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1 Introduction

Higher spin theories containing infinite number of particles pose a challenge of how to de-
fine them at the quantum level in a way consistent with their large amount of symmetry.
One particular issue is how to treat sums over infinite number of spins. This question was
recently addressed on examples of simplest higher spin partition functions in [1] follow-
ing [2-8].

Our aim will be to study this issue in the context of S-matrix of scalars interacting
via exchange of an infinite set of higher spin fields. This is an analog of the Veneziano
amplitude in string theory where the infinite tower of exchanged fields are massive. This
set-up was originally discussed in [9] where a tree-level scalar scattering amplitude with
standard massless higher spin particles exchange was considered. Since an interacting



theory of massless higher spin particles ought to be not well-defined in flat space (cf. [10—
12]) the computation of [9] is, however, hard to embed into a consistent theory.

Here instead we shall consider a model where the scalars interact through exchange
of a tower of conformal higher spin fields. Conformal Higher Spin (CHS) theories are
generalisations of d = 4 Maxwell (s = 1) and Weyl (s = 2) theories that describe pure
spin s states off shell, i.e. have maximal gauge symmetry consistent with locality at the
expense of having higher-derivative kinetic terms [13] (see also [7, 14-17]). In contrast to
the two-derivative massless higher spin theory, the CHS theory (that can be defined at
the full non-linear level as the UV singular local part of the induced action of free scalars
with higher spin background fields coupled to all conserved spin s scalar currents [15-17])
may be viewed as a formally consistent (but a priori non-unitary) interacting gauge theory
when expanded near flat space.

To introduce a particular model which we shall study in this paper, let us first recall
the basics of vectorial AdS/CFT duality (see, e.g., [6, 8, 18]). Consider a free CFT; of N
complex scalar fields

S = /dd:v X' 0%, (1.1)

with primary conformal operators being on-shell-conserved traceless currents J,, .., of
dimension A = d — 2 + s. The latter are bilinear Y(N) singlets (see [19])

Js(X) =X Ts X ~ X" 0° X, s=0,1,2,..., (1.2)

where J; is an appropriate differential operator. Introducing source fields hg(z) for all
Js and integrating out ', one gets a generating functional for connected correlators of all
currents

I'[h] = N logdet (—82+Zhsjs>. (1.3)

The d-dimensional fields hs; may be viewed as gauge fields for the symmetries of the free
classical scalar theory with linearised differential and algebraic (“trace shifting”) symme-
tries generalising the reparametrization and Weyl symmetry of the Weyl gravity. They can
thus be identified with the CHS fields."

The same functional I'[h] (1.3) should follow from the Vasiliev’s massless higher spin
theory [20-22] in AdS441 upon integrating over the AdS;,1 Fronsdal fields ®4 with Dirich-

let boundary conditions = hs). The number of scalars N then plays the role of the

((I)S‘GAdS
inverse coupling of the higher spin theory in AdS;11 (appearing in front of its classical ac-
tion). All quantum (order N°, N1, ...) corrections to the generating functional computed

from the Vasiliev’s theory should then vanish to match the boundary theory result.?

!Demanding invariance under non-linear symmetries for a particular subset of fields may require intro-
ducing extra terms non-linear in hs (like in scalar electrodynamics or in covariant coupling to a curved
metric). However, being local (involving powers of hs fields at the same point), they would not change the
values of the CF'T correlators of primary operators Js at separated points.

2More precisely, what should vanish are corrections to derivatives of the generating functional at sepa-
rated points.



The quadratic term in hs term of I'[h] in (1.3) is

o[kl = N Z/thshs, (1.4)

with
Ky~ N~HJ (@) Jo(2))) ~ Py |z — 2/ |2724728 w P, 9?04 6D (2 — o) log A + ... (1.6)

where P, is the transverse traceless projector and A is a UV cutoff. From now on, we
assume d is even. Thus the UV singular part of I'y is proportional to the collection of CHS
kinetic terms [ d%x hs Py 9% T1 4 p .

Suppose now we start with N + 1 scalar fields, ¥’ and ¢, couple them to the CHS fields
hs via the currents Js(X)+ Js(¢) and integrate out only NV scalars ¥. The resulting effective
theory will contain the remaining scalar ¢ coupled to the CHS fields hs described by the
induced action, i.e.

Sloh) = [ a's]6r0%0+ 3 h.0)] + 1, (1.7

where I'[h] = N >_,[[ hsKshs+O(h3)]. The UV singular local part of I'[h] may be identified
with a non-linear CHS action [15-17]. One may then compute the S-matrix for ¢ due to
the exchange of the tower of all CHS fields hs. Assuming N (or the inverse CHS theory
coupling) is large we may treat self-interactions of hg in perturbation theory.

While a non-trivial S-matrix for ¢ is not a natural observable in the boundary CFT,
(which is a free theory from the start) this set-up is in a sense a higher spin theory analog of
the computation of the 4d gluon S-matrix from the AdSs point of view [23] where one first
“integrates out” SU(NN) gauge vectors to “build” the bulk geometry, and then considers
the scattering of extra gluons on a probe 3-brane.

In general, one may study the case when the CHS part I'[h] of the model (1.7) is given
by either the full non-local induced action (i.e. with kinetic term P, 9%5t941og(9?/A?))
or simply its local UV singular part P, 925194 log A. The latter choice is preferable when
trying to include also self-interactions of hgs: the finite part of the full induced action is
a priori anomalous, breaking the classical algebraic symmetries of the CHS fields.? At
the same time, the local log A part of I'[h] is invariant under the symmetries of the CHS
theory [16, 17].

In what follows we shall study the model (1.7) viewed as a local CHS theory interacting
with a free conformal scalar matter, i.e. assume that only the local part of I'[h] defining the

3The anomalous part of the effective action does not, however, contribute to the correlation functions of
conformal current operators at separated points (the anomaly expressions contain at least two fields at the

same point). For example, a scalar ¢ coupled to the background metric g, = Muv + by in a reparametri-
(d—2)
a(d—1)

cubic (h2)? order) effective action but its UV divergent part ~ (Weyl tensor)? is Weyl-invariant to all orders.

sation and Weyl-covariant way (i.e. with R ¢* ¢ term included) has Weyl-anomalous (starting with



Figure 2. Box diagram.

CHS action S[h] is kept with coefficient x ~ N as the (inverse) coupling constant. Starting
with (1.7) and rescaling hs as hs — \/]Vhs, we get

1 1
_ d * 02 2s+d—4 * 3 4
Slp, h] = /d x[qs ) ¢’+ZS:’”LSP88 hs+\/g<zs:hs¢ Tsb+h > +(’)<Kh )]
(1.8
Thus at the leading % order we get the four-scalar tree level diagram (figure 1) with two %

~—

=

vertices. Here the solid line (—) stands for the scalar ¢ propagator and the dashed line (---)
for all CHS propagators. We shall explicitly compute the corresponding amplitude below.
In addition, we shall also discuss the one-loop corrections to 4-scalar scattering. An

example of such one-loop order % diagram is the 1-PI one (figure 2) with four ﬁ vertices.
1
K2

1-PI diagrams which are the tree-diagrams in figure 1 where the scalar legs, the CHS

The one-loop four-scalar amplitude of order receives also contributions from non-
propagators and the vertices get the % corrections due to the scalar self-energy diagram,
the CHS self-energy diagram, and the charge-renormalization diagram.

We will start in section 2 with a description of the model of a free scalar field coupled to
a tower of CHS fields. In section 3 we will compute the tree level amplitude corresponding
to figure 1 using a particular regularisation prescription for the sum over all spins. The
resulting amplitude will have a special scale-invariant form and will vanish due to the
constraints of the massless scalar kinematics.

