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ABSTRACT

The aim of this work was to investigate and to develop

a practical method for determining vibration excitation
forces by an indirect approach using the measurements

of both dynamic responses and the inherent relationships
between the responses and forces. The latter were
obtained by mobility measurement techniques and
subsequently modelled by modal analysis methods already

widely used by vibrations specialists.

The force determination method depends on the measurement
of many responses in order to deduce a few forces, using
a linear least-squares fitting procedure. Previous work
in this area has been limited to the determination of
harmonic forces at a few frequencies on the experimental
side, or the determination of a force acting on a single-
degree-of-freedom model on the theoretical side. With
the aid of simple structural models, the method under
investigation was shown to predict successfully harmonic
forces over a broad frequency band and subsequently to
determine aperiodic and transient forces through the

use of Fourier Transform techniques. Both experimental
and numerical examples have been presented. The
structure used for the initial investigations was a
uniform cantilever beam, the experimental work being
extended at a later stage to include a compressor

blade from the fan of an aero-engine.



The last section of the work concerned the determination
of distributed force-fields using the numerical canti-
lever beam model, assuming that these could be represented
by equivalent point loads. A degree of success was
achieved by restricting the number of point loads to

one or two. Finally, an attempt was made to determine
experimentally distributed transient loads on a compressor
blade. This exercise highlighted the pitfalls of any
representative industrial application of the method,

but served to illustrate what can be achieved if only
slightly more care than is customary were to be

exercised in the collection of the measured data.
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NOTATION

SYMBOLS

Area of cross—-section

Modal constant of rth mode, response at ith
co-ordinate to excitation at jtP co-ordinate.

Stress/strain modal constant for rth mode,
stress/strain response at i due to a force
at j.

Calibration constant.

Young's Modulus

Mean value of residuals

Frequency

Force wvector

Distance

Transfer function matrix or structural damping

matrix

V-1

Second moment of area
Modal stiffness
Stiffness matrix
Length

Modal mass

Bending moment

Mass matrix

Number of modes
Number of sampled values
Null svace of [H]
Projection vector

Projection matrix



NN

Weighting matrix

Generalised displacement vector

Residual term in modal summation

Range of [H]

Stress/strain frequency response function
Spectral density matrix of displacements
Time

Period

Deflection

Vector defined in text

Variance of error terms.

Distributed loading

Vector defined in text

Matrix of freguency terms defined in text
Displacement, distance

Acceleration

Displacement Vector

Acceleration Vector

Half beam thickness

Mobility matrix

Inertance matrix

Receptance matrix

1/ (Aot (s 2 - 52))
Strain vector

th

Damping loss factor for r mode

Matrix condition number



Ay r /Bo/ET
o) Density
"o} Stress vector
Oy Standard deviation of error terms
réi ith eigenvector element of rth mode mass-
normalised)
(o] Mode shape vector matrix (mass-normalised)
{vy} Un-normalised eigenvector
w Circular frequency
Subscripts
i Response index
3 Force index
r Modal index
Superscrints
+ Pse%doinverse
* Complex conjugate transpose
T Ordinary transoose

' Derivative with respect to length

-1 Inverse
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1. INTRODUCTION

1.1 PREAVBLE

The measurement of dynamic forces 1s a difficult
problem in many engineering applications; the determin-
ation of forces acting at bearing supports on rotors
[l], at the rotor hubs of helicopters [2], [3], at the
supports of vibrating machinery [4], or aerodynamic
forces acting on turbomachinery blades (5], [6], [7], or
tall buildings [8], (9] provides a range of typical exa-
mples. Reliable methods for measuring such forces either
do not exist, or where direct methods are possible, they
are mostly difficult and expensive [10], perhaps invol-
ving the construction of a special rig [5], [ll], [12]
and/or the use of very expensive and delicate transd-
ucers; these have to be located at the sources of the

forces of interest, often in not easily accessible places

in a machine.

However, an indirect method suggests the measure-
ment of some other quantity, such as dynamic response,
which can be measured easily and which often has a lin-
ear relationship with the excitation forces. Using such
an approach requires knowledge of the relationships
between the measured quantities and excitation forces
(known as transfer functions) to be established first,

from which the forces may be determined indirectly.



In almost all cases the easiest quantity to meas-
ure directly is reponse, be it acceleration, displace-
ment or strain, and the techniques of experimental det-
ermination of the transfer functions between response
and force are well established for linear structures
(see, for example, references El3:] - [16]). These
transfer functions are nearly always most readily obt-
ainable in the frequency domain as frequency response
functions, which are complex valued functions defined
as the ratio of response to a harmonic force acting at
a single point. These may be directly measured using
sinusoidal excitation as in [13] - [16], or by using
Fourier transform techniques together with various
types of excitation (references [17] - [211). The
availability of efficient Fast Fourier Transform (FFT)

devices has greatly encouraged these methods.

The aim of the present work then is to show that
it is possible to estimate dynamic forces, be they har-
monic, aperiodic or random, by measuring the responses
of a linear structure to those forces, and by using the
relationships between responses and forces (transfer
functions). This approach gives rise to a set of linear
equations normally formulated in the frequency domain.
For the harmonic excitation case, the simplest form of

these equations may be written as:

(X (wl=[H wl{Fw!? (1.1)

nx 1 nxn nzx1
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where {X(w)} 1s the (n x 1) response vector
[H(w)] is the (n x n) frequency response function

matrix

{F(w)} is the (n x 1) force vector.

Theoretically, it is possible to determine the

forces from:
{F(w)} = [Hw] '{X(w)} (1.2)

but this procedure is known to have severe sensitivity
problemsEzz]’[gl; the inversion of the matrix [h(w)]

may give meaningless results due to errors in its meas-
ured elements[?Bj, and there is no simple way to check

if this the case.

Accordingly, it is proposed to use a method of
least squares regression analysis, which allows the use

of more equations than unknowns. This approach is

explained in Chapter 2.

1.2 LITERATURE SURVEY

Foo k
Previous workers who have attempted the taks of

determining forces from indirect measurements have used
a variety of methods; Allison [4] ! [24:! formulated the
problem as a second order differential equation with a
'smoothed' linear differential operator used in the

Laplace transform domain, and showed that it works well

on experimental data from a one-degree of freedom struc-

ture. SimionianEg] attempted input force determination



as part of a general parameter estimation problem, ie
he attempted to identify a parameterised model for the
excitation forces together with unknown system paramet-
ers. This results in non self-starting recursive est-
imation problems requiring the solution of non-linear
first order differential equations. He showed that cer-
tain parameters exhibit considerable sensitivity to
errors in the input data in certain frequency band-
widths by using numerically simulated data, although
the 'model' obtained for parameterised force always
reproduced a good estimate of the system responses.
This rather general approach is probably unneccessary
when dealing with most engineering structures, which
can be readily modelled by means of modal identificat-
ion of measured transfer functions. (This procedure

will be explained in Chapter 2.)

EllisEB] attempted to determine the frequency
spectra of fluctuating forces acting on a cantilever
structure in a wind tunnel. His initial approach -
by direct use of displacement spectra and transfer
functions - was unsuccessful, finding huge errors occ-
uring at low frequencies, which were attributed to the
sensitivity of the equations to perturbations in the
measured displacement spectra. He then went on to
redefine the structure model by considering the beam
elements as lumped masses, measuring instantaneous

e
aciBerations and strains along the beam and then cal-
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culating the nodal forces by taking moments at each mass.
This method worked well for determining one force input
at least, and was expected to yield good results in wind
tunnel tests. The disadvantages of using this method on
other structures are that, in general, it is very diff-
icult to represent structure models as a system of nodal
masses beyond the first natural frequency, (see, for
example, refs [14], [26] and E27] which deal with this
problem), and not all applications are amenable to the
use of both accelerometers and strain gauges as measure-

ment devices, as with thin aerofoils, for example.

In just such a case, Jenny and Bolleter[6] att-
empted to determine aerodynamic excitation forces acting
on a compressor blade by making an initial assumption
of the form of the force distribution
as a vector of discrete normalised forces and then est-
imating a scale factor to give the absolute values.
Essentially, this reduces the problem to a single input-
output equation, there being only one 'force' and one
response. Of course, this method depends on making a
reasonable approximation to the forces distribution ini-
tially, but this can be done if a lot of prior experience

has been acquired.

Whitehead et al[7] estimated m ment coefficients
acting on a cascade of blades at various flow velocities
by mounting each blade on a torsion tube which has the

same natural frequency as the blade on its fixings. By
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representing the whole arrangement as a two-d gree-of-
freedom system, it 1s possible to measure the blade
twisting angle using strain gauges when the blade is
excited harmonically through the torsion tube with a)

no flow and b) flow through the cascade. By comparing
the two sets of results, the aerodynamic moment per

unit twist angle can be found. The results were seen

to follow the general trend predicted by theory for flat,
unloaded plates. This kind of experiment is commonly

used in the investigation of blade flutter.

Another cascade experiment was carried out by
Hanamura et alEs} who measured both 1lift and moment
coefficients at high flow velocities using a simplified
rig which had only one blade mounted on a torsional
excitation drive. The results compared favourably with

theory.

References [1] - [3] and [25] deal with the prob-
lem of multiple excitation forces by the least squares
method investigated in this thesis. Of these, only
Flannelly et al [2] ! E3] produced results which can be
compared to directly-measured forces, these being
the harmonic forces acting on the 'hub' of a labor-
atory model of a helicopter. The forces were accurat-
ely determined for combinations of two orthogonal
forces from measurements of fourteen reponses at three

different frequencies.



Kinns[l] determined the forces generated at the
bearing supports of a spinning rotor. Fregu.ncy response
functions were measured while the rotor was spinning and
the values of these at the shaft rotational frequency
were interpolated from values just above and below this
frequency. A set of nine forces were estimated from
twelve response measurements corresponding to three
orthogonal forces at each of three bearings, and the
standard deviations of the calculated forces were also
determined. ©No checks on the accuracy of the estimates
were given, but they were thought to be consistent with

known journal orbits.

Ktorides[?sj used the same cantilever beam test-
piece as Hassan[?zj, who had previously tried to estimate
two forces from just two responses but with only limited
success. In reference [}5], the two forces were estim-
ated by measuring six responses but with very discourag-
ing results, probably due to an error in computation dis-

covered subsequently by this author.

