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Abstract

Channel state information at the transmitters (CSIT) is crucial to the downlink multi-

user transmissions. However, acquiring accurate and instantaneous CSIT is chal-

lenging in practical systems, due to the channel estimation error, channel quantiza-

tion error, and the latency incurred in the feedback link and backhaul link. Perform-

ing techniques designed for perfect CSIT using imperfect CSIT or delayed CSIT

leads to a dramatically degraded performance due to the undesirable multi-user inter-

ference. Interestingly, recent information theoretic and communication works have

departed from this path by employing novel multi-user transmission strategies, Rate-

Splitting (RS) and Retrospective Interference Alignment (RIA), to deal with the im-

perfect CSIT and the delayed CSIT, respectively.

Reminiscent to the pioneering work of Han-Kobayashi scheme, RS is employed

to deal with the multi-user interference caused by imperfect CSIT by splitting each

user’s message into a common part and a private part. Each user not only decodes

its desired private message, but also decodes the common messages of both users.

In this thesis, we study a set of fundamental problems that are essential to RS, with

particular interests in transmission block design for various scenarios and the achiev-

able sum rate performance with the presence of quantized CSIT. Our main results are

summarized as follows.

Firstly, we characterize the achievable DoF region by RS in the K-user MISO

broadcast channel (BC) and show that the maximal sum DoF is achievable with an

even power allocation for the private messages. In the MISO BC with time-varying

CSIT qualities, we propose a Space-Time RS (RS-ST) by multicasting common mes-

sages via a space-time design. This strategy exploits the time-varying CSIT qualities
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and yields a greater sum DoF than that achieved by performing RS in each individ-

ual time slot. Moreover, focusing on a two-user scenario, we study the sum rate

performance of RS and RS-ST schemes with the presence of quantized CSIT, by

upper-bounding their sum rate loss relative to ZFBF with perfect CSIT. Using these

upper-bounds, we show that, to maintain a constant sum rate loss, RS scheme en-

ables a feedback overhead reduction over conventional ZFBF with quantized CSIT,

and RS-ST offers a further overhead reduction over RS in the scenario with alter-

nating feedback qualities. Besides, simulation results show that both RS and RS-ST

schemes offer a significant SNR gain over conventional single-user/multiuser mode

switching when the number of quantization (feedback) bits is fixed.

Secondly, in the MISO interference channel (IC), we investigate the achievable

DoF region by RS. More importantly, we propose a novel scheme, so called Topo-

logical RS (TRS), where each user’s message is split into a private part and multiple

common parts. With a ZF-precoder and a properly assigned power according to the

CSIT qualities of the interference links, each common message is to be decoded

by a group of users rather than all users. This feature reduces the number of com-

mon messages decoded by each user, and thus yielding a greater DoF region than RS.

The maximal sum DoF achieved by TRS is derived using graph theory methodology,

fractional packing of a hypergraph. We show that TRS is applicable to the homoge-

neous cellular deployment where each user is only connected with three dominant

transmitters, and derive the sufficient condition that TRS strictly outperforms con-

ventional ZFBF.

Thirdly, in the two-user MIMO BC with asymmetric antenna configuration (and

with CSIT quality not varying over time), we show that the RS transmission block

should be designed to fully exploit the spatial dimension at the user with a larger

number of antennas. We also find that the sum DoF is maximized with a Space-Time

transmission and unequal power allocation for the private messages. In the two-user
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MIMO IC, we design the RS transmission block motivated by a row transformation

to the channel matrices. Such an operation allows us to identify the signal space

where the transmitted signals interfere with each other, so as to derive a proper power

allocation policy. The achievable DoF regions are shown to be optimal for some

antenna configurations.

The philosophy of RIA is to employ the delayed CSIT to obtain information

about the multi-user interference generated in the previous slots, and thereby create

future transmissions to perform interference management. In this thesis, focusing a

K-user MIMO IC where the number of antennas at each transmitter is greater than

the number of antennas at each user, we propose two RIA schemes based on dis-

tributed overheard interference retransmission using the perfect delayed CSIT. The

first scheme generalizes the scheme designed for the MISO BC by exploiting the

multiple antennas at the user side. The second scheme generalizes the redundancy

transmission and partial interference nulling designed for the SISO IC, by exploit-

ing the multiple antennas at the transmitter side. With an optimal transmitter-user

scheduling, these two schemes jointly yield the best known sum DoF performance

so far. In the K-user MISO IC, the achieved sum DoF is asymptotically given by 64
15

when K→∞.
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CHAPTER 1

Introduction

1.1 Overview

Multiple-input-multiple-output (MIMO) system has attracted significant attentions

since the pioneering works [1, 2, 3] in 1990s. It has been shown that, compared to

the single-input-single-output (SISO) system, MIMO system either provides spatial

diversity to improve energy efficiency (the reliability of the wireless link), or offers

multiplexing gain to enhance the spectral efficiency (the capacity of the wireless

link). These benefits make MIMO system play a key role towards the increasing

demand for higher data rates and better quality of service in the current wireless

communication generation.

Moreover, in most realistic scenarios, since the base stations have much more

antennas than the users, the multiple antennas at the base station can be exploited

to serve multiple users on the same time/frequency resource for network throughput

enhancement rather than maximizing the capacity of a single link. Normally, the

users do not cooperate. Therefore, to process downlink multi-user transmissions

(for both single-cell and multi-cell scenarios), the transmitters, i.e., base stations,

need to 1) derive precoding techniques either to maximize the SNR at each user or

to mitigate the multi-user interference as much as possible, and 2) acquire accurate

channel state information (CSI).

In the single-cell scenario, known as a broadcast channel (BC) from an infor-

mation theoretic aspect, the precoding techniques can be categorized into two types:
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linear method and non-linear method. The linear precoding is implemented by mul-

tiplying users’ data with a precoding matrix. Matched beamforming is a direct ap-

plication of the precoder designed for the single-user case, which maximizes the

receiving SNR without taking care of the multi-user interference. On another ex-

treme, channel inversion based linear precoders such as Zero-Forcing Beamforming

(ZFBF), Block Diagonalization [4, 5, 6] and Regularized-ZFBF [7] are designed to

place each user’s signal in the null space of all the other users so as to mitigate the

multi-user interference. The idea behind non-linear precoding techniques is that,

with perfect CSIT, the transmitter is able to foresee the multi-user interference and

add the interference to users’ data as an offset so that the users are able to obtain

interference-free reception of their desired signals after going through the wireless

channels. Building upon this philosophy, Dirty Paper Coding (DPC) [8] achieves the

capacity region of BC with perfect knowledge of CSI at the transmitter side (CSIT)

[9], while suboptimal strategies, Tomlinson-Harashima Precoding (THP) [10, 11, 12]

and Vector Purturbation (VP) [13], offer sum rate gain over linear methods. Despite

of that, linear methods are more attractive due to their simplicity in practical imple-

mentation and optimality from a Degrees-of-Freedom (DoF, or multiplexing gain)

perspective (same DoF performance as DPC).

In the multi-cell scenario, known as an interference channel (IC) from an infor-

mation theoretic aspect, the multi-user transmissions rely on sharing the CSI and/or

the users’ data among the transmitters. If there is data sharing, the transmitters work

in the cooperation mode and all the aforementioned precoding techniques are en-

abled by joint processing. If there is no data sharing, one transmitter does not have

access to the data sent by other transmitters and cannot perform non-linear precoding

techniques, such as DPC and THP, as in a single cell MIMO BC. In this case, the

transmitters work in the coordination mode [14] and the aforementioned linear pre-

coding techniques can be carried out. Those linear strategies suffice to achieve the
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optimal sum DoF in the two-cell case where each node has an arbitrary number of

antennas [15], and in theK-cell case where the number of antennas at each transmit-

ter is greater than the total number of antennas at all the users [16]. Moreover, in the

K-cell case where the number of antennas at each transmitter is not large enough,

the optimal sum DoF is achieved by another linear precoding method, Interference

Alignment (IA) [17, 16]. The main idea of IA is to align the K−1 interference

signals into a linear subspace with a reduced dimension (smaller than K−1), thus

leaving sufficient interference-free linear space to decode the desired signals.

Although appealing for network throughput enhancement, all the aforementioned

linear and non-linear precoding techniques are designed based on the perfect CSIT.

However, acquiring accurate CSIT is challenging in practical systems. In wireless

systems like Long Term Evolution (LTE), in Frequency Division Duplexing (FDD)

mode, each user estimates their CSI in the specified subband using pilot and the

estimated CSI is quantized and reported to the transmitter via a rate-limited link. In

Time Division Duplexing (TDD) mode, CSI is measured on the uplink and used in

the downlink assuming channel reciprocity. Moreover, in multi-cell scenarios, the

CSI has to be shared among the transmitters via a backhaul link. Those procedures

result in

• a delayed CSIT which is different from the current CSIT, due to the latency in

the feedback link and backhaul link, and/or

• an imperfect CSIT due to the channel estimation error, quantization error and

the Doppler effect.

Performing interference mitigation techniques designed for perfect CSIT us-

ing imperfect or delayed CSIT results in undesirable multi-user interference, which

deteriorates the system performance. Literatures [18, 19] focused on a multiuser

multiple-input-single-output (MISO) BC and evaluated the per user rate performance
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achieved via ZFBF with quantized CSIT. The findings of [18] reveal that 1) if the

number of feedback bits does not scale with SNR, the achievable rate saturates at

high SNR, namely zero DoF performance, and 2) to achieve a constant rate gap rela-

tive to ZFBF with perfect CSIT, the number of feedback bits needs to scale with the

SNR (in decibel) and the number of transmit antennas. Similar observations were

obtained in [20] focusing on THP. Besides, the sum DoF loss incurred by ZFBF

and IA in IC with the presence of imperfect CSIT were quantified in [21] and [22],

respectively. The results implied that when the CSIT quality is poor, the sum DoF

achieved by ZFBF and IA with imperfect CSIT is smaller than the DoF achieved

by TDMA, i.e., scheduling a single user at a time, even without CSIT [23, 24, 25].

Forasmuch as applying techniques designed for perfect CSIT to scenarios with im-

perfect or delayed CSIT lead to a significant performance degradation, in this thesis,

we depart from this path and target at designing proper transmission strategies for

the imperfect CSIT setting and the delayed CSIT setting.

1.2 Literature Review

Recently, there have been plentiful communication and information theoretic efforts

in characterizing inner- and outer-bound of the performance (measured in DoF) of

BC and IC with the presence of imperfect and delayed CSIT. Among them, two

multi-user transmission strategies, Rate-Splitting (RS) approach and Retrospective

Interference Alignment (RIA), are employed to deal with imperfect CSIT and de-

layed CSIT, respectively. These two schemes have received significant attentions as

the key ingredients behind them have the potential to impact the future generation of

wireless communication. In what follows, let us revisit these two schemes as they

settle the foundation of our work.
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1.2.1 Imperfect CSIT: Rate-Splitting Approach

The concept of Rate-Splitting is not new. It dates back to the Han-Kobayashi (HK)

scheme designed for two-user single-input-single-output (SISO) deterministic IC

[26]. In HK, each user’s message is split into a common part and a private part.

In the very weak interference regime, only private messages are transmitted and

HK achieves the capacity region by treating the interference as noise. In the strong

interference regime, only common messages are transmitted and the rate region is

achieved by SIC where the strong interference, i.e., the common message of the

other user, is decoded first. In intermediate weak interference regime, the super-

position of common and private messages combine the two extremes, i.e., treating

interference as noise and decoding strong interference, in the power domain. By de-

termining the power allocation policy according to the interference level, HK yields

an achievable rate region within 1 bit to the capacity region of two-user SISO de-

terministic IC [27], and the achievable rate region remains the best inner-bound so

far.

By relating the residual interference resulted by ZFBF with imperfect CSIT to

the inter-cell interference in IC, we can draw a strong similarity between the two-

user MISO BC with imperfect CSIT and the two-user IC with intermediate weak

interference. This fact motivates the idea of employing RS in improving achievable

rate/DoF of the two-user MISO BC with imperfect CSIT.

1.2.1.1 Fundamental of Rate-Splitting

When DoF is considered as a figure of merit, the CSIT quality is commonly quan-

tified in terms of a non-negative constant exponent α such that the CSI errors decay

with increased SNR at a rate of O(SNR−α). The CSIT quality definition and its

interpretation are formally introduced in Section 1.3. Under such a configuration,

when the transmitter delivers the private messages along ZF-precoders using an even
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power allocation, the strength of the desired private message is O(SNR), while the

strength of the residual interference observed by each user is O(SNR1−α). When

α≥1, the interference is drowned into the noise. This case can be interpreted as

the IC with very weak interference. On the other hand, the case α≤1 can be inter-

preted as the IC with intermediate weak interference. In this case, by treating the

interference noise, the achievable DoF per user is α.

The usefulness of RS in terms of enhancing the sum DoF/DoF region of two-

user MISO BC with imperfect CSIT was firstly reported in [28]. It is noted that

literature [28] studied the optimal DoF region of a two-user MISO BC with a mixture

of perfect delayed CSIT and imperfect instantaneous CSIT. However, two corner

points of the optimal DoF region are achieved by RS which does not rely on delayed

CSIT and is applicable to the scenario with only imperfect instantaneous CSIT. The

RS scheme achieving these two corner points is formally sketched as follows.

Each user’s message is split into a common part, i.e., wc1 and wc2, and a private

part, i.e., wp1 and wp2. The private messages wp1 and wp2 are unicast to their respective

intended users along Zero-Forcing (ZF) precoders using a fraction of the total power.

The common messages wc1 and wc2 are encoded into a super common message, de-

noted by c, and the super common message is multicast using the remaining power.

Mathematically, the transmitted signal and received signals are expressed as

s= pcc︸︷︷︸
O(SNR−SNRα)

+ p1w
p
1︸ ︷︷ ︸

O( 1
2

SNRα)

+ p2w
p
2︸ ︷︷ ︸

O( 1
2

SNRα)

, (1.1)

y1= hH1 pcc︸ ︷︷ ︸
O(SNR)

+ hH1 p1w
p
1︸ ︷︷ ︸

O(SNRα)

+ hH1 p2w
p
2︸ ︷︷ ︸

O(1)

+ n1︸︷︷︸
O(1)

, (1.2)

y2= hH2 pcc︸ ︷︷ ︸
O(SNR)

+ hH2 p1w
p
1︸ ︷︷ ︸

O(1)

+ hH2 p2w
p
2︸ ︷︷ ︸

O(SNRα)

+ n2︸︷︷︸
O(1)

, (1.3)

where h1 and h2 refer to the channel vector of user 1 and user 2, respectively;

p1∈ span(h⊥2 ) and p2∈ span(h⊥1 ) are ZF-precoders; pc is a random beamformer;
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n1 and n2 are the additive white Gaussian noise (AWGN); the quantities underneath

represent the approximate strength of the corresponding terms, and it is noted that

O(SNR− SNRα)=O(SNR) and O(SNRα)=O(1
2

SNRα) as we are looking at infi-

nite SNR.

As shown by the received signals, after ZFBF with imperfect CSIT, the resid-

ual interference caused by the undesired private messages is drowned into the noise.

The decoding is carried out as follows. Each user firstly decodes the super com-

mon message and proceeds to decode the desired private message afterwards us-

ing successive interference cancellation (SIC). Then, the DoF of the super common

message is 1−α, while each private message achieves the DoF α. The sum DoF is

1+α, outperforming that achieved by ZFBF. If the inputs and the channels are in

the real domain, the optimality of this sum DoF performance is later on shown in

[29]. Moreover, considering the super common message only carries the common

message intended for user 1 (resp. user 2), we achieve the DoF pair (1,α) (resp.

(α,1)). Then, the DoF region achieved by RS is specified by the sum DoF constraint

d1+d2≤1+α. The DoF gain offered by RS over conventional schemes, ZFBF with

even power allocation, TDMA and single-user/multi-user mode switching (SU/MU)

is illustrated in Figure 1.1. In [30], the application of RS to the two-user MISO IC

with imperfect CSIT was studied and the same DoF region as illustrated in Figure

1.1 was found.

1.2.1.2 Time-varying CSIT Qualities: Space-Time RS

In practical systems as LTE-A [31], the feedback of CSI is user-specific and may only

be performed on a subset of the channel uses (time and/or frequency domains). Due

to the time/frequency selectivity, constraints on uplink overhead and user distribution

in the cell, the quality of CSI reported to the transmitter varies across users and

slots/subbands. An example is described as follows. The CSIT qualities of user 1



1.2. Literature Review 8

Figure 1.1: DoF region achievable with rate-splitting and conventional strategies
(ZFBF, SU/MU, TDMA)

and user 2 in slot 1 are β and α, respectively, while the CSIT qualities of user 1 and

user 2 in slot 2 are α and β, respectively, where it is assumed that 0≤α≤β≤1 without

loss of generality. This scenario is said to have an alternating CSIT quality pattern,

i.e., βα/αβ. In this case, as it will be shown later on in Section 2.1, performing RS

in each individual time slot yields the sum DoF 1+α (by taking the average over the

two slots). However, literature [32] proposed an advanced scheme by multicasting an

additional common message across the two slots. The resultant sum DoF is 1+α+β
2

,

outperforming that achieved by performing RS in each individual time slot. In this

thesis, we name this scheme as Space-Time Rate-Splitting (RS-ST) approach by the

space-time transmission of the additional common message.

1.2.1.3 Objectives

Thus far, the study of RS has been mainly focused on two-user MISO BC and has

been considering DoF as a figure of merit. The power of RS in terms of dealing with

imperfect CSIT has not been widely identified. In this thesis, we aim to address the

following open problems related to RS:

(i) For the K-user MISO BC, what is the DoF region achieved by RS? For the

K-user MISO BC with general time-varying CSIT qualities, how is RS-ST

designed and what is the achievable sum DoF?
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(ii) How does the sum rate performance achieved by RS and RS-ST compare to

conventional ZFBF?

(iii) In the K-user MISO IC where each interference link has an arbitrary CSIT

quality, what is the achievable DoF region by RS? Can we propose an evolution

of RS and improve the result?

(iv) In both MIMO BC and MIMO IC, how does the asymmetric antenna config-

uration (i.e., arbitrary number of antennas at each transmitter and each user)

impact the RS transmission block design?

1.2.2 Delayed CSIT: Retrospective Interference Alignment

When there is fast fading or the channels are temporally uncorrelated, the latency

caused by the feedback link and backhaul link make the CSI acquired by the trans-

mitters completely outdated. Employing the delayed CSIT as the current CSIT re-

sults in a poor CSIT quality, and thus significantly impacts the performance (mea-

sured in DoF) achieved by strategies designed for instantaneous CSIT. Although the

delayed CSIT cannot be used to eliminate multi-user interference in the current slot,

it provides the transmitters information about the interference overheard by various

users in the previous slots. Based on these information, the transmitters are able

to create some future transmissions to accomplish interference management. The

multi-user strategies designed following this philosophy are generally termed as Ret-

rospective Interference Alignment (RIA). Recent works in this field are summarized

as follows.

1.2.2.1 RIA in Two-user MISO Broadcast Channel

Considering perfect delayed CSIT, the first RIA scheme was proposed by Maddah-

Ali and Tse focusing on the MISO BC [33], and was known as MAT scheme by the

authors’ names. MAT was designed based on the idea that the overheard interfer-
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Table 1.1: Two-user MAT scheme.

slot 1 slot 2 slot 3

Transmitter uA, vA uB, vB uAB,L2(uA,vA)+L3(uB,vB)

User A L1(uA,vA) L3(uB,vB) h∗A1(3)(L2(uA,vA)+L3(uB,vB))

User B L2(uA,vA) L4(uB,vB) h∗B1(3)(L2(uA,vA)+L3(uB,vB))

ence at various victim users can provide useful side information to the desired users.

Hence, it can be also called RIA with centralized overheard interference retransmis-

sion. Let us consider the two-user case for example.

The transmission flow is presented in Table 1.1, where hA1(3) (resp. hB1(3))

stands for the channel coefficient between the first antenna at the transmitter and the

single antenna at userA (resp. userB). In phase 1 (two slots), the transmitter delivers

two symbols, uA and vA, to user A in slot 1 and two symbols, uB and vB, to user B

in slot 2. Then, each user has one observation of the desired symbols, L1(uA,vA) and

L4(uB,vB), and one observation of the undesired symbols (overheard interference),

L2(uA,vA) and L3(uB,vB), but neither user is able to perform the decoding due to the

lack of linearly independent observation of the desired symbols. In phase 2, i.e., the

third slot, the transmitter constructs a linear combination of the overheard interfer-

ence at the two users using the perfect past CSIT, uAB,L2(uA,vA)+L3(uB,vB), and

multicasts uAB to both users. In this way, each user is able to extract the overheard

interference at the other user, which is another linearly independent observation of

the desired symbols, and thus carry out the decoding. Thus, the achieved sum DoF

is 4
3
. It is noted that the linear combination of the overheard interference, i.e., uAB,

is termed as an order-2 symbols, as it is desired by both users.

1.2.2.2 RIA in MISO Broadcast Channel with More than Two Users

In the three-user MISO BC where the transmitter has three antennas, the transmis-

sion in phase 1 is similar to the two-user case and is shown in Table 1.2. Specifically,
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Table 1.2: Three-user MISO BC with perfect delayed CSIT: the transmissions in slot
1, 2 and 3.

slot 1 slot 2 slot 3

Transmitter uA, vA, wA uB, vB, wB uC , vC , wC
User A L1(uA,vA,wA) L4(uB,vB,wB) L7(uC ,vC ,wC)

User B L2(uA,vA,wA) L5(uB,vB,wB) L8(uC ,vC ,wC)

User C L3(uA,vA,wA) L6(uB,vB,wB) L9(uC ,vC ,wC)

in slot 1, 2 and 3, the transmitter delivers three private symbols to user A, B and C,

respectively. In each slot, there are two victim users overhearing interference. If

every two users exchange their overheard interference, each user obtains 3 linearly

independent observations of their desired signal so that the decoding is enabled. To

exchange the overheard interference, one can construct three order-2 symbols, i.e.,

uAB,L2(uA,vA,wA)+L4(uB,vB,wB), (1.4)

uAC,L3(uA,vA,wA)+L7(uC ,vC ,wC), (1.5)

uBC,L6(uB,vB,wB)+L8(uC ,vC ,wC). (1.6)

It can be seen that once uAB is delivered to user A and user B, uAC is delivered to

user A and user C, and uBC is delivered to user B and user C, each user is able to

extract the overheard interference at the other users, and thus carry out the decoding.

The achievable sum DoF is computed by

9

3+ 3
the number of order-2 symbols can be transmitted per slot

. (1.7)

A trivial choice is to deliver one order-2 symbol per slot, which yields the sum

DoF 9
6
=3

2
. However, the authors of [33] designed a more effective way, which man-

aged to deliver 6 order-2 symbols in 5 slots. In other words, the number of order-2

symbols can be transmitted per slot is 1.2. Substituting this value into (1.7) yields
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Table 1.3: Three-user MISO BC with perfect delayed CSIT: the transmissions in
phase 2, i.e., slot 7, 8 and 9.

slot 7 slot 8 slot 9

Transmitter uAB, vAB uAC , vAC uBC , vBC
User A L19(uAB,vAB) L22(uAC ,vAC) L25(uBC ,vBC)

User B L20(uAB,vAB) L23(uAC ,vAC) L26(uBC ,vBC)

User C L21(uAB,vAB) L24(uAC ,vAC) L27(uBC ,vBC)

the sum DoF 18
11

. Before showing how 6 order-2 symbols are successfully delivered

in 5 slots, we repeat the transmission shown Table 1.2 to obtain 6 order-2 symbols.

Specifically, in slot 4, 5 and 6, the transmitter delivers another 3 symbols (different

from that in slot 1, 2 and 3, respectively) to user A, B and C, respectively. The

overheard interference at various users are employed to generate another 3 order-2

symbols.

Let us consider that uAB and vAB are two order-2 symbols desired by user A

and user B, uAC and vAC are two order-2 symbols desired by user A and user C,

while uBC and vBC are two order-2 symbols desired by user B and user C. The

transmission flow in phase 2, i.e., slot 7 to 9, is shown in Table 1.3. As shown,

each slot is dedicated to deliver order-2 symbols desired by a certain pair of users.

Then, if the overheard interference L21(uAB,vAB) at user C is provided to user A

and user B, both user A and user B will have enough number of linear combinations

of their desired order-2 symbols, i.e., uAB and vAB. Similarly, the overheard inter-

ference L23(uAC ,vAC) is considered as a useful signal for user A and user C, and

L25(uBC ,vBC) is a useful signal for user B and user C. Let us define two linearly

independent combinations of L21(uAB,vAB), L23(uAC ,vAC) and L25(uBC ,vBC):

uABC,α1L21(uAB,vAB)+α2L23(uAC ,vAC)+α3L25(uBC ,vBC), (1.8)

vABC,β1L21(uAB,vAB)+β2L23(uAC ,vAC)+β3L25(uBC ,vBC). (1.9)
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If uABC and vABC are delivered to user A, then together with its obtained observa-

tion L25(uBC ,vBC), user A is able to extract L21(uAB,vAB) and L23(uAC ,vAC). In

this way, together with L19(uAB,vAB) and L22(uAC ,vAC), user A has enough linear

observations to obtain uAB, vAB, uAC and vAC . We have similar situations for user

B and user C. Hence, uABC and vABC are called order-3 symbols as they are de-

sired by all the three users. In phase 3, i.e., slot 10 and 11, the transmitter simply

multicasts uABC and vABC , respectively. As a consequence, totally 18 symbols are

delivered in 11 slots, yielding the sum DoF 18
11

, which is greater than 3
2

achieved by

delivering one order-2 symbol per slot.

In theK-user MISO BC where the transmitter hasK antennas, the proposed RIA

with centralized overheard interference retransmission consists of K phases. In a

certain slot of a certain phasem, the transmitter delivers order-m symbols to a certain

subset of m users, while the other K−m users overhear the interference. After

processing the transmission for all the possible subsets of m users, the overheard

interference at various users are employed to generate order-(m+1) symbols, which

are to be delivered in phase m+1. This procedure stops in phase K, where order-K

symbols are transmitted and no user overhears interference. The resultant sum DoF

is K
1+ 1

2
+···+ 1

K

.

Remarkably, although the whole transmission duration is time-consuming, the

K-phase RIA with centralized overheard interference retransmission achieves the

optimal sum DoF in the K-user MISO BC with perfect delayed CSIT [33]. This is

because the philosophy of overheard interference retransmission is applied not only

for the interference generated by the private messages, but also for the interference

generated by the higher-order symbols (with order greater than or equal to 2). This

procedure fully exploits the perfect delayed CSIT and employs every overheard in-

terference as a useful signal so as to boost the DoF performance.
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1.2.2.3 Other Works on Broadcast Channel with Delayed CSIT

An alternative MAT scheme was also proposed in [33, 28] for the two-user MISO

BC, which differs MAT scheme by the way the overheard interference is generated

and retransmitted. The diversity achieved in the two-user MISO BC with perfect de-

layed CSIT was studied in [34], while the diversity-multiplexing trade-off achieved

by the MAT and alternative MAT schemes were reported in [35]. Sum rate max-

imization of the two-user and three-user MAT scheme was studied in [36]. In the

two-user BC with mixture of perfect delayed CSIT and imperfect current CSIT, lit-

eratures [28, 37] and [38] investigated the optimal DoF region of under the MISO

and MIMO setting, respectively. Similarly, in the two-user MISO BC with a mixture

of perfect delayed CSIT and statistic CSIT, literature [39] studied the achievable

sum rate by integrating alternative MAT with statistical beamforming. Moreover,

literature [40] and [41] respectively studied the DoF region of two-user and K-user

MISO BC where there is a hybrid of perfect CSIT, delayed CSIT and no CSIT. In

[32, 42, 43, 44, 45], the DoF region of two-user BC with a mixture of imperfect

delayed CSIT and imperfect current CSIT is investigated.

1.2.2.4 RIA in Interference Channel

The application of two-user MAT and alternative MAT scheme in the two-user MISO

IC was studied in [46] and [30], respectively. Later on, the scheme was extended to

the two-user MIMO IC with asymmetric antenna setting [38], and was shown achiev-

ing the optimal DoF region [47, 38]. However, the K-user MAT scheme (K≥3)

designed for MISO BC is not applicable to the K-user MISO IC. This is because

each transmitter only has access to the message intended for its corresponding user,

so that each transmitter cannot reconstruct the whole interference at a single user

when the interference originates from more than one interferer (please see the defi-

nition of uABC in (1.8) and vABC in (1.9), where the pieces of overheard interference
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L21(uAB,vAB), L23(uAC ,vAC) and L25(uBC ,vBC) are made up of messages intended

for two users). This fact prevents the K-phase centralized overheard interference

retransmission (especially in phase m, m≥3) from being employed in the K-user

MISO IC.

Due to this fact, literature [48, Theorem 5] and [46] proposed two two-phase

schemes for the K-user IC by delivering one order-2 symbol per slot in phase 2.

Their achievable sum DoF are K2

K2−K+1
and 2K

K+1
, approaching 1 and 2 when K→∞,

respectively. Focusing on a three-user SISO IC, literature [49] proposed another two-

phase RIA approach that does not rely on overheard interference retransmission.

In this scheme, after delivering all the private symbols in phase 1, the precoders

employed in the second phase are chosen to force all the interference symbols into

the subspace created in phase 1. Then, the desired symbols can be decoded free of

interference using the remaining linear space. The resultant sum DoF in the 3-user

SISO IC is 9
8
. Later on, this scheme was extended to the K-user SISO IC in [50] and

the achievable sum DoF is K2

K2−1
, which approaches to 1 when K→∞.

More importantly, a breakthrough was made by Abdoli et al in [51] focusing on

the K-user SISO IC. The authors proposed a distributed higher order symbol gener-

ation (to be introduced in chapter 5), which makes it possible to perform a K-phase

RIA scheme with distributed overheard interference retransmission in the K-user

SISO IC. Besides, since each transmitter has a single-antenna in the SISO case, the

overheard interference at various victim users provides no more linearly independent

observation of the desired symbols at the intended users, and thus cannot be directly

employed to create future transmission as in the MISO case. To address this issue,

Abdoli’s scheme conducted a redundancy transmission (RT) in each phase and per-

formed a partial interference nulling (PIN) to the overheard interference at various

users, which generates useful signals to be retransmitted in the next phase. In the

3-user case, the sum DoF is 36
31

, outperforming 9
8

achieved in [49].
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Recent works [52] attempted to generalize Abdoli’s scheme to theK-user MIMO

IC where there are M antennas at each transmitter and N antennas at each user.

However, in the three-user case with M≥N , their scheme achieves the sum DoF

36
31
N . This reveals a wasteful use of the transmit antennas as the sum DoF 36

31
N

is achievable by simply employing N transmit antennas. Besides, in the K-user

case (K>3), rather than employing a K-phase transmission, the authors apply the

3-phase scheme designed for the 3-user case by performing a transmitter-user pair

scheduling. Besides, the generalizations of the two-phase schemes proposed in [49,

46] to the MIMO IC were also included in [53, 52].

1.2.2.5 Objectives

As we can see from the prior art, the K-phase RIA framework proposed in [51] has

only been properly employed in theK-user SISO IC thus far. In this thesis, we focus

on the (M,N,K) MIMO IC where there areK users, M antennas at each transmitter

and N antennas at each user. Considering the most realistic scenario where the

transmitter has more antennas than the users, i.e., M≥N , we aim to address the

following open problems related to RIA.

(i) Whether or not is the K-phase RIA framework proposed in [51] applicable to

the (M,N,K) IC with M≥N?

(ii) How the multiple antennas at the transmitters and users can be properly ex-

ploited to perform overheard interference retransmission in each phase?

1.3 Problem Formulation

In this section, we state the system model of the single-cell and multi-cell considered

in this thesis and present the necessary assumptions on the imperfect current CSIT

and perfect delayed CSIT.
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1.3.1 K-user BC and K-user IC

In this thesis, the downlink single-cell scenario is modeled as a K-user BC, where

a transmitter communicates with K users, while the downlink multi-cell scenario

is considered as a K-user (or termed as K-cell) IC, where there are K transmitter-

user pairs. Denoting the number of antennas at the transmitter (resp. transmitter

k, k=1,· · ·,K) by M (resp. Mk), and the number of antennas at user k by Nk, the

received signals write as

BC: yk(t)=HH
k (t)s(t)+nk(t),∀k=1,· · ·,K; (1.10)

IC: yk(t)=
K∑
j=1

gkjH
H
kj(t)sj(t)+nk(t), ∀k=1,· · ·,K (1.11)

where t is the index of time slot, and the definition of other variables are introduced

below.

s(t)∈CM×1 and sj(t)∈CMj×1 are the signals sent out by the transmitter in BC and

transmitter j in IC, respectively; nk(t)∈CNk×1 refers to the complex AWGN vector

at user k. Besides, the transmitted signals are subject to the power constraint P ,

i.e., E[‖s(t)‖2]≤P and E[‖sj(t)‖2]≤P , and the entries of nk(t) are assumed to be

i.i.d Gaussian random variables with zero mean and unit variance. Therefore, P is

referred as the SNR throughout the thesis.

Moreover, Hk(t)∈CM×Nk and Hkj(t)∈CMj×Nk refer to the channel matrix be-

tween user k and the transmitter in BC, and the channel matrix between user k and

transmitter j in IC, respectively. The assumption of the fading process on the channel

matrices are described below.

Assumption 1.1. In this thesis, we consider that the channel matrices are drawn from

a continuous distribution. Besides, in each time slot, it is assumed that the channel

matrices are full rank with probability 1, and the expectation of the Frobenius norm
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of the channel matrices is bounded away from 0 and infinity, i.e.,

0<E
[
‖ Hk(t) ‖2

F

]
<∞, 0<E

[
‖ Hkj(t) ‖2

F

]
<∞. (1.12)

This assumption follows the classical assumption made in [28, 38, 45, 42, 43, 29,

54]. It allows us to preclude the compound setting [55], where the channel matrices

are drawn from a finite set. As we are looking at DoF as a figure of merit for most

part of the thesis, the distribution of the fading process does not impact the result.

The only exception is in Section 2.3 where we perform a rate analysis of the RS and

RS-ST scheme under the assumption of i.i.d Rayleigh fading. Besides, we consider

that the channel matrices are i.i.d across the links, and we do not restrict the channel

matrices to be correlated or uncorrelated across time slots, as the proposed schemes

are applicable to both cases.

Furthermore, in IC, gkj∈{0,1}, ∀k,j∈1,· · ·,K, is a binary variable. When gkj=1,

it means that transmitter j is connected to user k. When gkj=0, it means that the

signal sent out by transmitter j is drowned into the noise at user k due to the path

loss. For convenience, let us use G,{gkj}∀k,j=1,···,K to denote the network topol-

ogy. For most part of this thesis, we consider gkj=1, ∀k,j=1,· · ·,K. This indicates

a fully connected network where the interference-to-noise-ratio (INR) is equal to

SNR. The only exception is in Section 3.3, where we consider gkj=1, if and only if

j=(k−1)modK,k,(k+1)modK. This corresponds to a homogeneous cellular net-

work where user k is only connected to three dominant transmitters [31], i.e., its

serving transmitter and two nearest interfering transmitters. Note that a cyclic set-

ting is assumed such that user 1 is connected to transmitter K, 1 and 2, while user K

is connected to transmitter K−1, K and 1.

In this thesis, the discussion on the system performance is carried out by consid-

ering there is either imperfect current CSIT or perfect delayed CSIT. Their assump-
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tions are sketched below.

1.3.2 Imperfect Current CSIT

As mentioned in Section 1.1, in BC, the transmitter acquires the CSI via uplink-

downlink reciprocity in TDD and user feedback in FDD. In IC, after the same pro-

cedure as in BC, the CSI has to be shared among the transmitters in order to perform

transmitter coordination. If the transmitters employ the obtained CSI as the current

CSI, there is a difference between the actual current CSI and the obtained CSIT

due to the channel estimation error, channel quantization error and the Doppler ef-

fect caused by the latency incurred in the feedback link and backhaul link. Let us

formulate the channel matrices in BC and IC as

Hk(t)=Ĥk(t)+H̃k(t), Hkj(t)=Ĥkj(t)+H̃kj(t),for gkj=1, (1.13)

respectively, where Ĥk(t) and Ĥkj(t) represent the imperfect CSI obtained by the

transmitters, while H̃k(t) and H̃kj(t) refer to the error matrices.

When DoF is considered as a figure of merit, we introduce the following assump-

tion on the imperfect CSIT and its quality.

Assumption 1.2. The distribution of H̃k conditioned on Ĥk, and the distribution of

H̃kj conditioned on Ĥkj exist and are continuous. The qualities of the imperfect

CSIT, denoted by ak(t) in BC and akj(t) in IC, are defined as

BC: ak(t), lim
P→∞

−
log2E

[
|hHk,i(t)vk(t)|2

]
log2P

, (1.14)

IC: akj(t), lim
P→∞

−
log2E

[
|hHkj,i(t)vkj(t)|2

]
log2P

, j 6=k,gkj=1, (1.15)

where hk,i(t) and hkj,i(t) are the ith column of Hk and Hkj , respectively, while vk(t)

and vkj(t)) are unit norm vectors in the null space of Ĥk(t) and Ĥkj(t), respectively.
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This assumption follows the classical assumptions on the imperfect CSIT made

in [28, 37, 38, 30, 45, 42, 21]. The quantities |hHk,i(t)vk(t)|2 and |hHkj,i(t)vkj(t)|2

represent the strengths of the residual interference after ZFBF with imperfect CSIT.

The expectation is taken over both the imperfect CSIT and the actual channel vector.

This expression is equivalent to

BC: E
[
|hHk,i(t)vk(t)|2

]
=O(P−ak(t)), (1.16)

IC: E
[
|hHkj,i(t)vkj(t)|2

]
=O(P−akj(t)),for gkj=1, (1.17)

when P→∞. It is noted that, in Section 3.3, the CSIT quality of the link with gkj=0

is not defined, as the strength of the signal sent by transmitter j is drowned into the

noise at user k even without performing ZFBF.

In particular, ak(t) and akj(t) can be written in terms of the normalized Doppler

frequency in systems where CSIT is somehow outdated, where smaller values of

ak(t) and akj(t) correspond to higher Doppler frequencies (which means that there

is a greater difference between the actual CSI and the obtained CSIT). Alternatively,

ak(t) and akj(t) can be interpreted as a function of the number of quantization (feed-

back) bits employed in FDD mode.

Let us consider Random Vector Quantization (RVQ) is employed in a MISO BC.

To avoid reporting the same codeword, each user shares a user-specific codebook

with the transmitter. Let us employ Vk(t),{vk,1(t),vk,2(t),· · ·,v
k,2

Bk(t) (t)} to de-

note the codebook used by user k in slot t, where the codewords are independent of

each other and are isotropically distributed in the M -dimensional unit sphere. The

quantized CSIT is obtained as

ĥk(t)= arg min
vk,i(t)∈Vk(t)

sin2 ∠(hk(t),vk,i(t)). (1.18)

Afterwards, the index of the chosen codeword is quantized by user k usingBk(t) bits
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and reported to the transmitter. According to [18, 56], the expectation of the residual

interference after ZFBF with quantized CSIT is

Ehk(t),Vk(t)

[
|h̄Hk (t)pk(t)|2

]
<

1

M−1
2
−Bk(t)

M−1 , (1.19)

where h̄k(t),
hk(t)
‖hk(t)‖ refers to the direction of the channel vector. Therefore, the

quantized CSIT via RVQ is said to have quality ak(t), if the number of feedback bits

scales with SNR as Bk(t)=ak(t)×(M−1)log2P+O(1).

When we have ak(t)≥1 in BC and akj(t)≥1 in IC, it is equivalent to having

perfect CSIT because the interference can be forced into the noise level; when we

have ak(t)=0 in BC and akj(t)=0 in IC, it can be interpreted as a scenario with non-

scaling number of feedback bits where rate performance achieved by conventional

ZFBF saturates at high SNR [18]. Hence, in this thesis, we only focus on the case

ak(t)∈[0,1] and akj(t)∈[0,1].

In the rate splitting approaches and its advanced schemes designed for BC and

IC with imperfect CSIT, we consider that each user’s message is generally split into

N parts, i.e.,Wk,{w1
k,w

2
k, · · · ,wNk }, where w1

k is the private message to be decoded

by user k only, while wik,i≥2 is a common message to be decoded by a group of

users Ri
k. In BC, the transmitter has the messages intended for all users, while in

IC, each transmitter only has the message intended for its corresponding user. With

imperfect local CSIT, the knowledge of network topology G, and the CSIT qualities

ak(t) and akj(t), the encoding functions in BC and IC can be expressed as

BC: s(t)=f
(
{W}k=1,···,K ,{Ĥk(t)}k=1,···,K ,{ak(t)}k=1,···,K

)
, (1.20)

IC: sk(t)=f
(
Wk,{Ĥjk(t)}j=1,···,K ,G,{ajk(t)}k,j=1,···,K,k 6=j,gjk=1

)
. (1.21)

At the receiver side, we consider that there is perfect local CSIR, namely user

k perfectly knows the effective channels, i.e., the multiplication of the precoders



1.3. Problem Formulation 22

and the channel matrices/vectors, so as to decode the desired signal. Let Ri
k denote

the rate of message wik. A rate tuple
(
{R1

k}k∈K, · · · ,{RN
k }k∈K

)
is said achievable if

private message w1
k is decoded by user k, and common message wik,i≥2 is decoded

by the group of usersRi
k, with arbitrary small error probability. Then, the achievable

DoF of a certain message wik is defined as dik, lim
P→∞

Rik
log2P

. The achievable DoF of

user k is computed by dk=
∑N

i=1 d
i
k.

1.3.3 Perfect Delayed CSIT

As mentioned in Section 1.2.2, when the latency incurred in the feedback link and

backhaul link is large, the CSI acquired by the transmitters is relative out-dated com-

pared to the current CSIT. In this case, rather than employing the delayed CSIT as

current CSIT, a wiser choice is to employ the delayed CSIT to obtain information

about the multi-user interference occurred in the previous slots. To investigate the

usefulness of delayed CSIT, we consider infinite rate feedback and backhaul links,

which lead a perfect delayed CSIT. Besides, as the latency in the IC is more severe

than the latency in BC because of the CSIT sharing procedure, we only focus on the

IC case. The assumptions on the perfect delayed CSIT is described below.

Assumption 1.3. In IC, the transmitters are assumed to acquire the global CSI with

one-slot delay. Specifically, at the beginning of a certain time slot t, transmitter

k perfectly knows Hjk(1),· · ·,Hjk(t−1),∀j,k=1,· · ·,K, while each user perfectly

knows Hjk(1),· · ·,Hjk(t),∀j,k=1,· · ·,K. However, at the end of slot t, transmitter k

obtains Hjk(t),∀j,k=1,· · ·,K as well.

Let us consider that a transmitter k only has a private message, i.e., w[k], to be

delivered to user k. With the perfect delayed global CSIT, the encoding function of

the transmitted signals can be expressed as

sk(t)=f (w[k],{Hkj(1:t−1)}k,j=1,···,K) , (1.22)
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where the network topology G is ignored as we consider a fully connected network

when studying perfect delayed CSIT. Then, the rate R[k] is achievable if user k de-

codes w[k] with arbitrary small error probability as the codeword length approaches

infinity. Consequently, the achievable DoF of a user k is defined as dk, lim
P→∞

R[k]
log2P

.

1.4 Summary of Contributions

We here study the open problems stated in Section 1.2.1.3 and Section 1.2.2.5. The

organizations of the rest of the thesis and the contributions of each chapter are sum-

marized as follows.

In chapter 2, we consider a K-user MISO BC with imperfect CSIT, and the

number of antennas at the transmitter is larger than the number of users, i.e., M≥K.

The contributions are five-fold:

(i) In the K-user MISO BC with imperfect CSIT whose qualities vary across the

users, but not vary over time, we characterize the achievable DoF region by RS

with an arbitrary power allocation.

(ii) In the K-user MISO BC with time-varying CSIT qualities, we propose an RS-

ST scheme by transmitting multiple space-time common messages across the

time slots where the K users take turns to have the greatest CSIT quality. In

the two-user case, the achievable DoF region by RS-ST is a function of the

minimum average CSIT qualities of the two users. In the case with more than

two users, we derive an achievable sum DoF by RS-ST and quantify the gain

over the sum DoF achieved by performing RS in each slot.

(iii) We study the ergodic sum rate performance achieved by RS scheme focusing

on the two-user MISO BC with the presence of quantized CSIT (not vary-

ing over time). We derive an upper-bound of the sum rate loss incurred by

RS relative to ZFBF with perfect CSIT. When the number of feedback bits
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does not change with SNR, the upper-bound indicates that a b-bit increase of

the feedback overhead leads to a 3b
M−1

dB SNR improvement of the sum-rate

performance at high SNR. This gain is higher than that obtained by single-

user transmission, i.e., TDMA, and contrasts with that of ZFBF with quantized

CSIT, where the sum rate saturates at high SNR. To achieve a maximum al-

lowable rate loss relative to ZFBF with perfect CSIT, equal to log2δ bps/Hz,

we show that the overhead reduction enabled by RS compared to ZFBF with

quantized CSIT scales as (M−1)log2

δ
2e

+ e
2
−1√

δ−1
at high SNR.

(iv) We also study the ergodic sum rate performance achieved by RS-ST scheme

focusing on the two-user scenario with alternating user-specific feedback qual-

ities. We derive an upper-bound on the sum rate loss incurred by the RS-ST

scheme relative to ZFBF with perfect CSIT. Letting τ denote the difference be-

tween the feedback bits employed by the two users in each slot, we show that

RS-ST scheme offers 3( τ
2(M−1)

−2) dB SNR gain over RS scheme for large

value of τ . Besides, we show that compared to RS, performing RS-ST yields a

feedback overhead reduction that scales as τ
2
−2(M−1) for large value of τ .

(v) Through simulation, we highlight that RS and RS-ST schemes provide a sig-

nificant SNR gain over the conventional (as used in LTE-A) SU/MU at high

SNR when there is a fixed number of feedback bits.

In chapter 3, we switch our attention to the K-user MISO IC where each inter-

ference link has a particular CSIT quality (not varying over time), and the number of

antennas at each transmitter is, i.e., Mk=M , k=1,· · ·,K, and M is sufficiently large,

i.e., M≥K. The main contributions are four-fold.

(i) We characterize the achievable DoF region by RS with an arbitrary power al-

location.

(ii) We propose a novel scheme, so called Topological RS (TRS), whose novelties

compared to RS lie in a multi-layer structure and transmitting multiple common
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messages to be decoded by groups of users rather than all users. We show that

the DoF region achieved by TRS covers that achieved by RS. The design of

TRS is motivated by a novel interpretation of the K-cell IC with imperfect

CSIT as a weighted-sum of a series of partially connected networks.

(iii) We study the sum DoF achieved by TRS by looking at the partially connected

networks generated via weighted-sum interpretation. Using graph theory method-

ologies, the packing and the fractional packing of a hypergraph, we propose

two common message groupcasting methods1, so called orthogonal groupcast-

ing and maximal groupcasting, respectively. The latter method yields the max-

imal sum DoF in each partially connected network, thus giving the maximal

sum DoF achieved by TRS. This sum DoF result is no less than that achieved

by RS and ZFBF with power control.

(iv) We design TRS scheme for a realistic scenario where each user is connected

to three dominant transmitters, and identify the sufficient condition where TRS

strictly outperforms conventional ZFBF with power control.

In chapter 4, we design RS approaches for two-user MIMO BC and IC where

there is an arbitrary number of antennas at each transmitter and each user. The CSIT

quailties are assumed not varying over time. Using the system model defined in Sec-

tion 1.3.1, these two scenarios can be denoted by a two-user (M,N1,N2) MIMO BC

and a two-user (M1,M2,N1,N2) MIMO IC. Without loss of generality, we consider

N1≤N2. The contributions are three-fold.

(i) In the two-user (M,N1,N2) MIMO BC, the RS transmission block should be

designed to fully exploit the spatial dimension at the user with a larger number

of antennas. We also find that the sum DoF is maximized with a Space-Time

transmission and unequal power allocation for the private messages.

(ii) In the two-user (M1,M2,N1,N2) MIMO IC, we design the RS transmission

1When a common message is to be decoded by a subset of all users, it is referred as a common
message groupcasting.
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block motivated by a row transformation to the channel matrices. Such an

operation allows us to identify the signal space where the transmitted signals

interfere with each other, so as to derive a proper power allocation policy.

(iii) We characterize an achievable DoF for these two scenarios using the proposed

RS approaches. Their optimality can be verified when M≤N2 in BC and when

N1≤M2≤N2 and M1≥N1 in IC.

In chapter 5, we consider a K-user MIMO IC where each transmitter has M

antennas and each user has N antennas and M≥N . We denote this scenario by

(M,N,K) IC for convenience. With perfect delayed global CSIT, we propose K-

phase RIA schemes based on the distributed overheard interference retransmission.

The main contributions are three-fold.

(i) Considering a (K,1,K) MISO IC, we design a K-phase RIA with the dis-

tributed overheard interference retransmission by integrating the key feature of

the MAT scheme, where the overheard interference at various user are directly

employed as useful signals.

(ii) For the (M,N,K) MIMO IC with 1≤M
N
≤K, we propose two K-phase RIA

schemes. The first scheme generalizes the scheme designed for the (K,1,, K)

IC by properly exploiting the multiple antennas at each user. The second

scheme generalizes the key features of the scheme proposed for the K-user

SISO IC, i.e., redundancy transmission and partial interference nulling, by

properly exploiting the multiple antennas at each transmitter.

(iii) In the schemes designed for both MISO case and MIMO case, we consider

that there are a certain subset of n (out of K) active transmitters in each slot of

phase 1 delivering private symbols to their corresponding users, i.e., so-called

n-transmitter/n-user scheduling. We obtain the achievable sum DoF by 1) tak-

ing the maximum of the sum DoF achieved by the two schemes, and 2) finding

the optimal number of co-scheduled transmitters. Numerical results show that
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our scheme significantly outperforms all the previously known results. Besides,

in the (K,1,K) MISO IC, the achievable sum DoF tends to 64
15

when K→∞.



CHAPTER 2

MISO Broadcast Channel with

Imperfect CSIT

In this chapter, we consider a single-cell scenario, i.e., a broadcast channel, where

there is one transmitter communicating with K users. It is assumed that each user

has a single antenna, while there is a sufficient number of antennas at the transmitter,

i.e., M≥K. In this case, when there is perfect CSIT, each user gets one DoF by

performing interference mitigation techniques at the transmitter side, such as ZFBF.

When there is imperfect CSIT, the DoF performance degrades significantly by per-

forming conventional ZFBF. In this chapter, our objective is to understand how to

enhance DoF/sum rate performance in the K-user MISO BC with the presence of

imperfect CSIT. Focusing on the imperfect CSIT modeled in Section 1.3.2, the main

work is summarized below.

