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Abstract

Option pricing theory is considered when the underlying asset price satisfies a

stochastic differential equation which is driven by random motions generated by

stable distributions. The properties of the stable distributions are discussed and

their connection with the theory of fractional Brownian motion is noted. This ap-

proach attempts to generalize the classical Black-Scholes formulation, to allow for

the presence of fat tails in the distribution of log prices. Various formulations are

considered;

1. Expected values based on transition probabilities which satisfy appropriate

Fokker-Planck equations

2. An elementary generalization of the Black-Scholes original continuous time

hedging strategy equation which leads to a diffusion equation involving the

fractional Brownian motion

3. The formulation based on marginal utility of McCulloch (1996) is reviewed.

The resulting option pricing via a hedging strategy approach is independently de-

rived by constructing a backward Kolmogorov equation for a simple trinomial model

where the probabilities are assumed to satisfy a fractional Taylor series. To effect

this development, some knowledge of fractional integration and differentiation is re-

quired so this is briefly reviewed.

Consideration is also given to other ways of accounting for the effect of fat tails in

the distribution by means of Wick products. It is shown that these models amount

to replacing the volatility in the classical Black-Scholes model by some time average

volatility.
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CHAPTER1

Introduction

The aim of this thesis is to investigate the various models of option pricing theory

under log-stable uncertainty; and to explore different ways of mathematical modeling

with log-stable distributed underlying assets.

An option is a derivative security that gives its owner the right, but not the

obligation, to buy or sell a specified quantity of an underlying asset at a contractual

price called the exercise (or strike) price, within a specified date called the expiration

date (exercise date or maturity).

The value of an option derivative depends on the shape of the distribution of

the underlying asset's future price. Bacheier's (1900) normality assumption has

dominated the theory of option pricing. To restrict the option pricing model to

the normal distribution, he used the Central Limit Theorem, later modified to log-

normal so as to keep the underlying asset value positive. The Central Limit Theorem

states that the only limiting distribution of independent, identically distributed (lid)

random variables is the normal distribution. Normally distributed models assume

that the unanticipated change in an asset's price that accumulates over the life of

an option is the sum of the lid random shocks that occur day by day and minute by

minute. These shocks are themselves the cumulative outcome of the transactions of

millions of agents. The most famous of these models is the Black and Scholes (1973)

option pricing formula. The model of Black and Scholes is presented in section 1.2.

However, in reality we observe that the distribution of asset prices has a long fat

taiL This is because the normality assumption does not take into consideration large

price movements. In the normal distribution, a large change will only occur as a re-

sult of a large number of small changes. it is also assumed that pricing is continuous,

and that an investor could replicate an option by continuously rebalancing between

the risky asset and cash, using the Black-Scholes option pricing formula. Various

It
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models have been developed in order to allow large and frequent price movements

to occur and explain the thickness of the tails observed in the markets. We discuss

these models in section 1.3.

One approach developed in order to include large price changes in the theory

of mathematical financial modeling assumes that returns should be drawn from

another distribution. Since the work of Levy (1937), who formulated a generalized

density function (of which the normal distribution is a special case), many have

proposed that these distributions should be used as an alternative approach to option

pricing theory. A generalized version of the Central Limit Theorem states that

an infinite sum of iid random variables can result in a distribution drawn from a

broader class known as stable distributions and a possibility is that asset prices

can be drawn from such distributions. Stable distributions allow amplifications to

occur at extreme values, causing a long fat tail and therefore fitting a large number

of natural phenomena, and can explain the thickness of the negative tail observed

in the markets. In particular, market dealers know that the impact of a negative

large event is larger than the one implied by the normal distribution, and price the

options accordingly. Stable distributions can better reflect large events, meaning

that significant changes can occur through a small number of large changes. In

this case, option pricing takes into account abrupt and discontinuous changes in the

underlying asset. These distributions assume variance to be infinite, allowing for

riskier events to occur. Sudden price movements, such as a stock market crash, turn

into real world possibilities, fitted into the model.

Mandelbrot (1963) was among the first to notice that stock market prices are

drawn from a fat tailed distribution. He then proposed that the random source

of motion that drives prices should follow a fractional Brownian random walk. A

collection of his work and publications can be found in Mandeibrot (1997). His

research stimulated many academics to channel their efforts to explain the thickness

of the tails observed in reality via the fractional Brownian motion approach. Rogers

(1997) showed that the fractional Brownian motion assumption of the behaviour

of an asset price could perhaps lead to arbitrage. Using stochastic integrals that
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do not have zero expectations, such models were no longer considered promising in

the financial modeling field. However, Hu and øksendal (2000) priced an option

by considering a different type of stochastic integral, based on the Wick product

calculus. This type of integral has zero expectation and therefore arbitrage was no

longer an issue. McCulloch (1985) took another approach to price an option contract

under log-stable uncertainty. He constructed a utility maximization argument, where

the investor has a portfolio consisting of cash and a risky asset. At each point in

time the investor is seeking to maximize his expected utility. The marginal utility

gained from each position is assumed to be log-stable distributed.

In chapter 2, we present some basic results on univariate stable distributions. We

will see that these distributions are richer than the normal distribution. They form

a four parameter family of functions and therefore can be more or less leptokur-

tic, symmetric or skewed, depending on the choice of parameters. The difficulty

working with stable distributions is that they do not have a simple analytic rep-

resentation of their density function. Thus, they can only be characterized by the

inverse Fourier transform of its characteristic function, except in three distinct cases

(Normal, Cauchy and Levy). Therefore the complexity involved in investigating the

properties of stable distributions depends in large part on how the parameter set for

the characteristic function is chosen, Zolotarev (1986).

In chapter 3, we price an option security with the use of a fractional Fokker-

Planck equation. The Fokker-Planck equation is used to study the dynamic be-

haviour of a stochastic quantity driven by some random source of motion. In the

classical sense this random force is driven by Gaussian noises. Schertzer et aL (1999)

allowed the random source of the stochastic quantity to be driven by a Levy me--

tion, and derived a generalized Fokker-Planck equation involving fractional powers

of differentiation. We, instead, derive a similar equation using a trinomial model

approxirna.tion. Once the probability distribution function is obtained we price an

option by taking the expectation of the payoff function over the probability space.

In chapter 4, we attempt to price an option by directly applying the continuous

time hedging strategy argument of the classical Black-Scholes modeL The only
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difference is that the underlying asset is allowed to be drawn from a log-stable

distribution. This approach involves fractional powers of differentiation and for this

reason we call our equation a fractional Black-Scholes equation. The advantage

of our approach is that we can easily apply this argument to derivatives with more

complicated payoffs. We also show that the fractional Black-Scholes equation derived

is the same as a fractional backward equation, which involves the probability density

function of a specified final 8tate from various previous states.

In chapter 5 we investigate the approach of Hu and øksendal (2000), first by

presenting the analogous calculus needed to formally construct the model. We derive

the formula of the price of an option in a slightly different way than the one of Hu

and øksendal (2000), and observe that it leads to the classical Black-Scholes model

with the volatility being a deterministic function of time. We then generalize the

model by allowing transaction costs to have an effect on the option's life.

Finally, in chapter 6, we present the model of McCulloch (1996). Investors are

thought to weight the possible outcomes in terms of the probability of their occur-

ring, treating the resulting sum of the expected payoffs as the utility to be gained

from participating in a contract. By assuming the investor's utility function on en-

tering an option contract, to be maximally negatively skewed log-stable distributed,

McCulloch incorporated in the model a fat tailed distribution and therefore took

into consideration large price movements.

1.1 Definitions

The following key definitions are taken from Wilxnott (1998) and Hull (1997).

A derivative security is a financial instrument whose value is derived from some

other more basic imderlyings such as stocks, bonds, currencies and commodities. An

option is a derivative security that gives its owner the right, but not the obligation,

to buy or sell a specified quantity of an underlying asset at a predetermined price

called the exercise or strike price, within a specified date called the expiration

date, exercise date or maturity. The option can be purchased for a certain price
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called the premium. An option to buy is a call o'ption, while an option to sell is a

put option. If the option may only be exercised on its maturity date it is said to be

European, while if it may be exercised at any time prior to its final maturity it is

said to be American. A long position in an option, means that you have a positive

amount of a quantity; that is, if an investor is long in a call option it means that

he has bought the right to buy an option at a specified date and price. A short

position in an option is the opposite, you hold a negative amount of a quantity.

A European call option will be exercised if the final price of the underlying asset

S is bigger than the strike price X since the investor will buy the option at X and

sell it at S, making a profit of S - X, otherwise it is not in his interest to exercise

the option. Therefore, the payoff function of a European call option is

Vc(S,T) = max(S—X,O).

Similarly for a European put option the payoff function is given by

Vp(S,T) = max(X - 5,0).

The payoff that would be received if the underlying is at its current level when the

option expires is called the intrinsic value. Because of the uncertainty surrounding

the future value of the underlying, the value of the option is generally different from

the intrinsic value. Any value that the option has above its intrinsic value is called

time value. An in the money option is an option with positive intrinsic value (i.e.

for a call option when S > X). Similarly, we say that a call option is out of the

money when the strike price is bigger than the asset price, and at the money when

the strike price is close to the current asset level.

1.2 Black-Scholes model

Black and Scholes (1973) priced a European call option by making the following

assumptions:

1. The underlying follows a log-normal random walk.
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2. The risk-free interest rate r is a known function of time.

3. Volatility is constant.

4. There are no dividends on the underlying.

5. Delta hedging is done continuously. Delta hedging is the amount of assets held

in order to eliminate the risk from the portfolio.

6. There are no transaction costs on the underlying. These are the costs incurred

in the underlying, related to the bid-offer spread when we are delta hedging

our portfolio.

7. There are no arbitrage opportunities. It means that at each timestep the

change in the portfolio must be equal to the growth we would get if we put

the equivalent amount of cash in a risk-free interest bearing account.

Black and Scholes considered an underlying asset which follows a log-normal random

walk

dS = pSdt + aSdB,

where s is called the drift, a is known as the volatility and dB is the increment of

the Brownian motion B '. That is, if we take a small timestep dt the change in

the asset is going to come from some deterministic change Sdt and some random

change aSdB. They constructed a portfolio which consists of a long option position

and a short position in some quantity i of the underlying. After a small timestep

dt, the change in the value of the portfolio is going to be:

dli = dV(S,t) - LdS.

'A continuous random process B, t € [0, T] is a Browuian motion if B0 = 0, B has stationary,
independent increments such that dB = Bt - B3 for s <t are normally distributed with zero mean
and variance t - s. Therefore, we can write

EdBJ = 0	 F4dB 2 J = at.

Therefore, the stochastic quantity is drawn from a normal distribution with S N(pSdt, cSIi).
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Applying Ito's lemma and ignoring terms of order greater than dt the change in the

portfolio is:

dH = dt + dS + 2S28dt - tdS.

Since the change in the portfolio contains some randomness which is included in the

term dS, the risk can be reduced by appropriately choosing the quantity . By

letting
9V

Lk=

evaluated at time t and asset price S the dS terms cancel out and the risk is reduced

to zero. The elimination of risk is called hedging. Since the quantity i changes

with the variables S and t, to have a perfectly hedged position at every tirnestep, we

must continually rebalance our portfolio. After choosing the quantity i, we hold a

portfolio whose completely riskiess change in the value is given by the amount

2dli = ( +	 s	 dt.

To have a completely risk-free change in the portfolio, this change must be equal

to the growth we would get if we put the equivalent amount of cash in a risk-

free interest bearing account. Otherwise the investors wifi exploit the arbitrage

opportunity and cause the market price of the option to move in the direction that

eliminates the arbitrage. This is called the no arbitrage condition, and therefore by

setting dli = rfldt, the differential equation becomes:

8V	
- rV =0.

aS2

This is the Black-Scholes partial differential equation. The above equation does

not specify the option we are valuing. This is dealt with by the final condition,

where we must specify the option value as a function of the underlying at the expiry

date. Solving the above equation for a European call option with payoff function

V = max(S—X,0), we obtain the following solution of the Black-Scholes differential

equation

V = SN(d1) - Xe_1T_t)N(d2),



Introduction	 14

where N(.) is the normal distribution function and d1 , d2 are given by:

d1 
= log() + (r + or2)(T - t)

d2 
= log()+(r—cr2)(T—t)

1.3 Alternative Models to Option Pricing

As we mentioned in the introduction many models were developed in order to explain

the thickness of the tails observed in the markets.

One of these approaches has been to assume that volatility is no longer constant

as in the classical Black-Scholes model, nor even a deterministic function of time

but it changes with time in a stochastic way. In other words, these models assume

that volatifity itself is highly variable and unpredictable and its random source of

motion is drawn from a normal distribution. Since the second stochastic quantity

we are modeling is not a traded asset, we are faced with the problem of having

a source of randomness that cannot be easily hedged away. Because we have two

sources of randomness we must hedge our option with two other contracts. The

underlying asset we hedge away in the usual way, but the volatility risk we need to

hedge with another option. For this reason the variables in the stochastic volatility

based models become many making life very complicated.

Another approach to include large price movements is using a jump diffusion

modeL These models assume that the asset price follows a Poisson process. A

Poisson process dq is defined by

dq = 
1 0 with probability 1— A6t

1 1 with probability )öt.

Therefore, in a time interval öt, there is a probability A5t of a jump in q. The param-

eter A is called the intensity of the Poisson process. The scaling of the probabifity

of a jump with the size of the timestep is important in making the resulting process

sensible. That is, there must be a finite chance of a jump occurring in a finite time.
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This Poisson process can be incorporated into a model for an asset in the fol-

lowing way:

dS = jzSdt + aSdB + (J - 1)Sdq,

and is assumed that there is no correlation between the Brownian motion and the

Poisson process. For example, a 10% fall in the asset price can be estimated by

setting J = 0.9. The above model can be generalized by allowing the quantity J to

be also random.

The difficulty with jump diffusion models is that a jump that corresponds to

dq = 1 cannot be hedged away. The dilemma that is present in these models is

that we do not know whether we are hedging the small changes in the underlying

(which are always present and are included in the Brownian motion), or the large

ones (which happen rarely).



CHAPTER2

Univariate Stable Distributions

2.1 Introduction

Forming a four parameter family of functions, stable distrllbutions are far richer than

the normal distribution. They allow for the density function to have different shape;

that is, it can be more or less leptokurtic, symmetric or skewed depending on the

choice of these parameters.

The difficulty working with stable distributions is that they do not have a simple

analytic representation of their density function. There is only an analytic represen-

tation in three cases: the Normal, the Cauchy and for the Levy density functions.

The rest of the cases can only be characterized by the inverse Fourier transform

of its characteristic function. However, working with the characteristic function

can be simpler or more complicated, depending on what parameterizations we use,

Zolotarev (1986). Therefore the complexity involved in investigating the proper-

ties of stable distributions, depends in large part on how the parameter set for the

characteristic function is chosen. Hall (1981), noticed that irnost of the difficulty sur-

rounding stable distributions is the fact that there is no dear connection between

the parameterizations used to describe the density functions.

In section 2.2, we present some basic definitions from statistics, which will enable

us to formally define the stable density and distribution functions. In section 2.3, we

see that the four parameter set that characterizes a stable distribution, makes this

choice of functions more suitable for models that need to describe a fat tail behaviour.

Depending on how this parameter set is chosen, we get different expressions for the

characteristic function. Section 2.4, looks into the differetit parameterizations and

the benefits from using each different type, Uchaikin and Zolotarev (1999). In section

2.6, we give an integral representation of a stable distribution and density function.

These integrals are used to evaluate and plot the density and distribution functions.

16
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In section 2.8, we present some asymptotic formulae and some special limit cases of

these distributions. Finally, in section 2.9, we define a stochastic process where the

random source of motion is driven by Levy stable noise.

2.2 Definitions

Levy (1937), was the first to describe stable distributions with the use of a gen-

eralized Central Limit Theorem. The following definitions are taken from Nolan

(1999).

Theorem 2.1 (Generalized Central Limit Theorem). Let X1 ,X2 , ... be an

independent identically distributed sequence of random variables. There exists con-

stants a > 0, b E R and a nondegenerate random variabLe X with

if and only if X is stable, in which case a = n 11' for some 0 <a ^ 2.

A stable random variable can be defined as follows

Definition 2.1. A random variable Xis stable if/or X1 and X2 independent copies

of I and any positive constants a and b,

aXi +bX2 cX+d,

for some positive c and d E ft The random variable is strictly stable if d 0 for

all choices of a and b. A random variable is symmetric stable if it is stable and

symmetrically distribtted around 0.

(The symbol means equality in distribution, i.e. both expressions have the

same probability law.)

In order to properly define a stable distribution function, we need to give some

elementary definitions from probability theory. The following definitions are taken

from Feller (1966).
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Definition 2.2. The cumulative distribution function, S(z), of a real random

variable X is the probability that X is less than or equal to the real number z;

S(x) Prob[X ^ 4	 -00 <z < +00.

Definition 2.3. The probability density function of X is (when it exists or,

equivalently, when S(x) is absolutely continuous) the derivative of the distribution

ft nction:

dS
00<Z<+00•

Definition 2.4. If X1 and X2 are two independent random variables with distribu-

tion functions Si (x) and S2 (x) respectively and characteristic functions coi (z) and

p.2 (z), then the distribution function S(x) of the sum X = Xi + X2 is given by the

convolution of Si (x) and S2(x):

5(x) = Si (x) * S2 (x)	 S1(x - y) dS2(y),

and the corresponding characteristic function is

ço(z) =

where

P00

(z)= 1 ei22 s(x)dz	 i=1,2.
f-oQ

Equipped with the above definitions we can now define a stable distribution

function.

Definition 2.5. A distribution function 5(x) is stable if/or every c > 0, C2 > 0

and real d1 , d2 there is a positive c and a real d such that

for all z.
C1 /	 C J	 C /

2.3 Characterization of Stable Distributions

The distribution function or the density function completely characterizes a ran-

dom variable. In the case of stable laws these functions do not have simple analytic
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expressions; unlike the characteristic function, which also contains complete infor-

mation about the random variable under consideration. Therefore, the best way to

describe all possible stable distributions is tbrough the characteristic function (z).

Hence, for a continuous random variable X the characteristic function can be defined

as follows:

Definition 2.6. The complex-valued functioa

w(z) = E[exp (izX)J

is called the characteristic function of a real random variable X, where z is some

real-valued variable and E denotes expectatio'a.

If the density function s(x) exists, then the characteristic function is the Fourier

transform of the density:

	

(z)	 e's(x) dx.

The inverse Fourier transform

	

s(x) =	 e_p(z) dz

allows us to reconstruct the density of a distwibution from a known characteristic

function.

Stable distributions S(x; a, fi, y, ) form a four parameter family of functions.

The four parameters that determine the distribution are the following:

1. Characteristic exponent a. This paranneter determines the degree of lep-

tokurtosis and the thickness of the tails; tthat is, the rate of the tails' decrease.

