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We consider the inertia-free motion of an isotropic chemically active particle which is ex-
posed to a weak uniform force field. This problem is characterised by two velocity scales,
a ‘chemical’ scale associated with diffusio-osmosis and a ‘mechanical’ scale associated
with the external force. The motion animated by the force deforms the originally spher-
ically symmetric solute cloud surrounding the particle, thus resulting in a concomitant
diffusio-osmotic flow which, in turn, modifies the particle speed. A weak-force lineari-
sation furnishes a closed-form expression for the particle velocity as a function of the
intrinsic Péclet number « associated with the chemical velocity scale. We find that the
predicted velocity may become singular at o = 4, and that this happens under the same
conditions on the surface parameters for which the associated unforced problem is known
to exhibit, for a > 4, a symmetry-breaking instability giving rise to steady spontaneous
motion (Michelin, Lauga & Bartolo, Phys. Fluids vol. 25, 2013, 061701). Here, a local
analysis in a distinguished region near o = 4, wherein the velocity scaling is amplified,
yields a closed-form description of the imperfect bifurcation which bridges between a
perturbed stationary state and a perturbed spontaneous motion. Remarkably, while the
direction of spontaneous motion in the absence of an external force is random, in the per-
turbed case that motion is rendered steady solely in the directions parallel or antiparallel
to the external force.

1. Introduction

Following the observation of self-propulsion of catalytic particles (Paxton et al. 2004)
there has been ongoing interest in the possibility of self-sustained particle motion enabled
by interfacial chemical reactions. The first theoretical description of such motion was
provided by Golestanian, Liverpool & Ajdari (2007); it modelled the interfacial reactions
by a specified distribution of solute flux at the particle boundary, while the interaction
of the solute molecules with that boundary was described macroscopically using diffusio-
osmotic slip (Anderson 1989). In their idealised model, solute is transported diffusively,
unaffected by the flow. With the Stokes equations being adequate, the analysis amounts to
the solution of two linear problems, one governing the solute transport and one governing
the flow. In that setting, self-sustained particle motion necessitates either an asymmetric
distribution of the interfacial reaction or an asymmetric geometry.

Several authors have extended the above idealised model by incorporating solute ad-
vection (Michelin & Lauga 2014; Yariv & Michelin 2015; Boniface et al. 2019). This
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extension renders the problem inherently nonlinear. The role of nonlinearity may be
quantified by the characteristic ratio, say «, of advective and diffusive fluxes. Since the
velocity scale associated with advection is not imposed externally, a constitutes an intrin-
sic Péclet number. One may perhaps expect that accounting for advection would merely
result in more complicated analysis, with the underlying mechanism of self-propulsion
remaining unaffected. It turns out, however, that advection gives rise to phenomena that
are completely absent when solute transport is purely diffusive. One such example is two-
dimensional propulsion (Sondak et al. 2016; Yariv 2017; Hu et al. 2019; Yariv & Crowdy
2020), where the neglect of advection leads to an ill-posed problem. Another example,
which is at the focus of the present paper, is the possibility of autophoresis of isotropic
particles.

Consider in particular a spherical particle with a uniform chemical activity. The under-
lying spherical symmetry may appear to suggest that such a particle does not acquire any
velocity as a result of the chemical activity. This is indeed true for diffusive transport, as
is evident from the model of Golestanian et al. (2007). Michelin et al. (2013) have shown,
however, that when solute advection is introduced, the nonlinear problem may admit
non-trivial solutions past the critical value v = 4 beyond which the stationary solution
is unstable. The non-trivial solutions were shown to describe steady spontaneous motion
of the particle in a random direction. In fact, similar such motion was later observed ex-
perimentally in an analogous physical system where the active solid particle is replaced
by an active droplet, in which case the spontaneously formed nonuniform concentration
field drives a flow via interfacial Marangoni stresses, rather than slip (Izri et al. 2014).

The theoretical models of Golestanian et al. (2007) and Michelin et al. (2013) assume
a force-free active particle which is suspended in a quiescent fluid. In the specific case
of a spherical particle with a uniform chemical activity, what is the effect of an exter-
nally imposed flow? It is clear that, in the absence of solute advection, the flow does
not affect the solute-concentration profile. Conversely, the spherically-symmetric solute
distribution does not affect the flow. The response of the particle to the imposed fluid
motion is therefore unaffected by the chemical reaction at its boundary. When advection
is accounted for, however, the solute-transport and flow problems are nonlinearly cou-
pled, and the response of the particle is affected by the reaction. Unlike the ‘unforced’
problem considered by Michelin et al. (2013), the ‘forced’ problem is characterised by
two velocity scales, namely the ‘chemical’ scale associated with diffusio-osmosis and the
‘mechanical’ scale associated with the imposed flow.

The forced problem was addressed by Yariv & Kaynan (2017) using a small-« lineari-
sation, assuming that the external velocity scale is comparable to the chemical scale.
Two modes of external forcing were considered: a uniform force field and an imposed
shear flow. Given the underlying linearisation, the chemical activity has resulted in a
small correction to the classical predictions of Stokes flow. In retrospect, a more interest-
ing direction involves finite values of «, where solute advection can result in significant
modifications relative to these Stokes-flow predictions. An obvious additional benefit of
the latter direction is that it also covers the range o > 4, where the stationary solution
of the unforced problem is known to be unstable.

