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ABSTRACT: 

The radiative corrections to -decay in the presence of 

a gravitational field have been studied by using the non-polynomial 

lagrangian techniques. The modified energy spectrum for the 

emerging electrons is calculated to second order in the electronic 

charge e . 	It is verified that in the limit of gravitional coupling 

k 	o it reduces to the standard form obtained by Berman, Kinoshita 

and Si rlin, and later by a number of authors. (1) 

We have also studied the infinity regularisation, in 

higher order in e by computing the fermion self mass in fourth order 

in e. It is found that the regularization does proceed in the expected 

manner. That is, to say, the infinite terms ( a log co 
2  

) and 

1 	2 
ry

2 
log-,  are regularised by gravity, respectively, to( a log -k—m  

, 	2 	1 
and 1, 	log — m 
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GENERAL INTRODUCTION 

As a preliminary to the discussion of the µ-decay problem, 

we shall first give a brief survey of the theory of weak interactions. 

In the field of particle physics there are four distinct types of 

interactions which are involved in the processes which occur in nature. 

These are strong, gravitational, electromagnetic and weak interactions. 

The distinction is justified on account of the relative strengths, types 

of particles involved as well as by the essential differences in the types 

of symmetries involved. 

Strong interactions involve mesons and baryons. The range 

is extremely small in comparison to other interactions, it is of the order 

of 10 
14 

 cm. The strength is measured by the dimensionless coupling 

constant g which is of the order of 15. Such strong interactions cannot 

be treated as a perturbation. The construction of a theory of strong 

interaction has been one of the basic problems of particle physics. Attempts 

have been made to study it through more general principles of causality 

and unitarity. However, we will not be interested here in this type of 

interaction. 

The gravitational interaction is of universal nature and has an 

-2 
extremely small coupling constant of the order of Go  = 10 	m  e 
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where GNI is the newi-orian gravitational constant. In the past 

this interaction was neglected on the assumption that it would have 

negligible effect on observable physical phenomena, but recently its 

importance has been realised after the discovery of its peculiar nature 

of small distances especially at the Schwarzchi Id radius (r) of the 

particle which essentially provide a natural inbuilt cutoff, in the theory, 

at frequencies of the order of c/r. 

The electromagnetic interaction is the interaction of charged 

particles with photons and through photon exchange, with one another. 

Its strength is characterized by the magnitude of the electric charge e. 

2 
Thus the dimension less coupling constant a = 1 	is about 

4 g 	137 
1000 times smaller than the strong coupling constant. The smallness of the 

coupling constant c< allows electromagnetic interactions to be considered 

as a small perturbation, and this mckes quantum electrodynamics (i.e. the 

theory of interactions among electric charged particles and photons) 

amenable to treatment by a modified (renormalized) perturbation theory. 

This mathematical tool enables results to be worked out to more decimal 

places than the accuracy of the present day experiments allows us to check. 
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The weak interaction is responsible for the decay of a 

large number of elementary particles. It has an extremely short range, 

much shorter than that of strong interactions. Its strength is measured 

-5 -2  
by the coupling constant G 	10 	m n  where m n  is the nucleon 

mass and G is usually called the fermi constant. This frequently 

enables weak interactions to be treated as a small perturbation, so that 

the slow processes involving it can be treated within the frame work of 

first order perturbation theory in the coupling constant G. 

There are two distinct theories which are used to describe the 

structure of the weak interactions - the current -current theory and the 

intermediate vector boson theory. 

In the current-current theory one assumes that the weak 

interaction is local and can be represented by the interaction of two 

weak currents acting at one point of space time. Thus the lagrangian has the 

form 5 
L = E GiT , T int 

i =1  72 

1- 

in which the weak current 	is the sum of leptonic and weak hadronic 

currents, 

J = 	J wh 
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The leptc;q,ic current IL  consists of electronic gee 	e F. xy„ ) 

and muonic (I = I  IT"u 
 ) currents and the weak hadronic current is 

made up of nucleonic (In  = '1'n  r  vp  ) and strange (J = ;T; F.  T ) s  

currents. 

is the hermitian conjugate of the weak current 

▪ 	h 

▪ ( 	r. 	+ 	r. T. ) + (T 	T 	r. 	) e 	vu p 	n 	p 1 A 

here ri 	= 1 , 2, 3, 4, 5) are respectively the scalar,vector, anti symmetric 

tensor, axial vector and pseudoscalar Dirac operators; Gi are the respective 

coupling constants, which may be complex. 

It is assumed that all the weak processes can be described in terms 

of this weak current. Thus the decay of muon 	e + ue  + U 	is 

considered to be the result of the interaction of electronic and muonic currents, 

L  int 

5 	- _ 
= r Gi(q_fe  
i=1 /2i. 

F. Wu  ) 
e (Wu r '  ,

T, ) + h. c. 

Similarly the decay of a neutron is supposed to occur as a result of the 

interaction of nucleonic and electronic currents 

L = 	G (F( 	 ( e  
int 	 ; 	p 

r ivy) + h. c. 



This form of interaction is not the most general four fermion 

interaction. For example if one requires invariance under the proper 

orthochronous lorenlz group, then the interaction 

5 
Lint 	

w 
h.c. )1  Gi 	(WI Pi 	2 , 	-3 i 5  4  )  

/2 L 

is of equal standing with that of 

Lint 
5 Gi 

72 

( 	fi \if 2  ) 	ri 4 ) + h. c, 

Then the most general local four fermion interaction describing any weak process, 

say It-decay, is given by 

5 
1 	L 	C\T! 	 [Tu1-7 (G. + 	y ) IT" 

nt e 	ue 
7 	

P- . 	 5 
2 

Thus in general there are ten coupling parameters G., G. which are used 

to describe the process. 

The above form of expression, where paired particles have different 

charge is called "charge exchange order". On the other hand when paired 

particles have the same charge, as given by 
5 - 

Lint = 	i [rj- e 	\Tip I E WuiT(Ci Ci ^/ 5 ) 'Po e  3  
2 

it ;s called the charge retention order. 
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In intermediate vector boson theory (NB) it is assumed that a 

weak interaction is actually due to an exchange of massive intermediate 

quanta, the W-bosons, which, at low energy resembles a contact interaction 

of two currents. When the weak current is a lorentz vector, these bosons 

must be vector particles, and since the current is charged they must be charged 

too. 

Thus in this theory the weak interaction is described as an interaction 

of the weak current with the charged vector boson of the form 

eff 

L int = Geff 	(J 	(W)a  + 

/2 

where W is the charged vector boson field . 

This conception of weak interaction seems to be much more appealing 

because the current-current products arise naturally. 

Since the propagator for vector Boson of mass M
w 

is given by 

gab 	q 6  

Mt„,, 

2 	2 
q -M w  

The matrix element for 4-decay through w-exchange is of the form 

M= 
2 , 

G w we r 	due gC6  (3 	qs \if r 
- q  Ct 	O U g  

2 	2 	. 
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where q is the four momentum transferred by boson, when q
2 
 << M2, 

this reduces to the expression for the local four fermion interaction 

M 	= 	E Ga 	( cf/ 11  WI) 	( Wl.)1 1"  a '11 /2 ) 

provided 
Geff 

2 	72 

The above relation between the coupling constants of the two theories 

ensures that in the limit q 	o, the predictions of 1V13 and current-current 

theory are completely identical. 

Now we will see how far these models have been successful in understanding 

the actual structure of weak interaction, and if a deep understanding has not yet 

been reached then the interest will be to find what has been the stumbling block 

which has come in the way, making the things difficult. 

For this purpose we will concentrate on it -decay for most of the time, 

because of the fact that it is the only weak decay of a purely leptonic nature where 

strong interactions do not come into play. Thus it allows the study of the structure 

of a weak interaction in its purest form, and also it is here where the closest 

contact with the experiment has been made. 
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Since the particles involved also carry charge we have to take 

into account the perturbation brought about by the virtual electromagnetic 

effects. 

Usually the experimental study of u -decay involves measurement 

of the parameters P, 77, 6 and 	where parameters p and 77 determine 

the shape of the spectrum and parameters 8  and 	characterize the electron 

asymmetry in the polarized muon decay.For both the models the results obtained 

are perfectly consistent to zero order in a . However, the present level of 

experimental accuracy needs higher order correction for an exact comparison 

to be made. These corrections may hopefully lead to an insight into the 

actual form of weak interactions, as the radiative corrections of order C` - in 

the two models differ significantly from each other. 

In the current-current theory, the contributions of order rX consists 

of the corrections to the electron and muon wave functions (when a virtual 

photon emitted by the charged particle at one space-time point is absorbed 

by the same particle at another space time point) and to the electron-muon 

vertex (when a virtual photon emitted by one particle is absorbed by the other 

particle. Each of these contributions when computed in the conventional 

quantum electrodynamic is infinite for all ten couplings. But when we sum over 

these contributions some cancellation occurs among them and it is found that 

in the charge retention order the correction of order 0( is infinite for vector 

and axial vector couplings, while for any other couplings it is infinite. 
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When we study semi-leptonic i3-decays we find that the correction of 

order (X is infinite f-sr all couplings. I. is usually assumed that after taking 

into account virtual strong interaction effects one will be able to get a finite 

result, at least for vector and axial vector couplings, if one has any belief in 

assumed universal nature of weak interactions, which says that the type and 

strength of weak interactions involved in all the weak processes are the same. 

The strong interaction effects have been taken into account by a number of 

authors for only vector and axial vector couplings. Two apprcaches have been 

considered in detail. In one approach the hadrons are assumed to be composed 

of quark triplets. This approach has been adopted by l'orken and Abers (2) 

0.01. In the other approach hadrons are considered to be built of three basic 

particles which are quark like but possess integer charge. This approach 

considered by Cabibbo, Maiani and Preparata 
(2) 

It is essentially based on 

the' SUB model' originally proposed by Han and Nambu. This model is in 

fact parallel to quark model. 

The former approach predicts that there is only partial cancellation 

of infinities thus infinities are there in o -radiative corrections to these 

decays. The later approach seems to be in favour of the concept of universality in 

weak interactions. Here one finds complete cancellation of infinities just like 

in pure leptonic decays. 
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On the other hard.when we come to the intermediate vector 

boson theory (3) of weak interactions we have to consider some additional 

contributions which arise from the radiative corrections to the boson propagator, 

boson-muon and boson-electron vertices , in addition to those coming from 

the electron and muon wavefunctions and electron-muon vertex. Here we 

find that the at' -order correction to both electron and muon decay is infinite. 

However, the surprising feature is that through this model one has 

been able to show that, independently of the details of cmYstrong interactions, 

the divergences involved in the radiative corrections to the vector matrix 

element in II-decay and in a-decay (and, in any decay involving two members 

of the same isomultiplet) are identical 
(4)

. This universal divergence is of 

logarithmic type and multiplies the uncorrected matrix element. 

Thus for the experimental parameter, which are defined to be finite 

we are predicting it to be infinite through electromagnetic interaction effects. 

This shows the failure of ordinary quantum electrodynamic which has also 

affected the progress made towards the search of the form of weak interaction. 

Until now it has not been so serious because of the fact that the 

infinities, which arose while studying the pure electromagnetic phenomena, could 

be simply removed by mass and charge renormalization, and we got well defined 

and finite results for observable effects like the Lamb shift,the anomalous 



- 17 - 

magnetic moment of the electron, hyperfine structure corrections etc. and 

further these effects calculated this way agreed very well with the experiments. 

This established the fact that low order perturbation theory calculations always 

lead to well defined and finite results for observable effects , But the hidden 

inconsistency of the conventional theory of quantum electrodynamics becomes 

apparent in the phenomenon involving weak interactions. 

The appearance of the universal type of singularity suggests that some 

physics of some universal nature is missing. It has been pointed out 
(5) 

recently 

that the cause of getting such non physical solutions is the lack of general 

covariance in our theory. The true covariant theory is the one which describes the 

physics in a manner which is independent of the system of space-time co-ordinates 

chosen. This demands that the theory should be covariant with respect to general 

co-ordiante transformations. The convential theory which we have been using till 

now was based on the principle of special relativity and was defined only for 

Lorentz frames. The equations were invariant under Lorentz transformations. The 

invariance of the theory under a more general group of transformations demands the 

introduction of the gravitional field in order to provide the additional parameters 

needed on which these transformations could be realized. Thus one has been forced 

to include gravity which had been neglected until now on the basis of the small 

size of the coupling constant. This neglect has distorted the space-time which 

gave rise to the infinities in our solutions. 

Since Eirstein gravity is intrinsically non polynomial. The typical 
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characteristic of the non polynomial theory is the logarithmic dependence (7) 

of the Green's function on the minor coupling constant GN that is non-

polynomial theory gives rise to term proportional to (GN  p2)n log (GN  p2). 

Thus the first place where gravity is going to come in is through the logarithm 

of the newto;lan constant and then through the effects of order a GN . It 

was this logarithmic term which behaved as log a when gravity was neglected 

by setting GN = o 

The role of gravity as a regulator or suppressor of infinity at high 

frequencies can be visualised more clearly from the simple observation that 

in the presence of gravity an electron has a Schwarzchild singularity at 

40 	(7) 
r = 2 me 	. This provides a natural cutoff for the wave lengths of 

the virtual photons which the electron can emit. 

By actual computations to second order in electromagnetic coupling 

and summing over to all orders in gravitational coupling it has been shown 
(8 

by C.J. Isham, A. Salam and J. Strathdee that the infinities occurring 

in conventional quantum electrodynamic are suppressed as expected. In 

these computations they were mainly interested in the terms which become 

infinite on the neglect of gravity. 

But one would like to know the nature of finite terms as well, to 

check if the scheme is not going to upset the results which have been well 
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established experimentally. The second point of interest would 'De to find 

out if this regularisation process is carried over to higher orders in e also. 

We shall investigate here the first problem through the computations of 

second order corrections to 12-decay and the second problem by calculating 

the electron self mass in fourth order in e. 

The actual scheme is as follows: 

In the first chapter we review the essentials of gravity modified 

quantum electrodynamic particularly the non-polynomial technique, this being 

the mathematical tool required for the dynamical calculations. 

In the second chapter we study the transition probability of a-decay. 

Here we calculate the electromagnetic corrections toll-decay in second order 

in e  in  gravity modified quantum electrodynamics by making use of techniques 

developed in chapter one. 

In the third chapter we compute the leading part of the mass correction 

term in fourth order in e in order to see how the regularization does proceed 

in higher orders. 

Finally there are few Appendices related to the details of the 

computation arising in the text. 
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CHAPTER 1 

GRAVITY-MODIFIED Q UkNTUM ELECTRODYNAMICS 

Section 1: Introduction 

In order to describe the processes taking place in nature, it 

is convenient to use a system or frame of reference: that is a system of 

co-ordinates against which we can locate the position of a particle in 

space and time. 

The Physics of elementary particle is based on the principle 

of relativity. I t says that all the laws of Physics are identical in all 

frames of reference. That is the form of an equation describing a natural 

law is independent of its frame of reference. This is usually referred as the 

principle of co-variance. So if an equation describing a physical process 

assumes a certain form in one frame, and if, upon transformation into a 

new reference frame with new variables the equation assumes the same 

form as the previous one, then that equation and its transformation is 

said to be co-variant. 

In the past, because of the lack of mathematical techniques, 

we have been formulating our theories in a special frame of reference 

known as the inertial frame. In this frame a freely moving particle proceeds 

with constant velocity, that is, it is not acted upon by any external forces. 
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Our theories were based on the principle of special theory of relati\• ity 

It states that the same laws of Physics will hold in all frames of references 

moving uniformly with respect to inertial frame. We define a set of 

transformations known as Lorentz transformation. Through these 

transformations we can go from one set of co-ordinates or frame to another 

in such a way that the form of the equations remains invariant. 

We notice that a theory co-variant under lorentz Transformations 

is not a true covariant theory. By making a distinct:on between inertial and 

non-inertial frame, we are restricting the description of Physics to o 

particular system of co-ordinates. 

From the present knowledge of mathematical techniques one has been 

able to formulate the general co-variant theory based on the principle of general 

relativity. Further it was found that it was the lack of covariance in the 

formulation of the theory of electromagnetic interactions which gave rise to 

meaningless divergencies in our results. 

The Lorentz invariant thew:),  of conventional quantum electrodynamics 

can be made covariant by demanding the action integral L(x) d 4x to be invariant 

under general co-ordinate transformation. This requires that every lagrangian must 

contain a factor I -det g 	I -2 
 where g

ALI) 
 (x) is the fundamental Einstien 

gravitational field. 

This implies that the gravitational field itself is to be regarded as 

a dynamical variable and 
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must be represented by a suitable term in the action integral. 

For this reason this co-variant theory is called as "Gravity 

Modified Quantum Electrohynamics"(GMQE). 

Section 2: Theory of GMQE  

(2.a) 	Form of Lagrangian: 

The lagrangian for gravity modified quantum electrodynamics 

is given by 

 

L w  + 
9 ra IY 1  matter 

 

where 

tota I 

/2 a 1)6 
L L 

gravi ty 
det L 

(Buac Bucb -Bua c Bi2cb) 
(1-2) 

the vierbein connection Bab  is given by 

gab - 2  L L 
ub 	Lb 	L ua  ) -2 (La  L L 	) 

L C 
( 	L uc  - 3

u 
)c 	L

a
? 

X (I-3) 

a  
L 	is the basic vierbein field. It is a non-singular 4 x 4 pseudosymmetric 

o. 
matrix. This implies det L i 0 and L 	= L 	. It can be expressed 
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in terms of the metric tensor field by means of the formula 

Aka 
g 	= L Lb  L 	g 

ab 
(1-4) 

where E
b 	= diag (+ 1; 	1, + 1, +1 ,) is the Kronecker 

symbol . P2 is regarded as the coupling constant of the theory and is given 
2 	 -44 2 

by k = G N / 8 7 where G N  is the newtonian constant ti 10 /me  

-1 
Thus k 	is of the order of 10

1 8 
Bev. 

The matter part of the lagrangian is given by 

S.- matter ( - det L )- 2 w e '1  (111y 	- 'I'Y 
2 	- ; u 	u a 

1.9 ) 

-2w - 1 m o  'If cf 	+ ( -det L) 	e 	e o ya A 

- (-det L) 1 Oa qua L xb L Ab  F F 
74 	 ux uX - (1-5) 

where 
. 	ab 

....0  Ilf 	= 	‘If - 1 2j: Bkt gab  II' + we ; A 	/.2  

F1 	 A -4 1J = 	p., Ali 	- 	1.1 	p. 

P- a 

The parameter we  denotes the weight of the electron field. The 

weight w e  can be changed at will by making field transformations and 

(det 

det L = 	det L 
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(9) 
if Borcher's theorem holds for these theories it should not appear in 

the physical on-shell S-matrix. Here we will choose the weight 

w e  = o. In the above lagrangian we have considered the Vierbein 

gravity Lbt a 
(x) as the fundamental field instead of Einstien metric 

tensor g P o (x) since we are working with spin 2  particles. 

In the limit of an asymptotically flat space-time the field 1..,;la  

can be expressed in general into the sum of its Minkowskian expectation 

value a1 a  = diag (1, -1, -1, -1) and any functional of the physical 

interpolating field. Among different possible parametrizations two of 

them are quite well known. The first one, the rather conventional, is 

the' rational' parameterization. 

L
/la 

(x) 	= 	
a 

+ 
IZ
/2 	( x ) 	(1_8a) 

/la 
where cp ( x ) is the physical graviton field which possesses in and out 

states. 

The second one is an exponential parameterization 

L 11 a  ( x ) = 	[ exp ( k/2  (() ) 	
a 

 

(1-8b) 

a 	a 1.1- 
where 	(x) = 	(x) are the basic interpolating fields which at + 

coincide with the _ out going and incoming graviton. 
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Here we will be assuming gravitons to be massless. From these 

definations, now we will deduce the Feynman rules which we will be using 

in our dynamical calculations. 

2.b. 	Feynman Rules
(8) 
: 

(1) 	Approximating the gravitational lagrangian to irs free part we find 

S. 
gray 	4  [ 

P 	 pAL 
6 pp  1,4 
	 ,cc _ 2- ' 151 CP 	6A  cp 

PP 	 kt  
- co"  IN) ± 2 	

PP 
600 _I 

(1-9) 

/..t a 	a 
After imposing gauge conditions which give L 	= L 	and 

further restricting L 	to a Feynman like gauge, we find following form for 

the bare propagator. 

A. 	.013 Al) 	P 
T (rP (x) 	(0) 	= 	(71 	+ r n P  U 

77 - n 	)D (x) 

(1 -1 0) 

2 where D (x) denotes the zero mass causal propogotor ( - 4 	x 2 \ -1 
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(2) Approximating y  by its free part, we find 

J. 	1  -A. 	(aµ A1.) 	
.2) - 	, 2 
u 	)  

imposing the Feynman guage condition we find for the photon 

bare propagator 

< T 	(x) Au  (o) > 	- nv  D (x) 	 (1-12) 

(3) Similarly, the free part of electron lagrangian is given by 

e 	 - m ) 
	

(1-13) 

This gives rise to the following form for the bare electron propcga for 

S ;x) = < T 	(0) > = (i 	YILL 	- m ) L ( x, m ) 

- (1-14) 

where 	denotes the causal function for a particle of mass m. 

2.0 	Interaction Lagrangian and Perturbation expansion : 

The difference (total - ̀ 'free 
) represents the interaction part 

of the lagrangian. It is given by 

M. a 
L 

    

‘7.!* 	ya  \P A /,-4. (1-15) int eo 	det L 
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a 14 
where 	L 	is given by (1-8) 

In this lagrangian we have neglected the terms corresponding to 

the graviton interaction of photon and electrons and graviton-graviton 

self interaction. We will use it for the construction of Perturbation 

series. It is a non polynomial lagrangian with respect to the gravitational 

field. The factor det L is the main source of non polynomiality. We 

will call k the minor coupling and e the major coupling constant. 

By setting k = o this lagrangian reduces to the conventional 

Dirac lagrangian 

L int 	e o 	70  WA a 
	

(1-16) 

a polynomial function of field variables. 

In perturbation theory the S-matrix can be written as 

(i) N 

	

4 	4 
S = 	r 	 d xi 	d x N  T [L int  (x, ) 

N = 0 N' 

L 	( x ) ] int N 

where formally Lint  will be a power series of the form 

(r-17) 

Lint = eo Ya( 	(n) 	" G) n 	n  n = o 

(1-18) 
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From (1-17) we notice that vie can write the perturbation expansion 

to any given order N in the major coupling constant e and to any desired 

order in the minor coupling constant A, 

But at high energies this approach leads to two serious problems. 

(a) 
	

Infinite number of infinities: 

In field theory usually one divides the polynomial theories into 

three classes - super renormalizable, renormalizable and non 

renormalizable. This distinction can be seen simply, if we consider 

the behaviour of each field for high energies. 

(i) 
	

The propagator of a spin zero field <40(x) co (0) > = A (x ) 

behaves at x = o like x -2  . 

If we associate x with dimension M-1 we may associate with each 

field 4.1 a behaviour at infinity of the type M. 

3 
(i i) 	For the spin 2  fields we may associate the dimensions M /2 

since < \It ;if > 	1 

	M 3 

(iii) 	For spin 1 field Up  a length M2  since < U C>,,. 	-M4  
x.4 

In terms of these growths at infinity of the relevant fields the 

lagrangian will behave as MD
. We call D the Dyson index. • 
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If the Dyson index D is less than two the theory is completely 

finite. Such a theory is called to be super-renomnalizable. 

When D is less than or equal to four the theory has only a few distinct types 

of infinities. It is called renormalizable in the sense that these theories 

can be made finite by the addition of some finite number of suitable 

counterterms in the initial lagrangian. As a typical example we can take 

the conventional Dirac lagrangian which behaves like M
4

. It has four 

infinite graphs (shown in Fig.1), but in general one can get finite 

contribution after mass and charge renormalizations. 

Theories possessing an index D higher than four are called the 

non-renormalizable. These theories have an unlimited number of distinct 

types of infinities. 

In the non polynomial interactions, of the form given by expression 

(.1-18), all contributions of order kn  with n >1 give rise to non-renormalizable 

infinities. To remove these in the conventional manner, one would need more 

and more counterterms in each order. This will reduce the predictive power 

of the theory. 

(b) 	Unacceptable high energy behaviour. 

In these non- polynomial 	theories the finite parts of the amplitudes 

usually show unacceptable high energy behaviour as the order increase and ore 

not polynorniolly bounded. In any given order in major coupling constants these 

omplitudes. behave like exp ( 1 p 1 2 )  , 13  being a constant. 
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However, the first problem is solved if one avoids the perturbation 

expansion in the gravitational coupling. 

This was first pointed out by Okubo (1Q)  for general non polynomial 

interactions of scalar field of the exponential form given by 

L  int = 9 e f q)  

where g and f are called the major and minor coupling constants, This 

idea was then overlooked for some time and then developed by Efimov, Fradkin, 

(Jo) 
Volkov, Solam and his collaborators and others 

For the second problem orehopes that this unacceptable asymptotic 

behaviour for non polynomial lagrangians may be removed by summing in the 

major coupling constant G. This hope is from the fact that in conventional 

polynomial lagrangian theories, the individual terms behave like si3  (P-constant) 

while the sum of the terms exhibits Regge behaviour s
0 (t) 

for the large values 

of energy, completely unexpected and different result. 

Section 3: 

Construction of momentum-space Amplitudes for non-polynomial 

Gravity modified electromagnetic Interactions : 

Following the techniques of mixed non-polynomial theories we will 

consider the perturbation only in electromagnetic coupling (the major coupling) 
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and sum over to all orders of the gravitational coupling k (the minor coupling). 

According to the interaction lagrangian (1-18), at each point of space-time 

there will be an emission or absorption of an electron, photon and an infinite 

number of gravitons. This is shown in Fig. 2. For example the two point self 

energy part for fermion will be represented by the diagram shown in F19.3. The 

corresponding matrix element will be given by 

v b 	- kr 	i  

	

i Z (x) = e
2 
 < T Al, (x) L 

a 
 kx/

\ 	
y kli (x) A (0) L (o) NT, ( \o) yb >  

det L (0\ 

	

det L (r.) 	a  

2 < 	
p.a., sib 

= e 	T Ya  Ali  (x) '11.  (x) 	 v(o) A,,, (o) yb  > 	Ci 	(x) 

(1-19) 

This amplitude differs from that of conventional quantum 
, -t) b 

electrodynamics by the presence of function 	 -3 	(x). This 

p 1-La :11  b 
two point function "5 	(x) represents the exchange of a set of infinitely 

many gravi tons. It is called the super-propagator. This superprorngator is the 

basic ingredient of gravity modified quantum electrodynamics. It is involved 

in every diagram of the order (e
2
) 
n 

where n = 1, 2, .. CO 

It is defined by 
, lJb 

(X) = < L 
b

(o) > 
det L (o) 

(1-20) 

where L
P a 

i: given by (1 - 8 ) 
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Since it is the momentum - space amplitudes, that is he 

Fourier transform of the amplitudes, which are the quantities of physical 

(8) 
interest we will concentrate on the method developed by Salem and his 

collaborators which works directly in p-space. They make use of an 

analytic continuation method which involves the Gelfand and Shi Joy's 

technique for taking the Fourier transform of the generalized functions 

1 2 n 
( - ix 	) 	for the appropriate region of x and n. The resulting 

amplitudes possess the correct analytic structure associated with the 

requirement of unitarity ; this has been shown rigorously by Lehmann and 

	

(12) 	 (13) 
Pohlmeyer and Taylor. This method was first used by Volkov for the 

non-polynomial lagrangians for the scalar fields in an exponential representation. 

This method involves following four main steps. 

	

(1) 	Euclidicity Postulate 	(2) Borel Summation 

	

(3) 	Sommerfeld-Watson Transformation (4) Fourier Transformation 

In general this Borel Summation is not favoured because this brings in the 

ambiguities as well . One does not need this summation for exponential para- 

meterization. But we will use it since we ore going to work in rational 

ft 	

pare- 

/1 
meterization o" . 	i . e. 	

a 	1/0 
= 	+ 	/2  go 

In order to illustrate the technique more transparently we will pretend 

for the moment that our interaction involves scalar gravity. So vie yin! 

replace the true tensor gravity field (pm° by a scalar field . This 

will imply the replacement of the factor det ( jija 	k (-,1 a  ) by (1 + k ). 
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In this simplified theory the electromagnetic interaction will have the 

following form 

f_ int = etir 	A 
1 

1+ 	(x) 
(1-21) 

Thus the superpropagator will be defined as 

CJ (x) = 	Ko 1 T 	1 	 1 	1 o> 

1 + 12 f(x) 	1 + k tp (0) 

(1-22) 

Since there are n ! distinct ways of difining this product we can 

write it as 

cc, 
(x) = 

m,n = o 
( 

k)m n mn 
6 	n 	1 TY(x) cp(o) I o> 

(1-23) 

For massless gravitons 

1 
<01  T 	(x) (.19(0)1 = 	D (x) = 	174-7:72- 

Thus we obtain 

(x) 	E 	n 	( 2) n 	D (x)  n 	(1-24o) 
n=o 

This is a divergent series. 

The corresponding expression in exponential parameterization will be 

(x) = E 	(  k
2 
 )
"  D (x) n 

n=o ni 
• This is on entire function in ( k2 

 D) . 

These expressions correspond to a sum of graphs shown in Fig. 2. 

(1-24 b)  
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The factor ED (x)) n  = n  possesses a singualarity 

at x = o and we notice that as n increases this singualarity becomes worse 

and worse. 

Here we are mainly interested in defining the fourier transform 

( 13  2 ) (D) eiPx d 4 x 

  

We notice it is undefined for D 	cz, 

(a) Euclidicity Postulate 

Technically one proceeds by making use of the "Euclidicity 

postulate", according to which all x-space co-ordinates and all 

external momenta are assumed to lie in the Euclidean region. This 

region can be achieved by making a Wick rotation x 0 	i x 

Then Fourier transforms are carried out by means of Euclidean 

integrations. For this region of momenta usually called the Syrnanzik 

region the amplitudes are real. After the computation of these 

amplitudes one goes to the physical region of the external momenta 

via analytic continuation. 