As we shall show in section 4 the vanishing of the four-scalar amplitude is, in fact,
implied by the global CHS symmetry of the model. This will thus justify our choice of the
summation over spins prescription.

In section 5 we will consider the one-loop amplitude given by figure 2 and similar
diagrams limiting the computation to the local UV divergent (¢*¢)? contribution to it.
Some concluding remarks will be made in section 6.

In appendix A we will review the global CHS symmetry transformations. In appendix
B we will present the explicit form of the cubic and quartic vertices in the CHS action
relevant for the computations in section 5. The transverse traceless gauge fixing and the
corresponding ghost action will be discussed in appendix C.



2 Scalar field interacting with conformal higher spin fields

Let us start with a free complex massless scalar ¢ with the flat space action

Stree| ] = / dz ¢p* 9% ¢. (2.1)

This free theory admits infinitely many conserved (on-shell) currents, which are traceless
due to conformal invariance. A generating function for such traceless conserved currents
may be defined using an auxiliary vector u, as (see [19])

J(w,w) = 30 = T () g, (2.2)

|
S.
s=0

Here
J(@,u) =Tg(u, 0z) I(,u), (2.3)

where J(z,u) is the generating function of traceful currents

3(z,u) :(b*(x—i-;u)qﬁ(x—;u), (2.4)
and Il  is an operator mapping the traceful currents into traceless currents [9, 17]*

oo

1 u? 02 — (u-0,)*\"
Hd(u’aw)_zn!(—u.au—d?)n< 153 : ) ' (2:5)

n=0

Let us consider an infinite set of couplings of ¢ to external higher spin fields hs through

these currents:

oo
1
Sinil0, h] = Z; / Ay JHBs (2.6)
s=0
Introducing
= 1
h(:):,u) = Z ; h,ul /—Ls('x) utt ufts ) (2 7)
s=0 "

the coupling (2.6) may be written also as

Sine[0, h] = / d'z h(w,0,) J(x,u)|,_, - (2.8)

Due to the transversality and tracelessness of the currents on the scalar mass shell, these
couplings are invariant under

Orin Ppsywopis = Oy Epigeoopis) T Mpuapa Ypieoopss) » (2.9)

‘Here (q)n = Fgﬂ&;;) is the Pochhammer symbol.



provided ¢ is subject to its free equations of motion. These are linearised conformal
higher spin (CHS) transformations [13]. Off the scalar mass shell, these symmetries are
deformed to the nonlinear CHS ones [16, 17] generalising the diffeomorphism and Weyl
transformations of the Weyl gravity

6CHS h,ufl“'ﬂs - 5lin h,ul“'///s + O(h) B 5CHS (b - O(d)) . (210)

For s = 0 the field hg is a scalar coupled to Jy = ¢*¢, for s =1 we get a coupling of a
vector hy, to Y(1) current, and for s = 2 we get linearised metric h,, coupled to energy-
momentum tensor.” The higher spin couplings are natural generalisations of these lower
spin couplings.

Next, we may supplement Sg..[¢] + Sin:[@, h] with the dynamical action for CHS fields
hs. The functional of hy invariant under (2.10) can be identified with the local UV divergent
part of the induced action found by integrating out some number of additional scalars [16,
17]. The induced action (discussed already in the Introduction, see (1.3), (1.4), (1.6)) may
be written as [17]

I'[h] = /ddpk(p) (pz)% G(X,Y) h(p,u1) h(—p, uz) +O(h?%), (2.11)

where h(p,u) is the Fourier transform of h(z,u) in (2.7) and k(p) is a spin-independent
function

2
k(p) = c1 log % +co . (2.12)

A is a UV cutoff (we omit power divergences) and ci, co are simple numerical constants.
The operator G(X,Y’) acting on wui,ug is given by

o0 d— .
-Samra TG e

where C’LEA)(z) is the Gegenbauer polynomial and X and Y are differential operators de-
fined by

X ZPQaul'aUQ _p'amp'auza
Y =[p0u)—p*02] [(p-0u,)* —p°02,] . (2.14)

Keeping only the singular log A part of k(p) or, equivalently, replacing it by a renormalized
constant x = ¢y log u? (proportional to the number N of scalars that were integrated out
and playing the role of the overall inverse coupling constant) we may define the local CHS
action as

d—4

Seuslh] = 5 / dp ()T G YY) h(p ) (—pu)|  +OM.  (2.15)

Other standard scalar coupling terms such as h,h*¢* ¢ for electrodynamics and 4(dd 21)) R ¢ ¢ for Weyl

gravity can be absorbed into a redefinition of hg .



The quadratic part of (2.15) represents a collection of free conformal spin s actions [13]
Sensall] ~ [ dis P, A, (2.16)

where as in (1.6) the operator Py is transverse traceless projector. Scpss[hs] is invariant
under (2.9) and in d = 4 may be interpreted as the square of the linearised spin s analog
of Weyl tensor. The important point here is that the relative normalisation of conformal
spin s fields in the induced action are fixed by the coupling Si..[¢, k] (2.6) (other choices
of normalisation would break the CHS symmetries (2.10)).5

3 Four-scalar tree-level scattering amplitude

Given the system of CHS fields coupled to a free scalar via (2.6), we can study the simplest
four-scalar scattering process with the exchange of all CHS fields (figure 1). This provides
an interesting example when the issue of definition of the sum over all spins becomes
important. Ref. [9] analysed a similar process where the exchanged particles were the
standard massless Fronsdal higher spin ones. There, the scattering amplitude was obtained
as a function of infinitely many undetermined coupling constants between the massless
higher spin fields and a scalar. In the present case all the ¢ —¢—h, coupling constants are
fixed up to an overall factor (the coupling constant ! of the CHS theory) and as a result
the amplitude will be given by an explicit expression in terms of a sum over spins.

3.1 Conformal spin s exchange

To compute the relevant four-scalar amplitude we start with the vertex (2.6) and consider
integrating over hs (in quadratic approximation only) while keeping ¢ as external fields:

(St [, 1) St [0, 1] ),

3 i L g h 7 Fp1-vs
= ;)/ (QW])?d (S!)Q JH s (p) <hM1"'us (p) hl/1---1/5(*p)>0 J ‘ (—p) . (31)

Here J, are the Fourier transforms of the bilinear conserved currents in (2.2) and the free
propagators of the CHS fields are (in transverse traceless gauge)
- _ns PR (p)

(i) = D) =

where P10 (p) = Oprle + ... is the projector to transverse traceless totally symmetric
tensors and k is the overall coefficient in (2.15). Since the propagators are contracted with
traceless and conserved currents (the external scalar legs are assumed to be on-shell), all

other terms denoted by dots in P¢ will drop out.

5One can also compute the h® term in the local CHS-invariant log A part of the induced action [16, 17].
Extending the construction of the non-linear CHS action to higher orders in hs appears to be technically non-
trivial and may require a new method which is non-perturbative in number of fields (see in this connection
discussions of the unfolding program for CHS fields [24-26]).