We here intend to pursue this direction for the case of an external force field. To allow
for a tractable analysis, we plan to do so for the case where the external velocity scale is
small compared to the chemical one. Away from the critical value o = 4, this allows for
a linearisation about the stationary solution that corresponds to the absence of a force
field; in the neighbourhood of a = 4, the weak forcing naturally lends itself to a weakly
nonlinear analysis which reveals the imperfect bifurcation at the critical Péclet number.
Both the ‘global’ linearisation and the ‘local’” weakly nonlinear analysis require the use
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of matched asymptotic expansions in the spirit of classical forced-convection problems
(Acrivos & Taylor 1962). Our approach resembles previous theoretical studies of weakly
forced active droplets (Rednikov et al. 1994b,a,d,c, 1995; Velarde et al. 1996), whose
mathematical description is partially similar to that of a spherical solid particle with a
uniform chemical activity.

2. Physical problem

A homogeneous chemically active sphere of radius a is suspended in an unbounded
liquid solution of concentration co,. The interfacial chemical activity of the sphere is
assumed uniform, and is represented by a solute flux j, which can be either positive or
negative, depending on whether the sphere emits or absorbs solute. This prescribed flux
results in the formation of an excess-solute cloud in the vicinity of the particle, where
the difference between the local concentration and c, is of order

C= %, (2.1)
D being the solute diffusivity.

We employ a macroscale formulation (Michelin & Lauga 2014) where interfacial gra-
dients in the solute concentration are manifested in effective diffusio-osmotic slip. The
associated slip coefficient is denoted by b. We assume that b, too, is uniform. It can be
positive or negative, respectively corresponding to repulsive or attractive interactions
between the solute molecules and the colloid boundary. The slip mechanism provides an
intrinsic velocity scale
_ bl
=5
Corresponding to that scale is the intrinsic Péclet number o« = alf/D, which, upon
substitution of (2.2), is given by

u (2.2)

aljb
o= ‘Dj2| . (2.3)
This ratio quantifies the importance of solute advection relative to diffusion.

The problem isotropy suggests a solution where the excess-solute cloud surrounding
the particle is spherically symmetric. With that symmetry, no surface gradients of solute
concentration are formed. With no interfacial slip, and in the absence of any other mech-
anism for flow generation, it follows that the above solution is stationary. Conversely,
the absence of flow is compatible with the presumed spherically-symmetric distribution
of the solute concentration. That distribution is accordingly independent of «, and is
determined by a purely diffusive mechanism, expressed by Laplace’s equation.

The preceding picture changes when the problem is ‘forced” by an additional flow-
generating mechanism. Qualitatively speaking, the forcing flow deforms the originally
spherically-symmetric solute cloud, associated with the ‘unforced’ problem, into one that
lacks such symmetry; in particular, it generates interfacial gradients of solute concentra-
tion. These, in turn, modify the flow through diffusio-osmotic slip. Denoting the velocity
scale associated with the forcing by W, the dimensionless problem now depends (nonlin-
early) upon both « and the ratio

e=W/U (2.4)

of the ‘mechanical’ and ‘chemical’ scales (as well as the signs of j and b).
The present work addresses the asymptotic limit € <« 1 which constitutes a small
perturbation to the unforced problem. Our approach is based upon perturbing the
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spherically-symmetric solution of that problem. We allow for arbitrary O(1) values of
«. This limit represents the interesting case where the chemical activity is significant, in
the sense that it may substantially modify the flow.

In the analysis that follows we consider the case where the imposed flow is due to an
external force (e.g. gravity) of magnitude F' acting on the particle. In this scenario, it
is natural to define the mechanical velocity scale using the familiar mobility of an inert
particle:

F
~ 6rma’
wherein 7 is the Newtonian viscosity of the surrounding solution. Our interest lies in the
settling velocity at nonzero «.

(2.5)

3. Dimensionless formulation

Normalising length variables by a, we employ a co-moving reference frame (x,y, z)
attached to the particle such that z direction coincides with the direction of the external
force and the origin is at the particle centre. We employ spherical-polar coordinates
(r,0,¢), with the latitudinal angle 6 measured from the z-axis, and the azimuthal angle
¢ measured counter-clockwise from the z-axis in the xy-plane. In what follows it is often
convenient to employ p = cos 6 instead of 6. We normalise the solute concentration ¢ by
C (see (2.1)) and all velocity variables by the ‘chemical’ scale U (see (2.2)). Consistently,
stresses and forces are normalised by nif/a and nald, respectively.

