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Abstract

Thin-walled shells of revolution under circumferentially uniform pre-buckling stress
states are important fundamental systems, often serving as reference ‘base cases’ to
which the behaviour of more complex unsymmetrical systems can be related. However,
the same simplicity that often permits closed-form algebraic expressions for the critical
buckling load is also often responsible for a lack of localisation and significant
ambiguity in the critical buckling mode. The computation of the linear or nonlinear
buckling loads requires the systematic trial of many potential buckling modes to identify
the one which minimises the necessary strain energy. In times when researchers used
custom-written tools usually based on circumferential Fourier series expansions, this
operation was relatively straightforward. However, today’s analysts using ‘general’
commercial 3D finite element packages must apply careful safeguards to correctly

identify the correct buckling load and associated mode in axisymmetric shell systems.

This paper presents a detailed computational strategy to accurately and efficiently
investigate the correct buckling load and mode number of axisymmetric shell systems
using the technique of a ‘panel analysis’. This is implemented in the ABAQUS finite
element solver controlled by the SIMULIA™ Isight automation software and the Python
object-oriented programming language. The methodology is illustrated on three classical
benchmark problems from the scientific literature on the buckling of cylindrical shells

under meridional compression, with special attention given to meshing considerations.
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1. Introduction

Thin-walled shells of revolution under circumferentially uniform pre-buckling stress
states constitute a large class of structural systems about which a wide body of theory
has grown over the past century (see the extensive review in Teng and Rotter [1]). This
is in no small part due to the relative simplicity with which they could be analysed
algebraically and the wide availability of closed-form mathematical expressions
governing buckling under linear elastic conditions. Classical axisymmetric shell systems
include cylinders or cones under uniform meridional compression, cylinders, cones and
spheres under vacuum or ‘external’ pressure causing uniform circumferential
compression, and combinations thereof. These act as important reference ‘base cases’ to
which the behaviour of more complex shell systems with circumferentially
unsymmetrical loading is often related, making them deserving of thorough exploration
and documentation. Perhaps surprisingly, despite their long-established presence in the
classical mechanics literature, axisymmetric shell systems continue to be the focus of
significant research study [2-6]. The review papers of Pietraszkiewicz and Konopinska
[7] and Zingoni [8] offer further in-depth information on the history of advancements in

shell theory, including the computational modelling of shells of revolution.

The circumferential uniformity of the stress state in an axisymmetric shell prevents any
obvious localisation of the buckling mode and leads to persistent difficulties during
modelling, both mathematical and computational. The authors of well-known algebraic
solutions [9-14] for the linear and nonlinear buckling of cylinders under uniform
meridional or circumferential compression, for example, had the benefit of direct access
to the governing equations where the minimisation of the buckling load with respect to
the circumferential mode number could be performed algebraically by calculus or
numerical methods. Other authors who used custom-written finite element solvers
optimised for axisymmetric shell systems but enhanced with circumferential Fourier
series expansions to capture unsymmetrical buckling modes [4,15-19] similarly had
direct access to the system formulation and could easily program a minimisation routine

to achieve the same purpose.



As the use of custom-written research-oriented finite element solvers is, with some
notable exceptions, now largely on the wane, the authors believe that the ability to
perform such analyses in an informed manner appears to have dropped out of current
modelling practice. Commercial ‘general’ finite element software packages widely in
use today often permit the shell meridian to be modelled in a 2D plane with
axisymmetric shell elements, but these elements are typically not enhanced with the
ability to detect arbitrary non-axisymmetric buckling modes (achieved in the past via
circumferential Fourier series expansions). Analysts working with such packages now
consider axisymmetric shells almost exclusively in a three-dimensional modelling space
[5,6,20], where the valuable capability of a straightforward identification of the
minimum circumferential buckling mode number has largely been lost. Additionally, the
resolution of the finite element mesh in the circumferential direction enforces an upper
bound on the circumferential wave number that may reliably be represented by the
resulting interpolation field. Poor meshing is at risk of unconservatively overpredicting
the critical buckling load by consequence of the Rayleigh-Ritz principle [21], a
particularly serious concern for thin shells which are known exhibit very localised

buckles corresponding to high wave numbers under certain loads.

A special modelling technique for axisymmetric shells, here termed a ‘panel analysis’,
which executes efficient and accurate 3D models specialised for particular
circumferential mode numbers was used to great effect by researchers such as Knebel
and Schweizerhof [22], Teng and Song [23] and Spagnoli [24] in both linear and
nonlinear buckling analyses. In a ‘panel analysis’, the buckling load of an axisymmetric
shell corresponding to unsymmetrical circumferential mode n > 1 is obtained by
modelling only a 1/(2n) portion of the complete circumference in conjunction with
boundary conditions of circumferential symmetry, sufficient to support one half-wave
over the modelled angular spread of 6, = m/n radians. Unfortunately, a manual
application of this technique to identify the critical mode number requires a laborious
trialling of many candidate modes and panel spreads, particularly onerous in parametric
studies with varying geometric parameters, and it appears to have gone out of fashion.

This paper aims to rekindle awareness of this technique and illustrate how it may be

performed efficiently with today’s ‘general’ computational FE tools.



2. Scope of the study

This paper illustrates a computational strategy to identify the lowest buckling load and
associated circumferential wave number of nominally axisymmetric shell systems under
both geometrically linear and nonlinear conditions. It is shown how the established
concept of a ‘panel analysis’ may be implemented in a very general way with the help of
the ABAQUS [25] finite element solver, with the process of varying the panel spread to
investigate different possible mode numbers and identifying the one which minimises
the necessary strain energy implemented in the SIMULIA™ Isight [26] automation
software. Supporting Python code is supplied in the Appendix. The logic of the
implementation is not limited to these tools, however, and may be applied in any
modelling environment of a similar functionality. The effectiveness of the methodology

is illustrated on the following classical benchmark shell systems:

e Linear buckling of perfect elastic cylindrical shells under uniform meridional

compression;

® Nonlinear buckling of perfect elastic cylindrical shells of varying length under

uniform meridional compression;

¢ Nonlinear buckling of imperfect elastic cylindrical shells with an axisymmetric

weld depression imperfection under uniform meridional compression.

