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Abstract. Limited risk arbitrage investment management is a paradigm for
quantitative trading and portfolio management strategies in the securities and
derivatives markets that guarantee a limited risk exposure over the entire
investment horizon and at the same time achieve a maximum rate of portfolio
value appreciation over each individual trading period, so called risk/arbitrage
strategies, as well as the corresponding computer based trading and portfolio
management systems. Investment management decisions concerning liability
funding and asset allocation problems in the securities or traditional financial
markets - the bond and stock markets - have now for some years been based
on quantitative risk management concepts and guidelines like immunization,
cashflow matching, indexing and Markowitz portfolio selection. More recently,
numerical solutions of the linear partial differential equations describing the
asset allocation process have been used in more demanding investment
management scenarios. Investment risk in these markets is characterized by
the stochastic variation of the optimal intertemporal fund withdrawal rate
(matching future liabilities) and the final portfolio value about their
mathematical expectations. Investors manage this risk exposure by a specific
choice of their utility functions (investment management objectives). However,
on a single-instrument basis claims contingent on these securities are highly
geared investments. A small relative change in the value of the underlying
securities usually leads to a large relative change in the value of the
corresponding contingent claims (leverage effects). Derivatives therefore
introduce an additional element of investment risk described by their first
order (delta, etc.) and second order (gamma) sensitivities with respect to
changes in the value of the underlying securities (or market variables in
general). Typically, investment managers try to eliminate or at least reduce
this derivatives risk exposure by entering into securities (or corresponding
futures) market transactions that hedge their options books on an instrument-
by-instrument basis (by either full or partial replication with the underlying
securities, i.e., by dynamically creating an equal or approximately equal but
opposite synthetic options position). Risk/Arbitrage strategies on the other
hand optimally solve the securities and derivatives investment management
and risk exposure assessment and control problem in a portfolio context (and
thus ensure an efficient allocation of investment risk in these integrated
financial markets). The optimal risk/arbitrage asset allocation can as in the
securities market case be characterized by a (quasi-) linear partial differential
equation. Corresponding computer based trading and portfolioc management
systems support the design of limited risk arbitrage investment strategies by
determining at any time before or during the relevant investment period the
current price and sensitivities (derivatives risk parameters) of any contingent
claim in the investor's portfolio together with their future evolution over the
claim's entire lifetime. Based on this information the current and all future
optimal asset positions are then determined. The portfolio value appreciation
rate can be specified at the outset together with the corresponding risk
tolerances (and an acceptable drawdown control level).
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Mathematical Functions.

The main mathematical functions used in the thesis are listed here together
with a brief description and a reference [i.e., one or several numbers in the
range (1) - (92)] to the context in which they are used.
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Thesis Summary. Risk/Arbitrage strategies [see part 1] are trading or portfolio
management strategies in the securities and derivatives markets that
guarantee (with probability one) a limited risk exposure over the entire
investment horizon and at the same time achieve a maximum (with
guaranteed floor) rate of portfolio value appreciation over each individual
trading period. They ensure an efficient allocation of investment risk in these
integrated financial markets and are the solutions of the general investment
management and asset allocation problem
" c Vv 0
(e ET[ U (e +U” (7 ()]
B[, o(t)e()dt + QHW ()< v
with drawdown control
DUWE(£)>aM®(t), 0<t<H
[MZ@) = max D(sV,(s)], limited risk arbitrage objectives
Iv(t)T A(t)l <46(1), 0<t<H (instantaneous investment risk)
M) T(e) <¥(£), 0t < H (future portfolio risk dynamics)
v(t) &(1)2 Xt), 0<t<H (portfolio time decay dynamics)
V()" A(f) 2 A(t), 0<t< H (portfolio value appreciation dynamics)
[6(¢) = I,(#)v(?)] and additional inequality and equality constraints
g(t, X(),D(),q(t),v(1))<0,0<t<H
h(t, X(t),D(1),6(t),v(1))=0,0<t< H
(e.g., market frictions, etc.) in a securities and derivatives market
dX(t) = I, ()IM(r)dt + Z(1)dW ()]
dD(t)=-D(ty()dt  dg(t) =—¢(t)[r(t)dt + A(t)" dW(1)]

Ml(t) zn(t) zw(t)
M) =| : ()= :
ML(’) Eu(t) z:m(t)
with associated [expressed in terms of an underlying Markov risk exposure
assessment and control model (¢, S(7))] instantaneous investment risk, future
derivatives risk dynamics, options time decay dynamics and asset value
appreciation dynamics
A) L) 06,0 A(D)
Al =| : r@=| : e@)=| : A()=
A1) L. 0.0 AL(D)
[where A (£)=V X, (t,5(t)) is the delta (N-vector), I,(#)=ViX,(t,5(@)) the
gamma (N x N-matrix), etc. of traded asset X,(¢,S(¢)) in the market, 1<i<L,
and the market prices of risk associated with the exogenous sources W(¢) of
market uncertainty are A(f)=ZX(s)"K(¢) '[M(¥)-r(#)1,] with the asset price
covariance matrix K(#)=Z(z)Z(¢)"]. If this financial economy is dynamically
complete, then (in a Markovian framework) the value function
Vot () =V () =V(t, X(£), Z(2))
of the limited risk arbitrage investment management and asset allocation

portfolio satisfies the linear partial differential equation

aa—I:+A’VV +%zr(BBTV2V)-VV’Ba¢,” ~Vr, +I°(t,Z)=0
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with boundary conditions V' (0, X,Z)=v and V(H, X, Z) = 1" (Z) where

17
[ XM Xz, XZy X,
: : : : v
A= . B= v=| 8 |= [ x ]
XN MN,' XNENI XNzl\W a XN VZ
~Zr,, -Za™ -Zay” 0
L 6Z |

[and a,(f) = ()" K(O) ' M () -7, (D1 ], My (2) = M(®) + ox(t) + S(ax(t)K )1, and
r, () =r()+ 8(aX)K}*) holds]. The optimal trading strategy is

6, =[BZ'YVV =I,V,V -K" M, -r, L, 1ZVV.
In the incomplete case we have the quasi-linear partial differential equation

%—I:+A’VV+%tr(BB’V2V)—VV’B&:: =, +I°(t,2)=0

for the portfolio value function
Vo () =Vorr () =V (t, X(1), Y(2), Z(1)
with bounda[y conditi_ons V(,X,Y,Z)=vand V(H,X,Y,Z)=1"(Z) where

‘XlMla " [ X 1211 )(lzw W
XLMZ" XLZLI XLELN VX
A=| hay B=| Tb, Kby V=|V,
. . H VZ
YN La;;-l. YN LbN Ll YN LbN IN
._.Zr”" L_Z&;’h %, _Z&;’v s,

[and e, () = Z(6) K() ' M, (1) -7, ()1}, M, (8)= M(f) + oxt) + S(axt)K )1, and
r,(t) =r()+8(a(1)|KF) holds and moreover

o B, V.V 5 Lv.yv

o ZVY VAR 4
for the completion premium v, e X(Z), a;':' =a, +V; . associated with the
market prices of risk o, €K 1(2)]. The optimal asset allocation is

6, =[BEK'TVW=I,V,V-K ‘[M,,h =r, 1L1ZVV.

During the construction process that led to these optimal solutions of the
above stochastic control problem for strictly limited risk investments in (highly

geared) derivative financial products several assumptions about an investor's
utility functions U*(¢,c¢) and U” (¥) had to be made, especially

_PU () , & V)

c ﬁcz de
R(tc)=——I¢ __<land R(V)=—92 <]
@)=t 1AM RO =y

dc dv

for the associated coefficients of relative risk aversion. In a general dynamic
programming framework [see parts 2 and 3] all these restrictions (beyond the
standard differentiability and boundedness assumptions) on the investor's
overall risk management objectives can be removed and furthermore efficient
alternative numerical solution methods obtained: We consider a discrete-time

14



Markov chain approximation x,(r) (derived with the explicit finite difference
method in a viscosity solution setting) of the controlled continuous-time state
dynamics

dx(t) = a(t, x(t), u(2))dt + b(t, x(1), u(t))dw(t)

[0(2)" [M(£) - r(1)1, ] 0y 5(0)
+/(Or(t) - c(1)
af)=|  XOME by=| HOBO - KOO
XL(I):ML(t) | X2, (0 - X, (DEL©0)

[where x(£)= (), X(2)), u(t) = (c(),6(¢)) are the controls and the coefficients
a(t,x,u)e R*' and b(t,x,u)e R®*>Y satisfy the usual conditions that
guarantee a unique strong solution of the associated evolution equation with
bounded absolute moments] with one step transition probabilities

L
ey x £.80) = ooy (t,3,) = Dol 6, )|+ 284 (15,1
kO

k=l

z,(x,x + de, i5e,)=§:—zc,f,(t,x,u) r; (x,x — e, i&,)=£2—c:,(t,x,u) [k=1]

L L
n(x,x)= l—aizz c,(t,x, u)—%ZIcu(t, x,u)| + Sla, (¢, x, u)
kO

10
k=l

[where c(t,x,u) = b(t,x,u)b(t,x,u)" is the diffusion process covariance matrix,
e,,..,€, is the standard basis in R*! and =}(x, y)=0 for all other grid points y
on the associated lattice structure X, ¢ R*"']. The discrete-time HJB dynamic
programming equation is then

Vi(t,x)= luneﬂzﬂf“) (x, YW, (¢ +h,y)+ hL(2, x, u(’))]

yeX,
with boundary condition V,(H,x) = y(x) [where
L(t,x(2), u(1)) = U°(t,c(1) and y(x(H)) =U" (V' (H))

are the investor's overall risk management objectives and 4, is the set of all
feasible controls u(s) on the time interval [¢, H] when the time ¢ state is x]
and an associated optimal Markov control policy #,(¢,x) maximizes the
expression

27O, YWyt +h,y)+ hL(E %, u(®))

yeXy
in 4 [backwards in time from H —h to 0]. Furthermore, we have the uniform

convergence
lim ¥,(5,)=V(t,x)

(vEx He.x)
[where
H
J(t,%,u) = E,[[ L(s, x(s), u(s)Mds + y(x(H))]
V(t,x)=supJ(t,x,u)
uedy
is the corresponding continuous-time expected utility maximization criterion]

of the discrete-time Markov chain control problem to the continuous-time
diffusion process control problem. If we now however instead of requiring the
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securities and derivatives investment management strategies 6(¢) to be of the
risk/arbitrage (without drawdown control) type, i.e.,
0(H)eK, 0<t<H,
for an arbitrarily given trading strategy 6(f) consider the stochastic evolution
of the corresponding portfolio value and sensitivities
(720, &0, T2 (1), ©20), A1)
over the investment horizon [0, H], then the limited risk arbitrage objectives
can periodically be enforced at a certain cost by using impulsive controls that
keep the portfolio value and sensitivities within a specified tolerance band
G=(0,6,7,9,1)
[see part 3]: With a discrete-time Markov chain approximation

[[@(s, x,(s), . (s))ds +
[5G, xu(s) W, (s)

Elsup

0<t<H

xX,(t)=x+ +J,(0) + F, () + Fy () + 2,(1) + Z,(1) + €1 (1)

F o 12250 E[sup [E. o 1—2—0

EYsup [e; ()f1——0
<t:
[that is locally consistent with the controlled continuous-time reflected jump

diffusion state dynamics
x(0) = (X @,V (), 8,0, T2(2),08(2), (1))
where X(t) is the price process of the traded assets - bonds, stocks and

options - spanning the securities and derivatives market] an approximation
V,(t,x) of the value function

”‘H IU L(s, x(s), u)m,(du)ds +]
JExmf)=E,| [ M(sx(s) df(s)+ V(t,x) = inf J(t,x,m, 1)

[ NG, x(s))" dz(s)

[where the continuous reflection part of the bounded and continuous total risk
exposure control costs (L, M,N) satisfies N(¢,y)'r>0, re R(y), on 4G and
the infimum is taken over all admissible (relaxed/singular) control systems) of
such a singular (or impulse) control approach

J: IU a(s,x(s),u)m (du)ds +
[5G, x(s)aw (s)
J@y={ [ . a(s.x(s-), )N (dsdy) x+q(t,%,»)eG, xeG
FO= 30 <R,y €0G f()20, d1)20

=1
2(0)= [ F()dlzf(s), 7(s) € RGx(s)) [, (@) ae.] JEO) = [/ Luipenlel(s)
[which is based on a Lipschitz continuous solution mapping in the Skorokhod
problem for (G, R) and under standard conditions on the diffusion coefficients
and the usual compact control space has a unique strong solution x(f) e G,
0<t<H, for every x €G] to limited risk arbitrage investment management
satisfies the discrete-time HJB dynamic programming equation

16
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[ (1-Aark, - 82) X ah GIDW, (e + Atk p)+ ]
yeX,
min| (Al +80,)[ V(e + Ath,, x +4,(t,x, Y)TI(dy) +|
Vi (1, x) = miny Atl L(t,x,u) (

jE<E4

min[ > e O W, y) + hM, (t,x)]
yex,

I/h(t’x) = Z”:(le)Vh(t’y)"'N(t’x)r Azh(txx)a x Ga Gh
yeXy

V,(H,x)=0.
By solving this equation backwards in time from #; , [z, = H] to 0 we can
determine an optimal Markov control policy #%,(z,x) [which we denote by
m,(du) in relaxed control notation), the corresponding (optimal) intertemporal
singular control impulses Af,(t,x) and the necessary reflection impulses
Az,(t,x) at the boundary 4G, (where G, is a corresponding discretization of
the given risk/arbitrage tolerance band G), i.e., an optimal discrete-time
impulsive risk exposure control strategy (@, =m,, f,,Z,) and the associated
state evolution x,(1)eG,, 0<t< H. A weak convergence argument [with an
embedded time scale adjustment to ensure tightness of the singular control
and boundary reflection parts of the approximating discrete-time state
dynamics x,(¢)] then also establishes an optimal solution of the initially given
continuous-time impulsive limited risk arbitrage investment management
problem, i.e., a continuous-time optimal impulsive risk exposure control
strategy (7, f,Z) and the associated state evolution ¥(f)e G, 0<t< H. The
above outlined HJB dynamic programming framework (based on the Markov
chain approximation technique) also turns out to be a very convenient setting
for a full extension of the concept of limited risk arbitrage investment
management to a financial market with discontinuous securities and
derivatives price processes. Such a generalization and extension then
implements an optimal combination of continuous risk/arbitrage control (i.e.,
expected utility maximization under given risk exposure constraints) and
impulsive risk exposure control (i.e., minimization of the exposure control
costs associated with a given risky trading or portfolio management strategy).
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Part 1
Risk/Arbitrage Strategies

Abstract. | introduce the concept of limited risk arbitrage investment
management in a general diffusion type securities and derivatives market and
characterize the corresponding trading and portfolio management strategies
as the solutions of a stochastic control problem with constraints on
instantaneous investment risk, future portfolio risk dynamics, portfolio time
decay dynamics and portfolio value appreciation dynamics. The mathematical
framework used is that related to the optimal control of Markov diffusion
processes in R” with dynamic programming and continuous-time martingale
representation techniques.

