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Abstract 

This thesis is concerned with the application of methodologies and tools from nonlinear 

control theory to the design of bounded output feedback control laws for the robust sta- 
bilisation of nonlinear chemical processes. Two important classes of chemical engineering 

problems are studied, namely the temperature control of continuous stirred tank reactors 

with exothermic or endothermic reactions and the regulation of the substrate concentra- 
tion in biological reactors with microbial and enzyme catalysed reactions. 

The control of such reactors constitutes a challenging problem, as chemical and biologi- 

cal reactors involve a high degree of nonlinearity and exhibit potentially unstable operating 

points. Moreover, the state variables required for controller implementation, Z. e. reactants 

and products concentrations for the chemical reactors and biomass and substrate concen- 

trations for the bioreactors, are in many cases not available for feedback and the kinetic 

parameters of these processes are only approximately known. 

In this thesis, Lyapunov-based methods are used to study the stability and stabilis- 
ing properties of these nonlinear industrial reactors, while qualitative theory of dynamic 

systems is applied to study the global behaviour. 

The capabilities of the proposed technique for handling the common problems as- 

sociated with chemical processes, such as input constraints and model uncertainty, are 
discussed in detail and, in particular, some relevant examples of nonlinear industrial case 

studies are presented. The existence of output feedback control laws, which make the sys- 

tem globally stable at the desired set-point, is proved. The main result is that these control 
laws require only temperature set-point values and exhibit robustness against uncertainty 
in the kinetic model and variation of process parameters. 

The analysis is then extended to biological reactors. A general dynamic model of a 

bioreactor is studied and control schemes based on the dilution rate as the manipulated 

variable are proposed. Bounded nonlinear proport ional- integral control laws are also suc- 

cessfully derived for this second class of systems. Finally, the theoretical results are verified 
by implementing the proposed nonlinear control law on a biological reactor in a pilot plant 
for the treatment of industrial wine distillery wastewater. 
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Chapter 1 

Introduction 

1.1 Motivations 

Central issues in the control of industrial chemical and biological processes are mainly 
due to highly sensitive and nonlinear behaviour, lack of information on the dynamics 

of the process, inadequate on-line measurements of state variables and the presence of 

process constraints. Despite these problems, it is often necessary to guarantee specific 

performance. Classical control objectives consist of maintaining safe reaction conditions, 

while achieving a pre-specified production rate and quality specifications. The ability to 

meet all of these requirements is limited by the dynamic characteristics of the system, the 

tightness of the specifications and the control technique used. 
Controller design for constrained uncertain nonlinear systems is a problem of consid- 

erable theoretical and practical relevance. Industrial processes have traditionally been 

controlled using linear system analysis and design tools together with linearised models. 
However, the use of linear techniques is very limiting if the analysed chemical process 

exhibits an highly nonlinear behaviour. Conventional linear controller design operates ef- 
fectively in regions around the point of linearisation and is not adequate for nonlinear 

processes when large set-point changes and disturbances occur. 
The need for improved process control has become more evident in recent years and 

there has been growing interest in nonlinear control techniques, especially due to advances 
in nonlinear systems theory and improvement in the capabilities of control hardware and 

software. 
In the process industries there are many cases of systems which are poorly controlled 

by linear control techniques because of their nonlinear characteristics. Continuous stirred 
tank reactors (CSTRs) represent a well-known class of industrial processes which show all 

of the above discussed features. High nonlinearity in industrial reactors is essentially due 

18 



f-f 11 19 Chapter 1. Introduction 

to the presence of nonlinear kinetics, such as exponential nonlinearities of exothermic re- 

actions or microbiological fermentation processes, while uncertainties are associated with 

a poor knowledge of the reaction mechanism and variations in process operating condi- 
tions. Moreover, additional issues are represented by the presence of constraints on the 

manipulated variables and by the difficulty in the accurate measurement of reactant and 

product concentrations. 
The uncertainty affecting the kinetic parameters is often problematic; modelling of 

kinetic reactions is difficult and, as a result, the model mismatch may be significant. If 

the controller design does not take this into account, the control performance may be 

severely degraded. 

The constraints often imposed on the control input by physical limitations are also hard 

to deal with because input saturation may adversely affect the efficiency of the controller. 
A variety of controller design and analysis tools are now available for nonlinear systems, 
however most of the techniques employed do not have constraint handling capabilities. 

Finally, the lack of rneasurements of some state variables limits significantly the im- 

plementation of nonlinear model-based controllers on industrial plants. Most nonlinear 

control techniques proposed in literature assume that all state variables are measured or 

estimated. However, in industrial practice, the estimation of unmeasured state variables 

and unknown parameters is often a very complex problem. Usually, only temperatures 

and flowrates are easily measurable and, although advanced methods for accurate mea- 

surement of the concentrations in a reactor have been developed, these have not been used 
frequently in industrial plants because of very high operating costs. 

All the above issues deserve to be further analysed. 

1.1.1 Highly Nonlinear Behaviour 

Classical control theory is based on a linear description of the process even if most in- 

dustrial processes are nonlinear. Conventional feedback control strategies can provide 

adequate performance only when the process is mildly nonlinear or remains close enough 

to the nominal steady state. Nevertheless, linear control methods are widely used in the 

process industries because systems are often well approximated by a linearised model over 

the required operating range. 
However, some important cases of industrial processes, including highly exothermic 

chemical reactions, fermentation processes, high purity distillation columns and pH neu- 

tralisation systems, exhibit highly nonlinear behaviour. 

Typical nonlinear characteristics are the presence of multiple equilibrium points, limit 

cycles and chaotic attractors. Nonlinearities are often associated with physical constraints 
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such as hysteresis or saturation limits of actuators. Such nonlinearities have undesirable 

effects and controllers are often designed to compensate for them, for example by including 

positioners on valves or detuning responses to avoid saturation limits. 

Efficient identification methods of nonlinearities have been developed to design more 
effective control strategies able to explicitly incorporate nonlinear elements. A general 

overview of new research results in this area is presented in Chapter 2. 

1.1.2 Presence of Uncertainty 

Usually linear controller design assumes that process model parameters are reasonably 

well known. A linear controller designed on the basis of imprecise values of the model 
parameters might exhibit poor performance or even closed loop instability. 

Stabilisation of dynamic systems with uncertainty is a central issue in control theory. 

There has been increasing interest in the design of robust controllers for dynamic pro- 

cesses with uncertainty. However, the general robust stabilisation and robust performance 

problems for nonlinear systems are still unsolved. 
Continuous chemical and biological reactors are two important classes of industrial pro- 

cesses where the controller has to cope with uncertainties. In such processes, uncertainties 
arise for several reasons: noise and imperfections in stirring, fluctuations in input flow 

conditions, poor knowledge of the reaction kinetics and micro-organism digestion process. 
In particular, incomplete information on the reaction and digestion mechanisms is the 

most relevant source of uncertainties. It is well-recognised that the better the knowledge 

of such chemical kinetics functionalities, the better the control performance. Some robust 

control strategies proposed in literature for nonlinear systems require the knowledge of 

upper bounds for uncertainty terms to be able to design a feedback controller. Applica- 

tions of these methodologies to the control of chemical and biological reactors are therefore 

quite complex, since an upper bound for the reaction rate or the specific microbial growth 

rate is not so trivial to establish. 

1.1.3 Lack of Measurements of Some State Variables 

Effective control of industrial processes requires sufficient information usually specified by 

the complete knowledge of the process state variables. 
An important assumption made by most of the nonlinear control techniques proposed 

in the literature is the complete measurement of the system states. In practice the state 

variables required for controller implementation are not all measurable or are not measured 

with sufficient accuracy. Most of the recently proposed nonlinear control techniques rely 

on the complete state measurement, i. e. temperatures and concentrations. But, in general, 
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on-line measurements of all the states of a process are rarely available. 

