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ABSTRACT 1 

Three-dimensional finite element (FE) modelling, with representation of materials at grain scale 2 

in realistic sample volumes, is capable of accurately describing elastic wave propagation and 3 

scattering within polycrystals. A broader and better future use of this FE method requires several 4 

important topics to be fully understood, and this work presents studies addressing this aim. The 5 

first topic concerns the determination of effective media parameters, namely scattering induced 6 

attenuation and phase velocity, from measured coherent waves. This work evaluates two 7 

determination approaches, through-transmission and fitting, and it is found that they are practically 8 

equivalent and can thus be used interchangeably. For the second topic of estimating modelling 9 

errors and uncertainties, this work performs thorough analytical and numerical studies to estimate 10 

those caused by both FE approximations and statistical considerations. It is demonstrated that the 11 

errors and uncertainties can be well suppressed by using a proper combination of modelling 12 

parameters. For the last topic of incorporating FE model information into theoretical models, this 13 

work presents elaborated investigations and shows that to improve agreement between the FE and 14 

theoretical models the symmetry boundary conditions used in FE models need to be considered in 15 

the two-point correlation function, which is required by theoretical models. 16 

Keywords: elastic wave; finite element; polycrystal; attenuation and phase velocity; error and 17 

uncertainty; two-point correlation  18 
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I. INTRODUCTION 19 

A polycrystalline material is composed of elastically anisotropic grains with differently oriented 20 

crystallographic axes. The elastic properties within such a medium are thus spatially varied, and 21 

elastic waves are scattered as they propagate, leading to the waves being attenuated and their phase 22 

velocities being dispersive. These wave behaviors are undesirable to the non-destructive testing 23 

for the detection of defects, a major reason of which is that attenuation can weaken the detected 24 

signal that may be masked by the grain scattering noise [1]. On the other hand, the wave behaviors 25 

can also be used advantageously for the characterization of microstructure because both 26 

attenuation and dispersion carry bulk information about grain structures[2,3]. Therefore, 27 

understanding these behaviors is practically important. 28 

Extensive researches have been carried out to understand the behaviors of elastic waves in 29 

polycrystals. Early works, a review of which can be found in Papadakis[4], focused on 30 

experimental investigations and the theoretical explanations of experimental results. These early 31 

efforts led to a variety of theoretical models that showed good qualitative agreement with 32 

experiments[4], but each of them is applicable only to a specific scattering regime. A unified model 33 

that is valid across all scattering regimes was first presented by Stanke and Kino[5] by applying 34 

the Keller approximation[6,7] to polycrystalline media. An equivalent model was later developed 35 

by Weaver[8] based on the Dyson equation with the introduction of the first-order smoothing 36 

approximation[9]. Further theoretical developments[2,10,19,11–18] were mostly extensions of 37 

these two models, the Weaver model in particular due to its ease of extension, to various 38 

polycrystals of different elastic properties and grain geometries. 39 

Theoretical models are necessarily approximate, because it is impossible to carry a rigorous 40 
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mathematical description through all steps of the model development. Therefore, assumptions and 41 

approximations are made in the derivations, leading to expected, but mostly not quantified, 42 

approximations in the outputs. The Stanke and Kino[5] and Weaver[8] models are accurate up to 43 

the second order of material inhomogeneities, offering them possibilities of considering forward 44 

multiple scattering. However, except the rare cases[13,16–20] that maintained the second-order 45 

accuracy, other developments[2,10–12,14,15] of the Weaver model (including the eventual 46 

formulation of Weaver[8]) were formulated by invoking the Born approximation to facilitate 47 

explicit calculations for attenuation. Such treatment limits the validities of the models to even 48 

lower-order scattering in frequency ranges below the geometric regime[8]. 49 

In contrast to theoretical studies, numerical simulations can be performed without the 50 

approximations of low order scattering. A wide range of numerical methods can be employed to 51 

achieve such numerical experiments and a summary of them can be found in Van Pamel et al.[21]. 52 

Among these methods, the finite element (FE) method is widely researched for the simulation of 53 

elastic waves in complex media[22]. The use of this method for polycrystals has long been limited, 54 

by its extreme computational demands, to two-dimensional (2D) cases[23–28]. However, the 55 

dependence of scattering on spatial dimensionality[29] at certain frequencies means that 3D 56 

simulation is always desirable for understanding real-world wave phenomena. Recent 57 

advancements of computer hardware and elastodynamic software, especially the development of 58 

the GPU-accelerated Pogo program[30], have enabled the successes of 3D 59 

modelling[18,19,21,31,32]. These 3D simulation studies, with representations of polycrystals at 60 

grain scale in realistic sample volumes, addressed a relatively simple case of plane longitudinal 61 

waves propagating in polycrystals with macroscopically isotropic elastic properties and equiaxed 62 

grains. They have demonstrated that 3D FE simulations can accurately describe the interactions of 63 
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elastic waves with grains that involve complex multiple scattering. 64 

Due to the flexibility and accuracy of 3D FE modelling, we can expect that there will be a surge 65 

of modelling studies in the future to understand and optimize practical inspection problems, and 66 

to evaluate the approximations of theoretical models for model-based applications, such as the 67 

inverse characterization of microstructure. However, even for the relatively simple cases addressed 68 

so far[18,19,21,31,32], some essential topics are not yet understood well enough to allow 69 

confidence that the best accuracy of simulation is being achieved. The authors have been 70 

investigating this challenge, and the purpose of this article is to report on important topics of 71 

modelling methodology for which new knowledge will inform a reliable quality of simulation 72 

performance. 73 

The first topic is the determination of effective media parameters from the simulation results, 74 

namely attenuation and phase velocity. An important task of these addressed to 3D FE simulations 75 

is to understand how a transmitted plane wave changes with propagation distance. This change is 76 

parametrically described by attenuation coefficient and phase velocity, representing respectively 77 

the amplitude and phase parts of the change. One can perform the determination in a through-78 

transmission configuration, which is commonly used in actual experiments where access is limited 79 

to sample surfaces. This method has seen wide applications in our previous 80 

simulations[18,19,21,29,31], in which the effective media parameters are determined by 81 

comparing the two waves measured on the transmitting surface and its opposite receiving surface. 82 

Alternatively, one can also determine the parameters by best fitting the waves acquired on multiple 83 

surfaces within the simulation volume that are parallel to the transmitting surface. This fitting 84 

method was first used in a recent work[32] and it is made possible by the intrinsic advantage of 85 

FE modelling that waves inside a sample can be easily measured. Each of these two methods has 86 
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its own advantages: the through-transmission method is consistent with physical experimental 87 

configurations, so it is conceptually attractive, and it requires relatively little measured data, while 88 

the fitting method can potentially provide more abundant information about wave-microstructure 89 

interaction. However, these two methods have not been compared in actual simulations to identify 90 

their ranges of application and their possible advantages and drawbacks. It is important to 91 

recognize that while the difference between these methods would be trivial for a homogeneous 92 

material, this is not the case for a polycrystal: the grain scattering creates high levels of noise in 93 

the measurements of the coherent signals as well as local influences of multiple scattering, both of 94 

which bring significant uncertainty to the measurements. 95 

The second topic concerns the errors and uncertainties of the determined scattering parameters. It 96 

is known that numerical approximations, including the space and time discretization in the FE 97 

method and the inexactness in finite-precision computations, can cause numerical errors. In 98 

addition, statistical considerations, involving the random distribution of grain structures and the 99 

stochastic pattern of wave scattering, can induce both statistical errors and uncertainties. For 100 

numerical errors, studies so far were partly limited to homogeneous and isotropic materials[33,34] 101 

and were partly qualitative when they went to polycrystalline materials[21,31]; while for statistical 102 

errors and uncertainties, attention has not yet been turned to the specific problem of wave 103 

propagation within polycrystals. 104 

The third of our three topics of study involves the evaluation of the performance of theoretical 105 

models using the simulation data of 3D FE modelling. The simulations are ideal for the evaluation 106 

of the effects of the approximations of theoretical models, as they can be fully controlled, and their 107 

errors and uncertainties can to some extent be estimated. The evaluation requires the statistical 108 

information of FE material systems being measured and being put into theoretical models. Such 109 
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information is represented by the two-point correlation (TPC) function for widely used theoretical 110 

models, like the second-order[5,8,18,19] and far-field[20] approximations. Previous 111 

studies[18,19,32] have been successful in incorporating the TPC function of polycrystal models 112 

into theoretical models, and have shown good agreement between FE and theoretical results in 113 

terms of scattering parameters. However, these studies neglected in their TPC functions the fact 114 

that symmetry boundary conditions, employed to emulate infinitely wide media that can hold plane 115 

waves, actually mirror the boundary grains of FE models and thus make the grains doubled in 116 

volume. 117 

For the benefit of future applications of the 3D FE method, this work presents a thorough 118 

discussion of the above-mentioned topics, with the aim to solve them appropriately. The discussion 119 

focuses on the same simulation case addressed in currently-available works[18,19,21,31,32], 120 

which is the propagation of plane longitudinal waves in polycrystals with untextured properties 121 

and equiaxed grains. The goal of this work, however, is to lay a solid foundation for general cases 122 

of arbitrary wave modalities in any polycrystalline material system. For the specific case 123 

concerned in this work, its 3D FE model is summarized in Sec. II. The subsequent three sections 124 

discuss respectively the three topics mentioned above. Sec. III deals with the determination of 125 

effective media parameters. Sec. IV presents a systematic study of errors and uncertainties, with 126 

discussions on how to suppress them. Sec. V provides a comprehensive discussion covering the 127 

incorporation of 3D FE simulation data into theoretical models and the proper consideration of 128 

SBCs in this incorporation procedure. 129 

II. FINITE ELEMENT METHOD FOR ELASTIC WAVES IN 130 

POLYCRYSTALS 131 
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The three studies reported here were conducted using a three-dimensional finite element (FE) 132 

model of a volume of a polycrystal, simulating the propagation of plane longitudinal waves in the 133 

time domain. This kind of model and studies using it have been reported previously[21,31,32], but 134 

for the convenience of subsequent discussions, we provide in the following a summary of the 135 

method. 136 

A. Representation of polycrystals at grain scale 137 

Scattering only occurs when grains are present, so the representation of polycrystals at grain scale 138 

is the key to reproduce scattering. Researchers have simulated the spatial properties of polycrystals 139 

with several methods, two popular ones being Voronoi tessellation (e.g. Quey et al.[35]) and 140 

Dream.3D[36]. In this work we have used Voronoi tessellation[35]. 141 

The Voronoi tessellation partitions a cuboid model, which is shown in Fig. 1, into convex 142 

polyhedra or grains that have no overlaps and no gaps. Each grain encloses a seed that is specified 143 

beforehand and all points in this grain are closer to its own seed than to any other. Grain statistics, 144 

like grain size distribution and average grain shape, are determined by how the seeds are specified. 145 

The present work uses a relatively simple seeding procedure which utilizes a Poisson point process 146 

to drop random seeds into the model space. As would be expected from the central limit theorem, 147 

the grain sizes (specifically the cubic roots of grain volumes) of the generated model are normally 148 

distributed[21] and the grain shapes are equiaxed on average. For later discussions, three such 149 

models are generated, and their parameters are provided in Table I. 150 

Material properties are then assigned to the generated models. This study considers single-phase 151 

polycrystals, and therefore the grains of each model belong to the same crystal material. The two 152 

materials considered in this study are given in Table II, both having cubic symmetry and being 153 
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chosen as examples of weakly and strongly scattering materials, respectively. Although in each 154 

model all grains share an identical material, their crystallographic axes are randomly oriented. 155 

