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Abstract

The accurate performance analysis of large-scale computer and communication systems is di-
rectly inhibited by an exponential growth in the state-space of the underlying Markovian per-
formance model. This is particularly true when considering massively-parallel architectures
such as cloud or grid computing infrastructures. Nevertheless, an ability to extract quanti-
tative performance measures such as passage-time distributions from performance models of
these systems is critical for providers of these services. Indeed, without such an ability, they
remain unable to offer realistic end-to-end service level agreements (SLAs) which they can have
any confidence of honouring. Additionally, this must be possible in a short enough period of
time to allow many different parameter combinations in a complex system to be tested. If we
can achieve this rapid performance analysis goal, it will enable service providers and engineers
to determine the cost-optimal behaviour which satisfies the SLAs.

In this thesis, we develop a scalable performance analysis framework for the grouped PEPA
stochastic process algebra. Our approach is based on the approximation of key model quantities
such as means and variances by tractable systems of ordinary differential equations (ODEs).
Crucially, the size of these systems of ODEs is independent of the number of interacting entities
within the model, making these analysis techniques extremely scalable. The reliability of our
approach is directly supported by convergence results and, in some cases, explicit error bounds.

We focus on extracting passage-time measures from performance models since these are very
commonly the language in which a service level agreement is phrased. We design scalable analy-
sis techniques which can handle passages defined both in terms of entire component populations
as well as individual or tagged members of a large population.

A precise and straightforward specification of a passage-time service level agreement is as im-
portant to the performance engineering process as its evaluation. This is especially true of
large and complex models of industrial-scale systems. To address this, we introduce the unified
stochastic probe framework. Unified stochastic probes are used to generate a model augmenta-
tion which exposes explicitly the SLA measure of interest to the analysis toolkit. In this thesis,
we deploy these probes to define many detailed and derived performance measures that can
be automatically and directly analysed using rapid ODE techniques. In this way, we tackle
applicable problems at many levels of the performance engineering process: from specification
and model representation to efficient and scalable analysis.
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Chapter 1

Introduction

1.1 Motivation and objectives

Accurate performance modelling at the system design stage has never been more important
than in a technological age dominated by large and complex computer and communication
networks. As our reliance on such systems increases, it is paramount not only that they
function correctly, but that they do so in a timely manner. The field of performance analysis
aims to make probabilistic guarantees about the timed behaviour of complex systems using
rigorous construction and formal analysis of mathematical models. The aim is to predict
system characteristics such as response time, reliability and availability.

One example of a massively parallel and complex computer system is a commercial cloud
computing infrastructure such as Amazon’s Elastic Compute Cloud (EC2) [1], the Google App
Engine [3] or GoGrid |2]. Each of these allow on-demand and rapid access to a vast and often
diverse array of computer hardware, usually through a virtualised interface. This is one industry
where an ability to perform scalable performance engineering could have a massive impact in
allowing service providers to offer tailored quality of service guarantees to their customers.

Unfortunately, the systems are so large and the interdependencies so complex that producing
formal and tractable predictive models remains a real challenge. This directly inhibits the
ability of these service providers to offer detailed end-to-end service guarantees which they can
be confident they will actually be able to honour in practice. With a view to illustrating the scale
of the problem facing performance engineers, we will briefly discuss some of the performance,
resourcing and economic issues which affect an industry such as this. This will allow us to
demonstrate directly the need for scalable performance analysis techniques.

Rarely are the needs of all customers of these services the same: some may require high pro-
cessing performance but limited offline storage; others may require the ability to host massive
data sets in memory and the CPU power to process these against incoming data in real time.
It therefore makes economic sense to classify customers based on their stated service require-
ments and to charge them appropriately. Of course, these customers should expect some form
of service guarantee, and the level of that guarantee is also likely to depend upon the price they
are willing to pay. Quality of service guarantees are often phrased as service level agreements
(SLAs) defined in terms of a probabilistic response-time upper bound. A single cloud com-
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puting environment would ideally need to simultaneously satisfy tens or hundreds of different
SLAs and would like to do so as inexpensively as possible.

For any cloud computing service provider to be economically viable, it is desirable to serve
as many paying customers simultaneously as the infrastructure allows. Decisions must be
made as to how the available physical resources can be optimally provisioned between different
customers. There is not necessarily a large benefit to be had in massively exceeding one type
of customer’s SLA by allocating them unnecessarily powerful hardware when this could instead
be used to take on additional customers. At the same time, it is crucial that the promises made
to customers in the form of SLAs are maintained — the penalties for not doing so can be stiff
both financially and in terms of customer satisfaction.

The vast number of different ways in which hardware can be allocated forms a massive, multi-
dimensional parameter space; and the subset of this parameter space which simultaneously
satisfies every customer’s SLA determines a feasible region. By feasible region, we refer to the
set of system configurations which work from the point of view of all customers. Even finding
such an allocation can be difficult, or, in some cases, even impossible, but we would ideally like
to go a step further and determine which feasible allocation is the most efficient or best value
from the perspective of the service provider.

Exhaustively evaluating every possible allocation of resources to customers on a live cloud
computing system is clearly impractical. Furthermore it does not facilitate testing the outcome
of adding new physical resources to the infrastructure. If, however, an accurate mathematical
performance model of the system can be designed, all of the possible resource allocations can
be explored, and the optimum found, without actually requiring a physical or live version of
the system. At least this is true in theory.

When using traditional performance evaluation techniques, the evaluation of even a single model
configuration for a customer response-time profile can be computationally intractable even for
a relatively modest system consisting only of hundreds of interacting entities. When coupled
with the exceedingly multi-dimensional nature of an optimisation problem of the scale discussed
above, it is clear that we require mathematical analysis techniques orders of magnitude faster
than those currently available to performance engineers. The subject of this thesis is to develop
a particular class of approximate analysis based on differential equations which can provide the
speed-up that is necessary to realise the high-level goals alluded to above.

Traditional Markov chain-based modelling and analysis

The basic theoretical weapon in the performance engineer’s arsenal is the Markov chain. The
Markov chain is mathematically the simplest class of useful stochastic process but is also an
extremely flexible modelling tool. In particular, more general discrete-state mathematical mod-
els not expressible as Markov chains can often be approximated very closely by one [e.g.
98, 196, 197]. The basic solution techniques for Markov chains are built on the application
of algorithmically well-understood classical techniques taken directly from any linear algebra
textbook [e.g. 177]. However, in spite of this seeming panacea, performance engineers have a
big problem. Tt is often referred to as state-space explosion which alludes to an exponential
growth in the size of the Markov chain with respect to the number of interacting components
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in the system being modelled.!

In many respects this has not just become a problem recently — research into analysing large
Markov chains has been active for many decades now. What is perhaps surprising though
is that with the massive computational power available now to virtually anyone, let alone
to performance engineers presumably with some form of budget, we are still struggling to
solve useful models in a reasonable period of time. The reason for this is that the value of
large that we are interested in is increasing, and it is increasing very fast. Such a growth is
due in no small part to the desire to model recently emerged massively-parallel architectures
such as peer-to-peer networks including file-sharing services and content-delivery networks; and
cloud- or grid-computing scenarios like those discussed earlier where many thousands or even
millions of participants interact; sometimes intentionally to complete some joint task, other
times affecting others indirectly through contention for shared resources.

This massive state-space growth has rendered exact classical solution techniques all but useless
for the extraction of quantitative performance measures from largely-proportioned models. This
is true even when distributed solution techniques are employed [94]. Many attempts have been
made to attack this problem such as the exact exploitation of model symmetry through state-
space aggregation [e.g. 58, 112, 161, 222|, however, at the scale of model we are interested in,
this effectively just replaces one form of exponential growth with another.? Exact analytic,
so-called, product-form solutions can sometimes be efficiently computed for certain restricted
classes of queueing model [e.g. 34]. More recently, this approach has been extended to more
general classes of models specified in, for example, stochastic process algebra [125, 127] and
stochastic automata networks [126]. However even when the required conditions on the model
parameters and structure do hold, this kind of analysis is not applicable to transient or time-
bounded quantities.

Much progress has been made in the toleration of massive state spaces through using insightful
data structures or compact symbolic representation schemes to encode the state space and
dynamics of the model efficiently. The most widely used of these approaches are based on
variants of binary decision diagrams [e.g. 103, 145, 165, 175] and have seen much prominence in
the model checking community, including implementation in the popular tool PRISM [173, 174].
Whilst this representation works very well for storing the generator matrix of the Markov chain,
it is less effective for storing the vector of state probabilities computed as the result of an
analysis. In fact, a hybrid approach where the solution vector is stored explicitly in an array
and only the generator matrix is represented symbolically appears now to be the most popular
variant on this approach [172, 199]. This means that there is still surely at least a linear space
and time dependence on the state-space size, meaning that, although very powerful, these
techniques alone cannot completely address the issue of state-space explosion.

Discrete-event simulation is effectively the only feasible exact analysis approach for dealing
with models of very large scale. Variants of the Gillespie algorithm [111] make stochastic
simulation a viable approach in some situations. However, even simulation of Markov chains can
quickly become expensive as the component population is increased — the cost of simulating
a single trajectory grows at least linearly with respect to the number of individuals in the
system. Furthermore, for a reasonable confidence interval many hundreds of replications are

1To get an idea of this problem consider a system consisting of IV interacting individuals, each with D local
states. If tracking each individual explicitly, the global state space could then be as large as DY states.

2Indeed, for the example model mentioned above, the aggregated state space would have approximately at
least exp(D) states if N is made large enough.
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often required. This cost becomes even more pronounced if we wish to run many experiments
over many different parameter combinations in order to solve an optimisation problem such as
that mentioned earlier.

This thesis focuses on a class of techniques for efficiently approximating the stochastic dynamics
of models with many interacting entities such as those discussed above. At its roots is the
idea of approximating the evolution of the global component population by a suitable system
of ordinary differential equations (ODEs). An equation is defined for each component state
present in the model with the purpose of counting the number of components currently in
that state. This technique results in massive analysis cost savings when applied to models
consisting of many instances of a comparatively small number of component types. This is
because the number of differential equations required is dependent only on the number of
different component types and not on the actual number of individuals present in the model.

These ideas can be said to have had their origins in statistical physics where so-called mean-field
models were constructed to approximate Markov chains representing the interactions between
particles in plasma and dense gases [e.g. 26, 27, 117, 186|. Similar ideas were developed for chem-
ical reaction networks [168] and also for epidemics [e.g. 7, 190]|. More recently, this approach
has been adapted to ameliorating the state-space explosion problem for models of computer
and communication networks |e.g. 115, 116, 118] and protocols such as TCP |e.g. 12, 13].

Up until quite recently, most of these mean-field models applied to computer performance
analysis have been constructed and reasoned about on a fairly ad-hoc, case-by-case basis. We
are only now starting to see attempts to provide more unified frameworks and toolkits which
might be applied with confidence by performance engineers without a substantial background
in applied probability. Such approaches might include the discrete-time mean-field framework
of Le Boudec et al. [179] and the derivation of ODE-based approximations from stochastic
process algebra models as introduced by Hillston [147| for Performance Evaluation Process
Algebra (PEPA) [146] and Bortolussi and Policriti [38] for stochastic Concurrent Constraint
Programming (sCCP) [35].

1.2 Thesis summary

GPEPA and higher-order moment analysis In Chapter 3, we develop an extension of
PEPA, grouped PEPA (GPEPA) [139], which is specifically designed to facilitate and gener-
alise the existing ODE-based analysis approaches. As well as removing limitations regarding
the class of models to which this kind of analysis can be applied, we show algebraically how
the existing first-order approach can be viewed as an approximation to the first moments of
component counts. This leads us to be able to define a qualitative predictor of the accuracy
of the approximation. The main contribution of Chapter 3 is that we are able to generalise
these ideas to construct analogous systems of differential equations which allow approximation
of higher-order moments of component counts. Crucially, this means that we now have
efficient access to, for example, variance information in massive performance models. This
generalisation is not restricted just to PEPA, but could also be expressed straightforwardly in
other frameworks such as the mean-field approaches of Le Boudec et al. [179], of Bobbio et al.
[33] or of Bakhshi et al. [18]; and in other related areas such as continuous stochastic Petri nets
(CSPNs) |86, 224].
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Efficient extraction of passage-time measures The ability to access efficiently the mo-
ments of component counts is often something which can be applied directly to reason about
the performance of a system. For example, we can vary a parameter and determine whether
or not this increases or reduces the number of clients blocked waiting for a particular resource.
However, as we have discussed, performance requirements such as service level agreements
(SLAs) are most often specified in terms of passage-time or response-time statements, such as
a broadband connection must be established successfully within two seconds, 98% of the time,
rather than directly in terms of the number of components in some state at a given time. Ex-
tracting such passage-time measures using the efficient ODE-based approximation techniques
introduced above is the subject of Chapter 4.

In particular, we consider two types of passage time. Firstly, we introduce the class of global
passage times, which capture system-wide passages, that is, the time taken for a large pro-
portion of components to complete some task or move into some state. An example of such
a passage time might be the time taken for all peers to receive a file in a file sharing model.
For this class of passage-time query, where the component population is large enough, we can
provide a deterministic approximation. When the populations are smaller or there is more vari-
ance in the passage-time random variable, we can create bounds on the respective cumulative
distribution function that can be computed efficiently using the approximate moment compu-
tations. Secondly, we consider individual passage times which capture the time taken for a
single individual component to complete a task in the context of a larger model. For example,
the time taken for a single node to exhaust its battery in a wireless sensor network model. For
these passage-times, we are able to compute direct approximations to the respective cumulative
distribution functions in both transient and steady-state cases.

Unified stochastic probes In addition to their quantitative evaluation, the accurate spec-
ification of detailed performance queries applied to large-scale performance models is itself a
significant challenge. In Chapter 5 we develop the unified stochastic probe framework for
the combined specification and efficient ODE-based analysis of detailed performance queries in
large-scale models. Unified stochastic probes are based on a regular expression syntax which is
translated to a process algebra fragment which is then composed with the model to be inter-
rogated. The resulting combined model is then analysed in order to evaluate the measure of
interest. Importantly, this approach allows for the seamless capture of derived behaviour, i.e.
that not necessarily present in the original state space of the model.

Convergence and error bounds for the first-order approximation Finally, in Chap-
ter 6, we develop the theoretical underpinnings of the first-order ODE analysis exploited
throughout this thesis. We utilise the powerful martingale methodology of Darling and Norris
|85] to give limiting convergence and error bounds on the approximation in the transient
case. Critically for many applications, we are also able to use techniques from stochastic approx-
imation algorithms [29] to extend the convergence results to the stationary distribution.
The stationary convergence result is dependent on first verifying certain asymptotic stability
results for the system of ODEs — we also provide a powerful machinery which achieves this
for a large class of GPEPA model. This approach can also be applied directly to other kinds
of models with similar piecewise affine dynamics, including continuous stochastic Petri nets,
certain kinds of queueing models where the number of servers scales jointly with the number of
customers and also various other models of massively distributed computer systems [e.g. 205].
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1.3 Applications and tool support

This thesis is a snapshot of a body of work which is already being put into practice. Indeed,
as we have mentioned, in addition to simply being able to answer performance queries about
models which would otherwise be inaccessible, one of the key benefits of this efficient ODE-
based approach is the ability to jointly analyse many models, or parameterisations of models in
a relatively short period of time. This opens the doors to performing the kind of optimisation
analyses on massive models discussed at the beginning of this chapter. Preliminary work is
already underway (although some of it beyond the explicit scope of this thesis) to exploit this.
In Stefanek et al. [232] and Hayden et al. [142], we show how efficient ODE-based techniques
can be exploited to perform fast optimisation over large multi-dimensional parameter spaces.
Indeed, we also illustate this in Section 7.2 in the concluding chapter where we show how the
rapid techniques developed in this thesis may be applied for efficient simultaneous verification
of multiple service level agreements in a model of a massive customer—service system.

Preliminary support for parameter sweeping utilising ODE techniques is already available in
the GPA (grouped PEPA analyser) tool® originally due to Stefanek et al. [229, 235], which
implements many of the techniques described in this thesis. Furthermore, we have made avail-
able many of the models defined in this thesis on a website [131], both as pure differential
equations in MATLAB® form and as GPEPA models in the syntax of the GPA tool.

1.4 Publications

I am co-author and made significant contribution to the following publications. Publications
where I am first author are marked with *. The publications arose from the work conducted
during the course of the research described in this thesis. In each case, we indicate how the
paper fits into the narrative of the thesis, however not all of the work in these publications is
described in detail in the thesis.

Journal articles

Fluid computation of the performance—energy trade-off in large scale Markov mod-
els Accepted for publication in ACM SIGMETRICS Performance Evaluation Review, 2011. Ste-
fanek et al. [234]

This paper shows how ODE-based techniques can be used to investigate the trade-off between
service level agreement satisfaction and complex reward optimisation. It is shown how ODE
analysis naturally leads to a constrained global optimisation problem with embedded differential
equations. This is also illustrated on an abstract model of a virtualised execution environment
that accurately captures resource allocations.

3GPA is open source and the latest version can be downloaded from http://code.google.com/p/
gpanalyser.
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Mean-field approximations for performance models with generally-timed transi-
tions.*  Accepted for publication in ACM SIGMETRICS Performance Evaluation Review,
2011. Hayden [132]

This initial paper shows how the ODE-based approach for analysing Markovian models can
be extended to incorporate generally-timed transitions. Specifically, in the context of a simple
peer-to-peer software update model, it is shown how a system of delay differential equations
can be formally derived from such models. It is verified empirically that the approximation is
accurate and converges under the usual scaling. This work is outside the scope of this thesis
and is only very briefly mentioned in the future work section of Chapter 7.

Fluid computation of passage time distributions in large Markov models.* Accepted
for publication in Theoretical Computer Science, 2011. Hayden et al. [142].

This paper details how ODE-based approximation techniques can be used to extract key
passage-time measures from massive performance models. Both passage-times which consider
the global evolution of large populations of components; and those which consider the evolution
of single tagged individuals are considered. Furthermore, questions of limiting convergence are
addressed both in the transient and steady-state regime. Material from this paper constitutes
most of the work in Chapter 4 and some of the work in Chapter 6.

A fluid analysis framework for a Markovian process algebra.* Theoretical Computer
Science, 411(22-24):2260-2297, May 2010. Hayden and Bradley [139]

This paper presents the grouped PEPA (GPEPA) formalism and the general ODE-based mo-
ment approximation methodology significantly extending the original work by Hillston [147].
Material from this paper constitutes most of the work in Chapter 3.

Evaluating fluid semantics for passive stochastic process algebra cooperation.*
Performance Evaluation, 67(4):260-284, April 2010. Hayden and Bradley [140]

This paper considers the extension of the ODE-based analysis approach to GPEPA models
which utilise passive cooperation. Specifically, we show how a model involving passive coopera-
tion can be translated to an equivalent model utilising only active cooperation. The ODE-based
analysis approach can then be applied directly with much success. This work is not considered
in detail in this thesis but is mentioned briefly in Chapter 3.

Submitted

Performance specification and evaluation with unified stochastic probes and fluid
analysis.* Submitted to Transactions on Software Engineering, September 2010. Hayden
et al. [141].

This paper develops the unified stochastic probe framework and shows how it can be used
to specify key passage-time measures in massively-parallel computer systems. The analysis of
these passage-time measures, using ODE-based methods, is then developed. Material from this
paper constitutes most of the work in Chapter 5.
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Conference papers

GPA - A tool for fluid scalability analysis of massively parallel systems. In §th In-
ternational Conference on Quantitative Evaluation of Systems (QEST), Aachen, 2011. Stefanek
et al. [235]

This tool paper documents new functionality in the Grouped PEPA Analyser (GPA) tool. In
particular, we discuss recently-developed extensions allowing specifications of complex reward
measures using combinations of state based, rate accumulated and impulse rewards. Combined
with the ability to efficiently capture various passage-time metrics, this paper shows how GPA
can be used to solve optimisation problems with a reward objective function under different
service level agreement type constraints. The details of how GPA works are outside the imme-
diate scope of this thesis, although the numerical results appearing in the thesis were generated
using the tool and, throughout the thesis, we will mention where GPA implements an analysis
technique.

Fluid analysis of energy consumption using rewards in massively parallel Markov
models. In 2nd ACM/SPEC International Conference on Performance Engineering (ICPE),
Karlsruhe, 2011. Stefanek et al. [232]

This paper shows how efficient ODE-based analysis techniques can be used for the scalable
analysis of energy consumption models. In order to achieve this, we extend the ODE approach
to capture moments of accumulated rewards in Markov models. The trade-off between energy
consumption and service level agreement compliance is investigated within this context. This
work is outside the scope of this thesis and does not appear in detail in this thesis.

A new tool for the performance analysis of massively parallel computer systems.
In eighth workshop on Quantitative Aspects of Programming Languages (QAPL), pages 159-
181, 2010. Stefanek et al. |229]

This paper presents the grouped PEPA analyser (GPA) tool which implements ODE-based
general moment approximations for the GPEPA formalism. It is also shown how the tool can
be used to investigate the accuracy of the approximation. Material from this paper appears in
Chapter 3.

Shared transaction Markov chains for fluid analysis of massively parallel systems.*
In 17th Annual Meeting of the IEEE International Symposium on Modelling, Analysis and Sim-
ulation of Computer and Telecommunication Systems (MASCOTS), pages 1-12, 2009. Hayden
and Bradley [137]

This paper presents the shared transaction Markov chain (STMC) performance modelling for-
malism. The notion of a shared transaction between concurrent Markov chains is introduced.
This allows a multi-phase synchronisation to accurately represent complex cooperation be-
tween modelling components in a compositional manner. We show how ODE-based analysis
approaches may be extended to this context and discuss cases where this is not immediately
possible. This work is outside the scope of this thesis and does not appear in detail, although
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some of the ideas from this paper are considered in the future work section of Chapter 7 (Sec-
tion 7.3.4).

Fluid semantics for passive stochastic process algebra cooperation.* [In 3rd Interna-
tional ICST Conference on Performance Evaluation Methodologies and Tools (VALUETOOLS),
2008. Hayden and Bradley [135]

This paper is a conference version of Hayden and Bradley [140].

Extracting Response Times from Fluid Analysis of Performance Models. In SPEC
International Performance Evaluation Workshop, pages 2943, 2008. Bradley et al. [52]

This paper presented preliminary work on the extraction of passage-time measures from massive
performance models using ODE-based analysis techniques. Hayden et al. [142] and Chapter 4
of this thesis represent the current status of this work.

Submitted

Capturing the energy-performance trade-off in large-scale cloud computing envi-
ronments. Submitted to 8rd ACM/SPEC International Conference on Performance Engi-
neering (ICPE), 2011. Stefanek et al. [233]

This paper develops techniques for the accurate specification and efficient analysis of large-scale
systems such as cloud-computing infrastructures with features such as multi-processor nodes
and layered services. We extend the grouped PEPA formalism with channels to accurately
capture multi-stage synchronisation between model components. Finally, we show how ODE-
based approaches can be applied in this context to minimise energy consumption requirements
constrained by multiple service level agreements for different customer classes. This work is
outside the direct scope of this thesis and does not appear in detail, other than in the future
work section of Chapter 7.

National workshop papers

The following papers appeared in various workshops at a national level and were not generally
subject to rigorous peer review.

1. Hayden and Bradley [136] is concerned with the ODE-based general moment approxima-
tions for GPEPA described in Chapter 3 of this thesis;

2. Bradley et al. [53] is concerned with ODE-based passage-time approximation as described
in Chapter 4;

3. Hayden and Bradley [138] is concerned with preliminary work to extract stochastic differ-
ential equations from PEPA models. This topic is not considered in detail in this thesis
but is briefly mentioned in the future work section of Chapter 7 (Section 7.3.2);
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4. Stefanek et al. |231| presents the grouped PEPA analyser (GPA) tool and its syntax and
features;

5. Stefanek et al. [230] introduces an approach for the hybrid simulation/ODE analysis of
PEPA models. This allows for simulation to be applied where the ODE approximation is
likely to be less accurate;

6. Hayden |130] presented the initial steady-state convergence theorem for the ODE approx-
imation. A refined version of this material appears in Chapter 6 of this thesis.

Statement of originality

I declare that this thesis was composed by myself, and that the work it presents is my own,
except where otherwise stated.



Chapter 2

Background theory

2.1 Stochastic processes

In this thesis, we will be concerned with Markov processes, specifically, continuous-time Markov
chains (CTMCs), where chain here refers to the discrete nature of the underlying state space. In
this section, we introduce the background theory related to CTMCs necessary to understand the
rest of the thesis. Many standard definitions relating to stochastic processes and probability
theory will be omitted for brevity, but the reader can find them in any standard text, for
example, Kallenberg [157|, Lawler [177] or Rogers and Williams [210].

As mentioned above, in this thesis, we will be interested in discrete-state stochastic processes.
Let E be the finite set of states of the process. A stochastic process X (t) for t € T is a family
of E-valued random variables indexed by some set 7. We will be interested primarily in the
case T'= R, and we thus refer to the process as continuous time. A Markov process is a special
type of stochastic process which models movement over time around E in a memoryless way.
A formal definition follows.

Definition 2.1.1 (Markov process). A stochastic process X (t) for t € R, with state space E
1s a Markov process if:

E[f(X (s + )| ] = E[f(X(s + D)|X.] as,

for any 0 < s <t and f bounded, where F; is the natural filtration of X (t). This means that
Fi encodes all information about the process X (t) up until time t, for more details see, for
example, Kallenberg [157].

A continuous-time Markov chain can be constructed in an elementary fashion from the so-called
jump chain and sequence of holding times |85]. The jump chain is a sequence of E-valued
random variables, say Y (n) for n € Z., constructed such that:

P(Y(0) = zo, Y (1) = 21,...,Y(n) = x,) = n(xo)m(x0,21) ... (1, p)

in terms of some given jump matriz II = (7(z,y) : z,y € F) of probabilities, where 7(z,x) =0
for all x € E; and initial distribution vector 7 = (w(x) : x € E). In other words Y(n) is a

11
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discrete-time Markov chain with transition matrix II. The holding times constitute a sequence
S, of non-negative real random variables, defined by:

Sy =T,/q(Y(n—1))

where T;, is a sequence of independent and identically-distributed exponential random variables
of parameter 1, independent also of the Y (n), and q = (¢(x) : * € E) is the vector of non-
negative jump rates. Note that S, is thus itself an exponential random variable of rate parameter
q(Y(n —1)). Finally we define the jump time random variables J,, by Jy := 0 and J, := S1 +
...+ S,. We can then construct a continuous-time Markov chain X () by setting X (¢) := Y (n)
for J, <t< Jn+1.

The matrix given by Q = (¢(z,y) : 7,y € E)T, where:

_Ja@)m(z,y) cxFy
wey) = { —q(z) T =y

is called the infinitesimal generator matriz or Q-matriz. Most of the time we will specify a
particular CTMC of interest to us by giving its Q-matrix and an initial distribution vector,
from which it is clear a unique CTMC can be defined according to the construction given above.
If we interpret the infinitesimal generator matrix Q as a linear operator acting on functions
fiE = Rby Qf(z) = >, cpq(x,y)f(y), then it is possible to derive the following direct
relationship between the evolution of the CTMC and Q:

%Ez[f(X(t))] _ }}i% Ez[f(X(t + u))l]t — Ez[f(X(t))]
o BESX(+w) — fXO)IX 0]
= E*[Qf(X(1))] (2.1)

where E*[-] is the expectation taken with respect to the distribution of the Markov chain started
in z, that is 7(2) = 1. Taking f(z) = 1j,—q as the indicator function for some a € E, this
becomes:

9P (X (1) = a} = E*[g(X (1), 0)] = 3 P{X(1) = ada(y, a)

dt
yelE

Then defining the vector of state probabilities p(t) := (P{X(t) = x} : x € F), we may write:

p(t) = Qp(t) (2.2)

Equation 2.2 is often called the Chapman—Kolmogorov forward equation and describes the
evolution of the state probabilities of the Markov chain. Solving this differential equation is
the natural, most basic approach to analysing a Markov chain. We give in Figure 2.1 a very
small example transition system which can be interpreted as defining a CTMC. Ordering the
states numerically, the Q-matrix for this CTMC is:!

-1, T T, 0 0 0
0 - 0 T, 0 0
0 0 —(n+mn) Ty 21, 0
T, 0 0 —(n, +7) 0 21,
0 0 0 0 —2n;, T
0 0 T, 0 0 —(2n +n)
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Figure 2.1: Simple labelled transition system which can be interpreted as a CTMC with state
space {1,2,3,4,5,6} and transition rate between states equal to the value labelling the corre-
sponding arc.
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Figure 2.2: Solutions of the Chapman-Kolmogorov forward equations for each state corre-
sponding to the CTMC given in Figure 2.1. Initial state is 1 and rates are: n,, = 1.0, n, = 0.4,
7. = 4.0.

Since this CTMC is so small, it is computationally straightforward to solve its corresponding
system of Chapman-Kolmogorov forward equations for the exact evolution of its state proba-
bilities. Figure 2.2 shows the result of doing this. However, as we will see shortly, the dimen-
sionality of most chains of interest makes this theoretically-straightforward approach extremely
computationally prohibitive.

2.2 Solving continuous-time Markov chains

In an ideal world, we would be able to solve performance models quickly in an exact and fully
algebraic manner. Even considering just the class of CTMC-based models of interest to us in
this thesis, such a solution is available only for a very small class of models, for example, by
means of symbolic Laplace transforms [251] for Markov chains with very few states or with an

Note that the Chapman—Kolmogorov forward equations are sometimes written equivalently as p?(t) =
p?(t)QT so that then the row sums will be zero as opposed to the column sums.
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extremely regular structure. Other than using product-form approaches (discussed briefly in
Section 2.2.5 below), we are forced to turn to numerical techniques if we should expect any
chance of being able to cope with systems of realistic scale. Unfortunately, we will see that
even then, the traditional approaches to solving such performance models still do not scale
tractably with realistically-proportioned systems, or can be applied only to a very restrictive
class of models.

2.2.1 Naive numerical solution of the underlying linear system

As described in Section 2.1, the evolution of the state probabilities of a continuous-time Markov
chain is governed by a set of first-order linear ordinary differential equations, the Chapman—
Kolmogorov forward equations. Specifically, p(t) = Qp(t), where p(t) is the vector of marginal
state probabilities at time ¢ and Q is the infinitesimal generator matrix of the CTMC. The
general solution to this equation is p(t) = p(0) exp(Qt) where exp(Qt) is the matriz exponential
and is given by the following Taylor series [189):

expl@r) = Y0 (L

It is well known that direct evaluation of the matrix exponential is numerically unstable since
both positive and negative entries occur in the matrix Q [189]. An alternative method of
solving for the transient state probabilities is to solve the system of ODEs numerically using
standard techniques such as Runge-Kutta. However the scalability of this approach is very
quickly hampered by the fact that the size of this ODE system is equal to the number of states
which grows exponentially as components are added to the model (note that this statement
also holds for direct evaluation of the matrix exponential).

The computational burden is lessoned somewhat if it is only steady-state probabilities which
are of interest. In this case, we are interested in the fixed point p* of the forward equation,
obtained by setting Qp* = 0. The solution of this homogeneous linear system is also a standard
problem, considered for many tens of years in linear algebra. There exist standard approaches
to solving such problems. Among the most efficient direct approaches is the construction of
the LU factorisation of Q [113, 236], whose computation by Gaussian elimination can be made
numerically stable [120]. The computational cost in terms of arithmetic operations of such
an approach is dominated by that of the Gaussian elimination and is roughly cubic in the
dimension of Q, say n. However, recall that n itself grows exponentially as components are
added to a model so for increasing model size, this approach experiences essentially exponential
growth in complexity.

The problem Qp* = 0 can also be tackled in an iterative fashion by one of the classical
techniques, such as Jacobi’s method, Gauss—Seidel or successive over-relazation [212]. For very
large matrices, these techniques often perform better than a direct approach. However it is
harder to state their complexity since it is difficult to know in advance how many iterations
it will take before a solution is within the desired accuracy window. Assuming that at least
one iteration will be necessary, we can say that any iterative algorithm will require at least
n arithmetic operations. As above, this still places our problem in an essentially exponential
complexity class.
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Many Q-matrices derived from CTMCs have the property of being sparse, that is, being pop-
ulated mainly by zeros. Specialisations of both direct and iterative algorithms exist for sparse
matrices which are often faster and more efficient in terms of their memory usage [212]. How-
ever, it remains true that in general we cannot do better than n arithmetic operations — we
must surely still perform at least one arithmetic operation for each component of the solution
vector.

For a concrete idea of how impractical such approaches are we might consider a fairly restrained
CTMC model involving, say, 50 clients and 25 servers, each of which can be in one of five local
states. Then the size of the state space is potentially 5 ~ 10°°, which also represents a rather
coarse lower bound on the number of arithmetic operations required to solve this model for its
steady-state distribution. At the time of writing, the world’s fastest computer is the Tianhe-1A
with a peak computing rate of around 2.5 petaFLOPS [237]. This computation would thus take
at least 103* seconds, or about 10%% years.?

2.2.2 Uniformisation

Uniformisation [119, 160, 193, 207| is a technique also based on the evaluation of an infinite
series which has better numerical properties than the computation of the matrix exponential
discussed in the previous section. The technique relies on the construction of an underlying
discrete-time Markov chain (DTMC), the uniformised DTMC, which samples the CTMC at
probabilistically regular time intervals. Let m(n) be the marginal probability vector of this
DTMC. Tt can be computed iteratively as:

m(0) = p(0)
(1)) =Pn(i—1) fori=1,...

where P := Q/q + 1 and ¢ > max;|g;| is the uniformisation rate at which the CTMC is
sampled. Then, by conditioning on the number of samplings which have occurred by time ¢,
we may compute p(t) by the following infinite summation:
o (qt)’
p(t) = ) (i) exp(—qt) =,
i=0 '

Uniformisation has two significant benefits. Firstly, the error due to truncation can be bounded
and thus a required error tolerance can be guaranteed. Secondly, since only multiplications and
additions are involved in the evaluation of the infinite sum, it is a much more numerically stable
algorithm than evaluating the matrix exponential. However, it still does not scale as a solution
technique for realistic models. As above, it is still necessary to make at least n arithmetic
computations in order to evaluate the sum since we must make at least one computation for
each component of the solution vector.

2.2.3 State-space aggregation and lumpability

The techniques described above will work for any CTMC. Substantial improvements are to be
had however by exploiting structure which may be present in CTMCs derived from particular

2This is a lower bound since it assumes some appropriate perfect parallel implementation suited to the
massively heterogeneous architecture of this machine.
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classes of model.

State space aggregation takes advantage of the fact that most models of computer and commu-
nication systems will include replicated identical components (for example, customers or servers
in a network). Formally, given a continuous-time Markov chain X (¢) with state space F, and
a partition of £, say £ = WX | E;, we may construct another aggregated stochastic process, say
Y (t), taking values in £ := {E; : 1 < i < K} defined by Y (¢) := E; if X(¢t) € E; for any
i. If the new process Y () is itself a Markov process for any initial distribution, it is called
(ordinarily) lumpable. This can be characterised in terms of the transition rates [161]. Indeed,
X (t) is lumpable with respect to the partition £ if and only if, for any E;, £, € £ and z,y € E;:

S g2 = Y qv.2) (2.3)

ZGE]' ZGE]'

If this holds, Equation 2.3 is then the transition rate from state F; to E; for the lumped process
Y'(t). This, hopefully smaller, Markov chain can then be analysed in place of the larger one. In
return for the computational savings this may afford, one is able only to obtain probabilistic
information about aggregated quantities. Another notion of lumpability, exact lumpability, also
exists [216]. This is usually more difficult to satisfy but can provide information about the
original unaggregated process.

Examples of the use of lumpability include direct application to the Markov chain [58] and the
application to a hierarchically structured Markovian state-space [57, 222]. Additionally, lumpa-
bility can be mechanically derived from models which display suitable component replication
and are specified in higher level formalisms such as stochastic Petri nets [71] and stochastic
process algebras [112].

In this thesis, we are particularly interested in models which include many replicated identical
components as constructed to represent computer systems exhibiting massive parallelism. In
this case, state-space aggregation, in the form of ordinary lumpability, can be applied naturally
to construct a CTMC where the states encode the number of components of a particular type
that are in a particular local state. This is as opposed to representing each component’s state
individually. Such models are often termed population models. Queueing network models are
traditionally given in this form — for example, the number of customers at a queueing node
is recorded as opposed to explicitly recording this fact individually for each of the customers.
In the case of the stochastic process algebra PEPA, an automatic algorithm for aggregating
in this manner has been presented by Gilmore et al. [112], which derives a so-called numerical
vector form for PEPA models.

While this kind of approach is effective in reducing the state space, it does not even come close
to eliminating the problem of state-space explosion. To see this, let us consider the simple
case of a system which involves IV interacting components, each of which can be in one of D
local states. When representing this as a CTMC, without any aggregation, we would have DV
states to contend with. Under the aggregation discussed above, where we maintain counts of
the number of the N components in each of the D local states, we will have (D+]]\[V_1) states.
For large enough N, this is bounded below by exp(D) (usually very loosely) so models of any
detail will quickly result in massive aggregated state spaces. For example, if N = 150 and
D = 15, we already have an aggregated state space with almost 10?0 states.

The kinds of aggregations discussed above are exact in the sense that the aggregated pro-
cess does correctly capture probabilistic behaviour related to the original CTMC. When exact
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aggregations are not possible, it is often the case that a CTMC partition can be considered
almost lumpable in some sense. Formally, the definition usually adopted here is that of quasi-
lumpability [101]. This can be used to perform approzimate abstraction but it is very difficult in
general to reason about the error that is introduced by doing this, although there has been some
progress in bounding the stationary probabilities for nearly-decomposable chains [88|. Abstract
Markov chains [159] compute an interval in which the transition rates between aggregated
states must lie, defining a set of Markov chains. Model checking can then be performed using
a three-valued version of continuous stochastic logic (CSL). On the other hand, the technique
of stochastic bounds [238] attempts to change the rates of an existing CTMC so as to make it
exactly lumpable. The difficulty is in ensuring that the modification guarantees an upper or
lower bound on the performance quantity of interest. We also note here that Smith [228] has
investigated the compositional application of such approximate aggregation techniques in the
context of the process algebra PEPA.

Unfortunately, the class of models to which these kind of approximate aggregation techniques
can be applied is fairly restrictive. Even when they can be applied, this author is certainly
not aware of any work showing how such techniques are able to reduce the state space for
massively-parallel models by the exponential orders of magnitude required to obtain tractability.
Furthermore, it is hard to predict in general whether the bounds obtained by performing such
techniques will actually be tight enough to provide useful performance information.

2.2.4 Model representation techniques for more efficient solution

The tensor representation has been used for a long time now as a means to reduce the mem-
ory required to encode the state space of a performance model. It was originally presented
by Plateau [203] in the context of stochastic automata networks (SANs) [202]. Whilst in some
cases, this can achieve substantial memory savings, the space efficiency is obtained at the ex-
pense of an increased computation time. For this reason, this approach cannot completely
address the state-space explosion problem since the computation time to perform the Markov
chain analysis, as well as the memory requirements, grow exponentially as components are

added to the model.

Tools such as PRISM [171], Mébius [90] (in symbolic mode) and SMART [74] employ a multi-
terminal binary decision diagram (MTBDD) |e.g. 103, 145, 165, 175] or matriz diagram [e.g.
76| symbolic representation to store the state space of the CTMC underlying a model. These
approaches can potentially handle very large models in only small amounts of memory. Un-
fortunately, the performance of numerical calculations made using these representations can
often be hampered by an explosion in the number of distinct values in the probability vector
being computed [e.g. 89, 123, 158|. As already mentioned, this has led to a hybrid approach
being adopted, where the solution vector is stored explicitly in an array and only the generator
matrix is represented symbolically [172, 199|. This means that there is still at least a linear
growth in the space and time complexity of such an approach with respect to the size of the
state space.
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2.2.5 Product-form solution and mean value analysis

In an ideal world, a model defined compositionally could also be solved compositionally. That
is, a massively parallel model could be handled by analysing the individual constituents of the
model in isolation and then combining the results in an inexpensive fashion to obtain global
information regarding the composed system.

In this vein, it can be shown that certain classes of performance models enjoy a product-
form solution, which means that the distribution of the entire system at steady-state can be
expressed as a product of the marginal steady-state distributions of the constituent components
of the system. The conditions for this to be true are quite restrictive. However, a number of
the key results in queueing theory pertain to the existence of product-forms in, for example,
Jackson [154] and BCMP [25] queueing networks. The most recent research in this area has
been concerned with generalising the idea of product forms beyond just queueing networks into
the realm of more general models such as those specified in stochastic process algebra [125].
Product forms have also been exploited to perform efficient model checking of statements posed
in continuous stochastic logic (CSL) |22, 23|. Although very powerful where they do exist,
product-form results are unfortunately relatively rare and do not offer information about the
transient evolution of a performance model. Furthermore, even when they can be found, it
can still be numerically expensive to work out exactly the form of the product — finding the
correct normalising constant can often be a costly process.

A related technique which emerged from this area of queueing theory research is mean value
analysis (MVA) [208], which is built upon the arrival theorem of Lavenberg and Reiser [176],
Sevcik and Mitrani [219]. This gives a direct algorithm for deriving average steady-state per-
formance metrics from a product-form queueing network. It is useful for networks where the
computation of the normalising constant is too expensive. Although usually cheaper than a
direct Markov chain analysis, the complexity of this approach does grow linearly with the pop-
ulation size and can thus become expensive for large component populations. There are also
many further generalisations and approximations of the original MVA approach including to
non-product-form networks [e.g. 34]. Very recently, Thomas and Zhao [245] have explored the
generalisation of the MVA approach to the stochastic process algebra setting with some success.

2.3 PEPA

2.3.1 Introduction

Performance Evaluation Process Algebra (PEPA) [146], is a simple stochastic process algebra,
but one which has sufficient expressiveness to model a wide variety of systems, including mul-
timedia applications [46], mobile phone usage [100]|, GRID scheduling [246|, production cell
efficiency [148] and web server clusters [50, 54| amongst others. It is also adept at capturing
large parallel software systems, such as peer-to-peer networks [96], to which the style of analysis
considered in later chapters is particularly well suited.

As in all process algebras, systems are represented in PEPA as the composition of components
which undertake actions. Associated with each timed action is a duration, specified by a rate
parameter. So, for example, the expression (o, r).P denotes a component which can undertake
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a timed a-action, at rate r to evolve into a component P. The rate r is interpreted as a
random delay sampled from an exponential distribution with parameter r. This means that
the stochastic behaviour of the model is governed by an underlying continuous-time Markov
chain, the explicit definition of which will be given later in this section.

2.3.2 Syntax

PEPA has a small set of combinators allowing system descriptions to be built up as the con-
current execution and interaction of simple sequential components. The syntax of a PEPA
component may be specified formally using the grammar:

Si=(a,r).S | S+S5 | Cs

(2.4)
pPu=pPXEP | P/L|S]| Cp
where « is drawn from a set A; of timed action types, which always includes the distinguished
hidden action type 7. A cooperation set L is asubset of A,\{7} andr € R, U{nT |n € Q,n > 0}
is a rate parameter. A rate in R, represents an active enabling of an action and a rate of the
form n'T represents a passive enabling of an action. A timed transition («,r) is also referred
to as a timed activity.

A PEPA component can be a purely sequential component S or a model component P with its
own internal parallelism and we write C for the set of all PEPA components. Cgs and Cp stand
for a constant which denotes a sequential component or a model component respectively, as
introduced by a definition. The effect of this syntactic separation between constants is to allow
cooperation between sequential components only.

2.3.3 Semantics

A discussion of the basic operators and cooperation framework for PEPA is given below before
we provide the formal operational semantics (Figure 2.3).

Prefix The basic mechanism for describing the behaviour of a system with a PEPA model is to
give a component a designated first action using the prefix combinator, denoted by a full
stop. («,r).P carries out an a-action with rate r, and it subsequently behaves thereafter
as P.

Choice The component P+ () represents a system which may behave either as P or as (). The
activities of both P and () are enabled. If an activity in P completes first, the system
then proceeds by taking on the behaviour of the derivative of P following the completed
action; and vice-versa for Q).

Constant It is convenient to be able to assign names to patterns of behaviour associated with
components. Constants are components whose meaning is given by a defining equation.
The notation for this is X =/ P. This also allows the recursive definition of components,
for example, X < (o, 7). X performs o at rate r repeatedly.
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Hiding The possibility to abstract away some aspects of the behaviour of a component is
provided by the hiding operator, denoted P/L. Here, the set L identifies those action
types which are to be considered internal or private to the component and which will
appear as the hidden action type 7 in the transition system of the model.

Cooperation We write P D;Q () to denote cooperation between P and () over L. The set which
is used as the subscript to the cooperation symbol, the cooperation set L, determines those
action types on which the components are forced to synchronise. For action types not in
L, the components proceed independently and concurrently with their enabled activities.
We write P || @ as an abbreviation for P D;F] @, where P and () execute independently in
parallel.

If a cooperating component enables an activity whose action type is in the cooperation set it
will not be able to proceed with that activity until the other component also enables an activity
of that type. The two components then proceed together to complete the shared activity. Once
enabled, the rate of a shared activity has to be altered to reflect the slower component in a
cooperation. Within the cooperation framework, PEPA assumes bounded capacity: that is, a
component cannot be made to perform an activity faster by cooperation, and the rate of a
shared timed activity is defined as the minimum of the rates of the activity in the cooperating
components.

In some cases, when the rate of a shared timed activity is determined by only one component
in the cooperation, then the other component is defined as passive with respect to that activity.
This means that the rate of the activity is left unspecified (denoted T) and is determined upon
cooperation, by the rate of the activity in the other component. All passive actions must be
synchronised in a final (outermost) component and a component is not allowed to enable the
same timed action type both passively and actively. In order to support passive enabling of
actions in the calculation of rates, we require the following algebraic rules:

mT <nT form<nand m,neQ,
r<nT forallreR,,neQ,
mT +nT =(m+n)T m,neQ4
ml m
nT  n

m,n €
n—|— ) Q+

The apparent rate r,(P) calculates the observed rate at which a process P executes a timed
action a. This defines the rate that a cooperating process sees and is therefore integral to the
speed of cooperation between processes. A formal definition follows.