(b) Bo rel Summation: 

To give meaning to this divergent series (I-24c wefollow 

Efimov and sum it by making use of the Euler-Borel formula 

n = I dp p 	 (1-25) 
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Substituting it in e:pression ( 1_24a) we obtain 

-ed (x) = E 
	

df e--"P (k2r D (x) )n  
n = 0  

Now we invert the integration and summation and write it as 

(x) 012.P D (x) )n = )( dr 	 (1-26) 

(c) 	Sommerfeld - Watson transformation: 

(U) 
In order to be able to use Gelfand- Shilov formula for taking 

Fourier transfor we will first perform a Sommerfeld-Watson transformation 

to convert the sum into an integral. Thus we have 

(x) = 2 
Co  

_ z 
dz(-1) 	df 	e-r (1)  tZ

2 
 D (x) j 

sin(v 
(1-27) 

the contour encloses the positive realaxis as shown in Fig .9. 

Now we can open out the contour such that it lies parallel to the imaginary 

axis with - 1 < R e Z< 0 

For the tensor form of gravity the corresponding expression (8) is given by 

m.a,vb 
(x) 	1 

2 7T i 

d Z r(- z) cos 7T Z 

ReZ< o 

to) 

77 a  77 D (Z)+ 
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1-01  
	 •v o 	a 

+ 1 ( 77 	 ± 	77 	77 - 77 	77 	) D (1)  (z 

— 0,1  
where the scalar amplitudes D 

respectively, by 

(Z) and D (1)  (Z) are given 

(o) 
D 	(Z) = D (Z) - 1 	Z (19Z + 53) D (Z - 1) + 5 Z (Z - 1) 

36 	 36 

(Z + 2) D (Z-2 ) . 

6 (1)  (Z) = - 
1 	 1 Z ( Z + 8) D (Z-1) + 	z(  z-i)(z+ 2) D (Z-2) 

18 

with D (Z) given by 

D (Z) = (-1-)Z + 2 
	

r (z + i)r(z + 4) [Gps ?Z B ( 3/2  , 4 + Z) 

. F ( -3 /2 Z + 4, Z+ 11 	-1) + 
2 

+ B ( 1/2, Z + 4) F ( 1 /2, Z + 4 , Z + 7/2  ; - 1)  - 

-48 ( - 1/2, 2 ) F ( 3/2, 2  ; 3/2 - 1 ) 4. 2 (Z + 3) B (1/2 , 2 ) F (1 /2, 2;  5/2;  - 1) 

(I-30) 

These amplitudes are analytic in the neighbourhood of Z = 0 at which 

point they take the following values 
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(o) 	 0) 
D 	(o) = 1 	and D (o) = o 	 (L_31) 

and 

 

and 	(I) D 	(Z)= - 0.5 

3 Z I Z = 0 

 

7.5 

  

(1_31) 

( 	Fourier - Transformation 

According to the investigation of Gelfandand Shilov the Fourier transform 

of (%x7- ) Z  is a well defined classical mathematical object whenever 

o< Re Z< 2  and is given by 

D (p 2 Z) = 
1 

( 2 7T) 4i 

4 
d 

 
x e D (x) 

for P < o 

p2. ) Z - 2 
D (p2  , Z) = i 	 7T  ( 4 IT )

2-2 Z 

Sin (7 Z)I" ( Z )r (Z-1) 
(1_33) 

the Fourier transform of ( 1/x'_ 
n 

) 	, with n lying outside this region is 

defined by analytic continuation of this function in the variable Z . 

Since we have defined our amplitude in Euclidean space. Where 

x2 	
2 

x  4 	+ x 2 ) the functionCD(x)] Z  = [ 	z 2 „  is 

real and positive. 
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Also since our contour is lying such that the power of rL D (x) ] 
Z 

 satisfies 

Gelfand - Shilov condition o<R e Z <2 we can make use of (1-33) and 

can make an analytic continuation for the Z lying outside this region. 

Thus our superpropagator in p-s pace is defined as 

1 
d Z r (-Z)Cas 7.Z[7 µ a 7 	77U 

 b 
D  (0) (Z) + 

ReZ<o 
2 TT 1.• 

4.1(77 
U na a b 

	
77 /210  v a 

it a 	— (1) 	, 	2 
- 77 	) D 	(Z) D(P , Z )(k ) 

(I - 34) 

where 

G (Pi  , Z ) = i 

1, 2  ) Z - 2 
2 - 2 Z 

7( 4 7r) 

    

Sin ( 77  z) T(Z) r (Z - 1) 

r(  2 - Z ) 2 - 2 Z 	2 Z - 2 

r( z) ( 4 77) 	( 	p ) (1-35) 

This graviton superpropagator together with the usual Feynman electron and 

Photon propagators constitute the basic ingredients of this gravity modified 

quantum electrodynamics. 

From the actual cornputati ons of the matrix elements we find that 

this non perturbative treatment with respect to gravity coupling constant has 

rendered the apparently non-renormalizable theo:y to a finite theory. 
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CHAPTER II 

RADIATIVE CORRECTIONS TO MUON DECAY 

Section 1: 	 -decay 

Here we will apply gravity modified quantum electrodynamics to 

find the correction to the /2 -decay ,  spectrum. The main aim of this attempt 

is to look for the nature of results,for observable effects,which one will get 

from this theory. 

We know that the muon decays to an electron, a neutrino and an 

antineutrino 

e + 

This decay process can be described by the most general four fermion 

local current-current interaction of the form 

5 - 
`V int = 	e( x ) T. Wu( x) 	 x ) r. (G+ 	7) 

J j 	,5 
`31.0 

+ h. c. 
( 	- 2 ) 

with 
G1  = Gs 
G2  = GP  
G3  = Gv  

G4 = G
A  

G5  = GT  

and F1 
= 1 	Scalar 

F2 
	

-, Y
5 	

Pseudosca la r 

r3 = V 12 	
Vector 

r
4 	= i Yli  Y5 

 Axial Vector 

F = CI 
/2  1) 	

Tensor 
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where 

= 
( 1 o Yo 0 _ ) • y =Y Y Y y = - ' 

• 5 	0 	2 3  
o I 

o 

In the expression (B- 2) the first term corresponds to the part of 

interaction which conserves the parity while the second term represents the 

violation of parity. 

Here we have to dea! with ten types of couplings which make things 

quite complicated. One can hardly get any predictions from this theory in 

a well defined form. 

(14) 
Section '2: V-A Theory of weak interactions 

However, the above form of interaction can be simplified if one 

assumes that the mass of the neutrino is zero though experimentally a higher 

upper limit is set but it is rather poor and is of the order of 10
-3 

me  . 

This assumption of masslessness of neutrino has become more or less 

a general belief because of the fact that the theory constructed on this basis, 

assumes a very simple form containing only two couplings. The surprising 

feature is that all the predictions are in excellent agreement with the experimental 

results. 



111_11 	 „ti  = -  5  W.)  

	 W U  = : 5 y 
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(15) 
The underlying argument 	has been that this masslessness is 

the manifestation of some symmetry. As for example the massless ness 

of the photon is enforced by the gauge invariance of Maxwells equations. 

Following this approach it was noticed that the free neutrino field happens 

to be invariant under the transformation 

These transformations are called chiral transformations. 

The lagrangian of a massless Dime particle is 

L= iW 

and since all 	' s anticommute with V5 this lograngian is indeed invariant 
a/. 

under (11-3). The presence of a mass term m 	‘If would destroy this invariance. 

Thus (11-3) plays a similar role for the neutrino as the gauge transformction 

A 	--> A 	+ 	A for the photon. 

Since vanishing of the neutrino mass should be secured also for interacting 

neutrinos, this implies that we must demand invariance under (11-3) also for all 

interactions of the neutrino. Since we know that the neutrino has only weak 

interactions, we must then apply these transformations on the four fermi on 
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interaction)to see which kind of operator or corresponding coupling 

is needed to fulfil this condition under these transformations. We must 

have 

- 	i y
5 
r
i 

WA) Y 5 	( 11-6) 

This implies 

r 	r 	and +i Y 5 	 (a-7) 

hence 

5 
	o 	 (a-8) 

There are five possible operators ( S, V, T, A, P) of which the V and 

A anti commute with 75  and S, T and P commute with Y 5. It is clear 

that the operators' must be a linear combination of V and A, 

= aY (11-9) 
5 

Using the condition - r(ry. 5  ) = F gives immediately 

a = - b so that 

r = 	Y u ( 1 -iv y 5) 	(11-10) 

This implies that the four fermi on interaction has the structure 

[ 	1 712 	1 - i V5  ) 1̀j2 3 I`if 3  y 	( 1- i 75  ) \T./ 4 	+ h. c. 

(TI -11) 

Where G is the coupling constant. 
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We can rewrite this as 

-112 	[1113 
	( 1 - i 5 ) '11

4 

( 1 - Y ) W 1 
5  4  

+ h. c. 	( 11 -12) 

Comparing this with the general expression for the fourferrnuon interaction 

given by (171-2) we see that 

C. = C i 	= 0 	for S, T and P 
	

(1r -13) 

Cy = C V 	 C
A 

= C 
A 

and 	Cy 	- CA 
= G/i-2  

The condition C. = C
i 

implies that parity and charge conjugation 

symmetry are violated. 

The condition Cv  = - C
A 

 is known as the V-A condition. It is this 

condition that is responsible for the name V - A theory of weak interactions. 

We can write the interaction lagrangian of A-decay as 

Lint = G 
	

e 	(1-i Y 5 ) `Pm  W.vii 	(1- i 5 ) 	 (11-15) 2   

(16) 
This V-A structure is form invariant by Fierz' s theorem 	. According to 



this theorem if we have a process 

2 —÷ 1 + 3 ± Z 	or 2 + 4 	1 + 3 

We can describe this same process in alternative ways, for instance 

2 + 4 --> 3 + 1 	or 2 + T 	4 	3 

Each of these different ways corresponds to a particular rearrangement of 

's 	in L int   . Any two arrangements can be r elated through 

5 
K 	( 3214) = E 	X 	K ( 1234) 

= 1 

where 

K 	( 12 34) 	0T111 	) 	311 ̀ II  4) 

The coefficient X i i can be found by using the relation 

1 
(1) ab (1) c d 
	

L (1)  ad (1) bc 	( 	)ad (Y14)  bc 
	

(c)"1-4 v )ad (cl'uv)  bc 

'L& )/5 ) ad 	( 1  YAt Y5)  bc 	(Y5)ad (Y5)bc 	(5 -17)  

To use it we rewrite the above interaction as 

L 
 int 
= - 

i2 
7G- ( 

e) p 	)
b 	VAA)c 	) [ (Y).) pb (Mai 	Y5)pb (i Y Y5)  c q - 
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- (Y?, )pb  ( "67'S ) cq - (1 V11/4  Y5 ) pb 	) cq 	 (1:1-1 6) 

we can write 

)pb 	(Y.)  cq 	) pa (1 )ab (1)cd (Y7`)  dq 
	 (0-19) 

Substituting for )ab (1)cd from  (11-17) and using the properties of Y-matrices 

we find 

(Yx )pb  (V>.  ) 	= 	!4(1) 	(1) 
bc 

 - 2 (Yp. ) 	(71., ) 	-+ 
al 4 	pq 	 pq bc 

+ 2  ( );-(75 ) pq ( 1 V" )/5 )bc - 4 ()/5 )pq (75 ) bc 

Following in this way for each term of (11-18) we find 

1 

	

[ (ife  )p  ( ijkk )b  ('T ^u) (\I/1 )dg 	[ 4  VA,  )pq 	)bc  + 4  (1  1)/5) rig  hint 	 4 

) be 	4  ( 	)pq  (79 )hc - 4 (Vi-t )pq  ( 1 	75)bc 

\j/ 
M 

e 
 yp.  ( 1 - 	) Nizrve  

e 
 1( 1 - '>/5  ) 

(1+iY5 ) V11  

ii1,0 ‘11/-t. tk ( 5 ) 

Thus we hove obtained the some V-A form up to an uninteresting sign. 
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Rewriting the above lagrangian in the form 

L. 	= int 	/2  
\if  

e Y ( 1 - i Y) 
7 

5 
1+i Y5 ) Y 

We notice that each neutrino field is associated with an operator (1 -i Y5  )• 

Now we will try to see if it has any physical significance. 

We know that a spin Z particle is described by the Dirac equation in terms 

of a four component wave function 
	 f 

Fora massless particle the Dirac equation is 

.?1 W = 
	i C4 . t7NT! 

t 

where 

ce• = ( 	
ig;  ) 

Cri 0 
and 4:7-  are 2 x2 Pauli matrices. 

We can express this four component wave function in terms of two 2-component 

wave functions which have more physical significance. 

Expressing 111  as 

1 	2 ) + -2 ( 	2 

1 	g 2 

(,) ) 	
( X ) '  

we we find that the two component wave functions 

= 2 ( 	- 	) and X = 1 ( 	+ 2) 

(11-24) 



= - 'y X 
dX 
at 

expressing it in momentum space 

(11-25) 
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satisfy the following equations 

= ,cr . v 
at 

E co ( p , s)=G-. b  (P(p, s) 

EX (p, s ) =- Q X (p, s) 

we find the!. Pauli spinors ° and X correspond to two longitudinal polarization 

states i.e. to the helicity eigen values P*6 = + 1 with I b  I = E. Under 
I p ! 

chiral transformations 	- i Y
5 

LTA) the component c..0 acquires the same 

sign and is thus said to have positive chirality while )( changes its sign and is 

said to have negative chirality. 

Thus from (11-23) and (11-24) we notice that the Dirac equation as a whole mixes 

the two hel i ci ties and two chi ralities. 

Since in our representation 

o 	i ) _ 	o 	
o 

i Y5 	 , 
(11-26) 

where is 2 x 2 unit matrix 1 0) 

0  

) 
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We find 

1 --1 [ eP  ) 	= ( 	) 	( 	) • ( X )
x 

 - 

 

 

 

CP 
• 2 ( 	) + X )  

• 2 ( 	) 
_4) (11-27) 

Similarly 

( 1 + i Y
5 

) = 	[ 	T) 	( xx ) 

= 2 ( X  ) 
X 

This shows that the operators 2  ( 1- i 75) and 2  ( 1 + i
5

) each 

project out only one two component spinor, annihilating the other. 

Since in our expression of weak interactions only the operator 

(1 - i V5  ) appears this means that we are essentially dealing with only the 

two component spinor of positive chirality. In other words only one helicity 

enters in our interaction. This implies that parity is not conserved in the 

interactions which involve neutrinos. 

For instance if only left handed neutrinosdescribed by Pauli spinor 

existed, the corresponding anti neutrinos would always be right handed. Under 

these conditions helicity discriminates between particles and antiparticles 

because right hand neutrinos described by spinor X do not exist. Thus charge 
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conjugation, which implies the change of sign for helicity, connects 

only 47 with C 	. Thus we conclude that all neutrino interactions 

show maximum violation of parity. Experimentally the maximum violation 

of parity with left handed neutrinos is well confirmed. 

Thus one can get the same form of V - A interaction starting from 

violation of parity i.e. assuming a two component theory of neutrino. 

Because of this property of neutrinos this theory is usually called 

the two-component theory of neutrino. 

Now we will calculate the transition probability of 12-decay 

in this V-A theory. Since muon and electron are charged particles they are also 

affected by electromagnetic interactions and for an exact evaluation we have 

to take into account these virtual effects as well. Thus the complete lagrangian 

which describes the decay of a muon is given by 

G 
Lint = —

72 	
'ie y x ( 1 - iY 5 ) 	T̀i-0 V), (1- Y5  ) 	

e 

+ e
a L II a 	rl'e Ya We A X (x) + 

det L 

+ e  

y 
a W 

Ya  W 

A
X 
 ( x ) 

A 	( x) 
X 

(11-29) 

where eo  is the bare electronic charge since neutrinos are unchanged 

particles they do not interact with electromagnetic field. 
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In this lagrangian we have considered the gravity modified 

electromagnetic interaction. Here we have an excellent opportunity for 

studying this (GMEM) interaction because the leptons do not interact 

with strong fields and so the only virtual field next to electromagnetic 

will be the gravity field. As it is knownthat gravity shows peculiar 

behaviour at high energies we will be able to see how it is going to 

affect the physical observables. 

Since our lagrangian consists of two different interactions, in 

order to use perturbation theory we have to iterate with respect to both 

the weak interaction coupling constant G and the electromagnetic charge e. 

As the electromagnetic interaction is much stronger than the weak interaction, 

to a first approximation we can imagine that there is no weak interaction. We 

then have only the electromagnetic interactions to consider. For the moment 

we assume that, considering perturbation of order e 2 we have performed the 

renormalizations, that is we have considered the virtual effects of the photon 

on field operators. We next switch on the weak interaction and study the 

decay of pi -particle using first order perturbation theory with respect to G. 

Section 3: Expression for the decay probability (17) 

According to the usual perturbation theory we define an operator Sfi 

which takes the initial state t i > from t = - 	through an interaction to 

final slate i f > at t = 	. For the calculation of transition probability 
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one usually defines a reduced transition matrix operator T , which is given 

by the equation 

S = 1 -iT 

so that 

S f i 	=<f1Sli>=<flili>-i<flTli> 

T fir  

for f l i 
	 Sfi 
	

T fi 	 (r1- 30) 

The invariance of the S-matrix under proper lorentz transformations implies 

that energy and momentum are conserved in interactions. 

For convenience we will take this conservation law out of the matrix element T f 

Thus <f I Tli 	= (2 IT)
4 
 S(oi -  P i ) N< f I M li> 

4 r, 
= (2 It) 	(P i  - Pf  ) N M f  (D1-31) 

Where Pi  and I)f are the momenta of the initial and final states and the s -function 

represents energy - momentum conservation p i  = p f  

The factor N is used for normalising the states li>and I f> such that the lorentz 

invariance of the matrix element Mf i is secured 

N = 	N i  7f  N f  

77. „indicates the product overall particles involved in state ti iland I f ) 1,r 

(11-32) 
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The probability for the transition 1 i > 	If > is given by 

W
f i 
	= I T f 1 

	2 	J(2v.) 4~4 ( P

I.- Pf )] [( 2 7r)4 34 (Pi-pd3• 

N 2 	2 

	

-4 	1 M I 	(u-33) 

by using the defination of the g -function we can write 

1 (2 7 )
4 4 

S ( p 
f
- p ) 	[(2T )4 

(,4 	 4 4 
Pf- P. )]' (2 	) 2 (P. - P  

t 
) 

d 4 x e I 	k Pi - 
	x. 

VT 

k. V 

T 

 

CO 

CO 

 

 

(11-34) 

Making use of the condition pr - p. = o imposed by the other s-function, 
r 

the R•H S of eqn.(Ii-32) can be written as 

4 4 
( 2 7T ) 	S 	(pi -pf ) VT 

where V is the (large) volume and T the (long) time in which the decay may 

take place. Usually V is called "renormalization volume" - a large box in 

space where all particles are supposed to be enclosed having a set of discrete 

states. 
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Thus the transition probability reduces to 

2 	4 0 4 	 2 	2 

Wf i = I Tf i 
I 	= (2 Tr) 	0 	( P.i - I)f ) vT N I M I 	(II-35) 

This gives the transition to same state f, In practice we are interested 

in transitions to specific final states, for example states for a single particle 

with momenta between P and t) + d b. Since the number of momentum 

states between p and p + dp available to a single particle in volume V is 

V 
d n 	= 	3 	d 

3 
( 2 

i-36) 

We call d of the phase-space volume element available to a single particle 

and consider this quantity as a weighing factor for any state f. 

For the particles e, ve , %in the final state the phase space factor becomes 

do 
f 

V 3 _ 9 
(2 Tr) 

3 	3 	3 
d pe d pie, d pvF~ 	 (11-37) 

where 

1--le , p u, , and 13 ^ 	 are the three-momenta of the 
e 	u a 

electrone, neutrino u e and antineutrino u 	. 
!I 

So the probability for transitions to final states in an interval 

S 4 4 	 j 3 	3 	2 	
2 W

fi 
= I T

fi 
I2 = (2 7)4 0 	(p. -p ) — 9 dp dp 	N IMfi I 

f 	

VT 

(2 7 ) 	e 

(II - 38) 
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This expression represents a transition probability over all space-time 

while in practice measurements are carried out for a finite time in a restricted 

volume of space, that is in an element of space time. The transition probability 

per unit of space-time can be defined as 

2 V 

9 

3 3 3 3 
I Tf  I 	 4 4 

= 	2 	S ( P. - P ) 	d p e  d 	d p_ 
' 	f 	( 2 7-1) 	 c 

2 	2 
N I Mfg (11-39) 

If we normalize the particle wave functions so that there is one particle 
1 

in a box of volume V then the density of the decaying particle will be /V. 

This normalization corresponds to the fermion wave function 

   

- 	p;  • x 

 

(x) = ‘,TV U ( pi , s i ) e  (LL-40) 

where m, E, pi  , s i  are the mass, energy, four momenta and spin of the particle 

Thus the normalizing factor is 

1 

=. v2 

   

m m 1)  m- e 	e  
b/ 

    

E E 
e 

E 	E 
u e 

d w = 
VT 
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Substituting for N
2 

and dividing by muon density 1/V, the decay 

probability per unit time per unit volume for a muon particle is given by 

d w 
8 

(2 77-  .6( P - Pe-Pu 	) 
4 

e 	u 
( m m e 

m1-)  ° 
m-) 1  . 

e If E  

 

3 	3 
d0D e 	dp ue  

I M I2 

 

      

2E 	2 E 
e 

  

with I M I 	= M M* 

    

- (11-42) 

G 
M =Px 	6-1) 	u ) 	( 1 - 	

5 	e 
) 1.11)  (p ) 

	

V 2 	 II 	µ 	 ue 

	

where U, e  ( p 	U-12  (p ) 	af.3 p 
12

) and 
t-Lue 	Pv e )  

are the Dirac spinors, of the particles electron, muon, antineutrinoTi µ and 

neutrino lie  respectively. 

	

The matrix element 	U--c  ( Pe) f-?,. Uu  (Pti  ) containing all the 

radiative corrections. In the bare form it is simply, l.Ji• (pa ) "Yx  ( 1  -iy5  ). 

U- µ (Pµ ) 

Further more the expression ([[-42) is relativisticaly invariant since 

the factor d3 
p/2 E is a lorentz invariant volume element in momentum space, 

as we see from the following identity: 

d ap  

2E 
dp 	(p 	p 	- m  2  ) d3 
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d 
4 

P1-1 p - m 2  ) 0  ( Po) 

(11-43) 
> 0  

e( Pc))  = 

. 

0  

1 fo

fo

r

r po < o 

6  ( Po  ) is the step function and is lorentz invariant provided p°11' is time 

like as is the case here. 

In the above expression we should have taken the mass of the neutrinos 

to the zero since we are working in two component (V-A) theory. Actually the 

the masslessness of the neutrino will require a change in the normalization 

convention for the neutrino amplitude relative to that for other fermi ons such 

as muons and electrons. The neutrino wave function has the form 

ik 	e -ik•x ( x ) = _
1
_ _ 
E V 	 ' 

	

with 	U.+ ( k, s) 	s) = 2 E k  

	

and therefore 	U ( k, s ) 	k, s) = o 

The neutrino projection operators are 

2 
E 	U 	(k,s ) U-8  ( k , s 
s = 1 ) = 

2 

=i 	, (ks) L5'3 ' (k s) = 
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We find that the convenient way to handle the normalizatiot: is to 

treat neutrinos in the identical fashion as electrons of finite mass, 

normalizing like these fermions and to subsequently take the limit 

my 	o . The two approach lead to identical results. 

Thus the muon decay probability per unit time for the emission of 

electrons emerging into a given solid angle d 	e  about an angle 6  , 

that is the intensity of electrons emerging in a solid angle d 0e with 

an energy E in the interval d E e, is given by 

d w = I (E) d E 	4 	dalP 	IdEe m e m /2 _1  
e ( 2 iT)5 	_e 

	
E  

s 	
2 	2 4 	4 	,, 2 	2 c, 

d 	d 	 - m - 	p 
— co 	 Rt.)4 

b( 	m 
1)Q.  ) 
	P r- up 	 e ) 

o (P ) s4( q 
pu 
	

pc)) 
 

) 	mu m 	) 	I  2 (n-44)  

11 	 e 	e 

with 

M = Fx  I L 	( pu  ) yx( 1- i 75  ) Li
ue 

( p u
e
) 

q = 	e 

in writing the above expression from (I1-42) we have used 

3 
d pe I 	

2 	, 
il• Pl 	u i Pe l d=1RIEe dEe d 0e  

e 
 



Thus we can write 

mV
e m u  I M I2 

Il 

2 
G 

= 	7 F x Fr  y 
X

( 1 - i V5  ) Tr 

- 58 - 

Since in general one does not observe the polarizations or the two neutrinos we 

will sum over these polarizations and for the muon we will assume that we know 

its polarization. 

'flue  Yp . ( 1 — V 5  )-) 

= G
2 

F x Ff,* Tr y fl)u  Yp  (1 - )/5  1)12 	e  

(11-45) 

After substituting (11-45) into ({1-44) we will make the following assumptions 

(a) 	my  e 
and m- 	—p 

u 

(b) 	the muon is at rest. This implies 

2 	2 
P 	P o or mu  = E 

And for simplicity vie will denote the nergy momentum vectors of the two 

neutrinos by p and p' . 

We find 

G 2  
1(E) d E e  =  	d 2 e It' e ldEe  m e  Fx Fp 	S 

(2;,) 4 	4 " X f 
01-461 

• 
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S xp 	= 2 Tr 	yx  Y8  yp  ( 1-i Y5  ) 	I
Ce 

8 	(1 -47) 

Where the integral 

Lao= 
	4 p  d 4  p Pa  Pig 	( 	) S( P2  ) S( Pi 2  ) 13 (Po) S 	) 

(n-48)  

Can be easily evaluated if we work in the centre of mass system of the two 

neutrinos, in which q is pure time like. This is evaluated in detail in Appendix A 

with the result 

Tr 	F  
raf3 	—

2
-
4 LgQ 8 q2 	2 q a qfi 

 

( 11-49) 

 

Thus we have 

S x 	= 	[ctTr [ I 7 + 2 Tr [ 

Tr [11 = Tr 	[ Yc, yx 	yr  ( 1 -i Y5)1 	 M-51) 

By making use of the equalities 

Yc4  Yx  Yee  = -2 yx  

Tr Y x 	= 4 g hp 	 (II-52) 

Tr Yx YI) Y5 
7-- 

 0 

We find 

- 8 g 	 (il-53) 
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Tr [ 	= T r, E Yee  Yx 	( 1- iY5  )1 qx q 3 	(11--54) 

Using the relations 

Tr Yu  Y x  Yg Yp = 
4 [g a X g  Sr - g a 8 	NV 

+ g 	g 

ae 	X 8 j 

 

Tr Yce  7x  Yg VI, Y5  = 	4E cz X g 

We obtain 

 

(1-55) 

Tr [In = 4  [2 clxclp 	q2 gxp 	ce;t f q  a q 3  J 

	
(1:1-56) 

Under interchange of indices cv  , g we find 

o  = E 
a X SP qa 

g 
• P 	8  X a? q  s q  

= -E 
cy.X,8 P 9  8 q a 

This gives 2 E 
X B a 	P q q  = o 

Thus from (B-57), (11-56), (11-53) and(0-50) we get 

(11-57) 

4 17 	 2 S 	= 	q q - a 	 ( XP 	3 	X P 	X1)  q 
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Inserting (11-58) into (11-46) we find 

G 
2  d SZ

e 1(E) d E = 	 I ID e  I d E e  m e F x F p  (q q -q 2 9  
12 TT 	 X p 	x p 

- (11-59) 

Since the electron has vanishingly small mass we will neglect it. 

When we put m e  = o we can use ! e l = E e  but at the same time 

the me  appearing in the above expression implies :hat in this limit L(E) 

will also vanish. This is not true because according to our normalization 

scheme the electron energy projection operator, which is hidden in the 

factor Fx  F*ID  , is equal to ,r.; + me . 
	Thus me  will be absorbed 

2 m e  

by Fx  FF  *. 

Now we will express all the invariants appearing in the above 

expression in terms of a dimensionless parameter x defined as 

x 	E 	m  
2 	 ( 11-60) 

which is the ratio of the electron energy E e  to its maximum possible 

energy 92  / 2 . With the assumption that the muon is at rest we find 

from conservation of energy and momentum that the variable x varies 

from zero to one. 
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In terms of this parameter the intensity I (x) is expressed as 

—
G

2 	
d e 	

2 	 „ q q q2 
1(x) d x = 	

g 

4 8 73 	xdx m m e  F F 
X P 	X e 	x? 

) 

 

(1-61) 
When 1(x) d x gives the number of electrons emerging per unit time in the 

solid angle dne  and with an energy such that the variable x lies in an 

interval d x around its values. The integration over all angles of outgoing 

electrons and over x from zero to one gives the life time of the decaying 

muon. 

Section 4: The Ze roth A pproxima ti on : 

Before proceeding further we will evaluate the equation (11-61) 

in the limit of no radiative correction. The purpose of this calculation is 

mainly to verfify that in this limit the above-equation leads to the well known 

results and to prepare the ground for our main task which is the evaluation of 

the term of order e2. 

When we neglect the electromagnetic effect the matrix element 

F x 	e  ( 13e )yx  (1-i' 5 ) U. 	( Ipu  ) 
	

(11-62) 

We will substitute it in Expression (11-61). Since we know the muon polarization, 

we will sum only over the spins of the electron. Thus we have the following 

expression for the intensity of emerging electron in the decay of a Polarized muon 



2 

4673 	
d n e  x 

m 	cl  X cIP 	q gxp )  I(3) (x) = 
2 

- 
d Cie  x d x m 2 U.- A  (PA  
4 77  

2 J _ ) 	 e  ( 1+i -y5 )+2q
2
. 

cc) 	G 2  
(x) d x = 487,..

