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Local nearby bifurcations lead to synergies in critical slowing down:
The case of mushroom bifurcations
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The behavior of nonlinear systems near critical transitions has significant implications for stability, transients,
and resilience in complex systems. Transient times, τ , become extremely long near phase transitions (or
bifurcations) in a phenomenon known as critical slowing down, and are observed in electronic circuits, circuit
quantum electrodynamics, ecosystems, and gene regulatory networks. Critical slowing down typically follows
universal laws of the form τ ∼ |μ − μc|β , with μ being the control parameter and μc its critical value. For
instance, β = −1/2 close to saddle-node bifurcations. Despite intensive research on slowing down phenomena
for single bifurcations, both local and global, the behavior of transients when several bifurcations are close to
each other remains unknown. Here, we investigate transients near two saddle-node bifurcations merging into a
transcritical one. Using a nonlinear gene-regulatory model and a normal form exhibiting a mushroom bifurcation
diagram we show, both analytically and numerically, a synergistic, i.e., nonadditive, lengthening of transients
due to coupled ghost effects and transcritical slowing down. We also show that intrinsic and extrinsic noise
play opposite roles in the slowing down of the transition, allowing us to control the timing of the transition
without compromising the precision of timing. This establishes molecular strategies to generate genetic timers
with transients much larger than the typical timescales of the reactions involved.

DOI: 10.1103/PhysRevE.111.024213

I. INTRODUCTION

Complex systems close to a phase transition or a bifurca-
tion undergo critical slowing down [1,2]. This phenomenon
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lengthens the relaxation times of a system following a
disturbance, indicating reduced resilience and increased sus-
ceptibility to perturbations. Critical slowing down has been
described in a multitude of nonlinear physical systems in
optics [3], electronic circuits [4], circuit quantum electrody-
namics [5,6], ferromagnetic materials [7], magnetic quantum
phase transitions [8], and models of charge density waves
[9]. The investigation of critical slowing down has also been
very intensive in the field of ecology, where many works have
provided evidence of these phenomena in experimental and
field data [1,10–12].

The transient time, τ , for the case of orbits in a small
neighborhood of an equilibrium close to a bifurcation typi-
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cally follows laws of the form τ ∼ |μ − μc|β for deterministic
systems [9,13–16]. Here, μ is the control (bifurcation) pa-
rameter, and μc is the critical value at which the bifurcation
occurs. The exponents β are universal and they are known
for local bifurcations. For example, β = −1 for pitchfork
and transcritical bifurcations [15–17], and β = −1/2 for
saddle-node (SN) bifurcations [13,14], with examples of ap-
plications in deterministic models of cooperation [14,18–21].
Similar power laws for transients with exponents −1 have
been recently identified for global bifurcations such as the
trans-heteroclinic bifurcation introduced in [22,23], and in
bifurcations involving the destruction of quasineutral curves
[24]. Recent research has also explored the effects of intrinsic
noise on such transients, finding more complicated scaling
laws for the SN bifurcation [25,26]. Such delays for SN bi-
furcations are caused by so-called “ghosts”. This phenomenon
appears right after the SN bifurcation where the two equilibria
have collapsed and moved onto the complex plane. However,
in the vicinity of the region where the SN occurs, the vector
field is close to zero and therefore the system undergoes slow-
ing down. Here, we will study a scenario where the effect of
transients close to a transcritical bifurcation occurs concomi-
tantly with the ghost phenomena appearing in two close SN
bifurcations. This coupling produces a nonlinear (synergistic)
increase in transient times, causing a nonadditive effect of the
duration of transients.

Phenomena involving the slowing down near SN bifurca-
tions are common in systems and synthetic biology, where
cell-type switching dynamics often involve the emergence
of bistability and bifurcations [27,28]. Cellular decisions in
biological processes usually require several SNs coexisting
within the same system, making it an ideal case study for
our research [29,30]. For instance, during embryonic devel-
opment, cellular subtypes arise from the cross-repression of
genes expressed in each cell type, which together form gene
regulatory networks (GRNs). Under spatial signaling, these
networks encode the robust spatiotemporal orchestration of
cell-type specification in the embryo [31–33]. Nevertheless,
there is a lack of systematic understanding of the role that
different close bifurcations may have in the resulting timing
of cell transitions. Therefore, gaining insights into the timing
properties of critical phenomena near multiple bifurcations is
essential for fully comprehending the temporal dynamics that
govern cell decision-making processes.

Slowing down in GRNs has been achieved experimentally
in synthetic bistable switches in bacteria [34]. This has opened
the door to the proposal of synthetic circuits that perform spe-
cific dynamical functions with applications in biomedicine,
such as biosensors, customized drug delivery, or the design of
responsive materials [35,36]. Some of these gene regulatory
circuits are capable of undergoing several bifurcations while
keeping a minimum set of molecular components. This is
the case of the AC-DC genetic circuit that exhibits bistability
between a stable steady state and oscillations [37]. This mul-
tifunctional behavior is paramount in synthetic biology where
dynamical instructions need to be encoded with a minimal set
of components to avoid the metabolic overload of the cell.

A multifunctional behavior of special interest for synthetic
biology applications arises in so-called mushroom bifurcation

diagrams, named after its mushroom shape. These diagrams
were initially observed in models for neural stem cell differ-
entiation [38,39], and later in heat-shock protein dynamics in
anxiety disorders [40]. The mushroom bifurcation diagram is
formed by combining two toggle switches, resulting in four
SN bifurcations and three disconnected stable branches [see
Fig. 1(b)]. The presence of a mushroom-shaped locus of equi-
libria provides the system with unique hysteresis properties
resulting from two different regions of bistability. Further-
more, it supplies the system with emergent behaviors such as
transition-to-isola states [41], resettable memory, or detection
of transient signals [42]. Some of these properties can be
related to the potential for isola bifurcation diagrams [43],
which have not yet been confirmed experimentally.

Due to this interesting phenomenology, mushroom bifurca-
tions have received special attention lately, mostly in studies
trying to dissect the mechanistic rules under which the mush-
room bifurcation can emerge in genetic circuits [42,44–47].
While these studies have focused on the specific shape of
the bifurcation diagrams, they only address the steady-state
properties of the circuit, without exploring its dynamics. In
particular, the possibility of controlling the proximity of two
SN bifurcations and exploiting the properties of emerging
transients.

To acquire a suitable understanding of the dynamics close
to bifurcations in GRNs it is important to consider the effect of
noise. Noise may occur intrinsically due to the random nature
of biochemical reactions of gene expression, or extrinsically
through environmental factors such as noise in cell signaling
or cell-cell variability [48,49]. Intrinsic noise sources occur
at different stages of the process of protein expression such
as stochasticity in promoter binding, mRNA translation, or
protein degradation, leading to significant molecular hetero-
geneity [50–52]. Despite its prevalence, molecular noise is
usually studied in the context of steady-state dynamics and
rarely in the context of transient dynamics. Therefore, further
study of the noise on the transient dynamics close to bifur-
cations is required to fully elucidate the impact of stochastic
gene expression on cellular decision-making processes.