In this respect, chemical and biological reactors are a very singular class of nonlinear 

processes because the variables to be controlled, i. e. reactant and product concentrations 
for chemical reactors and biomass concentration for biological reactors, are not in many 

cases available for feedback. 

In such cases, reliable information on the unmeasurable state variables are obtained by 

means of a state observer. State observers are dynamic systems based on a mathematical 

model and capable of reconstructing the inaccessible process variables from easily available 
measurements. 

In general, linear observers are inadequate for nonlinear processes and, therefore, effec- 
tive methods to design nonlinear observer are required. A variety of state observer design 

methods have been developed for nonlinear processes. These include the output injection 

method, open loop nonlinear state observers, the extended Kalman filter and closed loop 

approaches such as the extended Luenberger observer and the high-gain observer. 
While in the case of linear systems the observer design problem has been studied ex- 

tensively, in the nonlinear case, the methodologies proposed so far are very often problem- 
dependent and suitable just for a restricted class of nonlinear systems. 

Presence of Process Constraints 

In every physically meaningful process, state variables are naturally bounded. For ex- 

ample, the magnitude of a manipulated variable can only vary between the upper and 

the lower limit of the corresponding actuator. Ignoring the boundedness of manipulated 

variables at the stage of controller design may cause significant performance deterioration 

and even closed loop instability. 

A major deterioration in the performance of a controller is windup. Windup is a 

degradation phenomenon of the controller performance that is associated with actuator 

saturation. It occurs when the output of a dynamic controller exceeds the actuator limit 

and the state variables of the controller are not aware of the saturation and thus are 

wrongly updated. 
Robust stabilisation of industrial reactors under the constraint that the control input 

is saturated is a common control problem which has attracted the attention of researchers 
for a long time. However, there is still a need for further research in this direction. 

In this work, Lyapunov-based methods are considered in order to derive nonlinear 

output feedback controllers that can provide significant improvement in the closed loop 

response of nonlinear uncertain industrial processes in the presence of active input con- 

straints and incomplete state measurements. 
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The main reason for the development of nonlinear output feedback control techniques 
from Lyapunov-based methods is that this approach provides a method for analysing the 
behaviour of industrial processes, described by systems of nonlinear differential equations, 
without requiring knowledge of the full state of the process and exact information on the 
kinetics. 

More importantly, from an implementation perspective, the proposed methodology 
is able to account for process nonlinearities and physical constraints directly using the 

nonlinear model of the process. This is particularly of interest in a moment where so- 

phisticated dynamic models of process systems are available and there is the need for a 

structurally clear method of including explicitly nonlinear elements and constraints in the 

controller design. 

These reasons make the Lyapunov-based design attractive from a theoretical point of 

view. However, the following questions still remain. 

1. How effective is this methodology in achieving the control objectives? 

2. What are the limitations and the advantages of Lyapunov-based methods? 

These aspects must be carefully analysed before considering the proposed methodology as 

an industrially acceptable technique. 

1.3 Thesis Objectives 

The objective of this thesis is to use Lyapunov-based methods to design nonlinear output 
feedback control laws for the robust regulation of a wide class of chemical and biological re- 

actors. The resulting controllers should yield robust stability and guaranteed performance 
in the presence of input constraints and kinetic uncertainty. 

Ultimately these properties are demonstrated through an experimental implementation 

of the discrete-form of a nonlinear output feedback control law on a pilot plant for the 

treatment of wine distillery wastewater. 
The design procedure of the final controllers involves 

1. an analysis of the mathematical representation of the dynamic models describing the 

nonlinear industrial processes considered as case studies; 

2. a detailed discussion of some basic assumptions and of an introductory lemma nec- 
essary to present the robust stabilising control methodology both for chemical and 
biological reactors; 
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3. assessing the performance of the resulting controllers through computer simulations; 

4. verifying the stability and robustness properties of the controllers also with an ex- 

perimental implementation on a laboratory-sized wastewater treatment process. 

1.4 Thesis Outline 

This thesis is organised as follows. 
Chapter 2 is an introduction to the design, analysis and application of nonlinear con- 

trol strategies to the temperature stabilisation of chemical reactors and robust regulation 
of biological processes. The chapter starts by motivating the need for nonlinear process 
control and contains a discussion of several classic nonlinear control methodologies. In 

particular, feedback linearisation techniques, differential geometry and nonlinear model 

predictive control strategies are briefly described as the most important controller design 

approaches for nonlinear process applications. Finally, the chapter provides a literature 

review of the major nonlinear control techniques used to output feedback stabilise chem- 
ical and biological reactors, with particular consideration for those researchers who give 

rigorous proofs of robustness and global stabilisation in the presence of kinetic uncertainty. 
Chapter 3 presents the main concepts and definitions typical of stability theory. 

The fundamental analysis tools for nonlinear process control systems are introduced and 
discussed. The direct method and linearisation method of Lyapunov are briefly illustrated, 

followed by the converse Lyapunov theorems and LaSalle's theory. This chapter serves as 
background for the nonlinear controller synthesis proposed in the subsequent chapters. 

In Chapter 4 the dynamic models of the industrial processes studied in this thesis 

are considered in detail. A general class of continuous chemical reactors is described by a 

mathematical representation which also includes the jacket dynamics. This is followed by 

the description of the dynamic behaviour of a simple biological process and by a review of 
the most common kinetic models for the microbial specific growth rate. Finally, a more 

complex example of biological reaction, typical of the wastewater treatment processes, is 

presented. 
Chapter 5 examines the temperature stabilisation problem of a general class of chem- 

ical reactors. The design begins with the discussion of some preliminary assumptions and 

the presentation of an important lemma used to derive the main results. The proposed 

methodology leads to some output feedback control laws which give a stable bounded 

closed loop response. The temperature control problem is addressed in particular for the 

case of global exothermic reaction and solved by considering an additional manipulated 

variable to the usual heat input rate. 
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Chapter 6 addresses the robust output feedback regulation problem for a general class 

of biological wastewater treatment processes. A systematic design procedure is proposed 
first for a prototype bioreactor and then for a more complex example. Local asymptotic 

stability is proved for both cases when the substrate concentration or the output gas 
flowrate are easily measurable. 

Chapter 7 presents the computer simulation results obtained from the implementation 

of the proposed nonlinear controllers on some examples of chemical and biological reac- 

tors. A simple irreversible first order reaction and the sequential van der Vusse reaction 

are studied. Then, a simple biological digestion and an anaerobic wastewater treatment 

process, for the treatment of wine distillery effluents, are considered. 
Chapter 8 illustrates in detail the experiments carried out on the biological wastewa- 

ter treatment pilot plant at the LBE-INRA in Narbonne, France. The chapter starts with 
the description of the pilot plant and the specification of the operating conditions. The 

experimental results obtained from the implementation of a nonlinear output feedback 

controller on the pilot plant are discussed by proposing a comparison between computer 

simulations and experimental data. 

Chapter 9 contains a summary of the achievements and of the main contributions of 
this work. The most relevant issues that still remain open or require further refinements 

are considered and some recommendations are made for future research directions. 

Finally, Appendix A gives an alternative proof of Proposition 1 of Section 5.4.1. 

Appendix B contains some technical details necessary in the proof of Proposition 2 

of Section 5.4.2. 

Appendix C contains the Matlab commands to implement the discrete-time form of 
the nonlinear output feedback control law on the biological pilot plant. 



Chapter 2 

Nonlinear Control System Design 

Techniques 

2.1 Introduction 

The objective of this chapter is to present a general overview of applications of nonlinear 

control design techniques to chemical and biological reactors. The fundamental character- 
istics of these methodologies are briefly reviewed and the main theoretical and practical 
issues are critically evaluated. 

Section 2.2 motivates the need for nonlinear process control strategies in the control 

of nonlinear industrial processes, while the subsequent sections contain a discussion of 
several classical nonlinear control techniques. 

