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Abstract

Mass efficient thin-walled rectangular hollow section (RHS) struts have been shown to be
susceptible to local–global mode interaction and exhibit sensitivity to imperfections. Ma-
terial nonlinearity may increase the imperfection sensitivity of such members further and
affect the final failure mode. Nonlinear finite element (FE) models for welded inelastic
thin-walled RHS struts with pre-defined local and global geometric imperfections along-
side residual stresses are developed within the commercial package Abaqus and validated
against two independent experimental studies. Based on the validated FE model, the
effects of material nonlinearity and residual stresses from welding on the ultimate load,
mechanical behaviour and the imperfection sensitivity of struts are investigated. A sim-
plified method to determine the initial geometric imperfection amplitude introduced in
the FE model with residual stresses explicitly modelled within the ECCS framework is
proposed for the first time. The experimental and numerical results in conjunction with
existing experimental results from the literature are employed in the companion paper for
the assessment of the Effective Width Method and Direct Strength Method, which also
forms the basis for a new set of design recommendations.

Keywords: Interactive buckling; Finite element modelling; Tubular structures; Residual
stresses; Imperfection sensitivity; Material nonlinearity.

1. Introduction

Thin-walled rectangular hollow section struts are widely used in structural engineering
practice owing to their mass efficiency and relative ease of manufacturing. In particular, the
mass efficiency based on design optimization potentially makes it vulnerable to simultane-
ous local and global buckling [1, 2, 3, 4]. Even though the elastic post-buckling behaviour
of purely local buckling and purely global buckling are strongly and weakly stable respec-
tively [5, 6], the interaction of these two modes may lead to a profound change in the
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nonlinear behaviour, especially in the cases when these are triggered practically simulta-
neously [7, 8, 9, 10, 11, 12, 13]. Moreover, such members exhibiting mode interaction have
been demonstrated to be very sensitive to geometric imperfections; a tiny imperfection can
lead to a significant erosion in the load-carrying capacity [14, 15, 16, 17, 18, 19, 20, 21, 22].

Work investigating the mode interaction in elastic thin-walled compression members
[7, 23, 9, 10, 20] has facilitated a better understanding of the underlying failure mecha-
nism of such systems. However, as observed in experimental tests [24, 25, 3, 26, 27] and
numerical studies [28, 29], the ultimate failure of thin-walled box-section columns with
practical imperfection sizes is generally governed by material failure rather than from loss
of stiffness due to interactive buckling. Therefore, in order to understand the behaviour of
such members in practical scenarios better, the effects of material nonlinearity including
inelasticity need to be considered.

Recently, using a finite difference formulation, Becque [30] introduced material nonlin-
earity into the classical Van der Neut model [7], as shown in Figure 1(a). The Van der

Figure 1: (a) The Van der Neut model of an idealized thin-walled strut [7] under axial load P . (b) The
Van der Neut curve for the geometrically perfect case at different yielding stress levels: η is the stiffness
reduction factor due to the local buckling of the flanges; Pu, P

C
o , PC

l and Py are the ultimate, the global
buckling, the local buckling and the squash loads respectively. Note that the curves for inelastic cases are
only sketched for illustration purposes and the equivalent curves may be found in Becque [30].

Neut column comprises two load-carrying flanges with width b, thickness h, length L and
a pair of rigid webs of depth 2c − h with no longitudinal stiffness. Moreover, the webs
provide simply-supported boundary conditions to the flanges. The relationship of the ul-
timate load and the strut length is always plotted non-dimensionally, known as van der
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Neut curve, as shown in Figure 1 (b). Based on the characteristic post-buckling behaviour
of purely elastic struts, the van der Neut curve can be divided into four zones. The effects
of the yielding stress level and material strain-hardening on the Van der Neut curve and
the imperfection sensitivity were investigated. It was found that plasticity would give rise
to a second ‘plateau’ in the Van der Neut curve where column slenderness values are rela-
tively low (zone 4), as shown in Figure 1(b). Struts in this new plateau generally exhibit
low to moderate imperfection sensitivity. However, when the yielding stress is the same
order as the local buckling stress, the plateau in zone 4 merges with the equivalent ones in
zones 2 and 3 to form a zone of very high imperfection sensitivity. However, the inelastic
Van der Neut model can only provide some limited qualitative information regarding the
actual cross-section behaviour in practice, since the interaction between individual plates
within the cross-section has been shown to affect the range of the unstable plateau of
zone 2 significantly [13]. Therefore, a study on the effects of plasticity on a more realistic
representation of the cross-section is essential.

Owing to the development of computational methods as well as the popularity of
general-purpose finite element (FE) packages with powerful modelling and solution func-
tions, the FE method has been adopted to investigate the inelastic behaviour of thin-walled
box-section columns exhibiting mode interaction [3, 18, 31, 27]. Experimental results have
been used to calibrate and verify the FE models. Since thin-walled RHS struts are sensitive
to imperfections, much effort has been made to study the imperfection sensitivity and the
effect of the imperfection combination for computational modelling purposes. Degée et
al. [3] investigated the effects of residual stresses and geometric imperfections on the ulti-
mate load and suggested an equivalent geometric imperfection combination for cases where
residual stresses are not explicitly modelled. However, Pavlovčič et al. [18] found that the
equivalent geometric imperfection proposed by Degée et al. [3] may lead to an unconserva-
tive prediction of the ultimate load in heavily-welded box-section members. Instead, it was
revealed that the imperfection combination with the global imperfection amplitude being
1/1000 of the column length, the local imperfection amplitude being 1/1000 of the web
depth and the residual stresses being explicitly modelled would always lead to a relatively
accurate, yet safe, prediction for the ultimate load. Moreover, the sensitivity study regard-
ing different imperfection combinations revealed that residual stresses have a profound
effect on the erosion of the load-carrying capacity.

Using FE models verified by experimental results from [32], Shen [31] conducted an
extensive parametric study on the behaviour of welded box-section struts. It was found
that the ultimate loads of struts with strain-hardening of 2% were largely the same as those
with the elastic–perfectly plastic model; such columns were found to be highly sensitive
to local imperfections. Columns with different lengths show various different equilibrium
behaviour; the effects of plate width to thickness ratios being most significant in relatively
short columns.

The current article builds on previous work on interactive buckling in thin-walled RHS
struts [12, 13, 22, 29]. In particular, it focuses on the effects of material nonlinearity along-
side the effects of residual stresses from production and welding. A nonlinear FE model,
which considers material nonlinearity including inelasticity, geometric imperfections and
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residual stresses, is developed within the commercial package Abaqus [33]. The FE model
is then validated using experimental results from two independent sources [32, 27]. Based
on the validated FE model, the effects of material nonlinearity, i.e. varying the yielding
stress level, the degree of strain-hardening, as well as the residual stresses, are investigated.
The present work provides a systematic overview of how geometric properties and material
nonlinearity, including inelasticity, affect the ultimate load, imperfection sensitivity and
post-buckling behaviour of thin-walled RHS struts exhibiting mode interaction. This work
is developed in the companion paper [34], where the present results are used to assess the
current design recommendations and subsequently develop new guidance.

