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ABSTRACT:

The radiative corrections fo-!l- ~decay in the presence of
a gmvimﬁonoi field have been studied by using the non-polynomial
lograngion techniques. The modified energy spectrum for the
“emerging electrons is calculated to second order in the electronic
charge e . Itis verified that i.n the limit of gravitional coupling
R — o it reduces to the standard form obteined by Berman, Kinoshito
and Sirlin, und later by o number of cuthors. ()
We have also studied the infinity regularisation, in
higher order in e by computing the fermion self moss in fourth order

in e. Itisfound that the regulorization does proceed in the expecied

. 2
monner. That is, tosay, the infinite terms (o log « )~ and

1 .2
a2 log= ore regulorised by gravity, respectively, to{ ¢ log Rm)

2 1
{ )
and (o log Em
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GENERAL INTRODUCTION

As a preliminary fo the discussion of the K ~decay problem,
we shali first give a brief survey of the theory of weck interactions.

In the field of particle physics there are four distinct types of
interactions which are involved in the processes which occurin nature.

These are strong, gravitational, electromagnetic and weak interactions,
The distinction is justified on account of the relative strengths, types
of particles involved os well as by the essential differences in the types
of symmetries involved.

Strong interactions involve mesons and baryons. The range
is extremely small in comparison to other interactions, it is of the order
of 10 -4 cm. The sirength is measured by the dimensionless coupling
constant g~ which is of the order of 15. Such strong interacti ons cannot
be treated as a perturbation. The construction of a theory of strong
interaction has been one of the basic problems of particle physics. Attempts
have been made to study it through more general principles of causality
and unifarity. However, we will not be interested here in this type of

intferaction.

The gravitational interacticn is of universal nature and has an

~ L b )
m

extremely small coupling constant of the order of G, = 10 o
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where G is the newforian gravitational constant. In the past
this interacti on was neglected on the assumption that it would have
negligible effect on observable physical phenomena, but recently its
importance has been realised after the discovery of its peculiar nature
of small distances especially at the Schwarzchild radius (r) of the
particle which essentially provide a natural inbuilt cutoff, in the theory,
at frequencies of the order of “/r.

The elecfromcgngﬁc interaction is the interaction of charged
particles with photons and through photon exchange, with one another.

lts strength is characterized by the magnitude of the electric charge e.
2

Thus the dimension less coupling constant @ = £« ! is about

47 137
1000 times smaller than the strong coupling constant. The smallness of the
coupling constant « allows electromagnetic interacti ons to be considered
as a small perturbation, and this mckes quantum electrodynamices (i.e. the
theory of interactions among electric charged particles and photons)
amenable to treatment by a modified (renormalized) perturbation theory.

This mathematical tool enables results to be worked out to more decimal

places than the accuracy of the present day experiments allows us to check.



The weak interacticn is responsible for the decay of a
large number of elementary particles. It has an extremely short range,
much shorter than that of strong interactions. s strength is measured

-5 -2
by the coupling constant G = 10 ~ m, where m  is the nucleon
mass and G is usually called the fermi constant. This frequently
enables weak inferactions to be treated as a small perturbation, so that
the slow processes involving it can be treated within the frame work of
first order perturbation theory in the coupling constant G.

There are two distinct theories which are used to describe the
structure of the weak interactions - the current -current theory and the
intermediate vector boson theory.

In the current-current theory one assumes that the weak
interaction is local and can be represented by the interaction of two
weak currents acting at one point of space time. Thus the lagrangian has the
form

5
L. = £ ci7 -7 7%

int

-'\‘
N

1=
in which the weak current T is the sum of leptonic and weak hadronic

currents,
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The leptouic current J| consists of electronic (J, = v, Pi \I/-g)
ond muonic (Iﬂ = ‘Ifu lﬁl T LL) currents ond the weok hadronic current is

made up of nucleonic (I, = -\ifn P[ \yp)ond strange (Jg = N Pi \yp)

A
currents.
+
J is the hermitian conjugate of the weak current
+ + +
U = IL + IW h
= (%, T + 9. T U Ty +p T
(Fw L ¥, Voo u) +(\llp P n ‘I’p N

hereI'i (i=1, 2, 3, 4, 5) are respectively the scalar,vector, antisymmetric

tensor, axial vector and pseudoscalar Dirac operators; G are the respective
coupling wonstants, which moy be complex.

It is assumed that all the weak processes can be described in tems

of this weak current. Thus the decoy of muon K __y e + U, + v J is

considered to be the result of the interaction of electronic and muonic currents,

5 - -
L :Zg_lé(q’elﬁi\lfl)e) (‘I’Uuri Tp)t+ hoc j
L

int
o /2

Similarly the decay of a neutron is supposed to occur as a result of the

interaction of nucleonic and electronic currents

1

5 [ - -
L = 2 Gidw Pi vy (v, T, v,) + h.c. 1
int j=1 /2, P n ! ¥
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This form of interaction is not the most general four fermion
interaction. For example if one requires invariance under the proper

orthochronous lorentz group, then the interaction

5 - . - 'i
- ¥ . )
me - ?ﬂ__!{ (\PII‘I 2) (\113"‘ 75‘744)1-[1(: j
s2t
is of equal standing with that of
= ¥ v, I T
Lt ol _?_21 {( Y15 \PQ) (‘1’3 I} ‘1’4) + h.c, }

Then the most general local four fermion interaction describing any weak process,

say H-decay, is given by

5 - -
T ¢ RN g
L, = 1 Z; (v . L ] ULL"(Gi+Gi75)\I/ ]
’

Thus in general there are ten coupling parameters Gi , Gi which are used
to describe the process.

The above form cof expression, where paired particles have different
charge is called "charge exchange order". On ihe other hand when paired

particles have the same charge, as given by

> - - ’
= / L 1 Tl? g -
e = L B D% Tiw JIRF(C+Cv) by

V2

it s called the charge retention order.
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In intermediate vector boson theory (1VB) it is assumed that @
weak interaction is actually due to an exchange of massive intermediate
quanta, the W-bosons, which, at low energy resembles a contact interaction
of two currents. When the weak current is a lorentz vector, these bosons
must be vector particles, and since the current is charged they must be charged
foo.

Thus in this theory the weak interaciion is described as an interaction

of the weak current with the charged vector boson of the form

eFF +
L.y = Gee L3 ), W)y + (d ) W )UJ
/2

where W is the charged vector boson field .

This conception of weak interaction seems to be much more appealing
because the current~current products arise naturally.

Since the propagator for vector Boson of mass Mw is given by

a8 9+ 98

.—m%;-'_

2 2
9 =M

The matiix element for [L~decay through w-exchange is of the form

2 ° A -
M = G, \I/ela‘lfue gaﬁ-qaqﬁ \IfUuI‘B\Ifu
2 2 .
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where ¢ is the four momentum transferred by boson, whenq << M7,

this reduces to the expression far the local faur fermion interaction

M=% G, (¥ T ) (¥ T, v,
ey &/_2 e 7 K
provided
Cefr = \7@_
M2 2

The above relation between the coupling constants of the two theories
ensures that in the limit q _; o, the predictions of IVB and curreni-current
theory are completely identical.

Now we will see how far these models have been successful in understanding
the actual structure of weak interaction, and if a deep understanding has not yet
been reached then the interest will be to find what has been the stumbling block
whi ch hos come in the way, making the things difficult.

For this purpose we will cancentrate on 4 -decay for most of The"rime,
because of the fact that it is the only weak decay of a purely leptonic noture where
strong interactions do nat come into play. Thus it allows the study of the structure
of a weak interaction in its purest form, and also it is here where the closest

contact with the experiment has been made.



~14 -

Since the particles involved also carry charge we have to take
into account the perturbation brought about by the virtual electromagnetic
effects.

Usually the experimental study of 1 ~decay involves measurement
of the parameters £, 1, 6 and § where parameters ¢ and 7 detemmine
the shape of the spectrum and parameters § and ¥ charcterize the electron
asymmetry in the paiarized muon decay.For both the models the results obtained
are perfectly consistent to zero order in & . However, the present level of
experimental accuracy needs higher order correction for an exact comparison
to be made. These corrections may hopefully lead to an insight into the
actual form of weak interactions, as the rodiative corrections of order - in
the two models differ signifi contly from each other.

[n the current-current theory, the contributions of order O consists
of the corrections to the electron and muon wave functions (when a virfual
photon emitted by the charged particle ot one space-time point is absorbed
by the sume particle at another space time point) and to the electron-muon
vertex (when a virtual phaton emitted by one particle is absorbed by the other
particle. Each of these contributions when computed in the conventional
quantum electrodynamic is infinite for all ten couplings., But when we sum over
these contributions some cancellotion occurs among them ond it is found that
in the charge retention order the correction of order ¢ is infinite for vector

and exial vector couplings, while for eny other couplings it is infinite.
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When we study semi-leptonic 5-decays we find that the correction of
order o is infinite f~r all couplings. tiis usually §ssumed that after taking
into account virtual strong interaction effects one will be able to get a finite
result, at least for vector and axial vector couplings, if one has any belief in
assumed universal nature of weak interactions, which says that the type and
strength of weak interacticns involved in all the weak processes are the same.
The strong interaction effects have been taken into account by a number of
authors for only vector and axial vector couplings. Two appreaches have been
considered in detail. In one approach the hadrons are assumed to be composed

of quark triplets. This approach has been adopted by %or‘ken and Abers

et.al. In the other approach hadrons are considered to be built of three basic
particles which are quark like but possess integer charge. This approach is

@)

considered b Cabibbo, Maiani and Preparata It is essentially based on
the' SUBmodel' originally proposed by Han and Nambu. This model isin
fact parallel to quark model.
The former approach predicts that there is only partial cancellation
of infinities thus infinities are there in o -radiative corrections to these
decays. The later approach seems to be in favour of the concept of universality in

weak interactions. Here one finds complete cancellation of infinities just like

in pure leptonic decays,
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On the other har.d when we come to the intermediate vector

(3)

boson theory * ’ of weak interactions we have to consider some additional
contributions which arise from the radiative corrections to the boson propagator,
boson-muon and boson-electron vertices , in addition to those coming from
the electron and muon wavefunctions and electron-muon vertex. Here we
find that the & -order correction to both electron and muon decay is infinite.
However, the surprising feature is that through this model one has
been able to show that, independently of the details of anystrong interactions,
the divergences involved in the radiative corrections to the vector matrix
element in I ~decay and in B -decay (and, in any decay involving two members
of the same isomultiplet) are identical (4) This universal divergence is of
logarithmic type and multiplies the uncorrecied matrix element,
Thus for the experimental parametei. which are defined to be finite
we are predicting it to be infinite through electromagnetic interaction effects.
This shows the failure of ordinary quantum electrodynamic which has also
affected the progress made towards the search of the form of weak interaction.
Until now it has not been so serious because of the fact that the
infinities, which arose while studying the pure electromagnetic phenomena, could

be simply removed by mass and charge renommalization, and we got well defined

and finite results for observable effects like the Lamb shift,the anomalous
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magnetic moment of the electron, hyperfine structure corrections etc. and
further these effects calculated this way agreed very well with the experiments,
This established the fact that low order perturbation theory calculations always
tead to well defined and finite results for cbservable effects +But the hidden
incénsisfency of the conventional theory of quantum electrodynamics becomes
apparent in the phenomanon involviﬁg weak interactions.

The appearance of the universal type of singularity suggests that some

physics of some universal nature is missing. [t has been pointed out recently

that the cause of getting such non physical solutions is the lack of general
covariance in our theory. The true covariant theory is tha one which describes the
physics in @ manner which is independent of the system of space-time co-ordinates
chosen. This demands that the theory should be covariant with respect to general
co-ordiante transformations., The convential theory which we have been using till
now was based on the principle of special relativity and wus defined only for
lorentz frames. The equations were invariant under lorentz transformations. The
invariance of the theory under a more general group of transformations demands the
intreduction of the gravitional field in order to provide the additional parameters
needed on which these transformations could be realized. Thus one has been forced
to include gravity which had been neglected until now on the basis of the small
size of the coupling constant. This neglect has distorted the space~-time which
gave rise to the infinities in our solutions. |

Since Eirstein gravity is intrinsically non polynomial. The typical
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()

characteristic of the non polyromial theory is the logarithmic dependence
of the Green's function on the minor coupling constant GN that is non-
polynomial theory gives rise to term proportional to (G Pz)n log (Gy pz).
Thus the first place where gravity is going to come in is through the logarithm
of the newfo}flnon constant and then through the effects of order ¢ Gy . It
was this logarithmic term which behaved as log @ when gravity was neglected
by setting GNn = o

The role of gravity asa regulator or suppressor of infinity at high
frequencies can be visualised more clearly from the simple observation that
in the presence of gravity an electron has a Schwarzchild singularity at
ro= 2‘m§;GN(7). This provides a natural cutoff for the wave lengths of
the virtual photons wHich the electron can emit.

By actual computations to second order in electromagnetic coupling
and summing over fo all orders in gravitational coupling it has been shown

8

by C.J. Isham, A. Salam and J, Sfmfhde(e 1hof the infinities occurring
in conventional quantum electrodynamic are suppressed as expected. In
these computations they were mainly interested in the terms which become
infinite on the neglect of gravity,

But one would like to know the nature of finite terms as well, to

check if the scheme is not going to upset the results which have been well
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established experimentally. The second point of interest would e to find

out if this regularisation process is carried over to higher orders in e also.
We shall investigate here the first problem through the compuiations of
second order corrections fo f~decay and the second problem by calculating
the electron self mass in fourth order in e.

The actual scheme is as follows:

In the first chapter we review the essentials of gravity modified
quantum electrodynamic parti cularly the non-polynomial technique, this being
the mathematical tool required for the dynamical calevlations,

In the second chapter we study the transition probability of ~-decay,
Here we calculate the electromagnetic correciions to p-decay in second order
in e in gravity modified quantum electrodynomics by making use of techniques
developed in chapter one.

In the third chapter we compute the leading part of the mass correction
term in fourth order in e in order to see how the regularization does proceed
in higher orders.

Finally there are few A ppendices related to the details of the

computation arising in the text.
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CHAPTER 1

GRAVITY-MODIFIED QUANTUM ELECTRODYNAMICS

Section 1: Introduction

In order to cescribe the processes taking place in nature, it
is convenient to use a system or frame of reference: that is a system of
co-ordinates against which we can locate the position of a particle in
space and fime,

The Physics of elementary particle is based on the principle
of relativity. 1t says that all the laws of Physics are identical in all
frames of reference. That is the form of an equation describing a natural
low is independent of its frame of reference. This is usually referred as the
principle of co-variance. So if an equation describing a physical process
assumes a certain form in one frame, and if, upon fransformation into a
new reference frame with new variables the equation assumes the same
form as the previous one, then that equation and its transformation is
said to be co-variant,

In the past, because of the lack of mathematical techniques,
we have been formulating our theories in a special frame of reference
known as the inertial frame. In this frame a freely moving particle proceeds

with constant velocity, that is, it is not acted upon by any extemal forces.
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Our theories were based on the principle of special theory of relativ ity

It states that the same laws of Physics will hold in all frames of references
moving uniformly with respect to inertial frame. We define a set of
transformations known as Lorentz transformatian. Through these
transformations we can go from ane set of co~ordinates or frame to another
in such a way that the form of the equations remains invariant.

We notice that a theory co-variant under lorentz ironsfdnnotions
is not a true covariant theory. By making a distinction between inertial and
non~inertial frame, we are restricting the description of Physics to @
parti cular system of co~ordinates.

From the present knowledge of mathematical techniques one has been
able to formulate the general co-variant theory based on the principle of general
relativity, Further it was found that it was the lack of covariance in the
formulation of the theory of electromagnetic interactions which gave rise to
meaningless divergencies in our results.

The Lorentz inveriant theory of conventioncl quanium electrodynami cs
can be mede coveriant by demanding the oction integrel SL(x) d 4x to be invariant
under general co-ordinate transformotion. This requires thet every lagrangion must

v

]
) -3 V]
contcin ¢ factor | -det g | * where g (%) is the fundemental Einstien

grovitetiona| field.

- This implies that the gravitetional field itself is to be regarded as

a dynamicel variable ond
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must be represented by a suitable term in the action integral.

For this reason this co-variant theory is called as " Gravity

Modified Quantum Electrohynamics ' GMQE).

Section 2: Theory of GMQE.

(2.q) Form of Lagrangian:

The lagrangian for gravity modified quantum eiectrodynamics

is given by
‘r‘ - j—grcvjfy+ j‘moﬁer - @-1)
total
where wh
A
lgroviiy ———k_z—d—_f——[_- (Bu,oc Bucb_BUocB;_ch)
e

(I-2)

the vierbein connection Byab isgivenby

_ 1 L P} - v v . v
B""Ob -2 (LQ 34 Lub Lb aﬂ LUQ )_%(LO BULub—Lb bULuO)_
- be! < _ A L
2 buc 09y au"f() Lo by (I-3)
Ma |
L ts the basic vierbein field. 1t is a non-singular 4 x 4 pseudosymmetric

Ha G 4L
matrix. This impliesdet L # 0 and L = L ° . It canbe expressed



g = L L § , (I-4)
ab
where éb' = diog(+1;+1,+1, +1,)is the Kronecker

symbol . R2 is regarded as the coupling constant of the theory and is given -
2 44 2
by R = Gy /87 where Gy isthe newfonian constant =10 /m,

-1
Thus B is of the order of 1018 Bev.

The matter part of the lagrangian is given by

2w, -1 . -

£ matter = (- detL) ) [12‘(‘1’1'0\% AR CE L
T 2w -1 - (ua
“m g UT Y4 (-det L) e eoxPyOAu\I/L' _
- 3] xb
edet LyTH L LB PO M
4 ux v
(I-5)
where
k) L . o
\I/;]_t_ “\P_ZBM O'Ob\y+we(de. L);u & (I-6)
Fruv = Ouhy - Ouh,
M a (L-7)
det L = det L

The parameter w, denotes the weight of the electron field. The

weight w o can be changed at will by making field transformati ons and
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if Borcher's theorem holds for these theories it should not appearin
the physical on-shell S-matrix. Here we will choose the weight

W = o. Inthe above lagrangian we have considered the Vierbein

e
. i a . I .

gravity L™ 7 (x) as the fundamental field instead of Einstien metric

Ug . . . « .
tensor g (x) since we are working with spin3 particles.

In the limit of an asymptotically flat space~time the field e
can be expressed in general into the sum of its Minkowskian expectation

wma , ,
value 7 = diag (1, -1, =1, -1} and any functional of the physical
interpolating field. Among different possible parametrizations two of

them are quite well known. The first one, the wthar conventional, is

the' rational' parameterization.

Luc(x) = nMG + R/Z 4 ke (x) (1.80)

MLa
where @ ( x)is the physical graviton field which possesses in and out

states.
The second one is an exponential parameterization
L/.Lc(x) _ [exp (k/z(p) ]/.Lc
(1-8b)
Mg a
where @ (x) = @ (%) are the basic interpolating fields which at + e

coincide with the . out going and incoming graviton.
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Here we will be assuming gravitons to be massless. From these
definations, now we will deduce the Feynman rules which we will be using
in our dynamical calculations.

(8
2.b.  Feynman Rules: :

(1Y Approximating the gravitational lagrengien to its free part we find

, 1 AP xP » L Pu
Lo 7 [ %2 37 259 0, 0"
PP wA PP
-3 0" 00 422,07 30 ]
(1-9)
. ‘ " b a afl
After imposing gauge conditions which give L = L and

further restricting L #9 toa Feynman like gauge, we find following fomm for

the bare propagator.

AM VP AV uf AP nu X
<T@ (NEO > =3(n 1+ g 1 -7

where D (x) denotes the zero mass causal propagator ( - 4 7 “ x



(2) Approximating ‘E.y by its free part, we find
x - A A I-1n
L l (% v B ) ( )

imposing the Feynman gucge condition we find for the photon

bare propagator

<TA, (A, (o) > = - ”va (%) (I-12)
(3) Similarly, the free part of electron lagrangian is given by
L. ,-Q//—\I_J'(iypapb—m) o (1-13)

This gives rise to the following form for the bare eleciron propegatoer

Sx) = <TYUX)T () >=(i % -m)A(x, m)
- (1-14)

where A denotes the causal function for a particle of mass m,

2.C Interaction Lagrangian and Perturbation expansion :
The diffzrence ( ”Lfo.‘cl - ‘r‘Free ) represents the interaction part
of the lagrangian. It is given by
M a

kf'in’r % det L ¥ v A/J. (1-15)
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where L Koa is given by (1-8)

In this lagrangian we have neglected the terms correspending to
the graviton inferacﬁon of photon and electrons and graviton-graviton
self interaction. We will use it for the construction of Peﬁurba%f\on
series. It is ¢ non polynomial lagrangian with respect to the gravitationcl
field. The factor det L is the main source of non polynomiality. We
will call R the minor couplingand e the major coupling constant.

By setting R = o this lagrangian reduces to the conventional

Dirac lagrangian

L. =e, ¥ v TAC (I-16)

a
a polynomial function of field variables.

In perturbation theory the S-matrix can be written as
r 4 4

d X e d XN T[Linf

v
i
Z™ s

iy N
=0 N

—c

L)1 ()
where fomally L; . will be a power series of the form

L. =(eo"1:' '}’Q‘I/AM) (;j c(n) (@

int
n=o

(x,) ...



- 28 -

From (I-17) we notice that we can write the perturbation expansion
to any given order N in the major coupling constant e and to any desired
order in the minor coupling constant R,

But at high energies this approach leads to two serious problems.

(a) Infinite number of infinities:
In field theory usually one divides the polynomial theories into
three classes - super renormalizable, renomalizable and non
renormalizable. This distinction can be seen simply, if we consider
the behaviour of each field for high energies.

(i)~ The propagator of a spin zero field <§9(x) ® (o) > = A (x)
9 )

behaves at x = o like x~

. et . -1 . .
If we associate x with dimension M~ we may associate with each

field © a behaviour at infinity of the type M.

: 5
(ii) For the spin % fields we may associate the dimensions M /2
| I, 3

X

since < V¥ ¥~ = M

(iiil)  Forspin 1 field U, a length M2 since < U G>a _L4 N M4

In terms of these growths at infinity of the relevant fields the -

lagrangian will behave as MD. We call D the Dyson index."
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If the Dyson index D is less than two the theory is completely
finite. Such o theory is called to be super-renomalizable.

When D is less than or equal to four the theory has only a few distinct ty pes
of infinities, lf is called renormalizable in the sense that these theories
can be made finite by the addition of some finite number of suitable
counterterms in the initial lagrangian. As o typical example we can take
the conventional Dirac lagrangian which behaves like M4. It has four
infinite graphs (shown in Fig.1), but in general one can get finite
contribution after mass and charge renormalizations.

Theories possessing an index D higher than four are called the
non-renomalizable. These theories have an unlimited number of distinct
types of infinities.

In the non polynomial interactions, of the form given by expression
(I-18), all contributions of order k™ with n>1 give rise to non-renormalizable
infinities. To remove these in the conventional manner, one would need more
and more counterterms in each order. This will reduce the predictive power

of the theory.

(b) Unacceptable high energy behaviour.

In these non- polynomial theories the finite parts of the amplitudes
usually show unacceptoble high energy behaviour as the order increase and are
not polynomially beunded. In any given order in major coupling consiants these

o P
omplitudes behave like exp (1 p | 7)) , B being ¢ constant.
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However, the first problem is solved if one avoids the perturbation
expansion in the graviiational coupling.
This was first pointed out by Okubo (1) for general non polynomial

interactions of scalar field of the exponential form given by

3 fQ
Linf - 9¢

where g and f are called the major and minor coupling constants, This
idea was then overlooked for some time and then developed by Efimov, Fradkin,

1
Volkov, Salom and his collaborators and others (1e)

For the second problem ore hopes that this unaccepicble asymptotic
behaviour for non polynomial lagrangians may be removed by summing in the
major coupling constant G. This hope is from the fact that in conventional
pol ynomial lagrangian theories, the individual terms behave like sﬁ (B:constant)

£ (1)

while the sum of the terms exhibits Regge behaviour s for the large values

of energy, completely unexpected and different result.

Section 3:

Construction of momentum-space Amplitudes for non-polynomial

Gravity modified electromagnetic Interactions :

Following the techniques of mixed non-polynemial theories we will

consider the perturbation only in electromagnetic coupling (the major coupling)



- 31 -

and sum over ta all orders of the gravitational coupling R (the minor coupling).
According to the interaction logrongich (1-18), at each point of space-time
there will be an emission or absorption of an electron, photon and an infinite
number of gravitons. This is shown in Fig.2. For example the two point self
energy port for fermion will be represented by the diagram shown in Fig.3. The |

corresponding matrix element will be given by

2 L% (% ‘b 3 >
iZ(x) =e <T A, (x) L~ &y ¥ix) A (o)L (o) i (o) %
det L(») © det L (o)

2 J78 S b

= e STV AL (TR Ho) Ay 7> G (¥
(1-19)

This amplitude differs from that of conventional quantum

Mo, Vb
electrodynamics by the presence of function % (x). This

oo Vb
two point function G (x) represents the exchange of a set of infinitely

many gravitons. |t is called the super-propagator. This superpropagator is the '
bosic ingredient of gravity modified quantum electrodynamics. [t isinvolved
in every diagram of the order (e”) i where n =1,2, ...

It is defined by

Mg
G4 =<1 LW YR >

det L (x) det L (o)
(1-20)

u
where L i: givenby (1-8)
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Since it is the momentum - space amplitudes, that is *he
Fourier transfomm of the amplitudes, which are the quantities of physical
interest we will concentrate on the method developed by Salam and his
col laborators which works directly in p-space. They make use of an
analytic continuation method which involves the Gelfand and Shilov's

(1)

technique for taking the Fourier transform of the generalized functions

1/ 2 n . . .
(= '/x )  for the appropriate region of x and n. The resulting
amplitudes possess the correct analytic structure associated with the
requirement of unitarity ; this has been chown rigorously by Lehmann and

(12) a_ .

Pohlmeyer and Taylor. This method was first used by Volkov for the
non=polynomial lagrangians for the scalar fields in an exponential representation.

This method involves following four main steps.

