation. Our tentative conclusion 

is essentially that the penultimate approximation should be used rather 

than the ultimate approximation if s jd is large (which clearly holds in 

the situation of Chapter 3 since we are then effectively assuming D is 

very large). This should be compared with the ad hoc conclusion in 

N.E.R.C. (1975), p.242, which suggested the use of the generalised extreme 

value distribution of Jenkinson (1955) for D ^ 25. 

In Chapter 5 we consider rates of convergence for stationary sequences. 

Without assuming that the limiting distribution of the extremes is the 

type I distribution we give some bounds for the rate of convergence to the 

limit under certain dependence conditions, one very weak and two very strong. 

It is clear that the material given in that chapter is not so directly related 

to the problem of choosing between the ultimate and penultimate approxima-

tions. However, though the problem is not specifically considered there, 

it seems reasonable to suggest that with some more work the results could 

be adapted to estimate the error in the penultimate approximation. This 

would allow a comparison for maxima of stationary sequences rather than 

of independent identically distributed variables. 

The overall conclusion from the present work is that in many situa-

tions the type II and III extreme value distributions have theoretical 



advantages over the type I distribution for fitting the distribution of 

extremes and so should be used much more widely than they have been in 

the past. 



CHAPTER 2: THE PENULTIMATE APPROXIMATION TO NORMAL EXTREMES 

0. Introduction and Discussion of the Results , 

Extreme value theory is useful for studying data which are maxima 

(or minima) of a large number of random variables. Some examples of 

the kind of applied problem for which the theory can be used are the 

estimation of maximum floods, maximum insurance claims and reliability. 

The theory suggests that the probability distribution of a maximum 

(suitably normalized) can be approximated by one of the three types of 

extreme value distribution: Type I. A(x) = exp(-e X ) ; Type I I . 

4 (x) = exp(-x a ) , x > 0 ; Type III.4 (x) = exp(-(-x) a), x < 0. 
a a 

(a > 0 for types II and III). Thus the investigator will choose and fit 

one of these three types of distribution to the data and use the fitted 

distribution for estimation, etc. The main practical problem with this 

approach is the choice of the appropriate type. Often type I is chosen 

without further investigation for practical (ease of fitting) as well 

as theoretical (see below) reasons. The implication of the work in this 

paper is that perhaps this preference for type I is misguided. 

Let he independent random variables with a common 

distribution function F and let Y = max {X.: i < n}. Under certain 
n 1 l — J 

conditions there exists normalizing constants a > 0 and g and a 
° n M n 

non-degenerate distribution function G such that 

(0.1) P{(Y -B )/a < x} = F n ( a x+R ) G(x) 
u n n — n n 

at all the continuity points of G. The classical theory shows that if 

this happens then G must have the same type as one of the three extreme 

value distributions given above. De Haan (1970) and Galambos (1978), 

for example, give the proof of this result and give necessary and 

sufficient conditions on F so that (0.1) holds, together with choices 

of the constants a and R • 
n n 
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For many well-known distributions, including tbe normal 

distribution, tbe limiting type of G is type I. Tbis is sometimes 

used as a theoretical justification for the adoption of type I rather 

than types II or III. However, for the case of normal extremes, in which 

F = <J>, the distribution function of a standard normal variable, Fisher 

and Tippett (1928) showed empirically that the type III approximation 

P ^ ( x ) = i/>k(Ax- B ) is closer to <f>n(x) than the (limiting) type I 

approximation A(Cx+D), where k(> 0), A(> 0), B, C(> 0) and D are sequences 

of parameters depending on n only (the dependence on n is not shown 

explicitly, by the use of subscripts, for ease of notation). Defining 

a and b by 
n n J 

(0.2) b (2ir)^exp(%b 2 ) = n; a = b _ 1 

n n n n 

tbe constants k , A, B, C and D are given by C = ~Da n
 = a

n
 + a n c* 

(0.3) k = h " 1 = (b 2 + l ) 2 ( b ^ l ) " 1 ; A = (b, 2+l)ha ; 
n n n n 

B = (l-h) h + h(b 2 + l ) 
n • 

These empirical results have not been developed either theoretically or 

in practice. 

Hall (1979) showed that tbe order of a type I approximation is 

uniformly at most 1/log n. In fact 

(0.4) < sup | A x ) - I < 
log n ^ (a n J 1 log n 

where c^ is a positive constant (see (5) of Hall (1979)), and tbe rate 

of convergence in (0.4) cannot be improved upon to o((log n) by 

using a different choice of constants to replace a and b . In tbis & r n n 

paper we consider the general approximation 
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^ e x p 

(0.5) P (x) = 7 0 
n 

Ax < B • 

Ax > B , A < 0 

Ax > B , A > 0 

where A , B and k are sequences of parameters depending only on n, 

satisfying Ak > 0 for all n. contains all possible mixtures of 

type II and type III extreme value distributions, including P ^ ( x ) . 

Following Fisher and Tippett (1928) we may call given by (0.5) 

the 'penultimate* approximation. We give necessary and sufficient 

conditions on k, A and B (satisfied by P ^ ( x ) ) so that the order of the 

- 2 
penultimate approximation is uniformly (log n) and show that the order 

- 2 

of this approximation cannot be improved upon to o((log n) ). 

Theorem 1. Let P (x) = P „(x) satisfy (0.5), where k, A and B satisfv 
n n2 y 

C k log (B-Ab ) = -a 2 

n n 

(0.6) 1 kAa /(B-Ab ) = 1 + a 2 

n n n 

i k(Aa ) 2/(B-Ab ) 2 = a ~ 
n n n 

Then for all x , and for n _> 200, 

(0.7) 

Theorem 2 . Let P n ( x ) satisfy (0.5). Then 

(0.8) s u p l A x ) - P (x)| = 0(a 4 ) 
' n 1 n 

x 

if and only if, for large n (independently of x) 

|<{>n(x)-Pn2(x)| < 12.5796a n < 7.5596/(log n) : 

(0.9) k , A , B - A b n > 0 
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and 

0 / 
k log (B-Ab ) = -a + 0(a ) 

n n n 

(0.10) 4 kAa /(B-Ab ) = 1 + a 2 + 0(a 4 ) 
n n n n 

k(Aa ) 2/(B-Ab ) 2 = a 2 + 0(a 4 ) . 
n n n n 

Moreover, it is impossible to choose sequences k, A and B such that 

(0.11) sup | A x ) " P (x)| = o(a 4 ) . 

The proofs of Theorems 1 and 2 are found in Sections 1 and 2 

respectively. 

Note from Theorem 2 that the order of the penultimate approximation 

- 2 2 
P n l ( x ) is uniformly (log n) as remarked above (b^ 'u 2 log n by Hall 

(1979)). Theorem 2 also shows that if Q n ( x ) is a sequence of type II 

approximations (A < 0 for all n) then the order of the approximation 

2 
Q (x) cannot be uniformly l/(log n) . Furthermore, a similar proof 
n 

for subsequences shows that 

b 4 s u p l A x ) - Q (x)| » 

and so 

sup |<}>n(x) - P (x)| < sup|<J>n(x) " Q n(x)|, 

X x 

for suitably large n, if P n^x) is a sequence satisfying (0.5), (0.9) 

and (0.10). In this sense, type II approximations are worse than 

type III approximations. 

In Section 3 we prove the following theorem on dependent sequences. 

Theorem 3. Let ( X J be a stationary Gaussian sequence such that 

2 
E(X.) = 0; E(X. ) = 1; E(X.X. ) = r , m > 1. Let F (x) denote the 

x 1 1 l+m m — n 

distribution function of Y = max{X.: i < n}. Then 
n I — 
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(0.12) sup|F n(x) - $ n(x)| = 0{(log n ) ' 2 } 

x 

if r satisfies either 
m 

2 
(0.13) E r < » m 

m=l 
or 

(0.14) r (log m) 3(log log m ) 2 = 0(1). 
in 

This theorem is useful in its own right as an extension of the 

results of Berman (1964) on the maxima of stationary Gaussian sequences. 

Combined with the previous results, it follows from Theorem 3 that if 

{X^} is a stationary Gaussian sequence satisfying the hypotheses of 

Theorem 3, then (0.9) and (0.10) are necessary and sufficient conditions 

to ensure that the order of the approximation P (x) for F (x) = P(Y < x) 
r n n n — 

- 2 

is uniformly (log n) whereas a type I approximation cannot be closer 

than order (log n) \ 

In table 1, <j>n(x) is compared with the approximations A r(X) = 
A((x-b )/a ), P , (x) (given by (0.5) and (0.3)) and P „(x) (given by 

n n nl n2 

(0.5) and (0.6)). It will be seen that both the penultimate approxi-

mations give significantly better approximations than the type I 

approximation A^(x), even for small n, but that there is no significant 

difference in their accuracy. It can also be seen from table 2 that 

Hall's uniform bound given at (0.4) and the bound (0.7) both considerably 

over-estimate the error. Depite this, these bounds could be used to 

choose n to ensure that the error is uniformly small. 

These results show that for extremes from a normal distribution and, 

more generally, from a stationary Gaussian sequence (satisfying Theorem 3) 

the penultimate approximation of type III gives a better approximation 

than the limiting type I approximation. Unpublished results for other 

distributions show a similar pattern. Consequently, in a practical 
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situation the investigator may not be theoretically justified in 

automatically fitting a type I distribution to extremes unless the 

amount of data is too small to allow accurate estimation of three 

parameters rather than two, or unless n is known to be extremely large 

(so that the difference between the type I approximation and the 

penultimate approximation is negligible). 

We may compare this approach to the problem with the alternatives 

suggested by Haldane and Jayakar (1963) and Hall (1980). Haldane and 

Jayakar (1963) showed that the squared normal extremes converge faster 

to A than the extremes themselves. Hall (1980) proved that the optimal 

- 2 

uniform rate of convergence for the squared extremes is (log n) 

Thus if c^ and d^ are chosen optimally then the distribution function 

H (x) = f A((x 2-d )/c ) x > 0 
n J n n — 

0 x < 0 

approximates <}>n(x) uniformly to order (log n) which shows that it is 

as good as the optimal penultimate approximation. (Note that P(Y n <_ 0 ) = 2 

- 2 
= o{(log n) }). In table 1 we tabulate Haldane and Jayakars' approximation 

H (x) with c and d given by 
n n n ° J 

c = 2(l-b + 3b H ) ; d = b - 2b + 7b . 
n n n n n n n 

/ 

For n > 100 it can be seen that there is no significant difference between 

H (x) and the penultimate approximations P .(x) and P _(x). In general 
n nl nZ 

this suggests that for a given initial distribution F the rate of 

convergence can be improved by a suitable transformation of the extremes 

but usually in practice F is unknown so that we cannot choose the 

appropriate transformation. 

Hall (1980) suggested approximations to <f>n(x) using some refined 

inequalities for the normal tail function. These approximations are 

-n 
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much closer to <f>n(x) than the penultimate approximations. Thus if 

the X M s are indeed independent and identically normally distributed 

and if n is known, then Hall (1980) gives better estimates of the 

distribution of Y = max{X.} than approximations based on extreme 
n - i 

value theory. However in practice we are often uncertain of the 

normality, the independence and perhaps the value of n. Since the 

three limit laws apply to a large class of initial distributions, and 

often in the dependent case (c.f. Galambos (1978)), extreme value theory 

approximations are more robust than the alternatives suggested by 

Hall (1980). 
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1. Proof of Theorem 1 

The proof will be split into several lemmas. Throughout the 

proof the condition n _> 200 will be assumed. We shall use the sequences 

4 4 
defined by d - log b and e = log log b 

n n n n 

Lemma 1.1. We have tbe following bounds. 

1.1) b > (0.3825)" 1 > 2.6143. 
n 

1.2) a < 0.3825. 
n 

1.3) (a log log b 4 < 0.8615. 
n n 

1.4) (a ) 2 / 3 log log b 4 < 0.7127. 
n n 

1.5) a log log b 4 < 0.5151. 
n ° ° n 

1.6) a 2 log log b 4 < 0.1971. 
n n 

1.7) a log b 4 < 1.4716. 
n n 

1.8) a 2 log b 4 < 0.5625. 
n n 

1.9) a 4 log b 4 < 0.0823. 
n & n 

1.10) log b 4 / n < 0.0193. 
n 

1.11) b 4 / n < 0.2338. 
n 

1.12) b 3(log b 4)2exp(—r- b 2 ) < 8.6597. 
n n 2 n 

1.13) log n/b 2 < 0.7752. 
n 

Proof. (1.1) and (1.2) follow from considering the increasing function 

J- 1 2 

(2ir)2x exp("2X ). (1.3)-(1.6) follow from considering tbe behaviour of 

tbe functions x r log log x 4 for x > (0.3825) 1 and for r = y , ~ , 1 and 2 

respectively. (1.7)—(1.9) follow from considering the behaviour of the 
—r 4 —1 

functions x log x for x (0.3825) and for r = 1, 2 and 4 respectively, 



Finally, (1.10)-(1.13) follow from the definitions (0.2-) and the 

fact that the functions x \ l o g x 4)exp(- ^ x 2 ) , x 3exp(- -|x 2), 

x 3(log x 4) 2exp(- x 2 ) and x 2 log {(2ir)^x exp(j x 2 ) } (respectively) 

are decreasing, for x (0.3825) ^. 

Lemma 1.2. As in Hall (1979), define 

(1.14) (x) = 1 - <j)(a x+b ) 
n n n 

and 

(1.15) R (x) = -nijj (x) - n log <f>(a x+b ). 
n Tn n n 

(a) If x > -log log b 4 (= -e ), 
- 6 & n n 

(1.16) Iexp{-R (x)} - 1| < R (x) < 2.7458a 4 , 1 r n 1 n n 

(b) If x > 0 , 

(1.17) Iexp{-R (x) - l| < R (x) < 0.1175a 4 . 
n ' n n 

Proof. For any x > 0 we have the inequalities 

(1.18) 1 - <})(x) < x~1(2Tr)"^exp(- | x 2 ) , 

(1.19) 1 - <}>(x) > x _ 1(2TT)"^exp(- | x 2 ) ( l - x " 2 ) 

and 

(1.20) 1 - (J>(x) < x" 1(27r)^exp(- |x 2)(l-x~ 2+3x~ 4) 

(Abramowitz and Stegun (1964), p.932.) 

(a) If x > -e , b -a e > b (1-0.1971) by (1.6) and so (1.18) gives 
— n n n n n 

ip (x) < (b -a e ) _ 1(2TT)"^exp{- ^-(a 2
e
 2-2e +b 2 ) } 

n n n n r 2 n n n n 

< n ^(l-a 2 e ) *exp(e ) = (log b 4/n)(l-a 2 e ) 1 

n . n r n & n n n 

< (0.0193)(1-0.1971 < 0.0241. 



A similar argument using (1.6) and (1.12) gives the estimate 

ni|F 2 ( x ) < n" 1(l-a 2 e )" 2exp(2e ) < 5.3591a 4 . rn n n r n n 

In view of (20) of Hall (1979) 

0 < R (x) < i(5.3591)(l-0.0241)" 1 a 4 < 2.7458a 4 

n L n . n 

from which (1.16) follows. 

(b) If x > 0 , a similar argument using (1.18) shows that 

0 < ip (x) < ip (0) < n " 1 < 0.005 
— r n — r n — 

2 4 
and nij, (x) < 0.2338a- (by (1.11)). Thus 

n n 
2 
^ 1 - 1 l l 

< 0.2338)(1-0.005) a * < 0.1175a 
2(1-* (x)> ^ n n > 

n 

from which (1.17) follows. 

Lemma 1.3. Define 

(1.21) F (x) = -nib (x) - log P _(a x+b ) 
n T n ° n2 n n 

where (x) is given by (1.14) and P „(x) is given by (0.5) with (0.6) 
n iî  

If -e < x < 0 . 
n - - ; 

(1.22) -(1+a 2 x ) _ 1 a 4 s ( x ) e " X < F (x) < (1+a 2 x ) _ 1 a 4 r ( x ) e " X 

n n — n — n n 

where r(x) and s(x) are given by 

(1.23) r(x) = j - 3.8641x - j x 3 + | x 4 

and 

(1.24) s(x) = 7.2190 + i c 2 + | x 4 . 
2 o 
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If 0 < x < d , 
— — n 

(1.25) -u(x)a 4 < F (x) < t(x)a 4 

n — n — n 

where t(x) and u(x) are given by 

(1.26) t(x) = + x + 1.7378x 2) 2e" X 

and 

(1.27) u(x) = (3+3x+1.5x 2+2.7004x 3+0.125x 4)e~ X. 

Proof. Using (0.5) with (0.6), 

2 1 2 -
log[-log{P .(a x+b )}] = -x-a (l+x+ -x ) + u (x) 

nz n n n z n 

where 

u (x) = - \ a 4(l+a 2 ) _ 1 { l - z ( x ) } _ 3 x 3 

n i n n n 

2 2 - 1 
and z (x) lies between 0 and a (1+a ) x. (Note that x < d implies 

n n n — n 

x < (1+a 2)/a 2 , using (1.8).) 
n n ' 

If -e < x < 0, the bound (1.6) gives 
n — — 

(1.28) 0 < u (x) < - \ a 4 x 3 < 0.0657a 2
X

2 . 
— n — 3 n — n 

If 0 < x < d , 
— — n > 

0 > u (x) > - i a 4 x 3 ( l + a 2 ) _ 1 { l - a 2(l+a 2 ) _ 1 d }" 3 = - 4
x
3 y ( a 2 ) 

— n — 3 n n n n n 3 n n 

where 

Y(x) = (l+x)" 1{l+2x(l+x)" 1 log x } ~ 3 . 

2 

The function y(x) is increasing for 0 < x <_ (0.3825) . Hence (1.2) and 

(1.8) imply 

(1.29) 0 > u ( x ) > - f a V \ { ( 0 . 3 8 2 5 ) 2 } > -2.2004a V > -1.2378a 2
X

2 . 
— n — 3 n — n — . n 
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For -e < x < d define 
n — — n. 

9 (x) = (1 + x + k 2 ) a 2 - u (x). 
n 2 n n 

Using (1.28) and (1.29), 0 n ( x ) satisfies the inequalities' 

0 < (l+x+0.4343x 2)a 2 < 6 (x) < (l+x+^x 2)a 2 ; -e < x < 0 , 

— n — n — 2 n n — — 
and 

0 < 9 (x) < (1+x+l.7378x 2)a 2 ; 0 < x < d . 
— n — n — — n 

—9 T 2 
In view of the inequalities 1-9 < e <_ 1-9+29 , valid for 9 _> 0 , 

(1.30) -log{P _(a x+b )} = e~ Xexp{-9 (x)} 

n2 n n n 

= e" X{l-a 2 ( l + x 4 x 2 ) + a 4 K (x)} 
n 2 n n 

where 

(1.31) 0 < K (x) < -^(1 + x + k 2 ) 2 - k 3 ; -e < x < 0 , 
— n — 2 2 J n — — 

and 

(1.32) -2.2004x 3 < K (x) < k l + x + 1.7378x 2) 2; 0 < x < d . 
— n — z — — n 

Using the inequalities (1.19) and (1.20), if we write 

(1.33) -n4 (x) = -(1 + a 2 x ) k Xexp(- k 2 x 2 ) w (x) 
n n z n n 

then w (x) satisfies 
n 

2 2 -2 2 2 -2 4 2 -4 
1 - a (1 + a x) < w (x) < 1 - a (1 + a x) + 3a (1 + a x) 

n n n n n n n 

We also have the result 

(1 + a 2 x ) " 2 = 1 - 2a 2x{l + a ( x ) } " \ 
n n n 

2 
where a (x) lies between 0 and a x. For -e < x < 0 , 0 > a (x) > 

n n n— — — n — 
2 

-a e >-0.1971 (from (1.6)) and hence 
n n 
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1 - a
 2
 + 2a

 4
X(1-0.1971)"

3
 < w ( x ) < l - a

2
+ 3(1-0.1971)

 4
a
 4

. 
n n n n n 

For 0 < x < d , a (x) > 0 and 
— — n n — 

2 2 4 4 
1 - a < w (x) < 1 - a + 2a x + 3a 

n n n n n 

Hence we have 

(1.34) w (x) = 1 - a 2 + a 4 L (x) 
n n n n 

where L (x) satisfies 
n 

(1.35) 3.8641x < L (x) < 7.2190; -e < x < 0, 
n n — — 

and 

(1.36) 0 < L (x) < 2x + 3 ; 0 < x < d . 
n — — n 

Finally, for all x , 

(1.37) exp(- h i V ) = 1 - ^ a 2 x 2 + a 4 M (x) 

2 n 2 n n n 
where 

(1.38) 0 < M (x) < x 4 . 
— n — 8 

The definition (1.21) together with the expansions (1.30), (1.33), 

(1.34) and (1.37) gives the expansion 

F (x)(l+a 2 x ) e x = -a 4 L (x)exp(- h 2 * 2 > ~ 2 ~ a 4<l-a 2 > M ( x > 
n n n n 2 n 2 n n n n 

(1.39) + a 4 K (x)(l+a 2
X ) - a 4 x ( l + x + | x 2 ) . 

n n n n l 

The inequalities (1.22>-(1.24) and (1.25)-(l.27) follow from applying 

the bounds (1.31), (1.32), (1.35), (1.36) and (1.38) to the equation (1.39). 