Section 2.3 starts by analysing some special techniques developed by modifying lin- 

ear controllers or extending linear control methods. Then, it briefly discusses the recent 

advances in nonlinear control theory, including differential geometry and feedback lin- 

earisation techniques, reference system synthesis methods and nonlinear model predictive 

control. 
Sections 2.4 and 2.5 review the main applications of these techniques to the control 

of chemical and biological reactors, with particular attention to the results obtained by 

applying output feedback controllers. 

2.2 Why Apply Nonlinear Control to Industrial Processes? 

Linear control techniques have been extremely well-developed during the last decades 

and widely used in industrial applications. For many years, linear controllers have been 

employed to regulate physical processes by neglecting their nonlinearities. In the design 
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of linear controllers, it is often necessary to assume that the process model is defined 

through linear, possibly perturbed, differential equations. However, it is extremely difficult 

to completely specify the dynamic characteristics of an industrial process in this way, 
because of the presence of time-varying uncertainties such as unknown process parameters 

and external disturbances. Therefore, the concept of a linear system is an idealised notion, 

since all real industrial processes exhibit nonlinearities. 
It is well-recognised that nonlinear systems are much more difficult to control than 

linear systems. This is partly due to the fact that the dynamic behaviour is richer. As a 

result, it is extremely difficult to make general claims about the response and the properties 

of nonlinear control systems. 
The two important issues, stability and robustness, are therefore much more complex 

to evaluate in the nonlinear case. For example, during the control of a highly exothermic 

reactor, it may be that the consequences of the system becoming unstable are disastrous. 

This might explain why control engineers are so concerned with being able to prove the 

stability of a controller, and also why they try to linearise systems that are actually nonlin- 

ear. However, linearisation techniques and linear controller design methods exhibit some 

severe limitations when applied to nonlinear processes. Linear controllers rely on the key 

assumption that their operating range will be small and so can be approximated as lin- 

ear. Linear controllers therefore usually perform poorly when applied to highly nonlinear 

systems or moderately nonlinear systems that operate over a wide range of operating con- 
ditions. Moreover, the range of the control actuators used to regulate industrial processes 
is almost always limited. 

For strongly nonlinear processes, significantly improved performance can be expected 

if a more accurate nonlinear model is used directly in the controller design stage. Recently, 

significant progress has been made in the development of nonlinear controller design strate- 

gies for nonlinear systems. The interest in the design and analysis of nonlinear control 

systems derives from the fact that these techniques employ the nonlinear model of the pro- 

cess directly in the controller calculation, without the need for local linearisation about 

a specific operating point. As a result, nonlinear techniques are able to control a process 

over a large range of operations. 
The increased interest in this area has also been motivated by the recent advances in 

nonlinear control theory, which have led to controller design methods easily applicable to 

several classes of industrial processes. In addition, continued improvement in computer 
hardware and software has made it possible to incorporate complex nonlinear models in 

the controller structure. 
Important contributions to nonlinear control theory have been made in developing 

nonlinear extensions to linear control techniques, such as nonlinear internal model control 
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and nonlinear model predictive control, and defining new nonlinear methodologies such as 
differential geometry and feedback linearisation techniques. Excellent reviews of results 
in the area of nonlinear process control are available in literature (see e. g. [24,55,75,76, 

78,95,105,110]). 

2.3 Applications to the Control of Chemical and Biological 

Reactors 

Chemical and biological reactors exhibit a challenging control problem due to their non- 
linearity, chaotic behaviour and the presence of several stable and unstable equilibrium 

points. They have been widely studied and traditionally controlled using linear system 

analysis and design tools together with linearised models [16,91,108], or nonlinear meth- 

ods based on linearisation techniques [4,6,40,43,59,72,84]. However, the use of linear 

techniques is very limiting if the reactor has a highly nonlinear behaviour, whereas non- 
linear control design needs, in general, too much information about the process. 

The objective of this research is to apply nonlinear control theory to design robustly 

stabilising output feedback control laws for a general class of chemical and biological 

reactors. In contrast with other existing methods [27,55,73], the proposed control laws are 

simple to implement and require only limited knowledge of the system. A large variety of 

control design strategies are now available to control nonlinear industrial reactors, however 

most of these techniques show limitations, for example, in handling input constraints. An 

analysis of the main nonlinear control techniques is therefore included to emphasise the 

practical advantages that can be achieved by employing the control methodology derived 

in this thesis. 

2.3.1 Linear Control 

Although linear control methods will not be reviewed in this chapter, it is worth briefly 

discussing the reasons that have rendered linear controllers so widespread in industrial 

practice, and also the main limitations that characterise their implementation. 

Linear control, in the particular form of proport ional- integral (PI) and proportional- 

integral-derivative (PID) controllers, has been the dominant control strategy in the process 

industries for decades and it will be the method used on a large fraction of all control loops 

for decades to come. 
The obvious advantage of PI and PID algorithms is that they are simply motivated 

and easy to implement. They can be tuned very easily in order to provide a satisfactory 

performance over the required range of operating conditions. This mainly because PI 
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and PID controllers are error-driven strategies. Corrections are made on the basis of a 
difference between the current system output and the desired output. In the simplest 

case, the corrections are proportional to the magnitude of the error. However, this may 

not work well for general nonlinear processes. 
Linear PI and PID controllers are not based on a dynamic model of the system. This 

can be seen either as an advantage or a drawback. In many cases, it may be impossible 

to get a sufficiently accurate model of the system, and the deviation of the produced path 
from the target may be a rapidly increasingly function of time due to nonlinearities in the 
dynamics of the system. 

In addition, it is worth noting that conventional linear controllers must be tuned very 

conservatively in order to provide stable behaviour over the entire range of operating 

conditions, and the dynamic characteristics of the process, such as nonlinearities and 
deadtime, cannot be explicitly taken into account in the design of the control algorithm. 

2.3.2 Special Nonlinear Techniques 

The easiest way to design a nonlinear controller is to make modifications to the tuning 

parameters of conventional linear controllers as a function of the error. An important ad- 

vantage of these techniques is that they are direct extensions of standard linear algorithms, 

so they are easy to understand. In addition, these methods do not require precise knowl- 

edge of the nonlinear model of the process because the parameters of these controllers are 
tuned on-line. 

The gain scheduhng technique has been widely used to compensate for nonlinearities 
in the dynamics of a process [86]. In this approach the controller parameters are varied 

to compensate for known nonlinear characteristics so that the loop gain is maintained as 

constant as possible. The purpose of gain scheduling control is to find a time-varying 

controller scheduled on some parameters to achieve desired performance objectives of the 

closed loop system throughout the whole operating region. 
The design of gain scheduled controllers has followed a classical two-step approach 

[30]. First linear controllers are designed for linearised plants at fixed points and then 

a scheduler is designed, which patches together the linear controllers by interpolation. 
Overall qualities such as stability and robust performance are then evaluated through 

simulation. 
The synthesis of a gain scheduled controller from a group of linear controllers has 

the advantage that a variety of up-to-date linear control methods can be used. However, 

the disadvantage is that there is no guarantee of satisfactory performance and robustness 

along all possible trajectories of the scheduling parameters. 
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In some cases [301, these nonlinear controllers have been shown to be more versatile 
than linear controllers, but they are difficult to tune and their responses are not easy to 

predict. Because of these problems, several types of nonlinear ad-hoc strategies have been 
developed. 

A nonlinear PID controller design procedure has been proposed, where tuning parame- 
ters are continuous functions of the manipulated input [100]. Unlike linear PID controllers 
which give a response depending on the operating condition, the nonlinear PID controller 
is able to maintain constant closed loop dynamic behaviour. 

A nonlinear reaction-rate controller, where the proportional gain and integral time 

are functions of the steady state operating conditions, has been developed for the specific 
control of a low density polyethylene (LDPE) reactor [87]. By adjusting the initiator 

concentration, this controller is able to keep the reaction rate at its steady state value. 
Nonlinear feedforward control has been suggested for the regulation of different indus- 

trial processes such as CSTRs [85] and distillation columns [99], and has been analysed 
by comparing its dynamic behaviour with that of a linear feedforward controller. 

