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ABSTRACT 

The solution of systems of nonlinear algebraic equations is a funda- 

mental mathematical problem in steady state process design and 
simulation in Chemical Engineering. This thesis is related to this 

problem. 

Some new ideas for implementing Quasi-Newton methods are discussed. 
In particular, a modification to Bennett's algorithm (to obtain an 
LU factorization of Jacobian approximations) is proposed to avoid 
numerical singularities. 

Conditions for having scale invariant Quasi-Newton methods are pre- 

sented as well as the convergence properties. Four. scale invariant 

methods are proposed. 

The problem of the numerical conditioning of Quasi-Newton methods is 

discussed and some ideas to improve it are proposed. In particular, 
an internal scaling procedure is devised. 

All our proposals are tested and compared with others. For this a 

wide standard set of mathematical examples is used as well as 
Chemical Engineering flowsheeting examples. 
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CHAPTER 1 

INTRODUCTION 

The solution of systems of non-linear algebraic equations is a 
fundamental mathematical problem i'n s, teady-state process design and 
simulation in Chemical Engineering. 

While we can study the problem from a mathematical point of view, 

specialized approaches have been developed for solving flowsheeti'ng 

problems. 

We will use a very simple chemical process, shown in Fig 1.1, in 

order to help the presentation of our discussion. 

1 MIXER 2 REACTOR 3 
LSEPARATOR product feed - 

d- 

5 

Fig 1.1 A simple chemical process 

If we consider only a mass balance for our example, we can establish 
an approximate mathematical model for the process. Assume there are 

m chemical components involved in this process, we can then use vectors 
ai of m components to represent the molar flows for stream 1. For the 

mixer we can write m equations as 

a2 = a1 + a5 

using vector arithmetic TRm. 

1.1 

To represent the reactor we need an additional vector s6 1Rm containing 
the stoichiometric coefficients for the particular reaction taking place 

plus a scalar y representing the conversion factor of the key component 
(which we will assume is the first). With this we can write for the 

reactor 

a3 = a2 + Y(e1 a21S 1.2 
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which gives us another m equations. 

Finally, if, we use a vector p of m components to represent the fraction 

of the feed to the separator going as product, we can write 

a5 =, a3 - a4 

a4 = p. a3 

1.3 

1.4 

where the vector operation p"a3 means the ari'thmeti'c product of the 

components, i. e 

eT(P'a31 = Cep P)(e a3) 1.5 

Therefore we have 4m equations involving 7m +1 variables which means 

our mathematical model has 3m +1 degrees-of freedom. 

In order to have a consistent model we will have to eliminate the 

3m +1 degrees of freedom and then if we are doing a strictly 

simulation problem we will fix al, s, p and y and find out a2, a3, 

a4 and a5 using equations 1.1 to 1.4. 

We can see that in fact, we have a mathematical problem to solve, that 
is to solve a system of 4m algebraic equations (which for our particular 

example happen to be linear, but it will not be so in general). 

Even for our very simple example, we can see that if m is large then 

the size of the mathematical problem to be solved becomes an impor- 

tant factor. Two decades ago, when computers began to be used for 

solving simulation problems, storage was a critical factor (as well as 

number°of operations) and then specialised approaches were devised to 

tackle the simulation and design problem. 

1.1 THE SEQUENTIAL MODULAR APPROACH 

Since solving a flowsheeting problem by simultaneous solution of all 
the equations involved resources which were not available two decades 

ago (numerical methods, computer storage, speed of computations), the 
sequential modular approach was proposed. MOTARD, SHACHAM and ROSEN 
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(1975) reviewed the state of the art for thi's approach at the- 
beginning of the 70's when several packages were available as well 
as a considerable amount of literature. 

In this approach each unit is represented in the computer as a 
subroutine in such a way that the output streams are evaluated pro_ 
vided the input streams plus the equipment parameters are known. 

For our particular example three subroutines should be available 
as: 

(a2) MIXER (a,, a5) 1.6 

ßa3) REACTOR (a2, s, Y). 1.7 

(a4, a5) SEPARATOR (a3, p) 1.8 

where the arguments on the left of the name of the subroutine are 
the output parameters while the ones on the right are the input 
parameters. 

Since the input parameters must be known to order to use each subroutine, 
due to the recycle stream 5, it is not possible to use the subroutines 
since none of them has all its inputs known. 

The key element for this approach was the introduction of a vector x and 
the replacement of 1.6 by 

(a2) MIXER (a,, x) 1.9 

If we have a value for x we can, by going sequentially through.. 1.9, 
1.7 and 1.8, obtain a value for a5, te we can deffne a function 
g: TRm . mm such that 

a5 = gCxj 1.10 

Now, if we can solve the mathematical problem 

x= gýxý, 1.11 
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we can solve the original flowsheeti: ng problem since the solution of 
1.11 coincides with the solution in the flowsheet. 

The mathematical problem 1.11 is known as a fixed point problem and 
it has been well studied (see ORTEGA and RHEINBOLDT (1970), Chapter 5) 
from a theoretical point of view. 

Sufficient conditions for existence of a solution to 1.11 are simple 
to enunciate. If CS 1Rm is a convex, compact set and g (xj is 

continuous in C then 1.11 will have at least one solution in C 

provided 

g(x) cC, Vx6C 1.12 

Unfortunately, it is not simple to show that a general function g, 

satisfies 1.12. 

In solving flowsheeting problems the first method used to solve 1.11 

was successive substitution i'n which a sequence {xn} is generated, 
given an initial estimate xo, as 

xn+l ' 9(Xn) 1.13 

It was found that the convergence of this method was generally slow 
(linear) and then acceleration methods were used. WEGSTEIN's (1958) 

method was first used. ORBACH and CROWE (1971) proposed an accelera- 
ting procedure, later modified by CROWE and NISHIO (1975), known as 
the dominant eigenvalue method which relies on the linear convergence 
of 1.13 to extrapolate a value for x. using it as a new approximation. 
These accelerating procedures can be applied not only to the successive 
substitution method but to any method having a linear rate of 
convergence. 

While this approach succeeds- in reducing considerably the size of the 

mathematical problem to be solved, it presents difficulties in solving 
design problems. Suppose that instead of fixing al, s, p and y in 

our example, we want to fix al, s, p and eýa4, ie we want a desired 

product rate for the first component and to find out what conversion 
we should have in the reactor (y). 
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To handle this problem with this approach control blocks were 
introduced. An additional subroutine is available as 

(Yý CONTROL (a411 1.14 

where a41 = eýa4, which for a given a41 solves the previous simu- 
lation problem obtaintng a value for y. This allows us to define a 
new function I(a41) for which the solution of our design problem 
will be 

Y-Vý°`41) 1.15 

The problem 1.15 is a general non-linear equation which can be solved 

with any method. The important point is that to obtain one value of 
1.15 we must solve one, problem like 1.11 and since a method for. sol- 
ving 1.15 will be in general iterative thi's means we are adding 

another level of iteration. 

It has been proposed by-JOHNS (1970) that 1.11 and 1.15 should be 

solved simultaneously in order to avoid nested iterations. 

METCALFE and PERKINS (1978) and PERKINS (1979b) proposed'the use of 
BROYDEN's (1965) method to converge simultaneously 1.11 and 1.15. 
It was tried successfully solving flowsheeting problems using CHESS 
(MOTARD and LEE (1971)). More results were later obtained by 

MALATHRONAS and PERKINS (1980). 

GROSSMANN and del ROSAL (19781 did a comparison of successive 
substitution, Wegstein, Broyden and the dominant eigenvalue method 
and found the best results for the last two. 

In the last ten years there has been a considerable amount of, work 
in finding methods for solving the mathematical problem 1.11 (see the 
text book by TODD (1976) and SAIGAL (19791). There are not yet 
general codes available for testing them on flowsheeting problems but 
this offers an interesting field for research. 
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1.2 THE EQUATION ORIENTED APPROACH 

The limitations of the sequential modular approach in coping with 
design problems, plus the advance in computer hardware which has 

made it possible to solve problems faster and using considerable 

storage needs has encouraged the development of the equation 

oriented approach. 

In this approach, each'unit. i: n a flowsheet is represented using 

equations, as we did at the beginning of this chapter, and then a 

system of non-linear algebraic equations must be solved. 

In our particular example, the system to be solved will consist 

of the equations defined by 1.1 to 1.4. The important aspect of 
this approach is that there is no difference between a simulation 

or a design problem since the system of equations will always be 

the same. The difference will reside-in which variables in the 

equations will be considered unknowns. In a simulation problem 

we will have as variables a2, a3 a4 and a5; in a design problem 
we can have as variables, for instance, a2, a3, the last m-l 

components of a4, a5 and the conversion y. The only restrictions 

are that the number of variables is the same as the number of 

equations and that the system is consistent die it has at least 

one solution). 

KUBICEK, HLAVACEK and PROCHASKA 0976) proposed the use of the. 
Newton-Raphson method in solving flowsheeting problems using a 
library automatically generating residual vectors (ie the 

equations representing each unit) and Jacobean matrices. 

VANEK, HLAVACEK and KUBICEK (19771 solved separation problems 

using the equation oriented approach and a non-linear block suc- 

cessive relaxation method while SALGOVIC, HLAVACEK and ILAVSKY 

11981) used parameter imbedding-techniques to solve the si'mu- 
lation of counter current separation processes. 

All these works implement the equation oriented approach. based on 

automatic generation of equations and derivatives which, while 
being very convenient for particular cases, is very restrictive 
for general problems. 
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A quasi-linear approach has been proposed by GORCZYNSKI and 
HUTCHISON (1978) in which the equations representing the flowsheet 

are written as 1, 

A(x) x= b(x) 1.16 

where the matrix A(x) and the vector b(x) are considered constants, 
solving 1.16 and then re-evaluating them. This technique has been 

tested by HILTON and STADTHERR (1981) in the SEQUEL equation oriented 

package. 

When the system of equations to be solved is large, it will generally 
be sparse. If we define an occurrence matrix for the system as a 

matrix having as many rows as equationsand columns as variables,, an 

entry being 1 if the corresponding variable appears, in the corresponding 

equation- 0-. otherwise. If the system is sparse then this occurrence 

matrix will have a low density of ones (say 0(n), where n is the number 

of equations). Sometimes, it will be possible to re-number the 

equations and variables such that it is possible to decompose the 

original system into smaller subsystems which can be solved sequentially. 

A detailed discussion of this was given by SARGENT (1977). 

Another important aspect of this approach is that we can add costing 

equations to the ones representing the units and then solve a more 

general optimization problem. 

maximize y(x) 

subject to f(x) =0 

and g(x) 0 1.17 

where f(x) will be our original system of equations representing the 

units and y(x)'will be the objective function plus a set of restrictions 

given by g(x). 
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1.3 MIXED APPROACHES 

This approach is a blending of the two approaches we mentioned before 

using the best of each of them. ROSEN (1962) proposed to use a 
combination of simple linear models and the equation oriented approach 
plus rigorous models given as procedures. His algorithm could be 
briefly put as (see MAHALEC, KLUZIK and EVANS (1979)): 

1 Assume properties for all streams (provides inputs for all 
process units). 

2 Compute outputs of every unit using rigorous models given as 

procedures. 

3 Develop linear models for each unit. 

4 Based on 3 form a linear system of equations representing the 

entire process and solve it (this provides new values for all 
process streams). 

5 Test for convergence and stop if achieved. 

6 Substitute the linear solution for the stream variable (obtained 

in 4). 

7 Go to 2. 

Rosen proposed to use diagonal matrices for the linear models neglecting 
then interaction between variables. This causes instabilities accord- 
ing to MAHALEC, KLUZIK and EVANS (1979). They proposed to use diagonal 

matrices for those units in which the interaction between variables is 

small or nil (mixers, dividers, heat exchangers, pumps, distillation 

units, etc) and full matrices for those with interaction (such as 
reactors). These matrices were obtained by finite difference 

approximations. 

The algorithm proposed in this latter case can be stated as: 

1 Assume initial values for process variables. 

2 Test for convergence and stop if achieved. 

3 Solve the linearized systems of equations 
Bex = -f 
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(where B is the linear approximation, f the function vector 
and ex the current step for the variables vector). 

4 If IIf(x + ex) 11 < IIf (x) 11 go to 7. 

5 Define fo = IIf(x)II, fl = IIf(x + Ax)II, f2 = 11 f(x + 0.5ex)11 
fit a quadratic function through fo, fl and f2 and find the 
coefficient a such that the quadratic has an extreme value 
(ie, zero gradient).. 

6 If IIf(x + aAx) li > iIf(x) Ii go to 8. 

7x=x+ aex, go to 2. 

8 Abandon current linearization B. Make one sequential pass through 
the flowsheet, obtain new values for process variables, find the 

new linearization B and go to 2. 

9 x=x+ex, go to 2. 

Thus this approach first uses the equation oriented approach with the 

simpler linear models and only switches to the procedures implementing 
the rigorous models when it is not making good progress. 

We should put also in this section the idea of METCALFE and PERKINS 
(1978) to iterate simultaneously on stream and design variables (ie, 

eliminating the nested iterations of the control loop in the sequential 
modular approach). This was tested with general problems by PERKINS 
(1979b)and MALATHRONAS (1979) using the simulation package CHESS 
(MOTARD and LEE (1971)) and Broyden's method. 

We should also mention here the idea of JOHNS (1970) of iterating 

simultaneously on recycle streams and internal iterations within units. 

JOHNS and SHEPPARD (1975) implemented this idea to solve distillation 

column iterations simultaneously with flowsheet evaluations. This was 
later extended by LEE (1980) who solved simultaneously the-set of torn 

streams, design equation and the'internal equations of the distillation 

unit. For this he used CHESS plus the sparse Quasi-Newton method 
proposed by SCHUBERT (1970). The same was done by WONG (1981) for 
heat exchanger units using also CHESS and Broyden's method. 
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The simulation package SPEED-UP (SARGENT, PERKINS and THOMAS (1982)), 
developed at Imperial College, is another example of a mixed approach. 
By allowing the use of procedures, as well as equations, to represent 
the units, it is possible to describe a problem as a sequence of 
procedures (by having a procedure for each unit) or as an equation 
oriented problem (having all units represented by equations). In 
addition we have all possible intermediate steps. 

This package makes possible the use of procedures written for sequen- 
tial modular packages, allowing users to interface them to SPEEDUP 

very easily (all that is needed is to describe the parameter list). 
This is a very important aspect of a package since most industrial 

software for flowsheeting is written for sequential modular packages. 

Whatever approach is chosen, the basic mathematical problem remains 
the same, ie solving a system of non-linear algebraic equations. 

In particular, the requirements in this sense of the simulation 
package SPEED-UP have motivated the work presented in this thesis. 

Our aim has been to obtain a code for solving the general problem. 

f(x) =0 1.18 

for a given function f: 1Rn TRn whose dependence. on data that has 
to be provided(initial guesses, scaling)is tainimized. There are intrinsic 

difficulties in Chemical Engineering problems which we would like to over- 

come such as singularities(due probably to poor initial data such as in a 
flash having a temperature below the bubble point)or scaling (having to deal 

with values differing by orders of magnitude between therm. 
We will use mathematical examples in order to find out which methods 
of the ones we will propose give good performance. The reason for 
doing this is the cost involved in trying to test thoroughly different 

methods using examples arising from flowsheeting problems. Once the 
best methods are identified, we will test them on flowsheeting 

problems. 

1.4 SOLVING SYSTEMS OF NONLINEAR ALGEBRAIC EQUATIONS 

Methods for solving 1.18 are usually iterative. They generate a 
sequence {xk}, xk 6 TRn, which if the method converges satisfies 
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kl}mom Xk = x* 1.19 

f(x*) =01.20 

If we use the notation F'(x) for the Jacobian matrix of f evaluated 

at x it was observed that if f is a linear function, the solution x* 

can be found as 

x* =x+ pN 1.21 

where 

pN = -F'(x)-lf(x) 1.22 

provided F'(x)-l is well defined. 

If f is not a linear function but xk is a point sufficiently near x*, 

we can expect that defining 

xk+l = xk + pk 1.23 

will provide a better approximation to x*, ie 

II Xk+1 - x* II < IN Xk - x* II 1.24 

The iteration process 1.23 is the Newton method and thus pk is called 
the Newton step. 

This method has been the basis for many successful methods developed 
in the past. The computation of F'(x) is often expensive or even 
impossible, therefore methods have been devised for avoiding it. 