The coefficients ns in (3.2) are given by the normalisation of the quadratic part
n (2.15). That they are completely fixed is equivalent to the fact that the ¢—¢p—hs
coupling constants are all fixed. Explicitly, eq. (2.15) contains different tensor structures
represented by different monomials in X and Y. As we have remarked before, since the
propagators are contracted with traceless conserved currents, only traceless and transverse
terms are relevant. The Y operator contains at least one trace or divergence, so it is suffi-
cient to consider only the Y-independent part of the CHS action, i.e. to expand G(X,Y)
n (2.13) as

G(X,Y) = 2 4+ O). 3.3
XY =) sy o o) (33)
As a result, one finds
235 (s 4 d=L
ng = (d_3 7) (3.4)
I'(%2)
Let us represent (3.1) as a sum over spins
<Sint [¢, h’] int (z) h’ -1 Zns S (35)
where the spin s contribution is found to be
1 dip - 1 -
- fi1 s _
Vts 25' (27_r)d J (p) (p2)s+% JNl"'Ms( p)

1 dp 1 N z
= o4 d—4 (8U1 6”2) Hd(U1,1p)J(p, Ul)d(—p,UQ)

2s! ) (2m)d (p2)*+ T » (36)

u; =0

where II; was defined in (2.5). The Fourier transform of the traceful-current generating
function (2.4) is given by

J(p,u) = /dd:ve_”'qu* (x—i— ;u> ¢<:E— ;u>

dj. jd k+¢
- / Cé kif &' (k) $(0) e % (2m)* 6D (p+ k — 1) (3.7

Using this expression we can represent Vs in (3.5) as

(27T)d 5(d)(k1 + ko — 01 — 62)

vl /ddk:l dy d%y dy
2 (27)4d

x % (k1) d(lr) ¢* (ka) d(La) Ag(kr, ko, 01, 4) | (3.8)
where Ay is the spin-s exchange amplitude (p = k1 — €1 = o — k2)

1 - (811,1 . aug) Hd(ul Zp) 62[u1 (k14+21)+ue- (kg—i—ZQ)] ) (39)
2\s+ 5~ s! ;=0
2(p?)°" 2 i

As(kla k27€17£2) —



Using the explicit expression for I in (2.5) the resulting t-channel amplitude due to spin
s exchange is found to be

© 1 (s/2] 1 s—u s—2n
Al (s, t,u) = < )
( ) 2(—4)s (—t)% 7;) 220! (s — 2n)! (—s — 452), \s+u
1 1 (4=3) (s - u)
= Cs 2 . 3.10
2(—8)s (%)8 (—t)% s+u ( )

Here s, t, u are the Mandelstam variables (with s+t + u = 0 in the present massless scalar
case) and Cy(LA)(Z) is the Gegenbauer polynomial.

Since the theory under consideration is conformal, the amplitude has a manifestly
scale-covariant form. In particular, in d = 4 it depends only on ratio of the Mandelstam
variables (also, in d = 4 the Gegenbauer polynomial reduces to the Legendre one).

The total summed over spins t-channel amplitude is thus given by (cf. (3.5), (3.8))

AW (s t,u) = IZnS )(s,t,u) = /1_11d_4Fd<—s_u>, (3.11)

2(—t)"2 s+u

where the function Fj(z) is given by

s oy, (3.12)

Mg
\w

:0 25

Using the expression for ng in (3.4), Fy(z) simplifies to
- d—3
Z (s + ag) CL(2), ag=——-. (3.13)
s=0

For generic values of z, the sum over spins diverges and thus needs to be defined with a
certain regularisation prescription.

3.2 Summing over spins

In general, a particular definition of the sum over spins and thus the resulting expressions
for the scattering amplitudes should be consistent with the underlying symmetries of the
theory.” We shall return to this point below but let us first proceed formally, choosing
a natural cutoff prescription to define the sum over s. Let us introduce a parameter
w = e <1 (with e — 0), compute the sum and then define (3.13) as a limit w — 1

Fi(z) = lim Fy(z,w), Z s+ ag) w® O (z) (3.14)

w—1
s=0

"One may draw an analogy with the Veneziano amplitude in string theory where one also sums over
an infinite number of different (massive) field contributions. When computing it in string field theory
context, one would also need to choose a particular summation over modes prescription. This prescription
is selected automatically in the first-quantised world sheet approach in which the 2d conformal invariance
and the associated space-time symmetries are built in.



We may write Fy(z,w) as

Fy(z,w) = wl_o‘d% (w“d Z w? Cgad)(z)> , (3.15)
s=0

and use the expression for the generating function >~ w® Cgad)(z) = (1 — 22w + w?) =%

for the Gegenbauer polynomials to define the regularized expression for Fy(z,w) by an

analytic continuation:®
1 —w?
reg _
F®5(z,w) = aq 097wt wher” (3.16)
Notice that F);**(z,1) happens to vanish for z # 1, while for z = 1, we get
o 14w
FyE(Lw) = aq A—w)yi?’ (3.17)

which diverges as w — 1. Thus F;**(z) is a particular distribution with support localised at

z = 1. In fact, it is just proportional to the (d — 4)-th derivative of the delta-function, i.e.”
Pz = D7 sy : cog )
E(z) = -1 3 (z 1), ie. Fi*5(z)=0(z—1). (3.18)

The above regularisation of the sum over spins is essentially the same as the one used
in [1, 5, 7] in the context of higher spin partition functions. In the case of CHS theory in d
dimensions (or d-dimensional boundary theory) the sum > .2 fq(s) was first replaced by
the convergent sum > 00, e~(s+24) £, (s) where ag = 952 and then taking the limit ¢ — 0
all sin poles were dropped.

The same result (3.18) is found also using another natural regularisation prescription
utilizing integral representation for the Gegenbauer polynomials. For simplicity, let us
focus on the d = 4 case where (3.13) reduces to

Fi(z) = i <s + ;) Py(z). (3.19)

s=0

Here P, = C’él/ 2 is the Legendre polynomial. The idea is to use the integral representation

1 [7 s
Py(2) = 71_/0 dx (z +vz22 -1 cosa:) , (3.20)

and interchange the summation over s with the integration. Performing first the sum we
find the following integrand

o
1 s 1++v22-1
Z(s—l—) (z—l— z2—1cosx) _ 2 tve osT (3.21)
‘ 2 2(z—=1+ V22 —1cosz)?

sS=

8The radius of convergence of the series in w is not greater than 1 (it is 1 when |z| < 1 and e~ when
|z| = coshz > 1) so the direct evaluation of Fy(z,1) gives a divergent expression.
9Starting with (3.16) and changing the variables z =z + w, e2=1-—w? we get
re; &2 Te . Te, —1)3—4 —
Fi*8(z,e) = aq e As a result, F;*(2) = limeo F;°%(z,¢) = ((dl_)4)! o= (g) .

~10 -



Here we have also used an analytic continuation since for any = € [0, 7], there exists such
z that the series is divergent. Performing the z-integral we get

1 (7 1+v22—-1
ng(z):/ dp—ZFIENVE 7 05T sy, (3.22)
T Jo 2(z—=14++v22—1cosz)?

i.e. the same result as in (3.18).

3.3 Total amplitude in d = 4

In the case of a complex scalar scattering ¢ ¢ — ¢ ¢ in d = 4 one finds the total am-
plitude by adding the t-channel and the u-channel contributions following from (3.11)

and (3.18), (3.22)
Avssis = ’11 [5<i> +5 <Z)} . (3.23)

This unfamiliarly looking amplitude actually vanishes due to massless kinematics. Indeed,

choosing the c.o.m. frame (p; + p2 = 0 = p3 + ps) and introducing the scattering angle 6
|§fl'ﬁ‘ one can show (using E; = |pj|) that § = — L s—-__1 10

for which cosf = 7 U
sin? 3 cos? 3

Thus the arguments of the delta-functions never vanish for real 6, i.e. we get

Agpgp = 0. (3.24)

For the ¢ ¢* — ¢ ¢* scattering, we find

e = [5(2) #o(2)] = o (o) -5 (w8)] . a9

where the two delta-functions correspond to the t-channel and the s-channel contributions,
respectively. These two contributions cancel each other, so that again the total ampli-
tude vanishes

A¢¢*%¢¢* =0. (326)

One may also consider the real scalar case when only the even spin currents in (2.2) are
non-vanishing and thus only the even spin CHS exchanges are contributing. Then only the
even z part of the function in (3.12), (3.22) is relevant and we get for the total amplitude

AB) s = *?[5(:) +5<i> +5<2> +5<Z> +5<5> +5<z>] (3.27)
(o) () o ()
() e ) o (?)]

