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Abstract

Option pricing theory is considered when the underlying asset price satisfies a
stochastic differential equation which is driven by random motions generated by
stable distributions. The properties of the stable distributions are discussed and
their connection with the theory of fractional Brownian motion is noted. This ap-
proach attempts to generalize the classical Black-Scholes formulation, to allow for
the presence of fat tails in the distribution of log prices. Various formulations are

considered;

1. Expected values based on transition probabilities which satisfy appropriate

Fokker-Planck equations

2. An elementary generalization of the Black-Scholes original continuous time
hedging strategy equation which leads to a diffusion equation involving the

fractional Brownian motion
3. The formulation based on marginal utility of McCulloch (1996) is reviewed.

The resulting option pricing via a hedging strategy approach is independently de-
rived by constructing a backward Kolmogorov equation for a simple trinomial model
where the probabilities are assumed to satisfy a fractional Taylor series. To effect
this development, some knowledge of fractional integration and differentiation is re-
quired so this is briefly reviewed.

Consideration is also given to other ways of accounting for the effect of fat tails in
the distribution by means of Wick products. It is shown that these models amount
to replacing the volatility in the classical Black-Scholes model by some time average

volatility.
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CHAPTER1

Introduction

The aim of this thesis is to investigate the various models of option pricing theory
under log-stable uncertainty; and to explore different ways of mathematical modeling
with log-stable distributed underlying assets.

An option is a derivative security that gives its owner the right, but not the
obligation, to buy or sell a specified quantity of an underlying asset at a contractual
price called the exercise (or strike) price, within a specified date called the expiration
date (exercise date or maturity).

The value of an option derivative depends on the shape of the distribution of
the underlying asset’s future price. Bachelier’s (1900) normality assumption has
dominated the theory of option pricing. To restrict the option pricing model to
the normal distribution, he used the Central Limit Theorem, later modified to log-
normal 80 as to keep the underlying asset value positive. The Central Limit Theorem
states that the only limiting distribution of independent, identically distributed (iid)
random variables is the normal distribution. Normally distributed models assume
that the unanticipated change in an asset’s price that accumulates over the life of
an option is the sum of the iid random shocks that occur day by day and minute by
minute. These shocks are themselves the cumulative outcome of the transactions of
millions of agents. The most famous of these models is the Black and Scholes (1973)
option pricing formula. The model of Black and Scholes is presented in section 1.2.

However, in reality we observe that the distribution of asset prices has a long fat
tail. This is because the normality assumption does not take into consideration large
price movements. In the normal distribution, a large change will only occur as a re-
sult of a large number of small changes. It is also assumed that pricing is continuous,
and that an investor could replicate an option by continuously rebalancing between

the risky asset and cash, using the Black-Scholes option pricing formula. Various
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models have been developed in order to allow large and frequent price movements
to occur and explain the thickness of the tails observed in the markets. We discuss
these models in section 1.3.

One approach developed in order to include large price changes in the theory
of mathematical financial modeling assumes that returns should be drawn from
another distribution. Since the work of Lévy (1937), who formulated a generalized
density function (of which the normal distribution is a special case), many have
proposed that these distributions should be used as an alternative approach to option
pricing theory. A generalized version of the Central Limit Theorem states that
an infinite sum of iid random variables can result in a distribution drawn from a
broader class known as stable distributions and a possibility is that asset prices
can be drawn from such distributions. Stable distributions allow amplifications to
occur at extreme values, causing a long fat tail and therefore fitting a large number
of natural phenomena, and can explain the thickness of the negative tail observed
in the markets. In particular, market dealers know that the impact of a negative
large event is larger than the one implied by the normal distribution, and price the
options accordingly. Stable distributions can better reflect large events, meaning
that significant changes can occur through a small number of large changes. In
this case, option pricing takes into account abrupt and discontinuous changes in the
underlying asset. These distributions assume variance to be infinite, allowing for
riskier events to occur. Sudden price movements, such as a stock market crash, turn
into real world possibilities, fitted into the model.

Mandelbrot (1963) was among the first to notice that stock market prices are
drawn from a fat tailed distribution. He then proposed that the random source
of motion that drives prices should follow a fractional Brownian random walk. A
collection of his work and publications can be found in Mandelbrot (1997). His
research stimulated many academics to channel their efforts to explain the thickness
of the tails observed in reality via the fractional Brownian motion approach. Rogers
(1997) showed that the fractional Brownian motion assumption of the behaviour

of an asset price could perhaps lead to arbitrage. Using stochastic integrals that
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do not have zero expectations, such models were no longer considered promising in
the financial modeling field. However, Hu and @ksendal (2000) priced an option
by considering a different type of stochastic integral, based on the Wick product
calculus. This type of integral has zero expectation and therefore arbitrage was no
longer an issue. McCulloch (1985) took another approach to price an option contract
under log-stable uncertainty. He constructed a utility maximization argument, where
the investor has a portfolio consisting of cash and a risky asset. At each point in
time the investor is seeking to maximize his expected utility. The marginal utility
gained from each position is assumed to be log-stable distributed.

In chapter 2, we present some basic results on univariate stable distributions. We
will see that these distributions are richer than the normal distribution. They form
a four parameter family of functions and therefore can be more or less leptokur-
tic, symmetric or skewed, depending on the choice of parameters. The difficulty
working with stable distributions is that they do not have a simple analytic rep-
resentation of their density function. Thus, they can only be characterized by the
inverse Fourier transform of its characteristic function, except in three distinct cases
(Normal, Cauchy and Lévy). Therefore the complexity involved in investigating the
properties of stable distributions depends in large part on how the parameter set for
the characteristic function is chosen, Zolotarev (1986).

In chapter 3, we price an option security with the use of a fractional Fokker-
Planck equation. The Fokker-Planck equation is used to study the dynamic be-
haviour of a stochastic quantity driven by some random source of motion. In the
classical sense this random force is driven by Gaussian noises. Schertzer et al. (1999)
allowed the random source of the stochastic quantity to be driven by a Lévy mo-
tion, and derived a generalized Fokker-Planck equation involving fractional powers
of differentiation. We, instead, derive a similar equation using a trinomial model
approximation. Once the probability distribution function is obtained we price an
option by taking the expectation of the payoff function over the probability space.

In chapter 4, we attempt to price an option by directly applying the continuous
time hedging strategy argument of the classical Black-Scholes model. The only
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difference is that the underlying asset is allowed to be drawn from a log-stable
distribution. This approach involves fractional powers of differentiation and for this
reason we call our equation a fractional Black-Scholes equation. The advantage
of our approach is that we can easily apply this argument to derivatives with more
complicated payoffs. We also show that the fractional Black-Scholes equation derived
is the same as a fractional backward equation, which involves the probability density
function of a specified final state from various previous states.

In chapter 5 we investigate the approach of Hu and @ksendal (2000), first by
presenting the analogous calculus needed to formally construct the model. We derive
the formula of the price of an option in a slightly different way than the one of Hu
and @ksendal (2000), and observe that it leads to the classical Black-Scholes model
with the volatility being a deterministic function of time. We then generalize the
model by allowing transaction costs to have an effect on the option’s life.

Finally, in chapter 6, we present the model of McCulloch (1996). Investors are
thought to weight the possible outcomes in terms of the probability of their occur-
ring, treating the resulting sum of the expected payoffs as the utility to be gained
from participating in a contract. By assuming the investor’s utility function on en-
tering an option contract, to be maximally negatively skewed log-stable distributed,
McCulloch incorporated in the model a fat tailed distribution and therefore took

into consideration large price movements.

1.1 Definitions

The following key definitions are taken from Wilmott (1998) and Hull (1997).

A derivative security is a financial instrument whose value is derived from some
other more basic underlyings such as stocks, bonds, currencies and commodities. An
option is a derivative security that gives its owner the right, but not the obligation,
to buy or sell a specified quantity of an underlying asset at a predetermined price
called the ezercise or strike price, within a specified date called the expiration

date, exercise date or maturity. The option can be purchased for a certain price
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called the premium. An option to buy is a call option, while an option to sell is a
put option. If the option may only be exercised on its maturity date it is said to be
FEuropean, while if it may be exercised at any time prior to its final maturity it is
said to be American. A long position in an option, means that you have a positive
amount of a quantity; that is, if an investor is long in a call option it means that
he has bought the right to buy an option at a specified date and price. A short
position in an option is the opposite, you hold a negative amount of a quantity.

A European call option will be exercised if the final price of the underlying asset
S is bigger than the strike price X since the investor will buy the option at X and
sell it at S, making a profit of § — X, otherwise it i8 not in his interest to exercise

the option. Therefore, the payoff function of a European call option is
Ve(S,T) = max(S — X, 0).

Similarly for a European put option the payoff function is given by
Vp(S,T) = max(X — S,0).

The payoff that would be received if the underlying is at its current level when the
option expires is called the intrinsic value. Because of the uncertainty surrounding
the future value of the underlying, the value of the option is generally different from
the intrinsic value. Any value that the option has above its intrinsic value is called
time value. An in the money option is an option with positive intrinsic value (i.e.
for a call option when S > X). Similarly, we say that a call option is out of the
money when the strike price is bigger than the asset price, and at the money when

the strike price is close to the current asset level.

1.2 Black-Scholes model

Black and Scholes (1973) priced a European call option by making the following

assumptions:

1. The underlying follows a log-normal random walk.
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2. The risk-free interest rate r is a known function of time.
3. Volatility is constant.
4. There are no dividends on the underlying.

5. Delta hedging is done continuously. Delta hedging is the amount of assets held

in order to eliminate the risk from the portfolio.

6. There are no transaction costs on the underlying. These are the costs incurred
in the underlying, related to the bid-offer spread when we are delta hedging

our portfolio.

7. There are no arbitrage opportunities. It means that at each timestep the
change in the portfolio must be equal to the growth we would get if we put

the equivalent amount of cash in a risk-free interest bearing account.

Black and Scholes considered an underlying asset which follows a log-normal random

walk
dS = uSdt + ¢SdB,

where y is called the drift, o is known as the volatility and dB is the increment of
the Brownian motion B !. That is, if we take a small timestep dt the change in
the asset is going to come from some deterministic change ©Sdt and some random
change 0 SdB. They constructed a portfolio which consists of a long option position
and a short position in some quantity A of the underlying. After a small timestep

dt, the change in the value of the portfolio is going to be:

dIl = dV/(S,t) — AdS.

1A continuous random process By, t € [0, T} is a Brownian motion if Bo = 0, B; has stationary,
independent increments such that dB = B: — B, for s < t are normally distributed with zero mean
and variance |t — s|. Therefore, we can write

E[dB) =0  EdB?*)=adt.

Therefore, the stochastic quantity is drawn from a normal distribution with S ~ N(uSdt,eS Vvdi).
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Applying It6’s lemma and ignoring terms of order greater than dt the change in the
portfolio is:

oV, oV 220V
dll = S-dt + aSds+- §? 5z dt — AdS.

Since the change in the portfolio contains some randomness which is included in the

term dS, the risk can be reduced by appropriately choosing the quantity A. By

letting
av
as’

evaluated at time ¢ and asset price S the dS terms cancel out and the risk is reduced

A=

to zero. The elimination of rigk is called hedging. Since the quantity A changes
with the variables S and ¢, to have a perfectly hedged position at every timestep, we
must continually rebalance our portfolio. After choosing the quantity A, we hold a

portfolio whose completely riskless change in the value is given by the amount

_ (V1 2V
dH—(at Sasz)dt.

To have a completely risk-free change in the portfolio, this change must be equal
to the growth we would get if we put the equivalent amount of cash in a risk-
free interest bearing account. Otherwise the investors will exploit the arbitrage
opportunity and cause the market price of the option to move in the direction that
eliminates the arbitrage. This is called the no arbitrage condition, and therefore by
setting dII = rIld¢, the differential equation becomes:

VAV 1, ,PV
6t+SBS 5—682—TV 0.

This is the Black-Scholes partial differential equation. The above equation does
not specify the option we are valuing. This is dealt with by the final condition,
where we must specify the option value as a function of the underlying at the expiry
date. Solving the above equation for a European call option with payoff function
V = max(S — X, 0), we obtain the following solution of the Black-Scholes differential

equation

V = SN(dy) — Xe T~ N(dy),
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where N(-) is the normal distribution function and d;, d; are given by:

_ log(jgr) +(r+ %02)(T ~t)

dy

ovT —t
dy = log(j%) +(r— %02)(‘1’ - t).

ovyT -t

1.3 Alternative Models to Option Pricing

As we mentioned in the introduction many models were developed in order to explain
the thickness of the tails observed in the markets.

One of these approaches has been to assume that volatility is no longer constant
as in the classical Black-Scholes model, nor even a deterministic function of time
but it changes with time in a stochastic way. In other words, these models assume
that volatility itself is highly variable and unpredictable and its random source of
motion is drawn from a normal distribution. Since the second stochastic quantity
we are modeling is not a traded asset, we are faced with the problem of having
a source of randomness that cannot be easily hedged away. Because we have two
sources of randomness we must hedge our option with two other contracts. The
underlying asset we hedge away in the usual way, but the volatility risk we need to
hedge with another option. For this reason the variables in the stochastic volatility
based models become many making life very complicated.

Another approach to include large price movements is using a jump diffusion
model. These models assume that the asset price follows a Poisson process. A

Poisson process dgq is defined by

d 0 with probability 1 — Adt
q =

1 with probability Adt.

Therefore, in a time interval §t, there is a probability Adt of a jump in g. The param-
eter A is called the intensity of the Poisson process. The scaling of the probability
of a jump with the size of the timestep is important in making the resulting process

sensible. That is, there must be a finite chance of a jump occurring in a finite time.
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This Poisson process can be incorporated into a model for an asset in the fol-

lowing way:

dS = puSdt + 0 SdB + (J — 1)Sdg,

and is assumed that there is no correlation between the Brownian motion and the
Poisson process. For example, a 10% fall in the asset price can be estimated by
setting J = 0.9. The above model can be generalized by allowing the quantity J to
be also random.

The difficulty with jump diffusion models is that a jump that corresponds to
dg = 1 cannot be hedged away. The dilemma that is present in these models is
that we do not know whether we are hedging the small changes in the underlying
(which are always present and are included in the Brownian motion), or the large

ones (which happen rarely).
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Univariate Stable Distributions

2.1 Introduction

Forming a four parameter family of functions, stable distributions are far richer than
the normal distribution. They allow for the density function to have different shape;
that is, it can be more or less leptokurtic, symmetric or skewed depending on the
choice of these parameters.

The difficulty working with stable distributions is that they do not have a simple
analytic representation of their density function. There is only an analytic represen-
tation in three cases: the Normal, the Cauchy and for the Lévy density functions.
The rest of the cases can only be characterized by the imverse Fourier transform
of its characteristic function. However, working with the characteristic function
can be simpler or more complicated, depending on what parameterizations we use,
Zolotarev (1986). Therefore the complexity involved in investigating the proper-
ties of stable distributions, depends in large part on how the parameter set for the
characteristic function is chosen. Hall (1981), noticed that most of the difficulty sur-
rounding stable distributions is the fact that there is no clear connection between
the parameterizations used to describe the density functions.

In section 2.2, we present some basic definitions from statistics, which will enable
us to formally define the stable density and distribution functions. In section 2.3, we
see that the four parameter set that characterizes a stable distribution, makes this
choice of functions more suitable for models that need to describe a fat tail behaviour.
Depending on how this parameter set is chosen, we get different expressions for the
characteristic function. Section 2.4, looks into the different parameterizations and
the benefits from using each different type, Uchaikin and Zolotarev (1999). In section
2.6, we give an integral representation of a stable distribution and density function.
These integrals are used to evaluate and plot the density and distribution functions.

16



Univariate Stable Distributions 17

In section 2.8, we present some asymptotic formulae and some special limit cases of
these distributions. Finally, in section 2.9, we define a stochastic process where the

random source of motion is driven by Lévy stable noise.

2.2 Definitions

Lévy (1937), was the first to describe stable distributions with the use of a gen-
eralized Central Limit Theorem. The following definitions are taken from Nolan
(1999).

Theorem 2.1 (Generalized Central Limit Theorem). Let X;,X5,... be an
independent identically distributed sequence of random variables. There exists con-

stanis a, > 0, b € R and a nondegenerate random variable X with
an(X1+ oo+ Xp) —bp S X
if and only if X is stable, in which case anp =n~Y2 for some 0 < a < 2.
A stable random variable can be defined as follows

Definition 2.1. A random variable X is stable if for X1 and X3 independent copies

of X and any positive constants a and b,
aXy +bXs £ cX +d,

for some positive ¢ and d € R. The random variable is strictly stable i{fd = 0 for
all choices of a and b. A random variable is symmetric stable if it is stable and

symmetrically distributed around 0.

(The symbol £ means equality in distribution, i.e. both expressions have the
same probability law.)

In order to properly define a stable distribution function, we need to give some
elementary definitions from probability theory. The following definitions are taken
from Feller (1966).
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Definition 2.2. The cumulative distribution function, S(z), of a real random

varicble X is the probability that X is less than or equal to the real number z:
S(z) = ProbX < 1], —00 < z < +00.

Definition 2.3. The probability density function of X is (when it ezists or,
equivalently, when S(z) is absolutely continuous) the derivative of the distribution
function:

ds

s(r) =S'(z) = Py ~00 < T < +00.

Definition 2.4. If X; and X2 ere twe independent random variables with distribu-
tion functions S1(z) and Sy(x) respectively and characteristic functions ¢1(2) and
@2(2), then the distribution function S(z) of the sum X = X; + X, is given by the

convolution of S)(z) and S2(z):
. o0
S@) =510+ K@) = [ Sile-)as)
-0
and the corresponding characteristic function is
p(2) = p1(2)p2(2),
where

o0
wi(z) = / e*%3;(z) dz i=1,2.

—00
Equipped with the above definitions we can now define a stable distribution
function.

Definition 2.5. A distribution function S(z) is stable if for everycy > 0,c2> 0
and real dy, da there is a positive c and @ real d such that

S(z—dl) *s(’"dz) ss("d) forallz.
1 C2 C

2.3 Characterization of Stable Distributions

The distribution function or the density function completely characterizes a ran-

dom variable. In the case of stable laws these functions do not have simple analytic
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expressions; unlike the characteristic function, which also contains complete infor-
mation about the random variable under consideration. Therefore, the best way to
describe all possible stable distributions is through the characteristic function ¢(z).
Hence, for a continuous random variable X the characteristic function can be defined

as follows:

Definition 2.8. The complez-valued function

¢(z) = Elexp(izX)]

18 called the characteristic function of a real random variable X, where z is some

real-valued variable and E denotes ezpectation.

If the density function s(z) exists, then the characteristic function is the Fourier
transform of the density:
m -
p(z) = / e**s(z) dz.
—00

The inverse Fourier transform

1 ® —izx
s(z) = 51?/ e *Tp(z)dz

allows us to reconstruct the density of a distribution from a known characteristic
function.
Stable distributions S(z;a, 8,7,4d) form a four parameter family of functions.