(i) For the case where the CSIT quality ak(t) varies across users, but does not

change with time, we design a general RS approach with arbitrary power allo-

cation and derive its achievable DoF region.

(ii) For the case where the CSIT quality ak(t) varies across both users and time-

line, we design a Space-Time RS approach and derive the achievable DoF re-

gion for the two-user case and sum DoF for the K-user case.

(iii) Considering that the imperfect CSIT is obtained via RVQ, we perform an anal-

ysis on the sum rate achieved by the two-user RS and two-user RS-ST. We

show the sum rate enhancement and overhead reduction offered by RS com-
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pared to ZFBF, and show the sum rate enhancement and overhead reduction

offered by RS-ST compared to RS in the scenario with alternating feedback

qualities.

2.1 DoF Region Achieved by Rate-Splitting in the K-

user MISO Broadcast Channel

In this section, we consider a K-user MISO BC, where the CSIT of each user has a

particular quality of imperfectness and the CSIT quality does not change with time.

For convenience, we drop the time index t, and introduce K,{1,· · · ,K} to denote

the set of users. Our objective it to identify the DoF gain offered by RS compared to

ZFBF with power control in the general K-user case.

As a preliminary, we firstly revisit the DoF region achieved by ZFBF with power

control. The transmitter delivers private messages {wk}k∈K to their intended users

using power Pk, where
∑K

k=1 Pk=P , along ZF-precoders pk⊆ span({ĥ⊥j }∀j∈K\k).

Since we are looking at DoF as a figure of merit, we interpret Pk as P rk , which

is its first order approximation when P→∞. The signal received by user k can be

expressed as

yk= hHk pkwk︸ ︷︷ ︸
P rk

+
∑
j∈K\k

hHk pjwj︸ ︷︷ ︸
P rj−ak

+ nk︸︷︷︸
P 0

. (2.1)

By treating the undesired private messages as noise, the DoF achieved by each pri-

vate message writes as

dk≤
(
rk− max

j:j∈K\k
(rj−ak)+

)+

,∀k∈K. (2.2)

When all the undesired private messages are allocated with power exponent rj≤ak,

∀j∈K\k, the interference terms in (2.1) are drowned into the noise and user k gets
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a DoF dk=rk (see the two-user example discussed in Section 1.2.1.1). When there

are some undesired private messages allocated with power rj>ak, the DoF of user

k is impacted by the interference. As we are considering DoF as a figure of merit,

the DoF of user k is dominated by the greatest interference, whose received power

is maxj:j∈K\k rj−ak. Moreover, when the desired private message wk is drowned by

the greatest interference, user k gets a zero DoF, i.e., dk=0. Note that when dk=0,

the rate achieved bywk is positive, but remains a constant as the SNR goes to infinity.

The expression (2.2) specifies the DoF region achieved by ZFBF with power al-

location policy r,(r1, · · · ,rK). The DoF region achieved by ZFBF with power con-

trol, denoted by DZF,BC , is the union of DoF regions achieved with all the possible

power allocation r where rk≤1,∀k∈K.

Note that the expression in (2.2) is equivalent to the DoF tuple achieved by treat-

ing interference as noise in an interference channel where there is a unit gain of the

link between transmitter k and user k, while the gain of the link between transmitter

j, ∀j∈K\k, and user k is P−ak [57]. Hence, applying [57, Theorem 5], a concise

expression of DZF,BC by eliminating the variables rk is given by

DZF,BC=
⋃
∀U⊆K

DZF,BC(U), (2.3)

where DZF,BC(U) is defined as

DZF,BC(U)= {(d1, · · · ,dK):dk=0,∀k∈K\U ;0≤dk≤1,∀k∈U ,
m∑
l=1

dil≤
m∑
l=1

ail ,∀(i1, · · · ,im)⊆U

}
. (2.4)

Note that DZF,BC(U) is the DoF region achieved by setting

rk≤0,k∈K\U ; rk− max
j:j∈K\k

(rj−ak)+≥0,k∈U . (2.5)
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(a) Transmission block generation

(b) Decoding procedure

Figure 2.1: RS scheme designed for K-user MISO BC with scheduled user set S.

Now, we propose a generalized framework of RS by considering that a subset of

users, denoted by S⊆K, are active, while others are made silent. This allows us to

obtain an achievable DoF region of the considered MISO BC by taking the union

of all the possible subsets of users. The transmission block is generated following

the block diagram illustrated in Figure 2.1(a). Specifically, the messages intended

for each active user is split into a common part, denoted by wck, and a private part,

denoted bywpk. The private messagewpk is decoded by user k only, while the common

messages wck are jointly encoded into a super common message, denoted by c, which

is to be decoded by all users. The transmitted signal is expressed as

s= pcc︸︷︷︸
P−

∑
k∈S Pk

+
∑
k∈S

pkw
p
k︸ ︷︷ ︸

Pk

, (2.6)

where pk∈ span({ĥ⊥j }∀j∈S\k) is the ZF-precoder, while pc is a random beamformer

designed for the common message c. As we are looking at DoF as a figure of merit,

we consider that the power allocated to the private messages is Pk∼P rk , and the
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power allocated to the common message1 is P−
∑

k∈S Pk∼P .

In this way, the received signal can be written as

yk= hHk pcc︸ ︷︷ ︸
P

+ hHk pkw
p
k︸ ︷︷ ︸

P rk

+
∑
j∈S\k

hHk pjw
p
j︸ ︷︷ ︸

P rj−ak

+ nk︸︷︷︸
P 0

. (2.7)

The decoding procedure is illustrated in Figure 2.1(b). As shown, each user firstly

decodes the super common message c, and secondly recovers the desired private

message after removing c using SIC. Then, the DoF tuple achieved by the private

messages and the common messages, denoted by (dp1,· · ·d
p
K) and (dc1,· · ·dcK) respec-

tively, are such that

∑
k∈S

dck=d
c≤1−max

j∈S
rj, dpk≤

(
rk− max

j:j∈S\k
(rj−ak)+

)+

,∀k∈S;

dcj=d
p
j=0,∀j∈K\S. (2.8)

Note that since all the common messages {wck}∀k∈S are encoded into c, the DoF of

the super common message, dc, is actually the sum of the DoF achieved by the com-

mon messages {wck}∀k∈S . This leads to the inequality
∑

k∈S d
c
k=d

c≤1−maxj∈S rj .

The achievable DoF region by RS with active user set S and power allocation pol-

icy r, denoted byDRS,BC(S,r), is the set of all DoF tuple (d1, · · · ,dK)=(dc1, · · · ,dcK)+

(dp1, · · · ,d
p
K), for which (2.8) holds. Then, the DoF region achieved by RS is resulted

by the union of the DoF regions achieved with all possible subsets S and power al-

location policy r, i.e., DRS,BC,
⋃
∀S⊆K,∀rDRS,BC(S,r). Absorbing the variables S

and r, the following proposition settles DRS,BC .

Proposition 2.1. In a K-user MISO BC with CSIT qualities 0≤ak≤1, ∀k∈K, the

1When
∑
k∈S Pk=P , the common message c is not transmitted and the DoF of the common

message is 0. However, the approximation P−
∑
k∈S Pk∼P does not impact the DoF performance

in this case. This is because when
∑
k∈S Pk=P , there exist some Pk which are approximated by

Pk∼P . Then, when decoded by treating the private messages as noise, the super common message
achieves a zero DoF.
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DoF region achieved by RS is

DRS,BC=
⋃
∀U⊆K

DRS,BC(U), (2.9)

where DRS,BC(U) is the set of (d1, · · · ,dK)=(dc1, · · · ,dcK)+(dp1, · · · ,d
p
K) such that

dpk=0,∀k∈K\U ; 0≤dpk≤1,∀k∈U ;
m∑
l=1

dpil≤
m∑
l=1

ail ,∀(i1, · · · ,im)⊆U ;

0≤dck≤1,∀k∈K;0≤dpk+
∑
j∈K

dcj≤1,∀k∈U ;

∑
j∈K

dcj+
m∑
l=1

dpil≤1+ min
j=1,···,m

m∑
l=1,l 6=j

ail ,∀(i1, · · · ,im)⊆U . (2.10)

Proof. see Appendix A.

Note that the DoF region DRS,BC(U) is obtained by scheduling all the users and

choosing the following power allocation policy in (2.5).

To better understand the DoF region achieved by RS and ZFBF with power con-

trol, let us look at a three-user example with a1=0.3, a2=0.5 and a3=0.7. For con-

venience, let us write dc=
∑3

k=1 d
c
k. For U={1,2,3}, {2,3}, {1,3}, {1,2}, {3}, {2}

and {1}, the corresponding DRS,BC(U) are given by

DRS,BC({1,2,3})= {0≤dck≤1,0≤dpk≤1,0≤dpk+d
c≤1,∀k∈{1,2,3},

dp1+dp2≤0.8,dp1+dp2+dc≤1.3,dp1+dp3≤1,dp1+dp3+dc≤1.3,

dp2+dp3≤1.2,dp2+dp3+dc≤1.5,dp1+dp2+dp3≤1.5,

dp1+dp2+dp3+dc≤1.8} , (2.11)

DRS,BC({2,3})= {dp1=0,0≤dck≤1,∀k∈{1,2,3},0≤dpk≤1,0≤dpk+d
c≤1,∀k∈{2,3},

dp2+dp3≤1.2,dp2+dp3+dc≤1.5} , (2.12)
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DRS,BC({1,3})= {dp2=0,0≤dck≤1,∀k∈{1,2,3},0≤dpk≤1,0≤dpk+d
c≤1,∀k∈{1,3},

dp1+dp3≤1,dp1+dp3+dc≤1.3} , (2.13)

DRS,BC({1,2})= {dp3=0,0≤dck≤1,∀k∈{1,2,3},0≤dpk≤1,0≤dpk+d
c≤1,∀k∈{1,2},

dp1+dp2≤0.8,dp1+dp2+dc≤1.3} , (2.14)

DRS,BC({3})= {dp1=dp2=0,0≤dck≤1,∀k∈{1,2,3},0≤dp3≤1,0≤dp3+dc≤1} , (2.15)

DRS,BC({2})= {dp1=dp3=0,0≤dck≤1,∀k={1,2,3},0≤dp2≤1,0≤dp2+dc≤1} , (2.16)

DRS,BC({1})= {dp2=dp3=0,0≤dck≤1,∀k∈{1,2,3},0≤dp1≤1,0≤dp1+dc≤1} , (2.17)

respectively. The DoF region achieved by ZFBF with power control can be obtained

by removing the inequalities of dc. According to (2.11), the maximal sum DoF

achieved by ZFBF with power control is 1.5, while the maximal sum DoF achieved

by RS is 1.8.

Remark 2.1. It can be verified that by taking dck=0, ∀k∈K, the DoF region DRS,BC

achieved by RS collapses to the DoF region DZF,BC achieved by ZFBF with power

control. This fact implies that DZF,BC⊆DRS,BC .

Remark 2.2. From a sum DoF perspective, it can be shown that the maximum sum

DoF achieved by RS is 1+
∑K−1

k=1 aπ(k), where π sorts {ak}k∈K in an ascending order,

i.e., aπ(1)≤· · ·≤aπ(K). This sum DoF result can be achieved by an even power allo-

cation policy, i.e., r1=· · ·=rK=aπ(K−1) or r1=· · ·=rK=aπ(K). According to (2.4),

the maximum sum DoF achieved via ZFBF with power control is
∑K

k=1 aπ(K), which

can be obtained by setting r1=· · ·=rK=1 or r1=· · ·=rK=aπ(K). This fact reveals

the benefit of multicasting a common message using the remaining power on the

sum DoF enhancement. However, the result also shows that when there is (at least)

one user has an accurate CSIT with quality aπ(K)=1, performing ZFBF suffices to

achieve the same sum DoF as RS.
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Remark 2.3. In the two-user case with CSIT quality a1 for user 1 and a2 for user 2,

using Proposition 2.1, it can be verified that the DoF region is characterized by the

sum DoF constraint d1+d2≤1+ min{a1,a2}. Specifically, with even power alloca-

tion policy r1=r2= min{a1,a2}, the DoF achieved by the super common message is

1−min{a1,a2}, while each private message gets the DoF min{a1,a2}. Considering

that the super common message only carries information intended for user 1 (resp.

user 2), the corner point (1,min{a1,a2}) (resp. (min{a1,a2},1)) is achievable. An

example with a1=a2=α is illustrated in Figure 1.1.

2.2 Space-Time Rate-Splitting Designed for MISO BC

with Time-varying CSIT Qualities

As mentioned in the introduction, the feedback of CSI is user-specific and may only

be performed on a subset of the channel uses (time and/or frequency domains). This

leads to a time/frequency varying CSIT quality pattern. Hence, in this section, we

move on to look at the scenario with time-varying CSIT qualities illustrated in Fig-

ure 2.2(a). We will firstly propose a Space-Time RS approach for the two-user case

and secondly extend the scheme to the general K-user case. Note that in the sce-

nario with frequency-varying CSIT qualities, a Space-Frequency RS approach can

be designed following a similar way.

2.2.1 DoF region of Two-user Case

In the time-varying CSIT quality pattern illustrated in Figure 2.2(a), if we em-

ploy RS approach in each particular slot, the achievable DoF region is specified

by 1+ 1
L

∑L
t=1 min{a1(t),a2(t)}, which is limited by the minimum CSIT quality of

the two users in each slot. In this part, we will show that with RS-ST, the sum DoF

is enhanced and is a function of the minimum average CSIT quality of the two users
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(a) General Scenario (b) Alternating CSIT

Figure 2.2: Two-user time-varying CSIT quality pattern.

across the L slots. The following proposition settles the achievable DoF region by

RS-ST in the two-user MISO BC with time-varying CSIT qualities.

Proposition 2.2. In a two-user MISO BC with time-varying CSIT qualities {a1(t)}

and {a2(t)}, t=1, · · · ,L, where L stands for the number of slots, an achievable DoF

region is specified by

DRSST= {(d1,d2):0≤d1≤1,0≤d2≤1,d1+d2≤1+ min{ā1,ā2}} , (2.18)

where āk= 1
L

∑L
t=1 ak(t), k=1,2.

The DoF region specified in Proposition 2.2 is formed by the corner points (0,1),

(min{ā1,ā2},1), (1,min{ā1,ā2}) and (1,0). Therefore, the main work is to show the

achievability of the DoF pairs (min{ā1,ā2},1) and (1,min{ā1,ā2}).

We start the proof by revisiting the RS-ST scheme designed for a two-slot sce-

nario with alternating CSIT, i.e., a1(1)=a2(2)=β and a2(1)=a1(2)=α where α≤β.

Then, by identifying its key ingredients, we propose the generalized RS-ST approach

for the L-slot scenario with {a1(t)}t=1,···,L and {a2(t)}t=1,···,L. It is noted that we

only focus on the case ā1=ā2, because the achievability in the case ā1<ā2 follows

similarly to the case ā1=ā′2, where ā′2= 1
L

∑L
t=1 a

′
2(t) and a′2(t)≤a2(t), ∀t=1,· · ·,L.
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2.2.1.1 Revisiting the Schemes Designed for a Two-slot Scenario with Alter-

nating CSIT

Let us look at the alternating CSIT quality pattern illustrated in Figure 2.2(b). When

β=1 and α=0, the considered alternating CSIT quality pattern can be interpreted as

an alternating “PN/NP” state, which means that, for half of the time, the CSIT of

user 1 is perfect while there is no CSIT of user 2; for the other half of the time, the

CSIT of user 2 is perfect while there is no CSIT of user 1. This scenario was firstly

studied in [40], where a scheme so called S
3
2
3 was proposed. This scheme success-

fully delivers 3 messages (2 private messages plus one common message) across the

alternating “PN/NP” state, thus yielding the sum DoF 3
2
, which outperforms the sum

DoF 1 achieved by performing RS in each individual slot. This scheme settles the

fundamental of the RS-ST approach

S
3
2
3 scheme [40]: The transmission strategy is simple. In slot 1, the transmitter

delivers one common message, denoted by u, and a private message intended for user

2, denoted by wp2. The common message is transmitted along a random beamformer,

while the private message is sent along a ZF-precoder orthogonal to user 1 (as there

is perfect CSIT for user 1). The power are evenly allocated to the common message

and private message. In slot 2, the transmission strategy follows similarly. The

common message u is transmitted again, while a private message wp1 intended for

user 1 is sent along a ZF-precoder orthogonal to user 2 (as there is perfect CSIT for

user 2). In this way, as the undesired private message wp2 (resp. wp1) is drowned into

the noise, user 1 (resp. user 2) obtains an interference-free reception of u in slot 1

(resp. slot 2). Besides, user 1 (resp. user 2) receives a mixture of u and the desired

private message wp1 (resp. wp2) in slot 2 (resp. slot 1). Then, user 1 is able to decode

u from the received signal of slot 1, and proceeds to decode wp1 from the received

signal of slot 2 using SIC. The decoding procedure at user 2 follows similarly by

starting with decoding u from the received signal of slot 2.
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The key ingredient of the S
3
2
3 scheme lies in multicasting the common message

u twice: once in the slot where there is perfect CSIT for user 1, and once in the slot

where there is perfect CSIT for user 2. This common message is called space-time

common message in this thesis. It can be decoded by the two users alternatively

when they have a better CSIT quality. This philosophy was then generalized in [32]

to solve the alternating CSIT pattern βα/αβ. In [32], the proposed scheme was

called X2 scheme. It achieves sum DoF is 1+α+β
2

, outperforming 1+α achieved by

performing RS in each slot.

X2 scheme [32]: The transmission blocks are designed by integrating the space-

time common message u with the RS scheme. The transmitted signals write as

s(1) = pc(1)·c(1)︸ ︷︷ ︸
P−Pβ

+ pu(1)·u︸ ︷︷ ︸
Pβ

2
−Pα

2

+ p1(1)wp1(1)︸ ︷︷ ︸
Pα

2

+ p2(1)wp2(1)︸ ︷︷ ︸
Pβ

2

, (2.19)

s(2) = pc(2)·c(2)︸ ︷︷ ︸
P−Pβ

+ pu(2)·u︸ ︷︷ ︸
Pβ

2
−Pα

2

+ p1(2)wp1(2)︸ ︷︷ ︸
Pα

2

+ p2(2)wp2(2)︸ ︷︷ ︸
Pβ

2

, (2.20)

where c(t), t=1,2, is the common message transmitted in slot t, and it is to decoded

by both users; wpk(t), t=1,2, stands for the private message intended for user k,

k=1,2; u refers to the space-time common message transmitted spanning the two

slots, which highlights the difference compared to the transmitted signals of RS. The

private messages are transmitted along ZF-precoders, i.e., p1(t)∈ span(ĥ⊥2 (t)) and

p2(t)∈ span(ĥ⊥1 (t)), while all the three common messages are transmitted along

random precoders. Note that when β=1 and α=0, only u, wp1(2) and wp2(1) are

transmitted, and the X2 scheme becomes the S
3
2
3 scheme.
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The received signals write as

y1(1)=hH1 (1)pc(1)·c(1)︸ ︷︷ ︸
P

+hH1 (1)pu(1)·u︸ ︷︷ ︸
Pβ

+hH1 (1)p1(1)wp1(1)︸ ︷︷ ︸
Pα

+hH1 (1)p2(1)wp2(1)︸ ︷︷ ︸
P 0

, (2.21)

y1(2)=hH1 (2)pc(2)·c(2)︸ ︷︷ ︸
P

+hH1 (2)pu(2)·u︸ ︷︷ ︸
Pβ

+hH1 (2)p1(2)wp1(2)︸ ︷︷ ︸
Pβ

+hH1 (2)p2(2)wp2(2)︸ ︷︷ ︸
P 0

, (2.22)

y2(1)=hH2 (1)pc(1)·c(1)︸ ︷︷ ︸
P

+hH2 (1)pu(1)·u︸ ︷︷ ︸
Pβ

+hH2 (1)p1(1)wp1(1)︸ ︷︷ ︸
P 0

+hH2 (1)p2(1)wp2(1)︸ ︷︷ ︸
Pβ

, (2.23)

y2(2)=hH2 (2)pc(2)·c(2)︸ ︷︷ ︸
P

+hH2 (2)pu(2)·u︸ ︷︷ ︸
Pβ

+hH2 (2)p1(2)wp1(2)︸ ︷︷ ︸
P 0

+hH2 (2)p2(2)wp2(2)︸ ︷︷ ︸
Pα

, (2.24)

where the noise is omitted as we are looking at infinite SNR.

In (2.21), (2.22) and (2.23), (2.24), c(1) and c(2) are respectively decoded first

by treating all the other terms as noise. Afterwards, user 1 decodes u and wp1(1)

sequentially from y1(1) using SIC. With the knowledge of u, wp1(2) can be recovered

from y1(2). Similarly, user 2 decodes u and wp2(2) from y2(2) via SIC, while wp2(1)

can be decoded from y2(1) by eliminating u.

Then, it readily follows that the DoF of the common messages c(1), c(2) and u

are 1−β, 1−β and β−α, respectively, while the sum DoF of the private messages is

2(β+α). Counting the DoF of all the messages and dividing their summation by 2

(because of there are two slots), we have the sum DoF 1+α+β
2

. The DoF pair (1,α+β
2

)

and (α+β
2
,1) are achievable if we consider the common messages are intended for

user 1 and user 2 respectively.

The S
3
2
3 scheme and theX2 scheme can be considered as advanced RS approaches

which multicast space-time common messages. In this thesis, we term this type of

schemes as Space-Time RS (RS-ST). Next, we extract more insights from the X2

scheme, which shed light on how to design RS-ST schemes for the scenarios with

more general time-varying CSIT qualities.
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2.2.1.2 Key Ingredient of the RS-ST Scheme

Intuitively, the imperfect CSIT with error variance P−α (0≤α≤1) can be consid-

ered as perfect for α channel use (i.e., employing transmit power Pα), because the

strength of the residual interference after ZFBF with imperfect CSIT is drowned into

the noise. Consequently, in the alternating βα/αβ scenario, slot 1 is said to have a

“PN” state for β−α channel use, while slot 2 is said to have an “NP” state for β−α

channel use. This alternating state triggers the transmission of the space-time com-

mon message u, which can be alternatively decoded by the two users. Moreover,

the fraction of channel use of the “PN” (or “NP”) state is equal to the DoF of the

space-time common message u (without averaging over the 2 slots).

In the general time-varying CSIT quality pattern with arbitrary values of {a1(t)}

and {a2(t)}, t=1, · · · ,L, let us consider a1(t)>a2(t), ∀t≤l, and a1(t)<a2(t), ∀t>l,

where l<L, without loss of generality. Then, slot t1, t1≤l, is said to have a “PN”

state for qt1,a1(t1)−a2(t1) channel use, while slot t2, t2>l, is said to have an “NP”

state for qt2,a2(t2)−a1(t2) channel use. As we are looking at a scenario with ā1=ā2,

the total fraction of channel use of the “PN” states, i.e.,
∑l

t1=1 qt1 , is equal to the to-

tal fraction of channel use of the “NP” states, i.e.,
∑L

t2=l+1 qt2 . According to the

observation obtained from the alternating βα/αβ pattern, this fact implies that the

DoF achieved by the space-time common message(s) is
∑L

t2=l+1 qt2 . However, due

to the time-varying nature of the CSIT qualities, the number of “PN” states is dif-

ferent from the number of “NP”, and the fraction of channel use of each “PN” state

is different from that of each “NP” state. Hence, determining the number of streams

of the space-time common message(s) and choosing the rate/DoF of each stream

are the major issues to be addressed when designing RS-ST scheme for the general

time-varying CSIT quality pattern.
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2.2.1.3 RS-ST Designed for a 3-slot example

Before going into the general time-varying CSIT quality pattern, let us firstly look at

a scenario with CSIT qualities a1(1)>a2(1), a1(2)>a2(2), a1(3)<a2(3) and ā1=ā2.

In each slot, we consider that the private messages wp1(t) and wp2(t) are unicast using

power 1
2
P a2(t) and 1

2
P a1(t), respectively, while the common message c(t) is multicast

using power P−Pmax{a1(t),a2(t)}. The remaining power in each slot 1
2
(Pmax{a1(t),a2(t)}

−Pmin{a1(t),a2(t)}) is employed to transmit space-time common message(s).

Following the analysis in the above section, slot 1 and slot 2 have “PN” states

for q1,a1(1)−a2(1) and q2,a1(2)−a2(2) channel use, respectively, while slot 3 has

an “NP” state for q3,a2(3)−a1(3) channel use. It is noted that q3=q1+q2. In this

case, we consider that two space-time common messages, denoted by u1 and u2,

are transmitted. u1 is transmitted to exploit the “PN” state in slot 1 and a fraction

of the “NP” state in slot 3, i.e. q1 out of q3; while u2 is transmitted to exploit the

“PN” state in slot 2 and the remaining “NP” state in slot 3, i.e., q2=q3−q1 out of

q3. In other words, u1 is transmitted using power 1
2
(P a1(1)−P a2(1)) in slot 1, while

u2 is transmitted using power 1
2
(P a1(2)−P a2(2)) in slot 2. In slot 3, u1 and u2 are

superposed with power 1
2
(P a1(3)+q1−P a1(3)) and 1

2
(P a2(3)−P a1(3)+q1).

Mathematically, the transmission block are expressed as

s(1)=pc(1)c(1)︸ ︷︷ ︸
P−Pa1(1)

+ pu1(1)u1︸ ︷︷ ︸
Pa1(1)−Pa2(1)

2

+p1(1)wp1(1)︸ ︷︷ ︸
Pa2(1)

2

+p2(1)wp2(1)︸ ︷︷ ︸
Pa1(1)

2

, (2.25)

s(2)=pc(2)c(2)︸ ︷︷ ︸
P−Pa1(2)

+ pu2(2)u2︸ ︷︷ ︸
Pa1(2)−Pa2(2)

2

+p1(2)wp1(2)︸ ︷︷ ︸
Pa2(2)

2

+p2(2)wp2(2)︸ ︷︷ ︸
Pa1(2)

2

, (2.26)

s(3)=pc(3)c(3)︸ ︷︷ ︸
P−Pa2(3)

+ pu2(3)u2︸ ︷︷ ︸
Pa2(3)−Pa1(3)+q1

2

+ pu1(3)u1︸ ︷︷ ︸
Pa1(3)+q1−Pa1(3)

2

+p1(3)wp1(3)︸ ︷︷ ︸
Pa2(3)

2

+p2(3)wp2(3)︸ ︷︷ ︸
Pa1(3)

2

. (2.27)

The precoders of the common messages are random beamformers, while the pre-

coders chosen for the private messages are ZF-precoders, i.e., pk(t)∈ span(ĥ⊥j (t)),

k 6=j, t=1,2,3.
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The received signals at user 1 and user 2 are expressed as

y1(1)=hH1 (1)pc(1)c(1)︸ ︷︷ ︸
P

+hH1 (1)pu1(1)u1︸ ︷︷ ︸
Pa1(1)

+hH1 (1)p1(1)wp1(1)︸ ︷︷ ︸
Pa2(1)

+hH1 (1)p2(1)wp2(1)︸ ︷︷ ︸
P 0

, (2.28)

y1(2)=hH1 (2)pc(2)c(2)︸ ︷︷ ︸
P

+hH1 (2)pu2(2)u2︸ ︷︷ ︸
Pa1(2)

+hH1 (2)p1(2)wp1(2)︸ ︷︷ ︸
Pa2(2)

+hH1 (2)p2(2)wp2(2)︸ ︷︷ ︸
P 0

, (2.29)

y1(3)=hH1 (3)pc(3)c(3)︸ ︷︷ ︸
P

+hH1 (3)pu2(3)u2︸ ︷︷ ︸
Pa2(3)

+hH1 (3)pu1(3)u1︸ ︷︷ ︸
Pa1(3)+q1

+hH1 (3)p1(3)wp1(3)︸ ︷︷ ︸
Pa2(3)

+

hH1 (3)p2(3)wp2(3)︸ ︷︷ ︸
P 0

, (2.30)

y2(1)=hH2 (1)pc(1)c(1)︸ ︷︷ ︸
P

+hH2 (1)pu1(1)u1︸ ︷︷ ︸
Pa1(1)

+hH2 (1)p1(1)wp1(1)︸ ︷︷ ︸
P 0

+hH2 (1)p2(1)wp2(1)︸ ︷︷ ︸
Pa1(1)

, (2.31)

y2(2)=hH2 (2)pc(2)c(2)︸ ︷︷ ︸
P

+hH2 (2)pu2(2)u2︸ ︷︷ ︸
Pa1(2)

+hH2 (2)p1(2)wp1(2)︸ ︷︷ ︸
P 0

+hH2 (2)p2(2)wp2(2)︸ ︷︷ ︸
Pa1(2)

, (2.32)

y2(3)=hH2 (3)pc(3)c(3)︸ ︷︷ ︸
P

+hH2 (3)pu2(3)u2︸ ︷︷ ︸
Pa2(3)

+hH2 (3)pu1(3)u1︸ ︷︷ ︸
Pa1(3)+q1

+hH2 (3)p1(3)wp1(3)︸ ︷︷ ︸
P 0

+

hH2 (3)p2(3)wp2(3)︸ ︷︷ ︸
Pa1(3)

, (2.33)

where the noise term is omitted for convenience.

Decoding: User 1 decodes c(t), ut and wp1(t) from y1(t), t=1,2, sequentially us-

ing SIC. Afterwards, by removing u1 and u2 from y1(3), user 1 is able recover c(3)

and the private message wp1(3) using SIC. On the other hand, user 2 firstly decodes

c(3), space time common messages u1 and u2, and private message wp2(3) sequen-

tially from y2(3). Then, by removing u1 and u2 from y2(1) and y2(2), respectively,

user 2 is able to decode c(t) and wp2(t), t=1,2, using SIC.

Then, it can be verified that the DoF of the common messages c(1), c(2) and

c(3) are 1−a1(1), 1−a1(2) and 1−a2(3), respectively, while the DoF of the space-

time common messages u1 and u2 are q1 and q2, respectively. Besides, the private

messages wp1(t) and wp2(t) achieves the DoF a2(t) and a1(t), respectively. Counting

the DoF achieved by all the messages lead to the sum DoF 1+ā1. Considering that

all the common messages carry information intended for user 1 (resp. user 2) yields
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the corner point (1,ā1) (resp. (ā1,1)).

2.2.1.4 RS-ST Designed for the General Time-varying CSIT Quality Pattern

In this part, we build the RS-ST transmission block for the two-user case with general

time-varying CSIT quality pattern. We consider that

• in each slot, the private messages wp1(t) and wp2(t) are respectively unicast

along ZF-precoders p1(t)∈ span(ĥ⊥2 (t)) and p2(t)∈ span(ĥ⊥1 (t)), using power

Pa2(t)

2
and Pa1(t)

2
, ∀t=1,· · ·,L, so that the private messages are drowned into the

noise at their unintended users.

• Besides, common message c(t) is multicast using power P−Pmax{a1(t),a2(t)}.

The remaining work is to employ the remaining power Pa1(t)−Pa2(t)

2
in slot t, t≤l, and

Pa2(t)−Pa1(t)

2
in slot t, t>l, to generate space-time common messages, so as to exploit

the alternating “PN/NP” state.

Since the fractions of channel use of the “PN” and “NP” states, i.e., qt, vary

across the L slots, the generation of the space-time common message requires a

iterative procedure. Particularly, by paring the “PN” state in slot t1, t1≤l, with the

“NP” state in slot t2, t2>l, we can generate a space-time common message with rate

min{qt1 ,qt2}log2P and transmit it in slot t1 using power P
a2(t1)+ min{qt1 ,qt2}−Pa2(t1)

2

and in slot t2 using power P
a1(t2)+ min{qt1 ,qt2}−Pa1(t2)

2
. Supposing qt1<qt2 , there is no

remaining power and no remaining “PN” state in slot t1. On the other hand, the

remaining power in slot t2 is Pa2(t2)−Pa1(t2)+qt1

2
, and the fraction of remaining channel

use of the “NP” state in slot t2 is qt2−qt1 . Afterwards, the remaining “NP” state in

slot t2 can be used to pair with other “PN” states. This step is illustrated in Figure

2.3, where the values beside the brackets represent the (pre-log factor of the) rate

allocated to the corresponding messages.
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Figure 2.3: The illustration of generating space-time common messages for the gen-
eral time-varying CSIT quality pattern.

Algorithm 2.1: Space-time common messages generation for the two-user
case (assuming a1(t)≥a2(t) for t≤l and a1(t)≤a2(t) otherwise).
1 Initialize q′t←qt, εt= min{a1(t),a2(t)}, ∀t=1,· · ·,L, i=1;
2 while ∃t1∈[1,l] and ∃t2∈[l+1,L], such that q′t1>0 and q′t2>0, do
3 Randomly pair t1∈[1,l] and t2∈[l+1,L], such that q′t1>0 and q′t2>0;
4 Generate space-time common message ui with (pre-log factor of the) rate

τi= min{q′t1 ,q
′
t2};

5 Power allocation: 1
2(P εt+τi−P εt) in slot t, t=t1,t2;

6 Update q′t←q′t−τi, εt←εt+τi, t=t1,t2, and i←i+1;
7 end

The details of procedure to generate the space-time common messages is pre-

sented in Algorithm 2.1. The whole algorithm ends when there is no “PN” or “NP”

state left across the L slots. One can refer to the 3-slot scenario in Section 2.2.1.3

for example, where the “NP” state in slot 3 is split into two “NP” state so as to pair

with the “PN” states in slot 1 and 2.

Consequently, the transmitted signal in a certain slot t may consist of a superpo-

sition of multiple space-time common messages. For convenience, let us denote the

space-time common messages transmitted in slot t by ut,j , j=1, · · · ,Kt. These Kt

space-time common messages are superposed on top of each other. The transmitted

power allocated to the jth space-time common message is

1

2
(Pmin{a1(t),a2(t)}+

∑j
i=1 τt,i−Pmin{a1(t),a2(t)}+

∑j−1
i=1 τt,i), (2.34)
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where τt,j is the DoF of the jth space-time common message in slot t determined

following the footsteps described in Algorithm 2.1. The transmitted signal in slot t,

t≤l, writes as

s(t)= pc(t)c(t)︸ ︷︷ ︸
P−Pa1(t)

+
Kt∑
j=1

pt,j(t)ut,j︸ ︷︷ ︸
P
a2(t)+

∑j
i=1

τt,i−Pa2(t)+
∑j−1
i=1

τt,i

2

+

p1(t)wp1(t)︸ ︷︷ ︸
Pa2(t)

+ p2(t)wp2(t)︸ ︷︷ ︸
Pa1(t)

. (2.35)

The signal received by user 1 is expressed as

y1(t)= hH1 (t)pc(t)c(t)︸ ︷︷ ︸
P

+
Kt∑
j=1

hH1 (t)pt,j(t)ut,j︸ ︷︷ ︸
Pa2(t)+

∑j
i=1

τt,i

+

hH1 (t)p1(t)wp1(t)︸ ︷︷ ︸
Pa2(t)

+ hH1 (t)p2(t)wp2(t)︸ ︷︷ ︸
P 0

+ n(t)︸︷︷︸
P 0

. (2.36)

Decoding: In slot t, t≤l, common message c(t) is decoded first by treating all

the other terms as noise. After removing c(t), user 1 sees ut,j , j=1, · · · ,Kt, with an

increasing power levels and decodes them sequentially using SIC. After removing

ut,j , j=1, · · · ,Kt from y1(t), user 1 recovers wp1(t) subject to noise.

Performing the same decoding procedure for all the slots from 1 to l (with

a1(t)>a2(t)), user 1 can recover every space-time common messages. By removing

all the space-time common messages from the received signals in the slots from l+1

to L (with a1(t)<a2(t)), user 1 decodes common message c(t) and private messages

wp1(t) sequentially using SIC. The decoding procedure at user 2 follows similarly by

starting with the transmitted signal in the slots from l+1 to L.

The sum DoF achieved by the private messages intended for user 1 and user 2

are ā2 and ā1, respectively. Besides, the common messages, c(t), ∀t=1, · · · ,L, alto-

gether achieve the DoF 1− 1
L

∑L
t=1 max{a1(t),a2(t)}. Counting the achievable DoF
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of the space-time common messages, i.e., 1
L

∑l
t=1 qt=

1
2L

∑L
t=1 max{a1(t),a2(t)}−

min{a1(t),a2(t)}, the sum rate contributed by all the messages is 1+ā1. If all the

common messages are intended for user 1 (resp. user 2), the DoF tuple (1,ā1) (resp.

(ā1,1)) is achieved, which completes the proof of Proposition 2.2.

Remark 2.4. We note that literature [45] studied the DoF region of two-user MISO

BC with a mixture of imperfect delayed CSIT and imperfect current CSIT. When the

quality of the delayed CSIT is equal to the quality of the current CSIT, the authors

found the same result as stated in Proposition 2.2. In their achievable scheme, the

common message is drawn from a multi-dimensional codebook. The decoding of

the common message is carried out via non-linear methods focused on the aggregate

received signals (across the L slots). However, our proposed RS-ST scheme consists

of multiple common message streams, which are well separated in the power domain

and time domain. At the receiver side, we decode one common message at a time (a

certain round of SIC), and the decoding can be processed via linear methods.

2.2.2 Sum DoF of K-user Case

In this part, we study the sum DoF in a K-user MISO BC with time-varying CSIT

qualities, i.e., {ak(t)}k=1,···,K,t=1,···,L. For convenience, let us sort the CSIT qualities

in a certain slot t in an ascending order, i.e., aπt(1)≤· · ·aπt(K). The index of the

user having the largest CSIT quality in slot t is denoted by πt(K), while πt(K−1)

is the index of the user having the second largest CSIT quality in slot t. Then, the

achievable sum DoF by performing RS in each individual slot is expressed by

K∑
k=1

=
1

L

L∑
t=1

1+
K−1∑
j=1

aπt(j)=1+
1

L

L∑
t=1

K−1∑
j=1

aπt(j), (2.37)

The objective is to generalize the philosophy of the RS-ST scheme designed for

the two-user MISO BC to the K-user case. The following proposition characterize
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the achievable sum DoF.

Proposition 2.3. In a K-user MISO BC with time varying CSIT qualities, ak(t),

where k=1,· · ·,K, t=1, · · · ,L, and L stands for the number of time slots, an achiev-

able sum DoF is given by

K∑
k=1

dk=1+
1

L

L∑
t=1

K−1∑
j=1

aπt(j)+
λ0

L
, (2.38)

where aπt is an ascending order of the CSIT qualities in slot t, i.e., aπt(1)≤· · ·aπt(K),

and λ0,mink=1,···,K λk with

λk=
L∑
t=1

(
ak(t)−aπt(K−1)

)+
. (2.39)

Compared to the sum DoF achieved by RS, it is clear that the sum DoF gain

offered by RS-ST in the K-user case is λ0

L
. As we will see later on, λ0

L
is equal

to the DoF achieved by the space-time common messages. When K=2, we have

aπt(K−1)= min{a1(t),a2(t)} and aπt(K)= max{a1(t),a2(t)}. Then, it can be verified

that the sum DoF given by (2.38) becomes the sum DoF 1+ min{ā1,ā2} specified in

Proposition 2.2.

Next, we will firstly study the achievable sum DoF in the scenario illustrated in

Figure 2.4, where the K users take turns to have perfect CSIT. This scenario is a

natural generalization of the “PN/NP” state in the two-user case. The achievable

scheme designed for such a CSIT pattern can be considered as the fundamental in-

gredient to be integrated in the RS-ST scheme designed for the general time-varying

scenario. Motivated by that, we secondly present the achievability proof focusing on

a 3-user example, and thirdly propose the RS-ST scheme for the K-user MISO BC

with general time-varying CSIT qualities.
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Figure 2.4: K-user alternating CSIT pattern with either perfect or no CSIT

2.2.2.1 K-user Alternating Scenario with Either Perfect CSIT or No CSIT

Let us look at the alternating CSIT pattern illustrated in Figure 2.4. In such a sce-

nario, we state an achievable sum DoF in the following proposition.

Proposition 2.4. An achievable sum DoF in a K-user MISO BC with an alternating

CSIT pattern “PN...N/NP...N/.../N...NP” as illustrated in Figure 2.4 is K+1
K

.

Proof. We show that the sum DoF K+1
K

is achievable by transmitting one space-time

common message u to be decoded by all users and delivering K group common

messages {cg(k)}k=1,···,K . A certain group common message cg(k) is to be decoded

by all users except user k.

To be specific, in a certain slot k, the space-time common message u is sent with

a random beamformer, while a certain group common message cg(k) is transmitted

along a ZF-precoder orthogonal to the channel of user k, i.e., pg(k)∈ span(h⊥k (k)).

The same transmission strategy is applied to all the K slots.

Consequently, in slot k, user k only receives the space-time common message

u, as the group common message cg(k) is nulled out. On the other hand, in slot j,

∀j 6=k, user k receives a mixture a u and cg(k). Then, user k is able to decode the

space-time common message u from the received signal in slot k. Afterwards, by

removing u from the received signal in other time slots, user k is able to recover

group common messages {cg(j)}j 6=k. The decoding procedures of the other K−1

user follow similarly by decoding the space-time common message u in the slots

where they have perfect CSIT.
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Figure 2.5: A 3-user example with time-varying CSIT qualities.

Remark 2.5. When K=2, the group common message cg(k) is actually a private

message to be decoded by user j only, where k 6=j. In this case, the above scheme

becomes the S
3
2
3 scheme proposed in [40] for the two-user BC with alternating

“PN/NP” state.

We point out that the sum DoF K+1
K

does not yield the maximum sum DoF per-

formance in the alternating CSIT pattern illustrated in Figure 2.4. However, the

proposed achievable scheme sheds light on how to design RS-ST schemes for the

K-user BC with time-varying CSIT qualities.

2.2.2.2 RS-ST Designed for a 3-user example

Let us switch our attention to the CSIT quality pattern illustrated in Figure 2.5, where

the CSIT qualities satisfy a≤b≤c. According to Remark 2.2, by using power P b to

unicast private messages and using power P−P b to multicast the common message

in each slot, the achievable sum DoF by RS is 1+b+a. Next, we propose an RS-ST

scheme that achieves the sum DoF 1+1
3
(c+2b+3a), which outperforms that achieved

by RS.

Similar to RS, we consider that the private messages are unicast using power P b,

while the remaining power is further split into two parts, P c−P b and P−P c. With

power P c−P b, slot 1 is interpreted as a “PNN” state, because the strength of the

residual interference after ZFBF can be drowned into the noise at user 1. Similarly,

slot 2 and slot 3 can be interpreted as a “NPN” and “NNP” state, respectively. This
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fact allows us to integrate the space-time transmission designed to achieve the sum

DoF stated in Proposition 2.4. Besides, the remaining power P−P c in each slot is

used to multicast a common message to be decoded by all users.

As a consequence, the transmitted signal in a certain slot t can be expressed as

s(t)= pc(t)c(t)︸ ︷︷ ︸
P−P c

+ pu(t)u︸ ︷︷ ︸
Pc−Pb

2

+ pg(t)cg(t)︸ ︷︷ ︸
Pc−Pb

2

+
3∑

k=1

pk(t)w
p
k(t)︸ ︷︷ ︸

Pb

3

,t=1,2,3, (2.40)

where c(t) is the common message to be decoded by all users; cg(t) is a group

common message to be decoded by user j and user l, where j 6=t and l 6=t; u is the

space-time common message to be decoded by all users, while wpk(t) is the private

messages intended for user k. The precoders pc(t) and pu(t) are random beamform-

ers, while pg(t) and pk(t) are ZF-precoders such that pg(t)∈ span(ĥ⊥k (t)), for k=t,

and pk(t)∈ span(ĥ⊥j (t),ĥ⊥l (t)), for l,j 6=k.

For convenience, let us only focus on the received signals at user 1 as the signals

received by the other two users write similarly. The received signals at user 1 are

expressed as

y1(1)=hH1 (1)pc(1)c(1)︸ ︷︷ ︸
P

+hH1 (1)pu(1)u︸ ︷︷ ︸
P c

+hH1 (1)pg(1)cg(1)︸ ︷︷ ︸
P 0

+

hH1 (1)p1(1)wp1(1)︸ ︷︷ ︸
P b

+

3∑
j=2

hH1 (1)pj(1)wpj (1)︸ ︷︷ ︸
≤P 0

+n1(1)︸ ︷︷ ︸
P 0

, (2.41)

y1(2)=hH1 (2)pc(2)c(2)︸ ︷︷ ︸
P

+hH1 (2)pu(2)u︸ ︷︷ ︸
P c

+hH1 (2)pg(2)cg(2)︸ ︷︷ ︸
P c

+

hH1 (2)p1(2)wp1(2)︸ ︷︷ ︸
P b

+

3∑
j=2

hH1 (2)pj(2)wpj (2)︸ ︷︷ ︸
P b−a

+n1(2)︸ ︷︷ ︸
P 0

, (2.42)

y1(3)=hH1 (3)pc(3)c(3)︸ ︷︷ ︸
P

+hH1 (3)pu(3)u︸ ︷︷ ︸
P c

+hH1 (3)pg(3)cg(3)︸ ︷︷ ︸
P c

+

hH1 (3)p1(3)wp1(3)︸ ︷︷ ︸
P b

+

3∑
j=2

hH1 (3)pj(3)wpj (3)︸ ︷︷ ︸
P 0

+n1(3)︸ ︷︷ ︸
P 0

. (2.43)
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Decoding: Since the group common message cg(1) is drowned into the noise in

y1(1), user 1 is able to decode c(1), u and wp1(1) sequentially from y1(1) using SIC.

Then, by removing the space-time common message u from y1(2) (resp. y1(3)),

user 1 can decode c(2) (resp. c(3)), cg(2) (resp. cg(3)) and wp1(2) (resp. wp1(3)) by

treating the undesired private messages as noise. The similar decoding procedure is

carried out at user 2 and user 3 by starting with recovering the messages received in

slot 2 and slot 3, respectively.

Then, by averaging over the three slots, it can be verified that the sum DoF con-

tributed by the common messages c(t), t=1,2,3, is computed by 1−c, while the sum

DoF achieved by the space-time common message u and the group common mes-

sages cg(t), t=1,2,3, altogether is computed by 4
3
(c−b). Counting the DoF achieved

by private messages, i.e., 2b+a, yields the sum DoF 1+1
3
(c+2b+3a).

2.2.2.3 RS-ST Designed for the General Time-varying CSIT Quality Pattern

In this part, we will propose a RS-ST scheme for the K-user MISO BC with gen-

eral time varying CSIT quality, which completes the proof of Proposition 2.3. The

transmission block is constructed as follows.

Private messages: Similar to RS, we consider that the private messages in the

RS-ST scheme are unicast with power P aπt (K−1) in a certain slot t, 1≤t≤L.

Common messages to be decoded by all users: In a certain slot t, ∀t=1,· · ·,L, we

consider that common message c(t) is multicast using power P−P aπt(K) . These

common messages are to be decoded by all users.

Space-time common messages and group common messages: With the remaining

power P aπt (K)−P aπt (K−1), slot t can be interpreted as a “N...P...N” state, where

there is perfect CSIT for user πt(K), because the residual interference after ZFBF

at user πt(K) can be drowned into the noise. The fraction of channel use of this

state is denoted by qt,aπt(K)−aπt(K−1). Then, we consider that a group common
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message cg(t) is transmitted along a ZF-precoder orthogonal to ĥπt(K) using power

1
2
(P aπt (K)−P aπt (K−1)). This group common message is to be decoded by all users

except user πt(K).

Due to the time-varying nature of the CSIT qualities, the fractions of channel

uses of the “PN...N”, “NP...N”, ..., “N...NP” states vary across the L slots. There-

fore, the number of the streams of the space-time common messages and the DoF of

each of them should be determined following the a similar procedure as described in

Section 2.2.1.4. Particularly, for K slots, e.g., slot 1,2,· · ·,K, with states “PN...N”,

“NP...N”, ..., “N...NP”, respectively, we can generate a space-time common mes-

sage with rate mint=1,···,K qtlog2P and transmit it in each of these K slots. Sup-

posing q1= mint=1,···,K qt, the space-time common message is transmitted in slot t,

t=1,· · ·,K, using power 1
2
(P aπt (K−1)+q1−P aπt (K−1)). Then, the remaining power in

slot t, t=2,· · ·,K, is 1
2
(P aπt(K)−P aπt (K−1)+q1), while there is no remaining power

in slot 1. Besides, the fraction of the remaining channel use of the “NP...N”, ...,

“N...NP” states in slot 2,· · ·,K, respectively, is qt−q1, t=2,· · ·,K. These remaining

“NP...N”, ..., “N...NP” states can be further employed to generate space-time com-

mon messages with the “PN...N” states in other slots. This procedure ends when

there is (at least) one kind of the “PN...N”, “NP...N”, ..., “N...NP” states has zero

channel use, which means that the alternating “PN...N/NP...N/.../N...NP” state no

longer exists. Let us use Tk to denote the set of slots where user k has the great-

est CSIT quality, i.e., Tk,{t:aπt(K)=k}. Then, the the details of the procedure to

generate the space-time common messages is presented in Algorithm 2.2.

Hence, the transmitted signal in each slot may consist of a superposition of mul-

tiple space-time common messages. Let us denote the space-time common mes-

sages transmitted in slot t by ut,j , j=1, · · · ,Kt. The transmitted power allocated to

the jth space-time common message is 1
2
(P aπt(K−1)+

∑j
i=1 τt,i−P aπt(K−1)+

∑j−1
i=1 τt,i),

where τt,j is the DoF of the jth space-time common message determined following
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Algorithm 2.2: Space-time common messages generation for the K-user case.
1 Initialize q′t←qt, εt=aπt(1), ∀t=1,· · ·,L, i=1;
2 while ∃tk∈Tk such that q′tk>0, ∀k=1,· · ·,K do
3 Randomly choose t1∈T1, t2∈T2, · · · , tK∈TK , such that q′tk>0, ∀k=1,· · ·,K;
4 Generate space-time common message ui with (pre-log factor of the) rate

τi= mink=1,···,K q
′
tk

;
5 Power allocation: 1

2(P εt+τi−P εt) in slot t, t=t1,t2,· · ·,tK ;
6 Update q′t←q′t−τi, εt←εt+τi, t=t1,t2,· · ·,tK , and i←i+1;
7 end

the footsteps described above. Then, the transmitted signal can be expressed as

s(t)= pc(t)c(t)︸ ︷︷ ︸
P−Paπt(K)

+ pg(t)cg(t)︸ ︷︷ ︸
1
2

(Pπt(K)−Pπt(K−1))

+

Kt∑
j=1

pt,jut,j︸ ︷︷ ︸
1
2

(P
aπt(K−1)+

∑j
i=1

τt,i−Paπt(K−1)+
∑j−1
i=1

τt,i )

+
K∑
k=1

pk(t)w
p
k(t)︸ ︷︷ ︸

1
K
P
aπt(K−1)

, (2.44)

where pg(t)∈ span(ĥ⊥πt(K)(t)) and pk(t)∈ span({ĥ⊥l (t)}l 6=k) are ZF-precoders, while

the precoders of the common message c(t) and space-time common message ut,j are

random beamformers.

