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Abstract
Active particles that translate chemical energy into self-propulsion can maintain a
far-from-equilibrium steady state and perform work. The entropy production measures how far
from equilibrium such a particle system operates and serves as a proxy for the work performed.
Field theory offers a promising route to calculating entropy production, as it allows for many
interacting particles to be considered simultaneously. Approximate field theories obtained by
coarse-graining or smoothing that draw on additive noise can capture densities and correlations
well, but they generally ignore the microscopic particle nature of the constituents, thereby
producing spurious results for the entropy production. As an alternative we demonstrate how to
use Doi-Peliti field theories, which capture the microscopic dynamics, including reactions and
interactions with external and pair potentials. Such field theories are in principle exact, while
offering a systematic approximation scheme, in the form of diagrammatics. We demonstrate
how to construct them from a Fokker-Planck equation and show how to calculate entropy
production of active matter from first principles. This framework is easily extended to include
interaction. We use it to derive exact, compact and efficient general expressions for the entropy
production for a vast range of interacting conserved particle systems. These expressions are
independent of the underlying field theory and can be interpreted as the spatial average of the
local entropy production. They are readily applicable to numerical and experimental data. In
general, the entropy production due to any pair interaction draws at most on the three point,
equal time density; and an n-point interaction on the (2n− 1)-point density. We illustrate the
technique in a number of exact, tractable examples, including some with pair-interaction as well
as in a system of many interacting Active Brownian Particles.
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1. Introduction

Active matter has been the focus of much research in
statistical mechanics and biophysics over the past decade,
because of many surprising theoretical features [1–4], the rich
phenomenology [5, 6] and a plethora of applications [7–9]. At
the heart of active matter lies the conversion of chemical fuel
into mechanical work, often in the form of self-propulsion,
which leads to sustained non-equilibrium behaviour that is dis-
tinctly different from that of relaxing equilibrium thermody-
namic systems [2]. How different, is quantified by the entropy
production, which also quantifies the work performed. If we
want to harvest and utilise this work, we need to quantify
and control the system at the level it is observed and in the
degrees of freedom that can be manipulated, rather than at a
coarse-grained or smoothed level. The problem is illustrated
by a team of horses observed from high above, when they
may look almost like a droplet squeezing through a pore as
they push past obstacles. At this level of description it may
be difficult to distinguish a forward from a backward movie
of the scene. Zooming in on the individual animal, however,
reveals the details of their movement [10] and thus the dif-
ference between forward and backward immediately. If the
horses are to be hitched to a plough, this is the level of obser-
vation needed to asses their utility. Assessing smoothed quasi-
horses [11] does not help.

Field theory has been the work-horse of statistical mech-
anics for many decades [12], because it allows for an effi-
cient calculation and a systematic approximation of univer-
sal and non-universal observables in many-particle systems
by means of a powerful machinery, that can be cast in an
elegant, physically meaningful language in the form of dia-
grams. To apply this framework to active particle systems,
effective field theories have been proposed, that use the con-
tinuously varying local particle density as the relevant degree
of freedom. However, the entropy production of an approxim-
ating field theory is not necessarily a good approximation of
the microscopic entropy production of the actual particle sys-
tem. An exact, fully microscopic framework to calculate the
entropy production systematically in active many-particle sys-
tems remains a theoretical challenge. In recent years, several
exact results have been found [13], although those are limited
to linear interaction forces [14, 15], or cases where the full
time-dependent particle probability density is known [16].

The entropy production crucially depends on the degrees
of freedom used to describe the system state. Coarse-graining
by integrating out degrees of freedom or by mapping sets of
microstates to mesostates generally underestimate the entropy
production [17–20]. In [21] the particle dynamics has instead
been approximated by recasting it as a continuously varying
density subject to a Langevin equation of motion with additive

noise. This approach captures much of the physics well, not-
ably predicting that most of the entropy is produced at inter-
faces between dense and dilute phases [21–23]. Yet, it does
not provide a lower bound of the entropy production, as it
replaces the countably many particle degrees of freedom by
the uncountably many of a density in space. Supplementary S-
V illustrates this in a simple, tractable example wrongly, but
quite possibly generically displaying a divergent entropy pro-
duction in the framework of [21].

Doi-Peliti (DP) field theories [24–26] on the other hand,
retain the particle nature of the constituent degrees of free-
dom, but can be cumbersome to derive, normally requiring
discretisation and an explicit derivation of a master Equation.
Instead, we demonstrate how the bilinear part a DP action for
multiple pair-interacting particles can be determined using the
Fokker-Planck operator. Interactions through external and pair
potentials, as well as reactions can be added by virtue of the
same Poissonian ‘superposition principle’, that allows a mas-
ter equation to account for concurrent processes by adding cor-
responding gain and loss terms.We further show how the ensu-
ing perturbation theory and its diagrammatics can be used to
derive the entropy production of conserved particle systems
exactly, which turns out to draw entirely on first order terms,
no matter how strong the interaction or how many particles
interact simultaneously. These first order terms are contained
in the bare propagator and the lowest order perturbative ver-
tices, weighted by certain correlation functions. The diagram-
matics of a field theory provides the small number of terms
needed to calculate entropy production exactly. Perturbative
field theory is used here only as to systematically determ-
ine exact expressions. Since only the lowest order corrections
in the perturbative expansion are needed, our results do not
rely on the perturbative expansion being convergent. Our pro-
cedure results in very general formulae that need as system-
specific input the details of the interaction potentials and a few
low-order correlation functions. In the simplest case of non-
interacting particles, the latter reduce to the one-point density,
so that the entropy production becomes a spatial average of a
local property. In general, if the interaction allows for up to
n particles interacting simultaneously, only the (2n− 1)-point
equal-time correlation function needs to be known, effectively
quantifying where and how frequently such interactions take
place. For numerical and experimental data a simple estimator
is derived that that does not draw on any correlation function.
We thus introduce a generic scheme to derive tractable expres-
sions for the entropy production of complexmany-particle sys-
tems on the basis of their microscopic, stochastic equation of
motion. We illustrate the technique in a number of examples.