Definition 2.3.1 (PEPA :: Apparent rate). Let P be a PEPA component. Let a € A; be a
timed action type. Then the apparent rate is ro(P), defined as follows.

ol ()P = { g e

ra(P + Q) = ra(P) +74(Q)
_fra(P) ifagl
ra(P/L) _{ zfozGL
_f min ra ), 7a(Q)) ifael
ra(PBIQ) _{ P)+71a(Q) ifa¢l
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Figure 2.3 presents the structured operational semantics for PEPA. This determines a transition
relation on PEPA components. For a PEPA component P we define its set of derivative states
ds(P) to be all components reachable from it by timed transitions according to the operational

semantics. That is, ds(P) is the smallest set of PEPA components such that P € ds(P) and

if for any P, € ds(P), P, (—)> P, then P, € ds(P). Also if P C ds(P), we define ds(P) :=

Ugep{ds(@)}. In PEPA, multiply-enabled activites will induce multiple transitions in the

underlying Markov chain, so we define the multiset of enabled activities of a PEPA component
(a7)

P to be Act(P) :={/(«,r) : P —=5 [}. Furthemore, we write A;(P) for the set of timed action
types which are used by any derivative state of P, that is, A;(P) := Uprcaspy{a : P’ Q}

For a given PEPA component P we may naturally construct its derivation graph, a labelled
and directed multigraph. The nodes of this multigraph are the derivative states of P, that is,
the set of nodes is ds(P). Two nodes in the multigraph, say P, and P, € ds(P), have a directed

arc between them for every transition P, M P. The label of this arc is then the activity
corresponding to the transition, that is, («,r).

The derivation graph can then be interpreted naturally as a continuous-time Markov chain,
whose states are given by the nodes (i.e. derivative states) and each arc represents a transition
at the rate of the activity labelling the arc. We call this the underlying continuous-time Markov
chain of the model.

2.3.4 Example

We will now give a simple example of a performance model in PEPA representing the abstract
scenario of many concurrent processors performing some job, part of which requires the use of
some resource taken from a limited pool. The action task, will represent some initial task which
the processors must perform in conjunction with a resource. The action task, will represent a
task then performed by processors independently of resources. Resources will also be required to
perform an independent reset action after they have been used by a processor. This model can
be represented in PEPA as PR(n,m) (n processors and m resources) defined by the equations
in Figure 2.4, where we define the shorthand for parallel composition of k£ components by
Clkl==(C| ... | C).

k

We note here that the CTMC given in Figure 2.1 is that obtained by aggregating the PEPA
model PR(2,1) as described in Section 2.2.3, where state i € {1,2,3,4,5,6} in Figure 2.1
6—i

corresponds to the aggregate state of [%J x Procy components, (2— [TJ )x Proc; components,

(¢ mod 2) x Resy components and (i — 1 mod 2) x Res; components.

2.4 Related work

In this section we survey CTMC-analysis techniques which are closely related to the topic of
this thesis.

"We write P u> Q@ to stand for P ﬂ @ where the existence of the transition is all that matters and the

parameters « and r are not relevant.
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Prefix
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Figure 2.3: Structured operational semantics of PEPA

Procy & (taska,rta) Proc, Res, = (taska,na) Res;

Proc, & (taskb,rtb).ProcO Res, = (reset,,). Resy

PR(n,m) ¥ Procn) B

2 Res, [m]

Figure 2.4: PEPA description of the processor-resource model PR(n,m).
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2.4.1 Fluid-flow analysis of PEPA models

In the context of PEPA, the first application of approximate ODE-based analysis techniques
was made by Hillston [147] and referred to as fluid-flow analysis.®> Specifically, it was shown how
a system of differential equations could be derived heuristically from a suitable PEPA model.
The idea was then that the continuous solutions of these ODEs could be taken, in some sense,
to approximate the model’s underlying discrete CTMC. It should be noted that this work built
upon that of Sumpter et al. [239] for the discrete-time process algebra WSCCS [247)].

This approach is best suited to models with a high degree of parallelism between sets of identical
components which may cooperate with other such sets of components over a set of shared
actions. One such example would be the PEPA model PR(n,m) given earlier in Section 2.3.4,
which, for large n and m, models a large group of identical processors interacting with a large
group of identical resources. For this example, the approach of Hillston [147]| results in the
construction of continuous real-valued quantities, say Py(t), Pi(t), Ro(t) and R;(t), each of
which is intended as a deterministic approximation to the stochastic process which maintains
the discrete count of the number of instances of the respective sequential component present
within the model at time ¢. To derive the approximating system of differential equations,
the change in a component count over a short interval of time 0t is considered. This can be
expressed approximately in an intuitive manner by considering the aggregate transition rate at
which sequential components of this type enter the model minus that at which they exit. For
the Procy component, such considerations lead to the following approximate equation:

Py(t + 6t) — Py(t) = —min(Py(t), Ro(t))r, ot + Pyi(t)n, ot

Dividing by 6t, taking the limit as 0t — 0 and proceeding similarly for the other three sequential
components leads to the following system of differential equations:

(Po(t), Ro(t))1, + P1(t)rs,
t) = —P1(t)7“tb + min(Po(t), Ro(t))r,

in(Po(t), Ro(t))ri, + Ru(t)r
Ry(t) = —Ry(t)r, + min(Po(t), Ro(t))n,

Figure 2.5 shows one solution of these ODEs for the particular set of initial conditions corre-
sponding to the initial state of the model PR(100,40). The power of this approach comes from
the fact that the analysis of a model with a potentially unbounded state space (its size is an
unbounded function of n and m) has been reduced to the solution of a fixed and usually small
set of ODEs. This is paid for in that the analysis is only approximate and its relationship to
the original CTMC is not immediately clear. Furthermore, the ODE solutions as they stand
provide an approximate view of the component count at a given time. In the field of biochem-
ical modelling, raw component counts are useful for capturing fluctuations in concentrations.
This has been heavily exploited in biologically-oriented process algebras such as BioPEPA [77]
and stochastic m-calculus |62]. For models of computer, communication and business processes,
measures such as passage-time distributions are also very useful. The generation of passage-time
metrics, such as means, quantiles and SLAs, from ODE-based analysis is discussed in Hayden
et al. [142], Tribastone [249] and Chapter 4 of this thesis.

3The term fluid-flow analysis is used in the literature by various authors. We believe that differential
equation-based analysis is clearer and use this term throughout the rest of this thesis unless referring explicitly
to literature which uses the former term.
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Component count

Figure 2.5: ODE solutions for the PEPA model PR(100,40). Rates: n, = 1.0, i, = 0.4,
r. = 4.0.

In the early work of Hillston [147], there were also limitations imposed on the class of models
which could be subject to such analysis:

1. Firstly, the technique was only applicable to models where the large groups of parallel
components to be approximated by ODEs consisted only of sequential components. It
was not shown how differential equations could be constructed to approximate the count
of more general PEPA components (non-sequential) present in a model;

2. These sequential components were forced to cooperate over all common action types;

3. The same action type was not allowed to be enabled by two distinct local states of the
same sequential component;

4. Synchronising sequential components were forced to enable shared actions at the same
rate;

5. Action hiding was not considered.

The last four of these limitations have since been addressed in generalised versions of the dif-
ferential equation-based approach given by various authors [51, 91, 139, 140, 249, 250]. This
approach for the analysis of PEPA models has also been applied in many diverse application
areas including, for example, peer-to-peer networks [96], non-repudiation protocols [257|, Inter-
net worms |51], web services |82|, emergency egress [182|, content-adaptation systems [91, 92|,
ubiquitous systems [124], key distribution centres [81, 258| and energy consumption [232].

Furthermore, progress has also been made in terms of relating the differential equation ap-
proximation to the PEPA model’s underlying CTMC. In particular, in his thesis, Tribastone
[249] (see also Tribastone et al. [250]) applies a result of Kurtz [166] to show that in the limit
of large component populations, the suitably rescaled CTMCs converge to the solution of the
approximating ODEs in probability over bounded intervals of time. Similar results have also
been given by Ding [91] in his thesis, Geisweiller et al. [108] and Hayden and Bradley [140].
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Ding [91] has also considered the analogous question of convergence in the stationary or steady-
state regime. However, as we discuss in detail in Section 6.3.3, his general result represents
a theoretical guarantee which can only be applied to models with a tractable state space. In
order to apply it, one first has to verify a precondition for the specific sequence of PEPA models
of interest which itself suffers from the state-space explosion problem since it depends directly
on the steady-state probabilities of the underlying CTMCs. Guarantees just that the ODEs
have a fixed point to which all trajectories eventually converge are given for a very simple class
of model.

Tribastone [249] has also shown how average steady-state response times in PEPA models
may be computed by combining the differential equation analysis with the classical result from
queueing theory known as Little’s Law [181]. Such an approach has also been applied by
Ding [91] and is used by Clark et al. [81] and Kesidis et al. [162]. In addition to average
response time, Tribastone [249] has also considered the differential equation-based analysis of
the quantities action throughput (the total rate at which a particular action is performed) and
capacity utilisation (measures the actual use of a component to perform a particular action as
a proportion of its maximum capacity to perform it). Differential equation analysis of similar
quantities, again termed throughput and utilisation, have also been considered by Ding |91].

Finally, we note that a hybrid approach to differential equation analysis for PEPA has also
been proposed by Bortolussi et al. [45]. This is based on that already defined for the stochastic
Concurrent Constraint Programming (sCCP) process algebra [35] in Bortolussi and Policriti
[44], which is discussed in more detail in the next section.

2.4.2 Differential equation-based approaches for sCCP and mw-calculus

Stochastic concurrent constraint programming (sCCP) [35] is a Markovian stochastic extension
of concurrent constraint programming (CCP) |214], a modelling language which is essentially a
stochastic process algebra augmented with a constraint store. Synchronisation occurs indirectly
via this constraint store rather than directly between process algebra terms.

Motivated primarily by solving models in biochemistry, Bortolussi and Policriti [38] give the
translation of an sCCP program into a system of differential equations (as well as an inverse
procedure). The approach taken is analogous to that of Hillston [147] for PEPA. It is also
shown that the translation given for sCCP preserves rate semantics which means here that
a biochemical model in sCCP yields a system of ODEs which matches the traditional view
taken by biochemists. In Bortolussi and Policriti [41], a more detailed presentation of the
above is given together with many examples taken from biochemistry. In the context of these
examples, it is suggested that asymptotic stability of a fixed point is necessary for convergence
of the CTMCs to the ODE solution in the steady-state regime, although this is not considered or
shown formally as we do in Section 6.3.3. In the bounded time interval case, the aforementioned
result of Kurtz [166] is used to obtain a convergence result analogous to that for PEPA discussed
in the previous section.

Cardelli [62, 63] has previously presented various translations from subsets of the stochastic
process algebra stochastic m-calculus [204] to systems of chemical reactions, and back. Fur-
thermore, these translations are shown to preserve discrete (CTMC-based) semantics and con-
tinuous (ODE-based) semantics. In Cardelli [61], it is shown that under a natural translation
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from a subset of m-calculus to a system of chemical reactions, the dynamics of the underlying
CTMCs are preserved by showing that the respective Chapman-Kolmogorov forward equa-
tions are equivalent. However, the relationship between the discrete semantics of the CTMC
and continuous semantics of the differential equations is not considered explicitly.

In Bortolussi [36], the differential-equation approach for sCCP is extended through the defi-
nition of ODEs approximating second-order moments. These are derived from the Chapman—
Kolmorogov forward equations which govern the model’s underlying CTMC, referred to in that
work as the master equation — a term often used when considering chemistry models. This
approach is mathematically equivalent to that applied earlier by Hayden [129] in his under-
graduate thesis (see also Hayden and Bradley [134, 136]) which allowed the derivation of ODEs
approximating higher-order moments of component counts in PEPA models.

Bortolussi and Policriti |39, 40, 42, 43, 44| have also investigated hybrid approximation tech-
niques which can be seen as an approach lying between direct analysis of the underlying CTMC
of a model and its ODE approximation. These are useful where there may be component pop-
ulations which are small enough so that their discrete nature is not well approximated by the
continuous differential-equation approximation. This approach consists of translating an sCCP
model to a transition-driven stochastic hybrid automaton (TDSHA) |59] which is essentially a
finite automaton augmented with a set of variables which evolve continuously in each automa-
ton state according to a set of state-dependent differential equations. The stochastic nature of
such a model is due to the fact that the automaton state changes are governed stochastically

in a Markovian fashion. The underlying stochastic process of such a model is a piecewise-
deterministic Markov process (PDMP) [87).

The discrete dynamics is given by the transitions between the automaton states so that they
capture the state of discrete model components rather than the differential equations. How-
ever, the differential equations still play the important role of capturing the state of components
which are deemed numerous enough. In this manner, such a representation would still represent
a saving in terms of state-space size over the completely discrete underlying CTMC. This being
said, the only tractable general method for analysing PDMPs is by employing stochastic simu-
lation which is likely to be much more costly than employing the purely ODE-based approach,
even if it is cheaper than simulation of the entire underlying CTMC. When timing information
is not important, there are, in some cases, alternatives to simulation. For example, Chen et al.
[70] have shown how untimed reachability probabilities on PDMPs can be found by solving sets
of Volterra integral equations, approximated by systems of partial differential equations.

Finally, very recently, Bortolussi [37] was able to prove a bounded-time convergence result of an
sCCP program’s underlying CTMC to the solution of the associated PDMP as the size of the
continuously-approximated component populations are increased. We do not discuss hybrid
approximation approaches such as this further in this thesis — instead our focus here is purely
on the evolution and development of the ODE-based approach.

2.4.3 Mean-field models for computer and communication systems

The mean-field approach bears similarities to the approaches discussed above for stochastic
process algebra. The mean-field idea was first introduced in physics whereby complicated
interactions between particles are, in some sense, replaced by an averaged quantity, the mean
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field, which allows for a tractable view of the system’s dynamics. Such an approach can be
applied, for example, to models of plasma and dense gases where the interaction between
particles decays suitably as the system size is increased (see e.g. Baxter [26], Bellomo and
Pulvirenti [27], Graham and Méléard [117], Méléard [186]). More recently this approach has
found application in the analysis of queueing and communication systems [115, 116, 118, 185,
211, 220, 248| and the TCP protocol [12, 13], to give a few computing examples.

Most of the approaches cited in the preceding paragraph rely on fairly ad-hoc theory and proofs.
More closely related to our work however is the mean-field framework introduced by Le Boudec
et al. [179] (see also Benaim and Le Boudec [30], Cho et al. [72, 73|, Freudiger et al. [102], Gomez-
Serrano et al. [114], Ioannidis [150], Ioannidis and Marbach [151], Toannidis and Massoulié
[152], loannidis et al. [153], Mundinger and Le Boudec [192], Zyba et al. [259]). Although the
models in this framework are in discrete time, the particular model dynamics considered result
in a limiting continuous-time differential-equation approximation. This approach is essentially
mathematically analogous to the ODE-based analyses described above for PEPA and other
formalisms except that in the cases above, we start with continuous-time models rather than
discrete time. Indeed, the finite-time convergence results proved by Le Boudec et al. [179] have
a very similar form and implication to those proved in the case of the ODE-based approaches
for stochastic process algebra using results of Kurtz [166]. Benaim and Le Boudec [30] have
also considered convergence of the underlying stochastic processes to the ODE solution in the
steady-state regime, an issue which remains unresolved in the case of the ODE analyses for
CTMCs described earlier. In fact, this issue is considered in Chapter 6 of this thesis, where
we utilise similar ideas from stochastic approximation algorithms [29] to obtain a stationary
convergence theorem in the continuous-time case.

The differential-equation approximation techniques of Benaim and Le Boudec [30] have also
gone a step further. They have noted that a generic result termed propagation of chaos [240]
also holds in their framework. This means essentially that convergence to the mean field limit
implies further that the states of any finite number of interacting objects are asymptotically
independent. Such a result should also hold in the case of stochastic process algebra models
although this has not been explicitly considered in the literature. Finally, Le Boudec et al.
[179| describe how the mean-field approximation can also be used to focus on one individual
and perform a so-called fast simulation, approximating the effect of the rest of the model in
terms of the mean field. We mention briefly that the same author, along with others, has
also considered spatial extensions of mean-field models [68] and mean field applied to Markov
decision processes [107, 242|, which are not considered in this thesis.

Bobbio et al. [33], Gribaudo [121], Piazzolla and Gribaudo [201] have adapted the mean-field
framework of Le Boudec et al. [179] to the continuous-time case (although they do not prove a
convergence result in the steady-state regime). In Bobbio et al. [33], this is used to investigate
various models from queueing theory which do not always have continuous dynamics. Based on
their empirical observations, it is suggested that the conditions in the convergence theorems of,
for example, Kurtz [166], Le Boudec et al. [179] might feasibly be weakened to accommodate
more general dynamics. In the context of the Markovian agents formalism [64, 121], spatial
extensions to the mean-field approach have again been considered by these authors, which has
been applied to the modelling of fire [67] and disaster [66] propagation, the flow of vehicles in
a road tunnel [65] and wireless sensor networks [56, 122].

Bakhshi et al. [17, 18, 19| have considered discrete-time mean-field models for the analysis
of so-called gossip protocols (see also Bakhshi [16]). This work appears to utilise the same
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general framework of Le Boudec et al. [179]. Altman et al. [6] combine the mean-field approach
with a branching-process approximation in their model of peer-to-peer networks in order to
capture tractably properties which are not accessible through the mean-field limit alone. Finally,
Gast and Gaujal [104, 105] have also considered the mean-field limiting behaviour of Markov
decision processes, and very recently, Gast and Gaujal [106] have considered mean-field limits
which are differential inclusions [4] as opposed to differential equations. These may arise when
considering models with discontinuous dynamics — perhaps the result of indicator functions
due to particular boundary conditions, or due to queueing behaviour present in the original
model.

2.4.4 Heavy-traffic approximations for queueing networks

The approaches discussed in the preceding sections can be thought of as quite closely related to
the so-called heavy-traffic approximations found in the queueing network literature [e.g. 34, 255].
Essentially, these approaches are based on similar fundamentals. As the number of customers in
a queueing network increases, or more commonly in the queueing-network context, as the traffic
intensity approaches one, the discrete-state queueing model can often be approximated by a
more tractable limit process such as a differential equation or stochastic differential equation.
In a sense, the ODE-based approaches for stochastic process algebra and mean-field techniques
can be thought of as adapting this kind of approach to more general types of models other than
just queueing networks.

It turns out in fact that the presence of queues in a model often introduces particular threshold
dynamics and boundary conditions which result in distinctly discontinuous behaviour — for
example, the fact that the queue length suddenly stops decreasing as soon as it reaches zero.
This often demands detailed and somewhat ad-hoc technical considerations when proving a
heavy-traffic limit for a particular queueing system. Much of the current research effort in
this area is directed at multi-class queueing networks [e.g. 69, 170|, which are particularly
challenging because the very definition of heavy traffic is not even clear here [255].

This is all in quite marked contrast to the approaches discussed earlier. Both the approaches for
stochastic process algebra and the mean-field method can usually be described in high levels
of generality without recourse to specific ad-hoc technical arguments on a model-by-model
basis. This is true even when multi-class models are considered. It would appear that this is
largely attributable to the fact that most stochastic process algebra or mean-field models do not
directly incorporate queues. Indeed, they usually utilise a more decentralised synchronisation
approach. This is in keeping with the less centralised nature of many of the massively-parallel
systems of recent interest to performance engineers.

2.4.5 Fluid/hybrid stochastic Petri nets and fluid queues

Fluid stochastic Petri nets (FSPNs) |75, 149, 252] and fluid queueing models [47, 99, 206] extend
traditional discrete Petri net and queueing models by incorporating fluid or continuous elements
directly into the model as first-class modelling components. In this way, individual traces of
continuous components of the underlying stochastic process will satisfy differential equations
which may depend on discrete elements of the model and vice-versa. This differs from the
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approaches discussed above which offer continuous quantities (often computed as solutions to
systems of differential equations) as approximations to stochastic measures of a fully discrete
model.

Often FSPNs and fluid queueing models are used to directly capture model features which
are viewed as continuous in the real world such as the level of water in a dam [191]. On
the other hand, fluid levels are also often used to approximate large discrete buffer sizes in
performance models of computer and communication systems in order to ameliorate the state-
space explosion problem. This can in some sense be viewed as an alternative approach to
addressing this problem when compared to those discussed above. However, the fundamental
difference is that no formal attempt appears to be made to relate an FSPN or fluid queueing
model with continuous elements back to a fully discrete model to which it is postulated as an
approximation. Most importantly, no attempt appears to be made to investigate or quantify
the quality of this implied approximation.

Furthermore, this direct combination of discrete and continuous components in a stochastic
model can lead to rather complex systems of partial differential equations, for which numerical
solution can become a computationally infeasible problem |75, 253|. Simulation then becomes
the only tractable approach to analysing such models.

2.4.6 Continuous stochastic Petri nets

Continuous stochastic Petri nets (CSPNs) [86, 223, 224] are an alternative continuous approach
to approximating traditional discrete stochastic Petri net models. They differ from FSPNs in
that none of the Petri net places are designated as fluid places per se, rather the intention
appears similar to that of the ODE-based approximation of PEPA or mean-field analysis in that
continuous quantities are constructed as approximations to the original fully discrete model.

In fact, two different ways of constructing this fluid approximation are defined for CSPNs: finite
server semantics and infinite server semantics [86, 223 which differ in how the rate of token
flow between places is defined. Presumably, these notions are intended to correspond with
the equivalent options for multiple enabling policies defined for standard discrete stochastic
Petri nets [20]. In both cases, a piecewise linear differential equation defines the continuous
approximation.

In terms of relating the continuous approximation to the discrete model, Jilvez et al. [156]
has given a branch and bound algorithm for determining steady-state transition throughput
bounds on the continuous approximation (under infinite server semantics). Specifically, the
optimisation problem they construct seeks the minimal and maximal throughput obtained
at a reachable (given an initial marking) fixed point of the governing system of differential
equations. Asymptotic stability, that is, that the CPN will actually converge asymptotically
to one of these fixed points does not appear to be considered. For a class of CPNs, the upper
bound obtained in this manner is shown by Julvez et al. [156] to coincide with a bound on
the same quantity in the analogous discrete model. The bound in the discrete case was shown
using techniques employing Little’s Law by Campos and Silva [60]. The relationship between
continuous approximation techniques and mean results derived from Little’s Law has also been
considered in the analysis of PEPA models by Thomas [244| and Zhao and Thomas [257].



Chapter 3

Moment approximations by differential
equations for grouped PEPA

Key contributions
The grouped PEPA framework

Qualitative prediction of approximation accuracy

Higher-order moment ODE approximations

3.1 Introduction

In this chapter, we introduce the grouped PEPA (GPEPA ) stochastic process algebra. GPEPA
is a simple syntactic extension of PEPA [146] (see Section 2.3 for a summary of PEPA). The
purpose of the GPEPA extension is to facilitate a clearer presentation of techniques related
to differential equation-based approximation of PEPA models. The main development of this
chapter is to extend first-order ODE approaches to capture key higher-order quantities such as
variance in a stochastic process algebra setting. The key benefits of this generalisation are at
least three-fold:

1. Variance information allows us to assess the validity of a mean prediction;

2. Higher-moment information can be used directly (see Chapter 4) to give bounds on par-
ticular kinds of passage-time distributions;

3. Rapid calculation of performance measures makes scalability analysis feasible, such as
parameter sweeping and optimisation.

Indeed, this development is not restricted to PEPA-based formalisms but could be adapted
fairly easily to, for example, mean-field performance models [18, 19, 30, 33, 201, 259| or contin-
uous stochastic Petri net models [86, 224|. In addition to being extremely useful in itself, the
availability of higher-order moments will also be exploited directly in Chapter 4 for the analysis
of certain types of passage-time distribution.

30
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Furthermore, we identify key qualitative predictors of the accuracy of the approximation which
we term switch points. We show that, in general, these techniques can offer a very good
approximation to quantities of interest; and furthermore, that it is largely possible to predict
accurately the intervals of time over which the error is likely to be largest. The notion of
a switch point is not restricted only to PEPA but could also be considered in the context
of continuous stochastic Petri nets or many-server queueing networks, where the non-linear
dynamics are generally also driven by minimum functions.

In this chapter we will occasionally refer the reader to Hayden and Bradley [139] for more
detailed discussions. We now give a summary of the key contributions of the work presented
in this chapter which should also serve as a map of the chapter’s structure.

Grouped PEPA framework In Section 3.2, we develop the grouped PEPA stochastic pro-
cess algebra which provides an unambiguous framework in which to define ODE-based
approximations for PEPA models. There are two advantages to using the GPEPA ex-
tension: firstly, it serves to identify precisely the class of models to which this kind of
analysis can be applied; and secondly, it greatly extends this class of models beyond the
original work of Hillston [147| and subsequent work of others [91, 147, 250].

Qualitative prediction of approximation accuracy In Section 3.3, we define the first-
moment ODE approximation in the context of the GPEPA framework and in Section 3.3.1,
we present an approach to deriving this approximation directly from the underlying
CTMC. This approach highlights clearly the primary source of the approximation error
for GPEPA models. We are able to define a qualitative predictor of the approximation
accuracy built around the notion of switch points and in Section 3.3.2, we show that
it can be used to accurately predict intervals of time when the approximation may be
expected to be at its least accurate. Although this result is fairly specific to GPEPA, it
could also be directly applied to the context of continuous stochastic Petri net models
which utilise a similar synchronisation dynamic. Furthermore, we note that Massink et al.
[183, 184] have adapted our ideas to reason qualitatively about the error in a first-moment
ODE-based analysis of emergent crowd behaviour.

Higher-order moment ODE approximations In Section 3.4, we define systems of differ-
ential equations which approximate arbitrary joint moments of component counts. This
significantly and directly generalises the existing work [91, 147, 250| on ODE-based ap-
proximation of PEPA models. As mentioned briefly above, this extension of the first-order
approximation could also be applied to other computer performance modelling formalisms
such as mean-field and continuous stochastic Petri net based approaches. Furthermore,
in Section 3.4.4, we see that switch points remain accurate predictors of approximation
accuracy for higher-order moment approximations.

3.2 Grouped PEPA models

As discussed, the techniques of fluid analysis introduced are suited naturally to a particular class
of PEPA model, consisting of cooperating groups of components. In order to allow such groups
to be identified in the syntax explicitly we present a natural and conservative augmentation of
the PEPA grammar, instances of which we call grouped PEPA models.
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Our framework makes a clear distinction between process algebra terms which are being sub-
ject to the ODE approximation (which we term fluid components) and the process algebra
syntax which specifies how fluid components interact with each other. Existing approaches for
PEPA (91, 147, 250] implicitly include the restriction that the ODE approximation may only be
applied to cooperating groups of sequential components. Our approach removes this restriction
and allows the ODE approximation to be applied to cooperating groups which may themselves
contain any type of PEPA component, extending the class of models to which such techniques
may be applied without first having to compile general components to equivalent sequential
components, an approach adopted by Clark et al. [81]. In Chapter 5, we will see that this
development is particularly useful when using process algebra fragments as stochastic probes (8]
which cooperate with the process algebra terms to be measured, resulting in non-sequential
fluid components.

The GPEPA framework further extends the original work of Hillston [147] in that our techniques
can be applied to models with active cooperation between components with differing rates,
arbitrary cooperation sets between groups of components, and the presence of more than one
component enabling the same action type on either side of a cooperation. These particular
limitations were originally overcome by Hayden [129] and have since then also been dealt with
in work by Tribastone et al. [250] and Ding [91].

3.2.1 Syntax

We will maintain the standard PEPA component definitions from Section 2.3:

Si=(a,r).8 | S+5 | Cs

(3.1)
Puw=pPEEP | P/L| S| Cp
We wish to define a new type of component that represents explicitly a purely concurrent group
of standard PEPA components. To this end we define a component group D:

D:=DUD | P (3.2)

We refer to the standard PEPA components P (Section 2.3) within a component group as fluid
components. The fluid components are so-called because it is these components whose state will
be tracked explicitly by an approximating system of differential equations. The additional com-
binator {{ will be defined to have the same meaning as ||. Its purpose is simply to distinguish
between parallel cooperation within fluid components and the parallel cooperation between the
fluid components constituting the component group. The reason for this extra hierarchy is to
specify syntactically the level at which the ODE-based analysis is to be performed, that is, at
the level of component groups.

Cooperation within components groups is not considered since such models do not have an
obvious fluid interpretation. Specifically, an attempt to apply the ideas of Section 2.4.1 to
derive ODEs approximating such models will, in general, result in differential equations with
jumps in their right-hand sides. For example, consider the simple PEPA model A(n), defined
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by:

Ao ¥ (a,)). Ay
Al dIEf <b7 M)AO

def

J

n

Deriving ODEs directly from its natural state-space aggregation, as in the case of the model
PR(n,m), yields:

Aolt) = nAs (1) — AnT'(A(1))
A4(t) = —pAs(t) + AnT (A4 (1))

where I’ := 1 — I is the complement of the indicator function:

1 ifx>0
I(x)'_{o if 2 =0

The discontinuous indicator functions follow from the fact that the model can only perform
the a-action when all of the members of the group are in the state A, because of the internal
cooperation. Due to their presence, these equations cannot be interpreted as ordinary differ-
ential equations, even if only single-sided derivatives are demanded. For very similar reasons,
we restrict all passive actions to be synchronised in a final (outermost) fluid component, so
as not to allow passive cooperation across component groups. Formally, this is stated by the
requirement that in Equation 3.2, if P’ € ds(P), then there is no (a,r) € Act(P’) with r ¢ R,.!

The next definition allows the arbitrary combination of component groups into a grouped PEPA
model M:

M= MDBM | Y{D} (3.3)

where L C A; \ {7} is a cooperation set.? A grouped PEPA model consists of arbitrarily
cooperating component groups (instances of Y{D}, called labelled component groups) and each
labelled component group in a given model is assumed to have a distinct label Y. From now
on, we will also refer to grouped PEPA models as GPEPA models.

Consider again the standard PEPA model PR(n,m) of Section 2.3.4. A natural representation
of this standard PEPA model as a grouped PEPA model would be:

PR(n,m) ¥ P{Procy[n]} {D(] R{Resy[m]}

taskq }

where for grouped PEPA models, C[k] := (C’ w... U C’). So the fluid components are the Proc;
—_——

k
and Res;, that is, the fluid approximation will consist of four coupled differential equations

L Although outside the scope of this thesis, Hayden and Bradley [140] have considered an approach which
allows ODE-based analysis to be performed on GPEPA models with passive cooperation between component
groups.

2Note that for the sake of brevity and clarity we do not explicitly consider action hiding at the level of
grouped PEPA models in this thesis. However, it is discussed in detail in Hayden and Bradley [139].
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counting the number of each of these fluid components active in the model. Alternatively, for
example, the following GPEPA model representation of the same standard PEPA model is also
possible (assuming n is a multiple of 2):

P{(Procy || Procy)[n/2]} B R{Resy[m]}

{taskq}

In this case, we consider each pair of processors as a single fluid component. So there will be
six coupled differential equations since |ds(Proc, || Procy)| = 4.

3.2.2 Semantics

A GPEPA model should be thought of simply as the corresponding standard PEPA model, but
with additional annotations (the group labellings), which specify unambiguously the level at
which the fluid analysis should be performed. We therefore define the operational semantics
of a GPEPA model to be essentially identical to that of the equivalent standard PEPA model
which is obtained syntactically by removing the group labels and replacing the !l combinators
with ||. We call this operation flattening and a formal flattening function is given below.

Definition 3.2.1 (GPEPA :: Flattening function). For any GPEPA model G, the correspond-
ing standard PEPA model F(G) can be recovered from the grouped model as follows.

f(Ml BLQMQ) = f(Ml) BLQ.F(MQ)
F(Y{D}) := F(D)

where for component groups:

F (D1 U Dy) := F'(Dy) || F'(Do)
F'(P):=P

We may then formally define operational semantics for GPEPA models by stating that for any

(a

two GPEPA models G; and G5 and timed action type a € A;, Gy —r)> G, if and only if
F(Gy) on, ¥ (G2), counting also the multiplicity of such transitions.

Mirroring standard PEPA, we may then also naturally define the set of derivative states of
a GPEPA model ds(G) as the set of all GPEPA components reachable from it by timed
transitions.> Also, we extend naturally to a GPEPA model G, the definitions of apparent
rate ro(G) = ro(F(G)) for a € A;, timed action set A,(G) := A(F(G)) and activity set
Act(G) = Act(F(Q)). Finally, by naturally constructing a labelled and directed multigraph
as we did for a PEPA model in Section 2.3.3, we may define the underlying CTMC associated
to a GPEPA model.

Some properties of GPEPA models required for the following sections are now given in Table 3.2,
illustrated by example. More formal definitions can be found in Hayden and Bradley [139].

3We overload the syntax when equivalent definitions are effectively the same for standard PEPA models and
GPEPA models.
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G(G) The set of all component group labels in the GPEPA model G, e.g.
G(PR(n,m)) = {P,R}.
B(G, H) The union of all derivative states of all fluid components in the com-

ponent group of G which has group label H, e.g. B(PR(n,m),P) =
{Procy, Proc, }.

B(G) The set of all pairs whose first element is a component group label, say,
H and whose second is an element of B(G,H), e.g. B(PR(n,m)) =
{(P, Procy), (P, Proc;), (R, Res)), (R, Res;)}.

N(G) The number of different types of derivative states of fluid components in
each group of G, equal to the number of differential equations required to
specify the fluid analysis. Thus N(G) = |B(G)|, e.g. N(PR(n,m)) = 4.
S(G,H) The size of the component group with label H. That is, the number of
fluid components in the group, e.g. S(PR(n,m),P) =n.

C(G,H,Q) | The integer count of fluid components in state () in the component group
of G which has group label H, e.g. C(PR(n,m), P, Procy) = n.

S(G) S(G) == > pegq)S(G, H), ie. the total size of all component groups in
G, e.g. S(PR(n,m)) =n+m.

Table 3.1: Key GPEPA definitions.

3.2.3 Running example: client—server model

In this section, we will introduce a fairly simple, but non-trivial, GPEPA model which will serve
as a running example throughout this chapter and which will also be used in some of the later
chapters. In the GPEPA model CS(n, m) given in Figure 3.1, we have a population of n clients
and a population of m servers. The system uses a 2-stage fetch mechanism: a client requests
data from the pool of servers; one of the servers receives the request and another server may
then fetch the data for the client. At any stage, a server in the pool may fail. Clients may also
timeout when waiting for data after their initial request.

3.2.4 Aggregation of GPEPA models

We now proceed to show how a GPEPA model’s state space may be aggregated by combin-
ing states where the component counts agree. This will be achieved by defining the relation
groupwise equivalence on the derivative states of grouped PEPA models.

Definition 3.2.2 (GPEPA :: Groupwise equivalence). Let G be a GPEPA model. Define
G1, Gy € ds(G) to be groupwise equivalent, denoted by G1 ~ G, if and only if for all (H, P) €
B(G), we have C(Gy, H, P) = C(Gq, H, P).

Theorem 3.2.3. ~ is an equivalence relation, i.e. it induces a partition ds(G)/ ~ on the
state space, ds(G), of a GPEPA model G. Furthermore, this partition is (ordinarily) lumpable
(Section 2.2.3).

Proof. That ~ is an equivalence relation is clear from its definition. To see lumpability, let
G ~ Go for G; and Gy € ds(G). Let G € ds(G)/ ~. Lumpability then follows from the fact
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au

ef

Client = (request, ;). Clientyaiting
Clientyaiting = (data, 17). Client iy, + (timeout, 1, ). Client
Client e = (think,n).Client
Server = (request,r,).Serverge + (break, n,).Serversroken
Serverge: “ (data,ry).Server + (break,n,).Serveryroken
Serversroren = (reset, 1,5¢).Server

CS(n,m) € Clients{ Client|n]} Servers{ Server[m|}

{request,data}

Figure 3.1: GPEPA description of the simple client-server model CS(n,m).

that:
Z Q(GlaG,>a) = Z Q(GQ,G/,O{)
(e G'eG
for all « € A;, where ¢(G,G' ) :== > (., 7 is the sum of the rates of all a-transitions
a——c

between two GPEPA derivative states. This follows immediately from the operational semantics
of GPEPA (Figure 2.3) since transition rates are independent of the order of fluid components
within component groups. O

Therefore ~ induces a lumpable partition on the state space of the underlying CTMC of a
GPEPA model. We refer to this as the underlying aggregated CTMC of the model. Each state
of the underlying aggregated CTMC of a GPEPA model G can be uniquely determined by the
model’s initial state and a function N € B(G) — Z,.* This function counts the number of fluid
components in each derivative state currently active in a given component group.

For example, in the case of G = CS(n, m), one equivalence class G € ds(G)/ ~ is:

G = {Clients{ Client ! Clientpink[n — 1]} D] Servers{Serverm|},
Clients{ Clientini Il Client )l Clientyni[n — 2]} D;ﬂ Servers{ Server|m|},
Clients{ Clientiink[2] Il Client ! Clientspink[n — 3]} D] Servers{Serverm|},

ey

Clients{ Clientiink[n — 1] Ul Client} D Servers{Server(m|}}

This is the case of one Client component, (n—1) x Clientyn, components and no Clientyaiting
components; and m x Server components, no Se’r‘verget or Serveryroren components. It is
therefore represented by the function N € B(CS(n, m)) — Z, defined by N(Clients, Client) =
1, N(Clients, Clientyqgiting) = 0, N(Clients, Clientine) = n — 1, N(Servers, Server) = m
and N(Servers, Serverg) = N(Servers, Serveryroren) = 0.

4Conversely, note that not all such functions specify valid states in the underlying aggregated CTMC. For
example, such a function may specify a total number of fluid components in a component group that exceeds
the component group’s size, or may specify an otherwise unreachable CTMC state.
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3.2.5 Evolution rates of GPEPA models

The purpose of this section is to define the component rate function for a GPEPA model
G, which calculates the total rate at which a fluid component evolves, taking into account any
interactions with the rest of the model. Specifically, R, (G, N, H, P) defines the component rate
of P within a component group H completing a timed action o € A;, in the aggregate state
specified by N € B(G) — R,. We allow also non-integer ‘component counts’ since the concepts
we define will also be used later to define the real-valued ODE approximations. The component
rate function is needed to describe the rate of evolution of a component from one derivative
state to the next in the construction of the ODEs which will define the ODE approximation.

We will also need to define a derivative weighting function and a version of the apparent rate
function defined in terms of component counts N € B(G) — R,. Table 3.2 summarises the
notation used for these functions.

Ro(G,N, H, P) | The component rate function measures the local rate at which fluid
components in state P in group H perform a-actions in the context of
the cooperation within the wider grouped PEPA model G in aggregate
state given by N.

Pa(P, Q) The derivative weighting function measures the probability that a
fluid component P evolves to state () in one a-transition.

ro(G,N) The apparent rate function measures the total rate of a-actions en-
abled by G in the aggregate state given by N.

Table 3.2: GPEPA rate functions.

Definition 3.2.4 (GPEPA :: Component rate function). Let G be a GPEPA model. For
(H, P) € B(G), timed action type o € Ay and N € B(G) — R, the component rate function is
Ra(G,N, H, P), defined as follows.

Ra(Ml [>L<]M2,N,H, P) =

{ %min(m(ﬂﬂ, N),7o(M2,N)) if a € L and H € G(M;), fori=1 or 2

Ro(M;,N, H, P) ifa¢ L and H € G(M;), fori=1 or2

N(H,P)r,(P) if H=Y and P € B(G,H)

Ro(Y{D},N, H, P) := { 0 otherwise

Terms with zero-valued denominators are defined to be zero.

The component rate function gives the overall aggregate rate at which a given fluid component
within a GPEPA model performs a certain action type. We are ultimately interested however
in how that rate is shared between enabled transitions into different derivative states. To this
end, we define the derivative weighting function which calculates the probability that given that
a fluid component performs an action, it transits to another specified fluid component state.
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Definition 3.2.5 (GPEPA :: Derivative weighting function). Let P and Q be fluid (standard

PEPA) components and let o € A;. Then po (P, Q) == M%P) ZP e, A. This is defined to be

zero when r,(P) = 0.

Finally, in order to support the preceding two definitions, we require a version of the apparent
rate function defined on GPEPA models explicitly in terms of their component counts N €
B(G) — R,. It is straightforward to see that this version matches the definition r,(G) =
ro(F(G)) given earlier in Section 3.2.2.

Definition 3.2.6 (GPEPA :: Apparent rate). Let G be a GPEPA model. Let o € A; be a
timed action type and N € B(G) — Ry. Then the apparent rate is ro(G,N), defined as follows.

min(r, (M, N),ro (M, N)) ifa € L
ro(Mi,N) + ro(Ms, N) otherwise

ra(Y{D},N) = Y N, P)r.(P)
PeB(Y{D},Y)

T’a(Ml DLQMQ’ N) = {

We now wish to relate formally the component rate function and the derivative weighting
function to the underlying aggregated CTMC induced by the equivalence relation ~. This is
achieved by characterising the outgoing transitions from a given state in terms of these functions
in the following theorem.

Theorem 3.2.7. Let G be a GPEPA model. Let N € B(G) — Z, represent a state of the
aggregated CTMC of G. Consider the component group with label H € G(G) and let a € A; be
a timed action type. For each fluid component P € B(G, H), all a-transitions from N to some
other aggregated state N’ € B(G) — Z where N'(H, P) # N(H, P) are such that exactly one of
the following holds:

1. N'(H,P) = N(H, P)— 1, and furthermore, the sum of the rates of all a-transitions to states
N’ for which this holds is:

D> pa(P,Q)Ra(G.N,H, P)
QEB(G,H)
Q#P

or

2. N'(H,P) =N(H, P) + 1 and furthermore, the sum of the rates of all a-transitions to states
N’ for which this holds is:

> pa(@.P)Ra(GN,H,Q)
QEeB(G,H)
Q#P

Also in either case, if there is no such a-transition, the rates given above are zero.

Proof. See Hayden [131, Theorem 2.15]. O
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By way of example, consider the aggregate state represented by the function N € B(CS(20,10)) —
Z, defined by N(Clients, Client) = 5, N(Clients, Client yqiting) = 5, N(Clients, Clientpin,) =
10, N(Servers, Server) = 4, N(Servers, Servery.) = 3, and N(Servers, Serveryroken) = 3.
In the above theorem, let (H, P) = (Clients, Clientni,) and o = think, then the quantity of
Item 1 in the theorem is:

> Piink ( Clientinink, Q) Rupink(CS(n, m), N, Clients, Clientyink) = 10 X 1;

QeB(CS(n,m),Clients)
Q# Clientpink

This is the sum of the rate of all transitions which decrease the count of Client;in,, components
in this state. The quantity of Item 2 in the theorem is:

Z Pinink (Q, Clientipingk) Rinink(CS(n, m), N, Clients, Q) = min(5,3)r, = 3 x n,

QEeB(CS(n,m),Clients)
Q# Clientipink

This is the sum of the rate of all transitions which increase the count of Client;in,, components
in this state.

3.3 Approximation of first moments

We now proceed to show how a system of coupled ODEs may be derived from a GPEPA model.
These ODEs describe a continuous approximation to the time evolution of the numbers of each
type of fluid component within the GPEPA model.

Consider a GPEPA model G. Let (H, P) € B(G) represent a particular fluid component deriva-
tive state. We will now introduce functions vy p(t) as deterministic, continuous approximations
to the integer-valued stochastic processes Ny p(t) := N(H, P) where N; € B(G) — Z, rep-
resents the state of the underlying aggregated CTMC at time ¢ € R,. In Section 3.3.1, we
will then discuss how the functions vy p(t) can be interpreted as approximations to the first
moments of the component counts E[Ny p(t)]. The definition of vy p(t) is by means of the
system of coupled, first-order ODEs which follow.

Definition 3.3.1 (GPEPA :: First-moment ODEs). Let G' be a GPEPA model. We define the
evolution of the vy p(t) over time for (H, P) € B(G) by the system of first-order coupled ODEs:

OHaP(t> - Z _RQ(G7Vt7H7 P) + Z pa(Q7P) RQ(G7 Vt’H7Q)
acA; QeB(G,H)

for all (H, P) € B(G)

where for t € Ry, Vy € B(G) — R is given by Vi(H, P) := vy p(t) for all (H, P) € B(G). The
initial conditions Vo € B(G) — R for this system of ODEs are those naturally defined by the
initial state of G. That is, Vo(H, P) :=C(G, H, P).

These ODEs can be intuitively justified by Theorem 3.2.7 if we consider the rate of all outgoing
a-transitions which increase the number of fluid components in derivative state P minus the
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rate of all outgoing a-transitions which decrease the number of fluid components in derivative
state P.

Note that for non-negative initial conditions, it is immediate from the definition of the ODEs
that for any solution, vy p(t) > —vy p(t) and thus, vy p(t) > 0 for all t € R,. Furthermore
vmp(t) < S(G, H) forallt € Ry since for all H € G(G), - pepe, ) Vnp(t) = 0 and Vo(H, P) <
S(G,H). That is, any solution to the system of ODEs must at least lie within the natural
boundaries imposed by the model they are derived from.

We will sometimes find it useful to refer to the aggregated CTMC and the ODE approximation
as vectors N(t) € Zﬁ[(G) and v(t) € Rﬁ\r/(G), respectively by applying some ordering to the
elements of B(G). We can then write the above system of ODEs as v(t) = f(v(¢)) where f is
a function in Rf(G) — RN(®). Note that we have intentionally suppressed the dependence of
N(t), v(t) and f on G so as not to burden the notation too far.

In Appendix A.1, we verify that f is a Lipschitz continuous function. By standard results on
differential equations (see e.g. Miller and Michel [187]) this guarantees that the system of ODEs
in Definition 3.3.1 has a unique solution.

Finally, the following straightforward result shows that any two solutions to v(t) = f(v(¢))
where the initial conditions for each solution are a constant scalar multiple of the other remain
scalar multiples of each other for all t € R,

Lemma 3.3.2. The function £ enjoys the following homogeneity property. For any B € R,
f(Bx) = BE(x) for all x € RY @,

Proof. This follows from the homogeneity of the apparent and component rate functions:
ro(G, BN) = Bro(G,N) and R,(G, 5N, H, P) = fR.(G,N, H, P) for all (H,P) € B(G) and
N € B(G) = R,. O

If we apply Definition 3.3.1 to the client—server model of Section 3.2.3, we obtain the following
system of ODEs:®

e(t) = —min(ve(t), vs(t))r + vew(t)rime + ver(t)r
Uow(t) = — min(vew(t), vsg(t))rs — vew(t)rime + min(ve(t), vs(t))n
Uer(t) = — vee(t)n + min(vey(t), vse(t))ra

Vs

t)

( — min(ve(t), vs(t))rn — vs(t)n, + min(vew(t), veg(t))ra + vep(t)nse
i’Sg(t)
(

— min(vew(t), vsg(t))ry — vsg(t)n + min(ve(t), vs(t))rn
Ush t) = — Ugb(t>7”mt + Us(t)”f’b + Usg(t)T‘b (34)

These ODEs are also available in MATLAB® form from the online web-based companion to this
thesis [131]. The accuracy of the approximation obtained by solving this system is discussed
later in Section 3.3.2.

