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Abstract

Channel state information at the transmitters (CSIT) is crucial to the downlink multi-
user transmissions. However, acquiring accurate and instantaneous CSIT is chal-
lenging in practical systems, due to the channel estimation error, channel quantiza-
tion error, and the latency incurred in the feedback link and backhaul link. Perform-
ing techniques designed for perfect CSIT using imperfect CSIT or delayed CSIT
leads to a dramatically degraded performance due to the undesirable multi-user inter-
ference. Interestingly, recent information theoretic and communication works have
departed from this path by employing novel multi-user transmission strategies, Rate-
Splitting (RS) and Retrospective Interference Alignment (RIA), to deal with the im-
perfect CSIT and the delayed CSIT, respectively.

Reminiscent to the pioneering work of Han-Kobayashi scheme, RS is employed
to deal with the multi-user interference caused by imperfect CSIT by splitting each
user’s message into a common part and a private part. Each user not only decodes
its desired private message, but also decodes the common messages of both users.
In this thesis, we study a set of fundamental problems that are essential to RS, with
particular interests in transmission block design for various scenarios and the achiev-
able sum rate performance with the presence of quantized CSIT. Our main results are
summarized as follows.

Firstly, we characterize the achievable DoF region by RS in the K-user MISO
broadcast channel (BC) and show that the maximal sum DoF is achievable with an
even power allocation for the private messages. In the MISO BC with time-varying
CSIT qualities, we propose a Space-Time RS (RS-ST) by multicasting common mes-

sages via a space-time design. This strategy exploits the time-varying CSIT qualities



iv

and yields a greater sum DoF than that achieved by performing RS in each individ-
ual time slot. Moreover, focusing on a two-user scenario, we study the sum rate
performance of RS and RS-ST schemes with the presence of quantized CSIT, by
upper-bounding their sum rate loss relative to ZFBF with perfect CSIT. Using these
upper-bounds, we show that, to maintain a constant sum rate loss, RS scheme en-
ables a feedback overhead reduction over conventional ZFBF with quantized CSIT,
and RS-ST offers a further overhead reduction over RS in the scenario with alter-
nating feedback qualities. Besides, simulation results show that both RS and RS-ST
schemes offer a significant SNR gain over conventional single-user/multiuser mode
switching when the number of quantization (feedback) bits is fixed.

Secondly, in the MISO interference channel (IC), we investigate the achievable
DoF region by RS. More importantly, we propose a novel scheme, so called Topo-
logical RS (TRS), where each user’s message is split into a private part and multiple
common parts. With a ZF-precoder and a properly assigned power according to the
CSIT qualities of the interference links, each common message is to be decoded
by a group of users rather than all users. This feature reduces the number of com-
mon messages decoded by each user, and thus yielding a greater DoF region than RS.
The maximal sum DoF achieved by TRS is derived using graph theory methodology,
fractional packing of a hypergraph. We show that TRS is applicable to the homoge-
neous cellular deployment where each user is only connected with three dominant
transmitters, and derive the sufficient condition that TRS strictly outperforms con-
ventional ZFBF.

Thirdly, in the two-user MIMO BC with asymmetric antenna configuration (and
with CSIT quality not varying over time), we show that the RS transmission block
should be designed to fully exploit the spatial dimension at the user with a larger
number of antennas. We also find that the sum DoF is maximized with a Space-Time

transmission and unequal power allocation for the private messages. In the two-user



MIMO IC, we design the RS transmission block motivated by a row transformation
to the channel matrices. Such an operation allows us to identify the signal space
where the transmitted signals interfere with each other, so as to derive a proper power
allocation policy. The achievable DoF regions are shown to be optimal for some
antenna configurations.

The philosophy of RIA is to employ the delayed CSIT to obtain information
about the multi-user interference generated in the previous slots, and thereby create
future transmissions to perform interference management. In this thesis, focusing a
K-user MIMO IC where the number of antennas at each transmitter is greater than
the number of antennas at each user, we propose two RIA schemes based on dis-
tributed overheard interference retransmission using the perfect delayed CSIT. The
first scheme generalizes the scheme designed for the MISO BC by exploiting the
multiple antennas at the user side. The second scheme generalizes the redundancy
transmission and partial interference nulling designed for the SISO IC, by exploit-
ing the multiple antennas at the transmitter side. With an optimal transmitter-user
scheduling, these two schemes jointly yield the best known sum DoF performance
so far. In the K-user MISO IC, the achieved sum DoF is asymptotically given by %

when K —o00.



g
QW%W



Acknowledgments

First and foremost, I want to express my deepest appreciation to my Ph.D. supervi-
sor Dr. Bruno Clerckx for his generous guidance, insightful comments and inspiring
suggestions on every single research issue I have raised. He not only helps me build-
ing up creative thinking to make innovation, but also encourages me to extract the
key ingredients from complicated research works, which have been the powerful fuel
that drives me towards the presence of this thesis. Moreover, Dr. Clerckx’s friendly
personality and passion for discovering the unknowns set up a standard for me to
pursue in my future life.

I would like to express my heartfelt gratitude to Dr. Yueping Wu, from Univer-
sity of Hong Kong, and my colleague Borzoo Rassouli for their impressively strong
abilities in mathematics and fruitful discussions on the technical details that help
me produce solid research result. Also, I am also indebted to my colleagues Hamdi
Joudeh and Mingbo Dai for their immense effort in identifying potential future di-
rections in my work. It is my great honor and true pleasure to collaborate with these
creative researchers. Without them, I would not have finished my Ph.D. research in
such an efficient way.

I gratefully acknowledge the Electrical and Electronic Engineering departmental
scholarships at Imperial College that funds my research work. I also appreciate
the support from Samsung Electronics for providing me opportunities to collaborate
with experienced researchers from industry.

I would give my sincere thanks to Dr. Cong Ling from Imperial College Lon-
don and Prof. David Gesbert from EURECOM, France, in my thesis jury for their

valuable time and worthful comments.



viii

I would thank the wonderful colleagues and friends in the Communications and
Signal Processing group at Imperial College for leaving me countless unforgettable
and precious memories.

Finally, I would also like to thank my parents and my wife for their love, under-
standing and encouragement for making me smile and confidence through out this
journey.

Chenxi Hao
Imperial College London

February, 2016



Contents

Abstract iii
Acknowledgments vii
Publications xiii
List of Tables XV
List of Figures xvii
Abbreviations xviii
Mathematical Notations XX
1 Introduction 1
L. Overview . . . . . . . . . e 1

1.2 Literature Review . . . . . . . . . .. ... ... ... ..., 4
1.2.1 Imperfect CSIT: Rate-Splitting Approach . . . . . . .. .. 5

1.2.2  Delayed CSIT: Retrospective Interference Alignment . . . . 9

1.3 Problem Formulation . . . .. ... ... .. ............ 16
1.3.1 K-userBCand K-userIC . . ... ... .......... 17

1.3.2  Imperfect Current CSIT . . . ... ... ... ... .... 19

1.3.3  Perfect Delayed CSIT . . ... ... ... ... ...... 22

1.4 Summary of Contributions . . . . . . ... ... ... ....... 23

2 MISO Broadcast Channel with Imperfect CSIT 28

2.1 DoF Region Achieved by Rate-Splitting in the /K -user MISO Broad-

cast Channel



Contents X

2.2 Space-Time Rate-Splitting Designed for MISO BC with Time-varying

CSIT Qualities . . . . . . . . . . . e e 35
2.2.1 DoFregionof Two-userCase . . ... ........... 35
222 SumDoFof K-userCase . ................. 46
2.3 Rate Analysis with the Presence of Quantized CSIT . . . . . . . .. 55
2.3.1 Equal Feedback Quality: Rate-Splitting vs. ZFBF . . . . . . 56
2.3.2 Alternating Feedback Quality: Space-Time RS vs. RS . . . 63

2.3.3 Numerical Comparison with Single-user/Multi-user Mode

Switching . . . . ... ... L 75

3 MISO Interference Channel with Imperfect CSIT 79

3.1 DoF Region Achieved by Rate-Splitting in the K -cell MISO Inter-

ference Channel . . . . . . .. .. ... ... oo 80
3.2 Topological Rate-Splitting . . . . . . . ... ... ... ...... 85
321 AToyExample . . . ... ... .. ... .. ........ 85
3.2.2  Unified Framework and the Achievable DoF Region . . .. 88
3.2.3 Weighted-Sum Interpretation . . . . . . . ... ....... 92
3.2.4  Sum DoF from Graph Theory Perspective . . . . . . .. .. 93
3.3 Achievable Sum DoF in Realistic Scenarios . . . . ... ... ... 99
3.3.1 Topological RS Transmission Block . . . . ... ... ... 100
3.3.2 Achievable SumDoF . . . . . ... ... 101
333 DISCUSSIONS . . . . v .o e 104

4 Rate-Splitting Designed for Two-User MIMO Networks with Imperfect

CSIT 108
4.1 Achievable DoF Region in (M ,Ny,N,) MIMOBC . .. ... ... 109
4.1.1 RS Designed for Symmetric MIMOBC . . . ... ... .. 111

4.1.2 RS Designed for the Asymmetric Case: A (4,2,3) Example . 112



Contents xi

4.1.3 RS Designed for the Asymmetric Case: Unified Framework 119

4.2 Achievable DoF Region in (M;,My,N1,No) MIMOIC . . ... .. 124
4.2.1 RS Designed for Case I: My>Ny . . . .. ... ... ... 125
4.2.2 RS Designed for Case Il: My <Ny . . ... ... ...... 133

5 Retrospective Interference Alignment Designed for A -user Interference
Channel with Delayed CSIT 146
5.1 MISO Case: RIA and Achievable SumDoF . . . . ... ... ... 148
51.1 A(3,1,3) ToyExample . . . . ... ... ... ....... 149
5.1.2  RIA Designed for the (K,1,K)IC . . . ... ... ..... 154
5.2 MIMO Case: RIA and Achievable SumDoF . . . . ... ... ... 161
52.1 A(3,23)ToyExample . . . . ... ... ... ....... 164
5.2.2  RIA Designed for (M,N,K) IC with 1I<H<K . ... ... 173
6 Conclusions and Future Works 185
6.1 Conclusions . . . . . . . . . .. ... 185
6.2 Future Works . . . ... ... . ... ... 188
Bibliography 190
A Proof of Proposition 2.1 and 3.1 201
A.1 Proofof (A1) . . . . . . . . e 202
ALl Stepl . .. . e 202
AL2 Step2 . . . . e 204
B Proof of Proposition 2.5 206
B.1 Proofof LemmaB.2 . ... ..................... 211
B.2 Proofof LemmaB4 ... ... ... ... ... ... ...... 212
C Proof of Proposition 2.8 and Derivation of (2.70) 213



Contents

xii

D

E

Proof of Proposition 2.9

Proof of Proposition 3.2

Proof of (3.57)

Proof of Achievable DoF region of the related MACs in Chapter 4
G.1 ProofofCasel: M{>Ny . . . . . . . . o . o

G.2 Proofof Case II: M1<Ny . . . . . . . . o . o o o o

Solving the optimization problem in (4.108)

Upper-bound of Proposition 5.1

Derivation of d,,,(M,N,K) using the recursive equation (5.65)

Proof of the linear independence of the linear observations in (5.54)

Proof of the linear independence of the observations in (5.62)

215

217

219

220
222

224

227

230

231

233

236



Publications

List of publications arising directly from this thesis
e IEEE Transactions

1. C.Hao, Y. Wu and B. Clerckx, “Rate analysis of two-receiver MISO broadcast
channel with finite rate feedback: A rate-splitting approach,” IEEE Trans. on
Commn., vol. 63, pp. 3232-3246, no. 9, Sept 2015.

2. C.Hao and B. Clerckx, “MISO Networks with Imperfect CSIT: A Topological
Rate-Splitting Approach,” submitted to IEEE Trans. on Commn., Jan 2016.

3. C. Hao, B. Rassouli and B. Clerckx, “Achievable DoF Regions of MIMO
Networks with Imperfect CSIT,” submitted to IEEE Trans. on Infor. Theory,
May 2015.

4. C.Hao and B. Clerckx, “Achievable Degrees-of-Freedom of the K-User MIMO
Interference Channel with Delayed CSIT,” submitted to IEEE Trans. on Commn.,
Sept 2015.

5. C. Hao, B. Rassouli and B. Clerckx, “Degrees-of-Freedom region of MISO-
OFDMA broadcast channel with imperfect CSIT,” available online:
http://arxiv.org/abs/1310.6669, 2013.

e Magazine Paper

1. Bruno Clerckx, Hamdi Joudeh, Chenxi Hao, Mingbo Dai and Borzoo Ras-
souli, “Rate Splitting for MIMO Wireless Networks: A Promising PHY-Layer
Strategy for LTE Evolution” submitted to IEEE Commn. Magazine, Nov 2015.

e Conference Paper
1. C.Hao and B. Clerckx, “MISO broadcast channel with imperfect and (un)matched

CSIT in the frequency domain: DoF region and transmission strategies,” in



xiv

Proc. of IEEE Int. Symp. on Personal, Indoor and Mobile Radio Commun.
(PIMRC), London, United Kingdom, Sept. 2013.

2. C. Hao and B. Clerckx, “Degrees-of-Freedom of the K-User MISO Interfer-
ence Channel with Delayed Local CSIT,” in Proc. of 2015 IEEE Int. Conf. on
Commun. (ICC), London, UK, June 2015.

e Patents

1. B. Clerckx, C. Hao and S. Choi, “Channel estimation in MU-MIMO/CoMP
with delayed channel state information at the transmitter (CSIT),” US61/886937,
filing Date: 10/04/2013.

2. C. Hao, B. Clerckx and S. Choi, “Transmission strategies for MISO Broadcast
Channel with imperfect CSIT,” US61/887659, filing Date: 10/07/2013.

3. C. Hao, B. Clerckx and S. Choi, “Transmission strategies for MIMO Broad-

cast Channel with imperfect CSIT,” US61/927193, filing Date: 01/13/2014.

Other publications not included in this thesis

1. C. Hao and B. Clerckx, “Imperfect and unmatched CSIT is still useful for the
frequency correlated MISO broadcast channel,” in Proc. of 2013 IEEE Int.
Conf. on Commun. (ICC), Budapest, Hungary, June 2013.

2. B. Rassouli, C. Hao and B. Clerckx, “A New Proof for the DoF Region of the
MIMO Broadcast Channel with No CSIT,” Commun. Lett., vol. 19, 2015.

3. B. Rassouli, C. Hao and B. Clerckx, “DoF Analysis of the MIMO Broadcast
Channel with Hybrid CSIT,” accepted by IEEE Trans. on Infor. Theory, 2016.

4. B. Rassouli, C. Hao and B. Clerckx, “DoF Analysis of the MIMO Broadcast
Channel with Hybrid CSIT,” in Proc. of 2015 IEEE Int. Conf. on Commun.
(ICC), London, UK, June 2015.

5. C. Hao and B. Clerckx, “Degrees-of-Freedom Region of Time Correlated
MISO Broadcast Channel with Perfect Delayed CSIT and Asymmetric Par-

tial Current CSIT,” available online: http://arxiv.org/pdf/1211.4381v1, 2012.



1.1

1.2

1.3

4.1

4.2

43

4.4

4.5
4.6

5.1

5.2

List of Tables

Two-user MAT scheme. . . . . . . .. .. ... ... ... ..... 10
Three-user MISO BC with perfect delayed CSIT: the transmissions
inslot1,2and 3. . . . . . . . . ... 11
Three-user MISO BC with perfect delayed CSIT: the transmissions

in phase 2,1i.e.,slot7,8and 9. . . .. ... ... ... 12

Sum DoF achieved with different schemes in a (4,2,3) MIMO BC,
where conditions a), b), ¢) and d) are such that in Figure 4.2(a),
4.2(b), 4.2(c) and 4.2(d), respectively. . . . . . .. ... ... ... 119
Sum DoF of a (M,N;,N;) MIMO BC, where N, <M <N;+ N, for
k=12, and a2 min{a,a0}. . ... 124
The DoF regions of (M7,M3,N1,N3) MIMO IC when Ny <Ny, No<M;
and M>>N;: active constraints and corner points. . . . . . . . . .. 126
The DoF regions of (M;,My,N1,No) MIMO IC when N1 <N, No> M,

and M>> N;: active constraints and corner points. . . . . . .. ... 134
The values of 7, p1, 12, 61 and d5 in a variety of antenna configurations. 137

Achievability of the weighted-sum constraints in Case I1.2.a and 11.2.b 145

RIA designed for the (3,1,3) IC: phase 2, slot 5 throughto 8. . . . . 152
(K,1,K) IC with delayed CSIT: the useful side information gener-

ated after phase m-1 2<m<K-1). ... ... ... ... ..... 158



1.1

2.1
22
2.3

24
2.5
2.6
2.7
2.8
2.9
2.10
2.11

3.1
3.2
33
3.4
3.5

4.1
4.2

List of Figures

DoF region achievable with rate-splitting and conventional strategies

(ZFBF, SUMU, TDMA) . . . . ... . ... ... .. ..... 8

RS scheme designed for K -user MISO BC with scheduled user set S. 31
Two-user time-varying CSIT quality pattern. . . . . . . . ... ... 36

The illustration of generating space-time common messages for the

general time-varying CSIT quality pattern. . . . . . . . .. .. ... 44
K-user alternating CSIT pattern with either perfect orno CSIT . . . 48
A 3-user example with time-varying CSIT qualities. . . . . . . . .. 49
Simulation results for RS with M=4. . . . ... ... ... .... 57
M =4, to achieve maximum log,d=6bps/Hz rate loss. . . . . . . . . 61
Bvs. 7, M=4and P=30dB. . . . . . . .. ... ... .. ... 67

Simulation results for RS-ST, RS and ZFBF with B=10 and M=2.. 71
M=4 and 7=14, to achieve maximum log,0=6 bps/Hz rate loss . . 74

Sum rate performances of RS-ST, RS-S and SU/MU mode switching. 76

3-cell IC with hierarchical CSIT quality topology, where 0<a<0<1. 83

3-cell IC with a cyclic CSIT quality topology . . . . . .. .. ... 97
5-user examples with realistic setting, where 0<a<b<1. . .. ... 99
The hypergraph HZOW2T2). . . . o o oo oo 102

[lustration of computing the sum DoF achieved by ZFBF with power

control . . . . . .. 104

Achievable DoF region of (M ,N;,N,) MIMOBC. . .. ... ... 110

SumDoFofa (4,23)MIMOBC . . . . ... ............ 117



List of Figures xvii

4.3

4.4

4.5

5.1
5.2
5.3
54

5.5

B.1

Achievable DoF regions in (M;,M;,N7,N3) MIMO IC, when N; <N,
NQSMl and MQZNl .......................... 126

Achievable DoF regions in (M;,M3,N1,N3) MIMO IC, when Ny <N,

NQZMl and MQZNl .......................... 135
Visualization of the linear transform of the channel matrices . . . . 136
Sum DoF performance in the MISO case, i.e., (K,1,K)IC. . . . . . 149

RIA designed for (3,1,3) IC with delayed CSIT: phase 1 with t=1,2. 150
RIA designed for (3,1,3) IC with delayed CSIT: phase 2, slot 3 and 4. 151
Transmission flow of K -phase RIA with distributed overheard inter-
ference retransmission . . . . . ... ... oo 155
Normalized achievable sum DOoF, i.e., %, in (M ,N,K) IC with

delayed CSIT, where p=2L. . . . ... L L 163

CDF approximation . . . . . . . . . . . . v v v i 207



Abbreviations

AWGN
BC
CoMP
CSI
CSIT
DoF
DPC
FDD
HRS
IA

IC
INR
LTE
LTE-A
MAC
MIMO
MISO
PIN
RIA
RS
RS-ST
RT
RVQ

Additive White Gaussian Noise
Broadcast Channel
Coordinated Multi-Point

Channel State Information

Channel State Information at Transmitter side

Degrees-of-Freedom

Dirty Paper Coding

Frequency Division Duplexing
Hierarchical Rate-Splitting
Interference Alignment
Interference Channel
Interference-to-Noise-Ratio
Long Term Evolution

Long Term Evolution Advanced
Multiple Access Channel
Multiple-Input-Multiple-Output
Multiple-Input-Single-Output

Partial Interference Nulling

Retrospective Interference Alignment

Rate-Splitting
Space-Time Rate-Splitting
Redundancy Transmission

Random Vector Quantization



Xix

R-ZFBF
SIC
SINR
SISO
SNR
SU/MU
TDD
TDMA
THP
TIM
TIN
TRS
VP
ZFBF

Regularized Zero-Forcing Beamforming
Successive Interference Cancellation
Signal-to-Interference-plus-Noise-Ratio
Single-Input-Single-Output
Signal-to-Noise-Ratio
Single-user/Multi-user mode switching
Time Division Duplexing
Time-Division-Multiple-Access
Tomlinson-Harashima Precoding
Topological Interference Management
Treating Interference as Noise
Topological Rate-Splitting

Vector Purturbation

Zero-Forcing Beamforming



Mathematical Notations

(>

AT

AH

Al

det(A)

AL
rowspan(A)
rowrk(A)

diag{al , A2, - '7an}

Bdiag{Al,A2,~ . 7An}

variable definition

expectation operator

log, f(x) —

exponential equality, f(x)~z*=lim, . o, 7

block-wise product

set minus, for instance, if S={1,2,3}, then S\1={2,3}
complex field

integer field

scalar

column or row vector

matrix

transpose

conjugate transpose (Hermitian)

pseudo-inverse

determinant of A

null space of A

row span of A

the row rank of A

Frobenius norm of matrix A

norm of vector a

angle between vectors a and b

nxn diagonal matrix with the (m,m)th element =a,,

block diagonalization of matrix A, Ay, -+, A,



xxi

identity matrix of size M x M

all-1 column vector of size M

all-zero matrix of size M x N

the maximum of a and 0, i.e., max(a,0)

the greatest integer that is no greater than a

the smallest integer that is no smaller than a

indicator function, it is equal to 1 if condition C' holds; otherwise,
it is equal to 0

absolute value of scalar a

modulo n operation

binomial coefficient, (i ) :ﬁlm)r

the cardinality of set A

base-e logarithm of x, where e~2.718 is the nature constant

base-2 logarithm of x

euler constant v~0.577

exponential integral,  (z)= [ <~dt

gamma function of positive integer r, I'(r)=(r—1)!

upper incomplete gamma function, I'(r,a)= faoo a"e~*da, also valid
for r<0

packing of hypergraph ‘H

t-fold packing of hypergraph ‘H

pt(H)
t

fractional packing of hypergraph H, ps(H)=lim;



CHAPTER 1

Introduction

1.1 Overview

Multiple-input-multiple-output (MIMO) system has attracted significant attentions
since the pioneering works [1, 2, 3] in 1990s. It has been shown that, compared to
the single-input-single-output (SISO) system, MIMO system either provides spatial
diversity to improve energy efficiency (the reliability of the wireless link), or offers
multiplexing gain to enhance the spectral efficiency (the capacity of the wireless
link). These benefits make MIMO system play a key role towards the increasing
demand for higher data rates and better quality of service in the current wireless
communication generation.

Moreover, in most realistic scenarios, since the base stations have much more
antennas than the users, the multiple antennas at the base station can be exploited
to serve multiple users on the same time/frequency resource for network throughput
enhancement rather than maximizing the capacity of a single link. Normally, the
users do not cooperate. Therefore, to process downlink multi-user transmissions
(for both single-cell and multi-cell scenarios), the transmitters, i.e., base stations,
need to 1) derive precoding techniques either to maximize the SNR at each user or
to mitigate the multi-user interference as much as possible, and 2) acquire accurate
channel state information (CSI).

In the single-cell scenario, known as a broadcast channel (BC) from an infor-

mation theoretic aspect, the precoding techniques can be categorized into two types:
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linear method and non-linear method. The linear precoding is implemented by mul-
tiplying users’ data with a precoding matrix. Matched beamforming is a direct ap-
plication of the precoder designed for the single-user case, which maximizes the
receiving SNR without taking care of the multi-user interference. On another ex-
treme, channel inversion based linear precoders such as Zero-Forcing Beamforming
(ZFBF), Block Diagonalization [4, 5, 6] and Regularized-ZFBF [7] are designed to
place each user’s signal in the null space of all the other users so as to mitigate the
multi-user interference. The idea behind non-linear precoding techniques is that,
with perfect CSIT, the transmitter is able to foresee the multi-user interference and
add the interference to users’ data as an offset so that the users are able to obtain
interference-free reception of their desired signals after going through the wireless
channels. Building upon this philosophy, Dirty Paper Coding (DPC) [8] achieves the
capacity region of BC with perfect knowledge of CSI at the transmitter side (CSIT)
[9], while suboptimal strategies, Tomlinson-Harashima Precoding (THP) [10, 11, 12]
and Vector Purturbation (VP) [13], offer sum rate gain over linear methods. Despite
of that, linear methods are more attractive due to their simplicity in practical imple-
mentation and optimality from a Degrees-of-Freedom (DoF, or multiplexing gain)
perspective (same DoF performance as DPC).

In the multi-cell scenario, known as an interference channel (IC) from an infor-
mation theoretic aspect, the multi-user transmissions rely on sharing the CSI and/or
the users’ data among the transmitters. If there is data sharing, the transmitters work
in the cooperation mode and all the aforementioned precoding techniques are en-
abled by joint processing. If there is no data sharing, one transmitter does not have
access to the data sent by other transmitters and cannot perform non-linear precoding
techniques, such as DPC and THP, as in a single cell MIMO BC. In this case, the
transmitters work in the coordination mode [14] and the aforementioned linear pre-

coding techniques can be carried out. Those linear strategies suffice to achieve the
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optimal sum DoF in the two-cell case where each node has an arbitrary number of
antennas [15], and in the K -cell case where the number of antennas at each transmit-
ter is greater than the total number of antennas at all the users [16]. Moreover, in the
K-cell case where the number of antennas at each transmitter is not large enough,
the optimal sum DoF is achieved by another linear precoding method, Interference
Alignment (IA) [17, 16]. The main idea of IA is to align the K —1 interference
signals into a linear subspace with a reduced dimension (smaller than K —1), thus
leaving sufficient interference-free linear space to decode the desired signals.
Although appealing for network throughput enhancement, all the aforementioned
linear and non-linear precoding techniques are designed based on the perfect CSIT.
However, acquiring accurate CSIT is challenging in practical systems. In wireless
systems like Long Term Evolution (LTE), in Frequency Division Duplexing (FDD)
mode, each user estimates their CSI in the specified subband using pilot and the
estimated CSI is quantized and reported to the transmitter via a rate-limited link. In
Time Division Duplexing (TDD) mode, CSI is measured on the uplink and used in
the downlink assuming channel reciprocity. Moreover, in multi-cell scenarios, the
CSI has to be shared among the transmitters via a backhaul link. Those procedures

result in

* adelayed CSIT which is different from the current CSIT, due to the latency in

the feedback link and backhaul link, and/or

* an imperfect CSIT due to the channel estimation error, quantization error and

the Doppler effect.

Performing interference mitigation techniques designed for perfect CSIT us-
ing imperfect or delayed CSIT results in undesirable multi-user interference, which
deteriorates the system performance. Literatures [18, 19] focused on a multiuser

multiple-input-single-output (MISO) BC and evaluated the per user rate performance
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achieved via ZFBF with quantized CSIT. The findings of [18] reveal that 1) if the
number of feedback bits does not scale with SNR, the achievable rate saturates at
high SNR, namely zero DoF performance, and 2) to achieve a constant rate gap rela-
tive to ZFBF with perfect CSIT, the number of feedback bits needs to scale with the
SNR (in decibel) and the number of transmit antennas. Similar observations were
obtained in [20] focusing on THP. Besides, the sum DoF loss incurred by ZFBF
and IA in IC with the presence of imperfect CSIT were quantified in [21] and [22],
respectively. The results implied that when the CSIT quality is poor, the sum DoF
achieved by ZFBF and IA with imperfect CSIT is smaller than the DoF achieved
by TDMA, i.e., scheduling a single user at a time, even without CSIT [23, 24, 25].
Forasmuch as applying techniques designed for perfect CSIT to scenarios with im-
perfect or delayed CSIT lead to a significant performance degradation, in this thesis,
we depart from this path and target at designing proper transmission strategies for

the imperfect CSIT setting and the delayed CSIT setting.

1.2 Literature Review

Recently, there have been plentiful communication and information theoretic efforts
in characterizing inner- and outer-bound of the performance (measured in DoF) of
BC and IC with the presence of imperfect and delayed CSIT. Among them, two
multi-user transmission strategies, Rate-Splitting (RS) approach and Retrospective
Interference Alignment (RIA), are employed to deal with imperfect CSIT and de-
layed CSIT, respectively. These two schemes have received significant attentions as
the key ingredients behind them have the potential to impact the future generation of
wireless communication. In what follows, let us revisit these two schemes as they

settle the foundation of our work.
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1.2.1 Imperfect CSIT: Rate-Splitting Approach

The concept of Rate-Splitting is not new. It dates back to the Han-Kobayashi (HK)
scheme designed for two-user single-input-single-output (SISO) deterministic IC
[26]. In HK, each user’s message is split into a common part and a private part.
In the very weak interference regime, only private messages are transmitted and
HK achieves the capacity region by treating the interference as noise. In the strong
interference regime, only common messages are transmitted and the rate region is
achieved by SIC where the strong interference, i.e., the common message of the
other user, is decoded first. In intermediate weak interference regime, the super-
position of common and private messages combine the two extremes, i.e., treating
interference as noise and decoding strong interference, in the power domain. By de-
termining the power allocation policy according to the interference level, HK yields
an achievable rate region within 1 bit to the capacity region of two-user SISO de-
terministic IC [27], and the achievable rate region remains the best inner-bound so
far.

By relating the residual interference resulted by ZFBF with imperfect CSIT to
the inter-cell interference in IC, we can draw a strong similarity between the two-
user MISO BC with imperfect CSIT and the two-user IC with intermediate weak
interference. This fact motivates the idea of employing RS in improving achievable

rate/DoF of the two-user MISO BC with imperfect CSIT.

1.2.1.1 Fundamental of Rate-Splitting

When DoF is considered as a figure of merit, the CSIT quality is commonly quan-
tified in terms of a non-negative constant exponent « such that the CSI errors decay
with increased SNR at a rate of O(SNR™). The CSIT quality definition and its
interpretation are formally introduced in Section 1.3. Under such a configuration,

when the transmitter delivers the private messages along ZF-precoders using an even
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power allocation, the strength of the desired private message is O(SNR), while the
strength of the residual interference observed by each user is O(SNR'™®). When
a>1, the interference is drowned into the noise. This case can be interpreted as
the IC with very weak interference. On the other hand, the case <1 can be inter-
preted as the IC with intermediate weak interference. In this case, by treating the
interference noise, the achievable DoF per user is a.

The usefulness of RS in terms of enhancing the sum DoF/DoF region of two-
user MISO BC with imperfect CSIT was firstly reported in [28]. It is noted that
literature [28] studied the optimal DoF region of a two-user MISO BC with a mixture
of perfect delayed CSIT and imperfect instantaneous CSIT. However, two corner
points of the optimal DoF region are achieved by RS which does not rely on delayed
CSIT and is applicable to the scenario with only imperfect instantaneous CSIT. The
RS scheme achieving these two corner points is formally sketched as follows.

Each user’s message is split into a common part, i.e., w{ and w$, and a private
part, i.e., w} and w}. The private messages w} and w} are unicast to their respective
intended users along Zero-Forcing (ZF) precoders using a fraction of the total power.
The common messages w{ and w$ are encoded into a super common message, de-
noted by ¢, and the super common message is multicast using the remaining power.

Mathematically, the transmitted signal and received signals are expressed as

S p.C + puw] + pawj (1.1)
~ ——

——
O(SNR —SNR%)  O(LSNR®)  O(] SNR®)

yi=h{'p.c+h{'piw} +hi'pswt + ny | (1.2)

O(SNR)  O(SNR®) o(1) o)
yo=hy'pec+hy'prw! + hi'pywt + s (1.3)

—— e —m—

O(SNR) o(1) O(SNR®)  O(1)
where h; and h, refer to the channel vector of user 1 and user 2, respectively;

pi€span(hy) and p,€ span(hi) are ZF-precoders; p, is a random beamformer;
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ny and ny are the additive white Gaussian noise (AWGN); the quantities underneath
represent the approximate strength of the corresponding terms, and it is noted that
O(SNR — SNR®)=O(SNR) and O(SNR®)=0(3 SNR®) as we are looking at infi-
nite SNR.

As shown by the received signals, after ZFBF with imperfect CSIT, the resid-
ual interference caused by the undesired private messages is drowned into the noise.
The decoding is carried out as follows. Each user firstly decodes the super com-
mon message and proceeds to decode the desired private message afterwards us-
ing successive interference cancellation (SIC). Then, the DoF of the super common
message is 1—a, while each private message achieves the DoF «. The sum DoF is
14, outperforming that achieved by ZFBEFE. If the inputs and the channels are in
the real domain, the optimality of this sum DoF performance is later on shown in
[29]. Moreover, considering the super common message only carries the common
message intended for user 1 (resp. user 2), we achieve the DoF pair (1,a) (resp.
(cr,1)). Then, the DoF region achieved by RS is specified by the sum DoF constraint
di1+d><1+4ca. The DoF gain offered by RS over conventional schemes, ZFBF with
even power allocation, TDMA and single-user/multi-user mode switching (SU/MU)
is illustrated in Figure 1.1. In [30], the application of RS to the two-user MISO IC
with imperfect CSIT was studied and the same DoF region as illustrated in Figure

1.1 was found.

1.2.1.2 Time-varying CSIT Qualities: Space-Time RS

In practical systems as LTE-A [31], the feedback of CSI is user-specific and may only
be performed on a subset of the channel uses (time and/or frequency domains). Due
to the time/frequency selectivity, constraints on uplink overhead and user distribution
in the cell, the quality of CSI reported to the transmitter varies across users and

slots/subbands. An example is described as follows. The CSIT qualities of user 1
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= LAme
= ZFBF
- - TDMA
- - SU/MU
—RS
o RS Fairness
0
0 d, 1

Figure 1.1: DoF region achievable with rate-splitting and conventional strategies
(ZFBF, SU/MU, TDMA)

and user 2 in slot 1 are /3 and «, respectively, while the CSIT qualities of user 1 and
user 2 in slot 2 are « and f3, respectively, where it is assumed that 0<a</<1 without
loss of generality. This scenario is said to have an alternating CSIT quality pattern,
i.e., Ba/af. In this case, as it will be shown later on in Section 2.1, performing RS
in each individual time slot yields the sum DoF 14« (by taking the average over the

two slots). However, literature [32] proposed an advanced scheme by multicasting an

a+3
2 b

additional common message across the two slots. The resultant sum DoF is 1+
outperforming that achieved by performing RS in each individual time slot. In this
thesis, we name this scheme as Space-Time Rate-Splitting (RS-ST) approach by the

space-time transmission of the additional common message.

1.2.1.3 Objectives

Thus far, the study of RS has been mainly focused on two-user MISO BC and has
been considering DoF as a figure of merit. The power of RS in terms of dealing with
imperfect CSIT has not been widely identified. In this thesis, we aim to address the
following open problems related to RS:
(i) For the K-user MISO BC, what is the DoF region achieved by RS? For the
K-user MISO BC with general time-varying CSIT qualities, how is RS-ST

designed and what is the achievable sum DoF?
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(i1)) How does the sum rate performance achieved by RS and RS-ST compare to
conventional ZFBF?

(ii1) In the K-user MISO IC where each interference link has an arbitrary CSIT
quality, what is the achievable DoF region by RS? Can we propose an evolution
of RS and improve the result?

(iv) In both MIMO BC and MIMO IC, how does the asymmetric antenna config-
uration (i.e., arbitrary number of antennas at each transmitter and each user)

impact the RS transmission block design?

1.2.2 Delayed CSIT: Retrospective Interference Alignment

When there is fast fading or the channels are temporally uncorrelated, the latency
caused by the feedback link and backhaul link make the CSI acquired by the trans-
mitters completely outdated. Employing the delayed CSIT as the current CSIT re-
sults in a poor CSIT quality, and thus significantly impacts the performance (mea-
sured in DoF) achieved by strategies designed for instantaneous CSIT. Although the
delayed CSIT cannot be used to eliminate multi-user interference in the current slot,
it provides the transmitters information about the interference overheard by various
users in the previous slots. Based on these information, the transmitters are able
to create some future transmissions to accomplish interference management. The
multi-user strategies designed following this philosophy are generally termed as Ret-
rospective Interference Alignment (RIA). Recent works in this field are summarized

as follows.

1.2.2.1 RIA in Two-user MISO Broadcast Channel

Considering perfect delayed CSIT, the first RIA scheme was proposed by Maddah-
Ali and Tse focusing on the MISO BC [33], and was known as MAT scheme by the

authors’ names. MAT was designed based on the idea that the overheard interfer-



1.2. Literature Review 10

Table 1.1: Two-user MAT scheme.

slot 1 slot 2 slot 3

Transmitter Ug, Vg up, Up uap=Lo(us,wa)+Ls(up,vp)
User A Ll(uA,UA) L3(UB,UB) hiﬂ(g)(LQ(UA,UA)+L3(UB,UB)>
User B LQ(UA,’UA) L4(UB,UB) h*Bl(3)(L2(UA,UA)+L3(UB,UB))

ence at various victim users can provide useful side information to the desired users.
Hence, it can be also called RIA with centralized overheard interference retransmis-
sion. Let us consider the two-user case for example.

The transmission flow is presented in Table 1.1, where h41(3) (resp. hpi1(3))
stands for the channel coefficient between the first antenna at the transmitter and the
single antenna at user A (resp. user B). In phase 1 (two slots), the transmitter delivers
two symbols, u4 and v 4, to user A in slot 1 and two symbols, up and v, to user B
in slot 2. Then, each user has one observation of the desired symbols, L (u4,v4) and
L4(up,vp), and one observation of the undesired symbols (overheard interference),
Lo(ua,va)and Ls(upg,vp), but neither user is able to perform the decoding due to the
lack of linearly independent observation of the desired symbols. In phase 2, i.e., the
third slot, the transmitter constructs a linear combination of the overheard interfer-
ence at the two users using the perfect past CSIT, usp= Ly (ua,v4)+Ls(up,vg), and
multicasts u 45 to both users. In this way, each user is able to extract the overheard
interference at the other user, which is another linearly independent observation of
the desired symbols, and thus carry out the decoding. Thus, the achieved sum DoF
is %. It is noted that the linear combination of the overheard interference, i.e., u4p,

is termed as an order-2 symbols, as it is desired by both users.

1.2.2.2 RIA in MISO Broadcast Channel with More than Two Users

In the three-user MISO BC where the transmitter has three antennas, the transmis-

sion in phase 1 is similar to the two-user case and is shown in Table 1.2. Specifically,
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Table 1.2: Three-user MISO BC with perfect delayed CSIT: the transmissions in slot

1, 2 and 3.
slot 1 slot 2 slot 3
Transmitter UA, VA, WA ug, U, W uc, Vo, We
User A Li(ua,va,wa) | La(ug,vp,wg) | Lr(uc,ve,we)
User B Lo(ua,wa,wa) | Ls(up,vp,wp) | Ls(uc,ve,we)
User C' Li(ua,va,wa) | Le(up,vp,wg) | Lo(uc,ve,we)

in slot 1, 2 and 3, the transmitter delivers three private symbols to user A, B and C,
respectively. In each slot, there are two victim users overhearing interference. If
every two users exchange their overheard interference, each user obtains 3 linearly
independent observations of their desired signal so that the decoding is enabled. To

exchange the overheard interference, one can construct three order-2 symbols, i.e.,

uABéLQ(uA,UA,wA)—l-LzL(UB,UB,wB)7 (1.4)
uACéL3(UA,UA,U)A)+L7<UC,UC,TUC), (15)
UBCéLﬁ(UB,UB,wB)+L8(uC7UCawC)' (16)

It can be seen that once u 45 is delivered to user A and user B, u4¢ is delivered to
user A and user C, and upc is delivered to user B and user (', each user is able to
extract the overheard interference at the other users, and thus carry out the decoding.

The achievable sum DoF is computed by

9
3+ 3

the number of order-2 symbols can be transmitted per slot

(1.7)

A trivial choice is to deliver one order-2 symbol per slot, which yields the sum
DoF %:g However, the authors of [33] designed a more effective way, which man-
aged to deliver 6 order-2 symbols in 5 slots. In other words, the number of order-2

symbols can be transmitted per slot is 1.2. Substituting this value into (1.7) yields



1.2. Literature Review 12

Table 1.3: Three-user MISO BC with perfect delayed CSIT: the transmissions in
phase 2, i.e., slot 7, 8 and 9.

slot 7 slot 8 slot 9

Transmitter UAR, VAR UAC, VAC UBc, UBC

User A Lig(uap,vap) | Laz(uac,vac) | Las(upc,vpe)
User B Log(uap,vap) | Las(uac,vac) | Les(upc,vpe)

User C Loy (uap,vap) | Los(uac,wac) | Lor(upc,vpe)

the sum DoF %. Before showing how 6 order-2 symbols are successfully delivered
in 5 slots, we repeat the transmission shown Table 1.2 to obtain 6 order-2 symbols.
Specifically, in slot 4, 5 and 6, the transmitter delivers another 3 symbols (different
from that in slot 1, 2 and 3, respectively) to user A, B and C, respectively. The
overheard interference at various users are employed to generate another 3 order-2
symbols.

Let us consider that usp and v4p are two order-2 symbols desired by user A
and user B, uac and vae are two order-2 symbols desired by user A and user C,
while ugc and vpe are two order-2 symbols desired by user B and user C. The
transmission flow in phase 2, i.e., slot 7 to 9, is shown in Table 1.3. As shown,
each slot is dedicated to deliver order-2 symbols desired by a certain pair of users.
Then, if the overheard interference Lo (uap,vap) at user C' is provided to user A
and user B, both user A and user B will have enough number of linear combinations
of their desired order-2 symbols, i.e., uap and v45. Similarly, the overheard inter-
ference Los(uac,vac) is considered as a useful signal for user A and user C, and
Los(upc,vpe) is a useful signal for user B and user C. Let us define two linearly

independent combinations of Loj(uap,vaB), Los(uac,vac) and Los(upc,vpc):

Uapc=a Lot (Uap,vap)+0aLas(uac,vac)+asLos(upe,vpe), (1.8)

vapc=P1 Loy (uap,wap)+B2Las(uac,vac)+BsLas(upc,vpe). (1.9)
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If uspc and vape are delivered to user A, then together with its obtained observa-
tion Los(upc,vpc), user A is able to extract Lo (uap,vap) and Log(uac,vac). In
this way, together with Lig(uap,vap) and Los(uac,vac), user A has enough linear
observations to obtain u g, Vap, Uac and vac. We have similar situations for user
B and user C'. Hence, uapc and vape are called order-3 symbols as they are de-
sired by all the three users. In phase 3, i.e., slot 10 and 11, the transmitter simply
multicasts u4pc and vapc, respectively. As a consequence, totally 18 symbols are
delivered in 11 slots, yielding the sum DoF %, which is greater than % achieved by
delivering one order-2 symbol per slot.

In the K -user MISO BC where the transmitter has K antennas, the proposed RIA
with centralized overheard interference retransmission consists of K phases. In a
certain slot of a certain phase m, the transmitter delivers order-m symbols to a certain
subset of m users, while the other X' —m users overhear the interference. After
processing the transmission for all the possible subsets of m users, the overheard
interference at various users are employed to generate order-(m+1) symbols, which

are to be delivered in phase m+1. This procedure stops in phase K, where order- K’

symbols are transmitted and no user overhears interference. The resultant sum DoF

K
i+t

is

Remarkably, although the whole transmission duration is time-consuming, the
K-phase RIA with centralized overheard interference retransmission achieves the
optimal sum DoF in the K-user MISO BC with perfect delayed CSIT [33]. This is
because the philosophy of overheard interference retransmission is applied not only
for the interference generated by the private messages, but also for the interference
generated by the higher-order symbols (with order greater than or equal to 2). This

procedure fully exploits the perfect delayed CSIT and employs every overheard in-

terference as a useful signal so as to boost the DoF performance.
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1.2.2.3 Other Works on Broadcast Channel with Delayed CSIT

An alternative MAT scheme was also proposed in [33, 28] for the two-user MISO
BC, which differs MAT scheme by the way the overheard interference is generated
and retransmitted. The diversity achieved in the two-user MISO BC with perfect de-
layed CSIT was studied in [34], while the diversity-multiplexing trade-off achieved
by the MAT and alternative MAT schemes were reported in [35]. Sum rate max-
imization of the two-user and three-user MAT scheme was studied in [36]. In the
two-user BC with mixture of perfect delayed CSIT and imperfect current CSIT, lit-
eratures [28, 37] and [38] investigated the optimal DoF region of under the MISO
and MIMO setting, respectively. Similarly, in the two-user MISO BC with a mixture
of perfect delayed CSIT and statistic CSIT, literature [39] studied the achievable
sum rate by integrating alternative MAT with statistical beamforming. Moreover,
literature [40] and [41] respectively studied the DoF region of two-user and K -user
MISO BC where there is a hybrid of perfect CSIT, delayed CSIT and no CSIT. In
[32, 42, 43, 44, 45], the DoF region of two-user BC with a mixture of imperfect

delayed CSIT and imperfect current CSIT is investigated.

1.2.2.4 RIA in Interference Channel

The application of two-user MAT and alternative MAT scheme in the two-user MISO
IC was studied in [46] and [30], respectively. Later on, the scheme was extended to
the two-user MIMO IC with asymmetric antenna setting [38], and was shown achiev-
ing the optimal DoF region [47, 38]. However, the K-user MAT scheme (K >3)
designed for MISO BC is not applicable to the K-user MISO IC. This is because
each transmitter only has access to the message intended for its corresponding user,
so that each transmitter cannot reconstruct the whole interference at a single user
when the interference originates from more than one interferer (please see the defi-

nition of u4pc in (1.8) and v4pe 1n (1.9), where the pieces of overheard interference
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Loy (uap,vaB), Log(uac,vac) and Los(upc,vpc) are made up of messages intended
for two users). This fact prevents the K'-phase centralized overheard interference
retransmission (especially in phase m, m>3) from being employed in the K-user
MISO IC.

Due to this fact, literature [48, Theorem 5] and [46] proposed two two-phase

schemes for the K-user IC by delivering one order-2 symbol per slot in phase 2.

K2 2K
g1 and 75,

Their achievable sum DoF are approaching 1 and 2 when K — o0,
respectively. Focusing on a three-user SISO IC, literature [49] proposed another two-
phase RIA approach that does not rely on overheard interference retransmission.
In this scheme, after delivering all the private symbols in phase 1, the precoders
employed in the second phase are chosen to force all the interference symbols into
the subspace created in phase 1. Then, the desired symbols can be decoded free of

interference using the remaining linear space. The resultant sum DoF in the 3-user

SISO IC is %. Later on, this scheme was extended to the K -user SISO IC in [50] and

K2

the achievable sum DoF is 75—,

which approaches to 1 when K —o0.