The excess solute concentration ¢ is governed by: (i) the advection—diffusion equation,

Vic=au- Ve, (3.1)
where u is the fluid velocity; (ii) the imposed activity condition,
0
8—7? = A at r=1, (3.2)

where A = j/|j|; and (iii) far-field decay,
c—0 as r— oo (3.3)

The flow is governed by: (i) the continuity and Stokes equations,

V.-u=0, Vu=Vp, (3.4a,D)
where the pressure p is normalized by nU /a; (ii) the imposed velocity slip at r = 1,
u = MV, (3.5)
where M = b/|b| and
0 1 0
Vs=éyp— +ép—— 3.6
ST 055 T 05090 (3.6)

is the surface-gradient operator; (iii) far-field approach to a uniform stream,
u——-We, as r— oo, (3.7)
wherein W is the particle velocity relative to the fluid; and (iv) the integral condition,
hydrodynamic force on the particle in z-direction = —6mre, (3.8)

which may be viewed as a scalar condition which sets the value of W.
The far-field condition (3.7) hinges upon an assumption of axial symmetry, which we
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henceforth adopt. The velocity field u therefore has no component in the ¢-direction, so
we conveniently write it as u = &,u + égv. Moreover, both of the velocity components
u and v, as well as the excess concentration ¢, are independent of ¢. This symmetry
assumption, which is plausible but not a priori evident owing to the nonlinearity of the
problem, will be discussed in §8.

The quantity of interest is the resulting particle velocity W, appearing in (3.7). In the
case where advection is negligible, o = 0, it is evident that c is spherically symmetric,
whereby (3.5) degenerates to the familiar no-slip condition; the flow problem is the fa-
miliar one of Stokes drag, whereby W = €. This is merely the dimensionless expression
of (2.5). Note that: (i) this is true for all e-values; and (ii) the limit of an inert particle,
where j is vanishingly small falls into that category, see (2.3); (iii) so too is the limit of
negligible slip, where b is vanishingly small.

In what follows, we address the limit of small € and fixed, nonzero a.

4. The limit of weak external forcing

The unforced problem, where € = 0, always admits a ‘trivial’ solution where the flow
vanishes and c is given by the spherically symmetric source distribution

co=—, ug=0. (4.1a,0)
r

When ¢ is asymptotically small, we seek a solution as a weak perturbation of that sta-
tionary case. It is anticipated that departures from spherical symmetry are O(e),

c=cyg+ecg+---, (4.2)
whereby the slip condition (3.5) suggests an O(e) velocity,
u=cu+---. (4.3)

This scaling is consistent with the force constraint (3.8). It induces, in turn, the respective
expansions for the particle velocity and the pressure field:

W=eWr1+---, p=ep1+---, (4.4a,b)
as well as the velocity components v and v,
U=¢€u;+---, V=€vi+---. (4.5a,b)

Substituting (4.2) and (4.5a) into (3.1)—(3.3) we obtain the advection—diffusion equa-
tion,

Vi = —aAT—z, (4.6)
together with the homogeneous Neumann condition,
301
— =0 at r=1, 4.7
or ar (4.7)
and far-field decay,
ct—0 as r— oo (4.8)

Due to the dependence upon u; in (4.6), this problem is coupled to the O(e) flow
problem, which we now consider. The velocity field u; satisfies the continuity and Stokes
equations,

V-u; =0, Viu =Vp, (4.9a, )
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together with the slip and far-field conditions

u; =MV at r=1, (4.10)
u; — —Wie, as r — oo, (4.11)

and the integral condition (cf. (3.8))
hydrodynamic force on the particle in z-direction = —6r, (4.12)

where the force is that associated with the flow u;.
The above problem is coupled to the solute-transport problem via condition (4.10).
We therefore need to solve two linear problems, which are mutually coupled. From (4.11)

we observe that the radial and latitudinal components of the far-field velocity are given
by

—Wicos6, Wisiné. (4.13)

We now postulate a generalisation of the angular dependence upon 6 appearing in (4.13),
where the radial component u; is proportional to cos everywhere and the latitudinal
component v is proportional to sin € everywhere. It is readily observed that both the
Poisson equation (4.6) and the slip condition (4.10) are consistent with that spatial
dependence provided ¢; is proportional to cos .

4.1. Flow problem

Since the laboratory-frame velocity u; + Wie, decays at large r (see (4.11)), it can be
expressed via Lamb’s solution (Kim & Karrila 2005). The postulated angular dependence
upon 6 is obtained by selecting the mode n = 2 of all the axisymmetric modes in that
solution, giving

27 p(—2)
up +Wie, = % + 2xp~? + V(=2 (4.14)
wherein
_ Ap 7 Bu
2) _ 2) _
e (4.15a, b)

are dipole fields. The same structure also holds in the standard problem of a sedimenting
inert particle.

