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A B S T R A C T

This paper presents the first application of a symmetric interior-penalty discontinuous Galerkin
isogeometric analysis (SIP-DG-IGA) spatial discretization to the self-adjoint angular flux (SAAF)
form of the multi-group neutron transport equation. The penalty parameters are determined, for
general element types, from a mathematically rigorous coercivity analysis of the bilinear form.
The proposed scheme produces a compact spatial discretization stencil. It also yields symmetric
positive-definite (SPD) matrices, which can be efficiently solved using pre-conditioned conjugate
gradient (PCG) solution algorithms. The proposed discretization scheme is verified using the
method of manufactured solutions (MMS) and several nuclear reactor physics benchmark veri-
fication test cases. For sufficiently smooth elliptic problems, the proposed spatial discretization
can exploit higher-order continuity, or 𝑘-refinement, of the NURBS basis to consistently yield
greater numerical accuracy per degree of freedom (DoF) than standard ℎ-refinement. Since this
is a discontinuous scheme, it can also accurately model significant changes in the neutron scalar
flux that may occur near the material interfaces of heterogeneous problems.

1. Introduction

The neutron transport equation (NTE) is a linearized form of the full non-linear Boltzmann transport equation from the kinetic
heory of gases [1]. The NTE determines the mean, or expected, value of the neutron distribution within a seven-dimensional
hase space of position (𝑥, 𝑦, 𝑧), energy (𝐸); angle (𝜃, 𝜑) and time (𝑡). It models the migration and interaction of neutrons through
uclear reactor cores and radiation shields. The NTE assumes that neutrons are point particles; that they travel in straight lines
etween collisions; that collisions are instantaneous; that neutron–neutron interactions are negligible; and that material properties
re isotropic [2]. It was first derived by Ornstein and Uhlenbeck [3]; and its modern form was conceived by Halpern, Lueneburg

and Clark [4]. It can be rigorously derived from quantum mechanical considerations using the quantum Liouville equation [5]; or
from statistical approaches using master equations [6]. The first-order form of the neutron transport (FONT) equation is a linear
hyperbolic partial integro-differential equation (PIDE). It may be re-formulated into alternative, yet equivalent, forms such as the
second-order even-parity (EP) and odd-parity (OP) equations [7]; the weighted-least squares (WLS) equation [8]; and the self-adjoint
angular flux (SAAF) formulation [9].
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Second-order forms of the NTE are linear elliptic PIDEs [10,11]. When spatially discretized using continuous Bubnov–Galerkin
ethods, the EP and the SAAF equations yield matrices that are symmetric positive-definite (SPD). These SPD matrices enable the use

f computationally efficient matrix-solution methods; e.g. the pre-conditioned conjugate gradient (PCG) iteration and multi-level,
r multi-grid, solution algorithms. The focus of this paper is the SAAF form of the NTE, which is spatially discretized using a higher-
rder accurate symmetric interior-penalty isogeometric analysis (SIP-DG-IGA) scheme, which yields a compact spatial discretization
tencil and SPD matrices. Such spatial discretization methods have advantageous numerical properties when solved on the latest
igh-performance computing (HPC) hardware architectures. The Center for Efficient Exa-scale Discretizations (CEED) program of
esearch has demonstrated that higher-order spatial discretizations are more-computationally efficient than lower-order methods
n the latest HPC hybrid multi-core CPU and many-core GPU hardware architectures [12]. For these HPC hardware architectures,
emory bandwidth is one of the most important aspects in determining optimal computational performance [13]. Moreover, as the
umber of cores in the CPUs, or GPUs, increase, and as the memory hierarchy becomes more complex, the data has to be managed
ore efficiently by optimizing the cache usage [14]. Therefore, it is important to develop methods that minimize indirection and

ache misses, which can improve computational efficiency [15]. Higher-order spatial discretizations, such as the scheme presented
n this paper, can utilize dense matrix operations that have more-compact memory footprints than sparse matrix operations [16].

Along with the advances in HPC hardware architectures, the need to simplify the computer-aided geometric design (CAGD)
oundary representation (B-rep) in the computer-aided engineering (CAE) pipeline is leading to the development of higher-
rder finite element methods (FEM) [17,18]; spectral element methods (SEM) [19]; isogeometric analysis (IGA) [20–23]; and
irtual element methods (VEM) [24,25]. Such higher-order methods are capable of representing geometrically complex curvilinear
eometries and computational domains. In addition, such approaches are able to produce curvilinear geometric multi-level and
ulti-grid matrix-solution algorithms using geometrically hierarchical curvilinear computational meshes [26]. More recently, such
ethods have been implemented in energy-dependent, curvilinear self-adaptive algorithms for nuclear reactor physics problems
sing dual-weighted residual error measures [21,27,28].

In this paper, the energy variable of the SAAF form of the NTE is dicretized using the standard multi-group approximation; its
odern form was conceived by Hurwitz and Ehrlich [29]. This reduces the PIDE into a discrete set of weakly-coupled PDEs, which
ay be spatially discretized. The angular variable is discretized using the discrete-ordinates (SN) method [30]; its modern form was

onceived by Carlson and Lee [31,32].
Elliptic PDEs govern equilibrium problems and the discretized system is best solved using relaxation methods. However, elliptic

DEs, when used to model transport-dominated phenomena, may violate causality [33]. The EP and OP equations allow for a
eduction in the number of angular unknowns to solve for, which can improve computational efficiency [7]. However, the even
nd odd parity contributions to the angular flux are coupled at vacuum boundaries [11]. The SAAF formulation solves for all
ontributions to the angular flux, which, although more computationally demanding, does allow for a more-accurate representation
ear vacuum boundaries [9]. Therefore, incoming boundary conditions can be treated in a manner similar to that of a standard
N discretization of the FONT (FONT-SN) equation. Moreover, for rectangular Cartesian coordinate systems, each discrete angular
irection can be solved for independently ; and therefore, the SAAF-SN equation is compatible with the standard source iteration
rocedure [23].

An obvious shortcoming, however, shared by many second-order forms, is the singular behavior 1∕𝛴𝑡 → ∞ as 𝛴𝑡 → 0 [34]; viz. the
SAAF-SN equation is not readily applicable to problems with vacuum regions without some form of void treatment [11]. However,
this usually comes at the sacrifice of desirable properties. For example, Wang et al. and separately, Schunert et al. modified the
bilinear form of their SAAF-SN equation to ensure void-compatibility of the Rattlesnake code within the MOOSE framework [35,36].

lthough the discretization tends towards that of the FONT-SN equation and admits discrete adjoint-consistency in the fine-mesh
imit, ℎ → 0, the modified bilinear form is asymmetric and the stabilization depends upon some free-floating parameter, which may
equire tuning. Morel and McGhee also derived a void-compatible SAAF formulation; however, their formulation did not constitute
statement of particle conservation [11].

.1. Causality

Causality is a rigorous mathematical property of transport-dominated phenomena, which can be represented by systems of
yperbolic PDEs; e.g. neutron transport and Euler gas dynamics [2]. Causality, for such problems, means that information only
ravels downstream along characteristic directions, or along the paths in which discontinuities may propagate; e.g. shocks in gas
ynamics [37]. However, there are circumstances where causality may be violated numerically. Whilst such non-physical behavior
s generally considered to be a coarse-mesh problem, which may improve under refinement, it is one that affects many of the

second-order forms of the NTE [33].
Each of the different forms of the steady-state NTE is a linear PIDE with respect to space. In a manner analogous to that of

classifying conic sections, one may classify a PIDE by the discriminant of its characteristic equation. A first-order PDE is hyperbolic if
real distinct characteristics exist; whereas a second-order PDE is elliptic if no real characteristics exist because they are imaginary. This
serves to characterize two distinct types of problems: propagation and equilibrium problems. Physical systems governed by PDEs that
have real characteristics are propagation problems; and thus, hyperbolic PDEs govern propagation problems. In contrast, physical
problems governed by PDEs that have complex characteristics are equilibrium problems; and thus, elliptic PDEs govern equilibrium
problems.

Should no real characteristics exist, then there exist no preferred, nor meaningful, paths along which physical information should

propagate; this is characteristic of steady-state diffusion-like problems, where some perturbation is dissipated in all directions.

2 
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Consequently, the domain of dependence and the range of influence of every point coincide with the entire solution domain; wherein
ies the violation of causality [38]. In other words, the solution at every point depends upon the solution at all other points and the
olution at each point influences the solution at all other points. Therefore, an appropriate solution strategy should ensure that all
nternal requirements and auxiliary conditions are satisfied simultaneously.

This paper is based upon the author’s PhD thesis [39]; and it extends the work of Wilson et al. [28,40]. They employed a
ymmetric interior penalty (SIP) scheme for a discontinuous Galerkin (DG) IGA spatial discretization of the multi-group neutron
iffusion equation (NDE). Continuity in the numerical solution is weakly enforced between adjacent elements by penalization. This
aper presents the first application of a SIP-DG spatial discretization to the multi-group SAAF-SN equation. The penalty parameters
re computed, for general element types, from a mathematically rigorous coercivity analysis of the bilinear form.

This paper is organized as follows: Section 2 introduces the mathematical description of a NURBS-based IGA spatial discretization;
nd the multi-group SAAF-SN equation is presented in Section 3. The weak form of the SIP-DG-IGA SAAF-SN equation is derived
n Section 4; and in Section 4.1, penalty parameters are computed from trace inequality constants (TICs) for general element types
rom a coercivity analysis of the bi-linear form using the approach by Owens et al. [41]. Finally, numerical results are presented in
ection 5. A series of nuclear reactor physics benchmark verification test cases are used to determine the computational accuracy of
he proposed discretization; and the method of manufactured solutions (MMS) is used to compare the observed rates of convergence
gainst optimal, theoretical ones.

. A NURBS-based IGA spatial discretization

For many engineering problems, the complex surfaces bounding solid objects (boundary representation, or B-rep) can be
escribed by bases of NURBS functions, or some other related spline-based description. The simplest description of the geometry
s typically based upon a decomposition of the problem into its constituent material regions. Regardless, the physical domain can
e exactly represented by a tessellation of NURBS patches, the union of which forms the physical mesh,  (𝑉 ). The geometrical
apping is a parametrization of 𝑟∶𝑉 → 𝑉 , which takes a point in the parametric domain, 𝑟−1 ∈ 𝑉 ⊂ R𝑑 , where the NURBS basis is
efined, and maps it to a point in Euclidean space, 𝑟 ∈ 𝑉 ⊂ R𝑑 , for 𝑑, 𝑑 = 1, 2 or 3.

A NURBS basis function defined over the real physical space, 𝑅(𝑟), is the composition of that function, 𝑅(𝑟−1), with the inverse
f the geometrical mapping; i.e. 𝑅(𝑟) = {𝑅(𝑟−1) ◦ 𝑟−1 ∶ ∀ 𝑟−1 ∈ 𝑉 }. The parametric domain is local to a given patch. Consequently, a
URBS basis function has finite local support on a single given patch, in both 𝑉 and 𝑉 , as per the bijective mapping; i.e.:

supp (𝑅) =
{

𝑟 ∈ 𝑉𝑒 ∶𝑅(𝑟) ≠ 0,∀ 𝑟−1 ∈ 𝑉𝑒
}

, ∀𝑉𝑒 ∈  (𝑉 ). (1)

Multi-dimensional, 𝑑 > 1, NURBS basis functions are constructed in a tensor-product fashion from univariate B-splines, which can
e expressed via the Cox-de Boor recursion formula [42,43]. A description of the parametric domain, denoted by some parameter
≤ 𝜉 ≤ 1 in 1D, begins with an open knot-vector, 𝛯𝜉 , which is a set of non-decreasing coordinates: 𝛯𝜉 = {𝜉𝑖}

𝑛+𝑝+1
𝑖=1 , where 𝜉𝑖 are the

nots; 𝑝 is the polynomial degree of the basis; and 𝑛 is the total number of basis functions that span 𝜉. Knots are points of reduced
ontinuity that partition the parametric domain into knot-spans; the 𝑖th knot-span is defined by the half-closed interval [𝜉𝑖, 𝜉𝑖+1). A
not-value is said to have a multiplicity of 𝑚̇ knots if 𝑚̇ number of knots take on the same value. The continuity of the basis over any
iven knot-value is 𝐶𝑝–𝑚̇. Within knot-spans of non-zero length, the basis is infinitely differentiable, 𝐶∞-continuous; i.e. for 𝜉𝑖 ≠ 𝜉𝑖+1.

Increasing the multiplicity of a knot to 𝑚̇ = 𝑝 renders the NURBS basis interpolatory at that given knot-value. Effectively, a
ew patch boundary is formed and 𝐶0-continuity is naturally enforced across the new boundary. For 𝑚̇ = 𝑝+1, again, a new patch
oundary is formed. However, now, the basis is discontinuous, or 𝐶−1-continuous.