Therefore, the models are homogeneous and statically isotropic on the macroscopic scale. 156 
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Fig. 1. (Color online) Illustration of the FE model for the propagation of plane longitudinal waves 158 

in polycrystals. The cuboid is the domain of modelling, having the dimensions of 𝑑𝑥, 𝑑𝑦 and 𝑑𝑧 159 

in the 𝑥 , 𝑦  and 𝑧  directions. The domain is partitioned into grains by using the Voronoi 160 

tessellation method. The grains are then divided into eight-node regular hexahedral elements, 161 

enabling the modelling of this complex problem by the FE method. Symmetry boundary conditions 162 

are imposed on the four external surfaces, 𝑥 = 0, 𝑥 = 𝑑𝑥, 𝑦 = 0, and 𝑦 = 𝑑𝑦, to emulate an 163 

infinitely wide model. A uniform dynamic force is applied to the transmitting surface of 𝑧 = 0 to 164 

excite a plane longitudinal wave. In the through-transmission configuration, 𝑧-displacements are 165 

measured on the transmitting 𝑧 = 0  and receiving 𝑧 = 𝑑𝑧  surfaces to determine scattering 166 

parameters. 167 

It is important to realize that every single model in Table I has a considerable sample volume and 168 

a large number of grains, but still, it is only an incomplete random realization (sample) of the 169 

parent polycrystal that one aims to simulate. Using a larger sample size and thus a larger number 170 

of grains can undoubtedly better represent the target polycrystal, but the massive sample size is 171 
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limited by computer memory, and often this is not as large as we would wish because of the intense 172 

demands on computer resources of the simulations. An alternative way of achieving a better 173 

representation is to use the combination of multiple realizations that are independently generated 174 

but follow the same statistics. This is comparable to multiple experimental measurements, 175 

performed at various locations of the same sample, that cover different volumes of grains. Multiple 176 

realizations can be generated by re-randomizing either grain seeds, crystallographic orientations, 177 

or both. It has been demonstrated[21] that these procedures are statistically equivalent, and this 178 

work uses the simplest one that reshuffles crystallographic orientations only. 179 

Table I. Polycrystalline models. Dimensions 𝑑𝑥 × 𝑑𝑦 × 𝑑𝑧 (mm), number of grains 𝑁, average 180 

grain size 𝑎  (mm), mesh size ℎ  (mm), degree of freedom d.o.f., center frequency of FE 181 

modelling 𝑓c (MHz). 182 

Model 𝑑𝑥 × 𝑑𝑦 × 𝑑𝑧 𝑁 𝑎 ℎ d.o.f. 
𝑓c 

Aluminium Inconel 

N115200 12×12×100 115200 0.5 0.050 349×106 2, 5 2 

N11520 12×12×10 11520 0.5 0.025 278×106 10 5 

N16000 20×20×5 16000 0.5 0.020 755×106 20 10, 20 

Table II. Polycrystalline materials. Elastic constants 𝑐𝑖𝑗  (GPa), density 𝜌 (kg/m3), anisotropy 183 

factor 𝐴 , effective (Voigt) longitudinal and shear wave velocities 𝑉L/T  (m/s), and elastic 184 

scattering factors 𝑄L→L/T (10-3). 185 

Material 𝑐11 𝑐12 𝑐44 𝜌 𝐴 𝑉L 𝑉T 𝑄L→L 𝑄L→T 

aluminum 103.40 57.10 28.60 2700 1.24 6317.52 3128.13 0.08 0.33 

Inconel 234.60 145.40 126.20 8260 2.83 6025.37 3365.54 2.26 7.59 

Thus, the present studies make use of a model volume that is inhomogeneous and anisotropic at 186 

grain scale, but homogeneous and isotropic in both stiffness and geometry at macro scale. However, 187 
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the principle established here may be extended to elongated grains and preferred crystallographic 188 

texture materials. 189 

B. Approximation of wave equations by finite elements 190 

The discretization of a volume of polycrystal material for the simulation of wave propagation has 191 

been discussed previously[21,31], and we follow closely the setup reported in Cook et al.[37]. The 192 

spatial representation process is illustrated in Fig. 1, with details in the caption. 193 

While the spatial problem is represented by finite element discretization using first-order 8-node 194 

regular hexahedral elements, the time-stepping solution is based on the finite difference method, 195 

using the well-known equation: 196 

 𝐌
𝐔𝑛+1−2𝐔𝑛+𝐔𝑛−1

Δ𝑡2
+ 𝐊𝐔𝑛 = 𝐅 (1) 197 

in which Δ𝑡  is the duration of discrete uniform time steps, the superscript 𝑛  represents the 198 

current time step, 𝐅 is the dynamic load vector describing externally applied forces at individual 199 

degrees of freedom, 𝐌 and 𝐊 are the mass and stiffness matrices, so 𝐊𝐔𝑛 is the elastic force 200 

vector, with 𝐔𝑛 representing the global displacement vector at time step 𝑛. 𝐌𝐔̈𝑛 is the inertia 201 

force, and the acceleration vector 𝐔̈𝑛 therein is represented by a standard central difference as 202 

(𝐔𝑛+1 − 2𝐔𝑛 + 𝐔𝑛−1)/Δ𝑡2. The equilibrium equation establishes the relation of displacements at 203 

three time steps 𝑛 − 1, 𝑛, and 𝑛 + 1. Re-arranging the equation allows the displacements at step 204 

𝑛 + 1 to be determined explicitly from those already known at the two preceding steps. We 205 

neglect material damping in our studies. 206 

The above FE formulation involves two major approximations that need to be carefully treated. 207 
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The first is the discretization of model space into elements, which we choose to be perfect identical 208 

cubes, all with an edge size of ℎ, and this spatial discretization affects grain representation and 209 

numerical accuracy. The design of FE meshes to achieve a satisfactory convergence has been 210 

discussed widely in the literature, and it is important to note here that we limit our assessment to 211 

our specific present context of the solution of wave propagation in the time domain using the 212 

particular spatial and temporal schemes set out here. In other contexts the convergence can be quite 213 

different, for example Langer et al [38] show that several hundred elements per wavelength may 214 

be needed to achieve satisfactory convergence in the FE calculation of the eigenfrequencies of 215 

even a simple structure such as a plate in flexure. Structural vibration problems can incorporate 216 

quite complex spatial behavior that places additional demands beyond those of simple plane waves, 217 

and indeed this was demonstrated in the same paper by comparison of the plate flexural problem 218 

with a wave propagation problem that was much less demanding on spatial discretization. 219 

Furthermore, there are differences between the eigenvalue solution for frequency domain 220 

calculations and the time stepping for time domain problems. 221 

In previous work using the same methodology as we discuss here, we found that a good 222 

representation of grains requires a minimum of 10 elements per average grain size 𝑎 (specifically 223 

the cubic root of average grain volume) and a satisfactory numerical accuracy requires at least 10 224 

elements per wavelength 𝜆 [21,31], the latter following on from previous work and prior reports 225 

by others. For now, we set out with this mesh refinement in mind, but we will evaluate in detail 226 

the accuracy both in wave velocity and wave amplitude in Sec. IV.A. We note that increasing 227 

either grain or wavelength sampling rate would help achieve better numerical accuracy and 228 

convergence but would also increase FE computation intensity, and 10 elements per grain 229 

dimension or wavelength is a moderate choice within our current computation capability. For the 230 
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former criterion, the required mesh size of a given polycrystal can be determined without 231 

ambiguity from 𝑎/ℎ ≥ 10. For the latter, however, wavelength 𝜆 changes with frequency 𝑓 232 

and phase velocity 𝑉 . It is convenient to define a spatial sampling number as the ratio of 233 

wavelength to mesh size, 𝑆 = 𝜆/ℎ = 𝑉/(𝑓ℎ). Thus, the latter discretization criterion can be re-234 

defined as 𝑆 ≥ 10, which should be met by the smallest wavelength that corresponds to the 235 

highest simulation frequency and the slowest phase velocity. 236 

The second approximation is the sampling of time into discrete steps with a spacing of Δ𝑡. This 237 

temporal sampling and the spatial discretization collectively determine the stability of FE 238 

calculations, which is prescribed by the Courant-Friedrichs-Levy condition. Due to the use of 239 

explicit time-marching in Eq. (1), the condition of stability requires the Courant number being no 240 

larger than unity, i.e. 𝐶 ≤ 1, which is to assure that the distance travelled by the wave in one time 241 

step must not be greater than the distance between two mesh points. In the present work, the 242 

Courant number is given by 𝐶 = 𝑉maxΔ𝑡/ℎ , where 𝑉max  is the fastest phase velocity in the 243 

simulated material, and for cubic materials considered in this work, it is given by[39] 𝑉max =244 

√(𝑐11 + 2𝑐12 + 4𝑐44)/(3𝜌). 245 

C. Excitation of plane longitudinal waves 246 

Boundary and loading conditions are defined to excite the desired plane longitudinal waves, as 247 

shown in Fig. 1, with details in the caption. The lateral boundary conditions that are prescribed so 248 

that the finite domain represents an infinitely wide one can be achieved[21] by applying periodic 249 

boundary conditions (PBCs) or symmetry boundary conditions (SBCs) to the four lateral 250 

boundaries: 𝑥 = 0, 𝑥 = 𝑑𝑥, 𝑦 = 0, and 𝑦 = 𝑑𝑦. Both have been shown[21] to perform equally 251 

well for polycrystals, and due to the ease of implementation in the FE method, the SBCs approach 252 
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is chosen in this work. The SBCs constrain the out-of-plane displacements of the lateral boundaries, 253 

i.e. 𝑢𝑥(𝑥 = 0/𝑑𝑥, 𝑦, 𝑧) = 𝑢𝑦(𝑥, 𝑦 = 0/𝑑𝑦, 𝑧) = 0. 254 

Second, loading conditions are imposed to create longitudinal waves of plane wavefronts. This is 255 

implemented by applying a uniform dynamic force to the external surface of 𝑧 = 0. A 𝑧-direction 256 

force, in the time domain being a three-cycle Hann-windowed toneburst of a center frequency of 257 

𝑓c, is exerted to all nodes on the surface 𝑧 = 0. Due to the SBCs, this simulates a desired plane 258 

longitudinal wave travelling in the 𝑧-direction. 259 

The time stepping solution to simulate the wave propagating through the polycrystal is hugely 260 

demanding on computers resources. For this reason, this work uses the GPU-based program 261 

Pogo[30], which can significantly accelerate the solving process in dealing with such large-scale 262 

problems[21]. 263 

III. EFFECTIVE MEDIA PARAMETERS FOR COHERENT 264 

WAVE: ATTENUATION AND PHASE VELOCITY 265 

Although the initiation of the wave is coherent across the wavefront, the coherence is lost as the 266 

wave propagates through the polycrystal. The wavefront degenerates, scattering energy locally 267 

into incoherent diffuse components. Consequently, coherent waves are attenuated, and their phase 268 

velocities vary with frequency. These two scattering behaviors are parametrically described by 269 

attenuation coefficient 𝛼(𝑓) and dispersive phase velocity 𝑉(𝑓), both as functions of frequency 270 

𝑓. 271 

A. Coherent waves 272 
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To calculate these two effective media parameters, displacements are numerically measured on 273 

planes normal to the propagation direction. In the case of plane longitudinal waves travelling in 274 

the 𝑧-direction as addressed in this work, 𝑧-displacements are acquired on cross-sections normal 275 

to the 𝑧-direction. Note that the displacement needs to be divided by 2 if the cross-section is the 276 

stress-free end at 𝑧 = 𝑑𝑧, as the displacement is the sum of the incident and (equally) reflected 277 

waves. For an arbitrary cross-section 𝑧 = 𝑧0 , the obtained displacement field is denoted as 278 

𝑢(𝑥, 𝑦, 𝑧0; 𝑡). The model length 𝑑𝑧 for the 𝑧-direction will be used repeatedly hereafter, and for 279 

brevity, it will be simplified as 𝑑. 280 

As a result of grain scattering, the phase of the wave 𝑢(𝑥, 𝑦, 𝑧0; 𝑡) varies across points on the 281 

cross-section. The coherent part of this wave can be obtained by averaging this wave across the 282 

cross-section[40]; i.e. 𝑈(𝑧0; 𝑡) = ⟨𝑢(𝑥, 𝑦, 𝑧0; 𝑡)⟩𝑥,𝑦, where ⟨⋅⟩𝑥,𝑦 represents the spatial average 283 

over all points on the surface 𝑧 = 𝑧0. In the case of FE modelling, a significant number of nodes 284 

across the wavefront 𝑧 = 𝑧0 contribute to the average and thus a significant wave information is 285 

included in the coherent wave. Fourier transforming this coherent wave with respect to time 𝑡 286 

leads to its counterpart 𝑈(𝑧0; 𝑓) in the frequency domain. Upon obtaining the coherent waves for 287 

two or more cross-sections, the two effective media parameters can be conveniently calculated 288 

which will be discussed in the following subsection. 289 

In addition to the coherent part, there is the incoherent, fluctuation part in the total field 290 

