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Abstract—We propose an explicit analytical direct method for
the transient stability analysis of multimachine power systems
with nonzero transfer conductances. The proposed method ad-
dresses two issues. In the first, we study the transient stabi-
lization of the entire power system through excitation control
design. To this end, a globally well-defined Lyapunov function is
constructed, and a locally well-defined dynamic passivity-based
control law is proposed. The closed-loop equilibrium is therefore
guaranteed to be locally asymptotically stable. In the second, we
study the transient stability property of post-fault initial states. To
this end, an optimization-based approach to calculate the critical
level set of the proposed Lyapunov function is proposed. This
allows to estimate an explicit region of attraction of the closed-
loop equilibrium. Therefore, the transient stability property of a
post-fault initial state can be directly assessed. A case study on
the IEEE 10-machine 39-bus power system, to demonstrate the
performance and effectiveness of the proposed direct method, is
presented.

Index Terms—Lyapunov’s direct method, optimization, passiv-
ity based control, region of attraction, transient stability, transfer
conductances.

NOMENCLATURE
0; Rotor angle
i Angular separation
w* Synchronous angular speed
w; Angular speed
B;; Transfer susceptance

D, Damping coefficient

Eyq; Excitation field voltage (the control signal)
</17i Transient voltage along the g-axis

Gij Transfer conductance

H; Inertia time constant

Iy Stator current along the d-axis

Iy Stator current along the g-axis
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Pe; Active power output

P,,; Mechanical power injection

Tc’lm Transient time constant of the d-axis open circuit
Vi Terminal bus voltage

Xa,;  Synchronous reactance along the d-axis

X/,  Transient reactance along the d-axis

I. INTRODUCTION

A. Background

RANSIENT stability analysis (TSA) is concerned with

the ability of a power system to maintain synchronism
after being subject to a large transient disturbance, such as
a short-circuit fault on the transmission facilities, loss of
generation, or loss of large loads [1]]. Typically, the fault
modifies the topology of the transmission network, forcing the
state to diverge from the pre-fault equilibrium. The post-fault
initial state is obtained after the fault is cleared. Then, if the
post-fault state trajectory converges to a stable equilibrium, the
power system is deemed to be transiently stable. Otherwise,
the power system losses synchronism which may result in
severe consequence such as blackouts. Therefore, a reliable
yet efficient method for TSA is of fundamental importance
for the secure operation of power systems [1]], [2].

Currently, the most widely accepted method for TSA by
system operators is through off-line time-domain simulation
(TDS) method [3]]. This is mainly because the TDS method
can provide intuitive results on the state trajectories following
a list of contingencies. However, the TDS method has two
intrinsic shortcomings. On one hand, the computational cost
of the TDS method for TSA is tremendous, since there are
typically thousands to millions of contingencies that need to be
checked on a regular basis [3]], [4]. This raises greater concerns
because of the increasing share of inverter-based resources
and variable renewable energy sources in low-carbon power
systems, for which the transient stability property should be
assessed on the basis of more complicated dynamic model and
under many more scenarios [5], [[6]. On the other hand, the
TDS method does not reveal quantitative information on the
transient stability margin. Such information is valuable to the
systematic guidance for corrective actions and protective relay
settings [3]. Therefore, it is of practical importance to take into
consideration direct methods for reliable and efficient TSA,
which avoids computationally expensive simulations for post-
fault state trajectories and provides quantitative information
on the region of attraction (ROA) of the post-fault stable
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equilibrium [3]]. In this regard, the essence of direct TSA is to
check whether the post-fault initial state lies inside the ROA
of a stable equilibrium.

B. Literature Review

Extensive research work has been conducted towards di-
rect methods for TSA, among which the energy-function-
based direct methods have drawn significant attention (see the
seminal work [7] and [8]-[21]). Without exception, existing
energy-function-based direct methods suffer from an obstacle,
i.e., there exists no global analytical energy function for the
multimachine power system model with transfer conductances
(TCs) included [3]], [22]. Note that the existence of TCs in
classical power system models arises from small transmission
losses and large resistive loads. Hence, the dynamic model of a
practical power system inherently includes TCs. This obstacle
has resulted in wide uses of numerical energy functions in the
design of direct methods for TSA. However, numerical en-
ergy functions have no well-defined expression, because their
potential-energy-term is path-dependent. Hence, the evaluation
of an energy function relies on step-by-step approximation
along the state trajectories. If such a way of approximation
is not appropriately handled, the numerical energy-function-
based methods lead to a misjudgment of transient stability
properties [3], [23].

