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Abstract

To respect the conditionality principle, it may be necessary to consider conditioning on an
approximate ancillary, as finding an exact ancillary is not always straightforward. Since
several approximate ancillaries exist, a comparison of the properties of two commonly used
approximate ancillaries, the affine ancillary (Efron and Hinkley, 1978) and the likelihood
ancillary (Barndorff-Nielsen, 1980), is carefully carried out for Butler’s (2004) and Pedersen’s
(1981) examples where the parameter of interest is scalar. The inference drawn in both
examples show similar outcomes. For inference conditional on the likelihood ancillary,
the (unconditional) parametric simulation of the signed root likelihood ratio statistic works
well even for small sample sizes, giving highly accurate approximation to exact conditional
inference, as good as those obtained by more complicated analytic procedures. For inference
conditional on the affine ancillary, we argue that to obtain good approximations it is necessary
to consider some form of stratification of the bootstrap simulation (Hinkley and Schechtman,
1987) as the range of the estimator of the parameter of interest depends on the value of
the affine ancillary. Our results are different to Butler’s (2004), as on that paper it was not
realized that the range of the estimator of the parameter of interest depended on the value of
the affine ancillary, as it was suggested for Pedersen’s example in Barndorff-Nielsen (1980).

Focus will also be given to models that present multidimensional ancillary statistics. Of
particular interest is the location-scale family, where the ancillary statistic can be of a very
high dimension, as its dimension is often very close to the sample size n. But also, examples
where there are nuisance parameters will be treated. Solutions to conditional inference are
offered, whether they are SPA or based on bootstrap methods for the extreme value model
and the Weibull regression. Cox and Reid’s (1987) solution is introduced and applied to
these models. Given the Cox and Reid’s solution, a quantity relating it to r∗ is derived
(DiCiccio and Young, Properties of parametric bootstrap procedures based on signed roots
of likelihood ratio statistics, unpublished paper) which could facilitate the computations
required to respect Fisher’s conditional principle. An exact solution to conditional inference
is given using MCMC techniques, namely Metroplis within Gibbs that could be applied to
the joint conditional density of the pivots.
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Chapter 1

Introduction

It has been suggested that a satisfactory approximation to an inferentially correct inference
based on conditioning on an ancillary statistic in a model which admits such a statistic
can be obtained by parametric (‘bootstrap’) simulation of the marginal (unconditional)
sampling distribution of the signed root likelihood ratio statistic (References include Young
and Smith, 2005; Young, 2009). This procedure is known to approximate the appropriate
exact conditional inference in full exponential family models to order O(n−3/2), where n is
the sample size, see DiCiccio and Young (2008). In general, in ancillary statistic models
the level of approximation is, DiCiccio et al. (2015), lower, of order O(n−1), but examples
concerning models which admit an exact ancillary statistic in the references above suggest
that the marginal simulation may, in fact, approximate the conditional inference very well.

A difficulty with conditional inference is that an exact ancillary statistic need not exist,
and that it may be necessary to consider conditioning on an approximate ancillary. There are
various general methods for identification of an appropriate approximate ancillary (see e.g.
Severini, 2000). The affine (Efron and Hinkley, 1978) and likelihood (Barndorff-Nielsen,
1980) approximate ancillaries are the best known cases, and their properties were compared
in specific examples (Butler, 2004; Pedersen, 1981). In circumstances where we are faced
with more than one conditional inference calculation the question arises: how do these
compare, and which does the marginal bootstrap calculation more closely approximate?

This project had as its initial objective the analysis of this question for simple, specific
one parameter models. It turned out that exact conditional inference may turn out to be
analytically more subtle than Butler recognised. We provide a detailed analysis of both
examples, comparing inferences based on two approximate ancillary statistics, the affine and
likelihood ancillaries.

For inference conditional on the likelihood ancillary, the (unconditional) parametric
bootstrap works well, giving highly accurate approximation to exact conditional inference, as
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good as those obtained by more complicated analytic procedures. For inference conditional
on the affine ancillary, we argue that to obtain good approximations it is necessary to consider
some form of stratification of the bootstrap simulation, as it has been considered previously
in a different problem by Hinkley and Schechtman (1987).

In the second chapter, a brief review of the conditional principle is given along with
the definition of the affine and likelihood approximate ancillaries. Some computational
approaches to deal with conditional inference in this setting are presented. An introduction
to higher-order approximations to the conditional density is given alongside a presentation of
the ‘null hypotheses parametric bootstrap’ (DiCiccio et al., 2001) and stratified bootstrap
(Hinkley and Schechtman, 1987). A thorough analysis of Butler’s (2004) and Pedersen’s
(1981) examples is given in chapter 3. Numerical examples providing means of comparing
the different approaches described in the previous chapter are also presented.

The focus of chapter 4 will shift to models that present multidimensional ancillary
statistics. Of particular interest is the location-scale family, where the ancillary statistic
can be of a very high dimension, as its dimension is often very close to the sample size n.
But also, examples where there are nuisance parameters will be treated. The extreme value
model is extensively studied, and solutions to conditional inference are offered, whether they
are SPA or based on bootstrap methods. Cox and Reid’s (1987) solution is introduced and
applied to this model. Given Cox and Reid’s solution, a quantity relating it to r∗ is derived
(DiCiccio and Young, Properties of parametric bootstrap procedures based on signed roots of
likelihood ratio statistics, unpublished paper).



Chapter 2

Ancillary statistics and conditional
inference computation

Conditional inference was initiated as an approach in statistics when Fisher (1925) introduced
the term ancillary statistic to the discipline. This new perspective in statistics came from
the idea of recovering information that would have been lost by just using the Maximum
Likelihood Estimator (MLE) of the parameter of interest (Fisher, 1935), in some specific
examples. One of the most compelling reasons why conditional inference is intuitively
necessary and sensible probably stems from Cox (1958)’s example of the weighing machines,
which will be presented below. This stresses conditioning as a means of ensuring relevance
of the statistical inference being performed to the actual data sample being analysed.

Consider an experiment consisting of two stages. The first stage is to toss a fair coin,
whose outcome will determine which weighing machine is going to be used to measure
the weight of an object in a second stage. The weighing machine chosen in the event of
a "head" is more precise than the other machine. If we want to make inference on the
precision/variability of our measure, the conditionality principle, which we formally define
below, would advocate that we should make inference conditionally on the outcome of the
first stage, the toss of the coin. The variance of the observed measure will be inversely
proportional to the precision of the machine that has actually been used. On the other hand,
one could argue that the whole experiment should be taken into account as it would have to
be performed, both stages, each time an observation is to be made. However, in this case, the
variance of our measure would be a mix of the variances of the two machines and not reflect
knowledge of the precision of the machine actually used.

Clearly, the latter approach is counterintuitive. It is argued that the reason why the
conditionality principle should be used in this example, is that the probablity mass function
(pmf) of the first stage does not depend on the parameter of interest, say θ , the true weight
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of the object being measured. This is an example of what Kalbfleisch (1975) would call
an experimental ancillary statistic, since this is part of the design of the experiment. The
inference in Cox’s example could also be solved and represented as a dichotomous variable in
a linear regression (Hinkley and Schechtman, 1987). Besides experimental ancillary statistics,
there are also mathematical ancillary statistics, which are statistics that are a function of the
data, especially of the variable that we cannot control (i.e. the quantity of interest, which in
Cox’s example, would correspond to the observed weight of the object).

It can be seen that the sample space is reduced when the conditionality principle is applied.
In the example, from a sample space comprising the first and second stages, the sample space
is reduced to only that of the second stage. This is what is called, by Fisherian statisticians,
the relevant sample set. If the first stage does not involve in any way the parameter of interest,
how can it give any information about it?

2.1 Conditionality Principle

We now introduce formally the concept of an ancillary statistic, based on Basu’s (1959)
definition:

Definition of an ancillary statistic Given a model with parameter θ and data X , a statistic
a is called ancillary if its distribution is the same for all values of θ .

So, the probability distribution of a does not depend on θ and therefore the value of this
statistic seen in the actual data sample is uninformative about θ . We note that many authors,
in particular Barndorff-Nielsen and Cox (1994), would also add the requirement that the
ancillary statistic should also be part of the sufficient statistic, but there appears to be no
universal agreement over this.

Fisher (1935) introduced the notion of configuration statistic in location-scale models,
which in the simplified location problem reduces to be the vector of residuals. This is
detailed below. In this example, clearly the configuration statistic will not affect the estimated
value of the location parameter. Instead, it will play a role in the estimated variance of the
location parameter estimate. The configuration statistic is an example of ancillary statistic,
and highlights an important aspect of conditional inference: its distribution is free of the
parameters of the assumed model, though it gives ancillary (extra) information about the
parameter estimate, namely its reliability (see e.g. Stigler, 2001, for an historical review).

Formally, the conditionality principle is stated as follows.

Conditionality Principle If an ancillary statistic exists for a specific model, inference should
be performed conditional on the ancillary statistic.
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A way to determine if a model needs an ancillary statistic is to verify if the estimator(s)
of the parameter(s) of interest, say θ , is sufficient, i.e. if the conditional density of the
observed data given the estimator does not depend on θ (see for instance Barndorff-Nielsen
and Cox, 1994). If it is not sufficient, the pair (θ̂ ,a), for some ancillary a is. The latter is
intuitively a desirable property in favour of conditional inference. Other reasons to apply the
conditionality principle include the following:

• It could retrieve the (Fisher) information lost in the process of data reduction. It is
illustrated in the example given by Basu (1964) that the Fisher information would be
larger if we use conditional inference, given an ancillary statistic, rather than if we just
use the marginal distribution of the parameter of interest.

• It makes inference relevant to the observed data and to the parameter of interest, as
seen in the weighing example above.

• It reduces the dimension of the data to the dimension of the unknown parameter and
can therefore eliminate nuisance parameters (for a recent overview see Ghosh et al.,
2010).

.
Despite its early introduction, conditional inference is not as wide spread in statistical

practice as other contributions made by Fisher. Some of the reasons for this are probably:
the lack of a general procedure of construction of an ancillary statistic (Stigler, 2001); non-
uniqueness; the conflicts between different conditional inferences (see e.g. Basu, 1964), or
clash of the conditionality principle with the global repeated sampling principle (Fraser,
2004).

In fact, in some problems several ancillary statistics can be found, the use of each of
which would lead to different inference results. Furthermore, there are also other statistical
approaches which would not advocate conditioning, as is the case for frequentist statisticians
who are motivated primarily by repeated sampling optimality. However, this is a long debate
and is not relevant for this study.

We now illustrate some of the relevant ancillary statistics in conditional inference.

2.1.1 Exact ancillary

We use the term exact ancillary to refer to a statistic whose distribution does not depend at
all on the parameter of interest. For example, for the location model f (y− µ), with f (·)
representing a probability density function (pdf), y ∈ ℜ, µ ∈ ℜ and y1, . . . ,yn the observed
sample, the configuration statistic
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a = (y1 − µ̂, . . . ,yn − µ̂)

with µ̂ being the maximum likelihood estimate (MLE) of µ , is an exact ancillary, as its
distribution is free of µ , the parameter of interest (see for example Pace and Salvan, 1997, p.
268). In general, in location-scale models, the vector of standardized residuals plays the role
of the ancillary statistic.

Location-scale models and ancillary statistics Let y be a random variable with pdf f (y).
Then 1

σ
f (y−µ

σ
), with µ ∈ ℜ and σ > 0, is a pdf, and defines the family of location-

scale models with µ and σ the location and scale parameters respectively. Given the
estimates (µ̂, σ̂) of (µ,σ), the vector a = (a1, . . . ,an) = (y1−µ̂

σ̂
, . . . , yn−µ̂

σ̂
) is an exact

ancillary statistic for the location-scale models (see for example Pace and Salvan, 1997,
p. 284–285).

However, there are cases where finding an exact ancillary statistic might prove difficult if
not impossible. In those cases, approximate ancillaries can be used.

2.1.2 Approximate ancillaries

In full exponential models, the MLE is sufficient and there is no need for an ancillary statistic.
On the other hand, in the curved exponential family (introduced by Efron in 1975), the
MLE is not sufficient, but (θ̂ ,a) is for some ancillary a. However, it might not always be
straightforward to find an exact ancillary. In that case, approximate ancillaries can be used.
They are approximate in the sense that their distribution is only asymptotically free of the
parameter of interest. Two of the most well known approximate ancillaries are described
below. But first, we will define the curved exponential family

Curved exponential family Suppose y ∈ ℜ has the following pdf (or pmf):

f (y;θ) = c(θ)h(y)exp

(
k

∑
i=1

πi(θ)τi(y)

)

with θ = (θ1, . . . ,θd), the support of y not depending on θ and k as small as possible.
If d < k, we say that f (y;θ) is a curved exponential model, as opposed to a full
exponential model where d = k (see for example Young and Smith, 2005, pp. 81–83).
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Affine ancillary

The affine ancillary, which is designed for one parameter models, is defined as (Efron and
Hinkley, 1978):

Q =
1− j(θ̂)/I(θ̂)

γ
θ̂

(2.1)

where I(θ̂) and j(θ̂) are respectively the expected and observed Fisher information evaluated
at θ̂ , the maximum likelihood estimate of θ :

j(θ̂) = j(θ)

∣∣∣∣∣
θ=θ̂

=−∂ 2 log f (y;θ)

∂θ 2

∣∣∣∣∣
θ=θ̂

, (2.2)

I(θ̂) = I(θ)

∣∣∣∣∣
θ=θ̂

= E[ j(θ)]

∣∣∣∣∣
θ=θ̂

(2.3)

and γ
θ̂

is the statistical curvature of the model, as introduced by Efron (1975; 1978):

γ(θ̂) = γ(θ)

∣∣∣∣∣
θ=θ̂

=

√
ν20ν02 −ν2

11

ν3
20

∣∣∣∣∣
θ=θ̂

(2.4)

where:

ν20 = E

[(
∂ log f (y;θ)

∂θ

)2
]
, (2.5)

ν02 = E

[(
∂ 2 log f (y;θ)

∂θ 2

)2
]
− I(ψ)2, (2.6)

ν11 = E
[

∂ log f (y;θ)

∂θ

∂ 2 log f (y;θ)

∂θ 2

]
. (2.7)

In the remaining of the document, the logarithm of the likelihood, log f (y;θ), will be
denoted by l(θ ;y), and where there is no confusion it might be simply denoted as l(θ) or
even l.

