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1. Introduction

The following theorem, due to Lebesgue,! Radon and Nikodym, has been called ‘probably the most
important theorem in measure theory’ in the classic book [12].

Theorem 1. Given finite positive measures v, on a measurable space (0, F), there exist unique positive
measures v, v° s.t. v =v* + 1%, v* < p and v° L p, and there exists unique f € L' (u) := LY (0, F, ) s.t.
“=fp
Of course Theorem 1 admits variants for the cases of real, complex, and sigma finite measures, which
readily follow from the statement above. A way to construct the function f = u if @ = RY is using the
following classical theorem of differentiation of measures (see [6, Chapter 1, Section 6], which calls it ‘the

fundamental theorem of calculus for Radon measures in R™").

Theorem 2. Given u,v positive Borel measures on R™, finite on compacts, let’
he(z) ::—;) for Be(z) :={y e R" : |ly —z|| <€}, €e>0.

Then he — &= uae as €} 0, and p a.e. x is a Lebesque point of f := du’ i.e.

. 1
lim W(B(2)) / [f(y) = f(@)|u(dy) =0 for pa.e. x,

el0 1
Be(z)
and more generally if f == %~ € LP(u) for p € [1,00) then®
tw s [ 1) - f@)Pudn) =0 forpac.a 1)
BB )

Theorem 2 confirms that the function f := defined via the identity v* = f-pu, does indeed correspond

v(Bi(x))
w(Bi(z))’

du ’
to the more intuitive notion of derivative of measures f(z) as a limit of the form lim;¢;
family of sets B;(x) 3 x,¢ € I which shrinks to = in the limit.

Even if on a general measurable space one cannot consider the balls Be(x), Theorem 2 admits an analogue

for some

which holds without the metric structure, and which is reasonably well known to probabilists (though not
to analysts). Such analogue is obtained by calculating lim,cp %, where P := P(F) is the family of
all finite partitions 7 C F of 2, B, (x) is the element of m € P which contains z, and f;(z) := Zgg Ex;;
is defined to be 0 on any By (z) such that u(Br(z)) = 0. Indeed, when F is separable, i.e. there exists a

sequence of sets (Bj)jen C Q2 s.t. F = 0((B))jen), and m, is the' partition of Q s.t. o(m,) = o ((Bj)}—p),
then it is known that

1 Although this is commonly referred to as the Radon-Nikodym theorem, the first version of the existence of the density of a
measure on R™ absolutely continuous with respect to the Lebesgue measure, is due to Lebesgue; Radon extended this result to
Radon measures, and Nikodym to general measures (see [3, footnote 18, p. 155]). Moreover, the existence of the decomposition
v =v® + v? is also due to Lebesgue.

2 Here we use the convention that h.(z) := co for all = for which u(B.(z)) = 0.

3 Here we also use the convention that the term on the left of the = symbol in eq. (1) equals oo at all & for which u(B.(z)) = 0
for some € > 0.

4 The elements of 7, are the atoms of o((Bj)}—o), and are the sets of the form N7_,C; where C; € {B;,Q\ B;}.
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v(A) R dv*®
p(A)  du

fra(a) = —mo = Y 1a(a)

A€mpn:u(A)>0

(z) paex (2)

holds as n — oo, and if v < u the convergence is also in L!(u); if instead v & u, Vig(rn) <K Mo(r,) then
(fr. )n is a martingale but it is not uniformly integrable [15, Theorem 5.2.6], and so it does not converge in
L ().

For general (not necessarily separable) F, it is known that if v <« u holds then the net (f;)rcp is a
uniformly integrable martingale, and in this case such net converges to 3—/’: in L*(u) (all these results can
be found in [2, Chapter 5, Items 56-57]; see also [16, Chapter 14, Section 13], [5, Theorem 1.3.2], [13,
proof of Theorem 19.2]). While we were not able to find in the literature any explicit statement about the

convergence of (f;) (or sequences thereof) when F is not separable and v & p, it is easy” to see that

TEP
also in this case

_ (B o
e@rer = (P ) = Ge) in Lu(as))