The characteristic exponent can take the values in the interval (0, 2J. However,

when 0 <a <2 the variance becomes inEnite or undefined. The extreme tails

of the stable distribution are higher tb.aa those of the normal one, with the

total probability in the extreme tails increasing as a moves away from 2 and

towards 0. When 1 a < 2, the mean exists; when a < 1, the mean also

becomes infinite. We take a to be in the interval (1,2), so that the distribution
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has a mean but the variance is infinite. That means that the first moment is

finite but the second moment is infinite. In general we have that the absolute

moment of order p of a distribution S(x) is defined as

Ixt dS(x) 
=	

xJx) dx

when s(x) exists. Therefore, every stable distribution with characteristic ex-

ponent a E (0,2) has finite absolute moments of all orders p with 0 <p < a,

whereas all absolute moments of order p ^ a are infinite. Thus the normal

distributions are the only stable distributions with finite variance.

2. Skewness parameter /3. It characterizes the degree of asymmetry of the distri-

bution and takes values such that —1 /3 1. When /3 = 0, the distribution

is symmetrical around the mean, and the distribution is called stable sym-

metric (S.S.). When the skewness parameter is less than 0 (and 1 < a < 2),

the distribution is negatively skewed, that is it has a long tail to the left, and

the degree of left skewness increases in the interval [-1,0) as /3 approaches -1;

when it is greater than 0, the distribution is positively skewed, with the degree

increasing as /3 approaches 1. As a -+ 2, /3 loses its effect and the distribution

becomes symmetrical regardless of the value of /3.

3. Scale parameter 7. It takes values in the interval [0, oo) and is used to set the

units by which the distribution is expanded and compressed about the mean.

Within the normalizing concept, y is like the sample deviation; it is a measure

of dispersion. When a <2, the population variance is infinite, but 7 may still

be used to measure scale in place of standard deviation.

4. Location parameter ö. This parameter varies in the interval (—oo, oo) and

shifts the distribution to the left or right. If a> 1, ö is equal to the expectation

of the mean. When a < 1, although, the mean becomes infinite, still serves

as an index of location. Essentially, the distribution can have different means

than 0, depending on 6. When /3 = 0, 6 equals the distribution's median for

all permissible values of a.
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The last two parameters' only purpose is setting the scale of the distribution, regard-

ing mean and dispersion. They are not really characteristic to any one distribution,

and so are less important. In most cases the distribution is normalized. When nor-

malizing, it is common to subtract the sample mean to give a mean of 0 and divide

by the standard deviation, so that units are in terms of the sample standard devi-

ation. The normalizing operation is done to compare an empirical distribution to

the standard normal distribution with mean 0 and standard deviation 1. Therefore,

if a random variable X '-' S(a, /3, -y, 6), the normalized variate z =	 will have

a standardized stable distribution; that is Z	 S(a, /3, 1,0) and is said to take the

reduced form.

The formulas for S(x) are calculable for a > 2 and /3 > 1, but the resulting

function is not a proper probability distribution since one or both tails will lie outside

the interval [0,1]. Stable distributions are therefore constrained to have a E (0, 2]

and /3 E [-1, 1].

As previously mentioned, there are closed expressions for three cases of stable

densities.

1. Normal distribution with a = 2 and /3 undefined, then the variable X -

N(6,-y) has density function

1	 (_(x_6)2"l
s(x) 2/ii5'1	 47	 J' 

-00 <X <00.

If we use the substitution j = 6 and 'y = , then X - N(i,cr2). We can then

write the density function in a form that is better known i.e.

s(x)=	 exp{2
2c2	 ' -

00 <X <00.

2. Cauchy distribution with a = 1, /3 = 0. The variable X Cauchy(-y, 6) has

a density function given by

—oo<x<oo.11.72 +(x - 5)2'
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3. Levy distribution with a = , $ = 1. The random variable X .-.- Lévy(7, 5)

has density function

s(x) 
= ( 7)1/2 - 

5)312exp {2(x_ }' 6<

that is, s(x) is zero on (—oo,6).

Figure 2.1 shows a plot of these three density functions. Both normal and Cauchy

distributions are symmetric, bell-shaped curves (fi = 0). The Levy distribution is

highly skewed (8 = 1), with all of the probability concentrated on x > 0. It has

heavier tails than the Cauchy, which in turn has heavier tails than the normal

distribution. The heavy tail is created as a result of the parameter a moving away

from 2 and towards 0.

0.8

0.7

0.6

0.5

0.4

03

0.2

0.1

0	 -....___---
4	 -4	 -2	 0	 2	 4	 S

Fig. 2.1: Density functions for the Normal (a = 2), Cauchy (a = 1) and Levy
(a = ) density functions, when 7=1 and 5=0.

2.4 Parameterizations

Since the density or distribution functions of a stable random variable do not have

a simple analytic representation, the question arose of indirectly investigating the

analytic properties of these distributions. The complexity involved in investigating

various groups of properties depends in large part on how the parameter set is

chosen, Zolotarev (1986). Expressing analytic relations between stable distributions
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and proving them, can thus be simpler or more complicated depending on what

parameterizations we use. This circumstance makes it not only possible but even

desirable to use several parameterizations on an equal basis. If numerical work is

required, then one parameterization is preferable. If simple algebraic properties of

the distribution are desired, then another is preferred. With this approach we need

to know various formulae for passing from one system of parameters to another.

Here we will describe five different parameterizations.

1. A Parameterization with log claaracteristic function

lny(z) =	 - IzI + iZWA(Z,a,/9))	 (2.1)

where

IIzIa_lfltan
WA = S

—/3lnz	 a=1

with the parameters varying within the limits 0 < a 2, —1 ^ /3 ^ 1,

—00 <7 <co and 5> 0. The density functions s(x) and hence the distri-

bution functions S(x) associated with them, are not continuous functions of

the parameters determining them (they have discontinuities at all points of

the form a = 1, /3 0). This parauneterization is the most frequently used in

literature because it has a simple lorm for the characteristic function and nice

algebraic properties.

2. M Parameterization with log dharacteristic function

lnço(z) = 7(izë - tzIa + iZWM(Z,a,/3))	 (2.2)

where

WM{ (IzI°'- 1)fl tan	 a1

48lntzI	 a=1

is jointly continuous in its wariables. The domain of variation of the

parameters in the form (M) is the same as in the form (A). The parameters of
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the forms (A) and (M) are connected by the following relations

azr	 /3A = I3M	 7A = 'YM	 ÔA =	 - /3 tan

This parameterization is preferred for numerical work because it has the sim-

plest form for the characteristic function that is continuous in all parameters.

3. B Parameterization with log characteristic function

lnco(z) = y(iz - IZwB(z , a,/3))	 (2.3)

where

exp (—i/3K(a)sign(z)) a 1
WB = S

I	 +if3sign(z)lnz

and

K(a) = a - 1 + sign(1 - a).

The parameters have the same domain of variations as in the form (A). The

main parameter a is the same in both forms, and the connection between the

rest of the parameters is given by the following relations:

If a = 1

13A=13B	 'YA--

If a 1

13A = cot () tan 
(lrK(ct)13B)

7A = 'y 
cos (lrK(a)/9B)

I rrK(a)9n\ '
ABCOS	 2	 )

In the form (B) as in (A), stable laws are not continuous at points of the form

a = 1. However, contrary to (A) the limit distribution as a -* 1 exists if a
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always remains greater than or equal to 1. Moreover, the limit is a stable law

with log characteristic function of the form

ln,o(z) = 'y (iz (o ±sin (v)) - Izicos (v)),

where + is used if a > 1, and - is used if a < 1. Zolotarev (1986), uses this

parameterization to derive formulas for the density and distribution functions

that can also be used for numerical work.

4. C Parameterization with log characteristic function

lnp(z) = _zexp{—i-8asign(z)}
	

(2.4)

with

O<a<2	 I9I^O=min(1, 
2	

'Y>O.a—i)

If we exclude the case a = 1 and 8j = 1, which corresponds to a degenerate

distribution at the point 79', then the parameters of the same characteristic

function in the form (B) are connected by:

If a 1

o K(a)13B
a

If a = 1

2	 (2öB\
0 = - arctan -

ir	 \lfJ

7c 'YB.

2	 1/2

YC 'YB (- +

Together with the parameter system a, 9, 'Yc, we can use another parameter

system a, p, 'yc, where p 1. In the modified variant the characteristic

function has the form

1n(z) exp {—'y(iz)° exp (—iirpcxsign(z))}

'If b,, = 0, a degenerate (improper) distribution has distribution function

10, z<a5(x) =
1, x^a
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5. E Parameterization. We complete the description of various forms of expres-

sion for the characteristic function of stable laws by one more modification of

the form (C). This modification is needed in solving the problem of statistical

estimation of the parameters of the laws. The log characteristic function can

be written in the form

hup(z) = - exp {7/_ 1/2(IzI + r - i9sign(z)) + C(z/' /2 - i)}	 (2.5)

where C = 0.577... in this case is the Euler constant. The parameters vary

within the limits

y ^ 	 I8I^min(1_1)	 rI<oo

and are connected with the parameters a, 0, 'y of the form (C) by

OE 9C T=_ln7C+C(__1).

2.5 Properties of Stable Distributions

The most important property of stable distributions is that they are invariant under

addition. The word stable is used because the shape of the distribution is stable

under addition. It means that the distribution of sunis of independent, identically

distributed, stable variables is itself stable and has the same form as the distribution

of individual suminands. In order to describe summation of independent random

variables we use the log characteristic function based on the (A) parameterization2.

The above property can be translated as follows:

ne"] =
	 inSz - n'y IzI°(1 - i9sign(z) tan ) a 1

in5z - n7JzI(l + if3()sign(z) in Izi) a = 1

where n is the number of variables in the sum and lnF.{e] is the log characteristic

function of individual summands. Fom the above expression we can see that the

distribution of the sums is, except for location and scale, exactly the same as the

2We use a modification of the (A) parameterization, by setting z = Z'7.
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distribution of the individual suinmands. Thus, stabi1ity means that the values of

the parameters a and /3 remain constant under additiolL

The above formula assumes that the distribution off each individual summand

has the same values of the four parameters. However, stability still holds when the

values of the location and scale parameters are not the same for each individual

variable in the sum. The log characteristic function of the sums of n such variables,

each with different location and scale parameters X2 S'(a, 8, 'y, 5,) j = 1...n is:

i(ö)z_ (y)IzIa(1_i/3si9n(ztan) a1

>ln(1F4eJ)j=	
2=1	 2=1

I 
E6, )z— 

I E7, 1Iz I(1 + i/3()sign(z) 1n I z I) a=1
\i=1 /	 \i=1 /

Thus, the sum of the stable variables, where each variable has the same values of

a and /3 but different location and scale parameters, is also stable with the same

values of a and 8.

Therefore, if a and /3 remain the same, changing 'y simply rescales the distribu-

tion. Once we adjust for the scale parameter 7, the probabilities stay the same at all

scales with equal values of a and /3. Thus, a and /3 are iiwt dependent on scale, but

and 5 are. This property makes the stable distributions self-similar under changes

in scale. It also makes them infinitely divisible, meaning, that for every positive

integer n it can be expressed as the nth power of some dharacteristic function; that

is

w(z) = [w(z)1"

Equivalently, we can say that for every positive integer n a stable distribution func-

tion can be expressed as the n-fold convolution of some distribution function.

When the n variables have different scale, location and skewness parameters;

that is, X1 S(a, flj, j, 5) 1 = L.n are lid drawings from stable distributions

with a common characteristic exponent a, then we can say that if

X=>X1'sS(a,/3,7,5),	 (2.6)
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the log characteristic function of the sum of n such variables is given by

in (E{eizX})3 = { 
i8z - y°zI(1 - i/3sign(z) tan	 a 1

ji	 iöz - y I z I( l + i/3()sign(z) in I z I)	 a = 1

where

yQ =

5j	 a1
-	

öi + (/3'y1ny -
	

/3jy lnyj ) a = 1.

Finally, let X S(a, /3, 'y, S) and d be any real constant, then the log character-

istic function becomes

izdX	 id8z - ldIya IzI(1 - isign(d)/3sign(z) tan 2) a	 1
lnE[e	 ]=

	

idäz - dhI z I( 1 + isign(d)/3()sign(z) in I z i)	 a = 1

that is,

dX	 S(a, sign(d)/3, f d'y, dä).	 (2.7)

Another important property of stable distributions is called the symmetry prop-

erty.

Definition 2.7 (Symmetry Property). Let Z S(a,/3,1,O), be a standardized

stable random variable. Then for any a and /3,

Z(a,—/3) —Z(o,/3).

Therefore the density and distribution functions of a Z(a, /3) random variable satisfy

s(z; a, /3) = s(—z; a, —/3)

and

S(z; a, /3) = 1 - S(—z; a, —/3)
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In general we have that for a stable random variable X S(a, fi, y,5)

s(x;a,fl,7,6) 8(—z;cr, —8,7, —5)

and

S(x; a, 46,7,5) = 1— S(—x; a, -46, 7,—S).

This result is easily verified with the use of equation 2.7.

When 46 = 0 the symmetry property says s(x; a, 0) = a, 0), so the prob-

ability density function (pdf) and the cumulative distribution function (cdf) are

symmetric around 0. Figures 2.2, 2.3 shows the bell-shaped pdf and cdf of a sym-

metric stable distribution for different values of a.

0.3

0.25

0.2

016

0.I

0.06

1
4	 4	 -2	 -1	 0	 1	 2	 3	 4

Fig. 2.2: Symmetric stable densities for S(a, 0), a = 2.0, 1.75,1.5,1.25

As a decreases, three things occur to the density:

1. the peak gets higher

2. the region flanking the peak get lower, and

3. the tails get heavier

If 46> 0, then the distribution is skewed with the right tail of the distribution

heavier than the left tail. When 46 =1, we say the distribution is totally skewed to

the right. By the symmetry property, the behavior of the 46 <0 cases are reflections
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Fig. 2.3: Symmetric cumulative distributions for S(a, 0), a = 2.0, 1.75, 1.5, 1.25

of the /3 > 0 ones, with left tail being heavier. When /3 = —1, the distribution is

totally skewed to the left.

Figures 2.4, 2.5 shows the pdf and cdf when a = 1.98, with varying /3.
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Fig. 2.4: Stable densities for S(1.98,fi), 3 = —1.0,0.0,1.0

There is little visible difference as /3 varies. The reason for this is that as a -+ 2,

tan - 0, making the characteristic function real and hence the distribution is

always symmetric no matter what the value of /3.

As a decreases, the effect of /3 becomes more pronounced, and the pdf gets higher

at the peak and heavier on the tails. In figures 2.6, 2.7 we plot the cdf and pdf for

a = 1.75, figures 2.8, 2.9 for a = 1.5, and figures 2.10, 2.11 plot the pdf and cdf for
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Fig. 2.5: Cumulative distribution functions for S(1.98, /3), 3 = —1.0,0.0, 1.0

a = 1.25.
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Fig. 2.6: Stable densities for S(1.75,.8), /3 = —1.0,0.0,1.0
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	Fig. 2.7: Cumulative distribution functions for S(1.75,/3), /3 	 —1.0,0.0,1.0

0.3

0.25

0.2

0.15

0.1

0.05

0 1	 .1	 1__

-5	 -4	 -3	 -2	 -1	 0	 1	 2	 3	 4	 5

Fig. 2.8: Stable densities for S(1.5,fl), /3 = —1.0,OM, 1.0
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Fig. 2.9: Cumulative distribution functions for S(1.5,8), /3 = —1.0,0.0, 1.0
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Fig. 2.10 Stable densities for S(1.25,19), /3 = —1.0,0.0, 1.0
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Fig. 2.11: Cumulative distribution functions for S( 1.25,13), /3 = —1.0,0.0,1.0
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2.6 Integral Representation of Stable Densities

In this section we give an integral representation of a standardized stable distribution

and density function. Since the following formulae are used for numerical work we

want to transform the inversion formula for a stable density function into an integral

of non-oscifiating functions. Nolan (1997), uses the (M) paraaneterization given by

equation 2.2 for '' = 1 and 5 = 0 to derive the integral representation for a density

function. We give an outline of the proof by using the (B) parameterization as in

Uchaikin and Zolotarev (1999), and then we pass to the (M) form by simply changing

the set of parameters described in section 2.4. First we define the following functions:

C = C(a,$) =	
tan2	 51

0	 a=1,

=	 fi) 
= { arctan(i9 tan ) a 1

a=1,

{1'_6' a<1

ir Is 	)

c=c(a,/fJ) =	 0	 a=1

1	 a>1,

a
[cos(a19)]	 co 0 1 i cos(a6+(t-1)9)

kna(t9+o)]	 coe6

V(0) = V(O;a,fl) 

= {	 ] exp{ ( +flO)tanO}	 a = i,	 o.2 ___

With the above we can give the integral representation for the density s(x) =

s(z; a,fl, 1,0) and distribution S(z) = S(x; a, fi, 1,0) functions of a random van-

able X. We distinguish four different cases:

1. When a 1 and z > (,

a(x— C)' j2V(o)exp{—(z—:);TV(0)} dO8(X)
wia-li

and

sign(a-1) '	 a
S(x)=c+	 / expt_(z_C)TV(0)}dO.

ir	 j	 L
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2. Whena$landx=(,

F(1 + )cosi9
s() =

ir(1	 (2)

and

S(ç)=J(Ti_O).

3. Whena$landx<(,

s(x; a, 9) = s(—x; a, —/3)

and

S(x; a, /3) = 1 - S(x; a, -/3)

4. When a = 1,

lrZ	 1rz

f V(8) exp {—eV(9) dO ,8 0
s(x;1,/3) = {

1
r(1+x2)

and

{ 1 fV(0)exp{_eJV(0)}d9 /3>0

S(x;1,i3) =	 1-+arctanx	 /3=0

1—S(x;1,—/3)	 3<0

The proof of the above formulas goes as follows. By definition of a stable density

function we have that

s(x; a, /3) = s(—x; cx, -/3) = Re f eço(z; a, —/3) dz
?T	 a

We use the form (B) given by equation 2.3 and we let 'y = 1 and 5 = 0. The function

(z; cx, /3) allows the analytic continuation from the positive semi-axis to the complex

plane with the cut along the ray arg z = —3ir/4. We denote this continuation by

a, /3) and therefore we can write

= J _za exp{_ifiK(a)}, a 1	
(2.8)

1 —z(+i/3lnz)



a1

a=1.
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where K(a) = a —1 + sign(1 - a) and z" and lnz stand for the principal branches

of these functions. We consider the integral

8+ = I ef So+ (z; a, -/3) dz = I e_W dz
JL	 JL

along the contour L which starts from zero and goes to infinity so that the function

W(z, x) takes only real values. Changing into polar coordinates z = re we obtain

ra cos (aO + flK(a)) + xr sinO

W(z,z) =
	 —i [xrcos0—rsin(a0+48K(a))],	

(2.9)
[x sinO + ( + /30) cos 0+ /3 sin0 In rJ

—ii- [z cos 8+ /3 cos 0 hi r - ( + /30) 81110], a=1.

Setting the imaginary part of W(z, x) equal to 0, we arrive at the equation for the

contour L in polar coordinates:

(sin(aO+flKfrr)) 11(1—a)

xco€O	 )

r(9) =

exp{_+ (O+tan0)},

Therefore the density function is

8(x;a,/3) ! I e_U(Ox)d(rcos9),
ir JL

a1

where the function U(0, x) = Re W(z, z) and once we substitute for r = r(0) defined

above, this function is equal to

I coO

in2 o
U(0, z) = 

j r (,90 + ) (cos 0+

Next we need to find the differential d(rcos 9). First we consider the case a 1.