More importantly, a breakthrough was made by Abdoli et al in [51] focusing on
the K-user SISO IC. The authors proposed a distributed higher order symbol gener-
ation (to be introduced in chapter 5), which makes it possible to perform a K -phase
RIA scheme with distributed overheard interference retransmission in the K-user
SISO IC. Besides, since each transmitter has a single-antenna in the SISO case, the
overheard interference at various victim users provides no more linearly independent
observation of the desired symbols at the intended users, and thus cannot be directly
employed to create future transmission as in the MISO case. To address this issue,
Abdoli’s scheme conducted a redundancy transmission (RT) in each phase and per-

formed a partial interference nulling (PIN) to the overheard interference at various

users, which generates useful signals to be retransmitted in the next phase. In the

36

3-user case, the sum DoF is S

outperforming % achieved in [49].
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Recent works [52] attempted to generalize Abdoli’s scheme to the K -user MIMO
IC where there are M antennas at each transmitter and /N antennas at each user.
However, in the three-user case with M >N, their scheme achieves the sum DoF
%N . This reveals a wasteful use of the transmit antennas as the sum DoF %N
is achievable by simply employing N transmit antennas. Besides, in the K-user
case (/{>3), rather than employing a /K -phase transmission, the authors apply the
3-phase scheme designed for the 3-user case by performing a transmitter-user pair
scheduling. Besides, the generalizations of the two-phase schemes proposed in [49,

46] to the MIMO IC were also included in [53, 52].

1.2.2.5 Objectives

As we can see from the prior art, the K -phase RIA framework proposed in [51] has
only been properly employed in the K -user SISO IC thus far. In this thesis, we focus
on the (M,N,K) MIMO IC where there are K users, M antennas at each transmitter
and N antennas at each user. Considering the most realistic scenario where the
transmitter has more antennas than the users, i.e., M >N, we aim to address the
following open problems related to RIA.

(1) Whether or not is the K -phase RIA framework proposed in [51] applicable to

the (M,N,K) IC with M>N?
(i1)) How the multiple antennas at the transmitters and users can be properly ex-

ploited to perform overheard interference retransmission in each phase?

1.3 Problem Formulation

In this section, we state the system model of the single-cell and multi-cell considered
in this thesis and present the necessary assumptions on the imperfect current CSIT

and perfect delayed CSIT.
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1.3.1 K-user BC and K -user IC

In this thesis, the downlink single-cell scenario is modeled as a K -user BC, where
a transmitter communicates with K users, while the downlink multi-cell scenario
is considered as a K -user (or termed as K -cell) IC, where there are K transmitter-
user pairs. Denoting the number of antennas at the transmitter (resp. transmitter
k, k=1,---,K) by M (resp. M), and the number of antennas at user k by N, the

received signals write as

BC: yi(t)=H/ (t)s(t)+ny(t),Vk=1,-- - K; (1.10)
K

IC: yi(t)=" gy Ff(t)s;(t)+ny(t), VE=1, - - K (1.11)
j=1

where ¢ is the index of time slot, and the definition of other variables are introduced
below.

s(t)eCM*! and s;(t)eCMi*! are the signals sent out by the transmitter in BC and
transmitter j in IC, respectively; ny(t)€CV+*! refers to the complex AWGN vector
at user k. Besides, the transmitted signals are subject to the power constraint P,
i.e., E[||s(t)||’]<P and E[||s;(t)]|*] <P, and the entries of n(t) are assumed to be
1.1.d Gaussian random variables with zero mean and unit variance. Therefore, P is
referred as the SNR throughout the thesis.

Moreover, Hy,(t)eCM*Ne and Hy,;(t)eCMi*Ne refer to the channel matrix be-
tween user k£ and the transmitter in BC, and the channel matrix between user k& and
transmitter j in IC, respectively. The assumption of the fading process on the channel

matrices are described below.

Assumption 1.1. In this thesis, we consider that the channel matrices are drawn from
a continuous distribution. Besides, in each time slot, it is assumed that the channel

matrices are full rank with probability 1, and the expectation of the Frobenius norm
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of the channel matrices is bounded away from 0 and infinity, i.e.,

0<E [|| Hy(t) [|7] <oo, O<E [|| H;(t) [|3] <oco. (1.12)

This assumption follows the classical assumption made in [28, 38, 45, 42, 43, 29,
54]. It allows us to preclude the compound setting [55], where the channel matrices
are drawn from a finite set. As we are looking at DoF as a figure of merit for most
part of the thesis, the distribution of the fading process does not impact the result.
The only exception is in Section 2.3 where we perform a rate analysis of the RS and
RS-ST scheme under the assumption of i.i.d Rayleigh fading. Besides, we consider
that the channel matrices are 1.i.d across the links, and we do not restrict the channel
matrices to be correlated or uncorrelated across time slots, as the proposed schemes
are applicable to both cases.

Furthermore, in IC, gkje{O,l}, Vk,j€l, - -, K, is a binary variable. When g;,;=1,
it means that transmitter j is connected to user k. When g;;=0, it means that the
signal sent out by transmitter j is drowned into the noise at user k£ due to the path
loss. For convenience, let us use gé{gkj bk, j=1,..k to denote the network topol-
ogy. For most part of this thesis, we consider g;=1, Vk,j=1,---,K. This indicates
a fully connected network where the interference-to-noise-ratio (INR) is equal to
SNR. The only exception is in Section 3.3, where we consider g;=1, if and only if
j=(k—1)mod K ,k,(k+1)mod K. This corresponds to a homogeneous cellular net-
work where user £ is only connected to three dominant transmitters [31], i.e., its
serving transmitter and two nearest interfering transmitters. Note that a cyclic set-
ting is assumed such that user 1 is connected to transmitter K, 1 and 2, while user K
is connected to transmitter X —1, K and 1.

In this thesis, the discussion on the system performance is carried out by consid-

ering there is either imperfect current CSIT or perfect delayed CSIT. Their assump-
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tions are sketched below.

1.3.2 Imperfect Current CSIT

As mentioned in Section 1.1, in BC, the transmitter acquires the CSI via uplink-
downlink reciprocity in TDD and user feedback in FDD. In IC, after the same pro-
cedure as in BC, the CSI has to be shared among the transmitters in order to perform
transmitter coordination. If the transmitters employ the obtained CSI as the current
CS], there 1s a difference between the actual current CSI and the obtained CSIT
due to the channel estimation error, channel quantization error and the Doppler ef-
fect caused by the latency incurred in the feedback link and backhaul link. Let us

formulate the channel matrices in BC and IC as

Hy (1) =H(t)+Hx (),  Hy;()=Hy; (1) +Hy, (t) for gi;=1, (1.13)

respectively, where Hy(t) and fij (t) represent the imperfect CSI obtained by the
transmitters, while Hy(¢) and Hy;(t) refer to the error matrices.
When DoF is considered as a figure of merit, we introduce the following assump-

tion on the imperfect CSIT and its quality.

Assumption 1.2. The distribution of ﬂk conditioned on ﬂk, and the distribution of
ICij conditioned on flkj exist and are continuous. The qualities of the imperfect

CSIT, denoted by ay(t) in BC and ay;(t) in IC, are defined as

log, | [[hyf; (£)vi(t)]]

. AN E _
BC: ak(t)—Ph_rgo Tog, P , (1.14)
logaEE [[fL, ()i (1) ]
A ] é . . 2 kj,i J . -
IC:  ag;(t) Plglgo log, P . 17k, g1=1, (1.15)

where hy, ;(¢) and hy; ;(¢) are the ith column of H;, and Hj;, respectively, while v ()

and vy (t)) are unit norm vectors in the null space of H,(t) and Hy;(t), respectively.
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This assumption follows the classical assumptions on the imperfect CSIT made
in [28, 37, 38, 30, 45, 42, 21]. The quantities [hy’;(¢)v,.(t)]* and |[hi; ;(t) v, (t)]?
represent the strengths of the residual interference after ZFBF with imperfect CSIT.

The expectation is taken over both the imperfect CSIT and the actual channel vector.

This expression is equivalent to

BC: E [|hf(t)vi(t)]’] =O(P 1), (1.16)

IC: E[|hf;(t)viy(t)*] =0(P~* D) for gi;=1, (1.17)

when P—o0. It is noted that, in Section 3.3, the CSIT quality of the link with g;;=0
is not defined, as the strength of the signal sent by transmitter j is drowned into the
noise at user k£ even without performing ZFBF.

In particular, ay(t) and ay;(t) can be written in terms of the normalized Doppler
frequency in systems where CSIT is somehow outdated, where smaller values of
ay(t) and a;(t) correspond to higher Doppler frequencies (which means that there
is a greater difference between the actual CSI and the obtained CSIT). Alternatively,
ay(t) and ay;(t) can be interpreted as a function of the number of quantization (feed-
back) bits employed in FDD mode.

Let us consider Random Vector Quantization (RVQ) is employed in a MISO BC.
To avoid reporting the same codeword, each user shares a user-specific codebook
with the transmitter. Let us employ Vi (t)={vy1(t),vi2(t), - SV PR (1)} to de-
note the codebook used by user £ in slot ¢, where the codewords are independent of
each other and are isotropically distributed in the M -dimensional unit sphere. The

quantized CSIT is obtained as

~

hy(t)=arg min sin® Z(hw(t),via(t)). 1.18
0 gvk,i(t)evk(t) (hy(t),vi(t)) (1.18)

Afterwards, the index of the chosen codeword is quantized by user % using By (t) bits
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and reported to the transmitter. According to [18, 56], the expectation of the residual

interference after ZFBF with quantized CSIT is

— 1 —BL (1)
En, yveco) [0 (1) pr(t)[?] <———2771 (1.19)

where hy(1)= Hlﬁ: 8” refers to the direction of the channel vector. Therefore, the
quantized CSIT via RVQ is said to have quality ay (), if the number of feedback bits
scales with SNR as By, (t)=a(t) x (M —1)log, P+O(1).

When we have a;(¢)>1 in BC and a;(¢)>1 in IC, it is equivalent to having
perfect CSIT because the interference can be forced into the noise level; when we
have a;,(t)=0 in BC and a;;(¢)=0 in IC, it can be interpreted as a scenario with non-
scaling number of feedback bits where rate performance achieved by conventional
ZFBF saturates at high SNR [18]. Hence, in this thesis, we only focus on the case
ay(t)€[0,1] and ay;(t)€[0,1].

In the rate splitting approaches and its advanced schemes designed for BC and
IC with imperfect CSIT, we consider that each user’s message is generally split into
N parts, i.e., Wy={w},w?, - -+ wh }, where w} is the private message to be decoded
by user k only, while w?,i>2 is a common message to be decoded by a group of
users RQ. In BC, the transmitter has the messages intended for all users, while in
IC, each transmitter only has the message intended for its corresponding user. With

imperfect local CSIT, the knowledge of network topology G, and the CSIT qualities

a(t) and ay;(t), the encoding functions in BC and IC can be expressed as

BC: s(t)=f ({W}kzl,‘..,;{,{ﬂk(t)}kzlf..,K,{ak(t)}kzl,...,K> , (1.20)

IC: si(t)=f (Wka{ﬂjk(t)}jzl,---,Kaga{ajk(t)}k,jzl,-~,K,k¢j,gjk:1)' (12D

At the receiver side, we consider that there is perfect local CSIR, namely user

k perfectly knows the effective channels, i.e., the multiplication of the precoders
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and the channel matrices/vectors, so as to decode the desired signal. Let R}c denote
the rate of message wj,. A rate tuple ({R} }rex, - . {Ry }rex) is said achievable if
private message wy is decoded by user k, and common message w},,i>2 is decoded
by the group of users R, with arbitrary small error probability. Then, the achievable
DoF of a certain message wy, is defined as d, = Plgréo %. The achievable DoF of

user k is computed by d= >~ | di.

1.3.3 Perfect Delayed CSIT

As mentioned in Section 1.2.2, when the latency incurred in the feedback link and
backhaul link is large, the CSI acquired by the transmitters is relative out-dated com-
pared to the current CSIT. In this case, rather than employing the delayed CSIT as
current CSIT, a wiser choice is to employ the delayed CSIT to obtain information
about the multi-user interference occurred in the previous slots. To investigate the
usefulness of delayed CSIT, we consider infinite rate feedback and backhaul links,
which lead a perfect delayed CSIT. Besides, as the latency in the IC is more severe
than the latency in BC because of the CSIT sharing procedure, we only focus on the

IC case. The assumptions on the perfect delayed CSIT is described below.

Assumption 1.3. In IC, the transmitters are assumed to acquire the global CSI with
one-slot delay. Specifically, at the beginning of a certain time slot ¢, transmitter
k perfectly knows H,j(1),- - - H;,(t—1),Vj,k=1, - - K, while each user perfectly
knows H;(1), - - H;(¢),Vj,k=1,- - - K. However, at the end of slot ¢, transmitter k&

obtains H(¢),Vj,k=1,-- - K as well.

Let us consider that a transmitter k& only has a private message, i.e., w[k], to be
delivered to user k. With the perfect delayed global CSIT, the encoding function of

the transmitted signals can be expressed as

si(O)=Ff (wlk],{Hy (1t—1) byt ) (1.22)
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where the network topology G is ignored as we consider a fully connected network
when studying perfect delayed CSIT. Then, the rate R[k| is achievable if user & de-

codes wlk] with arbitrary small error probability as the codeword length approaches

RIK]

infinity. Consequently, the achievable DoF of a user k is defined as d,2 lim Tog, P

P—oo

1.4 Summary of Contributions

We here study the open problems stated in Section 1.2.1.3 and Section 1.2.2.5. The
organizations of the rest of the thesis and the contributions of each chapter are sum-
marized as follows.

In chapter 2, we consider a K-user MISO BC with imperfect CSIT, and the
number of antennas at the transmitter is larger than the number of users, i.e., M > K.
The contributions are five-fold:

(i) In the K-user MISO BC with imperfect CSIT whose qualities vary across the
users, but not vary over time, we characterize the achievable DoF region by RS
with an arbitrary power allocation.

(i1) In the K-user MISO BC with time-varying CSIT qualities, we propose an RS-
ST scheme by transmitting multiple space-time common messages across the
time slots where the K users take turns to have the greatest CSIT quality. In
the two-user case, the achievable DoF region by RS-ST is a function of the
minimum average CSIT qualities of the two users. In the case with more than
two users, we derive an achievable sum DoF by RS-ST and quantify the gain
over the sum DoF achieved by performing RS in each slot.

(iii)) We study the ergodic sum rate performance achieved by RS scheme focusing
on the two-user MISO BC with the presence of quantized CSIT (not vary-
ing over time). We derive an upper-bound of the sum rate loss incurred by

RS relative to ZFBF with perfect CSIT. When the number of feedback bits
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does not change with SNR, the upper-bound indicates that a b-bit increase of

the feedback overhead leads to a ;75 dB SNR improvement of the sum-rate

M
performance at high SNR. This gain is higher than that obtained by single-
user transmission, i.e., TDMA, and contrasts with that of ZFBF with quantized
CSIT, where the sum rate saturates at high SNR. To achieve a maximum al-

lowable rate loss relative to ZFBF with perfect CSIT, equal to log,é bps/Hz,

we show that the overhead reduction enabled by RS compared to ZFBF with

quantized CSIT scales as (M —1)log, 26\[2 L at high SNR.

(iv) We also study the ergodic sum rate performance achieved by RS-ST scheme
focusing on the two-user scenario with alternating user-specific feedback qual-
ities. We derive an upper-bound on the sum rate loss incurred by the RS-ST
scheme relative to ZFBF with perfect CSIT. Letting 7 denote the difference be-
tween the feedback bits employed by the two users in each slot, we show that

RS-ST scheme offers 3( —2) dB SNR gain over RS scheme for large

2(M-1)
value of 7. Besides, we show that compared to RS, performing RS-ST yields a
feedback overhead reduction that scales as §—2(M —1) for large value of 7.

(v) Through simulation, we highlight that RS and RS-ST schemes provide a sig-
nificant SNR gain over the conventional (as used in LTE-A) SU/MU at high
SNR when there is a fixed number of feedback bits.

In chapter 3, we switch our attention to the K-user MISO IC where each inter-
ference link has a particular CSIT quality (not varying over time), and the number of
antennas at each transmitter is, i.e., M=M, k=1,--- K, and M is sufficiently large,
1.e., M > K. The main contributions are four-fold.

(1) We characterize the achievable DoF region by RS with an arbitrary power al-
location.

(1) We propose a novel scheme, so called Topological RS (TRS), whose novelties

compared to RS lie in a multi-layer structure and transmitting multiple common
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messages to be decoded by groups of users rather than all users. We show that
the DoF region achieved by TRS covers that achieved by RS. The design of
TRS is motivated by a novel interpretation of the K -cell IC with imperfect
CSIT as a weighted-sum of a series of partially connected networks.

(111) We study the sum DoF achieved by TRS by looking at the partially connected
networks generated via weighted-sum interpretation. Using graph theory method-
ologies, the packing and the fractional packing of a hypergraph, we propose
two common message groupcasting methods', so called orthogonal groupcast-
ing and maximal groupcasting, respectively. The latter method yields the max-
imal sum DoF in each partially connected network, thus giving the maximal
sum DoF achieved by TRS. This sum DoF result is no less than that achieved
by RS and ZFBF with power control.

(iv) We design TRS scheme for a realistic scenario where each user is connected
to three dominant transmitters, and identify the sufficient condition where TRS
strictly outperforms conventional ZFBF with power control.

In chapter 4, we design RS approaches for two-user MIMO BC and IC where
there is an arbitrary number of antennas at each transmitter and each user. The CSIT
quailties are assumed not varying over time. Using the system model defined in Sec-
tion 1.3.1, these two scenarios can be denoted by a two-user (M ,N1,No) MIMO BC
and a two-user (M;,M,N1,Ny) MIMO IC. Without loss of generality, we consider
N1<Ns. The contributions are three-fold.

(i) In the two-user (M,N;,N3) MIMO BC, the RS transmission block should be
designed to fully exploit the spatial dimension at the user with a larger number
of antennas. We also find that the sum DoF is maximized with a Space-Time
transmission and unequal power allocation for the private messages.

(ii) In the two-user (M;,Ms,N1,No) MIMO IC, we design the RS transmission

"When a common message is to be decoded by a subset of all users, it is referred as a common
message groupcasting.
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(i)

block motivated by a row transformation to the channel matrices. Such an
operation allows us to identify the signal space where the transmitted signals
interfere with each other, so as to derive a proper power allocation policy.

We characterize an achievable DoF for these two scenarios using the proposed
RS approaches. Their optimality can be verified when M <N, in BC and when

N1<M5<N, and M;>N; in IC.

In chapter 5, we consider a K -user MIMO IC where each transmitter has M

antennas and each user has N antennas and M >N. We denote this scenario by

(M,N,K) IC for convenience. With perfect delayed global CSIT, we propose K -

phase RIA schemes based on the distributed overheard interference retransmission.

The main contributions are three-fold.

(@)

(ii)

(iii)

Considering a (K,1,K) MISO IC, we design a K-phase RIA with the dis-
tributed overheard interference retransmission by integrating the key feature of
the MAT scheme, where the overheard interference at various user are directly
employed as useful signals.

For the (M,N,K) MIMO IC with 1<X <K, we propose two K-phase RIA
schemes. The first scheme generalizes the scheme designed for the (K,1,, K)
IC by properly exploiting the multiple antennas at each user. The second
scheme generalizes the key features of the scheme proposed for the K-user
SISO IC, i.e., redundancy transmission and partial interference nulling, by
properly exploiting the multiple antennas at each transmitter.

In the schemes designed for both MISO case and MIMO case, we consider
that there are a certain subset of n (out of K') active transmitters in each slot of
phase 1 delivering private symbols to their corresponding users, i.e., so-called
n-transmitter/n-user scheduling. We obtain the achievable sum DoF by 1) tak-
ing the maximum of the sum DoF achieved by the two schemes, and 2) finding

the optimal number of co-scheduled transmitters. Numerical results show that
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our scheme significantly outperforms all the previously known results. Besides,

in the (K,1,K) MISO IC, the achievable sum DoF tends to & when K —oc.



CHAPTER 2

MISO Broadcast Channel with

Imperfect CSIT

In this chapter, we consider a single-cell scenario, i.e., a broadcast channel, where
there is one transmitter communicating with K users. It is assumed that each user
has a single antenna, while there is a sufficient number of antennas at the transmitter,
i.e., M>K. In this case, when there is perfect CSIT, each user gets one DoF by
performing interference mitigation techniques at the transmitter side, such as ZFBF.
When there is imperfect CSIT, the DoF performance degrades significantly by per-
forming conventional ZFBF. In this chapter, our objective is to understand how to
enhance DoF/sum rate performance in the K-user MISO BC with the presence of
imperfect CSIT. Focusing on the imperfect CSIT modeled in Section 1.3.2, the main
work is summarized below.

(i) For the case where the CSIT quality a(t) varies across users, but does not
change with time, we design a general RS approach with arbitrary power allo-
cation and derive its achievable DoF region.

(ii) For the case where the CSIT quality ay(t) varies across both users and time-
line, we design a Space-Time RS approach and derive the achievable DoF re-
gion for the two-user case and sum DoF for the K -user case.

(iii) Considering that the imperfect CSIT is obtained via RVQ, we perform an anal-
ysis on the sum rate achieved by the two-user RS and two-user RS-ST. We

show the sum rate enhancement and overhead reduction offered by RS com-
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pared to ZFBF, and show the sum rate enhancement and overhead reduction
offered by RS-ST compared to RS in the scenario with alternating feedback

qualities.

2.1 DoF Region Achieved by Rate-Splitting in the K-

user MISO Broadcast Channel

In this section, we consider a K -user MISO BC, where the CSIT of each user has a
particular quality of imperfectness and the CSIT quality does not change with time.
For convenience, we drop the time index ¢, and introduce Ké{l,- -+, K} to denote
the set of users. Our objective it to identify the DoF gain offered by RS compared to
ZFBF with power control in the general K -user case.

As a preliminary, we firstly revisit the DoF region achieved by ZFBF with power
control. The transmitter delivers private messages {wy }rexc to their intended users
using power Py, where Y & | P,=P, along ZF-precoders p;,C span({fljl}vje,c\k).
Since we are looking at DoF as a figure of merit, we interpret P}, as P, which
is its first order approximation when P—o0. The signal received by user k£ can be

expressed as

yk:thpkwk—i- g thpjwj—F ng . 2.1)
N—— ) N—— N~~~
PTk ]E’C\k Prjfak PO

By treating the undesired private messages as noise, the DoF achieved by each pri-

vate message writes as

+
di< (rk— max (rj—ak)+> Vkek. (2.2)
J:jER\K

When all the undesired private messages are allocated with power exponent r;<ay,

Vj€K\k, the interference terms in (2.1) are drowned into the noise and user k gets
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a DoF di=r}, (see the two-user example discussed in Section 1.2.1.1). When there
are some undesired private messages allocated with power r;>ay,, the DoF of user
k is impacted by the interference. As we are considering DoF as a figure of merit,
the DoF of user k is dominated by the greatest interference, whose received power
1s max;.jex\x 7j—ax- Moreover, when the desired private message wy, is drowned by
the greatest interference, user k gets a zero DoF, i.e., d;=0. Note that when d;=0,
the rate achieved by wy, is positive, but remains a constant as the SNR goes to infinity.

The expression (2.2) specifies the DoF region achieved by ZFBF with power al-
location policy r=(r1, - - - ,rx ). The DoF region achieved by ZFBF with power con-
trol, denoted by D pc, 1s the union of DoF regions achieved with all the possible
power allocation r where r,<1,Vke/C.

Note that the expression in (2.2) is equivalent to the DoF tuple achieved by treat-
ing interference as noise in an interference channel where there is a unit gain of the
link between transmitter £ and user k, while the gain of the link between transmitter
J, V7€K\k, and user k is P~ [57]. Hence, applying [57, Theorem 5], a concise

expression of Dz pco by eliminating the variables 7, is given by

Dzrpe= | Dzrscll), (23)
YUCK

where Dz r po(U) is defined as

DZF,BC(U): {(dl, s ,dK)deO,VkGK\U,OSdkSLVkEU,

D di <Y ay (i, ,z‘m)gu} .24
=1 =1

Note that D g (U) is the DoF region achieved by setting

re<0,keK\U; rp— max (rj—ay)">0,kel. (2.5)

JigeR\k
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(b) Decoding procedure

Figure 2.1: RS scheme designed for K -user MISO BC with scheduled user set S.

Now, we propose a generalized framework of RS by considering that a subset of
users, denoted by SC/C, are active, while others are made silent. This allows us to
obtain an achievable DoF region of the considered MISO BC by taking the union
of all the possible subsets of users. The transmission block is generated following
the block diagram illustrated in Figure 2.1(a). Specifically, the messages intended
for each active user is split into a common part, denoted by wj,, and a private part,
denoted by w}. The private message wy}, is decoded by user k only, while the common
messages wy, are jointly encoded into a super common message, denoted by ¢, which

is to be decoded by all users. The transmitted signal is expressed as

s= p. + Z prwh (2.6)

P—Y,cs P FE€S B

kes 'k k
where pi€ span({ﬁjL bvjes\k) is the ZF-precoder, while p, is a random beamformer
designed for the common message c. As we are looking at DoF as a figure of merit,

we consider that the power allocated to the private messages is P,~P"*, and the
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power allocated to the common message' is P— >, cs P~ P.

In this way, the received signal can be written as

_1wH H P H p
yr=hTp.c+hlpru’ + 42 hi'pjw? + ny, . 2.7)
P P’k JES\Ek prj—ak PO

The decoding procedure is illustrated in Figure 2.1(b). As shown, each user firstly
decodes the super common message ¢, and secondly recovers the desired private
message after removing c using SIC. Then, the DoF tuple achieved by the private
messages and the common messages, denoted by (d¥,- - -d%.) and (d5,- - -d5;) respec-

tively, are such that

+
di=d°<l—maxr;, d?<|(r,— max (ri—az)t | ,VEES;
keZS A e A ( F j:jeS\k( i) )

di=d"=0¥jeK\S. (2.8)

Note that since all the common messages {w§ }vres are encoded into ¢, the DoF of
the super common message, d°, is actually the sum of the DoF achieved by the com-
mon messages {wj, }vres. This leads to the inequality ), ¢ di=d°<1—max;cs 7;.
The achievable DoF region by RS with active user set S and power allocation pol-
icy r, denoted by Drs pc(S,r), is the set of all DoF tuple (dy, - - - ,dx)=(dS, - - - ,d%)+
(df,- - d~), for which (2.8) holds. Then, the DoF region achieved by RS is resulted
by the union of the DoF regions achieved with all possible subsets S and power al-
location policy r, i.e., Drg po= UVSQIC,W Drs.po(S,r). Absorbing the variables S

and r, the following proposition settles Dgs pc-

Proposition 2.1. In a K-user MISO BC with CSIT qualities 0<a;,<1, VK€K, the

'When ", s Py=P, the common message ¢ is not transmitted and the DoF of the common
message is 0. However, the approximation P— ), _ s Px~P does not impact the DoF performance
in this case. This is because when ), - s Px=P, there exist some P} which are approximated by
Py~P. Then, when decoded by treating the private messages as noise, the super common message
achieves a zero DoF.
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DoF region achieved by RS is

Drs.se= ) Drssed), (2.9)
YUCK

where Drgs o (U) is the set of (dy, - - - ,dg)=(dS, - - - ,d%)+(dY, - - - ,d% ) such that

=0 YkeK\U; 0<di<1Vkell; Y db <> " a;, V(iy, - -+ im) CU;
=1

)
=1

0<df<1VEeK:0<dp+ Y ~ dS<1,Vkell;

jEK
> oA+ di<i+ _min > @ iy, i) SU. (210)
Jjex =1 I Sy
Proof. see Appendix A. ]

Note that the DoF region Dgg pc(U) is obtained by scheduling all the users and
choosing the following power allocation policy in (2.5).

To better understand the DoF region achieved by RS and ZFBF with power con-
trol, let us look at a three-user example with a;=0.3, a2=0.5 and a3=0.7. For con-
venience, let us write d°=">_, df. For U={1,2,3}, {2,3}, {1,3}, {1,2}, {3}, {2}

and {1}, the corresponding Drs pc(U) are given by

Drs.pe({1,2,3})={0<d;<1,0<d? <1,0<d’+d°<1,Yke{1,2,3},
d{+d5<0.8,dy +db+d°<1.3,d)+d5<1,d)+d5+d°<1.3,
db+dE<1.2,d5+d5+d°<1.5,d)+db+d5<1.5,
AP 4-dh+-dh+d°<1.8} (2.11)
Drs.po({2,3})= {d=0,0<d; <1,¥ke{1,2,3},0<d? <1,0<dP +d°<1,Yke{2,3},

db+d5<1.2,d54-d5+d°<1.5} (2.12)
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Drs.pc({1,3})={d5=0,0<d; <1,Vke{1,2,3},0<d? <1,0<d? +d°<1,Vke{1,3},
B +db<1,d}+dh+d°<1.3}, (2.13)

Drs.pe({1,2})={d5=0,0<d; <1, Vke{1,2,3},0<d? <1,0<dP+d°<1,Vke{1,2},
i +d5<0.8,df +db+d°<1.3}, (2.14)
Drs.po({3})={di=d5=0,0<d;<1,Vk€{1,2,3},0<db<1,0<d4+d <1}, (2.15)
Drs.pc({2})={di=d5=0,0<d; <1, Vk={1,2,3} 0<db<1,0<d5+d <1}, (2.16)

Drs.po({1})={d=dt=0,0<dS <1Vke{1,2,3} 0<d <1,0<dP+d°<1}, (2.17)

respectively. The DoF region achieved by ZFBF with power control can be obtained
by removing the inequalities of d°. According to (2.11), the maximal sum DoF
achieved by ZFBF with power control is 1.5, while the maximal sum DoF achieved

by RS is 1.8.

Remark 2.1. It can be verified that by taking di=0, VE€K, the DoF region Dgg pc
achieved by RS collapses to the DoF region Dz p¢ achieved by ZFBF with power

control. This fact implies that Dzp 5o CDrg pe-

Remark 2.2. From a sum DoF perspective, it can be shown that the maximum sum
DoF achieved by RS is 1+ ZkK;ll ax(k), Where 7 sorts {ay, } rex in an ascending order,
ie., ar1)<- - <dr(k). This sum DoF result can be achieved by an even power allo-
cation policy, i.e., 1=+ =Tg=0r(x_1) OF T1="+ =T =0r (k). According to (2.4),
the maximum sum DoF achieved via ZFBF with power control is Zszl ar(x), which
can be obtained by setting ry=---=rg=1 or ri=---=rg=ar). This fact reveals
the benefit of multicasting a common message using the remaining power on the
sum DoF enhancement. However, the result also shows that when there is (at least)
one user has an accurate CSIT with quality a.x)=1, performing ZFBF sulffices to

achieve the same sum DoF as RS.
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Remark 2.3. In the two-user case with CSIT quality a; for user 1 and a5 for user 2,
using Proposition 2.1, it can be verified that the DoF region is characterized by the
sum DoF constraint d;+ds<1+ min{a;,as}. Specifically, with even power alloca-
tion policy 7 =rs=min{a;,as}, the DoF achieved by the super common message is
1—min{ay,ay}, while each private message gets the DoF min{a;,as}. Considering
that the super common message only carries information intended for user 1 (resp.
user 2), the corner point (1, min{a;,as}) (resp. (min{a,as},1)) is achievable. An

example with a;=as=« is illustrated in Figure 1.1.

2.2 Space-Time Rate-Splitting Designed for MISO BC
with Time-varying CSIT Qualities

As mentioned in the introduction, the feedback of CSI is user-specific and may only
be performed on a subset of the channel uses (time and/or frequency domains). This
leads to a time/frequency varying CSIT quality pattern. Hence, in this section, we
move on to look at the scenario with time-varying CSIT qualities illustrated in Fig-
ure 2.2(a). We will firstly propose a Space-Time RS approach for the two-user case
and secondly extend the scheme to the general K -user case. Note that in the sce-
nario with frequency-varying CSIT qualities, a Space-Frequency RS approach can

be designed following a similar way.

2.2.1 DoF region of Two-user Case

In the time-varying CSIT quality pattern illustrated in Figure 2.2(a), if we em-
ploy RS approach in each particular slot, the achievable DoF region is specified
by 1+ S°F  min{a,(t),az(t)}, which is limited by the minimum CSIT quality of
the two users in each slot. In this part, we will show that with RS-ST, the sum DoF

is enhanced and is a function of the minimum average CSIT quality of the two users
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User1l User2
Sl a, (1) a,(1)
Sl a, (2) a,(2) User1 User2

(a) General Scenario (b) Alternating CSIT

Figure 2.2: Two-user time-varying CSIT quality pattern.

across the L slots. The following proposition settles the achievable DoF region by

RS-ST in the two-user MISO BC with time-varying CSIT qualities.

Proposition 2.2. In a two-user MISO BC with time-varying CSIT qualities {a; ()}
and {as(t)}, t=1,-- - L, where L stands for the number of slots, an achievable DoF

region is specified by
Drssr={(d1,d2):0<d1<1,0<d»<1,d;+ds<14min{a;,as}} , (2.18)

where gy =1 3" a;(t), k=1,2.

The DoF region specified in Proposition 2.2 is formed by the corner points (0,1),
(min{ay,as},1), (1, min{a,,as}) and (1,0). Therefore, the main work is to show the
achievability of the DoF pairs (min{ay,as},1) and (1, min{ay,as}).

We start the proof by revisiting the RS-ST scheme designed for a two-slot sce-
nario with alternating CSIT, i.e., a;(1)=a2(2)=/ and as(1)=a;(2)=a where a<p.
Then, by identifying its key ingredients, we propose the generalized RS-ST approach
for the L-slot scenario with {a(¢)},—1... 1 and {aa(t)}+=1,...r. It is noted that we
only focus on the case a;=a,, because the achievability in the case a;<as follows

similarly to the case a;=a}, where ay=1 S°F . ab(t) and b (t)<as(t), Vi=1,---,L.
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2.2.1.1 Revisiting the Schemes Designed for a Two-slot Scenario with Alter-

nating CSIT

Let us look at the alternating CSIT quality pattern illustrated in Figure 2.2(b). When
£=1 and a=0, the considered alternating CSIT quality pattern can be interpreted as
an alternating “PN/NP” state, which means that, for half of the time, the CSIT of
user 1 is perfect while there is no CSIT of user 2; for the other half of the time, the
CSIT of user 2 is perfect while there is no CSIT of user 1. This scenario was firstly
studied in [40], where a scheme so called 333 was proposed. This scheme success-
fully delivers 3 messages (2 private messages plus one common message) across the
alternating “PN/NP” state, thus yielding the sum DoF 2, which outperforms the sum
DoF 1 achieved by performing RS in each individual slot. This scheme settles the
fundamental of the RS-ST approach

83% scheme [40]: The transmission strategy is simple. In slot 1, the transmitter
delivers one common message, denoted by u, and a private message intended for user
2, denoted by wh. The common message is transmitted along a random beamformer,
while the private message is sent along a ZF-precoder orthogonal to user 1 (as there
is perfect CSIT for user 1). The power are evenly allocated to the common message
and private message. In slot 2, the transmission strategy follows similarly. The
common message  is transmitted again, while a private message w/ intended for
user 1 is sent along a ZF-precoder orthogonal to user 2 (as there is perfect CSIT for
user 2). In this way, as the undesired private message wh (resp. w?) is drowned into
the noise, user 1 (resp. user 2) obtains an interference-free reception of « in slot 1
(resp. slot 2). Besides, user 1 (resp. user 2) receives a mixture of u and the desired
private message w} (resp. wh) in slot 2 (resp. slot 1). Then, user 1 is able to decode
u from the received signal of slot 1, and proceeds to decode w} from the received
signal of slot 2 using SIC. The decoding procedure at user 2 follows similarly by

starting with decoding u from the received signal of slot 2.
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The key ingredient of the S?;% scheme lies in multicasting the common message
u twice: once in the slot where there is perfect CSIT for user 1, and once in the slot
where there is perfect CSIT for user 2. This common message is called space-time
common message in this thesis. It can be decoded by the two users alternatively
when they have a better CSIT quality. This philosophy was then generalized in [32]

to solve the alternating CSIT pattern Sa/«3. In [32], the proposed scheme was

called X, scheme. It achieves sum DoF is 1—|—a—42rﬁ, outperforming 14« achieved by
performing RS in each slot.
X, scheme [32]: The transmission blocks are designed by integrating the space-

time common message v with the RS scheme. The transmitted signals write as

s(1) = pe(1)-¢(1) + pu(1)-u+ pi (Dwi(1) + pa(1)wh(1), (2.19)
pP—p# BS_po P Pe
2 2 2 2

$(2) = pe(2)-c(2) + pu(2)-u + p1(2)uwi(2) + p2(2)w3(2), (2.20)
N e N ~ / P

where ¢(t), t=1,2, is the common message transmitted in slot ¢, and it is to decoded
by both users; wZ (), t=1,2, stands for the private message intended for user k,
k=1,2; u refers to the space-time common message transmitted spanning the two
slots, which highlights the difference compared to the transmitted signals of RS. The
private messages are transmitted along ZF-precoders, i.e., p;(t)€ span(flzL (t)) and
ps(t)€ span(hi(t)), while all the three common messages are transmitted along

random precoders. Note that when S=1 and =0, only u, w}(2) and wh(1) are

3
transmitted, and the &5 scheme becomes the S35 scheme.
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The received signals write as

y1(1)=hi (Hpe(1)-c(1) +hi' (1)pu(1)u+hi (Dp:(1w] (1) + i’ (Dp2(Dwh (1),  (2.21)

P PB P PO

y1(2)=h{ (2)pc(2)-¢(2) + hi (2)pu(2)u + hi’ (2)p1(2)w] (2) + i (2)p2(2wh(2),  (2.22)
P PB pPB PO

y2(1)=h3' (1)pe(1)-c(1) + hy' (1)pu(1)-u +hi ()p1(1)w] (1) + hy' (1p2(Dwi (1),  (2.23)
P PB Ppo Ps

y2(2)=hy (2)pc(2)-¢(2) + hi! (2)pu(2)-u+hi (2)p1(2)w](2) + hi (2)p2(2)ws(2),  (2.24)
P PB PO P

where the noise is omitted as we are looking at infinite SNR.

In (2.21), (2.22) and (2.23), (2.24), ¢(1) and ¢(2) are respectively decoded first
by treating all the other terms as noise. Afterwards, user 1 decodes u and w} (1)
sequentially from y; (1) using SIC. With the knowledge of u, w} (2) can be recovered
from y;(2). Similarly, user 2 decodes u and w}(2) from y»(2) via SIC, while w} (1)
can be decoded from y»(1) by eliminating w.

Then, it readily follows that the DoF of the common messages ¢(1), ¢(2) and u
are 1—(, 1—/ and S—q, respectively, while the sum DoF of the private messages is
2(f+a). Counting the DoF of all the messages and dividing their summation by 2
(because of there are two slots), we have the sum DoF 1—1—‘%5. The DoF pair (1,QT+5)
and (a%ﬁ,l) are achievable if we consider the common messages are intended for
user 1 and user 2 respectively.

The S?;% scheme and the X» scheme can be considered as advanced RS approaches
which multicast space-time common messages. In this thesis, we term this type of
schemes as Space-Time RS (RS-ST). Next, we extract more insights from the A5
scheme, which shed light on how to design RS-ST schemes for the scenarios with

more general time-varying CSIT qualities.
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2.2.1.2 Key Ingredient of the RS-ST Scheme

Intuitively, the imperfect CSIT with error variance P~ (0<a<1) can be consid-
ered as perfect for o channel use (i.e., employing transmit power P“), because the
strength of the residual interference after ZFBF with imperfect CSIT is drowned into
the noise. Consequently, in the alternating 5o/« scenario, slot 1 is said to have a
“PN” state for 5—a channel use, while slot 2 is said to have an “NP” state for f—«
channel use. This alternating state triggers the transmission of the space-time com-
mon message u, which can be alternatively decoded by the two users. Moreover,
the fraction of channel use of the “PN” (or “NP”) state is equal to the DoF of the
space-time common message u (without averaging over the 2 slots).

In the general time-varying CSIT quality pattern with arbitrary values of {a;(¢)}
and {as(t)}, t=1,---,L, let us consider a;(t)>as(t), Vt<l, and a,(t)<as(t), V>,
where [< L, without loss of generality. Then, slot ¢, ¢; </, is said to have a “PN”
state for ¢, 20, (t1)—az(t1) channel use, while slot ¢s, to>>1, is said to have an “NP”
state for g, =as(ty)—a, (t2) channel use. As we are looking at a scenario with @, =as,,
the total fraction of channel use of the “PN” states, i.e., 2;:1 qt, » 1s equal to the to-
tal fraction of channel use of the “NP” states, i.e., ZtLQ 141 Gt According to the
observation obtained from the alternating Sa/«f pattern, this fact implies that the
DoF achieved by the space-time common message(s) is ZtLQ —i4+1 Q.- However, due
to the time-varying nature of the CSIT qualities, the number of “PN” states is dif-
ferent from the number of “NP”’, and the fraction of channel use of each “PN” state
is different from that of each “NP” state. Hence, determining the number of streams
of the space-time common message(s) and choosing the rate/DoF of each stream
are the major issues to be addressed when designing RS-ST scheme for the general

time-varying CSIT quality pattern.
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2.2.1.3 RS-ST Designed for a 3-slot example

Before going into the general time-varying CSIT quality pattern, let us firstly look at
a scenario with CSIT qualities a1 (1)>ax(1), a1(2)>a2(2), a1(3)<az(3) and a;=as.
In each slot, we consider that the private messages w/(t) and w?(t) are unicast using
power %paz(t) and %P‘“(t), respectively, while the common message ¢(t) is multicast
using power P— pPmax{ei(t.a2(0} The remaining power in each slot 1 (Pmaxtar(t).a2(t)}
— prin{a().a2(O}) js employed to transmit space-time common message(s).
Following the analysis in the above section, slot 1 and slot 2 have “PN” states
for g 2a;(1)—ay(1) and g2=a;1(2)—ay(2) channel use, respectively, while slot 3 has
an “NP” state for g3=a,(3)—a;(3) channel use. It is noted that g3=q;+¢o. In this
case, we consider that two space-time common messages, denoted by u; and us,
are transmitted. w; is transmitted to exploit the “PN” state in slot 1 and a fraction
of the “NP” state in slot 3, i.e. ¢; out of ¢3; while us is transmitted to exploit the
“PN” state in slot 2 and the remaining “NP” state in slot 3, i.e., gg=g¢3—q; out of
gs. In other words, u; is transmitted using power 3(P* () —P22(1)) in slot 1, while
u is transmitted using power (P —P*2®) in slot 2. In slot 3, u; and uy are

superposed with power 1 (P®®)+0— pa(®) and 1(p2®)— pad)ta),

Mathematically, the transmission block are expressed as

s()=pc(1)c(1)+ pur(Dur  +p1(Dwh (1) + p2(1)wh (1), (2.25)
P—pa1(1) pa1(l) _paz(1) pa2(l) pa1(1)
2 2 2

s(2)=pc(2)c(2) + pu2(2uz  +p1(2)wh(2) + p2(2)wh(2), (2.26)
P—pPa1(2) pe1(2) _paz(2) pa2(2) pa1(2)
2 2 2

s3)=pc3)c(3)+  pPu2Buz  +  puBur  +piB)w(3)+p2(3)wh(3).  (227)
— —— ——

P—Pa2(3) pa2(3) _pa1(3)+q1 pa1(3)+q1 _pay(3) pa2(3) pa1(3)
Pl 2 2 2

The precoders of the common messages are random beamformers, while the pre-
coders chosen for the private messages are ZF-precoders, i.e., pi(t)€ span(ﬁj(t)),

ki, t=1,2,3.
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The received signals at user 1 and user 2 are expressed as

y1(1)=hi' (1)pc(1)e(1) +hi (Dpur (Dur + by’ (1)p1(Dw (1) + i (Dpa(Lwh (1),  (228)

P pa1(l) paz(1) PO
y1(2)=h{ (2)pc(2)¢(2) + hi (2)pua(2)us + hi’ (2)p1 (2)w] (2) + hi (2)p2(2)wh(2),  (2.29)
P pa1(2) pa2(2) pPo
y1(3)=h{"(3)pc(3)c(3) + hi’ (3)pu2(3)uz + hi (3)pu1 (3)us + hi’ (3)p1(3)wl (3) +
P Pa2(3) Pa1(3)+a1 Pa2(3)
hy' (3)p2(3)uw} (3), (2.30)
PO
y2(1)=hs' (1)pc(1)e(1) + hy! (Dpu1 (1w +hi (1)p1(1)wf (1) + hi (pe(Dwh (1),  (2.31)
P pa1(l) PO pai(l)
y2(2)=h{ (2)pc(2)¢(2) + hi (2)pua(2)us + b3’ (2)p1 (2)w] (2) + hi (2)p2(2)wh(2),  (2.32)
P Pa1(2) po Pa1(2)
y2(3)=13' (3)pc(3)c(3) + hi' (3)pua(3)uz + hy (3)pu1 (3)us + hi' (3)p1 (3)wl (3) +
P Pa2(3) Pa1(3)+a1 Po
h! (3)p2(3)wh (3), (2.33)
Pae1(3)

where the noise term is omitted for convenience.

Decoding: User 1 decodes c(t), u; and w? (t) from y; (t), t=1,2, sequentially us-
ing SIC. Afterwards, by removing u; and uy from y;(3), user 1 is able recover ¢(3)
and the private message w}(3) using SIC. On the other hand, user 2 firstly decodes
¢(3), space time common messages u; and us, and private message wh(3) sequen-
tially from y(3). Then, by removing u; and wus from y»(1) and y-(2), respectively,
user 2 is able to decode ¢(t) and wh(t), t=1,2, using SIC.

Then, it can be verified that the DoF of the common messages ¢(1), ¢(2) and
c(3) are 1—ay(1), 1—ay(2) and 1—as(3), respectively, while the DoF of the space-
time common messages v, and uy are ¢; and ¢o, respectively. Besides, the private
messages w} (t) and wh(¢) achieves the DoF as(t) and a; (t), respectively. Counting
the DoF achieved by all the messages lead to the sum DoF 1+a;. Considering that

all the common messages carry information intended for user 1 (resp. user 2) yields
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the corner point (1,a,) (resp. (a,1)).

2.2.1.4 RS-ST Designed for the General Time-varying CSIT Quality Pattern

In this part, we build the RS-ST transmission block for the two-user case with general

time-varying CSIT quality pattern. We consider that

* in each slot, the private messages w/(t) and wh(t) are respectively unicast

along ZF-precoders p1 (t)€ span(hy () and py(t)€ span(hi-(£)), using power

paz(t) pa1(t)
5 and 5

, Vt=1,- - - L, so that the private messages are drowned into the

noise at their unintended users.

» Besides, common message c(t) is multicast using power P— pmax{ai(t)az()}

. . .. () _ pas(t)
The remaining work is to employ the remaining power 2=

3 in slot ¢, ¢<<[, and

w in slot ¢, >, to generate space-time common messages, so as to exploit
the alternating “PN/NP” state.

Since the fractions of channel use of the “PN” and “NP” states, i.e., ¢, vary
across the L slots, the generation of the space-time common message requires a

iterative procedure. Particularly, by paring the “PN” state in slot ¢, ¢; <[, with the

“NP” state in slot ¢5, t5>[, we can generate a space-time common message with rate

pe2(t)+minfat, aty}  pag(ty)
2

min{ ¢, ,q, log, P and transmit it in slot ¢; using power

pot(t2)+minfat, aty} _ paq(ty)
2

and in slot ¢, using power . Supposing ¢, <q,, there is no

remaining power and no remaining “PN” state in slot ¢;. On the other hand, the

pag(te) _ pa1(t2)+ay

remaining power in slot ¢, is 5

, and the fraction of remaining channel
use of the “NP” state in slot t5 is ¢, —¢q;,. Afterwards, the remaining “NP” state in
slot ¢, can be used to pair with other “PN” states. This step is illustrated in Figure
2.3, where the values beside the brackets represent the (pre-log factor of the) rate

allocated to the corresponding messages.
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Transmission Block Transmission Block Transmission Block
| a1 fh{ Uy Uy
Slot 1 ay(1) Wlp(l)C wl()  |ra(D) WP (D) w (1) WP (1) ‘ wP (1)

q - QG —qL+q 1

2

Slot 2 | ﬁ » @ (2) a2 P2 a-a u »
w,(2) |1 w, (2) 2 wh (2)

2

@ we | wl(2) | wy(2) l
[ @ u qL — q1
Slot L J a (L) wl (L) wf'(L) Uy T wf(L) I ui }: a1
wl (L) a,(L) wi (L) wP (L)

Figure 2.3: The illustration of generating space-time common messages for the gen-
eral time-varying CSIT quality pattern.