2. Finite Element (FE) model development and validation

The FE model employed currently was developed within the general-purpose package
Abaqus [33]. A thin-walled rectangular hollow section strut of length L with simply-
supported boundary conditions under a purely axial load P is considered, as shown in
Figure 2(a). The web depth and flange width are d and b respectively; the flange and web
thicknesses are assumed to be uniform, i.e. tw = tf = t. Since the nonlinear FE model
for elastic struts with the same geometric properties and boundary conditions has been
introduced in detail in previous work [29], the current focus is placed on the modelling of
material nonlinearity, including inelasticity, and residual stresses.

2.1. Strut modelling and boundary conditions

The strut is modelled using four-noded, reduced-integration S4R shell elements. Nu-
merous previous research studies [17, 35, 36, 4] have demonstrated that this element can
model plate buckling problems with excellent accuracy and have shown excellent compar-
isons with experimental results. Moreover, a mesh sensitivity analysis has been conducted
to ensure that the meshing scheme not only yields accurate results but is also computa-
tionally efficient, the details of which may be found in [37]. Based on previous numerical
results [13], two planes of symmetry, i.e. at mid-span and for half of the cross-section, are
exploited to improve computational efficiency, as shown in Figure 3(a). As for modelling
the simply-supported boundary condition, a reference point is defined at the centroid of
the loaded section; the translational and rotational degrees of freedom (DOFs) of the end-
section of the strut are linked to the reference point via rigid body kinematic coupling, as
shown in Figure 3(a). This mimics the experimental scenarios where the end-sections are
welded to rigid end-plates for loading purposes. Moreover, the translational DOFs in the x
and y directions at the reference point are restrained, satisfying the pinned-roller support
assumption. The axial load P is applied distributively to each node of the end section in
the z-direction, as shown in Figure 3(b). In particular, the magnitude of the applied load
on the two nodes on the symmetric line (y = 0) is precisely half of those on the other
nodes.

2.2. Material modelling

The material is assumed to be homogeneous and isotropic with Young’s modulus E,
Poisson’s ratio ν and shear modulus G = E/[2(1 + ν)]. The idealized piecewise linear
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Figure 2: Geometric properties and initial geometric imperfections of the thin-walled RHS strut. (a) Plan
view of the strut of length L under an axial load P . Lateral and longitudinal coordinates are x and z
respectively. (b) Cross-section properties of the strut; the vertical coordinate is y. (c) Global imperfection
bending about the weak axis y: sway and tilt components. (d) Cross-section component of the local
imperfection.

elastic–plastic constitutive relationship, presented in Figure 4(b), is employed to simulate
the actual engineering constitutive relationship for carbon steel, as shown in Figure 4(a).
The parameters fy and εy are the yielding stress and strain respectively; εst = (1 + n)εy
is the strain value beyond which the strain-hardening begins; Eh is the modulus in the
strain-hardening range; fu and εu are the ultimate stress and strain respectively. Moreover,
the isotropic hardening and the Von Mises yield criterion with associated plastic flow are
adopted in the material model.

It should be noted that the graphs presented in Figure 4 are for nominal values of strain
and stress, where the reduction in cross-sectional area during loading is not included. How-
ever, the constitutive formulations are based on the true ‘Cauchy’ constitutive relationship
in Abaqus. Therefore, the transformation of data from nominal stress σnom and strain
εnom to true stress σtrue and strain εtrue is required.
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Figure 3: (a) Illustration of the FE model for thin-walled RHS struts. Global buckling bends the strut
about the weak axis y. (b) Distributed applied load at the end-section; magnitude of the load on the nodes
at the symmetric line (y = 0) is half of that in the other nodes.

2.3. Geometric imperfection modelling

There are two different methods to introduce geometric imperfections in the Abaqus

models. The first is to use the keyword ‘*IMPERFECTION’ to introduce the shape of
eigenmodes from linear buckling analysis, which is very straightforward and convenient.
However, it should be stressed that this approach is quite cumbersome and inefficient in
cases where local buckling is clearly critical, since a large number of less important local
modes would also be produced apart from the target local and global modes. Moreover, the
sequence order of the global mode is not known in advance in such cases. A post-processing
script would need to be written to distinguish the target modes for the nonlinear analysis.
Therefore, the approach is not suitable for automation and naturally limits the number of
cases that can be considered.

The second approach is to use Matlab [38] to generate the nodal coordinates input file
for the FE model with pre-defined global or local imperfections respectively. This approach
can improve the computational efficiency since no linear buckling analysis is required before
the nonlinear analysis, which also makes an automated parametric study feasible. It should
be noted that the local and global imperfection profiles in this approach are based on the
local and global buckling modes obtained from the analytical models developed by the
authors [13, 29], which has been demonstrated to be capable of describing purely local
and global buckling modes very well. As for the global imperfection, it is decomposed into
two components, an initial out-of-straightness in the x-direction W0 and an initial pure
rotation of the plane section θ0, as shown in Figure 2(c), which are known as the ‘sway’
and ‘tilt’ modes respectively [39]. They are defined by the following expressions:

W0 (z) = −qs0L sin
(πz

L

)

, θ0 (z) = −qt0π cos
(πz

L

)

, (1)

with qs0 and qt0 being the respective normalized amplitudes. Moreover, previous work
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Figure 4: Typical constitutive curve for structural carbon steel: (a) qualitative description of the actual
constitutive relationship and (b) idealized piecewise linear relationship. In particular, n = 0 and Eh = 0
represents the elastic–perfectly plastic model; n = 0 but Eh > 0 represents the elastic–linear strain-
hardening model; n > 0 and Eh > 0 represents the model with a yielding plateau before any linear
strain-hardening. Note that engineering strains and stresses are used.

[22] has demonstrated that the following relationship for qs0 and qt0 should be satisfied for
compatibility:

qs0 = (1 + s) qt0, (2)

where s is the shear correction factor, thus:

s =
π2Eb2

12GL2
(1 + 3φc), (3)

with φc = d/b, which is the cross-section aspect ratio.
The local imperfection is introduced by defining an initial out-of-plane deflection in

both the flanges and webs. They are defined by the following expression:

wf0(x, z) = ff(x)w0(z), ww0(y, z) = fw(y)w0(z), (4)

where f represents the cross-sectional components of the local imperfection, as shown in
Figure 2(d); w0(z) is the longitudinal component. As for the cross-section components,
they are approximated by applying kinematic and static boundary conditions for each plate
and their joints in conjunction with the Rayleigh–Ritz method. The expressions are given
thus:

ff(x) =
Cf1

C0

(

1−
4x2

b

)

+
Cf2

C0

cos
πx

b
, (5)

fw(y) =
Cw

C0

cos
πy

d
+

(

1−
Cw

C0

)(

1−
4y2

d

)

, (6)

7



where:

Cf1 = π (250/φc − 273 + 23φc), (7)

Cf2 = −785.40/φc + 771.81− 158.10φc, (8)

Cw = 214.60 + 679.81φc − 1158.10φ2
c + 92φ3

c , (9)

C0 = 214.60− 105.58φc − 300.45φ2
c + 19.74φ3

c . (10)

The longitudinal component w0(z) is assumed to be a sine function and the wavelength of
the function is determined based on the cross-section functions defined using the energy
method. The expression is given thus:

w0(z) = A0 sin

(

πz

le

)

, (11)

where A0 is the local imperfection amplitude and le/d = 0.78+0.22φ−2
c . It should be noted

that the detailed derivations, as well as verification of Eqs. (5)–(6) and (11), may be found
in [29].