%Tn general, there may be a possible subtlety in the collinear limit when p% = rp4 and one cannot go

to the c.o.m. frame but this limit requires complex momenta and its significance in the present context is
unclear.

- 11 -



Here the first two delta-functions come from the t-channel, the middle two from the s-
channel and the last two from the u-channel exchange. The contributions from the three
channels cancel against each other and we get again

AL s =0. (3.28)

Thus, while the individual spin s exchange contributions are nontrivial, the total amplitude
vanishes if computed with a particular prescription for summation over spins. As we shall
argue below, the vanishing of the four scalar scattering amplitude is actually implied by
the global CHS symmetry of the theory.

4 Constraints of conformal higher spin symmetry on scalar amplitudes

We have seen that the tree-level scattering amplitude vanishes when a particular regulari-
sation is used to define the summation over all exchanged spins. The principle that should
be selecting one regularization over the other should be the preservation of underlying
symmetries of the theory.!!

The system of CHS fields coupled to massless scalar has the global CHS symmetry
which plays an analogous role to Lorentz or conformal symmetry in standard field theory.
One may thus require the consistency of a prescription of summation over spins with this
symmetry. For example, the introduction of the regularization factor w® in (3.14) may
be implemented by adding it to the CHS propagator in (3.2). This translates into the
following modification of the quadratic part of the CHS action (2.15) (see (2.13), (2.14))

Sthalhiu] = [ d'p ()% G Xw V) R hpu) | (@)
U;=
One may then ask if this regularized action still preserves the global CHS symmetry which
is reviewed in appendix A.

Below we will demonstrate that the vanishing of the tree amplitude found in the pre-
vious section is actually implied by the invariance under a particular subset of global CHS
symmetry transformations. This provides an evidence of a consistency of the regularization
of the sum over spins used in section 3.

Assuming that CHS symmetry is free from anomalies,'? we would like to analyze
how the global CHS symmetry of the scalar action coupled to the CHS fields constrains
the correlators (and thus the scattering amplitudes) of massless scalar fields. The global

1 One possible analogy is with summation over the Kaluza-Klein modes in a 5d theory compactified on
a circle. Viewed as a 4d theory it involves sum over an infinite number of KK mode contributions with
manifest symmetry being only 4d Lorentz symmetry, but the requirement of preservation of the original
5d Lorentz symmetry should impose constraints on how one should perform the sum to recover the result
found directly in 5d.

12Ppossible anomalies from loop graphs may cancel if one sums over all CHS fields. Indeed, it was demon-
strated in [2, 4] that a-coefficient of Weyl anomaly of the d =4 CHS theory vanishes assuming a par-
ticular prescription of summation over spins. The same may apply also to the c-coefficient of 4d Weyl
anomaly [1, 4, 5, 8]. As the Weyl symmetry is one of the CHS gauge symmetries, this is an indication that
the same may apply to all algebraic CHS symmetries.
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CHS symmetry should constrain possible interaction terms in the effective action for the
scalars (with CHS fields integrated out, i.e. appearing only on internal lines). In fact,
it may prohibit any non-trivial interaction terms, i.e. may imply the vanishing of the
corresponding S-matrix.

Among the infinitely many global CHS transformations (A.7), let us consider the
“hyper-translations” (cf. (A.12)):!3

50(x) = M By, By, B (4.2)

Here e#1-+#r is a constant parameter. For simplicity, let us restrict the discussion to the
case of real scalars, so that r will take only odd values. Choosing e#*-#r proportional to a
product y** ... yH" where y* is an arbitrary vector we conclude that (4.2) implies also the
invariance under

0p(x) = (V% — e V) p(z) = d(a +y) — dp(z — ). (4.3)

The invariance of the scalar four-point correlation function under such symmetry implies

(P(x1 +y) p(w2) ¢(x3) d(24)) + (P(21) S22 + V) (73) B(24))
+{(p(z1) p(22) d(x3 + ) d(24)) + (P(71) d(22) P(23) p(24 +Y))
—(y< —y)=0. (4.4)

Translated to the momentum space this constraint becomes

sin(piz - ) sin(p1s - y) sin(pra - y) (d(p1) ¢(p2) d(p3) d(pa)) =0, (4.5)

where p;; = %(pz + p;) and we have used trigonometric identities and momentum conser-
vation, p1 + p2 + p3 + p4 = 0. Making special choice of the vector y* as

y" = aplhy +bplis +cply, (4.6)

where a, b, ¢ are some arbitrary parameters, and applying the condition (4.5) to the case of
the on-shell scattering amplitude of four real scalars (cf. (3.27)) we get (using that p? = 0)

1 1 1
sin <4a s) sin <4bt> sin <4c u) Aﬁ%w(s,t, u)=0. (4.7)

Since a, b, ¢ are arbitrary, eq.(4.7) is equivalent to stu Afﬁg b = 0, and its solution is given
by the distribution,
AG) L go(s:t,u) = ki (t,u) 8(s) + k2(u,s) 6(t) + ka(s, t) (u), (4.8)

with arbitrary functions k;. In addition, we may use also the conformal symmetry which is
also a sub-algebra of the CHS symmetry. In particular, in d = 4 the amplitude should be

13Here we shall ignore the trace parts: the trace parts of (4.2) correspond to the trivial symmetries
(vanishing on equations of motion) that will not give any useful conditions for the correlators. There is no
problem in including such symmetries back if needed.
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invariant under the dilatation symmetry (cf. (3.27)), i.e. under the rescaling of momenta
by a real constant A

A(R)

oW s, NP6, 0%0) = AT (s, t,u) . (4.9)

This condition restricts k; to homogeneous functions of degree one. Moreover, the crossing
symmetry of the amplitude requires k;(x,y) = k(x + y). Combining all these results,
we obtain

A%_)w(s,t, u) =k[(t+u)d(s)+ (u+s) o(t) + (s+t)d(u)], (4.10)
where k is an overall constant. Finally, imposing the condition s+t + u = 0, we conclude
that the amplitude completely vanishes.

This formal argument appears to apply not only at the tree but also at the loop
level if the global CHS symmetry is not anomalous. It should also apply to the complex
scalar scattering case. As we have already seen in section 3, the tree-level scalar amplitude
indeed vanishes in a particular regularization of the sum under spins which should thus be
consistent with the CHS symmetry.

It would be interesting to directly verify this vanishing also for the full one-loop on-
shell scalar amplitude. We shall address the computation of the loop amplitude in the

next section.

5 One-loop corrections

Let us now turn attention to the quantum corrections. Here we will not compute the
full one-loop correction to four-scalar amplitude (which is expected to vanish in view of
the symmetry argument in the previous section) but address only the question about UV
singular part of the amplitude. We shall consider the case of dimension d = 4.

In 4d scalar QED, the four-scalar one-loop amplitude contains logarithmic UV diver-
gence coming from loop diagrams with spin-one propagators, and similar divergences are
expected in each conformal higher spin loop. One may ask if these divergences may go
away after one sums over all spins, i.e. if four-scalar one-loop S-matrix is UV finite in the
model of massless scalar coupled to CHS theory. Below we shall address this question by
explicitly calculating such UV divergence.