In parallel with the above-mentioned numerical methods,
analytical Lyapunov-function-based direct methods for TSA
have also been studied (see, e.g., [24]-[30]). These analytical
methods are based on Lyapunov stability theory, which allows
certifying the stability property of an equilibrium without
explicit knowledge of the state trajectories. Furthermore, the
level sets of a Lyapunov function can provide an estimation of
the ROA of the stable equilibrium [25]. However, it has been
a long-standing problem to construct an explicit analytical
Lyapunov function for the multimachine power system model
with TCs, since 1973 when [24] proposed a rigorous Lyapunov
function for the two-machine power system model with TCs. It
was conjectured in [24] that this solution could be generalized
to the multimachine power system model with TCs. However,
follow-up attempts to construct a rigorous Lyapunov function
for the multimachine power systems with TCs have been in
vain [3]], in the sense that the proposed Lyapunov functions
are either not well-defined or such that their time-derivatives
along trajectories are not strictly non-positive.

Notably, in 2005, [25]] has reported a breakthrough in deal-
ing with the TCs for multimachine power systems. This break-
through has been achieved from a perspective of stabilization
of the entire multimachine power system through excitation
feedback control design for all synchronous machines. A non-
separable form of Lyapunov function has been proposed by
introducing a nonstandard cross-term vector. In addition, the
interconnection and damping assignment passivity-based con-
trol (IDA-PBC) methodology has been applied for the design
of excitation feedback control law. This endows the entire
closed-loop power system with a port-controlled Hamiltonian
structure. Then, it has been proved, using the Implicit Function
Theorem, that there exists (local) cross-term vector under the

assumption that the TCs are sufficiently small [25]. It has
also been proved that there exists a (locally) well-defined
IDA-PBC law ensuring asymptotic stability of the desired
equilibrium in the sense of Lyapunov. Furthermore, [25] has
claimed that the ROA of the closed-loop equilibrium can be
estimated by the largest bounded level set of the non-separable
Lyapunov function which contains this equilibrium. Despite
the above-mentioned breakthrough, neither an explicit form
of Lyapunov function nor an explicit control law has been
suggested. Moreover, it is worth noting that the TCs in the
dynamic model of a practical power system is far from trivial,
which has limited the applicability of the solution proposed in
[25].

As a natural extension, [29] has proposed an explicit
passivity-based excitation control law, which ensures local
asymptotic stability of the closed-loop equilibrium for the
multimachine power systems with nonzero TCs. In addition,
a locally well-defined Lyapunov function has been proposed.
This is mainly achieved by introducing an auxiliary dynamic
state which contributes to the explicit derivation of the cross-
term vector. However, [29] has not exploited the proposed
Lyapunov function for the estimation of ROA. Hence, as
a step forward, [30] has exploited the level set of a well-
defined Lyapunov function for the estimation of the ROA
of the stable equilibrium. It should be pointed out that [30]]
has overlooked insights into the physical interpretation of the
power system model. To be specific, the weighting coefficients
of the proposed Lyapunov function do not have clear physical
meanings, which leads to the difficulties in tuning control pa-
rameters. This may result in non-smooth closed-loop transient
performances. Besides, the case study in [30] focuses on the
visualization of the ROA by considering numerous randomly
generated initial states. However, from a practical perspective,
the post-fault initial states should be obtained following a list
of contingencies. In this regard, further elaboration on improv-
ing closed-loop transient performances as well as applicability
of direct methods should be considered for TSA.

C. Contribution

This paper extends the results of [25], [29], [30] in the
direction of seeking for an “explicit” analytical solution. To
this end, this paper proposes an explicit direct method for the
TSA of the multimachine power system model with nonzero
TCs. The contributions and novelties of this work are as
follows.

1) An explicit globally well-defined Lyapunov function for
the flux-decay model of a multimachine power system
with nonzero TCs is constructed. First, the proposed
Lyapunov function has a prominent advantage over
existing analytical Lyapunov functions in that it allows
certifying asymptotic stability of a desired equilibrium
without the assumption of sufficiently small TCs. Sec-
ond, the proposed Lyapunov function is inherently better
than numerical energy functions in that it provides
a direct and consistent assessment of any post-fault
initial state, hence avoiding the inevitable approxima-
tion error associated to numerical methods. In addition,



the weighting coefficients of the proposed energy-like
Lyapunov function are specified with clear physical
meanings, which contributes to the tuning of the control
parameters and the improvement of closed-loop transient
dynamics.

2) An explicit dynamic passivity-based control law is pro-
posed. This endows the closed-loop multimachine power
system with a port-controlled Hamiltonian structure and
ensures asymptotic stability of the desired equilibrium.
This is achieved by including an auxiliary state together
with its dynamic law, which forms the major novelty of
the proposed method. In addition, the proposed control
law enhances the closed-loop transient responses when
compared to traditional control schemes such as the
automatic voltage regulator (AVR) and the power system
stabilizer (PSS).