2.4. Residual stress modelling

In recent decades, much theoretical and experimental work has been conducted to pro-
pose residual stresses model for welded sections manufactured using high strength steel
and recent technology [40, 41, 42, 43]. However, as far as the authors’ knowledge, these
studies are only limited to a specific kind of material or welding methods. Unless other-
wise specified, the European Convention for Constructional Steelwork (ECCS) [44] residual
stress distribution pattern for welded box-section members is adopted, as shown in Fig-
ure 5. Residual stresses are modelled as initial stress conditions in the present FE models.
Currently, only membrane residual stresses are considered. The tensile residual stresses at
the corners σrt are assumed to be equal to the yielding stress fy. The compressive residual
stresses σrc in the flanges and webs are determined based on equilibrium. For instance, the
compressive residual stresses in the webs can be determined as:

σw,rc =
3dtσw,rt

d− 3dt
, (12)

where dt is the length of the uniform tensile range, as shown in Figure 5. A script has
been developed in Matlab to produce the residual stress distribution in the FE model
automatically.

Moreover, it should be noted that for the cases where both geometric imperfections
and residual stresses are introduced in the FE model, a pre-analysis is required before
the nonlinear analysis since the strut with the predefined geometric local imperfections
and residual stresses may not be in equilibrium [45]. The pre-analysis step may amplify
the initial geometric imperfection amplitude significantly where the compressive residual
stress is close to the plate buckling load, as shown in Figure 6. Therefore, an iterative
solution process needs to be implemented to determine the initial imperfection amplitude
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Figure 5: ECCS residual stress distribution for welded box-section members. Note that the uniform tensile
range length dt for heavily-welded and lightly-welded box-section members are 3t and 1.5t respectively;
σf,rc and σw,rc are compressive residual stresses in the flanges and webs respectively; σf,rt and σw,rt are
tensile residual stresses in the flanges and webs respectively.

A0
0 introduced in the FE model so that the initial imperfection amplitude after the pre-

analysis step is the same as the prescribed value A0.

2.5. Validation against experimental results

In order to validate the FE model, experimental results for welded box-section columns
susceptible to local–global mode interaction under pure compresssion from two independent
sources [32, 27] were compared with the results from the current FE model.

Figure 6: Illustration of the effects of initial residual stresses on the initial geometric imperfections intro-
duced within the plate, where w0 > w0

0 once the plate equilibrates.
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2.5.1. Test results from Usami & Fukumoto [32]

The geometric properties of the columns from [32] are presented in Table 1 with the
material properties E = 213 kN/mm2, ν = 0.225 and fy = 568 N/mm2. As for the global
imperfection, the deflected shapes in the perpendicular direction to the buckling axis were
determined by measuring the deflection at nine sections along the members. The shapes
were reported to be close to the half-sine wave shape and the maximum values of the initial
deflection δ0 are listed in Table 1. Therefore, in the FE model, it was assumed that the

Table 1: Geometric properties and initial imperfections of the welded box-section columns [32].

Specimen b d t L
δ0/L Rc = σrc/fyNo. (mm) (mm) (mm) (mm)

R-40-29 93 147 4.46 1650 1/3311 0.32
R-40-44 143 214 4.46 2150 1/4854 0.22
R-40-58 191 277 4.47 3310 1/6849 0.15
R-65-29 94 147 4.44 2690 1/4132 0.32
R-65-44 143 214 4.44 4080 1/4032 0.22
R-65-58 191 277 4.46 5370 1/8475 0.15

global mode is a half-sine wave with the amplitude being δ0. As for the local imperfection,
the amplitude and distribution were not presented. The amplitude of the local imperfection
was adopted from the manufacturing tolerance recommended by EC3, i.e. A0/d=1/200,
and its distribution was assumed to be affine to the lowest local buckling mode.

As for the residual stresses, the sectioning method was adopted to measure the dis-
tribution and it showed that there are rather high tensile stresses (approximately 0.8fy)
near the web–flange junctions and the compressive residual stresses remain constant over
the central portion of each plate with the normalized magnitude being listed in Table 1.
Therefore, the residual stress model, as presented in Figure 7, is adopted in the FE model.

As for material modelling, since the material is mild steel, an elastic–perfectly plastic
model was adopted. The comparison in the ultimate load from FE and experimental results
is shown in Table 2. For the six tested specimens, the ratio of the ultimate load from FE
to the experimental results ranged from 0.939 to 1.001, with the average value and the
coefficient of variation (COV) being 0.972 and 2.62% respectively.

2.5.2. Results from Yang et al. [27]

Since the results from [32] only provided the ultimate load, test results from [27], where
the load–end-shortening relationship was provided, were also adopted to validate the FE
models further. The geometric properties and initial geometric imperfection size of the two
specimens are shown in Table 3. The initial local out-of-plane deformation of cross-sections
at five different locations were measured in the tests [27]. They revealed that the largest
amplitude often occurred in the webs but cross-section profiles did not resemble the local
buckling mode and showed significant scatter. The initial out-of-straightness deformation
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Figure 7: Residual stress model adopted in FE models for columns tested in [32]. Note that Rt=0.8 and
the values of Rc for different specimens are presented in Table 1.

Table 2: Ultimate load of columns from the tests in [32] and the FE results. Also shown are the ratios of
the column global buckling load PC

o and the squash load Py to the local buckling load PC
l .

Specimen No. PC
o /P

C
l Py/P

C
l Pu,exp (kN) Pu,FE (kN) Pu,FE/Pu,exp

R-40-29 1.40 0.64 970.0 960.4 0.991
R-40-44 4.14 1.38 1160.0 1093.6 0.943
R-40-58 5.21 2.32 1180.0 1158.6 0.982
R-65-29 0.54 0.65 753.0 754.0 1.001
R-65-44 1.16 1.39 939.0 881.9 0.939
R-65-58 1.99 2.33 1040.0 1015.6 0.977

Average 0.972
COV 2.62%

of the columns was measured at the quarter-points of the span and the largest value was
recorded as δ0. In the FE modelling, the maximum displacement in the web A0 was adopted
as the amplitude of the local imperfection and the imperfection profiles were assumed to
be affine to the lowest local buckling mode; the global imperfection was modelled as a
half-sine wave and the amplitude was set to be δ0.

Table 4 presents the key material properties provided in [27]. A preliminary sensitivity
study on the effects of material strain-hardening has shown that strain-hardening has little
effect before the ultimate load is reached. Therefore, the piecewise linear model with
yielding, the parameters of which were based on tests, was adopted in the FE models.

As for the residual stresses, the actual distribution was not provided in [27]. Therefore,
the ECCS residual stress distribution model was adopted, as presented in Figure 5. It
was assumed that specimens were heavily welded, i.e. the width of the uniformly residual
tensile stress range is 3t and the tensile residual stresses at edges σrc = fy.
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Table 3: Geometric properties and geometric imperfection sizes of two specimens from [27].