Another approach to the control of nonlinear processes is the variable transformation 
[52,103,104] approach, which consists of selecting some functions of the measured variables 
to produce an approximately linear relationship between input and output variables. 

Finally, the extensive variables [51] approach is based on the selection of variables which 

are generally related to the total energy or mass balance of the process. This method leads 

to systems that are capable of maintaining constant closed loop characteristics over a larger 

operating region. 

2.3.3 Internal Model Control 

Internal Model Control (IMC) was introduced in linear control theory as a general struc- 
ture which uses a linear process model in parallel with the real process [91]. Although 

the IMC structure can be rearranged into the traditional feedback control configuration, 
there are several reasons for using the IMC procedure in the design of control systems. 

In particular, IMC ensures stability of the nominal closed loop system when both the 

process and the controller are open loop stable. It also easily allows the identification 

of limitations of the closed loop performance due to open loop characteristics and shows 
advantages in implementation such as input constraint handling capabilities and deadtime 

compensation [48]. 

Several nonlinear control methods, which exhibit these characteristics, have been pro- 
posed for the regulation of industrial reactors [45,837 96]. These techniques are easy to 

understand because they are direct extensions of the linear IMC method. A nonlinear 
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version of the IMC design procedure has been developed using operator theory [58] to 

represent the nonlinear input-output system [45]. As in the linear version, the nonlinear 
IMC is based on the inverse of the nonlinear process model to form the controller and 

on a filter which provides the trajectory to be reached. A disadvantage of this method is 

that open loop unstable processes cannot be handled and there is no guarantee that input 

constraints will be satisfied. 
Since then, a nonlinear technique has been developed to handle the constraints on 

manipulated and state variables [83]. The main limitation of this method is that it assumes 

a perfect model. Therefore there is the need for an on-line parameter estimator to update 
the model. 

Nonlinear inferential control laws have been proposed to estimate unmeasured distur- 

bances and track a desired reference trajectory [96]. This technique does not take into 

account state constraints and is not able to handle systems where the gain changes sign 
in the operating region. Nevertheless, this approach has been modified and extended to 

control an open loop unstable styrene polymerisation reactor [561. The modified tech- 

nique can be considered a limiting case of multi-step nonlinear model predictive control, 

reviewed in Section 2.3.6. 

2.3.4 Differential Geometry 

Geometric nonlinear control has been developed from the mathematics of differential ge- 
ometry [64]. Recently, differential geometric approaches have become effective tools for 

the analysis and design of nonlinear control systems. 
The aim of this simple review is not to supply theoretical details on differential 

geometric-based control strategies [55,75,76], but only highlight the contributions of 

various literature sources in relation to the regulation of chemical and biological reactors. 
Two main approaches to solve linearisation problems have been proposed for nonlinear 

chemical processes: input-output linearisation and state-space hnearzsation. 

Input-Output Linearisation 

The Input-Output (I-0) linearisation method uses a state-space representation of the 

system and attempts to linearise the relationship between the inputs and the outputs of 

the closed loop system. A linear controller is then designed for the linearised input-output 

model. A disadvantage to the 1-0 linearisation approach is that it is generally limited to 

minimuni-phase systems. 
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Figure 2.1: The Reference System Synthesis technique. 

State-Space Linearisation 

31 

The state-space linearisation method attempts to linearise the relationship between the 

inputs and a transformed state variable. A major disadvantage of this method is that a set 

of partial differential equations must be solved to determine a state-space transformation 

and an analytical solution is only available in special cases. 

Since differential geometric techniques are based on state feedback, it is necessary that 

all the states be measured or estimated. The extended Kalman filter and other nonlinear 

observers have been used to estimate unmeasured state variables. In general, manipulated 

variable constraints cannot be explicitly included in the control law formulation. A large 

number of applications that employ 1-0 linearisation [2,5,6,17,20,211 35,37,54,72,77, 

79] and state-space linearisation [4,26,59,84] to control chemical and biological reactors 

can be found in literature. The review of the main applications will be presented in 

Section 2.4 and Section 2.5 since some results of these methods will be compared with the 

results obtained by means of output feedback controllers [14,36,65,67,74,113]. 

2.3.5 Reference System Synthesis Techniques 

Reference System Synthesis (RSS) [19,20] techniques are nonlinear controller design tech- 

niques that use a model of the process and a specification of a desired reference trajectory 

to determine a feedback control law. 

Reference System Synthesis is an equation-based method for designing nonlinear feed- 

forward-feedback controllers for general dynamic systems. This method is a three-step 

design procedure. In the schematic of Figure 2.1, the manipulated input u is to be calcu- 
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lated. The desired behaviour of the closed loop system (Reference Systern) is represented 
by a set of integro-differential equations. The manipulated input u is determined by min- 
imising the difference between the open loop system (Process Model) and the desired closed 
loop system. 1n general, the specification of the form of a reference trajectory affects the 
type of the resulting control law. 

Applications of these techniques to the control of chemical reactors have shown better 

controller responses when compared to linear controllers [20]. This methodology was then 

extended to handle higher order nonlinear systems and applied to the control of chemical 
processes such as a methyl methacrylate (MMA) polymerisation reactor [19]. 

Generic Model Control (GMC), which is a specific nonlinear RSS technique, was de- 

veloped independently of the linearisation methods. However, the basic structure of GMC 

can be considered to be the same as the input-output linearisation method with an exter- 
nal PI regulator for processes of relative order one [82]. Applications of this method have 
been studied for the case of a single-effect evaporator [94] and for the temperature control 
of an exothermic batch reactor [32]. 

2.3.6 Nonlinear Model Predictive Control 

During the last decade there has been an increasing use of linear model predictive control 
(LMPC) in the process industries because this methodology is able to deal with input and 

output constraints. Model Predictive Control (MPC) has proved to be an effective method 
to control large multivariable systems and has gained large interest in the industry, espe- 

cially within the process and petrochemical fields. The main benefits are the possibility to 

handle constraints on various variables in the plant and an easy feed-forward implemen- 

tation. Linear MPC is a mature field with a large number of linear industrial applications 
[88,93], while MPC applied to nonlinear processes is still open to further investigations 

[27,44,89,102]. 

The most known LMPC technique is the Dynamic Matrix Control (DMC) method. 
This technique selects a set of L future control input values, known as the control horizon, 

to minimise an objective function. The objective function is defined in terms of the model 

predicted outputs and a desired output variable trajectory over a prediction horizon, R, 

as shown in Figure 2.2. 

The need for the controller to perform over a large range of operating conditions and 
the availability of realistic nonlinear models and inexpensive computational power have 

motivated the development of Nonlinear Model Predictive Control (NMPC). 

Nonlinear model predictive control, which is a natural extension of LMPC, is ail 

optimisation-based method which uses a nonlinear model of the process to predict the 
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effect of future manipulated input moves on future values of the controlled outputs. At 

each time step, a sequence of input moves is calculated by solving an open loop optimal 

control problem. A feedback controller is obtained by implementing only the first calcu- 
lated control input and resolving the optimisation problem at the next sampling instant, 

using new process measurements. The implementation of nonlinear model predictive con- 

trol requires the knowledge of the current state of the nonlinear system in order to compute 

the solution of the open loop optimal control problem formulated at each control interval. 

Nonlinear model predictive control is more effective in handling many of the common 

process characteristics, i. e. unmeasured state variables, constraints on process variables 

and unmeasured disturbances, than the other nonlinear control methods previously dis- 

cussed. This technique is intuitive and easy to understand because it is a direct extension 

of linear model predictive control. On the other hand, it is not always possible to guar- 

antee convergence, or give rigorous proofs of stability and robustness. Also the high 

computational time, which characterises the application of NLMPC to complex models, 

is an issue. 