The support of B-splines, {𝑁𝑝
𝑖 }

𝑁
𝑖=1, is compact and extends over 𝑝+1 knot-spans; i.e. for 𝑖 = 1,… , 𝑁 :

supp
(

𝑁𝑝
𝑖
)

=
{

𝜉 ∈ 𝑉 ⊂ R1 ∶𝑁𝑝
𝑖 (𝜉) ≠ 0,∀ 𝜉𝑖 ≤ 𝜉 < 𝜉𝑖+𝑝+1

}

; (2)

nd 𝑝+1 functions always have support within any given knot-span.
Eq. (3) expresses the tensor-product fashion in which bi-variate NURBS basis functions, 𝑅𝑝,𝑞

𝑖,𝑗 (𝜉, 𝜂), are formed from sets of
nivariate B-splines, {𝑁𝑝

𝑖 (𝜉)}
𝑁
𝑖=1 and {𝑀𝑞

𝑗 (𝜂)}
𝑀
𝑗=1. Respectively, the polynomial degrees of each set of univariate B-splines are denoted

y 𝑝 and 𝑞; and the knot-vectors are denoted by 𝛯𝜉 = {𝜉𝑖}
𝑁+𝑝+1
𝑖=1 and 𝛯𝜂 = {𝜂𝑗}

𝑀+𝑞+1
𝑗=1 .

Each NURBS basis function corresponds to a control-point, a vector-valued coefficient. The set of control-points serves as the
caffolding for the problem geometry; that is the control-net,  = {𝐵⃗𝑖,𝑗}

𝑁,𝑀
𝑖,𝑗=1 ⊂ R2 in 2D. A NURBS object, 𝑉 ∈ R𝑑 , is the piecewise

rojective transformation of a B-spline object in R𝑑+1. The latter is defined as a set of projective control-points, to each of which
s attributed a weight; i.e.  = {𝑊𝑖,𝑗}

𝑁,𝑀
𝑖,𝑗=1 ⊂ R in 2D. The control-points in the real physical space are obtained by dividing each

f the projective control-points by its respective weight. These weights convey a sense of affinity for the control-points in the real
hysical space. This same transformation is applied to every point in the projective space. The NURBS basis functions are rendered
ational by the division of the polynomial weighting function, the denominator of Eq. (3); i.e. for 𝑖, 𝑗 = 1,… , 𝑁,𝑀 :

𝑅𝑝,𝑞
𝑖,𝑗 (𝜉, 𝜂) =

𝑁𝑝
𝑖 (𝜉)𝑀

𝑞
𝑗 (𝜂)𝑊𝑖,𝑗

∑𝑁
𝑖′=1

∑𝑀
𝑗′=1 𝑁

𝑝
𝑖′(𝜉)𝑀

𝑞
𝑗′(𝜂)𝑊𝑖′,𝑗′

. (3)

The NURBS basis functions are point-wise non-negative for non-negative weights.
3 
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The parametrization, 𝑟∶𝑉 → 𝑉 , can now be defined as the linear combination of NURBS basis functions and control-points that
efine a surface, 𝑆:

𝑆(𝜉, 𝜂) =
𝑁
∑

𝑖=1

𝑀
∑

𝑗=1
𝐵⃗𝑖,𝑗𝑅

𝑝,𝑞
𝑖,𝑗 (𝜉, 𝜂), ∀ 𝜉, 𝜂 ∈ 𝑉 . (4)

The gradient over the domain with respect to the parametric space, ∇̂, can be expressed in terms of partial derivatives of the
-splines; but the gradient over the domain with respect to the real physical space, ∇⃗, must be expressed as:

𝐉𝑉 ⋅ ∇⃗𝑅𝑝,𝑞
𝑖 (𝜉, 𝜂) = ∇̂𝑅𝑝,𝑞

𝑖 (𝜉, 𝜂), for 𝑖 = 1,… , 𝑁 ×𝑀 . (5)

The convention of the gradient operator is retained with the unit-vectors defined parallel to each of the axes in a rectangular
Cartesian coordinate system; i.e. for 𝑒𝜉 = 𝑒𝑥 = [1, 0]𝑇 and 𝑒𝜂 = 𝑒𝑦 = [0, 1]𝑇 :

∇̂ ≡ 𝑒𝜉
𝜕
𝜕𝜉

+ 𝑒𝜂
𝜕
𝜕𝜂

. (6)

The volumetric Jacobian (2 × 2)-matrix, is defined below:

𝐉𝑉 ∶=
(

𝜕𝑥∕𝜕𝜉 𝜕𝑦∕𝜕𝜉
𝜕𝑥∕𝜕𝜂 𝜕𝑦∕𝜕𝜂

)

. (7)

Stability of the discretization necessitates the mapping to be invertible and non-singular, det 𝐉𝑉 > 0, almost everywhere, such
hat the NURBS basis functions are square-integrable.

One way in which to enrich the parametric domain is to form additional non-zero knot-spans. Knots can be inserted with a
ultiplicity of one, KI-1-refinement, up to 𝑝+1, KI-ℎ-refinement. The latter is analogous to ℎ-refinement in a standard FEM because

he basis is reduced to 𝐶0-continuity across the newly-formed element boundaries. Another way in which to enrich the basis is by
egree-elevation (DE), which is analogous to 𝑝-refinement in a standard FEM. One notes that the refinement processes of KI and
E are not commutative [44].

. The self-adjoint angular flux form of the multi-group neutron transport equation

This paper only considers the time-independent neutron transport, which is commonly used to analyze steady-state nuclear
eactor physics, nuclear criticality and radiation shielding problems. More specifically, the self-adjoint angular flux (SAAF) form of
he NTE is the focus of this paper. The energy domain is discretized using the multi-group approximation; the angular domain is
iscretized using the discrete ordinates (SN) approximation; and the spatial domain is discretized using NURBS-based isogeometric
nalysis (IGA).

The continuous energy domain, (𝐸𝑚𝑖𝑛, 𝐸𝑚𝑎𝑥], is partitioned into distinct values, 𝐸𝑚𝑎𝑥 = 𝐸0 > 𝐸1 > … > 𝐸𝐺 = 𝐸𝑚𝑖𝑛, forming
number of energy groups; such that the 𝑔th-group spans the half-closed interval (𝐸𝑔 , 𝐸𝑔−1]. A backward indexing of the energy

roups reflects the fact that most neutrons scatter progressively downwards in energy as they slow down [45].
Any integrals over the entire energy spectrum can now be expressed as a sum of individual integrals over each energy group;

.e.:

∫

∞

0
𝑑𝐸 ≈ ∫

𝐸0

𝐸𝐺

𝑑𝐸 ⇒
𝐺
∑

𝑔=1
∫

𝐸𝑔−1

𝐸𝑔

𝑑𝐸. (8)

The defining equation is integrated over each energy group and the result is solved for the multi-group components of the neutron
ngular flux, 𝜑𝑔𝑘 for 𝑘 = 1,… , 𝐾; where:

𝜑𝑔𝑘(𝑟) = ∫

𝐸𝑔−1

𝐸𝑔

𝜑𝑘(𝑟, 𝐸) 𝑑𝐸. (9)

.1. The multi-group SAAF-SN equation

The multi-group SAAF-SN equation is posed on a multi-dimensional closed, connected and bounded domain, 𝑉 ⊂ R𝑑 , in the real
hysical space for 𝑑 = 2, 3. The strong form of the problem is cast as solving 𝜑𝑔𝑘 ∶𝑉 → R for 𝑔 = 1,… , 𝐺 and for 𝑘 = 1,… , 𝐾:

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

−𝛺⃗𝑘⋅∇⃗ 1
𝛴𝑔
𝑡 (𝑟)

𝛺⃗𝑘⋅∇⃗𝜑𝑔𝑘(𝑟)+ 𝛴𝑔
𝑡 (𝑟)𝜑

𝑔𝑘(𝑟) = 𝑞𝑔𝑘(𝑟)−𝛺⃗𝑘⋅∇⃗ 1
𝛴𝑔
𝑡 (𝑟)

𝑞𝑔𝑘(𝑟), 𝑟∈𝑉 ; (a)

𝜑𝑔𝑘(𝑟) = 0, 𝑟∈𝜕𝑉 –
𝑉 ; (b)

𝜑𝑔𝑘(𝑟) = 𝜑𝑔𝑘′(𝑟), 𝑟∈𝜕𝑉 –
𝑅 ; (c)

𝜑𝑔𝑘(𝑟) = 1
𝛴𝑔
𝑡 (𝑟)

[

–𝛺⃗𝑘⋅∇⃗𝜑𝑔𝑘(𝑟)+𝑞𝑔𝑘(𝑟)
]

, 𝑟∈𝜕𝑉 +
𝑒𝑥𝑡. (d)

(10)

The normal vector, 𝑛, can be defined everywhere on the external physical boundary, 𝜕𝑉𝑒𝑥𝑡, over different portions of which, 𝜕𝑉 –
𝑒𝑥𝑡

and 𝜕𝑉 +
𝑒𝑥𝑡, the neutron angular flux, 𝜑𝑔𝑘, may be either incoming or outgoing, respectively, for a given discrete angular direction of

flight, 𝛺⃗𝑘; where 𝜕𝑉 ± ∶= {𝜕𝑉 ∶ 𝛺⃗𝑘 ⋅ 𝑛 ≷ 0,∀𝜕𝑉 ∈ 𝜕𝑉 }. From their algebraic derivation, Morel and McGhee suggest that any
𝑒𝑥𝑡 𝑓 𝑓 𝑒𝑥𝑡
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spurious solutions to the SAAF-SN equation may be eliminated by requiring the neutron angular flux to satisfy the FONT-SN equation
over all outgoing portions of the physical boundary, 𝜕𝑉 +

𝑒𝑥𝑡; q.v. Eq. (10d) [11].
Only Dirichlet-type incoming boundary conditions are considered in the above, 𝜕𝑉𝑒𝑥𝑡 ∶= 𝜕𝑉𝑉 ∪ 𝜕𝑉𝑅, where 𝜕𝑉𝑉 and 𝜕𝑉𝑅 denote

he incoming portions of the boundary where vacuum and reflective boundaries conditions are prescribed, respectively; such that
𝑉 –
𝑉 ∶= 𝜕𝑉𝑉 ∩ 𝜕𝑉 –

𝑒𝑥𝑡 and 𝜕𝑉 –
𝑅 ∶= 𝜕𝑉𝑅 ∩ 𝜕𝑉 –

𝑒𝑥𝑡. One considers only those reflective boundaries that form a perpendicular plane with
ny of the axes in a rectangular Cartesian coordinate system, such that the specular reflection, 𝛺⃗𝑘′, of each discrete ordinate, 𝛺⃗𝑘,
s also a member of the Level-Symmetric or Gauss–Chebyshev angular quadrature sets; where for 𝜑𝑔𝑘′ = 𝜑𝑔(𝛺⃗𝑘′), ||

|

𝛺⃗𝑘′ ⋅ 𝑛||
|

= |

|

|

𝛺⃗𝑘 ⋅ 𝑛||
|

and 𝑤𝑘′ = 𝑤𝑘.
The defining equations can be recast in block-like group-ordinate operator notation:

𝐿𝜑 = 𝑄𝑞, (11a)

= 𝑄
[

𝑆𝜑 + 𝐹𝜑 + 1
4𝜋

𝑞𝑥
]

; (11b)

ith the neutron angular flux, 𝜑 = [𝜑1,… , 𝜑𝐺]𝑇 , where 𝜑𝑔 = [𝜑𝑔1,… , 𝜑𝑔𝐾 ]𝑇 for 𝑔 = 1,… , 𝐺; the strength of any extraneous fixed
sources, 𝑞𝑥 = [𝑞1𝑥,… , 𝑞𝐺𝑥 ]

𝑇 ; the diagonal-loss operator, 𝐿, comprises within-group losses due to streaming and total collision in each
discrete ordinate, 𝐿𝑔𝑘, Eq. (12a); the scatter operator, 𝑆, comprises potentially anisotropic group-to-group scatter terms in each
discrete ordinate, 𝑆𝑔𝑘, Eq. (12b); the fission operator, 𝐹 , comprises isotropic group-to-group fission terms in each discrete ordinate,
𝐹 𝑔𝑘, Eq. (12c):

𝐿𝑔𝑘𝜑 ∶= –𝛺⃗𝑘 ⋅ ∇⃗ 1
𝛴𝑔
𝑡
𝛺⃗𝑘 ⋅ ∇⃗𝜑𝑔𝑘 + 𝛴𝑔

𝑡 𝜑
𝑔𝑘; (12a)

𝑆𝑔𝑘𝜑 ∶=
𝐺
∑

𝑔′=1

𝐿
∑

𝑙=0

𝑙
∑

𝑚=–𝑙
𝛴𝑔′→𝑔
𝑠𝑙 𝑌 𝑚

𝑙 𝛷𝑔′𝑚
𝑙 ; (12b)