3) An explicit ROA of the closed-loop equilibrium is
estimated by exploiting the proposed Lyapunov function.
This is achieved through an optimization-based approach
which calculates the critical forward-invariant level set
of the proposed Lyapunov function. This approach
avoids undesired overestimate of the ROA, hence it
leads to a reliable assessment of the transient stability
properties of post-fault initial states.

D. Organization

The rest of the paper is organized as follows. Section
presents the dynamic model of a multimachine power system
with TCs, followed by the problem formulation of direct TSA.
Section [II] presents the first aspect of the proposed direct
method, i.e., the construction of Lyapunov function together
with the design of excitation control law. Section [IV| presents
the second aspect of the proposed direct method, i.e., the
design of an optimization-based approach to calculate the
ROA of the stable equilibrium. Then, Section |V| presents a
case study on the IEEE 10-machine 39-bus system, which
demonstrates the performance and effectiveness of the pro-
posed explicit direct method. Finally, Section draws the
conclusion and discusses potential future work.

II. MODEL AND PROBLEM FORMULATION
A. Dynamic Model

Consider a power system comprising of n synchronous
machines (n € N and n > 3), and these machines are inter-
connected through the reduced transmission network including
nonzero TCs. Hereinafter, the considered power system is
termed as the lossy n-machine power system.

The dynamics of the i*” machine (i € N and i < n) is
given by the well-known flux-decay model (see, e.g., [31}

equation (9)], [32} equation (5.11)], and [33}, equation (S1)]):

i = w; —w", (1a)

2H, D,
—w; = —— (Wi —w*) + P — Pejis (1b)

w . w
ThoiEqi = —Ef; + (Xai — X )i+ Efa, (Ic)

for i = 1,2,---,n. The dynamic state of the i*" machine
is denoted by x;(t) = [5i(t),wi(t),E;,i(t)]T € R3, which

consists of the rotor angle §;(t) € R, the angular speed
w;i(t) € Rxp, and the g-axis transient voltage £y ;(t) € Rxo.
The system parameters include the synchronous angular speed
w* € Ry, the inertia time constant H; € R+, the damp-
ing coefficient D; € R>(, the constant mechanical power
P, € Ry, the d-axis transient time constant Tr;o,i € Ryg,
the d-axis synchronous reactance X, ; € R+, and the d-axis
transient reactance X;; € R>o. Note that the control signal
of the i*" machine is the excitation field voltage Efq;(t) € R.
The system variables include the active power P, ;(t) € Ry,
and the d-axis current I, ;(t) € R. The active power is given
by:

P.;=E. I, 2)
where I, ;(t) € R is the g-axis current, given by:
Iq7i = Z E;’j (G” Ccos 5ij + Bi]‘ sin (Sij), 3)
j=1

with G;; € R( being the “nonzero” transfer conductance,
and B;; € R being the transfer susceptance. The subscript j
represents the index of other machines (5 € N and 5 < n).
Note that §;;(t) € R is the angular separation between the i*"
machine and the j** machine, that is 0ij = 0; — ;.

With the above-mentioned specification on each " syn-
chronous machine, the dynamic state vector of the entire lossy
n-machine power system is specified as follows. Note that, for
TSA, angular separations are considered. Without loss of gen-
erality, the rotor angle of the first synchronous machine is set
as the angular reference. The angular separation between the
i machine and the angular reference is denoted as §; 1 == ;,—
01, for all ¢. Note that §;; = ;1 —9; 1, for all 7 and j. Then, the
angular separation vector of the entire power system is denoted
as 0(t) = [02.1(t),...,0n.1(t)]T € R*~L. The angular speed
vector is denoted as w(t) = [wy(t),wa(t),...,w.(t)]T €
R™, and the g¢-axis transient voltage vector is denoted as
E/(t) = [E},(t),E5(t),...,E ,(t)]" € R". Therefore,
the dynamic state vector of the entire lossy n-machine power
system is x(t) = [6(t)T,w(®)T, EL(H)T] € R*"~1. Note
also that the equilibrium of the entire power system is de-

T1T _
noted as z* = [5*T,w*T,Eé* | € R371, where §* =
[051,-..,05 11T € R, w* = [wf,w},...,w;]" €R", and
1% /% I 1% 1T n
E; = [Eq’l, q’z,...,Eq’n] e R".

Assumption 1. The system parameters are known. The dy-
namic states are available for the design of the excitation
feedback control law.