The signals received by user k in the slot tk, tk∈Tk, and slot tj , tj /∈Tk, write as

yk(tk)= hHk (tk)pc(tk)c(tk)︸ ︷︷ ︸
P

+ hHk (tk)pg(tk)cg(tk)︸ ︷︷ ︸
P 0

+

Ktk∑
j=1

hHk (tk)ptk,jutk,j︸ ︷︷ ︸
P
aπtk

(K−1)+
∑j
i=1

τt,i

+

hHk (tk)pk(tk)w
p
k(tk)︸ ︷︷ ︸

P
aπtk

(K−1)

+
∑
l 6=k

hHk (tk)pl(tk)w
p
l (tk)︸ ︷︷ ︸

≤P 0

+nk(tk)︸ ︷︷ ︸
P 0

, (2.45)

yk(tj)= hHk (tj)pc(tj)c(tj)︸ ︷︷ ︸
P

+ hHk (tj)pg(tj)cg(tj)︸ ︷︷ ︸
P
aπtj

(K)

+

Ktj∑
j=1

hHk (tj)ptj ,jutj ,j︸ ︷︷ ︸
P
aπtj

(K−1)+
∑j
i=1

τt,i

+

hHk (tj)pk(tj)w
p
k(tj)︸ ︷︷ ︸

P
aπtj

(K−1)

+
∑
l 6=k

hHk (tj)pl(tj)w
p
l (tj)︸ ︷︷ ︸

P
aπtj

(K−1)−ak(tj)

+nk(tj)︸ ︷︷ ︸
P 0

. (2.46)

Decoding: The decoding starts from the received signal yk(tk). As the group
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common message cg(tk) and the undesired private messages are drowned into the

noise, user k recovers common message c(tk), the space-time common messages

and the desired private message wpk(tk) sequentially using SIC. By performing the

same decoding procedure in all the slots of Tk, user k recovers all the space-time

common messages. Then, after removing all the space-time common messages from

the received signals in all other slots tj , tj /∈Tk, user k is able to recover common

message c(tj), group common message cg(tj) and the desired private messagewpk(tj)

by treating the undesired private messages as noise.

By taking the average over the L slots, it is straightforward that the sum DoF

of the common messages c(t) is 1
L

∑L
t=1 1−aπt(K). Besides, it can be verified that

the sum DoF achieved by the group common messages are 1
L

∑L
t=1 aπt(K)−aπt(K−1),

while the sum DoF of the private messages is 1
L

∑L
t=1(aπt(K−1)+

∑K−1
k=1 aπt(k)). Then,

we see that counting the DoF contributed by these messages yields the sum DoF

identical to that achieved by RS (see (2.37)). The remaining work is to compute the

sum DoF gain offered by the space-time common messages.

According to the generation of the common messages, the procedure stops when

the alternating “PN...N/NP...N/.../N...NP” state no longer exists. This implies that

the sum rate/DoF of the space-time common messages is limited by the state with

the smallest amount of channel use. Across the L slots, the total amount of channel

use of state “N...P...N” where the CSIT of user k is perfect, can be computed by

λk=
∑L

t=1

(
ak(t)−aπt(K−1)

)+. Then, by taking the average of the L slots, it is clear

that the sum DoF of the space-time common messages is 1
L

mink=1,···,K λk, which

completes the proof of Proposition 2.3.
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2.3 Rate Analysis with the Presence of Quantized CSIT

So far the focus has mainly been on the DoF analysis, leaving aside the question

of how the RS and RS-ST approach can benefit the sum rate performance at finite

SNR. Tackling such a question is essential as it sheds light on the usefulness of the

information-theoretic works in a practical multiuser MISO system.

We focus on a two-user MISO BC and consider RVQ is employed to quantize

the channel vectors as it is amenable to analysis and performs closely to optimal

quantization [18]. The codebook employed in RVQ and the codeword selection is

described in Section 1.3.2. Note that in our work, only the direction of the channel

is quantized, the magnitude information is not conveyed to the transmitter. This is

because the magnitude information is more meaningful in performing user-selection

when there is a large number of candidate users in the system [58, 59, 60]. As pointed

out in [18], when a two-user MISO system is considered, the magnitude feedback is

of second concern.

We consider two scenarios regarding the feedback qualities of the two users and

the number of channel uses. We use Bk(t) to represent the number of feedback bits

employed by user k in slot t. The first scenario involves one channel use where

the two users quantize their respective channels using an equal number of bits, i.e.,

B1(1)=B2(1)=B. The second scenario is similar to the alternating CSIT quality

pattern studied in Section 2.2.1. In particular, we consider that the two users al-

ternatively have a better feedback quality in the two channel uses, while they have

an equal average feedback quality across the two channel uses. To be specific, the

second scenario is described as B1(1)=Bβ , B1(2)=Bα, B2(1)=Bα and B2(2)=Bβ ,

where Bα<Bβ .

Throughout the section, we consider that the channel vectors h1(t) and h2(t)

have i.i.d. Gaussian entries with zero mean and unit variance. Besides, the channel

vectors are i.i.d. across users and time slots.
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2.3.1 Equal Feedback Quality: Rate-Splitting vs. ZFBF

In this part, we reuse the framework of RS described in (2.6) and (2.7), but with

some slight changes. First, we consider a two-user case. Second, since we are

looking at sum rate as a figure of merit, it is inappropriate to consider the first order

approximation of the power allocation. Instead, we employ the power allocation

policy Pc=P (1−ρ) and P1=P2=Pρ
2

, where2 ρ∈(0,1] denotes the fraction of the total

power that is allocated to the private messages. Although equal power allocation for

the private messages does not yield the best performance from a sum rate perspective,

it allows us to find tractable results on the sum rate performance achieved by RS.

More details on the power optimization can be found in [61]. The precoders are

chosen as follows, for k=1,2,k 6=j: 3

• pk∈ span(ĥ⊥j ), k 6=j with ‖pk‖=1, is a ZF-precoder and independent of ĥk,

where ĥk is obtained as in (1.18).

• pc, with ‖pc‖=1, is a random beamformer and independent of hk, ĥk and wk,

∀k=1,2.

Consequently, the corresponding SINR explicitly write as

SINR(k)
c =

|hHk pc|2P (1−ρ)

1+Pρ
2

∑2
j=1 |hHk pj|2

(2.47)

SINRc = min(SINR(1)
c , SINR(2)

c ), (2.48)

SINRk =
|hHk pk|2 Pρ2

1+|hHk pj|2 Pρ2
, k 6=j. (2.49)

2If t=0, the common message is transmitted with full power and the rate is limited by the user with
a weaker effective channel gain. This case is meaningless because it is outperformed by a single-user
transmission (TDMA) whose rate is determined by the user with a stronger effective channel gain.
Hence, we exclude this case from the support of ρ.

3Generally, the RS approach is a class of transmission strategies that superpose common message
on top of conventional multiuser transmission. To understand the fundamental benefit of common
message transmission, we consider random beamformers so as to improve the analytical tractability.
More details on the precoder optimization can be found in [61].
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(a) Sum rate loss, B=10 (b) Sum rate

Figure 2.6: Simulation results for RS with M=4.

The ergodic rate of each message is expressed as a function of the power splitting

ratio, namely Rc(ρ),E [log2(1+ SINRc)] and Rk(ρ),E [log2(1+ SINRk)].

2.3.1.1 Sum Rate Loss Incurred by RS

Next, we study the sum rate loss incurred by the RS relative to the ZFBF with

perfect CSIT in the scenario with equal feedback quality. To this end, we define

∆Req(ρ),R∗1+R∗2−R1(ρ)−R2(ρ)−Rc(ρ) to be the difference between the sum rate

achieved with ZFBF with perfect CSIT and the sum rate achieved with RS with

a power splitting ratio ρ∈(0,1]. The expression R∗k,E
[
log2(1+|hHk pk,pf |2 P2 )

]
de-

notes the rate achieved by user k, k=1,2, using ZFBF with perfect CSIT, where

pk,pf is a unit-norm vector randomly chosen from the M−1-dimensional null space

of hj,k 6=j. An upper-bound of ∆Req
S (ρ) is stated below.

Proposition 2.5. In the scenario where the two users have equal feedback qualities,

the sum-rate loss incurred by the RS scheme with RVQ relative to the ZFBF with

perfect CSIT is upper-bounded by

∆Req(ρ)≤∆R̃eq
S (t)=2ε(ρ)+2log2(1+

PρM

2(M−1)
2
−B
M−1 )−log2(1+

P (1−ρ)

2
eκ(ρ)),

(2.50)
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where ρ∈(0,1] is the power splitting ratio, κ(ρ),( 4
Pρ
−1)φ(Pρ

4
)−1−γ with Euler

constant γ≈0.577, ε(ρ), 1
ln 2

[
φ(P

2
)−φ(Pρ

2
)
]
, φ(x),e

1
xE1( 1

x
) withE1(x)=

∫∞
1

e−xt

t
dt

and e≈2.718 refers to the natural constant.

Proof. see Appendix B.

In (2.50), the first term 2ε(ρ) stands for the rate loss due to the decrement of

the power allocated to the private messages, the second term which is a function of

B refers to the rate loss incurred by the ZF precoders (with power Pρ) of RS with

RVQ, while the last term is the rate achieved by the common message, i.e., c. Taking

ρ=1 yields the rate loss incurred by the conventional ZFBF with RVQ, where the

first and last term become zero.4

Next, we aim to find the closed-form solution of the optimal power splitting ratio

ρ∗, arg min0<ρ≤1 ∆R̃eq(ρ), but it is difficult to obtain for arbitrary SNR due to the

complicated expression of ∆R̃eq(ρ). Hence, to improve the analysis tractability, we

consider high SNR regime and aim to obtain ρeq, arg min0<ρ≤1 ∆R̃eq(ρ)|P→∞. As

φ(r)≈−γ+ln(r) for r→∞, one has

ε(ρ)
P→∞

= log2

1

ρ
, κ(ρ)

P→∞
= −ln(Pρ)−1+ln4. (2.51)

Substituting (2.51) into (2.50) yields

∆R̃eq(ρ)|P→∞=2log2

(
1

ρ
+

PM

2(M−1)
2−

B
M−1

)
−log2

(
1+

2

ρe
−2

e

)
. (2.52)

4We note that the expression of the upper-bound of the sum rate loss incurred by ZFBF with RVQ
is different from that is derived in [18] due to the following reasons: 1) we consider a M×2 system
while [18] studied aM×M system, and 2) we consider that the ZF precoder is randomly chosen from
the null space of the unintended receiver, whereas [18] obtained the ZF precoders by computing the
pseudo-inverse of the aggregate channel.
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By evaluating the first order derivative of (2.52), we can easily obtain

ρeq=


1

PM
2(M−1)

2
−B
M−1 +2−e

if B≤Beq
0 ;

1 if B>Beq
0 ,

(2.53)

whereBeq
0 =(M−1)

[
log2

PM
2(M−1)

−log2(e−1)
]
. Note thatBeq

0 acts as a threshold that

switches the scheme from ZFBF with RVQ to RS if the feedback quality is not good

enough.

Figure 2.6(a) compares the analytical upper-bounds with the Monte Carlo sim-

ulation when M=4 and B=10. Specifically, for conventional ZFBF with quantized

CSIT, the upper-bound ∆R̃eq(1) is plotted by substituting ρ=1 into ∆R̃eq(ρ), while

the simulation is carried out with even power allocation. For RS, the upper-bound

∆R̃eq(ρeq) is plotted by substituting ρ=ρeq into ∆R̃eq(ρ). The simulations are car-

ried out in two ways: 1) with an exhaustive (Ex) search for ρ; 2) with ρ=ρeq in

(2.53). We observe that ∆R̃eq(ρeq) is an upper-bound of the simulation result of the

sum rate loss incurred by the RS scheme. In addition, we can see that ρeq in (2.53)

is a proper allocation for the RS scheme as the simulation of the RS scheme with ρeq

yields almost the same performance as the case with exhaustive search.

To gain insights into how the sum rate of RS scheme changes with B, let us sub-

stitute ρeq into ∆R̃eq(ρ) and evaluate ∆R̃eq(ρeq) focusing on high SNR and B<Beq
0 .

It writes as

∆R̃eq(ρeq)|P→∞=log2e+log2(
PM

M−1
2
−B
M−1 +2−e). (2.54)

Remark 2.6. (SNR gain offered by feedback quality increment:) From (2.54),

we can see that a certain increment of B (for both users), equal to b bits, results

in b
M−1

bps/Hz sum rate enhancement for RS, where the term 2−e is negligible as

we consider high SNR and B is not a function of P . Such an enhancement can be

interpreted as a 3b
M−1

dB SNR gain for RS. Remarkably, this is an extraordinary dis-
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tinction compared with ZFBF with RVQ and single-user transmission, i.e., TDMA.

For ZFBF with RVQ, the upper-bound of the sum rate loss writes as

∆R̃eq(1)=2log2(1+
PM

2(M−1)
2
−B
M−1 ). (2.55)

Although increasing B by b bits yields a sum rate enhancement, it cannot be inter-

preted as a SNR gain because the sum rate saturates at high SNR. This can be seen

from the pre-log factor of the ∆R̃eq(1), which indicates a DoF loss of 2. Similar

observation was found in [18].

For TDMA, an upper-bound on the sum rate, i.e., log2(1+PM(1−2
−B
M−1 )), was

shown in [18]. This indicates that increasing B does not provide a significant gain

especially when B is already good enough.

By setting M=4 and different values of B, i.e., 10 and 15, Figure 2.6(b) illus-

trates the simulation result of the ergodic sum rate of RS with ρeq in (2.53). We see

that, unlike ZFBF with RVQ, the sum rate of RS is increasing rather than saturating

when B does not change with P . The SNR gain stated in Remark 2.6 is verified as

RS withB=15 yields a 5dB SNR gain over the case withB=10 at high SNR regime.

On the other hand, as mentioned in [18], the saturation of the sum rate can be also

avoided by doing TDMA. A thorough comparison between RS and TDMA will be

presented in Section 2.3.3.

2.3.1.2 A New Scaling Law of B

It has been shown in [18] that full DoF is achievable with ZFBF with RVQ if the

number of feedback bits scales linearly with M and SNR (in decibel). In this case,

although RS does not bring DoF gain over ZFBF with RVQ, it enables a feedback

reduction to maintain a constant rate offset relative to the ZFBF with perfect CSIT.

The following proposition specifies the scaling law of B required by RS to achieve
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(a) Overhead (b) Sum rate performance

Figure 2.7: M=4, to achieve maximum log2δ=6bps/Hz rate loss.

a certain maximum allowable rate loss relative to the ZFBF with perfect CSIT.

Proposition 2.6. In the scenario where the two users have equal feedback qualities,

to achieve a maximum allowable sum rate loss, equal to log2δ bps/Hz, relative to

ZFBF with perfect CSIT, the number of feedback bits required by the RS scheme is

given by Beq(δ,ρ), where

Beq(δ,ρ)=(M−1)log2

PM

2(M−1)
−(M−1)log2

√δ
√

1+P (1−ρ)
2

eκ(ρ)

ρ · 2ε(ρ)
−1

ρ

 ,

(2.56)

where κ(ρ), ε(ρ) and ρ are the same as those introduced in Proposition 2.5.

Proof. (2.56) is obtained as the inverse function of (2.50), i.e., setting ∆R̃eq(ρ)=log2δ

and calculating B as a function of δ and ρ.

We see that due to the complicated expression (2.56), it is difficult to derive the

optimal power splitting ratio ρ∗, arg min0<ρ≤1B
eq(δ,ρ) that minimizes the required

feedback overhead. To gain insights into Proposition 2.6, we obtain the optimal
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power splitting ratio at high SNR, namely ρeq,2, arg min0<ρ≤1B
eq(δ,ρ)|P→∞ where

Beq(δ,ρ)|P→∞=(M−1)log2P−(M−1)log2

2(M−1)

M
−

(M−1)log2

(√
δ

(
1+

2

ρe
−2

e

)
−1

ρ

)
. (2.57)

By evaluating the first order derivative of (2.57), we can easily obtain

ρeq,2=


1

δ
2e
− e

2
+1

if δ≥e2,

1 if 1<δ<e2.
(2.58)

Remark 2.7. [Feedback overhead reduction:] To achieve a maximum allowable

rate loss equal to log2δ bps/Hz, by comparing the number of feedback bits required

by RS, i.e., Beq(δ,ρeq,2), with that required by ZFBF with RVQ, i.e., Beq(δ,1), one

can compute the feedback overhead reduction as

Beq(δ,1)−Beq(δ,ρeq,2)

=(M−1) log2

√
δ

√
1+

P (1−ρeq,2)

2e1+γ e
( 4
Pρeq,2

−1)φ(
Pρeq,2

4 )

tρeq,2·2
1

ln 2

[
φ(P2 )−φ(

Pρeq,2

2 )

] − 1
ρeq,2

√
δ−1

(2.59)

P→∞
= (M−1) log2

δ
2e

+ e
2
−1

√
δ−1

, for δ≥e2. (2.60)

Setting the maximum allowable rate loss to be log2δ=6 bps/Hz, Figure 2.7(a)

illustrates Beq(δ,ρeq,2) and Beq(δ,1) for M=4. Notably, at medium SNR (15dB),

RS scheme requires 5 bits less than ZFBF with RVQ. When it comes to high SNR,

the feedback overhead reduction decreases to a constant. Figure 2.7(b) illustrates

the simulation result of the sum rate performance by applying Beq(δ,1) to ZFBF

with RVQ and Beq(δ,ρeq,2) to RS (the power splitting ratio in the simulation is ρeq,2),

where log2δ=6bps/Hz. Firstly, we see that both schemes achieve less than 6bps/Hz
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rate loss relative to ZFBF with perfect CSIT with their respective scaling law of B.

Secondly, both schemes achieve almost the same sum rate performance. This implies

that Remark 2.7 correctly characterizes the feedback overhead reduction offered by

RS to achieve the same sum rate performance as ZFBF with RVQ.

2.3.2 Alternating Feedback Quality: Space-Time RS vs. RS

In this section, we focus on the scenario with alternating user-specific feedback qual-

ities, where user 1 utilizes Bβ (resp. Bα) bits and user 2 employs Bα (resp. Bβ) to

quantize their channels in slot 1 (resp. 2). We firstly focus on the RS scheme and

extend the results shown in the previous section. Secondly, we identify the benefit

of the RS-ST scheme through comparing with the sum rate achieved with the RS

scheme. For convenience, we use τ,Bβ−Bα>0 (assuming Bα<Bβ) to represent

the discrepancy between the numbers of feedback bits employed by the two users in

each slot, and employ B̄,Bα+Bβ
2

to denote the average feedback overhead.

2.3.2.1 Sum Rate Loss Incurred by RS

In this part, following the footsteps in the previous section, we study the sum rate

performance of RS in the scenario with alternating user-specific feedback qualities.

Let ∆Rus(ρ) denote the sum-rate loss incurred by RS in the scenario with alter-

nating user-specific feedback qualities. As the sum rate achieved by RS in slot 1 and

2 are statistically equivalent, we only focus on the sum rate achieved in a single slot.

Reusing the proof of Proposition 2.5, an upper-bound of ∆Rus(t) is given below.

Proposition 2.7. In the scenario with alternating user-specific feedback qualities,

the sum-rate loss incurred by the RS scheme with RVQ relative to the ZFBF with
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perfect CSIT is upper-bounded by

∆Rus(ρ)≤∆R̃us(ρ)

=2ε(ρ)+log2(1+ρΛα)+log2(1+ρΛβ)−log2(1+
P (1−ρ)

2
eκ(ρ)), (2.61)

where Λα= PM
2(M−1)

2
−Bα
M−1 , Λβ= PM

2(M−1)
2
−Bβ
M−1 , while κ(ρ), ε(ρ) and ρ are the same as

those introduced in Proposition 2.5.

Similar to the analysis in the previous section, it is difficult to obtain a closed-

form solution of ρ∗, arg min0<ρ≤1 ∆R̃us(ρ) for arbitrary SNR due to the compli-

cated expression of ∆R̃us(ρ). Hence, we calculate an optimal power splitting ratio

that minimizes ∆R̃us(ρ) at high SNR, namely ρus, arg min0<ρ≤1 ∆R̃us(ρ)|P→∞.

Specifically, ∆R̃us(ρ)|P→∞ writes as

∆R̃us(ρ)|P→∞= log2

(
1

ρ
+Λα

)
+ log2

(
1

ρ
+Λβ

)
− log2

(
1+

2

ρe
−2

e

)
. (2.62)

Then, by evaluating the first order derivative of (2.62), it can be shown that

ρus=


1 B̄≥B̄us

0 (Θ);

1√
(Λα− e−2

2
)(Λβ− e−2

2
)− e−2

2

B̄<B̄us
0 (Θ),

(2.63)

where

B̄us
0 (Θ)=(M−1)log2P−(M−1)log2

2(M−1)

M
−

(M−1)log2

(√
e2

4
+(e−2)2

Θ(Θ−4)

16
+
e−2

4
(Θ−2)

)
, (2.64)

Θ=2
−τ

2(M−1) +2
τ

2(M−1) +2. (2.65)

Note that B̄us
0 (Θ) is the threshold that switches the scheme between RS and ZFBF

with RVQ. Clearly, B̄us
0 (Θ) is monotonically decreasing with Θ, i.e., τ . When
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Bα=Bβ , we have B̄us
0 (Θ)=Beq

0 and (2.61) and (2.63) become (2.50) and (2.53),

respectively.

To gain insights into the impact of having user-specific feedback qualities, let us

consider B̄<B̄us
0 (Θ) and plug ρus into (2.62). The upper-bound of the sum rate loss

at high SNR can be derived as

∆R̃us(ρus)|P→∞=log2

(
ρus(

√
ΛαΛβ−

1

ρus
)2+(

√
Λα+

√
Λβ)2

)
−

log2

(
2

e
+(1−2

e
)ρus

)
. (2.66)

Note that it is cumbersome to quantify the term ρus(
√

ΛαΛβ− 1
ρus

)2 due to the con-

stant terms e−2
2

in ρus. Thus, to obtain a quantitative result, we further upper-bound

∆R̃us(ρus)|P→∞ by ∆R̃us(ρ̃us)|P→∞, where ρ̃us, 1√
ΛαΛβ

, because ρus minimizes

∆R̃us(ρ)|P→∞. Specifically,

∆R̃us(ρus)|P→∞≤∆R̃us(ρ̃us)|P→∞

=log2(
√

Λα+
√

Λβ)2− log2

(
2

e
+(1−2

e
)ρ̃us

)
(2.67)

≤log2

(
PM · 2

B̄
M−1

2(M−1)
·Θ

)
+ log2

e

2
. (2.68)

Note that by comparing (2.68) with (2.66), we can see that (2.68) upper-bounds

∆R̃us(ρus)|P→∞ within log2
e
2
≈0.44. This is because the first term in (2.66) is greater

than the first term in (2.68) while the second term log2
e
2
≈0.44 in (2.68) upper-bounds

the second term in (2.66).

Remark 2.8. (Sum rate degradation of RS with alternating user-specific feed-

back qualities:) Using (2.68), we can see that, compared to the case τ=0 (i.e.,

Θ=4), the sum rate degradation incurred by the user-specific feedback qualities, i.e.,

τ>0, can be characterized by log2
Θ
4

bps/Hz. This degradation can be interpreted as
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a 3log2
Θ
4
≈3( τ

2(M−1)
−2) dB SNR loss, if τ is relatively large.

2.3.2.2 Scaling Law of B̄ Required by RS

Inverting (2.61) with the respect of (w.r.t.) B̄ yields the following proposition.

Proposition 2.8. In the scenario with alternating user-specific feedback qualities,

to achieve a maximum allowable rate loss, equal to log2δ bps/Hz, relative to ZFBF

with perfect CSIT, the average number of feedback bits required by the RS scheme

is given by

B̄us(δ,ρ)=(M−1)log2

PM

2(M−1)
−

(M−1)log2(

√√√√Θ2−4Θ

4ρ2
+
δ
(

1+P (1−ρ)
2

eκ(t)
)

ρ2 · 22ε(ρ)
−Θ−2

2ρ
), (2.69)

where Θ is given by (2.65), and κ(ρ), ε(ρ) and ρ are the same as those introduced in

Proposition 2.5.

Proof. see Appendix C.

Similar to the previous analysis, it is difficult to calculate the optimal power split-

ting ratio ρ∗, arg min0<ρ≤1 B̄
us(δ,ρ) for arbitrary SNR. However, we can make a

progress in high SNR regime. In particular, when P→∞, the optimal power splitting

ratio is defined as ρus,2,min0<ρ≤1 B̄
us(δ,ρ)|P→∞. With the derivation presented in

Appendix C, we obtain

ρus,2=


[√

4(Θ−2)2

e2(Θ2−4Θ)2 δ2− (Θ−2)2

Θ2−4Θ
δ(1−2

e
)− 4δ

e(Θ2−4Θ)

]−1

δ>δ0(Θ);

1 1<δ≤δ0(Θ);
(2.70)

where δ0(Θ),
√

e2

4
(Θ2−4Θ)+

(
e2

8
(Θ−2)2(1−2

e
)+e

)2
+ e2

8
(Θ−2)2(1−2

e
)+e. Note

that in Appendix C, ρus,2 is the solution to a quadratic formula. When Bα=Bβ , the
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Figure 2.8: B̄ vs. τ , M=4 and P=30dB.

quadratic formula degrades to a linear formula, where the resultant ρus,2 becomes

ρeq,2 in (2.58) and the threshold δ0(Θ) becomes e2. Clearly, δ0(Θ) is monotonically

increasing with Θ (or τ ) as Θ≥4. This indicates that the threshold where RS starts

to offer feedback reduction over ZFBF with RVQ grows with Θ (or τ ).

Remark 2.9. (Average feedback overhead reduction offered by the RS scheme

over ZFBF with RVQ when there are alternating user-specific feedback quali-

ties:) To achieve a maximum allowable sum rate loss relative to ZFBF with perfect

CSIT, equal to log2δ bps/Hz, compared to the feedback overhead required by ZFBF

with RVQ (i.e.,Bus
S (δ,1)), performing RS scheme enables an average feedback over-

head reduction that scales as

B̄us(δ,1)−B̄us(δ,ρus,2)
P→∞

= (M−1)log2

√
Θ2−4Θ

4(ρus,2)2 +δ
(

1+ 2
ρus,2e
−2
e

)
− Θ−2

2ρus,2√
Θ2−4Θ

4
+δ−Θ−2

2

.

(2.71)

Due to the complicated expression of (2.70) and (2.71), it is cumbersome to

analyze the impact of τ on the feedback overhead reduction. In Figure 2.8, we

plot B̄us(δ,1) and B̄us(δ,ρus,2) for M=4 and P=30dB. When τ increases, we can

see that the gap between B̄us
S (δ,1) and B̄us(δ,ρus,2) decreases. This indicates that

the feedback overhead reduction in (2.71) offered by the RS scheme over ZFBF

with RVQ is decreasing with τ . When δ0(Θ) becomes equal to δ, B̄us(δ,1) and
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B̄us(δ,ρus,2) coincide.

2.3.2.3 Sum Rate Loss Incurred by the Space-Time Transmission

Previous subsection identifies the impact of τ on the sum rate performance and the

feedback overhead reduction over ZFBF with RVQ achieved by the RS scheme in

the scenario with alternating user-specific CSIT qualities. In this part, we analyze the

sum rate performance of the RS-ST scheme. By comparing with the RS scheme, we

will show the benefit of transmitting an additional common message, i.e., u, using a

space-time transmission.

Towards this, we reuse the framework of RS-ST designed for the scenario with

alternating user-specific feedback quality (see the X2 scheme described in Section

2.2.1.1). The power allocation policy is modified as follows. We consider that the

power allocated to the private messages wp1(1) and wp2(2) is Pρα
2

, while the power

allocated to the private messages wp1(2) and wp2(1) is Pρβ
2

. Then, the power allocated

to the common message u is P (ρβ−ρα)

2
. The precoders are chosen as follows:

• pc(t) and pk(t), k=1,2, are respectively the random beamformer and ZF-

precoders in slot t, similar to the RS scheme;

• We choose pu(1)=p1(1)∈ĥ⊥2 (1) and pu(2)=p2(2)∈ĥ⊥1 (2). Although such

choice is non-optimal, it suffices to provide the fundamental benefit of trans-

mitting u across the two slots.

The SINR of the messages decoded by user 1 are explicitly written as

SINR(1)
c (1)=

|hH1 (1)pc(1)|2P (1−ρβ)

1+|hH1 (1)pu(1)|2 P (ρβ−ρα)
2 +|hH1 (1)p1(1)|2 Pρα2 +|hH1 (1)p2(1)|2 Pρβ2

, (2.72)

SINR(1)
c (2)=

|hH1 (2)pc(2)|2P (1−ρβ)

1+|hH1 (2)p1(2)|2 Pρβ2 +|hH1 (2)p2(2)|2 Pρα2
, (2.73)

SINR(1)
u =

|hH1 (1)pu(1)|2 P (ρβ−ρα)
2

1+|hH1 (1)p1(1)|2 Pρα2 +|hH1 (1)p2(1)|2 Pρβ2
, (2.74)
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SINR1(1)=
|hH1 (1)p1(1)|2 Pρα2

1+|hH1 (1)p2(1)|2 Pρβ2
, (2.75)

SINR1(2)=
|hH1 (2)p1(2)|2 Pρβ2

1+|hH1 (2)p2(2)|2 Pρα2
. (2.76)

The SINR of the messages decoded by user 2 are omitted for brevity as they write

similarly. The ergodic rate is computed by

Ru(ρβ,ρα),E[log2(1+ min
k=1,2

SINR(k)
u )] (2.77)

Rc,t(ρβ,ρα),E[log2(1+ min
k=1,2

SINR(k)
c (t))],t=1,2 (2.78)

Rk,t(ρβ,ρα),E [log2(1+ SINRk(t))] ,t=1,2. (2.79)

Recalling the SINR expressions in (2.72) through to (2.76), we see that the SINR

of c(1), wp1(1) and wp2(1) are statistically equivalent with that of c(2), wp2(2) and

wp1(2), respectively. Hence, the sum rate achieved by RS-ST writes as

RST (ρα,ρβ),
1

2
(2R1,1(ρα,ρβ)+2R2,1(ρα,ρβ)+2Rc,1(ρα,ρβ)+Ru(ρα,ρβ)). (2.80)

Moreover, the sum rate achieved by ZFBF with perfect CSIT are statistically equiv-

alent in these two channel uses. Thus, let us write the sum rate achieved by ZFBF

with perfect CSIT as R∗1,1+R∗2,1, where R∗1,1 and R∗2,1 denote the rate achieved by

the private messages intended for user 1 and user 2 in slot 1, respectively. Con-

sequently, the sum rate loss incurred by the RS-ST scheme relative to ZFBF with

perfect CSIT is defined as ∆RST (ρα,ρβ),R∗1,1+R∗21−RST (ρα,ρβ). An upper-bound

of ∆RST (ρα,ρβ) is stated below.

Proposition 2.9. In the scenario with alternating user-specific feedback qualities,

the sum-rate loss incurred by the RS-ST scheme with RVQ relative to the ZFBF
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with perfect CSIT is upper-bounded as

∆RST (ρα,ρβ)≤∆R̃ST (ρα,ρβ)

=µ(ρα,ρβ)−%(ρα,ρβ)+ log2 (1+ραΛα) + log2 (1+ρβΛβ)−

log2

[
1+

P (1−ρβ)

2
eκ(ρβ)

]
, (2.81)

where

µ(ρα,ρβ)=
1

ln 2

[
φ(
P

2
)−φ(

Pρβ
2

)+φ(
P

2
)−φ(

Pρα
2

)

]
(2.82)

%(ρα,ρβ)=
1

ln 2

[
φ(
Pρβ

2
)−
φ(

Pρβ
4

)

2
−φ(

Pρα
2

)+
φ(Pρα

4
)

2

]
, (2.83)

and Λα, Λβ , κ(ρβ), ρα∈(0,ρβ] and ρβ∈[ρα,1] are the same as those introduced in

Proposition 2.7.

Proof. see Appendix D.

In (2.81), µ(ρα,ρβ) refers to the rate loss incurred by the power decrement of

the private messages, while %(ρα,ρβ) characterizes the rate achieved by u, which

is essentially determined by the discrepancy between ρα and ρβ . The rate loss in-

curred by the ZF precoders in RS-ST with RVQ is shown by log2 (1+ρβΛβ) and

log2 (1+ραΛα). The last term represents the rate achieved by c(1) and c(2).

Note that ∆R̃ST (ρα,ρβ) in (2.81) gives an upper-bound for arbitrary SNR, but

it is difficult to get explicit insights from ∆R̃ST (ρα,ρβ). Moreover, after writing

∆R̃ST (ρα,ρβ) at high SNR, namely

∆R̃ST (ρα,ρβ)|P→∞=log2

(
1

ρβ
+Λβ

)
+log2

(
1

ρα
+Λα

)
−

1

2
log2

ρβ
ρα
−log2

(
1+

2

ρβe
−2

e

)
, (2.84)
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(a) Rate loss, τ=6. (b) Sum rate, τ=6 and τ=10.

Figure 2.9: Simulation results for RS-ST, RS and ZFBF with B̄=10 and M=2.

we find that it is still cumbersome to calculate the closed-form solution of the power

splitting ratios (ρ∗α,ρ
∗
β), arg min0<ρα≤ρβ≤1 ∆R̃ST (ρα,ρβ)|P→∞ as the expression in

(2.84) is a non-convex function of two arguments. Hence, for the sake of analysis

tractability, we choose ρα and ρβ as

ρST ,β= min{Λ−1
β ,1}, ρST ,α= min{Λ−1

α ,1}. (2.85)

Note that (2.85) follows the power allocation in [32], where the power allocated to

the private messages is chosen to ensure that the residual interference after ZFBF

with imperfect CSIT is drowned by the noise, i.e., Λαρα≤1 and Λβρβ≤1. Although

ρST ,α and ρST ,β in (2.85) are non-optimal in minimizing the rate loss, they provide a

baseline of how much benefit we can gain from the space-time transmission of u.

In Figure 2.9(a), we firstly compare the simulation results of RS with ρ=ρus in

(2.63) and RS-ST with ρα=ρST ,α and ρβ=ρST ,β in (2.85), with their corresponding

analytical upper-bounds, namely ∆R̃us(ρus) and ∆R̃ST (ρST ,α,ρST ,β), respectively.

We can see that Proposition 2.7 and 2.9 upper-bound the sum rate loss incurred by

the RS and RS-ST scheme in the scenario with alternating user-specific feedback

qualities. Secondly, we also plot the simulation results of the RS scheme with an

optimal power splitting ratio obtained by exhaustive search. We can see that the
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simulation of the RS scheme with ρus in (2.63) yields almost the same performance

as the case with exhaustive search. This indicates that ρus is a proper allocation for

the RS scheme in the scenario with alternating user-specific feedback qualities.

Next, to obtain insights into the sum rate performance of the RS-ST scheme, we

plug ρβ=ρST ,β and ρα=ρST ,α into (2.84) and derive ∆R̃ST (ρST ,α,ρST ,β)|P→∞ as

∆R̃ST (ρST ,α,ρST ,β)|P→∞=log2

(
1

ρST ,β
+Λβ

)
+log2

(
1

ρST ,α
+Λα

)
+

1

2
log2ρST ,βρST ,α−log2(

2

e
+(1−2

e
)ρST ,β),

≤log2

PM · 2
−B̄
M−1

2(M−1)
+2+log2

e

2
, (2.86)

where the inequality is due to the fact 2
e
+(1−2

e
)ρST ,β≥2

e
. In (2.86), we see that the

sum rate loss incurred by the the RS-ST scheme at high SNR is not a function of

Θ. This indicates that, when B̄ is fixed, performing RS-ST scheme produces similar

results for any choice of Bα and Bβ . This is in contrast to the RS scheme, where the

sum rate degrades dramatically with τ .

Remark 2.10. [SNR gain offered by the RS-ST scheme over RS scheme:] Using

(2.68) and (2.86), we quantify the gap between the sum rate achieved by RS-ST and

RS scheme at high SNR as

∆R̃S(ρus)|P→∞−∆R̃ST (ρST ,α,ρST ,β)|P→∞≈2log2(2
−τ

4(M−1) +2
τ

4(M−1) )−2, (2.87)

where the approximation is due to the fact that (2.68) and (2.86) are upper-bounds

of ∆R̃S(ρus)|P→∞ and ∆R̃ST (ρST ,α,ρST ,β)|P→∞, respectively. For a large value of

τ , we can see that RS-ST scheme offers a SNR gain of 3( τ
2(M−1)

−2) dB over the RS

scheme, which indicates that in the scenario with alternating user-specific feedback

qualities, the sum rate degradation of the RS scheme mentioned in Remark 2.8 can

be avoided by multicasting the space-time common message, i.e., u.
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Figure 2.9(b) illustrates the simulation results of ZFBF with RVQ, RS with ρus

in (2.63) and RS-ST scheme with ρST ,α and ρST ,β in (2.85) for M=2, B̄=20 and

different values of τ . We can see that RS-ST scheme with τ=6 and τ=10 yield

the same performance at high SNR, offering 2∼3dB and 8∼9dB SNR gain over RS

scheme when τ=6 and τ=10 respectively.

2.3.2.4 Scaling Law of B̄ Required by the Space-Time Transmission

Let B̄ST (δ) denote the average feedback overhead required by the RS-ST scheme to

achieve a maximum allowable rate loss, equal to log2δ bps/Hz, relative to ZFBF with

perfect CSIT. To characterize B̄ST (δ), we can invert (2.81) w.r.t. B̄ and evaluate the

resulted inverse function at high SNR. But these footsteps will result in an equation

similar to (2.84), which does not allow us to find a closed-form solution of the opti-

mal power splitting ratios. Instead, using (2.86) and (2.68), we will firstly obtain a

tractable result of the average feedback overhead reduction enabled by RS-ST over

RS, such that both RS-ST and RS schemes achieve the same sum rate performance.

Secondly, using such a quantity, we find a tractable expression of B̄ST (δ) as a func-

tion of the average feedback overhead required by the RS scheme to maintain log2δ

bps/Hz sum rate offset relative to ZFBF with perfect CSIT.

Specifically, when τ is fixed, by setting (2.86) equal to (2.68) and through some

simple manipulations, we can calculate that the difference between the average num-

ber of feedback bits employed by RS in (2.68) and that employed by RS-ST in (2.86)

scales as

(M−1)log2

Θ

4
=2(M−1)log2

2
−τ

4(M−1) +2
τ

4(M−1)

2
, (2.88)

where Θ is given by (2.65). The quantity in (2.88) means that to achieve the same

maximal rate loss relative to ZFBF with perfect CSIT, performing RS-ST requires

(M−1)log2
Θ
4

bits less than performing RS. If τ is relatively large (w.r.t 4(M−1)),

such a feedback overhead reduction offered by RS-ST over RS writes as τ
2
−2(M−1).
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(a) Average Overhead (b) Sum rate

Figure 2.10: M=4 and τ=14, to achieve maximum log2δ=6 bps/Hz rate loss

This allows us to express B̄ST (δ) as

B̄ST (δ)=B̄us(δ,ρus,2)−2(M−1)log2

2
−τ

4(M−1) +2
τ

4(M−1)

2
, (2.89)

where B̄rs
S (δ,ρus,2) in (2.69) with ρus,2 in (2.70) characterizes the average number

of feedback bits required by the RS scheme to achieve maximum log2δ bps/Hz rate

loss relative to ZFBF with perfect CSIT in the scenario with alternating user-specific

feedback qualities.

Setting the maximum allowable rate loss to be log2δ=6 bps/Hz, we plot B̄us(δ,1),

B̄us(δ,ρus,2) and B̄ST (δ) in Figure 2.10(a) for M=4 and τ=14. We can see that RS

(i.e., B̄us(δ,ρus,2)) offers roughly 1 bit reduction compared to ZFBF with RVQ (i.e.,

B̄us(δ,1)) at high SNR, which is smaller than the overhead reduction shown in Figure

2.7(a) with τ=0. In addition, RS-ST (i.e., B̄ST (δ)) enables 1∼2 bits reduction over

RS (i.e., B̄us(δ,ρus,2)).

Figure 2.10(b) illustrates the simulation result of the sum rate performance achieved

by applying B̄us(δ,1) in (2.69) to ZFBF with RVQ, B̄rs(δ,ρus,2) in (2.69) to RS and

B̄ST (δ) in (2.89) to RS-ST. Besides, for RS, the simulation is carried out with the

power splitting ratio ρus,2 in (2.70), and for RS-ST, the simulation is carried out with

the power splitting ratios ρST ,α and ρST ,β in (2.85). We can see that 1) all the afore-
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mentioned schemes achieve less than 6bps/Hz rate loss relative to ZFBF with perfect

CSIT with their respective scaling laws of B̄, and 2) all the schemes achieve almost

the same sum rate performance. This confirms the feedback overhead reduction ben-

efits stated in Remark 2.9 and Eq.(2.88).

2.3.3 Numerical Comparison with Single-user/Multi-user Mode

Switching

According to the power splitting ratios discussed in the previous analysis, when the

number of feedback bits is fixed, both RS and RS-ST schemes perform similarly to

ZFBF with RVQ at low and medium SNR, while they transmit common messages

with most of the power at high SNR such that the sum rate is increasing rather than

saturating. A counterpart of this kind of transmission is SU/MU switching, which

dynamically switches between ZFBF with RVQ (i.e., multiuser mode) and TDMA

(i.e., single-user mode) to maximize the sum rate. At high SNR, since the sum rate

achieved with ZFBF with RVQ saturates, TDMA dominate SU/MU and benefits

from the multiuser diversity (serving one user out of the two candidates). Thus,

we can wonder whether RS and RS-ST schemes still outperform SU/MU switching

in terms of sum rate when the number of feedback bits is fixed. This leads to the

discussion of this section.

Note that RS is a general approach that integrates common messages on top of

conventional multiuser transmission to enhance the sum rate performance with im-

perfect CSIT. Previous sections consider a simple case and aim to characterize the

fundamental benefit of transmitting common messages in terms of sum rate perfor-

mance. In this section, to gain more insights into the RS approach, we focus on a

different design of RS and RS-ST schemes compared to the discussions in the previ-

ous sections. In particular, given the framework of RS in (2.6) and (2.7), and RS-ST

in Section 2.2.1, we consider that
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(a) RS vs. SU/MU, M=4. (b) RS, RS-ST vs. SU/MU, M=4, τ=18

Figure 2.11: Sum rate performances of RS-ST, RS-S and SU/MU mode switching.

• pc(t) is the dominant right-singular vector of Ĥ(t),[ĥ1(t),ĥ2(t)]H ,t=1,2;

• pk(t)=
vk(t)
‖vk(t)‖ is the ZF-pecoder, k=1,2, where [v1(t),v2(t)] =Ĥ†(t), t=1,2.

• In the RS-ST scheme, we choose pu(1)=p1(1) and pu(2)=p2(2);

• In the RS scheme, the power splitting ratio ρ is given by (2.53) when the two

users have equal feedback qualities, while it is chosen as (2.63) in the scenario

with alternating user-specific feedback qualities. In the RS-ST scheme, ρα and

ρβ are chosen as (2.85).

In the simulation, we compute the ergodic rate of SU/MU switching as

RSU/MU,
1

2

2∑
t=1

E
[
max

(
RTDMA(t),RZFBF (t)

)]
.

Note that the precoders employed in the ZFBF with RVQ are the same as pk(t) in

the RS and RS-ST scheme and RTDMA(t),log2(1+P maxk=1,2 |hk(t)Hĥk(t)|2).

Figure 2.11(a) compares the sum rate achieved with RS and SU/MU in the sce-

nario where the two users have equal feedback qualities. As shown, although RS

offers no DoF gain compared to SU/MU, it still enables a SNR gain over SU/MU,

for B=10, 15 and M=4. Intuitively, the reason can be drawn from the power split-

ting ratio ρeq in (2.53), though the precoders considered in this section is slightly
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different. For a fixed value of B, the power splitting ratio ρeq in (2.53) tends to zero

at high SNR, but the amount of power allocated to the private messages, i.e., Pρeq,

remains to be a constant, i.e., Pρeq P→∞= 2(M−1)
M

2
B

M−1 . Then, the contribution of the

rates of the private and common messages altogether leads to a higher sum rate than

SU/MU. Moreover, such a rate gap offered by RS over SU/MU increases with B.

Similar observations can be seen from Figure 2.11(b), which illustrates the sum

rate performance of the RS, RS-ST and SU/MU in the scenario with alternating

user-specific feedback qualities. As shown, both schemes yield a significant SNR

gain over SU/MU. Besides, RS-ST offers about 3dB SNR gain over RS when τ=18.

In this chapter, focusing on the K-user MISO BC with imperfect CSIT (whose

qualities do not vary over time), we characterize the achievable DoF region by RS.

We show that the maximum sum DoF is achievable by an even power allocation for

the private messages, which can be determined by the second largest CSIT quality

among the K users. Besides, for the K-user MISO BC with time-varing CSIT qual-

ities, we design an RS-ST scheme by multicasting space-time common messages.

The results show that RS-ST scheme can further improve the sum DoF performance

achieved by performing RS in each individual time slot. More importantly, focusing

on the two-user case, we derive upper-bounds on the sum rate loss incurred by RS

and RS-ST schemes with the presence of quantized CSIT relative to ZFBF with per-

fect CSIT. Using these upper-bounds, a scaling law of the feedback bits required to

achieve a certain maximum allowable rate loss is derived for each scheme. It shows

that RS enables a feedback overhead reduction compared with ZFBF with quantized

CSIT, and RS-ST scheme offers a further reduction over RS in the case of alternating

feedback qualities. At last, through simulation, we show that both schemes offer a

significant SNR gain over SU/MU switching at high SNR.

We note that RS and RS-ST are general approaches that integrate common mes-

sages on top of conventional multiuser transmissions, such as Regularized-ZF, THP,
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etc, in order to enhance the sum rate achieved by simply performing conventional

multiuser transmissions in the presence of imperfect CSIT. The benefit of transmit-

ting the common message found in this chapter would be extendable to RS with

any conventional multiuser transmissions. Besides, our companion paper [61] inves-

tigated the precoder optimization for sum-rate maximization of RS. Another com-

panion work [62] extended the idea of RS into the massive MIMO deployment and

proposed a Hierarchical RS (HRS) which exploits the spatial correlation matrices

to effectively tackle the multiuser interferences. A survey of RS approach was pre-

sented in [63].



CHAPTER 3

MISO Interference Channel with

Imperfect CSIT

Previous chapter derives RS scheme to enhance the system performance in single-

cell scenarios with imperfect CSIT. Unfortunately, if we take a bigger picture, the

interference in wireless network is made up of not only intra-cell, but also inter-

cell interference. To deal with the inter-cell interference, Coordinated Multi-Point

(CoMP) has been included in the specification of current LTE-A system. However,

it has only partially convinced industry in 3GPP, because imperfect CSIT among the

coordinated/cooperative transmitters is the major issue that impacts CoMP system

throughput. Hence, a natural followup question that should be therefore addressed is

whether or not RS can be used to enhance the system performance in the multi-cell

scenario with imperfect CSIT.

To this end, we focus on a K-cell MISO interference channel, where each trans-

mitter is serving one user in each cell. It is assumed that each transmitter has suffi-

cient number of antennas M≥K. We consider that the CSIT qualities do not change

with time. Thus, we drop the time index t for convenience. As the CSIT of each in-

terference link may have an arbitrary quality of imperfectness, we introduce a CSIT

topology defined by A,{akj}∀k∈K,∀j∈K\k,gkj=1. Note that the CSIT qualities of the

direct links akk, ∀∈K, are not included because their values only offer beamform-

ing gain, which does not make a difference on the DoF performance. Besides, as a

remainder, we note that the CSIT quality of the link with gkj=0 is not defined. A
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CSIT quality topology A can be also defined using a table (see the fully connected

IC in Figure 3.1(a) for example), where each row stands for the CSIT qualities of the

incoming links of a certain user, while each column represents the CSIT qualities of

the outgoing links of a certain transmitter.

In this chapter, we firstly derive the DoF region achieved by RS in the fully

connected MISO IC. Secondly, we propose a novel scheme, so called Topological

RS, which enhances the DoF performance achieved by RS and conventional ZFBF

with power control. Thirdly, we apply the TRS scheme to a homogeneous cellular

network, where each user is only connected to three dominant transmitters.

3.1 DoF Region Achieved by Rate-Splitting in the K-

cell MISO Interference Channel

In this section, focusing on a fully connected network with equal SNR and INR, we

revisit two benchmark schemes, i.e., conventional ZFBF with power control and RS

approach with common message multicasting. For RS, we also propose its achiev-

able DoF region in the fully connected K-cell MISO IC with imperfect CSIT.

In conventional ZFBF with power control, transmitter k delivers a private mes-

sage wk to the corresponding user using power P rk , rk≤1, along a ZF-precoder

pk⊆ span({ĥ⊥jk}∀j∈K\k). The signal received by user k can be expressed as

yk= hHkkpkwk︸ ︷︷ ︸
P rk

+
∑
j∈K\k

hHkjpjwj︸ ︷︷ ︸
P
rj−akj

+ nk︸︷︷︸
P 0

. (3.1)

By treating the undesired private message as noise, the DoF achieved by each private

message writes as

dk≤
(
rk− max

j:j∈K\k
(rj−akj)+

)+

,∀k∈K. (3.2)
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This expression specifies the DoF region achieved by ZFBF with power allocation

policy r,(r1, · · · ,rK). The DoF region achieved by ZFBF with power control, de-

noted by DZF,IC , is the union of the DoF regions achieved with all the possible

power allocation r where rk≤1,∀k∈K.