The four parameters that determine the distribution are the following:

1. Characteristic exponent a. This parameter determines the degree of lep-
tokurtosis and the thickness of the tails; that is, the rate of the tails’ decrease.
The characteristic exponent can take the values in the interval (0,2]. However,
when 0 < a < 2 the variance becomes infinite or undefined. The extreme tails
of the stable distribution are higher than those of the normal one, with the
total probability in the extreme tails increasing as & moves away from 2 and
towards 0. When 1 € a < 2, the mean exists; when a < 1, the mean also
becomes infinite. We take a to be in the imterval (1,2), so that the distribution
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has a mean but the variance is infinite. That means that the first moment is
finite but the second moment is infinite. In general we have that the absolute
moment of order p of a distribution S{z) is defined as
o0 0
/ |z|P dS(z) =/ |z|Ps(z)dz
— ~00
when s(z) exists. Therefore, every stable distribution with characteristic ex-
ponent a € (0,2) has finite absolute moments of all orders p with 0 < p < a,
whereas all absolute moments of order p > « are infinite. Thus the normal

distributions are the only stable distributions with finite variance.

2. Skewness parameter 3. It characterizes the degree of asymmetry of the distri-
bution and takes values such that —1 < 8 < 1. When g = 0, the distribution
is symmetrical around the mean, and the distribution is called stable sym-
metric (S.S.). When the skewness parameter is less than 0 (and 1 < a < 2),
the distribution is negatively skewed, that is it has a long tail to the left, and
the degree of left skewness increases in the interval [-1,0) as § approaches -1;
when it is greater than 0, the distribution is positively skewed, with the degree
increasing as 3 approaches 1. As a — 2, 3 loses its effect and the distribution

becomes symmetrical regardless of the value of 3.

3. Scale parameter ~. It takes values in the interval [0, 00) and is used to set the
units by which the distribution is expanded and compressed about the mean.
Within the normalizing concept, - is like the sample deviation; it is a measure
of dispersion. When a < 2, the population variance is infinite, but v may still

be used to measure scale in place of standard deviation.

4. Location parameter §. This parameter varies in the interval (—o00,00) and
shifts the distribution to the left or right. If @ > 1, 4 is equal to the expectation
of the mean. When « < 1, although, the mean becomes infinite, § still serves
as an index of location. Essentially, the distribution can have different means
than 0, depending on §. When 8 = 0, § equals the distribution’s median for

all permissible values of a.
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The last two parameters’ only purpose is setting the scale of the distribution, regard-
ing mean and dispersion. They are not really characteristic to any one distribution,
and so are less important. In most cases the distribution is normalized. When nor-
malizing, it is common to subtract the sample mean to give a mean of 0 and divide
by the standard deviation, so that units are in terms of the sample standard devi-
ation. The normalizing operation is done to compare an empirical distribution to
the standard normal distribution with mean 0 and standard deviation 1. Therefore,
if a random variable X ~ S(e,3,7,d), the normalized variate z = L;j- will have
a standardized stable distribution; that is Z ~ S(a, 3,1,0) and is said to take the
reduced form.

The formulas for S(x) are calculable for a > 2 and {8] > 1, but the resulting
function is not a proper probability distribution since one or both tails will lie outside
the interval [0,1]. Stable distributions are therefore constrained to have a € (0,2]
and g € [-1,1].

As previously mentioned, there are closed expressions for three cases of stable

densities.

1. Normal distribution with o = 2 and B undefined, then the variable X ~

N(d,~) has density function

s(z) =

2‘/ﬁexp 1 s .

If we use the substitution 4 = § and v = ‘—’;, then X ~ N(u,0?). We can then

write the density function in a form that is better known i.e.

_ 1 —(z — p)?
s(x)—o 2wexp{ 552 , 00 <z < 00.

2. Cauchy distribution with o = 1, 8 = 0. The variable X ~ Cauchy(v,d) has

a density function given by

1 Y
S(E)—;m, 00 <z < 00.
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3. Lévy distribution with a = %, B = 1. The random variable X ~ Lévy(y,9d)

has density function

s(z) = (%)1/2(:::— 6)‘3/2exp{-2($16)}, 6 < z < o0;

that is, s(z) is zero on (—o0,d).

Figure 2.1 shows a plot of these three density functions. Both normal and Cauchy
distributions are symmetric, bell-shaped curves (8 = 0). The Lévy distribution is
highly skewed (8 = 1), with all of the probability concentrated on £ > 0. It has
heavier tails than the Cauchy, which in turn has heavier tails than the normal
distribution. The heavy tail is created as a result of the parameter a moving away

from 2 and towards 0.
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Fig. 2.1: Density functions for the Normal (o = 2), Cauchy (o = 1) and Lévy
(= 1) density functions, when y=1 and § = 0.

2.4 Parameterizations

Since the density or distribution functions of a stable random variable do not have
a simple analytic representation, the question arose of indirectly investigating the
analytic properties of these distributions. The complexity involved in investigating
various groups of properties depends in large part on how the parameter set is

chosen, Zolotarev (1986). Expressing analytic relations between stable distributions
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and proving them, can thus be simpler or more complicated depending on what
parameterizations we use. This circumnstance makes it not only possible but even
desirable to use several parameterizations on an equal basis. If numerical work is
required, then one parameterization is preferable. If simple algebraic properties of
the distribution are desired, then another is preferred. With this approach we need
to know various formulae for passing from one system of parameters to another.

Here we will describe five different parameterizations.

1. A Parameterization with log characteristic function
Inp(z) = (328 — |z|* + tz2wa(z, o, B)) (2.1)

where

|z}~ 1Btan 2 a#1

—B21n|z| a=1

wy =

with the parameters varying within the limits 0 < « < 2, -1 < 8 < 1,
—00 < 79 < o0 and § > 0. The density functions s(x) and hence the distri-
bution functions S(x) associated with them, are not continuous functions of
the parameters determining them (they have discontinuities at all points of
the form a =1, § # 0). This parameterization is the most frequently used in
literature because it has a simple form for the characteristic function and nice

algebraic properties.
2. M Parameterization with log characteristic function
Inp(2) = 7(i28 — |2|* + fzwp(z, a, B)) (2.2)

where
("1 —1)Btan e a#1
-B2In|z| a=1
wpy i8 jointly continuous in its wariables. The domain of variation of the

parameters in the form (M) is the same as in the form (A). The parameters of
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the forms (A) and (M) are connected by the following relations
Ta
ag=ay Pa=PBum VA=TM 5A=5M—ﬁtan—2—

This parameterization is preferred for numerical work because it has the sim-

plest form for the characteristic function that is continuous in all parameters.

3. B Parameterization with log characteristic function

Inp(z) = v(iz8 — |z|°wB(2, @, B)) (2.3)
where
exp (156K (a)sign(z)) a #1
wp =
5 + iBsign(z)In|z| a=1
and

K(a) =a -1+ sign(l — a).

The parameters have the same domain of variations as in the form (A). The
main parameter ¢ is the same in both forms, and the connection between the
rest of the parameters is given by the following relations:

Haoa=1

fa#1
B4 = cot (%) tan (Eﬂg&-)

YA = 7B COS (—wK(g s )

-1
ds = épcos (1{{-—(5):@)

In the form (B) as in (A), stable laws are not continuous at points of the form

a = 1. However, contrary to (A) the limit distribution as a — 1 exists if «
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always remains greater than or equal to 1. Moreover, the limit is a stable law

with log characteristic function of the form

i) = (i (55 () - teos (1))

where + is used if o > 1, and — is used if @ < 1. Zolotarev (1986), uses this
parameterization to derive formulas for the density and distribution functions

that can also be used for numerical work.

4. C Parameterization with log characteristic function

Inp(z) = —v|2|%exp {—igﬁasign(z)} (2.4)
with

If we exclude the case & = 1 and |6] = 1, which corresponds to a degenerate
distribution at the point ¥8!, then the parameters of the same characteristic

function in the form (B) are connected by:

Ifas#l

pe 3 YC = B-

fa=1

2 1/2
9= ga.rct.an (?—62-), YC =B (W—+52B) .
e ™ 4

Together with the parameter system a, 6, 7¢, we can use another parameter
system a, p, ¢, where p = 1—‘5—0. In the modified variant the characteristic

function has the form

Inp(2z) = exp {—(iz)° exp (—impasign(z)) }

YIf b, = 0, a degenerate (improper) distribution has distribution function

S@z) = {0, z < an

1, z2>an
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5. E Parameterization. We complete the description of various forms of expres-
sion for the characteristic function of stable laws by one more modification of
the form (C). This modification is needed in solving the problem of statistical
estimation of the parameters of the laws. The log characteristic function can

be written in the form
- _ -1/2 —i¥0si -1/2 _
Inp(z) = —exp {V (In|z| +7 zzeszgn(z)) +C(v l)} (2.5)

where C = 0.577... in this case is the Euler constant. The parameters vary

within the limits
1v>l |6] < mi 1-2——1 7] < 0o
27 <min |1, 7
and are connected with the parameters a, 8, -y of the form (C) by

z/=oza2 0 =0¢ T=-Cl;ln'yc+C(é—1).

2.5 Properties of Stable Distributions

The most important property of stable distributions is that they are invariant under
addition. The word stable is used because the shape of the distribution is stable
under addition. It means that the distribution of sums of independent, identically
distributed, stable variables is itself stable and has the same form as the distribution
of individual summands. In order to describe summation of independent random
variables we use the log characteristic function based on the (A) parameterization?.

The above property can be translated as follows:

indz — n7*|2|*(1 — ifsign(z)tan %) a#1

ninEfe*X] =
indz — ny|z|(1 + iB(2)sign(z)Injz]) a=1

where n is the number of variables in the sum and InE[e*#X] is the log characteristic
function of individual summands. From the above expression we can see that the

distribution of the sums is, except for location and scale, exactly the same as the

?We use a modification of the (A) parameterization, by setting z = 2’7.
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distribution of the individual summands. Thus, stability means that the values of
the parameters a and f remain constant under addition.

The above formula assumes that the distribution of each individual summand
has the same values of the four parameters. However, stability still holds when the
values of the location and scale parameters are not the same for each individual
variable in the sum. The log characteristic function of the sums of n such variables,

each with different location and scale parameters X; ~ S(a, 8,7;,0;) j = L..n is:

En: iz X i (Jf—n:l Jj) T (J'jl 7?) R0 - ipetgn(z)tan %) a7
In (Efe*]); = . .
j=1 i (j=l

> aj)z - (Jz::l 7,) |2](1 +iB(2)sign(z) In]z]) a=1
Thus, the sum of the stable variables, where each variable has the same values of
a and B but different location and scale parameters, is also stable with the same
values of a and 8.

Therefore, if a and 8 remain the same, changing y simply rescales the distribu-
tion. Once we adjust for the scale parameter 7y, the probabilities stay the same at all
scales with equal values of a and B. Thus, a and 8 are mot dependent on scale, but
v and § are. This property makes the stable distributions self-similar under changes
in scale. It also makes them infinitely divisible, meaning, that for every positive
integer n it can be expressed as the nth power of some characteristic function; that

¢(2) = [pn(2)]"

Equivalently, we can say that for every positive integer n a stable distribution func-
tion can be expressed as the n-fold convolution of some distribution function.

When the n variables have different scale, location and skewness parameters;
that is, X; ~ S(a,B;,7%,6,) & = l...n are iid drawings from stable distributions
with a common characteristic exponent «, then we can say that if

X = ZX'B ~ S(aa B, 5)1 (26)

i=1
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the log characteristic function of the sum of n such variables is given by

n . 16z — v%|z|*(1 — iBsign(z)tan Z2) a #1
S (6], = 1°lele (1 — ifsign(z) tan )
j=1 10z —v|z|(1 + iﬂ(%)sz’gn(z) Injz]) a=1
where
=)
i=1
n A~
p=3 o
—1 Y
n
PR a#l
5= i=1

n n
2151‘ +2(Bylny - Z:lﬂi%‘ln’ﬁ) a=1

Finally, let X ~ S(a, f3,7,0) and d be any real constant, then the log character-

istic function becomes

In e ] = iddz — |d|y*|z|*(1 — isign(d)Bsign(z) tan ) a # 1

iddz — |dly|z|(1 + isign(d),@(%)sign(z) In|z]) a=1

that is,
dX ~ S(a, sign(d)B, |d|y, dd). (2.7)

Another important property of stable distributions is called the symmetry prop-

erty.

Definition 2.7 (Symmetry Property). Let Z ~ S(e,,1,0), be a standardized

stable random variable. Then for any a and 3,
Z(a,~p) £ ~Z(e ).
Therefore the density and distribution functions of ¢ Z(a, B) random variable satisfy
s(z;a, B) = s(—2; a, —P)

and

S(z;a,8) =1— S(—z;a,—p)
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In general we have that for a stable random variable X ~ S(a, 8,7,9)

8(:11; a,p, 776) = 3(_1:; a,—f, Y -6)

and
S(.’ﬂ; a,ﬂ,'y,é') =1 _S(_z; Q, —ﬂv'y’ _6)'

This result is easily verified with the use of equation 2.7.

When 8 = 0 the symmetry property says s(z;a,0) = s(—z;ea,0), so the prob-
ability density function (pdf) and the cumulative distribution function (cdf) are
symmetric around 0. Figures 2.2, 2.3 shows the bell-shaped pdf and cdf of a sym-

metric stable distribution for different values of a.
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Fig. 2.2: Symmetric stable densities for S(a,0), a = 2.0,1.75,1.5,1.25

As a decreases, three things occur to the density:
1. the peak gets higher

2. the region flanking the peak get lower, and

3. the tails get heavier

If B > 0, then the distribution is skewed with the right tail of the distribution
heavier than the left tail. When 8 = 1, we say the distribution is totally skewed to
the right. By the symmetry property, the behavior of the 8 < 0 cases are reflections
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A i — A
1 2 3 4 5

Fig. 2.3: Symmetric cumulative distributions for S(e,0), @ = 2.0,1.75,1.5,1.25

of the § > 0 ones, with left tail being heavier. When 8 = —1, the distribution is
totally skewed to the left.

Figures 2.4, 2.5 shows the pdf and cdf when o = 1.98, with varying .
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Fig. 2.4: Stable densities for S(1.98, 5), 8 = ~1.0,0.0,1.0

There is little visible difference as  varies. The reason for this is that as a — 2,
tan 7 — 0, making the characteristic function real and hence the distribution is
always symmetric no matter what the value of 5.

As a decreases, the effect of 8 becomes more pronounced, and the pdf gets higher

at the peak and heavier on the tails. In figures 2.6, 2.7 we plot the cdf and pdf for
a = 1.75, figures 2.8, 2.9 for a = 1.5, and figures 2.10, 2.11 plot the pdf and cdf for
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Fig. 2.5: Cumulative distribution functions for $(1.98,3), 8 = —1.0,0.0,1.0

a =1.25.
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Fig. 2.6: Stable densities for S(1.75,83), 8 = —1.0,0.0,1.0
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Fig. 2.7: Cumulative distribution functions for S(1.75,8), 8 = —1.0,0.0,1.0
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Fig. 2.9: Cumulative distribution functions for §(1.5,8), 8 = -1.0,0.0,1.0
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Fig. 2.10: Stable densities for S(1.25,3), 8 = —1.0,0.0,1.0
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Fig. 2.11: Cumulative distribution functions for 5(1.25,8), 8 = ~1.0,0.0,1.0
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2.6 Integral Representation of Stable Densities

In this section we give an integral representation of a standardized stable distribution
and density function. Since the following formulae are used for numerical work we
want to transform the inversion formula for a stable density function into an integral
of non-oscillating functions. Nolan (1997), uses the (M) parameterization given by
equation 2.2 for y = 1 and é = 0 to derive the integral representation for a density
function. We give an outline of the proof by using the (B) parameterization as in
Uchaikin and Zolotarev (1999), and then we pass to the (M) form by simply changing

the set of parameters described in section 2.4. First we define the following functions:

—Btan®} a#1

(=C(asﬁ) =
0 a=1,
1
0= b(a,f) = sarctan(ftan ) a#1
5 a=1,
1(z-9) a<1
c=cla,f) = 0 a=1
1 a>1,

[oos(at)) = [58my] * SGHD a1
V() =V(;a,p) =
2.7
2 [-70;%—] exp{% (%+ﬁ€)tan0} a=1,8#0.
With the above we can give the integral representation for the density s(z) =
s(z; @, B,1,0) and distribution S(z) = S(z;a,p,1,0) functions of a random vari-

able X. We distinguish four different cases:
l. Whena #1and z > (,
() = 2E=07T / V() exp {~(z - 0=V(0)} a0
and

S(z) =c+ M/jexp{—(x —c)a"TnV(o)} ae.
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2. When a # 1 and z = (,

1+ 1)cosd
(1 +C2)%;

and

3. When a # 1 and z < (,

s(z; o, B) = s(—~z; 0, —B)

and
S(a:;a,ﬂ) =1- S(m;a, —ﬂ)
4. When a =1,
L e~5 [%, V(0)exp{—e BV(O)}d0 B#0
s(z; 1, 5) ml I5v@ p{ }
w(1+z2) =0
and

%ff% V(6) eXP{—e“%V(B)} a9 B>0
S(z;1,8) = %+11—rarctanx B=0

1-8(z;1,-5) B<0

The proof of the above formulas goes as follows. By definition of a stable density

function we have that
1 [,
(5300 6) = s(~zi0,~) = ~Re | ¢ plzi,~p)dz
g

We use the form (B) given by equation 2.3 and we let v = 1 and é = 0. The function
¢(z; a, B) allows the analytic continuation from the positive semi-axis to the complex
plane with the cut along the ray argz = —3w/4. We denote this continuation by

¢t (z; @, B) and therefore we can write

ot (za,f) = —z%exp{—i3AK(a)}, a#1 2.8)
~2(5 +1BInz) a=1
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where K(a) = a — 1+ sign(1 — a) and 2® and ln z stand for the principal branches

of these functions. We consider the integral

st = / ot (z;a,—P)dz = / e W(2) 4,
L A

along the contour L which starts from zero and goes to infinity so that the function

W (z, z) takes only real values. Changing into polar coordinates z = re* we obtain

[ recos (ab + B3K(a)) +zrsind
Wisg) = « —i [zr cos 6 — r®sin (af + B3 K (a))], a#l 29)
r [zsind + (% + 86) cos6 + BsinfInr]

—ir [zcos@ + Bcosflnr — (¥ + B6)sinb], a=1.

.
Setting the imaginary part of W (z,z) equal to 0, we arrive at the equation for the
contour L in polar coordinates:

(sin(aawg K(a)))lf =) a 21

T Cos

r(6)

exp{-§+ (9+ Q%tane)}, a=1

Therefore the density function is
s(z;a, B) = 1 / e~V®2) d(r cos 0),
T™JL

where the function U(6, z) = Re W(z, z) and once we substitute for r = r(0) defined
above, this funetion is equal to

N
1) =
r(66+3) (cos0+528), o

Next we need to find the differential d(r cosg). First we consider the case a # 1.

From the equation Im W(z, z) = 0, and we have
= O gi ud
zrcos @ = r®sin (a0+ﬁ2K(a)) .
By differentiating we obtain

d(rcosf) = U(0,z)dé.

(1-a)z
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The integration limits in 6 are determined by

r(6,) =0, r(67) = oo.

Since
a—2, a>1
K(a) =
Q, a<l,
then the limits of integration are
z a>1
6, = (¥
-B%, a<l,
for the lower limit and
B(3~-3), a>1
0, =

a<l,

b

[SIE]

for the upper limit. By doing one last change of variable and letting
U(9,z) =z Vv (6;a,8).