The parameters of each synchronous machine are known
in practice. The parameters of the transmission network are
given by the power system operators. The dynamic states
are measurable through measurement devices such as phasor
measurement unit (PMU) [34]]. In this regard, Assumption [I]
is achievable for TSA.

Assumption 2. The post-fault equilibrium x* is known and
unique.

If the fault is self-cleared without changing the network
topology, the post-fault equilibrium is the same as the pre-



fault equilibrium. If the fault is cleared with a change of the
network topology, the post-fault equilibrium can be calculated
through power flow analysis. Hence, the equilibrium is known.
To maintain synchronism, the angular separations for all syn-
chronous machines should be bounded. Typically, |0;;| < 7 is
satisfied in practice, for all ¢ and j. It is therefore reasonable
to assume that d;; + 2k is equivalent to J;;, for all ¢, j and
k € Z. Hence, the equilibrium z* is said to be unique in the
practical range of operation. In this regard, Assumption [2] is
standard and reasonable for TSA.

B. Problem Formulation

The essence of direct TSA is to check if, following a
contingency, the post-fault initial state lies inside the ROA
of a stable equilibrium. In this regard, the problem of direct
TSA can be formulated as follows.

Problem 1. Consider the lossy n-machine power system
model (1)-(B) and the post-fault equilibrium x*. For direct
TSA, the following two objectives are to be achieved.

1) Design an explicit excitation feedback control law which
ensures local asymptotic stability of the closed-loop
equilibrium x*. Construct a well-defined Lyapunov func-
tion whose time-derivative along the trajectories is
strictly non-positive within a region containing the stable
equilibrium x*.

2) Calculate the “critical” level set of the Lyapunov func-
tion which provides an estimation of the ROA of the
post-fault stable equilibrium x*. Then, the transient
stability property of a post-fault initial state, following
a contingency, can be directly assessed.

III. LYAPUNOV-BASED TRANSIENT STABILIZATION

This section presents the first aspect of the proposed direct
method, which includes the design of an explicit well-defined
Lyapunov function for the lossy n-machine power system
and the design of an explicit dynamic version of passivity-
based excitation control law [35]], [36]]. This ensures local
asymptotic stability of the closed-loop equilibrium in the sense
of Lyapunov.

A. Brief Review of Non-Separable Lyapunov Functions

For stability analysis of the lossy n-machine power system
model (I)-(@), the non-separable Lyapunov function has been
given in [25| equation (27)]:

Ha(6,0, ) = 6(0) + 33 (s — )2
= @)
-+Z i = (),

where 1) : R™ — R>¢ is the potential-energy-like term, and
A R™ — RL is the cross-term vector.

It has been shown in [25]] that the inclusion of the cross-term
vector A allows a free selection of any well-defined potential-
energy-like term ). By the Implicit Function Theorem, [25]]
has proved the existence of an excitation feedback control law

such that the closed-loop equilibrium is asymptotically stable
with the Lyapunov function (). However, no explicit form of
the cross-term vector has been given.

B. Explicit Design of Lyapunov Functions and Control Laws

The major difficulty in deriving explicit results lies in
the calculation of the cross-term vector A in @). To over-
come this difficulty, we introduce an auxiliary state ((t) =
[C1(t),Ca(t), -+ ,¢u(t)]T € R™. This is expected to provide
an estimation of the g-axis current (3)), i.e., {;(t) ~ I,,:(t) > 0,
for all t > 0, and for all i. Note that the equilibrium of the
auxiliary state is denoted by ¢* = [¢f,¢5,---,¢]T € R™,
where (' = E?,f =17, >0, for all 7.

As an extension of . we propose the augmented non-
separable Lyapunov function:

H(d,w, E,, ¢ )+ Z
1
+ 7ZTd/oz - Ez/;z)‘l(a? C))Q &)
i= 1
LIy
2

where A : R"™! x R™ — RZ is the new cross-term vector.
The potential- energy -like term ) is such that 9|55« > 0,
Y|s=s+ =0 and |5 s+ = 0, for all s.

The proposed Lyapunov function (3)) is explicit in the sense
that the potential-energy-like term 1 is free to select and the
new cross-term vector can be explicitly derived as a function
of the auxiliary state (. The design of ¢ will be clarified in
the following. In addition, the weighting coefficients (such as
H; and T}, ,) have clear physical meanings when compared
to the Lyapnnov function in [29], [30f], which contributes to
the tuning of control parameters and improves closed-loop
transient performances.