From the equation Im W(z, x) =0, and we have

zr cos 0= r° sin (aO +

By differentiating we obtain

d(rcos0) 
= (1
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The integration limits in 0 are determined by

r(01 )=O,	 r(02)=cx.

Since

Ia-2, a>1
K(a)

a,

then the limits of integration are

a>12'
01 

= {_, 
a<1,

for the lower limit and

{ a>1
02

for the upper limit. By doing one last change of variable and letting

U(0,x) = x'V(0;a,/3).

With the help of the symmetry property .s(—x; a, = s(x; a, —8), we arrive at the

following formula

a, [3) = ajxI"(') f	 V(0; a, i3') exp {ixI (a1) V(O;ckfY)} dO

which is true for all x, where

[3' = ,r[3	
x>O

—9, x<O.

Changing the parameter set from the (B) parameterization to the form (M) we

arrive at the integral representations of stable densities given at the beginning of

this section. Integrating we obtain representations of distribution functions. A

similar analysis leads to integrals for a 1.
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2.7 Extremal Stable Distributions

In this section we derive a characteristic function for the case where fi = —1. This

formula is used in McCulloch (1996) to derive the value of a call option where the

asset follows a log-stable distribution.

Bergstrom (1952) has shown that as x — +oo and fi —1

r(a)	 ! —aS(x;a,fl,1,O)=1—(1+18) 	 sin x +O(z2°)
2

and as z -+ —oc by definition

S(x;a,,1,O) = (1 -)- 8m -- I x I +o(Ix)

From the expansions above we can see that when a < 2 stable distributions have

one or more tails that behave asymptotically like x, giving the stable distributions

infinite absolute population moments of order greater than or equal to a. In this

case the skewness parameter indicates the limiting ratio of the difference of the

two tail probabilities to their sum

= urn (1— S(z;a,,7,5)) - S(—x;a,8,7,ö)
x—oo (1 - S(z; a, $, , 5)) + S(—z; a, fi 7

When fi = +1(-1), the lower (upper) tail loses its Paretian component and falls

off even more rapidly than does the tail of the normal distribution. We can also

see that for a < 2 and 6> —1 the long upper Paretian tail makes E[e9 infinite.

However, when X S(a, —1,7,5) Zolotarev (1986) has shown that using the (B)

paraineterization the log characteristic function becomes

izS_7jzIa sec 	 a1

iz5+iz7logz7 a=1.

By multiplying equation 2.8 with i° exp (K(a)), it enables us to write the equation

in the following form

log(z) 

= {

—e(a)(--iz)° exp (—iK(a)(fl — 1)) a 1

(—iz)(i(,8 — 1) +8log(—iz))	 a = 1



to7aItlasec
1oge = log eJ 

= { 
+ t7logt7

a1
(2.10)

a=1
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—E(a)(—iz)" exp (iK(cr)(fi - 1)) a 1
log(z) 

= { 
(—iz)(i( l— fi)+fl log ( —iz))	 a=1

where e(a) = sign(l - a). The functions p(z) and çr(z) denote the analytic

extensions of the function (t, a, fi) from the semi-axes t> 0 and t <0. Comparison

of the last two equations shows that the analytic extensions and do not

coincide, except in the case when a = 2 and the case when a < 2 and fi = 1. If

we consider the equality ço(t, a, = (—t, a, -a), we can also add the case when

a < 2 and fi = —1. The following assertion summarizes the foregoing.

Lemma 2.1. Analytic extension of cp(t, a, 8) from the whole t-axis to the complex z-

plane is possible only in the case a = 2, while analytic extension to the complex plane

with a cut along the ray arg z = —3x/4 is possible only in the cases a < 2, fi = 1

and a < 2, fi = —1, which correspond to external stable distributions. Moreover,

logso(z,a,$) = J	 a1

(—iz) log (—iz) a =1.

If we make the substitution z = it, Ret ^ 0 in the (B) form and using the above

result, we have

logso(t,a,1,7,5) = I
1.. 'y(—tö+tlogt)

a1

a=1

By changing the parameter set from the (B) form to the (M) we arrive to the

following equation

2.8 Asymptotic Expansions

We cannot determine the behavior of the entire functions S(x, a, $) and s(x, a, fi)

(where the functions are in the standard form) at the points x = 0 if a < 1, nor

in the case x -4 oo if 1 ^ a < 2, because these points of the complex plane are

singular. To correct this deficiency we construct the asymptotic expansions of the
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distribution and density functions in the neighborhood of the corresponding singular

points. It turns out that the forms of the asymptotic expansions differ considerably,

depending on whether we are dealing with an extremal distribution (9 = ±1) or

whena<1,a=1 ora>1.

There are many different possible situations distinguishing them, but with the

use of the symmetry property 2.7, we can consider the asymptotic expansions only

for z> 0. Skorohod (1954), gives a full list of such expansions. We are only going to

present the formulas for the asymptotics and the complete proof of these formulas

can be found in the above mentioned paper.

a<1	 a=1

fi -	 x-*+oo (1)	 x-++oo (2) x-+oo (3)
-	 x-+O (x>O) (4) x-, -oo (5) x-,-oo (6)

—1 <, < i	 x-+oo (1)	 z-,+oo (2) z-)-foo (3)
____________	 x-^-oo (1)	 x-+-oo (2) x-*-oo (3)

	' 9 - 1 z--oo (1)	 x-+-oo (2) x-+-oo (3)- -	 x-+O (x<O) (4) x-4+oo (5) z-++oo (6)

N
1. s(z,a, 48) = liz

T11

N
2. a(x + /3 hix,'9,l) =	 E 19kX k + O(x_(N+2))

k=1

N
3. s(x,a,'9) =	 E ax' + 0(z(')')irz

n=1

4. s(x,a,1) = f(a)x 12(1 ) exp(r(a)zT) {i +0(xi_E)]

5. 8(X, 1,1) = 1 exp (-z - el x) [i + o (e(1_E))}

6. s(x,a, 1) = g(a)x 2(_1) exp (h(cs)z T ) [i + 0(xT)J

where

(-1r'r( + i + '9	
2 9)fl/2 sian [0+ arctan (fitanO)],a,,-

bk =imf e_zzk(i+ifl_ fllnz)kdz,

-I
a 2(-1) (	 0) 2(-1)

f(cr)=
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r(cx) = (1— a)c^r(cos6)t,

-1	 1

a 2 -' cosOI2(a_1)
g(cx) =	 _______

J2ir(a-1)

h(a) = (cx - 1)aI cosOIT.

2.9 Stable Processes

A random process X(t) on the real line is said to have independent increments if

for any values io <tj, t2 ... the increments X(t+1 ) - X(t), n = 0,1,2...,

are independent random variables. The process X(t) with independent increments is

called homogeneous if the probability distribution of increments X(t)—X(s) depends

only on the difference t —a.

A homogeneous random process X(t; a, 8) with independent increments is called

the Levy stable process if its increments are distributed according to the Levy stable

law, Feller (1966). We consider the strictly stable process satisfying the condition

X(t;a,j9) thIaZ(a,,9),	 t> 0,	 (2.11)

where Z(a, is the standardized strictly stable random variable. In terms of dis-

tribution densities, the above relation is expressed as follows:

a(x,t;a,8) = t_l/a8z(zt_l/;a,fl),

where 8 and 8z stand for the probability density functions of the random variables

X and Z respectively. Therefore, if a < 2 and 8 = 0, we have a symmetric Levy

process with characteristic function

p(z, t; a) = e_tII.

If cx =2, then the process 2.11 has characteristic function

(z,t;2,0) =

and is merely the Wiener process. The stable generalization of the familiar Brownian

motion or Wiener process is called Levy stable motion.
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We assume that the driving source of motion of a stochastic quantity x(t) is

driven by Levy noise and we denote the Levy stable motion L; that is

dx(t) = m(x(t),t)dt + a(x(t),t)dL.

The increments L(t + öt) - L(t) are distributed by the stable law with parameters

a, /9, zero drift and scale y = Sth/k, and whose non-overlapping increments are

independently distributed. Such a process may be thought of as having infinitesimal

increments dL = L(t + dt) - L(t), with infinitesimal scale dt' / . The process may

then be reconstructed as the integral of these increments

	

çt	 Pt
x(t) =x(0)+ / m(x(r),r)dr+ j c(x('r),r)dL(r).

	

Jo	 Jo

When a = 2, the source of randomness is driven by Gaussian noise and the process

becomes

x() = x(0) -ir- / in(x(r), -r) dr + I a(x(r), r) dB(r),
Jo	 Jo

where dB(t) is the familiar Brownian motion with

E[dB(t)} = 0	 and	 IE[dB(t)]2 = dt.



CHAPTER3

Fractional Fokker-Planck

Equation

3.1 Introduction

The Fokker-Planck equation is useful for studying the dynamic behaviour of a

stochastic quantity driven by some random source of motion. In the classical Fokker-

Planck equation this random force is driven by Gaussian noise. According to the

Central Limit Theorem, the limiting distribution of a large number of independent

identically distributed random variables with finite variance is the normal distribu-

tion. Levy (1937), by using a generalized version of the Central Limit Theorem,

allows one to take the random source of the stochastic quantity to be driven by a

Levy motion. We therefore, arrive to a generaiized Fokker-Planck equation involv-

ing fractional differentiation and it is known as a Fractional Fokker-Planck equation.

Since there is no unique definition of fractional differentiation, we cannot expect to

have a unique expression for the Fokker-Planck equation.

Schertzer et al. (1999), derive a Fractional Fokker-Planck equation. They showed

that the inverse Fourier transform of the log characteristic function of the increments

of a Markov process, generates by convolution., a fractional Fokker-Planck equation

of evolution of its transition probability. We derive a similar Fokker-Planck equation

by constructing the probability distribution using the trinomial model approxima-

tion. We assume that the probabilities associated with the jumps have a fractional

1ylor series expansion.

In section 3.2, we are going to present some basic definitions and results from

fractional calculus taken from Saxnko et al. (1993) and Oldham and Spanier (1974).

These results will enable us to find the fractional power derivatives of the fractional

43
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Taylor series both for the probability distributions and the stochastic quantity of

interest. The derivation of the fractional Fokker-Planck equation, based on the work

of Schertzer et al. (1999) is shown in Appendix C. Here we are going to present the

derivation of the same equation via the trinomial model approximation, section

3.3. Once we find the transition probability distribution of the stochastic quantity

in which we are interested, we price an option where the underlying asset has a

stochastic differential equation driven by a Levy motion, section 3.4. This is done

by taking the expectation of the payoff function over the probability space.

3.2 Integrodifferential Equations

3.2.1 Abel integral equation

The integral equation

1	 t	 (t)
r(cx)J0 (x_t)l_adt_1	 z>O	 (3.1)

where 0 < o < 1, is called Abel's equation. Let a> —oo and suppose the equation

is considered on a finite interval [a, b]. The above equation may be solved in the

following way. Changing x to t and t to s respectively, multiplying both sides of the

equation by (x - t)° and integrating we have

fZ dt	 '	 (s)ds	
[) 

[Z f(t)dt

Ia (z - t) J (t - s)'	 (x -

Interchanging the order of integration in the left-hand side by the Dirichiet formula1

we arrive at

X	 dt	 p2

dt./ (3)dsf 
(2; — t)°(t - 8)' 

= r(a) /	
f(t)

________________________	 0 (z—t)°Jo

'The Dirichiet formula is given by

/ 
dxff(x,v)dv=j dyff(xv)dx.
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The inner integral is easily evaluated after the change of variable C = s + r(x - s)

and application of the beta-function 2 giving

r1

J
(x - t)°(t - s)°' dt	

J 
T0(1 - r)'

5	 0

= B(a,1—a)

= F(cr)r(1—a).

Therefore
1	 [ f(t)dtI ço(s)ds=

F(i_c)J0 (x—t)

Hence after differentiation we have

1	 d ' f(t)dt
(x) 

= F(1 - a) dXJa (x - t)&	
(3.2)

So if 3.1 has a solution, this solution is necessarily given by 3.2 and therefore it is

unique. For simplicity we have considered the case 0 <a < 1 in 3.1. The case a = 1

is evident, while the case a> 1 is reduced to the case 0 < a < 1, by differentiating

both parts in 3.1. Analogously the Abel equation of the form

1	 pb	 (t)
	F(a) ix (x - t)1	

dt = f(x), x b,

is considered and instead of 3.2 one obtains the following inversion formula

1	 d f b f(t)dt
_____- ____
r(1—a)dx	 (x—t)°

3.2.2 Definitions and Properties

For an n-fold integral there is a well known formula

1

	

f dxj I dx2 ... I	 SO(Xn) dx	 (x - t)'ço(t) dt	 (3.3)
Ja	 fa	 (n-1). a

2The Beta function is defined by the following integral
p1

B(z,w) _-j x'(1 _z)w_l dx, Rex >0, Rew >0
0

and the connection with the Gamnia function is given by the relation

- r(z)c(w)
B(z,w) 

r(z+w)'

where
IT(z) = / t'e t dt Rex > 0.

Jo
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easily proved by induction. Since (n - 1)! = r(n) we observe that the right-hand

side of 3.3 may have meaning foi non integer values of n. So the integration of

non-integer order is defined as follows.

Definition 3.1. Let ço(z) E L i (a,b)3 . The integrals

1 (X	 (t)	
dt(I:+p)(x) = r(a) Ja (x - t)'-	

' x > a,	 (3.4)

1	 çô	 ço(t)	
dt x <b,	 (3.5)(Iba_S0) (x)

= r(a) J (t -

where a > 0, are called fractional integrals of the order a. They are 8ometime8

called teft-sided and right-sided fractional integrals respectively.

The accepted names for the integrals 3.4 and 3.5 are the Riemanu - Liouville

fractional integrals. Note a simple relation

Q 
ra	 Ta	 ra _ia

-

between operators I and I, Q being the reflection operator (Qço)(x) = (a +

b-x).

The relation

L

b	 6

o(x)(I:^ib)(z)dx=f ?)b(x)(I_)(x)dz	 (3.6)

is valid and is called the formula for fractional integration by parts. One can prove

3.6 by interchanging the order of integration by the Dirichiet formula. Equation 3.6

is true if

ço(x)EL, b(x)EL, -+-^ 1 + a, P^ i, q^1,
p q

thp1, q un the case	 1+ a.

3LetI^=(a,bJ, —ooa<b<oo. We denote byL,=L,(a) the set of all Lebesgue measurable
function. f(x), cornplez valued in general for which

fIf(z)I'dz<oo where l^p<oo.



Fractional Fokker-Planck Equation 	 47

Fractional integration has the property, known as the semigrotsp property of

fractional integration

I:+1a6+ co =	 I_lb_SO -— _ ço, a >0, $ > 0.	 (3.7)

Equations 3.7 are satisfied at any point for (t) E C([a, b]) and at almost every point

for (t) € Li (a, b). They are true at any point even for (t) E Li (a, b) if a + fi ^ 1.

As for fractional differentiation, it is natural to introduce it as an operation

inverse to fractional integration, that is

= ('+Y1f = Df.

The definitions for I_°f, being interpreted similarly. In view of the inversion of

Abel's equation 3.1 we arrive at the following definition.

Definition 3.2. For functions f(x) given ü the interval [a, b], each of the expres-

szons

1	 d f f(t)dt
(Df)(x)	 (1 - a) ;; J (x - t)a'	 (3.8)

1	 d b f(t)dt
(Df) (z)

r(1—a)Jx (z_t)a'	 (3.9)

is called a fractional derivative of order a, 0 < a < 1, left-handed and right-handed

respectively.

Fractional derivatives 3.8 and 3.9 are usually named Riemann - Liouville

derivatives.

We have defined fractional integrals for any a > 0, and fractional derivatives

only for orders 0 <a < 1. We now define fractional derivatives of large orders

a ^ 1. We use standard notations [a] meaning the integral part of a number a and

{a} meaning its fractional part, 0 ^ {a} <1, so that

a=[a]+{a}.

If a is an integer, the derivative of order a is understood in the usual sense of

differentiation

D + ()	 D=	 a=1,2,3,...
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If a is not an integer, it is natural to introduce D+f, Dr_f by the relations

/ d \ [a	 [aJ+1

Df=' (,--) Df= (---)	

Ti-{U},
dx

D	
del ( d	

( d 

[c]+1

- =	 Df= -)
	

ibl__{a}f.

Therefore, we can write

1	 (dif f(t)dt
F(n - a) i;	 a (x - t)°+'' 

n = [a] + 1,	 (3.10)

/ d \fl pb	 f(t)dt
(a•;,) ix (x - t)°+''	

= [a] + 1.	 (3.11)
F(n - a)

A sufficient condition for the existence of derivatives 3.8 and 3.9 is

fZ 1(t) dt 
E AC[I ([a, b])

Ja (x_t){0}

where ACk] ([a, 14) is defined below. This condition holds if f(x) E ACEOI([a , b]).

Definition 3.3. We denote AC(Il), where n = 1, 2... and 1 is an interval, the

space of functions 1(x) which have continuous derivatives up to order n - 1 on Il

with f ( ' ) (x) E AC(1l).

3.2.3 Taylor's series

Definition 3.4. Let Recx > 0. A function f(x) E Li (a,b) is said to have a

surnmable fractional derivative	 if JjQf 
e AC'([a,b]), n = {Rea] + 1.

Theorem 3.1. Let Recx > 0. Then the equality

DIço =
	 (3.12)

is valid for any sumrnable function ço(x) while

I^Df = f(x)
	

(3.13)

is satisfied for

f(x) E I(L1 ).	 (3.14)



-
- '0+ (3.18)
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If we assume that instead of 3.14 a function f(x) E Li (a, b) has a summable deriva-

tive	 then 3.13 is not true in general and is to be replaced by the result

n-i	 ia-k-i
' 

(z - a1	(n-k-i)
r(cx—k)

where n = [Re a] + 1 and f, (z) = I . af. In particular we have

IDf = 1(z) - fi_a(a) (x -
r (a)

for O<Rea<1.

Corollary 3.1. The following analogue of Taylor's theorem

ni 

(DWI)(a) (x - a)° + R(x), Rea >0,f(x)=	
r(a+j+1)

j=_n

(3.15)

(3.16)

(3.17)

.9 valid, where R,(x) = (I tzD 7 f)(z) and f(x) is assumed to have a summable

derivative.

Indeed, 3.17 is a reformulation of 3.15. A generalization of formula 3.15 is given

by the following.

Let ao = 0, a1 , ..., am be an increasing sequence of real numbers such that

0 < ak —ak_i ^ 1k = 1,2,...,m. Let z >0. We introduce the notation

and note that D('k)f	 Df in general. This fact allows us to arrive at the

generalized Taylor expansion
rn-i

f(s) =	
(D(ak)f)(o) 0k	 1
F(1 + ak)	

+ 
(1 + a,,) / (z - t)'-i (D(am)f)(t) dt (3.19)

JO

for functions f(s) having all continuous derivatives, Dzherbashyan and Nersesyan

(1958a) and Dzherbashyan and Nersesyan (1958b).