Notably, by performing ZFBF, the expression in (3.1) can be regarded as the

received signal in an IC where the direct links have unit gain, while the strength

of the interference link is P−akj , ∀k 6=j. Hence, a concise expression of DZF,IC by

eliminating the variables r can be expressed as

DZF,IC=
⋃
∀U⊆K

DZF,IC(U), (3.3)

where DZF,IC(U) is defined as

DZF,IC(U)= {(d1, · · · ,dK):dk=0,∀k∈K\U ;0≤dk≤1,∀k∈U ,
m∑
l=1

dil≤
m∑
l=1

ail−1il ,∀(i1, · · · ,im)⊆ΠU

}
, (3.4)

and ΠU is the set of all possible cyclic sequences1 of all subsets of U with cardinality

no less than 2. Note that the DoF regionDZF,IC(U) is obtained by scheduling all the

users and choosing the following power allocation policy

rk≤0,k∈K\U ; rk− max
j:j∈K\k

(rj−akj)+≥0,k∈U . (3.5)

The RS approach was firstly applied to a 2-cell MISO IC with a symmetric CSIT

setting, i.e., a12=a21=a, in [30]. Here, we propose a logical extension of RS to the

K-cell MISO IC. We consider that a certain group S⊆K of users are active, while

1A cyclic sequence is a cyclically ordered subset of user indices without repetitions [57]. For
a certain subset (i1, · · · ,im), there are (m−1)! distinct cyclic orders. For a user set U , there exist∑|U|
m=2

(|U|
m

)
different subset (i1, · · · ,im) with m≥2. Hence, ΠU have

∑|U|
m=2

(|U|
m

)
(m−1)! cyclic

sequences. For instance, let U={1,2,3}, then ΠU={1,2},{1,3},{2,3},{1,2,3},{1,3,2}.
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the remaining users are made silent. Each active user’s message is split into a private

part wpk and a common part wck, ∀k∈S. These two messages are transmitted using

power P rk and P−P rk , respectively, where rk≤1. The common messages {wck}k∈S

are to be decoded by all the active users. The transmitted signal and received signal

are expressed as

sk= pckw
c
k︸ ︷︷ ︸

P−P rk

+ ppkw
p
k︸ ︷︷ ︸

P rk

,∀k∈S, (3.6)

yk=
∑
∀j∈S

hHkjp
c
kw

c
k︸ ︷︷ ︸

P

+ ppkw
p
k︸ ︷︷ ︸

P rk

+
∑
∀j∈S\k

hHkjp
p
kw

p
k︸ ︷︷ ︸

P
rj−akj

+ nk︸︷︷︸
P 0

, (3.7)

respectively, where ppk⊆ span({ĥ⊥jk}∀j∈S\k) are ZF-precoders, while pck are random

precoders.

Each user firstly decodes all the common messages, and secondly recovers the

desired private message after removing the common messages using SIC. Then, the

DoF tuple achieved by the private messages and the common messages, denoted by

(dp1,· · ·d
p
K) and (dc1,· · ·dcK) respectively, are such that

∑
k∈S

dck≤1−max
j∈S

rj, dpk≤
(
rk− max

j:j∈S\k
(rj−akj)+

)+

,∀k∈S;

dcj=d
p
j=0,∀j∈K\S. (3.8)

The achievable DoF region by RS with active user set S and power allocation pol-

icy r, denoted byDRS,IC(S,r), is the set of all DoF tuple (d1, · · · ,dK)=(dc1, · · · ,dcK)+

(dp1, · · · ,d
p
K), for which (3.8) holds. Then, the DoF region achieved by RS is resulted

by the union of the DoF regions achieved with all possible subsets S and power al-

location policy r, i.e., DRS,IC,
⋃
∀S⊆K,∀rDRS,IC(S,r). Absorbing the variables S

and r, the following proposition settles DRS,IC .

Proposition 3.1. In a fully connected K-cell MISO IC with equal SNR and INR
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(a) CSIT quality table (b) Weighted-sum interpretation

Figure 3.1: 3-cell IC with hierarchical CSIT quality topology, where 0≤a≤b≤1.

and with CSIT quality topology A, the DoF region achieved by RS with common

message multicasting is

DRS,IC=
⋃
∀U⊆K

DRS,IC(U) (3.9)

where DRS,IC(U) is the set of (d1, · · · ,dK)=(dc1, · · · ,dcK)+(dp1, · · · ,d
p
K) such that

dpk=0,∀k∈K\U ; 0≤dpk≤1,∀k∈U ;
m∑
l=1

dpil≤
m∑
l=1

ail−1il ,∀(i1, · · · ,im)⊆ΠU ;

0≤dck≤1,∀k∈K;0≤dpk+
∑
j∈S

dcj≤1,∀k∈U ;

∑
j∈K

dcj+
m∑
l=1

dpil≤1+ min
j=1,···,m

m∑
l=1,l 6=j

ail−1il ,∀(i1, · · · ,im)⊆ΠU , (3.10)

and ΠU is the set of all possible cyclic sequences of all subsets of U with cardinality

no less than 2.

Proof. see Appendix A.

Similar to the DoF region achieved by ZFBF with power control, the DoF region

DRS,IC(U) is obtained by scheduling all the users and choosing the power alloca-

tion policy given in (3.5). Besides, it is obvious that the DoF region achieved by

ZFBF with power control can be obtained by removing the inequalities related to the

common messages, i.e., (3.10), and setting dk=d
p
k. Moreover, when akj=αk, ∀j 6=k,

∀k∈K, the DoF region DRS,IC becomes the DoF achieved by RS in a K-user BC

with CSIT quality α1, · · · ,αK (see DRS,BC(U) in Section 2.1).
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To better understand this achievable region, let us look at the example illustrated

in Figure 3.1(a), where 0≤a≤b≤1. For convenience, we let dc=
∑3

k=1 d
c
k. For

U={1,2,3}, {2,3}, {1,3}, {1,2}, {3}, {2} and {1}, the corresponding DRS,IC(U)

are given by

DRS,IC({1,2,3})= {0≤dck≤1,0≤dpk≤1,0≤dpk+d
c≤1,∀k∈{1,2,3},

dp1+dp2≤2b,dp1+dp2+dc≤1+b,dp1+dp3≤2b,dp1+dp3+dc≤1+b,

dp2+dp3≤2a,dp2+dp3+dc≤1+a,dp1+dp2+dp3≤2b+a,

dp1+dp2+dp3+dc≤1+b+a} , (3.11)

DRS,IC({2,3})= {dp1=0,0≤dck≤1,∀k∈{1,2,3},0≤dpk≤1,0≤dpk+d
c≤1,∀k∈{2,3},

dp2+dp3≤2a,dp2+dp3+dc≤1+a} , (3.12)

DRS,IC({1,3})= {dp2=0,0≤dck≤1,∀k∈{1,2,3},0≤dpk≤1,0≤dpk+d
c≤1,∀k∈{1,3},

dp1+dp3≤2b,dp1+dp3+dc≤1+b} , (3.13)

DRS,IC({1,2})= {dp3=0,0≤dck≤1,∀k∈{1,2,3},0≤dpk≤1,0≤dpk+d
c≤1,∀k∈{1,2},

dp1+dp2≤2b,dp1+dp2+dc≤1+b} , (3.14)

DRS,IC({3})= {dp1=dp2=0,0≤dck≤1,∀k∈{1,2,3},0≤dp3≤1,0≤dp3+dc≤1} , (3.15)

DRS,IC({2})= {dp1=dp3=0,0≤dck≤1,∀k={1,2,3},0≤dp2≤1,0≤dp2+dc≤1} , (3.16)

DRS,IC({1})= {dp2=dp3=0,0≤dck≤1,∀k∈{1,2,3},0≤dp1≤1,0≤dp1+dc≤1} , (3.17)

respectively. Using (3.11) through to (3.17), it can be verified that the maximum

sum DoF
∑3

k=1 d
c
k+d

p
k achieved by RS is max{1+2a,1+b}. When 1+2a≥1+b, the

sum DoF 1+2a is achievable by taking r1=r2=r3=a; otherwise, the sum DoF 1+b

is achieved with r1=r2=b and r3=0.

According to (3.4), the DoF region achieved by ZFBF with power control can

be obtained by removing the inequalities of dc. Then, it can be verified that the sum

DoF achieved by ZFBF with power control is max{2b,min{1+2a,2b+a}}. When
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1+2a≥2b+a, the sum DoF 2b+a is achievable by choosing (r1,r2,r3)=(2b−a,b,b);

when 2b≤1+2a≤2b+a, the sum DoF 1+2a is achievable by choosing (r1,r2,r3)=(1,

1−b+a,1−b+a); when 1+2a≤2b, the sum DoF 2b is achieved with (r1,r2,r3)=(1,1,0).

By comparing the sum DoF achieved by RS and ZFBF with power control, we

see that RS offers DoF gain except in the case 1+b≤1+2a≤2b+a.

Next, considering ZFBF with power control and RS with common message mul-

ticasting as benchmark schemes, we move on to propose a novel transmission strat-

egy that yields a greater DoF region in the fully connected K-cell MISO IC with

equal SNR and INR and with an arbitrary CSIT quality topology.

3.2 Topological Rate-Splitting

In this section, we firstly introduce the idea of Topological Rate-splitting focusing

on the example in Figure 3.1(a). Secondly, we propose the generalized framework

of the TRS motivated by a novel weighted-sum interpretation of the fully connected

MISO IC with CSIT quality topology A. Then, the sum DoF achieved by the TRS

scheme is studied using graph theory tools.

3.2.1 A Toy Example

Focusing on the example in Figure 3.1(a), we propose a simple TRS scheme that

yields a greater sum DoF than RS and ZFBF with power control. Similar to RS, we

consider that each transmitter uses power P a to unicast the private messages along

ZF-precoders (this power allocation policy achieves the maximal sum DoF of RS

when 1+2a≥1+b). Unlike RS, the remaining power P−P a is further split into two

parts P b−P a and P−P b for common message groupcasting and common message

multicasting, respectively. To be specific, the transmission block for the common

messages is designed as follows.
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Firstly, with power P b−P a, we see that the interference from transmitter 1 to

user 2 and user 3, the interference from transmitter 2 to user 1 and the interference

from transmitter 3 to user 1, can be forced within the noise power via ZFBF, because

the CSIT quality of those links a21=a31=a12=a13=b are sufficiently good. By doing

so, the MISO IC becomes a partially connected network with two cross links h23 and

h32 as illustrated in Figure 3.1(b) (see the figure in the middle). In such a network,

transmitter 1 can deliver one message w2
1 to user 1 without mixing with the messages

transmitted by other transmitters. At the same time, transmitter 2 and 3 are able to

deliver group common messages to be decoded by user 2 and user 3, without mixing

with w2
1. Here, as we design TRS from a sum DoF perspective, for convenience, we

consider that transmitter 2 delivers a group common message w2
2 while transmitter 3

does not transmit group common message.

Secondly, with the remaining power P−P b, as the CSIT qualities are not good

enough, we see that no interference can be drowned into the noise at any user via

ZFBF. This fact corresponds to a fully connected network shown in Figure 3.1(b)

(the right-most figure). Then, we consider that transmitter 1 multicasts one common

message w3
1 to be decoded by all users.

Accordingly, the transmitted signals write as

s1= p3
1w

3
1︸ ︷︷ ︸

P−P b

+ p2
1w

2
1︸ ︷︷ ︸

P b−Pa

+ p1
1w

1
1︸ ︷︷ ︸

Pa

, (3.18)

s2= p2
2w

2
2︸ ︷︷ ︸

P b−Pa

+ p1
2w

1
2︸ ︷︷ ︸

Pa

, (3.19)

s3= p1
3w

1
3︸ ︷︷ ︸

Pa

, (3.20)

where p2
1=p1

1⊆ span(ĥ⊥21,ĥ
⊥
31), p2

2⊆ span(ĥ⊥12), p1
2⊆ span(ĥ⊥12,ĥ

⊥
32), and p1

3⊆ span(ĥ⊥13,ĥ
⊥
23).
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The received signals are expressed as

y1= hH11p
3
1w

3
1︸ ︷︷ ︸

P

+ hH11p
2
1w

2
1︸ ︷︷ ︸

P b

+ hH11p
1
1w

1
1︸ ︷︷ ︸

Pa

+ hH12p
2
2w

2
2+hH12p

1
2w

1
2+hH13p

1
3w

1
3︸ ︷︷ ︸

P 0

+ n1︸︷︷︸
P 0

, (3.21)

y2= hH21p
3
1w

3
1︸ ︷︷ ︸

P

+ hH21p
2
1w

2
1+hH21p

1
1w

1
1︸ ︷︷ ︸

P 0

+hH22p
2
2w

2
2︸ ︷︷ ︸

P b

+hH22p
1
2w

1
2︸ ︷︷ ︸

Pa

+hH23p
1
3w

1
3︸ ︷︷ ︸

P 0

+ n2︸︷︷︸
P 0

, (3.22)

y3= hH31p
3
1w

3
1︸ ︷︷ ︸

P

+ hH31p
2
1w

2
1+hH31p

1
1w

1
1︸ ︷︷ ︸

P 0

+hH32p
2
2w

2
2︸ ︷︷ ︸

P b

+hH32p
1
2w

1
2︸ ︷︷ ︸

P 0

+hH33p
1
3w

1
3︸ ︷︷ ︸

Pa

+ n3︸︷︷︸
P 0

, (3.23)

where all the undesired messages are drowned into the noise. The decoding proce-

dure starts from the messages with the greatest strength and then downwards using

SIC. The DoF achieved by the common messages are d2
1=d2

2=b−a and d3
1=1−b.

Then, it is straightforward that the sum DoF of the common messages 1+b−2a is

greater than 1−a achieved by RS. Counting the DoF of the private messages, the

sum DoF achieved by TRS is 1+b+a, outperforming 1+2a achieved by RS.

Remark 3.1. The beauty of the TRS approach above lies in the multi-layer structure.

With ZF-precoders and properly assigned power levels, the CSIT quality topology

in Figure 3.1(a) is interpreted as a series of network topologies in Figure 3.1(b). As

shown, the left, middle and right figures respectively represent the networks where

the private message unicasting, common message groupcasting and common mes-

sage multicasting are performed. The weights underneath stand for their separations

in the power domain. This procedure is called weighted-sum interpretation, which

helps us generating common messages to be decoded by a small number of users

rather than all users. However, in RS, the common messages are always to be de-

coded by all the users, which essentially limits the sum DoF performance.
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3.2.2 Unified Framework and the Achievable DoF Region

Motivated by the toy example, we present the generalized transmission block of

TRS. We describe the TRS approach focusing on the active user subset S⊆K, while

the remaining users are made silent.

In TRS, each active transmitter divides the message intended for its correspond-

ing user into N=L+2 parts, i.e., Wk,{w1
k,w

2
k, · · · ,wNk }, ∀k∈S. The definition of

L will be introduced later on. Letting pik denote the precoder and Pk,i denote the

power chosen for a certain message wik, the signal transmitted by transmitter k can

be expressed as

sk=
L+2∑
i=1

pikw
i
k︸ ︷︷ ︸

Pk,i

,∀k∈S. (3.24)

Private message layer: Message w1
k is regarded as a private message intended

for user k and is to be decoded by user k only. It is transmitted along a ZF-precoder

and is unicast with a fraction of the total power as

p1
k⊆ span({ĥ⊥jk}∀j∈S\k), Pk,1=P rk ,∀k∈S. (3.25)

Common message layer: The remaining power P−P rk at each user is employed

to deliver the L+1 common messages wik,i=2, · · · ,L+2. The power allocated to

each common message wik and its precoder are obtained based on the CSIT qualities.

Firstly, as only the users in S are active, we obtain a subset A(S)⊆A such that

akj∈A(S) if and only if k,j∈S. Secondly, let A(r,S)⊆A(S) denote the set formed

by all the elements of A(S) that are greater than r0,maxk∈S rk, i.e.,

A(r,S),{akj}∀akj∈A(S),akj>r0 . (3.26)

Thirdly, letting L denote the number of different values of A(r,S), we represent

these L values by aπ(1), · · · ,aπ(L), which satisfy aπ(1)<aπ(2)<· · ·<aπ(L). Besides,
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for convenience, we define aπ(L+1)=1. Using these L+1 variables aπ(1), · · · ,aπ(L+1),

we divide the remaining power P−P rk at each transmitter into L+1 power levels,

i.e., P aπ(1)−P rk , P aπ(2)−P aπ(1) , · · · , P aπ(L+1)−P aπ(L) .

Then, we assign theseL+1 power levels to the common messageswik, 2≤i≤L+2,

and choose a ZF-precoder for each of them as

Pk,2=P aπ(1)−P rk , Pk,i=P
aπ(i−1)−P aπ(i−2) ,3≤i≤L+2; (3.27)

pik⊆ span
(
{ĥ⊥jk}∀j∈S\Rik(S,r)

)
, where (3.28)

Ri
k(S,r),{j:j∈S\k, ajk<aπ(i−1)}∪k. (3.29)

Such a precoder and power allocation policy suggest that wik is a group common

message to be decoded by the group of users Ri
k(S,r), while it is drowned into the

noise at other users ∀j∈S\Ri
k(S,r).

With the precoders and power allocation policy given in (3.25) through to (3.29),

the signal received by user k writes as

yk=
∑
j∈S

L+2∑
i=1

hHkjp
i
jw

i
j+nk (3.30)

=
L+2∑
i=2

hHkkp
i
kw

i
k︸ ︷︷ ︸

P
aπ(i−1)

+
∑

j:∀j∈S\k,
akj<aπ(i−1)

hHkjp
i
jw

i
j︸ ︷︷ ︸

P
aπ(i−1)

+
∑

j:∀j∈S\k,
akj≥aπ(i−1)

hHkjp
i
jw

i
j︸ ︷︷ ︸

P
aπ(i−1)−akj

+ (3.31)

hHkkp
1
kw

1
k︸ ︷︷ ︸

P rk

+
∑
∀j∈S\k

hHkjp
1
jw

1
j︸ ︷︷ ︸

P
rj−akj

+ nk︸︷︷︸
P 0

, (3.32)

where the quantities underneath stand for the approximated received power when

P→∞. As expressed in (3.31), if the CSIT quality of the cross link hkj is greater

than or equal to the allocated power level, i.e., akj>aπ(i−1), the common message

wij,i≥2, is drowned into the noise at user k due to ZFBF; otherwise, wij is received

by user k with power P aπ(i−1) . As expressed in (3.32), the undesired private message
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w1
j ,∀j∈S\k is received by user k with power P rk−akj . If akj≥rk, w1

j is drowned into

the noise; otherwise, w1
j becomes an undesirable interference overheard by user k.

The decoding procedure is performed by SIC. Let us focus on the received signal

in (3.30). Firstly, user k decodes common messages wL+2
k and {wL+2

j }j:akj<aπ(L+1)

by treating all the other messages as noise. Secondly, after removing those recovered

messages, user k decodes wL+1
k and {wL+1

j }j:akj<aπ(L)
, by treating all the other mes-

sages with lower received power as noise. This procedure runs for L+1 rounds till

all the common messages are recovered. At last, user k decodes its desired private

message w1
k by treating the undesired private messages as noise.

For convenience, let us denote the set of common messages decoded by user k

in a certain round of SIC by

T ik (S,r),wik ∪ {wij}j:∀j∈S\k,akj<aπ(i−1)
, where 2≤i≤L+2. (3.33)

Then, the DoF region achieved by the proposed TRS scheme, denoted by DTRS , is

stated below.

Proposition 3.2. In a fully connected K-cell IC with equal SNR and INR and with

CSIT quality topology A, the DoF region achieved by the proposed TRS scheme is

DTRS=
⋃

∀S∈K,∀r

DTRS(S,r), (3.34)

where DTRS(S,r) is the DoF region achieved by TRS with active user subset S and

power allocation policy r for the private messages. It is the set of the DoF tuples
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(d1, · · · ,dK)=
∑L+2

i=1 (dik, · · · ,diK) such that

d1
k=0,∀k∈K\S; 0≤d1

k≤
(
rk− max

j∈S\k
(rj−akj)+

)+

,∀k∈S; (3.35)

d2
k=0,∀k∈K\S; 0≤d2

k,
∑

∀j:w2
j∈T 2

k (S,r)

d2
j≤aπ(1)−max{rk, max

j∈S\k
rj−akj},∀k∈S; (3.36)

dik=0,∀k∈K\S; 0≤dik,
∑

∀j:wij∈T ik (S,r)

dij≤aπ(i−1)−aπ(i−2),∀k∈S,3≤i≤L+2, (3.37)

and T ik (S,r), 2≤i≤L+2, is defined in (3.33) as a function of S and r.

Proof. see Appendix E.

We point out that it is cumbersome to obtain a concise expression of DTRS by

eliminating the variables S and r. This is because the DoF of the common messages

transmitted in each power layer are characterized by |S| different inequalities, which

strongly depend on the CSIT quality topologies (see (3.36) and (3.37)).

In the rest of this subsection, we consider an inner-bound D̄TRS(S,r)⊆DTRS(S,r),

obtained by replacing (3.36) with

d2
k=0,∀k∈K\S; 0≤d2

k,
∑

∀j:w2
j∈T 2

k (S,r)

d2
j≤aπ(1)−r0,∀k∈S; (3.38)

where r0,maxk∈S rk. When there is an even power allocation for the private mes-

sages, i.e., rk=rj,∀k,j∈S, we have D̄TRS(S,r)=DTRS(S,r). Comparing this inner-

bound with the DoF region achieved by RS given in (3.8), we can reach the con-

clusion that the DoF region achieved by TRS covers that achieved by RS. To see

this, let us express any achievable DoF tuple (dc1, · · · ,dcK) for which (3.8) holds

as
∑L+2

i=2 (dc,i1 , · · · ,d
c,i
K ), where the DoF tuple (dc,i1 , · · · ,d

c,i
K ) are subject to dc,ik =0,

∀k∈K\S ,
∑

k∈S d
c,i
k ≤aπ(i−1)−aπ(i−2), 3≤i≤L+2, and

∑
k∈S d

c,2
k ≤aπ(1)−r0. Then,

it readily shows that the DoF tuple (dc,i1 , · · · ,d
c,i
K ) also lies in (3.38) and (3.37), be-

cause the summation of dik is taken over the set ∀j:wij∈T ik (S,r), which is a subset of
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S. This fact implies that the DoF region achieved by TRS covers that achieved by

RS, i.e., DRS,IC(S,r)⊆D̄TRS(S,r)⊆DTRS(S,r).

3.2.3 Weighted-Sum Interpretation

We note that the construction of the TRS scheme is motivated by a novel weighted-

sum interpretation of the CSIT quality topology as a series of partially connected

networks. Specifically, with the power and ZF-precoders chosen for the common

messages in (3.27) and (3.29), we observe that a transmitter k is only connected to

the group of users ∀j∈Ri
k(S,r). Besides, as shown by the received signal given in

(3.31), the messages wij∈S\T ik (S,r) are forced within the noise power at user k.

This fact implies that user k is only connected to transmitters ∀j,wij∈T ik (S,r). This

topology can be expressed using a connectivity matrix Mi(S,r)∈{0,1}|S|×|S|, whose

element in row k and column j, i.e., mkj , is given by

mi
kj=

 1 if wij∈T ik (S,r);

0 otherwise.
(3.39)

The value of mi
kj in (3.39) represents whether or not wij is decoded by user k.

The DoF tuple (3.38) and (3.37) achieved by the common messages transmit-

ted with power layer i can be interpreted as (aπ(i−1)−aπ(i−2))×D̂iTRS(S,r), where

D̂iTRS(S,r) is the set of all (d̂2
1, · · · ,d̂2

K) such that

d̂2
k=0,∀k∈K\S; 0≤d̂2

k,∀k∈S,Mi(S,r)d̂i≤1|S|,2≤i≤L+2, (3.40)

represents the set of DoF tuples d̂i=(d̂i1, · · · ,d̂iK) achieved by common message

groupcasting in the partially network defined by connectivity matrix Mi(S,r). The

weights aπ(i−1)−aπ(i−2), i≥2, stand for the fractions of channel use of the partially

connected networks in the power domain (Note that we assume aπ(0)=r0). For clar-
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ity, let {ŵik}k∈S denote the common messages transmitted in the partially connected

network defined by topology Mi(S,r). The achievable DoF of ŵik is represented by

d̂ik. Then, the DoF dik of common message wik transmitted in TRS is obtained by

dik=(aπ(i−1)−aπ(i−2))d̂
i
k. Consequently, the DoF region D̄cTRS contributed by all the

common messages
∑L+2

i=2 (di1,· · ·diK) can be expressed by the weighted-sum of the

DoF region achieved in the L+1 partially connected networks, i.e.,

D̄cTRS(S,r)=
L+2∑
i=2

(aπ(i−1)−aπ(i−2))×D̂iTRS(S,r). (3.41)

Similarly, when rk≤minj∈S\k ajk, ∀k∈S, the private message unicasting part

is interpreted as a partially connected network formed by |S| parallel direct links,

because all the interference is drowned into the noise.

This weighted-sum interpretation bridges the DoF region achieved TRS with the

achievable DoF region in partially connected networks, thus allowing us to employ

methodologies applicable for partially connected networks to analyze the DoF region

achieved by TRS. Motivated by this, we study the sum DoF achieved TRS in the next

subsection.

3.2.4 Sum DoF from Graph Theory Perspective

In this part, we aim to find the maximal sum DoF given the DoF region D̄TRS(S,r)

specified by (3.35), (3.38) and (3.37). To do so, it is straightforward that the max-

imum DoF of the private messages is d1
k=
(
rk−maxj∈S\k(rj−akj)+

)+. Then, the

work is reduced to compute the maximum sum DoF contributed by all the common

messages. As a consequence of the weighted-sum interpretation in (3.41), this sum
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DoF maximization is decoupled into a series of optimization problems

Pi: max d̂is(S,r),
∑
k∈S

d̂ik,∀i=2, · · · ,L+2 (3.42)

s.t. (d̂ik)k∈S∈D̂iTRS(S,r)⇒ 0≤d̂ik,k∈S,Mi(S,r)d̂i≤1|S|. (3.43)

For convenience, we drop the variables (S,r) in the following analysis. As ex-

plained in Section 3.2.3, solving the problem Pi, i≥2, is related to maximizing the

sum DoF achieved by common message groupcasting in a partially connected net-

work. In recent years, the DoF of partially connected networks has received lots of

attentions in [64, 65, 66, 67, 68, 69]. Although all of these works look at symmetric

DoF, graph theory methodologies have been identified as useful means because of

their powerful ability to describe whether or not a user’s message is interfered with

one another. Motivated by that, we solve our problem in a similar way.

We model the partially connected network with connectivity matrix Mi as a hy-

pergraph Hi(Ŵ i,T i), where Ŵ i,{ŵik}k∈S is the vertex set of the hypergraph and

T i,{T ik }k∈S with T ik defined in (3.33) is the hyperedge set of the hypergraph. Note

that a member of T i is actually a subset of Ŵ i. If each member of T i has two ver-

tices, e.g., T ik={ŵik,ŵij}, then T ik actually means an edge between ŵik and ŵij , and

the hypergraph Hi(Ŵ i,T i) is actually a graph. When an element of T i has more

than two elements, i.e., |T ik |≥3, then T ik is called an hyperedge with |T ik | vertices.

In the following, focusing on the hypergraph Hi(Ŵ i,T i), we interpret the op-

timization problem Pi as two classical problems in graph theory, which lead to a

sub-optimal solution and the optimal solution.

3.2.4.1 Orthogonal Groupcasting

We firstly propose a sub-optimal solution, so called orthogonal groupcasting, by as-

suming that each user only decodes at most one common message. In other words,



3.2. Topological Rate-Splitting 95

no two of the common messages {ŵik}∀k∈S are received by a single user. This as-

sumption imposes a constraint d̂ik∈{0,1} to the optimization problem Pi in (3.42).

Then, a DoF tuple (d̂ik)k∈S achieved by orthogonal groupcasting defines a subset

X i⊆Ŵ i which contains all the messages with DoF 1, i.e., X i={ŵik}∀k,d̂ik=1. The

sum DoF is identical to the cardinality of X i, i.e., |X i|. According to the definition

of orthogonal groupcasting, this subset has the property that no two elements of X i

are together in the same member of T i. Therefore, this subset X i⊆Ŵ i is called

a packing in the hypergraph Hi(Ŵ i,T i) [70]. Finding the maximum sum DoF is

equivalent to finding the largest size of a packing, and the largest size is defined to

be the packing number p(Hi(Ŵ i,T i)) ofHi(Ŵ i,T i). Hence, the sum DoF achieved

by the orthogonal groupcasting is stated as follows.

Proposition 3.3. In a fully connected K-cell MISO IC with equal SNR and INR

and with CSIT quality topology A, the sum DoF achieved by TRS designed with

orthogonal common message groupcasting is

dorth
s,TRS= max

∀S⊆K,∀r
dorth
s,TRS(S,r), (3.44)

where dorth
s,TRS(S,r) is the sum DoF achieved with active user set S and power alloca-

tion policy r. It is given by

dorth
s,TRS(S,r)=

K∑
k=1

(
rk− max

j∈S′\k
(rj−akj)+

)+

+

L+2∑
i=2

(aπ(i−1)−aπ(i−2))×p(Hi(Ŵ i,T i(S,r))), (3.45)

where p(Hi(Ŵ i,T i(S,r))) is the packing number of hypergraph Hi(Ŵ i,T i(S,r))

defined by vertex set Ŵ i and hyperedge set T i(S,r) defined in (3.33).
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3.2.4.2 Maximal Groupcasting

To find the optimal solution to problem Pi, let us firstly look at the following prob-

lem.

P̃i: max
∑
k∈S

d̃ik (3.46)

s.t. Mid̃i≤t×1|S|,d̃
i
k∈Z+,∀k∈S, (3.47)

where t is a positive integer. A feasible (d̃ik)k∈S satisfying (3.47) defines a multiset

X i which contains ŵik if d̃ik>0. The multiplicity2 of ŵik in X i is d̃ik, and the sum DoF

is equal to |X i|.

In this way, the inequality (3.47) can be interpreted as follows. For the vertices in

the same member of T i, the sum of their multiplicity in X i is smaller than or equal

to t. According to [70], a multiset X i with such a property is called a t-fold packing

of hypergraphHi(Ŵ i,T i). When t=1, the t-fold packing collapses to the packing of

the hypergraph Hi(Ŵ i,T i) that is introduced in Section 3.2.4.1. Consequently, the

optimization problem P̃i is interpreted as finding the largest size of a t-fold packing,

and the largest size is defined as the t-fold packing number pt(Hi(Ŵ i,T i)).

So far, we are one-step closer to our objective. According to [70, Section 1.2],

the optimal result of Problem Pi in (3.42) can be found using the result of Problem

P̃i in (3.46) by taking t→∞ as

pf (Hi(Ŵ i,T i))= lim
t→∞

pt(Hi(Ŵ i,T i))
t

. (3.48)

This quantity is called fractional packing number of hypergraph Hi(Ŵ i,T i). Be-

sides, the DoF of message ŵik is expressed as d̂ik= limt→∞
d̃i∗k
t

, where d̃i∗k is the result

of the t-fold packing problem P̃i.
2The multiset X i may have multiple identical elements. For instance, one has X i={ŵi1,ŵi2,ŵi2},

and the multiplicity of ŵi1 is 1 and the multiplicity of ŵi2 is 2.
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Figure 3.2: 3-cell IC with a cyclic CSIT quality topology

Therefore, we may state an achievable sum DoF resulted by the maximal group-

casting as follows.

Proposition 3.4. In a fully connected K-cell MISO IC with equal SNR and INR

and with CSIT quality topology A, the sum DoF achieved by TRS with maximal

groupcasting is

dmax
s,TRS= max

∀S⊆K,∀r
dmax
s,TRS(S,r), (3.49)

where dmax
s,TRS(S,r) is the sum DoF achieved with active user set S and power alloca-

tion policy r. It is given by

dmax
s,TRS(S,r)=

K∑
k=1

(
rk− max

j∈S′\k
(rj−akj)+

)+

+

L+2∑
i=2

(aπ(i−1)−aπ(i−2))×pf (Hi(Ŵ i,T i(S,r))), (3.50)

where pf (Hi(Ŵ i,T i(S,r))) refers to the fractional packing number of hypergraph

Hi(Ŵ i,T i(S,r)) defined by vertex set Ŵ i and hyperedge set T i(S,r) defined in

(3.33).

Note that both common message groupcasting methods suffice to achieve the

sum DoF in the example illustrated in Figure 3.1(a). To highlight the gain offered

by the maximal groupcasting, let us focus on the 3-cell scenario with a cyclic CSIT

quality topology illustrated in Figure 3.2.

Following the footsteps presented in Section 3.2.2, the transmitted signal consists
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of three power levels, P a, P b−P a and P−P b, which are used for private message

unicasting, common message groupcasting and common message multicasting. To

highlight the benefit of performing maximal groupcasting, we only discuss the sum

DoF achieved by the messages transmitted in the second power level.

With power P b−P a and ZF-precoders, three interference links can be “removed”,

and the remaining links form a cyclic partially connected network as illustrated in

Figure 3.2. In this network, with the orthogonal groupcasting method, only one mes-

sage can be successfully transmitted, yielding (d2
1,d

2
2,d

2
3)=(b−a,0,0), (0,b−a,0) or

(0,0,b−a). Otherwise, there will be some users receiving a mixture of two common

messages, which contradicts the philosophy of the orthogonal groupcasting method.

However, the maximal groupcasting method requires each user to decode multiple

common messages. By doing so, although the DoF of each common message de-

creases, the sum DoF can be enhanced since more common messages can be trans-

mitted. Specifically, since each user receives the mixture of two common messages,

it is straightforward that the per common message DoF b−a
2

is achievable, thus lead-

ing to the sum DoF of 3
2
(b−a), which outperforms b−a achieved by orthogonal

groupcasting.

Counting the DoF 3a achieved by the private messages and the DoF 1−b achieved

by common message multicasting with power P−P b, the sum DoF achieved by TRS

designed with maximal groupcasting is 1+ b+3a
2

. Note that this result outperforms the

sum DoF 1+2a achieved by RS, and the sum DoF max{a+b,3a} achieved by ZFBF

with power control.

We point out that the sum DoF stated in Proposition 3.4 yields the best result so

far, because it has been shown that the DoF region stated in Proposition 3.2 covers

the DoF region achieved by RS and ZFBF with power control. Unfortunately, due to

the complicated expression of the sum DoF achieved by TRS, the general sufficient

and necessary condition where TRS strictly outperforms RS and ZFBF with power
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(a) CSIT quality table and network topology (b) Weighted-sum interpretation

Figure 3.3: 5-user examples with realistic setting, where 0≤a≤b≤1.

control is yet to be characterized. In an extreme case where the CSIT of the inter-

ference links associated to a single user have equal qualities, i.e., akj=αk, ∀k∈K,

∀j∈K\k, following the footsteps presented in Section 3.2.2, we can see that there

always exists a user who has to decode all the common messages. As a result, the

sum DoF achieved by TRS is essentially impacted and is no greater than the sum

DoF achieved by RS. Therefore, we claim that when the CSIT qualities of the inter-

ference links associated to each user have a larger variance, TRS is more likely to

strictly outperform RS and ZFBF with power control.

3.3 Achievable Sum DoF in Realistic Scenarios

So far, we have identified the achievability of the TRS scheme in the fully connected

IC where gkj=1, ∀k,j∈K. In this section, we show that the philosophy of the TRS

scheme is also applicable to partially connected networks with imperfect CSIT. To

see this, we switch our attention to a realistic scenario in the homogeneous cellular

network [31], where each user only receives the signal sent by its serving transmitter,

and the signals sent by two adjacent transmitters, i.e., user k only receives sk, sk+1

and sk−1. The signals sent out by farther transmitters are assumed to be negligible

due to the long distance. Note that it is assumed that user 1 is connected to transmitter

K, 1 and 2, while user K is connected to transmitter K−1, K and user 1.
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In the following, we firstly design a TRS approach for a class of CSIT quality

topologies, where for each user, one incoming interference link has CSIT quality b,

while the other interference link has CSIT quality a, i.e., either (ak,k+1,ak,k−1)=(a,b)

or (ak,k+1,ak,k−1)=(b,a), ∀k∈K. It is assumed that a≤b. A 5-cell example is illus-

trated in Figure 3.3(a). Secondly, we find the closed-form expression of the maximal

sum DoF achieved by the proposed TRS. Lastly, we compare the results with the

sum DoF achieved by ZFBF with power control.

3.3.1 Topological RS Transmission Block

Without sum DoF maximization, we design TRS by considering that all users are

active and each transmitter uses power P a, i.e., rk=a,∀k∈K, to unicast the private

message. Following the footsteps presented in Section 3.2.2, the transmitted signal

is expressed as

sk= p3
kw

3
k︸ ︷︷ ︸

P−P b

+ p2
kw

2
k︸ ︷︷ ︸

P b−Pa

+ p1
kw

1
k︸ ︷︷ ︸

Pa

, (3.51)

where p1
k⊆ span(ĥ⊥k+1,k,ĥ

⊥
k−1,k) and p2

k⊆ span({ĥ⊥jk}j=k+1,k−1,ajk=b) are ZF precoders

and p3
k is a random precoder. The message w1

k is a private message intended for

user k, w2
k is a common message to be decoded by user k and user j for some

j=k+1,k−1,ajk=a, while w3
k is a common message to be decoded by user k, k−1

and k+1.

The signal received by user k writes as

yk=
k+1∑
j=k−1

hHkjp
3
jw

3
j︸ ︷︷ ︸

P

+ (3.52)

hHkkp
2
kw

2
k︸ ︷︷ ︸

P b

+
∑

j=k−1,k+1,akj=a

hHkjp
2
jw

2
j︸ ︷︷ ︸

P b

+
∑

j=k−1,k+1,akj=b

hHkjp
2
jw

2
j︸ ︷︷ ︸

P 0

+ (3.53)

hHkkp
1
kw

1
k︸ ︷︷ ︸

Pa

+
∑

j=k−1,k+1

hHkjp
1
jw

1
j︸ ︷︷ ︸

P 0

+ nk︸︷︷︸
P 0

. (3.54)
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The sets of the common messages that are decoded by user k are defined as T 1
k ,{w1

k},

T 2
k ,w

2
k∪w2

j , j=k+1,k−1,ajk=a and T 3
k ,{w3

k,w
3
k+1,w

3
k−1}. By performing SIC,

the achievable DoF lies in

d1
k≤a,

∑
j∈T 2

k

d2
j≤b−a,

∑
j∈T 3

k

d3
j≤1−b,∀k∈K. (3.55)

With the definition of T ik , the weighted-sum interpretation of the CSIT quality

topology in Figure 3.3(a) is illustrated in Figure 3.3(b). The left, middle and right

figures respectively stand for the partially connected networks where the private mes-

sage unicasting, common message groupcasting and common message multicasting

are performed. Next, given the achievable DoF region in (3.55), we study the maxi-

mal achievable sum DoF.

3.3.2 Achievable Sum DoF

Firstly, it is clear that the maximum sum DoF achieved by the private messages

{w1
k}k∈K is Ka.

Secondly, the maximum sum DoF achieved by the common messages {w3
k}k∈K

can be found as follows. The inequalities in (3.55) related to w3
k can be explicitly

written as

d3
1+d3

2+d3
3≤1−b, d3

2+d3
3+d3

4≤1−b, · · · d3
K−1+d3

K+d3
1≤1−b. (3.56)

Summing these K inequalities yields 3
∑K

k=1 d
3
k≤K(1−b), leading to the sum DoF∑K

k=1 d
3
k≤K

3
(1−b). The equality holds by simply taking d3

1=d3
2= · · ·=d3

K=1−b
3

.

Thirdly, it remains to compute the maximal achievable DoF of the common mes-

sages {w2
k}k∈K. To this end, according to the definition of set T 2

k , we obtain a par-

tially connected network with the topology matrix M2, whose elements are deter-
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(a) rowrk(M2)=5 (b) rowrk(M2)=4 (c) rowrk(M2)=3

Figure 3.4: The hypergraphH2(W2,T 2).

mined following (3.39). Specifically, if j=k or akj=a, we have mkj=1; otherwise,

we have mkj=0. Then, finding the sum DoF achieved by {w2
k}k∈K subject to (3.55)

is equivalent to computing the sum DoF
∑

k∈K d̂
2
k given M2d̂2≤1K , where d̂k stands

for DoF of common message ŵik transmitted in the partially connected network de-

fined by M2. The DoF d2
k achieved in TRS is obtained by (b−a)d̂2

k.

According the CSIT quality topology mentioned at the beginning of this sec-

tion, we see that each set T 2
k ,∀k∈K has two elements, and each row of M2 has

two “1”s. Then, following the definition introduced in Section 3.2.4, the hypergraph

H2(Ŵ2,T 2) is actually a graph. A member of T 2, i.e., T ik , refers to an edge between

vertex ŵ2
k and its neighbor ŵ2

j if akj=a. Next, we characterize the sum DoF
∑

k∈K d̂
2
k

by evaluating the row rank of M2.

When M2 has a full row rank, it means that there is no redundant inequalities

in (3.55). In other words, there is no overlapping edges in T 2. Moreover, since a

vertex ŵ2
k can only have an edge with either ŵik−1 or ŵik+1, the graphH2(Ŵ2,T 2) is

actually a circuit. An example is illustrated Figure 3.4(a). It can be verified that the

sum DoF of the common messages {ŵ2
k}k∈K is K

2
(obtained by adding up all the K

inequalities involved in M2d̂2≤1K and dividing the sum by 2).

When M2 has a deficient row rank, it means that some edges of the graph

H2(Ŵ2,T 2) are redundant. This fact breaks the circuit when M2 has full row rank

into pieces. Clearly, if the row rank of M2 is K−1, the graph is a chain (see Figure

3.4(b)); if the row rank of M2 is K−2, the graph consists of two separated chains
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(see Figure 3.4(c)), then the maximum sum DoF can be computed by adding up the

sum DoF achieved in each chain. Hence, when rowrk(M2)=r, the graph has K−r

separated chains. The remaining work is to characterize the maximum sum DoF for

a single chain.

Intuitively, as two connected vertices correspond to an inequality d̂2
k+d̂

2
k+1≤1,

the maximum sum DoF for a single chain is equal to the number of disjoint ver-

tices. Hence, denoting the length of a chain by Kn, the sum DoF is Kn
2

if Kn is an

even number and Kn+1
2

if Kn is an odd number. The rigorous proof is presented in

Appendix F.

In general, when rowrk(M2)=r, the sum DoF of common messages {ŵ2
k}k∈K

writes as

∑
k∈K

d̂2
k=


K
2

if r=K∑K−r
n=1

Kn
2

1Kn is even+
Kn+1

2
1Kn is odd if r<K

=
K

2
+
ε

2
, (3.57)

where ε stands for the number of chains that have odd number of vertices. Then, the

maximum sum DoF achieved by {w2
k}k∈K transmitted in TRS is (b−a)

(
K
2

+ ε
2

)
.

According to the above analysis and counting the sum DoF achieved by {w1
k}k∈K

and {w3
k}k∈K, we state the maximum achievable sum DoF in the considered scenario

as follows.

Proposition 3.5. In a K-cell MISO IC where 1) each user is connected to its closest

three transmitters, and 2) the two incoming interference links associated to each user

has CSIT quality a and b with 0≤a≤b≤1, the maximum sum DoF achieved by TRS

designed by unicasting private messages with power P a is

dmax
s,TRS(K,r=a)=

K

3
+
K

6
b+

K

2
a+

b−a
2
ε, (3.58)

where ε is defined in (3.57) and r=a means that rk=a,∀k∈K.
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(a) All users are active. (b) 5 active users, k=1,2,3,4,5.

(c) 4 active users, k=1,2,3,5. (d) 3 active users, k=1,3,5.

Figure 3.5: Illustration of computing the sum DoF achieved by ZFBF with power
control

Obviously, the sum DoF achieved by the proposed TRS scheme strongly depends

on ε, i.e., the number of chains with odd number of vertices. Since there are at least

two elements in a chain, the shortest length of a chain with odd number of vertices

is 3. Hence, the maximal value of ε is ε∗=K
3

, K−2
3

and K−4
3

when K mod 3=0,

K mod 3=2 and K mod 3=1, respectively. This indicates that the best topology

that yields the greatest sum DoF has the property that in the generated graph there

exist ε∗ chains with three vertices and K−3ε∗

2
chains with two vertices. Then, by

substituting ε∗ into (3.58), we find that the best sum DoF is K
3

(1+b+a)−km
3

(b−a),

where km,2K mod 3. Besides, the worst topology has the property that all the

chains have even number of vertices. The worst sum DoF is equal to K
3

(1+ b
2
+3a

2
).

3.3.3 Discussions

In this part, we compare the sum DoF achieved by the proposed TRS scheme with

the sum DoF achieved by preliminary schemes. In RS, each user employs a fraction

of the total power to unicast the private message, while employs the remaining power

to transmit the common message. However, unlike the received signal presented in
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(3.7), in the considered realistic scenarios, each user only decodes three common

message transmitted by the dominant transmitters rather than all common messages.

This fact implies that the DoF achieved by the common messages are specified by

|S| different inequalities, rather than the single inequality
∑

k∈S d
c
k≤1−maxj∈S rj

in (3.8). Hence, the achievable DoF region specified in Proposition 3.1 cannot be

used to evaluate the DoF region achieved by RS in the considered realistic scenarios.

Instead, we look at the sum DoF achieved by ZFBF with power control.

According to Remark 2.1, finding the maximum sum DoF achieved by ZFBF

with power control requires a huge amount of efforts of evaluating the DoF region

obtained for all the possible active user set U⊆K. To find a tractable result, we focus

on the cyclic CSIT quality topology, i.e., ak,k+1=a and ak,k−1=b, ∀k∈K, where the

index k is based on modulus K. Note that according to the previous analysis, this

topology is one of the worst topologies for the proposed TRS and the sum DoF

achieved by the proposed TRS is dmax
s,TRS(K,a)=K

3
(1+ b

2
+3a

2
).

We evaluate the achievable sum DoF for each possible active user set U using

(3.4), and the maximum of them yields the sum DoF achieved by ZFBF with power

control. A 6-user example is shown in Figure 3.5. Note that the 1 in row k and

column j with j 6=k−1,k+1 is obtained because the DoF achieved by ZFBF in the

considered scenario is identical to the DoF achieved by ZFBF in a fully connected

MISO IC with CSIT quality akj=1, ∀j∈K\{k,k−1,k+1}. When all the users are

active, the achievable sum DoF 6a is given by inequality
∑m

l=1 d
p
il
≤
∑m

l=1 ail−1il ,

where the cyclic user sequence is (i1,· · ·i6)=(1,6,5,4,3,2). Similarly, when there are

5 active users, the achievable sum DoF is 1+4a, given by the cyclic user sequence

(1,5,4,3,2). When there are 4 active users, the best active users set that yields the

maximum sum DoF is {1,2,3,5} because user 5 is not interfered with the other three

users. The achievable sum DoF is 2+2a. When there are 3 active users, the sum DoF

3 can be achieved by simply scheduling user 1, 3 and 5. Hence, the maximum sum
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DoF achieved by ZFBF with power control is max{6a,1+4a,2+2a,3}.

In general, when K is an even number, by applying the same method as above,

the maximum sum DoF achieved by ZFBF with power control is

ds,zfbf= max
n:K

2
≤n≤K

K−n+(2n−K)a, (3.59)

where n stands for the number of active users. Thus, if a≥1
2
, we have ds,zfbf=Ka;

otherwise, we have ds,zfbf=K
2

. It can be verified that the sum DoF achieved by the

proposed TRS, i.e., dmax
s,TRS(K,a)=K

3
(1+ b

2
+3a

2
), is strictly greater than the sum DoF

achieved by ZFBF as long as b+3a>1.

When K is an odd number, the maximum sum DoF achieved by ZFBF with

power control is

ds,zfbf= max
bK

2
c+2≤n≤K

{bK
2
c,bK

2
c−1+a+b,2bK

2
c−n+1+(2n−2bK

2
c−1)a} (3.60)

The number bK
2
c−1+a+b is the achievable sum DoF when there are bK

2
c+1 ac-

tive users. It is achieved by scheduling user 1, 3, · · · , 2bK
2
c−3 who are not inter-

fered with each other, and scheduling another two adjacent users, i.e., user 2bK
2
c−1

and user 2bK
2
c. The quantity 2bK

2
c−n+1+(2n−2bK

2
c−1)a is the achievable sum

DoF when there are n active users, bK
2
c+2≤n≤K. It is achieved by scheduling

2bK
2
c−n separated users, and 2n−2bK

2
c adjacent users. Through some calculations,

it can be verified that when a≥1
2
, we have ds,zfbf=Ka; when 1−b≤a≤1

2
, we have

ds,zfbf=bK2 c−1+a+b; when a≤1−b and a≤1
2
, we have ds,zfbf=bK2 c. Comparing

with the sum DoF achieved by TRS, we conclude that dmax
s,TRS(K,a)>ds,zfbf as long

as b+3a> 6
K
bK

2
c−2.

Remarkably, we clarify that in the cyclic CSIT quality topology, the condition

b+3a> 6
K
bK

2
c−2 is a sufficient condition that TRS yields a sum DoF strictly greater

than ZFBF with power control. When this condition does not hold, we can seek
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for an optimal active user set S∗ and optimal power allocation policy r∗, which

maximize the sum DoF achieved by TRS.

In this chapter, we broaden the analysis of RS scheme to the multi-cell scenario

with imperfect CSIT. The key finding lies in the invention of the novel scheme, so

called Topological RS. Compared to RS, the novelty of TRS lies in a multi-layer

structure (in the power domain) designed based on the various CSIT qualities of

the interference links. In a certain layer, with a properly assigned power and ZF-

precoder, the common message sent out by each transmitter is drowned into the noise

at the users whose CSIT qualities are sufficiently good, while other users have to de-

code the common message. As the CSIT qualities vary across the interference links,

each common message is to be decoded by a particular group of users. This fact im-

plies that in each (power) layer, the fully connected MISO IC can be interpreted as a

partially connected network, and the multi-layer structure forms a weighted-sum of

the partially connected networks, where the weights stand for the separations of the

layers in the power domain. In this way, each user only needs to decode a smaller

number of common messages rather than all the common messages, thus enhancing

the DoF achieved by the common messages and leading to a DoF region no smaller

than that achieved by RS. The achievable sum DoF by TRS is characterized using

graph theory tools, i.e., the packing and fractional packing of a hypergraph. The

latter method is shown to produce the maximal sum DoF. At last, the TRS approach

is shown to be applicable to the homogenous cellular networks where each user is

only connected to three transmitters. Under such setting and for a particular CSIT

quality topology, we find the sufficient condition where TRS strictly outperforms

conventional ZFBF with power control.



CHAPTER 4

Rate-Splitting Designed for Two-User

MIMO Networks with Imperfect

CSIT

Thus far, all the focus has been on the MISO setting. A natural followup question

is how to design RS scheme for the MIMO configuration where there are multiple

antennas at the receiver side and the number of antennas at the transmitter side is

insufficiently large. To address this issue, in this chapter, we consider a two-user

(M,N1,N2) MIMO BC and a two-user (M1,M2,N1,N2) MIMO IC, whereNk stands

for the number of antennas at user k, k=1,2, while M is the number of antenna at

the transmitter in BC and Mj is the number of antenna at transmitter j in IC, j=1,2.

Besides, we consider the scenario where the CSIT qualities do not change with time.

Hence, we replace the notation of the CSIT qualities by a1(t)=α1, ∀t=1, · · · ,L and

a2(t)=α2, ∀t=1, · · · ,L.