For ease of illustration in Lyapunov analysis, we let:

Epai = E,; — (Xai — Xg) i + ui, (6)

where u; is the control law to be designed. Then, applying
(@) to (Id) yields: Té E[” = wu;. With this specification, the
time-derivative of (3) along the system solution of (T)-(@) is
given by:

Toi =3 Eq(

Gij sin (Sij + Bij cos 52J) (wi - wj)

n (7
+ Z(Gij COS (51'3' + Bij sin (51']') 7quJ
j=1 do,j
We consider Lyapunov stability analysis as follows. Taking
the time-derivative of (5) along the system solution of (]
yields: H = Hq + Ho + Hsz + Ha, where

Hi=) (wi—w) (ggb i — E;,in,i)v (8a)
i=1 g
Ho = —Z%(wi —w)?, (8b)
=1



n

MHs=> (B, — Ey\i)(ui — Tjo B Ni),  (80)
=1
Ha=> (Igi—G)Lqi— ) (8d)

i=1

Note that (8a) can be rewritten as: H1 = H1.1 + H1.2 + Hi.3,

where
Hig = i(w )(SZ) + P — E:;:i)‘iCi)» (9a)
Hio = —i(wi —w)EF A (Tgi — G), (9b)
1=1
His = fzn:(wi —w*) (Bl — B \i) g (9¢)
=1

In what follows, we present three explicit design selections
such that, in combination of them, the condition H < 0 can
be satisfied locally around z* and (*.

1) Cross-Term Design: Zeroing the indefinite terms 7-.[1,1
in (9a) yields the explicit expression for the cross-term:

%'i_Pm,l

Ai(0,¢) = Ed,

Note that, by definition, ¢ = I ~. > 0. Hence, at the equi-
librium, the denominator of @]) is positive, ie., B Ix, =
P, > 0. Since 8 |5 s« = 0, we have X\;(6*,(f) = 1, for
all <. Note also that we focus on “local” property of the cross-
term. Since the auxiliary state is continuous, we have that
the denominator of remains locally positive around (*.
Therefore, the proposed cross-term (T0) is locally well-defined
around z* and (*.

(10)

Note that the time-derivative of (I0) along the system
solution is given by:

L3 O
_Za5j(wj—w )+87Cig,

(1)

where the dynamic law ¢; is to be defined in the next step.

2) Auxiliary State Design: Consider 7—Z4 in @) and 7:11,2
in (OB) with common factors (I,; — ¢;), for all i. We design,
through interconnection and damping assignment, the dynamic
law of the auxiliary state as:

éi = jq,i — (o.)i — w*)E;‘l)\l
+kei(lyi — G),

Where kci € Ry is a tunable coefficient, and I, ; is given
in (7). The initialization of the aux1hary state is set as its
equihbrium ie., (;(0) =¢ = E,* , for all 4. Note that, at

the equilibrium z*, we have I;’Z = 67,;/qu2- and I'[mv =0,
for all <. In addition, we have w; = w*, for all 7. Hence, in
(12), we have Q(O) = 0, for all 4. This entails that {* is an
equilibrium for (T2). Such an initialization ensures that, if the
initial state is at the equilibrium, it remains at the equilibrium.
In this regard, such a way of initialization is a reasonable
choice.

(12)

~3) Excitation Control Design: Consider Hs in and
Hi3 in @) with common factors (£ ; — E;*;\i), for all 4.
We design, through interconnection and damping assignment,
the passivity-based control law as:

’U/i(.’E, C) Tdo zEl* )‘ + (wl
- ku,l(E(;,i - Ez/;zAl%

W) i (13)

where k,; € Ry is a tunable coefficient. Now we are at
the position to calculate “explicitly” the control law, hence
the synthesis to B fd To this end, we substitute firstly (7)) into

(12)), then (12) into (TT), and finally into (T3). This allows

us to obtain the explicit” feedback control law:
u(@, Q) = [ — M(5,0)]™"

where Z € R™ " is the identity matrix, M € R"*" is a
square matrix with the element being:

(14)

oN; 1
M = TOZE’* G5 cos d;; + B;;sin d; , (15)
J d 21 g, ( J J ij ]) wa
and N € R™*! is a vector with the element being:
j\/i = (wi — OJ*)Iq,i — kU’Z(E;,'L — E(/;Z)\Z)
L)Y
T E/* *
+ do,i 86 ( —w )
+ Tdo zEr/I i ac |:kC-,i(Iq7i - Cl) - (wi —w )E{/“)\,
+ ZE(; j ( — Gij sinéij + Bij COS 6ij)(wi — wj) .
j=1
(16)

Finally, taking into (@) yields the “explicit” excitation
controller, for the entire lossy n-machine power system (I))-

@), as:

Etq = Ej, — diag{Xq — X/} a+[Z - M]7'N. (17

Note that the determinant of the “index” matrix is positive
at the equilibrium, i.e., det[Z — M(6*,¢*)] > 0. Note again
that we focus on “local” stability property of the closed-
C—Q which is
continuous with respect to (;, for all <. Then, by continuity,
the determinant of the index matrix remains locally positive.
Therefore, the proposed excitation controller is locally
well-defined around x* and (*.