Key Words and Phrases. Limited risk arbitrage investment management,
instantaneous investment risk, future risk dynamics, time decay dynamics,
value appreciation dynamics, risk/arbitrage strategies, strategy space
transformation, market parametrization, maximum principle, convex duality,
Markovian characterization, market prices of risk, completion premium, target
wealth, required wealth, transformation premium, canonical solution, CS
(constraint set) projection, DC (drawdown control) transform.
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Risk/Arbitrage Strategies

1. Introduction

Risk/Arbitrage strategies are quantitative trading or portfolio management
strategies in both the traditional bond and stock markets as well as the fast
growing and highly competitive derivatives markets that guarantee a limited
risk exposure over the entire investment horizon and at the same time
achieve a maximum rate of portfolio value appreciation over each individual
trading period. In their most general form they are the solutions of the
stochastic control problem

mex B[ U@ e(t)dt +U” 72 ()]

B[ (t)e(e)dt +g(HW (H)I< v
where over the entire investment horizon both instantaneous investment risk
and future risk dynamics are reduced to values within a given tolerance band,
i.e.,
M0)" A9} < 6 and W(e) T(t)| <y, 0<t<H,
while at the same time the rate at which the (securities and derivatives)
portfolio appreciates in value is greater than a set target rate, i.e.,
V()" A(1)=A, 0<t<H.
Risk/Arbitrage strategies thus generalize the recently developed securities
markets investment management and asset allocation methodologies (based
on martingale representation techniques) to include the derivatives markets
and therefore highly geared and intrinsically risky assets. The focus is on
achieving an efficient allocation of risk in a portfolio context rather than
eliminating or reducing derivatives risk exposure on a single-instrument basis
by replication (hedging) with underlying securities. This new approach to
structured portfolio management therefore takes the important role which
options play in modern corporate and investment banking applications as well
as in the equilibrium theory of financial markets (in a Pareto efficient
equilibrium contingent claims are real-world substitutes for Arrow securities)
into consideration.

2. Securities Markets, Trading and Portfolio Management

Complete Securities Markets. Following Karatzas [1] and Cox and Huang [2]

we shall first assume a securities market in equilibrium with no arbitrage
opportunities, dynamic completeness and a diffusion price process for the
basic securities - bonds and stocks - available to investors. For a justification
and characterization of these assumptions within the microeconomic theory of
securities markets and continuous trading see Huang [3], Duffie [4], Duffie
and Huang [5], Krasa and Werner [6], Huang [7], Karatzas, Lehoczky and
Shreve [8], Hindy and Huang [9], Foellmer and Schweizer [10], Madan and
Milne [11], Karatzas, Lehoczky and Shreve [12], Dybvig and Huang [13],
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satisfies
D@V2(t)20,0<t<H.
This admissibility condition implies the natural budget constraint

E[DGW (1) + [ Dis)e(s)ds] < v

which holds for any stopping time te[0,H]. It also rules out all arbitrage
opportunities in the securities market, i.e., trading strategies in bonds and
stocks that with positive probability achieve intertemporal funding of a positive
liability stream or positive final wealth with zero initial investment.
Furthermore, if we define

v =inf{tV?(£)=0},
then because the discounted portfolio value process D@V (t) is a
continuous, non-negative supermartingale under the equivalent risk-neutral
probability measure = we have

VE()=0,t<t<H,
[in the case where t < H holds]. Moreover, given any initial wealth v>0 and
fund withdrawal rate c(f) which satisfies E[I(?)(t)c(t)dt]Sv there exists a

trading strategy 6(¢),
0 =% and E([ Dis)e(){F1- El[ Dis)e(s)s] = [[w(s) i (s,
such that (c,0) e A(v). If equality holds, then this trading strategy is unique (up

to stochastic equivalence) and the associated discounted portfolio value
process satisfies

D2 (1) = B[ D(s)e(s)a|F)

[and therefore V°(H)=0]. Equally, given any stopping time t [0, H] and any
non-negative, F,-measurable random variable V, with E[D(r)V,]s v there is a
fund withdrawal rate c(z),

_v-EDaW¥]

‘=D

and a trading strategy 6(z),
Ty1
9(t)=M and E[D(t)V,
D(1)
such that (c,0) € A(v) and V?(r) =V,. If equality holds, then ¢ =0, the trading
strategy is unique and the discounted portfolio value process has the
representation

F1- EID@W, 1= w(s)" dW(s),

DV (t)= E[D(z)V,|F).

Utility Functions. Investors' preferences for intertemporal fund consumption
c(t) and final wealth V*(H) can be made precise in mathematical terms by
using utility functions U°(¢,¢) and U” (V) that are strictly increasing and strictly
concave in the two corresponding (real-valued) arguments ¢ and V,
furthermore twice continuously differentiable in these arguments with
PU(t,c) and arury)
act av?
non-decreasing in ¢ and ¥ and moreover
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c vV c 4
]iﬂ‘aU (t,c)=li dUu (V)=+o0 and limaU (t’c)=lgndU (V)=0
e dc v dv de  Jc > qV
(For recent alternatives to the time-additve von Neumann-Morgenstern
preferences considered here see for instance Hindy and Huang [9], Duffie
and Epstein [24] and Detemple and Zapatero [25). Under additional
assumptions both equilibrium security prices - along the lines of Huang [3],
Duffie [4], Duffie and Huang [5], Huang [7] and Karatzas, Lehoczky and
Shreve [8] - and solutions of the consumption/investment problem can be
derived for these alternative preference structures in a way analogous to the
one described here.) It is also important to note in this context (Wang [26], He
and Leland [27] and He and Huang [28]) that the utility functions U°(¢,c¢) and
U”(V) (in the representative agent framework that applies in a complete
securities market) and the coefficients u(z, P(#)) and o(¢, P(¢)) of the diffusion
type equilibrium asset price process P(¢) (i.e., the market portfolio that is held
by the representative agent in equilibrium) are related to each other via the
linear boundary value problem

oV avr+l BBV )= P (u=rl,)=Vr +I°(t, X)=0
V(O,P,X)=ZP, V(H,P,X)=I"(X)
11
where
c ouc(t,c aur v
reo=22r0r re)==Op
and
R
Ay, Ro,, -+ Roy 5.111’
: : : : v
A= B= v=| & =[ P]
By Roy, - Bow dP, Vy
-Xr -Xo, - —Xa, K.
| X

[a(t)=a(t) '[u()-r(1)1,] and X(¢) is the representative marginal utility of
wealth]. By using this equilibrium relationship it is for example possible to
recover the determinants of (unobservable) investor preferences from
observable securities market data. The above properties of (continuous) von
Neumann-Morgenstern utility functions guarantee the existence of the inverse
functions
c 14
I(t.c)= [aU @, c) and I’ (V)= [dUd;V)Tl
which play a central role in the investment management and asset allocation
problems considered here, are continuously differentiable and convex in the
variables ¢ and V' and moreover satisfy
Us(t, I°(1,c,)) 2U°(t,¢)) +c,(I°(t,c,)—¢), ¢ 20, ¢, >0
U (" ) 2V )+ V(I (7)-V), ¥, 20, ¥,>0

as well as
0 al“(t,c) I drr(v)
—U@t,I°(¢ = >0, and U 'y V ,V>0.
dc @I @e)=c oc dv @)= av
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Liability Funding. The important investment problem of optimally funding a
future liability stream c(7), E[IOHU‘(t,c(t))‘d1]<m, with a given initial capital

v>0 is then to find a trading strategy 6(¢), (c,8)e A(v), which solves the
stochastic control problem

Jmax EfUS(t,e(t)a]

E[E@)e(nydr1<v.
Such a strategy can be found by using standard Lagrangian methods. The
function H‘(y)=E[J'OH.§(t)I°(t, Y&(1))dt], 0<y<ow, is continuous and strictly
decreasing with ling’(y)=+oo and lyigH‘(y)=0 and has therefore an
inverse [H(y)I"' that maps v——J,. The corresponding fund withdrawal

rate ¢, (1)=I(t,»,() satisfies E[[&()c,()drl=v (y, is the associated

Lagrange multiplier) and therefore there is a unique trading strategy 6,(¢),
(c,,6,) e A(v), that solves the above liability funding problem. The value
function of the optimal investment portfolio can be represented in the form
p 1 7
Vot (0= g ALK, (fF)
and therefore has the property V>*(H)=0.

Asset Allocation. If on the other hand our objective is to optimally manage a
securities portfolio with a given final wealth target in mind (i.e., to determine
an optimal asset allocation), then the associated stochastic control problem is

Jaax E[U" (V2 (H)]

E[EHW, (H)]<v.
Here we consider the (continuous and strictly decreasing) function
H” (y)=El&(H)!" (yE(H))], 0<y<o, the inverse [H'(y)"' of which maps
v———y,. The F,-measurable random variable V; =1"(y E(H)) satisfies
E[E(H)Y4]=v and therefore there is a unique trading strategy 6,(¢),
(0,6,) € A(v), that achieves the specified portfolio management objectives.
The value function of the corresponding optimal asset allocation portfolio is

1
Vo )=V (t)=— E[E(H)WV,|E].
OV ()= S EEHY|F]

General Investment Management. The general investment management and

asset allocation problem in the given securities market is a combination of
optimal liability funding and optimal intertemporal portfolio management under
the natural budget constraint (a situation where the admissible trading
strategies have to satisfy additional constraints will be considered later) and
can therefore be expressed in terms of the stochastic control problem

Jmax EI["US(t,c(0)dt + U7 (V2 (H)))

B[ E)e(t)dt + EHWS (H)S v.

It follows immediately that the continuous and strictly decreasing function

28



H(y)=H'()+H" (y)= E[_LH E(NI°(t, y&(0))dt + E(H)I” (yE(H))]
has an inverse [H(y)]' that maps v——y,. If we set v,=H(y,) and
v, =H"(y,), v=v,+v,, then the corresponding optimal fund withdrawal rate
c,)=I(t,y, (1)) and final wealth V;=1I"(y & H)) have the properties

E[L%(t)cv(t)dt]=vc and E[E(H)V4]=v,. Therefore there is a unique trading
strategy 6,(¢)=6, (1)+86, (1), (c,,6,) € A(v), that achieves the investor's set [in
terms of the given utilities U°(¢,c) for intertemporal fund consumption and

U’(V) for final wealth) investment management and asset allocation
objectives. The value function of the optimal portfolio has the representation

H
Vot (0= g EI EsIe. o) +ECHW R
With the investor's marginal utility of wealth X(¢) = y £(¢) we can then write
Vs (1) =V (8, P(t), X(1)

where the function V' (1, P, X) is twice continuously differentiable in the state
variables P and X and once continuously differentiable with respect to time ¢
if the coefficients of the securities market model are of the form

r()=r(t,P(1)), u(1) = p(t, P(t)) and o(f) = o(t, P(2))
and satisfy appropriate differentiability, growth and Lipschitz conditions in the
state variable P (Markovian characterization, see Cox and Huang [2]). If we
now apply Ito's formula, we have

dv = [56—’:+ ATV +%Zr(BBTV2V)—VV'Ba]dt +VVT BdW

where
.i-
Ay Roy, -+ Roy 5.1)1
A= ' | B=| ° * landv=| 2 =[V”]
FPopy hoy  Bow E Vi
- Xr -Xog - —Xay, K]
| 5X |

[note that the above two parameters A(z) and B(¢) express the relevant state
dynamics - which include the marginal utility of wealth - in terms of the initially
given Wiener process W(¢) whereas the following considerations are all

based on its Girsanov transform W(r) with —VV7Ba being the appropriate
correction term]), thus applying Ito's formula again we obtain

d[DV)= D[aa—': + ATV +%tr(BBTV2V)— VVTBa—Vrldt+ DVVTBdW
and therefore
[ D(Y8,(5) o (s)d (s) = [ D(s)e, (s)ds + [ dID(s)V (s, P(s), X(s))]=
j; D(s)[-i—z + A"V +%tr(BBTV2V) -VV'Ba—-Vr+c,](s)ds+

j’o D(s)[VVTB)(s)dW (s).

Since the two stochastic integrals with respect to the Wiener process in this
equation are continuous z-martingales the drift term on the right-hand side of
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the equation must vanish and we have the linear partial differential equation
for the portfolio value function

iy Sr(BB"VV)~VV"BaVr + I(, X)=0
with boundary conditions V(O,P,X) v and V(H,P,X)=1"(X). Furthermore,

the optimal trading strategy is
6, =[Bc 'Y VV =L,V V —x"'[u-rl, ] XV,V

where
B O 0
0 P :
I= 2 )
Pl 0 .. 0
0 --- 0 B

Note also that on the interval [r, H] where t = inf{£.V** () = 0} we have
V% (£)=0, 6,(t)=0 and c,(¢)=0.
Moreover, if o <0, we can write
17D, 4

X(t)= X(8,P(0),V,;* (1))
where the function X(z,P,V) is twice continuously differentiable in the state
variables P and ¥ and once continuously differentiable with respect to time ¢
which means that the optimal fund withdrawal rate and the optimal trading
strategy are continuously differentiable feedback controls, i.e.,
¢,(t)=c(t, P(1),V,>*> (1)) and 6,(2) = 6(t, P(1), V" (1)).
In a corresponding HJB dynamic programming (control theory) framework

Ve, P@)V(t)= sup Ef U (s,e(s))ds + U ( Vo (HZP@),V ()]
(69)&4(‘ v(t)

sup [U°(t, c(t))+—-+ATVV+ L (BB'VT)=0  P(H,PV)=U"(V)

(c.0)A(LY (1)
with a state space that [mstead of the investor's marginal utility of wealth

X(0)= y, exp(=[, als dW(s)- [[r(s) +— |} 1)
has the portfolio value process
VO)=5- [v+ [ DE)OCSY (s) - r(Ny - c()}ds + | D(s)e(s)’cr(s)dW(s)}

as an addmonal variable and] is characterized by

[~ P W -__a_-
I:M Roy, -+ Roy ﬁ.P,
) : : Ve
A=| Py, |B= and V=| & =[ ]
0 [u—rl, ] Fyoy T Pyoy aP, v,
+VI'—C J 9 o _é_
B LoV
the optimal trading strategy is
_ L BeV=V
6,=-1I, Vo _y '[u-r1 ]K w
"V Vv
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and the optimal fund withdrawal rate and final wealth have the properties
7] 0
—U(t,c, () =—=V (1, P@t),V=%(1)), c.(1)>0
25U 6e, )= POV (1), ¢,0)>

d v a 7 v v
U O =V HPHE)), Vi >0.