2.4 Nonlinear Control of Chemical Reactors 

A major criticism of chemical control research in the past was that the theoreticians were 

not developing techniques capable of handling "real" control problems. In fact, most of 
the nonlinear controller techniques proposed in literature assume that all process state 
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variables are measured or estimated. In real practice, the measurement or estimation of 
some state variables is extremely complicated and, therefore, there is a great need for 

methods able to overcome these problems. 
During the past decade there has been a significant increase in interest by many 

industries in the study of appropriate control strategies for batch, semi-batch or con- 
tinuous reactors. Several researchers have studied the reactor control problem, which 
is made complex by the presence of process changes and tight performance constraints 
[1,2,4,5,6,7,8,16,31,36,40,43,47,65,67,71,72,79,84,111,112]. Nonlinear con- 
troller design techniques for chemical reactors have to handle many of the characteristics 
that are typical of industrial processes, such as unmeasured state variables, unmeasured 
disturbances, uncertain and time-varying parameters and constraints on manipulated and 

state variables. 
Traditionally, conventional PID controllers have been applied for the temperature reg- 

ulation of chemical reactors. They are usually robust to model uncertainty since their 
design is partly independent from the model of the system, but dependent on tuning. The 

temperature stabilisation of an open stirred tank reactor with a first order exothermic 

reaction was extensively studied using a proportional controller [16]. This process shows 
three open loop steady states, two of which are stable and one unstable. The dynamic 

behaviour of the reactor has been studied by using the linearisation method to show that 

the open loop unstable equilibrium point becomes locally asymptotically stable in closed 
loop [16]. 

Feedback linearisation techniques have also been used. A full state feedback linearl- 

sation solution is presented for an exothermic reactor with one reaction [4,84]. Global 

stabilisation by state feedback [84] has been numerically demonstrated using the coolant 
temperature as a manipulated variable and the addition of a state observer. Stabilisation 

by state feedback of a chemical reactor has been proved with respect to a well defined 

domain [4]. 

Input-output linearising control, which reduces the original nonlinear control problem 
to a simpler linear control problem, has been extensively investigated [36,79]. An input- 

output linearisation strategy for constrained nonlinear processes is proposed by combining 

the benefits of feedback linearisation and model predictive control [79], but robustness to 

model uncertainty is not guaranteed since feedback linearisation techniques require exact 
knowledge of the process model. 

Various solutions have been proposed to overcome this problem, in particular the 

addition of an integral action to the controller obtained from input-output linearisation has 

been proposed [72]. Lyapunov-based adaptive linearising techniques have been successively 

developed [1,2,71]. First, global stabilisation by state feedback of a reactor with an 
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exothermic reaction was proven [1]. Then, the same case was considered in the presence 
of a state observer [2]. Finally, global stabilisation of a reactor with complex kinetics was 
dealt with [71], still considering a state observer. Good control performance was obtained 

with a state observer in the case of a reactor with two sequential exothermic reactions 
[40]. 

Important studies have been made by using nonlinear geometric control tools to sta- 
bilise unstable steady states of a CSTR and considering the performance of proportional 

and prop ort ional- integral controllers [4]. Lately, the behaviour of nonlinear controllers 
for the specific case of an exothermic, first order, irreversible reactor has been examined 
[5]. Moreover, the global boundedness of trajectories and the practical stabilisation of a 

chemical reactor has been proved when the system is driven by an input-output linearising 

type feedback, under parametric uncertainty [6]. Finally a CSTR with unknown reaction 

rates has been stabilised by applying a high-gain feedback law and introducing a state 

observer to solve the problem of input saturation and poor closed loop performance [8]. 

Robust control techniques have been applied to a reactor with a first order exothermic 

reaction [6,31,43]. Semi-global practical stabilisation has been proved [31] in the case of 

parametric uncertainty on the kinetics by means of a robust input-state linearising state 
feedback. In recent years, interesting attempts to include the process nonlinearities into an 

adaptive controller have been made with application to two sequential reactions: the zero 
dynamics are analysed and a model reference adaptive controller is designed to control a 
highly nonlinear CSTR [2,40]. 

Still recently, some significant results were also obtained for the robust global stabili- 

sation under input constraints. A state feedback controller has been designed to stabilise 
the temperature at an arbitrary set-point in spite of uncertainties in the reaction kinetics 

and a robust state observer has been proposed to overcome the problem of partial state 

measurement [112] . These results have been extended to an exothermic chemical reactor 
[111] where the feed concentration is assumed an additional input. 

Recently, another approach has been proposed [47]. Therein a semi-adaptive state 
feedback controller is applied in the region of the state-space where convexity can be used 
to reduce parameter uncertainty and it is then frozen and switched to a robust scheme 

outside this region. 
It must be noted that to be implemented, all the above control laws need the on-line 

measurement of the full state of the system, represented by the set of concentrations and 

temperatures. In industrial practice it is very easy to measure temperatures, but usually 

not concentrations. 
The problem of state variable measurement or estimation can be overcome if we 

select an output feedback controller able to regulate and globally stabilise the reac- 
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tor temperature at its set-point without requiring any knowledge of the concentrations 
[9,10,11,12,13,15]. 

Interesting results in this direction have been obtained [7,65,67]. A first order com- 
pensator with modelling error compensation is designed and its ability to stabilise the 
temperature of a chemical reactor is proved [7]. Then, the robust stabilisation of a class 
of CSTRs with unknown kinetics and control input saturations is achieved by means of 
modelling error compensation techniques which consist of interpreting the modelling error 
signal as a new state, whose dynamics are observable from output measurements [67]. 
Finally the stabilisation of chemical reactors by output feedback with PI-type controllers 
has been reviewed and treated in detail [65]. 

2.5 Nonlinear Control of Biological Reactors 

Through his industrial and agricultural activities, man has determined many physical, 
chemical and biological modifications to his environment, some of which have had a harm- 
ful effect. Nowadays, stricter environmental rules have been imposed in order to guarantee 

a limit to the quantity of toxic matter released in industrial and municipal effluents. In 

the control and improvement of environmental quality, biotechnology is playing a more 

and more important role through improved or innovative wastewater treatment proce- 
dures. These procedures may show very different characteristics depending upon several 
factors, including the choice of micro-organisms employed, final desired products, process 
technology and control. In general, biological processing of wastewater has the following 

objectives: 

e degradation of toxic compounds, 

* recovery of resources, such as recycling of carbon, nitrogen and phosphorus, 

op production of valuable organic fuels. 

Biological wastewater treatment attempts to achieve all of the above goals by employing 

micro-organisms to decompose, usually by oxidation, the organic compounds contained 

within the treated effluent. Biological reactors are the unit operation in which such decom- 

positions usually take place. In general, the control of biological reactors is very complex, 
but understanding the relationship between microbial activity and reactor performance 

inay allow a better control system to be developed. 

The dynamic behaviour of biological reactors is highly nonlinear and the dynamic 

model parameters vary in an unpredictable manner. Accurate process models are rarely 
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available and the process state variables are very difficult to characterise because of a lack 

of reliable measurements. 
The absence of cheap and reliable biosensors, capable of providing on-line measure- 

ments of the biological state variables, motivated the increasing interest in the design of 
state observers and the subsequent large number of experimental applications [23,25]. 

The use of extended Kalman filters has become common in biotechnology to solve the 

state observation problem [98]. 

A drawback in using state observers is that they usually require full and accurate 
knowledge of the process kinetics. This is a severe limitation that inevitably constrains 
the practical application of this approach. However, some interesting experimental appli- 
cations of state observers are reported in literature [22,29]. 

The difficulty in kinetic modelling motivated the study of the identification problem 
of biological models [25,28]. The identification problem of bioprocesses concerns the 
determination of the yield coefficients and the reaction rates involved in the kinetic model. 
The analysis of structural identifiability has been addressed in several ways, e. g. by using 
a systematic two-step procedure, respectively, for the reaction network and the kinetic 

modelling [25], or applying the peak seeking method [28]. 