3  

-63- 

4 77 

11 1  (P J ) 75)  ( 1 	 ({se  + Me  ) 7A.(1 - 'Y5  )(p ) 
u u  

neglecting me  , 

(0) G2 
I 	( x ) = 	dS2 c  

3 	 48 7T 	4 Tr 

( fl-63) 

2 
x u-2  ( Pu  ) [(.1/f,t<ec 	+ 	2  ) 	' 

• ( 1  - 	1/5 	
)] 
 ( pA ) (11-64) 

2 
= 2 (1-i 	5 ) and 7x  11 	= - 2 	[2( here we have used ( 1 - i y5  ) 

This expression can be further simplified by making use of the following identities: 

q =(P11-  Pe )  

and 

(114 	mp  ) U(p)= 

	

(pµ ) (F - mu  ) = 	
(11-65) 

dy e Ede  = pc  2 = m e2 

Thus we obtain 

F/e  ( 1 - i 75  ) 
	

(p11 ) 
	

(1-66) 



dOe  x dx UL(Pp )Pie  [3-2x- iy5 ( 

4 7 	
( P u  

(11-68) 

x ) d x 
G2 m  4 

Il  
48 7 '5  

64 

Using the relation 

2 	 2 	2 
q 	(PP -  P e ) =mp, ( 1- x) (11-67) 

We find 

where the Dirac spinor is 
(+) 

Uµ = E+ 

2 unn j 

cr•P 
E 

  

and a subscript bi corresponds to the muon particle, 

Since the muon is at rest the space momentum I 13  I = o 

) = (f) 	 (11-69) 

using the following representations for 7-matrices 

( 
o -1 

1 0 \ 	
( -0::  0 

0 a,. 
o i7 

where a are 2 x 2 Pauli matrices, 

is the 2 x 2 unit matrix 

we find 

Y5 	70 )1 )12 ‘Y3 and I 

- 7 ) 

,Oe  = Yo  Ee  - YrP e 
E e 	a. 

cr i'Pe - E e  
(ff-71) 
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Thus we have 

  

E e  - .pc-1  

cr.pe  - E e  j Lou  

 

  

= Ee  =rn/2  x  
2 

Uµ  ( pp, ) 	= , o ) 

   

= [ 	, as 

' Y5 ) d e ( P µ )  

	

0 1 	{E e  

1  °J o. Pe  - Ee  - o 

,pe  -E e 	1- 1.1 -1  

	

LE e 	_cr.p e j Lo 

Similarly the matrix element 

p 	) 	e 	) 1-1-p  121p.) = U 	) 

= [ 	, o] 

= 	Cr. P e  I 	> 
	

( 11--7 

We will assume that the µ -particles are polarized along the Z - axis 

with polarization Pi/  

Thus 

U. (P ) fie  (-1  Y5) Uµ  (Pµ) = < 	I Q  . v)e  I 	> 

= 1p e  I Po  Cos 

= Ee  Pp  Cos 

 

P 	Cos 9 
U 

(11-74) 
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0 represents the angle between the polarization direction and the direction 

of motion of the electron. 

Using (1.1-72) and (11-74) we find the following expression for the intensity 

(cr 
I (x) d x 

2 5 
G m 

96 iT 3  
d 
4 

 

2 
x dx [(3-2x)+(1-2x)PCos9J  

   

(11-75) 

In order to see how this expression can be used for the study of weak interactions 

we will first put it into the form 

(0) 
(x) dx = 

G2 m
u 

192 73  

d S2e  
12 x

2 
 [( 1 - x ) ( 1 - 1/3  P Cos 9)+ 

4 7 

+ 2 ( 4/3  x - 1 )( 1 - P cos 9) 	([1-76) 

From here we predict that in particular when x =1 , i.e. when electron has 

its maximum possible energy, 

(C) 
( 1 - P Cos 0) 	 (11-77) 

This means that there would be a maximum probability for the electrons to 

move away in exactly the opposite direction of the completely polarized muon. 
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In order io compare the detailed predictions for the decay spectrum in 

eq. (H-75) with experimental results,we usually write it in the form 

2 5 
( 	 G 	 d 

(x) d x — 1923 
	

e 	
dx4 x

2 
 [3(1 -x)+ 2/)(

4
/3  x-1) 

77. 	4 7T 

	

+ P Cos 	[ ( 1 - x )+ 2 8 ( 4/ 3  x - 1 ) 

(11-78) 

where according to our two component neutrino theory (V - A interaction) 

	

the values of the parameters p and 6 , 	with no radiative correction are 

	

= 6 = 3/4  and 	= - 1 	 (11-79) 

the parameter p is called the Michael parameters and it determines the shape 

of the electron spectrum while the parameter 6  controls the momentum dependence 

of the Cos 9 part of the decay amplitude. 

It is found that the predictions of this theory represented by the above 

values (a- 79) are consistent with the experimental results. But for a very good 

agreement the present level of experimental accuracy demands the consideration of 

higher order corrections. Snce the weak coupling constant G is very small 

in comparison to the electromagnetic coupling c'= , the important contribution 
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will come from the higher order corrections in a . i`zow we will compute 

the corrections of order a to these parameters. 

Section 5: Electromagnetic Corrections to the matrix element F 

The matrix element 	appearing in the expression of electron 

spectrum in 	-decay is the modified form of the bare matrix element 

F x = 	e  (Pe ) V ( 1 	) U. ( Fp  ) 
	

(ff-80) 

Being charged, the external electron and muon particles, denoted 

by spiners U. e  (toe) and U-1.1  ( toil) , interact with the electromagnetic 

field through virtual photons. 

They interact with photons in two distinct ways. 

(a) Each particle emits a photon at one space-time point and 

absorbs it at another space-time point. 

(b) The photon emitted by one particle is absorbed by another. 

In the former case the wave function is modified while in the later 

the vertex. Thus the total decay probability amplitude will be the sum 

of the contributions coming from the diagrams shown in Fig. 5. 
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If we denote the contribution to F
x 

(0) 	( xe) 	(P) 	(V)  by Fx  , F 	, Fx  and Fx  

then the matrix element is 

coming from these graphs 

= F (o)  + F e)  + F 	F (v)  X 	X 	 X 	X 

(o) 
F x 	= basic uncorrected matrix element 

a e 	pe  ) 	( 1 - 	5  ) UT  ( 	) 

( 

	

( pe  ) 	( I - i y5  ) U-4  ( p4) 	Fx o)  

( 

	

ae  ( Pe  ) 	( 1  - Y5  ) U- (134) 	Fx
o) 

 

ae 	Pe  ) f 	Pe  )2  ) U-12 ( PP ) 

(11-82) 

	

where Uee  ( pe  ) and 	( pu.  ) are the modified electron and muon 

field operators and f x  is the correction to the original vertex VA ( 1 - i Y 5  ) 

F (e) 

x 

F (µ) 
A 

r  (v) 
A  

tie 
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5. 0: Corrections to Field Operators 

After including the correction to the field operator the new operator 

will be defined as 

(11: P) 	LL (P) 	S (P) E (D) U- (D) 

where E (p) denotes the amplitude for the self energy part shown in Fig .4, 

Conventionally, this amplitude is expressed as 

E(P) = A + (PI  - m)  B 	(*/ - m)2  Ef  ( p ) 	- -84) 

where A and B are constants,independent of momenta 

and 	S (p) is the fermion propagator given by 

S( p) 	- m) = 1 

Since we are dealing with an external physical particle it will satisfy 

the Dirac equation 

	

( 	- 	Lk( P) = 0 

implying 	 m 
	 (IE-86) 

when we use this condition in expression (E-83), it becomes an ambigous quantity 

behaving as °/o, instead of considering this expression one usually considers first 

the correction to an internal fermion line which is defined as 

(P) 	S(P) E (P) S (P) 
	

(11-87) 
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we will first see what is the physical significance of the operator E(p), 

given by expression (fl-84). 

In general the complete fermion propagator S, which contains 

all possible radiation insertions of the self energy type, corresponds to the 

set of diagrams as shown below 

           

           

          

+ - 
i S 	 i S 	iS 	i S 	iS 	i S 

and may be represented in the form 

+ 

mR 
	 - rn 
	

rno 	 rno  

• ( — r) 	 
rn0  

( 	E ) 	i 

  

_ 	 ( 1 + 	l + E 	I 	 1 	+ 	) 

- V mo 	 12( -rn0 	V - rn0 	77m0 

mo 
( 1 - 

(11-88) 

here mo 
denotes the bare mass and mR  is the unknown mass which is 

supposed to be the mass which we observe. In order to find E(p) we will 

define the inverse of this expression and then impose the physical condition 

= 
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(iI_ mR) = 
E 
(41-md ) 	( 	m. ) 

= 	 rn 

0 

putting iI = mR  

o 	= mR m
o 

(p) = 	mR 

mR 

= 6 m 
	

(11-90) 

Since from (11-84) 13 ) I 	= A 

II= mR 

(l-91) 

From (11-90) and (U.91) we conclude 

A = bm 

which means that the first term of the operator E (p) represents the electro-

magnetic mass correction 6 m to any physical particle. 

Since experimentally one observes the physical mass ( = m R ) it is 

conventional to rewrite the lagrangian and the other physical equation, say the 

Dirac equation, in terms of the physical mass. This will result in the addition of 

an extra term Ho  = - 8  m W \If in the Hamiltonian of the system. 

i . e .HPhY = Hmo - S m 	%If 	 (11-92) 
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The additional operator Ho 
describes a "bare" electron i.e. 

an electron without its surrounding field. The contribution arising from 

this, represented by diagram (6), is simply - 8 m and it cancels the 

contribution A. The use of the physical mass, which results in the elimination 

of the mass correction term, is usually called mass renormalization. 

-Sim 
x 	 

mass renormalizoti on counterterm 

Thus after mass renormalization vie can write 

S ( p) = S (p) 	S(p) [(FI rnR) B 	 2 Ef (1°) 	S (p) 

(11-93) 

Since 

S (p) ( 	- mR = 1 

we can write for 	m R 

S (p) = ( 1± B) S (p) 	 (11-94) 

= Z2 S (p) 

This implies that due to the inclusion of the self energy part as the radiative 

mrection, the fermion propagator gets modified by a constant multiplicative 

factor Z2 	( 	± B). Since the propagator is defined as the time ordered 
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product of field operators, the renormalization of S (p) will imply a 

corresponding renormalization of LL(p), a ( p ). Thus the renormali zed 

wave functions are 

U.(p) 	( 1 +13) 2 	u( 
(Lt-95) ,_ 

cz (p) = (1 + B)2 	p ) 

Since B << 1 we can takefZ 2 = ( 1 + B )2 
	

( 1 + 	B) 

Thus the to',-al contribution from the corrections to the field operators is 

F (e)  + FX B 	+ B (c) 	(!2)) Lie  (Pe ) 	 x  ( 1 	y5) 114 (PO 

(If-96) 

To find the constant B we will compute the self energy part by considering 

perturbation with respect to electromagnetic coupling e1  

Our interaction lagrangian is 

Lb" 
(x) = y 

det L 
	a IP A 

In the usual presentation of field theory, starting with the 

(11-97) 

Schrodinger equation, a representation for the scattering matrix is obtained in 
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the form 

S= T exp 	i cH (x) d x 	 (II-98) 

where H (x ) is the interaction hamiltonian density. When the interaction 

does not depend on the derivatives of the field function we can write 

H 

Thus 

S= T exp [ i 1 L (x) d x 

1 
= 1 + 	1 	1 Sn  ( x 1---- x n  ) dx

1 	
x
n n 

S n  ( 	x n  ) 	(i ) n 	T [1( x )•-•-1(xn) 1 	(11_99) 

The second order term is 

S
2 

= d 4 x d 4y s
2 ( )Cy) = 	i 2 T (X.(x)L(y)) 	d4 xd

4 
 y 

5( 
e) 2 

 L ilo(x) 
det L 

;.ii(x)y.  4/(x) A 4 (x) 

`I' (Y) Yb T(Y) A-v ( Y )) 

. 	. 
vb L (y) 

det L 

4 
• d x d4  (R-100) 



p-k 1 -k2  
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According to Wick's theorem this can be represented in the 

form of a sum of terms,each of which is a product of a certain number of 

pairings; of the electromagnetic field T (A,„(x) A.u(y) ) the spinor field 

T 	(x) 	(y) ) and the graviton field T ( Lila  (x) L 1-)b (y) 	) 	the 

det L 	det L 

normal product of the free operators W , 'I', A, 	a  and a certain 

det L 

number of y-matrices. Each term corresponds to a diagram. Each of these 

pairings represent on internal line, the free operators represent the external 

lines while the y-matries represent the corners or vertices. 

is given by 

The term which corresponds to the self energy part shown below 

electron 
photon 

gravitons (millions) 

S2 
(ie)2 	d  4x  d y4:

x) ya  T 	(x) 	(Y)) T 01(x) 71f( 
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• T 
a(x) 

detL 

b 
L 	(Y)  

) 	Yb 111  (y) 	
(11-101) 

deft 
 

where 

	

T (Au  (x) Av  (y) ) = i g 	Doc  ( x - y ) 

!iv 	 - ki  • ( x - y ) 	 4 

	

9 	1 	e 	 1 	)d 4 k 1 (2-7  
E 

(II-102) 

- i P. ( x- ) 
e + m 

( 2 Tr)4 	 p2 _ m2 + E  
4 d P 

P = 	- - 	 (1-1 03) 

L 	(x) 	L 	
b 
 (y)  T ( 	 ) 	= det L 	det L 

u a, b 
( x - y) 	 (II-104) 

the graviton superpropagator 
	

v b ( x - Y) is given by a contour integral 



[D(x-y)] Z 
Z 	1 

{ 	-1  4 11" 2x2  ] 	= 
c

d 4  k2 e 
-i k2 (x - y) ., 

(2 77) 4  

- 78 - 

µa , -0 b 
( x - y) i

dZ 
1" (- Z) Cos (77 Z.) µa 1) b - cc)  [77 	77 	D 	(Z) + -1- (rig  rir3b 

2 7ri 

+ nµb nu° 	77  ga  b )  5(1) (  (z)  ] , 

• [ k
2 D ( x - y) 1 

z 	
(11-105) 

where 

2 
• D ( k 2  , Z) 	(H-106) 

,) Z - 2 	2-2 Z 	2, Z-2 
D (k22  , Z ) = (-I) ( - k2.4-) 	TT (4 TT ) 	= 	i (-k2  ) 	( 4 7T) 2-2 Z

I-2-Z) 

	

sin(7Z) r (z) r(z-1) 	 r (z) 

for k
2
2 

(11-106) 

the wave functions are defined as 

Ili (y) = N i 	U. (pi, s i  ) 	e  - Pi  • y 

(11-108) 
11(x) 	= Nf U. (pf  ,S f ) e i p i x 

where Ni  , 1\11  are the normalization factors for the initial and final slates 

respectively. 



( i e)
2  d 4k1 	d 4k2 	y 

4 11  (2 	9. 	(2 7) 

(FI - Y1-1)2 ) + m  

(p-k1 - k2  ) 2_ m 2  

- i 	D(k2,
2  Z ) 

2 	2 - 
^1 
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Substituting express;ons 	- 102)-W-107) into (II-101) and integrating 

over the co-ordinates x and y we can write 

S2 	= N 	Nf  6  ( 	- 	) (pi, sr ) [ - i E ( p) ] U-(pf , f  ) 

where 

E (p) = 
d Z (-z) cos 7 z [ D (0)  (z) + 2 DU)  (Z) 1 (k 

2 Z 
) 	• 2 g i 

here /2 is the vanishingly small mass of the photon which is only introduced 

to cope with the infra-red divergences which occur at low values of ki  

D ( k2
2 
 , Z) , the fourier transform of the superpropagator, is only defined 

through expression (I1-107) for the region of space-like momenta. We may 

however utilise this region by rotating the k
o integration path by 17/2  in the 

complex plane, so that the ko  integration is up along the imaginary axis from 

- L pto + Lc. . This is permissible, since in rotating the contour we do not 

cross any singularities, the fatter being located above the negative real axis and 
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below the positive real axis. We may, therefore, introduce a new 

integration variable 

k 0  = i k
4 

so that the above integral is now transformed into an integral over a Euclidean 

real four-space 

i.e. 

 

CO 

77/2 
d ko -4  

  

 

d3iid 

  

d 3! k d k o II 

   

co 

  

co 

i 	d3i kJ) 
_oo 

cl k 	= i 
4 

d k 	(11-108) 
-co  

2 	2 	2 	2 
This implies 	k 	k 	= ( i k4  ) - I k I 

2 	2 
= - k

4 
- IkI 	<o  

V — V = i k 4 Yo  - ki Y i  

= ik (1)/4 ) -ki Y i  

= - k
4 Y 4 - ki.Y1 

(11-109) 
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here we have defined a new matrix Y o 	i Y
4 

2 	 2 
a covariant way. Since Yo  = 1 we have y4  = 

following relation satisfied by Y 4  and Y i  

in order to define ki in 

- 1 and we have the 

Y12 
 Y 	

+ 7.7 
yy=2

bit) 
where 8

11 
=b 22 = b 33 

= 8
44 

=- 1 

unit matrix , 

1 	6 k  k y  k y k 
	

Y 	= 

	

yy 	= - 2,k 
	(j1-110) 

Thus we can write 

d Z 	r(-Z) 	r (2- Z) Cos 77 Z 	D ( Z) + 2 B (1)  (Z) 
27i 	r(Z) 

2 Z 
[k 	 Z(13, Z) 

where 
••• 

e  2 Z ) 
d 4  k1 
(2 7T) 4  

4 d 
Y 	 r(2 m  

(2 7T) 4 	/2 	_ 	 2  	2  u 

k1 	k  2 ) - m 

^ 2 	Z - 2 
(- k 2  ) 

2 
k - ,u 2 
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2( 
	4k 1 	d 4 	 Z - 2 

. 	e 	cl 	 I:2 	( 45 -,K 1  -K2  ) i m 	( - 1(2  2 ) 

j ( 2 7) 4 	4 (2 Tr) 	( is _ f< 1  - •f(2  ) 2_ m2 	k1
. 2 - 42 

2 
k 
	

- k 4
2 

- 	
2 

k I 	< o 	 (1-112) 

Since we are in Eucledian region we can also use the following Laplace 

representations for the above propagators which are valid for k22  < o 

" 	2 	Z - 2 
( - k 2 	) 

r (2 -Z) da l a 1 
1 - Z 	a 1 k22 

1 

 

d  

   

r 	^ 2 2 
a2 1 ( 	kt - 1(21. 	-m 

    

e f<1 _ i(2)  _2 m2 a 2 

 

(Er -11 3) 	- 

1 d a3 	
, ; 	2 3 	k K 1 

	- /2 	) 
k 1 2 - 	2  

We will just evaluate the integral (fl-112) for this non-physical region of 

moments and after that we will analytically continue to other values. 
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we can express the amplitude Z ( p, Z ) as 

Z) = m E1 , P
_ 2 z 	E2 ( 1, 2  Z 

(II-114) 

where 

 

2 
1 	d a 1  doc2  da 3  

r 2- z) 

a 1-Z 	
) 

El (Pr 2  Z 
e 

 

( 2 17) 6  

 

(3( 2 ( P
2 

 - 
2. 

) 	3 /
2 

C- 

( p 2  , Z 
e 2 12  

( 	) 	dal da2 da3 
( 2 77) 6 r(2-Z) 	`' 

- 1 -Z 	2  (p- 2 m2 ) 	ce3 2

al 	e 	 [ 1-32 	(a  
2 ( a) 

 

  

  

 

(11-115) 

 

	

2 	2 
P2 = P 4 - I  " 

- 	4 	4 - Pi Yi  

(i p0) (1)/ 0 ) -  Pi ,Yi  
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where 

12 (a)=  

	

2 	^ 2 	^ 2 
4 	4 1 2 	3 1 k +a k +a2(k1 

 +k
2
) 

2-cX p.( 	k 2 ) 2. a 

2 	2 	" 	" 2 

d 4
k d

4
k 2 	

al 
k 2  4- 	1  ± a/ 9  ( kl  + k2  ) 1 

d k 1  d k2  

- 20(.2 	+ k z ) 
A  

p' (k1 	k2  ) 

(I1-116) 

A 

Since d 4  k= dk 4 d
3 
 lk 

and 	
k 2 	

- 1 k4 
1
2 

- 1k 1
2 

in order to evaluate these integrate we will introduce another simpler notation 

d 4  k 	d4 k 1 	2 d 4 Q 1 
4 

d Q 2 

2 = 	2 
k1 	1 

" 2 	2 
k 2  Q2 
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p . k1 
	- 13-  Q 1 

P
2 	p2 

2 
where scalars, Q 12  , Q2  , P.Q1  and P.Q2 

are positive, variables, 

4 	4 Q1 2 ' 	2 Q  2 

I/  (a)= 	d Qi  d Q2 e  - a3   
_ cc 

2 a P • (Q  1 + Q  2 ) 
.e 	2 

22 
--a Q

2 -a ( Q + Q ) 

12 ( a) = -
4

Q d 
4 Q 

 

3 	1 -a1 Q 2 	2 	1 	2 

_ 

integral Q2 	by -Q1. 

This gives 

2 
e 	( a1 + a3 ) 	2 

cc 

• 2 (a 2 P +c13 Q 2 )1C) 1  

A 

Thus 	OD 

2az  P,  (01 4-  C12)  

• e 	P. (Q1  + Q2  ) 

(11-118) 

Since these integrals are convergent we can shift the origin of 

CO 

• 
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I2 ( a) = 
2 	

d 	

2 
- ( a l +a  3 ) Q 2 	 ta a 4 Q 	e —k  2 	3  ) 

1 
_n 

2( a2  P+a3  Q 2  ). Q 

e P Q 
• 1 

(II-119b) 

The exponents of the Q1  integral can be put into the form 

[ Q- a  2 P + 'a  3 Q2 2 

a2 	a 3 

	
] 	(a2 P 	(Y 3 Q2 ) 2  

a2 +a 3  

_( a2  +a 3  ) 

(11-120) 

Now if we shift the origin of Q 1  by 

a2  P + 	Q 23   we find 
a  2 	± (Y3 

2 	 2 
4 Q  e-( al +a3) Q  2 + (a2 P +a3 Q  2 )  

1 1 ( a) = c d 	2 
_ 

	

	 a 2 + a 3 co 

d 4  Qi • 

cn 

a + a 	Q 2 	3 	1 

(II-121x') 

2 
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I 2 ( 	= 
d 4  Q 2 

 
(a 1 "3 ) Q22 
	

P + Q ) 
2 

3 2 

 

a2 a3 

 

4 

	

d Q 	e - (a2 u3) 	1 2 
1 

D  2+ a  p.Q - 
[ P. Q + "2 ' 	3 	2 

	

2 	3 

(11-1 2 1 ) 

To integrate over Q 1  we will introduce spherical polar variable where 

4 	 7T 3 	2 
d 	1 = 4 	r d r Sin e d 0 

2 
	2 

Q 

P.Q 	= 	2  r Cos 
r = o • co 

	

= 0 	2 7T  

if we first do the angular integration we find that in general the first term 

in the integral T2  ( a) vanishes. This symmetry implies jd 4  k k u  f (k 
2
) = o 

and is known as the symmetry relation. 

CO 

CO 
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Performing the integrations over r and & we find 

a a  
2 a 	

p2 

- ( 	+ 	2 	3 	Q2 	
a2 

a  3 
	ce2 

d4 
	

2 
	 a2 e4.3 	2 	ce

2
+ 3 

P.Q2 +a 	2+ a 

77 
2  

(a2 a3) 2  

12 ( = 	d Q 2 

a2 a  
a + 2 "3 

2 	2 ce2 c-e 3  
Q + a2 +   - cv 3 

P.Q 
2 

   

2 2 
0 2 P  

  

    

oe
2 

+ a 3 

  

e  

( a2  P 2  + a3  P.Q 2 ) 
v. 2 

	 3 
a2 +a3) 

(if-123) 

putting the exponents into the form 

( a) 

a2 a3 	 ck 2  cx.3  P 
( al + 	 Q2 

a2 	 a  1 (a2 +a3 ) 

  

2 

+ a
2 

a
3 

 

a  2 	2 p 2 
2 a3 

 

2 P 2 
 

2  

a 2 3 [a1 (a2-3 ) 	u2 	a3] (a2 + a3.)  



- - 

a 2 
	3 p Shifting the origin of Q 2  by +  	and 

al (a2 +a3 ) a2 

dropping the terms which are odd in Q 2  and vanish upon symmetrical 

integration;  we have 

1 1 a) e - (al 	a2  

ce2 +a3 

2 
) CI  2 

1T 2 	A ( u ) 

( a 2 +a 3 ) 2  

	

- 	
2 

(a1 + a2 3 ) 	a 0.2 	 2 
a a p2 

1
2 

	d 4  Q 2 e 	a2 4- a 3 	
a 2 

. ( 2 P + 
 2 3 

- . 	
cel(a+ a3) +a2cel: 

2 
77 	A ( a ) 

(a2 a3) 

(ff-125) 

where 
2 2 

a2 	3 	 + a 2 a 	 2 

C a  1 (a2 +a3 )+a2 a31(a2 +a3 ) 	('2 + a 3 

A (a) = 

(II-126) 
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we go over to speri col co-ordinates where 

4 , 
d 	L'' 2 = 	2 7T 2 r3 d r 

2 2 
Q 	= r 

 
2 

integration over r yields 

-2 
4 ( 	

-2 
I 	rr 	a2 + a ) 3 	[ 1 (a ') = 	 a

1 
 + 

a a 2 3  
a +a 2 	3 

A ( ce ) 

12 (a) = - P 2  g 4 ( ce2  + 0,3 ) -3  r L a 1 	
a a 	-2 

	

+ 	2 	3 ] 
a 2 +a3 

a2 a 2 3 a + 	 I 	a [ 
2 	a02+ 

a3)  + a2a3 A 

( ) 

 

(a-127) 

Substituting 

2 	2 
- P 	= I) 

and inserting these expressions into 	(H-115) we obtain 



1 
L  (4 2 

A 
1 ( 	2 Z ) = 1 	A2  r(  2_z) 	X l(P 'Z)  

a 
2 7  

1 

( 4 70 2  r ( 2 - Z) 

1 
^ 

E2 ( P2 Z 

X 1  ( 2, Z ) 

where 
's  2 	2 

-2 a2 	2 -m 2 	p )-  

(:)4  2 da3 a2 	a  3 )e 	
eek.2+0(.3 

r 	z 
X2 P2 I 

a. 

= 	d a2  da
3 

L4
, 3/2  2 _ 	a  

c2 +° 

2 2 
-4 	a2 ( P m ) - 

( 	+ a3 ) 	e 

-2 a a 2 3  

a2 + a3  
1 - Z r  

d a 1  a1 	L 0(1 

a2  a3 
 2 

F a2 ( 2±a3 	a a2
a

3  
1+ a 0! 

2
+ 

3 

a 1 + a2 + a 3 )2  a2 a 3 	(II-129) 
0,77-771  3 
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2 
X2 ( P 	Z ) 1 

(11-128) 

da 1  a 1 	ta l +  2 3  
a21-a3 	e 	(a2 a3 )2  [(Xi+  a2 c) 3  

a2+ a  3 

2 	2. 

pz 	 e<  L   C1- 3 

2 	2 	2 
1 - 	a a 	-2 	- p 	fa:

2 	
3 



1 -Z 
d 	(a-a) 	[ T1  ( 2  , a 3  

a 

-2 	 -3 84 
a 	+ T2  (u2,a3  ) a j 

CO 
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The integration over al  can be performed by defining the new 

variable 

a = a 1 
a c''2 	3 

tp2 + a 3 

Thus the a - integral involved has the following general form 

(LT-1 30) 

a2  a3  

a2 rv3 

2 
2 	a2 a 

0 2  

(a  2 + a3) 2  

( 1 8 ) 
integration over a can be done by using the standard relation 

a = 

8 

u-1 	1 
x 	( x - u)  

+ v - 1 
d x = B ( 	4-v )  p,) u 

1 F ( 1 - 	1 -v;  163/ u  ) 

o <R e g<Re (1-1)) , 	u > o 

(II-131) 
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Thus integral (I1-130) reduces to the expression 

-Z 	 -1-Z 
+ Z, 2 - Z ) a 

F1 	( 1 + Z; 3; 8/a  ) 

(11-1 31) 

making use of expression (11-1 31) we find 

Z - 2 
(a g 

-Z 
Z) = B(Z, 2 - Z) 	d cx 2  a 3  ( ce2  + 3  ) 2 3 )  

2 "2 ^ 2 2 
- a2 P 	(p 	rn)--3". 15 (Z;  2; t) 

a2+  a3 

co 
2 	 Z- 3 -z 

X 2  (p , Z) = 	da.2  do 3  (u.2  + a3) 	(a., a 3  L.  
0 

T1 	
B ( Z, 2 - Z) a 	(Z; 2; 13/a ) + T 2  

e 

a2 ^ 2  
2 P 

a3 
a2 

" 2 
( 	- m

2 
 ) -- Q3

2 

[ B ( Z, 2-Z) a2 1 F, ( Z ; 2 ; t) 	B (1+ Z ; 2-Z) a3  • 

I F! (Z+1;3;t) 
"2 

t = - Pa2 a3 
ce

2 
± a

3 (11-132) 
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To integrate over a2  and a3  , we go over to new variables 

CY= a
3 

= r  ( 1-y) with 6 (a2 a3)  - 2 	ry , 	 ( r 	Y ) 

Thus 
1 

-Z 	-Z 
x 1  ( p2, Z ) = B (Z , 2-Z) 	d y y (1-y) 

CO 

• d r r- Z-1  

F 1 	(Z; 2; r t1  ) 

1 	 co 

X2 ( p 2 Z) = B(Z, 2-Z) 	 ( 1-y) 
-Z 

f clY Y 	-Z 	,c11- r -Z-1-e r 81  
J 
0 	 o 

[ B ( Z, 2-Z) y IF!  ( Z, 2; t) + B (1 + Z, 2- Z), (1-y) IF, (1 +Z;  3; t) 

(E1 - 133) 

^ 2 	 ^ 2 2 	A  2 	2 	2 	2 = - P Y(1- Y) 	; 131=P y - y (p 	-m + 	) + 

from the standard relation 

a IF (ry + 1 ,y+ 1 ; x ) = (a- y),F1  (a, y+ 1 , x)+ YF(u,Y;x) 

we find (II-134) 

F, ( 1 	Z ; 3 ; t) =(Z - 2) 1 F (Z, 3; x) + 	(Z, 2;  x) 
Z 	 Z -135) 

t 1 
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Substituting expression (II-1 35) into ()7-133) and integrating over r with 

the help of the standard relation 

S 
	

e
-st 

t
b-1 	

(a, c, kt) d t = r(b) (s - k) -b 2F1( c-a, b; c; 	s  ) 

Is -kl > IkI 

Re. b > o , Re. s > max ( o, Re.  k) 	 (fl-136) 

we obtain 

X 1 	( pL  , Z) = B( Z, 2-Z) F(-Z) cdy y -Z  (1-y) -Z y bi  2/mi_ ) Z ( m2_ ), 

2F1  ( 2 - Z, - Z, 2; f (y) ) 

2 	 Z-2 	-Z , 	-Z + 1 	2 2 Z  2 Z  X2 (p , Z) = B (Z, 2-Z) 1" (-Z) 2 	LJ y y 	( I -Y) 	(y + 12  /rn ) (m ) c  

2F ]  (3-Z, -Z, 3; f (y) ) + X 1  (P 2, Z ) 

2 
P 	Y ( 1  -  

f (Y) = 	 2 
y + u2 m  

we will drop the A2 - terms wherever convenient by taking care that we do 

not encounter any infinities. 