Generalizing the RS approach known for the MISO case (and symmetric MIMO

case, i.e., N1=N2) to the asymmetric MIMO case is a non-trivial step. This is

because the DoF of the common message is inevitably limited by the user with a

smaller number of antennas, which inherently limits the DoF performance. When

there is a mixture of the imperfect current CSIT and perfect delayed CSIT, this bottle-

neck can be overcome by a Block-Markov implementation and backward decoding

[38]. Such a scheme allows each user to 1) cancel the interference that is overheard
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in the current slot, and 2) have the side information of its desired private messages

received by the other user. Nonetheless, when there is only imperfect current CSIT,

each user only has access to its own received signal and the decoding process has to

be carried out by treating the overheard interference as noise. Hence, the fundamen-

tal question to be addressed in this chapter is how to design a new RS scheme that

properly leverages the capabilities of decoding common messages at the two users

with asymmetric number of antennas.

Without loss of generality, we consider N1≤N2 throughout this chapter. In the

following, we will firstly propose the RS approach and derive its achievable DoF

region focusing on the (M,N1,N2) MIMO BC, and secondly switch to the discussion

on (M1,M2,N1,N2) MIMO IC.

4.1 Achievable DoF Region in (M,N1,N2) MIMO BC

In this section, we aim to design a suitable RS scheme for the (M,N1,N2) MIMO

BC. According to the system model and the definition on the CSIT quality introduced

in Section 1.3.2, we state the DoF region achieved by the proposed RS scheme as

follows.

Proposition 4.1. For a two-user (M,N1,N2) MIMO BC, supposing N1≤N2, an

achievable DoF region with imperfect CSIT is characterized by

L0,BC : d1≤C1, (4.1)

L′0,BC : d2≤C2, (4.2)

L1,BC : d1+d2≤C2+(C0−C2)α0,BC , (4.3)

L2,BC :
d1

C1

+
d2

C2

≤1+
C0−C1

C2

α1, (4.4)

whereC1,min{M,N1},C2,min{M,N2} andC0,min{M,N1+N2}, while α0,BC



4.1. Achievable DoF Region in (M,N1,N2) MIMO BC 110

(a) ΦBC≤0 (b) ΦBC≥0

Figure 4.1: Achievable DoF region of (M,N1,N2) MIMO BC.

is given by

α0,BC=


α2 if ΦBC≤0

α2− ΦBC
C0−C1

Else if α1≥1−α2;

α1α2(C0−C2)
(C0−C1)(1−α1)+(C0−C2)α2

Else if α1≤1−α2.

(4.5)

ΦBC,C2−C1+(C0−C2)α2−(C0−C1)α1. (4.6)

The DoF region in the asymmetric BC with N1≥N2 is determined similarly by

switching the role of user 1 and user 2. Figure 4.1 illustrates the DoF region in Propo-

sition 4.1, where Pij denotes the intersection of line Li and Lj . When α1 is large

enough such that ΦBC≤0, the weighted-sum constraint, i.e.,(4.4), becomes inactive

and the DoF region is formed by L1,BC with corner points P10 and P10′ . Moreover,

the DoF region with perfect CSIT and no CSIT can be reached with α1=α2=1 and

α1=0 (∀α2∈[0,1]), respectively. WhenN1=N2, we have C1=C2 and L2,BC becomes

d1+d2≤C2+(C0−C2)α1. Besides, it can be verified that α0,BC= min{α1,α2}, and

thus L1,BC becomes d1+d2≤C2+(C0−C2) min{α1,α2}. This sum DoF constraint

coincides with the DoF region found for the symmetric MIMO case in [42]1.

1It is noted that [42] studied the symmetric MIMO BC with a mixture of imperfect delayed
CSIT and imperfect current CSIT. When the quality of the imperfect delayed CSIT is equal to the
CSIT quality of the imperfect current CSIT, the authors found that the DoF region is formed by



4.1. Achievable DoF Region in (M,N1,N2) MIMO BC 111

Remark 4.1. Notably, when M≤N2, the optimality of Proposition 4.1 can be ver-

ified, as it is consistent with the optimal DoF region found in [38] when there is

perfect delayed CSIT and imperfect current CSIT with quality α1 and α2. This re-

sult reveals the uselessness of the delayed CSIT when M≤N2.

In what follows, we start with proposing an RS scheme for the symmetric MIMO

BC, i.e., N1=N2=N . Secondly, we switch to the asymmetric case focusing on a

(4,2,3) MIMO BC example, by which we identify the essential point of designing

RS for the asymmetric case. Thirdly, we propose the unified framework of the RS

designed for the general (M,N1,N2) MIMO BC, which completes the proof.

4.1.1 RS Designed for Symmetric MIMO BC

In the symmetric (M,N,N) MIMO BC, the RS scheme is designed in the same way

as in the two-user MISO case. As the channel matrices are of size M×N and are

full rank, almost surely, the dimension of their null space ism,min{(M−N)+,N}.

Hence, the transmitter delivers m private messages along ZF-precoder to each user

using a fraction of the total power Pα, where2 α,min{α1,α2}. The remaining

power P−Pα is used to multicast a common message vector c∈Cmin{M,N}×1, which

contains min{M,N} streams of common messages.

The decoding is carried out via SIC. By treating the private messages as noise,

each user firstly decodes the common messages. Since the desired private messages

span only m dimensions in the received signal, m common messages are decoded

with the DoF m(1−α), while the remaining min{M,N}−m common messages

achieve the DoF of min{M,N}−m. Therefore, the DoF of the common messages is

min{M,N}−mα. After removing the common messages, each user decodes their

d1+d2≤C2+(C0−C2) min{α1,α2}.
2Note that in the two-user MISO BC with CSIT quality α1 and α2, the achievable DoF re-

gion by RS is specified by d1+d2≤1+ min{α1,α2} according to Remark 2.3. The corner points
(1,min{α1,α2}) and (min{α1,α2},1) are achievable by unicasting private messages with power
Pmin{α1,α2}.
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the private messages with the DoF dp1=dp2=mα, because the undesired private mes-

sages are drowned into the noise. Consequently, the DoF pairs (mα,min{M,N})

and (min{M,N},mα) are obtained by considering that the common messages carry

information intended for user 2 and user 1, respectively.

Note that the achievability of the DoF of the common messages is not restricted

to linear precoders and detections, a non-linear method based on Lattice coding is

employed in [45]. In general, the common message can be encoded into a multi-

dimensional vector c∈CM×1 using Gaussian codes and it can be recovered using

Maximum-Likelyhood (ML) decoder by treating the private messages as noise. In

the following, we assume that Gaussian codes and ML detection are employed to

encode and decode the common messages in the rest of this chapter, as they suffice

for the achievability conditions derived later on.

4.1.2 RS Designed for the Asymmetric Case: A (4,2,3) Example

In this part, we firstly identify the limitation of a trivial extension of the RS scheme

designed for the symmetric case. Then, we propose the new RS scheme suitable for

the asymmetric case and perform a Space-Time transmission to further enhance the

sum DoF performance.

4.1.2.1 Trivial Extension of the Scheme Designed for the Symmetric Case

Due to the asymmetric antenna setting in a (4,2,3) BC, the transmitter unicasts 1

private message to user 1 and 2 private messages to user 2 via ZFBF, because the

dimension of the null space of Ĥ2 and Ĥ1 is 1 and 2, respectively. The power

allocated to the private messages is Pα with α,min{α1,α2}. The common message

vector, c∈C4×1, is encoded via Gaussian codes using the remaining power. The
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received signals write as

y1= HH
1 c︸︷︷︸
P

+ HH
1 v1u1︸ ︷︷ ︸
Pα

+ HH
1 V2u2︸ ︷︷ ︸
Pα−α1

, (4.7)

y2= HH
2 c︸︷︷︸
P

+ HH
2 v1u1︸ ︷︷ ︸
Pα−α2

+ HH
2 V2u2︸ ︷︷ ︸
Pα

, (4.8)

where u1 and u2∈C2×1 represent the private messages3 intended for user 1 and user

2, respectively, while v1∈ span(Ĥ⊥2 ) and V2∈ span(Ĥ⊥1 ) are ZF precoders, of size

4×1 and 4×2, respectively. Besides, the noise is ignored for clarity as we focus on

infinite SNR. Considering that the common messages and the desired private mes-

sages are decoded successively at each user, the following DoF tuple is achievable

dc= min{2−α,3−2α}=2−α, dp1=α, dp2=2α. (4.9)

This DoF calculation can be understood as follows. In y1, since u1 spans only

1 dimension and u2 is drowned into the noise, the achievable DoF of the common

message is 2−α by treating u1 and u2 as noise. Similarly, at user 2, the achievable

DoF of the common message is 3−2α as u2 spans 2 dimensions. Since c needs to

be decoded by both receivers, dc is equal to the minimum of these two values. Using

SIC, dp1 and dp2 in (4.9) are immediate because the unintended private message is

drowned into the noise. Notably, as each user aims to decode c and the desired

private messages, the MIMO systems shown by (4.7) and (4.8) can be considered as

two Multiple Access Channels (MAC) with a common part. A general proof of (4.9)

is presented in Appendix G.

The DoF pair (2,2α) and (α,2+α) are obtained if c only carries information

intended for user 1 and user 2, respectively. However, such an achievable DoF region

3In this chapter, we use notation u1 and u2 instead of wp1 (or w1
1) and wp2 (w1

2) to represent the
private messages. This is to avoid heavy notations when designing RS for the asymmetric MIMO
case, where various types of private messages are defined.
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is unsatisfactory as the inherent DoF of user 2, namely 3, is not achievable unless

α,min{α1,α2}=1. This is because with the trivial extension of RS designed for

the symmetric case, the DoF of the common message is inevitably limited by the

common-message-decodability at the user who has a smaller number of antennas

(see dc in (4.9)). To counter such a bottleneck, we propose a new RS scheme.

4.1.2.2 New RS Transmission Block

Motivated by the discussion above, we learn that allocating equal power to the private

messages no longer yields a satisfactory DoF region. Moreover, to design a proper

RS approach that is able to achieve some DoF tuples with d2=3 for any (α1,α2), it

is necessary to deliver 3 private messages to user 2.

Consequently, compared to the trivial extension of the RS scheme designed for

the symmetric case, an additional private message is transmitted to user 2 with a

precoder in the subspace of Ĥ2. Besides, the ZF-precoded private message intended

for user 1 is allocated with power PA1 , while the two ZF-precoded private messages

intended for user 2 are allocated with power PA2 and the additional private mes-

sage is allocated with power P (A2−α1)+ . We define A1 and A2 as A1∈[0,α2] and

A2∈[0,1]. If A2>α1, such a power allocation policy ensures that all the three private

messages intended for user 2 are overheard by user 1 with the same power level. If

A2≤α1, the additional private message is not transmitted. Hence, the trivial exten-

sion of the RS designed for the symmetric MIMO case is a special case by choosing

A1=A2= min{α1,α2}.
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Mathematically, the transmitted and received signals write as

s= c︸︷︷︸
P

+ v1u1︸︷︷︸
PA1

+ V
(1)
2 u

(1)
2︸ ︷︷ ︸

PA2

+ v
(2)
2 u

(2)
2︸ ︷︷ ︸

P (A2−α1)+

(4.10)

y1= HH
1 c︸︷︷︸
P

+ HH
1 v1u1︸ ︷︷ ︸
PA1

+ HH
1

(
V

(1)
2 u

(1)
2 +v

(2)
2 u

(2)
2

)
︸ ︷︷ ︸

P (A2−α1)+

, (4.11)

y2= HH
2 c︸︷︷︸
P

+ HH
2 v1u1︸ ︷︷ ︸

PA1−α2≤P 0

+ HH
2 V

(1)
2 u

(1)
2︸ ︷︷ ︸

PA2

+ HH
2 v

(2)
2 u

(2)
2︸ ︷︷ ︸

P (A2−α1)+

, (4.12)

where u1 and u
(1)
2 ∈C2×1 represent the ZF-precoded private messages of user 1 and

user 2, respectively, while v1=Ĥ⊥2 ∈C4×1 and V
(1)
2 =Ĥ⊥1 ∈C4×2 are the ZF precoders.

The additional private message of user 2 is denoted by u(2)
2 and the precoder v

(2)
2 ∈C4×1

is in the subspace of Ĥ2. Considering that each user decodes the common message

and the desired private message successively, the following DoF tuple is achievable

At user 1: dc≤d(1)
c ,2−max{A1,A2−α1}−(A2−α1)+, (4.13)

dp1=(A1−(A2−α1)+)+, (4.14)

At user 2: dc≤d(2)
c ,3−2A2−(A2−α1)+, (4.15)

dp2=2A2+(A2−α1)+. (4.16)

The above DoF calculation can be shown by the general proof in Appendix G. An

interpretation is as follows. In (4.13), which shows the common-message-decoding

capability at user 1, the interference consists of 1) u
(1)
2 and u(2)

2 with 3 streams in

total and with power level (A2−α1)+, and 2) u1 with 1 stream and with power level

A1. As the received signal y1 is a 2-dimensional vector, the covariance matrix of

the interference resulting from these four streams have two eigen-values, i.e., one is

PA1+P (A2−α1)+∼Pmax{A1,A2−α1} and one is P (A2−α1)+ . In (4.15), which shows the

common-message-decoding capability at user 2, the interference consists of 1) u
(1)
2
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with 2 streams and with power level A2, and 2) u(2)
2 with 1 stream and with power

level (A2−α1)+. This result in the negative terms 2A2 and (A2−α1)+ in (4.15),

respectively. Besides, u1 is drowned into the noise at user 2, thus not impacting d(2)
c .

After removing the common messages, the DoF of the private messages are obtained

by treating the undesired private message as noise.

Next, we characterize the achievable DoF region of the (4,2,3) MIMO BC by

finding the maximum achievable sum DoF. We will firstly show the achievability of

corner points P10 and P10′ in the case ΦBC≤0, and secondly show the achievability

of corner points P12, P10′ and P20 in the case ΦBC≥0 by performing a Space-Time

transmission.

4.1.2.3 Achievable DoF Region: α1≥1+α2

2
, i.e., ΦBC≤0

Let us define the achievable sum DoF as a function of the power levels, i.e.,

ds(A1,A2),min{d(1)
s (A2),d

(2)
s (A1,A2)}, where

d(1)
s (A2)=2+2A2−(A2−α1)+, (4.17)

d(2)
s (A1,A2)=3+(A1−(A2−α1)+)+, (4.18)

are obtained by summing (4.13), (4.14), (4.16) and (4.14), (4.15), (4.16), respec-

tively. Then, it can be shown that the power levels (A∗1,A
∗
2),arg maxds(A1,A2) that

maximize the sum DoF are given by

A∗1=α2, A∗2= max

{
1+α2

2
,1−α1

}
, (4.19)

because ds(A1,A2) increases with A1, while A2 is chosen such that the common-

message-decodabilities at the two users are equalized, i.e., d(1)
s =d

(2)
s (or d(1)

c =d
(2)
c ).

Figure 4.2 illustrates the maximum sum DoF for different values of α1 and α2 (the

highest point of the red solid curve).
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(a) α1≥ 1+α2

2 (b) 1−α2≤α1≤ 1+α2

2 (c)
1−α2

2 ≤α1≤min{1−α2,
1+α2

2 }
(d) α1≤ 1−α2

2

Figure 4.2: Sum DoF of a (4,2,3) MIMO BC

Here, as we are considering α1≥1+α2

2
, i.e., ΦBC≤0, it can be verified that the sum

DoF is maximized with A∗2=1+α2

2
(as shown in Figure 4.2(a)), which is smaller than

α1. Plugging A∗2=1+α2

2
and A∗1=α2 into (4.14), (4.16) and (4.13) yields dp1=α2,

dp2=1+α2 and dc=2−α2. As a result, the achievable sum DoF is 3+α2, which

is greater than 2+ min{α1,α2} achieved by the trivial extension of the RS scheme

designed for the symmetric case. If the common message only carries information

intended for user 1 (resp. user 2), we obtain the corner point P10=(2,1+α2) (resp.

P10′=(α2,3)). Note that in this case, L2,BC in (4.4) is inactive and the DoF region is

formed by corner points P10 and P10′ .

4.1.2.4 Achievable DoF Region: α1≤1+α2

2
, i.e., ΦBC≥0

In this case, as shown by the highest point of the red solid curves in Figure 4.2(b),

4.2(c) and 4.2(d), the optimal A∗2 in (4.19) is greater than or equal to α1. Notably,

this fact contrasts the power allocation in the MISO case where choosing the power

level A1=A2= min{α1,α2} suffices to achieve the maximal sum DoF. The reason

responsible for this observation is that withA∗2≥α1, the transmitter exploits the larger

spatial dimension at user 2 by delivering 3 private messages to user 2, while the

interference overheard by user 1 spans only 2 dimensions.

However, the sum DoF can be further improved by a Space-Time transmission

when ΦBC≥0, which allows us to show the achievability of corner point P10′ and
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P12. The transmission lasts for T channel uses (e.g., slots/subbands). LettingAk,l de-

note the power level chosen for user k in channel use l, we choose (A1,l,A2,l)=(α2,1)

for l=1, · · · ,ρT and (A1,l,A2,l)=(α2,α1) for l=ρT+1, · · · ,T , where 0≤ρ≤1. Note

that we consider that T is a sufficiently large integer such that ρT is an integer

as well. The decoding is performed focusing on the aggregate received signals,

namely [yk(1), · · · ,yk(T )]T . Then, by plugging these power levels into (4.17) and

(4.18) and computing the average sum DoF over the total T channel uses, we have

ds,ST (ρ),min{d(1)
s,ST (ρ),d

(2)
s,ST (ρ)}, where4

d
(1)
s,ST (ρ)=ρd(1)

s (1)+(1−ρ)d(1)
s (α1), (4.20)

d
(2)
s,ST (ρ)=ρd(2)

s (α2,1)+(1−ρ)d(2)
s (α2,α1). (4.21)

In Figure 4.2(c) and 4.2(d), d(2)
s,ST (ρ) is illustrated by the green dotted line with

d
(2)
s,ST (0)=d

(2)
s (α2,α1) and d(2)

s,ST (1)=d
(2)
s (α2,1). However, in Figure 4.2(b), d(2)

s,ST (ρ)

coincides with d(2)
s (α2,A2) because d(2)

s (α2,A2) is linear within the range A2∈[α1,1].

Besides, d(1)
s,ST (ρ) coincides with d(1)

s (A2) in Figure 4.2(b), 4.2(c) and 4.2(d). In all

the three figures, the maximum sum DoF achieved with Space-Time transmission

is obtained with ρ∗ such that d(1)
s,ST (ρ∗)=d

(2)
s,ST (ρ∗) holds (see the diamond points).

Compared to the sum DoF achieved without Space-Time transmission (i.e., the high-

est point on the red solid curve), we can read from Figure 4.2(c) and 4.2(d) that

ds,ST (ρ∗)>ds(A
∗
1,A
∗
2). However, in Figure 4.2(b), we have ds,ST (ρ∗)=ds(A

∗
1,A
∗
2).

Through some calculation, we present the choices of ρ∗ and the the sum DoF achieved

4Unlike the RS-ST scheme discussed in Section 2.2, the Space-Time transmission in this chap-
ter employs a non-linear encoding/precoding and a non-linear detection of the common messages.
Specifically, the aggregated received signals of the T transmission slots correspond to a MT×N1T
MIMO system for user 1 and a MT×N2T MIMO system for user 2. To achieve the sum DoF
ds,ST (ρ), the common messages of the two users are encoded into a MT×1 vector c. At the re-
ceiver side, by treating the private messages as noise, user 1 is able to decode the common message
with DoF ρd(1)c (1)+(1−ρ)d

(1)
c (α1), while user 2 is able to decode the common message with DoF

ρd
(2)
c (α2,1)+(1−ρ)d

(2)
c (α2,α1), where d(1)c and d(2)c are given in (4.13) and (4.15) as a function of

A1 and A2, respectively. Then, counting the DoF of the private message yields (4.20) and (4.21).
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Table 4.1: Sum DoF achieved with different schemes in a (4,2,3) MIMO BC, where
conditions a), b), c) and d) are such that in Figure 4.2(a), 4.2(b), 4.2(c) and 4.2(d),
respectively.

Conditions Without Space-Time Transmission With Space-Time Transmission

a) A∗2=1+α2

2
, ds=3+α2 N/A

b) A∗2=1+α2

2
, ds=5+α2+2α1

2
ρ∗=1−2α1+α2

2−2α1
ds=

5+α2+2α1

2

c) A∗2=1+α2

2
, ds=5+α2+2α1

2
ρ∗=1−2α1+α2

1−α1+α2
ds=3+ α1α2

1−α1+α2

d) A∗2=1−α1, ds=3 ρ∗=1−2α1+α2

1−α1+α2
ds=3+ α1α2

1−α1+α2

with and without Space-Time transmission in Table 4.1.

With ρ∗ given in Table 4.1, and the power allocation across the T slots, we can

compute

dp1=ρ∗(α1+α2−1)++(1−ρ∗)α2 (4.22)

dp2=ρ∗(3−α1)+(1−ρ∗) · 2α1 (4.23)

dc=ρ
∗α1+(1−ρ∗)(3−α1). (4.24)

Considering that the common message only carries information intended for user 1

and user 2, we obtain the corner points P12 and P10′ in Figure 4.1(b), respectively.

To be complete, the corner pointP20=(2,2α1) is achievable by substitutingA1=α2

and A2=α1 into (4.13) through to (4.16), and assuming that the common message

only carries information for user 1.

4.1.3 RS Designed for the Asymmetric Case: Unified Framework

In this part, we consider the asymmetric MIMO BC with antenna settingM≤N1+N2

andM≥N2≥N1. The achievability for other cases can be shown by switching off the

redundant transmit/receive antennas. Motivated by the (4,2,3) MIMO BC example,

we highlight the key ingredients of our proposed RS scheme as

• Unequal power allocation: the private messages are transmitted using differ-
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ent power levels, which provide more flexibilities in balancing the asymmetric

common-message-decodabilities and help achieving the maximal sum DoF;

• Exploiting the larger spatial dimension at user 2: when the CSIT quality

of user 1 is not good enough (i.e., ΦBC≥0), together with the M−N1 ZF-

precoded private messages, the transmitter delivers another N2−M+N1 pri-

vate messages to user 2. Besides, the ZF-precoded private messages are allo-

cated with a power level greater than the CSIT quality of user 1. This trans-

mission yields a satisfactory sum DoF performance though user 1 overhears

interferences with a greater strength than the noise;

• Space-Time transmission: when the CSIT quality of user 1 is not good enough

(i.e., ΦBC≥0 and α1<1−α2), we employ a Space-Time transmission to further

enhance the sum DoF.

In the following, we will firstly introduce the unified framework of the RS scheme

designed for the general MIMO case, and secondly discuss the achievabilities of the

corner points specified in Proposition 4.1.

4.1.3.1 Unified Transmission Block

The transmitted signal writes as

s= c︸︷︷︸
P

+ V1u1︸ ︷︷ ︸
PA1

+ V
(1)
2 u

(1)
2︸ ︷︷ ︸

PA2

+ V
(2)
2 u

(2)
2︸ ︷︷ ︸

P (A2−α1)+

, (4.25)

where u1∈C(M−N2)×1 and u
(1)
2 ∈C(M−N1)×1 are private messages of user 1 and user

2, respectively, and V1∈ span(Ĥ⊥2 ) and V
(1)
2 ∈ span(Ĥ⊥1 ) are ZF-precoders. The

remaining N1+N2−M private messages intended for user 2, i.e., u
(2)
2 , are precoded

by V
(2)
2 ∈ span(Ĥ2) using power level (A2−α1)+. The power levels are defined as
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0≤A1≤α2 and 0≤A2≤1. The received signals write as

y1= HH
1 c︸︷︷︸
P

+ HH
1 V1u1︸ ︷︷ ︸
PA1

+ HH
1

(
V

(1)
2 u

(1)
2 +V

(2)
2 u

(2)
2

)
︸ ︷︷ ︸

P (A2−α1)+

(4.26)

y2= HH
2 c︸︷︷︸
P

+ HH
2 V1u1︸ ︷︷ ︸
PA1−α2

+ HH
2 V

(1)
2 u

(1)
2︸ ︷︷ ︸

PA2

+ HH
2 V

(2)
2 u

(2)
2︸ ︷︷ ︸

P (A2−α1)+

. (4.27)

For the MACs given in (4.26) and (4.27), using the proof presented in Appendix

G, the common message and private messages are successfully decoded if the DoF

tuple lies in

At user 1: dp1=(M−N2)(A1−(A2−α1)+)+, (4.28)

dc≤d(1)
c ,N1−(M−N2) max{A1,A2−α1}−

(N1+N2−M)(A2−α1)+, (4.29)

At user 2: dp2=(M−N1)A2+(N1+N2−M)(A2−α1)+. (4.30)

dc≤d(2)
c ,N2−(M−N1)A2−(N1+N2−M)(A2−α1)+. (4.31)

Next, following the footsteps in the (4,2,3) example, we proceed the achiev-

ability proof of Proposition 4.1 by finding the maximum achievable sum DoF. The

discussion is processed by considering the case ΦBC≤0 and the case ΦBC≥0.

4.1.3.2 Achievable DoF region: α1≥N2−N1+(M−N2)α2

M−N1
, i.e., ΦBC≤0

Let us express the sum DoF achieved by the transmission block proposed above

(without Space-Time transmission) as ds(A1,A2),min{d(1)
s (A2),d

(2)
s (A1,A2)}, where

d(1)
s (A2)=N1+(M−N1)A2−(M−N2)(A2−α1)+, (4.32)

d(2)
s (A1,A2)=N2+(M−N2)(A1−(A2−α1)+)+ (4.33)
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are obtained by summing (4.29), (4.28), (4.30) and (4.28), (4.31), (4.30), respec-

tively. It can be shown that the power levels that maximize ds(A1,A2) are

A∗1=α2, A∗2= max

{
N2−N1+(M−N2)α2

M−N1

,1−M−N2

N2−N1

α1

}
(4.34)

is chosen such that the common-message-decodabilities are equalized. Then, we

discuss the achievability by comparing A∗2 in (4.34) with α1.

As we are looking at α1≥N2−N1+(M−N2)α2

M−N1
, i.e., ΦBC≤0, according to (4.34), we

have A∗2=α′1=N2−N1+(M−N2)α2

M−N1
≤α1. This choice allows us to achieve the maximum

sum DoF N2+(M−N2)α2. If c only carries information intended for user 1 (resp.

user 2), the corner points P10=(N1,(M−N1)α′1) (resp. P10′=((M−N2)α2,N2)) in

Figure 4.1(a) is achieved.

Remark 4.2. Notably, when ΦBC≤0, the chosen power levels A∗1=α2 and A∗2=α′1

can be interpreted as the maximum power levels that 1) ensure that the unintended

private message is drowned into the noise, i.e., Ak≤αj , k 6=j, and 2) equalize the

common-message-decoding capability. This is a generalization of the power alloca-

tion policy in the RS designed for the symmetric case, i.e., A∗1=A∗2= min{α1,α2}.

Specifically, when N1=N2, ΦBC≤0 implies α1≥α2 and A∗2 becomes α2, which is

smaller than α1 and equal to A∗1.

4.1.3.3 Achievable DoF region: α1≤N2−N1+(M−N2)α2

M−N1
, i.e., ΦBC≥0

In this case, according to (4.34), the power level A∗2 that maximizes the sum DoF

(achieved by the transmission block proposed in Section 4.1.3.1) is greater than α1.

As explained in the (4,2,3) example, we can employ a Space-Time transmission to

further enhance the sum DoF. To do so, similar to the (4,2,3) example, across the T

channel uses, we choose the power levels as

• A2,l=1 and A1,l=α2, for l=1, · · · ,ρT ;
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• A2,l=α1 and A1,l=α2, for l=ρT+1, · · · ,T .

The decoding is performed by focusing on the aggregate received signals, namely

[yk(1), · · · ,yk(T )]T . Plugging these power levels into (4.28) through to (4.31) and

computing the average DoF over the total T channel uses, we have

d
(1)
c,ST (ρ)=ρ

(
N1α1−(M−N2)(α1+α1−1)+

)
+(1−ρ) (N1−(M−N2)α2) , (4.35)

dp1,ST (ρ)=(M−N2)
[
ρ(α1+α2−1)++(1−ρ)α2

]
, (4.36)

d
(2)
c,ST (ρ)=ρ(N2+N1−M)α1+(1−ρ) (N2−(M−N1)α1) , (4.37)

dp2,ST (ρ)=ρ (N2−(N1+N2−M)α1) +(1−ρ)(M−N1)α1. (4.38)

To maximize the sum DoF, we choose ρ=ρ∗BC such that the common-message-

decodabilities are balanced, i.e., d(1)
s,ST (ρ∗BC)=d

(2)
s,ST (ρ∗BC). Specifically,

ρ∗BC=
(M−N1)(1−α1)−(M−N2)(1−α2)

(N2−N1)(1−α1)+(M−N2)(α2−(α2+α1−1)+)
. (4.39)

Then, by plugging ρ∗BC into (4.36), we obtain dp1=(M−N2)αBC0 with αBC0 in (4.5)

(the last two lines). If c only carries information intended for user 1 and user 2, the

corner point P12 and P10′ in Figure 4.1(b) are obtained, respectively.

Besides, the sum DoF achieved with and without Space-Time transmission is

summarized in Table 4.2. It can be verified that the sum DoF gain offered by the

Space-Time transmission over the RS scheme without Space-Time transmission is

maximized when α2+M−N1

N2−N1
α1=1.

To be complete, it remains to achieve the corner point P20 in Figure 4.1(b). Us-

ing the new RS scheme in (4.25), taking Ak=αj yields dc=N1−(M−N2)α2 and

dpk=(M−Nj)αj for k,j=1,2,k 6=j. Then, P20=(N1,(M−N1)α1) is immediate if c

is intended for user 1. Linking P20 and P12 yield L2,BC in Proposition 4.1.
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Table 4.2: Sum DoF of a (M,N1,N2) MIMO BC, where Nk≤M≤N1+N2, for
k=1,2, and α,min{α1,α2}.

Conditions Without Space-Time Transmission

ΦBC≤0 N2+(M−N2)α2

ΦBC≥0 and 1−α2≤α1 N2+(M−N2)
(
α1+N2−N1

M−N1
α2+N2−N1

)
ΦBC≥0 and N2−N1

M−N1
(1−α2)≤α1≤1−α2 N2+(M−N2)

(
α1+N2−N1

M−N1
α2+N2−N1

)
ΦBC≥0 and α1≤N2−N1

M−N1
(1−α2) N2

Conditions With Space-Time Transmission

ΦBC≤0 N/A

ΦBC≥0 and 1−α2≤α1 N2+(M−N2)
(
α1+N2−N1

M−N1
α2+N2−N1

)
ΦBC≥0 and N2−N1

M−N1
(1−α2)≤α1≤1−α2 N2+(M−N2)2 α1α2

(M−N1)(1−α1)+(M−N2)α2

ΦBC≥0 and α1≤N2−N1

M−N1
(1−α2) N2+(M−N2)2 α1α2

(M−N1)(1−α1)+(M−N2)α2

4.2 Achievable DoF Region in (M1,M2,N1,N2) MIMO

IC

In this section, we move on to design a suitable RS scheme for the (M1,M2,N1,N2)

MIMO IC under the assumption of no data-sharing among the transmitters and im-

perfect local CSIT. Specifically, transmitter k knows Ĥ1k and Ĥ2k, and only has

access to wck and wpk intended for user k. Similar to the BC case, we process the

discussion assuming N1≤N2 without loss of generality. Besides, according to [15]

and [24], when M2≤N1 (and N1≤N2), the DoF region of (M1,M2,N1,N2) MIMO

IC with perfect CSIT is consistent with the DoF region when there is no CSIT, which

reveals the uselessness of the CSIT from a DoF perspective. Thus, the DoF region

with imperfect CSIT can be easily found using the results in [24]. Hence, in this

section, we consider N1≤N2 and N1≤M2.

In contrast to BC where the desired signal and the interference signal come from

the same transmitter, in IC, the desired signal and the interference signal come from

different transmitters, namely via the channel matrices Hkk and Hkj , respectively.



4.2. Achievable DoF Region in (M1,M2,N1,N2) MIMO IC 125

Let us rewrite the received signal as yk=
[
HH
kk HH

kj

]
[sk sj]

T . If Nk≤Mj , we can

see that the desired signal is completely mixed with the interference signal as the

column space of HH
kk is contained in the column space of HH

kj . This yields a similar

scenario to BC where both desired and interference signals are received via the same

channel, thus spanning the same min{M,Nk}-dimensional space. If Nk>Mj , we

can see that the interference spans only Mj dimensions of yk so that part of the

desired signal can be aligned in the remaining Nk−Mj dimensions of yk which

does not overlap with the interference signal. These facts will inherently impact

the RS scheme design and power allocation policy. Hence, in IC, the achievability

discussion is carried out in two cases, namely M1≥N2 and M1<N2 (Recall that we

consider M2≥N1 and N2≥N1 throughout this section).

4.2.1 RS Designed for Case I: M1≥N2

Proposition 4.2. For a (M1,M2,N1,N2) MIMO IC with the antenna configuration

N1≤N2, N1≤M2 and N2≤M1, an achievable DoF region with local imperfect CSIT

is characterized by

L0,IC :d1≤N1, (4.40)

L′0,IC :d2≤N ′2, (4.41)

L1,IC1 :d1+d2≤N ′2+ [C1−N2]α0,IC , (4.42)

L2,IC1 :
d1

N1

+
d2

N ′2
≤1+

C2−N1α1

N ′2
, (4.43)
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Table 4.3: The DoF regions of (M1,M2,N1,N2) MIMO IC when N1≤N2, N2≤M1

and M2≥N1: active constraints and corner points.

Conditions Active Constraints Corner Points

Case I.1: M1≥N2,M2≤N2 L1,IC1 , L2,IC1 P20, P12, P10′

Case I.2: M1≥N2,M2≥N2

If ΦIC≤0: L1,IC1 P10, P10′

If ΦIC≥0: L1,IC1 , L2,IC1 P20, P12, P10′

(a) Case I.1 (and II.1): M2≤N2 (b) Case I.2 and ΦIC≤0, where
L2,IC1

is inactive
(c) Case I.2 and ΦIC≥0

Figure 4.3: Achievable DoF regions in (M1,M2,N1,N2) MIMO IC, when N1≤N2,
N2≤M1 and M2≥N1.

where N ′2,min{M2,N2}, C1,min{M1,N1+N2} and C2,min{M2,N1+N2}, and

α0,IC is given by

α0,IC=



0 If M2≤N2

α2 Else if ΦIC≤0

C2−N2

C1−N2
α1 Else if C1−C2

C1−N2
α1≥1−α2

α2− ΦIC
C1−N1

Else if α1≥1−α2

α1α2(C2−N2)
(N2−N1)(1−α1)+(C1−N2)α2

Else if α1≤1−α2

(4.44)

ΦIC=N2−N1+(C1−N2)α2−(C2−N1)α1. (4.45)

For clarity, we summarize the active constraints and the resulted corner points in

Table 4.3 for different antenna configurations. Figure 4.3 illustrates the DoF regions

in Proposition 4.2, where DP and DN stand for the optimal DoF region when there
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is perfect CSIT [15] and no CSIT [24], respectively.

When α1=0 (∀α2∈[0,1]), the DoF region stated in Proposition 4.2 becomes the

DoF region with no CSIT [24]. The values of α1 and α2 that lead to the DoF re-

gion with perfect CSIT are different according to the antenna configurations, namely

α1=α2=1 ifN2≤M1≤M2; α1=1, α2≥min{M2,N1+N2}−N2

min{M1,N1+N2}−N2
ifN2≤M2≤M1; and α1=1,

∀α2∈[0,1] if M2≤N2. Moreover, if N1=N2=N , M1=M2=M and M≥2N , L1,IC1

and L2,IC1 in Proposition 4.2 boil down to the the sum DoF constraint in the sym-

metric case [71].

Next, we propose the RS scheme for the case M1≥N2 and show the achievabil-

ity proof of Proposition 4.2. Without loss of generality, we consider Mk≤N1+N2

and Nk≤M1+M2, k=1,2, as the achievability in all the other configurations can be

shown similarly by switching off the redundant transmit/receive antennas.

4.2.1.1 Transmission Block

Since M2≥N1 and M1≥N2, we point out that this antenna configuration yields a

scenario similar to BC based on the aforementioned facts that 1) the desired signal of

each user is completely mixed with the interference signal, and 2) both transmitters

are able to deliver ZF-precoded private messages to their corresponding users in the

null space of the cross-link. Accordingly, we build the RS scheme following the

footsteps in the asymmetric MIMO BC. Specifically, the transmitted signals write as

s1= c1︸︷︷︸
P

+ V1u1︸ ︷︷ ︸
PA1

, (4.46)

s2= c2︸︷︷︸
P

+ V
(1)
2 u

(1)
2︸ ︷︷ ︸

PA2

+ V
(2)
2 u

(2)
2︸ ︷︷ ︸

P (A2−α1)+

, (4.47)

where u1∈C(M1−N2)×1 stands for the private message vector intended for user 1,

while u
(1)
2 ∈C(M2−N1)×1 and u

(2)
2 ∈C(N1+N ′2−M2)×1 are the private message vectors
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intended for user 2. V1∈ span(Ĥ⊥21) and V
(1)
2 ∈ span(Ĥ⊥12) are ZF-precoders. u

(2)
2

is precoded with a full rank matrix V
(2)
2 ∈ span(Ĥ22). The power levels are defined

as A1∈[0,α2] and A2∈[0,1]. Unlike the BC case where the common messages are

generally denoted by c, we introduce ck to denote the common message carries

information intended for user k, k=1,2, as c1 and c2 are transmitted from different

transmitters. The received signals are expressed as

y1= HH
11c1︸ ︷︷ ︸
P

+ HH
12c2︸ ︷︷ ︸
P

+ HH
11V1u1︸ ︷︷ ︸
PA1

+ η1︸︷︷︸
P (A2−α1)+

, (4.48)

y2= HH
21c1︸ ︷︷ ︸
P

+ HH
22c2︸ ︷︷ ︸
P

+ η2︸︷︷︸
PA1−α2≤P 0

+ HH
22V

(1)
2 u

(1)
2︸ ︷︷ ︸

PA2

+ HH
22V

(2)
2 u

(2)
2︸ ︷︷ ︸

P (A2−α1)+

. (4.49)

where η1,HH
12

(
V

(1)
2 u

(1)
2 +V

(2)
2 u

(2)
2

)
and η2,HH

21V1u1.

Following the derivations in Appendix G, the MACs in (4.48) and (4.49) yield

the following achievable DoF tuple

At user 1:

dc1≤N1−(M1−N2) max{A1,A2−α1}−(N1+N2−M1)(A2−α1)+, (4.50)

dc2≤r.h.s. of (4.50), (4.51)

dc1+dc2≤r.h.s. of (4.50), (4.52)

dp1=(M1−N2)(A1−(A2−α1)+)+. (4.53)

At user 2:

dc1≤N2−(M2−N1)A2−(N1+N ′2−M2)(A2−α1)+, (4.54)

dc2≤N ′2−(M2−N1)A2−(N1+N ′2−M2)(A2−α1)+, (4.55)

dc1+dc2≤r.h.s. of (4.54), (4.56)

dp2=(M2−N1)A2+(N1+N ′2−M2)(A2−α1)+. (4.57)
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Next, let us proceed to discuss the achievability of the corner points in Figure

4.3(a) whenM2≤N2 and the corner points in Figure 4.3(b) and 4.3(c) whenM2>N2,

because some of the constraints in (4.50) through to (4.57) become inactive in each

particular case, which improves the tractability of the analysis.

4.2.1.2 Achievability in Case I.1: M1≥N2 and M2≤N2

In this case, we have N ′2= min{M2,N2}=M2. It can be shown that the r.h.s. of

(4.55) is greater than or equal to the r.h.s. of (4.51) for any values of A1 and A2.

Therefore, (4.54), (4.55) and (4.56) become inactive. In this way, from (4.50), (4.51)

and (4.52), we can see that if only c1 is transmitted (i.e., dc2=0), we achieve

(dc1+dp1,dp2)=(N1(1−(A2−α1)+),(M2−N1)A2+N1(A2−α1)+). (4.58)

If only c2 is transmitted (i.e., dc1=0), we achieve

(dp1,dc2+dp2)=((M1−N2)(A1−(A2−α1)+)+,

N1+(M2−N1)A2−(M1−N2)(A1−(A2−α1)+)+). (4.59)

Clearly, the DoF pairs in (4.58) and (4.59) yield the sum DoF N1+(M2−N1)A2.

Choosing A2=1 yields the maximum sum DoF d1+d2=M2. With the power levels

A2=1 and A1≤1−α1, the corner points P12=(N1α1,M2−N1α1) and P10′=(0,M2)

in Figure 4.3(a) are obtained using (4.58) and (4.59), respectively. Besides, substi-

tuting A2=α1 into (4.58) yields the corner point P20=(N1,(M2−N1)α2) illustrated

in Figure 4.3(a). Linking P20 with P12 yields L2,IC1 in Proposition 4.2 (see Figure

4.3(a)).



4.2. Achievable DoF Region in (M1,M2,N1,N2) MIMO IC 130

4.2.1.3 Achievability in Case I.2: M1≥N2, M2≥N2 and ΦIC≤0

In this case, we have N ′2= min{M2,N2}=N2 and the r.h.s. of (4.55) becomes equal

to the r.h.s. of (4.54) and the r.h.s. of (4.56). Therefore, it is similar to the BC case

(see (4.28) through to (4.31)), namely that the DoF of the common messages, i.e., dc1

and dc2, are subject to the sum DoF constraints (4.52) and (4.56). Accordingly, we

reuse the analysis in the BC case, and the DoF pairs (dp1+dc1,dp2) and (dp1,dp2+dc2)

are resulted by setting dc2=0 and dc1=0, respectively.

Using (4.52), (4.53), (4.56) and (4.57), we can write the sum DoF as ds(A1,A2),

min{d(1)
s (A2),d

(2)
s (A1,A2)}, where

d(1)
s (A2)=N1+(M2−N1)A2−(M2−N2)(A2−α1)+, (4.60)

d(2)
s (A1,A2)=N2+(M1−N2)(A1−(A2−α1)+)+. (4.61)

It can be shown that the power levels that maximizes the sum DoF, i.e., (A∗1,A
∗
2), arg

max ds(A1,A2), is given by A∗1=α2 and

If ΦIC≤0, A∗2=
N2−N1+(M1−N2)α2

M2−N1

; (4.62)

If ΦIC≥0, A∗2=


1 If M1−M2

M1−N2
α1>1−α2;

N2−N1+(M1−N2)α2+(M1−M2)α1

M1−N1
If M1−M2

M1−N2
α1≤1−α2≤M2−N1

N2−N1
α1;

1−M2−N2

N2−N1
α1 If M2−N1

N2−N1
α1≤1−α2.

(4.63)

Here, as we consider ΦIC≤0, we have A∗1=α2 and A∗2=α′1=N2−N1+(M1−N2)α2

M2−N1
.

Then, we can see that the common-message-decodabilities are balanced at the two

users, i.e., d(1)
s (α′1)=d

(2)
s (α2,α

′
1), and the unintended private messages are drown into

the noise at each user. This is similar to the BC case with ΦBC≤0. Such a power al-

location policy allows us to achieve the maximum sum DoFN2+(M1−N2)α2. Plug-
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ging A∗1=α2 and A∗2=α′1 into (4.50) through to (4.57), we can see that 1) if only c1 is

transmitted (i.e., setting dc2=0), P10=(N1,(M2−N1)α′1) in Figure 4.3(b) is achiev-

able, and 2) if only c2 is transmitted (i.e., setting dc1=0), P10′=((M1−N2)α2,N2) in

Figure 4.3(b) is achievable.

4.2.1.4 Achievability in Case I.2: M1≥N2, M2≥N2 and ΦIC≥0

In this case, we can see that A∗2 in (4.63) leads to an equal common-message-

decodabilities at the two users, and A∗2 is greater than α1, i.e., the CSIT quality of

user 1. Similar to the BC case with ΦBC≥0, this indicates that there are N2 private

messages delivered to user 2. Although user 1 overhears interference, such a power

allocation is beneficial to the sum DoF as the interference spans only N1 dimensions

at user 1. Also, the sum DoF performance can be further enhanced by performing a

Space-Time transmission.

Following the power allocation and the decoding process of the Space-Time

transmission in the BC case (see Section 4.1.3.3), the achievable DoF tuple lies in

d
(1)
cs,ST (ρ)=ρ

(
N1α1−(M1−N2)(α1+α1−1)+

)
+(1−ρ) (N1−(M1−N2)α2) , (4.64)

dp1,ST (ρ)=(M1−N2)
[
ρ(α1+α2−1)++(1−ρ)α2

]
, (4.65)

d
(2)
cs,ST (ρ)≤ρ(N2+N1−M2)α1+(1−ρ) (N2−(M2−N1)α1) , (4.66)

dp2,ST (ρ)=ρ (N2−(N1+N1−M2)α1) +(1−ρ)(M2−N1)α1, (4.67)

where d(k)
cs,ST (ρ),d(k)

c1,ST (ρ)+d
(k)
c2,ST (ρ). To achieve the maximum sum DoF using

the Space-Time transmission, ρ=ρ∗IC is chosen such that the common-message-

decodabilities at the two users are balanced, i.e., d(1)
cs,ST (ρ∗IC)=d

(2)
cs,ST (ρ∗IC), where

ρ∗IC=
(M2−N1)(1−α1)−(M1−N2)(1−α2)+M1−M2

(N2−N1)(1−α1)+(M1−N2)(α2−(α2+α1−1)+)
. (4.68)
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Plugging ρ∗IC into (4.65), dp1,ST (ρ∗IC)=(M1−N2)αIC0 with αIC0 in (4.44) (the last

two lines) is immediate. Moreover, by plugging ρ∗IC into (4.64), (4.66) and (4.67),

the sum DoF writes as N2+(M1−N2)αIC0 . We can see that if only c2 is transmitted,

the corner point P10′ in Figure 4.3(c) is achieved; if only c1 is transmitted, the corner

point P12 in Figure 4.3(c) is obtained.

When ΦIC≥0 and M1−M2

M1−N2
α1>1−α2: In this case, substituting A∗1=α2 and A∗2=1

into (4.60) and (4.61) yields the maximum sum DoF ds(α2,1)=N2+(M2−N2)α1.

However, unlike the other two cases in (4.63), such a power allocation does not bal-

ance the common-message-decodabilities, i.e., d(1)
s (1)<d

(2)
s (α2,1), thus preventing

the Space-Time transmission from benefiting the sum DoF performance (because it

results in ρ∗IC>1). From (4.60) and (4.61), we can see that equal common-message-

decodabilities can be obtained by choosingA∗1=1−M1−M2

M1−N2
α1<α2 andA∗2=1 without

impacting the sum DoF performance. Remarkably, comparing the power alloca-

tion (A∗1,A
∗
2)=(α2,1) and (A∗1,A

∗
2)=(1−M1−M2

M1−N2
α1,1), we can see that although they

achieve the same sum DoF performance, the latter choice results in a higher DoF of

the common messages (see (4.60)) than the former choice, thus yielding a greater

DoF region. By plugging A∗1=1−M1−M2

M1−N2
α1 and A∗2=1 into (4.60) and (4.61), the

sum DoF in (4.42) with α0,IC (the third line in (4.44)) is immediate. The corner

point P12 (resp. P10′) is obtained if only c1 (resp. c2) is transmitted.

To be complete, we show the achievability of the corner pointP20 in Figure 4.3(c)

(when ΦIC≥0) by simply plugging Ak=αj into (4.50), (4.54), (4.53) and (4.57). By

doing so, we have dc1=N1−(M1−N2)α2 and dpk=(Mk−Nj)αj for k,j=1,2,k 6=j.

Then, P20=(dc1+dp1,dp2)=(N1,(M2−N1)α1) is immediate. Linking P20 and P12

yields L2,IC1 in Proposition 4.2.



4.2. Achievable DoF Region in (M1,M2,N1,N2) MIMO IC 133

4.2.2 RS Designed for Case II: M1≤N2

Proposition 4.3. For a (M1,M2,N1,N2) MIMO IC with the antenna configuration

N1≤N2, N1≤M2 and M1≤N2, an achievable DoF region with local imperfect CSIT

is characterized by

L0,IC :d1≤N ′1, (4.69)

L′0,IC :d2≤N ′2, (4.70)

L1,IC2 :d1+d2≤N ′2, (4.71)

L2,IC2 :
d1

N ′1
+

d2

N ′2−N1+N ′1
≤N2+ [min{M2,N1+N2}−N1]α1

N ′2−N1+N ′1
, (4.72)

L3 :
d1

N ′1
+

d2

N2−N ′′1 +N ′1
≤N2+ [N2−N ′′1 ]α1

N2−N ′′1 +N ′1
, (If M2≥N2,N1+M1≤N2) (4.73)

L4 :
d1

M1

+
d2

N2−N1+M1

≤ N2

N2−N1+M1

+[
N2−N ′′1

N2−N1+M1

+
µ2(M1+N1−N2)

M1(N2−N1+M1)

]
α1, (If M2≥N2,N1+M1≥N2) (4.74)

L5 :d1+
d2

2
≤1

2
(M1+N1+(N2−N ′′1 )α1), (If M2≥N2,N1+M1≥N2) (4.75)

where N ′′1 ,max{M1,N1}, N ′k,min{Mk,Nk},k=1,2, and

µ2,min{M1,min{M2,N1+N2}−N2+M1−N ′1}. (4.76)

For clarity, we summarize the active constraints and the resulted corner points

in Table 4.4 for different antenna configurations. Note that the DoF region when

M1≤N2 and M2≤N2 (i.e., Case II.1) is identical to the DoF region illustrated in

Figure 4.3(a) when M1≥N2 and M2≤N2. Hence, we plot the DoF regions when

M1≤N2 and M2≥N2 (i.e., Case II.2) in Figure 4.4, where DP and DN stand for the

optimal DoF region when there is perfect CSIT [15] and no CSIT [24], respectively.

Moreover, when M1≤N2, we can see that the DoF region is only a function of α1

according to Proposition 4.3, the DoF region with perfect and no CSIT are reached
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Table 4.4: The DoF regions of (M1,M2,N1,N2) MIMO IC when N1≤N2, N2≥M1

and M2≥N1: active constraints and corner points.

Conditions Active Constraints Corner Points

Case II.1: M1≤N2,M2≤N2 L1,IC2
, L2,IC2

P20, P12, P10′

Case II.2.a: M1≤N2,M2≥N2 and M1+N1≤N2

If α1≤M1−N ′1
µ2

L1,IC2
, L2,IC2

, L3 P20, P23, P13, P10′

If α1≥M1−N ′1
µ2

L1,IC2 , L3 P30, P13, P10′

Case II.2.b: M1≤N2,M2≥N2 and M1+N1≥N2

If α1≤M1−N ′1
µ2

L1,IC2 , L2,IC2 , L4 P20, P24, P14, P10′

If M1−N ′1
µ2
≤α1≤ N2−N1

µ2+N2−N ′′1
L1,IC2

, L4, L5 P50, P54, P14, P10′

If α1≥ N2−N1

µ2+N2−N ′′1
L1,IC2

, L5 P50, P15, P10′

when α1=1 and α2=0 (∀α2∈[0,1]), respectively.