𝑢(𝑥, 𝑦, 𝑧0; 𝑡) which scatters with a random phase across the wavefront and therefore its average 291 

over the cross-section is zero[40]. Although this fluctuation part is discarded in the calculation of 292 

effective media parameters, it is used below to demonstrate the level of scattering over a cross-293 

section. For a clearer demonstration, the fluctuation part is normalized by the coherent part and 294 
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denoted as 𝑢f(𝑥, 𝑦, 𝑧0; 𝑡) = [𝑢(𝑥, 𝑦, 𝑧0; 𝑡) − 𝑈(𝑧0; 𝑡)]/𝑈(𝑧0; 𝑡). 295 

Here we use an example to illustrate coherent waves and fluctuations on wavefronts. The example 296 

simulates a plane longitudinal wave travelling in the model N11520 (Table I) using the material 297 

properties of Inconel (Table II). The wave is excited with a center frequency of 5 MHz. The 𝑧-298 

displacement fields are recorded and denoted as 𝑢(𝑥, 𝑦, 0; 𝑡)  and 𝑢(𝑥, 𝑦, 𝑑; 𝑡)  for the 299 

transmitting 𝑧 = 0 and receiving 𝑧 = 𝑑 surfaces, respectively. 300 

In the time domain, the spatial averages of the displacement fields, namely 𝑈(0; 𝑡) =301 

⟨𝑢(𝑥, 𝑦, 0; 𝑡)⟩𝑥,𝑦 and 𝑈(𝑑; 𝑡) = ⟨𝑢(𝑥, 𝑦, 𝑑; 𝑡)⟩𝑥,𝑦, are calculated and plotted in Fig. 2(a). For these 302 

two coherent signals, Fig. 2(b) and (c) provide their corresponding fluctuations 𝑢f(𝑥, 𝑦, 0; 𝑡1) and 303 

𝑢f(𝑥, 𝑦, 𝑑; 𝑡2) at the time instances of 𝑡1 = 0.30 µs and 𝑡2 = 1.98 µs, respectively. As shown 304 

in Fig. 2(a), the time instances 𝑡1 and 𝑡2 are chosen such that the coherent signals are at their 305 

maxima. 306 

To obtain the spectral fields 𝑢(𝑥, 𝑦, 0; 𝑓) and 𝑢(𝑥, 𝑦, 𝑑; 𝑓), the time-domain fields are cropped 307 

by using the time windows that span from 𝑡 = 0 to the vertical marks shown in Fig. 2(a) and then 308 

transformed to the frequency domain by utilizing the Fourier transform. Spatial averaging these 309 

spectral fields leads to the coherent parts 𝑈(0; 𝑓) = ⟨𝑢(𝑥, 𝑦, 0; 𝑓)⟩𝑥,𝑦  and 𝑈(𝑑; 𝑓) =310 

⟨𝑢(𝑥, 𝑦, 𝑑; 𝑓)⟩𝑥,𝑦, whose amplitude spectra are plotted in Fig. 2(d). At the frequency of 𝑓0 where 311 

the transmitting amplitude is at its maximum, the amplitude fluctuations 𝑢f(𝑥, 𝑦, 0; 𝑓0)  and 312 

𝑢f(𝑥, 𝑦, 𝑑; 𝑓0) are illustrated in Fig. 2(e) and (f). 313 
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 314 

Fig. 2. (Color online) Illustration of coherent waves (a, d) and wavefront fluctuations (b, c, e, f) in 315 

the time (a-c) and frequency (d-f) domains, using the model N11520 with the material Inconel. 316 

The 𝑧 -displacements are acquired on the transmitting 𝑧 = 0  and receiving 𝑧 = 𝑑  surfaces, 317 

leading to wave fields 𝑢(𝑥, 𝑦, 0; 𝑡) and 𝑢(𝑥, 𝑦, 𝑑; 𝑡). The solid and dashed lines in (a) are the 318 

spatial averages of these fields. (b) and (c) show normalized fluctuations 𝑢f(𝑥, 𝑦, 0; 𝑡1)  and 319 

𝑢f(𝑥, 𝑦, 𝑑; 𝑡2) for the transmitting and receiving surfaces, respectively; the time instances 𝑡1 and 320 

𝑡2 are marked in (a). Similarly, (e) and (f) provide the normalized amplitude fluctuations at the 321 

frequency of 𝑓0, which is marked in (d); these are obtained by performing Fourier transforms of 322 

the received signals at all points on the two cross-sections. 323 

It is clear from Fig. 2(b) and (e) that the transmitting wavefront at 𝑧 = 0 is not planar. This is 324 

because we apply forces on this plane and then measure displacements at the same location where 325 
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random elastic deformations occur immediately upon application of forces. As a result of multiple 326 

scattering, the field fluctuation on the receiving wavefront (Fig. 2(c) and (f)) is substantially larger 327 

than that of the source, leading to a smaller coherent wave (spatial average) on the receiving 328 

surface, as was seen in Fig. 2(a) and (d). As previously explained, the change of a coherent wave 329 

with propagation distance is represented by attenuation and dispersive phase velocity. The 330 

calculation of these parameters from the evolution of coherent waves will be addressed in the 331 

following subsection. 332 

B. Determination of attenuation and phase velocity 333 

Before determining the scattering parameters, we demonstrate how coherent waves change as they 334 

propagate through polycrystal media. In Fig. 3, example coherent waves in polycrystalline 335 

aluminum and Inconel are given as functions of propagation distances 𝑧. In the figure, a coherent 336 

wave 𝑈(𝑧; 𝑓) is normalized by its corresponding initiating wave 𝑈(0; 𝑓), and the amplitude and 337 

phase parts of the normalized coherent wave, 𝑈(𝑧; 𝑓)/𝑈(0; 𝑓) , are denoted as 𝐴(𝑧; 𝑓)  and 338 

𝜑(𝑧; 𝑓), respectively. These two parts are shown separately in the (a) and (b) panels of the figure. 339 

Despite the large wavefront fluctuations (illustrated in Fig. 2), Fig. 3 shows that the amplitude and 340 

phase parts of the coherent wave change exponentially and linearly with propagation distance, 341 

respectively. It is important to emphasize that these exponential and linear relations are nearly 342 

perfectly described by their corresponding fitted straight lines (the goodness of fit is characterized 343 

by the annotated 𝑅2  measure, and 𝑅2 = 1 corresponds to a perfect fit). This is an essential 344 

evidence that the change of the coherent wave with distance can be very well represented by the 345 

effective media parameters, namely attenuation coefficient 𝛼(𝑓) and phase velocity 𝑉(𝑓), by the 346 

following relations 347 
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 𝐴(𝑧; 𝑓) = 𝑒−𝛼(𝑓)𝑧 ,  𝜑(𝑧; 𝑓) =
2𝜋𝑓𝑧

𝑉(𝑓)
 (2) 348 

It is clear from Eq. (2) that attenuation coefficient and phase velocity can be determined in two 349 

different ways; these will be described in the following subsections. 350 

 351 

Fig. 3. (Color online) Amplitude and phase of typical coherent signals of polycrystalline aluminum 352 

and Inconel, normalized by the corresponding initiating waves 𝑈(0; 𝑓). The signals are acquired 353 

from the model N11520 at the frequency of 𝑓 = 5  MHz. (a) and (b) show the respective 354 

amplitude 𝐴 and phase 𝜑 parts of the coherent waves. The solid (for aluminum) and dash (for 355 

Inconel) lines indicate the through-transmission (TT) method, and the dash-dotted (for aluminum) 356 

and dotted (for Inconel) represent the fitting (F) method in a least-squares sense. The through-357 

transmission (TT) and fitting (F) lines are mostly overlapped. Part (a) of the figure uses the same 358 

legend as (b) and it uses a logarithmic y-axis scale. 𝑅2 denotes the coefficient of determination 359 

that measures how successful a fitting (F) line is in explaining the variation of its corresponding 360 

FEM points (𝑅2 = 1 means a perfect fit). 361 

1. Measurement by through transmission method 362 

The first way to measure attenuation and phase velocity is to use only 𝑈(0; 𝑓) and 𝑈(𝑑; 𝑓), 363 
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which are collected on the transmitting 𝑧 = 0 and receiving 𝑧 = 𝑑 surfaces, see Fig. 1. This 364 

method is consistent with experiments where measurements can only be made on free boundaries. 365 

This method is named the through-transmission method in this work and the two scattering 366 

parameters can be given explicitly as 367 

 𝛼(𝑓) = −
ln𝐴(𝑑;𝑓)

𝑑
,  𝑉(𝑓) =

2𝜋𝑓𝑑

𝜑(𝑑;𝑓)
 (3) 368 

where 𝐴(𝑑; 𝑓) and 𝜑(𝑑; 𝑓) are the amplitude and phase parts of 𝑈(𝑑; 𝑓)/𝑈(0; 𝑓), respectively. 369 

This method is graphically shown in Fig. 3 as the solid (for aluminum) and dash (for Inconel) lines 370 

connecting the transmitting points at 𝑧 = 0 to the receiving ones at 𝑧 = 𝑑 = 10 mm. 371 

2. Measurement by fitting method 372 

The second way is to use all the coherent waves, measured on free boundaries as well as inside 373 

models. This can be fairly easily achieved by fitting the Eq. (3) to all the coherent waves, using 374 

attenuation coefficient 𝛼(𝑓)  and phase velocity 𝑉(𝑓)  as fitting parameters. Similarly, this 375 

method is shown in Fig. 3 as the dash-dotted (for aluminum) and dotted (for Inconel) lines which 376 

best fit all the data points in a least-squares sense. 377 

3. Comparison 378 

Previously, the authors[18,19,21,29,31] used the through transmission method, while Ryzy et 379 

al.[32] employed the fitting method. In comparison, the results in Fig. 3 show a very small but 380 

visible systematic difference for Inconel. The methods are further compared in Fig. 4 for aluminum 381 

and Inconel over the frequency range of 3-6 MHz; details of the models are given in the caption. 382 

Subtle differences can be observed between the two methods: for attenuation coefficient the 383 

relative difference is smaller than 2% and for phase velocity it is smaller than 0.04%. Although 384 
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the differences are small, it seems that the through-transmission method gives systematically larger 385 

attenuation coefficients and smaller phase velocities than the fitting method. Thus, it is important 386 

to understand the reason for this seemingly systematic difference. 387 

There are two key differences between these methods. 1) The through-transmission method uses 388 

waves collected on traction-free boundaries, while the majority of the waves of its counterpart are 389 

acquired inside models; this difference is illustrated in Fig. 5. Examples are provided in Fig. 6 to 390 

illustrate the difference between measurements made on boundaries and inside models. In the 391 

figure, circular data sets are acquired inside the model N11520 at the frequency of 5 MHz, with 392 

each point and error bar representing the mean and standard deviation of 15 realizations. Square 393 

data sets are collected on the same surfaces and under the same modelling conditions, but the 394 

collection surfaces are free boundaries which are formed by truncating the model N11520 at these 395 

measuring surfaces. Thus, the grains are identical for each of the two models under comparison at 396 

each propagation distance. The figure shows that the signal amplitudes on free boundaries are 397 

mostly smaller than those inside models, hence the resulting attenuation coefficient from through-398 

transmission method is inevitably larger than that from the fitting. 399 

 400 

Fig. 4. (Color online) Longitudinal wave attenuations (a, c) and velocities (b, d) for polycrystalline 401 
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aluminum and Inconel determined by the through-transmission (TT) and fitting (F) methods. For 402 

each material we use 15 realizations of the model N11520 to get the averaged data as shown in the 403 

figure, and simulations are for a plane longitudinal wave with a center frequency of 5 MHz. The 404 

marks followed (or preceded) by percentages show the maximum discrepancies between the 405 

through-transmission (TT) and fitting (F) methods, with the fitting method as reference. 406 

This difference is due to the fact that on boundaries and inside models, incoherent waves contribute 407 

to the coherent signals differently, see Fig. 5. It is not hard to imagine that on a measuring surface 408 

the incoherent waves induced by early arrivals enter the coherent part of the arrival signals. Inside 409 

models, coherent waves harvest incoherent ones in both forward- and backward-propagating 410 

directions, while on free boundaries incoherent backward-scattered waves are the main 411 

contributors. As a result, coherent waves collected inside models have slightly larger amplitudes 412 

than those acquired on the corresponding surfaces that are traction-free. Also, additional mode 413 

conversion of scattered waves on a free boundary may contribute to the difference. The incidence 414 

of random waves on complex free boundaries, with spatially-varied elastic properties, produces 415 

complicated reflections that involve mode conversions. Such mode conversions occur differently 416 

on a free boundary compared to the equivalent plane inside the material. 417 
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Coherent
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Scattering