(p-137) 



- 96 - 

Thus the above expression can be simplified to 

1 	2 Z m 
Z ) = B ( Z, 2 - Z) r(-Z) 	dy) 2.F1  

° 	' Y 
X 1  (P 2 ,  (2-Z, Z;2; f (y) ) 

t.
2 	

1 
X 2  ( p , Z) = B (Z, 2-Z) r (-Z) Z- 2 	d y (1-y) 

2 

2 Z 
m ) 
1-y 

,F1 	Z, -Z; 3;f (Y)) 

+ X 
1 
 ( p 

2 
 , Z) 	 (a -138) 

From expressions ( 1T-281 ( R-18 ), (11-5) and (11-13) we can write 

A  (.p 2  
2 	 /1/4  z 

= m 	1  ( 	) 	1‘ Z2  ( P ) (U-139) 

1 (P 
2

) 	
d Z 

I 	
(1) r ( -z) r (-z) r (2-Z) Cos ZT6 ( (3)(Z) + 2 D (Z)..  E 7 	1 2 71.   

dy (k2 m2  
) 

16 71(1-y) 

2 F 1  ( 2-Z, - Z; 2; f (y) ) 

( 	
2 
 ) 

a 
2-77- 

d Z 	 (o) 	 ( 1 ) .27fr  r (..z) r(-z) r(3-4 cos z [u 	(z ) + 2 D (Z)]  

k  2 m  2 
d Y ( 2--22  ( 	

Z 

1 6 
ir 
 2 ( 	

) 2 1 F 	( 3-Z, -Z; 3; f (y)) 

(11-140) 
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2 
P Y ( 1  - Y \  

f Y = 	2 	2 m y 

the hypergeometric function 2 Fi (a ,13 	; f(Y) is defined 

for If(y) I 
	

1 

Till now we restricted our momenta to be space-like but from above 

expression we notice that these amplitudes are even well defined for 

time like momenta. Thus we can use these amplitudes for the momenta 

defined in Minktwski region as well where p 2 = p 2 _Ipi2 

we can write 

E( p 2  ) = m E1  ( 2 ) 	E2 ( 2 ) 
	

(11-141) 

with 

E1 (p 2  ) 
d Z 

7T 	j 2 7T 1 
r (-Z) r (-Z) r ( 2-Z) Cos ir Z CD (Z) 2 D(1)  (Z)11 

sl 	k 2 m  2 

d y(16 2 ( 1-y) ) z 2 F 1 (2-Z -Z; 	f (Y)  ) 

) 	- (1) 
E 2 	( p 2  ) = - 2 

7 	2 7 
r (-z) r (-z) r (3 - Z) [D

tc 
 (Z) + 2 D 	(Z) Z

1   

(1 
	k 2 

2 	Z m 
d 	( 1672T-Y) ) 

1 	2 y 1 	( 3-Z, -Z,3; f(Y) ) 

(0-142) 

?, 



-98- 

f Y = 
2 

P 	y(  1- y)  
2 	2 

m Y +12 

2 	2 	 2 
P 	I o 	P 

For the given interval of y these integrands are well defined 

when Z is negative. But y -integral 	is rather difficult to evaluate 

because of the complicated argument of the hypergeometric function. 

For Z < o we can interchange the order of integration. So we will first 

do the Z-contour integration and then y -integration. 

the Z-plane the above integrand is analytic for the negative 

value of Z but when we collapse the Z-contour on the positive real 

axis we find a series in powers of (k m ) 2. Since k 2  is of very small magnitude 

-44 2 10 	/ me 	we will neglect the terms which are of higher order in k 

The leading contribution will come from the residue of the integrand for the 

singu larity at Z = o. 

We find that in both the amplitudes El  (p 2 ) and E2  ( p 2) the 

singularity at Z = o is a dipole. 
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Since residue of a function f (Z) fora dipole at a point Z =a is given 

by 

2 IT i 

	

z 
	

f (Z) Z = a 

the leading contribution has following form 

( p 2 	= -
•-• (0) ci y 	[ k2

m
2 

) Cos Z [ D 	(Z) 

	

6 Z 	16 72  (1 -y) 
ZIC 

-1- 2 b (1)  (Z) ] r 2(1-Z) r ( 2-Z) F ( 2-Z, - Z; 2;  f (Y))  1 

2 2 Z -1 
2 	a 	 __. [(  k rrri2  

Z2 ( P ) 	\ d y (1-y) Z [ B (0)  (z)-F 
4 7 	 bZ L 16 77--  (1-y)) Cos? 

D 

+ 2 	1) (Z) 	r 2  (1-Z) r ( 3-z ) F (3-z, - Z;3:f(y)).] 

(11-143) 

using 

Z 	  
2 2 

I?6. Tr m2  (1-y) 	6z 

Z log  k 2m  2 

) 	 e 	
16 7 2 (1-y) 

k 2m  2 
k

2 
m

2 
 

= 

	

(log  16 7 2  (1-y) ) ( 16 	2  ( -y) 

z=0 



Z = o = 15/2  (1)  and 13 (z) = 
2)Z. 	 Z o 

1 

d y 

we obtain 

1 ( P
2 
 ) = —F (2-Z ,-Z ; 2 ',4Lyi! a 	 16 7

2 

L -1°9 	2 	2 	 4- 1+ 
ni  7T 	 k   

+ + 
1 

d y( -y) 

o 	1,0 
2  ' 

( D
2

'  4 7T 

, 	16 7 2 
 

Og 	2 + C zm  

(y) = 
2 

P Y ( 1-7)  
2 	2 m  y + 
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and 

(o) D 	(o) = 1 	and D (1)  ( o ) = o 

(11-144) 

(11-145) 

where 

1 	az 
Z =G 

-to) 	- (1) 	2 	 t3 
Cos 777_' [D (Z) ÷ 2 D 	(Z) 	r 	-z) r(2-z) = a  -3 11,(1)-i 

J 

1 1  [
COS ir Z CD

(0) 
 (Z) 	D

(1 
 (Z) J r2 

(1-Z) r (3-z) 13  -3940-1 
2. 

C2  = 

z=c 
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We have also used 

1 
- d y log ( 1 	y) = 1- 1 

1 
- d y  ( 1  - 	log (1-y) = 

d 
— log r(z) = W(Z) 
d Z 

("a - 146) 

The derivative of hypergeometric functions can be evtiluated, very easily 

if we simplify it by using the transformation formula 

F(a,16 ; 7;  x ) = ( 1 -x) 	F(y - et, /3; y; x 	) 
x - 1 

we obtain 

ir) 	F(2 -Z, - Z; 2 ; f (y))= 	k  1- f(y) ) F(Z,- Z; 2; f(y) ) 

f(Y) - 1  

= log (14 	F (Z,-Z; 2;  f (y) 	) 

f (Y)-I 

(1-147) 

Expanding this new hypergeometric function and differentiating 

w. r. t. Z we find at Z = o it vanishes 
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Thus 	6 z 	F (2-Z, Z; 2;  f (y) = log (1  f (Y) ) 

Similarly 	F C3 - Z, - Z; 3; f (y),) = log (1 - f (y) ) 
Z 

Now we have to integrate over y . This integration has been done in 

detail in the Appendix B the result is as follows: 

11
1 	2 2 	2 2 	2 

P 	y + y (m  - p )+P d y log ( 1 - f(y))= f d y log 
o 	 m2 y 	AA 2 

2 m2 - p 

- 1  - 	2 	log 

m  p 2 	2 +t  2 

z m 

 

(11-149) 

Similarly 

1 

0 

2 2 	2 2 	2 2 
d Y (1-7) log (1-f (y))=.  - 

3
/4  - (m 2P 	 ) [I+ m+

13  log m  
2p 	p 	m 2 J 

(EL-150) 



- 103 - 

inserting (11-149) and (11-150) into (11-145) we obtain 

1 	( P 
2 

) 

E2(P2) 
( n 2

)  
\ 

2 	r 

2 6 7 2  
1°9 	

1 	
+ [ C1 

5
/2  

- 1 

+ 

+ 
2 

m 
2 2 	2 

log 	m  
Il 

[ 
log 

k2m 

16 2 2 
P  

2 
m  [ 1 

m 2 

2 	2 
4  + P  

4 7T 

—2-2- 	+ C 
m 	1 P2 

: 

 

2 2 2 m -p -r- 
109 

m 

C 1  = 6.5 - 3 W(1) 

after substituting these expressions in (r1-141) we will express it in the more 

general form 

E (P 2 ) = A 	B (11 - rn) 	(11-m)
2 

Z f  (P) 

(11-152) 

we are mainly interested with coefficient B for using it as a correction 

for field operators. 

Replacing if  by m, its free particle value we find 

A = 3
C  m 	

log 16 722 
	

C 1 
- 	

1/2  1 	 L2  k m 
(U -15 3) 

4 " 
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B can be easily found by regarding the expression (11-152) as the Taylor 

	

expansion of Z( p 2  ) with 	f  ( p) as the remainder. This implies 

B= 	a 	
E(p) I

11 = m 

Thus from (I1-141), (11-152) and (11-153) we find 

B 
a 	16 7 2 	

9 4? C log 	2 2 	C 1  + /2 + 4 log 12/m  
m 

(11-154) 

One can also find Z f ( p) by subtracting A and B from 	(p) and 

extracting out the factor (3-m) 2   by using the identity 

2 	2 	 2 
P 	m 	= (12( -m) 4- 2 m(Fi-m) 

which gives 

a 1 1- 	1  E f ( P ) = 27 m 	2 ( 1 -P ) 

2- 3p 	 ri-m 	2 
1 -p 	1°9  P ) 	rn ) 	+ 1 °9,11-1) 

1  
2p(1-p) 

( - 2 -P + 4- 8 P + P 2  l og  P ) .11 
1-P 	 

where 	 (E-155) 
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m2- p 2 

m 

from (11-154) we have 

1 	(e) 	a 	16
2 

+ 9  
2eD 	= 	 C [ log 	2 2 	1 	/2  + 4 log 

/ 
 k m e 

B 41)  2 	= - 
a 	 16 72 /  
8 7r  [ 	

9//2  + 4 log lm  
1-1  

(11-156) 

and inserting this in Expression (12(-1)we find 

9 
F )(e)  + F 

(11 ) 	 [ 	167 2  
- C1 + /

2 - log— + 4 log iri = - 	log 2_ 
7 	k m 2   m e 

(11-157) 

(v) 
Now we will proceed to the computation of the amplitude F x , the vertex 

correction. 
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4. b: 	Correction to 't - e Vertex 

(v) 
For the amplitude F x  , the leading contribution of order e 2  

comes from the diagram shown below 

electron 
4e 	 photon 

gravi tons (million 

Pe-k  1 - k2 	 neutrino 
P P LI 	 .•• 

The corresponding matrix element can be written by following the same 

steps as the one adopted in the self mass case. 

(v) 

	

F x=  U-e 	) 	f x(4) U-(P 12 ) 

(11-158) 

A 

	

2 	

(2  
d • ki 

) 4 	( d 2 7 ) 
4  k  92 ) 	(i e ) 	 Y iS (pe-k12 V

A 
 (1 - i Y 5) 

	

7T 	 4 	F  

I S F  (p -k1  -k 
2 	 1

2 
)y 	iD(k 	) 

d Z[  (o) 	-u) 	2 Z 
r (-z) cos 7 Z D 	(Z) + 2 D (412 

2 7i 

2 
D(k2  , Z) 

(II-159) 

X ( 
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—1 

( I-7"e 

where 

q = P 	- p 

D ( k 2  ) 
1 

S (p-k
1  -k 2 ) 	= 

-,k2) m 

(p-k1-k2  ) 2  - m2  

D (k2  2  , Z ) i (16 7 2) 
1 — Z r  (z-z) 	k2 )  Z-2 

r (z) 	' 	2 )  

2 
<o

k  

Since the superpropagator is defined only for space-like values of momenta 

we will perform a wick rotation ko 	i k4 so that k 2 
=-k2-

4 
 - 1 k 1 

2
<o 

and d 4 k 	d 4 k 2 	d k 1  d k 2  
4 	4 

1  

Expression (fl-159) can be written as 

2 16 1.T 
2
e

2. 

) (2 7).°  

d Z 

 

cos 7 Z r (-z)  r  (2-z)  C D`°(Z) + 2 B(1)(Z)3 
r (Z ) 

b2 Z  
) 	f X (q 2, Z ) 

1617 

 

2 7 i  



4 

so that 

where y.2  = - 1 

4 

since y 2 = 1 we have y 2  =- 1 
4 

p 4 
1./ 
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amplitude 
A 	A. 

f  X ( 	2 Z) ,  
4 	4 	"' 2 	Z-2    

dk dk(-k 2  ) 1 	2 
v 	k l 	YX  
I (p -k 1  - k )2 -  m  2  I 2 

(1 	Y 5 ) 	 -X2 + 	) Vp. 

2 r 	rsk  _ k 	2 2)-m  2 '7 
k L (p - 1  	 J 

1 

(T1-161 ) 

here we have neglected m e  , the mass of the electron. Here we also 

define a new y
4 
 - matrix 

The matrices y 4  and y i  satisfy following relations 

Yo + yv yu= 
	

26/2  

)1  P. Crf u 
	= 	4 a. b 
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id Yu  = -2,“fs 

(11-162) 

X fl 	
2 a x  - 	yx  

where 

6 = -1 
i 

By making use of these relations we can simplify the amplitude f x ( q 2, Z ) to 

f 	( q 2,  
A 

- 2 Z-2 
Z) = 	d 4  k1 d 4  k

2 
 (-k

2 
) 

N 

I, 	2 r 	f< 	r< 	_2  m 	 fr  2c 	2 
1 I e 1 2 	e2 L\PA  1 	-rn )j  

(rr-163) 

where 

A a 
N = r_ 4 ( p e  )7,  AS u + 4 pe 	yx  - 2 ,i5e  j512  yx  

4  
+2 A5 Yx  (A 1  + 2 )  

A 	A 
+ 2 ( i  -+42 ) yx e 

ok 	 A 

- 2 (gi  + k 2  ) 	x (Yi -4-/k2 )(1-:y5)   
A 	- 

+ 4mµ ( Pe  - 	k2  )2L  ( 1 + i y 5  ) 
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In expression (J1-163) the integrals involved are of the following form 

M e (q 2  ,Z) = 
4 	4 

d k i d k 2  f (k 1  ,k 2  ,Z) 

"2 Ma (q ,z) —  _ d 4  k 1 
d 4  k2(1"14,)(21 f(A,z) 

    

A 2 
M 	(q ,Z)= d k dk 

1 	2 
( 1-‹+ i<> 	( r<_kie 	f ( 	,Z) • 2. a 	 ; 

(1J-164) 

where 
A A 

f( ki  , k2  , Z ) 	= 

2 Z-2  
(- k 2  ) 

 

 

2 2 	 2 2 k-  12  [(pe  - f<1- r< 2  ) - m e  I [(I;u- 	-k2) -m11  

according to lorentz invariance, we can express 

toce ( 2,Z) = y ie ) ce  R 2 ( /2) a 	 (11-165x) 

Ma ,8(q 2 ,Z) = A 8 
	

+ B 	 F; p 	1; 12 ) cio, 	+ 

D [( 	1 4  ) 	+ I;  Ada( e )01 

(f1-165 b) 



	

^ 	2 
P 	—gyp ; p 	p 2 	2 , q 	—s? q hence 
A 	 " 
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2 
These scalar amplitudes R 1  (q 2  , Z ), R2  ( q2, Z ), A (q 2, Z ), C (q 	Z ) 

B (q 2, Z ) and D (q2, Z ) have been evaluated in detail in the appendix (C. .1) 

and we have found that these amplitudes can be defined even for time like 

momenta. So we will go over to the physical region. 

Inserting the expression 01-165) into (11-163) and replacing 

P4 	-T P0' "14 = "" i7o 

we obtain 

f X( q  2, z  ) 	_ 4  ( pe  ) x  6.4  + 4 pc p 12  ; 2 e izx mo (q  2, z )4.  

+212( 	[Ve  R (q 2,Z)+ Fi tiR 2 (q
2
,Z) 

/2  X 

+ 2 r e R1  (q 2  , Z ) + 	R 2  (q 2  , Z ) 	y yi
e  - x  

- 2 [ - 2 yx  A (q 2, Z )+ Fie VAlie  B (q 2, Z ) fitlYxribl  C (q2, Z)+  

+ 	)1Xlju 	D ci  2' Z) :11  ( 1 	1 5  ) 

+ 	( p e ) x  M0  ( q 2, Z ) -4 m id, [( to e  )2‘  R 1 ( q2,  z )+ 

+(P u )A R 2  (cl
2 
 ,Z)) 	(1 +i)/5  ) 	

(IT-166) 



Y u  , 
	= 2  u v - Y``) 

	

= -1 	1 = 1, 2, 3 

1 

Since 

with g o o = 1, 9i 

2 1, -v  . 2 
0 	• 
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Since this amplitude will lie in between the Di n:c spinors [Le(pe  ) 

and Uu (pI/  ) we can make use of the equations of motions 

(flu- m) 1112(13/2) = ° 

	

1-L( Pe 	- me ) 
	

(n-167) 

using relation (11-167) and neglecting ..me.  we obtain 

	

f X  (q
2 ' Z) = 	4 pe.pg yX M o (q 2, 	 e 

	

Z) + 2 17( )/ 	 R1  (q
2,Z)+ ,u X  

+ R2 (q2, Z)  D(q2 ,Z)] + 2m 	
g

Y [ 	(q2, Z)- 

- C (q2, Z)] + 4Y
X 
 A(q 2, Z) 	( 1 - 	) 

5 

- 14 m il  [(pe ) x  R 1  (q
2
,Z) +(P ) X R2 (cl 	Z )1 

(1 + i 5 ) 

(11-168) 
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Y
X 
 = 2 ( 	) 	VX i1  

A  

	

e  = - 2 pe. p A yx + 2 pia( pe  ) x  + 	y x  

(11-169) 

Substituting (ET-169) and making use of (1I-167) with the neglect of m e  

we find 

f x  ( q 2, z 	= k 4 pe, p M 0  (q2  , Z ) - 4 peipil  E R1  (q 2, Z ) + 

+ R2 (q
2
, Z) 	D (q2,  Z )'+ 2 m 2 	C ( 2 

	2 
IL) R2 ' 

+ 4 A (q2 , Z)/ Yx  ( 1  -1)/5) + 

-4 in11 (P ) X 
 C ( q 2, Z) + 4m 	(P e); 

, 	2  ( 	z  )_ D  (q2 Z) 	(1 4. i y5 ) 

(1:1-170) 

2 2 	2 	2 
Substfl'uting 2 ID,:  p u  = - (P 	 pe  ) 	p 

	= — q 
4-rn 
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f x(q  2,z) 	2  ( mL2i 	q2 ) [ mo  q2 
• 
 z 	D  (q2, Z) R1  (q2, Z) 

- R2  (q 2 , Z) 1  + 4 A( q2, Z) + 2 m 2  r-C(q2,Z) + R2  (q2,Z)1Yx(1-i 

2 (q2 
	 2 L 

	
2 	2   4 m 	C 	Z ) ( p ' + 4 m 	R 	Z)-D(q, Z)i(pe), 

LI X 	 2 

, ( 1 + 	5 ) 

(11-171) 

inserting this into expression (11-160) we can write 

1 
u 

r 
fx 	

q  2 ) 	
1 

(ci  2 ) 	
X 

(1 	
5 
) _ 

m 
Li 

 2 
(q 2 (p 

 u,
X + F3 (q2) (p  ) 

( 1 + y5  ) 

(E-172) 

where the scalar amplitudes are 

(q2 )fl  
d Z - 

2 I 

„ 2 
Cos 	Z r (-Z) F(2-Z) 	° (z) +2 D (Z)j( k 77 2) 77 

r (z) 

2 (e 
9'1  

)Q ( 16 7 2 ) 
(2  

MI /2 
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2 	2 Z) - R1  (q , Z) - R2 	, Z ) 2(mµ 
q  2 [ Nio(  q 2, z) D (q2,  

+4A ( q2
, Z) +2m2 [C(g2,Z)-R2(g2,Z)] 

L2 

(I1-173a) 

f (q 2 )  - 	
Z 	 (C) 	

(1) 
	132 	Z 

COSV Z r (-Z) r(2'"Z) E 	(Z) + 2 	(Z)J(.L. 2) 

	

2 77 	 TTZT 	 16 77' 

2 	2  
2  1672  r 

	

(e) ( 
(2r ) 

8  ) L' 	C (q , Z ) 

(]I-173 b) 

2 d Z _ 
f  3 	) 	2 7 i 

- r 	 (1) (2-z)  , L  D (0) (Z) + 2 D 	(Z) J Cos 	Z r (-z) r (z) 

2 Z 2 k 	) 	(e) (16 2) 
1671 2 	(2 ? )  

[ 	4 m 2u 
( q 2, Z ) 	R2  (q2, Z ) 

 

(11-173 C) 

The amplitudes R1  , R 2 , A, C, D and Mo  are evaluated in detail in the 

appendix (C-i), the results are as follows 



.1 

=- 	
77. 4 	 Z 

dy Y i  
2 

1+(m 	4 Fe).PA)Y
2

+ D (q 2, Z) (z) u (z) 	- 
2 p • p g 
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1 
R 	(q 2,  z ) = - 	4  r (Z) h (Z) 	d y yl Z-1 (1-y) 

Z - 1 
R2  ( q 2, z  = 

r  (Z) h (Z) j d y Y1  

C (q 2 , Z) = - 774 d y Y1 	[r (Z) U(Z) 
-1 2 

+ C1  (q
2 

 Z,  

(LL-174c) 

-1 
+ 4 Pe. pµ Y)Y1 

2,  
(1-174 d) 

77
4 

A (q 2, z)  = - 2 	r (z) [ - r(-z) v (Z) + r (1-z) u(z)4 1i-.1 	 dyYlz  

- 1 [  2 	 2 
m u C(cl 

2,Z)+ 2 pe.p 	D(q ,Z)] 
(II-174e) 

M0( q2,z.  ) = -Z 
77 4  r (z) r(1 -Z) 	d 2  (1 	 1 	2 )

- Z 
	1+ 	) 

0 

Z-1 
{( i  P/2 -g2  Pe ) 2  '( 1- 
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-(g1  Fp + 	2. P e ) 2  (1- 1 - 
F (Z, 1 -Z: 2; 	 2_ 

( 1 + 	2 )[( 1  Plz + 2 Pe )2 +(1- Y.  2) -1 

([1-174f) 

where 

Y = 	 2 
1 	( qY + Pe ) 

h (Z) = r (1-z)  [r(1-z) r (2 Z + 1 ) 	F (Z 1+Z, 1-Z; 2, Z +2 ; 1 ) + 

	

r ( z + 2 ) 	3 2 

z 	r (2-Z) r (2 Z +1)  3  F 2  ( 1 + Z, 2+ Z; 2-Z;  3, Z + 3;  1 ) 
2 	r( Z + 3 ) 

r 0 -z) r (2 Z +2) 
U(Z) = 	r  ( 3+ z  ) 	3  F2  (Z, 3+ Z, 1 - Z ; 2;  Z + 3 ; 1 ) 

r( -z) r ( Z + 2 ) 
V (Z) = 	r  (3  + z 

2  
)  3 F 2 (Z' 2 + Z , 1-Z; 2; Z + 3;  1 ) 

2 
A 1  (q2,Z,y) = 9,0  cup  (q , Z, y ) 

2 4 2 z y)= 
PePg D 1' 	I 	 L 	 k 

re 	(Pkdp - 91)P 	3 
m1 

 (Pe )1) (13e)p 
2 
,Z,y) 

-1 r, 
C 	(q 

2
, Z„) = Z r (Z) Y 	BP 4-  Pe) y pe 	[ (pp  Pe) Y 4- p r (1 -Z) . 
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F

r (2-z) r 
 (2 Z + 2) 3 F2 ( 1 + Z, 2 + Z; 2-Z. 3; 4 Z ;  1) + 

r (z + 4 ) 

r(3-z) r (2 Z + 4) 
3F 2  (2 +Z, 3+Z;  

2 Z) 	3F2  (1 + Z, 3 

3 	; 

+ Z, 2 

4 ;7+ Z; 1 ) 

- Z; 3; 4 + Z; 1 ) 

Z) + (1 + 
6 r(z + 7 ) 

r(-  - 	r 41-9- 	r(-z)2 	(2+ +. 
4 	 r (4 + Z) 

Since these integrals are well defined for Z <o we can interchange 

the order of integration. 

Here we will first evaluate contour integral. This can be evaluated 

by collapsing the contour, in the right half plane. The amplitudes f1(q2  ), 

f2  ( q 2  ) and f 3  (q 2  ) can have the form of an infinite series in powers of k
2 

Y 

corresponding to poles at Z = o, 1, 2 	. Here we will consider only the 

leading term which is simply residue of the integrand at Z = o pole. 

22 
Contributions coming from Z>o are of order k 	and thus are neglected. 

From expression (j1-173a, b; c) we find that at Z = o integrand of f2(q2) and 

f 3  (q 2  ) show simple pole while the integrand of f
1 
 (q 2) has a simple as well 

as a double pole. The dipole singularity arises from the term A (q 2, Z ). Using 

Caushy's theorem the

' 

 residues can be evaluated. The result is 

f 
1 
 (q  2 ) 	

477 

2  ( m  2_ q  2 ) {m 0 (q  2)  + ( q2 ) 
	(g2)- R2(g2)] 

+ 

LI 

+4A(q 2  ) + 2mµ r 	2 
cq 	)-R 2 ( q 2  )] 



1A X Xid - 
Z 	1 

1A A Xp 

1- 	) X P 1 A 	_ 

1 

(ad+Xb)=A 

9L -LI) 

{(z  b an  cid z 	z  b)j zrfujl ,77 	1  ft, 'c 	'c 'L ) 	C 	- 8 : 

[ 	'c + Z 	IZ-1 	+ 'Z) Z C  (Z-Z) (Z + Z Z) 

£ + Z) J zit 91  
1.)( A 4)P) 	Z + (Z) a)) z sop c 	z 	Z 	(1)- 	(0) - 

(p 9L1-11) 

no 7. 	o 
2Q p 

I  

  

z _ L - b)  

  

nn a  
dad t, 	X( d'd 17- Tful) X p 

1 

n d 
(Z b)  a 

[ (Zb)Zi 	
17 b) C  

(Zb)CI 	
Ul v 	II 

A.) J 

[ zb)D 	W 	t7  ,( b )J 

- bli - 
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1 2 	 2 -1 
M {(€ P 	gP) 	 )12  ] 

1 	2 	1 	e 	1 	2 

(II-176f) 

Evaluating these integrals and expressing the results in terms of parameters 

x =2 E/m 	we find: (Details are given in Appendix C-2.) 

R1  ( q 2  ) = 
1  

[2 (1-x) log m 	+ ( 2- x ) log x 	- (B-177a) 
m 2 (1-x) x 	 m  e 

-1 R2  (q 2) = 	m 2  (1-x) 	log x 	 (II-177 ) 
u 

C (q 2 } 	= 	1 	[ I + x 	log x 1 	 (II-177c) 
2 m 42  (1-x) 	1 -x  

1 D (q 2  ) = 	
-1 	[ 1 + 	log x ] 	 (U-177d) 

17-x 2 m24  (1-x) 

[ 
7  

A (q 2) 	;- log = - 	
4  
k m 	

1 
- 	T 	C 6.5  - 3 1P(1) -h44 	(i _x)  log  xi (11-177e) ti   

1 	 (x 	me  ) 	m 
M0 

(9  2 ) _ 
m2 x  [ log 

12
2 	 log (x 

m e
) 	log x log (1-x) 4- 

2 77 

T 	(p (-x) 
(1-1771) 

0 
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From (U-177) and (II-1 75), finally we have 

f  ( q
2 
 ) = 2a 	log 

4 

 

2 
[6.5 - 3 V-(1) ] 	4 (-x )+ log x 

km 	2 

x 

2 
+ 	log (m12  m  e)  log ( m e - log x log m 	+ log m 

2 	 m 	 r-771 2 

2- 3x log x 
2 (1-x) 

f 

 

(q 
2 
 ) 

  

1  	.-, 	Ex log x+ 1 - x j x  

   

2 2 17 

 

2 
f 3 ( q 	) 	

2 Tr 	(1 1 - x)2 	[( 2  x- 1 ) log x +1 	x 
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From eqns. (11-172`„ (fl-175) and (11-17 ) we obtain the contribution to the 

matrix element from the vertex part. 