3.2.4 Fractional Fourier transform

The Fourier transform of a fractional integral is given by

- f(z)	
O<Rea<1,F(If)— (1Z)0e'

(L;lL

(3.20)
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where f(x) E L(R1 )4 . The function (iz)° is to be understood as

cziri.	 •(iz) x = exp {az i -j_8zYflZjl.

If cr is real, we also write

(airi.	 •1(1z)a = tzI exp

In the case of fractional differentiation we have a similar equation

.F(Df) (fiz)°f(z),	 Rea ^ 0.

The proof of the above equation is shown in Appendix B, for the case 1 <a < 2.

The proof of equation 3.20 is similar to the one for the fractional derivative and can

be found in Samko et al. (1993) (p.138).

3.2.5 Riesz fractional derivative

Equipped with the definition of fractional Fourier transform, one can define the

fractional derivative, by considering fractional powers of the Laplacian:

(_)a/2f() =	 '{IzJf(z)},	 (3.21)

where f(z) is the Fourier transform of 1(x) and	 . By taking the Fourier

transforms of the Riemann-Liouville derivatives 3.8, 3.9 we have:

F{Df} = (iz)°J(z).

Since,

iira(iz)a = Iz I° exp tF--si9nzJ,

we can write

DDf = J'{(—iz)°(iz)°J(z)}

= F'{IzI°f(z)}.
4The definition of a the Fourier transform of an integral is not extended to values Rea ^ 1 in

its direct form, since the left-hand side in 3.20 may not exist even for very smooth functions, e.g.
/ E C°. Sainko et a!. (1993), extend the definition of the Fourier transform of a fractional integral
to all values of a, by specially constructing a space of functions f(z) (pages 146-148).
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Therefore

D'2D'2f = F_l{IzIaj(z)}

= (_)Q/2f(x)

The advantage of this fractional differentiation definition is that it applies to vectors,

as well as to scalars.

3.3 Fractional Fokker-Planck Equation

We assume that the stochastic quantity x(t) follows a Levy process given by

dx(t) = m(x(t), t)dt + a(z(t), t)dL,	 (3.22)

where the driving source is a Levy stable motion L, i.e. a motion whose increments

are stationary and independent for any time lag öt and correspond to indepen-

dent identically distributed Levy stable variables. The transition probability density

function is defined by

b

Pr(a <x < b, t'Ix, t) 
= 

L p(x', t'Ix, t) dz' V t' ^ t.

That is, the probability that the random variable x lies in the interval (a, b) at time

t', given that it started out with value z at time t.

After a timestep öt = - t where t' ^ t the variable z takes the value x'.

This value can be achieved from three different states. The value of the quantity

dropped, stayed the same or rose, and we can denote these values x' + Jx, x' and

- cx respectively, where öx is the jump size. Figure 3.1, shows the trinomial

model approximation for the Fokker-Planck equation. Each of these movements has

a certain probability associated with them and the sum of these probabilities is equal

to one. We choose the size of the rise and the fall to be the same and we denote

them 4i(z, t) and r(z, t) respectively.

The probability of being at x' at time t' given that it was at one of the three



x
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Fig. 3.1: The trinomial approximation for the Fokker-Planck equation

states at time t' - St is

p(x',t'x,t) = cb(x'+Sx,t' —St)p(x' +Sx,t' -StIx,t)

-	 - St) -	 - i5t))p(x',t' - StIx,t)

- ax, t' - St)p(x' - Sx, t' - Stix, t).

By expanding each of the term in fractional Taylor series about the point (x', t') and

assuming that the probabilities of the movements are given by

1 St
= -[a(x,t)(1 -fltan9)+m(xt)5x-'I

1 St
4r(x,t) =	 -[c(x,t)(1 -f3 tan9) —m(x,t)5x'],

where 0 =	 we derive the following Fokker-Planck equation

= -m(x,t)p+a(x,t)(1-$tan9)p_m(x, t)-

o(x,t) (-L)(p) - ______
r(1+a)	 F(1+c)

(3.23)

where	 is the Laplace operator. The derivation of the above formula can be

found in Appendix D.
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3.4 Option Pricing

In this section we are going to price an option using the Fokker-Planck equation

derived in Schertzer et al. (1999). The derivation of the Fokker-Planck equation we

are using to price an option is presented in Appendix C.

At time t we know the current value of the asset S and we want to find the distri-

bution of values at some later date. By taking the expectation of the payoff function

over the probability space, we find the value of an option with that particular payoff.

We assume that the asset price has a stochastic process given by

dS pSdt + aSdL.	 (3.24)

The above process is the same as the process given by 3.22 with m(S, t) = pS and

u(S, t) = aS. Substituting in equation

- - - (m(x, t)p(x, t I xo, to)) - (_)a/2 (o(x, t)p(x, t ixo, to))

+ fi tan 9--(—) 2 (a(x, t)p(z, t ixo, t0)),
Ox

we will have to find the fractional derivative of the function g(S(t),p(S, t))

Sp(S, t). To simplify the computation of these derivatives we consider the stochas-

tic process of the quantity f = inS and the corresponding stochastic differential

equation becomes:

df = (1L_ 2 (1_fltanO))dt+acliJ.	 (3.25)

Equation 3.25 is derived in appendix A5. The corresponding Fokker-Planck equation

becomes:

= tmOf - r(1 + a)2) - r(1 +a)$tan0j(_12(	 (3.26)

81t is easily verified that if we choose a =2 (the case for the normal), equation 3.25 becomes

df=(p—!)dt+adB,

where B is the Browrnaa motion.
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where

cr
m = - —(1 –ôtanO).

a

Taking a Fourier transform over the variable f we have

= –izp(t,z).

The Fourier transform of the fractional derivative is

{(_L)(p)} =z3(t,z),

and by integrating by parts the Fourier transform of

=

= –izIzJ''i3(t, z),

where the derivation of a fractional Fourier transform is presented in more detail in

appendix B. In the Fourier transform space, equation 3.26 becomes

d73______	 ______
= zzmp– F( 1 ± a) Z	 F(l±a)ztanG

Solving the above equation we have

=exp{(izm_ 
F(1+a)

z(1 _i/3sign(z)tanO)) dt}.	 (3.27)

The right-hand side of the above equation is the characteristic function of a random

variable under parameterization (A) with location parameter ö = mdt and scale

parameter 7 = r(i±o) dt. Taking the inverse Fourier transform we have

p(f, t) =	 e' exp { (izm - 
F(i+ a) 

Jz(1 - ifisign(z) tan 0)) dt}

1 r=	
J_ 

e'ço(z) dz.

This is the probability density function of a random variable drawn from a stable

distribution, that is f = inS S(a, ,8, 'y, c5), where 'y and ö are given above.



Fractional Fokker-Planck Equation
	 55

We now consider the payoff function. For any t <T, we know that the fair value

of an option is the present value of the expected payoff at expiry under a risk-neutral

random walk for the underlying asset. Thus, we replace jt with r in equation 3.24,

in order for the stochastic quantity to have the same drift as the risk free rate of

interest. Therefore, we can write

V(S, t)	 eT_t)E[payoff(S)]

"OO
= e_(T_t) J p(S', t'S, t)payoff(S') dS'.

-00

For a European call option the payoff is V = max(S - X, 0), where X is the strike

price. Therefore, the value of a European call option becomes

V = e_r(T_t) f (eS' - X)p(S' - S,T - t) dS'.
in X



CHAPTER4

Fractional Black-Scholes

Equation

4.1 Introduction

Black and Scholes (1973) found a precise formula for the value of a European option

on a stock whose price on maturity has a log-normal distribution (in order to keep

the asset value positive). By allowing the stochastic quantity to follow a log-normal

random walk, the model does not take into consideration events that have an impact

on the value of an option, such as stock market crashes. By simply changing the

underlying's distribution to a stable one, we permit such events to have an effect

in the life of an option. The reason being that the tails of the distribution increase

under the stable assumption, since we incorporate in the model the parameter that

determines the fatness of the tails, namely the characteristic exponent a. As already

mentioned the normal distribution is a special case of stable distributions, where this

parameter has value equal to 2 and as we move away from this value towards 1 the

tails of the distribution get thicker. Therefore, the equation we derive is very similar

to the classical Black-Scholes equation, with the only difference being the derivative

involving the parameter a. Since the characteristic exponent can take any value

between 1 and 2, this derivative is of fractional order and we call the equation we

derive fractional BlacJc - Scholes equation. Again there is no unique definition of

a fractional derivative and hence, we expect to get different expressions according

to the definition we employ

In section 4.2 we derive the fractional Black-Scholes equation by letting the

stochastic quantity to be drawn from a standardized symmetric stable distribution.

We later modify the model by allowing the distribution to be skewed. This modifi-
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cation will capture better the reality, since in the markets we observe a negative fat

tail. The reason being that if the price of a 8tOck goes down, it tends to drop more

than the one allowed by the normal distribution and if it goes up it rises less than

the one implied by the normality assumption. In order to construct our model we

make the same assumptions as in the classical Black-Scholes model; that is, hedging

is continuous and there is no arbitrage.

In section 4.3, we show that transaction costs can be easily added to the model.

Transaction costs are the costs incurred in the underlying when our portfolio is

rebalanced in order to eliminate the risk, and can be infinitely large if hedging is

continuous. For the above mentioned reason there is a need to employ a discrete

time approach, where these costs can be large or small depending on the liquidity

of the market we are trading in or the volume of the trade, Leland (1985).

So far in our analysis we only considered European options, where exercising

takes place at a specific date, the maturity date. In section 4.4 we price a different

type of option, a Perpetual American Put. This type of option does not have an

expiry date and therefore can be exercised at any time. Such a contract is a simple

example of an American option, where the contract can be exercised at any time

prior to maturity, and helps us to gain insight for the pricing of American options.

We then price a perpetual for a call payoff and we observe that dividends need to

be added to the model in order to have a finite solution.

In section 4.6 we derive the fractional Black-Scholes solution using a trinomial

model approximation. By finding the probability density function of a specified final

state from various initial states, we derive a fractional backward equation. Taking

the expectation of the payoff function of an option over the probability space, we

arrive to the same equation described in section 4.2. We proceed by deriving a

backward equation by considering the process of a log-stable random variable. The

equation we obtain is different form the one derived when we consider a process for

a stable distributed random variable.

Finally, in section 4.7, we consider & different hedging strategy than the one

presented in section 4.2. So far we have assumed that the risk can be eliminated by
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choosing, at every timestep dt, a quantity z of the underlying asset. One could argue

that when there is a sharp fall in the price of the underlying asset we are hedging

with, it might be difficult for the holder of the option to find the optimal spot price

at some timestep to hedge his risk away. For this reason, we consider a hedging

strategy where the investor can hedge the random term away, by constructing a

portfolio consisting of two options, which can have different payoff function, strike

prices or maturity dates.

4.2 Fractional Black-Scholes Equation

By allowing the source of randomness to be driven by a stable Levy motion L, we

construct a fractional Black-Scholes in a similar way as in the normal case. We

consider the following stochastic process:

dS =psdt+cSdL,

and we construct a portfolio with one long option position and a short position in

some quantity E of the underlying:

11 = V(S,i) —AS.	 (4.1)

After some timestep dt, the value of the portfolio changes from time t to t + dt. The

change in the value of the portfolio is due to the change in the option value and to

the change in the underlying, therefore:

dll=dV—idS.

Assuming that V(S, t) has a fractional Taylor series given by 3.19, we have

dV = di + dS +	 1 D(0)(V)IdSIa.
r(1-i-a)

Thus the portfolio changes by

111= dt+d5+	
1 

D(V)IdSI-MS.
(1 +o)
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Since the increments dL are drawn from a standardized symmetric stable distribu-

tion, i.e. dL '- S(c, 0, dt' / , 0), we have that dL° dt. Ignoring terms of order

higher than dt, we have for S > 0

dli = ( 
+	 + F(l+a)D (V) - PLS) dt + (cTS -	 dL

We choose

to eliminate the randomness. Thus, the portfolio becomes

cTckSc
dli = (
	

+	
+ ) 

D() (V)) dt,	 S > 0.	 (4.2)

For no arbitrage the growth in the portfolio should be the same as the growth we

would get if we put the equivalent amount of cash in a risk-free interest-bearing

account, thus

dli = rfldt.	 (4.3)

Equations 4.1, 4.2, and 4.3, give rise to the following fractional differential equation

av	 av
- + rS— +	 D)(V) - rV = 0.	 (4.4)
at	 as F(1+a)

This is the Black-Scholes equation when the underlying follows a Levy process1.

For the non symmetric case; that is, the increments dS are drawn from a stan-

dardized stable distribution, i.e. dS S(a, /3, dt 1/ , 0), with the characteristic func-

tion given in form (A), i.e.

i	 = exp {izrndt - JzJadt (i - ifif tan9)},

where 0	 !. If we consider the definition of the Riesz fractional derivative,

equation 4.4 can be written in the following form

ovov	 °s	 ______	 a
I3 tan 0—

as	
2 (V)–rV=O

s>0.

'Equation 4.4 is satisfied for V = S since
S

Dr(S) = ID(S) = 1'(2 - )
	 (S
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We are going to solve the equation for the symmetric case. Because we are

valuing the option at time t, but we receive a payoff at time T we write

V(S,t) = e_T(T_t)W(S,t),

the fractional differential equation 4.4 becomes2

8W	 OW	 aaS D
(°) (W) = 0.	 (4.5)

r(1+a)

The solution of the equation 4.4 is given in the Fourier transform space

i 0(z) = i T(z) exp {- {izr + (iz + 
1)°	 (1 - iz) 1

F(1+a) r(2_a_iz)j(T_t)}	 (4.6)

Equation 4.6 is derived in Appendix E.

If we take the Fourier transform of the above equation we get

W(u,'r) = Wo(eU,r)

= - / e' exp
p00	

{- [izr + 
(iz + 1)o	 (1 - iz) 1

2 j	 (1 + a) F(2 - a - iz)j } dz,

where r = T - t and u = InS. As r -* 0, the special solution of the above equation

is one having a delta function initial condition3. Therefore, we have in the limit as

dr -+ 0

lim f W(u',t')g(u') dS' = g(u).
dr-+O _.

We now consider the payoff function V. For a European call option we have that

at time t T, the final condition for the payoff function is

V(S,T) =max(S—X, 0).
2Since

-	 1	 [S V"(x) 
dxD?(V) - F(2—a) Jo (Sz)(O

1	 5

= r(2—)J0 (S_x)(a-1) dx

= e_v(T)D()(W)

3The delta Dirac delta function has one important property namely,

/ 
5(x' — z)g(z')dx' =
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In our new variables this condition becomes

W(u,0) = payoff(e').

The solution for r > 0 is

W(u,r) = j W(u',t'Iu,t)payoff(e") du'.

We solve equation 4.5 in the Fourier transform space. We consider the payoff

function for a European call option, instead of a delta function initial condition. We

proceed by taking the Fourier transform of this payoff function and we arrive to the

following equation

Xe' r	 T(l—iz) 1
V(z)=	 exp

iz(iz + 1)	
{_(iz + 1) [r +	 + a) (2 - a - iz)j (T - t)}.

Inverting the above equation we arrive to the value of a European call option for a

log-stable distributed underlying asset

X t° e_i SfX	 r(1-) 1'T
V(S) = - /	 .	 e' ,Lr+r(1+)r(2_a_tz)J\ - 'dz,	 Imz>l.

2ir j, :z(2z+l)

We generalize the model by valuing an option on a stock paying dividends. We

assume that the asset receives a continuous and constant dividend yield D. Therefore

in a timestep dt the asset receives an amount DSdt. Hence, if we hold - number

of assets the change in the value of our portfolio becomes:

dli = dt+ dS+ ± a)D)	 - dS - DSdt S >0.

if we proceed by pricing the option in the same way as in the fractional Black-Scholes

model without dividends our fractional partial differential equation becomes:

-- + (r - D)S + r(l±a)D (V) - rV =0.	 (4.7)

4.3 Transaction Costs

In this section we are going to add transaction costs in the fractional Black-Scholes

model described above. Transaction costs are the costs incurred in the underlying,
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related to the bid-offer spread. In the above model, we assumed that hedging is

continuous; that is, we are rehedging an infinite number of times until expiry and

because of this the cost of rehedging leads to infinite total transaction costs. Even

if we hedged in discrete time intervals the consequences of these costs may be very

important, depending on the volume we trade or the liquidity of the underlying

market we are trading in. That is the larger the amount a person trades or the more

liquid the market is, the less significant are these costs. Our analysis is going to be

based on the model of Leland (1985). The assumptions we are going to make are the

same as the assumptions of the above model, but with the only difference that the

source of randomness is drawn from a standardized symmetric stable distribution,

i.e. SL = (5i)h/a. In particular, we assume the following:

1. The portfolio is revised every finite and fixed small time step Si.

2. The random walk is given in discrete time by

= pSSt + aS(St)'1

where is drawn from a standardized symmetric stable distribution.

3. Transaction costs are proportional to the value of the transaction in the un-

derlying. Thus if ii shares are bought (ii> 0) or sold (ii < 0) at a price 5, then

the cost incurred is ,c I v I S, where K is a constant. The value of K will depend

on the individual investor.

4. The hedged portfolio has an expected return equal to that from a risk-free

bank deposit.

As in the previous analysis we are going to value a European call option. If H

is the value of the hedged portfolio and 611 is the change of the portfolio over the

timestep 51, we must subtract the cost of any transaction from the equation for 511

at each timestep. Assuming that V has a fractional Taylor series expansion, after a
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tiniestep öt the change in the value of the hedged portfolio is now given by

5r1 = öV-i5S

— --+fAS—±
- (.91'	 OV ______

as r(i+)

+cS ( -
	

—

since E [e'-'J = eHz I t . If we choose the same hedging strategy as before but take

into consideration that the portfolio is only rehedged at discrete time intervals, then

the number of assets held short is

=

where it has been evaluated at time t and asset value S. After a timestep Jt and

rehedging, the number of assets we hold is equal to

+ 5S,t + &).

If we subtract the former from the latter, we can find the number of assets we have

traded to maintain a hedged position. Thus we have

11=	 (S+JS,t+5t)-	 (S,t).

Since the timestep and the asset move are both small we can apply the fractional

version of Taylor's theorem to expand the first term on the right-hand side. Since

V has a fractional Taylor series, with the fractional power being 1 <a 2, then

has a fractional Taylor series of order 0 <a ^ 1. Hence,

ts,t + öt) =	 (S,t) +	 ot 
+ r(a)'	 () 

iosr-' +

with the (a -1) fractional power derivative being equal to

() 
= I°D () = I;°D^(V) =
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Since

SSI'1 '- a'S' 1 (öt)	 and

cx-1 1
<—<1 if 1<cx<2,

cx	 cx

when 5t - 0 the leading term is (at) 	 . Therefore, to leading order the number of

assets bought or sold is

V
r(a)

Since we don't know in advance how many shares will be traded, we can calculate the

expected number, and hence the expected transaction cost over a timestep. Thus,

we have

1
E( ,cSI v ) =

	

	 D(a)(V)E[0_1]
F(cx)

Hence, the expected change in the portfolio becomes

an = (	 + F(l+ 
) D (V)) 6t	 ()aS(6t)	

D()(V)1E[j'1].