The general strategy in the following is to construct the
field theory and derive the entropy production starting from
the simplest possible setup of non-interacting particles, then
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Figure 1. Road map of the contents of this paper (central column) and the supplementary material, where to find derivations (left column),
and applications of our framework and key equations (right column). Arrows indicate information flow and suggest possible additional
reading. Abbreviations: entropy production rate (EPR), field theory (FT), master equation (ME), Fokker-Planck equation (FPE), and Active
Brownian Particles (ABPs).

allowing for perturbative terms, then allowing for multiple
particles, then allowing for particle interactions. To keep the
derivation tractable, we start with trivial non-interacting sys-
tems, which may make the framework look excessive and
overly complicated, but only as to develop a clearer view of
the steps necessary to treat interacting many-particle systems.
Expressions are derived explicitly for non-interacting particle
systems as well as pair-interacting ones, and are easily gener-
alised to higher order interactions. Perturbation theory is used
only in so far as to provide us with first order terms, because
these terms are all that is needed to calculate the entropy pro-
duction. The underlying method is comparable to using the
first order term of a Taylor series to determine the derivative of
a function at the point it is an expansion about. DP field theory
and its diagrammatics are a particularly convenient way to read
off the required terms. It serves solely the purpose of provid-
ing a tractable scheme to systematically identify the terms in
the Fokker-Planck equation (FPE) needed for the entropy pro-
duction rate. The formalism described in the present work is
exact and applies universally to all stochastic particle dynam-
ics that can be cast in a FPE. It therefore applies not only to
active matter, but also to vast classes of systems considered in
non-equilibrium statistical mechanics generally. We confirm
the validity of the formalism by means of stochastic particle
systems that possess an exact solution, and in section 4 we
apply it to a highly non-trivial but not exactly solvable setup,
using numerical validation.

The present work brings to bear the power of field theory to
the field of active matter, while retaining particle entity, by cal-
culating entropy production of the relevant degrees of freedom
using diagrammatics and avoiding approximations altogether.
Details of our derivations can be found in the supplementary

material. Figure 1 shows a road map of the work and suggests
possible reading paths. We list the key results according to the
structure of the article:

• Section 2: We show how a DP field theory is readily derived
from a Fokker-Planck Equation, in particular equation (4)
from equation (1) in the free case and equation (S-I.36) from
equation (S-I.35) in the case of pair-interaction (also supple-
mentary S-I).

• Section 3: We introduce the framework to calculate entropy
production, proceeding from the definition equation (8)
via equation (12) to the diagrammatics of equations (18)
and (19) (also supplementary S-I.5 and supplementary
S-II).

• Section 3.2:We include interaction, determining the relevant
diagrams in equation (21), which immediately simplify to
produce general expressions for N pair-interacting indistin-
guishable particles such as equation (23) (also supplement-
ary S-IV)). A corresponding numerical scheme is readily
derived as equation (26). We find that the entropy produc-
tion of pair-interacting particles draws at most on the 3-point
density [27, 28].

• Section 4: We give concrete examples: a Markov chain,
drift-diffusion of a single particle (also supplementary
S-III), equation (29), two distinct particles on a circle (also
supplementary S-VI), and N interacting Active Brownian
Particles.

We conclude in section 5 with a discussion, a summary of our
results and an outlook.
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2. Field theory from Fokker-Planck equation

An efficient way to characterise a many-particle system is
in terms of occupation numbers, which allows for, in prin-
ciple, arbitrary particle numbers and species without having
to change the parameterisation, as opposed to a description in
terms of the individual particle degrees of freedom. DP field
theories provide a framework that readily caters for the spatio-
temporal evolution of particles in terms of occupation num-
bers, in contrast to, say, the response field formalism [29–32]
which requires further non-linearities in the form of Dean’s
equation [33, 34]. As the derivation of a DP field theory from
a master equation can be cumbersome in particular in the pres-
ence of external fields [35–37], we demonstrate in supplement-
ary S-I how a DP action is readily read off from a FPE for free
particles, supplementary S-I.2, and more generally with pair-
interaction in supplementary S-I.3. This constitutes a much
more explicit derivation than originally introduced by Doi [24]
and cuts short any tedious rewriting of particle dynamics and
interactions in terms of chemical reactions [26, 36]. The result-
ing correspondence between DP action and FPE is similar to
that of theMartin-Siggia-Rose action and a Langevin equation
[29–32]. Any continuum limit that has to be taken in a lattice-
based master equation to derive the continuum FPE can equi-
valently be applied in the field theory. In other words, if the
FPE of a density ρ(y, t) reads

∂tρ(y, t) =
∑̂
x

Ly,xρ(x, t) (1)

with Fokker-Planck kernel Ly,x, then the DP action reads

A0 =

ˆ
dt
∑̂
x,y

ϕ̃(y, t)(Ly,x − δ (y− x)∂t)ϕ(x, t) (2)

with annihilator field ϕ(x, t) and Doi-shifted creator field
[26, 36] ϕ̃(y, t). The notation

∑́
x indicates sum or integral

over the dummy variable x, for discrete or continuous degree
of freedom x, respectively. The simple relationship between
equations (1) and (2) is the first key-result of the present work,
with the derivations relegated to supplementary 3.2. Because
equation (1) describes a non-interacting particle, the resulting
action is bilinear, i.e. Gaussian in the field ϕ(x, t) and its con-
jugate ϕ̃(y, t).

Henceforth, until section 3.2, we focus on non-interacting
theories to demonstrate how a DP action is constructed from
an FPE and how it determines the entropy production. It
is demonstrated in supplementary S-I.3 that a DP action is
equally derived from an interacting FPE, which results in addi-
tional terms in the action, within a field-theory usually treated
perturbatively. In section 3.2 we show how interaction terms
affect the entropy production, yielding exact results despite
drawing only on the lowest order terms.

Based on the field-theoretic action observables are calcu-
lated in the path-integral [32, 35]

⟨•⟩0 =
ˆ

DϕDϕ̃ • eA0 . (3)

For continuous degrees of freedom, the kernel in equation (1)
is usually written as Ly,x = L̂†

xδ(x− y) = L̂yδ(x− y) so that∑́
x Ly,xρ(x, t) = L̂yρ(y, t) with FP operator L̂y and L̂†

y its
adjoint. In this case the action simplifies to

A0 =

ˆ
dt
ˆ
ddy ϕ̃(y, t)

(
L̂y − ∂t

)
ϕ(y, t) . (4)

The bare propagator

of the action equation (2) is the Green function of the FPE (1),
supplementary S-I, and thus solves ∂t′⟨ϕ(y, t ′)ϕ̃(x, t)⟩0 =
L̂y⟨ϕ(y, t ′)ϕ̃(x, t)⟩0 with limt′↓t⟨ϕ(y, t ′)ϕ̃(x, t)⟩0 = δ(y−
x). We use the symbol ≜ in equation (5) and hence-
forth to denote correspondence between a mathematical
expression and its representation in terms of Feynman
diagrams.