( 
F x

v) 
 = a (pe ) 

1 
f f  I (q 2)  Yx( 1- 1.Y 5  ) 	M 	if  2 (q

2 
 ) (P ) 

g X  

f 	( q 2 ) pe 	x ] ( 1 + 	 ( p ) u 

(fl-179) 

where f 1  (q 2 ) , f 2  ( q 2  ), f 3  (q 2 ) are given by 	(11-178) 

Adding the electron and muon wave functions and vertex contributions, 

we can write from (1:1-81), (11-157) and (D-179) the modified matrix 

element as 

F x 	= a (p 
e 
 ) [1+ F

1  (x) 	y( 1 - i 
5 
 ) - 

m 	
[ F 

2
(x) ( p ) 	+ e 	 il   

+ F 3  (x)(Pe )x J ( 1  + 1./ 5)j 	U- (p ) 

(B-180) 



milme 	me 
) - log x 109 

m 
x lcg m 

	e 
 

m 
m e 

+ log 	( Ic9  

- 1cx  
27 	( 1 - x) 2  [x logx +1 -x 

a 	1  
2 	(1-x) 2 	( 2 x - 1 ) log  x 

F
2 
 ( x ) = 

F 3  (x ) 
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where 

2 

2 
g [ -log —4 7T 	+ (6.5 - atr(i)) -- - 	

1 	rribl i  
log 	cq 

m e2 77 	
mp 

 

4 1 	72 7r 
+ log- ( 6.5 - 3\1;0)) 	+ 	- 4 	- (0(-x) + log x log 1-x .4_ 

mp.  

 

2 m 

m  e 

2 - 3 x 

  

+ log 

 

log x 
2 (1-x) 

 

   

[ log eMU M 
2 7T 

3 	me 
T 	( 1 °g -m-72  4- 

3 
+ log x 	- 

m  2 
1 	1 	1 - x 
2" 1 x 	

log x 	log 
112 
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Thus the matrix element, 
1 

Fp 	= 	(p) yo 	[ 1 +Fi(x)]y
P
(i 	75) - 

[ F2  (X) ( 	p 
	x) (P e ) 0 1 ( 1 +i75)/` 

7 c 'de ( ) 
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[ 1 + F (x) 	Y - 	F (x) ( P 	F (x)(p 
1 	P mp l- 2 	p 3 ,11(1-i y5 ). 

u_ ( e 
	(j-182) 

(q X P 
q 	

2 XP 
9 	) F 

p 
= U. (P ) 	+ Fi  (x) I tq 	q2  yx] - 

17114 2 	L X 
F (x) rq  p . q 	2  - q  (p 

1 
m 12  F 

3 
 ( x ) [q X Pe' q-q2 

	
A (Pe)  (1  -iy ) e ( e) 

(II-183) 

Since 5 = 62- e  we can simplify the above expression by using Dirac's 

equation and considering me  

Thus 

2 	 2 
(q q 	- q g 	)F 	=a (P ) 	F (x) ][cl 	Y X] - X P 	X P 	p 	 g 	 1 	A Ft 

	

F (x) [clx P
4t 	-g2( P ) X Ji 	2 

F 3  ( x ) [q x  p 	q2 (pe  ) x ] 	( 1 - Y 5  ) U-e  (pe  ) 

(TS-184 ) 

1 
m 
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Multiplying (11-184) by (II-182) and summing over ;he electron spins we 

find 

m (q
X' p 	

2  g 

X P 
F *   F 	(p ){[ 1 +Fi (x)][ci,rn 

2 
e 	 P X 

a 
 bl 	 A 

m 	
, 1 

	

F2 	A. 
(x)cci,p.0 q—ci

2 
 (p) x ] —  

	

F 3 ( x) EqxPe. q 	2  (Pe) x 	Pie 	1 + F1  (x)) y
x
(1 -i 75  ) 

m [ F 2  ( x ) (p )
X 
 + F 

3 
 (x) ( o 

e 
 ) 1

x 
  ( 1 	

i 5j 
U(p

11- 
) 

1.1 

(n-185) 

in writing (11-185) we have used 

( 1 + iV5  ) -2 = 	2 ( 1 + i) 
5 

(11-186) 

Since we are interested in the contributions up to order e 2  only we will 

neglect the terms F1  (x)'F2  (x) , F2  (x) • F3  (x ) and F 3  (x) •F1  (x) which 

are of order e4 
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Substituting expression (fl-186) in the origina! expression of intensity, 

gives by relation (11-61).„ we obtain 

(0) 
I (x) d x 	[ 1 + 2 F., ( x ) 1  T 

2 
G 	 d ne  2 	4 

(x) - 4$73 4nx dx m 	. 

U(P 	)a(e  ( 1 +I Y5 	U- ) 	(P) [F.,(x)+F 3  (x)] h  

(1-187) 

From the relations (11-72) and (tI-74) we obtain 

I(x)dx = 	1+2 F1  (x)] 	(0) (x) - 

G 
2 

m 
 5 

96x 3  
d  c?,  
4 ?  

3 
x dx(1 -PCose) [ F2  (x)+F 3 (x) 

where 2 5 
G m 12  

= 96 7T 

d e  
x 

2 d x [( 3- 2 x)4-0-2x)pcosej 

 

417  

(I1-188) 
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Till now we have been considering the electromagnetic interaction 

of charged particles - muons and electrons - with virtual photons. 

But it is quite possible that some of these photons may satisfy the Einstein 

condition k 12  = o . In this case they might emerge as free radiation or 

bremstrahlung . Thus the amplitude corresponding to the decay 

e 	'ye 	..‘/04-E 	."Y
e 

Ott 	e 	+ 'NJ/J. 

will also contribute to the electron spectrum in 12 -decay. 

Here 7e  and Y 	represent the real photons emitted by respectively 

electron and muon particles. 

At this moment one could also think of A-decay accompanied by real 

gravit ons. These gravit ons could be emitted by all four ferrnions 

involved in this process. Since these contributions will be of the 

order of the gravitational coupling k 
2 
 which is very small in comparison 

to other contributions which are of order a ) we will neglect it. 

The interaction responsible for this decay will be the one which we have 

been using except that since there is no graviton at the photon - fermi on 
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g a 	Aa 
vertices we have to approximate the tensor L 	by 77 	. 

This reduces the interaction lagiangian to the one used in conventional 

electrodynamics. 

Since this amplitude has already been calculated by several authors (I)  

we will just make use of this standard result which is given by (19)  

G
2

m 
 

A 	d Qe  a 

96 77  ,3"4 71. 	
-IT-. dx (B 0  + B1  PCose) 

B 
2 

- 2 x ) [( log mew + lug (1-x) 	) (log x M4  
V, 	 x 	 m e 

1 ) 

7 2  _ --„t - ] + 2 x( 1 -4(2- 3 x) [log x 
m 

 II  - 1 1- 

  

m e  

B1  

- x ( 1-x) (3 - 2 x) log( 1 -; x )+ 1 -67  

x i log ( xmg 	
3 

) + — ( 1 - x ) 2 
m e 

( 1 - x) 2  ( - 2 x) 

2 
= x 	( 1 - 2 x) f t lo g (x a. ) _ i 1  { log memo ----- + log 

m e 	
11 

 

(1 - 

1 - x 
log ( 1 x) -40 (-x) 

77.2 ) 
_ 4 

2 	 m 
- x 	( 1-x ) { 5 log (x .--1-1  )- 4] 

ute x 

 

2 
1 - x [( 1 + x + 4 x 	

m 	4(1xx) 2) log ( x r-  ) + 	log (1-x) + 3 - _ 
6 ma e 

- 8x 21 

(II-189) 
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here again 11 is the artificial mass of photon. Since the experimentally 

observed quantity in muon decay is the sum of the two transition probabilities 

given in eq. (1-188) and (11-189) this quantity4 will drop out. Actually 

we could do these calculations without introducing this non physical quantity 

but it needs an extra care in handling these terms. 

Thus total transition probability is given by 

L (x) d x 
G 2 m  5 

96 7 3  
die

a  
x 

9 
-d x { 3 - 2 x +27  f (x) + p case 

4 77  
a 

- 2 x + "TiT  g (x) 

f(x)= 2 ( 3 - 2x)R(x)- 31ogx + 
1 - x 

L
r  -2--   3 

5 + 17 x 34x
2 
 ) (log x 

 

m e 

- 22x - 3 4 x2  

1-x
2 
	m 

g(x) = 2 1- 2 x)R(x) -log x --
3 x 

2 [(1+x+ 34 x )log(x—)+ 
m e 

+ 3-7x -32x2 
	4 

+ 	(1 -x)
2 
 log (1 -x)] 

R ( x ) = [ log ( x 	) -1 	[2 log 1-x  + -23- 1 + log (1-x) 
m  e 

2 
[ log x 	1- 1 1 -2 4-, (-x ) - 	- 

(11-190) 
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(2.0) 
Here (p (-x) is theSpence function defined by the series 

2 
( - x ) = - 	 x n  

12 
for 	I x I < I 

n = 1 72 

x is the ratio of the energy of the outgoing electron and the maximum 

value of this energy which is approximately half of the g - particle mass 

P is the polarization of the decaying muon particle 

6 is the angle between the direction of the outgoing electron and the µ -particle 

polarization vector. 

I (x) d x defines the electron spectrum in terms of the number of electrons 

emerging per unit time in the solid angle dae.with an energy such that the 

variable x lies in an interval dx around its values. When it is measured one 

takes the average over an interval Ax 

i.e 	 I(x) dx 

x - L1 x  

The influence of this averaging is negligible for small values of tlx  and one 

can consider the observable quantity to be just j (x) d x. But we notice 

that at the upper end of the spectrum x = 1 apparently both the functions 

f ( x ) and g ( x) have logarithmic singularities so one has to average over 

an interval 	(x ) so that 

1 
Tx 

 

log ( 1- x ) 

 

-x)dx 	log( 1-x+ Ax 

 



25 
4 ) 
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The right hand side of above equation has correct limiting behaviour 

both when 1 - x is much smaller than A x and when p x is much 

smaller than 1 - x. 

By integrating the expression (a-189) over all values of x between 

zero and one we find that the total life time"of the 11  -particle , T 

including the radiative corrections to the ordinary decay and the emission 

of one photon is, 

12 
m  5 L.7  

W = 7 	
192 3  

r 1  - -2-7T ( 7T  2  - 7  

2 25 i.e. 	T 	T
° 
 [ 1 + _

2
(1_

1T 
(T 	- 4 ) 

(11-191) 

(II -192) 

interacti ons 

- t93 ) 

where To is the life time in the absence of the electromagnetic 

and is given by 3 
T = 192 

5 G2 m 
by making use of the recent values of the fine structure constant 

1 
—= 	1 3 6 0 3 8 8 + 0 . 0006 
LY. 

we find that the radiative corrections increase the life time by about 0.42% 

Conventionally one takes into account of radiative correction as a 

renormalization of the coupling constant G. So if we consider G appearing 

in T o  as the "bare" u  - decay constant then we find from expression 

(T1-192) thct the observed coupling constant G R  is given by 
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2 
G R G 

2 
2 7T 	- 	) 

:47 
(II-194) 

or 

G = GR 	[ 1 	4
a (72 

4-V4 ) 
	

(13-195) 

From this expression we conclude that the bare µ-decay coupling constant 

is larger than the renormalized observed g-decay coupling constant by about 

0.21%. 

In fact these corrections of a few percent have much importance in the 

question of universality. Here one assumes that the bore coupling constant 

(i.e. the coupling constant in the absence of electromagnatism) in pure leptonic 

(e.g. 	e 	ue  +1) ) and semi-leptonic decays (e.g. n 	p + e + e  ) 

to be equal. In other words for the interactions. 

L 	( 	--) e 	+ 	) 
int 

= 
I'2 

L 
X X 

Lint (n---) p+e+6
e 
 )= 	

° 

/2 
(J 	L

X 
 +J

X 
 L 

X 
 ) 

X   

where Lx and J x are, respectively leptonic and hadronic currents 

one believes 

= G° 
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And if there is any difference between observed quantities GR and 

G
R 	

then it can be only due to charge dependent effects since G° 

is not renormalized by strong interactions. 

In the Cabibbo form of universality G°  is not equal 	G but to G Cos 6 

i.e. 

G = G ° CosO 

Therefore, if after substracting out the radiative corrections from the observed 

quantities G R and GR ' 

can be attributed to Cos 6 

In order to establish the exact form of the universality of weak interaction 

one must find the radiative corrections to semi-leptonic decays as well. Since 
(21) 

it involves hadronic current one can define it is Nambu's "integer" quark 

model known as ' Sub model' which seems to be much simple and reasonable, 

Cabbibo, Maiani and Preparata (2)  followed ihis model and they got finite 

and reasonable value for the radiative correction to 7T a-decays. They found 

G °/G  = 0.981 + 0.002 

These authors used conventional quantum electrodynamic and dealt with 

infinite quanties in a rather inconsistient way. 

Here we can test the true form of universality by working in a more 

0 
G and G ° still differ, then such a difference 
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general and consistient theory of gravity modified quantum electrodynamic. 

Section 6: Discussions 

Decay of muon. Regularisation methods and Ambiguities: 

We know that the radiative correction to g-deccy on the basis of V - A theory 

has been studied by a number of authors namely Behrends, Finkelstein and Sirlin, 

(1) Berman Kinoshita and Sirlin;  Kuznetsov, Kallen and by others. 

It has been pointed out by Durand, Landovits and Marr, Gtnzburg 
(22) 

and Serbryakov and later by Berman and Sirlin 	that these results may not 

be correct because of the fact that the cancellation of the infinities arising in 

the vertex against those in the wave function renormalization is ambiguous. 

This conclusion was drawn because the usual • nrd identity which guarantees the 

unambiguous cancellation in quantum electrodynamics does not apply to the 

mu-decay vertex due to the difference in mass of the muon and electron. 

When we examine the method of calculation which has been 

previously (1) 
used. We find it to be very badly defined. While integrating 

over the virtual photon momenta one encounters the infinities for large momenta. 

These integrals are then apparently made finite by introducing an auxiliary 

mass A in a purely formal way. It does not carry any physical significance 
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but merely acts as a mo,hematical parameter. One assumes that the 

correct physics is the one that is obtained by letting A — -> co 	For 

this there is no proof of mathematical consistency. One has been essentially 

dealing with the infinite quantity. 

When the total contribution is taken into account the logarithmic 

terms involving the arbitrary parameter cancel out and there remains a finite 

result independent of the cut off. 

Because the subtraction of two similar infinities does not necessarily 

lead to a unique fixed result one has reason to question whether or not the 

result of muon decay is unique. 

Here we found that these ambiguities and inconsistencies are 

eliminated b.. adopting the gravity modified quantum electrodynamics. Here 

we have adopted the "realistic theory" in which the convergence properties 

arise as a consequence of the interactions with the gravity (the physical) field. 

Though the gravitational coupling is very small but it becomes effective at 

high frequencies. 

The non-polynomial technique which we have adopted for dealing 

with this gravity modified electrodynamic seems to involve some ambiguities, 

which can be avoided by working in exponential paraoeterization of 

-7. 
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Ambiguities 

( ) 
	

Distribution - theoretic ambiguities: 

This ambiguity arises when we define the distribution < T 0 n  (x) co Co> 

when 	2  (x) is given by the relation 

2 	 2 
(x) = : 	(x) : + D(o) 	 (0-199) 

here D (o ) is the infinite constant L t 
x-rr,  

1 
/ x  2 this can be represented 

" 
by b 6 

4 
 (x) with b an arbitrary real constant. The dots denote the 

normal ordered product. 

In defining the superpropagator we considered only the normal 

product term that is 

-§( x) = (T: 	(x) : : can  (0) : ) 	 (11-20G; 

In 	following this conventional normal ordering procedure we 

discarded the term D (o) while using the relation (11-199). This means our 

superpropagator is ambiguous by a term of the form 
(11-201) 

2 
b  n 	

) n - 2 S  ( x ) 

We call it the b - ambiguity': Graphically this term will correspond to 

tadpoles(shovm in Fig.8), 
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(2) 	Borel Ambiguities. 

We know that for the rational parameterization of gravity, 

the two point-function i.e. the superpropator 

1 
G = < 	 1 	= E n ' (2 2)"[D (x)] 

1+120(x) 	1 F (o 	n = 1 

(1-24 o) 

is a divergent series, which implies that this form of interaction 

is non-localizable. While for the exponential parameterization 

the corresponding function 

- 
G = 	T 	e 	

(x) 	- 	(o) 	
> 	-k2 

D (x)  
< : 	 : e 	• 	 e 

(1-24 b) 

is an entire function in the D-plane;  which insures the 

localizability of this theory. 

When we w-fek with this rational parameterization of gravity we face 

with the problem of summing the above divergent series. For this we 

adopt Borel summation procedure. This introduces an additional 

ambiguity. This ambiguity becomes apparent very explicitly when 

we take into account of the-sign in front of D in (-D) Z  in the 

Sommerfeld-Watson transform in (1-27). To see it we will irtroduce 
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a multiplier X in front of D; thus 

d Z  -9 (XD) = 
2 	Sin 77 Z 

dP 
2 

e 	-P  X 	D) 

Now we must interpret the limit X.  + 1 by a real average of the values 

Z 	i 7T Z 	 Z 	- i IT Z 
(- X) 	= e 	and ( - 	= 	 Thus we can write in 

general: 

(D) 	d Z ( 1  
t an if Z +b) r(Z+1)[ k`D(x) ]  

with b an arbitrary real constant. This ambiguity is often called signature 

ambiguity: 

(8) 
Elimination of the Ambiguities : 

For localizable non-polynomial theories the distribution theoretic ambiguities 
(12) 

can be removed by following Lehmann and Pohmeyer's results. They have 

reached at the conclusion that for finite localizable theories the b-dependent 

(ambiguous) term can be distinguished from those with b = o. through their 

behaviour in p-space i.e. in a distribution theoretic sense. This conclusion is 

based on the fact that when function (11-201) is less than 2  (which is the case 

for localizable theories only) the two point function (1-24"a ) falls 
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to zero along some direction in the complex p 
2 
 - plane for large p 2  

but there is no such direction along which the ambiguity terms can fall. 

There is no such solution for the elimination of ambiguities for 

non localizable theories. 

The exponential parameterization of gravity provides a localizable 

theory and also it does not involve Borel summation procedure. Thus by working 

in this parameterization one can avoid the ambiguities completely. 

When graviton-electron interactions alone are considered the 

rational parameterization of gravity appears to define a non localizable 
(8) 

theory. But there is some possibility that when graviton graviton interactions 

are added in there may be some cancellation of singular terms thus full theory 

may be localizable. 

Here we adopted rational parameterization of gravity only because 

when vie started this problem we did not have any closed expression for the 

superpropagation for exponential parameterization of gravity;  this was 

(to) 
under consideration by Delbourgo and Ashmore. Our main interest has 

been to find the general effects of gravity modification on observable phenomena 

and the regularisations in higher order in e. 
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CHAPTER 

4 
CONTRIBUTION OF ORDER e TO FERMI ON 

SELF-MASS 

In the zero gravity field the diagrams which contribute 

to fourth order self energy part are shown in Fig. A. 

- / 

c  

^ A  

4 
Fig. A: 	Conventional self energy diagrams of order e . 

To introduce gravitational interaction at each vertex, we 

have to join all the four points pairwise by superline. 

Thus corresponding to diagram in Fig.A the equivalent diagram 

in the presence of the gravity field is shwown in Fig .B 
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Fermi on 

 

Photon 

Gravitons 
(mi I li ons) 

 

(0) 

 

sss. 

r-.-A- 3 

Fig. B: Gravity modified self energy diagrams -or order e 4 

in order to see how the regularisation by gravity is going to proceed in higher orders 

in e we will compute the diagram (B. iii) in detail. 

The matrix element corresponding to fermion self energy diagram 

is given by 

(4) 4 
( x ) = e 	'Y 	S (x - x 	S (x -x ) Y S (x- 

F 	1 	2 	.0 F 	2 	3 	X F 3 4 

Dab (x1 -)( 3) D c d ( x2  x  4  ) 	( x i  - x3  
c, P d 

( x - 2 x4)  

Superpropagators are defined as 

(x1  -x 3 ) = 
I d Z 1 3  2 
) 	2 	i 	r (-z 13  ) cos 	Z 13  [R 	D (x./  -x3-If 
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p. X  a b 	ha r
n 	77 
tea,

D 	(Z) + 2 ( 77 	77 	+ 77 	77 - 

	

77 	) D(Z ) 

(Er-2) 

where scalar amplitudes are given by expressions (I-29) and (X-31) 

inserting (D1-2) in (III-1) we obtain 

(4) 	4 
E ( x ) = e Y(x - x ) y s (x -x 	Y S (x - x ) y 

F 1 2 	2 3 71 F 3 4 P 

d Z  — r (-Z 	) cos 	
1 3 

[ —D (ID)  (Z
13

)+2 D 
(1) 

 (Z 	)J (k‘')z , '3 
13 	 13 2 

Z 	+ 1 
[ 	(x 1 - x 

3
) 1 	13 

r(-z 	) Cos v. Z
24
[ 15  (°) (z )+2 6 (0(z )1(0 Z  24 

2T i 	24 	 24 	24"` 

[D ( x 2  - x 4  )]
Z 
 24 + 

1 	

( 1- 3 ) 

We will go over the momentum space. For this purpose as before we will use 

the Gel fand-Shilov defination for the Fourier transform of the object [ D(x)] Z+I 

d Z24 
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Z+1 
[ D (x) 

( 2 7r) 4  
4 

-ikx 
d k 	 D(k

2 
,Z) 

where 

D ( k
2 
 , Z ) = 	( - k 

2 
) 

Z - 2 7T (4 
) 

2 - 2 Z 

Sin 77 Z (Z) r (Z-1) 

2 Z-2 	2 - 2 Z 
i ( - k ) 	( 4 7 ) 	r (2-Z) 

r (Z) 	(aid-4) 

for k 
2 

< 

This de finition is only valid for o < Z < 2 we then analytically continue 

in Z. 

The above amplitude in momentum space is given by 

e 
4 	d ZI3 	 (0) 

J 2 7 i 
r (-Z

13
) Cos 7,- 13 Z 	[5 	(Z

13
) 4- 

(1) 	 2 	Z 13 +2 b 	(Z 13
) ( k 	) 	r (f- .1 	r 

 72  /3) 
I, 	-1-z,4), 



24 
 

k2 	Z 24  r (1-Z 24 ) 
(1)  (Z  24 ) / 2) v. 

167  r( 14-Z
24 ) ( 

27 i I (-Z24 ) Cos 7 Z 	•• 

' [ 	(o)( z  24) + 2  1)  
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d4  k 	d
4 

k' 

(2 r) 4  (27) 4 
	S

F 
 ( p-k) V  SF 

 ( p-k-V) y SF (p-(p-k')) yu 

2 Z13 - 1 	 Z 	.1 
( - k ) 	( - k 

2
) 	

24 - 

(ED-5) 

Expression (:11-5) can be rewritten as 

(4) 	e  4 	d Z 13 	 (o) 	r  (1) 
(p) (27)8  2 r i 	

F (-Z
13

) Cosr Z13 
	13 

D 	(Z 	) + 2 D 	(Z 13 ) 

2 	Z 13  
) 

1611 2  
r(1 -Z 13 ) 

r(1 ±Z13) 
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d Z24  

r ( - Z 
24

) CosZ 24  D
(o) 
  (z 

24 )+2D (1)
(
Z 

22 ri  	
4 

k
/ 	24 r ( 1- Z24

) 
2) 

101 
r( 1+ z 24  ) 

(4) 	2.  
/. 	Z)  

- (III-6) 

where 

(4) 7.  
(p , Z ) = 

- 1 	 Z24 - 1 
4 4 	 2 " 

d 	k d k 	(-k ) 	 ( - k
/ 2

)  

( 	+ m )Y 	 )'v12 (P()X +m) yu 

	

[(P-k) 2 - m23 [(p - k k/ ) 2_ 
m  2 ] pp 	rri2.]  

(11-7) 

by making use of the properties of ^/ -matri ces the numerator can be simplified to 

t- 8 m3 	2 + 4m 	[(13/ -k) -L(P(-Y - -k )+ ( f/ -/k) 	+ 
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+ 4  m [(P/ "X )(V -4) 4- 	) (114-V ) + 	k - Y / )(P/-g)]-- 

4  [ (1/ -3(1 ) (pi 	(11 	)+ (p' 	(AS 	i ) (fi 

+ 2 (P"k)'(11-1( ) (F‘441  ) 
	

0-8) 

From (11-6), (M-7), (111-8) we can write 

(4) 	 2 	 2 
z 	(p) = m A (P ) + 	B (P ) 

(ID-9) 

where 
4 

e  
— 8 

(2 7T ) 

   

   

(o) 

	

[ D 	(Z )+ 2 	(1)( Zi g)] r (-z ) cos 
13 	

Z13 
	13 

2 7 3  

16 
I 

	

' 	 2/ IT 

(p 2 

 

d Z 13 

 

2 7T 1 

  

Z 	1 	Z24 - 
4 	4 ' 	2 	13 	"2 	1 	2 	/ 2 	2 2 

d 	kdk (-k ) 	(-k ) 	4 m -4 k2 -4 k + 4 [(p-k) -m 	+ 

+ 4 [( p-k ) 2 
	2 
- m 	+ 4 [(p-k-k' )2  -m 2  

1(p- k)2 - m 	 2 	2 
L ( ID 	m 	L(p-k-k)2-m 21  
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4 
B ( P2 ) =— 8 

( 2 7) 

d Z 	 (0) 	(1) 
(-Z 	) Cos Z

3 
 [ D 	) 	D 	(Z 

2 7 i 	13 	1 	13 	 13 

Z .4 	13 
( 	) 	r(1-z 13  ) 

	

16 72 	(1 + z 13) 

Z24 (o) 	Ji) 	2- 
r 

(-Z24 ) Cos 7  Z 
24 	24 

LD 	(Z 	) + 2 D (Z
24 k 

,k 	) 	r(1-Z 24) 
2 

	

167 	r + Z24  

Z, 0  - 1 	Z
24-1 2 	1 

d kd k  
(-k ) 	(-k ,2)  
2 2 2 2 	2 2 

L(p-k) -m 	[(p-k-k,  ) -m 	[(p-k ) m 

t( 
	 / 2 (p2- m 2 ) (k 2  + k 2  )- 2 k 4  -2 k 4  -4 k 2 k/2 - 

2 2 	2 2 	2 2 	, 2 2 	 2. 

	

- 2 (p - m ) (P-k) -m I - 2 (p -m  ) [(p-k ) -m 	+ 4 (p. k + p,k -p) 

r(p - k - 	
2 

) 	- m2  
p 

An:plitudes A (p 2) and B (p2 ) can be rewritten as 

A (p 
2 

) 

4 

= (2 77 ) 6  
d Z 13 (-Z 13 ) I' (1-Z13  ) 	Cos IT Z13 

r ( 1 +Z  13) 
2 7T i 

d Z 
24 

2 Tr 
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(o) 	 (1) 	 2 
2 

D 	( Z
13 	 — 

) 	2 D 	(Z
13

) 	( k 	) 	13  
16 7r 

d Z 24 
r- z ) 

21 r (1-Z24 ) 
r(1 Z 

24 

 

2 11 1  Cos iT Z
24 

D(°)  ( Z ) + 2 iS (1) (z )1 	2 	
24 

 
24 	 24 	

2s\ 

16 IT 

4 Lm2 Y (p
2 
 ,Z 	,Z 	)+Y, (P2, Z1  

13 	24 	' 	13 
,Z 

24 
, 

)+YlP
2
,Z ,Z 

2 13  24 

2 + y (p2  Z , 	) y (P
2
, Z , Z ) 	(P 	Z ) 

3 	13  24 4 	13  24 5 	13  24 

4 
Id Z 

B(p2 ) 	— 	 r (-Z) r(1:1+z3)Z13: COS Z 	[1 ( °I(Z.13) + 2 	(,1)z  
(2 7r) u 	2 17 i 

13 	13 	
13 	 13 

I'  

Z 13  

	

d 	2. A. 	 2- 4 ib 
T1 a ) 

	

r (1-z24 ) 	 (0) 	- (1 ) 

	

COS 77 Z24 1 D 	(Z 
24 

 ) + 2 D 	(Z  )1 
 

r  (1 +z 24) 	 24 



-149 - 

1 	2_ 2 
z(m 	P ) [ 	(p

2
,  Z13  , Z 24  )+ Y 	

2 	
2 2  (p ,Z.13  Z24. ) + Y 3 (p ,Z13, Z24) + 

+y4  ( p2 , Z
1 

	

3 , Z 2)J - 4 P
2 

Y 
(p2'  Z 
	) + 4  Y6  (p2, Z ,Z )4-  

513' 24 	 13 24 

-t- 2 
_, 4 y (p,Zz 2 )-4Y

8( p 2 
z ' z 	) — 2 Y

9 
(p,

2 
 L- 13. Z24) -  13 24 7 

- 2 Yo  (p
2 z

13 
, Z

24
) Yo  

(111-12) 

where 

yo p2
►  z 	, 

;3 	24 

2 Z13 -1 
	Z24 - 1 

, 4 	4 , 	 2 

	

a kd K 	( k ) 	( - 	) 	 1 

	

2 	2 	, 2 	2 	2 
(p - k ) -m   	(p-k ) - m (p-k-k ) 

Y (P
2
,Z ,Z ) 1 	13  24 

2 Z 13 —/ 	2 Z24 
c 

d  4k  d 
4 

 k ' 
	 ) 	( - 	) 	 1  

22 	, 2 2 	 2 2 ( p-k ) - m 	(p-k" ) -m 	(p-k-k ) -m 

z13  lc, 	 1 
2) Z24-1  

(-k4 4 	k -  

Y2 (,
2 z 	z ) = 	dkdk ( p-k  ) 2 m  2 	_k, 2-m  2 	(p-k-k) 

 ' 13' 24 	
(p 	) 

 

y 3 (p 2 
' Z," 

 , Z 24) 
d  

4k dk  
4 / 

 

k 2)  z13-I (-k,  2)  Z24 
_1 

      

z 	2 
(p-k ) - m 	(p-k-)2- m2 

 



24 
Z -1 

(-k 2) Y4 (P 2' Z1 `Z 24 ) = 
4 	4 	(-k2) Z13 -1 

 d k dk 

(P k) -m 2 2 
(p-k-k' ) - m 

4 4 
d k dk 

Y6 ( P
2
, Z 

13 
 , 

Z24 
 ) 
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y (p 2 , Z ,Z ) 
5 13 	24 

2 
Y (P,Z 	Z ) 7 	1 3' 24 

2 

Y8 	13 
(p,Z ,z 

24
) 

Z i Q-  1 
(-k2) 1'1 

(p - k) 2 - m 2 

2 Z13 -1 
(-k ) 

(p - k )2 
- m 2 

Z13 -1 
(-k2  ) 

( p-k ) 2  - m2  
Z -1 

(-k 2)  13 

2 2 
(p - k) -m 

2 Z24 -1 

( - k") 
2 	2 

( p - k" ) - m 

2 Z24 
(-k' ) 

2 2 P.k/  
(P 	k ) 

,., 
Z

24
-1  

(1(' r") 
	 p.k 

2 	2. 
(P k) -m 

(- k,2)Z 
	1 
24 

2 2 
(p-k") 	m 

4 4 
d k dk 

y 	, 	) 9(p 	, Z  1 3 Z 24 	
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d4 kd k 	2 2 
2 

(P-k) -m 

2 Z13  

Y10 
(p 2 , 

Z13` 
Z ) 	d 4k d4

k (-k) 
10 	24 	 (p-k)2 _ m2 

1 

(p-k-k) 2- )7)2.  