Considerable attention has been addressed to the control of fed-batch bioreactors be- 

cause of their prevalence in industry. This class of biological reactors is characterised by 

the absence of outflow. Initially the reactor contains a small amount of substrate and 
biomass and then is progressively filled with the influent stream containing substrate. 
Many theoretical control studies have mainly focused on the optimisation of fed-batch 

processes and, more precisely, on the design of open loop feeding strategies with the aim 

of maximising the productivity of such reactors [21,23,66,101,106]. 

However, when the control objective is to reduce the quantity of toxic substrate leaving 

the reactor, continuous operation is preferable. Several linear feedback techniques, such 

as proportional and prop ort ional-integral control [38,39,90] and adaptive control [23,81], 

have been proposed. However, these approaches have the disadvantage of neglecting the 

nonlinearities inherent in most biological processes. 
Recently, the design of nonlinear feedback controllers has been derived from the theory 

based on differential geometry [55,64,75,95]. By means of nonlinear coordinate trans- 

formations and nonlinear state feedback, the nonlinear biological model may be trans- 

formed into an equivalent linear model and linear controller design techniques may then 

be utilised. Both input-output linearisation [54,72] or state-space linearisation [62,107] 

have been employed. 
Several exact linearisation techniques have been proposed for the control of fermen- 

tation processes. The state-space linearisation approach has been applied to single- 
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input /single-output [61] and multi-input/multi-output systems [60]. Adaptive nonlinear 

controllers based on input-output linearisation have also been proposed [41] for the opti- 

misation of the biomass production. 
A drawback of most of the nonlinear control techniques proposed to control biological 

reactors is the requirement that there is full knowledge of the kinetics. An approach for 

the stabilisation of continuous biological reactors, which is independent of the kinetics, is 
the output feedback control approach. In this case, process stabilisation can be achieved 
by regulating the concentration of the biological variables available for measurement, i. e. 
substrate or biomass, by using the dilution rate as the control action [14,41,65]. 

2.6 Conclusions 

This chapter has discussed the most important nonlinear control system design techniques 

and their recent results in industrial applications. In particular, the application of these 

nonlinear methodologies to control chemical and biological reactors has been emphasised. 
Comparisons between nonlinear techniques and standard linear methods have demon- 

strated the potential advantages for using nonlinear control. The presented survey has 

highlighted two fundamental needs. Firstly, there is a need for development of nonlinear 

controller design techniques that should be able to handle many of the characteristics 

that are typical of industrial processes still maintaining the computational simplicity of 

conventional linear controllers. Secondly, application of these techniques to more com- 

plex systems, representative of real industrial processes, is required in order to evaluate 

stability and robustness properties. 



Chapter 3 

Fundamentals of Stability Theory 

3.1 Introduction 

The objective of this chapter is to briefly survey the main concepts of stability theory used 
in this thesis. Stability theory is a very old subject which allows to draw conclusions about 
the behaviour of a dynamic system without actually computing its solution trajectories. 
The first researcher to study stability in the modern sense was Lagrange who analysed 
the qualitative behaviour of mechanical systems. One of his conclusions was that, in the 

absence of external forces, an equilibrium of a conservative mechanical system is stable if 

it corresponds to a minimum of the potential energy. 
Since then, the most important progress in stability theory was due to the theory 

introduced by the Russian mathematician Lyapunov who was able to extend the results 

obtained by Lagrange to any arbitrary dynamic system. Lyapunov theory includes two 
important methods for stability analysis: the direct method and the linear%sation method. 

The direct method determines the stability properties of a nonlinear system by con- 

structing an energy-like function for the system and studying how this function varies 

with time. The linearisation method gives results about the local stability of a nonlin- 

ear system around an equilibrium point by analysing the stability properties of its linear 

approximation. 
This chapter begins with some background definitions concerning nonlinear systems 

and stability of equilibrium points, provided in Section 3.2. Section 3.3 recalls the funda- 

mental theorems of Lyapunov which enable us to characterise the behaviour of nonlinear 

systems. This is followed by a simple explanation of Lyapunov's linearisation method in 

Section 3.4. Section 3.5 presents an extension of the basic theory due to LaSalle, while 
Section 3.6 highlights the importance of converse Lyapunov theorems. 

Note that all the main definitions and theorems mentioned in this chapter are taken 
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from the book Nonlinear Systems by Khalil [68], which can be consulted for an in-depth 

exposition of stability theory. 

3.2 Lyapunov Stability 

A nonlinear dynamic system can be represented by a set of nonlinear differential equations 
in the form 

ýb = (X, (3.1) 

where xE R' and f: Gx [0, oo) --4 Ell with GC ff? ". A solution x (t) of equation (3.1) 
is generally referred to as state trajectory or system trajectory. It is worth noting that, 
although equation (3.1) does not explicitly contain the control input as a variable, it can 
represent the closed loop dynamics of a feedback control system, where the control input 
is a function of the state x and of the time t and therefore "disappearing" in the closed 
loop dynamics. Therefore, if the system dynamics are 

-b = (X, U, t) (3.2) 

and the control law is 

u= g(x, t) (3.3) 

the closed loop dynamics 

-ý = (x, g (x, t), t) (3.4) 

can be rewritten in the form of equation (3.1). 

Definition 3.2.1 The nonlinear system (3.1) Zs said to be autonomous if it does not 
depend explicitly on time, i. e. if the system (3.1) can be written as 

,ý= 

Otherwise, the system is called non-autonomous. 

In practice, all physical systems are non-autonomous, because none of their dynamic 

characteristics is strictly time-invariant. However, system properties often change very 

slowly, hence it makes sense to neglect their time variation without incurring any significant 

error. Hence in what follows only autonomous systems will be considered. Let 

:i= (3-5) 

where x cz jj? n and f: G --4 jl? n with Gc jl? n 
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Figure 3.1: Geometric interpretation of the stability notions. 
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Definition 3.2.2 A state x* (E G is an equilibrium state or equilibrium point for the 

system (3.5) if 

f(x*)=O. 

Definition 3.2.3 An equilibrium point x* Zs stable in the sense of Lyapunov if, for each 

E>0, there exists a6= 6(E) >0 such that 

llx(0) 
- x* 11 <6 =ý> llx(t) 

- x* 11 < E, vt > 0. 

This means that an equilibrium point is stable in the sense of Lyapunov (or Lyapunov 

stable) when the trajectory x(t) remains within a specified distance - of x* for initial 

points x(O) near enough to x*. An equilibrium, which is not stable, is said unstable. 

Definition 3.2.4 An equilibrium state x* is asymptotically stable if it is stable and if 6 

can be chosen such that 

Ix(0) - X* 11 <6 =Z: * lim x(t) = x*. t >oo 

The intuitive meaning of these notions is illustrated in Figure 3.1, where the curves a, 
b and c represent respectively prototype trajectories of systems having x* as an asymp- 
totically stable, stable or unstable equilibrium point. 

With the notions of stability and asymptotic stability defined, one can address the 

problem of how to determine stability. In 1892, Lyapunov proved that certain types 

of functions could be used to determine stability of an equilibrium point. This will be 

discussed in the following section. 

3.3 Lyapunov's Direct Method 

The Direct Method, also called the Second Method of Lyapunov, provides a general ap- 

proach to the study of the stability of dynamic systems described by linear or nonlinear 
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ordinary differential equations. Since this method requires no knowledge of the solutions 
of the equations, it provides a useful engineering approach to the study of stability. 

According to classical mechanics, if a system is perturbed from his equilibrium state 
to a state with a higher positive energy, then there might be several possibilities. If the 

energy level of the system is non-increasing with time, this may be sufficient to conclude 
that the equilibrium point is stable. If the energy is monotonically decreasing with time 

and eventually reduces to zero, the equilibrium point may be defined asymptotically stable. 
Finally, if the dynamics of the system are such that the energy continues to increase beyond 
its initial value, then the equilibrium may be defined unstable. 