With the help of the symmetry property s(—z;a, ) = s(z;a, —f), we arrive at the

following formula

alz|t/ (@) 3 . -
s(z;a,B) = IT||1‘:;|— /.3:1&(32 V(6;a,p) exp{-—lzl"/( 1)V (6;0,8 )} a6
2 a

which is true for all z, where

B, >0
-6, z<0.

g =

Changing the parameter set from the (B) parameterization to the form (M) we
arrive at the integral representations of stable densities given at the beginning of
this section. Integrating we obtain representations of distribution functions. A

similar analysis leads to integrals for a = 1.
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2.7 Extremal Stable Distributions

In this section we derive a characteristic function for the case where 8 = —1. This
formula is used in McCulloch (1996) to derive the value of a call option where the
asset follows a log-stable distribution.

Bergstrom (1952) has shown that as £ — 400 and 8 # —1

Lo sin =z~ 4 0(z~%)

S($7avﬁ71,0)=1-(1+ﬁ) x 2

and as £ =& —oo by definition

5(30,6,1,0) = (1 - B gin a2 + (2| 2)

From the expansions above we can see that when a < 2 stable distributions have
one or more tails that behave asymptotically like =%, giving the stable distributions
infinite absolute population moments of order greater than or equal to a. In this
case the skewness parameter 8 indicates the limiting ratio of the difference of the

two tail probabilities to their sum

= lim (1 - 85(z; ,8,7,9)) — S(—=; a, 8,7, )
00 (1 - S(z; a, 8,7, 6)) + S(—'x;a: 8,7, 6) ’

When g = +1(—1), the lower (upper) tail loses its Paretian component and falls
off even more rapidly than does the tail of the normal distribution. We can also
see that for @ < 2 and B > —1 the long upper Paretian tail makes E[e*] infinite.
However, when X ~ S(a,—1,7,8) Zolotarev (1986) has shown that using the (B)
parameterization the log characteristic function becomes
120 — 7°|z|%sec . a#1

p(2) =
120 + %—iz'y logzy a=1.

By multiplying equation 2.8 with #® exp ( %’K (a)), it enables us to write the equation

in the following form

—&(a)(—iz)® exp (—izK()(B —1)) a#1

logp*(z) =
(—iz)(i(B — 1)F + Blog (—iz)) a=1
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—e(a)(—iz)exp (iFK(a)( 1)) a#1
(—iz)(i(1 - B)F + Blog(-iz))  a=1

logp™(z) =

where £(a) = sign(l — o). The functions ¢*(z) and ¢~ (z) denote the analytic
extensions of the function ¢(¢, a, §) from the semi-axes ¢ > 0 and ¢t < 0. Comparison
of the last two equations shows that the analytic extensions ¢ and ¢~ do not
coincide, except in the case when a = 2 and the case when a < 2 and g =1. If
we consider the equality (¢, a, 8) = ¢(—t,a,—pB), we can also add the case when

a < 2 and 8 = —1. The following assertion summarizes the foregoing.

Lemma 2.1. Analytic extension of p(t,a, B) from the whole t-azis to the complez z-
plane is possible only in the case a = 2, while analytic extension to the complex plane
with a cut along the ray argz = —3n/4 is possible only in the cases a < 2, =1

and a < 2, B = -1, which correspond to ezternal stable distributions. Moreover,

log gt (2,0, ) = —e(a)(—iz)* a#1
(—iz)log(—iz) a=1.
If we make the substitution z = i¢, Ret > 0 in the (B) form and using the above
result, we have
Y(—td — e(a)t®) a#1
y(—td +tlogt) a=1

logp(t,,1,7,8) =

By changing the parameter set from the (B) form to the (M) we arrive to the

following equation

t6 —7°|t|"sec T a#1l

log E[e***] = log E[e*!] = (2.10)

to+ %t'ylogt'y a=1
2.8 Asymptotic Expansions

We cannot determine the behavior of the entire functions S(z, «, 8) and s(z, a, B)
(where the functions are in the standard form) at the points z = 0 if a < 1, nor
in the case £ = o0 if 1 < a < 2, because these points of the complex plane are

singular. To correct this deficiency we construct the asymptotic expansions of the
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distribution and density functions in the neighborhood of the corresponding singular
points. It turns out that the forms of the asymptotic expansions differ considerably,
depending on whether we are dealing with an extremal distribution (8 = *1) or
whena<l,a=lora>1.

There are many different possible situations distinguishing them, but with the
use of the symmetry property 2.7, we can consider the asymptotic expansions only
for z > 0. Skorohod (1954), gives a full list of such expansions. We are only going to
present the formulas for the asymptotics and the complete proof of these formulas

can be found in the above mentioned paper.

a<l a= a>1
B = z+00 (1) z—400 (2) | z=+c0 (3)
- 290 (z>0) (4) | z9—00 (5) | x2—c0 (6
1 -+ 2 3
-1<p<1| o O | ate B late O
B=-1 z—>—oo0 (1) z—3—00 (2) | z——0c0 (3)
— 290 (z<0) (4) | z—=3+o0 (5) | z9+00 (6

N
1. s(z,a,8) = % 3 apz~on

n=1

2. s(z+B2Inz,B,1) =L gjl Brz~F + 0(z—(V+2))

3. s(z,0,8) = = g)l anz—% + 0z~ (N+la-1)

4. 8(z,0,1) = fla)s™ T exp (r(a)z~ ) [1 4+ 0(z7% )|
5. s(z,1,1) = Lz exp(-§z — Ze™3?) [1 +0 (eix(l-g))]

6. 5(z,a,1) = g(o)s 1o exp (h(0)z577) [1 + o(z—;‘:—,+e)]

where

_ (-1)* I'(na+1)

= (1 + B2 tan? 6)*/? sinn [0 + arctan (8 tand)),

n
o0
b = Im / et +if ~ %ﬂlnz)" dz,
0

aTaT) (cos §) Ta-T)

fla)= e
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r(a) = (1 - a)as1 (cos 6) T,

aTa=1 | cog ) Ta=D)

9(a) = /———21r(a ~1) ’

h(e) = (@ — 1)aa-T| cosOlEl-T.

2.9 Stable Processes

A random process X (¢) on the real line is said to have independent increments if
for any values ¢g < t; < ¢ <... the increments X (t,+1) — X(ts), n = 0,1,2...,
are independent random variables. The process X () with independent increments is
called homogeneous if the probability distribution of increments X (t)—X (s) depends
only on the difference ¢ — s.

A homogeneous random process X (¢; a, §) with independent increments is called
the Lévy stable process if its increments are distributed according to the Lévy stable

law, Feller (1966). We consider the strictly stable process satisfying the condition
X(tiB) £8°Z(a,f), >0, (2.11)

where Z(a, B) is the standardized strictly stable random variable. In terms of dis-

tribution densities, the above relation is expressed as follows:

where s and s, stand for the probability density functions of the random variables
X and Z respectively. Therefore, if @« < 2 and 8 = 0, we have a symmetric Lévy

process with characteristic function

—t|2|*

p(z,t;a) = e

If a = 2, then the process 2.11 has characteristic function

o(z,2,0) = e,

and is merely the Wiener process. The stable generalization of the familiar Brownian

motion or Wiener process is called Lévy stable motion.



Univariate Stable Distributions 42

We assume that the driving source of motion of a stochastic quantity z(t) is

driven by Lévy noise and we denote the Lévy stable motion L; that is
dz(t) = m(z(t),t)dt + o(z(t),t)dL.

The increments L(t + d¢t) — L(t) are distributed by the stable law with parameters
a, B, zero drift and scale v = 6t/@  and whose non-overlapping increments are
independently distributed. Such a process may be thought of as having infinitesimal
increments d = L(t 4 dt) — L(t), with infinitesimal scale d#!/®. The process may

then be reconstructed as the integral of these increments

t t
z(t) = z(0) +/0 m(z(r),7)dT +[) o(z(7), 7)dL(7).

When a = 2, the source of randomness is driven by Gaussian noise and the process

becomes

t t
z(t) = z(0) +/ m(z(r),7)dr +/ o(z(r), 7)dB(7),
0 0
where dB(?) is the familiar Brownian motion with

EdB(t))] =0 and  E[dB(t)] = dt.



CHAPTERO

Fractional Fokker-Planck

Equation

3.1 Introduction

The Fokker-Planck equation is useful for studying the dynamic behaviour of a
stochastic quantity driven by some random source of motion. In the classical Fokker-
Planck equation this random force is driven by Gaussian noise. According to the
Central Limit Theorem, the limiting distribution of a large number of independent
identically distributed random variables with finite variance is the normal distribu-
tion. Lévy (1937), by using a generalized version of the Central Limit Theorem,
allows one to take the random source of the stochastic quantity to be driven by a
Lévy motion. We therefore, arrive to a generalized Fokker-Planck equation involv-
ing fractional differentiation and it is known as a Fractional Fokker-Planck equation.
Since there is no unique definition of fractional differentiation, we cannot expect to
have a unique expression for the Fokker-Planck equation.

Schertzer et al. (1999), derive a Fractional Fokker-Planck equation. They showed
that the inverse Fourier transform of the log characteristic function of the increments
of a Markov process, generates by convolution, a fractional Fokker-Planck equation
of evolution of its transition probability. We derive a similar Fokker-Planck equation
by constructing the probability distribution using the trinomial model approxima-
tion. We assume that the probabilities associated with the jumps have a fractional
Taylor series expansion.

In section 3.2, we are going to present some basic definitions and results from
fractional calculus taken from Samko et al. (1993) and Oldbam and Spanier (1974).
These results will enable us to find the fractional power derivatives of the fractional

43
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Taylor series both for the probability distributions and the stochastic quantity of
interest. The derivation of the fractional Fokker-Planck equation, based on the work
of Schertzer et al. (1999) is shown in Appendix C. Here we are going to present the
derivation of the same equation via the trinomial model approximation, section
3.3. Once we find the transition probability distribution of the stochastic quantity
in which we are interested, we price an option where the underlying asset has a
stochastic differential equation driven by a Lévy motion, section 3.4. This is done

by taking the expectation of the payoff function over the probability space.

3.2 Integrodifferential Equations

3.2.1 Abel integral equation

The integral equation

1 [* )
(@) Jo (z-9i-°

dt=f(z), z>0 (3.1)

where 0 < a < 1, is called Abel's equation. Let a > —oco and suppose the equation
is considered on a finite interval [¢,b]. The above equation may be solved in the
following way. Changing z to ¢ and ¢ to s respectively, multiplying both sides of the

equation by (z — £)~® and integrating we have

z  dt ¢ p(s)ds T f(t)dt
/.. (z—-t)Jo (t—s)le —I‘(a)[‘ (-t

Interchanging the order of integration in the left-hand side by the Dirichlet formulal

we arrive at

pyds [ _p(y [T 1O
/a. #lo) ds/,. (z —t)(t—-s)l—= r(a)fc G-0° dt.

1The Dirichlet formula is given by:

[ dz/:f(z,y)dv=/: dy[:)"(z,v)dz.
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The inner integral is easily evaluated after the change of variable t = s + 7(z — s)

and application of the beta-function? giving

T 1
_ oy . Na—1 — ,ra—l — Yy edr
/S(:c 1)t -s)2" " dt /0 (1-7)"od
= B(a,1-a)

= [()l(l -a).

z 1 ¢ f(4)dt
/,, “’(S)ds“r(l—a)/a @-1%

Hence after differentiation we have

Therefore

1 d f*f@)de
e w e oo

(3.2)

So if 3.1 has a solution, this solution is necessarily given by 3.2 and therefore it is

unique. For simplicity we have considered the case 0 < a < 1in 3.1. Thecase a =1

is evident, while the case a > 1 is reduced to the case 0 < a < 1, by differentiating

both parts in 3.1. Analogously the Abel equation of the form

1L [*_e®) B
I‘(a)/z G-pima =), z<sb

is considered and instead of 3.2 one obtains the following inversion formula

B 1 d [° f(t)dt
Tt ) -0

3.2.2 Definitions and Properties

For an n-fold integral there is a well known formula

Zo X1 Tn-1 1 T el
/al da:l/a dxg.../; o(zn)dz, = (T:_l)_'/a (z — )" p(t)dt

2The Beta function is defined by the following integral

1
B(z,w):/ "' (1-z)*'dz, Rez>0, Rew>0
0

and the connection with the Gamma function is given by the relation

I'(z)T'(w)

B(z,w) = Tetw)’

where -~
F(z):/ t*"'e”'dt Rez>0.
/]

(3.3)
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easily proved by induction. Since (n — 1)! = I'(n) we observe that the right-hand
side of 3.3 may have meaning for non integer values of n. So the integration of

non-integer order is defined as follows.

Definition 3.1. Let ¢(z) € L1(a,b)3. The integrals

200 = 5 [ e, 2>a, @4
IEo@ = [ 2O 4 Loy (3.5)

Na) Jp (E—2)e
where a > 0, are called fractional integrals of the order a. They are sometimes

called left-sided and right-sided fractional integrals respectively.

The accepted names for the integrals 3.4 and 3.5 are the Riemann — Liouville

fractional integrals. Note a simple relation
Q=L Q, QI =I3,Q,

between operators IZ, and Ij* , Q being the reflection operator (Qyp)(z) = ¢(a +
b— z).

The relation

b b
/,. o(@)(I2, ¥)(@) dz = f Y(z)(IE) (z) dz (3.6)

is valid and is called the formula for fractional integration by parts. One can prove
3.6 by interchanging the order of integration by the Dirichlet formula. Equation 3.6

is true if
1 1
‘p(x)ELpa '/)(x)Eva ;"‘351‘1’0; PZI: ‘121,

withp¢1,q;e1inthecase§+§=1+a.

3Let @ = [a,b], —c0 < a < b < 00. We denote by L, = L,(Q) the set of all Lebesgue measurable
functions f(z), compler valued in general for which

/If(::)l’dz<oo, where 1 <p<oo.
a
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Fractional integration has the property, known as the semigroup property of

fractional integration

BB e=I5Pp, BI2 o=I7p, a>0, B>0. (3.7)
Equations 3.7 are satisfied at any point for {t) € C([a,b]) and at almost every point
for ¢(t) € Ly(a,b). They are true at any point even for @(t) € Li(a,b) ifa+ 8 > 1.

As for fractional differentiation, it is matural to introduce it as an operation

inverse to fractional integration, that is
I3 f=(I8) f=Dg.f.

The definitions for I, ®f, being interpreted similarly. In view of the inversion of

Abel’s equation 3.1 we arrive at the following definition.

Definition 3.2. For functions f(z) given in the interval [a,b], each of the expres-

sions

., 1A [* ()t
(Da+f)($)—‘ma Arerr

(3.8)

OLNE = e | 22, 9
13 called a fractional derivative of order a, 0 < a < 1, left-handed and right-handed
respectively.

Fractional derivatives 3.8 and 3.9 are usually named Riemann — Liouville
derivatives.

We have defined fractional integrals for any a > 0, and fractional derivatives
only for orders 0 < a < 1. We now define fractional derivatives of large orders
a > 1. We use standard notations [a) meaning the integral part of a number a and
{a} meaning its fractional part, 0 < {a} < 1, so that

a =[a] + {a}.

If o is an integer, the derivative of order « is understood in the usual sense of

differentiation

a o
:+=(£;) 1 Dz',’_=(—£:—) , a=123,..
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If o is not an integer, it is natural to introduce D2, f, Dy f by the relations

d 4\ d [a]+1 o
e (£) o= () B

dgef ( d\ ple} d \[t! [i-te)
D f=(-— -—
b-f = ( dx) b= T dz f-
Therefore, we can write

De,f = -—1—) (i‘-)n/:_f(t)d‘_ n=[o] +1, (3.10)

Fn—a) \dz (z — t)a—n+l ’
o -n" (d\" r* t)dt
Dy f= I‘_En+a) (EL“) /x (_xf_(t))a—T-H’ n=[a]+1. (3.11)

A sufficient condition for the existence of derivatives 3.8 and 3.9 is
[a]
[ 2 < Actiat)
where AC["]([a, b]) is defined below. This condition holds if f(z) € AC["‘]([a, b]).

Definition 3.3. We denote AC™(2), where n = 1,2... and § is an interval, the
space of functions f(z) which have continuous derivatives up to order n — 1 on )

with f"~V(z) € AC(Q).

3.2.3 Taylor’s series

Definition 3.4. Let Rea > 0. A function f(z) € Li(a,b) is said to have a

summable fractional derivative D2, f, if It7°f € AC™([a,b]), n = [Rea] + 1.
Theorem 3.1. Let Rea > 0. Then the equality

Dz Iz ¢ = p(z) (3.12)
is valid for any summable function p(z) while

I3, Dg, f = f(x) (3.13)
is satisfied for

fla) € I3, (Ly). (3.19)
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If we assume that instead of 3.14 a function f(z) € L1(a,b) has a summable deriva-

tive D3, f, then 3.13 is not true in general and is to be replaced by the result

—k—
Dz f=f(z) - Ziz__a)_W ,(,':,k-l)(a), (3.15)

where n = [Rea] + 1 and fa—o(z) = I °f. In particular we have

12,08, f = f(a) - 1‘“‘ )(z a1 (3.16)

for 0 < Rea < 1.

Corollary 3.1. The following analogue of Taylor’s theorem

a+_1
f(z) = Z I‘(a+ ]f l(“l)) -a)*" + Ry(z), Rea>0, (3.17)

i3 valid, where Ry(z) = (I&" D" f)(z) and f(z) is assumed to have a summable

dertvative.

Indeed, 3.17 is a reformulation of 3.15. A generalization of formula 3.15 is given
by the following.
Let o9 = 0, aj,...,00n be an increasing sequence of real numbers such that

O0<ay—ax1<1k=1,2,...,m. Let z > 0. We introduce the notation
D(ﬂh)f = I;;(ﬂh—aa—l)Dtl)Iah-xf (3.18)

and note that D@ f Dy +f in general. This fact allows us to arrive at the

generalized Taylor expansion
m—1 (ax)
f) = E(’P’(l—fa)ﬁ‘;—’ o+ gy L G- 0P OB (319)

for functions f(z) having all continuous derivatives, Dzherbashyan and Nersesyan
(1958a) and Dzherbashyan and Nersesyan (1958b).

3.2.4 Fractional Fourier transform

The Fourier transform of a fractional integral is given by

FUI2f) = L(:-)— 0<Rea<1, (3.20)

ic IN
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where f(z) € Ly(R')*. The function (Fiz)® is to be understood as
(Fiz)* =exp {aln |2| ¥ o[Tm..sigmz}.
If o is real, we also write
(Fie)* = [ exp {3 2 signs .
In the case of fractional differentiation we have a similar equation

F(D$f) = (Fiz)*f(z), Rea>0.

The proof of the above equation is shown in Appendix B, for the case 1 < a < 2.
The proof of equation 3.20 is similar to the one for the fractional derivative and can

be found in Samko et al. (1993) (p.138).

3.2.5 Riesz fractional derivative

Equipped with the definition of fractional Fourier transform, one can define the

fractional derivative, by considering fractional powers of the Laplacian:

(-28)*2f(z) = F{=1*f ()}, (3.21)

where f(z) is the Fourier transform of f(z) and A = 8%2,. By taking the Fourier

transforms of the Riemann-Liouville derivatives 3.8, 3.9 we have:

F{D%f} = (Fiz)*f(2).
Since,

(Fiz)™ = |2|° exp {?"'Tasignz},

we can write

DD f = FY(—iz)*(iz)*f(2)}
= FHl*f(2)}-

4The definition of a the Fourier transform of an integral is not extended to values Rea > 1 in
its direct form, since the left-hand side in 3.20 may not exist even for very smooth functions, e.g.
f € C3°. Samko et al. (1993), extend the definition of the Fourier transform of a fractional integral
to all values of a, by specially constructing a space of functions f(z) (pages 146-148).
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Therefore

DD f = F 2 f(2)}

(-8)*2f(z).