The flow associated with p(~2) is known as the Stokeslet. The force on the particle
is known to depend only upon the Stokeslet; in particular, it is given by —47A. It then
follows from the force balance (4.12) that

A=3)2. (4.16)

The impermeability condition, which follows from the projection of the slip condition
(4.10) in the radial direction, now gives

B=3/4—W/2. (4.17)

The remaining unknown, Wi, is determined from the projection of condition (4.10) in
the O-direction. In the case of negligible advection (o = 0), where ¢; trivially vanishes,
this projection constitutes a no-slip condition, which readily gives W; = 1. In the present
problem, this projection constitutes a slip condition, so the determination of W neces-
sitates the calculation of c;.
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4.2. Solute-transport problem

Substituting the flow structure (4.14)—(4.15) and (4.16)—(4.17) into (4.6) yields the Pois-
son equation,

%% 3 3/2 - W,

2. _ 1 1

governing c;. It is supplemented by conditions (4.7)—(4.8). Following our postulate on
the angular dependence of ¢, we write

er(r, ) = aAufi(r), (4.19)

whereby (4.18) is transformed to the ordinary differential equation,

!
f+%§—%§=2§—§%+i@ﬁﬂﬁ, (4.20)
while (4.7)—(4.8) give
It is impossible to find a solution to (4.20) which satisfies both (4.21). Insisting on
satisfying (4.21a), the solution that is ‘least singular’ as r — oo is

3-2Ww; 6w, -15 3 W
Fi(r) = 1 1 1

_—— . 4.22

873 1672 + 4r 2 (4.22)
Since it does not satisfy condition (4.21b), the resulting concentration does not decay at
large r. Rather, we find that

. OéAWl
lim ¢; = —
r—00 2
a function of the orientation of . We will address this issue shortly. Assuming for the
moment that it is valid to use (4.22), we find that
3 —6W;
o =adp—"1 at r=1. (4.24)
16
Plugging the above into the projection of condition (4.10) in the #-direction provides the
requisite expression for W7,

i, (4.23)

8 — AMa«
Wi=——-—" 4.2
YT 24— AMa)’ (425)
which degenerates to unity for o = 0, as it should.
In figure 1 we plot the approximation (4.25) as a function of a, for both AM =1 and

AM = —1. The singularity at & = 4 in the former case will be addressed in §6.

5. Breakdown of the dominance of diffusion

The failure to satisfy (4.8) cannot be remedied by any choice of the complementary
solution of (4.18). As explained by Acrivos & Taylor (1962) in the context of a different
problem of forced convection, the source of this incompatibility is the slow algebraic decay,
as 1/r, of ¢ — see (4.1a). Thus, while at large 7 the diffusive term in (3.1) is O(1/73),
the advective term there is O(e/r?), entering the leading-order balance at r = O(1/e).
This non-uniformity calls for the use of matched asymptotic expansions, with the ‘inner’
and ‘outer’ regions respectively describing O(1) and O(1/e¢) distances from the origin.

We employ the outer position vector

X =ex, (5.1)
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FIGURE 1. The approximation (4.25) for the particle velocity (normalized by €) as a function
of a. In the case AM = 1, the solution is singular at o = 4 (see §6).
and the associated Cartesian and polar representations
X =Xé,+Ye, + Zée, = Re,. (5.2)
In addition, we define the outer fields
C=¢, U=u, P=c¢lp, (5.3a,b,¢)
which are functions of X (and €). Defining the outer gradient operator
Vx =¢ 'V, (5.4)
we find that in the outer variables the advection—diffusion equation (3.1) becomes
eV%C =alU - VxC, (5.5)
while the Stokes equations (3.4) read
Vx -U=0, V%U=VxP. (5.6a,b)
The far-field conditions now apply to the outer fields, giving
C—0, U—-We, as R— 0. (5.7)

The outer problem is closed by the requirement of matching with the inner region as
R — 0. Since the particle degenerates to the origin in the outer limit, the outer fields are
defined throughout three-dimensional space excluding the origin, where matching may
require the inclusion of singular solutions.

Given the 1/r-decay of ¢ (see (4.1a)) we anticipate that C' is O(e) in the outer region.
Moreover, with (4.4a) implying an approach to an O(e) velocity at infinity, we expect
the same scaling for the outer velocity field. We accordingly postulate the asymptotic
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expansions
C(X;e)=eC1(X)+--+, UX;e)=eUy(X)+---. (5.8a,b)

With the outer solute concentration being O(¢), the van-Dyke 1-1 matching rule (Hinch
1991) is trivially satisfied owing to the decay of the leading-order source, see (4.la).
Moreover, with the corrections to a uniform flow in the inner region (represented by the
right-hand side of (4.14)) decaying at large r, it is evident that U; simply constitutes
this flow:

U1 = —W1éz. (59)

The 1-1 van Dyke matching rule is now trivially satisfied for the velocity field too.
Substitution (5.8)—(5.9) into (5.5) we find that the leading-order outer concentration
is governed by

oC
VO = —ana—Zl. (5.10)
We employ the transformation
Cy =e 3920, (5.11)

and find that C is governed by the Helmholtz equation

CVW12A
n)'e

e ( (5.12)

The fundamental solution of that equation that decays at large R is the screened source
¢ — constant e—%a\Wl\R’

- (5.13)

which possesses the appropriate 1/R singularity as R — 0 necessary for matching with
the inner region. (Higher-order singular solutions of (5.10), formed of gradients of the
fundamental solution (5.13), are too singular to allow for matching.) We conclude that

A o)
0, = Eexp{—i(WlZ+\W1|R)}7 (5.14)
where the constant was to set to A by 2—-1 van Dyke matching with (4.1a).
By performing 2—-2 van Dyke matching we find that
A A
lim ¢ = — AW, aAlWA] (5.15)

r—oo 2 2

The first term coincides with (4.23). To accommodate for the second term we need to
modify (4.19) to the more general expression

c1(r, ) = aApfi(r) + constant, (5.16)

which still satisfies (4.18). This solution is legitimate in the present context, since the
inner concentration no longer needs to satisfy far-field decay. Comparing with (5.15) we
find that the constant is —aA|W;|/2.