𝐹 𝑔𝑘𝜑 ∶= 𝜒𝑔
𝐺
∑

𝑔′=1
𝜈𝑔′𝛴𝑔′

𝑓 𝑌 0
0 𝛷

𝑔′0
0 . (12c)

For completeness, a Legendre polynomial (PL) expansion of the scattering kernel has been included. However, within the scope
f this paper, one is content in the limit of 𝐿 = 0; likewise, only isotropic fission and extraneous fixed sources are considered. The
ulti-group components of the spherical harmonic flux moments, 𝛷𝑔𝑚

𝑙 , are evaluated for 1,… , 𝐺:

𝛷𝑔𝑚
𝑙 (𝑟) ≈

𝐾
∑

𝑘=1
𝑤𝑘𝑌

𝑚
𝑙 (𝛺⃗𝑘)𝜑𝑔𝑘(𝑟). (13)

The operator, 𝑄, that acts group-ordinate-wise upon each of the source terms on the right-hand side of Eq. (11) is defined
compactly as:

𝑄 = 1 +𝑋. (14)

For the group-ordinate components of the operator 𝑋 defined for 𝑔 = 1,… , 𝐺 and 𝑘 = 1,… , 𝐾:

𝑋𝑔𝑘 ∶= –𝛺⃗𝑘 ⋅ ∇⃗ 1
𝛴𝑔
𝑡

, (15)

defining the operator, 𝐴, such that:

𝐴𝜑 = (𝐿 −𝑄𝑆)𝜑, (16)

one can distinguish extraneous, or fixed, source problems where the source is independent of the neutron distribution:

(𝐴 −𝑄𝐹 )𝜑 = 1
4𝜋

𝑄𝑞𝑥, (17)

from eigenvalue, or effective multiplication factor (keff), problems:

𝐴𝜑 = 1
keff

𝑄𝐹𝜑. (18)

4. A SIP-DG-IGA spatial discretization

One seeks to approximate the (semi-)analytic solution by some finite linear combination of basis functions and expansion
coefficients. Within a discontinuous framework, one exploits the broken Sobolev space, 𝐻𝑠( ), which defines a set of spaces, 𝐻𝑠(𝑉𝑒),
panned by locally supported functions that belong to the regular Sobolev space, in the restriction to 𝑉𝑒:

𝐻𝑠( ) ∶= {𝑢 ∈ 𝐿 (𝑉 )∶ 𝑢| ∈ 𝐻𝑠(𝑉 ),∀𝑉 ∈  (𝑉 )}; (19)
2 𝑉𝑒 𝑒 𝑒
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where the usual Sobolev embeddings rules apply; i.e. 𝐻𝑠+1( ) ⊂ 𝐻𝑠( ). The associated broken inner-product and broken norm, are
iven below in Eqs. (20a) and (20b), respectively:

(𝑢, 𝑣)𝐻𝑠( ) ∶=
∑

𝑉𝑒∈ (𝑉 )
(𝑢, 𝑣)𝐻𝑠(𝑉𝑒); (20a)

‖𝑢‖𝐻𝑠( ) ∶= (𝑢, 𝑢)1∕2𝐻𝑠( ). (20b)

The restriction of such functions with support over 𝑉𝑒 are defined over 𝜕𝑉𝑒 by trace operators, 𝛾𝑖 ∶𝐻𝑠(𝑉𝑒) → 𝐻𝑠–𝑖–1∕2(𝜕𝑉𝑒) for
0 ≤ 𝑖 < 𝑠 [46]. Of particular interest is the Dirichlet trace, 𝛾0, which is well defined in 𝐿2(𝜕𝑉𝑒) for 𝑠 > 1∕2:

𝛾0𝑢 ∶= 𝑢|𝜕𝑉𝑒 . (21)

One notes that this condition is less strict than that imposed by a DG discretization of the NDE; consistency of its discretization
would require 𝑠 > 3∕2 in order for the restriction of the normal components of the gradient of functions, or the Neumann trace, to
be well defined over 𝜕𝑉𝑒 [28].

Any function 𝑢 ∈ 𝐻𝑠( ) is discontinuous across 𝑉 , yet smooth enough within an element to admit two-valued traces at an
interface for 𝑠 > 1∕2; with jumps, [[⋅]]𝜕𝑉𝑓 , and averages, {{⋅}}𝜕𝑉𝑓 , defined for some scalar-valued function, 𝑢, in Eqs. (22a) and (22b),
respectively:

[[𝑢]]𝜕𝑉𝑓 ∶=

{

𝑢+ − 𝑢–, ∀𝜕𝑉𝑓 ∈ 𝜕𝑉𝑖𝑛𝑡;
𝑢, ∀𝜕𝑉𝑓 ∈ 𝜕𝑉𝑒𝑥𝑡;

(22a)

{{𝑢}}𝜕𝑉𝑓 ∶=

⎧

⎪

⎨

⎪

⎩

1
2
(𝑢+ + 𝑢–), ∀𝜕𝑉𝑓 ∈ 𝜕𝑉𝑖𝑛𝑡;

𝑢, ∀𝜕𝑉𝑓 ∈ 𝜕𝑉𝑒𝑥𝑡.
(22b)

Although arbitrary, the definitions are perspective-dependent. The superscript (+) pertains to the active-element, 𝑉+, whose
outward-pointing normal vector over its boundary, 𝑛+, coincides with that, 𝑛, at the interface, 𝑉+ ∩ 𝑉–; whereas the superscript (−)
pertains to the neighbor -element, 𝑉–, whose outward-pointing normal vector over its boundary, 𝑛–, has the opposite orientation to
that of the active-element; i.e. 𝑛 = 𝑛+ = –𝑛–. To allow for compact notation, the jumps and averages over those boundaries that lie
adjacent to the physical boundary, 𝜕𝑉𝑒𝑥𝑡, have also been included above.

Physically, the solution should be sufficiently smooth that any jumps in the angular flux, 𝜑, and any jumps in the normal
component of the neutron angular current, 𝛺⃗𝜑 ⋅ 𝑛, are negligibly small across the interior of the domain in the real physical space;
i.e.:

[[𝜑]]𝜕𝑉𝑓 ;

[[𝛺⃗𝜑 ⋅ 𝑛]]𝜕𝑉𝑓

⎫

⎪

⎬

⎪

⎭

= 0, ∀𝜕𝑉𝑓 ∈ 𝜕𝑉𝑖𝑛𝑡. (23)

One formulates the weak form by multiplying Eq. (11) by test functions, 𝑤 ∈ ( ), integrating over each 𝑉𝑒 and then taking the
sum of these contributions. The neutron angular flux is expanded in a basis of trial functions from the same space, 𝑢 ∈ ( ) ⊆ 𝐻𝑠( ),

hich is the 𝑠-order broken Sobolev space, Eq. (19). By application of the divergence theorem to each of the streaming terms, the
asis functions are only required to be first-order differentiable; viz. 𝐻1( ) is an appropriate space.

The proposed spatial discretization is non-conforming since 𝜑̂ ∈ ( ) ⊄ (𝑉 ) ∋ 𝜑; and properties of the (semi-)analytical
olution cannot be assumed by the discrete one. It will be necessary to establish directly discrete stability and consistency. The
iscrete variational problem is posed by restricting the collection of infinite spaces of basis functions to finite-dimensional subsets;
.e. ̂ℎ,𝑝( ) ⊂ ( ). As per the isoparametric concept, these broken spaces are chosen as those spanned by the same 𝑁𝑒-number of
URBS basis functions used to describe the patches, 𝑉𝑒. Although the basis may be smooth within a given patch, it is discontinuous
cross the boundaries. The NURBS basis functions, 𝑅, Eq. (3), are characterized by the mesh spacing, ℎ, as well as the polynomial
egree of the basis, 𝑝; i.e. ∀𝑉𝑒 ∈  :

{

[

̂ℎ,𝑝(𝑉𝑒)
]𝑇 = span

{

𝑅𝑝
𝑖
}𝑁𝑒
𝑖=1,

with supp
(

𝑅𝑝) =
{

𝑟 ∈ 𝑉𝑒 ∶𝑅
𝑝
𝑖 (𝑟) ≠ 0 for 𝑖 = 1,… , 𝑁𝑒

}

.
(24)

Indeed, the tensor-product structure of the parametric domain permits the NURBS basis functions to be constructed from different
olynomials in different parametric directions; however, for simplicity, they are characterized by a single 𝑝 and unless necessary,
he superscript is suppressed.

Clearly, ̂ℎ,𝑝( ) is chosen such that 𝜑̂ → 𝜑 as 𝑁 → ∞. The weighted-residual statement must be satisfied for each member
n the weighting set; and since the space of trial and test functions coincide, this forms the same number of algebraic equations
s there are unknowns per group; i.e. 𝐷𝑜𝐹 𝑔𝑘

𝑒 = dim ̂ℎ,𝑝(𝑉𝑒) = 𝑁𝑒 and 𝐷𝑜𝐹 𝑔𝑘 =
∑

𝑉𝑒𝐷𝑜𝐹 𝑔𝑘
𝑒 = 𝑁 for 𝑘 = 1,… , 𝐾; and hence,

𝑜𝐹 𝑔 =
∑

𝑘𝐷𝑜𝐹 𝑔𝑘 = 𝐾 ×𝑁 for 𝑔 = 1,… , 𝐺; and hence, 𝐷𝑜𝐹 =
∑

𝑔𝐷𝑜𝐹 𝑔 = 𝐺 ×𝐾 ×𝑁 . Consequently, for the analysis over a single

nergy-independent mesh, the discrete problem is posed as a system of (𝐺𝐾𝑁 × 𝐺𝐾𝑁)-matrix equations.

6 
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The weak form naturally satisfies the vacuum boundary condition over the inflow portions of the exterior boundary, 𝜕𝑉 –
𝑒𝑥𝑡;

q.v. Eq. (10b). The reflective boundary condition is implemented by substitution of Eq. (10c). Boundary conditions must also be
prescribed over those outflow portions 𝜕𝑉 +

𝑒𝑥𝑡, where the solution must satisfy the FONT-SN equation; q.v. Eq. (10d). Equally, this
condition is required to hold over those faces to the interior of the mesh, 𝜕𝑉𝑖𝑛𝑡.

As it stands, the discrete variational statement of Eq. (17) is to find 𝜑̂ ∈ ̂ℎ,𝑝( ), such that:

𝑎(𝜑̂, 𝑤̂) = 𝑏(𝑤̂), ∀ 𝑤̂ ∈ ̂ℎ,𝑝( ). (25)

The discrete bilinear form, 𝑎(⋅, ⋅)∶ ̂ℎ,𝑝( ) × ̂ℎ,𝑝( ) → R, has block-like structure and comprises terms of streaming and total
ollision, group-to-group scattering and fission, leakage across the union of interfaces and outflow portions of the external boundary,
𝑉𝐼𝑃 = (𝜕𝑉 –

𝑒𝑥𝑡)
𝑐 = 𝜕𝑉𝑖𝑛𝑡 ∪ 𝜕𝑉 +

𝑒𝑥𝑡, and the weak enforcement of incoming boundary conditions over 𝜕𝑉 –
𝑒𝑥𝑡:

𝑎(𝜑̂, 𝑤̂) = 𝑎𝐿(𝜑̂, 𝑤̂) − 𝑎𝑆 (𝜑̂, 𝑤̂) − 𝑎𝐹 (𝜑̂, 𝑤̂) + 𝑎𝐼𝑃 (𝜑̂, 𝑤̂) + 𝑎𝑒𝑥𝑡(𝜑̂, 𝑤̂). (26)

In turn, each of these is defined below, respectively, suppressing any spatial dependence:

𝑎𝐿(𝜑̂, 𝑤̂) =
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑤𝑘

⎡

⎢

⎢

⎣

∑

𝑉𝑒∈
∫𝑉𝑒

𝛺⃗𝑘 ⋅ ∇⃗𝑤̂ 1
𝛴𝑔
𝑡,𝑒
𝛺⃗𝑘 ⋅ ∇⃗𝜑̂𝑔𝑘 + 𝑤̂𝛴𝑔

𝑡,𝑒𝜑̂
𝑔𝑘 𝑑𝑉

⎤

⎥

⎥

⎦

,

=
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑎𝑔𝑘𝐿 (𝜑̂𝑔𝑘, 𝑤̂);

(27a)

𝑎𝑆 (𝜑̂, 𝑤̂) =
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑤𝑘

⎡

⎢

⎢

⎣

𝐺
∑

𝑔′=1
𝑌 0
0 (𝛺⃗

𝑘)
∑

𝑉𝑒∈
∫𝑉𝑒

𝑤̂𝛴𝑔′→𝑔
𝑠0,𝑒 𝛷̂𝑔′0

0 + 𝛺⃗𝑘 ⋅ ∇⃗𝑤̂
𝛴𝑔′→𝑔
𝑠0,𝑒

𝛴𝑔
𝑡,𝑒

𝛷̂𝑔′0
0 𝑑𝑉

⎤

⎥

⎥

⎦

,

=
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑎𝑔𝑘𝑆 (𝜑̂, 𝑤̂);