The advantage of this fractional differentiation definition is that it applies to vectors,
as well as to scalars.

3.3 Fractional Fokker-Planck Equation

We assume that the stochastic quantity z(t) follows a Lévy process given by
dz(t) = m(z(¢), t)dt + o(z(t),t)dL, (3.22)

where the driving source is a Lévy stable motion L, i.e. a motion whose increments
0L are stationary and independent for any time lag §t and correspond to indepen-
dent identically distributed Lévy stable variables. The transition probability density
function is defined by

)
Pr(a <z < bt'|z,t) = / pa, |z, t)de’ V>t
a

That is, the probability that the random variable z lies in the interval (a,b) at time
t', given that it started out with value z at time £.

After a timestep 6t = ¢ — t where ¥ > t the variable z takes the value z’.
This value can be achieved from three different states. The value of the quantity
dropped, stayed the same or rose, and we can denote these values =’ + dz, 2’ and
z’! — §z respectively, where §z is the jump size. Figure 3.1, shows the trinomial
model approximation for the Fokker-Planck equation. Each of these movements has
a certain probability associated with them and the sum of these probabilities is equal
to one. We choose the size of the rise and the fall to be the same and we denote
them ¢*(z,t) and ¢~ (z,t) respectively.

The probability of being at z’ at time ¢ given that it was at one of the three
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Fig. 3.1: The trinomial approximation for the Fokker-Planck equation

states at time t' — 0t is

pe', tz,t) = @7 (¢' + 0z,¢' — St)p(z + 6z, 1 — Gt|x, 1)
+(1-¢ (', t' —6t) - ot ('t - &t))p(z’,t' — bt|z,t)
+¢7(z' ~ 0z,¢ — 6t)p(z’ - 6z, ~ 6t|, t).

By expanding each of the term in fractional Taylor series about the point (z', ') and

assuming that the probabilities of the movements are given by

1 48t
#*(@,1) = 37510°(@, (1 - Btan6) + m(z, t)5z>-],

16
¥ (2,8) = 5 5=10%(2, (1 ~ Btan) — m(z, )5z°-],

where § = 7%, we derive the following Fokker-Planck equation

—g—lt) = —m($7t)p+0'a($,t)(1—Btana)p—m(m,t)gﬁ
T
i CI0) IPUNY PRSIl ) 8, e

(3.23)

where A = ‘—%27 is the Laplace operator. The derivation of the above formula can be

found in Appendix D.
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3.4 Option Pricing

In this section we are going to price an option using the Fokker-Planck equation
derived in Schertzer et al. (1999). The derivation of the Fokker-Planck equation we
are using to price an option is presented in Appendix C.

At time ¢ we know the current value of the asset § and we want to find the distri-
bution of values at some later date. By taking the expectation of the payoff function
over the probability space, we find the value of an option with that particular payoff.

We assume that the asset price has a stochastic process given by
dS = pSdt + oSdL. (3.24)

The above process is the same as the process given by 3.22 with m(S,t) = uS and

o(S,t) = S. Substituting in equation

% = _a%(m(-"’, t)p(z, t|z0, t0)) — (—A)*/*(o(z, t)p(z, tizo, t0))

+Btan o (—8) 7 (o s, p(a, teo, o))

we will have to find the fractional derivative of the function g(S(t),p(S,t)) =
S%p(S,t). To simplify the computation of these derivatives we consider the stochas-
tic process of the quantity f = InS and the corresponding stochastic differential

equation becomes:
aa
df = (p - E—(l — ftan 0)) dt + odL. (3.25)

Equation 3.25 is derived in appendix A5. The corresponding Fokker-Planck equation

becomes:
o __ op_ o et

5It is eamly verified that if we choose a = 2 (the case for the normal), equation 3.25 becomes
o?

where B is the Brownian motion.
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where
a
=u~2(1-Ptand).
a
Taking a Fourier transform over the variable f we have

gf —12p(t, z).

The Fourier transform of the fractional derivative is

F{-a

and by integrating by parts the Fourier transform of

{5070}

le

} = z%p(t, z)’

—izF {(-A)*F ()}

= izl (2, 2),

where the derivation of a fractional Fourier transform is presented in more detail in
appendix B. In the Fourier transform space, equation 3.26 becomes

3 a a
g

dp 225 g : a-1 A
a = izmp — T ta) p+1.,(1+a)zz|z| Btan 0p.

Solving the above equation we have

p = exp { (izm (—1;—)—|z|°‘(1 ifsign(z) tan 8)) dt}. (3.27)

The right-hand side of the above equation is the characteristic function of a random
variable under parameterization (A) with location parameter § = mdt¢ and scale
parameter v = mdt Taking the inverse Fourier transform we have

1 (e o] Q

p(.) = 5| e~ exp { (izm - I,(f—mlzl"(l — iBsign(z) tan 0)) dt} dz

1 [
= 5= e/ p(2) da.
-0

This is the probability density function of a random variable drawn from a stable

distribution, that is f = InS ~ S(«, 8,7, ), where v and § are given above.
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We now consider the payoff function. For any t < T, we know that the fair value
of an option is the present value of the expected payoff at expiry under a risk-neutral
random walk for the underlying asset. Thus, we replace p with r in equation 3.24,
in order for the stochastic quantity to have the same drift as the risk free rate of

interest. Therefore, we can write

V(S,t) = e "T-YE[payoff(S)]

o0
= ¢ "T-Y / p(S', 1|8, t)payoff(5’) dS’.
-0

For a European call option the payoff is V = max(S — X,0), where X is the strike

price. Therefore, the value of a European call option becomes

o0
V=eTt [ (5 - X)p(S' —8,T—1t)dSs".
In X
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Fractional Black-Scholes

Equation

4.1 Introduction

Black and Scholes (1973) found a precise formula for the value of a European option
on a stock whose price on maturity has a log-normal distribution (in order to keep
the asset value positive). By allowing the stochastic quantity to follow a log-normal
random walk, the model does not take into consideration events that have an impact
on the value of an option, such as stock market crashes. By simply changing the
underlying’s distribution to a stable one, we permit such events to have an effect
in the life of an option. The reason being that the tails of the distribution increase
under the stable assumption, since we incorporate in the model the parameter that
determines the fatness of the tails, namely the characteristic exponent a. As already
mentioned the normal distribution is a special case of stable distributions, where this
parameter has value equal to 2 and as we move away from this value towards 1 the
tails of the distribution get thicker. Therefore, the equation we derive is very similar
to the classical Black-Scholes equation, with the only difference being the derivative
involving the parameter a. Since the characteristic exponent can take any value
between 1 and 2, this derivative is of fractional order and we call the equation we
derive fractional Black — Scholes equation. Again there is no unique definition of
a fractional derivative and hence, we expect to get different expressions according
to the definition we employ.

In section 4.2 we derive the fractional Black-Scholes equation by letting the
stochastic quantity to be drawn from a standardized symmetric stable distribution.
We later modify the model by allowing the distribution to be skewed. This modifi-
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cation will capture better the reality, since in the markets we observe a negative fat
tail. The reason being that if the price of a stock goes down, it tends to drop more
than the one allowed by the normal distribution and if it goes up it rises less than
the one implied by the normality assumption. In order to construct our model we
make the same assumptions as in the classical Black-Scholes model; that is, hedging
is continuous and there is no arbitrage.

In section 4.3, we show that transaction costs can be easily added to the model.
Transaction costs are the costs incurred in the underlying when our portfolio is
rebalanced in order to eliminate the risk, and can be infinitely large if hedging is
continuous. For the above mentioned reason there is a need to employ a discrete
time approach, where these costs can be large or small depending on the liquidity
of the market we are trading in or the volume of the trade, Leland (1985).

So far in our analysis we only considered European options, where exercising
takes place at a specific date, the maturity date. In section 4.4 we price a different
type of option, a Perpetual American Put. This type of option does not have an
expiry date and therefore can be exercised at any time. Such a contract is a simple
example of an American option, where the contract can be exercised at any time
prior to maturity, and helps us to gain insight for the pricing of American options.
We then price a perpetual for a call payoff and we observe that dividends need to
be added to the model in order to have a finite solution.

In section 4.6 we derive the fractional Black-Scholes solution using a trinomial
model approximation. By finding the probability density function of a specified final
state from various initial states, we derive a fractional backward equation. Taking
the expectation of the payoff function of an option over the probability space, we
arrive to the same equation described in section 4.2. We proceed by deriving a
backward equation by considering the process of a log-stable random variable. The
equation we obtain is different form the one derived when we consider a process for
a stable distributed random variable.

Finally, in section 4.7, we consider a different hedging strategy than the one
presented in section 4.2. So far we have assumed that the risk can be eliminated by
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choosing, at every timestep dt, a quantity A of the underlying asset. One could argue
that when there is a sharp fall in the price of the underlying asset we are hedging
with, it might be difficult for the holder of the option to find the optimal spot price
at some timestep to hedge his risk away. For this reason, we consider a hedging
strategy where the investor can hedge the random term away, by constructing a
portfolio consisting of two options, which can have different payoff function, strike

prices or maturity dates.

4.2 Fractional Black-Scholes Equation

By allowing the source of randomness to be driven by a stable Lévy motion L, we
construct a fractional Black-Scholes in a similar way as in the normal case. We

consider the following stochastic process:
dS = puSdt + oSdL,

and we construct a portfolio with one long option position and a short position in

some quantity A of the underlying:
n=V(St) — AS. (4.1)

After some timestep dt, the value of the portfolio changes from time ¢ to ¢t +dt. The
change in the value of the portfolio is due to the change in the option value and to

the change in the underlying, therefore:
dIl = dV — AdS.

Assuming that V(S,¢) has a fractional Taylor series given by 3.19, we have

dv = —ay—dt+anS+ L

(a) a
T Chadub vivws LSSl

Thus the portfolio changes by

av ov 1
dil = 6tdt+6SdS+I‘(1+a)

D@ (V)|dS|® ~ AdS.
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Since the increments dL are drawn from a standardized symmetric stable distribu-
tion, i.e. dL ~ S(a,0,dt!/®,0), we have that dL® ~ dt. Ignoring terms of order
higher than d¢, we have for S > 0

1% oV oS ov
(Vg L 95" sy _
dIt <8t 1855+t a2 ,uAS’)dt+ <ch63 UAS) dL

We choose

ov
A——a—s-,

to eliminate the randomness. Thus, the portfolio becomes

oV ag®Se
= | — ey 1(-)
drt ( 5 (V)) dt, S>0. (4.2)

For no arbitrage the growth in the portfolio should be the same as the growth we
would get if we put the equivalent amount of cash in a risk-free interest-bearing

account, thus
dIl = rIldt. (4.3)

Equations 4.1, 4.2, and 4.3, give rise to the following fractional differential equation

(s Jaled
3V+TS¢9V o%S

oV g%V L IO p@yy -V =
5 55+ T a0 v) -V =0 (4.4)

This is the Black-Scholes equation when the underlying follows a Lévy process!.
For the non symmetric case; that is, the increments dS are drawn from a stan-
dardized stable distribution, i.e. dS ~ S(a, B8, dt!/®, 0), with the characteristic func-

tion given in form (A), i.e.

E [e“"’ds)] = exp {izmdt — |z|%0%dt (1 - ‘iﬂl—; tan 9) }a

where § = Z2. If we consider the definition of the Riesz fractional derivative,

equation 4.4 can be written in the following form

a Qo
6V+rSaV o°S

a a~1
ov ov _ oo G-V =0
5t 35 T(+a) Branbas(-A) 7 (V) =7

-2V - g

§>0.

'Equation 4.4 is satisfied for V = § since

S 14
DES) = BDHS) =t || T =0
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We are going to solve the equation for the symmetric case. Because we are

valuing the option at time ¢, but we receive a payoff at time T" we write

V(S,t) = eTTIW(S, 1),

the fractional differential equation 4.4 becomes?

oW  _OW  o°Se
@)(W) = .
5 5%t T e (W) =0. (4.5)

The solution of the equation 4.4 is given in the Fourier transform space

Wo(z) = Wr(2) exp {— [izr + (;z(:— _:):; T (];(i ; ?)iz)] (T - t)}. (4.6)

Equation 4.6 is derived in Appendix E.

If we take the Fourier transform of the above equation we get

W(ua T) = WO(eu’ T)

1 o

(iz+1)0o* T(1-—i2) T} dz,

'l+a) '2—a—iz)

o € %% exp { - [izr +

where 7 =T —t and u = InS. As 7 — 0, the special solution of the above equation

is one having a delta function initial condition®. Therefore, we have in the limit as

dr—0
Jim, [ T W, ¢)e() dS' = glu).

We now consider the payoff function V. For a European call option we have that

at time ¢ = T, the final condition for the payoff function is

V(S,T) = max(S - X, 0).

7Since
_ 1 S V"(Z)
Di(v) = r(z-a),/., G-z ¥

1 S e~ T-OW ()
T2-0) Jo (S—z)e-D

= " TIDE(wW).

3The delta Dirac delta function has one important property namely,
[ - 21912 = gta).
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In our new variables this condition becomes
W (u,0) = payoff(e*).
The solution for 7 > 0 is
00
W(u,1) = / W (', t'|u, t)payoff(e* ) du'.
—00

We solve equation 4.5 in the Fourier transform space. We consider the payoff
function for a European call option, instead of a delta function initial condition. We
proceed by taking the Fourier transform of this payoff function and we arrive to the
following equation

Son XetzlnX ) o® r(l-iz)
7= a6 [ et €0}

Inverting the above equation we arrive to the value of a European call option for a

log-stable distributed underlying asset

_ ]IIS X —%Z
s = X / TS D STy, a1,
—oo 12(iZ2 + 1)

We generalize the model by valuing an option on a stock paying dividends. We
assume that the asset receives a continuous and constant dividend yield D. Therefore
in a timestep dt the asset receives an amount DSd¢. Hence, if we hold —~A number

of assets the change in the value of our portfolio becomes:

v . av 1
=Y (a) a_ _ _
dll = Zrdt+ 55dS + 5oy D (V)IdS|® ~ AdS—DASdt §>0

If we proceed by pricing the option in the same way as in the fractional Black-Scholes

model without dividends our fractional partial differential equation becomes:

oV ov a’S®

ot T D5t vty

52 ———_DEN(V)—rV =0. 4.7)

4.3 Transaction Costs

In this section we are going to add transaction costs in the fractional Black-Scholes

model described above. Transaction costs are the costs incurred in the underlying,
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related to the bid-offer spread. In the above model, we assumed that hedging is
continuous; that is, we are rehedging an infinite number of times until expiry and
because of this the cost of rehedging leads to infinite total transaction costs. Even
if we hedged in discrete time intervals the consequences of these costs may be very
important, depending on the volume we trade or the liquidity of the underlying
market we are trading in. That is the larger the amount a person trades or the more
liquid the market is, the less significant are these costs. Our analysis is going to be
based on the model of Leland (1985). The assumptions we are going to make are the
same as the assumptions of the above model, but with the only difference that the
source of randomness is drawn from a standardized symmetric stable distribution,

i.e. 8L = ¢(6t)¥/2. In particular, we assume the following:
1. The portfolio is revised every finite and fixed small time step d¢.

2. The random walk is given in discrete time by
S = pSot + oS(dt)
where ¢ is drawn from a standardized symmetric stable distribution.

3. Transaction costs are proportional to the value of the transaction in the un-
derlying. Thus if v shares are bought (v > 0) or sold (v < 0) at a price S, then
the cost incurred is %|v|S, where & is a constant. The value of x will depend

on the individual investor.

4. The hedged portfolio has an expected return equal to that from a risk-free
bank deposit.

As in the previous analysis we are going to value a European call option. If II
is the value of the hedged portfolio and JII is the change of the portfolio over the
timestep §t, we must subtract the cost of any transaction from the equation for 8I1
at each timestep. Assuming that V' has a fractional Taylor series expansion, after a
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timestep &t the change in the value of the hedged portfolio is now given by

I = 6V - ALS
v ov o*9°
= —_— (a)
(8t+ K55 + vaay PO - ;u_\.s)a

v _ Vo _
+08 ( 35 A) #(4t) &S|v|,

since E [¢%*/L] = e~12I*%, If we choose the same hedging strategy as before but take
into consideration that the portfolio is only rehedged at discrete time intervals, then

the number of assets held short is
oV
= gg(sa t)

where it has been evaluated at time ¢ and asset value S. After a timestep ¢ and

rehedging, the number of assets we hold is equal to
gg(.S‘ + 8S,t + 4t).

If we subtract the former from the latter, we can find the number of assets we have

traded to maintain a hedged position. Thus we have
v
u———(S+6.S' t+6t) — S(S,t).

Since the timestep and the asset move are both small we can apply the fractional
version of Taylor’s theorem to expand the first term on the right-hand side. Since
V has a fractional Taylor series, with the fractional power being 1 < a < 2, then

%% has a fractional Taylor series of order 0 < a < 1. Hence,

with the (a — 1) fractional power derivative being equal to

ov av
(a—1) 2—a 2—c (a) 1 4
P (as) o, *Da, (as) D5, (V) = DEV).

av av 3V
3?(34- 4S5, t + 8t) = ;9?(5, t)+ 'Et-
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Since

165101 ~ 0®"182-142-1(5t)°5  and

~1
el 1y i 1<a<y,
o (87

when 6t — 0 the leading term is (6t)°T~l. Therefore, to leading order the number of

assets bought or sold is

~ 1 a~1ga~1 _a~1 =1 (a)
S A O R ()

Since we don’t know in advance how many shares will be traded, we can calculate the

expected number, and hence the expected transaction cost over a timestep. Thus,

we have

E(kS|v]) = ﬁnaa—lsa(at)‘%‘-

Hence, the expected change in the portfolio becomes

DD(WV)|E[l¢*"].

ov age K a-1
i1 = (G + prras D)) 6t = 0152605 [ D W) B g1

One of the assumptions is that the hedged portfolio has an expected return equal

to that of a risk-free bank deposit. Therefore,

ov
yielding the following equation for the value of a European option with transaction
costs
A% av oS¢ K - - -
= 4 r87= + =———DO(V) — o715 (t) "V I DNV E[|g|*"] = V.
o P Ttaral W g ST [PV E[igl] =

(4.8)

We know that all the moments of order less than a have a finite limit. Therefore,

for a random variable X the (a — 1)th moment is equal to

lE[|¢>|"'1] = 2/000:5“”13(3:)&1:

1 [ *°
= —/ dxz“"lj e T p(2) dz.
™ Jo -0
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Since ¢ is drawn from a standardized symmetric stable distribution, we let 8 = 0,

4 =1 and § = 0 in parameterization (A) to get

a-1 1 [ a-1 > —izz _—|z|*
E[l¢[>') = - /0 dzz / e *%e dz
-0

2 [ 00 a
= = / drz®! / e 41% cos(2z) dz.
T Jo 0

Interchanging the order of integration and letting y = zz we have

1 2 00 o 00
Efjg|*1] = ;/o dz z=%e1* / y*lcosydy
0

o o]
= ZF@cos%/ 2% 1" 4z 0<ax<l.
(]

3
Finally, letting t = 2® we get

o0
E[lgI*"] = 21‘—0(::) cos% / ti/e—2¢~tqt
0

oL
= oIy (——1) ™ o<a<l
ar a 2

By the property of the Gamma function we have that

1 a 1
rf=-1) = =
G-1)-=r ()
and thus we get

Efe] =25o0r (L2 a>0

Substituting into equation 4.8 and letting

T

K = a E';) (Jt)‘l/"T ( ) cos -5

the fractional Black-Scholes equation with transaction costs becomes

aVv tid% o®S®
- 422 pl(y)-ko®lse DOV -rV =0.
f +rSBS+I‘(l a)D (V) - k1097 8" ID ( )l r 0

Depending on the sign of the fractional power derivative, the above equation can be
reduced to the fractional Black-Scholes equation with different volatility. Therefore

we can separate into two distinct cases.
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1. If D) (V) > 0, then

o.a

— - a-1
I'(l+a)

- K10

In this case the adjusted volatility is smaller than the one implied by the
fractional Black-Scholes.