These benchmarks are purposefully classical to establish confidence in the methodology,
but the authors encourage the engineering community to apply it to other axisymmetric
shell systems that are equally in need of a thorough modern computational re-evaluation

across extensive parameter ranges. These include, but are not limited to:

e Strength and stability of various shells of revolution with axisymmetric and

periodic eigenmode-affine imperfections under fundamental axisymmetric loads;

e Strength and stability of shells of revolution with axisymmetric ring stiffeners,
including ‘smeared” uniform orthotropic stiffeners, under fundamental

axisymmetric loads;

e Strength and stability of complex multi-segment shells of revolution such as
wind turbine support towers, chimneys or containment structures under

fundamental axisymmetric loads.



The following terminology is employed in this paper, defined by EN 1993-1-6 [27]:

e [.BA - linear bifurcation analysis to compute the lowest eigenvalue and

corresponding eigenmode for a perfect shell;

e GNA - geometrically nonlinear analysis to compute the lowest nonlinear
buckling load (bifurcation or limit point) and corresponding buckling mode for a

perfect elastic shell;
e GNIA - a GNA but performed on an elastic shell with geometric imperfections.

e  GMNA or GMNIA - a GNA or GNIA but performed with material nonlinearity.

3. ‘Panel analysis’ implementation in SIMULIA™ Isight

In a ‘panel analysis’, only a 1/(2n) portion of the complete shell circumference is
modelled corresponding to a panel with an angular spread of 8, = n/n radians (n > 1).
The two bounding meridians are endowed with conditions of circumferential symmetry
to prevent displacements or rotations into the symmetry plane, and it is intended that the
modelled portion of the shell buckles into a single circumferential half-wave (the use of
panels with antisymmetry conditions designed to model a quarter of the buckle is not
advised). However, the ‘critical’ unsymmetrical mode number corresponding to the
lowest buckling load is rarely obvious in an axisymmetric system and a potentially large
number of candidate modes must be investigated to correctly identify this minimum.
This laborious process requires trialling a large number of candidate panels of varying
6,, a particularly onerous process in parametric studies involving many geometric

variables. This makes the case for the automation of this procedure quite strong.

An important complication is that a shell panel modelled in this manner is free to buckle
into any integer number of circumferential half-waves on the panel spread 6,. In LBAs
(a linear eigenvalue extraction procedure), for example, the ‘first’ eigenmode with the
‘lowest’ eigenvalue reported by the software may not necessarily correspond to one
circumferential half-wave on the modelled panel. However, the circumferential mesh
resolution of a panel should be treated as optimised for exactly one buckling half-wave

on the modelled geometry. This is because the interpolation field of a mesh that allows



an accurate representation of exactly one half-wave suffers from an increasingly
constrained representation of higher wave numbers (Fig. 1) and, as a consequence of the
Rayleigh-Ritz principle [21], may unconservatively overpredict the corresponding
buckling load of these higher-order modes. If estimates of buckling loads corresponding
to these higher-order modes are desired, they should be obtained from a narrower panel
with a 6, specialised specifically for these modes. Undesired higher-order modes may be
mitigated against by designing a mesh with a circumferential resolution that is ‘just fine
enough’ to represent the desired half-wave mode, but this is an unreliable strategy that
also degrades the accuracy of the solution corresponding to the desired half-wave mode.
A reliable ‘wave number detector’ is important if the procedure is to be automated, and
more details are presented in what follows. It will also be shown that a ‘panel analysis’
becomes increasingly ill-suited to investigate low wave numbers for thin shells that
preferentially exhibit high critical wave numbers, nor is the technique advisable to

investigate axisymmetric buckling modes.
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Fig. 1 — A mesh optimised for mode n (one half-wave along 6,) becomes increasingly

inaccurate for higher-order modes, even if the boundary conditions permit these.

The SIMULIA™ Isight [26] software is aimed at process control modelling and
automation, permitting the exchange of data between, and a controlled simultaneous
execution of, several powerful stand-alone research software tools, including Matlab,

Excel and ABAQUS. A skeleton flowchart of a parallelised ‘panel analysis’ intended for



implementation within Isight is illustrated in Fig. 2. This flowchart assumes a single-
segment shell of revolution of uniform thickness and constant midsurface radius to
thickness r/t ratio for simplicity. It is designed to execute two nested loops: an outer loop
over a vector of a geometric parameter, such as the length L of a cylindrical shell or the
angular spread of a spherical cap, at constant 7/t and an inner loop over a vector of trial
circumferential mode numbers » and thus different panel spreads 6,. The parallelism of
modern computers may be exploited to run batches of analyses simultaneously for a

particularly efficient computation, and further complexity may be added as desired.
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Fig. 2 — Outline of the Isight flowchart illustrating an automated ‘panel analysis’.

The innermost loop of the flowchart provides for up to two ‘groups’ of analyses, with

each group consisting of an ABAQUS application component (AC) and a Data



Exchanger AC. After a single execution of an ABAQUS AC, Isight should
automatically run a Python script userscript_odb.py to perform post-processing
operations on the ABAQUS output . odb file. Only an ‘LBA group’ need be executed
to explore the linear buckling response of a shell, and the Python post-processing script
should be tasked with identifying which of the extracted eigenmodes is the first to
correspond to one half-wave on the modelled geometry and to write this information
into a local .txt file. It is proposed to do this by fitting a Fourier series through the
radial displacement dof extracted along a circumferential edge or partition through the
panel (Lin and Teng [28] show how Fourier coefficients may be extracted by numerical
integration based on the trapezoidal rule). The Data Exchanger AC may then be tasked

to read from this . t xt file and return the value back into the Isight data flow.