Since the only coupling constant « in this theory (2.1), (2.6), (2.15) is dimensionless on
dimensional grounds the only possible logarithmic UV divergence in the on-shell effective
action is proportional to the local term [ d*z (¢*¢)2. In order to compute the coefficient of
this term in the one-loop effective action it is sufficient to consider the background field ¢
to be constant, i.e. to assume that the external legs in four-scalar one-loop amplitude are
taken at zero momentum (which is a particular on-shell point in a massless scalar theory, so
the result should be gauge-independent). Henceforth we shall focus only on the amplitudes

with vanishing external momenta.
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Figure 3. Box diagram with vanishing external momenta.

Figure 4. Bubble diagram in scalar QED.

5.1 Diagrams contributing to four-scalar scattering amplitude

Box diagram. Let us first consider the box diagram in figure 3 which involves two
scalar propagators and two CHS propagators. Let us recall that the CHS propagator (3.2)

is proportional to the transverse-traceless (TT) projector P4l [* (k) satisfying

Ky P (R) = 0 = 1 P (R) (5.1)

V1Us

When all external momenta vanish, the only non-vanishing momentum in the box diagram
is the internal momentum k, and Pg(k) of spin s CHS propagator will be necessarily con-
tracted with k£ making the diagram vanish. Therefore, the only non-vanishing contribution
to the local counterterm (¢*$)? may come only from the diagram with s =s" =0, i.e.
from the contribution of the “non-propagating” spin 0 member of the CHS tower (with
free action [ d*z(ho)?, cf. (2.16)), and is given by

AW = (") 1. (5.2)

KR

Here ng is given in (3.4) and I(A) is the standard UV divergent loop integral,

A 4
I(A) = / Z;;’z . (5.3)

CHS bubble diagram. The fact that the box diagrams with spin s > 1 exchanges do
not give any contribution to UV divergence is similar to the scalar QED case where the UV
divergence arises only from the bubble diagram (figure 4) with two A" A, ¢*¢ vertices. In
the present case of the scalar coupled to CHS theory, we do not have higher order contact
scalar interactions O(h?, $?) in the action (1.7). Hence, one might think that no one-loop
bubble diagrams can induce (¢*¢)? term in the effective action because none of them are
1-PI. However, the usual distinction between 1-PI and non-1-PI diagrams does not formally
apply in d = 4 CHS theory due to the presence of non-propagating s = 0 field which has
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Figure 7. Non 1-PI diagram with scalar loop.

the (ho)? kinetic term (see (2.16)). It turns out that the diagrams in figure 5 (where the
ho lines there are effectively shrunk to a point and hg loops include also the contributions
of the corresponding ghosts) do produce zero-momentum (¢*¢)? terms. We shall return to
the analysis of these contributions in section 5.3.

Charge renormalisation diagrams. The “charge renormalization” diagrams involving
the one-loop correction to the hg ¢* ¢ vertices may also contribute to the (¢* ¢)? contact
term through the hg internal line (see figure 6).

As in the case of the box diagram, here again the only non-trivial diagrams with
constant external scalars are the ones which involve only s, s’ = 0 internal lines. Moreover,
it follows from dimensional analysis that the there is no ho® vertex in the CHS action so
that the only non-vanishing contribution comes from the first diagram in figure 6 with
s = 0. Its contribution is given by

2
Az(:izrgeren. = <@> I(A) . (54)
K
Scalar bubble diagram. Finally, there is also a possible contact (¢*¢)? contribution
from the non 1-PI diagram with scalar loop and non-propagating hg field in figure 7.
We find

no

1 2
Agce?larbubble = Nd) (;) I(A) I (55)

where for generality we included the factor N4 of the number of massless scalars (in the
discussion above we had Ny = 1).
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Figure 8. One-loop diagrams with (¢*¢)? vertices (broken or open lines indicate the origin of these
diagrams in relation to diagrams in figures 3, 6, 7).

Figure 10. One-loop diagrams with h% ¢? and h? ¢* vertices.

5.2 Equivalent approach: integrating out hg first

The fact that hg is non-propagating allows one to treat it as an auxiliary field, i.e. integrate
it out ending up with a local action for the remaining fields ¢ and hs>1 . The price is getting
new interaction vertices.

e First, the CHS action itself will be modified. Since the hg equation is of the form
hg = O(h§21) , we get additional vertices at quartic or higher orders. These will not,
however, contribute to the four-scalar scattering at the one-loop order.

e The presence of ¢*¢ hy coupling in (2.6) implies that, after solving for hg, the massless
scalar scalar action acquires the self interaction vertex (¢*$)2. As a result, there will
be extra diagrams in figure 8 contributing to the four scalar scattering. These are, of
course, equivalent to the s = s’ = 0 diagram in figure 3, the first diagram with s = 0
in figure 6 and the diagram in figure 7 with all hg lines shrunk to a point.

e Finally, there will appear additional interaction vertices between ¢ and hg>1, notably,
the vertices of type h?¢? and h?¢? (see figure 9). These lead to extra one-loop
diagrams in figure 10, which again are equivalent to the diagrams in figure 5 with hg
lines shrunk to a point.

In this approach, with hg integrated out first, all UV divergences of the four-scalar
scattering amplitudes come from two types of 1-PI diagrams: the one (figure 8) involving
¢-loops and the other one (figure 10) involving hs-loops (where in general one is also to
add ghost loop contributions):

+AD (5.6)

1 1
AEO‘)E = A( ) hs—loop

¢—loop
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The former contributions were already given in (5.2), (5.4) and (5.5) and thus we find,
symbolically,

AP = (14N (%)2 I(A). (5.7)

1

The dependence on Ny makes it clear that Aézloop

(1)

ha—loop SINCE

cannot be canceled by A
the latter is independent of Ny .

Thus for generic value of N, the one-loop four scalar scattering amplitude will have
a UV divergence, i.e. the amplitude will not vanish contrary to what happened at the
tree level. This may not be in contradiction with the CHS global symmetry argument of
section 4 because scalar loop contributions may render the CHS symmetry anomalous.

One possible approach is to treat the scalar ¢ field as an external only, i.e. to ignore
all diagrams with ¢ scalar loops altogether. It is then of interest to see if the contributions
the remaining diagrams with CHS loops only in figure 10 may vanish when summed over

all spins. This will be addressed in the next subsection.

5.3 Divergent part of one-loop CHS effective action in constant hg background

Let us now consider the diagrams in figure 5 (or equivalently those in figure 10) where the
external scalar field ¢ lines are taken at zero momentum (so that same applies to hg lines
in figure 5). The UV divergent contribution from the diagrams in figure 5 takes the form

Cons (%)2 I(A) / &z (6" )2, (5.8)

where the coefficient ccyg encodes the contributions from infinitely many CHS field loops
(figure 10). Equivalently, this constant appears in the UV divergent ho dependent part of
the one-loop effective action of the CHS theory

T\ ho] = cons I(A) / d*z (ho)?. (5.9)

On general grounds, the CHS theory Scus = & [ d*z(h3 + Fﬁy + C;fmp + ....) having
dimensionless coupling constant should be renormalizable (the gauge symmetries fix the
local action uniquely) and thus the same ccyg log A one-loop coefficient should appear in
front of the (linearised) Weyl tensor term if spin 2 background is turned on in addition
to hg in (5.9). Then ccys should be the same as the conformal anomaly c-coefficient of
the CHS theory. The conformal anomaly a-coefficient of the CHS theory (corresponding to
topological Euler number divergence in the effective action) was found in [2, 4, 5] to vanish if
a natural regularization for summation over all spins is used. The same vanishing was found
also for the total c-coefficient [1, 4, 8] under the assumption that contributions to conformal
anomaly from higher derivative CHS operators on Ricci flat background factorize. One
may thus expect that total ccus coefficient of the UV divergent hZ term in (5.9) should
also vanish.