2. If D(®)(V) < 0, then

a

o4 = S A— + Ky 0%t
I'(l1+a) ’
which is higher than the volatility implied by the fractional Black-Scholes

formula.

We compare the above two cases with the classical Black-Scholes model where o = 2.
Since 1 < a < 2, we have that, in the first case o2_ < 0,—. Therefore the adjusted
volatility for a long option position is bigger than the one implied by the classical
Black-Scholes model. The reason being that the fat tails created by the stable
distributed underlying asset, have the result that the asset price change is larger in
magnitude than the one implied by the normaly distributed one, making the value
of the option more expensive. As a consequence the amount of assets we need to
buy or sell needs to be higher in order to maintain a delta hedged position. This fact
leads to a higher value for the fractional derivative and therefore higher transaction
costs.

In the case D(@)(V) < 0, we have that 02_ > 0,-. In the classical Black-Scholes
argument this corresponds to be short in a European call option and therefore the

same argument as before applies.

4.4 Perpetual American Put

An American option is a contract that gives its owner the right to exercise the option
at any time prior to expiry. For this reason an American option is worth at least
as much as a European option, since the choice of exercising costs money. There

is a difficulty associated with the pricing of these options, since the owner needs to
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find the optimal time to exercise. A very simple example of an American option
is the Perpetual American Put. This contract does not have an expiry date and
therefore can be exercised at any time. This example is useful to gain am insight for
the American options in general. Since the type of option we are trying to price is a
put, it means that at any time of our choice, we can sell the underlying and receive

an amount X. Therefore, the payoff function which is independent of time is
V(S) = max(X — S, 0).

We assume that there are no arbitrage opportunities, that means that the value of

the option can never be less than the early exercise payoff, hence
V > max(X - S, 0).

If the above condition did not hold, we could buy the option for V = max(X — S, 0),
immediately exercise it by handing over the asset S, receive an amount X and
therefore make a riskless profit X — S — V.

While the option value is strictly greater than the payoff it must satisfy the
fractional Black-Scholes equation given by equation 4.4, where V is independent of

time. Therefore, the equation for an American perpetual put becomes

ov o*S>

"S55 t T+ a)

D@(V)-rvV =0.
The solution of the above equation is
V(S) = AS + BS?, -1<A<a-2, 1<a<2,

where A, B are arbitrary constants. The derivation of the above equation is pre-
sented in Appendix F.

From the payoff function of the American perpetual put, it i8 clear that as
S — 00, the value of the option must tend to zero. Thus the coefficient A must be
equal to zero.

Suppose that the optimal price to exercise is at S = S,. At that price the value

of the option must be the same as the exercise payoff. If it was less we would not
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exercise and if it was more it would lead to an arbitrage opportunity. Therefore at

S = S, we must have

V*=X-8,=BS\
From the above we find the value of the last coefficient to be equal to
B=(X-5,)8, -1<\i<a-2 1l<a<2

Hence the value of the option as a function of S for S > S, is

S

A
-S—) , -1<A<a-2, l<a<.

v=(x_s.)(

Since we can exercise at any time, we want to find S, such that the value of the

option attains its maximum value at any time. Therefore, we must have

v

3s. =0.

Hence, for all § > S,, V is maximized if

AX

=31

—1<A<a-2, 1<a<2 (4.9)

We want the slope of the value of the option V to be continuous at S = S, and

equal to the slope of the payoff function. That is,

av
ﬁ' = —1, atS = S,,..
Differentiating we get
AX;S" =-1, -1<i<a-2, 1<a<?2,

which gives the same equation 4.9.

At this point we would like to compare an American perpetual put, when the
underlying asset is log-normally distributed with one being log-stable distributed.
To do this we compare the negative root A of equation 4.9. We know that for a fixed

value of —I'(1 + a) %, there is —1 < X < a—2, that satisfies the following equation:

l+r-a)2+2—a) T(A+1)
A-1 FG+A—-a)

=-T(1 +a)#.
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In the case a = 2, A2 = — 2, (where )2 denotes the value of )\ at & = 2). If we look
at the stochastic differential equation for the log-normally distributed underlying we

have

0.2
dS = (1'— —2—) dt+0dB

2

= r(l—a—)dt-a‘-adB,
2r

where dB is the Brownian motion increment. If

then the stochastic quantity has zero or positive drift. That means that at each
timestep the underlying asset has a positive constant growth rate. In this case
Aa > Xg since Ay > —1 making the volatility very small. That is, 0® > o2 and

hence

2r
o?’

ria+ a);r; <
The constant growth of S is higher in the normal case. As a consequence the value
of the option when 1 < a < 2 is bigger than the value of the option when the asset
price is log-normally distributed; i.e o = 2.

Consider the case —1 < A2 < Ay < a — 2, where the stochastic quantity has
negative drift. This negative drift is smaller in the case of @ = 2. Since A2 < A,, that
means that 0® > o2, therefore the volatility is still very small. As in the previous
case it means that the value of the option for a log-stable distributed underlying is
bigger than the value of the option when the asset price is log-normally distributed,
even though the drift is negative.

The reason for this is that when the asset price is strictly stable distributed, i.e
1 < a < 2, there is a higher probability of an extreme event to occur. In other
words, even if the market is relatively calm, that is the volatility is very small, there
is always some chance that a large price change may occur. That causes the value
of an American perpetual put to be higher under a log-stable distribution. In other
words, the value of the option will never be worthless if the volatility is very small,

as predicted by the log-normal distribution, but it always going to have some value.
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Finally we consider the case —1 < A, < A2 < a—2, where as before the stochastic

quantity has negative drift. In this case we want

r 2r
1+ a);; > —5

giving a higher negative growth for the normally distributed asset price. That means
that 02 > o® and in order for this to occur the volatility has to be very large. In
this case the value of the put option when 1 < & < 2 is smaller than the value when
a = 2. Therefore, when the market is very volatile the log-normality assumption
tell us that the put option is far in-the-money and as a consequence the value of the
option approaches the strike price. Under the log-stable assumption however, there
is always a chance that the option will not end up in the money, making the option

value never equal to the strike price and hence, be cheaper.

4.5 Perpetual American Call

We will modify the model described in the section above, by allowing for the asset
to receive a continuous, constant yield D. Thus the fractional differential equation

for a perpetual becomes:

v  o°Se
— +

(r=D)S5s + Fava)

D(V) —rV =0,
and the solution of the above equation is
V=ASM+BS*», -~1<i<a-2 1<a<2,

where A4 denotes the positive root and A_ the negative one. We consider an option

with a European call payoff function; that is,
V(S) = max(S — X, 0).

As S — oo, the value of the option tends to infinity. Therefore, the coefficient B
must be equal to zero. The solution for the American perpetual call is hence given
by

V =AS\
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Solving in a similar way as for a put payoff function we get
A= (S, -X)S2,

where the value of the option is maximized if

X

T for all s> 8S..

S =

If we consider no dividends then V' = S should be a solution to the perpetual
American call equation. For this to happen we should have A = 1, making S,
infinite. Therefore, it is never optimal to exercise the American perpetual call when
there are no dividends, since when its value is the same as the underlying asset,

would give an optimal solution at infinity.

4.6 Fractional Backward Equation

The backward equation is useful when we want to calculate probabilities of reaching
a specified final state from various initial states. This equation is very similar to the
Black-Scholes equation once we find the probability function and take the expecta-
tion of the payoff function of an option over the probability space. We derive the
backward equation using the trinomial model described in the previous section. We
assume that at the present time we are at the point (z,t). After a timestep 4t the
random variable z can rise, fall or take the same value as before. The sum of the
probabilities associated with each movement is equal to one. As before, we denote
¢*(z,t) the probability of a rise and ¢~ (z,t) the probability of a fall. Therefore, at
time ¢ + 6t, the variable could take one of the following values z + 6z, = or z — dz.
Since we are working backwards in time the probability of being at =’ at time ¢

given that it started at z at ¢ is given by

p(z', tlz,t) = ¢t (z,t)p(z’,t|z + 6z,t + 6t)
+(l - ¢- (.'L‘, t) - ¢+(.’£, t))p(z', t’lxa t+ Jt)

+¢~ (z,t)p(z’, |z — bz,t + Gt).
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1»

oz

> ¢

t t

Fig. 4.1: The trinomial approximation to the backward Kolmogorov equation.

Assuming that the probability density function has a fractional Taylor series, we

expand the above equation at the point (z + dz,t + 6t)

dp op 1
rogl — + et 4 ot _ 1 nla) a
p(z,t'|z,t) ¢ [p+ 8t5t+8x6w+r(1+a)D (p)|oz] ]

- 317 Op 1 (@) a]
+¢ [ Btét Bm6$+—_—r(l+a)D (p)|6x|

+(1—¢~ —¢™) [p-i— %’;«St] .

Rearranging we get

‘Zi’at +(¢t —¢7) pax + (6" + o7 )1,(1 T POwisEr =0 (@10

Assuming that the stochastic quantity z follows a Lévy process given by
dz = rzdt + ozdL,

where r is the risk free rate of interest and L is a Lévy motion. Therefore the mean

of the change in z after a timestep 4t is

(¢ — ¢7)ox = rzdt,

and the ath moment

(¢ + ¢7)|0z|* = 0%z%6t.
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Solving the above two equations we find the values of the probabilities of a rise and

a fall to be equal to

ot = %;—; (0%2® + rzéz>1),

_ 14t
26 a(a

- ra;é'a:"'l) )

Substituting these values into equation 4.10 we get

dp p 0%
2 T %5, +1,(1+ )D()(p)

Solving in a similar way as the fractional Black-Scholes equation we have
#(z) = exp { [izr + (—iz)a—lr(f—:a) + |z|°ﬁ%] (T - t)}.

This is the characteristic function of the log-stable random variable Inz. Taking
the inverse Fourier transform of the above equation, we would therefore obtain the
probability density function of the random variable Inz. Taking the expectation
of some payoff function over the probability space, we will get the same fractional
Black-Scholes equation described in section 4.2.

We are going to derive a different backward equation by considering a process

given by the following stochastic differential equation

This is the process for the random variable £ = Iny, where the increments dL are
drawn from a stable distribution. Solving in a similar way as before we arrive to the

following equation for the characteristic function

o) = 52) =exp{ [iz8 - Lt | -0},

which the same characteristic function of the form (A) parameterization, with the

location and scale parameters being equal to

o
6=( —a—)t,
a
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aa
I'(l+a) b

a

y® =
This equation is the same as the fractional Fokker-Planck equation for a symmet-
ric standardized stable distributed random variable. The reason we can use this
approach to models involving in finding the probability density function, is that a
continuous time hedging strategy is not required. Meaning that since we do not
have to buy or sell the quantity Inz in the market that in reality does not exist, we
can use It6 lemma to the stochastic quantity of interest and therefore evaluate the

transition probabilities for a much simpler stochastic process.

4.7 Market Price of Risk

In this section, we apply the same argument as in the fractional Black-Scholes model,
derived in section 4.2, but in this case we consider a different hedging strategy. As
before we assume that the underlying follows a process described by the following

stochastic differential equation
dS = puSdt + oSdL.

We now construct a different type of portfolio. The portfolio consists of one long
option position and a short position in some quantity A of some other option Vi(f, t),

which can have a different payoff function, strike price or maturity date. Hence,
I =V(S,t) - AVi(S,t).

After some timestep dt, the value of the portfolio changes from time ¢ to ¢t + df. The
change in the value of the portfolio is due to the change in the option value V' and

to the change in the value of the option V;. Therefore:

dIl = dV — AdV;.
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Assuming that both V'(S,t) and V;i(S,t) have a fractional Taylor series expansion,

we have
oV, v 1 @) o
v = —.dt+ 6SdS+r(1+a)D (V)|dS|* and
v, = Mg Mggy 1 D@ (W)[ds|e.

ot as I'l+a)
Since the increments dL are drawn from a standardized symmetric stable distribu-
tion; i.e. dL ~ S(a, B,dt!/®,0), we have using parameterization (A) that dL° ~ dt.
Ignoring terms of order higher than d¢, we then have for § > 0

D (V)) at+ Y as

v o°S°
- as

o TTi+a

G (Vl)) dt - A%ds. (4.11)

oV, oose
-A ( 7% TT+a)

For no arbitrage the growth in the portfolio should be the same as the growth we
would get if we put the equivalent amount of cash in a risk-free interest-bearing

account, thus
dIl = rIlId¢.

Since the randomness is included in the term d.S, to eliminate it we must have:

av W .o
3545 —A5gds=0.

Rearranging equation 4.11 we have
& + i D@(V) — 1V _ B + (g DOW) - Vi
v = v .
o3 3¢

Since the two options are different, for the above equation to be true both sides

have to be equal to a function of the independent variables S and {. We denote this
function A(S,t) and we choose A such that

ov o%S5°

av
o T +a)

DE(V) =1V = — (- Mo) S5 (4.12)

The quantity (4 — o) is called the risk neutral drift rate of the underlying asset.

The risk neutral drift of the asset is r and not . When pricing options, it is the
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risk neutral drift that matters and not the real drift. The function A is called the

market price of risk.

Since S must be a solution to the above equation we must have

Substituting into equation 4.12 we have

6V 6V oasa (a)
ot +rSaS+I,(1+a)D (V)-rV =0, (4.13)

which is exactly like the fractional Black-Scholes equation derived in section 4.2, and

can be solved in a similar way.



CHAPTERD

Fractional Brownian Motion

5.1 Introduction

The majority of the models in mathematical finance theory are based on the assump-
tion that the random source of motion driving asset prices follows a log-Brownian
random walk. Since the pioneering work of Black and Scholes, option pricing the-
ory flourished around this assumption. It is also widely accepted that such models
are not empirically correct. Sudden price movements such as stock market crashes,
occur far more frequently than would be expected from a log-normally distributed
asset price. These large price movements make the empirical distribution fat tailed, '
and as a consequence many models have been developed in order to explain the
thickness of the tails observed in reality.

One approach has been to assume that the random source of motion is driven
by fractional Brownian motion. Instead of log-normally distributed asset prices,
Rogers (1997), showed that models based on fractional Brownian motion can lead
to arbitrage. He showed that the fractional Brownian motion is not a semimartingale
(except in the Brownian motion case), there can be no equivalent martingale measure
and therefore, it does not have zero expectation. His arguments were based on using
ordinary products pathwise and leads to integrals which are defined by

b
[ 1€.0)eBa) = Fm, £(t0,) (Baltess) - Ba(t)

where By (t) is the fractional Brownian motionand A:a =1 <t <..<t, =bis
a partition of the interval [a,b] and |A| = maXo<x<n—1(¢k+1 — £x)- These integrals
do not have expectation zero and are called fractional pathwise integrals. For the
above mentioned reason models based on fractional Brownian motion were no longer
considered promising for mathematical modeling.

Hu and @ksendal (2000), however, priced a European call option by considering

(4
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an Ité type of stochastic integration with respect to fractional Brownian motion.

The type of integrals they used are defined by

b
[ £6.0)3Ba() = lim £(te0) o (Balten) - Ba(es) 6.1)

where o is the Wick product and we define it in the next section. Integrals of the
above form have zero expectations, and are called fractional Ité6 integrals. The
relation between these two integrals is investigated in Duncan et al. (2000).

In section 5.2 we present some basic results on fractional Brownian motion taken
from Duncan et al. (2000), Hu and @ksendal (2000) and Hu et al. (2000). With
the formal definition of a fractional It integral in hand, we proceed by pricing a
European call option. We derive the formula of a European call in a slightly different
way than the one described in Hu and Jksendal (2000), and we observe that the
equation we obtain is the same as in the classical Black-Scholes model with the
volatility being time dependent. In section 5.4, we show that transaction costs can

be easily added to the model.

5.2 Fractional Brownian Motion

5.2.1 Definitions

Let Q = Co(R4+, R) be the space of real valued functions on R, with the initial value
zero and the topology of local uniform convergence. There is probability measure
P on (Q,F), where F is the Borel o-algebral, such that on the probability space
(Q, F, P) the coordinate process BH : Q@ — R defined as

Bf(w)=uw(t), weq,
Let  be any given non-empty set. For each subset A of Q2 its complement A€ is defined as
A°=Q-A={w:weQ and w¢ A}
A o-field or o-algebra F on 0 is a collection of subsets of 2 such that
1.0 and Q€ F,

2. A€ F=>A%€eF,
3. If {A,} is a countable collection of sets in F then {J, 4. € F.
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is a Gaussian process satisfying
1
E(Bu(t) =0  E[Bu(t)Bu(s)] = 5 {{t1* + s/ — |t - s}

for all s,¢ € Ry. This process is called fractional Brownian motion with Hurst pa-
rameter H. It is related to the characteristic exponent « of the stable distribution by

H= % IftH = %, the fractional Brownian motion becomes the standard Brownian

motion.

First we fix 1 < H <1 and we define the function ¢ : Ry x Ry — Ry by
$(s,t) = H(2H — 1)|s — t[*7~2

We also consider the function f : Ry — R to be a Borel measurable function?. The

function f belongs to the Hilbert space L3(Ry) if

2 _
|f|¢— /R+ /R+ f(s)f(t)P(s,t)dsdt < oo.

Furthermore if f,g € L3(R; ) the inner product is defined by

(f,9>¢=/R /I; F(s)g(t)p(s,t)dsdt.

We also define an exponential function £(f) as

Definition 5.1. Let LP(Q,F, P) = L” be the space of all random variables F : £ —
R such that

I1Fllp == (B|FPP)P < oo
and let
1= 1R = {1 R o i = [ [ S010006 0008 < oo}
For any f € L3, definee: L3 — L as

e(f) = exp{ /R f(t)dBH(t)—% fR ) /R ) f(s)f(t)¢(s,t)dsdt}

= e[ s0aBu0)- S} (52)

2A function f is said to be measurable if the set
{we: f(w) <y}
is measurable i.e. f € F forevery y€R
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If fe Li, then (f) € L? for each p > 1.

Let £ be the linear span of the exponentials,that is,

&= {Zake(]’k), n€Na, €R, fr € Li(R_F)fork € {1,...,n}} .

k=1
The following theorem is an absolute continuity of measures for some translates

of fractional Brownian motion.