Specimen No. b (mm) d (mm) t (mm) L (mm) A0/d δ0/L
R-235-2 155.25 305.35 5.45 2780.4 1/294 1/1587
R-345-1 125.39 245.89 5.81 2250.0 1/209 1/877

Table 4: Material properties of two specimens from [27].

Specimen no. E (kN/mm2) fy(N/mm2) fu (N/mm2) εst εu
R-235-2 207 315.30 462.48 0.0265 0.210
R-345-1 203 416.25 575.91 0.0145 0.132

The comparisons in the load–end-shortening relationship between the experimental and
FE results are presented in Figure 8. Generally, the FE results show a very good comparison

End-shortening (mm)
0 1 2 3 4 5 6 7

P
(k
N
)

0

200

400
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800

1000

1200

(a)

Experiment
FE

End-shortening (mm)
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N
)
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800

1000

1200
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Figure 8: Load–end-shortening relationship for specimens (a) R-235-2 and (b) R-345-1 from experiments
[27] and FE simulations.

with the experimental results. As for the specimen R-235-2, the FE model can capture the
stiffness change in the entire loading history well, with the FE model exhibiting a slightly
stiffer response. The ultimate load ratio Pu,FE/Pu,Exp=1.038. As for the specimen R-345-1,
there is stiffness reduction near P=1000 kN for the FE model, but the FE model shows a
slightly higher ultimate load with Pu,FE/Pu,Exp=1.029. Based on the comparisons with two
independent experimental studies, it may be concluded that validation of the developed
FE model has been achieved and may be used to perform extensive parametric studies.
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3. Effects of material nonlinearity

In the current section, the effects of material nonlinearity, i.e. material strain-hardening
and the yielding stress level, on the ultimate load and imperfection sensitivity are inves-
tigated. Previous studies [7, 13] have demonstrated that there are four distinct length-
dependent zones, as shown in Figure 9, where struts exhibit characteristic interactive
buckling behaviour. Therefore, four struts with the same cross-section properties but

Figure 9: (a) Van der Neut-type curve for perfect thin-walled RHS struts with Pu, P
C
l and PC

o being
defined in Figure 1. (b) Global buckling mode about the weak flexural axis y with the deflection at
mid-span being qsL; cross-section profile of interactive buckling mode at mid-span with the maximum
out-of-plane displacement in the more compressed web being wwc,max. (c) Sketches of equilibrium paths
for struts corresponding to zones 1–4 as presented in (a). Circles marked C and S represent the critical and
secondary bifurcation points for each case respectively. Note that the abscissa changes from the normalized
global amplitude qs for struts in zones 1 and 2 to wwc,max for those in zones 3 and 4, reflecting the critical
buckling mode amplitude. Note also that the Van der Neut-type relationship in zones 3 and 4 is curved
owing to the strut tangent stiffness decreasing with the advance of local buckling.

different characteristic lengths are selected currently. The cross-section geometric and ma-
terial properties of the example struts are presented in Table 5; the length, critical buckling
loads and corresponding zones of the example struts are presented in Table 6.

3.1. Effect of material strain-hardening on the ultimate load

Three different material models are adopted to investigate the effects of strain-hardening
with the parameters shown in Table 7. Type 1 corresponds to an elastic–perfectly plastic
model, where there is no strain-hardening. Type 2 corresponds to the elastic–linear strain-
hardening model but there is no plastic flow. The material model represented by type 3 is
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Table 5: Cross-section and material properties of the rectangular hollow section struts in the numerical
examples.

Flange width b 60 mm
Web depth d 120 mm
Flange thickness tf 1 mm
Web thickness tw 1 mm
Young’s Modulus E 210 kN/mm2

Poisson’s ratio ν 0.3

Table 6: Theoretical values of the global (PC
o ) and local (PC

l ) buckling loads for the four characteristic
length cases.

L (mm) PC
o (kN) PC

l (kN) PC
o /P

C
l Zone Length description

4800 22.67 24.61 0.92 1 ‘Long’
4500 25.79 24.61 1.05 2 ‘Transitional’
4000 32.54 24.57 1.32 3 ‘Intermediate’
3600 40.30 24.67 1.63 4 ‘Short’

more realistic, particularly for carbon steel [46, 47], where there is a yield plateau before
the linear strain-hardening. In particular, for material nonlinearity types 2 and 3, the same
strain-hardening modulus Eh/E = 1/50 is adopted. Moreover, the strain at the beginning
of strain-hardening (1 + n)εy is taken to be 10εy. These values are chosen based on the
material model for hot-rolled steel recommended by the ECCS [48].

Figure 10 presents the effect of material strain-hardening on the ultimate load for the
four characteristic length struts with tolerance level combined imperfections. The ultimate
load ratios for the material models of types 1 and 3 are almost the same for all four example
struts, which implies that the strain-hardening after the plastic flow has no practical effect
on the ultimate load in the current case. For the strain-hardening model without plastic
flow (type 2), the ultimate load is relatively higher due to the material strain-hardening,
but the percentage increase is tiny, i.e. less than 1% at λ̄p = 0.5. Moreover, it should
be noted that the increment in the ultimate load decreases with increasing cross-sectional
slenderness as well as the strut length. Therefore, it may be concluded that the effect of
material strain-hardening on the ultimate load is tiny and it can be neglected currently.

Table 7: Parameters for different inelastic nonlinear material models. Note that the definitions of the
parameters n and Eh can be found in Figure 4.

Type n Eh/E σu/fy Note
1 0 0 1 Elastic–perfectly plastic
2 0 1/50 1.2 Elastic–linear strain-hardening
3 9 1/50 1.2 Elastic–linear strain-hardening with plastic flow

14



λ̄p

0.5 1 1.5 2

P
u
/P

u
,p
p

0.998

1

1.002

1.004

1.006

1.008

1.01

(a) L=3600 mm (Zone 4)

λ̄p

0.5 1 1.5 2

P
u
/P

u
,p
p

0.998

1

1.002

1.004

1.006

1.008

1.01

(b) L=4000 mm (Zone 3)

λ̄p

0.5 1 1.5 2

P
u
/P

u
,p
p

0.998

1

1.002

1.004

1.006

1.008

1.01

(c) L=4500 mm (Zone 2)

λ̄p

0.5 1 1.5 2

P
u
/P

u
,p
p

0.998

1

1.002

1.004

1.006

1.008

1.01

(d) L=4800 mm (Zone 1)

Figure 10: Effect of strain-hardening on the ultimate load of struts with tolerance level imperfections
at different material yielding stress levels. Symbols △ and ∗ represent nonlinear material types 2 and 3
in Table 7; the ordinate in each graph is normalized with respect to the ultimate load found from the

elastic–perfectly plastic case Pu,pp, i.e. type 1; the abscissa λ̄p =
√

fy/σC
l , where σC

l = PC
l /Ag with Ag

being the gross cross-sectional area.
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3.2. Effect of yielding stress level on the imperfection sensitivity