-1 
Z24 

(- 2) 

(p-k/ )
2 
 - m2  

2 Z24 , 
(-k ) 
, 	2 	2 	, 2 2 

(P-  k ) - m 	(p-k-k ) -m 

Z +1 
(-k2) 13 

(m-13) 

- 4 4 / 
d k d k 

4 4 / 
dk dk 

(p-k-k)2  
2 

m 
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Since k, k' 	and Z 	and Z 	are integration variables we can 
13 	24 

interchange k and k 	and similarly Z13  and Z24. 	Thus from (IE-12) 

and (111-13) we can deduce following relations 

	

Y1  ( P
2 
 ) = 	Y2 ( 	P 2 ) 

	

Y
3

( P
2 
 ) = 	Y ( 1

32 
) 

4 

	

Y6 ( P2  ) = 	Y7 ( p2) 

	

Y
8 
 ( P

2 
 ) = 	Y9 ( P 2 ) 

(M•-14) 

Thus we need to evaluate only 

Yo  ( P 
2
„ Z13 	

Z
24 

) , Y
1 

( P
2

1 Z13,  Z24 
), Y

3 
( ID

2
, Z 13, Z ) 

24 

Y5  ( p 
2
, Z 13 , Z24  ) , Y (p 

2
, Z ,Z  ) 

6 	13 24 

Y 	,Z ) and Y (p
2 
 ,Z ,Z ) 

13  24 	10 	1 3 24 

These amplitude are evaluated in appendix D the results are as follows: 



(1- )(1- 	-g 	-g 	)J 
- 1 -Z 

24 „ 	- z I3 
2 	1 	2 	3 

2 	2 
Z13 

+Z 	- 1 24  

-g 3 )+ (1 1 -g 3 ) 	p 

2 	2 
-[ g 3  ( 1 	3 )+ 	1 	(1 - 	2 - 	3)] 	p 

[ 3  ( 1- 	+ 	+ C 2  )( 1 41-g2-t3  ) 

[( m
2 	

P2 )( 1 - 	)(1- g3  ) 	1-gi-3) 
2 

P
2 ) 

_Z 
) 	13  3 3 

1 1  )(1 

-Z , 2 ; 
13 24 

F 

2 
- P ) 
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2 
y

o 
p, z ,Z) 

I 	24 

4 r(1 +Z24 ) 
7T   r (1-z „-z ) 

r ( 1 - z 13) 	1.. 24 
d 

2 

(111-15 a) 

y1 ( p 2
' 

Z
13

,  Z24 ) = 
4 	r ( 2 +z24)  r( -z13 -z  24 ) r 	z 13 )  

dg 	d 1 	2 	3 

-Z 	 -Z 13 13 	(1-. 3 ) 

-1-Z2-4 
[g 	( 1 -)+ (g

l 
+ 4 2 ) 	1 	 3)12 	

1 
 

3 
• 



Z
13 24 r 2 2 

m - P ) 
2 2 

1) ( 1-•
3

) + ( 1  - g
1 	3

) 	p 

L (m2-P2 ,1  

1 

4 1  )( 1 	3) +(1 	
1 	3 

) 2 

P

2-1 

-1-Z 	-I-Z1324  L-&) ( 1  -g) + g (1-g 
1 	1 
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2 2 
3 ) -  P  

F(2 +Z , -Z -Z , 2; 
24 	13 	24 	

3 (1-. 3 ) 1 
+ 4

2
) (1-gg + 1 2 3 

(111-15b) 

-Z
13 

Y3  (P2 z 	,z 
24 

)=-7r 4 r(1+z24) r (-z -z )1,1
1 
 (z1 

13 	 r(1-Z 1  3) 	13 	24 	' 2 1 
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24 

C(m2- P
2 
 )(1-  1 )( 1- g 2 ) ( 1  - 	

2
)2 p

2 
 i 

2 
[ 2 (1- 2 )+4  1 (1-41 - 2 ) -I P  F(1 +Z24 	- Z__ -Z , 2;- 

1'5 	24 	2 	2 	 2   
(m 	) (1 	) ( 1  - 2) + ( 1 - 1 - 2 )P 2  

- 15c) 

O 



Y ( ID 
2
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	7T  4  r(  3+z  24 ) 
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r (1-z 13) 
r (-1- z- z 	) 

13 	24 

- 154 - 

Y
5 

( p 
2'  Z1 3 

, Z
24 

) 
=_Trzt r(- z 

13 
 ) m  ) 	s'ro + z ) 

13 

2 
Fi 	- Zi 3/  I -Zi 3; 2; p/m2 

2 Z24 	
2 

r ( - Z
24 

) ( m  ) 	r 0 + z ) 2 F (-Z ,1-Z 	2; P/ 2 ) 
24 1 24 24 m 

0:11-15d) 

Z 13  ...7T 	t:  
r( z 	)r(i+ Z
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) (m ) Y6 ( P
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-213 
  	 -213 

  
d 	d 4 

2 	
d 	 ( 1  - 	) 3 	1 	 3 
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[g 	( 1  - g 3 ) + 	+4 ) (1 - 4 1 - g2 - g 3 )] 3 1 	2 

- 3 -Z
24 

2 2 2 _p 2 ( 1 - 41  ) (1- 3  + (1-y4) p 

Z13 + Z24 + 1  

F 	Zi3  - Z - 1, 2; 
24 	[4 3 (1  - t )+( i +k) )(1-gl 	g )] 3 	 3 3 
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[(M 2 -p 2 )(1 -- 1 )(1- 3 ) -1- ( 1- Y-5 3 )  p 1 
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Y (P 2Z 
10 	13 	24 

4 r ( 2 + Z24  ) :c (-1-Z13  - Z 24  ) 7/ 
r(-z 13  ) 

2 2  
_ 3 (1-- 3 )+i1 (1 1 - 4 2 -g 3 )] 

	

1 	 - 	-1 
c16 2 	

13 	- 3
) 

1 	 3 	1 
2 Z 

24 

	

[g3 (1 -43 ) +( 1 	:2)( 1 1 2 - g 3 ) 

{( m  2 
p2 

 ) 
+ Z 	1  

2 
( 1  - 	1  - 3  ) 	( 	- g -4' 3 ) 2  P 	I') 	24  

same as in F( 2 + Z24  - 1 - Z 13  - Z 24  , 2 ; 	 _L5f) 	 -15g) 
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Inserting the above expressions in Eg. (01-12) we find that these 

amplitudes are analytic in the Z
13 

and Z
24 

left half plane. Since 

these integrab are well defined in this plane we can change the order of 

integration. So for convenience we will first perform the contour integration. 

We will evaluate these integrals by collapsing the contour on the 

positiive real axis. 

We are interested in the leading term only. Since for Z
13 

and Z
24 

< 0 

the integrand is analytic so the leading contribution will come from 

residue at Z
13 

= Z
24 

= o 

In collapsing the contour we will retain the same order as we did in 

performing the loop momenta integration. Since k-integral appeared to be more 

convergent in comparison to k -integral so wE integrated over k first. Here 

again we will first consider the Z13  contour which is associated with the 

propagator defined by momentum k. 

In expression (111-15) some integrands contain gamma functions 

r (- z
13 	24  

- Z 	) and F (1 - Z
13 

- Z
24

) . Since Z
24 

 - integrand is analytic 

for left half in Z
24 

plane we will restrict its values to this region and perform 

Z
13 

integration. In this case behavior of r (-z,3  - Z24 	 I 
) and r (1 - Z,,

‘) 
 - 

Z24 
 ) 

will be well defined in Z
13 

plane. Then we will go over to Z
24 plane and extend 

it to whole of the Z24 plane and evaluate it by picking up the poles. 
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d4. 	[ 	)d-i (1-4 - g 	) 
2 3 3 	3 1 1 2 3 

(a) 

Yo 

p  2 ) 	4  
7 	d 

1 
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At Z
13 	

Z24 = o the amplitude Yo ( - 2, Z ) has simple pole 

in Z13 and Z24 plane. 

Following Caushy's theorem the residue is given by 

2 2 
3(11 	3 )+ 1 (1 	 P 

[ 3(1- 3 )+( 1  +4 2  )(1- -g2 -g3 )1 

[(m2- P2 )(1 -g1 )(1- 3 )+(1-41 4 3) 2  p 2,7 

(jll-16a) 

here we have used 

F(1,1,; 2 ;  -x) 
	1 

/x 	log ( 1 + x ) 

(b) 

In Z13  plane  Y
1 

(P 
2 

), has simple pole at Z
13 
	o;  

on collapsing Z24  contour we find it has double pole at Z24  = o. 

Thus the residue is given by 

log 
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u l  O = 
Z =o 

24 
3Z  24 

F (2 + Z24' - Z 
24
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[ 3 (1-  c +  1 + 	) (1-E 2- 3 )3  

[4 3 (1-k3 )4. 1 (1.-1- 2-43 )1 P 2  
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d
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24 

r(1+ Z  24') 	
24 	za 	24 

2 

• 2 2  
[(m 2-  P 

2
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3 ) 3  
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2 2 
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(o) 
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24
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24 	 24 D  

Z 24 77-  ° 24 = o 
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Z =o 
24 

2 
r ( 2 + Z24  ) 	3  xi, (.1)  r (1-Z24 ) 6 z 	r  ( 1-Z24)  

24 
r (1  + z  24 )  

where \-1' (Z) = d Z  log r (z ) 

qt ( 1) = - 0.577 

and 	F( 2+Z24 '2 , 2;x) =- E 	(x) 	= log (1-x) 
Z24 	 n = 1  n 

we can write it as 

- 14  cl 	
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we find 

I 	= 	d 4 
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\dy
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 d y 
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dr El - a ( y , y2) 
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r 
1 

, 	= r Y 2 2 
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All the terms are finite but we will take interest only in the fist term 

which gives leading contribution.By going over to variables 

= 	r ( 1 - y 	- y 
3 	 1 	2 

with 	=r  	2 

(1-g 3 ) -1"( 1 + g2 )(a  -g)  
3 1 	3 

- 2 
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a = 1( y +y ) -(y 	+y 

1 2 1 	2' 

dy
1 
 dye  
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1 - a (Yr/ yl) 
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2 	 2 2 
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d r• 
	C. 1 - r 1 

d 17  
77 (ar -1613) 
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this integral is divergent at 11 = o . This divergence is harmless and 

is usually referred as infra red divergence. This divergence would have 

been absent if the photon had a finite rest mass. 

(c) 	In Z
13 

 plans Y
3 
 ( p 2) shows simple pole at Z

13 
 = 0 then in 

Z 	it gives rise to a double pole for Z 	= 0 . The residue is given by 
24 	 24 
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Substituting 	1  = r y , 	
2 
	r (1- y ) 	with J. r 

and making use of relation 

I 
c 	d r 	 . 	1 log 	1- b  
I (1- a r)(1-b r) 	a -b 	1 -a 
0 

we find 
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A-1 
here we have used 	d y x 	log( 1 -x)dx J/1.2,  PT-J( 	+ 1)-'?'(1)1 

0 

Similarly one can evaluate other terms which are of little significance in 

comparison to first term which constitutes the leading term. 

(d) 	Amplitude Y5  ( p 2 ) has double pole in both planes at Z
1 3 = Z

24 = o 

The residue is given by 
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16m 
	 k

2
m

2 

Y 5 ( p 	) 	- 	log 	2  + U 31 [ log 16
17 2 	

+ U
4 
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2 2 2 2 
4 	2 k m 	 m 

= -7r 	I log 	+ (U,+U)log 	U 

	

TET2T 	4 	16 7 	3  41  

(111-16 d 0 ) 

where 

  

r 3  (1-Z) cos Z[13 (0)  (Z) + 2 5 (1)  ( z)] • 
U
3 

= U 
4 

) 
6-2". 

   

   

Z = o 2, 
Q 

2
F1 

( - Z, 1 - Z;  2; 	P im2  ) 

  

= 5.5 - 3111(1) 
2 2 - p 

2 
p 

log 
2 m2 - p 

 

2 m 

here we have substituted 

2 
Z 

2 2  
1 (-Z, 

1 - Z ; 2; p /m x 
n 

- 	= - 1 -
1 -x 

log(1-) 
n(n + 1) 

Z = o 2 2 	2 2 
m - p 	m -p 

= -1- —2 — I (  m 	) 

(c) 

Amplitude Y
6 
 ( p

2 ) has double pole at Z 13 = o and Z
24 

 = o 
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The residue is given by 

2 2 	
ll 2 	4 	r 	2 12 m 	 k2

m2 
Y ( p ) = 	p2 

	L log ( 	) + (U5 	6 log 	+ U U 
6 	 16 7T2 	5 	6 	16 7r 2 	5 

(111-16e) 

where 

U5 = 

 

) 	r 3  (1- Z ) Cos 7T Z 	[D(o)(Z ) + 2 D (1)  (Z 	•• 
6Z 13 	 13 	13 	13 	 13)-  

  

Z13 = o 2 	, • 2 F
1 
 ( - Z 13  1 -Z13; 2; P /m2  I  

= 	(6.5 - 3 III (1) 
2 2 m - p 2 2 

log 	
IIm - p 

- 1 2 
m  2 

-16 e1
) 

and 
r 3  

z 24
) 	(1-Z24

) r  (2 + Z24) 
Cos 

	

r (1+r) 	
7

Z 24  [(I;  (°)(Z ) + 2 D (Z 

	

24 	
24 	24: 

U 
6 

= 

  

Z24 = 0  
24 • 2 F 

1 
7 2 
—24 	1-Z24 ; 	P/m2 \ 

= (7.5 - 3 111  (1)) -3 /2 +m2/ p2 
(m 

2
- p

2 
)
2 

log 
m 2  p  

m

2 

	2 

(11I-1q 

4 
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(f) At Z13 = o , the amplitude Y8 ( p 2 ) shows simple pole 

At Z
24 	

o it shows double pole 

The residue is given by 

77  
Y8  ( p2) ( 2 , d g P 	 d 	dg 	 )+(,; 

8 	 1 2 3  3 3 	1 2 	1 2- 
0 

3 )1 

- p
2) ( 1 - i )(1 - 4 3  )-F(1-i 

2 2 - g 
3

) p j. 

2 
16 ir 2 ( 1-P2/m2) (1-g 1) (1-c 3 ) +0-4 1 -4 3)

2 
 p/m

2  

5 
• tu 	-2[ log k m 2 2 	log 	  

3( 1-4.3 )+(g 1 +g2)(1-4 1 - 2-4 3 ) 

3 	[g 3 (1- 3)+ 	•••2-3)] 2 p2 
1 + 	

11 2 	3  (1-i 3 ) 	2) 	 3)] [(m 2 2  -P)(1-fi)(1- 3)+- 

	

+ (1-c 	 - 1-42} 2pzii 

(1][1-16 

where 

U5 () = 

Z c  24 

     

  

_ D-  (0) 	+ 2  6 (z24)-1 
T(3 + Z24) 	7 Z 	- 	Z24) 

3 
Cos 24 

I r (1-z,,) 
( 2  + Z24 

 

6Z 

 

  

-[ 3(143)± 
F ( 3 + Z 	, - Z 	- 1 , 2; 

24 	24 	3 ( 1 '63 ) 4- (4. 1 	g2)( 141 -g2-' 

   

62-p2)(1 _41  )(1J-43)4_ (1 .4,1_,,,3)2 

 

-3 
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r = 	12.5 - 9W (1) + 2 p 2  1..3(1- 3 )+fi (1- t 1- 2 - 3 ) 

2 

• [ 	3 (1-C ) 	( 1 +4.2)(141 	3)] -1 [(m -P2 )(14(1-6 3)+  (1-t1 	2 p 2] - 

log [ 1+ 
p.2 [i3 (1- 3)+ 41  (1-1-2-i3) 3

2 

3  + 	2) (1 	) [(m2- P2) (141)(1- 3) + 

2 2 
A- (1"-t1- 3 	p 

(1I1-16f1  ) 

here we have made use of the transformation formula 

-fi 
F( a , 	; y; x ) = (1 -x) 	F(Y -a' 	; y ; 	) 

From this we obtained 

1 + Z 
F( 3-EZ

24' -Z24 -1, 2
; x) = (1-x) 	24 F  (-1-z 24 - 1-Z

24 	%<- 
, 2;  -1

1  
-( ) 

we put 1= 
x so that 

x - 1 

F ( -1- Z 	, - 1 - Z 	; 2;  Y) = 1 + 
24 	24 

22 
( -1 -Z24 ) (-1-Z24  ) y÷ (-1-Z24)(_Z

24)]4 Y. 
2 	 2.3 	2 

-1  
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r(-1-z2  ) (- 	)( 4 	2.7 24 1-Z24)1  
2 • 3 - 4 

+ro-z24) (--"-7-24)(1-z24)(2--z24) 
2  

--1 	Y 4 

2 • 3 • 4 • 5 
	 • 

Since 

  

  

6 	F (-1-Z24,  -
1-Z24 , 2 ; Y) 

Z24 
. 2 Y2  

    

Z24 = o 

we obtained 

F ( 3 + Z_ 	- 	2;x) = ( 1 -x) 
Z24 	

24 Z24 -1 ' 
x 

x-1 	log (1-x) 

= - x kg (1-x) 

where x = - 
{ 3  (143 )+ xl (1-f1-4243) 	2  p 2  
3 (1-  3) + 	2  ) (1-t 14243 ) [(rn

2 
 P

2
) (1- 1)(1-4 3) 

+ 
	 ) 2 p 2] 

2 
	3 

y 	4- 

also we used 
) 	ir 2  (1-Z24 7 

24 

Z24=  ° 

r
(
-z ) 	 r (0) 	-(I) 

,4 	( 3 + Z24 ) cos 17 Z24 LD 	(Z
24

)4-2. D (7-a4 j 
(2 4- Z24 ) 	 --1 

= 12.5 - TW(1) 



d 	 d 	 [g (1-4 )+U. 	) 1 	- 2 	3 	3 	3 	- 2 

-3 
1 

4 = - 2 7T 	log 
16 72  
1727-n2  

(1-4 1 42 -4 3 ) 
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The leading contribution 

 

2 
(m 	2 ) ( 1  

_ 41) 43 
	

(1 ...41  _ 3) 2 p 2 
L 

 

(131-16f2 ) 

changing 1 - 4 3  to 3  and then dropping the prime we obtain 

4 	1672 
-2 77  log

1 	
m2 

 

	

dt, 	 1 3  (1 .4 	2)(g
3  

	

' 	2 	3 c2)] 

(rn p 	) 3  ) P 
2 2 

 

2 
16 Tr 	

1 
 

= - 2 7 4  log 2 2 	d Y 1 
m 

d y 
2 

( 1 
- Y1 - y2) 

-3 

2 I  
(m

2 
 -p

2 
 ) (1-y1-y2 )cd r D- r y1 ] Ci -a rj-3 p

2 
 (1-2y -y ) cd r (1 -a -3r 

1 2 
0 

- 1 
since 	

x 	
(1 - x) 	(1-a x) 	-13  d x = (1-a)

-11 
 B(u, 0) 

ReP>o , Reu>o, a> -1 



= _ 7 	
log 17,12 	dy d y (1-y -y ) 

1 	2 	1 2 
o 

1 
4 	16 02 	1 	 -1 -2 

(Y 1 + Y2 ) [2-3(Y1+  Y2)] 
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for our case 12 = 2 ; u = 1 ; a = 
+ 3 (y1  + y 2) 2 - 3( y1  +y2  ) 

1  - y1 - Y 2 

 

{ 
( m 2 -13  2 ) L 

r 	 2 	 1  
l- 3 (y 1  +y 2  ) + (Yi +y2) - Y 1  (1-y1-Y2) j + p2  (1-2  Y1 -Y2) 

2i 
again making use of this scaling trick by substituting 

Y1 = r x , 	Y2 
= r (1-x) with J = r and integrating over x we find 

_ 74 I -= 
1 

16 7x 2  
log k2-2-  

1 

' clr (1 -r)-1 r-1 (2-3r)-2 

0 

it( m  2_ p2 ) ( 1±r-/2 -5/2  r 2) + p 2  p2/3 +0  _ 0 2 - r  (1-r) ] 

4 	16 72 	2 	2 	r  1 	-1 -1 	-2 = _ (m - P ) L dr (1-r) 	r 	(2-3r) 	+ 7 '`)9 k2m2 
0 

.1 -2 	5 
+ 1 2 	i d r ( 	1 - r) -1 

 (2-3r) 	--i 
c 

\I 
d r 	r (1 - 

c 

-1 	 -2 
r) 	(2 - 3 r ) i 

.., 

+ p 2 
{ 

1 
J 

I 
- 

c d r r ( 1 - r) 
1 
 ( 2 - 3 r ) -2  

c 

•I -1 	-2 
d r r (1-r ) 	(2- 3r) 

c 

1 
I-2 

+ 	cdr r -1  ( 2 - 3 r) -2  - 2 	d r (2 - 3 r) 	j 
a 
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Substituting, 

1 

r(1 -r)( 2- 30 2 

1 

(1 - r )(2 - 3 r )2  

1 	1 	 9 	 9 

2 

	

1 -r 	4 r 	4 ( 2 - 3 r ) 	2 (2 - 3 r ) 

3 	 3 

	

- r 	2 - 3 r 	(2 - 3 r )2 

1 

 

1 	3 
— 

4r 	4 

1 	 3  

(2 -3 r ) 	2 (2 - 3 r ) 2 r (2 - 3 r)
2 

 

r 

 

2 
1 	3 	2 

1 -r 	2 - 3 r 	( 2 - 3 r )
2 

( 1 - r )(2 - 3 r) 

and integrating over r we find 

4 	 16 72 
I 1 	- 	log 

k2m2 

( m 
2
- p 

2 
) - 

5 
+ 71. log 2 +

1
~d 77 /n ] 	+  
0 

 

+ p2 C12
1 	1 

L 12 
7 

I og 2 + f d 	/
77 0 

} 
(ffl-16 f3 ) 

(g) 
	

Since Y10 (P 2) has no singularity at Z13 = o so according to 

Caushy's theorem its contribution will be zero. 
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Since the object of much more interest is the fermion electromagnetic 

mass, we can find it from the expression of self energy part by inserting the 

mass-shell condition I = m and p 2 
= m2 (with Lt (m 2- p 2 ) log (m2-p2)= .o) 

P —>1712  

Thus from expressions (M-9), (Eld-9), (E1-12) and(111-16) vie finally obtain 

the leading contribution to electron electromagnetic mass in the fourth order 

of perturbation theory in e . 

1 
m 

4 
4 77 e 4  

m) = 	 (2 7T)' -log 
2 	16 7,2 

m 

     

• [ 	31 1 d
71 	12 	 3 	3 
n 	_ 	1 	log(2 	6 %PO) - 2  W(4)  2 	(1) - 

12  
0 

1 	1 	16 IT 2 
- 12.5 + 12 1 log —Z-2 

m 

• [( 3 W ( 1) - 6.5)i d
n71 + -32  CS-.5 - 3 ‘12  (1)) (-11  (4) - \P.(1) + 2 (12.5 - 9 Nry (1)) 

1 
C 12 

7 	dr/ 	1 
log(2)+ 12  77 -7

129 

O 

+0.5 - 3 kif (1) ) 	- 3 	(1)) + 

where 

'v(1 +n) = 
1 	

( n ) ; 	( 1 	- 0.577 

(o)
=1 	+ 	 + I 	+ I 

(0) 	(1) 	(2) 	(3) 	(8) 
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where 

(o) 
I= 

i 
dg 	di 	(14 )4.' 	 ) 

1 	2 	3 	3 	3 	1 	1 	2 	3 

-2 

2 2 
ti 	) + 	(1-g 	- g )1 m 

1+ 	3 3 	1 1 2 3 

[ 3(1- 3) + ( 

(T1T-1  7c) 

1 
2 1 

d
2 
di

3 
0 

-2 
L2(1- 2)+( 	+i2  ) (14142- t 3)] • 

2 

1 (1- 	
3

3)  
log 

( 14 ) +( 1  +fi2  ) (1 41  [3 

[ 3 (1-g3 ) + 41  (141 42  - 3 )] 2  
1+ 	  

[ 3(1-g.3  ) 	1  “2 ) (1-i 1 42-g3do- 

(E11-176) 

-1 , (3) -1  
2 ( d 	d i2  (1-g2  ) 	[4.; 2  (1- 21  (1-i - 

logl ( 1  -; 1 	2)  2 

log 

2 3 

- 
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(141  )0-42  ) 
+(1 	) 1- 	) 	 -42)} log 	

1 _ 2 ) 2  

(M-17c) 

and 

(8) 
I= 2d 

1 	
d 
 2  d 3 	(1- 3 )+"1 +4 2 )(1-41 

-3 

(1 )“ (14 
3 	3 	1 	1 	2 

(14 3)  + (1 	-i2-E3)j 
log +  3   

	 2 
( 1-

1 
- 4 3 ) 

2 	3 
+2 [( 1 - 13 ) + 2 

P3(1.4 3)+ 	(1-1-2.43)]  2 	(1- 1 43 ) 
log 	  

p3(1- 3) 	+ g 2)(1-fi_4 243)] 	3(1 -43) 	1 +62)(1 - 

(111-17d) 

The fourth order electromagnetic mass of the electron contains the terms of 

72 	 2  the type log 2 16 

k2m2 
	 and log 16 2 m 

72 
 	which become infinite when we neglect k  

the grovitationul field by letting k 	o. This shows that for higher orders as 

w-,311 gravity acts as an inbuilt regulator, 

2 
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APPENDIX A 

Expression of decay probability (1I-48), involves phase space integral 

d 4  p d 4 P pa pi 	
2 /3 	6 4 (q - p 	u (p

2 
 ) 6(p )0(100)0(P) 

(A- 1) 

In this section we will evaluate this integral since this integral has the 

dimension of squared momentum it will constitute a tensor depending on q alone. 

Thus the most general form that it can have is 

2 ices  = 	q 9 a8 	B ci a q g  (A-2) 

where A and B are dimensionless scalar coefficients to be determined. 

Multiplying the equation (A-2) by g a  , we have 

a 	9  0, 8 
 = 4 A q2 	B q 2 

	
(A-3) 

Similarly multiplying by qaq 8 , we get 

4 	4 
16,8 q o  qfl  = A q 	+Bq 	 (A -4) 

= 
- 
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From (A-3) and (A-4) we find 

	

1 	 2 
A = —

3114 	(q 9 a 8 	a q q  )6 )  

1 
B = —2 	I 	9 	- 4 A 

	

a3q 	of 8 

(A-5) 

where 

gaS t  a /3  
4 	4 / 

dpd p  
4 	 .2 

P•Pi  6 	
(ci-p-p/ ) 6 (p2 ) 6  (pa. ) 0 (po 	) 

= 
 1

4 	4 	/ 4 	 2 	2 
d 	p d p 	p-q p-q 	(q -p-p I ).  (p ) 6(p )8(p0)9(pc; 

From 	6 -function we hove the relation 
	 (A -6 ) 

q = p + p/ 	 (A -7) 

and since p and p are supposed to be momenta of massless neutrinos we 

can use the relation 

P 2 = p
i 2 	= o 	 (A-8) 

From (A-7) and (A-8) we find 

P* q = P.  q = P• P
z 
	(12/2 
	

(A-9) 

Substituting (A-9\ in (A-6) then in (A-5) we find 

A 

B = 

1 
12 

1 
6 

I 
(A-10) 



f 
r= 	) d 4 p 6 (P 2 ) 0 (p ) R (el - 0 6  ((q - P 

2 
) 

 
*CO 	 0 

(A-12) 

I 
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. 
f 4 / 4 	/ 

= 	d 	p d4  p 6  (q - p- P) 6 (1'
2
) 6(P

/ 2
) e (Pc) °(P/0 ) 

co 

(A-11) 

. 
Here we notice that 64  (q - p - p ) restricts the condition that q 

should be time like otherwise this integral will vanish. We can choose 

a co-ordinate system where the space components of q vanish. In our 

calculation this is the centre cf mass system of two neutrinos which are 

carrying momenta p and p 1  with p - p
/ 
 = q• 

So that q = ; 0, 0, 0) 
/ 

= (P0 	o  - p ; o, o, o) 

we will integrate over p 	by using the 6 -function 6 4  (q - p - ID' ). 

After p
i 
 -integration 

co 

putting p 2  = o 

1 = 
yo 4 d p 6 ( p 2 ) 0  ( po  ) 0 (q.... p ) 6 (q 2 _ 2  p .q) 

d4 p 	6 (p  2 ) 0 (p 0  ) 0  (q... p) 6 (q 2 _ 2  p 
cps/
ici 2 ) fl  

( A-13) 



Thus 

2 7  
q 2 

2 7 

= j-q  2 

:= 

2 

6  (q 
2
/4 - I p

1 2 ) I p I2 

2 
✓ q  2 ' q/4 

d Ipl 

(A-15) 
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performing the p 	integration 
0 

2/q  2 I d 3
2 	2 	2 

(q 2/ 4 - I p I ) 6 (vr 	
2  ) 
	(f /

2
) 

(A-14) 

In spherical co-ordinates we have 

3 	 2 
d p= 47T Ipl dip! 