One of the assumptions is that the hedged portfolio has an expected return equal

to that of a risk-free bank deposit. Therefore,

= r (v - s) öt,

yielding the following equation for the value of a European option with transaction

costs

i9V	 9V	 craSa
+ (1 +a)D (lT) -	 SQ(atyh/a ID)(V)IE[t4°'] = rV.

(4.8)

We know that all the moments of order less than a have a finite limit. Therefore,

for a random variable X the (cx - 1)th moment is equal to

E[5'] = 2fxa_1s(x)dx

P00

= ! I dxx°1 / eço(z)dz.
Jo	 J—cxJ
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Since qS is drawn from a standardized symmetric stable distribution, we let fi = 0,

-y = 1 and 5 = 0 in parameterization (A) to get

E [11a_i] = !	 (lX z_1	 e_e_la dz
m o	 1-00

=	 j dx x 1 	 e1 Cos(zx) dz.

Interchanging the order of integration and letting y = zx we have

2 t'
E [II'J = - / dzz_ae_	

/ y'cosydy
1rj0

r(a)	 ira
= 2— cos - j ze 1 d.z 0 <a < 1.ir	 2j0

Finally, letting t = z' we get

E {4a_1]	 r(a)	 ira= 2— cos - I tl/a_2e_t dtair	 2J0

r(a) 11	 \	 ira= 2—r(--1)cos— O<a<1.air	 a	 j	 2

By the property of the Gamma function we have that

a
\a j 1–a aj

and thus we get

-	 r(a)	 fi\	 iraE[Ila ']-2	 (-J-	 a>0.

	

- (1–a)ir \a1	2

Substituting into equation 4.8 and letting

2,s	 1	 ira
(1–)ir	 ()cr(Jt)	 -

the fractional Black-Scholes equation with transactiom costs becomes

t9V	 OV a"S"
-- + rS +	 D(a)(V) - 1a_lsa ID (V)I - rV =0.

r(1+a)

Depending on the sign of the fractional power derivative, the above equation can be

reduced to the fractional Black-Scholes equation with different volatility. Therefore

we can separate into two distinct cases.
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1. If D (°) (V) > 0, then

t7

(1 + a) -

In this case the adjusted volatility is smaller than the one implied by the

fractional Black-Scholes.

2. If D&')(V) <0, then

0.a

(1 + a) +

which is higher than the volatility implied by the fractional Black-Scholes

formula.

We compare the above two cases with the classical Black-Scholes model where a =2.

Since 1 <a < 2, we have that, in the first case c2 . <o.. Therefore the adjusted

volatility for a long option position is bigger than the one implied by the classical

Black-Scholes model. The reason being that the fat tails created by the stable

distributed underlying asset, have the result that the asset price change is larger in

magnitude than the one implied by the normaly distributed one, making the value

of the option more expensive. As a consequence the amount of assets we need to

buy or sell needs to be higher in order to maintain a delta hedged position. This fact

leads to a higher value for the fractional derivative and therefore higher transaction

costs.

In the case D(°) (V) <0, we have that g2.... > o. In the classical Black-Scholes

argument this corresponds to be short in a European call option and therefore the

same argument as before applies.

4.4 Perpetual American Put

An American option is a contract that gives its owner the right to exercise the option

at any time prior to expiry. For this reason an American option is worth at least

as much as a European option, since the choice of exercising costs money. There

is a difficulty associated with the pricing of these options, since the owner needs to
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find the optimal time to exercise. A very simple example of an American option

is the Perpetual American Put. This contract does not have an expiiiy date and

therefore can be exercised at any time. This example is useful to gain an insight for

the American options in general. Since the type of option we are trying to price is a

put, it means that at any time of our choice, we can 8e11 the underlying and receive

an amount X. Therefore, the payoff function which is independent of tame is

V(S) = max(X —5,0).

We assume that there are no arbitrage opportunities, that means that the value of

the option can never be less than the early exercise payoff, hence

V^max(X — S, 0).

If the above condition did not hold, we could buy the option for V = max(X - S, 0),

immediately exercise it by handing over the asset S, receive an amount X and

therefore make a riskless profit X - S - V.

While the option value is strictly greater than the payoff it must satisfy the

fractional Black-Scholes equation given by equation 4.4, where V is independent of

time. Therefore, the equation for an American perpetual put becomes

av aSa
rS +	 (V) - rV =0.Os r(1+)

The solution of the above equation is

V(S)=AS+BS',	 —1<A<a-2, 1<a^2,

where A, B are arbitrary constants. The derivation of the above equation is pre-

sented in Appendix F.

From the payoff function of the American perpetual put, it is dear that as

S -^ 00, the value of the option must tend to zero. Thus the coefficient A must be

equal to zero.

Suppose that the optimal price to exercise is at S = S. At that price the value

of the option must be the same as the exercise payoff. If it was less we would not
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exercise and if it was more it would lead to an arbitrage opportunity. Therefore at

S = 9 we must have

V =X—& =BS.

From the above we find the value of the last coefficient to be equal to

B=(X—S)S,	 —1<A<c-2, 1<a^2.

Hence the value of the option as a function of S for S> S is

gA
V=(X_S4(-) ,	 —1<A<a-2, 1<a^2.

Since we can exercise at any time, we want to find S such that the value of the

option attains its maximum value at any time. Therefore, we must have

1W

9S

Hence, for all S ^ S, V is maximized if

AX
S= 1 ,	 —i<A<a-2, 1<a^2.

We want the slope of the value of the option V to be continuous at S = S and

equal to the slope of the payoff function. That is,

oV--
—1, atS=S,,.

Differentiating we get

X—s*
A	 =-1,	 —i<A<a--2, 1<a^2,

which gives the same equation 4.9.

At this point we would like to compare an American perpetual put, when the

underlying asset is log-normally distributed with one being log-stable distributed.

To do this we compare the negative root A of equation 4.9. We know that for a fixed

value of —(1 + a) ., there is —1 <A <a —2, that satisfies the following equation:

(1+A—a)(2+A—a) r(A+l) =—r(1+a).
A—i	 r(3+A—a)

(4.9)
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In the case a = 2, .A2 = -, (where A2 denotes the value of A at a = 2). Ifwe look

at the stochastic differential equation for the log-normally distributed underlying we

have

dS = (r_ç)dt+crdB

= r(1_r)dt+cTdB,

where dB is the Brownian motion increment. If

2r
--<-1,

a2

then the stochastic quantity has zero or positive drift. That means that at each

timestep the underlying asset has a positive constant growth rate. In this case

A0 > A2 since A0 > –1 making the volatility very small. That is, a > a2 and

hence
r	 2r

r(l+a)— <—.
a0 a

The constant growth of S is higher in the normal case. As a consequence the value

of the option when 1 <a < 2 is bigger than the value of the option when the asset

price is log-normally distributed; i.e a = 2.

Consider the case –1 <A2 <A0 <a - 2, where the stochastic quantity has

negative drift. This negative drift is smaller in the case of a = 2. Since A 2 <A0 , that

means that a0 > o 2, therefore the volatility is still very small. As in the previous

case it means that the value of the option for a log-stable distributed underlying is

bigger than the value of the option when the asset price is log-normally distributed,

even though the drift is negative.

The reason for this is that when the asset price is strictly stable distributed, i.e

1 <a <2, there is a higher probability of an extreme event to occur. In other

words, even if the market is relatively calm, that is the volatility is very small, there

is always some chance that a large price change may occur. That causes the value

of an American perpetual put to be higher under a log-stable distribution. In other

words, the value of the option will never be worthless if the volatility is very small,

as predicted by the log-normal distribution, but it always going to have some value.
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Finally we consider the case –1 < ) <A2 ^ a-2, where as before the stochastic

quantity has negative drift. In this case we want

r	 2r
r(1+a)–> ,

giving a higher negative growth for the normally distributed asset price. That means

that cr2 > a and in order for this to occur the volatility has to be very large. In

this case the value of the put option when 1 <cx < 2 is smaller than the value when

a = 2. Therefore, when the market is very volatile the log-normality assumption

tell us that the put option is far in-the-money and as a consequence the value of the

option approaches the strike price. Under the log-stable assumption however, there

is always a chance that the option will not end up in the money, making the option

value never equal to the strike price and hence, be cheaper.

4.5 Perpetual American Call

We will modify the model described in the section above, by allowing for the asset

to receive a continuous, constant yield D. Thus the fractional differential equation

for a perpetual becomes:

OV	 cYS°
(r - D)S— +	 D)(V) - rV = 0,

OS r(1+)

and the solution of the above equation is

V=AS+BS, –1<A<a-2, 1<a^2,

where A+ denotes the positive root and ).. the negative one. We consider an option

with a European call payoff function; that is,

V(S)=max(S–X, 0).

As S – oo, the value of the option tends to infinity. Therefore, the coefficient B

must be equal to zero. The solution for the American perpetual call is hence given

by

V=ASA.
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Solving in a similar way as for a put payoff function we get

where the value of the option is maximized if

AX
S*1A	 forall S>S.

If we consider no dividends then V = S should be a solution to the perpetual

American call equation. For this to happen we should have A 1, making S,,

infinite. Therefore, it is never optimal to exercise the American perpetual call when

there are no dividends, since when its value is the same as the underiying asset,

would give an optimal solution at infinity.

4.6 Fractional Backward Equation

The backward equation is useful when we want to calculate probabilities of reaching

a specified final state from various initial states. This equation is very siunilar to the

Black-Scholes equation once we find the probability function and take the expecta-

tion of the payoff function of an option over the probability space. We derive the

backward equation using the trinomial model described in the previous section. We

assume that at the present time we are at the point (x, t). After a tirnestep öt the

random variable x can rise, fall or take the same value as before. The sum of the

probabilities associated with each movement is equal to one. As before, we denote

(z, t) the probability of a rise and 4r(x, t) the probability of a fall. Therefore, at

tune t + öt, the variable could take one of the following values z + öx, x or z - 5z.

Since we are working backwards in time the probability of being at x' at time t'

given that it started at x at t is given by

p(z',t'(z, t) =	 t)p(z', t'Iz + Jx,t + öt)

+(l - 4(z, t) - 4(z, t))p(x', t' Ix, t + 5t)

+r(z,t)p(x',t'Iz - öx,t+ 5t).
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I	 V

Fig. 4.1: The trinomial approximation to the backward Kolmogorov equation.

Assuming that the probability density function has a fractional Taylor series, we

expand the above equation at the point (x + 5x, t + &)

p+ 5t+-6x+	 D(p)5x
at	 ax	 F(i+)

p(x',tx,t) =	
[	

t9P	 a	 1

	

{

a	 ap	
(l+)]

+ —at - —a +

	

8t	 8x	 F

+(1——)

Rearranging we get

+ (	 -	 )ax +	 +	
1	 D(Q) (p)j5xI t = 0.	 (4.10)
+cx)

Assuming that the stochastic quantity x follows a Levy process given by

dx rxdt + axdL,

where r is the risk free rate of interest and L is a Levy motion. Therefore the mean

of the change in x after a timestep öt is

(+ - q)öx = rx8t,

and the ath moment

(q+ + 4r6x = ax5t.
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Solving the above two equations we find the values of the probabilities of a rise and

a fall to be equal to

= !_.	 + rxöx1),
2 öxa

1 öt=	 (oxa - rx5x°1).

Substituting these values into equation 4.10 we get

8P	 CX 
D() (p) = 0.—+rx—+

Ot	 Ox r(1+a)

Solving in a similar way as the fractional Black-Scholes equation we have

j3(z) = exp { [izr + (–iz)'	
+ c) + IzI F(1+	

(T – t) }.

This is the characteristic function of the log-stable random variable mx. Taking

the inverse Fourier transform of the above equation, we would therefore obtain the

probability density function of the random variable in x. Taking the expectation

of some payoff function over the probability space, we will get the same fractional

Black-Scholes equation described in section 4.2.

We are going to derive a different backward equation by considering a process

given by the following stochastic differential equation

dx = (i –
	

dt + adL

This is the process for the random variable x = my, where the increments dL are

drawn from a stable distribution. Solving in a similar way as before we arrive to the

following equation for the characteristic function

çp(z) = j3(z) = exp { {izö - IzI	 (T–

which the same characteristic function of the form (A) parameterization, with the

location and scale parameters being equal to

5 = ( —
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= F(1 + a)t

This equation is the same as the fractional Fokker-Planck equation for a symmet-

ric standardized stable distributed random variable. The reason we can use this

approach to models involving in finding the probability density function, is that a

continuous time hedging strategy is not required. Meaning that since we do not

have to buy or sell the quantity in x in the market that in reality does not exist, we

can use Ito lemma to the stochastic quantity of interest and therefore evaluate the

transition probabilities for a much simpler stochastic process.

4.7 Market Price of Risk

In this section, we apply the same argument as in the fractional Black-Scholes model,

derived in section 4.2, but in this case we consider a different hedging strategy. As

before we assume that the underlying follows a process described by the following

stochastic differential equation

dS = jSdt + aSdL.

We now construct a different type of portfolio. The portfolio consists of one long

option position and a short position in some quantity of some other option V1(f, t),

which can have a different payoff function, strike price or maturity date. Hence,

II = V(S,t) -

After some tirnestep dt, the value of the portfolio changes from time t to t + dt. The

change in the value of the portfolio is due to the change in the option value V and

to the change in the value of the option V1 . Therefore:

dfl=dV—zdV1.
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Assuming that both V(S, t) and V1 (S, t) have a fractional Taylor series expansion,

we have

dV =	 dt + dS +	 D(a)(V)ldSIa and
r(1+a)

dV1 =	 1dt + u1dS +	
1 

D"(Vi)IdS.
1'(l+a)

Since the increments dL are drawn from a standardized symmetric stable distribu-

tion; i.e. dL S(a,fl, dt' /", 0), we have using pararneterization (A) that dIP dt.

Ignoring terms of order higher than dt, we then have for S> 0

dli = ( 
+ 

oSa D
(°) (Vf' dt+ dS

r(1+a)	 )

oraSa

+ (1 + a) 
D(a)(Vi)) dt - LdS.	 (4.11)

For no arbitrage the growth in the portfolio should be the same as the growth we

would get if we put the equivalent amount of cash in a risk-free interest-bearing

account, thus

dli = rfldt.

Since the randomness is included in the term dS, to eliminate it we must have:

dS -	 =0.

Rearranging equation 4.11 we have
a5a	 __________	 8V	 gaza

l + r(l+a) D ) (V) -	 -	 + r(l+Q)')M(1T1) - rV1
8V	 -

Since the two options are different, for the above equation to be true both sides

have to be equal to a function of the independent variables S and t. We denote this

function A(S, t) and we choose A such that

OV	 °	 D(a)(V) - rV = - (p - Ac) S.	 (4.12)& +r(1)

The quantity (p - Ac) is called the risk neutral drift rate of the underlying asset.

The risk neutral drift of the asset is r and not p. When pricing options, it is the
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risk neutral drift that matters and not the real drift. The function A is called the

market price of risk.

Since S must be a solution to the above equation we must have

Substituting into equation 4.12 we have

OV	 c9V	
aS D(V) - rV = 0,	 (4.13)-- +rS	

+ F(1+a)

which is exactly like the fractional Black-Scholes equation derived in section 4.2, and

can be solved in a similar way.



CHAPTER5

Fractional Brownian Motion

5.1 Introduction

The majority of the models in mathematical finance theory are based on the assump-

tion that the random source of motion driving asset prices follows a log-Brownian

random walk. Since the pioneering work of Black and Scholes, option pricing the-

ory flourished around this assumption. It is also widely accepted that such models

are not empirically correct. Sudden price movements such as stock market crashes,

occur far more frequently than would be expected from a log-normally distributed

asset price. These large price movements make the empirical distribution fat tailed,

and as a consequence many models have been developed in order to explain the

thickness of the tails observed in reality.

One approach has been to assume that the random source of motion is driven

by fractional Brownian motion. Instead of log-normally distributed asset prices,

Rogers (1997), showed that models based on fractional Brownian motion can lead

to arbitrage. He showed that the fractional Brownian motion is not a semiinartingale

(except in the Brownian motion case), there can be no equivalent martingale measure

and therefore, it does not have zero expectation. His arguments were based on using

ordinary products pathwise and leads to integrals which are defined by

6
j f(t,w)JBH(t) = lim f(tk,w) (BH(tk+1) - BH(tk))

Ja

whereBjj (t) is the fractional Brownian motion and

a partition of the interval [a, bl and = rnaxo<k<fl_1 (tk+1 4) . These integrals

do not have expectation zero and are called fractional pathwise integrals. For the

above mentioned reason models based on fractional Brownian motion were no longer

considered promising for mathematical modeling.

Hu and øksendal (2000), however, priced a European call option by considering
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an Ito type of stochastic integration with respect to fractional Brownian motion.

The type of integrals they used are defined by

f

b 
f(t,w)6Bji(t) = lirn f(tk ,w) o (BH (tk+1 ) - BH(tk))	 (5.1)

where o is the Wick product and we define it in the next section. Integrals of the

above form have zero expectations, and are called fractional Ito integrals. The

relation between these two integrals is investigated in Duncan et al. (2000).

In section 5.2 we present some basic results on fractional Brownian motion taken

from Duncan et al. (2000), Hu and øksendal (2000) and Hu et al. (2000). With

the formal definition of a fractional Ito integral in hand, we proceed by pricing a

European call option. We derive the formula of a European call in a slightly different

way than the one described in Hu and øksendal (2000), and we observe that the

equation we obtain is the same as in the classical Black-Scholes model with the

volatility being time dependent. In section 5.4, we show that transaction costs can

be easily added to the model.

5.2 Fractional Brownian Motion

5.2.1 Definitions

Let Il Co (R, R) be the space of real valued functions on I1 with the initial value

zero and the topology of local uniform convergence. There is probability measure

P on (Il, F), where F is the Borel a-algebra1 , such that on the probability space

(1l,F,P) the coordinate process B" :11 - R defined as

Bf'(&,)=w(t), WE(1,

Il be any given non-empty set. F each subset A of Il its complement A° is defined as

A'=fl—A={w:wEfl and wA}.

A a-field or a-algebra F on is a collection of subsets of fl such that

1. 0 and QEF,
2. AEF=A°EF,

3. If{A}isacountablecollection c(setsinFthenUAn EF.
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is a Gaussian process satisfying

E(BH (t)) = 0	 E[BH(t)BH(s)J = {I t 	 +	 — — s1}

for all s, t E ll^. This process is called fractional Brownian motion with Hurst pa-

rameter H. It is related to the characteristic exponent a of the stable distribution by

H =1 • If H = , the fractional Brownjan motion becomes the standard Brownian

motion.

First we fix <H < 1 and we define the function : lR x lit - lR by

q(s,t) = H(2H — 1)Is - t2H_2

We also consider the function f IR+ —* R to be a Borel measurable function2 . The

function f belongs to the Hubert space L(1L) if

If I 
= f f f(s)f(t)q(s, t) ds dt < 00.

1R R

Furthermore if 1,9 E L(R+) the inner product is defined by

(f,g) 
= f f f(s)g(t)(s,t)dsdt.