From the literature available, it seems that most
methods fare well for the case of single input-output
problems. However, when several discrete forces or
distributed loadings are involved, only the least-squares
method has been found to give promising results, having
the advantage of being able to use redundant information

thereby minimising the consequences of errors in meas-

ured signals due to electrical noise, which 1s always



present. For this reas n, then, the least squares meth d
has been adopted in this r.search, leading to the solution

of the followinc set of inconsistent 1in ar =cuations for the

harmonic components of the forces {F(w)}.

{X(w)} ~ HW]{FW?} (1.3)

nxl nxm mx1l

The difference between the above eguation and
equation (l1.1) 1is that here m forces are to be estim-
ated from n equations, n 2 m. It will be shown in Chap-
ter 2 that the least squares solution of equation (1.3)

is given by:

A

Fw)} = Hw] =W} (1.4)

where [H(w)]+ = ([H(w)]*EH(m)])-l[H(w)] *
which is commonly known as the pseudoinverse [25] ! DOJ,
the generalised inverseth], or the Moore-Penrose

inverse (297, [31] of the rectangular matrix [H w)].

1.3 OUTLINE AND SCOPE OF THIS THESIS

The work presented in this thesis can be roughly
divided into three sections; a) the determination of
harmonic foces, b) the determination of discrete trans-
ient forces and c¢) the determination of distributed,
time-varying f rces. Each section 1s dealt with in a
separate chapter, numbers 3,4 and 5 repectively. Cent-
ral to this work, and in addition to the experimental
results which necessarily represent the ultimate test

of the techniques used, are the numerical studies pres-

*
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ented in each section, which inv stigate the sensitivity
of the least squares method to various types of error by
computer simulation, and which attempt to locate and
explain the cause of any ill-conditioning which may
arise. The numerical studies all use a cantig?er beam
model based on the simple Bernoulli-Euler beam theory

presented in reference [32].

Chapter 3 presents the initial investigations into
force determination. Given the apparent lack of pre-
vious work on the subject, it was deemed advisable to
begin the experimental investigation with a simple well-
behaved structure, and a cantilever beam similar to that
used in references [22] and [25] was chosen as the first
test specimen. This beam is shown in Figure (1l.1).

The initial experiments were in fact a repeat of those
attempted in reference Eﬁﬂ, ie two point sinusoidal
forces were estimated from measurements of six responses,
both acceleration and strain. A more complex structure
was then tested, chosen to be a first-stage compressor

blade from an aero-engine gas turbine.

Chapter 3 is entirely devoted to the determination
of harmonic forces, being the most simple case to start
off with, and on which the success in determining more
complex types of forces ultimately depends. This case
therefore accounts for the majority of the present work,
and the problems encountered are dealt with in some det-

ail, particularly the causes of 1ll-c nditioning as
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of a 3 X 2 matrix [H], where {p} = [PR H)]IX}

range of [H]

column 1 of [H]

column 2 of [H]

= hnz
P
hu
FIG (2.1)
Since R(H) = N(H*) from Theorem (1), eguation (2.8)
may be written as:
(x3= [HHFY = [Py 1 {x} + [Py y*) 1 {x}- [H] F}

(2.9)

From Fig. (2.1), it can be seen that since {p 1lies in
the space R(H), it must be sore multiple o} = [H]{ﬁ} £

the columns of the matrix [H]. Then the distance from
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{x} to {p} on the space R(H) is 1in fact the error
X - HF . For equation (2.9) to assume its minimum
value, the error vector must be vervendicular to R(H);

ie

since [H] {F} ]1{X)

= [Pry)
equation (2.9) becomes:

(X} - [H]{F) (X} (2.10)

This means that the error vector belongs to the null

*
space of [H] ,
ie [H]) ([H](F) - (X)) = {0}

The least squaressolution {F} is thus given by

1

(Fy = ((E] e ")t 0 (2.11)

It should be noted that the least squares solution is
only unigque when [H] is of full column rank, ie that
the equations in (2.1) are linearly independent, which

is always the case in the applications considered here.

Next we may apply the theory of univariate multiple

(33}, [34]

regression analysis to estimate the variance

of the estimates F}.
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If we assume that the equations are

{(x}y =[HNHF + {(r} , (2.12)

that they are linearly independent, and that the

r; are random variables due to noise with zero mean

. . 2
and with variance or 7,

ie E(ry) = 0; Vi(ry) = o.% E(rj?) = o2

then E(X) = [H]{F}; V(X)) = orz

If {F} is an unbiased estimate of {F} given by equation
(2.11), then from equation (2.3), an estimate of 0,2 is

given by:

oy = —Lo ((x) - [B)GFH" (Ix} - [H]LFY) (2.13)

From equation (2.11l), the variance of the force estimates

is given by:

V(F) = V([H H]"l[H]* {X})
= [8"8) 7 E) " vy [e) eTE] Y
vV F) = Srz.[H*H]'l (2.14)

* -
The mxm) matrix [H H] 1 s often known as the variance-
covarirance matrix, and an estimate of the standard deviation

of the forc s is given by
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5. = o .A/Cis (2.15)

, . * -1
where C;; 1is the ith diagonal element of (a2 H]

It is quite often assumed that if the residuals calculated
from {r} = {X} - [H}{F} are found to be very small, the

(1]

estimates {F} must be close to the true {(F}"'~!
This is not necessarily so, since if [H] fF} = {X}, then

fr} = [H]({F} - {(F})
and

(F} - {F}={sF} = [u]" (r}

Thus, if the elements of [H]+ are large then dFi can be
significant compared with Fj. It is always advisable
then to compute not only the residuals but also an
estimate of the standard deviations of the calculated
forces. It is important to note that the least squares

procedure nearly always gives very small residuals.

2.2 FREQUENCY RESPONSE FUNCTION MODELLING:
MODAL IDENTTFTICATIN

The freguency response function matrix [H(w)] in equation
(2.1) can be measured directly at all values of w for

which the force estimates are required (either for harmonic
forces or for time-varying forces described by a fregquency
spectrum). However, this involves inefficient use of the
data which have to be stored for all points on some easily

accessible magnetic device, usually hard disks.
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It is common nractice to measure just one column of
[H w] and to model the measured curves with simple
mathematical formulae, from which the other columns of
the matrix may be derived. This orocess is known as

modal identification, or modal analysis[l3]’ [161 or

sometimes system identification [35].

The equations which follow are derived in many places
(references [14], [36] and [15], for example), and the
assumptions on which they are based are briefly outlined

here:

Assuming a structure with linear stiffness and linear
hysteretic damping, the equations of motion can be

written:

(] {q} + i[H] (g} + [K] (g} = {F1re*®F (2.16)

where

[M] is the mass matrix

[H] is thehysteretic damping matrix

[K] is the stiffness matrix

{F} is the vector of generalised force amplitudes
{g} is the vector of generalised displacements

w 1is the forcing frequency

(2.16) is the equation of motion f r a multi degree of

freedon structure undergoing harm nic excitation.
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The solution can be written as:

) et EY fo,)
{q} = I (2.17)
r=1

2
m,. wr2 (l“(':}: + ing)

where my = modal mass of rth mode
wy = rth natural frequency

ny = damping loss factor of rth mode

{v,.} = complex eigenvector of rtP mode

Equation (2.17) becomes more useful if one considers
one particular response, gj, due to a single excitation
force, Fy; the ratio of these quantities defining the

frequency response function known as the receptance,cxij.

© v . r Y5
ajjlw) =1 — = ] (2.18)
r=1

mpwy? (1=(= ) Z+ing)
r

It is normal practice to mass-normalise the mode shave

vectors so that (2.18) may be written as:

- I
agyle) = £ 22
r=1 ) o
(1-(= +in)
r Wy r
® r Aij
= I (2.19)
r=1

2 2.
Wy (l—(ar) + in,)
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where = rdi. ré¢j, called the "modal constant".

rAij

Recertances for several points on a structure can easily
be measured directly, usually in an alternative form

[36]’[37]or acceleration mobility[23],

known as inertance
which is the ratio of acceleration at point i due to
a harmonic excitation force at j, the most common

measurement transducer being piezoelectric accelerometers:

: oo W PAjy
Inertance Yij = I - (2.20)
r=1 2 W 2 .
wr (1 (w ) + lﬂr)

r

In oractice, one can measure only a limited number of
modes, n say, and a basic assumption of modal analysis
is that the contribution of all other modes higher than

the range of interest can be approximately represented

by a constant residual term Rij[371 so that
. n w? rAij
Y . ~ r - - mZRi- (2.21)
1] J
r=1

2
w2 (1-(= )"+ in,
“r

Equation (2,21) provides the basis for all transfer
function modelling used in this thesis, which 1s further
simolified by assuming all modes to be real and well-

sevarated. As the structures tested in this research are
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lightly damped cantilevers in nature, this simplification
is reasonable and necessary to ensure successful model
identification. Therefore, assuming the terms rAij'

Pij to be real, equations (2.21) can be expressed in

real and imagirnary terms as:

o ]
+ P
15 = I rRij. WR(y) - w? Ryj
r=1
} (2.22)
n
TR e SR Y
J r=1
J
- w? (1- = )
where wWR _ f_ . wr? ; Wl = 222. "r
w2 w2 2 Ur © 5
wr r

The quantities ?ij and w, are found by measurement and
insvection of the measured curves respectively. It then
remains to obtain estimates of pAj4, Rjj and ny by a
modal identification procedure develoved originally by
Gleeson[36], which is suitable only for lightly damped
structures: it is initially assumed that the system is

undamped, ie n, = O, and equations (2.22) become:

R _ n w2 1
r=1 Tt L (2.23
W :
vl = o,
1] -




- 32 -

the residual term usually being ignored in the first
instance as negligible., The modal constants are found
by taking measured values of inertance at n off-resonant

frequencies w, and writing (2.23) in matrix form:

1
/R - - mux?
{Yijk} =[{w] {rAij},where Wip = wrz . —
n=1 nxn  nxl (1- Eﬁz )
Thus:
_ -1 R

{PRyy) = [w] {Yijk} ) (2.24)

which yields the n modal constants _A r=1, 2...n.

rij’
An estimate of the damping loss factor can be found from

equation (2.20) by using the peak values of inertance at

wEW the series is dominated by the rth term,

¢ . _rMy
ij in,
_ r?4
o= EA3 (2.25)
Y. .
1]