Here, we address these questions focusing on the mush-
room bifurcation diagram found in a minimal gene regulation
circuit. In Sec. II, we introduce the mathematical model for
the mushroom bifurcation diagram, which models a self-
activating gene that is regulated nonmonotonically by an
external signal. In Sec. III we explore the resulting determinis-
tic dynamics of the mushroom and its associated normal form.
We present analytical and numerical results for the scaling
laws, where the synergy of two SN bifurcations close to a
transcritical bifurcation is introduced. Finally, in Sec. IV, the
effect of intrinsic and extrinsic noise in transient times is
investigated for coupled bifurcations and compared to single
SN bifurcations. Section V is devoted to conclusions.

II. DETERMINISTIC ONE-DIMENSIONAL
MUSHROOM MODEL

To investigate the properties of the mushroom bifurcation
diagram, we propose a minimal nonlinear one-dimensional
system that exhibits this behavior, i.e. a model of a self-
activating gene, u, which is controlled by an external signal,
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FIG. 1. (a) Schematic diagram of the minimal gene regulatory system studied. A gene (u) with both constitutive and self-activated
expression, where the strength of the self-activation of protein u is regulated by an external signal (s). The effect of s is nonmonotonic,
resulting in maximum autoactivation at intermediate values of s. (b) The resulting bifurcation diagram shows the steady-state u∗ as a function
of the external signal s, corresponding to Eq. (1). The choice of parameters controls the shape of the bifurcation diagram. For high enough
values of q the system shows the mushroom bifurcation diagram (left panel with r = 0.14 and q = 3.0). The neck of the mushroom becomes
narrower as q is reduced to q → qc, resulting in the collapse of SN1 and SN4 towards a transcritical (T) bifurcation (right panel r = 0.14 and
q = qc � 2.78). The left panel shows the four saddle-node (SN) bifurcations characteristic of the mushroom bifurcation containing two zones
of bistability (shaded blue areas with flow direction indicated with black arrows). The slowing down occurs close to the bifurcations (blue
arrows).

s, [Fig. 1(a)]. This external signal has an activating non-
monotonic effect, inducing maximum autoactivation of u at
intermediate signals, s. In the deterministic limit, this system
is described by the ordinary differential equation (ODE)

du

dt
= r + a(s)H (u) − u, (1)

where u has a constant basal/leaky expression, r, and a linear
decay (with a rate set to 1 without loss of generality). The
self-activation term, H (u), given by the positive Hill function

H (u) = u2

1 + u2
,

is regulated by the external function a(s) = sq − s2. To ensure
bistability r must satisfy

r ∈
(

0,
1

3
√

3

)
.

For r > 1/(3
√

3), the system is monostable, rendering it un-
suitable for our study. The parameter q controls the shape of
the signal function a(s), which remains positive [a(s) > 0] in
the interval [0, q]. The quadratic shape of a(s) captures the
incoherent nature of the signal, which induces a maximum
activation of u at an intermediate signal s = q/2, and fully re-
presses u self-activation at the extreme values a(0) = a(q) =
0 [see Fig. 1(a)]. The shape of the resulting bifurcation dia-
gram can be controlled with parameter q. At high values of q
the system exhibits a mushroom bifurcation diagram with two
zones of bistability [Fig. 1(b), left]. As q is reduced to a critical
value qc, two of the SN bifurcations collide, undergoing a
transcritical bifurcation. After this collision, the mushroom

shape transforms into an isola, which becomes disconnected
from the lower stable branch [Figs. 2(a)–2(d)].

III. DETERMINISTIC SLOWING DOWN IN MUSHROOM
BIFURCATION DIAGRAMS

In this section, we investigate the deterministic dynamics
arising in the mushroom bifurcation diagram, focusing on the
case where the lower SN bifurcations, SN1 and SN4, approach
each other [Fig. 1(b) and Figs. 2(a)–2(c)]. To do so, we first in-
troduce a normal form for two SN bifurcations able to collapse
into a transcritical one. This model will be useful to obtain
analytical results that will allow us to analyze the behavior
of the full genetic model described by Eq. (1). The numerical
results for this section have been obtained using a seventh- to
eighth- order Runge-Kutta-Fehlberg-Simó method with auto-
matic time step size control and local error tolerance of 10−15.

A. Symmetric collision of two saddle nodes into a transcritical
bifurcation model: a normal form

To describe a normal form for a dynamical system ex-
hibiting two symmetric SN bifurcations converging into a
transcritical bifurcation (see Fig. 3), we analyze the degen-
erate fixed point at the origin for r = 0. Introducing the
unfolding parameter r, the system is described as an unfolding
of the transcritical bifurcation (see Appendix C for details on
the derivation):

dx

dt
= x2 − s2 + r. (2)

For r < 0, no bifurcation occurs. Instead, as r approaches
0, we observe a family of branches of fixed points that ap-
proach and collide with the degenerate fixed point at the origin
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FIG. 2. Evolution of the mushroom bifurcation diagram for Eq. (1) at decreasing q with r = 0.14. Panels (a) q = 3 and (b) q = 2.786 show
the diagram with four SN bifurcations. (c) Transcritical bifurcation at q = qc = 2.784 953 . . .. Two examples of isolas are shown with q = 2.7
(d) and q = 2.605 (e). Panel (f) shows how the isola collapses at q = 2.600 914. Bistability regions are shown in blue.

[see Fig. 3(b)]. In the context of the mushroom bifurcation,
this would correspond to the isola scenario, illustrated in
Figs. 2(d) and 2(e). When r crosses zero (r = 0), the transcriti-
cal bifurcation emerges [Fig. 2(c)]. As r increases (r > 0), the
unfolding of the transcritical bifurcation captures the behavior
of interest, as shown in Fig. 3(a), where for two symmetri-
cal SN bifurcations form and diverge from the transcritical
bifurcation.

Differentiating Eq. (2) reveals that the equilibria of the
system are stable when they are located at x < 0, and unstable
for x > 0. In particular, for the case r = 0, Eq. (2) simplifies
to ẋ = x2 − s2, containing the steady-state branches x∗ = s
and x∗ = −s. Thus, both branches exchange stability at the
origin, indicating that the system undergoes a transcritical
bifurcation.

To study the role that both SN bifurcations have on the
transient times, we will consider the transition from x = −ε

to x = ε for a fixed value of r > 0, ε being an arbitrarily small
real value. The scaling law of the SN bifurcation of the normal
form model [13,14] is examined by fixing a value of s = A

√
r,

leading to an analysis of the extended transients close to each
SN point, i.e., s−

sn = −√
r (left SN point) and s+

sn = +√
r

(right SN point). Here, A ranges from −1 to 1 resulting in
values of s that span the full range of values between both SN
bifurcations. The duration τ of the transients as the parameter
s → s±

sn (see Fig. 3), is computed using s2 = A2r, from the
integral

τ =
∫ ε

−ε

1

r − s2 + x2
dx

s=A
√

r=
∫ ε

−ε

1

r − A2r + x2
dx.

Obtaining the asymptotic behavior of τ (r, A) in the vicinity of
the SN bifurcations as (1 − A2) → 0, where r → 0+ indicates
the proximity of both SNs.