Incomplete Securities Markets. The above portfolio analysis can be extended
to an incomplete securities market (i.e., a financial market with genuinely
unhedgeable risk) where the number N of exogenous sources of market
uncertainty is greater than the number M of traded assets spanning the
market. Following Karatzas, Lehoczky, Shreve and Xu [29] and He and
Pearson [30] we assume for this purpose that appropriate integrability
conditions ensure unique strong existence of the portfolio value processes
V,2(t) associated with fund withdrawal rates c(¢) and trading strategies o(1)
and that the M x N volatility matrix o(¢) has full rank which allows us to define
the market prices of risk
a(f) = o(t) k() [u(1) - ()1, ]

associated with the exogenous sources W(t) of securities market uncertainty,
the exponential local martingale

t - 1t 2
B(t) = exp(-| a(s) aw(s)-> [ los)] @s)
and the stochastic process
W (t)=W(t)+ [a(s)ds
that (although not necessarily of the Wiener type) represents security prices,
portfolio value and gains from trade in the form

dP(t)= PO @)t +3 o, ()T ()],

dV ()= 6(2)" [u(t)dt +o()dW ()]+[V (1)- 3 0,() (¢)dt — c(t)dt

= (008" [1(0) = (D), 1+ V() (1) — c(D)}dt + 6(1) o(2)dW (1)
=V (O)r(t)—c(t)}dt + 0(t)" o(t)dW (t)
and

dG(t)=0(t) [u(t)dt + o ()dW ()]+[G(t) - i 0,()Jr()dt

= [0(1) [u(2) — r(1)1, 1+ G(t)r())at + 6(2)” o(1)dW (1)

= G(H)r(t)dt +6(t)" o()dW (¢).
The discounted portfolio value process corresponding to a fund withdrawal
rate ¢(¢) and a trading strategy 6(r) is then

DWA(t)=v- L’D(s)c(s)dw jo D(s5)8(s) o(s)dW ().
Using the Arrow-Debreu price system &(¢) = B(£)D(t) which in this case is not
necessarily associated with a martingale [i.e., later on we shall have to
assume that in addition to the above standard integrability requirements for
the incomplete securities market model a Novikov condition for the market
prices of risk a(#) is satisfied] and applying Ito's formula
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d(EV)=[ATV(EV) +%ir(BBTV2(§V))]dt +V(EVY B

Vr—c o ¢ ) [0 1
4 =[—¢<r—||a|r>}' B[e] V‘“’"[v] and v “”)‘[l o]

where

we find

t t
EOWV 1)+ [Es)e(s)ds = v+ [ &S)NO(sY o(s) -V (s)(s)" JdW (5)
with the right-hand side of the equation a non-negative local martingale,
hence a supermartingale, and therefore the natural budget constraint

EE(HW (H)+ [&O)cydn < v.

The general investment management and asset allocation problem in the
incomplete securities market under consideration is thus once again

Jmax EI["U*(t,c(e)dt +U” V()]

H
B[ &)yt + §(HW (D)< v.
As in the complete market case it follows immediately that the continuous and
strictly decreasing function

H(y)= EI[, &OI°(¢, y&@)dt + EE (vEEH))]
has an inverse [H(y)I' that maps v———y,. The corresponding fund
withdrawal rate c,(f)=I°(t, y,&(¢)) and final wealth V; = I” (y,£(H)) then have
the property
E{[ &0, (0t + E(HW1=v.
Furthermore, the inequality
EJ, U (t, ()t +U” S (HNS BT, U (te, @)+ U" )]
holds for every admissible pair (c,0) € A(v).

Securities Market Completions. Since in an incomplete securities market we
cannot hope to directly find a trading strategy 6,(r) such that (c,,6,) e 4A(v)
and V>*(H)=V, the main idea therefore is to vary the Arrow-Debreu price
system &(¢) in such a way that the right-hand side of the above inequality is
minimized. To this end we introduce N — M additional market state variables

d0,(6) = 0 ()la,(Odt + 3B, (W ()], 0.(0)=4,

which are not prices of traded assets. We choose the associated volatility
matrix b(f) with orthonormal rows 5,(¢f) such that b5.(¢)" e kero(?), i.e.,
o(2)b, ()" =0, and consider the drift rate vector a(z) as the relevant variation
parameter in what follows. This choice is essentially motivated by the
existence of an orthogonal decomposition
Q=K(c)®K*(0o)
K(o)={oVia(t)ckera(t)]}  K'(o)={@V[a(t) € rano(t) ]}
of the linear space Q of progressively measurable stochastic processes

oD =[0r0) - o] with [ oo dt <co.
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[Later on we shall see that not attainable - and thus totally non-tradable -
contingent claims written on the bonds and stocks in the market have a value
process of the form

dv(t)= oy (tY 0,(dt + () dW(t)  ®,0,€K(0)
and can therefore be chosen to complete the securities market in the above
outlined way.] It is then clear that in such a securities market completion
where we define the stochastic processes

v,(8)= b)Y [a(t) = r(Dly ,], a(t) v,(£)=0, and &,(1) = (1) +v,(0),
the exponential local martingale

(1) = exp(—[3.(5Y W (5)- [ (X )

=1- [ B.(s)a,(s) dW(s)
and the Arrow-Debreu price system & (f)=jB,(1)D(f) the discounted asset

price processes &, (1)P(¢) are local martingales and for every admissible pair
(c, 6) € A(v) the natural budget constraint

EIE(HW (H)+ [ E(0)c(t)dr)< v
applies.

Maximum Principle. Given a fund withdrawal rate ¢(f) and a positive final
wealth target V,, let us for the moment assume that some market completion
parameter a(z) satisfies

max E[[ &,(t)c()dt +E,(HWy 1= EI[ &,(O)c(t)dt +E,(HW,]1=v.

a(t)
We then consider the positive, continuous martingale

M(t)=EI[ E,(0)ct)dt +E,(HYV,y

¢
=v+ L w(s) dW(s)
which we represent in the form

M) = vexp(-[p(s) W () [ o(s) )

= v~ [ M(s)p(s) dW(s)

£ ]

with
vy _ o MO-[E )l
p(1)= M)~ e, ()+ 0
If we now define the stochastic processes
M)~ [ 2 (s)e(s)ds o)

v,)= 0 and 6(¢), o(?)" 6(1) =V (a(r)- 0 @.(1),

we find V7 (H)=V, and

E (W () + [ B (s)c(s)ds = v+ [ E,(s)6(5)" o(s)—V (5@, () AW (s)
which means that 6(¢) is a trading strategy in the given M bonds and stocks,
(c,0) € A(v), and V7 (1)=V (1) is the value process of the corresponding
asset allocation which is optimal if c(f)=I°(t, y?E,(t)) and V, = I"(y?E (H))

v

holds for some market completion parameter a(¢).

v,(1) and ¢,(t) v, (1) = 0.
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Convex Duality. In order to guarantee the existence of a parameter a(r) which
satisfies the above maximum principle we make the further assumption that
I°(t,ac) < PI°(t,c), ¢>0, and I"(yW)<&I"(V), ¥V >0, for some 0<e,y<1 and
1< B,8. Moreover, that the corresponding coefficients of relative risk-aversion

c *U°(t,¢c) y d*Uur ()
“(f ¢)= ——0C" Y | A
R°(t,¢0) 50°(1.0) and (V) a0 )
dc av

have the properties R°(t,c)<1 and R’(V)<l. Then given any y>0 the
convex minimization program

. H c ) e
min E[[ U (4, y&,(0)dt + UZ (yE,(H)]
with the continuous, strictly decreasing and continuously differentiable duals
Us(t,c)=Us(t, I°(t,c))—cI*(t,c) and UL (V)= U " (" V) -VI' (V)
of the investor's utility functions has a unique solution @ (¢). With this [in terms

of U(t,c) and U"(V) least favourable] securities market completion
parameter we define

v, =H, (), ¢,(t)=I"(t,yE, (1)) and V] = I' (4, (H))
and have
H ~ - H~ -
max ET[ &, (e, (Dt +E (HW71=EI[ &, (e, (Dt + &, (HW 1=V,

and therefore a solution of the general investment management and asset
allocation problem related to the initial wealth v,. Under the additional
assumptions limU*(z,¢), lli,g)lU”(V)>—oo and liTmU°(t,c)=l‘§%nU”(V)=+oo any
initial wealth v>0 can be reached with the mapping y —v,. Furthermore,

under appropriate integrability conditions (see He and Pearson [30]) the
stochastic process Ba,. () is actually a martingale which allows the definition

~ a i t;\
%, (¢)=EIB, (H),], pe®, and W, ()=W(1)+[&, (s)ds
of the associated minimax local martingale measure. Moreover, the value

function of the optimal portfolio has the representation

5,05, —_ 1 He £ Yy
v ()= 0 E[ &, (s),, (s)ds+E, (HW

F]-

Markovian Characterization. With X(¢) = vaa,' (?) (i.e., the investor's marginal

utility of wealth) we can thus as in the complete securities market case write
Vo (8) =V (8, P(1),Q(1), X (1))
where the function V (¢, P,Q, X) is twice continuously differentiable in the state
variables P, 0 and X and once continuously differentiable in ¢ if the
coefficients of the securities market model (including those of the additional
market state variables) are of the form
r(t)=r(t, P(1),Q(1)), i(t) = p(t, P(1),0(1), o(t) = o(t, P(1),0(1)),
a(t) =a(t, P(1),0(1)) and b(1) = b(t, P(1), O(1))
and satisfy appropriate differentiability, growth and Lipschitz conditions in the
state variables P and Q (see [30]). Applying Ito's formula we have then

dv = [aa—’j + ATV +%tr(BBTV2V) ~VV'Ba&, ldt+VV'BdW,
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where

R [ Roy Row |
Pty Pyoun e PO Ve
A= Qlaly' , B= len lew and V= VQ
: : Vs
On 43 m QN— v 0 Ovoabvoaw
-Xr | | - o . G |

and therefoFe

f, Do), (s)’o(s)dﬁ" (9)= j D(s)e,, (s)s-+ [dID(s)V (5, P(s), Q(s), X (D] =
j D() +ATVV+ tr(BBTV2V) VV'Ba, —Vr+c, (s)ds+

jo D(s)[VV"B(s)dW,_ (s).
Since the two stochastic integrals with respect to the Wiener process in this
equation are continuous 7, -martingales the drift term on the right-hand side

of the equation must vanish and we have the quasi-linear partial differential
equation for the portfolio value function

aa—I:+ATVV+ tr(BB"VV)- VVTBa -Vr+I°(t,X)=0

with the boundary conditions V(0,P,Q,X)=v and V(H,P,0,X)=I1"(X). In
addition, we find that 6, "o = V¥" B and therefore

y _B, V vV _ r LV V

o XV, V Xv,V
holds and the optimal trading strategy is
6, =[Bo'k'TVV =LV, V -k '[u-r1, JXV,V.
Note that on the interval [z, H] where t=inf {1: Vortn (£) = 0} we have
V> ()=0, 0, (f)=0 and ¢, (1) =0.

Furthermore, if g_,l\/’ <0, we can write

X(t)= X(t, P(1),0(1),V,>" (1))
where the function X(z,P,Q,V) is twice continuously differentiable in the state
variables P, O and V' and once continuously differentiable in # which means
that the optimal fund withdrawal rate and the optimal trading strategy are
again continuously differentiable feedback controls, i.e.,

¢, (1)=c(t, P(1),0(0),V,»* (1)) and 6, (1) = (1, P(£),0(0), V" (1).

Investment management decisions concerning both liability funding and asset
allocation problems in the securities or traditional financial markets - the bond
and stock markets - can therefore be based on numerical solutions of the
above linear partial differential equations, i.e., on precise quantitative
concepts and guidelines. Investment risk in these markets is characterized by
the stochastic variation of the optimal fund withdrawal rate c(¢#) and final
wealth V°(H) about their mathematical expectations. Investors manage this
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risk exposure by a specific choice of their utility functions. However, on a
single-instrument basis claims contingent on these securities are highly
geared investments. A small relative change in the value of the underlying
securities usually leads to a large relative change in the value of the
corresponding contingent claims (leverage). Derivatives therefore introduce
an additional element of investment risk described by their first order [A(?)]
and second order [I'(¢)] sensitivities with respect to changes in the value of
the underlying securities (or market variables in general). Typically, investors
try to eliminate or reduce this derivatives risk exposure by entering into
securities (futures) market transactions that hedge their options books on an
instrument-by-instrument basis (by full or partial replication with the
underlying, i.e., by creating an equal or approximately equal but opposite
synthetic options position).

3. Contingent Claims and Hedging Strategies

Hedging Strategies. A European-style contingent claim (derivative security)
with maturity 7 < H is a non-negative, F.-measurable random variable C that
satisfies E[C"]<x for some n>1. A hedging strategy for claim C is an
admissible pair (c,8) € A(v) with V°(T)=C. Let HS denote the set of hedging
strategies for the contingent claim C which require an initial investment v>0.
The fair price of claim C is then

p(C)=inf{v>0:HS =2}
In a complete underlying securities market we have

p(C)=E[D(T)C]

and there exists a (up to stochastic equivalence) unique hedging strategy
(ce,0:) e Hf(c) with ¢, =0 and associated value process

V=V 0= )E[D(T)CIF]

An American-style derivative security with maturity 7 < H is characterized by
a stopping time t €[0,T] (exercise date) and a non-negative, continuous and

adapted process C(¢) that satisfies E[(sup C(?))"]<~ for some n>1 (payoff

0<t<T

function). A hedging strategy for claim C(¢) is an admissible pair (c,8) € A(v)
with V(1) 2 C(¢), 0<¢ < T, and V*(T)=C(T). Let again H denote the set of
hedging strategies for the contingent claim C(z) which require an initial
investment v > 0. The fair price of claim C(¢) is then as above
p(C)=inf{v> 0:H =2},
In a complete underlying securities market we define the functions
u(t)= sup E[D(t)C(r)] and Y(¢)=ess supE[D(r)C(r)|F ]

and find #(0) < p(C) Furthermore since the RCLL m-supermartingale Y(z) is
the regular and uniformly integrable Snell envelope (i.e., the smallest
dominating RCLL 7-supermartingale) of the discounted contingent claim
D(#)C(t) we have
u(f)= E[Y(£)]= E[D(z,)C(z,)] with 7, = inf{t < s < T:D(5)C(s) = ¥(5)}
and the Doob-Meyer decomposition
Y(t)=u(0)+ M(1)— A(t), M(0)=A(0)=0,
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where the 7-martingale M(#) can be represented in the form
t ~
M()= IOD(s)BC(s)T o(s)dW (s).
With
Y(1) « dA(s)
Vi)=——=and c.(t)=| —=
=y A= 55
we find
T
J.OIV(t)>C’(t)ch(t )=0
t, =inf{t <s< TV (s) = C(s)}
and therefore that (c.,6,) e H,, is a hedging strategy for claim C(f) with
associated value process V(7)=Vr (1), that p(C)=u(0)=E[D(r°)C(ro)] and
thus 7, is the optimal option exercise date. Furthermore, the value process
has the representation

Vo, (£) = Vs (£) =—— E1D(%,)C(t,)|F]

D(Y)

dV () =V ()r(t)dt - de(t) + 0,(t) o()dW (t)

In a Markovian setting
C = h(P(T)) (European options)
C(t)= h(t, P(¢)) (American options)
Vo () =V (t, P(1))
(i.e., under our additional assumptions about the coefficients of the complete
securities market model) the above option value functions are solutions of the
linear partial differential equation
‘;—It’+ AV +%tr(BBTV2V)—VV’Ba—Vr =0 Ba=A-rP

aa—lt/+%tr(BBTV2V)+r(PTVV —V)=0
with boundary conditions
V(T,P)= h(P) (European options)
V(t,, P)= N1, P) (American options)
where

—-

5
By, Ro,, - Roy dPR
A=| : |,B=| : : and V=| :
17}
Fy

B py Roy, -+ Bow 5_

Furthermore, the associated trading strategies that hedge- (or r-eplicate) these
options are

6, =[Bc 'TVV =LVV.