Execution of the ‘G(M)N(I)A group’ explores the nonlinear buckling response of a
shell, with or without plasticity (M) or imperfections (I). A separate Python post-
processing script should be used to operate on a new ABAQUS AC to identify the load
proportionality factor corresponding to the first buckling event, and to write this
information to a local . txt file that may be read by a new Data Exchanger AC. The
script should also perform a similar Fourier series fit to verify that the shell has indeed
buckled into a single circumferential half-wave, and to report an error flag back to the
Isight data flow if this is not the case. An ‘LBA group’ may precede this group if the
linear bifurcation eigenmode is desired to act as a perturbation (to facilitate G(M)NAs)
or an imperfection (in G(M)N(I)As). If so, the LBA group pre-processing script
userscript_cae_pre.py mustinsert a *NODE FILE keyword into the . inp file
during model generation, and the LBA group post-processing userscript_odb.py
must explicitly copy the .£i1 and .prt files to a known location on the hard drive.
This is because Isight executes each ABAQUS AC in a temporary location that is wiped
once the analysis terminates and the userscript_odb.py is run. The subsequent
G(M)N(DA pre-processing script userscript_cae_pre.py must then copy these
.fi1l and .prt files back from the known location to wherever it detects that the
GM)N()A ABAQUS AC is being executed. Functional userscript_odb.py post-
processing scripts designed for LBAs and G(M)N(I)As are presented in the Appendix.



4. Benchmark #1: LBAs of cylindrical shells under uniform
meridional compression

The classical system of a cylindrical shell under uniform meridional compression is a
ubiquitous reference case and common benchmark for computational validations
[29,30]. A cylinder loaded uniformly along either edge by a distributed load N [FL'is
characterised by a trivial pre-buckling membrane stress state with a well-defined linear
bifurcation load N, at which very many buckling modes are near-simultaneously
critical. For circumferentially pin-ended conditions, the relationship between the
buckling load N,,, and the number of meridional half-waves m and circumferential full

waves n of a bi-sinusoidal buckling mode is given by [31]:
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It may be shown that critical buckling modes corresponding to this load level cluster

around a circle defined by (assuming continuous m and n):
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Alternatively, for any circumferential mode n, the corresponding value of m on this

‘Koiter circle’ [9] is given by:
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with the positive and negative roots representing positions on the right-hand and left-

hand sides of the semicircle respectively.

A series of automated LBAs was computed in ABAQUS (controlled by Isight with an

implementation of the LBA group only; Fig. 2) aiming to reproduce the Koiter circle



and thus help to validate the current implementation of the ‘panel analysis’
methodology. A thin-walled cylinder of unit thickness, r/t = 1000 and Batdorf
dimensionless length of Z = LA(1-v)"(rf) = 10° [14] was investigated, long enough to be
free of boundary effects but short enough not to buckle as an Euler column (i.e. within
the ‘medium’ length domain). Pinned boundary conditions of BC1f (all displacements
restrained, but free to rotate about the circumferential axis) and BC2f (free to displace
meridionally and rotate about the circumferential axis) were assumed on either side
(these BCs are defined in EN 1993-1-6 [27]). A sufficient number of panel spreads 6,
were investigated to cover just over the maximum critical circumferential wave number
for this system. The Koiter circle equation (Eq. 3) predicts that such a shell will exhibit
critical modes with up to a maximum of n = 0.909V(r/1) = 28 circumferential full waves
and m ~ 1.818L/(x\(rt)) =~ 19 meridional half-waves respectively. The quadratic
reduced-integration thin-walled S8R5 shell element was used, with 10 elements in the
circumferential and 200 elements in the meridional direction. This invokes a ‘rule of
thumb’ that at least 10 elements should be used to interpolate a buckling half-wave in
either direction for an accurate solution [19,32]. The procedure is not restricted to

element type.

The LBA ‘panel analysis’ predictions, shown in Fig. 3, duly all fall at or very close to
the Koiter circle for every investigated 6,. It is of interest to comment that all critical
LBA modes cluster towards the lower right-hand side of the m-n plane, a result also
illustrated by other researchers [24,29,33]. This may be explained by considering the full
analytical N,,, surface on the m-n plane as predicted by Eq. 1. Illustrated in Fig. 4, the
region of the surface is concave and forms a ‘valley’ about the minimum at N,;. This
‘valley’ is very wide in the vicinity of the lower right-hand side (high m, low n) so that
the buckling loads corresponding to a very wide number of modes are within a small
percentage of N,;. By contrast, on the lower left-hand side (low m and n), the ‘valley’ is
very steep (in fact N,,,, — o as m — 0) so that (m,n) modes deviating even slightly from
N, (which they must to assume integer values) suffer a large energy penalty and do not

appear to be ever favoured over those within the wide ‘valley’ on the right-hand side.
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Fig. 3 — Computed critical LBA mode numbers and the Koiter circle for the cylindrical

shell under uniform meridional compression.