Remark 4.3. Notably, when N1≤M2≤N2 and M1≥N1, the optimality of Propo-

sition 4.2 and 4.3 can be verified, as it is consistent with the optimal DoF region

found in [38] when there is perfect delayed CSIT and imperfect current CSIT with

quality α1 and α2. This result reveals the uselessness of the delayed CSIT when

N1≤M2≤N2 and M1≥N1.

Next, we propose the RS scheme for the case M1≤N2 and show the achievabil-

ity proof of Proposition 4.3. Without loss of generality, we consider Mk≤N1+N2

and Nk≤M1+M2, k=1,2, as the achievability in all the other configurations can be

shown similarly by switching off the redundant transmit/receive antennas.

4.2.2.1 Transmission Block

In this part, we firstly modify the RS scheme proposed in Case I based on the dimen-

sion of the column space of the channel matrices, and secondly show the achievabil-

ity of the corner points on the DoF region stated in Proposition 4.3. For notation

convenience, we introduce N ′k,min{Mk,Nk} and N ′′k,max{Mk,Nk},k=1,2.

As explained at the beginning of this section, the antenna configuration M1≤N2

makes a difference from the BC case that, in the received signals, the messages in-
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(a) Case II.2.a: α1≤M1−N ′1
µ2

(only valid when N1≤M1)
(b) Case II.2.a: α1≥M1−N ′1

µ2
(c) Case II.2.b: α1≤M1−N ′1

µ2

(only valid when N1≤M1)

(d) Case II.2.b: α1≥M1−N ′1
µ2

and
α1≤ N2−N1

µ2+N2−N ′′1

(e) Case II.2.b: α1≥ N2−N1

µ2+N2−N ′′1

Figure 4.4: Achievable DoF regions in (M1,M2,N1,N2) MIMO IC, when N1≤N2,
N2≥M1 and M2≥N1.

tended for user 2 only partially overlap with the messages intended for user 1. To be

more specific, as inspired by [38, Appendix A and Figure 2], let us identify this fact

by performing a row transformation to the channel matrices. Since Hkj and Hkk,

k,j=1,2,k 6=j, are mutually independent, there exists an invertible row transforma-

tion Tk∈CNk×Nk that converts the Nk×(M1+M2) matrix HH
k ,

[
HH
k1,H

H
k2

]
to

T1H
H
11=

 0(N1−N ′1)×M1

H̄H
11

 , T1H
H
12=H̄H

12; (4.77)

T2H
H
21=

 H̄H
21

0(N2−M1)×M1

 , T2H
H
22=

 0(N2−N ′2)×M2

H̄H
22

 , (4.78)

where H̄11∈CN ′1×M1 , H̄12∈CN1×M2 , H̄21∈CM1×M1 and H̄22∈CN ′2×M2 are full rank

almost surely. Therefore, at user 2, the dimension of the overlapping part between

H̄H
21 and H̄H

22 is M1+N ′2−N2, while the dimension of the subspace of H̄H
22 that does
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Figure 4.5: Visualization of the linear transform of the channel matrices

not overlap with H̄H
21 is N2−M1. At user 1, the dimension of the overlapping part

between H̄H
11 and H̄H

12 is N ′1. Figure 4.5 provides an illustrative view of this linear

transformation.

Motivated by this, we modify the RS scheme proposed in Section 4.2.1.1 by

choosing different power levels for the private messages of user 2 interfering or not

interfering with the signal from transmitter 1. Specifically,

• τ,N1−N ′1 private messages are delivered to user 2 in the subspace of ĤH
22

using full power without impacting the signal sent from transmitter 1, as they

are received by user 1 via the part of H̄H
12 that does not overlap with H̄H

11, and

received by user 2 via the part of H̄H
22 that does not overlap with H̄H

21.

• min{N ′2−τ ,M2−N1} private messages are transmitted to user 2 via ZFBF.

They are divided into two parts:

– µ1,min{N2−M1−τ ,M2−N1} of them are delivered using power level

A′2, and are received by user 2 via the part of H̄22 that does not overlap

with H̄21;

– the remaining µ2,min{N ′2−τ ,M2−N1}−µ1 ZF-precoded private mes-

sages are delivered using power level A2. It can be shown that when

M2≥N2, µ2 is given by (4.76).

• The remaining N ′2−τ−µ1−µ2 private messages are delivered to user 2 in the
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Table 4.5: The values of τ , µ1, µ2, δ1 and δ2 in a variety of antenna configurations.

M2≤N2, M1≤N1 M2≤N2, M1≥N1 M2≥N2, M1≤N1 M2≥N2, M1≥N1

τ N1−M1 0 N1−M1 0

µ1 M2−N1 min{N2−M1,M2−N1} N2−N1 N2−M1

δ1 N2−M2 (N1+N2−M1−M2)+ 0 0

µ2 0 (M1+M2−N1−N2)+ min{M1,M2−N2} M1+M2−N1−N2

δ2 M1+M2−N2 min{N1,M1+M2−N2} (M1−M2+N2)+ N1+N2−M2

subspace of ĤH
22. Similar to the ZF-precoded private messages, they are also

divided into two parts:

– δ1,N2−M1−τ−µ1 of them are delivered using power level A′2−α1, and

are received by user 2 via the part of H̄22 that does not overlap with H̄21;

– the remaining δ2,N ′2−N2+M1−µ2 private messages are delivered using

power level (A2−α1)+.

The power levels are defined to be A2∈[0,A′2] and A′2∈[α1,1]. Moreover, there is no

ZF-precoded private messages delivered to user 1 as M1≤N2. The values of τ , µ1,

µ2, δ1 and δ2 in various antenna configurations are summarized in Table 4.5.

Remark 4.4. Notably, the above private messages categorization is a general frame-

work that is applicable to the case M1≥N2. Specifically, when M1≥N2, since HH
11

and HH
21 have full row rank, there is no all-zero rows in T1H

H
11 and T2H

H
21, which

leads to τ=µ1=δ1=0. Moreover, we have µ2=M2−N1 and δ2=N ′2+N1−M2, corre-

sponding to the number of messages in u
(1)
2 and u

(2)
2 in (4.47), respectively. In the

received signals (4.48) and (4.49), all theseN ′2 private messages align with the signal

from transmitter 1.
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Consequently, let us write the transmitted signals as

s1= c1︸︷︷︸
P

, (4.79)

s2= c2︸︷︷︸
P

+ V
(1)
2 u

(1)
2︸ ︷︷ ︸

P

+ V
(2)
2 u

(2)
2︸ ︷︷ ︸

PA
′
2

+ V
(3)
2 u

(3)
2︸ ︷︷ ︸

PA2

+

V
(4)
2 u

(4)
2︸ ︷︷ ︸

PA
′
2−α1

+ V
(5)
2 u

(5)
2︸ ︷︷ ︸

P (A2−α1)+

, (4.80)

where u
(1)
2 ∈Cτ×1, u

(2)
2 ∈Cµ1×1, u

(3)
2 ∈Cµ2×1, u

(4)
2 ∈Cδ1×1 and u

(5)
2 ∈Cδ2×1. The pre-

coders, V
(1)
2 , V

(4)
2 and V

(5)
2 are in the subspace of Ĥ22, while V

(2)
2 ∈ span(Ĥ⊥12) and

V
(3)
2 ∈ span(Ĥ⊥12) are ZF-precoders. Note that all the precoders have full rank and

are linearly independent of each other. The received signals are expressed as

y1= HH
11c1︸ ︷︷ ︸
P

+ HH
12c2︸ ︷︷ ︸
P

+ HH
12V

(1)
2 u

(1)
2︸ ︷︷ ︸

P

+ η′1︸︷︷︸
PA
′
2−α1

+ η1︸︷︷︸
P (A2−α1)+

, (4.81)

y2= HH
21c1︸ ︷︷ ︸
P

+ HH
22c2︸ ︷︷ ︸
P

+ HH
22V

(1)
2 u

(1)
2︸ ︷︷ ︸

P

+ HH
22V

(2)
2 u

(2)
2︸ ︷︷ ︸

PA
′
2

+

HH
22V

(4)
2 u

(4)
2︸ ︷︷ ︸

PA
′
2−α1

+ HH
22V

(3)
2 u

(3)
2︸ ︷︷ ︸

PA2

+ HH
22V

(5)
2 u

(5)
2︸ ︷︷ ︸

P (A2−α1)+

, (4.82)

where,

η′1,HH
12

(
V

(2)
2 u

(2)
2 +V

(4)
2 u

(4)
2

)
, (4.83)

η1,HH
12

(
V

(3)
2 u

(3)
2 +V

(5)
2 u

(5)
2

)
. (4.84)

We can see that u
(2)
2 and u

(4)
2 are received by user 1 with the power level A′2−α1.

IfA2≥α1, u
(3)
2 and u

(5)
2 are received by user 1 with the power levelA2−α1, otherwise

u
(5)
2 is not transmitted and u

(3)
2 is drowned into the noise due to ZFBF with imperfect

CSIT. Then, following the general proof in Appendix G, the achievable DoF tuple
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lies in

At user 1:

dc1≤N ′1−ξ(A′2−α1)−(N ′1−ξ)(A2−α1)+, (4.85)

dc2≤r.h.s. of (4.85), (4.86)

dc1+dc2≤r.h.s. of (4.85), (4.87)

At user 2:

dc1≤M1−µ2A2−δ2(A2−α1)+, (4.88)

dc2≤N ′2−µ2A2−δ2(A2−α1)+−µ1A
′
2−δ1(A′2−α1)−τ, (4.89)

dc1+dc2≤N2−µ2A2−δ2(A2−α1)+−µ1A
′
2−δ1(A′2−α1)−τ, (4.90)

dp2=µ2A2+δ2(A2−α1)++µ1A
′
2+δ1(A′2−α1)+τ, (4.91)

where ξ,min{N ′1,µ1+δ1}.

Notably, unlike the BC case and IC Case I where M1≥N2, we see that user

2 has different common-message-decodabilities of c1 and c2 according to (4.88)

and (4.89). Hence, it is not suitable to perform analysis focusing on the sum DoF.

Instead, in the following, using the set of constraints stated in (4.85) through to

(4.91), we characterize the achievable DoF region stated in Proposition 4.3 by finding

the maximum d2,dc2+dp2 for a given dc1=λ, where λ∈[0,N ′1]. Specifically, the
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optimization problem can be formulated as

max
A2,A′2,dc2

dc2+dp2 (4.92)

s.t. dc2≤N ′1−ξ(A′2−α1)−(N ′1−ξ)(A2−α1)+−λ, (4.93)

dc2≤min{N ′2,N2−λ}−µ2A2−δ2(A2−α1)+−µ1A
′
2−δ1(A′2−α1)−τ, (4.94)

λ≤N ′1−ξ(A′2−α1)−(N ′1−ξ)(A2−α1)+, (4.95)

λ≤M1−µ2A2−δ2(A2−α1)+, (4.96)

0≤A2≤A′2, (4.97)

α1≤A′2≤1, (4.98)

where dp2 is given in (4.91), while (4.94) is obtained due to (4.89) and (4.90). To

find the closed-form solution of this linear programme, we proceed the discussion

by considering Case II.1, i.e., M2≤N2, and Case II.2, i.e., M2≥N2.

4.2.2.2 Achievability in Case II.1: M2≤N2 and M1≤N2

In this case, from Table 4.5 and using the fact that A2≤A′2≤1, we learn that con-

straints (4.94) and (4.96) are redundant compared to (4.93) and (4.95), respectively.

Moreover, as the objective function is monotonically increasing with dc2, we can see

the optimal solution is taken when (4.93) is active. Hence, the optimization problem

stated in (4.92) becomes

max
A2,A′2

d2,(1)(A2,A
′
2,λ) (4.99)

s.t. λ≤N ′1−ξ(A′2−α1)−(N ′1−ξ)(A2−α1)+, (4.100)

0≤A2≤A′2, (4.101)

α1≤A′2≤1, (4.102)



4.2. Achievable DoF Region in (M1,M2,N1,N2) MIMO IC 141

where

d2,(1)(A2,A
′
2,λ)=N ′1−λ+(δ2−N ′1+ξ)(A2−α1)++µ2A2+

µ1A
′
2+(δ1−ξ)(A′2−α1)+τ, (4.103)

is obtained by summing (4.91) and (4.93).

Since the objective function (4.103) is linearly increasing with A2 and A′2, the

optimal solution is obtained when at least two of the constraints (4.100), A2≤A′2

and A′2≤1 are active. Through some calculations, the closed-form solution, i.e.,

(A∗2,A
′∗
2 ), and the resultant maximum DoF of user 2, i.e., d2,(1)(A

∗
2,A
′∗
2 ,λ) write as

For λ∈ [0,N ′1α1],

(A∗2,A
′∗
2 )=(1,1), (4.104)

d2,(1)(1,1,λ)=N ′2−λ. (4.105)

For λ∈ [N ′1α1,N
′
1],

(A∗2,A
′∗
2 )=

(
N ′1−λ+N ′1α1

N ′1
,
N ′1−λ+N ′1α1

N ′1

)
, (4.106)

d2,(1)(A
∗
2,A
′∗
2 ,λ)=M2+(M2−N1)α1−

M2−N1+N ′1
N ′1

λ. (4.107)

It can be shown that the DoF pair (λ,d2,(1)(A
∗
2,A
′∗
2 ,λ)) with d2,(1)(A

∗
2,A
′∗
2 ,λ) in

(4.105) and (4.107) lie on L1,IC2 and L2,IC2 in Proposition 4.3, respectively. The

corner points P20=(N ′1,(M2−N1)α1), P12=(N ′1α1,N
′
2−N ′1α1) and P10′ in Figure

4.3(a) are obtained by taking λ=N ′1, λ=N ′1α1 and λ=0, respectively.



4.2. Achievable DoF Region in (M1,M2,N1,N2) MIMO IC 142

4.2.2.3 Achievability in Case II.2: M2≥N2 and M1≤N2

In this case, we perform the same derivation as in Case II.1 by taking dc2 equal

to the minimum of r.h.s. of (4.93) and (4.94), because the objective function in

(4.92) is monotonically increasing with dc2. Then, the optimization problem can be

reformulated as

max
A2,A′2

d2,(2)(A2,A
′
2,λ) (4.108)

s.t. λ≤N ′1−ξ(A′2−α1)−(N ′1−ξ)(A2−α1)+, (4.109)

λ≤M1−µ2A2−δ2(A2−α1)+, (4.110)

0≤A2≤A′2, (4.111)

α1≤A′2≤1, (4.112)

where

d2,(2)(A2,A
′
2,λ)= min {N2−λ,N ′1−λ+µ2A2+µ1A

′
2+

(δ2−N ′1+ξ)(A2−α1)++(δ1−ξ)(A′2−α1)+τ
}
, (4.113)

is obtained by summing (4.91) and the minimum of (4.93) and (4.94).

Following the derivations in Appendix H, the closed-form solution to the opti-

mization problem (4.108), i.e., (A∗2,A
′∗
2 ), and the resultant maximum DoF of Rx2,

i.e., d2,(2)(A
∗
2,A
′∗
2 ,λ), write in the following six conditions:

A) For λ∈ [max{M1−µ2α1,N
′
1−ξ(1−α1)},N ′1],

(A∗2,A
′∗
2 )=

(
M1−λ
µ2

,α1+
N ′1−λ
ξ

)
, (4.114)

d2,(2)(A
∗
2,A
′∗
2 ,λ)= max{N2,M1+N1}+µ1α1−

(
1+

µ1

ξ

)
λ; (4.115)
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B) For λ∈ [M1−µ2α1,N
′
1−ξ(1−α1)],

(A∗2,A
′∗
2 )=

(
M1−λ
µ2

,1

)
, (4.116)

d2,(2)(A
∗
2,A
′∗
2 ,λ)=N2−λ; (4.117)

C) For λ∈
[
N ′1µ2α1

M1−N ′1
,min{M1−µ2α1,N

′
1}
]
,

(A∗2,A
′∗
2 )=

(
N ′1−λ+N ′1α1

N ′1
,
N ′1−λ+N ′1α1

N ′1

)
, (4.118)

d2,(2)(A
∗
2,A
′∗
2 ,λ)=N2+(µ1+µ2)α1−

N2−N1+N ′1
N ′1

λ; (4.119)

D) For λ∈
[
µ2N ′1+δ2ξ

M1−N ′1+ξ
α1,min{M1−µ2α1,

N ′1µ2α1

M1−N ′1
,N ′1}

]
,

(A∗2,A
′∗
2 )=

(
M1−λ+δ2α1

M1

,1−(M1−N ′1+ξ)

M1ξ
λ+

(µ2N
′
1+δ2ξ)

M1ξ
α1

)
,

(4.120)

d2,(2)(A
∗
2,A
′∗
2 ,λ)=N2+

[
1+

µ2 (N1−ξ)
M1ξ

]
µ1α1−

[
1+

M1−N ′1+ξ

M1ξ
µ1

]
λ;

(4.121)

E) For λ∈
[
δ2α1,min{ µ2N ′1+δ2ξ

M1−N ′1+ξ
α1,M1−µ2α1,N

′
1}
]
,

(A∗2,A
′∗
2 )=

(
M1−λ+δ2α1

M1

,1

)
, (4.122)

d2,(2)(A
∗
2,A
′∗
2 ,λ)=N2−λ; (4.123)

F) For λ∈ [0,δ2α1],

(A∗2,A
′∗
2 )=(1,1), (4.124)

d2,(2)(A2,A
′
2,λ)=N2−λ. (4.125)
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To be complete, Table 4.6 summarizes the validation of these six conditions for

different values of α1, and also present the resultant weighted-sum constraints where

the corresponding DoF pair (λ,dp2(A∗2,A
′∗
2 ,λ)) lies on for Case II.2.a N2≥M1+N1

(i.e., N ′1≤µ1) and Case II.2.b N2≤M1+N1 (i.e., N ′1≥µ1).

In this chapter, we propose Rate-Splitting schemes suitable for the two-user

(M,N1,N2) MIMO BC and two-user (M1,M2,N1,N2) MIMO IC. Without loss of

generality, we consider N1≤N2. In this asymmetric antenna configuration, apply-

ing even power allocation to the private messages as in the MISO case (see Section

1.2.1.1 and Remark 2.3) does not yield the maximal sum DoF performance. This is

because the DoF of the common messages is limited by the user who has a smaller

number of antennas. To address this issue, we find that the proper RS scheme de-

signed for two-user MIMO BC should fully exploit the spatial dimension at the user

who has a greater number of antennas (by transmitting N2 private messages to user

2). Besides, another two key ingredients lie in an unequal power allocation based

on the number of antennas at each user and a space-time transmission. Although

the two users have different number of antennas, those new features provide more

flexibilities in balancing the common-message-decodabilities at the two users, and

thus lead to a greater DoF region than that achieved with the trivial extension of the

RS scheme designed for the symmetric case. In MIMO IC, the scheme proposed for

MIMO BC is modified according to a row transformation to the channel matrices.

Such an operation allows us to 1) identify the signal space where the transmitted

signals interfere with each other, and 2) derive a proper power allocation policy

to achieve a satisfactory DoF region. The achievable DoF region is optimal when

M≤N2 in BC and when N1≤M2≤N2 and M1≥N1 in IC, as it is consistent with the

exact DoF region when there is a mixture of the imperfect CSIT and perfect delayed

CSIT.
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CHAPTER 5

Retrospective Interference Alignment

Designed for K-user Interference

Channel with Delayed CSIT

After designing multi-user transmission schemes suitable for the MIMO networks

with imperfect instantaneous CSIT, our attention is drawn to the K-cell IC with per-

fect delayed global CSIT, which is defined in Assumption 1.3. The usefulness of

the delayed CSIT was firstly found by Maddah-Ali and Tse in [33], focusing on

a K-user MISO BC. The achievable scheme relies on a K-phase retrospective in-

terference alignment with centralized overheard interference retransmission. This

philosophy was later on applied to the K-user IC by Abdoli et al with a distributed

overheard interference retransmission, focusing on the SISO case [51]. In this chap-

ter, we consider a K-user MIMO IC where each transmitter has M antennas and

each user has N antennas and M≥N . We denote this scenario by (M,N,K) IC

for convenience. Our objective is to propose K-phase RIA approaches based on

distributed overheard interference retransmission by generalizing and combining the

key features of Maddah-Ali’s and Abdoli’s work.

In this chapter, we use SK,{1, · · · ,K} to denote the set of the K users. Besides,

similar to [51], we introduce the following definitions which are frequently used in

the subsequent derivations and analysis.
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Definition 5.1. Considering that for any subset of m (1≤m≤K) transmitter-user

pairs, i.e., Sm⊆SK and |Sm|=m, if any transmitter k, k∈Sm, has a message,w[k|Sm],

intended for all the users in Sm, then we term such a message as an order-mmessage.

Definition 5.2. Considering that for any subset of m+1 (2≤m≤K−1) transmitter-

user pairs, i.e., Sm+1⊆SK and |Sm+1|=m+1, if any transmitter k, k∈Sm+1, has a

message, w[k|k;Sm+1\k], intended for user k, but already known by other m users

in Sm+1\k, then we term such a message as an order-(1,m) message.

When m=1, the order-1 message refers to the private message described in Sec-

tion 1.3.3. For a general case 1≤m≤K, since there are
(
K
m

)
possible choices of

Sm and m elements in a certain set Sm, there exist m
(
K
m

)
different order-m sym-

bols. Similarly, for 2≤m≤K−1, since there are
(
K
m+1

)
possible choices of Sm+1 and

m+1 elements in a certain set Sm+1, there exist (m+1)
(
K
m+1

)
different order-(1,m)

symbols.

The rate R[k|Sm] is said to be achievable if all the users in Sm decode the

message w[k|Sm] with arbitrary small error probability as the codeword length ap-

proaches infinity. Similarly, the rate R[k|k;Sm+1\k] is said to be achievable if user

k decodes the message w[k|k;Sm+1\k] with arbitrary small error probability as the

codeword length approaches infinity. Then, the sum DoF of delivering all the order-

m messages and all the order-(1,m) messages, are given by

dm(M,N,K), lim
P→∞

∑
∀k∈Sm,∀Sm⊆SK R[k|Sm]

log2P
, (5.1)

d1,m(M,N,K), lim
P→∞

∑
∀k∈Sm+1,∀Sm+1⊆SK R[k|k;Sm+1\k]

log2P
,∀2≤m≤K−1, (5.2)

respectively. According to (5.1), we note that the figure of merit, i.e., sum DoF of

the private messages, considered in this chapter is denoted by d1(M,N,K).

Furthermore, for convenience, we use the notation u[k|Sm;Sm′ ], to represent a

symbol which is
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• transmitted by transmitter k;

• desired by a subset Sm of users, where |Sm|=m;

• already known by a subset Sm′ of users, where |Sm′ |=m′ and Sm∩Sm′=∅.

With such a notation, we introduce two classes of symbols:

• Order-m symbols (formed by the order-m message), denoted by u[k|Sm],

which is desired by a subset Sm of users, and known by no user, i.e., Sm′=∅;

• Order-(1,m′) symbols, (formed by the order-(1,m′) message), denoted by

u[k|k;Sm′+1\k], which is desired by one user, i.e., user k, but already known

by other m′ users in Sm′+1\k.

For convenience, an order-1 symbol is denoted by uk (short for u[k|k]). It carries the

private message of user k, i.e., w[k], and is unknown to all users.

In the following, we start with designing an RIA approach for the (K,1,K) MISO

case, and then describe the RIA approaches designed for the (M,N,K) MIMO case,

where 1≤M
N
≤K.

5.1 MISO Case: RIA and Achievable Sum DoF

In this section, we focus on the MISO case, i.e., (K,1,K) IC, with perfect outdated

CSIT, and study the achievable sum DoF by integrating the MAT-like transmission

with the K-phase RIA with distributed overheard interference retransmission. The

main result is presented as follows.

Proposition 5.1. For a (K,1,K) IC (K≥2) with perfect delayed CSIT, an achievable

sum DoF is given by

d1(K,1,K)= max
i=1,2

Oi(K)2

1+Oi(K)(Oi(K)−1)
d2(K,1,K)

, almost surely, (5.3)
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Figure 5.1: Sum DoF performance in the MISO case, i.e., (K,1,K) IC.

where O1(K)=b2d2(K,1,K)c, O2(K)=d2d2(K,1,K)e and

d2(K,1,K)=

[
1− 1

K−1

K−1∑
l=2

K−l
l2−1

]−1

. (5.4)

refers to the sum DoF achieved by delivering order-2 symbols.

Remark 5.1. As it will be clearer later on,Oi∗(K) (i.e., the optimal solution to (5.3))

refers to the number of co-scheduled transmitters in phase 1. It is also equal to the

number of antennas employed in phase 1. If Oi∗(K)≤K−1, Proposition 5.1 is also

applicable to the (K−1,1,K) IC.

A comparison of Proposition 5.1 with the state of the art is shown in Figure

5.1. As shown, our results yields a significant gain over the two-phase schemes

in [48, 46]. Besides, it is shown in Appendix I that the sum DoF achieved by our

scheme is bounded by 64
15

. Next, we will design an RIA scheme that leads to the sum

DoF presented in Proposition 5.1. We will start with a 3-user case and then go into

the K-user case.

5.1.1 A (3,1,3) Toy Example

When K=3, one has O1(3)=2 and O2(3)=3, both leading to the sum DoF 3
2

ac-

cording to (5.3). This implies that such a sum DoF can be achieved by performing a
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Figure 5.2: RIA designed for (3,1,3) IC with delayed CSIT: phase 1 with t=1,2.

3-transmitter/3-user scheduling or a 2-transmitter/2-user scheduling in phase 1. Let

us firstly focus on the case with 3-transmitter/3-user scheduling. The 2-transmitter/2-

user approach will be presented afterwards.

The sum DoF 3
2

is achieved by sending 6 symbols per user in 12 slots. The

transmission consists of three phases. In phase 1, 6 symbols per user are transmitted

in 2 slots and 12 order-2 symbols are generated. Phase 2 delivers those order-2

symbols in 6 slots, resulting in 3 order-3 symbols and 3 order-(1,2) symbols, which

are transmitted using 3 slots in phase 3-I and 1 slot in phase 3-II respectively.

5.1.1.1 Phase 1

The transmission lasts for 2 slots. In each slot, each transmitter sends 3 different

symbols to its corresponding user, i.e., uk(t)∈C3×1,k=1,2,3,t=1,2. The received

signals are illustrated in Figure 5.2, where the noise term is ignored for convenience.

For clarity, let us focus on user 1, who receives u1(t) with other two interfer-

ences. Clearly, u1(t) can be decoded if 1) ut[2|1,2] and ut[3|1,3] are removed; 2)

ut[1|1,2] and ut[1|1,3] are provided to user 1 in order to have enough linearly inde-

pendent observations of u1(t). Similarly, user 2 and user 3 can decode their desired

symbols if the interference is removed and the useful side information is provided.

In this way, ut[i|i,j],i 6=j, is an order-2 symbol that is desired by user i and user j.

Totally 12 order-2 symbols result from these two slots. The remaining work con-

sists in multicasting u1[1|1,2], u2[1|1,2], u1[2|1,2] and u2[2|1,2] to user 1 and user

2, u1[1|1,3], u2[1|1,3], u1[3|1,3] and u2[3|1,3] to user 1 and user 3 and u1[3|3,2],
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Figure 5.3: RIA designed for (3,1,3) IC with delayed CSIT: phase 2, slot 3 and 4.

u2[3|3,2], u1[2|3,2] and u2[2|3,2] to user 2 and user 3.

5.1.1.2 Phase 2

We consider that only one transmitter is scheduled per slot, delivering order-2 sym-

bols to the corresponding two users, i.e., 1-transmitter/2-user scheduling. Specifi-

cally, in slot 3 and 4, transmitter 1 and transmitter 2 respectively transmit order-2

symbols to user 1 and user 2. The transmitted and received signals in these two slots

are illustrated in Figure 5.3, where W1(3) and W2(4) are full rank precoding ma-

trices of size 3×2. The order-2 symbols u1[1|1,2] and u2[1|1,2] (resp. u1[2|1,2] and

u2[2|1,2]) become decodable at user 1 and user 2, if u[1|1,2;3] (resp. u[2|1,2;3]) is

provided to them as such a piece of side information is linear independent of y1(3)

and y2(3) (resp. y1(4) and y2(4)).

Similarly, the transmissions in slot 5 to 8 are summarized in Table 5.1, where we

can see that any two consecutive slots are employed to deliver order-2 symbols to a

certain subset of two users. To sum up, the transmission is finalized if u[1|1,2;3] and

u[2|1,2;3] are provided to user 1 and user 2, u[1|1,3;2] and u[3|1,3;2] are provided to

user 1 and user 3, while u[2|2,3;1] and u[3|2,3;1] are provided to user 2 and user 3.
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Table 5.1: RIA designed for the (3,1,3) IC: phase 2, slot 5 through to 8.

slot Active Transmitter user 1 user 2 user 3

5 transmitter 1: u1[1|1,3],u2[1|1,3] y1(5) u[1|1,3; 2] y3(5)

6 transmitter 3: u1[3|1,3],u2[3|1,3] y1(6) u[3|1,3; 2] y3(6)

7 transmitter 2: u1[2|2,3],u2[2|2,3] u[2|2,3; 1] y2(7) y3(7)

8 transmitter 3: u1[3|2,3],u2[3|2,3] u[3|2,3; 1] y2(8) y3(8)

5.1.1.3 Phase 3

Following the distributed higher order symbol generation proposed in [51], we form

order-3 symbols as:

u[1|1,2,3]=LC(u[1|1,2;3],u[1|1,3;2]), (5.5)

u[2|1,2,3]=LC(u[2|1,2;3],u[2|2,3;1]), (5.6)

u[3|1,2,3]=LC(u[3|1,3;2],u[3|2,3;1]), (5.7)

where LC is short for Linear Combination. u[1|1,2,3], u[2|1,2,3] and u[3|1,2,3] are

respectively transmitted using a single antenna by transmitter 1 in slot 9, transmitter

2 in slot 10 and transmitter 3 in slot 11 (namely phase 3-I). Consequently, user 1 is

able to decode u[2|1,2;3] and u[3|1,3;2] from (5.6) and (5.7), respectively, because

u[2|2,3;1] and u[3|2,3;1] can be removed using the past received signals at user 1 (see

slot 7 and 8 shown in Table 5.1). However, user 1 needs one more linear observation

to decode u[1|1,2;3] and u[1|1,3;2]. Similarly, user 2 (resp. user 3) needs one more

observation to decode u[2|1,2;3] and u[2|2,3;1] (resp. u[3|1,3;2] and u[3|2,3;1]). To

this end, in the 12th slot (phase 3-II), each transmitter creates an order-(1,2) as

u[k|k; i,j]=LC(u[k|k,i;j],u[k|k,j;i]),k 6=i6=j, (5.8)
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which is linearly independent of (5.5), (5.6) and (5.7) to prevent from aligning with

the observations in phase 3-I. These three order-(1,2) symbols are transmitted si-

multaneously in slot 12. User 1 is able to obtain an interference-free reception of

u[1|1;2,3], because the useful signals contained in u[2|2;1,3] and u[3|3;1,2] have

been recovered by user 1 after decoding the order-3 symbols. User 2 and user 3

follow similarly. In this way, each user is able to decode the desired signal, so as to

proceed to recover order-2 and private symbols.

Without the transmission in phase 2 and 3, and the generation of the order-3 and

order-(1,2) symbols, the 12 order-2 symbols created in phase 1 have to be delivered

one by one, leading to the requirement of 12 slots (rather than 10). Then, the sum

DoF would be 18
14

, which is the same as in [48]. Besides, in the 2-phase scheme

proposed in [46], the new symbol transmission works differently from our scheme

and the order-2 symbols are delivered one by one. The resultant sum DoF is 3
2

for

K=3. However, their scheme becomes inefficient when K is large, because the

delayed CSIT is not fully exploited to generate higher order symbols.

Previous scheme relies on a 3-transmitter/3-user scheduling in phase 1. Alter-

natively, we can also achieve the same sum DoF performance by employing a 2-

transmitter/2-user scheduling in phase 1. Specifically, we consider that transmitter 1

and transmitter 2 are active in slot 1 and 2, transmitter 1 and transmitter 3 are active

in slot 3 and 4, while transmitter 2 and transmitter 3 are active in slot 5 and 6. In each

slot, each scheduled transmitter sends two new symbols to the corresponding user.
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Let us look at slot 1 and 2, where the signals received by user 1 and user 2 write as

y1(1)=hH11(1)W1(1)u1(1)+ hH12(1)W2(1)u2(1)︸ ︷︷ ︸
u1[2|1,2]

, (5.9)

y2(1)= hH21(1)W1(1)u1(1)︸ ︷︷ ︸
u1[1|1,2]

+hH22(1)W2(1)u2(1), (5.10)

y1(2)=hH11(2)W1(2)u1(2)+ hH12(2)W2(2)u2(2)︸ ︷︷ ︸
u2[2|1,2]

, (5.11)

y2(2)= hH21(2)W1(2)u1(2)︸ ︷︷ ︸
u2[1|1,2]

+hH22(2)W2(2)u2(2), (5.12)

where Wk(t) is a full rank 3×2 matrix, the symbol vector uk(t) is of size 2×1, for

t=1,2 and k=1,2. The received signal y3(1) and y3(2) are not shown as transmitter

3 and user 3 are silent in slot 1 and 2. We can see that both user 1 and user 2 can

decode their desired symbols if u1[1|1,2] and u2[1|1,2] are exchanged with u1[2|1,2]

and u2[2|1,2]. Similar transmissions are performed in slot 3, 4, 5 and 6. Thus, totally

24 new symbols (e.g. 8 per user) are sent in 6 slots, generating 12 order-2 symbols.

Applying the higher order symbol transmission introduced in Section 5.1.1.2 and

5.1.1.3, those 12 order-2 symbols are successfully delivered in 10 slots, yielding the

sum DoF 24
16

=3
2
. Clearly, this scheme is applicable to the case where each transmitter

is equipped with 2 antennas, as the transmissions in all the three phases rely on at

most 2 transmit antennas.

Next, we present the general transmission strategy for the (K,1,K) IC.

5.1.2 RIA Designed for the (K,1,K) IC

Similar to [51], the K-phase transmission is illustrated in Figure 5.4. All the private

symbols are transmitted in phase 1, generating order-2 symbols. Then, all the order-

2 symbols are delivered in phase 2. At the end of phase 2, two types of higher

order symbols are generated, namely order-3 and order-(1,2) symbols, which will be
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Figure 5.4: Transmission flow of K-phase RIA with distributed overheard interfer-
ence retransmission

delivered in phase 3-I and 3-II respectively. This transmission is repeated till phase

K, where order-K and order-(1,K−1) symbols are delivered.

A backward decoding is carried out. Specifically, each user recovers order-K

and (1,K−1) symbols first. Then with their knowledge, order-(K−1) symbols can

be decoded. Repeatedly, order-m symbols (m≥2) are recovered using order-(m+1)

and (1,m) symbols. At last, all the private symbols are decoded with the knowledge

of order-2 symbols.

In this way, considering that N1 private symbols are sent in T1 slots in phase 1,

generating N2 order-2 symbols, the achievable sum DoF can be computed as

d1(K,1,K)=
N1

T1+ N2

d2(K,1,K)

. (5.13)

Following the aforementioned transmission flow, the DoF of delivering order-2 sym-

bols, i.e., d2(M,N,K), can be computed recursively as, for 2≤m≤K−1,

dm(K,1,K)=
Nm

Tm+ Nm+1

dm+1(K,1,K)
+ N1,m

d1,m(K,1,K)

, (5.14)

where Nm and N1,m represent the number of order-m and (1,m) symbols respec-

tively. dm(K,1,K) and d1,m(K,1,K) stand for the DoF of sending order-m and

(1,m) symbols, respectively. Tm refers to the number of slots in phase m-I. Note

that we have dK(K,1,K)=1 due to the fact that order-K symbols are intended for all

users and each user is equipped with a single antenna. Besides, d1,m(K,1,K)=m+1

will be shown in Section 5.1.2.3. Next, the work is reduced to quantify 1) the param-
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eters N1, N2 and T1 in (5.13), and 2) the parameters Nm, and Nm+1, Tm and N1,m

for 2≤m≤K−1 in (5.14).

5.1.2.1 Phase 1

We consider an n-transmitter/n-user scheduling. Specifically, in a certain slot, a

subset of Sn (n≤K to be shown later on) transmitters are active while others keep

silent. Each active transmitter delivers n private symbols (i.e., order-1 symbols) to

the corresponding user, i.e., uk∈Cn×1,∀k∈Sn. The precoder Wk used by transmitter

k is a full rank matrix of size K×n.

The received signal writes as yk=
∑

j∈Sn hHkjWjuj . We can see that if any two

scheduled users, user k and user j, ∀k,j∈Sn,k 6=j, exchange their side information,

i.e., hHkjWjuj and hHjkWkuk, then each user obtains n interference-free linear obser-

vations of its desired symbols, i.e., {hHjkWkuk}∀j∈Sn . These n linear observations

are linearly independent of each other since channels are i.i.d. across the users and

the number of transmit antennas are large enough. Therefore, the term hHkjWjuj is

an order-2 symbol as it is useful for user k for interference cancelation/alignment,

and for user j as a useful side information.

It is straightforward that n(n−1) order-2 symbols (e.g. n users and each with

n−1 interferers) are generated in a certain slot. Besides, since there are
(
K
n

)
possible

choices of Sn, the same transmission is repeated
(
K
n

)
times for transmitter schedul-

ing. Thus, one has

N1=n2

(
K

n

)
, T1=

(
K

n

)
, N2=n(n−1)

(
K

n

)
. (5.15)

Then, the sum DoF achieved by scheduling n-transmitter and n-user in phase 1, i.e.,
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d1(n,K,1,K), is written as

d1(n,K,1,K)=
n2

1+ n(n−1)
d2(K,1,K)

. (5.16)

Hence, the optimal n is chosen such that,

n∗=arg max
n=2,···,K

n2

1+ n(n−1)
d2(K,1,K)

. (5.17)

By evaluating the first and second order derivatives of (5.16), one can easily find that

the global minimizer is given by 2d2(K,1,K). As n∗ is an integer, we choose n∗ to

be either b2d2(K,1,K)c or d2d2(K,1,K)e. This leads to the maximization operator

in (5.3). The remaining work is to find d2(K,1,K).

5.1.2.2 Phase m-I (2≤m≤K−1)

We perform a 1-transmitter/m-user scheduling and employ the same transmission

strategy in MAT. To be specific, in a certain slot and for a subset Sm of m users,

only one transmitter, i.e. transmitter k,k∈Sm, is active, deliveringK−m+1 order-m

symbols, i.e., u[k|Sm]∈CK−m+1. The precoder Wk used by transmitter k is a full

rank matrix of size K×(K−m+1).

If the non-scheduled K−m users provide their received signals to the m sched-

uled users, each scheduled user obtains K−m+1 linear observations of the desired

order-m symbols. For a user j,j∈Sm, let us write the K−m+1 linear observations

as yj,{yl}∀l /∈Sm . Note that these K−m+1 linear observations are linearly indepen-

dent of each other since the channels are i.i.d. across the users and the number

of transmit antennas are large enough. Then, user j,∀j∈Sm will be able to decode

u[k|Sm]. Therefore, we denote the received signals at theK−m non-scheduled users

as u[k|Sm; l],∀l /∈Sm, as they are useful side information for the m scheduled uses of

Sm.
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Table 5.2: (K,1,K) IC with delayed CSIT: the useful side information generated
after phase m-I (2≤m≤K−1).

User 1 User 2 · · · User m+1

Transmitter 1 u[1|Sm+1\2;2] · · · u[1|Sm+1\m+1;m+1]

Transmitter 2 u[2|Sm+1\1;1] · · · u[2|Sm+1\m+1;m+1]

Transmitter 3 u[3|Sm+1\1;1] u[3|Sm+1\2;2] · · · u[3|Sm+1\m+1;m+1]
...

...
...

...
...

Transmitter m+1 u[m+1|Sm+1\1;1] u[m+1|Sm+1\2;2] · · ·

As there are m choices of k in Sm and
(
K
m

)
possible choices of Sm, we have

Tm=m

(
K

m

)
, Nm=(K−m+1)Tm, (5.18)

and the total number of useful signals is (K−m)Tm. Next, we employ these useful

signals to formulate order-(m+1) and order-(1,m) symbols.

To understand the distributed higher order symbol generation, without loss of

generality, let us focus the subset of users Sm+1={1, · · · ,m+1}. We present the

useful signals obtained by the users in Sm+1 in Table 5.2. Each column shows

the useful signals obtained by a certain user after phase m-I, while each row sum-

marizes the useful signals that can be reconstructed by a certain transmitter after

phase m-I. We can see that, for the m useful signals available at transmitter 1,

i.e., u[1|Sm+1\j;j],∀j=2, · · · ,m+1, user 1 wishes to decode all of them, while user

j,j=2, · · · ,m+1 wishes to decode m−1 useful signals (except u[1|Sm+1\j;j]).

To this end, using the m useful signals, transmitter 1, firstly formulates m−1

linear combinations. These m−1 linear combinations are desired by all the m+1

users and known as order-(m+1) symbols, i.e., u[1|Sm+1]∈C(m−1)×1. Once they are

delivered to all the users in Sm+1, user j, j=2, · · · ,m+1 is able to decode the desired

m−1 useful signals u[1|Sm+1\l;l],l 6=j,l,j=2, · · · ,m+1. However, user 1 does not

have plenty of linear observations to decode all the desired m useful signals. Toward

this, transmitter 1 formulates another linear independent linear combination, which
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is known as order-(1,m) symbols, i.e., u[1|1;Sm+1\1], because it is desired by only

one user, i.e., user 1, and already obtained by the other m users after the order-

(m+1) symbols are successfully delivered. We have the same situation for the other

m transmitters.

Since there are
(
K
m+1

)
choices of Sm+1 and m+1 different transmitters in each

Sm+1, the total number of order-(m+1) and order-(m+1) symbols are

Nm+1=(m−1)(m+1)

(
K

m+1

)
, N1,m=(m+1)

(
K

m+1

)
, (5.19)

respectively.

5.1.2.3 Phase (m+1)-II, for 2≤m≤K−1

In this subphase, order-(1,m) symbols are transmitted. The transmission strategy is

the same as that designed for the (1,1,K) case [51]. Specifically, as an order-(1,m)

symbol is generated for a subset of Sm+1 users, the transmission in phase (m+1)-II

is divided into
(
K
m+1

)
slots. In each slot, a certain subset of Sm+1 transmitters are ac-

tive and deliveringm+1 order-(1,m) symbols. Let us consider Sm+1={1, · · · ,m+1}

without loss of generality. According to the definition of the order-(1,m) sym-

bols, user 1 is able to obtain an interference-free reception of u[1|1;Sm+1\1], be-

cause the backward decoding allows user 1 to remove the order-(1,m) symbols sent

by other transmitters, i.e., u[j|j;Sm+1\j],j=2, · · · ,m+1 after decoding the order-

(m+1) symbols u[j|Sm+1]∈C(m−1)×1,j=2, · · · ,m+1. Then, the achievable DoF of

delivering order-(1,m) symbols is d1,m(K,1,K)=(m+1).

5.1.2.4 Phase K-I

Similar to the (1,1,K) case [51], the transmission in phase K-I lasts for K slots,

where in each slot a certain transmitter transmits 1 order-K symbol, i.e., u[k|SK ].
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Since each user has a single antenna, the order-K symbol can be decoded. Then, the

achievable DoF of delivering order-K symbols in the (K,1,K) IC is dK(K,1,K)=1.

Then, plugging (5.18) and (5.19) into (5.14), the recursive expression of the DoF

of delivering order-m symbols, i.e., dm(K,1,K), are given by

dm(K,1,K)=
m(K−m+1)

m+K−m
m+1

+ (m−1)(K−m)
dm+1(K,1,K)

, (5.20)

where m≥2. Then, d2(K,1,K) in (5.4) holds following the general proof in Ap-

pendix J. Combining with the optimization problem (5.16) leads to Proposition 5.1.

Remark 5.2. In phase m, since K−m+1 order-m symbols are delivered per slot,

the transmission in fact can be done using K−m+1 antennas. Specifically, we need

K−1 antennas in phase 2 while only a single antenna in phase K. Hence, if (5.17)

is maximized with n∗≤K−1, we can conclude that the above RIA is applicable to

the case where each transmitter is equipped with K−1 antennas.

Remark 5.3. We note that although delayed global CSIT is assumed available at

each transmitter, the RIA scheme designed for the MISO case only relies on de-

layed local CSIT. Specifically, the order-2 symbols u[j|k,j],hHkjWjuj transmitted

by transmitter j are simply the overheard interference at various users, which are

only related to the outgoing links associated to transmitter j. Similarly, as explained

in Section 5.1.2.2, the order-m symbols are made up of the overheard interference at

various users, which can be obtained using local CSIT.

So far, we have characterized an achievable sum DoF of a (K,1,K) IC by in-

tegrating MAT-like transmission and the K-phase RIA with distributed overheard

interference retransmission designed for the SISO case [51]. In the next section,

we will draw our attention to the general (M,N,K) IC with 1≤M
N
≤K. Since the

(K,1,K) IC and the (1,1,K) IC can be regarded as special cases with (M,N)=(K,1)

and (M,N)=(1,1), respectively, we aim at generalizing the achievable schemes in
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these two scenarios to the general case with 1≤M
N
≤K, or ideally, finding a scheme

that smoothly connects them when (M,N)=(K,1) and (M,N)=(1,1).

5.2 MIMO Case: RIA and Achievable Sum DoF

Sticking to the K-phase RIA framework illustrated in Figure 5.4, in this section,

we propose two schemes for the (M,N,K) IC with 1≤M
N
≤K. In phase 1, the first

scheme is a generalization of the MAT scheme by giving up some overheard interfer-

ence, while the second scheme is a generalization of the RT-PIN approach proposed

in [51] by exploiting the multiple transmit antennas. In phase m, 2≤m≤K, the two

schemes employ an identical transmission strategy. This strategy originates from the

RT-PIN designed for the SISO case and smoothly connects with that designed for the

MISO case when M≥N(K−m+1). Their resultant sum DoF are stated as follows.

Proposition 5.2. MAT-like transmission: For a (M,N,K) MIMO IC where K≥3

and 1≤M
N
≤K, with perfect completely outdated CSIT, considering that there are n

(2≤n≤K) active transmitter-user pairs in the first phase of the proposed K-phase

RIA, an achievable sum DoF is

dmat1 (n,M,N,K)=M̃n

(
1+

M̃(n−1)

d2(M,N,K)

)−1

, (5.21)

almost surely, where M̃,min{M,nN}, and d2(M,N,K) is obtained via Proposi-

tion 5.4 by replacing m=2.

Proposition 5.3. Two-stage RT and PIN: For a (M,N,K) MIMO IC where K≥2

and 1≤M
N
≤K, with perfect delayed global CSIT, considering that there are n (3≤n≤K)

active transmitter-user pairs in the first phase of the proposed K-phase RIA, an
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achievable sum DoF is

drt−pin1 (n,M,N,K)=M̂(n−1)

[
1

n

(
n−1+

M̂

N(n−1)

)
+

M̂(n−2)

d2(M,N,K)

]−1

, (5.22)

almost surely, where M̂,min
{
M, 1+(n−1)2

1+(n−2)(n−1)
N
}

, and d2(M,N,K) is obtained

via Proposition 5.4 by replacing m=2.

Proposition 5.4. For a (M,N,K) MIMO IC where K≥3 and 1≤M
N
≤K, with per-

fect delayed global CSIT, an achievable DoF of delivering order-m messages (for

2≤m≤K) defined in Definition 5.1 is

dm(M,N,K)= (1−Am(M,N,K))−1 , (5.23)

almost surely, where Am is given by

For K−bM
N
c+1≤m≤K,

Am(M,N,K)=1− 1

N
+

1

N

K−1∑
l=m

(m−1)(K−l)
(K−m+1)(l−1)(l+1)

; (5.24)

For 2≤m≤K−dM
N
e+1,

Am(M,N,K)=AK−bM
N
c+1(M,N,K) ·Θm+

K−bM
N
c∑

l=m

∆m,l, (5.25)

with

Θm=
m−1

K−bM
N
c
MK−bM

N
c−m+1

K−bM
N
c∏

i=m

K−i
(M+N)(K−i)+N

, (5.26)

∆m,l=
M(K−l)

(
1− 1

N(l+1)

)
+l(N−1)(K−l+1)

l[(M+N)(K−l)+N ]
· m−1

l−1
M l−m×

l−1∏
i=m

K−i
(M+N)(K−i)+N

. (5.27)
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(a) (M,N,3) IC (b) (M,N,6) IC (c) (1,1,K) IC: Proposed
scheme vs. Abdoli’s scheme
[51]

Figure 5.5: Normalized achievable sum DoF, i.e., sum DoF
N

, in (M,N,K) IC with de-
layed CSIT, where ρ,M

N
.

By taking the maximum of the results stated in Proposition 5.2 and 5.3, we obtain

a greater achievable sum DoF specified as follows.

Proposition 5.5. For a (M,N,K) MIMO IC where 1≤M
N
≤K, with perfect com-

pletely outdated CSIT, an achievable sum DoF is given by

d1(M,N,K)= max{ max
2≤n≤K

dmat1 (n,M,N,K), max
3≤n≤K

drt−pin1 (n,M,N,K)}

= max
3≤n≤K

 drt−pin1 (n,M,N,K) 1≤M
N
≤ε(n);

dmat1 (n−1,M,N,K) M
N
≥ε(n),

, (5.28)

almost surely, where ε(n)= n(n−1)+n(n−1)3

1+2(n−1)2+(n−2)(n−1)3 .

Note that dmat1 (K,M,N,K) is not included in (5.28), because it can be verified

that dmat1 (K,M,N,K)≤dmat1 (K−1,M,N,K). In Figure 5.5(a) and 5.5(b), we plot

the normalized sum DoF d1(M,N,K)
N

as a function of the ratio ρ,M
N

for K=3 and

K=6, respectively. As shown, our result significantly outperforms the previously

best known result presented in [52] for M≥N .

Remark 5.4. Note that replacing M=K,N=1 into (5.23) leads to (5.4). Moreover,

Proposition 5.1 can be obtained by substituting M=K,N=1 into (5.28) and finding

the optimal value of n that maximizes (5.28).
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Remark 5.5. Note that replacing M=N=1 and n=K into (5.22) leads to the sum

DoF achieved by the scheme proposed in [51]. However, according to Proposi-

tion 5.5, by finding the optimal number of co-scheduled transmitters in phase 1, our

scheme improves the sum DoF achieved in [51].

Next, we will present the achievability proof of Proposition 5.2, 5.3 and 5.4. We

will start with a (3,2,3) IC and then go into the general (M,N,K) IC with 1≤M
N
≤K.