The affine ancillary, Q, is asymptotically distributed as a standard normal variable, with
the term of order n−1/2 in an expansion of its distribution depending on the parameter θ

(Barndorff-Nielsen and Cox, 1994, p. 228), where n denotes the sample size. Thus, it is
considered a first-order asymptotic ancillary.

In the same spirit, Skovgaard (1985) proposed the multivariate version of the affine
ancillary. The multivariate analogue is the difference between the Fisher information matrix
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and the observed information matrix, standardized by the square root of the variance matrix
of the previous difference, all terms computed at θ = θ̂ (see Barndorff-Nielsen and Cox,
1994, p. 227).

Likelihood ancillary

The structure of curved exponential models (Barndorff-Nielsen, 1980) allows the construc-
tion of likelihood ancillaries. The likelihood ancillary is the statistic used to test the null
hypotheses that the curved exponential model completed to become a full exponential model
fits better the data than the original curved exponential model. Under the null hypotheses,
the likelihood ancillary is asymptotically normally distributed to first-order and it is defined
as the signed square root of

U2
χ = 2

(
l(θ̃ , χ̃;y)− l(θ̂ ,b;y)

)
where (θ̃ , χ̃) is the MLE of (θ ,χ) in a full exponential model, and (θ̂ ,b) is the MLE of θ

under the constraint χ = b which retrieves the curved exponential model. The sign of Uχ is
the same as the sign of (χ̃ −b).

Both constructions, the affine and likelihood ancillary, provide a way of specifying
an appropriate ancillary in one parameter models for application of ideas of conditional
inference.

2.2 Computational approaches to conditional inference

2.2.1 Exact computation

The computations required by exact conditional inference usually consists of several analytic
steps. Since the required procedures are not always the same, we provide just an outline
description relevant to some of the examples we present later.

The first step consists of determining an ancillary statistic, or an approximate ancillary
statistic, for the model we are dealing with. Secondly, we transform the pdf of the observed
sample into the joint pdf of the ML estimator(s) and the (approximate) ancillary statistic(s).
Then we need to find the conditional distribution of the ML estimator(s) given the (ap-
proximate) ancillary. At this stage it might be required to integrate out nuisance parameter
effects, in order to obtain the conditional distribution relevant to inference on the parameter
of interest given the ancillary statistic. To compute the p-value for a certain null hypotheses,
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we must integrate the conditional density, usually using some kind of trapezoidal (numerical)
approximation.

2.2.2 Saddlepoint approximations

A by-product of applying the conditionality principle is that it can lead to very accurate
approximations which can be represented in a very compact way for a variety of models.
Saddlepoint approximations (SPA) are designed so as to have higher-order accuracy than the
classical first-order procedures derived from the central limit theorem. Of particular interest
in this study are normal approximations of the density and distribution of the estimator of
the parameter of interest conditional on an ancillary statistic which are also valid, at least
approximately, conditional on approximate ancillaries.

SPA in approximate ancillary cases

The modified signed root statistic, r∗, was proposed by Barndorff-Nielsen (1990) and it is
shown that its conditional distribution is asymptotically standard normal to relative third
order when the ancillary is exact (Barndorff-Nielsen, 1986). The same formula is valid for
second-order locally ancillaries, such as the affine and likelihood ancillaries, to third order in
moderate-deviation regions and to second order in large-deviation regions (see e.g. Severini,
2000, chapter 6, for a definition of second-order ancillaries and deviation regions).

The Barndorff-Nielsen (1990) approximation of the conditional cumulative distribution
function (cdf) of the random variable Θ̂, associated to θ̂ , given an ancillary statistic a is given
by (for a review see e.g. Butler, 2007)

Pr(Θ̂ < θ̂ |a;θ)≈ Φ(ŵ)+φ(ŵ)
(

1
ŵ
− 1

û

)
(2.8)

for θ̂ ̸= θ , where φ(·) and Φ(·) are respectively the pdf and cdf of the standard normal
distribution, and

ŵ = sign(θ̂ −θ)

√
2{l(θ̂ ; θ̂ ,a)− l(θ ; θ̂ ,a)}, (2.9)

û =
1√
j
θ̂

{l,θ̂ (θ̂ ; θ̂ ,a)− l;θ̂ (θ ; θ̂ ,a)}, (2.10)

and

l;θ̂ (θ ; θ̂ ,a) =
∂ l(θ ; θ̂ ,a)

∂ θ̂
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the latter being called the sample space derivative, since the data has been replaced by the
sufficient statistic (θ̂ ,a) (the estimated parameter of interest and the observed ancillary in
the sample, respectively), so that the log-likelihood may be written as l(θ ; θ̂ ,a).

An approximation similar to the saddlepoint procedure above is defined in terms of the
statistic r∗,

Pr(Θ̂ < θ̂ |a;θ)≈ Φ(r∗) (2.11)

where r∗ is defined as:
r∗ = ŵ− 1

ŵ
log

ŵ
û
.

Inference based on the analytic techniques described here can provide accurate approx-
imation to the relevant exact conditional inference, at the expense of sometimes awkward
calculations, which are dependent on being able to express the log-likelihood function
explicitly in the required form, l(θ ; θ̂ ,a).

2.2.3 Bootstrap approaches

The main advantage of using a bootstrap procedure for inference is the ease of implementation
in several settings (see e.g. Davison and Hinkley, 1997). In our context, it is particularly
appealing when compared to the awkward calculations often needed to obtain an exact
conditional density. As a solution to the latter problem, approximations such as Barndorff-
Nielsen (1980) r∗ detailed above and several modifications of it have been proposed (see e.g.
Severini, 2000, for a detailed account). As it will be seen below, these approximations may
still be cumbersome, though they are explicitly designed to have higher-order conditional
accuracy. In contrast, bootstrap approaches provide simple and effective approximations in
key settings for conditional inference such as those discussed in this document.

For instance, for models admitting an exact ancillary statistic, good approximations
to exact conditional inference have been obtained by means of unconditional bootstrap
simulation of the signed root statistic (Young and Smith, 2005; Young, 2009). In the class
of (full) exponential family models, this procedure can yield approximations to the exact
conditional inference of third order relative accuracy (DiCiccio and Young, 2008). In general,
in ancillary statistic models the level of approximation is lower (DiCiccio et al., 2015), of
order O(n−1), but examples concerning models which admit an exact ancillary statistic in
the references above suggest that the marginal simulation may, in fact, approximate the
conditional inference very well.

The use of the signed root statistic for inference has been advised due to its property of
parameter invariance (DiCiccio et al., 2001). Furthermore, the signed root statistic is stable
to second order, where stability is a desirable property in this framework since a statistic is
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said to be stable if its conditional distribution given an ancillary is approximately the same as
its unconditional distribution (DiCiccio et al., 2015). So, the asymptotic approximation to the
conditional distribution of the signed root statistic does not depend on the ancillary statistic
ignoring terms of order O(n−1) in expansion of its distribution (see e.g. Severini, 2000).

These considerations suggest that if inference is based on the signed root likelihood
ratio statistic, good approximations to the relevant conditional inference indicated by the
conditionality principle may be obtained by procedures which ignore conditioning and base
instead the inference on an approximation to the marginal distribution of this statistic.

The two bootstrap approaches are described below: the first attempts to mimic the exact
conditional inference by estimation of the marginal distribution of the signed root statistic,
while the second uses parametric bootstrap sampling to explicitly approximate the relevant
conditional inference, through stratification of bootstrap samples according to values of the
conditioning ancillary statistic.

Accomodating conditional inference to bootstrap procedures has proved challenging as it
can be seen for instance in Chapter 5 of Davison and Hinkley (1997), where the only citation
about conditional bootstrap refers to Hinkley and Schechtman (1987) which will be detailed
below.

Unconditional bootstrap

To assess the conditional properties of an unconditional parametric bootstrap, we generate
m samples for a given value of the parameter θ . We express the procedure for a scalar
parameter model. In our analysis, we fix θ0 from the null hypothesis H0 : θ = θ0 that is being
tested. We compute the estimated parameter θ̂ j, j = 1, . . . ,m for each sample, and derive the
respective value r j of the signed root likelihood ratio statistic R ≡ R(θ0),

r j = sign(θ̂ j −θ0)

√
2{l(θ̂ j)− l(θ0)}, (2.12)

where l(θ) is the logarithm of the likelihood function for θ .
Given the empirical distribution of R obtained above, we compute the empirical probabil-

ity that R < r0 where

r0 = sign(θ̂ −θ0)

√
2{l(θ̂)− l(θ0)} (2.13)

and θ̂ is the MLE of θ calculated from the observed sample. This empirical probability, which
is calculated unconditionally, is used to estimate the corresponding conditional probability,
required for inference by the conditionality principle.
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Stratified bootstrap

We will compare the results obtained by the method above with the method of stratification
suggested by Hinkley and Schechtman (1987). They argue that raw bootstrap sampling
does not exhibit the necessary conditional properties and propose a stratified version of
bootstrapping. They suggest that inference should be based only on those simulated samples
with value of an appropriate approximate ancillary statistic close to the value seen in the
observed sample. Unless otherwise stated, in this study we consider the 1% of bootstrap
samples (out of the m samples generated) whose computed likelihood ancillary are closest to
the value observed in the original sample.

Furthermore, to make efficient use of all the m samples generated, Hinkley and Schecht-
man (1987) propose to fit a logistic regression, where the explanatory variable is the average
of the approximate ancillary, for instance, within each of 100 non overlapping 1% strata, and
the response variable is the proportion, within each stratum, of simulated signed root statistic
values which are smaller than r0. The fitted logistic regression is then used to approximate
the required conditional inference, so that a given stratum “borrows strength” (Hinkley and
Schechtman, 1987) from all strata, rather than the inference being approximated just on
the basis of the 1% of bootstrap samples with ancillary statistic value close to the required
conditioning value. They acknowledge that this procedure is not “necessarily optimal” for the
construction of strata, for example, but in the example of change-point detection presented
they find that the inference based on the conditional bootstrap is better than the one based on
the unconditional bootstrap.



Chapter 3

Approximate ancillary examples

In this chapter, we will study two examples, studied thoroughly by Pedersen (1981) and
Butler (2007), that have been analyzed in the literature of conditional inference. There are no
easy-to-find exact ancillary statistics in these cases. Therefore, it has been proposed the use
of the affine and likelihood approximate ancillaries.

Originally these examples were studied to compare the properties of both approximate
ancillaries and to assess the accuracy of the p∗ formula (Barndorff-Nielsen approximation to
the conditional inference, given approximate ancillaries in these examples). The goal here
will be to compare the results of the different computational methods described in the previous
chapter and particularly assess the accuracy of the bootstrap approaches and determine which
conditional inference, based on the affine ancillary or the likelihood ancillary, is better
approximated by the marginal boostrap computations. Comparisons will be performed
in small to moderate sample sizes as the difference between the inference drawn in large
samples becomes negligible (McCullagh, 1984). At the same time, while reproducing some
of the inference performed by Pedersen and Butler, some of their results will be checked.

Pedersen example dates to 1980 when Barndorff-Nielsen considered it briefly. However, it
is Pedersen (1981) who develops the example further and compares the ancillarity properties
of the affine and likelihood ancillaries. In Pedersen’s article, he finds that the likelihood
ancillary has better ancillary properties than the affine ancillary. This statement is supported
by theoretical results in Barndorff-Nielsen and Wood (1998). The implementation of some
variations of r∗, which are independent of the chosen ancillary statistic, is illustrated with
some numerical computations to Pedersen’s example in Barndorff-Nielsen and Chamberlin
(1991).

On the other hand, to our knowledge, Butler’s example has just been considered by him,
originally in Butler (2004) and subsequently in chapters 7 and 8 of Butler (2007) where his
previous article work has been detailed and extended.



28 Approximate ancillary examples

3.1 Butler (2007) example

Let Xi ∼ Exp(θ) and Yi ∼ Exp(eθ ) be two independent random variables. Given a sample of
n observations, i = 1, . . . ,n, their joint density is (see Butler, 2007):

f (x1, . . . ,xn,y1, . . . ,yn;θ) = θ
nenθ e−θxe−eθ y.

where x = ∑
n
i=1 xi, y = ∑

n
i=1 yi.

Thus the MLE of θ , θ̂ , is the solution to:

y = e−θ̂

(
n
θ̂
+n− x

)
. (3.1)

3.1.1 Affine ancillary

In this example, the affine ancillary is equal to (Butler, 2004):

Q =

√√√√(x−EX , y−EY )

(
varX 0

0 varY

)−1(
x−EX
y−EY

)∣∣∣∣∣
θ=θ̂

.

The first and second moments of variables X and Y are those of indepedently gamma
distributed variables, as they are both defined as being the sum of exponential variables with
common parameter θ and eθ , respectively. Thus, their joint pdf will be:

f (x,y;θ) =
θ nenθ (xy)n−1e−θxe−eθ y

((n−1)!)2 .

And as a consequence,

Q =

√√√√( θ̂x√
n
−
√

n

)2

+

(
eθ̂ y√

n
−
√

n

)2

(3.2)

Replacing (3.1) above, and solving it for x, we obtain:

x =
n
θ̂
± |Q|

√
n√

1+ θ̂ 2
. (3.3)

If both solutions are positive and the correspondent observed values of y, given by (3.1),
are also positive, two different realizations of the variables (X ,Y ) can yield the same θ̂ and
Q, implying that the transformation (X ,Y )→ (θ̂ ,Q) is not 1-1.
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Fig. 3.1 Constraints on the values of θ̂ and Q.

Example 1 To illustrate the point above, take for simplicity a sample of size 1. It can
be shown that for (x,y) = (0.6464466,0.4979445) the estimated values of (θ̂ ,Q)

are equal to (1,0.5). Another sample that produces the same estimates is (x,y) =
(1.353553,0.2378144).