To further illustrate the versatility of the ‘panel analysis’ methodology, a portion of the
full analytical N,,, surface was reproduced using Isight-automated LBAs. Special
measures were applied to force ABAQUS to report non-critical eigenmodes with a
desired m for any 6, (beyond the near-critical modes lying close to the Koiter circle)
within a tolerable number of extracted eigenmodes and at a tolerable level of accuracy.
A ‘just fine enough’ mesh of 2m elements was designed in the meridional direction,
assuming that the interpolation field offered by just two quadratic S8RS elements is
sufficient to realistically represent at most a single half-wave but physically forbid
higher modes. The userscript_odb.py script was enhanced to fit a Fourier half-
wave series to radial displacement dofs additionally extracted along a meridional edge of
the panel to identify the m half-wave number, and only the eigenvalue corresponding to
the desired (m,n) pair was retained. The N;p4 surface computed this way corresponds
very closely to the analytical N,,, surface (Fig. 4). This technique may be used to
explore the LBA mode space and build understanding of the buckling behaviour of the

majority of shell systems where the device of a Koiter circle is not available.
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Fig. 4 — Calculated and computed linear buckling loads and wave numbers for the
cylindrical shell under uniform meridional compression (the data is additionally

available as an interactive Matlab . fig file in the supplementary online content).

S. Benchmark #2: GNAs of cylindrical shells of varying length
under uniform meridional compression

The seminal book by N. Yamaki on the elastic stability of cylindrical shells has been
used as a fundamental reference text by researchers in the field ever since its publication
in 1984. In it, the author presents analytical solutions to the nonlinear elastic buckling of
perfect and imperfect cylindrical shells under various ‘fundamental’ axisymmetric loads,
of which his solution of the nonlinear Fliigge equations for a cylinder under uniform
meridional compression is of interest here (Section 2.12 in Yamaki [14]). The author
formulated the governing differential equation and stability criterion directly from first
principles and solved for the nonlinear elastic buckling load by a modified Galerkin
procedure assuming a buckling mode in the form of a circumferential Fourier series.
This direct access to the formulation allowed him to explore the predictions of the

equations under extensive parameter combinations at his leisure. The computational

12



‘panel analysis’ technique will be used here to reproduce a sample of these results using
a general 3D FE model, and to illustrate the difficulties that may be encountered in

exploring axisymmetric systems under geometrically nonlinear conditions.

A series of automated ‘panel analyses’ was performed using ABAQUS controlled by an
Isight model consisting of both the LBA and GN(I)A groups (Fig. 1). For any
combination of cylinder /¢ ratio, length L and panel spread 6,, an initial LBA was
performed and processed to identify the number of the extracted eigenmode
corresponding to a single circumferential half-wave on the modelled panel. The
geometry of this eigenmode was retained for use as a perturbation on the subsequent
GNA using the procedure explained at the end of Section 3. A perturbation amplitude of
107 of the unit wall thickness was used. The cylindrical shell had an r/t ratio of 1000
and a Poisson ratio of 0.3, and the length L was varied to span nine orders of magnitude
of the Batdorf dimensionless length parameter Z = Lz(l—vz)%/(rt), from 10° to 10,
consistent with the ranges given in Figure 2.44 of Yamaki [14]. The circumferential
edges of the shell were radially restrained but rotationally unrestrained, with one end
additionally restrained against meridional movement to prevent rigid body motions
(BC1f and BC2f conditions, corresponding to Yamaki’s S1 and S3 conditions,

respectively). Circumferential symmetry was enforced at the panel’s meridional edges.

Panel mesh design required particular consideration, and since the outcomes of an LBA
were imported into the subsequent GNA, meshing considerations for the former strongly
influenced the latter. It was illustrated in Fig. 3 that an LBA of a panel of spread 6,
buckling into circumferential mode n exhibits a number of m meridional half-waves that
falls at or close to the Koiter circle. The critical number of meridional half-waves
increases with increasing length (Eq. 4), and if the ‘rule of thumb’ of 10 elements per
meridional half-wave is enforced at all lengths it may lead to intolerable run-times for
long cylinders. For example, at Z = 10° (within the ‘medium’ length domain) and for the
largest integer value of m = 1.818L/(7r\/(rt)) ~ 19 still on the Koiter circle (Fig. 3), 190
elements are recommended along the meridian. However, at Z = 10° — 10’

(approximately where Euler column buckling (mode n = 1) begins to be critical), the

13



same rule of thumb would require between 5930 and 18730 elements along the
meridian. To permit reasonable runtimes and to illustrate a possible source of problems,
it was decided to limit the number of elements to 200 along the meridian and 20 along
the circumference. S8R5 elements were again used in the ‘panel analyses’, but an
additional set of analyses was performed using axisymmetric SAX2 quadratic shell
elements which permit buckling into mode n = 0 only for completeness. The Riks [34]
arc-length path-tracing procedure was employed in ABAQUS together with the ‘GN
Riks killer’ URDFIL Fortran subroutine of Sadowski er al. [35] to automatically
terminate each analysis upon detection of a negative increment in the load
proportionality factor. The peak load obtained this way for every 6, was taken as Noya n,
but only if a buckling mode corresponding to one half-wave on the modelled

circumference was detected by the userscript_odb.py (see the Appendix).

An LBA can compute as many eigenmodes as there are dofs in the matrix system, and
an eigenvalue can almost always be found to estimate the buckling load corresponding
to a single circumferential half-wave on a panel of any spread #,. The same is not
necessarily true for a 3D GNA, as it may be energetically impossible to trigger a half-
wave buckle on a panel whose target n value is too far away from the global critical
mode. A separate set of LBAs was performed first to explore the spacing between the
energy levels of the first ten eigenmodes at different cylinder lengths. A half-
circumference shell model was used with 300 elements around the circumference
(sufficient to investigate the maximum number of n = 28 circumferential waves (Eq. 3)
with at least 10 elements per half-wave). If the 10" eigenvalue is within ~1% of the 1%,
it is likely that the eigenmodes cluster together and a ‘panel analysis’ performed with
GNAs may struggle to identify an obvious critical circumferential wave number. By
contrast, if the spacing is wide it is likely that there is a preferred mode and the GNAs
may instead struggle to explore panel spreads corresponding to wave numbers that are
far away from the preferred mode. Shown in Fig. 5, these preliminary LBAs suggest that
for Z < ~10 and particularly for Z > ~10°, corresponding to the ‘short’ and ‘long’ length
domains known to be dominated by the axisymmetric (n = 0) and Euler column (n = 1)
modes respectively, there is a significant spread in the numerical values of the first ten

eigenvalues and thus in the energy levels of the corresponding eigenmodes. The
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% difference between the

‘medium’ length domain covering intermediate lengths, by contrast, exhibits clustered

eigenmodes falling on the Koiter circle (Fig. 3).
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Fig. 5 — Eigenmode clustering: illustration of the % difference between the 1** and 10

computed LBA eigenvalues against length (log-log scaling).