The inertance curve can then be regenerated from equations
(2.22) with Rij=0 and compared with the measured one. If
found to be unsatisfactory at this stage, further improve-
ment can be obtained by including a residual term, which
affects only frequencies at the higher end of the range

considered. This can be done in a number of ways; the



simplest beinc to add a fictitious 'mode' at a fr.quency

much higher than the range of interest «w ), and to include

n+l
a corresvonding extra point in equation (2.24 , so that
we have:
1245
) ot ~1 ° R
1 = [w] (Y0 ) (2.26)
A, . (ntl)x(n+l) M+1)x1l
n ij
n+11 5
n+1)x1
2 . .
and A N . . T nnPid
n+l lj cu2 2
n+l W
-2 ) a1
n+1
when wol >> @
+IAi‘
so that R,, = -—D2Ff£2J (2.27)
ij )
“n+1

The points chosen as the input data {iijk} in (2.24)
and (2.26) are normally antiresonance or minima points,

past experience showing these to produce the best

[37].

results Remembering that _2A = _¢ ¢ A, = 9.2

rij ri. r'j’ rii r'i
enables one to d duce all other modal constants required
to oroduce as many columns of the transfer function

matrix [Y(w)] as desired, up to the number of noints

measured by single point excitation. 1In general,
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r'i. r’j

A, A,
_ r ik.r jk (2.28)

riux

so that, in principal, any column of the matrix [¥ ()]
may be derived by measuring one column only.
Unfortunately, (2.28) does not apoly to residual
terms; however it is commonly found that residual
terms are only significant for the so-called 'point'

transfer functions, Yii' since all the rAii have the
same sign and the effect of high modes in the series
expression (2.20) is cumulative. It is therefore

wise to measure all point transfer functions separately

so that residual terms may be deduced.

Reducing the transfer functions to terms involving

only the modal parameters as in equation (2.21) leads
to considerable reduction in the amount of data to be
handled by the least-squares equations for force
estimation. The transfer function matrix [é(mﬂ may now
be reconstructed for any frequency from the consistent

modal model given by equations (2.22).

When the measured response is to be strain rather than
acceleration, the series exoression (2.21) is slightly

different in form and all columns of the transfer function



matrix have to be identified separately. The equivalent
form of the equations for strain measurements will be

derived in Section 3.2.2.

2.3 APPLICATION OF METHOD TO APERIODIC DYNAMIC FORCES

The theory presented in the »nrevious two sections shows
how harmonic and other periodic forces may be determined
in the frequency domain using modelled transfer functions
and regression analysis. This section deals with the
problem of applying the theory through digital Fourier
transform techniques to other time-varying (aperiodic)

forces, especially pulse or impact type loads.

That any signal or waveform may be represented by a

[20],[21]

Fourier series is well known, the digital form

0f the series being:
N-1

1l
X(p,) = = I X,
k N g r

o1 (2rkr/N) (2.29)

where X is a discrete series of a sampled time

function x(t).

N is the number of sampled points

X(mk) is the Fourier component series.

Therefore any time series x(t may be transformed into
the frequency domain by use of equation 2.29 , which i1s

known as the discrete Fourier transform DFT . Conversely,
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a discrete time series may be calculated from a knowledge

of the Fourier series by:

a i;l o) 1 (2akr/N)
Xy = X (¥x) e (2.30)

k=0
which is the inverse discrete Fourier transform (IDFT).
The DFT and IDFT equations are normally calculated
using efficient computer algorithms widely known as

(20],(21], [38]

Fast Fourier Transforms (FFT); and the

inverse form IFFT.

Thus, i1t can be seen that the use of the DFT and IDFT
equations will permit the transformation of any time
domain problem into the frequency domain, where force
determination may be used, as described above, transforming
the force estimates back into a discrete time series,
thereby avoiding any convolution integral solutions. In

a flow-chart form, the procedure is as follows:

measure.

{x(f)} FPT {X(w)}
defermine.

. 1 IFFT ¢~
{F(w)}———-{f(f)}

measure. PHJDAL
IDENTIFICATION
[H(w)} - [H(wil

(raw data) {modelled)

FIG. (2.2)
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In all a»nplications of the DFT, it is assumed that the
signal x(t) is a periodic function which is analysed

or 'windowed' over exactly one period. The DFT produces
values of X(w) at frequencies spaced 27v/T avart, where T
is the 'veriod' of the time record. The coefficients
calculated are only valid for frequencies ud to

= 2"k (x-0, 1,2..,N/2) (2.31)

NAt

“x

where At = sampling interval

ie the upper frequency limit is TT/At, which 1s known

as the 'folding' or Nyguist frequency, wgp. Furthermore,
the original signal should not contain frequencies above
"/t racils_l as these will distort the Fourier coefficients
at lower frequencies, which is called aliasing[zo]’[le

Aliasing can be avoided only by ensuring that the sampling

interval Atis small enough, so that

or

1

53E > fO {dz) {2.32)
The implications of these conditions are very important
when analysing practical data, particularly from impact

tests. Various peoLle[l7]'[18]

have found that a sampling
frequency of between four and six times fo isne.c.d to
avoid aliasing. The problem becomes especially severe

when dealing with impact testing £ lightly dampoed



structures: 1f there is a limit on the number of
points N which can be handled 1in a computer, and we

rewrite (2.32) as
% > f (2.33)

then, in order to avoid errors due to truncation of

the time signal, T must be sufficiently long to

allow oscillations in the signal to die away. For

lightly damped structures, this may mean that T must

be several seconds. If N can only be 512 or 1024,
equation (2.33) shows that this will severely limit

the upper frequency for which the Fourier coefficients

are valid. Alternatively, if a large computer is
available, it is possible to sample at higher frequencies,
always provided one is prepared to perform a DFT on
extremely large time series, say 20,000 points or

more. If, however, it is undesirable to perform such
lengthy computations, then it is possible to deal with
long time records by a method developed by Eilers.[3Q]
This method, the theory of which is presented below,
allows the calculation of the DFT of a long time record
using limited computer storage, by splitting the record

into blocks of N points and summing them.



- 39 -

Rewriting (2.29) as:

N-1

1 .
X(k.Af) = § Z  x(r.st) exp(~-i2nk.Af. r.At)
=0 (2.34)

for O <k < N/2

If (2.34) is evaluated at a particular frequency uwp,

so that Wy T 2mm.Af,
1 N-1
X{wp) = 5 z x(r.At) exp (-iw r At) (2.35)
r=0

If the record length is now doubled so that 2N samples

are taken, instead of N, but preserving the relation-

ship
Af.At. N =1

and Xy is evaluated at the same frequency %én,

equation (2.35) becomes

1 N-1
X' (wp) = 5Ny L x(r.at) expéiwmr.At) (2,36)
n=o
Introducing r' = r + N for the samples N to 2N-1 gives:
l N_l )
X' (o) = >N z x(r.st) exp(~lugR.4at) +
=0
N-1
T x(r'at) exp —iwmr'at) (2.37)
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Now, exp(~1i ,'4t) = exp(-i rat .e~xp(-iwNAt) (2.38)

and writing m = 2mmdf gives:

exp (—immNAt) exp (-i2mm.Af.N.At)

exp (-i.2mm) =1

Then, (2.38) becomes:
exp (-iwr'ast) - exp (-iwrat) (2.39)

and (2.37) becomes:

n-1
I [x(xat) + x(r'at)] exp (-iwrat)

N =0

)

N

(2.40)

Thus, the DFT of the series Xy which has been divided
into two blocks of length N, is equivalent to the DFT of
the sum of the blocks x(raAt) and x(r'.At) divided by 2.
It is clear that a record length of pN samples may be

divided into p lengths, civing:

X'(%%) = % I [x rat) + x(r+\)at) +

X(r+(p-1)N)at)] exp (-iw, rat) (2.41)

m
Thus it is possible to analyse long transients over a
wide fregquency range by dividing the time series into
blocks, reading in one block at a time and summing them
prior to analysis. The DFT calculation 1s then verformed

once only on the N sums of the block elements. The



frequency spacing of the resultant sz spectral lines

will now be

' _ _ b
' = paf = S (2.42)

so that the advantage of rapid sampling has been

gained at the expense of the effective frequency resolution.

With respect to the procedure outlined in Fig. (2.2), the
above analysis 1is only useful if it is ensured that the
block length N.At is large enough to describe to the
entire forcing function £(t). This is usually very

easy since impacts are generally of a few milliseconds
duration or less, while the corresponding responses are

much longer, usually several seconds.

A similar method of analysing long time records is
described in reference [40], where it is called 'scan
averaging'. However, this method entails the calculation
of several DFTs before averaging, and the use of special
welghting functions on the time signal to avoid truncation
errors, and is thus less convenient to use on off-line

measured data.

2.4 APPLICATION OF METHOD TO RANDOM FORCES

In some applications of force determination it may be
required to estimate rand m force spectra of unsteady
loads, eg wind locading of tall buildings. The theory

of Section 2.1 must be extended to account for the extra
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[21],

terms involved in the spectral egquations, which are

[5y(w)]=[H )] [Sp o] [H(]

(2. 43)
nxn nxm  mxm mxn
[Syw)] = svectral density matrix of responses
[Sp(w)] = spectral density matrix of forces

[H(w)] = transfer function matrix

If [Sx (w)] and [H(w)] are the result of measurements,

(2.43) become approximate equations:

[S, (W)]= [H(w)] [Sp(w)] [H(w)] ” (2.44)

X

This may be rewritten in terms of linear equations

using the Kronecker Product:

* .
{s,} = ([H]e[H]T) isp} +ix} (2.45)
nnx1 nnxmmm rmxl nnx1
where ® denotes the Kronecker product which is defined

as

* T *.T

((r] e [B]7) = (nj4[H 1)

* .
and is a partitioned matrix with hij [H ]T as the (i,j)th
vartition, i =1 ton, j =1 tom. Using the pseudoinverse
as derived in Section 2.1, the least-squares solution of

(2.45) 1is given by:
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5p) = [H] @ ([H ]T)7 {8,}
= (qu)T e ([ 1HT) 1y (2.46)
which, in matrix form, is
[sp] = [H]Y [sy](u1*
or [sp] = [H]* [s,](H]D” (3. 47)
mxm =@ mn @ nxXn o nxm

If the forces are uncorrelated, the cross spectral density

terms became zero and (2.44) reduces to:
S (w)} = [lH@) 2] {Sp(w)} (2.48)

which already exists as a set of linear equations and so
the pseudoinverse may be used directly, giving the

normal equations.