5Throughout this thesis, we will often adopt obvious shorthands for the ODE solutions and component
counting processes, such as ve(t) for vciients, client(t) and vgp(t) for vservers,Serversoren (t); and Ne(t) for
NClients,Clie’n,t(t) and N.S’b(t) for NServers,Serverbm,.en (t)
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3.3.1 Nature of the first-moment approximation

In this section we will show how the quantity vy p(t) can be seen as an approximation to the
corresponding component count expectation E[Ny p(¢)]. Then in Section 3.4, we will see how
we may extend this argument to develop similar approximate analyses for (joint) higher-order
moments of the stochastic processes Ny p(t).

We will proceed by characterising the action of the infinitesimal generator matrix of the under-
lying CTMC of GG, denoted A, on component counts at a time t € R,. Recall from Section 2.1
how the infinitesimal generator can be interpreted as a linear operator. Let (H, P) € B(G) be
the fluid component of interest and define the stochastic process Ry p(t) as the total rate of
all outgoing transitions in the CTMC state occupied at time ¢ which do not change the count
of P-components in group H. Using Theorem 3.2.7, we may then see that the action of the
infinitesimal generator on component counts is given by:

AcNppt)= = > Y pa(P,Q) Ru(G.N, H P) | Nyp(t)
acAr QeB(G,H)
Q#EP

1> Y pal@Q P)Ra(G N, H,Q) | Nigp(t)
acAr QEB(G,H)
Q#P

— Ryp(t) Nup(t)

1Y Y PP QRGN HP) | (Nup(t) - 1)

a€Ar QeB(G,H)
Q?é

AT @ PRGN HLQ) | (Np(t) + 1)
acAr QeB(G,H)
Q#P

+ Ry p(t) Ny p(t)

After simplification, this becomes:

AG NH,P(t> = Z Z pa(QaP) Ra(Ga NtaHa Q) _Ra(Gy NtaHa P)

acA; \ QeB(G,H)

We may then apply Equation 2.1 directly, which yields the following exact differential equation
for the component-count expectation E[Ny p(t)]:

ENup@®] = D> | Y. pa(@ P)E[Ra(G,Ny, H,Q)] — E[Ra(G, Ny, H, P)] (3.5)

acAr \ QeB(G,H)

This differential equation states that the component count expectations almost satisfy the dif-
ferential equations of Definition 3.3.1. The problem is that Equation 3.5 contains expectations
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of possibly non-linear functions in its right-hand side: specifically, expectations of component
rate functions, such as E[R,(G,N;, H,Q)]. In the case that the component rate function is a
linear function of the component counts, we have that:

E[RQ(G7 NtaHaQ)] = Ra(G> Et7H>Q) (36)

for any fluid component ), where E,(H, P) := E[Ng p(t)]. Then, the component count ex-
pectations satisfy the ODEs of Definition 3.3.1 exactly. However, it is easy to see from its
definition (Definition 3.2.4) that the component rate function will only adopt such a simple
form in the case of there being no synchronisation between component groups. In such models,
components evolve entirely independently of each other and the underlying stochastic process
enjoys a transient product-form solution, so is already easily tractable and not particularly
interesting.

In the more general interesting case where synchronisation is allowed between component
groups, Equation 3.6 becomes an approximation. More precisely, in this case the solutions
to the ODEs of Definition 3.3.1 vy p(t) represent an approximation to the component count
expectations E[Ny p(t)], the quality of which relies directly on the difference between the terms
E[Ro(G,N¢, H, Q)] and R, (G, E;, H, Q). For a particular class of general GPEPA models, this
approximation has a form which means that it is possible to predict with certainty when it is
likely to be most inaccurate. Models in this class are said to be split-free and are introduced
and discussed in the next section.

Split-free models and switch points

The class of split-free models is general enough to include many massively-parallel models en-
countered in practice. Specifically it ezcludes models involving cooperations M; Dfl M where,
for some shared timed action a € L, either M; or M, contains more than one type of fluid
component component which enables «. That is, at least one side of the cooperation splits
between two different types of fluid component over this action type. Models not included in
this class are referred to as splitting. A formal definition of a split-free GPEPA model follows.

Definition 3.3.3 (GPEPA :: Split-free model). A GPEPA model G is split-free if and only if
Q(G) = true, defined as follows:

Q(M, BIM,) := QM) A Q(M) A Q' (M, L) A Q' (Mo, L)
Q(Y{D}) := true
where Q' (M, L) = true if and only if for all a € L, there do not exist distinct (Hy, Py), (Hs, P2) €
B(M) such that («,-) € Act(Py) and (a,-) € Act(Ps).

Recall that for a general GPEPA model G = M, BIM,, (H, P) € B(G) and N € B(G) — Ry,
the component rate function (Definition 3.2.4) is defined as:

Ra(Ml DLQMQ,N,H7P) =

{ % min(ry(Mi,N),7(M2,N)) if « € L and H € G(M;), for i =1 or 2

Rao(M;;N, H, P) ifa ¢ Land H € G(M;), fori =1 or 2
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The term % min(r,(Mi, N), ro(Ms, N)) may introduce rational functions of the compo-

nent counts into the component rate function and thus into the system of differential equations
associated with the model. The desirable property of a split-free model, on the other hand,
is that the rational expression will always cancel, that is, Ro(M;,N, H, P) = r,(M;,N) for all
a € L. This follows immediately from the definition of a split-free model and that of the
component rate function.

For a general split-free GPEPA model GG, there may be cooperation between component groups,
and we see by Definition 3.2.4 that the general form of the component rate function may
include minimum functions and linear combinations (but not rational functions) of component
counts, i.e. it is a piecewise linear function of the component counts. Since the only source
of non-linearity is the use of minimum functions, we see that Equation 3.5 matches that of
Definition 3.3.1 after the following approximation is applied, perhaps more than once in a
recursive fashion:

E[min(ry (M, Ny), 7o (Ma, Ny))] &= min(E[r, (M, Ny)|, E[ro(Ma, Ny)])
where M, D§ M, is some submodel of G and o € L. Note in general that in fact:
E[min(ry (M, Ny), ro(Ma, Ny))] < min(E[r, (M, Ny)|, Elro(Ma, Ny)])

Any component count configuration which causes the two arguments of a minimum term in the
right-hand side of a GPEPA model’s associated system of ODEs to be equal is termed a switch
point. The formal definition follows.

Definition 3.3.4 (GPEPA :: Switch point). An aggregated state N € B(G) — Z, of some
GPEPA model G is a switch point if and only if, for some submodel My DI My of G, ro(Mi,N) =
To(Ms,N) for some a € L.

In the context of the client—server example model CS(n,m), one source of switch points is thus
the approximation E[min(N¢(t), Ng(t))] =~ min(E[N¢(t)], E[Ns(t)])-

It is easy to see that far away from switch points, we would expect the ODE approximation to
remain good unless the variabilities of the component counting stochastic processes are high.
Figure 3.2a illustrates this scenario. The black dot illustrates the expected values of the number
of clients and servers with the grey area representing informally the extent of the variability
or spread of the distributions. The diagonal line splits the state space into the areas in which
each side of the min(-,-) is the defining term, that is, it is the line of switch points.

Around the switch points, the quality of the approximation decreases with increasing variabil-
ity of the counting stochastic processes in question. This is illustrated in Figure 3.2b. The
red part of the circle illustrates the part of the distribution which has been incorrectly as-
signed to the servers rather than the clients under the approximation E[min(N¢(t), Ns(t))] ~
min(E[N¢(t)], E[Ns(t)]).

In the next section, we will illustrate the first-moment approximation for the example model
CS(n,m) and discuss more practically the usefulness of switch points in predicting the accuracy
of the approximation.
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Servers Servers
o 1 2 m-1 m 0o 1 2 m-1 m
0 0
1 1
2 Clients define min 2 Clients define min
o a)
o o
2 . 2
Servers define min Servers define min
n-1 n-1
' n \ n
(a) Far from a switch point. (b) Near to a switch point.

Figure 3.2: Accuracy of the approximation: E[min(N¢(t), Ns(t))] =~ min(E[N¢(t)], E[Ns(t)])
for the client—server model CS(n,m).

3.3.2 First-moment approximation for running example

In this section, we will illustrate the first-moment differential equation approximation on the
GPEPA model CS(n, m) introduced in Section 3.2.3. Recall that applying Definition 3.3.1 to
the model results in the system of differential equations given earlier in Equation 3.4.

Figure 3.3 shows a comparison of the solutions to these ODEs with the actual component count
expectations as computed by repeated stochastic simulation. We see that the approximation
error is significantly higher in the approximate time interval [2.5, 15]. This coincides with close
proximity of the component counts to the Client/Server switch point and thus is due to
the error in approximating terms E[min(N¢(t), Ng(t))] to construct the differential equations
given above. To see this more clearly, Figure 3.4 shows a parametric plot where the error
in the approximation of Client component count expectation is plotted with respect to the
distance from the Client/Server switch point, where, for the purposes of this plot, “switch
point distance” refers to the quantity |ve(t) — vg(t)]-

3.4 Approximation of higher moments

In this section, we will show how the system of ODEs given in Definition 3.3.1 can be ex-
tended defining similar differential equations which approximate (joint) higher-order moments
of the counts of fluid components. These can be used to provide inexpensive access to key
characteristics of the probability distribution of the component counts, such as their variance.

In order to proceed, we will need to characterise how fluid components evolve jointly. To
this end, we will generalise the notion of the component rate function for a GPEPA model, a
timed action type and one given fluid component (Definition 3.2.4) to the joint component rate
function for a given set of fluid components. This will arise naturally in the consideration of
higher-order moments involving more than one fluid component count.
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Figure 3.4: Parametric phase plot of ODE expectation approximation (absolute) error against
switch point distance for the Client component count in the model CS(100,60). Rates: r. =
2.0, e = 0.3, =027, n, = 0.1, r; = 1.0, 1., = 1.0.
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3.4.1 Joint evolution rates of GPEPA models

Informally, the joint component rate is the aggregate rate at which all of the given fluid com-
ponents complete an action of a given action type in cooperation together. It is the sum of
the rates of all transitions of that action type in the aggregated CTMC, in which the specified
components are the only joint participants. The formal definition of the joint component rate
function now follows.

Definition 3.4.1 (GPEPA :: Joint component rate function). Let G be a GPEPA model. Let
J C B(G) be a non-empty set of fluid component derivative states. Let o € A; be a timed
action type and let N € B(G) — R,. Then the joint component rate is Ro(G,N, J), defined as
follows.

Ra(Ml DLQ MQ; N, J) =

o(M1,N,Jy (&3 N, 1 ,
Rro(c](\/J{/h,Nb)f )RT(E](‘;[VQIQ,N{Q) mln(ra(Mla N)a TQ<M27 N)) Zf a € L’ J g B(Mj)
for j =1 and 2
Ra(Mj,N, .J) ifod L, JCBM;)
forj =1 or2
0 otherwise

In the first line of the definition, we define J; and Jy to be the unique partition of J such that
J1 C B(My) and Jy C B(Ms). As before, terms with zeros in the denominator are defined as
zero. Finally:

Ro(H{D},N,J) :={ N(H’PO)TQ(P) Zﬁf;]e:ui{s(eH o

In the final case of the definition, the cardinality of J has to be 1 to return a non-zero value,
since there is no cooperation between the components of a component group by definition, and
we are computing the joint rate of evolution between cooperating components.

We now wish to relate the joint component rate function to the underlying CTMC in a similar
fashion to Theorem 3.2.7 for the component rate function. In order to do this, we define
the joint evolution set J(G) of a GPEPA model G. This set enumerates the possible ways
in which fluid components can evolve together with a particular action type. It consists of
3-tuples (J_, J;,a) € P(B(G)) x P(B(G)) x A;. Each such tuple represents an a-transition
which evolves the fluid components in J_ into those in J,. The formal definition follows.

Definition 3.4.2 (GPEPA :: Joint evolution set). Let G be a GPEPA model. Then the joint
evolution set is J(G), defined as follows.
J (M BRM,) = {(JLU T2, JL U TS ) = (JL, Ty, a) € T(My), (J2,J2,0) € T(Ms), a € L}
u{(J-,Jy,a) + (Jo,Jp,a) € T(My) , a ¢ L}
U{(J-,Jy,a) + (Jo,Jp,a) € T(Msy) , a ¢ L}
JH{DY = {HP}AHQ} e}

p (o) 0
P,QeB(G,H)
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The following theorem then gives the rates associated with transitions specified by the elements

of J(G).

Theorem 3.4.3. Let G be a GPEPA model and let N,N" € B(G) — Z. represent states of the
aggregated CTMC of G. Let o € A; be a timed action type.

Then the sum of the rates of all a-transitions from N to N’ is the sum of all quantities:
pa(‘]—v‘]-l—)Ra(GvaJ—) (37)

taken over all elements (J_, Jy,a) € J(G), which characterise N, that is, all elements for
which:

1. N(H,P)=N(H,P)—1 forall (H,P) € J_\ Jy4,
2. N(H,P)=N(H,P)+1 for all (H,P) € J; \ J_ and

3. N'(H,P)=N(H,P) for all (H,P) € B(G)\ (J_© J;).°
Each term given by Fquation 3.7 is zero if no such a-transitions erist.
Proof. See Hayden and Bradley [139, Theorem 5.3]. O]

The expression in Equation 3.7 uses an extended version of the derivative weighting function
originally given by Definition 3.2.5. Its purpose is to compute the probability that after a
joint a-action, a given set of fluid components transit together to another given set of fluid
components. We give the extension in the following definition.

Definition 3.4.4 (GPEPA :: Joint derivative weighting function). Let G be a GPEPA model
and let (J_, Jy,a) € J(G). Then po(J_, Jy) is the joint derivative weighting function, defined
as follows.

palJJ) = [ PalPQu.)

(H,P)eJ_

where Qu,j, is defined as the unique fluid component Q, such that (H,Q) € Jy. That it will
exist and be unique is guaranteed by the fact that (J_, J,, a) € J(Q).

3.4.2 Action of the infinitesimal generator on higher-order moments

Making use of the characterisation of a GPEPA model’s underlying CTMC given by Theo-
rem 3.4.3, we intend to construct differential equations approximating any joint moment of
fluid component counts. We will achieve this by generalising the approach of Section 3.3.1.
Specifically, we are now interested in the action of the infinitesimal generator on products of
component counts.

Where A© B := (AU B) \ (AN B) is the symmetric difference of the two sets A and B.
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Let G be a GPEPA model and M € B(G) — Z, specify a particular joint moment of fluid com-
ponent counting stochastic processes that is of interest E[M (¢)] by M(t) := [[pcp(q) Np(t)M®),
Using Theorem 3.4.3, we may then see that the action of the infinitesimal generator As on
M(t) is given by:

AcMt) = > pald JO)(FL(O)F- () F(t) = M(1)Ra(G, Ny, J-)
(J=,J4,0)eT(G)
where:
Fe(t)y:= ] (Ng(t) £ 1)M*) and  F(t):= 11 Np(t)M®
BeJi\Jx BeB(G)\(J_6Jy)

and for t € Ry, N, € B(G) — Z, is given by Ny(B) := Ng(t) for all B € B(G). Note that
we have suppressed the dependence of F. (t), F_(t) and F(t) on J_ and J; simply to ease the
notation. By way of example, consider the joint moment E[N¢y,(t) Ngg(t)] in the context of the
client-server model CS(n,m). Then if J_ = {(Clients, Client), (Servers, Server)} and J, =
{(Clients, Client,qiting), (Servers, Serverge)}, we have F (t) = (New(t) + 1)(Ngg(t) + 1)
and F_(t) = F(t) = 1.

Applying Equation 2.1 then yields the exact differential equation:

EM@)] = Y palJo JOE[(FL(O)F-()F(t) = M(t))Ra(G, Ny, J)] (3-8)
(J- J4,0)€T(G)

In fact, this equation can also be derived using an informal intuitive argument. Each transition
in the aggregated CTMC corresponds to one particular pair (J_, J.,«a) € J(G), depending on
the changes it makes to fluid component counts; and a particular timed action type o € A;.
As we know from Theorem 3.4.3, the sum of the rates of all such transitions is the quantity
Pa(J_, JL)Ro(G, Ny, J_). The term Fy(t)F_(t)F(t) — M(t) is simply the change in M(t) due
to such a transition, so the above equation can be derived informally by considering the change
in M (t) multiplied by the rate at which it occurs, summed over all enabled transitions.

As it stands, the differential equation in Equation 3.8 is not something we can solve since to do
so would require a differential equation for the term E[(F (¢)F_(t)F(t) — M(t))Ra(G, Ny, J-)]
which appears in its right-hand side. A more practical approach is to rewrite this term and
apply approximations where necessary so that it can be written as a function of component-
count moments. We show how this approach leads to a system of ODEs which we can solve in
the next section.

3.4.3 Derivation of the approximating ODEs

The previous section presented an equation for the derivative of a general moment of component-
counting processes (Equation 3.8). In this section, we show how an approximation to this
equation can be constructed using a suitable system of ODEs. In order to achieve this, we
must rearrange Equation 3.8 to make the individual component-count moments explicit on the
right-hand side. Each of these component-count moments is then approximated by its own
differential equation (as finally achieved in Equation 3.13).
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We begin by using the binomial theorem to see that the term F (t)F_(t)F(t) of Equation 3.8
is the sum of all monomials of the form:

[T omemwo T () )Natr® 39

BeJ_\Jy BeB(G)

taken over all elements K € B(G) — Z., which satisfy 0 < K(B) < M(B) for all B € J_ & J,,
and K(B) = M(B) for all B € B(G) \ (J- © J,).

Now consider the term F (t)F_(t)F(t) — M(t) and note that M (¢) simply serves to cancel the
highest-order such monomial, i.e. the case of K(B) = M(B) for all B € B(G). Therefore,
after this cancellation, all monomials in the sum will have order at most M — 1, where M :=
> pes M(B) is the order of the moment of interest. That is, FL (¢)F_(¢)F(t) — M(t) is
equal to the sum of all monomials of the form of Equation 3.9 taken over all elements K &
B(G) — Z, which satisfy 0 < K(B) < M(B) for all B € J_ & J,; and K(B) = M(B) for all
B € B(G) \ (J- © J;) where 3 p o) K(B) # M. We denote this subset of B(G) — Z by
K(J-, i, M).

Consider now the expectation term:
E[(F4 () F-()F(t) — M(t)/Ra(G.N;, )] (3.10)

from Equation 3.8. Using the fact above that F, (t)F_(t)F(t) — M (t) consists of a sum of mono-
mials of the form of Equation 3.9, we may expand Equation 3.10 into a sum of expectations,
one for each monomial term, i.e. it is equal to the sum of the terms:

M(B
| G A | | (K((BD E| JI No()PRa(GN,, J-) (3.11)
BeJ_\Jy BeB(G) BeB(G)
taken over all K € IC(J_, J;, M).

Before we proceed, we note that the joint component rate function enjoys the same homogeneity

property as was shown for the component rate function in Lemma 3.3.2. That is, for any
N < B(G) — R+ and C < R+:

C' x Ra(G,N, J) = Ra(G,N*, J)

where N* € B(G) — R is defined by N*(B) := C x N(B) for all B € B(G). This allows us to
write Equation 3.11 as:

[T oo T () | BRuG KL ) (312)

for all B € B(G).
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Now for a given moment, specified by M € B(G) — Z., write vy(t) as its ODE approximation,
to be defined shortly. For split-free models, the joint component rate function (Definition 3.4.1),
as in the case of the component rate function (Definition 3.2.4), may involve minimum functions
and linear combinations (but not rational functions) of component counts. So applying the
approximation E[min(-,-)] &~ min(E[-], E[:]), potentially repeatedly to Equation 3.12, yields in
terms of the ODE approximations:

H (_1)M(B)—K(B) H ('\él((g))) Ra(G, VK], J)

BeJ \Jy BeB(G)
where for t € Ry, V{[K] € B(G) — R is given by, for all B € B(G):
Vi[KI(B) := u(t)

where [(B') = K(B') for all B’ # B and I(B) = K(B) + 1. Note that since }_ /) K(B') <
M —1 for all K € K(J_, Jy,M), ODE approximations of joint moments of order at most M
occur in such terms.

Combining these terms to approximate Equation 3.8 gives the following ODE where the right-
hand side is in terms of the ODE approximations of the joint moments of order M and below.

Definition 3.4.5 (GPEPA :: Higher-order moment ODEs). Let G be a GPEPA model. We
define the evolution of the vm(t) over time for M € B(G) — Z, by the system of first-order
coupled ODFEs:

)= Y palJTy)

(J-,J+,0)eT(G)

Z H (_I)M(B)—K(B) H ('\él((lg;) Rao(G,Vi[K], J_)

Kek(J_,Jy M) BeJ_\Jy BEeB(G)

(3.13)

The initial condition for each moment, M € B(G) — Z.., is that naturally implied by the initial
state of G. Specifically, we define:

w(0):= J[ c@ BM»

BeB(G)

We note here that in the case of first-order moments, Equation 3.13 reduces to the ODE given
by Definition 3.3.1. Also for models which are not split-free, all of the above still holds but the
nature of the approximation is more complicated, as in the first-order case.

3.4.4 Standard-deviation approximation for running example

In this section, we will illustrate the higher-moment differential-equation approximations on
the GEPA model CS(n,m) introduced in Section 3.2.3. Specifically, we will show how we
may use the second-order moment approximations to approximate the variance and thus the
standard deviation of fluid component counts in the model. We will write v (t) for the ODE
approximation to the second moment of the Client-counting process E[NZ(t)] and ve.gg(t)
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for the ODE approximation to the joint moment of the Client- and Serverge-counting pro-
cesses E[N¢(t)Ngg(t)], and we adopt a similar notation for the other second-order moment
approximations.

In order to proceed, we wish to evaluate Equation 3.13 for each second-order moment. We
begin by enumerating the joint evolution set and the corresponding joint component rates:”

1. request-transitions of J_ = { Client, Server} into J, = { Clientyqiting, Serverge} occur

at rate:
Pa( I, J4)Rrequest (CS(n, m), Ny, J_) = min(N¢(t), Ns(t))rn
2. data-transitions of J_ = { Clientyqiting, Serverye:} into J, = { Clientink, Server} oc-
cur at rate:

,OQ(J_, J+)Rdam(C’S(n, m), Nt, J_> = min(NCw(t), ng(t)>7’d

3. timeout-transitions of J_ = { Clientygiting} into J. = { Client} occur at rate:

pa(Jf> JJr)Rtimeout(CS(na m>7 Nta Jf) = NC'w<t)7;tmt

4. think-transitions of J_ = { Clientiink} into J. = { Client} occur at rate:

pa(J—7 J+)Rthink(cs<n7 m); Nt7 J—) = NCt(t)/r}

5. break-transitions of J_ = {Server} into J, = {Serveryroren} oOccur at rate:

pa(*]f7 J+)Rbreak(CS(n7 m)7 Nt7 ,]7) = NS(t)rb

6. break-transitions of J_ = {Serverge} into J; = {Serversmpoken} Occur at rate:

poc(‘]—a J—i—)Rbreak(CS(nv m); Nt; J—) - ng(t)rb

7. reset-transitions of J_ = {Serverymoren} into J, = {Server} occur at rate:

pa(t]fa JJr)Rreset(CS(na m>7 Nt; Jf) = NSb(t>Trst

Let us consider the joint second-order moment E[N ¢y, () Ngg(t)]. The only transitions of interest
are 1, 2, 3 and 6 in the above enumeration since they are the only ones for which either:

Clientyaiting € J— © J; or Serverge € J_ © J;

Indeed, if J- © J; does not include at least one B € B(CS(n,m)) for which M(B) > 0,
K(J_,J,,M) = 0 and the pair (J_,J,) would contribute nothing to the right-hand side of
Equation 3.13.

Now for transition 1, C(J_, J, M) consists of three elements, K, Ky and Kz, where K;(B) =0
for all B € B(CS(n,m)), Ko( Clientyqiting) = 1, Ko(Serverge) = 0 and Ky(B) = 0 oth-
erwise, and Ks(Clientyaiting) = 0, Ks(Serverge) = 1 and K3(B) = 0 otherwise. Then Ky

"For brevity, we drop the component group labels when giving the J_ and .J, sets.
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contributes min(ve(t), vs(t))n to Equation 3.13; Ky contributes min(vew.c(t), vow.s(t))n and
Ks contributes: min(ve.gg(t), vs.sq(t))rn. So together, transition 1 contributes to Equation 3.13:

(min(vc(t), Ug(t)) -+ min(vc. Cw(t), Ucw.s(t)) —+ I’Ilin(vc.gg<t), Ug.sg(t)))n

For transition 2, KC(J_, Jy,M) is as for transition 1 and the contribution to Equation 3.13 is
similarly:

(min(vew(t), vsy(t)) — Min(vgy: (1), vwsy(t)) — Min(vcusg(t), vg ()1

For transition 3, IC(J_, J, M) consists of just one element, K;, where K;(Serverg) = 1 and
Ki(B) = 0 otherwise. The contribution to Equation 3.13 is then:

_UCng(t)nmt

For transition 6, K(J_, J;, M) consists of just one element, K;, where K;(Clientygiting) = 1
and K;(B) = 0 otherwise. The contribution to Equation 3.13 is then:

_UCw-Sg(t)rb

Collecting all of these individual contributions to form the ODE of Equation 3.13 for 0 cy.s4(t)
gives:

Ucw sg(t) = (min(ve(t), vs(t)) + min(ve cw(t), vows(t)) + min(ve.sg(t), vs.sq(t)))rn
+ (min(vew(t), vsg(t)) — min(vey2 (1), Veow sg(t)) — min(vews(t), vsge (t)))7a
- UCw‘Sg(t)rtmt - UCng(t)Tb (314)

Repeating this procedure for the first-order and other joint second-order moments yields a
complete system of 27 ODEs, which uniquely determine all 27 approximations. The full system
is given in Appendix A.2.1 and is also available online [131].

Figures 3.5a and 3.5b show a comparison of the standard deviation approximations computed
by solving these ODEs compared with the actual quantities as computed by repeated stochastic
simulation. We see that the approximation error is significantly higher in the approximate time
interval [1.0,3.5] and also towards the end of the depicted range of time. This is particulary
evident in Figure 3.5a. As can be seen from Figure 3.5¢, this coincides with close proximity of
the component counts to the Client/Server switch point and thus is likely due to the error in
approximating terms E[min(N¢(t), Ng(t))] to construct the differential equations.

Figure 3.6 depicts similar results for skewness and Figure 3.7 for kurtosis. As for the second-
order case, the approximating ODEs are derived directly from Equation 3.13. The number
of ODEs required for the third-order analysis is 83, compared with 209 for the fourth-order
analysis. For brevity we do not give in this thesis the systems of ODEs which were used
to compute these results, but they are available online [131|. The error in these two plots
is noticeably higher around the switch point than for the case of the standard deviation or
first-order means. However, the approximations still perform generally very well when at a
reasonable distance from the switch point. The fact that the error generally gets worse for
higher-moment analyses has also been noted in Stefanek et al. [229].
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Figure 3.5: Comparison of component-count standard deviations as computed by ODEs (solid
lines) and stochastic simulation (dashed lines) for the model CS(100,60). Rates: 7. = 2.0,
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3.5 Tractability of moment approximations

If we are interested in computing Nth-order moment approximations for a GPEPA model
G, we must construct the system of ODEs consisting of Equation 3.13 taken for every Mth
(1 < M < N) joint moment of component counts. The number of required ODEs in total is

then:
3 N(G)+N_1 = N(G)+n 1 N when
Z( N(@) -1 )‘( N(G) ) L~ N(G)" when N(G) > N

where we recall that N'(G) = |B(G)| is the total number of fluid component derivative states
in the model. For a fixed order, this effectively polynomial growth in the number of fluid
components will obviously have a practical implication for the degree of moment analysis that
will be possible for a given model. However first-order, second-order and very often, third-
order moment analysis should certainly be very tractable for realistically-detailed models. For
example, in the case of the model CS(n,m), N(CS(n,m)) = 6 and to access second-order
moments, the total number of ODEs we have to solve is only 27. For third-order moments,
this increases to 83 and in the case of fourth-order moments, to 209. Comparing this with the
fact that the underlying aggregated state space has of the order of six million states for the
fairly modest configuration n = 100 and m = 50, we see that the approximate moment analysis
described here, even up to fourth-order moments and higher is massively more tractable than
attempting to exactly solve the CTMC directly using one of the techniques summarised in
Section 2.2. Indeed, the key reason for this is that the size of the system of ODEs (for any N)
is totally independent of the model’s population size, which in this case is n + m.

A more detailed model with 25 fluid component derivative states would require 350 ODEs to
be solved in order to approximate the second-order moments. For third-order moments, this
increases quickly to around 3,000. However, the underlying aggregated CTMC of such a model
has around 10?° states (assuming a population of about 100). Third-order (and higher) moment
analysis is thus still massively more tractable than an exact approach. For models with 50 fluid
component derivative states, second-order moment analysis is still very much a feasible option
through solving the system of 1,325 ODEs. Indeed, the Grouped PEPA Analyser tool [229, 235]
which implements the techniques of this chapter is able to solve systems of over 10, 000 moment
ODEs in a matter of minutes on a standard desktop computer.

Further examples of third- and fourth-order moment analysis using these techniques and the
grouped PEPA analyser tool (GPA) can be found in Stefanek et al. [229]. The use of higher-
moments for the analysis of passage-time cumulative distribution functions is discussed in Hay-
den et al. [142] with further examples in Hayden et al. [141].

3.6 Conclusion

In this chapter, we have introduced grouped PEPA as a simple syntactic extension of the
stochastic process algebra PEPA. This provides a framework in which to define ODE-based
approximations to general performance models by making an unambiguous distinction between
so-called fluid components and the rest of the model. This allows us to tackle GPEPA models
with fluid components that have internal composition without the need to expand the paral-
lelism explicitly as in Clark et al. [81]. The GPEPA framework also extends the applicability
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of ODE-based approximation techniques to a much larger class of models than originally con-
sidered by Hillston [147].

Most importantly, we have developed systems of differential equations which can be used to
approximate higher-order moments. This can provide inexpensive access to approximations of
key stochastic quantities of interest such as the variance of a component count. The variance in
turn tells a modeller whether the mean is an accurate prediction of system behaviour. Further-
more, higher moments beyond the variance, can be used to calculate passage-time measures
directly. Being able to compute all of these measures by solving a tractable system of ODEs,
opens the door to rapid scalability analysis and optimisation over many dimensions of model
parameters. These developments have clear application to the analysis of performance models
specified in formalisms other than PEPA and could also potentially be used to extend related
techniques such as mean-field analysis.

Deriving the moment ODEs from the underlying CTMC in this way, leads to the characteri-
sation of so-called switch points. These are a powerful qualitative predictor of the accuracy of
the ODE approximation, both in the case of first-order and higher-order moments.

The techniques described in this chapter have been implemented in a freely-available compre-
hensive tool, the grouped PEPA analyser (GPA) originally implemented by Stefanek and the
results documented in Stefanek et al. [229, 235]. GPA allows ODE-based analysis of many more
moments and more complex models than would be possible by hand. It also allows comparisons
with simulation, calculation of switch points, and gives access to powerful parameter sweeping
and optimisation functionality which can be used to ensure cost-effective satisfaction of service
level agreements in massively-parallel models [233].
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Differential-equation approximations of
passage times for grouped PEPA

Key contributions

Passage time as time to extinction

Differential-equation analysis of global passage times

Differential-equation analysis of individual passage times

4.1 Introduction

Passage-time or response-time distributions are some of the most sought-after quantitative
performance measures of a system. Passage-time quantiles form the basis of many service
level agreements (SLAs) in the telecommunications and other industries, e.g. a file should be
successfully transferred within 2 seconds, 95% of the time. As we have already seen, analysis
of such industrial-scale systems requires the ability to deal with massive underlying discrete
state spaces which grow exponentially as system components are added to the model. The
situation is no better for the computation of passage-time measures. Indeed the capability of
traditional explicit state-space techniques for computing passage-time distributions is quickly
exceeded [50].

In the last chapter, we have shown how differential-equation based analysis of performance
models offers the potential for the analysis of massive state spaces at small computational cost.
Specifically, it was shown how the moments of certain discrete stochastic processes which count
the number of each type of component in the model in a given state can be approximated by the
solutions to tractable systems of ODEs. In this chapter, we show how the quantities obtained
in this manner can be used to compute approximations to passage-time distributions. Specifi-
cally, we have identified two distinct types of passage-time measure that can be approximated
using this approach: global passage-times, which capture the evolution of a large component
population; and indiwidual passage-times which focus on a single tagged component in a model.

We now give a summary of the key contributions of the work presented in this chapter which
should also serve as a map of the chapter’s structure.

a7



58 Chapter 4. Differential-equation approximations of passage times for grouped PEPA

Passage time as time to extinction We build on initial work by Bradley et al. [52] which
showed how ODE analysis could be used to extract passage-time measures for a particular
class of conditioned random variable in PEPA models.! In Section 4.2, we show that
a broader class of passage-time measures are equivalent to the time to extinction of a
certain set of components within a modified model. This perspective allows us to adapt
the techniques of the previous chapter to approximate passage-time measures.

Differential-equation analysis of global passage times In Section 4.3, we develop the
notion of a global passage time as a means of capturing system-wide passages. We show
how they can be approximated by ODE-based analysis as a time-to-extinction measure.
Specifically, in Section 4.3.1, we introduce a simple deterministic approximation. Where
the component populations are not large enough for the deterministic approximation to
be accurate, we improve upon this by showing how efficient approximate upper and lower
bounds on the cumulative distribution function of the entire passage time can be derived
(Section 4.3.2).

Differential-equation analysis of individual passage times Section 4.4 shows how indi-
vidual passage times can track the evolution of single components in massively-parallel
systems, both in the steady-state and transient regimes. For these individual passage
times the entire cumulative distribution function can be well approximated by ODE-
based techniques. Individual passage-time measures are analogous to tagged-customer
measures in stochastic Petri nets |21, 93|. However the Petri net approaches still rely on
traditional explicit-state Markov chain analysis and are thus susceptible to state-space
explosion.

In summary, the aim of this chapter is to provide a machinery for the systematic approximation
of passage times in performance models with underlying state-space sizes well beyond the
capabilities of existing techniques.

4.2 Passage time as time to extinction

In this section we show how certain passage times can be considered as extinction times of a
certain set of fluid components. These ideas were inspired by traditional passage-time analysis
techniques [14, 94| where absorbing modifications are made to make passage-time measures
more explicit. The term absorbing usually refers to a single CTMC state from which no other
state is reachable. However, we will generalise this notion here to absorbing sets of states
such that no state outside the set is reachable from a state within the set. We may then
approximate the passage-time duration by considering how long it takes for a particular sum
of ODE components associated with the absorbing set to decrease to some value.

We will consider again the example client-server GPEPA model CS(n,m) (Section 3.2.3). We
may be interested in how long it takes for some proportion of the initial n clients to complete
their first cycle (consisting of at least one request-, data- and think-action, perhaps interrupted
by timeout-actions). As it stands, such a random variable cannot be represented explicitly in

'We would like to emphasise that the conditioned passage-times presented in Bradley et al. [52] are distinct
from the traditional first passage time measures discussed by Clark [78].
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Figure 4.1: New definition of the Client fluid component in the model CS’(n,m).

the aggregated state space; we wish to represent it as the passage from a given source state to
a set of target states. In order to do this, we can modify the Clientyins fluid component and
introduce three new model states and corresponding fluid components Client’, Client,qiting’
and Clientpini’ as specified in Figure 4.1.

These additional states will allow us to distinguish between components which have completed
a cycle and ones that have not. The rest of the model is left unchanged. In making this
modification and the similar modifications detailed in this chapter, our intention is to preserve
the behavioural aspects of the system. We will see in Chapter 5 how this can be achieved more
systematically through the use of the unified stochastic probe framework. Denote the resulting
model:

CS'(n,m) = Clients{ Client|n]} 1 Servers{ Server(m|}

We are now in a position to express the random variable we are interested in as the time to
extinction of the specified number of the Client, Clienty,iting and Client,pin, components
in the modified model. It is easy to see how we could develop a similar modification to, for
example, allow us to time how long it takes for a client to complete any number of cycles.
In the sections that follow, we will show how the systems of ODEs defined in the previous
chapter for such modified models could be used to compute approximations to the distribution
of passage-time random variables.

As mentioned earlier, we will consider two different classes of passage times both of which are
particularly amenable to accurate fluid approximation under the right conditions. Passage times
of the first type are called global passage times. These passage times represent the time taken
for a significant proportion of a component population to reach some state, or achieve some
particular goal. The second type is called an individual passage time. These will be marginal
passage times for individuals in a large population of identically-distributed components.

4.3 Global passage times

We consider again instances of the model introduced above, with even numbers of clients, that
is, CS’(2n,m). Consider the passage-time quantity for half (or n) of the clients to complete
their initial cycle. As mentioned above, the ODEs of Definition 3.3.1 can be constructed for
this model yielding a system of 9 ODEs, which is given in Appendix B.1.1 and is also available
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online [131]. In contrast to the case of the unmodified model, CS(2n, m), these ODEs allow
us access to the random variable we are interested in. Specifically, it would seem sensible to
construct the approximation by considering the deterministic quantity ve(t) + vew(t) + ve(t)
(or ver(t) + vew (t) + ver(t)) and computing the time ¢ at which it reaches the value n. We
will present two possible approaches: the first, which yields a deterministic approximation, and
the second, which yields approximations to upper and lower bounds on the entire distribution
of the passage time. We first define the general class of global passage times which we will be
interested in for ODE-based analysis.

A global passage time consists of a GPEPA model together with an absorbing subset of its
aggregated state space, specified by a particular subset of fluid components and a target count
for these fluid components to reach. The passage time is then the time taken for this to occur.
The formal definition follows.

Definition 4.3.1 (Global passage time). Let G be a GPEPA model, C C B(G) be a subset
of flurd components and C' € Z, represent the target component count. Define the global
passage-lime random variable o := inf{t € Ry : Y . Np(t) < C}, where whenever t > o,
Y pec NB(t) < C, that is, the target states must be absorbing and the passage is timed starting
from the initial state of G.

This definition can be used to describe the example passage time for half of the clients to
complete their first cycle by letting G = CS’(2n,m), C = { Client, Clientygiting, Clientpink}
and C' = n.

4.3.1 Approximation by point mass

The most straightforward approach to approximating the passage time mentioned above would
be to compute the time ¢ at which the quantity vo(t)+veow(t)+vce(t) reaches n. Figure 4.2 shows
cumulative distribution functions (CDFs) computed using stochastic simulation for this passage-
time random variable. In each case, we increase the number of clients and there are always three
fifths as many servers as there are clients. Maintaining a constant ratio ensures that the point-
mass approximation for each of these passage times is the same (Lemma 3.3.2), represented
by the dashed vertical line in the figure. We see that the passage-time distributions appear to
be converging to the point mass as the component populations increase (see Section 6.4.1 for
general theoretical justification of this fact).

For a general global passage time specified for some GPEPA model G by C C B(G) and
C € Z., as in Definition 4.3.1, the point-mass approximation is defined simply as inf{t € R, :

> pecUB(t) < Ct.

4.3.2 Upper and lower CDF approximations

For smaller populations sizes, many of the passage-time distributions depicted in Figure 4.2
have a significant level of variability. In such cases, a deterministic passage-time approximation
does not capture an accurate picture. In this section, we show how we might address this
by introducing what we term wupper and lower approximations to global passage-time CDFs.
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Figure 4.2: Passage-time CDFs for half of the clients to complete their first cycle computed by
stochastic simulation compared with the ODE point-mass approximation (the dashed vertical
line) for the model CS(2n,m). Rates: 1. = 2.0, 1y = 0.3, n = 0.5, n, = 0.05, 13 = 2.0,
Trst = 1.0.

These are ODE-computed approximations to theoretically exact upper and lower CDF bounds.
Although we do not yet have a formal guarantee or condition to ensure that such approximations
are themselves bounds on the CDF, we have observed empirically that these approximations
are usually very accurate and converge much faster than those of Section 4.3.1. Furthermore,
we have not encountered any cases where, under the approximation, the bounding property is
violated. However we do note that, in some cases, the additional accuracy comes at the expense
of bounds which may not be as tight as desired, although we emphasise here that any CDF
lower bound can potentially be used to validate an SLA.

In the next section we will introduce the simplest such approximations computed using only
the first-moment ODE approximations for GPEPA models which were given in Section 3.3.
Then we will develop tighter approximations by employing the higher-moment approximations
of Section 3.4.

First-moment CDF approximations

In this section, we will approximate global passage-time distributions by employing the well-
known Markov inequality, which says that for a non-negative random variable X and a > 0:

P{X >a} < @ (4.1)

In order to exploit this, we can use the system of ODEs defined in Section 3.3 to approximate
the component-count expectations.

Consider again the model CS’(2n,m) and the passage time for n of the clients to complete
their first cycle. Denote this random variable by ¢ again, then applying Markov’s inequality,
we may obtain the following bounds on its cumulative distribution function:
E[N¢ (t)] + E[Ncw ()] + E[Nce (1)]

n

P{O’ < t} = ]P){Ncl(t) + Ncw/(t) + NCt/<t) > n} <
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Figure 4.3: Passage-time CDFs for varying proportions of the clients to complete their first
cycle computed by stochastic simulation compared with the ODE-derived upper and lower
approximation from Markov’s inequality for the model CS(20,12). The dashed line represents
the actual theoretical bound, again computed by stochastic simulation. Rates: . = 2.0, 1, =
0.3, =0.5, 5, =0.05, 1y = 2.0, 1., = 1.0.

and, since Nc(t> + Ncw(t> + NCt(t) + NC’ (t) + Ncw/(t) + NCt/(t> = 2n, also:

P{o <t} = 1 —P{Na(t) + Now(t) + Neo(t) > n+ 1}
E[Nc(t)] + E[Ncw(t)] + E[Nei(t)] (4.2)
n—+1

>1-

Applying the approximation E[N(t)] ~ v(t) allows us to estimate these bounds using the
solutions to the corresponding system of differential equations.

Figure 4.3 gives the results of applying this approach for three different passage-time random
variables. In all three cases we note that the ODE approximation to the theoretical bound is
generally very accurate. We would certainly expect a more accurate result than the point-mass
approximation depicted in Figure 4.2 since that required the entire distribution to concentrate
around a point mass. In this section, however, we require only a convergence of expectations,
therefore, it would seem that the approximations of this section will be more useful for smaller
component populations than the point-mass approximation. On the other hand, as the compo-
nent populations increase, and the CDFs approach the point-mass approximation, the bounds
of this section will necessarily become quite loose. Therefore, at some point, it is certainly
likely to be advantageous to switch to the point-mass approximation. Indeed, when only first
moments are considered, we would not expect that the bounds would become tighter in the
limit of large populations since no measure of variability is considered.

Another interesting point to note in Figure 4.3 is that the relative tightness of the more useful
lower bound appears to be increasing in the higher and arguably more useful quantiles as the
proportion being timed increases, whereas the upper bound becomes looser everywhere. To see
why this is to be expected let o, be the passage-time random variable for a of the clients to
complete their first cycle. Applying analogous reasoning as for Equation 4.2, we may obtain:

E[N¢(t)] + E[Now(®)] + E[Ney(t)] > P{o. > t} x (2n — a + 1)

This inequality can also be derived by considering the events {o, > t} and {0, < t} and the
smallest possible values of N¢g(t) + New(t) + Nei(t) on each event. If o, < t, the passage
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has completed and without extra information, we cannot say anything more than the trivial
statement Ne(t) + New(t) + Nei(t) > 0. In general, after the passage has completed, N¢g(t) +
New(t) + Ne(t) will not actually be zero and could in fact be as large as 2n — a. However as a
approaches 2n the potential for this discrepancy decreases hence we would expect the bound to
become tighter as we observe in Figure 4.3. A similar argument can be made for the increasing
looseness of the upper approximation.

First-moment CDF approximations for general global passage times

We now show how to bound global passage-time random variables in general. Let o be a global
passage-time random variable specified for some GPEPA model G by C € B(G) and C € Z,, as
in Definition 4.3.1. We may then compute, writing H := {H : (H, P) € C} for the component
groups involved in the specification of the global passage time:

P{oc <t} =P {Z Np(t) < c}

BeC

—P Z Z Ny, p,(t) < C
eC

H,€H (H;,P;)

SIS CNHiﬁpj(t) - > S(GH)<C= Y S(G H)

H,eH (Hi,Pj) H,eH H,eH

=P Y (S@GH)- Y Nup®)]|=> SGH)-C

H;eH (H;,Pj)eC H;eH

Since for any passage-time random variable not identically zero, the right-hand side of the
above is strictly positive, we may apply Markov’s inequality to obtain:

2 m,en(S(Gs Hi) =32, pyec EINE, P, (1)])

P{oc <t} <
o<t} S oSG ) — C

(4.3)

Working in the other direction, we have:

P{agt}:l—P{ZNB(t)>C}:1—P{ZNB(t)ZC+1} (4.4)

BeC BeC

Applying Markov’s inequality directly, we obtain:

Plo<t}21- o (H;ECE[NHJ:(@] (4.5)

The approximation E[N(¢)] ~ v(t) can then be applied directly in either case to provide the
bound estimates.
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Higher-moment CDF approximations

In this section, we show how the techniques of the last section can be improved by exploiting the
differential-equation approximations to higher-order moments as constructed in Section 3.4.3.

We will begin by replacing the use of Markov’s inequality in the previous section with Cheby-
shev’s inequality. If X is an arbitrary random variable, ¢ > 0 and ¢ # 0, Chebyshev’s inequality
says |e.g. 221, Theorem A.113, Page 492|:

E[|X — EX]}]

P{X —B[X]| 2 0} <~

For now, we will consider the case ¢ = 2 which introduces variance information. This should
result in bounds that are tighter than those of the last section. In the case ¢ = 2, it is a
straightforward application of the Cauchy-Schwarz inequality to derive a one-sided refinement
of this, often known as the Chebyshev-Cantelli inequality, which says that for b > 0:

Var[X]
Var[X]| + b2

Var[X]

P{X - E[X] > b} < Var[X] + 02

P{E[X] - X > b} <

As before, let o be a global passage-time random variable specified for some GPEPA model G
by C € B(G) and C € Z,, as in Definition 4.3.1. Then we have:

Plo <t} =P {Z Np(t) < C} =P {Z(E[NB(t>] — Ng(t)) > ZE[NB(t>] - C}

BeC BeC BeC

< Var [ZBGC NB(t)}
~ Var [ZBEC NB(tﬂ + (E [ZBEC NB(t)} - 0)2

where the inequality is valid when E [}~ .. N5(t)] — C > 0. Similarly, working in the other
direction, we may obtain:

(4.6)

P{agt}:l—P{ZNB(t)ZC+1} (4.7)

BeC

—1-P {ZWB@) —E[Np(t)]) > C+1 - ZE[NB<t>1}

BeC BeC

- Var [> 5 Np(t)]
T Var [Ypee Ne(t)] + (E[X gee Np(t)] = € = 1)?

where the inequality is valid when C' + 1 — E[}_5.. Np(t)] > 0. We may then apply the
differential-equation approximations to first- and second-order moments defined in Sections 3.3
and 3.4 to yield approximations to these bounds. Figure 4.4 shows how these bounds can sub-
stantially improve on those obtained using Markov’s inequality. We also observe that they
appear to increase substantially in tightness as the component populations increase. The
second-moment ODEs for CS’(2n,n) used to generate this figure are available online [131].