Substituting in (A-10))we have 

7 
A = 2

4 
and B = 12 
	 (A-16) 

Thus we obtain from (A-16) and (A-2) 

7 r 2 
= — Lqg 	+ Bq q ] 

cz /3 	24 	a 8 	a 8 

(A-17) 
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APPENDIX B 

For the computation of self energy Fart we need evaluation of the integral 

(a-145), given by, 

71 = 	d y 
2 2 	2 2 	2 log 	y Y (rn 	) + 

   

	

2 	2 m y + ,u 

dy log (p y 	y - p
2 

) 	
2 

	2 +12  ) 
2 2 	2 2 

0 

Integrating first integral by parts, and making use of the relation 

a + b 	 b 
log ( a x + b) = 	a 	log ( a + b ) 	/a  log b - 1 

a 	o ;a+b>o;b> o 

for the second term, we get 
	 (B-1) 

2 	2 	2 	 (m2- p2) y + 2 u 2 
= log (m + - 	) - log m 	-1 + 	d y 	  

2 
° 	P

2 
Y 
 2 

+ (m2 - p
2 

) Y 

(B-2) 

We will neglect those terms which vanish in the limit I/ 
2 	

o 

Frc-n standard relation 
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A x + B  
(7;2  +bx+c 

d x = Alog 
 a+b+c 	2a B-bA 	log lb +2 c+flp

2
-4a c 

2a 	c 	20 i62  - 4 ac b + 2 c -,/b2  -4a 

we obtain 

2 2 

1 = 	log (m2+µ2 ) - iog m - 	m 	P  
2.. p 2 log 

2 2 
m + j  

 

2 2 	2 	2 ) 2 
+ 4 p 11  - ( m - P  	log 

P
2

( m
Z 

P
2

) 

2 2 2 
m —p +/2 

urn 

2 2 m - p 	
[ 	m  = 1 	 log 2 

2 2 m - p 4- log 
m 

2 

 

 

  

  

1 

2 2 m —p 
2 

p 
I cg 

2 	2 
m

2 
- P 

   

m  2 

(B-3) 

Similarly integral 12  given by expression al -145) can be evaluated 

1 2 dy ( - 	log 
0 

p 2 y  2 +y(m2 -p2 )÷g  2 

2 + 2 m y 

I1 
	dy Y1092 2 Y+ (m

2 -
P)

2 
 y+ 
	2 	

a
, y y log (m

2 y+µ2  

(B-4) 
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integrating by parts, we get 

2 m2 - p2 	(m
2 
 -p )2 	m 2- p 2 + 2 

12 =. 	1 + 	2 p2 2 p 4 
	 log 	

m 2  

Substituting for I, given by expression (B-3) we obtain I   

2 . 2 	2 2 2 
3 	m 2- p 2  ra p log m -p 

=-7  - 2 p 	[ 1  2 	 p 2 m 2 

(B-5) 
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APPENDIX C.1 

Integrals for Electron-muon Vertex: 

Here we vii II evaluate integrals involved in Eqn. (1:1-165). These 

integrals are defined for the momenta in Symanzik region and for certain 

values. of Z, but lifter evaluation it can be analytically continued to other 

values. Since these integrals are convergent, we shall shift the origin of integral, 

wherever needed 

Evaluation of R (q 2, Z ) and R ( q 2 
2 	Z  

From equation (II-165a) 

- 	- 	2 	2 -2 	-2 	 2 	 2 (p .p ) -pe 
	j P 1R 1 	 /.1 

(q 	z ) = [ 	P 	p a ) 	p (13  ) 	M 
a(q ,Z) 1j

e    

„ 2 
I(  P• p )

2 
-^p 

e 
p 	

R2 	I- 
(q

2
,Z)=I- pp (p ) - p (P )1 ,Z) 

p 	p j 	 a e 	a1 a 

c 	- 1) 
According to Eqn. (n-164) 

m 	( q , Z ) = 	d k d k 
2 	S 	 2 Z - 2 

1 	2 1 	2 a 	2 	1 

r  
!(P -k

1 
 -k 

2
)
2 
 -m

2.  

• 
2 	2 

-k
2

) 	me  I k 
1 

(C.1-2) 
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2 	, 	2 
12.0 	 ( 

	

) -P1)1).. 	R4 	(q 	Z) = 1 	' 	. 	Pij, 

r 	2 	2- 2 	2 	 2 	2  
L(p.p

A 
	- pe 	

, R
2  (q, Z) = pepp_ 	(q, Z)  - 	T (q , Z ) 

where 

(q- 2 z  2 Z-2 
d4  k1 
	' 
d4k 

9 
 (-k 

2
) p(k.i +k 2 ) 

 

   

1‹ 	2_ m2 
i1-2 	

2..  2 f<2 
2 1 	L I3e 1 	21 me -I 	1 

  

A 
2 	A 	4 	2 Z-2  

12 lq Z) 	d k d k (-k 	) 
1 	2 	2  -Pa.( 1;1 +1  2 ) 

[(13- -1‹ -k2) )2-  
II 1 2 

2 	2 	2 
k 	= - k 	- I k I 

4 

,- 2 
-}c 	-m Zl  /< e  1 2 e1 

C • - 4 

Since we have space like momenta we can use following (apiece representations 

Z-2 1  1-Z 	01 k 2 4 2 	 2 
c4  (- k 2 ) 	= r 	d (2-z) 	1 	1 	1e 

2 	2 

	

1 mix]r 	 r„ 	- K 2) -   

(13a  -C‹1  -1<2)2- mu2 	

_ 	 (C.1-5 e L   
2 
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- -2 2 
1 

c(  d 	
3 [( e 	1 - k - k ) -m e 

- 	_ 	2  - m 2 	 3 e ) 
	e 

d a 4  
" 2 
k  1 

For the evaluation of integrals for convenience we will define new variables 

	

2 	 ^ 2 	 2 
P2 
	

- P 2 	 p 2 

2 	 2 
p •

e  k 1 = - p.Q 	"k 1  2 	
Q 1 
	k2 	

_ Q
2 e 

P. k = - P •Q Le 2 	A 2 4 
d

4
k

1 
 =d() 1 

 ;d
4

k
2 	

d 
4 

Q 2 

( C .1 - 6 ) 

scalrs P
2 	

Pe2 ' 0'12 
	

Q 2
2 
 are positive variables satisfying 

	

P
2 

= P2 
	

I P I2  o 

inserting (C.1-5) into (C.1-4) and shifting the integral Q1  by - 02  we obtain 

2 2 
1-Z 	a2 (-13  1.1  rn A)+ ce3(-1-  2 	1 

dof, d e, do, da  (q , ) I' (2-z) 2 	3 	4 a4 0 	-  

C 	- 7 ) 



62 Pp + Ve c;,4  Q  2 
2 3+  4) LQ1 - 

= 	d 4  Q 1 	e 

2 

+ 
2  + 3 	4 

3 4 

3 4 ' Q12 
0( 	P. 	,u  +P

2 	
+lp.Q 2]  

[ Pe. Q 1  + 	2 	e 	3 
+ cis  

I1  ((X, Q2 ) e 	cx- 
2 

4 	
_ (0,) 

d Q 1 e 
+ 
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I1  (a) 	d4Q 2 

Q  -2
e   4 )  2 I

1 	
, Q 2 ) 

(C.1-8) 

where 

( Q ) 1 	2 
CX  -( 	

+ ()( 	) Q 
2 
 +2 (ap 	c(13 	e( Q )-Q 

1 
e  ()(2 	3 	4 	1 	2 	3 e 4 2 	1 

Pe Q1 

2 
((2 13-14.°S P e + c.4. Q 2 )  

e 	
C)i 2 4-C3 + 

Shifting the origin of Q 1 	Q1  + 
cl̀2 PA+  3 3 P e +QQ 2 

a2+03 
4  

 + c( 

(C.1-9) 

integral I CY 1 	, Q 
2

) reduces to 

2 
(2 	IX3 Pe  + c(4. Q  2 ) 

2 3 4 

(C.1-10) 
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The first term is odd in Q1  and will vanish upon symmetrical integration. 

Introducing four dimensional spherical polar co-ordinates with 

4 
d 

2 3 
= 2 7 r d r 

Q  2 2 

and integrating over r , we obtain 

2 	(e42 PAL + cl(3 P e+ cx4 Q  2 ) 2  
I1.2 ) = 7T 

2 	
-3 

(c( p p + 	p + 	. Q ) ( + + 	) 2 e P 	3 e 	4 e 2 	2 3 	4 	(C. 1-11) 

Thus 1.1  (c;) is reduced to 
2 

-1(1 +C(4 	et cl+ck ) Q + 2 () (C4  P 	cis P ) Q 
4 	 4  2  't1 	3  e  • 2 '2- 3 4 	2 I1 (°!) = A (a) 	d 	2 

(42 4.°C3 

[(C( Pe p  • ., + 	p 	PQ 

	

3 e

2 	

4 a• 	
1 
-I 

-3 
(a

2 
 p + 

3 
 P 

e
)
2  

A ( a  ) 	ir 2  (0: 2 -Fa3+0(4  ) 	e 	2 	+0'4  

(C.1 - 12) 

(C.1-13) 

1 

cY. + 	+a 
2 3 4 



Shifting the origin of Q —4 	Q 	+ 	0; ( 	-1-0( 	0( ( d, t o() 2 	2 1 2 3 4 4 2 3 

e 

oc (+ 
2 3 

c(4 
2 	 2 

P 2 P 3 e ) 

+ 	) ( ) ( + a+c4) 
4 4 2 3 2 	3 	4 

(C.1-14) 

( P + p 
4 2 3 e 
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Our next step will be the integration over Q2  

We can put above expression in the form 

of 	+ + 	 ) 
I 	 3  4 	4 2 3 r 

LQ 1 

(°() = A  (c3() 1 d4 Q 2 e 

+ 
• ( c(2+ (),3+V 	4 	2 	3 )  

2 
E(CC 

2 P  • e 	
+P 

e 	
P e.  Q 

4 	2 

2 4"'r 	•F. c(4 

4 
( 	

2 	3 P 
11 	

()( P e  ) 

and imposing the requirement of symmetrical integration and dropping the 

terms odd in Q2  and finally integrating over Q 2  we obtain 
2 

0;4 	c2 
0 
3 e ) 2  

I ( 
(D; + 	+ 	) 4. 0:( 	+ 	)] ,  A(x) c 	LI 	2 	3 	4 	4 2 	3 	2 	3 	41 I 



2 - 
al( 	+ 	

2 
sc( ot( 	+ 	_ 

2 	3 3 
2 

4 	4 	I 

• a
2 + a 

3 
+ 	 ( 2Pe: Pu + 

2 
e 	)4_  

0; 
ix 

 2 
01.4  ( c(2  

2 
Pu  

c4 ( 	± 3+ 
2 

)+G(-(_*l:  
4 	4 	1- 

4 

r (2 -Z.) 	1 	2 	3 	4 	4 

7I 	 1-Z 
-  

0 

d 	d d01- d 

co 

I 1  (q
2 . Z 
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(C. 1-15) 

Now we will go hock to our old notations putting 

2 	2 
- 	Pm. 	I 	11.  . 	_ 	pe.  

momenta 
2 	-2 

P 	P e' Pt, F-i  
ore space like satisfying 

2 
P = 

p  2 - 	p 12  

Thus from (C.1-15), (C.1-13) and C.1-7) 

we obtain 

2 	2 	.. 2 	2 
( 

2 
P . 	_ mkt. ' + 

	
3 	

p 	- m 	) 

A 
C1,4 	( 	3 e) 2 

e  py 1  ( 	 ( 	+ 	) 	( a 	cA +(A)  
4 2 3 	2 3 4 



co 
1-Z (' 

d d-
1 	

d1  

CX(ot + 
4 	2 

rx 	cY 

) -2 
3 

 

2 

   

   

'3 
01 (Y.  + C.; 	(r-x + ) 
1 2 
	3 ' 

4 )  4 	2 
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2 

-3 	4  
( 2 +°3)  	 QC4 

( 0: + 0( + 	) 	+ 04 ± 	+ ty, 	-2  [1+0( 	(pr  + 	)+ cts( + (X) 2 3 4 	1 	2 3 4 	1 2 3 4 4 2 3)  

	

A 	'‘ 
[0( pip +CA p 

2 

	

j2 e 	3 e 

(C.1-16) 

where 

 

2 2 	2 

 

p = - p — 	1 p I 

Since above expression is even well defined for time like momenta ( p
2 
 >o ) 

we can use this expression to represent our physical amplitude with p 2 	p 2 = p0
2
- Ipl 

Furthermore since we are dealing with free particles we can simplify our amplitude 

by putting pa  = rn p
2 	2 	2 
 and P 	 thus we have from ( C . 1-4) 

e 
 

(C. 1-14)a nd (C.1-16); 

	

4 c0 
	 (32p 7 

)
2  

2 ( q 	Z ) 	 d 0: d 	d 	£ 0;2 + (x3+ (x4 

	

(2-4 10 	2 	3 	4 

-3 

	

(Cis + ) F 	 2  p: p 	() p ] 
2 	3 	4 	L 2 e la 	3 e 



- 190 - 

2 	 2 
(3( 	( 0(  P 	P ) 4 	2 /J. 	3 e 

e 	
C
O(( 	+ 	-4- 	) 	t)  + 	) 	[c< 	+ 0(1 
I 2 3 4 	4 2 3 	2 3 4-  

(C.1-17) 

let us consider the integral over 0(
1 
 first, since it also involves the parameter 

Z, in which we are mere interested. This integral can be simplified by 

introducing the variable 	+ 	
) 	

, so that it becomes 
1 	

014  (0'.2  + •.„ 

04, + 	+ o& 
z 3 4  

-2 	
,e  2 

[ 0(-  + 	— 4  
(x' +0( + 
2 3 4 

-3 	1-Z 
( 	u) 

f3 

(C.1-18) 

( Q% + C4  ) 4 2 3 

where 

    

U = 	0 + 
-2 	3 	4 

 

 

2 
8 =- 	 ( 	p 	cis p ) 

A 2 A 	3 e 

2 

(Q( 2 	 3 	c<4 	) 2  

when we use the standard formula 

1.) - 1 	 8  /X 	 µ+ 	-1 
(x- 	 d x = B (1 - 	12) u 	F (1--12 1 	1 

1 --J 

o <R e U<R e (1-u) 
(C.1-19) 
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Our 	- integral becomes 
1 

(0( + 	+ 	[ B (Z, 2-Z) 0(
-Z 

 ( 0( + d) - Z F (Z, 2; - w ) 
2 3 4 	 4 2 3 	1 

1-Z 	-1-Z 

	

+ B (1 + Z, 2-Z) c( 	(0( + 	F (1 + Z; 3; - 

	

4 	2 3 	1 1 

2 of 4 (°2 	ck3Pe ) 

w ct+ 0&-i- 0( 
k 	

) 
2 	2  3 4 (C. 1-20) 

Thus according to expression (C.1-20) we find, 

2 
2 4 	 (1.-k P 	ce p e ) • 2 	3  

I 1 kZ) 	 d r(2-z) 	2 d 3  d 4 	CX2 	(2(3 4.  G(4, 

Z-3 -Z 	 -Z 
0)  

2 (C1-13 e  *P tA -Fdp )(0',4-d +04) c4 ( 01\ 4. 2 	3 e 	2 3 	4 	2 3 

. [ B (Z, 2-Z)F (Z, 2 - w) + (1 + Z, 2-Z) 
1 1 	 c43 1 

F 
1

(1 	; 3, -w)] 
()i- 

(C. 1-21) 
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Similarly 

2 
- 	( 	 (0(  P "E'd p 

I'(2-Z) 	dc( 	dc'd'[ 	2  II 3  e 	2  2 	3 	4 e az+ oc + a .0( P A-Y 
3 	4 1 2 /-2 - 3 p. PP)  

Z-3 	-Z 

2 
(0; 	3+ 4) + 	+ 	) 	o<4 	ck + 3) [B (z., 2-Z) 1 F, (Z, 2::  -w) 

2  

+ B (1 + Z, 2-Z)  C1/4 1 F 1  ( 1 	Z, 3; - w) 
°1 2 +'-13 

(C . 1-22) 

Substituting for I1 (q 2, Z) and 1
2 (q 2, Z ) and considering pe2 	2 = m --) o 

we find 

R
1 
 (q 

2
, Z ) = - 	d 0(2  d 	c{

-z 
(G

2 
 + 0( )- Z (0( + 0( c( )

Z-3  

3 3 4 	3 	2 3 4 

2 
( 0.(2 Ptt +a3 P e ) 

C2 +G(3 + 0(4  

[B (Z, 2-Z) 1 F 1  ( Z, 2; - w) + B (1 + Z, 2-Z) c(2+a3  1F 1 (1 +Z,3;-w)] 

(C.1-23) 
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(c4 P ) 
2 ape 

C;  2 3 G(4 
-Z -3 

R 
2 

(q 
2, Z) = - d a d 	-Z 

d 	+ ) (e, +G1_, )Z e 
2 	3 2 4 	2 3 	2 3 4 

43 4.  
[ B(Z, 2-Z) F1 (Z, 2; -w) + B (1+ Z, 2-Z) 	1F1 (1+Z, 3; w) 

1 	 2 3 

6~4(C12 	+ (13 	
) 2 
	 (C. 1-24) 

w = 
(2+ '3(3 ) 2+ + (x4 ) 

To evaluate the above integrals we will go over to a new set of variables 

C(2 =1 ' 	3 = 
	X

2 	; 	4 = X(1- 1 *-* 2 ) 

with 2) (o(2 , C13, 0(4) 
2 

X 

(C.1-25) 

Thus we can write 

4 IT 	I 	 -Z 2 
R1 ( q ' Z) = - r (2-Z) 	d 	d 12) 	(1.- 

1 c 

-Z 

- g x 
d x e 	

-Z 
	 B(Z,2-Z) 1F1 (Z, 2, ) w 1 ) 

- 
+ B (1+Z, 2-Z) 1- 1 	2 	1F1(1+Z 3, X w1 ) 

l 2 

(X, 	1,' 2 ) 

C 1-26) 
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Integration over x can be done according to the relation 

co 
I 	s t 	

- 1 F (a; c; k t) d t = r(b) S- b F (a, b ; c; k ) 
0 

where Isl >lkl 
(C. 1-27) 

Thus we obtain 

121  (q 
2
, Z) = 

4 1'(1-Z)1 
	 -Z 	-Z 	2Z-1 

- 	n 	d 	
2 

d 	 + 	)(1 1-  ) 	P 	+ p 	). (2-Z) \ 	1 	2 	1 	2 2 	I' I 	e 2 

c + - 1 
[B (Z, 2-Z) F (Z, 1-Z ; 2; 	 

+ 2 ) 

1 - 	 2-1  j + 	+ Z, 2-Z) 	1 2  F (1 + Z, 1-Z;  3 ; 	 
e 	2 	 2 

(C.1-28) 

if we introduce again another set of variables 

g 1  = r Y ; 	2 = r (1-0 6( 1'2)  = r 

   

R 1 (g 2 ,Z 

(r, y) 

4 r(1-z)  l 	 2 Z-2 
-  

I'(2-Z)(2-Z) 	d Y (1 -Y) [(Pp, 'Pe ) Y+ P e i 

(C.1-29 ) 

d r r z (1- r ) 
-z 

[B (Z, 2-Z) F (Z, 1-Z;  2; - 1 r ) 

+ B (1 + Z, 2- Z) 1 - r F (1 + Z, 1-Z ; 3;- 1 	r 1 
r 

'C.1-30 
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Using the transformation formula 

F (ce,p,  ; 	; x) = (1-x) 	F(«, v-4 ; y; 

(C.1-31) 

we find 

2Z-2 
R1  (q 

r 0-z) 	d y (1-y) [(p 'P ) Y 	Pe  r (2-z) 	 e 	] (q 2, Z =  

d r 	r 2Z  (1- r) -Z [ B (Z, 2-Z) F (Z, 1+Z; 2; 1- r) + 

+ B ( 1 + Z, 2-Z) (1-r) F (1+Z, 2+ Z; 3; 1-r)] 

(C.1 -32) 

changing 1-r — r , and dropping the prime 

R 1  (q 2 , Z) 
4 I'(1-Z) (1 	 2Z -2 

- 77 
I,(2-Z}d Y (1-7) C(PI) Pe ) Y 	P el 

d r (1- r) 2 Z r 
-Z

[B (Z, 2-Z) F (Z, 1+ Z; 2; r) 

+ B (1 + Z, 2-Z) r F (1 + Z, 2 + Z; 3; r) 1 

(C.1-33) 

using the realtion 

P- 1 	cr-1 
dK  X 	(1-x) 	F (a, f6; 	; x) = B (P, a ) 3F 2  (cX, /3 , p;  -y;  a +P ;  1 ) 

where R e a > o, R e  > o , R e 	) > o 

x 
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we find, 

R 1  (q2, Z) 	- 	
4 r(z) d y (1-y) i(pa  - p ) Y 

0 e  

R 2  (q
2  Z) = - 7r

4 
 r(Z)  idy y p„ -P )Y + 

••`• 	e 0 

2 Z-2 
+ p 	h(Z) 

2Z - 2 
P
ei 
	h(Z) 

(C.1-35) 

[h(Z) = r (1-Z) B(1-Z, 2 Z + 1)3F2  (Z, 1+Z, 1 -Z;  2, Z + 2;  1) + B(2-Z, 2 Z+ 1). 

' 23F2 (1 +Z, 2 + Z, 2-Z; 3; Z + 3; I ) 

(C .1-35a) 

(b) We next proceed to the evaluation of C (q 2, Z) which from eqn. (I1-165b) ha; 

the following form, 

C ( q 	Z)  
1  

2 	( 	) 	) ( Pe: Pp ) 	e 	e 

A 
d k

1  d
4  k

2 

(C. I -36)  

a 8 

2 2-2. 	2  (-k 2 )[p,.(k±k1 )] 

[(k- f<1 1-<2 m  

• Ne-k 1 -f(2)2- m2e] k1 2  

In reaching this form we have omitted those integrals which because of being 

multiplied by 4p 2e  will vanish when we will go back to physical region where 

2 	2 	2 
Pe -4  Pe =rne=0 
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2 	2. 
This integral is also convergent for Z < o and for k' 

	2 
, k 	< o . 

•  

This integral is essentially of the same form as the integral ji  which we 

have evaluated before. Thus proceeding in the same way and introducing 

the laplace representations given by (C. 1-5), going over to new variables 

defined by (C.1-6) and shifting the integral Q1  by - Q2  we finally 

obtain 
co 

-1 	( P e)1)(13 /-1)P 

C (c14 	Z) 	r(2-Z) 	(P e' 	\ 
da 	d 	d 	d 	c<
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( 2 
e. 
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(P

2 
 - m 1)- 
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) 	(P e  m  e 

C,0131 (.0() 

(C.1 -37) 

C 
P 
 (c() = 

•U d 4Q2 
e 

(0:
14 

) Q
2
2 

C (0(, Q2 ) 

where 

C Q2 ) 	= 
4 

d Ql  
-(02 

e(Q1 

4-d4 

).1) (Q  

(C.1 

[ Q1 	( 21311 "(3Pe + 4 Q 21 

-38) 

2 

1  )P 	X̀2 	+ cx3 	j  

2 
(0t.P+ 3 pe4 0( Q

2 
 ) 

2  

e 
	()

2 
+d,

3 
- 0;4 

(C.1-39) 
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P_t  + 	p
e 
 +a

4  Q
2  

I  A shift of the origin of Q 1  by 	+ 

together with the application of the symmetry relation S d4  Q 1  (Q1  )11  f (Q ) = o, 

reduces C 	Q 2 ) to 

C
P
(oc,Q2 )= id

4 
 Q i  

v 
e (C(2 +GC3 	Q 12 

+ 	P 	) 	01. P+ 	P-i-0{C3 3 e 	4 2-0 211 3 e 4 
[ (Q1 ),1; (C) 2 )p 

+ 	  
\ 2 

(6( + 	+0( ) 
2 3 4 

(at P 	 Q)2  ) 2 

2 	3  e 	2 

e 
	0(2 

+ 0(
3 

+
0(4 

(c.1 -40) 

Introducing four dimensional spherical co-ordinates 	k 2 = r 2  

4 d k = 2 172  r 3  

and integrating over r we find 

	

Crop 
	 = 

	

rop 	2e 	 + + 
2 3 4 

kur  
{ 2 (c(2  + 3 + 0(4) 3 + 

02 PP ± V3 Pe  + 0(4 Q2 V 	+°3 Pe+ 644 Q2 

+ + 4 
2 	3 	4 ' 

(C.1-41) 

c(2 Ce3 4-̀ 44 
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We will substitute this into (C.1-38) and put it into the following form 

0(1 	(a2+  a  + Ok ) + CC ( 0( 	Gl. ) 
3 	4 	4 2 

-F 
 3 ( Q2  

C (et', Q2 ) = B (N) j d4 Q 2 	e 	
a 

2
+ a 

3
+ 

4 
ck 

vp 

...p; 4 2 
	3 

(cf  11,
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 + d 	

e 
P ) 

°Y °C2 + "3 + (X4 ) + CX4( 
2+ 

 c(3) 

S.op 
° [ -72:- (°2 + 

3+ 
 ();:i ) + 

( a
2 PP 
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''') 3 P  e)v("2 A + (43 P e )P 

2 	 -I 
+ C14 ( Ctr2 P11+  C(3 P) (Q (C)  2)9 4- °(4 ( "2 PP- + C3 Pe )P (Q  2 )`'.) + "4 (Q2)1)(Q2)C ,II 4 

(C.1 -42) 
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, ,i, 	+ ei P )2  
‘ 	4 	3  e   

 (00 = 7T 2 
	( + C( + c4 ) 

2 3 4 
e 

02+ ck + cx 
3 4 

 

64 2  ( °I2 PO -Fc3 
Pe 

 ) 2  

e 
p 

1 
 (ci, + cc+ 0( )+ or(o42 

3  
+0t)] p

2
co-ix 
3 4 2 3 4 4  

(C. 1-43) 
a

4  (a/2 Li  
p 	

3 
+ ci: 	

e 
P ) 

Shifting the origin of Q
2 

by 0(
1 
 (Ct2 
	3 	4 	2 	3 
+e< + 01

4 
 ) + 0( ( (Y. + a ) 

and dropping the terms which are of odd power in Q2, we obtain 
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C 	( c() = B (co) 	d 
4
Q 2 vP 

ce+ CX ) ) 2 
ce

t + 
4 2 	3 	n %-)t 
C(2+ ()(3 +°44 

Sig 	++ oc) + (Q(2  P + 	P ) ( 	P ) 
2 	2 	3 	4 	3 eV 2 	3 e P 

2a4
2 

( 40( 2  Pu 	cx3  Pe  )0  (Q 2P4+ 0'3  Pe  ).1, 
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[ C(1  ( C42"-  3 4- Q(4 )  ± C''4"(2+  3 )1 2  
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+ 0(
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(Q 2).9, (Q2).P 

( C.1-44) 

The integration over Q
2 
 yields 
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-2 

2 
SIOP 	of 	 2 	3 

(OC + 	) [ 	+  4  
4 

2 	 °C2+ c<3 

(C.1-45) 

Substituting for B (6!) given by (C.1-43) replacing back Pm.Pe = pe pry 

Peu2  = - P2  and P e2  = - Ap 2e  with 

" 2 2 	2 
P 	P 	'Pi' 

and inserting the above expression into (C.1-37) we_find that our amplitude 

2 	2 	2 
P 	= p o 	I  Pi I  

-3 

C (q2, Z) is also defined for time like momenta i.e. 

so we will continue to physical region by replacing p 2  --3p  2 using the 

physical condition pe  2  = me t 	
2 

and p 	m 2  

7  4 
a, 

T(2-Z) 

The amplitude C( q 2 , Z ) becomes 
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G<  2 -i-G 3-f.  2̀4 

+ a 
(c 2 ± c(3 	4 
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1 -Z 
.1 cid a 

1 	1 
e 

{s 

ce 
cy42 + 
	)

1
-2 

+ + j 1 P; 4- 2 	3 4 

-3 
( + 

4 2 	
0() 

,v 	3 
À-4-  + + 1 2 3 4 

+ S 3  1---C1  
L 3 

2 3  1 
) -4 

4  

C)(2+ (;34- c14 J 

 

 

 

    

(C.1.-46) 

= - ( 	+ a+ tx) 	p + of  p ) ( 0( p + 13( p ) S i 
	 2 	3 	4 	2 	3 e rt) 	2U. 	3 e P 

(C.1-47) 
2 

S2 = 	'31'4 	Cl2P/A C43P  e 	( el> 	+ C43 P  6 )P 	
2 	4 

c( 2  

(4+ 3 4 + ) 

S 2 2 
(X 4  

2 	(C(2 + 6'+ 4) 

8 	o 	(()4 2 Pa -4- 	P  e ) 
2 

1 0(+0(+ 	2 
2 3 4 

(C.1-48) 

(C.1-49) 

(C.1-50) 

The integration over al  can be done by defining new variables 

o( =« 1  014 ( (V2 + rya ) , Thus a 1  - integral becomes 

  

+ 0,  + - 2 	3 	4 

1-Z 
d(x ( a -a) 

-3 
S 	S 2 a. + S31  

a -4j 
0/a  

c - ) 
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044 (0( + 	) 

3 
where a = 04

2
+ 3+ 0(4  

by making use of the standard relation (C.1-19) 

the integral becomes 

13 -1-z 
s 1 
	 1 B (Z, 2-Z) a 	F1 Z;  ( 	2; 	) + S2 B (1 + Z, 2-Z) a 	1 F 1 (1+Z; 3; 	) + 

-2-Z 
S 3  B (2 + Z, 2-Z) a 	F (Z + 2, 4;  -a- ) 

(C.1-52) 

Thus the amplitude is 

C (q 2 , Z ) = 
7 4 t 

\Pe ),;( Pe _ )13' 	d  cis 	da 
4 

04 p 	 p 	2 

2 P.:3+3c4)  e-  637(  
I' (2-7_) Pe' Pm. ) 2 	2 	3 

-Z 	 -7 
. 	4 	( 	

( d2  + ce3-1-c(4)  . 