The action equation (2) has by construction the same form
as the action obtained by formally applying theMartin-Siggia-
Rose-trick [29–32] to the FPE, despite the absence of a noise
term. However, the DP field theory retains the particle nature
of the constituent degrees of freedom without the need of
additional terms, like Dean’s [33, 34]. As a small price, a
DP field theory is endowed with a commutator relation that
needs to be consulted every time an observable is construc-
ted from operators. As a consequence, unlike in an effective
Langevin-equation on the density, the annihilator field ϕ of a
DP field theory is not a particle density [36], and the action
is not the particle density probability functional. Recasting
the DP action as the Martin-Siggia-Rose action of a Langevin
equation on the field ϕ can produce unexpected features, such
as imaginary noise [38, 39]. Such an interpretation ignores that
DP fields are introduced as complex conjugates, but are inde-
pendent inMartin-Siggia-Rose. It generally involves steps that
are ‘purely formal’ [36, 40] rather than mathematically rig-
orous. That has lead to the common misunderstanding of DP
field theory ‘suffering from imaginary noise’, despite being
addressed and clarified in works such as [36, 38–41]. In a
sense, the fields of a DP field theory are proxies, such that after
expressing a desired observable in terms of fields according to
the operators, the expectation of these fields is identical to that
of the observable.

Drawing on the wealth of knowledge and intuition available
for the construction of master equations, it is easy to incorpor-
ate into a DP field theory a wide range of terms, including reac-
tions, transmutations, interactions, pair-potentials or external
potentials, as the field theory’s action inherits the additivity
of concurrent Poisson processes in a master equation. Some
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terms can be incorporated into the FP operator, others have
to be treated perturbatively. Pair-interaction terms as derived
from the FPE in supplementary S-I.3 are usually included in
the perturbative part of the action. Henceforth, we will assume
that the full action

A=A0 +Apert (6)

may contain perturbative terms such that expectations are
calculated by expanding the exponential on the right hand
side of

⟨•⟩=
ˆ

DϕDϕ̃ • eA = ⟨ • exp(Apert)⟩0 , (7)

and taking expectations as in equation (3). Even without inter-
action, Apert may absorb terms of L that are not readily integ-
rated in equation (3), so that the solution of the FPE (1)
becomes in fact a perturbation theory. This is illustrated in
supplement S-III for drift-diffusion in an arbitrary, periodic
potential, in [42] for Run-and-Tumble particles in a harmonic
potential and in [43] for boundary tumbling.

3. Entropy production

In the present framework, the entropy production can be
elegantly expressed in terms of the bare propagators and
the perturbative part of the action. At this point, we have
not yet allowed for interaction terms, so for the time being,
the perturbative terms to be considered are bilinear. We
show in the following that the field-theoretic observables
needed to calculate the entropy production, are those to low-
est order in the perturbation expansion, implying that con-
vergence of the expansion is not required. We will derive
the entropy production first for a single particle before
generalising step-by-step to multiple conserved, interacting
particles.

Following the scheme by Gaspard [13] to calculate entropy
production inMarkovian systems, we draw on the propagator⟨
ϕ(y, t ′)ϕ̃(x, t)

⟩
as the probability (density) for a particle to

transition from x at time t to y at time t′. The internal entropy
production of an evolving degree of freedommay then be writ-
ten as a functional of the instantaneous probability (density)
ρ(x) to find it in state x, namely

Ṡint [ρ] =
∑̂
x,y

ρ(x)Ky,x

{
Lny,x+ ln

(
ρ(x)
ρ(y)

)}
(8)

with

Ky,x = lim
t′↓t

d
dt ′

⟨
ϕ(y, t ′) ϕ̃(x, t)

⟩
(9)

and

Lny,x = lim
t′↓t

ln


⟨
ϕ(y, t ′) ϕ̃(x, t)

⟩
⟨
ϕ(x, t ′) ϕ̃(y, t)

⟩
 (10)

as we show in supplementary S-I.5. In the presence of only
a single particle, the probability density to find it somewhere
is identical to the particle number density and we will refer to
both simply as the density. Equation (8) is the starting point
for the derivation of the entropy production from a DP field
theory. Much of what follows focuses on how to extract Ky,x

and Lny,x from the action.
As the field-theory correctly shows, supplementary S-I.5, if

the states y,x are discrete and the process is a simple Markov
chain, Ky,x reduces to the Markov (rate) matrix W̊yx of the
process of transitioning from x to y, and Lny,x is the logarithm
of ratios of these rates,

Lny,x = ln

(
W̊yx

W̊xy

)
. (11)

Equations (S-I.58) and (S-I.59). If the states x,y are continu-
ous, then Ky,x can be cast as a kernel, which in the absence
of a perturbative contribution to the action is identical to the
FP kernel, Ky,x = Ly,x, given that the propagator is the Green
function of the FPE, supplementary S-I.5. Integrating by parts
then gives

Ṡint [ρ] =
∑̂
x,y

ρ(x)δ (y− x) L̂†
y

{
Lny,x+ ln

(
ρ(x)
ρ(y)

)}
. (12)

In principle, the density ρ(x) to use in equations (8) and (12)
is given by the propagation from the initial state up until time
t, in which case it becomes an explicit function of t

ρ(x; t) =
⟨
ϕ(x, t) ϕ̃(x0, t0)

⟩
. (13)

In general, this density might be well approximated by an
effective theory, that omits the microscopic details entering
into the entropy production via equations (9) and (10).

The entropy production equations (8) and (12) simplifies
further if ρ(x) is stationary, in a single particle system

ρ(x) =
∑̂
y

⟨
ϕ(x, t ′) ϕ̃(y, t)

⟩
ρ(y) (14)

for any t ′ − t> 0, in which case ln(ρ(x)/ρ(y)) disappears
from equation (8) and the expression reduces to that of the
negative of the external entropy production [16]. In that case,
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equation (8) may be interpreted as the spatial average Ṡint =
σ̇(x) =

∑́
x ρ(x)σ̇(x) of the local entropy production

σ̇ (x) =
∑̂
y

Ky,xLny,x , (15)

which derives from the dynamics only and is independent of
the density. We will discuss the formalism in this form in
greater detail below, after introducing interaction.
A priori, the full propagator is needed in equations (9)

and (10). However, as it turns out, provided the process is
time-homogeneous, generally in the discrete case as well as

in continuous perturbation theories about a Gaussian (details
in supplementary S-III), Ky,x and Lny,x draw only on the bare
propagator and possibly on the first order perturbative term.
As detailed in supplementary S-I.5, the key argument for this

simplification is that the propagator
⟨
ϕ(y, t ′)ϕ̃(x, t)

⟩
only ever

enters in the limit t ′ ↓ t, either in the form of an explicit derivat-
ive, equation (9), or in the form of a ratio, equation (10), which
may also draw on the derivative via L’Hôpital. The propagator
therefore needs to be determined only to first order in small

t ′ − t. If the full propagator
⟨
ϕ(y, t ′)ϕ̃(x, t)

⟩
is given by a per-

turbative expansion of the action equation (7), diagrammatic-
ally written as

in principle every order in the perturbation theory might con-

tribute to
⟨
ϕ(y, t ′)ϕ̃(x, t)

⟩
to first order in t ′ − t. As outlined

in the following, closer inspection, however, reveals a simple
relationship, namely that the nth order in t ′ − t is fully given by
the first n+ 1 diagrams on the right hand side of equation (16).
In continuum field theories, this needs careful analysis, but it
holds for perturbation theories about drift-diffusion, supple-
mentary S-III, where the highest order derivative in Ky,x is a
second and Lny,x, necessarily odd in y− x, therefore does not
need to be known beyond second order.