(27b)

𝑎𝐹 (𝜑̂, 𝑤̂) =
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑤𝑘

⎡

⎢

⎢

⎣

𝐺
∑

𝑔′=1
𝑌 0
0 (𝛺⃗

𝑘)
∑

𝑉𝑒∈
𝜒𝑔
𝑒 ∫𝑉𝑒

𝑤̂𝜈𝑔′𝑒 𝛴𝑔′
𝑓,𝑒𝛷̂

𝑔′0
0 +𝛺⃗𝑘 ⋅∇⃗𝑤̂

𝜈𝑔′𝑒 𝛴𝑔′
𝑓,𝑒

𝛴𝑔
𝑡,𝑒

𝛷̂𝑔′0
0 𝑑𝑉

⎤

⎥

⎥

⎦

,

=
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑎𝑔𝑘𝐹 (𝜑̂, 𝑤̂);

(27c)

𝑎𝐼𝑃 (𝜑̂, 𝑤̂) =
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑤𝑘

⎡

⎢

⎢

⎣

∑

𝑉𝑒∈

∑

𝜕𝑉𝑓∈𝑉𝑒∩𝜕𝑉𝐼𝑃
∫𝜕𝑉𝑓

𝑤̂𝛺⃗𝑘𝜑̂𝑔𝑘 ⋅ 𝑛 𝑑𝑆
⎤

⎥

⎥

⎦

,

=
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑤𝑘

⎡

⎢

⎢

⎣

∑

𝜕𝑉𝑓∈𝜕𝑉𝐼𝑃
∫𝜕𝑉𝑓

[[𝑤̂𝛺⃗𝑘𝜑̂𝑔𝑘 ⋅ 𝑛]] 𝑑𝑆
⎤

⎥

⎥

⎦

,

=
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑎𝑔𝑘𝐼𝑃 (𝜑̂

𝑔𝑘, 𝑤̂);

(27d)

𝑎𝑒𝑥𝑡(𝜑̂, 𝑤̂) =
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑤𝑘

⎡

⎢

⎢

⎣

∑

𝑉𝑒∈

∑

𝜕𝑉𝑓∈𝑉𝑒∩𝜕𝑉 –
𝑅

–∫𝜕𝑉𝑓
|

|

|

𝛺⃗𝑘 ⋅ 𝑛||
|

𝑤̂𝜑̂𝑔𝑘′ 𝑑𝑆
⎤

⎥

⎥

⎦

,

=
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑎𝑔𝑘𝑒𝑥𝑡(𝜑̂

𝑔 , 𝑤̂).

(27e)

The discrete linear functional, 𝑏(⋅)∶ ̂ℎ,𝑝( ) → R, comprises only fixed sources:

𝑏(𝑤̂) =
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑤𝑘

⎡

⎢

⎢

⎣

∑

𝑉𝑒∈
∫𝑉𝑒

𝑤̂ 1
4𝜋

𝑞𝑔𝑥,𝑒 + 𝛺⃗𝑘 ⋅ ∇⃗𝑤̂ 1
4𝜋𝛴𝑔

𝑡,𝑒
𝑞𝑔𝑥,𝑒 𝑑𝑉

⎤

⎥

⎥

⎦

,

=
𝐺
∑

𝑔=1

𝐾
∑

𝑘=1
𝑏𝑔𝑘(𝑤̂).

(28)

For multiplying systems, 𝑞𝑥 = 0, the weak form of Eq. (18) is to find 𝜑̂ ∈ ̂ℎ,𝑝( ), such that:

𝑎̃(𝜑̂, 𝑤̂) = 1
keff

𝑎𝑓 (𝜑̂, 𝑤̂), ∀ 𝑤̂ ∈ ̂ℎ,𝑝( ); (29)

where 𝑎̃ is the original bilinear form in Eq. (26), 𝑎, less the fission term; i.e.:

𝑎̃ = 𝑎 + 𝑎 = 𝑎 − 𝑎 + 𝑎 + 𝑎 . (30)
𝐹 𝐿 𝑆 𝐼𝑃 𝑒𝑥𝑡
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The properties of neutron conservation and symmetry are preserved in developing an interior penalty scheme for the discretized
ilinear form.

onsistency. The discretization is consistent if the true solution satisfies the discrete system of equations. However, one cannot
imply substitute 𝜑 into Eq. (25) because the bilinear form, 𝑎, has been defined on ̂ℎ,𝑝( ) × ̂ℎ,𝑝( ); and similarly for 𝑎̃ in Eq. (29).
herefore, one must assume that 𝜑 ∈ ∗(𝑉 ) ⊂ (𝑉 ); and second, that 𝜑̂∗ ∈ ̂∗

ℎ,𝑝( ) = ∗(𝑉 ) + ̂ℎ,𝑝( ); such that the bilinear form
an be extended to be bounded on ̂ℎ,𝑝( ) × ̂∗

ℎ𝑝( ). The space ̂∗
ℎ,𝑝( ) is equipped with the norm ‖⋅‖𝜖∗ , such that for some arbitrary

unction, 𝑢, and some constant 𝐶:

‖𝑢‖𝜖∗ = ‖𝑢‖𝜖 , ∀𝑢 ∈ ̂ℎ,𝑝( ); (31a)

‖𝑢‖𝜖∗ < 𝐶 ‖𝑢‖𝜖∗ , ∀𝑢 ∈ ∗(𝑉 ). (31b)

The former implies an equivalence of the norms ‖⋅‖𝜖∗ and ‖⋅‖𝜖 on ̂ℎ,𝑝( ); and the latter implies that ∗(𝑉 ) ⊂ ̂∗
ℎ,𝑝( ); where ‖⋅‖𝜖

nd ‖⋅‖𝜖∗ are the energy-norms associated with the discrete bilinear form, ̂ℎ,𝑝( ) × ̂ℎ,𝑝( ), and the analytical one, ∗(𝑉 ) × ∗(𝑉 ),
espectively.

From the definition of jumps, Eq. (22a), the first line of Eq. (27d) expressed as a sum of integrals over element boundaries can
e re-expressed in the second line as a sum of integrals over interfaces and outflow portions of the external boundary, which can
hen be developed further using the definition of averages, Eq. (22b); i.e. suppressing the spatial dependence for 𝑔 = 1,… , 𝐺 and
or 𝑘 = 1,… , 𝐾:

∑

𝜕𝑉𝑓∈𝜕𝑉𝐼𝑃
∫𝜕𝑉𝑓

[[𝑤̂𝛺⃗𝑘𝜑̂𝑔𝑘∗ ⋅ 𝑛]] 𝑑𝑆

=
∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡
∫𝜕𝑉𝑓

[[𝑤̂𝛺⃗𝑘𝜑̂𝑔𝑘∗ ⋅ 𝑛]] 𝑑𝑆 +
∑

𝑉𝑒∈

∑

𝜕𝑉𝑓∈𝑉𝑒∩𝜕𝑉 +
𝑒𝑥𝑡

∫𝜕𝑉𝑓
𝑤̂𝛺⃗𝑘𝜑̂𝑔𝑘∗ ⋅ 𝑛 𝑑𝑆,

(32a)

=
∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡
∫𝜕𝑉𝑓

{{𝑤̂}}�����⁓ 0
[[𝛺⃗𝑘𝜑̂𝑔𝑘∗ ⋅ 𝑛]] 𝑑𝑆 +

∑

𝜕𝑉𝑓∈𝜕𝑉𝐼𝑃
∫𝜕𝑉𝑓

[[𝑤̂]]{{𝛺⃗𝑘𝜑̂𝑔𝑘∗ ⋅ 𝑛}} 𝑑𝑆. (32b)

The strong form, including the boundary conditions, Eqs. (10), are retrieved by substitution of 𝜑 into the discrete weak-problem,
q. (25); and by application of the divergence theorem to the first term in Eq. (27a), the double-differential term is recouped. This
s followed by the re-expression of 𝑎𝐼𝑃 , Eq. (27d), in terms of Eq. (32b); and then accounting for the regularity in the true solution,
qs. (23). Thus, the discrete problem is consistent provided that the numerical fluxes are consistent; and exploiting continuity of
he normal component of 𝛺⃗𝑘 across interfaces, the following modification can be made for 𝑔 = 1,… , 𝐺 and for 𝑘 = 1,… , 𝐾:

⟹ 𝑎𝑔𝑘𝐼𝑃 (𝜑̂
𝑔𝑘∗, 𝑤̂) =

∑

𝜕𝑉𝑓∈𝜕𝑉𝐼𝑃
∫𝜕𝑉𝑓

𝛺⃗𝑘 ⋅ 𝑛[[𝑤̂]]{{𝜑̂𝑔𝑘∗}} 𝑑𝑆. (33)

Galerkin’s property of orthogonality stems from consistency such that the error in the numerical solution is orthogonal to the
hosen subspace since ∗(𝑉 ) ⊂ ̂∗

ℎ,𝑝( ). A strong definition of consistency has been enforced; yet, since Legendre–Gauss quadrature
rules are employed to evaluate all integral quantities, one can expect the discretization to be consistent asymptotically.

The general rule of 𝑝+1 quadrature points may not be sufficient to evaluate the boundary integrals because the integrands are
polynomial constructs of a combined maximal polynomial degree of 𝑝 + 𝑝 − 1 + 𝑝 = 3𝑝 − 1; q.v. Eq. (33). Where each component of
he normal vector, 𝑛, is itself a linear combination of derivatives of the same functions; viz. polynomial constructs of degree 𝑝−1.

Using Legendre–Gauss quadrature rules, the boundary integral should be evaluated with a sufficient number of quadrature points,
𝑁𝑞 , in each of the (𝑑−1)-directions over the canonical representation of the boundary in the parent space; i.e. for 𝑝 > 1:

2𝑁𝑞 − 1 ≥ 3𝑝 − 1; (34a)

⟹ 𝑁𝑞 =

⎧

⎪

⎨

⎪

⎩

3𝑝
2

, for 𝑝-even;

3𝑝 + 1
2

, for 𝑝-odd.
(34b)

Symmetry. It is desirable to retain the property of symmetry in the discrete bilinear form; e.g. to employ the well-established
conjugate gradient (CG) method for sparse symmetric positive-definite (SPD) matrices. Therefore, the following is appended to
𝑎𝐼𝑃 for 𝑔 = 1,… , 𝐺 and for 𝑘 = 1,… , 𝐾:

∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡

𝜃 ∫𝜕𝑉𝑓
𝛺⃗𝑘 ⋅ 𝑛{{𝑤̂}}[[𝜑̂𝑔𝑘∗]] 𝑑𝑆 = 0, ∀𝜕𝑉𝑓 ∈ 𝜕𝑉𝑖𝑛𝑡; (35)

or rather redundantly, symmetry is reclaimed by letting 𝜃 = 1 in the following modification to 𝑎𝑔𝑘𝐼𝑃 , Eq. (33), for 𝑔 = 1,… , 𝐺 and

for 𝑘 = 1,… , 𝐾:

8 
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⟹ 𝑎𝑔𝑘𝐼𝑃 (𝜑̂
𝑔𝑘∗, 𝑤̂) = 𝑎𝑔𝑘𝐼𝑃 𝑐 (𝜑̂

𝑔𝑘∗, 𝑤̂) + 𝑎𝑔𝑘𝐼𝑃 𝑠(𝜑̂
𝑔𝑘∗, 𝑤̂), (36a)

=
∑

𝜕𝑉𝑓∈𝜕𝑉𝐼𝑃
∫𝜕𝑉𝑓

𝛺⃗𝑘 ⋅ 𝑛[[𝑤̂]]{{𝜑̂𝑔𝑘∗}} 𝑑𝑆

+
∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡

𝜃 ∫𝜕𝑉𝑓
𝛺⃗𝑘 ⋅ 𝑛{{𝑤̂}}[[𝜑̂𝑔𝑘∗]] 𝑑𝑆.

(36b)

Consistency is maintained as [[𝜑]] = 0 across the interior of the domain.
With the exception of 𝑎𝐼𝑃 , Eqs. (27) are given as a sum over elements or boundaries whose local contributions are the product

of basis functions with local support over the same domain. Differently, Eq. (36) comprises a sum over interfaces, whose local
contributions are the product of basis functions that may not necessarily have local support over the same element, such that 𝑎𝐼𝑃
can be block-partitioned. Computationally, savings can be made by considering that the symmetry-part of the block is simply the
transpose of the consistency-part [28].

Penalty. As per the Lax–Milgram Lemma, the properties of continuity and coercivity are sufficient conditions to assert well-
posedness [47].