Instead of F'(xk) an approximation Bk to it has been used, giving 
then instead of 1.23 

Pk = -Bk1 f(x) 1.25 

Xk+1 = Xk + Pk 1.26 
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A first method was devised by taking Bk as a finite difference approxi- 
mation to F'(xk). (Discrete Newton's method. ) 

BROWN (1966) proposed a method similar to the discrete Netwon's method 
but requiring less function evaluations and BRENT (1973) proposed a 
method with similar characteristics. 

BROYDEN (1965) proposed a method in'which Bk, while aiming to approximate 
F'(xk), is not obtained by finite differences. This method is a partic- 
ular case of a more general family which has received the name'Quasi- 
Newton methods. DENNIS and MORE (1977) have given a detailed study 

of this family. For the purpose of our discussion we will define three 
families of methods according to the sharing of similar characteristics. 

D-family: discrete Newton's method, Newton-Raphson method (Using 1.22 
instead of 1.25). 

B-family: Brown and Brent's methods. 

Q-family: Broyden's method, all Quasi-Newton methods. 

We will now analyse the three families according to the characteristics 
which are important to us. 

Convergence: This is related to 1.19 and with the "speed" of the method 
to reach x*. Convergence properties are normally local, ie applicable 
to some open set containing the solution x* (which means x0 must be in 
that open. set). The speed of convergence is often measured in terms 
of a sequence {ak) and a scalar ß such that 

1Ixk+l' - x*II - akllxk - x*11ß 

for a given norm. 

Three rates of convergence are often used: 

linear ak = a, 0<a<1, V. ß=1 

superlinear: 
k 

ak =0, a=l 

quadratic: ak = a, ' 'Vk, ß=2 
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Family D has quadratic convergence provided the finite difference steps 
are chosen carefully, (ORTEGA and RHEINBOLDT (1970)) as well as family 
B (MORE and COSNARD (1979)). Family Q satisfies superlinear convergence 
(DENNIS and MORE (1977)). Also 2n - step quadratic convergence, ie 

II xk+2n X* 11 < all xk - x* l12 

(see GAY (1979)) has been proved for Broyden's method. 

Function evaluations: All methods will require the evaluation of-1.18 
at a certain number of points. Some methods require the evaluation of 
each component of the vector"f separately and other the evaluation of 
all components simultaneously. This is of primary importance when 
solving flowsheeting problems in chemical engineering since the eval- 
uation of 1.18 involves normally a considerable amount of work. When 

physical properties are used, the time used for the function evaluation 
will overtake considerably the overhead time used for iteration for the 

method. Families D and Q require the evaluation of the whole vector f 

while family B requires the evaluation of each component separately. 
This difference is very important since there is normally a fixed 
basic time which is shared by all the components if evaluated simul- 
taneously (especially when physical properties are being used). 

In order to compare the methods we will use component function eval- 
uations. The requirements for each method per iteration are: 

Family Component function evaluations 

D n2+n 

6 (n2 + 3n)/2 " 

Qn 

The component function evaluations for family D are for the discrete 

Newton's method. 

If the Jacobian is provided analytically then only n component function 

evaluations are needed. 
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Storage: This is related to the amount of computer storage used 
for implementing the method, the unit is the memory needed for storing 
one real number. Families D and Q require n2 storage locations while 
on family B Brown's method can be implemented using only (n2/4) and 
Brent's method using n2 (see COSNARD (1975)).. This storage is 
basically for storing the Jacobian, all methods use in addition 0(n) 

storage locations for auxiliary--vectors. 

Operations count: This is related to the number of arithmetic 
operations performed per iteration needed for implementing the method 
and it is directly related to the computer time to be used by the 
method. 

The following is the operation count for each family. 

Family Number of arithmetic operations. 

D 0(n3) 

B 0(n3) 

Q 0(n2) 

Linear subsystem: This is an important aspect in chemical engineering. 
If part of the function 1.18 is composed of linear functions then all 
methods will satisfy them (see MORE and COSNARD (1979) for families 
D and B, PERKINS (1979a) for family Q). 

Since most mass balances will be represented by linear equations we 
can expect a significant part of 1.18 to be linear when solving flow- 
sheeting problems. The linear subsystems property guarantees that 
every iterate generated satisfies these equations. 

Scaling: An ideal code should be independent of the scaling used for 
the variables or the functions. We define a change of scale for the 
variables-. as 

f(x) = f(Dx1 x) 1.27 

for a nonsingular matrix Dx, and a change of scale for the function as 

f(x) = Df f(x) 1.28 
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And more generally, for both simultaneously 

f(x) = Df f(Dx x) 

We can define scale independence properly as 

DEFINITION 1: Scale invariant methods. 

1.29 

An iterative method for solving 1.5 will be scale 
invariant if for nonsingular matrices Dx and Df 
defining the change of scale 1.29, the sequence 
{xk} generated by the method satisfies 

A 

Xk = DX xk 1.30 

Methods in family D are scale invariant, family B is not scale invariant 
(see MORE and COSNARD (1977)) and neither is family Q(MALATHRONAS and 
PERKIliS(16980)). Having a scale invariant method is particularly important in 

Chemical Engineering since is not reasonable to ask a user to scale the ori- 

ginal problem in order to present it in a suitable scale for the code. It is 

very common in Chemical Engineering to find values in a simulation dlfferi. ny 

by several orders of magnitude(as in flowrates for instance). 

In addition to the theoretical aspects of the families we should also 
consider the numerical results available in the literature. 

Authors have generally stressed efficiency when presenting numerical 
results, ie how fast does a method converge. A very important aspect 
to us is robustness, ie the ability of a method to converge from 
initial points far from the solution and in bad numerical conditions 
(which are often closely related). Our previous discussion on 
convergence is related to a neighbourhood of the solution and thus is 

not applicable in the first stage when we are far from the solution. 
This means that more important than having a different rate of con- 
vergence (say between superlinear and quadratic) will be having a 
better radius of conyergence(or being more robust), 1e are interested fin ro- 
bustness since while it is important to obtain the solution qutckly it is 

even more important to obtain it at all(even if this is not a fast process). 
Tests for robustness are comparatively rare. 

Three recent studies on robustness are available. BUS (1975) tested 
various codes finding the best results for the discrete-Newton, BROWN 
(1966) and BROYDEN (1965) method. 
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PALOSCHI (1980) obtained good results also for BROYDEN (1965), 

BROWN (1966) and for the implementation of GRAGG and STEWART (1974) 

of the secant method. (While results were very good regarding 

robustness for this latter method, it was found to be poor in ef- 
ficiency and it requires 4n2 storage locations. ) 

A method specially devised for robustness was proposed by BROYDEII(1969) 

based on continuation methods. This was tested by PALOSCHI(1980) without 

obtaining satisfactory results. In appendix C', numerical results obtained 
for this method using the same set of examples as in the next chapters 

, are presented. These appear to confirm our earlier findings that the method 

., K is not very robust. 

, 
The most comprehensive test was done by HIEBERT (1980). Eight codes 

implementing four different methods were tested. Two sets of pro- 

blems were considered: a set of 57 "mathematical problems" and one 

consisting of 22 chemical equilibrium problems. Tests for the effect 

of scaling on the performance of the codes were designed for the 

mathematical problems. For testing the performance on badly scaled 

variables the original problems were modified to 

' f(x) = f(D-ý 

and for badly scaled functions 

. f(x) =D f(x) 

with D being a diagonal matrix whose elements were between 10-5 and 
105, 

The Hybrid method tested by Hiebert can be described very briefly as 
follows; 

Define the gradient step 

9k = 'BkT fix) 1.31 

This is the steepest descent direction and then a hybrid step ph is 

obtained from 

Pk = ak Pk + ßk 9k 1.32 

where Pk is the Quasi-Newton step 1.25. 

The parameters ak and ßk are chosen according to the "progress" 

which the code is making, ie if the code is making good progress 
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ie IIfk+l II < IIfkII)' then gk -* 0 and ak -" 1, ak #0 is only used 
when the code is not behaving very well. The idea is that the gradient 
step is more robust while the Quasi-Newton step is more efficient. 

Regarding the theoretical properties of this method, they are the 

same as family Q for convergence, function evaluations and operations 
count. The storage required for this method is . n2 for the imple- 

mentation tested by Hiebert (but it can be implemented using only 
n2 as in family Q, see CHEN and STADTHERR (1981)). If in 1.32 

ßk #0 then the method will not satisfy linear subsystems as the 
following shows: 

Consider the linear function 

f(xk) = Axk +b 

and take Bo =A (ie, the exact Jacobian). Assume ak = 0, ßk =1 
in 1.32 

pö = -AT fo 

and then 

xý =xo-ATf0 

f1 =f0-AATfo= (I - AAT) fo 

and then unless fo =0 or A-1 = AT, fl j0 (while if we take ak =1 
and ßk =0 then it is easy to see that fl = 0). 

This method is also dependent on the scaling being used and in the code 
tested by Hiebert an internal scaling is provided which results in a 

scale invariant code but this option causes the performance of the code 
to deteriorate instead of improving it (this was found by HIEBERT 
(1980) and confirmed by CHEN and STADTHERR (1981)). 

A summary of results is presented in Table 1.1. 
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Table 1.1: Summary of results obtained by Hiebert (1980) 

Percentage of problems solved 
Math problems Chemical Engineering 

Problems 
Well Poorly 

Method Implementation scaled scaled 
BRENT (1973) MINPACK (1980) 74 49 83 
BROWN (1966) IMSL (1979) 67 50 42 
BROYDEN (1965) SANDIA (1975) 42 29 42 
POWELL (1970) MINPACK (1980) 86 57 50 

The main conclusion from the Hiebert study is that while there are very 
robust codes for well scaled problems, the performance for all codes 
is badly affected by poor scaling. This result is of interest to us 

since a flowsheeting problem involves quantities which differ by 
orders of magnitude (as do for instance, molar fractions and 
flowrates). 

From the analysis of the three families we conclude that the most 
attractive for solving flowsheeting problems is family Q. It has 

good convergence rate, it is the least expensive in function 

evaluations and operations count (the difference with other families 
becoming dramatically different when n becomes large and/or f is 

expensive to evaluate)*, it requires reasonable storage and its only 
apparent disadvantages are the numerical results obtained by Hiebert 
for Broyden's method and its dependence on the scaling. 

We will show in chapter 2 that the first disadvantage is due to a 
poor implementation of the method. We will propose some implementation 
details which will improve considerably the performance of Broyden's 

method as well as a modification to Bennett's algorithm for obtaining 
LU factors which avoids numerically singular approximations Bk+l' 
Numerical results will be presented showing that our implementation of 
Broyden's method has better overall performance than the best method 
tested by Hiebert (ie the hybrid method). 
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Regarding the second disadvantage, the dependence on the scaling, we 
will propose in chapter 3a sub-family of family Q which is scale 
invariant. We will show that its convergence is superlinear and 
numerical examples will show that the methods we propose have 

equivalent behaviour to Broyden's method. 

The numerical results in chapter 3 will show that implementations of 
theoretically scale invariant algorithms are not scale invariant. This 
is due to the numerical conditioning of the problem. 

The numerical conditioning of family Q will be studied in chapter 4 

and ways of improving it will be proposed. In particular an internal 

scaling procedure will be proposed and numerical results will show 
how the performance of the methods is improved with it. 

Finally, in chapter 5, we will apply our best methods to flowsheeting 

problems using the simulation package SPEED-UP. The chemical 

engineering problems will show the behaviour of our code in coping 

with small but difficult to solve problems as well as large 

problems when physical properties are used (when the computer time 
becomes critical). 
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CHAPTER 2 

THE IMPLEMENTATION OF QUASI-NEWTON METHODS 

We will discuss in this chapter the development of an implementation 

of Quasi-Newton methods which, for Broyden's method , gives numerical 
results substantially better than those published so far. 

We will first introduce the family of rank-one Quasi-Newton methods 
and an algorithm implementing it. Implementation details for this 

algorithm will then be discussed. They consist of how to choose the 
initial approximation Bo to the Jacobian and the convenience of its 

re-initialisation, the choosing of an LU factorization, how to find a 
suitable policy for the step reduction factor and how it is possible to 

avoid a numerically singular approximation Bk by using a modification 
of Bennett's algorithm for the updating of LU factors. 

The chapter will end with the presentation, of numerical results 
obtained for Broyden's method using the implementation discussed here. 

2.1 RANK-ONE QUASI-NEWTON METHODS 

Different methods have been proposed in the past based on how Bk in 1.25 
is obtained. BROYDEN (1965) proposed a whole family of methods based 

on the following updating formula. 

B+ ak 
T 

k+l = kbk 2.1 

The two vectors ak and bk were chosen according to the following re- 
lation (secant relation) 

Bk+l Pk = f(xk+1) - f(xk) 2.2 

which arises from the fact that if f is a linear function then its 
Jacobian FI(xk+l) will satisfy 

F' (xk+1) Pk = f(xk+1) - f(xk) 2.3 
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Using the notation 

fk = f(xk) 2.4 

and by defining 

yk=fk+l fk 2.5 

we can see that in order to satisfy 2.2, ak and bk must be such that 

ak = yk - Bk Pk 2.6 

=1 bkPk 2.7 

It is then possible to characterize the family of rank-one Quasi-Newton 

methods with a sequence*{vk} of vectors in TR n using the update formula 

vT 
B k+ I= Bk + (yk - Bk PO 

VT T 
2.8 

vk Pk 

In particular_BROYDEN's(1965) method is a member of this family, in 

which vk = Pk . More methods have been proposed in the past choosing 
different vk. BARNES(1965) proposed to choose vk orthogonal to the previous 
steps pk. This assures that linear systems are solved in one iteration. 
This method was implemented and tested by GAY and SCHNABEL(1978) and 
by PALOSCHI(1980). 

It has been proposed originally by BROYDEN (1965) that instead of using 

1.26, the following equation should be used 

Xk+l - Xk + Ak Pk 2.9 

where the parameter Ak is chosen according to a particular policy. 
Broyden proposed to choose Ak such that 

IIfk+1II < IIfkll 2.10 
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We can formalize this family of methods with the following algorithm: 

ALGORITHM 1: Rank-one Quasi-Newton methods. 

1 Given xo, Bo, c 

2 Setk=o 

3 If llf(xk)11 <e then stop 

4 Choose a suitable value for Ak 

1 5 Pk = -ak Bk f(xk) 

6 xk+l =Xk+Pk 

7 yk = f(xk + l) - f(xk) 
T 

8 Bk+ 1= Bk + (yk - Bk PO 
VT 

k 

wk Pk 

(Vk is determined by the particular method) 

9 k=k+1 

10 Go to 3 

2.2 IMPLEMENTATION OF ALGORITHM 1 

2.2.1 The initial approximation to the jacobian 

Two approaches have been. proposed in the past for the selection of the 
initial approximation to the Jacobian, ie the matrix Bo in step 1 of 
algorithm 1. ROSEN (1966) proposed the use of Bo =I and BROYDEN (1965) 

suggested the use of a finite difference approximation to F'(xo) obtaining 
Bo as 

f(x +de. ) -f 
B°eý _°ä°2.11 

1 
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with 

6=0.01 max {Ieý x01, 10-6 } 

We have chosen to implement Broyden's suggestion. This alternative 
has the disadvantage of requiring n additional function evaluations 
but is has been found to perform better than Bo =I in the past by 
METCALFE and PERKINS (1978) for flowsheeting problems and by PALOSCIII 
(1979) for general non-linear equations. BOGLE (1979) found the use 
of Bo =I to perform better, for some flowsheeting problems, regarding 
efficiency but 2.11 was found better for robustness. An important 
property of Bo obtained using 2.11 is that it will satisfy 

Bo- = DfBODX1 2.12 

for a change of scale of the form 1.29 provided xo is such that all its 
components are not zero. This property is required to ensure scale 
invariance as will be discussed in the next chapter. Another important 

property obtained using 2.11 is that if the problem 1.18 involves any 
linear subsets then all linear equations belonging to that subset will 
be satisfied by the sequence xk for k) O(PERKINS(1979a)). While it is 

not necessary to have approximations Bk being close to F'(xk) to ob - 
tain convergence in practice (DENNIS and MORE(1977)), theoretically su 
perlinear convergence is guaranteed only if Bo is sufficiently close 
to F'(x*), where x* is the solution to 1.18. This suggests that if the 

algorithm is not making any improvement (ie, the norm of the function 

is not being reduced) the behaviour could be improved by having Bk clo- 
ser to F'(x*). For this a re-initialisation of Bk by finite differen- 

ces could be made using some xk being closer to x* than was xo. This has 
been used in the past by CHEN and STADTHERR(1981) using the following 

procedure. 