1 - 2 	g,09 
(12 a3 + 4)+( 2Pµ, "S pe ),u (0(2p/A + C43Pe)pj  B(Z, 2-Z) 1 F 1 (Z,2;- 

q c44 (62+ c(3 +ce4 ) 

2 ( 0(2  a + 3) 	2pµ+ (3  pe),0  c44 ) 	S 	[B (1+Z, 2-Z) • 2 	3 e P c<
2

+c< 
 

• 1F1 (1 +2, 3;-w 

	

ce 
2 

( C4  1p 	 i)  ) 	P 4 	2 	e 1-) 	2 	3 Pl B (2 + Z, 2-Z) F (2 + Z, 4; 

\ 2 

	

( 	+ 
2 3 

(C.1 —53) 
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4 ( c(2 P 	cl(
3 Pe)  2 

(ot + c() (c( 
2 3 2 3 4 

Introducing new variables 

a
2 

= X g
1 	a3 At 

2 
 and a4 	 1 	2 

= X (1-  - 	) 

with Jacobian = X 2 

and using the standard relation (C.1-29), X -integration yields 

C (g 2 ,Z)  4  ( P e )v( P e )p r  (Z) d t 1  d 2 ( 	1 

-z 

-E2) (1-Y2 )  

( P e'131,) 
2 
	0 

2Z 
2 	9,0p ( Pp. 	P e  g2 ) 	r (-Z) 2F 1 (Z, -Z; 2; wl  ) + ( Pv.E,1 ÷ 

2 Z-2 
( 	1 + P 	2 	 P 	P  ) 	 ) P 	1 	e 2 	

I' (1-Z) 2F 1(Z, 1-Z ; 2;  w1) 

) 2  
( Pot 1 + p

e
t
2

)2 Z-2 
 r (1-z) Z

2
F 

1
(1 + Z, 1-2 ;3 WI) 

2 

( 1-Y42 )2( 	
) 2 Z-2 

6 (i 1+ 2) 2 	e 2 	Z (1+Z) r (1-Z) 2F1  (2+Z , 1-Z, 4; w11 

Z gP  ( 1- 12  ) 	 2Z .0  

4  

	

+ 	) ( p 	P e 	) F ( - Z ) 2Fi  (1+Z, -Z; 3; w1  ) 4. 	 gu. 
1 	2 

— 6-4) 
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Again going over to variables 

y 
1 

= r (1-y) 	with 	a  ( 1'2 )  r 

  

o(r,y) 

using transformation formula (C.1-31), changing 1-r — r 	and dropping 

the prime we find 

C(c.2,,Z) = 
4 

r (Z)  Fq1)(P e ).P f dy Y
2 Z 
	d r 

( Pa. P 	2 	0  

	

-Z 	2 Z + 1 
2 g I)? r' (-Z) r 	( 1-r ) 	2F( Z, 2 + Z; 2; r ) + 

r 
+.il  Y?  r (1-Z) Ly -2 

r
-Z 	2 Z + 1 

(1-r) 	2.F(Z, 1 +Z.  2; r) + 

-2 	1-Z 	2 Z + 1 
Y 

r   
Z F (1 + Z, 2 + Z;  3; r) + 

1 	-2 2 - Z 	2Z+3     y 	 - r ) 	Z (1 + Z) 2F1  ( 2 + Z, 3 + Z; 4;  r)] + 

g4“) r(-z) r -Z + 1( 1 - r ) 2 Z + 1 Z 2Fi (1 + Z, 3 + Z; 3; r ) 

Y 2  = ((P 	e)Y+ P e
) 2 
	 (C. 1-55) 
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and integrating our i by using standard relation (C.1-34), we obtain 

2 Z (Pe ),u(Pe).P f dy Y C 	2, Z ) 
( P 	) 2 	0 

[ — 1 g v? 	 Z 
r (z) r (—z) rci—z) r(2 z + 2) 

+ 3 ) 	
3  1-2  (Z, 2 + Z, 1-Z; 2; Z + 3 : 1 ) 

-2 
+ yt)  y p  y r(z) r(1—z) r (1 —z) r (2 z + 2 )  3F2  (Z, 1 + Z, 1-Z; 2; Z + 3; 1) 

F( z + 3 ) 

 

2 + C0)9  (q 	Z.  y)1 -  

 

(C.1-56) 

where 

   

2 ,  C 
p

(q 	y) 
'o 

  

 

-2 
Y 	Y 	[ Z r (z) r (1—Z) r(2—z) r(2 + 2 Z)  

r(4+Z) 

 

  

  

  

3F2 (1 + Z, 2 + Z ; 2 - Z;  3; 	+ ; 1 ) 	+ 

1 
+ 	—6 Z (1 + 	r(Z) r (1 —z) r  (3—z) r (2 Z + 4) 

 

 

r (z + 7 ) 

  

3 
F2. (2+Z, 3+Z, 3 -Z: 4; 7+ Z ; 1 ) 
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g▪ 	'°P  z r(Z) r (-z) r (2 - Z) r (2 + 2 Z ) 
4 r ( 4 + Z ) 

 

• 3F
2 

( 1 + Z, 3 + Z, 2 - Z, 3; 4 + Z; 1 ) c .1- 6-7 

Y = 	- Pe  ) Y 	P e  

In the limit m e
2 	

o 

C ( q 2, Z ) = 
4 

IT 	r( z ) r (1-Z) B (1-Z, 2 Z +2) 3  F2(Z, 2+ Z, 1-Z;2;2+3;1) 

.1 

o a y 	y 2 
 

[( Pau - Pe )  Y 	
P e 2 Z 2 

C 

C 

+ C 1  ( q 2, Z 

4 2 	 ( Pd-u ( POPII  

) 

C 
vf)  

0 
q( 	2, Z, y ) 

(C.1-59) 

Y 
2Z 	

d y (q 	, Z ) = 
( Pe  • Pu  ) 2  

(q 2, Z, y) 	is given by (C.1-57) 

From Eqn. (11-165 b) vie have 

2 4  
( P 	) (P ) 	5 	3  Pu 	2 

p 	 e [ P e' 	e  cis 	 cep (Pepe) 
(13 •k) 1 

1  
2 pe. 

4 	1 3  _ 1 4  _ 

Pe Pu 

2 
3 Pu  C (q

2
, Z)1 

 

(C.1-59) 

 

1 
D 	2 p 
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where 
A. 

11 2 	Z-1 	-p (-k + 	) p ,(1( + 	) 
( 	2)e 	1 	2 	At 	1 	2  

-ki2k2)2- m 21 [5.e-k1 --f<2)2-m2e11<li 

 

(C. 1-60) 

4 
4 	Z-1 

d 	k 
2

(- k 2  ) 

 

k 1  + k2 ) 2  

[(1 /2  -17(1 - 2)2- 	( 3  e -1-<2)2-mel 

(C. 1-61) 

These amplitudes are of the same type as the one which we have just evaluated 

Thus ananlogous to expression (C.1 -56) we get 

 

2Z 
d Y 	[(Pa  - P e ) P e  ) Y 	Pei 

71, 4 
I

3 
 ( q 2, Z ) 

f
— 1 pe  . pm  r (z ) r(-z ) B (1-Z, 2 Z + 2 ) 3  F2  (Z, 2 + Z, 1-Z; 2; Z + 3;  1)4- 

2 
+ Y r7  P12 	P e y Pe'134,_)[(Pit - Pe  ) y + p ef r (Z)r(1 -z) 

• ( Pe  ),j ( pIl  
2 )

P 
 C ( q 

• B (1-Z, 2 Z +2) 3 	3+ Z,1-Z;2; Z+3;1 

Z , y) 
(C.1-62) 

14 (9 2,Z ) 7 4 d y 1
2Z 

[(Pg Pe) 	P e 
O 



4 	 2 
e 	 ( P e  )u  (P,2  )p  - of)  - 3 m (p ) (P eq D 1  (q 2, Z) 

4 (
I 

-  

2 ppitt  P PIA  
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[- 2 r(Z) r(-z) B (1-Z , 2 Z + 2) 3F2  (Z, 2 1- Z, 1-Z; 2; Z + 3; 1 ) 

+ r(z) r(1-z) B (1-Z, 2 Z + 2 ) 3F2  (Z, 3 ' Z, 1 - Z; 2; Z + 3 ; 1 ) J + 

+ aup  Cue  ( q 2  Z, y ) 

(C .1-63) 

Substituting for 13  , 14  and C (q 2, Z) we obtain 

D = - [ Tr 
4 r(z) r (1-Z) B (1-Z, 2 Z + 2 )3F2. (Z, 3 + Z, 1-Z; 2; Z + 3; 1 )] 

• 
1 	 2Z 	

L
r 	 2 Z 2 

dy [- y 	+ 	(mia
2 
 -4 p e.13.1)y2 	4 pjlpii.  Y] Y 

2 piepo  

+ D 1 	
2 	

) 
	

(C.1-64) 

Y = ( Pau  - P e ) Y 	P e  

2 
cup (ci 

2
, Z, y)dyY 

and A is give by 

1 A [ .‘1\4,0  
2 

Pp.  C- 2 peps  D 

= 4 [14 mil 2 C -2 p 	D 

 

(C. 1-65) 
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From eqns. (C. 1-56) , (C.1-62 ) cnd (C.1-64), 

4 A =- 74  [ - 2 r(z) r (-Z) B (1-Z, 2 Z+ 2 )2  F2  (Z, 2+Z, 1-Z; 2; Z+3;1) 

r(  Z) r(1-Z) B (1-Z, 2 Z + 2) 3  FZ  (Z, 34-Z, 1-Z ; 2, Z + 3;1) Ai  (q2,Z,y) 

.idy y 2 Z [-m C - 212, 	 D 

(C.1-66) 

A 	 t., 2 	'yr) 	= 	 tr., 2 
1 
i 	Z 	

'vf) vP " 	Y 

Y = 	( 	- P e ) Y 	P e 

Finally we will evaluate the amplitude M 0 	which is given by 

2  Z-1 
M0  ( cilt  2,  -7 )(•••1(2  ) 

= 	d 4 k d 
4 

k 1 	2 

	

i<11 2)3-m  P-2 	(P 

1 

 

_lc )2 	' 
e-  1 21 -me 

k 12 ` u2  

(C.1-67) 

In comparison to other amplitudes it has least power of k, thus in order 

to avoid the infra-red divergences we have introduced photon mass 

After integrating over k 1  and k 2  and going over to physical region we have 

(c2 P/4 +C(3 P e 2 	a 
M 	(q

2 4 
 = 	 d 	d 	d _ c(4.  r (2-Z) f 	2 	3 	4 e 0;2+ Ce3 + 
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-2 	1 - Z 	cg (a 4- a ) 

2 -1-0(3+ 0(4 ) 	du 
1 0(1 	

+ 	4 2 	3 	1 
+ cc 	-I 2+  3 4 

U. 	 (c( p +p 
)2 

4 	a  3 e 

(c'2 3 + 4)  + 4 ( 2 + °`3 )1c42 + (X4 ) 
e 

(C.1-68) 

according to first term in eqn. (C. 1-20), integration over a 1  yields 

M ( q2 Z ) 
4 	co 

W2 	+ c'13 Pe)2  - " 
CC r (2-Z) 	

d d2  d 	d 
3 	4 e 	c42 cx3 c< 4 

Z-2 	-Z 	-Z 
(t 2 
	4 3 
+ 	+ Of ) 	( 	+ 	) 	B (Z, 2-Z) 

1
F

1 
(Z, 2; - w ) 

4 2 3 

C14 (  c/21311 	()(3 P e ) 2  w = 
4.C.3) (c(2+31)  

(C.1-69) 

in terms of variables 

0/
2 

= 	(31' 
1 	3 

X 2 ; 
or 	

= 	(1-41 - 2 ); 	= X  
2 

4 

7T 4 	 1 	 -Z 	-Z 
(q 2  ,Z) = 	r(2-Z) B(Z, 2-Z) 	d 1  d 	(1- 1 - 2 ) 	) • 

0 
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0 c° dx e -8x x -z 1 F1   (Z, 2; 	w 1 " 

2 	 2 
=( 1 	+ 4' Pe ) +

12 
)P 

w 1 	- (C 	+ 2 p 	
2  

+ 2 

(C.1-70) 

according to relation (C.1-27), integration over X yields 

M o (c1 2, Z) = - 
-Z 	-Z 

4  r(1_z) r(z) i d 1  d 2  (1-t1 	2 ) (t 1- 2 ) • 
0 

2 
• [( 1 Pll. 	P 	4- (1- 41 - v2 ) p. 1 	F (Z, 1-Z, 2; w 11  ) 

w  11 = 

2 
( 1Pi.t +  C P e ) 	(1- 1 

( 1 +t2) 	( 1 	“2 P e)2+(1- 2 )P2  

(C. 1-71) 
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APPENDIX C.2 

Here we will evaluate those integrals which are'involved in expression (I-175) 

For the evaluation of these integrals, most of the time we will make use of the 

following standard relation 

  

bi- 2c +/-b2 _ 4 a c  

b+ 2c-42_ 40c  

  

Ay +B 	A 	a+b+c 
2 , 	d Y 	2a log 	 ay +Dy+c 

2 a B - bA  
	 log 

2 a /-b2  - 4 a c 

 

(C.2-1) 

Thus from (11-176 f ), we have 

2 
M 	) = f d

1  d2 Pi 
PI, 

 ± '2 
p )

2 
1-(1-g

12
) 

(C. 2-2) 

If we introduce new variables 

4 1 = 	; 	2 = 
	r ( 1 - y ) 	with 

	
3(4 1 4  2 ) 	r 

D( r, y) 

then, 

M (q2 ) 
0 

idy fdr 

0 	0 

 

r 

 

[(per  - p 	y 	pej2 r2 -r  2 
	2 

 

(C.2-3) 

-1 
2 
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and integration over r can be done with the help of relation (C.2-1). 

Thus we have 

2 	I 	1

o 	

P - P  ) 	+ I  M 	) 	d y 	 2 1  1 °9 	" 	6  2Y 	e  
2  [(Pk, - Pe) Y+P e 1 

2 
112 
	

+ /X  
I  

2  [( Pk(  - P e) Y + P eJ v/
- 

X
kg 1/2 /1 

- 

where 

4 
1.1 	- 4 µ2  [ ( PA-  P e ) Y + P ej 

2 

(C.2-4) 

In the limit of µ 2 	o the second term can be neglected in 

comparison with the First one with this approximation 

2 

M 
log 	(P,u P e hr  P 0 (q) _ 

2 	d y -  
2 2 	 2 

(Pit  'Pe) Y +2 P e'(Pit  - P e )Y+P e  

log - 	122 
	

d y 
1 

 

( 	P e) 2  Y 2  + 2  P e.(Pp  - Pe) Y + P e2  

(C. 2-5) 

The second integral can be easily evaluated by using the standard relation 

2 (C.2-1) and finally substituting 2 p 	= 	m A 	x, we find 
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M o (q2  ) = 
1 x 
	

2 
log u 	log mij  M (1) (c1 2 ) 

  

m e  

(C. 2-6) 

where M o(1) (g  2 ) d y log (a y 2
+ b y+ c ) 

ay2 + by + c 

(C.2-7) 

where a = (pu  

= 2 Pe 

c = p e2  

2 	2 
P e 	

= m  ( 1-x) + m e2 

2 m 	x - 2 m2- 
(C.2-8) • ( pu 	P e ) 

2 
m  e 

if we substitute a y 2  = 82  , then 

2 M (1)  ( q ) =  1 
	d 8 	log ( 82 + b/fd 	+ c ) 

o 	 P 2 + —b 13 + c (C.1-9) 

The integral M (1)  (q 2 ) can be expressed as 

M o 	( q 
(1) 	2 	

= 	
1 	 log( 0-81  )+ log(8-82 ) 

	

/a 	ra d 3 	 
(3- 01) (13 - 82) 

Jrci 
1 	1 	 1 	1 

fa 	(81_ 82)  509 0- 81) 4' 	(13-d32 
r

1  
8-+1 	2 

(C.2-10) 



I
log ( + b y) 

c 

bxn 	1 
d y = (log a) log x- z (-1) ( a 	

n2 

(C. 2-13) 

n = 1 
2 b  2 x  2 <a 
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where 

2 
m e 	( 1 	x ) 6

1 
 = 

/a 

  

mu 

82 = 	/a 

/a = 	( 1 - x ) 2  

in the limit me 	13 1  can be neglected in comparison to/a and /32 

since 	I log 77  d 71 = 	2  
log 	) 

77 

we find 

M (1  ) ( q 2 ) 	1 	[ log 2  (fa-8  
m x

l  
+ 	log 2 

 ( - (32 ) 

8  1 

f
dP I  log 

fa - (32  

(P1 4- S 1 -32 )- 	dP2 log (P2 + 82 -81 
P2 

(C.2-12) 

From relation 
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1 1 

	

M ()(q 2 ) = -7—  T[ log 2  (la-0 i) -log 2 	2 	2 
(-0 1) - log Va -32) + log (- 82  )]2 xL 

+ [log (81  -02) log (1-° -81)  - log (81-82)  log (- 8 1  ) 

- log (02 - 81) log (A - 82  )+ log (82  - 61 ) log (- 02) 

1 //13 a 	z -n  —2 (-1) 	k 1
2  n= 1 	 1 

- 

 8

1)n

2 	n = 1 	n 	(
, 

'81 - 8  2 

co 
E 	(-1)  n 	1 - 82 \n 	n -8

2 n 
 

( 	 n = 1 	n2 	 / - 	( -1) ( 	 
8 1 -8 2 	n= 1 	62  - 81  

(C.2-14) 

Substituting for 	s 1  and 02  , M (1) 	2 0 	(q  ) reduces to 

1 
( 1  ) 	2 \ 	1 	2 	, 	2 m 

2 	
x (1-) 2 	2 m = —y— 	log mo   (1-x) - log 	 ti log R A 

2 m x MP- 
X 

( 1 -X 

2 2 m x 	m x 
(1 -x) 

2 	r2ll2' 	+ 2 log 111 log + log -f 	 2 -x)2 
e 

cc, 	1 	1 	n 1 	(1>cl 	c. /  ni? 1-x n 
)+ 2 	(-1) —2 (--x-) 

	

-2 E (-1) 	n 2 	x 	+2  
n = 1 	 n = 1 mµ x 2 

	n = 1 	n  

I 
- 2 ci 	(-1) n 	1 	( -1 )n  

n=i 	n2  

(c.2- 1 5 ) 
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Substituting for E 	(-1 
n = 1 

., 1 

n 2 
(-1 

2 
= 7T 

6 
neglecting the series 

CO 

E 	1.2
2 
	1 - x in the limit 

n = 1 mµ x  
m 2 	o and expressing the other 

series in terms of Spence function 
(26) 

 which is defined as 

2 
(x) = 

12 	
- E (-1) 	2 	( x ) 
n = 1 

n 

(C.2-16) 

Thus we obtain 

(1) 	 1 	, 	2 	, 	2 	 , M 	( q 2  ) _ 	14 log m  + 4 log m + 8 log m log x -I- 4 Icg
2

x 0 2 mm x 

1 
- 2 log x log (1-x) +2 (-1-4- Tc ) - 2 

2 1 	7 1 
—X-  ) 

(C.2-17) 

From the standard relation (2°)  of spenrce functions 

7 2 

	

o(y) + c,(-1-y) = -3 	+ log lyl• log I 1 +yl 

(C.2-18) 

we can write 
2 	 1 	1 1 	7 - 	(- 	lOg 	) log (I- CP ( -1  + —x ) = _ 3 
2 	1 

- 	(- 	+ log x log x - log x log (1-x) 
3 



R 	( q 2  ) 1 	 d y 	2 , +Dy+c C y 

-y +  
(C.2-22) 
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= 	2 3 
	

1 
7 

2 
- 	( - 7 ) 	2  Co (-x) + 2  4o(- 1 — ) - log x log (1-x) 

(C.2-19) 

in the last step we have used 

2 	 , 1 ) 	2 2-  log 	= 	(- x ) + 	- 
X 	 -77 

inserting (C.2-19) into (C.2-17), we find 

M o(1)  ( q 2  ) 	1 
I-  4 log 2  m 	4 log  2  m + 8 log m log x + 

2 m 2 x 

+ Ic?-9% -4 log x log (1-x) + 4 	(-x) + 4 7j4  

2 

m x 	
log ( x 	m e ) log ( x 

m e 

(C.2-20) 

Substituting (C.2-20) into (C.2-6), 

2 	1 
[log 	(x 	e  ) 

m  e 

m m 7T  
) - log x log (1-x) + —4  

2 
-1-c.0(-x) M o(q  

	) 	2 m 	x 
2  

(C.2-21) 

Next integral to be evaluated is 

2 
7T 

mom) - I og x log (1-x) + 4 + ( 
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where 

a. = ( I A P e ) 
2 	2 

m 	( 1-x) + m 
e 

2 

= 2 pe  . 	-p 
e 	2 

x - 2 m e 	(C.2-23) 

= 	p 
e 2 	m 2 

2 
here we have substituted for 2 p e  • Pm 	= m  x , the parameter 

2E 
x = 	, it ranges from zero to one 

From standard re Iction (C.2-1), we get 

2 	-1 	 m 	2- x (2 mi_(2  x) 2 
2 

R 1 	) = 2n-x) log 	2 log 	 + 2 mt.,2 (1-x) x 4m 2 m 2 e g 

-1 	m + 	2 - x 
log 	 2 = 	(1-x) 	m  e 	(1-x)x 

log 	 
m e 

(C.2-24) 

The next integral 

R 	( q 2  ) 	= 	

Ic 	cl 
d y 	2 

Y +by+c 

1 	a + b + c 
I cg 

2 a 
b (b+ 2c +42_4 a c) 2  log 

4 c ( b+ a ) 4- 4 c2  20/13  2- 4 ac 

1 
= m  2 (1-x)  [ 1°g m e 

m 
-log " x 

 

m e 

 

-1 
m 	2 (1-x) 

log 	x 	 (C. 2-25) 



2 	 2 
(m 	-4 p•e PP  ) Y -F 4 p, p4t  Y ) 

ay 2  + by + c 
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D (q 2  ) [-1+ dy 4 p sepm  
0 

1  
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2 
Also 

C (q 2  1 
2 dy 

 

a y 2 .b yl_ c  

1 	1 
2 a 	2a 

b y+ C 

 

y 2 + b y C 

0 

1 
= n72—(7-x) [i 

X

l 

	x 	MIA l x  
-X 	l°g

e 	
- x log 

m 	 m  e 

1 	
r

x  
= 	2 m 2  (1-x) 	L  1  1.  1 -x 	log x 

(C.2-26) 

(C. 2-27) 

we can write the second term as 

dy [ 

2 
- 4 p e. pp  A i y+B 

aY 2  +by+ c a 

 

   

where A 1 	e 	
2 	

p e. 	—13  = 4 pip 	-(m 	-4 	) 	= 2 m 2x - mp
2  (1-2 x) x 

a  

( m 2 - 4 p p) E 	= 	m e
2 
 ( 1 - 2 x ) 

ki 
( 1 - x ) 

1 - x 

B 1 



2 
m x 
1 - x x f 

e 

1 - 2 x 
- 1 + 	 

(1-x) 
D ( q 2  ) 

1  
2 	log1 h 

( 1 -x) 

- 222 - 

we can neglect B 	because of smallness of m 2 
1 

Thus 

1 
- —2—x)  log m 	( 1 - 

1 	- x 

	

=2m 2  xr 1-x 	( 1 x 	) 2 

m 1.2 

   

     

m e 

   

    

log x 

  

  

     

(C. 2-28) 

A(q 2 ) 
1 

[ 2 al  + c 2  - a 
k2 

(a y + by+c);  - + H log1
16

z 3 	2 

0 

4 

(C.2-29) 

where 

a 
Z = o  

r 3(1-Z) r (2 Z + 2) 	r (2 - Z) 	, _so) f 	 _0) 
Cos 7 z L D (Z) + 2 D (Z)] 

r (z + 3 ) 

a2 = 	1 S± 3F 2  ( Z, 3 + Z, 1 Z; 2, Z + 3 ; I) 

Z = o 

3  F2. 	(1, 3, 2; 3, 4;  1 ) 

here we have also substituted for 

L 
m 
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. p D (q 2  ) 
P• A Ii 2 



( 2 a
1 
 + 

a  2 	a  3 ) 
k 

2
m

2 
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c 

A ( q 2 ) = 	1  
4 
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Integration over y can be done by parts 

Thus 

2 ay 2  + b y  

ay 2  + by+c 

1 
(2 a i +a 2  -a 3)-1 log 4 17 - 4  

IZ m 

x 

log x 1 x 

(C.2-30) 

where 

a
1  = z 	 - 347(1) - 2  + 6.5]  

a2 	'6 = —Z 3F2  (Z, 3 + Z, 1 - Z, 1 - Z; 2, Z + 3; 1 ) 

Since hypergeometric function3  F2  (Z, 3 + Z, 1- Z, 2, Z + 3, 1 ) 

represents following series 

1 + 	
Z(3+ Z)(1 -Z) 	Z ( Z + 1 ) . (3 + Z) (4 + Z ) (1-Z) (2-Z) 

(2) ,  (Z+ 3) 	 (2. 3)•(Z+3) (Z+ 4 ) 

+ Z (Z + 1) (Z + 2 ) 	( 3 + Z) (4 + Z) (5 + Z).(1-Z)(2-Z)(3-Z) 1 + 
2. 3 . 4 	 (Z+31(Z+4) CZ +5) 	31 
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We get 

02 
= (3 )(1 ) 
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2) (3. 

1 + (3. 4 ) (1. 	2) 1 

2 

(1. 

(2) 
 

.(3)1
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2. 

3 ) 

3) 

(3. 4 ) 

1 
3! (2.  3. 4) (3. 4. 5) 
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n (n + 1 ) 

(C. 2-31) 

a 3  = 	3 F2 ( 1, 3, 2; 1, 3, 2; 4, 3; 1 ) 

E 
	r(n+1) r(n+3) r(n+2) 	r(4) 	r (3 ) 	1  

n=o 	r (I) r  (3) r( 2 ) 	r(4+ n) r (3 + n) r(n + 1 ) 

1 
6 

+ 
n = 1 

1 

 

(3+n)(2+n) 

making use of standard relation 

1  

k = 1 (k+p)(k+q) 

   

x - x 
d x 

(q -p) 

 

1 - x 
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we get 

1 
a3 	6 	d x 

2 3 x -x 
.1 -x 

'11( 4 ) - r  (3) 

2 
	 (C.2-32) 

Thus 

2 a 	+ a - a 	= - 3 ,T, (1) ++ 6.5 -1- 
1 	2 	3 

= - 3 w (1) + 6. 5 

Substituting it in expression (C.2-30) we obtain 

1 
6 

- 
A ( q2 	

1 
) = 

4 (1) + 6.5 	- 2- 1 

 

x 

 

log x 
1 - x 

(C.2-33) 
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APPENDIX D  

Computation of femiion self mass of order e 4 involves evaluation of 

some complicated integrals. Since these integrals are more or less of the 

same form as the one which we have evaluated in case of P-decay; we 

will proceed in the same way as in Appendix C. 

Since the integrals (M-13) are defined for symanzik region of momenta where 

2 
P 	< o, we will go over to this region by performing a wick rotation 

P 	p 
4 
 . For this region we will use following Laplace representation 

for the propagators. 

Z 13 -1  2 	 1 
( - k ) 

r(1-Z ) 13  
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d cX 
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1 
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2 
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co 

-= _ S d .04
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c 

a3 
[(p-k )2 

m 2 
 

(P̂  k)2 -m
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1 

   

e 

cX4 [(1" --ki) 2  - m2] 

-1<i) 2  m 2 

   



1 

(p-i< - )-m 2  

a5 Di; -1‹ 	
e 2 	2 

k ) - m  
co 

= -I d 	e 
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where k 2=-k 2 - I k I 2  

For convenience we will take out hidden negative sign and define new variables 

P 
'- 2 	2 

= - P 

k 2 	2 = 	- Q 1 

'-i 2 
k 	= - Q 2  

p.k = - P. Q
1  

where 	d 	. 4k = 	d4 
	

1 

d 4 k
/
= i d4  Q 2 

Thus Yo ( p 2, Z ) given by (Ell-13) 
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reduces to 
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Shifting the origin of Q 1  by (S 	) P 	c)(  Q 2 	and integrating 

a( ++ 0( 
3 	5 

over Q
1 
 we find 
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+ 	Lq 	± 2 ( co-04 _ 	.F 
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4 1 5 	j 
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Shifting the origin of Q 2  by 
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integrating over Q 2  we find 
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Here we will first do 04  -integration by defining new variable 
2 

0(  = 	+ (>44  (CX1 + c(3+ 0(5  ) 	(0/1 + ot3) 0;5  
2 

by using standard relation 
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the c( integration yields 
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in order to integrate over rest of the &-parameters we introduce following 

variables. 
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integration over X is done by making use of 
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Y
1 
 (- P 2, Z) can also be written directly from Yo  (-P 2, Z) by replacing 

Z 	by Z 	+1 24 	24 

in order to evaluate Y 3  ( - P 2) we will use Feynmane re presentations for the 

corresponding propagators 

Thus from (0-13) and (D-1) we find, 
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ei (P Q 2) 
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here we will do 0( integration first by defining new variable 	= 	c(30(,+0(5)--cy. 
2 	 2 + o(1  + 5 

integration over C4 is done by using standard relation 
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again we will introduce the variables 
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integration over X is done by making use of 
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Shifting the origin of Q1  by 	and Q 	by 	, 
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integration over X yields 
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here we have used the standard relation 
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The above expression 
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integration over 	can be done by making use of the relation 
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Following the same steps as the one for a and 0( we perform the d and a 
2 	4 

integrations which give 
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Similarly Y10 (- P  Z) can be written from Yo  (- P 2, Z) by replacing 
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The functions Y
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momenta as well thus these functions can be used to express our physical 
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FIGURE CA PTI ON S 

FIGURE 1: 	Feynman diagrams which are origin of infinities in 

conventional quantum electrodynamics. 

FIGURE 2: 	Electron-Photon-Graviton vertex in GMQE. 

FIGURE 3: 	Graphical representation of Graviton Superpropagator 

FIGURE 4: 	Gravity modified self energy part in lowest order in e 

FIGURE 5: 	Diagrams contributing to a -order radiative corrections to 

g -decay in the presence of gravity field 

FIGURE 6: 	Contributions to a - order corrections from mass renorma lizati on 

counter terms. 

FIGURE 7: 	Feynman diagrams for radiative muon decay. 

FIGURE 8: 	Tadpole contributions. 

FIGURE 9: 	The typical Z-contour which has been under consideration. 
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