3. APPLICATIONS TO DETERMINE HARMONIC FORCES

The first attempted practical application of the theory

in Chapter 2 was to determine harmonic (sinusoidal)

forces acting at two points on a cantilever beam.

Section 3.1 presents the experimental work and results
involved in this study while Section 3.2 presents a
parallel computer-based numerical study which investigates
likely sources of errors influencing the experimental

results.

3.1 CANTILEVER BEAM EXPERIMENTS (I)

3.1.1 Details of Apparatus

The cantilever beam testpiece is shown in Fig. (1.1). The
beam 'root' was in fact very long in order to provide a
large surface area for contact with the two heavy clamping
blocks to minimise the chances of introducing spurious
modes in the frequency range of interest due to flexibility

at the clamping contact surfaces. Previous work[4l]

had
shown that beams which are insufficiently encastré give rise
to heavily damped modes which are not beam flexural modes

and are not amenable to the modal identification or smoothing

process described in Section 2.2.

Piezoelectric accelerometers and force gauges were used
as the transducers for measuring acceleration and force

levels. The transducer signals were processed and
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analysed using the mini-computer controlled measurement
facility at the Dynamics Group Laboratory of Imperial
College, the core of which is the Sclartron 1170 Frequency
Response Analyser (FRA). This equipment is shown in block
diagram form in Fig. (3.1) and is essentially purpose-
built for discrete, steady-state sine-wave measurements,

especially of transfer functions.

3.1.2 The Measurements

Each test was conducted to cover the chosen range of
frequencies from 30 Hz to 2500 Hz, which includes the
first four beam bending modes. In order to perform the
'calibration' of the testpiece, it is necessary to
measure only one column of the inertance transfer
function matrix for the points considered, as has been
discussed in Section 2.2 ie. with a shaker attached
at point 6 only, the inertances QiG’ i=1, 2 ..., 6
were measured. This entailed, for each inertance,

the measurement of some 200 points in a logarithmic
sweep to give a coarse picture of the curves, and sub-
sequent detailed measurements of ten points or more to
give finer resolution (<1%) around the resonant and

anti-resonant areas.

These transfer functions were then modelled or 'smoothed’
by the simple modal identification technigue given in

Section 2.2; this processing being performed entirely



off-line. Examples of these curves can be seen in

Fig. (3.2), the entire set being pr sented in Appendix A,
with numerical results. To check the reliability of these
measurements, a second column of inertances was measured,
ie. forcing at station 5 and measuring %ZS’ 1 =1, 2..., 6.
The modal identification procedure was then repeated,
yielding an alternative set of mode-shape vectors, and
their similarity (or otherwise) to the original set
indicates the reliability of the measurements. (See for
example, refs. [16] and [35] for more detailed assessments
of similar kinds of studies). Although this procedure

was followed, no attempt was made to modify the original
modal model as a result, and any inconsistency in the

measured mode shapes was considered to be within the

bounds of experimental error (approximately X 5% on r?i).

The beam was then excited simultaneously by 2 shakers

- atpositions 5 and 6 -, both forcing harmonically at

the same frequency but with different magnitudes and
phase angles. Both forces were measured directly by
force transducers for comparison with the subsegquent
'predictions'. The six accelerations (k;, i=1l, 2...,6)
were also measured for 190 frequencies between 30 Hz and
2500 Hz. The measurement computer orogram was written
so that one of the forces (F6) was taken to be the

reference signal, 1e. all measured phase angles are

relative to the phase angle of Fg.



No 'mass cancellation', ie. compensation for the weight
of the transducers was attempted, so the testpiece

effectively comprised the beam plus six lumped masses.

3.1.3 Force Determination Results

Having obtained a modal model for the beam and a set of
measured responses due to two force inputs, the forces

could be determined from egn. (2.11),

(F(u)) = [Y(w)] { Xw) } (3.1)
2x1 2x6 6x1
{g(m)} being the vector of estimated forces at one
frequency. All the forces thus determined are shown
in figs. (3.3) & (3.4) where they may be compared with
the directly measured forces. It should be emphasised
that all terms in equation (3.1) are complex, thus

allowing the prediction of both amplitude and phase.

It is obvious from these results that there is some
difficulty in predicting the forces near and below the
first mode (which is at ~ 60Hz); in fact, only points
above 150 Hz have been predicted well. The errors at
frequencies near the fundamental mode can be of an

order of magnitude in modulus and of the wrong sign.

(8], [25]

Previous attempts to identify forces suggested
that these errors could be due to low signal-to-noise

ratios in the measured responses, but this has been shown to be
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an unlikely explanation (see r fs. [41), [42] and the
following Sections in this chapter). A more likely
source 0of error is poor modal identification of the
transfer functions, coupled with an inherent sensitivity
of the equations (3.1l). The possible causes of this
apparent ill-conditioning of the calculations is more
thoroughly investigated in a numerical simulation of

the experiments presented in the next section.

3.2 NUMERICAL STUDY OF CANTILEVER BEAM (I)

3.2.1 Cantilever Beam Model (I)

For the purposes of making a computer study closely
simulating the foregoing experiments, the author made
use of the mode shape vectors tabulated in Chapter 7
of reference [32], which were derived from the simple
Bernoulli-Euler beam equations for a cantilever. The
natural frequencies and mode shapes for the first eight
bending modes were taken to be the 'exact' model, and an
arbitrary proportional damping loss factor of .00l was
assumed for all modes. The exact 'responses' for the
model due to two constant forces of unit magnitude and
45° phase difference were calculated from

(X gy = 1Y) F o)

6x1 6x2 2x1

ACTUAL
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By subjecting both responses and transfer functions to

various kinds pverturbation, it is vossible to examine
the effect of errors arising when determining forces
from

e

(F()Y= [v)]" (3.3)

POL {X(W)}PCL

where the subscript POL indicates possibly polluted
data. Several numerical calculations using egn (3.3)
were carried out, all giving different degrees of
accuracy. To simulate the effect of measuring only a
finite number of modes (and thus having a limited modal
model), the series expressions used to compute the
elements in [&(m)] were truncated to four terms, and

the sensitivity of the calculations to three effects was

examined:

(1) The responses X!} were truncated to 3-figure
accuracy resulting in small errors except very

close to the first mode (see Fig.(3.5)).

(2) The eigenvectors (constituting the modal model) were
polluted with random errors of up to 5%. This
produced errors similar to thoseobtained experi-

mentally (see Figs. 3.6) & (3.7).

(3) Cases 1) and (2) combined, with additional errors
of up to 1®* in the natural frequencies and up to

20 in the damping loss factors (see Fia, 3.8

The errors produced 1in this case were only slightly

worse than those obtained in case (2).



Thus it is apparent that the most significant factor in
producing large errors near the first mode is pollution
of the eigenvectors. The equation (3.3) would seem to

be ill-conditioned* for a band of frequencies where the

first mode is dominant.

Many other numerical calculations of this sort have been
performed, but all of them reflect the same trends as the
cases present above: the interested reader should consult
ref[41] for a more detailed report. It is worth noticing
that the reverse or forward problem of calculating
responses from qn identically perturbed equation set

shows no sign of ill-conditioning: ie the equation

(3.4)

(X(w) ] [ Y ()] 5 [F (@)}

ACTUAL
produces, as one might expect, reasonably accurate results.

(see Fig. (3.9)).

Further treatment of the ill-conditioning problem is

presented in Section 3.2.3.

* Ill-conditioning in the context used in this work does
not necessarily mean that the calcilations are sensitive
to computer round-off errors, but that they are
sensitive to errors of a magnitude that may easily be
encountered in practice, ie of the order of 10% in

modal constant, 1° in +, 20% in ny, 1% in X.
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3.2.2 Cantilever Beam Model (II)

The sensitivity of the least squares method to inaccuracies
in the modal model of the previous section has been
established. It is of interest ﬁi examine a different
model of the same simple structure, in this case a

stress transfer function model, since accelerometers

are not a practical proposition for measurements on

real engineering structures, eg, rotating blades, and

strain gauges have the advantages of being light, cheap

and robust.

Following the development of the series expression for
receptances in reference [32], it may be shown that any
strain or stress response at a point along a beam may be
expressed as the “um of strains or stresses in the various

principal modes:

h Feiui"

-,

——-—x

A T VAW

FIG (3.10

Thus for the cantilever in Fig. (3.10), the displacement Vv

at a distance x from the fixed end is given by:-
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o

vix,t) = I pr(t)-wr(X)
r=1

Where p_ = «o .Fei"t.wr(h)

- r r

and a,. = l/(AoSL(wrz—wq))

and y,(x) is an un-normalised mode shape vector element.

Now, ,
0 dcy,. (x)
2 r
3V - 3 op(t). ———
ax? r=1 dx?
dZy.. (x)
r [
——— 1is defined as Arz.w"r(x) where Arz = w_.VAp/EI
dx?

and since, for Bernoulli-Euler beam theory,

- 2 "
Bending Moment = o0 &Y - - BT § p(t). 3 VT &
ax? r=1
. - My
Now, Bending Stress at surface of beam = T

- © A 2.9 "(x).y_(h)
Hence —i = Syp = E—E z r r L (3.5)

2. 2
rl1 (wr w*e)

Thus a stress (or strain) frequency response function

can be defined as an infinite series of the form

B,
© rij
Si. = z (3'6)
=] )

where _B.., the stress modal constant = _$."._¢.
r 1] ri 'r’j
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(3.7)

It can be seen from egn. (3.5) that the stress frequency
response function* (SFRF) has the same form as a
receptance series, except that ArZ appears in the
numerator, so that this series is less likely to converge
for a finite number of terms (N, say); in fact, for those
cases when the modal constants of many modes higher than
the range of interest possess the same sign, the cumulative
effect of these modes can be huge. To compensate for this
effect, a residual stiffness term has had to be introduced
into some of the frequency response functions to ensure
successful model identification. This residual term
is obtained by introducing a fictitious mode at a frequency
W, >> Wag 7 giving the expression
RPij RP1
resigual term Ri' = — =

] 2...2 2
(wr we) r

* %
which is real (for lightly damped systems) and constant.