For 𝑢̂ ∈ ̂∗
ℎ,𝑝( ) and 𝑣̂ ∈ ̂ℎ,𝑝( ) and some constant, 𝐶𝛼 > 0, the discrete bilinear form is bounded on ̂ℎ,𝑝( ) × ̂∗

ℎ𝑝( ) if:

𝑎(𝑢̂, 𝑣̂) ≤ 𝐶𝛼 ‖𝑣̂‖𝜖 ‖𝑢̂‖𝜖∗ ; (37)

and for 𝑢̂ ∈ ̂ℎ,𝑝( ) and some constant, 𝐶𝛽 > 0, the discrete bilinear form is coercive if:

𝑎(𝑢̂, 𝑢̂) ≥ 𝐶𝛽 ‖𝑢‖
2
𝜖 . (38)

The latter is often simply guaranteed by the nature of the problem; however, owing to the arbitrariness of the normal vector
over an interface, the sign-indefinite consistency and the symmetry terms in Eq. (36) are potentially negative terms. In general, it
is not possible to uphold a statement of coercivity without some (residual-based) stabilization mechanism [48].

Discontinuities in the numerical approximation result from the non-conformity in seeking a discrete solution in a broken function
space. A final modification is thus made to 𝑎𝐼𝑃 , such that appended to the bilinear form is a residual-dependent term that contributes
to the coercivity by penalizing the error, or rather quashing any jumps, [[𝛺⃗𝜑̂ ⋅ 𝑛]], across the set of discontinuous patch interfaces.
Stability of the discretization is enhanced and invertibility is ensured under refinement for some suitable selection of penalty
parameters, 𝜇𝑔

𝑓 > 0, for 𝑔 = 1,… , 𝐺 and for 𝑘 = 1,… , 𝐾:

⟹ 𝑎𝑔𝑘𝐼𝑃 (𝜑̂
𝑔𝑘∗, 𝑤̂) =

∑

𝜕𝑉𝑓∈𝜕𝑉 +
𝑒𝑥𝑡

∫𝜕𝑉𝑓
𝑤̂𝛺⃗𝑘𝜑̂𝑔𝑘∗ ⋅ 𝑛 𝑑𝑆

+
∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡
∫𝜕𝑉𝑓

𝛺⃗𝑘 ⋅ 𝑛[[𝑤̂]]{{𝜑̂𝑔𝑘∗}} 𝑑𝑆 + 𝜃 ∫𝜕𝑉𝑓
𝛺⃗𝑘 ⋅ 𝑛{{𝑤̂}}[[𝜑̂𝑔𝑘∗]] 𝑑𝑆

+
∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡

𝜇𝑔
𝑓 ∫𝜕𝑉𝑓

[[𝛺⃗𝑘𝑤̂ ⋅ 𝑛]][[𝛺⃗𝑘𝜑̂𝑔𝑘∗ ⋅ 𝑛]] 𝑑𝑆.

(39)

Choosing numerical fluxes that connect the elements through their interfaces as per an interior penalty scheme provides a good
compromise of sparsity and conditioning of the ensuing matrix equations [49]. Whilst the latter is dependent upon the tuning of
the penalty parameters, the former is better understood from a perspective of implementation. Owing to the local formulation, the
elementary stencil for the proposed IP-DG discretization accounts for those volume contributions over elements as well as those
face contributions over interfaces formed with direct neighbors that share a face; viz. as per the tensor-product structure of the
parametric space, the elementary stencil contains at most (1+𝑑2)-elements.

The particular choice to penalize the neutron angular current will ease the derivation of the penalty parameters in Section 4.1.
Since Dirichlet boundary conditions are satisfied naturally, they do not need to be enforced by penalization. Again, the properties
of symmetry, for 𝜃 = 1, and consistency have been maintained; and error bounds can be established as per Strang’s Second Lemma
of quasi-best approximation for non-conforming and consistent discretizations [28,50].

Weakly coupled in energy and angle, the within-group equations can be solved sequentially using the most up-to-date
information. In the presence of extraneous fixed-sources, 𝜑̂𝑔𝑘 ∈ ̂ℎ,𝑝( ) is solved for 𝑔 = 1,… , 𝐺 and for 𝑘 = 1,… , 𝐾:

𝑎𝑔𝑘𝐿 (𝜑̂𝑔𝑘, 𝑤̂)+ 𝑎𝑔𝑘𝐼𝑃 (𝜑̂
𝑔𝑘, 𝑤̂)= 𝑎𝑔𝑘𝑆 (𝜑̂, 𝑤̂)+ 𝑎𝑔𝑘𝐹 (𝜑̂, 𝑤̂)− 𝑎𝑔𝑘𝑒𝑥𝑡(𝜑̂

𝑔𝑘, 𝑤̂)+ 𝑏𝑔𝑘(𝑤̂), ∀ 𝑤̂ ∈ ̂ℎ,𝑝( ). (40)

Since the left-hand side, 𝑎𝑔𝑘𝐿 + 𝑎𝑔𝑘𝐼𝑃 , is SPD for 𝜃 = 1, one can employ efficient iterative smoothers, such as the pre-conditioned
conjugate gradient (PCG) method. Additional savings can be made for the storage of symmetric matrices.

The eigenvalue problem is cast as finding 𝜑̂𝑔𝑘 ∈ ̂ℎ,𝑝( ) for 𝑔 = 1,… , 𝐺 and for 𝑘 = 1,… , 𝐾:

𝑎𝑔𝑘𝐿 (𝜑̂𝑔𝑘, 𝑤̂) + 𝑎𝑔𝑘𝐼𝑃 (𝜑̂
𝑔𝑘, 𝑤̂) = 𝑎𝑔𝑘𝑆 (𝜑̂, 𝑤̂) + 1

keff
𝑎𝑔𝑘𝐹 (𝜑̂, 𝑤̂) − 𝑎𝑔𝑘𝑒𝑥𝑡(𝜑̂

𝑔𝑘, 𝑤̂), ∀ 𝑤̂ ∈ ̂ℎ,𝑝( ). (41)

For eigenvalue problems, one normalizes the solution after each outer-iteration such that 𝑎 (𝜙̂, 𝜙̂) = 1.
𝐹
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4.1. A discrete coercivity analysis

There exist myriad interior penalty schemes, each proposing its own combination of numerical fluxes and stabilization
echanisms [48,49]. Limiting the scope somewhat, the three standard variations, the non-symmetric interior penalty (NIP), the

ncomplete interior penalty (IIP) and the symmetric interior penalty (SIP) schemes can be expressed by setting 𝜃 to −1, 0 and 1,
respectively, in Eq. (39). The NIP-DG scheme is coercive for any choice of 𝜇𝑓 > 0; whereas a lower bound must be imposed on
the IIP and the SIP variations. For reasons already discussed, only the latter is investigated; yet, for completeness, the variable 𝜃 is
retained.

The performance of the SIP-DG discretization depends heavily upon the choice of penalty parameters; without being arbitrarily
so, they must be large enough to ensure definiteness and invertibility of the matrix equations. Therefore, one aims to establish a
lower bound for the penalty parameters through a coercivity analysis of the bilinear form, based upon the methodology presented
by Shahbazi [51].

Since the discretized system is only weakly coupled in energy and angle, it is sufficient to consider separately the coercivity of
each group-ordinate bilinear form, the left-hand side of Eqs. (40) and (41); where 𝑎𝑔𝑘𝑙ℎ𝑠(𝑢̂, 𝑢̂) is recalled below for some 𝑢̂ ∈ ̂ℎ,𝑝( ),
suppressing the spatial dependence for 𝑔 = 1,… , 𝐺 and for 𝑘 = 1,… , 𝐾:

𝑎𝑔𝑘𝑙ℎ𝑠(𝑢̂, 𝑢̂) = 𝑎𝑔𝑘𝐿 (𝑢̂, 𝑢̂) + 𝑎𝑔𝑘𝐼𝑃 (𝑢̂, 𝑢̂), (42a)

=
∑

𝑉𝑒∈
∫𝑉𝑒

1
𝛴𝑔
𝑡,𝑒
(𝛺⃗𝑘 ⋅ ∇⃗𝑢̂)2 + 𝛴𝑔

𝑡,𝑒(𝑢̂)
2 𝑑𝑉 +

∑

𝜕𝑉𝑓∈𝜕𝑉 +
𝑒𝑥𝑡

∫𝜕𝑉𝑓
|

|

|

𝛺⃗𝑘 ⋅ 𝑛||
|

(𝑢̂)2 𝑑𝑆

+
∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡

(1 + 𝜃)∫𝜕𝑉𝑓
[[𝛺⃗𝑘𝑢̂ ⋅ 𝑛]]{{𝑢̂}} 𝑑𝑆 +

∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡

𝜇𝑔
𝑓 ∫𝜕𝑉𝑓

([[𝛺⃗𝑘𝑢̂ ⋅ 𝑛]])2 𝑑𝑆.
(42b)

As per the arbitrariness of the normal vector defined over an interface, the only potentially negative term and thus, the only one
hat may not contribute towards the coercivity is that in the second line of Eq. (42b).

Rather pessimistically, and regardless of the actual direction of neutron travel, 𝛺⃗𝑘, every element face to the interior of the mesh,
𝜕𝑉𝑓 ∈ 𝜕𝑉𝑖𝑛𝑡, is treated as an inflow boundary, 𝛺⃗𝑘 ⋅ 𝑛 < 0; and thus, the first term of the second line of Eq. (42b) is assumed to be
negative. This may lead to an over-penalization of certain interfaces of a given discrete group-ordinate bilinear forms. However, it
does yield penalty parameters that depend only upon multi-group cross-section data; and they can be calculated in a pre-processing
step. Future research may investigate group-ordinate-dependent penalty parameters; however, this would require significantly more
computational storage.

Sufficient penalization of each face 𝜕𝑉𝑓 ∈ 𝜕𝑉𝐼𝑃 , ensures coercivity of the bilinear form with respect to the energy-norm, which
is defined for some 𝑢̂ ∈ ̂ℎ,𝑝( ) and for 𝑔 = 1,… , 𝐺 and for 𝑘 = 1,… , 𝐾:

‖𝑢̂‖2𝜖𝑔𝑘 ∶=
∑

𝑉𝑒∈
∫𝑉𝑒

1
𝛴𝑔
𝑡,𝑒
(𝛺⃗𝑘 ⋅ ∇⃗𝑢̂)2 + 𝛴𝑔

𝑡,𝑒(𝑢̂)
2 𝑑𝑉 +

∑

𝜕𝑉𝑓∈𝜕𝑉 +
𝑒𝑥𝑡

∫𝜕𝑉𝑓
|

|

|

𝛺⃗𝑘 ⋅ 𝑛||
|

(𝑢̂)2 𝑑𝑆

+
∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡

𝜇𝑔
𝑓 ∫𝜕𝑉𝑓

([[𝛺⃗𝑘𝑢̂ ⋅ 𝑛]])2 𝑑𝑆.
(43)

From the definition of jumps, Eq. (22a), and averages, Eq. (22b); and letting 𝑎 = [[𝛺⃗𝑘𝑢̂ ⋅ 𝑛]] and 𝑏 = {{𝑢̂}} in Young’s inequality
or the product of two scalars:

𝑎𝑏 ≤ 𝜖𝑎2

2
+ 𝑏2

2𝜖
, ∀𝜖 > 0. (44)

and the substitution thereof into Eq. (42b) bounds the potentially negative term in the second line over all discontinuous faces,
∀𝜕𝑉𝑓 ∈ 𝜕𝑉𝑖𝑛𝑡; and collecting like-terms for 𝑔 = 1,… , 𝐺 and for 𝑘 = 1,… , 𝐾:

𝑎𝑔𝑘𝑙ℎ𝑠(𝑢̂, 𝑢̂) ≥ 𝑎𝑔𝑘𝐿 (𝑢̂, 𝑢̂) +
∑

𝜕𝑉𝑓∈𝜕𝑉 +
𝑒𝑥𝑡

∫𝜕𝑉𝑓
|

|

|

𝛺⃗𝑘 ⋅ 𝑛||
|

(𝑢̂)2 𝑑𝑆

−
∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡

(1 + 𝜃)
2𝜖𝑓 ∫𝜕𝑉𝑓

({{𝑢̂}})2 𝑑𝑆

+
∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡

(

𝜇𝑔
𝑓 −

(1 + 𝜃)𝜖𝑓
2

)

∫𝜕𝑉𝑓
([[𝛺⃗𝑘𝑢̂ ⋅ 𝑛]])2 𝑑𝑆.