Calculate a new jacobian if both of the following conditions hold: 
(a) The norm of the function has been reduced by a factor of 2 

since last jacobian evaluation 

(b) 
llfk 

+ 1112 llfk 
- 411 

Ilfk-4II 11fk-911 
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We found the re-initialisation very useful but using instead the 
following procedure: 

Calculate a new jacobian using the best point xk available (ie, the 

one with minimum norm for fk), if both the following conditions 
hold: 
(a) After 10 +n consecutive iterations, the norm of the function 

has not been reduced at least by a factor of 0.9 

(b) Since the last re-initialisation, the norm of the function has, 

at least once, been reduced by a factor of 0.9. 

This re-initialisation is particularly suitable when solving flow- 

sheeting problems because if the function i's sufficiently sparse it 

is possible in 2.11 to perturb more than one variable simultaneously 

and thus reducing considerably the number of function evaluations 

needed to obtain Bo (see CURTIS, POWELL and REED (1974)). 

2.2.2 Evaluation of the step pk 

Step 5 of algorithm 1 involves the solution of a linear system for 
finding the step Pk as 

Bkpk = -ak f(xk) 2.13 

For this we have three alternatives: 
(a) invert Bk 
(b) have available Bkl 
(c) have available a factorisation of Bk. 

The first alternative is not practi'cal. BROYDEN (1965) suggested the 

use of alternative b. For this the use of the SHERMAN -MORRISON 
(1949) formula was proposed for obtaining instead of 2.8 

H=H 
(pk Hkyk) ykHk 

k+l k 
NTH 

2.14 
k kyk 

where 
Hk = Bk1 2.15 
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There are numerical problems related to the use of 2.14 ie, having 

small denominators or obtaining numerically singular approximations 
Hk+l. In addition, preliminary tests for this approach did not show promi- 
sing results, and therefore it was abandoned, It is possible to have alter- 
native (c) using operations of the same order As alternative (b). GILL and 
11URRAY(1972) describe a method for having a factorisation 

Bk = QkRk 2.16 

where Qk is orthogonal and Rk is upper triangular. This approach has 
been used by MORE; GARBOW and HILLSTROM (1980). While this is a very 
safe procedure numerically it has the disadvantage of using 

.- 
n2 storage 

locations(opposed to n2 necessary for alternative (b)). 

It is possible instead to use an LU factorisation 

Bk = LkUk 2.17 

by using the updating algorithm due to BENNETT(1965). This requires 
0(n2) operations(same as alternative (b)) and also n2 storage lo- 

cations. It has been used by CHEN and STADTHERR (1981). 

We have selected alternative (c) for our implementation. 

In section 2.3 we will present a modification to Bennett's algorithm 

which will allow us to avoid numerically singular approximationsBk +1* 

2.2.3 Choosing a suitable Ak 

Step 4 of algorithm 1 has been proposed in the past for improving the 

performance of the methods. 

It has been shown that provided {Ak} converges to 1 then the super- 
linear convergence properties of the method remain unmodified (see 
DENNIS and MORE (1974)). 

BROYDEN (1965) proposed to choose ak such that 

Ilfk 
+ 11l ' IIfkll 2.18 

.{ ,3ý q" i 
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METCALFE and PERKINS (1978), when implementing Broyden's method using 
2.14, found that if 

Ilfk 
+ 111 " (IfkII 

then the approximation Hk +l becomes numerically singular. They 

then suggested the use of ak to ensure that 

Ilfk 
+ 111 s lOIIfkII 2.19 

Numerical results have shown that 2.19 is better than 2.18 (see BOGLE 
(1979)), MORE and COSNARD (1979) suggested using 
ak in order to keep a control on IIpkII. They proposed-to define 

d0 = max (10,10 (1x011) 
2.20 

6 k+1 = max (dk, 10 IIxkII ), k>1 

and then to use ak to ensure that 

II Pk ll ak 2.21 

Numerical results for various methods confirmed the value of this 

rule (PALOSCHI (1980)). We have used for our implementation modified 

versions of 2.19 and 2.21. 

Define 

xk = (ilk' C2k' ..., Enk) 

T 
Pk = C"l kI "W "nk 

50 if Cik =0 
öik = 2.22 

50 ICikI if pik 0 

for'= 1,2, ..., n and kz0. 

Our selection of Ak is made to assure simultaneously 

'. 
Inik1 s dik, i=1,2, ..., n. 12.23 
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Ilfk 
+1 

11 s 100IIf0II 2.24 

The-reason for using 2.23 instead of 2.21 is that this choice is 

scale invariant for changes of the form l. 29(w6nn VjK f o). 

Attempts were made to obtain, instead of 2.24, a control being scale 
invariant but none was found to work as well as 2.24. We should note 
that 2.24 will make the code fail if xo is inside a region containing 
a non-zero local minimum of Ilfil. 

2.2.4 Bounds on the variables 

A facility has been provided in our code for allowing the variables to 

be bounded. 

The iterates generated by the code satisfy-the following relation. 

ai s Ei s Bi, i=1,2, ..., n 

To ensure this, Ak in 2.9 is. used if possible. 
ak is because we want. to keep the direction of 
In doing this we ensure that if xk satisfies a 

since xk +-l 
(taken with the full Quasi-Newton 

the linear, subsystem, any xk +1 taken with ak 
the linear subsystem. 

The-reason for using 
the Quasi-Newton step. 
linear subsystem then, 

step) also will satisfy 
ýl will also satisfy 

If the point xk is already on the bound and xk +1 
is predicted out- 

side, no, reduction of the step is possible and then we have no choice 
but to abandon the, Quasi-Newton direction. In this case we project 
the step onto the boundary (see figs 2.1 and 2.2). 

Xk+l 

Xk xk+l 

fig 2.1: Using Ak to keep the fig 2.2: Projecting the step 
Q-N direction on the bound 
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2.3 AVOIDING NUMERICALLY SINGULAR APPROXIMATIONS-TO-THE JACOBIAN 

We are interested in the LU factorization of Bi, that is, having 

Bi =Liui 2.25 

where Li is a lower triangular matrix while Ui is a unitary upper 
triangular matrix. --Two matrices Li 

+1 and Ui 
+1 are obtained such. 

that 

Bi 
+1 =Li+1 ui +1 

2.26 

An algorithm for obtaining Li 
+1 and U. 

+1 
from 2.8 has been presented 

by BENNETT (1965). 

It may happen that Bi + 1, as obtained using 2.8 is singular or its 
LU factorization has very small elements in the diagonal of the matrix 
L. In both cases the solution of 2.13 will be very difficult numeri- 
cally or even impossible. 

We propose here a modification of Bennett's algorithm which produces 
an updated factorization of the Jacobian approximation which satisfies 
the secant relation and is non-singular. In cases where the update 
2.8 and the Bennett algorithm produce a non-singular matrix, our 
algorithm gives the same matrix. If 2.8 or the original Bennett 

algorithm gives a singular matri'x,, our algorithm gives a matrix which 
is in some sense close to that matrix, but which is non-singular. 

In section 2.3.2 we describe very briefly Bennett's algorithm. The 

modification is proposed in section 2.3.3 with its theoretical justi- 
fication. The implementation details are given in section 2.3.4 where 
we show how to choose between the different alternatives. An example 
of use of the modification is presented in section 2.3.5. 

2.3.1 Bennett's algorithm 

Suppose we have an LU factorization of a matrix A 

A= LU 2.27 

and a matrix B is obtained using the updating formula 
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B=A+abT 

where a and b are two given vectors. 

2.28 

If we are going to obtain the LU factors of B using a standard 
technique, without using the fact that'B is obtained using 2.8, we 
need 0(n3) operations. BENNETT (1965) proposed an algorithm to 

obtain the LU factors of B satisfying 2.8 using just 0(n2) operations. 

We will very briefly describe the algorithm. 

Define Li as the unit matrix with the ith column replaced by the ith 

column of the matrix L and U. in the same way, using U Instead of L 

and interchanging the role of rows and columns. 

These matrices will satisfy 

n 
L= ,rL. 2.29 

i=1 

1 
U= ,r Uý 2.30 

i=n 

Define Al = A, B1 = B, a1 = a, b1 =b and for each k, 1<k<n, define 
Ak 

+1 such that 

k Ik 
A= ,rL 

i=1 0 

01 

Ak+l i=k 
2.31 

Ak 
+1 is of order (n - k). 

Then, at each stage k of the algorithm we will have obtained Bk such 
that 

Bk = Ak + akbk 2.32 

and then Lk*, Uk*, ak +1 and bk 
+1 will be obtained such that 



36 

k Ik 01 
B= ,r Li* ,r Ui* 2.33 

i=1 0 Bk+ 1 i=k 

and 
T Bk+1 = Ak+l + ak+1 bk+1 2.34 

Bk +1 is of order (n - k). 

When stage n- 1 is finished, it is very easy to obtain Ln* and 
Un* = I. The factorization of B will then be 

n1 
B= it Li* 7F Ui* 2.35 

i=1 i=n 

2.3.2 Proposed modification 

In the special case of Quasi-Newton methods, the vector b in 2.28 is 

varied to give different methods. In fact, varying vk in 2.8, we can 
obtain a family of rank-one updates for Quasi-Newton methods. In 

general, all Quasi-Newton methods satisfy the following secant 
relation 

Bp=y 

where p and y are two given vectors. 

2.36 

Suppose we have obtained B for a particular method and it is singular. 
Since B will later be used to solve a linear system, this particular 
method will clearly fail in this case. When this problem arises, we 
propose to modify B to B' such that 

B'P =y2.37 

We will require B' to be non-singular and also not too different from 
B. 

To achieve this, we propose a modification to Bennett's algorithm, to 
be added at stage k, the stage when singularity is detected. 
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The next theorem will show the only case when our proposed modi- 
fication will not be applicable. 

Theorem 2.1: If p and y, are such that 

pk 
p=2.38 

0 

0 
y=2.39 

yk 

with Pk being of order k and yk of order n- k and pj0, y#0. 

Then it is not possible to find L and U, L non-singular, such that 

LUp=y 

Proof: assume there exist L non-singular and U satisfying 2.40. 

Define the following pa 

L11 

L= 
X21 

U11 

U 

0 

rtitions 

0 

L22 

X12 

U22 

2.40 

where Lil, U11 are of order k, L22 and U22 of order n-k, C21 is 
(n- k) xk and C12 is kx (n - k). 

From 2.40 it follows 

L 11Ullpk =0 

C21U11Pk "k 
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Since L11 is non-singular then UIlpk =0 and then yk =0 which contra- 
dicts our hypothesis yj0. 

The following theorem shows that it is possible to modify the algorithm 
to achieve what we want and also how to. 

Theorem 2.2: If at stage k of Bennett's algorithm we have 

k-1 
7r Li* is non-singular for k>1 

i=1 

2.38 and 2.39 are not true simultaneously and 

Jeý Bk e11 =02.41 

Jeý Ak elf >e2.42 

Then there exist L'1*, i=1,2, ..., k- 1 for k-> 1 and B'k such that if 

k-1 Ik101 
IT L' i* ,r Ui* if k>12.43 

i=1 0 B'k i=k-1 

or 

B' = B'1 if k=12.44 

then 

B'p =Y 

and 

k-1 
ii L'i* is non-singular for k>1 

i=l 

2.45 

and 

ýeý B'k e11 =e2.46 

Proof: Case (a). Assume first 2.38 is not true. We will show that 
it is possible to find bk such that 
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eý (Ak + akbj) e1 =s2.47 

and 

bkTPk2 = bk pk2 2.48 

where pk2 is of order n-k+l and such that 

pk1 
p= ifk>1 

pk2 

p=pk2 if k=1 . 1.49. 

If we use the following notation 

ak 
ak = 

ak 

ßk 
bk = 

bk 

2.46 is satisfied if we take 

g'k = (c- eý Ak el)/ak 2.50 

and ak #0 because of 2.41,2.42 and 2.32. 

Since 2.38 is not true, it is possible to find a bk so that, with 
6'k from 2.50, a b'k satisfying 2.48 can be found. 

If we now take 6'k = Ak + akb( and Lt* = Li*, i=1,2, ..., k-1 (if k> 1) 

it is clear that 2.46 is satisfied. 

It remains to show that 2.45 is satisfied and for this define the 
following partitions if k>1 
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k-1 Lkl 0 
,r Li* = 2.51 

i=1 Ckl In-k-1 

1 Okl Okl 
7r O1* = 2.52 

i=k-1 0 In-k+l 

ykl 
y = 2.53 

yk2 

where ykl, Lkl, Ukl are of order k-1 and Ckl is (n-k+l) x (k-1), 
0kl is of order (k-1) x (n-k+l). Since Bp =y it follows 

Lkl (Ukl pkl +D kl pk2) = ykl 2.54 

Ckl (Ukl pkl + Dkl pk2) + Bk pk2 = yk2 2.55 

Since 2.48 is true and 

j 2.56 Bk = Ak + akbk 

it follows 

B pk2 r Bk pk2 

And then 2.45 is satisfied. 

The case. k=1 is straightforward. 

Case (b). Assume now that 2.38 is true. Take 3ý as defined by 
2.50 and bk = bk. We will show that ykl J0 for k>1. 

Assume ykl = 0, from 2.54 it'follows 

(U kl Pkl +D kl Pk2) =02.57 

because Lkl is non-singular and then from, 2.55 it follows 

Bk Pk2 = Yk2 2.58. - 
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and since 2.38 is true, using 2.41 we can obtain 

eý yk2 =02.59 

but this implies with ykl =0 that 2.39 is true and this is a 
contradiction. 

It then follows 

(U kl pk1 + Ok1pk2) '02.60 

and then it is possible to find Ck, such that 

Ck1(Uk1 pk1 + Dkl pk23 + Bk pk2 = yk2 2.61 

giving then that 2.45 is satisfied and also 2.46. 

The same reasoning is valid for k=1. 

2.3.3 Implementation 

We see from the last section that it is possible to update LU factors 

achieving two of our objectives, viz, to avoid singular Jacobi'an 

approximations while satisfying the secant relation. The necessary 
relations which the updating algorithm must satisfy are given in 

Theorem 2.2. In particular, they are equations (2.48) and (2.50) in 

Case (a) and equations (2.50), (. 2.56) and (2.61) in Case (b). A 

study of these conditions reveals that they define a whole family of 
algorithms. In this section, we make suggestions of reasonable 
choices from the family. These choices minimize in some sense the 

correction required to the original Quasi-Newton update to remove 
singularity. 

Using partitions defined by 2.51 and 2.52 it follows 

L kl 

Ckl 

Ik-1 

In-k+l 0 

0 Ukl 

Bk 0 

Dk1 

1 2.62 
'n-k+1 
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or 

L kltJkl Lkl Dkl 
B=2.63 

CklUkl Ckl Dkl + Bk 

If we use Case (a) of theorem 2.2 then 

LklU kl L HD kl 
B' = 2.64 

. 
CklU kl Ckl D kl + Bk 

and if Case (b) is used then 

L klU kl L kl Dkl 
B' = 2.65 

CklUkl Ckl D kl + Bk 

Assume that B' is defined by 2.64, it follows using 2.63 

IIB' - BII = IIBk - BI) 2.66 

and from 2.32 and 2.56 

(IBS - Bit = Ilakil Ilbk - bkII 2.67 

The first component of the vector bk is uniquely defined by 2.50 but 
there is some freedom for the choice of Rk (the remaining components). 

We will make use of the following Lemma due to DENNIS and SCHNABEL 
(1978). 

Lemma 2.1: Let ae1R, vcTR", vj&O. Then the unique solution to 

min 
xc1Rn 

lixil subject to vTx =a 

is 

X= ay 2.68 
vTv 



43 

Since bk has to satisfy 2.48 in addition to 2.50 it follows that by 

applying Lemma 2.1 with x= bk - bk, v= Pk2 and a= (ßk ßk)e1 pk2 

we can obtain B' such that JIB' - BIJ is a minimum. Thus, the following 

equation defines bk. 