* Note that no name has been proposed for these parameters

** For further discussion of residual terms see for example
references [13],(35],[37],[46]
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The SFRF curves for six points along the cantilever

beam were obtained from the Bernoulli-Euler beam
equations and the modal constants and residuals

were calculated from these theoretical curves by using
the modal identification method described in Section 2.2,
with the slight modification of assuming the curves to
be of a receptance form. Some examples of these curves

are given in Appendix B.

A second modal model was thus constructed, again giving
all modes a damping loss factor of .00l to force the
model to be complex. Stresses for six points along the

beam were then calculated from

{0 (w) Ygyacr (S gwacr  (F(Y acmuar, (3.8)

6x1 6x2 2x1
where the elements of [S(wHEXME,were calculated from
a series of five terms, including the residual. Then
as described in the previous section, the forces were

estimated from the inverse equation

+

(P =[5 Wl Coten

(3.9)

with various perturbations introduced to the stress

responses and/or the SFRF matrix:

(1) the stress response values were truncated from six-
figure accuracy to two (maximum error = .92 d4B).

This resulted in small errors in the predicted



forces away from the natural frequencies and
generally less than 5dB near the first mode.

(See Fig. (3.11)).

(2) eigenvectors were polluted by up to 5% and
residual terms by up to 10%. The results from
this case are shown in Figs. (3.6) & (3.7)

together with those of the previous section.

(3) As case (2) but with additional random errors
of up to 1% in the natural frequencies and up

to 20% in the damping loss factors. (See Fig. (3.12)).

The results are seen to follow the same pattemas those
of the previous study, ie errors in the responses do
not produce large errors in the force determination
results, but errors in the transfer function matrix

do, the largest errors being produced by inaccuracies
in the eigenvectors. The results for case (2) also
indicate that the SFRF model appears to be better-
behaved over the range 40-2500Hz, especially near the
fundamental mode, ie the equations are less badly
conditioned. The calculations involving accelerations
indicate that, where the motion is dominated by the
first mode, almost any combination of two forces can
produce the observed motion of the beam. It seems that

since stress is a function of curvature ie x = f d2v/dx2)
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rather than displacement, the stress responses are more
influenced by the higher modes even at low frequencies,
are therefore more complicated in shape and hence can

more clearly resolve the input forces.

This can be easily verified by calculating the ratios of
the modal constants for the second and first modes for both

cantilever models and comparing them:

AL .
. 2713 1.27509
1 = =Zs£/J2YVI7
for the inertance mode 1A" > 1e343 .58911
ij
(i=3=6)
B
for the SFRF model 2713 _ 1.16251
5., - 42866 ~— 2-71196
iTij
(i=3=6)

It is apparent in this particular case that the relative
influence of the second mode at low frequencies in the SFRF
model is more than four times greater than in the corresponding
inertance model. A mathematical analysis of the sensitivity

of the equations to perturbations is given in the following

section.

Further numerical 'experiments' of the kind presented in

this section can be found in ref. [42.]

3.2.3 Perturbati n Analysis

The contents of this secti n are derived from the analysis
of matrix norms and condition numbers; see refs. [28], [43]

& [44]. Let A denote the norm f a matrix [A] and b



- 68 -

denote the norm of a vector {b}. The definition of the

norms used here are shown in Appendix C.

To study the effect of perturbations of [Y] and {X} on
the least squares solution of[é]{F}:{X}, it is assumed

that [Y] is an nxm matrix of rank k, where m>n and k=n.

Let the perturbed matrix be defined as:

v

[¥] = [¥] + [sY]
and the perturbed response vector as:
{x} = {x} +{sx}

then, writing liﬁzll_ = ¢

r (3.10)

and Yt || = «* )

the equation to be solved may be rewritten as:

A"

[YJF+6F} =[Y+8Y] (F48F) — {X+6X) (3.11)
or [Y+S§Y]{sF} = 6X + X - YF- §YF (3.12)

<+
Premultiplying by[Y] gives:

[T+t sv] 67y = [¥]F (ex-svF) (3.13)

* often called the (pseudo) condition number of the

matrix [Y]
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A - | . Fo. .
{6F =[TI + Y &Y] [Y] {8X = 8YF

Taking norms*:

sr < |(a+vTsn) Tt L vt L sx + &Y . F )
(3.14)
and using the fact that
*
S A Sl | B - (3.15)
1- Y%
Egqn. (3.14) can be written as:
“+ ..
57 | v ClsX |+ sy .l F D
1-||¥¥] . sy
ot ..
[1sF7 | RN o desx 1] 8%,
[F |~ 1- Y[ . &Y |F
LR P 2 S (3.16)
F 1-«¢ X

which follows since X

A
(oY
o

From this equation it can be seen that the condition number «
is the decisive quantity in the upper bound for a relative
error § in the matrix[¥] If § is of order 0.1, (ie a 10%
perturbation in ?), then for a reasonable estimate of F ,

k8§ must be much less than unity, or «<<10. By definition,
the smallest value of « is 1. This is in fact a very
pessimistic evaluation, since equation (3.16) gives only

an upper bound on the err r norm, but if « is large, say

1O2 or 103, poor results may follow.

* GSee appendix C for rules when using norms.
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Fig. (3.13) shows values of «x nlotted for both [S] and

[Q] matrices over the range 30-600 Hz, and demonstrates
that when a 6x2 matrix is used, « is as high as mlO3
near the first mode for the [Y] matrix, not falling
below 10 until above 200 Hz. However, the corresponding

2 at low frequencies, falling to

values for the [ S] matrix are ~10
below 10 above 100 Hz, indicating the latter to be a better
conditioned matrix in accordance with the findings of

the previous section.

3.3 CANTILEVER BEAM EXPERIMENTS (II)

From the results of the computer studies in the previous
two sections, one might suspect that better force deter-
mination will result from using strain gauge measurements
instead of accelerometers. However, it is known that
these gauges are far less sensitive measurement devices
than are piezoelectric accelerometers and may be prone to
difficulties involving electrical noise. Typically, a
metal foil strain gauge has a gauge factor of ~2, and when
mounted on the cantilever beam could not satisfactorily
measure the small dynamic strains involved. A simple, if
more expensive, solution was to employ semiconductor strain
gauges, which commonly have gauge factors of over 100. Six
such gauges were mounted on the beam at positions between

the accelerometers as it was desired to continue testing



with both types of transducer on the beam. In fact,

only five responses from the strain gauges were
eventually used, the signal from the outboard gauge

being too small to measure accurately. The gauges were
activated by a simple potentiometer circuit, details of
which are shown in Appendix D. The measurement procedure
described in section 3.1.2 was repeated, ie the strain
frequency response functions (SFRFs) were measured first-
Sig, i=1,2,....5 and S;5, i=1,2,...5- the beam was

subjected to two simultaneous harmonic forces at stations

5 & 6, and the strain responses were measured, ey, i=1,2,..

The measured SFRF curves were smoothed using modal
identification. Sample plots are shown in Fig. (3.14),

and the entire set is shown in Appendix E.
Then the two forces were determined using:

(F(Y = [s]t fe(w (3.17)
2x1 2X5 5x1

and the results compared with directly-measured ones -

see Figs. (3.15)&(3.16). These show a marked improvement
over the earlier exercise in the region of the fundamental
mode, but are still unsatisfactory estimates. However,
the experiments seem to be followed very closely by the
expectations of the numerical studies. In addition, the
possibility of errors due to noise in the responses was

checked by comparing the measured responses to the

predicted ones:
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{ Yppep = [S] Fligas (3.18)

Some of the measured and predicted strains are shown in
Fig. (3.17), which show no signs of ill-conditioning or

excessively noisy measurements near the first mode.

One of the conclusions from the studies described above
was that the simple cantilever used throughout as a test-
piece may (unexpectedly) have given rise to special
problems and that a more complex structure with less
well-spaced modes or less simple mode shapes might not
exhibit the same degree of ill-conditioning. As a
result, it was decided that a compressor blade should

be used to provide a further series of experimental
results and these are described in section 3.5 of this

chapter.

3.4 NUMERICAL STUDY OF CANTILEVER BEAM (II)

This section examines two other factors which affect the
accuracy of the force estimates, namely, (i) the degree
of redundancy in the equations and (ii) the effect of
modifying them by weighting factors. For this purpose,
it was decided to continue using the cantilever model of
section 3.2.1, which has been shown capable of producing
significant errors when subject to certain kinds of

perturbation.
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3.4.1 Redundancy

It was shown in section 2.1, that an estimate of the

variance of the residuals {r} is given by

~

- 1 .. c. e
oy ({X} - {xh* ({X}-{X}) (3.19)

-

where (x} =[Y] {F}
and the estimated standard deviation of the forces is
given by

A

opi = o YCij (3.20)

11

where C;; is the ith diagonal term of [Q*%]—l.
Using the numerical model with the responses truncated
to two significant figures, the forces were 'predicted'

for varying degrees of redundancy, ie.

(P} =([e]*(Y]) " e)* (X (3.21)
mx1 m<m man nxl
where m = 2 (two input forces)

n =4, 6, 16 (no. of responses)

The force 'predictioms' are shown in Fig. (3.18) and the
estimated standard deviations from egn. (3.20) in Fig.
(3.19). As one would expect, the worst estimates
resulted from using only four responses, this case

giving the highest standard deviations. However,

using sixteen responses gave only slightly better results
than six. In all cases an estimate of cp< 0.1 indicates

a reliable result (the actual force values being unity
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.

When errors exist in [Y] as well as in {g} , the

expr ssions in (3.14) and (3.20) do not strictly apply
and a biased estimate is obtained for op. The results
of polluting the mode shape vectors by up to 5% and

then estimating the forces are shown in Fig . (3.20).
Once again it can be seen that, over the range dominated
by the first mode at least, the major factor is the
accuracy of the modal model and that increasing the

degree 0of redundancy does not improve the solution.

However, in the absence of gross ill-conditioning it is
reasonable to deduce that the ratio of equations to
unknowns should preferably be three or more. To this
end, the next section discusses the possibility of
improving the conditioning of the equations by weighting.
Given that such a result has relatively expensive
implications for the practical implementation of the
technique on complex structures, it is worth exploring

any other means which might exist to improve the process.