R R^

We also define an exponential function c(f) as

Definition 5.1. Let LP (f, .F, P) U be the space of all random variables F 1 -4

JR sich that

IIF	 (EIFI)" < 00

and let

L = L() = {fIf	 IfI = f / f(s)f(t)(s, t) ds dt < oo}.

For any fELi, deflnee:L—+L' as

E(f)	 exp If 1(t) dBH (t) — ! f f f(s)f(t)(s, t) ds dt}
1. 1R

= exp If f(t) dBH(t) - ifI} .	(5.2)
I

2 A function f is said to be measurable if the set

{w € Q: 1(w) <y}

is measurable i.e. I E F for every y E R
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1ff e L, then r(f) EL" for eachp^ 1.

Let £ be the linear span of the exponentials,that is,

= {acu nEN,ak E fk E L()forkE

The following theorem is an absolute continuity of measures for some translates

of fractional Brownian motion.

Theorem 5.1. If F : Il -4 R is a random variable such that F E L'(11, , F) for

some p ^ 1, then

E{F (BH + fg)(s)ds)} =

1 r	 'ooE {F(BH) exp (f° g5 dB" - Jo Jo (u, v)ggv du dv) },

where is given by

(g)(t) f q(t, u)gu du

and g E

The Malliavin 4'-derivative is defined as follows

Definition 5.2. The q5-derivative of a random variable F E LP in the direction of

g where g E L is defined as

D 9F(w) = urn 1F ( +5 [(g)(u) du) - F(w)}
o-*o6) \	 Jo

if the limit exists in L"(cZ,F,P). Furthermore, if there is a process (DFS , s ^ 0)

such that

DgF 
= f DF8g ds almost surely (a.s.)

for all 9 E L, then F is said to be q-differentiable.

We finally define the Wick product of two exponentials E(f) and E(g) as

= c(f+g).
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Using the above definition, we can extend it to define the Wick product of two

functionals F and C in . The Wick product is extended to more general functionals,

including the functionals of the form

f gs dB' geL,

where the above integral is not an element in e.

Proposition 5.1. If yE L, Fe L2(Z,..'F,P) and D 9F e L2 (1,F,P), then

Fcfgs dB =Ffg5dB_D9F.

For example consider a stochastic differential equation as follows

dS(t) = pS(t)dt + aS(t)dB" t C [0, T},

where the initial value S(0) e 	 or the terminal value S(T) E L. Rearranging the

equation we have

= idt + cidB('.

Taking integrals on both sides we have

S(t) =S(0)expo{pf ds+af dB}

using equation 5.2 it can be written as

S(t) = S(0) exp { f ds + aLt dB - 'a2 f f q5(s, u) ds du}

= S(0) exp {t + aB(' - l2t2H}

5.2.2 Ito Formula

In this section we present an analogue of the Ito formula. Let f R -+ R be a

twice continuously differentiable function with bounded second derivative. Then for

a partition {to, t 1 , ..., t} of [0, T], it follows by Taylor's formula and proposition 5.1
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that

f(Bç!)—f(0) =

n-i	 n-i
=	 f'(Bf') [B(' 1 - Bit'] +	 [s['^, _Bf]

i=O	 i=O

=	 f'(B() o [B(^, - Bitt] +	 fti+l Df'(B() ds
i=O	 i=O

n-i

>f"() 
IBH _B']
I. t±i2 

i=O

= 11+12+13,

where , E (B(',B('^1).

By the definition of the stochastic integral, the first term I converges to

J
f'(B311)dB' inL2.

0

By a version of the chain rule for the çb-differentiation operator, it follows that, for

s E tt,t+i),

D?f'(B(') = f"(Bf')Dt(Bit')

'ti
= fu'(Bf')J q(u, ․)du

0

= Hf"(Bf)[s211 ' - (s - t)21'].

Thus the second sum '2 from Taylor's formula converges to

H]
 s21 f"(B8')ds inL2.
0

Finally we have that

- B('1 2	 + E(B(')2 - 2EB" B('
tI+1

2H t2H	 42H t2H it	 2H
= tj+l + j - (+ +	 - i+i - ii )

2H= ti+i-ti
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and since <H < 1, as the increments get smaller 13 - 0 in V.
The following chain rule formula is obtained.

Theorem 5.2. 1ff : P -+ IR is a twke continuously differentiable function with

bounded derivatives to order two, then

f(B ') — f(B) 
= 

J f'(B) dB' + Hf 82H_If(B) ds a.s	 (5.3)
0	 0

When H = 1/2 the above formula implies the Ito formula for Brownian motion.

The following theorem shows how to compute the 4-derivative of a stochastic

integral of Ito type. It can be verified from the product rule and the Riemann 8Ulfl

approximation to the stochastic integrall3.

Theorem 5.3. Let (Fe, t E [0,T]) be a stochastic process in £(0,T) and

sup

and let

77t=jFud13'! fortE[0,T}.

Then, for s,t E [0,T],

i.t
=
 J

DFu dB' ± J Fçb(s, u) du a.s.
0	 0

Finally we give a more general Ito formula.

Theorem 5.4. Let

t=jFudJ3,

where (F5, u E [0, TI) is a stochastic process in £(0, T). Assume that there is a

d>1—H such that

- F,, 12 Cju -
3Let:O=to<ti<...<t=Tbeapartitiono(theintervaJ[0,T]. Letf(s)s^Obea

smooth stochastic process on the probability space (Q, F, P). For the Brownian motion Bg I ^ 0,
The Ito integral can be defined as the limit of the Ripminn sums

n-i
ft(Bt,—Bt.)	 as

t=0
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where Iu — v <5 for some 5> 0 and

urn	 EJD(FU - F )I2 = 0.
O<u,v<t, Iu—v--+oI

Let / 11t x R -+ R be a function having the first continuous derivative in its first

variable and the second continuous derivative tin its second variable. Assume that

these derivatives are bounded. Moreover, it is assumed that

El
T

F3D5Jds<oo
Jo

and (f'(s,i13)F8 , s E [O,T1) is in £(0,T). Then for 0 ^ t T,

ft Of
= f(O,O)+ I

Jo Os

ft 92f
+10 --(s,t13)F8D5ds

If F(s) = a(s) is a deterministic function, then the above equation simplifies as

follows:

t
f(t,rit) = f(OO)+f(siis)ds^ [ r_(a,q3)a3dB"

Jo

+ /
t 82f—(8,77) / q5(s,v)dvds a.s.

J	 Jo

or formally

t
df(t,t) =	 (t,r,t)dt+(t,ijt)at dBf' + ç1(,17) I (t,v)dvdt.

Jo

5.3 Option pricing

In this section we derive a Black-Scholes partial differential equation, based on the

Wick calculus described in the previous section. The derivation of this equation is

based on the work of Hu and øksendal (2000).

We assume that the underlying has a stochastic process given by

dS = pSdt + aSdBH,
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where the driving source is a fractional Brownian motion B11.

As in the classical Black-Scholes analysis, we construct a portfolio with one long

option position and a short position in some quantity L of the underlying:

H= V(S,t) - zS.

After some timestep dt, the value of the portfolio changes from time t to t + dt.

The change in the value of the portfolio is due to the change in the option value and

to the change in the underlying. Assuming that there are no arbitrage opportunities,

we have

dH =dV—tdS=rlldt.

By applying the fractional Ito formula 5.3 to the function V(S, t) we have

dV	 'dt +	 dS + Ht2f_1a2dt.
at

Thus, after a timestep, the portfolio changes by

av av
—dt + —dS + Ht2H_12dt - dS = r(V	 S)dt.	 (5.4)
at	 as

In order to eliminate the randomness which is included in the term dS, we choose

av
as

Substituting into equation 5.4 we arrive to the following Black-Scholes equation

when the underlying asset follows a fractional Brownian motion.

av	 av
+ rS	 + Ht2_1 72 S2	- rV =0	 (5.5)

We let f = in S and

V(S, t) = e_T -t) lV(f, t),

to get

ow 1 2aW
+ (r - Ht212) ! 3 +	 a j- 0.

We do the following change of variable

x = f + r(T - t) - 12(T2H -
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and the partial differential equation 5.5 is reduced to

.crrxr
+	 = 0.

at	 ox2

We do one last change of variable and we let

r = a(t) =	 2Ha2T2H_l dr

= cr2 (T21 -

to get

9W 1 02W
- 2 O

By solving the heat equation we have that

1 exp1_2}.
2r

In the limit as r -* 0 the.function W becomes a delta function at x = , that means

1	 '°°	 (
urn	 / exp -	 x)2	 d = g(x).

2T

We now consider the payoff, that is the value of the option at time t = T. In this

case we are considering a European call option, that is the option will be exercised

if the final price of the underlying is bigger than the strike price. Therefore we have

V(S, T) = payoff(S) = rnax(S - X, 0)

In the new variables this final condition becomes

W(x,0) = payoff(ez)
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Taking expectations the solution for r > 0 is

W(x,r) =

1	 (x–)2)
I exp-=	

Jinx	 2r j (e - x) d

1	 '	 '	 (x - )2)	 X	 '	

{ 

(x -
=	

I exp–	 i exp
Jinx	 t.	 2r	 J	 Jinx	 2r

=	 ex
1	

[ expI_+T}d±

1.	 2rJ JInX	 I	 2T

	

X f°°	

I (x—±)2
exp–	 }ci

	

lnX	 I	 2r

{	 2rJ
1	

f^rinxex{}i= —exp x+

-7f, exP{–}dii.

Both integrals are written in the form of the cumulative Normal distribution function

N(.):

W(x , r) = exp{x+lN(x+T_1rX'\ xN(xlnX'
2rJ '	 /;;:	 )	 )

Substituting back we get the value of a European call option to be

V(S,t) = SN(X+T(Tt)+2Tt))
- t2H

_Xe_Tt)N (
	

+ r(T - t) -	 - t21))

a VT21' - t2H

5.4 Transaction Costs

In this section we are going to add transaction costs in the model described above.

As in the fractional Black-Scholes case, our analysis is going to be based on the
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model of Leland (1985). The assumptions we are going to use are the same with the

Leland assumptions with the only difference that 5BH = çb(St)".

We are going to value a European call option but this time we are going to allow

for transaction costs, therefore, we will have to employ a discrete time approach. If

U is the value of the hedged portfolio and 511 is the change of the portfolio over the

time step St, we must subtract the cost of any transaction from the equation for 511

at each timestep. Therefore, after a timestep the change in the value of the hedged

portfolio is now given by

sri = sv—os

1W=	 +	 + Ht2_ba2S2	 -	 ot

+aS ( -
	

(St)H - Ks.

If we choose the same hedging strategy as before but taking into consideration that

the portfolio is only rehedged at discrete intervals, then the number of assets held

short is

=

where it has been evaluated at time t and asset value S. After a timestep St and

rehedging, the number of assets we hold is

5S,t+ St).

If we subtract the former from the latter, we can find the number of assets we have

traded to maintain a hedged position. Thus we have

V =	 (S+5S,t+5t) -	 (S,t).

Since the timestep and the asset move are both small we can apply the Wick version
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of Taylor's theorem to expand the first term on the right-hand side

+ 6S,t + Jt) =	 (S,t) + 1LS(S,t)öt + aS(S,t)öBH

+ Ht2I_1u2S2(S,t)at +

Since 5BH (öt)", as öt - 0, the leading term in the expansion is (öt)". Therefore,

to leading order the number of assets bought or sold is

crS(S,t)5B	 aS(S,t)cb(öt)H.

Since we don't know in advance how many shares will be traded, we can calculate the

expected number, and hence the expected transaction cost over a timestep. Thus,

we have

E(,cSIvI) = ,ccrS2 	 (ot)"]EthI)

= L 2102V1

Vir 
aS

The expected change in are portfolio becomes

ri 
= (	

+ Ht21_1a2S2 ) - /,g2 II (5t)".
V7r	 IaS2i

One of the assumptions is that the hedged portfolio has an expected return equal

to that of a risk-free bank deposit. Therefore,

511= r(V -

yielding an equation for the value of a European option with transaction costs as

follows

01'	 OV
+ rS + Ht2h1_1a2S2	 -	 (öt)"_' - rV =0. (5.6)

The second derivative of the option price with respect to the asset price is a measure

of the degree of mishedging of the hedged portfolio and is called the gamina that

i, r =	 . Since gamma is the sensitivity of the delta to the underlying asset, is a
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measure of how much or how often a position must be rehedged in order to maintain

a delta-neutral position. Therefore, the gamma of an option is related to the amount

of rehedging that is expected to take place at the next rehedge and hence to the

expected transaction cost.

We distinguish between two different cases. First we assume that we are long in

a European call option; that is we have a positive amount of the qptIon. Then, if

there are no transaction costs we have that

o2v >o.

If this is true when transaction costs are included then we can drop the modulus

sign in equation 5.6, to get

=

If we replace the actual volatility by the modified volatifity given above into equation

5.5, the equation for the value of the option with transaction costs is identical to

the Black-Scholes value. Therefore, the assumption > 0 is true for a European

call option even in the presence of transaction costs. This result shows that a

long position in a European call option in the presence of transaction costs, has an

apparent volatility that is less than the actual volatility. When the asset price rises

the holder of the option must sell some assets to remain delta hedged. But then

the effect of the bid-offer spread on the underlying is to reduce ti price at which

the asset is sold. The effective increase in the asset price is therefore less than the

actual increase, being seen as reduced volatifity.

We now consider the second case. We assume that we are short in a European

call option; that is we have a negative amount of the option. Then, if there are no

transaction costs we have that
.92V

Dropping the modulus sign in equation 5.6, we get

4	 V'r
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Replacing the actual volatility by the modified volatility, the equation for the value

of the option with transaction costs is identical to the Black-Scholes value. The

converse argument is true in this case.

We compare the above results with the classical Black-Scholes model where H =

. Since <H < 1, we have that (ôt)'' <(ot)' /2 . In the case of a long European

call option he have that a2_. <oH-. Therefore the adjusted volatility for a long

option position is bigger than the one implied by the classical Black-Scholes model.

The reason being that the fat tails incorporated in the Wick calculus approach to the

fractional Brownian motion have the result that the asset price change is larger in

magnitude than the one implied by the normal Brownian motion, making the value

of the option more expensive. As a consequence the amount of assets we need to

buy or sell needs to be higher in order to maintain a delta hedged position. This fact

leads to a higher gamma and therefore higher transaction costs. The same argument

applies for the case of the short option position since o. > CH_.



CHAPTER 6

A Utility Model

6.1 Introduction

McCulloch (1985), was among the first to price an option derivative, where the un-

derlying asset is log-stable distributed. By constructing an investor's utility function

when he enters an option contract, he allowed for the model to include a fat tailed

distribution and therefore take into consideration large price movements.

Investors are weighting the possible outcomes by the probability of their occur-

ring, and treating the resulting sum of the expected payoffs as the utility to be gained

from participating in the contract. The utility function the investor is seeking to

maximize involves some risky asset and a cash or bond position. Letting the utility

functions from the cash and the asset positions to be maximally negatively skewed

log-stable distributed, he constructs a portfolio which consists of a long European

call option position. That is, the owner of the option will receive at expiry one unit

of the asset and will pay X units of cash (where X is the strike price). In order to

enter such a contract, the investor wifi also have to pay a premium up front.

In this chapter we will present the model described above, but with the pricing

taking place in some small time interval dt, rather than the whole interval [0, T].

We will show that the classical Black-Scholes model is derived, when the values

of the stable distribution parameters are appropriately chosen. Rubinstein (1976),

instead, derives the Black-Scholes formula for a European call option when the

random variables have a general bivariate normal distribution.

6.2 Utility Maximization

Let A1 and A2, be two assets with a representative household utility U(Ai , A2),

which the investor desires to maximize. For example in case of commodities A1 , A2

92
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are consumption goods, A1 is the aggregate of all goods other than A2. A particular

level of utility or satisfaction can be derived from many different combinations of

A1 and A2. Marginal utilities are given by

9U	 ÔU
U1 ,	 U2-.

A positive value for U1 signifies that an increase in A1 will increase the investor's

satisfaction level. The total change in U, caused by variations in A1 , A2 is therefore,

dU= U1dA1+U2dA2.

That is, if the consumption of A1 decreases by dA 1 the resulting loss of utffity is

approximately U1 dA1 and the gain of utility caused by acquiring some quantity

A2 is approximately U2dA2. Taking arbitrarily small increments, the sum of these

two terms must equal zero in the limit, since the total change in utility in the

neighborhood of a maximum is zero, giving

U2	 dA1

U1	 dA

This is the rate at which the investor would be wiffing to substitute A2 for A1 per

unit of A2 in order to maintain a given level of utility. A positive value for U2 signifies

that an increase in A2 will increase the investor's satisfaction level and therefore he

is willing to pay more to acquire the new level of satisfaction.

Let S be the random spot price of the A2 in terms of A1 at a future time T; that

is, we get 1 unit of A2 in exchange of S units of A1 . Hence, the utility from a small

position in this contract wifi be

U(Ai - eS,A2 + e).

Maximizing over e we have that

dU=O = -SU1+U2=O

U2
= 5=—.	 (6.1)

U'

Let F be the forward price in the market at present time 0 on a contract to

deliver 1 unit of A2 at time T, with unconditional payment of F units of A1 to be
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made at time T. Formally, we can define a forward contract as the obligation to buy

or sell an underlying asset at a specified forward price on a known date. Therefore,

the forward is the expected value of that contract at some future time T.

Uncertain situations can be analyzed in terms of the maximization of expected

utility E[U(A1 , A2 )]. Potential investors are thought of as weighting possible out-

comes by the probabilities of their occurring, and treating the resulting sum of ex-

pected payoffs as the utility to be gained from participating in the contract. There-

fore, the expected utility from a position of size e in this contract is

F.{U(A1 - eF, A2 + e)]

Maximizing over e we have

ThJ OEU
dIEU=O =- _F_A+aA=O

= —FEU1+EU2=Q

EU2
F=-.

The upper Paretian tail for F wifi come entirely from EU2 . In other words, the

occurrence of a high forward rate will more likely be from an increase in the ex-

pected utility from A2. For EU, i 1,2 to be finite, when log U1 , log U2 are both

stable with the same characteristic exponent a < 2, they both must be maximally

negatively skewed; that is, we set fi = —1.

For log S we do not need to make this restriction, since log ST may receive an

upper Paretian tail from U2 and a lower one from U1 and have intermediate skewness

governed by

-_____

allowing logS to be intermediately skew stable or even symmetric stable. Since

log U1 , log U2 are both stable with a common characteristic exponent a then by the

invariance property of stable distributions, log S will also be stable with the same

characteristic exponent.
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Let u2 , i = 1, 2 be independent asset specific maximally positively skewed stable

variables contributing negatively to log U, i	 1,2. That is

logU2	 —u2	 where u -' S(a,1,"yt 1 '',öjt)	 i = 1,2,	 (6.2)

with log-characteristic function given by

IiztS—tzIsec	 a1
log lE[e1t}	 2	 1,2.