Algorithm 2.1: Space-time common messages generation for the two-user
case (assuming a (t)>aq(t) for t<Il and a;(t)<a(t) otherwise).

1 Initialize ¢,<—q;, ;= min{a; (t),a2(t)}, Vt=1,- - -, L, i=1;
2 while 3t1€[1,l] and Ito€[l+1,L], such that q;, >0 and q;,>0, do
3 Randomly pair ¢ €[1,/] and t2€[l+1,L], such that ¢; >0 and ¢;,>0;

4 Generate space-time common message w; with (pre-log factor of the) rate
m=min{q;, ,q}, };

5 Power allocation: %(P‘f“m’—Pet) in slot ¢, t=t1,t9;

6 Update ¢« q,—T;, et<—c¢+7i, t=t1,t2, and i+—i+1;

7 end

The details of procedure to generate the space-time common messages is pre-
sented in Algorithm 2.1. The whole algorithm ends when there is no “PN” or “NP”
state left across the L slots. One can refer to the 3-slot scenario in Section 2.2.1.3
for example, where the “NP” state in slot 3 is split into two “NP” state so as to pair
with the “PN” states in slot 1 and 2.

Consequently, the transmitted signal in a certain slot ¢ may consist of a superpo-
sition of multiple space-time common messages. For convenience, let us denote the
space-time common messages transmitted in slot ¢ by w; ;, j=1,--- ,K;. These K,
space-time common messages are superposed on top of each other. The transmitted

power allocated to the jth space-time common message is

1

(pminfer(t).az()}+ Sl i _ pmin{ar(0),a2(0)}+ X7 T ), (2.34)
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where 7, ; is the DoF of the jth space-time common message in slot ¢ determined
following the footsteps described in Algorithm 2.1. The transmitted signal in slot ¢,

t<l, writes as

s(t)=pe(t)e(t) + > Prj(t)us +
p—pai(t) 7=l pa2(t)+ 22;1 Tti_ pa2(t)+ Z{;ll Tt

2

p1()wi(t) + pa(t)wi(t). (2.35)

Ppaz(t) pai(®)

The signal received by user 1 is expressed as

yi(t)=h¥(t) +§ h!? pm ut,j+
ﬁ_/
a2(t)+Zl 17t

hi (t)p (t)w}(t) + i’ (H)pa(t)wh(t) + n(t) . (2.36)
N 2 ~~

TV
pa2(t) PO PO

Decoding: 1In slot t, t<I, common message c(t) is decoded first by treating all
the other terms as noise. After removing c(t), user 1 sees U j, j=1,- -, Ky, with an
increasing power levels and decodes them sequentially using SIC. After removing
ug g, j=1, -, K; from y, (¢), user 1 recovers wf(t) subject to noise.

Performing the same decoding procedure for all the slots from 1 to [ (with
a1 (t)>ay(t)), user 1 can recover every space-time common messages. By removing
all the space-time common messages from the received signals in the slots from /41
to L (with a1 (t)<as(t)), user 1 decodes common message ¢(t) and private messages
w? (t) sequentially using SIC. The decoding procedure at user 2 follows similarly by
starting with the transmitted signal in the slots from /41 to L.

The sum DoF achieved by the private messages intended for user 1 and user 2
are a and ay, respectively. Besides, the common messages, c¢(t), Vt=1,---,L, alto-

gether achieve the DoF 1—1 S°F  max{a; (t),as(t)}. Counting the achievable DoF
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of the space-time common messages, i.e., T S G=5r SF L max{a (t),a9(t) }—
min{a, (t),a2(¢)}, the sum rate contributed by all the messages is 1+a;. If all the
common messages are intended for user 1 (resp. user 2), the DoF tuple (1,a;) (resp.

(@q,1)) is achieved, which completes the proof of Proposition 2.2.

Remark 2.4. We note that literature [45] studied the DoF region of two-user MISO
BC with a mixture of imperfect delayed CSIT and imperfect current CSIT. When the
quality of the delayed CSIT is equal to the quality of the current CSIT, the authors
found the same result as stated in Proposition 2.2. In their achievable scheme, the
common message is drawn from a multi-dimensional codebook. The decoding of
the common message is carried out via non-linear methods focused on the aggregate
received signals (across the L slots). However, our proposed RS-ST scheme consists
of multiple common message streams, which are well separated in the power domain
and time domain. At the receiver side, we decode one common message at a time (a

certain round of SIC), and the decoding can be processed via linear methods.

2.2.2 Sum DoF of K -user Case

In this part, we study the sum DoF in a K-user MISO BC with time-varying CSIT
qualities, i.e., {ax(t) }k=1,... i t=1......- For convenience, let us sort the CSIT qualities
in a certain slot ¢ in an ascending order, i.€., ar,(1)<- " ‘ar, (k). The index of the
user having the largest CSIT quality in slot ¢ is denoted by 7 (K’), while (K —1)
is the index of the user having the second largest CSIT quality in slot . Then, the

achievable sum DoF by performing RS in each individual slot is expressed by

=

-1 L K-1

K L
D=2 1D ang) 1+122aw (2.37)

k=1 t=1 j=1 t=1 j=1

e~ =

The objective is to generalize the philosophy of the RS-ST scheme designed for

the two-user MISO BC to the K -user case. The following proposition characterize
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the achievable sum DoF.

Proposition 2.3. In a K-user MISO BC with time varying CSIT qualities, a(t),
where k=1,--- K, t=1,---,L, and L stands for the number of time slots, an achiev-

able sum DoF is given by

=

-1

L
SN anpt— (2.38)

1

SIS

K

k=1 t=1 j

where a, is an ascending order of the CSIT qualities in slot ¢, i.e., ar,(1)<" - *Gr,(K),

A . .
and \o= ming_; ... g A\, with

)\k:Z (ak(t)—am(K,l))Jr . (239)

Compared to the sum DoF achieved by RS, it is clear that the sum DoF gain
offered by RS-ST in the K-user case is % As we will see later on, %1 is equal
to the DoF achieved by the space-time common messages. When K=2, we have
Ary(k—1y=min{a;(t),a2(t)} and ar,x)y=max{a,(t),a2(t)}. Then, it can be verified
that the sum DoF given by (2.38) becomes the sum DoF 1+ min{a,,as} specified in
Proposition 2.2.

Next, we will firstly study the achievable sum DoF in the scenario illustrated in
Figure 2.4, where the K users take turns to have perfect CSIT. This scenario is a
natural generalization of the “PN/NP” state in the two-user case. The achievable
scheme designed for such a CSIT pattern can be considered as the fundamental in-
gredient to be integrated in the RS-ST scheme designed for the general time-varying
scenario. Motivated by that, we secondly present the achievability proof focusing on

a 3-user example, and thirdly propose the RS-ST scheme for the K -user MISO BC

with general time-varying CSIT qualities.
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Figure 2.4: K-user alternating CSIT pattern with either perfect or no CSIT

2.2.2.1 K-user Alternating Scenario with Either Perfect CSIT or No CSIT

Let us look at the alternating CSIT pattern illustrated in Figure 2.4. In such a sce-

nario, we state an achievable sum DoF in the following proposition.

Proposition 2.4. An achievable sum DoF in a K-user MISO BC with an alternating

CSIT pattern “PN...N/NP..N/.../N..NP” as illustrated in Figure 2.4 is %

Proof. We show that the sum DoF % is achievable by transmitting one space-time
common message u to be decoded by all users and delivering K group common
messages {c,y(k)}x=1,... k. A certain group common message ¢, (k) is to be decoded
by all users except user k.

To be specific, in a certain slot &, the space-time common message w is sent with
a random beamformer, while a certain group common message c, (k) is transmitted
along a ZF-precoder orthogonal to the channel of user k, i.e., p, (k)€ span(h;i (k)).
The same transmission strategy is applied to all the K slots.

Consequently, in slot k, user £ only receives the space-time common message
u, as the group common message c,(k) is nulled out. On the other hand, in slot j,
Vj#k, user k receives a mixture a u and cg(k). Then, user & is able to decode the
space-time common message u from the received signal in slot k. Afterwards, by
removing u from the received signal in other time slots, user k is able to recover
group common messages {c,(j)};.x. The decoding procedures of the other K —1
user follow similarly by decoding the space-time common message « in the slots

where they have perfect CSIT. U
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Userl User2 User3

Figure 2.5: A 3-user example with time-varying CSIT qualities.

Remark 2.5. When K'=2, the group common message c,(k) is actually a private

message to be decoded by user j only, where k#j. In this case, the above scheme
3

becomes the S5 scheme proposed in [40] for the two-user BC with alternating

“PN/NP” state.

We point out that the sum DoF % does not yield the maximum sum DoF per-
formance in the alternating CSIT pattern illustrated in Figure 2.4. However, the
proposed achievable scheme sheds light on how to design RS-ST schemes for the

K-user BC with time-varying CSIT qualities.

2.2.2.2 RS-ST Designed for a 3-user example

Let us switch our attention to the CSIT quality pattern illustrated in Figure 2.5, where
the CSIT qualities satisfy a<b<c. According to Remark 2.2, by using power P’ to
unicast private messages and using power P— P’ to multicast the common message
in each slot, the achievable sum DoF by RS is 14-b+4a. Next, we propose an RS-ST
scheme that achieves the sum DoF 1+% (¢+2b+3a), which outperforms that achieved
by RS.

Similar to RS, we consider that the private messages are unicast using power P?,
while the remaining power is further split into two parts, P°—P° and P— P¢. With
power P°—P?, slot 1 is interpreted as a “PNN” state, because the strength of the
residual interference after ZFBF can be drowned into the noise at user 1. Similarly,

slot 2 and slot 3 can be interpreted as a “NPN” and “NNP” state, respectively. This
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fact allows us to integrate the space-time transmission designed to achieve the sum
DoF stated in Proposition 2.4. Besides, the remaining power P— P€ in each slot is
used to multicast a common message to be decoded by all users.

As a consequence, the transmitted signal in a certain slot ¢ can be expressed as

3

s(t)=pc(t)c(t) + pu(t)u+py(t)cy(t) + E pr(t)wh(t) t=1,2,3, (2.40)
———— S —— — —
pP—pc pc_pb pc_pb k=1 pb
2 2 3

where ¢(t) is the common message to be decoded by all users; c,(t) is a group
common message to be decoded by user j and user [, where j##t and [#t; u is the
space-time common message to be decoded by all users, while w} (t) is the private
messages intended for user k. The precoders p.(¢) and p,(¢) are random beamform-
ers, while p,(t) and py(t) are ZF-precoders such that p,(t)e span(hi- (1)), for k=t,

and py(t)€ span(hi(t),hi- (1)), for 1,j#k.
For convenience, let us only focus on the received signals at user 1 as the signals
received by the other two users write similarly. The received signals at user 1 are

expressed as

y1(1)=hi' ()pc(1)c(1) + hi’ (1)pu(L)u +hi’ (1)py(1)ey (1) +

P Pe Po
3
hi’ (D)p1(Dwf (1) + D b (D)p; (Dw? (1) +na (1), (2.41)
pb =2 <po PO

y1(2)=hi' (2)pc(2)c(2) + hi' (2)pu(2)u + hi' (2)py(2)cy(2) +

P Ppe P
3
hi'(2)p1 (2wl (2) + > hi' (2)p; (2wl (2) +11(2), (242)
pb J=2 Ppb—a PO

hi(3)p1(3)wi(3) + Y hi' (3)p;(3)w}(3) +1(3). (2.43)
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Decoding: Since the group common message ¢, (1) is drowned into the noise in
y1(1), user 1 is able to decode ¢(1), u and w (1) sequentially from %, (1) using SIC.
Then, by removing the space-time common message u from y;(2) (resp. y1(3)),
user 1 can decode ¢(2) (resp. ¢(3)), ¢,(2) (resp. ¢4(3)) and w?(2) (resp. w}(3)) by
treating the undesired private messages as noise. The similar decoding procedure is
carried out at user 2 and user 3 by starting with recovering the messages received in
slot 2 and slot 3, respectively.

Then, by averaging over the three slots, it can be verified that the sum DoF con-
tributed by the common messages c(t), t=1,2,3, is computed by 1—c, while the sum
DoF achieved by the space-time common message « and the group common mes-
sages ¢y (t), t=1,2,3, altogether is computed by 3 (c—b). Counting the DoF achieved

by private messages, i.e., 2b+a, yields the sum DoF 1+3 (c+2b+3a).

2.2.2.3 RS-ST Designed for the General Time-varying CSIT Quality Pattern

In this part, we will propose a RS-ST scheme for the K -user MISO BC with gen-
eral time varying CSIT quality, which completes the proof of Proposition 2.3. The
transmission block is constructed as follows.

Private messages: Similar to RS, we consider that the private messages in the

RS-ST scheme are unicast with power P (K=1) ip g certain slot ¢, 1<t<L.

Common messages to be decoded by all users: In a certain slot ¢, Vi=1,-- - L, we

consider that common message ¢(t) is multicast using power P—P%~(x). These
common messages are to be decoded by all users.

Space-time common messages and group common messages: With the remaining

power Pom(K)_ pax (K=1) glot ¢ can be interpreted as a “N...P..N” state, where
there is perfect CSIT for user m;(K'), because the residual interference after ZFBF
at user m;(K’) can be drowned into the noise. The fraction of channel use of this

state is denoted by qtéam( K)—0r,(K—1)- Then, we consider that a group common
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message ¢,(t) is transmitted along a ZF-precoder orthogonal to flm( K) using power
1 (P (K) — per(K=1)) " This group common message is to be decoded by all users
except user m;(K).

Due to the time-varying nature of the CSIT qualities, the fractions of channel
uses of the “PN...N”, “NP...N”, ..., “N..NP” states vary across the L slots. There-
fore, the number of the streams of the space-time common messages and the DoF of
each of them should be determined following the a similar procedure as described in
Section 2.2.1.4. Particularly, for K slots, e.g., slot 1,2, - - K, with states “PN...N”,
“NP...N”, ..., “N...NP”, respectively, we can generate a space-time common mes-
sage with rate min,—; ... x ¢:log, P and transmit it in each of these K slots. Sup-
posing ¢;=min,—; ... k g, the space-time common message is transmitted in slot ¢,
t=1,--,K, using power & (P (K=DFa_ par,(K=1)) Then, the remaining power in
slot ¢, t=2,--- K, is %(P“MK)—P“%(K*U*‘II), while there is no remaining power
in slot 1. Besides, the fraction of the remaining channel use of the “NP..N”, ...,
“N...NP” states in slot 2,- - -, K, respectively, is ¢;—qi, t=2,- - -,/K. These remaining
“NP..N”, ..., “N...NP” states can be further employed to generate space-time com-
mon messages with the “PN...N” states in other slots. This procedure ends when
there is (at least) one kind of the “PN..N”, “NP...N”, ..., “N...NP” states has zero
channel use, which means that the alternating “PN...N/NP..N/.../N...NP” state no
longer exists. Let us use 7 to denote the set of slots where user &k has the great-
est CSIT quality, i.e., Eé{t:am( x)=Fk}. Then, the the details of the procedure to
generate the space-time common messages is presented in Algorithm 2.2.

Hence, the transmitted signal in each slot may consist of a superposition of mul-
tiple space-time common messages. Let us denote the space-time common mes-
sages transmitted in slot ¢ by u, ;, =1, - - - /K. The transmitted power allocated to
the jth space-time common message is %(P“ﬂt(K*l)JrzgzlT’fvi—P“ﬂt“ﬁlﬁZ{?11 e,

where 7; ; is the DoF of the jth space-time common message determined following
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Algorithm 2.2: Space-time common messages generation for the K -user case.

1 Initialize C,Ié(—Qt, 6,5:0,7”(1), Vt:]_7 . ~7L, 1=1;
2 while 3t €7y, such that g;, >0, Vk=1,--- K do
3 Randomly choose t1 €77, t2€73, - - -, t x €Tk, such that qgk >0, Vk=1,-- - K;

4 Generate space-time common message u; with (pre-log factor of the) rate
Ti=MiNg=1,... i G, ;

5 Power allocation: %(PEﬁTi—P“) in slot ¢, t=t1,t2, - - ,tK;

6 Update q;<—q;,—7i, et4—€¢+7i, t=t1,t2, - -t i, and i<—i+1;

7 end

the footsteps described above. Then, the transmitted signal can be expressed as

s(t)=pe(t)c(t) +  pylt)cy(t)  +

P—pomi(K) %(P‘"’t(IQ—Pﬂ't(K*l))
K K
p
> Pe,jlt,j +> pr(t)ul(t), (2.44)
- — —_———
=1 J j-1 k=1 1 pan (k-1
%(Paﬁt(K71)+Zi:1 Tt,i_Pafrt(Kfl)Jr Zi:l Ttyi) ?P t

where p (t)€ span(hy, . (t)) and py,(t)€ span({h; (t) };x) are ZF-precoders, while
the precoders of the common message ¢(t) and space-time common message u; ; are
random beamformers.

The signals received by user £ in the slot ¢, €7, and slot ¢;, t;¢ T, write as

Ky,
yi(te)= by (t)pe(te)e(ts) + Dl ()P (b o (t) + Y i (t)Pey juny +
P PO Jj=1 p“wM—WZLl i
by (t)pe () wh (t) + > By (b Pt )w! (1) + ni(ty) (2.45)
— 7k ~ >
PO (K1) <P P
Ktj
ur(t)= gl (8)pelt;)e(ty) + Mg (85)Pg (E5) e (8) + Y gl (8)py, e,y +
~~ — —-
P P (K) J P“Wtj (K71)+ZZ:1 Tt
by (8)pe(t)wh(t;) + Y by ()pu(ty)wy (8) + nilt;) (2.46)
a . l#k e — . 0
p ey (K1) P'lfrtj (K—1)~%%(t5) P

Decoding: The decoding starts from the received signal yx(fx). As the group
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common message c,(?;) and the undesired private messages are drowned into the
noise, user k recovers common message c¢(tx), the space-time common messages
and the desired private message wj(t;) sequentially using SIC. By performing the
same decoding procedure in all the slots of 7, user k recovers all the space-time
common messages. Then, after removing all the space-time common messages from
the received signals in all other slots ¢;, t; ¢ Ty, user k is able to recover common
message c(t;), group common message ¢, (t;) and the desired private message w? ()
by treating the undesired private messages as noise.

By taking the average over the L slots, it is straightforward that the sum DoF
of the common messages c(t) is % Zle 1—ar, (k). Besides, it can be verified that
the sum DoF achieved by the group common messages are % ZtL:l Uy (K)o (K—1)»
while the sum DoF of the private messages is T S (1) + Sory @ryr))- Then,
we see that counting the DoF contributed by these messages yields the sum DoF
identical to that achieved by RS (see (2.37)). The remaining work is to compute the
sum DoF gain offered by the space-time common messages.

According to the generation of the common messages, the procedure stops when
the alternating “PN...N/NP...N/.../N...NP” state no longer exists. This implies that
the sum rate/DoF of the space-time common messages is limited by the state with
the smallest amount of channel use. Across the L slots, the total amount of channel
use of state “N...P..N” where the CSIT of user k is perfect, can be computed by
=31, (ak(t)—am(K_l))Jr. Then, by taking the average of the L slots, it is clear
that the sum DoF of the space-time common messages is 1 ming—i ... g Ay, which

L

completes the proof of Proposition 2.3.
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2.3 Rate Analysis with the Presence of Quantized CSIT

So far the focus has mainly been on the DoF analysis, leaving aside the question
of how the RS and RS-ST approach can benefit the sum rate performance at finite
SNR. Tackling such a question is essential as it sheds light on the usefulness of the
information-theoretic works in a practical multiuser MISO system.

We focus on a two-user MISO BC and consider RVQ is employed to quantize
the channel vectors as it is amenable to analysis and performs closely to optimal
quantization [18]. The codebook employed in RVQ and the codeword selection is
described in Section 1.3.2. Note that in our work, only the direction of the channel
is quantized, the magnitude information is not conveyed to the transmitter. This is
because the magnitude information is more meaningful in performing user-selection
when there is a large number of candidate users in the system [58, 59, 60]. As pointed
out in [18], when a two-user MISO system is considered, the magnitude feedback is
of second concern.

We consider two scenarios regarding the feedback qualities of the two users and
the number of channel uses. We use By (t) to represent the number of feedback bits
employed by user £ in slot ¢. The first scenario involves one channel use where
the two users quantize their respective channels using an equal number of bits, i.e.,
By (1)=By(1)=B. The second scenario is similar to the alternating CSIT quality
pattern studied in Section 2.2.1. In particular, we consider that the two users al-
ternatively have a better feedback quality in the two channel uses, while they have
an equal average feedback quality across the two channel uses. To be specific, the
second scenario is described as By (1)=Bg, B1(2)=DB,, B2(1)=DB, and By(2)=Bj,
where B, <Bjg.

Throughout the section, we consider that the channel vectors h; (¢) and hy(?)
have 1.1.d. Gaussian entries with zero mean and unit variance. Besides, the channel

vectors are 1.1.d. across users and time slots.
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2.3.1 Equal Feedback Quality: Rate-Splitting vs. ZFBF

In this part, we reuse the framework of RS described in (2.6) and (2.7), but with
some slight changes. First, we consider a two-user case. Second, since we are
looking at sum rate as a figure of merit, it is inappropriate to consider the first order
approximation of the power allocation. Instead, we employ the power allocation
policy P.=P(1—p) and Plngz%, where? p€(0,1] denotes the fraction of the total
power that is allocated to the private messages. Although equal power allocation for
the private messages does not yield the best performance from a sum rate perspective,
it allows us to find tractable results on the sum rate performance achieved by RS.

More details on the power optimization can be found in [61]. The precoders are

chosen as follows, for k=1,2,k#j: 3

* pPi€ span(ﬁj), k7 with ||pg||=1, is a ZF-precoder and independent of hy,

where flk is obtained as in (1.18).

* p., with ||p.||=1, is a random beamformer and independent of hy, hy, and wy,

Vk=1,2.
Consequently, the corresponding SINR explicitly write as

by’ pe[*P(1—p)

SINR = (2.47)
H’% Z?:l |hlljpj|2

SINR. = min(SINR{Y  SINR®), (2.48)
hH 2 Pp

SINR, = PR s (2.49)

1+|hf'p; 252’

2If =0, the common message is transmitted with full power and the rate is limited by the user with
a weaker effective channel gain. This case is meaningless because it is outperformed by a single-user
transmission (TDMA) whose rate is determined by the user with a stronger effective channel gain.
Hence, we exclude this case from the support of p.

3Generally, the RS approach is a class of transmission strategies that superpose common message
on top of conventional multiuser transmission. To understand the fundamental benefit of common
message transmission, we consider random beamformers so as to improve the analytical tractability.
More details on the precoder optimization can be found in [61].
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Figure 2.6: Simulation results for RS with M =4.

The ergodic rate of each message is expressed as a function of the power splitting

ratio, namely R.(p)=E [log,(1+ SINR.)] and Ry, (p)=E [log, (14 SINR)].

2.3.1.1 Sum Rate Loss Incurred by RS

Next, we study the sum rate loss incurred by the RS relative to the ZFBF with
perfect CSIT in the scenario with equal feedback quality. To this end, we define
AR(p)=Ri+R;—R1(p)—Ra(p)—R.(p) to be the difference between the sum rate
achieved with ZFBF with perfect CSIT and the sum rate achieved with RS with
a power splitting ratio p€(0,1]. The expression R;=E [logy(1+|hf py,r[*L)] de-
notes the rate achieved by user k, k=1,2, using ZFBF with perfect CSIT, where
Pk.ps 1S a unit-norm vector randomly chosen from the M —1-dimensional null space

of h;,k#j. An upper-bound of AR (p) is stated below.

Proposition 2.5. In the scenario where the two users have equal feedback qualities,
the sum-rate loss incurred by the RS scheme with RVQ relative to the ZFBF with

perfect CSIT is upper-bounded by

i P
AR“(p) ARG (t)=2¢(p)+2log,(1+

231 ) —log, (1+
2(M—1) 082

),
(2.50)

P(l_p> e/{(p)
2
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where pe(0,1] is the power splitting ratio, /{(p)é(Pip—l)qb(%)—l—v with Euler

constant 1~0.577, £(0)2 15 [9(5)-6( )], o) 2 Br (1) with Ey (o) [} <t

In2 2 2 — 1 t

and e~2.718 refers to the natural constant.
Proof. see Appendix B. ]

In (2.50), the first term 2¢(p) stands for the rate loss due to the decrement of
the power allocated to the private messages, the second term which is a function of
B refers to the rate loss incurred by the ZF precoders (with power Pp) of RS with
RVQ, while the last term is the rate achieved by the common message, i.e., c. Taking
p=1 yields the rate loss incurred by the conventional ZFBF with RVQ, where the
first and last term become zero.*

Next, we aim to find the closed-form solution of the optimal power splitting ratio
p*E arg ming< < AR®(p), but it is difficult to obtain for arbitrary SNR due to the
complicated expression of AR“J( p). Hence, to improve the analysis tractability, we

consider high SNR regime and aim to obtain p°/£ arg ming«,<; AR(p)|p_sos. As

¢(r)~—v+In(r) for r—o0, one has
(o] 1 o0
e(p) = log,—, k(p) = —In(Pp)—1+In4. (2.51)
p

Substituting (2.51) into (2.50) yields

~ 1 PM B 2 2
AR =2log, [ —4+—— o~ % T | —log, [1+=—2).  (2.52
=gy (g2 ) -t (140-2) . @2

“We note that the expression of the upper-bound of the sum rate loss incurred by ZFBF with RVQ
is different from that is derived in [18] due to the following reasons: 1) we consider a M X2 system
while [18] studied a M x M system, and 2) we consider that the ZF precoder is randomly chosen from
the null space of the unintended receiver, whereas [18] obtained the ZF precoders by computing the
pseudo-inverse of the aggregate channel.
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By evaluating the first order derivative of (2.52), we can easily obtain

1 if B<BY;
pi={ morn 2T+ (2.53)

1 if B>BSY,

where Bi/=(M—-1) [logQ%—logz(e—l) . Note that B5? acts as a threshold that
switches the scheme from ZFBF with RVQ to RS if the feedback quality is not good
enough.

Figure 2.6(a) compares the analytical upper-bounds with the Monte Carlo sim-
ulation when M =4 and B=10. Specifically, for conventional ZFBF with quantized
CSIT, the upper-bound ARI(1) is plotted by substituting p=1 into ARI(p), while
the simulation is carried out with even power allocation. For RS, the upper-bound
AR(p) is plotted by substituting p=p°? into AR (p). The simulations are car-
ried out in two ways: 1) with an exhaustive (Ex) search for p; 2) with p=p® in
(2.53). We observe that AR (p°) is an upper-bound of the simulation result of the
sum rate loss incurred by the RS scheme. In addition, we can see that p®? in (2.53)
is a proper allocation for the RS scheme as the simulation of the RS scheme with p®?
yields almost the same performance as the case with exhaustive search.

To gain insights into how the sum rate of RS scheme changes with B, let us sub-
stitute p°? into AR (p) and evaluate AR®I(p?) focusing on high SNR and B<B{’.

It writes as

M
12wi+2—e). (2.54)

5 P
AReq(peq)|P—>oo:10g2€+10g2(M

Remark 2.6. (SNR gain offered by feedback quality increment:) From (2.54),

we can see that a certain increment of B (for both users), equal to b bits, results

in ﬁ bps/Hz sum rate enhancement for RS, where the term 2—e is negligible as
we consider high SNR and B is not a function of P. Such an enhancement can be

interpreted as a % dB SNR gain for RS. Remarkably, this is an extraordinary dis-
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tinction compared with ZFBF with RVQ and single-user transmission, i.e., TDMA.

For ZFBF with RVQ, the upper-bound of the sum rate loss writes as

PM -
m2M—1). (255)

AR (1)=2log,(1+

Although increasing B by b bits yields a sum rate enhancement, it cannot be inter-
preted as a SNR gain because the sum rate saturates at high SNR. This can be seen
from the pre-log factor of the Af%eq(l), which indicates a DoF loss of 2. Similar
observation was found in [18].

For TDMA, an upper-bound on the sum rate, i.e., log,(1+PM (1—2%)), was
shown in [18]. This indicates that increasing B does not provide a significant gain

especially when B is already good enough.

By setting M =4 and different values of B, i.e., 10 and 15, Figure 2.6(b) illus-
trates the simulation result of the ergodic sum rate of RS with p°? in (2.53). We see
that, unlike ZFBF with RVQ, the sum rate of RS is increasing rather than saturating
when B does not change with P. The SNR gain stated in Remark 2.6 is verified as
RS with B=15 yields a 5dB SNR gain over the case with B=10 at high SNR regime.
On the other hand, as mentioned in [18], the saturation of the sum rate can be also
avoided by doing TDMA. A thorough comparison between RS and TDMA will be

presented in Section 2.3.3.

2.3.1.2 A New Scaling Law of B

It has been shown in [18] that full DoF is achievable with ZFBF with RVQ if the
number of feedback bits scales linearly with A/ and SNR (in decibel). In this case,
although RS does not bring DoF gain over ZFBF with RVQ, it enables a feedback
reduction to maintain a constant rate offset relative to the ZFBF with perfect CSIT.

The following proposition specifies the scaling law of B required by RS to achieve



2.3. Rate Analysis with the Presence of Quantized CSIT 61

30 25

— B¢ (5’ 1) —ZFBF-Perfect
|| —-2ZFBF-RVQ with B*1(5,1)

~Be1(5, p12)

n
o

5| |==RS with B(8,p2)

20 z
—
E 15}
£

m 15 e

=
o 10+

10} 5
554

5| 5f

0 . : . . ) : : : : : : ‘

20 25 30 35 40 0 5 10 15 20 25 30 35 40
SNR (dB) SNR. (dB)
(a) Overhead (b) Sum rate performance

Figure 2.7: M =4, to achieve maximum log,d=6bps/Hz rate loss.
a certain maximum allowable rate loss relative to the ZFBF with perfect CSIT.

Proposition 2.6. In the scenario where the two users have equal feedback qualities,
to achieve a maximum allowable sum rate loss, equal to log,0 bps/Hz, relative to
ZFBF with perfect CSIT, the number of feedback bits required by the RS scheme is
given by B®(4,p), where

Vo /1420 ente)

. PM

where (p), €(p) and p are the same as those introduced in Proposition 2.5.

Proof. (2.56) is obtained as the inverse function of (2.50), i.e., setting AR (p)=logyd

and calculating B as a function of ¢ and p. U

We see that due to the complicated expression (2.56), it is difficult to derive the
optimal power splitting ratio p*2 arg ming. p<1 B°(6,p) that minimizes the required

feedback overhead. To gain insights into Proposition 2.6, we obtain the optimal
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power splitting ratio at high SNR, namely p*®2£ arg ming. ,<; B°/(8,p)|p_, Where

2(M—1)
An

(M—Dlog, (%; (Hz_z)_z) sy
pe e} p

By evaluating the first order derivative of (2.57), we can easily obtain

Beq<57p)|P%oo:(M_1)10g2p_(M_1>10g2

) i_lgﬂ if 6>¢2,
pi=4 272 (2.58)
1 if 1<d<e?.

Remark 2.7. [Feedback overhead reduction:] To achieve a maximum allowable
rate loss equal to log,0 bps/Hz, by comparing the number of feedback bits required
by RS, i.e., B%(§,p°?), with that required by ZFBF with RVQ, i.e., B%(d,1), one

can compute the feedback overhead reduction as

BY9(5,1)—B*(5,007)

\/3\/1+P<1 0242) (ppeqz eqleL”)_ )
L [e5r-o2t2)] pea?
—(M-1)1o ipr12a? 2.59
P—>oo i—i_%_ 2
(M—1)log, , for §>e”. (2.60)

Vo1

Setting the maximum allowable rate loss to be log,0=6 bps/Hz, Figure 2.7(a)
illustrates B (§,p°?) and B°(§,1) for M=4. Notably, at medium SNR (15dB),
RS scheme requires 5 bits less than ZFBF with RVQ. When it comes to high SNR,
the feedback overhead reduction decreases to a constant. Figure 2.7(b) illustrates
the simulation result of the sum rate performance by applying B(d,1) to ZFBF
with RVQ and B®(§,p%?) to RS (the power splitting ratio in the simulation is p°%?),

where log,d=6bps/Hz. Firstly, we see that both schemes achieve less than 6bps/Hz
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rate loss relative to ZFBF with perfect CSIT with their respective scaling law of B.
Secondly, both schemes achieve almost the same sum rate performance. This implies
that Remark 2.7 correctly characterizes the feedback overhead reduction offered by

RS to achieve the same sum rate performance as ZFBF with RVQ.

2.3.2 Alternating Feedback Quality: Space-Time RS vs. RS

In this section, we focus on the scenario with alternating user-specific feedback qual-
ities, where user 1 utilizes Bg (resp. B,) bits and user 2 employs B, (resp. Bj) to
quantize their channels in slot 1 (resp. 2). We firstly focus on the RS scheme and
extend the results shown in the previous section. Secondly, we identify the benefit
of the RS-ST scheme through comparing with the sum rate achieved with the RS
scheme. For convenience, we use 72Bs—B,>0 (assuming B,<B;) to represent
the discrepancy between the numbers of feedback bits employed by the two users in

A Ba

each slot, and employ B +BB to denote the average feedback overhead.

2.3.2.1 Sum Rate Loss Incurred by RS

In this part, following the footsteps in the previous section, we study the sum rate
performance of RS in the scenario with alternating user-specific feedback qualities.
Let AR"*(p) denote the sum-rate loss incurred by RS in the scenario with alter-
nating user-specific feedback qualities. As the sum rate achieved by RS in slot 1 and
2 are statistically equivalent, we only focus on the sum rate achieved in a single slot.

Reusing the proof of Proposition 2.5, an upper-bound of A R"*(t) is given below.

Proposition 2.7. In the scenario with alternating user-specific feedback qualities,

the sum-rate loss incurred by the RS scheme with RVQ relative to the ZFBF with
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perfect CSIT is upper-bounded by

AR™(p)<AR™(p)

P(1—-
:26(,0)+log2(1+pAa)+log2(1+,0A5)—10g2(1+¥6“(”)), (2.61)

—Ba —B .
where Aa:%QM}il, AB:%2Tj, while k(p), (p) and p are the same as

those introduced in Proposition 2.5.

Similar to the analysis in the previous section, it is difficult to obtain a closed-
form solution of p*2 arg ming.,<; AR"(p) for arbitrary SNR due to the compli-
cated expression of AR“S(p). Hence, we calculate an optimal power splitting ratio
that minimizes AR"*(p) at high SNR, namely p**£ arg ming<,<1 AR (p)|p_o0-

Specifically, AR"(p)|p_oc Writes as

_ 1 1 2 2
AR"(p)| p—oc=logy (—+Aa) +log, <—+A5> —log, <1+———> . (2.62)
p p pe e

Then, by evaluating the first order derivative of (2.62), it can be shown that

1 B>B¥(0);
= : - (2.63)
B<By*(©
VB 52) -2 7°(©)
where
> 2(M—-1
By (O)=(0~1)log, P~ (M~ Dlog, 211
e? O(O—4) e-2
_ 4 (e—9)2 _
(M—1)log, (\/4+(e 2) 16 + (© 2)), (2.64)

Note that BY(0) is the threshold that switches the scheme between RS and ZFBF

with RVQ. Clearly, B¢*(0) is monotonically decreasing with ©, i.e., 7. When
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B,=DBgs, we have BY*(0)=B;" and (2.61) and (2.63) become (2.50) and (2.53),
respectively.

To gain insights into the impact of having user-specific feedback qualities, let us
consider B<BY*(0) and plug p** into (2.62). The upper-bound of the sum rate loss

at high SNR can be derived as

AR pmlot ( 9/ Baia P4 (VAo R ) -

log, <2+(1—2)p ) . (2.66)

Note that it is cumbersome to quantify the term p"*(/A,Ag— u) due to the con-

stant terms % in p"4. Thus, to obtain a quantitative result, we further upper-bound

AR (p")|p_sos bY AR (3"*)|p_soe, Where p2 \/Ala_AB’ because p“* minimizes
AR ()| p—soo- Specifically,

ARuS(pus)|P—>mSARUS(ﬁUS)|P—>oo

2 2
—1ogy (v/Aatr/Ag)%—log, (— 1—25“8) (2.67)

B
PM . 2w e
<l —_ log, —. 2.

Note that by comparing (2.68) with (2.66), we can see that (2.68) upper-bounds
AR (p"*)| P—oo Within log, §~0.44. This is because the first term in (2.66) is greater
than the first term in (2.68) while the second term log, $~0.44 in (2.68) upper-bounds

the second term in (2.66).

Remark 2.8. (Sum rate degradation of RS with alternating user-specific feed-
back qualities:) Using (2.68), we can see that, compared to the case 7=0 (i.e.,
©=4), the sum rate degradation incurred by the user-specific feedback qualities, i.e.,

7>0, can be characterized by log,© 7 bps/Hz. This degradation can be interpreted as
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a 3log2%%3(m—2) dB SNR loss, if 7 is relatively large.

2.3.2.2 Scaling Law of 5 Required by RS
Inverting (2.61) with the respect of (w.r.t.) B yields the following proposition.

Proposition 2.8. In the scenario with alternating user-specific feedback qualities,
to achieve a maximum allowable rate loss, equal to log,d bps/Hz, relative to ZFBF

with perfect CSIT, the average number of feedback bits required by the RS scheme

is given by
_ PM
BY =(M—-1)logy————
P(1—p) K(t)
2_Y o1+ e _9
(M—1)log,(\| =29, ( ’ >—® ), (2.69)

402 p2 . 22¢(p) 20

where O is given by (2.65), and x(p), €(p) and p are the same as those introduced in

Proposition 2.5.
Proof. see Appendix C. ]

Similar to the previous analysis, it is difficult to calculate the optimal power split-
ting ratio p*2 arg ming p<1 B¥(4,p) for arbitrary SNR. However, we can make a
progress in high SNR regime. In particular, when P—00, the optimal power splitting
ratio is defined as p"**£ ming< <1 B**(3,0)|p—oo. With the derivation presented in

Appendix C, we obtain

-1
4(0—2)2 (0—2)2 15 '
us,2_ [\/52(92—46)2(52—82_495(1—%)—m:| (5>50(@),

(2.70)
1 1<6<6,(0);

where 8,(0)2/< (02 —40)+ (£(0-2)2(1—2)+¢) +£ (0-2)*(1-2)+e. Note

that in Appendix C, p“*? is the solution to a quadratic formula. When B,=Bg, the
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Figure 2.8: B vs. 7, M=4 and P=30dB.

quadratic formula degrades to a linear formula, where the resultant p“*? becomes
0°%? in (2.58) and the threshold §,(©) becomes e?. Clearly, d,(©) is monotonically
increasing with © (or 7) as ©>4. This indicates that the threshold where RS starts

to offer feedback reduction over ZFBF with RVQ grows with © (or 7).

Remark 2.9. (Average feedback overhead reduction offered by the RS scheme
over ZFBF with RVQ when there are alternating user-specific feedback quali-
ties:) To achieve a maximum allowable sum rate loss relative to ZFBF with perfect
CSIT, equal to log,6 bps/Hz, compared to the feedback overhead required by ZFBF
with RVQ (i.e., B¢*(d,1)), performing RS scheme enables an average feedback over-

head reduction that scales as

B (8,1)—B"(8,p"%) "= (M—1)log, \/

(2.71)

Due to the complicated expression of (2.70) and (2.71), it is cumbersome to
analyze the impact of 7 on the feedback overhead reduction. In Figure 2.8, we
plot B**(§,1) and B“$(§,p"*?) for M=4 and P=30dB. When 7 increases, we can
see that the gap between BE*(,1) and B$(d,p"*?) decreases. This indicates that
the feedback overhead reduction in (2.71) offered by the RS scheme over ZFBF

with RVQ is decreasing with 7. When §,(0) becomes equal to §, B**(5,1) and
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Bs(8,p"*2) coincide.

2.3.2.3 Sum Rate Loss Incurred by the Space-Time Transmission

Previous subsection identifies the impact of 7 on the sum rate performance and the
feedback overhead reduction over ZFBF with RVQ achieved by the RS scheme in
the scenario with alternating user-specific CSIT qualities. In this part, we analyze the
sum rate performance of the RS-ST scheme. By comparing with the RS scheme, we
will show the benefit of transmitting an additional common message, i.e., u, using a
space-time transmission.

Towards this, we reuse the framework of RS-ST designed for the scenario with
alternating user-specific feedback quality (see the X5 scheme described in Section

2.2.1.1). The power allocation policy is modified as follows. We consider that the

Ppa

power allocated to the private messages w/(1) and w5 (2) is =%

, while the power
allocated to the private messages w?}(2) and w5(1) is %. Then, the power allocated

(Pﬁ_ﬂa)
2

. P
to the common message u is . The precoders are chosen as follows:

* p.(t) and pg(t), k=1,2, are respectively the random beamformer and ZF-

precoders in slot ¢, similar to the RS scheme;

* We choose p,(1)=p:1(1)ehi (1) and p,(2)=py(2)ehi(2). Although such
choice is non-optimal, it suffices to provide the fundamental benefit of trans-

mitting v across the two slots.

The SINR of the messages decoded by user 1 are explicitly written as

H 2 _

1| (1)p (1)[2 2222 nf (1)py (1) |2 22+ b (1)pa(1)[2 722
SINR(:l) (2)= |h{1(2)pjcj(2)|2p(1_pﬁ) : (2.73)
‘ 1+ (2)py (2)[2 722 +|nf (2)pa(2)]2 2=
SINR(V) — By’ (1)p (1)]2 Hesreed 2.74)
“ 14 (1)py (1) 2222+ (1)pa(1)2 552
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I ()py (1) P8
LR (1)py(1)2 222
Wi @)p(2)2 222
1+ i (2)pa(2) 2 Eee

SINR; (1)

(2.75)

SINR, (2) (2.76)

The SINR of the messages decoded by user 2 are omitted for brevity as they write

similarly. The ergodic rate is computed by

R (p3,pa) =E[log,(1+ min SINR{P)] (2.77)
Re1(ps,pa) #E[log, (14 min SINR{Y (1)), t=1,2 (2.78)
Ry.1(pg,pa)=E [logy (14 SINR, ()] ,t=1,2. (2.79)

Recalling the SINR expressions in (2.72) through to (2.76), we see that the SINR
of ¢(1), w{(1) and wh(1) are statistically equivalent with that of ¢(2), w5 (2) and

wh(2), respectively. Hence, the sum rate achieved by RS-ST writes as

1
Rgp (paapﬂ)é§ (2R1,1 (paapﬁ)+2R27l (Paapﬁ)+2Rc,1 (paapﬂ)—i'Ru(paap,B)) : (280)

Moreover, the sum rate achieved by ZFBF with perfect CSIT are statistically equiv-
alent in these two channel uses. Thus, let us write the sum rate achieved by ZFBF
with perfect CSIT as R ;+R5,, where R7; and Rj; denote the rate achieved by
the private messages intended for user 1 and user 2 in slot 1, respectively. Con-
sequently, the sum rate loss incurred by the RS-ST scheme relative to ZFBF with
perfect CSIT is defined as ARs7(pa.p3) =R} 1+ Ry —Rsr(pa.ps). An upper-bound

of ARgr(pa,ps) is stated below.

Proposition 2.9. In the scenario with alternating user-specific feedback qualities,

the sum-rate loss incurred by the RS-ST scheme with RVQ relative to the ZFBF
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with perfect CSIT is upper-bounded as

ARs1(pa,ps) SARsT(paps)
=H(Pasps) = 0(Pasps)t 108y (14pala) +1ogy (1+psAs) —

log, {H—Me“(pﬂ)} , (2.81)

where

P P P Pp.
o=z |05 -0 B +0(5)-0( ) 8
P 2y Pp, iz
olpaps)=rg o222 2EE) g Py 2 )], 289

and A,, Ag, k(ps), pa€(0,p5] and pg€|pq,1] are the same as those introduced in

Proposition 2.7.
Proof. see Appendix D. ]

In (2.81), (pa,pp) refers to the rate loss incurred by the power decrement of
the private messages, while o(pa,pp) characterizes the rate achieved by u, which
is essentially determined by the discrepancy between p, and pz. The rate loss in-
curred by the ZF precoders in RS-ST with RVQ is shown by log, (14+p3As) and
log, (14paa)- The last term represents the rate achieved by ¢(1) and ¢(2).

Note that ARST(pa,pﬁ) in (2.81) gives an upper-bound for arbitrary SNR, but
it is difficult to get explicit insights from ARgr(pa,ps). Moreover, after writing

ARs7(pa,ps) at high SNR, namely

- 1 1
ARST(pomp,BNP—wo:lOgQ (%+Aﬁ> +10g2 (p_+Aa> -

1 2 2
?&@4%<H—_O,QM)
Po pse ¢
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Figure 2.9: Simulation results for RS-ST, RS and ZFBF with B=10 and M =2.

we find that it is still cumbersome to calculate the closed-form solution of the power
splitting ratios (pz,pg)é arg ming<,, <ps<1 ARST(pa,pﬁ) | P00 as the expression in
(2.84) is a non-convex function of two arguments. Hence, for the sake of analysis

tractability, we choose p, and ps as
psts=min{AZ" 1}, psro=min{A]"1}. (2.85)

Note that (2.85) follows the power allocation in [32], where the power allocated to
the private messages is chosen to ensure that the residual interference after ZFBF
with imperfect CSIT is drowned by the noise, i.e., Ayp, <1 and Agpg<1. Although
pst.« and psr g in (2.85) are non-optimal in minimizing the rate loss, they provide a
baseline of how much benefit we can gain from the space-time transmission of u.

In Figure 2.9(a), we firstly compare the simulation results of RS with p=p“® in
(2.63) and RS-ST with p,=psr . and pg=pgr g in (2.85), with their corresponding
analytical upper-bounds, namely AR“(p"*) and ARgsr(psr.a,ps7.5)s respectively.
We can see that Proposition 2.7 and 2.9 upper-bound the sum rate loss incurred by
the RS and RS-ST scheme in the scenario with alternating user-specific feedback
qualities. Secondly, we also plot the simulation results of the RS scheme with an

optimal power splitting ratio obtained by exhaustive search. We can see that the
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simulation of the RS scheme with p“® in (2.63) yields almost the same performance
as the case with exhaustive search. This indicates that p“® is a proper allocation for
the RS scheme in the scenario with alternating user-specific feedback qualities.

Next, to obtain insights into the sum rate performance of the RS-ST scheme, we

plug ps=psr s and p,=psr., into (2.84) and derive ARST<pST7a,pST”3)‘P*>OO as

- 1
ARsr(pst,0:057,8) | P—0o=10gy <—+A5> +log, ( +Aa) +
PsST,B

PST .«

1 2 2

élogQPST,BpST,a_IOgQ (g‘f‘(l— E)pST,B)a
2%

+2+log, <, (2.86)

<log, 2"
=082 ) 2

where the inequality is due to the fact %—l—(l—%) pST,IBZ%. In (2.86), we see that the
sum rate loss incurred by the the RS-ST scheme at high SNR is not a function of
©. This indicates that, when B is fixed, performing RS-ST scheme produces similar
results for any choice of B, and Bg. This is in contrast to the RS scheme, where the

sum rate degrades dramatically with 7.