In R (R Core Team, 2015), we generated 3000 (independent) observations of the variables
X and Y with θ = 1. Assuming that each sample’s size equals 1, θ̂ was estimated for
each sample (xi,yi), i = 1, . . . ,3000, using the function uniroot to find a zero of a slightly
rearranged version of (3.1). The affine ancillary was also computed, using (3.2), for every
sample. In Figure 3.1, we show the computed values of θ̂ versus Q for these 3000 samples.
It can be observed that θ̂ can have a restricted support, depending on the value of the affine
ancillary Q.

As pointed out by Barndorff-Nielsen and Cox (1994, p. 228), the affine ancillary will
usually be variation dependent, which in this case is expressed in the restricted support of θ̂ .
In some ways, this is a disadvantage as an ancillary static, by definition, should not contain
any information about the MLE of θ .

Let xA = n
θ̂
− |Q|

√
n√

1+θ̂ 2
and xB = n

θ̂
+ |Q|

√
n√

1+θ̂ 2
. The respective values of y, yA and yB, can be

obtained using (3.1). It can be derived that xA > 0 will happen when

Q2 <
n

θ̂ 2
+n (3.4)
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and yB will be positive when (notice that xB is positive by definition):

Q2 > n(θ̂ 2 +1) (3.5)

The decreasing line and and the increasing line in Figure 3.1 are respectively (3.4) and
(3.5), with the greater-than signs replaced by equal signs. The intersection of both lines
happen at Q =

√
2n, value above which θ̂ starts having a restricted support.

Example 2 It can be easily seen that xB is always positive. However, this does not imply that
the corresponding yB will always be positive. Take for example (x,y) = (1,2), the data
used by (Butler, 2004). The estimated values for this sample are (θ̂ ,Q)≈ (0.35,1.954).
Given these estimates, (xA,yA) = (1,2), e.g. the original data is recovered using the
negative sign in (3.3). On the other hand, even if xB = 4.686176 > 0, the respective
value of yB is negative (and equal to -0.59306).

Conditional density of θ̂ given the affine ancillary

Given that the transformation (X ,Y )→ (θ̂ ,Q) is not 1-1, the exact joint density of (θ̂ ,Q)

will be a sum of two functions:

f
θ̂ ,Q(θ̂ ,Q) = f1(θ̂ ,Q) I(xA > 0) I(yA > 0)+ f2(θ̂ ,Q) I(xB > 0) I(yB > 0)

where f1 is computed using the negative sign in (3.3) and f2 using the positive sign, and
I(α) is the indicator function which equals 1 when event α is true and 0 otherwise. However,
when Butler (2004) analysed this example, only f1(θ̂ ,Q) was considered to be the joint
density of (θ̂ ,Q). Whether the range of θ̂ was unrestricted or not, the contributions of both
f1 and f2 have to be considered.

For f1 we have that

f1(θ̂ ,Q) = fX ,Y (x,y;θ)

∣∣∣∣ ∂ (x,y)
∂ (θ̂ ,Q)

∣∣∣∣
= fX ,Y (θ̂ ,Q)

∣∣∣∣∣∣∣
∂x
∂ θ̂

∂x
∂Q

∂y
∂ θ̂

∂y
∂Q

∣∣∣∣∣∣∣ ,
where the elements of the Jacobian matrix are computed from the following equations:

x =
n
θ̂
− |Q|

√
n√

1+ θ̂ 2
; y = e−θ̂

(
|Q|

√
n√

1+ θ̂ 2
+n

)
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Thus,

f1(θ̂ ,Q) =
θ nenθ

((n−1)!)2

((
n
θ̂
− |Q|

√
n√

1+ θ̂ 2

)
e−θ̂

(
|Q|

√
n√

1+ θ̂ 2
+n

))n−1

exp

(
−θ

(
n
θ̂
− |Q|

√
n√

1+ θ̂ 2

)
− eθ

eθ̂

(
|Q|

√
n√

1+ θ̂ 2
+n

))
sign(Q)

√
n

eθ̂

√
1+ θ̂ 2

(
|Q|

√
n√

1+ θ̂ 2
+n+

n
θ̂ 2

)
.

In a similar way, it can be shown that for f2:

f2(θ̂ ,Q) =
θ nenθ

((n−1)!)2

((
n
θ̂
+

|Q|
√

n√
1+ θ̂ 2

)
e−θ̂

(
− |Q|

√
n√

1+ θ̂ 2
+n

))n−1

exp

(
−θ

(
n
θ̂
+

|Q|
√

n√
1+ θ̂ 2

)
− eθ

eθ̂

(
− |Q|

√
n√

1+ θ̂ 2
+n

))
sign(Q)

√
n

eθ̂

√
1+ θ̂ 2

∣∣∣∣∣− |Q|
√

n√
1+ θ̂ 2

+n+
n

θ̂ 2

∣∣∣∣∣ .
Since f (θ̂ |Q) ∝ f (θ̂ ,Q), the normalization constant for the conditional density of θ̂

given Q can be computed numerically for Q and θ fixed. A picture of the normalizing
constant as a function of θ for different values of Q is shown in Figure 3.2 for the simple case
where n = 1 (as Butler, 2004, did as well, but this time taking into account the existence of
f2). When the ancillary statistic is exactly distribution constant, the curves in these graphics
are horizontal. These curves will be used later to compare the ancillary properties of the
affine ancillary statistic with those of the likelihood ancillary statistic.

Finally, we can compute numerically the conditional density of the signed likelihood
statistic, R, given Q, from the distribution of the conditional density of θ̂ . These computations
are intensive as the conditional distribution of θ̂ given Q has to be evaluated for a set of values
of θ̂ , say {θ̂ j}, for example a set starting at 0.01 and ending at 12 with 0.01 increments
(Butler, 2004). For each θ̂ j, the value of R(θ̂ j|Q) is also computed, where R(θ̂ j|Q) is defined
as

R(θ̂ j|Q) = sign(θ̂ j −θ)
√

2
√

log
(

f (θ̂ j|Q; θ̂ j)
)
− log

(
f (θ̂ j|Q;θ)

)
.

Now, given that R(θ̂ j|Q) is a monotonous transformation of θ̂ j, the distribution of R(θ̂ j|Q)

will be equal to the distribution of (θ̂ j|Q) ∀ j and the pairs (R(θ̂ j|Q),F(R(θ̂ j|Q)) can be used
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Fig. 3.2 The normalization constant for the density of θ̂ conditional on Q as a function of θ .
Q = 0.5 (left panel), Q = 1.2 (middle panel) and Q = 2 (right panel).

to approximate the density of R(θ̂ |Q) as the (conditional) density is the derivative of the
(conditional) distribution.

Butler’s data

When n = 1, x = 1 and y = 2, as in Butler (2004), we obtain θ̂ ≈ 0.35 and Q ≈ 1.954, the
latter being greater than

√
2n =

√
2, and so the conditional density of θ̂ will have a restricted

range, as seen in Figure 3.1.
For Q ≈ 1.954, we show in Figure 3.3 the exact and stratified-bootstrap conditional

density of θ̂ and R for θ = 0.5 (similar figures can be produced for different values of θ ).
The picture of the conditional density of θ̂ is different from those presented in Butler (2004)
since we now take into account the constraint on the range of θ̂ . For this figure, 1e6 - 1
samples were generated, with θ = 0.5, they were arranged in increasing order based on
how close the affine ancillary statistic of each generated sample was to the value of the
affine ancillary obtained for Butler’s data, Q ≈ 1.954, and the first 1% of these samples were
selected to be in the stratum.

It is expected that the conditional density of the signed root likelihood statistic, R(θ̂ |Q),
tends asymptotically to a normal distribution (see for instance DiCiccio et al., 2001). That’s
the reason why normal approximations can be used to calculate p-values, for example.
However at n = 1, these approximations can be very misleading. In this particular case, they
can be quite deceptive as, besides the small size of the sample, the support of the conditional
density of θ̂ is restricted. In the same way, obtaining results via raw bootstrap is not an
appropriate solution since it will lead to a non restricted support of the conditional density
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Fig. 3.3 Density of θ̂ |Q and R|Q for Q = 1.95, using Butler’s data, for θ = 0.5. Solid line:
exact, histogram: stratified bootstrap densities, stratum size: 1e6-1.

of θ̂ for this data. On the other hand, stratified bootstrap seems to be more relevant in this
example as it will capture this particularity (see Figure 3.3). Moreover, in that same Figure,
the conditional density obtained by stratified bootstrap seems to approximate considerably
well the exact conditional density.

Results

We start with the sample studied by Butler (2004), where n = 1 and (x,y) = (1,2). In Table
3.1, we show the p-values Pr(R < r0) computed for different values of θ0 and where r0 is the
value of the signed root statistic for the actual assumed data configuration, (2.13). . The first
row corresponds to the p-value computed in an exact way (“exact aff” row) which we are
trying to approximate by the following competing methods: unconditional bootstrap (“boot”
row), stratified version of bootstrap (“strat aff”) and the usual normal approximation.

As the support of the density of θ̂ conditional on the affine ancillary is restricted, the
inference obtained using unconditional bootstrap is comparable to the poor performance of
the normal approximation when comparing them with the exact conditional computations
“exact aff”. On the other hand, it is striking how the inference based on the stratified bootstrap
is so close to the exact one even for n = 1.

A random sample of size 5 has been generated with θ = 0.35, i.e. approximately equal
to θ̂ for Butler’s data. In this sample, x ≈ 16.95 and y ≈ 2.217, leading to the affine ancillary
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θ0 0.060 0.125 0.250 0.5 0.75 0.85 1 1.25 1.5
exact aff 0.8240 0.6948 0.5160 0.2842 0.1401 0.0993 0.0535 0.0131 0.0017
strat aff 0.8236 0.6905 0.5138 0.2801 0.1415 0.1034 0.0531 0.0113 0.0019
exact lik 0.7862 0.6359 0.4324 0.1886 0.0688 0.0429 0.0193 0.0038 0.0005

spa 0.8675 0.7390 0.5285 0.2377 0.0864 0.0536 0.0239 0.0047 0.0006
r* 0.8687 0.7406 0.5301 0.2386 0.0868 0.0538 0.0240 0.0047 0.0006

strat lik 0.7843 0.6362 0.4332 0.1862 0.0659 0.0434 0.02 0.0037 0.0006
boot 0.8687 0.7385 0.5257 0.2348 0.0845 0.0519 0.0231 0.0045 0.0006

normal 0.9263 0.8307 0.6422 0.3252 0.1301 0.0836 0.0392 0.0083 0.0011

Table 3.1 P-values for a sample of size n = 1 with x = 1, y = 2. “exact aff” and “exact
lik” refer to p-values computed in an exact manner conditionally on the affine or likelihood
ancillary respectively. The saddlepoint approximation is denoted by “spa” while“r∗” refers
to (2.11). “strat aff” and “strat lik” refer to the stratified bootstrap solution given the affine
ancillary or the likelihood ancillary. The unconditional bootstrap and normal approximation
are referred to as “boot” and “normal”. m = 1e6−1 samples were generated for bootstrap
methods, stratum size = 0.01m.

θ0 0.1 0.125 0.15 0.25 0.5 0.6 0.75 1
exact aff 0.9839 0.9627 0.9294 0.6883 0.1181 0.0428 0.0073 0.0002
strat aff 0.9832 0.961 0.9279 0.6855 0.1292 0.0471 0.0115 0.0005
exact lik 0.9847 0.9645 0.9326 0.7008 0.1327 0.0514 0.0099 0.0004
strat lik 0.9841 0.9648 0.9313 0.7062 0.1318 0.0483 0.0125 0.0004

spa 0.9830 0.9610 0.9268 0.6851 0.1239 0.0473 0.0090 0.0003
r* 0.9831 0.9611 0.9269 0.6853 0.1240 0.0474 0.0090 0.0003

boot 0.9834 0.9618 0.9278 0.6868 0.1254 0.0479 0.0091 0.0003
normal 0.9885 0.9722 0.9454 0.7339 0.1526 0.0612 0.0123 0.0005

Table 3.2 P-values for a sample of size n = 5 where x ≈ 16.95 and y ≈ 2.217, thus Q ≈
0.899 <

√
2n. “exact aff” and “exact lik” refer to p-values computed in an exact manner

conditionally on the affine or likelihood ancillary respectively. The saddlepoint approximation
is denoted by “spa” while “r∗” refers to (2.11). “strat aff” and “strat lik” refer to the stratified
bootstrap solution given the affine ancillary or the likelihood ancillary. The unconditional
bootstrap and normal approximation are referred to as “boot” and “normal”. m = 1e6−1
samples were generated for bootstrap methods, stratum size = 0.01m.

being approximately equal to 0.899. The generated sample used for Table 3.2, does not
have a restricted support as Q <

√
2n. As a result, marginal bootstrap shows even a better

performance than the stratified version if compared to the benchmark exact computations
“exact aff”. The normal approximation, which is unconditional by construction, shows closer
p-values to “exact aff” than in the previous table, where the sample size was just equal to 1.
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Using again θ = 0.35, a sample with Q>
√

2n has been obtained so that θ̂ has a restricted
range. Table 3.3 shows, as expected, that the stratified bootstrap proportions approximate
much better the exact p-values than the unconditional bootstrap or normal approximations.
However, a sample whose Q >

√
2n is quite unlikely to happen. As a result, to obtain

satisfactory outcomes using the stratified bootstrap, the number of samples generated is 10
times larger than in previous tables, and the size of the stratum is only 0.01% (a stratum 100
smaller than in previous tables) of the 1e7−1 samples generated.

θ0 0.25 0.5 0.75 0.9 1 1.05 1.1 1.25
exact aff 0.9946 0.9155 0.6284 0.2968 0.1047 0.0517 0.0231 0.0013
strat aff 0.991 0.93 0.647 0.3 0.12 0.07 0.027 0.0002
exact lik 0.9498 0.5609 0.1365 0.0349 0.0110 0.0058 0.0028 0.0002
strat lik 0.9568 0.5656 0.1386 0.0327 0.0109 0.0058 0.0034 0.0004

spa 0.9600 0.5789 0.1411 0.0360 0.0114 0.0059 0.0029 0.0002
r* 0.9600 0.5790 0.1412 0.0360 0.0114 0.0059 0.0029 0.0002

boot 0.9608 0.5811 0.1433 0.0365 0.0116 0.0060 0.0029 0.0003
normal 0.9704 0.6272 0.1691 0.0460 0.0152 0.0081 0.0041 0.0004

Table 3.3 P-values for a sample of size n= 5 where x≈ 2.173, y≈ 6.705, and so Q≈ 3.458>√
2n. “exact aff” and “exact lik” refer to p-values computed in an exact manner conditionally

on the affine or likelihood ancillary respectively. The saddlepoint approximation is denoted
by “spa” while “r∗” refers to (2.11). “strat aff” and “strat lik” refer to the stratified bootstrap
solution given the affine ancillary or the likelihood ancillary. The unconditional bootstrap
and normal approximation are referred to as “boot” and “normal”. m = 1e7−1 samples were
generated for bootstrap methods, stratum size = 0.0001m.