Mean Self-Financing Replication. Returning to the general setting we note
that the trading strategies v.(¢),

v.(t)=VV(t,P(1)),
[6,(r) =v,(¥)P(2)] derived above are predictable stochastic processes and the
associated discounted derivatives value functions D(f)V)5,(t) = D(#)V 35(1)

are m-martingales with the representation
t
D) &) (1) = p(C) + Io d[D(s)G" (s)].
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That is, these option replication (or hedging) strategies are self-financing and
the exercise payoffs of the discounted contingent claims can be written in the
form

D(T)C = p(C)+ |, dID()G"()] (European options)

D(z,)C(r,) = p(C)+ J'o" d[D(t)G™(¢)] (American options).
In an incomplete underlying securities market we first consider the case of
European options. Following Jacka [31] we define attainability of contingent

claim C in a securities market completion .’,?a(l) by (the required existence of a
representation)

EAT)C=p(O)+ [ dIE(OG™(1)]
where the trading strategy v.(¢) is a predictable process and the discounted
financial gains process Ea(t)G""(t) a martingale. We then consider probability
measures 7, such that the discounted security price processes Ea(t)}f(t) are
local martingales under 7, (local martingale measures) and define the sets
n,={z,z, =} 1, = {7, %, <<}
M, =(z,:%, =n|dz, | dn, v |dn | d7,|, <o
of equivalent, absolutely continuous and uniformly equivalent [a(?)-] local
martingale measures on (Q,®,F). Attainability of a European option C with
respect to the given probability measure = (reference probability) means that

the associated value process has the form

Vo= 5 o FEDCIE)

and can now be characterized as follows. The statements (1) contingent claim
C is attainable, (2) E[E,(T)Cl=E,[E(T)C] holds, %, ell,, and (3) the
stochastic process E[E,(T)CIF;] is a #,-martingale, 7, eﬁa, are equivalent.
Furthermore, claim C is rz-attainable if and only if it is 7 -attainable for all

local martingale measures %, e I1, [or all measures 7, € [1,] and therefore for
these measures we have a similar representation

V=5 ELE(DCE)

of its value process. (This representation of the option value can be extended
to non-attainable contingent claims with the definition of a unique minimal
equivalent martingale measure z, under which the discounted security price
processes are square-integrable martingales.) In addition, attainability of
contingent claim C is equivalent to the fact that E[EG(T)C]=§1€%xE,[Ea(T)C]. If

however a given European option C is not attainable, then following
Schweizer [36] (see also Foellmer and Sondermann [32], Schweizer [33],
Elliott and Foellmer [34], Foellmer and Schweizer [35], Schweizer [37], Ansel
and Stricker [38], Hofmann, Platen and Schweizer [39] and Colwell and Elliott
[40]) we can consider trading strategies v(r) that are predictable stochastic
processes but not necessarily self-financing and define the associated
discounted (cumulative) cost process

C'()=EOW (H)-G"(®)].
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A trading strategy v(¢) is self-financing if C*(¢)=c is constant and it is mean
self-financing if C*(¢) is a martingale. Note that the corresponding discounted
financial gains process

E.(0G (1) = [ E,()6(sY 0(5)- G ()3, () WW(s)
[6,(s)=v,(s)B(s)] is a local martingale but not necessarily a martingale. The
risk process (financing cost uncertainty) associated with such a generalized
trading strategy v(?) is then

R(1)=E(C"(T)-C" ()|F].
A trading strategy v(¢) is risk minimizing if for any 0<s<7 and any
admissible variation (7) of v(r) from s on Ry**(s) > R)(s) holds. Given a small
perturbation &(¢) of trading strategy v(¢) and a partition 0=t1,<.<1, <.<7,=T
of the relevant replication (hedge) horizon the associated local risk coefficient
is
r(v,8)= ZR:*‘*‘* ) Rin),
= E(M),, ~(M), [F,]
where M(r) is the square-integrable martingale part (in the Doob-Meyer
decomposition) of the continuous supermartingale Ea(t)P(t). Trading strategy
v(?) is locally risk minimizing if limr™(v,6)20 for every small perturbation

() and every increasing sequence (t,) of partitions with |r,|4 0. Note that
any European option C (which is not necessarily attainable) can now be
replicated with such generalized trading strategies, i.e., C=V"(T) holds for
some v(¢) with associated (discounted) replication costs C*(7’). The following
statements are equivalent (characterization of attainability): (1) Contingent
claim C is attainable; (2) there is a self-financing replication strategy v(¢) for
claim C; (3) there exists a replication strategy v(¢) for claim C with R}(0)=0;
(4) there exists a replication strategy v(¢) for claim C with Ry(¢)=0, 0<t<T.
Furthermore, if v(¢) is any trading strategy and 0<s<T is given, then there
exists a trading strategy v(r) with the properties (1) VY(T)=V"(T), (2)
C'()=E[C*(T)F), s<t<T, and (3) Ry()<R:(f), s<t<T. [Note that
choosing s=0 implies that the strategy v(¢) is mean self-financing.] In
addition, the following statements are equivalent: (1) Replication strategy v(¢)
for claim C is locally risk minimizing; (2) v(¢) is mean self-financing and the
associated (discounted) replication cost process C*(7) is orthogonal to M(¢).
If A(¢) is the bounded variation part of the discounted securities price process
E (HP(1), then under appropriate integrability assumptions (see [36], [37], [38]
and [40]) the density

dA(1)

=30,

exists and the process

By = exp(-[a, () ()~ [[Jo (o) d(M),)
=1-[[B.()a,(s) ()

is a martingale which means that a unique minimal equivalent martingale
measure
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n.(p)=EIB.(H),], pe @,

for the securities market completion E,(t) can be defined. The discounted
asset price process Ea(t)P(t) is a square-integrable martingale under this
measure and any square-integrable m-martingale orthogonal to M(¢) is a
martingale under 7,. Note in this context (see Schachermayer [41]) that the
construction of an equivalent martingale measure with the Girsanov theorem
in general only succeeds if the discounted equilibrium securities price process
is continuous and that the existence of such an equivalent martingale
measure - even if it is of uniformly bounded density with respect to the
reference probability = - does not imply that there is also a minimal equivalent
martingale measure (as defined in [36]). Using a Kunita-Watanabe
decomposition we can now represent a European contingent claim C in the
form

EAT)C = E[E(T)CT+ [[ ve(e) dIE.(0P()]+ L(T)
where the process L.(t), L.(0)=0, is a square-integrable 7%, -martingale that

~

is orthogonal to Ea(t)P(t) under 7,. v.(f) is the unique risk minimizing

replication strategy for claim C under the minimal equivalent martingale
measure, it is mean self-financing under 7, and the associated value process
has the representation

1 ~ -
Ve()==——E CE].
=g Bl )F]

Furthermore, v.(¢) is locally risk minimizing and therefore the associated
(discounted) replication cost process C**(f) a martingale orthogonal to A/(z)
under the initially given probability measure z. Note that in such a general
securities market completion

dIE,(1)G™ (O] =E,(D[6:(1) o(t) - G()a, () W (1)
whereas

ve () dIE,(DP(1)] = E..(f)[ei}(f)rc(f )= (G () - p()a, (1) 1w (1)
[6,(2) = v,(1))E() and p(2) = G(1)-Y_6,(1)]. Moreover,

-1
dC () = dLc (1) +&,(Dp(1)a, (1) dW (f), C<(0)=V"(0).
In the securities market completion &, (¢) [defined by the investor's overall

risk management objectives U*(t,c) and U” (V)] the minimax local martingale
measure Ea, makes the discounted security price processes D(f)P(¢t) square-

integrable martingales

t ~ l ¢ 2 ~ 1 ¢ 2
DORO)=p.exp([ 0. ()R, ()= [ ol &) E, lexo( [ Jo. ()] dsyl<oo
and therefore the Kunita-Watanabe decomposition technique can be applied
to a European option C with respect to this probability measure, i.e.,
D(T)C = E, [D(T)CI+ [ ve(t) dID()P()]+ Lo(T),

where L.(1), L.(0)=0, is a square-integrable ﬁa"-martingale orthogonal to
D(#)P(t) under 7, . v.(¢) is the unique risk minimizing replication strategy for
claim C under the minimax local martingale measure, furthermore it is mean
self-financing under 7:,,” and the associated value process has the

representation
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V"c<r)=$ia” [D(N)CFL

Note that in this (in terms of the underlying general investment management
and asset allocation problem relevant) securities market completion we have
the representation
d[D(1)G"(1)]= v (1) dID(1)P(t)] = D(1)B (1) o(1)aW, (1)
[6,(¢)=v,(1)P(2)] of the discounted financial gains process. Moreover,
dC™ (1) =dL(t), C(0)=V"(0),
holds for the corresponding (discounted) replication costs.

Partial Replication. Bouleau and Lamberton [42] point out an alternative to the
above approach in a Markovian framework

D(@)P(1) = g(t, P(1), Q1) D(T)C = h(D(T)P(T))
E, [W(D(T)P(T))|F,]1= f(t,P(1), (1))
(i.,e., under our additional assumptions about the coefficients of the

incomplete securities market model). They consider the (discounted) residual
at maturity

Ry = (D(T)P(T))- (T ;(T)
associated with a self-financing trading strategy v(¢) and an initial capital ¢>0
(lack of an appropriate hedging strategy for the European option C) and find
that the inequality

E, [(RY12E, [(c-E, IKDIPININ]+
E, | [N/, /)~ lm (£, £)IT(g. ")+ el T T, /(0
holds where
[(u,v)= A(uv)—uAv —vAu A=AV +%tr(BB’V2)

with the state space characteristics

[ By, [ Roy, Royy )
A= PMf;l B= PO PO\ V=|:Vpi|
Qa’ Qb Oby VQ
_QN Ma:!' M| _QN MbN M C" QN MbN MN

is the carre-du-champ operator of the incomplete securities market model,
i.e., of (¢, P(¢), 0(1)). The unique trading strategy v.(¢) and initial investment ¢,
that minimize this residual risk (i.e., for which equality holds above) are then
given by

ve =limI(f,g")[T(g,g" )+, T" and ¢, = E, [MD(T)P(T))].
The fair price of contingent claim C is therefore p(C)=c, = Ea,_ [D(T)C] and its

value process (which is the same as the one obtained above by applying the

methods of Schweizer [36]) is given by
1 ~

=——EFE, [D(T)CF].

PAC) =5 Fa, IDDAAE]

The corresponding (discounted) time ¢ residual is
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R.(1)=D(0)[p.(C)- V&) (D]
and thus by Doob's inequality the maximum residual risk over the entire
hedge horizon satisfies

E,, [upR (0} 1< 4TI, /)~ i [/, €T (g, 87) +&l,, T'T(g, £))(e)dl

where II(¢), f(t,P,Q)=TII(T-1)Wg(T,P,Q)), is the transition semigroup
associated with the securities market variables, i.e., with (P(¢), 0(2)).

American Options. We now consider an American option C(f) which we
analyze in the securities market completion ‘56,. (7) with the techniques used in
Schweizer [36]. To this end we define the two functions
u()= sup E, [D(r)C(r)] and Y(¢)=ess sup E, [D(1)C(r)F]
< [+3
where (as in the case of a complete underlying securities market)
Y(t)=u(0)+ M(t)— A(t), M(0)= A(0)=0,

is the regular and uniformly integrable Snell envelope (i.e., the smallest
dominating RCLL ﬁa"-supermaningale) of the discounted contingent claim

D()C(t). Then we have
u(t)= Eﬂh [Y(Ol= E‘," [D(z,)C(z,)] with 7, =inf{t <5< T:D(5)C(s) = ¥ ()}-
If we now define
Y(@?)
Vit)y=——=,
() DQ)
we find
[pedA(f) =0 and 7, = inf{t < s T-V(5) = C(s)}

and therefore that if we require the discounted value processes D(t)V™(¢) of
replication strategies v(r) for claim C(¢) to be RCLL m,, -supermartingales

[i.e., the American option C(r) to be compatible with the given equilibrium
bond and stock prices P(#)], then V*<()2V(¢), 0<t<t,, and V(1) =V (z,)
holds for the risk minimizing replication strategy v.(¢) for claim C(¢) and 7, is
the optimal option exercise date. This is the case because on the time interval
[0,7,] the Snell envelope ¥(¢) is actually a 1?5" -martingale and consequently

any replication strategy v(r) with V¥ (£)>V(¢) can be replaced by a trading
strategy v(¢) that given 0<s<t, satisfies (1) V' (1)2V(¢), s<t<rt,, and
V(m)=V(%). @ CW0=E,[C'x)F] s<t<t, and @) R(OSR®).
s<t<1,. As in the European option case the Kunita-Watanabe decomposition
technique can then be applied to the exercise payoff C(r,) of contingent claim
C@),i.e.,
D(2)C(1) = E, [D(xo)C(xo)1+ [ v () dID(@O)P()]+ Le(5,),

where L.(f), L.(0)=0, is a square-integrable %,”-martingale orthogonal to
D(t)P(t) under ﬁa,_- v.(?) is the unique risk minimizing replication strategy for
claim C(z) under the minimax local martingale measure, furthermore it is
mean self-financing under z, and the associated value process has the

representation

VVc(t)=V(t)=ﬁEa,
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In a Markovian setting
C=h(P(T),Q(T)) (European options)
C(#)=h(t, P(1), O(?)) (American options)
Vre(t)=V(t, P(1), 0(1)
(i.e., under our additional assumptions about the coefficients of the
incomplete securities market model) the above option value functions are
solutions of the linear partial differential equation

P
Y AV +LeBBVY)-VVTBa, -Vr=0  Ba, =d-r
at 2 Yy Yy Q
P
OV Lo BBV +r( . | VW -V)=0
5t 2 0

with boundary conditions
V(T,P,Q)=h(P,Q) (European options)
V(t,,P,Q) = h(t,, P,Q) (American options)

where i ) )
A FRoy, e FRoy
A= Pty B= PO POy and V=[VP
Qlaly' len oot leuv VQ
_QN May'—M_ _QN-MbN—Ml QN—MbN MN

In addition, we find that
D()[VV'B-6."c)(1)aW, (+)=dL.(1)
and therefore
DIVV'B-6. okt =E, [dL.dW, "|F]  oF, [dL.dW, |[F1=0
o[B"VV -676,]=0
0. =[Bo'x 'TVV =L,V,.V
[6(¢) = I.(r)v(?)] holds and the associated unique risk minimizing replication

strategies are
ve =V, V.

