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Abstract: In this paper, we address the problem of model reduction by moment matching
for quadratic-bilinear time-delay systems. The moment of such systems is characterized by a
power series representation, which can be computed by solving an infinite-dimensional system
of Sylvester-like equations. A family of parameterized reduced-order models that preserves the
quadratic-bilinear time-delay structure is derived through matching an approximate moment
defined by truncating the power series. The developed theory is demonstrated on a numerical

example.
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1. INTRODUCTION

Model reduction provides a solution to the complexity
issue arising in the prediction, analysis and control of
modern complex systems. Complexity is mainly intro-
duced by the high dimensionality of models that describe
the dynamics of real-world systems. For instance, in the
context of power systems, the interconnections of several
machines could easily bring the number of state vari-
ables to be considered to the order of thousands, see,
e.g., Yadaiah and Ramana (2007); Scarciotti (2017). The
situation is even more complex in the context of fluid
dynamics, where dynamics are typically described by non-
linear partial differential equations (PDEs), such as the
Navier-Stokes equations. As these equations do not have a
closed-form solution, simulations and analysis are based
on discretization techniques which transform the PDEs
in ordinary differential equations (ODEs) with millions of
states (Rowley and Dawson (2017)). These dimensionality
challenges generate interest in model reduction.

The problem of model reduction can be informally de-
scribed as follows: given a complex system, find a simplified
description while preserving some important behaviours
(e.g. frequency response) or properties (e.g. stability). In
this paper, we focus on a particular class of methods
called moment matching methods. The moment matching
methods are originally based on the interpolation frame-
work where the reduced-order models are constructed as a
rational interpolant, see, e.g., Kimura (1986); Byrnes et al.
(1995); Georgiou (1999); Antoulas et al. (1990); Byrnes
et al. (2001). More recently, Astolfi (2010) provided a time-
domain interpretation of moments based on the notion of
steady state. This characterization allowed extending the
framework to nonlinear systems, see, e.g., Scarciotti and
Astolfi (2017); Faedo et al. (2021).
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In this work, the problem of model reduction for quadratic-
bilinear time-delay systems is studied. Motivations for
developing model reduction techniques for such sys-
tems come from the independent practical importance of
quadratic-bilinear systems and of time-delay systems.

On the one hand, note that a wide class of nonlinear
systems can be re-written in the form of quadratic-bilinear
systems through exact transformations (Gu (2011)), al-
though, at the cost of a linear increase on the num-
ber of state variables. In recent years, some trajectory-
based methods including POD (Astrid et al., 2008), the
trajectory piecewise-linear approach (White et al., 2003)
and discrete empirical interpolation (Chaturantabut and
Sorensen, 2010) have been proposed for this kind of sys-
tems. Regarding to moment matching method, some works
has been motivated for quadratic-bilinear systems as well,
see, e.g., Ahmad et al. (2019); Gosea and Antoulas (2018);
Asif et al. (2021); Ilyas Ahmad et al. (2016). Note that
the aforementioned works rely upon the linear notion of
moment based on generalized transfer functions. Bai et al.
(2022) instead provided a moment matching method which
exploits the nonlinear notion of moment based on the
steady state.

On the other hand, time-delay systems (see the mono-
graphs of Hale (1971); Dugard and Verriest (1998);
Michiels and Niculescu (2007)) naturally arise in real-
world scenarios since, as a matter of fact, every system
presents delays to some degree. Consequently, extensions
of model reduction techniques to time-delay systems have
been intensively studied in recent years. We mention a few,
namely Xu et al. (2001); Jarlebring et al. (2013); Scarciotti
and Astolfi (2016).

Literature on model reduction of quadratic-bilinear time-
delay systems is scarce. A related work is Gosea et al.
(2019) which considered bilinear systems with a single
delay on the linear term. Our work studies the general
case in which multiple-delays appear on all terms of the
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equations that describe quadratic-bilinear systems. Model
reduction by moment matching for general nonlinear time-
delay systems has been solved in Scarciotti and Astolfi
(2016). However, the results therein for nonlinear systems
rely on the solutions of PDEs which are difficult to
compute. Our work, based on the ideas introduced by Bai
et al. (2022) for delay-free systems, proposes an enhanced
method that, exploiting the special structure of quadratic-
bilinear systems, allows to easily compute approximations
of the nonlinear moment and obtain reduced-order models
which preserve the quadratic-bilinear time-delay structure.