Lemma 1.4. 0 < x < d => P „(a x+b )|exp{F (x)}-l| < 12.4621a 4 . 
. — — n n 2 n n | r n n 
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Proof. The function t(x) of (1.26) has its maximum equal to 10.0499. 

The bound x r e * (r/e) r for x 0 shows that u(x) of (1.27) is bounded 

above by 9.1318. Therefore, by Lemma 1.3, 

-9.1318a 4 < F (x) < 10.0499a 4 . 
n n n 

Since | e X - l | <_ | x | e ^ X b then in view of (1.2) we have, for 

F (x) > 0 , 
n 

Iexp{F (x)> - lj < 10.0499a 4exp{(10.0499)(0.3825) 4} < 12.4621a 4 . 1 n ' n n 

On the other hand, if F (x) < 0 , then 
n 

|exp{F (x)} - l| < 9.1318a 4 . 1 n 1 n 

Lemma 1.5. -e < x < 0=> P „(a x+b )|exp{F (x)} - l| < 8.3627a 4 . 
n — — n 2 n n ' n 1 n 

Proof. r(x) defined by (1.23) is decreasing for x < 0 . Thus 

a 4r(x)e X < a 4r(-e H o g b 4 

n — n n n 

= ^-(a 4 d )+3.8641(a 2
e )(a 2 d ) 4 < a e ) 3a d h e ) 4(a 2 d ) 

2 n n n n n n 3 n n n n 8 n n n n 

< 0.5754, 

using the bounds in Lemma 1.1. Thus (1.6) and (1.22) imply 

F (x) < (0.5754K0.8029)" 1 < 0.7167 
n 

and Lemma 1.3 gives 

(1.40) Iexp{F (x)> - 1| < (0.8029) _ 1
a
 4e" Xmax{r(x)exp(0.7167), s(x)}. 

n n 

2 1 2 2 
Noting that 1 - a - a e > 0 (by (1.2) and (1.5)) (1.30) and 

n 2 n n J 

(1.31) give 

-log P .(a x+b ) > e~ X{1-a 2 ( 1 + x + ^ x 2 ) } > (1 - x + i c 2 ) ( l - a 2 - ^a 2 e 2 ) . 
° n 2 n n — n 2 — 2 n 2 n n 
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In view of the bounds (1.2)-(1.6), 

x - log P .(a x+b ) > i c 2 + 1 - a 2 ( 1 + h> 2)(1 + e + ^e 2 ) 
n + n n — 2 n 2 n n 2 n 

£ | x 2 + 0.0725 

and 

(1.41) . P .(a x+b )e" X < exp(- ic 2-0.0725) < (0.930l)exp(- i c 2 ) . 

n2 n n 2 r 2 

By considering their derivatives it follows that the functions 

(y + |x 4)exp(- ^ x 2 ) , (-3.8641x- |x 3)exp(- -|x2) and s(x)exp(- -^x2) 

are dominated by 2.5637 and 7.2190 respectively, for x £ 0. Thus 

x £ 0 implies 

(1.42) exp(- -|x 2)max{r(x)exp(0.7167), s(x)} £ 7.2190. 

Combining the inequalities (1.40)-(l.42) leads to 

P _(a x+b )Iexp{F (x)}-l| < (7.2190)(0.9301)(0.8029)~ 1a 4 < 8.3627a 4 . 
n2 n n 1 n 1 n n 

Lemma 1.6. -e < x < d => I d>n( a x+b )-P „(a x+b )l < 12.5796a 4 . 
n— — n 1 n n n 2 n n ' — n 

•Proof. Using the definitions (1.14), (1.15) and (1.21) together with 

Lemma 1.2, 

U n ( a x+b )-P (a x+b )| = P (a x+b )|exp{-nJ; (x)-R (x)-log P „(a x+b )} 
' n n n 2 n n ' n 2 n n ' n n n 2 n n 

= P .(a x+b )Iexp{F (x)-R (x)}-exp{-R (x)}+exp{-R (x)}-l| 
n 2 n n , r n n n n 1 

< P .(a x+b )Iexp{F (x)}-l| + |exp{-R (x)} - l|. 
— n 2 n n ' n 1 1 r n 1 

The result follows easily from Lemmas 1.2(a), 1.2(b), 1.4 and 1.5. 

Lemma 1.7. x < -e => U n ( a x+b )-P „(a x+b )| < 4.1317a 4 . 
— n 1 n n n2 n n 1 n -
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Proof. From (1.30) with (1.31) and the bounds (1.8), (1.7) and (1.3), 

-log P 0 ( b -a e ) > (log b 4)(l-a 2 - ^-a 2
e
 2 ) > log b 4 - 1.1086. 

n 2 n n n ° n n 2 n n & n 

Thus 

(1.43) P 0 ( b -a e ) < a 4 exp(l.l086) < 3.0302a 4 . 
n2 n n n n n 

Replacing c by e in the argument of Hall (1979), p.439, gives 
n n 

(1.44) A b -a e ) < a 4exp{(a 2log b 4)(l-a 2 e )" 2+ ^(a log b 4)(a e 2 ) } T n n n n r n ° n n n 2 n ° n n n J 

< a n
4exp{(0.5625)(0.8029)" 2 + |(1.4716)(0.8615) 2} 

< 4.1317a 4 , 
n 

using the bounds (1.8), (1.6), (1.7), and (1.3) in turn. The result now 

follows from (1.43) and (1.44), since <Aa x+b ) and P . (a x+b ) are 
n n n2 n n 

increasing in x . 

Lemma 1.8. x > d => I A a x+b )-P Aa x+b ) I < 1.1175a 4 . 
— n 1 n n n2 n n 1 n 

Proof. From (1.18), nil, (d ) < exp(-d ) = a 4 and so Lemma 1.2(b) implies 
n n n n 

1 - A a d + b ) < -n log d>(a d + b ) < 1.1175a 4 . 
n n n — n n n n 

From (1.30) and the result 9 (d ) > 0, 
n n — 

(1.45) 1 - P „(a d +b ) < -log P „(a d +b ) < a 4 

n 2 n n n — n2 n n n — n 

Since 1 - d>n(a x+b ) and 1-P _(a x+b ) are positive decreasing 
n n n2 n n r ° 

functions of x , the result follows. 

Proof of Theorem 1. Applying Lemmas (1.6)-(1.8), 

| A x ) " P 9(x)| < 12.5796a 4 
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for n > 200 and for all x. The bound (1.13) gives 

12.5796a 4 < 12.5796(0.7752) 2/(log n ) 2 < 7.5596/(log n ) 2 . 
n 
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2. Proof of Theorem 2 

The proof will be split into three parts, namely the sufficiency 

and necessity of (0.9) and (0.10) and the impossibility of (0.11). 

For ease of notation define a = Aa^ and b = B-Ab^ throughout this proof. 

Proof of sufficiency. Assume -e < x < d^ in the following. From (0.10) 

a/b = (ka 2/b 2)(ka/b) _ 1 = a 2 + 0(a 4 ) 
n n 

and 

k a 3 / b 3 = (ka 2/b 2) 2(ka/b)" 1 = a 4 + 0(a 6 ) . 
n n 

2 - 1 
Thus for suitably large n, (a/b)d = 0(a d ) < -r- and 

n n n — 2 

(2.1) -log{-log P (a x+b )} = * 2 ( 1 + x + * x 2 ) - u (x) 
n n n n n 

where 

u (x) = - \ (ka 3/b 3) x
3{l-z (x)}' 3 + 0(a 4)max(l,x 2) 

n J n n 

and z (x) lies between 0 and ax/b (< 4). Thus, for -e < x < d , 
n — 2 n — — n 

(2.2) u (x) = 0(a 4 ) max{1, lx| 3}. 
n n 

Defining x(x) = A'(x) = exp(-x-e X ) , (2.1) implies 

(2.3) P (a x+b ) = A{x + a
 2
(1 + x + ^ x

2
) } - u (x)x{x + v (x)}, 

n n n n 2 n n 

2 1 2 2 1 2 
where v (x) lies between a ( 1 + X + T T X ) and a ( l + x + - r x ) - u (x). 

n n 2 n 2 n . 
2 2 

Since
 a

n
 d

n 0,
 0 a n d

 {
x +
 v n(x)}/x -v 1, uniformly for x lying 

in the set {x: |x| 1, - e n £ x £ d^}, as n ->- In view of (2.2) and 

3 

the boundedness of X(y) and y X(y), 

(2.4) u (x)x{x+v (x)} = 0(a 4)max(l, |x+v (x)| 3)x{x+v (x)} = 0(a 4 ) , 
n n n ' n ' n n 

uniformly for -e < x < d . 
n - - n 
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Applying (2.3) and (2.4) for P ^ x ) and P ^ * ) y i e l d s 

-e <x<d 
n n 

(2.5) gup |P (a x+b )'- P „(a x+b )| = 0(a 4 ) . 
1 n n n n2 n n 1 n 

If x < -e , then (1.43) and (2.5) give 

P (a x+b ) < (P (b -a e ) - P _(b -a e )} + ? 0(b -a e ) = o(a 4 ) , 
n n n — n n n n n 2 n n n n 2 n n n n 

and a further application of (1.43) gives 

(2.6) sup IP (a x+b ) - P (a x+b )I = 0(a 4 ) . r ' n n n n2 n n 1 n 
x<-e 
— n 

A similar argument using (1.45) and (2.5) yields 

(2.7) sup |P (a x+b ) - P (a x+b )I = 0(a 4 ) . 
j ' n n n n 2 n n ' n 

x>d 
— n 

Finally, (0.8) follows from (2.5)-(2.7) and Theorem 1. 

Proof of necessity. Assume (0.8) holds. For all x, rf>n(a x+b )-P (a x+b ) 0 Y n n n n n 

and, in view of (0.4), 

(2.8) P (a x+b ) -+ exp(-e~ X). 
n n n r 

Hence for each x there is an integer N = N(x) such that n > N(x) 

implies 0 < P (a x+b ) < 1 and therefore the definition (0.5) gives n n n ® 

(2.9) ax < b 

and 

(2.10) log{—log P (a x+b )} = k log(-ax+b) 
n n n 

In particular, n > N(0) implies b > 0 and (2.8) and (2.10) imply 

(2.11) k log b + 0 . 

Moreover, if n > max{N(0), N(x)>, it follows from (2.8)-(2.11) that 

(2.12) k log (1-ax/b) -+ -x. 
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Applying (2.9) with x = -2 shows that a/b > f o r large n , 

so that {a/b} has a subsequence converging to some t 6 [- . However, 

putting x = -1 and x = -2 into (2.12), we have the limit 

log(l + a/b) 2 

log(l + 2a/b) 1 

which is impossible unless t = 0. Therefore 

(2.13) a/b 0. 

For each fixed x, we get the expansion 

. , 2 2 , 3 3 4 
(2.14) log{-log P (a x+b )} = k log b - ^ - W r " + 0 ( l k l 

n n- n b 2b 2 3 b 3 - b 4 

For each fixed x, a x+b -+ °° and so is positive for large n. 
n n 

From Abramowitz and Stegun (1964), p.932, 

(2.15) l-<t>(z) = z" 1(2 1r)"^exp(- |z 2)(l-z~ 2 + 3z" 4 - r(z)z" 6) 

holds for all z > 0, where 0 < r(z) < 15. Using (2.15) we may expand 

logCl-Ma^x+b^)} up to terms in o(a^ 4) to get, with <j> an abbreviation 

for <J> C a x+b ), 
n n 

(2.16) log{n(l-<i>)} =-x-a 2 ( 1 + x + ^ x 2 ) + a 4 ( | + 2x + i c 2 ) + o(a 4 ) . 
n z n z z n 

From (2.16), n(l-<(.) •+ e ~ X and so n(l-<}>)2 = 0 ( n _ 1 ) = o(a 4 ) . 

Therefore 

(2.17) log{ —log <}»n} = log[-n log{l-(l-<j.)}] = log[n( 1—<J>) + 0{n( 1-<|))2}] 

= log{n(l-*)} + o ( a n
4 ) . 

From (0.8) and (0.4), for all x , 

(2.18) log{—log P (a x+b )} = log[-logU n+0(a 4)}] = log{-log 4>n} + 0(a 4 
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Combining (2.14) with (2.16)-(2.18), it follows that for each 

fixed x we may write 

(2.19) t (x) = + B x + C x 2 + D x 3 = o(a 4 ) + 0(/kla 4/b 4) 
n n n n n n ' ' 

where A , B , C and D are given by 
n n n n 

(2.20) f A =-a 2 + | a 4 - k log b 
' n n 2 n 

2 4 
B = -1 - a + 2a + ka/b 
n n n 

1 2 1 4 1 , 2 / v 2 
C n = " 2 3 n + 2 3 n + 2 k a 

^ D n = i k a 3 / b 3 . 

Keep n fixed and choose X^,X2,X3,X^ to be four distinct values of x . 

Then the four linear simultaneous equations given by (2.19) may be inverted 

to express A 5 B , C and D as linear combinations of t (x.), 
n n n n n I 

i = 1,2,3,4. Therefore 

(2.21) A , B , C , D = 0(a 4 ) + 0(|k|a 4/b 4) 

n n n n n 1 1 

In particular (2.13) implies 

4 

D = 0(a ) + o(D ) 
n n n 

and so 
|k|a 4/b 4 = o(D ) = o(a 4 ) . 1 1 n n 

It follows that (2.21) may be reduced to the equations (0.10). 

2 _ 2 - 2 

Finally, (0.10) implies ka b (a^) 1. Hence k > 0 for large n , 

implying (0.9). 

Proof of impossibility. By virtually the same arguments as in the last 

section, 

(2.22) A , B , C , D = o(a 4 ) 
n n n n n 
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where A , B , C and D are given by (2.20). However (2.22) implies 
n n n n 

D = \ k a 3 / b 3 = i ( k a 2 / b 2 ) 2 ( k a / b ) " 1 

n J j 

= \ (a 2 - a 4+2C ) 2(1 + a 2 - 2a 4 + B ) _ 1 

3 n n n n n n 

1 4 . 4. 
•=• a + o(a ) 
3 n n 

1 4 , 4 
which leads to the contradiction — a = o(a ). 

3 n n 



3. Proof of Theorem 3 # 

From Berman (1964), page 509, eqns (3.8) and (3.12), 

(3.1) |F (x) - A x ) | < f V |r |(n-m)(1-r 2)~ %exp{- T ^ r j } . 
' n 1 — 2TT . 1 m 1 m 1+ r . 

m=l 1 m 1 

Let n > 200 and put x = a y+b , where a and b are given at (0.2). 
— r n n n n 

4 
If y £ -log log b^ = » then (0.2) and the asymptotic equivalence 

2 „ , 
b^ ^ 2 log n give 

2 - b 2 + 2 log log b 4 

( 3 - 2 ) e X P { " e x p { n i + |r.| 

< K(log n)(log log n ) 2 n " 2 ^ 1 * ' 1 ^ 

where K is independent of n, x and j. 

By an analogous argument to Berman's proof of his Theorem 3.1 

(Berman (1964), pp.510-511), (3.1) and (3.2) lead to 

(3.3) sup |F (a y+b ) -<l>n(a y+b )| = 0{(log n)~ 2 } 
. n n n n n 

y>-e 
— n 

if either (0.13) or (0.14) hold. 

Using (1.44) and the monotonicity of F^ and <Jin 

(3.4) sup |F (a y+b ) - <|>n(a y+b ) I = 0{(log n ) " 2 } 
, ' n n ^ n n n 1 

y<-e 
J — n 

(0.12) follows from (3.3) and (3.4). 
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CHAPTER 3: THE ORDER OF THE ULTIMATE AND PENULTIMATE APPROXIMATIONS IN 

THE GENERAL CASE 

1. Introduction 

Let Y = max i £ A) where the X H s are independent identically 

distributed random variables with q, common distribution function (d.f.) F . 

Standard extreme value theory (see Galambos (1978), for example) shows 

that for many F , F < V ( a ( t x + b^) •*• G(x) where G(x) can only be one of the 

three types A(x) = exp(-e X ) , ^ ( x ) = exp(-(x) a) and ^ ( x ) = exp(-(-x) a") 

(a>0) called types I, II and III respectively. For fixed x , Anderson 

(1971) gave rates of convergence (under certain conditions on F) to each of 

tbe three limiting types. Uniformly in x , convergence rates when the 

limiting type is type II or type III were given by Smith (1982). Uniform 

rates of convergence when the limiting type is type I have so far only 

been given for specific examples : exponential (Hall and Wellner (1979)), 

normal (Hall (1979)) and powers of normal distributions (Hall (1980)). In 

this paper we shall derive results of this form for F satisfying certain 

conditions which hold for many well-known distributions. 

In Cohen (1982) we considered the 'penultimate' approximation for 

normal extremes introduced by Fisher and Tippett (1928) and showed that this 

(type III extreme value) distribution gives a better approximation than 

the limiting type I 'ultimate' approximation. Also in this paper we shall 

show that this result generalises to other distributions in the domain of 

attraction of A(x) (written D(A)) so that in general it is better to use 

a type II or type III approximation to the d.f. F ^ x ) rather than a type I 

approximation, even if F e D(A). V ••: - . . ' 
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Note that Gomes (1978) also considered 

penultimate approximations and proved results similar to Theorem 8. 

However her results only give convergence uniformly on compact subsets of 

the real line. 

Many of the remarks in Section 0 of Cohen (1982)apply here also. In 

particular it was pointed out that if the amount of data is small then 

the conclusion that the penultimate approximations are 'better' is invalid 

because of the greater errors in estimating three parameters rather than 

two. Gomes (1978) gives some results based on a simulation study which 

bear out this last remark. 

In order to derive rates of convergence for fixed x , Anderson (1971) 

needed to consider two classes of distributions in D(A), here referred to 

as classes A1 and A 2 . Let F be a d.f. with endpoint Xq (= sup { x : 

F(x)<l}) such that F(X q-) = 1, F"(x) exists and F'(x)> 0 for Y ^ x <XQ . 

Define, for Y^x^x , 
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(1.1) k(x) = -F'(x)/{F(x) log F(xft ; 

(1.2) b(x) = d_ £l/k(x)~], = - k * ( x ) { k ( x ) y 2 . 

dx 

As Anderson showed, b(x)-+ 0 as x t x is equivalent to F" (x) $ l-F(x)}/ 

£F'(x)^ 2 -+'-1 as xtx Q which is the well-known sufficient condition of 

Von-Mises (1936) so that F D(A) in that case. 

F is in class A1 if b(x)->0, k'(x) has constant sign for large x and 

(1.3) . k" (x) 0 as x f x . 

k(x) k'(x) 

Anderson showed that for the class A1 and the (optimal) choice of constants 

a and b defined by 
n n 3 

(1.4) a Q = l/k(b n) ; F(b n) = exp (-1/n) ; 

(1.5) F a x+b ) - A (x) = x 2 A ' ( x ) b ( b ) + o(b(b n)) 
n n n n 

uniformly over finite intervals of x, as n -+®. 