Market Completion With Options. Within the class of general assets [i.e.,
assets with RCLL semimartingale price processes dV (¢)= a(t)dW (t)+dA(t)

where e Q, Q=K(c)® K* (o) and A(z) is of class VF (variation finie)] in the
incomplete securities market model

o) = o (1) k() '[u(®) - r(t)l,]
Bt)= exp(-j: a(s) dW (s)— %J: le(s)| ds) E[exp(—;- J: le(s)| ds)] < oo
&)= BOD()

considered here contingent claims are compatible with the equilibrium bond
and stock prices [i.e., after discounting with the risk-neutral discount factor
D(t) their value processes are continuous martingales under the minimax
local martingale measure ﬁa,,] and can therefore be written in the form
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[6(8)" [u(t) —r(1,, 1+ V () (D)]dt +6() o(0)aW (t)
o ()" @,(1)ds + oy (2)" AW (r)

with the (partial) replication strategy 8 € K*(o) and the additional parameters
o, w, € K(o). The first term in this representation is the value process of a
purely tradable (attainable) asset while the second term characterizes a totally
non-tradable asset in this financial economy. The above decomposition is
unique up to constants. Furthermore, every compatible asset (with non-
constant associated value process) is either purely tradable (attainable) or
totally non-tradable. It also follows that the minimal equivalent martingale
measure is necessarily

~ t
#(p)= EIB(H)L,), o € ®, and W (1) = W(0) + [ os)ds
and that any equivalent martingale measure y for the equilibrium security
price processes is related to this minimal (in terms of its distance to the
reference probability # measured in units of relative entropy) martingale
measure via

E[%’:lF.] =exp(- L ¥(s) AW (s) —% j°'||y(s)||2ds) Y() =)+ (1), o € K(o).
[We therefore call the quantity

BTV YV LV.V
v, =—=2_£2__p7 AL , v, €K(o)
XV XV’ o~

d??a ¢ r | A 2 -
E[“d,," Fl=exp(-},&, (V' ()= [[&, (f d) &, O=an+v,

a completion premium.] Moreover, among all equivalent martingale measures
for the equilibrium bond and stock price processes the minimal equivalent
martingale measure is characterized by the property that for every totally non-
tradable asset the stochastic differential equation
dV (1) = a\(t)" @,(t)dt + o, (1) dB(t)

holds with the same coefficients o, », € K(c) and any (related to each other
via the Girsanov theorem) z- and - Brownian motions B(¢). Note that all the
results about option pricing and hedging derived above in the securities
market completion Ea" (¢#) also apply in this originally given incomplete market
model &(¢) [with respect to the minimal equivalent martingale measure 7 and

the corresponding Girsanov transform #(¢) of the exogenous sources (1) of
securities market uncertainty], i.e., we have the derivatives value processes

Ve(r) =$E[D(T)C|F,] (European options)

dv(t)=

VYe(r) =$E[D(ro )C(7,)|F;] (American options)

with associated risk minimizing replication costs
dC*(t)=dL.(t), C(0)=V"(0),
and their Markovian characterization

Z—I:+ATVV+%#(BBTV2V)— VV'Ba-Vr=0  Ba=A-rP
aa—lt/+%tr(BB’V2V)+r(PTVV— V)=0
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with corresponding boundary conditions V' (T, P)= h(P) for European options
and V(z,, P) = I(z,, P) for American options where

[ 0]
47N Ro,, -+ Roy Jh
A=| B=| : : V= a
Pubs PO - PO EE
as well as the associated unique risk minimizing replication strategies

ve.=VV,

but the obtained results are not necessarily consistent with the investor's
overall risk management objectives U°(t,c) and U”(¥). Note also that not
attainable (i.e., totally non-tradable with respect to a given incomplete set of
underlying bonds and stocks) contingent claims are suitable candidates for a
securities market completion in which subsequently an optimal (in the sense
of Arrow and Debreu) allocation of investment risk is feasible. Ross [43],
Arditti and John [44] and John [45, 46] have analyzed the properties of such
securities market completions with derivatives and the structure of the
associated options markets in a finite state space setting: (1) A complete (fully
efficient) financial market can be achieved by writing ordinary call and put
options on a single portfolio of the basic securities - bonds and stocks. (2)
Almost any portfolio formed with these basic securities in the market can be
chosen for this purpose, i.e., the set of such (maximally) efficient funds is
open and dense in portfolio space. The results of a similar analysis carried out
by Green and Jarrow [47], Nachman [48] and Duan, Moreau and Sealey [49]
for general state spaces are: (1) Ordinary call and put options on the bonds
and stocks in the market and on portfolios of such ordinary call and put bond
and stock options are sufficient to provide a complete financial market (in the
limit). (2) If in a large underlying securities market returns are generated by a
linear factor structure, then ordinary call and put options on a well-diversified
securities market index and on portfolios of such ordinary call and put index
options provide a complete financial market (in the limit).

If the prices of the underlying securities - bonds and stocks - follow a diffusion
process, then the price processes of corresponding contingent claims are also
of the diffusion type. Moreover, Krasa and Werner [6] have recently
implemented a general equilibrium model which includes options markets and
shown that because in a Pareto efficient equilibrium only relative spot prices
are determined an appropriate choice of the levels of absolute prices makes
contingent claims to real-world substitutes for Arrow securities. Equilibrium
diffusion type price processes for such a heterogeneous securities and
derivatives market can then be derived along the lines of Huang [3], Duffie [4],
Duffie and Huang [5], Huang [7] and Karatzas, Lehoczky and Shreve [8]. Note
however that even if the corresponding market structure is dynamically
complete (i.e., the number of traded assets including derivatives equals the
number of exogenous sources of market uncertainty) there are always
multiple inefficient equilibria in which some of the contingent claims are
redundant in addition to a Pareto efficient equilibrium (indeterminacy of
equilibria for a fixed securities market configuration). Furthermore, Zipkin [50]
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has recently reinforced the diffusion process model for equilibrium securities
prices from a risk exposure assessment point of view. Using the total positivity
property of a diffusion money market rate process r(f) he has been able to
show that in such an equilibrium model the Cox, Ingersoll and Ross [51, 52]
measure

19B

B or
of interest rate risk exposure for discount bonds increases with the time T-¢

to maturity (i.e., long bonds are riskier than short bonds) whereas in
equilibrium models with state processes that are not of the diffusion type there
may be discount bonds which do not have this property. In these diffusion
type equilibrium models interest rate risk exposure is therefore characterized
by the time to maturity of the traded securities (discount bonds) and
independent of the details of a particular model specification.

4. Derivatives Risk Exposure Assessment and Control

Limited Risk Arbitrage. The value process ¥V (7,S(?)) of a general contingent
claim in a Markovian securities market setting with state variables
dS(t)= A(t)dt + B(t)dWw (1)
ALS)eR T2 o T
B(t,8)e R"™Y 188, 38,

[i.e., the prices P(¢) of the basic traded assets - bonds and stocks - and in the
case of an incomplete securities market the additional market state variables
QO(1)] follows the stochastic differential equation

v = [Z—’: + ATVV +%tr(BBTV2V)]dt +VVTBdW

and is therefore completely characterized by the corresponding sensitivities
(derivatives risk parameters)

®=aa—lt/ (theta), A=VV (delta) and I'=V*V (gamma)

with respect to the underlying securities market variables and time. The
(conditional) first and second order moments of an infinitesimal option value

increment are then
oV

E[dV|F]= [?"L ATV + %tr(BBTVZV)]dt
vidv|F)=|vv" B[ at
whereas for the underlying securities market variables
E[dS|F,]= Adt and V[dS|F,1= BB dt
holds. In addition, we define the option value appreciation rate

o AV EldVIE]
A—BE%E[AtlE]— dt

=V, arvv + LwETvey)
21 2

(lambda) which shows how fast the option value changes in an infinitesimal
trading interval [¢, 7 + df] with an associated rate of change

46



A

F,
BE%E[ | Fl= E[ddS’l]

in the underlying securities market variables. Defining the above derivatives
risk/return characteristics in the obvious way for the underlying bonds and
stocks we are now going to focus on general investment management and
asset allocation problems

X B)EA(V) E[I v (t C(t))dt + UV(VCG(H))]

EL} ce(t)t+ (HW S (H)]$ v
[¢(t)=&(2) or ¢(1) = Ea,. (#)] with limited risk arbitrage objectives

V()" A()| <8, 0st<H  (instantaneous investment risk)

Mo Tt} <y, 0<t<H  (future portfolio risk dynamics)

V(i)' e(t)>9,0<t<H (portfolio time decay dynamics)

VIO A()2A, 0<t<H (portfolio value appreciation dynamics)
[6.()=v,()X,(")] involving portfolios w(B)=[v,(f) -+ v(8) - v, ()] of
bonds and stocks as well as options, i.e., at the general task of achieving an
efficient [in terms of an investor's utility functions U°(t,c) and U"(¥) and
risk/arbitrage parameters &, y, 3 and 4] allocation of risk in a (diffusion type)
securities and derivatives market

dX(t)=C(t)dt + D(t)dW (1)
X,(OM,(7) Xz, (1) - XOZN(0)
C()= : D(t)= : :
XL(’)ML(I) XL(’)zu(f) XL(t)zuv(’)
with associated [expressed in terms of the underlying securities market model
(t,8(1))] instantaneous investment risk, future derivatives risk dynamics,
options time decay dynamics and asset value appreciation dynamics
A ) L) 0,(1) A ()
A= : |\ T@®=| ¢ [[&)=| ! |and A(t)=
A(D) L) e.() A (1)
[where A ()=VX,(1,5(t)) is the delta (N-vector), I (¢1)=V:X,(t,85(1)) the
gamma (N x N -matrix), etc. of traded asset X,(z,5(¢)) in the market, 1<i<L].

Complete Securities Markets. In the special case of a complete underlying
securities market

dP = Adt + BdW
with additional (redundant) options

dX,=[0, + A" A, +%tr(BBTl';)]dt+ AT Baw

= A dt+ A Bdw
[N+1<i<L] where we have L>N we can write the above portfolios in the

[ }
X

and thus derive the representation

47



dV =[V'[C-rX]+Vr —cldt +v' DdW
=[v, [A-rP1+v, A, [A-rP)+Vr-cldt +[v," B+v, A, BldW
=[(V' A [A—rP)+Vr —cldt + (V' AY BdW
for the portfolio value dynamics. In this (in practical applications important)
case the general investment management and asset allocation problem

Jmax [ US(t,c(t))dt +U" V2 (H))]

B[ s(0)c(t)dt +G(HW.2 (H)] < v

with a corresponding instantaneous investment risk control objective

Moy A)|<6, 0st<H,
[where the feasible trading strategies v(¢) also have to satisfy the other
limited risk arbitrage constraints] hence leads to an equality constraint

v(t) A(t)=6,.,+(t), 0<t<H,

for the portfolio delta. The individual portfolio positions can then for instance
be determined as the solutions of an additional (independent) optimization
problem with linear constraints

v(tY A(t)=6,.,.(t), 0St<H

MY T(0)|<y, 0<t<H  (future portfolio risk dynamics)

vi'e(1)=>9, 0<t<H (portfolio time decay dynamics)
v A(t)= A, 0St<H (portfolio value appreciation dynamics)
in strategy space. We shall therefore from now on assume that L <N and the
volatility matrix Z(¢) has full rank which allows us to define the associated
market prices of risk
A1) =Z(0) K@) ' M(2)-r()1,]
with the asset price covariance matrix K(f) = Z(¢)=(¢)".

Options_Portfolio Characteristics. While the important idea of constraining

investment risk and at the same time maximizing portfolio return has been
successfully applied in the securities or traditional financial markets current
research in quantitative finance seems to be focused more on the issue of
eliminating or reducing derivatives risk exposure by hedging contingent claims
on a single-instrument basis than on the task of optimally solving derivatives
risk exposure assessment and control problems in a portfolio context. Among
the exceptions in the recent finance literature Sears and Trennepohl [53] is an
early attempt to analyze option risk characteristics from a portfolio (consisting
of stocks and corresponding European call options) point of view. They
combine a simple CAPM framework with the Black & Scholes option pricing
model to derive option betas (systematic risk coefficients) and study the
effects of diversification when an investor's portfolio includes long positions in
call options. Modulo leverage and intrinsic value effects, i.e., higher expected
levels of risk as well as higher variance of portfolio risk about these
expectations and much greater importance of the cross-sectional component
(see Elton and Gruber [54]) of expected risk, the well-known properties of
diversified stock or bond portfolios are shared by portfolios that include
options. In this context note that the return process of a contingent claim is
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dR=%=dUog(V)1

ov

—+A’VV+ tr(BB'VWV T
_(a AN U R
V 2)? V
[dS = Adt + BdW] with first and second order moments

aw

BV
+ATVV +— tr(BBT VzV) 7Bl
T

Furthermore, if c(¢) is a fund withdrawal rate and v(¢) a portfolio of securities
and corresponding contingent claims, then the associated return process is

dR =27 = dllog(V)]
=[VT(C—r.«§)+Vr—c " 2V2|| ]dt+ dW
[dX = Cdt + DdW] with first and second order moments
_VC-m)+vr—c D[
E[dRF]=[ V 2
2
- ”(VTA):B L

Jdt

V[deF] = " TD"

Therefore the above constralnts

V) A(r) <8 and [v(e)' T(1) <y, 0<t<H,
on both the instantaneous investment risk and the future portfolio risk
dynamics very effectively control the cumulative (conditional) variance

[ VIdRF)= IH"( )BH

of the portfolio return process over the entlre investment horizon. Booth,
Tehranian and Trennepohl [55] later analyze the effectiveness of securities
and derivatives portfolio selection rules and the relative importance of efficient
(under these rules) options portfolios versus pure stock and fixed income
investments. They find that stochastic dominance algorithms, i.e., SSD, TSD,
SSDR and TSDR (see Whitmore [56], Levy and Kroll [57, 58] and Jean [59]),
which place only few restrictions on an investor's utility functions and on asset
return distributions are suitable general options portfolio selection rules and
illustrate the importance of investments in heterogeneous derivatives
portfolios by the large relative proportion of portfolios that include contingent
claims in the dominant (efficient) set under these rules.