The complete GNA predictions are illustrated in Fig. 6 on two plots of distributions of
the computed critical buckling loads Ngya / N (the minimum of a set of computed
Ngnan at any Z) and the corresponding critical circumferential wave numbers n.,;; as a
function of the dimensionless length Z. The relations between Ngya.» / N and n for four
cylinder lengths qualitatively representative of all length domains are illustrated in Fig.
7. Overall, the GNA ‘panel analyses’ predict nonlinear buckling loads and critical modes
that are in remarkably close agreement with the analytical work of Yamaki [14] for the
S1 or S3 conditions, digitised from Figure 2.44 of his book. The distributions of Ngya.»
with varying n is also commensurate with the eigenmode spacings revealed by the LBAs
in Fig. 5. However, each one of these domains posed a unique challenge for exploration

using a ‘panel analysis’ under geometrically nonlinear conditions.
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Fig. 6 — Computed nonlinear buckling loads and critical wave numbers for cylindrical

shells of varying length under uniform meridional compression.
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In the ‘short’ length domain (Z < ~10), behaviour is dominated by the axisymmetric
buckling mode (n = 0) as the boundary condition restraints unsymmetrical modes. The
relationship of Ngyan / Ng vs. n for Z = 10, illustrated in Fig. 7, suggests that the
nonlinear buckling load increases monotonically with decreasing panel spread (aimed to
explore higher n). However, despite being perturbed into a half-wave buckling mode by
a pre-GNA LBA, none of these panels buckled into the desired wave form and the
results shown are in fact all for panels of varying spread buckling into the axisymmetric
n = 0 mode (no circumferential waves were evident on the panel; Fig. 8) which is the

energetically preferred mode in this length domain (Figs 5 and 6).

Axisymmetric Panel model Panel model
model intended forn =12  intended for n =36

modes /
atZ=10

Fig. 8 — Incremental buckling modes for an axisymmetric FE model and panel FE

models of varying 6, intended to investigate different mode numbers n but all resulting

in an alternative estimate of the axisymmetric buckling mode n = 0.

It is perhaps surprising that these repeated estimates for the same axisymmetric mode at
different panel spreads approach the result for n = 0 from an actual axisymmetric FE
model (using SAX2 elements) only asymptotically as n — o« or 8, — 0 (Fig. 7, top). The
reason for this is that the circumferential mesh resolution was held constant at 20 S8R5
elements along the panel spread for all 6,, such that as 6, — m the same number of
elements was used to model an increasingly wide portion of the shell circumference. The
S8RS element only approximates the local curvature of the shell’s circumference with its
bi-quadratic interpolation field. This becomes an increasingly inaccurate representation
as the element begins to cover an increasingly wider portion of the shell circumference,

and the modelled circumference becomes increasingly piecewise-quadratic rather than
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circular. This suggests that a ‘panel analysis’ should not be used to explore the
axisymmetric response, except perhaps with very narrow panels, and a genuine
axisymmetric FE formulation which models the circumferential curvature exactly should
be used instead. In this system, an axisymmetric model will always predict Ngya / No =

1 for all lengths beyond Z > ~10, and its execution was ceased for Z > 10’ (Fig. 6).

In the ‘medium’ length domain of Z between ~10 and 5x106, the Ngna / N predictions
occupy a stable plateau of between ~0.82 to ~0.84 with the ‘panel analysis’ identifying a
critical unsymmetrical wave number of n.;; = 26, slightly below the upper bound of n =
28 suggested by the Koiter circle (Eq. 3). This is manifest by a local minimum on the
concave Ngna.n / Ng vs. n relationship (e.g. see Z = 500 in Fig. 7). However, the buckling
loads of many modes on either side of n.,; = 26 are within 0.1% of the buckling load at
this minimum, suggesting a clustering of many buckling loads at similar energy levels
(consistent with LBA eigenmode clustering; Fig. 5). For ‘long’ cylinders beyond this
domain, the Euler column buckling mode (n = 1) governs the behaviour (see Z = 10% in
Fig. 7), with all other n values (including n = 0) corresponding to significantly higher
buckling loads. As the current predictions are for mixed S1-S3 boundary conditions,
they fall in-between those for S1-S1 and S3-S3 of Yamaki. A complete three-
dimensional surface of Ngna, / No; against Z > 10 and n is offered in Fig. 9 to illustrate

the surprising complexity of the computed GNA mode space.