We found this to be surprising, since it can happen® that ( Jx)rep is not uniformly integrable and there
exists (m,), C P increasing such that (fr, ),y is not convergent in L'; yet, there is no contradiction!
Indeed, if a net (g;)ie; C L' is converging in probability, then the fact that it is converging in L' <= it
is uniformly integrable holds if I = N or if (g;);es is a martingale [13, Theorems 16.6 and 19.4], but in
general only the implication <= holds (taking (g;);cz such that (g,)nen is converging in L* but (g_,)neN
is not uniformly integrable shows that = fails). Moreover, if M is complete metric space, while (g;)ier is
convergent in M if (g;, ), is convergent in M for every increasing sequence (i, )pen C I [11, Lemma V-1-1],
and this is how one normally proves the convergence of (g;);cr, the opposite implication holds if I = N, but
clearly does not” hold in general.

In Theorem 4, one of our two main contributions, we generalise the above theorem of differentiation of
measures from the setting of separable F to the case of an arbitrary o-algebra F, by identifying a sequence
(Tn)nen C P(F) such that

_ v(A)  dv®
fr, (1) = Z 1AN(A) - g s

Aemy:pu(A)>0

dv

Essentially the same proof also shows that (fr(1)),.cp — d—: holds in probability p, even if v %4 pu; this

argument, unlike that in footnote 5, does not make use of the existence of the Lebesgue decomposition

Indeed, since this fact holds for v, for any € > 0 there exists m. € P such that

since p L v°, there exists S € F such that p(S) =0 =rv°(Q2\ S); then

v*(Br) dv®
w(Bx) dp

< €, for all w € P such that © D 7¢;
L1 (p)

72 ={PNS,P\S:Per}\ {0} satisies P37 D,
and f(f“)) = 0 for all # € P such that = D 7rf, proving the thesis.

S This happens for example if there exist S € F and 7, € P,n € N such that v(S) # 0 = u(S), o(7,) C o(mnt1) and
Vig(n,) K Hlo(m,) for all n, and S € H := o(Uno(my)), in which case (fr,),cn is not uniformly integrable and not convergent in

L', as it follows applying [15, Theorem 5.2.6] with F replaced by #; thus also (fx)rep is not uniformly integrable, even if it is
converging in L.

7 An example for M = L' appears in footnote 6. For a simpler, more intuitive example with M = R, let (bi)ieNn @ non-converging
sequence in R, and define a(;,;) := 0 if N 3 §5 > 1 and a(;,0) := by, for all i € N, where < on N2 is defined as usual setting
(i1, J1) < (i2,42) if 41 < iz and ji1 < j2. Then (a ;) i,5)enz — 0 and yet (a(;,0))ien is not converging.
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(which is instead obtained as a bi-product of our proof); however, it only yields convergence in probability,
not in L.

To prove our result on the differentiation of measures we use Theorem 12, our second main contribution,
which shows how to identify, given a p-uniformly integrable martingale (f;);cr with an arbitrary (upward-
directed) time-index I, an appropriate sequence (in)nen C I such that (f; ), converges in LP to some f
which closes the whole net (f;); (not just the sequence (f;, )nen). Importantly, this fact easily implies (see
Theorem 19) the (well-known) fact that (f;); — f in LP, and since to follow our whole proof of Theorem 12
one does not need to know anything about nets (one just needs to check that the definition of convergence of
a net is satisfied), this approach provides an elementary proof of this fact. This highlights how Theorem 12
allows to study martingales with an arbitrary time-index I, by reducing to martingales indexed by N
(i.e. sequences). In our opinion, this is a much more transparent approach than the only alternative known
to us, which is presented in [11, Lemma V-1-1, Proposition V-1-2] and which is, in the words of [16, Section
14.13], ‘a piece of abstract nonsense’. Moreover, our approach has the advantage that it allows to prove that
a net is convergent even when it admits non-converging subsequences (see footnote 7).

To prove Theorem 12 we need to consider the case of equality in Jensen’s conditional inequality. While
the case of equality in Jensen’s inequality (the standard one) was already known [9, Remark following
Exc.3.34], though it does not appear in most books on measure theory, we were not able to locate such
result for the conditional Jensen’s inequality anywhere in the literature, and so we investigate it here. Since
this is a result of independent interest, we strived to give a statement at the appropriate level of generality,
without introducing the unnecessary simplifying assumptions (on finiteness and integrability) which plague
the existing literature on (the two versions of) Jensen’s inequality. We then show with counter-examples
that our assumptions cannot simply be dispensed with.