3.4.2 AWeighted Least-Squares Approach
,

It is not uncommon in statistical applications of the
least-squares method to use the method of weighted least-
[33], [34] . . :
squares . The analysis of variance of the residuals
presented in Section 2.1 assumes that the variance is of

the form PIJ orz. In many cases, some equations are less

reliable than others, which means that the residual
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variances are of the form FVJorz, where [V] is a
diagonal matrix with unequal elements. If the equati n
are premultiplied by a weighting matrix 'pJ such that
bel* [p)] = [pJ2 = Pv]™l, the new equations to be solved

are:
FPJ(X} = [PJ(YJ{ F} + DRJ(r} (3.22)

The least squares solution is given by:

(F =(1¥])*tRI* PRJ[¥Y]) MY]* pRJ*IR) X
=([v]* PRI? (¥ THEr PRI x
.
(Fy = (L210wdl¥]) THelx (Wl x) (3.23)
where [W] = [P]2 =[vJ %

equation (3.23) minimises {ry,}* { ry,} given by

(rg}* {r,} = ((X}- [YHFN*[W] (X} -[¥] F})  (3.24)
and [vp] = 8,2 ([¥]* Pwllyp ™t (3.25)
thus giving new values for op from equation (3.20)

Correct weighting of the equations can give better
estimates of {F and smaller values of op, but it is
difficult to determine the n ture of [PJ which must

be used in order to achieve this better result.

A suggesti n for the form of the [*PJ matrix is given

28
here, adapted from a more general theory given by VN ble[ ].
. . _l
A diag nal ma+trix [PJ] that minimices PY . yte
15 given by chocs.ng P - l , w re tae s, are

1 Si
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the absolute row-sums of (Y], and the norms used are

those defined in Appendix E?

This means that PY = 1, ie the condition of the
matrix [ Y] can be improved: 1if the matrix condition

number is examined,

k= Y . Y (3.26)

<y = YP 1 . py (3.27)

When using this form for the matrix [(p], the weighted
matrix becomes better conditioned at low frequencies,
., being about 10 dB lower than ¥ near the first mode.

W

(Compare the middle curves of Figs. (3.13) and (3.21)).

Equation (3.23) was used to investigate the effect of
weighting using the cantilever beam model described in
Section 3.2.1, with errors in the responses caused by
truncating them to 2- figure accuracy. The results can

be seen in Fig. (3.22), compared directly with those
obtained by using the unweighted equations, from which

it is found that weighting off rs some imorovement at
frequencies near the first mode. (Fig. 3.23 shows a similar
set of results obtained when usingpolluted transfer

functions (up to 5% error in the mode shape vectors
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Although this suggested weighting is simply a
mathematical scaling of the equations, there are
indications that it may be of some practical use:
if the measurements of Section 3.1 are reprocessed
using equation (3.23), the results as seen in Fig.
(3.24) show some improvement at low frequencies,
although there is no major improvement near the

first mode.

3.5 COMPRESSOR BLADE EXPERIMENTS

In section 3.3 it was suggested that a more complicated
testpiece should be used, as it would seem that the
system equations might be better-conditioned than those
of the simple cantilever. A first-stage compressor
blade was obtained, shown in Fig. (3.25), and experiments
were carried out using both accelerometers and strain

gauges as transducers.

The blade was tested over the range 40-1000 Hz, which
included thefirst 7 modes, not all of them flexural,

The inertances and strain transfer functions were measured
and identified, (see Figs.(3.26 & 3.27)), and clearly

exhibit quite different behaviour from that of the
cantilever; 1e a greater modal density and a less
regular form. The six responses due to two forces were
then measured at 140 discrete frequencies, and force

estimates made using the least squares equati ns:



SHAKERS

FIG (3.25) Compressor Blade Testwniece
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(= ([Y]*YDH 7Y [v)* (X3 (3.28)
fry = ([s]*[sH ™t [s]* te (3.29)
The results are shown in Figs., (3.28 &(3.29) . As

predicted, the results exhibit better behaviour at

low frequencies, especially those obtained from equations
(3.29), which show no ill-conditioning below the first
mode at ~71 Hz. There is however, some deterioration in
the results around the third mode frequency (~238 Hz),
especially for the force at station 5, which is probably
as a result of poor modal identification of the modes

at 195 Hz and 238 Hz. This, in turn, is due to the

fact that the simple modal identification technique used
assumes real, lightly damped modes, and an examination
of Fig. (3.26) shows these two modes to be relatively
heavily damped and quite likely complex, requiring more
sophisticated modal modelling. (See, for example, refs,.
[15], [16] and [27]). An improvement in solution can be
obtained in this case if 'unsmoothed' or raw measured
SFRF data are used (see Fig. (3.30), showing the modal
identification to be the likely source of error, but

this is a rather inefficient means of force estimation.

3.6 NUMERICAL STUDIES OF OTHER STRUCTURES

It has been seen throughout this chapter that the
cantilever beam model exhibits considerable sensitivity

to errors in the mode shape description, whereas it has
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been shown experimentally that a more complex structure
is better behaved. It is of some interest to know if a
very simple structure, such as a two degree-of-freedom
mass-spring system, reproduces the ill-conditioning
shown by a cantilever beam when the model is subject to
perturbations. Section 3.6.1 shows that in fact it does.
In contrast, section 3.6.2 presents some results using a
more complex and highly damped structure model based on

a helicopter tail cone.

3.6.1 Two Degree-of-Freedom System

f, f
— —
K, k, n. = 0.5 kg
- m, —wWA— m, 1
my = 1 kg
e —_— 5
X, X ky = 1.4212x10° m~
FIG (3.31) 1,2 = 60Hz, 120Hz

The actual forces f1 and f2 were = 1.0 N.

It can be shown that the mass-normalised mode shape

vectors of this system are

(6, = {1.1547 }
.5773

{¢}2 - .8165
-.8165
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If the exact responses to this system are calculated

from
{X} =1[{al{F} (3.30)
2x1 2x2 2x1

The forces may be reconstituted from

- -1
(F} = [a]POL {X} (3.31)
where [a]PQL now contains up to 5% random errors in

the mode shapes. The results are shown in Fig (3.3 2),
showing the effect of ill-conditioning near the first

mode.

3.6.2 Example of a More Complex Structure

The data used in constructing a numerical model for this
section were in fact taken from ref. [16], that being an
experimental study of a helicopter tail structure. A
typical transfer function for the model is shown in Fig.
(3.33), which exhibits damped, and some closely-spaced
modes. If a least squares estimate is mwade of two forces
acting at two points on the structure with polluted
transfer functions and responses similar to those described
in Section 3.2.1, the results (shown in Fig. (3.34)) exhibit
very little of the ill-conditioning found when using the

numerical model for a cantilever beam.

These results indicate that for more general structures,

the least squares method is likely to work guite well.

This concludes the study of determination of harmonic forces.
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3.7 DETERMINATION OF RANDOM FORCES - NUMERICAL STUDY

This section is in the nature of an appendix to the
studies concerning the determination of harmonic forces.
In the case of random excitation, it is usually the
force spectra which are of interest, and since the
responses are also obtained in the form of spectra as
the result of averaging many Fourier transforms of
overlapping time records, the calculations involved in
force determination are very similar to those of the
harmonic case. 1In section 2.4, it was noted that for

the simplest case, which is uncorrelated random forces,

{Se} = [|H 2]{ Sp} (3.32)
b R L

nxm

It can be seen that the elements in this set of linear
equations are all real, simplifying the computations

considerably. The force spectra may be estimated from:

s T AT r2)P AT sy (3.33).
Thus the only difference between this case and that of

harmonic force estimation is the use of [ H 2] as the
transfer function matrix. This means that any errors
that may be present initially in the [H( ®)] matrix
will become amplified when using [ H(») 2], so that the
estimation of force spectra using equation (3.33) will
be particularly sensitive to any ill-conditioning

associated with the modal model.
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The cantilever beam model of Section 3.2.1 was used
to produce displacement spectra due to two white noise

inputs of unit amplitude using:

= [ Hw) 2] (3.34)

0S5x " D pyacr macr (Sp )}

The effect of errors in input data on the estimation
of the forces was then examined using:

T

(sp( 3= HW) 213,

Sx(m)}POL (3.35)

where the subscript POL indicates possible pollution of
the data. Fig. (3.35) shows the results of perturbing
a) mode shape vectors with errors of up to 5% (up to

20% in H( ) 2

), and b) the response data truncated to
three significant figures. As before, the errors are
largest when the frequency response function 1is

perturbed, and the ill~-conditioning at the fundamental

mode is more pronounced due to the squared terms in

equation (3.35).
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4, APPLICATIONS TO DETERMIWNE NOV HARMONIC FORCES

4.1 NUMERICAL STUDY (I

The extension of the least-squares estimation process in

the frequency domain to the determination of transient (and
thus non-harmonic) forces via Fourier transform analysis

has been discussed in Section 2.3. To gain some idea of the
accuracy which might be expected from using the experimental
procedure outlined in Fig. (2.2), the cantilever beam model
was invoked once again to investigate the effect of

polluting the data on the force determination process.

The procedure used for this study is represented in Fig. (4.1)

in block diagram form.

The first application was limited to the estimation of a
single pulse-like force using one response only, as this
avoided the problems of ill-conditioning during the least
squares calculation. Two types of pulse were used: a
rectangular pulse and a half sine-wave pulse, both

generated at step 1 in Fig. (4.1). Each pulse was generated
in a digital form, at time intervals of .0002s and transformed
into the frequency domain by use of a complex FFT routine

at steo 2. The Fourier series of the resvonse(s) may then
be calculated at step 3, and if required, transformed back
into the time domain so that the form of x(t) may be checked.

Fig. (4.2) shows plots of £ t), F ), X(y) and x(t) used

for the rectangular oulse case, the latter reflecting the
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{£(t)}

DFT

{(F(w)}

i

CALCULATE IDFT
RESPONSES {X(w)}=[H(w)] {F(u)} S
POLLUTE
DATA
{X(w) }> {x(w)}POL

DETERMINE
FORCE R .
FOURIER {F(w)}=[H(w)] (X (w)}
SERIES PQL POL,

IDFT
DETERMINE -
FORCE TIME A
HISTORY {£(t)}

Figure (4.1

{x(t)}




- 107 -

A
Y

(V)

1.823 -
ft)
9.500 4
S8
2
=
o
U,
o
~0.332
0.c30 0.032 0.234 8.128 9..53
TI¥E (SECS.)
0.067 -
o
Q
= 0.0224 F(U)
wl
(48]
s 4
o
- N
y
-C.393 =
a sca 12.3 2.3 232
FRIQUINCY (M)
-110.584
a
a
2 N
= N {\ m
- 83 3¢ / \
)
0 A
z (\V\(\ ol AN AAAA A A
< A [ A
3 { reo |
o [ ‘ U i
)
Qz
256 Q4 +— —
0 50 0uo s ¢ 0
FReL SNCC M7
2 54']
[z}
o
. ] x )
¢ 73
[9]
w
=
o
a.
No]
e8]
[* 4
- 7
9 .00 o 4 o 34 2% 9 68
TLYE TZZS

FIG 4.2



- 108 -

dominance of the first mode in the motion of the beam.
The damping loss factors for the model are far greater
than those of the actual beam to ensure that the resp nse

decays to a small value within the record length.