(1) Euclidicity Postulate (2) Borel Summation

(3)  Sommerfeld-Watson Transformation (4) Fourier Transformation

In general this Borel Summation is not favoured because this brings in the
ambiguities as well . One does not need this summation for exponential para-

meterization. But we will use it since we are going to work in rational para~

. K M
meterizotion of (M® . j.e. L © = nua + R/ @ O

In order to illustrate the technique more transparently we will pretend

for the moment that our interaction involves scalar gravity. So we wil!

7a

replace the true tensor gravity field ¢ by a scalar field . This

will imply the replacement of the factor det (5% + RF )by (1 +R ).



In this simplified theory the electromagnetic interaction will have the

following form

L . = e (} YY A __]___
int T+ RP (x)
(1-21)
Thus the superpropagator will be defined as
€= <olT 1 , 1 1o>
1+RP(x) 1 +R (o)
’ (1-22)
Since there are n! distinct woys of difining this product we can
write it as
2 m+n rn
@(X) = Z (-k) ) n!(o]T(P(x)‘P(o)lo>n
m,n =0
(1-23)
For massless gravitons
1
Ol T $(x) @lo)ig= D(X) = - 7553
Thus we obtain
G - B (k3" (00"
() = %__ ni (R [D(] (1-24 0)
This is o divergent series

The corresponding°express:on in exponentiol parometerization will be

ﬁ =) 2 n
= Z £
S (x) n:o(n [D()]" (1-24b)
This is on entire function in (k ) .

These expressions correspond to o sum of grophs shown in Fig. 2.
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1
The factor [ D (x) ] "s o[- — 2 ] " possesses a singualarity

474 x
at x = o and we notfice that as n increases this singualarity becomes worse
and worse.
Here we are mainly interested in defining the fourier transform

G (p2)= | Y@ cipxaty

T4

We notice it is undefined for D —5

()  Euclidicity Postulate

Technically one proceeds by making use of the "Euclidicity
postulate", according to which all x-space co-ordinates and all
external momenta are assumed to lie in the Euclidean region. This

region can be achieved by making a Wick rotation x | 5 ix 4

Then Fourier transforms are carried out by means of Euclideon
integrations. For this region of momenta usually called the Symanzik
region the amplitudes are real. After the computation of these
amplifudes one goes to the physical region of the external momenta
via analytic continuation.
(b)  Borel Summation:

To give meaning to this divergent series (I-24¢we follow
Efimov and sum it by making use of the Euler-Borel formula

! [ dp P e -f (1-25)
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Substituting it in expression ( I-24¢) we obtain

Y x-=z r d¢ e (k%D (%)
n=_0 3

Now we invert the integrotion and summation and write it as

%(X) = 5 df e P v (R°p D(x) ) (1-26)
n:o
e
(¢) Sommerfeld - Watson transformation:
(") .
In order to be able to use Gelfand- Shilov formule for taking

Fourier transfor we will first perfform a Sommerfeld-Watson transformation

to convert the sum into an integral. Thus we have

—@(x) = i [ dz(—l)ZSdf e—e[szD(x)‘J i
o rn(ﬂ z!

(1-27)
the contour encloses the positive realaxis as shown in Fig.9.

Now we can open out the contour such that it lies parallel to the imaginary

axis with = 1< Re Z < 0

For the tensor form of gravity the corresponding expression is given by
ma,vb ‘ .
5 x) = 1 dZ T(-Z)Cosw Z [n"a 7 D(z)+
27

ReZ< o
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nh  ~a nfv‘a vbh , X (])

Z
D (x) ]

'%(O}

~ (1
where the scalar amplitudes D (Z) and D 1) (Z) are given

respectively, by

BLO)(Z)=B(Z)—_1_ Z (19Z + 53) D(@Z-1)+ 5 2Z2(Z-1)
36 36
7z .
* (Z+2) D(Z-2 ).
-~ -~ - 2z .
p (! (Z) = -;- Z(Z2+8)D (Z-l)+:—82(z-1)(z+2) D (z-2)

with D (Z) given by

D(Z)=(~‘2-)Z+2 T(Z+1)T(Z+4){G>s 7Z B(Y2,4+2) -
-F(3/2,Z+4,z+1_1 -1+
2

wB (Y2, 244 F (12,244,247, 21
48 (-'/2,2)F(%2,2; 32. 1) s2z+98( /2, 2)F( 2, 2, 52, 1)
(1-20)

These amplitudes are analytic in the neighbourhood of Z =0 at which

point they take the following values
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% (o) 3P

(o) =1 and D (o) = o (1_31)
and
65_(‘1_(& = 7.5  ond 351)_(2;)_ = -0.5
dZ 'z=e A 7 = 0
(1.31)

Fourier - Transformation :

According to the investigation of Gelfondand Shilov the Fourier transform
1
of ( /x* ) z is a well defined classical mathemati cal object whenever

o< Re Z < 2 and is given by

D(p?, 2) = 1 N dt x ¢ "P* b
(27)
for P'L<o
Z -2
(-7 2-27
g, zy= 1 P wam) (139

Sin (7 )L (Z)T (z-1)

n
the Fourier transform of ( ]/xl y , with n lying outside this region is
defined by analytic continuation of thisfunction in the variable Z .

Since we have defined our amplitude in Euclidean space. Where

2 1
x2= = (x4 *x 2)fheFuncﬁon [D(X)]Z=[""’—4 2 Z]Zis
z 77X

real uand positive.
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- Z
Also since our contour is lying such that the power oF[D (%) J satisfies
Gelfand - Shilov condition o< R e Z < 2 we can make use of ([-33)and
can make an analytic continuation for the Z lying outside . this region.

Thus our superpropagator in p-space is defined as

La, b
! 2 1 b -
= T~ 7 uc L (O) 1
4 (p) - ‘le(E@Vﬂ&7 n D (Z)
ReZ<o
4-21(77“0770b+ nuanQ_
La Vb~ (1) 2 _ .27
-7 " n " )D (Z)JD(P,Z)(k)
(I - 34)
where
Z -2
_p2 2-27
L(p” ,Z) = i( ) T{47)
Sin(w z) IZ) T(Z - 1)
. T(2-2) 2-22 o Z-2

This graviton superpropagator together with the usual Feynman electron and
Photon propagators constitute the basic ingredients of this gravity medified
quantum electrodynamics.

From the actual computations of the matrix elements we find that
this non perturbative treatment with respect to gravity coupling constant has

rendered the apparently non-renomalizable theo:y to a finite theory.



CHAPTER II

RADIATIVE CORRECTIONS TO MUON DECAY

Section 1: p-~decay

Here we wi'll apply gravity modified quantum electrodynamics to
find the correction to the £ -decay spectrum. The main aim of this attempt
is to look for the nature of resulis, for obsewoble effects,which cne will get
from this theory.

We know that the muon decays to an electron, a neutrino and an

antineutrino

u._>e+‘9u + '"Z (-1

This decay prccess can be described by the most general four fermion

local current-current interaction of the form

5

I 7/
Ling = J‘Z, Yo (x) I (%) ‘I’ﬂu(x)rj(jG-F(‘_?y; Ty
+ h. c.
“th (Ir-2)
t
wi Gy = GS and I‘] =1 Scalar
Gy = Gp r2 = 75 Pseudoscalar
Gz = Gy Iy = Vu Vector
G4 = GA I"4 =i Vu?’s Axial Vector
GS = 4 GT TS = Gu o Tensor
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where
1 o _ N o !
= N = y - =
Yo (o-l) : 75 707] 2'}’3 "(, o)

In the expression (T« 2 ) the first term corresponds to the part of
interacticn which conserves the parity while the second term represents the
violation of parity.

Here we have to dea! withten types of couplings which make things
quite complicated. One can hardly get any predictions from this theory in

a well defined form.

(14)
Section 2: V-A Theory of weok interactions

However, the above form of interaction can be simplified if one
assumes that the mass of the neutrino is zero though experimenfoll)./ a higher
upper limit is set but it is rather poor and is of the order of 16-3 Mg -

This assumption of masslessness of neutrino has become more or less
a general belief because of the fact that the theory constructed on this basis,
assumes a very simple form containing only two couplings. The surprising

feature is that all the predictions are in excellent agreement with the experimental

results.
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(15)

The underlying argument has been that 'rhi; masslessness is
the monifesf;:rion of some symmetiy. As for example the massless ness
of the photon is enforced by the gauge invariance of Maxwells equations.
Following this opproach it was noticed that the free neuirino field hoppens

to be invoriont under the transformation
\I,’U —_—— \II'\) = = i ‘/\/5 \I,\J (II-"'3)
@ — .:I’u = i \II‘U Y 5 (I[—4)

These tronsformations are called chiral tronsformotions.

The lagrangion of a mossless Diroe particle is

L= vy, 3V (11-5)

and since all v !

s anticommute with 7’5 this lograngian is inde ed invariont
under (TI-3). The presence of a mass term m ¥ ¥ would destroy this invarionce.

Thus (II-3) plays a similor role for the neutrino as the gouge transformetion

Ay ->AN + bu/\ for the photon,

Since vanishing of the neutrino mass should be secured also for interacting
neutrinos, this implies that we must demand invarionce under (I1-3) also for all
interactions of the neutrino. Since we know that the neutrino hos only weak

3 - . ¥
interactions, we must then apply these transformations on the four femi on
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interuction fo see whi ch kind of operator or corresponding coupling

is needed to fulfi] this condition under these transformations. We must

have
Ty Tjowy = - Yy ivyTyiy, Y (I-6)
This implies
_F;yszl" ond+i'}’51—‘=r (I-7)
hence
r . = -
(T, ivy 1, =o (0-8)

There are five possible operctors (S, V, T, A, P) of which the V and
A anticommute with 75 ond .S, T ond P commute with ¥ 5 Itis cleor

that the operator I must be a linear combination of V and A,

T = Y + b i -9
o” II-L75 ()

Using the condition = I'(i175) = I' gives immediately

a = ~-b sothat

F=o}"u ('|-i‘>/‘u75) (O-10)

This implies that the four fermt on interaction has the structure

[ ¥, v, (1-i75) ) [v, v, (=i7g ) vy ] +hee.

G
;
2 (Il =11

Where G is the coupling constant,
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We can rewrite this as

E_ {[CI-]] }l/i \112 ] [‘yg)}L(]-iys)\PAr] - [;I'!]},’,L"/S\I/][:Ifyy
.

Comparing this with the general expression for the fourfermuon interaction

given by (I1-2) we see that

¢, =C. =0 for 5, T and P m -13)
7/ 7/
Cv = C, , CA = CA
and C = -C, = G/f (I -14)
v A 2

The condition C = Cj implies that parity and charge conjugation
i

symmetry are violated.

The conditien C, = - CA is known as the V-A condition. It is this

condition that is responsible for the name V - A theory of weak interactions.

We can write the interaction lagrangian of K-decay as

—

L, = vy, (-i7g) Y, v (217 ) Yo (-15)

int

N\i ®

This V-A structure is form invariant by Fierz' 5 theorem . According to



this theorem if we have a process

2 > 1+3+4 or 2+4 —5 1+3
We can describe this same process in altemative ways, for instance

2+4 5 3+ 1 or 24T _, 4 +3

Each of these different ways corresponds to a porticular rearrangement of

T's inl; .. . Any two arrangements can be related through
5
K. (3214) = iE= : P\ . Ki ( 1234) (1-16)
where
K, (1234) = (4 T L) (@311\1'4)
The coefficient X ; i con be found by using the relation

1
(])cb M cq = e [ (])cd (M be (7, dad (%) be +3 (o/""y)cd (Oaev) bc *

PO Y5 )y (v Y5)p * OUslgg sy, 1 (@-17)
To use it we rewrite the above interoction as

vy (v 1 % i
(%), (Tl o) L) g 00 +(R79) (X7 -
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"0 (% 7s) o = (%) () gy ] (0-16)

we can write

M), /) =) M () ) (0-19)

pb cq pa cd dq

Substituting for ('I)Gb ('!)Cd from (0-17) and using the properties of ¥ -matrices
we find

-] -2 ;
Oy )= 7 [4<1)pq (M), - 2 0% )m(’“)bc+

+ 2(i'};’(75)pq (iy/_tys)bc -4(y5)pq(75)bc]

Following in this way for each term of (T1-18) we find

L, =6 1
int \/‘2 4 p

dc

% ys)pe * 4 CI%%) e = 400 ) (i};ﬁé)bc]

_G 3 . y fa W
*/T'Z\I/eyp-(]"ys)@"e Y }:LL(]-H/S)W"/A«

G — . - .
- /o @e ZL(]“YS)‘I{V,,_ \P"’#Vu(]"}’S)‘I’M (I-21)

Thus we hove dbtoined the same V-A form up to an uninteresting sign.

[ %) (% )y, (Fay) (‘I"qu ] [-40u )pq AR %)
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Rewriting the above lagrangian in the form

—9_ I PPN Y E:’ Loy ‘:I/
Linf—/z Vi (T=ig) B, Sy, (T 75) % S

We noti ce that each neutrino field is associated with an operator (1 - s ).

Now we will try to see if it has any physical signifi cance,
We know that a spin 3 particle is deccribed by the Dirac equation in terms
I

of a four component wave function =,

For a massless particle the Dirac equation is

>
A (I-23)

ot ’
where

«; = (; "Z") “and 9 are 2 x2 Pauli matrices.
.

We can express this four component wave function in terms of two 2-component

wave functions which have more physical significance.

Expressing ¥ as

= (€])=%(€]—€2>+-}/‘€]+£2
'52 '(61"52) \g] + 52>
. ® . (X -
(%o (%) (11-24)

ve find that the two component wave functions

=3 (& ~¢&) and x =% (&, + &))
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satisfy the following equations

P %) -
'BT = Ay A
(II-295)
..(.)->-<- = - g .v X
ot

expressing it in momentum space
Eo(p,s)=6.p%p, 3

EX(p,s) =-o .pX(p,3)

we find that Peuli spinors @ and X correspond to two longitudinal polarization

states i.e. to the helicity eigen values I—EF-;S-; =+ 1 withlpl = E. Under
chiral transformations (¥ — - i '}’5 ¥ ) the component ¢ acquires the same

sign and is thus said to have positive chimlity while X changes its sign and is
said to have negative chirality.
Thus from (1-23) and (0-24) we notice that the Dirac equation as ¢ whole mixes

the two helicities and two chirmlities.

Since in our representation
iYs =0l I o ) (O~26)

]O)

where | is 2 x 2 unit matrix ( :
o
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We find

1
(T-ivg ) ¥ =0 7y 1%y + (% ]

= 2(_gcop) + (Z)

- 2(_%) (I-27)
Similarly
Grivgy v = (U [0 %) +(>>§)]

= 2(’)2) (IT-28)

This shows that the operators 3 (1= i%)ond % (1 +1 75) each
project out only ore two component spinor, annihilating the other.

Since in our expression of weak interactions only the operator
(1 - 175 )appecrs this means that we are essentially dealing with only the
two component spinor of positive chirality. In other words only one helicity
enters in our interaction. This implies that parity is not conserved in the
interactions which involve neutrinos,

For instance if only left handed neutrinesdescribed by Pauli spinor @
existed, the corresponding onti neutrinos would always be right honded. Under
these conditions helicity discriminaies between particles and antiparticles

because right hand neutrinos described by spinor X do not exist. Thus charge
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conjugation, which implies the change of sign for helicity, connects
only ‘¢ with C o - Thus we conclude that all neutrino interactions
show maximum violation of parity. Experimentally the maximum violation
of parity with left handed neutrinos is well confirmed.
Thus one can get the same form of V - A interaction starting from .
violation of parity i.e. assuming a two component theory of neutrino.
Because of this property of neutrinos this theory is usually called
the two-component theory of neutrino.
Now we will calculate the transition probebility of U -decay
in this V-A theory. Since muon and electron are charged particles they are also
affected by electromagnetic interactions and for an exact evaluation we have
to take into account these virtual effects as well. Thus the complete lagrangian

whi ch describes the decay of @ muon is given by

G - —
= — \TJ ]—' Y ')’ ]—'y
Lo = 70 a7y (1mivs) 9, T RO e,
+e LHO v oy ¥ A
o [e a e )\(X)+
det L
vy
" #yc uA)\(X)+
U o | -29
+ ¥, 7Y, Ak(x)] (O-29)

where € is the bare electronic charge since neutrinos are unchanged

particles they do not interact with electromagnetic field.
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In this lagrangian we have considered the grovity modified
electromagnetic interaction. Here we have an excellent opportunity for
studying this (GMEM) interaction because the leptons do not interact
with strong fields and so the only virtual field next to electromagnetic
will be the gravity field. As it is knownthat gravity shows peculiar
behaviour at high energies we will be able to see how it is going to
affect the physical observables.

Since our lagrangian consists of two different interactions, in
order to use perturbation theory we have to iterate with respect to both
the weak interaction coupling constant G and the electromagnetic charge e.
As the electromagnetic interaction is much stronger than the weak interoction,
to a first approximation we con imagine that there is no weak interoction, We
then have only the electromagneti c interactions to consider. For the moment
we assume that,considering perturbation of order e 2 we hove performed the
renomalizations, that is we have considered the virtual effects of the phaton
on field operators. We next switch on the weak interaction and study the
decay of p -particle using first order perturbation theory with respect to G.

17)

Section 3: Expression for the decay probability (

According to the usual perturbation theory we define an operator S
which takes the initial state 11>  from t=- = through an interaction to

final siate [£> ot t+ = ® . For the calculation of tronsition probability
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one usually defines a reducec transiticn matrix operator T | which is given

by the equation

S =1-4T
so that
Ser = SEISIi> =< f1T1i>-i<fITIli>
- % - Pl
for £ R o= om0 T (T1 - 30)

The invariance of the S-matrix under proper lorentz transformations implies

that energy and momentum are conserved in interactions.

For convenience we will take this conservation low out of the matrix efement T £
i

~

Thus < f 1 T1 i~

(2W)4S(p;- Py N<f I MIT>

4
- M
(27)° S (p;- Py N M. @-31)

Where Pi and Pf are the momenta of the initial and final states and the & ~function
represents energy — momenfum  conservation pi =p £
The factor N is used for normalising the states yi>and | £ such that the lorentz

. . . M. .
invariance of the matrix element ' fi is secured

N=7 N 7N (11-32)

7. dndicates the product overall particles involved in state }i)and | f )
14 .
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The probability for the transition 11> _, 1f > isgiven by
_ 2 N -4 4
Wep =1 T 172 12T 87 (e -p )] T027) 8 (- p))-

2 2
CNTAMIT (g-33)

by using the defination of the § ~function we can write

RN 4 4 4 4
Lem s (p-n ] I@7) 8 (prp)]=@7) § (p-p) -

. j‘d4x8l \Pi_R')x
VT

T — ° (O-34)

Making use of the condition p~P =0 imposed by the other d-function,
1

the R-H S of eqn.132) can be written as

4 4
(2m) S (pi'Pf)VT

where V is the (large) volume and T the (long) fime in which the decay may
take place. Usually V is called "renormalization volume" - a large box in
space where all particles are supposed to be enclosed having a set of discrete

states.
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Thus the transition probability reduces to

2 2

4 2
W S 1T = (2 nt % (Pi-PF) VIN IMI (IL-35)

This gives the transition to some state f, In practice we are interested
in transitions to specific final states, for example states for a single particle
with momenta between P and p + db. Since the number of momentum

states between pand p + dp available to a single parficle in volume V is

V. 3 | .
an = (277)3 d p {1I-36)

We call d ne the phase-space volume element available to a single particle

and consider this quantity as a weighing factor for any state f.

For the particles e, 1, T,in the final state the phase space factor becomes
Y, 3 3 3 3
= .9 d dpy d ([[-37
dng = oo Pe 9Py dipg, )
where
P, P vy and b —I-Ju are the three-momenta of the

electrone, neutrino U and antineutrino v

So the probability for transitions to final states in an interval

_ 2 _ 54 (popy YL [3p 4 im0
We =1 T, | (27)" % (P, Pf)(21_9 db_dp c?pﬁN I

l) © o 1 fi

(I - 38)
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This expression represents a transition probability over all space-time
while in practice measurements are carried out for a finite time in o restricted
volume of space, that is in an element of spoce time. The transition probability

per unit of space-time can be defined as

2
dw= L eyt gt )Vs' A
w = = T p.- P d p.
VT i f (297 e TP O,
2 2
N IM{(‘ (I-39)

If we nomalize the particle wave functions so that there is one particle
1
in a box of volume V then the density of the decaying particle will be  /V.

This normalization corresponds to the fermion wave function

m -ip; X
\I!i(x)z\-/_ﬁ U(P;,Si)e (II-40)

where m, E, p, , s . ore the mass, energy, four momente and spin of the particle

Thus the nomalizing foctor is

1 |
N =-—\72 /." mumemue m,—op
J B, E B E- (11-41)
e Ue Up
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i e 2 - _—
Substituting for N and dividing by muon density /V, the decay

probability per unit time per unit volume for a muon particle is given by

-

8 4
= o0 |3
dw (27) b (PP-Pe'PU - Py ) (mumemumﬁ)_]_.
Tt e u e u E
u
3 3 3
d d d
. pe pUe p‘vu ’MIZ
[=
Z-e ZEUe ZET)“

2 - ([I-42)
with | M | = MM *

M = F)x[uu“(pu“)y7L (1-175) Uy (p )]
e

<2
/2

- w ) )
where W, (p ) u(P“), Uuu (PU#)Gnd U-Ue(Pue)

are the Dirac spinors, of the particles electron, muon, antineutrino® p and

neutrino U respectively.

The motrix element Foo = Uxg ( Pa) fa Uu (Pu ) containing all the

radictive corrections. In the bare form it is simply, U (py) % (T -ivs):

Further more the expression ([[-42) is relativisticaly invariant since
3 . . . .
the foctor d” p/2 E is a lorentz invariont volume element in momentum space,
as we see from the following identity:

3 =1
4P . J 4 ( M 2. 3
5 E P, Pp P - m ) d

-— D

P
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= _fm a*p (p, p¥-m2) 0(p,)

(I1-43)

e(po)zi 1 for Py > o0

o for Py <o

6 ( pg ) is the step function and is lorentz invariant provided p“ is time
like as is the case here.

In the above expressian we shauld have taken the mass of the neutrinos
ta the zero since we are working in two component (V-A) theory. Actually the
the masslessness of the neutrino will require a change in the nomalization
conventian far the neutrino amplitude relative ta that for other femians such
as muons and electrons. The neutrino wave function has the form

\II (X) LJ. (k’s)e—ik'x

IRV v
with Uik, s) Ulk,s) =2 Ey
and therefare C,L (k,s) Wik, s) = o

The neutrina projection operatars are

2
E] U‘C‘r! (!{.,S) U‘B (k,S*)= }(

s:

2
Z U s _
s =1 o (krs) U8 (k'IS)_—}{
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We find that the convenient way to handle the nomalizatiorn: is to

treat neutrinos in the identical fashion as electrons of finite mass,
nomalizing like these fermions and to subsequently take the limit

my, = o . The two approach lead to identical results.

Thus the muon decay probability per unit time for the emission of
electrons emerging into a given solid angle d o @bout anangle @ ,
that is the intensity of electrons emerging in a solid ungle d Qe with

an energy E in the interval d E, is given by

dw=T(E)dE_ .2 dQlp, IdEgm my 1 :

2 M) ©
(2m) E
® 4 4 2 2 2 o
S_m d Pu d P5, S(Pve T )S(P"d ‘mau)e(Pve)
(P% ) S (a-p, -pg)( )1M|2(£I44)
6 by - = Py m m - =
Y Ye V0 Ve Yy
with
M=F | U =13
X Yy (Puu) 7 (1-175) uue (Pue)
TP, P
in writing the above expression from ([1-42) we have used
3 2
d Pe = lp_| dlpeldﬂ-:IpelEedEedQe



- 58 -

Since in gencral one does not observe the polarizations of the two neutrinos we
will sum over these polarizations and for the muon we will assume that we know

its polarization.

Thus we can write

2
SN ¥ i
May mf) I M1 = 2 Alp Tr Duyk(]""ys)‘

./Pue Yo (1 -;75)]
= G? Fy Rt T [F, 7, Pu%O-ivy ]
ATp r v, "X V. P ! 5)
(I1-45)
After substituting (II-45) into ([[-44) we will make the following assumptions

(o) ™5 o and ml-)u — ~

(b) the muon is af rest. This implies

And for simplicity we will denote the nergy momentum vectors of the two

neutrinos by p and p’ .

We find

G
[(EydE, = d9e 1P 1dE m_F, F s (IT-46)
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Sxp 2T [Ye v, Y% (ivs)] I g @)

Where the integral

4 4 - s 4 s 2 2 s
Ia3=3d pdip P,pg & (a-pP-P)o(P )5(p ") B(pg) O (p) )

([F-48)

_ Can be easily evaluated if we work in the centre of mauss system of the two
neutrinos, in which q is pure time like. This is evaluated in detail in Appendix A

with the result

Ieg = —Z—4 [9a3q2+2qaqﬂ_‘] ( I1-49)
Thus we have

Sy = T L4 r11 w2100 (1-50)
Tlrl=1 [v vaven (1-17)] (IT-51)

By making use of the equalities

Yo W =727y

Tr 7)\ 7{) = 4 gkp (H—52)
Tr '}/K '}?) 75 = o0

We -find

Te [ 1] = - g5, (I1-53)
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Tt [H]=Trl% Yy Y8 % (1-i75)1 q)ag (IT~54)
Using the relations
.7 Y. Yy = [ ) -
Fla X B A 1% a9 "9 9 +gaegx3j
(1-55)
= €
Tr}’a '}’)\yﬁ.}fJ }/5 4 Ollﬁ
We obtain
2
Tr (1] =4 |2 - : -56
ro (] [ Ixdp 79 9y, T a;\quan:] (H-29
Under interchange of indices o , B we find
< = €
axpr Ta9p Byar Gp 9,
aXBP B Tu
This gives 2 60:).6’{’ q,9g = © (I-57)
Thus from (L1 -57), (I-56), (I1-53) and{]-50) we get
_ 47 2
Sy T3 La,9, m9y, a ] (T-58)
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Inserting (I[1-58) into ([1-46) we find

— e * 2
IE)dE= - 2 !EeldEemeFAFp(qup-q 9y p)
- (11-59)

Since the electron has vanishingly small mass we will neglect it. .