Given these results, it can be argued that a safe way to compute conditional inference given
the affine ancillary statistic would be to obtain unconditional bootstrap p-values alongside
stratified bootstrap p-values. If these p-values differ significantly, it might be desirable to
perform a depper analysis of the problem to, for instance, determine if θ̂ has a restricted
support.

Hinkley and Schechtman (1987) argue that a more efficient way to compute the p-values
would be to fit a logistic regression with the approximate ancillary as predictor. So instead
of using only one stratum, we will partition the variable Q in several strata, in our case will
divide its density in centiles. Within each stratum, we will compute the proportion of r j

which are smaller than r0, which we will denote p j. The regressor used will be the median
value of each bin, denoted by Q j.

A representative picture of Q j versus the logarithm of the odds is presented in Figure 3.4.
Notice that

√
n =

√
1 (see Figure 3.1) is a significative change point which invalidates the

use of only Q j as a regressor. Adding powers of Q j has been found to be inappropriate due
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Fig. 3.4 Assessing the appropriateness of fitting a logistic regression of p j as a function of
Q j where the samples were generated with θ = 0.5.

to overfitting. This finding suggests that Hinkley and Schechtman (1987)’s proposal of fitting
a logistic regression to produce more efficient p-values has to be considered in a case by case
basis.

3.1.2 Likelihood ancillary

In order to have a full (2,2) exponential model, and construct the likelihood ancillary, let
yi ∼ Exp(χeθ ). The joint density of x and y will now be:

g(x,y;θ ,χ) =
(θ χ)nenθ (xy)n−1e−θxe−χeθ x

((n−1)!)2 ,

with log-likelihood function:

l(θ ,χ) = log g(x,y;θ ,χ)

= n logθ +n log χ +nθ +(n−1) log(xy)−θx−χeθ y−2log(n−1)!.

(3.6)
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The MLE of the full exponential model, θ̃ and χ̃ can be obtained from the score functions
derived from (3.6):

θ̃ =
n
x

(3.7)

and
χ̃ =

n

eθ̃ y
. (3.8)

Replacing (3.8) and (3.7) in (3.6):

l(θ̃ , χ̃) = 2n logn−n logx−n logy+(n−1) log(xy)−2n−2log(n−1)! (3.9)

Whereas the likelihood function of the curved model is:

l(θ̂ ,1) = n log θ̂ +nθ̂ +(n−1) log(xy)− θ̂x− eθ̂ y−2log(n−1)!

(3.10)

Apply (3.9) and (3.10) in the definition of the likelihood ancillary:

1
2

u2
χ = l(θ̃ , χ̃)− l(θ̂ ,1)

= 2n logn−n logx−n logy−2n−n log θ̂ −nθ̂ + θ̂x+ eθ̂ y,

(3.11)

and let the sign of uχ be defined by sign(χ̃ −1).
With θ = 0.5, 3000 samples were generated, their θ̂ and u2

χ computed and plotted
in Figure 3.5 though no pattern was found. However, it has not been possible to verify
mathematically that there is no restriction on the values of θ̂ for a given, fixed value of uχ .

Saddlepoint approximation

In order to obtain the SPA, the quantities ŵ, (2.9), and û, (2.10), have to be elicited.
Recall that the likelihood equation for the curved model is:

n
θ̂
+n− x− eθ̂ y = 0.
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Fig. 3.5 Scatter plot of 3000 simulated samples with θ = 0.5.

Taking the derivative with respect to θ̂ in the last equation:

− ∂x
∂ θ̂

− eθ̂ ∂y
∂ θ̂

−
(

eθ̂ y+
n

θ̂ 2

)
= 0

− ∂x
∂ θ̂

− eθ̂ ∂y
∂ θ̂

− j
θ̂

= 0. (3.12)

Recall now the likelihood ancillary definition:

1
2

u2
χ = l(θ̃ , χ̃)− l(θ̂ ,1)

= −θ̃x− χ̃eθ̃ y+n log χ +nθ̃ − (−θ̂x− eθ̂ y+n log θ̂ +nθ)

= (θ̂ − θ̃)x+(eθ̂ − χ̃eθ̃ )y−n log θ̂ −nθ̂ +n log θ̃ +n log χ̃ +nθ̃

(3.13)

Take the sample space derivatives with respect to θ̂ , while keeping uχ fixed, in the last
expression:

0 = (θ̂ − θ̃)
∂x
∂ θ̂

+(eθ̂ − χ̃eθ̃ )
∂y
∂ θ̂

+ x+ eθ̂ y− n
θ̂
−n

= (θ̂ − θ̃)
∂x
∂ θ̂

+(eθ̂ − χ̃eθ̃ )
∂y
∂ θ̂

(3.14)
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since x+ eθ̂ y−n/θ̂ −n = 0 because it is the ML equation for the curved exponential model
(3.1).

From (3.12) and (3.14), solve for ∂x/∂ θ̂ and ∂y/∂ θ̂ to obtain:

∂x
∂ θ̂

=− j
θ̂
+ eθ̂

(θ̂ − θ̃) j
θ̂

eθ̂ (θ̂ − θ̃)− eθ̂ + χ̃eθ̃

and
∂y
∂ θ̂

=−
(θ̂ − θ̃) j

θ̂

eθ̂ (θ̂ − θ̃)− eθ̂ + χ̃eθ̃
.

So,

û =
1√
j
θ̂

(
−θ̂

∂x
∂ θ̂

− eθ̂ ∂y
∂ θ̂

+θ
∂x
∂ θ̂

+ eθ ∂y
∂ θ̂

)
=

√
j
θ̂

(
(θ − θ̂)(eθ̂ − χ̃eθ̃ )+(θ̂ − θ̃)(eθ̂ − eθ )

eθ̂ (θ̂ − θ̃)− eθ̂ + χ̃eθ̃

)

while

ŵ = sign(θ̂ −θ)
√

2{l(θ̂ ; θ̂ ,uχ)− l(θ ; θ̂ ,uχ)}

and we can apply û and ŵ in (2.8). In the result tables, this method is called “spa” since it is
a saddlepoint approximation and the other approximation (2.11) will be called “r∗”.

Conditional density of θ̂ given the likelihood ancillary

Similar to the affine ancillary case, the joint density of (θ̂ ,uχ) is obtained via the Jacobian
matrix:

f
θ̂ ,uχ

(θ̂ ,uχ) = fX ,Y (x,y;θ)

∣∣∣∣∣∂ (θ̂ ,uχ)

∂ (x,y)

∣∣∣∣∣
−1

= fX ,Y (θ̂ ,uχ)

∣∣∣∣∣∣∣∣
∂ θ̂

∂x
∂ θ̂

∂y

∂uχ

∂x
∂uχ

∂y

∣∣∣∣∣∣∣∣
−1

=
θ nenθ (xy)n−1e−θxe−eθ y

((n−1)!)2 e−θ̂

∣∣∣∣xuχ(xθ̂ −nθ̂ −n)(xθ̂ 2 −nθ̂ 2 −nθ̂ −n)

θ̂ 2(xθ̂ −n)(xθ̂ −nθ̂ − x−n)

∣∣∣∣.
(3.15)
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Fig. 3.6 Normalization constant for the conditional density of θ̂ given the likelihood ancillary,
as a function of θ , for uχ = −1.5 (left panel) , uχ = 1.5 (middle panel) and uχ = 3 (right
panel).

In the above equation, note first that we need to compute (x,y) via (3.11) and (3.1) for
the particular (θ̂ ,uχ) we are interested in. To compute the normalization constant necessary
to obtain the conditional density of θ̂ given uχ , we fix uχ to its observed value in the sample,
and for a grid of values of θ̂ we compute the corresponding (x,y) (as in Butler, 2004).

The normalization constant needed to obtain the conditional density of θ̂ given the
likelihood ancillary from the joint density (3.15) is represented in Figure 3.6 as a function of
θ and for 3 different values of uχ . To assess the ancillary properties of both approximate
ancillaries, Butler (2004) compares the behaviour of the normalization constants seen in
Figures 3.2 and 3.6. He compares the pictures when they are obtained for the data he proposed.
In our case, the pictures are not so conclusive about the superiority of the likelihood ancillary
with respect to the affine ancillary.

Butler’s data

Using Butler’s data, we obtain uχ = −1.545846 and for a grid of values of θ̂ starting at
0.02 and going to 18 by steps of 0.0001 we compute the conditional density of θ̂ given uχ .
In the left panel of Figure 3.7, the solid line represents the conditional density of θ̂ given
the likelihood ancillary, and the histogram is the representation of the conditional densities
obtained with unconditional parametric bootstrap, both with θ = 1.
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Fig. 3.7 Density of θ̂ |uχ and R|uχ for uχ =−1.545846 (obtained for Butler’s data) for θ = 1.
Solid line: exact, histogram: unconditional bootstrap densities.

Results

In the right panel of Figure 3.7, the exact conditional density of the signed root likelihood
statistic given the likelihood ancillary and the unconditional bootstrap densities are shown.
There is a visible agreement between both representations even if the sample size is only 1.
Similar figures can be obtained with different values of θ . In Table 3.1, it can be seen that
the performance of the stratified version is superior to the unconditional bootstrap results
when compared to the benchmark, the exact conditional inference “exact lik”. However,
the inference drawn via unconditional bootstrap performs as good as the saddlepoint and
r∗ approximations which are meant to be higher-order approximations to the conditional
distribution.

Indeed, with slightly larger samples, as in Tables 3.2 and 3.3, marginal bootstrap achieves
as good approximations, for practical purposes, as the stratified bootstrap and saddlepoint-
type approximations. When the sample size becomes larger, it is known that the difference
between conditional and unconditional inference vanishes. So does the difference between
inference based on the affine or the likelihood ancillary as it can be noticed in Tables 3.2 and
3.2 for same θ0.

For the sake of completeness, we present Figure 3.8 where the logistic regression do no
fit well the data as it already happened in the affine ancillary case.
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Fig. 3.8 Assessing the appropriateness of fitting a logistic regression of p j as a function of
uχ j when θ = 0.75.

3.2 Pedersen (1981) example

Let Xi ∼ Exp(χ) and (Yi −1)∼ Exp(ψ) be two independent random variables. Thus, their
expected values and variances are, respectively, equal to:

E[Xi] = χ
−1 var[Xi] = χ

−2

E[Yi] = ψ
−1 +1 var[Yi] = ψ

−2

Similar to the previous example, we obtain that the joint density of C = ∑
n
i=1 Xi and

D = ∑
n
i=1Yi, is the product of two independently gamma distributed variables:

f (c,d; χ,ψ) =
χnψncn−1(d −n)n−1e−χce−ψdeψn

((n−1)!)2 . (3.16)

We will be interested in the curved exponential model obtained when χ(ψ) = ψ−1e−ψ .
Under this restriction, the joint density of C and D becomes:

f (c,d;ψ) =
cn−1(d −n)n−1e−χce−ψd

((n−1)!)2 , (3.17)
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whose log-likelihood is:

l(ψ) = log f (c,d;ψ) = (n−1) log[c(d −n)]−χ(ψ)c−ψd −2log(n−1)! (3.18)

Taking derivatives with respect to ψ in the last expression, we get the score function:

∂ l
∂ψ

= ce−ψ
ψ

−1(ψ−1 +1)−d (3.19)

The estimating equation for unknown parameter ψ is obtained by equating the right hand
side of the last expression to 0 (and after some slight rearrangement, it becomes):

d = c
(

e−ψ̂
ψ̂

−1(ψ̂−1 +1)
)

(3.20)

3.2.1 Affine ancillary

The definition of the affine ancillary, (2.1), involves the derivation of 3 quantities, the observed
information, the Fisher information and the statistical curvature of the model.

The observed information can be obtained by taking derivatives of the score function
above, (3.19):

j(ψ) =− ∂ 2l
∂ψ2 = ce−ψ

ψ
−1(2ψ

−2 +2ψ
−1 +1)

whereas the Fisher information, is just the expected value of j(ψ):

I(ψ) = E[ j(ψ)] = n(2ψ
−2 +2ψ

−1 +1). (3.21)

For the computation of the curvature of the model, ν20, ν02 and ν11 need to be calculated.
Recall the definition of γ(ψ):

γ(ψ) =

√
ν20ν02 −ν2

11
I(ψ)3 (3.22)

where:

ν20 = E

[(
∂ l
∂ψ

)2
]
= I(ψ),

ν02 = E

[(
∂ 2l
∂ψ2

)2
]
− I(ψ)2,
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ν11 = E
[

∂ l
∂ψ

∂ 2l
∂ψ2

]
.

Then, the curvature simplifies to (Efron, 1975, equation (5.4)):

γ(ψ) =

√
ν02

I(ψ)2 −
ν2

11
I(ψ)3

In the specific case of Pedersen’s example:

E

[(
∂ 2l
∂ψ2

)2
]
= (n2 +n)(2ψ

−2 +2ψ
−1 +1)2 (3.23)

since

E[C2] = var[C]+E2[C] =
n2 +n

χ2 .

Applying (3.23) and (3.21) to the definition of ν02:

ν02 = n(2ψ
−2 +2ψ

−1 +1)2.

whereas,
ν11 =−n(2ψ

−2 +2ψ
−1 +1)(ψ−1 +1).