We note that the modification of (4.19) to (5.16) affects neither the reaction condition
(4.7) nor the slip condition (4.10). We conclude that the preceding analysis, which has
led to (4.25), remains valid.
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6. Bifurcation at « = 4: the local problem
For AM =1, (4.25) gives the formula

88—«

Wi=sa—ay

(6.1)
which exhibits a singularity at « = 4. This is obviously related to the observation (Miche-
lin et al. 2013) that, in the absence of a force field (¢ = 0), the governing nonlinear problem
exhibits symmetry breaking for a > 4, admitting non-trivial steady solutions in addition
to the trivial solution (4.1). The non-trivial solutions correspond to spontaneous motion
of the particle.

The singular behaviour predicted by (6.1) indicates that the leading-order flow field eu,
and concentration perturbation ec; are, in fact, > € near a = 4. Specifically, consider an
O(9)-neighbourhood of o = 4, where the algebraic divergence of (6.1) implies the scalings
eur,ec; = O(e/d). Clearly, the preceding asymptotic analysis breaks down for & = e,
where the concentration perturbation becomes comparable to the unperturbed, order
unity, concentration distribution (4.1a). Less obvious, however, is that the preceding
analysis actually breaks down in a larger neighbourhood of the singularity. Thus, the
O(e) external force is too weak to affect an O(e/d) flow field, which therefore remains
undetermined together with the comparable concentration perturbation. Those fields are
only made determined by a higher O(¢) balance, where the external force resurfaces. It
can then be seen that the preceding analysis breaks down when the quadratic O(e?/62)
nonlinear interaction between the flow field and concentration perturbation enters that
balance, i.e., for § = €!/2.

In light of the above, the solution developed in §4 and §5, which led to (6.1), is now
understood to be a ‘global’” solution valid away from « = 4. In what follows, we seek a
“Qocal’ solution in the O(e!/?)-wide transition interval about o = 4. To that end, we write

=4+ /%y, (6.2)

and consider xy = O(1). Substituting (6.2) into (3.1) we find that the advection—diffusion
equation in that interval is given by

Vie=(4+4€/?x)u- Ve (6.3)
In the local analysis we postulate the expansions
c~co+el/201/2 +ecp 4+, u~u0+61/2u1/2 +euy + -, (6.4a,d)

where ¢p and wug are still given by (4.1). These induce comparable expansions for the
pressure field and velocity components u and v, as well as the following expansion for
the particle velocity

W= e"2Wy g+ Wi+ (6.5)
Our goal is the determination of the leading-order term W7 5.

Following the global analysis, it is evident that expansions (6.4) are valid only on the
particle scale. There is again a need for a supplementary analysis in a remote scale, where
advection enters the dominant balance. Since the swimmer velocity is now O(e'/?), the
remote region is at distances O(e~1/2), rather than O(e~!). For the local analysis we
therefore define

X =z, Vx=c1?V, (6.6a,b)
and
C=c¢, U=u, P=¢'?p (6.7a,b, ¢)
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These definitions replace (5.1) and (5.3)—(5.4) (with (5.2) remaining as is). Equation (5.5)
is therefore replaced by

/2V%C = (4 + /32U - VxC, (6.8)

while the Stokes equations (5.6) and far-field conditions (5.7) remain intact. Furthermore,
as in the global outer analysis, conditions as R — 0 are to be determined from matching.

With the remote region located at O(e~'/?) distances, the excess concentration there
is O(e/?). Given (6.5), so is the velocity field there. We therefore replace (5.8) by

C(X;e) = 61/201/2(X) +---, UX;e)= 61/2U1/2(X) +o (6.9a,b)
where now (cf. (5.9))
U1/2 = —Wl/géz. (610)
Repeating the steps of §5 we readily see that (cf. (5.14))

A
01/2 = E exp {—2(W1/22+ ‘W1/2|R)} . (611)

We now turn to the particle-scale analysis.

7. Particle-scale analysis of the local problem
7.1. Indeterminacy at O(e'/?)
Substituting (6.4) into (6.3) and (3.2) we find that ¢, /5 satisfies the Poisson equation

U
V261/2 = —4A;72/2 (71)
together with the homogeneous Neumann condition
Oc
81/2 =0 at r=1 (7.2)
These are supplemented by the far-field condition
Tlggo ey = —2AWyjop+ [Wyal), (7.3)

which follows from van Dyke 2-2 matching with the remote-region expansion, using
(6.11).
The velocity field uy /5 is governed by the continuity and Stokes equations,

Veuyp =0, Vi, =V, (7.4a,b)
together with the O(e'/?) balances of conditions (3.5) and (3.7), namely

U1/2 = Mvscl/g at r= 1, (75)
’11,1/2 — *Wl/géz as 1 — OoQ. (76)

In addition, it is constrained by the requirement of zero hydrodynamic force.