Leaving the details to supplementary S-I.5 and supplement-
ary S-II, we proceed by demonstrating that the first time deriv-
ative of the second order contribution on the
right hand side of equation (16) vanishes at t ′ = t. This fol-
lows from differentiating with respect to t′ the inverse Fourier-
transform of , which for time-homogeneous
processes has the form

İ(t ′ − t) =
ˆ

d−ω ′ −̊ıω ′exp(−̊ıω ′ (t ′ − t))C∏3
j=1 (−̊ıω ′ + pj)

, (17)

where the three propagators are (−̊ıω ′ + pj)−1 with j = 1,2,3
and C denotes the couplings. The poles −̊ıpj may be repeated,
which does not affect the argument. Crucially, all poles are
situated in the lower half-plane, which is required by causal-
ity of each bare propagator entering in equation (17). After
taking t ′ → t the contour can be closed in the upper half-
plane, as the integrand∝ 1/ω ′2 decays fast enough. It follows
that İ(0), equation (17), vanishes. As shown in supplement-
ary S-II.1.2, it further follows that limt′↓t İ(t ′ − t) = 0. These
arguments easily generalise to higher derivatives and corres-
pondingly higher orders. Consequently, only the first two dia-
grams on the right hand side of equation (16) contribute to the
propagator to first order in t ′ − t.

The argument above draws on the structure of the diagrams
where bare propagators connect ‘blobs’. The diagrams in the
propagators of equations (9) and (10) that end up contributing,
contain at most one such blob. How the blob enters into Ky,x

and Lny,x is explained in the following. The blobs can contain
tadpole-like loops only in the presence of source terms, such
as equation (S-II.11). If such source terms are absent, the blobs
are merely the vertices of the perturbative part of the action.
If the phenomenon studied is not time-homogeneous, ω might
have sinks and sources and the structure of the integrals rep-
resenting contributions to the propagator are no longer of the
form equation (17).

With these provisos in place, the kernel in equation (9)
reduces to the bare propagator plus the first order correction,

where L refers to the non-perturbative part of the action
equation (2), and to the first order, one-particle irredu-
cible, amputated contributions due to the perturbative part
of the action, the ‘blob’. It may contain perturbative contri-
butions due to the single-particle Fokker-Planck operator, or
due to additional processes, such as interactions with external
fields and reactions. In field-theoretic terms,Ly,x is the inverse
bare propagator evaluated at ω= 0 and is a contribution
to the ‘self-energy’. In stochastic particle systems, Ly,x =
(D∂2

y −w∂y)δ(y− x) would be drift-diffusion (supplement-
ary S-III) and an additional extinction with rate r, as the
simplest possible perturbation, which would, of course, nor-
mally be dealt with in closed form. In other systems, may
represent transmutation or an external potential. Below it is
extended to pair interaction and particle collisions. Generally,
no higher orders, such as , or any loops carrying ω,
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such as the middle term in equation (22), enter (supple-
mentary S-II). While maybe unsurprising as far as the ker-
nel Ky,x is concerned, this simplification to one blob car-

ries through to the logarithm on the basis of equations (11)
and (S-I.62) if states are discrete, and by an expansion of
the form

in the continuum, equation (S-I.68) and similarly supplement-
ary S-III, equation (S-III.32).

In summary, what is needed to calculate the entropy pro-
duction equation (8) of a single degree of freedom is: (a) the
density ρ(x; t), which at stationarity may be well approxim-
ated by an effective theory, and (b) the microscopic action
equation (6) to construct kernel Ky,x, via equation (18),
and logarithm Lny,x via equation (19) using at most
one blob.

3.1. Many conserved particles

In the presence of N> 1 distinguishable particles,
equation (8) remains in principle valid if x,y are
understood to encapsulate all N particle coordinates
at once, with the density in equation (8) replaced by
the joint density ρ(x1, . . . ,xN) and the propagator in
equations (9) and (10) replaced by the joint propagator⟨
ϕ1(y1, t

′)ϕ2(y2, t
′) . . .ϕN(yN, t

′)ϕ̃1(x1, t)ϕ̃2(x2, t) . . . ϕ̃N(xN, t)
⟩
,

where the indices of the fields refer to distinguishable particle
species. Each field ϕi(yi, t

′) has the effect of an indicator func-
tion probing for the presence of particle i. Without interaction,
the overall entropy production is the sum of the individual
entropy productions, equation (S-IV.42). If particles are indis-
tinguishable, dropping the indices generally results in N! as
many terms from permutations of the fields, as well as the
joint particle number density ρ(N)(x1, . . . ,xN) at stationarity
being N! times that of equivalent distinguishable particles.
Yet, for distinct xi the density ρ(N)(x1, . . . ,xN) is clearly still a
probability density, provided the probability or phase space is
adjusted to account for distinct arrangements of indistinguish-
able particles. This adjustment affects the sum or integral
in equation (8) and reflects that occupation numbers are the
degrees of freedom, not particle positions [16, 28]. In the case
of sparse occupation, where every site is occupied by at most
one particle, a condition usually met in continuum space, this
adjustment can be done by means of the Gibbs factor [44],
which amounts to dividing the corresponding phase space of

distinguishable particles by N!,

Ṡ(N)int [ρ] =
1

(N!)2

ˆ
ddx1 . . .d

dxN

ˆ
ddy1 . . .d

dyN

× ρ(N) (x1, . . . ,xN)K
(N)
y1,...,yN,x1,...,xN

Ln(N)
y1,...,yN,x1,...,xN

(20)

with N-particle kernel K(N)
y1,...,xN

and logarithm Ln(N)
y1,...,xN

defined by using the joint propagator
⟨
ϕ(y1, t

′) . . . ϕ̃(xN, t)
⟩
on

the right of equations (9) and (10). As x1, . . . ,xN and y1, . . . ,yN
are only dummy variables, the Gibbs-factor precisely can-
cels the multiplicity of the terms mentioned above, further
discussed in supplementary S-IV.2.1. Again, at sparse occu-
pation, the annihilator fields ϕ(yi, t