τ (r, A)
(1−A2 )→0∼ π√

1 − A2
√

r
. (3)

Notably, in contrast to the normal form for a single SN
bifurcation [53], notice that the times in Eq. (3) have a prefac-
tor dependent on r, specifically π√

r
, which indicates that as the

two SN bifurcations converge, i.e., r → 0+, the slowing down
is significantly amplified, thereby lengthening the transient
times τ while keeping the inverse square root law.

To assess the slowing down close to the transcritical bifur-
cation, we study a trajectory along the symmetry axis s = 0
or equivalently, the neck, between the two SN bifurcations,
while progressively approaching the SNs to their convergence,
equivalently, as r → 0+, as illustrated in Fig. 3(a). The in-
tegral representing the timescale of transient times τ (r, s) is
expressed as follows:

τ (r, s) =
∫ ε

−ε

1

r − s2 + x2
dx

s2<r= 2√
r − s2

arctan

(
ε√

r − s2

)
. (4)

Finally, we derive the asymptotic behavior of τ (r, s) near
the transcritical bifurcation as r → 0+. In this limit, the trans-
critical bifurcation represents an asymptotic state that is never
fully reached, with the “neck” being infinitesimally opened.
This allows us to examine the timescales in the vicinity of
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(a)

(b)

FIG. 3. (a) Bifurcation diagram obtained from the normal form,
Eq. (2). The solid and dashed lines correspond to stable and unstable
steady-state branches, respectively. (a) As r decreases (for r > 0) two
saddle nodes (SN, circles) at a distance �s = 2

√
r move towards

each other colliding into a transcritical bifurcation at r = 0 (diagonal
lines). For all values of r > 0 the system can evolve from x < 0 to
x > 0 (purple arrow) with a transient time that will depend on the
location of the SN bifurcations. (b) For r < 0 no bifurcations are
found.

x = ε and x = −ε, obtaining

τ (r, s) = lim
r→0+

2√
r − s2

arctan

(
ε√

r − s2

)

= lim
r→0+

π√
(
√

r − s)(
√

r + s)

= lim
(s−

sn−s+
sn )→0+

π

(s−
sn − s+

sn)

∼ π

(s−
sn − s+

sn)
. (5)

Note that we recover the scaling law for the transcritical
bifurcation: τ ∼ (s−

sn − s+
sn)−1. It is also noteworthy that one

could follow a similar strategy to study the transients at the

formation of the isolas [see Appendix A, Figs. 2(d) and 2(e)]
[42,44]. To analyze this case, one should use the normal form:

ẋ = x2 + s2 + r, (6)

where the value of r controls the appearance of the isolas (for
more details on a criterion to identify isolas and transcritical
bifurcations, see Appendix A).

B. Gene regulatory system

We now study the dynamics of the minimal genetic system
introduced in Eq. (1) [see Fig. 1(a)], regarding transients and
their scaling properties.

Without loss of generality, we will focus on transient times
close to SN1. To study how delays are affected by nearby
bifurcations, we will study the change in transient times as
SN1 and SN4 approach each other. To do so, we introduce the
quantities �s ≡ s − sSN1 and �4,1 ≡ sSN4 − sSN1, where sSN1

and sSN4 denote the values of the signal s at which the bifur-
cations SN1 and SN4 occur, respectively [see Fig. 4(a)]. The
magnitude �s allows us to analyze the effect of a given signal
relative to the value at which SN1 occurs. This is the basis for
examining the scaling law in a single SN bifurcation and un-
derstanding how other bifurcations affect the transient times.
On the other hand, �4,1 controls the proximity of SN1–SN4,
allowing us to study synergistic effects between both SNs and
the transcritical bifurcation occurring when �4,1 approaches
0. As previously mentioned, by synergistic we mean that the
transient times arising from the coupling of these bifurcations
is longer than their independent addition. As �4,1 → 0+ we
can derive the power law with exponent −1, associated with
the transcritical bifurcation. This behavior is affected by SN1
and SN4, by introducing prefactors that extend their respective
timescales (see Appendix B). The neck width �4,1 can be
controlled by keeping r constant and decreasing parameter q,
thereby changing the signaling effect on the autoactivation.

As expected, when both SN bifurcations are far from each
other (�4,1 > 1), numerical analysis of the transient time
shows the well-known inverse square-root power-law scaling
for transient times (τ ∼ �s−1/2) [see Fig. 4(b)]. That is, just
after the bifurcation, the orbits experience delays and long
plateaus associated with the ghost [Fig. 4(c)] [9,13,14,31]. For
an analytical study of the SN bifurcation scaling law in the
self-activating gene model, see Appendix C.

We posit that the ghosts corresponding to SN1 and SN4,
which are influenced by the slowing down associated with
the transcritical bifurcation, will have a nonlinear influence on
each other, so that transient times will increase synergistically.
To validate this hypothesis, we examined the slowing down at
signal values close to SN1 (�s 	 1) for scenarios in which
the neck of the mushroom is very narrow [�4,1 	 1; see
Fig. 5(a)]. The resulting slowing down is much longer than
what we would expect from a simple additive effect of two
SNs. This synergistic amplification can be seen in Figs. 5(b)
and 5(c) where transients are displayed for different mush-
room necks (�4,1). By comparing the resulting transients with
the expected values from simply adding the transient times of
two independent SNs [blue line in Figs. 5(b) and 5(c), and
6)], we observed that the resulting transients can be orders of
magnitude longer. In Appendix B we compare the delays for
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FIG. 4. (a) Mushroom bifurcation diagram showing the steady-state u∗ as a function of the signal s for the self-activating gene model
given by Eq. (1) when the lower saddle nodes SN1 and SN4 are far from each other (q = 5, r = 0.14) corresponding to a mushroom neck
distance �4,1 � 4. (b) Transient times τ as a function of the distance signal �s across the slowing-down region close to SN1 [corresponding
to the shaded zone in panel (a)]. Transient times are calculated computationally as the time τ required to reach u(τ ) = 0.4 from an initial state
u(0) = 0.2 (SN1 is located at u∗ = 0.31). (c) Characteristic bottleneck of ghost transients for log10(�s) = −5.6 [blue circle in panel (b)].
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−1.63, −2.63, −3.63, −4.63, −5.63, −6.34, −6.62}; other parameters and conditions are the same as in Fig. 4. The results show a
−1/2 scaling law with transient times longer than what would be expected by the additive effect of two independent SNs (blue line, obtained
by doubling the time expected by a single SN in the case of a wide-neck mushroom). Inset: the same scaling law is obtained for the transient
times as a function of neck width for a fixed value of log10(�s ) = −7.5 (vertical green line and dots). (c) Time series for the same neck sizes
and conditions as in panel (b) for a fixed signal value log10(�s) = −6.7, corresponding to the vertical blue line in panel (b). (d) Transient
times keeping �s = �4,1/2 shown in log-linear scales. Three examples are displayed: (i) q = 5, (ii) q = 2.786, and (iii) q = qc + 10−14,
corresponding to log10(�4,1) = 0.62, log10(�4,1) = −1.12, and log10(�4,1) = −6.62, respectively. The color maps indicate the duration of
transients in the gap between SN1 and SN4, which is computed by dividing this gap into 102 equal intervals.
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FIG. 6. Transient times τ close to the bifurcation value (in log-
log scale) for six cases given by the normal form (NF) of the SN
bifurcation (blue triangles); twice the times for the NF of the SN
(violet triangle); transcritical NF (open blue circles); sum of the times
for the transcritical NF plus twice the times of the SN NF (solid
green circles); NF of the coupled SN bifurcations collapsing into the
transcritical one [Eq. (2)] (orange circles); and the mushroom model
given by Eq. (1) (black circles). The inset compares these times
(in log-linear scales) for the mushroom NF (orange) and the times
assuming additivity of two independent SNs with the transcritical
slowing down using their NFs (green).

single local bifurcations and consider additivity in transient
times with the multiple bifurcations described above.