The preceding problem is analogous to the system governing c¢; and w; in the global
analysis, with two differences: (i) the parameter « in (4.6) is replaced by 4 in (7.1); and
(ii) the inhomogeneous force constraint (4.12) is replaced by a homogeneous one. The
problem is accordingly entirely homogeneous, and possesses the trivial solution where
both ¢;/5 and w5 vanish. We expect, however, a non-trivial solution. Indeed, seeking
uy /o + Wy g€, of the form (4.14) readily yields A =0 and B = —W /2. This solution
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represents the familiar irrotational flow about a sphere, where the deviation from the
uniform stream consists of a doublet:

U1/2 +W1/2éz = —Wl/QV%. (77)
With w, /o known (up to W ;) we can go ahead and solve the concentration problem

(7.1)—(7.3). Seeking the concentration as a linear combination of the zeroth and first
Legendre modes, we find

3 1 1
C1/2:4AW1/2 (87‘2_2_47‘3)M_2AW1/2| (78)
Condition (7.5) then reads
Wl/2 = AMW1/2 (79)

For AM = —1 we find Wy /5 = 0: this leads to the expected trivial solution. On the other
hand, (7.9) is trivially satisfied for AM = 1 leaving the speed W/, undetermined.

7.2. Solvability at O(e)
Proceeding to the O(e) problem, we first consider the advection—diffusion balance (6.3),

U
V2e; + 4A% — duyjy - Vey g — Axi—f, (7.10)
where we observe a dependence upon x for the first time. Equation (7.10) is supplemented

by the homogeneous Neumann condition, which follows from (3.2)

%:O at r=1, (7.11)
and the far-field condition
1~ 241 |WE o (u? +1) + 2Wy oW polu|  as 7 — oo, (7.12)
which follows from 3-2 van Dyke matching with the remote-region concentration, using
(6.%;1)6. velocity field u is governed by the continuity and Stokes equations
V.u =0, V?u =Vp, (7.13a,b)
together with the O(e) balance of conditions (3.5) and (3.7), namely
u1 =MVg,4 at r=1, (7.14)
u; — —Wyié, as r — oo. (7.15)

In addition, it satisfies the O(€) balance of constraint (3.8)
hydrodynamic force on the particle in z-direction = —67, (7.16)

where the force is that associated with wq.
Upon substituting expressions (7.7)-(7.8) for u; /5 and ¢,/ in (7.10) we get

U 1 1
Ve + 4141721 = AxW1/2 <r2 - r5> Py (p)

+ terms proportional to Py(u) and Py(p). (7.17)

The forcing terms on the right-hand side of (7.17) suggest that (i) ¢; is spanned by a
combination of the first three Legendre polynomials, Py(u), P;(u) and Pa(p); and (ii) wy
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involves modes 1 and 2 in Lamb’s spherical-coordinate solution (Kim & Karrila 2005).
We start with w; which adopts the form (cf. (4.14))

2 (—-2) 1
uy + Wie, = % +22p=? + VoD 4 5:;:p(*?’) + Vo=, (7.18)
where p(=2) and ¢(2) are of the form (4.15) while
CP. DP.
e LU 1 (7.19a, )

Upon employing the force balance (7.16) we again find (4.16). We then apply the
impermeability condition (see (7.14)), exploiting the orthogonality of the Legendre poly-
nomials. Thus, the P;(u) ‘mode’ of that condition gives (4.17), while the Py(u) mode
gives C = 6D.

Substituting the resulting velocity field into (7.17) we obtain the Poisson equation

1 1 4Wy 6 6—4W;
Vo=l (- 5) + - G A
+ terms proportional to Py(p) and Pa(p). (7.20)

A particular solution of (7.20) is

1 1 3 3 Wy
cp=—A {XW1/2 (2 + 47.3> +2W; — e + 7“3:| Pr(p)

+ terms proportional to Py(p) and Pa(p). (7.21)

Considering now the associated homogeneous equation, we seek a complementary solution
of the form

B
ap =4 <A1r + 21> P (1) + terms proportional to Py(p) and Pa(p). (7.22)
r
Now, the no-flux condition (7.11) gives
3 15
Al — 2B] + iqug - ? + 3W1 = 0, (723)
while condition (7.12) gives
Ay = AWy )9 |Wy sl (7.24)
Last, we make use of the slip condition (7.14), which gives
3 3 9
_ §W1 =AM | Ay + By — EXWI/Q —3Wy + 5) (725)

3
2
Substituting (7.23)—(7.24) into (7.25) finally gives

Upon substitution AM = 1 the dependence upon Wi evaporates, and we get the
following solvability condition governing W /o

L6W 1 o|[W | — xW1j2 = 2. (7.27)