Hedqging With Options. More recently Lamberton and Lapeyre [60] have
included derivatives into their basket of securities used to hedge index options
with few underlying assets. In our setting the price process of these hedging
assets would be X(¢), the discount factor ¢(¢), the risk-neutral probability

measure  and the associated Brownian motion B(r) where
(=&, y=7 and B()=W(1)
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in a complete and

s()=&, (1), =%, and B(t)=W, (1)
in an incomplete underlying securities market [and the relevant securities
market completion parameter a, (¢) is uniquely determined by the investor's

overall risk management objectives U*(t,c) and U” (V)]. The discounted value
process associated with a self-financing trading strategy v(¢) is then

D (1) =+ [, dID(s)G"(s)]
=c+[ v(sY'dID(s)X(s)]

and given an index option with value process I(¢) the corresponding lack of
hedging at time ¢ is
L(ty= DU -V ().
If we now set c¢=17(0), we have L/(0)=0. Furthermore, note that L/(¢) is a
square-integrable martingale under y and E[L:(T)’]:Ekl; >,] holds for the
residual risk at option maturity (see also Bouleau and Lamberton [42]). The
unique risk minimizing (partial) replication strategy v,(7) for the index option
then minimizes the quadratic variation <L >, over the hedge horizon [0,7]
and has the representation
v,(£) = A)LA) AT b(t)
where
D()X(6)=x+ [ A(s)dB(s) and D()I(t)=c+ [ b(s) dB(s)

[A(s) = D(s)I,(s)Z(s)]. The above approach to hedging with options however
does not take into consideration the derivatives risk characteristics (inherent
in the included contingent claims) of the applied hedging strategies. This
could be done in our framework by allowing only replication strategies v(¢)
that satisfy appropriate constraints

V() A()| < 6 and [v(e)' (1) <y, 0<2<T,
on instantaneous investment risk and future risk dynamics.

Finally, instead of requiring our investment management and asset allocation
strategies v(#) to be of the strictly limited risk type, i.e.,
V()" A()| < 6 and ()" T(1)| <7, 0st<H,
with narrow bands é and y it may be advantageous in some situations to
allow wider bands and to apply an impulse control technique similar to
Jeanblanc [61] that keeps the derivatives risk parameters within the narrow
bands at a certain cost. Moreover, Grossman and Zhou [62] point out another
constraint on portfolio management strategies v(z) that is important when the
investments include contingent claims in addition to stocks and bonds
(leverage effects). They define the stochastic process
M (1)=max D(s)V""(s)
where
_D@yr@)
M*(1)

1
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is the time ¢ drawdown resulting from an application of portfolio management
strategy v(¢). Drawdown control at a level 1-a, O<a<l, can then be
implemented by the constraint

D@V (t)>aM (1), 0<t<H,
on admissible trading and portfolio management strategies.

5. Risk/Arbitrage Strategies

Limited Risk Arbitrage Investment Management. Risk/Arbitrage strategies are

trading or portfolio management strategies in the securities and derivatives
markets that guarantee (with probability one) a limited risk exposure over the
entire investment horizon and at the same time achieve a maximum (with
guaranteed floor) rate of portfolio value appreciation over each individual
trading period. They ensure an efficient allocation of investment risk in these
integrated financial markets and are the solutions of the general investment
management and asset allocation problem

H c V ch

max E[[U° (¢, e(t)dt+ U (V*(H))]
H
EI[ o()e(¢)ds + g(HW,*(H)] < v

with limited risk arbitrage objectives

V()" A@)| < 8(t)

MO T(e) < 7(2)

V(1) &(1) 2 (1)
V()" A(0) = A()
[6(r) = I, (r)v(¢)] and additional inequality and equality constraints
g(t, X(1),D(t),¢(1), V(1)) <0
h(t, X (1), D(1),5(1), V(1)) =0
(e.g., market frictions, etc.) in a securities and derivatives market
dX (1) = I (O[M(t)dt + Z(1)dW (1)]
dD(t)=-D(t)r(¢)dt de(t) =—g(O)[r(H)dt + A(t)" dW (1)]

Ml(t) 2u(’) o zw(’)
M()=| : =(nH=| : :
ML(’) zu(’) z:uv(t)
with associated [in general expressed in terms of any underlying Markov risk
exposure assessment and control model (¢,5(¢)) in which S(¢) is an N -vector
of state variables and A(?)=Z(¢)" K(¢) '[M(2)-r(2)1,] with K(r)=Z()Z()")
instantaneous investment risk, future derivatives risk dynamics, options time
decay dynamics and asset value appreciation dynamics
A ) L) ©,(7) A1)
A= ¢ [[T@®=| ¢ |,e)=| : |and A(H)=
A (1) I, 0,(1) A(D)
[where in the case of an underlying securities market (¢,5(¢)) for the market
prices of risk A(f) associated with the exogenous sources W(t) of securities
and derivatives market uncertainty alternatively either A(r)=oa(¢) (dynamic
completeness) or A()=a, (¢) (dynamic incompleteness) holds]. As in the
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securities market case considered earlier it follows immediately that the
continuous and strictly decreasing function

H
H(y)= E[Io s(OI°(t, ys(t))dt +(H)I" (ys(H))]
has an inverse [H(y)]' that maps v——y,. The corresponding fund

withdrawal rate c,(f)=I°(+,y,5(t)) and final wealth V; =I"(y,¢(H)) then have
the property

El[ (), (O)dt +g(HWy1=v.
Furthermore, we have the familiar upper bound
Bl U°(t,c(t)dr+ U (2 (H)IS BT, UF(t,c, (1))t +U” (7))
for admissible pairs (c,8) € A(v) with v(f)e N,, 0< ¢t < H, where the sets
In” AGe)| < 8(t) G E70!
N,={neR": n"e(t) > (1) n"A(f) 2 A1)
g(t, X (1), D(1),5(1),n) <0 h(t, X(1),D(1),5(1),n) =0

in v(t)- strategy space are assumed to be closed (with non-empty interior)
and convex. This assumption is fulfilled under the usual conditions that have
to be imposed on the given constraints g(¢, X,D,z,n) and h(t,X,D,z,n) in
non-linear optimization problems. Note that in the absence of these additional

constraints the origin n=0 is feasible if and only if the guaranteed floors on
portfolio time decay and value appreciation are non-positive.

Strategy Space Transformation. Because of these constraints on the

admissible trading strategies [for which we shall use the notations v(¢)
(number of assets), 6(f) (amount invested in assets) and 0(t) (proportion of
wealth invested in assets),
8.(1)=v,()X,(f) and 8,(1)= 1%3)

interchangeably from now on] we can again not hope to directly find an asset
allocation 6,(¢) that has the properties (c,,0,) € A(v), v,(f)eN,, 0<t<H, and
V&% (H)=V,. The main idea is therefore once more to consider variations of
the given Arrow-Debreu price system ¢(#) that minimize the right-hand side of
the above inequality. In order to apply the corresponding techniques of
Cvitanic and Karatzas [63] we first transform our stochastic control problem
into an equivalent one in 8(¢)- strategy space

Jmax B[\ U*(tc()dr+U” (72 (H)

BN, (et +(HW,* (HD))< v

() ek,
where 8(7) = 6,°(v) are the transformation rules [parametrized by the available
choices of initial wealth v >0 and intertemporal fund consumption c(¢)]

v 25 8

2 )

0 — cho
and the associated constraint sets
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K, =8 w,)

§tvc( N)= {%)(‘;(;):(c, v)e A(v),Vs[v(s) e N,]}

are also assumed to be closed (with non-empty interior) and convex. Note
that this assumption is fulfilled if there are no constraints on initial wealth v >0
and fund withdrawal rates c(z) because then it is easily seen from

V()= DL)[H Jy DO(sY M)~ r(s), - e(s) s + [, D(SBS)" E(s)a (5|

_ 1 v—cAt
" D() D(1)

[c(s)=$ for t—At<s<t and c(s)=0 everywhere else] where

G'(f) =

[v—[D(s)e(s)ds]+ G (1) = +G(1), c20

DL DY IM(s) (s, s + [ D)oY Z(s)a (5]

that for any given time and state (#,w) and trading strategy v(¢) [V£.v(f)e N,]
as inital wealth v>0 and intertemporal fund consumption c(¢f) vary
[(c,v) € A(v)] the corresponding portfolio value V7 (¢,w) takes on every real
number in the interval (0,.0) which means that the constraint set K, = K(f, »)
is a closed convex cone [the point k=0 may be missing depending on
whether n =0 is feasible or not]. We then define the support functions
8(r|K,)=sup(—k"r)
kEK'
with effective domains
K, = {r e R":6(rK,) < oo}

which are closed, positively homogeneous and properly convex functions on
R* with the subadditivity property &(a+5|K,)<8(alK,)+8(8K,). The family of
these support functions &(r|K,), 0<t<H, is assumed to be uniformly

bounded from below on R" and continuous on its common effective domain
K =K, [= R" for bounded K], 0<¢< H, which is a convex cone.

Market Parametrization. The variation parameter space is now taken to be the
Hilbert space Q of progressively measurable stochastic processes

o)=[a(®) -~ @@ with E1[" Jo(t) dr]<co

where the associated inner product and norm are

H
(@,0,)= [ o, () @, (1)dr] and |of = (@, ).
The combined stochastic processes 6(co(t)|K,), w e, are assumed to also be

progressively measurable whenever o(f)e K, 0<t<H, holds. Moreover, all
constant stochastic processes w(f)=w with this property are assumed to
belong to the set

Q- {m Q[ s(at}K )l < oo}.

For a variation parameter me Q we next consider the financial market with
interest rates

r(0) =r(t)+ 8(a(t)}K,)

and securities and derivatives price processes
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dX7(1)=dX () + X, (D[, (1) + S(ex)|K, )]dt .
If c(¢) is a fund withdrawal rate and 6(r) a trading strategy, then with these
asset price dynamics and money market rates the associated portfolio value
process is _ 3
dv, =V 0" [M-rl, + @]+ V,[r+8(a|K)]-cldt +V, 07 ZdW
=V, r —cldt +V,[6" w+8(alK)dt +V,07SdB
[where the factorization with respect to the portfolio value in the second drift
term of the above sum is crucial in the following considerations and the
reason for choosing 0(r)- strategy space]. Note also that with our different
notations for trading and portfolio management strategies [i.e., v(¢), 6(¢) and
0(r)] we have the equivalent representations
dV =v'dX +[V - V' Xdt —cdt

=V [ILM-rX]+Vr—cldt + V' I,ZdW

=[6"[M—r1, ]+ Vr—cldt + 0"dW

=[VO [M-rl1,]+Vr—cldt + VO ZdW

=[Vr —cldt +VO'=dB
of the associated portfolio value process in the originally given securities and
derivatives market. Let for an initial wealth v>0 now A4, (v) be the set of all

pairs (c,0) consisting of a fund withdrawal rate ¢(f) and a trading strategy
6(r) which are admissible in the financial market parametrized by (f) and
A(v) be the set of all feasible pairs, i.e., originally admissible pairs
(c,8) € A(v) that have the property 8(f)e K,, 0<¢< H. Then we have

AP) 4,(v)
and for every feasible pair (c,0) e A(v),

Vo @2V (1),
because of the fact that 8(¢)" o(f) + 5(e(?)K,) 2 0.

Unconstrained Solutions. Furthermore, the general investment management
and asset allocation problem

(c.%v)’f[f Ue(t,c(t))dt +U" (V3 (H))]

EI[] c.()e(t)dt +5, (HW2 (H)]< v
in the o(#)-parametrized securities and derivatives market
D,(t)=exp(—[7,(s)ds)
M, (£) = M(£) + o(t) + S(axt)|K )1,
a, (1) =Z(t) K(t)' M, () -r,(")1,]

B0 = exp(-fLa(sY W ()~ 2 ()] )
6.(1) = B(OD, (1)

has a solution

ogo 1

G0

Ef go(s)es(s)ds+C3(H Y |F)

aw

where
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o c o] ®
ey )= B SO (s 0+ S G )
[and in the incomplete case the associated Arrow-Debreu price system ¢®(¢)
and minimax local martingale measure z, are again uniquely determined by
the investor's utility functions U*(t,c) and U” (V)]. If for this optimal w(f)- asset
allocation 8°(¢) (which is unconstrained) furthermore
6°(t)e K, and 0°(1)" o(t)+8(a(t)K,)=0
holds, then the feasible pair (c®,0°)e A(v) is a solution of the constrained

v

stochastic control problem in the originally given securities and derivatives
market and in familiar control theory notation

J(v,¢,8)=EI[, U*(¢,c(t)dt+U" (V7 ()]
V(v)= sup J(v,c0)

(c.0)A(v)
and
—_ H
Jo(v,c,8) = B[ U°(t,c(t))dt + U” (V22 (H))]
V.v)= sup J,(v,c,0)
(c.0)e45(v)
satisfies

J(v,c®,0°)=J (v,c®,0°) = mig J,(v,c2,08)=V(v)=V,(v)= mlg V,(v)

whereas in general only 3
J(v,c,0)<inf J,(v,c,0), (c,0) € A(v), and V(V)SingVa(v)
holds.

Maximum Principle. If on the other hand c(¢) is a fund withdrawal rate and V,,
a final wealth target such that for a market parametrization w(¢)

max E[[ ¢, ()e(t)dt + ¢, (H Yy 1= ELf c.(e(t)dt + G, (HWy]=v
holds, then there exists a trading strategy 6°(f) that satisfies (c,0°) e 4,(v)
and V.7 (H)=V, as well as 82(f) e X, and 82(¢)" o(f)+8(a(?)|K,) = 0 (see [63]
for details). Therefore the corresponding asset allocation is feasible, i.e.,
(c,6°)e A(v), and sufficient in the originally given securities and derivatives
market, i.e., V% (H)=V},. Itis optimal if
c()=I°(t, H '(v)s, (1) and V,, = I"(H ' (v)s,(H))
holds for some variation parameter @(¢) because then
J(»,¢,67)=V,(¥).

Convex_ Duality. As in the securities market case the above maximum
principle can be invoked (and the constrained investment management and
asset allocation problem for heterogeneous derivatives portfolios solved) after
considering a suitable dual optimization problem. Given any y >0 the convex
minimization program

. H c
min E[[ Us(t, 5, (0)dt +UZ (y6, (H))]
with the continuous, strictly decreasing and continuously differentiable duals
Ui(t,c)=U°(t,I°(t,c))—cI°(t,c) and UL (V) =U " (I" ) -VI" (V)
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of the investor's utility functions has a unique solution e, (7). With this market
variation parameter we then define
v,=H, (), ¢,(t)=I(t,y5, (1)) and V} = I" (yg, (H))
and have
max El[ ¢, (t)e, (Ot + ., (HYZ 1= EI[ 5, (O)c,(O)dt +¢, (HW1=v,
and therefore a solution of the constrained investment management and

asset allocation problem in the originally given securities and derivatives
market that is related to the initial wealth v,. Furthermore, any initial wealth

v>0 can be reached with the mapping y—v,. The corresponding optimal
(constrained) fund withdrawal rate c, (f) and trading strategy 5 (1),
(cy, N )e A(v), in the given securities and derivatives market coincide wuth
the solution of the unconstrained investment management and asset
allocation problem

E[j‘ U(t,c(e)adt+U" (V2 (H))]

(09)€A. (9]

¢, (et +g, (HWE (H)<v
in its , (f)-parametrization and therefore the associated portfolio value
process has the representation

Vot @)=V ()=

o )E[j & (s)e,, (s)ds+co (HW|F].