Remark 2.10. [SNR gain offered by the RS-ST scheme over RS scheme:] Using
(2.68) and (2.86), we quantify the gap between the sum rate achieved by RS-ST and

RS scheme at high SNR as

ARs(p")|psoo—ARsr(pst ,05p57.8) | Psoo2l0g, (2707 4270 -1) —2, (2.87)

where the approximation is due to the fact that (2.68) and (2.86) are upper-bounds
of ARs(0™)|p—so0 and ARsr(psz.a:ps7.58)| s TEspectively. For a large value of
7, we can see that RS-ST scheme offers a SNR gain of 3(%—2) dB over the RS
scheme, which indicates that in the scenario with alternating user-specific feedback

qualities, the sum rate degradation of the RS scheme mentioned in Remark 2.8 can

be avoided by multicasting the space-time common message, i.€., u.
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Figure 2.9(b) illustrates the simulation results of ZFBF with RVQ, RS with p“*
in (2.63) and RS-ST scheme with pgr, and psr s in (2.85) for M=2, B=20 and
different values of 7. We can see that RS-ST scheme with 7=6 and 7=10 yield
the same performance at high SNR, offering 2~3dB and 8~9dB SNR gain over RS

scheme when 7=6 and 7=10 respectively.

2.3.2.4 Scaling Law of B Required by the Space-Time Transmission

Let Bgr(0) denote the average feedback overhead required by the RS-ST scheme to
achieve a maximum allowable rate loss, equal to log,d bps/Hz, relative to ZFBF with
perfect CSIT. To characterize Bsr(J), we can invert (2.81) w.r.t. B and evaluate the
resulted inverse function at high SNR. But these footsteps will result in an equation
similar to (2.84), which does not allow us to find a closed-form solution of the opti-
mal power splitting ratios. Instead, using (2.86) and (2.68), we will firstly obtain a
tractable result of the average feedback overhead reduction enabled by RS-ST over
RS, such that both RS-ST and RS schemes achieve the same sum rate performance.
Secondly, using such a quantity, we find a tractable expression of Bgr(d) as a func-
tion of the average feedback overhead required by the RS scheme to maintain log,0
bps/Hz sum rate offset relative to ZFBF with perfect CSIT.

Specifically, when 7 is fixed, by setting (2.86) equal to (2.68) and through some
simple manipulations, we can calculate that the difference between the average num-
ber of feedback bits employed by RS in (2.68) and that employed by RS-ST in (2.86)

scales as
2 4(1&11) _|_2 4<Ml1)
2 )

(M—l)log2gz2(]\4—1)log2 (2.88)

where O is given by (2.65). The quantity in (2.88) means that to achieve the same
maximal rate loss relative to ZFBF with perfect CSIT, performing RS-ST requires
(M—1)log, 2 bits less than performing RS. If 7 is relatively large (w.r.t 4(M—1)),

such a feedback overhead reduction offered by RS-ST over RS writes as §—2(M —1).
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Figure 2.10: M =4 and 7=14, to achieve maximum log,d=6 bps/Hz rate loss

This allows us to express Bgr(8) as

24(1\7121) _|_2 4(]\47—71)

BST((S):B“((S,pus’Q)—Q(M—1)10g2 5 ,

(2.89)

where B%(5,0"*?) in (2.69) with p“*2 in (2.70) characterizes the average number
of feedback bits required by the RS scheme to achieve maximum log,d bps/Hz rate
loss relative to ZFBF with perfect CSIT in the scenario with alternating user-specific
feedback qualities.

Setting the maximum allowable rate loss to be log,d=6 bps/Hz, we plot B“*(4,1),
BUs(5,p"*2) and Bsr(d) in Figure 2.10(a) for M =4 and 7=14. We can see that RS
(i.e., BU$(8,p"*?)) offers roughly 1 bit reduction compared to ZFBF with RVQ (i.e.,
B(§,1)) at high SNR, which is smaller than the overhead reduction shown in Figure
2.7(a) with 7=0. In addition, RS-ST (i.e., BST((F)) enables 1~2 bits reduction over
RS (i.e., B“(8,p"52)).

Figure 2.10(b) illustrates the simulation result of the sum rate performance achieved
by applying 544(4,1) in (2.69) to ZFBF with RVQ, B"*(§,p%*?) in (2.69) to RS and
Bsr(d) in (2.89) to RS-ST. Besides, for RS, the simulation is carried out with the
power splitting ratio p**2 in (2.70), and for RS-ST, the simulation is carried out with

the power splitting ratios psr . and pgr g in (2.85). We can see that 1) all the afore-
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mentioned schemes achieve less than 6bps/Hz rate loss relative to ZFBF with perfect
CSIT with their respective scaling laws of B, and 2) all the schemes achieve almost
the same sum rate performance. This confirms the feedback overhead reduction ben-

efits stated in Remark 2.9 and Eq.(2.88).

2.3.3 Numerical Comparison with Single-user/Multi-user Mode
Switching

According to the power splitting ratios discussed in the previous analysis, when the
number of feedback bits is fixed, both RS and RS-ST schemes perform similarly to
ZFBF with RVQ at low and medium SNR, while they transmit common messages
with most of the power at high SNR such that the sum rate is increasing rather than
saturating. A counterpart of this kind of transmission is SU/MU switching, which
dynamically switches between ZFBF with RVQ (i.e., multiuser mode) and TDMA
(i.e., single-user mode) to maximize the sum rate. At high SNR, since the sum rate
achieved with ZFBF with RVQ saturates, TDMA dominate SU/MU and benefits
from the multiuser diversity (serving one user out of the two candidates). Thus,
we can wonder whether RS and RS-ST schemes still outperform SU/MU switching
in terms of sum rate when the number of feedback bits is fixed. This leads to the
discussion of this section.

Note that RS is a general approach that integrates common messages on top of
conventional multiuser transmission to enhance the sum rate performance with im-
perfect CSIT. Previous sections consider a simple case and aim to characterize the
fundamental benefit of transmitting common messages in terms of sum rate perfor-
mance. In this section, to gain more insights into the RS approach, we focus on a
different design of RS and RS-ST schemes compared to the discussions in the previ-
ous sections. In particular, given the framework of RS in (2.6) and (2.7), and RS-ST

in Section 2.2.1, we consider that
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Figure 2.11: Sum rate performances of RS-ST, RS-S and SU/MU mode switching.

* p.(t) is the dominant right-singular vector of H(¢)£[h, (), hs(¢)] t=1,2;

* pr(t)= IIz:EgH is the ZF-pecoder, k=1,2, where [vy(t),vo ()] =HT (), t=1,2.
* In the RS-ST scheme, we choose p,(1)=pi(1) and p,(2)=p2(2);

* In the RS scheme, the power splitting ratio p is given by (2.53) when the two
users have equal feedback qualities, while it is chosen as (2.63) in the scenario
with alternating user-specific feedback qualities. In the RS-ST scheme, p,, and

pp are chosen as (2.85).

In the simulation, we compute the ergodic rate of SU/MU switching as

2
RSU/MUé% Z E [max (RTDMA(t),RZFBF@))] :

t=1

Note that the precoders employed in the ZFBF with RVQ are the same as py(¢) in
the RS and RS-ST scheme and R7PMA(t)2log, (14 P maxj—_1 5 |hy(t) Ty (2)]?).
Figure 2.11(a) compares the sum rate achieved with RS and SU/MU in the sce-
nario where the two users have equal feedback qualities. As shown, although RS
offers no DoF gain compared to SU/MU, it still enables a SNR gain over SU/MU,
for B=10, 15 and M =4. Intuitively, the reason can be drawn from the power split-

ting ratio p°¥ in (2.53), though the precoders considered in this section is slightly
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different. For a fixed value of B, the power splitting ratio p°? in (2.53) tends to zero

at high SNR, but the amount of power allocated to the private messages, i.e., Pp°I,

P—oo 2(M-1)

B
37— 2¥-1. Then, the contribution of the

remains to be a constant, i.e., Pp®?
rates of the private and common messages altogether leads to a higher sum rate than
SU/MU. Moreover, such a rate gap offered by RS over SU/MU increases with B.
Similar observations can be seen from Figure 2.11(b), which illustrates the sum
rate performance of the RS, RS-ST and SU/MU in the scenario with alternating

user-specific feedback qualities. As shown, both schemes yield a significant SNR

gain over SU/MU. Besides, RS-ST offers about 3dB SNR gain over RS when 7=18.

In this chapter, focusing on the K -user MISO BC with imperfect CSIT (whose
qualities do not vary over time), we characterize the achievable DoF region by RS.
We show that the maximum sum DoF is achievable by an even power allocation for
the private messages, which can be determined by the second largest CSIT quality
among the K users. Besides, for the K -user MISO BC with time-varing CSIT qual-
ities, we design an RS-ST scheme by multicasting space-time common messages.
The results show that RS-ST scheme can further improve the sum DoF performance
achieved by performing RS in each individual time slot. More importantly, focusing
on the two-user case, we derive upper-bounds on the sum rate loss incurred by RS
and RS-ST schemes with the presence of quantized CSIT relative to ZFBF with per-
fect CSIT. Using these upper-bounds, a scaling law of the feedback bits required to
achieve a certain maximum allowable rate loss is derived for each scheme. It shows
that RS enables a feedback overhead reduction compared with ZFBF with quantized
CSIT, and RS-ST scheme offers a further reduction over RS in the case of alternating
feedback qualities. At last, through simulation, we show that both schemes offer a
significant SNR gain over SU/MU switching at high SNR.

We note that RS and RS-ST are general approaches that integrate common mes-

sages on top of conventional multiuser transmissions, such as Regularized-ZF, THP,
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etc, in order to enhance the sum rate achieved by simply performing conventional
multiuser transmissions in the presence of imperfect CSIT. The benefit of transmit-
ting the common message found in this chapter would be extendable to RS with
any conventional multiuser transmissions. Besides, our companion paper [61] inves-
tigated the precoder optimization for sum-rate maximization of RS. Another com-
panion work [62] extended the idea of RS into the massive MIMO deployment and
proposed a Hierarchical RS (HRS) which exploits the spatial correlation matrices
to effectively tackle the multiuser interferences. A survey of RS approach was pre-

sented in [63].



CHAPTER 3

MISO Interference Channel with

Imperfect CSIT

Previous chapter derives RS scheme to enhance the system performance in single-
cell scenarios with imperfect CSIT. Unfortunately, if we take a bigger picture, the
interference in wireless network is made up of not only intra-cell, but also inter-
cell interference. To deal with the inter-cell interference, Coordinated Multi-Point
(CoMP) has been included in the specification of current LTE-A system. However,
it has only partially convinced industry in 3GPP, because imperfect CSIT among the
coordinated/cooperative transmitters is the major issue that impacts CoMP system
throughput. Hence, a natural followup question that should be therefore addressed is
whether or not RS can be used to enhance the system performance in the multi-cell
scenario with imperfect CSIT.

To this end, we focus on a K -cell MISO interference channel, where each trans-
mitter is serving one user in each cell. It is assumed that each transmitter has suffi-
cient number of antennas M > K. We consider that the CSIT qualities do not change
with time. Thus, we drop the time index ¢ for convenience. As the CSIT of each in-
terference link may have an arbitrary quality of imperfectness, we introduce a CSIT
topology defined by Aé{akj}VkeK,VjeK\k,gkj:I- Note that the CSIT qualities of the
direct links ay, VEX, are not included because their values only offer beamform-
ing gain, which does not make a difference on the DoF performance. Besides, as a

remainder, we note that the CSIT quality of the link with g;;=0 is not defined. A
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CSIT quality topology A can be also defined using a table (see the fully connected
IC in Figure 3.1(a) for example), where each row stands for the CSIT qualities of the
incoming links of a certain user, while each column represents the CSIT qualities of
the outgoing links of a certain transmitter.

In this chapter, we firstly derive the DoF region achieved by RS in the fully
connected MISO IC. Secondly, we propose a novel scheme, so called Topological
RS, which enhances the DoF performance achieved by RS and conventional ZFBF
with power control. Thirdly, we apply the TRS scheme to a homogeneous cellular

network, where each user is only connected to three dominant transmitters.

3.1 DoF Region Achieved by Rate-Splitting in the K-

cell MISO Interference Channel

In this section, focusing on a fully connected network with equal SNR and INR, we
revisit two benchmark schemes, i.e., conventional ZFBF with power control and RS
approach with common message multicasting. For RS, we also propose its achiev-
able DoF region in the fully connected K -cell MISO IC with imperfect CSIT.

In conventional ZFBF with power control, transmitter £ delivers a private mes-
sage wy to the corresponding user using power P+, r,<1, along a ZF-precoder

prC Span({flﬁ: bvjexk)- The signal received by user k can be expressed as

ye=hj prwy, + § hilpjw;+ n . (3.1)
) —_—— =~
PTk jGK\k pri-ang PO

By treating the undesired private message as noise, the DoF achieved by each private

message writes as

+
dp < (rk— max (rj—akj)+) Vkek. (3.2)
JigeR\k



3.1. DoF Region Achieved by Rate-Splitting in the K -cell MISO Interference
Channel 81

This expression specifies the DoF region achieved by ZFBF with power allocation
policy r=(r, - - - ,rx). The DoF region achieved by ZFBF with power control, de-
noted by Dz 1c, is the union of the DoF regions achieved with all the possible
power allocation r where 7, <1,VkeX.

Notably, by performing ZFBF, the expression in (3.1) can be regarded as the
received signal in an IC where the direct links have unit gain, while the strength
of the interference link is P~*4, Vk#j. Hence, a concise expression of Dzp ;c by

eliminating the variables r can be expressed as

Dyrio= | Dzriclt), (33)
YUCK

where Dzp ;c(U) is defined as

DZF,IC(Z/{): {(db s ,dK)dk:O,VkEIC\U,OSdkSLVkGM,

> di <Y aq V(i ,¢m>gHu} , (34
=1 =1

and TT;, is the set of all possible cyclic sequences! of all subsets of &/ with cardinality
no less than 2. Note that the DoF region Dz ;c(U) is obtained by scheduling all the
users and choosing the following power allocation policy

re<0,ke\U; ry— max (rj—ay;) " >0,k€U. (3.5)
J:gER\K

The RS approach was firstly applied to a 2-cell MISO IC with a symmetric CSIT
setting, 1.e., a;o=as1=a, in [30]. Here, we propose a logical extension of RS to the

K-cell MISO IC. We consider that a certain group SCK of users are active, while

'A cyclic sequence is a cyclically ordered subset of user indices without repetitions [57]. For

a certain subset (i, - ,i,,), there are (m—1)! distinct cyclic orders. For a user set U, there exist
S ML, (U1 different subset (iy, - - - i) with m>2. Hence, Tl have "L (U1) (m—1)! cyclic

sequences. For instance, let {={1,2,3}, then IT;,={1,2},{1,3},{2,3},{1,2,3},{1,3,2}.
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the remaining users are made silent. Each active user’s message is split into a private
part w} and a common part w§, Yk€S. These two messages are transmitted using
power P™ and P—P"*, respectively, where 7, <1. The common messages {w§ }rcs
are to be decoded by all the active users. The transmitted signal and received signal

are expressed as

sp= prwy, + prw, VEES, (3.6)
N
P—P"k Pk
ykZE :thjpgw,f;ergwng § h,’jjpzw;;ur T (3.7)
vies 4 P vieS\k Y PO
P"iT%j

respectively, where p} C spam({flj,g }vjes\k) are ZF-precoders, while pj, are random
precoders.

Each user firstly decodes all the common messages, and secondly recovers the
desired private message after removing the common messages using SIC. Then, the
DoF tuple achieved by the private messages and the common messages, denoted by

(d},---d%.) and (dS,- - -dS) respectively, are such that

+
Zdzﬁl—maxrj, dp< (rk— max (rj—akj)+) VkeS;
o JjES j:j€S\k

di=d"=0,YjeK\S. (3.8)

The achievable DoF region by RS with active user set S and power allocation pol-
icy r, denoted by Dgs 1c(S,r), is the set of all DoF tuple (dy, - - - ,dk )=(d5, - - - ,d5 )+
(df,---,d%), for which (3.8) holds. Then, the DoF region achieved by RS is resulted
by the union of the DoF regions achieved with all possible subsets S and power al-
location policy r, i.e., Dps o= Uvsgc,\ﬁ Drs.1c(S,r). Absorbing the variables S

and r, the following proposition settles Drg jc.

Proposition 3.1. In a fully connected K-cell MISO IC with equal SNR and INR
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(a) CSIT quality table (b) Weighted-sum interpretation

Figure 3.1: 3-cell IC with hierarchical CSIT quality topology, where 0<a<0<1.

and with CSIT quality topology .4, the DoF region achieved by RS with common
message multicasting is

Drsic= | DPrsicUl) (3.9)
VUCK

where Drg jo(U) is the set of (dy, - - - ,dx)=(dS, - - - ,d%)+(dY, - - - ,d%) such that

A =0 YkeK\U; 0<dE<1VEEU; Y dE <> " ay, i) (i, - - i) Sy

=1 =1

0<df<1VEEK:0<dy+ Y ~ dS<1.Vkell;

jES
ch—i—Zd <1+ min Z i, i (i1, im)Clly,  (3.10)
jex R

and I, is the set of all possible cyclic sequences of all subsets of I/ with cardinality

no less than 2.
Proof. see Appendix A. ]

Similar to the DoF region achieved by ZFBF with power control, the DoF region
Drs.ic(U) is obtained by scheduling all the users and choosing the power alloca-
tion policy given in (3.5). Besides, it is obvious that the DoF region achieved by
ZFBF with power control can be obtained by removing the inequalities related to the
common messages, i.e., (3.10), and setting dk:di. Moreover, when ay;j=oy,, Vj#k,
Vkek, the DoF region Dgg ;¢ becomes the DoF achieved by RS in a K-user BC

with CSIT quality oy, - - - ,ax (see Drg pc(U) in Section 2.1).
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To better understand this achievable region, let us look at the example illustrated
in Figure 3.1(a), where 0<a<0<1. For convenience, we let d°= Zizl d;. For
U={1,2,3}, {2,3}, {1,3}, {1,2}, {3}, {2} and {1}, the corresponding Dgrs ;c(U)

are given by

Drs.1c({1,2,3})= {0<d;<1,0<d} <1,0<dy+d°<1,Vke{1,2,3},
d)+d5<2b,d}+db+d°<1+4b,d)+d5<2b,d}+d5+d° <1+,
d5+d8<2a,dy+d5+d°<1+a,d)+d5+d5<2b+a,
d)+db+ds+d°<1+b+a}, (3.11)

Drs.ro({2,3})= {d}=0,0<d; <1,Vk€{1,2,3} 0<dL <1,0<dP +d°<1,Vk€{2,3},
B +d5<2a,db+d5+d°<1+a}, (3.12)

Drs.ro({1,3})= {d5=0,0<d; <1,Vke{1,2,3},0<d? <1,0<dP+d°<1,Vke{1,3},
di+d5<2b,di+d5+d°<14b}, (3.13)

Drs.1c({1,2})= {d5=0,0<d;<1,Vke{1,2,3},0<d} <1,0<dy+d°<1,Vke{1,2},
A+ db<2b,d4-dh+d°<1+b} (3.14)
Drs.ic({3})={dh=d5=0,0<d;<1,Vke{1,2,3},0<db<1,0<d4+d <1}, (3.15)
Drs.1c({2})= {d}=d5=0,0<d;<1,Vk={1,2,3} ,0<db<1,0<d5+d <1}, (3.16)

DRS,IC({l}): {dp:d;g:o,()gd’cggl,Vk‘E{l,Q’B},OSdIfS17O§d11)—|—dc§1} ) (317)

respectively. Using (3.11) through to (3.17), it can be verified that the maximum
sum DoF 377 d5+d? achieved by RS is max{14-2a,1+b}. When 1+2a>1+b, the
sum DoF 1+2a is achievable by taking r=ry=r3=a; otherwise, the sum DoF 1+b
is achieved with r;=ry=>b and r3=0.

According to (3.4), the DoF region achieved by ZFBF with power control can
be obtained by removing the inequalities of d°. Then, it can be verified that the sum

DoF achieved by ZFBF with power control is max{2b, min{1+2a,2b+a}}. When
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142a>2b+a, the sum DoF 2b+a is achievable by choosing (r1,r2,73)=(2b—a,b,b);
when 2b<142a<2b+a, the sum DoF 1+2a is achievable by choosing (r1,r2,73)=(1,
1—b+a,1—b+a); when 1+2a<2b, the sum DoF 2b is achieved with (r,r2,73)=(1,1,0).

By comparing the sum DoF achieved by RS and ZFBF with power control, we
see that RS offers DoF gain except in the case 1+b<14-2a<20+a.

Next, considering ZFBF with power control and RS with common message mul-
ticasting as benchmark schemes, we move on to propose a novel transmission strat-
egy that yields a greater DoF region in the fully connected K-cell MISO IC with

equal SNR and INR and with an arbitrary CSIT quality topology.

3.2 Topological Rate-Splitting

In this section, we firstly introduce the idea of Topological Rate-splitting focusing
on the example in Figure 3.1(a). Secondly, we propose the generalized framework
of the TRS motivated by a novel weighted-sum interpretation of the fully connected
MISO IC with CSIT quality topology .A. Then, the sum DoF achieved by the TRS

scheme is studied using graph theory tools.

3.2.1 A Toy Example

Focusing on the example in Figure 3.1(a), we propose a simple TRS scheme that
yields a greater sum DoF than RS and ZFBF with power control. Similar to RS, we
consider that each transmitter uses power P to unicast the private messages along
ZF-precoders (this power allocation policy achieves the maximal sum DoF of RS
when 14+2a>14-b). Unlike RS, the remaining power P— P is further split into two
parts P’—P® and P—P? for common message groupcasting and common message
multicasting, respectively. To be specific, the transmission block for the common

messages is designed as follows.
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Firstly, with power P°—P?, we see that the interference from transmitter 1 to
user 2 and user 3, the interference from transmitter 2 to user 1 and the interference
from transmitter 3 to user 1, can be forced within the noise power via ZFBF, because
the CSIT quality of those links a9 =a3=a12=a;13=>b are sufficiently good. By doing
so, the MISO IC becomes a partially connected network with two cross links hy3 and
hs, as illustrated in Figure 3.1(b) (see the figure in the middle). In such a network,
transmitter 1 can deliver one message w? to user 1 without mixing with the messages
transmitted by other transmitters. At the same time, transmitter 2 and 3 are able to
deliver group common messages to be decoded by user 2 and user 3, without mixing
with w?. Here, as we design TRS from a sum DoF perspective, for convenience, we
consider that transmitter 2 delivers a group common message w3 while transmitter 3
does not transmit group common message.

Secondly, with the remaining power P— P, as the CSIT qualities are not good
enough, we see that no interference can be drowned into the noise at any user via
ZFBF. This fact corresponds to a fully connected network shown in Figure 3.1(b)
(the right-most figure). Then, we consider that transmitter 1 multicasts one common
message w? to be decoded by all users.

Accordingly, the transmitted signals write as

s1=piw; + piwi + pjwy , (3.18)
pP—pb  pb_pa Ppa
Sp= Paws + Pyty (3.19)
Pb_pa Pa
101
S3= P3Ws, (3.20)
P

where p7=p} C span(hy; h; ), pC span(hi, ), p3C span(hi,hs, ), and p3C span(hyz,hy;).
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The received signals are expressed as

y1=hyipiw; +hijpiw? +hiipjw; + hgpgw§+h12p2w2+h13p3w§ o, (321
—_—_——— ——  —— 2R

P pb Ppa p0 po
Y2= hlqupil)’w? hglp%w% h21p1w1 héépgwg—l—hmpng h23p3w3+ ny, (3.22)
— —_—— T M ] =~
P pO pb Pa PO PO
y3= hgiplw; + hipfwwahglplwl +hiypiwy+hypywy +hyspyws+ ny ;. (3.23)
P PO b PO P PO
P P a

where all the undesired messages are drowned into the noise. The decoding proce-
dure starts from the messages with the greatest strength and then downwards using
SIC. The DoF achieved by the common messages are d>=d3=b—a and d5=1-b.
Then, it is straightforward that the sum DoF of the common messages 1+b—2a is
greater than 1—a achieved by RS. Counting the DoF of the private messages, the

sum DoF achieved by TRS is 14-b+a, outperforming 1+2a achieved by RS.

Remark 3.1. The beauty of the TRS approach above lies in the multi-layer structure.
With ZF-precoders and properly assigned power levels, the CSIT quality topology
in Figure 3.1(a) is interpreted as a series of network topologies in Figure 3.1(b). As
shown, the left, middle and right figures respectively represent the networks where
the private message unicasting, common message groupcasting and common mes-
sage multicasting are performed. The weights underneath stand for their separations
in the power domain. This procedure is called weighted-sum interpretation, which
helps us generating common messages to be decoded by a small number of users
rather than all users. However, in RS, the common messages are always to be de-

coded by all the users, which essentially limits the sum DoF performance.
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3.2.2 Unified Framework and the Achievable DoF Region

Motivated by the toy example, we present the generalized transmission block of
TRS. We describe the TRS approach focusing on the active user subset SC/C, while
the remaining users are made silent.

In TRS, each active transmitter divides the message intended for its correspond-
ing user into N=L+2 parts, i.e., Wy={w},w?, - wd}, Vk€S. The definition of
L will be introduced later on. Letting pi denote the precoder and Py ; denote the
power chosen for a certain message w, the signal transmitted by transmitter k& can
be expressed as

L+2

sp=» _ pjw; VEES. (3.24)

—
! Py ;

Private message layer: Message w, is regarded as a private message intended

for user k and is to be decoded by user £ only. It is transmitted along a ZF-precoder

and is unicast with a fraction of the total power as
p,.C Sp&l’l({flj‘k}vjeg\k), Py1=P" VkeS. (3.25)

Common message layer: The remaining power P— P"* at each user is employed

to deliver the L+1 common messages wt,i=2,---,L+2. The power allocated to
each common message w;, and its precoder are obtained based on the CSIT qualities.

Firstly, as only the users in S are active, we obtain a subset A(S)C.A such that
ar; €A(S) if and only if k,j€S. Secondly, let A(r,S)C.A(S) denote the set formed

by all the elements of A(S) that are greater than 792 maxyes 7y, i.€.,

A(r’S)é{ak‘j}Vaij.A(S),akj>’r'0' (3.26)

Thirdly, letting L denote the number of different values of A(r,S), we represent

these L values by a1, - ,ar), which satisfy ar(1)<ar@2)<---<ar). Besides,
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for convenience, we define a7 1)=1. Using these L+1 variables ar(1), - - ,ar(r+1),
we divide the remaining power P— P’ at each transmitter into L+1 power levels,
ie., P —Prk Por@)— PiQ) ... P(l+1)— PinL),

Then, we assign these L+1 power levels to the common messages wz, 2<i<L+2,

and choose a ZF-precoder for each of them as

Pyo=P) — Pk Py =P -1 — Pin-2) 3G < [A4-2; (3.27)
p;,C span <{ﬁlec}Vj€S\Rfv(S,r)> , where (3.28)
R (S.r)2{j:j€S\k, ajk<ari-1) }Uk. (3.29)

Such a precoder and power allocation policy suggest that w}, is a group common
message to be decoded by the group of users R (S,r), while it is drowned into the
noise at other users Vj€S\RL(S,r).

With the precoders and power allocation policy given in (3.25) through to (3.29),

the signal received by user k& writes as

L+2
y= > hiipjwi+m, (3.30)
jeS =1
L+2
—Z hipiw+ >0 hgplwj+ > hgplw) [+ (3D
P 7r(z 1) J:VjES\k, j:VjES\k, \‘/_:
Akj<Qr(i—1) P ‘"(7' 1 (lk]>aﬂ.(1 1) pPim(i—1)" %
kkpkwk+ Z hkjpjwj‘i‘ ng (3.32)
Prk VieS\k Prizak; PO

where the quantities underneath stand for the approximated received power when
P—00. As expressed in (3.31), if the CSIT quality of the cross link hy; is greater
than or equal to the allocated power level, i.e., ay;>ar(;—1), the common message
w},i22, is drowned into the noise at user k& due to ZFBF; otherwise, w§ is received

by user £ with power P%~(i-1), As expressed in (3.32), the undesired private message
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wjl»,Vj €S\ k is received by user k with power P~ %i. If ay; >y, wjl- is drowned into
the noise; otherwise, wjl- becomes an undesirable interference overheard by user .
The decoding procedure is performed by SIC. Let us focus on the received signal

L+2
k

. . L+2
in (3.30). Firstly, user k£ decodes common messages w and {wj }j:akj<a7r(L+1)

by treating all the other messages as noise. Secondly, after removing those recovered
L+1 L+1 .

messages, user k decodes w, " and {wj }j;ak].@ﬁ( 1,» by treating all the other mes-

sages with lower received power as noise. This procedure runs for L+1 rounds till

all the common messages are recovered. At last, user £ decodes its desired private

message w;, by treating the undesired private messages as noise.

For convenience, let us denote the set of common messages decoded by user k

in a certain round of SIC by
T (Sx)2wj, U {w}}jivies\kar, <ang_y)» Where 2<i<L+2. (3.33)

Then, the DoF region achieved by the proposed TRS scheme, denoted by Drgg, is

stated below.

Proposition 3.2. In a fully connected K -cell IC with equal SNR and INR and with

CSIT quality topology A, the DoF region achieved by the proposed TRS scheme is

Drrs= | J Drrs(Sr), (3.34)
VSeK,Vr

where Drgg(S,r) is the DoF region achieved by TRS with active user subset S and

power allocation policy r for the private messages. It is the set of the DoF tuples
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(dy, -+ ,dk)= ijﬁ(d;{, -+ ,d) such that

+
d;=0,YkeK\S; 0<d, < (Tk— max(rj—akj)+) VEkeS; (3.35)

JjES\k

d2=0,YkeK\S; 0<dz, Z d?ga,r(l)—max{rk,jrggérj—akj},VkES; (3.36)
Vj:w?ET,?(S,r)

d=0YkeK\S; 0<d),, Y di<an(i1)—ani—2) VhES 3<i<L+2, (3.37)

Vj:w;- 677:(8,1')

and T;(S,r), 2<i<L+2, is defined in (3.33) as a function of S and r.
Proof. see Appendix E. ]

We point out that it is cumbersome to obtain a concise expression of Dyprg by
eliminating the variables S and r. This is because the DoF of the common messages
transmitted in each power layer are characterized by |S| different inequalities, which
strongly depend on the CSIT quality topologies (see (3.36) and (3.37)).

In the rest of this subsection, we consider an inner-bound Dy g (S,r)CDrrs(S,r),

obtained by replacing (3.36) with

d=0YkeK\S;0<d}, Y di<aru)—ro,VKES; (3.38)
Vjw?€T2(S,r)

where 792 maxyes g When there is an even power allocation for the private mes-
sages, i.e., ,=7;,Vk,jES, we have Drrs(S,r)=Drprs(S,r). Comparing this inner-
bound with the DoF region achieved by RS given in (3.8), we can reach the con-
clusion that the DoF region achieved by TRS covers that achieved by RS. To see
this, let us express any achievable DoF tuple (dS,---,dS ) for which (3.8) holds
as SL2(dSt, - dY), where the DoF tuple (d5',---,dS’) are subject to di'=0,
VEER\S, > s dz’igaﬂ(i_l)—aw(i_g), 3<i<LA2,and ), o dz’QSaW(l)—ro. Then,
it readily shows that the DoF tuple (d5”, - - - ,d%’) also lies in (3.38) and (3.37), be-

cause the summation of dj, is taken over the set Vj:w}€7;/(S,r), which is a subset of
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S. This fact implies that the DoF region achieved by TRS covers that achieved by

RS, i.e., Drs.1c(S,r)CDrrs(S,r)CDrrs(S,r).

3.2.3 Weighted-Sum Interpretation

We note that the construction of the TRS scheme is motivated by a novel weighted-
sum interpretation of the CSIT quality topology as a series of partially connected
networks. Specifically, with the power and ZF-precoders chosen for the common
messages in (3.27) and (3.29), we observe that a transmitter k is only connected to
the group of users ViR (S,r). Besides, as shown by the received signal given in
(3.31), the messages w:c€S\T,;/(S,r) are forced within the noise power at user .
This fact implies that user % is only connected to transmitters Vj ,wéEﬁf(S ,r). This
topology can be expressed using a connectivity matrix M*(S,r)€{0,1}151*I5!, whose
element in row £ and column j, i.e., my;, is given by
1 ifweT!(Sr);

m};j = (3.39)
0 otherwise.

The value of m}, ;10 (3.39) represents whether or not w} is decoded by user k.
The DoF tuple (3.38) and (3.37) achieved by the common messages transmit-
ted with power layer ¢ can be interpreted as (@x(i—1)—ax(i—2)) XZA)} rs(S,r), where

Dirpg(S.r) is the set of all (d2, - - - ,d2 ) such that
d2=0,YkeK\S; 0<d? VEeS, M (S,r)d' <15, 2<i<L+2, (3.40)

represents the set of DoF tuples di=(d!,- - - ,di) achieved by common message
groupcasting in the partially network defined by connectivity matrix M*(S,r). The
weights ar(;_1)—ar@i—2), 122, stand for the fractions of channel use of the partially

connected networks in the power domain (Note that we assume a,)y=r). For clar-
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ity, let {1} }rcs denote the common messages transmitted in the partially connected

network defined by topology M*(S,r). The achievable DoF of 1}, is represented by

J}C Then, the DoF d; of common message wi transmitted in TRS is obtained by

d};:(aﬂ(i_l)—aﬂ(i_z))dﬁg. Consequently, the DoF region D5, contributed by all the
L+2

common messages » ;" (d, - -d%) can be expressed by the weighted-sum of the

DoF region achieved in the L+1 partially connected networks, i.e.,

L42

Dips(Sir)= Z(aw(i—l) —Gn(i-2)) XﬁiTRS(Svr)- (3.41)

1=2

Similarly, when r,<minjcs\x aji, VEES, the private message unicasting part
is interpreted as a partially connected network formed by |S| parallel direct links,
because all the interference is drowned into the noise.

This weighted-sum interpretation bridges the DoF region achieved TRS with the
achievable DoF region in partially connected networks, thus allowing us to employ
methodologies applicable for partially connected networks to analyze the DoF region
achieved by TRS. Motivated by this, we study the sum DoF achieved TRS in the next

subsection.

3.2.4 Sum DoF from Graph Theory Perspective

In this part, we aim to find the maximal sum DoF given the DoF region Drrs(S,r)
specified by (3.35), (3.38) and (3.37). To do so, it is straightforward that the max-
imum DoF of the private messages is dj= (r,— max;eg\x(r;—ax;)*) . Then, the
work is reduced to compute the maximum sum DoF contributed by all the common

messages. As a consequence of the weighted-sum interpretation in (3.41), this sum
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DoF maximization is decoupled into a series of optimization problems

P max di(Sr)2> djVi=2, +2 (3.42)
keS

st (d)res€Dhps(S,r) = 0<di k€S MI(S,r)d'<15.  (3.43)

For convenience, we drop the variables (S,r) in the following analysis. As ex-
plained in Section 3.2.3, solving the problem P;, :>2, is related to maximizing the
sum DoF achieved by common message groupcasting in a partially connected net-
work. In recent years, the DoF of partially connected networks has received lots of
attentions in [64, 65, 66, 67, 68, 69]. Although all of these works look at symmetric
DoF, graph theory methodologies have been identified as useful means because of
their powerful ability to describe whether or not a user’s message is interfered with
one another. Motivated by that, we solve our problem in a similar way.

We model the partially connected network with connectivity matrix M’ as a hy-
pergraph HZ(WZ,’TZ) where Vwé{w;} res 1s the vertex set of the hypergraph and
T 2{T}res with T}! defined in (3.33) is the hyperedge set of the hypergraph. Note
that a member of 7 is actually a subset of Wi, If each member of 7 has two ver-
tices, e.g., T/ ={wj,w}, then T}’ actually means an edge between 1, and w0}, and
the hypergraph #£'(W,T%) is actually a graph. When an element of 7 has more
than two elements, i.e., |7;/|>3, then T}/ is called an hyperedge with | 7;| vertices.

In the following, focusing on the hypergraph ?—["(Wi,Ti), we interpret the op-
timization problem P; as two classical problems in graph theory, which lead to a

sub-optimal solution and the optimal solution.

3.2.4.1 Orthogonal Groupcasting

We firstly propose a sub-optimal solution, so called orthogonal groupcasting, by as-

suming that each user only decodes at most one common message. In other words,



3.2. Topological Rate-Splitting 95

no two of the common messages {1} }yires are received by a single user. This as-
sumption imposes a constraint cZize{O,l} to the optimization problem P; in (3.42).
Then, a DoF tuple (cfﬁc)keg achieved by orthogonal groupcasting defines a subset
XCW' which contains all the messages with DoF 1, i.e., Xi:{wlic}Vk,cZ};:l‘ The
sum DoF is identical to the cardinality of X, i.e., |X l\ According to the definition
of orthogonal groupcasting, this subset has the property that no two elements of X
are together in the same member of T*. Therefore, this subset X igfvi is called
a packing in the hypergraph H!(WW T) [70]. Finding the maximum sum DoF is
equivalent to finding the largest size of a packing, and the largest size is defined to
be the packing number p(H! (W, T*)) of H' (W', T%). Hence, the sum DoF achieved

by the orthogonal groupcasting is stated as follows.

Proposition 3.3. In a fully connected K-cell MISO IC with equal SNR and INR
and with CSIT quality topology A, the sum DoF achieved by TRS designed with
orthogonal common message groupcasting is

th rth
dngRS: v SI‘ICI%XVI- d(s),TRS (Sr), (3.44)

where dg%s(s ,r) is the sum DoF achieved with active user set S and power alloca-

tion policy r. It is given by

K +
dg%‘RS(S,r):Z ('rk— max (Tj_akj)+> +

jeS'\k
P JESN
L42

S (o)~ tn(i—2) xp(H OV, TH(S.x))), (3.45)

1=2

where p(H!(W!,T(S,r))) is the packing number of hypergraph H'(W! T#(S.r))

defined by vertex set W' and hyperedge set 7%(S,r) defined in (3.33).
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3.2.4.2 Maximal Groupcasting

To find the optimal solution to problem 7P;, let us firstly look at the following prob-

lem.

P max Y d, (3.46)
kesS
st M'd'<tx1s,di€Z" VKES, (3.47)

where ¢ is a positive integer. A feasible (CZ;) res satisfying (3.47) defines a multiset
X which contains 1@, if di,>0. The multiplicity? of w0, in X7 is di, and the sum DoF
is equal to | X’|.

In this way, the inequality (3.47) can be interpreted as follows. For the vertices in
the same member of 7, the sum of their multiplicity in X is smaller than or equal
to t. According to [70], a multiset X with such a property is called a t-fold packing
of hypergraph H’ (W’,’Tl) When =1, the t-fold packing collapses to the packing of
the hypergraph HZ(WZ,TZ) that is introduced in Section 3.2.4.1. Consequently, the
optimization problem P; is interpreted as finding the largest size of a ¢-fold packing,
and the largest size is defined as the ¢-fold packing number p, (#!(W!,T%)).

So far, we are one-step closer to our objective. According to [70, Section 1.2],
the optimal result of Problem P; in (3.42) can be found using the result of Problem
P; in (3.46) by taking t—o0 as

pr(H OV, T?))= lim pt(w(W’Ti)). (3.48)

t—00 t

This quantity is called fractional packing number of hypergraph (W T%). Be-
sides, the DoF of message 1, is expressed as d= lim;_, o ?, where di* is the result

of the ¢-fold packing problem P..

>The multiset X* may have multiple identical elements. For instance, one has X*={w} w3},
and the multiplicity of ] is 1 and the multiplicity of w5 is 2.
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Tx1 Tx2 Tx3
Rx1 a b
Rx2 b a =me—ouf e
Rx3 a b —— v '
a b-a 1-b

Figure 3.2: 3-cell IC with a cyclic CSIT quality topology

Therefore, we may state an achievable sum DoF resulted by the maximal group-

casting as follows.

Proposition 3.4. In a fully connected K-cell MISO IC with equal SNR and INR
and with CSIT quality topology A, the sum DoF achieved by TRS with maximal
groupcasting is

diThs=  max, diFhs(S,r), (3.49)

where d'F;(S,r) is the sum DoF achieved with active user set S and power alloca-

tion policy r. It is given by

K +
d?}%’jgs(S,r):Z (Tk— max (Tj_akj)+) +

€S \k
=1 JES\
L+2

Z(aﬂ(ifl)_a“(i*@) pr(%i(wiﬁTi(S’r)))7 (3.50)
i=2
where p(H! (W, T*(S,r))) refers to the fractional packing number of hypergraph
HI(OW!,T{(S,r)) defined by vertex set W and hyperedge set 7¢(S,r) defined in
(3.33).

Note that both common message groupcasting methods suffice to achieve the
sum DoF in the example illustrated in Figure 3.1(a). To highlight the gain offered
by the maximal groupcasting, let us focus on the 3-cell scenario with a cyclic CSIT
quality topology illustrated in Figure 3.2.

Following the footsteps presented in Section 3.2.2, the transmitted signal consists
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of three power levels, P?, P’—P% and P—P?, which are used for private message
unicasting, common message groupcasting and common message multicasting. To
highlight the benefit of performing maximal groupcasting, we only discuss the sum
DoF achieved by the messages transmitted in the second power level.

With power P°— P? and ZF-precoders, three interference links can be “removed”,
and the remaining links form a cyclic partially connected network as illustrated in
Figure 3.2. In this network, with the orthogonal groupcasting method, only one mes-
sage can be successfully transmitted, yielding (d?,d3,d5)=(b—a,0,0), (0,b—a,0) or
(0,0,b—a). Otherwise, there will be some users receiving a mixture of two common
messages, which contradicts the philosophy of the orthogonal groupcasting method.
However, the maximal groupcasting method requires each user to decode multiple
common messages. By doing so, although the DoF of each common message de-
creases, the sum DoF can be enhanced since more common messages can be trans-
mitted. Specifically, since each user receives the mixture of two common messages,
it is straightforward that the per common message DoF b’T‘l is achievable, thus lead-
ing to the sum DoF of %(b—a), which outperforms b—a achieved by orthogonal
groupcasting.

Counting the DoF 3a achieved by the private messages and the DoF 1—0b achieved
by common message multicasting with power P— PP, the sum DoF achieved by TRS

designed with maximal groupcasting is 1+ . Note that this result outperforms the

zwr%
sum DoF 1+2a achieved by RS, and the sum DoF max{a+b,3a} achieved by ZFBF
with power control.

We point out that the sum DoF stated in Proposition 3.4 yields the best result so
far, because it has been shown that the DoF region stated in Proposition 3.2 covers
the DoF region achieved by RS and ZFBF with power control. Unfortunately, due to

the complicated expression of the sum DoF achieved by TRS, the general sufficient

and necessary condition where TRS strictly outperforms RS and ZFBF with power
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Transmitters

Users

Realistic scenario: CSIT quality table of )

T

a NANA b
b a N/A N/A
N/A a b nA
N/A N/A b a " + +
b ~ANA 3 —°
*—o . ' ’ ; ;
partially connected the realistic scenario a b-a 1-b

(a) CSIT quality table and network topology (b) Weighted-sum interpretation

Figure 3.3: 5-user examples with realistic setting, where 0<a<b<1.

control is yet to be characterized. In an extreme case where the CSIT of the inter-
ference links associated to a single user have equal qualities, i.e., ay;j=0y, YEKEK,
Vj€K\k, following the footsteps presented in Section 3.2.2, we can see that there
always exists a user who has to decode all the common messages. As a result, the
sum DoF achieved by TRS is essentially impacted and is no greater than the sum
DoF achieved by RS. Therefore, we claim that when the CSIT qualities of the inter-
ference links associated to each user have a larger variance, TRS is more likely to

strictly outperform RS and ZFBF with power control.

3.3 Achievable Sum DoF in Realistic Scenarios

So far, we have identified the achievability of the TRS scheme in the fully connected
IC where g;;=1, Vk,j€. In this section, we show that the philosophy of the TRS
scheme is also applicable to partially connected networks with imperfect CSIT. To
see this, we switch our attention to a realistic scenario in the homogeneous cellular
network [31], where each user only receives the signal sent by its serving transmitter,
and the signals sent by two adjacent transmitters, i.e., user k£ only receives Sg, Sgi1
and s;_;. The signals sent out by farther transmitters are assumed to be negligible
due to the long distance. Note that it is assumed that user 1 is connected to transmitter

K, 1 and 2, while user K is connected to transmitter /X —1, X and user 1.
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In the following, we firstly design a TRS approach for a class of CSIT quality
topologies, where for each user, one incoming interference link has CSIT quality b,
while the other interference link has CSIT quality a, i.e., either (ax g1, k—1)=(a,b)
or (ak k+1,05k—1)=(b,a), VK. It is assumed that a<b. A 5-cell example is illus-
trated in Figure 3.3(a). Secondly, we find the closed-form expression of the maximal
sum DoF achieved by the proposed TRS. Lastly, we compare the results with the

sum DoF achieved by ZFBF with power control.

3.3.1 Topological RS Transmission Block

Without sum DoF maximization, we design TRS by considering that all users are
active and each transmitter uses power P¢, i.e., ry=a,Vk€, to unicast the private
message. Following the footsteps presented in Section 3.2.2, the transmitted signal
is expressed as

sk=@+@§+@, (3.51)

pP—pb  pb_ps P

where p.C span(hi, , ,.h ) and p2C span({h, }j—t+1,41,4,,—0) are ZF precoders
and p; is a random precoder. The message wy is a private message intended for
user k, wi is a common message to be decoded by user k and user j for some
j=k+1,k—1,a;,=a, while w} is a common message to be decoded by user k, k—1
and k—+1.

The signal received by user k writes as

k1
w= > th]piw?’Jr (3.52)
j=k— 1
hipiwi+ Y. hipXi+ > hiptwi+  (353)
P j:kfl,k+l,akj=aT j=h—Lk+lag=b " No
kkpkwk+ Z hyipjw; + . (3.54)

Pu ] =k— 1k+1 po PO
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The sets of the common messages that are decoded by user k are defined as 7,' 2 {w} },
TeEwiuw?, j=k+1,k—1a=a and T2E{w} w}, wi_ }. By performing SIC,

the achievable DoF lies in

di<a, Y di<b—a, Y di<1-bVkekK. (3.55)

JET? JET
With the definition of 7/, the weighted-sum interpretation of the CSIT quality
topology in Figure 3.3(a) is illustrated in Figure 3.3(b). The left, middle and right
figures respectively stand for the partially connected networks where the private mes-
sage unicasting, common message groupcasting and common message multicasting
are performed. Next, given the achievable DoF region in (3.55), we study the maxi-

mal achievable sum DoF.

3.3.2 Achievable Sum DoF

Firstly, it is clear that the maximum sum DoF achieved by the private messages
{wi }rex is Ka.