(45)

By the definition provided in Eq. (22b), the term ({{𝑢̂}})2 is expanded out, to which Eq. (44) is applied with 𝜖 = 1; i.e. 𝑎2+𝑏2+2𝑎𝑏 ≤
2 2
2𝑎 + 2𝑏 . The result is rewritten as a sum of integrals over patch boundaries, where individual terms are collected onto their

10 
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respective patches; i.e.:

𝑎𝑔𝑘𝑙ℎ𝑠(𝑢̂, 𝑢̂) ≥ 𝑎𝑔𝑘𝐿 (𝑢̂, 𝑢̂) +
∑

𝜕𝑉𝑓∈𝜕𝑉 +
𝑒𝑥𝑡

∫𝜕𝑉𝑓
|

|

|

𝛺⃗𝑘 ⋅ 𝑛||
|

(𝑢̂)2 𝑑𝑆

−
∑

𝑉𝑒∈
(1 + 𝜃)

⎡

⎢

⎢

⎣

∑

𝜕𝑉𝑓∈𝑉𝑒∩𝜕𝑉𝑖𝑛𝑡

1
4𝜖𝑓 ∫𝜕𝑉𝑓

(𝑢̂)2 𝑑𝑆
⎤

⎥

⎥

⎦

+
∑

𝜕𝑉𝑓∈𝜕𝑉𝑖𝑛𝑡

(

𝜇𝑔
𝑓 −

(1 + 𝜃)𝜖𝑓
2

)

∫𝜕𝑉𝑓
([[𝛺⃗𝑘𝑢̂ ⋅ 𝑛]])2 𝑑𝑆.

(46)

Taking advantage of the equivalence of norms in the chosen function space, there exists a discrete trace inequality that bounds
from above, up to some constant, the integral quantity of the restriction of a function, as defined over the boundary 𝜕𝑉𝑒; i.e. for
some function 𝑢̂ ∈ ̂ℎ,𝑝(𝑉𝑒):

‖

‖

𝛾0𝑢̂‖‖
2
𝐿2(𝜕𝑉𝑒)

≤ 𝐶0
𝑒,𝑓 ‖𝑢̂‖2𝐿2(𝑉𝑒)

; (47)

where 𝐶0
𝑒,𝑓 is the trace inequality constant (TIC) that pertains to the Dirichlet trace in Eq. (21), for which those integrals over

patch boundaries in second line of Eq. (46) are substituted; and one seeks the sharpest TIC values in order to optimize the penalty
parameters. Following the developments made by Owens et al. the TICs can be calculated as generalized eigenvalue problems,
agnostic of the underlying element type [41]. Wilson et al. calculated TICs in such a manner to optimize penalty parameters for
a SIP-DG-IGA discretization of the multi-group NDE; however, in that instance, the trace inequality employed was for that of the
Neumann trace [28].

Collecting like-terms and comparing against Eq. (38), the following conditions must be satisfied for 𝑔 = 1,… , 𝐺 and for
𝑘 = 1,… , 𝐾:

1 − (1 + 𝜃)
⎡

⎢

⎢

⎣

∑

𝜕𝑉𝑓∈𝑉𝑒∩𝜕𝑉𝑖𝑛𝑡

𝐶0
𝑒,𝑓

4𝛴𝑔
𝑡,𝑒𝜖𝑓

⎤

⎥

⎥

⎦

> 0, ∀𝑉𝑒 ∈  𝑔(𝑉 ); (48a)

𝜇𝑔
𝑓 −

(1 + 𝜃)𝜖𝑓
2

> 0, ∀𝜕𝑉𝑓 ∈ 𝜕𝑉𝑖𝑛𝑡; (48b)

One must choose 𝜖𝑓 > 0, such that Eq. (48a) is satisfied over each element. This is achieved by separately bounding from below
each term in the sum over the 𝐹𝑒-number of faces of a given element; and to ensure that Eqs. (48) hold, the maximum penalization is
applied across an interface [52]. Encapsulated below, the group-dependent penalty parameters may be calculated in a pre-processing
step for 𝑔 = 1,… , 𝐺:

𝜇𝑔
𝑓 > 1

8
(1 + 𝜃)2 max

𝑉𝑒∈
⋂

𝑒′ 𝑉𝑒′∋𝜕𝑉𝑓

𝐶0
𝑒,𝑓𝐹𝑒

𝛴𝑔
𝑡,𝑒

, ∀𝜕𝑉𝑓 ∈ 𝜕𝑉𝑖𝑛𝑡. (49a)

4.2. The Trace Inequality Constants (TICs)

The coercivity analysis reveals that the penalty parameters, 𝜇𝑓 , are proportional to a constant, 𝐶0
𝑒,𝑓 , from an inequality that

bounds from above the Dirichlet trace of a function; q.v. Eq. (47). The problem of optimizing penalty parameters becomes one
of minimizing these trace inequality constants (TICs); and one seeks the maximum eigenvalue, which corresponds to the provably
sharp TIC in Eq. (47); i.e. 𝐶0

𝑒,𝑓 = max 𝑖𝜆𝑖 [41]. Rewritten in matrix notation, both matrices from Eq. (47), mass matrices, form a
regular pair; and so, they do not need to be orthogonalized.

In their SIP-DG-IGA spatial discretization of the multi-group NDE, the penalty parameters were proportional to a constant
from the Neumann trace inequality and Wilson et al. had to orthogonalize the pair of symmetric positive semi-definite (SPSD)
stiffness matrices before solving the generalized eigenvalue problem [28]. Explicit orthogonalization becomes increasingly compu-
tationally expensive for matrices of increasingly large dimension; e.g. for NURBS patches with a complex internal structure due to
KI-1-refinement, 𝑁𝑒 ≫ (101).

Moreover, since the current spatial discretization employs mass matrices in the generalized eigenvalue problem, one is not
estricted to non-degenerate geometries where the derivatives of the volumetric NURBS basis functions must be square-integrable
t the boundary [28]. For example, it is possible to calculate the TICs, and thus, the penalty parameters, for each side of a circle
onstructed from a single bi-quadratic NURBS patch, mapped from a tensor-product parametric space [28].

At the time of writing, only standard pre-conditioners and algebraic multi-grid methods were considered. However, the authors
re aware of research into subspace correction pre-conditioners for DG discretizations of elliptic problems using a basis of Gauss–
obatto functions [53]. This would allow for (S)IP schemes using arbitrarily large penalty parameters and polynomial degrees to
e solved efficiently [53]. Subsequent research should investigate whether such pre-conditioners are also effective for higher-order

URBS-based discretizations.

11 
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Fig. 1. The coarsest meshes of the MMS verification test cases defined over 𝑉 = [0, 1]2: a Cartesian mesh (left) composed of four equal-volume bilinear NURBS
patches; and a nuclear fuel pin-cell mesh (right) composed of nine equal-volume non-degenerate bi-quadratic NURBS patches.

5. The numerical results

This section presents some numerical results for the SIP-DG-IGA spatial discretization of the multi-group SAAF-SN equation under
uniform refinement. The method of manufactured solutions (MMS) is used to compare observed numerical convergence rates against
optimal, theoretical ones. Then a series of nuclear reactor physics benchmark verification test cases are used to analyze the numerical
accuracy of the proposed spatial discretization. Any data-plots that make reference to the DoFs of the discretized system account
for all unknowns that were solved for in the complete system; viz. 𝐷𝑜𝐹 = 𝐺 × 𝐾 × 𝑁 for 𝐺-number of groups and 𝐾-number of
ordinates solved over an energy-independent mesh of 𝑁-number of control-variables.

The SIP-DG-IGA spatial discretization developed here has been implemented in a new, modern Fortran code [54]. The code
adopts a distributed-memory computing software architecture using the Open MPI message passing. The code makes use of PETSc
libraries; more specifically, its parallelization of linear matrix solution algorithms and its compressed row storage (CRS) for large,
sparse-matrix data structures [55].

All jobs were submitted to the general purpose Imperial College high-performance computing (HPC) cluster computing service
(CX1). The within-group within-angle matrix equations are converged to a tolerance of 1.00E−06 using PETSc’s conjugate gradient
(CG) iterative smoother, pre-conditioned by the BoomerAMG algebraic multi-grid method from the HYPRE library [56]. The neutron
scalar flux is converged to a tolerance of 1.00E−06 between successive source iterations; and the eigenvalue is converged to a tolerance
of 1.00E−08 between successive power iterations.

5.1. The Method of Manufactured Solutions (MMS)

The method of manufactured solutions (MMS) is used to investigate the proposed SIP-DG-IGA spatial discretization of the multi-
group SAAF-SN equation; cf. an overview by Salari et al. [57]. A smooth manufactured solution is chosen to test against theoretical
orders of accuracy [58,59]:

|𝑒|𝐻1 ≤ 𝐶1ℎ
min {𝑝,𝑟}; (50a)

‖𝑒‖𝐿2
≤ 𝐶2ℎ

min {𝑝+1,𝑟}; (50b)

where 𝑒 = 𝜙 − 𝜙̂ is the discretization error; ℎ is the characteristic mesh-spacing, 𝑝 is the polynomial degree of the underlying
NURBS basis; 𝑟 denotes the regularity index of the true solution; and 𝐶1 and 𝐶2 are constants independent of ℎ and 𝑝. As per the
ensor-product structure of the NURBS basis functions, Eq. (3), the polynomial degree in the inequalities above, Eqs. (50), is actually
= min 𝑖{𝑝𝑖} for 𝑖 = 𝜉, 𝜂.

For some manufactured solution, 𝜑𝑔𝑘, the (semi-)analytical anisotropic manufactured source, 𝑞𝑔𝑘𝑥 , can be evaluated for 𝑔 = 1,… , 𝐺
and for 𝑘 = 1,… , 𝐾:

𝑄𝑔𝑘𝑞𝑥 = (𝐿𝑔𝑘 −𝑄𝑔𝑘𝑆𝑔𝑘)𝜑; (51)

where 𝑄 is the operator that acts group-ordinate-wise as defined in Eq. (14); and 𝑞𝑥 is the left-hand side of the FONT-SN equation;
i.e. for 𝑔 = 1,… , 𝐺 and for 𝑘 = 1,… , 𝐾:

𝑞𝑔𝑘𝑥 = 𝛺⃗𝑘 ⋅ ∇⃗𝜑𝑔𝑘 + 𝛴𝑔
𝑡 𝜑

𝑔𝑘 −
𝐺
∑

𝑔′=1
𝛴𝑔′→𝑔
𝑠0 𝑌 0

0 (𝛺⃗
𝑘)𝛷𝑔′0

0 . (52)

The manufactured solution and source are used to study the convergence rates of the uniform refinement of a Cartesian mesh; and
then of a more challenging pin-cell mesh. The coarsest meshes for both of the MMS verification test cases, defined over 𝑉 = [0, 1]2,

are presented in Fig. 1.
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Table 1
The nuclear data for the 2D 1G MMS verification test case.
Material 𝑔 𝛴𝑔

𝑡 (cm−1) 𝛴𝑔→1
𝑠0 (cm−1)

(1) - 1 1.000E+00 5.000E−01

Table 2
The asymptotic orders of accuracy, Eqs. (50), for the MMS verification of the uniform refinement
of the SIP-DG-IGA 1G SAAF-S4 equation over a 2D Cartesian mesh; the convergence rates are
evaluated as the slope of the last few points from each dataset.

𝑝 KI-1 KI-ℎ

𝜖𝐻1 𝜖𝐿2
𝜖𝐻1 𝜖𝐿2

(𝑛 = 0)
1 1.00 2.00 1.00 2.00
2 2.00 3.01 2.00 3.00
3 2.98 3.99 3.00 4.00

(𝑛 = 1)
1 1.04 1.99 1.04 1.99
2 2.02 3.02 2.00 3.05
3 3.01 4.03 3.00 4.01

(𝑛 = 2)
1 1.09 1.98 1.09 1.98
2 2.07 3.04 2.02 3.03
3 3.06 4.09 3.00 4.03

Table 3
The nuclear data for the 2D 2G MMS verification test case.
Material 𝑔 𝛴𝑔

𝑡 (cm−1) 𝛴𝑔→1
𝑠0 (cm−1) 𝛴𝑔→2

𝑠 (cm−1)

(1) - 1 1.000E+00 5.000E−01 2.500E−01
(1) - 2 1.000E+00 0.000E+00 5.000E−01

5.1.1. MMS verification test case: A Cartesian mesh
The first MMS verification test case consists of a Cartesian mesh defined over 𝑉 = [0, 1]2. It comprises a homogeneous material

whose properties are prescribed in Table 1. The coarsest mesh is composed of four equal-volume bilinear NURBS patches. Assuming a
one-speed, or one-group (1G), energy approximation and the S4 Gauss–Chebyshev angular quadrature set, the manufactured solution
s chosen for 𝑘 = 1,… , 𝐾:

⎧

⎪

⎨

⎪

⎩

𝜑𝑛𝑘(𝑟) = sin (𝐵𝑛
𝑥𝑥) sin (𝐵

𝑛
𝑦𝑦)

[

1 + 𝛺⃗𝑘 ⋅ 𝛺⃗𝑘
]

, 𝑟 ∈ 𝑉 ; (a)

𝐵𝑛
𝑥, 𝐵

𝑛
𝑦 ∶= (2𝑛+1)𝜋, ∀𝑛 ≥ 0; (b)

(53)

with

𝛷0
0(𝑟) ≈

𝐾
∑

𝑘=1
𝑤𝑘𝑌

0
0 (𝛺⃗

𝑘) sin (𝐵𝑛
𝑥𝑥) sin (𝐵

𝑛
𝑦𝑦)

[

1 + 𝛺⃗𝑘 ⋅ 𝛺⃗𝑘
]

, (54)

≈ sin (𝐵𝑛
𝑥𝑥) sin (𝐵

𝑛
𝑦𝑦)

𝐾
∑

𝑘=1
𝑤𝑘𝑌

0
0 (𝛺⃗

𝑘)
[

1 + 𝛺⃗𝑘 ⋅ 𝛺⃗𝑘
]

; (55)

where 𝜑𝑛𝑘 denotes an odd harmonic mode as characterized by the geometric buckling, 𝐵𝑛
𝑥 and 𝐵𝑛

𝑦 . To allow for the maximum
ttainable convergence rates, the manufactured solution has been chosen to be smooth, yet, it cannot be arbitrarily represented
xactly by higher-order NURBS bases. Moreover, the homogeneous Dirichlet (vacuum) boundary condition is naturally satisfied.
ne emphasizes that the manufactured solution is chosen for the within-angle equation rather than the full NTE; and thus, it is used

o isolate those errors that result from the spatial discretization [59].

niform refinement. For the KI-refinement of linear, quadratic and cubic B-splines, the 𝐻1-errors for the SIP-DG-IGA spatial
iscretization are presented in Fig. 2 for the manufactured solution chosen as the first, third and fifth harmonics of a modified
tanding wave equation; q.v. Eq. (53). The suffixes -1 and -h, in the legend, denote KI-1-refinement and ℎ-refinement, respectively.
ualitatively similar plots were obtained for the 𝐿2-error; however, for brevity, these have not been presented. Under refinement,

he discontinuous discretization scheme converges to the analytical solution; and asymptotically, they attain their theoretical orders
f accuracy, as presented in Table 2.