Transmitting
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Scattering

(a) (b)

 418 

Fig. 5. (Color online) Illustration of collecting waves (a) on an internal cross-section and (b) on a 419 
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free boundary. The shown Voronoi diagram is the sectional view of a 3D polycrystal on the 𝑥-𝑧 420 

plane. The transmitted coherent wave travels in the 𝑧-direction. In (a), the coherent wave received 421 

on the internal cross-sections acquires energy from the scattered waves that travel in both forward 422 

and backward directions. In (b), the coherent wave received on the free end is the sum of the 423 

incident and (equally) reflected waves, and this coherent part only incorporates the scattered waves 424 

that travel in the backward direction. Note that the number of grains in an actual simulation is far 425 

greater than that of the shown Voronoi diagram. 426 

2) The second aspect is that the through-transmission method reflects the overall scattering 427 

behavior of the whole cuboid of a polycrystal medium, while its counterpart is largely influenced 428 

by the smaller subsets of the medium. It suggests that these two methods may have different 429 

statistical significances in representing the target polycrystal. This volume effect, however, is not 430 

the main cause of the difference between the two methods. The reason can be clearly seen from 431 

Fig. 6 which illustrates the use of identical volumes at each propagation distance still leads to 432 

statistically different results between the two methods. 433 

 434 

Fig. 6. (Color online) Coherent amplitudes of polycrystalline (a) aluminum and (b) Inconel 435 

measured inside FE models and on free boundaries. Amplitudes are plotted versus propagation 436 
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distance at the frequency of 𝑓 = 5 MHz. Each material uses 15 realizations of the model N11520 437 

to get the averaged data as shown in the figure. The circles represent signals collected inside the 438 

models, and the squares are collected on the same surfaces but the models are truncated at these 439 

surfaces to form traction-free boundaries. 440 

However, it is important to realize that the difference between the two methods is generally within 441 

the range of error bars as shown in Fig. 6. This suggests that the through-transmission and fitting 442 

methods are practically equivalent and both can be used. In this work the through-transmission 443 

method is used in later discussions due to its convenience in the collection of waves and in the 444 

calculation of scattering parameters. 445 

IV. NUMERICAL ERRORS AND STATISTICAL 446 

UNCERTAINTIES 447 

It is certainly true that disagreement exists between results calculated by the FE method and the 448 

exact solutions. This disagreement should be estimated to establish the validity of the FE model 449 

and to aid improvement of its accuracy and precision. 450 

In the case of modelling elastic wave propagation in polycrystals, the disagreement can be divided 451 

into two parts. One part is the systematic difference between an FE result and the exact solution, 452 

and another is the random variation around the FE result. These two parts are denoted as error and 453 

uncertainty, respectively. As mentioned in Sec. II.A, we obtain an FE result by averaging those of 454 

multiple FE realizations that are independently generated but follow the same microstructure 455 

statistic. Error in this case is the difference between the average result and the exact solution, while 456 

uncertainty is the standard deviation of the multiple results relative to the average. Error and 457 
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uncertainty arise in the FE model mainly as results of numerical approximations and statistical 458 

fluctuations. 459 

Numerical approximations include two major facets: one is the approximation of an exact wave 460 

propagation problem by an FE model that is discretized in space and time, and another is the 461 

truncation or rounding of an exact number to a computer number that has a finite precision. These 462 

approximations cause numerical errors, and the estimation of these errors will be provided in Sec. 463 

IV.A. 464 

Statistical fluctuations relate to the random nature of polycrystalline microstructure and the 465 

stochastic scattering it causes. A combination of multiple realizations is used in the FE model to 466 

average out the fluctuations and thus to obtain statistically meaningful FE results. Such statistical 467 

considerations are accompanied by statistical errors and uncertainties, which will be estimated in 468 

Sec. IV.B. 469 

Following the estimations of errors and uncertainties in Sec. IV.A and Sec. IV.B, we examine in 470 

Sec. IV.C the propagation of errors and uncertainties through coherent waves to effective media 471 

parameters, namely attenuation coefficient and phase velocity. Finally, we provide examples in 472 

Sec. IV.D to illustrate some practical approaches to suppress errors and uncertainties. In this work, 473 

absolute and relative errors are denoted respectively as ∆ and 𝛿 , while absolute and relative 474 

uncertainties are denoted as 𝜎 and 𝜀. 475 

A. Errors in numerical approximations 476 

The spatial and temporal discretization approximations in the FE method introduce numerical 477 

errors, and here we look at both space and time. Our interest is to establish knowledge of the 478 
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underlying errors in amplitude and in wave velocity that come from the FE discretization of the 479 

propagation behavior; key to this is whether these errors are significant in comparison with, 480 

respectively, the changes of amplitudes due to scattering induced attenuation and the changes of 481 

phase velocity due to dispersion by the polycrystal. Such errors, if sufficiently understood, may 482 

also be used in practice in order to make corrections to simulated results. Therefore, we choose to 483 

assess the errors in a homogeneous isotropic domain, being the background on which the 484 

polycrystal behavior will be built, keeping with the same meshes and time stepping schemes of the 485 

latter. We recognize that this omits possible errors that might be specific to the discretization of 486 

the spatial changes in the polycrystal, but we suggest that the target of achieving good 487 

recommendations for choices of mesh and timestep is addressed most usefully by studying the 488 

non-specific homogeneous background case. Furthermore, we believe that a good discretization 489 

for the homogeneous background will automatically ensure good representation in the polycrystal 490 

case because it is already well established that the wave behavior is not sensitive to specific 491 

features at the space scale of the crystal boundaries, and indeed the analytical models do not 492 

include information about these boundaries at all[19]. 493 

The evaluation of the accuracy of FE models for wave propagation is a highly developed subject 494 

with a long history. Considerations of phase velocity dispersion in particular have motivated many 495 

different spatial and temporal schemes; dispersion is strongest for coarse meshes, so the challenge 496 

is to achieve best efficiency for a desired performance in modeling short wavelength waves. The 497 

monograph by Bathe[41] provides an excellent description and evaluation of the basic 498 

methodologies of the main schemes in use for time domain simulation. A variety of studies of 499 

performance of these and their variants, limiting to relevance to the method used in the present 500 

work, can be found in, e.g., [34,42–50]. 501 
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We limit our reporting here to our specific choice of scheme and include results in brief for the 502 

benefit of modelers in the applications context of this article, leaving detailed evaluation of the 503 

mathematics and performance of the scheme to the cited literature. Our specific choice is the 504 

central difference explicit scheme, using lumped mass matrices, no material damping, and a 505 

structured mesh of identically-sized cube-shaped linear hexahedral elements. The basis of this 506 

choice has been optimized and explained in our previous work[21,31]. 507 

1. Analytical prediction of numerical errors 508 

The exact solution to the propagation of elastic plane waves within an isotropic non-damping 509 

material is given by 𝐮(𝐱, 𝑡) = 𝐩0 exp[𝑖(𝐤0𝐱 − 2𝜋𝑓𝑡)], where 𝐩0 and 𝐤0 = 𝑘0𝐧 are the exact 510 

polarization and wave vectors, respectively. It is implied in the solution that the displacement 511 

amplitude is unity. There is no dissipation and the wave number 𝑘0 = 2𝜋𝑓/𝑉0 is thus a real 512 

number, where 𝑉0 is the exact phase velocity. 513 

Due to numerical approximations, the FE solution to the same problem is approximate. At a given 514 

node 𝐱 and time instance 𝑡 = 𝑛Δ𝑡, the approximate solution 𝐮𝐱
𝑛 takes a similar form to the exact 515 

one 516 

 𝐮𝐱
𝑛 = 𝐩𝑒𝑖(𝐤⋅𝐱−2𝜋𝑓𝑛Δ𝑡) (4) 517 

where 𝐩 and 𝐤 = 𝑘𝐧 are the approximate polarization and wave vectors. Numerical attenuation 518 

𝛼, if any, and phase velocity 𝑉 are included in the complex wave number 𝑘, i.e. 𝑘 = 2𝜋𝑓/𝑉 +519 

𝑖𝛼. By using Eq. (3), the wave number can be further related to amplitude and phase changes via 520 

𝑘 = 𝜑/𝑑 − 𝑖 ln 𝐴 /𝑑 , where 𝑑  is the wave propagation distance. Thus, the estimation of 521 

amplitude and phase errors depends on the solution of wave number 𝑘. 522 
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The central difference explicit scheme is known to be non-dissipative, correctly conserving the 523 

energy of the propagating waves [49,50], although the literature devotes little attention to the 524 

details of this, concentrating in preference to the real concern, which is the velocity dispersion. 525 

Here we suggest it is useful to think a bit more about the non-dissipative property before we look 526 

at the dispersion.  527 

The non-dissipative property can be examined by looking at the numerical wave propagation 528 

solution for a monochromatic plane wave in an infinite domain (see also, e.g., [43,50]). The 529 

elements are all identical, so we arbitrarily consider a single node, with waves propagating in the 530 

𝑧 direction and no external forces. The scheme requires only local information at each time step, 531 

so we need only consider information from the eight elements that adjoin this node. This local 532 

assembly has mass 𝐌 and stiffness 𝐊 matrices with 81×81 coefficients, as defined in Sec. II.B. 533 

Substituting Eq. (4) into Eq. (1) gives a system of 81 equations. However, the eight-element 534 

assembly only carries complete information of nodal connectivity for the target node. As a result, 535 

only the three equations which correspond to the degrees of freedom of this target node are 536 

meaningful in terms of describing wave motion, and, considering compression waves, only the 537 

displacement in the chosen coordinate 𝑧  relates to the example wave propagating along 𝑧 . 538 

Simplifying this equation results in 539 

 (𝑒−𝑖2𝜋𝑓Δ𝑡 + 𝑒𝑖2𝜋𝑓Δ𝑡 − 2)ℎ2 − (𝑒−𝑖𝑘ℎ + 𝑒𝑖𝑘ℎ − 2)𝑉0
2Δ𝑡2 = 0 (5) 540 

and solving this equation leads to  541 

 𝑘 =
1

ℎ
arccos[

cos(2𝜋𝑓Δ𝑡)−1

𝑉0
2Δ𝑡2

ℎ2 + 1] (6) 542 

It is clear from Eq. (6) that 𝑘 is a real number. This confirms the non-dissipative nature of the 543 
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solution, which holds for plane waves that are continuous in space and time. A similar analysis 544 

would show the same for shear waves. 545 

Eq. (6) also shows the relative phase error, which is given by 𝛿𝜑 = (𝑘 − 𝑘0)/𝑘0. We define the 546 

spatial sampling and Courant numbers with respect to the longitudinal phase velocity 𝑉0 = 𝑉L, i.e. 547 

𝑆 = 𝑉L/(𝑓ℎ) and 𝐶 = Δ𝑡𝑉L/ℎ. Considering these relations, relative phase error can be expressed 548 

as 549 

 𝛿𝜑 =
𝑆

2𝜋
arccos [

cos(2𝜋𝐶/𝑆)−1

𝐶2
+ 1] − 1 (7) 550 

The equation shows that phase error is directly related to spatial sampling number 𝑆 and Courant 551 

number 𝐶, which correspond to spatial discretization and time stepping respectively. It follows 552 

now that we also have anisotropic behavior because, however well the element behaves for waves 553 

at different angles, the spatial sampling is certainly different in different directions; this is a well-554 

known property of these solutions[34,43,47]. Thus we see that we should expect perfect 555 

preservation of the amplitude of monochromatic plane waves, but a frequency-dependent error of 556 

phase velocity. The latter will imply that the amplitude of the envelope of a wave packet in the 557 

time domain will in general exhibit distortion as it travels. We will evaluate this performance in 558 

simulation studies in the following two sub-sections. 559 

2. Evaluation of numerical phase errors 560 

A simple cuboid model, with the dimensions of 𝑑𝑥 × 𝑑𝑦 × 𝑑 = 12 × 12 × 10 mm, is established 561 

using isotropic steel, with Young’s modulus 𝐸 = 210 GPa, Poisson’s ratio 𝜈 = 0.3 and density 562 