5.2.1 A (3,2,3) Toy Example

In this subsection, we aim to show that dmat1 (2,3,2,3)=21
8

and drt−pin1 (3,3,2,3)=504
185

,

which imply that in the (3,2,3) IC, RT-PIN scheme with 3-transmitter/3-user schedul-

ing in phase 1 outperforms MAT-like transmission with 2-transmitter/2-user schedul-

ing in phase 1.

5.2.1.1 Phase 1, MAT-like transmission

In MAT scheme, the overheard interference at various users are directly regarded as

order-2 symbols. However, when the number of transmit antennas at each transmitter

is smaller than the total number of received antennas at all the scheduled users, e.g.,

3<2×2 in the (3,2,3) IC with 2 co-scheduled transmitters, the overheard interference

is linearly dependent of the side information obtained by the desired user. To counter

this problem, we propose a MAT-like scheme by giving up some pieces of overheard

interference.

Here, we consider a 2-transmitter/2-user scheduling. In slot 1 and 2, transmitter

1 and transmitter 2 are co-scheduled each delivering 6 symbols to its corresponding

user, and 6 order-2 symbols are generated. Specifically, the aggregate transmitted

signals write as

s1= [s1(1),s1(2)]T =W1u1, s2= [s2(1),s2(2)]T =W2u2, (5.29)
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where Wk∈C6×6, k=1,2, is a full rank precoding matrix across the two slots, while

uk∈C6×1, k=1,2, is the symbol vector. The received signals write as

y1= [y1(1),y1(2)]T = H̄11W1︸ ︷︷ ︸
G11∈C4×6

u1+ H̄12W2︸ ︷︷ ︸
G12∈C4×6

u2, (5.30)

y2= [y2(1),y2(2)]T = H̄21W1︸ ︷︷ ︸
G21∈C4×6

u1+ H̄22W2︸ ︷︷ ︸
G22∈C4×6

u2, (5.31)

where H̄kj,Bdiag
{
HH
kj(1),HH

kj(2)
}
∈C4×6,k,j=1,2 refers to the aggregate channel

matrix across the two slots. For convenience, the effective channel matrix H̄kjWj is

denoted by Gkj .

At this moment, if we simply exchange G12u2 and G21u1, each user has totally

8 linear observations of their 6 symbols. This implies that there are 2 redundant

observations for each user. Hence, it is improper to treat all the 4 elements in G12u2

(resp. G21u1) as order-2 symbols. Due to this fact, each user randomly obtains 3

linear observations from its 4-dimensional received signal as

ȳ1=P1y1=P1G11u1+ P1G12u2︸ ︷︷ ︸
u[2|1,2]∈C3×1

, ȳ2=P2y2= P2G21u1︸ ︷︷ ︸
u[1|1,2]∈C3×1

+P2G22u2, (5.32)

where Pk∈C3×4,k=1,2, is a full rank matrix. Then, if P1G12u2 and P2G21u1 are

exchanged, the desired symbols become decodable, because each user obtains a 6×6

full rank effective channel matrix [PkGkk,PjGjk]
T ,k,j=1,2, almost surely. In this

way, the 3 elements in PkGkjuj,k,j=1,2 are order-2 symbols as they are useful

signals to user 1 and user 2.

The transmissions in slot 3 and 4 (where transmitter 1 and transmitter 3 are ac-

tive), and the transmissions in slot 5 and 6 (where transmitter 2 and transmitter 3

are active) follow similarly. Consequently, we deliver totally 36 symbols in 6 slots

and generate 18 order-2 symbols. The 36 symbols can be recovered if the 18 order-2
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symbols are successfully delivered. The sum DoF can be expressed as

dmat1 (2,3,2,3)=
36

6+18/d2(3,2,3)
. (5.33)

5.2.1.2 Phase 1, RT-PIN

Here, before going into the scheme, let us briefly revisit the RT-PIN approach pro-

posed in [51] for the (1,1,3) IC. All the transmitters are co-scheduled for 5 slots,

during which each transmitter sends 4 symbols to the corresponding user. Such a

transmission is termed as a redundancy transmission as the interference originated

from a certain interferer spans a subspace of the received signal. Hence, by alleviat-

ing the 4 symbols of user 2 (resp. user 3), user 1 is able to obtain a linear observation

of its desired symbols only with interferer user 3 (resp. user 2). Then, the remaining

pieces overheard interference after the partially interference nulling are considered

as order-2 symbols. This process is known as RT-PIN.

In the (3,2,3) IC, a trivial option is to switch off one antenna at each transmitter

and perform a scaled version of the above scheme (like in a (2,2,3) IC). However,

this option does not exploit the full benefit of the transmit antenna array. On the other

hand, if we fully exploit the transmit antennas by sending 12 symbols in 5 slots, then

the interference caused by a single interferer spans the full 10-dimensional linear

space of the the received signal. This prevents PIN from bing employed.

To propose a proper RT-PIN approach for the (3,2,3) IC, we interpret the RT

designed for the (1,1,3) IC by two stages. The first stage, i.e., slot 1 to 4, is termed

as the interference sensing stage where each transmitter identifies the row space

spanned by each interference term. The second stage, i.e., the 5th slot, is termed

as the redundancy transmission stage, where each transmitter sends a “redundant”

linear combination of the symbols sent in the first stage. Following this idea, in the

(3,2,3) IC, we consider that
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• in the first stage, there are t1=8 slots and all the transmitters are co-scheduled,

each of which transmits 3×t1=24 symbols to the corresponding user;

• in the second stage, there are t2=3 slots and the symbols sent in the first stage

are retransmitted. However, the precoders are designed using perfect delayed

CSIT to force each interference term into the 2×t1=16 dimensional row space

created in the first stage (The calculation of t1 and t2 are shown by the general

proof stated in Section 5.2.2.2.), so as to create a certain level of “redundancy”

in the overheard interference;

• by performing PIN, we obtain totally 36 order-2 symbols to be delivered in

phase 2.

Specifically, the scheme operates as follows.

Interference sensing stage: According to the first bullet above, the received sig-

nal writes as

yisk =
∑
j=1,2,3

Bdiag
{
HH
kj(1), · · · ,HH

kj(8)
}

Wis
j︸ ︷︷ ︸

Gis
kj∈C16×24

uj,k=1,2,3, (5.34)

where uj∈C24×1, while Wis
j is a 24×24 full rank precoder across the 8 time slots in

this stage. Similar to the notation in (5.30) and (5.31), we have the effective channel

matrix Gis
kj of size 16×24. Note that the superscript “is” stands for “interference

sensing”. From (5.34), we see that each interference term Gis
kjuj,k 6=j, spans the

full 16 dimensions of the row space of the received signal because Gis
kj is full rank

almost surely.

Redundancy transmission stage: For convenience, let us focus on the precoder

design at transmitter 1 as the other two transmitters follow the same footsteps. As

the 24 symbols are retransmitted and there are t2=3 slots in this stage, we design the
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precoder Wrt
1 of size Mt2×24=9×24 such that

Wrt
1 ⊆ span

(
Gis

21

)
∩ span

(
Gis

31

)
, (5.35)

where the superscript “rt” is short for “redundancy transmission”. As a consequence,

the linear space experienced by u1 at user 2 (resp. user 3) in the redundancy trans-

mission stage, i.e., H̄rt
21W

rt
1 (resp. H̄rt

31W
rt
1 ), where H̄rt

21,Bdiag
{
HH

21(t)
}
t=9,10,11

(resp. H̄rt
31,Bdiag

{
HH

31(t)
}
t=9,10,11

), will fall into the 16-dimensional row space

Gis
21 (resp. Gis

31).

Toward this, we firstly obtain a matrix V1 as V1=D21G
is
21=D31G

is
31, where D21

and D31 can be computed by

[D21 D31]

 Gis
21

−Gis
31

=0. (5.36)

Since Gis
21 and Gis

31 are of size 16×24, their staggered matrix has a 8-dimensional

left null space almost surely. Then, both of D21 and D31 have size 8×16, thereby

V1 has size 8×24 and is full rank, almost surely. Secondly, we compute Wrt
1 as

Wrt
1 =C1V1, where C1 of size 9×8 is a full rank mapping matrix.

PIN: Let us focus on user 1 and write the received signal as

y1=

 Gis
11 Gis

12 Gis
13

H̄rt
11W

rt
1 H̄rt

12W
rt
2 H̄rtWrt

3

u

=

 Gis
11 Gis

12 Gis
13

H̄rt
11W

rt
1 H̄rt

12C2D12G
is
12 H̄rt

13C3D13G
is
13

u, (5.37)

where u, [u1,u2,u3]T . Then, we can see that the sub-matrix associated with each

interference symbol vector has N×(t1+t2)=22 rows, but they only span the 16-

dimensional space of the first 16 rows due to the redundancy transmission. Hence,
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there exists a 6×22 matrix Q1j , j=2,3, such that

Q1j

 Gis
1j

H̄rt
1jCjD1jG

is
1j

=0, (5.38)

almost surely. Left-multiplying the received signal y1 by Q12 and Q13, we have

ȳ1,2= Q12

 Gis
11

H̄rt
11W

rt
1


︸ ︷︷ ︸

Ḡ11,2∈C6×24

u1+ Q12

 Gis
13

H̄rt
13C3D13G

is
13


︸ ︷︷ ︸

Ḡ13,2∈C6×24

u3, (5.39)

ȳ1,3= Q13

 Gis
11

H̄rt
11W

rt
1


︸ ︷︷ ︸

Ḡ11,3∈C6×24

u1+ Q13

 Gis
12

H̄rt
12C2D12G

is
12


︸ ︷︷ ︸

Ḡ12,3∈C6×24

u2, (5.40)

respectively. Then, user 1 obtains 12 observations, where 6 observations are purely

with interferer u3, while the remaining 6 observations are purely with interferer u2.

A similar approach is applied to the received signals at user 2 and user 3.

Decoding feasibility: If Ḡ13,2u3 in (5.39) and Ḡ12,3u2 in (5.40) are removed and

the side information obtained by user 2 and user 3, i.e., Ḡ21,3u1 and Ḡ31,2u1 respec-

tively, are provided to user 1, user 1 has 24 interference-free linear combinations of

its 24 desired symbols, i.e.,
[
Ḡ11,2 Ḡ11,3 Ḡ21,3 Ḡ31,2

]T
u1. These 24 linear combi-

nations are independent of each other. The proof is shown in Appendix K. Conse-

quently, the 6 elements in Ḡjk,luk∈C6×1 (which are made up of message of user k

and are obtained by user j by nulling out the message of user l), for k 6=j 6=l, are

order-2 symbols desired by user k and user j, and thus denoted by u[k|k,j]∈C6×1.

To sum up, there are 72 symbols transmitted in 11 slots, generating 36 order-2

symbols in total (each user has 12 pieces of side information to be retransmitted).
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The sum DoF can be expressed as

drt−pin1 (3,3,2,3)=
72

11+36/d2(3,2,3)
. (5.41)

The remaining work is to calculate d2(3,2,3), which is discussed next.

5.2.1.3 Phase 2

Here, we propose a transmission strategy for phase 2. The transmission strategy is

a generalization of the approach designed for the (1,1,3) IC in [51]. Unlike (3,1,3)

IC, in phase-2 of the scheme designed for (1,1,3) IC, there is a 2-transmitter/2-user

scheduling in each slot. The two active transmitters deliver a different number of

order-2 symbols, in order to perform RT-PIN. To be specific, in the (1,1,3) IC, trans-

mitter 1 and transmitter 2 are co-scheduled for four slots. In the first two slots,

transmitter 1 sends 2 order-2 symbols to user 1 and user 2, while transmitter 2 sends

one order-2 symbols to user 1 and user 2. Consequently, in the two-dimensional

received signal at user 3, the symbol sent by transmitter 2 spans only 1 dimension,

allowing user 3 to perform PIN so as to obtain a linear observation purely of the

symbols sent by transmitter 1. After that, in the third and fourth slot, we switch the

role of transmitter 1 and transmitter 2, so that user 3 obtains a linear observation

purely of the symbols sent by transmitter 2. Those linear observations are useful for

user 1 and user 2 and can be used to create future transmission in phase 3. Next,

following the same philosophy, we present how RT-PIN is performed in phase 2 of

the (3,2,3) IC. We aim to transmit 42 order-2 symbols (14 from each transmitter) in

12 slots, which generate 9 order-3 and 9 order-(1,2) symbols.

Redundancy Transmission: We consider that transmitter 1 and transmitter 2 are

active for 4 slots, where in the first two slots, transmitter 1 sends 6 order-2 symbols,

i.e., u[1|1,2]∈C6×1 while transmitter 2 sends 1 order-2 symbol u[2|1,2]. The received
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signal at user k, k=1,2,3, writes as

yk= [yk(1),yk(2)]T =Gk1u[1|1,2]+Gk2u[2|1,2], (5.42)

where Gk1,Bdiag{HH
k1(1) HH

k1(2)}W1 and Gk2,Bdiag{HH
k2(1) HH

k2(2)}W2. The

precoders W1 and W2 are of size 6×6 and 6×1, respectively, thus the size of Gk1

and Gk2 are 4×6 and 4×1, respectively. The time indexes refer to the first and

second slot of phase 2.

At this moment, both user 1 and user 2 obtain 4 linearly independent observations

of the desired 7 order-2 symbols transmitted by transmitter 1 and transmitter 2, thus

requiring another 3 linearly independent combinations to enable decoding. However,

the signals received by user 3 cannot be simply considered as useful signals to user

1 and user 2, because y3 in (5.42) is a mixture of u[1|1,2] and u[2|1,2], which cannot

be reconstructed by a single transmitter. However, we see that, in (5.42), there are

3 redundant linear observations of u[2|1,2]. In other words, the dimension of the

received signal, i.e., 4, is greater than the size of u[2|1,2], i.e., 1, so that there exists

a 3-dimensional null space in Gk2. This fact allows user 3 to alleviate u[2|1,2],

thus obtaining 3 linear combinations purely of u[1|1,2]. In this way, the purified

side information obtained by user 3 after nulling out u[2|1,2] can be constructed by

transmitter 1 and employed to formulate order-3 symbols.

PIN: Motivated by this, the PIN is conducted as,

ȳ3,2=F32y3= F32G31u[1|1,2]︸ ︷︷ ︸
u[1|1,2;3]∈C3×1

, (5.43)

where F32∈C3×4 is such that F32G32=0. Then, if the 3-dimensional vector ȳ3,2 is

provided to user 1 and user 2, both of user 1 and user 2 have 7 linear combinations
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of the desired order-2 symbols as

 yk

ȳ3,2

=

 Gk1

F32G31

u[1|1,2]+

 Gk2

0

u[2|1,2], k=1,2. (5.44)

The linear independence of these 7 linear combinations are shown by the general

proof in Appendix L.

The transmission in the third and fourth slot of phase 2 follows similarly by

switching the role of transmitter 1 and transmitter 2. Specifically, transmitter 1

transmits 1 order-2 symbols while transmitter 2 transmits 6 order-2 symbols to user

1 and user 2. Then, after PIN, user 3 obtains 3 linear combinations purely of the

order-2 symbols transmitted by transmitter 2, denoted by u[2|1,2;3]. Moreover, in

the four slots where transmitter 1 and transmitter 3 are active, user 2 obtains 3-

dimensional vectors u[1|1,3;2] and u[3|1,3;2], while in the four slots where trans-

mitter 2 and transmitter 3 are active, user 1 obtains 3-dimensional vectors u[2|2,3;1]

and u[3|2,3;1]. Therefore, totally 42 order-2 symbols are transmitted in 12 slots (7

per two slots), generating 18 pieces of useful side information to be retransmitted.

We generate order-3 and order-(1,2) symbols following the footsteps designed

for the (3,1,3) IC. Recall that in Section 5.1.1.3, 6 pieces of side information result in

3 order-3 and 3 order-(1,2) symbols. Now, as we have 18 pieces of side information

(scaled by the number of transmit antennas), we need 9 order-3 and 9 order-(1,2)

symbols. Then, the sum DoF of delivering order-2 symbols is expressed as

d2(3,2,3)=
42

12+ 9
d3(M,N,3)

+ 9
d1,2(M,N,3)

. (5.45)

5.2.1.4 Phase 3

Since order-3 symbols are desired by all the three users and each user is equipped

with 2 antennas, the number of order-3 symbols that can be successfully transmitted
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and decoded per slot is 2, thus d3(3,2,3)=2. After that, since the order-(1,2) symbols

for the three users can be transmitted simultaneously and each receiver is equipped

with 2 antennas, the number of order-3 symbols that can be successfully transmitted

and decoded per slot is 6, thus d1,2(3,2,3)=6. Substituting those quantities into (5.45)

yields d2(3,2,3)=7
3
. Moreover, replacing d2(3,2,3)=7

3
into (5.33) and (5.41) leads to

dmat1 (2,3,2,3)=21
8

and drt−pin1 (3,3,2,3)=504
185

, respectively.

5.2.2 RIA Designed for (M,N,K) IC with 1≤M
N≤K

5.2.2.1 Achievability Proof of Proposition 5.2

In this subsection, we show the achievability of MAT-like transmission in the gen-

eral (M,N,K) IC with 1≤M
N
≤K. We focus on a n-transmitter/n-user scheduling

in phase 1 (2≤n≤K). Here, we only consider the case M
N
≤n, because the achiev-

ability in the case M
N
≥n follows similarly by switching off the redundant transmit

antennas. Motivated by the (3,2,3) IC, we learn that when the number of transmit

antennas is insufficiently large, i.e., M<nN , the signal received by the desired user

is linearly dependent of the side information obtained by the other n−1 scheduled

users. Hence, only part of the overheard interferences can be considered as order-2

symbols.

Accordingly, we consider that the n co-scheduled transmitters are active for n

slots, during which each of them delivers nM new symbols to the corresponding

user, i.e., uk∈CMn×1,∀k∈Sn, and the precoder used by transmitter k across the time

slots, Wk, is a full rank matrix of size nM×nM .

Each user randomly obtains M linear observations from the nN -dimensional

received signal as Pkyk where Pk is a M×Nn full rank matrix. Then, following

the analysis in Section 5.1.2.1, we see that each user is able to decode their desired

signal if any two scheduled users, e.g., user k and user j, ∀k,j∈Sn, exchange their
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side information, i.e., PkH̄kjWjuj and PjH̄jkWkuk, where H̄kj,{HH
kj(t)}t=1,···,n

and H̄jk,{HH
jk(t)}t=1,···,n. Therefore, the M elements of PkH̄kjWjuj∈CM×1 are

order-2 symbol desired by user k and user j.

Since there are Mn(n−1) order-2 symbols generated for a certain subset of n

users, and there are
(
K
n

)
possible choices of Sn, we have

N1=Mn2

(
K

n

)
, T1=n

(
K

n

)
, N2=M(n−1)n

(
K

n

)
. (5.46)

As the achievable sum DoF can be expressed as dmat1 (n,M,N,K)= N1

T1+N2/d2(M,N,K)
,

Proposition 5.2 holds with the parameters in (5.46).

5.2.2.2 Achievability Proof of Proposition 5.3

Here, with a n-transmitter/n-user scheduling, for 3≤n≤K, we propose a general

RT-PIN scheme in phase 1 that achieves the sum DoF stated in Proposition 5.3.

Besides, we consider the case M
N
≤ 1+(n−1)2

1+(n−2)(n−1)
as the achievability in the other case

follows similarly by switching off the redundant transmit antennas. Without loss of

generality, let us consider that the subset Sn={1, · · · ,n} of uses are scheduled.

Following the (3,2,3) IC example, the RT-PIN is accomplished in two stages. Let

us consider that the first stage, i.e., interference sensing stage, lasts for t1 slots, while

the second stage, i.e., redundancy transmission stage, lasts for t2 slots. The values of

t1 and t2 will be determined later on. The transmission strategy operates as follows.

Interference sensing stage: Each scheduled transmitter delivers Mt1 symbols to

the corresponding user. The received signal writes as

yisk =
∑
j∈Sn

Bdiag
{
HH
kj(t)

}
t=1,···,t1

×Wis
j︸ ︷︷ ︸

Gis
kj∈C

Nt1×Mt1

uj,k∈Sn, (5.47)

where uj∈CMt1×1 and Wis
j is a Mt1×Mt1 full rank precoder. From (5.47), we
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see that each interference term Gis
kjuj,k 6=j spans the full Nt1 dimension of the row

space of the received signal because N≤M and Gis
kj is full rank almost surely.

Redundancy transmission stage: The objective in the second stage is to design

precoders that force each overheard interference into theNt1-dimensional row space

created in the first stage. Without loss of generality, let us consider the precoder

design at transmitter 1. We aim to design Wrt
1 ∈CMt2×Mt1 such that

Wrt
1 ⊆ span

(
Gis

21

)
∩ span

(
Gis

31

)
∩ · · · ∩ span

(
Gis
n1

)
. (5.48)

Following the footstep in Section 5.2.1.2, we firstly obtain a matrix V1 such that

V1=D21G
is
21=· · ·=Dn1G

is
n1, where Dj1,j=2, · · · ,n, is computed by,

[D21 D31 · · · Dn1]



Gis
21 0 · · · 0

−Gis
31 Gis

31
. . . 0

0 −Gis
41

. . . 0

... . . . . . . Gis
(n−1)1

0 · · · · · · −Gis
n1


︸ ︷︷ ︸

Φ1∈C(n−1)Nt1×(n−2)Mt1

=0. (5.49)

Due to the fact M
N
≤ 1+(n−1)2

1+(n−2)(n−1)
<n−1
n−2

, the dimension of the left null space of Φ1 is

[(n−1)N−(n−2)M ]t1. Then, the size of Dj1, for j=2, · · · ,n, and V1 are

[(n−1)N−(n−2)M ]t1×Nt1, [(n−1)N−(n−2)M ]t1×Mt1, (5.50)

respectively. V1 is full rank, almost surely, and its rank is [(n−1)N−(n−2)M ]t1.

Secondly, we obtain the precoding matrix as Wrt
1 =C1V1, where C1 is a full

rank mapping matrix of size Mt2×((n−1)N−(n−2)M)t1.

PIN: Thanks to the redundancy transmission, each user is able to perform PIN.
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Let us focus on user 1 for convenience. The received signal writes as

y1=

 Gis
11 Gis

12 · · · Gis
1n

H̄rt
11W

rt
1 H̄rt

12C2D12G
is
12 · · · H̄rt

1nCnD1nG
is
1n

u, (5.51)

where u, [u1, · · ·un]T and H̄rt
1j,Bdiag

{
HH

1j(t)
}
t=t1+1,···,t1+t2

, ∀j=1, · · · ,n. Clearly,

there exists a Nt2×N(t1+t2) matrix Q1j,j=2, · · · ,n, such that

Q1j

 Gis
1j

H̄rt
1jCjD1jG

is
1j

=0. (5.52)

Then, left-multiplying y1 by Q1j yields

ȳ1,j= Q1j

 Gis
11

H̄rt
11W

rt
1


︸ ︷︷ ︸

Ḡ11,j∈CNt2×Mt1

u1+
∑

l∈Sn\{1,j}

Q1j

 Gis
1l

H̄rt
1lW

rt
l


︸ ︷︷ ︸

Ḡ1l,j∈CNt2×Mt1

ul. (5.53)

In ȳ1,j , we can see that user 1 obtainsNt2 linear observations of the desired sym-

bols, which are only mixed with n−2 interferers, i.e., symbols intended for user l,

l∈Sn\{1,j}. Since there are n−1 choices of Q1j , user 1 has (n−1)Nt2 linear obser-

vations of the desired symbols, while the total number of the pieces of interference

overheard by user 1 is (n−1)(n−2)Nt2 (after PIN).

Decoding feasibility: A similar PIN is performed for the received signals at all

the other users. The interferences caused by u1 at user l by nulling out the message

of user j are denoted by Ḡl1,ju1∈CNt2×1, ∀l 6=j,{l,j}=2, · · · ,n−1. Since there are

(n−1)(n−2) possible choices of such l and j, there are totally (n−1)(n−2)Nt2

interference symbols made by u1. If all those pieces of side information are provided

to user 1 and all Ḡ1l,jul in (5.53) are removed, user 1 has (n−1)2Nt2 interference-



5.2. MIMO Case: RIA and Achievable Sum DoF 177

free linear observations of the desired symbols, i.e.,

[
{Ḡ11,j}∀j=2,···,n−1 {Ḡl1,j}∀l 6=j,{l,j}=2,···,n−1

]T
u1. (5.54)

It is shown in Appendix K that the above effective channel matrix is full rank almost

surely, if  (n−1)2Nt2=Mt1,

Mt1≤ ((n−1)2+1)[(n−1)N−(n−2)M ] t1.
(5.55)

Since we consider M
N
≤ (n−1)2+1

(n−2)(n−1)+1
, (5.55) holds. Then, according to the first

equation of (5.55), we choose t1=N(n−1)2 and t2=M . When M
N
> (n−1)2+1

(n−2)(n−1)+1
,

the above scheme is still feasible by using only M̂, 1+(n−1)2

1+(n−2)(n−1)
N antennas at each

transmitter1 and choosing t1=N(n−1)2 and t2=M̂ .

To sum up, as the transmission strategy is performed
(
K
n

)
times for all the possi-

ble subsets of n transmitters, the total number of symbols and slots are given by

 N1=nMt1
(
K
n

)
=n(n−1)2MN

(
K
n

)
,

T1=(t1+t2)
(
K
n

)
=(N(n−1)2+M)

(
K
n

)
.

(5.56)

Besides, considering the (n−1)(n−2)Nt2 pieces of overheard interference at each

user (see (5.53)) as order-2 symbols, the total number of order-2 symbols generated

in phase 1 is

N2=n(n−1)(n−2)Nt2

(
K

n

)
=n(n−1)(n−2)MN

(
K

n

)
. (5.57)

As the achievable sum DoF can be expressed as drt−pin1 (n,M,N,K)= N1

T1+N2/d2(M,N,K)
,

Proposition 5.3 is immediate with the parameters in (5.56) and (5.57).

1When M̂ is not an integer, we perform the scheme with a time-extension. For instance, let us
consider K=n=3 and M̂= 5

3N . Then, we can choose t2=3×M̂=5N slots, while t1=3×4N=12N

slots. Each transmitter sends M̂×t1=20N2 symbols. The resultant number of order-2 symbols is
6Nt2=30N .
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5.2.2.3 Achievability Proof of Proposition 5.4

In this part, we propose the transmission strategy to deliver order-m (2≤m≤K−1)

symbols in the (M,N,K) IC with 1≤M
N
≤K. Following the K-phase framework

illustrated in Figure 5.4, we can obtain the recursive expression of sum DoF of de-

livering order-m symbols as

dm(M,N,K)=
Nm

Tm+ Nm+1

dm+1(M,N,K)
+ N1,m

d1,m(M,N,K)

,2≤m≤K−1, (5.58)

dK(M,N,K)=N. (5.59)

Following the discussion in Section 5.1.2.3, as the order-(1,m) symbols for a subset

of m+1 users can be transmitted simultaneously and each user is equipped with

N antennas, we have d1,m(M,N,K)=N(m+1). Besides, (5.59) is due to the fact

that order-K symbols are intended for all users and each user is equipped with N

antennas. Hence, the work is reduced to propose transmission strategy for phasem-I,

for 2≤m≤K−1, and identify the parameters Nm, Nm+1, Tm and N1,m in (5.58).

Next, we will focus on the case M≤N(K−m+1) because the scheme in the

case M>N(K−m+1) follows similarly by switching off the redundant transmit

antennas.

Similar to the (3,2,3) IC, we consider that the transmission duration is divided

into
(
K
m

)
rounds, each of which is dedicated to deliver order-m symbols to a certain

subset Sm of users. We sort the m elements of Sm in an cyclic ascending order as

Sm,{i1, · · · ,im}, where i1< · · ·<im. Then, the m transmitters are scheduled in a

cyclic pair-wise manner2, i.e., (i1,i2), (i2,i3), · · · , (im,i1). This procedure is known

as a 2-transmitter/m-user scheduling. Next, without loss of generality, we focus on

Sm={1, · · · ,m} and consider that transmitter 1 and transmitter 2 are active.

2In the (3,2,3) IC example presented in Section 5.2.1.2, the scheduled user pair in round 1 is user
(1,2) and user (2,1).
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Redundancy transmission: Transmitter 1 and 2 are scheduled for t=K−m+1

slots, where transmitter 1 sends Mt order-2 symbols, i.e., u[1|Sm]∈CMt×1, and

transmitter 2 deliversNt−M order-2 symbols, i.e., u[2|Sm]∈C(Nt−M)×1. The signal

received by user k, for k=1, · · · ,K, writes as

yk=[ H̄k1W1︸ ︷︷ ︸
Gk1∈CNt×Mt

, H̄k2W2︸ ︷︷ ︸
Gk2∈CNt×(Nt−M)

] [u[1|Sm],u[2|Sm]]T , (5.60)

where W1 and W2 are full rank precoding matrices. The size of W1 is Mt×Mt,

while the size of W2 is Mt×(Nt−M). H̄kj=Bdiag
{
HH
kj(1), · · · ,HH

kj(t)
}
,j=1,2,

is the Nt×Mt channel matrix across the t time slots.

At this moment, each scheduled user obtains Nt linearly independent observa-

tions of the desired M(t−1)+Nt order-2 symbols, requiring another M(t−1) lin-

early independent observations to enable the decoding. Toward this, we notice that

for any user ∀k=1,· · ·,K, there exists an M -dimensional left null space of Gki2 as

Gki2 is a Nt×(Nt−M) full rank matrix almost surely. Hence, each non-scheduled

user is able to null out u[2|Sm], and attains M linear observations purely of u[1|Sm].

PIN: Specifically, for user j, j=m+1, · · · ,K, we have

ȳj,2=Fj2yj= Fj2Gj1u[1|Sm]︸ ︷︷ ︸
u[1|Sm;j]∈CM×1

,j=m+1, · · · ,K. (5.61)

where Fj2∈CM×Nt is such that Fj2Gj2=0. Then, we can see that if all the M -

dimensional vectors ȳj2, j=m+1, · · · ,K, are provided to the scheduled users, each
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scheduled user obtains totally Nt+M(K−m)=Nt+M(t−1) linear observations as



yk

ȳm+1,2

...

ȳK,2


=



Gk1 Gk2

F(m+1)2G(m+1)1 0

...
...

FK2GK1 0


 u[1|Sm]

u[2|Sm]

 ,k=1, · · · ,m. (5.62)

These Nt+M(t−1) observations are shown to be linearly independent in Appendix

L. In this way, the purified signal at the non-scheduled user, i.e., u[1|Sm; j], is able

to be reconstructed by transmitter 1 at the end of phase m-I, and can be considered

as useful signals for the scheduled users.

Similarly, when transmitter 2 and 3 are scheduled, anotherNt+M(t−1) order-m

symbols are transmitted andM(K−m) useful signals u[2|Sm; j], for j=m+1, · · · ,K,

are generated. Then, as the same transmissions strategy is employed m times per

round and there are
(
K
m

)
rounds in phase m-I, we have

Nm= [Nt+M(t−1)]m

(
K

m

)
, Tm=tm

(
K

m

)
, (5.63)

where t=K−m+1.

Besides, the total number of resultant useful signals is mM(K−m)
(
K
m

)
. Next,

we employ these useful signals to formulate order-(m+1) and order-(1,m) symbols.

The generation of the order-(m+1) and order-(1,m) symbols follow the footsteps

designed for the (K,1,K) IC. The only difference lies in that each term shown in

Table 5.2 becomes a M×1 vector in the (M,N,K) IC. Hence, the number of order-

(m+1) and order-(1,m) symbols should be scaled by M . Specifically, we have

 Nm+1=M(m−1)(m+1)
(
K
m+1

)
,

N1,m=M(m+1)
(
K
m+1

)
.

(5.64)
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Then, plugging (5.63) and (5.64) into (5.58), the recursive expression of the DoF

of delivering order-m symbols, i.e., dm(M,N,K), are given by

dm(M,N,K)=
[(M ′+N)(K−m)+N ]m

(
K
m

)
(K−m+1)m

(
K
m

)
+
M ′(m−1)(m+1)( K

m+1)
dm+1(M,N,K)

+M ′

N

(
K
m+1

) . (5.65)

where M ′,min{M,N(K−m+1)}. Proposition 5.4 holds following the derivations

in Appendix J.

Remark 5.6. Notably, we point out that when M≥(K−m+1)N=Nt, the proposed

scheme in phase m-I smoothly connects with the MAT-like transmission designed

for the (K,1,K) IC. Recall that in (5.60), the size of u[2|Sm] becomes zero when

M=N(K−m+1)=Nt, implying that transmitter 2 becomes silent and only trans-

mitter 1 is scheduled. Then, any matrix can be considered as lying in the null space

of Gk2. Consequently, there is no need to perform PIN and the overheard interfer-

ences Gj1u[1|Sm] can be regarded as useful signals. More specifically, the recursive

equation (5.65) becomes (5.20) if we replace N=1 and M=K−m+1.

5.2.2.4 Discussions

Connection between the schemes: Let us focus on RT-PIN approach with n active

transmitters in phase 1 and MAT-like transmission with (n−1) active transmitters in

phase 1, where 3≤n≤K. The similarity of the schemes is that at the end of phase 1,

each user obtains linear observations of the desired signal with n−2 interferers. To

link these two schemes, we introduce an interesting parameter, r, T1

N2
, namely the

number of time slots needed to generate an order-2 symbol. With T1 and N2 given

in (5.46), (5.56) and (5.57), the ratios write as,

 rmat(n−1,M,N,K)= 1
M̃(n−2)

,

rrt−pin(n,M,N,K)= (n−1)2N+M̂

n(n−1)(n−2)M̂N
,

(5.66)
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for 3≤n≤K, where M̃ and M̂ are defined in (5.21) and (5.22), respectively. Then,

we can interpret the sum DoF as d1,
N1/N2

r+d−1
2

, namely

 dmat1 (n−1,M,N,K)= (n−1)/(n−2)

rmat+d−1
2

,

drt−pin1 (n,M,N,K)= (n−1)/(n−2)

rrt−pin+d−1
2

,
(5.67)

for 3≤n≤K, where the parameters involved in rmat, rrt−pin and d2 are ignored for

convenience. Hence, it is clearly that the ratios in (5.66) act as indicators showing

which scheme yields the better sum DoF performance. By comparing the ratios in

(5.66), we can reach the concise expression in (5.28).

Transmitter-user pairs scheduling in phase 1: According to the discussion above,

we learn that the scheme that is more efficient (using less slots) in terms of generat-

ing order-2 symbols yields a better sum DoF performance. However, it is only useful

in judging the proposed schemes for a fixed value of n, but cannot be employed to

find the optimal solution to Proposition 5.5. This is because there exists another im-

portant parameter, N1

N2
,n−1
n−2

, that impacts the sum DoF (see (5.67)). This parameter

tells us how many private symbols can be decoded once a single order-2 symbol is

provided. In general, a greater value of n shortens the duration of generating order-2

symbols, i.e., yielding a smaller rmat or rrt−pin, but decreases the benefit of provid-

ing order-2 symbols, i.e., leading to a smaller n−1
n−2

. Consequently, solving such a

trade-off is essential to the sum DoF performance, thus leading to the emergence of

performing a proper transmitter-user pair scheduling in phase 1.

Global CSIT vs. Local CSIT: In phase 1, we can see that the construction of the

order-2 symbols in the MAT-like transmission only relies on local CSIT, as Pk is a

random matrix and Gkj is the outgoing channel of transmitter j. However, in the

RT-PIN approach, since the matrix Q1j in (5.52) is related to channel matrix Gis
1j ,

constructing order-2 symbols, e.g., Ḡ1l,jul,l 6=j in (5.53), needs global CSIT, i.e., the

outgoing channels of both transmitter j and transmitter l.
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In phase m, 2≤m≤K, the useful side information u[1|Sm; j] is obtained by PIN

(see (5.61)) and is reconstructed by transmitter 1 at the end of phasem-I. Since Fj2 is

related to Gj2, i.e., the outgoing channel of transmitter 2, reconstructing u[1|Sm; j]

requires global CSIT. However, when M≥N(K−m+1), as there is only one active

transmitter, it is unnecessary to perform PIN so that only local CSIT is needed.

In this chapter, we investigate the achievable sum DoF of K-user interference

channel with perfect delayed global CSIT. Firstly, focusing on the MISO case where

each transmitter has sufficient number of antennas, we propose a K-phase RIA

scheme by integrating the distributed overheard interference retransmission pro-

posed for SISO IC and the MAT-like transmission designed for the MISO BC. Sec-

ondly, we consider the MIMO case where each transmitter is equipped with M an-

tennas and each user is equipped with N antennas and 1≤M
N
≤K. In this case, we

aim at generalizing the MAT-like transmission designed for the MISO case and the

redundancy transmission and partially interference nulling designed for the SISO IC.

The main findings are two-fold.

• In phase 1, since M≤NK, the overheard interference at various users is lin-

early dependent. Thus, only a part of the total overheard interference can be

exploited as useful signals to create future transmissions. Besides, as M≥N ,

when the transmitter transmits some redundancy with the information sym-

bols (e.g., delivering less than Mt symbols in t slots), the resultant interfer-

ence may span the full linear space spanned by the received signals at the

unintended users. Thus, the unintended users are unable to perform partial

interference nulling. To overcome this bottleneck, we design a two-stage re-

dundancy transmission, where the first stage is used for interference sensing,

while the second stage is designed using delayed CSIT to force the interfer-

ence at the unintended users into the linear space created in the first stage.
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• In phase m, 2≤m≤K, the transmission strategy is a generalization of the RT-

PIN approach. In this strategy, there are two active transmitters per slot, and

the number of order-m symbols transmitted per slot is properly determined

according to the number of antennas at each transmitter and each user. When

M≥N(K−m+1), the scheme smoothly connects with the MAT-like trans-

mission, where there is only one active user and the overheard interference at

various users is directly exploited as useful signals without the need of PIN.

Moreover, we consider that both schemes are performed via a transmitter-user

pairs scheduling in phase 1. By finding the optimal number of co-scheduled trans-

mitters, the two schemes jointly achieve a greater sum DoF performance than all the

previously known results for the general (M,N,K) IC with M≥N .



CHAPTER 6

Conclusions and Future Works

6.1 Conclusions

Rate-Splitting approach and Retrospective Interference Alignment are effective novel

multi-user transmission strategies that deal with imperfect CSIT and delayed CSIT,

respectively. In this thesis, we studied a set of fundamental problems that are es-

sential to RS and RIA, with particular interest in achievable sum rate performance,

transmission block design in the scenario with time-varying CSIT qualities, multi-

cell scenario (IC) and multiple-antenna setting (at each node). The significance of

this research is to provide insights and guidance that is transferable to practice.

In this thesis, we characterized the achievable DoF region by RS in the K-user

MISO BC with imperfect CSIT, and showed that the maximal sum DoF is achieved

with an even power allocation for the private messages. This power allocation policy

is determined based on the CSIT qualities of the K users. Besides, we designed a

Space-Time RS approach for the K-user MISO BC with time-varying CSIT qual-

ities. Compared to RS, the new ingredient of RS-ST scheme lies in multicasting

multiple streams of common messages across the time slots with varying CSIT qual-

ities. In this way, each user is able to decode the space-time common messages in

the slots where it has the greatest CSIT quality, and thus achieving a greater sum

DoF performance than performing RS in each individual slot.

Moreover, to the best of our knowledge, for the first time in the literature, we

performed a sum rate analysis of the RS and RS-ST schemes focusing on a two-user
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MISO BC with the presence of quantized CSIT. In the scenario with equal feedback

qualities in each slot, we showed that an fixed increase (not changing with SNR) in

the number of feedback bits leads to a SNR/rate offset of the sum-rate performance

achieved by RS. This gain is higher than that obtained by single-user transmission,

i.e., TDMA, and contrasts with that of ZFBF with quantized CSIT, where the sum

rate saturates at high SNR. To achieve a certain maximum allowable rate loss relative

to ZFBF with perfect CSIT, we found that RS scheme enables a feedback overhead

reduction compared to ZFBF with quantized CSIT. In the scenario with alternating

feedback qualities, we showed that RS-ST scheme outperforms RS scheme by a

constant gap, and offers an overhead reduction over RS scheme. At last, through

simulation, we observed that both schemes offer a significant SNR gain over SU/MU

switching at high SNR. Those results provide fundamental insights into the benefit

of the RS approach with the presence of imperfect CSIT, and would be extendable

to RS approach with other type of private message transmission.

In the K-user MISO IC with an arbitrary CSIT quality for each interference link

(not varying over time), we characterized the achievable DoF region by RS, and pro-

posed an advanced scheme, so called Topological RS. Compared to RS, the novelty

of TRS lies in a multi-layer structure and common-message-groupcasting. This fea-

ture reduces the number of common messages decoded by each user, thus enhancing

the DoF achieved by the common messages. The DoF region achieved by TRS is

derived and is shown to be a superset of the DoF region achieved by RS and ZFBF

with power control. Besides, the sum DoF is studied from a graph theory perspective

and the sum DoF of a class of realistic scenarios is characterized. Apart from that,

we would like to emphasize the usefulness of the weighted-sum interpretation that

is used to design the TRS scheme. It bridges the MISO IC with imperfect CSIT and

partially connected networks, so that graph theory methodologies are introduced as

powerful tools to analyze the DoF performance. From a sum DoF aspect, the benefit
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of weighted-sum interpretation is highlighted by deciding the DoF per common mes-

sage or how many common messages can be transmitted in each layer of the TRS.

This weighted-sum interpretation can be applied to many other scenarios, such as

interference broadcast channel where there are multiple transmitters and each trans-

mitter is serving several users.

We designed RS approach that is suitable for the two-user (M,N1,N2) MIMO

BC with imperfect CSIT (not varying over time). Unlike two-user MISO BC, the

new RS transmission block is constructed to fully exploit the spatial dimension at

the user who has a greater number of antennas. Besides, to achieve the maximal sum

DoF, a Space-Time transmission is carried out and unequal power is allocated to the

private messages. In the two-user (M1,M2,N1,N2) MIMO IC, the scheme proposed

for BC is modified according to a row transformation to the channel matrices. Such

an operation allows us to identify the signal space where the transmitted signals

interfere with each other and derive a proper power allocation policy to achieve a

satisfactory DoF region. The achievable DoF region is optimal when M≤N2 in BC

and when N1≤M2≤N2 and M1≥N1 in IC, as it is consistent with the exact DoF

region when there is a mixture of the imperfect CSIT and perfect delayed CSIT.

In the K-user MIMO IC with perfect delayed CSIT, where each transmitter is

equipped with M antennas and each user is equipped with N antennas and M≥N ,

we proposed two K-phase RIA schemes based on distributed overheard interference

retransmission. These two schemes generalize the key features of the schemes de-

signed for MISO BC and SISO IC by exploiting the multiple receive antennas and

multiple transmit antennas, respectively. Moreover, we considered that both schemes

are performed via a transmitter-user pairs scheduling in phase 1, where all the new

symbols are transmitted. By finding the optimal number of co-scheduled transmit-

ters, the two schemes jointly achieve a greater sum DoF performance than all the

previously known results for the general (M,N,K) IC with M≥N . In the K-user
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MISO IC, the achieved sum DoF is asymptotically given by 64
15

when K→∞.

6.2 Future Works

Although we managed to address a set of fundamental issues involved in designing

RS and RIA for a variety of networks, our work can be extended in the future.

Firstly, the rate analysis of the RS scheme was carried out focusing on two-user

MISO BC. In the K-user case, it remains unknown how the achievable rate by RS

compares to the rate achieved by conventional ZFBF with quantized CSIT. Since the

common message has to be decoded by all users, the rate achieved by the common

message is limited by the user with the worst channel condition. Therefore, one can

conjecture that the sum rate gain offered by RS over conventional ZFBF with quan-

tized CSIT is shrunk in the K-user case compared to the 2-user case. In addition, the

multi-user diversity offered by performing user-scheduling is also worth of studying.

We can infer that scheduling co-located users is beneficial to the rate of the common

message, but degrades the rate achieved by the ZF-precoded private messages; on

the other hand, scheduling near-orthogonal users is beneficial to the rate of the ZF-

precoded private messages, but degrades the rate of the common message. Hence,

solving this trade-off is crucial to the multi-user diversity offered by user-scheduling.

Secondly, the TRS scheme was designed focusing on MISO IC with equal SNR

and INR, and it was shown to be extendable to the partially connected networks

where the path loss is binary (interfere or not). In these partially connected net-

works, Topological Interference Management (TIM) have received significant at-

tentions to obtain optimal symmetric DoF in the case where the transmitter is only

aware of the network topology [64, 65, 68, 69, 67, 72, 73, 74]. Therefore, when

there is both imperfect CSIT and the network topology, how to integrate TRS and

TIM is an interesting research issue. Moreover, in more practical scenarios, the
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path loss factors between the transmitters and users are continuous variables and can

be modeled as the exponential of the transmit power similar to the CSIT qualities

[43, 75, 76, 54, 57, 66, 77, 78]. Another interesting research issue would be how to

design TRS scheme by integrating CSIT quality topology with path loss factors.

Thirdly, our work drives the inner-bound of the DoF region of the K-user MISO

IC with imperfect CSIT and the inner-bound of the sum DoF of the K-user MIMO

IC with delayed CSIT one step further. However, the optimal DoF region and the

optimal sum DoF remain open problems due to the lack of tight outer-bound. Re-

cent information theoretic works [29] managed to find the optimal sum DoF in the

K-user MISO BC with imperfect CSIT considering that the inputs and the chan-

nels are in the real domain. Besides, literatures [79, 80, 81] derived useful lemmas,

rank ratio inequality and decomposition bound, which an be used to lower bound the

interference dimension at a user in SISO X Channel and MISO BC with the pres-

ence of perfect delayed CSIT. Hence, a natural followup question to be addressed is

whether those findings can be used to derive an outer-bound of the DoF region and

sum DoF in IC. This will help evaluating the tightness of the inner-bound achieved

in this thesis.

Last but not the least, it is expected that the RS strategy and RIA scheme will have

fundamental impacts on various MIMO wireless network configurations where the

performance is limited by inaccurate CSIT (e.g., K-user BC and IC, heterogeneous

networks, massive MIMO) and lead to novel transmission strategies for beyond LTE-

A that do not only rely on conventional SU/MU switching.
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APPENDIX A

Proof of Proposition 2.1 and 3.1

We only focus on the proof of Proposition 3.1, because Proposition 2.1 follows di-

rectly by setting ak1=ak2= · · ·=ak,k−1=ak,k+1= · · ·=akK , ∀k∈K. The key part of

the proof is to show the DoF region achieved by scheduling a subset S of users. Let-

ting DRS(S) denote the DoF region achieved by scheduling a subset S of users, it is

obtained by taking the union of the DoF region achieved with all the possible power

allocation r, i.e., DRS(S),
⋃
∀rDRS(S,r).

With the proof presented in Appendix A.1, DRS(S) is given by

DRS(S)=
⋃
∀U∈S

DRS(S,U), (A.1)

where DRS(S,U) is the set of (d1, · · · ,dK)=(dc1, · · · ,dcK)+(dp1, · · · ,d
p
K) such that

dpk=0,∀k∈K\U ; 0≤dpk≤1,∀k∈U ;
m∑
l=1

dpil≤
m∑
l=1

ail−1il ,∀(i1, · · · ,im)∈ΠU ;

dck=0,∀k∈K\S; 0≤dck≤1,∀k∈S; 0≤dpk+
∑
j∈S

dcj≤1,∀k∈U ;

∑
j∈S

dcj+
m∑
l=1

dpil≤1+ min
j=1,···,m

m∑
l=1,l 6=j

ail−1il ,∀(i1, · · · ,im)∈ΠU , (A.2)

and ΠU is the set of all possible cyclic sequences of all subsets of U with cardinality

no less than 2.

In (A.2), we see that for a certain set U , by setting dck=0,∀k∈K\S , DRS(K,U)

becomes DRS(S,U). Then, it is immediate that DRS(S,U)⊆DRS(K,U). This fact
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allows us to obtain the DoF region achieved by RS as

DRS=
⋃

∀S⊆K,∀U⊆S

DRS(S,U)=
⋃
∀U⊆K

DRS(K,U), (A.3)

which completes the proof.

A.1 Proof of (A.1)

The proof follows the footsteps in [57, Section III.B and Appendix D]. It has two

steps. The first step is to characterize DRS(S,U). As it will be shown later on,

the union of DRS(S,U) over U is a subset of DRS(S). The second step is to show

DRS(S)⊆
⋃
∀U∈SDRS(S,U).

A.1.1 Step 1

For user k∈S\U , we choose rk=0 (Note that this choice is equivalent to rk= −∞

from a DoF perspective). Besides, we consider a polyhedral relaxation on the DoF

tuple specified in (3.8) by requiring rk−maxj:j∈S\k(rj−akj)+ to be non-negative.

Then, the achievable DoF region via polyhedral relaxation is the set of the DoF

tuples such that

0≤dpk≤rk− max
j:j∈U\k

(rj−akj)+,∀k∈U ,
∑
k∈S

dck≤1−max
j∈S

rj. (A.4)

The polyhedral relaxation requires that the power exponents r such that the power of

interference overheard by user k is lower than the received power of user k’s desired

private message. Otherwise, the power exponents r are regarded as achieving an

invalid DoF tuple. However, according to (3.8), those power exponents actually lead

to a valid DoF tuple. Hence, the DoF region is shrinked by the polyhedral relaxation.
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Now, denoting dc=
∑

k∈S d
c
k, we rewrite (A.4) as

dpk≤rk−(rj−akj)⇒rj−rk≤akj−dpk,∀k∈U ,∀j∈U\k, (A.5)

dpk≤rk⇒− rk≤− d
p
k, (A.6)

dpk≥0, (A.7)

dc≤1−rk⇒rk≤1−dc,∀k∈U . (A.8)

Following the footsteps in [57, Section III.B], we define a fully connected di-

rected graph G(V ,E), where V={v0,v1, · · · ,v|U|} is the vertex set and E is the set of

the arcs. The length assigned to the arc from vj to vk is l(vj,vk)=akj−dpk for i,j 6=0,

and the length assigned to the arc from vk to v0 is l(vk,v0)=1−dc, while the length

assigned to the arc from v0 to vk is l(v0,vk)=− dpk.

As defined in [82], a function f is called a potential if for every two vertices, a

and b, such that l(a,b)≥f(a)−f(b) holds. Then, by setting f(v0)=0 and f(vk)=rk,

we see that any achievable DoF tuple such that (A.4) holds, corresponds to a potential

function for the directed graph. Moreover, the potential theorem [82, Theorem 8.2]

suggests that there exists a potential function for a directed graph if and only if each

circuit of G has a non-negative length. Thus, a DoF tuple is said satisfying (A.4) if

and only if each circuit of G has a non-negative length.

• For the circuits formed by v0 and vk, we have 1−dc−dpk≥0, yielding dc+dpk≤1,

∀k∈U .

• For the circuits formed by (vi1 , · · · ,vim), ∀(i1, · · · ,im)∈ΠU , ∀m≥2, we have∑m
l=1 d

p
il
≤
∑m

l=1 ail−1il .