T 

b+ 
(ßk - ßk)(el Pk2'k2 2.69 

kT- 
Pk2 Pkt 

Assume now that B' is given by 2.65. In this case k>1 and 

JIB' - BII2 = 11 (Ck1 - Ckl)Uk1II2 + 11 (Ckl - Ckl)Dkl + (Bk - Bk)112 2.70 

where Ckl must satisfy 2.61 and Bk is defined by 2.56 with Rk = bk and 

ßk given by 2.50. We can see that Bk is uniquely defined but there 

are some degrees of freedom in choosing Ckl satisfying 2.51. 

If we define 
X=C, kl - Ckl 2.71 

using C, u, a and ß for referring to the elements of X, U, D and B and 
dropping the subscripts we can see that 

n-k+l 

i=1 

n-k+1 
IIXD + (B' -B)II2 =E i=1 

k-1 
E 

j=1 

n-k+l 
E 

j=1 

k-1 2 
E ciR uRj 2.72 

t=1 

k-1 2 

. 
t=i 'a2j. + ßßi j- ßi j) 2.73 

Since Ckl satisfies 2.55, and Ckl must satisfy 2.61 it follows that 

Ckl must satisfy 

(ßk1 Ckl)(Ukl pk1 + Dkl 'k2) + (Bk - Bk)Pk2 =02.74 

Dropping the subscript k and defining 

s=U klpkl +D klpk2 2.75 

, 
2.74 becomes 
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Xs= (Bk - Bk)pk2 2.76 

In order to minimize 2.70 subject to 2.76 we define the Lagrangian 

n-k+1 
g(X) = IIB' - 8112 +E xiei(Xs - (Bk - Bk)Pk2) 2.77 

i=1 

where we have introduced Lagrange multipliers xi for the constraints 
2.76. 

We will now obtain the partial derivatives of 2.77. 

a II x1 II 2= kEl 
2 

[k_i 

r& ti us j 2.78 E rs i=l R=1 

n-k+l k-1 
IIXD + (B' - B)1I2 =E2 art stj + (g'rj - ßrj) dsj 2.79 

a rs j=1=1 

k-1 k-1 n-k+l 
aý 

IIB' - Bitt =2er1 uLjusj += 6tj6sj 
rs L=1 j=1 j=1 

n-k+l 
+E2 (ßrj - grj)dsj 2.80 

j=1 

If we define 

n-k+1 
h(X) =E ai ei(Xs - (Bk - Bk)pk2) 2.81 

i=1 

and by naming the elements of pk2 as wit iaja n-k+l 

n-k+l k-1 n-k+l 
h(X) =E X" E z"i rj +E (ß: j - ßij), Ij 2.82 

i=1 j=1 j=1 

where ri are the elements of the vector s. 

It follows 

a h(X) =xr2.83 a&rs rs 
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a 
k-1 

, n-k+l 
as 

h(X) =E Erjrj +E (Brj - Brj)"j 2.84 
r j=1 j=1 

and then 

k-1 k-1 n-k+l 
DErs "R 12r, j=lutjusj 

+ 
jE1 

Stjdsj 

n-k+l 
+E 20' - 

j=1 
grj)ssj + arrs 2.85 

ý k-1 n-k+l 39M E r. +. - aar j=1 rj J j=1 
ßrJ Brj ), rj 2.86 

In order to minimize 2.70 we should solve 2.85 and 2.86 equated to 

zero for all possible frs and ar. This requires solving n-k+l linear 

systems of order k-1 and is not practical. In order to simplify the 

problem, we restrict Ckl such that it only differs from Ckl in the 

p-column. In this case Ckl becomes uniquely defined from 2.61. 

tip = (ßi1 ßi1) rl i=1,2, ..., n-k+l 2.87 
P 

We still have some freedom in the choice of p such that rp #0 and we 
will use it for minimizing 2.70. 

With our choice of C11 2.70 becomes 

n-k+l k-1 n-k+1 
ýýBý - 8ýý2 = 

iEl jEl 
gp11 pj +. 

jrl 
clip"Pj + ali - ßijý2 2.88 

since gýj = gij if j>1 and by defining 

k-1 
u=E2 p 

2.89 
j=1 

n-k+1 
ap =E apj 2.90 

j=2 
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2 n-k+1 2 IIB' - B!! = 
iEl 

Eipup +' (hip'lpl + III ßi1)2 + E2p6p 2.91 

and 2.87 gives 

1ýü 
, rla 12 2 ,r+ 
rý -12+ 

,r 
ap 2.92 JIB' - B11 2= n-Ek+1 

(a 1-0.1 ) 
i=1 rp rp 

and then the problem is reduced to finding 

2 

min 
"1 

(u +d+ 62) - 
2ýl p+1; r#0,1 sp<k2.93 PP P1 rP p 

P 

The use of equation 2.69 in obtaining 5 is not safe numerically 
because (ßk - Bk) may be very small. We propose to use instead 

b' =b+ 
(ßii - E) (e7 lPk2)Pk2 

k 2.94 k -T - "kPk2Pk2 

which can also be obtained from 2.32 and 2.50. 

The same is valid also for equation 2.87 and we will use instead 

&'p _ 
(ßiä - e) Cei T ak) 

"1 
2.95 

kp 

2.3.4 Example of use 

We will show with one example how our proposed modification improves 
the performance of, Quasi-Newton methods. Consider Broyden's (1965) 

good method (vi = pi in 2.8). 

We will, take the function 

f(x) =x2.96 
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As the initial point we take 

xo = [iJ 2.97 

and as the initial approximation to the Jacobi'an 

-1 0 
Bo = 2.98 

01 

B0 is easily factorized as 

-1 010 
Bo = LAVA = 2.99 

0101 

Using Broyden's method we will obtain 

1 

Po = -Bol fo = 2.100 

-1 

and then 

2 

xi = xo + Po = 2.101 

0 

From 2.8 it follows 

T0 -1- 
B1 = Bo + 

fTpo 
= 2.102 

Popo 
-01 

And then B1 is singular and Broyden's method will have to be aborted 
since we will not be able to solve 2.96 for i; = 1. 

If instead of the original Bennett's algorithm, which will give us Bl 

as in 2.68, we apply our modi. fi'cation (Case a) of Lemma 2.2 for any, 

c>0, we will obtain 
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e e-1 

01 

and then 

2.103 

x2 
l2 

0} 

1 e-1 

= B2 
01 

0 

x3 = 
0 

and then x3 is the solution, obtained with any e>0. 

2.4 NUMERICAL RESULTS 

We will present in this section numerical results, obtained with the 
implementation discussed in this chapter of Broyden's method Cie, 
vk = Pk in 2.8). We will use the same set of examples as the report 
by HIEBERT (1980). There are basically two sets of examples: a 
"general set" of mathematical examples and a "chemical equilibrium" 
set; they are described in Appendix A. 

As was done by HIEBERT (1980), we will use a diagonal matrix Smn' for 
testing the behaviour of the code under different scaling conditions. 

The diagonal elements of the matrix Smn are defined by 

log10 ami = (m((2i -n- fl/Cn - 11)) 2.104 

for-i = 19 2, ..., n. 

For creating a, set with variables badly scaled we use 
AA 

f fix) = f(S5nx) 2.105 
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and for functions badly scaled 

f (x) = S5n f (x) 2.106 

We will compare our implementation of Broyden's method against Powell's 

method (MINPACK (1980) implementation) which was the one with best 

results in the report by Kiebert. 

In Table 2.1 we present results for the general set and in table 2.2 

those for the chemical equilibrium set. 

The chemical equilibrium problems are already badly scaled and thus 

no additional scaling is used for it. 

In the tables we present the number of problems for which each. code 
failed. The general set has 54 problems while the chemical equiltbri'um 
set has 22. 

Table 2.1: Number of failures for the general set (54 problems) 
Broyden Hybrid 

Original scale 
Variable badly scaled 
Function badly scaled 
TOTAL 

12 5 

13 21 
15 22 
40 48 

Table 2.2: Number of failures for the chemical equilibrium set 
(12 problems] 

Original scale 

Broyden Hybrid 
39 

We present in table 2.3 a comparison for the implementation with and 
without the reinitialisation mentioned in 2.2.1. 

Finally, table 2.4 shows a summary of results in percentage of success 
for the Broyden code tested by Hiebert, the hybrid code and our 
implementation. 
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Table 2.3: Number of failures for the general set showing the effect 
of reinitiali'sation (54 problems) 

With Reinitialisation Without 
Original scale 12 21 
Variable badly scaled 13 23 
Function badly scaled 15 26 
TOTAL 40 70 

Table 2.4: Percentages of success for both. sets 
General Set Chemical Equilibrium 

Hybrid c ode 70 25 
Broyden (tested by Hiebert) 33 42 
Broyden (our implementation) 75 86 

2.5 CONCLUSION 

The numerical behaviour of a method i extremely dependent on its 
implementation. 

Our implementation'of Broyden's'method prov ides'a code which gives 
numerical results competitive with those published so far. 

The implementation of Broyden's method can be greatly improved by 

using a reinitialisation procedure. This is particularly useful when 
solving flowsheeting problems since the cost of evaluating the 
initial Jacobian can be reduced considerably by making use of the 

sparsity of the'problem. 
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CHAPTER 3 

SCALING AND QUASI-NEWTON METHODS 

We will discuss in this chapter the relation of scaling and Quasi- 

Newton methods. 

First, we will establish sufficient conditions for having scale 
invariant methods,. then we will propose Quasi-Newton methods belong- 

ing to the rank-one update family which are scale invariant. We will 

show that three of the new methods are also least-change secant up- 
dates as defined by DENNIS and SCHNABEL (1978). It will also be shown 
that three of the proposed methods have similar local convergence 

properties to Broyden's method (ie, superlinear). 

Finally, the new methods will be compared with Broyden's method (our 

implementation mentioned in chapter 2) and the hybrid method tested 
by Hiebert. 

The same set of problems as in chapter 2 will. be used plus another 

set specially selected to investigate the change in behaviour of the 

methods as the scale of the variables is made worse. 

3.1 THE CONDITIONS FOR SCALE INVARIANCE 

We have already defined the property of scale invariance in chapter I. 

One important property of Newton's method (the basic method from which 
most others have been derived) is its scale Invariance for changes of 
scale of the form 1.29. 

The basic property of Newton's method which provides scale invariance 

is the following relation satisfied by the Jacobian 

F'(xk) = Df F'(xk)DX1 3.1 

K 

because since xo = Dx xo from 1.22 it follows that 

pN = DX pN 3.2 
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and from 1.23 

xk+1 =D x xk+1 3.3 

As we mentioned before, Newton's method is implemented normally (when 
derivatives are not available analytically) using an approximation 
Bk to F'(xk) obtained using 2.11 and we can characterize a family of 
methods, from which Newton's method will be a member using the 
following relation for Bk 

Bk = Qk Pk 3.4 

where Qk and Pk are obtained from n points xki and n steps pki and 
the corresponding function changes 

qki = f(xki + pki) - f(xki)' i=1,2, ..., n 3.5 

as 

Pk = (Pkt' Pkt' ..., Pkn) 3.6 

Rk = (qkl' qk2' ... qkn) 

For Newton's method (the discrete version) xki = xk for all i and 
pki = aei (x being the length of the perturbation). 

It can be easily verified that any method which corresponds to 3.4 

will satisfy 

Bk = Df Bk DX1 3.7 

and this will give us a sufficient condition for scale invariance as 
the following Lemma shows. 

Lemma 3.1: Any method for solving 1.18 which is defined by the 
following iterative procedure, given x0 and Bo, 

Pk = -Bk1 fk 3.8 

Xk+1 = Xk + Pk 3.9 



53 

with Bk+l obtained in such a way that for a given change 
of scale of the form 1.29 it satisfies 3.7, will be scale 
invariant. 

Proof: from 3.8 

Pk = -gk fk - -(°X BD) Df fk 

_D k 

and then from 3.9 

xk+l = Dx xk+1 

And then the methods defined by 3.4 are scale invariant. They have 
been called secant methods. 

i 
We have mentioned already the inconvenience of Newton's method regard- 
ing its requirements for function evaluations. Methods of the form 

3.4 have been proposed but comparisons are not available. PALOSCHI 

(1980) tested an implementation of a method of this form due to GRAGG 

and STEWART (1974) which gave good results regarding robustness but its 

storage requirement makes it unsuitable for solving large problems. 
(Its efficiency was also poor. ) The method of successive substitutions 
for solving problems of the form 1.11 (fixed point problems) is also 

scale invariant (in this case Dx = Df, see MALATHRONAS (1979)). 

The BROWN (1966) and BRENT (1973) methods are not scale invariant 
(except in, the trivial case Dx = aI, see MORE and COSNARD (1979)). 

The two Quasi-Newton methods proposed by BROYDEN (1965) are also not 

scale invariant. - The one considered "good" requires DX to be 

orthogonal (ie, DX = D-1, this includes all possible permutations of 
the variables; see MALATHRONAS and PERKINS (1980)), while Df should be 

orthogonal in the case of the "bad" method. 

We will devise in the next section Quasi-Newton methods which are 

scale invariant if Dx is a diagonal matrix. 
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3.2 SCALE' INVARIANT'QUASI=NEWTON'METHODS 

We have already defined in chapter 2 the family of rank-one Quasi- 
Newton methods. This family, in general, will not be scale invariant 

as the following analysis shows. 

Consider the update formula 2.8 which characterizes this family. If 

we do a change of scale of the form 1.29 then the new update on the 

new scale will be 

AT 
AAAAA k Bk+l = Bk + (Yk - Bkpk)ATA 

Vkpk 

k 
= Bk +D f(yk - Bkpk)ATy 

vkDXpk 

and since according to lemma 3.1, Bk must satisfy 3.7 for all k, 
it follows 

vT 
Bk+1 = DfBkoxl + Df(Yk - Bkpk)VTDk 

kxpk 

^T 

= Df Bk + (yk - Bkpk)ýTkDX DX1 3.10 
vkDXpk 

We can then see that unless vk is a chosen properly, 3.7 will not be 

satisfied by Bk+l' 

The following lemma will state sufficient conditions for rank-one 
Quasi-Newton methods tobe scale invariant. 

Lemma 3.2: A rank-one Quasi-Newton method defined with the update 
formula 2.8 will be scale invariant under changesof scale 
of the form 1.29 if the sequence of vectors{vk}, which 
characterises the method, is such that 

vk = o; 1 
Vk 3.11 
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provided that Bo is such that 

Bý = DfBoDxl 3.12 

and Dx is a diagonal matrix. 

Proof: Using 3.10 it follows that if Bk satisfies 3.7 then from 3'. 11, 

Bk+l satisfies 3.7. Using 3.12 it follows by induction that 3.7 is 

satisfied for all k, and lemma 3.1 then applies. 

We will now show the existence of methods satisfying lemma 3.2. 

The following notation will be used. 

Xk = (ßk1' ßk2" ..., ýkn) 

Pk = ("kl' 'rk2' "'' 'rkn) 

vk = (Vil' "k2' ..., vkn) 

Definition: Define the p seudoinverse' a+ of a real number a as 

0 ifa0 

a= 
1/a ifa 0 

Given the sequence'{xk} define the sequences'{vk}, '{vk}, '{vk} and 
{Vk} such that for each i, isisn 

1+ 
ski = k+l i 3.13 

2+23.14 
"ki rki(kiý 

ski = "ki("oi)2 3.15 

"ki = nki((ki poi)+)2 3.16 
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Lemma 3.3: Each one of the sequences * {vk}, ' {vk}, {vk} and ' {vk} 
satisfies 3.11. 

Proof: If we denote by si the i-th element in the diagonal of the 
matrix Dx we can see that 

A 
ski = siýki 

ski = i"ki 
AT+ 

Cki = Ckiýai 

poi = 11oiýai 

ýýki ýoi)+ "0 (ski - poi)+ýai 

and 3.11 follows. 

DENNIS and SCHNABEL (1978) proposed the theory for least change secant 
updates for Quasi-Newton methods. We will show now how it is possible 
to relate some of the scale invariant methods we are proposing to this 
theory. 

The Frobenius norm for matrices is defined as 

IIAIIF =EE (ei A ej)2 3.17 
i=1 j=1 

for a matrix A6 L(1Rn). 