= o we can use !Pe | = E _ but at the same time

When we put m o

e
the m_ appearing in the above expression implies *hat in this limit I (E)
will also vanish. This is not true because according to our normalization
scheme the electron energy projection operator, which is hidden in the

factor F , is equal to ,(.é +tom . Thus m, will be absorbed

2 m

*
xFp
e

Now we will express all the invariants appearing in the above

expression in terms of a dimensionless parameter x defined as

x = fefhmy (TT-0)

which is the ratio of the electron energy E _ toits moximum possible
energy my / 2 . With the assumption that the muon is at rest we find
from conservation of energy and momentum that the variable x varies

from zero to one,
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In terms of this parameter the intensity I (x) is expressed as

2
IT(x)dx = © dQ, xdx m2 F F, *( -
1-1-—8_-77'3 e p me )Y I q).qf’ a g)«f)

(I-61)

When T (x) dx gives the number of electrons emerging per unit time in the
solidangle dQ and with an energy such that the variable x lies in an
interval d x around its values. The integration over all angles of outgoing
electrons and over x from zero to one gives the life time of the decaying

muon.

Section 4: The Zeroth Approximation:

Before proceeding further we will evaluate the equation (II-61)
in the limit of no radiative correction. The purpose of this calculaticn is
mainly to verfify that in this limit the above-equation leads to the well known
results and to prepare the ground for our main task which is the evaluation of

2
the term of ordere”.
When we neglect the electromagnetic effect the matrix element

Fa = Do (P 7y (T-ivs) Uy (P) (I-62)

We will substitute it in expression ([I-61). Since we know the muon polarization,
we will sum only over the spins of the electron. Thus we have the following

expression for the intensity of emerging electron in the decay of a Polurized muon



2
0 G 2 )
I( ) (x) = 9_/__3 dﬂe X mu (qkqp —q gk[)) S

- Wy P ) % (1-175) (F + me)'}’k(]-i'}’s)uh(pu‘)

(I1-63)

neglecting mg

(o) B G2 2 - , 2
AL L Uy (e M i = 238, -
'(1-i75)]l{u(pu) (I1-64)

2
here we have used (1 -7 y; ) =2(]—i'}’5)ond'ylp/-yk= -2 ¢

This expression can be further simplified by making use of the following identities:

a =(Pp-p)

and

1l
(o]

(Fy = my ) U, (Py)

L_,L (Pu)(P/ —mu)z o

1 K (II-65) .
‘ﬁe P/e =Pe2=mez
Thus we obtain
(ci B GZ a 2 - 2 ] 2
I(x)dx-—mB iu; xdx m; uu(pu)[mu ¥ (1+ivg)+2d

He (1-175) ] U, (py) (1-66)



Using the relation

2 _ 2 2 .
q (P#—pe) =my (1-x) | (1-67)
We find
“ I VP 1- 2
I (x)dx = Ig—;%— dfle x dx U, (p, )F, [3-2x- iy (I- x) ]
47
vUp (p )
(I-68)
where the Dirac spinor is U# (Pu) jE+ m \
2 my
and a subscript U corresponds to the muon particle,
Since the muon is at rest the space momentum I_E[ = o0
L, (py) = ¢ (1-6)
RN D

using the following representations for ¥ -matrices

3 (D (30 e

3

. . _ 1 o
where ¢ are 2 x 2 Pauli matrices, Y5 = i Y 7] Yo . Vs and | = ( o 1 )

isthe 2 x 2 unit matrix

we find

E -G, .D,
158 =% E,- %P, :/ Ui'epe P > (I-71)
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Thus we have

uu(pﬂ)pfe%<pu>=(e”,oJ[Ee 'Z'*’e”iu}: _
- : 2

Similarly the matrix element

UM(P[J. ) P/e("iy5) U‘u(

Pp)

uu(pu)(i75)p/euu(pu)

o1 -
[EH ’ 01[(1) o][i; _OEB”gu]
P, - E Lo

c.p -~-E
=[€I‘L ,0] 1v € ¢
Ee -0.pe
<t £ >
= <_=!J lo. Pe ! L (]I"73)

We will assume that the u -particles are polarized along the Z - axis

with polarization Py
Thus

<€ 10.p | >
H ipe Eﬂ-
8
lpelPu Cos
E PN Cos 9

Cos 9 (0-74)

m X
P
£ u
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B represents the angle between the polarization direction and the direction

of motion of the electron,

Using (J1-72) and ([1-74) we find the following expression for the intensity

(o}

I(X).

2 5
© Gm 2
I(x)dx = —F_ dO_ x"dx [(3-2x)+(1-2x)PCosH ]

96 TS I

(II-75)

In order to see how this expression can be used for the study of weak interactions

we will first put it into the form

2
(o) G m dQ 2 ]
I = Y ° x| (1~ -
(X) d x m T ]2Xd[(] X)(] /3 PC059)+

3 (Y3« -1)(1-PCosB) ] (U-76)

From here we predict that in particular when x =1, i.e. when electron has

its maximum possible energy,

I(C) = (1-PCosH) (I-77)

This means that there would be a maximum probability for the electrons to

move away in exactly the opposite direction of the completely polarized muon,
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In order io compare the detailed predicticns for the deery spectrum in

eq. (I-75) with experimental results,we usually write it in fhe form

(€ cZmS 4o 2 4
(dx = g7y —mm x4 [3(]—x)+2P( /3x=1)

+ P Cosp £[(1-x)+28(4/3x_])]]

(Ir-78)

where according to our two component neutrino theory (V - A interaction)

the values of the parameters p and 6 , § with no radiative correction are
- _ 3
0 =068 ="/4 and g = =1 (T-79)

the parameter p is called the Michael parameters and it determines the shape
of the electron spectrum while the parameter 6 centrols the momentum dependence

of the Cos 9 part of the decay amplitude.

It is found that the predictions of this theory represented by the above
values ([I- 79) are consistent with the experimental results. But for a very good
agreement the present level of experimental accuracy demands the consideration of
higher order corrections.  Snce the weak coupling constant G isvery small

(04

in comparison to the electromagnetic coupling & , the important coniribution
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will come from the higher order corrections in @ . Pow we will compute

the corrections of order & to these parameters.

Section §: Electromagnetic Corrections to the mairix efement F)\

The matrix element F>t appearing in the expression of electron
spectrum in H -decay is the modified form of the bare matrix element

Fy = e (p) 7, (1-i7 ) U-u(P”) (11-80)

Being charged, the extemal electron and muon particles, denoted
by spiners Lle ( Pe) and U, (py) , interact with the electromagnetic
field through virtual photons.

They interact with photons in two distinct woys.

(@) Each particle emits a photon at one space-time point and

absorbs it at another space-time point.

(b) The photon emitted by one particle is cbsorbed by another.

In the former case the wave function is modified while in the later
the vertex. Thus the total decay probability amplitude will be the sum

of the contributions coming from the diograms shown in Fig. 5,
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If we denote the contribution to FA coming from these graphs

©F el )y Y

by Fy "0 Fy A A

then the matrix element is

_ | (o) (e) H) )
(o) , C
F)\ = basic uncorrected matrix element
P W (p )% (1-iys) U ¢ )—F(O)
A e \Pe A 5 U pll A
(1) - i (o)
By = U (R 7 (T=175) 1 () - Fy
- 2
Fk(v)= u, (p ) fx (Cpy=p )" ) Uy (py)

(0-82)

where d’e (pe Y and Uil ( p“) are the modified electron and muen

field operators and £y is the correction to the original vertex VX( 1- i7g)
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5. a: Corrections to Field Operators

After including the correction to the field operator the new operator

will be defined as

W(p)=U(@ + SE =@ U (-83)

where T (p) denotes the amplitude for the self energy part shown in Fig.4,

- Conventionally, this amplitude is expressed as
2
Z(p) = A + (@ -m)B + (F-m z (p) -(0-8)
where A and B are constants,independent of momenta

and S(p) is the fermion propagator given by

S(p) (p-m) =1 (11-85)

Since we are dealing with an extemal physical particle it will satisfy
the Dirac equation
(F -m U(p)=o

implying p = m .(]I—-86)

when we use this condition in expression (IT-83), it becomes an ambigous quantity
behaving as /o, instead of considering this expression one usually considers first

the correction to an intemal fermion line which is defined as

STP = S( + S =@ Sk (I-87)
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we will first see what is the physical significance of the operaior T (p),

given by expression ([[-84).

In general the complete fermion propogator S, which contains
all possible radiation insertions of the self energy type, corresponds to the

set of diagrams as shown below

e —— 'iE 4 »—@___\@___‘ e = D
LS * iS<Dis is s gt - @N‘J

Y

and may be represented in the form

(=i D) (-iZ) i +o- -

. — (M+pg __ o+ z _t o5 +-ee)
g -mg g -mg g -mg g -mg

Z_ -
p’-mo (II-88)

i
1 (1-
L-m
' o
here m_ denotes the bare mass and mp is the unknown mass which is

supposed to be the mass which we observe. |n order to find Z{p) we will

define the inverse of this expression and then impose the physical condition

F{'—'mR
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(F - m) = (h%mo)) (F-m )
= @ -m, - I (1-89)
putting ¢ = me
o = mp-m - %
ZP) | = mg-m = &m (I-90)

| Since from (1[-84) Z(p) = A (-2

From (1-90) and (0.91) we conclude
A = Om

whi ch means that the first term of the operator T (p) represents the electro-
magnetic moss correction 8 m to any physical particle.

Since experimentally one observes the physical mass (=m ) it is
conventional fo rewrite the lagrangian and the other physical equation, say the
Dirac equation, in terms of the physical mass. This will result in the addition of

an extra tem H, = = 6 m ¥ ¥ in the Hamiltonian of the system.

fe. Hopy = Hyo = 6m¥ g (I-92)
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The additional operator Ho describes a "bare" electron i.e.
an electron without its surrounding field. The contribution arising from
this, represented by diagram (6), is simply - § m and it cancels the
contribution A. The use of the physical mass, which results in the elimination

of the mass correction term, is vsually called mass renormelization.

-tm
K——>—

mass renormalization counterterm

Thus after mass renormalization we can write

S(p) =S+ S [F-mg) B+ (F-m2Z () ]Sk

(1-923)
Since
S(p) (F-m =1
we can write,for @ ~ mp
S(p) = (148) S(p (1-94)

22 S(p)
This implies thot due to the inclusion of the self energy part as the radiative
ccrrection, the fermion propagator gets modified by a constant multi plicative

factor Z,  (=1+B). Since the propagator is defined as the time ordered
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product of field operators, the renomalization of S(p) will imply a

corresponding renomalization of W(p), U ( p ). Thus the renormalized

wave functions are

Wp = (1+8)2 U(p)
o (I-95)
W = (1+8° U(p)

Since B << 1 we con take vV Z =

1
, = (1+B) (1+% B
Thus the total contribution from the corrections to the field operators is

! ( () .
RN -3 (80 + 8 ) Ue (pe) 7y (1-i75) Uylpy)

(IT-96)
To find the constant B we will compute the self energy part by considering

perturbation with respect to electromagnetic coupling e,

Qur interaction lagrangian is

LHa _
Lix) = e v oy T A
det L a

(O-97)
7}
In the usual presentation of field theory, starting with the

Schrodinger equation, a representation for the scattering matrix is chigined in
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the form
s=TeXp{-igH(x)dx] (I-98)

where H (x) is the interaction hamiltonian density. When the interaction

does not depend on the derivatives of the field function we can write

H=-f

Thus

n

+
3
v

The second order term is

4 4 2 4
Szzjd Xd'ysz(x'y):Ji T(L(x) L) g% xd y
:uo vb
L - .. L
:J'e) T(de V(¥ vix) A 00 D

C T (y) vy T Av(y)>'

o 4
d xd (1-100)
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According to Wicks theorem this can be represented in the
form of a sum of terms,each of which is a preduct of a certain.number of
pairings; of the electromagnetic field T (A (x) A(y)) the spinor field
T¥(x) T (y))and the graviton field T( L% () 1724y ) 5 the
det L det L

nomal product of the free opertors ¥, ¥, A, * % and a certain
det L

number of ¥ -matrices. Each term corresponds to a diogram. Each of these
pairingsrepresent an intemal line, the free operators represent the extemal

lines while the y -matries represent the comers or vertices.

The term which corresponds to the seif energy part shown below

—— electron
~an photon

=== gravitons (millions)

|
i

P
is given by i
. 2‘ T - T T
5, = (e) Jdxdy s w(R) yy T(AL (A, 0 T(¥H) ¥(y)) -
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(L‘“’(x) L7 P,

. Y v : -101)
detl detl . ) b ) I !
where
T(AL () Ay () =1ig”hY D (x-y)
_ iguv. i . . ikt (x-y) (-1 )d4k]
(27) k]2+i_€
(O-102)
T(Y () ¥(y)) = i35 (x-y)
: [ -iP.(x-)’)F
_ e P + m d4P
(2m? YR
P = -b-k‘-kz (I1-103)
pa v b a,vb
L™ (%) L " (y) - u= - -
T (& ) - G (x=y) (II-104)
ga,vb

the graviton superpropagator 9 ( x =) is given by a contour integral
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IJCJ,Ub dZ ) vh ~ 2 . L ab
? (X-)’) :I"ﬁi r(—Z)COS(WZ)[’,“] GT) D (Z,+%(T] I

+nl-lb 77U0 _npc vb)D (Z)]'
2 y4
[ R D (x-%] (II-105)
where
Z yA - (x -y)
D(x-y) = -1 = 1 4 i k y
[ ] [ T 2 ] 27 d ky e
2
* Dk, Z) (O-106)
Z=-2 2-27 2,22 o_
Dt Z) = () (kD mam = ik S (47 T Me)
sin(mz) T (Z) T(Z-1) I'(z)
for k22 <o
(T1-106)
the wave functions are defined as
T(y) =N; Ulp, 5) e )
(I1-108)

%) Ny L‘L(pflsf)ei Pex

where N; , N, are the normalization factors for the initial and final siates

respectively.
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Substituting expressions (II = 102)~(I-107) into ([[~101) and integrating
over the co-ordinates x and y we can write

S T NG NSO (p-p ) Wip, s) [ -0 Z(R) T W(pg, sp)

where
. - - yd
z (p) = 5 ;f T'(-Z) CosT Z [D(°)(Z)+2D“ @1 k5.
4 4 7 . 2_ .
[i(ie)2 5 d k'l d k2 Y# i (¥ =Ky o)+ m2 Yo 2' 2D(l<2,7__1
2m* @mn? (p-k g -ky) 2 m % - b

here p is the vanishingly small mass of the photon which is only introduced

to cope with the infra-red divergences which occur at low values of ky

D (k22 , Z) , the fourier transform of the superpropagator, is only defined
through expression (I-107) for the region of space-like momenta. We may
however utilise this region by rotating the ko intégrofi on path by 7/2 in the
complex plane, so that the k_ integration is up along the imaginary axis from
-1° to + i= . Thisis permissible, since in rotating the contour we do not

cross any singularities, the [atter being located above the negative real oxis and
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below the positive real axis. We may, therefore, introduce o new

integration variable

so that the above integral is now transformed into an integral over a Euclidean

real four-space

i.e. ® it ¢ tie
3 /2 s |
dikt dk, — d tk? ) dk
- -® -® -1l w
3 N~
= i g dllgl& dk =i (dk (I-108)
- -0 4 -0
2 co2 2 2
This implies kK =» k= (ik4) - 1k
2 2
= - k4 - Ikl <o
- (IL-109)
KW — K = lk4Yo - ki'Y
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here we have defined a new matrix Yo =i Y4 in order to define [/ in

2 2
a covariant way. Since Y, = 1 we have Y4 = -1 ond we have the

following relation satisfied by Y, and Y.

Y =24 5., = = =
YH vt Y_U')’u 6!—“’ where 5” 622 3 44

unit matrix |

1=<5kk‘.'k vk ) ey

(IL-110)

Thus we can write
~L8) ~
e 47 r(-2) T@E7) csnz [D(2)+2D5 @) ]
(p) = - 271 I (2)

2 _Z <
[k ] Z(p2) (O-111)

where
4 4 ) ~
A d k -— 7 -— Y
D2y = e’ g tky oy (Folmlg )Yy
(277) (27)4 F" (}S-k]"kz)é_mz

~2 Z7-2
(-ko )
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= e2}rd4k] d4k2 (F-ky-K) i+ m (-—k22)
- -~ - ~
(N7 amt Gk i o 2 - 2
~2 2 2
= -k, - 1k < o (M-112)

Since we are in Eucledion region we can alsc use the following loplace

C 2
representations for the above propagators which are valid for ko™ < ©

~ 2 722 4 g K 2
P (2 -Z) LI
o ~ s A2 2
1 d 6!2 {(p-k,-kz) - m ]
~ -~ 2 = - o e
(Pp-k-k)2 o S 2
(M-113)
¢ o ) 2
~ ] = - S d&3 e 3 (k] —’l )
k]2-,uz 0

We will just evaluate the integral (IT-112) for this non-physical region of

moments and after that we will onalytically continue to other values.
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we can express the amplitude Z ( p, Z ) as

~ ~ 2 - ~.
E(p D= m B (P2, Z)+ F T, (5°2)

(0-114)
where
A e 1 La,, do, da 21 (@)
(3, 22) = —— = o day dog gy T
(2mb T(2-2)
o, (P-m™) - Ay u
. e
2
A A2 € 1 2
S.(p5, Z) = —_— (-ﬁ)gda] da2 d oy
2 (2m? T2z P
- 2
1-2  ag -2m2)-a3u
O e ~2
o) - o
1 [Por (-1 () ]
(11-115)
"2 2 2
- = P4 - IE l
= -py v, -
4 T4 P
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where
w0 ~ ~ A2 "2 - ~ 2
4 + ki +ealky +k
I, (o) = d k (:'4l< ea]kz *35 21 2) .
1 1 2
“Zo(lp'(k]-l-kz)
[ e -
( ) P Lz o4 L o (L +; Z
(04 4+ O € .
I2 (@) = g d4k] d4k2 e] 2 371 2t 2) .

@ ed ak +k
pelley * %)
T-11¢6)
Since d4k= dk4d3|_!ii
- 2 2
ond k2:_|k4|-—ll_<_|

in order to evaluote these integrate we will introduce another simpler notation

Z 4 _ 4 4
A2 2
k] =-Q]
"2 2
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o
A
]

- P.Q

2
4 4 - -ay Q -
[ (a)= Sd Q,d'q, . el 1 ¥ oy (@) +Q,

2052P.((32] +Q2)

e €
© Z 2 2
54 gt gy e @y (A Q)
I (o) = - |d Q Q e
2 » 1 2 200y P.(Q|+Q'L)
L e P.(Q) + Q,)
(11-118)

Since these integrals are convergent we can shift the origin of

integral Qo by —Q].

This gives

2
)



(11-119b)
The exponents of the Q; integral can be put into the form
2 o 2
xy P+ H3Q, (ap P+ "3 Q2)
-(a2+’13) [Q] - J +
@y * og oy toag
(I1-120)
Now if we shift the origin of Q ; by
o, P +0¢ ., Q
2 3 2 we find
0o + 3
© 2 q ©
- + o + P + 4
I, () = ‘dA'QZ M%) Qg T o P Teg¥ ) Sd Q-

(11-1210")
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- (0, +C )Q2+(Oz P +oa,.Q )2
I (@) = K a4 q 1773 2 2 372
2 = - e

0y + &
- 2

3 4

© _(Q+QQZ
.gd4Q e 2" 73) 1

2+ %,
(11-121)
To integrate over Q 1 we will introduce spherical polar variable where
d4Q] = 47 r3dr Sin29 d 6
2 2
= r

Qy

P.Q; = /P% ¢ Cose
. r = o —> [2=]

g =0 27

if we first do the angular integration we find that in general the first tem

in the integral ]_'2 () vanishes. This symmetry implies J d 4 k ky f(k 2) = o

and is known as the symmetry relation.
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Performing the integrations over r and & we find

2 2
o
_(O! N O!2 a3 ) 2(12 3 aQ OZJ_P
4Q ] ———-—. ) Q + _—_—+O! P. 2 I
I](a)= d 5 © Gy + 0, 2 a,+ %3 9
2
, T
2
(O£2+a3)
2 ¢
(oq + @ 23 2+ 293 p.Q
4 1 )QZ Cpt g 2
Iz(obz‘ d Q2e a2+f73 2
2 2
s P
Qg+ Qg
e .
2 2
ey Ptreg pQy) 1T
(032 +Q’3)
(I-123)
putting the exponents into the form
« ( 2
S+ 20‘3)[Q2_C’“2‘i3P ] N
0o+
2 013 a](a2+a3) +a2U3
a22 a32P2 C£22P2
+ o ——
+ (04 4 . +
[”](a2+a3) “, 3](a ) G, + Ca

2 3 2
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0520/3‘)

and

Shifting the origin of Q ) by + :
a (g +@3) +ay ¢y

dropping the terms which are oddin Q , ond vanish upen symmetri col

integration; we have

= o, o 2
4 (e 2.3 )aQ
1y (@) = \ d"Qy e oyt 2
o | 2 A(o)
(052+053)2
o 2
s - (o + %273 Yan ) 0420132;:2
I2(a)=- d*Q 9o e 0o+ 0g (052P+
- ' a1log+ o) +an @,
TTZA(a)ﬁ
((I2+053)‘5
(IT-125)
vhere
2 2 X
9 0(2 a3 v o
¥ [ o (U + %0 )+ Uy 0 )G+ Ua) 07___4._2_&___ J
[or g (B +7g )+ @ og)(“p+ g 2+ 3
Alo) = e

(IT - 126)
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we go over to sperical co-ordinates where

4 2 3
d Q2 = 2T r dr
Q'Z _ r2
2

-2
=2 o. ¢
T, (o) = 7% (o) + %q) [o, + 2 3] A (o)
1 : 2 1 G
2773
2 4 -3 a2 0{3 -2
I,(0)==P2 7 (o s 6 ) [o+ 17
2 3 o, T
2 3
2
O O
[a2 + a2 3 1 A(a)
](a2+03)+a2a3
(0-127)
Substituting
2 ~
...P = l') 2

and inserting these expressions into  (IT-115) we obtain



T 1 Ix (¢, 2)-

11-128)
where ,\ 2 S 2
" 2 ap (P2-m )= F 2 ogu
1 (p )=Xd°< dog (& *@3) e ©
¢
"o 2
1 -2 oo 2 TP a, %3
Sdoz oy e, + 2 3 ] ¢ (upte, )t | 0 %3
) 1 1 & a, 2 Ay 22 a]
Gt ™3
o -4 o(p-m )_a3#2~p_a_2_
X,(p?,Z) = |day dag (xy +ag) e e
oo -2 O C 2
_ o, o 2 3
Kdal 1] 2 [t e ] g e yrey) + %53 }
) 2773 l i % |
L O!2+ 3
" 2 d?.
2 X -
-p . 2 3
T (64
(e *@3)" [ &y T & 3& I-129)
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The integration over @y con be performed by defining the new

varicble

Thus the @ - integral involved has the following generol form

e 1-Z -2 -3 B
& da (a-a) [T](ry_z ,063)0i +T2(a2‘0‘3)a 1 e

([1-130)
o 8%
o = 2_3
0yt 73
2 2
A (43
8 = p2 za\)
2
+
(ap ¥ 03)
(18)

integraiion over @ can be done by using the standard relation

£ouv - B s x + v -1
s‘ X (x—u)u ] e /* dx = B(1-p-v, 1) uu v
U

'F.(]—LL-‘V,]-'V; ﬁ/U)

o <Rep<Re (1-v), u> o

(D-131)
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Thus integral (II1-130) reduces to the expression

-Z 8 4 -1-z
T]B(Z,-?-Z)G F (Z; 2, P/a)+ T, B(1+4Z,2-2Z) a
Foo(1+2; % Ya)
L r (
(1-131)
making use of expression ([[-131) we find
2 i Z-2 -z
X](P ,Z):B(Z,Z—Z)Sdaz dCZ3(O£2+Ol3) (C¥2a3)
14
272 ~2 2 -
- - e
Fo(Z; 2; 1) e Oy P +az2(p my—%*
agtag
o0
(o2 . - -Z
Xp (P, Z) = \do, da, (%) g ) (020!3) .
]
2" * 2 2
e- CL'QPZ + @ (p -m )‘Q3U
: oot .