• For the circuits formed by (vi1 , · · · ,vij ,v0,vij+1
, · · · ,vim) with v0 between to vij

and vij+1
, ∀(i1, · · · ,im)∈ΠU , we have dc+

∑m
l=1 d

p
il
≤1+

∑m
l=1,l 6=j ail−1il . Con-

sidering all the possible positions of v0, we have the minimum operator in the
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last inequality of (A.2).

Consequently, DRS(S,U) characterized by (A.2) is immediate.

A.1.2 Step 2

To show DRS(S)⊆
⋃
∀U∈SDRS(S,U), we firstly introduce D′RS(S,U) as

D′RS(S,U)={(dc1, · · · ,dcK ,d
p
1, · · · ,d

p
K)∈DRS(S,U),dpk>0,∀k∈U}. (A.9)

Then, it is clear thatD′RS(S,U)⊆DRS(S,U), the remaining work is to showDRS(S)⊆⋃
∀U∈SD′RS(S,U). We aim to show that a DoF tuple lying outside

⋃
∀U∈SD′RS(S,U)

also lies outsideDRS(S). Such a DoF tuple has at least one of the following features:

• dpk<0 or dpk>1 or dc+dpk>1 for some user k∈S.

•
∑m

l=1 d
p
il
>
∑m

l=1 ail−1il for some cyclic sequence ∀(i1, · · · ,im)∈ΠU .

• dc+
∑m

l=1 d
p
il
>1+

∑m
l=1,l 6=j ail−1il for some users ∀(i1, · · · ,im)∈ΠU and some

j=1,· · ·,m.

It has been shown in [57] that the DoF tuple satisfying the first and second feature

cannot be included in DRS(S). It remains to show that the DoF tuple satisfying the

third feature cannot belong to DRS(S). To this end, we employ the similar method

in [57]. Assuming the DoF tuple satisfying the third feature lies in DRS(S). Then,

there exists some ril’s such that

dc+
m∑
l=1

ril− max
ik∈S\il

(rik−ailik)+>1+
m∑

l=1,l 6=j

ail−1il

⇒dc−1+
m∑
l=1

ril− max
ik∈S\il

(rik−ailik)+−
m∑

l=1,l 6=j

ail−1il>0. (A.10)
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Since maxik∈S\il(rik−ailik)+≥ril−1
−ailil−1

, the l.h.s. of (A.10) is upper-bounded as

dc−1+rij−1
− max

ik∈S\ij−1

(rik−aij−1ik)
++

m∑
l=1,l 6=j

ril−1
− max

ik∈S\il−1

(rik−ail−1ik)
+−ail−1il

≤dc−1+rij−1
− max

ik∈S\ij−1

(rik−aij−1ik)
++

m∑
l=1,l 6=j

ril−1
−ril−1

+ail−1il−ail−1il≤0,

(A.11)

which contradicts (A.10). This implies thatDRS(S)⊆
⋃
∀U∈SD′RS(S,U), which com-

pletes the proof.



APPENDIX B

Proof of Proposition 2.5

We first present some preliminary results that are used in main proof.

Lemma B.1. [18, Lemma 1 and 2] The random variable, |h̄Hk pj|2,k 6=j, where h̄k=
hk
‖hk‖

,

is equal to the product of the quantization error ∠sin2(hk,ĥk) and a beta (1,M−2)

random variable. Note that ∠sin2(hk,ĥk) and the beta (1,M−2) random variable are

independent of each other. The expectation of |h̄Hk pj|2,k 6=j is subject to

Ehk,Vk
[
|h̄Hk pj|2

]
<

1

M−1
2
−Bk
M−1 , k 6=j. (B.1)

This lemma is used to upper-bound the rate loss incurred by the ZF precoders in

the RS (and RS-ST) scheme with RVQ.

Next, we aim to compute the distribution of SINR(k)
c and the distribution of the

minimum of SINR(1)
c and SINR(2)

c . Towards this, we introduce the following as-

sumption to ease the computation complexity.

Assumption B.1. We assume that the feedback qualities are good enough for both

users, such that the |hHk pk|2�|hHk pj|2 in (2.47) and |hHk (t)pk(t)|2�|hHk (t)pj(t)|2

in (2.72), (2.73) and (2.74) hold with a high likelihood, where k 6=j. Then, by intro-

ducingXk1,|hHk pc|2,Xk2,|hHk pk|2 and Yk, Xk1

1+Xk2
Pρ
2

, SINR(k)
c in (2.47) and SINRc

in (2.48) are approximated by P (1−ρ)Yk and P (1−ρ)Y with Y,min(Y1,Y2), re-

spectively. The approximations of (2.72), (2.73) and (2.74) follow similarly.

Note that Assumption B.1 is only applied to the derivation of the rate of the

common messages. The impact of the residual interference after ZFBF with RVQ
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(a) Joint CDF vs. M (b) CDF of Yk, 30dB, ρ=0.2 and B=10

Figure B.1: CDF approximation

is considered in the derivation of the rate of the private messages. However, in the

simulation of Section 2.3.1, 2.3.2 and 2.3.3, the SINR of the common messages

are calculated following (2.47), (2.72), (2.73) and (2.74). We note that although

Assumption B.1 gives an upper-bound of SINRc, Figure 2.6(a) and 2.9(a) show that

the results stated in Proposition 2.5, 2.7 and 2.9 are upper-bounds of the simulation

result of the sum rate loss incurred by the RS and RS-ST schemes.

To calculate the distribution of SINRc, it suffices to study the distribution of Y .

To this end, we calculate the joint distribution of Xk1 and Xk2. We observe that Xk1

andXk2 are exponential distributed with parameter 1, because hk is a complex Gaus-

sian vector and pc and pk are isotropic unit vectors independent of hk. Moreover,

we see that Xk1 and Xk2 are correlated as both of them depend on the realization of

hk. Their joint distribution is characterized as follows.

Lemma B.2. The joint cumulative distribution function (CDF) of the correlated ex-

ponential random variables Xk1=|hHk wc|2 and Xk2=|hHk wk|2 is given by

FXk1,Xk2
(x1,x2)=1−e−x1−e−x2+ξ(x1,x2), (B.2)
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where x1,x2∈[0,∞) and ξ(x1,x2) is given by

ξ(x1,x2)=
1

Γ(M)

M−1∑
i=0

M−1∑
j=0

(−x1)M−1−i(−x2)M−1−j×(
M−1

i

)(
M−1

j

)
Γ(i+j+2−M,x0), (B.3)

where x0= max(x1,x2), Γ(r)=(r−1)! is the Gamma function for positive integer r,

while Γ(r,a)=
∫∞
a
are−ada refers to the Upper Incomplete Gamma function, which

is also valid for r≤0.

Proof. see Appendix B.1.

Note that it is cumbersome to utilize (B.2) to obtain the distribution of Y and

perform analysis. Hence, we approximate (B.2) by assuming that Xk1 and Xk2 are

independent, namely

FXk1,Xk2
(x1,x2)≈FX̃k1,X̃k2

(x1,x2)=1−e−x1−e−x2+e−x1−x2 , (B.4)

where X̃k1
d∼ Xk1, X̃k2

d∼ Xk2 and X̃k1 and X̃k2 are independent. Figure B.1(a)

shows that the approximation is good for sufficiently large value of M , and it is

good enough for M=4. Hence, we employ (B.4) instead of (B.2) in the subsequent

derivations to make the analysis more tractable.

Let us introduce Ỹk, X̃k1

1+Pt
2
X̃k2

, which is an approximation of Yk, Xk1

1+Xk2
Pt
2

since

FXk1,Xk2
(x1,x2)≈FX̃k1,X̃k2

(x1,x2) in (B.4). Since X̃k1 and X̃k2 are independent, we

compute the CDF of Ỹk as

FỸk(y)=

∫ ∞
0

Pr(X̃k1<y(1+
Pt

2
x))fX̃k2

(x)dx=1− e−y

1 + Pt
2
y
≈FYk(y), (B.5)

using the fact that X̃k1 and X̃k2 are exponential distributed with parameter 1. A

comparison of FYk and FỸk is shown by Figure B.1(b), where FYk(y) is plotted via
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Monte Carlo (MC) simulation.

Next, we study the distribution of Y=min(Y1,Y2). As pk is isotropically chosen

from the null space of ĥj,j 6=k and ĥj is obtained using (1.18), we can see that pk is

correlated with hj,j 6=k. In turn, it follows that Y1 and Y2 are correlated. Thus, it is

cumbersome to derive the exact distribution of Y=min(Y1,Y2). Instead, we provide

an upper-bound of the CDF of Y as follows.

Lemma B.3. (Upper-bound on the CDF of Y )

FY (y) ≤ 1−(1−FY1(y))2. (B.6)

Proof. The inequality directly follows in [83, eq (5.4.1b)].

Using (B.5), an approximation of this upper-bound writes as

FY (y)≤1−(1−FY1(y))2≈1−(1−FỸ1
(y))2=1− 1

(1+Pt
2
y)2

e−2y, y∈[0,∞). (B.7)

Moreover, we introduce the following useful Lemma.

Lemma B.4. For random variables Z and Z̃ who have the same support (−∞,∞)

and whose CDF satisfy FZ(z)≤FZ̃(z), we have E[Z]≥E[Z̃].

Proof. see Appendix B.2.

In the proof of Proposition 2.5, 2.7 and 2.9, the rate of the common message

is lower-bounded by a function of E[lnY ]. Lemma B.4 allows us to lower-bound

E[lnY ] using the right hand side (r.h.s.) of (B.7).

Now, we are at the stage of prove Proposition 2.5. Apparently, R∗1 and R1(ρ)

are statistically equivalent with R∗2 and R2(ρ) respectively, thus we only need to
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upper-bound R∗k−Rk(ρ) and lower-bound Rc(ρ). Specifically,

R∗k−Rk(ρ) ≤ E
[
log2(1+|hHk pk,pf |2

P

2
)

]
−E

[
log2(1+|hHk pk|2

Pρ

2
)

]
+

E
[
log2(1+|hHk pj|2

Pρ

2
)

]
(B.8)

=
1

ln 2

[
φ(
P

2
)−φ(

Pρ

2
)

]
+E

[
log2(1+|hHk pj|2

Pρ

2
)

]
(B.9)

≤ 1

ln 2

[
φ(
P

2
)−φ(

Pρ

2
)

]
+log2

(
1+

Pρ

2
E
[
‖hk‖2|h̄Hk pj|2

])
(B.10)

≤ 1

ln 2

[
φ(
P

2
)−φ(

Pρ

2
)

]
+log2

(
1+

PρM

2(M−1)
2−

B
M−1

)
. (B.11)

As pk,pf is a unit-norm vector randomly chosen from the M−1-dimensional null

space of hj,k 6=j, the random variable |hHk pk,pf |2 is exponential distributed with pa-

rameter 1. Thus, the first two terms in (B.8) have the same form Er[log2(1+ar)].

(B.9) is obtained by calculating the integral
∫∞

0
log2(1+ar)e−rdr=φ(a)

ln2
. (B.10)

follows Jensen’s Inequality. (B.11) is obtained by Lemma B.1, and the fact that

‖hk‖2 d∼ χ2(M).

Recalling that Y=min(Y1,Y2) where Yk=
|hHk pc|2

1+|hHk wk|2 Pρ2
and using Jensen’s In-

equality, we lower-bound Rc as Rc(ρ)≥log2

(
1+P (1−ρ)eE[lnY ]

)
due to the fact that

log2(1+aer) is a convex function of r. Since the r.h.s. of (B.7) gives an approxi-

mate upper-bound of FY (y) according to Lemma B.3, we can use r.h.s. of (B.7) to

lower-bound E [lnY ] following Lemma B.4. Consequently, one has

E[lnY ]≥
∫ ∞

0

(
Pρ

(1+Pρ
2
y)3

e−2y+
2

(1+Pt
2
y)2

e−2y

)
· lny dy

=

(
4

Pρ
−1

)
φ(
Pρ

4
)−γ−ln2−1, (B.12)

where Pρ

(1+Pρ
2
y)3
e−2y+ 2

(1+Pρ
2
y)2
e−2y is obtained by calculating the derivative of the

r.h.s. of (B.7). Combining (B.11) and (B.12) yield (2.50).

Note that the proof of Proposition 2.7 follows similarly. The only difference lies
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in (B.11), where the last term is upper-bounded by the receiver-specific feedback

quality, i.e., Bk(t).

B.1 Proof of Lemma B.2

Since (X11,X12) are statistical equivalent with (X21,X22), let us drop the index k and

introduce β1=|h̄pc|2, β2=|h̄p|2 and a=‖h‖2. Then, we have X1=β1a and X2=β2a.

As h is independent of pc and p, β1 and β2 are beta (1,M−1) random variables.

Besides, a d∼ χ2(M) is independent of β1 and β2. The CDF of βi,i=1,2 and the PDF

of a are given by

Fβi(βi)=

 1−(1−βi)M−1 βi≤1

1 βi>1
, fA(a)=

1

Γ(M)
aM−1e−a, (B.13)

respectively. Denoting x′1,min{x1,x2} and x′2,max{x1,x2}, the joint CDF of X1

and X2 are derived as F (x1,x2)=
∫∞

0
Pr(X1≤x1|A=a)Pr(X2≤x2|A=a)fA(a)da

due to the fact that X1 and X2 are independent conditioned on A=a, i.e., β1 and β2

are independent according to the analysis in [18]. Then, replacing Pr(Xi≤xi|A=a)

by Fβi(
xi
a

), Pr(X1≤x1,X2≤x2) is further derived as

∫ x′1

0

f(a)da+

∫ x′2

x′1

(1−(1−x
′
1

a
)M−1)fA(a)da

+

∫ ∞
x′2

(1−(1−x1

a
)M−1)(1−(1−x2

a
)M−1)fA(a)da

=

∫ ∞
0

fA(a)da−
2∑
i=1

∫ ∞
x′i

(1−x
′
i

a
)M−1fA(a)da

+

∫ ∞
x′2

(1−x
′
1

a
)M−1(1−x

′
2

a
)M−1fA(a)da, (B.14)

In (B.14), it is straight forward that the first term is 1. Simply replacing a=ã+x′i in

the second term, one has
∫∞

0
ãe−x

′
i−ã

Γ(M)
dã=e−x

′
i for i=1,2. Let ξ(x1,x2) denote the last
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term. It can be derived as

ξ(x1,x2)=
1

Γ(M)

∫ ∞
x′2

M−1∑
i=0

M−1∑
j=0

(
M−1

i

)(
M−1

j

)
×

(−x1)M−1−i(−x2)M−1−jai+j+1−Me−ada

=
1

Γ(M)

M−1∑
i=0

M−1∑
j=0

(
M−1

i

)(
M−1

j

)
×

(−x1)M−1−i(−x2)M−1−jΓ(i+j+2−M,x′2). (B.15)

Consequently, (B.3) and (B.2) are immediate.

B.2 Proof of Lemma B.4

The expectation of Z with support (−∞,∞) writes as E[Z]=
∫∞
−∞ zdFZ(z). It can

be derived as

∫ 0

−∞
zdFZ(z)+

∫ ∞
0

zdFZ(z)

=−
∫ 0

−∞

∫ 0

z

1dθdFZ(z)+

∫ ∞
0

∫ z

0

1dθdFZ(z) (B.16)

=−
∫ 0

−∞

∫ θ

−∞
dFZ(z)dθ+

∫ ∞
0

∫ ∞
z

dFZ(z)dθ (B.17)

=−
∫ 0

−∞
(FZ(θ)−FZ(−∞))dθ+

∫ ∞
0

(FZ(∞)−FZ(θ))dθ (B.18)

=−
∫ 0

−∞
FZ(θ)dθ+

∫ ∞
0

(1−FZ(θ))dθ. (B.19)

Similarly, for Z̃ with the support (−∞,∞), we can write

E[Z̃]=

∫ ∞
0

(1−FZ̃(θ))dθ−
∫ 0

−∞
FZ̃(θ)dθ. (B.20)

Since FZ(z)≤FZ̃(z), we have E[Z]≥E[Z̃].
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Proof of Proposition 2.8 and

Derivation of (2.70)

In (2.61), one can write log2(1+ρΛα)+log2(1+ρΛβ)=log2

[
(ρη−1)2 +ρηΘ

]
, where

η=
√

ΛαΛβ and Θ=2+
√

Λα√
Λβ

+
√

Λα√
Λβ

=2
−τ

2(M−1) +2
τ

2(M−1) +2 are functions of B̄ and τ ,

respectively. Setting ∆R̃us=log2δ and inverting it w.r.t. η, one has

(η−1

ρ
)2+

ηΘ

ρ
=
δ
(

1+P (1−ρ)
2

eκ(ρ)
)

ρ2 · 22ε(ρ)
. (C.1)

Solving this quadratic formula yields

η=

√√√√Θ2−4Θ

4ρ2
+
δ
(

1+P (1−ρ)
2e1+γ e

( 4
Pρ
−1)φ(Pρ

4
)
)

ρ2 · 2
2

ln 2 [φ(P
2

)−φ(Pρ
2

)]
−Θ−2

2ρ
. (C.2)

Proposition 2.8 is immediate by expanding η as a function of B̄.

Next, to calculate ρus,2= arg min0<ρ≤1 B̄
us(δ,ρ)|P→∞, let us replace 1

ρ
with r and

write B̄us(δ,r)|P→∞ and dB̄us(δ,r)|P→∞
dr

as

B̄us(δ,r)|P→∞=

√
Θ2−4Θ

4
r2+δ(1+

2

e
r−2

e
)−Θ−2

2
r, (C.3)

dB̄us(δ,r)|P→∞
dr

=
Θ2−4Θ

2
r+2

e
δ

2
√

Θ2−4Θ
4

r2+δ(1+2
e
r−2

e
)
−Θ−2

2
. (C.4)
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By setting dB̄us(δ,r)|P→∞
dr

=0, we find that the stationary points satisfy

(Θ2−4Θ)r∗2+
8δ

e
r∗=

4δ2

e2
−(Θ−2)2δ(1−2

e
). (C.5)

When Θ=4, i.e., τ=0, we have r∗= δ
2e

+1− e
2
, which leads to ρeq,2 in (2.58). Since

we consider τ>0 (or Θ>4), by solving the quadratic formula (C.5), we find that one

stationary point writes as

r∗=

√
4(Θ−2)2

e2(Θ2−4Θ)2
δ2−(Θ−2)2

Θ2−4Θ
δ(1−2

e
)− 4δ

e(Θ2−4Θ)
. (C.6)

It can be seen that r∗ in (C.6) minimizes B̄us(δ,r)|P→∞ as dB̄us(δ, 1
r

)|P→∞
dr

>0,∀r>r∗

and dB̄us(δ, 1
r

)|P→∞
dr

<0,∀0<r<r∗. Consequently, we choose ρus,2= min{1, 1
r∗
}. Then,

evaluating r∗ in (C.6) leads to the closed-form of ρus,2 in (2.70) and the threshold

δ0(Θ).
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Proof of Proposition 2.9

In the RS-ST scheme, we aim to upper-boundR∗1,1−R1,1(ρβ,ρα) andR∗2,1−R2,1(ρβ,ρα)

while find lower bounds for Rc,1(ρβ,ρα), Rc,2(ρβ,ρα) and Ru(ρβ,ρα). Specifically,

R∗1,1−R1,1(ρβ,ρα)

=E
[
log2(1+|hH1 (1)p1,pf (1)|2P

2
)

]
−E

[
log2(1+

|hH1 (1)p1(1)|2 Pρα
2

1+|hH1 (1)p2(1)|2 Pρβ
2

)

]
(D.1)

=
1

ln 2

[
φ(
P

2
)−φ(

Pρα
2

)

]
+log2

(
1+

PρβM

2(M−1)
2−

Bβ
M−1

)
, (D.2)

where we have used the same derivation of Proposition 2.5. Note that the upper-

bound is a function of B1(1)=Bβ as p2(1)∈ĥ⊥1 (1). Similarly, one has

R∗2,1−R2,1(ρβ,ρα)≤ 1

ln 2

[
φ(
P

2
)−φ(

Pρβ
2

)

]
+log2

(
1+

PραM

2(M−1)
2−

Bα
M−1

)
. (D.3)

Using Assumption B.1, we have SINR(1)
c (t)≈ |h

H
1 (t)pc(t)|2P (1−ρβ)

1+|hH1 (t)p1(t)|2
Pρβ

2

, t=1,2, and SINR(1)
u

≈ |h
H
1 (1)p1(1)|2

P (ρβ−ρα)

2

1+|hH1 (1)p1(1)|2 Pρα
2

, where we have also used the fact that pu(1)=p1(1). Then, fol-

lowing the footsteps in the proof of Proposition 2.5, Rc,1(ρβ,ρα) is lower-bounded

by

Rc,1(ρβ,ρα)=E

[
log2

(
1+ min

k=1,2

|hHk (1)pc(1)|2P (1−ρβ)

1+|hHk (1)pk(1)|2 Pρβ
2

)]
(D.4)

≥ log2

[
1+

P (1−ρβ)

2e1+γ
e

( 4
Pρβ
−1)φ(

Pρβ
4

)
]
. (D.5)
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The derivation of Rc,2(ρβ,ρα) follows similarly as it is statistically equivalent with

Rc,1(ρβ,ρα). Then, it remains to bound Ru(ρβ,ρα), which writes as

Ru(ρβ,ρα)=E

[
log2

(
1+ min

k=1,2,t=k

|hHk (t)pk(t)|2 P (ρβ−ρα)

2

1+|hHk (t)pk(t)|2 Pρα2

)]

=E

[
log2

(
1+x

Pρβ
2

1+xPρα
2

)]
, (D.6)

where x= min(|hH1 (1)p1(1)|2,|hH2 (2)p2(2)|2) and (D.6) is due to the fact that the

function log2( 1+bx
1+ax

) is monotonically increasing with x if b>a. Clearly, x is the mini-

mum of two independent exponential random variables, its CDF writes asF (x)=1−e−2x.

Then, the (D.6) can be derived as

Ru(ρβ,ρα)=E
[
log2

(
1+x

Pρβ
2

)]
−E

[
log2

(
1+x

Pρα
2

)]
(D.7)

=
1

ln 2

[
2φ(

Pρβ
2

)−φ(
Pρβ

4
)−2φ(

Pρα
2

)+φ(
Pρα

4
)

]
. (D.8)

Combining (D.2), (D.3), (D.5) and (D.8), Proposition 2.9 holds.



APPENDIX E

Proof of Proposition 3.2

We firstly show the DoF tuple achieved by common message {wik}k∈S ,i≥2 in (3.36)

and (3.37), and secondly show the DoF tuple achieved by private messages {w1
k}k∈S

in (3.35).

For user k,∀k∈K, when common messages of set T ik (S,r) are decoded, it is as-

sumed the common messages of set T lk (S,r),∀l>i, have been successively recovered

and removed. Then, denoting the noise plus the interferences within the noise power

by ñk, the received signal is expressed as

ỹk=
∑

j:wij∈T ik (S,r)

hHkjp
i
jw

i
j︸ ︷︷ ︸

P
aπ(i−1)

+
i−1∑
l=2

∑
j:wij∈T ik (S,r)

hHkjp
i
jw

i
j︸ ︷︷ ︸

P
aπ(l−1)

+

hHkkp
1
kw

1
k︸ ︷︷ ︸

P rk

+
∑
j∈S\k

hHkjp
1
jw

1
j︸ ︷︷ ︸

P
rj−akj

+ ñk︸︷︷︸
P 0

. (E.1)

This system corresponds to a multiple-access-channel (MAC) where user k wishes

to decode messages of set T ik (S,r). Following the capacity region of MAC [31], the

sum rate of any non-empty subsetM⊆T ik (S,r) of messages are given by

∑
j:wij∈M

Rj≤I(M;ỹk|T ik (S,r)\M)=h(ỹk|T ik (S,r)\M)−h(ỹk|T ik (S,r)), (E.2)

Considering that the input are random Gaussian codes, the entropies in (E.2) are
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equal to

h(ỹk|T ik (S,r)\M)=aπ(i−1) log2 P+O(1),i≥2, (E.3)

h(ỹk|T ik (S,r))=aπ(i−2) log2 P+O(1),i≥3, (E.4)

h(ỹk|T ik (S,r))= max{rk, max
j∈S\k

rj−akj} log2 P+O(1), (E.5)

where O(1) refers to the terms that do not change with P . Substituting (E.3), (E.4)

and (E.5) into (E.2) and dividing them by log2 P lead to (3.36) and (3.37).

When user k decodes private message w1
k, all the common messages have been

recovered and removed. By treating the undesired private messages as noise, the rate

of w1
k writes as

R1
k≤I(w1

k;yk|T ik (S,r),i=2, · · · ,L+2) (E.6)

=h(yk|T ik (S,r),i=2, · · · ,L+2)−h(yk|T ik (S,r),i=2, · · · ,L+2,w1
k) (E.7)

=h(
∑
j∈S

hHkjp
1
jw

1
j+ñk)−h(

∑
j∈S\k

hHkjp
1
jw

1
j+ñk) (E.8)

=rk log2 P− max
j∈S\k

(rj−akj)+ log2 P+O(1). (E.9)

Then, (3.35) is immediate.
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Proof of (3.57)

Without loss of generality, we consider the case rowrk(M2)=K−1 and the edges

T 2
k ={ŵ2

k,ŵ
2
k+1}, ∀k=1,K−1, and TK=TK−1. Clearly, in this scenario, there is one

chain with length K. The inequality M2d̂i≤1 are explicitly expressed as d̂1+d̂2≤1,

d̂2+d̂3≤1, d̂3+d̂4≤1, · · · , d̂K−1+d̂K≤1. Adding up the inequalities with odd index

yields

If K is even,

K
2∑
l=1

d̂2
2l−1+d̂2

2l=
K∑
k=1

d̂2
k≤

K

2
; (F.1)

If K is odd,

K−1
2∑
l=1

d̂2
2l−1+d̂2

2l=
K−1∑
k=1

d̂2
k≤

K−1

2
. (F.2)

Inequality (F.1) provides an upper-bound on the sum DoF of common messages

{ŵ2
k}k∈K whenK is an even number. The equality holds with d̂2

1=d̂2
3= · · ·=d̂2

K−1=1.

When K is an odd number, we obtain an upper-bound on the sum DoF of common

messages {ŵ2
k}k∈K by adding d̂2

K to both sides of (F.2) as

K∑
k=1

d̂2
k≤

K−1

2
+d̂2

k≤
K+1

2
. (F.3)

The inequality (F.3) is obtained due to the fact that d̂2
K≤1. Then, using (F.3) we

can obtain the maximum sum DoF of common messages {ŵ2
k}k∈K as K+1

2
by taking

d̂2
1=d̂2

3= · · ·=d̂2
K−2=d̂2

K=1.



APPENDIX G

Proof of Achievable DoF region of the

related MACs in Chapter 4

We aim to show the achievable DoF tuples specified in (4.28) through to (4.31),

(4.50) through to (4.57) and (4.85) through to (4.91). Without loss of generality, let

us write the received signal at user k as

BC: yk=HH
k c+HH

k xk+ηk,BC , (G.1)

IC: yk=HH
kkck+HH

kjcj+HH
kkxk+ηk,IC , (G.2)

where xk refers to the precoded private messages transmitted by the transmitter in

BC and transmitter k in IC, while ηk,BC,HH
k xj+nk,k 6=j and ηk,IC,HH

kjxj+nk,k 6=j

represent the interference plus noise in BC and IC, respectively. In the following, let

us only focus on (G.2) as the derivation for the BC case follows similarly by simply

taking Hkj=Hkk. For convenience, let us use ηk instead of ηk,IC .

The MIMO system in (G.2) is a MAC as user k aims to decode ck, cj and xk.
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Then, according to [84], a rate tuple (Rc1,Rc2,Rpk) is achievable if

Rck≤I(ck; yk|cj,xk,Hk)=h(yk|cj,xk,Hk)−h(yk|ck,cj,xk,Hk), (G.3)

Rcj≤I(cj; yk|ck,xk,Hk)=h(yk|ck,xk,Hk)−h(yk|ck,cj,xk,Hk), (G.4)

Rpk≤I(xk; yk|ck,cj,Hk)=h(yk|ck,cj,Hk)−h(yk|ck,cj,xk,Hk), (G.5)

Rpk+Rck≤I(xk,ck; yk|cj,Hk)=h(yk|cj,Hk)−h(yk|ck,cj,xk,Hk), (G.6)

Rpk+Rcj≤I(xk,cj; yk|ck,Hk)=h(yk|ck,Hk)−h(yk|ck,cj,xk,Hk), (G.7)

Rck+Rcj+Rpk≤I(ck,cj,xk; yk|Hk)=h(yk|Hk)−h(yk|ck,cj,xk,Hk), (G.8)

for any input distribution pxk,ck,cj=pxkpckpcj , and Hk,{Hkk,Hkj} is the set of the

channel state. By setting Rpk equal to the r.h.s. of (G.5) and plugging it into (G.6),

(G.7) and (G.8), we have

Rck≤h(yk|cj,Hk)−h(yk|ck,cj,Hk), (G.9)

Rcj≤h(yk|ck,Hk)−h(yk|ck,cj,Hk), (G.10)

Rck+Rcj≤h(yk|Hk)−h(yk|ck,cj,Hk). (G.11)

Note that the r.h.s. of (G.9) can be interpreted as I(ck; yk|cj,Hk), which is equal

to I(ck; y
′
k|Hk) with y′k,HH

kkck+HH
kkxk+ηk. Similarly, the r.h.s. of (G.3) can be

expressed as I(ck; y
′′
k|Hk) with y′′k,HH

kkck+ηk. Since ck→y′′k→y′k forms a Markov

Chain, we have I(ck; y
′
k|Hk)≤I(ck; y

′′
k|Hk) due to the data processing inequality

[85]. Therefore, the inequalities in (G.3) and (G.4) are inactive and the achievable

rate of the common messages is specified by (G.9), (G.10) and (G.11).

Let the input be ck
d∼ CN (0,P IMk

), cj
d∼ CN (0,P IMj

) and xk
d∼ CN (0,Bk).

The achievable rate constraints (G.9), (G.10), (G.11) and (G.5) can be further ex-
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pressed by

Rck≤log2 det(Qck+Qk+Qηk)−log2 det(Qk+Qηk), (G.12)

Rcj≤log2 det(Qcj+Qk+Qηk)−log2 det(Qk+Qηk), (G.13)

Rck+Rcj≤log2 det(Qck+Qcj+Qk+Qηk)−log2 det(Qk+Qηk), (G.14)

Rpk=log2 det(Qk+Qηk)−log2 det(Qηk), (G.15)

where Qck=PHH
kkHkk, Qcj=PHH

kjHkj , Qk=HH
kkBkHkk and Qηk=HH

kjBjHkj+INk

denote the covariance matrices of HH
kkck, HH

kjcj , HH
kkxk and ηk in (G.2), respec-

tively.

Next, let us identify the related covariance matrix in the MIMO IC whenM1≥N2

and MIMO IC whenM1≤N2. The derivation of the covariance in MIMO BC follows

similarly to the MIMO IC when M1≥N2 by setting M1=M2 and N ′2=N2.

G.1 Proof of Case I: M1≥N2

In this case, B1=PA1SĤ⊥21
and B2=PA2SĤ⊥12

+P (A2−α1)+
SĤ22

, where SĤ⊥21
,V1V

H
1 ,

SĤ⊥12
,V

(1)
2 V

(1)H
2 and SĤ22

,V
(2)
2 V

(2)H
2 .

At user 1, as covariance matrices Qc1 and Qc2 are rank N1 (since M2≥N1 and

M1≥N2≥N1), it readily shows that

log2 det(Qc1+Q1+Qη1
)=N1log2P+o(log2P ), (G.16)

log2 det(Qc2+Q1+Qη1
)=N1log2P+o(log2P ), (G.17)

log2 det(Qc1+Qc2+Q1+Qη1
)=N1log2P+o(log2P ), (G.18)

because Qc1 and Qc2 are dominating compared to Q1 and Qη1
. Moreover, let us

write the eigenvalue decomposition of Q1 and Qη1
as U1D1U

H
1 and Uη1

Dη1
UH

η1
,



G.1. Proof of Case I: M1≥N2 223

respectively, where D1∼Bdiag(PA1IM1−N2 ,0N1+N2−M1) and Dη1
∼P (A2−α1)+

IN1 .

Then, it follows that

log2 det(Q1+Qη1
)=(M1−N2) max{A2−α1,A1}log2P+

(N1+N2−M1)(A2−α+
1 )log2P+o(log2P ), (G.19)

log2 det(Qη1
)=N1(A2−α+

1 )log2P+o(log2P ). (G.20)

Plugging the corresponding values into (G.12) through to (G.15) leads to (4.50),

(4.51), (4.53) and (4.52).

At user 2, let us write the eigenvalue decomposition of the Q2 and Qη2
as

U2D2U
H
2 and Uη2

Dη2
UH

η2
, respectively, where

D2∼Bdiag(PA2IM2−N1 ,P
(A2−α1)+

IN1+N2−M1), Dη2
∼P 0IN1 (G.21)

because A1≤α2. Besides, the covariance matrices Qc1 is rank N2 and Qc2 is rank

N ′2. Then it can be readily shown that

log2 det(Qc2+Q2+Qη2
)=N ′2log2P+o(log2P ), (G.22)

log2 det(Qc1+Q2+Qη2
)=log2 det(Qc1+Qc2+Q2+Qη2

)

N2log2P+o(log2P ), (G.23)

log2 det(Q2+Qη2
)=(N1+N2−M2)(A2−α+

1 )log2P+

(M2−N1)A2log2P+o(log2P ) (G.24)

log2 det(Qη1
)=o(log2P ) (G.25)

Plugging the corresponding values into (G.12) through to (G.15) results in (4.54),

(4.55), (4.57) and (4.56).
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G.2 Proof of Case II: M1≤N2

In this case, B1=0 as there is no private messages intended for user 1, while

B2=PS
(1)

Ĥ22
+PA′2S

(2)

Ĥ⊥12

+PA2S
(3)

Ĥ⊥12

+PA′2−α1S
(4)

Ĥ22
+P (A2−α1)+

S
(5)

Ĥ22
, (G.26)

where S
(m)

Ĥ22
,V

(m)
2 V

(m)H
2 ,m=1,4,5 and S

(m)

Ĥ⊥12

,V
(m)
2 V

(m)H
2 ,m=2,3. Let us focus on

the received signal ỹk=Tkyk,k=1,2, as linear transformation does not change the

mutual information.

At user 1, covariance matrices Qc1 and Qc2 rewrite as PT1H
H
11H11T

H
1 and

P H̄H
12H̄12, where T1H

H
11 and H̄H

12 are given by (4.77). Besides, the eigenvalue

decomposition of the covariance matrix Qη1
=H̄H

12B2H̄12 writes as Uη1
Dη1

UH
η1

,

where

Dη1
∼Bdiag(P Iτ ,P

A′2−α1Imin{N ′1,µ1+δ1},P
(A2−α1)+

IN ′1−min{N ′1,µ1+δ1}). (G.27)

This is due to the following reasons: 1) according to ỹ2, τ private messages are

received with power P , µ1+δ1 private messages are received with the power level

A′2−α1 and µ2+δ2 private messages are received with the power level (A2−α1)+

because of ZFBF with imperfect CSIT, and 2) asA2≤A′2, the µ2+δ2 private messages

with power level (A2−α1)+ are drowned by the other τ+µ1+δ1 private messages.

Note that if µ1+δ1≥N ′1, i.e., µ1+δ1+τ≥N1, the µ2+δ2 private messages with power

level (A2−α1)+ do not impact Dη1
; otherwise, there are N ′1−µ1−δ1 eigenvalues
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with power level (A2−α1)+. In this way, it can be readily shown that

log2 det(Qc1+Qc2+Q1+Qη1
)=N1log2P+o(log2P ) (G.28)

log2 det(Qc2+Q1+Qη1
)=N1log2P+o(log2P ) (G.29)

log2 det(Qc1+Q1+Qη1
)=N1log2P+o(log2P ) (G.30)

log2 det(Q1+Qη1
)=τ log2P+(N ′1−min{N ′1,µ1+δ1})(A2−α1)+log2P+

min{N ′1,µ1+δ1}(A′2−α1)log2P+o(log2P ),

(G.31)

and log2 det(Qη1
)=log2 det(Q1+Qη1

).

Plugging the corresponding values into (G.12) through to (G.15) results in (4.85),

(4.86) and (4.87).

At user 2, after the linear transformation, it can be shown that covariance matrices

Qc1 and Qc2 rewrites as PT2H
H
21H21T

H
2 and PT2H

H
22H22T

H
2 , where T2H

H
21 and

T2H
H
22 are given by (4.78). Besides, the covariance matrix Q2=T2H

H
21B2H22T

H
2

can be expressed as U2D2U
H
2 , where

D2∼Bdiag(0N2−N ′2 ,P
(A2−α1)+

Iδ2 ,P
A2Iµ2 ,P

A′2−α1Iδ1 ,P
A′2Iµ1 ,P Iτ ) (G.32)

As there is no private messages sent to user 1, η2 only consists of noise so that

Qη2
=P 0IN2 . Hence, we have log2 det(Qc2+Q2+Qη2

)=N ′2log2P+o(log2P ) and

log2 det(Qc1+Qc2+Q2+Qη2
)=N2log2P+o(log2P ). Moreover, we can see that the

last τ+µ1+δ1=N2−M1 columns in U2 do not overlap with the column space of
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H̄H
21, then, it can be readily shown that

log2 det(Qc1+Q2+Qη2
)=M1log2P+τ log2P+µ1A

′
2log2P+

δ1(A′2−α1)log2P+o(log2P ), (G.33)

log2 det(Q2+Qη2
)=τ log2P+µ1A

′
2log2P+δ1(A′2−α1)log2P+µ2A2log2P+

δ2(A2−α1)+log2P+o(log2P ). (G.34)

Plugging the corresponding values into (G.12) through to (G.15) results in (4.88),

(4.89), (4.91) and (4.87).



APPENDIX H

Solving the optimization problem in

(4.108)

We firstly transform the problem into two sub-problems by considering A2≤α1 and

A2≥α1, whose closed-form solutions are convenient to calculate. Then, we obtain

the closed-form solution to (4.108) by comparing these two closed-form solutions.

In the case A2≤α1, the optimization problem in (4.108) rewrites as

max
A2,A′2

d2,(2)(A2,A
′
2,λ) (H.1)

s.t. λ≤N ′1−ξ(A′2−α1), (H.2)

λ≤M1−µ2A2, (H.3)

0≤A2≤α1, (H.4)

α1≤A′2≤1. (H.5)

As d2,(2)(A2,A
′
2,λ) given in (4.113) is increasing withA2 andA′2, it is straightforward

to obtain the optimal solution to (H.1), which writes as

A2= min

{
α1,

M1−λ
µ2

}
, A′2= min

{
1,α1+

N ′1−λ
ξ

}
. (H.6)



228

In the case A2≥α1, the optimization problem in (4.108) rewrites as

max
A2,A′2

d2,(2)(A2,A
′
2,λ) (H.7)

s.t. λ≤N ′1−ξA′2+N ′1α1−(N ′1−ξ)A2, (H.8)

λ≤M1−M1A2+δ2α1, (H.9)

α1≤A2≤A′2, (H.10)

α1≤A′2≤1, (H.11)

where we have used the fact that µ2+δ2=M1 given the condition M2≥N2 according

to Table 4.5. As d2,(2)(A2,A
′
2,λ) given in (4.113) is increasing with A2 and A′2, we

learn that the optimal solution is obtained when (at least) two of the constraints (H.8),

(H.9), A2≤A′2 and A′2≤1 are active. Notably, from (H.9) and A2≥α1, we see that

λ should be smaller than or equal to M1−µ2α1, otherwise, there is no solution to

(H.7). Therefore, the discussion goes into following four cases.

If A2=A′2=1: In this case, λ is such that λ≤min{δ2α1,N
′
1α1}=δ2α1 according

to (H.8) and (H.9).

If A2<A
′
2=1: In this case, plugging A′2=1 into (H.8) and (H.9) yields

A2= min

{
1−λ−δ2α1

M1

,1−λ−N
′
1α1

N ′1−ξ

}
. (H.12)

If A2=A′2<1: In this case, plugging A2=A′2 into (H.8) and (H.9) yields

A′2=A2= min

{
1−λ−δ2α1

M1

,1−λ−N
′
1α1

N ′1

}
. (H.13)
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If A2<A
′
2<1: In this case, using (H.8) and (H.9), we have

A2=1−λ−δ2α1

M1

, (H.14)

A′2=1−(M1−N ′1+ξ)

M1ξ
λ+

(µ2N
′
1+δ2ξ)

M1ξ
α1, (H.15)

while λ is such that µ2N ′1+δ2ξ

M1−N ′1+ξ
α1≤λ≤ µ2N ′1

M1−N ′1
α1 according constraints (H.10) and

(H.11), .

From these four cases, we conclude that the closed-form solution to the opti-

mization problem (H.7) is



λ∈ [0,δ2α1] A2=A′2=1

λ∈
[
δ2α1,min

{
µ2N ′1+δ2ξ

M1−N ′1+ξ
α1,M1−µ2α1

}]
A2=Eq.(H.12)=1−λ−δ2α1

M1
, A′2=1

λ∈
[
µ2N ′1+δ2ξ

M1−N ′1+ξ
α1,min

{
M1−µ2α1,

N ′1µ2α1

M1−N ′1

}]
A2=Eq.(H.14), A′2=Eq.(H.15)

λ∈
[
N ′1µ2α1

M1−N ′1
,M1−µ2α1

]
A2=A′2=Eq.(H.13)=1−λ−N ′1α1

N ′1

(H.16)

The remaining task is to compare the solution to (H.1) and (H.7) in order to

obtain the solution to (4.108). As mentioned in the above derivation, the closed

form solution to (H.7), i.e., (H.16), is valid when λ≤M1−µ2α1. In this case, (H.6)

writes as A2=α1 and A′2= min{1,α1+
N ′1−λ
ξ
}. By plugging (H.6) and (H.16) into

d2,(2)(A2,A
′
2,λ), it can be shown that (H.16) leads to a greater value of d2,(2)(A2,A

′
2,λ).

Therefore, when λ≤M2−µ2α1, the closed-form solution to (4.108) is given by (H.16),

which leads to Condition C, D, E and F shown in Section 4.2.2.3. When λ≥M2−µ2α1,

closed-form solution to (4.108) is given by (H.6), namely A′2= min{1,α1+
N ′1−λ
ξ
}

and A2=M1−λ
µ2

, which leads to Condition A and B shown in Section 4.2.2.3.



APPENDIX I

Upper-bound of Proposition 5.1

For convenience, we approximate 2O(K)≈Oi∗(K), where i∗ is the solution to (5.3).

For K→∞, to show d1(K,1,K)≈64
15

, it suffices to prove O(K)≈4. To this end, let

us introduce A2(K,1,K)=1− 1
d2(K,1,K)

. It can be shown that

A2(K,1,K)=
K

(K−1)

K−1∑
l=2

1

(l−1)(l+1)
− 1

K−1

K−1∑
l=2

l

(l−1)(l+1)

K→∞
≈ K

2(K−1)

K−1∑
l=2

1

l−1
− 1

l+1
(I.1)

=
K

2(K−1)
(1+

1

2
− 1

K−1
− 1

K
)
K→∞
≈ 3

4
. (I.2)

This leads to the fact that d2(K,1,K)=OK=4, which completes the proof.
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Derivation of dm(M,N,K) using the

recursive equation (5.65)

The proof are two folds. We fristly consider the case M≥(K−m+1)N , and sec-

ondly consider the case M≤(K−m+1)N .

When M≥(K−m+1)N , we rewrite (5.65) as dm(M,N,K)
N

= m(K−m+1)

m+K−m
m+1

+
(m−1)(K−m)
dm(M,N,K)

N

.

Let us introduce A′m,1− 1
dm(M,N,K)

N

and Am in (5.24) is obtained by 1− 1
N

+ 1
N
A′m.

Then, for K−bM
N
c+1≤m≤K−1, one has

A′m=
(K−m)(m−1)

m(K−m+1)︸ ︷︷ ︸
Bm

A′m+1+
K−m

(K−m+1)(m+1)︸ ︷︷ ︸
Cm

, (J.1)

followed by

BmA
′
m+1=BmBm+1A

′
m+2+BmCm+1, (J.2)

BmBm+1A
′
m+2=BmBm+1Bm+2A

′
m+3+BmBm+1Cm+2, (J.3)

A′K−1

K−2∏
i=m

Bi=A
′
K

K−1∏
i=m

Bi+CK−1

K−2∏
i=m

Bi, (J.4)

resulting in

A′m=A′K

K−1∏
i=m

Bi+
K−1∑
l=m

Cl

l−1∏
i=m

Bi. (J.5)
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By the definition of Bi and Ci (J.1), it is easily verified that

K−1∏
i=m

Bi=
m−1

(K−1)(K−m+1)
, Cl

l−1∏
i=m

Bi=
m−1

K−m+1

K−l
l+1(l−1)

. (J.6)

Substituting (J.6) into (J.5) leads to (5.24).

WhenM≤(K−m+1)N , by introducingAm=1− 1
dm(M,N,K)

, we have a recursive

equation in terms of Am as

Am=
M(m−1)(K−m)

m [(M+N)(K−m)+N ]︸ ︷︷ ︸
Bm

Am+1+

M(K−m)+m(N−1)(K−m+1)− (K−m)M
(m+1)N

m [(M+N)(K−m)+N ]︸ ︷︷ ︸
Cm

. (J.7)

Then, following the footsteps of deriving (J.5), we have

Am=AK−bM
N
c+1

K−bM
N
c∏

i=m

Bi+

K−bM
N
c∑

l=m

Cl

l−1∏
i=m

Bi. (J.8)

By the definition ofBm andCm in (J.7), it can be shown that Θm in (5.26) is obtained

by
∏K−bM

N
c

i=m Bi, while ∆m in (5.27) is obtained by Cl
∏l−1

i=mBi. Besides, AK−bM
N
c+1

is obtained by replacing m=K−bM
N
c+1 into (5.24). This completes the proof.



APPENDIX K

Proof of the linear independence of

the linear observations in (5.54)

According to (5.53), let us write the submatrices in (5.54) as

Ḡ11,j=Q1j

 Gis
11

H̄rt
11C1Dj1G

is
11

 ,∀j=2, · · · ,n, (K.1)

Ḡl1,j=Qlj

 Gis
l1

H̄rt
l1C1Dl1G

is
l1

 ,∀{l,j}=2, · · · ,n,l 6=j. (K.2)

Besides, due to (5.52), Qlj,∀j=2, · · · ,n,∀l∈1, · · · ,n,l 6=j can be expressed as

Qlj=
[
H̄rt
ljCjDlj − I

]
where I stands for identity matrix. Then, (K.1) and (K.2)

rewrite as

Ḡ11,j=H̄rt
1jCjD1jG

is
11−H̄rt

11C1Dj1G
is
j1=

[
H̄rt

1jCj −H̄rt
11C1

]  D1jG
is
11

Dj1G
is
j1

 , (K.3)

Ḡl1,j=H̄rt
ljCjDljG

is
l1−H̄rt

l1C1Dl1G
is
l1=
[
H̄rt
ljCj −H̄rt

l1C1

]  DljG
is
l1

Dl1G
is
l1

 . (K.4)

Then, the effective channel matrix in (5.54) can be written as

 Ḡ11,j,∀j=2, · · · ,n

Ḡl1,j,∀{l,j}=2, · · · ,n,l 6=j

=Ĥ1Ĝ1, (K.5)
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where

Ĥ1=Bdiag
{{[

H̄rt
1jCj −H̄rt

11C1

]}
∀j=2,···,n{[

H̄rt
ljCj −H̄rt

l1C1

]}
∀{l,j}=2,···,n,l 6=j

}
, (K.6)

Ĝ1=



 D1jG
is
11

Dj1G
is
j1


∀j=2,···,n DljG

is
l1

Dl1G
is
l1


∀{l,j}=2,···,n,l 6=j


. (K.7)

In (K.6), the size of each submatrix is Nt2×2 [(n−1)N−(n−2)M ] t1. Since

H̄rt
lj ,∀j=2, · · · ,n,∀l∈1, · · · ,n,l 6=j is independent of Cj,∀j=1, · · · ,n, it follows that

Ĥ1 is full rank, (n−1)2 min {Nt2,2 [(n−1)N−(n−2)M ] t1}, almost surely.

In (K.7), there are 2(n−1)2 submatrices, each of which is of size

[(n−1)N−(n−2)M ] t1×Mt1 (K.8)

and is full rank [(n−1)N−(n−2)M ] t1, almost surely. Let us look at the submatri-

ces D1jG
is
11 and DljG

is
l1, ∀{l,j}=2, · · · ,n,l 6=j. These (n−1)2 submatrices are linear

independent of each other because Dlj is related to the outgoing channels of trans-

mitter j which is independent of Gis
l1. However, the remaining (n−1)2 blocks are

equal to each other according to (5.49), but they are independent of the other (n−1)2

blocks. Consequently, the rank of Ĝ1 is

min
{(

(n−1)2+1
)

[(n−1)N−(n−2)M ] t1,Mt1
}
. (K.9)

To ensure the decodability, the rank of Ĝ1 should be Mt1. Hence, the inequality

in (5.55) is immediate according to (K.9). Given this condition, it can be verified

that the rank of Ĥ1 in (K.6) is (n−1)2Nt2. By setting (n−1)2Nt2=Mt1, we can see
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that the effective channel matrix in (5.54) is full rank almost surely because Ĝ1 is

independent of Ĥ1.



APPENDIX L

Proof of the linear independence of

the observations in (5.62)

The derivation follows the footsteps of [51, Appendix B]. Since performing a row

transformation does not change the rank of a matrix, we replace the last M rows of

Gk1 and Gk2 by Fk2Gk1 and Fk2Gk2, respectively, where Fk2 is such that Fk2Gk2=0.

Then, the effect channel matrix in (5.62) rewrites as

 G̃k1 G̃k2

A 0

 , (L.1)

where A, [{Fj2Gj1}∀j=k,m+1,m+2,···,K ]T of size Mt×Mt, while G̃k1 and G̃k2 are

the first Nt−M rows of Gk1 and Gk2, respectively. Clearly, G̃k1 and G̃k2 are full

rank almost surely.

As explained in [51, Appendix B], if A is full rank, then we can show that the ma-

trix in (L.1) is full rank using [51, Lemma 2]. Let us express A as A= [F2◦H1] W1,

where ◦ denotes the block-wise product and

F2=
[
Fk2,F(m+1)2, · · · ,FK2

]T
, H1=

[
HH
k1,H

H
(m+1)2, · · · ,HK2

]T
. (L.2)

Note that Fj2 is the left null space of Gj2, thus F2 is independent of H1 and

F2◦H1 is full rank Mt1 almost surely. Moreover, as W1 is independent of F2 and

H1, A is full rank almost surely, which completes the proof.
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