In the proof of Theorem 12 we also use the (well-known) characterisation of p-uniformly integrable
martingales (as those which are LP-convergent, or equivalent which are closed by a function in L?), applied
to martingale sequences. We give a new proof of such characterisation, which is shorter and more elementary
than the only alternative one of which we are aware of, since we completely avoid the martingale convergence
theorem (which states a.s. convergence). Instead we rely on Hilbert spaces arguments for L2-bounded
martingales, and to reduce the general case to the L? case by a truncation argument. We were pleasantly
surprised by the fact that such a proof proved possible. As mentioned above, we then use Theorem 12
to easily extend such characterisation of p-uniformly integrable martingales to the case of an arbitrary
time-index I, see Theorem 19.

2. Main theorems

In this section we state in detail and discuss all our main theorems. First, we need to recall a few definitions
and notations. We consider throughout the paper (real-valued) martingales indexed by a (general) upward-
directed set I. In other words, (I, <) is a partially ordered set such that for any 4,j € I there exists k € I
such that i < k, j < k. Concretely, we will be interested in the case where I is P(F) (the family of all finite
partitions w7 C F of ), endowed with the order of the inclusion of sets (i.e. # < 7’ if # C 7). Given an
increasing® family of sub o-algebras (F;);cs on the probability space (Q, F, i), and a family (f;)icr € L (p),
we say that (f;, Fi)ier is a martingale (with index set I) if f; is F;-measurable and satisfies E[f;|F;] = f;
for all j > 4. A martingale (f;, F;)ics is said to be closed by g € L' if E[g|F;] = f; for all i € I; equivalently,
if (fi, Fi)ieru{oo} is @ martingale, where by definition

foi =9, Foo:=F, o0>1 forall iel.

8 Le. F; C F; C F foralli < j.
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A family (g;):er of random variables is said to be p-uniformly integrable if (|g;|?):cr is uniformly integrable.
A family (f;)ier € T of elements of some topological space T is called a net; such net is said to converge
to f € T if for every neighbourhood U(f) of f there exist j € I such that for every i € I,7 > j one has
fi € U(f). The space of (equivalence classes of) real-valued random variables L°(1) is endowed with the
convergence in probability p, which is metrisable.

Definition 3. Given a function a : I — [—00, 00|, we will say that a sequence (i, )nen C I asymptotically
maximises a if

sup a; = sup a;,, -
el neN

2.1. On the differentiation of measures

We need to recall a few well known facts. If m# = {Ag}r=1,.m is a finite partition of (A, F) (i.e. m CF
and it is a finite partition of ), define

L= Y Ay M) 3)

A
k:p(Ar)>0 Aem:u(A)>0 LL(A)

Notice that, if we restrict the measures p, v to the finite o-algebra o (), which is the family of unions of
elements of 7, then trivially the union B of all the sets A € 7 such that u(A) > 0 belongs to o(w), and it’s
complement B¢ := Q\ B is the biggest fi,(r)-null set (meaning it is a null set and u(C) = 0,C € o() imply
C C B°), and thus v(BNC) = 0. Thus, the Lebesgue decomposition of v} () into (V|¢(x))* 4 (V|0 (x))® exists
and is given by

(Vo) = Vie(m) (BN ) = fo(it) - o)y WVjorm)® = Vi (BN ), (4)
so in particular

Ao (r))*

frlus) = At} ()

We now state our theorem on the differentiation of measures.

Theorem 4. If v, i are finite positive measures on (2, F) then (fr(1))rep converges to % in probability .
Moreover, a sequence m, € P,n € N such that fr (n) — % in probability u (and thus’ also p a.e.) can
be identified as follows. Let fr(v) be defined via (2) using v := p+ v, i.e.

L= Y 1,4:2‘37 (6)

Aem:u(A)>0

and choose’’ m, € P,n € N to be increasing and such that (fr, (7))n asymptotically maximises the function
Ponm— fQ fr(y)2dry.