The class A1 contains many well-known distributions (including the 

normal) but not the exponential distribution, which does however belong to 

the class A2, for which x = » and 
* o 

(1.6) k(x) -+a as x + ® , 0 < a < 00 ; 

(1.7) k(x)- << has constant sign for large x; 

(1.8) \k(log x)- is regularly varying at infinity, with index ^ . 

(The concept of regular variation is defined and discussed in de Haan (1970), 

for example). Note that F "(x) need not exist for the class A2. 

For the class A2, Anderson proved that 

(1.9) F n(x/a+b )=A(x)+{k(b-)-a}h.(e x / a)A'(x) + o{k(b ) -a} 

n - n r ' n 

uniformly over finite intervals of x, as n •+
 00
 , where b^ is defined by 

(1.4) and h (x) is defined by 
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» * e - i 

(1.10) h (x) = , U du . f « -i 1 

In this paper we shall also need to define two classes of distributions 

in d(a), classes N and E . Many distributions in class Al, including the 

normal distribution, are also in class N , for which we extend (1.5) to 

global uniformity in x . Class E contains class A2 and hence the exponential 

distribution, and for these distributions we extend (1.9) to global uniformity 

in x (see the corollary to Theorem 7). Note that the two classes N and E 

together do not comprise all of D ( M but do include many of the well-known 

examples (see Section 3). Note also that the classes overlap - the gamma 

distribution is in both class N and class E. 

In order to define class N we shall need the following characterisation 

theorem. This theorem may be proved using Corollary 2.4.3 and Theorem 2.5.2 

of de Haan (1970) applied to the d.f. G(x) = max (0, 1+log F(x)). 

Theorem 1. F e D(A) 3 functions, a,b,c and £ defined on , for 

some constants X < X q < 00 , such that a/£ and b are Lebes^ue-integrable over 

finite sub-intervals of x ^ and, for some constants c^ and c^, 

(1.11) -log F(x) = c(x) exp{ f ^ j d t ^ , X*x<x o; 

(1.12) f(x) = c 2 + b(t)dt, x o = , X S x < x , 

- J * b ( t ) d t , x o < » J 

(1.13) f(x) > 0 , X £ X < XQ; 

(1.14) c(x) c^ as x 

(1.15) a(x) 1 as x F XQ; 

(1.16) b(x) + 0 as x t x . 
o 

Furthermore, if F e D(A) we may take 

o 
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(1.17) b(x) = -1 + { - l o g F ( x ^ f x ° r ; -log F(s)dsdy*^ ; 

ax _ 2 

x°-log F(s) d s ] 

(1.18) a(x) = 1 + 2b(x); 

(1.19) c(x) = C l £ l + b ( x ) 3 , 

for X < x < x and some constant c. • ~ o d. 

We shall say F is in class N if there exists a characterisation a , 

b , c , £ such that (1.11) - (1.16) hold and in addition there exists 

K > 1 and r,s such that 

(1.20)(a) b(x) > 0 , X < x < Xq or 

(1.20) (b) b(x) < 0 X £ x < x ; 

(1.21) ^a(x) -lTj /b(x) r as 4 x q ; 

(1.22) ^c(x) - c ^ / b ( x ) s as xfx Q; 

(1.23) £ ' ( x ) exists and £ ' (x) = b(x) for X $ x < XQ; 

(1.24) xf(y) + y t x f l uniformly in |x| -log | M y ) | , as y t x Q ; 

(1.25) b(xf(y)+y) 1 uniformly ;n [x| ^-K:iog|b(y) | , as ytx ; 

b(y) 

The main result for class N is the following theorem, proved in Section 

2, which gives the rate of convergence of F ^ a x+b ) to A(x) together with 

the principal error term, uniformly on the whole real line. 

Theorem 2. Let F be in class N with appropriate functions a,b,c and f 

satisfying (1.11)-(1.16) and (1.20)-(1.25). Define the normalising 

constants a and b by 
n n J 

(1.26) -logF(b n) < n " 1 < -logF(b n-) ; 

(1.27) a = f(b ) . 
n n 

Then, uniformly on - 00 < x < 00 , 

(1.28) F n ( a n x + b n ) = A(x) + 0(b(b n)); 



(1.29) F n ( a n x + b n ) « A(x) -(|x 2-rx). A ,(x)b(b Q)+ o (b(b Q)) 

Note that since the convergence is uniform in x , one may regard 

(1.28) as either a rate of convergence result or as a bound on the order 

of the approximation F n ( x ) = A uniformly in x. The latter 

approach is more appealing in statistical applications but the former 

approach clarifies the theoretical exposition. This transformation 

can be used in similar situations throughout the paper. 

In general it is difficult to check whether or not F is in class 

N since a,b,c and f are not uniquely determined. For many cases, however, 

the following lemma (see Section 2 for the proof) and the remarks made 

in the next paragraph may be used to show that F is in class N . 

Lemma 1. Assume f(x) satisfies (1.12) and b(x) satisfies (1.16), (1.20) ^ ^ 

0 « 3 o V Jb(s)| , X q = oo ̂ Ls regularly varying at s = oo 

|b(x o-s
_ 1)| f x o < o ^ 

Then (1.24) and (1.25) hold for all K > 0 . 

Suppose F"(x) exists for large x < X q. Define b(x) and k(x) by 

(1.1) and (1.2), f (x) = l/k(x), a(x) = 1, c(x) = -log F(X) = c ^ for large 

x. Assuming (1.16) and (1.20), it follows, using the version of the 

Fundamental Theorem of Calculus given by 11.81, p.368, of Titchmarsh 

(1939), that (1.11) - (1.16) and (1.20) - (1.23) hold. (Observe that if 

Xq < oo, F"(x) < 0 for large x, hence{l-F(xJ/F'(x) 0 , which implies 

f(x) -v 0 as x Thus it only remains to verify (1.24) and (1.25), 

possibly by using lemma 1, in order to prove that F is in class N . (Note 

that we do not require (1.3)). Using this result makes it easy to verify 

that the normal, log-normal^gamma (shape parameter 1) and Weibull 

(shape parameter ^.1) distributions are all in class N , though not the 

exponential distribution. These and other examples are discussed in 

Section 3. It is also clear that if b(x) defined by (1.17) satisfies (1.20), 

(1.23) - (1.25) then F is in class N. 
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The wideness of class N may be demonstrated by considering that if 

a, b and f are arbitrary functions satisfying the appropriate conditions 

for class N , there is a function c(x), constant for large x , and a d.f.F 

satisfying (1.11), which is therefore in class N . (See lemma 2.5.2 of 

de Haan (1970)). 

The next two theorems consider what happens to the rate of convergence 

for F in class N when the normalising constants a n and are replaced 

by alternatives a ' and b '. The first theorem states that the choice J n n 

(1.26) - (1.27) is optimal in the sense that the uniform rate of conver-

gence cannot be improved upon to o(b(b n)), and the second theorem gives 

necessary and sufficient conditions to ensure that the rate of conver-

gence is uniformly 0(b.(t>n)). The proofs are also in Section 2. 

Theorem 3. Suppose F is in class N and F n ( a n ' x + b n ' ) A(x) for all x. 

Then 

(1.31) F n ( a n ' x + b n ' ) = A(x) + o(b(b Q)) 

cannot hold for more than two distinct values of x. 

Theorem 4. Suppose F is in class N . 

(1.32) sup \F n(a 'x + b ') - A ( x ) | = 0(b(b )) 
u n n 

if and only if 

'(1.33) 

j 
< V " V / a n " 0 ( b ( b n » 

(a f-a )/a = 0 (b (b )) 

The result of Theorem 3 is also given in Anderson (1971) although 

his proof was based on the different assumption that F is in the class 

Al. In the case of normal extremes, ^ is in class N with b(t>n)r\j -

(21og n) ^ and theorem 3 corresponds to the optimality of Hall's approxi-

mation for <§n(x) given by (5) of Hall (1979). Note however that the 

constants a R and b n given in Hall (1979) and Cohen (1982) (eqn. (0.2)) 

are not the same as those given at (1.26) and (1.27) but are related to 

them by (1.33). 
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De Haan (1970), Theorem 2.6.3, gives a one-one correspondence between 

d.f.s. with finite endpoint and d.f.s. with infinite endpoint and all 

mass concentrated on (0,°°) and shows that the correspondence preserves 

tbe property F e D(A). In the following theorem we show that in many cases 

the same correspondence preserves the stronger property F e class N , and 

the rate of convergence is unchanged. The proof uses standard techniques 

as in de Haan (1970), Sections 1.2 and 2.6, and is omitted. 

Theorem 5." (a) Assume F is a d.f. with finite endpoint x n . Define 

(1.34) F*(x) = 0 x ^ 0 

F(x -x x > 0 
o , 

If F is in class N and the appropriate b satisfies (1.30) with the index 

* 
of regular variation ^ -1, then the same applies to F (x) with a,b,c... 

* * * 

replaced by a ,b ,c ... Furthermore, 

(1.35) b*(x)/b(x o-x"
1) ( ^ +l)/((° -1) as x « ; 

(1.36) b * 0 > n * ) ~ b(b n)(^+l)/(f-l) as n + - . 
* r 

If f <-1 then f (x) + 0 as x + » . 

(b) Assume F is a d.f. with infinite end-point. Define 

(1.37) F +(x) = F((x o-x)~
1) x < XQ 

1 x * X o J 

If F is in class N and the appropriate b satisfies (1.30) where the index 

of regular variation f -1 then the same applies to F + ( x ) with a,b,c... 

replaced by a + , b + , c + ... provided that in the case -1, f(x)-=> 0 as 

x -v oo . Furthermore 

(1.38) b + ( x o - x
_ 1 ) / b ( x ) ->(e-l)/(f+l) as x + » ; 

(1.39) b +(b b(b n)(f-l)/(e+l) as n + » . 
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As an extension of the above results, note that the equations (1.21), 

(1.22) and (1.25) for class N may be replaced by 

(1.21)' £a(x) - l V b ( x ) - 0(1); 

(1.22)' ^ c ( x ) - c ^ / b ( x ) - 0(1); 

(1.25)' b(xf(y)+y) - 0(1) uniformly in |x| $-Klog|b(y)| as yfx 
b(y) ° 

without changing the conclusions (1.28) and in Theorems 4 and 5. The proofs 

are virtually unchanged. However these weaker assumptions will not give 

(1.29) or the results of Theorem 3. 

We shall now introduce the class E. In terms of the characterise^!, on 

theorem we say F is in class E if it satisfies (1.11) - (1.16) with b(t)=0 

for t£X. Observe that b ( t ) = 0 for t£X if and only if X q = °> (in view of 

(1.12) and (1.13)) and f(t) = 1/a, 0<a<°°, which holds if and only if -log F(\ 0cyx) 

is regularly varying with index - a . (Compare remark 1.5.2 of 

de Haan (1970)). In view of Theorem 2.3.1 of de Haan (1970) this condition 

is equivalent to demanding that H(x) defined by 

(1.40) H(x) = F(log x) x 

0 x 

is in the domain of attraction of d> . 
T a 

« ° S 

If b n is defined by (1.26) then a^ = exp(b Q) satisfies 

(1.41) -log H ( a n ) ^ n " 1 4 -log H (c^-) 

and for all x we have the identity 

F n(x/a+b n) -A(x) = H n ( a n exp(x/a))-<!>a(exp(x/a)). 

This relation allows us to deduce results on the uniform rate of convergence 

of F n to A from results on convergence rates of H n to (J)̂ . Using this method 

and the results of Smith (1982) allows us to prove the following theorems 

on class E (see Section 2): 

Theorem 6. Let L(x) = - x a log H(x) satisfy (for each x > 0) 

(1.42) L(tx)/L(fc) - 1 * 0 (g(t)) 

where g(t) > 0 , g(t) 0 as t and either g is regularly varying at « 
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or else there exists constants t Q , 0>O, B>0 and C such that 

(1.43) B x ~ 0 < g(tx) ^ C ; x > 1, t > t . 

8(t) 

Defining r^ = g(°<n), 

(1.44) sup |F n(a 'x+b ') -A (x)| = 0 ( r ) 

V " b n - 0 ( r n > 1 . 

a n'-l/a =0(r Q) ^ ^ 

Theorem 7. Let L(x) = - x a log H(x) satisfy 

(1.46) L(tx)/L(t)-l'u cg(t)h e(x), x>0, c ^ O , 

where h^(x) is given by (1.10), g(t)>0, g(t)+0 as t-*» and g is regularly 

varying with index £ . Define r = g(a^). Uniformly on -co<x«», 

(1.47) F°(x/a +b n) = A(x) + 0 ( r n ) , 

(1.48) F n(x/a + b n ) = A(x) - c r ^ h p ( e
x / a ) A'(x) + o(r Q) 

Furthermore, 

(1.49) sup ^ ( a ' x + b ' ) - A(x) | = o(r ) 

if and only if = 0 and 

(1.50) \ b ' = b + o(r ) 
J n n n 

(_a n' = 1/a +cr n/a
2 + o(r n) . 

Corollary If F is in class A2((1.6) - (1.8) hold where k(x) satisfies 

(1.1)) then F is in class E 

the results of Theorems 6 and 7 hold with -c g(x) = k(log x)-Q(, 

c = +1, cr = a-k(b ). 
— ' n v n ' 

Two alternative sufficient conditions for (1.8) are given by 

(1.51) k' (x)/(k(x)-a) ^ as x + « ; 

(1.52) \k(x) -a| is measurable and regularly varying at f = 0. 
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For the class A2 the result (1.48) is an extension of Anderson's 

result (1.9) from local uniformity to global uniformity. It was Anderson 

who first pointed out the importance of the case ^ =0 in Theorem 7: 

If £ 0 then the rate of convergence in (1.47) is optimal in the sense 

that (1.49) cannot hold with any pair of constants a ' and b If 

f = 0 then such an improvement is possible. 

The penultimate approximation was introduced by Fisher and Tippett 

(1928) as a method of improving on the limiting extreme value distribution 

A(x) for normal extremes. It was shown in Cohen (1982) that for this approxi-

2 

mation the rate of convergence is improved from 0(l/log n) to 0(1/(log. n) )• 

We now consider the penultimate approximation in more general circumstances 

when the limiting extreme value distribution is A. 

The general penultimate approximation P Q(x) is defined for sequences 

A , B and C such that A C >0 for all n by . 
n ' n n n n J 

(1 .53) P (x) = exp f-(-A x + B j C " ] A x<B 
n x ' r \ n A- Jj n n 

0 A x > B ; A < 0 
) n ' n ' n 

1 % A x v B ; A > 0 j % 
) n n ' n * 

P_(x) is a sequence of extreme value distributions such that if A <0 then n n 

P (x) is of type II whereas if A >0 then P (x) is of type III. 
n •',r n n J t f 

For ease of notation we shall drop the suffices in A , B and C for 
n ' rv n 

the remainder of this paper. We shall also define 3 = b(b ) for F in 
n n 

class N . 

The following theorem generalises the results of Cohen (1982) to 

distributions in class N . 

Theorem 8. Let F be in class N and define P (x) by (1.53) for some 

sequences A,B,C depending only on n , with AC>0 for all n . 
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(1.54) sup |F n(a nx+b n) -P n(x) | = o(s n) 
x 

if and only if, for large n , 

(1.55) B > 0 ; 

"Clog B = o(s n) 

CA/B - 1 + C S n + o(S n) 

CA2/B2 = -sn + O(SN) ! 

where a and b are defined by (1.26) and (1.27) and s = b(b ). n n j \ y v / n n 

Corollary . If (1.20) (a) holds then ? n ( x ) is of type II for large n. 

If (1.20) (b) holds then P (x) is of type III for large n,. 

Note that for normal extremes the necessary and sufficient conditions 

of Theorem 2 of Cohen (1982) ensure |$ n(x) - P (x)j is uniformly order 

2 

(s ) in the present notation, which is stronger than the result of Theorem 

8. The following result generalises that result for a class of distribu-

tions contained in class N which also includes many of the well-known 

examples (see Section 3). 

Theorem 9. (i) Let F satisfy (1.11) - (1.16). and (1.24) with K>2. Assume 

B '(x) exists and has constant sign for X£X<Xq (hence (1.20) holds) and 

(1.57) (a(x)-lVb(x) = r, X$x<x o; 

(1.58) fc(x)- c i)/b(x) = s, X$x<x o; 

(1.59) b 1 (xf(y)+y) ->1 uniformly in |x|< -Klog|b(y)| as ytx ; 
b 1 ( y ) ° 

(1.60) f(x) b'(x) log |b(x) | 0 as xfx 
b(x) ° 

Then F is in class N . 

Define a n and b n by (1.26) and (1.27). Define P n(x) by (1.53) and 

S = b(b ), t = h'(b ), u = a It I + s 2 . Then 
n n n n 7 ' n n 1 n 1 n 
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(1.61) sup|F n(a x+b ) - P (x)| = 0(u ) 
n n n ' n 

x 

if and only if B>0 for large n and 

Cc log B = 0(u ) 
(1.62) D CA/B = 1 + rs n + 0 ( u n ) 

C A / B = -s + 0(u ) 
n n 

2 
(ii) If the conditions of (i) hold and a t /s does not tend to zero, then 

n n n 

the penultimate approximations (1.53) and (1.62) are optimal in the sense 

that " 

(1.63) F n ( a x+b.) - P (x) = o(u ) 
n n n n 

cannot hold for more than three distinct values of x. 

Corollary Assume (1.11) - (1.16), (1.57) - (1.58). Assume b'(x) exists and 

has constant sign for large x and that b is absolutely continuous (which 

holds if b 1 is bounded). Assume further that 

(1.64) |b'(x)| > X o = 

x ^ l b ' ^ - x " 1 ) ! , XQ < ® J 

is regularly varying at °° with index ^ . 

Then the conditions and conclusions of Theorem 9(i) hold. 

2 

Furthermore, if -1 then a
n l

t
n \ / s

n
 9 where 0<6^» , so that 

the conditions And conclusions of Theorem 9(ii) hold. 

These results may be proven using similar methods to those employed 

in Section 2. Additionally, as part of the proof, (1.29) is extended to 

include the next term in the expansion. The proof has been omitted from 

this paper. 

2 2 
Note that u is order s if and only if a t /s is bounded, which 

n n n n n ' 

does not hold in general. In fact, assuming the conditions of the corollary 

2 

with f> f -1, 6=lim a t |/s = oo if and only if x = °° and either 
v. n 1 n 1 n o 

f = -2 or else ^<-2 and f(x) -+ k > 0 as x Nevertheless this last 
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remark shows that very often the order of the optimal penultimate approxi-

mation is the square of the order of the optimal ultimate approximation 

(as in the normal case). 

2 
Observe that if a t. /s -»• 0 then part (ii) does not apply and the 

n n n 

rate of convergence 0(u R) for the penultimate approximation is not the 

optimal rate in that case. However, under some additional assumptions of 

a similar nature involving h"(x) it can be shown (using similar techniques) 

that often the uniform error in the penultimate approximation may be 
2 3 

reduced to 0(z ), z = a lb"(b )|+ s , and that no further reduction 
n n n 1 n 1 n 

to o ( z n ) is possible. For example, the above argument applies to the log-

normal distribution, so that the optimal order for the pen-ultimate approxi-

-3/2 
mation is 0(z n)

 = 0(log n) in that case (see Section 3). 

Let X. . be independent random variables with common d.f. F.Y .=max{X..:l<i<n} 
i j n j I J x » f 

As in Cohen (1982) the statistical implications of Theorem 8 

are than if F is in class N and n,D are large it is better to estimate 

F n ( x ) , the distribution of Yn., by fitting a pen-ultimate approximation 

J 
(1.53) rather than an ultimate approximation A(a x + 8 )« Furthermore the 

n n 

appropriate penultimate approximation will be a type II extreme value 

distribution if b is ultimately positive and will be a type III extreme value 

distribution if b is ultimately negative. The result in Theorem cj gives us 

the order of the penultimate approximation for some of the distributions in 

class N , to show what sort of improvement one can expect. 

When F is not in class N the penultimate approximation may not necessa-

rily give a better order of approximation than the ultimate approximation, 

in the sense described above. For example if F satisfies the conditions of 

Theorem 7 with ^ $ 0 then one can show that ? n ( x ) given by (1.53) cannot 

satisfy 

P n(x) - F n ( x / a + b n ) = o<C n) 
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for more than three distinct values of x. Note, however, that A may be 

expressed as a limit of type II and type III extreme value distributions 

and so may be approximated arbitrarily closely by a distribution in those 

classes. Thus for F e D(A), apart from the special cases where 

F(x) = A(ax + B), one may choose a sequence of penultimate approximations 

which is (uniformly) arbitrarily close to A(x) and hence gives equally 

good approximations to F n ( a n x + b R ) as does A(x). 