C. Main Results

Now the objective [T) in Problem [I] has been achieved, and
the main results are summarized in the following statement.

Proposition 1. Consider the lossy n-machine power system

(-@) controlled by (T7) with (10), (13), (16) and (12).

Let Assumpttons 1] and ] l hold. The closed-loop equilibrium
[x «T ¢* ] is guaranteed to be locally asymptotically stable
with the proposed Lyapunov function ().

Proof. Taking the time-derivative of the Lyapunov function
(3 along the solution of (I)-(@) yields:

H :7'.[171 +7'.[172+7"[173+7"[2+7'.[3+7:(4. (18)



To begin with, since D; > 0, f_or all 4, we have 7—5 < 0.
The cross-term in renders H;,; = 0. The design of the
auxiliary dynamic state in is such that:

7:11,2 +Hy = _Zkg,i(-[q,i —¢)? <0

(19)
i=1
Finally, the design of the control law is such that:
His+Hs=— kuilE,, —Ej)\)* <0 (20)
i=1

As a result, the design selections (10}, and are such
that:

=1

- Zku,i(
- ZkC i\1q,i z

Since ky; > 0, and k¢; > 0, for all 4, we have H <0,
from which we conclude that all trajectories of the closed-loop
lossy m-machine powers system are locally bounded. Hence,
the equilibrium is locally stable.

The attractivity of the equilibrium is analyzed as follows. To
begin with, by H = 0, we have w; = w?*, for all 7, which entails
P.;, = P, forall i. By H = 0, we also have E(’” = E(’;:Z-)\Z-,
for all i. Then, by [2), we have E;*\il,; = P, for all 4.

Y

Then, by (T0), we have %TIQV = Py, for all i. Again,
by H = 0, we have I, ; = (;, for all 3. Then, we have gg’ =0,
for all 4, which entails that J;; = 5 , for all 7 and j. This
further entails that E; = E; ;. for all i, hence attractivity of
z*. In addition, at z*, we have \; = 1, for all 7, which yields
ﬁ =1, for all ¢, hence I, ; = Iq ;» for all 7. This in turn
entails that G =15, = ¢}, for all 7, hence attractivity of (™.

Note that the design selections (T0), and are well-
defined subject to the “positivity” of the auxiliary state ( and
the “invertability” of the index matrix [Z — M(5*, (*)]. These
two conditions are satisfied locally around z* and (*. By
LaSalle’s invariance principle, we conclude “local” asymp-
totic stability of the closed-loop equilibrium [x*T, ¢ *T}T with

the Lyapunov function (3). [

By — Byh)? 1)

™,

IV. AN OPTIMIZATION-BASED APPROACH FOR THE
ESTIMATION OF ROA

This section presents the second aspect of the proposed
direct method. To be specific, we propose an optimization-
based approach to calculate the critical level set of the pro-
posed Lyapunov function (3), which allows to estimate an
explicit ROA of the stable equilibrium [z*',¢*"]T. Then,
the transient stability property of a post-fault initial state,
following a contingency, can be directly assessed.

The underlying idea is as follows. The condition # < 0 is
satisfied locally around the equilibrium only if and
are well-defined. In other words, the Lyapunov function (3)

remains monotonically decreasing given that the conditions
¢ > 0 and det[Z — M] > 0 are satisfied. By Lyapunov
stability theorem, this provides a sufficient condition on the
evaluation of the ROA. For direct TSA, we are interested in
the “largest” invariant set of (3) which contains the post-fault
equilibrium z*. From such a perspective, the “critical value”
of the proposed Lyapunov function can be obtained by solving
the following optimization problem:

minimize H(z, ¢),
z,¢

subject to ¢ > 0, (22)

det[Z — M] = 0.

The objective of is to determine the largest level set of
the Lyapunov function (3) which is contained in the “space”
defined by ¢ > 0, and is “tangent” to the “surface” defined
by det[Z — M] = 0 [30]. Since the Lyapunov function ()
is globally well-defined, the global solution of (22) yields the
critical value and it is denoted by H.,. For effectively solving
(22)), the initial guess is selected as =* and (*.

On the basis of H,,, the estimation of the ROA of z* is

given by the invariant set:
{z e R H(2,(") < Her )

Now the objective [Z) in Problem [I] has been achieved, and
the conclusions are summarized in the following statement.