(4.8)

The first- and second-order CDF approximations discussed above are obtained by addressing
the general problem in probability theory of retrieving a distribution from a selection of its
moments, the so-called reduced moment problem. A more advanced technique is described
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Figure 4.4: Passage-time CDFs for half of the clients to complete their first cycle computed
by stochastic simulation compared with the ODE-derived upper and lower approximation from
Chebyshev’s inequality for the model CS(2n,m). The dashed line represents the actual theo-
retical bound, again computed by stochastic simulation. Rates: 7. = 2.0, 1, = 0.3, n = 0.5,
n = 0.05, 1y = 2.0, 1.5 = 1.0.

by Tari et al. [241] that can utilise moments of orders higher than two. Although application
of these techniques are beyond the scope of this thesis, they have been applied in Hayden et al.
[142| to obtain tighter global passage-time approximations by utilising ODE-derived moment
approximations of up to fourth order.

Finally, we note that for global passage times timing the complete extinction of a population
(such as that depicted in Figure 4.3c), the point-mass approximation of Section 4.3.1 cannot
be applied directly since the relevant ODE quantity never actually reaches zero. In these
cases, then, we would advise the practitioner to use the upper and lower CDF approximation
techniques of this section.

4.4 Individual passage times

In this section we will consider the ODE-based approximation of a second kind of passage-time
measurement, the individual passage time. These are marginal passage times for individuals
(fluid components) which are part of a large population of similar fluid components. We
will show how the entire cumulative distribution function of such random variables can be
approximated directly. This builds on approaches described by Clark et al. [81], Ding [91],
Massouli¢ and Vojnovic [185], Shakkottai and Johari [220], Tribastone [249], amongst others,
which are able to obtain average individual passage-time measures by combining ODE-based
techniques and Little’s Law [181].

By means of introduction, consider again the model CS’(n,m) and in contrast to the last
section, assume now that we are interested in how long it takes for one of the initial n clients
to complete its first cycle. Since all members of the Clients component group are identically
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Figure 4.5: Passage-time CDFs for a single client to complete its first cycle computed by
stochastic simulation compared with the ODE-derived approximation for the model CS(n,m).
Rates: . = 1.0, 15, = 0.1, n =0.27, n, = 0.1, 13 = 0.7, 1.4 = 0.5.

distributed it makes sense to speak of this passage-time measurement independent of any specific
individual. Let C;(t) € ds(Client) for 1 < j < n be the stochastic process which tracks the
state of the jth individual in the Client component group. We wish to evaluate at time ¢t € R
and for any 1 < k < n, the cumulative distribution function:

P{Cy(t) € { Client’, Clientyaiting’, Clientinins'}}

That is, the probability that by time ¢, a specific individual client has completed its first cycle.
Now we have that:

E[N¢r(t) + New () + Now ()] = Y P{C;(t) € { Client', Clientyqiting', Clientymns'}}
j=1

So, by the fact that the C;(¢) are identically distributed, we can compute the quantity of interest
as:

1
P{Ck(t) S {Clie’nt', Clientwaiting,, Clientthinkl}} = E(E[NC/ (t)] + E[Ncw/(t)] + E[NCt/(t)])

If we again make the approximation E[N(¢)] ~ v(¢) this provides the route to the ODE ap-
proximation of the entire cumulative distribution function of the individual passage time.

Figure 4.5 shows cumulative distribution functions computed using traditional methods for the
passage-time random variable discussed above. In each case, we increase the number of clients
and there are always three fifths as many servers as there are clients. This ensures, similarly to
the previous section, that the differential-equation approximation to the distribution for each
of these passage times is identical (Lemma 3.3.2). We see that the cumulative distribution
functions do appear to be converging to the ODE approximation as the component populations
increase.

The example individual passage time we have just given above is an instance of the very
simple class of individual passage-time measures which are timed starting immediately from
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the model’s initial state and end when the fluid component under observation enters some
absorbing subset of target states. In the next two sections, we will show how more general and
useful individual passage-time measurements can be computed using ODE-based techniques.
Specifically, in the next section we introduce and discuss individual passage times measured in
the steady-state regime. Then we will look at more general transient individual passage times
where the timing only starts when the fluid component under observation enters a state in some
set of start states.

4.4.1 Steady-state individual passage times

As opposed to timing a component from a model’s fixed initial state, we will often be interested
in measuring the time taken for a fluid component under observation to move from one of a set
of designated start states to a target state assuming that the model is operating in its steady-
state or stationary regime. In order to compute such passage times, it is necessary to consider
two GPEPA models — one that is used to compute the model’s stationary distribution; and
one where the fluid component under observation has a set of local derivative states which
are absorbing (the target states) that is used to measure the passage time. In fact, using the
CTMC stationary distribution for this purpose is actually an approximation. Instead, it is the
stationary distribution of an appropriate embedded discrete-time Markov chain which should
be used here in order to capture the model state at jump instants. We discuss this issue in
more detail later in Section 4.4.3.

We will consider again the client—server model introduced in Section 3.2.3. Assume we are
interested in the same passage time as in the previous section — the time taken for a client to
complete one cycle — but measured when the model is operating in the steady-state regime.
As mentioned above, we will need to use both the unmodified client—server GPEPA model
CS(n,m) and the version with the absorbing modification CS'(n,m). The model CS(n,m)
will be used to compute the stationary distribution with which we will initialise the model
CS'(n,m) in order to compute the actual passage-time distribution.

Approximation of stationary expectations of CS(n,m)

The first stage in the computation of passage times of this form is to approximate the stationary
expectations of the fluid component counts of CS(n,m) using its approximating system of
ODEs given by Equation 3.4. Since we are interested in the stationary expectations, it makes
sense to take the limit of the ODE solutions as t — oo. To compute these quantities, one can
either integrate the ODEs numerically for a sufficiently large period of time or attempt to find
a unique meaningful fixed point of the ODEs? by solving the system of algebraic equations
obtained when the right-hand sides of the ODEs are equated with zero. We will write for
example v for the ODE approximation to the stationary expectation N¢ := lim;_, E[N¢g(1)]
and so on for the other fluid components in CS(n,m). We will later write component counts

2The system of ODEs usually has infinitely many fixed points, but often has only one that is meaningful
in the context of the original model, that is, for example, where the total component population at the fixed
point is correct. This is discussed in more detail in Chapter 6 where conditions guaranteeing convergence of the
stationary distribution to the ODE’s fixed point for increasing component population size are given.
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in the model CS’(n,m) with primes, for example, N'o(t) and N's (t); and similarly for their
first-moment ODE approximations v'(t) and v's (t), respectively.

The approximation of the passage-time CDF will then be obtained by solving the system
of ODEs corresponding to CS’(n,m), initialised with the stationary expectations obtained
above. More specifically, consider the model CS(n,m) evolving in its stationary regime and
then at some fixed time switch its evolution to that of CS’(n,m), initialised by the cur-
rent state of CS(n,m). The idea is then similar to that of the last section: by timing
how long it takes for a client in the Client state to reach one of the target states in 7 =
{Client’, Clientyaiting’, Clientpin,'} we can measure the duration of the passage.

Approximation of the passage-time CDF

To see how we proceed, define C;(t) € ds(Client) to be the stochastic process, which tracks the
state of the jth fluid component in the group Clients as the model CS(n, m) evolves. Consider
the model CS(n,m) evolving in its stationary regime. Let time O be the arbitrary fixed time
at which the evolution switches to CS’(n,m), initialised by the state of CS(n,m). Then the
quantity we wish to compute is:?

P{C;(t) € T | C;(0) = Client} (4.9)

Similarly to the previous section, we may use the identically-distributed nature of the Clients

component group to compute P{C;(0) = Client} = +E[N¢(0)] = = N¢. Therefore, in order to

T on

compute the conditional expression of Equation 4.9, it suffices to find:
P({C;(t) € T} N {C;(0) = Client}) (4.10)

It turns out that we can gain access to this quantity in terms of the component-count expec-
tations of CS’(n,m). However, this requires that we initialise the fluid component counts in
CS’(n,m) slightly differently at time 0 than may initially be expected:

N'(0) = No(0) 0 (0) =0 N'5(0) = Ns(0)
/Cw(o) =0 /Cw’(o) = NC'HI(O) fS'g(O) = NSQ(O)
(0) =0 cv(0) := Nex(0) 55(0) := Nsp(0)

Specifically, we do not initialise N'g,,(0) with Ngw(0), or N'g,(0) with Net(0), but instead we
place such client component counts in their equivalent absorbing states in CS’(n, m). This does
not affect the value of Equation 4.10 but does allow us to single out the client fluid components
which were at the start of a passage (in state Client) at time 0 and track their evolution
through to time ¢. In this way we now have that:*

Y (Vo) = Ng(0) = Y Lic,merminic; o)=Client
QET j=1

3In fact, the exact quantity of interest is P{C;(t) € T | C;(0) = Client,C;(0—) = Clientpin}. How-
ever, for this example, this additional approximation does not affect the asymptotic correctness of the ODE
approximation. This issue is discussed in more detail and generality in Section 4.4.3.

4Where 14 is the indicator function of the event A.
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Figure 4.6: Passage-time CDFs for a single client to complete a cycle in the steady-state regime
computed by stochastic simulation compared with the ODE-derived approximation for the
model CS(n,m). Rates: r. = 1.0, 13,y = 0.1, 5 = 0.27, i, = 0.1, 75 = 0.7, 1.4 = 0.5.

Thus on taking expectations and dividing by P{C;(0) = Client} = LE[N¢(0)], we may obtain:

Saer (EING(0] — EING(0))

P{C;(t) € T | C;(0) = Client} = E[N¢(0)]

(4.11)

We now aim to replace the expectation terms in the above by the appropriate ODE approx-
imation. We need to specify the initial conditions for the ODEs associated to the modified
absorbing model CS’(n,m) at time 0 in terms of the long-time limits of the ODEs from the
original model CS(n,m). This must happen according to the preceding discussion regarding
how the fluid component counts of CS’(n,m) are initialised by those of CS(n,m) at time 0:

v'e(0) :=ve v'e(0) :==0 v's(0) :==vg
UICU’(O) =0 U/Cw’(o) = VUcw UfS'g(O) ‘= Vgg
viee(0) =0 Ve (0) == vee v's(0) == vsp

Then the fluid approximation for the CDF is given by:

Sqer (volt) ~ vo0))

el

P{C;(t) € T | C;(0) = Client} ~

Figure 4.6 shows cumulative distribution functions computed using traditional methods for
the passage-time random variable discussed above. We see that the cumulative distribution
functions do appear to be converging to the ODE approximation as the component populations
increase (see Section 6.4.2 for general theoretical justification of this fact).

Giving a general presentation of this analysis for steady-state individual passage times on
arbitrary models would be unwieldy without a better means to specify measurements and the
required local state-space transformations. For this reason, we defer presenting this analysis
methodology for general steady-state individual passage times until Section 5.5.1 of the next
chapter where we have the power of the unified stochastic probe framework at our disposal.
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Figure 4.7: New definition of the Client fluid component in the model CSs'(n, m).

4.4.2 Transient individual passage times

The final type of individual passage time we will consider is a generalisation of the transient
individual passage time considered at the beginning of Section 4.4. Instead of starting to time
the passage immediately, we will start timing when the fluid component under observation
enters one of a set of designated start states.

Consider again the client-server model introduced in Section 3.2.3. Earlier, we showed how
to compute the time taken for a client to complete one cycle, measured from the initial state
of the model. Now assume that instead we wish to measure the time taken to complete the
second cycle. This requires that we start timing when the first cycle finishes. In order for this
to be possible, we must, similarly to preceding sections, modify the model CS(n,m) so that the
completion of two cycles is represented explicitly in the state space. As before, this necessitates
a modification of the Client fluid component as specified in Figure 4.7 and we call the version
of the client—server model defined using this client component CS5'(n,m). The system of 12
ODEs corresponding to this model, according to Definition 3.3.1, is given in Appendix B.1.2
and is also available online [131].

As before, since all fluid components in the Clients component group are identically dis-
tributed, this passage time is the same for any of the components in the Clients component
group. Then for the fluid component under observation, define random variables S and T for
the times at which it enters the Client state and the Client’ state, respectively. The quantity
we seek is the distribution of the random variable T'— S, that is, the duration of the client’s
passage between the Client and Client’ states.

To proceed, let F(t) := P{T — S < t} be the cumulative distribution function of interest, let
Fy(t) :=P{T — S <t | S = s} be this CDF conditioned on the passage starting at time s and
g(s) :== LG(s) where G(s) :=P{S < s}. Then we have:

F(t) = /0 T R()g(s) ds (4.12)
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In the following sections, we show how to approximate Fy(t) and g(s) in a similar fashion to the
approach of Section 4.4.1 using ODE-based techniques. Then applying Equation 4.12 yields
the approximation to the CDF of interest.

Approximation of Fi(t)

In order to compute Fy(t), we follow a very similar approach to that of Section 4.4.1. We will
represent Fi(t) in terms of the component-count expectations, which will again be approximated
by the system of ODEs derived from the GPEPA model CSy'(n, m). We will write component
counts in CSy'(n,m) as, for example, N¢o(t) or Neo(t) and corresponding first-moment ODE
solutions as ve(t) or ver(t), respectively, where the initial conditions here are given by the
initial state of CSy'(n,m).

As we have done in preceding sections, define C;(t) € ds(Client) to be the stochastic process,
which tracks the state of the jth fluid component in the group Clients as the model C'S;'(n, m)
evolves. We may then write for any 1 < j <n and s,t > 0:°

F,(t) = P{C;(s +1) € T | Cj(s) = Client} (4.13)

where T := {Client’, Clientygiting’, Clientnin'} is the set of target states. Furthermore, we
have that:

P{C,(s) — Client) — %]E[N@(s)} (4.14)

So to approximate Fy(t) by differential equations, it suffices to compute in terms of the
component-count expectations, the quantity:

P({C;(s+t) € T} N {Cy(s) = Client}) (4.15)

In a similar fashion to the approach of Section 4.4.1, we may do this by letting the model
CS,'(n,m) evolve up to time s, at which point we set all of the client components to their
equivalent absorbing (primed) states, except for fluid components at the start of a passage time,
that is, those which are in the Client state. We then allow the model to continue to evolve for
the further period of time of length ¢. Again, this does not affect the value of Equation 4.15
but does allow us to single out the components which were at the start of a passage at time s
and track their evolution through to time s 4 ¢. In this way we now have that:

> (No(s +) = No(9) = X 1ie (srnerynes (- conn
QET Jj=1
Taking expectations and combining with Equation 4.14 then yields:

ZQeT (E[NQ(S + t)] - E[NQ(S)])
E[Ng(s)]

P{C;(s+1t) € T | C;(s) = Client} = (4.16)

Then in order to compute the fluid approximation to F,(t), we construct a different solution
to the system of ODEs derived from CS,'(n,m). We will write this solution as vg)(t) since

°In fact, like before, the correct equation is Fs(t) = P{C;(s+t) € T | Cj(s) = Client, Cj(s—) = Clientspink}.
However, again for this example, this additional approximation does not affect the asymptotic correctness of
the ODE approximation. This issue is discussed in more detail and generality in Section 4.4.3.
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its initial conditions will be defined in terms of the quantities vg(s). Specifically, the vg(t)
are obtained by integrating the ODEs associated with CSy'(n,m) subject to the particular
initial conditions which guarantee that all of the client components are set to their equivalent
absorbing states apart from those in the Client state, as described above. Formally, these
initial conditions are given by:

ve(0) =0 v(0) :=vel(s) ve(0) i=ve(s) v5(0) = vs(s)
Vg(0) =0 ve-(0) =0 Ve (0) = vew(s) + veg(s) 54(0) := vgg(s)
ve(0) = v5(0) =0 ver (0) = veu(s) + vg(s) v5p(0) := vsp(s)

The approximation to Fy(t) is then:

Sqer (va(t) ~ v5(0)

Fi(t) = o)

Approximation of g(s)

Recall that G(s) is the CDF of the time it takes for a client to start the passage of interest and
g(s) is the corresponding probability density function. Consider the set of all states a client
can be in after having started the passage of interest, that is, after having completed its first
cycle:

Q := { Client, Clientyqiting, Clientyny, Client’, Clientygiting', Clientyin’}

Then we have, again due to the identical distribution of the fluid components, that, for any
I1<j<m

G(s) = P{C;(s) € Q} = Z E[No(s
QEQ
Applying the ODE approximation vg(s) ~ E[Ng(s)] and then differentiating provides the
approximation of g(s) as required.®

Approximation of the CDF F\(t)

The cumulative distribution function of interest can then be computed directly from Equa-
tion 4.12. Figure 4.8 shows cumulative distribution functions computed using traditional
methods for the passage-time random variable discussed above. We see that the cumulative
distribution functions do appear to be converging to the ODE approximation as the component
populations increase.

As in the last section, giving a general presentation of this analysis on arbitrary models would
be unwieldy without a better means to specify measurements and the required local state-space
transformations. So we again defer the presentation of the analysis methodology for general
transient individual passage times until Section 5.5.2 of the next chapter in the context of the
unified stochastic probe framework.

6Tt is not actually necessary to numerically differentiate here since d‘—lst(s) is simply the right-hand side of
the respective differential equation and so is already known.
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Figure 4.8: Passage-time CDFs for a single client to complete its second cycle computed by
stochastic simulation compared with the ODE-derived approximation for the model CS(n,m).
Rates: . = 1.0, 15, = 0.1, n =0.27, n, = 0.1, 13 = 0.7, 1.4 = 0.5.

4.4.3 Conditioning on transition instants

In the two preceding sections, we have shown how the quantities of Equations 4.9 and 4.13,
respectively, can be approximated using differential-equation techniques. However, these ex-
pressions do not exactly match the usual passage-time random variable definitions. The exact
quantities we are in fact interested in are, respectively:

P{C;(t) € T | C;(0) = Client, C;(0—) = Clientipink} (4.17)
in the steady-state case, and:
P{C;(s +1t) € T | Cj(s) = Client, C;(s—) = Clientuini} (4.18)
in the transient case.

That is to say that time O (respectively, time s) should be the instant at which the fluid
component under observation performs the think-action. Equations 4.9 and 4.13 do not capture
this exactly — rather there we are simply guaranteed that at that time, the observed fluid
component has made no further timed transitions since originally entering the state Client

(respectively, C%Et)7 however, other components in the model may well have done.

In order to compute the quantities of Equations 4.17 and 4.18 exactly, it is necessary to con-
sider the embedded discrete-time subchain of the original CTMC which is obtained by sampling
the CTMC immediately after one of the selected transitions fires. Due to the fact that the
client—server passage-time examples considered here have only one local source state (Client

or C{lie\nt, respectively), in the limit of large component populations, approximating Equa-
tion 4.17 by Equation 4.9 and Equation 4.18 by Equation 4.13 is asymptotically correct. In-
formally, this is because the extra conditions of Equations 4.17 and 4.18 will have no local
effect on the fluid component’s state. Their only effect will be possibly to condition the state
of the fluid component’s previous cooperation partners. Then, if the maximum number of fluid
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components which synchronise together in any cooperation stays constant whilst the number
of fluid components is scaled up (as is the case for the GPEPA models considered in this the-
sis), it is reasonable that this error will vanish in the fluid limit. The convergence results of
Section 6.4.2 will guarantee this formally.

In cases where there is more than one local source state for the passage time, we will see in
Sections 5.5.1 and 5.5.2 that extra consideration is required to guarantee a correct result in the
limit. The formal theoretical treatment of these issues is deferred till then and the proofs of
the results in Section 6.4.2.

4.5 Conclusion

Passage-time measures in Markov chains are extremely useful for expressing probabilistic du-
rations in real-world applications. Until now these calculations were limited to explicit state
models and were limited by the size of system being analysed.

In this chapter, we have applied the results of Chapter 3 to allow the approximation of passage-
time distributions. We have introduced the notion of global (Section 4.3) and individual (Sec-
tion 4.4) passage times as being useful quantities in the context of massively-parallel systems
and have then gone on to develop systematic methodologies for their approximation with ODE-
based techniques.

We have shown how for large component populations, a global passage-time random variable can
be approximated by an ODE-derived deterministic approximation (Section 4.3.1). Secondly, for
global passage times, accurate upper and lower approximations of the cumulative distribution
function can be obtained (Section 4.3.2).

For individual passage times, we have seen how the entire cumulative distribution can be
accurately approximated. We have considered individual passage times both in the steady-
state (Section 4.4.1) and in transient (Section 4.4.2) regimes.
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Unified stochastic probes

Key contributions

Immediate action GPEPA extension

Unified stochastic probe framework

Action-counting ODE approximations

Differential-equation analysis of probe-specified performance measures

5.1 Introduction

Performance modelling of large and complex computer systems has two significant aspects:
specification of the model and the performance measure to be captured and evaluation of the
often massive and sometimes intractable computation. In the previous chapter, we considered
the latter problem and developed techniques for the ODE-based approximation of passage-
time quantities. These can be applied when the state-space size makes the extraction of the
measure intractable to traditional approaches. In this chapter, we develop the unified stochastic
probe framework which can be used to specify passage times accurately in detailed performance
models. We proceed to show how the analysis techniques of the last chapter can be extended
to passage-time measures specified in this framework to yield an approach which is aimed at
simultaneously addressing both the issues of measure specification and evaluation.

Furthermore, with many performance modelling formalisms, the feature or property to be
measured, timed, counted or verified has to be captured explicitly in the state space of the
underlying model to enable performance analysis to take place. Examples of this might include:
the size of a buffer in a queue; the number of messages in a protocol exchange; and the number of
times an energy cell has to cycle before it needs replacing. Often a modeller has to be prescient
about the features they wish to measure when constructing the model to allow these features to
be made explicit in the model. Equally often, some performance measures only become useful
once the model has been constructed, by which time it can be harder to retrofit such features
and a new model has to be constructed and verified. We will show that with unified stochastic
probes, performance models can have complex queries constructed about them which do not
rely on key features being present explicitly in the model.

75
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Unified stochastic probes are specified with a regular expression syntax which is translated
into a fragment of process algebra. This process algebra term is then composed with a part of
the model which is to be measured and the resulting composed model can be analysed for the
performance measure of interest.

Unified stochastic probes will also permit the specification of composed measurements formed
by combining individual measurements captured from different parts of the model. The results
of these local measurements are communicated between probes through the use of immediate
signals. In order to support this functionality, we begin this chapter by developing an extension
of the GPEPA process algebra to support the use of immediate actions and, furthermore, show
how approximating systems of differential equations can still be obtained from such models.

We now give a summary of the key contributions of the work presented in this chapter which
should also serve as a map of the chapter’s structure.

Immediate action GPEPA extension In order to support immediate signalling between
probe components, in Section 5.2 we develop the immediate GPEPA (1GPEPA) extension
to GPEPA. This permits the use of immediate actions in GPEPA models. Our main
contribution here is to show how they may be integrated into the GPEPA formalism
in such a way as to ensure that the differential-equation approximation techniques of
the previous two chapters remain available. Specifically, we achieve this by disallowing
cooperation on immediate actions across component groups. Fortunately this does not
prevent local probes monitoring different parts of fluid components from communicating
with each other using immediate signals.

Unified stochastic probe framework We bring together significant existing stochastic probe
mechanisms to create the unified stochastic probe framework in Section 5.3. Although,
we base the framework around the GPEPA formalism, it could, in theory, be applied to
any suitable behavioural performance modelling formalism. We base our approach on
the original stochastic probe definition [8], which used a regular expression specification
to define the start and end events of a measure. We also include the following useful
extensions:

Immediate signalling permits measurements to be started and terminated precisely
with immediate signals between probes using the immediate action functionality
made available in the i{GPEPA extension. This also allows the modeller to have
many slave probes signalling to a master probe to permit more complex internal
measurement features to be captured.

Flexible location-based specification allows unified stochastic probes to be placed
precisely within a complex model architecture using a pattern rewriting syntax [80].

Combined action- and state-based enabling allows further flexibility in defining both
event-based and state-based specifications for performance measures as well as com-
binations of the two [79]. This gives the modeller the ability to capture measures
that might also have been specified in tools such as DNAmaca [164|, PRISM [171]
and Mébius [90] or with formalisms such as CSL [11], asCSL [15] and CSL™ [95].

Action-counting ODE approximations In addition to component-count approximations
for t*GPEPA models, in Section 5.4, we also introduce similar systems of differential
equations approximating moments of action-counting processes. In Section 5.6, we will
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see that these are particularly useful for evaluating probe-specified global passage-time
queries, which depend on the observation of action behaviour from the model.

Differential-equation analysis of probe-specified performance measures We show how
the differential-equation approximation techniques of the previous chapter can be ex-
tended to perform efficient analysis of probe-specified performance queries in Sections 5.5
and 5.6 and demonstrate this in Section 5.7 on an example model of a massively-distributed
wireless network.

5.2 Immediate GPEPA

In Chapter 3, we introduced grouped PEPA or GPEPA, a simple extension of the stochastic
process algebra PEPA, useful for applying ODE-based techniques to massively-parallel models.
In this section, we introduce immediate GPEPA (iGPEPA) which adds immediate action func-
tionality to GPEPA models. This is useful in itself but our key motivation here is to provide a
framework in which stochastic probes [8] can be used to specify performance measures which
can then be analysed using the ODE-based techniques of the previous chapters. Specifically,
immediate actions are very useful to allow communication between probes [9], for example
many slave probes can signal to a master probe to permit complex measurements to be cap-
tured. Immediate signalling between probes has already been considered by Argent-Katwala
et al. [9]. However, this is implemented on top of the semi-Markov PEPA [49] extension to
PEPA which supports generally-distributed state holding times and thus immediate actions as
a special case. On the other hand, our approach explicitly considers the removal of vanishing
states at the level of fluid components (Section 5.2.1) which is necessary if ODE techniques are
to be applied.

Support for immediate actions in a Markovian modelling formalism is not in itself a new idea.
Generalised stochastic Petri nets (GSPNs) [5] introduced immediate transitions into the stochas-
tic Petri net (SPN) [20] formalism and in terms of process algebras, the languages EMPA [31],
MoDeST [83], SPADES [128], TIPP [144, 209] and SM-PEPA [49] all have some level of support
for immediate actions. As above, though, our key contribution here is to introduce immediate
actions in such a way as to ensure that the ODE-analysis techniques of the earlier chapters are
still applicable. In particular, we will restrict cooperation on immediate actions to be allowed
only within fluid components and not across component groups. This restriction notwithstand-
ing, we will see that the resulting language has more than enough expressiveness to allow ODE
analysis of probe-specified performance measures.

We will begin by defining an extension of the original process algebra PEPA to include imme-
diate actions. For consistency, we will call this immediate PEPA, or iPEPA . In GPEPA, we
recall that fluid components were allowed to be any standard PEPA component and, naturally,
in tGPEPA, they will be iPEPA components.

5.2.1 Immediate PEPA

An immediate PEPA (iPEPA) component is simply defined to be any standard PEPA process
algebra component with the additional possibility of immediate actions. Syntactically, an
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iPEPA component is specified by the standard PEPA grammar (see Equation 2.4), augmented
with immediate actions:

S = (a,r).S | [a,w].S | S+S | Cs

(5.1)
Puw=pPBXEP | P/IL| S| Cp

where a € A; is a timed action type, a € A; is an immediate action type and L C A\ {7},
where A := A; U A, is the set consisting of all action types. Also, r € R, U{nT | n € Q,n > 0}
is a rate parameter and w € R, w # 0 is a weight parameter.

The new option in the above grammar, immediate prefiz, [a,w].S is intended to behave like the
component (a,7).S, except that activities enabled by an immediate prefix are high priority and
are always performed instantaneously and before any timed activities that are currently enabled.
The question of how to proceed in states with multiple concurrently-enabled immediate actions
will be resolved probabilistically using the weight parameter. We also allow a.S as shorthand
for [a, 1].S in situations for which the modeller deems a weighting irrelevant (for example, if the
modeller knows by construction either that this immediate prefix will never be concurrently
enabled with another; or that it might, but not in a way which will affect the timed behaviour
of the composed model).

Now that immediate as well as timed actions are allowed it is important to understand how
they may interact. This has been considered by Argent-Katwala et al. [9]. We have adopted
some of those design decisions here. In particular, we have enforced the separation of timed
and immediate activities by drawing their types from two disjoint sets A; and A; respectively.
This prevents direct cooperation between timed and immediate actions.

A semantics for immediate actions in PEPA is discussed in detail by Argent-Katwala et al. [9],
and given implicitly as a special case of semi-Markov PEPA [49]. For clarity, we instead present
an explicit structured operational semantics for {PEPA, which combines both timed actions
(represented using a solid arrow) and immediate actions (represented using a dashed arrow)
in Figure 5.1. It requires two auxiliary definitions: the total weight function, which computes
the sum of the weights of all concurrently-enabled immediate activities for a given :PEPA
component; and the total probability function, which computes the sum of the probabilities of
concurrently-enabled immediate activities of a given immediate action type, for a given iPEPA
component.

Definition 5.2.1 (:PEPA:: Total weight). Let P be an iPEPA component. Then the total
weight of concurrently-enabled immediate activities is w(P), defined very straightforwardly as
follows.

w(P PAQ) == w(P) + w(Q)

Definition 5.2.2 (iPEPA:: Total probability). Let P be an iPEPA component and a € A; an
immediate action type. Then the total probability of concurrently-enabled immediate a-activities

is za(P) == ZP_@;ZL z.
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Figure 5.1: Operational semantics for immediate PEPA.
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The operational semantics determines a transition relation on ;{PEPA components, consisting
both of immediate and timed transitions. For an iPEPA component P, we define its set
of derivative states ds(P) to be all iPEPA components reachable from it by either timed or
immediate transitions according to the operational semantics. Formally: ds(P) is the smallest

set of iPEPA components such that P € ds(P) and if for any P, € ds(P), P, &, P, or

P - Gl Py; then P, € ds(P). Tmmediate transitions have three parameters. The first is the
corresponding immediate action type. The second is the weight of the transition which is only
used for sequential components and is thus suppressed in Figure 5.1 for model components.
Finally, the third parameter is a probability value determining a probability distribution over
all concurrently-enabled immediate transitions. This distribution will be used to decide which
of these immediate transitions actually completes. This probability is recomputed at each
structural level by the operational semantics in a similar fashion to the computation of the rate
of a timed action under cooperation.

At the level of sequential components, these probabilities are computed directly using the
weights supplied by the modeller. At the level of model components, say P DLQ Q, that is, where
multiply-enabled immediate transitions are introduced by concurrency rather than choice, we
adopt a different approach to the computation of the probabilities. Specifically, we first use the
weights to choose probabilistically a side of the cooperation to be allowed to proceed with an
immediate transition; for example, P is allowed to proceed with probability %. Assum-
ing P proceeds, then if P also enables concurrent immediate transitions itsehs, the probability
distribution already computed on its transitions is used to determine the one to be performed.
If the immediate action type, say a € A;, of the chosen transition is shared, that is, in the
cooperation set L, we must choose a corresponding transition of that action type for @) to
perform. This is achieved by normalising the distribution on a-transitions of (), that is, using
a,,z)

the distribution defined by 4@ for each transition Q—(

za(

Vanishing state removal

Assuming that an {PEPA component satisfies two natural regularity conditions, its transition
system has a straightforward translation to a continuous-time Markov chain (CTMC), as in the
case of PEPA without immediate actions. When an :PEPA component satisfies both of these
conditions, we refer to it as well behaved. Specifically, the two regularity conditions are:

e freedom from immediate cycles, meaning that there are no cycles of immediate transitions
in a well-behaved {PEPA component’s transition system;

o deterministic initial behaviour, meaning that there may be at most one path of immediate
transitions emanating from a well-behaved :PEPA component’s initial state.

We will require that all fluid components in i§GPEPA models are well behaved. Formal definition
of these conditions is given in Appendix C.1.1.

If an ‘PEPA component enables an immediate transition, then any timed transitions also
enabled are ignored. If more than one immediate transition is enabled, the one to proceed
is selected probabilistically according to the distribution as above. Otherwise, if a component
enables only timed transitions, they are raced in the usual manner by sampling from exponential
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distributions according to the rates of the timed transitions. This interpretation gives rise to
a continuous-time Markov chain (CTMC), but the state space of a fluid component P is not
ds(P), rather it is the set of non-vanishing derivative states ds*(P). This is the set of derivative
states of P which do not enable any immediate actions, i.e. ds*(P) :={P' € ds(P) : P-/->}.

The immediate transitions emanating from vanishing derivative states can be removed if we
replace paths of immediate transitions with the timed transition that they determine between
elements of ds*(P). The resulting transition system on ds*(P) is referred to as the derived
transition system of P. Specifically, for each P’ € ds*(P), we consider every distinct path from
P’ to other non-vanishing derivative states P” € ds*(P) where the first transition is timed and
the remaining transitions are immediate:

(_35:’1_ZI£)P//

JRSEN Py fr) L orsep

where K > 1. This path can be replaced by a single new timed a-transition of rate R, P’ %
P", where R :=r X Hfil ziand Z := (ay, ..., ak). The extra sequence parameter Z extends the
transition system so that it is still possible to determine in the derived transition system when
immediate actions are performed and in which order.! The derived transition system will be
used most prominently in Section 5.4 when we construct action-counting differential equations

for iGPEPA models.

In the case that the initial derivative state P of a well-behaved {PEPA component is itself
vanishing, the well-behaved condition guarantees that there is a unique non-vanishing derivative
state reachable by following immediate transitions from P. This non-vanishing derivative state
is taken to be the initial state of the iPEPA component in the derived transition system.

The derivation graph determined by the derived transition system can then be interpreted
naturally as a continuous-time Markov chain, whose states are given by the non-vanishing
derivative states and each arc represents a transition at the rate labelling the arc. This is the
underlying continuous-time Markov chain of an tPEPA model.

5.2.2 Constructing :GPEPA models from :PEPA fluid components

An 1GPEPA model is simply a GPEPA model as defined in Section 3.2 except that fluid com-
ponents can be any well-behaved immediate PEPA model (as opposed to just a standard PEPA
model). Note that in the syntactic definition of a GPEPA model (Equation 3.3), synchronisa-
tion between component groups may only happen on timed action types, i.e. on action types in
A;. This has important ramifications in the case of i{GPEPA, disallowing cooperation between
component groups on immediate actions. We will see that this restriction allows meaningful
extension of the ODE-based analysis techniques to iGPEPA.

As in the case of GPEPA, we wish to define the operational semantics for i§GPEPA to be
identical to those obtained by flattening the model, that is, by removing the group labels and
replacing {l combinators with ||. This can be achieved for iGPEPA by using the same flattening
function (F(-)) as defined for GPEPA in Definition 3.2.1.

!In the derived transition system, where a timed transition does not originate from the removal of immediate
transitions, we set Z := (), the empty sequence.
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Then analogously to the case of GPEPA, for any two iGPEPA models, G; and G2, we say

G Y Gy or Gy 292 Gy if and only if F(G1) & F(Gy) or F(G1) -2 F(Gy), respec-
tively, counting also the number of such transitions. We may thus extend the notion of non-
vanishing derivative states to iGPEPA models. Removing the vanishing states of an {GPEPA
model gives rise to its derived transition system and thus its underlying CTMC. The removal of
vanishing states at the level of component groups is however impractical since to do so naively
would require the expansion of the state space of the entire model. Fortunately, this is avoidable
due to the fact that there is no cooperation between component groups on immediate actions.

Indeed, it is easy to see that due to this fact, any non-vanishing derivative state of an {GPEPA
model must have all constituent fluid components in non-vanishing iPEPA states. That is
to say that since there is no cooperation on immediate actions across component groups, no
vanishing state of a fluid component can become non-vanishing under composition as part of
a grouped model and vice-versa. Therefore removing vanishing states from the constituent
fluid components before composing them to form a grouped model results in the same derived
transition system as would be obtained by removing vanishing states at the level of component
groups. This is useful because fluid components can be expected to have manageable state
spaces and therefore this approach represents a tractable way of characterising the derived
transition system of an iGPEPA model.

5.3 Unified stochastic probes

Stochastic probes are a query mechanism for stochastic process algebras originally introduced
by Argent-Katwala et al. [8], extended with location specifications in Argent-Katwala et al. |9],
state awareness by Clark and Gilmore [79] and the introduction of a probe-placement language
by Clark and Gilmore [80]. They are used to specify events which determine the start and end of
a desired passage-time measure.? In particular, we shall see how we may use stochastic probes
to specify elegantly the types of passage-time measurements discussed in the previous chapter.
One particular benefit of stochastic probes is that they allow the specification of measures
depending on derived behaviour not expressed directly in the state space of the original model.
We will see that stochastic probes therefore dispense with the need to manually modify the state
space of components in order to extract passage-time measurements, as was necessary in the
last chapter. For complicated measurements of detailed systems, this eliminates a potentially
large source of modelling error.

Unified stochastic probes are formalism independent and use a regular expression syntax, based
on the action label set of the model, combined with an optional state-based predicate to define
the probe itself (similar to, for example, the asCSL [15] or CSL™ [95] automaton). Tradition-
ally, a stochastic probe is translated into a fragment of stochastic process algebra that can be
composed with a stochastic process algebra model, simultaneously facilitating both separation
and reuse of the model and the measurement specification. The new derived model can then
be analysed for the performance measure of interest.

As an example, the following is a probe that could be attached to a process model that emits

2They can also be used to specify other steady-state and transient measures [8], but we focus on the passage-
time measure in this chapter.
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wniatialise, fetch and fail actions:
initialise : start, (fetch[3]\fail) : stop

This would specify a probe that would start a measurement after seeing an initialise action
and terminate it on seeing three consecutive fetch actions without seeing any fail actions. The
start and stop labels are reserved signals specifying the beginning and end of the measurement.

Unlike asCSL or CSL™, a unified stochastic probe also contains a placement specification
which locates the probe at a particular point in the compositional structure of the model. This
allows the probe to be activated precisely by the exact model component that the modeller is
interested in measuring. Unified stochastic probes also permit many distinct local probes to be
created and distributed over the model structure. The results of local probes can in turn be
observed via immediate signals by a global probe. The global probe aggregates the local probe
observations to allow the definition of a more sophisticated passage-time measure. This would,
for instance, allow us to define a passage time that terminates on observing only 50 clients
reaching a certain state in a client—server system with many hundreds of clients.

Finally, we note that CSL™ supports multiple time constraints. This allows, for example, the
specification of a measure where, with some probability, the first part of an event sequence
is constrained to complete within one given time bound, and the second part within some
other given time bound. As it stands, this is not directly possible within the unified stochastic
probe framework, although, it would be straightforward to augment the probe language to
allow support for the specification of such measurements. One way of doing this would be to
introduce multiple indexed start and stop label pairs to start and stop multiple clocks, each
associated with a different time constraint.

However, particularly when nested time intervals can be introduced in this manner, the corre-
sponding analysis becomes more involved (even when only traditional, explicit-state approaches
are employed). Indeed, in the case of CSL™, Donatelli et al. [95] map the product model-
automaton space onto a Markov regenerative process (MRP) for which explicit-state solution
techniques do exist [109]. However, this approach only works where there is at most one
concurrently-enabled clock. This additional complexity in the analysis, before ODE-based
techniques are even considered, is why we do not consider such an extension of the probe
language in this thesis.

5.3.1 Probe syntax

In this thesis, we will use stochastic probes inspired by the definitions of Clark and Gilmore [79]
augmented with the unique {GPEPA component group labels. These will provide a convenient
mechanism by which to identify specific components and to locate measurement probes. We will
build on and extend the notions of local and global probes as discussed by Clark and Gilmore
[79] to facilitate the application of ODE-based analysis techniques later in Sections 5.5 and 5.6.

For our purposes, local probes are probes which can be attached to observe fluid components or
their sub-components and a global probe is a probe which observes the entire i{GPEPA model.
Local probes may communicate with other local probes and, ultimately, with a global probe by
means of signals. In order to support this, we assume the existence of a set S of signal labels
contained in the set of immediate action types A;. In Section 5.3.3, we will introduce location
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specifications for local probes which will define exactly which fluid component they observe,
that is, where they are placed within a model. Every probed model must include exactly one
global probe but may utilise zero or many local probes.

Local probes

A local probe is specified formally in terms of action observations and signal transmissions R}
and whether or not it is repeating, denoted by a <— superscript:

Probe; := R} | R} (5.2)

A repeating local probe simply loops back and repeats its measurement, transmitting a signal
for each time it observes the same local pattern of behaviour. The grammar R;j allows for
signals (signal € S) to be transmitted in sequence following observations specified by regular
expressions:

R} = R}, R} sequence
| Ry : signal transmitted signal (5.3)

Transmitted signals can be observed by another local or a global probe. Indeed, sophisticated
measurements can be specified by many probes attached to a system, in which case, the signals
can be used to start and stop measurements in higher-level probes. The grammar R; allows
the expressive power of an extended regular-expression-based language, suited to passage-time
specification:

R = Ry, R sequence
| R | R choice
| Ri; Ry both
| Ri[n] iterate n times
| Ri[m,n] iterate m to n times
| R} Z€ro or one
| RS one or more
| R; 7Zero or more
| R/R, reset
| ROR, fail
| R not
| any action or signal
| action eventual specific action or signal
\ action subsequent specific action or signal
| € empty action or signal sequence (5.4)

where action € A\ {7} is an action (or signal) type. For the purposes of matching regular
expressions against traces of observed actions, transitions of the hidden action type 7 are
ignored.

Since we are interested in capturing passage-time measurements which are started and stopped
by signals, we wish to know as soon as the observed component has satisfied a regular expression
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which transmits a signal (R, : signal in Equation 5.3). For this reason, we will interpret regular
expressions preceding signals in a lazy or minimal manner — for a given trace of the observed
component, we are only interested in how long it takes for the first match to occur, at which
time the signal is transmitted. We are not interested in any subsequent matches, so, after
a signal transmission, we start to match the next regular expression in the sequence R}, R}
(Equation 5.3) independently of the previous one.

The atoms of our regular expression grammar are the observed actions. We provide two ways to
specify observed actions. A subsequent specific action or signal, written action, matches action
only — the usual approach to specifying the atoms of a regular expression. On the other hand,
an eventual specific action or signal, written action, matches any sequence of actions which
includes an observation of an action of the given type. This is shorthand for:

., action, .

where . is shorthand for (@; | @2 | ... | GQap)y) and ar...aappy € AP) \ {7} is an
enumeration of the set of non-hidden action types A(P)\ {7} performed by the fluid component
to be observed, say P (the details of how probes are attached to fluid components follow in
later sections).

We provide the shorthand for eventual observations since this is very often how passage-time
queries are specified. The modeller may wish to state the key actions which are required for
a passage to complete but is often not concerned further about the details of how this might
come about. By way of example, the local probe specified by fetch : end will only transmit
the end signal if the first action it observes is fetch. Otherwise, it will never match and thus
never transmit the end signal. On the other hand, the local probe specified by fetch : end will
match and transmit the end signal as soon as it sees a fetch action, irrespective of the number
of intervening actions it may have seen while waiting for it.

We have also introduced a few other non-standard regular expression shorthands, particularly
useful for succinct expression of passage-time measures. The both construction R;; R; matches
if both constituent regular expressions match. The reset construction R;/R; matches when the
left-hand regular expression matches, subject to restarting the matching process every time
the right-hand regular expression matches. Finally, the fail construction R;@R; is similar to
the reset construction but if the right-hand regular expression matches before the left-hand
expression, the matching process fails entirely and the whole expression never matches.

A formal semantics is given for this regular expression language in Section 5.3.2 by means of
the translation from probes to iPEPA components.

Global probes

A global probe may observe actions and signals like a local probe, but can also directly query
the state of the i§GPEPA model to which it is attached. Furthermore, a global probe has the
role of transmitting the two reserved signals, start and stop, which serve to mark the beginning
and end of the passage-time measure of interest. It serves no purpose to allow global probes
to transmit any other signals so they are not allowed to do so. Formally, a global probe has a
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similar form to a local probe:

Probe, ::= Ry : start, IR, : stop
| R, :start, R, : stop®™ (5.5)

where R, has the same grammar as R; except for the the addition of an optional state-based
guard {pred}R,, defined at the end of the section:

R, == {pred}R, | Ry, R, | ... | action | action | € (5.6)

Note that the grammar of Probe, gives two possible configurations. As in the case of local
probes, a global probe can also be repeating, which is again specified by the <— superscript. In
the non-repeating case, for a given trace of the probed model, both the start and stop signals
will only ever be transmitted at most once. The passage time being measured is just the
difference between the time instants at which these two signals were transmitted. Transient
passage-times such as the transient individual passage-times discussed in the previous chapter
and global passage times would be specified using a global probe of this kind.

On the other hand, repeating global probes will generally transmit many pairs of start and stop
signals in one trace of a probed model. The distribution of the difference between these two
time instants is then conditional on the particular time at which the start signal was transmit-
ted. Therefore, it makes sense to interpret repeating global probes as defining a steady-state
measurement since the difference between the start and stop signal transmissions is identically-
distributed in the steady-state regime. Therefore, this is the type of global probe involved in
the specification of the class of steady-state individual passage times introduced in the previous
chapter.

Finally, the state guard predicate, pred, is given by:

pred = true | false boolean

| —pred not

| pred V pred disjunction

| b_expr expression

b_expr = r_expr = r_expr comparison
r_expr = H:P component count in group
| int number

| r_expr@®r_expr arithmetic

== | > | < relational ops
&= + | - binary ops

where, if G is the iGPEPA model to which the global probe will be attached, (H, P) € B(G).
The formal semantics for the predicate language for an ¢{GPEPA model in state s is given by:

s = true for all s

s = false for no s

skE - iff spe o
sE 1 Vb iff sl Vs 1
skE=b_expr eval(b_expr,s)
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where b expr is, as above, a boolean function of H : P expressions, which reference a specific
fluid component P in a component group H. The eval function evaluates the boolean function
by dereferencing the H : P expressions as the number of P fluid components active in the
component group H in the particular state of the model s.

A guarded regular expression {pred } R, matches the pattern of behaviour specified by R, subject
to the state-based guard {pred} being true when R, starts to be matched.