When errors are introduced into the frequency response
functions at step 4 (up to 5% in the eigenvector elements),
the resulting determination of %(w) at step 5 seems very
successful, the curves for the actual force and estimated
force being almost superimposed in Fig. (4.3). But when
g(t) is found from the inverse transform, Fig. (4.3) shows
the estimated force to contain oscillations at a frequency
equal to that of the fundamental mode (63.8 Hz). The
reason for this may be seen from the linear plot of the
force Fourier components in Fig. (4.2). The first natural
frequency falls in an area where the magnitude of the force

is very large, which is reflected in the plot of x(t), as

previously stated.

One may examine the effect on force estimation of the first
mode's position with relation to the magnitude of the force
by giving the beam model an artificially higher fundamental
mode. The calculations were repeated with a first mode
frequency of 77 Hz, 80 Hz, 100 Hz and 240 Hz in turn. (An
alternative to this process would be to keep £, at 63.8 Hz,
but use increasingly longer pulses). The results in each
case (Fig. (4.4)) show some improvement for the same errors,

but only the last case is significantly better.
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An equivalent experimental study has been made at Rolls
Royce Ltd [45], where an impulse was provided by a ball-
bearing striking a blade and the force determination gave
quite good results. The shape of the pulse was similar

to a half sine-wave, whose Fourier components differ
markedly from those of a rectangular pulse (see Fig. (4.5)).
Using the same procedure that was carried out for the
rectangular pulse, with identical errors in the transfer
functions, the force time history was estimated with natural
freguencies of the beam's first mode of (i) 63.8 Hz, (ii)
80 Hz, (iii) 100 Hz, (iv) 117 Hz and (v) 140 Hz in turn.
The results are shown in Figs. (4.6) and (4.7) and indicate
similar trends to those for the rectangular pulse, shown
earlier. Thus, quality of the force estimation seems
dependent on a) the shape of the actual pulse, the half
sine-wave case giving better results as in general it has
lower Fourier coefficients at higher frequencies, and b)
the magnitude of the Fourier coefficients near the natural
frequency of the fundamental mode. The tables in Fig. (4.8)
show the correlation between the magnitude of the force
components at the frequ ncies nearest the first natural
frequency and a measure of the error for the estimated

force for each case.

In general, when the first mode is more strongly excited,
the force prediction in the time domain is worse. In the
experimental case, 1t seems likely that the pulse shape

will be closer to a half sine-wave in shape than rectangular,
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RESULTS FOR HALF SINE-WAVE PULSE

£, (Hz) g%g;ZlMagnitude (at Frequency in Hz) g?igiuzi ?izf
dicted Force
63.8 . 0202 (63.48) .0602
80 .0133 (78.13) .0442
100 .00537 (97.66) .0281
117 8.80 x 1077 (117.19) .0235
140 .00232 (141.60) .0227

RESULTS FOR RECTANGULAR PULSE

£, (Hz) g;g;leagnitude (at Frequency in Hz) g?igiuzi ?i:f.
dicted Force
63.8 .0128 (63.48) . 0542
80 . 000977 (78.13) .0391
100 .0119 (97.66) .0500
77 .000977 (78.13) .0388
240 .00222 (239.26) .0331

FIGURE 4.8
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thus improving the chances of good force estimation.

The next section presents the use of the least squares
method to estimate two simultaneous pulses, both of

which are half sine-waves.

4.2 NUMERICAL STUDY (II)

In this application, the same procedure was adopted as
was used in the previous section (shown in Fig. (4.1)),
but in this case, two pulses were generated at step 1
applied at two different points and with a small time
delay between them, and six responses were generated at
step 3, so that least-squares estimation could be used

at step 5. Both displacement and stress frequency
response functions were used for the beam model as it

has been found from the results of Section 3.2 that the
latter type of model is less susceptible to ill-conditioning.
Graphs of f(t), F( ), X ), x(t), o( ) and o(t) are shown

in Figs. (4.9) - (4.11).

Using the displacement (or receptance) model first, the
responses and frequency response functions were subjected

to various kinds of perturbation:

(1) the X( ) values were "truncated" to 3 significant

figures;

(2 the eigenvectors were p lluted by up to 5° random

errors, and
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(3) the modal constants rAj4 were polluted by up to

10% random errors.

The pulse lengths were chosen to be approximately 1.5
times the period of the first beam natural frequency,
thus ensuring only a small amount of energy was avail-

able to excite the first mode.

As was found in the case of harmonic force excitation,
case (1) gave the best results, (Fig. (4.12)) while
Cases (2) and (3) estimated pulses which had quite large

errors in the peak magnitude. (Fia. (4.13).

Using the better-conditioned stress frequency response

function model, the following cases were investigated:

(1) the stress responses were rounded to 2 figure

accuracy;

(2) Case (1) plus wup to 5% random error in the eigen-

vector elements.

(3) Case (1) plus up to 10% random error in the modal

constants.

(4) As case (3), but ignoring the DC (zero frequency)

components of F( ).

5) Case (2) plus up to 20 error in the damping

loss factors and 1° in the natural frequencies.
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The results for cases (1) & (2) are shown in Fig. (4.14),
for cases (3) & (4) in Fig. (4.15) and for case (5) in

Fig (4.16).

As with the receptance model, case (1) yielded very good
results, the others again being in error at the peak
magnitude, but the worst case (Fig. (4.16)) is only ~25%
in error for fg(t) and ~7% in error for fg(t), somewhat

better than obtained using the alternative model.

The results for case (3) may be improved slightly by
setting the DC or zero frequency Fourier component to
zero. This may be gquite useful when using experimental
data as recording equipment quite often exhibits either

DC bias or a low frequency cut-off, both effects rendering
the information at zero freguency unreliable. In the case
shown in Fig. (4.15), the error in peak amplitude is

reduced from ~18% to ~16% for fg(t).

4.3 EXPERIMENTAL STUDY (I)

The first experimental study to estimate time-varying forces
was carried out usinc the comrressor blade specimen of section
3.5, whose strain frequency response functiors have already been
measured and identified. The blade was excited using an

impact from a hammer with a force gauge attached to the

nylon impact head so that the actual force applied to

station 6 on the blade shown in Fig. (3.25)) was measured.
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The signals from the force gauge and the strain gauges
were recorded on an 8-track FM tape-recorder, together
with a time-code signal, so that when the measured data
came to be digitised, they could be replayed from exactly
the same point on all channels. Unfortunately, it was
subsequently discovered that a phase lag exists between
the odd and even numbered channels - the recorder being
a two-head device - and this was difficult to measure
accurately on replay. Thus only three of the six
responses could be used for force estimation, and of
these, one signal was found to be polluted heavily with
noise. For the purposes of this initial study therefore,

the force was estimated from only two responses.

The measured signals were digitised at a rate of 2500 Hz
over a record length of 7 seconds, giving 17,500 points
for each signal. Using the reduction technique described
in section 2.3, the digitised data was divided into blocks
of 1024 points and the complex Fourier components deter-
mined for 512 frequencies over the range 0-1250 Hz. Figs.
(4.17) & (4.18) show the first block of the digitised

time signals, and the Fourier transforms of the whole

record lengths.

The actial pulse, which is shown in Fig. (4.17 , is in
fact a series of four pulses caused by bouncing of the
hammer on the blade during the blow. This should not

cause any problems during force estimation; indeed,
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it means that F( ) is not a flat spectrum, which would

cause the first mode to entirely dominate the responses.
As it is, the responses shown in Fig. (4.18) demonstrate
that although the first mode is strongly excited, higher

frequencies are also present in the signals.

It remains to estimate the force Fourier components using
the least-squares equation, giving g(w), and finally to
obtain the inverse digital transform to yield g(t). The
results, compared with the original measured pulses, are
shown in Fig. (4.19), and exhibit good agreement for the
position of the larger pulses in time, and reasonable

agreement for the magnitude.

As the original signals exhibited a DC bias, the zero-
frequency component has been ignored in this study. The
oscillations on the estimated force time history are of the
order of ~220 Hz, which is in a frequency range where the
estimated %(w) is not in good agreement with the measured
F(w). The errors at these frequencies have been attributed

to poor modal indentification in Section 3.5.

It will be noted that, although the original sampling

rate was 2500 Hz, giving Fourier components up to 1250 Hz,
only half of these were used, ie up to 625 Hz. This was
merely a matter of expediency since the frequency response

functions were only modelled up to 1000 Hz, and as the
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majority of FFT algorithms require the number of points
to be an integer power of two, half of the available
data were sacrificed. However, this is not a limitation
of the method, but simply means that either modal
identification should be carried out over a larger
frequency range or that directly-measured frequency
response functions at the appropriate frequencies should
be used. In addition, if it is desired to include higher
frequency terms, it is a usual precaution to sample at

a frequency at least four times higher than the upper
limit of interest, as experimental data commonly gives

aliasing problems at the higher freguencies.

In the next section, the experiments will attempt to
include higher frequency terms up to 1000 Hz by sampling
the response data at four times this frequency, in the
hope of improving the results of determining pulse-type

forces.

4.4 EXPERIMENTAL STUDY (II)

In this section, the results of determining two force time
histories from six responses will be presented. As in the
previous section, the six strain gauge signals were recorded
on an eight track FM tape-recorder, but with a time-code
signal recorded simultaneously on tracks one and eight, so
that the responses could be digitised with no relative

phase lags.
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The two forces were applied to the compressor blade at

two different positions (5&6), the fregquency response
functions having already been determined. The measured
pulses shown in Fig (4.20) are the result of bouncing

the two nylon impact heads of a double ended hammer on

the blade at almost the same time, giving the quite

complex pulse shapes shown. The reason for their apparently
negative values is simply due to the polarity of the charge

amplifiers used for the force gauge signals.