In earlier studies on local–global mode interaction of purely elastic struts [7, 13, 29], it
was assumed that buckling governs failure. Accordingly, this may overestimate the ultimate
load since the subsequent material failure is overlooked. Therefore, the current section
mainly focuses on the interactive buckling behaviour in the inelastic range. However, in
the companion paper [34], both cases have been considered and the range has been extended
to [0.5, 2.0], which covers the slenderness range in Class 4 in Eurocode 3 [49]. Currently, an
imperfection sensitivity study is conducted for the four characteristic length struts at four
typical yielding stress levels, i.e. fy/σ

C
l = {1, 1.5, 2, 4} and the corresponding normalized

local slenderness λ̄p =
√

fy/σC
l = {1, 1.225, 1.414, 2} respectively [50]. Moreover, four

different imperfection cases are investigated:

Case 1. local imperfection A0 = 0, but global imperfection qs0 6= 0 to investigate the
sensitivity to global imperfections;

Case 2. A0 6= 0, but qs0 = 0 to investigate the sensitivity to local imperfections;

Case 3. A0 6= 0 and qs0 6= 0 to investigate the sensitivity to combined imperfections.
In particular, the combined imperfections are proportional to the tolerance level
local and global imperfections recommended in EC3, i.e. WE0 = W̄E0{qs0,tolL,A0,tol}.
Here, W̄E0 is a non-dimensional factor that scales the global and local imperfection
amplitudes with respect to the tolerance values, where qs0,tol = 1/1000 and A0,tol/d =
1/200.

Case 4. qs0 = 10−3 and A0 6= 0 to investigate the local imperfection sensitivity of struts
with a tolerance level global imperfection.

In order to describe the imperfection sensitivity better, as well as understanding the un-
derlying mechanism, curves are fitted based on the numerical results with the following
function:

pu,ǫ0 = 1− aǫ0 (ǫ0)
bǫ0 , (13)

where pu,ǫ0 is the normalized ultimate load of the imperfect struts with respect to that
of the perfect struts or struts without certain types of imperfection; ǫ0 is the normalized
imperfection, which is, for example, qs0 for case 1; aǫ0 and bǫ0 are constants determined
using the least squares method.

For case 1, as shown in Figure 11(a), the global imperfection sensitivity of all struts
increases with the decreasing λ̄p. As presented in Table 8, the sensitivity to purely global
imperfections indicates approximately a 1/2 power law relationship to leading order for
all four characteristic length struts at different cross-sectional local slendernesses, which
is in accord with the finding in [22] for the purely elastic system. At the same cross-
sectional local slenderness level, struts in zones 3 and 4 exhibit less imperfection sensitivity
compared to struts in zones 1 and 2. However, the imperfection sensitivity for struts in
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Figure 11: Imperfection sensitivity of four characteristic length struts to geometric imperfections at dif-
ferent cross-sectional local slenderness λ̄p levels. Also shown are the fitted imperfection sensitivity curves,
the details of which may be found in Table 8. Each family of curves represent zones 1 to 4 in sequence
from right to left.
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Table 8: Determined parameters for the fitted imperfection sensitivity curves and their comparison with
FE results for four characteristic struts. Note that an average below unity represents a safe estimation by
the fitted curve.

Imperfection
type

λ̄p

L = 3600 mm
(zone 4)

L = 4000 mm
(zone 3)

L = 4500 mm
(zone 2)

L = 4800 mm
(zone 1)

aǫ0 bǫ0 aǫ0 bǫ0 aǫ0 bǫ0 aǫ0 bǫ0

Case 1:
pure global
imperfection

1 6.469

1/2

9.211

1/2

10.435

1/2

10.431

1/2
1.225 5.732 7.051 9.558 9.275
1.414 4.982 6.343 9.343 9.162
2 3.102 5.768 9.284 9.151

Elastic 2.999 5.761 9.284 9.151

pu,Eq/pu,FE
Average 0.997 0.998 0.998 0.997
COV 1.36% 1.15% 0.87% 0.81%

Case 2:
pure local

imperfection

1 0.325

1/3

0.246

1/3

0.403

1/3

0.383

1/3
1.225 0.133 0.206 0.347 0.355
1.414 0.086 0.199 0.347 0.355
2 0.076 0.196 0.347 0.355

Elastic 0.073 0.195 0.347 0.355

pu,Eq/pu,FE
Average 0.995 0.993 0.998 0.995
COV 1.02% 1.31% 1.12% 2.29%

Case 3:
combined

imperfection

1 0.425

1/2

0.413

1/2

0.501

1/3

0.496

1/3
1.225 0.322 0.384 0.424 0.424
1.414 0.254 0.320 0.391 0.398
2 0.148 0.254 0.363 0.377

Elastic 0.124 0.244 0.360 0.376

pu,Eq/pu,FE
Average 0.997 0.999 0.997 0.995
COV 1.47% 1.04% 1.95% 2.66%

Case 4:
qs0 = 10−3,
varying A0

1 0.377

1/2

0.374

1/2

0.363

1/2

0.362

1/2
1.225 0.207 0.230 0.241 0.255
1.414 0.141 0.164 0.181 0.199
2 0.067 0.081 0.102 0.135

Elastic 0.025 0.058 0.094 0.131

pu,Eq/pu,FE
Average 0.996 0.996 0.995 0.996
COV 1.03% 0.91% 0.84% 0.73%
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zones 3 and 4 is quite dependent on cross-sectional local slenderness levels. For instance,
the imperfection sensitivity constant aǫ0 at λ̄p = 1 is approximately double of that at
λ̄p = 2. On the contrary, the effects of λ̄p on the imperfection sensitivity for struts in
zones 1 and 2 are relatively small. Specifically, for the example struts in zones 1 and 2,
the nonlinear behaviour is almost identical for λ̄p = 2 and the purely elastic cases. It
implies that the strut failure in such cases is governed by stiffness loss due to instability
rather than material failure. Moreover, the example strut in zone 2 also shows a relatively
higher sensitivity to imperfections than struts in other zones owing to the severely unstable
post-buckling behaviour that is intrinsic in such struts [13].

As for the sensitivity to purely local imperfections (case 2), as shown in Figure 11(b),
similar trends are observed as that for the purely global imperfection case (case 1). The
fitted imperfection sensitivity curves show a 1/3 power law relationship, as presented in
Table 8. In particular, the short length strut in zone 4 exhibits mild imperfection sensi-
tivity in the range where λ̄p > 1.414. This kind of imperfection sensitivity behaviour is
most desirable for structural applications according to Chilver’s stability design concept
[51]; specifically, the structure exhibits initial sensitivity to micro-imperfections but this
sensitivity decreases with increasing imperfection amplitude. For a wide range of practical
imperfections, there exists a ‘plateau’ of ultimate loads. However, when λ̄p becomes close
to unity, the strut becomes increasingly sensitive to imperfections owing to the interaction
of material yielding and local buckling. Moreover, it should be noted that for the exam-
ple struts in zones 1 and 2, the imperfection sensitivity relationship is almost identical
compared to the purely elastic cases when λ̄p > 1.225. This bound is much smaller than
that for case 1. This is reasonable since the local imperfection has a direct and imme-
diate destabilization effect on the strut stiffness in zones 1 and 2, which facilitates the
stiffness-governed failure mode.