5.3.2 Translating a local probe to :PEPA

In this section, we describe how meaning is given to a probe-specified measure by defining a
translation from its regular-expression specification to an {PEPA component. The resulting
component can then be attached at various points within a model to extract the measure of
interest. Where traditional CTMC analysis techniques are to be applied, all probes, both local
and global, can be translated into process algebra components and composed with the original
model as required. The resulting composite model can then be analysed as a standalone model
using traditional techniques.

Where fluid analysis techniques are to be used, we translate local probes directly into :PEPA
components and compose them with the model at the specified locations. However, global
probes are not translated into process algebra components. The translation of global probes
directly into process algebra components and their subsequent composition with the model of
interest would in fact technically be prohibited by our restriction that i{GPEPA models may
not cooperate on immediate actions across component groups. Indeed, the underlying reason
for both decisions is the same. ODE techniques cannot be applied directly to such models
since the synchronisation on immediate actions at a global level leads to ill-defined systems
of differential equations similar to those discussed in Section 3.2.1. Instead, global probes are
interpreted directly depending on the type of performance measure being computed as will be
described in Sections 5.5 and 5.6.

In this section, we will discuss the probe-to-component translation and how a probe is attached
to a fluid component. In the next section, we will introduce a mechanism which describes the
placement of the local probes in the context of a complete iGPEPA model. We will assume
that P is the fluid iPEPA component to which the local probe in question will be attached.
Therefore, the set of atomic symbols over which the regular expressions will be defined is the
set of non-hidden action types used by P, that is, A(P) \ {7}.

The translation of local probes to iPEPA components will follow the standard approach of first
converting the regular expression to a deterministic finite automaton (DFA) |e.g. 227]. A DFA
is a labelled and directed graph with a single start state and a set of accepting states, interpreted
as a finite state machine accepting finite strings of symbols. For each state, there is a directed
transition to another state for each atomic symbol. Upon reading a symbol (that is, when a
timed or immediate action occurs), the DFA jumps from its current state to another according
to the transitions. The start state is where the matching process begins and the accepting states
define when the DFA has successfully matched the regular expression. This DFA can then be
translated in a straightforward manner to an {PEPA component which can be synchronised
with the observed fluid component. We begin by showing how a regular expression R; given by
the grammar of Equation 5.4 may be translated to a DFA.
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b= (fetch, T).Pby + (fail, T).Pb,
= (fail, T).Pby + (fetch, T).Pby
Pb, = (fail, T).Pby + (fetch, T).Pbs
= (fail, T).Pby + (fetch, T). Pbace
Pby,. d:f (fail, T).Pby + (fetch, T). Pbacc

Figure 5.2: Translation of the local probe (fetch | fail), (fetch[3]\fail) to an iPEPA component
with A(P) = {fetch, fail}.

In fact, assuming that DFAs exist for regular expressions R} and R?, the translation to DFAs of
(R, R?), (R | R?), RM[n], Rtlm,n], R, R'™ and R} is standard and well-documented in the
literature [e.g. 227|. This is also the case for ¢, ., action and action. The remaining cases R}; R?,
R!/R2, R'@R? and R} are less standard additional regular-expression constructions which are
particularly useful for specifying certain types of passage-time measure. Their translation to
DFAs is also relatively straightforward and is documented in Appendix C.2. By way of example,
the local probe regular expression:

(fetch | fail), (fetch[3]\ fail)

could be translated to the following DFA, assuming that it is to be attached to a fluid component
P where A(P) = {fetch, fail} and the single accepting state is denoted by its double edge:

fail

fetch

fetch fetch /\ fetch

start —

fetch

fail fazl

atl
J fail

At this stage, DFA minimisation algorithms [e.g. 227| could be applied to reduce its size if
desired. The next stage is the translation of the DFA to an iPEPA component, which is
straightforward. Each state of the DFA maps to a derivative state of the iPEPA component.
Each arc with a timed action is translated to a passive enabling of that action type in the
component, and each arc with an immediate action is translated to an immediate enabling of
that action type. For the example above, the resulting iPEPA component is given in Figure 5.2.

A complete local probe may also transmit signals and possibly be repeating according to the
grammars of Equations 5.2 and 5.3. Indeed, a general instance of the grammar of Equation 5.3
has the form R} :s;,..., RF : s;. We may construct {PEPA components corresponding to each
R! following the methodology outlined above. Then since, as mentioned earlier, we wish for
regular expressions directly preceding signals to be matched lazily, for each ¢, all accepting states
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Pb < (fetch, T). Pbyegin + (fail, T). Pbyegin
Pby,in = begin. Pb,
Pb, Z (fail, T).Pby + (fetch, T).Pb,
Pb, < (fail, T).Pby + (fetch, T).Pbs
Pb; “ (fail, T).Pby + (fetch, T).Pbeng

def

Pbend = end.PbACC
Pbye. = (fail, T).Pbace + (fetch, T). Pbye

Figure 5.3: Translation of the local probe (fetch | fail) : begin, (fetch[3]\fail) : end to an iPEPA
component with A(P) = {fetch, fail}.

in the {PEPA component corresponding to R} are merged into a single absorbing accepting
state. This is achieved simply by choosing one accepting state (arbitrarily), then redirecting all
transitions ending in other accepting states so that they instead end in the chosen one. Then
this single accepting state is made absorbing. Next, in the single accepting derivative state in
the iPEPA component corresponding to R}, we enable an immediate action of type s;, which
ends in the start state of the :PEPA component corresponding to R;Jrl. This will cause the
probe component to emit an s; signal before beginning to match the next regular expression in
the sequence.

If the complete local probe is repeating, in the single accepting state in the :PEPA component
corresponding to RF, we enable an immediate action of type s which ends in the start state
of the iPEPA component corresponding to R}. Otherwise, in the non-repeating case, this
immediate action instead ends in a new derivative state which loops on all actions in A(P)\ {7}
(so as not to block the observed component under synchronisation).

Now consider a slight modification of the earlier example to transmit signals at certain points
within the matching process:

(fetch | fail) : begin, (fetch[3]\fail) : end
The complete ;PEPA component corresponding to this local probe is given in Figure 5.3.

After its construction, we compose the local probe with the component to be observed using
the standard ¢PEPA cooperation combinator. For the above example, this results in the fluid
component P A(Eﬂf} Pb. 1If the fluid component P happens to enable actions which might
not be observed by the probe, say, for the example above that A(P) = {fetch, fail, initialise }
instead, then the translation of the probe may involve a large number of self-loop transitions.
See Figure 5.4 for the iPEPA component which would result in this case. If an action type
is only enabled as a self-loop and this happens in every derivative state (apart from those
just transmitting signals), we may remove all of the self-loops if we drop the action type in
question from the cooperation set since this has exactly the same effect. So even if A(P) =

{fetch, fail, initialise}, as long as we compose the fluid component and the probe as P {fetliﬂfaﬂ}

instead of P et th[Q o }Pb, then we may use the more succinct probe definition of Figure 5.3

instead of Figure 5.4.
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Pb d:ef (fetCh, T)-Pbbegin + (fazl, T)-Pbbegin + (antZCLZ’LS@, T)Pb
Pbyegin & begin. Pb,
Pb, = (fail, T).Pb, + (fetch, T).Pby + (initialise, T).Pb,

def

Pby = (fail, T).Pby + (fetch, T).Pbs + (initialise, T).Pb,

Pb; “ (fail, T).Pb, + (fetch, T).Pbeng + (initialise, T).Pby
Pb.ng = end. Pby,.
Pbye. = (fail, T).Pbacc + (fetch, T).Pbaee + (initialise, T). Pbac

Figure 5.4: Translation of the local probe (fetch | fail) : begin, (fetch[3]\fail) : end to an {PEPA
component with A(P) = {fetch, fail, initialise}.

So in future, we will write probe composition as P Ix] Pb where x is shorthand for cooperation
over the intersection of A(P) and the set of observed actions or signals enabled by the probe
1PEPA component, after self-loops have been removed where possible as above. Note that it is
important that signals transmitted by the probe are not included in this cooperation set or they
will be blocked. Therefore, it is a requirement that a single local probe cannot both observe
and transmit the same signal. This clearly does not impact on the kinds of measurements we
can specify since we can simply rename signals if necessary.

For certain types of local probe, there are situations where the fluid component P enters a state
from which it is no longer possible for one of the regular expressions R} to match. For example,
consider the local probe fetch : begin. If P does not immediately perform a fetch action, the
regular expression will never match. If the local probe is repeating, we do not wish for such a
situation to block the probe indefinitely, rather, we wish for the local probe to reset and repeat
its (attempted) measurement. Thus for repeating local probes, it is necessary to make a minor
adjustment to the transition system of the probed component. Specifically, consider the probed
component P x] Pb where Pb is the iPEPA component resulting from the translation of some

general repeating local probe R} :sy,..., RF : s. . For each i, let R’ be the set of derivative
states of Pb corresponding to the DFA states of R} and write Pb', for the corresponding
accepting state of R!. Then we must consider any derivative state @ IR € ds(P >4 Pb) for
which R € R' from which it is no longer possible to reach a state where R} has been accepted,
that is, to reach some 5 B Pb',.. for S € ds(P). Then we modify the transition system so that
all transitions into such states ) BXI R are redirected to the state ) DI Pb in order to reset the
probe.

We note that if P is a fluid component and thus well behaved, then so is P IX] Pb for any
reasonable local probe Pb. More formally, as long as the local probe is not a repeating local
probe which makes no observations of actions or signals, P B Pb is free from immediate cycles
and has deterministic initial behaviour.

As an aside, we declare that PP B Probe; shall also have the same meaning if Probe; is a regular
expression definition of a local probe according to Equation 5.2, as opposed to the {PEPA
component obtained by the translation of the regular expression Pb. Finally, we note that it
would be straightforward to automate the translation process described above starting from
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the initial regular expression specification of the local probe. Therefore, with the right tool
support, the modeller need not interact with the evaluation process further after specifying the
regular expression defining the measurement.

5.3.3 Locating a local probe

To locate a local probe, we use a modified version of the model transformation language pre-
sented by Clark and Gilmore [80], extended to use the component group labels for the purpose
of uniquely locating the probe. Thus in the client—server model CS(n, m) of Section 3.2.3, we
might want to position a local probe, Pb around one of the Client components in the Clients
group. To do this we would deploy a model transformation:

Clients{ Client[’n|} = Clients{(Client D Pb) {l Client[’n — 1]}

This is used to pattern match against the definition of CS(n,m) and transform the matching
part from the form to the left of the = to the form on the right. In this case the rule matches
the Clients{-} group structure in the system and adds the probe in the relevant place. The
formal variable ?n matches whatever number or symbolic representation of replicated Client is
specified. It permits subsequent arithmetic operation to be performed on ?n in the transformed
model. We might also wish to abstract away from the specific fluid components which make
up the Clients group, in which case, we could use the transformation:

Clients{?p[?n]} = Clients{(?p DI Pb) Il 7p[’n — 1]}

which matches against a homogeneous array of any type of fluid component in a group labelled
by Clients. Formally we draw the syntax of a location specification term on the model G from
the transformation language defined by rule below:

rule ::= group = group replacement rule

group = H{cpts} component group

| group B group group cooperation

actions

cpts = cpt fluid component
ept W ept fluid component parallelism

cptlexpr] fluid component array

cpt = P iPEPA component

cpt a?f] cpt iPEPA cooperation

p 1PEPA component variable

actions :== L action set
70 action set variable

expr = nt number
™ numeric variable

expr P expr

binary expression
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where H € G(G), P € B(G,H') for some H' € G(G), L C A, \ {7}, int € Z, and n and p are

drawn from a set of variable names.

As a final example of probe placement, consider a situation in which Server components
operate in pairs, synchronising on some set R of actions, perhaps represented by the following
iGPEPA model:

Clients{ Client[n|} D Servers{(Server D Server)(m|}

Perhaps we are interested in monitoring the behaviour of one such pair. To do this, we would
need to employ nested local probes to allow us to distinguish between actions performed by
the two partners in a pair. For example, we might use the following model transformation to
attach a local probe to each server in a specific pair, and then a master probe to combine their
observations:

Servers{(Server B Server)[’n|} —

Servers{(((Server X1 Pb,) B (Server DX Pby)) X1 Pb,,) I (Server B Server)[?n — 1]}
(5.7)

Nested local probes are automatically supported since a fluid ;PEPA component becomes an-
other fluid iPEPA component under probe composition.

It is important to realise that the translation and composition of local probes with an iGPEPA
model as described above simply results in another {GPEPA model. In particular, existing
techniques for the analysis of i{GPEPA models can then be directly applied to the resulting
probed model in order to access some derived performance quantity such as a passage-time
measure.

Finally, we discuss how a complete measure specification, consisting of a model, a set of zero
or more local probes and a single global probe can be represented. Formally, a probed model
has the following grammar:

ProbedModel ::= Probe, observes { Probe; }
where { Location}
in G
| Probe, in G (5.8)

where { Probe; } is a list of local probes and { Location} is a list of location specifications used to
place the local probes within the i§GPEPA model G.?> We assume that the location specification
transformations are applied in the order of enumeration of this list.

5.3.4 Example measure specifications

In this section, we provide a few example passage-time measurements, specified in the language
of unified stochastic probes. Then in Sections 5.5 and 5.6, we will show how they may be
analysed using extensions of the ODE-based techniques presented in the previous chapter.

3Where there is only one local probe or location specification, we will drop the {-} list notation.
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We consider again the client-server GPEPA model CS(n,m) from Section 3.2.3. A global
passage-time query (as introduced in Section 4.3 of the last chapter) using state-based spec-
ification on this model might ask how long until n of the servers are simultaneously in state
Serverproken- Lhis could be captured by the probed model specification:

PM; = ¢ start, {Servers : Serveryoken > n}e : stop
in  CS(n,m)

We might instead be interested in the related query how long before n break-actions have been
performed by servers, which could be captured by the probed model specification:

PM, = ¢ : start, break[n] : stop
in  CS(n,m)

No local probes or location specifications are required in either of the above cases. If, how-
ever, we are instead interested in the query how long before n different servers each perform a
break-action, we would need to employ a local probe which would be attached to each Server
component:

PM; = ¢ : start, end[n] : stop
observes Probeg; < break : end
where Servers{Server|[’n|]} = Servers{(Server >< Probe;)["n|}

in  CS(n,m)

In this case, the local probe is necessary to extract the derived behaviour from each Server
component of having already completed a break-action. After observing this it signals to the
global probe using the end signal.

Transferring our attention to individual passage-time queries (as introduced in Section 4.4), we
might simply be interested in how long it takes a particular client to complete its first think-
action. In order to specify this measurement we may again use a local probe like that above to
capture the derived behaviour of having completed a think-action, but we apply it to only one
Client component:

pPMm, < begin : start,end : stop
observes Probe, & ¢ : begin, think : end
where  Clients{ Client[?’n]} = Clients{( Client >J Probe;) Il Client[?n — 1]}
in  CS(n,m)

Note that it is not true that the same measurement could be specified with just the global
probe € : start, think : stop since this would terminate on seeing any think-action from any
client. Thus the local probe is necessary. If we were looking to measure a more complicated
individual passage-time such as how long il takes a particular server to complete two data
transfers without breaking, we would need a more involved local probe, which again ensures
that both of the data-actions and any break-actions are captured only from a single Server
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component:

PM; < begin : start, end : stop
observes Probe; < ¢ : begin, (data[2])\ break : end
where Servers{Server|[’n|} = Servers{(Server > Probe;) Il Server[In — 1]}

in  CS(n,m)

We might instead be interested in the same individual passage-time measurement taken in the
steady-state and starting after a server has reset, in which case, we could use the following
specification:

PM; “ begin : start, end : stop*”
observes Probe, = reset : begin, (data[2])\break : end”
where Servers{Server|[’n|]} = Servers{(Server B Probe;) Il Server[In — 1]}

in  CS(n,m)

The global probe begin : start, end : stop”™ used here is repeating and thus specifies a steady-
state measurement. The local probe starts measuring when it sees a reset-action and then
times until the observation of two data-actions without an intervening break-action, as above.

In the next section, we show how differential equations can be constructed from i:GPEPA models
in a similar fashion to the case of GPEPA. This prepares us for Sections 5.5 and 5.6 where we
investigate the ODE-based analysis of individual and global passage-time queries specified using
unified stochastic probes. We will then use these techniques to analyse both classes of passage-
time measure as applied to a worked example of a massively-distributed wireless network in
Section 5.7.

5.4 Differential equations from 1 GPEPA models

In this section, we will show how the approximating systems of ODEs given in Chapter 3 for
GPEPA models can be naturally defined also for t§GPEPA models. Recall from Section 5.2.2
that vanishing states may be removed at the fluid component level before their composition
into a grouped model — this results in the same derived transition system and thus underlying
CTMC. This means that the state of the aggregated CTMC of an iGPEPA model may be
specified by the component counts of non-vanishing iPEPA fluid component derivative states.
Furthermore, the aggregate rate of iGPEPA transitions may be specified in terms of the rates
of transitions in the derived transition system of the fluid components.

For this reason, in the context of an immediate GPEPA model G, we redefine the function
B(G, H) to be the set of all non-vanishing derivative states of fluid components in component
group H. Similarly, we redefine B(G) in terms of non-vanishing fluid component derivative
states. An aggregated CTMC state of G can thus be represented, as in the case of a GPEPA
model by a function N € B(G) — Z,. This means in turn that the (joint) component and
apparent rate functions given for GPEPA models in Definitions 3.2.4, 3.4.1 and 3.2.6; and the
(joint) derivative weighting function given in Definitions 3.2.5 and 3.4.4 need no modification
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to be valid also for i{GPEPA models as long as references to timed transitions between fluid
component derivative states are interpreted in terms of their derived transition system. Fur-
thermore, Theorems 3.2.7 and 3.4.3 which relate the (joint) component rate function to the
aggregated rates of a GPEPA model remain valid for {GPEPA models when interpreted in
terms of derived transition systems. First-moment and higher-moment component-counting
ODEs for iGPEPA models can thus be constructed as per the definitions for GPEPA models
(Definitions 3.3.1 and 3.4.5).

5.4.1 Action-counting ODEs from :GPEPA models

In order to implement the analysis of global passage times (from Section 4.3) using differen-
tial equations, we require an additional system of ODEs which approximate the number of
transitions of a given action type which have occurred by some time ¢t € R,. We call these
action-counting ODFEs.

Action-counting ODEs are needed to count the number of signals emitted from a set of local
probes by a given time. For some action type (timed or immediate) a € A, let A,(¢) count
the number of a-transitions which have occurred up to time t. We note that together with the
component-counting processes, these processes determine an enlarged underlying state space
and CTMC for an iGPEPA model.

We wish to define systems of ODEs which approximate moments of these processes in a similar
manner to those defined in Sections 3.3 and 3.4 which approximate component-count moments.
In order to approximate, say the variance of a particular action count, we require differential
equations which depend upon joint moments of both component counts and action counts, such
as E[Nciient(t) Arequest (t)] in the context of the client-server example model from Section 3.2.3.
For this reason, a general moment E[M (¢)] we are interested in is specified using a function
M e (B(G)UA) = Zy by M(t) = [Tpepic) No(tOMP T1,en Aa®)M@. We will write its ODE
approximation as vm(t) as in Section 3.4.

The aim of this section is to construct the differential equations for vm(t), which encompass
both component- and action-counting ODEs for iGPEPA. Readers who wish to pass over the
derivation can find the resulting equation in Definition 5.4.4.

In order to construct these differential equations, we require a modified version of the joint
evolution set (Definition 3.4.2), the derivative weighting function (Definition 3.2.5) and the
joint derivative weighting function (Definition 3.4.4), given below. These alternate versions
allow us to consider timed transitions between fluid component derivative states separately,
conditioned on the sequence of immediate actions which may happen immediately after such
a timed transition fires. Recall that this is recorded in the derived transition system by the

(eyr), T Q

This new version of the joint evolution set J(G) for an iGPEPA model G still consists of
3-tuples (J_, J4, a) but now the J_ set consists itself of tuples (B,Z) where B € B(G) and T is
a sequence of elements of A;. This allows the enumeration of the possible ways in which fluid
component derivative states can evolve together with a particular action type, but treating
each evolution separately depending on the immediate actions which may also be transmitted
immediately after such an evolution. The formal definitions follow.

sequence parameter Z in P
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Definition 5.4.1 (¢GPEPA:: Joint evolution set). Let G be an iGPEPA model. Then the joint
evolution set is J(G), defined as follows.

J(My M) = {(JLU T2, T U T )« (T JL ) € T(My), (J2, 73, 0) € T(Ms), o € L}
UL(J, Jr,a) : (J_,Je,a) € T(My) , a ¢ L}
U{(J-, Jye) © (Jo, Ty 0) € T(Ms) , a ¢ L}
JH{DY) = | {{(HP)D}{(HQ)} a}

a,),T
P50
P,QeB(G,H)

Definition 5.4.2 ({GPEPA:: Derivative weighting function). Let G be an iGPEPA model and
H € G(G) a component group label. Let P,Q € B(G, H) be iPEPA fluid component derivative

states and let o € A; be a timed action type. Let also I be a sequence of immediate action
types, that is, of elements of A;. Then:

1
L(p = E
pa( 7@) Ta(P) S )\

This is defined to be zero when ro(P) = 0.

Definition 5.4.3 (iGPEPA:: Joint derivative weighting function). Let G be an iGPEPA model
and let (J_,Ji,a) € J(G). Then po(J_,Jy) is the joint derivative weighting function for
iGPEPA models and is defined as follows.

pa(J,, J+) = H p£<P7 QH,J+)
((H,P),Z)eJ—

where, as before, Qu, 7, is defined as the unique fluid component derivative state @, such that
<H7 Q) S ‘]—i-'

Building directly on the approach of Section 3.4.2, we see that the action of the infinitesimal
generator A of the underlying CTMC of G on M(t) is given by:

AcM(t)y=" > palJo, J)(FL(t)F- () F()H () H(t) — M(1))Ra(G, Ny, J-) - (5.9)
(J=,J4,0)eT(G)
where the F(t) and F(t) are defined as in Section 3.4.2:
Fe(ty:= [] WNg(t)£D)M® and F(t) = I Np(t)M®)
BeJi\Jx BEB(G)\(J-OJ+)
and for t € Ry, N, € B(G) — Z, is given by Ny(B) := Ng(t) for all B € B(G). The new

quantities H(t) and H(t) are defined similarly but to capture changes in the action counts:

Hit)= J[ (Aalt)+Ca(J)M and  H(t):= ][] A"
a€Z(J-)U{a} a¢Z(J-)U{a}

4When considering elements (J_, J.,a) € J(G) in terms of the new definition of the joint evolution set for
iGPEPA models (Definition 5.4.1), for B € B(G), we will write B € J_ to mean (B, ) € J_ for brevity and to
maintain consistency with Chapter 3.
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where the set Z(J_) := Up1)cs_Z and, for immediate action types a € A;, Ci(J-) is the total
number of times a occurs in sequences in {Z : (B,Z) € J_}. For timed action types o € A,
Co(J-) := 1. Continuing to follow Section 3.4.3, we may apply the binomial theorem to expand
the quantity F. (¢)F_(t)F(t)H,(t)H(t) in Equation 5.9 into the sum of all monomials:

IT oo T () )Na@ < IT (o) Jeatm o< o< 510

BeJ_\J+ BeB(G) acA

taken over all elements K € (B(G) U .A) — Z,, which satisfy 0 < K(B) < M(B) for all
BeJ.eJi,K(B)=M(B)forall Be B(G)\(J_-&J;); 0 <K(a) < M(a) foralla € Z(J_)U{a}
and K(a) = M(a) for all a ¢ Z(J_) U {a}.

Now consider the term F.(¢)F_(t)F(t)H(t)H(t) — M(t) and note that M (t) simply serves
to cancel the highest-order such monomial, i.e. the case of K(B) = M(B) for all B € B(G)
and K(a) = M(a) for all a € A. Therefore, after this cancellation, all monomials in the sum
will have order at most M — 1, where M := > 5y M(B) + >_,c4M(a) is the order of
the moment of interest. That is, F\ (¢)F_(t)F(t)H(t)H(t) — M(¢) is equal to the sum of all
monomials of the form of Equation 5.10 taken over all elements K € (B(G) U A) — Z,, which
satisfy 0 < K(B) < M(B) for all B € J_ & J;, K(B) = M(B) for all B € B(G) \ (J- & J4);
0 < K(a) < M(a) for all @ € Z(J-) U {a} and K(a) = M(a) for all a ¢ Z(J_) U{a}; where
> pesc) K(B)+2 e Ka) # M. We denote this subset of (B(G)UA) — Zy by Ko(J-, J4, M).

Then adapting the reasoning from Section 3.4.3 in a straightforward manner, we obtain the
following ODE approximating the joint component-count and action-count moment specified
by M.

Definition 5.4.4 (iGPEPA:: Higher-order moment ODEs). Let G be an iGPEPA model. We
define the evolution of the vm(t) over time for M € (B(G)UA) — Z, by the system of first-order
coupled ODFEs:

om(t) = Z palJ—, J+) Z

(J-,J+,0)eT(G) KEK o (J_, T4 ,M)
- M(B) M(a) B
-1 M(B)—K(B) : M(a)—K(a) . 7
Bel—I\J Y B!;!G) <K(B)) alel (K(a) CalJ-) RalG, V7K J-)
-\J+

where, like in Section 3.4.3, fort € Ry, V*[K] € B(G) — Ry is given by, for all B € B(G):
VIIKI(B) == vy(t)

where J(a) = K(a) for all a € A, J(B') = K(B') for all B € B(G) with B' # B and J(B) =
K(B) + 1. Note that since 3 picpq) K(B') + 3o ,ca K@) < M =1 for all K € Ko(J-, T4, M),
ODE approzimations of joint moments of order at most M occur in such terms.
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The initial condition for each moment, M € (B(G)UA) — Z,, is that naturally implied by the
wnitial state of G. Specifically, we define:
om(0) = [ses) C(G, BYM®B) :M(a) =0 for alla € A
0 . otherwise
We have assumed here that there are no fluid components in the model with vanishing initial
states, so all action counts are initially zero. The initial conditions for moments involving
immediate action counts would need to be modified to account for immediate transitions which

happen immediately at time t = 0 if there were fluid components in G with vanishing initial
states.

When we are only interested in the ODEs approximating first moments of component counts
and of action counts, we will write the former as vy p(t) for (H, P) € B and the latter as w,(¢)
for a € A. In particular, this is the notation we will adopt in Chapter 6 where we discuss the
convergence of the first-moment approximations.

5.5 Differential-equation approximation of probe-specified
individual passage times

In this section, we will consider individual passage-time measures specified using unified stochas-
tic probes. We will see how the use of stochastic probes allows us to automate the local
state-space modifications which were necessary in the previous chapter to specify passage-time
measurements. Furthermore, we will show how such performance queries can be analysed
efficiently using the kinds of ODE-based techniques introduced in Section 4.4.

A probe-specified individual passage-time measurement is defined by one or more nested local
probes attached to one specific fluid component within an {GPEPA model. The associated
global probe has two possible fixed forms which distinguish between a transient and a steady-
state individual passage-time measurement, respectively:

Probe, ::= begin : start, end : stop (5.12)
| begin : start,end : stop™ (5.13)

The signals begin and end delegate control of the passage time to the local probes monitoring the
individual component of interest. For ease of presentation we will assume that the individual
being monitored is the first of a number of identical fluid components which together are the
only members of a single component group. This is not a real restriction since additional
component groups can be added if necessary. However, it also underscores the fact that the
ODE approximation is more accurate when applied to individuals who are part of a large
population of components.

In the sections which follow, we show how ODE-based approaches can be applied to approximate
the distribution of both types of individual passage-time measures. Note that it is not necessary
to consider the case of nested local probes explicitly in the following sections because the
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composition of a local probe with a fluid component results in another fluid component. Thus,
from the point of view of the analysis, it does not matter how many local probes were used
originally to form the resulting probed fluid component.

5.5.1 Steady-state individual passage times

A steady-state individual passage-time measurement on the model G is encoded by a probe
specification of the form:

begin : start, end : stop™ (5.14)
observes Pb = R, : begin, R, : end*”

where  H{P[’n]} = H{(P 1 Pb) U P['n — 1]}

in G

The location specification applies the local probe Pb to the first fluid component in a group H
of identical components since we are interested in monitoring a single individual. For example,
the steady-state individual passage-time measurement constructed manually in Section 4.4.1,
the time taken for a client to complete one cycle, could be expressed using the following probe
specification:

begin : start, end : stop™ (5.15)
observes Pb = ¢ : begin, think : end*”

where  Clients{ Client[’n|} = Clients{(Client > Pb) Il Client[’n — 1]}

in  CS(n,m)

In order to compute the CDF of such a passage time, we will need to consider two probed
versions of the model to be queried G. G represents the model G in composition with Pb after
application of the location specification in Equation 5.14. Analysis of G will capture the steady-
state distribution which will be used to initialise the passage-time calculation. Therefore, in
order for this passage-time measure to be meaningful, we assume further that the underlying
CTMC of the model G has a unique stationary distribution.” G’ is constructed in the same way
as G but the composition is with P¥', an absorbing version of the local probe, thus PV = R, :
begin, R; : end. The model G’ will be used to capture the evolution of the passage time itself.
Recall that in order to perform the analysis of the passage time specified by Equation 5.15
in Section 4.4.1 of the previous chapter, we had to manually construct a modified version of
the Client component, repeated in Figure 5.5 for emphasis. This component is now obtained
automatically by the composition of the Client component with the absorbing local probe
€ : begin, think : end. Automating this otherwise complex model transformation has the dual
benefit of removing a source of error and making the relationship to the behavioural passage
specification explicit.

Our analysis approach is similar to that of Section 4.4.1. However we deviate from this slightly in
order to handle correctly the case of multiple local passage-time source states in the observed

5Note that this could be implied by irreducibility of the CTMC underlying G or, alternatively, if it is reducible
but has a single communicating class.
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I

Client & (request, 1,). Clientyaiting
Clientyaiting = (data, 7). Clientsiny, + (timeout, 1, ). Client
Clientyin, = (think,r). Client’

Client' & request, 1;.). Clientyqiting’

D..
&

Clientwm-tm

||:“

(
= (data, ry). Clientgink’ + (timeout, 13,,;). Client’
2 (

Clientyns’ think,r;). Client’

Figure 5.5: Modified Client component for the computation of the steady-state individual
passage-time query of Section 4.4.1.

fluid component. In order to achieve this, we consider explicitly ODEs which capture the
probability distribution of the probed component, whereas, in Section 4.4.1, these quantities
were obtained indirectly by suitable normalisation of the total component-count expectations.

As in the previous chapter, we consider the model G evolving in the stationary regime and
then at some fixed time its evolution is switched to that of G’ , initialised by the current
state of G. Then by timing how long it takes for the absorbing probe Pb in G’ to enter its
absorbed state, say, Pba.., we can measure the duration of the passage time of interest. Define
C(t) € ds*(P DX PV) to be the stochastic process, which tracks the state of the probed fluid

component in the group H as the model G’ evolves. Let time 0 be the arbitrary fixed time
at which the evolution of the model switches to G’, initialised by the state of G. Then the
quantity we wish to compute is:

P{C(t) € — D<I Phacc | C(0) € Spegin(P DI Pb), C(0—) ¢ Spegin(P DI Pb)} (5.16)

where — D Pbacc is shorthand for the set of all @ DU Pbacc € ds*(P D;<1Pb’) and Pbacc
is the absorbing accepting state of the local probe PU. Also, S,(P) = {P’ € ds*(P) :

P", st. P” ACOLEELEON P’} is the one-step successor function, which returns all derivative
states reachable from P by a transition which fires an immediate action of type a € A,.

As in Section 4.4.1, the first step in the procedure is to approximate, by the ODEs of Defini-
tion 3.3.1, the stationary expectations of the component counts of the model G. As before, we
achieve this by taking the limit of the ODE solutions as t — oo, either by numerical integration
or direct computation of a fixed point.® For any (V,Q) € B(G), we will write @y, for the
approximation to Ny, = lim,_,« E[Ny.¢(t)] obtained in this manner. Since the ODE solutions
approximate component-count expectations and there is a single probed fluid component in
the model G, we see that the quantities corresponding to non-vanishing derivative states of the
probed fluid component, oy g for R € ds*(P > Pb), approximate the steady-state probability
that the probed component is in the given state.”

6Recall from the last chapter that the system of ODEs usually has only one meaningful fixed point. As
mentioned earlier, this is discussed in more detail in Chapter 6 where conditions guaranteeing convergence of
the stationary distribution to the ODE’s fixed point for increasing component population size are given.

"It may initially seem surprising that this will provide a good approximation since there is only one copy
of the fluid component P D;(] Pb in the model. However, the key point which ensures that the approximation
is good is that this component exists within a large population of identically-distributed P-components (the
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However, in order to capture the passage-time quantity of Equation 5.16 correctly, we need
to compute the steady-state distribution of the probed fluid component given that the begin
signal has just fired. Computing probabilities conditioned on transition instants for a subset
of selected transitions in this manner is an application of Palm calculus applied to stationary
continuous-time Markov chains (see, for example, the book by Le Boudec [178, Section 7.5] or
Serfozo [218, Section 4.16]). In particular, the probability that the probed component is in state
R e ds*(P > Pb) immediately after a begin signal fires, is the expected rate of transitions where
a begin signal fires which also result in the probed component entering the state R, divided
by the total expected rate of all transitions firing begin signals [e.g. 218, Definition 96 and
Proposition 97|, that is:

P{C(0) = R | C(0) € Spegin(P DI Pb),C(0~) & Spegin(P DI Pb)} =
ZO(G.Af ZCGdS*(P D;(]Pb) (m ZC (a,A),(...,begin,...) R )\ X E [Ra(é, NO, H, C)])
EOZEAt ZCEdS*(PD;(]Pb) (% ZC (a,A),(...,begin,...) >\ X E |:Ra<é, NOa H7 C):|>

where, similarly to before, N, € B(G) — Z represents the state of the underlying CTMC of
the model G in the stationary regime at time 0. The ODE approximation to this expression is

obtained by substituting the ODE approximations to the stationary component counts obtained
above in place of Ny. Specifically, defining V € B(G) — R, by V(Y. Q) := dy for all (Y,Q) €

B(G), we obtain the ODE approximation:

P{C(O) =R | O(O) € Sbegin(P D;Q Pb),C(O—) ¢ Sbegin(P B*ﬂ Pb } ~
Daed, 2uCedst (P Dx1Pb) (ﬁ Zc (0,2),(-.o.begin, .. R)\ X Ra

2 ac s ZCeds*(PD;ﬂPb) (r%c) ZCM_Q A X Ra(G,V,

(5.17)

Finally, in order to compute the passage time of interest, the ODEs are constructed according
to Definition 3.3.1 for the absorbing model G’. For each (Y, Q) € B(G'), we will write Uy (1)
for their solutions. In order to capture correctly the passage-time quantity starting from a
transition instant, the initial condition ¥} (0) for a probed component derivative state R €
ds*(P D1 Pb') must be the conditioned quantity computed above in Equation 5.17 (and is zero

if R ¢ ds*(P D Pb)). For all other (Y,Q) € B(G"), the initial value Uy o(0) is set to vy,q. The
ODEs for G can then be integrated numerically and the passage-time CDF of Equation 5.16
is approximated by > o qpy,. U c(t).

We note finally that, given a probe-specified steady-state individual passage-time measurement
of the form of Equation 5.14, the entire process described above culminating in the approxima-
tion of the corresponding CDF could be automated. This includes the translation of the local
probe to a DFA and subsequently to an iPEPA component (Section 5.3.2), the composition of
the component with the model to be observed and the construction of its non-vanishing state
space (Section 5.2.1). Furthermore, the derivation of the system of ODEs corresponding to the
probed i{GPEPA model is a mechanical task and simply consists of applying Definition 3.3.1.
The CDF is then approximated simply by evaluating the appropriate functional expressions of
the ODE solutions as documented above.

only difference being that this one component is probed). This argument will be given formally in the proof of
Theorem 6.4.2 in Chapter 6.
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At present, the GPA tool |229, 235| mentioned earlier in this thesis does not support all of
the above steps. Specifically, the translation to DFA and composition of the local probe with
the model to be observed must currently be achieved manually. However, it is planned that
GPA will be able to take measure specifications such as Equation 5.14 as input and return a
CDF computed both using traditional approaches, where feasible, and the ODE-based approach
given above.

5.5.2 Transient individual passage times

A transient individual passage-time measurement on the model G is encoded by a probe spec-
ification of the form:

begin : start, end : stop (5.18)
observes Pb d:ele : begin, R; : end

where H{P[’n]} = H{(P 1 Pb) N P['n — 1]}

in G

As in the previous section, the location specification applies the local probe Pb to the first
fluid component in a group H of identical components since we are interested in monitoring a
single individual. For example, the transient individual passage-time measurement constructed
manually in Section 4.4.2, the time taken for a client to complete its second cycle, could be
expressed using the following probe specification:

begin : start, end : stop (5.19)
observes Pb = think : begin, think : end

where  Clients{ Client[?’n|} = Clients{(Client >J Pb) Il Client[’n — 1]}

in  CS(n,m)

Since we do not need to compute a stationary distribution in this section, we need only consider
one probed version of the model, obtained by composition with the absorbing local probe Pb
as specified by Equation 5.18. We call the composed model G. In the case of the passage time
specified by Equation 5.19, the composed fluid component automates the construction of the
modified Client component (repeated in Figure 5.6) which had to be constructed manually in
Section 4.4.2.

In order to approximate the passage time, we will mostly follow the approach given in Sec-
tion 4.4.2 of the previous chapter. As in the last section, we will however deviate from that
approach in order to handle correctly the case of multiple local start states in the fluid compo-
nent under observation. Let Tiegn be the random time at which the begin signal is transmitted
by the fluid component under observation and let T.,q be the random time at which the end
signal is transmitted. Let F'(t) := P{Tnd — Thegin < t} be the cumulative distribution function
(CDF) of interest. Then let Fy(t) := P{Tena — Thegin < t | Thegin = s} and g(s) := LG(s) where
G(s) := P{Thegin < s}. Then we have:

F(t) = /0 T Ru()g(s) ds (5.20)
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Figure 5.6: Modified Client component for the computation of the transient individual passage-
time query of Section 4.4.2.

The cumulative distribution function for the transient individual passage time can be computed
directly from Equation 5.20 once we have access to the quantities F(¢) and g(s).

Approximation of Fi(t)

As before, define C(t) € ds*(P X1 Pb) to be the stochastic process, which tracks the state of

the probed fluid component in the group H as the model G evolves. For (Y, Q) € B(G), write
Dy,o(t) for the solutions of the ODEs constructed according to Definition 3.3.1 with the initial
conditions given by the initial state of G. We begin by noting that:

Fy(t) = P{C(s + ) € — B<I Phacc | C(5) € Soegin(P DI Pb), C(5—) ¢ Spegin( P D<I Pb)}

Thus in order to capture this quantity correctly, we must compute the distribution of the probed
fluid component given that the begin signal has just fired at time s. The appropriate conditional
distribution on states R € ds*(P > Pb) can, similarly to the last section, be computed by
employing results from the theory of time-dependent Palm calculus [e.g. 218, Definition 98 and
Proposition 97]:

P{C(s) = R | C(s) € Soegin(P I P), C(5—) ¢ Soegin(P <1 Ph)} =
2 e Ay 2oCedst (PI=IPY) (ﬁ ZC (). Cobegin) A X [Ra(@, N, H, C)D

ZaeAt Z:C’eds*(P D;<]Pb) (ﬁ ZC (a,A), (..., begin,...) AXE [Ra(éa NS? H? C):|>

where N, € B(G) — Z, represents the state of the underlying CTMC of the model G at
time s. As in the previous section, the ODE approximation to this expression is obtained by

substituting the ODE approximations to the component counts in place of N,. Specifically,
defining V; € B(G) — Ry by V4(H, P) := vy p(s) for all (Y,Q) € B(G), we obtain the ODE
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approximation:

P{C(s) = R | C(5) € Svegin(P DI Pb), C(5—) ¢ Spegin( P D<I Pb)} ~

ZaGAt ZCEdS*(PD;ﬂPb) (% ZC’ (a,A), (..., begin,...) R A X Ra(G> Vsa >C)>

H
EQGAt ZCEds*(PD;QPb) (ﬁ ZC (a,A),(...,begin,...) )\ X Ra(é, V57 H, C))

(5.21)

Then, in order to compute the quantity Fy(t), we construct a different solution to the system
of ODEs derived from G. We will write this solution as vy o(t) for (V,Q) € B(G) since
its initial conditions will be defined in terms of the quantities vy (s). Specifically, similarly
to the previous section, the initial condition v (0) for a probed component derivative state
R e ds*(P > Pb) is defined as the conditioned quantity computed above in Equation 5.21. For

all other (Y, Q) € B(G), the initial value o5, 5 (0) is set to Uy,g(s). This allows us to approximate
the conditioned CDF by Fi(t) ~ > cc papy,.. Vh.c(t)-

Approximation of g(s)

In order to approximate g(s), we first obtain the approximation G(s) ~ }_,co ¥m,q(s) where
Q= UQeSbegin(PDﬂPb) ds*(Q) is the set of all states that P D] Pb can be in after the begin signal

has been transmitted. Differentiating then provides the approximation of g(s).

Approximation of the CDF F\(t)

The cumulative distribution function of interest can then be computed directly from Equa-
tion 5.20 by substituting in the appropriate ODE approximations.

Like in the previous section, given a probe-specified transient individual passage-time measure-
ment of the form of Equation 5.18, the entire approximation process described above could
be automated and support for direct evaluation of such measures is planned for the GPA
tool [229, 235].

5.6 Differential-equation approximation of probe-specified
global passage times

Global passage-time measurements consider the joint behaviour of an entire population of fluid
components. Local behaviour is picked out by first attaching local probes to fluid components
and the simultaneous evolution of many fluid components in the model is then considered by
specifying a suitable global probe. In this section, we show how such passage-time measures
can be approximated using the ODE-based point-mass approximation technique of Section 4.3.

A transient global passage-time measurement on the model G is encoded by a probe specification



5.6. Differential-equation approximation of probe-specified global passage times 105

of the form:

€ : start, R, : stop (5.22)
observes {Probe;}

where {Location}
in G

where {Probe;} is a list of local probes and {Location} is a list of location specifications.
There is no restriction on the form of the local probes — they may use the entire grammar of
Equation 5.4. However, for the point-mass approximation convergence result of Section 6.4.1
to be stated, a local probe must be applied to each component in a component group (or not
at all). Therefore, the location specifications in { Location} must each have the form:

H{P['n|} = H{(P D1 Probe,)[?n]}
for some (H, P) € B(G) and local probe Probe,.

Also in order for the point-mass approximation to be applicable, it is necessary to consider a
restricted form of the grammar of Equation 5.6 which specifies the form of the regular expression
R, in the global probe. Specifically, when ODE-analysis techniques are to be applied, we
consider the restricted grammar:

Ry = {pred}Ry | Ry, Ry | Ry| Ry | Ry Ry | Ryln] (5.23)
where:
Ry == Ry | Ry | action
and action € A\ {7} is a non-hidden action (or signal) type.

It should be noted that global passage times where R, falls outside of this pattern can still be
analysed as long as the state space is small enough. In such cases, a general global probe (as
defined by the complete grammar of Equation 5.6) can be translated to an iGPEPA component
following Section 5.3.2 and then attached to the {GPEPA model to be observed. Traditional
Markov chain analysis or simulation techniques can then be applied directly to the resulting
composite model.

In our restricted grammar, we disallow the observation of a single action or signal, instead
allowing fundamental observations of the form (action; | ... | actiony)[n]. The reason for re-
quiring blocks of n observations of single actions or signals is that in order to prove convergence
to point mass results, we will require that the number of such observed actions increases propor-
tional to the population size. We do not allow the sequence, both or other constructions at this
level of the grammar. To see why, consider for example, the regular expression (a, b)[n]. This
matches when it observes n pairs of a and b actions in that order. Such a measurement taken
at the global level is not amenable to ODE-based analysis since the scaling regime considered
in this thesis does not in general allow for the resolution of questions regarding the ordering of
individual, globally-observed actions.

We also do not allow observations of the form action since passage-time random variables
specified in terms of such observations made globally are pathological in the large population
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limit. This is because specific uninterrupted sequences of actions observed globally become
increasingly unlikely as the component populations are scaled up.

The first step in the ODE analysis of a probe-specified global passage time is to apply the local
probes in accordance with the location specifications for the measurement (as given in Equa-
tion 5.22). We assume that this has been done and that we are left with a model that contains
the integrated local probes, say G. In order to apply the ODE point-mass approximation, we
proceed by translating the global probe to an equivalent symbolic mathematical expression in
terms of the action and component counts. Specifically, the function U (é ,Ni, Ar, Ry, 0) provides
an automatic translation of the global probe to an equivalent algebraic expression in terms of

the component-counting and action-counting stochastic processes encoded by N, € B(G) — Z,
and A, € A — Z, respectively:

UGNy, A, (R} RY). e
UGNy, A, (R | R2) e
UGNy, A, (R;; R;), e
UGN, A, {pred}Ry, e

= U(C, Ny, Ay, R2U(G, N, A, R €))

= min(U(é, Nt;AtaR;76)7u<é7 Nth“RE’e))
= maX(U(é, Nt7At7R;7e)7u(é7 Nt7At7R§’e))
= U(G, Ny, Ar, Ry, inf{t > e : pred(t)})

~— o ~—r ~—

where pred(t) is simply the state guard predicate where each component count expression H : P
for (H,P) € B(G), is replaced with the corresponding sum of potentially probed component
counts at time ¢, > o ppg Ni(H, Q). Finally:

UG, N;, Ay, Rglnl,e) := inf{t > e : Uu'(G, N:, Ay, Ry, e,t) > n}
for U'(GON;, Ayay | .. | ag, e, t) i= 08 Ag(as) — S8 Ac(as).
As an example, the global probe:
e : start, (a[10] | b[20]), (¢[5]; d[30]) : stop
would be translated to the following expression:
max(inf{t > t; : A.(t) — Ac(t1) > 5}, inf{t > t; : Au(t) — Aq(t1) > 30})
where:
ty ;== min(inf{t > 0 : A,(t) — A.(0) > 10},inf{t > 0 : Ay(t) — A»(0) > 20})

The point-mass approximation to the passage time can then be computed by replacing the
above components counts with their ODE approximation given by V, € B(G) — R, and the
action counts with their ODE approximation given by W; € A — R, and then evaluating the

resulting expression. That is, evaluating the quantity L[(é, Vi, W, Ry, 0).