′) can be seen as indic-
ators of the presence of, in the case of indistinguishability,
any particle at yi. However, the assumption of sparse occu-
pation is needed here only as to simplify the discussion. DP
field theory, whose joint propagators give the expectation of
the factorials of non-zero occupation numbers, is constructed
precisely as to adjust the Gibbs factor by the correct multi-
plicity in the case of multiple occupation. Reassuringly, we
find again, equation (S-IV.99), that the entropy production ofN
indistinguishable particles is linear in N. This is a non-trivial,
albeit intuitive finding, as the entropy production of indis-
tinguishable particles is based on occupation number states
[16, section 3.6]. In summary, the entropy production of N
non-interacting particles, distinguishable or not, is the N-fold
entropy production of a single particle. These basic insights
are the preliminaries to the complexities posed by interaction
to be discussed in the next section.

The diagrams contributing to the joint propagator are
generally disconnected, say and may, in principle,

involve any number of vertices, such as , say

or . However, as detailed in supplementary S-II, the
argument that reduces to at most one vertex contributions
to a single particle propagator, similarly applies to multiple

7
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particle propagators, so that any blob inside a joint propag-
ator raises the order of t ′ − t by one. Any contribution to
the joint propagator

⟨
ϕ(y1, t) . . . ϕ̃(xN, t)

⟩
in the joint kernel

Ky1,...,xN or the joint logarithm Lny1,...,xN therefore contains at
most one vertex. The set of diagrams to be considered can be
reduced further with an argument best made after allowing for
interaction.

3.2. Interaction

In the presence of interaction, the joint propagator contains
contributions of the form . Each such vertex is also
of order t ′ − t, supplementary S-II. If particles are conserved,
each vertex must have at least as many incoming legs as
outgoing ones. At this stage, the joint propagator entering the
N particle kernel K(N) and logarithm Ln(N) is of the form

each with all distinct permutations of incoming and outgo-
ing particle coordinates, xi and yi respectively, as indicated by
‘perm.’. What does not enter (supplementary S-II) are terms
involving more than one vertex, such as

Evenwith the restriction to a single blob, equation (21) con-
tains many diagrams, seemingly involving many permutations
of many initial and final coordinates. Similarly, the N-point
equal time density ρ(N)(x1, . . . ,xN) is needed in equation (20),
which would be an arduous task to determine. However,

because every bare propagator degenerates into a δ-function as
t ′ ↓ t, they simplify the expression for the entropy production
considerably. As discussed in supplementary S-IV any bare
propagator featuring together with, i.e. multiplying, a blobbed
diagram, effectively drops out in the limit t ′ ↓ t. As the bare
propagators drop away, so does the need for higher order dens-
ities. As a result the entropy production of a system whose
‘largest blob’ has n incoming and n outgoing legs can be calcu-
lated on the basis of the (2n− 1)-point joint density, restricting
a hierarchy of terms to 2n− 1 rather than N [27].

For example, N indistinguishable particles with self-
propulsion speed w, diffusion D and pair-interaction,
n= 2, via an even potential U have entropy production,

Ṡ(N)int

[
ρ(N)

]
=

ˆ
ddx1 ρ

(N)
1 (x1)

{
w2

D

}
(23a)

+

ˆ
ddx1,2 ρ

(N)
2 (x1,x2)

{
1
D
(∇U(x1 − x2))

2 −△U(x1 − x2)
}

(23b)

+

ˆ
ddx1,2,3 ρ

(N)
3 (x1,x2,x3)

{
1
D
∇U(x1 − x2) ·∇U(x1 − x3)

}
, (23c)

which is equation (S-IV.110) with external potentialΥ≡ 0 and
further simplified by using that the pair potential U is even.
(Note added: As Brossollet and Biroli show [45, equation (20)
and App. D], equations (23) and (S-IV.110) simplify signi-
ficantly as ρ(n)N is at stationarity.) It demonstrably vanishes in
the absence of a drift w, as shown in supplementary S-IV.2.3.

equation (23) and (S-IV.110) are exact results, assuming pair
interaction being the highest order interaction. The dens-
ities ρ

(N)
n (x1, . . . ,xn) thus denote the density of n distinct

particles at positions x1, . . .xn, normalising to N!/(N− n)!.
Each term in curly brackets in equation (23) can be cast
as a local entropy production, depending on one, two or
three coordinates. equation (23a) is the entropy production or

8
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work due to self-propulsion by individual particles, Nw2/D,
equation (23b) is the work due to two particles excerting equal
and opposite forces on each other and equation (23c) is the
work performed by one particle in the potential of another
particle as it is being pushed or pulled by a third particle.

The integrals in equation (23) can be carried out and
rendered as expectations,

Ṡ(N)int = N
w2

D
+N(N− 1)

⟨
1
D

(∇U(x1 − x2))2 −△U(x1 − x2)
⟩

+N(N− 1)(N− 2)
⟨

1
D
∇U(x1 − x2) ·∇U(x1 − x3)

⟩
, (24)

where each expectation is taken over all pairs of distinct
particles, all triplets of distinct particles etc, so that, for
example,

⟨
(x1 − x2)2

⟩
would represent the average mean

squared distance between any two particles. Using that ∇U
is odd, one can write equation (24) as

Ṡ(N)int =
N∑
i=1

⟨
1
D

w−
N∑
j=1
j̸=i

∇U(xi− xj)


2⟩

−
N∑
i=1

N∑
j=1
j̸=i

⟨△U(xi− xj)⟩ , (25)

where the expectation is the ensemble average.
In the form of equation (23), entropy production in an

experiment or simulation can be estimated efficiently by using
Q samples q= 1,2, . . . ,Q of N particle coordinates x(q)i with
i = 1, . . . ,N,

Ṡint =
1
Q

Q∑
q=1

 N∑
i1=1

σ̇
(1)
1

(
x(q)i1

)
+

N∑
i1,i2=1
i1 ̸=i2

σ̇
(2)
2

(
x(q)i1 ,x(q)i2

)

+
N∑

i1,i2,i3=1
i1 ̸=i2 ̸=i3 ̸=i1

σ̇
(3)
3

(
x(q)i1 ,x(q)i2 ,x(q)i3

) . (26)

with the σ̇
(i)
i with i = 1,2,3 given by the three pairs of

curly brackets in equation (23) and generally in equation (S-
IV.105). Explicit expressions are shown in equations (33)
and (S-IV.112), supplementary S-IV.2.3. If all interac-
tions are harmonic, at most two-point correlation func-
tions ⟨xi · xj⟩ are needed to calculate the entropy produc-
tion. All sums run over distinct particle indices, so that for
example (1/Q)

∑
q

∑N
i1,i2=1
i1 ̸=i2

δ(x1 − x(q)i1 )δ(x2 − x(q)i2 ) estim-

ates ρ(N)2 (x1,x2). Entropy production in a particle system with
interaction can thus be estimated on the basis of ‘snapshots’
and the microscopic action, without the need of introducing a
new measure [46, 47]. In the case of n-particle interaction, it
generally draws on equal-time (2n− 1)-point densities and the

time-evolution terms given by the action. Neither the full N-
point density nor the 2N-point two-time correlation function
are needed, which is what equation (20) suggests.