Secondly, the maximum sum DoF achieved by the common messages {w} } ek
can be found as follows. The inequalities in (3.55) related to w} can be explicitly

written as
Brd+di<1—b, d+di+di<i-b, - i FdAd3<1-b.  (3.56)

Summing these K inequalities yields 3 Zle d?<K(1-), leading to the sum DoF

S di <X (1-b). The equality holds by simply taking dj=dj=- - - =d}=1>.
Thirdly, it remains to compute the maximal achievable DoF of the common mes-

sages {w? }ex. To this end, according to the definition of set 7,2, we obtain a par-

tially connected network with the topology matrix M2, whose elements are deter-
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11000 11000 11000
01100 01100 01100
00110 01100 01100
00011 00011 00011
10001 10001 00011
(a) rowrk(M?)=5 (b) rowrk(M?)=4 (c) rowrk(M?)=3

Figure 3.4: The hypergraph H*(W? T?).

mined following (3.39). Specifically, if j=Fk or a;j=a, we have m;;=1; otherwise,
we have my;=0. Then, finding the sum DoF achieved by {w} }rcx subject to (3.55)
is equivalent to computing the sum DoF 3, - d? given M2d2<1, where dj, stands
for DoF of common message !, transmitted in the partially connected network de-
fined by M2. The DoF d2 achieved in TRS is obtained by (b—a)d2.

According the CSIT quality topology mentioned at the beginning of this sec-
tion, we see that each set 7?,‘v’k:€l€ has two elements, and each row of M? has
two “1”’s. Then, following the definition introduced in Section 3.2.4, the hypergraph
H2(W?2,T?) is actually a graph. A member of 72, i.e., T/, refers to an edge between
vertex w0y and its neighbor w7 if ax;=a. Next, we characterize the sum DoF ), 2
by evaluating the row rank of M?2.

When M? has a full row rank, it means that there is no redundant inequalities
in (3.55). In other words, there is no overlapping edges in 72. Moreover, since a
vertex 7 can only have an edge with either @ _, or 1, ,, the graph H>(W?2,T?) is
actually a circuit. An example is illustrated Figure 3.4(a). It can be verified that the
sum DoF of the common messages {7 }rex is % (obtained by adding up all the K
inequalities involved in M2d2<1 and dividing the sum by 2).

When M? has a deficient row rank, it means that some edges of the graph
HQ(VAVQ,TQ) are redundant. This fact breaks the circuit when M? has full row rank
into pieces. Clearly, if the row rank of M? is K —1, the graph is a chain (see Figure

3.4(b)); if the row rank of M? is K —2, the graph consists of two separated chains



3.3. Achievable Sum DoF in Realistic Scenarios 103

(see Figure 3.4(c)), then the maximum sum DoF can be computed by adding up the
sum DoF achieved in each chain. Hence, when rowrk(M?)=r, the graph has K —r
separated chains. The remaining work is to characterize the maximum sum DoF for
a single chain.

Intuitively, as two connected vertices correspond to an inequality dk—l—dk 1<
the maximum sum DoF for a single chain is equal to the number of disjoint ver-
tices. Hence, denoting the length of a chain by K, the sum DoF is % if K, is an
even number and K" Lif K, is an odd number. The rigorous proof is presented in
Appendix F.

In general, when rowrk(M?)=r, the sum DoF of common messages {103} ek

writes as

£ ifr=K K &

—+= 3.57
5Ty (337

> -

K—r Kn n
kek Zn 1 1K,, iseven T 5 — 1Kn is odd if r<K

where ¢ stands for the number of chains that have odd number of vertices. Then, the

maximum sum DoF achieved by {w? } ;< transmitted in TRS is (b—a) (%4—%)
According to the above analysis and counting the sum DoF achieved by {w,ﬁ} kek
and {w} }rex, we state the maximum achievable sum DoF in the considered scenario

as follows.

Proposition 3.5. In a K-cell MISO IC where 1) each user is connected to its closest
three transmitters, and 2) the two incoming interference links associated to each user
has CSIT quality a and b with 0<a<b<1, the maximum sum DoF achieved by TRS

designed by unicasting private messages with power P is

max K K K b (l
o rs(K,r=a)= §+6b+?“+ 5 (3.58)

where ¢ is defined in (3.57) and r=a means that r,=a,VkEK.
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Transmitters Transmitters

6 active users: Ei 11 5 active users:
b a1l 1
(Clyc(liicsus:rsse;uﬁnce Users| 1 b al1 Cyclic user sequence
,,,,,, A 11 b (1,5,4,3,2,1),
a 6 1(1 1 b 5
J Z dy < 6a 4 P z dy <1+4a
k=1 ——1+—1+b k=1
(a) All users are active. (b) 5 active users, k=1,2,3,4,5.
Transmitters ‘ Transmitters
all 1 4 active users: lz‘ 1 3 active users:
b a 1 b a &
u 1 b 1 Cyclic user sequence U 1 B Cyclic user sequence
| BT (1,53,2,1), T | S (1,53,1),
1 1 di+ds+dy+d, <2+2a i di+ds+d; <3
(c) 4 active users, k=1,2,3,5. (d) 3 active users, k=1,3,5.

Figure 3.5: Illustration of computing the sum DoF achieved by ZFBF with power
control

Obviously, the sum DoF achieved by the proposed TRS scheme strongly depends
on ¢, i.e., the number of chains with odd number of vertices. Since there are at least
two elements in a chain, the shortest length of a chain with odd number of vertices
is 3. Hence, the maximal value of ¢ is e*=%, -2 and £ when K mod 3=0,
K mod 3=2 and K mod 3=1, respectively. This indicates that the best topology
that yields the greatest sum DoF has the property that in the generated graph there
exist €* chains with three vertices and K’% chains with two vertices. Then, by
substituting ¢* into (3.58), we find that the best sum DoF is £ (1+b+a)—%2 (b—a),

where k,,22K mod 3. Besides, the worst topology has the property that all the

chains have even number of vertices. The worst sum DoF is equal to %(1—1—%—1—37“).

3.3.3 Discussions

In this part, we compare the sum DoF achieved by the proposed TRS scheme with
the sum DoF achieved by preliminary schemes. In RS, each user employs a fraction
of the total power to unicast the private message, while employs the remaining power

to transmit the common message. However, unlike the received signal presented in
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(3.7), in the considered realistic scenarios, each user only decodes three common
message transmitted by the dominant transmitters rather than all common messages.
This fact implies that the DoF achieved by the common messages are specified by
|S| different inequalities, rather than the single inequality ), ¢ df<1—max;es;
in (3.8). Hence, the achievable DoF region specified in Proposition 3.1 cannot be
used to evaluate the DoF region achieved by RS in the considered realistic scenarios.
Instead, we look at the sum DoF achieved by ZFBF with power control.

According to Remark 2.1, finding the maximum sum DoF achieved by ZFBF
with power control requires a huge amount of efforts of evaluating the DoF region
obtained for all the possible active user set L/ CXC. To find a tractable result, we focus
on the cyclic CSIT quality topology, i.e., ai r+1=a and aj, ;1 =b, VK€K, where the
index k is based on modulus K. Note that according to the previous analysis, this
topology is one of the worst topologies for the proposed TRS and the sum DoF
achieved by the proposed TRS is d25% o (K,a)=45 (1+2422).

We evaluate the achievable sum DoF for each possible active user set I/ using
(3.4), and the maximum of them yields the sum DoF achieved by ZFBF with power
control. A 6-user example is shown in Figure 3.5. Note that the 1 in row &k and
column 5 with j#k—1,k+1 is obtained because the DoF achieved by ZFBF in the
considered scenario is identical to the DoF achieved by ZFBF in a fully connected
MISO IC with CSIT quality ay;=1, Vj€X\{k,k—1,k+1}. When all the users are
active, the achievable sum DoF 6a is given by inequality > ", df <> a;_q,
where the cyclic user sequence is (iy,- - -i5)=(1,6,5,4,3,2). Similarly, when there are
 active users, the achievable sum DoF is 1+4a, given by the cyclic user sequence
(1,5,4,3,2). When there are 4 active users, the best active users set that yields the
maximum sum DoF is {1,2,3,5} because user 5 is not interfered with the other three
users. The achievable sum DoF is 2+2a. When there are 3 active users, the sum DoF

3 can be achieved by simply scheduling user 1, 3 and 5. Hence, the maximum sum
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DoF achieved by ZFBF with power control is max{6a,144a,242a,3}.
In general, when K is an even number, by applying the same method as above,

the maximum sum DoF achieved by ZFBF with power control is

ds.ppp= max K-n+(2n—K)a, (3.59)

n: K <n<k

where n stands for the number of active users. Thus, if aZ%, we have d . s p=Ka;
otherwise, we have d, ., f:%. It can be verified that the sum DoF achieved by the
proposed TRS, i.e., d7%% (K, a)=5 (14+2+32), is strictly greater than the sum DoF
achieved by ZFBF as long as b+3a>1.

When K is an odd number, the maximum sum DoF achieved by ZFBF with

power control is

K, K K K
ds.ppp= max {|—=|,|=]|-1+a+b2|—]|—n+1+(2n—2[—=]—1)a} (3.60)
| & J+2<n<k 2 2 2 2

The number |5 |—1+a+b is the achievable sum DoF when there are |5 |41 ac-
tive users. It is achieved by scheduling user 1, 3, ---, 2 L%J —3 who are not inter-
fered with each other, and scheduling another two adjacent users, i.e., user 2 [%j -1
and user 2| & |. The quantity 2|5 | —n+1+(2n—2[%5]—1)a is the achievable sum
DoF when there are n active users, L§J+2§n§K . It is achieved by scheduling

2| & | —n separated users, and 2n—2 L%J adjacent users. Through some calculations,

2
it can be verified that when a>3, we have d, .s,y=Ka; when 1-b<a<3, we have
ds,szf:L%J —1+a+b; when a<1—b and agé, we have ds,szfztgj. Comparing
with the sum DoF achieved by TRS, we conclude that d'7%(KC,a)>d; . oy as long
as b+3a>2 5] -2

Remarkably, we clarify that in the cyclic CSIT quality topology, the condition

b—|—3a>% L%j —2 1s a sufficient condition that TRS yields a sum DoF strictly greater

than ZFBF with power control. When this condition does not hold, we can seek
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for an optimal active user set S* and optimal power allocation policy r*, which

maximize the sum DoF achieved by TRS.

In this chapter, we broaden the analysis of RS scheme to the multi-cell scenario
with imperfect CSIT. The key finding lies in the invention of the novel scheme, so
called Topological RS. Compared to RS, the novelty of TRS lies in a multi-layer
structure (in the power domain) designed based on the various CSIT qualities of
the interference links. In a certain layer, with a properly assigned power and ZF-
precoder, the common message sent out by each transmitter is drowned into the noise
at the users whose CSIT qualities are sufficiently good, while other users have to de-
code the common message. As the CSIT qualities vary across the interference links,
each common message is to be decoded by a particular group of users. This fact im-
plies that in each (power) layer, the fully connected MISO IC can be interpreted as a
partially connected network, and the multi-layer structure forms a weighted-sum of
the partially connected networks, where the weights stand for the separations of the
layers in the power domain. In this way, each user only needs to decode a smaller
number of common messages rather than all the common messages, thus enhancing
the DoF achieved by the common messages and leading to a DoF region no smaller
than that achieved by RS. The achievable sum DoF by TRS is characterized using
graph theory tools, i.e., the packing and fractional packing of a hypergraph. The
latter method is shown to produce the maximal sum DoF. At last, the TRS approach
is shown to be applicable to the homogenous cellular networks where each user is
only connected to three transmitters. Under such setting and for a particular CSIT
quality topology, we find the sufficient condition where TRS strictly outperforms

conventional ZFBF with power control.



CHAPTER 4
Rate-Splitting Designed for Two-User
MIMO Networks with Imperfect

CSIT

Thus far, all the focus has been on the MISO setting. A natural followup question
is how to design RS scheme for the MIMO configuration where there are multiple
antennas at the receiver side and the number of antennas at the transmitter side is
insufficiently large. To address this issue, in this chapter, we consider a two-user
(M ,N1,N5) MIMO BC and a two-user (M;,Ms,N1,No) MIMO IC, where N}, stands
for the number of antennas at user k£, k=1,2, while M is the number of antenna at
the transmitter in BC and M is the number of antenna at transmitter j in IC, j=1,2.
Besides, we consider the scenario where the CSIT qualities do not change with time.
Hence, we replace the notation of the CSIT qualities by a;(t)=a, Vt=1,--- L and
as(t)=ag, Vt=1,--- L.

Generalizing the RS approach known for the MISO case (and symmetric MIMO
case, i.e., Ny=N,) to the asymmetric MIMO case is a non-trivial step. This is
because the DoF of the common message is inevitably limited by the user with a
smaller number of antennas, which inherently limits the DoF performance. When
there is a mixture of the imperfect current CSIT and perfect delayed CSIT, this bottle-
neck can be overcome by a Block-Markov implementation and backward decoding

[38]. Such a scheme allows each user to 1) cancel the interference that is overheard
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in the current slot, and 2) have the side information of its desired private messages
received by the other user. Nonetheless, when there is only imperfect current CSIT,
each user only has access to its own received signal and the decoding process has to
be carried out by treating the overheard interference as noise. Hence, the fundamen-
tal question to be addressed in this chapter is how to design a new RS scheme that
properly leverages the capabilities of decoding common messages at the two users
with asymmetric number of antennas.

Without loss of generality, we consider /Ny <N, throughout this chapter. In the
following, we will firstly propose the RS approach and derive its achievable DoF
region focusing on the (M, N1, N,) MIMO BC, and secondly switch to the discussion

on (Ml,MQ,NbNg) MIMO IC.

4.1 Achievable DoF Region in (M ,N;,N,) MIMO BC

In this section, we aim to design a suitable RS scheme for the (M ,N;,No) MIMO
BC. According to the system model and the definition on the CSIT quality introduced
in Section 1.3.2, we state the DoF region achieved by the proposed RS scheme as

follows.

Proposition 4.1. For a two-user (M ,Ny,No) MIMO BC, supposing N;<N,, an

achievable DoF region with imperfect CSIT is characterized by

Lo pc: di<Ch, 4.1)

Lypo: da<Ch, 4.2)

Lypo: di+dy<Co+(Co—Cs)ag g, (4.3)
dy ds Co—C4

Lopo: —4+22<1 4.4

2BC +02 <1+ G aq, 4.4)

where C; = min{M,N;}, Co=min{M N, } and Co= min{ M ,N,+N-}, while ag pc
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Full CSIT

dy Full GSIT o\ ' dy-+dy< min{M,Ni+N)
Nyt Plgi-flzftqgémm{M’Nl—FNﬂ min{M,N2}> / -%
2 \\ \\\ / | N N : L2
\\\ \;\/x/i Ll \\\
‘J\\ \t \
o 1 P1o
No CSI'R,
d1 y dy 1 No CSIT
AR RS N |
: min{M,N1} T min{M ,No} =
N1 dl mln{M,Nl} dl
(@) ®pc<0 (b) ®pc>0

Figure 4.1: Achievable DoF region of (M ,N;,N,) MIMO BC.

is given by
Q2 if ®50<0
Qo BC={ ay— C‘ifgl Else if a1 >1—ay; 4.5)
o102(Co=Cr) Else if a; <1—a.

(Co—C1)(1—a1)+(Co—Cg)a2

(I)BCéCQ—Cl—f—(CO—CQ)OzQ—(00—01)0(1. (46)

The DoF region in the asymmetric BC with N;>N; is determined similarly by
switching the role of user 1 and user 2. Figure 4.1 illustrates the DoF region in Propo-
sition 4.1, where P;; denotes the intersection of line L; and L;. When « is large
enough such that ¢ 5~ <0, the weighted-sum constraint, i.e.,(4.4), becomes inactive
and the DoF region is formed by L, gc with corner points Py and P;o. Moreover,
the DoF region with perfect CSIT and no CSIT can be reached with a;=ay=1 and
a1=0 (Yay€[0,1]), respectively. When N;=N5, we have C;=C5 and L, g becomes
d1+de<Cy+(Cy—Cs)a. Besides, it can be verified that ap po=min{a;,a5}, and
thus L; pe becomes dy+dy<Cy+(Co—C5) min{ay, i }. This sum DoF constraint

coincides with the DoF region found for the symmetric MIMO case in [42]'.

'Tt is noted that [42] studied the symmetric MIMO BC with a mixture of imperfect delayed
CSIT and imperfect current CSIT. When the quality of the imperfect delayed CSIT is equal to the
CSIT quality of the imperfect current CSIT, the authors found that the DoF region is formed by
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Remark 4.1. Notably, when M <N, the optimality of Proposition 4.1 can be ver-
ified, as it is consistent with the optimal DoF region found in [38] when there is
perfect delayed CSIT and imperfect current CSIT with quality a; and «s. This re-

sult reveals the uselessness of the delayed CSIT when M <Ns.

In what follows, we start with proposing an RS scheme for the symmetric MIMO
BC, i.e., N;=N>=N. Secondly, we switch to the asymmetric case focusing on a
(4,2,3) MIMO BC example, by which we identify the essential point of designing
RS for the asymmetric case. Thirdly, we propose the unified framework of the RS

designed for the general (M ,N;,N;) MIMO BC, which completes the proof.

4.1.1 RS Designed for Symmetric MIMO BC

In the symmetric (M ,N,N) MIMO BC, the RS scheme is designed in the same way
as in the two-user MISO case. As the channel matrices are of size M x /N and are
full rank, almost surely, the dimension of their null space is m= min{(M—N)* N}.
Hence, the transmitter delivers m private messages along ZF-precoder to each user
using a fraction of the total power P®, where’> o= min{ay,as}. The remaining
power P— P is used to multicast a common message vector cc C™™{M-N}x1 \which
contains min{M N} streams of common messages.

The decoding is carried out via SIC. By treating the private messages as noise,
each user firstly decodes the common messages. Since the desired private messages
span only m dimensions in the received signal, m common messages are decoded
with the DoF m(1—«), while the remaining min{M ,N}—m common messages
achieve the DoF of min{ M, N } —m. Therefore, the DoF of the common messages is

min{ M ,N }—ma. After removing the common messages, each user decodes their

dy1+de<C3+(Cy—Cs) min{aq a2}
ZNote that in the two-user MISO BC with CSIT quality a; and «g, the achievable DoF re-
gion by RS is specified by di+dz<1+ min{a;,as} according to Remark 2.3. The corner points

(I, min{ay,a0}) and (min{ay,as},1) are achievable by unicasting private messages with power
Pmin{(xl,az}.
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the private messages with the DoF d,,; =d,;=m«, because the undesired private mes-
sages are drowned into the noise. Consequently, the DoF pairs (ma, min{M ,N})
and (min{ M N} ,m«) are obtained by considering that the common messages carry
information intended for user 2 and user 1, respectively.

Note that the achievability of the DoF of the common messages is not restricted
to linear precoders and detections, a non-linear method based on Lattice coding is
employed in [45]. In general, the common message can be encoded into a multi-
dimensional vector ccC**! using Gaussian codes and it can be recovered using
Maximum-Likelyhood (ML) decoder by treating the private messages as noise. In
the following, we assume that Gaussian codes and ML detection are employed to
encode and decode the common messages in the rest of this chapter, as they suffice

for the achievability conditions derived later on.

4.1.2 RS Designed for the Asymmetric Case: A (4,2,3) Example

In this part, we firstly identify the limitation of a trivial extension of the RS scheme
designed for the symmetric case. Then, we propose the new RS scheme suitable for
the asymmetric case and perform a Space-Time transmission to further enhance the

sum DoF performance.

4.1.2.1 Trivial Extension of the Scheme Designed for the Symmetric Case

Due to the asymmetric antenna setting in a (4,2,3) BC, the transmitter unicasts 1
private message to user 1 and 2 private messages to user 2 via ZFBF, because the
dimension of the null space of H, and H; is 1 and 2, respectively. The power
allocated to the private messages is P* with = min{a;,a,}. The common message

vector, ceC**!, is encoded via Gaussian codes using the remaining power. The
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received signals write as

yi=H{c+H{viu; + H Vou,, 4.7
P P« pa—aq
yo=HYc+ Hviu, + HIVou,, (4.8)
—~— N e N
P pa—oag P

where u; and u,€C?*! represent the private messages® intended for user 1 and user
2, respectively, while v, € span(HZ ) and V€ span(H;) are ZF precoders, of size
4x1 and 4 x 2, respectively. Besides, the noise is ignored for clarity as we focus on
infinite SNR. Considering that the common messages and the desired private mes-

sages are decoded successively at each user, the following DoF tuple is achievable

de=min{2—q,3—2a}=2—q, dp=qo, dp=2a. 4.9)

This DoF calculation can be understood as follows. In y;, since u; spans only
1 dimension and us is drowned into the noise, the achievable DoF of the common
message is 2—q by treating u; and u, as noise. Similarly, at user 2, the achievable
DoF of the common message is 3—2« as ug spans 2 dimensions. Since ¢ needs to
be decoded by both receivers, d. is equal to the minimum of these two values. Using
SIC, dy,; and d,2 in (4.9) are immediate because the unintended private message is
drowned into the noise. Notably, as each user aims to decode c and the desired
private messages, the MIMO systems shown by (4.7) and (4.8) can be considered as
two Multiple Access Channels (MAC) with a common part. A general proof of (4.9)
is presented in Appendix G.

The DoF pair (2,2«) and («,2+«) are obtained if ¢ only carries information

intended for user 1 and user 2, respectively. However, such an achievable DoF region

3In this chapter, we use notation u; and ug instead of w’f (or w}) and wg (w%) to represent the
private messages. This is to avoid heavy notations when designing RS for the asymmetric MIMO
case, where various types of private messages are defined.
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is unsatisfactory as the inherent DoF of user 2, namely 3, is not achievable unless
a2 min{ay,ay}=1. This is because with the trivial extension of RS designed for
the symmetric case, the DoF of the common message is inevitably limited by the
common-message-decodability at the user who has a smaller number of antennas

(see d. in (4.9)). To counter such a bottleneck, we propose a new RS scheme.

4.1.2.2 New RS Transmission Block

Motivated by the discussion above, we learn that allocating equal power to the private
messages no longer yields a satisfactory DoF region. Moreover, to design a proper
RS approach that is able to achieve some DoF tuples with d,=3 for any (ay,q), it
is necessary to deliver 3 private messages to user 2.

Consequently, compared to the trivial extension of the RS scheme designed for
the symmetric case, an additional private message is transmitted to user 2 with a
precoder in the subspace of H.,. Besides, the ZF-precoded private message intended
for user 1 is allocated with power P41, while the two ZF-precoded private messages
intended for user 2 are allocated with power P42 and the additional private mes-
sage is allocated with power P(2=21)"  We define A; and A, as A;€(0,a] and
Ay€(0,1]. If Ay>a, such a power allocation policy ensures that all the three private
messages intended for user 2 are overheard by user 1 with the same power level. If
Ag<ay, the additional private message is not transmitted. Hence, the trivial exten-
sion of the RS designed for the symmetric MIMO case is a special case by choosing

A1:A2: min{al,ag}.
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Mathematically, the transmitted and received signals write as

s— ¢ +vi 4+ VLD 4 y@,0 410
C_tViuy+ Vy'u, 2 U (4.10)
P pPA1 PA2 P(AQ—a1)+
vi=H!c + Hilv,u, + HY (V;”ug”+v§2>u§2>), @.11)
v A/_/ N — ',
P P Pp(Ag—ap)t
yo=HYc+ Hiviu, + BEIVDul) + B v, (4.12)
—— = N ~ - _
P PA1—a2< PO PA2 plAg—ag)t

where v, and uél)E(C2X1 represent the ZF-precoded private messages of user 1 and
user 2, respectively, while V1:IA{2L€(C4‘X Land Vgl) :ﬂfEC4X2 are the ZF precoders.
The additional private message of user 2 is denoted by u§2) and the precoder vgz) eC*!

is in the subspace of H.,. Considering that each user decodes the common message

and the desired private message successively, the following DoF tuple is achievable

Atuser 1: d.<d"22— max{A;,Ay—ay }—(Ay—a)T, (4.13)
dyy=(A;—(Ag—ar)H)F, (4.14)
Atuser 2: d.<d®P23-2A,—(Ay—ay)", (4.15)
dyy=2A0+(Ay—ay) ", (4.16)

The above DoF calculation can be shown by the general proof in Appendix G. An
interpretation is as follows. In (4.13), which shows the common-message-decoding

(1)

capability at user 1, the interference consists of 1) u,’ and uf)

with 3 streams in
total and with power level (Ay—a;)™, and 2) u; with 1 stream and with power level
Aj. As the received signal y; is a 2-dimensional vector, the covariance matrix of
the interference resulting from these four streams have two eigen-values, i.e., one is
PpArg pldz—an)® | pmax{Ai a1} gnd one is P(42~*1)" | In (4.15), which shows the

common-message-decoding capability at user 2, the interference consists of 1) ugl)
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with 2 streams and with power level A,, and 2) ugz) with 1 stream and with power
level (As—ay)™. This result in the negative terms 24, and (A;—aq)™ in (4.15),
respectively. Besides, u; is drowned into the noise at user 2, thus not impacting d?,
After removing the common messages, the DoF of the private messages are obtained
by treating the undesired private message as noise.

Next, we characterize the achievable DoF region of the (4,2,3) MIMO BC by
finding the maximum achievable sum DoF. We will firstly show the achievability of
corner points Py and Py in the case ® - <0, and secondly show the achievability
of corner points Pi9, P1or and Psy in the case P p->0 by performing a Space-Time

transmission.

4.1.2.3 Achievable DoF Region: a; > j.e., ® <0

Let us define the achievable sum DoF as a function of the power levels, i.e.,

dy(Ay,Ar)2 min{d{M (4,),dP (A1, A5)}, where

AV (As)=2+2A4,—(Ar—a) ™, 4.17)

AP (A1, Ag)=3+(A;—(Ay—an) )", (4.18)

are obtained by summing (4.13), (4.14), (4.16) and (4.14), (4.15), (4.16), respec-
tively. Then, it can be shown that the power levels (A%, A%)2arg maxd,(A;,A,) that

maximize the sum DoF are given by
* * 1+062
Al=as, Aj=max T,l—al , 4.19)

because ds(A;,Ay) increases with A;, while A; is chosen such that the common-
message-decodabilities at the two users are equalized, i.e., d(l):dg2) (or dgl):d?)).
Figure 4.2 illustrates the maximum sum DoF for different values of a; and a (the

highest point of the red solid curve).
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Figure 4.2: Sum DoF of a (4,2,3) MIMO BC

Here, as we are considering oy > H%, 1.e., P <0, it can be verified that the sum

DoF is maximized with A*:H% (as shown in Figure 4.2(a)), which is smaller than

ay. Plugging A=

1+ao
2

and Aj=ay into (4.14), (4.16) and (4.13) yields d,1=ax,

dyo=1+ay and d.=2—cas. As a result, the achievable sum DoF is 3+as, which

is greater than 2+ min{ay,as} achieved by the trivial extension of the RS scheme

designed for the symmetric case. If the common message only carries information

intended for user 1 (resp. user 2), we obtain the corner point Pyp=(2,14ay) (resp.

P1o=(a,3)). Note that in this case, Lo pc in (4.4) is inactive and the DoF region is

formed by corner points P and Py

4.1.2.4 Achievable DoF Region: o; <

a2 e, ®po>0

In this case, as shown by the highest point of the red solid curves in Figure 4.2(b),

4.2(c) and 4.2(d), the optimal A} in (4.19) is greater than or equal to a;. Notably,

this fact contrasts the power allocation in the MISO case where choosing the power

level Aj=A;=min{ay,as} suffices to achieve the maximal sum DoF. The reason

responsible for this observation is that with A}>q;, the transmitter exploits the larger

spatial dimension at user 2 by delivering 3 private messages to user 2, while the

interference overheard by user 1 spans only 2 dimensions.

However, the sum DoF can be further improved by a Space-Time transmission

when ®p->0, which allows us to show the achievability of corner point Py and
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Pi2. The transmission lasts for 7" channel uses (e.g., slots/subbands). Letting Ay, ; de-
note the power level chosen for user & in channel use /, we choose (A; ;,A2;)=(a2,1)
for [=1,--- pT and (A ,;,A2;)=(e,01) for I=pT+1,--- T, where 0<p<1. Note
that we consider that 7" is a sufficiently large integer such that p7' is an integer
as well. The decoding is performed focusing on the aggregate received signals,
namely [y, (1), ---,yx(T)]". Then, by plugging these power levels into (4.17) and

(4.18) and computing the average sum DoF over the total 7' channel uses, we have

dy s(p)2 min{d\ 4 (p),d s (p) }, where?

d 2 (p)=pd (1)+(1—p)d (ar), (4.20)

P (p)=pd® (e, 1) +(1-p)dP (a,01). 421

In Figure 4.2(c) and 4.2(d), dg;T(p) is illustrated by the green dotted line with
dg?;T(O):d£2)(042,a1) and dg?;T(l):d§2)(a2,1). However, in Figure 4.2(b), dqu(P)
coincides with d*) (cvg,As) because d? (cvg,As) is linear within the range A€o, 1].
Besides, dS;T(p) coincides with dgl)(Az) in Figure 4.2(b), 4.2(c) and 4.2(d). In all
the three figures, the maximum sum DoF achieved with Space-Time transmission
is obtained with p* such that di’lgT(p*):dS;T(p*) holds (see the diamond points).
Compared to the sum DoF achieved without Space-Time transmission (i.e., the high-
est point on the red solid curve), we can read from Figure 4.2(c) and 4.2(d) that
dssr(p*)>ds(Af,A5). However, in Figure 4.2(b), we have d; s7(p*)=ds(A7],A%).

Through some calculation, we present the choices of p* and the the sum DoF achieved

4Unlike the RS-ST scheme discussed in Section 2.2, the Space-Time transmission in this chap-
ter employs a non-linear encoding/precoding and a non-linear detection of the common messages.
Specifically, the aggregated received signals of the 7' transmission slots correspond to a MT' x N, T'
MIMO system for user 1 and a MT x NoT MIMO system for user 2. To achieve the sum DoF
ds sT(p), the common messages of the two users are encoded into a MT x1 vector c. At the re-
ceiver side, by treating the private messages as noise, user 1 is able to decode the common message
with DoF pd((:l)(l)+(1fp)d£1) (1), while user 2 is able to decode the common message with DoF
pd&z) (a2,1)+(17p)d£2) (a2,0r1), where d" and dt? are given in (4.13) and (4.15) as a function of
Aj and A,, respectively. Then, counting the DoF of the private message yields (4.20) and (4.21).
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Table 4.1: Sum DoF achieved with different schemes in a (4,2,3) MIMO BC, where
conditions a), b), ¢) and d) are such that in Figure 4.2(a), 4.2(b), 4.2(c) and 4.2(d),
respectively.

Conditions | Without Space-Time Transmission | With Space-Time Transmission
a) A;:LFQQQ, ds=3+as N/A
b) As= 14_2062 , ds= 5+0‘22+20‘1 o= 1_22521(;(12 d,= 5+a22+2a1
0 e = e
? Sodot | o i

with and without Space-Time transmission in Table 4.1.
With p* given in Table 4.1, and the power allocation across the 7" slots, we can

compute

dp=p"(c1+az—1)"+(1—p")as (4.22)
dpa=p"(3—aq)+(1—p*) - 204 (4.23)
d=p*on+(1—p*)(3—au). (4.24)

Considering that the common message only carries information intended for user 1

and user 2, we obtain the corner points P, and Py in Figure 4.1(b), respectively.
To be complete, the corner point Pop=(2,2c; ) is achievable by substituting A;=as

and As=q; into (4.13) through to (4.16), and assuming that the common message

only carries information for user 1.

4.1.3 RS Designed for the Asymmetric Case: Unified Framework

In this part, we consider the asymmetric MIMO BC with antenna setting M <N;+ N5
and M > N,>N;. The achievability for other cases can be shown by switching off the
redundant transmit/receive antennas. Motivated by the (4,2,3) MIMO BC example,

we highlight the key ingredients of our proposed RS scheme as

» Unequal power allocation: the private messages are transmitted using differ-
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ent power levels, which provide more flexibilities in balancing the asymmetric

common-message-decodabilities and help achieving the maximal sum DoF;

» Exploiting the larger spatial dimension at user 2: when the CSIT quality
of user 1 is not good enough (i.e., ®3->0), together with the M —N; ZF-
precoded private messages, the transmitter delivers another No— M+ Ny pri-
vate messages to user 2. Besides, the ZF-precoded private messages are allo-
cated with a power level greater than the CSIT quality of user 1. This trans-
mission yields a satisfactory sum DoF performance though user 1 overhears

interferences with a greater strength than the noise;

* Space-Time transmission: when the CSIT quality of user 1 is not good enough
(i.e., Ppc>0and oy <1—as), we employ a Space-Time transmission to further

enhance the sum DoF.

In the following, we will firstly introduce the unified framework of the RS scheme
designed for the general MIMO case, and secondly discuss the achievabilities of the

corner points specified in Proposition 4.1.

4.1.3.1 Unified Transmission Block

The transmitted signal writes as

s=_c_+Viu + V&Pl + vPul? 4.25
1+ Vo 'uy '+ Vi 'uy (4.25)
P P41 pPA2 pAg—ag)t

where u; €CM—N2)x1 gapd ug)EC(M*Nl)Xl are private messages of user 1 and user
2, respectively, and V€ span(HZ) and Vgl)e span(Hi) are ZF-precoders. The
remaining N;+N,— M private messages intended for user 2, i.e., ug), are precoded

by Vég)e span(Hy,) using power level (A;—a;)". The power levels are defined as
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0<A;<as and 0<A,<1. The received signals write as

vi=Hc + HIV u, + HY (v;1>ugl>+v§>u§>> (4.26)
P P P(A;f‘ll)+

yo=Hfc+ HYViu + HY ViVul) + HY VP ul?. (4.27)
P PA1—o2 PT‘Z P(A;—ran*‘

For the MACs given in (4.26) and (4.27), using the proof presented in Appendix
G, the common message and private messages are successfully decoded if the DoF

tuple lies in

Atuser 1: dyy=(M—Ny)(A;—(A3—ay) )™, (4.28)
d.<dVEN,—(M—Ny) max{A;,Ay—a }—

(N1+No— M) (Ay—ay) ™, (4.29)

Atuser 2: dy=(M—Ny)As+(N1+No—M)(Ay—ay) " (4.30)

A <dPEN,—(M—Ny)Ay—(N1+Ny— M) (Ag—ay) ™. 4.31)

Next, following the footsteps in the (4,2,3) example, we proceed the achiev-
ability proof of Proposition 4.1 by finding the maximum achievable sum DoF. The

discussion is processed by considering the case ® <0 and the case ¢ 3->0.

4.1.3.2 Achievable DoF region: o> NQ*NE\}F(%V;NQ)O‘Q ,i.e., Dp-<0

Let us express the sum DoF achieved by the transmission block proposed above

(without Space-Time transmission) as dy (A, As)2min{d'"” (4,),d% (A1, A;)}, where

dV(Ay)=Ni+(M—N)Ay— (M —Ny)(Ay—a) T, (4.32)

AP (A1, As)=No+(M—Ny) (A1 —(Ag—ay) ") T (4.33)
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are obtained by summing (4.29), (4.28), (4.30) and (4.28), (4.31), (4.30), respec-

tively. It can be shown that the power levels that maximize ds(A;,A) are

(4.34)

% % NQ_N1+(M_N2)O[2 M_N2
A=, Azzmax{ M-, ,1—N2_N1a1

is chosen such that the common-message-decodabilities are equalized. Then, we

discuss the achievability by comparing A3 in (4.34) with o;.

> N2—N1+(M—N2)O[

As we are looking at ar; > N,

2 i.e., Ppc<0, according to (4.34), we

No—Ni+(M—N: . . . .
have Aj=a)==2 1];}(_ N 292 < ). This choice allows us to achieve the maximum

sum DoF Ny+(M —Nj)aw. If ¢ only carries information intended for user 1 (resp.
user 2), the corner points Pyo=(Ny,(M—Np)a]) (resp. Pry=((M—N3)az,Ns)) in

Figure 4.1(a) is achieved.

Remark 4.2. Notably, when ®5-<0, the chosen power levels Aj=a, and Aj=a/
can be interpreted as the maximum power levels that 1) ensure that the unintended
private message is drowned into the noise, i.e., Ax<a;, k#j, and 2) equalize the
common-message-decoding capability. This is a generalization of the power alloca-
tion policy in the RS designed for the symmetric case, i.e., Aj=A5=min{a;,as}.
Specifically, when N1=N,, ®5-<0 implies a1 >y and A} becomes «y, which is

smaller than o, and equal to A7.

4.1.3.3 Achievable DoF region: o, <X2=FUENIe e §p>0

In this case, according to (4.34), the power level A} that maximizes the sum DoF
(achieved by the transmission block proposed in Section 4.1.3.1) is greater than «;.
As explained in the (4,2,3) example, we can employ a Space-Time transmission to
further enhance the sum DoF. To do so, similar to the (4,2,3) example, across the T’

channel uses, we choose the power levels as

* Ay;=1and Ay ;=ay, forl=1,--- pT}
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. AQJ:O[l and Al,l:a27 for l:pT—’—]_’ e ,T.

The decoding is performed by focusing on the aggregate received signals, namely
[yx(1),--- ,yk(T)]T. Plugging these power levels into (4.28) through to (4.31) and

computing the average DoF over the total 7" channel uses, we have

d 2 (p)=p (Nrar—(M—Ny)(ar+ar—1)F) +(1—p) (Ny—(M—Ny)az) , (4.35)

dp1,s7(p)=(M—Ny) [p(ar+ay—1)"+(1-p)as] (4.36)
) (p)=p(Nat-Ni— M) +(1—p) (No—(M—N1)as) , (4.37)
dpa,s7(p)=p (No—(N1+No—M)ay) +(1—p) (M —Ni)a. (4.38)

To maximize the sum DoF, we choose p=p}- such that the common-message-

decodabilities are balanced, i.e., dgf;T(p*BC):di?gT(pgc). Specifically,

. (M=Ny)(1—a1)—(M—Np)(1-as)
e (N2—N1)(1—a1)+(M—Ny)(ag—(ag+a;—1)*) (4.39)

Then, by plugging pi. into (4.36), we obtain d,;=(M —Ny)af with o’ in (4.5)
(the last two lines). If ¢ only carries information intended for user 1 and user 2, the
corner point Pp, and Py in Figure 4.1(b) are obtained, respectively.

Besides, the sum DoF achieved with and without Space-Time transmission is
summarized in Table 4.2. It can be verified that the sum DoF gain offered by the

Space-Time transmission over the RS scheme without Space-Time transmission is

M—Ny

maximized when ai+ Ny N ap=1.

To be complete, it remains to achieve the corner point Ps in Figure 4.1(b). Us-
ing the new RS scheme in (4.25), taking Ay=c; yields d.=N1—(M—Ny)as and
dp=(M—N;)a; for k,j=1,2,k#j. Then, Pyy=(Ny,(M—N;)ay) is immediate if c

is intended for user 1. Linking Psy and P2 yield L pc in Proposition 4.1.
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Table 4.2: Sum DoF of a (M ,Ny,N,) MIMO BC, where N,<M<N;+N,, for
k=1,2, and o= min{ay,as}.

Conditions Without Space-Time Transmission
b <0 No+(M—Nsy)as
Ppe>0and 1-ay<an No+(M=Ny) (g +- ¥ oz + No— Ny
®pc->0 and %(1—a2)<a1§1—a2 No+(M—Ny) <a1—|—]j\v42:]]\\;11 a2+N2_N1>
® >0 and a1<N2 N1(1 as) Ny
Conditions With Space-Time Transmission
®pc<0 N/A
B >0 and 1-as<ay Not(M=No) (014 8000+ No— Ny )
Ppe>0and =yt (1-az)Sar<l—as | No+(M—No)? i aSi e
Op->0and o; < ]]\\[/[2:%1 (1—aw) No+(M—Ny)? (M_Nl)(l_cgjlo)‘i(M_Nz)aQ

4.2 Achievable DoF Region in (M;,M5,N;,No) MIMO

IC

In this section, we move on to design a suitable RS scheme for the (M7, Ms,N1,N)
MIMO IC under the assumption of no data-sharing among the transmitters and im-
perfect local CSIT. Specifically, transmitter &£ knows ﬂlk and I:IQk, and only has
access to we, and wyy, intended for user k. Similar to the BC case, we process the
discussion assuming /Ny <N, without loss of generality. Besides, according to [15]
and [24], when M><N; (and N;<Nj), the DoF region of (M;,M3,N1,N5) MIMO
IC with perfect CSIT is consistent with the DoF region when there is no CSIT, which
reveals the uselessness of the CSIT from a DoF perspective. Thus, the DoF region
with imperfect CSIT can be easily found using the results in [24]. Hence, in this
section, we consider Ny <Ny and N;<M,.

In contrast to BC where the desired signal and the interference signal come from
the same transmitter, in IC, the desired signal and the interference signal come from

different transmitters, namely via the channel matrices Hy;, and H;, respectively.
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Let us rewrite the received signal as y,= [Hka Hiﬂ sk sj]T. If N;,<M;, we can
see that the desired signal is completely mixed with the interference signal as the
column space of HY. is contained in the column space of H,If] This yields a similar
scenario to BC where both desired and interference signals are received via the same
channel, thus spanning the same min{ A/, N, }-dimensional space. If N,>M;, we
can see that the interference spans only ); dimensions of y, so that part of the
desired signal can be aligned in the remaining N,—M; dimensions of y; which
does not overlap with the interference signal. These facts will inherently impact
the RS scheme design and power allocation policy. Hence, in IC, the achievability
discussion is carried out in two cases, namely M;> N, and M; <N, (Recall that we

consider M>>N; and Ny> N, throughout this section).

4.2.1 RS Designed for Case I: M1>N,

Proposition 4.2. For a (M;,M,,N1,N5) MIMO IC with the antenna configuration
N1<N,, N1<M,; and N,<Mj, an achievable DoF region with local imperfect CSIT

is characterized by

Lo.rc :di <Ny, (4.40)
L 1o Ao <N, (4.41)
Ly 10, :di+da<Ny+ [C1— N o 1c, (4.42)
Ls rcy :ﬁ+é<l+w, (4.43)

N, Nj© N}
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Table 4.3: The DoF regions of (M;,M5,N1,No) MIMO IC when Ny <Ny, No<M;
and M>>Nj: active constraints and corner points.

Conditions Active Constraints | Corner Points

Case I.1: M1>Ny,M;<N, Li e,y Lorcy Pao, P12, Pio

Case 1.2: M;> Ny, My> Ny
If ®;c<0: Ly 1cy P10, Pro
If ®;c>0: Li ey, Larcy Pao, Pi2, Piy

My ™2

Ny— min{My,N;} .
min{M;, N1

N
.

(a) Case I.1 (and I1.1): Ms<N (b) Case 1.2 and ®;-<0, where (c) Case 1.2 and ®;->0
Ly ¢, is inactive

Figure 4.3: Achievable DoF regions in (M;,Ms,N1,No) MIMO IC, when N;<Nj,
NgSMl and MQZNl.

where N3= min{M,,Ny}, C12 min{M;,N;+N,} and Co= min{ M, N, +N,}, and

o rc 1S given by

0 If My<N,
Qv Else if ®;-<0
Qo,71c= %al Else if %@121—@2 (4.44)
ay— 2% Else if a;>1—ay
| v o e Blseif an<l-a
G ;0=Ny—N1+(C1—N3)as—(Cy—Ny)ay . (4.45)

For clarity, we summarize the active constraints and the resulted corner points in
Table 4.3 for different antenna configurations. Figure 4.3 illustrates the DoF regions

in Proposition 4.2, where D and D¥ stand for the optimal DoF region when there
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is perfect CSIT [15] and no CSIT [24], respectively.

When a1=0 (Va€[0,1]), the DoF region stated in Proposition 4.2 becomes the
DoF region with no CSIT [24]. The values of o and a» that lead to the DoF re-
gion with perfect CSIT are different according to the antenna configurations, namely
ay=cap=11f No<M,<Ms; a1 =1, ap> Eﬁﬁf%ixﬁ:% if No<M,<M;; and a;=1,

Vase[0,1] if Ma<N,y. Moreover, if Ny=Ny=N, My=My=M and M>2N, L, ¢,

and Ly ;¢, in Proposition 4.2 boil down to the the sum DoF constraint in the sym-
metric case [71].

Next, we propose the RS scheme for the case M;> /N, and show the achievabil-
ity proof of Proposition 4.2. Without loss of generality, we consider M;<N;+No
and N, <M+ M,, k=1,2, as the achievability in all the other configurations can be

shown similarly by switching off the redundant transmit/receive antennas.

4.2.1.1 Transmission Block

Since My>N; and M;>N,, we point out that this antenna configuration yields a
scenario similar to BC based on the aforementioned facts that 1) the desired signal of
each user is completely mixed with the interference signal, and 2) both transmitters
are able to deliver ZF-precoded private messages to their corresponding users in the
null space of the cross-link. Accordingly, we build the RS scheme following the

footsteps in the asymmetric MIMO BC. Specifically, the transmitted signals write as

S1=— Cp —|—V1U1, (446)
~— =
P PA1
so=_co + V&Ml + viPul (4.47)
N~ e —
P PA2 p(Ag—ap)™

where u; cCM1—N2)x1 gtands for the private message vector intended for user 1,

while u(zl)EC(MQ’NI)Xl and qu)G(C(Nl*Né*MQ)Xl are the private message vectors
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intended for user 2. V€ span(Hy,) and Vgl)e span(H4,) are ZF-precoders. ué2)

'e span(ﬂgg). The power levels are defined

is precoded with a full rank matrix Vg
as A;€[0,as] and A,€[0,1]. Unlike the BC case where the common messages are
generally denoted by c, we introduce c; to denote the common message carries

information intended for user k, k=1,2, as c¢; and c, are transmitted from different

transmitters. The received signals are expressed as

yi=Hljci+Hjeo + HiViu +  ny (4.48)
—_—— —— —— ~—
P P pA1 p(Ag—ag)t
vo=Hjlci+Hje,+  my,  +HEVI W +HEVIWY . (4.49)
S—— = S~~~ ~ ~~ - N ~~ -~
P P PA1—a2< PO PA2 pAg—ap)™

where 1, 2H1, (Vgl)ugl)+V§2)u§2)> and n,2HZ V,u,.
Following the derivations in Appendix G, the MACs in (4.48) and (4.49) yield

the following achievable DoF tuple

At user 1:

ddSNl—(Ml—NQ) max{Al,AQ—ozl}—(Nl—i-Ng—Ml)(Ag—a1)+, (450)

do<rh.s. of (4.50), (4.51)
da+do<rh.s. of (4.50), (4.52)

dpr=(M1—N)(A;—(Ay—ay) )" (4.53)
At user 2:

de1 <No—(My—Ny) Ag— (N1 +No— My) (As—an) (4.54)

deo<Ny—(My—Ny)Ag— (N1 +No— My) (Ag—an) (4.55)
da+do<rh.s. of (4.54), (4.56)

dpo=(Mo—N7) Ag+(N1+Ny—Ms)(As—aq) " (4.57)
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Next, let us proceed to discuss the achievability of the corner points in Figure
4.3(a) when M5< N, and the corner points in Figure 4.3(b) and 4.3(c) when My> N,
because some of the constraints in (4.50) through to (4.57) become inactive in each

particular case, which improves the tractability of the analysis.