Plugging ν20, ν02 and ν11 to the curvature definition, we obtain:

γ(ψ) =

√
n(2ψ−2 +2ψ−1 +1)2

n2(2ψ−2 +2ψ−1 +1)2 −
n2(2ψ−2 +2ψ−1 +1)2(ψ−1 +1)2

n3(2ψ−2 +2ψ−1 +1)3

=

√
1
n
− (ψ−1 +1)2

n(2ψ−2 +2ψ−1 +1)

= ψ
−1

√
1

n(2ψ−2 +2ψ−1 +1)

Finally, the affine ancillary in this example will be equal to:

Q =
j(ψ̂)/I(ψ̂)−1

γ(ψ̂)

=

[
d − (ψ̂−1 +1)n

]
ψ̂

√
n

√
1+(1+ ψ̂)−2 (3.24)
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Fig. 3.9 Constraints on the values of ψ̂ and Q.

As in Butler’s example, there exists a constraint in the support of ψ̂ which depends on
the value of the affine ancillary. This contraint is obtained from the last expression given that
d > 0:

Q >−
√

n
√

1+(1+ ψ̂)−2. (3.25)

ψ̂ and Q were estimated for 3000 samples that were generated with ψ = 1 and n = 1.
Their values are plotted in Figure 3.9 alongside the constraint (3.25), where the “greater sign”
was replaced by “equal”.

Conditional density of ψ̂ given the affine ancillary

Given the joint density of (C,D), (3.17), the joint density of (ψ̂,Q) can be computed via the
Jacobian matrix:

fψ̂,Q(θ̂ ,ψ) = fC,D(c,d;ψ)

∣∣∣∣∂ (ψ̂,Q)

∂ (c,d)

∣∣∣∣−1

= fC,D(ψ̂,Q)

∣∣∣∣∣∣∣
∂ψ̂

∂c
∂ψ̂

∂d

∂Q
∂c

∂Q
∂d

∣∣∣∣∣∣∣
−1
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where
∂ψ̂

∂c
=−d

c
∂ψ̂

∂d
and

∂ψ̂

∂d
=− eψ̂ ψ̂

c(2ψ̂−2 +2ψ̂−1 +1)

are derived from the estimating equation (3.20) and

∂Q
∂c

=
∂ψ̂

∂c

√
1+

1
(1+ ψ̂)2

d −n√
n

− ∂ψ̂

∂c

(
1+

1
(1+ ψ̂)2

)−1/2

(1+ ψ̂)−3

[
d − (ψ̂−1 +1)n

]
ψ̂

√
n

and

∂Q
∂d

=
ψ̂√

n

√
1+

1
(1+ ψ̂)2

(
1+

n
ψ̂2

∂ψ̂

∂d

)
+

[
d − (ψ̂−1 +1)n

]
√

n
∂ψ̂

∂d

√
1+

1
(1+ ψ̂)2

−
[
d − (ψ̂−1 +1)n

]
ψ̂

√
n

(
1+

1
(1+ ψ̂)2

)−1/2

(1+ ψ̂)−3 ∂ψ̂

∂d

are derived from (3.24).
The signed likelihood ratio statistic in Pederses’s example is found to be:

R(ψ̂) = sign(ψ̂ −ψ)
√

2
√

c(ψ−1e−ψ − ψ̂−1e−ψ̂)+d(ψ − ψ̂)

The conditional density of R(ψ̂|Q) can be obtained with the same approach that was used in
Butler’s example in the section treating its affine ancillary.

3.2.2 Likelihood ancillary

In order to construct the likelihood ancillary, first we need to compute the log-likelihoods of
the full exponential model and of the curved model:

1
2

u2
χ = l(ψ̃, χ̃)− l(ψ̂, ψ̂−1e−ψ̂)

For the full exponential model (3.16), we have that:

l(ψ,χ) = log f (c,d;ψ,χ)

= n log χ +n logψ +(n−1) log[c(d −n)]−χc−ψd +ψn−2log(n−1)!
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The ML estimators of χ , ψ derived from the above expression are:

χ̃ =
n
c

ψ̃ =
n

d −n
Appplying both estimators into the log-likelihood (of the full exponential model):

l(ψ̃, χ̃) = n log
n
c
+n log

n
d −n

+(n−1) log[c(d −n)]−n− d n
d −n

+
n2

d −n
−2log(n−1)!

Now, we can replace the above expression and (3.18) to obtain the likelihood ancillary:

1
2

u2
χ = l(ψ̃, χ̃)− l(ψ̂, ψ̂−1e−ψ̂)

= n log
n
c
+n log

n
d −n

−n− d n
d −n

+
n2

d −n
+ ψ̂

−1e−ψ̂c+ ψ̂d (3.26)

In Pedersen (1981)’s article he proposed that uχ would take the same sign as the sign
of Q. We will instead use an adaptation of the way Butler proposes in (Butler, 2004), i.e.
sign(uχ) = sign(χ̃ − ψ̂−1e−ψ̂).

Conditional density of ψ̂ given the likelihood ancillary

To obtain the conditional density of ψ̂|uχ , we previously derive the joint density of both
variables (ψ̂,uχ):

fψ̂,uχ
(θ̂ ,uχ) = fC,D(c,d;)

∣∣∣∣∂ (ψ̂,uχ)

∂ (c,d)

∣∣∣∣−1

= fC,D(ψ̂,uχ)

∣∣∣∣∣∣∣
∂ψ̂

∂c
∂ψ̂

∂d

∂uχ

∂c
∂uχ

∂d

∣∣∣∣∣∣∣
−1

where ∂ψ̂

∂c and ∂ψ̂

∂d are the same as in the affine ancillary case, and

∂uχ

∂c
=

1
uχ

[
−n

c
+

1
ψ̂eψ

]
and

∂uχ

∂d
=

1
uχ

[
− 2n

d −n
+

dn
(d −n)2 −

n2

(d −n)2 + ψ̂

]
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are derived from (3.26).
The conditional density of ψ̂|uχ and R|uχ can now be numerically calculated in the same

way it was done in Butler’s example.

3.2.3 Saddlepoint approximation

The quantities û and ŵ necessary to compute the saddlepoint approximation (2.8) and r∗

(2.11) are going to be derived following Butler’s (2007) procedure and notation:

û =
√

jψ̂(1 0)(θ̇ψ̂

... θ̃ −θψ̂)
−1(θψ̂ −θψ) (3.27)

where θ T
ψ = (−ψ−1e−ψ , −ψ), θ̇ψ = ∂θψ/∂ψ , θ̃ T = (−χ̃, −ψ̃) and (θ̇ψ̂

... θ̃ −θψ̂)

is a matrix whose first column is θ̇ψ̂ and its second column θ̃ −θψ̂ .
In the specific case of Pedersen’s examples, these quantities will be equal to:

θ
T
ψ̂
= (ψ̂−1e−ψ̂ , −ψ̂),

θ̇
T
ψ = (ψ−2e−ψ +ψ

−1e−ψ , −1),

and
θ̇

T
ψ̂
= (ψ̂−2e−ψ̂ + ψ̂

−1e−ψ̂ , −1).

Therefore, when these expressions are applied to (3.27) and (2.9), we obtain:

û =
√

jψ̂
(ψ̂ − ψ̃)(ψ−1e−ψ − ψ̂−1e−ψ̂)+(χ̃ − ψ̂−1e−ψ̂)(ψ − ψ̂)

−ψ̃ψ̂−2e−ψ̂ − ψ̃ψ̂−1e−ψ̂ +2ψ̂−1e−ψ̂ + e−ψ̂ − χ̃
.

and

ŵ = sign(ψ̂ −ψ)
√

2
√

l(ψ̂; ψ̂,uχ)− l(ψ; ψ̂,uχ)

= sign(ψ̂ −ψ)
√

2
√

c(ψ−1e−ψ − ψ̂−1e−ψ̂)+d(ψ − ψ̂)

enabling us to calculate the saddlepoint approximation and r∗.

3.2.4 Results

A sample of size 1 was proposed, c = 2 and d = 3 to assess the accuracy of the bootstrap
methods, see Table 3.4. This sample does not have a restricted support for ψ̂ (when dealing
with the affine ancillary). Thus the “boot” column shows good results compared to the
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exact computations of the conditional inference given the affine ancillary, but not as good
as the stratified version of the boostrap approach. A similar outcome happens when using
the likelihood ancillary, the marginal bootstrap has a good performance but its stratified
version is even better at this very small sample size, n = 1, comparable to the higher order
approximations.

A slightly larger sample of size 5 has been generated and the outcome is shown in Table
3.2.4. For this data size and configuration, conditioning on the affine or likelihood ancillaries
produces similar results and the marginal bootstrap performance is as good as its stratified
counterpart and higer order approximations.
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3.3 Summary of results

It has been shown in these two examples that respecting the conditionality principle when
using the approximate affine ancillary needs some especial care as the support of the MLE of
the parameter of interest could be restricted depending in the value of the affine ancillary as
it has been discussed in Barndorff-Nielsen (1980). A simple plot of the maximum likelihood
estimates of the parameter of interest versus the corresponding affine ancillary for several
artificially generated samples can provide a straightforward evidence of the existence or not
of this restriction. This feature does not affect directly to the sample under consideration in
Pedersen’s example but it does invalidate Butler’s inference for the sample he examined.

Stratified versions of the bootstrap approach yield good approximations to exact con-
ditional inference whether it is conditional on the affine or the likelihood ancillary. As
pointed out by Hinkley and Schechtmann (1987), stratifying the bootstrap outcome leads
to an inefficient use of all the samples generated, as only a fraction of them will effectively
be used and a larger amount of samples might need to be generated to make sure there are
enough samples whose affine ancillary is close enough to the value of the affine ancillary
computed for the observed sample. On the other hand, marginal, or unconditional, bootstrap
did show a good performance compared to SPA approximations for the moderate sample size
of 5 already.

Given that there seems to be more risk of variation dependence between the MLE of
parameter of interest and the affine ancillary (Barndorff-Nielsen and Cox, 1994, p. 228),
marginal bootstrap, in these two examples, approximates better the conditional inference
based on the likelihood ancillary. However, all the conclusions above are just based on two
examples and just 5 specific samples and thus, cannot lead to general conclusions of the
behaviour of the affine ancillary or the performance of the bootstrap approaches. Power
and/or level comparisons are necessary and could give more insight into some of the points
above.



Chapter 4

Multidimensional ancillary statistics

In chapter 3, focus has been given to models accepting unidimensional ancillary statistics. It
has also been introduced the notion of approximate ancillaries in examples where it is not
straightfoward to find an exact ancillary statistic. In this chapter, we will shift focus to models
that present multidimensional ancillary statistics. Of particular interest is the location-scale
family, where the ancillary statistic can be of a very high dimension, as its dimension is often
very close to the sample size n. But also, examples where there are nuisance parameters will
be treated here.

In the first section, a model belonging to the location-scale family, the extreme value
distribution, will be introduced alongside its ancillary statistic. The different approaches to
solve this problem from a Fisherian point of view will be treated next: the exact analytical
procedure, saddle-point approximations, Cox and Reid’s solution and the bootstrap approach.
Each of these methodologies will be illustrated using the extreme value model. And an
empirical example will be presented at the end of this chapter.

4.1 Exact conditional inference in the EV model

We will take the extreme value (EV) model as the leading theoretical example in this section.
Let yi ∼ EV (µ,σ) with i = 1, . . . ,n i.i.d.

f (yi; µ,σ) =
1
σ

exp
(

yi −µ

σ
− e(yi−µ)/σ

)
where yi ∈ ℜ, µ ∈ ℜ, σ ∈ ℜ+.

The pdf and log-likelihood of a sample of size n, (y1, . . . ,yn), generated by the extreme
value model are shown below:
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f (y1, . . . ,yn; µ,σ) =
1

σn exp
(

1
σ

∑yi −
nµ

σ
−∑e(yi−µ)/σ

)

l(µ,σ ;y1, . . . ,yn) =−n logσ +
1
σ

∑yi −
nµ

σ
−∑e(yi−µ)/σ

The next computations are based on Chapters 7 and 11 of Pace and Salvan (1997) . The
score function for the parameter µ is

lµ =
∂ l
∂ µ

=− n
σ
+

1
σ

∑e(yi−µ)/σ

Equating the latter to 0, it can be shown that the MLE of the unknown parameter µ will
be equal to:

µ̂ = σ̂

(
log
(
∑eyi/σ̂

)
− logn

)
. (4.1)

Similarly, the score function of the unknown parameter σ can be derived from the
log-likelihood:

lσ =
∂ l
∂σ

=− n
σ
− ∑yi

σ2 +
nµ

σ2 +
1

σ2 ∑e(yi−µ)/σ (yi −µ)

And equating the latter to 0 and replacing (4.1) into it, we have that σ̂ is the solution to:

− σ̂ − ∑yi

n
+

∑yieyi/σ̂

∑eyi/σ̂
= 0

The joint conditional density of µ̂ and σ̂ given the ancillary statistic a can be derived via
the Jacobian transformation from the sample’s pdf (Pace and Salvan, 1997, pp. 284-289):

fµ̂,σ̂ |a = c(a)
σ̂n−2

σn exp
[

n(µ̂ −µ)

σ
+

σ̂

σ
∑ai − exp

(
µ̂ −µ

σ

)
∑exp

(
σ̂

σ
ai

)]
Let q1 = (µ̂ −µ)/σ̂ , q2 = σ̂/σ and a = (a1, . . . ,an) = (y1−µ̂

σ̂
, . . . , yn−µ̂

σ̂
), the former two

pivotal quantities and the latter the configuration statistic. It can be shown (Pace and Salvan,
1997, pp. 284-289) that the conditional density of (Q1,Q2) given a is

fQ1,Q2|a(q1,q2|a) = c(a)qn−1
2 exp

(
nq1q2 +q2 ∑ai − eq1q2 ∑eq2ai

)
where c(a) is the normalizing constant, depending only in the observed value of the configu-
ration statistic a, which makes the function above integrate to 1. As (Q1,Q2) are pivots, the
joint conditional density above depends on the parameters (µ,σ) only through these pivots.
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Testing the null hypotheses
H0 : σ = σ0

could be based on the conditional density of Q2 given a. In this example it is possible to
marginalize analytically the previous expression to

fQ2|a(q2|a) = c(a)qn−2
2 eq2 ∑ai

Γ(n)
(∑eq2ai)n (4.2)

The p-value corresponding to the null hyptoheses above, is obtained in two stages:

• Computing the normalizing constant c(a).

• Integrating fQ2|A=a(q2|a) from Q2 = 0 to Q2 = σ̂/σ0.