If the number of particles is not fixed but becomes itself a
degree of freedom, the phase space integrated or summed over
in equation (8) needs to be adjusted. This case is beyond the
scope of the present work.

4. Examples

In the following we illustrate the methods introduced above
by calculating the entropy production of (1) a continuous time
Markov chain, (2) a drift-diffusion Brownian particle on a
torus with potential, (3) two drift-diffusion particles on a circle
interacting via a harmonic pair potential, and (4) interacting
Active Brownian Particles. The first three examples serve also
as a sanity check, because the entropy production can be cal-
culated straight-forwardly by physical reasoning from first
principles and we demonstrate how it is reproduced by the
present field-theoretic framework. The last example illustrates
its power as there are few alternative schemes [17], none of
which, to our knowledge, based on field theory. The Sekimoto-
scheme [48] we compare our results to, in particular, requires
access to consecutive frames, which is not required in our
scheme and is not easily available when analysing experi-
mental data.

Continuous time Markov chain. The single-particle master
equation of a continuous time Markov chain is equation (1)
with Lyx the Markov-matrix Myx for transitions from dis-
crete state x to y. Following standard procedure [35], sup-
plementary S-I, the action of the resulting field theory is
equation (2),

A0 =
∑
xy

dt ϕ̃(y, t)(Myx − δy,x∂t)ϕ(x, t) . (27)

From equations (8), (11) and (18) in the absence of a perturb-
ative term, the entropy production immediately follows,

Ṡint [ρ] =
∑
x,y

Myxρ(x) ln
(
Myxρ(x)
Mxyρ(y)

)
. (28)

supplementary S-I.5.1, consistent with [13, 16]. The contribu-
tions to first order in the perturbative vertex in equations (18),
(S-I.61a) and (S-I.62) ensure that this expression for the
entropy production does not change even when some contri-
butions toM are moved to the perturbative part of the action,
B in equations . (S-I.61a) and (S-I.62).

Drift-diffusion. This process is a paradigmatic example of
a continuous space process as many other, more complic-
ated ones, in particular many active matter models [49–51]
can be studied as a perturbation of it. The continuity of the
degree of freedom means that a transform is needed to render
the process local in a new variable, here the Fourier-mode
k, so that the path-integral equation (7) can be performed.
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However, as detailed in supplementary S-III, the transform
can in principle spoil the relationship between the number
of blobs in the diagram and its order in t ′ − t as discussed
around equation (17). It turns out, S-III.2.1, in particular after
Equations (S-III.22) and (S-III.29), that in the case of drift-
diffusion processes, the number of blobs determines the lead-
ing order in the distance y− x of any contribution finite in the
limit t ′ ↓ t, e.g. equations (S-III.22) and (S-III.27), in fact pre-
serving equations (18) and (19).

To be general, we allow for an external potential, but
to render drift diffusion stationary even without an external

potential, we restrict it to a d-dimensional torus with circum-
ference L. As detailed in supplementary S-III, the drift can
be captured either exactly or perturbatively, while a general
external potential has to be treated perturbatively. The FPE of a
particle diffusing with constant D and drifting with velocity w
on a torus with periodic external potentialΥ(y) is equation (1)
with L̂y = D∇2

y +∇y(−w+Υ ′(y)), where the operators act
on everything to the right and Υ ′ =∇Υ denotes the gradient
of the potential. The propagator to first order is (supplement-
ary S-III, equations (S-III.36))

so that with equation (19)

Lny,x =
y− x
2D

· [2w−Υ ′ (x)−Υ ′ (y)]

+O
(
(y− x)3

)
, (30)

Equations (S-III.9) and (S-III.32c). The diagrams

and correspond to the first order corrections to
the propagator due to drift w and external potential Υ,
respectively, with dashes indicating spatial gradients. Using in
equation (8) Lny,x and Ky,x = L̂yδ(y− x), where the operator
acts only on the Dirac δ-function, produces

Ṡint [ρ] =
ˆ L

0
ddx

{
ρ(x)

(
(w−Υ ′ (x))2

D
−△Υ(x)

)

+D
(ρ ′ (x))2

ρ(x)
+Υ ′ (x)ρ ′ (x)

}
(31)

with the last two terms that involve ρ ′(x) =∇xρ(x) cancelling
at stationarity, 0= ∂tρ= Dρ ′ ′ − ∂x(w−Υ ′)ρ, and the first
two terms involving the potential cancelling at vanishing cur-
rent 0= j=−Dρ ′ +(w−Υ ′)ρ. After the first cancellation,
equation (31) is consistent with the stationary σ̇ in equation (S-
III.33), given that Ṡint =

´
ddxρσ̇, as well as with [16].

Harmonic trawlers. A free particle with diffusion constant D,
drifting with velocity w on a circle without external poten-
tial produces entropy with rate w2/D [16]. Entropy pro-
duction being extensive, without interaction two identical

particles produce twice as much entropy. If they have differ-
ent drift velocities w1 and w2 the total entropy production is
(w2

1 +w2
2)/D. If they are coupled by an attractive (binding)

pair-potential, as if coupled by a spring, they behave like a
single particle drifting with velocity (w1 +w2)/2 and diffus-
ing with constant D/2, so that the overall entropy production
is (w1 +w2)

2/(2D). If w1 = w2, then the entropy production
is identical to that of free particles, but if w1 ̸= w2, the pair
potential becomes ‘visible’.