4.2.1.2 Achievability in Case I.1: M, >N, and M><N,

In this case, we have Nj=min{My,Ny}=M,. It can be shown that the r.h.s. of
(4.55) is greater than or equal to the r.h.s. of (4.51) for any values of A; and As.
Therefore, (4.54), (4.55) and (4.56) become inactive. In this way, from (4.50), (4.51)

and (4.52), we can see that if only c; is transmitted (i.e., d.o=0), we achieve

(der+dp1,dp2)=(N1(1—(Ag—a1) ™), (Ma— Ny ) Ap+ Ny (A —a) ™). (4.58)

If only c, is transmitted (i.e., d.;=0), we achieve

(dp1,deatdp2)=((My—Na) (A1 —(Ag—an) ™)™,

Ny+(Mo—Ny) Ag— (M —No ) (A1 —(Ag—a ) ) F). (4.59)

Clearly, the DoF pairs in (4.58) and (4.59) yield the sum DoF N;+(My—Ny) As.
Choosing A;=1 yields the maximum sum DoF d;+ds=M5. With the power levels
As=1 and A;<1—ay, the corner points Po=(Njc;,Ms—Njry) and Pro=(0,M3)
in Figure 4.3(a) are obtained using (4.58) and (4.59), respectively. Besides, substi-
tuting As=q; into (4.58) yields the corner point Pog=(N7,(Mo— N1)ay) illustrated
in Figure 4.3(a). Linking Py with P4 yields Lo ¢, in Proposition 4.2 (see Figure
4.3(a)).
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4.2.1.3 Achievability in Case 1.2: M;> Ny, My> Ny and ¢ ;<0

In this case, we have Nj=min{M,,N;}=N, and the r.h.s. of (4.55) becomes equal
to the r.h.s. of (4.54) and the r.h.s. of (4.56). Therefore, it is similar to the BC case
(see (4.28) through to (4.31)), namely that the DoF of the common messages, i.e., d.;
and d, are subject to the sum DoF constraints (4.52) and (4.56). Accordingly, we
reuse the analysis in the BC case, and the DoF pairs (dj,1+d.1,dp2) and (dp1,dpa+de2)
are resulted by setting d.o=0 and d.;=0, respectively.

Using (4.52), (4.53), (4.56) and (4.57), we can write the sum DoF as d,(A;,A5)2
min{d\" (A4,),d% (A;,45)}, where

d\V(Ay)=Ni+(My—Ny) Ay—(My—Ny) (Ay—ay) ™, (4.60)

d (Al,AQ) (Ml_NQ)(Al_(AQ_Ofl)+)+. (461)

It can be shown that the power levels that maximizes the sum DoF, i.e., (A% A3)2 arg

max ds(Aq,Az), is given by A=, and

NQ_N1+(M1_N2>O[2

If ®,,<0, A= M, N, ; (4.62)
1 If M1 M2a1>1 Qo

If ®c20,  Ay=q S=mtliofueGh=tiior qf f={a; <1-ay<fP=gtan;
1— Aj\% %12041 If %2 xlalgl—ag.

(4.63)

No— N1+(M1 N2)042
Mo— Ny

Here, as we consider ®;-<0, we have Aj=a, and Aj=a/=
Then, we can see that the common-message-decodabilities are balanced at the two
users, i.e., d\" (a’l):dg) (cve,) ), and the unintended private messages are drown into
the noise at each user. This is similar to the BC case with ® 5 <0. Such a power al-

location policy allows us to achieve the maximum sum DoF Ny+(M;— N3 ). Plug-
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ging Af=ay and Ai=q/] into (4.50) through to (4.57), we can see that 1) if only c; is
transmitted (i.e., setting d.o=0), P1o=(N1,(Ma—N;)a}) in Figure 4.3(b) is achiev-
able, and 2) if only ¢ is transmitted (i.e., setting d.; =0), P1o=((M1;—N3)az,N3) in

Figure 4.3(b) is achievable.

4.2.1.4 Achievability in Case 1.2: M, >Ny, My>N, and ¢ ;>0

In this case, we can see that A} in (4.63) leads to an equal common-message-
decodabilities at the two users, and A} is greater than oy, i.e., the CSIT quality of
user 1. Similar to the BC case with ® 5->0, this indicates that there are /V, private
messages delivered to user 2. Although user 1 overhears interference, such a power
allocation is beneficial to the sum DoF as the interference spans only /N; dimensions
at user 1. Also, the sum DoF performance can be further enhanced by performing a
Space-Time transmission.

Following the power allocation and the decoding process of the Space-Time

transmission in the BC case (see Section 4.1.3.3), the achievable DoF tuple lies in

dVsr(p)=p (N1ay—(My—No)(ar+ai—1)) +(1—p) (N —(My—No)az),  (4.64)

dp1,s7(p)=(M1—N3) [plar+as—1)"+(1-p)as] , (4.65)
A2 o7(p) <P(Nat- Ny — M) +(1—p) (No—(My—Ny)on) (4.66)
dp2,s7(p)=p (No—(N1+N1—M3)ay) +(1—p)(Ma—N1)au, (4.67)

where dE?ST(p)édgf?ST(p)+d$?ST(p). To achieve the maximum sum DoF using
the Space-Time transmission, p=pj~ is chosen such that the common-message-

decodabilities at the two users are balanced, i.e., dg?ST(p’}C):dg?ST(p}C), where

_ (My—Ny)(1—ay)—(My—Ny) (1—ag)4+M,— M,
pm_(Nz—Nl)(1—a1)+(M1_N2)(QQ_(Q2+QI_1)+). (4.68)
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Plugging p, into (4.65), dp1 s7(pic)=(M;—Ny)al® with ol in (4.44) (the last
two lines) is immediate. Moreover, by plugging p7 .- into (4.64), (4.66) and (4.67),
the sum DoF writes as N2+(M1_N2)Oééc. We can see that if only ¢, is transmitted,
the corner point P, in Figure 4.3(c) is achieved; if only c; is transmitted, the corner
point Py, in Figure 4.3(c) is obtained.

When &;->0 and %a1>1—a2: In this case, substituting A7=as, and A3=1

into (4.60) and (4.61) yields the maximum sum DoF dg(ag,1)=No+(Ms—Ns)a.
However, unlike the other two cases in (4.63), such a power allocation does not bal-
ance the common-message-decodabilities, i.e., dgl)(1)<dgz) (ag,1), thus preventing
the Space-Time transmission from benefiting the sum DoF performance (because it

results in pj~>1). From (4.60) and (4.61), we can see that equal common-message-

My — Mo
Mi—No

decodabilities can be obtained by choosing A7=1— a1 <as and A3=1 without

impacting the sum DoF performance. Remarkably, comparing the power alloca-

tion (A}, A3)=(a2,1) and (A’{,A;):(l—%l;%j aq,1), we can see that although they
achieve the same sum DoF performance, the latter choice results in a higher DoF of

the common messages (see (4.60)) than the former choice, thus yielding a greater

DoF region. By plugging A*:l—]]‘éll:%; oy and A5=1 into (4.60) and (4.61), the
sum DoF in (4.42) with « ;¢ (the third line in (4.44)) is immediate. The corner
point Py5 (resp. Py ) is obtained if only c; (resp. c9) is transmitted.

To be complete, we show the achievability of the corner point Py in Figure 4.3(c)
(when ®;->0) by simply plugging A;=c; into (4.50), (4.54), (4.53) and (4.57). By
doing so, we have d.=N;—(M;—N3)a, and dp=(M,—Nj)o for k,j=1,2,k#j.
Then, Pag=(de+dp1,dpe)=(N1,(Ma—Ni)ay) is immediate. Linking Py and Pis

yields Ly ;¢, in Proposition 4.2.
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4.2.2 RS Designed for Case II: M;<N,

Proposition 4.3. For a (M;,M,,N1,No) MIMO IC with the antenna configuration
N1<N,y, Ni<M, and M;< N>, an achievable DoF region with local imperfect CSIT

is characterized by

Lo o :di <Ny, (4.69)

Ly ¢ :d2< Ny, (4.70)

Ly 1, :di+dy <Ny, 4.71)

Loses 3%+Né_jcfi+N{ < No+ [minﬁvj\ji,]]\\fff:]]\\éz}—]\fﬂ q 7 4.72)
L. Zﬁ—l— ds Ny

< +
My Ny—N;+M; ~ No—N;+M;
Ny—NY pa(Mi+N1—Ns)

(If My>Ny Ny +M; > Ny) (474
No— N0 M (Vo= iy | O (M= No Nt My 2 No) (4.74)

dy 1

Ls :d1+52§§(M1+N1—|—(N2—N{')a1), (If My>Ny,Ni+M;>N,) 4.75)
where N7£ max{M;,N;}, N;= min{M,,N,},k=1,2, and

pro= min{ My, min{ My, N;+ Ny} — No-+M; — N }. (4.76)

For clarity, we summarize the active constraints and the resulted corner points
in Table 4.4 for different antenna configurations. Note that the DoF region when
M;<N, and M3y<N, (i.e., Case II.1) is identical to the DoF region illustrated in
Figure 4.3(a) when M;>N, and M><N,. Hence, we plot the DoF regions when
M,<N, and M>>N; (i.e., Case I1.2) in Figure 4.4, where D and D¥ stand for the
optimal DoF region when there is perfect CSIT [15] and no CSIT [24], respectively.
Moreover, when M;<N,, we can see that the DoF region is only a function of o,

according to Proposition 4.3, the DoF region with perfect and no CSIT are reached
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Table 4.4: The DoF regions of (M;,M5,N1,No) MIMO IC when Ny <Ny, Ny>M;
and M>>Nj: active constraints and corner points.

Conditions Active Constraints Corner Points
Case I1.1: M1 <No,M5<No Li1c,, Lo 1c, P20, P12, Pror
Case I1.2.a: M;1<N5,M5>N5 and M;+N1<N,

If alSM%N{ Li1c,s Lo 1cy, Ls | Pao, Pas, P13, Pior

If 0412M%N{ Liic,, Ls P30, P13, Pror
Case I1.2.b: M;<N3,M5>N5 and M1+N1>N>

If alSM%N{ Li1c,s Lo 1cy, La | Poo, Paa, P14, Pior

e Li1c,, La, Ls Ps0s Psa, P1a, Pror

i fi2+ N2 — N7 IC:
If alzwﬁ%ﬁ}w Li1c,, Ls Ps0, P15, Pior

when a;=1 and as=0 (Va€[0,1]), respectively.

Remark 4.3. Notably, when N;<M,;<N, and M;>N;, the optimality of Propo-
sition 4.2 and 4.3 can be verified, as it is consistent with the optimal DoF region
found in [38] when there is perfect delayed CSIT and imperfect current CSIT with
quality a; and asy. This result reveals the uselessness of the delayed CSIT when

NlSMQSNQ and Mlle.

Next, we propose the RS scheme for the case M;</N, and show the achievabil-
ity proof of Proposition 4.3. Without loss of generality, we consider M </N;+No
and N <M;+M>, k=1,2, as the achievability in all the other configurations can be

shown similarly by switching off the redundant transmit/receive antennas.

4.2.2.1 Transmission Block

In this part, we firstly modify the RS scheme proposed in Case I based on the dimen-
sion of the column space of the channel matrices, and secondly show the achievabil-
ity of the corner points on the DoF region stated in Proposition 4.3. For notation
convenience, we introduce Nj= min{M,N;} and N;'2 max{M;, N, },k=1,2.

As explained at the beginning of this section, the antenna configuration M; <N,

makes a difference from the BC case that, in the received signals, the messages in-
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IIliIl{Nl,Ml} )
N/

(a) Case IL.2.a: o< B (b) Case I1.2.a: alelu;zN{ (c) Case II.2.b: algb
(only valid when N1 <M;) (only valid when N1 <M;)

M;—N}

ty
9 s
.
AN N
LN S

min{ M7, N, }

No—N
——1 and (e) Case I.2.b: alzw

Nj

(d) Case IL.2.b: a;> Ml

No—N,
A= p2+No—N{

Figure 4.4: Achievable DoF regions in (M;,Ms,N1,No) MIMO IC, when N;<Nj,
Ny> M, and My>N;.

tended for user 2 only partially overlap with the messages intended for user 1. To be
more specific, as inspired by [38, Appendix A and Figure 2], let us identify this fact
by performing a row transformation to the channel matrices. Since Hj; and Hyy,
k,j=1,2,k+#j, are mutually independent, there exists an invertible row transforma-

tion T}, eCNe*Ne that converts the Ny x (M, +M,) matrix HY £ [Hf), H%] to

0 N
0 5 CL AN B R O ¢ (< 8 4.77)
HY
HE O/n,_ N/
T,HY — 21 B 1 e (4.78)
O(NQ—Ml)XMl- H2H2

where Hy; eCVIXM H,eCN1 M2 H,y e CM1*M1 gnd HayyeCN2*M2 gre full rank
almost surely. Therefore, at user 2, the dimension of the overlapping part between

H 1 and H 5 is M;+Nj— N,, while the dimension of the subspace of H 5 that does
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Ml Mz

Ty
) v

Rx1: 4
Ny = N
M, — Ny + N}

Ml MZ
RXZ: N2< )
oo I

Figure 4.5: Visualization of the linear transform of the channel matrices

T,
) My

not overlap with HZ is No—M,. At user 1, the dimension of the overlapping part
between HZ and HE is N|. Figure 4.5 provides an illustrative view of this linear
transformation.

Motivated by this, we modify the RS scheme proposed in Section 4.2.1.1 by
choosing different power levels for the private messages of user 2 interfering or not

interfering with the signal from transmitter 1. Specifically,

e 72N,—N! private messages are delivered to user 2 in the subspace of Iilf2
using full power without impacting the signal sent from transmitter 1, as they
are received by user 1 via the part of HZ, that does not overlap with HZZ, and

received by user 2 via the part of HZ, that does not overlap with HZ..

* min{N},—7,M;—N;} private messages are transmitted to user 2 via ZFBF.

They are divided into two parts:

—_— min{ No—M;—7,My— N, } of them are delivered using power level
Al and are received by user 2 via the part of Hy, that does not overlap
with Hyy;

— the remaining po= min{ N} —7,My— N, }—p; ZF-precoded private mes-
sages are delivered using power level A;. It can be shown that when

M3> N, o is given by (4.76).

* The remaining V;,—7—p;—po private messages are delivered to user 2 in the
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Table 4.5: The values of 7, 1, 12, 01 and d5 in a variety of antenna configurations.

My<Ny, M1<N; My<Ny, M1 >N, My>No, Mi<Ny | My>No, M1 >Ny
T N1—M, 0 N1—M, 0
" Mo—N, min{ Ny— M, Mo—Ny } No—N, No— M,
01 No—DM, (N1—|—N2—]\/[1—M2)+ 0 0
1 0 (My+Ms—N1—No)™ | min{ M, Ma—No} | My+Ms—N,—No
G | Mi+Mo—No | min{NL. M+ Mo—No} | (Mi—MatNo)*™ | Ni+No— Mo

subspace of Iiléé Similar to the ZF-precoded private messages, they are also

divided into two parts:

— 812 Ny— M, —7—p1, of them are delivered using power level Al—ay, and

are received by user 2 via the part of H,, that does not overlap with H,;;

— the remaining 6,2 N, — No+ M, — 15 private messages are delivered using

power level (As—aq)™.

The power levels are defined to be A»€[0,A)] and A} €[aq,1]. Moreover, there is no
ZF-precoded private messages delivered to user 1 as M;<N,. The values of 7, u1,

12, 01 and 5 in various antenna configurations are summarized in Table 4.5.

Remark 4.4. Notably, the above private messages categorization is a general frame-
work that is applicable to the case M;>N,. Specifically, when M;> N5, since Hﬁ
and HZ have full row rank, there is no all-zero rows in T{H% and ToHZ , which
leads to 7=f1;=09,=0. Moreover, we have =M >—N; and do=N}+N;—M,, corre-

sponding to the number of messages in ugl)

and qu) in (4.47), respectively. In the
received signals (4.48) and (4.49), all these V), private messages align with the signal

from transmitter 1.
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Consequently, let us write the transmitted signals as

S1;=— C1 , (479)
P

So= Cy +V1)u2 —|—V(2) +V(3 uy )+

P PA’2 PA2
viul) + v (4.80)
—— W—/
pAs—al plAz—ap™

where ul"eC™!, uPeCrm >l uP eCr2xt, ul’ eC?>*! and ul’ eC?2*!. The pre-
coders, V21 , Vgl) and V§5) are in the subspace of Hy,, while Vf)e span(ﬂfz) and
Vg?’)e span(ﬂﬁ) are ZF-precoders. Note that all the precoders have full rank and

are linearly independent of each other. The received signals are expressed as

yi=HZc, + Hc, + HE VWY + m + om (4.81)
P P P PA/ —aq P(A2—01)+

yo=Hfi e, + Hic, + HE VI ul) + HEVE
S~—— W—/

P P P PA'
H%V (4) +H V +H V 112 5 (4.82)
PA/ —ay pA2 Pp(Ag— al)+
where,
2 (VU vEPul) (4.83)
n 28 (VP uf vl ) (484)

We can see that uéz) and ugl) are received by user 1 with the power level A, —a;.

If As>oq, ug ) and u(S) are received by user 1 with the power level A —a;, otherwise
(5) is not transmitted and ug ) is drowned into the noise due to ZFBF with imperfect

CSIT. Then, following the general proof in Appendix G, the achievable DoF tuple
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lies in
Atuser 1:
der SNy =€(Ay—0n) = (N1 =€) (A2 —a) ™, (4.85)
deo<r.h.s. of (4.85), (4.86)
dei+d2<rh.s. of (4.85), (4.87)
At user 2:
dey <My —pig Ag— 0o (Ag—ary) T, (4.88)
deo<Noy—pia Ag—065(As—ay) T —p1 Ay—61 (A —ay)—T, (4.89)
der+dea<No—pig Ag—0y(Ag—auy ) T — g Ay =61 (Ay—auy ) —, (4.90)
dpo=pia Ag+02(Ag—ay) T+ Ay+01 (Ay—an )+, (4.91)

where £2 min{ N/, u1+0,}.

Notably, unlike the BC case and IC Case I where M;>N,, we see that user

2 has different common-message-decodabilities of ¢; and cs according to (4.88)

and (4.89). Hence, it is not suitable to perform analysis focusing on the sum DoF.

Instead, in the following, using the set of constraints stated in (4.85) through to

(4.91), we characterize the achievable DoF region stated in Proposition 4.3 by finding

the maximum dzédcg—i—dpg for a given d.;=\, where A€[0,V]]. Specifically, the
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optimization problem can be formulated as

max deat+dp (4.92)
Az, Al dea
S.t. dCZSN{ —f(AIQ—Oél)— (N{ —6) (AQ_Q1)+ —)\, (493)

chS min{Né,Ng—)\}—[tgAg—(SQ(Ag—a1)+—/L1A/2—51 (Alz—al)—T, (494)

ASN{—€(Ay—ar) —(N{ =€) (Aa—ai) ™, (4.95)
A My — g Ag—05(Ag—a) ™, (4.96)
0< A, <A, (4.97)
o <A<, (4.98)

where d,» is given in (4.91), while (4.94) is obtained due to (4.89) and (4.90). To
find the closed-form solution of this linear programme, we proceed the discussion

by considering Case 11.1, i.e., My<N,, and Case 1.2, i.e., My>Nj.

4.2.2.2 Achievability in Case II.1: M,<N, and M;<N,

In this case, from Table 4.5 and using the fact that A,<A,<1, we learn that con-
straints (4.94) and (4.96) are redundant compared to (4.93) and (4.95), respectively.
Moreover, as the objective function is monotonically increasing with d.o, we can see
the optimal solution is taken when (4.93) is active. Hence, the optimization problem

stated in (4.92) becomes

1{‘121%4)2 da (1)(A2,A45.)) (4.99)
st ASN]—E(AL—ay)—(N] =€) (Ay—ay) ™, (4.100)

0<A, <A, (4.101)

;<A< (4.102)
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where

d2,(1) <A2?A/27)‘):N{_)‘+(52_N{+5> (A2_041)++,U2A2+

Ay +(01 =) (Ay—an )+, (4.103)

is obtained by summing (4.91) and (4.93).

Since the objective function (4.103) is linearly increasing with A, and A), the
optimal solution is obtained when at least two of the constraints (4.100), A;<A)
and A,<1 are active. Through some calculations, the closed-form solution, i.e.,
(A3,A%), and the resultant maximum DoF of user 2, i.e., da (1)( A3, A5 \) write as

For A€ [0,N{o],

(A3,47)=(1.1), (4.104)

dy. 1y (1,1,A)=Nj—A. (4.105)

For A€ [N{ay,Nj],

« % NI—)\—f—NI(Il NI—)\—f—NIOzl
(AQ,A’2>—( NN ) (4.106)
. A My— N+ N/
da,(1)(A3, A5 »A):M2+(M2—N1)041—$/\. (4.107)
1

It can be shown that the DoF pair (\,da 1)(A3,A45 X)) with dy (1)(A45,A5,)) in
(4.105) and (4.107) lie on L ;c, and Lo rc, in Proposition 4.3, respectively. The
corner points Pog=(N],(Ma—Ni)aq), Pia=(Njaq,Nj—N{ay) and Py in Figure

4.3(a) are obtained by taking A=N;, A=N«; and A=0, respectively.
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4.2.2.3 Achievability in Case I1.2: M>>N, and M, <N,

In this case, we perform the same derivation as in Case II.1 by taking d., equal
to the minimum of r.h.s. of (4.93) and (4.94), because the objective function in
(4.92) is monotonically increasing with d.,. Then, the optimization problem can be

reformulated as

ma do, (2 (Ag, Ay M) (4.108)
st ASNI—€(Ay—on)—(N =€) (As—ar) T, (4.109)
AS M — Ao —Ba(As—ar) T, (4.110)
0<A,< A, @.111)
<A<, 4.112)

where

da (2)(A2, A5 X)=min { No— A, N{—A\+110 Ao+p11 Ay +

(02— N{+E)(As—ar) T+(6—E) (Ay—an)+7}, (4.113)

is obtained by summing (4.91) and the minimum of (4.93) and (4.94).

Following the derivations in Appendix H, the closed-form solution to the opti-
mization problem (4.108), i.e., (Aj,A%), and the resultant maximum DoF of Rx2,
i.e., da (2)(A5,A5,\), write in the following six conditions:

A) For A€ [max{M;—psa1,N{—&(1—an) },V{],

M, — N/ —
1= 1 A), (4.114)

AL A= ot
(45,47) ( 122 0 2

da,(2) (A3, A5 N)=max{ Ny, M1+N1 }+p101— <1+&) X (4.115)

§
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B) For A& [M;—ppan,N{—§(1—ay)],

M, —
(AS,AS‘)=< : A,l), (4.116)
2
dy,(2)(A3,A5 \)=No—; 4.117)

C) For \e Nl“ml min{ M, — a1, N| }}

N”

i [ NI=M+Nla; N!=A\+Nlay
(Az,A;)z( ! ] - i 1), (4.118)
o, (2) (A3, A 7>\)=N2+(u1+u2)a1—$ ; (4.119)
1

N! .
D) For \e [ﬁ_l—]mal,mm{Ml—mahMM;}7N/}],

/ Ml_)\+52051 (MI_N{‘F&) (MQN{—F(SQS) )
AL A= 1— A a ),
()= (7 " T,
(4.120)
/ pra (N1 =€) M, —Nj+§
A A =N (142 W= M N
d2’(2)( 25419 7)‘) 2+ |: + le 14 + le J251 )\,
(4.121)
E) For \e 52a1,min{J’\‘jlj\_f{;féal,Ml—ugal,N{}],
(A3,A5)= (—Ml_”&"“l ,1) , (4.122)
M,
da,(2) (A5, A5 N)=Ny—\; (4.123)
F) For \e [0,52(1/1],
(A3,A5)=(1,1), (4.124)

da (2)(A2,A5X)=Ny— . (4.125)
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To be complete, Table 4.6 summarizes the validation of these six conditions for
different values of o1, and also present the resultant weighted-sum constraints where
the corresponding DoF pair (\,dp2( A5, A5, \)) lies on for Case I1.2.a Ny>M;+N;

(i.e., N{<p1) and Case I1.2.b No<M;+N; (i.e., N{>p1).

In this chapter, we propose Rate-Splitting schemes suitable for the two-user
(M,N1,N5) MIMO BC and two-user (M;,M3,N1,N3) MIMO IC. Without loss of
generality, we consider N;</N,. In this asymmetric antenna configuration, apply-
ing even power allocation to the private messages as in the MISO case (see Section
1.2.1.1 and Remark 2.3) does not yield the maximal sum DoF performance. This is
because the DoF of the common messages is limited by the user who has a smaller
number of antennas. To address this issue, we find that the proper RS scheme de-
signed for two-user MIMO BC should fully exploit the spatial dimension at the user
who has a greater number of antennas (by transmitting N, private messages to user
2). Besides, another two key ingredients lie in an unequal power allocation based
on the number of antennas at each user and a space-time transmission. Although
the two users have different number of antennas, those new features provide more
flexibilities in balancing the common-message-decodabilities at the two users, and
thus lead to a greater DoF region than that achieved with the trivial extension of the
RS scheme designed for the symmetric case. In MIMO IC, the scheme proposed for
MIMO BC is modified according to a row transformation to the channel matrices.
Such an operation allows us to 1) identify the signal space where the transmitted
signals interfere with each other, and 2) derive a proper power allocation policy
to achieve a satisfactory DoF region. The achievable DoF region is optimal when
M <N, in BC and when N; <My<N, and M;>N; in IC, as it is consistent with the
exact DoF region when there is a mixture of the imperfect CSIT and perfect delayed

CSIT.
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CHAPTER 5
Retrospective Interference Alignment
Designed for K -user Interference

Channel with Delayed CSIT

After designing multi-user transmission schemes suitable for the MIMO networks
with imperfect instantaneous CSIT, our attention is drawn to the /K -cell IC with per-
fect delayed global CSIT, which is defined in Assumption 1.3. The usefulness of
the delayed CSIT was firstly found by Maddah-Ali and Tse in [33], focusing on
a K-user MISO BC. The achievable scheme relies on a K '-phase retrospective in-
terference alignment with centralized overheard interference retransmission. This
philosophy was later on applied to the K -user IC by Abdoli et al with a distributed
overheard interference retransmission, focusing on the SISO case [51]. In this chap-
ter, we consider a K -user MIMO IC where each transmitter has M antennas and
each user has N antennas and M>N. We denote this scenario by (M,N,K) IC
for convenience. Our objective is to propose K -phase RIA approaches based on
distributed overheard interference retransmission by generalizing and combining the
key features of Maddah-Ali’s and Abdoli’s work.

In this chapter, we use Sx={1, - - -, K} to denote the set of the K users. Besides,
similar to [51], we introduce the following definitions which are frequently used in

the subsequent derivations and analysis.
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Definition S5.1. Considering that for any subset of m (1<m<K) transmitter-user
pairs, i.e., S, CSk and |S,,,|=m, if any transmitter k, k€S,,,, has a message, w(k|S,,],

intended for all the users in S,,,, then we term such a message as an order-m message.

Definition 5.2. Considering that for any subset of m+1 (2<m<K —1) transmitter-
user pairs, i.e., S;,+1CSk and |S,,41|=m+1, if any transmitter k, k€S, 11, has a
message, w|k|k;S,,+1\k|, intended for user &, but already known by other m users

in S,,+1\k, then we term such a message as an order-(1,m) message.

When m=1, the order-1 message refers to the private message described in Sec-
tion 1.3.3. For a general case 1<m<K, since there are (fg) possible choices of
S,, and m elements in a certain set S,,, there exist m(f; ) different order-m sym-
bols. Similarly, for 2<m <K —1, since there are (ml_(H) possible choices of S,,, .1 and
m~+1 elements in a certain set S,,, 11, there exist (m+1) (m[j—l) different order-(1,m)
symbols.

The rate R[k|S,,] is said to be achievable if all the users in S,, decode the
message wl|k|S,,] with arbitrary small error probability as the codeword length ap-
proaches infinity. Similarly, the rate R[k|k;S,,+1\k] is said to be achievable if user
k decodes the message wk|k;S,,+1\k] with arbitrary small error probability as the
codeword length approaches infinity. Then, the sum DoF of delivering all the order-

m messages and all the order-(1,m) messages, are given by

R[k|S,»
dy(M,N,K)2 lim Lk FIE ], (5.1)
P—o0 log, P
R[k|k:Smir\k
dy (M ,N,K)2 lim 2okesninvSnncsi TRRSnir\ ],vzgmgK—L (5.2)
’ P—o0 log, P

respectively. According to (5.1), we note that the figure of merit, i.e., sum DoF of
the private messages, considered in this chapter is denoted by d; (M ,N,K).
Furthermore, for convenience, we use the notation u[k|S,,; S,], to represent a

symbol which is
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* transmitted by transmitter k;

* desired by a subset S,,, of users, where |S,,,|=m;

* already known by a subset S, of users, where |S,,/|=m’ and S,,NS,,,=0.
With such a notation, we introduce two classes of symbols:

* Order-m symbols (formed by the order-m message), denoted by u[k|S,,],

which is desired by a subset S,,, of users, and known by no user, i.e., S, =0;

* Order-(1,m') symbols, (formed by the order-(1,m’) message), denoted by
ulk|k; Spri1\ k], which is desired by one user, i.e., user k, but already known

by other m/ users in S,/ 41\ k-

For convenience, an order-1 symbol is denoted by uy, (short for u|k|k]). It carries the
private message of user k, i.e., w([k], and is unknown to all users.

In the following, we start with designing an RIA approach for the (K,1,K) MISO
case, and then describe the RIA approaches designed for the (M, N,K) MIMO case,

where 1<¥ <K.

5.1 MISO Case: RIA and Achievable Sum DoF

In this section, we focus on the MISO case, i.e., (K,1,K) IC, with perfect outdated
CSIT, and study the achievable sum DoF by integrating the MAT-like transmission
with the K-phase RIA with distributed overheard interference retransmission. The

main result is presented as follows.

Proposition 5.1. For a (K,1,K) IC (K >2) with perfect delayed CSIT, an achievable
sum DoF is given by
Oi(K)?

Oi(K)(0i(K)-1)
d2(K,1K)

dy(K,1,K)=max
=12 |4

almost surely, (5.3)
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Figure 5.1: Sum DoF performance in the MISO case, i.e., (K,1,K) IC.

where O, (K)=|2dy(K,1,K) |, Os(K)=[2d2(K,1,K)] and

(5.4)

K—1 -1
1 _

CK-14=2-1
1=2
refers to the sum DoF achieved by delivering order-2 symbols.

Remark 5.1. As it will be clearer later on, O, (K) (i.e., the optimal solution to (5.3))
refers to the number of co-scheduled transmitters in phase 1. It is also equal to the
number of antennas employed in phase 1. If O;«(K)<K —1, Proposition 5.1 is also

applicable to the (K —1,1,K) IC.

A comparison of Proposition 5.1 with the state of the art is shown in Figure
5.1. As shown, our results yields a significant gain over the two-phase schemes
in [48, 46]. Besides, it is shown in Appendix I that the sum DoF achieved by our
scheme is bounded by %. Next, we will design an RIA scheme that leads to the sum
DoF presented in Proposition 5.1. We will start with a 3-user case and then go into

the K -user case.

51.1 A (3,1,3) Toy Example

When K=3, one has O;(3)=2 and O5(3)=3, both leading to the sum DoF % ac-

cording to (5.3). This implies that such a sum DoF can be achieved by performing a
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Figure 5.2: RIA designed for (3,1,3) IC with delayed CSIT: phase 1 with t=1,2.

3-transmitter/3-user scheduling or a 2-transmitter/2-user scheduling in phase 1. Let
us firstly focus on the case with 3-transmitter/3-user scheduling. The 2-transmitter/2-
user approach will be presented afterwards.

The sum DoF % is achieved by sending 6 symbols per user in 12 slots. The
transmission consists of three phases. In phase 1, 6 symbols per user are transmitted
in 2 slots and 12 order-2 symbols are generated. Phase 2 delivers those order-2
symbols in 6 slots, resulting in 3 order-3 symbols and 3 order-(1,2) symbols, which

are transmitted using 3 slots in phase 3-I and 1 slot in phase 3-II respectively.

5.1.1.1 Phasel

The transmission lasts for 2 slots. In each slot, each transmitter sends 3 different
symbols to its corresponding user, i.e., u,(t)€C**! k=1,2,3,t=1,2. The received
signals are illustrated in Figure 5.2, where the noise term is ignored for convenience.

For clarity, let us focus on user 1, who receives u;(¢) with other two interfer-
ences. Clearly, u,(t) can be decoded if 1) w;[2|1,2] and w;[3|1,3] are removed; 2)
w[1]1,2] and w;[1]1,3] are provided to user 1 in order to have enough linearly inde-
pendent observations of u;(¢). Similarly, user 2 and user 3 can decode their desired
symbols if the interference is removed and the useful side information is provided.
In this way, w[i|i,j],i7, is an order-2 symbol that is desired by user ¢ and user j.
Totally 12 order-2 symbols result from these two slots. The remaining work con-
sists in multicasting u,[1|1,2], u2[1]1,2], u1[2|1,2] and u3[2|1,2] to user 1 and user

2, uq[1]1,3], ua[1]1,3], uq[3]1,3] and usy[3]1,3] to user 1 and user 3 and wu4[3|3,2],
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Figure 5.3: RIA designed for (3,1,3) IC with delayed CSIT: phase 2, slot 3 and 4.

us[3]3,2], u1[2|3,2] and u5[2|3,2] to user 2 and user 3.

5.1.1.2 Phase?2

We consider that only one transmitter is scheduled per slot, delivering order-2 sym-
bols to the corresponding two users, i.e., 1-transmitter/2-user scheduling. Specifi-
cally, in slot 3 and 4, transmitter 1 and transmitter 2 respectively transmit order-2
symbols to user 1 and user 2. The transmitted and received signals in these two slots
are illustrated in Figure 5.3, where W (3) and Wy(4) are full rank precoding ma-
trices of size 3x2. The order-2 symbols u,[1]1,2] and uy[1|1,2] (resp. u[2|1,2] and
u2[2]1,2]) become decodable at user 1 and user 2, if u[1]1,2;3] (resp. u[2]|1,2;3]) is
provided to them as such a piece of side information is linear independent of y;(3)
and y(3) (resp. y1(4) and ya(4)).

Similarly, the transmissions in slot 5 to 8 are summarized in Table 5.1, where we
can see that any two consecutive slots are employed to deliver order-2 symbols to a
certain subset of two users. To sum up, the transmission is finalized if [1|1,2;3] and
u[2]1,2;3] are provided to user 1 and user 2, u[1]1,3;2] and u[3|1,3;2] are provided to

user 1 and user 3, while u[2|2,3;1] and u[3]2,3;1] are provided to user 2 and user 3.
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Table 5.1: RIA designed for the (3,1,3) IC: phase 2, slot 5 through to 8.

slot Active Transmitter user 1 user 2 user 3
n(5) | u[l1,3;:2] | ys(5)
yi(6) | uf3[1,3;2] | ys(6)

u[2(2,3; 1] y2(7) y3(7)

u[3|2,3; 1] y2(8) y3(8)

5 | transmitter 1: uq[1]1,3],us[1|1,3
3]1,3
[
[

transmitter 3: uq[3|1,3

6 [ ]7“2
7 | transmitter 2: u;[2|2,3],u2[2]2,3
8 312,3]

transmitter 3: uq[3|2,3],uz[3|2,3

2

]
]
]
]

5.1.1.3 Phase3

Following the distributed higher order symbol generation proposed in [51], we form

order-3 symbols as:

u[1]1,2,3]=LC(u[1[1,2;3]ul1]1,3:2)), (5.5)
u[3[1,2,3]=LC(u[3[1,3;2],u[3[2,3:1]), (5.7)

where LC is short for Linear Combination. u[1|1,2,3], u[2|1,2,3] and u[3|1,2,3] are
respectively transmitted using a single antenna by transmitter 1 in slot 9, transmitter
2 in slot 10 and transmitter 3 in slot 11 (namely phase 3-I). Consequently, user 1 is
able to decode [2|1,2;3] and u[3|1,3;2] from (5.6) and (5.7), respectively, because
u[2]2,3;1] and u[3]2,3;1] can be removed using the past received signals at user 1 (see
slot 7 and 8 shown in Table 5.1). However, user 1 needs one more linear observation
to decode u[1]1,2;3] and u[1|1,3;2]. Similarly, user 2 (resp. user 3) needs one more
observation to decode u[2]1,2;3] and u[2|2,3;1] (resp. u[3|1,3;2] and u[3]2,3;1]). To

this end, in the 12th slot (phase 3-II), each transmitter creates an order-(1,2) as

ulk|ks i, j]=LC (ulk|k,isj] ulk[k,j;i]) k#i#], (5.8)
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which is linearly independent of (5.5), (5.6) and (5.7) to prevent from aligning with
the observations in phase 3-I1. These three order-(1,2) symbols are transmitted si-
multaneously in slot 12. User 1 is able to obtain an interference-free reception of
u[1]1;2,3], because the useful signals contained in u[2|2;1,3] and u[3|3;1,2] have
been recovered by user 1 after decoding the order-3 symbols. User 2 and user 3
follow similarly. In this way, each user is able to decode the desired signal, so as to
proceed to recover order-2 and private symbols.

Without the transmission in phase 2 and 3, and the generation of the order-3 and
order-(1,2) symbols, the 12 order-2 symbols created in phase 1 have to be delivered
one by one, leading to the requirement of 12 slots (rather than 10). Then, the sum
DoF would be %, which is the same as in [48]. Besides, in the 2-phase scheme
proposed in [46], the new symbol transmission works differently from our scheme
and the order-2 symbols are delivered one by one. The resultant sum DoF is % for
K=3. However, their scheme becomes inefficient when K is large, because the
delayed CSIT is not fully exploited to generate higher order symbols.

Previous scheme relies on a 3-transmitter/3-user scheduling in phase 1. Alter-
natively, we can also achieve the same sum DoF performance by employing a 2-
transmitter/2-user scheduling in phase 1. Specifically, we consider that transmitter 1
and transmitter 2 are active in slot 1 and 2, transmitter 1 and transmitter 3 are active
in slot 3 and 4, while transmitter 2 and transmitter 3 are active in slot 5 and 6. In each

slot, each scheduled transmitter sends two new symbols to the corresponding user.
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Let us look at slot 1 and 2, where the signals received by user 1 and user 2 write as

yl(l):hﬁ(l)wl(l)ul(l)—l—hf‘;(l)W2(1)u2(1Z, (5.9)
ul[g\,l,Q]
y2(1)= hg(l)wl(1)111(1Z+h§2(1)w2(1)u2(1)7 (5.10)
u1[1\rl,2}
y1(2)=h11(2)W1(2)u1(2)+ hiy(2) W (2)ua(2), (5.11)
uz[g\,l,Q]
y2(2)=hy1 (2)W1(2)w (2) +h3y(2) W2(2)us(2), (5.12)
uz[1]1,2]

where Wy (t) is a full rank 3x2 matrix, the symbol vector ug(t) is of size 2x1, for
t=1,2 and k=1,2. The received signal y3(1) and y3(2) are not shown as transmitter
3 and user 3 are silent in slot 1 and 2. We can see that both user 1 and user 2 can
decode their desired symbols if u;[1|1,2] and u5[1|1,2] are exchanged with u;[2]1,2]
and u»[2|1,2]. Similar transmissions are performed in slot 3, 4, 5 and 6. Thus, totally
24 new symbols (e.g. 8 per user) are sent in 6 slots, generating 12 order-2 symbols.

Applying the higher order symbol transmission introduced in Section 5.1.1.2 and
5.1.1.3, those 12 order-2 symbols are successfully delivered in 10 slots, yielding the
sum DoF %:%. Clearly, this scheme is applicable to the case where each transmitter
is equipped with 2 antennas, as the transmissions in all the three phases rely on at
most 2 transmit antennas.

Next, we present the general transmission strategy for the (K,1,K) IC.

5.1.2 RIA Designed for the (K ,1,K) IC

Similar to [51], the K -phase transmission is illustrated in Figure 5.4. All the private
symbols are transmitted in phase 1, generating order-2 symbols. Then, all the order-
2 symbols are delivered in phase 2. At the end of phase 2, two types of higher

order symbols are generated, namely order-3 and order-(1,2) symbols, which will be
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Figure 5.4: Transmission flow of K-phase RIA with distributed overheard interfer-
ence retransmission

delivered in phase 3-I and 3-II respectively. This transmission is repeated till phase
K, where order-K and order-(1,/K —1) symbols are delivered.

A backward decoding is carried out. Specifically, each user recovers order- X
and (1,K—1) symbols first. Then with their knowledge, order-(/ —1) symbols can
be decoded. Repeatedly, order-m symbols (m>2) are recovered using order-(m-+1)
and (1,m) symbols. At last, all the private symbols are decoded with the knowledge
of order-2 symbols.

In this way, considering that N; private symbols are sent in 77 slots in phase 1,

generating N, order-2 symbols, the achievable sum DoF can be computed as

Ny

dy(K1K)=— 1

(5.13)

Following the aforementioned transmission flow, the DoF of delivering order-2 sym-

bols, i.e., dy(M,N,K), can be computed recursively as, for 2<m<K-—1,

(K 1K) = Non

(5.14)

Nm+1 Nl,m ’
Tm+dm+1(K717K) +d17m(K717K)

where N, and N, represent the number of order-m and (1,m) symbols respec-
tively. d,,(K,1,K) and d; ,,,(K,1,K) stand for the DoF of sending order-m and
(1,m) symbols, respectively. T,, refers to the number of slots in phase m-I. Note
that we have dg (K,1,K)=1 due to the fact that order- K symbols are intended for all
users and each user is equipped with a single antenna. Besides, d; ,,,(K,1,K)=m+1

will be shown in Section 5.1.2.3. Next, the work is reduced to quantify 1) the param-
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eters Vi, Ny and T} in (5.13), and 2) the parameters N,,, and N1, 1), and Ny,

for 2<m<K-—11in (5.14).

5.1.2.1 Phasel

We consider an n-transmitter/n-user scheduling. Specifically, in a certain slot, a
subset of S,, (n<K to be shown later on) transmitters are active while others keep
silent. Each active transmitter delivers n private symbols (i.e., order-1 symbols) to
the corresponding user, i.e., u, €C"*! Vk€S,. The precoder W, used by transmitter
k is a full rank matrix of size K xn.

The received signal writes as yp= thjouj. We can see that if any two

JESn
scheduled users, user k£ and user j, Vk,j€S,,,k#j, exchange their side information,
i.e., thjo u; and hﬁchuk, then each user obtains n interference-free linear obser-
vations of its desired symbols, i.e., {hﬁchuk}Wegn. These n linear observations
are linearly independent of each other since channels are i.i.d. across the users and
the number of transmit antennas are large enough. Therefore, the term thjo u; is
an order-2 symbol as it is useful for user k for interference cancelation/alignment,
and for user 5 as a useful side information.

It is straightforward that n(n—1) order-2 symbols (e.g. n users and each with
n—1 interferers) are generated in a certain slot. Besides, since there are (I; ) possible

choices of S,,, the same transmission is repeated (]n( ) times for transmitter schedul-

ing. Thus, one has

Ny=n? <ln() Tl:(f)’ Ngzn(n—l)(f). (5.15)

Then, the sum DoF achieved by scheduling n-transmitter and n-user in phase 1, i.e.,
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dy(n,K,1,K), is written as

n2

dy(n,K,1,K)= D) (5.16)
1+d2(K,1,K)
Hence, the optimal n is chosen such that,
n2
n*=arg max (5.17)

n—9.... n(n—1)
2K H‘dg(K,LK)

By evaluating the first and second order derivatives of (5.16), one can easily find that
the global minimizer is given by 2d,(K,1,K). As n* is an integer, we choose n* to
be either |2ds(K,1,K)| or [2ds(K,1,K)]|. This leads to the maximization operator

in (5.3). The remaining work is to find ds( K ,1,K).

5.1.2.2 Phase m-1 2<m<K-1)

We perform a 1-transmitter/m-user scheduling and employ the same transmission
strategy in MAT. To be specific, in a certain slot and for a subset S,,, of m users,
only one transmitter, i.e. transmitter k,k€S,,, is active, delivering K —m-+1 order-m
symbols, i.e., u[k|S,,]ECKX ™" The precoder W, used by transmitter & is a full
rank matrix of size K x (K —m+1).

If the non-scheduled K —m users provide their received signals to the m sched-
uled users, each scheduled user obtains ' —m+1 linear observations of the desired
order-m symbols. For a user 7,7€S,,, let us write the K —m+1 linear observations
as Y;,{Yi tvigs,.- Note that these K —m+1 linear observations are linearly indepen-
dent of each other since the channels are i.i.d. across the users and the number
of transmit antennas are large enough. Then, user j,Vj€S,, will be able to decode
u[k|S,,]. Therefore, we denote the received signals at the X' —m non-scheduled users
as ulk|Sy; 1], VI¢S,,, as they are useful side information for the m scheduled uses of

S
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Table 5.2: (K,1,K) IC with delayed CSIT: the useful side information generated

after phase m-1 2<m<K-1).

User 1 User 2 User m+-1
Transmitter 1 w[1|Sm+1\2;2] u[1|Sp41\m+1;m+1]
Transmitter 2 u[2|Sm+1\1;1] u[2|Sm+1\m+1;m~+1]
Transmitter 3

u[3|8m+1\1;1]

u[3|5m+1\2;2]

u[3|Sm+1\m+1;m—+1]

Transmitter m-+1

u[m+1|Sm+1\1;1]

ufm 1S 1\2:2

As there are m choices of k in S,,, and (g ) possible choices of S,,,, we have

K
Tm:m( ), Np=(K—m+1)T,,, (5.18)
m

and the total number of useful signals is (K —m)T,,. Next, we employ these useful
signals to formulate order-(m+1) and order-(1,m) symbols.

To understand the distributed higher order symbol generation, without loss of
generality, let us focus the subset of users S,,1={1,---,m+1}. We present the
useful signals obtained by the users in S,,,; in Table 5.2. Each column shows
the useful signals obtained by a certain user after phase m-I, while each row sum-
marizes the useful signals that can be reconstructed by a certain transmitter after
phase m-I. We can see that, for the m useful signals available at transmitter 1,
i.e., u[l|Sms1\7:J],¥7=2, - - - ,m~+1, user 1 wishes to decode all of them, while user
J,j=2, - ,m+1 wishes to decode m—1 useful signals (except u[1|S,,+1\7;7])-

To this end, using the m useful signals, transmitter 1, firstly formulates m—1
linear combinations. These m—1 linear combinations are desired by all the m+1
users and known as order-(m+1) symbols, i.e., u[1|S,,1]€C™~Y*1 Once they are
delivered to all the users in S,,, 11, user j, j=2, - - - ,m~+1 is able to decode the desired
m—1 useful signals u[l|S,,+1\;l],l#],l,7=2, - ,m+1. However, user 1 does not
have plenty of linear observations to decode all the desired m useful signals. Toward

this, transmitter 1 formulates another linear independent linear combination, which
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is known as order-(1,m) symbols, i.e., u[1|1;S,,+1\1], because it is desired by only
one user, i.e., user 1, and already obtained by the other m users after the order-
(m+1) symbols are successfully delivered. We have the same situation for the other

m transmitters.

K

Since there are ( L

) choices of S,,,.1 and m+1 different transmitters in each

Sin+1. the total number of order-(m+1) and order-(m+1) symbols are

K K
Niny1=(m—1)(m+1) (m+1>’ Ny =(m+1) <m+1), (5.19)
respectively.

5.1.2.3 Phase (m+1)-II, for 2<m<K-1

In this subphase, order-(1,m) symbols are transmitted. The transmission strategy is
the same as that designed for the (1,1,K) case [51]. Specifically, as an order-(1,m)

symbol is generated for a subset of S, users, the transmission in phase (m+1)-I1

K
m+1

1s divided into ( ) slots. In each slot, a certain subset of S,,,, 1 transmitters are ac-
tive and delivering m+1 order-(1,m) symbols. Let us consider S,,,1={1,--- ,;m+1}
without loss of generality. According to the definition of the order-(1,m) sym-
bols, user 1 is able to obtain an interference-free reception of u[1|1;S,,+1\1], be-
cause the backward decoding allows user 1 to remove the order-(1,m) symbols sent
by other transmitters, i.e., u[j|j;Sm+1\j],j=2,--,m+1 after decoding the order-
(m+1) symbols u[j|S,,1]€Cm=Dx1 j=2 ... m+1. Then, the achievable DoF of

delivering order-(1,m) symbols is d; ,,, (K ,1,K)=(m+1).