9 The a.e. convergence follows from the martingale convergence theorem; to prove convergence in probability we can instead rely
on our much simpler Corollary 29.
10 As we will see in Lemma 25, such 7, can easily be shown to exist.
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Remark 5. Since (fr(1))rep is converging in LY, it follows from [11, Lemma V-1-1] that (f,, (1)), converges
in L° for any increasing sequence (), C P; however, in general the limit is not d” . As we will prove in

Remark 44 any increasing (7, )nen C P such that dLﬂ is measurable with respect to \/n (7,) is such that
fr, () = &~ in a.s.. An important added value of Theorem 4 is that we identify (7, ), (such that the limit

of (fr, (1 ))n is "Z’M ) in a more constructive way, by asking that (m,), asymptotically maximises a specific
function of m whose values can be calculated from the inputs p, v, rather than from "Z; which is not known

a priori.

Remark 6. It is easy to write variants of Theorem 4, by considering m,, determined by different choices of
the function 2 + x2 and the measure 5. For one example, see our alternative proof of item 3 in Remark 9;
for another, notice that Theorem 4 holds if # — 22 is replaced by any'® strictly convex function ¢ : R — R,
as it follows using Theorem 12 instead of Corollary 29 in its proof.

Remark 7. Our proof of Theorem 4 automatically shows the existence of the Lebesgue decomposition v =
v® +v® of v with respect to u, and the existence of ‘fi—’:;; in particular it proves the Radon-Nikodym theorem
for positive finite v < u.

Remark 8. A disadvantage of considering the whole net (fr(1))-ep instead of the sequence (fr, (1))n is that

one cannot expect!?

essential convergence of (f(u))rep to hold, since uniformly integrable martingales with
arbitrary time-index, unlike those indexed by N, in general do not converge essentially (even when their
time-index is countable [5, Example 4.2.1]), unless some covering conditions are satisfied (for a discussion
of covering conditions see [5, Chapter 4], or also [11, Chapter V.1]). We remind the reader that essential
convergence is the proper generalisation of a.e. convergence when dealing with nets (instead of sequences)

of random variables, and is defined as follows. A net (f;);c; C L%(n) is said to converge essentially to
foo € LO(n) if

foo = essinf esssupf; = esssup essinf f; a.s.,
sel tel,t>s sel tel,t>s

where essinf denotes the essential infimum, i.e. the infimum in L°(u), and analogously for esssup.

Remark 9. To further the analogy with Theorem 2, we mention here that under the assumptions of Theo-
rem 4 the following results also hold. We do not state them as part of Theorem 4 to clarify that they are
not new. From now on we assume that p is a probability, which is without loss of generality (since we can
reduce to it by dividing u times u(f2), as the case p = 0 has no interest); we do it since we want to talk of
p-martingales, which are normally defined when p is a probability (a text which considers more general p is
[15, Chapter 6.1]).

(1) (fx(u))rep is a positive y-supermartingale, and it is a py-martingale if and only if Vo (r) < ] (x) for
all m e P.

(2) If (my)n C P is any increasing sequence then (fr, (1))neN converges u a.s..

(3) (fx(u))rep is a uniformly integrable martingale if ¥ < u, and then (fr(u))recp converges to d—” in L'.

More generally, for p € [1,00), (fz(1t))rep is p-uniformly integrable martingale if and only if v << 1 and

%Z € L, and in this case (fr(u))rep converge in LP to d—” (and thus also does (fx, (4))neN, for m, as

in Theorem 4).

1 The family (¢(fr))rep is always uniformly integrable, since (fx(7))rep is a bounded martingale.
12 Unfortunately, we are not aware of an example in which essential convergence does not hold for a martingale of the form
(f=(p))=ep, so the cited example only suggests, and does not prove, that (f(u))=ep does not always converge essentially.
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Item 1 is trivial to prove, and is well known (see e.g. [11, Proposition 3.1.5]).

Ttem 2 follows from the supermartingale convergence theorem [16, Theorem 11.5], which states that
(fr. (11))n, being a supermartingale bounded'® in L', converges a.e.. Notice that obtaining a.s. convergence
instead of just convergence in probability comes at the cost of having to rely on the supermartingale
convergence theorem, instead of on our (much simpler) Corollary 29, on which the proof of Theorem 4 is
based. Moreover, as mentioned in Remark 5, the main point of Theorem 4 is not that (fx, (1))n converges,
but rather the identification of its limit.