Furthermore, the smaller the gap (smaller values of �4,1),
the slower the transition, deviating further from additivity.
This reveals a synergistic amplification of transients. On the
other hand, the scaling law τ ∼ �s−1/2 is preserved, sug-
gesting that the slower transient results in an increase in the
prefactor of the scaling law that cannot be explained merely
by the appearance of the transcritical bifurcation but requires
the proximity of both SNs.

In an attempt to clarify the behavior of the prefactor and
better understand the synergistic effects, we analyzed the pref-
actor in the scaling law. We did so by studying the increase of
the transients as the width of the neck varies for a fixed value
of �s [green dots and inset in Fig. 5(b)]. This analysis showed
that the prefactor also follows an inverse square-root power-
law behavior. Such behavior is consistent with the results
of the normal form [Eq. (2)] found in the previous section.
Furthermore, it can be derived analytically for the mushroom
model (see Appendix C).

To further study the effect of the coupling between both
SN bifurcations as they approach each other, we studied
the slowing down for signals exactly at the middle point
between both saddle nodes �s = �4,1/2 for different values

of �4,1 [Fig. 5(d)]. Similar results were found, where for a
narrower mushroom neck [log10(�4,1) ≈ −6.6], transient
times are seven orders of magnitude slower compared to
a wider neck. This observation reiterates the significant in-
fluence of the interaction between the two collapsing SN
bifurcations. Figure 5(d) shows (in log-linear scale) how the
delays increase as the width of the mushroom neck closes.
This curve follows the scaling behavior with a power ex-
ponent −1 associated with the transcritical bifurcation (see
the case with black data in Fig. 6 for the same results
in the log-log scale). This indicates that the slowing down
effect on the system is influenced not only by the two
ghosts but also by the transcritical bifurcation. An alter-
native approach to derive this result is to express τ as a
coupling of the SN slowing down as a function of a in
Eq. (1), along with the decreasing slope of a(s). Specifi-
cally, we can write τ ∼ [a(s) − ac(s)]−1/2 ∼ (s − sc)−1, using
the fact that near the transcritical bifurcation, a′(s) = 0 and
a′′(s) < 0.

IV. STOCHASTIC DYNAMICS IN MUSHROOM
BIFURCATIONS

In order to investigate the prevalence of these transients in
realistic scenarios, it is crucial to examine the effects of noise
on the observed dynamics. To achieve this, we derive molec-
ular reactions compatible with the mushroom gene regulatory
network introduced in Sec. II [Fig. 1(a) and Eq. (1)]. We
begin by analyzing the effects of intrinsic (demographic) and
extrinsic (environmental) noise separately, before exploring
the system with both sources of noise combined.

A. Intrinsic noise

Intrinsic noise is studied by explicitly implementing the
reactions of protein production and degradation controlling
the dynamics of the absolute number of proteins, U = �u,
where the system volume, �, captures the relevance of the
fluctuations. The rate functions in Table I describe the stochas-
tic model. These rates result in a birth-death process of
protein production and degradation with propensities W1(U )
and W2(U ), respectively. Stochastic trajectories for this pro-
cess were generated using the Gillespie algorithm [54]. The
deterministic model can be recovered in the limit of a large
number of molecules (� → ∞) (see Ref. [51] for details). In
this limit, the change in U over time is described by an ODE
determined by the propensities of both reactions

U̇

�
= W1(U )

�
− W2(U )

�
,

resulting in the deterministic model [Eq. (1)].
Intrinsic noise results in fluctuations of u, which can in-

duce switching in the bistable zones of the mushroom [s ∈
(sSN2 , sSN1 ) and s ∈ (sSN4 , sSN3 ); see blue areas in Fig. 1(b)].
Thus, intrinsic noise leads to an expansion of the signal values
over which gene expression levels can transition to the upper
branch of the mushroom (starting with the initial condition
u = 0). This noise-induced tipping is observed in any genetic
bistable switch [31,55]. In our particular case, this implies that
our study of transient times needs to expand to signals beyond
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TABLE I. Intrinsic noise model. Protein U is produced and degraded with the propensities W1 and W2, respectively.

Elementary process Propensities Stoichiometry Description

∅ −→ U W1 = �

(
r + a(s)U 2

(�2 + U 2 )

)
+1 regulated protein production

U −→ ∅ W2 = U −1 linear protein degradation

the regions studied in the deterministic scenario. Figure 7(a)
shows the transition times calculated as first passage times
towards the upper branch of the mushroom. For all values
of signal and noise intensities, intrinsic noise accelerates the
transient with respect to the deterministic scenario. This effect
is more dramatic close to the SN bifurcations, where the
deterministic times diverge while there is still a finite transient
time for the stochastic case. For larger noise intensities (lower
�) the transients are shorter. This leads to an almost constant
transition time along the whole mushroom neck for high in-
trinsic noise (� = 10). This behavior is in line with the fact
that intrinsic noise allows the system to overcome the ghost,
escaping the regime for which u̇ � 0. Studying the coefficient
of variation (the standard deviation of the mean first passage
time divided by its mean), we observe that the precision of the
distributions decreases with noise [Fig. 7(b)]. This suggests
that intrinsic noise can be detrimental to encoding precise
transient times.

As in the deterministic case, constricting the neck of the
mushroom results in longer transients that are not erased by
intrinsic noise, even in scenarios with high intrinsic noise
[Fig. 7(c)]. Similarly, the trend of decreasing precision of
transient times with noise intensity is also preserved.

B. Extrinsic noise

We can incorporate the effect of extrinsic noise as stochas-
tic fluctuations around a given input signal, s0. To do so we
describe the stochastic dynamics of signal, s, as an unregu-
lated process with a constant production rate, R, and linear
degradation rate, R/s0. Defining the total number of signal-
ing molecules as S = s�, the signal fluctuations result from

another birth-death process where the volume parameter �

controls the intensity of the extrinsic noise (see Table II).
Stochastic trajectories for this process were also generated
using the Gillespie algorithm. The deterministic limit for the
extrinsic noise is recovered in the limit � → ∞ returning the
ODE

Ṡ

�
= V1

�
− V2

�
= R

(
1 − s

s0

)
,

which relaxes to the deterministic steady state s = s0.
Interestingly, for signal regimes between the SNs, extrinsic

noise significantly slows down the transient compared to the
deterministic scenario [see Fig. 8(a)], in opposition to what
was observed for intrinsic noise. This stochastic slowing down
increases with increasing extrinsic noise intensity (lower val-
ues of �). However, as in the intrinsic noise scenario, extrinsic
noise also expands the signal region over which gene expres-
sion can transit toward the upper branch of the mushroom.
Therefore, we find that for both intrinsic and extrinsic noise,
the expanded signal regime for the transition is due to noise-
induced tipping allowing the system to transition. Similarly,
close to the SNs where the deterministic transient time di-
verges, extrinsic noise accelerates the transient. Analysis of
the distribution of transient times under extrinsic noise shows
a similar effect to intrinsic noise in which higher noise is
translated into a higher coefficient of variation. Nevertheless,
for a large range of noise intensities the coefficient of variation
(CV) remains very low (below 0.1), suggesting that extrinsic
noise does not have a high impact on the variability of the
transients [see Fig. 8(b)]. High coefficients of variation (CV >

0.5) are only observed in limit cases with narrow mushroom
necks and high extrinsic noise [see Fig. 8(c)].