These results are qualitatively similar to those obtained for the verification of the SIP-DG-IGA discretization of the NDE presented
y Wilson et al.; and thus, for brevity, the discussion is not repeated here [28].

.1.2. MMS verification test case: A pin-cell mesh
The second MMS verification test case consists of a more-challenging, nuclear fuel pin-cell mesh defined over 𝑉 = [0, 1]2. It
comprises a homogeneous material whose properties are prescribed in Table 3. The coarsest mesh is composed of nine equal-volume

13 
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Fig. 2. The convergence plots, 𝜖𝐻1 v h (left) and 𝜖𝐻1 v DoFs (right), for the MMS verification of the uniform refinement of the SIP-DG-IGA 1G SAAF-S4 equation
over a 2D Cartesian mesh. The manufactured solution is chosen as per Eq. (53) for 𝑛 = 0 (top row), 𝑛 = 1 (middle row) and 𝑛 = 2 (bottom row). (Vide the
web-based version for reference to color.)

non-degenerate bi-quadratic NURBS patches. Assuming a two-group (2G) energy approximation and the S4 Level Symmetric angular
quadrature set, the manufactured solution is chosen for 𝑘 = 1,… , 𝐾:

{

𝜑𝑔𝑘(𝑟) = cos (𝐵𝑔
𝑥𝑥) cos (𝐵

𝑔
𝑦𝑦)

[

1 + 𝛺⃗𝑘 ⋅ 𝛺⃗𝑘
]

, 𝑟 ∈ 𝑉 ; (a)
𝐵𝑔
𝑥 , 𝐵

𝑔
𝑦 ∶= (2𝑔+1)𝜋, for 𝑔 = 1, 2; (b)

(56)

with

𝛷𝑔𝑚
𝑙 (𝑟) ≈

𝐾
∑

𝑘=1
𝑤𝑘𝑌

𝑚
𝑙 (𝛺⃗𝑘) cos (𝐵𝑔𝑘

𝑥 𝑥) cos (𝐵𝑔𝑘
𝑦 𝑦)

[

1 + 𝛺⃗𝑘 ⋅ 𝛺⃗𝑘
]

, (57)

≈ cos (𝐵𝑔𝑘
𝑥 𝑥) cos (𝐵𝑔𝑘

𝑦 𝑦)
𝐾
∑

𝑘=1
𝑤𝑘𝑌

𝑚
𝑙 (𝛺⃗𝑘)

[

1 + 𝛺⃗𝑘 ⋅ 𝛺⃗𝑘
]

; (58)

where 𝜑𝑔𝑘 denotes an odd harmonic mode as characterized by the geometric buckling, 𝐵𝑔
𝑥 and 𝐵𝑔

𝑦 . Again, the manufactured solution
has been chosen to be infinitely differentiable. However, now, the non-homogeneous Dirichlet reflective boundary condition is
naturally satisfied.
14 
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Fig. 3. The spatial distribution of the multi-group components of the neutron scalar flux for the 2G SAAF-S4 equation over a 2D pin-cell mesh. The manufactured
solutions are chosen as per Eq. (56) for 𝑔 = 1, 2. (Vide the web-based version for reference to color.)

Fig. 4. The convergence plots, 𝜖𝐻1 v h (left) and 𝜖𝐻1 v DoFs (right), for the MMS verification of the uniform refinement of the SIP-DG-IGA 2G SAAF-S4 equation
over a 2D pin-cell mesh. The manufactured solutions are chosen as per Eq. (56) for 𝑔 = 1, 2. (Vide the web-based version for reference to color.)

Table 4
The asymptotic orders of accuracy, Eqs. (50), for the MMS verification of the uniform refinement
of the SIP-DG-IGA 2G SAAF-S4 equation over a 2D pin-cell mesh. The convergence rates are
evaluated as the slope of the last few points from each dataset.
𝑝 KI-1 KI-ℎ

𝜖𝐻1 𝜖𝐿2
𝜖𝐻1 𝜖𝐿2

2 2.24 3.54 2.03 3.01
3 3.31 4.43 3.02 4.00
4 4.48 5.36 4.04 5.04

The spatial distribution of the multi-group components of the neutron scalar flux for the 2G SAAF-S4 equation over a 2D pin-cell
esh are presented in Fig. 3. The manufactured solutions are chosen as the third and fifth harmonics of a modified standing wave

quation; q.v. Eq. (56) for 𝑔 = 1, 2.

niform refinement. For the KI-refinement of quadratic, cubic and quartic NURBS bases, the 𝐻1-errors for the SIP-DG-IGA spatial
iscretization are presented in Fig. 4 for the multi-group components of the manufactured solution chosen as the third and fifth
armonics of the standing wave equation; q.v. Eq. (56). Qualitatively similar plots were obtained for the 𝐿2-error; however, for
revity, these have not been presented. Under refinement, the discontinuous discretization scheme converges to the analytical
olution; and asymptotically, it attains the theoretical orders of accuracy for ℎ-refinement, as presented in Table 4. However, for
I-1-refinement, one remarks a degree of super-convergence, which may be explained by the higher-order continuity in the basis.

.2. Reed’s 1D problem

Reed’s nuclear reactor physics benchmark verification test case for the one-speed FONT-S8 is posed over a heterogeneous slab that
resents four regions of physically distinct materials, including a fuel, a can, a void and a moderator; v. Fig. 5. The corresponding
acroscopic nuclear cross-section data are given in Table 5 [60]. The strengths of two different extraneous sources of neutrons are
15 
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Fig. 5. The geometry for Reed’s 1D 1G problem, which has been adapted from the original problem and presented in 2D. The constituent materials are denoted
y the numbers in parentheses; viz. fuel (1), can (2), void (3) and moderator with a source (4) and without (5). (Vide the web-based version for reference to
olor.)

Fig. 6. The numerical solutions (top) to the SIP-DG-IGA 1G SAAF-S8 equation and the corresponding discretization errors (bottom), 𝜙 − 𝜙̂, for different levels
f uniform ℎ-refinement for Reed’s 1D problem. The unresolved boundary layer, 𝑥 = 2.0 cm, the void region, 3.0 < 𝑥 < 5.0 cm, and the peak, 𝑥 ≈ 6.0 cm, are
agnified. (Vide the web-based version for reference to color.)
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Table 5
The nuclear data for Reed’s 1D 1G problem [60].
Material 𝑔 𝛴𝑔

𝑡 (cm−1) 𝛴𝑔→1
𝑠0 (cm−1) 𝑞𝑔𝑥 (cm−3 s−1)

(1) Fuel 1 5.000E+01 0.000E+00 5.000E+01
(2) Can 1 5.000E+00 0.000E+00 0.000E+00
(3) Void 1 0.000E+00 0.000E+00 0.000E+00
(4) Moderator 1 1.000E+00 9.000E−01 1.000E+00
(5) Moderator 1 1.000E+00 9.000E−01 0.000E+00

Fig. 7. The convergence plots, 𝜖𝐿2
v h (left) and 𝜖𝐿2

v DoFs (right), for the uniform refinement of the CBG-IGA and the SIP-DG-IGA 1G SAAF-S8 equation for
eed’s 1D problem; over the entire domain (top), 0 ≤ 𝑥 ≤ 8 cm, and over the can-and-void region (bottom), 2 ≤ 𝑥 ≤ 5 cm. (Vide the web-based version for
eference to color.)

ssigned between 0.00 cm < 𝑥 < 2.00 cm and 5.00 cm < 𝑥 < 6.00 cm. One prescribes reflective and vacuum boundary conditions
t 𝑥 = 0.00 cm and 𝑥 = 8.0 cm, respectively; and since this problem has been adapted into 2D, reflective boundary conditions are
lso prescribed at 𝑦 = 0.00 cm and 𝑦 = 1.00 cm. The coarsest Cartesian mesh is constructed from eight bilinear NURBS patches. As
etermined by Warsa, with the help of MAPLE, a symbolic algebra program, there does exist an analytical solution to the mono-group
omponent of neutron scalar flux for Reed’s 1D problem; v. Fig. 6 [61].

This problem was selected to investigate further the convergence properties of the SIP-DG-IGA SAAF-SN equation; more specif-
cally, to determine the advantages, if any, for allowing discontinuities in the solution over a highly heterogeneous configuration.
s such, only uniform ℎ-refinement is performed with additional knots inserted solely in the 𝜉∕𝑥-direction.

To model the void region, one employs a low-density macroscopic cross-section of total collision, 𝛴𝑡,3 ≈ 𝜏 = 1.00E−06 cm−1;
nd to retain the SPD properties of the discrete linear systems, no other attempt is made to incorporate any sophisticated void
reatment [35,36]. One recalls that the penalty parameters for the SIP-DG-IGA discretization vary as 𝜇𝑓 ∝ 1∕𝛴𝑡; q.v. Section 4.
herefore, to avoid any over-penalization of coarser meshes over the void region, one introduces the following modification
∕𝛴∗

𝑡 = min {1∕𝜏, 1∕ℎ}, such that 1∕𝛴∗
𝑡 → ∞ as 𝜏, ℎ → 0.

For various degrees of ℎ-refinement, the neutron scalar flux profiles for the SIP-DG-IGA SAAF-S8 equation are presented in
ig. 6 along with their respective discretization error distributions. The corresponding convergence plots are presented in Fig. 7,

including for KI-1-refinement, which is denoted in the legend by the suffix -1; and these are compared against a standard CBG-IGA
discretization over similar spatial meshes. The discontinuous and the continuous Galerkin discretizations are denoted in the legend
by the prefixes DG- and CG-, respectively. Clearly, it is advantageous to allow for discontinuities in the solution about the material
interfaces; and especially so for the KI-1-refinement of coarser meshes over the void region where the SIP-DG-IGA discretization
becomes competitive on a per DoF basis.

Since the analytical solution presents discontinuous first-order derivatives, one does not expect to attain full rates of convergence.
In fact, the errors attributed to the unresolved boundary layer at 𝑥 = 2.0 cm are negligibly small under refinement. However,
17 
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Fig. 8. The geometry for Ackroyd’s 2D 1G small reactor problem [62]. The constituent materials are denoted by the numbers in parentheses; viz. fuel (1),
moderator (2) and control-rod (3). (Vide the web-based version for reference to color.)

Table 6
The nuclear data for Ackroyd’s 2D 1G small reactor problem [62].
Material 𝑔 𝛴𝑔

𝑡 (cm−1) 𝛴𝑔→1
𝑠0 (cm−1) 𝑞𝑔𝑥 (cm−3 s−1)

(1) Fuel 1 1.51461E−01 8.93030E−02 1.48083E−02
(2) Moderator 1 1.48934E−01 9.93430E−02 0.00000E+00
(3) Control-Rod 1 1.50000E+00 0.00000E+00 0.00000E+00

Table 7
The total solution times for the uniform KI-refinement of the SIP-DG-IGA 1G SAAF-S2, S4 & S8 equations, for an increasingly
large polynomial degree of the NURBS basis, 𝑝, for Ackroyd’s 2D small reactor problem. These timings for the discontinuous
discretization, denoted by DG, are compared to a standard CBG-IGA discretization, denoted by CG. All timings are provided in
seconds.