However, because the competing methods to obtain p-values will be based on the signed
root statistic, due to its stability properties, we will transform our original variable Q2|A to
Rp|A, where:

Rp = sgn(σ̂ −σ)
√

2

√
−n logQ2 +(1−Q2)∑ai +n log

∑exp(Q2ai)

n
.

This result will be shown later, (4.10). The main point here is that the signed root statistic
is only function of the pivot Q2 and not of the nuisance parameter µ , and given that the
conditional density of Q2, expressed in (4.2), does not depend on the parameter µ , the
conditional density of Rp|a will not depend on the nuisance parameter µ either. Therefore,
ignorance of the nuisance parameter will not affect our inference.

The transformation is made via classical Jacobian transformation of the original variable:

fRp|A(rp|a) = fQ2|A(q2|a)
∣∣∣∣dRp

dQ2

∣∣∣∣−1

= c(a)qn−2
2 eq2 ∑ai

Γ(n)
(∑eq2ai)n

∣∣∣∣∣∣ Rp
−n
q2

−∑ai +n∑ai exp(q2ai)
∑exp(q2ai)

∣∣∣∣∣∣ . (4.3)

The p-value in this case is: ∫ r0

−∞

fRp|A(rp|a)drp (4.4)

with

r0 = sgn(σ̂ −σ0)
√

2
√

l(σ̂ , µ̂)− l(σ0, µ̂σ0), (4.5)

and µ̂σ0 being the maximum likelihood estimate of µ when we set σ = σ0.
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The trapezoidal approximation will be used to obtain (4.4). As none of the previous
expressions depend on the nuisance parameter µ , the exact conditional inference can be
approximated to any level of accuracy we wish by computational means.

4.2 R∗ in the nuisance parameter case

When the interest lies in only one parameter, say σ , of multiple unknown parameters,
say (µ,σ), Barndorff-Nielsen (1991) proposed a modified version of Rp, the signed root
likelihood ratio statistic in the multiparameter case as exposed in Pace and Salvan (1997, p.
450), which achieves third order accuracy:

R∗
p = Rp +

1
Rp

log
CUp

Rp

where

Rp = sgn(σ̂ −σ)
√

2
√

lp(σ̂)− lp(σ)

= sgn(σ̂ −σ)
√

2
√

l(σ̂ , µ̂)− l(σ , µ̂σ ),

C =
|l̃µ;µ̂ |√
| j̃µµ || ĵµµ |

,

and
Up = jp(σ̂)−1/2 ∂

∂ σ̂
(lp(σ)− lp(σ̂)) , (4.6)

with lp being the profile log-likelihood:

lp(σ) = l(µ̂σ ,σ),

l̃ = l̃(µ,σ) = l(µ̂σ ,σ),

l;µ̂ = l(µ,σ ; µ̂, σ̂ ,a);µ̂ =
∂ l(µ,σ ; µ̂, σ̂ ,a)

∂ µ̂
,

jp(σ) =− ∂

∂σ

∂ lp(σ)

∂σ
,

and jµµ =−lµµ .
In the next subsections, the terms above will be developed and illustrated for the extreme

value model. But first, we show how some useful expressions can be derived from its
log-likelihood expressed in terms of (µ̂, σ̂ ,a) instead of (y1, . . . ,yn).
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Given

l(µ,σ ; µ̂, σ̂ ,a) =−n logσ −∑

(
exp
(

σ̂

σ
ai +

µ̂ −µ

σ

)
− σ̂

σ
ai −

µ̂ −µ

σ

)
(4.7)

take the derivatives of the latter with respect to µ:

∂ l(µ,σ ; µ̂, σ̂ ,a)
∂ µ

=
1
σ

exp
(

µ̂ −µ

σ

)
∑exp

(
σ̂

σ
ai

)
− n

σ

equate it to 0 and keep σ fixed, the ML estimator of µ , which will be called µ̂σ , will satisfy:

µ̂ − µ̂σ

σ
= log

n

∑exp
(

σ̂

σ
ai

) (4.8)

If we set σ as its the global maximum likelihood estimator, σ̂ , we know that we retrieve
the global maximum estimator, µ̂ , for µ̂σ . Thus the numerator in the left hand side of the
previous equation wil be equal to 0 and

σ̂ log
n

∑exp
(

σ̂

σ̂
ai

) = 0 (4.9)

Therefore log(n/∑expai) = 0, which implies that ∑expai = n.

4.2.1 Computation of Rp

lp(σ) is the logarithm of the profile likelihood, Lp(σ), where Lp(σ) = L(σ , µ̂σ ) and µ̂σ is
the maximum likelihood estimate of µ for a given value of σ . Thus, from (4.7)

lp(σ) = l(σ , µ̂σ )

= −n logσ − exp
(

µ̂ − µ̂σ

σ

)
∑exp

(
σ̂

σ
ai

)
+

σ̂

σ
∑ai +

n(µ̂ − µ̂σ )

σ

= −n logσ −n+
σ̂

σ
∑ai −n log

∑exp
(

σ̂

σ
ai

)
n

using (4.8) in the last line.
Hence,

lp(σ̂) = −n log σ̂ −n+∑ai −n log
∑exp(ai)

n
= −n log σ̂ −n+∑ai
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making use of (4.9) in the last line.
Now, we apply the expressions we found for lp(σ) and lp(σ̂) in the extreme value

example to the definition of Rp:

Rp = sign(σ̂ −σ)
√

2
√

lp(σ̂)− lp(σ)

= sign(σ̂ −σ)
√

2

√√√√
−n log

σ̂

σ
+

(
1− σ̂

σ

)
∑ai +n log

∑exp
(

σ̂

σ
ai

)
n

(4.10)

4.2.2 Computation of C

To obtain the numerator in the formula of C, recall that

l(µ,σ ; µ̂, σ̂ ,a) =−n logσ − exp
(

µ̂ −µ

σ

)
∑exp

(
σ̂

σ
ai

)
+

σ̂

σ
∑ai +

n(µ̂ −µ)

σ

and take derivatives of this expression first with respect to µ and then take the sample
derivatives of the last expression with respect to µ̂

lµ(µ,σ) =
∂ l
∂ µ

=
1
σ

exp
(

µ̂ −µ

σ

)
∑exp

(
σ̂

σ
ai

)
− n

σ

lµ;µ̂(µ,σ) =
∂

∂ µ̂

∂ l
∂ µ

=
1

σ2 exp
(

µ̂ −µ

σ

)
∑exp

(
σ̂

σ
ai

)
We just need to evaluate the last expression lµ;µ̂(µ,σ) at (µ̂σ ,σ):

l̃µ;µ̂(µ,σ) = lµ;µ̂(µ̂σ ,σ) =
1

σ2 exp
(

µ̂ − µ̂σ

σ

)
∑exp

(
σ̂

σ
ai

)
=

n
σ2

To obtain jµµ , first take the derivative of lµ :

lµµ =
∂

∂ µ
lµ =− 1

σ2 exp
(

µ̂ −µ

σ

)
∑exp

(
σ̂

σ
ai

)
Since jµµ =−lµµ ,

ĵµµ = ĵµµ(µ,σ) = jµµ(µ̂, σ̂) =
∑eai

σ̂2 =
n

σ̂2
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and

j̃µµ = j̃µµ(µ,σ) = jµµ(µ̂σ ,σ) =
1

σ2 exp
(

µ̂ − µ̂σ

σ

)
∑exp

(
σ̂

σ
ai

)
=

n
σ2 . (4.11)

Therefore

C = σ̂/σ . (4.12)

4.2.3 Computation of Up

To obtain the first factor in the formula defining Up (4.6), take twice the derivative of lp(σ)

with respect to σ :

∂

∂σ
lp(σ) =

∂

∂σ

−n logσ −n+
σ̂

σ
∑ai −n log

∑exp
(

σ̂

σ
ai

)
n


= − n

σ
− σ̂ ∑ai

σ2 +
n

∑exp
(

σ̂

σ
ai

) σ̂

σ2 ∑ai exp
(

σ̂

σ
ai

)

∂

∂σ

∂ lp(σ)

∂σ
=

n
σ2 +

2σ̂ ∑ai

σ3 +n
σ̂2

σ4

∑ai exp
(

σ̂

σ
ai

)
∑exp

(
σ̂

σ
ai

)
2

− 2nσ̂

σ3

∑ai exp
(

σ̂

σ
ai

)
∑exp

(
σ̂

σ
ai

)
−nσ̂2

σ4

∑a2
i exp

(
σ̂

σ
ai

)
∑exp

(
σ̂

σ
ai

)
and evaluate the last expression at σ = σ̂ :
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jp(σ̂) = − ∂

∂σ

∂ lp(σ)

∂σ

∣∣∣∣∣
σ=σ̂

= − n
σ̂2 −

2∑ai

σ̂2 − n
σ̂2

(
∑ai exp(ai)

∑exp(ai)

)2

+
2n
σ̂2

∑ai exp(ai)

∑exp(ai)

+
n

σ̂2
∑a2

i exp(ai)

∑exp(ai)

=
1

σ̂2

(
−n−2∑ai −

(∑ai exp(ai))
2

n
+2∑ai exp(ai)+∑(a2

i )exp(ai)

)
(4.13)

The second factor of Up involves taking a derivative with respect to σ̂ :

∂

∂ σ̂
(lp(σ)− lp(σ̂)) =

∂

∂ σ̂

n log
σ̂

σ
−
(

1− σ̂

σ

)
∑ai −n log

∑exp
(

σ̂

σ
ai

)
n


=

n
σ̂
+

∑ai

σ
− n

σ

∑ai exp
(

σ̂

σ
ai

)
∑exp

(
σ̂

σ
ai

) . (4.14)

Thus, we can notice that Up is only a function of the random variable σ̂ given that (4.13)
and (4.14) are also functionally dependent only on σ̂ .

Computing higher-order approximations are prone to mistakes given that calculations
are long, requiring great care as it can be observed in the simple example of the extreme
value model above. New mathematical concepts, as the sample space derivative, have to be
introduced to the practitioner and inference can get numerically unreliable if the dimension
of the nuisance parameters is high.

4.3 Cox and Reid’s solution

When the interest lies on the conditional inference of a scalar parameter in the presence
of a high-dimensional nuisance parameter, computations might be awkward, as it involves
sampling from (or integrating) a high dimensional density (i.e. with dimension the same
as the full parameter). To make computations simpler, Cox and Reid (1987) propose to
condition on the ancillary statistic and also on the nuisance parameters, as this conditional
density will just be proportional to the conditional density of all the parameters (nuisance
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and parameter of interest) given the ancillary statistic. In the extreme value model, it implies
that inference will be based on the density of (Rp|µ̂σ ,a) instead of basing it on (Rp|a). We
will follow Severini (2000) path to derive this conditional density.

We start by noting that the p∗ formula of Barndorff-Nielsen (1980) is exact (up to the
normalizing constant) for transformation models such as the extreme value distribution.

p(θ̂ |a;θ) = p∗(θ̂ |a;θ)

= c(a)| ĵ|
1
2 exp[l(θ)− l(θ̂)]

= c(a)| ĵ|
1
2 exp[l(θ)− l(θ̂σ )]exp[l(θ̂σ )− l(θ̂)]

= c(a)| ĵ|
1
2 exp[l(θ)− l(θ̂σ )]exp

(
−1

2
r2

p

)

with θ = (µ,σ), θ̂σ = (µ̂σ ,σ) and Rp = sign(σ̂ −σ)
√

2
√

l(θ̂)− l(θ̂σ ). So,

p(rp, µ̂σ |a;θ) = c(a)| ĵ|
1
2 exp[l(θ)− l(θ̂σ )]exp

(
−1

2
r2

p

)
|J|

with J being the Jacobian of the transformation θ̂ → (Rp, µ̂σ ). In this example we will
compute J−1 =

∂ (rp,µ̂σ )

∂ θ̂
and make use of the property of determinants |J|= |J−1|−1:

|J−1|=
∂ rp

∂ σ̂

∂ µ̂σ

∂ µ̂
−

∂ rp

∂ µ̂

∂ µ̂σ

∂ σ̂

From the definition of Rp above, we can derive it with respect to µ̂ and σ̂ :

rp
∂ rp

∂ µ̂
= l;µ̂(θ̂)− l;µ̂(θ̂σ )

rp
∂ rp

∂ σ̂
= l;σ̂ (θ̂)− l;σ̂ (θ̂σ )

and after some slight manipulations, obtain the partial derivatives:

∂ rp

∂ µ̂
=

1
rp

[
l;µ̂(θ̂)− l;µ̂(θ̂σ )

]
∂ rp

∂ σ̂
=

1
rp

[
l;σ̂ (θ̂)− l;σ̂ (θ̂σ )

]
.