5.1.2.4 Phase K-I

Similar to the (1,1,K) case [51], the transmission in phase K-I lasts for K slots,

where in each slot a certain transmitter transmits 1 order-K symbol, i.e., u[k|Sk].
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Since each user has a single antenna, the order- X' symbol can be decoded. Then, the
achievable DoF of delivering order- K symbols in the (K,1,K) ICis dx (K ,1,K)=1.

Then, plugging (5.18) and (5.19) into (5.14), the recursive expression of the DoF
of delivering order-m symbols, i.e., d,,(K,1,K), are given by

m(K—m+1)

Km  (m—1)(K-m)’
mt T T g (KK

(5.20)

d (K, 1,K)=

where m>2. Then, do(K,1,K) in (5.4) holds following the general proof in Ap-

pendix J. Combining with the optimization problem (5.16) leads to Proposition 5.1.

Remark 5.2. In phase m, since K —m+1 order-m symbols are delivered per slot,
the transmission in fact can be done using ' —m+-1 antennas. Specifically, we need
K —1 antennas in phase 2 while only a single antenna in phase /K. Hence, if (5.17)
is maximized with n*</K —1, we can conclude that the above RIA is applicable to

the case where each transmitter is equipped with /' —1 antennas.

Remark 5.3. We note that although delayed global CSIT is assumed available at
each transmitter, the RIA scheme designed for the MISO case only relies on de-
layed local CSIT. Specifically, the order-2 symbols u[j|k, j]éthjouj transmitted
by transmitter j are simply the overheard interference at various users, which are
only related to the outgoing links associated to transmitter j. Similarly, as explained
in Section 5.1.2.2, the order-m symbols are made up of the overheard interference at

various users, which can be obtained using local CSIT.

So far, we have characterized an achievable sum DoF of a (K,1,K) IC by in-
tegrating MAT-like transmission and the K -phase RIA with distributed overheard
interference retransmission designed for the SISO case [51]. In the next section,
we will draw our attention to the general (M ,N,K) IC with 1§%§K . Since the
(K,1,K)IC and the (1,1,K) IC can be regarded as special cases with (M ,N)=(K,1)

and (M ,N)=(1,1), respectively, we aim at generalizing the achievable schemes in
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these two scenarios to the general case with 1§%§K , or ideally, finding a scheme

that smoothly connects them when (M, N)=(K,1) and (M ,N)=(1,1).

5.2 MIMO Case: RIA and Achievable Sum DoF

Sticking to the K-phase RIA framework illustrated in Figure 5.4, in this section,
we propose two schemes for the (M ,N,K) IC with 1§%§K . In phase 1, the first
scheme is a generalization of the MAT scheme by giving up some overheard interfer-
ence, while the second scheme is a generalization of the RT-PIN approach proposed
in [51] by exploiting the multiple transmit antennas. In phase m, 2<m<K, the two
schemes employ an identical transmission strategy. This strategy originates from the
RT-PIN designed for the SISO case and smoothly connects with that designed for the

MISO case when M >N (K —m+1). Their resultant sum DoF are stated as follows.

Proposition 5.2. MAT-like transmission: For a (M ,N,K) MIMO IC where K>3
and 1§%§K , with perfect completely outdated CSIT, considering that there are n
(2<n<K) active transmitter-user pairs in the first phase of the proposed K -phase
RIA, an achievable sum DoF is
. ~1
dmet(n,M ,N,K)=Mn <1+%) : (5.21)
almost surely, where M2 min{M ,nN}, and dy(M,N,K) is obtained via Proposi-

tion 5.4 by replacing m=2.

Proposition 5.3. Two-stage RT and PIN: For a (M ,N,K) MIMO IC where K >2
and 1< % <K, with perfect delayed global CSIT, considering that there are n (3<n<K)

active transmitter-user pairs in the first phase of the proposed K-phase RIA, an
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achievable sum DoF is

~ ~ -1
| ) | i N(n—2
&P (0 MON K ) =N (n—1) [E (n—l—l— N(n—l)) to A(;N ;()] , (5.22)

almost surely, where M2 min {M%N} and do(M,N,K) is obtained

via Proposition 5.4 by replacing m=2.

Proposition 5.4. For a (M,N,K) MIMO IC where K>3 and 1<% <K, with per-
fect delayed global CSIT, an achievable DoF of delivering order-m messages (for

2<m<K) defined in Definition 5.1 is
dp(M N K)=(1—A,,(M,N,K))"", (5.23)
almost surely, where A,, is given by

M
For K — LNJ +1<m<K,

K-1
1 (m-1)(K—1)
An(M.NF)=1 N+Nl:m (K—m+1)(I—1)(I+1)’ (5:24)
M
<m<K—|—
For 2<m<K [N}i—l,
K| 4]
A (M N K)=Ag_ )41 (M,NK) - O+ Z AN (5.25)
with
m—1 Ly K—i
Opm=— ME L Imi _ , 5.26
K—| ] 11 (M+N)(K—i)+N 520
N MK 1) (1= 5ty ) HN=1)(K~1+1) el
= l[(M+N)(K—l)+N] 1 8
-1
(5.27)

- M+N )+N'

1=
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——Abdoli [51]
[ |-—Propose scheme,
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[51]

Figure 5.5: Normalized achievable sum DoF, i.e., *#22°F in (M ,N,K) IC with de-
layed CSIT, where p=47.
By taking the maximum of the results stated in Proposition 5.2 and 5.3, we obtain

a greater achievable sum DoF specified as follows.

Proposition 5.5. For a (M ,N,K) MIMO IC where 1§%§K , with perfect com-

pletely outdated CSIT, an achievable sum DoF is given by

max_d;"""(n,M,N,K)}

" 3<n<K

di(M,N,K)=max{ max d"*(n,M,N,K)
2<n<K

4P (0, M N, K)  1<M <e(n);

_N_

dTlnat(n_]-aM7NaK) %Zs(n),

= Inax
3<n<K

, (5.28)

_ n(n—1)+n(n—1)3
T 142(n—1)24+(n—2)(n—1)3 "

almost surely, where £(n)

Note that d7"* (K ,M ,N,K) is not included in (5.28), because it can be verified
that d7"* (K ,M ,N,K)<d}"*(K—1,M,N,K). In Figure 5.5(a) and 5.5(b), we plot

w as a function of the ratio pé% for K=3 and

the normalized sum DoF
K =6, respectively. As shown, our result significantly outperforms the previously

best known result presented in [52] for M >N.

Remark 5.4. Note that replacing M=K ,N=1 into (5.23) leads to (5.4). Moreover,
Proposition 5.1 can be obtained by substituting M=K ,N=1 into (5.28) and finding

the optimal value of n that maximizes (5.28).
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Remark 5.5. Note that replacing M/=N=1 and n=K into (5.22) leads to the sum
DoF achieved by the scheme proposed in [51]. However, according to Proposi-
tion 5.5, by finding the optimal number of co-scheduled transmitters in phase 1, our

scheme improves the sum DoF achieved in [51].

Next, we will present the achievability proof of Proposition 5.2, 5.3 and 5.4. We

will start with a (3,2,3) IC and then go into the general (M ,N,K ) IC with 1<X <K.

52.1 A (3,2,3) Toy Example

In this subsection, we aim to show that d"*(2,3,2,3)=2' and d}' """ (3,3,2,3)=22,
which imply that in the (3,2,3) IC, RT-PIN scheme with 3-transmitter/3-user schedul-
ing in phase 1 outperforms MAT-like transmission with 2-transmitter/2-user schedul-

ing in phase 1.

5.2.1.1 Phase 1, MAT-like transmission

In MAT scheme, the overheard interference at various users are directly regarded as
order-2 symbols. However, when the number of transmit antennas at each transmitter
is smaller than the total number of received antennas at all the scheduled users, e.g.,
3<2x2inthe (3,2,3) IC with 2 co-scheduled transmitters, the overheard interference
is linearly dependent of the side information obtained by the desired user. To counter
this problem, we propose a MAT-like scheme by giving up some pieces of overheard
interference.

Here, we consider a 2-transmitter/2-user scheduling. In slot 1 and 2, transmitter
1 and transmitter 2 are co-scheduled each delivering 6 symbols to its corresponding
user, and 6 order-2 symbols are generated. Specifically, the aggregate transmitted

signals write as

s1=[s1(1),81(2)]" =Wiuy, so=[s5(1),82(2)]" =Wau,, (5.29)
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where W, €C%*®, k=1,2, is a full rank precoding matrix across the two slots, while

u,€C%!, k=1,2, is the symbol vector. The received signals write as

=ly:(1),y:(2)]" = H4,W H,,W 5.30
yi=[y1(1),y1(2)] 11 W1 U1+ Hia Wo Uy, ( )
G11€@4><6 G12E(C4X6
= lys(1),y2(2)]" = Hy W H,, W 5.31
yo=[y2(1),y2(2)] 21 VW1 U1+ Hoo Wo 1y, ( )
G21E(C4X6 GQQE(C4X6

where H;;=Bdiag {HkH] (1) ,HkHj (2)} cC**6 k,j=1,2 refers to the aggregate channel
matrix across the two slots. For convenience, the effective channel matrix FijWj 1S
denoted by Gy;.

At this moment, if we simply exchange Giou, and Gojuy, each user has totally
8 linear observations of their 6 symbols. This implies that there are 2 redundant
observations for each user. Hence, it is improper to treat all the 4 elements in Gous
(resp. Goju;) as order-2 symbols. Due to this fact, each user randomly obtains 3

linear observations from its 4-dimensional received signal as

y1=P1y1=P1Griui+ P1Gpuy , y2=Poys= PaGoiu; +P2Gouy, (5.32)
u[2[1,2]eC3x1 u[1]1,2]eC3x1
where P,€C3** k=12, is a full rank matrix. Then, if P;G12uy and P5Gyqu; are
exchanged, the desired symbols become decodable, because each user obtains a 66
full rank effective channel matrix [P}, Gy, P; ij]T k,j=1,2, almost surely. In this
way, the 3 elements in P, Gy u;,k,j=1,2 are order-2 symbols as they are useful
signals to user 1 and user 2.
The transmissions in slot 3 and 4 (where transmitter 1 and transmitter 3 are ac-
tive), and the transmissions in slot 5 and 6 (where transmitter 2 and transmitter 3
are active) follow similarly. Consequently, we deliver totally 36 symbols in 6 slots

and generate 18 order-2 symbols. The 36 symbols can be recovered if the 18 order-2
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symbols are successfully delivered. The sum DoF can be expressed as

36
dmt(2,3,2,3)= : 5.33
1(2,3,2,3) 6-+18/d(3,2,3) (5-33)

5.2.1.2 Phase 1, RT-PIN

Here, before going into the scheme, let us briefly revisit the RT-PIN approach pro-
posed in [51] for the (1,1,3) IC. All the transmitters are co-scheduled for 5 slots,
during which each transmitter sends 4 symbols to the corresponding user. Such a
transmission is termed as a redundancy transmission as the interference originated
from a certain interferer spans a subspace of the received signal. Hence, by alleviat-
ing the 4 symbols of user 2 (resp. user 3), user 1 is able to obtain a linear observation
of its desired symbols only with interferer user 3 (resp. user 2). Then, the remaining
pieces overheard interference after the partially interference nulling are considered
as order-2 symbols. This process is known as RT-PIN.

In the (3,2,3) IC, a trivial option is to switch off one antenna at each transmitter
and perform a scaled version of the above scheme (like in a (2,2,3) IC). However,
this option does not exploit the full benefit of the transmit antenna array. On the other
hand, if we fully exploit the transmit antennas by sending 12 symbols in 5 slots, then
the interference caused by a single interferer spans the full 10-dimensional linear
space of the the received signal. This prevents PIN from bing employed.

To propose a proper RT-PIN approach for the (3,2,3) IC, we interpret the RT
designed for the (1,1,3) IC by two stages. The first stage, i.e., slot 1 to 4, is termed
as the interference sensing stage where each transmitter identifies the row space
spanned by each interference term. The second stage, i.e., the 5th slot, is termed
as the redundancy transmission stage, where each transmitter sends a “redundant”
linear combination of the symbols sent in the first stage. Following this idea, in the

(3,2,3) IC, we consider that
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* in the first stage, there are ;=8 slots and all the transmitters are co-scheduled,

each of which transmits 3x¢;=24 symbols to the corresponding user;

* in the second stage, there are ¢,=3 slots and the symbols sent in the first stage
are retransmitted. However, the precoders are designed using perfect delayed
CSIT to force each interference term into the 2x¢;=16 dimensional row space
created in the first stage (The calculation of ¢; and ¢, are shown by the general
proof stated in Section 5.2.2.2.), so as to create a certain level of “redundancy”

in the overheard interference;

* by performing PIN, we obtain totally 36 order-2 symbols to be delivered in

phase 2.

Specifically, the scheme operates as follows.

Interference sensing stage: According to the first bullet above, the received sig-

nal writes as

yi= > Bdiag {H/(1),-- H(8)} W;iuj,k:1,2,3, (5.34)

j=1,2,3 is c16x24
GjseC

where u;€C**!, while W;'-s is a 24 x 24 full rank precoder across the 8 time slots in
this stage. Similar to the notation in (5.30) and (5.31), we have the effective channel
matrix G}jj of size 16x24. Note that the superscript “is” stands for “interference
sensing”. From (5.34), we see that each interference term G};Sjuj,kyéj, spans the
full 16 dimensions of the row space of the received signal because ijj is full rank
almost surely.

Redundancy transmission stage: For convenience, let us focus on the precoder

design at transmitter 1 as the other two transmitters follow the same footsteps. As

the 24 symbols are retransmitted and there are ¢,=3 slots in this stage, we design the
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precoder W of size Mtox24=9x 24 such that
W/'C span (G’;l) M span (Gésl) , (5.35)

where the superscript “rt” is short for “redundancy transmission”. As a consequence,
the linear space experienced by u; at user 2 (resp. user 3) in the redundancy trans-
mission stage, i.e., Ht W7 (resp. H5{ W'Y), where H}: =Bdiag {Hg(t)}t:&m’n

(resp. Hjt 2Bdiag {Hgl1 (t)} ), will fall into the 16-dimensional row space

=9,10,11
GY (resp. GY).

Toward this, we firstly obtain a matrix V; as V;=Dg; G;Sl:Dgl Ggsl, where Do,
and D3; can be computed by

[Dy; D] Zﬁ =0. (5.36)
-Gl

Since Gi and G are of size 16x24, their staggered matrix has a 8-dimensional
left null space almost surely. Then, both of Dy; and Dg3; have size 816, thereby
V has size 8x24 and is full rank, almost surely. Secondly, we compute W' as
W'=C; V1, where C; of size 9x8 is a full rank mapping matrix.

PIN: Let us focus on user 1 and write the received signal as

s s s
Gll G12 G13
[t rt  EIrt rt  Eyrt Tt
HYYWT HE5WE HT'WH

Gis Gz’s st
_ . 11 . 12 | 7 13 u, (5 37)
HIWT H{5C:D1»GYy H5C3D13Gs

where u [ul,ug,ug}T. Then, we can see that the sub-matrix associated with each
interference symbol vector has N x(t;+t2)=22 rows, but they only span the 16-

dimensional space of the first 16 rows due to the redundancy transmission. Hence,
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there exists a 6x22 matrix Q,;, j=2,3, such that

Gis'
Q| 7 |=0 (5.38)
HY'C;D,;G7;

J

almost surely. Left-multiplying the received signal y; by Q- and Q3, we have

18 s
_ G} GT3
Vi2= Q2 u+ Qoo us, (5.39)
ryrt Tt ryrt 18
Hy Wi H73C3D 135G
G1172€C6X24 C_-}13,2€(C6><24
18 s
_ G} G
Vi3= Qs u+ Qi3 uo, (5.40)
ryrt Tt ryrt 18
Hy, Wi H5C2D1, G
G1,3€C06x24 G2,3€C6%x24

respectively. Then, user 1 obtains 12 observations, where 6 observations are purely
with interferer ugz, while the remaining 6 observations are purely with interferer u,.
A similar approach is applied to the received signals at user 2 and user 3.

Decoding feasibility: If G32u3 in (5.39) and G5 3u; in (5.40) are removed and

the side information obtained by user 2 and user 3, i.e., G21,3u1 and Gngul respec-
tively, are provided to user 1, user 1 has 24 interference-free linear combinations of
its 24 desired symbols, i.e., [G112 G113 Go13 Ggljg}T u;. These 24 linear combi-
nations are independent of each other. The proof is shown in Appendix K. Conse-
quently, the 6 elements in G j; ;u,€C®! (which are made up of message of user k
and are obtained by user j by nulling out the message of user [), for k#j#l, are
order-2 symbols desired by user k and user 7, and thus denoted by u[k|k,7]€C*!.
To sum up, there are 72 symbols transmitted in 11 slots, generating 36 order-2

symbols in total (each user has 12 pieces of side information to be retransmitted).
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The sum DoF can be expressed as

, 72
d"P™(3.3.2.3)= . 5.41
1 (3323) 114-36/d5(3,2,3) (541)

The remaining work is to calculate d»(3,2,3), which is discussed next.

5.2.1.3 Phase 2

Here, we propose a transmission strategy for phase 2. The transmission strategy is
a generalization of the approach designed for the (1,1,3) IC in [51]. Unlike (3,1,3)
IC, in phase-2 of the scheme designed for (1,1,3) IC, there is a 2-transmitter/2-user
scheduling in each slot. The two active transmitters deliver a different number of
order-2 symbols, in order to perform RT-PIN. To be specific, in the (1,1,3) IC, trans-
mitter 1 and transmitter 2 are co-scheduled for four slots. In the first two slots,
transmitter 1 sends 2 order-2 symbols to user 1 and user 2, while transmitter 2 sends
one order-2 symbols to user 1 and user 2. Consequently, in the two-dimensional
received signal at user 3, the symbol sent by transmitter 2 spans only 1 dimension,
allowing user 3 to perform PIN so as to obtain a linear observation purely of the
symbols sent by transmitter 1. After that, in the third and fourth slot, we switch the
role of transmitter 1 and transmitter 2, so that user 3 obtains a linear observation
purely of the symbols sent by transmitter 2. Those linear observations are useful for
user 1 and user 2 and can be used to create future transmission in phase 3. Next,
following the same philosophy, we present how RT-PIN is performed in phase 2 of
the (3,2,3) IC. We aim to transmit 42 order-2 symbols (14 from each transmitter) in
12 slots, which generate 9 order-3 and 9 order-(1,2) symbols.

Redundancy Transmission: We consider that transmitter 1 and transmitter 2 are

active for 4 slots, where in the first two slots, transmitter 1 sends 6 order-2 symbols,

i.e., u[1]1,2]eC"*! while transmitter 2 sends 1 order-2 symbol u[2|1,2]. The received
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signal at user k, k=1,2,3, writes as

yi=[ye(1),¥1(2)]" =Gru[1]1,2]+Grou[2]1,2], (5.42)

where G 2Bdiag{HZ (1) H/. (2)}W, and G,2Bdiag{HZ (1) HZ(2)}W,. The
precoders W and W, are of size 6x6 and 6x 1, respectively, thus the size of Gy
and Gy, are 4x6 and 4x1, respectively. The time indexes refer to the first and
second slot of phase 2.

At this moment, both user 1 and user 2 obtain 4 linearly independent observations
of the desired 7 order-2 symbols transmitted by transmitter 1 and transmitter 2, thus
requiring another 3 linearly independent combinations to enable decoding. However,
the signals received by user 3 cannot be simply considered as useful signals to user
1 and user 2, because y3 in (5.42) is a mixture of u[1|1,2] and «[2|1,2], which cannot
be reconstructed by a single transmitter. However, we see that, in (5.42), there are
3 redundant linear observations of u[2|1,2]. In other words, the dimension of the
received signal, i.e., 4, is greater than the size of u[2|1,2], i.e., 1, so that there exists
a 3-dimensional null space in Gye. This fact allows user 3 to alleviate u[2]1,2],
thus obtaining 3 linear combinations purely of u[1|1,2]. In this way, the purified
side information obtained by user 3 after nulling out u[2|1,2] can be constructed by
transmitter 1 and employed to formulate order-3 symbols.

PIN: Motivated by this, the PIN is conducted as,

V32=F3y3=F35Gsull] 1,217 (5.43)

~—
u[1]1,2;3]eC3x1

where F3,€C?*4 is such that F3,G3,=0. Then, if the 3-dimensional vector y3.2 18

provided to user 1 and user 2, both of user 1 and user 2 have 7 linear combinations
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of the desired order-2 symbols as

Y G Gia
= u[1\1,2]+ u[2|1,2],k;:1,2. (5.44)

Y32 F3Ga; 0
The linear independence of these 7 linear combinations are shown by the general
proof in Appendix L.

The transmission in the third and fourth slot of phase 2 follows similarly by
switching the role of transmitter 1 and transmitter 2. Specifically, transmitter 1
transmits 1 order-2 symbols while transmitter 2 transmits 6 order-2 symbols to user
1 and user 2. Then, after PIN, user 3 obtains 3 linear combinations purely of the
order-2 symbols transmitted by transmitter 2, denoted by u[2|1,2;3]. Moreover, in
the four slots where transmitter 1 and transmitter 3 are active, user 2 obtains 3-
dimensional vectors u[1]1,3;2] and u[3|1,3;2], while in the four slots where trans-
mitter 2 and transmitter 3 are active, user 1 obtains 3-dimensional vectors u[2|2,3;1]
and u[3|2,3;1]. Therefore, totally 42 order-2 symbols are transmitted in 12 slots (7
per two slots), generating 18 pieces of useful side information to be retransmitted.

We generate order-3 and order-(1,2) symbols following the footsteps designed
for the (3,1,3) IC. Recall that in Section 5.1.1.3, 6 pieces of side information result in
3 order-3 and 3 order-(1,2) symbols. Now, as we have 18 pieces of side information
(scaled by the number of transmit antennas), we need 9 order-3 and 9 order-(1,2)

symbols. Then, the sum DoF of delivering order-2 symbols is expressed as

42
d5(3,2,3)= - — (5.45)

12+ d3(M,N,3) + dy 2(M,N,3)

5.2.1.4 Phase 3

Since order-3 symbols are desired by all the three users and each user is equipped

with 2 antennas, the number of order-3 symbols that can be successfully transmitted
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and decoded per slot is 2, thus d5(3,2,3)=2. After that, since the order-(1,2) symbols
for the three users can be transmitted simultaneously and each receiver is equipped
with 2 antennas, the number of order-3 symbols that can be successfully transmitted
and decoded per slot is 6, thus d; (3,2,3)=6. Substituting those quantities into (5.45)
yields d(3,2,3)=%. Moreover, replacing d»(3,2,3)=2 into (5.33) and (5.41) leads to
d7t(2,3,2,3)=2 and d}' """ (3,3,2,3)=22, respectively.

T 185°

5.2.2 RIA Designed for (M,N,K) IC with 1<} <K
5.2.2.1 Achievability Proof of Proposition 5.2

In this subsection, we show the achievability of MAT-like transmission in the gen-
eral (M ,N,K) IC with 1§%§K . We focus on a n-transmitter/n-user scheduling
in phase 1 (2<n<K). Here, we only consider the case %gn, because the achiev-
ability in the case %zn follows similarly by switching off the redundant transmit
antennas. Motivated by the (3,2,3) IC, we learn that when the number of transmit
antennas is insufficiently large, i.e., M <n/V, the signal received by the desired user
is linearly dependent of the side information obtained by the other n—1 scheduled
users. Hence, only part of the overheard interferences can be considered as order-2
symbols.

Accordingly, we consider that the n co-scheduled transmitters are active for n
slots, during which each of them delivers nM new symbols to the corresponding
user, i.e., u,€CM"*1 Vk€S,, and the precoder used by transmitter & across the time
slots, W, is a full rank matrix of size nM xnM.

Each user randomly obtains M linear observations from the n/N-dimensional
received signal as Py, where Py is a M x Nn full rank matrix. Then, following
the analysis in Section 5.1.2.1, we see that each user is able to decode their desired

signal if any two scheduled users, e.g., user k£ and user j, Vk,j€S,,, exchange their
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side information, i.e., Py H;; W u; and P,;H,;; Wy, where ﬂkjé{HkHj(t)}t:L...,n
and H;, 2{H (t)}1-1...... Therefore, the M elements of P,H;;W u;eCM*! are
order-2 symbol desired by user k£ and user j.

Since there are Mn(n—1) order-2 symbols generated for a certain subset of n

users, and there are (f ) possible choices of S,,, we have

Ni=Mn? (‘:) Ti=n (f) No=M(n—1)n (f) . (5.46)

As the achievable sum DoF can be expressed as di** (n, M ,N K )=7—+- ; (g TN

Proposition 5.2 holds with the parameters in (5.46).

5.2.2.2 Achievability Proof of Proposition 5.3

Here, with a n-transmitter/n-user scheduling, for 3<n<K, we propose a general
RT-PIN scheme in phase 1 that achieves the sum DoF stated in Proposition 5.3.

: : 1+(n—1)2
Besides, we consider the case 4 <+~

N ST o) 3 the achievability in the other case

follows similarly by switching off the redundant transmit antennas. Without loss of
generality, let us consider that the subset S,={1, - - - ,;n} of uses are scheduled.
Following the (3,2,3) IC example, the RT-PIN is accomplished in two stages. Let
us consider that the first stage, i.e., interference sensing stage, lasts for ¢; slots, while
the second stage, i.e., redundancy transmission stage, lasts for ¢ slots. The values of
t1 and t, will be determined later on. The transmission strategy operates as follows.

Interference sensing stage: Each scheduled transmitter delivers Mt symbols to

the corresponding user. The received signal writes as

yii=)  Bdiag {H{j(1)}_, , xWiu,keS,, (5.47)
o ~~ 4
G}S_ECNtlxkftl

where u;eCM"*" and W’ is a Mt;x Mt, full rank precoder. From (5.47), we
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see that each interference term ijj u;,k#j spans the full Nt¢; dimension of the row
space of the received signal because N <M and G}j‘j is full rank almost surely.

Redundancy transmission stage: The objective in the second stage is to design

precoders that force each overheard interference into the /N¢;-dimensional row space
created in the first stage. Without loss of generality, let us consider the precoder

design at transmitter 1. We aim to design W1eCMt2xMt1 guch that

Wi'C span (G5)) Nspan (G4)) N--- Nspan (GL) . (5.48)

Following the footstep in Section 5.2.1.2, we firstly obtain a matrix V; such that

V=D, G4 =---=D,;; G%, where D;;,j=2, - - - ,n, is computed by,
Gy 0 - 0
e
GZ(fL—l)l
0 e e _Gfﬁ

~"~
@1ec(n—1)Nt1 X(n—=2)Mtq

1+(n—1)2

m<"_1 the dimension of the left null space of ®; is

n—27

Due to the fact 3 <

[(n—1)N—(n—2)M]t;. Then, the size of Dy, for j=2,---,n, and V; are

(n—1)N—(n—2) Mt xNt1, [(n—1)N—(n—2)M]t; x Mt (5.50)

respectively. V7 is full rank, almost surely, and its rank is [(n—1) N —(n—2) M]t;.
Secondly, we obtain the precoding matrix as W7'=C; V1, where C; is a full
rank mapping matrix of size Mt X ((n—1)N—(n—2)M )t;.

PIN: Thanks to the redundancy transmission, each user is able to perform PIN.
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Let us focus on user 1 for convenience. The received signal writes as

Gis Gis stn
yi=| " . u, (5.51)
HY Wi H5C,D G, -+ Hj,C,Dy,, G,

where u£ [uy, - - - u,]” and H''<Bdiag {H{(t)} Vj=1,--- n. Clearly,

t=t14+1,,t1+t2’

there exists a Nty x N (t1+12) matrix Qq;,j=2, - - - ,n, such that

Gis'
Q| v | =0 (5.52)
H.C;Dy; G

Then, left-multiplying y; by Q;; yields

s s
_ Gll Gll
Vi,;=Quj u+ E Qi ;. (5.53)
ryrt t . [yt t
G1y jECNt2x MY Gll,jECNtQXMtl

In y, ;, we can see that user 1 obtains N, linear observations of the desired sym-
bols, which are only mixed with n—2 interferers, i.e., symbols intended for user /,
1€S,\{1,5}. Since there are n—1 choices of Q, user 1 has (n—1)Nt, linear obser-
vations of the desired symbols, while the total number of the pieces of interference
overheard by user 1 is (n—1)(n—2)Nt, (after PIN).

Decoding feasibility: A similar PIN is performed for the received signals at all

the other users. The interferences caused by u; at user /[ by nulling out the message
of user j are denoted by Gy ju; €CN®2*1 i=£j {1 j1=2 ... n—1. Since there are
(n—1)(n—2) possible choices of such [ and j, there are totally (n—1)(n—2)Nt,
interference symbols made by u;. If all those pieces of side information are provided

to user 1 and all Gu,juz in (5.53) are removed, user 1 has (n—1)?Nt, interference-
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free linear observations of the desired symbols, i.e.,

[{Gll,j}Vj:Q,m,n—l {Gll,j}‘v’l;ﬁj,{l,j}:?,m,nfl}T u;. (5.54)

It is shown in Appendix K that the above effective channel matrix is full rank almost

surely, if

(n—l)Qththl,
(5.55)
Mt < (n—1)*+1)[(n—1)N—(n—2) M] t,.

Since we consider <(”1¢ (5.55) holds. Then, according to the first

(n—2)(n—1)+1>
equation of (5.55), we choose t;=N(n—1)? and t,=M. When £ %,
the above scheme is still feasible by using only M2 %N antennas at each

transmitter' and choosing ;=N (n—1)2 and t,=M.
To sum up, as the transmission strategy is performed (5 ) times for all the possi-
ble subsets of n transmitters, the total number of symbols and slots are given by

Ni=nMt, () =n(n—1)>MN (), (5.56)

Ty=(t1+t2) (%) =( 1)2+M) ().

n

Besides, considering the (n—1)(n—2)Nt, pieces of overheard interference at each
user (see (5.53)) as order-2 symbols, the total number of order-2 symbols generated

in phase 1 is

Ny=n(n—1)(n—2)Nt, (K ) =n(n—1)(n—2)MN (“: ) . (5.57)

n

As the achievable sum DoF can be expressed as d}' """ (n,M,N K )= PRy, g INE

Proposition 5.3 is immediate with the parameters in (5.56) and (5.57).

"When M is not an jnteger, we perform the scheme with a time-extension. For instance, let us
consider K=n=3 and Mz%N. Then, we can choose to=3x M =5N slots, while t{=3x4N=12N

slots. Each transmitter sends M xt1=20N2 symbols. The resultant number of order-2 symbols is
6Nta=30N.
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5.2.2.3 Achievability Proof of Proposition 5.4

In this part, we propose the transmission strategy to deliver order-m 2<m<K—1)
symbols in the (M,N,K) IC with 1<M<K. Following the K-phase framework
illustrated in Figure 5.4, we can obtain the recursive expression of sum DoF of de-

livering order-m symbols as

N

Nm+1 Nl,m
Tm+ dm+1(M7N)K) + dlam(M’N’K)

dp(M,N,K)=

2<m<K-1, (5.58)

di(M,N,K)=N. (5.59)

Following the discussion in Section 5.1.2.3, as the order-(1,m) symbols for a subset
of m+1 users can be transmitted simultaneously and each user is equipped with
N antennas, we have dy ,,(M,N,K)=N(m+1). Besides, (5.59) is due to the fact
that order- X' symbols are intended for all users and each user is equipped with N
antennas. Hence, the work is reduced to propose transmission strategy for phase m-I,
for 2<m <K —1, and identify the parameters N,,, Ny, +1, T}, and N ,,, in (5.58).

Next, we will focus on the case M <N (K—m+1) because the scheme in the
case M>N(K—m+1) follows similarly by switching off the redundant transmit
antennas.

Similar to the (3,2,3) IC, we consider that the transmission duration is divided
into (fl ) rounds, each of which is dedicated to deliver order-m symbols to a certain
subset S, of users. We sort the m elements of S,,, in an cyclic ascending order as
Spm2{i1, -+ im}, Where i< --- <i,,. Then, the m transmitters are scheduled in a
cyclic pair-wise manner?, i.e., (i1,i3), (i2,i3), - - -, (im,i1). This procedure is known
as a 2-transmitter/m-user scheduling. Next, without loss of generality, we focus on

Sn={1,---,m} and consider that transmitter 1 and transmitter 2 are active.

%In the (3,2,3) IC example presented in Section 5.2.1.2, the scheduled user pair in round 1 is user
(1,2) and user (2,1).
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Redundancy transmission: Transmitter 1 and 2 are scheduled for t=K—m+1

slots, where transmitter 1 sends Mt order-2 symbols, i.e., u[1|S,,|eCM*>1, and

transmitter 2 delivers Nt— M order-2 symbols, i.e., u[2|S,,]€CV*=M)*1 The signal

received by user k, for k=1, - - - | K, writes as
vi=l HuW, ,  HpW,  Ju[l]S,]u2S.]", (5.60)
~—— ~——

lee(cNtxMt GkQG(:Ntx(Nt—M)

where W, and W, are full rank precoding matrices. The size of W is Mt x Mt,
while the size of Wy is Mt¢x (Nt—M). Hy;=Bdiag {H/f.(1),--- H{ (1)} j=1,2,
is the Ntx Mt channel matrix across the ¢ time slots.

At this moment, each scheduled user obtains /Nt linearly independent observa-
tions of the desired M (t—1)+ Nt order-2 symbols, requiring another M (t—1) lin-
early independent observations to enable the decoding. Toward this, we notice that
for any user Vk=1,- - -, K, there exists an M-dimensional left null space of Gy;, as
Gy, 18 @ Ntx(Nt—M) full rank matrix almost surely. Hence, each non-scheduled
user is able to null out u[2|S,,], and attains M linear observations purely of u[1|S,,].

PIN: Specifically, for user j, j=m+1,--- K, we have
Yi2=Fjoy;j=FpGuull]S,] j=m+1, - K. (5.61)
—_———
u[1[Spm;f]€CM>1

where Fj,eCM*Nt i such that F;»G;2=0. Then, we can see that if all the M-

dimensional vectors y o, j=m-+1,--- K, are provided to the scheduled users, each
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scheduled user obtains totally Nt+M (K —m)=Nt+M (t—1) linear observations as

Vi G G
Ymirz | _ | Fons2Gminn 0 B
: : u2|S,,]
Y2 | | FxeGra 0 |

These Nt-+M (t—1) observations are shown to be linearly independent in Appendix
L. In this way, the purified signal at the non-scheduled user, i.e., u[l|S,,; j], is able
to be reconstructed by transmitter 1 at the end of phase m-I, and can be considered
as useful signals for the scheduled users.

Similarly, when transmitter 2 and 3 are scheduled, another Nt+ M (t—1) order-m
symbols are transmitted and M (K —m) useful signals u[2|S,,; j], for j=m+1, - - K,
are generated. Then, as the same transmissions strategy is employed m times per

round and there are (g ) rounds in phase m-I, we have

Np=[Nt+M(t—1)]m (K> , Tm=tm (K) : (5.63)
m m

where t=K —m+1.
Besides, the total number of resultant useful signals is mM (K —m) (i ) Next,
we employ these useful signals to formulate order-(m+1) and order-(1,m) symbols.
The generation of the order-(m-+1) and order-(1,m) symbols follow the footsteps
designed for the (K,1,K) IC. The only difference lies in that each term shown in
Table 5.2 becomes a M x 1 vector in the (M ,N,K) IC. Hence, the number of order-
(m~+1) and order-(1,m) symbols should be scaled by M. Specifically, we have

Nypp1=M(m—1)(m+1) (m[j-l)’ (5.64)

Ni =M (m+1) (mﬁl).



5.2. MIMO Case: RIA and Achievable Sum DoF 181

Then, plugging (5.63) and (5.64) into (5.58), the recursive expression of the DoF

of delivering order-m symbols, i.e., d,,,(M ,N,K), are given by

[(M'+N)(K—m)+N]m(,,)

m

Ky, M/ (m=1)(m+1)( 5 'K
(K—m+1)m(m) + de(M,N,I(() ) +% (m+1)

(M N, K)= (5.65)

where M'2 min{M,N(K—m-+1)}. Proposition 5.4 holds following the derivations

in Appendix J.

Remark 5.6. Notably, we point out that when M >(K —m+1) N=Nt, the proposed
scheme in phase m-I smoothly connects with the MAT-like transmission designed
for the (K,1,K) IC. Recall that in (5.60), the size of u[2|S,,| becomes zero when
M=N(K—m+1)=Nt, implying that transmitter 2 becomes silent and only trans-
mitter 1 is scheduled. Then, any matrix can be considered as lying in the null space
of Gyo. Consequently, there is no need to perform PIN and the overheard interfer-
ences G;;u[1|S,,] can be regarded as useful signals. More specifically, the recursive

equation (5.65) becomes (5.20) if we replace N=1 and M=K —m+1.

5.2.2.4 Discussions

Connection between the schemes: Let us focus on RT-PIN approach with n active

transmitters in phase 1 and MAT-like transmission with (n—1) active transmitters in
phase 1, where 3<n<K. The similarity of the schemes is that at the end of phase 1,

each user obtains linear observations of the desired signal with n—2 interferers. To

. . . . A
link these two schemes, we introduce an interesting parameter, T:T—;, namely the

number of time slots needed to generate an order-2 symbol. With T7 and N, given

in (5.46), (5.56) and (5.57), the ratios write as,

=L MN K =50 (5.66)

rt—pin —_(no1)PN+M
e <n7M’N’K)_n(n—1)(n—2)N[N’
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for 3<n<K, where M and M are defined in (5.21) and (5.22), respectively. Then,

N1/N»
r+dy 1>

we can interpret the sum DoF as d; 2 namely

dpet(n—1,M N K )=l
Tty (5.67)
d;tipin(n,M,N,K): (n—1)/(n—2)

rrt—pin+d;1 9

for 3<n<K, where the parameters involved in r™, y"=Pi" and d, are ignored for
convenience. Hence, it is clearly that the ratios in (5.66) act as indicators showing
which scheme yields the better sum DoF performance. By comparing the ratios in
(5.66), we can reach the concise expression in (5.28).

Transmitter-user pairs scheduling in phase 1: According to the discussion above,

we learn that the scheme that is more efficient (using less slots) in terms of generat-
ing order-2 symbols yields a better sum DoF performance. However, it is only useful
in judging the proposed schemes for a fixed value of n, but cannot be employed to

find the optimal solution to Proposition 5.5. This is because there exists another im-

portant parameter, %éZ—:;, that impacts the sum DoF (see (5.67)). This parameter

tells us how many private symbols can be decoded once a single order-2 symbol is

provided. In general, a greater value of n shortens the duration of generating order-2

mat

symbols, i.e., yielding a smaller 7% or r"~P", but decreases the benefit of provid-

ing order-2 symbols, i.e., leading to a smaller Z—:; Consequently, solving such a

trade-off is essential to the sum DoF performance, thus leading to the emergence of

performing a proper transmitter-user pair scheduling in phase 1.

Global CSIT vs. Local CSIT: In phase 1, we can see that the construction of the

order-2 symbols in the MAT-like transmission only relies on local CSIT, as Py, is a
random matrix and Gy; is the outgoing channel of transmitter j. However, in the
RT-PIN approach, since the matrix Q;; in (5.52) is related to channel matrix G?fj,

constructing order-2 symbols, e.g., Gllﬁjul,l%j in (5.53), needs global CSIT, i.e., the

outgoing channels of both transmitter 5 and transmitter /.
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In phase m, 2<m<K, the useful side information u[1|S,,; j] is obtained by PIN
(see (5.61)) and is reconstructed by transmitter 1 at the end of phase m-I. Since F 5 is
related to G o, i.e., the outgoing channel of transmitter 2, reconstructing u[1|S,,; j]
requires global CSIT. However, when M >N (K —m-+1), as there is only one active

transmitter, it is unnecessary to perform PIN so that only local CSIT is needed.

In this chapter, we investigate the achievable sum DoF of K -user interference
channel with perfect delayed global CSIT. Firstly, focusing on the MISO case where
each transmitter has sufficient number of antennas, we propose a K-phase RIA
scheme by integrating the distributed overheard interference retransmission pro-
posed for SISO IC and the MAT-like transmission designed for the MISO BC. Sec-
ondly, we consider the MIMO case where each transmitter is equipped with M an-
tennas and each user is equipped with N antennas and 1§%§K . In this case, we
aim at generalizing the MAT-like transmission designed for the MISO case and the
redundancy transmission and partially interference nulling designed for the SISO IC.

The main findings are two-fold.

* In phase 1, since M <N K, the overheard interference at various users is lin-
early dependent. Thus, only a part of the total overheard interference can be
exploited as useful signals to create future transmissions. Besides, as M >N,
when the transmitter transmits some redundancy with the information sym-
bols (e.g., delivering less than Mt symbols in ¢ slots), the resultant interfer-
ence may span the full linear space spanned by the received signals at the
unintended users. Thus, the unintended users are unable to perform partial
interference nulling. To overcome this bottleneck, we design a two-stage re-
dundancy transmission, where the first stage is used for interference sensing,
while the second stage is designed using delayed CSIT to force the interfer-

ence at the unintended users into the linear space created in the first stage.
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* In phase m, 2<m<K, the transmission strategy is a generalization of the RT-
PIN approach. In this strategy, there are two active transmitters per slot, and
the number of order-m symbols transmitted per slot is properly determined
according to the number of antennas at each transmitter and each user. When
M>N(K—m-+1), the scheme smoothly connects with the MAT-like trans-
mission, where there is only one active user and the overheard interference at

various users is directly exploited as useful signals without the need of PIN.

Moreover, we consider that both schemes are performed via a transmitter-user
pairs scheduling in phase 1. By finding the optimal number of co-scheduled trans-
mitters, the two schemes jointly achieve a greater sum DoF performance than all the

previously known results for the general (M ,N,K) IC with M >N.



CHAPTER 6

Conclusions and Future Works

6.1 Conclusions

Rate-Splitting approach and Retrospective Interference Alignment are effective novel
multi-user transmission strategies that deal with imperfect CSIT and delayed CSIT,
respectively. In this thesis, we studied a set of fundamental problems that are es-
sential to RS and RIA, with particular interest in achievable sum rate performance,
transmission block design in the scenario with time-varying CSIT qualities, multi-
cell scenario (IC) and multiple-antenna setting (at each node). The significance of
this research is to provide insights and guidance that is transferable to practice.

In this thesis, we characterized the achievable DoF region by RS in the K -user
MISO BC with imperfect CSIT, and showed that the maximal sum DoF is achieved
with an even power allocation for the private messages. This power allocation policy
is determined based on the CSIT qualities of the K users. Besides, we designed a
Space-Time RS approach for the K-user MISO BC with time-varying CSIT qual-
ities. Compared to RS, the new ingredient of RS-ST scheme lies in multicasting
multiple streams of common messages across the time slots with varying CSIT qual-
ities. In this way, each user is able to decode the space-time common messages in
the slots where it has the greatest CSIT quality, and thus achieving a greater sum
DoF performance than performing RS in each individual slot.

Moreover, to the best of our knowledge, for the first time in the literature, we

performed a sum rate analysis of the RS and RS-ST schemes focusing on a two-user
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MISO BC with the presence of quantized CSIT. In the scenario with equal feedback
qualities in each slot, we showed that an fixed increase (not changing with SNR) in
the number of feedback bits leads to a SNR/rate offset of the sum-rate performance
achieved by RS. This gain is higher than that obtained by single-user transmission,
i.e., TDMA, and contrasts with that of ZFBF with quantized CSIT, where the sum
rate saturates at high SNR. To achieve a certain maximum allowable rate loss relative
to ZFBF with perfect CSIT, we found that RS scheme enables a feedback overhead
reduction compared to ZFBF with quantized CSIT. In the scenario with alternating
feedback qualities, we showed that RS-ST scheme outperforms RS scheme by a
constant gap, and offers an overhead reduction over RS scheme. At last, through
simulation, we observed that both schemes offer a significant SNR gain over SU/MU
switching at high SNR. Those results provide fundamental insights into the benefit
of the RS approach with the presence of imperfect CSIT, and would be extendable
to RS approach with other type of private message transmission.

In the K -user MISO IC with an arbitrary CSIT quality for each interference link
(not varying over time), we characterized the achievable DoF region by RS, and pro-
posed an advanced scheme, so called Topological RS. Compared to RS, the novelty
of TRS lies in a multi-layer structure and common-message-groupcasting. This fea-
ture reduces the number of common messages decoded by each user, thus enhancing
the DoF achieved by the common messages. The DoF region achieved by TRS is
derived and is shown to be a superset of the DoF region achieved by RS and ZFBF
with power control. Besides, the sum DoF is studied from a graph theory perspective
and the sum DoF of a class of realistic scenarios is characterized. Apart from that,
we would like to emphasize the usefulness of the weighted-sum interpretation that
is used to design the TRS scheme. It bridges the MISO IC with imperfect CSIT and
partially connected networks, so that graph theory methodologies are introduced as

powerful tools to analyze the DoF performance. From a sum DoF aspect, the benefit
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of weighted-sum interpretation is highlighted by deciding the DoF per common mes-
sage or how many common messages can be transmitted in each layer of the TRS.
This weighted-sum interpretation can be applied to many other scenarios, such as
interference broadcast channel where there are multiple transmitters and each trans-
mitter is serving several users.

We designed RS approach that is suitable for the two-user (M, Ny, No) MIMO
BC with imperfect CSIT (not varying over time). Unlike two-user MISO BC, the
new RS transmission block is constructed to fully exploit the spatial dimension at
the user who has a greater number of antennas. Besides, to achieve the maximal sum
DoF, a Space-Time transmission is carried out and unequal power is allocated to the
private messages. In the two-user (M7,My,N1,N3) MIMO IC, the scheme proposed
for BC is modified according to a row transformation to the channel matrices. Such
an operation allows us to identify the signal space where the transmitted signals
interfere with each other and derive a proper power allocation policy to achieve a
satisfactory DoF region. The achievable DoF region is optimal when M <N, in BC
and when N{<M,<N, and M;>N; in IC, as it is consistent with the exact DoF
region when there is a mixture of the imperfect CSIT and perfect delayed CSIT.

In the K-user MIMO IC with perfect delayed CSIT, where each transmitter is
equipped with M antennas and each user is equipped with N antennas and M >N,
we proposed two K -phase RIA schemes based on distributed overheard interference
retransmission. These two schemes generalize the key features of the schemes de-
signed for MISO BC and SISO IC by exploiting the multiple receive antennas and
multiple transmit antennas, respectively. Moreover, we considered that both schemes
are performed via a transmitter-user pairs scheduling in phase 1, where all the new
symbols are transmitted. By finding the optimal number of co-scheduled transmit-
ters, the two schemes jointly achieve a greater sum DoF performance than all the

previously known results for the general (M ,N,K) IC with M>N. In the K-user
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MISO IC, the achieved sum DoF is asymptotically given by % when K —o0.