Figure 11(c) presents the sensitivity of struts to the combined imperfections (case 3).
It also reveals that the sensitivity increases with the decrease of λ̄p and the effect is most
significant in the example strut that lies in zone 4. The fitted imperfection sensitivity
curves exhibit a 1/2 power law for example struts in zones 3 and 4 and a 1/3 power law for
struts in zones 1 and 2, as presented in Table 8. It implies that the struts in zones 3 and 4
are more sensitive to global imperfections and those in zones 1 and 2 are more sensitive to
local imperfections. This finding is also in accord with the finding for purely elastic struts
with tolerance level imperfections [22]. Moreover, unlike the previous two cases, the struts
in zones 1 and 2 become sensitive to the cross-sectional local slenderness, i.e. a gradual
increase in the imperfection sensitivity is observed with the decrease of λ̄p.

The effects of cross-sectional local slenderness on the imperfection sensitivity in case
4 are presented in Figure 11(d). The fitted imperfection sensitivity curves exhibit a 1/2
power law relationship for all example struts, as presented in Table 8. Relatively mild
imperfection sensitivity is observed in the example struts in zones 2, 3 and 4 in the purely
elastic case, but the severity of imperfection sensitivity increases dramatically with the
decrease of λ̄p. For the example strut in zone 4, the trend is the same as that in case
2. However, for the example struts in zones 2 and 3, the results are very different from
any previous case. Moreover, an increasing sensitivity to the yielding stress level is also
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observed in the example strut in zone 1. All these findings imply that material yielding
may be the governing failure mechanism in the current case for all four example struts.
This is reasonable owing to the following facts: (1) the relatively large initial global im-
perfection would lead to a relatively large degree of bending in the strut; (2) as found in
[29], the introduced local imperfection further reduces the effective axial stiffness of the
cross-section, thus leading to increased global deflection. The latter may also explain why
the imperfection sensitivity curves satisfy a 1/2 power law, the same as for the purely
global imperfection case.

From all four cases presented, it can be concluded that the imperfection sensitivity
increases with the decreasing cross-sectional slenderness but the sensitivity power law re-
lationship remains the same as the purely elastic case. Moreover, for struts with the
cross-sectional slenderness λ̄p being 2, the imperfection sensitivity is almost identical to
that of purely elastic case. As for length effects, the imperfection sensitivity of short length
struts (zone 4) is significantly affected by λ̄p, particularly the sensitivity to local imper-
fections (in cases 2 and 4). The imperfection sensitivity of relatively long length struts
(zones 1 and 2) generally exhibit relatively insensitivity to λ̄p, particularly for cases 1 and
2 where there is only one type of imperfection. However, for the case where the global
imperfection is of tolerance magnitude (case 4), the imperfection sensitivity of all struts
increases significantly with decreasing λ̄p.

3.3. Effect of yielding stress level on equilibrium paths

Since Degée et al. [3] suggested that the equivalent geometric imperfection combination
for struts, where the residual stresses are not explicitly modelled, is qs0 = 1/1000 and
A0/d = 200, this particular combination is now adopted. As shown in Figure 12, all four
example struts exhibit highly unstable behaviour after the ultimate load point when λ̄p = 1
due to the coupling of plate local buckling and material yielding. The severity of unstable
behaviour is mollified with the increase of λ̄p. It may help explain the reason why the
imperfection sensitivity of struts decreases with the increase of λ̄p. For the practically
significant range, i.e. the serviceability limit |qs| < 0.01, λ̄p = 2 can be treated to be the
same as the purely elastic case, particularly for the long length and transitional length
struts. Moreover, from the wwc,max/tw versus qs relationship, it can be determined that
the final failure mechanism is due to the localized failure of the more compressed web at
mid-span.

4. Effects of residual stress

Unlike the stocky welded sections, the compressive residual stresses in slender sections
would lead to premature local buckling at a lower external load level. Therefore, the
ratio of the compressive residual stress σrc to the plate local buckling stress σC

l versus the
plate width–thickness ratio d/t is investigated. By transforming Eq. (12), the relationship
between the compressive residual stress σrc and the local buckling stress σC

l in the ECCS
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Figure 12: Equilibrium paths of four characteristic length struts with purely geometric imperfections with
qs0 = 1/1000 and A0/d = 1/200 at different λ̄p levels. Dashed, solid, dotted and dot-dashed lines represent
λ̄p=1, 1.225, 1.414, and 2 respectively; the outer thin dark solid line represents the purely elastic case.
Graphs of normalized load ratio p = P/PC versus normalized end-shortening E/L in the first row; the
second row shows the normalized maximum amplitude of local deflection in the more compressed web
wwc,max/tw versus the normalized global amplitude qs. Note that the point where loading commences is
marked by ‘*’.

residual stress distribution model for welded box-section members can be expressed as:

σrc

σC
l

=

(

3dt
d− 3dt

)

σrt

σC
l

=
3dtd

2

(d− 3dt)t2

[

(1− ν2)σrt

kpπ2E

]

. (14)

For illustration purposes, the σrc/σ
C
l versus d/t relationship for a heavily welded cross-

section with an aspect ratio of 2 is presented in Figure 13. As shown in Figure 13(a), for
a fixed value of the normalized local slenderness λ̄p, σrc/σ

C
l decreases with the increase of

d/t; for a fixed value of d/t, σrc/σ
C
l increases with the increase of λ̄p. Figure 13(b) presents

the σrc/σ
C
l –d/t relationship at some practical yielding stress levels. It can be seen that

σrc/σ
C
l increases with d/t as well as with increasing yielding stress levels. In particular,

for high strength steel components (fy ≥ 460 N/mm2), the compressive residual stress in
cross-sections with a high d/t ratio is larger than 50% of the local buckling stress.
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Figure 13: Ratio of compressive residual stresses σrc to local plate buckling stresses σC
l versus plate

width–thickness ratios d/t in heavily welded box-section members for different (a) cross-sectional local
slendernesses and (b) practical yielding stress levels. Note that the buckling coefficient for the local
buckling stress is adopted with the cross-section aspect ratio being 2.

4.1. Effects on imperfection sensitivity

Based on the numerical results, the effects of residual stress on the imperfection sen-
sitivity are now investigated. Emphasis is placed on the local imperfection sensitivity of
struts with the normalized global imperfection size qs0 being 1/1000, i.e. case 4 in §3.2.
Moreover, the same four characteristic length struts are selected, as presented in Table 6.
As for the residual stress distribution, the ECCS model is again adopted. Two different
cases for the length of the uniform tensile range are considered. Case A, where dt = 3t,
corresponds to the ECCS model for heavily welded box-section members. Since the plate
width–thickness ratio d/t for the web of the current example strut is 120, σrc/σ

C
l only

varies from 0.081 to 0.324 in the range of λ̄p = [1, 2], as shown in Table 9. Therefore, case
B, where dt = 6t, is adopted to understand the effects of residual stresses at high σrc/σ

C
l

levels, which reflects the effects of residual stress in relatively stocky sections.