Theorem 5.1. If F : Q@ - R is a random variable such that F € LP(Q,F, P) for

some p > 1, then

E{F (BH + [;(®g)(s)ds)} =

E{F(BH)exp (fo°g9sdBE -1 I J° #(u,v)gugy dudv) },

where ¢ s given by
o0
@0 = [ #twg. du
and g € L]
The Malliavin ¢-derivative is defined as follows

Definition 5.2. The ¢-derivative of a random variable F € L? in the direction of

g where g € Lé is defined as

Doy =iy 1 {F (w+5 [ @a)(w)au) - Fl)}

if the limit ezists in LP(Q, F, P). Furthermore, if there is a process (D®Fs,s > 0)

such that
oo
DggF = / D*F.g.ds almost surely (a.s.)
0
for all g € L}, then F is said to be ¢-differentiable.

We finally define the Wick product of two exponentials £(f) and e(g) as

e(f)oe(g) =e(f +9).
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Using the above definition, we can extend it to define the Wick product of two
functionals F and G in £. The Wick product is extended to more general functionals,

including the functionals of the form
o0
/ 9,4B;" g€ L},
0
where the above integral is not an element in £.
Proposition 5.1. If g € L2, F € L}(Q, F, P) and Dg,F € L?(Q, F, P), then
o0 oo
Fo/ g, dBH =F/ 9sdBF — Dy, F.
0 0
For example consider a stochastic differential equation as follows
dS(t) = pS(t)dt + oS(t)dBH te{0,T),

where the initial value S(0) € Li or the terminal value S(T) € Li. Rearranging the

equation we have

ast)

— H
S = Mt + odB.

Taking integrals on both sides we have

S(t) = S(O)exp"{p/: ds+a/: dij}

using equation 5.2 it can be written as
t t 1 t t
S(t) = S(0)exp {#/ ds +0/ dBH — —02/ / #(s,u)ds du}
0 0 2 Jo Jo

= S(0)exp {ut +oBF - %o%”’}.

5.2.2 1tdo Formula

In this section we present an analogue of the It6 formula. Let f : R =& R be a
twice continuously differentiable function with bounded second derivative. Then for

a partition {to, ty,...,2,} of [0, T}, it follows by Taylor’s formula and proposition 5.1
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that

3
|

1By - 10 = Y [r(BR,) - £ (BH)]

ﬁ.
(=]

- ¥ e [BE,, - B] + %nff (@ [BL,, - 8]

1=0 1=0
n-1 n-1

= S e (s, -st]+ X [ oyl
i=0 i=0

-1

I

=0

= L+1,+ I,

where &; € (Bf,BfH).

By the definition of the stochastic integral, the first term I, converges to
T
/ fi(BHydBH inI?
0
By a version of the chain rule for the ¢-differentiation operator, it follows that, for
s € [ti?ti*{-l)v

p¢f'Bfy = s"BEDBL)
t;
— " BI,I , d
( t,)/o B(u, s) du

_ HfII(BtIiI)[sﬂl—l — (s — t;)2H71).
Thus the second sum /5 from Taylor’s formula converges to
H/OT s?H-1m(BHYds inL2
Finally we have that
BIBf,, - BI? = E(BI,)?+E(BY) - 2EB]!, B!
= 2 4 - (28 + 27 — |t — t:|2H)

= tiyr —t:?7
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and since § < H < 1, as the increments get smaller I3 — 0 in L%

The following chain rule formula is obtained.

Theorem 5.2. If f : R = R is a twice continuously differentiable function with

bounded derivatives to order two, then
T T
f(Bf) - f(Bg) = / f(Bf)aBE + H / 2H-1¢"(BH)4s q.s (5.3)
0 (1}

When H = 1/2 the above formula implies the Ité6 formula for Brownian motion.
The following theorem shows how to compute the ¢-derivative of a stochastic
integral of Ito type. It can be verified from the product rule and the Riemann sum

approximation to the stochastic integral3.
Theorem 5.3. Let (F;, t € [0,T]) be a stochastic process in £L(0,T) and

sup E|D¢F,|? < oo,
0<s<T

and let
00
= /0 F,dBF fortelo,T).
Then, for s,t € [0,T),
t u t
D¢ny = / D?F,dB/ +/ F.¢(s,u)du a.s.
0 0
Finally we give a more general 1t formula.
Theorem 5.4. Let
o0
= / F,dBE,
0

where (Fy, u € [0,T)) is a stochastic process in £(0,T). Assume that there is a
d > 1— H such that

EF, - F|? < Clu - v/,

Let A:0=1¢o < t1 < .. <ty =T be a partition of the interval [0,T]. Let f(s) s> 0bea
smooth stochastic process on the probability space (R, F, P). For the Brownian motion B¢ ¢ > 0,
The Itd integral can be defined as the limit of the Riemann sums

n—1

Z fe; (Buyy — Be,) as |A|—o0.
1=0
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where |u — v| < § for some § > 0 and
lim E|D¢(F, — F,)|* =0.

0<u,v<t, j[u—v—0|

Let f : Ry X R = R be a function having the first continuous derivative in its first
variable and the second continuous derivative in its second variable. Assume that

these derivatives are bounded. Moreover, it i3 assumed that
T
E / |FyD%ns|ds < oo
0
and (f'(s,ns)Fs, s € [0,T]) is in L£(0,T). Then, for 0 <t < T,

t t
rem) = 100+ [ Lenyas+ [ Zonranr

t §?
+ /o 6_1,'];(8’ ns)FsD¢n, ds  a.s.

If F(s) = a(s) is a deterministic function, then the above equation simplifies as

follows:
¢ t
rem) = 100+ [ Fenyas+ [ Lisna,asr
t o2 s
+/(; -EFJ;(S’”')/D é(s,v)dvds a.s.
or formally

t
asttn) = L tmyae+ X e, nyacan + L e, [ st.0ravae.

5.3 Option pricing

In this section we derive a Black-Scholes partial differential equation, based on the
Wick calculus described in the previous section. The derivation of this equation is
based on the work of Hu and @ksendal (2000).

We assume that the underlying has a stochastic process given by

dS = pSdt + 0SdBg,
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where the driving source is a fractional Brownian motion By.
As in the classical Black-Scholes analysis, we construct a portfolio with one long

option position and a short position in some quantity A of the underlying:
II=V(S,t)-

After some timestep dt, the value of the portfolio changes from time ¢ to ¢ + dt.
The change in the value of the portfolio is due to the change in the option value and
to the change in the underlying. Assuming that there are no arbitrage opportunities,

we have
dll =dV — AdS = rIIdt.

By applying the fractional Ité formula 5.3 to the function V (S, t) we have

121% 51% oH—1 232V
V=2""Adt + — = _dt.
d 8td +anS+Ht o4 Bizdt

Thus, after a timestep, the portfolio changes by

ant + QKdS + H$?H- 14 20°V

S+ 5 Sgzdi— 8dS =r(V — AS)dt. (5.4)

In order to eliminate the randomness which is included in the term d.S, we choose

ov
A=35

Substituting into equation 5.4 we arrive to the following Black-Scholes equation
when the underlying asset follows a fractional Brownian motion.

2
% . Sag N Htw_lazszéag‘;_ V=0 (5.5)

We let f =1n S and
V(S,t) = e "T-OW(f,1),

to get

oW

z ( HtZH 1 2) aW+Ht‘2H 1 26W
ot

af a7 =

We do the following change of variable

1
z=f+r(T~t)- 50T - t2H),
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and the partial differential equation 5.5 is reduced to

W, thH_102_82W

e 57

We do one last change of variable and we let

r -
T = 6(t)=/ 2Ho?r?H~1dr
t

- 02(T2H _ tZH),

to get

ow _ 15w
ot 2 8z

By solving the heat equation we have that

W =

In the limit as 7 — 0 the.function W becomes a delta function at z = Z, that means

lim

tim o [ e {-E2 L boa) 02 - o),

We now consider the payoff, that is the value of the option at time ¢ = 7. In this
case we are considering a European call option, that is the option will be exercised

if the final price of the underlying is bigger than the strike price. Therefore we have
V(S,T) = payoff(S) = max(S — X, 0)
In the new variables this final condition becomes

W(z,0) = payoff(e®).
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Taking expectations the solution for 7 > 0 is

W(z,7) = /00 W (z,T; Z)payof f (%) dz

— ! = (z - 2)° z =
= W'/mxexp{- o }(e ——X) dz
1 & (z — z)?
= 7 — dz -

Vanr ./mxexp {z 27 } o
1 1 o (z+7-2%)°
= + . —— e ——————— s o
el ) [ 2250
X o (z-z)2) ,_
Vonr /l‘nx P {- 2T } dz
N S P B O Y
B \/2_7?e PT 2T _/:;i‘r—lnx exp ) dy

X [* 7Y ..
~ 7= |eciax exp{~—2—}dy.

R

Both integrals are written in the form of the cumulative Normal distribution function

N(-):

W(z,7) = exp {a: + %}N (ﬂ%ﬂ) XN (f%(—) .

Substituting back we get the value of a European call option to be

S + T(T — t) + %UZ(TZH _ t2H))

lnx
V(S,t) = SN( P g

_Xe—T(T-O (ln 5 +r(T—t)— 3a*(T?H - t”’)) .

o /TZH — 2H

5.4 Transaction Costs

In this section we are going to add transaction costs in the model described above.

As in the fractional Black-Scholes case, our analysis is going to be based on the
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model of Leland (1985). The assumptions we are going to use are the same with the
Leland assumptions with the only difference that 6By = ¢(5t)H.

We are going to value a European call option but this time we are going to allow
for transaction costs, therefore, we will have to employ a discrete time approach. If
II is the value of the hedged portfolio and 411 is the change of the portfolio over the
time step 0¢, we must subtract the cost of any transaction from the equation for 411
at each timestep. Therefore, after a timestep the change in the value of the hedged

portfolio is now given by

oIl

0V — AéS

% OV | pon 2p®V
= (8t+ uS5g + B 102 S 2 — uAS ) bt

+0S (g—‘; - A) P(0t)H — kS|y|.

If we choose the same hedging strategy as before but taking into consideration that
the portfolio is only rehedged at discrete intervals, then the number of assets held
short is

ov
= ﬁ(sﬁ t),

where it has been evaluated at time ¢ and asset value S. After a timestep 6t and

rehedging, the number of assets we hold is
ov
ﬁ(s +4S,t + 6t).

If we subtract the former from the latter, we can find the number of assets we have

traded to maintain a hedged position. Thus we have
av
v= —(S+JS t+ ot) ~ S(S,t).

Since the timestep and the asset move are both small we can apply the Wick version
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of Taylor’s theorem to expand the first term on the right-hand side

v PV

av _ .
S5S+ESt+ot) = aS(St)+ySasz(St)6t+aS (S,t)6B

*v 21 220V
+ 5557 (508t + HPH 102 S (S,1)8t + .

Since §BH ~ (6t)H, as 6t — 0, the leading term in the expansion is (§t)¥ . Therefore,

to leading order the number of assets bought or sold is
62 H H
v ch—(S' t)0B" =~ aS—(S t)p(6t)" .

Since we don’t know in advance how many shares will be traded, we can calculate the

expected number, and hence the expected transaction cost over a timestep. Thus,

we have

Bssl) = os? |55 6079

= \v/zﬁw.S'2 rv
w

|

The expected change in are portfolio becomes

v a-1,26 9V _‘/5 2PV, . n

One of the assumptions is that the hedged portfolio has an expected return equal
to that of a risk-free bank deposit. Therefore,

ov

M=r(V- Sas

)ét,

yielding an equation for the value of a European option with transaction costs as

follows

3V ﬂ H—1 2 262V ﬁ ﬂ H-1 __ _
5 SaS+Ht2 oSt o = — koS? ~|35z| @ V=0 (56)

The second derivative of the option price with respect to the asset price is a measure
of the degree of mishedging of the hedged portfolio and is called the gamma; that

is, ' = %%‘-fr Since gamma is the sensitivity of the delta to the underlying asset, is a
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measure of how much or how often a position must be rehedged in order to maintain
a delta-neutral position. Therefore, the gamma of an option is related to the amount
of rehedging that is expected to take place at the next rehedge and hence to the
expected transaction cost.

We distinguish between two different cases. First we assume that we are long in
a European call option; that is we have a positive amount of the option. Then, if

there are no transaction costs we have that

&

352 >0.

If this is true when transaction costs are included then we can drop the modulus

sign in equation 5.6, to get

o2 =o% - na\/%-_(ét)H‘l.

If we replace the actual volatility by the modified volatility given above into equation
5.5, the equation for the value of the option with transaction costs is identical to
the Black-Scholes value. Therefore, the assumption %?; > 0 is true for a European
call option even in the presence of transaction costs. This result shows that a
long position in a European call option in the presence of transaction costs, has an
apparent volatility that is less than the actual volatility. When the asset price rises
the holder of the option must sell some assets to remain delta hedged. But then
the effect of the bid-offer spread on the underlying is to reduce the price at which
the asset is sold. The effective increase in the asset price is therefore less than the
actual increase, being seen as reduced volatility.

We now consider the second case. We assume that we are shart in a European
call option; that is we have a negative amount of the option. Then, if there are no

transaction costs we have that
v

352 <0.

Dropping the modulus sign in equation 5.6, we get

o2 =o?+ m@(&t)H_l.
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Replacing the actual volatility by the modified volatility, the equation for the value
of the option with transaction costs is identical to the Black-Scholes value. The
converse argument is true in this case.

We compare the above results with the classical Black-Scholes model where H =
3. Since § < H < 1, we have that (6)7~1 < (6t)~/2. In the case of a long European
call option he have that g, < ox—. Therefore the adjusted volatility for a long
option position is bigger than the one implied by the classical Black-Scholes model.
The reason being that the fat tails incorporated in the Wick calculus approach to the
fractional Brownian motion have the result that the asset price change is larger in
magnitude than the one implied by the normal Brownian motion, making the value
of the option more expensive. As a consequence the amount of assets we need to
buy or sell needs to be higher in order to maintain a delta hedged position. This fact
leads to a higher gamma and therefore higher transaction costs. The same argument

applies for the case of the short option position since o2 > og—.



CHAPTERGOD

A Utility Model

6.1 Introduction

McCulloch (1985), was among the first to price an option derivative, where the un-
derlying asset is log-stable distributed. By constructing an investor’s utility function
when he enters an option contract, he allowed for the model to include a fat tailed
distribution and therefore take into consideration large price movements.

Investors are weighting the possible outcomes by the probability of their occur-
ring, and treating the resulting sum of the expected payoffs as the utility to be gained
from participating in the contract. The utility function the investor is seeking to
maximize involves some risky asset and a cash or bond position. Letting the utility
functions from the cash and the asset positions to be maximally negatively skewed
log-stable distributed, he constructs a portfolio which consists of a long European
call option position. That is, the owner of the option will receive at expiry one unit
of the asset and will pay X units of cash (where X is the strike price). In order to
enter such a contract, the investor will also have to pay a premium up front.

In this chapter we will present the model described above, but with the pricing
taking place in some small time interval dt, rather than the whole interval [0, T).
We will show that the classical Black-Scholes model is derived, when the values
of the stable distribution parameters are appropriately chosen. Rubinstein (1976),
instead, derives the Black-Scholes formula for a European call option when the

random variables have a general bivariate normal distribution.

6.2 Utility Maximization

Let A; and Aj;, be two assets with a representative household utility U(A4;, Az),

which the investor desires to maximize. For example in case of commodities A;, A2

92
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are consumption goods, A; is the aggregate of all goods other than A;. A particular
level of utility or satisfaction can be derived from many different combinations of
A; and Az. Marginal utilities are given by

au aUu
U= o4, U= 4,
A positive value for U; signifies that an increase in A; will increase the investor’s

satisfaction level. The total change in U, caused by variations in A;, A is therefore,
dU = UidA; + UzdA,.

That is, if the consumption of A; decreases by dA; the resulting loss of utility is
approximately U;dA; and the gain of utility caused by acquiring some quantity
Aj is approximately U>dA,. Taking arbitrarily small increments, the sum of these
two terms must equal zero in the limit, since the total change in utility in the
neighborhood of a maximum is zero, giving

U, d4,

Uy d4y
This is the rate at which the investor would be willing to substitute A for A; per
unit of Az in order to maintain a given level of utility. A positive value for Uy signifies
that an increase in A, will increase the investor’s satisfaction level and therefore he
is willing to pay more to acquire the new level of satisfaction.
Let S be the random spot price of the A; in terms of A; at a future time T'; that
is, we get 1 unit of A2 in exchange of S units of A;. Hence, the utility from a small

position in this contract will be
U(A; — €S, A2 +¢).
Maximizing over € we have that

dU=0 = -SU1+U2=0

= S=—. (6.1)

Let F be the forward price in the market at present time 0 on a contract to

deliver 1 unit of A; at time T, with unconditional payment of F' units of A; to be
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made at time T'. Formally, we can define a forward contract as the obligation to buy
or sell an underlying asset at a specified forward price on a known date. Therefore,
the forward is the expected value of that contract at some future time T'.
Uncertain situations can be analyzed in terms of the maximization of expected
utility E{U(A;, Az)]. Potential investors are thought of as weighting possible out-
comes by the probabilities of their occurring, and treating the resulting sum of ex-
pected payoffs as the utility to be gained from participating in the contract. There-

fore, the expected utility from a position of size € in this contract is
E[U(A1 —€F,Az +¢€)]

Maximizing over £ we have

OEU OEU
dEU =0 = _Fa_A1+6—A2_0
= —FEU; +EU, =0
= F_EUI'

The upper Paretian tail for F will come entirely from EU;. In other words, the
occurrence of a high forward rate will more likely be from an increase in the ex-
pected utility from A;. For EU;, ¢ = 1,2 to be finite, when log U, log Uz are both
stable with the same characteristic exponent a < 2, they both must be maximally
negatively skewed; that is, we set 8 = —1.

For log S we do not need to make this restriction, since log Sr may receive an
upper Paretian tail from U, and a lower one from U; and have intermediate skewness

governed by

_ Bt +67
1:: ?

allowing log S to be intermediately skew stable or even symmetric stable. Since

Bs

log Uy, log U are both stable with a common characteristic exponent a then by the
invariance property of stable distributions, log.S will also be stable with the same

characteristic exponent.
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Let u;, ¢ = 1,2 be independent asset specific maximally positively skewed stable

variables contributing negatively to logU;, ¢ = 1,2. That is
logU; = ~u; where u; ~ S(q, 1,v:tte, 5;t) 1=1,2, (6.2)

with log-characteristic function given by

) izt6 — Y*t|z|*sec ZE a #1
log E[e"*] = i 2 1=1,2.
i2té + ;rz-izt*y logzty a=1
From equation 6.1, we have that

logS = log —g—2
1

= U — ug,

where log S ~ S(a, Bs,7st!/®, §,t), with the parameters determined as follows:

e =75

0s=01—06, Y=+, Bs= poe
s

The last two equations give

1+ 8,\ e
'n=( zﬁ’) Vs

1- Bs 1/e
Y2 = (T‘) YVs-

Considering the case 1 < a < 2 and allowing 6 = %, from the log characteristic

function for the variable u;, we have that
EU; = exp {—d;it — ¥{tsecb} 1=1,2 (6.3)
Since the forward price is the ratio of the expected utilities we can write

F = exp{(é1 ~&)t+ (f — 75 )tsec}

= exp{dst+ By tsech}. (6.4)
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6.3 Log-Stable Option Pricing

Let C be the value, in units of A; (can be considered as cash or a bond), to be
delivered unconditionally at time 0, of a European call on one unit of the underlying
asset Az, to be exercised at time T, with exercise price X. Let r be the default-free
interest rate on loans denominated in A; with maturity 7. C units of A; at time 0
are thus marginally equivalent to Ce™” units at time 7.