The responses were digitised at a sampling rate of 4000 Hz
over a period of 9.4 seconds and the digital information
divided into blocks of 1024 points, with zeros added to
make an integer number of blocks. Two of the six responses
and their Fourier transforms are shown in Fig. (4.21).
These spectra show that almost all of the frequency content
of the responses lies below 1000 Hz, which is the upper
frequency limit to which the frequency response functions

have been modelled.

The Fourier components of the forces were then estimated

for frequencies up to 1000 Hz, using only response measurements
and frequency response data,the other half of the available
response Fourier components above 1000 Hz being discarded.
Inverse Fourier transforms were then performed to give the
"predicted" force time histories. The results are shown in

Fig. (4.22) and comparing these with the directly-measured
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pulses in Fig. (4.23), it can be seen that the positions
of the pulses in time are accurately predicted, although
the magnitude of the largest pulse at station 5 on the
blade has been somewhat underestimated (by about 28%), and
the second largest pulse at station 6 was smaller by ~11%.
The predicted fg(t) also exhibits some oscillations at
approximately 240 Hz, and this was again attributed to
poor modal identification in this area, as indicated by
the results of the previous section. It is possible that
errors occuring in the estimation of the frequency
components near 240 Hz have resulted in the errors in

force magnitude seen for fg(t).

Nevertheless, these results indicate that averiodic
time-varying forces may be reasonably estimated from
measured strain gauge response data, and given the present
available expertise in modal identification techniques,

the results obtained in this study can probably be greatly
improved upon. The use of digital Fourier transform methods
to calculate the spectra of long response time-records has
also proved useful in condensing the amount of data to be
processed into a convenient frequency range, and enabling

the comparatively short force time-histories to be determined.

The numerical studies have indicated that, as in the case
of the estimation of harm nic forces, the most significant

factor affecting the accuracy of the force predictions is
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the magnitude of the errors in the modal constants of the
frequency response functions; if the structure exhibits
the type of ill-conditioning observed in the cantilever
beam model, the errors in the estimated force-time curves
will show themselves as superimposed oscillations of a
frequency equal to that of the first mode, as well as
errors in the magnitudes of the actual pulses. This
characteristic was also displayed in the experimental
results, where oscillations of a frequency equal to the
natural frequency of a poorly identified mode were

observed on the determined force-time histories.

It was also found that force determination is more success-
ful if the Fourier components of the actual forces are very
small above the frequency range over which the F.R.Fs are
modelled, compared with those inside it; otherwise the
shape of the transient force cannot be fully reconstituted;
this was one of the reasons why the estimation of a rect-
angular pulse, which has 'sharp corners', and hence more
high frequency components, could not be estimated as well

as the smoother, half-sine pulse.

The next chapter will endeavour to show how the methods
developed so far may be applied to distributed forces,
firstly through a numerical study in which a harmonic,
distributed force is represented by discrete forces, and
then through an experimental application where the applied

forces are both transient and distributed in nature.
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5. APPLICATIONS TO DISTRIBUTED FORCES

The numerical studies presented in the first part of
this chapter are once again a numerical simulation of
experimental processes. The responses due to a simple
distributed loading pattern are synthesised and are
used to determine a number of discrete forces, which
are intended to represent the original distributed
load. Having shown that it is possible to represent
distributed loadings by one or more equivalent discrete
forces, the second part presents an experimental
application of the method, where a distributed force

acting on a compressor blade is also varying with time.

5.1 NUMERICAL STUDY

Using the modal series model for a cantilever beam,
the stress responses for the distributed loading pattern

shown in Fig. (5.1l) can be derived as follows:

/—bx

7 Wo Nm™
1

7

d l

g

- L -
(= +18L

w,=10Nm™'

FIG. (5.1)




- 141 -

Following the development of series expressions for transfer
functions given 1in reference [32], consider one component
wr(x,t) of the loading which nroduces motion in the rth

principal mode;

int L
We
wolx,t) = - X b (x)odxpw, (x) (5.1)
L-2
since, by definition[ 2]
1 at 1 g3 "
_4'_wr _wr, ._.3' _—wr = wr"
)\r dx™ )\r dx3
then,
1 4 3 1 "
jwr-dx =3 k.jé—ir . dx = i 4. d by % -V ; (5.2)
r dx* r dx3 r
thus (5.1) becomes:
woeiwt
Wr(X,t) = '—E [Ibé(L)—ll);:(.B.?L)]‘br(X) (5.3)
The response vr(x,t) of the beam is given by:
Ap(wrz-wz)
Since w"é(L) = O (the shear term at the free end , from (5.3)
we have:
_ it o,
vV, (x,t) = —HQs "”*’2('82“'”1’(") (5.4
2
RAer (wr we)
The total response for all modes is given by:
iwt =) "
V x,t) = 'X—Qg : —+r -82L ..p x) (5.5
0 r=1 A (w _2-w?

r r



or normalising with respect to the mass of the beam,

© ¢"} (.82L), o, (x)

vix,t) = wel t (5.6)
Q r=1 z - 2

r

wr(x)
where $_ (x) =
r v Ap %
-W"} (.82L)
o™ (.82L) =
r A, YAo2

Similarly, the stresses along the beam may be calculated

from:
. ® o™ (.82L) ¢" . (x)
o(x,t) = wel® 3 r r (5.7)
© r=1 (w 2 = w?)
r
All values of L, ¢"}, ¢"r are tabulated for a

Bernoulli-Euler beam in reference [ 32].

If one compares expression (5.7) with that of the

expression for stress due to a concentrated load,

given by:
. * o _(h). " (x)
o(x,t) = Felwt g L L 5.8)
r1 (.2 - w?)
r
where h = distance along beam at which the load

is applied,
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it can be seen that for the two expressions to give
the same value for o(xX,t) the coefficients of ¢; (x)/ wrz-wz

should be the same for each node, ie,

iy

vt should equal &"r,wbeJ .

i
¢r (h). Fe
If, say, m forces are acting on the beam then

m
'

I r$4-F4 should equal ¢"r-Wb (5.9)

j=1

Finally, if it is assumed that the Fj are equally
spaced at intervals 6x along the beam and have a
value equal to the distributed load multiplied by
§x, then
o _ Wo x .18L _
Fy= —O———= = Wo.8x (5.10)
then (5.9) becomes:

r; ¢35 « 8x should equal ¢ (5.11)

j=1
This statement is simply a discrete approximation to
equation (5.2) whose validity may easily be tested by
comparing the values of the left-and right-hand sides
of (5.11) for values of r uo to five. This is shown
in Fig. (5.2), where the values have been compared for
three values of §x; .06L, .09L, and .18L,
corresponding to values of m the number of forces) of

3, 2 and 1 respectively. It can be seen that the
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(2)

(3)
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r 1 2 3 4 5
by .10318 -.067517 .037578 | -.011373 | -.007947
3
I §ér.6x | .10318 —.067482 .037344 | -.010649 | -.009468
j=
2
5 §6r.6x| .10318 -.067607 .038201 | -.013476 | -.002969
j=1
o 8% .10317 -.067232 .035628 | -.004995 | -.02246
Ll
g .
(1) m=3 A o j = .24384 N,
/1 06L
] |
A
Ve
(2) m=2 A . = .36576 N.
A -09L ]
. l
7
e
(3) m=l j J=.73152 v.
18L
FIG. (5.2)




- 145 -

amplitudes in the lower modes agree closely, but the
fifth mode shows a large variation over all cases,
and that using only one discrete force is already

inaccurate at the fourth mode.

For the purposes of the numerical study then, it is
not desirable to include terms in the frequency
response function model above the fourth mode. An
‘exact' or closed-form representation of the beam is
also undesirable, as it allows for all the higher

modes in full.

Another way of looking at the dependence of the number
of discrete forces which may be used to represent a
distributed force on the number of modes which can be
included in the model is to note that the equations (5.7)
and (5.8) have very different residual terms when
considering the effect of the higher modes on the
responses of the model. Thus it was decided to use

only 4 modes in the model when representing the
distributed force field by 3 or 2 discrete forces, and
only 3 modes when dealing with one discrete force. Seven
stress responses due to the distributed loading pattern
shown in Fig. (5.1) were generated, and compared with

the responses produced by an equivalent set of three
discrete forces. Examples of the responses are shown

in Fig. (5.3), where it can be seen that the results

compare quite well over the first four modes, except
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at frequencies of low resp nse, where the influence of
the higher modes is greatest and is unaccounted for in

the 'discrete' model of the frequency response functions.

Using the responses generated for the distributed

loading case, discrete forces were estimated from:

(£} = ([SWI*[SW] 7T [SWF (olwlgg  (5.12)
mx1 m<m mxn nxl
where n = 7 and m = 1,2 and 3. Unfortunately, the

model was found to be too ill-conditioned to use when
attempting to determine 3 discrete forces. The reason
for the poor numerical behaviour of this calculation lies
in the fact that the modes of the beam model are very
well-separated, and at any given value of frequency,
the responses are dominated by the two nearest modes.
Effectively, this means that the model can only resolve
two forces or less with any precision, although the
(7x3) matrix [S(w)] is not numerically rank deficient
in any way. In fact, the responses would have to be
accurate to more than 8 significant figures if they
were to show the influence of more distant modes; this
is clearly an impractical requirement and so the study
was restricted to the determination of 2 or 1 discrete

forces to represent the loading.
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For two-force case (see Fig. (5.4 , the values obtained
were very close to the expected value of .36576 N;
similarly, for the one force case, the estimated force
was found to be close to .73152 N, (see Fig (5.5))

which is the effective force of a 10 Nm—l distributed
load spread over a distance o0f.18 X length of the beam.
However, these calculations were carried out with no
errors in the data, although the frequency response
function matrix and the stress responses are inconsistent.
When the mode shape vectors were polluted with random
errors of up to 5% (= up to 10% in the matrix [S(w)]),
the results for the two-force case showed the same type
of large errors near the first mode which has occurred

in the numerical study of Section 3, where the discrete
force case was dealt with. At higher frequencies how-
ever, the estimated force values converged to values
close to the expected ones. The one-force case disvlayed
no such sensitivity in the region of the first mode,

as there was no ill-conditioned calculation involved.

In the practical case, it seems that a distributed loading
pattern could be repr