6.2 Future Works

Although we managed to address a set of fundamental issues involved in designing
RS and RIA for a variety of networks, our work can be extended in the future.
Firstly, the rate analysis of the RS scheme was carried out focusing on two-user
MISO BC. In the K-user case, it remains unknown how the achievable rate by RS
compares to the rate achieved by conventional ZFBF with quantized CSIT. Since the
common message has to be decoded by all users, the rate achieved by the common
message is limited by the user with the worst channel condition. Therefore, one can
conjecture that the sum rate gain offered by RS over conventional ZFBF with quan-
tized CSIT is shrunk in the K -user case compared to the 2-user case. In addition, the
multi-user diversity offered by performing user-scheduling is also worth of studying.
We can infer that scheduling co-located users is beneficial to the rate of the common
message, but degrades the rate achieved by the ZF-precoded private messages; on
the other hand, scheduling near-orthogonal users is beneficial to the rate of the ZF-
precoded private messages, but degrades the rate of the common message. Hence,
solving this trade-off is crucial to the multi-user diversity offered by user-scheduling.
Secondly, the TRS scheme was designed focusing on MISO IC with equal SNR
and INR, and it was shown to be extendable to the partially connected networks
where the path loss is binary (interfere or not). In these partially connected net-
works, Topological Interference Management (TIM) have received significant at-
tentions to obtain optimal symmetric DoF in the case where the transmitter is only
aware of the network topology [64, 65, 68, 69, 67, 72, 73, 74]. Therefore, when
there is both imperfect CSIT and the network topology, how to integrate TRS and

TIM is an interesting research issue. Moreover, in more practical scenarios, the
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path loss factors between the transmitters and users are continuous variables and can
be modeled as the exponential of the transmit power similar to the CSIT qualities
[43, 75,76, 54, 57, 66, 77, 78]. Another interesting research issue would be how to
design TRS scheme by integrating CSIT quality topology with path loss factors.

Thirdly, our work drives the inner-bound of the DoF region of the K-user MISO
IC with imperfect CSIT and the inner-bound of the sum DoF of the K -user MIMO
IC with delayed CSIT one step further. However, the optimal DoF region and the
optimal sum DoF remain open problems due to the lack of tight outer-bound. Re-
cent information theoretic works [29] managed to find the optimal sum DoF in the
K-user MISO BC with imperfect CSIT considering that the inputs and the chan-
nels are in the real domain. Besides, literatures [79, 80, 81] derived useful lemmas,
rank ratio inequality and decomposition bound, which an be used to lower bound the
interference dimension at a user in SISO X Channel and MISO BC with the pres-
ence of perfect delayed CSIT. Hence, a natural followup question to be addressed is
whether those findings can be used to derive an outer-bound of the DoF region and
sum DoF in IC. This will help evaluating the tightness of the inner-bound achieved
in this thesis.

Last but not the least, it is expected that the RS strategy and RIA scheme will have
fundamental impacts on various MIMO wireless network configurations where the
performance is limited by inaccurate CSIT (e.g., K-user BC and IC, heterogeneous
networks, massive MIMO) and lead to novel transmission strategies for beyond LTE-

A that do not only rely on conventional SU/MU switching.
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APPENDIX A

Proof of Proposition 2.1 and 3.1

We only focus on the proof of Proposition 3.1, because Proposition 2.1 follows di-
rectly by setting ay1=ago= - =aj y—1=0k +1= " - - =0, YKEK. The key part of
the proof is to show the DoF region achieved by scheduling a subset S of users. Let-
ting Drs(S) denote the DoF region achieved by scheduling a subset S of users, it is
obtained by taking the union of the DoF region achieved with all the possible power
allocation 1, i.e., Drs(S)= Uy, Drs(S,1).

With the proof presented in Appendix A.1, Dgs(S) is given by
Drs(8)= | Drs(SU), (A.1)
vues
where Dgs(S.U) is the set of (dy, -+ - ,dx)=(d5, - - - ,d5)+(d¥, - - - ,d%) such that

=0 VkeK\U; 0<dp<1LVkeU; Y db < a3, V(ir, -+ im) €lly;
=1

=1

d=0,YkeK\S; 0<df<1.VkEeS; 0<df+ Y~ di<1.Vkell;

jeES
ch+2d”<l+ wmin > i i, i) €y, (A2)
jes i 1=1,l#£j

and 11, 1s the set of all possible cyclic sequences of all subsets of ¢/ with cardinality
no less than 2.
In (A.2), we see that for a certain set U, by setting d;=0,Vk€\S, Drs(K,U)

becomes Dgs(SU). Then, it is immediate that Dgs(S,U)CDrs(KC,U). This fact
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allows us to obtain the DoF region achieved by RS as

Drs= | J Drs(SU)= | Drs(kU), (A.3)
VSCKVYUCS YUCK

which completes the proof.

A.1 Proof of (A.1)

The proof follows the footsteps in [57, Section III.B and Appendix D]. It has two
steps. The first step is to characterize Dgs(S,U). As it will be shown later on,

the union of Drs(S,U) over U is a subset of Drg(S). The second step is to show

DRS (8) gUVUGSDRS (8,1/{) :

A.1.1 Step1

For user k€S\U, we choose 7,=0 (Note that this choice is equivalent to ry= — o0
from a DoF perspective). Besides, we consider a polyhedral relaxation on the DoF
tuple specified in (3.8) by requiring 7, — max;.jes\x(7j—ax;)* to be non-negative.
Then, the achievable DoF region via polyhedral relaxation is the set of the DoF

tuples such that

0<dl<r,— —ay:) T Vel ds<1— . A4
<d,,<ry j}jré%ﬁk(rj akj)”, , g‘; 1< I?EE?SXTJ (A.4)

The polyhedral relaxation requires that the power exponents r such that the power of
interference overheard by user k is lower than the received power of user £’s desired
private message. Otherwise, the power exponents r are regarded as achieving an
invalid DoF tuple. However, according to (3.8), those power exponents actually lead

to a valid DoF tuple. Hence, the DoF region is shrinked by the polyhedral relaxation.



A.1. Proof of (A.1) 203

Now, denoting d°=" " wes i, we rewrite (A.4) as

A <rp—(rj—ag;)=rj—rp<ag—d, Vkeld YjeU\k, (A5)
A <rp= —rp< — dF, (A.6)
>0, (A7)
A< ==y <1—d° Vkeld. (A.8)

Following the footsteps in [57, Section III.B], we define a fully connected di-
rected graph G(V,€), where V={vg,v1, - - - ,u } is the vertex set and £ is the set of
the arcs. The length assigned to the arc from v; to vy, is I(v;,vg)=ag;—d;, for i,j70,
and the length assigned to the arc from vy, to vg is I(vg,v9)=1—d¢, while the length
assigned to the arc from vy to vy, is [(vo,vx)= — dj.

As defined in [82], a function f is called a potential if for every two vertices, a
and b, such that [(a,b)> f(a)— f(b) holds. Then, by setting f(vo)=0 and f(vj)=r,
we see that any achievable DoF tuple such that (A.4) holds, corresponds to a potential
function for the directed graph. Moreover, the potential theorem [82, Theorem 8.2]
suggests that there exists a potential function for a directed graph if and only if each
circuit of G has a non-negative length. Thus, a DoF tuple is said satisfying (A.4) if

and only if each circuit of G has a non-negative length.

* For the circuits formed by vy and vy, we have 1—d°—d}, >0, yielding d°+d} <1,

Vkel.

* For the circuits formed by (v;,,---,v;, ), Y(i1, - ,im) €Ly, Ym>2, we have

Z;Zl dzz?l < Z;il iy _yiy -

* For the circuits formed by (v;,, - - - ,vi;,00,04,,,, * - * Vs, ) With v between to v;;
and vi,,,, (i1, - - i) €My, we have d°+ 37" df <1+37", @i,y Con-

sidering all the possible positions of vy, we have the minimum operator in the
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last inequality of (A.2).

Consequently, Drs(S,U) characterized by (A.2) is immediate.

A.1.2 Step 2

To show Drs(S)CUyyesPrs(SU), we firstly introduce Dy (S U) as
/RS(Sﬂu):{<d(1:7 e 7d§(7d11)7 e ,d%-)GDR5(87Z/[),CZZ>O,V/€€U}. (A9)

Then, it is clear that D4 (S.U)CDrs(S,U), the remaining work is to show Dgg(S)C
UvresPrs(S:U). We aim to show that a DoF tuple lying outside | J;/csDPrs(SU)

also lies outside Dgg(S). Such a DoF tuple has at least one of the following features:
» d}<0ord;>1 or d°+d;>1 for some user k€S.
o >y di >0 ag,_ for some cyclic sequence (i, - - - i) €M1y

o dH YN A>T+ L aiyy, for some users (i, - - i) €11y and some

J=1,---m.

It has been shown in [57] that the DoF tuple satisfying the first and second feature
cannot be included in Dgg(S). It remains to show that the DoF tuple satisfying the
third feature cannot belong to Dgs(S). To this end, we employ the similar method
in [57]. Assuming the DoF tuple satisfying the third feature lies in Drg(S). Then,

there exists some r;,’s such that
m
+
dc+§ ro— max (ry, —ay;,)T>14+ Y ai
i,€S\i .
I=1,1%j

_HZT”_Z,?;?@ Tip—Qigiy) = Z a;,_,i,>0. (A.10)
I=1,l#j
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Since max;, es\i, (Ti, —@isip )" >7i,_y — @i, ., the Lhus. of (A.10) is upper-bounded as

m
c + +
d _1+7Ai]’71_ max (rik_aijflik) + E : Ty_,—  Max (Tik_a’ilflik) —4_q4

1, €S\ij_1 iy ik E€S\i1—1
m
c +
<d* =147y — glg%?i (T3 —i,_yip) + E Tip s —Tip_y T i—15,—@i1—14, <0,
(A i
e I=1i%j

(A.11)

which contradicts (A.10). This implies that Drg(S)ClJyycsPrs (S U), which com-

pletes the proof.
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Proof of Proposition 2.5

We first present some preliminary results that are used in main proof.

hy
hy,
)

Lemma B.1. [18, Lemma 1 and 2] The random variable, ]ﬁkH p;|%.k+#j, where h,= |

is equal to the product of the quantization error Zsin?(hy,h;) and a beta (1,M —2

¢

random variable. Note that Zsin®(hy,hy,) and the beta (1,M/ —2) random variable are

independent of each other. The expectation of |hf p;|*,k+J is subject to

— 1
Ehkka Uthpj‘z} <M

- By,
C2TT kA (B.1)

This lemma is used to upper-bound the rate loss incurred by the ZF precoders in
the RS (and RS-ST) scheme with RVQ.

Next, we aim to compute the distribution of SINng) and the distribution of the
minimum of SINR() and SINR(?). Towards this, we introduce the following as-

sumption to ease the computation complexity.

Assumption B.1. We assume that the feedback qualities are good enough for both
users, such that the |hi’py|?>>|hi’p;|* in (2.47) and |y (¢)pi(t)[>>> by (t)p,(t)|?
in (2.72), (2.73) and (2.74) hold with a high likelihood, where kj. Then, by intro-
ducing X1 2|hZp.|?, Xe2|hfpy|? and Vi, 2 1+§Z§% ,SINR® in (2.47) and SINR,

in (2.48) are approximated by P(1—p)Y; and P(1—p)Y with Y2min(Y},Y5), re-

spectively. The approximations of (2.72), (2.73) and (2.74) follow similarly.

Note that Assumption B.1 is only applied to the derivation of the rate of the

common messages. The impact of the residual interference after ZFBF with RVQ
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Figure B.1: CDF approximation

is considered in the derivation of the rate of the private messages. However, in the
simulation of Section 2.3.1, 2.3.2 and 2.3.3, the SINR of the common messages
are calculated following (2.47), (2.72), (2.73) and (2.74). We note that although
Assumption B.1 gives an upper-bound of SINR,, Figure 2.6(a) and 2.9(a) show that
the results stated in Proposition 2.5, 2.7 and 2.9 are upper-bounds of the simulation
result of the sum rate loss incurred by the RS and RS-ST schemes.

To calculate the distribution of SINR,, it suffices to study the distribution of Y.
To this end, we calculate the joint distribution of X}; and X». We observe that X
and X, are exponential distributed with parameter 1, because hy, is a complex Gaus-
sian vector and p. and p; are isotropic unit vectors independent of h;. Moreover,
we see that X; and Xy, are correlated as both of them depend on the realization of

hy,. Their joint distribution is characterized as follows.

Lemma B.2. The joint cumulative distribution function (CDF) of the correlated ex-

ponential random variables X;=|hZw.|? and X;,=|hw|? is given by

FXm,Xw (xl,xg)zl—e_“—e‘”—i—g(xl,xg), (B-Z)



208

where z1,22€[0,00) and &(z1,x2) is given by

M—-1 M-

,_.

M 1— z — )M—l—jx

(M._l) (Mj_l)F(HjJrQ—M,xo), (B.3)

1

£<I17I2 -
=0 ]:0

where o= max(xy,z5), ['(r)=(r—1)! is the Gamma function for positive integer r,
while ['(r,a)= faoo a"e~“da refers to the Upper Incomplete Gamma function, which

is also valid for r<0.
Proof. see Appendix B.1. O]

Note that it is cumbersome to utilize (B.2) to obtain the distribution of ¥ and
perform analysis. Hence, we approximate (B.2) by assuming that X, and Xy, are

independent, namely

Fthsz (xhx?)%Ff(m,f(kz (5131,(1}2):1—€le —e e T (B.4)

where )N(m 4 X1, sz 4 X2 and f(m and ng are independent. Figure B.1(a)
shows that the approximation is good for sufficiently large value of M, and it is
good enough for M =4. Hence, we employ (B.4) instead of (B.2) in the subsequent
derivations to make the analysis more tractable.

S
1+%X;€2 ’

. A . . . .
Let us introduce Y= which is an approximation of Y& —=5l since

14+ Xy I

Fx,) X0 (21,22)~F% | 5, (71,72) in (B.4). Since X1 and Xy, are independent, we
compute the CDF of Y}, as

e_y

—
1+ %

Ff/k(y):/oooPr(Xkl<y(1+P ) fx,, (@)dr=1— ~Fy, (y), (B.5)

using the fact that Xkl and ng are exponential distributed with parameter 1. A

comparison of Fy, and Fy, is shown by Figure B.1(b), where Fy, (y) is plotted via
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Monte Carlo (MC) simulation.

Next, we study the distribution of Y'=min(Y],Y5). As py is isotropically chosen
from the null space of ﬁj,j#k and flj is obtained using (1.18), we can see that py, is
correlated with h;,j#k. In turn, it follows that Y} and Y5 are correlated. Thus, it is
cumbersome to derive the exact distribution of Y'=min(Y},Y>). Instead, we provide

an upper-bound of the CDF of Y as follows.

Lemma B.3. (Upper-bound on the CDF of V')
Fy(y) < 1-(1-Fy ()" (B.6)

Proof. The inequality directly follows in [83, eq (5.4.1b)]. ]

Using (B.5), an approximation of this upper-bound writes as

1
e, yel0,00).  (B.7)

Fy ) 1= (1= Fg ()1 -(0=F5, () =1 s

Moreover, we introduce the following useful Lemma.

Lemma B.4. For random variables Z and Z who have the same support (—00,00)

and whose CDF satisfy F(2)<F;(z), we have E[Z]>E[Z].
Proof. see Appendix B.2. ]

In the proof of Proposition 2.5, 2.7 and 2.9, the rate of the common message
is lower-bounded by a function of E[InY]. Lemma B.4 allows us to lower-bound
E[InY’] using the right hand side (r.h.s.) of (B.7).

Now, we are at the stage of prove Proposition 2.5. Apparently, R; and R;(p)

are statistically equivalent with R} and Ry(p) respectively, thus we only need to
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upper-bound R;— Ry (p) and lower-bound R.(p). Specifically,

* P
Ri—Ri(p) < {10g2 1+|hy, Pkpf|2 )} —E {10g2(1+|h£pk|27p)} *

{logQ (1+ by p,[*—- )] (B.8)
= Py sy ny o P
B 1n2 _¢(2) (5 )_ +E {bgz(lﬂhk Pl )} (B.9)
[ P Pp ] P B
< o3 |05 om (18 [ e, ] ) .10
: _ P Pp _ P'OM 7]vIB71
S g |0 )] s (”m? ) (B.11)

As pips is a unit-norm vector randomly chosen from the M —1-dimensional null
space of h;,k+j, the random variable |hf p; ,¢|? is exponential distributed with pa-
rameter 1. Thus, the first two terms in (B.8) have the same form E,[log,(1+ar)].
(B.9) is obtained by calculating the integral [ log,(1+ar)e “rdr=2 : ‘;) (B.10)
follows Jensen’s Inequality. (B.11) is obtained by Lemma B.1, and the fact that
Ihil|? < x2(M).

Recalling that Y=min(Y},Y;) where Yk:% and using Jensen’s In-
equality, we lower-bound R, as R.(p)>log, (1+P(1—p)e®I™) due to the fact that
log,(1+ae”) is a convex function of r. Since the r.h.s. of (B.7) gives an approxi-

mate upper-bound of Fy (y) according to Lemma B.3, we can use r.h.s. of (B.7) to

lower-bound E [InY] following Lemma B.4. Consequently, one has

> Pp -2 2 —2
E[lnY|> e Y+ e Y| -lnyd
| ]_/0 ((Hﬂy)?’ (1+5y)? ) e

B 4_ Pp
_(P_p 1) o( 4) v—In2—1, (B.12)

where (H}Ey)g e 2+ g éy)Qe”y is obtained by calculating the derivative of the
2 2

r.h.s. of (B.7). Combining (B.11) and (B.12) yield (2.50).

Note that the proof of Proposition 2.7 follows similarly. The only difference lies
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in (B.11), where the last term is upper-bounded by the receiver-specific feedback

quality, i.e., B(t).

B.1 Proof of Lemma B.2

Since (X71,X2) are statistical equivalent with (X5, X5,), let us drop the index k and
introduce 3, =|hp,|2, B2=|hp|? and a=||h||*. Then, we have X;=/5;a and X,=/xa.
As h is independent of p. and p, 3; and f3; are beta (1,M —1) random variables.
Besides, a < x*(M) is independent of 3; and 35. The CDF of 3;,i=1,2 and the PDF
of a are given by

1-(1-g)M~1 pi<1 1wt a

Fg,(Bi)= , fala)= a’ e, (B.13)
1 Bi>1 F(M)

respectively. Denoting 22 min{z,2,} and )= max{z;,z,}, the joint CDF of X,
and X, are derived as F(21,12)= [, Pr(Xi1<x1|A=a)Pr(Xy<z;|A=a)fa(a)da
due to the fact that X; and X, are independent conditioned on A=a, i.e., 5, and [,
are independent according to the analysis in [18]. Then, replacing Pr(X;<xz;|A=a)

by Fj, (%), Pr(X,<x1,Xy<x,) is further derived as
[ rtayias / (1-(1=21)4) 4 a)do
A 1)(1—(1—ZQ>M*1>fA<a>da

— [ fala)da- Z/ T (o) da

e A (B.14)

In (B.14), it is straight forward that the first term is 1. Simply replacing a=a+x/ in

the second term, one has [~ %da:e—xé for i=1,2. Let {(x,z2) denote the last
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term. It can be derived as
o M 1M 1N M1
o [ () ()
i=0 j=0 t J
( )M 1— z( T )Mflfjai+j+1fM€7ada
M) =0 j=0 j
(=) M1 (=) M0 (14 42— M ). (B.15)

Consequently, (B.3) and (B.2) are immediate.

B.2 Proof of Lemma B.4

The expectation of Z with support (—oco,00) writes as E[Z]= [*_zdF(z). It can

be derived as

/ D (o)1 / " LdF(2)
/ / 1d0dF (= / / 1d0dF (=
_/_Oo/_oodFZ(z)d0+/o / dFy(z)d0

:_/_ (FZ(9>_FZ(_OO))d9+/Dw(FZ(oo)—FZ(G))dH
:_/0 FZ(H)d6’+/OO(1—FZ(0))d9.

—00

Similarly, for Z with the support (—00,00), we can write

Since Fi;(2)<Fj(z), we have E[Z]>E|[Z].

(B.16)

(B.17)

(B.18)

(B.19)

(B.20)



APPENDIX C
Proof of Proposition 2.8 and

Derivation of (2.70)

In (2.61), one can write log, (1+pA,)+log, (1+pAs)=log, [(/)77—1)2 +pnO], where
n=+/Ao/Ap and @zQ—i—%—i—%:Z?w—;—l) 12301 +2 are functions of B and T,
5 8

respectively. Setting A}?w:lochS and inverting it w.r.t. 7, one has

PU=p) »
1, 70 5(” 2p6(p)>

(77—;) +7: 02 . 22:(0) €D
Solving this quadratic formula yields
—0) (A _1)p(Ee
_ @2—4@+5 <1+—291+5)6(”” o )> 62 (C.2)
A\ Ry 2 o) o) 20 '

Proposition 2.8 is immediate by expanding 7 as a function of 5.

Next, to calculate p"*?= arg ming< ,<1 B (8,p)| p—oo» let us replace % with r and

d dBuS ((577‘) ‘ P—oc0

write B%(0,r)|p_00 an -

as

_ 02-40 2 2. 06-2
Bus — 2 1 I

(0,7)| Posoo \/ r2+4+4( +€r e) 3
dB*(8,7) oo _ 10r+25 62 (Cd)

dr 2\/@21467”2—}-5(1—1—%7’—%) 2

T, (C.3)
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By setting M =0, we find that the stationary points satisfy
86 452 2
(©2—40)r**+—r*=——(0-2)*6(1-2). (C.5)
e e e

When ©=4, i.e., 7=0, we have r*:%jtl—g, which leads to p2 in (2.58). Since
we consider 7>0 (or ©>4), by solving the quadratic formula (C.5), we find that one

stationary point writes as

.| 4e-22 (0-22_ 2 4
T_\/62(@2—4@)252_@2—4@6(1_e) e(02—40) ©6)

4B (5,4)|p oo

It can be seen that 7* in (C.6) minimizes B“(5,r)|p_s0 as x

>0,Vr>r*

dBuS(&%)'P—)oo

and P

<0,YO<r<r*. Consequently, we choose p"“*?= min{l,ri*}. Then,
evaluating 7* in (C.6) leads to the closed-form of p“*? in (2.70) and the threshold

50(©).



APPENDIX D

Proof of Proposition 2.9

In the RS-ST scheme, we aim to upper-bound R} ; —R1,1(ps,0a) and R | — Ry 1(ps,0a)

while find lower bounds for R 1(pg.pa), Re2(ps:pa) and R, (ps,pa)- Specifically,

R} —Ri1(pg,pa)

log, (14

=& log, (14 (U1 (D) | -

H 2 Ppa
L e P
L+ (1)p (1) 2222

I[P Pp,

—— |o()-oE

PpsM _ »
5 : )] Hlog, <1+2<L2A451), (D.2)

M—1)

where we have used the same derivation of Proposition 2.5. Note that the upper-

bound is a function of B;(1)=DBg as p2(1)ehi(1). Similarly, one has

o M

Using Assumption B.1, we have SINR(Y ()~ ‘THlif(c()t)P(P)g o ), t=1,2, and SINR(V
+

. P Pp PpaM b4
R 1 —R21(pg,pa) < E)_Qb(Tﬂ)] +log, (1+m2 M‘l) . (D.3)

P(pg—pa)
I ()p1 (1)) —25;
1+ (1)py (1)[2 Pl >

where we have also used the fact that p,,(1)=p;(1). Then, fol-

lowing the footsteps in the proof of Proposition 2.5, R.1(ps,pa) is lower-bounded

by

Rc,l(ﬂﬁ,ﬂa):E

10g2< i (WP c<1>|2P<1;p5>)] D4
12 L g (Dpe(1)752

P(L—py) (2
> log, {H% (i 190 )}. D.5)



216

The derivation of R.2(ps,p.) follows similarly as it is statistically equivalent with

R.1(pp.pa). Then, it remains to bound R, (pgs,p, ), which writes as

r _ hf(t)pa(t) PR
Ru(pﬁ,pa):E log, | 1+ min k i 22Pp
_ k=12t=k 1+|hy! (t)pg(t)[> 5=

[ 1o 228
2

where z=min(|h(1)p;(1)|%,|h¥ (2)p2(2)[?) and (D.6) is due to the fact that the

function log, (%) is monotonically increasing with x if b>a. Clearly, x is the mini-

mum of two independent exponential random variables, its CDF writes as F'(x)=1—e2,

Then, the (D.6) can be derived as

Ru(pg:pa)=E [logz (Hxi’”ﬂ -E {logg <1+a:P 5‘“)] (D.7)
_ L (o sy g P8y oy PPay,  PPa
= [2¢>(2) S(— ) —20(—)+6(—; )] (D.8)

Combining (D.2), (D.3), (D.5) and (D.8), Proposition 2.9 holds.
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Proof of Proposition 3.2

We firstly show the DoF tuple achieved by common message {w} } xes,i>2 in (3.36)
and (3.37), and secondly show the DoF tuple achieved by private messages {w;. }res
in (3.35).

For user k,Vk€K, when common messages of set 77;(8 ,r) are decoded, it is as-
sumed the common messages of set 7;(S,r),VI>1, have been successively recovered
and removed. Then, denoting the noise plus the interferences within the noise power

by 74, the received signal is expressed as

Yr= Z kaJwJ + Z Z hkﬂpﬂwﬂ +

j:w;'ETki(S,r) =2 j. w} LTS r)

pr(i—1) por(l-1)

hyprw;, + Z hkgpj |+ e o (ED

Pk ]ES\k‘ Pri— ok PO

This system corresponds to a multiple-access-channel (MAC) where user k& wishes
to decode messages of set 7,/(S,r). Following the capacity region of MAC [31], the

sum rate of any non-empty subset MCT;*(S,r) of messages are given by

Y RySIMG TS e )\M)=h(Ge| TS ) \M)—h(5| Ti (S.x)),  (E:2)

j:w; eM

Considering that the input are random Gaussian codes, the entropies in (E.2) are
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equal to

h(Gk| TE (S,r)\ M) =a(i—1) logy P+O(1),i>2, (E.3)
A | TE (S 1)) =an(i—2) logy P+0O(1),i>3, (E.4)
h(gklﬂf(S,r)): max{ry, rélgé r;i—ag;  logy, P+O(1), (E.5)

J

where O(1) refers to the terms that do not change with P. Substituting (E.3), (E.4)
and (E.5) into (E.2) and dividing them by log, P lead to (3.36) and (3.37).

When user k decodes private message w;, all the common messages have been
recovered and removed. By treating the undesired private messages as noise, the rate

of w;, writes as

Ry <I(wp;ys| T¢ (S r),i=2, - - - ,.L+2) (E.6)

=h( th]p]wJ +ng)— Z hk]p]wj—i—nk (E.8)
JES jES\k
=1y logy, P— max (r;—ay;)" log, P+O(1). (E.9)
JES\k

Then, (3.35) is immediate.
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Proof of (3.57)

Without loss of generality, we consider the case rowrk(M?)=K—1 and the edges
T2={w; w7, }, Vk=1,K—1, and Tx=Tf_1. Clearly, in this scenario, there is one
chain with length K. The inequality M2d‘<1 are explicitly expressed as d;+ds<1,

ci2+c23§1, CZ3+CZ4§1, e CZK_l—l—cZKSl. Adding up the inequalities with odd index

yields
KK
If K i B +d2= d<—; F.1l
1s even, Z o1—11T gy z; K (E.D)
If K is odd, de + Ql_zcz? (F2)

Inequality (F.1) provides an upper-bound on the sum DoF of common messages
{102} pexc when K is an even number. The equality holds with d2=d3=- - - =d% _,=1.
When K is an odd number, we obtain an upper-bound on the sum DoF of common

messages {102} ex by adding d2 to both sides of (F.2) as

K+1
Z d2<— d2<T+ (F.3)
The inequality (F.3) is obtained due to the fact that cﬁ(gl. Then, using (F.3) we
can obtain the maximum sum DoF of common messages {? }xcx as % by taking

P=de= - = y=d2=1.



APPENDIX G
Proof of Achievable DoF region of the

related MACs in Chapter 4

We aim to show the achievable DoF tuples specified in (4.28) through to (4.31),
(4.50) through to (4.57) and (4.85) through to (4.91). Without loss of generality, let

us write the received signal at user £ as

BC: y,=H} c+H] x;+n; e (G.1)
IC: ykzﬂﬁcﬁﬂgcﬁﬂﬁxﬁnm, (G.2)

where x;, refers to the precoded private messages transmitted by the transmitter in
BC and transmitter k in IC, while 1, o 2H{ x4y, k%] and 0y, ;o =HE x;+ny k#j
represent the interference plus noise in BC and IC, respectively. In the following, let
us only focus on (G.2) as the derivation for the BC case follows similarly by simply
taking Hy;=Hyy. For convenience, let us use 7, instead of 7, ;¢.

The MIMO system in (G.2) is a MAC as user k aims to decode cy, c; and x;.
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Then, according to [84], a rate tuple (R.1,R.2,R,) is achievable if

Rep<I(ck; yi|c;,xu,Hi)=h(yr|c; Xk, Hi) —h(yr|ck.cj.xp, Hi), (G.3)
Re;<I(cj; yi|ck,xi, Hi)=h(yi|cr Xk, Hi) —h(yi|cr.c; Xk Hi), (G.4)
Ry <I(xp; yi|ck,cj, Hi)=h(yx|ck,c;, Hi) —h(yi|ck.cj. X, Hi), (G.5)
Ryk+Rep<I(xp,cr; Yi|c;, Hi)=h(yr|c;, Hi) —h(yr|ck.cj Xk, H), (G.6)
Rpp+Re; <I(Xk,C5; Y|, Hi ) =h(yr|cr, Hr) —h(ye|ck.cj %k, He), (G.7)

Rep+Rej+ Ry <I(ck,cjXi; Yi|Hi)=h(ye|He) —h(yr|ck,c; Xk, Hi), (G.8)

for any input distribution py, ¢, o, =Px,Pec,Pe;» and Hy 2 {Hyy,Hy,;} is the set of the
channel state. By setting 7, equal to the r.h.s. of (G.5) and plugging it into (G.6),

(G.7) and (G.8), we have

Rep<h(yr|cj, Hr)—h(yrlck.c;, Hi), (G.9)
R <h(yg|ck, Hi)—h(yr|ck,c, Hr), (G.10)
Rep+Re; <h(yi|Hi)—h(yr|ck.cj, Hr). (G.11)

Note that the r.h.s. of (G.9) can be interpreted as I(c; yi|c;,H), which is equal
to I(cy; y)|He) with y, 2HE ¢, +HE x;+n,. Similarly, the r.h.s. of (G.3) can be
expressed as I (cy; yi|H) with y)=HZE c;+mn,. Since c,—y;—y} forms a Markov
Chain, we have I(cg;y,|Hi)<I(ck;yr|Hr) due to the data processing inequality
[85]. Therefore, the inequalities in (G.3) and (G.4) are inactive and the achievable
rate of the common messages is specified by (G.9), (G.10) and (G.11).

Let the input be ¢, < CA(0,PLy,), ¢; < CN(0,P1,;) and x; L CN(0,By).

The achievable rate constraints (G.9), (G.10), (G.11) and (G.5) can be further ex-
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pressed by
Rep<log, det(Qeu+Qi+Qn, ) —10gy det(Q+Qy,), (G.12)
Rj<log, det(Qc;+Qi+Qy, ) —log, det(Q+Qy, ), (G.13)
Rep+Rej<log, det(Qur+ Qe+ Qi+ Qp, ) —log, det(Qy+Qy, ), (G.14)
Ryi=log, det(Qi+Qy, ) —log, det(Qy, ), (G.15)

where Q. =PHE Hy,., ch:PHkHijj, Qx=H7 B Hy;, and Q,), :HkHijij—i—INk
denote the covariance matrices of HY ¢y, HkHj c;, H x;. and m,, in (G.2), respec-
tively.

Next, let us identify the related covariance matrix in the MIMO IC when M; >N,
and MIMO IC when M;<N,. The derivation of the covariance in MIMO BC follows

similarly to the MIMO IC when M; >N, by setting M;=M, and Ni=N5.

G.1 Proof of Case I: M{> N,

In this case, By=P*4' Sy, and By=P*Syy, +PA7207S,  where Sy, £V, VY,
Ay (Oy(H . Ayv@y(2H
At user 1, as covariance matrices QQ.; and Q.o are rank N; (since M,>N; and

My>Ny>Ny), it readily shows that

log, det(Qa+Q1+Qy, )=N1log, P+o(log, P), (G.16)
log, det(Q.2+Q1+Qy, )=N1log, P+o(log, P), (G.17)
log, det(Qe1+Qe+Q1+Qy,, )=Nlog, P+o(log, P), (G.18)

because Q.; and Q. are dominating compared to Q; and Q,,. Moreover, let us

write the eigenvalue decomposition of Q, and Qy,, as U;D,U{’ and U, D, U/,
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respectively, where D;~Bdiag(P*' Iy, n,,0n, +N,—21r,) and DmNP(ATO”)JrINl.

Then, it follows that

log, det(Q1+Qy, )=(M1—N3) max{As—ay,A; Hogy, P+
(N1+No— M) (Ay—a )log, P+o(log, P), (G.19)

log, det(Qy, )=N1(As—ai )log, P+o(log, P). (G.20)

Plugging the corresponding values into (G.12) through to (G.15) leads to (4.50),
(4.51), (4.53) and (4.52).
At user 2, let us write the eigenvalue decomposition of the Q; and Q,, as

U,D,U¥ and U,,,D,, Uf;; , respectively, where
Dy~Bdiag(P**Tp,— vy, P4 Ty, s ny—ar), D, ~P Iy, (G.21)

because A;<w». Besides, the covariance matrices Q. is rank N, and Q.» is rank

NJ. Then it can be readily shown that

log, det(Qe+Qa+Qy, ) =Nslog, P+o(log, P), (G.22)
log, det(Qe1+Qa2+Qp, ) =10g; det(Qu1 +Qe2+ Q2+ Qy,)
Nslog, P+o(log, P), (G.23)
log, det(Qa+Qyy, ) =(N1+No— M) (As—a )log, P+
(My—Ny)Aslog, P+o(log, P) (G.24)

log, det(Q,)=o0(log, P) (G.25)

Plugging the corresponding values into (G.12) through to (G.15) results in (4.54),
(4.55), (4.57) and (4.56).
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G.2 Proof of Case II: M,<N,

In this case, B;=0 as there is no private messages intended for user 1, while

_ pg) AL q(2) A q(3) Al —a1 q(4) (Ag—a) T q(5)
B2_PSI;I +P 2Sﬁ%2+P QSﬂfﬁP 2 1SH22+P 2 Sﬂ22, (G.26)

22

where S(}Z)Q éng)Vém)H,mzlA,E) and Sg’;l éVém)Vém)H,m:ZS. Let us focus on
the received signal y,=Tyx,k=1,2, as linear transformation does not change the
mutual information.

At user 1, covariance matrices QQ.; and Q. rewrite as PTlHﬁHHT{{ and
PH®H,,, where T\H® and H!, are given by (4.77). Besides, the eigenvalue

o, . . . . g H e . H
decomposition of the covariance matrix Q, =Hj3BoHy, writes as U, Dy, Uy,

where
DmNBdiag(PITvalz_alImin{N{’erfsl}’P(A2_a1)+IN{*min{N{,#1+51})‘ (G.27)

This is due to the following reasons: 1) according to yo, 7 private messages are
received with power P, 1140, private messages are received with the power level
Al—ay and pp+9, private messages are received with the power level (Ay—ay)™
because of ZFBF with imperfect CSIT, and 2) as A, <A, the o409 private messages
with power level (As—aq)" are drowned by the other 7+p;+9; private messages.
Note that if ji14+6;> N7, i.e., pi1+91+7> Ny, the po+0- private messages with power

level (As—ay)™ do not impact D,,,; otherwise, there are N{—puy—0d; eigenvalues
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with power level (As—aq)™. In this way, it can be readily shown that

10g2 det(ch+QC2+Q1+Qn1):N110g2P+0(10g2P) (G28)
log, det(Qe2+Q1+Qy, )=N1log, P+o(log, P) (G.29)
log, det(Qe1+Q1+Qy, )=N1log, P4-o(log, P) (G.30)

log, det(Q14Qy, )=7log, P+(N{— min{ Ny, 1 +01 }) (Ao —aq ) Tlog, P+
min{ Ny, 1401 H( A, —ay)log, P+o(log, P),

(G.31)

and log, det(Q,,,)=log, det(Q:1+Q,, ).

Plugging the corresponding values into (G.12) through to (G.15) results in (4.85),
(4.86) and (4.87).

At user 2, after the linear transformation, it can be shown that covariance matrices
Q.1 and Q. rewrites as PToHY Hy T and PTyHIL Hy, T, where ToHE and
T,HZ, are given by (4.78). Besides, the covariance matrix Qo=ToHZ BoHy, TH

can be expressed as U2D2U§{ , where

Dy~Bdiag(Oy, g, P2~ 1, PA2L,, P~ 15 P41, PL,) (G.32)

29 1o

As there is no private messages sent to user 1, 17, only consists of noise so that
Q,,,=P"Iy,. Hence, we have log, det(Qe.+Qa+Qs,,)=Nslog, P+o(log, P) and
log, det(Qe1+Qe2+Q2+Qy,) =Nslog, P+o(log, P). Moreover, we can see that the

last 7+14+01=No—M; columns in U, do not overlap with the column space of
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ﬁfl, then, it can be readily shown that

log, det(Qea+Qa+Qy, ) =Milog, P+Tlog, P41 Ajlog, P+
81 (Ay—aq)logy P+o(log, P), (G.33)
log, det(Qao+Qy,, ) =Tlogy P+1 Ajlogy P46 (Ay—on )logy P41 Aslog, P+

82(As—a) Tlogy P+o(log, P). (G.34)

Plugging the corresponding values into (G.12) through to (G.15) results in (4.88),
(4.89), (4.91) and (4.87).



APPENDIX H
Solving the optimization problem in

(4.108)

We firstly transform the problem into two sub-problems by considering A, <« and
As>a;, whose closed-form solutions are convenient to calculate. Then, we obtain
the closed-form solution to (4.108) by comparing these two closed-form solutions.

In the case A;<a;, the optimization problem in (4.108) rewrites as

2121% da,(2)(A2,A5,)) (H.1)
st AN —€(AL—ay), (H.2)
A My—p1pAg, (H.3)

0< A<y, (H.4)

o <A<, (H.5)

As dy (9)(Az,A5,\) givenin (4.113) is increasing with A, and A, it is straightforward

to obtain the optimal solution to (H.1), which writes as

JE— /_
As=min {al,Ml—)\} , Ab=min {1,041—1—ng /\} : (H.6)
M2
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In the case Ay>«, the optimization problem in (4.108) rewrites as

2%}2 da,(2)(A2,A5,N) (H.7)
St AN/ —€AL+ Nlay—(N1—€)As, (H.8)
A<M, — My Ay 465011, (H.9)

1< Ay< AL, (H.10)

< AL<1, (H.11)

where we have used the fact that po+d,=»M; given the condition M,> N, according
to Table 4.5. As dy (2)(A2,A45,A) given in (4.113) is increasing with A, and A5, we
learn that the optimal solution is obtained when (at least) two of the constraints (H.8),
(H.9), Ay<A) and A,<1 are active. Notably, from (H.9) and A,>a4, we see that
A should be smaller than or equal to M;—pusqq, otherwise, there is no solution to
(H.7). Therefore, the discussion goes into following four cases.

If Ap=A,=1: In this case, A is such that A< min{dscv1,Njo; }=d2cv; according
to (H.8) and (H.9).

If Ay<A%=1: In this case, plugging A,=1 into (H.8) and (H.9) yields

. )\—520é1 )\—N{Oél
Ay= 1— 1— ) H.12
If Ay=A<1: In this case, plugging A,=A} into (H.8) and (H.9) yields
. )\—62041 )\—N/Oél
Aly=A;=min {1— i 1— N{l . (H.13)
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If Ay<A,<1: In this case, using (H.8) and (H.9), we have

. )\—52@1
A=l =S (H.14)
/ (My—Ni+E) | | (2N +628)
Ao=1— A aq, H.15
2 M¢ Mi¢ ! ( )

. . #QN +d2& H?N/ . .
while A is such that - +£a1§)\§ = ]{,{al according constraints (H.10) and
(H.11), .

From these four cases, we conclude that the closed-form solution to the opti-

mization problem (H.7) is

AE [0,520&1] A2:Al2:1

Ae [62041, min { ;‘jffiﬁfjial,Ml—uzal}] Ap=Eq.(H.12)=1-221 A1

\e [M% min { My—pnan, 12 }] A,—Eq.(H.14), A,—Eq.(H.15)

Mi—Nj+¢
| Ae WI“Q;%,Ml ,ugozl} Ay=Ay=Fq.(H.13)=1- 2=
(H.16)

The remaining task is to compare the solution to (H.1) and (H.7) in order to
obtain the solution to (4.108). As mentioned in the above derivation, the closed

form solution to (H.7), i.e., (H.16), is valid when A<M —pusaq. In this case, (H.6)

=
da,(2)(A2,A5,)), it can be shown that (H.16) leads to a greater value of d (2)(A2,A45,\).
Therefore, when A<M, — o1, the closed-form solution to (4.108) is given by (H.16),
which leads to Condition C, D, E and F shown in Section 4.2.2.3. When \>Ms—psay,

closed-form solution to (4.108) is given by (H.6), namely A,=min{1,ay

and A, M; , which leads to Condition A and B shown in Section 4.2.2.3.




APPENDIX I

Upper-bound of Proposition 5.1

For convenience, we approximate 20 (K )~QO;:(K), where i* is the solution to (5.3).

For K—00, to show d; (K ,1,K)~%, it suffices to prove O(K)~4. To this end, let

us introduce As(K,1,K )zl—W. It can be shown that

Ag(K,l,K):(Kfil) 1 1 Z

o K 11
2 _ (L1)

— (1+_————) ~ —. (1.2)

This leads to the fact that do( K ,1,K)=0 k=4, which completes the proof.



APPENDIX J
Derivation of d,,(M,N,K) using the

recursive equation (5.65)

The proof are two folds. We fristly consider the case M >(K—m+1)N, and sec-

ondly consider the case M <(K—m+1)N.

When M>(K—m+1)N, we rewrite (5.65) as 2mWLNK) KT(K_(,T_JE}()K_M.
N m+ 2+ dn (M N K)

Let us introduce A}, £1— 5= and A,, in (5.24) is obtained by 1—+++ A/ .
a0 VK]

Then, for K — L%j +1<m<K—1, one has

K—m)(m—1) K—m
A= ’ I
™ m(K—m+1) mi1 T (K—m+1)(m+1)’ ¢.D

B, O
followed by
B Ay 1=BmBini1 A, 0t BinCrni, J.2)
BmBm—i-lA;njLQ:BmBm—&—lBm+2Alm+3+BmBm+lcm+27 (J3)
K2 K-1 K—2

Ak H Bi=Al H Bi+Ck 1 H B;, J.4)

resulting in
K-1  I-

K-1 1
A=A [ B+ Y a]] B (1.5)
i=m l=m 7

i—m,
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By the definition of B; and C;; (J.1), it is easily verified that

= m—1 - K-l
Bi= o 11 B= 16
H )(K—m+1)’ ZH K— m—I—lH—l(l 1)’ (16

1=

Substituting (J.6) into (J.5) leads to (5.24).

When M <(K—m-+1)N, by introducing A,,=1— 7» We have a recursive

(MNK

equation in terms of A, as

Ap=—

M (K —m)+m(N—1)(K —m+1)—E-mal

(m+1)N
J.7)
m [(M+N)(K—m)+N] )
Cro
Then, following the footsteps of deriving (J.5), we have
K—|§] E-l§)] 11
An=Ax_p [ B+ Y. Gl B (1.8)
i=m l=m i=m

By the definition of B,, and C),, in (J.7), it can be shown that ©,,, in (5.26) is obtained
by Hf(m v B, while A,, in (5.27) is obtained by C; [['_} B;. Besides, A _ M4

is obtained by replacing m=K — L%j +1 into (5.24). This completes the proof.



APPENDIX K
Proof of the linear independence of

the linear observations in (5.54)

According to (5.53), let us write the submatrices in (5.54) as

. G .

Gi1,;=Qi; | | V=2, (K.1)
H{ C,D;; G

- i . .

G“J:Qlj _ ' ] ,V{l,j}:2, e 7n7l7éj‘ (K2)
H{fClDllGﬁ

Besides, due to (5.52), Qq;,Vj=2,---,nVI€l, - - n,l#j can be expressed as

Q= [ﬂ}"}CjDU — I} where I stands for identity matrix. Then, (K.1) and (K.2)

rewrite as
~ [yt is vt is ryrt Tyt Dlj GZISl
GILJ‘:HUCJ’DUGM_H11C1Dj1Gj1: [Hljcj _Hucl] , , (K.3)
D;1Gj
~ [yt is __ gyrt s ryrt ryrt Dl]Gﬁ
G“JZHU Clelel_HllchllGﬂ: [Hlj Cj —H”Cl] A . (K4)
DuGji

Then, the effective channel matrix in (5.54) can be written as

Gll,javj:27 Y L0 oA
) “H,G,, (K.5)
Gll,j7v{laj}:2v e anal#j
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where

H,—Bdiag {{ (A C; —HCy]

}Vj:2,---,n

{HC;, —HC] Yo | (K.6)
D,;G
) DGl |
Gi= V=2, . (K.7)
D;; G}
D, G ' _
L v{l,j}=2,n,l#5

In (K.6), the size of each submatrix is Ntox2[(n—1)N—(n—2)M]t;. Since

I:Irt

1j:Vi=2, - nVIEL, - - - ,n,l#j is independent of C;,Vj=1,--- n, it follows that

H, is full rank, (n—1)2 min {Nt5,2 [(n—1)N—(n—2)M] t; }, almost surely.

In (K.7), there are 2(n—1)? submatrices, each of which is of size

[(n—1)N—(n—2)M] t, x Mt, (K.8)

and is full rank [(n—1)N—(n—2)M]t;, almost surely. Let us look at the submatri-
ces Dy;GY and D;;Gi5, V{l,j}=2, - - ,n,l#j. These (n—1)* submatrices are linear
independent of each other because Dy; is related to the outgoing channels of trans-
mitter j which is independent of G{. However, the remaining (n—1)? blocks are
equal to each other according to (5.49), but they are independent of the other (n—1)?

blocks. Consequently, the rank of G is

min { ((n—1)*+1) [(n—1)N—(n—2)M] t;,Mt, } . (K.9)

To ensure the decodability, the rank of Gl should be Mt,. Hence, the inequality
in (5.55) is immediate according to (K.9). Given this condition, it can be verified

that the rank of H in (K.6) is (n—1)2Nt,. By setting (n—1)2Nt,=Mt,, we can see
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that the effective channel matrix in (5.54) is full rank almost surely because Gl is

independent of H,.



APPENDIX L
Proof of the linear independence of

the observations in (5.62)

The derivation follows the footsteps of [51, Appendix B]. Since performing a row
transformation does not change the rank of a matrix, we replace the last M rows of
Gy and Gy by Fio Gy and Fio Gyo, respectively, where F 5 is such that Fo Gro=0.
Then, the effect channel matrix in (5.62) rewrites as

Gu G

5 (L.1)
A 0

where A2 [{F;5G 1 bvjmhmiimia...i] Of size Mtx Mt, while Gy, and Gy are
the first Nt—M rows of Gy and Gy, respectively. Clearly, le and Gkg are full
rank almost surely.

As explained in [51, Appendix B], if A is full rank, then we can show that the ma-
trix in (L.1) is full rank using [51, Lemma 2]. Let us express A as A= [FooH;| W1,

where o denotes the block-wise product and
T T
Fo= [Fio.Finine, - Fro] . Hi=[HLH 1, Hio] . (L2)

Note that F, is the left null space of Gjq, thus F; is independent of H; and
Fy0oH, is full rank Mt; almost surely. Moreover, as W is independent of F5 and

Hi, A is full rank almost surely, which completes the proof.
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