Table 9: Ratio σrc/σ
C
l for the example struts with the ECCS residual stress distribution model for welded

box-section members with two different uniform tensile range lengths at different plate slenderness levels.

λ̄p
σrc/σ

C
l

Case A: dt = 3t Case B: dt = 6t
1 0.081 0.176

1.225 0.122 0.265
1.414 0.162 0.353
2 0.324 0.706
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Figure 14 presents the sensitivity of four characteristic length struts to local geometric
imperfections for cases A and B. In both cases, the imperfection sensitivity decreases
with the increase of λ̄p, which is very similar to those cases with no residual stresses,
as presented in Figure 11(d). Imperfection sensitivity curves are fitted to describe the
imperfection sensitivity relationship, which exhibit a 1/2 power law relationship for all
example struts, as presented in Table 10. This is also the same as for the struts without
residual stresses. However, compared with the residual stress-free case, the imperfection
sensitivity decreases with the increase of σrc/σ

C
l . For instance, the parameter aǫ0 of the

imperfection sensitivity curve for the long length strut (L = 4800 mm) with λ̄p = 2 is
0.135 for the residual stress-free case, 0.098 for the case where dt = 3t and 0.039 for the
case where dt = 6t respectively. Moreover, struts in case B with λ̄p = 2 exhibit relatively
moderate sensitivity to imperfections, as shown in Figure 14(b) and Table 10.
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Figure 14: Local imperfection sensitivity relationship for four characteristic length struts with residual
stresses and the normalized global imperfection amplitude qs0 being 1/1000 at different λ̄p levels. Also
shown are the fitted imperfection sensitivity curves, the details of which may be found in Table 10.

4.2. Effects on equilibrium paths

In order to understand the underlying mechanism of the effects of residual stress on the
imperfection sensitivity better, the effects of residual stresses on the equilibrium paths of
struts are investigated. The equilibrium paths for the four characteristic length struts with
a global imperfection qs0 = 1/1000 and a local imperfection A0/d = 1/1000, which are rec-
ommended in previous studies [3, 18] as a reasonable geometric imperfection combination
for welded box-section struts with residual stresses being explicitly modelled, are presented
in Figures 15 and 16. The general trends of the equilibrium paths are very similar to those
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Table 10: Determined parameters for the fitted imperfection sensitivity curves Eq. (13) and their compar-
ison with FE results for four characteristic struts with ECCS welding residual stress distributions.

Imperfection
type

λ̄p

L = 3600 mm
(zone 4)

L = 4000 mm
(zone 3)

L = 4500 mm
(zone 2)

L = 4800 mm
(zone 1)

aǫ0 bǫ0 aǫ0 bǫ0 aǫ0 bǫ0 aǫ0 bǫ0

Case A:
dt = 3t

1 0.317

1/2

0.327

1/2

0.336

1/2

0.343

1/2
1.225 0.177 0.254 0.231 0.250
1.414 0.127 0.166 0.207 0.195
2 0.061 0.074 0.084 0.098

pu,Eq/pu,FE
Average 1.000 1.000 1.000 1.000
COV 0.91% 1.14% 0.86% 0.77%

Case B:
dt = 6t

1 0.246

1/2

0.274

1/2

0.300

1/2

0.315

1/2
1.225 0.121 0.176 0.189 0.213
1.414 0.077 0.106 0.127 0.149
2 0.068 0.039 0.015 0.039

pu,Eq/pu,FE
Average 1.000 1.000 1.000 1.000
COV 1.15% 0.92% 1.40% 1.17%

in the residual stress-free case as presented in Figure 12. All four characteristic example
struts exhibit similar responses, i.e. struts with λ̄p = 2 exhibit weakly stable behaviour
and struts with lower λ̄p values exhibit unstable behaviour after the ultimate load point.
However, compared with the residual stress-free case, the severity of the behaviour after
the ultimate load point is mollified with the increase of σrc/σ

C
l . This may help explain the

decreasing imperfection sensitivity of struts with increasing σrc/σ
C
l .

The residual stress also leads to an erosion in the ultimate load, as can be seen from
Figure 17, which presents the equilibrium paths for intermediate length struts with different
yielding stress magnitudes at various cross-section slenderness levels. A summary of the
load capacity erosion of the four example struts is presented in Table 11. It should be
noted that the length effects on the erosion percentage is tiny. Therefore, only the average
value and COV are presented. Moreover, struts with a higher σrc/σ

C
l ratio exhibit stiffness

erosion at a relatively lower load level. This is attributed to the fact that the compressive
residual stress facilitates premature buckling of the more compressed web at a relatively
lower external axial load level, thus leading to the loss of strut stiffness.

4.3. Simplified method to determine initial local imperfection amplitude A0
0

As illustrated in Figure 6, the initial imperfection amplitude A0
0 introduced in the FE

model is amplified owing to the compressive residual stresses after the self-equilibrating
step. Since the self-equilibrating step involves geometric nonlinearity, an iterative solution
process is required to determine the initial imperfection amplitude A0

0, such that A0 is
equal to the desired value after the self-equilibrating step. However, this process is very
cumbersome, even though an automated solution searching program has been developed
within Matlab in conjunction with Abaqus. Currently, an investigation is conducted to
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Figure 15: Equilibrium paths of four characteristic length struts with the ECCS residual stress distribution
for welded box-section members with dt = 3t at different yielding stress levels. Note that the global and
local imperfection sizes are qs0 = 1/1000 and A0/d = 1/1000 respectively. Graphs (a)–(d) and the line
types are the same as described in Figure 12, except that there is no purely elastic case.

understand the amplification of the amplitude at different σrc/σ
C
l levels and to propose a

simplified equation to describe the relationship.
The self-equilibrating process is essentially an equilibrium problem of an initially de-

formed plate under initial residual stresses. From the perspective of linear theory, the total
potential energy of an initially deformed plate under pure compression can be expressed
as:

V = U − PE

=
D

2

∫ L

0

∫ d/2

−d/2

{

[

∂2 (w − w0)

∂z2
+

∂2 (w − w0)

∂y2

]2

− 2(1− ν)

[

∂2 (w − w0)

∂z2
∂2 (w − w0)

∂y2

−

(

∂2 (w − w0)

∂z∂y

)2 ]
}

dy dz −
P

2

∫ L

0

∫ d/2

−d/2

[

(

∂w

∂z

)2

−

(

∂w0

∂z

)2
]

dy dz,

(15)
whereD is the plate flexural rigidity; L and d are length and width of the plate respectively;
z and y are the longitudinal and transverse coordinates respectively. By assuming that
the total out-of-plane deflection w = Qf(y)w(z) and the initial out-of-plane deflection
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Figure 16: Equilibrium paths of four characteristic length struts with the ECCS residual stress distribution
for welded box-section members with dt = 6t at different yielding stress levels. Graphs (a)–(d) and the
line types are the same as described in Figure 12, except that there is no purely elastic case.

w0 = Q0f(y)w(z), the relationship between Q, Q0 and P can be obtained by applying the
stationary potential energy condition for equilibrium ∂V/∂Q = 0 and can be expressed
thus:

Q0

Q
= 1−

P

Pcr

, (16)

where Pcr is the critical buckling load of the plate. It should be noted that Eq. (16) is a
general expression that is independent of the selected functions for f(y) and w(z) and its
format is fundamentally identical to the load–deflection amplitude relationship for initially
imperfect columns [52]. However, since plates have a considerable post-buckling stiffness
compared with columns, this expression may only be valid for cases where the deflection
and load levels are small, otherwise strain energy contributions from membrane stresses
would need to be included.