Again, the approximation of a probe-specified global passage-time measurement of the form of
Equation 5.22 as described above could be automated. As for the other kinds of passage-time
measures discussed in this chapter, support for their direct evaluation is planned for the GPA
tool [229, 235].
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ClientHibernate = (client _on,r,,).ClientStandby
+ (client _shutdown, T).Client Hibernate

ClientStandby = (client _off, o )- ClientHibernate
+ (radio _init, ri,;). ClientRadio Use
+ (cont__tfr, 7 eont). ClientStandby
+ (client _shutdown, T).Client Hibernate

ClientRadioUse = (data_tfr,7me40) ClientStandby
+ (client _shutdown, T).Client Hibernate

Figure 5.7: Wireless client fluid component in the distributed wireless network model.

5.7 Worked example: massively-distributed wireless net-
work

A distributed wireless network is composed of clients operating over a fixed-bandwidth network.
The clients are autonomous in so far as they have their own battery which can be recharged
from their surroundings once the battery has discharged. A client is out of action until its
battery has recharged. The wireless clients send data and control messages to each other over
the network, drawing on their batteries each time they do so.

The aim of this model is to investigate the high-level dynamics of intermittently available
wireless clients as driven by a power-supply model. We will show that, despite the mass
parallelism of the model and the many local states in the client state space, we can model and
analyse this system to observe interesting features, as picked out by stochastic probes.

A wireless client has three states: hibernate, standby and radio-in-use. Each state has a power
usage profile. To send a data transfer, a client initialises the wireless radio with radio init
and then issues a data_tfr message. To send a control message, the client issues a cont tfr
message. The fluid component used to model the wireless client is given in Figure 5.7.

The battery has n; charge levels and discharges probabilistically from level ¢ to ¢ — 1. With
probability 772~ the battery drops a charge level with the w, determined by the exact action
that is causing it to discharge. On reaching the zero level, the battery forces the wireless client
into a hibernation mode by sending a client shutdown signal. Alternatively the battery may
be recharged a level at any point. The fluid component used to model the battery is given in

Figure 5.8.

We then compose the ClientHibernate and Battery, components together to form a fluid
component which models the combined client—battery interaction:

CB ¥ ClientHibernate L[}QL Battery,,
1YLg

The client cannot switch on again until the battery is recharged via the client charge-action.
Once this has happened the client _on-action is available and the client can come into operation
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BatteryEmpty = (client _charge, T charge ) - Battery,
Battery, i (client _shutdown, T sputdouwn ) - BatteryEmpty
Battery, < (data_tfr,wy, x T).Battery,

+ (data__tfr, T).Battery,

(cont _tfr,wy. x T).Battery, ,

(cont_tfr, T).Battery,

(radio _init,w,;; X T).Battery,

(radio _init, T).Battery,

(client _off, T).Battery;

(client _on, T).Battery,

(client _charge, 1 charge) - Batteryinn, i+1)

cfor1 << my

Figure 5.8: Battery fluid component in the distributed wireless network model.

Channel = (data__tfr,rm440). Channel Busy,
+ (cont _tfr,reont). Channel Busy,

def

ChannelBusy, = (data_ tfr, rug). Channel

+ (timeout, T timeout ) - Chanmnel

ChannelBusy, = (cont _tfr,7cont). Channel

+ (timeout, T timeout) - Chanmnel
Figure 5.9: Network channel fluid component in the distributed wireless network model.

for another charge cycle. The action set:
Ly := {client _on, client _off, client _shutdown}
represents the control actions between the battery and the wireless client and:
Ly := {radio_init, data_tfr, cont tfr}
is the set of actions that discharge the battery.

The network consists of n; channels which facilitate the transfer of data and control signals
between wireless clients. Each channel is modelled using the fluid component given in Figure 5.9.

The final system is composed of the n,-channel network and n. wireless clients which commu-
nicate using the actions in M := {data_tfr, cont tfr} to form the final iGPEPA model:

DWN(n,,n;,) 2 Clients{ CB[n.]} >I Network{ Channelln]}
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In the next section, we present some example probe-specified passage-time measurements on this
model alongside their approximate computations using the techniques detailed in this chapter.
The full systems of first- and second-moment ODEs for the model DWN(n,,ny) according to
Definition 3.3.1 are available online [131].

5.7.1 Example measurements and results

In this section we will provide example probe-specified passage-time measurements on the
distributed wireless network model described above. For all of our examples, we let n, = 3. We
give examples for each of the types of passage time introduced above alongside comparisons of
the ODE-based approximation and the actual corresponding cumulative distribution functions
(CDFs) as computed by stochastic simulation. For all figures, the maximum error at each
point of a simulated CDF is bounded above by 0.01 with at least 95% confidence. Confidence
intervals were computed exactly using binomial proportion confidence intervals [194].

Steady-state individual passage time

In order to provide an example of this kind of individual passage time, assume that we are
interested in the time for a client’s battery to discharge measured from immediately after it has
performed at least one data transmission and one control interaction. A measure specification
of the form of Equation 5.14 which expresses this is:

PM % begin : start, end : stop®™ (5.24)
observes Probe, = (data__tfr; cont _tfr)\client _shutdown : begin,
client _shutdown : end™
where  Clients{ CB[’n|} = Clients{(CB B Probe;) Il CB[’n — 1]}
in  DWN(n.,n)

In order to perform the ODE approxnnatlon we follow Section 5.5.1 and construct the probed
iGPEPA models DWN(nC7 ny,) and DWN(nC, ny,) as follows:

e~

DWN(n.,n;) < Clients{(CB > Pbs) ! CBln. — 1]} DI Network{ Channel[n;]} (5.25)

and:

—_—~/

DWN (n.,n,) < Clients{(CB B Pb) I CB[n. — 1]} B Network{ Channel[n,]} (5.26)

where the local probe Probe; has been translated to the :PEPA component Pbg given in
Figure 5.10 according to Section 5.3.2, and K := {client _shutdown, data_tfr, cont tfr}. The
component PbY is the translation of the absorbing version of Probe;.

We then proceed by performing vanishing state removal as in Section 5.2.1 to obtain the derived
transition systems of the probed fluid components CB |>§ Pbs and CB BKQ Pb.
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IIQ“

Y (client _shutdown, T).Pbg + (data__tfr, T).Pbgy + (cont _tfr, T).Pbg,
Pbg Y (client _shutdown, T).Pbg + (data_tfr, T).Pbgg + (cont _tfr, T).Pbgeqg
Pby, = ( lient _shutdown, T).Pbg + (data_tfr, T).Pbg.q + (cont _tfr, T).Pbg.

Pbg,; = " be gin. Pbp
Pbp < (client _shutdown, T).Pbp, + (data_tfr, T).Pbp + (cont _tfr, T).Pbg
Pbp, = end. Pbg

II:“

| 1y

Figure 5.10: Translation of the local probe in the measure specification of Equation 5.24 to an
tPEPA component.

The next stage of the analysis as described in Section 5.5.1 requires us to derive the system
of 56 coupled ODEs corresponding to the probed iGPEPA model of Equation 5.25. These are
then solved to obtainféin/ approximation to the stationary component-count expectations, say
Uy, for (Y, Q) € B(DWN(n.,ny)). This is possible by numerical integration for a sufficiently
long period of time, or, often much more efficiently, algebraically to find the meaningful fixed
point.

The final stage of the analysis, requires us to derive the system of 68 coupled ODEs correspond-
ing to the iGPEPA model of Equation 5.26. The ODE approximation to the CDF is obtained
in terms of the solutions to these ODEs, say 0y.4(t), as the quantity > .. pqpy,  Vc(t);

where Pba,. is the accepting state of the local probe Pbg, and the ODEs are initialised suit-
ably with the quantities 7y, computed above as specified by the formula of Equation 5.17.
Figure 5.11 compares the actual CDF for increasing numbers of fluid components with the
ODE approximation. As expected, we see that the accuracy of the approximation increases as
the component populations are scaled up (see Section 6.4.2 for general theoretical justification
of this fact).

Transient individual passage time

Consider a scenario where a data session begins after a cont tfr-action and ends after four
data__tfr-actions. We might be interested in the duration of such a data session. A measure
specification of the form of Equation 5.18 which expresses this is:

PM % begin : start, end : stop (5.27)
observes Probe, = cont_tfr : begin, data__tfr[4] : end
where  Clients{ CB|[’n]} = Clients{(CB > Probe;) | CB[’n — 1]}
in  DWN(n.,ny)
Note that due to the global probe being non repeating, this passage-time measurement will be

made from the model’s deterministic initial state DWN(n., ny,), rather than in the steady-state
regime. It thus measures the duration of the first data session.
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Figure 5.11: Passage-time CDFs for the steady-state individual passage time specified by Equa-
tion 5.24 compared with the ODE-derived approximation. Rates: r,, = 0.3, r,p = 0.6,
Tinit — 05, Tcont — 085, Tradio — 016, Tcharge = 002, T shutdown — 1.5 and Ttimeout — 02,
and weights: w;p;; = 0.07 and wy = 0.15.

In order to perform the ODE approximation, we follow Section 5.5.2 and construct the probed
iGPEPA model DWN(n.,n;) as follows:

—_—

DWN(n,,n;,) < Clients{(CB > Pbs) ! CB[n, — 1]} DI Network{ Channel[n;]} (5.28)

where the local probe Probe; has been translated to the :PEPA component Pbg given in
Figure 5.12 according to Section 5.3.2, and K := {data_tfr, cont tfr}.

We then proceed by performing vanishing state removal as in Section 5.2.1 to obtain the derived
transition system of the probed fluid component CB D};ﬂ Pbg. Next, we derive the system of 83
coupled ODEs corresponding to the probed iGPEPA model of Equation 5.28. The CDF ODE
approximation is then given by Equation 5.20 expressed in terms of the particular ODE solutions

Dy,q(t) and 03, (t) for (V,Q) € B(ﬁ_ﬁV(nc, np)) computed as described in Section 5.5.2.

Figure 5.13 compares the actual CDF for increasing numbers of fluid components with the ODE
approximation. As expected, we see that the accuracy of the approximation increases as the
component populations are scaled up.

Global passage time

In order to provide an example of a global passage-time measurement, we consider the time for
half of the clients to have exhausted their battery at least once, starting from the model’s initial
state DWN(n.,ny,). Initially, it might seem that no local probes are necessary and that an ap-
propriate global probe specifying this would be € : start, client _shutdown|n./2] : stop. However,
this would not specify the correct quantity since if a single individual performs client _shutdown
more than once, the global probe should only count it the first time. The situation is easily
resolved however by attaching an appropriate local probe. A complete measure specification of
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Py ¥ (cont _tfr, T).Pbs. + (data_tfr, T).Pbg

Pbg, = begin. Pby

Pb ¥ (data_tfr, T).Pbpiq+ (cont_tfr, T).Pbp
Pbpiq = (data_tfr, T).Pbpsg + (cont_tfr, T).Pbpyg
Pbpog = (data_tfr, T).Pbpsy + (cont_tfr, T).Pbpog
Pbpsg = (data_tfr, T).Pbpsg + (cont__tfr, T).Pbpsg
Pbryy = end. Pby,.
Pby.. (data__tfr, T).Pbpcc + (cont _tfr, T).Pbacc

Figure 5.12: Translation of the local probe in the measure specification of Equation 5.27 to an
iPEPA component.
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Figure 5.13: Passage-time CDFs for the transient individual passage time specified by Equa-
tion 5.27 computed by stochastic simulation compared with the ODE-derived approximation.
Rates: 1,, = 0.3, ropp = 0.6, 7init = 0.5, T'cont = 0.85, Tragio = 0.35, Tcharge = 0.05, Tshutdown = 1.5
and 7ymeowr = 0.2; and weights: wjn;; = 0.07 and wyy = 0.15.
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the form of Equation 5.22 which expresses this passage-time quantity is:

PM = ¢ : start, end[n./2] : stop (5.29)
observes Probe, < client _shutdown : end
where  Clients{ CB[’n|} = Clients{(CB B Probe;)["n]}
in  DWN(n.,n)

This is now correct because the local probe is non-repeating and thus the end signal is only
transmitted at most once for each C'B component.

Like for previous examples, we proceed by constructing the probed i{GPEPA model’s derived
transition system and the associated system of 26 ODEs — one each whose solution counts the
number of fluid components in each of their non-vanishing derivative states, and one, whose
solution, wenq(t), corresponds to the end-counting process, Aenq(t). In line with Section 5.6, the
deterministic approximation to the global passage time of interest is then given by:

inf{t > 0: vena(t) > N./2}

Figure 5.14 compares the actual CDF for increasing numbers of fluid components with the
deterministic ODE approximation and with an example of approximate CDF bounds derived
using the second-order Chebyshev’s inequality following the method in Section 4.3.2. In order to
produce the second-order moment bounds, 350 ODEs must be constructed from Definition 5.4.4.
As expected, we see that the accuracy of the deterministic approximation increases as the
component populations are scaled up (see Section 6.4.1 for general theoretical justification of
this fact). The usefulness of the CDF bound is of course for population sizes for which the
deterministic approximation is too coarse, such as the case depicted in Figure 5.14.

5.8 Conclusion

In this chapter, we have introduced the unified stochastic probe framework for efficiently and
compositionally specifying complex passage-time performance measures. We have shown that,
in its most general form, many stochastic probes can be placed on a process model in order to
capture precise behaviour from distinct components of the model and that these can in turn
signal to a master measurement probe which can start and stop key passage-time measures.
Other probe mechanisms are also supported, such as state-based activation to provide a flexible
mechanism for the modeller and for easy comparison with other techniques such as asCSL [15],
CSL™ [95] and tools, such as PRISM [173] and DNAmaca [164].

In order to support immediate communication between probes in the framework, we have for-
mally extended the stochastic process algebra GPEPA with immediate transitions in a manner
which allows the differential-equation approximation techniques of Chapter 3 to remain avail-
able. We have also extended the differential-equation analysis to include approximation of
action-counting processes which significantly extends the type of global passage-time measure-
ment which can be analysed using differential-equation based techniques.
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Figure 5.14: Passage-time CDFs for the global passage time specified by Equation 5.29 com-
pared with the ODE-derived point-mass approximation (the dashed line). Also shown are
ODE-derived approximate CDF bounds for the case N. = 20, N, = 12. Rates: r,, = 0.3,
Toff = 0.6, 7init = 0.9, Tcont = 0.85, Tradio = 04, T charge = 0.1, 7shutdown = 1.5 and T timeout = 0.2;
and weights: wjn;; = 0.07 and wy = 0.15.

Finally, we have identified a large subset of probe-specified measures which are also amenable
to efficient differential-equation based analysis. More specifically, any steady-state or tran-
sient individual passage-time measure (that is, a measure of the form of Equation 5.14 or
Equation 5.18, respectively) can be analysed using the ODE approach. Here, there are no re-
strictions on the form of the local probe specifying the analysis — the entire regular-expression
language of Equation 5.4 is available to the modeller. In the case of global passage-time mea-
sures, there is again no restriction on the form of the local probes, but they must be applied to
all components within a group. Furthermore, the regular expression specifying the correspond-
ing global probe must satisfy a restricted grammar (Equation 5.23). We reiterate that where
ODE-based techniques cannot be used to tackle a particular global passage-time probe query,
traditional CTMC analysis techniques can be deployed if the model is not so large as to make
this infeasible.

Finally, we have demonstrated the combined specification and evaluation techniques on a large
and detailed model of a distributed wireless network.



Chapter 6

Theoretical convergence of the first-order
approximation

Key contributions

Convergence and bounds in the transient regime

Convergence in the steady-state regime

Mechanistic verification of asymptotic stability for a large class of models

6.1 Introduction

In this chapter, we consider the first-order differential-equation approximations to the counting
processes in an {GPEPA model as the total population of fluid components is scaled up. We
derive bounds on the approximation error in the transient regime and limiting convergence
results for both the transient and steady-state regimes. Such results are crucial if we are to
have faith in this analysis approach. Although, as we will see, there is much scope for future
research in this area.

We now give a summary of the key contributions of the work presented in this chapter which
should also serve as a map of the chapter’s structure.

Convergence and bounds in the transient regime We show in Section 6.2 that under a
suitable rescaling, the counting stochastic processes converge to the solution of the differ-
ential equations in the transient case, that is, over bounded intervals of time. Furthermore,
we give explicit bounds on the rate of convergence and identify why these bounds appear
to be very conservative in practice, suggesting an avenue for future research.

Convergence in the steady-state regime In Section 6.3, we derive an analogous result for
the component-counting ODEs in the steady-state regime. This result is conditioned
on the ODEs having an asymptotically stable fixed point (one to which all trajectories
converge).

115
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Mechanistic verification of asymptotic stability for a large class of models
The steady-state convergence result is only useful formally if we have an efficient means of
validating asymptotic stability for a given model’s approximating system of ODEs. Using
a combination of reduction techniques with methods from control theory we develop such
an approach in Sections 6.3.1 and 6.3.2 which is inexpensive and would be straightforward
to automate.

In deriving convergence results for the transient and steady-state regimes of GPEPA and
1GPEPA, we emphasise further that the differential-equation approach is an approximation
of the discrete CTMC semantics. In particular, we do not view it here as an orthogonal inter-
pretation of the stochastic process model semantics.

6.1.1 Structurally-equivalent :GPEPA models

In this section we will define exactly what we mean by a sequence of iGPEPA models with
increasing total component population. We will introduce the formal notion of a structurally-
equivalent sequence of iGPEPA models. We will also use this section to introduce notation and
definitions which will be used throughout the rest of the chapter.

When two i{GPEPA models are structurally the same, differing only in that they may have
different component population sizes, but in the same ratios, we say that they are structurally
equivalent. A formal definition follows.

Definition 6.1.1 ({GPEPA:: Structural equivalence). Let Gy and G be two iGPEPA models.
Then we say they are structurally equivalent if firstly they have the same model structure,

B(G1) = B(Gy) =: B and W(G1, Gy) = true, where W(-,-) is defined by:

W(Ml BL{I MQ, Nl DLQ NQ) = W(Ml, Nl) A W(MQ, N2>
WY {D1},Y{Ds}) := true

and false in all other cases. Secondly, they must have the same initial fluid component popu-
lation ratios, that is, for oll (H,P) € B, C(G1, H, P)/S(G1) = C(Ga, H, P)/S(G2).

Following on, a set or sequence of iGPEPA models is structurally equivalent, if each pair of
models within the set or sequence is structurally equivalent. We have already considered a few
such sequences, one example is {CS(2n,n)}2, in terms of the client-server model given in
Section 3.2.3. We will usually be interested in such sequences which also have the property
that S(G®) — oo as i — oo, that is, the total component population size increases without
bound. The example {CS(2n,n)}>° ; also has this property.

n=1

For a given sequence of structurally-equivalent iGPEPA models {G®}2, we will write, for
example, N’ := N(GD), B := B(GD), A := AGY) and J = J(GW) for any i, since
these quantities are always well defined by structural equivalence. Fixing some ordering for
the elements of B and A, we write also N@(t) € Z{\J for the component-counting stochastic
process of G AW(t) € Z‘f‘ for the action-counting process, v(9(t) € RY for the differential-
equation approximation to the component counts (Definition 3.3.1) and w¥ () € lel for the
differential-equation approximation to the action counts (Definition 5.4.4).
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By structural equivalence, the differential equation approximations for each i satisfy the same
ODEs: v (t) = f(v¥(t)) for the component counts and w( () = g(v(?(t)) for the action
counts.! The convergence results will be concerned primarily with the rescaled quantities:

NO(r) = NO (1)/S(GD) A0(r) = AD(1)/5(G¥)
vO(t) := v (t)/S(GD) w(t) := wl(t)/S(GY)

Again by homogeneity (Lemma 3.3.2), the rescaled quantities v(?(¢) and w((¢) also satisfy the
same differential equation and are thus independent of i, so we may write just v(¢) and w(t)
without ambiguity.

When we wish to specify explicitly a deterministic initial condition for N@(¢) we will write
Ny (t) for the process started in state n € Z{\[ corresponding to some aggregate state reachable
from the initial state G. Similarly, we will also write Ny (¢) for the rescaled process started
in the (rescaled) state n := n/S(G™). We will also use the same subscript notation on ODE
solutions to indicate their initial conditions, for example v;(¢) for the solution to the initial
value problem specified by v5(0) = and v4(t) = f(v4(t)). If we wish to reference elements of
the vector Ny (¢) or v4(t), we will write, say for the kth element, Ny () or 054 (t), respectively.

6.2 Transient bounds and convergence

The following theorem establishes a bound on the probability that an iGPEPA model’s rescaled
stochastic process will exceed a given maximum deviation from its ODE approximation. It
holds transiently, that is, over finite time horizons [0, T]. The proof is based on the martingale
methodology of Darling and Norris [85] (also see Darling |84]).

Theorem 6.2.1. Let G be an iGPEPA model and assume the notation introduced in Sec-
tion 6.1.1. FizT'> 0 and € > 0. Then the following bound holds:

P {ts[%% INs(t) — va(t)[| > 6} <
VS@GE[L™AG)T] +1), S(G)Q™AG)T) | A[Q™(G)T] + DN(G) exp(2K(G)T)
(S@)([Qme(G)TT+1) — 1)! S(G)e?

(6.1)
independent of the CTMC initial condition n, where K(G) is a Lipschitz constant of f such as
that given in Lemma A.1.8 and ~ is the lower incomplete gamma function.

Proof. See Appendix D.1.1. O]

Figure 6.1 shows how this bound performs quantitatively when applied to the client-server
example model CS(n,m) of Section 3.2.3. The range of the y-axis coincides with the natural
boundaries of the rescaled client population. We see that although the bounds do improve
substantially as the component populations are scaled up, they do not behave particularly well
with respect to increasing time.

'We write f : R{Y — RV and g : Rf — R for the associated vector fields as given explicitly in Defini-
tions 3.3.1 and 5.4.4 respectively.
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Figure 6.1: e-tubes enclosing the rescaled Client component count around its ODE approxi-
mation for a single trace with probability at least 1 — p in the model CS(5n,3n) as computed
using Equation 6.1 of Theorem 6.2.1. Rates: . = 2.0, 1,y = 0.3, n = 0.27, n, = 0.1, 1y = 1.0,
Trst = 1.0.

The following theorem gives a bound which is usually tighter than that above. Its proof is
based on the use of an exponential martingale and is again inspired by Darling and Norris [85].
However, here we provide an explicit optimal expression bounding the error probability, which
is not given in Darling and Norris [85]. Exponential martingales of Markov chains have also be
used to obtain related bounds in the context of large deviations [221].

Theorem 6.2.2. Let G be an iGPEPA model. FizT > 0 and € > 0. Then the following bound
holds (with respect to the maximum norm ||X||s := max{|x1],...,|x,|} for x € R"):

IN(G) exp [S(G)eexp (—\/WIC(G)TH
} = >S(G) [T@man(G)+eexp(—/N(GK(G)T)]

P{ sup [[Na(t) — Va(t)]loo > €
te[0,7
+1

(eexp(— N(G)K(G)T)
TQma(G)
(6.2)
independent of the CTMC initial condition fi. As above, K(G) is a Lipschitz constant of £ such
as that given in Lemma A.1.5.

Furthermore, there exists some D > 0 independent of S(G) (specifically, depending on G only
through Q™ (@), K(G) and N(G)), such that:

P{ sup ||Na(t) — va(t) oo > 6} <2N(G)exp(—DS(G)) (6.3)
te€[0,7)
Proof. See Appendix D.1.2. n

Figure 6.2 shows how the bound of Equation 6.2 performs. Note that in Figures 6.2b and 6.2c,
the bounds for different values of p effectively overlay each other. We see that although this
represents an improvement over the first bound, it still does not perform particularly well with
respect to increasing time, that is, very large component populations are required to obtain a
useful bound for any significant interval of time.

In spite of the behaviour of either bound with respect to time, we can use Equation 6.3 to
prove limiting convergence in probability to the approximating ODE over bounded intervals of
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Figure 6.2: e-tubes enclosing the rescaled Client component count around its ODE approxi-
mation for a single trace with probability at least 1 — p in the model CS(5n,3n) as computed
using Equation 6.2 of Theorem 6.2.2. Rates: . = 2.0, 1,y = 0.3, n = 0.27, n, = 0.1, 1y = 1.0,
Trst = 1.0.

time as given in the following corollary for both the component counts and the action counts.
In preparation for later passage-time convergence results (Section 6.4), we also allow a general
initial probability distribution.

Corollary 6.2.3. Let {G"1)2, be a sequence of structurally-equivalent iGPEPA models where
S(GM) = 00 asi — o0o. Fir T >0 and e > 0. Then as i — oco:

1@{ sup [|NY (1) — va(t)|| > e} — 0 (6.4)
te[0,7
and:
1@{ sup [|AY (1) — wa(t)] > e} —0 (6.5)
te[0,T

uniformly for all initial states n. Alternatively, if for given A, P{]\N(i)(O) —a| > (5} — 0 as
i — oo for all 0 > 0, then we have that as i — oo, }P’{suptemﬂ INO(t) — va(t)] > e} — 0.

Proof. See Appendix D.1.3. O]

Figure 6.3 illustrates this result — single traces of rescaled component counts will eventually
overlay the ODE approximation as the population size is increased. We observe that the bounds
given by Theorems 6.2.1 and 6.2.2 are generally very loose.

The limit of Equation 6.4 was first given for GPEPA by Hayden and Bradley [140] and for
PEPA by Geisweiller et al. [L08]. The work of Geisweiller et al. [108] and since then, others [91,
249, 250| gave convergence in probability limit theorems for PEPA models derived using the
results of Kurtz [166, 167, 169] (see also Ethier and Kurtz [97]) usually phrased in terms
of density-dependent Markov chains. These results provide an alternative way to obtain the
kind of convergence statements in Corollary 6.2.3, however explicit bounds on the rate of the
convergence (as given here in Theorems 6.2.1 and 6.2.2) are not immediate from Kurtz’s work.

In the next section, we present results which extend those of Corollary 6.2.3 to also hold as
t — oo, that is, in the steady-state or stationary regime. Since the bounds of Theorems 6.2.1
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Figure 6.3: Comparison of Client component count simulation results with ODE approximation
for the model CS(5n,3n). Rates: 1. = 2.0, 1y = 0.3, 1, = 0.27, 1, = 0.1, r; = 1.0, 1.5y = 1.0.

and 6.2.2 explode as t — oo, we cannot hope to extend their proofs to the steady-state case in
a straightforward manner.

In fact, the reason for this behaviour is the judicious use of an inequality due to Gronwall in the
proofs of this section. The inequality says that for any real-valued integrable function g on [0, S],
g(s) <C+D [ g(u)du for all s € [0, 5] implies g(S) < Cexp(DS) (see e.g. Ethier and Kurtz
[97, page 498]). This is very much a worst-case device which assumes essentially that perturbed
trajectories of the approximating system of ODEs separate at the fastest theoretically-possible
rate, which is exponentially with time.

In Figure 6.3, we can see that for models containing only thousands of components, we have
impressive empirical convergence. This suggests that convergence to the ODE solution should
occur much faster than the rate given in Theorems 6.2.1 and 6.2.2 would suggest. In particular,
we predict that these improvements could be found by more careful consideration of the stability
of the ODE trajectories for a given model. Similarly, in order to say anything about the ¢ — oo
case, it would seem necessary to impose conditions on the long-term stability of solutions to the
approximating system of ODEs. Indeed, in the next section, we see that under the assumption
of an asymptotically stable fixed point, we may prove a steady-state analogue of Corollary 6.2.3.
We will also present an inexpensive method for verifying the required stability properties for a
large class of iGPEPA models.

6.3 Steady-state convergence

In this section, we give a version of Corollary 6.2.3 which is valid as ¢ — oo, that is, in the
steady-state or stationary regime. This result will have a particularly useful form if we are
first able to guarantee asymptotic stability of the fixed point of the ODEs approximating the
component counts. That is, we would like to be able to guarantee that a trajectory starting
from any initial condition converges to the fixed point in the limit as ¢ — co. Empirically, this
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appears to be the case more often than not but can be difficult to guarantee formally. For this
reason, the following two sections are devoted to developing an inexpensive method which will

allow formal verification of asymptotic stability of the approximating ODEs for a large class of
1GPEPA model.

Specifically, in the next section we will see why the system of ODEs given in Definition 3.3.1
cannot in general be expected to have a unique fixed point and thus no fixed point will be
globally asymptotically stable. We will then show how this issue can potentially be addressed
by instead considering asymptotic stability only on a restricted space and global asymptotic
stability of a reduced system of ODEs. Then in Section 6.3.2 we provide an efficient technique
for the formal validation of this global asymptotic stability for a large class of models. Finally
in Section 6.3.3, we give the steady-state convergence theorem.

6.3.1 Asymptotic stability on the reachable subset and the reduced
ODE

In order for a system of ODEs to have a globally asymptotically stable fixed point, it must at
least have a unique fixed point. For the system v(t) = f(v(¢)), we should never expect this to
be the case when considered over all of RV. To see why, we can consider again the client-server
model CS(n,m) and recall that the system of ODEs approximating the component counts is
the same for any value of n and m. However, we would not expect the long-term behaviour of
the ODE also to be independent of n and m. For example, consider a system with n = 100
clients and the difference between the long-term evolution with m = 50 servers and m = 20
servers. Indeed, a fixed point of the approximating ODEs (Equation 3.4) corresponding to the
former case is:>
(25.28,12.45,62.27,8.09, 37.36, 4.55)"

and to the latter case is:
(70.11,4.98,24.91, 3.24,14.94, 1.82)T

In order to handle this, associated to an iGPEPA model G, we will define a subset of RV ()
which contains the reachable subset of the aggregated state space of G and talk instead of
asymptotic stability of an ODE fixed point restricted to that subset. That is, we will be
interested in verifying only that all trajectories starting in said subset converge to the fixed
point. No such condition will be placed on trajectories starting outside of the subset.

To proceed, we decompose the function f(x) = Sr(x) into the product of a matrix S €
RWV@IXIT@] and a vector-valued function r : RK\/(G)' — R‘f(G)'. Each column of S corre-
sponds to an entry of J(G) and thus a possible way in which fluid component derivative states
may evolve in synchronisation as part of one timed transition. In order to define S formally we
must fix an ordering on the elements of J(G), so write its jth element as (J7,J], «;). Then
the ij-entry of S is defined as 1 if the ith fluid component derivative state in B(G) (under the
same ordering as in Section 6.1.1) is in J. \ J7, —1 if it is in J7 \ J. and 0 otherwise. There-
fore each column specifies the change in each fluid component derivative state count when the
corresponding synchronisation occurs. In models of chemical reactions, the analogous matrix is
often called the stoichiometric matriz [217] and has previously been referred to as the activity
matriz by Hillston [147] and Ding [91] in the context of PEPA. For consistency we will also

2With rate parameter values: 7. = 2.0, 1m¢ = 0.3, » = 0.2, n, = 0.1, ry; = 1.0, 1.y = 1.0.
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adopt the latter term for iGPEPA models. We refer to the function r(x) as the rate vector and
the jth element of this vector is the quantity pa (J7 Ji)Ra(G, x,J7), which is the rate at which
such a transition occurs (Theorem 3.4.3). In the case of the client-server model CS(n,m) of
Section 3.2.3, these quantities are:?

min(zy, )7

10 1 1 0 0 0 )
1 -1 =10 0 0 0 mmfﬁ’ 25)Ta
21tmt
S = _01 1 8 01 _01 8 (1) r(x) = T3l (6.6)
1 -1 0 0 0 -1 0 Lalb
o 0 0 0 1 1 -1 LT
TeTrst

Now for some iGPEPA model G, write iy € RV for the rescaled vector of component
counts corresponding to the model’s initial state. Then the definition of S and Theorem 3.4.3
together show that any reachable state in the rescaled aggregated CTMC of (G is contained in
the following set, which we denote by R(G):

R(G) = {I_l(] +8Sx : x€ le(G)‘} (6.7)

We note that this definition is similar to that of the linearised reachability set often used
in the context of stochastic Petri nets [225]. Here it is constructed to encode the reachable
discrete state space efficiently for use in various structural verification tasks. In the case of
a structurally-equivalent sequence of iGPEPA models {GW}2,, R := R(GW) is independent
of 7 and contains the rescaled aggregated state space of all of the models in the sequence.
Furthermore for r = ng + Sx € R, we have:

Vi (t) = 0o + Sx + /Ot Sr(v.(s))ds =iy + S (x + /Ot r(v2(s)) ds)

so that vz(t) € R for all t € R,.

In many cases, the ODEs associated to a structurally-equivalent sequence will have a unique
fixed point within R. In the case of the client—server model with ODEs given by Equation 3.4
and assuming we are interested in the structurally-equivalent sequence {CS(2n,n)}32, (so
ny = (2/3,0,0,1/3,0,0)7), this single fixed point is:

t* = (0.1685,0.0830,0.4151,0.0539, 0.2491, 0.0303)” (6.8)

In order to apply the convergence theorem of the next section, we will usually wish to show that
such a fixed point is asymptotically stable within R. That is, that any ODE trajectory starting
within R converges towards the fixed point as ¢t — oo, or formally, if T € R, lim;_,, Vz(t) = T*.
Such a question of asymptotic stability on a subset can be recast as a question of global
asymptotic stability on all of R™ for some m by a suitable reduction of the system of ODEs.
Specifically, construct a matrix R € RV*™ where m is the rank of S by choosing a maximal set
of linearly-independent columns of S. Then let B € R™N be its Moore—Penrose pseudoinverse

3Where we order B(CS(n,m)) according to the order of definition of the fluid component derivative states
in Section 3.2.3 and J(CS(n,m)) as enumerated in Section 3.4.4.
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which is defined and unique for all real matrices [28].* Since R has full column rank it then
holds that BR = I,,, where 1, is the m x m identity matrix and, furthermore, the matrix RB
is an orthogonal projector onto the range of R [28], that is, RB sends vectors in RV to their
unique orthogonal projection onto the range of R. In particular, since the columns of S are
already in the range of R by construction, it holds that RBS = S.

The system of rescaled reduced component-counting ODEs corresponding to an iGPEPA model
(or structurally-equivalent sequence) is then defined as v(t) = BSr(Rv(t) +1y). We note that
R = {ﬁo +Sx : x€ RU(G)‘} ={np+ Rx : x € R™} and let r = ny + Rx € R be arbitrary.
We will first show that v« (¢) and vi(¢) can be recovered from one another in a straightforward
manner. In particular, write z(t) := Rvx(f) + no. Then we will show that z(t) = vi(¢) for all
t € Ry, specifically:

z(t) = Rvyx(t) = RBSr(z(t)) = Sr(z(t))

and furthermore we have that z(0) = r, so then z(t) = vi(t) = Rvy(t) + 1y for all t € R,.
From this, it is then immediate that also v (t) = B(vz(t) — 1) for all t € R,.

Now we will show that that x* € R™ is globally asymptotically stable (over all of R™) for
the reduced ODE if and only if ™ := ng + Rx* € R is asymptotically stable restricted to R
for the original ODE.? Start by assuming that x* € R™ is globally asymptotically stable for
the reduced ODE. That is, for all x € R™, we have lim;_,, Vx(t) = x*. f t = ng+ Rx € R
is arbitrary then it follows immediately that lim, ., vz(f) = 0y + Rx*. Working in the other
direction, assume that r* = ny + Rx* € R is asymptotically stable restricted to R for the
original ODE, so lim;_,, vz(t) = £* for all T = ny + Rx € R. The fact that lim; ,,, vx(t) = x*
for all x € R™ then also follows directly.

In the case of the client—server model, rank(S) = 4 (recall that for this model S was given
earlier in Equation 6.6) and we may take R and B as follows:

-1 0 1 0
1 -1 -1 0 -1 -1 2 -2 1 1
0O 1 0 0 1| -1 =12 0 0 0
R -1 1 0 0 B_§1—21—211
1 -1 0 -1 0 0 0 —1 -1 2
0O 0 0 1

Then the reduced four-dimensional system of rescaled ODEs is v(t) = BSr(R¥v(t) 4 1), which,
explicitly, evaluates to:

v(t) =
min (01 (t) — 02(t) — 05(t), 0 ( ) — Ba(t) — 04(t))ry — 10a(t)
B0 (1) + 0(t) + 1/3) + roa (01(£) — Da(t) — B5(1)) — 13u004(0)
1/3(n(1 — 304(t)) — 315:04(t))
(6.9)

4Since R has full rank by construction, its Moore-Penrose pseudoinverse can be computed directly as
(RTR)"'RT if m < M and is simply R~! if m = A [28].
SEvery element of R has a unique decomposition of the form fip + Rx because R has full column rank.
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where we are again considering the structurally-equivalent sequence {CS(2n,n)}2, so have
chosen 1y = (2/3,0,0,1/3,0,0)7.

In the next section we present a technique for verifying global asymptotic stability of the reduced
ODE in an inexpensive fashion for a large class of {GPEPA models. By the above discussion,
this will in turn prove the required asymptotic stability of the original ODE when restricted to
the set R.

6.3.2 Verification of global asymptotic stability of the reduced ODE

As discussed, we seek in this section to present an inexpensive technique for verifying global
asymptotic stability of the reduced ODE for some iGPEPA model G (or structurally-equivalent
sequence). By the results of the previous section, this will in turn imply asymptotic stability
for the original system of component-counting ODEs restricted to the set R(G).

A common approach to verifying global asymptotic stability is to construct an appropriate Lya-
punov function. Assume that we wish to verify global asymptotic stability of some differential
equation y(t) = k(y(t)) where y(t) € R" for t € R, and k : R” — R” for the unique fixed
point y* € R”. Then if a function V' : R®™ — R exists which satisfies:

2. V(y) >0 and d(‘g—:y) < 0 for all y # y*; and

3. V is radially unbounded, i.e. ||y|| — oo = V(y) = o0

then it is called a Lyapunov function and y* is globally asymptotically stable [e.g. 163, 187].

For general non-linear systems, the verification of stability properties by Lyapunov function
based techniques or otherwise is a very difficult task [163]. However, recall the class of split-free
1GPEPA models which was defined in Section 3.3.1 — informally, a split-free model is one
where no synchronised action is enabled by more than one fluid component derivative state on
one side of a cooperation between component groups. For such models it was shown that the
component rate function consists only of minimum functions and linear combinations so that
it is a piecewise linear function of the component counts. By the definition of the right-hand
side of the component-counting ODEs (Definition 3.3.1), it follows that this is also piecewise
linear. Recall that we denote the right-hand side of the original component-counting ODEs by
the function f(v(¢)). Furthermore, the right-hand side of the reduced system of ODEs as given
in the previous section can then be given in terms of f by f(¥(t)) := Bf(R¥(t) + 1) and so is
itself always piecewise affine. Specifically, we may re-write it in the following form:

v(t)=Av(t)+b;  whenv(t) eT;fori=1,....d

Furthermore, the regions I'; corresponding to each different affine dynamic are separated by
affine hyperplanes in R™. Since the right-hand side is continuous, each such region I'; can be cho-
sen to also include the segments of the affine hyperplanes which define its boundaries — we as-
sume here that this is the case. For example, the reduced ODEs for the client—server model given
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in Equation 6.9 can be written in this form where d = 4 and we use 1y = (2/3,0,0,1/3,0,0)7
as before:

- =1 —n+n Ty —Trst T+ 2Tr
A 7y —rg—n —n 0 b 1 0
1 pr— 1 = —
—T + Ttmt T — Tiomt  —Timt —Trst 3 T
0 0 0 —Trst — T %

I ={xeR*: 23 —2,+1/3<0, 24 — 23 <0}

R - + T + s 0 —Trst T + T
T4 -1y — T —1y 0 1 0
A.2 — b2 _ —
—Ty + Timt Ty — Temt —Timt —Trst 3 T
0 0 0 —Trst — T n

Iy={xcR*: 23 —25+1/3>0, 24 — 23 <0}

e Pt i o R —Tyst T + 21,
7 -1y =T 0 —1y 1 0
As = b; = -
-1 + Ttmt Ty — Timt —Timt —Trst 3 Ty
0 0 0 —Trst — T i

[3={xeR" : 23— 25+1/3<0, 24 — 23 >0}

=1 —n4+n+n 0 — Tyt 1+ 1
A T -7 — 7 0 -1y b 1 0
4= 4= 7
—Ty + Temt Ty — Timt —Timt —Trst 3 U
0 0 0 — Vst — Ty 7

Fy={xeR* : 23 —22+1/3>0, 24 — 23 >0}

Fortunately, for such continuous piecewise affine systems, it is often possible to inexpensively
and automatically compute a suitable Lyapunov function. In the field of control theory, one
such fairly recent approach is to define a common quadratic Lyapunov function by solving a
system of linear matriz inequalities (LMIs) [200]. Determining feasible solutions to systems of
LMIs is essentially a convex optimisation problem [48] and can thus be done very efficiently. We
adopt this approach here and the following theorem gives a system of LMIs (Equation 6.10) for
which a solution is a sufficient condition for global asymptotic stability of the reduced ODEs’
fixed point.

Theorem 6.3.1. Let G be a split-free iGPEPA model. Then by the above discussion the reduced
rescaled ODFE is piecewise affine, say:

v(t) =f((t) = Av(t) + by when v(t) € T; fori=1,...,d
Furthermore, the regions of different affine dynamics are separated by affine hyperplanes.

Now assume that we can find a single symmetric positive definite matriz P € R™™ and o > 0
such that the following LMI holds simultaneously for alli=1,...,d:5

PA; + ATP +2aP <0 (6.10)
Let v* be a fized point of the reduced ODEs. Then ¥ is globally asymptotically stable.

Inequalities for matrices, e.g. Q < 0 or Q > 0 are interpreted as statements of negative or positive
definiteness, respectively.
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Proof. See Appendix D.1.4. ]

Where they exist, feasible solutions to the system of LMIs of Equation 6.10 can be found
very quickly using, for example, the MATLAB® LMI toolbox [243]. For the client-server model,
there are five individual LMIs — Equation 6.10 for each ¢ = 1,2, 3,4 and also the LMI P > 0
expressing that P be positive definite.” This information can be input to MATLAB® using the
Imiterm function along with the requirement that P be symmetric. The feasp function can
then be used to compute a solution matrix P if it exists. In the case of the client-server model
(using the same parameters as before), the LMIs are shown feasible in under a second on a
standard Intel Core 2 Duo desktop computer — one solution is:

23.8370 6.5895 0.5508 —13.9915
p_ 6.5895 47.7363  —30.6028 7.3098 (6.11)
N 0.5508  —30.6028 214.8347 —159.9027 )

—13.9915 7.3098  —159.9027 223.5117

By Theorem 6.3.1, this verifies that the unique fixed point (0.6945,0.4151,0.1963,0.0303)7
of the rescaled reduced ODEs is indeed globally asymptotically stable. As discussed in Sec-
tion 6.3.1, this in turn verifies that the unique fixed point of the original system of ODEs given
earlier by Equation 6.8 is also asymptotically stable when restricted to R(CS(2n,n)).

It should be noted that the existence of a solution to the system of LMIs of Equation 6.10 is
only a sufficient condition for global asymptotic stability. In practice we have found it to be a
very powerful technique — we have not yet found any cases where we suspect global asymptotic
stability but Equation 6.10 does not hold. Indeed, in Hayden et al. [142] we have applied this
approach to a more detailed model of a customer—service system with multiple customer classes
and server preemption and failure. This GPEPA model includes 14 fluid components and the
corresponding system of 64 LMIs is solved in under a second on a standard desktop Intel Core
2 Duo computer.

Should we require a stronger test in the future, however, a possible direction is the construction
of piecewise quadratic Lyapunov functions |155], which we do not consider further in this thesis.

To conclude this section we will give an example of an {GPEPA model whose ODEs appear
to have a more complicated attractive limit cycle consisting of sustained oscillations which
continue indefinitely. This confirms that the test given by Theorem 6.3.1 is very necessary in
that we cannot always expect asymptotic stability from systems of ODEs derived from i:GPEPA
models. We note here that this example answers a conjecture of Ding [91, Conjecture 1] in the
negative that the system of ODEs derived from any PEPA model has a (constant) limit as time
tends to infinity.

The iGPEPA definition Osc(n) of this counter example is given in Figure 6.4. Following
the method of the previous section, we obtain the following reduced system of rescaled ODEs
associated to this structurally-equivalent sequence of models:

1(t) = min(10/23 — 9y(t),10/23 — 0a(t))r — min(3/46, 10/23 — ()
Dy(t) = min(0y (t), Do(t))r, — min(3/46, 04(t))r

"When computing results, we actually specify the stronger condition P — I,, > 0 since it is known to be
more numerically stable than P > 0 [243].
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Figure 6.4: iGPEPA description of the model Ose(n).
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Figure 6.5: Solutions to the rescaled ODEs for the iGPEPA model Osc(n) given in Figure 6.4.
Rates: . =1.0,, = 1.0, r, = 3.0, r, = 2.0.

where the original rescaled ODE solutions can be recovered as follows: vp, (t) = 10/23 — v (¢),
’UPQ (t) = @1(25), 1_)51 (t) = 10/23—@2@), 1752 (t) = @Q(t), T)Q(t) = 3/46 and T)R(t) = 3/46 Figure 6.5
shows the quantities vp, (t) and vg,(t); the presence of a periodic limit cycle seems clear. We
will discuss the implications of this for the steady-state convergence of the rescaled CTMCs in
the next section.

6.3.3 Steady-state convergence theorem

Before presenting the convergence theorem we require a few dynamical systems definitions
which we give here for the general time-autonomous differential equation y(t) = k(y(t)) where
y(t) € R" for t € Ry and k : R" — R". For more details see any standard text on dynamical
systems, such as the book by Brin and Stuck [55] or by Wiggins [256].

Let K C R™ be compact, then the omega limit set of w € K with respect to y(t), denoted
w(w,y(t)), is the set of z € R, such that limy_,. yw(tx) = z for some sequence {t;}3>, with
limy_,o ty = 00. The Birkhoff centre of y(t) in K, denoted B(y(t), K), is the closure of the set
of recurrent points in K, that is, the closure of the set of w € K with w € w(w,y(t)). It is
clear that this set contains any equilibrium points and periodic orbits reachable from K and in
the case of an asymptotically stable (within K) fixed point y* € K, B(y(t), K) = {y*}.

Now since K is compact it is a separable metric space under the restriction of the usual topology
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on R". Assume that w € K implies that yw(¢) € K holds for all ¢t € R,. An invariant
measure for y(t) is a probability measure y on the measurable space (K,B(K))" which is
preserved by the differential equation at any time t € R,. Formally, i is an invariant measure
if u(y ' (t)) = u(A) for every t € R, and A € B(K), where y;'(t) := {w € K : y,(t) € A}.
Fix t > 0. For such an invariant measure p, the Poincaré recurrence theorem then says that

for any A € B(K):
p({w € A : 3N > 1 such that yw(nt) ¢ Aforalln > N}) =0

Informally, this asserts that the set of points to which the differential equation eventually never
returns at any time nt for n € Z, has measure zero.