(23)

Theorem 1. Consider the lossy n-machine power system (I))-
@) controlled with (T7). Let the critical value H, be obtained
by solving with the Lyapunov function (). Let a post-
fault initial state x. be given following a contingency. If
H(ze,(*) < Her, then x. is transiently stable.

Proof. Asymptotic stability of the equilibrium is given by
Proposition For a given post-fault initial state x., if
H(ze,*) < Her, then x, is inside the ROA (23) and the
resulting trajectory converges to the stable equilibrium z*.
Therefore, such an initial state x. is directly assessed to be
transiently stable. O

V. CASE STUDY

This section illustrates the performance and effectiveness of
the proposed direct method by studying the IEEE 10-machine
39-bus power system, as shown in Fig. The case study
consists of two parts. The first part demonstrates the perfor-
mance of the proposed excitation controller in improving
the transient responses of all machines (when compared to
traditional AVR and PSS [1]]). The second part demonstrates
the effectiveness of the proposed direct method in evaluating
the critical clearing times under various contingencies.

For the implementation of the proposed direct method, we
select the potential-energy-like term as:

:*UZ > -5

i=1 j=i+1

(24)

where 0 € Ry is a tunable weighting coefficient. Note that
the quadratic form in contributes to effectively solving
the optimization problem (22).
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Fig. 1. IEEE 10-machine 39-bus power system [37].

The simulations are set up as follows. The operating con-
dition is determined by the power flow initialization as per
the report [37]. For the swing bus connected machine, the
mechanical power injection is P, o2 = 5.21 p.u. All machine
parameters are as per [37]. The synchronous speed is w* =
1207 [rad/s]. The damping coefficient is set as D; = 0 for
all machines. For implementation of the proposed excitation
controller (I7), we select the control parameters k¢; = 10,
ky,; = 100, for all 4, and the weighting coefficient o = 0.5,
respectively. The parameters of AVR and PSS are as per [1}
chapter 13]. The control limits are set as Ftq maqe = 7.0 and
Etqmin = —6.4, as per [1]]. The numerical simulation of the
transient dynamics is conducted using the MATLAB function
“ode45”, with the option “odeset(‘Rellol’,1e-6, ‘AbsTol’,1e-
6, ‘Maxstep’,le-3)”. The optimization problem 22) is solved
by the MATLAB function “fmincon”, with the option of
interior-point algorithm and the initial point at * and (*.

A. Transient Performances

We consider two scenarios to demonstrate the performance
of the proposed controller in improving the transient
responses. In the first scenario, a three-phase short circuit fault
occurs at bus 16 at ty = 1s, and it is cleared by switching out
the faulted line 16-17 after Aty = 80ms, ie., at t. = 1.08 s.
In the second scenario, a three-phase short circuit fault occurs
at bus 2 at ty = 1s, and it is cleared by switching out the
faulted line 2-25 after Aty = 80ms, i.e., at t. = 1.08 5. The
fault admittance is set as 10° p.u [1f].

The transient responses of all machines in these two sce-
narios are shown in Fig. [2] and Fig. 3] respectively. It can be
observed that, given the same prescribed range of control ac-
tions, the proposed controller performs better than AVR+PSS
in several aspects. First, the proposed controller dampens out
the oscillation of angular separations and active powers more
effectively. Second, the proposed controller drives the angular
speeds back to the synchronous speed. Notably, the value of

TABLE 1
THE CCTS OBTAINED BY THE PROPOSED DIRECT METHOD AND BY TDS
METHOD, RESPECTIVELY, FOR DIFFERENT CONTINGENCIES SPECIFIED BY
FAULTED BUS AND TRIPPED LINES (UNIT: [m.s])

Faulted Tripped
# 1 B Lfi’lfe H,  APM A¢TDS g
1 2 2-3 13.69 139 225 61.8
2 5 5-6 19.08 165 283 58.3
3 6 6-5 19.04 164 273 60.1
4 6 6-11 20.96 173 273 634
5 10 10-11 34.00 208 269 77.3
6 10 10-13 14.94 152 262 58.0
7 13 13-14  24.89 186 294 63.3
8 16 16-15  21.27 150 215 69.8
9 16 16-17  39.36 189 235 80.4
10 16 16-21 8.82 107 240 44.6
11 16 16-24  34.30 169 211 80.0
12 21 21-16 9.13 139 283 49.1
13 21 21-22 31091 223 257 86.8
14 25 25-26 10.15 117 156 75.0
15 26 26-27 10.85 136 211 64.4

Lyapunov function is monotonically decreasing along the post-
fault state trajectories. However, these are at the expense of
higher fluctuation of the terminal bus voltages, which settles
down eventually and converges to an acceptable steady state.