Quasi-Newton methods are basically characterized by the updating 
formula for obtaining the approximation Bk+l and, as we have mentioned 
in chapter 2, the basic relation which rules how to obtain Bk+l is the 

secant relation 2.2. 

We can define a set of matrices, for two given vectors y and s, as 

Q(y, s) =' {M 6 L(1Rn) : Ms = y} 3.18 
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In particular, if s= Pk and y= yk, Q(y, s) will be the set of 
matrices satisfying the secant relation, ie Bk+l must be taken 
from Q(yk, Pd. Dennis and Schnabel have shown that the Broyden 

update (ie, vk = Pk in 2.8) is the solution to the problem 

BE Q(Ymin k' Pk) 
IIB - BkIIF 3.19 

They also have shown. that if we extend the Frobenius norm by defining 

the weighted Frobenius norm as 

IIAIIWl'W2 = IIWI A W2IIF 3.20 

for two given non-singular matrices Wl and W2, then the solution to 
the problem 

min 
B6 Q(Yk' Pk) 

JIB - Bk1l WSW.. 3.21 

is solved by taking B= Bk+l with Bk+l given by 2.8 where 

Vk = W-T W-1 Pk 3.22 

We can then see that some rank-one updates can be obtained as least 

change updates (that is if it is possible to express vk as 3.22). 

The matrix W can also be changed at each iteration allowing then 

the more general equation 

Vk = Wk T Wk 1 
Pk 3.23 

We can now show that three of the methods we are proposing can be 

expressed as least change updates under the Dennis and Schnabel theory. 
For all of them we can find a diagonal matrix Wk such that vk can be 

obtained using 3.23. If we express the diagonal elements of the matrix 
}, po for {vk} (we can in this Wk as a vector then'this is {xk} for {vk2 

case apply directly 3.22), and'{xk - xo} for'{vk}, 

While we have proposed only four different scale invariant methods it 
is possible to find many more methods satisfying 3.11. 
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For instance, the family of methods defined by 

++ 
. 24 ski - ýki1ýki/kida 3 

with a being independent of the scaling (ie, a= a) satisfies 3.11, 

as. well as 

"ki = (ski ýoi)+I"ki'(ki poi)+Ia 3.25 

vki _ "oil1ki/lroýla 3.26 

Theoneswe have proposed are special cases of these families. 

The two methods'{vk} and'{vk}, are also invariant under affine changes 

of the more general form 

f(x) = Df f(Dx1(x - b)) 3.27 

and so are the families 3.25 and 3.26. 

If we assume that Wk is a diagonal matrix then by defining the diagonal 

matrix Dk as 

-T -1 3.28 ýk - Wk Wk 

we can use instead of 3.23 

Vk = Dk Pk 3.29 

The condition for scale invariance which Ok should satisfy can be 
deduced from 3.11. 

A sufficient condition is 

Dk = DX Dk Dx 3.30 

We will show in the next section that rank-one Quasi-Newton methods 
satisfying our requirements for scale invariance have the same local 

convergence properties, ie superlinear, as Broyden's method. 
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3.3 CONVERGENCE'RESULTS 

In this section we will establish conditions for local superlinear 
convergence of scale invariant Quasi-Newton methods. 

The following theorem, due to BROYDEN, DENNIS, MORE (1973), will be 
the basis for our convergence results. 

Theorem 3.4: Let f: 1Rn -" 1Rn be differentiable in the open, 
convex set D and assume that for some x* in D, 
f(x*) =0 and F'(x*) is nonsingular, and for some 
ß>0. 

(IF'(x) - F'(x*)II sß lix - x*II 3.31 

for all xGD. 

Assume that there exist ul k0 and a nonsingular 
symmetric matrix M such that 

IIMvk - M-1pkII S ul IIM-1pkII max(Ilxk+l - x*II , IN - x*II) 3.32 

for all xk 6D and Bk such that IIBk - F(x*)11 <c 
for some c >0, where Pk is defined by 3.8 and xk+1 by 3.9. 

Then the method defined by 2.8 is well defined in a 

neighbourhood of x* and F'(x*) and the sequence {xk} 
is locally and superlinearly convergent at x*. 

Based on our deductions in the previous section we will assume that 
vk in 2.8 can be expressed as 3.29. 

We can now state the following theorem. 

Theorem 3.5: Let f: 1Rn i TRn satisfy the conditions of theorem 
3.4 and let {Dk}be a sequence of diagonal matrices 
such that for a fixed positive definite diagonal matrix 
D* the following relation is satisfied for all k. 

II Dk - D* II cn max (Il xk+l - x* II , IN xk - x* II) 3.33 
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Then the method defined by 2.8,3.8,3.9 and 3.29 
is locally and superlinearly convergent provided, for 

a change of scale of the form 1.29, Dk is such that 

-1 - 6k 
= Dx Dk Dx 

Proof: Define the change of scale 

xk = 0* xk 

We can see that 

IIv 
k- PkII = 11 D* Vk - D*PkII = IID*1(Dk - D*)D*pkil 

and then 

IID* vk -D *Pk 11 IID*1 11 IIDk D*II IID* pkII 

now defining 

p1 = nllD*111 

and from 3.33 

IID* Vk - D* pkII -c ul max(IIxk+l - x*II " IN - x*II) IID* pkII 

We now apply theorem 3.4, identifying M and D* 

With the following lemma we will show that three of the scale invariant 

methods we are proposing satisfy the conditions of theorem 3.5. 

Lemma 3.5: The sequences of vectors {vk}, {v3} and (v4 k) satisfy 
condition 3.33, provided for'{v2) x., has no zero 
components and for {vk} ei(x* - xo) J 0, i=1, n. 

Proof: We will use the notation aki for i-th diagonal element of the 
matrix Dk. 
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For {v2 } define D* such that 

,= (*ýý2 

In this case Dk is such that 

(C+)2 aki - ki 

and then 

_2-2+2+2 ki s*i - *i Eki)ý*i) ki) 

Since 2.27 must be satisfied only for an open set containing x*, and 
since we are assuming x* to have all its components away from the 

origin, then it is possible to show that there exists a constant Y1 
such that 

(*i + tki)2(E*i)4(Eki)4 ' Yý 

and then 

(Ski a*i)2 S Yl( *i - ýki) 2 

it now follows 

IIDk - D*II s Yj IIXk - x*II 

and`3.33 is immediate. 

For'{vk} define D* such that 

a*i = (7r +2 
oi) 

Since D* = Dk in this case the proof is trivial. 

And finally for {vk} define D* such that 

d*i = i(E*i poi)+)2 
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Dk will in this case be such that 

Ski = iý ki - poi)+)2 

and again, as we did for'{v21, we can find Y2 such that 

(aki a*i)2 S 72(&*i - Eki) 2 

and 3.33 follows as before. 

We have shown in 3.2 that least change secant updates, as defined by 
DENNIS and SCHNABEL (1978), can be expressed using 

-- Vk = Wk T Wk 1 
Pk 

If the matrices Wk are such that 

Dk = W; -T Wk1 

is a diagonal matrix and if for a change of scale of the form 1.29 
it satisfies 

Dk = Dx1 Dk DX' 

then we can apply our convergence results for any least change secant 
update which can be expressed in this way. 

3.4 NUMERICAL'RESULTS 

We will present in this section numerical results obtained testing 
the methods we have proposed in this chapter. 

The new scale invariant methods will be compared against our implemen- 
tation of Broyden's method presented in chapter 2 and the hybrid 
method tested by Hiebert. 



63 

We will use the same sets of mathematical examples as in chapter 2 
plus an additional set which is described in Appendix A and which 
we have named "general subset". 

This set has been constructed by taking from the general set those 
problems for which, with the standard initial point, all methods 
considered converged. For studying the behaviour of the different 

methods under a gradual deterioration of the scaling we will use the 
change of scale 

f(x) 
= f(Smn x) 

for m=0,4,8,12, and 16; with Smn as defined in chapter 2. 

We will refer to the different methods using the following nomenclature. 

$11 Scale invariant method using {vk} 

S12 "" "" "" "" {vk} 

S13 .... .... {vk} 

SI4 "" "" I' "" {vk} 

BRO 
. 

Our implementation of Broyden's method (as in chapter 2) 

HYB The hybrid method tested by Hiebert 

To compare the methods regarding efficiency a number ci is defined for 

each method on each problem as: 

not 1if the method has failed to converge 
c :. 

decºned 

ni /no if the method has converged 

where j indicates the method, nj is the number of function evalu- 
ation used for method j and no is the number of function evaluations 
used for the most efficient method of all on this particular problem. 

The results obtained are condensed in tables 3.1 to 3.3 for the three 

considered sets, the general set, the general subset and the chemical 
equilibrium set. 
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The first half of the table shows the number of failures for each 

method while the second half gives the averages for the efficiency 
number c .. 

Note ic oveca9e is based o-n -number of successes . or 
Pact%cu\är rneil%ods. 
Table 3.1: Summary of results for the GENERAL SET 

SIl S12 SI3 SI4 BRO HYB 
Fails Unscaled 14 12 13 14 12 5 

Var badly scaled 12 14 13 13 13 21 
Func " 18 18 14 14 15 22 
TOTAL 44 44 40 41 40 48 

Averages- Unscaled 1.49 2.10 1.71 1.73 1.84 1.33 

of c Var badly scaled 1.55 1.81 1.77 1.65 1.50 1.33 

Func " 1.77 1.26 1.27 1.50 1.44 1.41 

TOTAL 1.. 60 1.75 1.59 1.63 1.60 1.35 

Table 3.2: Summary of results for the GENERAL SUBSET 

m SI1 S12 

Fails 0 0 0 
4 0 0 

8 3 0 
12 9 8 
16 14 14 

TOTAL 26 22 

Averages 0 1.40 1.37 
of c 4 1.53 1.37 

8 1.63 1.57 
12 6.07 3.82 
16 2.75 1.40 

TOTAL 2.15 1.76 

S13 SI4 BRO 

0 0 0 

0 0 0 

0 1 3 
5 5 10 

11 12 14 
16 18 27 

1.12 1.27 1.24 
1.11 1.20 1.27 
1.28 1.17 1.28 
1.37 1.20 9.55 
3.11 1.16 1.04 
1.35 1.21 2.19 

Table 3.3: Summary of results for the CHEMICAL EQUILIBRIUM SET 

SI1 S12 SI3 SM BRO HYB 

Fails 3 3 3 3 3 9 

Averages of c 1.28 1.53 1.34 1.40 2.94 1.05 
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Finally, in table 3.4, we give a complete summary showing percentages 

of success for all methods on all sets. 

Table 3.4: Percentage of success of all methods on all sets 

SI1 S12 S13 S14 BRO HYB 

GENERAL SET 73 73 75 75 75 70 

GENERAL SUBSET 68 73 80 78 66 - 

CHEM EQUILIB SET 75 75 75 75 75 25 

The hybrid code was not tested with the general subset because it has 

shown already very bad behaviour when variables are badly scaled. 

The results for the general set (table 3.1) show no significant 
difference between our scale invariant method S13, SI4 and BRO (Broyden's 

method). The results for the remaining scale invariant methods do not 
differ too much. As before, all Quasi-Newton methods show better 

robustness (specially on the badly scaled cases) and slightly less 

efficiency than the hybrid code. 

The results for the general subset show clearly the advantage of the scale 
invariant code, all of them failing in less cases. S13 and SI4 give 
the best results in efficiency and robustness. 

For the chemical equilibrium set all scale invariant methods fail 

on three cases as does BRO. There is an important difference in 

efficiency but it is caused by a particular problem for which Broyden's 

method takes many more iterations than the rest. 

Finally, table 3.4 shows the global superiority of the scale invariant 

methods. 

3.5 CONCLUSIONS 

We have presented in this chapter scale invariant Quasi-Newton methods 
which are competitive with Broyden's method. The results obtained for 
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the general subset (when the variables are gradually badly scaled) 
show clearly the advantage of using the theoretically scale-invariant 
methods. Scale invariance, in practice, is only achieved if infinite 

precision arithmetic is used. Since this is not the case different 

results are obtained with different scales as the tables show. 
There is still room for improvement in the numerical conditioning 
of the methods in order to minimize the effects of finite precision 
arithmetic being used. We will show in the next chapter possible 
ways to deal with this problem. 

The scale invariant methods S13 and SI4 are the best alternatives 
according to our numerical results. 
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CHAPTER 4 

THE NUMERICAL CONDITIONING"0F'QUASI=NEWTON METHODS 

We will discuss in this chapter some ideas for optimizing the numerical 
conditioning of Quasi-Newton methods. 

We will first present the concept of condition number for general 
matrices and its relation to the numerical conditioning of systems of 
non-linear equations. 

Some ideas for optimizing the numerical conditioning will be proposed 
and tested. 

First, an explicit expression for the condition number of the approxi- 

mation to the Jacobian for general Quasi-Newton methods will be derived 

which will allow us to select Quasi-Newton methods with optimally 
conditioned updates. Secondly, an internal scaling procedure will be 

proposed for optimizing the condition number of both the problem and 
the approximation to the Jacobian. 

Finally we will present numerical results obtained with the proposals 

of this chapter. 

4.1 THE CONDITION NUMBER 

The condition number has been introduced as a measure of the numerical 

conditioning for general matrices (see TODD (1966)). 

For a non-singular matrix A6L (1Rn) the condition number K(A) is 

defined as 

K(A) = IIAII IIA-1II 4.1 

for a given matrix norm I1II. 

If A defines a system of linear equations in TRn 

Ax=b 4.2 
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it is a well known result (ORTEGA RHEINBOLDT(1970)) that if 
B6 L(TRn) is close to A in the sense that 

(IA-111 JIB - All <14.3 

then B is also non-singular, and for b#0 the solutions x* of 4.2 

and y* of 

Bx=c 4.4 

satisfy the estimate (see RHEINBOLDT(1974)) 

IIX* - Y*t) K(A) IIB - All 
+ 

lib - c1l 
4.5 

ýýX*ýý K(A) IIB - All/IIAII TIMT hIbil 

As an example of the use of this number let us assume that in solving 
numerically the equation 4.2 we have found an approximation y* to x* 
(the exact solution). 

If K(A) is a large number then the fact that Ay* sb does not mean 
that y* is close to x*; we can deduce this using 4.5 to obtain 

IIX* - YJ 
s KýAý 

Ilb - AY*I{ 

Ilx*ll Ilbil 

In general we can say that the smaller K(A), the better the result 
obtained in solving numerically 4.2. 

This important result has led to finding ways for transforming 4.2 
into an equivalent linear system having the same solution but smaller 
condition number. 

This concept of condition number for linear systems has been generalized 
to systems of non-linear equations byRHEINBOLDT (1974) as follows: 

For a given function f: Dc 1Rn yTRn, closed set CcD and point 
z6C define 
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u(f, C, z) = sup* {t E [0, °'); ilf(x) - f(z)J1 -- tlix-zli, c6 C} 

v(f, C, z) = inf* it 6 [0,00); IIf(x) - f(z) 11 c tlix-zU, cE C} 

and then, define the localized condition number 

4.6 

v(f, C, z) if 0< u(f, C, z), v(f, C, z) < 
u C, 

K(f, C. z) = 4.7 

co otherwise 

It can be shown that 4.7 reduces to 4.5 if f is a linear function. 

REINBOLDT (1974) has shown that if f is a continuous function in D 

and if the Jacobian F'(x) of f is nonsingular in D then for any 
c> 0 there is a6>0 such that if 

C={xE1Rn, ýýx - zil s s}cD 4.8 

then 

Iv(f, C, z) - JIF' (z) II Isc4.9 

lu(f, C, Z) - IIF'(z)-111-1I :5E4.10 

and then, asympotically near z, the conditioning of the non-linear 
function f and its Jacobian F'(z) are the same. 

An equivalent formula to 4.5 is obtained for the non-linear case and 
then the condition number for systems of non-linear equations plays a 
similar role as it does for linear systems. 

4.2 QUASI-NEWTON METHODS AND THE CONDITION NUMBER 

The numerical performance of Algorithm 1 in chapter 2 is affected by 
the condition number in two different ways. 

(a) The conditioning of the problem 1.18 itself, as explained in 

section 4.1. 
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(b) The conditioning of Bk since step 5 of the algorithm 
implies solving the linear system 

Bk Pk = ^Xk fk4.11 

We will propose in section 4.2.1 a way of dealing with (b) and in 

section 4.2.2 how to deal simultaneously with (a) and (b). 