While easily derived using physical arguments, determin-
ing this expression perturbatively from a field theory that is
‘oblivious’ to such physical intricacies is a non-trivial task and
a good litmus test for the power of the scheme presented in this
work. As detailed in supplementary . S-VI, the entropy pro-
duction is indeed correctly reproduced, drawing in particular
explicitly on equation (21). The process is generalised to arbit-
rary attractive pair-potentials in supplementary S-IV.1.3 and
further qual- ified in supplementary S-IV.2.3 where it is con-
firmed that in the present framework arbitrarily many identical
pair-interacting particles do not produce entropy without drift.
Interacting active Brownian particles. To illustrate our frame-
work in a setting with very many interacting particles that pro-
duce entropy we need to consider a system which does not
admit an exact solution like those above. In the following, we
calculate the entropy production of active Brownian particles
(ABPs) [49, 50, 54] interacting through a purely repulsive
WCA potential [52] and undergoing motility-induced phase
separation in the stationary state [53].

The overdamped Langevin equation governing the
particles’ velocities is ẋi = wi(t)−

∑
j ̸=i∇U(xi− xj)+√

2Dξi(t) with self-propulsion wi(t) = we(θi(t)). Here w
denotes the self-propulsion velocity and e(θ) = (cosθ,sinθ)T
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the director, which depends on the orientation angle θ,
evolvingwith stochastic dynamics θ̇i =

√
2Drηi(t), where ηi is

a unit Gaussian noise ⟨ηi(t)⟩= 0, ⟨ηi(t)ηi(t ′)⟩= δ(t− t ′), and
Dr is the rotational diffusion constant. Particles are further sub-
ject to a WCA pair-potential,U(r) = ϵ+ 4ϵ[(R/r)12 − (R/r)6]
for r⩽ 21/6R and U(r) = 0 otherwise, parameterised by inter-
action energy ϵ and characteristic radius R. Particles dif-
fuse with diffusion constant D, so that ξ is a unit Gaussian
noise with ⟨ξi(t)⟩= 0, ⟨ξi(t)ξj(t ′)⟩= δi,jδ(t− t ′). We con-
sider N particles in a box of length L with periodic boundary
conditions.

For ABPs, we need to modify the local entropy production
σ̇
(2)
2 entering into equation (26) because the self-propulsion

velocityw as showing in equation (23a) and as cancelled from
equation (23b) becomes a function of the particle index, so that
the cross-terms of equation (S-IV.108),

2
D
U ′ (x1 − x2) · (−w1)+

2
D
U ′ (x2 − x1) · (−w2)

no longer vanish when summed over, as happens when w1 =
w2 and the pair-potential U is even, resulting in equation (23),
as discussed after equation (S-IV.110). The en- tropy produc-
tion of pair-interacting ABPs works out as a simple generalisa-
tion of equations (S-IV.110) and (S-IV.112) without external
potential, Υ≡ 0,

Ṡint =
1
Q

Q∑
q=1

[
N∑

i1=1

w2
i1

D
+

N∑
i1,i2=1
i1 ̸=i2

2
D
∇U

(
x(q)i1

− x(q)i2

)
· {−wi1}

+
1
D

(
∇U

(
x(q)i1

− x(q)i2

))2
−△U

(
x(q)1 − x(q)2

)
+

N∑
i1,i2,i3=1

i1 ̸=i2 ̸=i3 ̸=i1

1
D
∇U

(
x(q)i1

− x(q)i2

)
·∇U

(
x(q)i1

− x(q)i3

)]
. (32)

Similar to equation (25), this can be succinctly
summarised as

Ṡint =
1
Q

Q∑
q=1

 N∑
i=1

1
D

wi−
∑
j.nn.i

∇U
(
x(q)i − x(q)j

)2

−
N∑
i=1

∑
j.nn.i

△U
(
x(q)i − x(q)j

) , (33)

consistent with [48, equation (4.27)], where the ‘nearest neigh-
bour sums’

∑
j.nn.i sum over all particles j except j= i within

the range of the potential, outside of which both ∇U(xi− xj)
and△U(xi− xj) vanish. Structurally similar to equation (31),
equation (33) suggests that the effective speed weff. i = |wi−∑

j.nn.i∇U(xi− xj)| of the ABPs gives rise to all positive
entropy production in the typical form w2

eff. i/D. The Laplacian
of the potential is non-negative everywhere given the convex-
ity of the pair potential. Although not universally found [55,
56], it can equally be obtained in an expansion of the gradi-
ent of the potential in its correlator with the velocity subject to
Stratonovich noise.

Equations (32) and (33) and more generally equation (26)
allow for an instantaneous entropy production of particle i,
namely w2

eff. i/D−
∑

j.nn.i△U(xi− xj). This is what is shown
in colour-coded fashion for ABPs interacting via a WCA pair
potential in Figure 2(a). As expected, freely moving particles
produce entropy around w2/D (red), whereas the phase-
separated, dense condensate has different regions. Around its
perimeter, the entropy production is quite uniformly large,
as particles can move almost freely but at comparatively
high density. Inside the condensate, particles interact, as
many of their close neighbours are located within the inter-
action range of the WCA potential 21/6R. Many arrested
particles locally produce negative entropy (blue), whereas
some particles move under very strong forces in steep poten-
tials (yellow). The heterogeneity in the entropy production is
reminiscent of that of the pressure [53, figure 1], but markedly
different to the homogeneous phase in figure 6 of [22]
showing active Ornstein-Uhlenbeck particles in an external
potential.

To demonstrate the validity of equation (33) and by way of
a sanity check, figure 2(b) shows a comparison of the entropy
production estimated using equation (33) and Sekimoto’s
framework [48], specifically using equations (7) and (E3) in
[17] with kBµi = 1. As the stationary evolution is observed
over a brief period, both procedures arrive at virtually the same
estimate towards the end of the observation interval shown,
albeit the estimate based on Sekimoto’s framework displays
much stronger fluctuations at very short times, as it incorpor-
ates the noise.

5. Discussion, summary and outlook

Above we have demonstrated how to construct a DP field
theory, equations (2), (3) and (4), from the Fokker-Planck
or master equation (1) governing single particle dynamics,
without having to resort to explicit discretisation. The res-
ulting expression for the entropy production of conserved
particle systems, equation (12), is of a particularly simple
form, indicating that entropy production can be interpreted as
a mean of a local expression equation (15). Additional pro-
cesses, reactions and interaction, can be added to the action
and, if necessary, treated perturbatively, equations (6) and (7).
Expressing the entropy production in terms of propagators,
equations (8), (9) and (10), it turns out that the perturbative
contributions enter only to first order, equations (18) and (19),
because each such perturbation introduces a term of order
t ′ − t, equation (17). Higher order contributions from the per-
turbative terms produce higher powers of t ′ − t which do not
enter into the entropy production. Even when some phenom-
ena are treated perturbatively the resulting expressions for the
entropy production are exact and we do not need to assume
convergence of the perturbation expansion. Loops enter into
the entropy production only in the presence of external sources
(tadpole-like diagrams).