B. Evaluation of Critical Clearing Times

For a specific contingency, the post-fault initial state x.
is determined with the fault-clearing time At;. The critical
clearing time (CCT), denoted by At,,, is defined as the largest
fault-clearing time such that the post-fault system remains
transiently stable. Since CCT is an intuitive information to re-
veal the transient stability property, it is of crucial importance
to the practical operation of power systems [1], [3].

We consider 15 randomly selected contingencies, as listed
in TABLE [I} to demonstrate the effectiveness of the proposed
direct method in evaluating the CCTs. In each contingency,
we consider a three-phase short circuit fault and specify the
faulted bus and the line to be tripped. The fault admittance is
set as 10% p.u. By invoking Theorem [l the post-fault initial
states x. such that H(x.) < H., are directly assessed to be
transiently stable. Therefore, the CCT is determined by the
fault-clearing time Aty such that H(z.(Ats)) = Her. We take
the contingencies #1, #2, #5, #9, #11 and #13, respectively, to
illustrate the evaluation process for the CCTs on the basis of
Hcr. These results are shown in Fig. [6]

For those post-fault initial states . such that H(z.) > Hcr,
their transient stability properties can not be directly predicted.
This is due to the conservativeness of the Lyapunov approach
for stability analysis. In such cases, TDS is used as an auxiliary
tool for further check. We take the TDS-based CCT as a
benchmark, and define the efficiency of the direct method
(DM)-based CCT as the ratio between the DM-based CCT
and the TDS-based CCT, i.e., n := AtDM/AtTPS Tt is worth
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4 5

where a three-phase short circuit fault occurs at bus 2 at ty = 1s

and it is cleared by switching out the faulted line 2-25 at t. = 1.08 s. The solid curves are associated to the proposed controller (I7), while the dash-dotted

curves are associated to AVR+PSS.

mentioning that the efficiency should be within the interval
n € (0,1], and that the closer to 1 the less conservative the
result. The results of the evaluated CCTs for all the selected
contingencies are listed in TABLE [[} It can be observed that
all the DM-based CCTs are not larger than the corresponding
TDS-based CCTs. Hence, no case of overestimated CCT is
encountered, which entails that the proposed direct method
leads to secure assessments of the transient stability. In these
cases, the efficiency of the proposed direct method for CCTs
evaluation is at least 44.6% and up to 86.8%. Such a range
of efficiency is promising when compared to some of existing

direct methods (see, e.g., Table II], where the proposed
approach is with an average efficiency below 20%). In this
regard, the efficiency of the proposed direct method shows its
potential in screening out a large portion of post-fault initial
states which can be directly assessed as transiently stable.
Finally, we consider contingencies #9 and #13 to verify that
the post-fault initial states yielded with the DM-based CCT
are indeed transiently stable. The transient responses of all
machines are shown in Fig. [ and [3] respectively.
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VI. CONCLUSION AND FUTURE WORK

This paper has proposed an explicit direct method for the
TSA of the multimachine power systems with nonzero TCs,
which consists of two aspects. In the first, a globally well-
defined Lyapunov function for the lossy multimachine power
system model has been constructed, and a locally well-defined
excitation controller has been proposed. This ensures local
asymptotic stability of the closed-loop equilibrium for the
entire power system. In the second, an optimization-based
approach to calculate the critical level set of the proposed

Lyapunov function has been proposed. This allows to estimate
an explicit ROA of the stable equilibrium. Therefore, by
checking if a given initial state is inside the ROA, the transient
stability property of such a post-fault initial state can be
directly assessed.

The performance of the proposed excitation controller has
been illustrated in the case study. It is shown that the pro-
posed controller improves closed-loop transient response when
compared to traditional AVR and PSS. The effectiveness of
the proposed direct method has been demonstrated through
the evaluation of CTTs under various contingencies. The
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Fig. 6. Evaluations of the CCTs on the basis of H., for the contingencies #1, #2, #5, #9, #11 and #13, respectively, as listed in TABLE EI By Theorem 1,
the post-fault initial states such that H(x.) < Her are directly assessed to be transiently stable.

efficiency of the results is promising, in the sense that it is
better than several existing approaches. No overestimated case
is encountered. This shows the potential of the proposed direct
method in screening out a large portion of post-fault initial
states which can be directly assessed as transiently stable.
Therefore, the proposed explicit direct method is beneficial
to achieving online TSA.

Several future work can be investigated. The parameter
uncertainties can be considered in the stability analysis to
enhance the robustness of the proposed controller. The formu-
lation of the optimization-based approach deserves a further
investigation to improve the efficiency in obtaining the critical
value. The selection of the potential-energy-like term can also
be investigated to reduce the conservativeness of the proposed
direct method.
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