The remainder of this paper is organized as follows. In
Section 2 we recall the notion of moment for nonlinear
time-delay systems and the associated reduced-order mod-
els, together with a brief introduction of the Kronecker
product. Section 3 characterizes the nonlinear moment
for quadratic-bilinear time-delay systems by solving an
infinite-dimensional system of equations, based on which
a family of reduced-order models is presented in Section 4.
In Section 5, the results are demonstrated by a numerical
example. The paper ends with some concluding remarks.

Notation We use standard notation. R and C denote
the sets of real numbers and complex numbers respectively.
R>0 (Rs0) denotes the set of non-negative (positive) real
numbers. Cy (Cp) denotes the set of complex numbers
with zero (negative) real part. The set of non-negative
integers is denoted by Zx>(. The identity matrix of dimen-
sion v is denoted by the symbol I,,, and I4 represents the
identity matrix with dimension max(m,n) for any matrix
A € R™™. AT denotes the transpose of any matrix A.
For square matrices A and B, diag(A, B) indicates a block
diagonal matrix with A and B on the main diagonal. The
subscript of a signal denotes the translation operator, e.g.,
x; and wu)y indicates z(t — 7) and u(t — ) respectively.
7; = {Ti S Rzo} with 79 = 0 and 7; = {)\J S R>0}, are
sets of delays for states and inputs, respectively. Given a
set of delays {7;}, the symbol R} = R} ([T, 0], R™), with
T = max;{7;}, indicates the set of continuous functions
mapping the interval [—T,0] into R" with the topology
of uniform convergence. Given two sets X and Y , X \V
indicates the set of elements in X but not in Y. The symbol
® indicates the Kronecker product and @ indicates the
Kronecker sum. For any matrix A, we define

AD = (A9 A---®A), Al.=(A@A---aA), (1)
| S — —_——
i—factors i—factors

for all i > 2, with A® = Al = 4 and A© = A0 = 1,
ie. A® and Al are scalars.

2. PRELIMINARIES

In this section we recall the notion of moment matching
for general nonlinear time-delay systems introduced in
Scarciotti and Astolfi (2016).

Consider a nonlinear, single-input, single-output (SISO),
continuous-time, time-delay system described by equations

of the form
= f(Trgs oo Tres Ungy -5 UN, ), y = h(x),
-T<6<0,

2

#(6) = q(6). )

with z(t) € R", u(t) € R, y(t) € R, g € Ry}, 7, € T,
with¢=10,...,{, \; € T, with j =0,...,p, and f and h

smooth mappings. Consider a signal generator described
by the equations

0 =l(w), (3)
with w(t) € R”,0(t) € R, s and [ smooth mappings, and
the interconnected system between (2) and (3), namely

w = s(w),

w = s(w)
= f(Trs ooy T, Hwag ) - -5 Hwa,)) (4)
= h(),
Suppose that f(o,.. ,0) = 0,s(0) = 0,i(0) =0
and h(0) = 0.

Assumption 1. There exists a unique mapping 7, locally
defined in a neighbourhood of w = 0, solving the partial
differential equation

on

a—ws(w) =f (7 (@rg) s (@r) L(@2g) - - -
in which @, = @7 (w) and @y; = ®5 (w), withi =0,...,¢
and j =0,...,u, are the flows of vector field s at —7; and
—;j (see Isidori (1985)), respectively.

Assumption 2. The signal generator (3) is observable,
i.e., for any pair of initial conditions w,(0) and wy(0), such

that wq(0) # wp(0), the corresponding output trajectories
l(wqa(t)) and I(wy(t)) are such that I (we(t)) —1 (wp(t)) Z 0.

We are now in a position to define the moment for
system (2).

Definition 1. Counsider system (2) and the signal gener-
ator (3). Suppose Assumptions 1 and 2 hold. Then, the
mapping h o 7, with 7 the solution of (5), is the moment
of system (3) at (s,1).

3. MOMENTS FOR QUADRATIC-BILINEAR
SYSTEMS WITH DELAYS

We first consider a quadratic-bilinear, SISO, continuous-
time, time-delay system described by the equations

T = Z Aixr, + Z Hi(z; ®z,,)+ Z Bjuy,

Ti€Te Ti€Te Aj€Tu

+ Z Z NijIL'-,—iU)\j, (6>

Ti€Te NjE€Tw

y = Chu, x(0) = q(0), -T<6<0,
where z(t) € R", u(t) € R, y(t) € R, g € R, A; € R™*",
Ny; € R™" H, e R B; e R", CT e R™.
Consider a linear signal generator described by

W= s(w) = Sw, 0 =1l(w) = Lw, (7)

with § € R**? and LT € R". In the context of system (6)
we can provide a series of simple conditions that ensure
that the mapping in Assumption 1 exists (in virtue of the
center manifold theory for time-delay systems, see Hale
(1971)). Despite these conditions are sufficient but not
necessary, in virtue of their simplicity in the rest of the
paper we replace Assumption 1 with the following.
Assumption 3. The zero equilibrium of system (6) is
locally exponentially stable and the matrix S has simple
eigenvalues with o(S) C Cy.