To check this let us directly evaluate the logarithmically divergent part of the one-loop
effective action of CHS theory assuming that the only non-trivial background is the constant
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Figure 11. CHS effective action in hg background.

spin 0 field hg . To compute ccys from the diagrams of figure 10 we need to take into account
both the “physical” (gauge-fixed) field loop and the ghost loop contributions, i.e.

Cons = o + ¢l . (5.10)

5.3.1 Physical field loop contribution

Let us first consider the loop diagrams involving physical fields. There are two types of
1-PI diagrams in figure 11 and their evaluation requires the knowledge of hg hs hy and
ho? hs? vertices. These vertices can be represented in momentum space as

/ s

ho = R 0f0) Culk, Dy D) Bl ) (ko) |,y (51)
| "
ho . ohs

O = R (00002 Qulk, By ) BBy un) hs(— k) |,y (5.12)
o

Here the two functions Cs and @, encode all tensor structures:
Cs(ky Ouy, Ouy) = 5 (K)° ™ (Ouy - )™ + -+
Qs(k,Duys Ouy) = qs (k2)° 72 (Ouy- Ouy)* + .. . (5.13)

Here dots stand for terms involving at least one trace or one divergence of a field so that
they drop out in the traceless and transverse gauge that we shall assume. For the same
reason we can consider only hg (hs)2 vertices instead of more general hg hs hg ones because
the latter necessarily contain a trace or divergence.

Using the vertices (5.13) we get, respectively, for the left and the right diagram in
figure 11

1 /ng\2 1, KCs(k, Oy, 0uy) K Cs(k, Oy, Ony ) Ps(k,ur, v1) Ps(k, ug, va)
L =- (*) d*k ,
K (k2)%s

w;=v; =0

1 n, K Qs(k, Ouy s Ouy) Ps(k, ur, ug)
I, === d4k‘ ) 1) 2 ) ;
‘T aw / (k?)* ’

u; =0

(5.14)

where we have used the propagator (3.2) involving the traceless and transverse projector Ps.
After removing the auxiliary variables u; and v; (which amounts to the contraction of all
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the indices) and performing the k-integral (which reduces to the UV divergent term (5.3)),
we obtain

L= i(zs +1) (nses)? I(A), I = i(zs + 1) nsgs I(A). (5.15)

Here the factor 2s + 1 comes from the trace of the projector P (this is the dimension of
the symmetric rank s representation of so(3) which is the traceless and transverse part of
4d Lorentz tensor). The cubic (5.11) and quartic interactions (5.12), or equivalently the
coefficients ng ¢ and ng gs in (5.15) can be extracted from the CHS action. This is done in
appendix B and with the result being

1 1 1
nscs——4<s+2>, s>1; nsqs—8<s—|—2) <s—2>, s>2. (5.16)

Finally, using the above expressions, we obtain

fe’e) 1 3 0 1 2 1
c@’;{s—232(3+2> +222(s+2> <3—2) : (5.17)
s=1 5=2

The sum over spins is formally divergent and thus requires an appropriate definition or
regularization to be discussed below.

5.3.2 Ghost loop contribution

To find the ghost contribution corresponding to the traceless transverse gauge let us con-
sider the gauge symmetries of the classical CHS action. Since we are interested in comput-
ing the one-loop ghost contribution in a constant hg background, it is sufficient to consider
the classical CHS action to quadratic order in all s > 0 fields, i.e. with hp-dependent
kinetic operator

Sens = /d% (h|K (ho)|h) , (5.18)

where (-|-) stands for the contraction of indices. When the background hg is turned off, the
operator K reduces to that of the free CHS theory. The above action is invariant under
the following gauge transformation (cf. appendix A)

Seah=u-0pe+ [u? —hoF(Ou, )] a, (5.19)

where the gauge fields and parameters can be chosen to be doubly-traceless and traceless,
respectively, without loss of generality. The hg dependent part of gauge transformation
is given with the operator F(0y,0;) = I14(0y, Ox) H;_Ll(f)u, 0z) . In the following, we shall
gauge fix the CHS field h to traceless and transverse one by making use of the transforma-
tion (5.19).

First, using the « part of the transformation (5.19), we can gauge fix the trace of h
to zero. This step does not introduce any ghost (since the transformation is algebraic) but
modifies the residual gauge transformation to the form

0¢h =T(ho,€) =Pru-0y —hoG(Dy,0z)] €, (5.20)
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where P is the traceless projector and the precise form of G(9,, 9,,) is given in appendix C.
Due to the tracelessness of the parameter e the gauge transformation (5.20) remains linear
in hg even after this traceless gauge fixing.

Second, using the remaining transformation (5.20), we can make the traceless field
h also transverse. This step involves differential part of the gauge transformation which
gives rise to a non-trivial Jacobian. The latter can be represented by an appropriate ghost
contribution (see appendix C), with the ghost action being

S = [ d'a b)), (5.21)

5T(h0, 6)
de
The crucial observation is that by shifting appropriately the ghost fields ¢ one can com-

Kgn(ho) = 0p - Oy =0y - OuPr [u-0—hoG(Oy,0z)]. (5.22)

pletely eliminate all hg dependence. This is to be done spin by spin, starting with the
lower spin, so that each ghost field is shifted once and then left alone. It is important to
note that the existence of this redefinition is due to an additional divergence term in the
operator of gauge transformation. The gauge transformation itself cannot be redefined in
such a way that it becomes independent of hg. The details of this argument are given in
appendix C.

We thus conclude that the CHS ghosts do not couple to a constant hg background,
and hence

e =0. (5.23)

5.3.3 Summing over spins

The final expression for the coefficient of the divergent h3 term in the CHS action may
thus be written as (see (5.9), (5.10), (5.17), (5.23))

) 1\ 3 1\ 2
CCHs:—5+4Z 3<3+2> —<s+2>
s=0

As was mentioned above, this coefficient should be expected to be proportional to the

(5.24)

conformal anomaly c-coefficient of the CHS theory. The expression for the latter was

sta)e

found to vanish [4, 5, 8] provided the sum over spins is defined using the e ( cutoff

with @ = § just as in the similar vanishing of the a-coefficient [2, 4].!* The same cutoff
factor e~(5T@a)¢ appeared in (3.15) with oy = % = % in d = 4. Using such exponential

cutoff e=(5+®) ¢ in (5.24) and dropping all singular terms we get
1
cons(@) = 5 (90a* — 1400® + 75 0% — 15 o — 152) (5.25)

which does not, however, vanish for a rational value of « .

4The computation of the one-loop conformal anomaly c-coefficient in the CHS theory is based on two
assumptions: (i) the CHS action obtained as an induced action in near-flat space expansion can be reformu-
lated (using a field redefinition) in such a way that at least quadratic kinetic terms in generic curved metric
background are reparametrization and Weyl invariant; (i) the higher derivative kinetic operators D +. ..
— while not factorizing, in general, into products of D? + ... operators in a Ricci-flat background [27]
(as they do in AdS or sphere background) — still contribute to c-anomaly in the same way as if they do
factorize (the terms with derivatives of the curvature tensor that obstruct factorization cannot contribute
to Cﬁm » conformal anomaly on dimensional grounds).
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The meaning of this observation is unclear at the moment. One possibility is that (5.24)
is missing some contributions making it different from the conformal anomaly c-coefficient
discussed in [1, 4, 8]. Indeed, the CHS spin s field conformal anomaly coefficients are 6-th
order polynomials'® while the summand in (5.24) is only cubic polynomial in s. At the
divergent terms in the CHS

. . . . . 2 2
same time, the partial spin s contributions to hg and CWH/\

action need not match: what is expected to be the same is only the total summed over
spins coefficients.