[ 
izt+izt'ylogzt'y

From equation 6.1, we have that

U2
logS =

U1—U2,

where logS ' S(a,/33 ,y3 t h /a , 63 t) , with the parameters determined as follows:

0	 0
72c58 =öi -52 ,	 7=7+7,	 /3=

I3

The last two equations give

(1 +fi\ "a

2 )

-	 1/a

2 )

Considering the case 1 < a <2 and allowing 0 = !, from the log characteristic

function for the variable u2 , we have that

IEU1 =exp{—t-7tsec9}	 i = 1,2.	 (6.3)

Since the forward price is the ratio of the expected utilities we can write

F	 exp{(ö1—ö2)t+(7—'yfltsecO}

= exp{ö3t+/37tsec9}.	 (6.4)
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6.3 Log-Stable Option Pricing

Let C be the value, in units of A1 (can be considered as cash or a bond), to be

delivered unconditionally at time 0, of a European call on one unit of the underlying

asset A2 , to be exercised at time T, with exercise price X. Let r be the default-free

interest rate on loans denominated in A1 with maturity T. C units of A1 at time 0

are thus marginally equivalent to Ce'" units at time T.

For a European call option, the payoff function is given by C = max(S - X, 0).

Therefore, if S = > X at time T, the option will be exercised. Its owner will

receive one unit of A2 in exchange of X units of A1 . IfS < X the option will not be

exercised. In either event, its owner will be out the interest-augmented CeT units

of A1 originally paid for the option. Therefore, if the option is exercised the profit

will be S - X - CëT. The overall utility from a position of size e in this contract,

will be

U(A1 - eX - eCe T ,A2 + e).

If the option is not exercised, the profit will be	 giving an overall utility

U(Ai - eCetT, A2).

In order for the utility gain from a small position in this option to be zero we must

have that

!s>x(U2 - XLT1 ) dP(U1 , U2) - Cef U1 dP(U1 , U2) =0.

Rearranging we get

c - -rT [fs>x U2 dF(U1 , U2) - X>X U1 dP(U, U2)
—e	

fU1dP(U1,U2)	 fU1dP(U1,U2)

Since the expected utility is given by

FTh =jU1 dP(Ui ,U2) i=1,2,

we can write

[ F r	
X [ Ui dP(Ui ,U2 )]	 (6.5)C = e' ic 

J5> 
U2 dP(U1 , U2) - jj-
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where P(Ui , U2) is the joint probability distribution of U1 and U2 and F is given by

6.4. For the option to be exercised we must have that

u2 <u1 —logX or

I.	 >u2+bogX.

To find the value of the European call option, we need to evaluate the integrals

f
UdP(U1,U2)

s>x

We denote the stable distribution function S(uj) = S(u; c, l , 'yg , öj), i = 1,2, not to

be confused with the spot price of the underlying, and the corresponding density

function 8 . (Uj) = a, 1, 7t, 61), i = 1,2. We use the substitution r = T - t and

we calculate the first integral

00 ui-4ogX

li
	 J

U2dP(Ui,U2) J f e2ai(ui)s2(u2)du2dui
s>x

-00 -00

Je_ti282(u2) f 81(ui)duldu2
-00	 u2+IogX

Je
hi2 s2(u2)s?(u2 +logX)du2,

where,

S7(.) = 1 - Sj(.) 
= f s(uj) dug,	 i = 1,2.

We let z =	 to be the standardized random variable, so that the distribu-

tion takes the reduced form. We denote the standardized distribution and density

functions by Sc,.i and 8ai, 1 =1,2 respectively. Hence, we have

=J exp {_z-y^rh1a -	 + 62r + IogX) dz.

Normalizing with respect to tij and by &lding and subtracting log F, we get
00

zi2rhIa + log +fiiPrsece)
Il = e_621'J exp {_zrh1a}s(z)Si (

	
7171/a	 dz

= e_62n11.
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In a similar way the second integral is evaluated, giving

uj-IogX

I
U1 dP(U17U2) 

= I I e"181(ul)32(u2)
s>x

-00 -00

= e'I2,

where

'2 = 7 exp {_7iTu/}soi(z)Sa2 (z7iT
h/a - log -	 o: 9) dz.

-00

From the equation for the characteristic function of U1, given by 6.3 we have that

e 2r !_ = Fe° 8 	 and	 =
EU2	EU1

Therefore, the value of a European call option for a log-stable distributed random

variable becomes

C = Fe_(T_t)	 Tt	 - Xe_r(T_t)iT_t)a secOj-2,	 (6.6)

where Ii and '2 are defined above.

The above formula is also valid for a < 1 (where the mean becomes infinite).

McCulloch (1996), gives a formula for a European call option when a = 1, by simply

taking the characteristic function for the case a = 1.

Rubinstein (1976), demonstrates that when log U1 and log U2, have a general

bivariate normal distribution, equation 6.5, leads to the classical Black-Scholes for-

mula. We derive the Black-Scholes formula when a = 2, by directly applying the

argument described above. The derivation is presented in Appendix G.

6.4 Delta Hedging

McCulloch (1996), constructs a pseudo-hedge ratio for a European call option. He

claims that the risk exposure from writing a call on one unit of an asset can be

partially neutralized by simultaneously taking a long forward position on

c.i'r' rTt

OF
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units of the underlying asset. The discontinuities leave this position imperfectly

hedged if a <2.



Conclusion

While the assumption of normally distributed underlying asset prices based on the

pioneering work of Black and Scholes (1973) has dominated the theory of option

pricing, there is little support from the markets that such an assumption is valid.

In reality, the impact of large price movements produces a large negative fat tail

- greater than the one expected by a normally distributed underlying asset price.

This thesis has investigated various methods of option pricing theory when the

random source of motion, driving the underlying asset price, is generated by stable

noises. By assuming the random variable to be drawn from a stable distribution, we

have incorporated in the models studied the fat tails observed in the markets, and

therefore also the possibility of large price movements.

First, we have derived a fractional Fokker-Planck equation via a trinomial model

approximation. We have assumed that the probability density function of the evo-

lution of the stochastic quantity has a fractional Taylor series. For this reason, the

Fokker-Planck equation derived involved fractional power derivatives. Since there

is no unique definition of a fractional derivative, we obtained different representa-

tions of this equation. Once the probability distribution function of the stochastic

quantity was obtained, we proceeded to price a European call option. We applied

the same trinomial model approach to derive a fractional backward equation, iden-

tifying the probability density function of a specified final state from various initial

states and solving backwards in time. To solve the above equations, we assumed

the random source for the stochastic quantity to be driven by a Levy motion and a

process given by

df = (iz - —(1 - tan 0)) dt +

That is, the stochastic quantity of interest is log-stable distributed with

f .' S(a, fi, a, ö)

100
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where

5=p—(1—tanO).

We then priced an option contract by directly applying the Black-Scholes hedging

argument for a stochastic quantity drawn from a standardized symmetric stable dis-

tribution. This approach uses a continuous time hedging strategy argument which,

at each timestep, eliminates the risk from the portfolio. As before, we assumed that

the random source of motion is driven by a Levy process, but in this case given by

dS = iSdt + uSdL;

that is, the stochastic quantity of interest is stable distributed with S .-.' S(a, 0,0•, /1).

The difference in the two stochastic processes considered is that the fractional

Black-Scholes equation has a more complicated expression than the fractional Fokker-.

Planck and the fractional backward equations. The reason for this is that a compar-

atively simple stochastic differential equation was employed to identify the transition

probabifity density functions by changing the variable, enabling us to consider the

process for the log of the asset price, i.e. we let / = log S. In contrast, the hedging

argument approach requires a more complicated stochastic process in determining

the behaviour of the underlying asset. it is not possible to employ a similar sim-

ple process for the above mentioned model because the market only trades in the

underlying asset price and not, for example, its log value.

We then dropped some of the assumptions in the Black-Scholes analysis, to better

capture the markets, such as the impact of transaction costs. Modifications to the

model were also considered such as a different hedging strategy. As in the classical

Black-Scholes world we showed that pricing an option with a more complicated

payoff function can be easily done.

The thesis also considered other ways in which the effect of fat tails in the distri-

bution could be accounted for. One of those was the Wick product calculus approach

to the fractional Brownian motion. We observed that the equation obtained via this

methodology amounts to replacing volatifity in the classical Black-Scholes equation

by a time dependent volatility. Option pricing with transaction costs was also con-
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sidered. In contrast to all the models considered so far, the underlying asset is

assumed to be drawn from a normal distribution and the fat tails, in this case, are

created by allowing the jumps in the time variable to follow a Levy process.

The marginal utility model of McCulloch (1996) was also reviewed. By assuming

the investor's marginal utility function on entering an option contract to be maxi-

mally negatively log-stable distributed, fat tails were created, and as a consequence,

large price movements were incorporated into the model. In appendix H, we show

that if a characteristic function for the log of the underlying asset price given by

the symmetric (A) parameterization is considered, then the marginal utility maxi-

mization model of McCulloch is the same as the fractional Black-Scholes derived in

chapter 4.

This work has shown that there is a great scope for further research towards

clarifying how the markets operate in reality.



APPENDIXA

Stochastic Differential Equation

In this appendix we derive equation 3.25, i.e.

df = (_(1_$tanO))dt+adL.

We assume that the stochastic quantity S has a process given by

dS=jSdt+aSdL.

After a change of variable / = InS in the above equation, and assuming that / has

a fractional Taylor series expansion given by 3.19. Hence, if we set m = 3 we have

for ao = 0, a 1 and a2 = a, the variable f has a stochastic process as follows

df =	
1	 D(a) (f)IdSIQ ,	 (A.1)

r(1±a)

where

2—Q( 1'D(' ) (f) = I aD2f = '0+	 = -r(a)s,

(see tables 9.2, 9.3 p.l74 in Saniko et aL (1993)).

We assume that the increments dS are drawn from a standardized stable distri-

bution S(a, fi, dt1/ , 0) with characteristic function as in (A) parameterization

E [e(S)} = exp {izrrult - zI' dt (i -	 tan o) }

where dL	 dt and 0 = . Ignoring terms of order higher than dt, from the

stochastic differential equation for the process S we have that IdSI 	 cS°(1 -

tanO)dt. Substituting into equation A.1 we have

df = (_(1_stanO))dt+adIi.
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Fractional Fourier Transform

In this appendix we show the fractional Fourier transform of a fractional order

derivative with 1 < o < 2. First we write the Fourier transform of a function g(x)

as

d f00 ei - 1
ix g(x)dx.

We will also need the following theorem known as Fubini's theorem

Theorem B.1. Let f1 = [a,bJ, 2 [c,dJ, -oo <a <b oo, and let g(x,y) be a

measurable function defined on f^ 1 x I2. If at least one of the integrals

fdxfg(x,Y)dy, 
f 

dYfg(x,Y)dx, 
f 

fg(xY)dxdY

il	 1	 ^2	 1	 1jX 112

is absolutely convergent then they coincide.

The following particular case of Fubini's theorem holds,

fdx fg(x, y) dy 
= 

fb fbg(x, y) dx

assuming that one of the integrals is absolutely convergent.

From the definition of the fractional derivative 3.10, for n = 2 and a = 0, we

have

1	 d foe	 eiZX - 1 ( d 2	
g(t)

—J 
dx .	 -	 ______

I'(2 - c) dz	 ix	 dx	 (x -	
dt.

Integrating by parts with respect to x we get

[	

1	 d	 e -1 d r	 g(t)	
dt'I	 dx	

ii; J.-oo (X - t)°-' -I —ooF(2-a)dzJ_oe

/ e	 eiZS - 11 d	
dx(iz-_____	 - j2 )

d t	 g(t)
J-oe (x - t)°1 

dt.
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Since

[_
1	 d 'oo	 eZZ3 - 1 d	 g(t)	 dtl	 = 0—I dx	 - _____

(2 - a) dz J	 ix	 dx - (x - t)°' j

and

d f I e	 eiz1 - 1)	 z d 00	 - 1
—Idz j00	 ix	 ix	 i dz f_oo ix(iz------	 2	 dx=--------	 dx

Integrating by parts once more

[	
z	 d °°	 ei' - 1	 g(t)	 dtl 

00

= _______- / dx
iF(2 - a) dz j_	 ix	 (x - t)' J 00

z	 d i'°°	 I e	 eiZX - i\ f	 g(t)
/ dx (iz----

- iF(2 - a) dz	 ix	 ix2 ) 00 ( -	
dt

-	 z2	 d "	 eizX - 1 Ix	 g(t)
—/ dx

-	 F(2 - a) dz	 ix	 _ (x - t)1 dt.

By Fubini's theorem we get

z2	 d	 I'0	 e	 - 1

=	 ['(2 - a) a; f_ dt g(t) f ix(x - t)1 
dx

"00	 00	 eiZX

/ dt g(t) 
j (x - t)'' 

dx,
=

letting y = x - t we have

I'OO	 coo e
-	 / dt etg(t) 

J	
dy.

I'(2 - a) j-oo

We have that

- a)(—iz) 2 = 1000 sI_(e_8(_iz)2

and by letting s = —izy we can rewrite the above expression

"00

- a)(—iz)2 = J 
(_iz) l_0yl_ae(_iz)0_l dy

0

"00
= I y'°e'dy

Jo

—F(2—a).
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Therefore the Fourier transform of a fractional derivative with 1 < a < 2

Jr{D(g)} = (_iz)afeutg(t)dt

= (—iz)

( iircx
= Iz! a exp	 g

=

which is also given as the Fourier transform of the Riesz fractional derivative.



APPENDIX C

Fractional Fokker-Planck

Equation

In this appendix we show the derivation of a fractional Fokker-Planck equation for

a stochastic quantity X(t) that followa a stochastic differential equation driven by

Levy noise based on the work of Schertzer et a!. (1999)

dX(t) m(X(t), t)dt + cr(X(t), t)dL.	 (C.1)

First we define the transition probability density function by

p(x,tlXo,to) Pr(X(t) = x IX (to) = xO) Vt ^ t0.

The fractional Fokker-Planck equation wifi be established with the help of the fol-

lowing proposition.

Proposition C.1. The inverse Fourier transform of the log characteristic function

or cumulant generating function of the increments of a Markov process generates

by convolution the Fokker-Planck equation of evolution of its transition probability

p(x, txo, to).

The log of the characteristic function In ço(z) is given by paraineterization (A) in

2.1. More precisely, Schertzer et al. (1999), established the following

t ixo, to) 
= J O(hic(z)) (z - 

yb,, t)p(y, tIxo, to) dy	 (C.2)

where In (z) is the inverse Fourier transform of the log characteristic function of

the increments.

Because of the stationarity of the increments the transition probability depends

only on the time and space lags. That means

p(x, tIxo, to) = p(z - x0,t - to).
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The independence of the increments implies, that the transition probabilities

satisfy a convolution for any given timestep öt.

In the case of a Markov process which does not have stationary and independent

increments, it satisfies a generalized convolution equation which corresponds to the

Chapman-Kohnogorov identity valid for any Markov process X(t).

Therefore, we have that

p(x - x0,t + öt - to) = Jp(x - y, Jt)p(y - z0 ,t - to) dy

that is,

p(x, t + 5tIzoto)	 t + 5ty, t)p(y, tJxo, t0 ) dy.	 (C.3)

Since the probability density function is the inverse Fourier transform of the char-

acteristic function, we have that

1 r°°
p(x,t + ötly, t) 

= - J e t 'öço(z, 5t) dz,

where 5(5t) = '(t + t) - (t). Substituting equation 0.4 into 0.3 we have

1
p(x,t+JtIxo,to) =

2ir f J e_'6(z, öt)p(y, tJxo,to) dz

As öt - 0, ö(z, 0) = 1 and

1100
p(z,tly,t) = _ j00eYdz

giving

p(z, t I xo, to) 
= - J dy J e'p(y, tjzo, to) dz.

Subtracting equation 0.6 from 0.5 we have

p(z,t + JtIxo, t0 ) - p(x, t IXo, to) =	
- J dy J e'(6p(z, 5t) - 1)p(y, t Ixo, to) dz

= - J dy f & In ö(z, öt)p(y, tzo, to) dz

+o(t).	 (0.7)
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For a 8tochastic differential equation driven by a Levy process, we consider an

Ito-like integration of equation 0.1, starting from

exp (izöx) = exp (izm6t) exp (izc5L),

where the increments 5L have a log characteristic function or cuinulant generating

function given by equation 2.1. The following characteristic function is generated

for the increments oX of the motion X(t) given by C.1:

E [e )J = exp {izm5t + iz&8t - 'yzOaQot (i - i8f1. tano)} + o(Ot)

= ço(z)
	

(0.8)

(note that 8 in the term iz&rOt is the location parameter of the stable distribution,

while Ot denotes an increment in t). Since the probability density function is the

inverse Fourier transform of the characteristic function, that is:

p(x) =	 e_ço(z) dz.	 (0.9)

Differentiating 0.9 with respect to t and x we have

Op_ 1 (00

- - 
_je	 (izm+iz& -7'iz I c° (1_iij-tane))cozdz

(0.10)

and

- ! 
[00 

ze_ 2 p(z) dz.	 (0.11)
Ox - 2ir J_00

Differentiating C.9 to the fractional power a, from the definition of Riesz fractional

derivative we have

(—L)'2p(x) = .-' { IzI°P(z) }	 (0.12)

and

O( L=1- - ) 2 p(x) = Y'{izlzl°'j5(z)},	 (0.13)
Ox
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since

F	 (	
)I_i	

} -

	 rOO	 8	 (cr-i)

{ ox	 c,o	 Ox
- -	 2 p(x) - 

J 
e—(—)-p(x)dx

=	 (—is) 2 p (x ) l	 - iz / e(i) 2 p(x)dx[ e
J-OO

(a-i)
= _iz.T{(_L) 2 p(x)J

= izIz''o(z).

Equations C.1O, C.11, C.12, C.13 give rise to the following fractional differential

equation:

(m(x,t) + a(x,t))p(x,tlxo,to)
at - Ox

-	 (—i.) 2a(x, t)p(x, tIxo, t0)

+ yj3 tan O_(—) TU cr(x, t)p(x, t i xo, to).

By letting f = mx and m = z, the stochastic differential equation becomes:

df	 (_(1_tanO))dt+adL.

Normalizing the distribution that is, setting -y = 1 and 6 = 0, the corresponding

Fokker-Planck equation becomes:

Op	 / a
=_yL__(1_f3tanO))
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Thnomial Model

In this appendix we are going to derive equation 3.23 from the main text, i.e.

op -

	

	 opm(x,t)p + cr(x,t)(1 - fitanO)p - m(x,t)-

(	
O•(Xt)	 0

_____ -	 I'(1+a)F(1+a)	 Ox

where the stochastic quantity follows a process given by

dx = m(x,t)dt + oU(x,t)dL.