Lyapunov used this fact to create a generalised energy function, satisfying some pre- 
specified properties, with which he was able to establish the stability properties for a 
system of differential equations. 

Theorem 3.3.1 (Lyapunov's Stability Theorem) Let x= x* be an equilibrium point 
for the system (3.5), i. e. 

j: 
= 

and GC pn be a domain containing x*. Let V: G --+ R be a continuously differentiable 
funchon such that 

V(x*) 0 and V(x) >0 in G- fx*l (3-6) 

(X) = 
(9v f(x)<0 MG. (3-7) 
(9x 

Then, the equilibrium point x* is stable for the system (3.5). Moreover, if 

V(x) <0MG- lx*l (3-8) 

then the equffibr%um point x* Zs asymptotically stable. 

A continuously differentiable function V(x) satisfying the two conditions (3.6) and (3.7) 

is called a Lyapunov function, while the surface V(x) =c>0 is known as a Lyapunov 

surface or a level surface. The condition (3.7) implies that, when a trajectory enters a 
Lyapunov surface V(x) = c, it continues to move inside the set Q1 = Ix E En I V(x) < cl 

and never leaves it. 

If V(x) < 0, the state trajectory moves from one level surface to an inner one, which 

corresponds to a smaller value of the constant c. In general, as c decreases, the level 

surface V(x) shrinks to the equilibrium point showing that the trajectories come closer 

and closer to it. 
If V(x) < 0, it is not possible to guarantee that the state trajectory approaches the 

equilibrium state, but only to conclude that the equilibrium point is stable. 
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Definition 3.3.1 The function V(x) Zs said to be positive definite on GC Rn if it 

sahsfies condition (3.6), i. e. 

V(x*)=O and V(x»O 2n G-fx*l. (3.9) 

Definition 3.3.2 The function V(x) is said to be positive semidefinite on GC Rn if it 
satZsfies the weaker condition 

V(x*)=O and V(x»o in G-fx*l. 

By using these new definitions, it is straightforward to rephrase Lyapunov's Stability 
Theorem 3.3.1 with the following statement. 

Theorem 3.3.2 Consider the system (3.5) with equilibrium poZnt x*. This equilibrium 
point %s stable if there exists a continuously differentiable function V: G --ý R, with 
GC jRn, such that 

V(x) is positive definite on G, 

V(x) is negative semidefinite on G. 

The equilibrium x* is asymptotically stable if 

V(x) is positive definite on G, 

V(x) Zs negat%ve definde on G. 

An interesting class of scalar functions V(x) for which positive or negative definiteness 

can be easily checked is the class of quadratic functions 

V(X) = (X _ X*)Tp(X _ X*) 

where P is a real symmetric matrix. In this case, V(x) is positive definde or positive 

sem%defin%te if and only if all the eigenvalues of the matrix P are positive or non-negative, 

respectively. 
When an equilibrium point is asymptotically stable, it is interesting to determine how 

large the constant 6 can be taken in Definition 3.2.4. This leads to the definition of domain 

of attraction. 

Definition 3.3.3 The set 

G(x*) = 
ýx(0) c ff? ' 1 

tlim x(t) = x* 

is called the domain of attraction of the equilibrium point x*. 
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Determining analytically the exact domain of attraction might be difficult or even impos- 

sible. However an interesting question that may arise is under what conditions the domain 

of attraction corresponds to the whole space ff? ', i. e. the system is globally asymptotically 

stable. 

Theorem 3.3.3 (Barbashin-Krasovskii Theorem) Consider the system (3.5) and let 

x= x* be its equilibrium state. Suppose there emsts a continuously differentiable function 
V: jpn , -ý R such that 

V(x*) =0 and V(x) > 0, Vx 54 x* 

--> oo ==> V (x) ---> 00 
(X) <0 VX: 7ý x*. 

Then the equihbrium state x* i's a stable equilibrium point and any trajectory converges 

asymptot%cally to x*, z. e. x* is globally asymptotically stable (GAS). 

In some cases, it is also necessary to estimate how fast the state will approach the equi- 
librium point. For this reason, the concept of exponential stability is introduced. 

Definition 3.3.4 An equilibrium state x* is globally exponentially stable if there emst 
two constants k>0 and -y >0 such that 

x(t) - x* 11 :5 kllx(0) - x* 11 exp(--yt) , vt >0 vx (0). 

Note that exponential stability implies asymptotic stability but not vice versa. 

3.4 Lyapunov's Linearisation Method 

Lyapunov's linearisation method involves the concept of local stability of a nonlinear dy- 

namic system. It derives from the idea that a nonlinear system should exhibit a behaviour 

similar to that of its linearised approximation for a small operating range. Consider again 

the autonomous system 

:ý= (3-10) 

where f: GC R' --+ B? ' is a continuously differentiable function. Suppose that the state 

x= x* EG is an equilibrium point for the system (3.10), that is f (x*) = 0. Then, the 

system equation (3-10) can be written, using a Taylor series expansion, as 

of 

.I- ax (x) 
x=x* 

(X 
- X*) + fh. 

o. t 
(X) (X 

- X*) 
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where fh.,,. t(x) indicates higher order terms in x- x*. Let A be the Jacobian matrix of 
(x) with respect to x at x= x*, i. e. 

af 
(x) 

ax x=x* - 
The system 

i= Ax (3.12) 

is called the hnearisabon of the nonlinear system (3-10) at the equilibrium point x= x*. 
The following theorem outlines the main condition under which it is possible to draw 

conclusions about the local stability of an equilibrium point for a nonlinear system by 

analysing the stability of the linearised system. 

Theorem 3.4.1 Let x= x* be an equilibrium point of the nonlinear system 

j f 
where f: G -4 -ff? 

' is a continuously differentiable function and G is a subset of IR' 

containing x*. Let 

A af (X) 09X x=x* 

Then, the equilibrium point x* is locally asymptotically stable if ReAi <0 for all eigen- 

values of A. Moreover, the equilibrium point x* is unstable if ReAj >0 for one or more 

of the eigenvalues of A. 

The proof of the above theorem (see [68]) shows that, when ReAj <0 for all eigenvalues 

of A, a suitable Lyapunov function, that works in some neighbourhood of the equilibrium 

point x*, is given by the quadratic form 

V(X) = (X _ X*)Tp(X _ X*) 

where P is the solution of the Lyapunov equation 

ATp + PA = 

with Q any positive definite symmetric matrix. 

3.5 LaSalle Theory 

As already discussed, Lyapunov stability theory represents an important tool for analysing 

the stability of an equilibrium state without solving the system equations. To prove asymp- 

totic stability using Lyapunov theory the condition 

ý, (x) < 0, Vx EE G- fx*l, GcH? n 



&-'I L C/hapter 3. Fundamentals of Stability Theory 46 

must be checked. This means that 'ý (x) should be strictly negative for all xGG-f x* 1. In 

general it is not trivial to find a candidate Lyapunov function that possesses this property. 
It might be easier to find a function V(x) satisfying the condition 

V(x) < 0, Vx G G. (3.13) 

In this case, V(x) is not necessarily strictly negative for x : 7ý- x*, hence Lyapunov's Stability 

Theorem 3.3.1 cannot be applied. 
LaSalle was able to show that, if in a domain containing the equilibrium state 

it is possible to find a Lyapunov function whose derivative along the trajectories of the 

system is negative semidefinite and if it is possible to establish that the only solution of 
the system satisfying the condition 'ý(x) =0 is the trivial solution x(t) = x*, then x* is 

asymptotically stable [80]. To formally state LaSalle's invariance theorem, it is necessary 

to introduce a few definitions. 