. [B(z,z-z) Cy Fy (Z; 2;1) +B(1+2;2-2) o

P (Z+01:31)

273 (11-132)
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To integrate over Qo and 013 , We go over to new variables

a(a2’a3)=

(04 = ry ., 013 = r(]—Y) \N“'h (rA,y)

r

Thus
1

2 -Z -Z -z-1
X](plz):B(ZIZ‘Z)g d)’ Y (]—y) dr r
© )

-r
’ I.Fl (Z, 2; r f-l) e B‘

8

[ B(Z,2-Z) y Fi(Z,201) + BA+Z, 2-2), (-y) F (1 4Z;3; 1)]

(- 133)

2 2. 2 2

~9 A9 9 /
f'lz-p Y(]-Y) ;B]=Py_y(p _m+u)+u2

from the standard relation

OZ!F‘ (v + ]l')’+] ; X ) =(0l-')’)|F; (o, v+ ]IX)+ '}/F(Cf,'}/;x)
we find . (T-134)

|F;(1+Z;3;f) =(Z-2) ]F, (ZI 3; X) + Z,F, (Z, 2} X)
‘ Z Z @-135)
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Substituting expression ([1-135) into (JI-133) and integrating over r with

the help of the standard relation

-st b-1 -b
I F(e, e kiydt= T(b) (s-K)  af(ca, bici =, )
s -kl > Ikl
Ree. b >0, Re.s > max (o, Re k) (IT-136)
we obtain
|
- -7 - 2 z
X1 (p",2Z) =8(Z,2-2) T(-2) gdy y 2y 2y D (T
¢
‘ZFl (2_ZI_ZI2;F(Y))
2 Z-2 ! -Z -Z+ 1 Z o Z
2P D=z, 22) T S5 dy y 00 T e B ?) )
o (32, Z, () + X (p?, Z)
(0-137)
- 2
P_y(l-y)
f(y) =
(y m2y+ Ll2

we will drop the 12 - terms wherever convenient by taking care that we do

not encounter any infinities.
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Thus the above expression can be simplified to

. ! 2 7
m
X] (pzl Z) = B(ZI 2"2) I‘(—Z) gf)’(]—_—;) ZFI(Q—Z,ZZ,F()’))

) 1 2 Z
Xo(p?,2) =8z, 22)0(-2) z-2 3 dy (1-y) ()
2 o T-y

L F(B-Z,-Z; 35 (v)

+x (p%, 2) (TI-138)

From expressions ( [[~28); ([-18 ), ([L-5) and (I-13) we can write

~ ~

E(.p2)=m§)](;2)+ P/ZJZ(PZ) (T[-139)

(o () .
2, (p2) = = g L T (9T (-T2 cosm2[B (V72D ()

dy (kR ™ m ) o Fq (2-Z,-7Z 2 £())
16 T*(1-y)

(1)(2)]

— D' (-Z)T(-2) I(3-2 Cos 7 Z ]’_5 (o) (Z)+2D
k2 m2 Z

L F (32, -Z; 3 F()
]6772( ]-)’)

(I-140)
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P2y (1-y)

Fly) = T a2

the hypergeometric functicn o F{ (&, 8, yi f(y) Y isdefined

for [F(y) | ¥ 1

Till now we restricted our momenta to be space-like but from above
expression we notice that these amplitudes are even well defined for
time like momenta. Thus we can use these amplitudss for the momenta

defined in Minkowski region as well where p2 = p 2 "!Plz

)

we can write

Z(p2)y =m Ty (p2) + ¥ Z2(&32) (I-141)
with
5y (p2) = %.E;% I (-7) T (-2) T (2-2) Cos 7 Z [P (2) +2 D4 (2)1
1 k2 2 Z
d Fo(2-2,-Z; 2, f
S\ Y(my)) 2 ]( (v} )
d ' . ) (]
Z,(p2)=-% S—gif— T(-2) T(-z) T(3-2) (5 (9+25 " (z) 1ce
] 2 2
R _
f Y (T V5 (T-y) LBy (3Z,-Z,3F(y))

(1-142)
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2
P T-y
f(y) = =y
m y *u
2 2 2
P = P o - i pl

For the given interval of y these integrands are well defined
when Z is negative. But y -integrai  is rather difficult to evalucte
because of the complicated argument of the hypergeometric function.

For Z < o we can interchange the order of integration. So we will first
do the Z-contour integration and then y -integration.

|2 the Z-plone the above integrand is analytic for the negative
value of Z but when we collapse the Z-contour on the positive real
axis we find a series in powers of (R m) 2. Since k2 s of very small magnitude
10 -44 / mi we will neglect the terms which are of higher order in k 2.
The leading contribution will come from the residue of the integrand for the
singu larity at Z = o,

We find that in both the amplitudes Zy (p 2 )ond Z, (p 2) the

singularity ot Z = o isa dipole.
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Since residuc of a function f (Z) for a dipole at a point Z =a is given

bby )

= aQ

27 [ ;_Z @1

the leading contribution has following form

: . _
Z. (p?)=- ?‘de 9 [Rzmz Cosmz [ D (2)+
! 17 5 ey
Z=¢

+2D (])(Z) ] l“2(1-2)1”(2-7—) F(2-Z, - Z; 2; f(y) )]
2 Z

2
-1 ! R ™ m
2 2 = (o)
22(P )=ZC_%_ \dy(l—y) —E[(m_y)) Coswm Z [ D (Z) +
o
Z-=0
+2p Dz 020-2) T(3-2) F(3Z —Z;3:f(y))]
(11-143)
using
_a_(kzmz >Z > Z log k2m2
$ENYeT T () | T 52 1672 (1)
w2 2 o2 m 2 yA

= (log ———m—
Uoo 72y’ "oz
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and
@ =1 add D (o) =0
— -~ (1
_B__D(°)| =15/, ond _é_D()(z)l.:_Jz_
0z Z=o 2Z Z=0
(1-144)
we obtain
1
2 o 167 o 3 RN
E](p )=-TT— I:—logk_z—m-z_ TCl+]+de FKZZ;Z,Z{-Y)\
© 'Z’:O
z ? : [-' ]67T2 + (/: ; ] I3 r—(BZ—ZEHwﬂ
2(P)=:L"" 09?2;2 2+§+Sd "‘/)
T o e
(11-145)
where
’ | r - m . )
¢y ~ ‘ib'i[c"“"z[ 9z +20 2] rfagr ‘=t§‘“3w)—!
Z =
C/ = ‘}—§—~ ’:Cos72[5b‘(2)+25(lzz) ]I‘2 (1-2)T(3-2) | =8B _3u0y-3
2 252 ' ‘ J‘_i- (V —i
Z:C
2
fly) P y(1-y)
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We have also used

H
.

]
- de log (1 ~y)

[+

1

- S dy (1-y) log(l-y) = +% (E—Mé)
‘ T

37 log 4 (Z) = W¥(2)

The derivative of hypargeometric functions can be evuluated, very easily

if we simplify it by using the transformation formula

-B

Fla,B; 7, x )= (1-x) F(y -a, B; v x )
x =1
we obtain
0 P Z
57 F(2'21'2;2;F(Y))=é‘:7_ [(1-f(y) ) F(Z,-Z;2 £(y) )]

fly) -1

= log (1-F(y))+§i“z"zi 48
f(y)-1

Expanding this new hypergeometric function and differentiating

w. r. t. Z we findot Z =0 itvanishes



Thus —B‘—Z— F(Z-Z,-Z; 2; f()’))z log (1 'f()’) )

Similarly _;TF@—Z,-Z; % F().)= log (1-Fg) )

Now we have fo infegrate over y . This integration has been done in

detail in the Appendix B the result is as follows:

] 1 2 2 2 2
’ dylog(‘-f(y))=J' dy log P Y *y (m -p )

2 ) m2 y + M?_
2

m2_P2 m2-p2+M

= -1 « —75— log o
P m
(I-149)
Similarly

‘ 3 w2 o2l

dy(I-y)log (-f(y))= - /4 - (=) —

0 P

(0-150)

Iy
m2 2 2
Icq P'HLI
m .
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inserting (I-149) and ([I-150) into ([I-145) we obtain

2 o 16”2 p -m 2,
Z, (p = - — [-log ' + C; -1 + log P_H
1 ) I k2 2 1 pz 2
2 2
2 (83 ]6’” p - P +m
z = — - log —— + C_ -
, (P = [ %9 = /2 + —s [1+_p_2_
m -p +u2 ]
log ]
2
m
(11-150)

C, =65 -3 %)

after substituting these expressions in ([I-141) we will express it in the more

general form

(I-152)

we ore mainly interested with coefficient B for using it os o correction
for field operators.

Replacing g by m, its free porticle value we find

c.+ /)

1
(H-153)
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B can be easily found by regarding the expression (II-152) as the Taylor

expansion of Z( 2) with E ( p) as the remainder. This implies

s}
B=  Z(p)
BPM I]:/=m

Thus from (I[-141), (IL-152) end (I1-153) we find

2
o 16 7 9 . K
B=-4'77"[log -—Q—Qk = —C]"r /2 + 4 log /m]

(I-154)

One can also find Ef ( p) by subtracting A and B from Z (p) and

exiracting out the factor (f~m) 2 by using the identity

pZ-m? (g om) t 2m(d-m)

1

2-3p F -m 2
oA 1
Z.(p) = zna[g—(—r*p-)(“ bop ) (T L5 -4 +legth

1 2
—— (-2~P+ 4-8p1p? |y p
29(]—p) _]—_T— og ) ]

where ~ ([I-155)



2 2
m- =P
P = ——
m
from (I-154) we have

1 p (@) o 167° 9/ u
z B = §w ['09 me'cl"' 2 +4log /me]
1 B(l-l)_ 21 T—-léwz - C +9/ +4 1 !J/m ]
2 T 3 [.og kmzu 1 2 9 H

(11-156)
and inserting this in Expression (II-13)we find
(e) ) o 16 7 2 e 90 o logMH B
RSP A k* m?) "9 P8 T4 leug
(I-157)

(v)

Now we will proceed to the computation of the amplitude F A, the vertex

correction,
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Correction to 't —e Vertex

4.b:
(v)
For the amplitude F)L , the leading contribution of order e
comes from the diagram shown below
=T —__ electron
VAN phofon

===z gravi tons (million

------- - neutrino

The corresponding matrix element can be written by following the scme

steps as the one adopied in the self mass case.

=T L) @ Uk,
(I-158)

4 4
. 2{ d7k d ks .
Y iS - k_-k) iy
bS o (py - 1 mky) 7, lD(k])
~4u) 27Z
(Z)+2D(Z)]R

dZ )
S = T'(-Z)Cos7 Z [D

D(ky , Z)
(I-159)
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where
9= P, - P
2 -1
D(k =
(k%) (E-]Tie )
S (p-k. -p y = (p’—,K]-k’z)-i-m
F 1 2 2
(pkyky) 2= m
1-Z2 r -
Dk ?,zZ) = i(6mw2 (22) (2 52
( : ) ,
2 T'(2) Z
2
k
<o

Since the superpropagator is defined only for space-like values of momenta

2
we will perform a wick rotation kg — ik4 so that k2 =—kz -1k 1 <o

4 4 N 4 4
and d k] d k2—/-d k]d k2

Expression (II-15%9) can be written as

22
167 ¢ dZ - -1
fL(a?) == - . Cosm z T'(-2) T(2-7) (D7) +2D
2m)* |27 TZy

Z

2
(R7) £ (42, 2)
X

—
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amplitude

4\2 ’
fk(q , Z)

§d4k]d4k2(~k 2 7-2 Yu (Fem Ky =Koy 7y

(W-iy ) (Fy-Ky=Kyrmy) v

2 A n 2 2
- -k -
k]_[ (P#. k4 2) m”]

(IL-161)

here we have neglected m o ! the mass of the electron, Here we also

define @ new 'y4 - matrix

sothat g = - p4'}’4 - P

where ‘)’2 = =1 since-yz:] we have ')’42 = -]
i )

i
The matrices Y4 and ¥, satisfy following relations
i

" = . 6
Yu % T vy 2%y

yﬂng yu = 4le
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yu, p,B'C,‘yIJ = '25{}5)&
(TI-162)
‘yxﬂ{ = ZGA-F{'YA
where
5. = -1

By making use of these relations we can simplify the amplitude f 5 (g 2, Z)to

A
~

~ 4-2 z_2
fk(qz, Z) = Jd“k] d4k2 (-k2 )

U408 v 7 45 _2 % »
N =T-4(p) Byt 4Rp Y, -28 8 7, %

A A
+2 ‘éuyx (,;g] ”42) + 2(42] +J<2) 7y p/e+

=20k + K ) Y (K rk) ] (-iys)

TE4Mp (ée-k,‘kz b (T+ivs) ]
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In expression (II-163) the integrals involved are of the following form

where 2 Z-2

according to lorentz invariance, we can express

M (q 2 ;

(IT-165b)
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~

These scolar amplitudes R (g 2 , Z), R, ( q2

n 2
’Z)I A(qzlz)lc(qlz)

B (q 2, Z)Yand D (q2, Z ) have been evaluated in detail in the appendix (C 1) .
and we have found that these amplitudes can be defined even for time like

momenta, So we will go over to the physical region.

Inserting the expression (T[-165) into (TI-163) and replacing

P4-‘—> —ipo’}/4=_iyo

hence ?: —>P ; pz—-—> p2 qu quz

’

we obtain

fk(qz,z) = {[-4(%“ P’y+4pa-puy;\-Zﬁep’”Vk]Mo(qz,Z)nc

+2p’u”>\ [FoRqy(a% Z)+ p’uRz(qz,Z) +

+2[F, R (@?,2) « P’uRz(qz.Z)] "
-2]-2y, A2 Z)+F, % ¥, 807, Z) 44 7 ¢ C6, Z)
N D(q2,Z)]}(]-i)’5)+

+{4mp(Pe)KMo(q2,Z) -4m [(Pe))\ Ri(a2, 7 )+

+(pu)k R2(q2,2)]} (1+i7%)

(O-166)
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Since this amplitude will lie in between the Dircc spinors D‘é(Pe)

and U, (PIJ ) we can make use of the equations of motions

(F(#' rh”) U#(p#) = o

Ulp,) (e - m_ ) = o (IT-167)

using relation ([I-167) and neglecting .m, we obtain

2 _ 2 2
fold, 2) = \4 PePuYy Mo (a® Z)+ 2/ 7, LR 2)+

2

*Ry@*,2) - D(g

2
212)]+2m#p/#7X[R2(q,Z)_

~ . 2 2 . o
e, 2)] + 4% ACa% D) (1-i7,) -

_{4 my [(Pa), Ry (q%, 2) tip )k <q2:2>} '

C (1 +iy

5 )
™ (11-168)
Since
y#?’,v =2gq u Y Yy
with oo = Vs gy = - i=1,2,3
2 -

y —],'vz——]

o i
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- v
Py ) .')\F{”

Ppa? Fe==20P ¥ * 20y * F Puvy
(11-169)

© Substituting ([T-169) and making use of (I[-167) with the neglect of m

we find
- 2 - 2
fx(a? z) —\4P8~P”MO(Q rZ) = 4rep, LRy (g y L)
2
v, z) - ol 2 2m 2 L@k - Ry ) ]
2 :
+4 A(q ,Z)}}’A(]—l‘)’s) +

(P

A

+ \-4.~nu(pu)AC(q2,z) s4m

{Rpa?,7)- D(qz,Z) Ja+ivg) }
(-170)

2 2 2 2
Substituti 2p.p.. = - - + = - +
stituting 2p.p (pu pe) pu q mu
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-

2 _ 2 2 . 2 2
Fx(a?,z) = {z(mu -a%)y [mM (a9 ,Z) + D, )-R (q,2Z)-

“Rp(a?,2) T+ 4 A(a", Z)2m? [-c<q2,'z:>+R2(q2,2>}1~/x<1_; s

] 2 2
- — C (42
[4mu (g 'Z)(pu)x+4mu [.R

m /4 q 2, Z)-D(q,ZZ)](Pe‘L

of
' (1+i‘>’5)

(II-171)

inserting this into expression ([I-160) we can write

2 . 1 .
fk(qz) =@y Y (=i - [ @) e g (k) )
) (1+i‘>’5 )
(I-172)

where the scalar amplitudes are

dz T(2-2) 2o o2

2, _ s 7 - - N L

1) _—SZTfi Cosm Z I (-2) T ) (D (z)+2D (Z)](]éﬂ_z)
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. 2 2. 2 2 oy 2 2
2(my -q") [ M (9%,2)+ D@, 2) =R (", 2) =Ry (a", Z) ]

+4A (7, Z) v2m2lC @, Z) - Ry (62, 2)]
. ' (11-173a)

2\_ dZ T I( (])
fL(q /__j XTI CosTZ (-Z) r2 -Z) [D \Z)+2D Z)_!(.léﬂ.2

2 2

(e) (-(—213)18) [4m, c@”, 72y ]
(I-173 b)

dZ T (22) -~ (g o
f3(q2)=-gm Cosm Z T (-Z) ?(?_Z))[D()(Z)”D ()(2)]

(k2 ) F@fuer?)
16 2 27)E

[ 4m2u (P (a2, 2) = Ry, 2)) ]
(TI-173 Q)

The amplitudes Ry , R, A, C, D ond M, ore evaluated in detail in the

oppendix ( C-1), the results ore os follows
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Z-1
R @2 zy=- 1t T@h@ Jay v, T 0y @)
0
4 ' Z-1 _
a2 z)=- TT@h@ [dy v,y (m-174)
t
z 12 2
Cq2,2 =- 7,4de v [T @u@a Yy, oy e,z ]
(I-174c)
=4 ! zZ | 2 2
p@?zy=- — \d'y Y, {P(Z)U(Z) [ -Totm, - dgppuly +
2p Pu %
-1
+4Pe.pu y)Y.l 1 +
+D](q2,2’y) }
(M-174 d)
174 |
A@2,z) = - 5 T@ [-Tnv@+} T0-2) U@rs] Adzndyyy
2 [mZC(q2,2)+ 2p.p D(qz,Z)]
S e H (11-174e)
M (q5,Z)=- 74T Z)PI-Z)’dc gt -5 6y % e 4y )—Z
o 9 ( ( ‘i] 2" 1 2 .l )2
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where
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- 2
'(Glpu+ %1Pe) (]_E] 'iz)

2
€1+ 2, )[(g, py "8y P ) +(1-5- §)) ]

(I-174f)

2
Y. =
1 (q)’+Pe)

r T(2Z+1 .
hiz) =T [(1 -2y (22+1) gF (2, 142,1-2;2,Z42;1) +
T(z+2)
L2 el @zl ok (147,207 27 3,z+3;1)]
2z I'(Z+3)

(1-2)T (2Z +2)

F.(Z,3+2,1-Z; 2, Z+3;1)

UZ) = —F35+2

ra-z)t (2

R
Z+2)

V@)= =rE1z)

2
A] (q IZI)I) = gf\)f/

2 =

3F2(Z,2+Z,]-Z; 2; Z+3; 1)

2
C.,(a,Z,y)

vy
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3F2 (142,242,223 4+2;1) +

[r(z-z)l“(zz+z)
I'(Z+4)

I'E-2)T (2 Z +4)

+(1 +Z) 6T Z+7)

3Fo(2+2,3+2; 3-Z;4;7+Z;1)

RTINS I I'2-2)T(2¢27) 3F2(1+z,3+z,2-z,-3,-4+z;1)}
4 T'(4 +7)

Since these integrals are well defined for Z <o we can interchange
the order of integration.
Here we will first evaluate contour integral. This can be evaluated

by collapsing the contour, in the right half plane. The amplitudes F](q2 )

f.

5 (4 2 Y and fq (9 2 ) can have the form of an infinite series in powers of Rz Y

comresponding to polesat Z=0, 1, 2 . Here we will consider only the
leading term which is simply residue of the integrand at Z = o pole.

2Z
Contributions coming from Z > o are of order R and thus are neglected.

From expression ([[-173a, b; ¢) we find that at Z = o integrand of Fz(qz) and

fa (g 2 ) show simple pole while the integrundof f, (q 2) has a simple as well

1
as o double pole. The dipole singularity arises from the term A (q 2, Z ). Using

Caushy's theorem the residues can be evaluated. The result is
2, . _«© 2_ .2 2 2 2
fqa )—-W{Z(mu-q )[Mo(q)+D(q)-R](q2)-P?(q )]+

2

v4A@2)+ 2m 2 [Cq )—R2<q2)]}



2 o 2
fF (q)=- 77 [4my c(q?)]
2 | (I-175)
2 2 2. 4|
Foa2) == & Lame [0 - Ry(a?) 1]
where
\
R](q2)= de(]—y)Y]-] (0-176 q)
: ]
Rya2) = | dy vy, (1-176b)
o 2, -l .
C@?) =% ‘dy y Yy (0-176c)
4
1 ' 2 2 -
2 - : 3
v g— oy {1 Lnf g 0y P aep vy
e U o
(T1-176 d)
I b — (O “q) 2 Z 3
A(qz) = 3% de {—— [CosWZ((D(Z)+2D (z))(th y_ T (1-2)
..l 07 672 T(Z+3)
2
. r(22+2)I‘(2-z)3|:2(z,3+z,1-z,2,z+3,1)}+
2 2
R LI AT AP R B L MCICES PR P U AL )
(-176¢)
2
Y:

i
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Evaluating these integrals and expressing the results in terms of parameters

x=2E/m  we find: (Details are given in Appendix C-2))
"

2 m U
Ry (a%) = W [2(1-—X)|og e + (2-x)logx | = (-177a)
2 -]
Ry@%) = 7T tog x (I-177 )
[
Cq?) = 1 [ 1+ x log x ] ([-177¢)
2mu7(]-—x) P -x
D(q2) = . [1+ -1 log x ] (I-177d)
2 m2 (1-x) -X
L
2y - ) 47 1 ) _34, % i
A (g %) _'{2109 kmp' 7 [ 6.5-3w(1) 2]4(]_)|ogx([[]77e)
2 1 (xmy mg ) M
Mola™) = m?, X [ tog 7 log (x —9 - log x log (1-x) +
e
72
tF P ()

(TI-177%)
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From (II-177) and (I -175), finally we have
2

2 * 4T 1 LT +]
F](q )=ﬁ fog k—mu—§ [6.5—31}’()]+T— 7 ~@(=x)tlogx:

1 -x

¢ log +
X
m,, m m e m2u [ mzﬂ
+ |Og(_%_§) |°<3(m”)— log x IOg-—l:LT"' °g — +

(]

+ _2_.—i>.< log x
2 (1-x)

(I-17¢)



-122 ~

From eqns. ([I-172}, ([I-175) and (l[-17 ) we obtain the contribution to the

matrix element from the vertex part.

e

(v) - 2 ) ] 2

F = 0 (p) {F ) ¥ (1= -— [rf

) ¢ 1 (9 3 175) - { 5 (g )(pp,);.’
+fa (a2)(p.) 4] (1+i>’;} U, (p )

(T-179)

where £q(q2), F,(q2), F3(a?) aregivenby  (I-178)

Adding the eleciron and muon wave functions and vertex contributions,
we can write from ([J-81), (I1-157) and (0-179) the modified matrix

element as

-0 | oy ]
Fa =W (py) {H F (X)[VX(I—IVS) Ty [FZ(X)(pu)x

f g () (P )y ] <1+w5)} U, (p

u)

(0-180)
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where
Fy [ -tog 5.5 - 3W(1))} -~ +11 e
= —_— - — + . - P e - —
](x) ki og kmp ( ())2 4 409 me2 <q mez
47 ] 772
+ log Ez—n;'u—(é.S-B\V(1))»’2— vy "T—@(-—x)+logxlog]x;_>_<+
m,, m m m m, m
+ log ('—Ze—)(lc‘)E—e-)-logxlog K - log xlog___"é__e..;.
K K m e m
2
m oy 2-3x
+ log — log x
m o 2 (1-x) ]
o m_,m 3 m
—_— e U > e
= 27 {[(IOQ IJ'Z - 2)('09?4‘])-(9(')()’*‘
2
| [3 [ ] o 1 ~-x | mu _] l__ g
Tlex 37 Tx 9 ) p2 T2 4
(0-181a)
o =1 .
F(x) = 77 (T2 [xlegx+l-x] (0-181 b)
_ & 1
Faolx) 7 27 a2 [(2x-1)leg x +1-x] (II-181¢)
Thus the motrix element,
* - ' 1
Fp = uu(pu) VOUHFI(X)]yp(I-. ’s) = m

¢ [FZ(X)(pu),o + Fo(x) (Pe)p] (1 +i‘)’5)}‘
c Y, U (e)
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- T~

' g 1.
= Upley) {[ PR ] Y-y L F, (¢ pp)w;FS(x)(pe)P]Ju_,ys).

< U _(p ) (I-182)

e e

2 0 - 2
(qkqp-q 9,,) Fp = LLH(P”){[HF](X)][qAﬁ%q )’A]-

“»%H F 09 [quﬂ-q-q2(pJ L] o-

1 ) 2
- my F3(x) [qkpc.q-q (pe)/\]}(l-iy5)ue(pe)

m

(IT-183)

Since ¢ = - ¥ we can simplify the above expression by using Dirac's
5 ITinl piity Y

equation and considering m, —> o0

Thus

2 % -
(038, =970, 0 F) = By tp) [U+F 00 T ,mua” 7l -

2
T Fptx)laxe d-a(e ), -

—

— | 2 R
oy FaCOfa, e a -a (), 11 (1-175) U (o)

(IT-184)
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Multiplying ([J-184) by (0-182) and summing over ihe electron spins we

find

m (aya, =a%e, ) F*F = ﬁp(Pu){[ TR ("”[quu'qzyf\] )
- ]Tnu F2(X)[q;\p!lq'q2(Pu) a4

—-;]1—;1 Fql( %) [qkpe-.q-qz(pe) A]} F/eﬁ[l +F 0] 7, (0=175) -

~ o [F () ), + F_()(p)
K

" \ 3 . g .(1+i75)}u(p.)

moe

(I-185)
in writing (0-185) we have used
T+ 2 i
(Txiv, ) = 2“i'75) (11-186)
Since we are interested in the coniributions up to order e 2 only we will

neglect the terms F (x)'F2 (x), Fy (x)* F3 (x Yand F 3 () *Fy (%) which

are of order ot
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Substituting expression ([[-186) in the original expression of intensity,

givenby relation (ll-61)lwe obtain

(0} G2 d Qe 2 4
I()dx={[1+2F (x)1 T (9 = g3 7 X dxm, .

Ulp ) F (VY U (e TRy (x)+ F o(x) ]

(I-187)
From the relations {[1-72) and (IT-74) we obtain
§9)]
I(X)dX= []+2 F](x)] I\O (X)—
2 5
G My dQe 3
- 96 73 47 X dx(]—PCose)[Fz(x).,_FS(x)]
where o d
(¢ G my Qe 2
I (x)=——3"%n 17 X dx[(3—2x)+(,_2x)pgo;e_]

(II-188)



-127 -

Till now we have been cohsfdering the electremagneti = interaction

of charged particles -~ muons and electrons - with virtual photons.

But it is quite possible that some of these photons may satisfy the Einstein
condition k ]2 = o . In this case they might emerge as free radiation or

bremstrahlung . Thus the amplitude corresponding to the decay

L = e+ Ve + Vu + Y

FORPEY e+‘\.).o_-%'\)p.-t-‘)/pl

will also contribute to the electron spectrum in K '-decay.

Here ye and ')’u represent the real photuns emitted by respectively
electron and muon particles.

At this moment one could also think of H-decay accompanied by real
gravit ons. These gravit ons could be emitted by all four fermions
involved in this process. Since these contributions will be of the

order of the gravitational coupling k 2 which is very small in comparison

to other contributions which are of order @ , we will neglect it.

The interaction responsible for this decay will be the one which we have

been using except that since there is no graviton at the photon - fermion
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) ] Ha Ka
vertices we have to approximate the tensor L by n° .