FIG. 7. Transition times, τ , computed as the first passage times towards the upper branch of the mushroom uτ = 1.4, starting with initial
condition u0 = 0. Deterministic transients (black solid line) are compared with stochastic transients for different noise intensities: � = 10
(blue), � = 102 (red), and � = 103 (yellow). Parameters are r = 0.14, q = 3, resulting in a mushroom neck �4,1 = 1.15. (a) Transient times
as a function of the signal. Positions of saddle nodes SN1 and SN4 (�s = 0 and �4,1 = 1.1), are indicated by dotted lines. (b) Histogram
showing the probability distributions of the transition times for a fixed value of signal �s = �4,1/2. (c) Histogram of transition times for a
smaller mushroom neck �4,1 = 0.6 (q = 2.85) at a signal �s = �4,1/2. Simulations are performed using the Gillespie algorithm [54] using
the reaction schemes described in Table I.
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TABLE II. Extrinsic noise reactions. Both reactions with propensities V1 and V2 introduce fluctuations around the state S = �s0.
Simulations along this article use R = 1.

Elementary Process Propensities Stoichiometry Description

∅ −→ S V1 = �R +1 constant signal production
S −→ ∅ V2 = RS/s0 −1 linear signal degradation

C. Full stochastic model

Given the opposite effects of intrinsic and extrinsic noise
within the neck of the mushroom �4,1, we sought to investi-
gate the behavior of the system when both sources of noise
are introduced simultaneously, a situation expected to happen
in a real experimental setup. To do so, we analyzed the tran-
sient times for different combinations of intrinsic and extrinsic
noise (Fig. 9). The results show that mean transient times can
be faster or slower than the deterministic time, depending on
the combination of intrinsic and extrinsic noise intensities.
Notably, one can keep the same timing as the deterministic
scenario by balancing both sources of noise over a wide range
of values of noise intensities [Fig. 9(b)]. However, this re-
lationship is different for the coefficient of variation of the
timings, where the precision is primarily controlled by the in-
trinsic noise intensity [Fig. 9(c)]. This suggests a mechanism
by which one can achieve a specific transient timing with a
prescribed precision by balancing the intrinsic and extrinsic
noise intensities.

Some of the timing dynamics for the noisy system for the
mushroom bifurcation can be attributed to the existence of
SN bifurcations independently of the mushroom bifurcation
diagram. To understand the coupling effect of the SNs charac-
teristic of the mushroom we compared the transient average
time and precision with the case in which a single SN is
present (Fig. 9). Specifically, we studied a bifurcation diagram
corresponding to a traditional bistable switch built by keeping
the mushroom bifurcation diagram up to its symmetry point
�s = �4,1/2 and fixing a constant steady state for higher
values of the signal (see Appendix D for details). Before
considering the case with mixed noises we can study the effect
that intrinsic and extrinsic noise have independently on the
transient times of the bistable switch. As expected, intrinsic
noise transient is unaffected for values of �s < �4,1/2, where

the transients of the mushroom and bistable switch are iden-
tical [Fig. 10(a)]. On the other hand, intrinsic noise transients
are independent of the signal for �s > �4,1/2 [Fig. 10(a)].
These results confirm that intrinsic noise effects only depend
on the steady states available at a particular value �s, indepen-
dently of the bifurcation diagram. This is not true for extrinsic
noise, where mushroom and bistable switch transients are
different for all values of �s, including values �s < �4,1/2
for which both bifurcation diagrams are identical [Fig. 10(b)].
This is the result of extrinsic noise allowing the system to
sample different signal values, and thereby be affected by
localized slowing down effects near the SNs. Since the effect
of the SNs is to slow the transients, extrinsic noise slows both
the bistable switch and the mushroom bifurcation. This effect
is stronger for the mushroom where two SNs contribute to the
slowing down dynamics [Fig. 10(b)]. As the width of the neck
increases, it is expected that the difference in transition times
between both diagrams will decrease, as a signal will have a
lower probability of attaining values close to the SNs.

Next, we aim to understand whether balancing intrinsic
and extrinsic noise to control the mean transient time and
precision is a specific property of the mushroom configuration
as shown above, or if it can also be achieved in the bistable
switch. Comparison of the transition times for different noise
intensity combinations [Figs. 9(d)–9(f)] show that at �4,1/2,
the transient times in the bistable switch diverge from the
deterministic case with a similar trend to the one observed
in the mushroom. However, the change in transition time is
much larger for the mushroom bifurcation. In particular, the
mushroom allows for a more dramatic slowing down of the
transition, achieving transient timescales that can be more
than double the deterministic time. Meanwhile, when compar-
ing the coefficient of variation between the mushroom and the
bistable switch, we find that the coefficient of variation does

FIG. 8. Transition times, τ , for the mushroom under the same parameters and conditions as in Fig. 7. Deterministic transients (black
solid line) are compared with stochastic transients for different extrinsic noise intensities: � = 10 (blue), � = 20 (cyan), � = 50 (red), and
� = 100 (yellow). (a) Transition times at different �s. Panels (b) and (c) display histograms with probability distributions of transient times
sizes �4,1 = 1.15 and �4,1 = 0.6, respectively. Simulations are performed using Gillespie algorithm [54] employing the reaction schemes
described in Table II.
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FIG. 9. Transition times and variability measures for mushroom bifurcations (a)–(c) and bistable switches (d)–(f), for r = 0.14 and q = 3
with initial expression u0 = 0 to threshold uτ = 1.4 for variations in extrinsic stochastic noise, �, and variations in intrinsic noise, �, at
�4,1/2 = 0.5575. Note that for the deterministic system, the transition time is τdet = 17.0439. Panels (a) and (d) show schematic bifurcation
diagrams for the mushroom system and the bistable switch, respectively. The dotted gray line at s0 corresponds to �4,1/2, and the pink and
blue arrows correspond to the effective direction of intrinsic and extrinsic noise, respectively, as controlled by � and �. Panels (b) and (e)
show the differences in mean transition times from deterministic time �τ = 〈τ 〉 − τdet. Panels (c) and (f) display the coefficient of variation
σ/〈τ 〉. Simulations are performed using Gillespie algorithm [54] employing the reaction schemes described in Tables I and II.

not change significantly across the models [cf. Figs. 9(c) and
9(f)]. All in all this suggests that the mushroom bifurcation
allows for a better control of the slowing down dynamics in
stochastic scenarios.