Figure 18 presents the ratio of the initial imperfection amplitude A0
0 to the imperfection

amplitude A0 = d/1000 after the self-equilibrating step at different σrc/σ
C
l levels. The

cross-section aspect ratio is fixed to 2 and the web depth is 120 mm; λ̄p ranges from 1 to
2. It can be seen that with the increase of σrc/σ

C
l , A

0
0/A0 decreases. A linear function is
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Figure 17: Equilibrium paths of the intermediate length strut (L = 4000 mm) with no residual stress
(solid line), with the ECCS residual stress distribution with dt = 3t (dashed line) and 6t (dot-dashed line).
Note that the global and local imperfection sizes are qs0 = 1/1000 and A0/d = 1/1000 respectively and
the point where loading commences is marked by ‘*’.

fitted based on the numerical results:

A0
0

A0

= 1−
σrc

σC
l

. (17)

The mean ratio from the FE results to the fitting equation in the parameter range shown
is 1.000 and the COV is 1.33%. It can be seen that this relationship is essentially identical
to Eq. (16).

A more extensive study is conducted to establish the sensitivity of Eq. (17) to other
parameters, such as the cross-section aspect ratio, plate width to thickness ratio and tar-
geted imperfection size A0. As shown in Figure 19, Eq. (17) shows good comparisons with
the FE results for the cases where σrc/σ

C
l is small and A0 is relatively small. The difference

increases with the increase of σrc/σ
C
l and A0. This is reasonable since Eq. (17) is essentially

based on linear theory, which is only valid for small deflections.
However, Table 10 shows that the sensitivity of struts to local imperfections decreases

commensurately with λ̄p and struts exhibit only moderate sensitivity to local imperfections
when λ̄p = 2. Figure 20 presents the envelope of two curves (solid line) defined by λ̄p = 2
(dashed line) and fy = 690 N/mm2 (dot-dashed line) based on Eq. (14) with dt = 3t, which
represents heavily welded sections. It is the range below the envelope that is practically
significant. Moreover, it can be seen that σrc/σ

C
l is generally less than 0.6 for most cases,
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Table 11: Effect of residual stress on the ultimate load of example struts with global imperfection qs0 =
1/1000 and local imperfection A0/d = 1/1000. Note that pu,case0, pu,case1 and pu,case2 represent the cases
with no residual stress, with the ECCS residual stress distribution with dt = 3t and 6t respectively; the
ratio σrc/σ

C
l for each case is presented in Table 9.

λ̄p
pu,case1/pu,case0 pu,case2/pu,case0 pu,case2/pu,case1

Average COV Average COV Average COV
1 0.890 0.89% 0.860 1.18% 0.967 0.30%

1.225 0.894 1.55% 0.860 1.46% 0.962 0.12%
1.414 0.897 1.86% 0.855 0.96% 0.953 0.91%
2 0.883 0.75% 0.806 0.49% 0.913 1.22%
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Figure 18: Relationship of the imperfection amplitude ratio before and after the self-equilibrating step
A0

0/A0 and σrc/σ
C
l . Note that the cross-section aspect ratio is 2, the web depth d is fixed to 120 mm,

and the ECCS residual stress distribution model for heavily welded box-section members is adopted; the
targeted A0 value is d/1000.

where Eq. (17) can provide a relatively accurate estimation of A0
0, as shown in Figure 19.

Specifically, for the target A0 = d/1000, which is the local geometric imperfection size
recommended in previous work [3, 18] for numerical modelling of welded box-section mem-
bers with residual stresses being explicitly modelled, A0

0,FE/A
0
0,Eq varies between 0.95 and

1.05. As for higher strength steels, previous studies [41, 43] have reported that the width
of the uniform tensile zone would decrease with the increase of steel strength grade. This
would make the size of the envelope decrease with the increase of the steel strength grade.
Therefore, it may be concluded that Eq. (17) provides a simple yet relatively accurate esti-
mation of the initially introduced imperfection size A0

0 for the cases where residual stresses
are explicitly accounted within the FE model.
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Figure 19: Comparison of FE results with Eq. (17) for different cross-section aspect ratios, targeted
imperfection sizes and compressive residual stress levels.

5. Concluding remarks

A nonlinear finite element model for welded thin-walled rectangular hollow section
struts with bespoke local and global geometric imperfections alongside residual stresses
has been developed within the commercial FE package Abaqus. Results from FE models
show good comparisons with results from two independent experimental studies. Based on
the validated FE model, an extensive parametric study has been conducted to investigate
the effects of material nonlinearity including inelasticity and residual stresses on the im-
perfection sensitivity of four characteristic length struts. In particular, curves have been
fitted to describe the imperfection sensitivity based on numerical results for different cases.
Since the initial imperfection size A0

0 would be amplified after the self-equilibrating step for
the cases where residual stresses are explicitly accounted within the FE model, a simplified
yet reasonably accurate method has also been proposed to determine A0

0.
Based on the current findings, the following detailed conclusions may be drawn:

1. The effect on the ultimate load of struts susceptible to local–global mode interaction
from the strain-hardening gradient in practical steels has been demonstrated to be
very small and may be neglected.

2. The imperfection sensitivity increases with the decrease of the yielding stress level,
particularly for ‘short’ struts. The power order of the imperfection sensitivity rela-
tionship is related to the final failure mechanism of struts and not affected by the
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Figure 20: Ratio σrc/σ
C
l at the boundary of local geometric imperfection sensitivity range for practically

realistic box-section members. The solid line envelope is defined by λ̄p = 2 (dashed line) and fy = 690
N/mm2 (dot-dashed line) by Eq. (14), as illustrated in Figure 13 for the case where d/b = 2.

yielding stress level. Specifically, the example struts exhibit a 1/2 power law relation-
ship to global imperfections or imperfection combinations facilitating the same failure
mode; a 1/3 power law relationship is exhibited with respect to local imperfections
or combined imperfections leading to the same failure mode.

3. With the increase of cross-sectional slenderness, the severity of the unstable behaviour
due to the coupling of buckling and material yielding is mollified, which helps explain
the trends for the imperfection sensitivity of struts with different yielding stress levels.
For a practically significant range, the normalized local slenderness being 2 may be
treated to be the same as the elastic case.

4. Residual stresses facilitate a premature stiffness drop, as well as further load-carrying
capacity erosion, compared with the residual stress-free case. However, the power
order of the fitted imperfection sensitivity relationship is the same as for the residual
stress-free case and further load erosion was found to be independent of strut length.
Moreover, the unstable post-ultimate state behaviour and imperfection sensitivity
are mollified by higher residual stresses.

In the companion paper [34], the present findings are used to assess current guidance and
subsequently develop new design recommendations.
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