This reduces the interaction lagrangian to the one used in conventional
electrodynamics.
Since this amplitude has already been calculated by several authors (M

we will just make use of this standard result which is given by (9

2 5
Gm, 4o, «

I(xydx = 55T S 17 —ﬁ—dx(Bo+B] PCose)
5, = %2 (3-2x) [(log ™M 4 fug (17%) ) (log x ZE. 1
° R

2
- 9P (-x) - —7-;-— ] +2x(]-X)(2-3x)[|og x_nr;ﬁ-] ]_.

X (19 3-2) log (1=x)+ = (1-x)2(5-2%)

m X
e ] X =
og ( me)+ 3

(1-x)2

2 m m,m (1 - x)2
B, = x (1-2x){[|og(x;%)-1][10972_'_ tlog — 7 -

2
- lox log (1 -x) -9°(—x)—7TT} - x2(1-x)[5|og(x%l)-4]-
2
_d-x [(1+x+4x2)|og(x_mﬁ) + 4 (1-x) log (1-x) + 3 = 7x -
me X
—sz]
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here again K is the artificial mass of photon. Since the experimentally
observed quantity in muon decay is the sum of the two transition probabilities
given in eq. (T[-188) and (I[-189) this quantityl will drop out. Actually
we could do these calculations without introducing this non physical quantity

but it needs an extra care in handling these temms.

Thus total transition probability is given by

2 5 o
G™m d@, 2 [ —_
[(x) dx = 96773“ 7 x“dx | 3-2x + 57 f(x)+PCosb*

(64
1-2x '2—7r g(x)]]

1 -x 2 m
F(x)=2(3-—2x)R(x)-—3]ogx+——2-[(5+17x-—34x )(logx___ﬂ)-—
3 x m g
—22x—34x2]
1 -x 2 mu
g(x) =2 (1-2x)R(x) -log x -w[(1+x+34x )log (x— ) +
m e

+ 3-7x --32><2 + -i—

2
(1-xY log (]-x)]

R(x) = [log(x Tﬁ) -1 :'[2 log —/— + %]+log(]—x)'

m

e
1 ’12 !
N |
' +1-27 -2 @ (X)-75 -7
[legx +1-27 -2 ¢(xi-7 -7

(I-190)
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(20)
Here @ (-x) is theSpence function defined by the series
772 @ x n
¢ (-x) =~ 55 - T I, for Ix|.<’
n=1 10

x is the ratio of the energy of the outgoing electron and the maximum
value of this energy which is approximately half of the u - particle mass

P is the polarization of the decaying muon particle «

6 is the angle between the direction of the outgoing electron and the K -particle

polarization vector,

T (x) dx defines the electron spectrum in terms of the number of electrens
emerging per unit time in the solid angle d&vewith an energy such that the
varikle x liesinaninterval dx around its values. When it is measured one

takes the average over an interval AX

X

i.e 3 [(x) dx
x - Ax
The influence of this averaging is negligible for small values of A:" and one
can consider the observable quantity tobe just  (x) d x. But we notice
that at the upper end of the spectrum x = 1 apparently both the functions
f(x)and g( x) have logarithmic singularities so one has to average over

an interval A(x ) so that X
1

log (1-x) — & log (1-x)dx = log(1-x+ Ax)

5 - Ax
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The right hand side of above equation has correct limiting behaviour
both when 1 =-x is much smaller than A X and when A x is much

smaller than 1 - x.

By integrating the expression ([I-189) over all values of x between
zero and one we find that the total life time,of the K -particle, 7
including the rodiative corrections to the erdinary decay and the emission

of one photon is,

] szsu « 2 25 ]
= T = 1-_ T - -]9]
W ]92773 [ 2T ( 4 ) (H )
. _ 2 25
ie. T =T [1+§%(ﬂ 'T)] (1-192)

where T is the life time in the absence of the electromognetic interacti ons

and is given by

(-H -193 )
G2 mi

by making use of the recent values of the fine structure constant

= 136.0388 + 0.0006

_RI—

we find that the radiative corrections increase the life time by about 0.42%

Conventionally one takes into account of radiative correction asa
renormalization of the coupling constant G. So if we consider G appearing

in 7 as the "bare" | - decay constant then we find from expression

(T1-192) thet the ocbserved coupling constant G g is given by
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2 2 a 2
Gy = 6" L1- zr (72 28] (1-194)
or
. 0
G=06 [1+ = (7%-25/,) ] (-195)

From this expression we conclude that the bare p-decay coupling constant

is larger than the renomalized observed 1~decay coupling constant by OEouf
0.21%.

In fact these corrections of a few percent have much importance in the

question of universality., Here one assumes that the bere coupling constant
(i.e. the coupling constant in the absence of electromagnatism) in pure leptonic

(e.g. U —> e+ UV, +Bli) and semi-leptonic decays (e.g. n —% p+e+-l—)e)

to be equal. In other words for the interactions.
” b - G -
+ + U = 5 L
Ligg (F 2% % #9)) /2 XA
_ o
Ligt (0= P+ e +8) = = (51,40 L)

where L) and Jj are, respectively leptonic and hadroni ¢ currents

one believes
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And if there is any difference between observed quantities Gp ond
GRO then it can be only due to charge dependent effects since G°

is not renormalized by strong interactions.

[n the Cabibbo form of universality G is not equal toG but to G Cos 8

G =G° Cosh

Therefore, if after substracting out the radiative corrections from the observed
LIRS O

quantities Gp and GR , G and G ° sl differ, then such a difference

can be attributed to Cos 6

In order to establish the exact form of the universality of weak interaction

one must fird the mdiative corrections to semi-leptonic decays as well. Since

(21
it involves hadronic current one can define it is Nambu's "integer" quark
model known as ' Sub model' which seems to be much simple and reasonable,

Cabbibo, Maiani and Preparata (2) followed this model and they got finite

and reasonable value for the radiative correction to 7 B-decays. They found

c;°/G = 0.981 + 0.002

These authors used conventional quantum electrodynamic and dealt with

infinite quanties in a rather inconsistient way.

Here we can test the true form of universality by working in a more
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general und consistient theory of gravity modified quanfum electrodynamic.

Section 6: Discussions

Decay of muon. . Regularisation methods and Ambiguities :
We know that the rodiative correction to y-deccy on the basis of V-~ A theory
has been studied by ¢ number of authors namely Behrends, Finkelstein and Sirlin,

(1)

Berman Kinoshita and Sirlin, Kuznetsov, Kallen and by others.

It has been pointed out by Durand, Landovits _and Marr, Ginzburg
and Serbryakov and later by Berman and Sirlin that these results may not
be correct because of the fact that the cancellation of the infinities arising in
the vertex against those in the wave function renomalization is ambiguous.
This conclusion was drawn because the usual - ard identity which guarantees the
unambiguous cancellation in quantum electrodynamics does not apply to the
mu-decay vertex due to the difference in mass of the muon and electron.

When we examine the method of calculation which has been
previously () used. We find it to be very badly defined. While integrating
"over the virtual photon momenta one encounters the infinities for large momenta.
These integrals are then apparently made finite by introducing an auxiliary

mass A in o purely formal way. It does not carry any physical significance
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but merely acts as a maihematical parameter. One assumes that the

correct physics is the one that is obtained by letting A — « . For

this there is no proof of mathematical consistency. One has been essentially
dealing with the infinite quantity.

When the total contribution is taken into account the logerithmic
terms involving the arbitrary parameter cancel out dnd there remains a finite
result independent of the cut off.

Because the subtraction of two similar infinities does not necessarily
lead to a unique fixed result one has reason to question whether or not the
result of muon decay is unique.

Here we found that these ambiguities and inconsistencies are
eliminated b:- adopting the gravity modified quantum electrodynamics. Here
we have adopted the "realistic theory" in which the convergence properties
arise as a consequence of the interactions with the gravity (the physical) field.
Though the gravitational coupling is very small but it becomes effective at
high frequencies.

The non-polynomial technique which we have adopted for dealing

with this gravity modified electrodynamic seems to involve some ambiguities,

which can be avoided by working in exponential parameterization of

tq
R
u
}
di

e



-136 -

Ambiguities

() Distribution - theoretic ambiguities: n
This eambiguity arises when we define the distribution < T © n (x) 0 (9>

2

when © ¢ (x) isgiven by the relation

0%(x) = : 02 (x): + D(o) (0-199)

1
here D (o) is the infinite constant Lt . / x 2 this con be represented
s

»n

by b0 4 (x) with b an arbitrary real consiant. The dots denote the
nomal ordered product.
In defining the superpropagator we considered only the nomal

product term that is

Gx)=(T:0" (x): : " (0): ) (11-200;

In . following this conventional normal crdering procedure we
discarded the term D (o) while using the relation (0-199). This means our
superpropagator is ambiguous by a term of the fomm

(11-201)

2 n-2
b (d) § (=)

n

We coll it the b - embiguity. Graphically this term will correspond to

tadpoles(shovm in Fig.8),
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(2) Borel Ambiguities.

We know that for the rational parameterization of gravity,

the two point-function i.e. the superpropator

0 k3D x)]
1

1
G = < T —_— 1 > =

1T +Ro(x) ’ I +R o (o) n

18

(1-24 a)

is a divergent series, which implies that this form of interaction
is non-loculizable. White for the exponential parameterizotion

the corresponding function

is an entire function in the D-plane; which insures the

localizability of this theory.

V’ﬂk
When we wrek with this rational porameterization of gravity we face

with the problem of summing the above divergent series. For this we
adopt Borel summation procedure. This introduces an additional
ambiguity. This ambiguity becomes apparent very explicitly when
we toke into account of the-sign in front of D in (-D) z in the

Sommerfeld-Watson transform in (1-27). To see it we will irtroduce
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a multiplier X in front of D; thus

dZ
Sinm Z

9(>\D) =% J SdP ;p (_kazD)z

Now we must interpret the limit A— + 1 by a real average of the values

, Z A 4 -inmZ
=) = el and ( = )\) = e " . Thus we can write in

Z

‘| ~
(D) =§dZ (T;nﬂ’z +b)1“(z+1)[k‘D(x)]

SN

with b an ambitrary real constant. This ambiguity is often called signature

ambiguity .

(8)

Elimination of the Ambiguities :

For localizable non-polynomial theories the distribut(i_lozn) theoretic ambiguities
can be removed by following Lehmann and Pohmeyer's results. They have
reached at the conclusion that for finite localizable theories the b-dependent
(ambiguous) term can be distinguished from those with b = o. through their
behaviour in p-space i.e. in a distribution theoretic sense. This conclusion is

based on the fact that when function (11-201) is less thon & (which is the case

for localizable theories only) the two point function (1~24"a ) falls
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to zero along some direction in the complex p 2. plane for large p 2

but there is no such direction along which the ambiguity terms can fall.

There is no such solution for the elimination of ambiguities for
non localizable theories.

The exponential parameterization of gravity provides a localizable
theory and also it does not involve Borel summation procedure. Thus by working
in this parameteri zation one can avoid the ambiguities completely.

When gravi ’ron-elecffon interactions alone are considered the
rational parameterization of gravity appears to define a non localizable
theory. But there is some possibility that when graviton graviton interactions
are added in there may be some cancellation of singular terms thus full theory
may be localizable.

Here we adopted rational parometerization of gravity only because
when we started this problem we did not have any closed expression for the
superpropagation for exponenticl parameterization of gravity; this was
under consideration by Delbourgo and Ashmore.O) Our main interest has
been to find the general effects of gravity modification on observable phenomena

and the regularisations in higher order in e.
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CHAPTER M

4
CONTRIBUTION OF ORDER e TO FERMION
SELF-MASS

In the zero gravity field the diagrams which contribute

to fourth order self energy part are shown in Fig. A,

-\:\-N v"",,
bl Ay
R W

S
ry B
1 Ky
L. \/‘u\-""""
Fig. A: Conventional self energy diagrams of order e .

To introduce gravitational interaction at each vertex, we

have to join all the four points pairwise by superline.

Thus corresponding to diagram in Fig.A the equivalent diagram

in the presence of the gravity field is shwownin Fig.B
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~— Fermion

~~  Photon

=== QCGravitons
(millions)

Fig.B: Gravity modified self energy dicgrams of order e

in order to see how the regularisation by gravity is going to proceed in higher orders

in e we will compute the diagram (B. iii) in detail.

The matrix element corresponding to fermion self energy diagram

is given by
2(4)( ) * S | ) S
X) = e v X, =X 14 (x -x Y S{x-x7
p TR T Ty 3 e )T S G0
L, Pd

Superpropagators are defined as

Ha, 3 b dZ13 2
’ ~ - — T _
Y (% =% 3) 27 ; (-Z13)Cos™Z  [RT D¢y =y
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La, rb -~ (o) KA ab  pb Aa
[n n D @D+ (T n +n 70 -
b, —n
- m ) Db(zZ) ]
(IT-2)

where scalar amplitudes are given by expressions (I-29) and ([-31)

inserting (TT1-2) in (TI-1) we obtain

(4) 4
Z o (x)=e 7Y S (x.-x Y S -x )Y7Y S -
2) v F(x2 3) H F(X3 X4)y

TR P

dZ,
2mi

(1)

wW

Z
_ : — (o) — ) 13
T(Z]3)COS7Z]3[D (Z,) +2D (213)J(R )

7 + 1
[D(x,-x )1 13
13

dZ24

B (o) = (1) 2,72
o r(‘224)Cosw224[D (224)+2D('(224)](R?) 24

Z
X - x 24 *+ 1

We will go over the momentum space. For this purpose as before we will use

Z+!
the Gelfond-Shilov defination for the Fourier transform of the object (’_D<='~)]
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Z+1 . 4 -i'kx 9
(o1 = —, d 'k e D(k™,Z)
(2m)
where
_ 2-27
D(k2,2)= =i (-k2)Z 2n(4rr)
SinT Z 1(Z) T (Z-1)
= i(_kZ)Z—Z (477.)2—22 T (2-7)
' (z2) (m-4)
for k2< o

This defination is only valid for o < Z <2 we then analytically continue

in Z.

The above amplitude in momentum space is given by

(o)

(4) dz .
Z (p) = e45—27.,—'i3— F(—Z]3)COSWZ]3[D (z]3)+
- (1) 2 Z13
+20D (213) ]( _k_ ) T (1-243)

167 F(I’PZQ4‘,
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dZsy
* F —Z T »
% 27 (~Z24) CosT Z

- - 2 Z -
~[D‘°’(224)+2 = (1) @, 1 (R_ ) T(1-Z )
16712 1"(]-}-224)

4 4 ¢

d k d k

. y . _ S __/ _/
24 K p S ek % F(pkk)ysF(pk)VD

L
Zyy -1 Zoy -1
13 -2 :
(-l<2) -k % 24
(m-5)
Expression (ITI-5) can be rewritten as
4 4
@ et fezg s O
= (P = Gl a (Z)g) Com 2, 1P (2350 Z) 1
Z
R2 s T(1-2,,)
. 2)
16m

Fa+z,y
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\_d_z_?-i - [B(O) M 7
2 i (-Z,,) CsmZ,, (224)+2D 24]
R’2.224 I"(l-7_24)
(Té—ﬁ’l) '
1"(]+224)
4) '
© T (e Z)
- ([11-6)
where
Z.. -1 Z, =1
(4) , p 13 ; 24
T (p,Z) = a%k ati (-kz) ( -k 2)
W B K m )Yk m) v (K Am)

’ ;.2
[(P'k)z‘sz [(P'k“k )2-m2] [(p-k) -rn?‘]

(OI-7)

by making use of the properties of v -matrices the numerator can be simplified to

L-ns 4m2 [(g-k) = (#t-K ey T4
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shm (-, V- F-K) @ -k-K) + F-k=-K )@ -]
A LW -EVE- BV FEH,-F e BV E-K YV -f =)+

F2(p-k)(p-k) (F-k-¥)1 (I-8)

From ([0-6), (I1-7), (II-8) we can write

(4)
= m ALY+ F B (p2)
(Im-9)

where

' Y4z (o)
A 2 = —e—'8 [ —13 17 ( ' B Z , D 1

%) = 8 Tz JCsz, i (z )+2D (z]
RZ )Z‘g
[ 4 ]—6—;2

-1 Zoy =1
4 47 9 Z'IB /9 24 2 2 ,2 2 2
Cid kd ok(k) (-k ) {4 m -4k -4k +4[(pk) -m ]+

2 2 ]
FA[(pk) - m ] 44 Up«4()—m2]} ‘

|
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4
dz ~ ~ (1
B(pz) = — 4 B p(-z ) Cosmz [D (o)(z )+2D ()(Z )1
RZ “13 T(1-Z
(R (1-Z ) ‘
16w
T(1 +Z )
dz
' 24 T ~(o) "‘U} _1 2241—\
- i 2 ) -
o (-Z,, ) Cos 224[0 (Z )+ LD(ZZL_(LZ) (1-z ,,)
o T(+2Z
-1 -
4 4 (kz)ZIB "2 o
\d kd k - (—,kz) ; =
[(pt -m J[(pkk") -m ] [(pk”) =m ]

2 2 2 2 2 L2 2
22 (pm VPR T =2 (pm ) [(pk’ ) ~m 144 (pk +pk =)

L0202 1
[(p-k-k) -m]}—y
p

An:plitudes A (p2) and B (p2 ) can be rewritten as

27 | 3 I3

e dZ
A(Pz) = =1 0 g 13 I‘(—Z] )T(I—Z] ) Cosﬂ'Z]3 ,
T (14719
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S - (1) 2z,
IbD (213)+2D (213)] (_];36_”2)
dz
24 :
' S = Tz ) T2 nz
27T 24 r(]J—Z) 24
24
v
~ (0) : ~ (N 2 24
v 2 D (Z
Lo (207 (24)](—k—2)

16w

2 2 2 2
c4lm Y,z ,Z )FY P,z ,Z VY (P LZ 7 )
o 13" 24 ! 137 94 2 137,

2 2 2
Y " Z,Z Y+Y (P,Z ,Z )+Y (p,Z ,Z )
37 13 24) 4 13 24 5 13 24]
’ dZ (o (1)
2 £ rslo = 1
B = — — 13 Tz YTU-Z.) cosmz LD (Z 3)+2D
(P ) (217)5§ 27 ( 13 13 os 13 13 (ZB)J
1"(1+Z]3)
VA
RE 13 5
r(—=2) d7 RZ (<24
1611 Y s = _ .
27 (lbﬂz) I ( Zo4)
r(-z ~ (o) ~ (M
24) _
Cos7 Z,, [ D (224)+2D (224)]



(oI-12)
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Since k, K and Z and Z are integration variables we can

13 24

. 7/
interchange k cond k  and similarly 213 and 224. Thus from (I1-12)

and ([I1-13) we can deduce following relations

Y (p%) = v, (e

IACE R A -
Yé(pz) = Y7(P2)

Y (o7 - Y9<p2)

Thus we need to eveluate only

2 . 2
YO(P P L Z ), Y(P,Z , Z )y Y (p , 2 ,Z

13" 24 1 13" T4 3 13 24

Y (p?,Z ,Z Yend Y (p°,Z ,z )
8 13 24 10 13 24

These amplitude are evaluated in appendix D the results are as follows:

)
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2 » 4 T(O+Zy) o
- 1-Z_ -7 d¢ d
Yol Z13'224) ! T'(1-2,,) U4a 24) <& gzd%
“1-2
_ y -Z
(a-£,) [€ (1-8)+(8 #8008 -E )] 3

, s 2 13 T4
[(m =9y (1-6)0-6 )+ (-8 -8 p" ]

2 2

F{l+ Z - -Z 12;
(+ 241" %15 " oy [€300- )+ (& v g, V(14,6 -6,) ]
l -

. 2 2 )

P -

2 2
[(m =P y(1-6)(1-85)+(1-6-6) 7 ]
(-15 o)
) ) 4 I‘(2+Z24) Ty -7
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Z..Z
2 2 | 2 27 BT Tm
[(n" - ) (1-€ ) (=g )+ (1-6 & ) o ]
2 2
R S NI

F(2+z L -Z -Z .2, .
24 24" 7 £ Ll -
13 [53(1 3)+(€]+§2)(1 €]+€2 5;3)]

’ )

' 2_ 2 2 2
[em’-p) (1-€]>(1-§3)+<1-s]-€3) o]

(T -15b)
-Z
4 T(1+zZ. ) 13
Y (6%, 2,2 y=-m S T ST )fdg dy ¢
13 24 Ta-z,,) 13 172
_ -1-7 -1-z
- . 24 (J- i3
L&, ( 62) + $](1 ] gz)] (-%.)
AERECY
I 1 -¢ 1-¢ 1 2 2
[m - p DO -8 (16,0 (T- =6 )" " ]
2

- & & 4y
F(l+2,, .~ 27 -2 2 (1) U E P

24 2
oo (m* - o2 )015) (1=8 ) (145 )7

(I - 15¢)



y4
2 4 2 13
Y. (p",z ,z =-7 I(-2Z Ti+z
5 ' 24) ( 13)(m ) ]3)
2 .
2R (-2, 172, % o/ 2)
2 Z24 2
(-2 T(+Z Y2F (-2 ,1-z ,2.P/ 9
04 V(M) (+z )2F 2 .12 .27 2)
(0I-15d)
Y 2 7T4 2 {[1“ T 2 Z13
- -7 1 .
6(p ,Z)= P/2 ( ]3) (+Z.,)(m")
2
2R Ty -2 2 e ) ]
[r 2 “24 2
* -Z T(2+7 2F (- - . a.
(IO-15¢)
2 4 T(3+Z,,)
Y(p, 2,2 y=r1 24 T(-1-2__ -Z )
8 S 13 24
T(1-Z4)

-154 -
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!
-4 B
[6, r-6) + (5 48 ) (1-€ -6, -8 )]

+ 1
N

2 2
[ -p ) (1-6)0-85)+0¢ %) 5 ]

)
_ [53(]-€S)+€] (1 _g] _gz_gs)] 2

,-Z -Z -1,2 ;
24 13 24 [ga(l_anL@]+gz)u-€]_§j.g3)]

. : )

2 2 2
((m?-p )(1-£])u-€3)+<1-g]—€3) 0]

F<3+Z

(II-15f)
4 T(2+2
Y (p2, 137 2 = 7 (24724 L (1-2,5-Z 4)
10 24 I‘(_zm)
i -7 -1 -Z ol
13
£ d¢ & 13 1 -6
Jd 1 52 3 1 ( 3)
6 2.7
24
Le, (=8 (6 8 01-8,8 -6 ]
Zo, +Z  *1

13
2 2 2 24
[(m2-p%) (1-g )(1=60+ (1-6,-5) 75" ]

-1—213_2 o . same as in )

2+7Z ’ ’ I
FA 24 1| -15f) (11 -15g)

24
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Inserting the above expressions in Eg. (IT1-12) we find that these

amplitudes are analytic in the Z] 3 qnd 224 left half plane. Since

these integrab are well defined in this plane we con change fhe.order of

integration. So for convenience we will first perform the contour integration.
We will evaluate these integrals by collapsing the contour on the

positiive real axis.

We are interested in the leading temm only. Since for Z

Co
13 and Z24<

the integrand is anclytic so the leading contribution will come from

residue at Z] = Z = o

3 24

In collapsing the contour we will retain the same order as we did in
performing the loop momenta integration. Since k-integral appeared to be more
convergent in comparison to Kk’ -integral so we integrated over k first, Here
again we will first consider the Z]3 contour which is associated with the

propagator defined by momentum k.

In expression ([[1-15) some integrands contain gamma functicns

r'(-zZ.,-Z T - - . . . .
( 13 24) and I’ ( Z]3 224) . Since 224 integrond is analytic

for left half in 224 plane we will restrict its values to this region and perform
Z]3 integration. In this case behaviow of T (—213 - 224 yand ' (1 - 213 - 224 )
will be well defined in 213 plane. Then we will go over to 224 plane and extend

it to whole of the 224 plane and evaluate it by picking up the poles.
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~

Zz
= = itud —P H
At Z]3 224 o the amplitude Y, ( ; Z ) has simple pole

in Z]3 and 224 plane.
Following Caushy's theorem the residue is given by

, ‘ -2
2 4 .
Yo ey =" | dg, ag, 46 L8 08 )eg 4 8,26 ]

_ ' 2
[E3(1-85)+50 -8, '€2'€3)J2P

log § 1+ )
- g £ £ _E 1
[‘33(1 53)+(,]+§2)(]§]A2 J) ] :
[ ’ f
2 2 9 2 f
B - =5 5 £
[(n® 0"y (4,00 -6)+ (04 £ )"0
(I -1 6a)
here we have used
1
F(1,1,;2;-%x) = /x log (1+x)
(b) ,
fn Z]3 plane Y] (p™ ), has simple pole at Z]3 = o,
on collapsing 224 contour we find it has double pole at Z,, = o.

24

Thus the residue is given by
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-2

| v
2 4 £ &t -

Y (pT) =T X dé. daf, df, [8,05,0)+ +E )£, )

’ 2 | 2 2

(m-p ) (1-61) (16 5) + (16,830 p ]

53(':-%3)+(€]+52)(1-€]n€2-§3)

k
L U8 + log 572

(I ~16b)
where
3 w (o) -
U.(¢) = o - f1“ (1-2,,) T(2+2y,) cosnzzgo‘&mzo‘é’%
1 S 2 224] 4 T+ Z )
24 -
2

[650-6, )+, (6, 5-6)]p ?