For a European call option, the payoff function is given by C = max(S — X, 0).
Therefore, if S = g} > X at time T, the option will be exercised. Its owner will
receive one unit of A, in exchange of X units of A;. If § < X the option will not be
exercised. In either event, its owner will be out the interest-augmented Ce'T units
of A; originally paid for the option. Therefore, if the option is exercised the profit
will be § — X — Ce'™. The overall utility from a position of size ¢ in this contract,

will be
U(A; —eX —eCe'T, Az + ¢).
If the option is not exercised, the profit will be ~Ce'T, giving an overall utility
U(A; — eCe'T, Ay).

In order for the utility gain from a small position in this option to be zero we must

have that
/ (U ~ XUy)dP(Uh,Us) — Ce'T / Uy dP(Uy,U3) = 0.
S>X S

Rearranging we get

C= e_,-T [fs>x U2 dP(Uls U2) _ fs>x U dP(Ul'r U2)]

JsU1dP(th,U2) JsU1dP(Uh, U2)

Since the expected utility is given by
EU; = fs UidP(ULU2) =102,
T

we can write

F X
C= -'T[— Uy dP(U1,Us) — —— UdPU,U], 6.5
e T Joox 2 (th, U2) i (Th, U2) (6.5)
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where P(U;,U:) is the joint probability distribution of Uy and Uz and F is given by

6.4. For the option to be exercised we must have that

us <uj;—logX or
§>X = 2 tm o8
uy > uz +log X.

To find the value of the European call option, we need to evaluate the integrals

U;dP(U),U;) i=12.
5>X
We denote the stable distribution function S;(u;) = S(ui;a, 1,7, 6;), £ = 1,2, not to
be confused with the spot price of the underlying, and the corresponding density
function s;(u:) = s(u;;,1,7,6;), 1 = 1,2. We use the substitution 7 = 7" — ¢ and

we calculate the first integral

oo uy—logX
I = Uz dP(Uy, U) = f / €% 51 (11)3(13) duzdy
S>X oo oo
[o ] [o o]
= / e g, (u2) / 81(uy) dugdug
—00 u2+log X
oo
= / €™ "252(u2) 5] (uz + log X) duz,
-0

where,
(o o]
57()=1-5i() =/ si(w)dw, =12
We let z = —'——)—':,;;I‘I , to be the standardized random variable, so that the distribu-

tion takes the reduced form. We denote the standardized distribution and density

functions by Sai and 8,4, £ = 1,2 respectively. Hence, we have
o0
L= / exp {—z'yz-rl/" - 621}3,,2(2:).5'1’(;172711" + 027 + log X)) dz.
—00

Normalizing with respect to u; and by adding and subtracting log F, we get

7 1/ X
_ 2721 4 log & + fy*Tsecd
L = %" /exp {—z'yg'rl/"'}sag(z)szl ( 2 11:/0 dz
—00

j— e-az‘rIl .
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In a similar way the second integral is evaluated, giving

oo u1—log X
U dP(Uh,Up) = / / e ¥g (u1)s2 (U2) duaduy
5>X

—-00 —00

= 6—511'1'2,
where
? 1/a X o
_ _ 1/a zn7/* —log = — By°Tsech
I . L- exp { ZNT }3a1 (2)Saz ( Py dz.

From the equation for the characteristic function of U;, given by 6.3 we have that

8—621'

= Fe8m"%c? and e—51’—X = X7 sect
2 Elh

Therefore, the value of a European call option for a log-stable distributed random

variable becomes

C = FeT(T-t)+13 (T-t)* sec0I1 — Xe T(T-t+ 1% (T—t)™ sec 01’2’ (6.6)

where I) and I3 are defined above.

The above formula is also valid for @ < 1 (where the mean becomes infinite).
McCulloch (1996), gives a formula for a European call option when a = 1, by simply
taking the characteristic function for the case a = 1.

Rubinstein (1976), demonstrates that when log U1 and log Uz, have a general
bivariate normal distribution, equation 6.5, leads to the classical Black-Scholes for-
mula. We derive the Black-Scholes formula when a = 2, by directly applying the

argument described above. The derivation is presented in Appendix G.

6.4 Delta Hedging

McCulloch (1996), constructs a pseudo-hedge ratio for a European call option. He
claims that the risk exposure from writing a call on one unit of an asset can be

partially neutralized by simultaneously taking a long forward position on

T
a(g; ) =e'ygsecﬂll
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units of the underlying asset. The discontinuities leave this position imperfectly

hedged if a < 2.



Conclusion

While the assumption of normally distributed underlying asset prices based on the
pioneering work of Black and Scholes (1973) has dominated the theory of option
pricing, there is little support from the markets that such an assumption is valid.
In reality, the impact of large price movements produces a large negative fat tail
- greater than the one expected by a normally distributed underlying asset price.
This thesis has investigated various methods of option pricing theory when the
random source of motion, driving the underlying asset price, is generated by stable
noises. By assuming the random variable to be drawn from a stable distribution, we
have incorporated in the models studied the fat tails observed in the markets, and
therefore also the possibility of large price movements.

First, we have derived a fractional Fokker-Planck equation via a trinomial model
approximation. We have assumed that the probability density function of the evo-
lution of the stochastic quantity has a fractional Taylor series. For this reason, the
Fokker-Planck equation derived involved fractional power derivatives. Since there
is no unique definition of a fractional derivative, we obtained different representa-
tions of this equation. Once the probability distribution function of the stochastic
quantity was obtained, we proceeded to price a European call option. We applied
the same trinomial model approach to derive a fractional backward equation, iden-
tifying the probability density function of a specified final state from various initial
states and solving backwards in time. To solve the above equations, we assumed
the random source for the stochastic quantity to be driven by a Lévy motion and a

process given by
oa
df = (y - —a—(l - ﬁtano)) dt + odL.
That is, the stochastic quantity of interest is log-stable distributed with
f ~ S(a,B,0,8)
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where

§=u~Z (1~ ptand).

We then priced an option contract by directly applying the Black-Scholes hedging
argument for a stochastic quantity drawn from a standardized symmetric stable dis-
tribution. This approach uses a continuous time hedging strategy argument which,
at each timestep, eliminates the risk from the portfolio. As before, we assumed that

the random source of motion is driven by a Lévy process, but in this case given by
dS = uSdt + 0 SdL;

that is, the stochastic quantity of interest is stable distributed with S ~ S(a, 0, o, u).

The difference in the two stochastic processes considered is that the fractional
Black-Scholes equation has a more complicated expression than the fractional Fokker-
Planck and the fractional backward equations. The reason for this is that a compar-
atively simple stochastic differential equation was employed to identify the transition
probability density functions by changing the variable, enabling us to consider the
process for the log of the asset price, i.e. we let f =logS. In contrast, the hedging
argument approach requires a more complicated stochastic process in determining
the behaviour of the underlying asset. It is not possible to employ a similar sim-
ple process for the above mentioned model because the market only trades in the
underlying asset price and not, for example, its log value.

We then dropped some of the assumptions in the Black-Scholes analysis, to better
capture the markets, such as the impact of transaction costs. Modifications to the
model were also considered such as a different hedging strategy. As in the classical
Black-Scholes world we showed that pricing an option with a more complicated
payoff function can be easily done.

The thesis also considered other ways in which the effect of fat tails in the distri-
bution could be accounted for. One of those was the Wick product calculus approach
to the fractional Brownian motion. We observed that the equation obtained via this
methodology amounts to replacing volatility in the classical Black-Scholes equation

by a time dependent volatility. Option pricing with transaction costs was also con-
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sidered. In contrast to all the models considered so far, the underlying asset is
assumed to be drawn from a normal distribution and the fat tails, in this case, are
created by allowing the jumps in the time variable to follow a Lévy process.

The marginal utility model of McCulloch (1996) was also reviewed. By assuming
the investor’s marginal utility function on entering an option contract to be maxi-
mally negatively log-stable distributed, fat tails were created, and as a consequence,
large price movements were incorporated into the model. In appendix H, we show
that if a characteristic function for the log of the underlying asset price given by
the symmetric (A) parameterization is considered, then the marginal utility maxi-
mization model of McCulloch is the same as the fractional Black-Scholes derived in
chapter 4.

This work has shown that there is a great scope for further research towards

clarifying how the markets operate in reality.




APPENDIXA

Stochastic Differential Equation

In this appendix we derive equation 3.25, i.e.
o.a
df = (u - ;(1 - ﬁtano)) dt + odL.
We assume that the stochastic quantity S has a process given by
dS = uSdt + 0 SdL.

After a change of variable f = In S in the above equation, and assuming that f has
a fractional Taylor series expansion given by 3.19. Hence, if we set m = 3 we have

for ag =0, a; =1 and a3 = a, the variable f has a stochastic process as follows

_ 1 dfie. 1 @ o
4f = ryas S+ raa g P (I4SI (A.1)
where
(a) — 12—apn? — 72-a 1 — —
D'*)(f) = Iy7° Dy, f = Igy (‘gz’) = —I'(a)S57%,

(see tables 9.2, 9.3 p.174 in Samko et al. (1993)).
We assume that the increments d.§ are drawn from a standardized stable distri-

bution S(e, 8, dt!/2,0) with characteristic function as in (A) parameterization

E [e(i‘ds)] = exp {izmdt — |z|%0%dt (l - iﬂ'l':'[ tan 9) }a

where dL® ~ dt and & = %. Ignoring terms of order higher than d¢, from the
stochastic differential equation for the process S we have that |[dS|* = 0*S*(1 —

ftan8)dt. Substituting into equation A.1 we have

af = (p-— %(1 -ﬂtanO)) dt + odL.
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Fractional Fourier Transform

In this appendix we show the fractional Fourier transform of a fractional order

derivative with 1 < o < 2. First we write the Fourier transform of a function g(z)

as

(a:) dz.

o0 = Floey = = [~ &
We will also need the following theorem known as Fubini's theorem

Theorem B.1. Let O = [a,b], Q2 = [c,d], —00 < a < b < o0, and let g(z,y) be a

measurable function defined on Q1 x Q3. If at least one of the integrals

/dfﬂ/ z,y) dy, /dy/.q(wy dz, //g(ﬂlc y) dz dy,
Ql Qz

le Qz

s absolutely convergent then they coincide.

The following particular case of Fubini’s theorem holds,

b T b b
/ dx/ 9(z,y) dy=/ dy/ 9(z,y)dz
a a a Yy

assuming that one of the integrals is absolutely convergent.

From the definition of the fractional derivative 3.10, for n = 2 and a = 0, we

have

FD0) -t [ 1(%)2/;@__9(:)%&.

Integrating by parts with respect to z we get

o _ 1 d T-1d g(t) °°
Fibz(9)} = [l"(2—-a)a; _ o= iz dz °c,(:v—t)""ldt]_oo

1 d oo ) eizz eizx -1
- r(z-a)'&/_wdx ('z iz iz )

d [* g(t)
&?/_m @ po1 %
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Since

o0

1 et —1 d g(t)
—_— t -
[ '2-a) dz/ da; 1T /oo(z-t)a—ld]_oo 0

d o0 ) ez’zz eizz -1 zd o eizz: -1
— iz2—— — — dz = ——— - dz.
dz J_o iz iT idz J_ i

and

Integrating by parts once more

Foe) = [romma [ e St [ e el
w5 - ) [ et

_ ZZZ 1 T g(t)
- F(2 - a) dz / dz = — iz f_oo (z —t)e? de.

By Fubini’s theorem we get

2 1z::_
FDIO} = ~pama [ 400 [ o ds

ZZ o o0 eizz d
—r—(z—_—as/_wdtg‘”[ @1

letting y = £ — t we have

22 ) vt 00 oizy
D¢ = -0 te*g(t dy.
FIDI0) = ~rmmy [ e [ S
We have that
o0
I'2 — a)(—i2)*"2 = / ™% % (—iz)> 2 ds,
0
and by letting s = —izy we can rewrite the above expression

2 - a)(~iz)*? = /oo(—iz)l_"yl_""’eiz“(~—iz)""1 dy
0

I

w .
[) yl—aezzy dy

(= %Z)"
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Therefore the Fourier transform of a fractional derivative with 1 < a < 2
m .
FD3(e) = (o) [ egte)er

—00

= (-i2)%g
= |z|%exp {—z—gzsignz} g

= F{(-8)y"%},

which is also given as the Fourier transform of the Riesz fractional derivative.



ApPENDIX C

Fractional Fokker-Planck
Equation

In this appendix we show the derivation of a fractional Fokker-Planck equation for
a stochastic quantity X (t) that followa a stochastic differential equation driven by
Lévy noise based on the work of Schertzer et al. (1999)

dX(t) = m(X(t),t)dt + o (X (t),t)dL. (C.1)
First we define the transition probability density function by
p(z,t[Xo,t0) = Pr(X(t) = z|X () = z0) Vt > to.
The fractional Fokker-Planck equation will be established with the help of the fol-
lowing proposition.

Proposition C.1. The inverse Fourier transform of the log characteristic function
or cumulant generating function of the increments of a Markov process generates

by convolution the Fokker-Planck equation of evolution of its transition probability

p(z, t|zo, t0)-
The log of the characteristic function In(2) is given by parameterization (A) in
2.1. More precisely, Schertzer et al. (1999), established the following
d(Ing(z
2 @ tizasto) = [ 228D 41y, 0p(y, tao, o) dy (©2)

where In(z) is the inverse Fourier transform of the log characteristic function of
the increments.
Because of the stationarity of the increments the transition probability depends

only on the time and space lags. That means

p(z1 tIZO: tO) = p(z - :Bg,t - tﬂ)'
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The independence of the increments implies, that the transition probabilities
satisfy a convolution for any given timestep dt.

In the case of a Markov process which does not have stationary and independent
increments, it satisfies a generalized convolution equation which corresponds to the
Chapman-Kolmogorov identity valid for any Markov process X (t).

Therefore, we have that
p(z — zo,t + 0t — 1) = /p(m —y,8t)p(y — zo,t — to) dy
that is,
o(z,t + 0t|zoto) = /p(z, t + 6t|y, t)p(y, t|zo, to) dy. (C.3)

Since the probability density function is the inverse Fourier transform of the char-

acteristic function, we have that
1 [ _.
p(z,t + 8tly, t) = o / e *Vip(z, 0t) dz, (C.4)
—O0Q
where dp(8t) = (t + dt) — ¢(t). Substituting equation C.4 into C.3 we have
1 .
p(z,t+ dt|zo, o) = 7 / dy / e *¥8y(z, 6t)p(y, t|zo, to) dz. (C.5)
As 6t = 0, §¢p(2,0) =1 and
(2, tly, 1) = i/w e ds
PG = ox —o
giving
1 .
p(z, t|zo, t0) = E_/‘ dy/e""’p(y,tlzo,to) dz. (C.6)
Subtracting equation C.6 from C.5 we have

pla,t +Btlan, o) — p(a,thante) = oo [y [tz 80~ Doty o, to) d2

- % [ dy / ™ In8ip(z, 8t)p(y, t|Zo, to) dz

+o(dt). (C.7)
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For a stochastic differential equation driven by a Lévy process, we consider an

It6-like integration of equation C.1, starting from
exp (izéz) = exp (izmdt) exp (izodL),

where the increments JL have a log characteristic function or cumulant generating
function given by equation 2.1. The following characteristic function is generated

for the increments X of the motion X () given by C.1:

z
m tan 0)} + O(Jt)
= ¢(2) (C.8)

E [e("’"”)] = exp {izmdt + 12606t — y*|z|*0*6t (1 —ip

(note that 4 in the term 2804t is the location parameter of the stable distribution,
while §¢ denotes an increment in t). Since the probability density function is the

inverse Fourier transform of the characteristic function, that is:

@)= [ : e p(z) dz. (C9)

Differentiating C.9 with respect to t and = we have

op = 1 > e~ %% ( izm + iz60 — 7°|z|%0° (l - iﬂi tan @ ) ¢(z)dz
ot 27 J_ ||
(C.10)
and
— y w -
g% = 2—1: ze % p(2) dz. (C.11)

Differentiating C.9 to the fractional power «, from the definition of Riesz fractional

derivative we have
(—2)*2p(z) = F{|2I*5(2)} (C.12)
and

a%:(__A)""T_Qp(_q;) = FYiz|z|* 15(2)}, (C.13)
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since
0 (a=l) — * izz_ﬁ_ _ (iz_—ll
FLeay i) = [T e e
= [0 et iz [ e -0) T pla)a

= —izF {(-8)Fp(x)}

|a—1

= iz|z|*B(2).

Equations C.10, C.11, C.12, C.13 give rise to the following fractional differential
equation:
B~ 2 (e 1) + dole, 0)p(a oo, o)

—1%(=2)*2 (g, t)p(, t|zo, to)

+7°B tan@—( ~A)*7 o (z, )p(z, tizo, to)-
By letting f = Inz and m = u, the stochastic differential equation becomes:
aa
df = (,u — Z(l - ﬂta.nﬂ)) dt + odL.

Normalizing the distribution that is, setting v = 1 and § = 0, the corresponding
Fokker-Planck equation becomes:

%z‘("'g(l ﬂtan"))y—ﬂ A)% (p) - fo® taneaaf( A)%F (p).
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Trinomial Model

In this appendix we are going to derive equation 3.23 from the main text, i.e.