We have shown that in general the penultimate approximation is at 

least as good as the ultimate approximation, and that it is significantly 

better for a wide class of distributions F. It follows that in the statis-

tical situation described above there are very good theoretical reasons 

for fitting type II and type III extreme value distributions to the observed 

extremes, even if it is suspected that the limiting form is type I , unless 

the amount of data available is small. 



2. Proofs 

Proof of Theorem 2. Define s^ = M b
n ) >

 e
n
 = " K l o 8 l s

nl * 

We have the following results: 

(2.1) 1 - A(e n) = 1 - e x p ^ - l s n \
k 0 (\sjf ) = o(sn), 

(2.2) A(-en) - e x p £ - | s j ~ K } = * <sn). 

Because of this we may restrict our attention to |x[< e n , which shall be 

assumed throughout the following argument leading to (2.17). All the 

results will hold uniformly on |x[ .<e as n 00 . 

In view of (1.24), (1.25) and (1.27) we have 

(2.3) a^x + b
n ^ x q uniformly in l xl e

n » 

(2.4) k ( a
n
x + b

n ) 1 uniformly in |x| .< e^. 

b ( b n ) 

Using (1.23), 

f(a x + b ) = f ( b ) + a xb(a 0 (x)+b ) 
n n n n n n n 

where 16 (x) I < jxl £ e . Because of (1.27), (2.4) and e s 0 , 1 n 1 ^ 1 1 n * » . # n n 

(2.5) f(a nx + b n ) = 1 + x s n £ l + o ( l ) > = 1 + o(l), 

f < V 

(2.6) log £f(a nx + b n)/f(b n)*> = x s n (1 + o(l)). 

We have the following expansion: 

a x+b , 2 2 r» a x » d 
a x + 1 a x d , 

k dt = n -7T n -=—(• b
a — — n 2 dx 

f(t) f(b n)
 d x £ + 

- • • where |<fin(x)| ^ |x| . Since 

(l/£)* = -ST 2b, (2.3), (2.4) and (2.5) yield 

Ja x+b 

11 11 _dt_ = x - frs t l + o(l)} . 
b n f(t) n 



Since the two sides of the following equation are absolutely 

continuous (note lemma 1.2.3 of de Haan (1970)) with the same derivative 

almost everywhere, and are equal at x = 0 , 

r a x + b 

(2.8) ) h
n n b ( O dt = l o g r f ( a n x + b n n 

f < C > I f(b n) 3 

(1.21) implies a(t) = 1 + rb(t) + b(t)e(t), where s(t) -+ 0 as t ^ x Q . 

(2.3) implies e(a nx+b n)+0 as n 00 , uniformly on |x| ^ e^. Thus (2.6) 

and (2.8) give 

p a x+b 

(2.9) S y * U £ (t) b(t) dt = xs n o(l) 
n f T t T 

and the equations (2.6) - (2.9) allow us to write 

Ja x+b 9 ? 

.. n a(t) dt = x - (ix ~rx)s + max(l,x )o(s ). 
n f ( b 

Using (1.22) and (2.4) 
c(a x+b ) = c. + sb(a x+b ) + b(a x+b ) o(l) 

n n l n n n n 

= c, + ss + o(s ) , 
1 n n ' 

(2.11) log £ c ( a n x + b n ) / c(b n)^ = s n o(l). 

The results (2.10) and (2.11) combine with (1.11) to yield 

(2.12) -log f - l o g F(a nx+b n)^ +log$-log F ( b n ) ^ 

2 2 
= x - (|x - rx) s^ + max (l,x ) o(s n). 

2 

Define x = -(s ) . Clearly x = o(s ), x'NO, |x e as n-*» . 
n n J n n ' n 1 ' 1 n l N n 

Thus we may substitute x = into (2.12) (which holds uniformly on 

Ixl £ e ) to deduce 
n 

- log ^-log F(cw+\> n)} + log-t-log F( b
n)^5 = °( s

n) , 

By considering the definition (1.26) for b Q we therefore get 



(2.13) log ^ - l o g F ( b n ) ^ « -log n + o ( s n ) , 

and by using (2.12) and (2.13) we may write 

(2.14) F n ( a x+b ) = A(x +• d ( x ) ) 
n n n 

= A(x) + d n(x)A'(x) + i ^ d n ( x ) } 2 M x + 3 n(x)) 

where IB (x)I ^ ! d (x) I and d (x) satisfies 1 n n n 

2 2 
(2.15) <*n(x) = ( r x x ) s

n -V- m a x (l» x ) °(s
n)» 

uniformly in |x| ^ e^ . 

2 ty-

The functions A'(x), x A'(x), A"(x) and x A"(x) are bounded uniformly 

on WL and are strictly monotonic for large |x| . Thus, since 

12 
B (x) I < Id (x)\ = 0 (e s ) = o(l) on |xl £e , we have,using (2.14) 
n 1 1 n ' n n n 

and (2.15)j 

(2.16) sup | F n ( a n x + b n ) - A(x)| = 0 ( s n ) ; 

Ix l̂ e 
1 n 

(2.17) sup |F n(a x+b ) - A(x) - (rx-£x 2) A* (x)s I = o(s ) . 
1 n n n I n 

l x U e n 

As |x| +<» , (rx - £ x 2 ) A'(x) -+ 0. Thus (2.1), (2.2) and (2.17) imply 

1-F n(a e +b ) = o(s ) and F n ( -a e +b ) = o(s ). Using the monotonicity 
n n n n n n n n 

of F n and A we can therefore deduce (1.28) and (1.29) from (2.16)and (2.17). 

Proof of Lemma 1. 

In order to prove lemma 1 we shall use the following two lemmas. These 

results are proved by using the results of de Haan (1970), Section 2 

and standard methods and so their proofs have been omitted. 

Lemma 2. Let a < b ^ 0 0. Let u(x) > o for a < x < b and u(x) + 0 as 

xfb. Let u be Lebesgue-integrable on finite intervals to the right of a 

and define 

v(x) = c + u(s) ds , a £ x < b. 



(i) If b = 00 and u is regularly varying at then 

x *v(x) log u(x) 0 as x + 00 

(ii) If b < oo , u(b-x is regularly varying at ® and v(x) o 

as then 

(b-x) 1v(x)'log u ( x ) 0 as xN>. 

Lemma 3. Let M^ be a sequence of subsets of Let u(x) be" a positive 

regularly varying function on Lebes^ue-integrable on finite inter-

vals to the right of A (<°°). Let s n ( x ) , be two sequences such fhat 

as n + 

S n ( x ) , t (x) °° , uniformly on xeM^; -

S (x) 

n I uniformly on xe M ; 

t n(x) . 

Then, uniformly on x e M q , as n -*• 0 0^ 

u ( s n ( x ) ) 1 
u(t n(x)) 

Proof of Lemma 1. Put u(x) = |b(x)|, b = Xq into lemma 2. Then 

(2.18) (a) f (y) log|b(y)| 0 as y » , Xq = 

y 

(2.18) (b) f(2l log|b(y)| + 0 a s y f x ^ x q < ». 
x -y 
o J 

Define 
e(y) = -K log|b(y)| for X N< y < x n . 

Suppose X q = By (2.18)(a), y+xf(y) * y{l-f(y)e(y)/y} 

oo and | (y + xf(y))/y - 1| ^ e(y)f(y)/y 0 , uniformly on |x| ^e(y). 

Suppose Xq < oo. By (2.18) (b), y+xf(y)^y+e(y)f(y)<x Q 

for large y, uniformly on |x| £e(y). Furthermore, uniformly on |x| <e(y), 

(2.18) (b) implies 



£ x o - { y + x f ( y ) 0 
- 1 

- i - i 
o o 

e(y)f(y) 

x -y-e(y)f(y) I C v ^ T 

as yt* . Thus (1.24) follows in each case. 

Let y^ be an arbitrary sequence such that y n T
x
Q as n + Let 

C-e(y n), e(y n)U , u(x) = |b(x)| for Xq = • , u(x) = |b(x Q-x
 1)- | for 

x < «>. Applying lemma 3 gives (1.25). 

Proof of Theorem 3. By hypothesis F (a 'x+bn')->-A(x) for all x. It is 

well known (e.g. Theorem 2.1.1^de Haan (1970)) that this implies that as 

(2.19) A = a ' 1 ; B = b ' - b + 0 

n n n n n 
a a 
n n 

Define x = A x + B for fixed x, so that a ' x + b ' = a x + b and 
n n n n n n n n 

x n = > x . Using (1.29), for a fixed value of x , and the notation s^ = b ( b Q ) 

(2.20) F n ( a n * x + b n ' ) = A ( x n ) - G x n
2 - r x ^ A ^ x ^ + o ( s n ) 

= A(x n)-(ix
2-rx)A'(x)s n + o ( s n ) . 

(2.21) A(x n) « A(x) + (x n-x) A'(x n(x)), 

where z n(x) lies between Xr and x, so that A 1 (z^(x))/A'(x)-> 

1. Thus (2.20), (2.21) and (1.31) give 

(2.22) A'(x)(x n-x) = G x 2 - r x ) A'(x)s n + O ( S Q ) . 

Therefore, dividing (2.22) by A'(x), 

(2.23) p (x) = B + {A -1 + rs }x -ix 2s = o(s ) r n n n n 2 n n y 

If (1.31) holds for three distinct values of x, say x^, X£ and x^, 

then we may invert (2.23) to express B^, A^-l + rs^ and S r as linear combina-

tions of P n ( x ^ ) , i=l,2,3 and get 

B , A -1 + rs , s = o(s ) 
n' n n' n n 

which is obviously impossible. 



Proof of Theorem 4. The necessity of "(1.33) follows using the proof of 

theorem 3 with *o' replaced by '0' throughout. Using the same notation as 

in the above proof we may prove the sufficiency as follows: 

In view of (2.21) and the boundedness of A'(x), 

(2.24) A(x ) -A(x) ={ (A-£)x+B }A' (z (x)) = O f e ) 

n n ' n n n 

uniformly on |x| <1. On the other hand, uniformly on |x| >1, 

1 V * > ~l\ * I V 1 ! + lBnl ' 0 ( s n > 
• x i ^ r 

and so x/i n(x) is uniformly bounded on |x| >1, as n ® . Since xA'(x) is 

uniformly bounded it follows that (2.24) holds uniformly for all x. (1.32) 

now follows from (1.28), (2.24) and 

|F n(a n'x+b n')-A(x)|< | F n ( aN X n + b n ) - A ( x n ) | + | A ( x n ) - A ( x ) | . 

Proof of Theorem 6. Using Smith (1982) , Theorems 1 and 2 it follows that 

(1.47) holds. (Note that (1.43) corresponds to his (A.l) and (A.7)). The 

required result follows using similar arguments to those in the proofs of 

Theorems 3 and 4. 

Proof of Theorem 7 and its corollary 

Using Smith (1982), Theorem 2 gives (1.47) and (1.48) directly. Define 

A = aa ', B = a(b '-b ), x =A x+B . Then x /a+b = a 'x+b '. Assuming 
n n ' n n n ' n n n n n n n & 

(1.49) standard arguments (as in Theorem 3) give A^+L and which implies 

xn*+x for each fixed x. Applying (1.48) and (1.49) we get 

(2.25) A(x n) = A(x) + c r n h e ( e
x / a ) A ' ( x ) + o(r n) 

for each fixed x. Since A'(x) is continuous, (2.25) gives 

(2.26) x n - x = (A n-l)x + B n = c r n h e ( e
x / a ) + o(r n) . 

By putting three distinct values of x into (2.26) and inverting the 

resulting linear simultaneous equations we get either of 

(2.27) B n + c r n / e , V l , - c r ^ = o ( r n ) , £ * 0; 

(2.28) Bn., A n - 1 - cr n/a = o ( r n ) , <• = 0 
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Since c#), (2.27) is impossible and so £ = 0. Thus (2.28) holds 

which is equivalent to (1.50). The necessity is proven. 

Suppose (0= 0 and (1.50) holds. From (1.48), uniformly in x , 

(2.29) F n(a 'x+b ') = A(x ) - c a _ 1 x A'(x )r +o(r ), 

n n n n n n n ' 

( 2 . 3 0 ) A(XQ) = A(x) + ( x n - x ) A ' ( x ) + H x
n - x ) 2 A " O O , 

(2.31) r x A'(x ) = r xA'(x) + (x -x){yA u(y) +A'(y)}r , 

n n n n n n 

where y and z lie between and x. In view of (1.50), 

(2.32) l x n ~ x l = m a x \ x l ) 0 ( r
n ) uniformly in -®<x<®, 

(2.33) XQ/X = 1 + 0(r n) = 1 + o(l) uniformly in |x| >1. 

2 
A"(oj),a) A"((o) ,A'(to) and to A'(to) are bounded on -co<aj<® . 

(2.33) implies x/y and x/z are bounded uniformly in |x|^l as n +» . Thus 

2 
(2.32) implies that the final terms of (2.30) and (2.31) are 0(r ) 

n 

uniformly in x. Hence (2.29) - (2.31) give 

F n(a n'x+b n') = A(x)+A'(x) {(A n-l-cr n/a)x+B n>
 +°(rn> uniformly in x. 

Using (1.50) and the boundedness of A'(to) and uh* (u) leads to (1.49). 

The corollary follows from Theorem 2, corollary 2 of Smith (1982) 

applied to H(x). The sufficiency of (1.51) follows as in Anderson (1971) 

using a Taylor expansion of log |k (log t + h) - a|about h=0, setting h = 

log x and letting t •+
 00
 . 

The sufficiency of (1.52) follows from Corollary 1.2.1 No.3 of de Haan 

(1970). 

Proof of Theorem 8 and its corollary 

Assume (1.54) holds. Arguing as in Cohen (1982), Theorem 2 (proof 

of necessity) (1.55) holds, A/B -+ 0 as n •+ « and 

(2.34) -log -log P ^ x ) = - C log B + CAx + £ CA^ + JL CA^ x 3 + 0 (CA 4) 

B
 B

2 3
 B

3
 B

4 

for each fixed x, as n + » . Using (2.14) and (2.15), 
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2 
(2.35) -log-log F n ( a n x + b n ) = x+rxs n-£x s^ + o(s n) 

for each fixed x , as n + ® . Using (1.54), 

(2.36) -log-log F n ( a n x + b n ) = -log-log P n ( x ) + o(S f t) 

for each fixed x , as n -+ 00 . 

Define E , F , G , H by 
n* n n n 

r'E = C log B 
n 

F = CA/B-l-rs n \ 

( 2 . 3 7 ) ^ G
n
 = c a 2 / b 2 + s 

n n * 
= C A 3 / B 3 

(2.34) - (2.36) imply for each fixed x , 

(2.38) -E +F x+|G X 2 + 1 H X 3 = 0(CA
4
/B

4
)+o(s ) . 

n n n a n n 

Applying (2.38) with 4 distinct values of x and inverting the resulting 

linear simultaneous equations gives 

(2.39) E n , F n , G n , H q = 0 ( C A 4 / B 4 ) + o(s n). 

As in Cohen (1982), Section 2, (2.39) may be reduced to 

E , F , G = o(s ) 
n ' n n n ' 

which is equivalent to (1.56). 

Assume (1.55) and (1.56). Define e^ = -K log |S n| , as in Theorem 2 . 

In view of (1.56), A/B = (CA 2/B 2)(CA/B)" 1 = 0(s n) as n + « . Thus, a s n + » , 

(2.40) Ae /B = 0(3 e ) = o(l). 
n n n 

Therefore if |x| < e n and n is suitably large, Ax/B < 1 and 

(2.41) PQ(X) = A(-C log (-Ax+B)). 

We may expand -C log (-Ax+B) to get, for Ax < B , 

(2.42) -C log (-Ax+B) = -C log B + CAx + j CAjx 2 + CA^ x 3 u (x) ; 

B B 2 3 B 3 n 

(2.43) u (x) = (1 - A6 (x) )" 3 ; | 6 n ( x ) U | x | . 

6 
Using (2.40), u r ( x ) -+ 1 uniformly in |x| £ e n» Using (1.56), |x| ^ e

n gives 
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c A | e (ca7b 2) . . 

B 3 s n " (CA/B)|s n| 

(1.56) and (2.42) now imply 

(2.44) -C Tog (-Ax+B) = x + d Q*(x); 

(2.45) d n*(x) = (rx-ix 2)s n + max(l,x 2) o(s n) 

uniformly in |x| £ e
n > as n 00 . 

By comparing (2.41), (2.44) and (2.45) with (2-.14) - (2.15) it can be 

seen that the arguments of Theorem 2 leading to (1.29) may be repeated with 

'F n(a x+b )' replaced by 'P (x)1 to get 

(2.46) P n ( x ) = l(x) -(Jx 2-rx) A'(x)s n + o(s n) 

uniformly in - ®< x <® . Then (1.54) follows from (1.29) and (2.46). 

2 - 2 
Finally the corollary follows since (1.56) implies Cv-b(b n)B A as 

3. Examples 

In this section the results of Section 1 are applied to several well known 

distributions. In order to demonstrate how the various sufficient conditions 

may be checked for a given F , the case |Z| t, where Z is standard normal and 

t > 0 , is described in detail. This is the class of distributions discussed 

in Hall (1980) and his results on the rate of convergence to A(x) are 

re-obtained in this section together with additional results on the penultimate 

approximation for that distribution. Results for other examples, including 

the exponential distribution discussed by Hall and Wellner (1979) and the 

normal distribution discussed by Hall (1979) are given in tabular form. 

Define k(x) and b(x) by (1.1) and (1.2). Using these definitions for 

any twice differentiate d.f. F gives 

(3.1) b(x) = -F"(x) 1 -1 -log F(x) 
F'(x) k(x) 
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(3.2) b'(x) = -d {f"(X)*\ 1 -F"(x) b(x) -F' (x) 

dx |F'(
X
)J

 k
(

x
)

 F
' (

x
>

 F
<

x
) 

Let F(x) = P(|z|
t
 < x), where Z has a standard normal distribution 

($ (x)) and t > 0. Set y = x
1
^

1
". Then, as y ® , 

(3.3) 1 - F(x) = 2{1 (y)} 

= 2_ y "
1
 e x P ( - l y

2
) { l - y ~

2
 +3y"

4
 -15y~

6
 + 0 ( y ~

8
) ^ 

m 2 

using Abramowitz and Stegun (1964) p.932. Thus 

(3.4) -F(x) log F(x) = [l-F(x)3 L l + 0 ^ ^ ( x ) "
4
} ! 

= 2 y "
1
 exp(-\L y

2
) {"l-y~

2
 +3y"

4
 -15y"

6
 +0(y'

8
)"} 

sh 2 

We have the following equations: 

(3.5) F' (x) = _ 2 _ y 1 _ t exp(-l y 2 ) 

th^ 2 

(3.6) F"(x) = - t ' 1 y 2 _ t - (l-t)y" 2 \ 
F'(x) 

(3.7) d_ r F"(x)\ = - t " 2 y 2 ~ 2 t f(2-t) + t(l-t)y" 2 } 

dx \ F ' ( x ) 3 

In view of (1.1), (3.1) and (3.3)-(3.6) we get 

(3.8) _ 1 _ = -F(x)logF(x) = t y t _ 2 { l - y ~ 2 +3y" 4 -15y~ 6 + 0 ( y ~ 8 A 
k(x) F'(x) > 

(3.9) b(x) = {l-(l-t)y" 2 ,> { l - y ' 2 + 3y~ 4 - 1 5 y " 6 ^ - l + 0 ( y " 8 ) 

= (t-2)y~ 2 + (4-t)y~ 4 -3(6-t)y" 6 + 0 ( y " 8 ) . 