Markovian Characterization. If this o, (f)-parametrized financial market is
dynamically complete, then the portfolio value function

Vo )=V )=V (X0, Z0)
satisfies the linear partial differential equation

61;' ATV +— tr(BB’VzV) VV’Ba - Vrm, +1I°(t,2)=0
with boundary condltlons V(,X,Z)=v and V(H, X,Z)=1"(Z) where
-5
I“W" Xz, - XIy 7 X]
: : : : v
a=| | B-= and v=|_& [ ]
XNMN,' XNle XNZNN o XN \Z
~zr, ~Zogr - —Zay” d
) L 62 |

The optimal asset allocation is
= [BE'Yw I,V ,/-K ][Mo, o, 1,12V, V
eyv = V = Vv
In the incomplete case we have the quasi-linear partial differential equation
oV avr+l tr(BBTVZV) VVTBazr —Vr, +I°(1,2)=0
for the portfolio value fu_nctlon .
Vo () =Vl (1) =V (8, X(0),Y (1), Z(1))
with boundary conditions V' (0, X,Y,Z)=v and V(H, X,Y,Z)=I"(Z) where
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_ o _ -
XM, Xz, - XZIy
X LM:" Xz, o XIy Vx
A=| ¥ar |,B=| Y%k, - Xk, |andV=|V,|
: M : Vz
KJ—LaIfI'—L Y;v—LbN n °° Xv LbN IN
_Zrmy' __Zalo"a" cae _Z&:;’va‘v i

In addition, w_e find that e,f Z=VV'B holds and therefore the completion
premium v, eX(Z) [associated with the market prices of risk 0y, e K'(2)]
satisfies

v - BV _ RYALY
o ZVY v,V
and the optimal asset allocation is
7 = [BZ'K'Y VvV _ I,V V- K"[NI%' 7o, 1,12v,V
» vV - 4 '

Risk/Arbitrage Strategies. Given an initial wealth v >0 (target wealth) we have
above been able to derive an optimal solution

(¢,..8,.7:>*)

of the limited risk arbitrage investment management problem in 6(¢)- strategy
space with associated risk/arbitrage strategy

[ ] ;)
IV V™ -K I[Mo,' =1, 112V P el
5 Vc’voyv
= v
Y y, 0y, -1 Sy, 6y,
' I,V V> -K [Mm,' o, 1,12V, V™
Vc.ho,v
v

[where 8 = 8™(v), (c,v) € A(v)]. The corresponding trading strategy
v, =0"7(8,)=1,'V;»™8,]

V0 - [KZ, T M,, -7, 1y 12V,
- VxV:"a" _[KIX ]—1 [M”" — ’.0,' IL]ZVZI/:':-E»
[V" =V, ]in v(¢)- strategy space does however not necessarily satisfy
v,(f)eN, 0<t<H,
i.e., the originally given limited risk arbitrage objectives and additional

inequality and equality constraints. [By recalling the applied strategy space
transformation

00=870)=" 2 [(ev)<40)

K, =B, E*(N,)={ﬁ;%‘)’):(c,v)eA(v),Vs[v(s)eN,l}
we can of cdurse find an initial wealth v'> 0, an intertemporal fund withdrawal
rate ¢'(¢) and a trading strategy v'(r), (¢',v')e A(v') and v'(f)e N,, 0<t<H,
such that
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Zve oy L (OV' (1) _D — D% _ IX(t)Vy.(t)
T ey O gy
holds but this is not necessarily optimal in terms of the given investment
management objectives U°(¢,c) and U (V).] The main idea therefore now is
for a trading strategy v'(¢) that satisfies the limited risk arbitrage constraints
[i.e., for which V#:v'(f) € N, holds] to require the associated stochastic process
x() = X} (8)=x3 () =V, (()-V;»" (1)
dx(t) = x()r(t)dt + (o' (1) -1)8, (1) X(1)dB(1), x(0)=v'—v
[where we more specifically choose the portfolio
0'() =LV =a')8b, (1), (?)20

on the 6, (¢)-ray emanating from the origin] to satisfy

x(#)20,0<t<H.
This [admissibility, i.e., after a time scale adjustment

t>(M),  M@®)=[ 6, ()" Z(s)dB(s) [{M)‘ =[lo,. =) ds‘]
we can consider the constrained asset allocation
dv(t)=V(r(t)dt +6(t)dz (1) a, <6(r)<},
in which the risky asset's price process is
dP(t)= P(t)[r(t)dt +dz (1)]
[o(#) =1] under the equivalent martingale measure ] condition ensures that
risk/arbitrage trading in v(z)- strategy space performs at least as well as the
above derived optimal asset allocation in 8(r)- strategy space [in terms of the
given investment management objectives U*(¢,c) and U” (V)]. The quantity
V= inf{v'z v.av(e, ,v') e AV)AVIV' () e N JAVI[x] (1) 2 0]]}

is then the required wealth for limited risk arbitrage investment management
in v(r)- strategy space [with associated 6(f)- strategy space wealth target
v>0] and v-v is the corresponding transformation premium. Any two
respective solutions

oy c,_ 0, I’y c, V'
(v c,,0 .V ") and (vv.,cy',v',Vovf' )

[ (1t L
of the limited risk arbitrage investment management and asset allocation
problem where

¥, =inf {v' 2vi(c, ,V)e A(V)AVIx)(£) 2 0]} [vev(r)eN]

can now be considered equivalent [at an initial wealth premium v,-v for a
corresponding increase

E[U" (72" (H)-U" (V" (H))]
in expected utility of final wealth). Alternatively, if v(¢) is a risk/arbitrage
strategy associated with the required wealth v [i.e., a CS projection of the
optimal asset allocation §y'(t)], then the two solutions

(6,8, %) and (3.c,,.9,4)

I y"
of the limited risk arbitrage investment management and asset allocation
problem can be considered equivalent. In either case

(v c. .0 Vc"o")

2TV Ty Y
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characterizes the equivalence class of corresponding solutions and we shall
therefore always refer to this canonical solution when we discuss limited risk
arbitrage investment management.

Dynamic Programming. Chow [64] points out an interesting alternative (and
complementary method) to the above martingale representation approach
which uses an algebraic solution technique involving KKT first order optimality
conditions and Lagrange multipliers instead of solving the HJB dynamic
programming equation for a (constrained) stochastic control problem. In his
setting the investment management and asset allocation problem that
characterizes risk/arbitrage strategies is

J(v,c,v)=El[, U*(t,c(t)dt+U" (7 ()]

V(v)= sup J(v,c,v)
(cv)eA(v)
with controlled state dynamics (portfolio value function)

dv (£)=[v(t) [C()—r() X (O1+V ()r(1) — c(2)}dt + v(t)" D(1)dW (1)
CO=LOMO=CV(®)  DO)=I()Z(t)=D(,V (1))
V(0)=v
control variables ¢(¢) and v(¢), risk/arbitrage objectives
V()" Ae)| < 8(t)
VO T < ()

V(1) O(1) 2 (1)
v(OTA(®) 2 A(D)
and additional inequality and equality constraints
g,V (),c(1),v(1)<0
WLV (@), e@O ) =0.
Feasibility of a control u(t)=(c(t),v(?)), i.e., (c,v)e A(v), is defined in the
obvious way and here an optimal solution of the above stochastic control
problem can be derived directly in v(¢)- strategy space. Using the notation

TV @)1= L[ Usc(s)ds + U (o ED)|F)
Fav@e)= sup J@V(@),u)

ucA(t,V(¢8))
a(e,V (), u()) = v(t) [C(t) —r() X(O)]+V (t)r () — (1)
b(t,V (), u(1) = v(1)" D(1)
JS(,u()=U(1,¢(1))

and applying Ito's formula we have [assuming ¥ (1,V) e C*?]

2 0*V ov

—+ —+— t + — bdW
[ ot 6V 2ll " BV’]d 724

with corresponding (conditional) first and second order moments

ov 25V
E[dVIF,]—[a— a,, o S

VidPIE1= I Tl at
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If we now consider an infinitesimal trading period [z, +dt], then according to
the dynamic programming principle the optimal value function 7 (¢,J) of the
limited risk arbitrage control problem satisfies
Pr)=_ sup EIf U (se(o)ds+U" G HDJF]
(ew)eA(EF ()
= sup E[f(tu(r))di+V (¢ +dtV(t+dn))F)]

wed(tV (1)

= sup ELf(tu(t))dt+V (t,V(1)+dV (1)F)

ued(tV (1)
=7, V() + sup [f (¢, u(1))dt + E[dV (t )IF' ]]

ueA(tV(t))

thus
0= sup [f(tu()dt+E[dV (0|F]]

ueA(t.V(t))

dt

and therefore the Hamilton-Jacobi-Bellman (HJB) equation
v oV 1,20V
+—|b =0
nsA(t,V(l))[f ot 4 714 2" " ]
with boundary condition ¥ (H,V)=U" (V). If this second order, non-linear PDE
is uniformly parabolic, i.e.,

ueA(tV(t),

- sup _[f(z,u(r)>+E[dV(’ E]}

|8 =&
for some >0, then the associated boundary value problem has a unique
classical solution (in the degenerate parabolic case viscosity solutions can be
considered). Hence, using the verification theorem of stochastic dynamic
programming the standard approach to determining an optimal investment
strategy in these limited risk arbitrage control problems would be as follows.
Consider the maximization program

oV v 1
max f(f,u)+ W(t’ V(t)+a(t,V (D), u)W(t, V() + E"b(t’ V(t),u)

RA(t,u)<0
g(t,V(),u)<0
WtV (1),u)=0
where the risk/arbitrage objectives are

V()" A < ()
RA(t 1) <0 <> VO TO[<7(®)
V(1) ©(1) 2 (1)
v(OTA(E) 2 A(F)

2 OV
ov?

&V (®)

With

vV 1,.,p.0*V
—+—|b
T
T 0 7]
= V=
! [uo u'”] [6110 6u,_:|
the associated Karush-Kuhn-Tucker (KKT) first order necessary conditions for
a maximum at ¥ are

ov
F=f+—+
AN PR
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VE@,V(1),7)-£,, VRA(t, 7)- £ ;Vg(t, V), a)—L,"Vh(t,V(t),7)=0
LY RA(t,7)=0
5g,(V (1), 7)=0

£ >0

£20
and if w =u(¢,V (1)) is a corresponding optimal solution, then the value function
V(,V) associated with limited risk arbitrage control can be obtained by
solving the second order, linear PDE

f@u@, v))+aa @#,v)+a(t,v,u(t, v)) (t V)+— ||b(t v,u(t, v))" 3 (t v)=0

[where the state variable v - mstead of Vv - has been chosen for notational
convenience in the following linearizations]. If however instead of solving for
the optimal value function we introduce the two Lagrangians

ra ov - ov
R TR 4
and use the linearizations
Cavy=LFv+1? VF(t,v,u)=LFv+ LT u+I"
Vi(t,u)=L"u+1" VRA(t,u) = L™y + "™
a(t,v,u)=Lv+Lu+1° Vg(t,v,u)=L¥v+ L*u+1"¢

V[%"b(t,v,u)"] L0y P T G u)= I+ D

about (V' (¢),#), then
L7 =L+ Lﬁ'”)L"v’

Pl B AR

1 % g 73

and from the above KKT conditions and the corresponding PDE at optimality

it follows that

L5y + [T+ [57 =

u=Lv+l*
with
Lvm =LZF _exTLZg_ehTLZh
LE =LF -0, L™ -0 TLF-2,’ L]
PET = g TSI TV g TI™
as well as

LPDEv + IPDE = 0
with
IPPF = o(I2 + L)L~
I 7 2
IPPF = JI+ L7 + (L + LI +(L +1°+ 2
where we have also used the linearizations

v Y4 rig o 1
Z,(i,v)—Lfv+If —||b(t v,u) L2 v-i-L2 PITLE
ft0)=Lu+l

s
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These two equations can now be used to numerically (Riccati-iterations) solve
for the optimal control w=1u(t,V(¢)) and the determinants of the above
Lagrangian functions £/ and ¢°. Note that this approach does not necessarily
derive the optimal value function 7 (¢,V) of the risk/arbitrage control problem
itself [the portfolio value process V(¢) is the more interesting quantity and can
be calculated by applying the optimal control #(z,V(2)) to the state dynamics
with a suitable discrete approximation of the corresponding linear SDE].

Drawdown Control. The limited risk arbitrage investment management and
asset allocation problem which also incorporates drawdown control

DV (1) > oM™ (1) [M(t) = %D(s)V'(s)]
at a level 1-a, 0<a<]1, can be solved by applying a simple strategy space
transformation. Following Cvitanif and Karatzas [65] given such a control
level 1—-a we consider the set 4.(v) of feasible pairs (c,8%) such that the
constrained stochastic functional equation

av'=[" -ﬂ)e"[M rL+Vr=cldi+ (V" —ﬁ)e"zdw
DV'>aM®  V'(0)=v
has a unique strong (non-negative) solution. Note that for any fund withdrawal
rate c(t) and any R"-valued progressively measurable stochastic process
p(t) with
6°(1) = K(r) 'Z()p(1)
the above SFE has a unique strong solution
V,‘“"(r)—m[—j D(s)e(s)ds +v exp[(1-am(t)]a+ (1~ o) exp(&(0) ~n(0)]
0= p(sy dB(s)- [ JpN'ds  n(r)=max&(s)
with the property
M, () = max D(s)V; (s) =—[ D(s)e(s)ds +v exp[(1 - a)n(1)]
[and that the optimal trading strategies for limited risk arbitrage investment
management without drawdown control satisfy 8, (1) =K(z) 'Z()B(1)" VV (1)].
Furthermore, if we compare the stochastic functional equation related to
drawdown control with the evolution equation
dV =[6"[M-r1,]+Vr—cldt+6"ZdW, V(0)=v,
for the portfolio value process used so far, then with a fund withdrawal rate
c(t) and a trading strategy 6°(¢) such that (c,0')e 4 (v) by applying the
transformation
oM (1
M Dyg sy

o0 =" (-7

we find
Vo=V (0).
Since the risk/arbitrage constraint sets X, in 6(¢)- strategy space are convex

cones it is also clear that (c,0) e A(v). If we therefore (using our equivalent
notations for trading strategies) consider the convex cones

R=PR'(K)  R(p)=K() 'Z()p(t)
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[K,={+ 8,.() -} with 8,()=8(v)], then for a progressively measurable
process p..(f) with p_ () e R, 0<t<H , the stochastic processes
6..(t) =K() " Z(1)p,.(1)
= _ ety ML (1) _ (et o LD,
6,.()=(, (t)—W)Gw(t) p()=(V, (t)-__D(T)p"(t)
have the properties
o.ek, B.(eK,  p.eR
0,.()=K(1) "Z()p.. (1)
V() =V 1)
and consequently
(c.0.)e4,(v)  (c,8,)eA(v)

. 9. (1)
ew (t) = = “§-

[V (£)>0, 0<t<H]. We can thus now define the set A (v)c4(v) of
feasible pairs (c,8) for which (c,8..) € 4.(v) holds with the DC transform

= 0,.(1)

0.(t)= )

chﬁ,,(t)_wv (t)
D(t)
of trading strategy 6(¢) [given initial wealth v >0 and fund withdrawal rate ¢(¢)]
and solve the limited risk arbitrage investment management and asset
allocation problem with these admissible controls. If (c‘;_,e‘;')eza(v) is a
corresponding optimal solution, then the associated portfolio value process
satisfies the drawdown constraint at level 1-a. Note that the relevant
constraint sets in 6(7)- strategy space are
a __ Ta _ — Oy —
Ki=Trk) T @)= 7% (- 2Oy
=[T, *PL(R) D(1)

which can be seen to be closed (with non-empty interior) and convex subsets
of the risk/arbitrage constraint cones K,. This is the case because for fixed
8°(¢) such that V£.v'(¥) e N, holds as initial wealth v >0 and intertemporal fund
consumption ¢(7) vary [(c,8") e 4.(v)] the term

M (8) D(s)V; (s)

D(eW; (1) o=t D(t)V;” ()

takes on every value in the interval (.1). Consequently, the norms [B.c(e)] of
a

the corresponding trading strategies
- oM () .
0, .()=(1-————)0 (¢
(1) =( DY (z)) ()

V20 (1) = V% () and M ()= M. (1)] take on every value in the interval
(0,(1-cx) 6‘(t)||]. Since the set I,(f)(N,) of these trading strategies 6°(¢) is
closed (with non-empty interior) and convex the above conclusion follows.