𝜌 = 8000 kg/m3. The longitudinal wave velocity of this material is 𝑉L = 5944.45 m/s. Similar 563 

to the FE model given in Sec. II, the model is discretized with uniform eight-node cube elements 564 
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and configured to accommodate a plane longitudinal wave that has the center frequency of 5 MHz. 565 

The transmitting and receiving waves, 𝑈(0, 𝑓) and 𝑈(𝑑, 𝑓), are collected and the relative phase 566 

error is thus obtained as 𝛿𝜑 = 𝜑/(2𝜋𝑓𝑑/𝑉L) − 1, where 𝜑 is the phase part of 𝑈(𝑑, 𝑓)/𝑈(0, 𝑓). 567 

Fig. 7 compares the actual simulations with analytically predicted results from Eq. (7). The left 568 

panel (a) assesses the influence of spatial discretization, as characterized by sampling number 𝑆, 569 

while the right panel (b) evaluates the impact of time stepping, as characterized by the Courant 570 

number 𝐶. Model details are given in the figure caption. The figure shows that actual phase errors 571 

can be well represented by Eq. (7). 572 

 573 

Fig. 7. (Color online) Evaluation of numerical phase errors. (a) and (b) assess the influences of 574 

spatial sampling number 𝑆  and Courant number 𝐶 , respectively. (a) uses four models with 575 

different mesh sizes, ℎ = 0.100, 0.050, 0.025, 0.020 mm, and fixed Courant number, 𝐶 = 0.8. 576 

The resulting relative phase errors (points) are plotted against their sampling numbers 𝑆 in the 577 

frequency range of 𝑓 = 3 − 6 MHz. (b) uses seven models with fixed mesh size, ℎ = 0.025 578 

mm, and different Courant numbers, 𝐶 = 0.4, 0.5, … , 1.0. Their relative phase errors (points) are 579 

plotted versus their Courant numbers at the frequency of 𝑓 = 5 MHz. The solid lines in (a) and 580 
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(b) are analytically predicted errors from Eq. (7). Note that the vertical 𝑦 axes in the figure panels 581 

show the percentage error over the propagation distance of 10 mm. 582 

A key observation from the figure is the high degree of accuracy of the calculated phase. The 583 

lowest sampling number, 𝑆, in the results in part (a) of the figure is 10 elements per wavelength, 584 

for which the phase error (and thus velocity error) is about 0.5%, and this error is reduced to 0.1% 585 

by increasing 𝑆 to 20 elements per wavelength. Thus, the policy of using at least 10 elements per 586 

wavelength is justified for all routine analysis by this method unless particularly high precision is 587 

to be pursued. 588 

The figure also defines the two approaches to reduce phase errors, pertaining to spatial 589 

discretization and time sampling, respectively. The first is to use finer meshes, which can be 590 

discovered from the left panel (a) that phase error decreases exponentially (𝛿𝜑 ∝ exp( − 2𝑆)) as 591 

spatial sampling number increases. The second approach is to use larger Courant numbers, which 592 

can be found from the right panel (b). When this number is at its limit of unity, phase error can 593 

nearly be removed. However, for stability reasons it is not recommended to use 𝐶 = 1 because 594 

the actual 𝐶 in a simulation could be greater than 1 (thus violate the stability condition) as a result 595 

of accelerated wave velocity caused by numerical dispersion, and also this condition cannot be 596 

achieved for all waves when there are spatial variations of material properties or multiple wave 597 

modes. An important implication of the second approach is that a structured mesh is likely to 598 

perform better than a free mesh in this analysis. This is because the free mesh has a range of 599 

element sizes and the range can be very wide for sharp spatial features, and therefore it is 600 

impossible to achieve the same Courant number everywhere, even if there is only one wave mode 601 

and material present. In Sec. IV.D.1, examples will be given to show actual errors in phase velocity 602 

calculations and to illustrate the corrections of these errors by using the two approaches discussed 603 
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here. 604 

3. Evaluation of numerical amplitude errors 605 

We use the same models as for Fig. 7(a) and calculate their relative amplitude errors by 𝛿𝐴 = 𝐴 −606 

1, where 𝐴 is the amplitude of 𝑈(𝑑, 𝑓)/𝑈(0, 𝑓) and its exact solution is unity in the absence of 607 

amplitude error. In the frequency range of 𝑓 = 3 − 6  MHz, the errors are plotted against 608 

frequency in Fig. 8. 609 

Fig. 8 shows that the amplitude errors of the FE simulations are small, and that they reduce as the 610 

mesh is refined, but they are not zero. We recall here that we expect zero loss for monochromatic 611 

plane waves, but that analysis did not include the FE calculations for the transient behavior of a 612 

wave packet. Critically, we need to distinguish here between energy loss, which would violate the 613 

non-dissipative nature, and signal distortion without loss of energy. Therefore, we have calculated 614 

the integral of the energy content for the whole wave packet in each case and this revealed that the 615 

energy loss is negligible, at around 10-4 % for the coarsest mesh. Thus, what we see here is that 616 

the energy is correctly retained, so the solution is convincingly non-dissipative, but that there is 617 

some small distortion of the amplitude spectrum, resulting in time-shifting of some spectral 618 

amplitudes in the wave packet. 619 

For interest, Fig. 8 also shows the normalized amplitude spectrum of the transmitting wave for the 620 

model with the mesh size of ℎ = 0.100 mm, which can be seen, when scaled appropriately (right 621 

y-axis), to match the same shape as the spectrum of the distortion. Further work on this observation 622 

could be academically interesting, but this would be beyond the present scope. For now, we note 623 

that the wave packet does not dissipate energy, but that there is a small distortion across the 624 

amplitude spectrum; furthermore, the latter is very small (0.2%), even for the coarsest mesh (𝑆 =625 
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12 elements per wavelength at center frequency), while for the preferred finer meshes it is below 626 

0.003% across the bandwidth (𝑆 = 60 elements per wavelength at center frequency). These are 627 

very small numbers compared to the scattering induced attenuation in the polycrystal. 628 

 629 

Fig. 8. (Color online) Evaluation of numerical amplitude errors. The evaluation utilizes the four 630 

FE models that are used in Fig. 7(a). The points represent the relative amplitude errors and they 631 

use the left 𝑦-axis. The solid line is the normalized amplitude spectrum of the transmitting wave 632 

for the model with the mesh size of ℎ = 0.100 mm and it uses the right 𝑦-axis. Note that the 633 

vertical 𝑦 axes in the figure panels show the percentage error over the propagation distance of 10 634 

mm. 635 

Thus the analysis and practice both show that amplitude errors are insignificant in comparison to 636 

phase ones. Therefore we can expect that limitations of the FE modelling will impact the predicted 637 

phase velocity but have negligible influence on the wave amplitude when reported in the frequency 638 

domain. The key result to achieve accurate simulation is the phase error in Fig. 7(a), showing 639 

dramatic improvement as the number of elements per wavelength, 𝑆, is increased. However, this 640 
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is in direct conflict to the desire to minimize 𝑆 for large models and high frequency simulations. 641 

B. Errors and uncertainties in statistical considerations 642 

Generally, we aim to simulate polycrystals of prescribed statistical properties. A single FE model 643 

is not capable of fully describing one of such polycrystals, due to its relatively small sample 644 

volume and finite number of grains. Instead, the statistical combination of the results of multiple 645 

realizations that are randomly generated following the same statistical property are desirable to 646 

draw meaningful conclusions about the given polycrystal. 647 

The effectiveness of using multiple realizations to achieve statistical convergence is exemplified 648 

here. The model N11520 is used to simulate polycrystalline aluminum and Inconel that have 649 

statistically isotropic and macroscopically homogeneous properties. Due to random scattering, the 650 

wave field 𝑢(𝑥, 𝑦, 𝑑; 𝑡)  on the receiving plane 𝑧 = 𝑑  should be randomly distributed. This 651 

means that at a given time instance of 𝑡 = 𝑡0 the fluctuation 𝑢f(𝑥, 𝑦, 𝑑; 𝑡0), which is defined in 652 

Sec. III.A, should follow the Gaussian distribution. However, the actual distribution of a single 653 

realization differs from the Gaussian for both aluminum and Inconel, which are respectively shown 654 

in Fig. 9(a) and (b) as probability density histograms. Instead, the combination of multiple 655 

realizations (15 in this example) delivers satisfactory distributions that agree very well with the 656 

Gaussian. Thus, a combination of multiple realizations can be regarded a confident description of 657 

the target polycrystal. 658 
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 659 

Fig. 9. (Color online) Probability density of the normalized receiving fluctuation fields of (a) 660 

aluminum and (b) Inconel. The materials are simulated using the model N11520 with the center 661 

frequency of 5 MHz. Each realization is independently generated by randomizing its 662 

crystallographic orientations. The fluctuation 𝑢f(𝑥, 𝑦, 𝑑; 𝑡0) of each realization is collected at all 663 

nodal points on the receiving plane 𝑧 = 𝑑. The time instances 𝑡0 for aluminium and Inconel are 664 

1.88 and 1.98 µs respectively, which correspond to the maxima of their coherent waves 𝑈(𝑑; 𝑡). 665 

Note the order of magnitude difference in the horizontal scale indicating significantly stronger 666 

scattering for Inconel. Part (a) uses the same legend as (b). 667 

As mentioned in Sec. III.A, we use the coherent wave of a model to calculate effective media 668 

parameters. In the case of multiple realizations, the calculation needs to use the average of the 669 

multiple coherent waves that can be denoted as 𝜇(𝑧; 𝑓) = ⟨𝑈𝑖(𝑧; 𝑓)⟩𝑖 , where 𝑈𝑖(𝑧; 𝑓) is the 670 

coherent wave of the 𝑖-th realization. As prescribed by the central limit theorem, the multiple 671 

coherent waves follow the Gaussian distribution because the multiple realizations are 672 

independently randomly generated. And, the average 𝜇(𝑧; 𝑓) is an appropriate estimate of the 673 

true coherent wave, and this estimation includes statistical uncertainty and error as discussed below. 674 

Uncertainty is characterized by the standard deviation 𝜎(𝑧; 𝑓) of the coherent waves. Here we 675 
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use the 15-realization example of Fig. 9 to investigate the uncertainties associated with our  676 

simulations. For the received coherent waves 𝑈𝑖(𝑑; 𝑓) (𝑖 = 1,2, . . . ,15), their uncertainties are 677 

calculated and split into amplitude 𝜎𝐴 and phase 𝜎𝜑 parts, respectively; normalization by their 678 

respective mean values results in relative uncertainties 𝜀𝐴 = 𝜎𝐴/𝜇𝐴 and 𝜀𝜑 = 𝜎𝜑/𝜇𝜑. The results 679 

show that Inconel has a larger uncertainty than aluminum, which is consistent with Fig. 9. This 680 

means that uncertainty is positively correlated with material anisotropy. In addition, the amplitude 681 

uncertainty is around 10 times larger than that of phase. This is opposite to what we found for 682 

numerical errors which was that amplitude error is in general smaller than phase error; this was 683 

shown in Fig. 8(b). 684 

Error in this case is termed the standard error of the mean. It is a statistical error between the mean 685 

and the true value, and it can be probabilistically estimated by 𝜎𝜇 = 𝜎/√𝑁, where 𝑁  is the 686 

number of realizations. 687 

It is important to realize that uncertainty cannot be suppressed, but rather it can be better 688 

determined by using more realizations for example. For standard error, however, its expression 689 

indicates that it can be reduced by increasing the number of realizations 𝑁. Practically, a simple 690 

trial-and-error process can be employed to suppress standard error to a satisfactory extent. This 691 

process increases the number 𝑁 until the relative standard error of either amplitude or phase 692 

(𝛿𝜇 = 𝜀𝐴,𝜑/√𝑁) is below a set threshold (e.g. 0.1%). 693 

C. Propagation of errors and uncertainties 694 

It is known that errors and uncertainties propagate through independent variables to dependent 695 

ones. Thus, those of coherent waves discussed in Sec. IV.A and Sec. IV.B will be brought into 696 



37/65 

 

scattering parameters, namely attenuation coefficient and phase velocity, via Eq. (3). 697 