Another possibility is that while ccus in (5.24) is not related to the conformal anomaly
c-coefficient its still determines the UV divergent part of the CHS loop contribution to
the four-scalar amplitude. In that case to resolve the regularization ambiguity it would
be important (as in the tree-level amplitude case in (3.14)) to keep the external momen-
tum non-zero (which would play, e.g., the role of z in (3.19)).!® Equivalently, it would
be desirable to repeat the calculation of the CHS effective action in a non-constant hg
background.

6 Concluding remarks

The d = 4 conformal higher spin theory having vanishing total coefficients of the conformal
anomaly (and thus possibly of all higher symmetry anomalies) is a potentially consistent
quantum theory of an infinite tower of higher spin fields having a large amount of sym-
metry. While apparently non-unitary due to higher derivatives in the s > 1 kinetic terms
this theory has a well-defined formulation in flat space background and thus deserves a
detailed investigation.

Here we have studied the scattering amplitudes for a massless conformal scalar ¢
coupled to CHS theory. The four-scalar tree-level amplitude is given by the exchange
of the whole tower of CHS fields. We have found that under a natural prescription of
summation over spins the resulting tree level amplitude vanishes. This vanishing turns out
to be in agreement with the expectation based on global extended conformal symmetry.

We also addressed the extension of this computation to one-loop order. We consid-
ered only the simplest case of vanishing external scalar momenta. The one-loop diagrams
contributing to the four-scalar scattering are of two types: (i) involving internal scalar
propagators (i.e. scalar loops), and (ii) involving only CHS field loops. The former are
potentially anomalous (scalar loop in external CHS background has, in particular, a non-
vanishing Weyl anomaly) and thus the symmetry argument of section 3 about the vanishing
of the total amplitude due to global CHS symmetry need not apply. We have thus con-
centrated on the CHS loop contributions only. The expectation is that the coefficient ccpug
of the UV divergent term in the zero-momentum amplitude (or of the (¢*$)? term in the
effective action) should be the same as the conformal anomaly c-coefficient and should

5 Explicitly, as = ﬁloys (Bvs + 141/3.) [2, 4] and ¢s — as = ﬁloys (4 —45vs + 151/3) where vs = s(s+ 1).

%11 the case of the one-loop partition function of the massless higher spin theory in AdS it was noticed [5]
that a consistent result can be obtained by first summing over spins and then removing the UV cut-off.
In our case as well, first summing over the spins and then sending momentum p to zero may lead to more

sensible result than first setting momentum to zero and then summing over spins.
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thus vanish after summation over all spins. The expression for ccys we have found does
not vanish however and that issue requires further investigation. It would be important,
in particular, to clarify the precise relation between the coefficient ccug found in section 5
and the conformal anomaly c-coefficient.!”

It would be interesting also to apply the methods of the present paper to the computa-
tion of the tree and one-loop S-matrix for the CHS fields themselves (e.g., Maxwell vector
and Weyl graviton). That may provide further evidence for the existence of a consistent reg-
ularization of the sum over spins and may also shed some light on the (non)unitarity issue.
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A Review of global CHS symmetry

Let us review the origin of the global CHS symmetry and its action on the free scalar and
CHS fields following [16, 17].

Transformation of massless scalar field. The massless scalar action (2.1) may be
written in the following operator representation

Sieec[0] = (815 |9), (A1)

where ¢(x) = (z|¢) and p, =i0,. To find the maximal symmetries of this action we
consider the most general transformation linear in ¢ . In the operator formulation, it reads

5oy =it|o), (A.2)

where # is an arbitrary polynomial in & and p, i.e. a differential operator acting on ¢(z).
The condition that it preserves the action (A.1) is

pri =1 p2. (A.3)

7To recall, the main logical steps were as follows. The coefficient ccus we computed was the coefficient
of the hZlog A term in the CHS effective action. The conformal anomaly c-coefficient is the same as the
coefficient of the Cﬁ log A term in the CHS effective action. The full UV divergent term in the one-loop
effective action should be invariant not only under the Weyl symmetry and reparametrizations but also

vAp

under the whole CHS gauge symmetry. As there is a unique local functional which is invariant under CHS

gauge symmetry [16, 17], the coefficients of the h3 and C?

., terms are thus expected to be the same.
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This defines the maximal symmetries of conformal scalar action up to the trivial ones

6Sfree

S cii = —cit, (A1)

36" = CY(9)

which are proportional to the equations of motions, i.e. vanish on-shell. Such trivial trans-
formations correspond in the case of (A.1) to the operator of the form

t=7p?, it =7, (A.5)

with # an arbitrary hermitian factor. The set of operators f satisfying (A.3) modulo (A.5)
defines the global CHS symmetry that acts on conformal scalars as in (A.2).18

A convenient way to treat the operators is by using the Wigner-Weyl correspondence
(see, e.g., appendix A in [17]). Then we can map the operator ¢ to a phase-space function

t(z,p) = e(z,p) +ialz,p) = (e,a), (A.6)

and all operator products become Moyal products. In this formulation the conformal scalar
transforms as

09(x) = e 3%t () dla) | (A7)

where the conditions on ¢ in (A.6) to represent the CHS symmetry are
p-Oze— (P> +02)a=0, (A.8)
(e;a) ~ (e,a) + (P> +3)r, p-Our). (A.9)

The algebraic structure is induced from the operator product as (here the commutators in
the r.h.s. are defined using the Moyal * product)

[(61, a1), (e2, GQ)} = (lextea] —[ar%az], [e1Fag] + [ar%ea] ). (A.10)
The global CHS symmetry contains the conformal algebra with generators
P, = (p.,0), My = (2, p,),0), K,=(x,x p,x,), D= (z-p1)(A.11)
and also other higher spin generators, for example, the generators of hyper-translations
Puy e = Py Py 0, (A.12)

where {...} indicates the subtraction of all traces.

8Tn fact, the global CHS symmetry in d dimensions is nothing but Vasiliev’s HS algebra in (d + 1)
dimensions. The typical formulation of Vasiliev’s HS algebra involves differential operators in (d + 2)-
dimensions, while here we formulated it in terms of differential operators in d-dimensions. The reason for
the existence of the two descriptions is the fact that the conformal scalar in d-dimension can be formulated
in (d + 2)-dimensions where the role of p? is played by the three operators X2, Q(X P+ P X), P2,
which form an sp(2,R) algebra. See [28] for a recent overview of the HS algebra.
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Transformation of CHS fields. The above symmetry may be also considered as a
global part of the gauge symmetry acting on the CHS fields. It will then be a symmetry
of the action of the free scalars coupled to the CHS fields as in (2.6).