Now since K is separable, there exists a countable basis {U;}°, for its topology. If for each i
with w € U; and for any N > 1, there exists n > N such that yy(nt) € U; then w € w(w,y(1)).
Define then:

Vii={weU; : VN > 1, In > N such that yy(nt) € U;}

and observe that:
Ui=V,U{w e U; : 9N > 1 such that yw(nt) ¢ U, for all n > N}

so that we then have u(V;) = u(U;) by the Poincaré recurrence theorem. Let also K; =
ViU (J\ Uy) and then ju(K) = u(K) = 1. Finally 032, K; C B(y(t), K) so u(B(y(t), K)) = 1.

The steady-state analogue of Corollary 6.2.3 now follows. Its proof is based on techniques
drawn from the field of discrete stochastic approximation algorithms, in particular the work of
Benaim [29] and can also be viewed as an extension of the mean-field stationary distribution
convergence results of Benaim and Le Boudec [30] from the discrete-time to the continuous-time
case. The idea of the proof is to show that the limit of a sequence of stationary measures for the
iGPEPA models is invariant with respect to the approximating ODE on a suitable compact
set containing the ODE solutions and CTMC state spaces. We will then apply Poincaré’s
recurrence theorem as above.

Theorem 6.3.2. Let {GW}2, be a sequence of structurally-equivalent iGPEPA models where
S(GY) — o0 as i — 0o. Again, assume the notation introduced in Section 6.1.1.

Define the compact set:

K::Rﬂ{x : XERN,QJiZO, ingl}

where R is as defined by Equation 6.7.

Further assume that p; is a stationary measure of the rescaled CTMC of G which we consider
as a probability measure on (K, B(K)).?

Then if C C K is closed and disjoint from B(v(t), K), we have that lim;_,. p;(C) = 0.

"Where B(K) is the Borel o-algebra of K.
8This is possible because R contains the rescaled state space of all of the G(*) and the sum of their rescaled
component counts are always bounded by 0 and 1.
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Proof. First we note that the sequence of measures p; is tight” since the space K is compact.
Therefore the sequence p; is also relatively compact [32, Theorem 6.1], meaning that every
subsequence of p;, say p;; contains a further subsequence, say pij, which converges weakly.
These limit points are not necessarily equal, that is, the sequence pu; does not necessarily
converge weakly itself. However, we will show that any limit of a subsequence of p; is at least
an invariant measure for v(t).

Let p be some weak limit point, say ; % p. So we wish to show that if A € B(K) and
t € Ry, we have u(v,'(t)) = u(A). To see that y is an invariant measure, it is sufficient [32,
Theorem 1.3| to verify that for any bounded and continuous g : K — R:

[ sttt utax) = [ 60 ulax) (6.12)
since [, g(x) p(Vge (1)) = [ 9(vx(t)) u(dx) [157, Lemma 1.22]. Before we proceed, we observe
that for any :

/K 9(x) pa(dx) = / E[g(NO (£))] () (6.13)

K
This is true since the p; are stationary measures of the N@(¢). To show Equation 6.12, fix
d > 0, then combining Equation 6.13 with the fact that p,; % 11, we may choose J sufficiently
large such that for all j > J:

/K 9(x) p(dx) — / E[g(NG) (1))] e (dx)| < 5/4 (6.14)

K

We now proceed to bound the term |]E[g(N,(f) ()] — g(vx(t))| for large enough 4, uniformly
for any rescaled state x of G(). We note that ¢ is uniformly continuous since K is compact.
Therefore we can find @ > 0 independent of x such that for all y € K, ||y — vx(t)]| < a =
lg(y) — g(vx(t))| < d/4. This allows us to employ the following upper bound, where ||g|| is an
upper bound on the magnitude of g:

Elg(N{ ()] - g(‘_’x(t))‘ < 0/4 4 2||g|[P {Oiugt INS(5) = V() > a}
which follows since §/4 is the maximum value of |g(N§Z) (1)) — g(vx(t))| on the event:

{ sup [INY(s) — vx(s)| < a}
0<s<t

and its maximum value otherwise is bounded above by 2||g||. Then applying Corollary 6.2.3,
we may choose M sufficiently large such that for all m > M, [E[g(NY™(1))] — g(vx(t))] < 6/2
uniformly for any x in the rescaled state space of G(™). Choose N sufficiently large such that
N > J and iy > M, then, using this bound and that of Equation 6.14, we obtain for all n > N:

/K 9(x) p(dx) — /K 9(9x(1)) pi ()| < /K 9(x) p(dx) — /K E[g(NG (£))] s (dx)
" /K E[g(NG ()] — g(9x(t))] pin(dx)
<36/4 (6.15)

9See for example the book by Billingsley [32, Page 37] for a definition of tightness of measures and also for
the general theory of weak convergence of measures.
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Also since g(v4(t)) is bounded and continuous as a function of x," we can use the fact that
oy % 11 to find R sufficiently large such that for all » > R:

/K 9 (1)) pi(dx) — /K 9T (1)) s (dx)| < 6/4
Then combining this with Equation 6.15, we can obtain:
[ ()~ [ glos) x| <o
K K

Since ¢ was arbitrary, this verifies Equation 6.12 and thus shows that p is an invariant measure
for v(t).

Now let C' C K be closed and disjoint from B(v(¢), K). Then by the Poincaré recurrence
theorem, p(C') = 0, which holds for all limit points p of p;.

Finally, we assume for a contradiction that lim; ,., i;(C) # 0. Then there is some € > 0 such
that p;;(C) > e for all elements of some subsequence p;;. By relative compactness, we can find
a further subsequence, say i , such that 2 for some weak limit point p. But since C
is closed, we have limsup,_,, ti;,(C) < p(C) = 0, a contradiction, which gives the required
result. O

In the case of an asymptotically stable fixed point this theorem reduces to the following simpler
corollary.

Corollary 6.3.3. Assuming the setup of Theorem 6.3.2 and further that B(v(t), K) = {v*},
the sequence of measures [, converges in probability and thus also weakly in distribution to the
point mass at v*.

Proof. For any € > 0, let U, be the open e-ball around v*. Then, clearly by Theorem 6.3.2,
pn(K\U;) — 0 as n — oo. The required result then follows immediately since € is arbitrary. [

In the case of the client-server model, recall that the matrix P given by Equation 6.11 is a
solution to the system of LMIs of Equation 6.10 in the case of rate parameters: 7 = 2.0,
Time = 0.3, 7 = 0.2, n, = 0.1, 1y = 1.0, 1,5, = 1.0. Therefore we may use Theorem 6.3.1 to verify
asymptotic stability of the unique fixed point (0.1685,0.0830,0.4151,0.0539, 0.2491, 0.0303)7".
Corollary 6.3.3 can then be applied to show that the stationary measures of the rescaled CTMCs
underlying the sequence of models { CS(2n,n)}>2 ;| are guaranteed to converge to the point mass
at this fixed point. This is illustrated by Figure 6.6.

In the case of the model Osec(n) given by Figure 6.4, the situation is more complicated. Fig-
ure 6.5 and additional numerical integration of the associated ODEs from many different initial
conditions suggest that the Birkhoff centre of the associated ODEs consists just of the peri-
odic limit cycle depicted in Figure 6.5. However we emphasise that any number of numerical
integrations does not alone constitute formal proof of this. If we are to accept that this is the
case then Theorem 6.3.2 can be used to establish that in the limit, the sequence of stationary
measures should be concentrated on this limit cycle. This is indeed supported by simulation
results shown in Figure 6.7.

fSee for example the book by Miller and Michel [187] for the relevant arguments regarding continuous
dependence on initial conditions.
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It is our experience that most systems of ODEs obtained from {GPEPA models constructed
to model real systems have asymptotically stable fixed points — a fact we can usually verify
formally with the techniques discussed in Section 6.3.2. For this reason, in this thesis, we have
not explored techniques for proving formally the existence of periodic limit cycles or that these
constitute the Birkhoff centre exactly in cases such as that of Ose(n).

By way of other related work, we note finally that Ding [91] has also investigated the steady-
state convergence problem for PEPA models. Specifically Ding [91] gives a condition on the
underlying CTMCs of a sequence of PEPA models with increasing total component population.
If it can be verified, this condition is shown to guarantee simultaneously both asymptotic sta-
bility of the ODE fixed point and convergence of the rescaled component-count expectations to
the ODE solution. Unfortunately this condition is specified directly in terms of the steady-state
probabilities of the underlying CTMCs so, as recognised by the author, its verification is not
scalable due to the state-space explosion problem. Therefore it appears just as computationally
(in)feasible as to compute exactly the steady-state probability vector for the specific model of
interest. As it stands then, Ding’s condition does not offer a useful guarantee of the validity of
the ODE approximation in the steady-state limit.

Supported by empirical numerical experiments on a case study, Ding [91, Conjecture 1| also
conjectures that the condition always holds for any PEPA model and thus that verifying it
is unnecessary in practice. Unfortunately, this is untrue — our model Osc(n) provides a
counterexample as noted at the end of Section 6.3.2. In addition to the general condition,
Ding [91] considers a particular class of simple model. In the GPEPA framework, this would
be stated as the class of models with two component groups and cooperation on one timed
action type between them. For these models, Ding [91] is able to show asymptotic stability
of the associated ODEs’ fixed point (under certain conditions on the initial population sizes).
However it is not shown, even for this class of models, that this implies that the limit of the
stationary measures is concentrated on the fixed point.

6.4 Convergence of passage-time approximations

In this section, we present convergence results for global and individual passage times to their
differential-equation approximations which were given in Chapter 4. These results build directly
on the generic convergence results of the last two sections (Corollaries 6.2.3 and 6.3.3).

6.4.1 Global passage times

Let {G®™1}%, be a sequence of structurally-equivalent iGPEPA models such that S(G®) — oo
as ¢ — oo . We will assume that the global passage-time measure that we are considering is
specified by probes as in Section 5.6. In particular, we consider a sequence of global passage-
time measurements as given by the sequence of measure specifications on each model G¥:

€ : start, Réi) : stop (6.16)
observes {Probe;}
where {Location} in G
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Recall that the global probes must belong to the restricted grammar of Equation 5.23 and
that any local probes are applied to each component in a group so that, after applying the
local probes, we are left with a new sequence of structurally-equivalent iGPEPA models, say
{G}, also with the property that S(G®) — 0o as i — co. Write v(t) = f(v(t)) for the
associated system of component-counting ODEs, and w(t) = g(v(t)) for the associated system
of action-counting ODEs.

In order for the passage-time measurements to be comparable, that is, to have the same ODE
approximation, we require that the Rg have identical structure except that the atoms in Rg
are each of the form (ay | ... | a)[nxS(G®)] where the only dependence on 7 is through S(G®).

Similarly, we also require that any integers occuring in state guard predicate expressions have
the form n x S(G®).

Theorem 6.4.1. Let {GW}2, be a sequence of structurally-equivalent iGPEPA models where
S(GW) = 00 as i — co. Assume further the setup and notation introduced above.

Then the ODE point-mass approximation Z/{(G Ei),WEi)7R_¢(]i),O) to the global passage-time
random variable U(G® N§Z’,A§Z),R§Z),o) is mdependent of i, so write it as, say . Further if
v < 00, as i — 00, we have for any ¢ > 0, P{U(GD, N A R 0)— 4| > e} — 0.

Proof. Tt is sufficient to show that if {e()}>°, is a sequence of random variables that converges
in probability to v as i — o0, Which we write e® 2 v, then UG, NE”,AS), Réz),e(i)) Ly

where v := L{(G Vi ,Wi ,R ,v) and is independent of i. We will proceed by induction on
the structure of Rg).

Case R\ = (a1 | ... | ap)[n x S(GD)]

In this case:

g

k
UG VY WP RD vy =inf Qt >0 0 Y w(t) =D wi(v) > nx S(GY)

k k
=infdt>v : Zwaj(t)—zwaj(v)Zn
::’y

which is thus independent of 7. Now assume that:

g

k k
UG, N,Ei), Agi), RYW W) =inf {t > e ZASJ) (t) — Z/_l(i,_)(e(i)) >np < y—e€

Then we have some e < t < v for which:

k k
Z AW (¢ Z flg?(e(")) >n

J=1 Jj=1
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But Z?_l Wy, (t) — 2521 Wy, (v) = n — 0 for some J > 0, so:

k k k k
DAV = e, (1) + YAV (D) = > " w
Jj=1 j=1 Jj=1 Jj=1

It then follows by Corollary 6.2.3 that this occurs with vanishing probability as i — oco. The
case U(G, tz), AE ), Rg), e) >~ — ¢ is proved similarly, which yields the required result.

Case Ry = R}, R?

In this case, by induction, we have U(éi N{ A(i),R;,e(i)) UG v W , R}, v) and

UGD NG AY, RZ el) 5 uUGo, v wh ,R2 v), both of which limits are independent of 1.
The result then follows immediately by continuity of the maximum function.

Case RY = R} | R}

This proof of this case is essentially identical to that of the previous.

Case R} = R;, R?

In this case, by induction, we have that U(G®, Ngi),Af),R;,e(i)) i L[(é(i),VEi),ng),R;,v)
with the limit independent of 7. It thus also follows by induction that:

UGOND AY, R U(GD NP AY, RL e@)) D (GO v WP R u(GD, VP WP R b))

with the limit again independent of 4.

Case R\ = {pred"}R,

Let pred”) (t) be the state predicate in terms of the ODE approximations. Note that by dividing
through each relational expression in the predicate by S(G®), we can see that pred(t) and
thus the quantity inf{t > v : pred(t)} is independent of i. Furthermore, we can prove
similarly to in the first case that inf{t > @ : pred”(t)} i inf{t > v : pred?(t)}. The
result then follows by induction. O

An example of the convergence stated in this theorem can be seen for the client—server model
in Figure 4.2 and for the distributed wireless network model in Figure 5.14.
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6.4.2 Individual passage times

We turn now to proving convergence results for steady-state individual passage-time measures.

Let {G®"1}%, be a sequence of structurally-equivalent iGPEPA models such that S(G¥) —
oo as i — oo and with associated ODE v(t) = f(v(t)). We will assume that the steady-
state individual passage-time measure that we are considering is specified by probes as in
Section 5.5.1. In particular, we consider a sequence of individual passage-time measurements
as given by the sequence of measure specifications on each model G:

begin : start,end : stop®” (6.17)
observes Pb = R, : begin, R, : end*”

where H{P[’n]} = H{(P > Pb) U P[’n — 1]}

in GO

Let G be the sequence of iGPEPA models obtained by applying the location specification in
Equation 6.17 to each model G®. As in Section 5.5.1, in order for each passage-time measure to
be meaningful, we require here that the underlying CTMC of each G has a unique stationary
distribution. Let also G'® be the sequence of iGPEPA models obtained by applying the location
specification in Equation 6.17 to each model G® this time for the absorbing version of the local
probe PV = R, : begin, R, : end.

Recall that in line with Section 5.5.1, we consider each model G® evolving in its stationary
regime and then at arbitrary fixed time 0, its evolution is switched to that of é’(i), initialised
by the current state of G. Then by timing how long it takes for the absorbing probe PV in
G’ to enter its absorbed state, say, Pbac., we can measure the duration of the passage time
of interest. Define C)(t) € ds*(P x] Pb') to be the stochastic process, which tracks the state

of the probed fluid component in the group H as the model G’ evolves. Then the sequence
of passage-time CDFs of interest is given by:

P{CY(t) e — D1 Phce | CD(0) € Spegin(P <1 Pb), CD(0—) ¢ Spegin(P <1 Pb)}

Write B := B(G®) and B’ := B(G"®), both of which are independent of i. Before proving the
convergence theorem, we first develop the ODE approximation in the context of the sequences
of models and show that, similarly to previous results, the approximation is the same for all
models in the sequence. We will find the following observation useful. For VO e B — R, , the
component rate function (Definition 3.2.4) has the following form for fluid component derivative

states R € ds*(P D1 Pb):
Ra(GO VD H R) =R, x VO(H, R) (6.18)

where Rgfl) r depends on V® only through the rescaled component counts:

1 -~ -~
- (4) (@)
SET) VO(HU)+ Y VOH,0) | for (HU)€B
OeU BXI—

1 ~ .
_ L g
S(G(i))v (Y,U) for (Y,U)€B,Y £H (6.19)
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In order for the ODE approximation to these passage times to be well defined, we assume that
the system of ODEs v(t) = f(v(t)) has a unique rescaled fixed point that is meaningful in the
sense that it lies in K (as defined in Theorem 6.3.2). We represent this rescaled fixed point by
VeB—R,.

We will write \L/(t)~: f(v(t)) for the ODEs associated to any~é(i) (it is straightforward to see
that the function f is the same for all i).~ A fixed point, say V@ € B — R, for this system is
meaningful in the context of the model G if V&) € B — R, defined for (Y, Q) € B by:

1 VO(H, Q)+ Y peopa VO(H,R) :Y =H
S(GD) | va(y,Q) : otherwise

VO, Q) =

lies in K; and for each R € ds*(P DI Pb), VO(H,R) > 0 and Y ypeppapy VO (H, R) = 1.

We show now how such a fixed point V@ can be constructed from V. Let Q € ds*(P > Pb)
and note that, in this case, by the above observation regarding the component rate function:

FuVy = 3 AR, x VO(H,R) (6.20)
Reds*(P D> Pb)

where the Ag?Q depend on V@ only through the rescaled component counts given in Equa-
tion 6.19. It thus makes sense to equate the two quantities of Equation 6.19 with V(H,U)
and V(Y, U), respectively and we may thus write Ap ¢ independently of i. Then setting Equa-
tion 6.20 to zero for each @ € ds*(P DX Pb) forms a linear system of equations, say x'A =0,
where A = (Agyq) is the |ds*(P D Pb)| x |ds*(P DI Pb)| real matrix of this linear system
which is easily seen to have the form of a generator matrix of a CTMC. Indeed, it is the ma-
trix of the ‘marginal CI'MC’ underlying P D1 Pb in the context of the model G where the
rates of actions on which the component cooperates with the rest of the model are given by
the values of the relevant components of the fixed point V. For this reason, this linear system
must have a unique solution that is a probability vector or, otherwise, the assumption that
the CTMC underlying G has a unique stationary distribution would be contradicted. For
Q € ds*(P DI Pb), we thus define \7(i)(H, @) to be this unique probability vector solution.

Together with the above, this fully determines the quantity V@), It is straightforward to verify
that this is indeed a meaningful fixed point of the system v(t) = f(v(¢)).

For a given G, it is also clear that each distinct meaningful fixed point of \7@) = f(v(t))
yields a distinct meaningful fixed point of v(t) = f(v(t)), so, for each G®, v(t) = f(¥(t)) must
have a unique meaningful fixed point. Furthermore, for @ € ds*(P B Pb), we observe that

the quantities \~/(")(H , Q) were in fact constructed independently of i and thus may be written
as V(H,Q).

In order to proceed with the ODE approximation, we need to compute the approximation to
the transition-instant distributions as given in Equation 5.17 of Section 5.5.1. Specifically, we
see that for ) € ds*(P X1 Pb), the approximation is given by:

P{C(0) = Q | C(0) € Spegin(P ><1 Pb), CD(0—) ¢ Soegin(P D><I Pb)} ~
ZaEAt ZCGds*(P B Pb) (TQ%C) ZCM)Q A X Ra(é(i)> \7(1)7 H, C))

1 (6.21)
ZaEAt ZCEdS*(PD;QPb) <m Z

o gn ) A X R(GONVO, L, 0))
—
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Now by the earlier observation, this expression also depends on V@ only through the rescaled
component counts of Equation 6.19 and the quantities V(H, R) for R € ds*(P > Pb). Tt is
thus independent of 1.

Finally, in order to compute the approximate CDF, we recall from Section 5.5.1, that we must
solve the ODEs corresponding to G'”, with initial conditions derived appropriately from V@,
In this manner, let \72“) eB — R, represent the unique solution to these ODEs with the initial
condition \76@(H, Q) for Q € ds*(P D1 PV') given by the quantity of Equation 6.21 (this is zero
if @ ¢ ds*(P D4 Pb)). For all other (Y, R) € B, the initial value \73“) (Y, R) is set to VO (Y, R).
Note that in the limit as i — 0o, we have for each (Y, Q) € B:

/(1) ~1(4) . B
V(Y Q) +— ! {VOW@H&QWMJ)W(EE-Y—H

S(GW) \76(i) Y, Q) : otherwise

and thus by Gronwall’s inequality |e.g. 97, Page 498|, we also have for t € [0, 7], uniformly as
7 — 00!

. 1 VI9O(H, Q) + VOHR) :Y=H
V(Y,Q) +— <= ~f(.)( O+ Lne@eay Vi (L R) (6.22)
S(GD) | VY, Q) : otherwise
Finally, we observe that for R € ds*(P B PV), the corresponding ODE has the form:
VIO R) = Y Ol x VP, U) (6.23)

Ueds* (P D PV)

where, in the limit ¢ — oo, the C’t(f[)LR depend on V;(i) only through the constant rescaled
quantities of Equation 6.22, and can thus be written as Cy r independent of both 7 and ¢.
Therefore, again by Gronwall’s inequality, the quantities \N/Q(i)(H , R) have a limit as i — oo
uniformly for all ¢ € [0, 7], which we write as V/(H, R). It then follows immediately that the
CDF approximation ) .. pqpy,.. V/(H,C) is thus independent of ¢ for all ¢ € [0, 7).

Theorem 6.4.2. Let {GW}2, be a sequence of structurally-equivalent iGPEPA models where
S(GY) — 0o as i — co. Assume the setup and notation introduced above.

Fiz T > 0. Further assume that the system of ODEs v(t) = f(v(t)) has an asymptotically
stable fized point within K (as defined in Theorem 6.3.2), that is, |B(v(t), K)| = 1.

Then we have uniformly for any t € [0,T)], as i — oo:
P{CY(t) € — DX Pbyee | CV(0) € Spegin(P DI Pb),CD(0—) ¢ Spegin(P DI Pb)} —
>, ViH.C)

CG*%PZ)ACC

Proof. First we note that the CTMC underlying each G has a unique stationary distribution
since this is true of each G®. Let N® € B — R, be the random variable given by the rescaled
component counts of G at time 0. Then by Theorem 6.3.2, as i — oo, we have that N
converges in probability to the ODE fixed point V. Let ND e B — R, be the random variable
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given by the component counts of G at time 0. Also define ND € B — R, as follows, for
(v.Q) € B

K](z‘)(y Q) := s(é(i)) <N(i)(Ha Q)+ ZREQ D N(i)(H, R)) Y =H
U : N(i)(y Q) * : otherwise
S(GD) , :

Then since Iﬁ(i)(K Q) is equal in distribution to N®(Y,Q), it is immediate that NG (Y, Q)
converges in probability to V(Y, Q).

We will now proceed to show that this convergence in probability still holds when conditioned
on a begin-signal transition having just occurred at time 0. For (Y, R) € B, the expectation

of NO)(Y, R) conditioned on such a transition can be computed as [e.g. 218, Definition 96 and
Proposition 97]:

ZaeAt ZCEds*(P [>;<]Pb) (ch’) ZC’ (o, A),(...,begin,...) A X E[(N(l) (K R) + S)RQ(G(Z)a N(l)a Ha C)])

ZaeAt ZCEdS*(P [%Pb) <7"(¥%C) ZC (a,A),(...,begin,...) )\ X E[Ra<é(z)7 N(Z)7 H, C)])

where |S| < 1/S(G"Y). By recalling the observation of Equation 6.18, it is straightforward to
see that this converges to V(Y, R) as i — oo. Similarly it is straightforward to see that the

variance of N(i)(Y, R) conditioned on a begin-signal transition having just occurred converges to
zero as ¢ — oo. It thus follows that the desired convergence in probability still holds conditioned
on such a transition.

Next we wish to show that for @ € ds*(P D Pb), E[N®(H, Q)] converges to V(H, Q) as i — oc.
Dynkin’s formula [e.g. 210, Page 254] gives:

Elfuo(N) =0
and we recall that due to the form of f, we may write this as:

> E[BYy x NO(H,R)] =0
Reds* (P DB Pb)

where the BI(;?Q depend on N® only through the rescaled quantities N®. It thus follows that:

> ApgxE[NY(H R) —0
Reds*(PDIPb)

as i — 00, where the matrix A := (Ag) is as defined earlier in Equation 6.20. Then since the
linear equation XTA = 0 was shown above to have a unique solution that is a probability vector,
we have that ELN(")(H, Q)] — V(H,Q) as i — oo. It then follows also that the conditional

expectation of N (H, Q) given that a begin-signal transition occurred at time 0 converges to
the quantity of Equation 6.21.

Now for t € [0, T, write Ni(i)Ne B — R, for the stochastic process which tracks the evolution
of the component counts of G'®) after they are initialised by the state of G at time 0, given
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that a begin-signal transition has just occurred. Also write for the rescaled component counts
N/ € B — R, defined as follows, for (Y, Q) € B:

vy [ (20 e ) ¥
S(GO)) l)(Y Q) : otherwise
Now by the above reasoning, we have as i — oo that for each (Y, Q) € B, Iilg (Y, Q) converges
in probability to V(Y,Q). By Corollary 6.2.3, it thus follows that NQ (Y, Q) converges in
probability to V(Y, @) uniformly for all ¢ € [0, T}.
Finally, for R € ds*(P X1 Pb'), Dynkin’s formula gives:
ENS(H.R) = Y7 EDjyex N (H.U)

Ueds* (P DI PV)

where the D" depend on N/ only through the rescaled quantities Kll(i), and, in the limit
t,U,R t g ¢

T — 00, D(i()] r converges uniformly in probability for ¢ € [0,7] to Cyr, given in Equa-
tion 6 23. A final _application of Gronwall’s inequality then completes the proof verifying that
E[N'”(H, R)] — V/(H, R) uniformly for ¢ € [0,T] as i — co. O

The theorem is illustrated by Figures 4.6 and 5.11.

Recall that for a split-free model, the techniques of Sections 6.3.1 and 6.3.2 can be used to
verify the condition of asymptotic stability required by this theorem. We remind the reader
that although these techniques deliver only a sufficient condition for asymptotic stability, in
practice we have found it to be a very powerful technique. We have not yet found any cases
where we suspect asymptotic stability but this approach is not able to verify it.

In the case of splitting models, these approaches for verifying the asymptotic stability do not
work. It may, in some cases, however, be possible to construct an ad-hoc Lyapunov function
to verify asymptotic stability. Otherwise, experiments can be performed to build confidence
empirically that a unique meaningful fixed point is asymptotically stable by testing a number
of trajectories numerically for convergence to the fixed point.

6.5 Conclusion

In this chapter, we have considered key theoretical aspects of the correctness of the first-order
ODE approximation. We have built additional confidence in the general analysis approach
presented in this thesis by showing that the ODE approximation is exact in the limit of large
component populations in the transient case (Corollary 6.2.3). This result also holds in the
steady-state case (Corollary 6.3.3) subject to a condition on the stability of the approximating
system of ODEs. Section 6.3.2 is devoted to developing an inexpensive and easily automated ap-
proach to verifying this condition for a large class of performance models. Finally, in Section 6.4,
we develop convergence results (Theorems 6.4.1 and 6.4.2) for the passage-time approximations
detailed in Chapters 4 and 5.
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Conclusion

7.1 Summary of achievements

This thesis has explored efficient differential-equation based techniques for the rapid extrac-
tion of useful quantitative performance measures from models of computer systems with large
numbers of interacting entities. Specifically, we have focussed on models whose state-space
size puts them far beyond the capabilities of traditional explicit-state analysis techniques, even
when powerful symbolic representation schemes |e.g. 172| are available. As we have seen, it is
not too difficult to encounter such a model — the aggregated state space of the simple client-
server model CS(n,m) of Section 3.2.3 consists of up to 208,105,551 states for the modest
parameters n = 200 and m = 100.

The general ideas which motivate the approach of this thesis can be traced back to the field of
statistical physics where complex Markovian models of particle interaction were approximated
by so-called mean-field models |e.g. 26, 27, 117, 186]. More recently, these ideas have been
applied in a structured manner to model computing systems in the mean-field frameworks of,
for example, Le Boudec et al. [179] and Bobbio et al. [33]; and the so-called fluid-flow analysis
approach to stochastic process algebra models [35, 147]. Our work builds directly upon the
original work of Hillston [147] where differential equations approximating component counts
were derived from models described in the stochastic process algebra PEPA [146]. In particular,
in Chapter 3, we introduced the grouped PEPA (GPEPA) extension which removes ambiguity
as to exactly when this approach can be applied at the same time as enlarging significantly the
class of models to which it is applicable.

In the area of computer performance analysis, one of the key limitations of this approach up
until now has been that it is restricted to the approximation of first-order model statistics in
the form of mean component-counts. Our major contribution of Chapter 3 was to show that we
may generalise this approach to allow the efficient differential-equation based approximation
of arbitrary joint higher-order moments of component counts. Importantly, this allows us to
obtain accurate and tractable approximations to key model statistics such as the variance of
the number of components in a given state or even the skewness or kurtosis.

Although we must increase the size of the system of differential equations in order to access
these additional quantities, the number of differential equations required for any moment order

140
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remains independent of the total component population size. We have shown that first-order,
second-order and very often third-order moment analysis should be eminently tractable for
realistically-detailed models. Furthermore even ODE-based moment approximation beyond
the third moment is often orders of magnitude more tractable than any alternative approach.
We also believe that these extensions are immediately applicable to other related analysis
techniques such as the mean-field approaches [e.g. 18, 19, 30, 33, 201| or continuous stochastic
Petri net models [e.g. 86, 224].

Our other major contribution of Chapter 3 was to develop a qualitative predictor of the accuracy
of the approximation which works for any order of moment analysis. In particular, by deriving
the moment approximations algebraically in a formal manner from the underlying CTMC, we
were able to isolate portions of the state space (so-called switch points) where the approxi-
mation error is likely to be at its worst. This could be used to warn a performance engineer
automatically that a particular approximate analysis might not be reliable. If the engineer has
the flexibility to modify the model parameters, we can even envisage automatically adjusting
them in order to guarantee a more reliable analysis. Since this work was originally published
in Hayden and Bradley [139], we note that Massink et al. [183, 184] have adapted our ideas to
reason qualitatively about the error in a first-moment ODE-based analysis of emergent crowd
behaviour. The notion of switch points also carries over directly to the context of continuous
stochastic Petri net models and to the analysis of many-server queueing networks where the
number of servers increases proportionately to the number of customers.

As described, the solutions of these systems of differential equations directly approximate mo-
ments of component counts, a metric which in itself can often be of direct interest to performance
engineers. For example, it could be useful to ascertain the effect of varying a particular model
parameter on the number of clients blocked waiting for service at a given time. However, many
service level agreements and other similar quality of service guarantees are phrased in terms of
passage-time or response-time quantiles, such as a broadband connection must be successfully
established within two seconds 98.5% of the time. For this reason, Chapter 4 was devoted to
exploring how various kinds of useful passage-time quantities can be extracted using an effi-
cient ODE-based analysis approach. We identified two specific classes of passage-time query
commonly asked by performance engineers: global passage times and individual passage times.
We proceeded to show how such measures can be exposed explicitly in a model’s state space as
a time-to-extinction measure by a suitable local state-space transformation. This was the first
step in rendering them amenable to ODE-based analysis.

Global passage times consider queries defined in terms of the joint evolution of a large population
of components. For example, in a peer-to-peer file sharing model, we might ask how long it
takes for half of the peers to obtain a particular file. For this performance metric, we were
able to define two complementary ODE-based approximation methods. The first was a simple
deterministic approximation accurate when populations are sufficiently large. In the case of non-
negligible variance in the passage-time random variable of interest, we developed an approach
which can be used to yield upper and lower bounds on the global passage-time’s cumulative
distribution function (CDF). We note that this is directly applicable since a sufficiently tight
CDF lower bound can be used conservatively to validate satisfaction of a service level agreement.
The bounds can be tightened by employing higher-order component-count moment analysis at
the expense of a larger system of ODEs. Individual passage times are specified in terms of the
time it takes for a particular individual within the system to complete some task or achieve
some goal. The analogous individual passage-time query to the global query given above would
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be the time taken for one individual peer to obtain the file. For passage-time queries of this
form, we were able to derive direct ODE-defined approximations to the corresponding CDF,
both for transient and steady-state measures. This work represents a direct refinement and
extension of the approaches of Clark et al. [81], Ding [91], Tribastone [249] which were based on
Little’s Law [181]. Those authors were able to compute mean individual response-time results
using ODE-based analysis whereas our approach extends this to the entire CDF.

After the construction of a performance model, there are two significant facets to its analysis.
Computation of a response-time or other type of quantitative performance measure requires first
that it can be specified accurately in a formal manner. This is made even more difficult if the
behaviour of interest is not necessarily encoded explicitly in the natural state space of the model,
that is, where derived behaviour is of interest. In Chapter 5, we developed the unified stochastic
probe framework which builds upon the original stochastic probe definition [8], bringing together
several significant enhancements. This approach allows performance measures to be described
by a powerful syntax based on regular expressions which are then converted to fragments of
process algebra (in this case, PEPA). These process algebra fragments are composed with the
model of interest and the resulting model with an augmented state space can be analysed to
extract the performance query. It is of course very important that probe fragments do not
modify the behaviour of the model they are being used to query. Immediate signals are a key
mechanism for allowing probes to communicate without incurring additional delay. In order to
support this, we showed how immediate actions can be introduced into the GPEPA formalism,
resulting in immediate GPEPA (iGPEPA). Furthermore, we accomplished this in such a way
as to ensure that ODE-based approaches are still available to us within this extended modelling
framework. Finally, we showed how the tractable ODE-based passage-time approximations of
Chapter 4 may be applied to compute detailed probe-specified performance measures.

Chapter 6 focused on providing theoretical justification for the validity of the first-order analyses
described throughout this thesis. In the transient case, we were able to derive error bounds
on the approximation, which, although extremely conservative can at least be used to derive
a limiting result. Our main contribution in this chapter was the development of an analogous
result for the steady-state case. We observed that the proof must be constructed in an entirely
different manner to the transient case and is only guaranteed to hold when certain asymptotic
stability conditions are first satisfied by the approximating system of ODEs. For a large class
of GPEPA models, we developed a powerful methodology which can be used to automatically
verify the required stability properties. This exact same approach could be applied directly to
performance models of massively-parallel computer systems specified by continuous stochastic
Petri nets or certain kinds of queueing networks since the synchronisation dynamics are very
similar.! Finally, we were able to extend the generic convergence theorems to obtain results for
the passage-time approximations detailed in Chapters 4 and 5.

7.2 Applications

The main focus of this thesis has been on providing methods for the efficient and scalable
performance analysis of massively-parallel computer systems. The techniques we have described
have in fact already been implemented in the modelling tool grouped PEPA analyser (GPA) by

!Specifically, the approximating system of ODEs is piecewise affine in both of these cases.
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Stefanek et al. [229]. This tool supports the grouped PEPA syntax and allows for automatic
ODE-based general moment and passage-time approximation. The tool also uses the notion of
switch points from Chapter 3 to alert the user to potential inaccuracies in ODE approximations.

In addition to being able to perform this kind of analysis on one specific model, the GPA tool
also supports the ability to perform various kinds of parameter sweeping experiments. This
would allow many different model parameter combinations to be tested and potentially an
optimum result established. It is in performing massive computations of this kind where the
approach of this thesis becomes invaluable in reducing analysis times to a practical level. We
have already used this approach to establish optimal parameter configurations which satisfy ser-
vice level agreements in energy consumption models [232], cloud computing environments [233]
and massively-parallel client—server systems [142].

As an example of the power afforded by the techniques presented in this thesis, we will sum-
marise here the example customer—service system and accompanying results given in Section
5 of Hayden et al. [142]. This model is essentially a more interesting generalisation of the
example client-server model of Section 3.2.3. We consider a large customer—service system
with two classes of customers, service preemption and failure. The customers from each class
require access to one of the services in order to complete their phase of service. Such a system,
with a very large number of customers and services could for example represent a virtualised
cloud-computing infrastructure, a large parallel architecture running behind an Internet search
engine or a massive multimedia content provider.

We assume that the service provider offers two different levels of service level agreement (SLA) to
its customers. We will express these in terms of steady-state individual passage-time measures
as defined in Chapters 4 and 5. For example, high-priority customers (denoted H) might
be guaranteed completion within 8 seconds 95% of the time, whereas, low-priority customers
(denoted L) might only be guaranteed completion within 40 seconds 80% of the time. We will
show how the techniques of this thesis can be used to perform efficient parameter sweeping to
determine model configurations which will meet these two service requirements simultaneously.
More specifically, we might be interested in computing the minimal number of active services
required to ensure that both SLAs are satisfied jointly.

We now proceed to give the iGPEPA definition of the customer—service system. The two classes
of customer are represented by the fluid components Cust’ and Cust whose definitions are
given in Figure 7.1. Each customer sends a request to the service and waits for a response.
Additionally, the high priority customers are allowed to switch to a mode where they negotiate
a preemption of a low priority customer. After the response, customers wait for the service to
finish, notified by the end” and end® actions. High priority customers can preempt the service
of low priority customers, in which case the low priority service is cancelled and the customer
has to restart the whole procedure. Both customers also have to cater for the possibility of
the service failing and need to restart when the server has not responded for a period of time.
Finally, both customers are allowed to perform their respective think action, which represents
the end of the service phase for that customer.

The services are represented by the fluid components Serv’ and Serv whose definitions are
given in Figure 7.2. The services alternate between listening to requests from low- or high-
priority customers. After a request, the services initiate the processing, with a possibility of
failing. In addition, services serving low priority customers listen to requests for preemption,
which cause the service to drop the served customer and switch to a higher priority customer.
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II&

(request  Trequest ) - CustpmC

Cust"
Cust{;mc L (end”, rong). Custpsy + (d10p, Tar0p ). Cust® + (timeout, r?). Cust*

I
[y

I
[y

Custl, . . < (think, 1y ). Cust®
Cust? = (request  Trequest)- Custlt . + (timeout, 1i'). Custl ..o,
Custg,oc Y (end” 1.q). Custh, . + (timeout, ). Cust™
Custp,,eempt = (preempt, Tyreempt)- Custg,oc + (timeout, r"). Cust™
Custl, . = (think, ;). Cust?
Figure 7.1: Fluid components Cust” and Cust?.
Servt = (request”, 1request)- Se'r"vpmc + (switch, 5. ). Serv?
ServL, o = (proc, 1 o). S€TVE 4 + (Preempt, Ly cempt)- S€TVgpop + (break, ryear). Serv”
Servdmp = (drop, Tarep)- .S'er'up,,oc (break, Tyreqr ). Serv™
Serv? & (request™ | 1roguest)- .S'er'up,,oc (switch, 1L Y. Serv”
Se’r‘vpmc = (proc, 1) Serve | + (break, 1yrear ). Serv?

Figure 7.2: Fluid components Serv” and Serv¥.

Finally, when finished processing, the servers notify the respective customers.

The complete iGPEPA model consists of nZ copies of the component Cust? and n& copies of

Cust™. These are composed together with nk services initially in state Serv” and nf initially

in state Serv:

def
CustServ(ns,nd nk,ni) <

(CustsL{CustL[né]} I CustsH{C’ustH[ng]}> >J Servs{Servi[nk] N Servni}

where the cooperation set is given by L := {request®, request®, end”, end™ , preempt, drop}.
The full systems of first- and second-moment ODEs for the model CustServ(nk,nf nk nfl)
according to Definition 3.3.1 are available online [131].

The steady-state individual passage-time measurements forming the basis of the SLLAs are given
in the language of unified stochastic probes by PM" for the low-priority customers:

PM" = begin : start, end : stop*” (7.1)
observes Probe; = ¢ : begin, think : end”
where Custs™{ Cust®[?n]} = Custs"{(Cust" 1 Probe;) Il Cust®[?7n — 1]}

in  CustServ(nk,n2 nk,ni)
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and PM" for the high-priority customers:

PM" = begin : start, end : stop” (7.2)
observes Probe; = ¢ : begin, think : end*”

where Custs™{ Cust®[?n]} = Custs™ {(Cust? <1 Probe;) Il Cust™[?n — 1]}

in  CustServ(nk,nZ nk nl)

Following Section 5.5.1, to compute the ODE approximation to each steady-state individual
passage time, ODEs must be constructed according to Definition 3.3.1 for the probed versions
of the models. In particular, for the low-priority SLA, we must consider the models:

def
CustServg(nk, nl nk n) =

<CustsL{(CustL D1 Pbg) N Cust'[nk — 1]} || CustsH{C’ustH[ng]})

{think}

B> Servs{Servi[nk] N Servni}

and:

/
L H L Hydes
CustServ(ng, ne,ng, ng )

<CustsL{(CustL 1 Pb) 0 Cust®[nk — 1]} || CustSH{CustH[ng]})

{think}

B> Servs{Serv’[nk] N Serv¥[nf}

where the repeating local probe € : begin, think : end” is translated to the ;:PEPA fluid compo-
nent Pbg (following Section 5.3.2) and the absorbing version € : begin, think : end is translated
to the iPEPA fluid component Pb as given in Figure 7.3. For the high-priority SLA, we must
consider the analogous models:

def
CustServg(ns,nZ nk nk)

(CustsL{CustL[né]} | Custs™{(Cust? {f[}ﬂ Pbg) ! Cust¥[nl — 1]})

think}

> Servs{Servi[n] W Serv¥nf}

and:

/
L H L  Hydf
CustServg(nd,na,ng,ng) =

(CustsL{CustL[né]} | Custs™{(Cust? B Pb,) N Cust?[nd — 1]}>

{think}

B> Servs{Serv”[n] | Serv"[nf]}

After vanishing state removal (as in Section 5.2.1), we construct 12 first-moment ODEs asso-

—_—— P /

ciated to the models CustServg and CustServy, 15 to the model CustServ; and 16 to the
—_—— !/

model CustServy. These ODEs can then be used as detailed in Section 5.5.1 to compute ap-

proximations to the CDFs of interest. Figure 7.4 shows an example computation of the CDFs

for the low- and high-prority customers with example SLAs for each. We see that for this
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Pb); < begin. PV,
Pb,, & (think, T).Pbl,

def

Pb,, = end. Pby,,

def

PbAcc = (thz’nk, T).PbACC

Pbs < begin. Pby
def

Pbp = (think, T).Pbp,
Pby, & end. Pbg

Figure 7.3: Translation of the local probe in the measure specifications of Equations 7.1 and 7.2
and its absorbing version to :PEPA components.

(
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08 [ 1 ; .
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£ o6l | : .
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0.2 | : —
1 1
: : Low-priority customers (L)
1 ‘ : Higl‘l—priority cus‘tomers (H)
0 1
0 20 40 60 80 100

Time, t

Figure 7.4: ODE approximations of the passage-time CDFs for the steady-state individual
passage times specified by Equations 7.1 and 7.2. The dashed lines correspond to the respective
SLAs, in this case, 8 seconds 95% of the time for the high-priority customers, and 40 seconds

85% of the time for the low-priority customers. Rates: Teguest = 2.0,r = 1.0, preempt =
3.0,7jmc = 1.0,711};0C = 2.0, Tprear = 1.0,78 = 1.0, 7pq = 2.0,7E . =1.0,71L . = 1.8, ripins = 3.0.

Initial component counts: n& = 100, nZ = 30, nk = 20, nf = 20.
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’ SLA for L met

41 / SLA for H met

10 20 30 40 50 60

Number of servers ng + ng

Figure 7.5: System configurations satisfying SLAs (8 seconds 95% of the time for the high-
priority customers, and 40 seconds 80% of the time for the low-priority customers) over the
parameter space of nk+n% and 7. The circled configuration is that which minimises the num-
ber of required services but still satisfies both SLAS Rates: rrequest = 2.0, Byreempt = 3.0, rzfmc =
1. O,r][f‘;oC 2.0, Tprear, = 10,78 = 1.0,70 = 2.0 =1.0 = 1.8, rypink = 3.0. Initial

component counts: nf = 100, nZ = 30.

) swztch ’ swztch

particular model configuration, the SLA is satisfied in the case of the high-prority customers
but not for the low-priority customers.

Since the model CustServ(nk,nf nk nf) is split-free, we may apply the techniques of Sec-

tions 6.3.1 and 6.3.2 aimed at verifying asymptotic stability of the fixed point of the associated
system of ODEs. Indeed, in the parameter regime of Figure 7.4, the necessary system of 64
linear matrix inequalities can be constructed and a feasible solution found in only a few seconds
on a standard desktop computer. Theorem 6.4.2 then applies and can be used to verify that
the ODE approximations to the CDFs will converge as the component populations are scaled

up.

As mentioned earlier, the service provider is probably interested in satisfying both SLAs with
the minimal number of running services. That is, they wish to minimise the quantity nk+n% .2
They may also have control over other model parameters such as the rate at which high-priority
customers are allowed to preempt the service of low-priority customers 7. Due to the extremely
efficient nature of the ODE approximation techniques, brute-force parameter sweeping over
both parameters n% + n and 1 is a realistic means of determining the minimum number of
services required to satisfy both SLAs. Figure 7.5 shows the results of one such parameter sweep
experiment consisting of 2,500 different parameters configurations which takes only around a
minute to perform on a standard desktop computer.

2Since both types of service alternate between serving low- and high-priority customers, steady-state measures
depend only on the initial sum né + ng
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7.3 Future work

In this section we will outline some key areas for future development, some of which have
already been tentatively explored in publications outside the immediate scope of this thesis.

7.3.1 Accuracy of the ODE-based analysis approach

There are many possible ways in which the techniques developed in this thesis could be improved
upon in terms of the accuracy of the approximations. Increasing the strength of theoretical
guarantee that we are able to make regarding their accuracy is also of massive interest so that
we can improve the reliability of the approach.

One avenue for investigation is the possibility to derive stochastic differential equations (SDEs)
from performance models of massively-parallel systems. We have already made preliminary
progress in this area [138, 229| and have shown how SDEs can be derived from PEPA models
whose solutions quantify the deviation of the underlying CTMC from the approximating ODE.
This work suggests that the distribution of component counts can be approximated at the
second order by the multivariate normal distribution whose parameters are obtained by solving
the first- and second-moment ODEs of Chapter 3. Such an approximation is of course more
detailed and provides more information than the first- and second-moment information alone.

ODE-based moment approximation techniques similar to those developed in this thesis for
GPEPA have also been developed for the analysis of chemical and biological models [e.g.
110, 180|. Furthermore, various schemes known collectively as moment closure methods have
been developed to allow higher-order moment information to be fed back into improving the
approximation at lower-orders. For example, the variance information obtained by solving the
second-order moment ODEs might be used to improve the first-order approximation. A similar
extension in the context of GPEPA constitutes potential for future work. This is not immedi-
ately straightforward due to the non-smooth nature of the synchronisation dynamics common
to models of computer and communication systems.?