(3.9) gives either of 

(3.10) (a) b(x) (t-2) x " 2 / t , 

(3.10) (b) b(x) 'v 2 x ~ 2 , t=2 

as x -> » so that (1.16), (1.20) and (1.30) hold and therefore F is in class 

N , by the remarks after the statement of lemma 1. Furthermore, the definition 
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- 1 2 / f 
(1.26) gives F(b n) = exp(-n ) which gives (b Q) a, 2 log n as n 0 0 

(using (3.3)). Thus the (optimal) rate of convergence to A(x) (by Theorem 2) 

is of order b(b ) where 
n 

(3.11) (a) b ( b n ) * |(t-2)(log n ) " 1 , t * 2 , 

(3.11) (b) b(b n) * |(log n ) ~ 2 , t = 2 , 

in view of (3.10). 

By putting (3.7), (3.8), (3.6), (3.9), (3.5) and (3.3) into (3.2) and 

collecting terms we get the expansion 

(3.12) b*(x) = t " 1 y " t {(4-2t)y~ 2 +4-(t-4)y' 4 + 0 ( y " 6 ) } . 

Thus, as x -*• 00 , 

(3.13) (a) b» (x) -u t " 1 ( 4 - 2 t ) x " 2 / t " 1 , t f 2 ; 

(3.13) (b) b*(x) a, -4x" 3 , t = 2 

Since |b'(x)| is bounded and regularly varying, with index Q £ - 1 , the 

conditions of the corollary to Theorem 9 bold so that optimal penultimate 

approximations are given by (1.62). The optimal rate is order Ib 1(b )|/k(b ) 
n 1 n 

-2 -3 
which is order (log n) for t^2 and order (log n) for t=2. 

We may also consider whether or not F is in Class E. By (3.3), 

-log F(log x) will not be regularly varying with index -a, o<*c<® unless t=2, 

so that F is only in class E if t=2. 

When t=2, (3.8) gives 

k(x) = K l + x ' 1 + 0(x" 2)), 

k(x) -i 'u i x _ 1 

so that F is in class A2 by the corollary to Theorem 7 (since (1.6), (1.7) 

and (1.52) hold). According to Theorem 7 the rate of convergence of 

F n ( x / a + b n ) to A(x) is 0(k(b n)-|) = 0(log n ) " 1 but the constants 1/ct and b^ 

do not give the optimal rate of convergence, which agrees with the above result 

—2 

that the optimal rate of convergence when t = 2 is order (log n) 



Table 3 gives results for other distributions. In the table, Z denotes 

a normally distributed random variable whilst W denotes a gamma distributed 

P—1 —x 

variable (density x e /T(p)). Thus X q-1/Z denotes a random variable 

with distribution <J>((xo-x) for x < X q < °° (= in the notation of 

Theorem 5). Note that those distributions without entries in the final two 

columns are not in class E . 

The results in Table 3 follow by similar arguments to those used above. 

The example A(e ) is a special 

case in that although (1.16) and (1.20) hold 

for b(x) defined by (1.2), we do not have (1.30). Nevertheless, (1.24) and 

(1.25) hold for that distribution, as may be proved directly. Note also 

that the optimal order of the penultimate approximation for class N follows 

using the corollary to Theorem 9 for all cases apart from the log-normal 

distribution. For that distribution the optimal order follows using the exten-

sion to Theorem 9 discussed in Section 1 (in the third paragraph following 

the statement of that theorem). 

It is interesting to find that Theorem 5 is applicable for the distribu-

tions of Z and x - 1/Z but not for the distributions of W and x -1/W. Thus 

o o 

the optimal order of the ultimate approximations for Z and X q-1/Z are the 

same, though for W and x -1/W the optimal orders are different. 
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CHAPTER 4: PARAMETER ESTIMATION 

I. Introduction and Presentation of the Main Results 

In this chapter we consider some statistical problems connected with 

the theory of extreme values. Suppose we have D observations of a maximum 

of n random variables. Thus we observe Y . = max {X.. : 1 £ i $ n} for 
nj ij 

j = 1 , 2, 3 ... D, where the X ^ ' s are independent identically distributed 

variables with a common distribution function F. We assume that we know n 

is large but do not know F. The general procedure used is to fit an extreme 

value distribution to these observations by estimating the parameters, often 

by the method of maximum likelihood. In the previous chapters we have 

effectively assumed that D is so large that the error in parameter estima-

tion is negligible and that the only errors arise from the fact that the 

extreme value distributions are approximations (for large n) to the true 

distribution F n(x). In this chapter we consider how the error depends upon 

both D and n. Note that all proofs appear in Section 2. 

Assume that we fit the type I extreme value distribution A((x-8)/a) by 

the method of maximum likelihood. If the true distribution is of this form, 

then standard theory shows that the maximum likelihood estimates of a and 8 

arct strongly consistent for a and 8 and that they are asymptotically normally 

distributed with mean (a 8) and variance - co-variance matrix 

2 - 1 

(1.1) a P a
2 / r " ( l ) + 21" (1) + 1 -/(I) - ] 

\ - r * (1 ) -1 1 

6 

where y is Euler's constant. 
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In this chapter we consider what happens to these estimates when the 

true distribution is F n(x) (as in the first paragraph). In this case, since 

we are estimating based on an incorrect model it is not at all obvious what 

the precise behaviour of the estimates should be. However, one might expect 

that for fixed n , and D tending to infinity, the estimated distribution 

function would tend to a distribution close to F n ( x ) . In fact we shall show 

that under certain conditions the estimated distribution function is consis-

tent (as D for an optimal type I extreme value distribution in the sense 

of Chapter 3, and that the estimates are asymptotically normally distributed. 

More precisely, the maximum likelihood estimation procedure is as 

follows: If we let 

(1.2) g(x,ct,3) » -exp (-(x-B)/a) - (x~3)/ct -log a 

then a(Y), B(Y), the estimates of a,3, are the solutions of 

D D 
(1.3) I g(Y ,a(Y),3(Y)) = sup I g(Y ,a,3), 

j=l n j a>0 j=l n j 

3 

assuming that the supremum can be attained. Y denotes the vector 

( Y n l ' Y n 2 ' Y n D ) # 

In the general case of maximum likelihood estimation it is theoretically 

possible that for certain configurations the likelihood does not attain a 

global maximum or that the maximum is not uniquely attained. It is also 

possible that the global maximum is not a solution of the likelihood equations, 

However, in the present case it will be shown in the proof of Theorem 1 that 

for except in the case where all the observations Y ^ are equal, the 

maximum likelihood estimates exist^are unique^and are the unique solution of 
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the likelihood equations 

D D 
(1.4) Z 3g (Y ,a,B) = Z 3 £ ( Y . , a , B ) = 0 

j=l 3a n j j=l 38 J 

The exceptional case where the observations are all equal does' not 

cause any real difficulties. First, if this occurred in -practice then the 

extreme value theory model would obviously not be used at all. Secondly, 

if F is continuous then with probability one the exceptional case cannot 

occur. Thirdly, unless F is degenerate, with probability one if we continue 

to take further observations then eventually two of them will be distinct; 

thus the asymptotic properties are unaffected (see the proof of Theorem 1). 

In view of the last remarks, in order to have a well-defined procedure 

we shall define a(Y), 8(Y) to be the unique solution of (1.3) if it exists, 

and to have certain fixed values in the contrary case. 

The asymptotic properties of the maximum likelihood estimates will be 

proven for the following class of distribution functions, which is a sub-

* 

class of the class N discussed m Chapter 3. We say that F is in class N 

if for some K>1, 

(1.5) F e class N with x q
 = 00 ; 

(1.6) F(y) exp(-Ay) 0 as y + - 00 for some X > 0; 

(1.7) b 
n 

-y 

a 
0 < y < K ; 

n 
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(1.8) Either 

(a) f(x) 3 C x < » , x > X 

or, with - 1 < u < 0 and L > 0 , • 

(b) b(x) v L x u as x ® . 

The notation throughout is the same as that of Chapter 3 so that in parti-

cular the constant K is the same constant as that used in the definition 

of class N . 

As for class N the conditions considerably simplify if b is regularly 

varying. This is because of the following result: 

Lemma 0. Suppose b satisfies the conditions of Lemma 1 in Chapter 3, and 

that Xq = 00 . Then (1.7) holds with V = 1. If the exponent of regular 

variation p < - 1 , then (1.8) (a) holds. 

The proof of Lemma 0 is similar to the proof of Lemma 2 of Chapter 3 and 

has also been omitted. Note the simple corollary that if (1.8) (b) holds, 

the value of K may be chosen arbitrarily. 

* 

For F in class N the estimates a(Y) , B(Y) are asymptotically strongly 

consistent and normal, as D 00 . This follows from the following two 

a. s D 

theorems, — — ^ denotes convergence almost surely and > denotes conver-

gence in distribution. 

& 

Theorem 1. Let F e class N . Define the constants P , Q , R (0>0) by 

(1.9) P = r " ( i ) + JrMt (1) - { r * ( D } 2 - j r ( l ) r " ( i ) , 

(1.10) Q = r " ( I ) - ( r ' ( I ) } 2 , 

(1.11) R = PQ"1 r ' (2) - j r " (2). 
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If n is suitably large but fixed tben tbe estimates a(Y), B(Y) 

satisfy, as D + ® , 

(1.12) Tp = (a(Y) B (Y ) ) 1 3+S' (aQ* BN*) ' = ^ 

where, as n 0 0
f 

(1.13) an* = 1 - (P + Qr)Q~
1sn + o(sn) 

a 
n 

(1.14) b *-b = -Rs + o(s ) . 
n n 11 n 
a 
n 

Theorem 2. Let F be in class N*. Define t , <j> as in Theorem 1. Use the 
—D -HD 

notation z n = t o indicate that there is some finite constant A 

(possibly zero) such that 

(1.15) z = 6s + o(s ) . 
n n n' 

Then, as D 00 for fixed n , 

(1.16) /D (Tj,- J^) I N ( / o \ , a ^ P ^ 1 ) 

where, as n 0 0 , 

(1.17) P = P + 0 (s ) . 
—n — — n 

1? is given by (1.1) and (1.17) is to be interpreted component-wise. 

First we remark that although tbe error terms in (1.17) are given in 

the form £ ( s n ) , it is easy in principle to calculate the exact formulae 

for these errors in tbe form (1.15), for which the constants 6 will be 

given in terms of the gamma function and its derivatives evaluated at 

integer values. However tbe exact formulae are quite unwieldy and so they 

have not been given here. 



69 

Another remark in connection with Theorems 1 and 2 concerns the 

fact that the results have been stated in terms of the parameterisation 

given by (1.2) rather than the alternative form which is given later at 

(2.16), for which (x-8)/a is replaced by px-q. It is clear from the 

proofs that similar results can be obtained under the alternative para-

meterisation. Moreover, since the form (2.16) makes the log-likelihood 

strictly.concave, this form has the advantage that methods of solving the 

likelihood equations based on Newton-Raphson iteration are more efficient 

(the iteration is always in a direction of increase of the likelihood 

function), as pointed out by Burridge (1981). The reason for not quoting 

the results in the second form is that the parameterisation used makes it 

easier to compare these results with those of Chapter 3. 

The importance of Theorem 1 is that it shows that under fairly general 

conditions the method of maximum likelihood estimation is still a reasonable 

procedure even though the fitted model is known to be incorrect. For 

large D, the fitted distribution will be one of the closest possible distri-

butions to the unknown true distribution (in the sense of Chapter 3). 

> ^ 

The effect of Theorem 2 is that under the given conditions the maximum 

likelihood estimates behave to first order in D and n as if the true 
• • • • ^ JL 

distribution is A((x-b^ ) / a
n )• I t s theoretical and practical importance 

stems from the following considerations: In general suppose we wish to 

estimate a quantity z which is a function of the unknown distribution 

G(x) of Y n j (As an example we might wish to estimate the a-Quantile, which 

is equivalent to solving G(z) = a). The natural approach would be based 

on assuming that the true distribution G(x) = A((x~8)/a) for some a,8. 

The procedure would be to estimate z based on the fitted distribution 
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A((x-B(Y))/a(Y)) (using maximum likelihood estimation), derive the 

approximate sampling distribution of the estimate £ using the asymptotic 

normality of TJJ , and hence obtain confidence intervals for z. The 

result of Theorem 2 shows that this approach is a reasonable one even 

if the true distribution is F n ( x ) as long as n is very large. Otherwise, 

even if D is very large, the estimated confidence intervals will be quite 

inaccurate. 

In particular, in estimating the a-Quantile the natural estimate is 

given by the solution of 

(1.18) A / ^ - B C Y A = a 

V a(Y) ) 

so that 

(1.19) z = (w 1) TJJ 

where w = -log-log a . If the true distribution is A((x~B)/a) for some 

a>0 and 8, then confidence intervals for z will be based on the result 

that as D + ® , 

a D 9 -i 
(1.20) /D (Z - Z) + N (0, ct (w 1) P (w 1)') 

which follows easily from the asymptotic normality of T ^ . The estimated 

95% confidence interval for z will be 

(1.21) z e £ + 1.96 (a(Y) 2 (w 1) P _ 1 (w 1)' 

/ D ' 

However, the true distribution of Y . is F n ( x ) , so that if the same 
* 1 1 3 

estimate z is used, then lemma 9 (see Section 2) shows that as D •> 00 , 

(1.22) /D (2 - Z q ) 2 N(0, a n
2 (w 1) f^" 1 (w 1)') , 

where P satisfies (1.17) and 
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(1.23) z = z - a s {R + P Q " 1 V + £w 2 + o(l) }. 
o 11 n 

Thus the estimated 95% confidence interval for z should be of the form 

(1.24) z e z " + 0 ( a s ) + 1.96 (a(Y) 2 (w 1) P " 1 (w 1)'} * . 
— n n — —n 

/d 

For many well-known F , a
n

s
n decreases like a power of (log n) * . 

Thus (1.21) and (1.24) will be significantly different even for moderately 

large n . 

If there is enough information on the tail behaviouf of F so that 

reasonable estimates of s^ may be made, but not .enough information to 

allow the equation F n(z) = a to be solved directly, then (1.24) can be 

used to give more accurate confidence intervals than (1.21). Otherwise 

one should be reluctant to use (1.21) even if D is very large, unless n 

is also very large. 

It would be wrong to finish this discussion without pointing out 

that there is much scope for further work on these problems. In this 

chapter we have only considered the case where estimation is based on the 

type I extreme value distribution. In view of the arguments in Chapter 3 

it is clear that it is also important to consider the case where the type 

II or III extreme value distributions are used - in other words to consider 

a penultimate approximation rather than an ultimate approximation. In 

fact Jenkinson (1955) advocates the use of maximum likelihood estimation 

based on a generalised extreme value distribution including all three 

types, with a distribution function 

(1.25) G(x) = A(y) 
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where 

y = x -8 , k = 0 
a 

(1.26) 

- I log { 1 - k(x-8)> , k * 0 
k a 

Unfortunately it has not yet been possible to extend the present 

results to the three parameter cases for various reasons, but especially 

because no concave parameterisation is known for this problem. 

i 
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On the basis of the results of Chapter 3 and of the present chapter 

it seems reasonable to conjecture that under suitable conditions on F 

the following heuristic arguments (whose form was based on a suggestion • 

of R . Smith) can be made rigorous: Let CI/B,£, be the maximum likelihood 

estimates of the parameters cx,B,k for the generalised extreme value distri-

bution (1.25)-(1.26). By analogy with Theorem 1, 

(ot 3 k) ->(a(n) B(n) k ( n ) ) 

as D where cx(n) , 3(n), k(n) are such that the limiting distribution 

function (by substitution into (1.25)-(l.26)) is an optimal penultimate 

approximation to F n ( x ) , in the sense of Chapter 3. Thus Theorem 8 of 

Chapter 3 implies 

(1.27) k(n) = c " 1 ; cx(n) = a (CA)"1; B(n) = b +a (B-I)A"1 

n n n 

where A,B,C are sequences depending on n satisfying 

(1.28) 
C log B ® o(s n) 

CA/B 

^ C A 2 / B 2 = + o ( s J 

= 1 + rs + o( s ) 
n n 

n n 

By analogy with Theorem 2 we would expect that would be asymp-

totically normal as D + ° , with mean (a(n) B(n) k(n))' and a variance-

covariance matrix which for large n is given by the inverse of the infor-

mation matrix based on assuming that (1".25)-(l.28) is the true model. Using 

the results of Jenkinson (1969) and Prescott and Walden (1980) we would get 

(using (1.27)-(1.28)) 

a(n)]\ |/o\ 

B(n) N. 

\ k(n)( 

r 

(1.29) / D < i i ̂ —> u 

J) IW 

f o 
a 

2 
a 
n 

h° 
2 

a 
n 

o 
g a

n 

h° 
2 

a 
n 

b° 
2 

a 
n 

f°a 
n 

o 

[g a 
n 

f° a 
n 

c o 
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as D and then n 00 , where the values of a°, b°, c°, f°, g° and h° 

are approximately 0.65, 1.25, 0.48, 0.26, 0.15 and 0.34 respectively. 

If (1.25) - (1.26) is the fitted distribution, the natural estimate 

of the solution z of the equation F n(z) = a is 

* A -
£ = & (1-exp (-kw)) + £ .= !(£,§, £ ) 

£ 

where w = -log-log a. Let T^ denote the asymptotic variance-covariance 

matrix on tbe right hand side of (1.29). Let J n denote tbe vector 

2 

(w 1 a^w ), which is asymptotically (as n °° ) equivalent to the 

vector 

/ 3g 3f _3f \ 
\ 3a 36 3k / a = a(n), 6 = 6(n) , k = k (n) 

Then (1.29) implies 

(1.30) A) (z - z.) N(0, J T J ? ) 

l ' n n n 

where z^ = g(a(n), 6(n), k(n)). 

(1.30) corresponds to (1.22) in the type I case. Note that because of 

the form of J and T , we may write 
n n* J 

(1.31) J T J ' = a 2 1(w) 
n n n n 

where l(w) is a quartic polynomial in w . Note also that an extension 

of the argument in lemma 9 shows that 

(1.32) z, - z = o(a s ) . 
i n n 
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This suggests that (1.30) - (1.31) with z^ replaced by z and a R 

replaced by A will lead to reasonably accurate confidence intervals 

for z. 

Let p(w), m(w) be the polynomials defined by 

- 1 2 
p(w) = R + PQ w + |w , 

m(w) = (w 1) P " 1 (w 1)' 

Suppose D and n tend to infinity in such a way that s r / d — ^ y where 

y is some finite constant. In view of (1.22) and (1.23) it seems reasonable 

to conjecture that 

(1.33) j/d (Z-Z) N(- yp(w), m(w)) . 
a 
n 

Similarly, in view of (1.30) - (1.32) it seems reasonable that if 

s / d w p , 

(1.34) /d (§-Z) N (0, 1 (w)) • 
a 
n 

If (1.33) — (1.34) hold then estimates of the mean squared error of'z and 

A 2 -1 2 2 2 -1 
z are given by a D (y p(w) + m(w) ) and a D l(w) respectively, 

n n 

If all the above arguments can be made rigorous one may make the 

following conclusion: Suppose we wish to estimate the a-quantile using 

D observations. If we have a reasonable estimate of s we should use 
n 

A • 
the estimate z (based on the ultimate approximation) rather than z (based 

on the penultimate approximation) if 
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Otherwise z should be used. (Note that this suggests that for fixed 

n the penultimate approximation should be used, rather than the 

ultimate approximation, if the number of observations is large - which • 

agrees with the results of Chapter 3). 

A more direct approach to these problems would be to estimate the 

bias of . the maximum likelihood estimates as a function of both n and 

D . If this could be done for the ultimate and penultimate approximations 

it would then be possible, for example, to estimate the mean squared 

A ^ 

error of the estimates z and z directly to allow a comparison of the 

two estimates. One would expect to get similar results to those suggested 

above. 

It is clear therefore that although the results of this chapter 

are useful in themselves, they are also an important stepping stone to 

providing even more useful results. Such results would be those on the 

lines above, which allow a comparison of the ultimate and penultimate 

approximations when (unlike the situation of Chapter 3) one cannot assume 

that errors in parameter estimation are negligible. 
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2. Proofs 

The proof of Theorem 1 will be preceded by the proofs of six 

preliminary lemmas. After two further lemmas the proof.of Theorem 2 

is given, finally followed by the proof of lemma 9. Notation is as in 

Chapter 3. 