As we mentioned we can only get the value x' from three different states. The value

of the quantity dropped, stayed the same or rose, and we can denote these values

x' + &r, x' and x' - x respectively, where ax is the jump size. The probability of

being at x' at time t' given that it was at one of the three states at time t' - öt is

p(x',t'lx,t) = 4r(x' + öx,t' - 5t)p(x' + ix,t' - 8tIx,t)

+(1 -	 - t) -	 - iSt))p(x',t' - ötlx,t)

+(x' - Sx,t' - St)p(x' 5x,t' -	 (D.1)

Expanding each term in fractional Taylor series about the point (x', t) we get

op________p(x' + ax, t' - Mjx, t) = p + —ox + (1
	

-
Ox	 F

Op	 ________p(x' - Ox,t' - Otjx,t) = p - —Ox + (1
	 ) D(P)IOxI -

Ox	 I'

p(x',t' - Otlx,t) =p-
at,
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i	 a-
qfr(x' + äx,t' - 6t) =	 - —ox +	 D()IoxI0 - --Ot,

ax	 F(1+a)

1	
D()IOxI0 -— Ox,t' — Ot) = + + —Ox +

ax	 F(1+a)	 at

1 — ^i (X' , t' - Ot) — 1i (x' , t' — Ot) = 1 —	 —	 + --Ot +

Substituting into equation D.1, and rearranging we get

	

= (_i	 --\	 fat- a -- \ a
-	 ) pOx -

at	 ax	 ax	 - -b--) 
--c5tOx + ( - )

+ (D( - ) +D(0)())	 10x10 + (- 
+) D(0)(p)

I Ox 0
F(1+a)	 F(1+a)

+	 - 
t'\ D(0)(p) 

Ox	 + (1 + t"\	 Ox2
\ax	 ôx)I'(1-f-a)	 \ax	 ax)ax

1- (D(a)(_) - D(0)(±)) 
F(1 + a) j

D(0)(p)+ (D(0)(_) + D(0)()) 
F2 (1 + a)

1	
I5xI0Ot— (D(0)(_) + D(0)&i)) 

F(1 + a) at

- 
(/ a-	 \	 (a15- - ac+)	

+ /
	

ot
\—— +	

pOt -	
at ax	 (-2-- + --) at

- (i +	
D()(p)	 0

at	 at)r(1+a)

We assume that

=	 °(t)(1 -fltanO) +m(x,t)5x'),
2 0x0

1 Ot=	 (a°(x,t)(1 -f3tanO) _m(x,t)0x0_l),

(D.2)
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where 0 =

If we consider a process given by the following stochastic equation

dx iixdt + cixdL,

that is, m(x, t) = jx and a(x, t) =	 Therefore, by differentiating the above

expressions we have

- __ (aa'x'(1 - f3tanO) +u5x'),
Ox	 2öxa

- --- (ao ax(1 - fltan0) -
Ox	 2öxa

0
&

For the fractional power derivatives we get

D()(i) = IaD(q5+)

=	 - /3tan6)ID(x')
2 5xt

=	 - /3 tan 0)a(a - 1)I(x2)
2 öxcx

1	 ta-2
=	 - J3tanO)a(a - 

F(2 - a) L (x - t)°1 
dt

2 5x'

i•1

=	 !-o(1 - fitan0)a(a - 
1 F(2 a) J ya_2(1 - y)' dy

2 ôx 0

=	 ----u'(1 - /3 tan 0)cr(a - 1)I'(a - 1)
2 &r°

=	 _ca (1 - /3 tan O)F(a +1)	 1 <a < 2.
2 &ra

Similarly

1 öt
D (°) () =	 — .a (1 - /3 tan 0)I'(a + 1)	 1 <a <2.
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Substituting back into the differential equation given by D.2 we have

=	 6tôp
at	 - IL &P I6xI -

+aax°'(1 -	 + o(1 — /3tanO)/-p I6x
5xck 8x

--D'(p)I8x° -	 __D(p)(öxI2a
['(1+ a) 5x

__D ( t (p)&j 08t - a(1 — 3tan0)--öt.+r(1 +a)' 
-fitanO)5	 & at

To write the above equation using the same fractional derivatives as in Schertzer

et al. (1999), we have to consider the following Fourier transform

F{1} -
	 1	 ix ________

dt
J	

dxe	 /	
f"(t)

- ['(2 - a)	 j_00 (x -

1	 I

/	 dtf"(t) I	 dx
= ['(2 - a) j_ oo 	 ft (x - t)'

1	 p00

I dtef"(t) / eyF dy

	

= ['(2-a) j_00	Jo

(iz)° 2	 etf(t) dt = (-iz)J(z).

Similarly we evaluate .F {D }. If we consider Riesz definition of a fractional

derivative, then we can write

-(a/2) (a/2)
LJ	 D_ p(x) = (-)(/2)p(x)

Similarly

	

u= y I a	 ___
Tj —D+ D_ 

2 p(x)1	 lax	 ) 2
ôx

{= -	 (—) 2 p(x)}
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Ignoring terms of order greater that öi, keeping in mind that the increments &r are

drawn from a stable distribution with characteristic function as in form (A), that is

E [e(2J = exp {izm6t - fzcrôt (i - i/3f1. tan o) }

we arrive to the following equation for the fractional Fokker-Planck

jp + a(1 - /3tanO)p - px-
-	 (95

CIX	 (Ix
+r(1+Q)()2) r(1+a)

where we used the substitution rn(x,t) = px and a(x,t) cx. For the case c	 2,

keeping in mind that a = 2a2 , the above equation becomes

(973	 2	 a	
4g25(9P+ 2 2Pax -,up+2ap—ax—+

Ox	 (92;

which is the same as the classical Fokker-Planck equation for a process described

above.

We are now going to consider a process given by

dx= (i_(1_f3tan0))dt+adL

which is the same as the previous stochastic differential equation after the change

of variable f = ins. Thus, in equation D.2 we substitute for

m(x,t) =p— —(l —f3tan8)

and

a°(x,t) =

The fractional Fokker-Planck equation in this case becomes

a	 aOp	 ______	 ______
1'(l+o)	 ox= —m b--- + 

r(1 +	
-	 fitan0—(—i

since	 = 0 in equation D.2.



APPENDIXE

Fractional Black-Scholes

Equation

In this appendix we derive equation 4.6, that is

(iz + 1)cr	 (i - iz) 1 (T - t)}.o(z)=T(z)exP{_[izr+ F(1+a) F(2—a—iz)j

In order to do this, first we need to find the Fourier transform of the fractional power

derivative. From definition 3.18 we know that

D(W) = ID(W)

1	 S W"(t)

['(2—a)]0 (S—t)' 
dt.

We use the substitution t = Sy, to get

c
D(W)	 /' (1 - y)'W"(Sy) dy,

- ['(2 - a) Jo

- d2Wwhere W"(Sy) - --. Therefore,

1
SD(W) -
	 1	 [(1 - y)'W"(Sy) dy.
['(2 - a) j

Letting S e", and taking the Fourier transform, we have

F{eD(W)} = F{r(2 a) I _y)1_ZW11(euY)dY}

1
I due	 [ (1_y)l_(Wll(e1Ly)dy

['(2—a) J—CX)	 Jo

1	 d2 [ ei W(etL y) du.[ dy(1
= ['(2 - a) jo	

-	
f—CD0

We evaluate the inner integral separately. We let y = c 1' and we have

I =
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We let q = u + p, and we denote W0(q) = W(e) to get

I =	 I e'Wo(q) dq
f—a0

=

= y_iZ/(Z)

Therefore we have

-iz(-iz - 1)y_2i(z).
dy

Hence,

—iz(—iz - 1) W() 1' iz_2 (l
 - y)1-' dy

F(2-a)	 Jo

-iz(--iz- 1)	
(z)B(-iz, 2 - a)

-	 F(-iz)
= —iz( — iz - 1)Wo(z) 

I'(2 - a - iz)

- iz)
= —(iz+1)Wo(z) iz <2- a.

F(2 -a -iz)'

If we Fourier transform

ow ow
+	 + 

(1 + a)'' = 0,

we get1

dW0 f.	 (iz + 1)o	 F(1 - 
iz) } w = ,	 <2 - a.--	 _________________

dt	 F(1 + a) (2 - a - iz)

Therefore,

(iz + 1)o	 (l - iz) 1Wo(z) = WT(z) exP{_{izr 
+ f(1 + a) F(2 - a - iz)J (T - t)}.

1 We assumed that S = e', therefore

OW - OW

OS -

and hence

=
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For large z we can take the asymptotic of the Gamma function 2 and rewrite the

above equation

Go
= exp { [izr + (—iz)°' F(1 + + 

(z r(i± a)] 
(T -

2The asymptotic formula of the Gamma function is given by

az±b-4r(az+b) - ve 0z (az)	 ,	 argz <ii- , a >0.



APPENDIXF

Perpetual American Put

In this Appendix we find the solution of the following fractional differential equation

.TT(IV	 C L)	 ( \rS— +	 D'(V) - rV 0.	 (F.1)
38 F(1+a)

We let V = S' to be a solution of the above equation. The fractional derivative of

order a, 1 <a <2, given the definition 3.18 is evaluated as follows:

D (° ) (V) = I2D2(V)

1	 t	 V"(t)

= F(2 - a) Jo (S - t)' 
dt

- A(X - 1) rS	 t2
- F(2 - a) Jo (S - t)°-' 

dt.

We let t = Sy to get

D°)(V) 
= A(A - 1) S
	 f y 2 (1 - y )1 dy

r(2—a)

- A(A - 1) SA_QB(2 - a A - 1)
- F(2—a)

= A(A - 1)S _F(A - 1)
	

A> 1.
F(1 + A—a)'

Therefore equation F.1 becomes

rF(1+a)F(l+A_a)A rr(1+a)r(1+A—a) —o A>1.1) +	
F(A - 1)	 -	 a°	 F(A - 1) -

From the property of the Gamma function we have

r'(A + 1) = A['(A) = A(A - 1)I'(A - 1),

and our equation becomes

—1) (i + f"(' +a)F(1 + A —a) - rI'(l +a)r(1 +A— a)\
a°	 r(A+1)	 r(A+i) ) 

o

A> a—i.
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The above equation has one positive root at A = 1. Since, we assume that 1 <c 2,

then A> 0 and we can ignore the zero root. Rearranging we get

A>1.
F(A+1)

By using the property of the Gamma function once more we can write

F(3+A—a)	 (2+A—)r(2+A—a)

(1+A—a)(2+A—a)F(1+A—a),

and rewrite our equation

i—A	 F(3+A—o) ______
(1 + A - )(2 + A - ) F(A + 1) = rr(1 + 	

A> —1.	 (F.2)

Since we are pricing a perpetual put option the value of the options tends to zero

as the asset price becomes very big. For this reason we are looking for a negative

root, therefore we are looking for —1 < .X <0 such that

1—A	 r(3+A—a)
>0.

1+A—c)(2+A—o) F(A+1)

Therefore we want

(1+A—o)(2+A—cx) >0,

since the rest of the terms are positive. Hence, if we fix the value rr'(1±c) we can

find A E (-1, a - 2) such that equation F.2 is satisfied. Therefore if A > —1 the

solution to equation F.1 becomes

V = AS+BS",

where A, B are arbitrary constants and A is a negative number.



APPENDIXG

Log-Normal Option Pricing

In this appendix we derive the Black-Scholes formula in the case a = 2. As we

mentioned in chapter 2, when a = 2, fi loses its effect, making it meaningless for

the distribution. We let the independent variables u - S(2,y2 s/T - t, &(T - t)) to

be normally distributed with log characteristic and density functions given by

lnço(x) =i&(T—t)+'yx2VT—t

s(u2) 
=	 1	 exp{&(T_t

2 j (T—t)	 4T—t	
'	 °°<x<°°

If we use the substitution 5 = jz and =	 - t, then

N(jz1 (T—t),a(T— t))

and the corresponding characteristic and density functions become

ln(x)	 - t) + çx2 (T - t)

1	

{_(u2_pz(T_t))21
s(u2 ) =	 ________ ex

a ,/2ir(T—t)	 2(T_t)	 5' 
—oo<x<oo

We denote the standard normal density

1	 ( z2\
s1 (z) =

'/

Therefore if z N(O, 1) then

1	 1u2—pj(T—t)

uT—t	 T—t )

	

s(u) =	 ____	 ____

1

	

-	 ____

As before we assume that n and u2 are contributing negatively to log U1 and log (12

respectively. Hence,

logU,=—u	 i=1,2.
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We assume that

logS	 log U2

= U1U2

where

logS '-j N(p(T - t), a 2 (T - t))

with

P1/'2 and	 2a2+a2

From the log characteristic function equation we have that

Therefore, the forward price becomes

F—exp{[	
fci? a\1-

In order to have no arbitrage opportunities, the relationship between the forward

price and the spot price must be

F = eT_t) S.

If the above condition did not hold i.e F > er (T_t) S , then the investor can borrow

S amount of money for a period T - t at the risk free interest rate r, buy the asset,

and take a short position in the forward contract. At time T, the asset is sold

and et(T_t)S is used to repay the loan, while the investor is receiving F. A profit

F - er (T t)S is made. If F < er (Tt)S, the inverse argument is true.

We also use the substitution

= 122 - j 2 (T - t)	 = Ui - p 1 (T - t)

___	
and )

(G.2)
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and the first integral becomes

I
 = f

U2dP(Ui,U2)
s>x

ui-IogX

=	
duis(ui)f	 e_U2s(u2)du2

= f:dpsl

X

f exp { — zcr2 VT - t -	 - t)}s2(z)

2. ""2
1 e p2(Tt)	

2	 _____
{_za2 T - t -
	

dz,-	 / dpe	 I	 exp
- 2ir	 j_00	 J—oo

where A = ji(T-t)-logX

a

d11 -	 _ e(_2	
)T_t	 ( 2

- 2ir	 f exp__2VT2}dp
2-

(A+a2/'f)2)1	 1
= _exp(_ii2+)(T_t)_	

2	 12ir	 I

Io	
?+42	 2a1a2

X	 exp—	 2 I +p 2	 2(A+a2VT_t)]}d
-	 2o

1	 ( o(A + c2 /T - t)2 }

2 (a? +u )2ir

P00	 r	 ala2	
2

x/ exp
2	 L	 1 + U2	 ] } dp.2	 2	 2(A+ci2s/T—t)

We have that

00	 ___

f exp *! a? + ci
	 U102	 ____ 2

2a tP+a2+a2(A+U2T_t)I }dP=

and that a2 a? + 4 Hence, we get

d11 - U2	 I 

(_ +	

(T - t) - ((A + a2Vexp '
dAav'	 I
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We let v (A + r2)(?) such that dA ---dv to get

1

/1_7
d11 - - ex

Integrating and letting r T - t, we have

'•V	 2
__e(2+4)T	 edx
v/	 J-0o

= e(_P2+)TN(v)

(_IL2+-)T	 L7 - logX + cTT
N(	

).

Adding and subtracting log F and using the no arbitrage relation, i.e. f = errS , we

have

1	 e(_124)TN 
' bog + (r +

(_2+)r

= e	 N(d1).

Similarly, for the second integral we have

12
	 f 

U1dP(U1,U2)
s>x

pui—logX=
 J

du e's(ui) J	 s(u2) du2
— 00	 —00

4r—Iog X—of
1 (_ii+)rj	

eTdx

e()TN ( -
	 )

I
I -$Aj+	 Jr

= e	
2j N(d2),
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where

d1 = log

d2 log ±(r— ç)(T—t)

- t

The value of a European call option is given by

x [ ( Ui )dP(Uj,U2).C = e() [Ec f>2 dP(Ui , U2) -

Substituting G.1, G.2 in the above equation we finally get

c	 _r(T_t) F (2+2)TN(d) - e_r(T_t) X(_ii+-
1"r2) N(d2)

EU2	EU1

= SN(di ) - Xe_T_t)N(d2),

where d1 and d2 are the same as before.



APPENDIXH

Utility Maximization vs

Black- S choles

In this appendix we compare an option value formula derived in chapter 6, based

on McCulloch's utility maximization argument, given by

C e_1T	 I U2 dP(Ui , U2 ) -	
- f> U1 dP(Ui , U2 )]	 (11.1)

L 12 Js)x

with results derived via the fractional Black-Scholes equation in chapter 4. The

argument we give there leads to the Fourier transform of the fractional Black-Scholes

equation

(iz+1)a	 F(1—iz) 1
= iT(z) exp {- [izr + 

F(1 + a) F(2 - a - 
iz)] (T - t)}.	 (H.2)

To easily compare the two equations we Fourier transform equation 11.1 and we

compare the results in the Fourier transform space, rewriting

I(logX) 
= f U2dP(Ui,U2)

s>x f e_u2s2(u2)(u2 + logX)

We take the Fourier transform with respect to the variable f = log X and we have,

I(z)	 du2 e 2 s2 (u2)	 + f) df.

126



Utility Maximization vs Black-Scholes
	 127

We let fi = U2 + f, and we get

P00	 roe

I(z)	 I du2 e_U2 s2 (u2)j	 ezzf1e_t2S?(fl)dfI
J—o0 	—oe

	

P00	 00

= I du2 e_2u2 ( 2_ s2 (u2 ) I	 et2f1S?(fi)dfl

	

f—a0	 f_a0

	

roe	 P00	 POe
= / du2 e_2(2_s2(u2) 

J	
dfie'i I s1(ui) du1

	

J—oo	 —00	 ui

	

oo	 poe	 ui—f
= I du e_2u2_s2(u2) /	 du j s i (ui ) I	 e' df1

	

1-00	 1-00	 1-00

	

rOe	 P00
= 4e_2Zf I	 du e iU2(Z i)s(u) /

	
e uis i (ui ) du1.

iz	 J_00	 J—oo

Since logS = - U2, and

c02(Z) = fe_u2s2(u2)du2

is the characteristic function of —u2 , we have

P00	 P00

I(z) = 4e2Zf / du2e_2s2(u2)J eb0s's10gg(1ogS)d(iogS)
iz	 j_00	 —00

= —e	 2(z)Iog s(Z),
iz

where Iog s (z) is the characteristic function of the variable log S. Similarly for the

integral

XI'(logX) = XL: 
e_u1 s i (ui )S(u i - logX)dui

we take the Fourier transform with respect to f = log X and we have

I(z - = J 00 du1 e_uis i (u i ) fei_ s2 (ui - f)df
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We let f2 = Ui - f, and we get

I(z - i)	
-	

du, eizu ls i (u i )	 e_i(z_12S(f2) df2

P00	 P00	 12

I
du 1 e2 ' Si (u i ) I	 df2e(2 I S2(U2) du2

-00	 J_0o	 J_00

P00	 P00	 P00

I
du 1 e21si(ui) I	 du2 s2 (u2 ) I	 e__2 df2

-00	 J_0o	 Ju2+f

1	 e__ 
f 

dui eizuisi(ui) I ei_2s2(u2) du2
= i(z—i)	 -00	 J_00

	

________	
log S1 ei(zi)f 

f00 
du1 eUisi(ui) 

[00 
eZ Slog s(log S) d(log S)

	

= i(z—i)	 -00	 J-00

1
-	 e2eJp(z)çoj0g(z).
-	 i(z—i)

Equation H.1 can be written in the following form where f = log X and F =

y_eTt) [1(f) - e1 11(f)]

The Fourier transform of the above equation is

1
C(z) = ____e_T(Tt) [1(z) - P(z - i)J

EU1

and since EU1 = 'P1(z), the above equation becomes

(z) = e_T(T_t)
iz(iz + 1)'Plogs(Z)	 Imz> 1.

We assumed that the characteristic function for the variable S, is given by

'Ps = c'1-2 = et°tCO

If instead we assume that the characteristic function for log S is given by

00
'PIogs(Z) = exp {- [izr + (—iz)	

F(1 + 
+	

F(i± ] 
(T - t)}

where öiog s = r and 'y -
	

these two models the same, for large values of z

in equation H.2.
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