F<2+224,—Z , 25 -
24 [E30-8)+ (& +8)) (14&,¢,)]
L] ' 2
2 “ 2
[(m - p?)(-g) 06464 p ]

.
[63(1_53)+§] (1-4 -6,-65)]p ’

[6,0-8)+ ¢ +5)04,-5,4) ]

15
=7 - 3¥(N)+logil+

2

!
5 2 2_1
[n 2= s ) (1 -6 D=5+ (18,0 p ]

here we have used

o, plo) - _ 2

a/az 24D (224) = ]5/2 ond

2247 ° z24=o

N
\
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2
S (T T(1-2y,) T(2+2,,)

z =0 |07, . = 1-37 (1)
24 (F+Z,,)
where ¥(z) = L g T(2)
dzZ
Y(1) = - 0.577
and __b_. F(2+z24l—z24121x)=— Z (A)n_log(]-x)
3 o4 n=ln
we can write it as
| -2
2 4! e e
Y = . 7 E ]—E 6 § ]..g _’5_6)
(e Jod §] d§2d,3[€3( 3)4—( ]+ 2)( i 3*}
1672
{:[-log ;2—-';2' + -—]—2-5-—- 3‘1’(1)J +
2 2/2
(- Y2y (1- £1) (-8 ) + (1 -8 - &) i

+ log

E301-g,)+ (g, 78 )(1-5 -6, )

2
[8,(1-80 % & (-6 g -6)] "7

+ log 1+

_ 2 o5
53)PJ

(I-16 b, )

£ )+ & & & )] [(mP-pPy (14 _s—l
[6,0-6 (& +8 ) (-5 # 8 ) Um0y (-6, 00 067 |

3
!

|
)

-
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All the terms are finite but we will toke interest only in the fi.st term

which gives leading contribution: By going over to variables

E]:ry] . £2=r'>’2 53 =r(1-y]-y2)wifh J=r.2
we find 1
o o\ g e gt TE g - I
1 g 1d€2d93[ L= ) (8 +2 0 (1-5 -8 =5y
V]
] \
-2
= \dy] dy2 Kdr[l"‘a(YIIYQ)T]
0 ° 2
=1 + -y +
a +(ﬁ y2) W1 )

E d d ]
= Y Yn
o 1 1-a (Y{ ’ YQ_)
Thus we obtain

| 2 -1
I = j dy dy [—(y ty ) o+ (y +y )]

1 1 1 2

0

Substituting Yy : = r X Yy = r(1l-x)
2

7 (I-16b)
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this integral is divergentat 7 = o . This divergence is harmless and
is usually referred as infra red divergence. This divergence would have

been absent if the photon had a finite rest mass.

(€)  In Z]3 plana Y3( p 2) shows simple pole at Z]3 = 0 thenin

224 it gives rise to a double pole for Z = 0. The residue is given by
24

' -1
-1
4 .
YB(P2)= 7 Sd€1 dé, (|_€2) [g2(1_§2)+g](]_g]_€2)]

(o]

k 25 0-¢ R
(m“=p )(I- ])(]‘52)"‘(]‘ 1 Z)P"l

[U (6) +log l"l?rrz . l
2 §,(-8+ & (0-5 - ) |

[I-16¢)
where
d [ 3 - (o) ~(1) -1
£y = | 9 | 7. ,
U, ( ) Y (1 224)C057224[D (7_24)+2D (224)~
24~ 0
(50-6,)+ 5 (-5 _Ez)pz‘ \

. 2 -
24 24 (m -p 2)(1—55])(1-‘52) +(1-€ -6



- 162 -

= 5.5-30 (1) + m2/2'(1-€;)(1-£2) tog m?(1-81)(1-€2))

P e (1-6) +4,(1-4,6,) (mz-pz)(l—51)(""‘52)*(‘-51

2 2
_e0%
here we have used
n
0 5 X _ 1-x
57y POz, 2,0 2 x) ==% Tme1)= -1 -7 logl=
Zo4=o

- ©)

2 3 e,
] _o/a 224[1“ (1-2,,,) CosT 224 [D (Z,,) +2 D'(224)]J—6.5 3¢

We can write it as

! -1

2y = 4 -£ ! & W
Y; Py = 7 So dEl dgz (1 2) [;;2(1 ..2)+€](1 51.5;2)]
22
167 % _p/ 2)(1- )(1 -£2)+ (]'51"52)2
-log k—p_—'z + 5.5 - 3\11(1)+|og ; (] : ) (—a]-€2)

2
+ ™2 (1—51)(1-52)[€2(1—€2)+g](1-{;] _éz)]

m2(-6) (-4
'3 IOg

1
2! L

(m2-p? (-8 )0-6,)+(1-6 - 8,07 2]
m
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Substituting g] = ry, ‘52 = 1 (1-y) with J = r

and making use of relation

\ dr — 1 ‘Og ]"b
(-ar)(-br) a-b 1-a

0

we find

-1
\ -1
g d€dé (1=, [8,010-6)+6 (-8-4)]

¢ |
= - Sody y  log(1-y)
:l/s[\y(4)_\y(1)] ' (M-16 c,)
: ‘ Bo
here we have used gdy X log(1=x)dx :"‘/IJ [\If(p+])_\1/(‘)]
0

Similarly one can evaluate other terms which are of little significance in

comparison to first term which constifutes the leading tem.

(d) Amplitude Y. (p 2 ) has double pole in both planes at 213 =Z =o0

5 24

The residue is given by

2 2 2
k2m

4 m :
Y (p y =T [‘OQ‘]é—n"z" + U3] [log —.71677 + U4 ]
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2 2
n4[| ? ———72'“2 (U,+U)I k——Q"‘ +U_ U
=" + +
°8 167 3 4 9 16 3 4]
([IJ-16do)
where
3 _. (o) - (1 A
U, =u = (-23- ) [I‘ (1-2) Cos Z [ D (Z)+2D()(z)_j-
3 4 0 Z
Z=o0 )
? 'ZF] ("Zr]-z; 2; P/mZ)J
2 2 2 2
m -p m =Pp
= 55-3%1) - —sp— |
(M 7 g 5
p m
here wé have substituted
2 " 1-x
d 2F(-2,1-2Z;2; P /m2y) =-Z = - 1 -— log(1”?
57 n(n+1) X
Z=o 2 2 2 2
- P m -p
=“‘—P‘2— log (——7—)

(c)
Amplitude Y6(p2) has double pole at Z,I3 = o0 énd 224= o
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The residue is given by

, . 2 ) 2 2 W22
Y (pf)=-1"%p log “(—_™ )+ (U_+U)log + U U
([ﬂ-]éec)

where
[ 3 (0 (])
U=(_5__ {1“ 1-Z CosT Z D (Z Y+2 D 7
5 37—13) ( 13) : 13[ ( 13) ( 13)]
Z13 =0 )
2F - I 1—2 14 2;
]( 213 1 P /mz)}
2_ 2 2 2
= (6.5-30(]) - log | Tt |-
2 2
P m
(ﬂ]-]ée])
and
Q 3 (2 +Zoy) r< (o) A1)
u = == ){I‘“_z) Cos™ Z,_  {(D (z )+2D(Z
24 24 |
6 6224 I‘(1+224) 4
= 0
24 2
2F - 1-Z .
3 2 ( 92)2 m 2 92
=(.5-3%v () -"/2+m/ 2 . Lleg __F
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() At le = o , the amplitude Y8( p2) shows simple pole

At Z
24

o it shows double pole

The residue is given by

]
4 / c
Y (p2y= T I dﬁ] de?_ dé, [53"]'&3)+("1+€2)(]'€1'€2"

8 5 I
—ss)]

' 2 2
[(m* =g 0- g 0+0-8 -8 ) |-

T 2 2,2 2 29 _
167 (1-p“/m ) (1-§,) (1"53)’*‘(]‘g -§.,) P/m |
. (& - ] 1753
U =2 log 75 - | :
{ 5 &) 2l ton oz - 1o §4(1-8,) + (6, +65) (16 6 5) J

[]+ 3 (6; (1-& )+§](l-€]-€ -63)] }
2 08 ) gy - 3>J[ 269 (151 € )+

2 2
+(1-6,-8)7p 1
(M-16+)
where }
3 T(3+Zgy) - (0) - -
Ug (€)= | =2 {I‘ 0200 577 C7 2o [0 7Z,0+2D (Z))]
7:¢ 24 24

[é‘- (1- );'3 .I]g] €2 gg)}P
F(3+224,-224—1, ; [63“ 53)— £q +&9)(1-61 -6~

Tl A 18 M1-63) (165




167 -
= 12,5 - 9% (1) + 2p2[€3(]-€3)+€] (1-£-£,-6) ]

1
. -1, 0, . 2 2
[E 06 + (& w808 -8 )] [-P0R0 Y+ 08,40 27 ]

' 2
P26, 0650+ 6, (066,61 ] ;
(5018 5) + (&, + £ (18,6,76,) T [(n= %) (1¢ )16 ) + J

log[]+

2 2
+(]—E]—€3) P )
(I0-16 £ )

here we have made use of the transformation formula
X
Fla, 8 v; x) = (1-x) F(v-a, B9, =)

From this we obtained

1 1o 24 (a .
F(3+2Z ,-2Z_ -1,2;x) = (I- F(-1-2_ , -1Z_ ,2; =
(3% Zopr = %o x) = (1 LY 24 ' G x1)

so that

we put Y=

Y) = ¢ + +
24 24 2 2.3 21
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(-2, 02002017 v,
2.3-4 3!
2 4
HlE-Zy,) (2 020 2,01 v,
2.3 .4.5 o

we obtained

X
o F(3+224,-24 -1,2;x) = (1=-x) w7 log(1-x)

704

- x leg (1-x)

[6, 060+ £, (1-6-8,84) ) 7
€ 0,0 (5, <4,) 1.5;]-4-2-.3)((“1 -pz)(1-€1)(1-€:3)+

also we used
é?{r -2, ) T(z= f'24 (3+ z 4) €057 2oy 5
24

22420 =]2.5—91}[(])
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The leading contribution

|
2 .
= - 14 ]67}' g : - '
I, == 27" les oy d & db, d53[€3(1£3)+@]T§2)

0 € =3
(154,890 ]

[(m2_p2)(1_g])53-+(1-£]_g3)2p2]

’
changing 1 - 53 to £4 and then dropping the prime we obtain

l
¢ 1472
[, =-27 log =7 S dey dg 98 (8506 )-8+ 836 5 )]

o

[m2-pD0-6) €, + €5-8,7p7 ]

167"2 i

—_.2q4 o7 d

R m .

-3

2 2 ! 32 2! -3
{ (m 'P}(]‘YI")’2}gd r D- ry]]D-—a r] +p (]—Zy]—yz) fdr(] -ar r ]

v 0

i o1

-1
since S x M (1 -x) (1-a x)~

-
1

K
dx=(l-a) B(x,V)

Rek>o , Rev>o, a> -1
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forourcase H =2 ; w=1;a-=
1 -y, -
Y] )’2
4 167 (! ol -2 -
I, = - log d d T-y - + 2. %Yy +
] 72 g y, dy (I-y -y ) (y] yz) [S\y] yz)]

2 2 2 2 2
- 3 - ’ - - -
{(m P,[l 3(Y]+y2) +(y +y2) y](1>]y2)]+p (1-2y]-y2)

again making use of this scaling trick by substituting

)’] =%, y, = r(1-x) with J = r ondintegrating over x we find
]
4 ]6772 I -
I]= -7 log_—?—-f dr (1 ~-r) ¢ (2-3r) *
E™ m

0

'{(mz-pz) (1472 =52 1% & Pz[r2/3 +(]-—r)2—r(]—r)]}

2 l
16 7 2 S - -2
S AR {<m2—p ) [far =07 2man” -
R™m b
y ) 2 5 -l 2
+~;-Jdr(1-r)](2-3r) -§\drr(1-r) (2-3r) ]*
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Substituting,

1 1 1 9 9
2
r(1-r)(2-3r) 1-r 4

1 o 3, 2
(1-r)(2-3r)2 f-r 2-3r (2-3r)
1 1 3 1 3
) = — + — + 2
r(2-31) 4r 4 (2-3r) 2(2-3r)
r _ 1 3 2
_— 2 = — . ——— +_..__2
(1-r)2-37) 1-r 2-3r (2-3r)

and integrating over r we find

2

1‘ = —74 I ]6'17 ]
] °8 7
R"m

|
. {(mz—pz)[—%+%|ogz+l4 Sdn/n] +

0
2 -1 1 7
+p []2 - 12 |092+']‘§ gd‘n/‘n] .

0

([O-16 f3)

(g) Since Y]O (p 2) has no singularity at Zy5 = © ¢ according to

Caushy' s theorem its contribution will be zero.
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Since the object of much more interest is the fermion electromagnetic

mass, we can find it from the expression of self energy part by inserting the

2
mass-shell condition @ = m and p2 =m <wifh Lt (m 2. p2 ) log (m2-p2)=c9
, 2 2 :

-—> T

P

Thus from expressions (I-?), (I0-9), ([0-12) and@-16) we finally obtain

the leading contribution to electron electromagneti c mass in the fourth order

of perturbation theory

LSS
m

(4

)
(F =m =

in e,
4
4774e 2 ]6772
5 -leg =52 7
@2 m)° R2m
{
_3_‘_‘0'_71. - teg@)r6 (1) =2 v+ 2wy -
1 n 12 3 3
0
] 167
-12.5 + ']—2'] log k2m2

2

I
[(3\1/(1)-6.5)&%717- + 36.5-3@(1))'@(4)-@(1) )+ 2Q2.5-9\p(1)}
. 7

1
12

I
7

n c
= log (2)+ 7 S d—n T—]%} +(3.5-3Y ()T -3¢(M) + ! )]

(M-17)



(1)

-173 -

I | -2
§ dé £ - E % -
Xd L aE s L5 000808 -k -6 )]

2 2
L -, + & (16,4 -53)] m

[E-E) + (5 +8) (-8 €6 )]

(I-17q)

|
-2
-2 Edg]dgzgés[€3<1-53>+<s]+€2><1—€]—€2-s3>}-

0

1] og
S (1-8,) (8 +e,) (1-6,-6,5)

[g("g —§]£2€ } ,
[£0-5 )+, +8) (16,8, 2J0-¢, -4,

1+

log

(II-17¢)

-1 -1
2 gdﬁl 48, (-5 8,040+ 04 ¢ )]

17 72) ‘ +
£0-8) + & (1-6,-%,)

{

|

)LJ
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(1-€,y1-€.)
+( 1 "‘5])(1 € ) [52(1-5-? )+€ (1-5 -52)1109 ! 2

(14, -£,)2
(II-17c)

and
) ‘ | -
I = 2 \de] d€2d€3 [&;3(1-53)+(g]+€2)(1_€]_§2-€3)]

)

£t .
[53(1-g3)+g] (1-€ 62 53)]

l:§3( )+§( £€_3_§

-1
2 [E01 =604 (& +6) 06 -6k ) |7 1o

[g --; §+€ Y(1- S] %-e)
[ ’ 2

— 2 13

(1-6,-¢5)

2

2 b Y
. [ 2 3 [&50-6+6, (1-61-6 -4)] }Iog (]_gl_gs)
2 [53(]-53)+ (‘3] +€12)(1-£]—‘§ 2-453)] § (1-6;3).;(5]42)(]-

- gl - 52_(;3) ]
([m-174d)

The fourth order electromagneti c mass of the electron contains the terms of

the type 1092 16 72 and log 16 m?
s P

which become infinite when we neglect
m

the gravitationul field by letting R —> o. This shows thct for higher orders as

well gravity acts os an inbuilt regulator,
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APPENDIX A

Expression of decay probability (TI-48), involves phase space integral

: 4 7 é 2 2 ’
Tag = | d'pda*dp, vy 8% @-p-00(p7) 55 Yolp) 005!

-

(A-1)

In this section we will evaluate this integral since this integral has the
dimension of squared momentum it will constitute o tensor depending on ¢ alone.

Thus the most generol form thot it con have is

Tog = Aa’geg + Baag (A-2)

where A aond B are dimensionless scalar coefficients to be determined.

Multiplying the equation (A-2) by 9o g Ve have
g = 4 A q? +Bq2 (A-3)

Similarly multiplying by 9.9 gr We get

_ 4 4
Iy 9, g Aq  +Baq . (A - 4)
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From (A-3) and (A-4) we find

(A-5)

where
.4 4 / 54 2 2
9p Top = )4 Pd 5 pf 0 @eB)067) 6 () 0 (6 )
4 4 1 s 4 2 .2
9% 95 1 =Sd Ppdp papd 5 (q-pp V6P )8 )6(p )8(p

(A -6)

From & -function we hove the relation
q=p+p (A-7)

/
and since p and p are supposed to be momenta of massless neutrinos we

can use the relation

P-a=pq =p o = Wp (A=9)

(A-10)
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4 » 4 ’ ;2 ’
g d4pd p O (q‘P'P)é(Pz) o(p ) O(py) O (p,)
(A-11)

4 -
Here we notice that ® (q - p-p’ ) restricts the condition that q
should be time like otherwise this integral will vanish. We can choose
a co-ordinate system where the space components of q vanish. [n our

calculation this is the centre cf mass system of two neutrinos which are

carrying momenta p and p’  with p- p/ = q.

So that q = ( jq 2 ;i 9,9, 0) = (po"Pl; o, o, 0)
(o] .

we wiil integrate over p by using the & -function 0 4 (q-p-p ).

After p/—infegmﬁon

C .4
I = Ld 95(P2)e(po)ﬂ(q—p) 5 (a-p2y) (A-12)
putting p2 = o

| = j_m d4p 5 (p2) 9(90) 8 (a-p) O (q 2-2p.q)

] 4 -
[ e s 66, s 5@’ -2p fa?)

- O

( A-13)
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performing the p  integration
o

1

il 3 2 2 2 2
L= 5742 jd p 6@/, -1pl )9(/q/2)9(/q/2)

In spherical co-ordinates we have

Substituting in (A-10) we have

m T
A = 2 and B = 12
Thus we obtain from (A-16) and (A-2)
2
Ly B 24 [a%s

(A-14)

(A-15)

(A-16)

(A-17)
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APPENDIX B

For the computation of self energy part we need evaluation of the integral

(IT-145), given by,

m oy 4+ M
j ) f
2 2 2 2 2 2
= gdylog(py ty(m-p" ) +p )-“dylog(m y+H )
0

0

Integrating first integral by parts  and making use of the relation

' a+b b
log(ax+b) = a log(a+b) - /c log b -1

0

af o ;a+b>0;b>o0

(B-1)
for the second tem, we get

l
2 2 2
2 2 2 (m”™ - +2
1]=log(m +u ) -log m —]+j'dy 5 2P )y =
2 2
0 P Y +(m” -p )y+H

(B-2)
. . .l s Lo 2
We will neglect those terms which vanish in the limit 4~ = o

Frcm standard relotion
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Ax+B _ A a+b+é + 2 aB-bA P
dx = — log ——— a log |b+2ct/b -4ac
2 2 ' —r——
) ax +bx+c a ¢ mac lb+2c—fb2—40
we obtain
mZ_EZ m2+u2
1 log (m2+u2) - iog m2.1+ 2 p?2 log —r +

2 2 2.2 2 2 Z
+ 4p H -(mz-P ) fog ™ -p +p
Z
p% (m -pz) gm
2
__]+___2_m-p2 [log1 - log m2—p2+l-'.2 ]
P Hm
2 2 2 2 2
m -p m - P 4+ M
=-1- T e — 7

(B-3)

Similarly integral IZ given by expression (I -145) can be evaluated

| 2 2 2 2 2
_- P y +y(mT-p )+p
T, = | dy (1-9 le 5

0

m2 y +ou
! 2 .2 ' 2
v)
= I, - Edy ybglp2y+m\—m y + NZL{dy y wgm2y+u )
<] o]

(B-4)
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integrating by parts, we get

2 2 2 2 2 2.2 42
[,= 1, +4o - 2 =8 ) g TP
2 1 34 2 p2 34 8 2

Substituting for I:' given by expression (B-3) we obtain
2 2 2 2
3 mie” [1+ +pilog m -p 4y’
R TR T T

(B-5)
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APPENDIX C.1

Integrals for Electron-muon Vertex:

Here we will evaluate integrals involved in Eqn. ([1-165). These
integrals are defined for the momenta in Symarzik region and for certain
values. of Z, but ofter evaluation it con be enalyticelly continued to other

values. Since these integrels ore convergent, we shall shift the origin of integral,

wherever needed

Evaluation of R'] (q2,Z)ond Rz(qz,Z):-

From equation (I1-165aq)

i ~ 2 "2 "2 "2 - o n2 ~ ~ 2
(plp V2o p2 P2 R . - :

| ReP ) mp Pl Ry@™, Z)= T PuP) P, Py [ M@, D)
( el )2 ,‘2 ,~2.1 R (AZ Z) r “~ “ n2 ~ ) ~3
[%pu Pepyi Ryl Lpe’P;L(Pe)a_Pe(Pu G}Ma(qlz)

(ca-1)

According to Eqn. ([1-164)

,ZY= Vd k. dk  (k +k ) (k)




- 183 -

. " 2? 42’\2 ~2 /\- »2 ) A?—
[(pe' pll) ‘Pepu ] R.I(q ,Z) = Pe'pu I'Z.(q y 7Y PM I'( 472)
[-2‘2A2 .2 R L2 K
(Rp,) =P P, ] Ry(a Z)=pp, T(a, 2)- p1,0,2) :
(¢1-3)
where
~ 2 4 ~ g Z-2 - -
I](q ,Z)= [d4k]d k')(-kZ) pe'(k.|+k2)
~ "~ . 2 - ST \2 Z 2
Epu-k]—kz, -mlu][(pe-k ~k_)2em, ]k
R K Z . g Z-2 . A
N 2 Ao~ 2 2~ 2
[(p“'k]"k)"mu]kp k k) -me]k]
. ) (Ci-14)
K= -k 22 1k 1

v g Z72 ] Sm 1-Z A1k g
-k = -, d o o
- R -~ 2 9 =
] f‘w NZ[(PLL“k“Kz)'mHJ
= - d o e (C.1-5




2
ky
k 2

—.-]—:-ida eO(A’
'| <

For the evaluation of integrals for convenience we will define new variables

~2 2 ~ 2 2
P "L::- P i ’ P e = =- Pe
A n 2 2 A 2 2
k = - N . = - : = - Q
Pok =-RQ ik Q k, 2
bekg = 7 PIG,y i 4 ; )
(C.t-6)
Irs P P2 02 Q2 iti iabl isfyi
scalrs pote v 9 are positive variables sofistying
2 2 2
Pro=P + 1P

inserting (C.1-5) into (C.1-4) and shifting the integral Q] by - Q2 we obfain

'l ]_Z 02 ("‘P -m )+ &4 (' 2
I dor. dpy dy dgy « e H 2 3
'@2-z) ), Po%27 % "0y 4 L (o)

1,2 2z) =

(ca-7)
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. 4 "(d\]"'rd)Q 2
I](O()= Sd Q2 e 4 2 1-](0(’ Qz)
(C.1-8)
where
2
- (O +O(+O( Q 20(\ o + QY
L(%,Q,) = Sd4Ce] T2 ). 1 F2GP P TGN
P .Q
e 1
o, P+ P +Q 2
2 4 3 e 4 2 7
4 -(Ol+0(+ )l: (3(2.;_0%-{-0(4 J
= Sd Q] e .
o 2
(2Pu+0%Pe+icQ2)
. € 0(2 +Q3 +“4

(C.1-9)

+ 0o P Q
0“73”’2

\

“

Shi fting the origin of Q] - O.] + 0( +62

integrol I] (%X Q 9 ) reduces to

2
(O(QP“+{X3Pe+OZ Qz)
Iy, Qz): © o I
2 3 4
= (O>+0l3+ )Q] )
g 481 P.Q epuwépe“ﬁaoz]
- € 1 T
2 3 4

(C.1-10)



- 186 -

The first term is odd in Q] and will vanish upon symmetrical integratian

Introducing four dimensional spherical polar co-ordinates with

and integrating over r , we obtain

2
) (0(2PM+O(3pe+ 020_2)
Li{e,) =7 e I+ & +d
2 3 4
5 -3
ol . o +c P . o+ A
(2Pe PU+ 3Pe 4PeQ2)(2+ 3+ 4) (C.1-11)
Thus [](0() is reduced io 2
o 2 (o o P
4q O Erg) 9, v 29GPt BT 9,
I, () = A Sd e o
1 ) (&) 2 %y 3%"‘21’_(
[(O(zPe-pM+0(Pe ) - o£4g__Q2]
, (Ca-12)
, A ! P, 4+ O P
2 -3 (0\2 - 3 C>

273N ) e X g Tz ¥y
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Qur next step will be the integration over Q2

We can put above expression in the form

o+ ol Al A+ &
o (O + Ogr &)+ 75+ 7)

Lo,
- . ya
I, () = A () Sd4Q2 e dy +% + % .

ol ol P
0(4(2Pu+ 3.e) ]

T (kA + & A ol N
1( 2 3+<ﬁ)+ 4( 2+ 3/

2 2
oy (¢, P+ % P )

~/

(X + o+ AY+ol( o+ O A+ X+
[X 0%+ gt S+ oLt ) (% + &+ )

. e
(C.1-14)
AP + AP
Shifting the origin of Q2 —> Q2 + K (o 4+ XY R+
1" 2 3 4 4 2 3

and imposing the requirement of symmetrical integration and dropping the

terms add in Q2 and finally integrating over Q , Ve obtain

2
0(4 (O(QPu+ O(3Pe)2

(#) = Aqm) o 0%+ Fr %)e 4 G %] [ a

+o<]

I 3 4 4

1
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-2

‘ N+ o X+ X
, (O M3 T T+ SN S . 2 2
{ . + A
. T Ayt Ugt Oy lfazpepu e )+ 0(4(05%Pu+0éPel
o + O 4 A (RHYL
o(](2+o<3 4) it

(C.1-15)

Now we will go kack to our old nototions putting

2 A 2

P = 7 P BB S R Pu
~ 2 -2 -
momenta  p ;, P . PP are space like sotisfying
€
42 2
P = - pg - l_El
Thus from (C.1-15), (C.1-13) and C.1-7)
we obtain
w
) 4 1-Z
L. (a®, Z)= - d o do d% d& o
1 T'(2-2) 12 3 4 4
0
(, 2 2\+ o 2 2
o Upy = my (p , -m
. e 2 M L 3 € e ,
2 A . 9
+
_ d4 (0{2 N CXSPQ)
o (RF0 +0 )y 4+ A (KX + Ay (o + R +X
°e[](2T3 4) 4(2 3)_.’(234
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2
-3 % (5+ %) 27 oy
(X + A+ [0(+0(+OL+O'&] [+ J
2 o((o’+o\+o\)+o A+ AK)
3 4 1 2 3 4 5 5 4 5 3
. A ~ 2
. + K
[, Pem + K P ]
(C.1-16)
where - 9 9
p- =-p - Ip!
. . . T ~2
Since above expression is even well defined for time like momenta ( p >o )
we can use this expression to represent our physical amplitude with ;32 - p =p 2_ Ipl
o <