The action of this conformal higher spin symmetry on the CHS fields becomes more
transparent in the so-called dressed formulation [16], where one uses a different set of CHS
fields h(x,u) which related to the original one (2.7) by

h(z,u) = g(Oy, 0x) h(z,u), (A.13)

where II; was defined in (2.5) (see [17] for details). The CHS action (2.15) then becomes
a non-diagonal functional

Seuslb] = [ 0% Vs (0000 = 02, 08, ) Blar ) boay )| +O(), (4.14)

T]=To=2
u1=u9=0

where U, (z) = (V/2/2)7" Ju(v/z/2) (J, is a Bessel function). The advantage of working
with b is that the CHS gauge symmetry takes a simple form

Sh=[esu® +h]+{atu®+h}=56+60p, (A.15)

where x acts on the space of functions in z and u. §© and 6V are respectively b-
independent and h-linear parts, and the gauge parameters are related to those in (2.9) by

1
=1I uy Uz ) e+ Ou) 11 uy Uz ) ’
e(z, u) d+2(0u, Oz) €(@,u) + (0z - Ou) Ma12(0u, Oz) 2d—1)+4u-B, oz, u)
a(z,u) = Mgyq(0y, 0z) a(x,u). (A.16)
The field-independent part of the transformation reads
1
8O =u-Oye+ <u2—4a§)a. (A.17)

This coincides with the L.h.s. of (A.8) and the equivalence relation (A.9) can be interpreted
here as a “gauge for gauge” symmetry,

1
de = <u2—48§>r, da=—u-0pr. (A.18)

Hence for the special parameter (¢, a) = (e, a) satisfying 6 = 0 (which can be interpreted
as the conformal Killing equation (A.8)) the CHS action (A.14) is invariant under

5h=lcth]+{ath)}. (A.19)

This defines the action of the global CHS symmetry on the CHS fields. Since it acts linearly,
it preserves all different h™-parts of the CHS action separately; in particular, it leaves its
quadratic part in (A.14) invariant.

The interaction (2.6) between the CHS fields b and the conformal scalar (with currents
written in the un-dressed form, cf. (2.3), (2.8))

Sine[0, h] = / d*z (2, 0u) J(z,u) |, (A.20)
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is also invariant under the global CHS symmetry. This becomes manifest by writing it in
the operator form as

Sucl®, h] = (8] 5 |6), (A.21)

where 6 is the operator corresponding to the symbol h(z,p) .

B Cubic and quartic vertices in the CHS action involving constant hg
field

Let us start with recalling that given the heat kernel expansion for the massless scalar

kinetic operator in conformal higher spin background,
~2 |1 e
Tr [ P 0) | = 3712 a,[p]. (B.1)
n=0

the local CHS action in d = 4 can be defined as the second Seeley coefficient (i.e. as the
coefficient of the logarithmic UV divergence in the induced action)

Let us separate the spin-0 part of CHS field by from the rest of the fields b’ :

Here h(z,u) is defined in (2.7), (A.13) (the distinction between h(x,u) and h(z,u) will not
be important in traceless transverse gauge). Then restricting hy to be constant one obtains

anlt) = Y2 0 (o)™ ] (B.4)
m=0
In particular,
aalb] = aalt] = boar '] + 5 (60)* aoly] + O(63) (5.5

The heat kernel coefficients a,, were calculated in [17] up to quadratic order in b,

d* 1 m
a2+m[b] - / (47:)62 \/g (28212) Uer% ((8112' 6“12)2 - aguailz)
+0(h%), (B.6)

T =To=T
uq]=u9=0

x b(w1,u1) h(wa, uz)

ai—m[b] = /57:):2 Om,1 + <i 83>mh($au)

u=0

+0(h%)

T]=zo=1
u1=ug=0

, (B.7)

* \/gvm(ag;m, altlz) h(xla ul) h(x27 u2)
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where

Vaa—lazmHmMU Oy - Oy)? B.8

and U, (z) is the same as in (A.14), i.e.

U, (2) = (f) v (\f) _ gm!r(y +1m+ 3 (_%)m . (B.9)

As a result, the CHS Lagrangian depending on constant by and traceless and transverse b’

and written in momentum space reads (h(z) — E(p))

Lol Y- [1= 5 (s 5) B0+ 3 (4 3) (5= 3) G0+ 0 ()

s=0

% (pQ)S 65(]97 Ou) 65(_1)7“) ! (6/3) :

235T(s + 3) (B-10)

where by(p,u) = ﬁam---us (p)utt ... uts. Here the non-local terms with negative powers of
p? should be discarded. Hence the cubic hg h? terms start from s = 1 where as the quartic
bg b2 terms start from s = 2.

C Gauge fixing and ghost action

In this appendix we shall discuss the ghost action corresponding to the traceless transverse
gauge on CHS fields.'” As we have shown in appendix A, the CHS gauge symmetry takes
a more concise form (A.15) in “dressed” basis of fields (defined by (A.13), (2.5), (2.7)).
It is thus more convenient to fix the gauge in that basis. After all, in the transverse
traceless (TT) gauge we will use, the two bases become equivalent : h(z,u)|.p = h(z, w)|pp-
In addition, the scalar parts coincide with each other, hy = hg, independently of the
gauge choice.

Restricting to the case where the only non-trivial background is constant hg, the
symmetry transformation (A.15) reduces to the form,

5 (@, u) = - By ez, u) + <u2 - iag + h0> a(z,u) (C.1)

where the fields h are doubly-traceless while the parameters ¢ and a are traceless. We first
gauge fix h to be traceless utilizing the algebraic part of the symmetry (C.1) generated
by a. Let us note that this gauge fixing requires in principle a finite transformation
rather than an infinitesimal one. In fact, the transformation (C.1) is symmetry of the
classical action (5.18) even for finite parameters due to its quadratic nature. Imposing
02(h +dh) =0, we get the relation between a and ¢ as

1

2@t u-on o deelmn) €2

a(z,u) = —

19 A discussion of an alternative gauge leading to simple gauge-fixed action for free conformal higher spin
fields in flat space and the corresponding ghost fields may be found in ref. [29].
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and the traceless CHS fields transform now as 0 h = T'(hg, ¢) with

102 — ho
= . 47z Y .
T(ho,¢)(x,u) = Pr <u Or + 22+ -0, Ou 836) e(z,u). (C.3)
u2(8u)2
5—2)+2d+u2(0y,)2

Here, Py is the traceless projector which is P =1 — T when acting on a
spin s tensor.

Next, let us further gauge fix the traceless CHS field to make it also transverse by using
the transformation (C.3). Following the standard Faddeev-Popov procedure, this step of

transverse gauge-fixing introduces the ghost action

Sgn = /d4x<5‘3x.au‘m0’e)‘c>
e
ho

00 - l@%—
= /d4x ; <cs‘ Oy - Oy Pr (u . 8x‘cs> + ‘12((97+?)) Oy * Oz ’cs+2>> . (C.4)

Here c(z,u) = Y00 ¢s(z, u) with cs(z,u) = & ¢y, (x) ubt -+ - uts is the generating func-
tion for the ghost fields and (alb) = 2 ay,....,, b**# is the index contraction. Since the
gauge parameter ¢ is traceless, the ghost ¢ and antighost ¢ are both traceless.
For further analysis, we decompose the ghost ¢ into traceless transverse (TT) compo-
nents as
S
cs(z,u) = Py Z(u < 03)° " es (T, u), 83 Csyp =0=03-0ycsr. (C.5)
r=0

By plugging this decomposition for ¢s; and c¢s42 into the action (C.4), one can observe that
the first two TT components cs12 s4+2 and csy2 541 of cs2 drop out in the summand. We
thus end up with

s

Sgh _ /d4a: Z <Es} O0p-0y Pr (u,ax)s-i-l—r‘ (‘Cs,r>+k5,7’ (411 8%—]10) 8320 ‘CS+27T>) , (CG)
=0

s=0r
where

(s—r+2)(s+r—23)

For = A(s+2)(s + 3)

(C.7)

As follows from (C.6), one can thus completely remove the hy dependence in the ghost
action by the ghost field redefinition

1
Cop = Cop + ks’r(i 02 — ho) 02 copor - (C.8)

For a fixed r, this redefinition acts as a matrix which changes the value of s. Since
the form of this matrix is an upper triangular one with the identity diagonal elements,
the corresponding Jacobian is simply one. The conclusion is that the ghost determinant
contribution is trivial, i.e. does not depend on hy.
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