V. CONCLUSIONS

Transients are known to become extremely long close to
critical transitions in a phenomenon known as critical slowing
down. This phenomenon has implications in physical and
biological systems introducing dynamics much slower than
the timescale of the rates composing the system [1,3–8,10,11].
The transient times, τ , near deterministic bifurcations typi-
cally follow universal scaling laws of the form τ ∼ |μ − μc|β
[9,13]. Such exponents have been identified in both local
[14–16] and global [24] bifurcations. Despite critical slowing
down and transient scaling phenomena having been widely
investigated over the past decades for single bifurcations (ei-
ther local or global), the question of how dynamical systems
behave close to nearby bifurcations remains unexplored.

In this article, we have studied critical slowing down in
systems exhibiting mushroom bifurcation diagrams. This bi-
furcation diagram is usually found in mathematical models
of gene regulation [42,44–47] and, for appropriate parameter
values, it has four SN bifurcations. The simple model pre-
sented in this article considers a gene that self-activates and is
regulated by an external signal. By tuning biochemical param-
eters, it is possible to arbitrarily control the distance of the two
SN bifurcations forming the neck of the mushroom. By further
reducing this distance, the neck of the mushroom eventually

closes until both SN bifurcations collapse into a transcritical
one. For this system, we show that the slowing down found
right after a SN bifurcation largely increases when the two
SN bifurcations approach each other. Moreover, the inverse
square-root scaling law remains preserved, as shown for SN
bifurcations studied with delay differential equations [19].
We also provide analytical and numerical evidence of this
synergistic effect by examining a normal form with the same
phenomenology, i.e., two SN bifurcations merging into a tran-
scritical one. In a nutshell, we have found that the critical
slowing down obtained by the coupling of the two SN bifurca-
tions with the transcritical one is much longer than the times
expected from summing the transients of the transcritical and
SN bifurcations alone, thus identifying a nonadditive effect
arising from this coupling.

In the context of gene regulatory networks (GRNs), our
findings provide a mechanism to control the timing of an
event, achieving timescales slower than those of protein pro-
duction and degradation. This suggests an approach to the
construction of genetic timers. Traditionally, GRN transients
have been overlooked in systems biology with a primary focus
on steady states. However, the timing of transitions is crucial
for understanding GRN functions. For example, differences in
embryonic developmental timing between species often arise
from the same reaction networks with nearly identical rates,
highlighting the importance of understanding time control in
developmental processes [56].

One of the defining features of GRNs is the significant
impact of noise due to the low number of molecules involved.
Our study demonstrates that specific bifurcation diagrams,

024213-10



LOCAL NEARBY BIFURCATIONS LEAD TO SYNERGIES … PHYSICAL REVIEW E 111, 024213 (2025)

FIG. 10. Transient times at different signal values for the mush-
room bifurcation (blue lines) and the bistable switch (red lines)
with r = 0.14, q = 2.85, i.e., �4,1 = 0.6. The symmetry axis of the
mushroom where the bistable switch and mushroom start to differ
is located at �s = �4,1/2 = 0.3 (dotted gray line). Transients of the
corresponding simulations in the deterministic case are also plotted
for reference (dashed lines). (a) Comparison of deterministic and
stochastic transition times for a system with intrinsic noise. (b) Com-
parison of deterministic and stochastic transition times for a system
with extrinsic noise.

which can be achieved with minimal GRN topologies, not
only exploit these transients but also buffer the effects of
noise. Importantly, we show that intrinsic and extrinsic noise
have opposite effects on timing. This discovery enables the
achievement of specific timings with prescribed precision
by controlling intrinsic noise (e.g., through plasmid number
regulation in synthetic circuits) and extrinsic noise (e.g., by
modulating signal noise).

While our study focused on the effects of coupled local
bifurcations in critical slowing down due to bifurcation (B-
tipping), and noise-induced tipping (N-tipping) [57], further
mechanisms such as rate-induced tipping and overshooting
[58–60] in nearby bifurcations offer an intriguing area for
further study. As rate-induced tipping occurs when parameters
change too quickly for a system to adapt to the changes,
these dynamics may be of particular interest in determin-
ing the robustness of GRNs. This is especially the case in
terms of overshooting tipping point thresholds [61], and in the

active control of GRN signaling. Concerning SN overshoot-
ing, recent research has explored the probability of tipping
under parameter forcing, and provided an approximation of
this probability in the case of the time-changing parameter
reversing near the tipping point [62]. These authors observed
that the critical curve relating the forcing in the determinstic
system and the time for which the parameter forcing exceeded
the fold bifurcation followed the inverse-square law. Similar
investigations using random disturbances also converged to
this law, provided that noise intensity was kept low [62]. Our
results could imply that SN overshooting in close, local bifur-
cations may decrease the tipping probabilities and increase the
times for which the forcing could surpass the fold bifurcation
due to the synergies described here. One might also expect
these critical curves to follow the scaling laws described here
for the coupled bifurcations. Future research could investigate
the overshooting phenomenon in nearby bifurcations.

Furthermore, while our study explores the one-dimensional
case, it opens the door for future research to investigate
scenarios involving multiple genes. Examining how differ-
ent bifurcations interact could unveil new dynamical regimes
not observed before, providing deeper insights into the com-
plexity and robustness of GRNs in synthetic biology. These
advancements not only enhance our understanding of biolog-
ical timing mechanisms but also pave the way for innovative
applications in the design of synthetic biological systems.
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APPENDIX A: ISOLA AND TRANSCRITICAL
BIFURCATIONS FROM MORSE THEORY

Consider the case where q < qc, where qc denotes the
value of q at which the transcritical bifurcation occurs
[Fig. 1(b), right panel]. For smaller values of q, an isola [41]
appears. Equivalently, for Eq. (6), when considering r < 0,
the isola appears and for r = 0, we locally observe a point
in the bifurcation diagram, showing its collapse (see Fig. 2).
The existence of this isola in the deterministic mushroom
bifurcation diagram, together with the existence of the trans-
critical bifurcation, can be analytically demonstrated through
the application of the Morse Lemma [63]:
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Theorem A1 (Morse Lemma). Let f : U → R be a C3

function defined on an open set U ⊂ Rn. Suppose p ∈ U is
a nondegenerate critical point (equilibrium point) of f with
index s. Then, there exists a C1 diffeomorphic immersion
G : V → U , where V ⊂ Rn is an open set, such that g =
f ◦ G : V → R is of the form

g(x) = f (p) − x2
1 − · · · − x2

s + x2
s+1 + · · · + x2

n .

From the Morse Lemma, the following corollary can be
derived, which provides a criterion for distinguishing between
the formation of isolas and transcritical bifurcations based on
the sign of the determinant of the Hessian matrix at the critical
point.

Corollary A1. (Isola formation). Let f (x, λ) be a smooth
function, such that

f (0, 0) = 0,
∂ f

∂x
(0, 0) = 0,

∂ f

∂λ
(0, 0) = 0,

� = ∂2 f

∂x2
(0, 0)

∂2 f

∂λ2
(0, 0) −

(
∂2 f

∂x∂λ
(0, 0)

)2

> 0,

where � denotes the determinant of the Hessian matrix of
f (x, λ).

Then, the following statements hold:
(1) If ∂2 f

∂x2 (0, 0) > 0, the point (0, 0) is a local minimum,
and the function f (x, λ) can be expressed in the form

f (x, λ) = y2
1(x, λ) + y2

2(x, λ),

for certain smooth functions y1(x, λ) and y2(x, λ) defined in a
neighborhood of (0, 0).