Over the entirety of the ‘medium’ length domain, wide panels corresponding to n < ~15
were difficult to compute reliably and often exhibited full-wave or one-and-a-half-wave
buckles on the modelled spread (corresponding to mode 2n and 3n respectively) even
when the geometry was strongly perturbed into a half-wave mode by a preceding LBA.
For n = 10, for example, the modes 2n = 20 and 3n = 30 are both energetically very
close to the global minimum at n.; = 26. However, this ceases to be the case if the
higher-order modes come at a significant energy penalty. In the ‘long’ domain, where
panels corresponding to n > ~5 are very far away from the minimum energy state at n =
1 (as hinted at by the wide LBA eigenmode dispersion in this length domain; Fig. 5), it

became increasingly difficult to achieve convergence for narrower panels. Lastly, in the
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longer part of the ‘medium’ range when Z >> 10°, the meridional mesh resolution was
no longer sufficient to accommodate the increasingly large number of meridional half-
waves m expected in the LBAs (see earlier discussion and Eq. 4). GNAs perturbed by
such inadequately-meshed LBAs often yielded Ngya / Ny vs. n relationships with no
clearly-defined n.;, especially where the buckling loads are expected to be numerically
similar over a wide range of panel spreads (see Z = 5x10° in Fig. 7). Further illustrations
of potential pitfalls in a ‘panel analysis’, including a workaround which avoids the need

for a pre-GNA LBA perturbation, are illustrated in Benchmark #3.
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Fig. 9 — 3D surface plot of computed nonlinear buckling loads and mode wave numbers as a

function of length (the data is additionally available as an interactive Matlab . fig file

in the supplementary online content).

The authors humbly recommend that where a researcher is working on an axisymmetric
shell system with perfect geometry but without the benefit of background theory to
guide mesh design and choice of #,, a wide-ranging programme of LBAs should be
performed to explore the parameter space and eigenmode clustering in detail before any
attempt is made to proceed to GNAs. This will help to identify likely unfeasible panel

configurations and avoid much frustrating trial-and-error computation.
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6. Benchmark #3: GNIAs of cylindrical shells under uniform
meridional compression with weld depression imperfections

Since its publication in 1989, the axisymmetric weld depression of Rotter and Teng [17]
has been widely used as a conceptual device for exploring the imperfection sensitivity of
cylindrical shells dominated by meridional compression in many studies (Scopus lists
125 citing papers as of July 2018). In the original study, the authors used their custom-
written NEPAS software specialised for the nonlinear bifurcation analysis of
axisymmetric shells [18]. The study now constitutes a valuable benchmark upon which
to illustrate the performance of a ‘panel analysis’ of an imperfect axisymmetric shell
under geometrically nonlinear conditions performed with computational tools more
readily accessible to analysts in today’s era. For this purpose, a series of automated
GNIAs was computed in ABAQUS (controlled by Isight but implementing the GN(I)A
group only; Fig. 1) to reproduce this imperfection sensitivity relationship. No prior
LBAs were performed, and instead the complete imperfect radial geometry p(z,6) of

every trial panel spread 8, was generated explicitly as:
p(Z’e):r_pimp(z)_pperr(z’g) (5)

where z and 6 are the meridional and circumferential coordinates respectively (Fig. 10).
The axisymmetric imperfection component of the geometry creates a weld depression

centred at z = 0 with a nominal amplitude of Jj:
- V4 . T
SRR R NNE S

where A ~ 2.444\(rr) is the linear meridional bending half-wavelength, with the
imperfection having decayed exponentially approximately 24 away from the weld
depression centreline. An additional unsymmetrical perturbation component of the
geometry superimposes a single circumferential half-wave shape of very small
amplitude, e.g. Jperr = ~107 t, to help trigger the intended buckling mode [23,36]. This
perturbation component peaks at the weld depression centreline (z = 0) but vanishes at

the panel edge (z = L/2):

0 ) L V4

20



The manual perturbation component is intended where a preliminary LBA is either not
meaningful (such as for imperfect geometries, where it would in effect be an ‘LBIA’) or
is not feasible (such as when it places too high a demand on the mesh resolution as in

Benchmark #2).

Axisymmetric Unsymmetrical
imperfection  + perturbation
component component Loaded edge
| z=LA2 and BC2f 3
atz=L2 | & 2
: £
Z g
— = 5
ol lk _____________________________________ j ..... -0 z-symmetry ) 3 &
— atz=0

L .

6=0 0=20,
0-symmetry
atd=0and 6,

Fig. 10 — Illustration of the explicitly-generated panel geometry for a cylinder under
meridional compression with axisymmetric weld depression imperfection and an

unsymmetrical half-wave perturbation.

Only one half of the total cylinder length L was modelled with meridional symmetry
conditions enforced about the circumferential edge through the weld centreline (Fig. 10).
Conditions of circumferential symmetry were enforced at either meridional edge. The
circumferential edge at z = L/2 was loaded with a distributed load of magnitude N, (Eq.
2) and restrained against radial displacements only but free to rotate about the

circumferential axis (S3 or BC2f condition). The same nominal shell geometry was used
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as in Benchmark #1 (unit thickness, /¢ = 1000 and Z = 10*). The complete cylinder is
thus shorter than that modelled by Rotter and Teng [17], but as the modelled length of
L/2 corresponds to approximately 6.64 the weld depression is situated sufficiently far
from the loaded boundary to avoid interaction at low to moderate values of Jiy, / 1. A
mesh of S8R5 elements was used with 100 elements in the meridional direction (element
length of ~0.07 or ~0.17N(rf), or ~15 elements per linear bending half-wavelength) and
20 elements in the circumferential direction. The Riks [34] arc-length path-tracing
procedure was again employed together with the ‘GN Riks killer’ URDFIL Fortran
subroutine of Sadowski et al. [35] to identify Ngn;a.., Subject to validation of the correct

incremental buckling mode. A small load increment of 1% of N.; was enforced.