4.2.1 Optimizing ihe *Condition number'üsina'different methods 

Step 5 in algorithm 1 involves the solution of a linear system. 
According to our discussion in section 4.1 we should try to optimize 
the condition number of Bk in order to obtain better numerical results. 
For this, we will make use of the degrees of freedom provided by Vk in 

step 8 of the algorithm, choosing it such that the condition number of 
Bk+l is minimized. 

The following property will allow us to obtain an explicit expression 
for K(Bk+l)' 

Property 1: For any A6 L(1Rn), b6 TRn, c6 TRn, the Frobenious norm 
for matrices and the Euclidean norm for vectors. 

CIA + bcTIIF = IIAIIF + IIbII2 IIcII2 + 2bTAc 4.12 22 

Proof: 

nn IIA + bcTIIF =EE (eiAe + eibcTe2 
i=1 j=1 -JJ 

nn 
=EE 

f(ejAe)2+(ejb)2(eJc)2 

i=1 j=1 

+2(eib)(eTAej)(cTej )) 

1EE (eieTAejej)c = IIAIIF + IIbII2 IIcII2 + 2b 
j i =1 =1 

= IIAIIF + IlbII2 IIcII2 + 2bTAc 
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In what follows we will assume II IIF for matrices and II 112 for 
vectors. 

We can then evaluate from 2.8 and Property 1 

22' 
IIYk 

'- Bkpk II. II yk JI2 
IIBk+1 11 = IIBkII + (VT k Pk)2 

+ 
2(Yk - Bkpk) T Bkyk 

Vkpk 
4.13 

If we define Hk = Bk1 3-k and using the SHERMAN and MORRISON (1949) 
formula, we can obtain from 2.8. 

T 
- Hkyk)vkH (Pk 

T 
Hk+l = Hk +ý k 

vkHkyk 

and then using again Property 1 

IIH 112 = IIH II + 
IIPk. - HkykJI2 " 

IINkHkII2 
k+l k (Vk Hk yk) 

+ 
2(Pk -H kyk )THkH T 

kvk 

V Hkyk 

We can now evaluate, using 4.13 and 4.15, 

K(Bk+1)2 = IIBk+lII2 IIHk+1112 

4.14 

4.15 

4.16 

and thus we have found an explicit way of evaluating the condition 
number for the approximation to the Jacobian obtained using rank-one 
Quasi-Newton methods. 
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Define now 

al = IIYk - BkPk II2 

03 = IN Pk - Hkyk II 2 

aý _ (yk - Bkpk)T Bk 

b4 = (Pk - Hkyk)T Hk 

9ý TRH ---> 1R as 

Ta Tv 

91(v) = IIBkII2 + al Tv2+2T4.17 (v Pk) VT Pk 

and g2 : TRn TR' as 

vTHHTv bTHTv 
92(v) = IIHkII2 + ß3 Tk 

k2 
+24k4.18 

iv HkYk) v HkYk 

If we define g: TO => TR - as 

9(ß) = 91(v) 92(v) 

then it follows 

K(Bk+l) = 9(ßk) 4.19 

If we are interested in minimizing the condition number of Bk+l using 
vk we should solve: 

min 9(v) 
v6 TRn 

4.20 

Since the only way to solve this problem is to do it numerically and 
this will be an iterative process itself (with no guarantee of 
convergence in a finite number of steps) it should be discarded as a 
way of optimizing 4.19. 
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We propose instead to restrict Vk such that the optimization problem 
4.20 can be solved explicitly or very easily. 

FLETCHER (1970), in dealing with the Quasi-Newton methods for optimi- 
zation, introduced the concept of "dual" formulas. He noted that the 

secant relation satisfied by all Quasi-Newton methods 

Bk+l Pk = yk 4.21 

could be thought of as a mapping giving yk from Pk and then a dual 
formula could be obtained from any formula satisfying 4.21 replacing 
Bk+l by Hk+l' Pk by yk and yk by Pk obtaining a formula satisfying 

Hk+l yk = Pk 4.22 

which is equivalent to 4.21. In the case of Broyden's "good" formula 
(vk = Pk in 2.8) the corresponding "dual" is the "bad" Broyden's 
formula (vT T 

= yk Bk)' 

If we define an updating formula by H0 and its corresponding dual by 
d H, Fletcher defined a family of formulae obtained from 

H= (1 - 0)H° + eHd 4.23 

He then chose e optimizing in some sense the conditioning of H. 

DAVIDON (1975) using the same concept introduced new formulas 

choosing e to optimize the condition number of Hki Hk+1Hk3(in this case 
H is symmetric and positive definite). 

Following the same idea we will use a parameter e for the optimi- 
zation of 4.20. 

Instead of 4.23 we will define v in terms of e as 

Vk=pk+euk 4.24 
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Note that, with vk given by 4.24, if we define 

coo = JI Bk 11 2 
£20 = II Pk II 

2 

E10 ° a1 I! PklI2 E21 = UT Pk 

C11 = 2°`1 UT k Pk c30 = 2aß Pk 

2T 
F-12 = alIIukil E31 = 2aß ltk 

equation 4.13 becomes 

IIB 112 =e+ 
e10 + c11e + C12e 

+ 
? 30 + £31e 

k+l 00 (c20 + £21 0) 2 
C20 + £21e 

and by defining 

600 = IJHkU(2 

alp (IPk - HkykJI2 IIp HkII2 

dý =2 II Pk - Hkyk II 2 
pkHkHku k 

a12 = IIPk - HkykII2 IIHkukII2 

equation 4.15 becomes 

T 
2O =H P kyk 

T H= ukHkyk 

TT 
30 = 2(pk - Hkyk) HkHkpk 

831 =2 (pk - Hkyk) T HkHkuk 

ýýH 112 =+ 
10 + alle + 

k+l ý0 
a 1202 630 + 

+ 
a 318 

(d20 + 621 e)2 620 + 6216 

We will then solve, instead of 4.20, the simpler problem 

min 
e6 1R 9(ßk) 

4.25 

4.26 

4.27 

with vk given by 4.24. 



We still have to choose ük and from this two methods will result. 

First we choose 

TTT ýk-3'kBk-Pk 4.28 

With this choice, vk is such that fore =0 it gives the Broyden's "good" 

formula while e=l it gives its dual. The method resulting from solving 
4.27 will be called method la; in addition we will define method lb as 

the one solving instead of 4.27. 

min 4.29 
0=0 or 0=1 9(ßk) 

The determination of e for method lb is immediate. 

In the case of method la a typical graph of g(vk) versus e is 

presented in fig 1 

Fig 1: Typical graph of g(vk) 

IL 
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The value el and 02 correspond to the annihilation of the denominators 

of 4.25 and 4.26. We found the value for 8 solving 4.27 using Newton's 

method which converges very quickly to each of the three local minima 
the initial points were taken as e1 -e, 01 + and 02 +c for some 

e>0. 

Finally, we will define method 2 choosing uk such that e21 -0 and 
621 =0 because this will enable us to solve 4.27 explicitly -(-'n this 

case g(vkj is a polynomial in e of order 41. In this case we need 

UT =0 k Pk 

and 

T 
UT Hkyk= 0 

which can be obtained taking uk as the projection on the subspace 
orthogonal to Pk and HLyk of the vector-uk for the method la. This 

restricts this method to problems for which n>2. 

4.2.2 Optimizing the condition number using scaling 

We have shown in the previous section how we can optimize the con- 
dition number of the martix used in step 5 of algorithm 1, but in 
doing that the condition number of the problem 1.18 remains unchanged. 

We will show in this section how we can achieve both things 

simultaneously. 

If the first approximation B0 in algorithm 1 is obtained by using 
finite differences (as we have proposed in chapter 21 it follows from 
3.7 that scaling the variables for function] at the first iteration is 

equivalent to postmultiplying (premulttplying for the functions the 
approximation Bo by the scaling matrix. 

The following Lemma will show that scaling the function every iteration 
is equivalent to premultiplyi'ng the Jacobian approximation by the 
scaling matrix. 
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Lemma 4.1: If we use the change of scale 

fk =Df fk 

in algorithm 1, B0 is such that 

Bo = Df Bo 

and 

Vk = Vk 

then 

Bk=DfBk, 

Proof: assume 

Bk= Df Bk, ks m 

From 2.8 it follows 

^T ým 
Bm+l = 

Bm + (ym - 
gm pmt T 

Vp mm 

and then from the hypothesis 

VT m Bm+1 =D fBm + Dm(ym - Bmpm) 
T VT 

and hence 

Bm+l = Df Bm+l 

The proof follows by induction. 

This Lemma shows that by altering the scaling matrix Df at each 
iteration we premultiply Bk by a different matrix each iteration. 
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The following theorem due to BAUER (1963) will be the basis for our 
choice of the internal scaling. 

Theorem 4.2: For a nonsingular matrix A6L (TRn) and nonsingular 
diagonal matrices D1 and D2, using the maximum norm 
for matrices, 

min K(D1 A) 
D1 

and 

min K(AD2) 
D2 

are achieved for DI and D2 determined from 

1A1! e = D2 e 

JA1 e= D1 1e 

4.30 

4.31 

4.32 

4.33 

(JAI means the original matrix with all its elements 
taken in absolute value. ) 

Our strategy for the internal scaling will be as follows: 

(a) At the first iteration scale the variables using 

0 
x0 = D2 x0 

where the. diagonal matrix 02 is obtained from 

18-11 e=De 

(b) At every iteration scale the function using 

fk = D1 fk 
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where the diagonal matrix Dl is obtained at each iteration 
from 

ýBkI e=D1 e 

The variables are scaled the first iteration in order to compen- 
sate for any bad scaling related to them. 

If we want to scale the variables every iteration then we have to 
be able to change all our data from the old scale to the new scale. 
This means we have to be able, given Bk, to obtain Bk for the new 
scale. If the method used is not scale invariant then this means 
that 

Bk Bk D21 4.34 

in general (because we will have different updates for different 

scales) and then we cannot obtain Bk based only on Bk and D2. 

Even in the case of scale invariant methods (for which 4.34 becomes 

an equality) since we need Bkl in order to obtain 02 from 4.32, it 

will make the scaling very expensive. 

Lemma 4.1 shows that since all updates of the form 2.8 are scale 
invariant for function scaling, it is possible to scale the function 

every iteration. In this case 

Bk = DI Bk 

and it is very simple to change the scales. Also since Bk is 

needed to obtain Dl using 4.33, it is not an expensive procedure. 

With this choice of the internal scaling we are minimizing the 

condition number of Bk at each iteration (ie, we obtain an effect 
similar to the one of section 4.2.1). If Bk is not far from the 

real Jacobian F'(xk) (which is not necessarily true as has been 

shown by DENNIS and MORE (1977), even when convergence is achieved) 
we will then also minimize the condition number of the problem 1.18 

as we have explained at the beginning of this chapter. 
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4.3 NUMERICAL'RESULTS 

We will present in this section numerical results for our proposals. 

The same sets of mathematical examples as in chapters 2 and 3 will be 

used, ie the "general set", "general subset" and the "chemical 

equilibrium set". In addition a new set called "restricted set" will 
be used and its description can be found in Appendix 1. It has been 

obtained from the "general set" taking only those problems with 

n>2 (this is because one of the methods we have proposed in section 

4.2.1 requires n> 2). 

The table of results have the same structure as those of chapter 3, 

je, we will present a number of failures and the averages for the 

coefficients cj. The methods will. be named as in chapter 3 plus the 

ones we have proposed in section 4.2.1 which will be named as follows. 

C1B Method la of section 4.2.1 

C1B Method lb of section 4.2.1 

C2 Method 2 of section 4.2.1 

In table 4.1 we present the results for the methods proposed in 

section 4.2.1. They are compared against our implementation of Broyden's 

method of chapter 2. The results clearly show that the optimization 

of the condition number of Bk as we have proposed is not a good idea. 

Table 4.1: Summary of results for the RESTRICTED SET 

CiA C1B C2 BRO 

Fails Unscaled . 15 15 14 11 

Var badly scaled 23 17 19 10 

Func badly scaled 20 15 13 11 

TOTAL 58 47 46 32 

Averages Unscaled 3.40 3 . 76 3.84 1.79 

of c Var badly scaled 2.29 1 . 66 2.16 1.73 

Func badly scaled 2.93 2.43 3.37 1.55 

TOTAL 2.93 2.64 3.18 1.69 
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In the following three tables we test the effect of the internal 

scaling we proposed in 4.2.2 when used for implementing Broyden's 

method as presented in chapter 2 and the scale invariant methods 
proposed in chapter 3. Results are also shown, for comparison, for the 
hybrid code mentioned in the previous comparisons (which as we mentioned 
before has a facility for an internal scale which is not used since 
it does not improve its performance). 

Table 4.2: Summary of results for the GENERAL SET using internal scaling 

Fails Unscaled 

Var badly scaled 
Func badly scaled 
TOTAL 

Averages Unscaled 

of c Var badly scaled 
Func badly scaled 
TOTAL 

SI1 S12 S13 S14 BRO HYB 

14 10 13 10 13 5 
13 10 14 12 13 21 
12 8 13 11 12 22 
39 28 40 M 38 48 

1.46 1.42 1.42 1.69 1.27 1.31 
1.54 1.65 1.40 1.66 1.31 1.30 
1.47 1.34 1.45 1.47 1.58 1.42 
1.49 1.47 1.42 1.60 1.39 1.34 

Table 4.3: Summary of results for the GENERAL SET 
Using internal scaling 

m Sil S12 S13 SI4 BRO 

Fails 0 0 0 0 0 0 

4 0 0 0 0 1 
8 2 1 1 1 1 

12 7 6 6 5 6 
16 14 12 11 11 8 

TOTAL 23 19 18 17 16 

Averages of c0 1.28 1.11 1.08 1.08 1.05 
4 1.34 1.14 1.12 1.27 1.08 
8 1.55 1.30 1.17 1.35 1.21 

12 4.82 3.78 1.30 1.38 1.27 
16 1.00 5.49 1.60 2.29 1.28 

TOTAL 1.91 1.89 1.19 1.37 1.16 
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Table 4.4: Summary of results for the CHEMICAL EQUILIBRIUM SET 

Using internal scaling 

SI1 S12 S13 SI4 BRO HYB 

Fails 121119 

Averages of c 2.16 1.38 2.00 1.29 1.93 1.04 

In table 4.5 we present a summary of results showing the percentage of 

success for all methods on all sets using the internal scaling. For 

comparison, the percentages of success obtained without the scaling 

- are shown. 

Table 4.5: Percentages of success for all methods on all sets using 
the internal scaling 

SI1 S12 S13 SI4 BRO HYB 

GENERAL SET 76 (73) 83 (73) 75 (75) 80 (75) 77 (75) 70 

GENERAL SUBSET 71 (68) 76 (73) 78 (80) 79 (78) 80 (66) - 

CHEM EQUILIB SET 92 (75) 83 (75) 92 (75) 92 (75) 92 (75) 25 

() is the percentage of success without the internal scaling. 

It is clear from the results that the use of the internal scaling 
improves the robustness of the codes. 

4.4 CONCLUSIONS 

We'have suggested ways of improving the numerical conditioning of 

code for solving the problem 1.18. The optimization of the condition 

number for the approximation to the Jacobian using different Quasi- 
Newton methods is not a good idea while optimizing it using internal 

scaling gives excellent results. 
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CHAPTER 5 

CHEMICAL ENGINEERING EXAMPLES 

In previous chapters we have tested all our proposals using mathemati- 
cal examples. This has allowed us to compare thoroughly the different 

alternatives on a wide set of examples and identify those which per- 
form best. 

In this chapter we will present numerical results obtained testing 
our best methods using Chemical Engineering flowsheeting examples. 

The examples were taken from various sources and two of them, in par- 
ticular, are benchmark problems proposed by the European Federation of 
Chemical Engineers to test the performance of different steady state 
simulation packages. 

The set of problems will involve the following features: 

- Involving only mass balances. 

- Involving energy and mass balances (hence physical properties such as 
enthalpy, K-values are needed). 

- Physical properties provided as procedures. 

- Physical properties provided as equations (ie, no internal 
iterations are required). 

- Strictly simulation problems (all feeds and equipment parameters 
known). 

- Design problems. 

- Mixing of equations and procedures. 

The simulations package to be used will be the SPEEDUP system 
developed at Imperial College. 