8. Particle velocity near o =4
8.1. Bifurcation branches

To understand the dependence of W/, upon x it is convenient to separately consider
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FI1GURE 2. Particle velocity as a function of . The symbols depict the numerically evaluated
speed of the spontaneous motion in the unforced problem (Michelin et al. 2013). The solid curve
depicts the local approximation (6.5) with € = 10~% and W1 ,2 taken as the positive local branch
(8.1).

two possibilities. If Wy, > 0 we find from (7.27)

X+ v/ x?+128
Wl/2 = 3—2

(8.1)

This branch exists for all x. For x — —oo we find that it ~ —2/x. Given (6.2) this
matches the a 4 limit of the global solution (6.1). For x — co we find that it ~ x/16.
If W12 < 0 condition (7.27) gives two branches, both existing only for x > 8v/2. The
first is
X —v/x2—128
32 '
For x — oo we find that it ~ —2/x. Given (6.2) this matches the a \, 4 limit of the
global solution (6.1). The second is

+ /X2 —128
Wiy = XTIV T (8.3)

Wi =— (8.2)

For x — oo we find that it ~ —x/16.

The large-x behaviour of (8.1) and (8.3), respectively as 4x/16, represents the ap-
proach to (a perturbed solution of) the spontaneous motion observed in Michelin et al.
(2013), see figure 2. The branch (8.2), on the other hand, approaches there the perturbed
stationary state, namely the global solution (6.1). Since the stationary solution of the
unforced problem is unstable for oo > 4, it follows that the branch (8.2) is unstable. For
X > 8V/2, the stable branches of the local solution are therefore given by (8.1) and (8.3).
The above discussion also implies that the perturbed global solution (6.1) is unstable for
a > 4. The preceding conclusions are illustrated in figure 3, depicting the variation of
the particle velocity (scaled by €'/2) as a function of y. It is remarkable that, for o > 4, a
force in the positive-z direction may result in particle motion in the negative-z direction.
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FIGURE 3. Particle velocity (scaled by 61/2) as a function of . The thick curves depict the local
solution: the stable branches (8.1) and (8.3) are indicated by solid curves, while the unstable
branch (8.2) is indicated by a dashed curve. The thin curves depict the global perturbation (6.1)
to the stationary state, calculated for e = 0.01: the stable branch (a < 4) is indicated by a solid
curve, while the unstable branch (o > 4) is indicated by a dashed curve.

8.2. The direction of motion

In the global analysis, particle motion appeared only at the O(e) analysis. The flow at this
asymptotic order was triggered by an external force in the z-direction (see (4.12)), and
the solution was unique. It was then evident that particle motion must take place in the
z-direction, and that the flow and solute transport must be symmetric about the z-axis.
These symmetry assumptions were actually taken for granted in the problem formulation
(§3).

The situation is quite different in the local analysis. Here, the O(el/ 2) problem is
homogeneous, and may admit multiple solutions. In fact, since the external force appears
only at the following O(e) problem, there is no preference to the z direction over any
other direction. In principle, one might have sought a particle motion at O(e'/?) in
any arbitrary direction. The z-direction would then enter the analysis only at the O(e)
problem.

We claim that such a generalised approach would furnish a steady-state solution cor-
responding to particle motion in the z-direction. The reason has to do with the need for
the (vectorial) particle velocity obtained by the local analysis to match the (vectorial)
particle velocity obtained by the global analysis. The latter is fixed at the z-direction
(both below and above the critical value o = 4). This argument justifies the compact
analysis used above.

Since the unforced problem is known to admit spontaneous particle motion in an
arbitrary direction, it may appear strange that a small forcing would change that arbi-
trariness. To illustrate such dramatic effect of a small forcing it is convenient to employ
the following toy model governing the dynamics of a time-dependent vector v:

dv

ik |lv|v + Aé,, (8.4)
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wherein ¢ is a bifurcation parameter and A is an ‘imperfection’ parameter. For the
unforced problem, where A = 0, we find two types of fixed points: the trivial solution
v = 0 and, for ¢ > 0, a family of nontrivial solutions, where the direction of v is
arbitrary with |v| = . The latter type is akin to the steady spontaneous particle motion
of Michelin et al. (2013), especially near the bifurcation at o = 4 where the speed grows
in proportion to « — 4. In the forced problem, however, where A # 0, both the x- and y-
components of the fixed point must vanish in order to avoid contradiction. It follows that
v is parallel to &, say v = sé, and the imperfect bifurcation is governed by the equation
(0 —|s])s = —A, which is analogous to (7.27). The manner by which the parameter
A changes the fixed points dramatically becomes evident once the system is considered
dynamically. The ‘perfect’ solutions satisfying |v| = o, with the direction of v being
arbitrary, are then quite relevant — they are nearly fixed points; they drift to the exact
z-directed fixed points exceedingly slowly as A — 0.