Lemma 1. (i) If F e Class N , exp (e R) / n 0 as n 

(ii) If F satisfies (1.5) and (1.-7), 

b / (na ) -> 0 as n 00 . 
n % n 7 

Proof (i) Using (3.2.14) and (3.2.15), 

-log {-log F ( b
n -

a
n

e
n ) } = log n - e n + o (1), 

-log F ( b n ~ a n e n ) = n " 1 exp (e n) (1 + o (1)). 

Since as n 00 , b -a e . -K x (by 3.1.24), 
n n n o J 7 ' 

-log F (b -a e ) -> 0 and the conclusion follows, 
n n n 

(ii) Using (1.7) together with (i), 

b 1 
n _ 0 {I s

n l > = 0 {expfoK e )} 
na — 

n n • n 

= 0 {exp(e )/ri} 0 
n , 

* 
Lemma 2. Let F e CI ass N . Let A be a sequence such that 0 < A ^ C 

n ^ ^ n ^ 

for all n. Let k be an integer >,0. If (1.8)(a) holds, or if (1.8)(b) 

holds and K is suitably large, 
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f
00 

" (i) J e. x k exp(-X x) (1-F n(a x+b ))dx = o(s') 

n n n n n } 

(ii) l ~ 6 n x k exp(-X x) F n ( a x+b ) dx = o(s ) 7 -oo r n n n n % 

Proof 

(i) Assume first that (1.8)(a) and (3.120)(a) hold. Then 

f(t) f Q , 0 < f < » , as t + ». Since a(t) 1', if e > 0 is 

given, one may choose n suitably large such that t implies 

|a(t)/f(t) - ( y " 1 I , |f(t) - f o | ^ e 

Consequently, if 0 q , 0 < 9 < 1, is given, then by choosing a suitable 

c and thus making n suitably large, 

• "c\ 

( 2 > 1 ) J ^ " ffi » >/ ( V 1 - ) V > ( £ o 1 - c > ( f o " E > * 

n 

5.8 x 
o 

uniformly for x ^ 0. 

Similarly, if (3.1.20)(b) holds then f(t) £ f(b ) = a whenever 
n n 

t >, b n (thus (1.8) (a) holds) and hence for large n , 

a x+b 
( 2 . 2 ) / n n

 £ ( 0 dt > 0 O (a nx) = 0 Q X , 

b f<t) a 
n 

uniformly in x 0 for any 0 Q e (0,1). 

In view of (3.1.11), (3.1.14) and (3.2.13), 

(2.3) -log -log F n ( y + b n ) = r n X + b n a ( t ) d t + o ( 1 ) 

b n f(t) 

"uniformly in x ^ e R , as n + ® . 
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Choose 0 such that 0 < 1 and K 0 > 1 . Then choose 0 so 
o 

that 6 <" 8 < 1. By (2.1)-(2.3), if (1.8)(a) holds 

/
oo 

" e n { 1 _ f I 1 ( a
n

x + b
n )

J d x e ^ " A ( 0 o x - 1 ) }
 d x 

r 
e exp{ 0 -0)x} exp(l-0 x)dx = e exp(-0e ) = o(s ) 
n r o o ' — n' n' o 

for n suitably large. Thus (i) holds if (1.8) (a) holds. 

Suppose on the other hand (1.8)(b) holds. Let K^, ^ ... denote 

suitable positive constants. 

By (3.1.24), b n / a n > e n for large n . 

f
 b /a 

(2-4) | s j e
n / n x k { l - F n ( a n x + b n ) } dx 
n 

K
 k + 1

 -1 
^ 1 ( -2. ¥ Is I {1—F^(a e +b )} 

0^17
 (

~
} n n n n 

n 

< K l |s n| u - A ( e n - D ) 

< K x exp { e n C ( l + ky+y)/K - l l + 1} + 0 

providing that K is suitably large (which is always possible in view of 

lemma 1 of Chapter 3), using (3.2.14) and (3.2.15) together with (1.7). 

By (1.8) (b) and (3.1.12), f(x) 'u L ^ + l ) " 1 x U + 1 as x ® . 

Hence for x ^ b /a , 
' n n ' 
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f n Tn -u -u 
(2.5) 1 . a(t) dt > K_ {(a x+b ) - ( b ) } 

c c f . z n n n 
n f(t) 

-u-1 
= K ? {(-u)a x(6 (x) + b ) •} 

L n ii n 

- U ' 

^ K 3 (a nx) 

where 0 $ B ^ x ) ^ a n x . By (2.3) and (2.5), 

r <B oo 

b /a x k (1-F n(a x + b )} dx ^ K, / . x k . exp {-K-(a x ) ~ U } dx 
n n n n + b / a o n 

n n 

00 oo 

- K J e - y y - ( k ^ U u ) / u dy < K , j dy . 

K 3 ( b n > - U ( a n )
k + 1 K 3 ( V 

Noting that e (b ) U * (u+1) L " 1 a E /b -> 0 
n n n n n 

(using (3.2.18)(a)) we get 

oo 

Is I" 1 / b /a x k {1-F n(a x+b )} dx 1 n 1 n n n n 

(2.6) 

< 2K, exp {b " U (- ̂  + ( b n e n } } 0 . 
6 n 2

 . K 

Hence if (1.8)(b) holds then (i) follows from (2.4) and (2.6), for 

K suitably large. 

(ii) Without loss of generality, C > 0 . By (1.6) one may choose d ,< 0 

such that F(y) exp (-Ay) £ £ whenever y .< d. Since b n - a n e n •+ °° , 

(d-b )/a < -e eventually. 



For large n , A n a n > 2C (lemma 1). Thus 

(d-b )/a ) 
r t 

P = J (-x) exp(-A x)F n(a x+b )dx 
n n n n 

( d - b ) / a 
n . n n 

^(i) j exp(-2Cx) exp(Ana Rx +
 n ^ b

n ) dx 

r - 1 ( d " V / a n 

= (i) exp(nAb n) exp {(Ana n~2C)x} 
^ (Ana -2C) , n ; 

(2.7) P n | s n r
1 = 0{ i e X d e x p C 3 C b n / ( n a n O | s n r

1 / n } n 

From lemma 1, Is I = exp(e /Kn) •+ 1. Thus the term inside 
n n 

the curly brackets in (2.7) tends to Jexp(Ad) ^ J as n 00 . Hence 

P„ = o ( s ) . 
n n 

-e 
n 

^n = / (d-b )/a ( " x ) k ^ V + V d x 

/ 
^ ( V V n ) J (d-b )/a e x P ( " 2 C x ) d x 

n n 

=0 {A(-e n+l) exp(3Cb n/a n)} . 

0 |s I" 1 = 0{ exp £ e /K -exp(e -l)+3CMexp(yK~^e )J) ii n n ii n 

for some constant M . Since y . < K , Q n l s n l * 0 and (ii) follows 

Lemma 3. Under the same assumptions as lemma 2, 

e 0 
( 2 ' 8 ) R n k ^ Q 1 1 ^ exp(-A nx){A(x)-l}dx +/_ e x k exp(-A nx)A(x) dx 



( - l ) k r ( k ) ( A n ) - k! / ( X n )
k + 1

 + 0 ( 8 n ) ; X n > 0 

( k + D ' k - l )
1
" r

( k + 1 )
( l ) + o ( s n ) ; X n = 0 

Proof Since K > 1 , 
CO 

OO 

(2.9) J \ x
k
 (l-A(x)}dx 4 J x

k
e "

x
d x 

6 n e
n 

= 0{(e n) exp(-e n)} » °(
s
n) » 

-e ~
e
n 

(2.10) J ( - x )
k
 exp(-Cx)A(x)dx = 0{ / e

x
 dx) = o(s ) 

In view of (2.9) and (2.10), if A^ > 0 , 

co~> . 00 

/ k f k 
x exp(-A x)A(x)dx - J x exp(-X x)dx + o(s ) 119& —00 n Q n Q 

= ( - l ) k r ( k ) ( x n ) - k ! / ( X n )
k + 1 + o ( s n ) . 

On the other hand, if X Q = 0 , then (2.8) follows from 

00 0 , 
R . = / x {A(x)-l}dx.+ J x A(x) dx + o(s ) . 
n,k o n 

= (A(x)-lTI " / x k + 1 A'(x)dx 

l_k+l J _0k+l 

p —1 0./ 0 
+ i L l i A < x > „ i H l A* (x)dx + o(s ) 
> k + l J -00 k+1 n 

CO 

= '(k+1)" 1 J x k + 1 A'(x)dx + o(s ). 
n' 

—CO 
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Lemma 4 Under the same assumptions as Lemma 2 , 

e 
n , 

T . .« J x exp(-A x) {F (a.x+b ) -A(x)} dx 
n,k _ e n n n 

n 

- ( - l ) k + 1 { r r ( k + « (LA q ) + K ( k + 2 ) ( U A n ) } s n • o ( s n ) _ 

Proof. Let denote the indicator function of the interval []-M,M~l 

(I M(x) = 1 if x is in the interval and = 0 otherwise). A "(x) is monotonic 

for large |x|. Thus for some M and for n suitably large, (3.2.14) and 

(3.2.15) imply that uniformly is |x|<e n, 

F n ( a x+b ) -A(x) = (rx-|x 2) s A'(x)+(l+x 2)A*(x) o(s ) 
n n n n 

(2.11) 
' + 0{x k|A , ,(x-l)|+x 4|A , ,(x+l)|+I M(x)}(s n)

2 . 

In general if a > 0 and 8 > 0 are any given constants, and if m is 

an integer such that 2m a , 

00 

/ |x| a A(x)exp{-(A n+B)x) dx 
oo 

oo 

t 2M 
x A(x) exp{-8x} }{l+exp(-Cx)} dx < ® 

—oo 

Therefore (2.11) gives 

e 
- n , 
J x exp(-A nx) { F

n
( a n x + b n ) - A(x)} dx 

-e 
n 

e 

f n k 2 
=

 J
 _ e x exp(-A nx) (rx-|x ) A'(x)dx (s n) + O(SR) 
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= s n ( ( - i )
k t l r r ( k + 1 ) (i+xn) - i ( - i ) k + 2 r ( k + 2 ) ( m a > • o(i>) . 

Lemma 5. Under the same assumptions as Lemma 2, if u = 1+A , 
* n n 

00 

(2.12) J(k, A ) = / x k exp(-A x)dF n(a x+b ) 
n ' —oo n n n 

= ( - i ) k r ( k ) ( p . n ) 

+ ( - l ) k + 1 s n ( k r r
( k ) ( p n ) + G k + r A n ) r ( k + 1 ) G i n ) 

+ i y ( k + 2 ) fo.n) + o(i)} . 



Proof. With R , , T . defined as in Lemmas-3 and 4 , and K chosen 
n,k n,k. 

to be suitably large so that Lemma 2 holds, 

(2.13) J ( k , X n ) = exp(-X nx) { F n ( a n x + b n ) -

00 

- / exp(-X x) (k-X x) {F n(a x+b ) - 1} dx 
0 n n n n 

. + £ x k e x p ( - X n x ) F n ( a n x + b n ) ^ J 

0 
-/ x exp (-X x) (k-X x) F n ( a x+b ) dx 
J r n n n n 

" 5 k o - k ( R . . . + T . .) + X (R . +T . ) + o (s ) , 
n,k-l n,k-l n v n,k n,k n ' ' 

where 6 k o = 1 if k = 0 and = 0 if k / 0 . This result follows from 

Lemma 2 and the result 

| x k e x p ( - X n x ) { F
n ( a n x + b n ) -l}| = 0 ( a n x + b n )

k ( l - F ( a n x + b n ) } 

^ •> 0 as x -*• °° (for fixed n) 

(which follows from de Haan (1970), p.100) together with 

|x kexp(-X nx) F n ( a n x + b n ) | = 0 ( | x | k exp'{(Xna -C)x + X n b n » 

0 as x -+ - 00 (for fixed n) 

(which follows from Lemma 1). 

Assume that X^ > 0 and k > 0 . Then Lemmas 3 and 4 applied to 

(2.13) give 

J ( k , x n ) = - k ( - i ) k ~ 1 r ( k _ 1 ) (Xn) + k : ; / (x n ) k 

+ ( - i ) k x n r ( k ) ( x n ) - k : / (x n ) k 
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+ (-k)(-l) k { r r ( k ) ( y n ) + £ r ( k + 1 ) (y n)} S j 

«• e i ) k + 1 {rx r ( k + 1 ) (y ) + £X r ( k + 2 ) (y )} . 
n n' " n n' n 

+ o(s ) . n 

Combining terms and using the result 

r ( k ) (i+x ) = x r ( k ) ( x ) + k r ( k _ 1 ) (x ) 
n n n n ' 

leads to (2.12) as required. 

In a similar way, combining the results of. Lemmas 3 and 4 with 

(2.13) we get (2.12) in the cases X Q = 0 or k = 0 or = k = 0. 

Lemma 6. Let be a random variable with distribution F n(x) where 
/ 

F e Class N* . Let g(x,a,B) be given by (1.2) for a>0 and arbitrary 8. 

Then the equation 

(2.14) _3_ E { g ( Y n , a , £ Q = E [ g ( Y a,B)] = 0 
8a. 36 

has a unique solution a = a
n * » b Q * for n suitably large, where a^* 

and b satisfy (1.13) and (1.14) as n + ® . Furthermore, a and b 
n n n 

are the unique solution of 

(2.15) E£g(Y n , a n * , b n * ) l = sup E ^ ( Y n , a , 8 ) l 

a,6 

Proof. It is useful to reparameterise tbe problem in tbe form 

(2.16) _6 = (p,q) = (a"
1
, 8a"

1
) ; p > 0 , 

(2.17) G(x, £) = g(x,a,6) 

= -exp (q-px) + q - px + log p . 
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For any p > 0 it is easy to verify that for all x , 

3 2 G(x,9) , G (x, 9) < 0 , 
2 2 3q 

2 2 2 2 
, 3 G a G 3 G 

< 2 2 
3p3q 3p 3q 

Thus G(x,9) is strictly concave on H = {(p,q) : p > 0} for all x. 

Therefore E G ( Y
n » d) is strictly concave on H . 

For fixed n , let a Q , B Q (depending on n) be a solution of (2.14). 

Then 9 = (a 6 a - 1 ) must be a critical point of E G(Y ,9) . By the 
—0 0 * 0 0 r n — J 

strict concavity property, this function can only have one critical point 

and any such critical point must be a global maximum for _9 c H . Conse-

A £ £ £ 

quently, if (2.14) has a solution a = a Q ,8 = b^ , then a^ , b^ is the 

unique solution of (2.14) and of (2.15). 

9 

Let a Q > 0 and B 0 be given. Let N be the set {(t,v) : (t-a + 
2 2 

(V-B q) ^ Oq /4} . As a corollary of lemma 5 it follows that g(Y n,a,B) 

has a finite expectation for (a,B) £ N , and any partial derivative of 

g(Y n,a,B) with respect to a and B (of any order) is bounded on (a,B) e N 

by a function of Y r whose expectation is finite. It is therefore permissible 

to interchange the operations of expectation and partial differentiation in 

(2.14) and in similar formulae. 

In view of the above remarks, (2.14) is equivalent to 

(2.18) -E{(Y n-3) exp (- (Y n-8)/o)} + {E(Y n) -3} /a 2 - 1/ a = 0 , 

2~ 
a 
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(2.19) - E{ exp(- (Y n-8)/a) >/a + 1/a = 0 

These equations are equivalent to 

(2.20) E {Y n exp(-Y n/a)} -E (exp(-Y n/a)} {E(Y n) - a} = 0 , 

(2.21) 8 = - a log E (exp(-Y n/a)). 

(This follows by solving (2.19) to give 8 in terms of a and then substi-

tuting into (2.18)). 

Suppose p^ is a sequence such that A r = P n
a

n 1 as n » . 

Applying Lemma 5, with p = A + 1, 
n n 

CO oo 

(2.22) E(Y ) = J xdF n(x) =J a v + b d F n ( a v + b ) 

= a J(1,0) + b 
n N ' ' n 

= bnT-anr'(l) + ansn{rr'(i) + (1) + o(l)}, 

ro 

(2.23) E(exp(-p nY n)) = exp(-p nb n)/ e x p ( - p n a n y ) d F
n ( a n y + b n ) 

= exp(-p b ) J(0,A ) 
n n n 

= exp(-pnbn){r(yn)-AnSnerr' (pn)+ir" (p n)l 

+ o(s n)}, 

(2.24) E ( Y n e x p ( - p n Y n ) ) = exp(-p nb n){a nJ(l,A n)+b nJ(0,A n)} 

= b n E ( e x p ( - p n Y n ) ) + a n z n e x p ( - p n b n ) , 

where 
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(2.25) z n = - r ' C p ^ + s n (rr'(y n) + (| + rA n)r"(y n) 

+ ( i X n r
n , ( p n ) + o(l)>. 

Let h • A -1. Then, using (2.22) - (2.25), 
n n 

E(Y nexp(-p nY n)) - E(exp(-p nY n) lE(Y n> - p ^ 1 } 

=.E(Y nexp(-p nY n)) - b nE(exp(-p nY n)) 

- E(exp(-p Y )){ E(Y ) - b - a t t ) " 1 } 
n n n n n n 

-a exp(-p b ) 1 
n r *n n in 

where, as n + 00 , 

T n - -r'(y n) + s n (rr'(y n) + (J + rA n)r"(y n)} 

+ s (1A r"'(y )) + o(s ) 
n * n n 

+ {r'(D + ( a ^ ' 1 -s n\>r'(i) + ir" (i)J}x 

Ktt'V ~
X
n s j : r r , ( v

n
) + 

= -r'(2)-h r"(2) + cr'(i) + 1 - h )(i + h r'(2)) 

n n n 

+ s n (rr*(2) + (i + r)r".(2) + £r"'(2)- r'r'(l) 

- ir"(i) -[i +r'(iH ^ ' ( 2 ) + |r"(2)*3} 

+ o(s n) + o(h n) 

(2.26) = - Qh n + (P + Qr)s n + o(h n) + o(s n) . 

P , Q , R are defined by (1.9) - (1.11). Note that Q is the variance of a 

random variable with distribution A(x) and Q > 0. 
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If h^ is any sequence tending to zero, then we may define p n = 

(1+h )/a and then define 1 as above. Thus we may write 1 (h ) to 
n n n n n 

denote the 1 sequence corresponding to a given sequence. 

Applying (2.26) with h R = w s
n » 

1 (ws ) = (P + Qr - Qw)s + o(s ) . 
n n x x n n' 

Thus if 'w^ < (P + Qr)/Q < W2» then l n (
w ^ s

n ) ^ ^ ^ a v e °PPO~ 

site signs if n is sufficiently large. Using the Dominated Convergence 

Theorem, the left hand side of (2.20) is continuous in a(>0) for any 

fixed n . Therefore for n sufficiently large, (2.20) has a solution 

a = a^ lying between a
n / ( i

+ w ^ s
n ) ^ ^ a n ^ 1 + w 2 S n ^ * defining 

(2.27) b * = -a * log E (exp(-Y /a *)), 
n n & r n n ' 

it follows that a ,b 
is the unique solution to (2.14) and (2.15). 

Define h = a /a * - 1. Then h lies between w.s and w„s , and so 
n n n n 1 n 2 n* 

h n = 0(s n). By hypothesis l n ( h n )
 = 0 f°r n sufficiently large and so 

(2.26) implies 

h n = (P+Qr) /Q s n + o(s n), 

a
n* = (1 + h )

_ 1
 = 1 - h + 0 (h

 2
) 

n' n n ' 
a 
n 

= 1 - (P + Qr) Q~
1
s + o(s ) . 

^
 x

 n n 

* —1 
Substituting p n = (a R ) into (2.23) gives 

E(exp(-Y /a *)) exp (b /a *) r
 n ' n

/ y K
 n n ' 

=r(2 + h n ) - s n D r r ,(2) + Jr"(2) + o ( i ) l 
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=~1 + s n{(P+Qr) Q - 1 r '(2) - rl"(2) - j r"(2)-+ o(l)} 

= 1 + Rs + o(s ). 
n n' 

Therefore (2.27) implies 

b * = b - Ra *s + o(a *s ) 
ti n n n n n' 

from which (1.14) follows. 