The computed Ngyian / No relationship is presented as a 3D surface in Fig. 11 as a
function of the depression amplitude J;,, / t and the circumferential wave number n. A
selection of modes was trialled for every d;,, / t and the minimum buckling load Ngnia
may be identified in each case together with the critical mode number n.. The
predictions of the current ‘panel analyses’ are within 1% of the axisymmetric nonlinear
bifurcation analyses of Rotter and Teng ([17]; digitised from Figure 7 of that paper) for
Oimp | t between 0.25 and 1, but for higher amplitudes the current approach predicts
slightly lower buckling loads and critical wave numbers. This benchmark illustrates a
potential difficulty with conducting investigations of localised features such as the weld
depression imperfection using ‘general’ 3D finite element software. The NEPAS
software used by Rotter and Teng [17] permitted different boundary conditions for the
pre-buckling and buckling states, such that the N, load could be introduced directly into
the membrane stress state without compatibility bending at the free edge, not achievable
in ABAQUS under geometrically nonlinear conditions. As Jy, / t — 0, Ny / Ney — 1
with NEPAS (tending to a pure membrane stress state) but — ~0.85 with ABAQUS
(corresponding to the GNA result for the S1 or S3 conditions in Figure 2.44 of Yamaki
[14]). Additionally, for low i, / t and n there is a risk of buckling occurring near the
loaded boundary in the ABAQUS models (Fig. 12, top left), the compatibility bending in
this region acting as a stronger trigger for buckling than the small-amplitude weld
depression. Where the intention is to explore the buckling strength reduction caused by a

local imperfection only, boundary effects are undesirable.
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Fig. 11 — 3D surface of computed nonlinear buckling loads and mode wave numbers as a
function of the weld depression amplitude for an imperfect cylindrical shell under
uniform meridional compression (the data is additionally available as an interactive

Matlab . £ig file in the supplementary online content).

As was the case in Benchmark #2, under geometrically nonlinear conditions it may be
very difficult to force models with wide panel spreads (intended to instigate buckling
into low wave numbers) to buckle into the desired mode consisting of only a single half-
wave on the panel, even with an explicit mesh perturbation. This is again a consequence
of the modelled geometry energetically preferring to buckle into higher-order modes
(e.g. a full wave on the modelled geometry, corresponding to mode 2n), even in the

presence of a strong perturbation into mode n (Fig. 12, bottom left). Short of
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experimenting with ‘just fine enough’ mesh resolutions or other constraints designed to
physically prevent these higher-order modes, or imposing deeper perturbation

amplitudes 0., / ¢, there is little that can be done in such cases and such results should

be discarded.
n=20 n=26
LE
p—
S ¢ C
Il Buckle
— at loaded
o
g edge
o
Correct
half-wave
LE on panel and
buckle
at the weld
~ depression
I C |
~ C
~— Full wave
o
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© actually
mode
n=16
WD

LE - Loaded edge & BC2f
WD - Weld depression & z-symmetry
C - f-symmetry
Fig. 12 — Incremental buckling modes for panel spreads 6, representing selected wave
numbers n and depression amplitudes J;,,/t illustrating permissible and impermissible

analyses outcomes.
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7. Summary and conclusions

This paper has presented an implementation of a computational technique here called a
‘panel analysis’ which aims to accurately identify the critical buckling load and
unsymmetrical circumferential buckling mode in thin-walled axisymmetric shell
systems. It does so by exploiting circumferential symmetry to model only a portion of
the shell circumference designed to support a single buckle of a known wave number.
Axisymmetric shell systems remain of industrial importance and act as ‘reference’ states
to which the behaviour of more complex unsymmetrical systems is often related, and

many have not yet been fully explored and documented.

It was shown how the ‘panel analysis’ technique may be implemented in an efficient and
parallelised way using the commercial SIMULIA™ Isight tool which interfaces with
and controls the ABAQUS finite element software with the aid of the Python
programming language, although it may be implemented in any computational
environment with a similar functionality. Its performance was illustrated on three
classical benchmark tests from the literature on the linear and nonlinear buckling of both
perfect and imperfect thin-walled elastic cylinders under uniform meridional
compression. The technique was found to be efficient for linear bifurcation buckling
analyses but in need of additional safeguards when used to perform geometrically
nonlinear buckling analyses. Particular attention was paid to the mesh design of the
modelled panel, and it was encouraged to optimise the mesh to accurately support only a

single circumferential half-wave buckle on any panel.

Wide panels aiming to investigate modes with low circumferential wave numbers risk
buckling into undesired higher-wave modes, particularly if these are energetically more
favourable. It was also cautioned that a 3D ‘panel analysis’ should not be used to
establish the axisymmetric response due to the inexact modelling of the circumferential
curvature offered by finite elements based on polynomial interpolation functions. A
genuine 2D axisymmetric finite element formulation with an exact treatment of the
shell’s circumferential curvature should be used instead, ideally performed in tandem

with a ‘panel analysis’ of any system.
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Appendix — Python post-processing scripts for ABAQUS

Algorithm 1 offers a Python post-processing script userscript_odb.py to detect
which one of the computed LBA modes from an ABAQUS output database (here called
LBA_output.odb) is the first to correspond to a single half-wave buckle along the
modelled panel circumference. It works by extracting a desired set of dofs, e.g. the radial
displacement, along a circumferential nodal set here called ‘PARTITION’ and by
numerically fitting a Fourier half-series to these dofs using the expressions from Lin and
Teng [28]. It is assumed in the script that the panel circumference lies in the Cartesian

X-Y plane and the shell’s axis of revolution is parallel to the Z axis.

Algorithm 2 offers a second Python post-processing script userscript_odb.py to
obtain load proportionality factor of the first buckling event in a GIM)N()A from an
ABAQUS output database (here called GNA_output .odb) assuming a ‘Riks’ static
analysis step. It is recommended that the relevant code from Algorithm 1 for verifying
that the shell panel has buckled into a single half-wave be adapted and implemented to

validate the incremental buckling mode.