5.1 
. THE SIMULATION PACKAGE SPEEDUP 

We will run our examples using the simulation package SPEEDUP deve- 
loped at Imperial College (SARGENT, PERKINS and THOMAS (1982)) which 

was mentioned in chapter 1. 
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In this package, each unit in the flowsheet is represented by equations, 
procedures or any combination of both. All procedures have the 
following format: 

(output parameters list) NAME OF PROCEDURE (input parameters list) 

Physical properties are available from the package FLOWPACKI. of ICI, a 
Chao Seader correlation being used. 

Our numerical methods presented in the previous chapters, are available 
as options in SPEEDUP. 

SPEEDUP, based on a flowsheet description for the connection between 

the units, a description of the models representing the units plus an 

assignment between models and units will create a FORTRAN subroutine 
for evaluating the residual vector. Once the known variables have 
been set, SPEEDUP checks for a consistent system to solve (ie, same 
number of variables and equations) and then will decompose the problem, 
if possible, into irreducible blocks as explained in section 1.2. The 

problem will then be solved, block by block, with the numerical 
method chosen by the user. 

An important facility of SPEEDUP which has been very useful to us is 

the possibility of "typing" the variables and give to each type a 
default initial guess, a lower bound and an upper bound. 

The form of the facility we used is for instance: 

TEMP = 300 : 250 : 350 

where 300 is the default initial guess, 250 the lower bound and 350 
the upper bound for the variable type TEMP. 

The initial approximation to the Jacobian in SPEEDUP is obtained by 

finite differences using the algorithm of CURTIS, POWELL and REID 
(1974) which, for sparse systems, reduces the number of function 

evaluations (n+l is the maximum required) used to obtain the approxi- 

mation. COLEMAN and MORE (1981). have recently presented an algorithm 
to find the minimum of those function evaluations but the code imple- 

menting it is not available to us. 
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5.2 FLOWSHEETING'PROBLEMS 

We will describe briefly in this section the flowsheeting problems 
which will be used for testing our methods. A more detailed 
description is given in Appendix B. 

5.2.1 Small networks invö1'ing'heat'exchängers 

Two problems representing small heat exchanger networks will be used. 
We will refer to them by HEXT and HEX2. 

They were both taken from'GROSSMANN (1978) and are used as modified 
by EDWARDS (1982). 

HEX1 is a small network of four heat exchangers and one condenser. The 
flowsheet is presented in figure 5.1. 

HEX2 consists of three heat exchangers, a splitter and a mixer. 
In figure 5.2 its flowsheet is presented. 

We have solved these problems using two approaches: using only 
equations to model the heat exchanger and using procedures. Constant 

stream specific heats will be assumed. 
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Fig 5.1: Flowsheet for HEX1 and HEX1M 

HEI XCH1 

A8 
HEXCH2 

13 

9 
2 SPLITTER MIXER 

13 
5 

HEXCH3 

11 

4 

0 
6 

Fig 5.2: Flowsheet for HEX2 and HEX2M 

Q Temperature specified 
A 

Temperature and flow specified 

Heat transfer coefficients and area specified for all units 



87 

Consider the heat exchanger of Figure 5.1. 

cph 

cpc 

Figure 5.1: A heat exchanger unit 

A traditional way of representing a heat exchanger with equations 
is: 

C1 = Co 5.1 

Hý = Ho 5.2 

Q = cph H0 (T0 - T1) 5.3 

Q= cpc C0 (t1 - to) 5.4 

Q= UA. eTLM 5.5 

ARG = (T1 - to)/(To - t1) 5.6 

ATLM = ((T1 - T0) - (To - t1))/tn (ARG) 5.7 

where C refers to the flowrate in the cold stream 

H hot 

t temperature cold 
T hot 

Q is the interchanged heat 

cph and cpc are the specific heats of the hot and cold streams. 

It is possible to obtain explicit expressions for Tl and t1 using the 
NTU approach (see kAYS and LONDON (1964)) as follows: 
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If we define 

c= cph Ho 

c2= cpc Co 

c3=UA 

c= c2/cl 

from 5.3 and 5.4 we can see that 

T. = To + c(to - t1) - 5.8 

from 5.4,5.5 and 5.7 it follows 

c2(tl - to) = c3((T1 - to) - (To - tj))/Rn (ARG) 

and using 5.8 we can see that 

zn (ARG) = c3 
(1 - c) 

2 

And now defining 

a= exp (c3(1 - c)/c2) 

Using 5.6 and 5.8 we can obtain 

t1 = ((1 - a)TO - (1 - c)t0)/(c -a) 5.9 

We can see then that we can replace equations 5.1 to 5.7 with a 
procedure which evaluates sequentially 5.9 and 5.8. 

In SPEEDUP the procedure will be'of the'form 

(T1, t1)SIMHEX(Ho, To, Co, to, cph, cpc, UA) 5.10 

The advantage of using the procedure is that if all the input data are 
known then the procedure returns immediately the solution while the 

equations 5.1 to 5.7 are, even in this case, a system of nonlinear 
equations which has to be solved iteratively. 



89 

Also, there are less'numerical problems involved with equations 
5.8 and 5.9 than there are with equation 5.7 which involves a 
logarithm. 

We will consider both cases, ie, using only equations (5.1 to 5.7) 

for modelling the units (these problems will be called HEX1 and HEX2) 

and using equations and the procedure SIMHEX (which will be called 
HEX1M and HEX2M). 

In HEXT and HEX1M all specific heats are specified and some input 

flows and temperatures. The UA coefficient is given for all units 

as well as the latent heat of steam for the condenser. 

For HEX2 and HEX2M all feeds are specified (flowrate, temperature and 

specific heat) but the splitting fraction is left unspecified. The 

output temperature for the cooling stream is specified instead. 

The initial points used were as follows: 

HEX1: All temperatures were initialized with 500 : 100 : 900 

(initial guess, lower bound and upper bound). All flows 

with 1: 0:. 1. E10. The exceptions are listed in 

Table 5.1. 

HEX2: All temperatures" were initialized with 170 : 80 : 250, "the 

flows with 1: 0 : l. ElO with the exceptions list ed in 
Table 5.2. 

UNIT VARIABLE SOLUTION INITIAL PO INTS 
1 2 3 

EX3 Hot input temp 388 450 500 410 
Cold input temp 278 210 1.80 250 

CON Cold input temp 401 480 300 430 
EX1 Cold input flow 2.05 3.00 3.50 2.60 
EX2 Hot input flow 2.45 1.70 3.00 1.90 
EX5 Cold input flow 2.54 1.20 2.50 1.50 

Table 5.1: Solutions and initial points for NEXT 
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UNIT VARIABLE SOLUTION INITIAL POINTS 

1 2 3 

SPL Input temp 115 125 140 155 

Split factor 0.70 0.60 0.75 0.90 

MIX First input temp 195 200 180 160 

Second input temp 175 170 190 195 

Table 5.2: Solutions and initial points for HEX2 

HEX1M and HEX2M have the same initial point as HEXT and HEX2 but 

without any exception, ie, all variables have the standard initial 

point. 

For these problems we have developed in SPEEDUP a special initiali- 

sation procedure which we will call INIT. 

We can describe it very briefly as: 

- Of all the n variables initialize a subset of m variables. 

- Eliminate from the original problem m equations involving the 

m initialized variables. 

- Solve the reduced system of (n-m) equations (for our problems, 
it reduces to solving blocks containing only linear equations). 

This procedure is equivalent to doing one pass of the flowsheet 

using a sequential modular approach and it can easily be imple- 

mented in SPEEDUP. 

We will present results using this procedure for HEXT and HEX2. 
After having used the procedure INIT we have all variables 
initialized as a function of the first n guessed variables. We can 
then proceed as usual but with a hopefully better initial point. 

It was not necessary to use this procedure for HEX1M and HEX2M. 
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5.2.2 Cavett's process 

This well known problem was originally proposed by CAVETT (1963). 
We have used the modified version of MALATHRONAS (1979). 

The flowsheet is presented in figure 5.3. 

We have used for this problem the physical properties facilities in 
SPEEDUP. We have considered two cases for the modelling of the 
isothermal flashes: 

Case (a): Representing the flash by equations describing the mass 
balance plus an equilibrium equation using the K values 

and the vapour and liquid molar fractions, and a pro- 
cedure for evaluating the K values given temperature (T), 

pressure (P) and liquid composition(BOTTOM). The pro- 
cedure available in SPEEDUP is 

(K1) KVALU (T, P, BOTTOM) 

Case (b): Representing the flash using only a procedure available 
in SPEEDUP as 

(TOP, BOTTOM) SPHASE (T, P, FEED) 

which given temperature, pressure and feed composition 
evaluates the vapour and liquid composition. 

The procedure SPHASE contains internally an iteration loop which 
calls KVALU on each iteration. Case (a) avoids this inner iteration 

loop. 

The problem was originally proposed as a simulation problem, ie, all 
temperatures and pressures are given for all flashes plus the feed 
flowrate. We will call this problem CAVSIM. In addition, we have 

also considered a design problem in which the temperature of the 4th 

flash is not given, specifying instead the product flowrate for the 

second component in stream 12. This problem was also considered by 
MALATHRONAS (1981) and will be called CAVDES. 



92 

12 

Figure 5.3: Flowsheet for CAVSLM and CAVDES 
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For both problems all flowrates are initialized to 1: 0: 10 with 
the exceptions listed in table 5.3 . 

UNIT VARIABLE SOLUTION INITIAL POINTS 
CAVSIM CAVDES 

1 12 
FL1 Input flow 0.942 0.512* 0.512 0.512 

Five components 0.715 0.363 0.363 0.363 

0.211 0.121 0.121 0.121 

0.0262 0 00 

0.000286 0 00 

FL4 Temperature 303 not 290 340 
appli- 
cable 

Table 5.3: Solution and initial points for CAVSIM and CAVDES 

* This initial point is obtained copying the first three components 
of the feed. 

5.2.3 Benchmark problems from EFCE CHEMCOMP 82 

These two problems were proposed by the organisers of the conference 
of the European Federation of Chemical Engineers in Antwerp (May 1982) 
in order to test different steady state simulation packages. 

The first problem, CHEMC01, is a process of separation of a hydro- 

carbon mixture. The flowsheet is presented in figure 5.4. 

To implement this problem we have developed a special library of 
models which is presented in Appendix C. The isothermal flash is 

modelled using the procedure SPHASE (as it was for Cavett's process) 
of SPEEDUP while the adiabatic flash is modelled using the procedure 
SCALTP available in SPEEDUP as: 

(TOP, BOTTOM) SCALTP (H, P, FEED) 

which given enthalpy (H), pressure (P) and feed composition (FEED) 

evaluates the temperature (T), vapour (TOP) and liquid (BOTTOM) 

compositions. 
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To model the compressor and the expander the following equations 

were used (taken from JONES and HAWKINS (1960)): 

T temperature 

P pressure 

H enthalpy 

n efficiency 

Y Cp/Cv 

W work 

Sub scripts: in input 

out output 

id ideal 

For the expander: For the compressor: 

Tid Pout 

Tin = min 

(Hin Hout) 
n= 

in - id 

(Hin Hid) 
n= Hin Hout 

W= (Hout - Hin) 

For this problem the initial point used was the standard provided 
by SPEEDUP, which was: 

flowrates 50 :0 

flowrates 5000 : 0 

temperatures 300 : 200 

pressures 40 : 1 

fractions 0.5 : 0 

1000 kmol/hr 

500000 kg/hr 

900 OK 

300 bars 

1 
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deltas 0: -1. E10 : 1E10 

enthalpies 10 : -1E10 : 1E10 GJoules/hr 

The second problem, CHEMC02, is a process of production of methanol. 
The flowsheet is presented in figure 5.5. 

Only mass balances are performed for this problem so no physical 
properties are needed. A temperature approach to equilibrium is used 
to specify the performance of the reactor. 

The description of the reactor is as follows: 

Reaction: CO + 2H2 CH3OH 

CO + H2O CO2 + H2 

Reaction equilibria: 

pCH30H 
KP1 

PCO KPH 
2 

PCO PH2O 
Kp2 = 

PCO2 PH2 

with P() being the partial pressure of (). 

Equilibrium constants: 

Kii = 0.6 + 1.5 x 10-3 (T1 - 473) 

log10 KP1 = 9.218 + 3971 
- 7.492 log10 T1 + 1.77 x 10-391 

1 

- 3.11 X 10-892 

Kj2 = 0.89 +4x 10-4 (T2 - 473) 
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log10 K02= 1664 - 
1850 

2 

where T1 and T2 are specified temperatures at which the products 

would be at equilibrium with respect to reactions (1) and (2). 

K0 
P1 Kp1 

KJ 1 

K° 
KP2=KKi 

REACTOR 

Feed 2 MIXER 

1 

6 3 

PURGE 5 HEAT EXCH 
+ GAS/LIQ 
SEPARATOR 

7 
4 
Product 
stream 

Figure 5.5: Flowsheet for CHEMC02 
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The initial point for this problem is the one suggested by the 

proposers in which the composition of stream 2 is set to the same 
as stream 1. All the other flowrates are initialized to 
10000 :0: 1000000 (Kmoles/hr). 

5.2.4 Nitric acid plant 

This problem was also taken from MALATHRONAS (1979). 

The flowsheet for this problem is presented in figure 5.6. 

It consists of the simulation of a plant producing nitric acid and 

only mass balances are performed (hence no physical properties are 

needed). After decomposition we are left with a block of 199 

variables, being the largest problem we have solved (regarding 

storage requirements). We have used the library of standard models 

performing mass balances available in SPEEDUP. 

The initial point used was the standard provided by SPEEDUP for all 
flowrates (10 :0: 1000). 1 

We will refer to this problem as NITRIC. 

5.2.5 Crude preheat train 

This problem was taken from WONG (1981). 

It consists of a complicated network involving 20 heat exchangers 
and 12 streams. The flowsheet is presented in figure 5.7. a. 

The original problem was a simulation problem and we have modified 
it such that all feed flowrates, specific heats and temperatures are 
given as well as some measured temperatures. With this information, 
heat transfer coefficients are calculated for all units as well as 
intermediate temperatures and flows. 

We will use, for this problem, a model of heat exchangers using 
only equations and also one using the procedure SIMHEX as we did 
for the heat exchangers of section 5.2.1. We will call the problems 
respectively BPNET and BPNETM. 
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The initial point used in these cases was the standard provided by 

SPEEDUP which was: 

flowrates 100 :0: 1000 (Kmoles) 

temperatures 200 : -100 : 500 (°C) 

coefficients 100 :0: 1000 
(UA) 

Only for BPNET, the following temperatures are initialized: 

STREAM SOLUTION INITIAL POINT 

51 306 300 

52 215.3 250 

61 219.5 250 

This problem has been very interesting from the point of view of 
the decomposition phase of SPEEDUP. We have marked in the flowsheet 

for this problem (see Figure 5.7b) the two largest blocks found. 

By slightly altering the specifications we can obtain a very 
different decomposition. For instance, if instead of specifying 

stream 36, on the heat exchanger number 5, we specify stream 61 on 
the same unit, the decomposition will give us a block consisting 

only of the units which are connected to the flowsheet by stream 
33 (see Figure 5.7b).. 

5.2.6 Simple ethylene plant 

This problem has been taken from PERKINS (1979). 

The flowsheet is presented in Figure 5.8. Only mass balances are 

performed and, as we did for the nitric acid plant, the standard 
library of models performing mass balances was used. 

We have considered a simulation problem (all feeds and equipment 

parameters known) and 3 design problems: 
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CASE DESIGN VARIABLES 

1 Conversion in REAC10 
2 Conversion in REAC10 

REAC3 
3 Conversion in REAC10 

11 " REAC3 

DESIGN SPECIFICATIONS 

Flow of ethylene in stream 16 
Flow of ethylene in stream 16 

" propylene 19 
Flow of ethylene in stream 16 

11 methane 10 

TOTAL FEED FLOW Ratio of propane/butane in 
stream 19 

We will name the simulation problem SIMETH and the design problems 
DESETH. 

A standard initial point of 1: 0: 100 was used for all flowrates. 

5.3 NUMERICAL RESULTS 

We will present in this section the numerical results obtained for 
the problems mentioned in section 5.2. 

Four'methods will be considered, our implementation of Broyden's 
method mentioned in chapter 2 (BRO) and three of the scale invariant 

methods mentioned in chapter 3 (S12, S13 and S14). 