Proof of Theorem 1 

The proof of Theorem 1 is based on Huber (1967) in which it is 

shown that under certain regularity conditions, the maximum likelihood 

estimators based on an incorrect model with log likelihood 1(Y» 9) are 

consistent for the value of 9 which maximizes the expectation of l(]f» 9) 

under the true model (case A of Huber (1967)). 

More precisely, in our application we need to check the following 

conditions: 

Let n be suitably large but fixed. Let H = {(p,q) : p > 0} (clearly 

a locally compact space with a countable base). 

D D 
(2.28) 1 E g(Y ,a(Y),B(Y)) - sup 1 E g(Y .,a,8)-+0 

D j=l
 J

 a>0 D j=l
 J 

as D ® , almost surely. 

(2.29) If a> 0 and 8 are fixed, then g(x,a,B) is measurable with respect 

to the distribution F (x) , and separable in the sense of Doob (1953), p.51< 
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(2.30) As the neighbourhood U of (a o,B 0) shrinks to ( a
0 » 3 Q ) , 

E { sup g(Ynl,a,B)} - E {g(Y n l,a o >6 o)} < » , 

(g,3)e U 

for any a > 0 and 6 . J o o 

(2.31) There is a vector U n * , b Q * ) e H satisfying (1.13) and (1.14) 

such that E£g(Y n l,cx,8)3 < E [ g ( Y n l , a R * , b Q * ) l whenever (a,6) ?*(a n*,b n*). 

(2.32) There is a compact set C q C H such that (a(Y), B(Y)) ultimately 

stays in C n for almost all sequences Y (as D . 

If (2.28) - (2.32) hold then the required result follows by Theorem 1 

of Huber (1967). 

In order to simplify the typography we shall define 

(2.33) Xj = Y n j , U j ( D i X = Xj . 

Furthermore all summations in this proof will be from i = 1 to i s D and 

so these limits will not be given. 

Using tbe reparameterisation (2.16), with G defined as at (2.17), 

(1.4) is equivalent to the equations 

(2.34) Z G(X., 6) = ZXjexpX-pX.+q) - EX. + D = 0 , 

3p 1 1 1 P 

(2.35) 3__ Z G(X., J3) = -Zexp(-pX. +q) + D = 0 , 
3q ^ - 1 

which are equivalent to 

(2.36) q = -log (Z (exp(-pX.) / D), 
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(2.37) S(p) = - EX iexp(-pX i) + EX. - 1 = 0 

Zexp(-pX i) ~ D ~ p 

Assume D >, 2 and Y ^ (X, X , X,... ,X) . Thus if X ^ , X ^ , . .. 

denote the increasing order statistics of X^, X 2 . . . , X p , then for some t, 

X ( l ) = X ( 2 ) = = X ( t ) * X(t+1) ' 

As p + » , S(p) + EX./D > 0 . As p I 0 , S(p) - > - « > . Therefore 

(2.37) has a root p(Y), 0 < p(Y) < « . Defining 

(2.38) q(Y) = -log ( Z e x p U - p O O X ^ / D ) , 

p(Y), q(Y) is a solution of (2.36), (2.37). Furthermore, since G(X,jO 

is strictly concave in _6, so isE G(X^,_6). Hence the same argument as 

that in Lemma 6 shows that p(Y), q(Y) is the unique solution of (2.34) -

(2.35) and that a(Y) = l/p(Y), 8 (Y) = q(Y)/p(Y) is the unique solution 

of (1.4) and of (1.3). 

In view of the above, the left hand side of (2.28) is zero for. 

suitably large D unless X^ = X 2 = X^ = • • •. However, this event has proba-

bility zero because F is non-degenerate a^d 'henca^ 

P(X X = X 2 = ... = X ^ ) < P ( X 1 = X 2 )
m 0 as m-> °° . 

Thus (2.28) holds. 

(2.29) follows easily in view of Lemma 5 and the continuity of g(x,a,8). 

(2.30) follows by using the fact that |g(X,a,B)| is bounded above on U 

by a function h(X) with a finite expectation and applying the Dominated 

Convergence Theorem. (2.31). follows from Lemma 6. 
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Define 

f(p,D) = - S(p) Zexp(-pX i)/D 

» ZX^expC-pX^) - zx. ZexpC-pX^) + 1 Zexp(-pX i> 

D ~~D~ D 7 D~ * 

Applying the Kolmogorov Strong Law of Large Numbers, 

a.s. 
(2.39) f(p,D) } f(p,») = E(Xexp(-pX)) - E(exp(-pX)){E(X)-p~ 1} 

as D oo t f o r any value of p > 0 fixed independently of D. 

Let w ^ , be fixed constants such that w^< (P+Qr)/Q < w^ and define 

u = (1+w,s )/a , v = (l+w 0s )/a . Without loss of generality, assume 
n l n ' n* n 2 n ' n 6 J * 

s n > 0 (for large n) so that u ^ < V n ' I n v i e w °f (- 2' 2 3^ " ( 2 » 2 6 ) > 

E(Xexp(-u nX)) 'u b n exp(-u nb n) as n 00 , 

E(exp(-u X)) i/ exp(-u b ) as n 00 

n n n 

f(u ^ a exp(-u b ) (P+Qr-Qw,) s as n <=, 
n* n r n n x ^ 1 n ' 

and similarly for v . 

If we put all the results in the last paragraph together then it 

follows that there is a constant M such that for all n > M the following 

four results hold with 6 = u or v : 
n n n 

(2.40) K a ^ " 1 < 6 n < 2 ( a n ) "
1 , 

(2.41) -exp(-2b n/a n) < E(exp(-9 nX)) < 2exp(-£b n/a n) < 1 

A i 
( 

(2.42) E(Xexp(-0 nX)) > 0, 

(2.43) f(u h,«) f(v n,») < 0. 
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Let n > M be fixed. By (2.39) and (2.43), with probability one 3 

N = N (Y) such that 
O O — R . I, 

(2.44) D > Nq(Y) f(" n,D) and f(v n,D) have opposite signs 

^ p(Y) e (u n,v n) 

(p(Y) is the unique solution of f(p,D) = 0 ) . By (2.42), with probability 

one^Nj^ = N 1 ( Y ) such that 

(2.45) D > N l ( Y ) -p EX iexp(-u nX i) , E X ^ x p ( - v ^ ) > 0 

EX iexp(-pX i) > 0 for all p e (u n, V q) 

Eexp(-pX^) lies between Eexp(-u nX^) and 

Eexp(-v nX i) for all p e (u Q, V q) 

(The second implication follows because x exp(-px) is non-increasing in p 

for all x) . Moreover, (2.41) implies that with probability one"3 N 2 = N 2 ( Y ) 

such that 

(2.46) D > N,(Y) For 0 = u or v , 
2 — ' n n n* 

y = |exp(-2b ) < E exp(-6 X.) < 2 exp(-i b ) = 6 
n R r n 7 r n l v 2 n n . 

a D a 
n n 

Defining N3(Y) = max (Nq(Y), N^Y), N2(Y)), which exists with probability 

one, (2.38) together with (2.44) - (2.46) gives 

D > N 3 ( Y ) ^ a(Y) e (v u - 1 ) and 

B(Y) e (-(log 6 n ) / v n , -(logy n)/u n). 

Thus (2.32) holds and the proof is complete. 



Lemma 7. Suppose F is in class N* and Y n has the distribution F n ( 

Define a^* and t>n* as in Lemma 6. Define, for integers k and 

real A > 0 , 

A * k 

(2.47) h£ (X) = {(x-b n*)} exp {- A(x-b n*)} . 

a * a * 
n n 

With p = 1 + A, 

O _ / -i \k„(k) (2.48) E[H^(Y n)3 = (-1) r^ ; (p) 

+ ( - D k s n { - k R r ( k " 1 ) ( p ) + (PQ X k - A R ) r ( k ) ( p ) -

+ ( A P Q - 1 - | k ) r ( k + 1 > ( p ) - i A r ( k + 2 ) ( p ) } 

+ o (s ) . n 

(k-1) 
If k = 0 then the term involving T (p) is to be ignored. 

Proof. Define 

A n E a n = 1 + ( P + Q r ) Q " 1 s n + o ( s n ) ' 

t * 
n 

B = b -b * = Rs + o(s ) 
n n n n v n 

* 
a 
n 

Then (a y + b - b *)/a * = A y + B , so that 
n' n n n n n 

k 
H^(any+bn) = exp(-ABn) E d) (Bn)

j (Any)
k"jexp(-AAny) 

j=0 

Therefore, with J defined at (2.12), 

( 2 . 4 9 ) E [ ^ ( Y n ) ] = / ' " ^ V ^ n ) d ^ < V + b n > 
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exp(-XB ) .{(A ) kJ(k,XA ) + k(A ) k _ 1 B J(k-1,XA ) r n n ' n n n n 

+ o(s n)} 

Using (2.12), 

J(k,XA n) = (-l) k { r ( k ) ( y ) + (P + Q r ) Q _ 1 s n r ( k + 1 ) ( y ) > 

(2.50) + ( " l ) k + 1 s n { k r r ( k ) (y) + (£k + r X ) T ( k + 1 ) ( y ) 

+ £X r ( k + 2 ) ( y ) + o(l) }. 

Thus, substituting (2.50) into (2.49), 

E C H k ( Y n ) ^ = ( - D k r ( k ) ( y ) (l-XRs n + k Q _ i (P + Qr)s n) 
-1 

+ (-l) ks {X(P + Q r ) Q _ 1 r ^ k + 1 ^ (y) - k r r ( k ) ( y ) 

- ( £ k+ r X ) r ( k + 1 ) ( y ) - | X r ( k + 2 ) ( y ) } 

+ Rk(-l) k M 1 " X ) ( y ) s n + o(s n). 

(2.48) follows on collecting terms. 

Lemma 8. Let g = g(Y ,a,6) be defined by (1.2), where Y has the distribu-

tion F (x), F in class N . Define a * , b as in Lemma 6 and the matrices 
n n 

A and ]3 (depending on n) by 

(2.51) A = / E ( 3 g 
2 i Vagaa' 

E/A2G\ E f32
g 

v \3a33/ ( 3B 2 (a,6) = (a n*, b n * ) 
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(2 3 2 ) B - / 
8a \8a 88 J 

\ E fil E/l^Y 

\ \8a 88/ V83y 
(a,8) = (a * , b *) 

' n ' n • 

For suitably large n, A and 15 are symmetric and non-singular 

matrices. Furthermore, defining 

(2.53) ^ = (a n)
2 A B" 1 A , 

^ satisfies (1.17) with (1.1) (component-wise). 

Proof. Since the partial derivatives of g (of.all orders) are continuous, 

A is symmetric. Defining b Y (2.47) and applying Lemma 7, we get 

at a = a * and 8 = b 
n n 

2 
(2.54) (a_*) E ( 3 ^ ) = E{2H*(Y ) - 2H°(Y ) - H*(Y ) + 1} 

n — * i n i n 2 n 
8a 

= -2r ' (2) + 2 r ' ( D - r"(2) + 1 + o (s ) 
— n 

= - r " ( i ) - 2 r ' ( i ) - l + o (sn), 

2
 9 1 

(2.55) (a n*) E ( £ g ) = E { H ^ ( Y n ) ~ - 1} 
8a88 

= r(2) + r'(2) - l + o (s n) 

= r * ( i ) + i + o (s n) 

(2.56) (a n*) E (_8^) = E{-Hj(Y n)} 

= -1 + 0 (s n), 

i 
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(2.57) ( a n * )
2 E ( 3 £

 2 = E { H 2 (Y n) + H°(Y n) + 1 - 2 H 1 (Y q) 

3a 

+ 2 H 1 ( Y n ) - 2 H J ( Y q ) } 

= r " (3 ) + r " ( i ) + i - 2 r " ( 2 ) - 2 i " (2) 

+ 21" (1) + o (s n) 

= r"(l) + 1 + 2T ' (1) + 0 ( s n ) , 

(2.58) ( a ^ E ^ ^ - E ( H 2 (Y n) - 2 1 ^ ) + H 1 ^ ) + H°(Yn) - 1} 
o Q a p 

= - r ' ( 3 ) + 2r*(2) +r(2) - r ' ( i ) - 1 + o ( s n ) 

= -i" (i) - l + o (s n) 

*
 2
 2 2 -i 

(2.59) (a n*) = E{ H ^ ( Y n ) - 2Hj(Y n) + 1} 
38 

= r(3) - 2r(2) + i + o (s n) 

= 1 + 0 (s ) . — n 

In view of (2.54) - (2.59) and the definition (1.1), 

2 2 
(2.60) - ( a n * ) A , ( a j ) B = P + 0 (s n) , 

2
 9 

(2.61) det{ ~ ( a n * ) A } = r " (1) + 21" (1) + 1 - {l"(l) + 1} + 0̂  (s n) 

= Q + 0 (s n) 

Since Q > 0 , (2.61) implies A and 13 are ultimately non-singular. 

-Using (1.13), (2.53) and (2.60), (1.17) follows, 
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Proof of Theorem 2: The proof uses the Corollary to Theorem 3 of Huber 

(1967) applied to the vector valued function of = (a,8), a > 0 , 

ill (x,£) =(3g , dg) . 
da 38 

Using the notation (2.33), the following conditions must be verified 

denotes convergence in probability): 

(2.62) ^ ^ . 

D P 

(2.63) 1 Z 4>(X., T ) — 0 as D + ® ; 

.to i="1 ' 
(2.64) For any fixed = (a,8), a > 0 , iKx, jO is measurable with 

respect to the distribution F n(x) and is separable in the sense of Doob 

(1953), p.51; 

(2.65) E [>(X, = 0 ; 

(2.66) | E f r K X , £ Q | a l ^ - ^ l , \± - * d Q ; 

(2.67) Defining u ( x , d) by (for d >> 0) 

-u (x, ±, d) = sup |iKx, T), - rj»(x, | , 

|T- i U d 

E £u(X, d)3 ^ b.d, li - iol + d < d o ; 

(2.68) E L u ( X , d ) 2 J $ c.d. , I i - i o l + d 4 d o ; 

(2.69) E L i o ) | 2 3 < » ; 

(2.70) Under the definitions (2.51) - (2.53), A is symmetric, non-

singular and the derivative of E[JJJ(X, <f>)"3«.at <J> = whereas P satisfies 

— — — -H) —n 
(1.17) with (1.1). 
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In (2.66) - (2.68), a,b,c,d Q are (strictly) positive constants, 

d 0. I I is the Euclidean norm. 

(2.62)' - (2.65) and (2.69) follow easily using the proofs of Lemma 5 , 

Lemma 6 and Theorem 1. (2.70) follows from Lemma 8, and the continuity 

of the second order partial derivatives of Eg(X, jj>). 

Define X(_£) = E{>(X,_£)1. For | ^ 

(2.71) | A(£)| > [A (± - 4 o ) | - j\(±) - A (^ - i o ) | 

li-ij li-*J l±-4j 

Since A is the derivative of X at <j> , the second term on the right hand 

side of (2.71) tends to zero as tends to Since A is symmetric and 

non-singular, there is a matrix M and eigenvalues n,V with |n| |y| > 0 

such that 

M'M = I , 

A = M / T) 0 \ M' . 

\0 ]ij 

Hence with h = (jb - y /1 ~ J^l , $ / 

2 9 
|A h| = h'A'A .h = h ' M / n

z
 0 \ M* h 

" ( o . y f " 

> v
2
 I M' h I

2
 = y

2
 . 

In view of (2.71) it follows that (2.66) holds for some d such that 

° 
0 < d £ J a * and a = A I y I . 

o x i n 

In view of Lemma 5, it is possible to find a function q(x) > 0 such tfi 

E U ( \ ) l < 00 , E[q 2(Y n)tl < » and, with Y x» Y 2 <= ict, B>, 
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sup 
A q(x) 

In view of the mean value theorem, d ^ d Q implies 

u ( x , d) < 2q (x)d 1 

so that (2.67) and (2.68) hold with 

b = 2E[q(Yn)3 J c = 4 E D ^ (Yn)3do 

Lemma 9. Let z satisfy F (z) = a. Under the assumptions of Theorem 2, 

(1.18) - (1.19) implies (1.22) - (1.23). 

Proof. Let z = (z-b )/a . Then (3.1.28) implies 
n n n • ^ 

F (an zn + V = a - A(zn> + °<8n> 

and hence 

z Q = -log -log (a + 0(s n)) = w + 0(s n) 

= W + Y S 'n n 

•where y = 0(1). But (3.1.29) implies 

a = F (a (w + y s ) + b ) 
n n n n 

= A(w + y s ) -(|w - rw) A*(w)s + o(s ) 
n n n n 

= a + s n A'(w) (y n -£w + rw) + o(s n) 

r 
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which gives 

2 
z = a {w + (iw - rw)s + o(s )} + b 

n w n n ii 

From (1.16) and '(1.19), (1.22) holds with z = a *w + b * 
o n n 

and hence (using (1.13) and (1.14)) 

ZQ-Z = AN {w - (P+Qr)Q~ w SQ-W -(£W -rw) SN> 

" R s n + o ( s n > } 

from which (1.23) follows. 
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CHAPTER 5 

RATES OF CONVERGENCE FOR EXTREMES OF STATIONARY SEQUENCES . 

1. Introduction and Presentation of the Results 

The classical theory of extreme values is mainly concerned with the 

result that the limiting distribution of a normalised maximum of n indep-

endent identically distributed random variables can only be one of the 

three extreme value distributions. However there is a substantial litera-

ture for- which these results have been extended to cases without the indep-

endence assumptinn. See, for example, Watson (1954), Berman (1964), Loynes 

(1965), Leadbetter (1974), Leadbetter (1978), and Leadbetter et al. (1979). 

Clearly it is useful to get rates of convergence for the dependent case and 

in Chapter 2 (Theorem 3) we proved a uniform rate of convergence result for 

stationary Gaussian sequences. In this chapter we shall give a few rate 

of convergence results for more general stationary sequences satisfying 

certain types of dependence conditions. Note, however, that the results of 

the present chapter are different in nature to those in the previous chap-

ters, first because the limiting extreme value distribution is not restricted 

to type I and second because we do not consider uniform rates of convergence. 

Let X^, X2, X^,-... be a stationary sequence with maxima Y n = max 

(X^ : I O 4 n ) and let F be the distribution of X^. Suppose that F lies 

in the domain of attraction of a non-degenerate distribution function G: 

Hence G is an extreme value distribution and there are constants^'a , 8 

n ' n 

such that 

(1.1) F n ( a x +8 ) G (x) as n 00 

n n 
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which is equivalent to 

(1.2) n {1-F (ctnx + 6 n ) } + -log G(x) as n + » . 

Leadbetter (1974), Leadbetter (1978) and Leadbetter et al (197.9), gave 

some very weak dependence conditions which nevertheless ensure that (1.1) 

implies 

(1.3) P((Y n - 3 n ) / a n ^ x) -> G(x) 

(which is the same result as (1.1) if the X H s are independent). The 

conditions are slightly altered for each reference but we shall refer to 

the result in Leadbetter (1978). 

For a given sequence u n , define 

( 1 - 4 ) Fi(l),i(2),...,i( P)
 ( un> = P ( m a X Xi(r) « u n > -

l.<r<p 

If 1 $i(l) < i(2) ...< i(p) < j(l) < j (2).. .< j (q) ^ n and j(l)-i(p) > L ^ l 

implies 

( 1 ' 5 ) | F i d ) i ( p ) , j ( l ) , . . . j ( q ) ( U n ) - F i ( l ) , . . . , i ( p ) ( V F
j ( l ) , . . . j ( q ) ( V l 

< a (n,L) 

and if there is a sequence N n £ 1 such that as n + ® , 

(1.6) a(n, Mq) + 0, M n/n 0 , 

then we say that
 D
(

u
n ) holds. If 

n-1 
(1.7) lim sup n I P ( X l > u

n k
: X i + l > U h k ) = 0 ( 1 / k ) 

n-x» i = 1 ' 

as k 00 , then we say that D' (u ) holds. 
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Leadbetter's proof of (1.3) was based on his main result (Theorem 

(2.31) of Leadbetter (1978)) that if D(u n) and D'(u^) hold for a sequence 

u then 
n 

(1.8) n p n = n P ( X 1 > U q ) T > 0 

implies 

i 

(1.9) P ( Y ^ u n ) + e " T 

As an obvious corollary he observed that if (1.1) holds and D ( i n ) , D ' n ) 

hold with u = ex x + 8 , for all x , then (1.3) holds (since (1.2) implies n n n ' * x , x x • r 

(1.8) holds with T = -log G(x), as long as G(x) > 0). 