The other two partial derivatives needed to compute |J| can be derived from the formula
defining µ̂σ , lµ(σ , µ̂σ ; µ̂, σ̂ ,a) = 0
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∂ lµ
∂ µ̂

= lµµ(θ̂σ )
∂ µ̂σ

∂ µ̂
+ lµ;µ̂(θ̂σ ) = 0

∂ lµ
∂ σ̂

= lµµ(θ̂σ )
∂ µ̂σ

∂ σ̂
+ lµ;σ̂ (θ̂σ ) = 0

Therefore:
∂ µ̂σ

∂ µ̂
=

lµ;µ̂(θ̂σ )

jµµ(θ̂σ )

∂ µ̂σ

∂ σ̂
=

lµ;σ̂ (θ̂σ )

jµµ(θ̂σ )

Applying the four partial derivatives to the definition of J−1:

J−1 =

[
r−1

p
[
l;σ̂ (θ̂)− l;σ̂ (θ̂σ )

]
r−1

p
[
l;µ̂(θ̂)− l;µ̂(θ̂σ )

]
j−1
µµ(θ̂σ )lµ;σ̂ (θ̂σ ) j−1

µµ(θ̂σ )lµ;µ̂(θ̂σ )

]

=

[
rp 0
0 jµµ(θ̂σ )

]−1[
l;σ̂ (θ̂)− l;σ̂ (θ̂σ ) l;µ̂(θ̂)− l;µ̂(θ̂σ )

lµ;σ̂ (θ̂σ ) lµ;µ̂(θ̂σ )

]

=

[
rp 0
0 jµµ(θ̂σ )

]−1[
l;θ̂ (θ̂)− l;θ̂ (θ̂σ )

l
µ;θ̂ (θ̂σ )

]

Calculating the determinant of the last expression and inversing it, we obtain the desired
quantity |J|:

|J|= |J−1|−1 = rp| jµµ(θ̂σ )|

∣∣∣∣∣ l;θ̂ (θ̂)− l;θ̂ (θ̂σ )

l
µ;θ̂ (θ̂σ )

∣∣∣∣∣
−1

If we let

d =

∣∣∣∣∣ l;θ̂ (θ̂)− l;θ̂ (θ̂σ )

l
µ;θ̂ (θ̂σ )

∣∣∣∣∣| jµµ(θ̂σ )|−1/2| ĵ|−1/2 (4.15)

we can write the joint conditional density of rp, µ̂σ given a as follows

p(rp, µ̂σ |a;θ) = c(a)exp[l(θ)− l(θ̂σ )]exp
(
−1

2
r2

p

)
rp

d
| jµµ(θ̂σ )|

1
2

Following the Fisherian approach, we would need to integrate out the variable µ̂σ which
in this case it could be performed numerically. However, if the dimension of the nuisance
parameter was much higher we would encounter problems, referred to as the “curse of
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dimensionality”. Here is where the Cox and Reid’s (1987) proposal makes the difference as
we can obtain in a straightforward manner the density of rp conditional on (µ̂σ ,a) given that
it will just be proportional to the conditional density above:

p(rp|µ̂σ ,a;θ) ∝ c(a)exp[l(θ)− l(θ̂σ )]exp
(
−1

2
r2

p

)
rp

d
| jµµ(θ̂σ )|

1
2 (4.16)

with

l(θ)− l(θ̂σ ) =

[
−exp

(
µ̂ −µ

σ

)
+ exp

(
µ̂ − µ̂σ

σ

)]
∑exp

(
σ̂

σ
ai

)
+

n
σ
(µ̂σ −µ)

Remember that µ is the nuisance parameter whose value is unknown and hence we will
approximate the expression above by replacing µ by µ̂σ , i.e. its observed value in the data,
which we will denote µ̂∗

σ to make the difference between the latter and the random variable
µ̂σ .

Nevertheless, let’s take a closer inspection to the conditional joint density of (Rp|µ̂σ ,a)
before replacing the unknown nuisance parameter by an arbitrary value. First note that from
(4.8):

µ̂ − µ̂σ

σ
= log

n

∑exp
(

σ̂

σ
ai

) = log(D)

and also:
µ̂ −µ

σ
= log

n

∑exp
(

σ̂

σ
ai

) +
µ̂σ −µ

σ
= log(D)+E

with D = n/∑exp
(

σ̂

σ
ai

)
and E = (µ̂σ −µ)/σ . Therefore,

l(θ)− l(θ̂σ ) = [−Dexp(E)+D]
n
D
+nE (4.17)

= −nexp(E)+n+nE

which is only a function of the randon variable µ̂σ and not of r (or its associated variable σ̂ ).
Moreover, given that

• d, (4.15), is equal to the multiplication of C and Up , d =CUp (Severini, 2000, section
7.4.1), and both quantities C, (4.12), and Up (see section 4.2.3) only depend on the
variable σ̂ in the extreme value example,

• rp, as obtained in (4.10), depends also only on the variable σ̂ ,
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• and since jµµ(θ̂σ ) equals j̃µµ in (4.11)

we can write that

p(rp, µ̂σ |a;θ) = c(a)exp((−nexp(E)+n+nE))exp
(
−1

2
r2

p

)
rp

d
| jµµ(θ̂σ )|

1
2

= c(a) f (µ̂σ ; µ,σ) f (rp;σ)

with
f (µ̂σ ; µ,σ) = exp((−nexp(E)+n+nE)) (4.18)

and

f (rp;σ) = exp
(
−1

2
r2

p

)
rp

d
| jµµ(θ̂σ )|

1
2 (4.19)

That is, Rp and µ̂σ are mutually independent random variables and hence

p(rp|µ̂σ ,a) = p(rp|a) (4.20)

i.e. the inference drawn by using Cox and Reid’s solution (conditioning on the ancillary
statistic and on the constrained MLE of µ) will be equivalent to the inference drawn by using
Fisher’s approach (conditioning upon the ancillary statistic alone). Moreover, the former, just
like the latter, does not functionally depend on the nuisance parameter µ .

Ignoring the equivalence between those two approaches (or to verify that they yield same
inference), we describe below how inference can be drawn following Cox and Reid’s solution,
namely computing the p-value when testing the null hypotheses σ = σ0.

One approach consists in using the trapezoidal method to approximate the area beneath
the conditional density curve (4.16). From (4.1), µ̂σ will take the value of :

µ̂σ = σ0

(
log
(
∑eyi/σ0

)
− logn

)
.

As we transformed σ̂ to R (1-1 transformation), each time they appear, their values are
linked via (4.10). For example, a grid of values for R between -5 and 5 with steps of 0.01
can be created and the corresponding values of σ̂ can be calculated using (4.10). µ̂ will take
the values respecting (4.8). With these values, the conditional density of rp can be drawn and
the p-value can be approximated using trapezoidal numerical integration.

Another way is to implement MCMC on the density of r conditional on (µ̂σ ,a). However,
there is a manner to avoid awkward computations (sample derivatives and confusing notation
for those not familiar with it) involved in the derivation of (4.16). The conditional density of
(µ̂, σ̂ |a), (4.2), can be transformed via the Jacobian matrix into (µ̂σ , λ̂ |a) where λ̂ = log σ̂ .
For example, in the extreme value model, we have that
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(µ̂, σ̂) =

(
σ log

n
∑exp(σ̂ai/σ)

+ µ̂σ ,exp(λ̂ )
)

And hence,

f
λ̂ |µ̂σ ,a

(λ̂ |µ̂σ ,a) ∝ f
µ̂σ ,λ̂ |a(µ̂σ , λ̂ |a)

= c(a)
eλ̂ (n−1)

σn exp

[
n log

n

∑exp(eλ̂ ai/σ)
+

n(µ̂σ −µ)

σ

+
eλ̂

σ
∑ai −∑exp

(
log

n

∑exp(eλ̂ ai/σ)
+

µ̂σ −µ

σ
+

eλ̂

σ
ai

)]

= c(a)
eλ̂ (n−1)

σn exp

[
n

µ̂ −µ

σ
+

eλ̂

σ
∑ai −nexp

(
µ̂σ −µ

σ

)]

Once a chain of values of λ̂ has been generated, it will be transformed into Rp via (4.10)
and the proportion of Rps smaller than r0 (4.5) serves as approximation to the desired p-value.
The particular MCMC method used here will be described in the conditional bootstrap
section below.

4.4 Unconditional bootstrap

A natural way to use unconditional bootstrap to obtain p-values would be to generate B
samples {y1, j, . . . ,yn, j} for j = 1, . . . ,B from an extreme value distribution with parameters
(µ̂σ0,σ0) and construct the empirical density of the signed root statistic (4.10) by estimating
σ and a for each generated sample. Thus,

Rp, j = sgn(σ̂ j −σ0)
√

2

√√√√−n log
σ̂ j

σ0
+

(
1−

σ̂ j

σ0

)
∑

i
ai j +n log

∑i exp
(

σ̂ j
σ0

ai j

)
n

with ai j =
yi, j−µ̂ j

σ̂ j
. The last step consists in calculating the proportion of Rp, js that are smaller

than r0.
The drawback of this method is that because of the presence of the nuisance parameter

µ in the pdf of the extreme value model, it has to be replaced by µ̂σ0 . Thus, this approach
yields only an approximation to the conditional inference.
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4.5 Conditional bootstrap

A similar but more accurate approach would be to generate observations of Q2|A = a directly
from (4.2) and then transform them to Rp|A= a using (4.10). Note that the conditional density
of Q2|A does not depend on the nuisance parameter µ , and as a result, this simulation-based
approach yields exact inference modulo simulation error. Another advantage of this method
(this time over the uncoditional bootstrap alone) is that after generating observations of the
conditional distribution of Q2, this sample can be used to test any hypotheses σ = σ0 whereas
different simulations have to be run for each different value of σ0 in the null hypoheses when
implementing the unconditional bootstrap. This is because fQ2|A (4.2) or the definition of Rp

do not depend on σ0:

Rp, j = sgn(Q2, j −1)
√

2

√
−n logQ2, j +

(
1−Q2, j

)
∑

i
ai +n log

∑i exp
(
Q2, jai

)
n

We generated observations of the conditional distribution using Markov Chain Monte
Carlo (MCMC) techniques as proposed by Brazzale et al. (2008) and as suggested by them
we first transformed the density of Q2 to log(Q2) via Jacobian transformation. In our case, we
used a Random Walk Metropolis Hastings (RWMH) (see e.g. Robert et al., 2010, chapter 6
for an introduction to RWMH) to generate the Markov Chain {log(Q2)

( j)} with the candidate
density being a Student with 5 degrees of freedom (as advised by Brazzale, 2000).

For notational ease, let {w( j)} denote a Markov Chain of dependent variables where w( j)

is the j-th element of the chain {log(Q2)
( j)}. We set the initial value {w(1)}= 0 with good

results.

• Generate x j = w( j)+ t(df = 5)

• w( j+1) = x j with probability min
{

flogQ2|A=a(x j|a)
flogQ2|A=a(w( j)|a) ,1

}
, or w( j+1) = w( j) otherwise.

A chain of length 100000 was produced and the first 5000 elements of this sequence
were discarded to make sure the initial value affects the least the inference. Then, the chain
was transformed first to {Q2, j} and then to {Rp, j}. Finally, the proportion of Rp, j’s that are
smaller than r0 was computed.
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4.6 Leukemia example

The original example, Feigl and Zelen (1965), consists of 33 patients, where interest is put on
assessing which factors (and to which extent they) affect the survival time (in weeks) given
their white blood count (WBC) and the presence or absence of Auer rods.

The proposed model is a Weibull regression. Let T be a random variable representing the
survival time. The pdf of the logarithm of T , Y = log(T ) is:

f (yi|xi;β ,σ) =
1
σ

exp
[

yi − xT
i β

σ
− exp

(
yi − xT

i β

σ

)]
,

where xT
i β = β1+xi2β2+xi3β3, with xT

i = (1,xi2,xi3). Or in matrix terms, X = (x1, . . . ,xn)
T .

In a similar way to the EV model, we will explore different approaches to compute the
p-value when the scale parameter σ is of interest. Of particular interest is the test σ = 1
which will correspond to the simpler exponential regression model as it was analyzed in
Lawless (1982), DiCiccio et al. (2001) and Young and Smith (2005).

As in the previous example, and in any other location-scale model, it is possible to replace
the data (y1, . . . ,yn) by (β̂ , σ̂ ,a). Consequently the likelihood function can be expressed as:

l(β ,σ) =−n logσ +
σ̂

σ
∑

i
ai +∑

i
xT

i
β̂ −β

σ
−∑

i
exp

[
σ̂

σ
ai + xT

i
β̂ −β

σ

]
Taking derivatives of the last expression with respect to β j, j = 1,2 or 3, we obtain its

score function:
∂ l

∂β j
=−∑i xi j

σ
+∑

i
exp

[
σ̂

σ
ai + xT

i
β̂ −β

σ

]
xi j

σ

or in vector terms:

∂ l
∂β

=
1
σ

[
∑

i
xi +∑

i
exp

[
σ̂

σ
ai + xT

i
β̂ −β

σ

]
xi

]

Thus its associated likelihood equation:

∑
i

xi = ∑
i

exp(ai)xi

which in the case of the constant regressor simplifies to n = ∑i exp(ai).
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Analogously, the score function for σ is:

∂ l
∂σ

=− n
σ
+∑

i

[
−1+ exp

(
σ̂

σ
ai + xT

i
β̂ −β

σ

)](
σ̂

σ2 ai + xT
i

β̂ −β

σ2

)

and its likelihood equation:
n = ∑

i
ai[−1+ exp(ai)]

Similar to the computations required to obtain the joint conditional density in the simpler
EV model, it can be shown (Brazzale, 2000) that:

f (β̂ , σ̂ |A) = c(X ,a)
σ̂n−p−1

σn Πi exp

[
σ̂

σ
ai + xT

i
β̂ −β

σ
− exp

[
σ̂

σ
ai + xT

i
β̂ −β

σ

]]
(4.21)

= c(X ,a)
σ̂n−p−1

σn exp

[
σ̂

σ
∑ai +∑xT

i
β̂ −β

σ
−∑exp

(
σ̂

σ
∑ai + xT

i
β̂ −β

σ

)]
(4.22)

which again can be expressed as a function of the pivots Q = (Q1,Q2,Q3)
T , with Q1 =

(β̂1−β1)/σ̂ , Q2 = (β̂2−β2)/σ̂ , Q3 = (β̂3−β3)/σ̂ and λ̂ = log σ̂

σ
(the logarithm of the ratio

as advised by Brazzale, 2000, p. 33):

f (q, λ̂ |a) = d(X ,a)eλ̂n exp
{

eλ̂
∑ai + eλ̂

∑xT
i q−∑exp

[
(xT

i q+ai)eλ̂

]}
(4.23)

where d(X ,a) is the normalizing constant depending on the value of the ancillary statistic
and the regressors.

In order to test a hypothesis about any of the parameters, β1, β2, β3 or σ , one could
consider marginalising any of the last two expressions by integrating out the remaining
parameters. Unfortunately in this case, it cannot be performed analytically. Instead, numerical
integration could be used but with the disadvantage that the larger the number of regressors
the worse our approximations would be.

A way to avoid this problem is to use MCMC techniques. One can think of using a
multivariate RWMH as in the EV example. However, finding a multivariate density that
works well can be challenging (Robert et al., 2010, p. 230).