Partial Observation. In a scenario where the information available to investors
in the securities and derivatives market (i.e., the observed asset prices) only
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partially reflects the history of this market (Karatzas and Xue [66]) we consider
a probability space (Q ®,r) with two (augmented) filtrations {F}_, and {G,},,
that satisfy the usual conditions. The exogenous sources W(¢) of market
uncertainty are adapted to the filtration {G,} which therefore records the
market history and the coefficients »(¢), M(r) and Z(¢) of the securities and
derivatives market model are assumed to be progressively measurable with
respect to {G,}. The filtration {F;} is generated by the asset prices X(¢) and
thus (in a Markovian setting) records the market information available to
investors. Fund withdrawal rates c(¢) and trading strategies 6(¢) are assumed
to be progressively measurable with respect to {F;} which means that the
associated portfolio value processes V,*(¢) are also {F;}-adapted. This follows
from the fact that with M(t):E[M(t)|F,] and a square root £(z, X) of the asset
price covariance matrix K(z, X)=ZX(s, X)2(s, X)" the {F}-adapted stochastic
processes

- t A

X,(0)=X,(1)- X,00)- [ X,(sM,(s)ds
are continuous, square-integrable {F,}-martingales that can be represented in
the form

Py t A ~

X(t)=[ X,(sB.(s, X (s)dW (s)
with an {F,}- Brownian motion W(1). The asset price processes are then

A L A A
dX,(1)= X,(IM,()dt + Y 2, (t, X(1))aW, (1)]
J=l

and the value process of an investor's securities and derivatives portfolio
evolves according to the linear stochastic differential equation

dV (1) =[6()" [M(t) - r()1, 1+V () () — c(O)]dt + 6(2)" X(t, X (1))dW (1)
After this reduction of the partial observations setting to a market model with
complete observations [i.e., all relevant stochastic processes are adapted to
the filtration {F;} representing the market information available to investors]

we can apply a Girsanov transformation of probability measure
A@)=E(t, X() ' M(1) - (D)1, ]
]A3(t)=exp(—_‘:A(s)TdW(s)—% [y E[exp(% [JAcsf @sn<eo
£(1)=B)D()
W) =EBU,) pe®  B)=W()+[ Als)s

and then solve the limited risk arbitrage investment management and asset

allocation problem (with drawdown control) in a dynamically complete
financial market.
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Part 2
A Risk/Arbitrage Pricing Theory

Abstract. Building on the new concept of limited risk arbitrage investment
management in a diffusion type securities and derivatives market | introduce
a corresponding risk/arbitrage pricing theory that is consistent with an
investor's overall risk management objectives and takes into account
drawdown control and limited risk arbitrage constraints on admissible
contingent claim replication/hedging strategies. The mathematical framework
used is that related to the optimal control of Markov diffusion processes in R"
with dynamic programming and continuous-time martingale representation
techniques.

Key Words and Phrases. Risk/Arbitrage pricing theory (R/APT), risk/arbitrage
contingent claim replication strategies, optimal financial instruments, LRA

market indices, utility-based hedging, risk/arbitrage price, R/A-attainable,
partial replication strategies.
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A Risk/Arbitrage Pricing Theory

1. Introduction

Risk/Arbitrage strategies [see part 1] are trading or portfolio management
strategies in the securities and derivatives markets that guarantee (with
probability one) a limited risk exposure over the entire investment horizon and
at the same time achieve a maximum (with guaranteed floor) rate of portfolio
value appreciation over each individual trading period. They ensure an
efficient allocation of investment risk in these integrated financial markets and
are the solutions of the general investment management and asset allocation
problem

H c vV c
(max EY[ UGt ()t +U” (7 (H)]
H
EIf (0e(t)ds +g(HW . (H)]S v
with drawdown control
D@VE(t)>aMP(t), 0<t<H
[M2(t)= rglgas)‘(D(s)V;‘e ()], limited risk arbitrage objectives
V(Y A(r) < 8(¢), 0<t<H (instantaneous investment risk)
M@ T()|<¥(£), 0<t<H (future portfolio risk dynamics)
v(t) (1) > (1), 0<t<H (portfolio time decay dynamics)
v(tY A()> M), 0<t<H (portfolio value appreciation dynamics)
[6(r) = I, (#)v(¢)] and additional inequality and equality constraints
g, X(1),D(1),5(1),v(1)) <0, 0<t<H
h(t, X(0), D(t),6(1), V(1)) =0, 0<t<H
(e.g., market frictions, etc.) in a securities and derivatives market
dX (1) = I, ()[M(r)dt + Z(t)dW (1)]
dD(t)=-D(t)r(t)dt de(t) =—c(O)[r(t)dt + A(t)T dW(1)]
Ml(t) Z"(t) zw(t)
M@)=| : X()=| : :
M, (1) Z,() - Zp()
with associated [expressed in terms of an underlying Markov risk exposure
assessment and control model (z,S(¢))] instantaneous investment risk, future

derivatives risk dynamics, options time decay dynamics and asset value
appreciation dynamics

A() L) 0,(1) A(n)
Al)=| : = : e(r)=| : A()=
A(D) L@ CAY A0
[where A (1)=V X,(1,5(2) is the delta (N-vector), I(f)=V:X,(1,5(2)) the
gamma (N x N -matrix), etc. of traded asset X,(¢,5(¢)) in the market, 1<i<L,
and the market prices of risk associated with the exogenous sources W(t) of
market uncertainty are A(f)=Z(#)" K()'[M(f)-r(1)1,] with the asset price
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covariance matrix K(#)=Z(£)z(¢)"]. If this financial economy is dynamically
complete, then (in a Markovian framewaork) the value function

Vo () =V )=V (8, X(£), Z(1)
of the limited risk arbitrage investment management and asset allocation
portfolio satisfies the Iinear partial differential equation

oV avr+l tr(BB’sz) VV™Ba, ~Vr, +1(1,2)=0
with boundary condltlons V(0,X,Z)=v and V(H,X,Z)=I"(Z) where

R
XM X5, v XEy 2X,
: : : : v
A= B= v=| & =[ x ]
XNM;" XNle XNENN X Vz
o, . N
L =Zr,, —Zay” - —Zay” o
| 97 |

[and @, () =Z(t) K(t) "M, (D) -7, (Ol ], M, ()= M(?)+o(r)+ 8K )y and
r,()=r(t)+ 6(a>(t)|K,") holds]. The optimal trading strategy is
6, =[BZ'YVV =1,V,V - K“[Mmh —r, WIZV,V.
In the incomplete case we have the quasi-linear partial differential equation
a4 ATVV+ tr(BBTV2V) VV'Ba,” w=Vr, +I°(t,Z)=0
for the portfolio value functlon
Voo () =V () =V, X(£), Y (1), Z(1))
with boundar_y conditions V' (0, X,Y,Z)=v and V(H,X,Y,Z)=1"(Z) where

‘XIM;D" ] I X2, e X Ey ]
X LMZ" X, Lzu oo X Lzm Vx
A=| har B=| Xh, - Iby V=V,
: : : v,
Y La;; L Kv LbN n " Kv LbN‘ LN
_Zrm" _Zal"y vy .. _Z""n“z'

[and «, (f)= Z(t)’ K® 'M ()-r,D1,], M ())=M(®)+ m(t)+5(a>(t)|K")l and
r,(1)=r(t)+ 8(a(t)K7) holds and moreover
- 5A Ay A A4
W ZVY Zv,y
for the completion premium v, eX(Z), a"”* =a, +V, , associated with the
market prices of risk a,, € Kl(Z)] The optlmal asset allocation is
6, =[BE'K'TVV = IXVXV—K“[M,," —r, 1L1ZV,V.
The above idea of strictly limiting investment risk to values within a given
tolerance band is also crucially important when the two problems (related to
limited risk arbitrage investment management) of establishing the fair price of
a claim contingent on the basic traded assets (bonds, stocks and options) in

the securities and derivatives market and of hedging such a claim are
considered. A risk/arbitrage contingent claim replication strategy furthermore

71



ensures certain desirable properties (e.g., guaranteed floors on time decay
and value appreciation as well as controlled drawdown) of the associated
option value process.

2. Arbitrage Pricing Theory (APT)

Dynamically Complete Market. If the given securities and derivatives market
is dynamically complete, then the arbitrage value of a contingent claim C

written on the basic assets X,(?),.., X,,(¢) available to investors in this market
is

c)(t)— ( )E[D(T)C]F ] (European option)
Vo ()= ( )

(under the unique equivalent martingale measure) and we have its Markovian
characterization

——E[D(r,)C(z,)F,]  (American option)

4 1tr(BB’V’V)+r(X’VV V)=0

with the boundary condmons V(T,X)=h(X) for European options and
V(t,, X) = h(z,, X) for American options where

r a -
Xz, - XZy 7p.&
XNle o XNZNN g
0%,

(Karatzas [1]). Furthermore, the associated trading stratégy that hedges (or
replicates) claim C is
8, =[BZ'fVV =LVV.

Incomplete Market. In the case of an incomplete securities and derivatives
market the arbitrage value of a contingent claim C written on the basic assets
X, (0),.., X, (¢) available to investors is

Vo ()= D( )E [D(T)CIF ] (European option)
Vo (1) = D( ) E,
[under the minimax local martingale measure which is uniquely determined by
the investor's overall risk management objectives U°(¢,c) and U’ (V)] with
associated risk minimizing replication costs

dC% (1) = dL(1), C*(0)= p(C),
and we have its Markovian characterization
6V 1
at
with [the additional market state variables ¥(1),..,¥, ,(7) that are not prices of
traded assets and] the boundary conditions V (T, X,Y) = h(X,Y) for European
options and V(r,, X,Y) = h(z,, X,Y) for American options where

[D(7,)C(z,))F;] (American option)

tr(BBTVZV)+r([XIVV—V) =0
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[ X.Z, XZy |
B= XLle XLzuv V= [Vx]
hh, Fby vy
_I;I—LbN-Ll oo Kv LbN IN

(Schweizer [2]). Furthermore, the corresponding risk minimizing replication
strategy for claim C is
6, =[BE'K'YVV =LV,V.

Note that such an arbitrage pricing methodology is consistent with the
investor's overall risk management objectives U°(¢,c) and U” (V) but does not
take into account drawdown control or limited risk arbitrage constraints on
admissible trading strategies.

3. Risk/Arbitrage Pricing Theory (R/APT)

General Contingent Claims. A general claim contingent on the securities and
derivatives X,(¢),.., X, (¢) available to investors in the financial market under

consideration is a pair (c,V;) consisting of a non-negative, progressively
measurable cashflow process c(r) and a payoff ¥, at maturity such that

E[(V; +ch(t)dt)"]<oo for some n>1. In a complete securities and derivatives

market setting [i.e., L=N] the arbitrage value of such a general contingent
claim C=(c,V;) is

Ve ()= R )E[j D(s)c(s)ds+D(TWV,|F,

and we have its Markovian characterization

5;: + L BBV )+ H(XTVV —V)+¢=0
with boundary condition V(T, X)=hX) where
PR
XZ, - XIy X
B=| : : and V= a
Xz, - X, Z
N*N1 N“NN LaX

Furthermore, the associated trading strategy that repllcates/hedges this claim
is

6, =[BZ'TVV=LVV.
In the case of an incomplete securities and derivatives market the arbitrage
value of a general contingent claim C=(c,V;) is

Vo= )E [ D(s)e(s)ds +D(TYV;|F;]

with associated risk minimizing replication costs

dC%(t)=dL.(t), C*(0)= p(C),
and we have its Markovian characterization

t
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T
av 1 ro? X
—+—tr(BB'V VV-V)+c=0
6t+2 ( V)+r([Y] )+c

with boundary condition V (7, X,Y)=h(X,Y) where

[ "len IYnzw i
B= XLZLI XLEIJV and V=[VX].
Ylbll Kbuv Vr
_Kv LbN—Ll Y;v LbN LN

Furthermore, the corresponding risk minimizing replication strategy is
6, =[BE'K 'YVW=LV,V.

Optimal Financial Instruments. An investor in the securities and derivatives
market with utility functions U°(z,c) for intertemporal fund consumption and
U¥ (V) for final wealth, acceptable drawdown control level 1-a, 0<a <1, and
risk/arbitrage tolerances (6,7,9,4) can given an initial wealth v >0 by trading
in the available securities and derivatives X,(¢),.., X, () synthetically create a
unique generalized contingent claim (c, ,/7*) with the properties
mex E[f US(te(O)dr+U" (7)) = Ef, US(t,c,, ()t +U" (777)]
[4(v) here denotes the set of all general contingent claims (c,7;) that given
the investor's initial wealth v>0 can be created by continuous risk/arbitrage
trading with drawdown control in the assets X,(¥),.., X,(¢) (bonds, stocks and
options) spanning the securities and derivatives market] and
D@V, (1) > oM™ (1), 0<t < T (drawdown control)

[M()= rg;'as)'(D(s)K,w(s)] as well as

|vy' 03 A(t)| <6,0<t<T (instantaneous investment risk)

v, (Y T(#) <y, 0<t<T (future derivatives risk dynamics)

v, 1Y ©&(1)29,0<t<T (options time decay dynamics)

v,'(t)’A(t)z A,0<t<T (asset value appreciation dynamics)
[6(2) = 1, (£)v(?)]. Such a generalized contingent claim then optimally satisfies
all the investor's specifications for (derived) financial instruments admissible in
a limited risk arbitrage transaction on a single-instrument basis (i.e., these
synthetically created optimal financial instruments do not have to be hedged

and can therefore be used as elementary hedges in a risk/arbitrage hedging
concept) and its risk/arbitrage value

Vot (1) = Vorom (1) = g.,,_‘ o Al S o, s O
properly reflects this fact [recall the identification

0(t)eK, o VeN, & M AW|<S, MOTTE|<y, .. (O A(D)24
that involves constraint set projection along 7,(f)(N,)-rays emanating from
the origin and generally applies in our discussions of limited risk arbitrage
investment managem