Given that propagation distance and frequency are accurate, the attenuation coefficient in Eq. (3) 698 

is a univariate function of amplitude. We denote amplitude error as Δ𝐴 = 𝐴 − 𝐴T, where 𝐴T is 699 

the true amplitude and 𝐴 is its estimation given by the mean of multiple realizations. Replacing 700 

𝐴 by 𝐴T in Eq. (3) and expanding this equation about the point 𝐴 in a Taylor series, we can 701 

then obtain the relative error of attenuation coefficient  702 

 𝛿𝛼 = −
𝑒𝛼𝑑

𝛼𝑑
Δ𝐴 + 𝑂[Δ𝐴

2] (8) 703 

where 𝛼 is the true value of attenuation coefficient; frequency 𝑓 is implicit. In general, the true 704 

attenuation coefficient 𝛼 is unknown, so instead it is approximately replaced by the mean value 705 

of multiple realizations. Note that only the first-order term of the Taylor expansion is used in the 706 

equation, by assuming that amplitude error is small. Higher-order terms should be included if this 707 

assumption does not hold. For uncertainty, we need to express the attenuation coefficient of each 708 

realization as a Taylor series. Substituting the expansion into the formula of standard deviation, 709 

we can then obtain the relative uncertainty 710 

 𝜀𝛼 =
𝑒𝛼𝑑

𝛼𝑑
𝜎𝐴 + 𝑂[𝜎𝐴

2] (9) 711 

where 𝜎𝐴 is amplitude uncertainty. Similarly, assuming that phase error and uncertainty are small, 712 

then their propagation from phase to velocity can be easily obtained from Eq. (3) 713 

 𝛿𝑉 =
𝑉

2𝜋𝑓𝑑
Δ𝜑 + 𝑂[Δ𝜑

2 ],  𝜀𝑉 =
𝑉

2𝜋𝑓𝑑
𝜎𝜑 + 𝑂[𝜎𝜑

2] (10) 714 

where 𝑉 is the true phase velocity that is approximated to the mean value of multiple realizations. 715 
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As shown in Eqs. (8) and (9), the error and uncertainty of attenuation coefficient are related to 716 

those of amplitude by the same factor, 𝐹𝛼 = exp( 𝛼𝑑)/(𝛼𝑑). Due to the lack of true values, such 717 

propagation of error cannot be evaluated. However, it is easy to do so for uncertainty. For this 718 

purpose, 𝜎𝐴  and 𝜀𝛼  are calculated from 15 realizations and the actual propagation factor is 719 

calculated from their division. The resulting factor is plotted against 𝛼𝑑  in Fig. 10(a) for 720 

aluminum and Inconel, and each material covers a wide frequency range by using three models: 721 

N115200, N11520 and N16000. The actual uncertainty propagation can be seen to be very well 722 

represented by the analytical factor 𝐹𝛼 , and this should always be valid as long as amplitude 723 

uncertainty is small. Likewise, this factor is also applicable to error propagation on the same 724 

condition that amplitude error is small. The figure conveys an important information that the 725 

propagation factor is at its minimum of 𝑒 = 2.72  when 𝛼𝑑 = 1  Neper. Thus, in order to 726 

suppress the magnification of error and uncertainty, the total attenuation 𝛼𝑑  should be kept 727 

around 1 Neper[51]. Practically, we have observed that moderate magnifications can be achieved 728 

by maintaining 𝛼𝑑 between 0.01 and 6 Neper. 729 

For phase velocity, Eq. (10) show that the same factor 𝐹𝑉 = 𝑉/2𝜋𝑓𝑑 = 1/𝜑 governs both error 730 

and uncertainty propagation. Similarly, uncertainty propagation is evaluated in Fig. 10(b) by using 731 

the same models as its left panel. The figure shows that the factor 𝐹𝑉 agrees very well with actual 732 

simulations, and it is no doubt that it is also valid to error propagation. An elaborate analysis would 733 

suggest that error and uncertainty are naturally suppressed during their propagation. This is based 734 

on the fact that achieving a good statistical significance requires waves to propagate at least a 735 

quarter of wavelength, which means 𝜑 ≥ 2𝜋/4 = 𝜋/2 and further leads to 𝐹𝑉 = 1/𝜑 ≤ 2/𝜋 <736 

1. We note that in Fig. 10(b) the phase 𝜑 on the horizontal axis is in the range from 10 to 1000 737 

and the propagation factor 𝐹𝑉 on the vertical axis is not greater than 0.1. It is also important to 738 
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emphasize that better suppression can be achieved by using a longer model length 𝑑. However, 739 

increasing 𝑑 can make it difficult to meet the condition of 𝛼𝑑 being close to 1 Neper, which is 740 

necessary to suppress the error and uncertainty of attenuation. It is thus advised to only consider 741 

the suppression condition exerted to attenuation and that of phase velocity should be fulfilled 742 

accordingly. 743 

 744 

Fig. 10. (Color online) Propagation factors for the uncertainties of (a) attenuation and (b) phase 745 

velocity. Lines represent analytically derived factors, while the points are obtained from 15 FE 746 

realizations. For aluminum, the models N115200, N11520 and N16000 cover the frequency ranges 747 

of 1-6.5, 6.5-13.5 and 13.5-25 MHz, respectively. For Inconel, the ranges are 1-2.5, 2.5-6.5 and 748 

6.5-23 MHz. Part (b) of the figure uses the same legend as (a). 749 

D. Example suppression of errors and uncertainties 750 

The preceding studies have provided a variety of ways to understand and then suppress errors and 751 

uncertainties. Following these studies, this subsection presents some typical examples to 752 

demonstrate the practical use of the suppression methods in actual simulations. 753 

Suppressing statistical error and uncertainty is relatively simple, and it is thus not exemplified in 754 
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this subsection. As illustrated in Sec. IV.B, statistical error can be reduced to a satisfactory extent 755 

by increasing the number of realizations 𝑁, while uncertainty cannot be suppressed and can only 756 

be better determined through the use of large 𝑁. For all simulations considered in this work, we 757 

use 𝑁 = 15 to achieve a satisfactory statistical error of at most 0.1% and a sufficiently good 758 

determination of uncertainty. Sec. IV.C further suggests that the propagations of statistical error 759 

and uncertainty can be effectively suppressed by minimizing the factors 𝐹𝛼 and 𝐹𝑉, respectively. 760 

But because such minimization equally suppresses numerical errors, we leave its discussion to the 761 

following example suppressions of numerical errors. 762 

Suppressing numerical errors requires a good combination of modelling parameters, and the 763 

suppression approach differs from phase velocity to attenuation. Thus, the following gives 764 

suppression examples separately for velocity and attenuation. 765 

1. Suppression of numerical velocity errors 766 

As shown in Eq. (10), the relative error of phase velocity 𝛿𝑉 is the product of phase error Δ𝜑 767 

and propagation factor 𝐹𝑉. Thus, reducing either of these two parts leads to the suppression of 768 

velocity error. For 𝐹𝑉, Sec. IV.C infers that it naturally reduces errors as it is smaller than unity. 769 

This factor can be further reduced by using a longer model length 𝑑. However, we do not aim to 770 

do so, because 𝑑 is a critical parameter for suppressing attenuation error. 771 

For Δ𝜑, we have obtained its analytical expression for homogeneous materials as given in Eq. (7). 772 

Although we have not seen a means yet to extend it analytically to polycrystals, we shall see that 773 

the conclusions drawn from it can be quantitatively applied to polycrystals for error suppression. 774 

To use this equation for polycrystals, we define its spatial sampling number 𝑆 with respect to the 775 

Voigt velocity 𝑉L, i.e. 𝑆 = 𝑉L/(𝑓ℎ), and its Courant number 𝐶 with respect to the peak velocity 776 
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𝑉max, namely 𝐶 = Δ𝑡𝑉max/ℎ. For cubic materials considered in this work, the Voigt and peak 777 

velocities are given respectively as 𝑉L = √(3𝑐11 + 2𝑐12 + 4𝑐44)/(5𝜌)  [19] and 𝑉max =778 

√(𝑐11 + 2𝑐12 + 4𝑐44)/(3𝜌) [39]. 779 

Reducing phase error Δ𝜑  can be achieved by using the two approaches summarized in Sec. 780 

IV.A.2. The first approach is to use a larger spatial sampling number 𝑆. However, this approach 781 

is practically difficult for the present example. This is because the three material models (Table I) 782 

used in this work are already very big in terms of their required computational resources, and 783 

further increasing their 𝑆 requires the use of even finer meshes that would easily exceed our 784 

current computer capability. Instead, this first approach is substituted by a correction approach that 785 

uses the numerical phase error predicted from Eq. (7) to correct the error included in simulation 786 

result. The second approach is to control phase error Δ𝜑 by using a Courant number which is as 787 

close to unity as possible. 788 

Examples are provided in Fig. 11 to illustrate these two approaches. The examples use the same 789 

FE models and configurations as Fig. 10. In the figure, the phase velocities obtained from FE 790 

simulations are provided as discrete points, and theoretically predicted results are given as lines. 791 

The accurate statistical information of the FE material models is incorporated into the theoretical 792 

curves (see Sec. V for details), and these curves are of good accuracy for the studied materials and 793 

frequency ranges. In particular, the curve of aluminum in panel (a) is very accurate because the 794 

underlying theory can take almost all its weak scattering into consideration. This curve can thus 795 

be used as a reference to evaluate the error suppression approaches. 796 
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 797 

Fig. 11. (Color online) Example suppression of numerical velocity error for polycrystalline (a) 798 

aluminum and (b) Inconel. Lines represent theoretically predicted[18] phase velocities, while 799 

points are obtained from 15 FE realizations. Hollow circles represent un-corrected results and their 800 

corrected ones are shown as solid circles. Solid squares represent results obtained by using larger 801 

Courant numbers. For aluminum, the models N115200, N11520 and N16000 cover the frequency 802 

ranges of 1-6.5, 6.5-13.5 and 13.5-25 MHz, respectively. For Inconel, the ranges are 1-2.5, 2.5-6.5 803 

and 6.5-23 MHz. 804 

For the first approach of error correction, phase velocities before correction are provided as hollow 805 

circles and corrected ones as solid circles. In this case, small Courant numbers (0.81 for aluminum 806 

and 0.86 for Inconel) are used in order to get large phase errors and thus to show clear effects of 807 

correction. The correction is achieved by subtracting the numerical phase error 𝜑𝛿𝜑 (𝛿𝜑 is the 808 

relative phase error calculated by Eq. (7)) from the simulation result 𝜑 and then calculating the 809 

corrected phase velocity by 𝑉 = 2𝜋𝑓𝑑/(𝜑 − 𝜑𝛿𝜑). It is obvious that before correction, the three 810 

models (N115200, N11520, N16000) do not give consistent velocities as expected at the transitions 811 

between individual models. Note that the transitional inconsistency is less clear for Inconel (panel 812 

(b) of the figure) because its 𝑦-axis scale is too large to show this. This inconsistency is nicely 813 
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averted in the corrected results, implying the effectiveness of the correction approach. Also, by 814 

comparing the hollow and solid circles with the theoretical curve of aluminum (panel (a)), we can 815 

observe that the use of the correction approach significantly suppresses numerical phase velocity 816 

errors. 817 

For the second approach of error control, both aluminum and Inconel use a large Courant number 818 

of 𝐶 = 0.99. This is the largest 𝐶 number attempted in this study that does not encounter stability 819 

issues; the Courant numbers above 𝐶 = 0.99 were tested but led to unstable FE computations for 820 

both aluminum and Inconel. The velocity results are provided in the figure as solid squares. The 821 

results show good consistencies at model transitions, but not as good as the corrected results of the 822 

first approach. The theoretical curve of aluminum in panel (a) is also closer to the corrected points, 823 

suggesting that the correction approach performs better than the control approach. This error 824 

control approach, however, may be more advantageous for practical simulations as it requires less 825 

post-simulation calculations compared to the correction approach. 826 

2. Suppression of numerical attenuation errors 827 

Eq. (8) indicates that the relative error of attenuation 𝛿𝛼 is the multiplication of amplitude error 828 

Δ𝐴 and propagation factor 𝐹𝛼, and thus reducing either of these two parts leads to the suppression 829 

of attenuation error. It is suggested in Sec. IV.A.3 that amplitude error Δ𝐴 can be reduced by 830 

using either a larger spatial sampling rate 𝑆 (thus a finer mesh size ℎ) or an appropriate spectrum 831 

range that is in close proximity to its maximum. And Sec. IV.C indicates that propagation factor 832 