S2 S4 S8

CG DG CG DG CG DG

(𝑝 = 1) KI-1 × 5 0.719 1.70 1.76 5.48 6.14 19.6
KI-ℎ × 5 0.719 8.99 1.76 37.0 6.14 111

(𝑝 = 2) KI-1 × 5 4.57 8.74 12.7 29.7 44.2 99.6
KI-ℎ × 5 12.1 55.9 27.8 301 77.9 896

(𝑝 = 3) KI-1 × 5 17.8 40.9 50.4 129 172 403
KI-ℎ × 5 41.4 229 145 885 503 2870

(𝑝 = 4) KI-1 × 5 47.6 102 124 292 426 1030
KI-ℎ × 5 273 – 634 – 2060 –

(𝑝 = 5) KI-1 × 5 99.8 221 261 718 972 2520
KI-ℎ × 5 – – – – – –

(𝑝 = 6) KI-1 × 5 242 – 662 – 2320 –
KI-ℎ × 5 – – – – – –

modeling the void region with low-density cross-sections and no scatter implies that there must be some absorption of neutrons;
and thus, owing to a lack of neutrons traveling in the positive 𝑥-direction, the result is an underestimation of the peak at 𝑥 ≈ 6.0
cm; where one notes that the corresponding discretization error appears to be constant under refinement. As such, the numerical
solutions do not converge to the analytical one.

5.3. Ackroyd’s 2D small reactor problem

Embedded in a moderator and enclosed by a bare surface, Ackroyd’s small nuclear reactor physics benchmark verification test
case consists of four fuel clusters with three control-rods inserted; as represented by Materials 2, 1 and 3, respectively; v. Fig. 8 [62].

he corresponding macroscopic nuclear cross-section data are provided in Table 6. Modeling for only a single thermal energy group,
ne assumes a uniformly dispersed and isotropic slowing-down source across the fueled regions. As per the one-quarter symmetry
n the problem, reflective boundary conditions are prescribed at 𝑥 = 𝑦 = 0.00 cm. The coarsest Cartesian mesh is constructed from
25 bilinear NURBS patches. For the quantity of interest (QoI) chosen as the absorption in Material 1 in the top right-hand corner
18 
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Fig. 9. The spatial distribution of the mono-group component of the neutron scalar flux for the 1G SAAF-SN equation for Ackroyd’s 2D small reactor problem;
for S2 (top left), S4 (top right) and S8 (bottom) Gauss–Chebyshev angular quadrature sets. The QoI is the absorption in Material 1 in the top right-hand corner;
v. Fig. 8. (Vide the web-based version for reference to color.)

of Fig. 8, PN−1 reference solutions were obtained using the EVen Parity Neutron Transport (EVENT) code over a mesh of 104,000
bi-quadratic Lagrangian finite elements [63]. The finite element mesh was generated using transfinite interpolation mesh generation
lgorithms implemented within GEM, which is the mesh generator and data pre-processing software for EVENT [64].

The spatial distribution of the mono-group component of the neutron scalar flux for the S2, S4 & S8 approximations with Gauss–
hebyshev angular quadrature sets are presented in Fig. 9. Those errors due to the spatial discretization can be strongly coupled
o the angular discretization; and especially so for dominating ray effects [65]. Whilst much less apparent for the SAAF-S8, the ray
ffects are clearly visible in solution for smaller angular quadrature sets; and unsurprisingly, accurate numerical solutions demand
ood resolution along these rays.

Owing to the potential for higher-order continuity across knot-spans, 𝐶𝑝–𝑚̇, NURBS-based IGA discretizations of smooth,
lliptic problems can exhibit improved numerical accuracy per DoF when compared to other FEM-like discretizations over similar
eshes [23,66]. Indeed, this is observed in Fig. 10, where KI-1-refinement consistently yields more accuracy in the QoI, which is
local quantity, per DoF than ℎ-refinement for each of the increasingly large angular quadrature sets; and for each of the bases of

inear, quadratic and cubic NURBS functions. However, the individual group-ordinate-wise banded matrices do become increasingly
ore ill conditioned for increasingly large polynomial degrees; and increasingly more computational effort is required to converge

he within-group within-angle equations since the algebraic multi-grid pre-conditioner appears to become increasingly less effective
or higher-order NURBS bases.

The total solution times for a chosen uniform KI-refinement of the SIP-DG-IGA 1G SAAF-S2, S4 & S8 equations, for an increasingly
arge polynomial degree of the NURBS basis, are presented in Table 7. These timings are indicative of the amount of serial
omputational effort required of a single MPI process to invert the ordinate-wise banded matrices that result from the proposed
iscontinuous spatial discretization, denoted by DG; and they are compared to the total solution times of a standard CBG-IGA
iscretization, denoted by CG, over the same spatial mesh. As an aside, one notes that the total analysis time is dominated by the
olution time; and the other stages of the analysis, including refinement and assembly, contribute only slightly. Clearly, as the SN
rder increases, there are more ordinate-wise banded matrices to invert; and so, the total solution time increases.

For ease of comparison, the average solution time required to invert each ordinate-wise system is plotted against the correspond-
ng DoFs of the discrete system in Fig. 11 where each data point in each series represents an increase in the polynomial degree of
19 
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Fig. 10. The convergence plots, 𝜖𝑄𝑜𝐼 v DoFs, for the uniform refinement of the SIP-DG-IGA 1G SAAF-S2 (top left), SAAF-S4 (top right) and SAAF-S8 (bottom)
equations for Ackroyd’s 2D small reactor problem. The QoI is the absorption in Material 1 in the top right-hand corner; v. Fig. 8. (Vide the web-based version
for reference to color.)

Fig. 11. The average solution times per ordinate-wise system for the uniform KI-refinement of the SIP-DG-IGA 1G SAAF-S2 (top left), SAAF-S4 (top right) and
AAF-S8 (bottom) equations for Ackroyd’s 2D small reactor problem; they are derived from those total solution times presented in Table 7. These timings for
he discontinuous discretization, denoted by DG and presented in blue, are compared to a standard CBG-IGA discretization, denoted by CG and presented in red.
Vide the web-based version for reference to color.)
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Fig. 12. The geometry for Hong and Cho’s 2D 2G BWR problem with burnable Gadolinium poison pins [67]. The constituent materials are denoted by the
numbers in parentheses; viz. Uranium oxide (1), Uranium & Gadolinium Oxides (2), cladding (3) and moderator (4). (Vide the web-based version for reference
to color.)

Table 8
The nuclear data for Hong and Cho’s 2D 2G BWR problem with burnable gadolinium poison pins [67]. The fission spectrum is
𝜒 = [1.00, 0.00]𝑇 .
Material 𝑔 𝛴𝑔

𝑡 (cm−1) 𝛴𝑔→1
𝑠0 (cm−1) 𝛴𝑔→2

𝑠0 (cm−1) 𝛴𝑔
𝑓 (cm−1) 𝜈𝑔𝛴𝑔

𝑓 (cm−1)

(1) UO2
1 3.62022E−01 3.33748E−01 6.64881E−04 7.22964E−03 1.86278E−02
2 5.72155E−01 0.00000E+00 3.80898E−01 1.41126E−01 3.44137E−01

(2) UO2 & Gd2O2
1 3.71785E−01 3.38096E−01 6.92807E−04 6.97904E−03 1.79336E−02
2 1.75000E+00 0.00000E+00 3.83204E−01 6.47524E−02 1.57929E−01

(3) Cladding 1 2.74144E−01 2.72377E−01 1.90838E−04 0.00000E+00 0.00000E+00
2 2.80890E−01 0.00000E+00 2.77230E−01 0.00000E+00 0.00000E+00

(4) Moderator 1 6.40711E−01 6.07382E−01 3.31316E−02 0.00000E+00 0.00000E+00
2 1.69131E+00 0.00000E+00 1.68428E+00 0.00000E+00 0.00000E+00

the NURBS basis followed by KI-refinement. One recalls that the processes of KI and DE are not commutative [44]. Indeed, the
imings presented in Table 7 were chosen to compare the continuous and discontinuous discretizations schemes on a similar per
oF basis; and one notes that they give comparable average timings for both KI-1-refinement and ℎ-refinement.

In each case, there is a non-linear effect on the average solution times from KI-refinement of the NURBS basis for an increasingly
arge polynomial degree, which may infer a degradation of the conditioning of the ordinate-wise matrices. The rate of increase in
verage solution time per DoF is more significant for KI-1-refinement than for ℎ-refinement since the former quickly attains those
imings of the latter for approximately an order-of-magnitude less DoFs. One recalls how ℎ-refinement becomes increasingly more
xpensive to perform as the polynomial degree of the NURBS basis, 𝑝, increases.

.4. Hong and Cho’s 2D BWR problem

Hong and Cho’s nuclear reactor physics benchmark verification test case is a four-by-four boiling water reactor (BWR) lattice
ith two adjacent burnable Gadolinium poison pins [67]. This problem presents four physically distinct regions, including 14
omogenized regular fuel pins (3wt.% UO2) and two poisoned ones (3wt.% Gd2O3); each pin is encased in a cladding of Zr-2 and
oderated by water, as represented by Materials 1, 2, 3 and 4, respectively; v. Fig. 12. For the two-group condensation of the
72-group WLUP nuclear data library at the delimitation of 4 eV, this problem was first modeled by DRAGON, a lattice code [68].

These few-group macroscopic neutron cross-section data are reproduced in Table 8 [69]. To model an infinite lattice, reflective
boundary conditions are specified at every external physical boundary. The coarsest mesh is constructed from 208 bi-quadratic
NURBS patches. For the QoI chosen as keff, Yang and Satvat provide a reference of keff = 0.986561 [69]. However, in this instance, a
reference solution was obtained from a CBG-IGA discretization of the 2G SAAF-S6 equation over energy-dependent meshes generated
after the 11th iteration of a goal-based adaptive ℎ𝑝-refinement algorithm, which was implemented within the same framework that
Wilson et al. applied to the multi-group NDE [27]; this will be presented in a subsequent paper.

The spatial distribution of the multi-group components of the neutron scalar flux for the 2G SAAF-S6 equation with the Level
Symmetric angular quadrature set are presented in Fig. 13. And, again, one observes in Fig. 14 that KI-1-refinement consistently
yields more accuracy in the QoI, which is a global quantity, per DoF than ℎ-refinement for a basis of quadratic, cubic and quartic
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Fig. 13. The spatial distribution of the multi-group components of the neutron scalar flux for the 2G SAAF-S6 equation for Hong and Cho’s 2D BWR problem
ith burnable Gadolinium poison pins. The QoI is the keff. (Vide the web-based version for reference to color.)

Fig. 14. The convergence plots, 𝜖𝑄𝑜𝐼 v DoFs, for the uniform refinement of the SIP-DG-IGA 2G SAAF-S6 equation for Hong and Cho’s 2D BWR problem with
burnable Gadolinium poison pins. The QoI is the keff. (Vide the web-based version for reference to color.)

NURBS functions. Moreover, one recalls how ℎ-refinement becomes increasingly more expensive to perform as the polynomial degree
of the basis, 𝑝, increases. This is due to the fact that the number of unknowns is increased for every knot inserted; and knots must
be inserted with a multiplicity of 𝑚̇ = 𝑝 + 1 in order to render the basis discontinuous.

6. Conclusion

This paper presents the first application of a SIP-DG-IGA spatial discretization to the multi-group SAAF-SN equation, which can
be readily extended to full 3D heterogeneous nuclear reactor physics problems. Penalty parameters, based upon a coercivity analysis
of the bilinear form, were derived for general element types to ensure sufficient, not excessive, penalization of the discrete solution
field across the spatial mesh. The spatial discretization results in large, sparse, symmetric positive-definite (SPD) matrices that can
benefit from PETSc’s capacity for distributed-memory CRS data structures; and the parallel implementation of its PCG smoothers.
However, it was observed that the algebraic multi-grid pre-conditioner was increasingly less effective for higher-order NURBS bases.
Indeed, most efficient and well-established pre-conditioners have been developed for low-order continuity FEM; and they are not
generally effective for bases that exhibit higher-order continuity [26,70].

Nonetheless, the proposed spatial discretization was shown to be consistent and convergent using the MMS and a series of
uclear reactor physics benchmark verification test cases that were analyzed in this paper. NURBS-based IGA discretizations of
mooth, elliptic problems can exploit the potential for higher-order continuity across knot-spans. For bases of linear, quadratic,
ubic and quartic NURBS functions, this paper shows that KI-1-refinement consistently yields improved numerical accuracy per

egree of freedom (DoF) than ℎ-refinement.
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Despite incurring at least twice as many DoFs when compared to a standard continuous Bubnov–Galerkin discretization over
imilar spatial meshes, there are advantages to allowing discontinuities, or some degree of disconnectedness, in the numerical solution.

This is especially important over heterogeneous problems where the neutron scalar flux may exhibit significant changes in its profile
across material interfaces. Moreover, the proposed discontinuous scheme yields a more-compact spatial discretization stencil; and
its flexibility lends itself to its implementation within self-adaptive, local-refinement algorithms, which will form the subject of
subsequent research.
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