The discussion in Chapter 6 regarding the extremely conservative general nature of the error
bounds given for the first-order ODE approximation by Theorems 6.2.1 and 6.2.2 suggests
a potentially fruitful future research avenue. In order to improve upon these bounds in any
significant manner, it is clearly necessary to dispense with the crude device of Gronwall’s
inequality. Instead, it would seem massive improvements might be had by a more careful
consideration of the stability of the approximating system of ODEs’ trajectories. A starting
point for such an investigation might be the recent work of Turner [254] where martingales
are constructed from the linearisation of a differential equation approximating a simple Markov
chain. This appears to allow local stability information for trajectories to be considered directly
in the construction of error bounds.

3In for example, GPEPA and continuous stochastic Petri nets, this comes from the presence of minimum
terms in the CTMC transition rates.
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7.3.2 Capturing generally-timed transitions with DDEs

Generally-timed delays destroy the Markovian nature of a model making it even more difficult to
analyse. Even so, they are key if realistic models are desired. Ordinarily, such distributions are
incorporated into a Markovian model by using an approximating phase-type distribution [e.g.
10]. However, many phases are often required for an accurate approximation so this can result
in costly growth of the discrete state-space of local components. In turn, this results in a growth
in the approximating system of ODEs if the techniques of this thesis are to be applied. This is
especially true if higher-order moment analysis is to be applied.

We wish to investigate the use of recently-developed delay differential equation (DDE) [215]
approximation techniques to capture these features in a scalable fashion. DDEs are already
a popular modelling tool for biological systems [24, 215]. We have completed initial work
exploring such possibilities in Hayden [132].

7.3.3 More efficient global optimisation

As we have illustrated earlier in this chapter, the massive reduction in analysis time offered
by the ODE-based techniques of this thesis have already opened the door to performing opti-
misation and scalability analysis over many parameters simultaneously in a practical length of
time {142, 232, 233]. However, the inevitable growth in the dimensionality of parameter spaces
we wish to consider represents an orthogonal exponential growth, a kind of parameter space
explosion.

In order to address this, we intend to consider more efficient approaches to the global optimi-
sation problem in our specific context of a tractable representation by differential equations.
Specifically, we wish to explore techniques from the field of verified numerical integration such
as interval methods and and Taylor-model arithmetic {195, 198, 213, 226]. We have completed
initial work exploring such possibilities in Hayden [133].

7.3.4 Multi-stage synchronisation in massively-parallel systems

A key limitation of PEPA (and also grouped PEPA) is its inability to encode the idea of a multi-
stage transaction between two or more cooperating components. To illustrate what we mean
by this, recall the client-server model from Section 3.2.3, which we repeat here in Figure 7.6.

Clients first make a request to one of the m available servers (the request-action), after which
the intention of the modeller is probably supposed to be that they receive data from that same
server (the data-action). However, due to the semantics of PEPA, there is no guarantee that
the data-action will be executed in cooperation with the same server component with whom
the request-action was originally completed. The GPEPA process algebra fails to capture the
idea of a transaction between a given client and a given server. That is to say, there is no way
to enforce that when a request-action happens, a binding is established between the client and
the server which lasts for the entire duration of their interaction. The only way to encode this
behaviour here would be to define many different request- and data-actions to capture explicitly
the possible pairings of clients and servers. This is clearly impractical and directly breaks the
compositional structure of the model.
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{request,data}

Figure 7.6: i{GPEPA description of the simple client-server model CS(n,m).
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waiting
Client}y; . = (think,n*). Client"
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Server), . < (data,r;").Server” + (break,n").Server, ..
Server;, ... = (reset,ry").Server

CS*(n,0,m,p) = Clients{ Client[n] \ Client[0]} B Servers{Server[m] Il Server®[p|}

Figure 7.7: {GPEPA description of client—server model with two classes of client and server

CS*(n,0,m,p).

Fortunately, in terms of the aggregate behaviour of component counts, this modelling inaccuracy
makes no difference to the analysis for many very simple models — indeed, this is the case for the
model CS(n, m). If we are only interested in aggregate component-count behaviour, it does not
matter if a client performs the request-action and the data-action with different servers because
the behaviour of each server is identical anyway. However, if we were to extend this model by
introducing multiple different classes of client and server with different behaviour, this is no
longer necessarily true. To see this, imagine adding an additional class of client, say Client",
and of server, say Server®, to the client-server model CS(n,m), as in Figure 7.7.

Assume that the rates for these new fluid components are different to those for the original
client and server components thus giving them different timed behaviour. If a particular type
of client begins an interaction with a particular type of server, this binding between component
classes should be maintained for the duration of the interaction in order to capture a realistic
scenario. Otherwise, a client is able to switch between server classes part way through a shared
interaction. Then it is possible for the client to experience what should be an impossible
interaction consisting of a combination of parts of the timed behaviour of the Server component
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Client = (request get x,1;). Clientygiting ()
Clientyaiting() o (data on z, T).Clientpink + (timeout, 1, ). Client
Clienting =~ (think,n).Client
Server = (request init x, 7.).Serverge(x) + (break,n,). Serversroken
Serverge(x) = (data on x,14).Server + (break,n).Serveryroken
Serversroren — (reset, 1,5).Server

Figure 7.8: iGPEPA description of client and server fluid components with channels.

and the Server® component.

In order to address these issues, we have recently begun work on grouped PEPA with chan-
nels [233] which adds a mechanism for maintaining links between components currently involved
in a shared transaction. This builds on our earlier work in defining shared transaction Markov
chains (STMCs) [137], a low-level performance modelling formalism supporting transactions
between cooperating components.

Our use of channels is similar to that of m-calculus [188], although instead of having single
named znput and output prefixes for communication across channels, we utilise the existing
PEPA cooperation framework thus supporting also many-way synchronisation across channels
between transaction participants. Within this framework, we may rewrite the fluid components
Client and Server in the model CS(n,m) as in Figure 7.8.

The channel variable x is used to make the formal binding between a particular instance of
a client and server component during a shared interaction. Specifically, the syntax data on x
means that the data-action can only occur between Client,qiting and Serverg, components
who already share the same channel in x. The syntax request init  means that the Server
component creates a new unique channel instance which is then shared with a Client component
(by virtue of the request get x syntax) when they first complete a request-action together. The
extension also supports forwarding of channels to support nested layering of services.

At present, this work is still very much at the proof of concept stage and there are many
avenues for further research. In particular, a formal definition of the operational semantics of
the channel extension is still outstanding. Although we have provided ad-hoc derivations of
approximating systems of ODEs in Stefanek et al. [233|, this has also yet to be considered more
generally for GPEPA models with channels.

Furthermore, there are many systems for which the operational semantics of PEPA are not
appropriate since they do not capture the synchronisation or scheduling policies of the system
accurately. We are thus also interested in adapting the ODE-based techniques of this thesis
to a more general formalism where a separation between interaction and timing is maintained
as in, for example, interactive Markov chains (IMC) [143] or shared transaction Markov chains
(STMCs) [137]. In this type of formalism, synchronisation events are untimed and happen
immediately which allows for a much richer set of possible interaction mechanisms between
components to be captured. On the other hand, however, as has already been touched on
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by Hayden and Bradley [137], ODE-based techniques cannot always be directly extended to
such richer modelling formalisms.

Specifically, mapping synchronisation onto immediate actions can result in indicator functions
appearing in the right-hand of the approximating system of ODEs. Such systems are not
guaranteed to have a solution when interpreted as ordinary differential equations. One approach
we are investigating is to instead consider an approximating differential inclusion as motivated
by the recent work of Gast and Gaujal [106].
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Appendix A

Chapter 3

A.1 Lipschitz continuity of first-moment ODEs

For any GPEPA model, Lemma A.1.3 below verifies Lipschitz continuity of f : Rﬁ[(G) — RN(@)
defined in Section 3.3. It uses the technical notion of the structural depth of a GPEPA model.
This is the largest number of cooperations involving timed action type «, whose immediate effect
can be seen by a fluid component enabling an a-action within some component group. The
formal definition is given below before the lemma. Furthermore, we will require the maximal
local a-rate for a timed action type o defined by Q7™ (G) = max g pyesG){ro(P)} and the
mazimal local rate defined by Q™*(G) := max(y,pyeB(@){Daea Ta(P)}-

Definition A.1.1 (GPEPA :: Structural depth). For any GPEPA model G and timed action
type a € Ay, the structural depth of G with respect to v is Do (G), defined as follows.

1+ max{D,(M,), Do(M>)} ifacL

Do(M, P M;) = { max{Da (M), Da(M2)}  ifa ¢ L

Do(Y{D}) :=0

An auxiliary lemma, which follows, is required in the proof of Lemma A.1.3.

Lemma A.1.2. Let A CR" be convex and open. Let g : A — R™ be a function continuous on
A and differentiable on A. Assume also that for i, j € {1, ..., n}:

dg;
B

<A<

sup
xEA

Then g is Lipschitz continuous on A with a Lipschitz constant nA.

Proof. Let x,y € A be arbitrary, and define the function G : [0, 1] — R" by G(¢t) := g((
t)x + ty). Now, by convexity of A, G is differentiable on (0, 1) and we have for all ¢ € (0,

1
1),

176
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G'(t) = Dg((1 —t)x+ty)- (y —x), by the chain rule, where the operator D gives the Jacobian
matrix of the function. Then:

/01 d(gi(S)dsrz [/01 (gj’l,,gxg;) ((1—s)x+sy).(y_x)d5r

1
<y — x| [ / (Q‘” 9;
0

2
P ) (1 et )| ds]
<2y — x]

|Gi<1) - Gi(0)|2 =

by the Cauchy-Schwarz inequality. So:

18(y) —ex)[| = IG(1) = G(O)|| < nAlly — x|
as required. The extension to A is trivial by continuity of g and continuity of norms. O

Lemma A.1.3. The function f : Rf(a) — RN s Lipschitz continuous for any GPEPA
model G. Furthermore, a Lipschitz constant (with respect to the usual Fuclidean norm) is:

K(G) :=2N(G) Y (Da(G) + 1) Q1™ (G)

aEA;

Proof. We see from Definition 3.3.1 that for 1 < k < N(G) (corresponding to some (H, P) €
B(G)) and v € RJ_\{(G) (corresponding to some V € B(G) — R, ):

f(v)=>" > pa(@Q P)Ru(G,v,H,Q) | = Ra(G,v,H,P)

ac Ay QEB(G,H)

For arbitrary a € A;, we focus now on a term, R,(G,v,H,Q) for Q € B(G,H). It is a
straightforward application of structural induction over Definition 3.2.4 to see that it has the
following general form, for some 1 <i < N(G) and 1 < D < D,(G):

Rao(G,v,H,Q) = 14(Q)v; X H min(azi\(/‘),,)bn(v)) (A.1)

n=1

where for any 1 <n < D,(G):

an(v) > ro(Q)v; X 1:[ min(a";:zz;fm(v))

Now, the functions a,(-) and b,(-) are just instances of apparent rate (Definition 3.2.6). So

they and their minimum, min(a,(-), b,(+)), are all piecewise-linear on closed subsets of RQ/(G),

m=1

each defined by a system of linear inequalities. These subsets thus form a covering of ]Rﬁf(c)
by closed convex sets. Take an arbitrary such region, say A C Rﬁ/(G). For v € A, some of the
terms of the product in Equation A.1 will cancel and, re-ordering indices where necessary, for
some D' < D,(G):

bn

Qn

v)
v)

Ro(G, v, H,Q) = ro(Q)v; X H E
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and for any 1 < n < D', the following two inequalities hold:

n—1 bm (V)
am (V) (A.2)

an,(v) > ro(P)u; X

an (V) = bp(V)
On A, it is straightforward to see that R, (G, -, H, Q) is continuous and, furthermore, on the
interior of A, it is differentiable since the a, () and b, (+) are linear here. So for any 1 < j < N (G)
and v € int(A):

m=1

ORo(Go1,Q) ) _ [ 7ol @ XTI 263+ ro(@ 2 ] =
A W i
Letting F[I](v) == [[,_, Z:E:’,)) for 0 <1 < D', we have:
OF[l], . F[l—1](v) ob Fll(v) 0 bi(v) OF[l — 1]
v, (v) = a(v)  Ov; v a;(v) Ov; v) a(v) Ov; v)
Applying the inequalities of Equation A.2, we obtain:
aF[l] 8bl 8&1 8F[l — 1]
ra(@pos x )| < | 0|+ G40 @ 2w

It is clear from the definition of apparent rate (Definition 3.2.6) that only one of ‘ 2o v)‘ and

gT“J’_(V)) can be non-zero, and it is no greater than r,(Q’) for some fluid component, ). Thus

by induction:

aRa(Ga ) Ha Q)
L)
Yj
Now considering all action types in the same way, we have:

afk <QZ +1 Qmax( )

acA;

< (Da(G) +1)Q™(G)

sup
veint(A)

sup

veint(A)
We now apply Lemma A.1.2 on the open convex set, int(A) to show that f is Lipschitz contin-
uous on A with a Lipschitz constant (G) := 2N(G) Y, c 4, (Da(G) + 1) Q3™ (G).

For general vy, vy € Rﬁ/(G)

, consider the line connecting them: (1 —1¢)vy +tvy for t € [0, 1]. Let
the closed convex sets making up the covering of Rﬁ[(G) defined above be {A;}¥,. Assume the
line between v, and vy intersects k > 1 of them, then re-ordering where necessary, there exist
{t; kfl with ¢; =0, t;41 = 1 such that for each 1 < j <k, t; < t;4; and (1 —t)vy +tvy € A;

for t € [tj,tj4+1]. Now write:

k
IE(v1) = £(va) | = || D (F((1 = tj)vi +1;va) — £((1 = tj11)vi + Ej41v2))
j=1
k
< NEL =) vi + tva) = £((L— i) vi + tieava))| by the triangle inequality
j=1
k
G) Z (L =t;)vi +tjva) — (1 = tj51) V1 + tj41va)|| by Lipschitz continuity

= K(G)||vi — vo| by colinearity
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as required. 0

A.2 Systems of ODEs

A.2.1 Second-moment ODEs for CS(n,m)

Below is the complete system of 27 ODEs which approximate the second-order moments for
the model CS(n,m) as derived according to Definition 3.4.5.

Ver(t) = — vee(t)ry + min(vew(t)ra, vsg(t)ra)
ve(t) = ver(t)r + vew(t)rime — min(ve(t)n., ve(t)n.)
Ve (t) = ve(t)r — 2vce (t)n + min(vew(t)rd, vsg(t)1a) + 2min(vew. ct(t) 14, vsg ct(t)ra)
veci(t) = —vet)n +vee (t)n —ve ci(t)n + vow ct(t) rime

+ min(ve. cw(t)1a, Ve sg(t)ra) — min(ve. ci(t)rr, vs. ce(t)r)
V2 (t) = ver(t)r + 2ve et + vow(®)1ime + 2v¢. cw(t)Time + min(ve(t)n., vs(t)n.)
—2min(vee (t)r, ve.g(t)r)
Us.ct(t) = —vs.ce(t)rs + verso(t) st — vs.ce(t)n + min(vew(t)1g, vsg(t)ra) + min(vew.s(t)rd, vsg s(t)ra)
+ min(vew. ct(t)7a, vsg ct(t)a) — min(ve. ce(t)r, vs. ci(t)r)
ve.5(t) = vs.ct(t) + vew sE)1ime + ve.sp(t)rse — vo.s(t)n + min(ve. cw(t)ra, ve.sq(t)ra)
)73

+ min(ve(t)r, vs(t)n) — min(ve.s(€)r, vee (£)r.) — min(vee (8)n, ve.s(t)n)

Ucrs6(t) = — vsp.ct(t)1r + vsg.ce(t)n, — verse()rrse + vs.ce(t)n + min(vew. su(t)rd, vsg.s6(t)ra)
Ue.sp(t) = vsp.ct(t)rr + Vow s6()Teme + vesg(t)n — ve.so(t)rse +ve.s(t)n — min(ve.sy(t)n, vs.su(t)n)
Ucw ct(t) = — vow ct(t) — Vew ct(t)me — min(vew(t)rd, vsg(t)ra) + min(v ey (1)1, vVsg. cw(t)ra)

— min(vew. ct(t) 74, Vsg. ¢t ()72) + min(ve. ce(t)r, vs. ce(t)r)

Ue.cw(t) = Vew ct(t)r — Vew()Timt + Vw2 (E)Timt — Ve cw(t)Tme — min(ve. cw(t)ra, ve.sqg(t)ra)
—min(ve(t)n, vs(t)r) — min(ve. cw(t)r, vew s(t)r-) + min(ve (6)n., ve.s(t)rn)

Usg-ct(t) = — Vsg ct(t)1 — vgg ct(t)n — Min(v ey (t)7a, Vsg(t)1a) — Min(vew. ce(t)7a, vVsg. ct(t)ra)
+ min(vsg. cw(t)1a, vgg2 (t)r4) + min(ve. cs(t)r, vs.ce(t)r)

Ue.5g(t) = vsg.ct(t)re + vsg.-cw(t)Tmt — Ve.sg(t)n — min(ve. cw(t)ra, ve.sq(t)ra) — min(ve(t)n., vs(t)r)
+ min(vee ()1, ve. g(t)r) — min(vsg. (€))7, Vsg.5(E)7)

Vew(t) = — vow(t)rme — MIn(v ey (t)1a, vsg(t)ry) + min(ve(t)n., vs(t)n)
Vw2 (1) = Vew(t)ime — 2002 (8)Time + Min(vew(t)ra, vsg(t)rg) — 2 min(v ey (614, vsg. cw(t)ra)

+ min(ve(t)n, vs(t)n) + 2 min(ve. cw(t)n, vow s (b))

Vew §(t) = — Vew s()Tmi + Vew s6(1) st — Vew.s(E)n, — min(vew(t)ra, vse(t)ra)
— Min(v o s(t)74, Vsg.8(t)7a) + Min(v ey (£)74, vsg cw(t)ra) — min(ve(t)r., vs(t)r.)
+ min(ve.g(t)r-, vz (8)7) — min(ve. cw(t) 7, Vew s(E)7)

Vcw56(t) = — vew-s6(1)Time + Vsg-cw(t)n — Vew-56(8)rrst + vew-s(8)n — min(vew.sp(t) 74, vsg-s6(t)ra)
+ min(ve.su(t)n, vs.sp(t)7)
Usg-cu(t) = — Vsg.cw(l)Timt — Vsg cw(t)n + min(vew(t)ra, vsg(t)ra) — min(v w2 (8)14, vsg. cw(t)ra)

— min(vsg. cw(t)ra, Vg2 (t)7a) + min(ve(t)r., vs(t)r.) + min(ve. cw(t)n, Vow-s(t)r)
+ min(vsg. ¢(t)r, vsg.5(t)7)
Osp(t) = vsg(t)n, — vep(t)rst + vs(t)ny
Usg(t) = — vsg(t)n, — min(vew(t)ra, vsg(t)ra) + min(ve(t)rn., vs(t)n)
Dsp2 (t) = vsg(t)1 + 205g.56(1)1 + V8B (t)1rst — 20502 (E)7rst + v5(E)M + 2v5.56()1
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Usg.sb(t) = — vsg(t) — vsg.s6(t)1 + Vg2 (1)1 — vsg.50(t)7rst + Vsg.5(t)T0

— min(vcw. s6(t)74, Vsg.s6(t)73) + min(ve. sp(t)r, vs.s(t) )

Vg2 (t) = vsg(t)my — 2vgg2 (E)1, + min(vew(t)1a, vsg(t)ra) — 2 min(vsg. cw(t)ra, vgg2 (t)7a)
+ min(ve(t)r, vs(t)r) + 2min(vsg. ¢(t)r-, vsg.s(t)r-)

Us.5b(t) = vsg.5(t)1 — vsp(t)1rst — Vs.56(t)Trst + Vg2 (E)7rst — vs(t)n +vg2 ()1 — vs.s0(t)1
+ min(vcw.s6(t)74, vsg-sp(t)7a) — min(ve.se(t)rr, vs.sp(t)r)

Usg.-5(t) = — vsg.5(t)1 + vsg.56()Trst — Vsg.s(t)1 — Min(vew(t)7a, vsg(t)ra)
— Min(vow 5(t)74, Vsg.5(t)7a) + Min(vsy. cw(t)1a, veg2 (t)ra) — min(ve(t)rn., vs(t)rn.)
+ min(ve.s(t)r, ve (t)1) — min(vgg. (), vsg s(t))

0s(t) = vep(t)1rst — vs(t)n + min(vew(t)ra, vsg(t)ra) — min(ve(t)r, vs(t)r.)
Vg2 (t) = vsp(t)1rst + 20556 (E) st + V()1 — 2052 ()1, + min(vew(t) 1y, vsg(t)ra)

+ 2min(v ey s(t)74, vsg s(t)1a) + min(ve(t)rn., vs(t)r.) — 2min(ve.s(t)n., v (H)r-)
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Chapter 4

B.1 Systems of ODEs
B.1.1 First-moment ODEs for CS’(n,m)

Uc'w/(t)
VCw' (t) + vcw(t

Vew (1) = — Vew () Teme — ) min(vsg(t)ra, vew (1)1 + vow(t)ra)

ver(t) : , .
vor (D) + vo) Mnvs®rm ve (O +ve(t)r)
ver(t)

ver(t) +velt) min(vs(t)r, ver (t)n +ve(t)n)

Ve (t) = vow (E)1ime + vee(t)ry + vew (E)1 —

dee(t) = — ver(t)n + vcm/(l;sfi(?cm 3y (s (t)1a, vcwr ()72 + vow(t)ra)

. B UC’w(t) . ) )

Vow(t) = — vow(t)Time — o () + voud) min(vgg(€)7g, vew (E)1a + vow(t)ra)
’Uc(t)

v (D +veld) min(vs(t)r, ver (t)r +ve(t)r)

. ve(t) .
06(t) = vow(®)rme — m min(vg(t)r.-, ve: (6)r + ve(t)n)
vor(t) = —vop () + vcw,?SML(Z)CN) min(veg(t)7, v cw ()7 + vew(t)ra)
Usb(t) = vsg(t)n — vep(t) st + vs(t)ny
Usg(t) = — vsg(t)n, — min(vsg(t)ra, vew: (t)ra + vow(t)ra) + min(vs(t)r, ver (t)r + ve(t)r)
U5(t) = vsp(t)rrsr — vs(t)n + min(vsg(t)ra, Vow (B)1a + vew(t)rs) — min(vs(t)n., ver (B)r + ve(t)r)

B.1.2 First-moment ODEs for CS,'(n,m)

Ve ()T
Vow (1)ra + vew(t)ra + vag ()

ber(t) = vg () + vew (E)rime + vew (B

g(t) = —vgt)r + min(vsg(t)ra, veow (t)1a + vew(t)ra + vay (t)ra)

181
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T T i a0 v 0+ e velon)
ver ()r

ver (t)r +va(t)n +ve(t)rn

Vew ()74

— i t (t t == (t
Ve (1 + veulbr + gy Sevew (Ot ven O+ vg(r)

Vow (t) = — vow (O)1ime + min(vs(t)rn., ve (H)n +va(t)n +ve(t)r)

Vow(t)ra
Vew (B)7a + vow(t)ra + vag (t)ra
va(t)r
ver (B +va(t)n +ve(t)r
ve(t)n.
ver (t)r +va(t)n +ve(t)r
Vow(t)ra

— i t (t t == (E)7
Ve (1 + veulbna + gy Se T vew (Ot venl O+ vg(r)

vor(t) = —ve(t)r + min(vsg(t)7a, vow ()1a + vew(t)ra + vgy (t)ra)

Va(t) = ve(t)r + vag (1) Time — min(vs(t)r., ver (t)r +va(t)n +ve(t)r)

Vew(t) = — vew(t)rme + min(vs(t)r., ver ()n + va(t)n +ve(t)n)

ve(t)r
ver (b +va(t)r +ve(t)r
va(t)r
ver (t)r +va(t)n +ve(t)rn
B Ve ()7
Vow’ (t)?"d + Ucw(t)Td + U@(t)rd
vew (t)1a
Vew (1)7a + vew(t)ra + vay (t)ra
Ugb(t) = vsg(t)1y — vsb(t)Trst + vs(t)y
Usg(t) = — vsg(t)n, +min(vs(t)n., ver (t)r +va(t)n +ve(t)r) — min(vsy(t) 7, vew: (E)ra + vow(t)ra + vag (t)ra)
vs(t) = vsp(t) s — vs(t)n, — min(vs(t)r., ver (H)n +va(t)n +ve(t)n)
+ min(vsg(t)ra, vow ()1 + vew(t)ra + vay (t)1a)

06(t) = vow(t)ime — min(vs(t)r., ver (t)r +va(t)n +ve(t)r)

Ve (t) = — vgg (t)rime + min(vs(t)r., ver (t)n +va(t)n +ve(t)r)

min(vgg(t)rq, vow’ (814 + vew(t)ra + va\”(t)rd)

v (t) = —vep (H)n + min(vsg(t)7a, vow (t)7ra + vew(t)ra + vgy (H)1a)
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Chapter 5

C.1 Immediate PEPA

C.1.1 Well-behaved :PEPA components

Formally, an iPEPA model component P is free from immediate cycles if Lp(P, D) evaluates to
true where:

ﬁP(Pl DLQ PQ,A) = (ﬁp(Pl,A) A £p<P2,A)) V (ﬁp(Pl,A) A £p<P2,A U L))
V (Lp(Py, A) N Lp(Py, AU L))
Lp(P/L,A) = Lp(P,A\ L)

true : Lg(Cs, 5, A) is true for all constant definitions
Lp(S,A) = Cs = S’ referenced by S

false : otherwise

The only way a cycle in the state space of a sequential ;PEPA component can occur is through
a recursive reference to a constant. For a sequential constant definition Cs = S, the purpose of
the function Lg(Cs, S, A) is to evaluate to true if no immediate cycle consisting only of unsyn-
chronised immediate actions can exist from Cg back to Cg, in the context of synchronisation
on the action types A C A:

Ls(Cs, (a,1).51, A) = true
| true rac€ A
£8(057 [avw]'ShA) T { »CS(C&SMA) 3 §é A
Es(CS, S1 4+ Ss, A) = ,CS(Cs, S1, A) A ,Cs(Cs, S, A)
false : Cqg=C'
Ls(C ‘W A) = s .
s(0s, Os, 4) { Ls(Cs, 8", A) : Cs # Cls where C4 £ S’

In addition to freedom from immediate cycles, we also wish to ensure that an iPEPA component
has deterministic initial behaviour. That is, for any well-behaved iPEPA component, we require

that there may be at most one path of immediate transitions emanating from the component’s
initial state.
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C.2 Translation of non-standard regular expressions to DFAs

Let R} and R? be two regular expressions according to the grammar of Equation 5.4. Let
M'=(Q', 3,8, ¢}, F') and M? = (Q% 2,62, ¢2, F?) be their respective DFAs, where:
o Q' and Q? are the finite sets of states;

e Y is the input alphabet (for our purposes, this is, A(P)\{7} where P is the fluid component
to which the local probe will be applied);

Q' x Y — Q' and 6% : Q? x ¥ — Q?* are the transition functions;

q¢' € Q' and ¢ € Q? are the start states;

F' C Q! and F? C Q? are the sets of accepting states.

We now show how to construct DFAs for the regular expressions R}; R?, R} /R? and R} @R?.

C.2.1 Both (R}; R?)

The DFA corresponding to R}; R? is M = (Q, X, 4, qo, F), where:

° Q:=Q" x Q%
e Forallz e Q',ye Q? and a € I, 6((x,y),a) == (6" (x,a),6*(y,a));
* g0 = (4, %);

o F:=F!x F?

C.2.2 Reset (R}/R?)

The DFA corresponding to R} /R? is M = (Q, %, 9, qo, F), where:

¢ Q= Q' x Q%

e Forallz € Q' y € Q* and a € %, §((x,y),a) := (6*(x,a),0%(y,a)) if 6*(y,a) & F?, or
d((x,y),a) = qo otherwise.

° g = (¢, q3);

o Fi=F'x (Q?\ F?).



C.2. Translation of non-standard regular expressions to DFAs 185

C.2.3 Fail (R/OR?)
The DFA corresponding to Rf @R? is M = (Q, X, 4, qo, F), where:

¢ Q:=Q' x QY

e forallz € Q' y € Q*\ F? and a € %, 6((z,y),a) := (6*(z,a),0*(y,a)), and for all
reQ', y € Fanda€X, i((z,y),a) = (z,y);

* ¢ = (90, %);
o Fi= F'x (Q>\ F?).



Appendix D

Chapter 6

D.1 Proofs

D.1.1 Proof of Theorem 6.2.1

Proof. We begin by defining the following stochastic process:

M(0) = Nalt) — (a+ [ 1Na) )

The term n + fot f(Nz(s))ds can be thought of as a perturbed numerical integration of the
approximating ODE v (t) = f(¥(¢)) driven by the CTMC Nz(¢). The stochastic process M;(t)
thus measures the deviation of the CTMC from this quantity. We will proceed by showing that
M;(t) is a martingale which will allow us to obtain strong bounds on its magnitude over [0, 7).
Gronwall’s inequality [97, Page 498| will then be applied to relate this perturbed numerical
integration to the ODE solution @ + fot f(va(s)) ds itself.

In order to show that Mj(t) is a martingale, we are required to show for all ¢,s > 0, that
E[Ma(s +t)| Fs] = Ma(s) as., where F, := 0(Nz(u) : u < s) is the natural filtration of
Na(s), that is, the o-algebra containing all of the information about the process up to time s.
Note that:

Mﬁ(s +t) - M S

=]}
|
Z
=]
©
+
N
=]
_I_
c\m
P
Z
=]}
E
o,
<
N—
—_
_l_
Z
=1
W
+
=
|
N
Bi
+
o\é
t
-
P
Z
=]}
&
(@
I
N———

so we have:
E [My(s + )] ] = My(s) + E [Nﬁ<s +1) - <Nﬁ(s) + /:Hf(Nﬁ(u)) du) ‘ }'s}

Therefore, in order to show the martingale property, we must show that the expectation term
on the right is (a.s.) zero. However, conditioning on the value of Nj(s) and exploiting the

Markov property, we see that this is implied if we can show that E[M;z(t)] = 0 for all £ > 0.
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Let the jump times of N5(t) be {7;}32, with also 7'0 = 0, that is, N5(7;—) # Ny(;) for j > 0.

Now consider Mj(t) stopped at 7, i. e M;(t A7)t Letting g(@) be the sum of all of the rates
of all outgoing transitions from state n, we have:

E[Ms(t A 7)) = E[1{oct<rMa(t)] + E[1 {57,y Mz (71)]

= —E[1g<i<rtf(@)] + E[1gsry (Na(m1) — 8 — 71 £(0))]
— oxp(—q(a)t)iE(a) + (1 - exp(—q(n)t»% - f](—ni 1~ exp(—g(@)1)(1 + q(a)?)

=0
Noting further that:
My(t A7) — Ma(tAT) =
_1{Tj§t<7j+1}(t - Tj)f(Nﬁ(Tj)> + 1{t27j+1}(Nﬁ(Tj+1> - Nﬁ(Tj) — (Tj41 — Tj)f(Nﬁ(Tj)))

for all j > 0, we may repeat the argument inductively, conditioning on possible values of
(75, Na(7;)), to see that E[Mjz(t A 7;)] = 0 for all j > 0. Therefore, we may write for all j > 0:

E[Mi(t)] = E[Ma(t A 7)] + E[127,) (Ma(t) — Ma(75))] = E[1{2r, (Ma(t) — Ma(7;))]
and also in the limit:
E[M;(t)] = Jim E[1{57,1(Ma(t) — Ma(7)))] = Jim. E[1{>r,)Ms(t)] — Jim. E[1 7,y Mz(7))]
(D.1)
We can bound 7; in distribution by an Erlang random variable, say p;, with parameters j and
S(G)Q™*(G) (the finite maximum jump rate of Nz(t)), that is, P{r; < t} < P{u; < t}. So
clearly lim;_,o E[1(>-,3] = 0. Then the first term of Equation D.1 is zero by monotone conver-

gence and the second is zero by the Cauchy-Schwarz inequality. Thus Mg(t) is a martingale as
required.

Recall from Lemma A.1.3 that a Lipschitz constant of the function f is (G). Now note that
by definition and the triangle inequality, we have for all t € R.:

INu(0) = a0 = [¥10) + " ENu(e)) - / ' (vals)) s

<IN+ [ IENa(s) — () s
< |IMa(t)|| + /C(G)/O |Na(s) — va(s)| ds (D.2)
Let § := eexp(—K(G)T') and define the event A := {supte[O’T] M ()] > (5}. On the comple-

ment of this event, we may apply Grénwall’s inequality® to the function, e(t) := |Nz(t)—va()],
to obtain, supcp 7y [Na(t) — va(t)|| < €. Thus we have shown the following result:

P{ sup [[Na(t) — va(t)]| > 5} <P(4)

t€[0,T]

'We use the shorthand a A b := min(a, b).
2Gronwall’s inequality says that for any real-valued integrable function g on [0,5], the inequality g(s) <
C+ D [; g(u)du for all s € [0, 5] implies g(S) < Cexp(DS) (sce e.g. Ethier and Kurtz [97, Page 498|).
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So it remains to bound P(A). Note that for any £ > 0, by conditioning on the two possibilities
{mx < T} or {7, > T}, we may obtain:

{ sup ||Ma(?)]| > 5} = { sup || Mz(t)[)* > 52} ={m<T}U { sup ||[Mg(t A 7)|]? > 52}

te[0,7 te[0,T] te[0,7)

where Mg (t A 1) is Mz(t) stopped at 73, and is also a martingale by the optional stopping
theorem.? So we can apply Doob’s L?>-martingale inequality [e.g. 210, Page 177| to obtain:

IP’{ sup [|[Mz(t A m)|]* > 52} <0 ’E

t€[0,T]

sup || Mx(t A Tk>||2] < 467K [||M&(T A 7)]7]

te€[0,T]

Thus we have, for any & > 0, P {supte[O’T] Mz (t)| > 5} < P{r < T}+4072E [|Ma(T A7) ||?].

Let £ = S(G)(|Q@™*(G)T'] + 1). Now 7} is bounded below in distribution by the sum of k
independent and identically exponentially-distributed random variables each with parameter
the maximal jump rate of Nj(t), S(G)Q™*(G). Denote this Erlang random variable by . So
we have:

1S@)([Q™H(G)TT] +1),8(G)Q"™(G)T)
(S@)(TQm(G)T] +1) - 1)!

where v is the lower incomplete gamma function.

P{Tk < T} < P{Nk < T} =

Now to bound E [||M5(T' A 73,)||?], note that by considering the possibilities for the jump times
between which T lies, and observing that E[1,X] < P(A)E[X] for any events A and random
variables X:

k-1
E [IMa(T A7)1°] = ElLirony IMa(7)lP] + ) Bl rercr. [ Ma(7:)]]
= (D.3)
< P{T = nJE[|Ma(m)[P] + Y P{r < T < i1 JE[| Ma(73) ]
i=0
For any i > 0, E[||Maz(7;)]|?] < Z’ VE[[Ma(711) — Ma(7;)[|?] by the triangle inequality, and
for any j > 0:
E[|| Mz (7)41) — Ma (7)) Z E[(Nai(rj+1) = Naa(1))* + (m301 = 75)° f/ (Na(73))  (D4)

= 2(Nau(7j41) = Naa(7)) (7541 = 75) fi(Na(75))]
by expanding the norm component wise. Then, for any CTMC state n’, we have:
E2(Nay(7j41) = Nag(7)) (7541 — 73) filNa(75)) | Na(75) = 7]
=2f/(@)/¢*(@') = E[(7js1 — 73)*f7 (Na(7)) | Na(7;) = 1]

3See e.g. Rogers and Williams [210, Chapter 2, Section 5] or any standard text on continuous-time stochastic
processes for the optional stopping theorem and martingale inequalities.
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which is seen to be true by noting that on the event {Ng(7;) = '}, 7,11 — 7; is an exponential
random variable with rate parameter ¢(n’), and Nz, (7j41) is a random variable conditionally-
independent of 7,41 — 7; whose conditional expectation is n’ + f;(n’)/q(n’).

Thus, combining Equations D.3 and D.4, we obtain:

P max
E[[Ma(T Am)l12) < kY E[(Nag(risr) — Naa(m))?] < /;/\Qf((GG)) _([e (Gg)g@;r DN(G)

since each component count changes by at most one component at each jump time (Theo-
rem 3.2.7). Thus we have the required bound:
VS@E@([Q™(G)T] +1),8(G)Q™™(G)T) | A([1Q"™(G)T] + N(G) exp(2K(G)T)

P(A) < S@Ie=@T+1)-1r S(G)e

D.1.2 Proof of Theorem 6.2.2

Proof. Before we begin, we decompose the function f = (4+1) x q* + (—1) x q~ such that
q~ specifies the rate at which each component count is decremented and q* specifies the rate
at which each component count is incremented, that is, the components of these functions are
given by Item 1 and Item 2 of Theorem 3.2.7, respectively, summed over all timed action types.

Since My (#) is a (vector) martingale, its components and the negated versions of them +M;(t)
for I =1,...,N(G) are martingales. Theorem 8.4 of Darling and Norris [85] can then be used
to show that the following processes are also martingales:

Zni(t,0) := exp (eMn,l<t) - /Ot a1(Na(s), 0) ds)

for any 6 € R. We will see later that the extra parameter 6 is useful in controlling the bound
we can obtain. The function o; is defined by:

01(x,0) = ¢/ (S(G)x)h(0/S(G)) + g (S(G)x)h(-0/S(G))
where h(x) :=exp(z) — 1 — z.

Recall from the proof of Theorem 6.2.1 that the stochastic process Mj(t) essentially represents
the deviation of the CTMC from a perturbed numerical integration of the approximating ODE
v(t) = f(v(t)). This idea was then used to obtain bounds on the deviation of the ODE solution
itself from the CTMC. The idea of the constructions Zg,(t, ) is that by taking the exponential
of Mg(t), in some sense, we magnify the deviation from the ODE and thus we might expect
to obtain tighter bounds. The term — f(f 01(Na(s),0) ds is a correction factor which is required
to maintain the martingale property of Z;;(¢,0), which allows us to use martingale theorems
(like before) to obtain strong bounds on the magnitude of Zg (¢, 6).

Now define the bounded stopping time T := min(inf{t > 0 : M,(t) > B}, T) and the event:

T
QY = { sup OMg,(t) > B} N {/ 01(Nx(s),0)ds < C}
te(0,7) 0
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Then we have E[Z;,(Tg,0)] > P(QY) exp(B — C). By the optional stopping theorem and since
Z(t,0) is a martingale, we have E[Z;;(Tp,0)] = 1 and thus:

P(QY) < exp(C — B) (D.5)
Let 0 := eexp (—wN(G)IC(G)T) and define the event A := {SUPte[o,T] Mz () |0 > 5}. We

will now proceed in a similar manner to the proof of Theorem 6.2.1 in that we can use Gronwall’s
inequality to see that:

P {tggﬁ;} INa(t) = va(t)lloo > 6} < P(4)

Note however that we are now using the mazimum norm given by ||X||« := max{|z1],...,|za|}
for x € R™, hence the extra \/N(G) term in the definition of 6.* Now define:

o"(x,0) = max {Ql S(G)x)h(101/S(G)) + a4 (S(G)x)h(10]/S(G)) }

1<ISN(G

and note that o;(x,0) < 0™(x,0) for all [ since h(z ) for all x > 0.> Then we have:

P(A) < ZIP’ ({ sup Mz, (t >95} {/TU 5),0)ds < 0})
t€[0,T] 0
N(G T
+ZIP’<{ Sup —OM; (1) >65}m{/ o™ (),e)dsgc})

< ZP({ sup Mg, (t >95} {/TUZ (Na(s) )ds§0}>
t€[0,7] 0

N(G)
+ ZIP’({ sup — ) > 69

t€[0,T]

+P <{/Tam(Nﬁ(s),0) ds > C})

This follows by noting that |Mz(t)||o > 8 for some ¢ € [0, T] only if My;(t) > § or —Mg,(t) > §
for some [ € {1,. N ( )} Furthermore, in order to exploit Equation D.5, we condition also

on the event {fo 5),0)ds < C’} Indeed, applying Equation D.5 to the first 2A/(G)

terms in the above then ylelds.

P(A) < 2N(G)exp(C — 00) + P ({/T 0™ (Nx(s),0)ds > C}) (D.6)

Choose now:

C:=TQ™(G)S(G)(exp(|0]/S(G)) — 1 - 0]/S(G))

4Since [|x|lco < [|X|| € v/7||X||oo for x € R™, if K is a Lipschitz constant for | - ||, then v/nK is one for || - |-
SThat h(z) > h(—x) for all x > 0 can be verified easily by expanding in Taylor series.
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and it is clear that fOT 0™ (Nx(s),0)ds < C surely so that the final term in the right-hand side
of Equation D.6 is zero. This gives finally the bound:

P{ sup [|Na(t) = va(t) oo > 6} <

te[0,7
2N (G) exp [TQ™(G)S(G) (exp(|0]/S(G)) — 1 = 16]/S(G)) — 00 (D.7)

which holds for all # € R. The best possible such bound is obtained by minimising m(f) :=
TO™(G)S(G)(exp [0/S(G)} — 1 —0/S(G)]—06 with respect to # > 0. In fact, this is a convex
function® and has a local minimum at 6* := S(G)log(6/(TQ™*(G)) + 1) > 0. The optimal
bound is then obtained by substituting 6* into the right-hand side of Equation D.7, which gives
the bound of Equation 6.2.

To obtain the bound of Equation 6.3, set § = [S(G) for [ € R,. Then Equation D.7 becomes:

P{ sup [Na(t) - va(t)]loo > } <

te[0,7)
2N (G) exp [S(G)(T'Q™(G) (exp(l) — 1 — 1) — 10))

We need TO™*(G)(exp(l) — 1 —1) — 16 < 0 by an appropriate choice of [ independent of S(G).
Choose [ > 0 such that lexp(l) < Tsz—fx(G), then the result follows since exp(z) —x — 1
1

<
sz exp(z) for x € Ry. O

D.1.3 Proof of Corollary 6.2.3

Proof. First we note that K := K(G®) is independent of i by structural equivalence since all
models G share the same system of differential equations. The same is also true of Q™ (G?).
The limit statement of Equation 6.4 is then immediate from Equation 6.3.

We may rewrite Equation D.2 in the proof of Theorem 6.2.1 as follows to accommodate non-
deterministic initial probability distributions:

INO(E) — ¥a(t)]] oo = ‘M(i)(t) + /0 f(ND(s))ds — /0 f(va(s))ds + NO(0) — @

< \|1\7I(”(t)|\oo+/0 IE(N®(s)) = £(Fa(s)lloe ds + [N (0) — 0]l
< MO (1)l +’C/0 IN®(s) = Va(s)lloe ds + [NV(0) — a1l

We can then modify the event A in the proof of Theorem 6.2.2 as follows:

A= { sup Mz (1) oo > 6/2} U{IND(0) - il > 6/2}
te[0,7)

where ¢ := eexp(—KT) as before. Then following the method of that proof we may bound

P(A) and thus P {Supte[O,T] INO(t) = va(t) oo > e} as follows:

P(A) < 2N exp(=DS(GY)) + P({|INV(0) - 1l|« > 6/2})

6That m is convex can be seen by noting that it has a non-negative second derivative everywhere.



192 Appendix D. Chapter 6

where D > 0 is independent of 7. Thus the limiting result for non-deterministic initial conditions
also holds when ¢ — oo.

To see the limit statement of Equation 6.5, we may re-define the stochastic process Mz(t) in
terms of the action-counting process Al” (t):

M) = AP0 - ([ g(NO(s)) )

This can be seen to be a martingale in a similar manner to that of Appendix D.1.1 and the
proof methodology of Appendix D.1.2 can then be followed to obtain the required result. [

D.1.4 Proof of Theorem 6.3.1

Proof. We begin with a technical lemma.

Lemma D.1.1. For all X1, X9 € R™, we have:

~

(x1 — x2) TP (f(x1) — f(x3)) < —a(x; — x2)TP(x) — x3)

for any matriz P satisfying the hypotheses of Theorem 6.5.1.

Proof. First consider the case where both x1, x5 € I'; for some 7. Then:

A

(x1 — x2) P (£(x1) — f(22)) = (x1 — x2)"P(A;x1 — Ajxs)

= (Xl — XQ)TPAi(Xl — XQ)
= —(x1 — x2)"(PA; + ATP)(x; —x3) since P is symmetric

< —ax; — %) P(x; — x3) by Equation 6.10

Next we consider the general case of arbitrary x;, xo, € R™. Consider the line segment joining
these two points in R™. We write z; := X1, 2, '= Xy and z;, 1 = 2, ...,k — 1 for the intersection
points of the line segment with distinct affine hyperplanes separating the regions of affine
dynamics, not including the intersections with any such hyperplanes which contain the line
entirely. We index the z; in the order of intersection. In this manner, any consecutive pair of

points z; and z;,; belong to some common region, say I';,. Then write d := ﬁ where the

norm ||x||p := VxTPx for x € R™. Furthermore, we have d = ﬁ foralli=1,... k—1
3 2
since the z; are on the same line segment and given in order.

We may then obtain:

(x1 — x2) " P(f(x1) — f(x2)) = [[x1 — x2[pd" P((x1) — £ (x2))
= [|x1 — X2HPdTZP(f(Zz‘) — £(zi11))

=l = e 3 2 2t PO — Faie)

12: — Ziy1|lp

i=1
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Then since z; and z;,; both belong to the cell I';,, we have:

k—1

A A . TP(z'—z- )
o TP f . f o . (Zz Zz—l—l) 7 +1
(x1 —x2)" P(f(x1) — f(x2)) < —af[x1 — x[lp ; 12 — Zor1|[p
So then:
k—1
(x1 = x2)"P(f(x1) — f(x2)) < —atf|x1 = Xof|p > d"P(z; — 211)
i=1
k—1
= —OZ(Xl — XQ)T Z P(Zz — Zi+1)
i=1
= —a(x; — x2) P (x; — X3)
as required. O

Now we return to the proof of Theorem 6.3.1. Define the quadratic form V : R™ — R, by

V(x) 1= 3(x — v*)"P(x — v*). Then V(v*) = 0 and V/(x) > 0 for all x # ¥* since P is positive
definite.

NAOW l?y the chain rule we have 92(t) = 2X(¥(t)) - 2¥(t). Then since 2 = (x — ¥*)"P and
% —£(v(t)), we have:

av

o (1) = (v(t) =) PE(V (1))
= (V(t) — ) TP(E( (1) — £(F)) since f(¢*) = 0
< —a¥(t) - ) TPHE({) - ) by Lemma D.1.1
<0

wherever v (t) # v* since P is positive definite.

Finally if ||x|| — oo then ||x||p — oo by the equivalence of norms on R™ and then V(x) — oo
so V is radially unbounded.

It thus follows that V fulfills all of the requirements to be a Lyapunov function and so verifies
the global asymptotic stability of v* as required. O]
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