𝐹𝛼 can be suppressed by limiting 𝛼𝑑 to a certain range in the vicinity of 1 Neper. 833 

Thus, three opportunities are available to suppress numerical attenuation errors. For the first 834 

opportunity of using a larger spatial sampling rate 𝑆, we have mentioned above in Sec. IV.D.1 835 
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that the three models utilized in this work are already very computationally intensive, and therefore 836 

we do not aim to further increase their sampling rates. For the third opportunity of using a 𝛼𝑑 837 

being close to 1 Neper, the creation of the currently used FE models has ensured that this condition 838 

can be relatively easily satisfied. It is certainly true that we can create more models to 839 

accommodate different modelling frequencies and polycrystalline media, such that we always have 840 

an optimal suppression condition of 𝛼𝑑 ≈ 1 Neper. But such treatment would introduce huge 841 

computation and time costs, and therefore it is not pursued in this example. Instead, this example 842 

uses a combination of all three opportunities, rather than any single one, to reduce attenuation 843 

errors. 844 

The principle of combining the suppression opportunities is relatively simple. For a given material, 845 

trial simulations (or theoretical predictions) are first conducted to determine the frequency range 846 

of each FE model in which 𝛼𝑑 is within a bound of 1 Neper, e.g. 0.01 ≤ 𝛼𝑑 ≤ 6 Neper. If there 847 

is an overlapped frequency range between two models, the overlapped range is designated to the 848 

model with either a larger sampling rate 𝑆, a closer attenuation 𝛼𝑑 to 1 Neper, or both. Finally, 849 

within the chosen frequency range of each model, transmitting center-frequencies are tailored to 850 

ensure that the whole range use appropriate spectra of the waves. 851 
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 852 

Fig. 12. (Color online) Example suppression of numerical attenuation error for aluminum. (a) 853 

shows attenuation coefficients obtained from FE models (points) and a theoretical model[18] (solid 854 

line). Solid points represent satisfactory results with attenuation errors being appropriately 855 

suppressed, while incorrect results are plotted as hollow circles. (b) gives the error propagation 856 

factors for the FE models, 𝐹𝛼 = exp( 𝛼𝑑)/(𝛼𝑑). (c) plots the spatial sampling rates 𝑆 = 𝑉L/(𝑓ℎ) 857 

and (d) the normalized transmitting amplitude spectra 𝐴′ = 𝐴(0; 𝑓)/max( 𝐴(0; 𝑓)). All panels 858 

(b)-(d) use the same legend as given in (a). Each FE model uses 15 realizations to get the averaged 859 

result as shown in the figure. 860 

Here we provide an example in Fig. 12 to demonstrate an incorrect combination of suppression 861 

opportunities and the corrected combination that appropriately reduces numerical attenuation 862 

errors. The example is given for the material of aluminum. In the frequency range of 6.5-13.5 MHz, 863 

panel (b) shows that the models N11520 (solid triangles) and N16000 (hollow circles) both satisfy 864 

the condition of 0.01 ≤ 𝛼𝑑 ≤ 6  Neper ( 2.72 ≤ 𝐹𝛼 ≤ 101.00 ). The incorrect combination 865 

chooses the model N16000 to cover this frequency range because it has a larger sampling rate 𝑆 866 
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than N11520, which is shown in panel (c). To save modelling costs, the incorrect combination 867 

excites a transmitting wave, in the form of a three-cycle Hann-windowed toneburst, with a center 868 

frequency of 20 MHz to provide a wide frequency coverage. In this case, the range of 6.5-13.5 869 

MHz is far away from the maximum of the transmitted amplitude spectrum as shown in panel (d). 870 

This deviation from spectral maximum may cause a relatively small amplitude error Δ𝐴, but the 871 

error is significantly magnified by the large propagation factor 𝐹𝛼 . This leads to incorrect 872 

attenuation results (hollow circles) as shown in panel (a). Instead, the corrected combination uses 873 

the model N11520 having smaller propagation factors in the frequency range of 6.5-13.5 MHz as 874 

shown in panel (b) and performs the FE simulations in an appropriate spectral range as shown in 875 

panel (d). The corrected results (solid triangles in panel (a)) agree very well with the theoretical 876 

curve, which is very accurate in the range of concern as explained in Sec. IV.D.1, while the 877 

incorrect results deviate substantially from both corrected and theoretical results. It is important to 878 

realize that the peak difference between the incorrect and corrected results, with the latter as 879 

reference, is as large as -54.78% occurring at the frequency of 6.5 MHz, see Fig. 12(a). 880 

V. INCORPORATION OF STATISTICAL INFORMATION 881 

INTO THEORETICAL MODELS 882 

The preceding FE method is capable of performing numerical experiments with fully-controlled 883 

conditions, and from the experiments effective media parameters can be ideally measured with 884 

errors and uncertainties being appropriately estimated. Thus, this method is well suited to 885 

evaluating theoretical models that are generally approximate due to the use of assumptions and 886 

simplifications. However, there remains one more challenge for accurate simulations, which is to 887 

determine the set of characteristics that are defined by a chosen FE model. Clearly the choices of 888 
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most parameters, such as, density, dimensions or crystal properties, are simply recorded. But the 889 

spatial characteristics of the grains are a product of the creation of the polycrystal domain, and 890 

these need to be measured from the FE model. This is a vital step for any comparative studies with 891 

analytical models, to ensure that these properties are represented properly in parallel in the FE and 892 

analytical models. In this third study we will investigate this challenge. 893 

A. Statistical information required: two-point correlation function 894 

The evaluation of a theoretical model requires its input statistical characteristics of the material 895 

system being measured from FE material models and its output being assessed against modelling 896 

results. For this reason, we aim to describe FE material models in a way that closely matches the 897 

need of theoretical models. As we have identified in our previous studies[18,19,21], the most 898 

significant element is the statistical description of the spatial variation of the material properties, 899 

namely the geometric two-point correlation (TPC) function, that is generally required for the 900 

advanced theoretical models. 901 

The geometric TPC function, 𝑤(𝑟), is the probability of two points separated by a distance of 𝑟 902 

being in the same grain. A single-term exponential function, 𝑤(𝑟) = exp( − 𝑟/𝑎) (𝑎  is the 903 

correlation length), was traditionally used to describe polycrystals with untextured, equiaxed 904 

grains[5,8]. But this simplified function is substantially different from the TPC curve measured 905 

from a typical polycrystal model[18,32], and therefore it is essential to incorporate measured TPC 906 

data into theoretical models for more accurate evaluations. 907 

To measure the TPC 𝑤(𝑟), previous procedures[18,32] drop a large number of random pairs of 908 

points, each pair being separated by a distance of 𝑟 (see Fig. 13(a)), into a polycrystal model. 909 

Then they count the number of pairs whose two points occur in the same grain and compare this 910 
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number to the total number of pairs to obtain the probability 𝑤(𝑟). It is important to emphasize 911 

that a substantial number of tests, usually 1 million tests per discrete 𝑟, are required to obtain 912 

statistically converged TPC data. 913 

To incorporate measured TPC data into a theoretical model, a mathematical function is constructed 914 

by best fitting the measured data. An optimal function of choice is the multi-term exponential 915 

function[18], 𝑤(𝑟) = ∑ 𝐴𝑖 exp( − 𝑟/𝑎𝑖)𝑖 , that has the advantage of delivering a simpler 916 

formulation for the theoretical model. The physical constraints on the coefficients 𝐴𝑖  and 𝑎𝑖 917 

have been summarized in Van Pamel et al.[18] and the fitting can be achieved by using any 918 

nonlinear curve fitting algorithms. 919 

In summary, the statistical information required for theoretical evaluations is the TPC function, 920 

which needs to be measured from FE models and fitted into a mathematical form. 921 

r
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r

Uncorrelated 

r(b)

Propagation 

direction
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Symmetry

boundary

(a)

 922 

Fig. 13. (Color online) Illustration of (a) the measurement of two-point correlation function 𝑤(𝑟) 923 

and (b) the effect of symmetry boundary conditions. 𝑤(𝑟) is the probability that two points 924 

separated by a distance of 𝑟 are correlated. Previous measurement procedures[18,32] only use 925 

internal points, which is shown in (a), to determine 𝑤(𝑟). In this case, two points are deemed 926 

correlated if they are in the same grain. As shown in (b), the use of symmetry boundary conditions 927 
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in the FE simulations leads to the mirroring of boundary grains. Due to this mirroring effect, two 928 

points are also deemed correlated if they are in the same extended boundary grain. 929 

B. Effect of symmetry boundary conditions 930 

As shown in Fig. 13(a), previous procedures[18,32] to measure TPC data limit both points of a 931 

random pair to the inside of a model, and thus consider only the statistical information within the 932 

cuboid of the model. However, it is mentioned in Sec. II.C that we use symmetry boundary 933 

conditions (SBCs) to emulate polycrystal media of infinite size in the transverse direction to that 934 

of wave propagation. Such conditions mirror the boundary grains that are associated with SBCs, 935 

which is demonstrated in Fig. 13(b), and these grains are therefore likely to be larger on average 936 

than the grains located within the body of the model. And in the FE computations this results in 937 

stronger scattering of propagating waves when they encounter enlarged boundary grains. Thus, it 938 

might be desirable to consider this mirroring effect in the measurement of TPC data with a goal to 939 

evaluate, by comparison with the FE results, which TPC is more appropriate for evaluating 940 

theoretical results. 941 

1. Effect on two-point correlation function 942 

It can be inferred from the illustration in Fig. 13(b) that the statistical significance and impact of 943 

the boundary grain mirroring increases as the proportion of boundary grains grows. Based on this 944 

inference, now we evaluate the actual effect of SBCs on the TPC function. Achieving this 945 

evaluation requires the grains associated with SBCs being parametrically described and the TPC 946 

functions with consideration of SBCs being numerically measured. 947 

To describe the grains associated with SBCs, we use three parameters: the number fraction NF and 948 
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volume fraction VF describing respectively the relative number and volume of boundary grains to 949 

all grains within the model, and the surface area to volume ratio SA:V representing the amount of 950 

symmetry boundary area per unit model volume. We calculate these parameters for the models 951 

given in Table I and provide the results in Table III with each of the coordinate axes being wave 952 

propagation direction. The table shows that for the provided models having significant numbers of 953 

grains, these three parameters are actually equivalent, with NF and VF being approximately equal 954 

to each other and being proportional to SA:V. It is important to realize that NF is slightly smaller 955 

than VF because the grains generated by the Voronoi tessellation do not have uniform volume, but 956 

rather boundary grains are to some degree larger than internal grains. Since these three parameters 957 

are equivalent, the following evaluation only uses the surface area to volume ratio SA:V to 958 

represent SBCs, because this parameter can be easily calculated without the knowledge of actual 959 

grains. And the studies reported below just consider, for the sake of clarity, the five cases in Table 960 

III with unique SA:V values: N115200-𝑥, N11520-𝑥, N11520-𝑧, N16000-𝑥, and N16000-𝑧. Here 961 

the label of each case is composed of its model name and propagation direction. 962 

To measure the TPC functions with consideration of SBCs, we use a procedure that is mostly the 963 

same as the one summarized in Sec. V.A except for the two treatments adopted to consider SBCs. 964 

The first treatment is that for a pair of random points only one of them is confined within the model, 965 

while the other is completely random as long as their distance is 𝑟, meaning that the latter point 966 

can be outside of the model. Given a sufficiently large number of pairs, this allows the ergodicity 967 

to be satisfied, as the pairs can cover the entire space of infinite lateral extents that are prescribed 968 

by SBCs. The second treatment involves the counting of correlated pairs. As illustrated in Fig. 969 

13(b), an extra situation of two points being correlated may occur when the second point is outside 970 

of the model. In this case, a pair is considered to be correlated if one point occurs in a symmetry 971 
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boundary grain and the other falls into its mirrored counterpart. By using this measurement 972 

procedure, the TPC data of the five cases given above are obtained and plotted in Fig. 14(a) as 973 

hollow points (the data points for the case N115200-𝑧 are also given in the figure for later use). 974 