P~ (e, p+0%(@, (1 ~ Btan)p— m(z, O3
o%(z,t) e o®(z,1) 9 e
- (8t - 212D pran0 2 (-2 )

where the stochastic quantity follows a process given by
dz = m(z,t)dt + 0%(z,t)dL

As we mentioned we can only get the value =’ from three different states. The value
of the quantity dropped, stayed the same or rose, and we can denote these values
z' + 6z, 2’ and =’ — 0z respectively, where dz is the jump size. The probability of

being at z' at time t' given that it was at one of the three states at time t' — 0t is

p(z’,t|z,t) = ¢ (2’ + éz,t — dt)p(a’ + éx,t' — bt|z,t)
+(1 — ¢~ (', t' — 8t) — ¢T (', t' — &t))p(z, ¢’ — dtlx,¢)

+¢t (2" — éx,t' — 8t)p(z’ — 6zt — bt|x,t), (D.1)

Expanding each term in fractional Taylor series about the point (z’,t) we get

p(z' + dz,t' — t|z,t) =p+ a—péx + ! D (p)|6z|* — @&,

oz I'l+a) ot

Op 1 dp

ot _ b = D ) gfe - 2
p(z’ — dz,t' - dt|z,t) = ~ % Lse I a)D (p)|éz| : dt,

't — 6tlz, t) = _o
p(z’, lz,t) =p at&’
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— / - 6¢_ 1 (a)( 41— a 9~
- = - t,
¢ (z' + bz, t' —~6t)=¢ 9 oz + I )D (¢7)|0z| ; )
d¢t 1 ¢+
S ' _ a4 (@) ( 4+ a
¢ (' = oz, t' —6t)=¢7 + g oz + 0 )D (¢7)|0z|* — ——4t,

1—-¢~(,t' —6t) — ¢ (2/,t' ~6t) =1 — ¢ —¢* + —— 6¢_ Ot ggt:&'

Substituting into equation D.1, and rearranging we get

Oy _ (99° _ 094" ¢~ _ 997\ op +8p

p oy (4 D@
Ol)|533| + (¢~ + o) Tita) "

+(D97) + D) 5

¢~ 0t DY) . .1y ¢~  9¢T\ Op . 4
+(6$ - Gz)f’(l-i-a)wz' * +(a + 31') 35

D(a) (p) |6x|2a

+ (D(a) (¢7) + D(a)(¢+)) Pi+a)

— (D@)(g7) + D@(g+)) (11 )&l«s z|*6t

_ (.""L + @i) 5t — (?_‘15_’ _ %) 9P 5155 + (‘9£ + L) % 512

ot ot ot ot ) oz at ot ) ot
8¢~  9¢*\ D)(p)
- a D.2
( + ) ra )6t|6:c| (D.2)

We assume that

16

ot = 5300 (6%(z,t)(1 — Btanb) +m(x,t)&c°'1) ,

o= %%f— (0*(z,t)(1 — Btanf) — m(z,t)6z°""),
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where 6 = %

If we consider a process given by the following stochastic equation
dr = pzdt +ozdL,

that is, m(z,t) = puz and o*(z,t) = 0%z®. Therefore, by differentiating the above

expressions we have

+
9™ = %% (ao‘aa:a"l(l — [ tané) +;L5:17a—1) ,

oz
06" 18 (e iand) — i)
5 = 3jga (@0°T (1 - Btan8) — péz™"1),
ot
o

For the fractional power derivatives we get

D@(¢*) = II°Di(s")
18t _
= 5540 (1 — Btan@) I3~ °D2 (z*)

s (1~ franf)ala - DIE(@2)

1 6t 1 z  ga2
= ———0%1— - t
5520° (1 —Btanf)a(a l)r(2 —o) ), =T d

l—(s—ta"(l—ﬁtan@)a(oz—1)——1——/-1 =21 —y)t~ad
28z r'2-a) /o y Y y

— %%ga(l — Btanf@)ala — 1)I'(a —1)

16t

- — 2.
535207 (1 - Btanf)I(a +1) l1<a<
Similarly

D@ (¢™) = —;—6—?;0”(1 — Btanf)'(a+1) l<a<?2.
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Substituting back into the differential equation given by D.2 we have

op., &t o o 6t a &t Op < o
atdt = +pu Hira |6:z:| at pdmapléa:l s axl&z:l
ot
+ac®z* (1 ~ Btan ) ot ggéz +0%(1 ——;3tan0)5 ap|6z|°‘
o%z® ot m
—_— Z° plo) a I o (a) 5z 2
iyl At ) e D @loel® — F )M, (p)i6z|
o? ot &t Op
—_ (1- —_ple) a5t — og%(1 — —Est.
+1"(1+a)(1 ﬁtane)&caD (p)|6z|*0t — 0*(1 — Btan )6 e

To write the above equation using the same fractional derivatives as in Schertzer

et al. (1999), we have to consider the following Fourier transform

o} = g [ e /;&i—g—l—‘ldt
f(Tl_T / dtf"(t) / t)al

1 /oo dteiztfll(t) /oo eizyyl—a dy
I'2-~a) /-« 0

Il

= (i)™ /  dt () dt = (—i2)* f(2).

Similarly we evaluate F {D(_a)}. If we consider Riesz definition of a fractional

derivative, then we can write
DD p(a) = (-8) D p(a).
Similarly

Ao i ) = F{Zn (o)}

= ~izF {(-2)"T plz) }
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115
Ignoring terms of order greater that ¢, keeping in mind that the increments éz are

drawn from a stable distribution with characteristic function as in form (A), that is

E [e(i"sx)] = exp {izmét — |z|%*0%4t (1 — i tan 9) }a

||

we arrive to the following equation for the fractional Fokker-Planck

op _ a dp
o up +o0*(1 5tan0)p—,ua:8$
Uama O‘ a

0 a=1
+m( A)% (p) — T+ )ﬂt nea (=8)"7 (p),

where we used the substitution m(z,t) = pz and o(z,t) = oz. For the case a = 2

keeping in mind that 0 = 202, the above equation becomes

2 31’ *p
at———up-{-Zap uma +4aa: $8x2
which is the same as the classical Fokker-Planck equation for a process described
above.

We are now going to consider a process given by

Q
dz = (,u - %(l - ﬂtanﬂ)) dt + odL,

which is the same as the previous stochastic differential equation after the change
of variable f =

Inz. Thus, in equation D.2 we substitute for

m(z,t) = p— %(1 — [ tan$)

o%(z,t) = 0.

The fractional Fokker-Planck equation in this case becomes

O _ O 9% AV — T
%" T ttaral @

-—(l—j*_——)ﬂtano ( A)__(p),

since %‘é; = 0 in equation D.2.



APPENDIX E

Fractional Black-Scholes
Equation

In this appendix we derive equation 4.6, that is

= = , (iz+ 1)o® T(1—iz) _
Wo(z)—WT(z)exp{— [zzr+ T+ a) I’(2—a—iz)] (T t)}

In order to do this, first we need to find the Fourier transform of the fractional power

derivative. From definition 3.18 we know that

il

D{(W) = IZ°D3, (W)
1 SOwW(t)

F(2 - Q’) 0 (S — t)a—l de.

We use the substitution ¢t = Sy, to get

- 1
DOW) = == ) / (1 - )"~ W"(Sy) dy,

F(Z —a) Jo
where W”(Sy) = —d—v}V- Therefore,

seD) (W) = / (1 - )W (Sy) dy.

Za)

Letting S = e*, and taking the Fourier transform, we have

Flep@wm)} = Flets [a-prewnen )

- /oo du eiz"/l(l —y)l W (e"y) dy
P(Z - C!) —00 0

o [ [T e w e o
I'(2-a) Jo dy? J_co
We evaluate the inner integral separately. We let y = eP and we have

w .
I= / U W (e*1P) du.

-0
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We let ¢ = u + p, and we denote Wy(g) = W(e9) to get

m .
= e [ ) dg
-0

= e PW(2)

= y ¥ Wol(2).

Therefore we have

2 - ——
gzé = —iz(—iz — 1)y~ 2Wy(2).

Hence,

au (0) _ _iz(—iz_l)A ! ~iz— _ -
f{ Dq } = __F(_z-‘_CE—WO(Z)/o y (1 y)'"*dy

= :E(;iz___llﬁ/\o(z)B(—iz, 2 —a)

I'(2-a)
= —iz(—iz - )Wo(z )ﬁz_r—%?ﬁ)
- (i )W) e L) A

r2-a-iz)’
If we Fourier transform

ow ow o®S*
+7rS

ow (@) (W) —
ot 35 T Taral W)

we get!

Ay .  (iz+1)e® T(1-—iz) } — .
aWo _ Wo = <2-o.
dt {m " Ta+a) T@-a—i)f °0=% ©#<i-e

Therefore,

. (2z+1)o* T'(1-1i2)
Wo(z) = WT(z)exp{— [zzr+ T T a) I‘(2—a—iz)] (T—t)}.

1We assumed that S = e*, therefore

ow oW

595 = Bu

and hence

ow . =
f{SE-S: = —1ZWO.
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For large z we can take the asymptotic of the Gamma function? and rewrite the

above equation

Wo(z) = exp { - [m + (—iz)a“lr—(%a) + 2 r_(l_a:-—a)] (T - t)}.

2The asymptotic formula of the Gamma function is given by

I'(az +b) ~ \/27re""‘(az)°‘+b"%, |arg 2| < 7, a > 0.



APPENDIXF

Perpetual American Put

In this Appendix we find the solution of the following fractional differential equation

v o5
35 T T(1+a)

We let V = S? to be a solution of the above equation. The fractional derivative of

rS DO(WV) —rV =0. (F.1)

order a, 1 < a < 2, given the definition 3.18 is evaluated as follows:

D@y = I*7°D*(V)

B 1 Sy
= Te-a ) G-p1%

_ ALY /s trA—2 d
0

I'2-a) (S —t)e1 77
We let t = Sy to get
MA=1) e 1o -
{a) - A—a A-2¢1 _ n\1-a
DOW) = famas e [ v -y
— ’\(A — 1) A—a _ _
- P(2_0[)5 B(2—a,A—1)
o« T(A-1)

_ _ A—a
= AMA-1S __—_I‘(l-{-)\-—a)’ A> 1

Therefore equation F.1 becomes

rI"(1+a)I‘(1+A—a)A_rI’(1+a)I‘(1+/\—a)

o ra-1) oo r'(A-1) =0, A>1L

AA-1)+
From the property of the Gamma function we have
C(A+1) = AL(A) = A(A - 1)I'(A - 1),

and our equation becomes

rT(14+a)T(1+ A —a) rI‘(1+a)F(l+)\—a))_0
pr Th+1) = o° rA+1) ) 7

A= 1) (1+,\

A>a-—1.
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The above equation has one positive root at A = 1. Since, we assume that 1 < a < 2,

then A > 0 and we can ignore the zero root. Rearranging we get

'(l+X-a)  o°
TO+1)  Tl+a)

(1-2) A>a-—1.

By using the property of the Gamma function once more we can write

'B+A—-a) = 2+2-al2+2—0q)

= 14+2-a)2+2—-a)I'(1+ - q),

and rewrite our equation

1- ) rB+A-a)  o°

I+x-a)2+A—a) T(A+1) — T(l+a)’ A> -1 (F-2)

Since we are pricing a perpetual put option the value of the options tends to zero
as the asset price becomes very big. For this reason we are looking for a negative

root, therefore we are looking for —1 < A < 0 such that

1-A I'(3+\~a)
I+r—a)Z+r-a) T(A+1)

> 0.
Therefore we want
Q+rA—-a)24+2—a)>0,

since the rest of the terms are positive. Hence, if we fix the value r—r(‘%a) we can
find A € (—1,a — 2) such that equation F.2 is satisfied. Therefore if A > —1 the

solution to equation F.1 becomes
V = AS+ BS?,

where A, B are arbitrary constants and A is a negative number.



ArPENDIX G

Log-Normal Option Pricing

In this appendix we derive the Black-Scholes formula in the case @ = 2. As we
mentioned in chapter 2, when a = 2, 3 loses its effect, making it meaningless for
the distribution. We let the independent variables u; ~ S(2,vvVT — t,6;(T —t)) to

be normally distributed with log characteristic and density functions given by
Inp(z) = id6z(T — t) + y2*VT —t

1 {—(ui - 6;(T - t))2
————————exp
2/7i(T — t)w dyi VT — 1

s(u;) = }, —00 < T < 00
If we use the substitution §; = y; and v; = %?-\/T —t, then
ui ~ N(pi(T — 1), 07(T — t))

and the corresponding characteristic and density functions become

Inp(z) = ipz(T —t) + g;:L'Q(T —1)

1 —(ui — pi(T — t))?
i/ 2n(T — t) exp { 20,2(T —t)

s(ui) = }, —00 <z <00

We denote the standard normal density

1 P
si(z) = Wraad
Therefore if z ~ N(0,1) then

s(ug) = 1 S(Ui“l‘i(T"'t))
oVl —t oivT -1
= ——si2)
- oivI —t !

As before we assume that u; and u, are contributing negatively to log U1 and log Us

respectively. Hence,

logU; = —u; i=1,2.
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We assume that

log §

Il

<}
09

l

where
log § ~ N(u(T —t),0*(T — 1))

with

p=p1 — po and a2=of+a§.

From the log characteristic function equation we have that

EU; = exp { (—ui + %‘2> (T - t)} 1=1,2. (G.1)

Therefore, the forward price becomes

peen{fu-(2-2)] -0} 6

In order to have no arbitrage opportunities, the relationship between the forward

price and the spot price must be
F=eT1s.

If the above condition did not hold i.e F > e"(T=t) 8, then the investor can borrow
S amount of money for a period T —t at the risk free interest rate r, buy the asset,
and take a short position in the forward contract. At time 7', the asset is sold
and e"T-1)S is used to repay the loan, while the investor is receiving F. A profit
F —e"T-1)S is made. If F < e"(T—% S, the inverse argument is true.

We also use the substitution

o wempeT—t) _u— (T -1)

N =

oovVT —t o vl —t
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and the first integral becomes

I = Uz dP(Uy,Uz)

5>X
00 up—log X

= / du, s(ul)/ e “2s(ug) dug
~00 -0
o)

= / dp s1(p)
—00
oy VT —tp+(py —po)(T—t)-log X

/_ ozvVT-t exp {—zoz\/f?——__ — po(T — t)}‘”(z) dz

1 o0 :L2 %12—2+A 22
= —e""Z(T”t)/ dpe™2 / exp4 —209VT —t — — ¢ dz,
27 —0 o 2

_ p(T-t)—log X
where A s /Tt

dn _ 1 (-eed)@-o /°° - { g (B2 A+ o/ T } w
2 B

dA 2m —0

= %exp{(ﬂlrl*gzé) (T —1t)— (A+02;/T——_£)2}

00 2 2
+ 2
x/ exp{_zl_z_al [p2 +p 2010;2(A+0'2\/T—t)]}dp
2

o]+

217r { ("‘2 + ﬁ) (T —1t) — 03(A + 02VT — t)? }

= 2P 2 2(0? + 02)

o0 2 2 2
x/ exp{_ol + 03 [p+ 01022(A+02\/T—t)] }dp.

—oo 202 o? + 03
We have that

o0 2, 2 2 o9V2m
/ exp _4 +202 [p+ ;71022(A+02\/T—t)] dp = —22—,
—o0 205 oy +03 Voi+ ag

and that o? = Jf + 022,. Hence, we get

%% = 0325; exp{(—uz + gzi) (T -1t) —~ % ((A-i—oz\/TTt)gazy}.
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We let v = (A4 + 02)(%*) such that d4 = Zdv to get

1 o3 v?
dIl = -\/_2'—_7;9)(}3{ —M2+7) (T-t)——z* dv.

Integrating and letting 7 = T — £, we have

1 ("’“2‘*‘12%)7' v z2
L = —e / e 2 dz
V27T —00

= e(‘””z;)fN(v)

2
(—ﬂz+1})‘r (;rr—logXﬁ-ag'r)
= e N .
o1

Adding and subtracting log ' and using the no arbitrage relation, i.e. f =€75, we

have

o2 S 2
L = e(—uz+—21>fN (log—x—-b(r-f-gé—)‘r)
oVT

—M2+522

2
= e( )TN(dl).
Similarly, for the second integral we have

L = UrdP (U, Uz)
S>X

oo uy—log X
= / du; e " s(uy) / s(u2) dus

—00 —00

2 pr—logx—v",r
1 (—u1+221)'r - _z?
e 2

= — d
5-¢ . z
_ (~m+%{)-rN log XS- +(r - %2—)1'
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where

o g+ (r+ )T -1
. oVl -t

i log § + (r — ST — 1)
2 ovT —1 )

The value of a European call option is given by

F X
Cc = -f(’-"-”[-—/ U,) dP(Uy, U —-—/ UdPU,U].
e B0, 5>x( 2) dP (U, Us) BU s>x( 1)dP(Uy, Uz)

Substituting G.1, G.2 in the above equation we finally get

2 2
—po4+ 22 X 44
C = C_T(T—t) EL(J26< e >TN(d1) - e—r(T—t) E—U,l6< T )TN(d2)

= SN(d)) — Xe "TYN(dp),

where d; and dy are the same as before.



APPENDIXH

Utility Maximization vs

Black-Scholes

In this appendix we compare an option value formula derived in chapter 6, based

on McCulloch’s utility maximization argument, given by

X

F / UrdP(O,Un) ~ o [ UidPOLUD|, (D)
S>X 1 JS>X

C = -rT | _*
e

with results derived via the fractional Black-Scholes equation in chapter 4. The
argument we give there leads to the Fourier transform of the fractional Black-Scholes

equation

= = ) (tz+1)o™ T(1—iz)
Wy(z) = Wr(z) exp {— [zzr + Tlta) T2—a- zz)] (T - t)} (H.2)

To easily compare the two equations we Fourier transform equation H.1 and we

compare the results in the Fourier transform space, rewriting

o0

HogX) = [ Uy dP(UL,Up) = / =2 55 (2) ST (uz + log X) dus.

S>X
—oo

We take the Fourier transform with respect to the variable f = log X and we have,

f(z) = /00 dus e 2 39(us2) /-00 eisz(ly(uz + f)df.

—0oa
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We let fi = us + f, and we get

I(z) = / duze_uzsz(uz)/_ eizhe~u267(f))df;

—0oo

o0 . . oo
- / dug e~ 2027 59 (uy) / N S1(f1)dA
—00

—00

o)

00 ) ' ) )
= / dug 6_"‘2(2_1)82(“2)/ dfleuf'/ s1(u1) duy
—o0

—00 1

oo ) ) oo ui—f
= / duog e—1u2(2—1)82(u2) / dulsl(ul)/ ezf1 dfi
Sl —00 —00

1 —izf * —iuz(z—1i) * izu
= —e dug e 2 s2(u2) e'*¥1s1(uy) du,.
iz % —0
Since log S = u; — ug, and
oo
wao(z) = / e 255 (uz) dus
— 00
is the characteristic function of —ug, we have
~ 1 . oo . . ©
I(z) = Ee"‘f/ dus e—"‘Z("")sz(ug)/ €218 S5, s(log S) d(log S)
—00 —00

1 L
= e 21 03 (2)r0g 5 (%),

where @jog 5(2) is the characteristic function of the variable log S. Similarly for the

integral
o0
XI'(logX)=X / e 151 (u1)S7 (u1 — log X) duy
-0
we take the Fourier transform with respect to f = log X and we have

~ fo o] oo p
I'(z—1) = / du; e %15y (u1) / eI Gy (uy ~ f)df
—00 —00
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We let fo = u; — f, and we get

File—i) = - / ™ du e 8, ) / " i8] (1) dfs

—00

oo ) o'} ) ) f2
= / du; e’z"‘sl(ul)/ dfge"(z")h/ sa(uz) dus
—00 — 00 —0o0

] ) ] o0 o
= / du, e”"‘sl(ul)/ dugsg(usz) e i(z=)f2 dfy
—00

—00 uz+f

1 ig—yr [ ; ® i(z—i)u
= e du1 em“sl(ul) e 282(112) du2
oo —00

i(z — 1) -
. . m w .
R / du; €¥'s; (uy) / €'218 55, s(log S) d(log S)
i(z — 1) —o00 —o0
1

= i(Z — 'I,) e_izfe—f‘Pl (Z)‘Plog S(Z)'

Equation H.1 can be written in the following form where f =log X and F = —gf

C = e [1) - /1)

The Fourier transform of the above equation is

a(z) = ELUle"(T_‘) [T(z) - f’(z - i)] )

and since EU; = ¢;(z2), the above equation becomes

iz log X
o—r(T-t) X6

Oe) = 2z D)

Plog 5(2) Imz>1.

We assumed that the characteristic function for the variable S, is given by

— Q
DS = Puy—up = e5st By tsecO'

If instead we assume that the characteristic function for log S is given by

Plog s(2) = exp {—- [izr + (—z’z)""lf\(l—a_:—a—) + |z|°i,—(~:—:?)} (T - t)},

where djog5 = r and v* = ‘r’f(‘lsfa‘;, these two models the same, for large values of z

in equation H.2.
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