Definition 3.5.1 A set GC R' is called an invariant set with respect to system (3-5) if 

x(O) cz G ===ý, x(t) c G, Vt c R. 

Moreover, the set G is said to be a positively invariant set if 

Vt > 0. 

Definition 3.5.2 A funchon V(x) such that 

lix 
- X* 11 --> oo ==: > V (x) ---> 00 

is said to be proper or radially unbounded. 

Definition 3.5.3 A function V(X) :qC ff? n -ý [0,00) is said to be proper in Q if 

lim V(X) =: 00 
X-449Q 

where o9Q is the boundary of the set Q. 

(3-14) 

(3.15) 

Theorem 3.5.1 (LaSalle's Theorem) Let QCG be a compact set that Zs positively 
*able funct * znvar%ant with respect to (3-5). Let V: G --* I? be a continuously differentz ion 

such that ý'(x) <0 in Q. Let E be the set of all points in Q where ý'(x) = 0. Let M be 

the largest invariant set in E. Then every solution starting in Q approaches M as t -4 oo. 

As a consequence, Theorem 3.3.1 and Theorem 3.3.3 may be modified as follows. 
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Corollary 3.5.1.1 Consider the autonomous system 

ý= 

and let x= x* be an equilibrium point of the system. Let the function V: G -ý ff? be 

a continuously differentiable positive definite function on the domain GC JT? n containing 
the equilibrium state x*, such that 1ý(x) :50 in G. Let E= fx EGI 1ý(x) = 01 and 

suppose that no solution can stay identically in E, other than the trivial solution. Then, 

the equdibrium state x* is asymptotically stable. 

Corollary 3.5.1.2 Conszder the autonomous system (3.16) and let x= x* be an equilib- 
Hum poZnt of the system. Let the function V: ff? n --, ff? be a continuously differentiable, 

radially unbounded, positive definite function such that V(x) <0 for all x E ff? n . Let 

E= Ix (z- jRn I 1ý(x) == 01 and suppose that no solution can stay idenhcally Zn E, other 
than the trivial solution. Then, the equilibrium state x* Zs globally asymptotically stable. 

3.6 The Converse Theorems 

All Lyapunov theorems considered so far require the existence of a Lyapunov function V(x) 

which must satisfy precise conditions in order to establish the stability or the asymptotic 

stability of a system. These conditions cannot be directly tested on the data of the 

problem. Instead, one has to determine the appropriate candidate Lyapunov function. 

This searching problem immediately raises two important questions. 

1. Does a function exist that is able to satisfy the conditions of Lyapunov theorem? 

2. Is there a methodology for determining such a function? 

Some interesting theorems, known as Converse Lyapunov Theorems, have been proposed to 

give an affirmative answer to the first question. Basically, the converse Lyapunov theorems 

state that the conditions of Lyapunov theorems are necessary and sufficient for stability. 
If an equilibrium point has the stability property assumed in a Lyapunov theorem, then 

there exists a Lyapunov function satisfying the condition of the theorem. 
In particular, these theorems may be applied when a sub-system of a nonlinear sys- 

tem shows some stability properties: in this case the converse theorems help to obtain a 
Lyapunov function for the subsystem, which may lead to the generation of a Lyapunov 

function for the overall system. 

For brevity, in this section, only the converse Lyapunov theorem when the equilibrium 

point is globally exponentially stable is presented. 
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Theorem 3.6.1 Consider the system 

i == fW (3.17) 

where f: JR' -ý R' is continuously differentiable. If the equilibrium poZnt x* of (3-17) is 

globally exponentially stable, then there exists a posffive definite function V(x) : E? n -, ff? 

that sattsfies the inequalities 

C, IIX 
_ X* 112 < V(X) < C211X _ X* 112 

av 
f (X) :5 -C311X _ X* 112 

09x 
LV 

X'i c, lix x for some positive constants cl, C2 y C3 and C4 - 

3.7 Conclusions 

This chapter has reviewed some basic concepts from stability theory which are useful 
for analysing nonlinear systems. Some background definitions concerning the stability of 

equilibrium points have been provided as well as the main notions of Lyapunov's stability 

theory. In particular, the various concepts of stability, i. e. asymptotic stability, global 

asymptotic stability and exponential stability, which characterise different aspects of the 

behaviour of dynamic systems, have been briefly described. 

The most useful theorems of the Lyapunov's Direct method have been recalled, together 

with the main results of the Lyapunov's Linearisation method. 
The importance of converse Lyapunov theorems and LaSalle's theory have been com- 

mented upon. Converse theorems ensure the existence of Lyapunov functions satisfying 

the conditions of Lyapunov theorems for GAS systems, while LaSalle's theory relaxes the 

strict negative definiteness requirement of the function V(x). 



Chapter 4 

Dynamic Models of Industrial 

Processes 

4.1 Introduction 

An important part of any control system design is the development of a mathematical 

representation of the process. In this chapter some examples of nonlinear industrial case 

studies, modelled by sets of first order ordinary differential equations, are presented. 
Section 4.2 considers the dynamic model of a general class of continuous chemical 

reactors. The mathematical model analysed is more general than the one examined in 

previous papers (see e. g. [7,63,67]), as it also takes into account the jacket dynamics. As 

a result, the relative degree of the temperature sub-system, Le. the number of times the 

output variable must be differentiated to depend explicitly on the manipulated variable, 
is two and not one. 

Section 4.3 presents the basic dynamic behaviour of the growth of a single micro- 

organism population on a single substrate. The most widespread kinetic models for the 

microbial specific growth rate, which is a key parameter in the description and study of 
biological reactors, are reviewed. Finally, a more complex example of biological digestion, 

typical of the wastewater treatment processes, is considered. 

4.2 Chemical Reactors 

Chemical reactors are extensively used in industrial plants. They have been studied with 

particular attention because their behaviour may influence the performance of a complete 

process. Chemical reactors generally operate to yield products as close as possible to a 

desired specification by means of a mechanism of chemical reactions that occur only at 

49 
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special operating conditions. In order to establish a general framework for the study of 
reactors with constant volume, a detailed presentation of a class of industrial chemical 
reactors is given. 

Consider a reactor where a set of m>0 independent chemical reactions take place 
between n>0 chemical species. An external jacket is used to remove or supply heat to the 
system. In general, a reaction mechanism taking place in a stirred tank can be expressed 
in the form [57] 

n 
E lljiAj =0 
j=l 

Z= 
11 

Im, (4.1) 

where Aj denotes the j-th chemical species and vji is its stoichiometric coefficient in the 
i-th reaction. The component Aj is defined reactant of the reaction i if vji <0 and product 
of the reaction i if vji > 0. The information contained in the reaction scheme (4.1) can be 

summarized into a matrix C, called the characteristic matrix, in which the elements are 
the stoichiometric coefficients of reactants and products. As a matter of illustration, the 
reaction 

2A, + A2 --* A3 

can be rewritten as 

-2A1 - A2 + A3 ý: -- 01 

yielding the characteristic matrix 

-2 

c= -1 
1 

The rate of reaction, which may also be seen as its velocity, can be expressed in several 

ways. In some analysis it is convenient to measure the concentration of a product of reac- 
tion at various time instants and then to evaluate the slope of the curve that schematically 

represents the variation of the concentration with time [57]. This slope provides a measure 

of the instantaneous rate. Alternatively, one may measure the concentration of a reactant 

and analyse the curve showing the variation of such a concentration with time. It is worth 

noting that the rate of a chemical reaction may have a different numerical value according 

to the way it is defined and measured. In some reactions the rates are proportional to the 

concentrations of reactants raised to some power: in such cases it is convenient to intro- 
duce the concept of order of a reaction. Thus if a rate r is directly proportional to a single 

concentration XA, i. e. r= kXA, the reaction is said to be of first order. The term second 

order is applied to two types of reactions, namely those in which the rate is proportional 
2 to the square of a single concentration, i. e. r= kXAj and those in which it is proportional 