Furthermore since we are decling with free particles we can simplify our amplitude

2 2 2

2
by putting p, = m, and p = m _ thuswe have from(C . 1-4)
f e e

(C.1-14)a nd (C.1-16);
1] 2
4 o ©R* % p)

I 2 _ ” dol d ol 4o 2 =
(g ’Z)_ - T2z ) 3 Y € Olp +ptay

o

-3
A+ o +d ol p 2

&+ y =2

1-Z [ ]
y o g e ol
] 4o 9 1 % T %G [1 + 4
of | (3 + HqF Y,
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2 2
o + A
y (B, TGP

SRCISSE SR RN C SR

3

(C.1-17)

let us consider the integral over . first, since it also involves the parameter

1

'Z, in which we are mcre interested. This integral can be simplified by

oy (o, + A
intreducing the veriabie = O(] + 4 ( 2 3) , so that it becomes
0(2 + o{3+ 0(4
@© 2 5
-2 C< -3» ]"Z —
}dd [°< Y T :(_—\A A J(O{- V) e®
v %2 +53+%
(C.1-18)
X+ of
0(4( Y
where U = W4
2 2
B = - dﬂ(%P,A+O<3Pe)
(Fo O+ % 2
when we use the standerd formula
¢ V-1 M= B/« | g+ v-l 3
E x  (x-0) e dx = BOSEO MU g (g 1ew 7R
u

o] <Reu <Re(]-’~))
(C.1-19)
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Our o - integrol becomes

z -z ~Z
o+ X4 o zZ, 2-7) Z,2 -
(& 0+ %) [ Bz, 2-2) " (0(2+ oé) ]F]( w)

1-Z “1-z
+B(14Z,22) & (A + &) ]F](1+Z;3;-w)]

2

o + d K+ A+ A
(2 ) (27 ) (C.1-20)

Thus according to expression (C.1-20) we find,

9 7 bt
1.(a ,2 = - Sda doe do e
(o]

Z-3 _ -
(O(P'P+dP2)(O(+O( + ) zo(+ 5
2 e'u 3P e 2 3 4 d4 ( 0()

. 2- 2 - + 1+2Z, 2-
[8(z 22) ¢ (Z,2-w) + B D o F

(C.1-21)
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Similorly.
4 [ (& p +op )
2 i S22 M T3 e 2
I1,@%, 2) = dt d o gk [ -2— 2 =
2 ) I'(2-2Z) ! 2 3 4 [e &+ 0(370(41<C(2Pu -{-0:(3 R p”)
( )2-3 -Z -Z
X + o + X + 2-7) ,F -
, A %, (dre) [B(Z, 2-2),F\ (2, 2; -w)
o4
+ B(1+2, 2-2) F1 (42,3 -w) ]
(C.1-22)

N 2 2
Substituting for I] (~, Z) ond ]:2 (@ 7, Z ) and considering pe2 = mz - o

we find

2
£ {
( S Py +O/3pe)
- e oy Ty +o(4

o
M (142,34

[B(z, 27) Py (Z02mw) + BOSZ,22) g (F

(C.1-23)
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04
: [B(z, 2-2) F, (Z, 2 -w) + B(1+Z, 2-2) 0‘_—2”(3 Fi (4Z, 3 = w) }

, (C. 1-24)

0(4 (05 pLL+O(3 pe)

(o<2+%)(012+<é+0(4)

To evaluate the above integrals we will go over to a new set of variables

_ 4= 2 & - A(l-f -
o = Xg i & L L TR Py
with g,(ozz,'ozs,o(li) ) )
(C.1-25)
Thus we can write
74 ‘ -z .z
R(q2,2)=-“‘“ gd€d€€(€+€) 1-£ & ) -
1 I (2-2) 1 752 29 51 79 ("1’2
~ - -Z
dx e P x| B(Z,2-2) Fr(Z, 20w y) +
1- - .
+ B (1+Z, 2-7) _51_52 1F1(0+Z2 3, A wy) J

E1+ &
! ? (c1-26)
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Integratian aver ) can be dane accarding ta the relation

o

 =st b-1 _
Je t F (0; ¢ k’r)dt=1.'(b)5bF(c,b;c;_li)
s

]

where sl >1kl
(C.1-27)

Thus we obtain

2 4 T0-2) g‘ , . & o
Ddgl d€2 ¢, 8 )04 -t ) \&Eﬁpe%)-

§,+6

-1
[B(z, 2-7) F(Z,1-Z; 2; —;—;—EZL)

1

1 -6 -52 £, +& -]
+ B(1+2Z, 2-2) 1 F(1+2Z,1-Z; 3 ;
1752 £ e,
(C.1-28)

if we introduce again another set of variables
E]: F)’ ; €2= r(]_y) b(£]l£2) :r

o (T, v) (C.1-29 )

2 4+ L0-7) g‘ 222
Ry@%,2) = -T T dy (0-n[(pu ~P )y *p.]
¢

g dr rz(l-r)_z [B(Z, 22)F(Z,1-Z; 2; - —)

o]
r

FB(+Z,2-2) 220 FO4Z,1-Z; 8- 120 ]

r r
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Using the transformation formula

F@p; v x)=0=) F@& 7-p; v; 3)
' (C.1-31)
we find
! 27Z-2
2 _ 4 T (1-7)
R =~ 2424 V4y (1- - +
@%,2) " Toa \ y (1-y) [(Pu P)Y pe]
1
27 -z [
gdr r (1-1 B(Z, 2-Z) F(Z, WZ; 2; 1-r) +
¢
+ B(1+2Z,2-2) (1-0) F(1+Z, 2+ Z; 3; 1-r)]
(C.1-32)
changing 1-r — r , and dropping the prime
| 27 -2
2 4 T'(1-2) S
R = -7 —= \dy (1- - +
1@, 2) T2z | y (-9 [(py P )Y pe]

xl dr ('l-r)2Z r

<

[8(z,2-2) F(z, 1+2;2;1)

s B(1+Z,2Z) r F(1+2,2+2; 3; 1) |
(C.1-33)

using the realtion

dx % (1-x) F(& P77 x) = B(p,0) gFa(&, P ,p;y;9+P; 1)

4

\
\' £-1 o -1

0>0,Rg >0, R, (¥+-%-P) >0

where R
e e
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we find,
|
2 4 27-2
R (a7 Z) = -7 I‘(Z)!}dy(l-y) l:(pu—pe))"*'Pe] h (2)
|
' 27 -2
Rz(q2,2)=-7f4 I'(Z) LdYY[(Pu"Pe)YJfPe] h ()

(C.1-35)

h(z) = T (1-2) {B(l—z, 27 +1)4F, (Z, 142, 1-Z; 2, Z+2 1)+ B(2-Z, 27+ 1)"

'-§—3F2 +Z,2+2Z,2-Z; 3; Z+3,~1)1

]

(C.1-35q)

We next proceed to the evaluation of C (g 2, Z ) which from eqn. (11-165b) has

the following form,

1
2 -
C(9”%, z) (Rp,) 2 (P e P)s M 4
A 2-2 ~ -
2 . 2
1 - Ak +
= /7 d4k d4k __( 2)[%“( kl)]
(R-Ry) 2 [(p -k, ~k )22
Re™ ) T R)Em
s oror N2 2 2
(C.1-36) . [(pe_kl'kZ) - me] k

In reaching this form we have omitted those integrals which because of being

multiplied by ’;;28 will vanish when we will go back to physical region where

,\2 2 2
pe-_)pe :mezo



-197 -

9
This integml is also convergent for Z< o ond for k1 , k . < o.
This integral is essentially of the same form as the integral I] which we
have evaluated before. Thus proceeding in the same way and introducing

the laplace representations given by (C.1-5), going over to new variables

defined by (C.1-6) and shifting the integral O.] by - Q2 we finally

obtain
o0
- - 1-Z
. -1 (pelv (Pu)rp
2 = - £ dd dd
C(q“, Z) ~ =17 doe g dd X
I'(2-7) (Pe By) ! 2 3 474
A 2 ~ 2 2
oy (%2_"1#) +O(3 (pe -m, )
e
(C.1-37)
oq) = d4Q ) (d1+d4) sz
C’UP( ) = X 2 © C (« QQ)
(C.1-38)
where
. 2
+ + -
s - rdgtY) [Ql - %Pu TPt G Q2J
C (4, Q2) = Sd Q] e (Q])'\)(Q])P Aoy L Xg40y
P o4 2
(&, By 3Pe+o(Qz)
e Xy gty

(C.1-39)
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o, P +0,{ P +ol, Q
A shift of the originof Q by  + H 3 "e 4 2

oy + g +%

2
together with the application of the symmetry relation d4 Q, (Q, )ii f Q1)=o,

reduces C'UP (%, Q o) to

2

4 = (0(2 +113 +O() Q

= 4 1
%P(u,Qz) ]d Q] e

[Q) @) (yp, * AP+ 0 Q) (Pfr Apri
(Q, +
Y 2
4 (& +o(+0()2
2 3 4

P +&P+ 2
(0(2 TR diQ 2)
c Ay Ty T
(C.1-4¢)
2 2
Introducing four dimensional spherical co-ordinates k™ = r
4

and integrating over r we find

2
C (d, Q)= 1 (5T %3P " G Qy)
'UP( PR T T, oLy + KH &,
' Q
[ Svp \ (g Bu+ily P+ Ay Qp) (5B AP+ Q
o+ KV T S —
2(% T %yt &) (0, + % T K )4
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We will substitute this into (C.1-38) and put it into the following form

o
oty (FF G+ )+ ok, + ) (Qz _

' 4 - o+ o+ A
C(o(,Q2)=B(°‘)de2 e 2 3 4
VP

4

-:'U

o,

0(1(0(2+

«
3Pe) )
x + A
v+ 5%

o

309
- d d s
[ GG ¢ (% P e P ),

2
.
o «
O (@R P) @ )oK (B R, + AP )y @)+ K, (@)@, ]

(C.1-42)
2
‘(%IZL-FO(S,PG)
-4 L F AT
B(oc)=7r2 (X + &+ ) e 2 3 "4
2 3 4

2 2

of [» GTR ERNy
[%(%+ L+ )+ Oi(dfo%)] (5% %

—

(C.1-43)
d4 (0{2 Izl +O(3 Pe)

. . . e d .
Shifting the origin of Q2 by O(]((X2+ 3+0(4)+0f4(0(.2+ 0‘\3)

and dropping the terms which are of odd power in Q2’ we obtain
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4 o 4 ot Q
Gl = B () gd Q, ( 012+o(3+0<~ ) 2

Rt X P (R, + &P )+

e f

g _
[ 24)? (0(2 +o(3+ 0(4) + (0(2

) .
%y Cay Py agP ) (quu+ O(BPG)P o, (oz2 Pu+oz P) wap )P

+ + .
o 10<+0‘+ck + O «i+0< A+ &Y (R+ A 2
1172 H * % 3) [0 (%5 T + (% 3)]

2
CRCPYNCAP J

(C.144)
The integration over Q2 yields
C (@)= 7 B(“)l[—gjﬁ(“ +d+d;+(ap+ap) P+ ol P )+
Yp 2 "2 3 4 2 3ef
2 d P +o(3P O(P”deP

2



=2
- (K +a)
) [O(' * 0(4+o(2 T ] +
27T Yy
2 o (X d -
+ Szop 0(4[0('+4%(+3)]
2 %t %*q .
(C.1-45)
Substituting for B (%) given by (C.1-43) replacing back Z-Pe = - p;al ,
Pu2 = - f;uz and Pe2 = - pze with
~ 2 _ 2
P =- P, [P

and inserting the above expression into (C.1-37) we_find that our amplitude

A 2
C (qz, Z) is also defined for time like momenta i.e. p 2 - p 20 - | P, |

A
so ve will continue to physical region by replacing p Z p = using the

2
physical condition p, 2 - me2 and p = m?
: 2
The amplitude C( q “, Z ) becomes 2 .
4 @ ( d2 pu+ d3pe)
9 (Pov (e )p 7 - X FAF Ay
C@na=- 05?2 e doty d o d e -4
Pe - ;
© M 0 (dz * 0(3 i )1(1) *



j i =B/ [_ o<4(0§+'o<3)-2 oG+ %)
| oad o S 1%+ grrae “5[‘“ J
& e o, + g "Z] 2Ly Yt gt oy
-4
i [ 4((12+0(3 )
3 L3 &TdTa
(C.1-46)
S = - R+ A+ k) + (K p + o
1 2 9’09(2 3 4) ( ZP)LL O(Spe)’\) ( 2p‘1+0(3pe)f)
(C.1-47)
2
52 - ')0(4 (u2pbt D£3pe) (UQPLL O(3pe)P 1 P 2
(°<2+ o+ of ) 4
3 T4 (C.1-48)
s, = o2 L T
3 > CRESE) (C. 1-49)
g = - &f Wy Folgpe)” )
g , (C.1-50)
5 3 4 )

The integration over o, can be done by defining new variables

= ' o + oy
=« 1 4 (QZ ”3) ; Thus « 1” integral becomes

® 1-Z - 2 -3 ~4 B/
dee (o =-a) [S]Of + 5,0 +SSCiJ e
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v 4
044(0(2 +% )
where a = 0(2+a3+ 0(4
by making use of the standard relation (C.1-19)
the integral becomes
7 o7y o "L 5 P -1-Z B
-2-Z B
+S3B(2+Z,2-Z)c F(Z+2, 4 «%)
(C.1-52)
Thus the amplitude is
+ 0 2
C(q IZ == e d d e 2 0\34‘0(4 d
-7z -z ya

© %y ( °(1+°(3).(d2+0(3+d4)‘

~L g (% + O+ )y (Kp, +O o :
[ -2 g o veyeen, + %o ) op, +p ) ] Bz, 2-2)1Fy(Z,2

N Xy (et oG 00y ) L (an o ndly
2(% ot 2"

[8(1+2,2-2)-

. ]F] (] +2, 3;-\V

2

o
+[4

A p +d & - |
(%R, * %Py (& py 3_FQPJ B2+Z,2-Z) F 2+Z,4; -w)

2
o + &
(0 + %)

(C.1-53)



- 204 -

2
) ol + ol
O‘\4(2p 3pe)

of K+l
7( . 0(3) ('2+»3+4)

W =

Introducing new variables

” | ¢ 0y = x€2 ond o, = x(l-el—g2)

with Jacobian = )\2

and using the standard relation (C.1-29), X -integrotion yields

i -Z -
C 2 = - 4 T
"f*  Z) TH (P ylrep T@ )| d&, de, (£, +8,) (14,5)

2 0
(PeBy)

27 .

{—% 9yp ( Py €] + Pe€2) I'(-2) oF1(Zr =Z; 2 wy) +(Pu_g'+P€§27u
‘ 27-2

tlp g peﬁz)P[( Pyt P E) T (1-2) 2F(Z, 1-2;2; wy)

(1-¢-€,)

€]+€2

+

222 D7y 2 F (1427, 1-7 23+ w)

(Rufrte b)) 21

(1-§;,) : 2 7-2
( A Pe!-,'z) Z(+z) ' (1-2) JF (242, 1-Z, 4;w])

(R &1+ P 8y) T(-2),F(4Z, ~Z 3 vy )

Z g (1-€¢,) 27
4 (8 +E,) R

(ct-54)
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Again going over to variables

E] =ry , § = r (1-y) with 3(51,52) -

2 r

' d(r,y)
using transformation formula (C.1-31), changing 1-r — rl and dropping
_the prime we find

A P !

2
c(d’,z) = - 7 T PdlPY [ dy Y2° S‘“ :
(BJ P e) 0 °

r -Z 2Z+1
-3 g (=Z) (1-r)

» JE(Z,2+2Z; 2; r) +

-2 - 27 +1
+ Y, Y, T(-2 [Y 7 +77 (- F(Z, 1+Z 2 ¢) +
2 1-Z 2Z+1
Y O r (-9 ZF(1+Z,2+Z 3 1) +
1 -2 2-Z
. (]_r)22+32(]+2)2ﬁ(2+z,3+Z; 4, r)]+

Z + 27Z+1
+§i—e- I'(-Z) « z ]('l-r) ¥ ZR(V+Z,3+7Z;3;r) }

C.1-5
Y2=((P'L_PG)Y+P(D2 ( 5)
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and integrating our 1 by using standard relation (C.1-34), we obtain

)
27
C@2,z) = - 7% PehlPedr | gy v
(Pgpy)2

-0

[_% g T(z) T(-z) DU-2)T22Z+2)

FalZ,2+2Z,1-Z; 2, Z+3:1
W T(Zz+3) 3F2l )
-2
Y Yo X T@OIADTAZTE2Z42) ¢ o(z,142,1-Z; 2Z+3 1)
T'(z+3)

2
+ C . Z,
op {9 Y)] (C.1-56)

where

-2
= {Y Y, Y [Z T2 T-2)T(2-2)T(2+2 2Z)
T(4+2Z)

JFo (142, 2+2Z; 2-2; 3 4+2;1)  +

+ Z (1+2) T(Z) T(1-Z) T(3-2) T(2Z+4)

T(z+7)

1
6

¢

14

S5 (242,342, 3-2, 4,7+ 2Z; 1) ] +
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+ Sop ZTz, T(-2) T(2-2) T2+22) .,
4 T(4+27)

-

S, (142, 342, 2-2, 3 4+Z; 1) C1-57

Y=(|fu-|3€)>'+|3e

2
In the limit me = ©

4

C(q2,Z) = - n T(Z) T(1-Z) B(1-Z,2Z+2) 4F,(Z, 2+ Z, 1-Z;2;2+3;1)
1
) 27 -2
YAy T e, - Ryt e
o]
+Cq(a2,2)
1 ! ‘ (C.1-50)
|
2 : 4 (pe)-u(pe)p 2 27

¢, 2 7,y isgivenby (C.1-57)

From Egn. ([I-165 b) we have

1 4 p 3p 2
_x - A U n 2
D =5 [ = ( )y = Op - - k
2p ¢ Py Pe'Pu Pek (Pulp 7 (pgpy)? (Pek) ]Mdp
2 2
= ! [ f "[3-.]:4— 3 pu C (q r Z)]
2pe_pu Rt P, (C.1-59)
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where
. s 4 T2 ZTN bk, vk,) pek k)
I3: Sd k]d k2'(-k2) e 1 27 ‘u 1 2
TR YA 2 - 0 7 12 2771
[( F}_‘ -l\] k2) _.mu_-_] Epe"k]"kz) -me]kl
(C.1-60)
) Idz’ d": 21 ([‘1+k~2)2

[Gu k)20 T[6 ki Zm?]

(C.1-61)
These omplitudes are of the same type as the one which we have just evaluated

Thus onanlogous to expression (C.1-56) we get

I3(qz,2)=--174 f dy [(p, =pe) v+ Pe]
¢

2Z

{-% B P T(Z) T(-Z) B(1-Z,2Z2+2)3Fp(Z, 2+2,V-Z; 2; Z+F I}

9 -
+pop, v[(p, “PPe) ¥y * Pe'pu)][(Pu-Pe)y+pe]zl“(2)1‘(1-2)'

-B(]-Z,22+2)3Féz,3+Z,I-Z;2; Z+3;1
+(p )(p, ), C (qZ,Z,y)
ey M P up

I
2 4 27
1,0a%2) == 7% [ ay [(-p ) v rp,] -

(C.1-62)
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{ [_2 zy T-z) B (1-2 , 2Z+2) 3F2(Z,2+Z, 1-Z; 2, Z+3;1)
+ I'(z) T(0-2) B(1-Z,2Z+2) oFp (2, 3°Z,1-27; 2 -Z+3;1)] +

: 2
Ty Cppla’, Z, y)}

(C.1-63)
Substituting for I3 ' 14 and C (q 2, Z) we obtain
4
p=- [n* D@Z) T (-2) 802, 22+2),F,(2,3+2,1-2, 2 2+3,1)] -
: | 2z 2 2 27 -2
L] d — ) 4 _4 . . , -
2p Py S r - [ =4pep)y” »apon Y ]+
©
2
+D0,@% 7) 1ty
Y = (plu.-pe)y+pe
4v
2 _ ) 4 ,
D (q IZ) T ) 3 .
| 2 PPy Pe'pu(pe)v(pfi)P Sup mu(Pe)v (Pe)p]
0
. 2
Cp@™,Z, y)dyY
ond A is give by
A= L [ &M p. 0 C-2pep D]
4 up ap 1w Petu
1 2
=T[I4— m“C-zppD] (C.1-65)
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From egns. (C.1-56) , (C.1-62) end (C.1-64),
41
AA = - T [-21“(2) I'(-z) B(1-Z, 2Z+2);5 (2, 2¢Z, 1-Z; 2; Z+3;1)

+ T(Z) T(1-Z) B(1-Z,2Z+2) ,F (Z, 3+Z,1-Z ; 2, Z+3) A%, Z.¥)
l -
27 2
rdey : [-muC—2pe-p“D]
¢ (C.1-66)
,

@2,2y) = 9.,C,@2%z, y)

yP TurP
Y = (pu__pe))’+pe

Finally we will evaluate the amplitude M J , which is given by

A2 " 4" "2 Z—]
M, (9% Z) =gd4k] "k, (=ky™) , I
= TS
(p,=kik)omy™ (o e‘k]'kz) =M
]

- 2

k]?‘#
(C.1-67)

In comporison to other amplitudes it hes least power of k, thus in order

to avoid the infra-red divergences we have introduced photon mass

After integrating over k 1 and 1'2\2 and going over to physical region we have

4 of +0f 2
2 _ T (% P 3P.) 2
@ 2 = - =— X g _ 2~ e’ oy M
Mo I' (2-2) 475 9% d0(4 e Gt dp+ dy 4",
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2 2
o, ( + o
4 \&p 4P )

[O(](c(+ot.3+o{4)+ot oL+0<)](O< +°<+0< )

2
- e
(C.1-68)
according to first term in eqn. (C.1-20), integration over 0(] yields
2
4 co (s Py T olyp ) - XM
2 T - 2 3"e 4
M(q,Z)=—__§do( d& do e -
© T (2-2) 2 73 "4 oy T3 iy
0
R A AT T
+ + - Y
oy (P, % p )7
Y% no3Pe
W (0, Uay (% +c>t+0i)
(C.1-69)
in terms of variables
2
= & = o = - - =
012 xg],3 A&, )(1€} 52)’3',)\
4 ] ' -Z ~Z

) ,Z) = - T22) B(Z, 2—Z)Jdg] dg, (1-&1-52) (£]+£2)»

0
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® -8 -7
‘ d e A ]F]V (Z, 2; W] )\)

0

= (& + 2 o
B = (5,p, T E,p ) (1—&']-&'2)#

= - (& gt Ep )" (14,-8,)
¥ 1P T Sape) (1575,

48,
(C.1-70)
according to relation (C. 1-27), integration over A vyields
{ iy -Z

1 d§2 (]‘gl '52\} (él +§2) .

Moa?z)y=- 74T02)T(@) |48
0

2 2 Z-1
: [(E] pu+ g2 pe) + (1- €]'€2)}1 ] F(zZ, 1-Z, 2; w”)
2
(510, &P L) (-8 -8))

2
(G [ p *E, P )2 +0-6-8) 4" ]

(C.1-71)
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APPENDIX C.2
Here we will evaluate those integrals which are‘involved in expression (H-175)
For the evaluation of these iniegréls, most of the time we will make use of the

following standard relation

a+b+c 2aB ~ bA b+2C+‘/b2—4qc

_Ay+B d :i log ——— + ———— log
oy2+by+c Y T 2a c 20/ =ZFac b+2°"sz-4oc

.0

(C.2-1)

Thus from (11-176 ), we have
i

2, 2 24
m_G@ )_/ a8, 45, [(&p, +& p ) +0-6-8) 8 ?]

o

1

(C.2-2)

If we introduce new variables

€]= ry €2 = r(1-y) with a(€]€2) _ .
o(r,y)
then,

(C.2~3)
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and integration over r can be done with the help of relation (C,2-1).