To evaluate the influence of SBCs, the TPC statistics neglecting SBCs are also provided as solid 975 

points in the figure. 976 

Table III. Parameters of the grains associated with symmetry boundary conditions. The parameters 977 

are given for three models, with information being provided in Table I, of waves propagating in 978 

three coordinate axes. NF and VF are the number and volume fractions, describing respectively 979 

the relative number and volume of symmetry boundary grains to all grains within a model. SA:V 980 

is the surface area to volume ratio, representing the amount of symmetry boundary area per unit 981 

model volume. 982 

Model 
𝑥-direction propagation ss 𝑦-direction propagation ss 𝑧-direction propagation 

NF VF SA:V  NF VF SA:V  NF VF SA:V 

N115200 0.0860 0.0900 0.1867  0.0858 0.0896 0.1867  0.1482 0.1541 0.3333 

N11520 0.1582 0.1714 0.3667  0.1614 0.1680 0.3667  0.1461 0.1555 0.3333 

N16000 0.2244 0.2323 0.5000  0.2259 0.2329 0.5000  0.0908 0.0958 0.2000 

A clear difference can be seen in Fig. 14(a) between the two sets of TPC points with and without 983 

consideration of SBCs, indicating that the mirroring of symmetry boundary grains has a substantial 984 

influence on TPC statistics. When SBCs are not considered, the data points of different models are 985 

almost overlapped. This suggests that the models adopted in the present work are essentially 986 

statistically equivalent and are of satisfactory statistical significance. When SBCs are taken into 987 

consideration, the measured statistics show evident discrepancies and these statistics are positively 988 

correlated with SA:V. The correlation is more pronounced at TPC tails, which reflects the 989 

increased grain sizes (or correlation lengths) caused by grain mirroring. 990 
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 991 

Fig. 14. (Color online) Two-point correlation data numerically measured from FE models (a) and 992 

those related to actual FE simulations of this work (b). In (a), hollow points are collected with 993 

consideration of symmetry boundary conditions (SBCs), while solid points ignore this SBCs effect. 994 

The label of hollow points, N115200-𝑧: 0.3333 for example, is started with model name (N115200), 995 

followed by wave propagation direction (𝑧), and ended with surface area to volume ratio SA:V 996 

(0.3333). In (b), hollow points correspond to those of N11520-𝑧: 0.3333 in (a), and solid points 997 

are the averages of the solid ones in (a). These two sets of discrete data are fitted into mathematical 998 

functions and are shown as lines. For better visualization, only every third point of measured data 999 

points are shown in the figure. 1000 

The simulated waves travel in the 𝑧-direction, meaning that the consideration of SBCs involves 1001 

only the cases associated with 𝑧-direction: N115200-𝑧, N11520-𝑧 and N16000-𝑧. It is shown in 1002 

Fig. 14(a) that these three cases are quite close to each other, but N11520-𝑧 has the largest tail and 1003 

thus the strongest SBCs effect. Therefore, this case is used in the following as an example for the 1004 

consideration of SBCs, and it is further plotted in Fig. 14(b) as hollow circles. For the case of 1005 

neglecting SBCs, the TPC data of the three models (Fig. 14(a)) are nearly identical. Thus, their 1006 
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average, provided in Fig. 14(b) as solid circles, is employed to describe the case of neglecting 1007 

SBCs. 1008 

It would be practically meaningful to reduce the impact of SBCs such that measuring TPC data 1009 

can be performed in a simpler way by neglecting SBCs. This can be achieved by using smaller 1010 

SA:Vs due to the positive correlation between TPC data and SA:V. It is shown in Table III that 1011 

the way to get a smaller SA:V is through widening the lateral dimensions of polycrystal models, 1012 

and in extreme cases the effect of SBCs can be negligible if the lateral dimensions are sufficiently 1013 

wide. However, the models adopted in the present work are already very big and increasing their 1014 

lateral dimensions will lead to added challenges to our computation resources. In addition, an 1015 

alternative possibility of minimizing SBCs effect is to reduce the average size of the symmetry 1016 

boundary grains such that the mirrored grains would have similar sizes to internal grains. It is 1017 

practically difficult to generate grains with such a distribution but implementing a method for this 1018 

aim would be very useful. 1019 

2. Effect on attenuation and phase velocity 1020 

Having demonstrated in the preceding examination that SBCs have a significant effect on TPC 1021 

functions, it is now essential to identify if SBCs would equally affect effective media parameters 1022 

in terms of attenuation coefficient and phase velocity. For this purpose, we input the TPC functions, 1023 

with and without consideration of SBCs, into one of the advanced theoretical models, the second-1024 

order approximation (SOA)[18], to calculate the parameters. The degrees of agreement between 1025 

the resulting parameters and FE results are then estimated to assess the improvement brought in 1026 

by the consideration of SBCs. 1027 

Incorporating TPC functions into the SOA model requires the two sets of data in Fig. 14(b) to be 1028 
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fitted to mathematical forms. The process discussed in Sec. V.A is used here and a multi-term 1029 

exponential function is chosen as the fitting function. The fitting is performed in a least squares 1030 

sense, and the number of exponential terms is selected as eight because the fitting can be unstable 1031 

if a larger number is used. The coefficients of the fitted functions are listed in Table IV. The 1032 

functions are further plotted in Fig. 14(b), showing reasonably good fittings. 1033 

Table IV. Coefficients of mathematically fitted two-point correlation functions. 𝐴𝑖 and 𝑎𝑖 are 1034 

coefficients of the 𝑖-th term of the mathematically fitted function 𝑤(𝑟) = ∑ 𝐴𝑖 exp( − 𝑟/𝑎𝑖)𝑖 . 1035 

Terms 
Without SBCs sss With SBCs 

𝐴𝑖 𝑎𝑖  𝐴𝑖 𝑎𝑖 

1 -2922.66 0.115726  -129.485 0.1280002 

2 -10.6181 0.172221  -388.413 0.1279995 

3 3914.370 0.110790  797.091 0.1517330 

4 -3305.68 0.103201  -1372.040 0.1898924 

5 696.919 0.0910265  1982.690 0.1867733 

6 54.3582 0.152263  694.300 0.1242404 

7 -42.4732 0.0723540  -469.525 0.1279995 

8 1616.78 0.110790  -1113.610 0.1709402 

Substituting the two fitted functions into the SOA model and solving the equation results in the 1036 

theoretical solutions to attenuation and phase velocity. Here we use Inconel, the properties of 1037 

which are given in Table II, as the material input to calculate theoretical solutions. The resulting 1038 

attenuation and velocity curves are plotted in Fig. 15(a) and (b), respectively. In the figure, the 1039 

corresponding FEM results are also provided as baseline data to evaluate the approximations of 1040 

these solutions. 1041 

It is shown in Fig. 15(a) and (b) that the overall agreement between the theoretical and FEM results 1042 

is very good, no matter whether SBCs are considered in the TPC functions or not. However, there 1043 
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are clear differences between the theoretical results, which demonstrates that the SBCs effect is 1044 

actually prominent. In most frequency regions, the curves with consideration of SBCs agree better 1045 

with FEM points, conveying an essential message that the FEM results are influenced by the 1046 

doubling of grain size at symmetry boundaries. It is also important to notice that the theoretical 1047 

and FEM results are not perfectly matched even when boundary grains are considered. This is 1048 

because in the FEM results the SBCs affect scattering only at boundaries, while in the theoretical 1049 

model the effect is not reproduced exactly as the TPC function assumes random, homogeneous 1050 

distribution of those grains. 1051 

There is no doubt that the TPC function with SBCs should be selected for our material systems 1052 

when evaluating the theoretical model. To quantify the improvement of theoretical prediction 1053 

brought in by the consideration of SBCs, we calculate the relative differences of theoretical curves 1054 

to the FEM points and plot them in Fig. 15(c) and (d). The agreement is clearly better at all 1055 

frequencies for the TPC function with SBCs. 1056 

The conclusion of this investigation is that it is best to consider the SBCs effect in the TPC function. 1057 

In practice, however, it is always desirable to reduce the effect of the boundaries to a negligible 1058 

level by making a model as wide as possible. It is important to do so, because one of the key 1059 

interests of FE modelling at the moment is to check the significance of assumptions in analytical 1060 

models, and thus there is a strong motivation to eliminate this TPC source of differences from the 1061 

modelling. 1062 
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 1063 

Fig. 15. (Color online) Comparison of theoretically predicted effective media parameters with 1064 

FEM results for Inconel: (a) attenuation, (b) phase velocity, (c) relative difference of attenuation, 1065 

and (d) relative difference of phase velocity. In (a) and (b), lines represent the theoretical solutions 1066 

of the SOA model which uses the two-point correlation functions with (solid lines) and without 1067 

(dash-dotted lines) consideration of symmetry boundary conditions (SBCs). Crosses denote the 1068 

FEM results obtained from the models N115200, N11520 and N16000. Each model uses 15 1069 

realizations to obtain the averaged results shown in the figure. For better visualization only every 1070 

ten points of FEM data are shown here. In (c) and (d), the relative differences are computed by 1071 

subtracting FEM results from theoretical predictions, and then dividing by FE results. 1072 

VI. SUMMARY AND CONCLUSION 1073 

This work presents a thorough study of the finite element (FE) method for the propagation and 1074 

scattering of elastic waves in polycrystals. Specifically, this work addresses the following three 1075 

topics that have not been covered by the modelling studies so far but are essential to future FE 1076 

simulations. 1077 
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The determination of effective media parameters, namely attenuation and phase velocity, is first 1078 

discussed. These parameters describe the amplitude and phase changes of a plane wave as it travels 1079 

through a polycrystalline medium. It is demonstrated that the travelling wave essentially does not 1080 

have a planar wavefront, which is caused by random scattering. However, it is demonstrated that 1081 

the coherent part, belonging to the plane wave, can be conveniently calculated as the spatial 1082 

average of the wavefront. From a set of coherent waves, attenuation and phase velocity can be 1083 

determined in two ways. The through-transmission approach uses the coherent waves measured 1084 

on two external surfaces: the transmitting surface and its opposite receiving surface. In addition to 1085 

the two waves used in the through-transmission method, the fitting approach also utilizes extra 1086 

coherent waves collected inside an FE model. These two approaches are found to be practically 1087 

equivalent and can thus be used interchangeably. The through-transmission method might be 1088 

preferable in actual simulations due to its ease of wave collection and calculation. 1089 

The estimation and suppression of the errors and uncertainties of effective media parameters are 1090 

then attempted in this study. It is found that two factors can cause errors and uncertainties: 1091 

numerical approximations and statistical considerations. Numerical approximations only cause 1092 

errors, while statistical considerations involve both errors and uncertainties. For numerical errors, 1093 

both attenuation and velocity errors can be suppressed by the use of a larger spatial sampling 1094 

number 𝑆  (thus a finer mesh size ℎ) if computational capability allows. In addition to this, 1095 

numerical attenuation and velocity errors can also be reduced in different ways: 1) Numerical 1096 

attenuation error can be suppressed by using an appropriate spectrum range that is in close 1097 

proximity to its maximum, or by limiting attenuation 𝛼𝑑 to a certain range in the vicinity of 1 1098 

Neper. 2) Numerical velocity error can be controlled by using a large Courant number 𝐶 that is 1099 

close to unity, and can also be corrected by utilizing the analytically predicted error from Eq. (7). 1100 
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For statistical errors and uncertainties, the suppression approaches developed for numerical errors 1101 

also ensure that they can be satisfactorily controlled to a certain extent. The only requirement is 1102 

that a sufficiently large number 𝑁 of realizations has to be used to obtain a reasonably small 1103 

statistical error and a fairly converged statistical uncertainty. 1104 

The incorporation of FE model information into theoretical models is finally discussed. It is 1105 

indicated that the two-point correlation (TPC) function is the statistic required to put into theories. 1106 

The symmetry boundary conditions (SBCs), employed to emulate infinitely wide media that can 1107 

hold plane waves, have a considerable effect on the TPC function and on the theoretically predicted 1108 

attenuation and velocity. Thus, this SBCs effect needs to be considered in the TPC function for a 1109 

more accurate incorporation of statistical information. 1110 

The FE method discussed in this work focuses on the specific case of plane longitudinal waves 1111 

travelling in untextured polycrystals with equiaxed grains. However, it is expected that the 1112 

principle established in this work may be extended reliably to more general cases, for example to 1113 

elongated grains and preferred crystallographic texture materials. 1114 
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