(2) If ∂2 f
∂x2 (0, 0) < 0, the point (0, 0) is a local maximum,

and the function f (x, λ) can be expressed in the form

f (x, λ) = −y2
1(x, λ) − y2

2(x, λ),

for certain smooth functions y1(x, λ) and y2(x, λ) defined in a
neighborhood of (0, 0).

Proof. By hypothesis, the Hessian matrix H of f at the ori-
gin is positive, therefore H is nondegenerate and f = f (x, λ)
has a nondegenerate critical point. By applying the Morse
Lemma, we can assert that there exists a local diffeomorphism

h : (0, 0) ∈ J1 × J2 −→ I0 × �0 � (x0, λ0)

( j1, j2) �→ (x, λ),

such that h(0, 0) = (x0, λ0) and ( f ◦ h)( j1, j2) = j2
1 + j2

2 ,

where we assume, without loss of generality, that ∂2 f
∂x2 (0, 0) >

0. In case it was negative, we define f ◦ h( j1, j2) = − j2
1 − j2

2 .
The bifurcation diagram for f (x, λ) is reduced locally to a
point.

The set of points satisfying the equation f ◦ h( j1, j2) = 0
forms a set of isolas or closed curves in the j1- j2 plane. Since
the transformation h is a local diffeomorphism, these level
curves, which are circumferences in variables j1, j2 defined
by f (x, λ) + c = 0, map to a set of isolas in the x-λ plane.

The equation ( f ◦ h)( j1, j2) = 0 implies j2
1 + j2

2 = 0,
which corresponds to the point (0, 0). Now, if we look
at a small neighborhood around (0, 0), the equation ( f ◦
h)( j1, j2) = c for small c > 0 describes a set of points form-
ing a circle with radius

√
c around the origin. �

When these circles are transformed by h into the x-λ plane,
they form isolas in a small neighborhood around the critical
point (x0, λ0). This is possible because the transformation
h preserves the topology of the small neighborhood around
the origin, and thus the isolas in the j1- j2 plane for a fixed
c parameter value, become isolas in the x-λ plane for this
corresponding c value.

Corollary A2. (Transcritical bifurcation). Let f (x, λ)
be a smooth function such that f (0, 0) = 0,

∂ f
∂x (0, 0) =

0,
∂ f
∂λ

(0, 0) = 0,
∂2 f
∂x2 (0, 0) �= 0, and

� = ∂2 f

∂x2
(0, 0)

∂2 f

∂λ2
(0, 0) −

(
∂2 f

∂x∂λ
(0, 0)

)2

< 0,

where � denotes the determinant of the Hessian matrix of
f (x, λ) at (0, 0).

Then, the local behavior of f around the origin can be
expressed as

f (x, λ) = g1(x, λ)g2(x, λ),

where

g1(x, λ) = 0, g2(x, λ) = 0,

describe the two distinct solution branches that intersect
transversely at (0, 0) forming the transcritical bifurcation for
certain smooth g1(x, λ) and g2(x, λ) functions.

Proof. By the Morse Lemma, there exists a local diffeo-
morphism h:

h : G1 × G2 → I0 × �0, (0, 0) ∈ G1 × G2,

(0, 0) ∈ I0 × �0,

such that h(0, 0) = (0, 0), as (0, 0) is a nondegenerate critical
point. Furthermore, by the Morse Lemma h satisfies

f (h(g1, g2)) = g1g2.

Now, by taking h−1(g1, g2) we can express f as

f (x, s) = g1(x, s)g2(x, s),

such that, as the Hessian matrix of the system has a negative
determinant because of the saddle behavior at the origin, with
the level curves describing hyperbolas,

gi(0, 0) = 0,
∂gi

∂x
(0, 0) �= 0,

where gi defines the behavior of the two branches for the
transcritical bifurcation, and by the implicit function theo-
rem applied to each branch gi, we can consider gi(x, λ) =
gi(x(λ), λ). �

APPENDIX B: COMPARISON OF THE TRANSIENT TIMES
FOR ISOLATED AND MULTIPLE NEARBY

BIFURCATIONS

In this appendix, we compare the transient times close
to several bifurcations by inspecting six different cases. To
facilitate this comparison, we define the distance to the bi-
furcation in a general way as �δ = |p − p∗|, where p is the
control parameter and p∗ denotes the bifurcation value. The
transients have been computed choosing initial conditions
passing through the delaying regions for each case [64], e.g.,
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for SN bifurcations we have chosen initial conditions passing
through the bottleneck of the ghosts. By doing so, we aim to
compare such times to show that the dynamics close to mul-
tiple bifurcations, such as the ones studied for the mushroom
bifurcation diagrams, are nonadditive. As we show below, not
only are the effects on transients in the mushroom bifurca-
tion nonadditive but they also show a coupling effect of both
SN1 and SN4 when approaching the transcritical bifurcation.
That is, a resonance effect of these bifurcations produces a
synergistic slowing down.

We first show the results for transients close to a single SN
bifurcation using the normal form ẋ = a + x2 (blue triangles
in Fig. 6) and the transients obtained by the sum of times for
two independent and distant SN bifurcations (violet rectangles
in Fig. 6). These later results will be compared with the mul-
tiple nearby bifurcations as a case to look for additivity in the
resulting transient times. For this case, transients are measured
from x(0) = −0.1 to x = 0.1. Then, the same results are ob-
tained for the normal form of the transcritical bifurcation, ẋ =
ax − x2 (open blue circles in Fig. 6). The green data in Fig. 6,
which appear overlapped to the results for the transcritical
bifurcation, show the times for the transcritical case plus twice
the time of a SN bifurcation. In a linear additive scenario,
transient mushroom dynamics phenomena should follow such
times. Then, we compute these transient times for the normal
form Eq. (2) (orange circles in Fig. 6 and the gene circuit
system given by Eq. (1) (black circles in Fig. 6). For these
two models, we set s = 0 and adjusted the opening gap such
that �δ corresponds to the distance �δ = |s − sSN1| = |sSN1|.
For Eq. (1) we used r = 0.14. For the normal form and model
of the mushroom bifurcation, transient times were measured
for x(0) = −0.1 to x = 0.1, and from u(0) = 0.2 to u = 0.4,
respectively.

The results show that the longest transients are found for
the self-activating gene model Eq. (1) and the normal form (2).
These results also show that the slowing down obtained for the
multiple bifurcation models departs from an additive effect of
individual local bifurcations. For instance, the times obtained
with the normal form of the mushroom model and the gene
model are much longer than the times obtained by summing
up the delays tied to the transcritical bifurcation plus the
delays of two independent SN bifurcations. Finally, the times
for the multiple bifurcations are about three to four orders of
magnitude longer than those for two single and far away SN
bifurcations, computed either separately or additively.