Treating interaction perturbatively, the results are general-
ised to many interacting particles, supplementary S-IV, with
significant simplifications taking place as diagrams with more
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Figure 2. Illustration of equation (33) which allows for an instantaneous, per-particle entropy production of pair-interacting ABPs. In all
graphs the entropy production is expressed in units of w2/D, the entropy production of a single, free ABP. The system parameters are: linear
size L= 8, translational diffusion constant D= 0.1, rotational diffusion constant Dr = 5, self-propulsion speed w= 40, WCA potential [52]
U(r) = ϵ+ 4ϵ[(R/r)12 − (R/r)6] for r⩽ 21/6R with ϵ= 0.1 and R= 0.1, particle number N= 4000, such that the packing fraction based on
R is ϕ = 0.490874 . . . , similar to the parameters used in the left panel of figure 5 in [53]. The particle system was evolved using an
Euler-Maruyama scheme with time steps ∆t= 8 · 10−6 until a condensate formed and then with ∆t= 2 · 10−8 to extract the time-series of
the entropy production as shown. (a) Snapshot of a configuration with the colourcoding indicating the ‘instantaneous, per-particle entropy

production’, σ̇i = 1
D

(
wi−

∑
j∇U(xi− xj)

)2
−
∑

j△U(xi− xj). (b) Entropy production rate per particle, Ṡint/N, estimated by averaging

over all particles and increasingly long times as shown on the log-scaled x-axis, on the one hand based on equation (33) and on the other
hand based on Sekimoto’s scheme [17, 48]. The time ranges from the numerical discretisation-interval t∼ 10−8 until convergence around
t∼ 10−2. Both methods display fluctuations, with our scheme, being based on individual snapshots, showing less strong fluctuations
compared to the one drawing on consecutive snapshots needed in the Stratonovich product in Sekimoto’s scheme.

than one blob do not enter, e.g. equation (21) (also supple-
mentary S-II)), and disconnected diagrams that simplify as
bare propagators turn into δ-functions. The resulting stationary
entropy production, equation (23), can again be understood as
a spatial average involving equal-time densities. If interactions
involve at most n particles at once, the highest order density
needed is 2n− 1. Because of this structure, it can be used to
estimate the entropy production in experimental and numer-
ical systems, equation (26), as well as on the basis of effective
theories.

While the results are derived by means of a DP field the-
ory, they apply universally. Results such as equations (23),
(S-IV.110) or (31) are exact and can be extended to include
higher order interactions or even reactions. They can be used
to answer vital questions in applied and theoretical active
matter that have previously been studied using approximative
schemes [46, 47], such as the energy dissipation in hair-cell
bundles [17], in neuronal responses to visual stimuli [27], or
in Kramer’s model [57].

The general recipe to calculate entropy production in any
system is thus to determine the basic or ‘bare’ characterist-
ics, such as the self-propulsion speed or the pair-potential, as
well as the 2n− 1 densities, which are used as the weight in an
integral like equation (23). Extensions to the formulae derived
in the present work are a matter of inserting the new blobs into
the field theory. The present scheme then allows the systematic
calculation of the entropy production based on themicroscopic
dynamics of the process, while retaining the particle nature of
the degrees of freedom.

Calculating field theoretically the entropy production of
particle systems has been attempted before, notably byNardini
et al [21]. Their approach is based on an effective dynamics,
given by ActiveModel B [58], that describes the particle dens-
ity as a continuous function in space by means of a Langevin
equation with additive noise in order to smoothen or coarse-
grain the dynamics. However, particle systems necessarily
require multiplicative noise, for example in the form of Dean’s
equation [33, 34], to allow the density to faithfully capture the
dynamics of particles. If not endowed with a mechanism to
maintain the particle nature of the degrees of freedom, recast-
ing the dynamics in terms of an unconstrained density con-
stitutes a massive increase of the available phase space rather
than a form of coarse graining. There is no reason to assume
that the entropy production of such an effective field theory
is an approximation of the microscopic entropy production.
We are not aware of an example of a particle system, whose
entropy production is correctly captured by an effective field
theory based on a Langevin equation on the continuously vary-
ing particle density with additive noise [21]. In fact, attempting
to use such an approximation of a most basic, exactly solv-
able process and using the coarse-graining scheme in [21],
produces a spurious dependence on the size of the state space
and a lack of extensivity in the particle number, supplementary
S-V, equation (S-V.37), while the present field theory trivially
produces the exact expression for themicroscopic entropy pro-
duction, Equation (S-V.2) in supplementary S-V.1. We argue
that the observable of entropy production needs to be con-
structed from the microscopic dynamics, which is partially
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integrated out or ‘blurred’ in effective theories of the particle
density. These generally capture correlations effectively and
efficiently, but they do so at the expense of smoothing the
microscopic details that give rise to entropy production, as they
change the description of the dynamics from one in terms of
particles to one in terms of space. However, the expression for
the entropy production needs to be determined from themicro-
scopics of the particle dynamics, even when eventually cal-
culated from (2n− 1)-point densities. Effective theories may
contain the necessary information to determine these densities,
but not to construct the functional for the entropy production
in the first place.

Coarse graining is known to distort entropy production in
a highly non-trivial way [19]. In the continuum limit, just
like in supplementary S-V, divergences are to be expected.
This may be circumvented by the introduction of an abritrary
UV cutoff [59, 60], which renders the entropy production just
as arbitrary. In general, there is no relationship between the
entropy production of an effective theory based on smooth
particle densities and the particle dynamics it approximates,
as the entropy production in the smoothened theory depends
heavily on the choices made for the approximation. That said,
we do not question the use of an Onsager-Machlup functional
to calculate the entropy production [21] of a process whose
field is the degree of freedom. In fact, Brossollet and Biroli
[45] recently published a framework based on this approach
capturing particle entity using Dean’s equation [33]. While
their results are consistent with ours, they also managed to
simplify some of our expressions, such as equations (23) and
(S-IV.110).

In future research we may want to exploit further the gen-
eral expressions for the entropy production of multiple inter-
acting particles, such as equation (23) and those derived in sup-
plementary S-IV. One may ask, in particular, for bounds on the
entropy production by an ensemble of interacting particles and
the shape of the pair-interaction potential to extremise it. The
present framework can also be extended to the grand canon-
ical ensemble, where particles are created and annihilated, as
they branch and coagulate. The grand challenge, however, is
to extend the present framework to non-Markovian systems,
as to calculate the entropy production in systems where not all
degrees of freedom are known [61], such as the orientation-
integrated entropy production of Run-and-Tumble particles in
a harmonic potential [42].
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