Thus we have

M (a?y = [ dy ‘ ,ogf ~pe) y+pe l?
° 2{(p, -pP)y 2
4 ) Pe ~PJ)Y Pe] M
u? TN
2[(py =Pe) v+ Pl
where
N opt a? [
=k =4t (e )yt ]

(C.2-4)
In the limit of p 2 —> o the second tem con be neglected in

comparison with the first one with this approximation

—
MO(Q)—2 ;

2
2 jdy log [ (P, =Pe)y-Pc]
2 2
¢ “Pe) Y +2pg(p mP )V TPR,

o

1
- ) 2
( Py Pe) y +2pe.(pﬂ--pe)y-f-pe

(C.2-5)
The second integral can be eusily evaluoted by using the standard relotion

(C.2-1) and finally substituting 2 p P, = My 2 x, we find



2 1 2 1
Mo(q )y = - r;Z.x logu log m, x PR Mo()(qZ)
me
(C.2-6)
9 A
1
where M () (q2) = { dy Iog(ovy tbyte)
o ' Ay + by + ¢
[s]
(C.2-7)
2 2
where o = (pu_pe) m, (T=x) +m
_ _ 2 2
b =2p,p, ~Pe) = my x-2m, (C.2-8)
2
¢ = pe2 = Me
if we substitute oy2 = 62 , then
Ja 5
1 1
m D2y - XdB log (8°+ b//, B+ c)
° /a 2 . b
0 P+ — B+ (C.1-9)

a

The integral M (1) (g 2 ) can be expressed as
o

Mo (a2) = j/qu log (F-81)+ log (6-5,)
° (8-8,) (B -8,)

Ja

] 1 i 1
= - BB,y [—= - 1

c
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where

g = - me (1 -x)
1 S a X

By = - ul-ag

2 Ja

1

Ja = m (1-x)2

2

in the limit mg

— 03 B] can be neglected in comparison to /a and 52

1

since y logn dn = 3 |°92(77)
n

we find

M @2y = —2—{[ 092 (/o -8, )= log 2 () ~1ca 2 (/o - B,)+

m X
M ,
+ 1092(-82)]% +
Ja-8] /0-52
+ [df’]log (P]+.3]—82)-J dP2 Iog(P2+82-3]
-f P "8, £a
(C.2-12)

From relation

log (o +by) a _ = n,bxpn 1

j 7 dy -('ogc)loswx-nz:](-]) [—-o) =
c . 2
b2x2<0

(C.2-13)
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Mc(,])(qz) - - f[ log

m# xL

+[1eg (8, - 8,) 10g (Vo -8) ~10g (8,8, 1eg (- B, )

2 2 2
2(/0-51) -log ” (-8B ])-log  a ~32)+|og {- 82)]%

- log (B, = 89) log (/a = 8, ) + log (8, -8, ) log (- B,)
i 1 /g -
- p (" o (L8

.I>n+ % (-l)n .I _B,‘ n
n=| " B8 a= n? (E-B:)
+ I -n" Sa=8, « o n -8, nv
o nZ (I 2) ooz (2 ]
8]"'62 n:] 82-84'
(C.2-14)

1
Substituting for Va, B 1 and /32 ’ Mo( ) (q 2) reduces to

2 1
1 1 1 ) 2
Mc(,) (q2) = "7 {loszmm(“X)z-log?'m—e-M -1092 "

2 m X H +
X
mu - (1-x)"2‘
|02 EL’-—)—(.] +2l mux1| mu2x2
+ 1 o N mytx
UL T LA
€
n n
[oe] ] {]-X\ [ m2 ]""X [oe] .I n
-2 % (_])n n2\x1+22< S x2)+22(_])—;2(-—)—<—) -
n=1 n=1 Mu n=
S n
=22 (<) 1 (1) }
n=1 n2
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© 1
n
Substituting for £ (-1) ;"2' (-1) "o T neglecting the series
n=1 6
; 2 1 . . . 2
m e =~ X inthe limit m . D o© and expressing the other
n=1 mZ‘L © X

0 o
series in terms of Spence function (2) which is defined os

2 ]

0 = - — - " 5 (x)
12 n?

n

(C.2-16)

Thus we obfain

2 1 2 2 2
(a®) =';n;2—)'< [4109 me+4log m“+8|og m, logx +4log x
2 | 1 1 4) =2 () 1-2]
=2 logx log (1) +20 (-1 +7) -2 o(- ) - 3

(C.2-17)

0 :
From the standord relation (20) of spence functions

2
T
©(y) + @ (-1=y) === +log lyl-log | T+yl
(C.2-18)

we can write
2
T

1
© (-‘+—:-<-) = - - o (- —]x-) + log (= 3) log (l-]—x)

_3__
Tr2 1
- __3___§9(-_x—)+logx109x-lOgX log (1-x)
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_ 2 1 1
Tt 2T - 0 (- =)+ 20 (X)+2 g(-— ) - log x log (1)
3 X X
(C.2-19)
in the last step we have used
2
Ylog® x = g (-x) + o(-1) + n?
X
2
inserting (C.2-19) into (C.2-17), we find
m., 2 1 2
Mo (97) =-—.2__ [4|og m+4|092mu+8|og m, log x +
2 m,° x €
2 2
+4lgx -4 log x log(1=x) + 4 o (~x) + 4 T/ 4 ]
2 2
= £ m T .
7, [log(xm, m )log(x Ty —log x log (1-x) + 7 +&(-'
M - m e
(C.2-20)
Substituting (C. 2-20) into (C.2-6),
2 ;
2 1 m m m T
= 8 € L - _ -+ -
Mo(q ) muz X[IOQ (x _IIT—)IOQ(XF) log x log (1 x)+4 o( X)J
(C.2-21)
Next integral to be evaluated is
5 ' -y + ]
R = (C.2-22)
p(a%) dy cszrberc
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where
2 2
o:(.u_pe) = m, (1=x) + m
2 2
b = - = -
2p, (% pe) m, X 2 m (C.2-23)
2 2
c = p = m
e e
2
here we have substituted For2pe P, T M, x, the parameter
2E
X = T it ranges from zero to one
n
From standard relction (C.2-1), we get
( ) -1 ml_L2 2 -x (2m/_L2><)2
Ry ) T 2m 2 (1-x) log m 2 +2m2(]—x)>< log4m 2 2
[y e u e M
-1 m 2 -x m
= —'2—]— log M + ) » g £ x
M, (1-x) me o (1-x) Me
(C.2-24)
The next integral
) I
Ry(a%y = ‘ dy Z
A CY " +by+c
a+b+c (b+2c+fb2,4qc)2.
= '2—"Iog - - log‘ 2
a ¢ 20/b“-4ac 4c(bta)+4c
m
- I L u b
m 2(1-x)[ m e °9 ]

il
1
——

T log x (C. 2-25)
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Also
2 ‘ Y2
Cie”) = 2 de 5
ay +by+ec
c
L I by+c
" 2a 2a S ay2+by+c
1 [ X m X m
. _ n 2L
= 1~ log + _ | X]
2m‘Jl (1-x) X m . 1-x log m_
1 X
= 2m 7 (1) L1r 7% teex ]
(C.2-26)
Similarly
! ’ (m,” -4 )y 4 )
2 “4p: P, )y +tdpep, v )-
D@™) = 4p.p [-1+ de K e M e Pu J
e' M 2
° ay“ +by + ¢
(C.2-27)
we can write the second tem as
I 2 ‘
A Y a °Y2+by+c ]
_ 2 b 2 2
whereA] = 4 PLP, - (m“ —4pep}1) -;_Zm“ x =m, (1-2 x) =
1 -x
2 2
= - - Py = - 0m 1-2
By (mu 4pe Z) - e ( X )

(1-x)
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we can neglect B ! because of smallness of m e2
Thus
D 2) 1 : 1-2x m2x 1 | m
L LI = e iy e
2m “x (1-x) 1-x 2(1—x) lme'
1 my
-7 log x]
m “(1-x) m g
]2 [_—x - X log x
"Zm'l X 1 -x (1-x) 2
(C.2-25)
1 | 2
A(qz) =" [20+c - a, + ¥ -5+\Vdy | ! 2 byte)
= 4 ! 2 3 2 772 Y 1995 7 (ay+byte,
o
(C.2-29)
where
3
r -7 2z+2T(2-2) {0 -
oy = CosmZ [ D ( Z)+2D(ZJ
Z =o Tz + 3)
a_ = -—b— F.(Z, 3+Z, 1-Z;2,Z+3 1)
2— a 3 2 ’ 14 ! 14 ‘
c3= 3F1 (]ISIZ; 3: 4/]>

here we have also substituted for

2 2 A 2 :
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Integration over y can be done by parts

Thus
1 | e 2
2 m 1
A (q )-—4 (2c]+ a, cz3)+_71 log - Zfdy.
. 0
3 2ay + by
ay“+by+ec
] (2 + Y -3 log 47 ! 2 !
= = Q a_-a -3 log T - + og X
4 1 2 3 et 4 [ 1 - x ]
(C.2-30)
where
o =% f-3w() -3 +6.5]
0, = % Gy (Z,3+Z,1-2,1-2;2, Z+3;1)
Since hypergeometric funcfion3 F2(Z, 3+Z,1-2,2,Z+ 3,1)
represents following series
Z(3+Z)( ~-2) . Z(Z+1)Y.(3+2) (4+2Z)(1-2)(2-Z)
21
(2) (Z+ 3) (2. 3)(Z2+3) (Z+4) )
+ Z(Z+1)(Z+2) (3+Z) @4 +Z)(5+2).0-2)(2-ZK3-Z) 1 +
' 3

2:3.4 (Z+3)Y(Z+4)(Z +5)
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We get '
o 13.4)0.2) 1 .
27 2.3 1! (2.3)(3.4) 2
1.2(3.4.5 (1.2.3 1
. s
(2. 3. 4) (3. 4. 5) 3!
- 3 ]
n=1 n(n+1)
= 1 | (C. 2-31)
whi le
0= aFy (1,3,2 4,3 1)

% T'n+1) T(n+3) T(n+2) T(4) ' (3) 1
n=o ') @) r((2) I'(4+n) T'(3+n) T'(n+1)

1
6

making use of standard relation

o) ] ] X - X

2 Jomx
k=1 (k+pk+q) (a-p) 1 - x
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we get
1 ' X2—x3
03 = —5- + d x T x
[
1
= 1 (C.2-32)
Thus
2o]+o - = =3w )+ 5 +65-%
2

= - 3w () + 6.5
Substituting it in expression (C.2-30) we obtain

2, Vor . ) y =X
Ala®y = [-3oMm+65]-4%-% —

(C.2-33)
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APPENDIX D

. . 4, .
Computation of fermion self mass of order e ~ involves evaluation of
some complicated integrals. Since these integrals are more or less of the
same form as the one which we have evaluated in case of K~decay; we

will proceed in the same way as in Appendix C.

Since the integrols ([1-13) are defined for symanzik region of momenta where

2

P < o, we will go over to this region by performing a wick rotation

P

o T ip 4 For this region we will use following Laplace representation

for the propagators.

-1 @ L2
- — o e
ra-z ) ]
-z, 4
A,z
Z 1 o
npp 4= [ -Z X2
-k = d ol o 24
(-k ) T0-Z,) ) 9% 7 e
- 2 2
] co “3 [(p-k)™-m” ]
= - d0< e
A ~ 2 j
¢ -l -m A




where
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2
z - Zoy =l
13 , 24
(-k%) " (K} 1
2 T 2 ;
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reduces to .
-Z -Z
] ‘ 13 A 24
2 do—d oL o o
y (-P%,Z) =170z ) TQO-Z ) 5 b
° 13 24" o
(& o+ X+ o) (pPem?)
e -
. ‘ro(-Pz,d ) (D-3)

| - d+OL+C( Q2 o ot
Y (-P% Z,0) =5d4Q2 (99 + 5%+ Q2 + 2(%+ L)P.Q

v (-P%, Z,%Q )

[o]

2
- (K, FEFE)Q ©+ oy po X Q7
Y (*2-ZM,Q,)= ‘d4Q s TR ‘*2[3 5 P-% %]

(&4 o+ X, (0‘3+°‘5)P-05<Q2
4 13 5 1Q, -
= (g e '0(]+0<3+O(

2
(oL + 0l yp_ XQ
[ 3 5)P 5 2]

o+ o+ o
. e ] 3 5

(D-5)
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(O(+ %) P-%Q 2 and integrating

Shifting ’rhe origin oFQ] by 3" 5 5
oLt
O(.I 3 A
'overQ],weﬁnd
(ot 4+ p
2 m 2 +cx5+)ot
-p 5, z,00y = “ -
Y ¢ ) FILTA 2 ° 177375
1 3 5 ¢
dﬁ
S5 2 olg (d3+05'F
(X + X e o2y +2 (oo - SERETE
'8"4@ s 2 4 5 o<]+oL3+o§) 2 (4 5 oF 3+05
2
, 2
) (0‘3+0L5)2r>2 [0 (0, rotgeth ) +2% o ] p 2
(%4+ L ¥ )2 € 0(1+0(3+0(5 [(ol+0('(o‘+c( C‘)+/0(+o< Oﬁ[d,* *ffsl
13 %5 2 4 1 3 5 5 7
2
o SRS X + A& ’ X (¢ A K
) B 2*4”"‘1*3*5)”0‘1*"‘3)"‘5[@ [y 4
— —
,Sd Q, e %) +egt g Ol ¥o%)(% 43 )+ (%% )
(D-6)
gl G+ v o oL T p
Shifting the origin of Q , b
ifting the origin o 2 y(olx.\x)(u+d~+d)+(ﬂ+d)°£
2 4 1 3 5 13 5

integrating over Q , e find
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2 4 213, Lo
v (=P5,Z) =7 (dd\]wd oh oY

Ta-Z45) F-2 L,
[( o;+zt)(o<+o<3+ osk) +(o<]+ o<3) ds]

]

2,2 o 4t 10ky g O 2,2
L%+ R4y (p2y 2) (of3+% )" P +[C<4( ]+3+5)+‘7 0(5] P
3 4°5 m A+ o+ Ok . .
o oy KX+ h Is A V(AR
e e b3S [(2+4)(] 3 5)+(]+d3) 5] :
(D.7)
Here we will first do 0;_ -integration by defining new variable
o (K +O+ X oL+
o= IR T %
(&4
s

by using standard relation

X

D -] =1 B/x L +v =1
X (x ~-u) e dx = B(l-u-v,u) v

B
F(=s-0, Tan; 7y

for our integral

g = [alogahscs) + of o 72 p2

(o(+cL+o<)2
1 3 5
A&+
oy (A rol i+l ) + (o +0) &

v = 3 5
A+ ot + oA
1 3 5

= -1
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the & integration yields

9 7T4B(1+224l]—224) e _213
Y (-P5Z) = — ‘ d & d L dda
o
I"(]—-Z]3)1"('|—224) A
-2
Lo+ &
L ]+3+%<] ;
| 124
' [¢4(o<l+a3+a5)+(o<]+o§)o<5]
oL+ + o
1 3 5
o« ( X 4k o & 2 2
(o2 2, s 94 5]
+ H ;
11 24 [(x (ol +d+ )+(o(+ol) o(] a o(+ 5) )
(et +0L) ?
2 2
of.+ K + o -(d3+02_+d5)(P + m )
173 5
’ e e
(D-8)
in order to integrate over rest of the { -parameters we introduce following
variables.
o = x&. o= & , & = x&_ , o= r(-¢& & -
r % 20 % £, x ( €] £2 63)
with P, (O(-l : og d4 O<5 ) 3
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Thus A '
' : -147
v (-p27) = TOB(1+ Zogy, 1-Z o4) if dr at g'zl3 ]];"
o T(-2 )T (1-Z ) R P T
[ -8 )+(¢& +& Yl-¢ -& -& 7o
0 -2 2
(6,0 -0 48, (-8 -8, -8 )] P
da ,ﬁ(1+224,2, A
0 [50-8) + (e, ve ) (-6 8 -8 J]0-8 )
2. 2 2 2
- P - 1-¢ -
AD +m ngl)_( £] %) p ]
- -z . -Z
e ] €3 A 13 24
(D-9)
integration over ) is done by mcking. use of
[40]
- - -b
e Stfb ]]F] (cl C;kf) dt = r(b) s F(c,b; c;k/S)
l s 1 >k
T +Z.,, 1-20,) 7
2 24 ! 24 Z |5

o}

y (P75 2) = L (1-Z,5) T(1-Z,,) ldﬁ] de dg 6, (0-g)

=72 04

,

e 080 + (g v e,00-¢ -6 ¢ ]
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2137 % 24

2 2 2
) (=800 =5)-0-8,-£) "¢ ]

i 2
- s P P +
T Q Z]3 22) i( m

_ 2 2
[£,0 8048 (-85, -¢,)] P

; [£50-£5) &, +&,)(1-517 ¢ 78 [P% 4 m 2)'

)

L 1-Z -
F(I+Z24 13 224 , 2

, 22
(1-8,) (-8 5) -(-&,-&3) p "]

(D-10)
Similarly 4
5 T B(2+Zgs, -Zoy4)

Y('P IZ): P(-Z -Z
‘ )

13 24) ’

-2, 0T (-Zy,

|
'del I8, dE5 ¢,

¢

-Z 3 -Z3

(1-¢,)
2-7

3 24
ey 0-g) # (5 ee, 06 -8,-00) ]

2

2 2
[e,0-8 )+ 8,088 -8 P

e ’-Z - 12;
F(2+224 1377 5

[63(1-€3)+( 51 +€2)(1-€]-52—€3)]

| )

| o 2
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2

Y, (- P7, Z) can also be written directly from Y_ (-P 2, Z ) by replacing

1

by Z +1

.Z 24

24

2 .
In order to evaluate Y 3 (= P7) we will use Feynmane re presentations for the

corresponding propagators

Thus from ({I-13) and (D-1) we find,

_ fe o)
Y. (-p% = : ] dot d o ddddoc-zl?’o(—zﬂr

3 ) = 1“(1-2135 I‘(]-224) 1 7% "% 7 5 5 .

[}
- 2 2
"((\é-%“)(P +m )
. e .
2
> Y3(-P ld)
(D-12)
where o ol 9
- + X+ o+

Y, (- P2 a)=—s st U7, (%R,

3 ! 2

2
Y(-P°,q, .9 (D-13)
, s S @+ Q ) w2 2 (P-Q) - Q

Y (—P IQ 10() = Xd Q e 3

3 2 1

A5 (P"Qz) 2
- oy [a ) - ]
] 5 ] O( +(X
= ;d Q] e 15,

(D-14)
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<>f5(P'Q2)
Shifting the origin oFQ] by O<]+ 0{5 and integrating over Q.‘
we hove )
2 2
nt % 0 O 20t 0t - 2500
‘ —— -+ K+l - —
2 —— XT3 4 2775705 " grp 2
Yq (=P %) (o(]+o§) e d'Q, e ) )
2
2 (%4 & _5_5__)9'@ |
o 3 5 TFks 2 (D-15)
cxz{-*’2 [ot(o<+o<)+o< d]2p2'3<'+0()_]
2 + L3757 T s 775
v, (-PPe) =-— e %7 % oA+ oy o+ X Lo
! 2 $ of
] (% + %) B9
KoL, T A A p 2
+ A
_ o(l o q - (3 ] 5) 1 5)
gd“Q "(0(2”‘3*-——5)[ ? |
L g +d\‘
2 e %% () * %+ G %
(D-16)
h fQ.b 0{3(0{] Og)+ 0(] 0(5 d
Shifting t igin n
irting the origin o 2)’ (dT-)()(O(J.O()_}_O’O( o]
2 3V 7 5 1 5
integrating over Q2 we obtain
o
2 - 74- —Z.|3 -7
(-P7) =702 T (- dd o dot d ot « A
3 A-Z 4302 (-2, e S 2
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] 1 5
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371 5 1 5 -(a3+o§)(r>+m)+&]—ﬁ;
o d ol ok ol 4t
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-114 @
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= doi-d
1“(]_213)1“(1-224) ! 1 2 3 5 1 1 5
2 2
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1 5
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2
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2 e o Ty
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here we will do Ol2 integration first by defining new varicble of = 0(2 3 &

3 (%) +%5)HE°
& F &g
integration over X is done by using standard relation
c«c :
v-1 M- B /x M+ V-]
x (x=-u) e dx = B(l-=--v,p) v
v
B
]F](l-u-v,1-”v; /u)
o < Rg M < Re {1-v), U >o0
for our integral x 2 2
: + o
[#g (g + %) vy o] P
8 = 2
o SR
(O(]+ 5)
T 013(0{]'5"0(5)4.0{] 0{5
o+
]
v o= ]
Ho= ]—224
4 @ -2
2 ~ -7 B(]+224,]"'224) ._Z]3
4 (-P7) o d o do<3do<5 o (MG
(1-2,) T(1-Z , ) )
-1~ Z
24
[ A&+ )+ of ds]
d]+ o(5
B2, 2

o<]+d5 )
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O = B = N, o= a0-8 gy
fod .
3 (% &y & 2
Thos ‘ _ 1+Z,,
Y3(-P2) _ gt BUFZy 1= Z) ﬂdél de, &, ]3(1-62)
FO-Z 3)T(1-Z,,)
2 2
2. 2 1-§ -8)) p
N G VR0 Sl | »
1 -§
)
: . ] 24
[52(1-€2)+£](1-£]-s2)
-213-224-1
X FO+Z,,,2; 3 V)
(D-18)
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integration over X is done by making use of

@

-5t b- -b
e ; t : F (g,c; kt)dt =T (b) s F(c,b;c;k/s)
[+
sl >(k |
» , -z
v ety T B(1+7_24,1-.7_24)1“(-213-7_24)( de, de, &, T3
3 . .
T(1-Z19 T (1-Z,,) 0

. F(H224 :-Zlglmzz; o).

1=z SEAE!

- 24 .
. [€2(1-52>+g](1-e]-52)j (1-€,)
2,31 Z24

(PPt Gegpa-E) - GmE- B P

| P
[&2(1-52)+€](1~€]-52)] . 2

= 2
(P2+m?)1-g )18 )-(1-6-8) " p

(D-20)
Similarly
=]
] ] -Z -7
2. = 13 o4
-P = J.d ¢ 4
Vs(PT) T T0-213) T(-zy,) } 4%¢ %de 2
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c V3T )
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where 2
S (& AYQ S+ 24P Q
v (_led)=_[d4Q o2 4772 4 2
5 2
2
_(0‘]"'0%)@ 1+ 2 % P.Q
.jd“Q] e 1
0(4P , 022p2
_,Jd Q2 0(2+ot4] e 2 4
2 2
oy P2 P
4 _(0<]+O%)[Q]—__+__] 3
.[d Q, e S e &to4
(D-22)
o/3 P oy P
Shiftingtheoriginof Q] by &—]—roTécnd Q2 by 0(2"'*”02
and integrating over Q ; and Q o we find
2,2
q2e? | g
+
ot K >+ o4 -2 2
Ys(-Pz,Z):fcb;--d:g?-TT4 e 20 T4 13 (x+ o) (¥4 o)
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e z
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Similarly

o 774},2 -2
( F’2 Z) = d & dO((._-P-(E'—-)(o(+ 0(7
Y - = .. cee v
! (- T(1-z *, + X
6 (1 213) ( 24) 1 4 Cov N2 4
-2
(o+ «)
1 3
o 2p2 2 p2
4 3 - -Z
) ( ) 213 T “o4
e(o(2+ot e o(]+o(3 [ 2
(D ~24)

integration overoll and 0?3 can be done by defining new variable

% =28, o = a(0-2) (& &)
3 MLVERE RO
o(x &)
w
Y _(-P2,7) = -t do, d ot -224(o<+ dSQ
S ’ T(1-2,5) T(-Zy,) 2 4 79 2 4
2 2
> 2
.__‘_;.(__E_._ - oi(P2+m )
+
e %G
\ o -7 '--)x[_F'2+m2)(]--&;)-("53
(dr E'le de X 13 .
s S
o 0

(D-25)
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infegration over A yields

4
-7 I'(-Z -Z -2
Y (-P%,z)= (213 dot dol - 24(ol+ o)
5 T (1-23) T (1-2,,) 2 4 2 2 4
2,2 2
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| )
-Z 2 2 Z13
{dg ¢ T [pZim )-8 -(1-0) %8 %)
0
(D-29)
Similarly
) Pa*riz.) DL -2
Ve l-P ’?) B F(-Z2,)T(-Zg4) [ 4% 4 2 (o + Dfi)'
2
ot 2
4 P 2, 2
Of.,r——-4(P +m)(d4
. e L 4 0(2-1-0\
| -7 3
1
Sdi £ [(P2+m2)(1-g)-(1-§)2p] 13

here we have used the standard relation
[29]
- MU x V-1
: d x e P% dx = u T (V)

[«]
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The above expression of Y 5 N be re-w;ritten as
4
2 -1 P2y - Z o4 2
(e - (Go, 5, 8750 0
5 T(1-Z153) T (1-Zp4) 2 4 % 2 4
2 2 2 2
P P
[ q‘{ OA(( +m )
- -
e & %4

l

eZ Z A z]
Sdg g 8oy B (1+r}n§g) (m )
(o]

integration over ¢ can be done by making use of the relation

1
v

a1 M- -
S « (1 -x) (1-Lx) dx =B\ u) F (9,x5 1+

0

R x>0, R ¥>0 1Pl < 1

2 9 2

forour integral 8= = P /m 2 since we are in non physical region. P~ < m

thus the cbove condition | B8 1 < 1 is satisfied

Thus we get

-2 24

d o o
(oo en, o7

0

4

Y5 ("le Z) =
T(1-z ) T0-Z o)
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Similarly
2 P u'41"(-2 ) & -Z -
Y6(-P , 0) = 13 [ddzdo( ol 24(0f+ot
T(1-Z,5) T (1-Z o4 ) 4 2 2 4
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2 4 o
© ( oz
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(D-30)
Follawing the same steps as the ane for 0(3 and O% we perfarm the 02( and oé

integrations which give

4

2 2, .
-P% Z) =-T IN-Z F(-Z, . ,1-Z_ . 2 - 2
Y5( ( ]3)1“(1+z]3) ( 13 ]3,2, P /)
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and + 7

2 _ 2 4 ' 2
Yo (=P7 Z) = PPml T(Zy) (M%) T(-Z ,,

| 2
1_'(]+Z..|3)1_‘(2+2_24) F(-Z]3,1‘Z]3;2;-P /m2) F(-224,]-224;
2

3, -P2/m2)
- (D-32)

Y 8 (- 'p 2, Z) can be written directly from Y yr (=P 2,‘ Z ) by replacing

3
Z.24 by Z + 1

Thus

BBz, -1-2

i
)
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24) 24)‘

T(-Z 15) T (-1-2Z,,)

2
"P IZ)
Y8(.
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- 24
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1
Zigt 4t

r 2.2
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2
2[e,0-8)+8,0-8 -2, - ¢, 17
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V4 3 I 4 r
( 24 1 24 [£,01-8) (e r g )0O-8y-6,-¢ )]

| N\

[0 em?y(-g)-8 )-0-g, - 102

(D-33)

2

S'mllarly Y 2 , Z) can be written from Y (=P %, Z) by replacing

10(

z by Z + 1 and 224 by Z + 1, we obtain

13 13 24

4

"P ’Z = 2 - -] e —
Y]O( ) T B(2+ Zgy, = Z,,) D Z ., 224)
T(-Z13) T (-Z 94 )

|
VA -1 -Z -1
. - 13 13
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2
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The functions Yo(-Pz, Z), Y, (- 2, Z) Y, -r2, 7, Y5(nP2,z),
Yé (- Pzr Z), Y8 (- P2, Z), Y]Ok— P2, Z ) have been evaluated for
space-like momenta

;2= - p2a_ Poz- I_;_)_|2

but after evaluation we find that these functions can be defined io time-like
momenta as well thus these functions can be usad to express our physical

amplitudes by replacing

where
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FIGURE CAPTIONS

Feynmon diagroms which are origin of infinities in

conventional quantum electrodynamics.

Electron-Photon-Graviton vertex in GMQE.,
Graphical representation of Graviton Superpropagator

Gravity modified self energy part in lowest order in e

Diagrams contributing to v —order radiative corrections to

[ -decay in the presence of gravity field

Contributions to « - order corrections from mass renormalizoti on
counter terms.

Feynman diagrams for radiative muen decay.

Tadpole contributions.

The typical Z-contour which has been under consideration.
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