APPENDIX C: ANALYTICAL LOCAL APPROXIMATION
OF THE MUSHROOM BIFURCATION

AND SCALING LAWS

Theorem C1. (Implicit function theorem [65]). Let f be a
function of class Cp (with p > 0) defined on an open set U
of R2 and taking values in R. Let (x0, y0) be a point in U
such that f (x0, y0) = 0 and such that the partial derivative of
f with respect to the second variable is nonzero at (x0, y0).
There exists a real function ϕ of class Cp, defined on an open
real interval V containing x0, and an open neighborhood � of
(x0, y0) in U such that, for all (x, y) ∈ R2,

[(x, y) ∈ � and f (x, y) = 0] ⇔ [x ∈ V and y = ϕ(x)].

Applying Theorem C1 and, as a specific case of the
Malgrange preparation theorem, we can state the following
proposition to describe the local factorization of a function f
in the neighborhood of a saddle-node bifurcation.

Proposition C1. Suppose f (x, r) is a smooth function with
respect to x ∈ R in a neighborhood of x = 0 such that
f (0, 0) = 0, ∂ f

∂r (0, 0) �= 0, ∂ f
∂x (0, 0) = 0, and ∂2 f

∂x2 (0, 0) �= 0.
Then, there exists a smooth function p(r, x) which is nonzero
in a neighborhood near the origin N = [−δ, δ]2, such that f
can be locally expressed as

f (x, r) = p(x, r)[r − a(x)], (C1)

where a(x) satisfies a(0) = a′(0) = 0 and a′′(0) �= 0.
Proof. Given the condition f (x, r) = 0 and the orders of

vanishing according to each variable, we can apply the im-
plicit function Theorem to assert r = r(x) and the Mean Value
Theorem to proceed:

f (x, r) = f (x, r) − f (x, r(x))

=
∫ 1

0

d

dt
{ f [x, tr + (1 − t )r(x)]}dt

=
∫ 1

0

∂ f

∂r
[x, tr + (1 − t )r(x)]

d

dt
[tr + (1 − t )r(x)]dt

=
∫ 1

0

∂ f

∂r
[x, tr + (1 − t )r(x)]dt[r − r(x)]

= p(x, r)[r − r(x)]. (C2)

This demonstrates the factorization of f . Furthermore, evalu-
ating at the origin and considering that a(0) = 0, we get

∂ f

∂r
(0, 0) = ∂ p

∂r
(0, 0)0 + p(0, 0)1 = p(0, 0).

Therefore, at the origin, the derivative of f concerning r
equals the value of the function p(x, r) at the same point.
Moreover, the system’s dynamics in the r direction at the
origin are governed by the factor p(x, r), as expected. The
function a(x) is a smooth function of degree 2, satisfying
a(0) = a′(0) = 0 and a′′(0) �= 0. �

In order to analytically study the SN and transcritical (T)
scaling laws for Eq. (1), it is sufficient to prove that close to the
bifurcation, the behavior of the model can be approximated by
the following form, consisting of two saddle-node bifurcations
colliding into a transcritical bifurcation.

Proposition C2. Let f be a smooth function with respect to
x in a neighborhood of x = 0, defined in an open set U ⊆ R3

and taking values in R, such that

f (0, 0, 0) = 0,
∂ f

∂x
(0, 0, 0) = 0,

∂ f

∂s
(0, 0, 0) = 0,

∂ f

∂r
(0, 0, 0) �= 0,

∂2 f

∂x2
(0, 0, 0) �= 0,

∂2 f

∂x2
(0, 0, 0)

∂2 f

∂s2
(0, 0, 0) −

(
∂2 f

∂x ∂s
(0, 0, 0)

)2

< 0.

Then, around the origin, the function can be approximated by

f (x, s, r) ≈ c(x − sh0)(x − sh1) + r f1,0,
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for certain nonzero constants c, h0, h1, f1,0. Furthemore, if
f (x, s, r) = f (x,−s, r),

f (X, S, R) ≈ X 2 − S2 + R.

X, S, R being rescalings of x, s, r.
Proof. By the hypothesis, function f can be written as

f (x, s, r) = f0(x, s) + r f1(x, s, r),

where f1(0, 0, 0) �= 0. Note that for r = 0, f0(x, s) presents a
transcritical bifurcation for s = 0, x = 0 and f0 by Corollary
2 can be expressed as

f0(x, s) = g1(x, s)g2(x, s),

gi(0, 0) = 0,
∂gi

∂x
(0, 0) �= 0.

Now, let us apply Proposition C1, such that

gi(x, s) = c̃i(x, s)[x + h0,i(s)],

for certain smooth functions c̃(x, s), h0,i(s) such that c̃(0, 0) �=
0. Therefore,

f0(x, s) = c(x, s)[x − h0,1(s)][x − h0,2(s)], c(0, 0) �= 0.

Now, as h0,i(0) = 0, we know that we can write it as h0,i(s) =
sh̃0,1(s). Therefore

f0(x, s) = c(x, s)[x − sh̃0,1(s)][x − sh̃0,2(s)].

As in a neighborhood of the origin functions
c(x, s), h̃0,i, f1(x, s) are not zero; we can approximate them
by the corresponding leading terms such that

f (x, s, r) ≈ c(x − sh0)(x − sh1) + r f1,0.

If the model presents symmetry of the branches, ĥ0 = −ĥ0,2,
and properly doing a rescaling such that x = αX, s = βS, r =
γ R we get

f (X, S, R) ≈ X 2 − S2 + R.

Therefore, for r �= 0 we can study the behavior for the
transient times τ close to the SN, describing its scaling law,
and for r → 0+ we can study the transcritical scaling law as
in Sec. II A, resulting in the same asymptotic behavior except
for certain extra prefactors depending on rescaling factors
α, β, γ , δ, applying Proposition C2.

For the SN scaling law, let us consider

τ = 1

α

∫ ε

−ε

1(
x
α

)2 − (
s
β

)2 + (
r
γ

)dx

= α

∫ ε

−ε

1

x2 + r
γ β2 (β2 − A2γ )

dx,

where in the last equality we have used s = A
√

r. To study the
asymptotic behavior of τ , let us consider (β2 − A2γ ) → 0,
meaning we are considering its behavior in the vicinity of the
SN bifurcations. Therefore

τ (r, β, γ , α) → αβ
√

γπ√
β2 − A2γ

√
r
.

For the transcritical scaling law, a similar analysis can be
derived, resulting in

τ (r, s, α, β, γ ) = lim
r
α
→0+

απ√(
r
α

) − (
s
β

)2

= lim
r→0+

αβ2γπ

(
√√

rβ − s
√

γ )(
√√

rβ + s
√

γ )

= lim
s−

sn−s+
sn→0+

αβ2γπ

(s−
sn − s+

sn)
.

APPENDIX D: BISTABLE SWITCH MODEL

Similar to the mushroom model given in Sec. II, we here
introduce a bistable switch model to help decoupling the
difference between the effects of a single SN bifurcation and
multiple bifurcations.

We use the same simple regulatory model as for the mush-
room,

du

dt
= r + a(s)H (u) − u, (D1)

but with a modified external signal a(s):

a(s) =
{

sq − s2 if s < q/2

q2/4 otherwise.
(D2)

The stochastic models for the bistable switch are the same
as for the mushroom bifurcation (see Tables I and II) with
a change only in transition rate W1, which is dependent on the
new external signal function. In the intrinsic noise case, the
signal can be rewritten as

a(s) =
{ 1

�2 (SQ − S2) if S < Q/2

Q2

4�2 otherwise.
(D3)
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