Instead, an alternative would be to use a Metropolis within Gibbs sampler (Robert et al.,
2010, chapter 7). First define the full conditionals for each variable from (4.23) as:

f (q1|q2,q3, λ̂ ,a) ∝ exp
{

eλ̂ nq1 −∑exp
[
(xT

i q+ai)eλ̂

]}
,
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f (q2|q1,q3, λ̂ ,a) ∝ exp
{

eλ̂ q2 ∑xi2 −∑exp
[
(xT

i q+ai)eλ̂

]}
,

f (q3|q1,q2, λ̂ ,a) ∝ exp
{

eλ̂ q3 ∑xi3 −∑exp
[
(xT

i q+ai)eλ̂

]}
,

f (λ̂ |q1,q2,q3,a) ∝ eλ̂n exp
{

eλ̂
∑ai + eλ̂

∑xT
i q−∑exp

[
(xT

i q+ai)eλ̂

]}
,

As none of the above full conditionals is a familiar pdf from which a program can
already have a built-in algorithm to generate the correspondent variable, we are going to use
Metropolis Hastings as in the EV example:

• Choose a starting point (q0
1,q

0
2,q

0
3, λ̂

0)

• For t = 1, . . . ,m:

Generate qt
1 using one step of RWMH from:

f (q1|qt−1
2 ,qt−1

3 , λ̂ t−1,a) ∝ exp
{

eλ̂ nq1 −∑exp
[
(xT

i q+ai)eλ̂

]}
,

Generate qt
2 using one step RWMH from:

f (q2|qt
1,q

t−1
3 , λ̂ t−1,a) ∝ exp

{
eλ̂ q2 ∑xi2 −∑exp

[
(xT

i q+ai)eλ̂

]}
,

Generate qt
3 using one step RWMH from:

f (q3|qt
1,q

t
2, λ̂

t−1,a) ∝ exp
{

eλ̂ q3 ∑xi3 −∑exp
[
(xT

i q+ai)eλ̂

]}
,

Generate λ̂ t one step using RWMH from:

f (λ̂ |qt
1,q

t
2,q

t
3a) ∝ eλ̂n exp

{
eλ̂

∑ai + eλ̂
∑xT

i q−∑exp
[
(xT

i q+ai)eλ̂

]}
,

The advantages of this procedure is that given a null hypotheses, for instance σ = σ0, the
p-value will be equal to the proportion of σ̂t’s that are greater than the observed in-sample σ̂ ,
where σ̂t = exp(λ̂t + logσ0). Thus, any value σ0 in the null hypothesis can be tested, without
having to re-run the procedure again. The delicate point is finding the candidate densities for
each of the full conditionals. However, when appropriate candidates are found, the outcome
is exact modulo simulation error.
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4.6.1 Conditional inference when σ is the parameter of interest

Cox and Reid’s solution

To make inference following Cox and Reid’s solution, we need to obtain the pdf of (β̂ σ ,σ |a)
from the pdf of (β̂ ,σ |a) (4.22). Given that β̂σ has ∂ l

∂β
= 0 at β = β̂ σ , then:

−∑
i

xi +∑exp

[
σ̂

σ
ai + xT

i
β̂ − β̂ σ

σ

]
xi = 0 (4.24)

expression that not only give us the relationship between β̂ and β̂ σ required to compute the
Jacobian matrix, but it also tells us that (β̂ − β̂ σ )/σ can be expressed as a function of the
pivotal quantity σ̂/σ .

The Jacobian matrix is defined in this case as:

J =

 ∂ β̂

∂ β̂ σ

∂ β̂

∂ σ̂

∂ σ̂

∂ β̂ σ

∂ σ̂

∂ σ̂

=

 ∂ β̂

∂ β̂ σ

∂ β̂

∂ σ̂

0 1


and its determinant det(J) = det

(
∂ β̂

∂ β̂ σ

)
·det(1) = det

(
∂ β̂

∂ β̂ σ

)
. Thus

f (β̂ σ , σ̂ |A) = c(X ,a)
σ̂n−p−1

σn exp

[
σ̂

σ
∑ai +∑xT

i
β̂ −β

σ
−∑exp

(
σ̂

σ
∑ai + xT

i
β̂ −β

σ

)]

·det

(
∂ β̂

∂ β̂ σ

)

where ∂ β̂

∂ β̂ σ

will be calculated via implicit differentiation of the equation defining the β̂ σ s,
(4.24). For instance, for j = 1 :

F1 =−∑
i

xi1 +∑
i

exp

[
σ̂

σ
ai + xT

i
β̂ − β̂ σ

σ

]
xi1 = 0

with β̂ σ = (β̂1,σ , β̂2,σ , β̂3,σ )
T and

∂ β̂1

∂ β̂1,σ
=−

∂F1
∂ β̂1,σ

∂F1
∂ β̂1
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which turns out to be equal to 1. This result can be generealized to

∂ β̂ j

∂ β̂k,σ
= 1 ∀ j = k.

For j ̸= k, we obtain:

∂ β̂ j

∂ β̂k,σ
=−

∂Fk
∂ β̂k,σ

∂Fk
∂ β̂ j

=
∑i exp[δi]x2

i j

∑i exp[δi]xi jxik

with δi =
σ̂

σ
ai + xT

i
β̂−β σ

σ
.

As we said before, (β̂ − β̂ σ )/σ is a function of the pivotal quantity σ̂/σ , and so the
above ratio will only be a function of the pivot.

Thus, det
(

∂ β̂

∂ β̂ σ

)
will depend only on a function h1 of the pivot (and X ,a,and σ ).

f (β̂ σ , σ̂ |a) = c(X ,a)h1

(
σ̂

σ
,X ,a,σ

)
σ̂n−p−1

σn exp
(

σ̂

σ
∑ai

)
exp

(
∑xT

i
β̂ −β

σ

)

·exp

[
−∑exp

(
σ̂

σ
ai + xT

i
β̂ −β

σ

)]

All of the above factors involved in the conditional density of (β̂ σ , σ̂ |a) are either a
function of the variable σ̂ or of the variable β̂ σ (the latter through the original variable β̂ )
except for the last factor which does not seem to accept a way to be separated into two
independent factors. Consequently, the variables β̂ and σ̂ would not be independent and Cox
and Reid’s Fisher’s approaches would not be equivalent as in the EV model.

Relationship between Fisher and Cox and Reid’s solutions

Recall that the third order approximation to the conditional inference of the parameter of
interest following Fisher’s approach will be Φ(r∗p) with R∗

p defined as

R∗
p = Rp +

1
Rp

log
CUp

Rp
.

On the same note, Diciccion and Young (Properties of parametric bootstrap procedures
based on signed roots of likelihood ratio statistics, unpublished paper) proposed the saddle-
point approximation to the conditional inference of the parameter of interest following Cox
and Reid’s solution, Φ(r♢), where



72 Multidimensional ancillary statistics

R♢ = Rp +
1

Rp
log

V
Rp

Interestingly, they found that

V =CUp

[
|− lλλ (θ̂ψ ; θ̂ψ ,a)|
|− lλλ (θ̂ψ ; θ̂ ,a)|

] 1
2

=CUpW 1/2 (4.25)

where θ = (ψ,λ ) with ψ being the parameter of interest and λ the nuisance parameter(s).
The equality CUp = V implies that both conditional approaches yield the same inference.
In that case the factor relating them, W , is equal to 1. The structure of W is much simpler
than the computations required to compare the conditional densities of the parameter of
interest given the ancillary statistic (Fisher’s approach) to the conditional density of the
parameter of interest given the ancillary statistic and given the constrained MLE of the
nuisance parameter(s).

In our case, when we are interested in inference about σ , we need to derive twice the
log-likelihood with respect to each of the β j. The score function for β j, j = 1,2,3 is equal to:

∂ l
∂β j

=−∑i xi j

σ
+∑

i
exp

[
σ̂

σ
ai + xT

i
β̂ −β

σ

]
xi j

σ

and the second derivatives with respect to βk for k = j and for k ̸= j are respectively:

∂ 2l
∂β j∂β j

=− 1
σ2 ∑

i
x2

i j exp

[
σ̂

σ
ai + xT

i
β̂ −β

σ

]

∂ 2l
∂βk∂β j

=− 1
σ2 ∑

i
xi jxik exp

[
σ̂

σ
ai + xT

i
β̂ −β

σ

]
Therefore, the elements of the numerator of W will be defined as:

∂ 2l
∂β j∂β j

∣∣∣∣∣
θ=θ̂ψ ,θ̂=θ̂ψ

=− 1
σ2 ∑

i
x2

i j expai

∂ 2l
∂βk∂β j

∣∣∣∣∣
θ=θ̂ψ ,θ̂=θ̂ψ

=− 1
σ2 ∑

i
xi jxik expai

and the elements of its denominator:
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∂ 2l
∂β j∂β j

∣∣∣∣∣
θ=θ̂ψ

=− 1
σ2 ∑

i
x2

i j exp

[
σ̂

σ
ai + xT

i
β̂ − β̂ σ

σ

]

∂ 2l
∂βk∂β j

∣∣∣∣∣
θ=θ̂ψ

=− 1
σ2 ∑

i
xi jxik exp

[
σ̂

σ
ai + xT

i
β̂ − β̂ σ

σ

]
Putting them together in a more compact vector format:

W =

∣∣∑exp(ai)xixT
i

∣∣∣∣∣∑exp
[

σ̂

σ
ai + xT

i
β̂−β̂ σ

σ

]
xixT

i

∣∣∣ (4.26)

The last expression can be simplified for the case of the EV model by noting that the
vectors xT

i and β become the scalars 1 and µ respectively, and we obtain that:

W =
|∑exp(ai)|∣∣∣exp

(
µ̂−µ̂σ

σ

)
∑exp

(
σ̂

σ
ai

)∣∣∣ = 1 (4.27)

ratio which ultimately simplifies to 1 using equalities (4.8) and (4.9), confirming the equiva-
lence of Fisher and Cox and Reid’s approaches in the EV example.

An interesting question, would be to assess how Fisher and Cox and Reid’s approaches
compare given the value of W in the Weibull regression. And given the results of this step,
Fisher’s approach’s awkward and long computations could be replaced by simpler Cox and
Reid’s computations and the relatively straightforward computations of quantity W .

4.7 Summary of results

The extreme value model was analysed in length in this chapter and several results in different
publications checked (Brazzale, 2000, Pace and Salvan, 1997, Severini, 2000 and Diciccio
and Young, Properties of parametric bootstrap procedures based on signed roots of likelihood
ratio statistics, unpublished paper). The contributions of this document to the publications
above can be summarized as follows:

• It was shown that when the parameter of interest is σ , the pdf of Rp conditional
on the multidimensional configuration statistic, (4.3), didn’t depend on the nuisance
parameter µ . Therefore, inference, such as p-values, are not affected by the ignorance
of the value of the nuisance parameter and thus, exact conditional inference based on
the signed root statistic can be reached in this situation.
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• The solution proposed by Cox and Reid (1987) was derived for this example and it was
shown that its outcome was equivalent to the solution respecting Fisher conditionality
principle. This equivalence was confirmed, (4.27), using the formula developed by Di-
ciccio and Young (Properties of parametric bootstrap procedures based on signed roots
of likelihood ratio statistics, unpublished paper) and we established the relationship
between Fisher’s approach and Cox and Reid’s solution in the wider problem of the
Weibull regression, (4.26).

Given that using Cox and Reid’s solution, numerical computation does not involve
potentially high dimensional integration (as in Fisher’s approach), it would be interesting
to develop further how from results respecting Cox and Reid’s solution, Fisher’s approach
results could be produced using the relationship (4.25), which in the case of the Weibull
regression simplifies to (4.26).



Chapter 5

Conclusions and further work

As pointed out by Barndorff-Nielsen (1980), conditioning on the affine ancillary requires
careful handling since the range of the parameter of interest might be restricted to intervals
depending on the value of the affine ancillary (see e.g. the examples given in Butler, 2004
and Pedersen, 1981). A straightforward and quick procedure to detect such anomalies is a
simple plot of the estimates of the parameter of interest and approximate ancillaries of some
thousands samples generated. If such is the case, some sort of stratification is needed in the
bootstrap simulation as it has been proposed by Hinkley and Schechtman (1987). However,
it is possible that for slightly larger samples to n = 1, restricted ranges be very unlikely, and
the use of unconditional bootstrap could yield very accurate approximations to conditional
inference.

On the contrary, the support when the inference is based on the likelihood ancillary
would generally be non restricted (Barndorff-Nielsen, 1980). As a result, the performance
of conditional inference based on unconditional bootstrap is as good as the one drawn
with higher-order inference procedures as it can be seen in Pedersen and Butler’s examples
discussed in this document. Using either the affine or the likelihood function, the proposal
of making more efficient use of the simulations via a logistic regression (Hinkley and
Schechtman, 1987) has to be analysed on a case by case basis. In both examples, it is shown
that unconditional bootstrap gives p-values with the accuracy of higher-order approximations
when the sample is larger than n = 5 provided that the range of the parameter of interest is
not restricted.

In the simple example of the extreme value model, where an exact multidimensional
ancillary statistic exists, it has been shown that Cox and Reid’s solutions yielded the same
inference as Fisher’s approach. Moreover, quantity W (DiCiccio and Young, unpublished)
has been derived for this model and it was used to confirm the equivalence between Fisher’s
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and Cox and Reid’s approaches. A conditional bootstrap method has been described, using
MCMC techniques, which produce exact conditional inference modulo simulation error.

In the more complex Weibull regression, Fisher’s and Cox and Reid’s solutions were
carried out. The quantity W was produced when the interest lied on the scale parameter. It
would be interesting to assess how well this quantity approximates the relationship between
Fisher’s and Cox and Reid’s approaches. A conditional bootstrap solution has been given
for this family of models. The fact that in this family, the joint conditional density of the
unknown parameters accepts a full representation through pivots (Brazzale, 2000) implied
that conditional inference via MCMC methods, namely Metropolis within Gibbs sampler,
will be exact modulo simulation error. Furthermore, the representation via pivots allows
testing different null hypotheses values given one single simulation via MCMC.

Further work in these topics would involve power and/level comparisons in Butler and
Pedersen examples, as the results presented here are just specific to the limited amount
of samples studied. The chapter about multidimensional ancillary statistics require some
illustrations of how these procedures work in artificial simulation studies as much as a
practical example with real data. An interesting direction for the research to follow is to
implement the conditional bootstrap ideas to Cox and Reid’s solution and via (4.25) obtain
inference respecting the condionality principle (Fisher’s approach).
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