We will give for each problem the number of function evaluations used 
by the method on the biggest block. 

The reason for this is because whenever a failure occurred, it 
happened in the biggest block for all our problems as well as because 

regarding efficiency all methods perform equally in the smaller 
blocks. 

Turning first to the results for the small heat exchanger networks, 
we should note that the use of-equations for implementing the heat 

exchanger is not numerically safe because of the logarithm in 

equation 5.7. If the equation is implemented in this way we risk 
having a zero denominator. We have used instead 

ATLM m(ARG) = (Tj - to) - (To - tj ) 
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The problem when using this equation is that it creates trivial 

solutions (which are not solutions to the original problem). This 

trivial solution is 

ARG =1 

-to= T0-t1 

All cases for HEXT converge to trivial solutions in at least one 
heat exchanger and the results are presented in table 5.4. In table 

5.6 we present the results for HEX2; in this case no trivial 

solutions were found. The use of the procedure avoids this problem 

of trivial solutions and the results for these cases are presented 
in tables 5.5 and 5.7. 

INIT POINT INTERNAL SCALING INIT FACILITY METHODS 
BRO S12 S13 S14 

1 NO NO ** . ** 
** ** 

1 YES....... .. NO ** ** **.. . ** 

1 NO YES 63 52 83 46 

1 YES .. . YES . . 42. . 52 93 65 

2 NO YES 54 55 124 58 

2 YES YES 61 55 69 78 

3 NO YES 31 32 69 32 

3 YES YES 40 32 69 40 

Table 5.4: Function evaluations for the biggest block for HEX1 

** failed to converge 

INTERNAL SCALING METHODS 
BRO S12 S13 S14 

NO 36 28 59 28 

YES 79 28 59 28 

Table 5.5. Function evaluations for the biggest block for HEX1M 
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INIT POINT INTERNAL SCALING INIT FACILITY BRO 
METHODS 
SI2 S13 S14 

1 NO NO ** ** ** ** 

1 YES NO ** ** ** ** 

1 NO YES 91 29 29 34 
1 YES YES 34 29 44 109 

2 NO YES 86 117 92 75 
2 YES YES ** 159 93 213 

3 NO YES ** ** ** ** 

3 YES YES 88 81 ** 285 

Table 5.6: Function evaluations for the biggest block for HEX2 

INTERNAL SCALING INIT FACILITY METHODS 
BRO S12 S13 S14 

NO NO 71 105 83 78 

. ... YES. NO . . 70'. . .. 42 134 152 

NO' YES 23 26 62 21 

YES YES 26 26 54 34 

Table 5.7: Function evaluations for the biggest block for HEX2M 

These problems show clearly: 

- The use of a procedure for implementing the heat exchangers is 

preferable to the use of equations. It allows the use of 

standard initial guesses in SPEEDUP. 

- The INIT facility for obtaining an initial point is essential for 

this problem represented solely as equations. A solution can not 
be obtained without it. 

- The use of the internal scaling, while it seems to cause the 

efficiency to deteriorate in some cases, helps robustness. 

All methods failed to solve the Cavett's process problem for case 
(a) ie, when equations are used (plus the procedure KVALU). For 
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case (b) most methods did very well and the results are presented 
in table 5.8. The methods BRO and S12 performed best while S13 

and S14 failed for some design cases. 

PROBLEM INITIAL TEMP SCALING BRO 
METHODS 

S12 S13 S14 

CAVSIM - NO 66 64 98 67 

- YES 100 81 101 107 

CAVDES 290 NO 77 97 ** 65 

290 .... YES 85 108 ** ** 

340 NO 86 82 ** ** 

340 YES 90 195 ** 105 

Table 5.8: Function evaluations for the biggest block for CAV5IM and 
CAVDES 

Our results are consistent with those obtained by HILTON . and 

STADTHERR (1981) when considering Cases (a) and (b) with the 

equation oriented package SEQUEL. They also found case (b) to 

perform better than case (a). 

Table 5.9= shows the results obtained with'the benchmark problems of 

EFCE CHEMCOMP 82. All codes succeeded in finding the solution and the 

use of the internal scaling does not alter=the results much. 

PROBLEM INTERNAL SCALING 'METHODS 
BRIO S12 S13. S14 

CHEMCO1 NO 39 , 
40 77,67 

YES 41,40.78 75 

CHEMC02 NO 74 '105 110 109 

YES 85 99 145 87 

Table 5.9 : Function evaluations for the. bigg, est block for the 
benchmark problems of EFCE CHEMCOMP 82 

ri 
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We present in table 5.10, the results for the crude preheat train. 

PROBLEM INTERNAL SCALING METHOD 
BRO S12 S13 S14 

BPNET NO 36 30 57 31 
YES *33 

. 30 . 46 30 

BPNETM NO 61 69 ** 155 
YES 94 69 ** 212 

Table 5.10: Function evaluations for the biggest block for the 
crude preheat train 

Contrary to the results obtained for the Cavett's process and HEXT 

and HEX2, for this problem the use of only equations for modelling 
the heat exchanger gives better results than using the procedure. 
All methods converge very fast and with the standard initial point. 

The reason for this is that because most temperatures are known, the 

argument of the logarithm in the equations is known eliminating the 

main disadvantages of the use of equations. This also avoids the 

problem of trivial solutions which we found for HEXT. 

Again S13 fails for BPNETM while BRO and S12 perform best for all 

cases. 

Due to the internal decomposition in SPEEDUP, the problems NITRIC 

and all the cases for the simple ethylene plant are such that they 

are decomposed into only linear blocks (which our code solves in 

one iteration). This is due to the fact that the nonlinearity is 

only caused by products of two variables (ie, the function is 

bilinear), which are solved for in separate blocks. Thus they 
become linear blocks. 

We do not present any results for these problems since all methods 
solve them in one iteration. 

We summarize in table 5.11 the percentages. of success for all 
methods on the 18 problems considered. 
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INTERNAL SCALING BRO S12 S13 S14 

NO 83 83 67 78 

YES 83 89 67 83 

TOTAL 83. . . 
86. 67 81 

Table 5.11: Percentage of success for all problems 

The methods BRO and S12 are those which had the best performance 
for the Chemical Engineering problems. Globally, the internal 

scaling solves more problems. 

Re present in Table 5.12 the sizes of the problems solved. 

PROBLEM TOTAL NUMBER NUMBER OF IH BIGGEST BLOCK 
OF VARIABLES BLOCKS VARIABLES tONLINEA1 EQUATIONS 

HEX1 36 14 20 14 

HEX1M 21 11 11 8 

HEX2 27 9 15 9 

HEX2M 18 9 9 5 

CAVSIM 55 1 55 40 

CAVDES 55 1 55 40 

CHEMC01 251 157 57 38 

CHEMC02 99 48 52 18 

NITRIC 425 227 199 0 

BPNETM 207 161 26 14 

BPNET. 267 236 25 13 

SIMETH . 65 22 8 0 

DESETH1 65 28 7 0 

DESETH2 65 26 7 0 

DESETH3 87 36 33 0 

Table 5.12 Size of the Chemical Engineering problems solved 
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5.4 CONCLUSIONS 

We have available a code implementing our proposed methods whose 
behaviour on chemical engineering flowsheet problems is very good 
when used in conjunction with the simulation package SPEEDUP. 

Our conclusion is based on the fact that we have tried a wide 
variety of problems, all considered before by different authors 
(two of them being benchmark problems) and the initial points used 
were, in general, the standard provided by the simulation package 
(and the exceptions are a very small proportion of the total 

number of variables being initialized). 

It seems desirable to incorporate in SPEEDUP an initialization 

such as we have used for the problems HEX1 and HEX2. It is clear 
that it will help robustness as well as efficiency. 

The importance of the exploitation of the structure of the problem 
is demonstrated by our results. Two problems (ETHYL and NITRIC) 

which are nonlinear became linear due to the decomposition. The 

problem BPNET shows how useful, for reducing the size of the problem, 
the decomposition is. The decomposition into smaller blocks also 
helps the debugging of a problem, helping to locate the source of 
difficulties, (such as badly posed problems or getting better 
initial guesses). The problems HEX1M and HEX2M also show how 

exploiting the structure (in this case by having explicit expressions 
for some variables) helps to overcome very difficult problems. 

It is unfortunate that avoiding internal loops in the physical 

properties calculations by linking them to the nonlinear system 

gives such bad results. The use of special procedures for the 

physical properties seems to be essential. 
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CHAPTER 6 

CONCLUSIONS AND FUTURE WORK 

This thesis has been concerned with the study of the problem of 
numerical solution of systems of algebraic nonlinear equations in 
Chemical Engineering. 

Our conclusions from this study follow. 

Our implementation of the method of BROYDEN (1965) (Chapter 2) is a 
considerable improvement over the codes published so far. 

We have presented Quasi-Newton scale invariant methods which have 

shown numerical results which puts them as an excellent alternative to 

our implementation of Broyden's method, with the additional advantage 
of being theoretically scale invariant (Chapter 3). We have proposed 
only 4 particular scale invariant methods but we have shown that many 
more could be devised. Our ideas for scale invariance could be 

extended for Quasi-Newton methods generated by updates other than 

rank-one. 

We have proposed and tested with good numerical results an internal 

scaling procedure which relies on a reasonable theoretical justification. 
The use of this procedure can be extended to any code for solving non- 
linear algebraic equations for which an approximation to the Jacobian 
is used. 

Our codes have shown particularly good numerical results when used for 

solving steady-state flowsheeting problems. A wide set of examples 
have been used for the testing and the initial points used were in 

general well away from the solution. This shows clearly the 
robustness of our codes. 

We have confirmed, with our results, previous findings by other 
authors regarding the deterioration of the numerical performance of 
codes when the physical properties inner iterations are considered 
together with the main iteration for solving the non-linear system. 
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Since there is a great 
for physical properties, 
should be given to this. 

advantage involved in avoiding inner loops 
it seems to us that special attention 

We believe that our initialisation procedure for obtaining better 
initial points (section 5.2.1) in SPEEDUP should be incorporated as 
a standard feature. Our examples have shown that much can be gained 
in robustness when it us used. 

Finally, our experience shows that the combination of our codes and 
the simulation package SPEEDUP provides a very useful tool for per- 
forming steady-state flowsheeting problems in Chemical Engineering. 
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APPENDIX A 

THE SETS: OF MATHEMATICAL'EXAMPLES 

We describe here the sets of mathematical examples used for the 

comparisons. All of them are taken from HIEBERT (1980). 

The basic set of'examples consist of 18 different "mathematical" 

problems, each one having a standard initial point (with the exception 
of the last three having more than one initial point). 

The list of problems can be found in Table Al and they are collected 
in the MINPACK (1980) test routines VECFEC and INITP listed in 
Appendix D. 

Problems F to N are of variable dimension. 

From the basic set of examples four different sets of problems will be 

configured as follows. 

GENERALSET: Consists of 54 problems taken from the basic set, 21 having 

as initial point xo (the standard initial point), 18 with 10x0, and 
15 with 100x0. In table A2 we summarize the problems for this set. 

GENERAL'SUBSET: This is a subset of the general set. If consists of 
16'problems, all having the standard initial point and it is listed 

in table A3. All the problems for this set were selected such that 

all methods considered converged for the standard initial point. 

CHEMICAL'EQUILIBRIUM SET: Consists of 12 problems taken from 0 to Q 

from the basic set and taking different initial points. It is 

listed in table A. 

RESTRICTED'SET: This is just the general set where all problems with 

n<2 were removed. It consists of 46 problems. 
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PROBLEM DESCRIPTION DIMENSION 

A Rosenbrock's function 2 

B Powell's singular function 4 

C Powell's badly scaled function 2 

D Wood's function 4 

E Helical valley function 3 

F Watson's function variable 

G Chebyquad function 

H Brown's almost linear function 

I Discrete boundary value problem 

J Discrete integral equation function 

K Trigonometric function 

L Variable dimensioned function It 

M Broyden's tridiagonal function 

N Broyden's banded function 

0 Chemical equilibrium problem 1 2 

P if It 11 2 6 

Q 3 10 

Table Al: List of problems and dimensions 
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Prob Orig 
Prob Dirnen 

1 A 2 

2 B 2 

3 C 2 

4 D 4 

5 E 3 

6 F 6 

7 F 9 

8 G 5 

9 G 6 

10 G 7 

11 G 9 

12 H 10 

13 H 30 

14 H 40 

15 I 10 

16 J 2 

17 J 10 

18 K 10 

Prob Prob Dirnen 

19 L 10 

20 M 10 

21 N 10 

22 A 2 

23 B 4 

24 C 2 

25 D 4 

26 E 3 

27 F 6 

28 F 9 

29 G 5 

30 G 6 

31 G 7 

32 H 10 

33 I 10 

34 J 2 

35 J 10 

36 K 10 

Prob Prig Dirnen 

37 L 10 

38 M 10 

39 N 10 

40 A 2 

41 B 4 

42 D 4 

43 E 3 

44 G 5 

45 G 6 

46 G 7 

47 H 10 

48 I 10 

49 J 2 

50 J 10 

51 K 10 

52 L 10 

53 M 10 

54 N 10 

Table A2: List of problems and dimensions for the general set. 
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Prob Orig Prob Dirnen 

1 A 2 

2 B 4 

3 C 2 

4 F 6 

5 F 9 

6 G 5 

7 G 6 

8 G 7 

9 H 10 

10 H 30 

11 I 10 

12 J 2 

13 J 10 

14, L 10 

15 M 10 

16 N 10 

Table A3: List of problems and dimensions for the general subset. 
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Prob Orig Prob Dirnen 

1. 0 2 

2 0 2 

3 p 6 

4 P 6 

5 p 6 

6 p 6 

7 Q 10 

8 Q 10 

9 Q 10 

10 Q 10 

11 Q 10 

12 Q 10 

Table A4: List of problems and dimensions for the chemical 
equilibrium set. 
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APPENDIX B 

DESCRIPTION'OF'THE CHEMICAL ' ENGINEERING' PROBLEMS 

HEX1 and'HEX1M 

The flowsheet is shown in fig B1. We will use the following 

notation. 

I. temp of stream i 

Fi flowrate of stream i 

cpispecific"heat of stream i 

The known data for this problem are: 

T. = 140 T3 = 320 T4 = 320 

T6 = 240 T8 = 500 T9 = 560 

T14 = 280 T15 = 100 T16 = 160 

F4 = 2.7778 F6 = 2.306 

cp1 = 0.7 cp4 = 0.6 cp6 = 0.5 

cp9 = 0.5 cp11 = 0.8 cp15 = 1.0 
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UA 

EX1 3.975 

6X2 1.665. 

EX3 0.81 

EX4 0.81 

The latent heat of steam for the condenser is 656.6. 

HEX2 and HEX2M 

The known data are 

F1 F8. = 0.6 F10 = 0.4 

F12 = 0.7 T1 = 80 T7 = 190 

T8 = 250 T10 = 220 T12 = 180 

cp1 = 0.8 cp8 = 0.7 cp10 = 0.6 

CP12 -, I 

UA 

HEX1 `0.44 

HEX2 1.20 

HEX3 0.31 
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CAVSIM 

Five components: C02 ETHANE N-BUTANE N-HEXANE N-DECANE 

Feed: 0.5124,0.3625,0.1205,0.0932,0.0266. 

T `' P 

FL1 311 56.2 

FL2 322 19.6 

FL3' 309 4.39 

FL4 303 1.91 

CAVDES 

Same as CAVSIM except instead of T on FL4 the data is the flowrate 
for the second component on stream. 12 is 2.723 x 10-3. 

CHEMC01 

Feed hydrocarbon-inert gas mixture (1) is mixed with liq (11) returning 
from vessel V2 in mixer Ml. 

This stream is expanded somewhat through valve R1 and separated by 

simple flash in vessel V1. 

Top vapour of VI (5) is expanded to given temp and pres (9) and is then 

separated by flash at same pressure and temperature in V2. Top vapour 
of V2 (13) is gas product 1. 

The liquid bottoms of VI (7) picks up heat resulting in a small 
temperature rise indicated and then passes through reducing valve R2. 

The pressure after R2 is such that the subsequent adiabatic flash 

produces vapour in the ratio V/F as given. 

The liquid bottom product of V3 (15) is cooled further by exch El to 

stream (17) =, the liquid product 1. 