In Section 2 we prove the following result on the rate of convergence 
j 

in (1.9). In order to give this and later results in as general a form 

as possible we consider a 'triangular stationary sequence' X^, X 2 « . . X n 

to allow for the possibility that the X J s depend on n . Triangularity 

means that we start with a countable collection of finite sequences so 

that the n'th sequence is X̂ ^ = X ^ n ) , X 2 = X 2 ( n ) , ... X n = X n ( n ) . 

Stationarity means that for each n , if 1 £ i(1) < ...< i(p) ^ i(p) + h < n 

and j (r) = i(r) + h for 1 ^ r ^ p , then x
i ( 1 ) (

n ) , Xi(2) »''' » Xi(p) ^ 

has the same, joint distribution as X^ ̂  (n) ,.. . ^ ^ (n) . Because in many 

situations the X^'s are independent of n (so that X^, X 2 , . . . X n is the first 

n values of an infinite stationary sequence), the dependence on n of the 

X^'s will not be explicitly written in what follows. 

Theorem 1. Let X^, X 2 , . . . X n be a triangular stationary sequence satisfying 

D(U r) and (1.8) for some sequence u n- Suppose also that there is a sequence 

z^ of positive integers such that as n °° , z^ ® and 
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(1.10) M n/z n, zn/n -+0 , 

(1.11) n a ( n , M n ) / z q 0 , 

z -1 
n 

(1.12) k n = n I (z n-i) P ( X 1 > u n , X i + - > u n ) " > 0 . . 
a i=l 
n 

With = max (X^, X ^ . - . X ^ and M^ = M n + t for any given integer 

t > 0 , 

(1.13) |p(Y n < u n ) -e ' T | 

= 0 , M + z + n A(n, M *) + Inp -T| + k , 
{ __n _n * n 1 r n 1 n / * 

z n z 
n n 

The proof of this result essentially follows Leadbetter's proof of 

(1.9) with modifications based on a proof in Smith (1979), whilst keeping 

a close track on the error. Note that in order to get rates of convergence 

results the condition D f(u ) has been replaced by the similar condition 

(1.12). By substitution of = a n *
+ B n and T = -log G(x) into Theorem 1, 

(1.13) gives a bound to the rate of convergence in (1.3) for G(x) > 0 . 

Suppose that X^, X 2 > . . . is a stationary ^-dependent sequence with 

M >, 0. By definition, M-dependence means that if 

i(l) < i(2) < ... < i(p) < j(l) < .. .< j (q) with j (1) - i(p)> M , then 

X . ,X., N are jointly independent of N ,. • • ,X., . . If u is a 
i(l) i(p) j(l) J (q) n 

sequence satisfying (1.8) and 
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M 
h Q = n ' I P ( X 1 > U n f X . + > u n ) , M > 0 

i=l , 

0 , M = 0 

0 n 00 , • 

it is not difficult to check that the conditions of Theorem 1 hold with 

M^ = M+li a(nJL.) = 0 for L > M+l and z n being any sequence of positive 

integers such that z °° and z /n 0. Furthermore k = 0 (h +z /n) , 6 n n n n n • 

so that (1.13) gives an upper bound to the rate of convergence of order 

(M+l)/z n + z Q/n + | n p n - T| + h R . With the optimum choice of z^ this 

reduces to order l//n + | a P n - T| + h R . However it is easy to prove 

directly that with M = 0 (the independent case) the rate of convergence is 

order 1/n + |np n - T| . Hence one would expect that for M 0 the rate 

of convergence would be of order 1/n + |.npn - Tj + h n and not the bound 

obtained from Theorem 1. 

To obtain the better bound for the rate of convergence under M-dependence 

the obvious approach would be to use the methods of Watson (1954) , in which 

the convergence is proven, and keep a track of the error at each stage. 

However this does not easily lead to the required result and nor does a 

similar approach using the proofs of the other authors cited in the first 

paragraph. Using a different technique, based on an inequality of Serfling 

(1975), it is nevertheless possible to get the desired result and a similar 

result for M-stage Markov chains. These results are contained in the following 

theorem which is also proved in Section 2. By definition, 

CO 

(1.14) d(S,T) = \ I |P(S=k) - P(T=k)| 
k=0 
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where S and T are non-negative integer-valued random variables. 

Theorem 2„(a) Let X^, X 2 , . . . X n be a triangular stationary sequence of 

random variables satisfying (1.8) for some sequence u ^ . 

Define for 1 < i < n , 
N \ 

(1.15) Z. = 1 , X i > u ^ 

0 , X. < u 1 

Suppose that the following two conditions hold; 

(1.16) There is a sequence M of non-negative integers such that 

M n / n + 0 and if 1 ^ i(l) < i(2)<...< i(p) < j < n , j - i(p) > M n > 

then the events Z. = 1 and Z . / 1 N = Z . / O N . . . = Z., . = 0 are independent 
J i(l) i(2) i(p) K 

(for all n). 

M 
n 

(1.17) h = n Z P(X. > u x > u ) M > 0 
n . . 1 n ' i+l n' ' n 1=1 

0 , M " 0 

' n 

•+ 0 as n-+ 00 . 

If V is a Poisson distributed random variable with mean np , then n
 r

n* 

there exists constants C and D such that 

(1.18) d(Z Z., V ) < C(M +1) + D h . 
. , i* n ' ^ n n i=I 

Furthermore, if Y^ ^ denotes the k-th largest (1 < k < n) out of the 

set {X^ : 1 ^ i ^ n } for some fixed k , then there is a constant E ^ 

depending only on k such that 
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< C ( M n + l ) + D h n + E k |np n - T n 
n 

(b) We may replace (1.16) in the statement of part (a) by the following 

condition. , without changing the conclusions (1.18) - (1.19): 

(1.20) There is a sequence M n of positive integers such that 0 

and if we define for a given value of i with M + 2 < i ^ n , 

then, for all possible choices of n , i, w and z_, 

(1.21) P ( Z i = 1/W = w , Z = z) = P ( Z i = 1/W = yT) 

where w,£ are any vectors of O's and l's of lengths and 1-M -1 

respectively. 

Observe that by using Serfling's inequality it is possible to prove 

much more than just the rate of convergence of P(Yn-< u n ) to its limit. 

(1.18) gives the rate of convergence of the number of exceedances of the 

level u R to its Poisson limit. (1.19) gives the rate of convergence of 

the distribution of the k-th largest order statistic to its limit. Observe 

also that as for Theorem 1 one may put u = a x+8 and T = -log G(x) and 
n n n 

get rates of convergence results for the distribution of the normalised 

extremes. 

Z - (Zp Z2» 

There is much scope for further work on similar lines to the present 

chapter. In general one would expect to be able to get a set of bounds for 



the rate of convergence in (1.9), and similar results to (1.18) and (1.19), 

under dependence conditions of varying strengths. For the particular cases 

considered here, it would be useful, if possible, to tighten the error 

bounds given in Theorems 1 and 2 or to prove their optimality. As a 

final suggestion one might try to extend the uniform rate of convergence 

result of Chapter 2, Theorem 3, to more general situations. It seems 

reasonable, in view of the remarks made just before (1.14), to suggest that 

Serfling s inequality will be a very useful tool in solving these problems. 
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2. Proofs 

Proof of Theorem 1. Throughout the following argument is the integer 

part of t. Define r = f n / ( z + M )"!• By (1.10), r ^ n/z °° c n u n n 7 -1 J ' n n 

as n + ® . 

Let A . denote the event X. > u . Partition the sequence A , ...§A 
n,i i n ^ n,l, n,n 

into 2r 'long' and 'short' subsequences B . and C . (1 < i < r ) so that 
n 6 H n.i n.i ^ ^ n 7 

u 
(2.1) V j A . = B . l ) C . M B _ M C _ ... B \J C 

i = 1 n,i n , l ^ n , l ^ n , 2 v n , 2
 n ' r

n
 n » r

n 

where each C 
n 

is the union of M consecutive A . 's and each B . is the union of between 
n n,j n,i 

z and z +\(z + M ) / r ~ * \ + l consecutive A . 's . This is possible since 
n n u n n n J n,j 

by definition, 

r (z + M ) < n < (z + M ) (r + 1 ) 
n n n 7 ^ n n 7 n 7 

< r {z + I z + M-"~l+ 1 + M } 
n n 1 n n I n 

By (2.1), 

P ( U A ) = P ( U B .) + 
i=l n » 1 "i=l n » 1 n 

where (since (1.8) implies n p n is bounded) 

r r r 

0 5  Cn,i -  B„,i) =  5n ^ PC J Cn>.) 

s r M p ^ n M P = 0(M) 
n n r n — n n v n 7 

z — 
n z 

n 

Therefore 



. r 

(2.2) |P(\J A ) - P ( ( J B )| = 0(M ) 
i=l

 1 1 , 1
 i=l

 n
'

x
 r A 

Z 
n 

By induction on k , 1 < k £ r n > it follows that D ( u n ) implies 

k k 

I P C H B / ) - TT P(B ')| £ (k-1) a ( n , M ) 
i=l

 1 1 , 1
 i=l

 n
»

1 n 

for 1 £ 'k £ r . Thus 
n 

r r 
n n 

(2.3) | 1 - P ( U B ) - tt P(B n .') | - o f n a M ) ) . 

i=l 1 1 , 1 i=l n > 1 ] 7 n I 

We may obtain the following bounds on r P(B .) : 
n n,i 

(2.4) r P(B .) z r v U + z +M + 1 ) 
n n,i x n r n n n n 

r 
n 

" P r , Z a.! + Z + M 
f n 1 n n, 

M +z n 
n n 

< n p f 1 + 1 + z + M 3 
n { z ——- V-

v n n J 

< T + | N P N - 1 1 + 

(2 

z 
n 

• 5 ) V ^ n . V ' rn P(-U A n >.) 

z 
n 

> r n { Z P ( A n i } " Z Z P < A n 4 P k A •)} 
i-1 n ' 1 l«i<j$z. n ' i n 

n 

= r (z p - z k /n). 
n n*n n n ' 

113 
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The deduction of (2.5) uses the stationarity property. Since 

y n P n K _ J L _ - D y n - n P n
 ( 1 - Mn " zn } 

M +Z rJ-R 
n n M +z n 

n n 

= T + np - T + 0 (M + z ) 11 n n 
z n 
n 

and z r /n -*• 1, (2.5) gives 
n n ° 

(2.6) r P(B .) ^ T - |np -T| + 0(k + M + z ) , 
' n v n,i - *n 1 n n • n ' 

z n 
n 

uniformly in 1 .< i < r . 

Let r x + T for some sequence x > 0 . Then x -> 0 and 
n n ^ n ^ n 

r log (1-x ) = -r x + 0(r x 2 ) = - r x + O(r ) " 1 

n n n n n n n n n 

so that 

r^ 

(2.7) |(l"XN) -e" T| = 0| r nlog (l-x n) + T | 

= 0t|r x - T| + (r r 1 } 
t1 n n . 1 x n' 

Putting x = min {P(B .): 1 i r } and 
n n,i ^ n 

x n = max{P(B n p : 1 ^ i ,< r R } into (2.7) yields, using (2.4), 

(2.6) and the result r ^ n/z 

n n ) 

T 
(2.8) I 7T P(Bti ') - e = 0{ j'np -T| + M + Z + k }. 

. n , i ' r n 1 _n n 

\ n 

(1.13) with M n * = M n (t=0) now follows from (2.2), (2.3) and (2.8) together 

with 
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1 - V ^ = * ( O T V I 0 

1=1 ' 1=1 
= P(Y < u ) . 

n ^ n 

Finally the result (1.13) with t > 0 follows by replacing by 

M n * and ot(n,L) by the minimum of a(n,L) and a(n,L.-t) and then applying the 

result just proven. 

Proof of Theorem 2. For a general set of non-negative integer-valued random 

variables Z^,Z 2,...Z n (not necessarily as at (1.15)), Serfling's inequality 

is the following result (Theorem 1, equation (1.3) of Serfling (1975)): 

Let q^ = P ( Z 1 = 1) and q̂ ^ = P ^ = l / F ^ ) , 2 < i < n , where F^ denotes the 

o-field generated by Z^, Z 2,...Z^. Let V n be Poisson with mean Z 

Then, with d defined at (1.14), 

n n ? n 

(2.9) d( Z Z., V ) < Z E (q.) + Z E|q.-E(q.)| 
i=l i=l i=l 

n 
+ Z P(Z. ^ 2) . 

i-l 

Applying (2.9) with Z^ defined by (1.15) and q^, F ^ , V q defined as above, 

clearly E(q^) = q = p R for U i ( n and (by (1.8)) 

n 9
 n 

(2.10) d( Z Z i f V n ) < n ( p n ) + Z E | q r q | 
i=l i=l 

M +1 
n n 

< K + Z E(q.+q ) + Z . E|q.-q_ | 
n i=2 1 1 i=M +2 1 i 

n. 

n 
^ K + 2M p + Z E q.-q 

n i=M +2 
n 

4 L(M +1) + Z E| q.-q \ t 

-2— i = M + 2
 1

 1 
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where K and L are constants independent of n . (The second inequality should 

be ignored if M = 0 ) . Note that (2.10) holds irrespective of whether 
n 

(1.16) or (1.20) is assumed. 

Assume (1.16) holds. If M n = 0 , by definition q^ = q^ for all i and 

so (1.18) will hold provided C >, L . Let :> 1 and let Z, W , w be 

vectors as in (1.20) - though (1.21) is not assumed here. Use the notation 

(2.11) A (w, z) = P ( Z i = 1, W = w , Z = z) - P(Z £ = 1) P(W = w , Z = z) 

for given values of i and n with + 2 < i ^ n . Then, for each i and n , 

Elq.-qJ = I P(W = w , Z = z) | P(Z.= _1/W = w , Z = z) - P(Z £ = 1) | 

(2.12) = Z |A(w, Z) | , 

(2.13) Z | A(w, z) | < Z P(Z.=1, W = w , Z = z) 
w#> w/0 1 

+ P(Z. = 1 ) Z P(W = w , Z = z) 
1 w / 0 ~ ~ 

Z P(Z. = 1, W = w) + P(Z. = 1) Z P(W = w) 
w # ) 1 w/0 

w M 
M n 

= P ( V ) {Z. = Z. . = 1} ) + P(Z.=1) P( \ J Z. . 1
 1 -M L-J 

J=1 J J 

- 1) 

^ h + M (p ) 2 , 
^ n n *n ' 

(2.14) Z |A (0, z) | 

= Z | P(Z. = 1, Z = z) - Z P(Z. = 1, W = w , Z = z) 
z 1 ~ w#> 1 - - - -
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-P (z. = 1) {P(Z = £ ) - Z P(W = w, Z = z)} 
1 w#> 

Z | Z A(w,z)| <Z I A(w, z) |. 
z w/O 

In view of (2.12) - (2.14), 

n 2 

(2.15) Z E | q . - q i U 2 h n + 2 n M n ( p n ) = 0(h n) + 0 ( M n / n ) , 
i=M +2 

n 

and (1.18) follows from (2.10). Note that the independence property was 

only needed to prove (2.14). 

Suppose, on the other hand, that (1.20) holds. Using the same notation 

as above, (1.21) implies 

z|A(0,z)| = ZP(W=0, Z=z) |P(Z. » 1/W=0, Z=£) - P(Z.= 1)| 
Z £ 

= Z P(W = 0) , Z = £ ) I P ( Z i = 1/W = 0) - P(Z £ = 1) I 
z 

= P(W = 0)1 P(Z £ = 1/W = 0) - P ( Z i = 1) I 

(2.16) =| P ( Z £ = 1, W = 0) - P(Z £ = 1) P(W = 0) | 

= | P(Z. = 1) - Z P(Z. = 1, W = w) 
1 1 ~ ~ 

- P(Z. = 1) { 1 - Z P(W = w)} I 
1 w/0 ~ ~ 

< Z P(Zi = 1, W = w) + P(z. = 1) Z P(W = w) . 
w/O 1 w/0 

(2.15) (and hence (1.18)) follows from (2.12), (2.13) and (2.16). 
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Finally,(1.19) is implied by (1.18) in view of the following arguments 
n 

Clearly Y . ̂  u if and only if Z Z. $ k-1. Thus J n,k x n J . , l x 

l P ( Y n , k < V - P ( V n O - D l $ Z., V n ) ' . 
» i=l 

Defining g(T) by 

-T k _ 1 i 
g(T) = e 1 E t W 

i=l il 

|P(V < k-1) - g(T)| = |g(np ) - g(T)| 

= |(np n-T) g'(6 n) | ̂  E k |np n-T| 

where 9 lies between np and T , and E. is a constant. 
n * r> * i r 
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Comparison of <j) (x), A 

n X 
n / \ 

4> (x) A (x) 
n 

10 1.4 
1.8 
2.2 
2.6 

0.4308 
0.6936 
0.8693 
0.9544 

0, 
0, 
0, 
0. 

.3512 

.5542 

.7169 

.8288 

50 1.8 
2.2 
2.6 
3.0 

0.1605 
0.4966 
0.7917 
p.9347 

0, 
0. 
0. 
0, 

.1408 

.4316 

.6975 

.8569 

100 2.2 
2.6 
3.0 
3.4 

0.2466 
0.6267 
0.8736 
0.9669 

0, 
0. 
0. 
0, 

.2195 

.5563 

.7971 

.9160 

TABLE 1 

x), P (x), P _(x) and H (x). 

P ,(x) P _(x) H (x) 
nl nz n 

0.3869 0 .5187 0, .2530 
0.6801 0 .7715 0.4424 
0.8682 0 .9225" 0, .6539 
0.9555 0 .9835 0, .8235 

0.1406 0 .1756 0, .1560 
0.4913 0 .5249 0, .4569 
0.7987 0 .8180 0, .7575 
0.9422 0 .9522 0. .9204 

0.2343 0 .2599 0. .2371 
0.6291 0 .6472 0. .6034 
0.8811 0 .8905 0. .8616 
0.9722 0 .9767' 0, .9638 

500 2.6 0.0967 
3.0 0.5089 
3.4 0.8449 
3.8 0.9645 

1000 3.0 0.2590 
3.4 0.7139 
3.8 0.9302 
4.2 0.9867 

0.0864 0.0894 
0.4652 0.5089 

0.7873 0.8501 
0.9280 0.9683 

0.2388 0.2545 
0.6624 0.7173 
0.8883 0.9343 
0.9665 0.9889 

0.0989 0.0979 
0.5190 0.5010 
0.8549 0.8412 
0.9705 0.9643 

0.2640 0.2563 
0.7226 0.7095 
0.9367 0.9298 
0.9898 0.9871 

TABLE 2 

Values of 3/log n and 12.5796 a 4 

n 

10 50 100 5000 1000 

3/log n 1.3029 0.7669 0.6514 0.4827 0.4343 

12.5796a 4 2.9944 0.6253 0.3952 0.1759 0.1336 
n 
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Rates of Convergence for several distributions 
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CLASS N 

Distribution 

Normal (Z) 

•k 
Gamma (W) 

|z\c , ttt 

Izjt , t=2 

Exponential 

Logistic 

Weibull? 

Log-Normal 

A(e X) 

x o-l/Z 

x o-l/W 

Optimal Order 
of Ultimate 
Approximation 

(log n) 

(log n) 

(log n) 

(log n) 

-1 

- 2 

-1 

- 2 

(log n) 

(log n) 

(log n) 

(log n) 

(log n) 

-1 

-1 

-1 

-1 

Optimal 

Order of 
Penultimate 
Approximation 

(log n) 

(log n) 

(log n) 

(log n) 

- 2 

-3 

- 2 

-3 

(log n) 2 

(log n ) ' 3 / 2 

(log n) 2 

(log n) 2 

(log n) 2 

CLASS E 

Rate of 
Convergence 

(log n) 

(log n) 

-1 
n 

-1 

-1 

-1 

Optimal? 

No 

No 

Yes 

Yes 

Excluding the exponential distribution 
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