In addition, since the linear signal generator (7) is consid-
ered, Assumption 2 reduces to its linear version.
Assumption 4. The pair (5, L) is observable.
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We now present a result that allows computing the non-
linear moment of (6) by solving a series of linear equations
recursively.

Theorem 1. Consider system (6) and the signal generator
(7), and suppose that Assumptions 3 and 4 hold. Then

there is a mapping
= Z ka(k) (8)
k>1
which formally solves the partial differential equation

—Swf Z A (wr,) Z H;(r(wy,) @ m(wy,))

Ti€T Ti€Tx (9)
+ > BjLwy, + Y Y Nijm(wr,)Lwy,
)\jE'Tu Ti €Tz )\jE’Tu

where I, & > 1, are the solutions of the infinite-
dimensional system of Sylvester-like equations

HlS: Z Aiﬂleisﬂ + Z BjLBiS)\j,

Ti €Tz )\jETu
,S82= 3" AT (e757%) @4 3 Hy(IL @11 ) (e757) )
T €T Ti €T
+ 3 Y Ny eL)e St o),
Ti€ETx )\J‘G'Tu,
HkS[k] — Z Ain(efSﬁ)(k) + Z H’L(Hl ® 1
Ti €Tz Ti €T
FI @M g+ -+ + 1y @Iy (e ™)™
£33 N @) (eS¢ @ e ),
Ti€ETeNjE€ETu
(10)

for k£ > 3.

Based on Definition 1, the moment of this kind of system
at (S, L) can be obtained as 3 CTI,w®).
k>1
Remark 1. Note that it is possible that the origi-
nal system has a time-delay output mapping, i.e., y =
> Cix,,. In this case, the moment can be generalized as
Ti€Te

Y Y Cill (e757) ™ ) This follows trivially from

k>171,€T,
> Cirler) = 30 O Tpt?
T €T T €Ty k>1
_ sﬂ (k) w®)
=D Ci) e (11)
T €T k>1
—sn (k) ok

> i (

k>11,€T,

In order to simplify the problem, we still consider delay-
free output mapping in the rest of the paper.

From a practical point of view, it is useful to define an
approximate version of the moment which uses a finite
number of terms Iy, Kk =1,2,--- ,m.

Definition 2. We call > CIyw®) the m-th approximate

k=1
moment of system (6) at (S, L), with the following asymp-

totic property

lim ZCka(k)—C’W( )=0.

m—r o0

(12)

4. A FAMILY OF REDUCED-ORDER MODELS

In this section, a family of reduced-order models is pre-
sented to match the n-th approximate moment. Here, we
guarantee that the reduced-order model is still a quadratic-
bilinear time-delay system with a nonlinear delay-free out-
put mapping, namely

é: Z F£X7,+ Z €X’L®§Xl Z Eju'Yj
Xi€Te Xi€Te v €Ta
D0 DL Miguy, (13)
Xi€Tz Vi €Ta
v=> Dig®
E>1
where F; € R, M;; € R*" G; € R"™ E; € R®

and D] € R”k, Te = {xi € R} with xo = 0 and
Ta = {; € R0}, are sets of delays for states and inputs,
respectively. In the following statement we give conditions
on F;, Il, E; and Dy, such that (13) is indeed a reduced-
order model by moment matching of (6).

Definition 3. System (13) is a reduced-order model by
moment matching of system (6) at (S, L) if it has the same
moments at (S, L).

Lemma 2. Consider system (6), the signal generator (7),
the model (13) and suppose that Assumptions 3 and 4
hold. System (13) is a reduced-order model by moment
matching of system (6) at (S, L) if v < n and the following
equations hold

Cllie ®7 = D1 Py 1),

Cllg(e %) ") = D1 Py 1)+ DoProy+---  (14)
+ D1 Pk k—1)+ D P k),
for all £ > 1, where
Pi7 J 1)
Puy=d : 15
&.4) { Zk:jl-H Py @ Pi_kj-1), ] 2 2, (15)

for i > 1, j < i and P are the solutions to the following
equations

PSS =Y FPe %4 Y EjLe 5,

Xi€Te Vi €Ta
PQS[Q]: Z FiPQ(e_SXi)(Z)"‘r Z Gi(Pl ®P1)<€_SX1')(2)
Xi€Te Xi€Te

+ > Y My(PL @ L)(e S @e ),
Xi€Te Vi €Ta

P,Slkl — Z F;Py(e™%x)(R) 1 Z G;(P,® Pr_1
Xi€Te xi€T¢
+ PR Py_o+--- +Pk;71®P1)(e

+D Y Mig(PeaoD) (7)Y @ ™),
Xi€Tevi €Ta

_SXi)(k)

(16)
for k > 3.
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We can now use some of the free parameters of the model
to satisfy the conditions in Lemma 3.