Both scripts are self-contained and functional within an Isight loop and directly with
ABAQUS CAE, though analysts may wish to add further functionality. They are
available for download from the authors’ ResearchGate profile where they will be

periodically updated.
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import odbAccess # Python import preliminaries
from odbAccess import *

import math

import numpy as np

# Function to numerically integrate Fourier coefficients using trapezoid rule
# x 1s the coordinate vector and y such that y(x)

# j is the desired harmonic number

# h is a 'C' or 'S' flag depending on whether a cos or sin series is fitted
def trapF (x,v,J,h):

sum_a, dx = 0.0, x[2] - x[1]

for i in range (0, len(x)-1):
if h == 'C': sum_a += 0.5*(y[i]*cos (J*x[1]) + y[i+1l]*cos(j*x[i+1]))
if h == 'S': sum_a += 0.5*(y[i]*sin(3*x[1i]) + y[i+1l]*sin(j*x[i+1]))

return sum_a*dx/math.pi

# Open the LBA .odb output database and loop through all eigenvalues / modes
myOdb = openOdb ('LBA_output.odb', readOnly=True)
LBA = myOdb.steps['LBA'] # Assumes the existence of a step of name LBA
e_val, harmonics = {}, {} # Initiate dictionary of eigenmodes and harmonics
for eig in range(l,len(LBA.frames)):
# Extract current eigenvalue
e_val[str(eiqg)] = float (LBA.frames[eig].description[-6:1])
# Extract displacement vector at the PARTITION nodal set
dof = LBA.frames[eig].fieldOutputs['U"']
location = LBA.frames[eig].fieldOutputs['COORD']
DOF = dof.getSubset (region=myOdb.rootAssembly.nodeSets['PARTITION'])
COORD = location.getSubset (region=myOdb.rootAssembly.nodeSets['PARTITION'])
TH_coord, Rad_dof = [],[] # Initiate storage for dofs and 6-coordinates
for i in range(len(COORD.values)) :
# Extract dof and position in Cartesian coordinates along circumference
X, Y = COORD.values[i].data[0], COORD.values[i].data[l] # Positions
Ux, Uy = DOF.values([i].data[0], DOF.values[i].data[l] # Deformations
# Transform to polar coordinates
TH_coord.append (np.arctan2 (Y, X))
Xn, Yn = X + Ux, Y + Uy # Updated (deformed) positions
Rad_dof.append (math.sgrt (Xn*Xn + Yn*¥Yn) - math.sqgrt (X*X + Y*Y))
# Sorting to have TH_coord and Rad_dof in terms of ascending theta coord.
TH_coord, Rad_dof = np.array(TH_coord), np.array(Rad_dof)
ind = np.argsort (TH_coord)
TH_coord = list (TH_coord[ind])
TH_coord = [j*math.pi*2.0/max (TH_coord) for j in TH_coord]
Rad_dof = list (Rad_dof[ind])
# Fitting a Fourier half-series (here in cos) to the deformed shape
harmonics([str(eig)], temp = [], []
for mode in np.arange(0,4,0.5): # Up to four waves
temp.append (abs (trapF (TH_coord,Rad_dof,mode, 'C")))
harmonics[str(eig)] = [1 for i in temp]

# Check 1if the half-wave coefficient of the current eigenmode under
consideration has the highest absolute amplitude, and if so write to file
if harmonics[str(eiqg)].index (max (harmonics[str(eiqg)])) ==
fid = open('LBA_output.txt','w') # To be read from by Isight Data Exchanger
fid.write(str(eig)+'\n")
fid.close ()
break # No need to investigate further modes

# If the LBA is a preliminary to a subsequent G(M)N(I)A, copy .fil and .prt
import shutil

shutil.copy ('LBA_output.fil', known_destination_folder+'\\LBA_output.fil')
shutil.copy ('LBA_output.prt',known_destination_folder+'\\LBA_output.prt"')

# These files should be copied to the local folder during the generation of
the subsequent G(M)N(I)A model with an appropriate userscript_cae_pre.py file

Algorithm 1 — Functional userscript_odb.py script to process an LBA.
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import odbAccess # Python import preliminaries
from odbAccess import *

import math

import numpy as np

# The trapF function definition from Algorithm 1 is required

# Open the GNA .odb output database and loop through all eigenvalues / modes
# This may be a GNIA, GMNA or GMNIA analysis as well

myOdb = openOdb ('GNA_output.odb', readOnly=True)

GNA = myOdb.steps['GNA'] # Assumes the existence of a Riks step of name GNA

# Extract load proportionality factor history data:
LPF = GNA.historyRegions|['Assembly ASSEMBLY'].historyOutputs['LPF'].data

# If the history data of a tracked DOF is desired, it may be done similarly:
DOF = GNA.historyRegions|['Node SHELL_PART-1.6'].historyOutputs['Ul'].data

# In the above, the assembly name, node and DOF identifiers may be different.

# Extract the load proportionality factor (LPF) of the first buckling event
first_max_LPF, count = 0.0, -1
for i in LPF:
count += 1
if i[1l] >= first_max_LPF:
first_max_LPF = i[1l] # This LPF is larger than largest recorded so far
else:
break # The first largest LPF has been found

# Code from Algorithm 1 should be adapted for use here to extract the deformed
shape immediately after Dbuckling, subtract it from the deformed shape
immediately preceding buckling to obtain the incremental buckling
displacements, and thus verify if the panel has correctly buckled into a
single circumferential half-wave.

# Writing of the first peak recorded LPF to a .txt file

fid = open ('GNA_output.txt','w') # To be read from by Isight Data Exchanger
fid.write(str(first_max_ LPF)+'\n"')

fid.close()

Algorithm 2 — Functional userscript_odb.py script to process a GIM)N(DA.
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