We anticipate that a similar mechanism would appear in the physical problem we
consider had we addressed the unsteady version of the local problem. At time zero we
would have observed an O(e'/2) particle motion at an arbitrary direction, corresponding
to the spontaneous motion of Michelin et al. (2013). That motion, however, would violate
at O(e) the conditions of a steady solution, and it would accordingly evolve with time.
Only at long times would the particle velocity approach a stable solution — either (8.1)
or (8.3).

9. Concluding remarks

We have analysed the steady states of motion of an isotropic active particle that is
subjected to a constant and uniform external force field. To facilitate analytical treatment
of the problem, we have assumed that the mechanical velocity scale W associated with
that field is small compared to the natural diffusio-osmotic scale /. The intrinsic Péclet
number « based on the latter velocity scale was allowed to attain arbitrary order-unity
values.

In the absence of the external force field there is always a trivial steady state where
both the particle and fluid are at rest. In the first part of our analysis we have studied
the linear perturbation from that stationary state produced by the weak external force
field. In this linearisation scheme, the solute cloud in the neighbourhood of the particle
remains approximately spherically symmetric and the particle and fluid velocities are in
proportion to the external force. At linear order, solute advection disturbs the spherical
symmetry of the solute cloud, resulting in a diffusio-osmotic flow. For a = O(1), that flow
is comparable to the mechanical velocity scale VW associated with the external force; it
therefore significantly affects particle mobility, while giving rise to a feedback loop where
the diffusio-osmotic flow, engendered by the deformation of the solute cloud, affects that
same deformation by contributing to the total flow field advecting the solute. Our analysis
furnishes a closed-form expression for the linearised mobility, which differs significantly
from the classical Stokes mobility for a chemically inert particle. This expression depends
on « and the product of signs AM, which effectively determines whether the diffusio-
osmotic feedback is positive or negative. Thus, for AM < 0, diffusio-osmosis diminishes
particle mobility relative to the case of an inert particle, for all @ > 0. In contrast, for
AM > 0, the mobility is enhanced for a < 4 and reversed for o > 4; at a = 4, the
linearised mobility diverges.

In hindsight, the failure of the above linearisation scheme at o = 4 was to be expected
given that the stationary base state is known to bifurcate at that value. Thus, in the
unforced problem, a manifold of non-trivial steady states, associated with spontaneous
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motion in an arbitrary direction, emerges at the critical value a = 4, with the speed of
spontaneous motion initially growing linearly with o — 4. Given this symmetry breaking,
it is clear that the perturbation by the weak external force field must be nonuniform in «.
Accordingly, in the second part of our analysis, we have carried out a weakly nonlinear
analysis in a distinguished local neighbourhood of a@ = 4. This analysis has furnished
a closed-form description of the imperfect bifurcation linking the two branches of the
linearly perturbed stationary state and the perturbed states of spontaneous motion.
While the latter were not analysed in detail in this paper, we argue that, to leading
order, these coincide with the unperturbed spontaneous-motion states only restricted to
the directions parallel and anti-parallel to the external force field.

This latter finding suggests that the symmetry breaking underpinning the spontaneous
motion of isotropic active particles is structurally unstable, in the sense that weak per-
turbations may result in drastic changes to the set of permissible steady motions, both
near and away from the bifurcation. In the present context, we conclude that even a
weak force field would suffice to align the spontaneous motion of an isotropic active par-
ticle in a given direction. We expect, however, the dynamics of this alignment to become
slower the weaker the perturbation. More generally, other forms of perturbations may
also result in similarly dramatic consequences. One alternative forcing is an ambient flow.
In that context, the simplest flow is probably a simple shear (Frankel & Acrivos 1968;
Yariv & Kaynan 2017), but one may also consider more general linear flows (Batchelor
1979; Yariv 2019). Rather than external forcing, one could also consider perturbations
owing to a slight asymmetry in the particle geometry or surface composition, or weak
interactions with distant particles and boundaries. We note that axisymmetric (Lippera
et al. 2020¢,b) and planar (Lippera et al. 2020a) interactions have recently been consid-
ered in the different physical context of active droplets, discussed in the Introduction.
These studies also employed a weakly nonlinear analysis near the critical Péclet number
(Lippera et al. 2020c).

Lastly, we note that a byproduct of our perturbative analysis is an alternative predic-
tion of the critical value v = 4 at which the unforced problem undergoes a bifurcation.
Originally, this value was obtained through a linear-stability analysis, which showed that
beyond that value the stationary state is unstable (Michelin et al. 2013). This is consistent
with the fact that, in our analysis of the forced problem, the linearised scheme collapses at
that value owing to the existence there of a non-trivial solution to the homogeneous prob-
lem, i.e., the one obtained by disregarding the external-force constraint. Heuristically, the
feedback loop coupling solute transport and diffusio-osmosis becomes self-sustaining at
this a-value. Furthermore, our local analysis near the critical value has revealed certain
features of the bifurcation that were not directly observed in the linear-stability analy-
sis of the unforced problem. One such feature follows from the need of the bifurcation
branches (8.1) and (8.3) to match the local behaviour of the spontaneous-motion modes
as a N\ 4: this matching requirement implies the slope 1/16 for the spontaneous velocity
as a function of a — 4.
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