Theorem 3. Consider system (6) and the signal generator
(7), and suppose that Assumptions 3 and 4 hold. Then

5:F0§+ Z Fzgxz—i_ Z Gl(ﬁ)ﬁ ®£X1‘)

Xi €Te\{0} Xi€Te

+ Z Eju'yj + Z Z Mijﬁxju,yj,

(17)
v €Ta Xi€Tz vi€Ta
b(t) = D™ (1),
k=1
where
Fo=S-Y EjLe %= Y Fe %%, (18)
v €T xi €Te\{0}
and
Dy = Clly — D1 P21y, (19)

Dy, = Clly — D1 Py1y — DaPeoy + -+
— Di—1 P k-1,

for k£ > 3, is a family of reduced-order models of system
(6) at (S, L) that match the m-th approximate moment.

We still have several free matrices like F; which can be
used to assign some properties such as the stability of the
reduced order model.

Remark 2. Note that selecting 7¢ = {0} and 7z = {0}
results in a reduced-order model without time delays
and this model coincides with the one presented in Bai
et al. (2022). However, by eliminating delays, the infinite-
dimensional system is reduced to a finite-dimensional
system, which could impact some of the specific dynamic
properties of the model. For instance, delays do not always
pose a negative effect to stability (Halevi (1996)).

5. NUMERICAL EXAMPLE

We now illustrate the results of this paper by means
of a numerical example. Consider system (6) with order
n = 56 and sets of delays 7, = {0,0.01} and 7, =
{0.01,0.001}, where Ag = diag(Aq, Ap, A, Ag) and Ay =
diag(A€7 Ab7 AC7 Ad)) with

Aa = dlag(_la _37 ) _99)7
A, = diag(—2,—4,--- ,—100),

-1 5 -1 10 -1 15
Ap = {—5 —1} A= [—10 —1} o Aa= [—15 —1} '
Bf = B/ =C =11---1101010] and the
remaining matrices Hy, H;, Ny, N1, Ny and N3 are
generated randomly using MATLAB command rand such
that the system is stable (see Hale (1971)). The signal
generator (7) is selected as S = diag(0, Sy, S¢, Sq), with
Sp = Ap+ Iz, Se = Ac+ I, Sa = Ag + Iz, and
L=[1101010],resulting in a reduced order v = 7.

The free parametrizations Fy and E; are determined by
assigning the eigenvalues of Fjy and Fj as certain subsets
of the spectrum of Ag. We select the same delay sets as in
the original system to preserve the time-delay structure.
All the other free parameters in the reduced-order models
are randomly generated since we do not have any other
property to enforce in this design.
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Fig. 1. Time histories of the output of the original
model (red/solid) and of the reduced-order model
when m = 1 (purple/dashed), 2 (blue/dotted) and
3 (green/dash-dotted).
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Fig. 2. Time histories of the errors between the out-
put of the original and of the reduced-order model
when m = 1 (purple/dashed), 2 (blue/dotted) and 3
(green/dash-dotted).

We compute the reduced-order models which match the m-
th approximate moment for m = 1, 2 and 3, respectively.
Fig. 1 presents the time histories of the outputs of the
reduced-order models and of the original system, together
with a zoom-in plot of the peak part of the ‘almost’ steady
state responses. The time histories of the absolute error
between the responses of reduced-order models and those
of the original system are reported in Fig. 2. The red/solid
line represents the output of the original model while the
purple/dashed, blue/dotted and green/dash-dotted lines
denotes the reduced-order model with m = 1,2 and 3,
respectively.

As demonstrated in the figures, the computed reduced-
order model provides good steady state approximations
of the output response. Note that a higher order m of the
approximate moment for reduced-order models comes with
a higher approximation accuracy.

6. CONCLUSION
We have addressed the problem of model reduction by mo-

ment matching for quadratic-bilinear time-delay systems.
Firstly, it has been shown that the moment of such sys-
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tems can be characterized in a power series representation.
Then, by exploiting the power series, a family of parame-
terized reduced-order models which are still in quadratic-
bilinear form has been derived through matching a finite
number of terms of the series. Finally, the results have
been illustrated by means of a numerical example.
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