Ttem 3 for p = 1 is well known [16, Chapter 14, Section 13]. Notice that one can also prove this via
a simplified variant of our proof of Theorem 4, as follows. Once proved as usual that (fr (i), Fr)rep is a
uniformly integrable py-martingale and

v(A) = [, fx(uw)dp  for all A € Fp, (7)

to obtain that (fr(ut))x converges in L! to some f., (so that eq. (7) shows that Z—Z exists and equals fo) we
can simply apply Theorem 12 with ¢ = [ tan~! (see Remark 13), whereas the standard probabilistic proof
of the Radon-Nikodym theorem has to rely on Theorem 19.

The case of general p € [1,00) then easily follows using Theorem 19: if (fr(u))rer — g—: in L'(p) then

the convergence holds also in LP, since Z—Z € LP closes (fr(1))rep-

Remark 10. For an even closer analogy with Theorem 2 one should consider the limit not of f(u) but of

ha(p) = Z La

Aem

v(4)
n(A)’

where % is defined to be co whenever pu(A) = 0. However, doing this makes no difference, because fr (1)
differs from h,(p) only'* on a p-null set.

Remark 11. The martingale-based method used to prove (2) can also be used to investigate what families of
sets one can use in Theorem 2 instead of (Be(x))ex0,zcrn; for an exhaustive study of the topic of derivation
and its relation to martingales one can consult [7], and for a shorter and readable account of the most
important results see [5, Chapter 7).

2.2. The identification of a special sequence

To prove Theorem 4 we will make use of the following Theorem 12 (or of the less general Corollary 29,
which is simpler to prove).

Theorem 12. Consider a uniformly integrable martingale (fi, F;)ic1- Let each f; take values a.s. in a closed

16

interval'® J, and ¢ : J — R be a strictly convez, continuous'® function such that (¢(fi))icr is uniformly

integrable. Then:

(a) There exists an increasing sequence (in)nen C I which asymptotically mazimises the function I > i —

Eo(fi)

13 A positive supermartingale (fn)nen is always bounded in L' since ||fn|lz1 = E[fn] < E[fo] < oo.

14 They are both equal to :Eg; on every A € 7 such that u(A) > 0. On the A € w such that pu(A) = 0 instead fr(u) =0 # co =
hx (), so {fx (1) # hx(1)} equals the biggest pt|o(x)-null set B¢ introduced shortly before eq. (4).

15 By interval we mean a convex set J C R; we do not assume that J is bounded.

16 Of course ¢ is automatically continuous in the interior of J, and upper-semicontinuous on .J, since it is convex.
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(b) For any (in)n C I as in item (a)
(fi. )nen converges in L' to a fo which closes (fi, Fi)ic1- (8)

(c) If (8) holds then (fi)icr — foo in L*. More generally, if p € [1,00) and (fi, )nen is p-uniformly
integrable then (8) implies (f;)ier — foo in LP.

Remark 13. In Theorem 12 one can consider the case J = R, ¢ := fo tan~!(z)dz, which has the advantage
that it works for any choice of uniformly integrable (f;);. Other interesting examples of J, ¢ are:

(1) J =R, é(x) := |z for p € (1,00), if (f;); is p-uniformly integrable (which is equivalent to assuming
that (f;); is bounded in LP, by Doob’s LP inequality). The case p = 2 is of particular importance,
because the corresponding proof simplifies considerably. Thus, to ease the reader’s task, we will first
consider such case separately (see Corollary 29).

(2) J =10,00),0(t) = e, if (f;); is positive: in this case (¢(fi))ier is (defined and) uniformly integrable
(because e~ is bounded on t € (=1, 0)).

(3) J = R and a Lipschitz ¢: in this case (¢(f;)); is uniformly integrable since |¢(z)| < a + b|z| for all
z € R (for some a,b > 0), and (f;); is uniformly integrable. This case of course subsumes the case

¢ = [, tan"! (2)du.

Remark 14. An important feature of Theorem 12 is that our proof of its last item requires absolutely
no knowledge of nets (we just directly verify that the definition of convergence of a net is satisfied), which
enables us to give an elementary proof of the well-know characterisation of LP-converging martingales stated
in Theorem 19.

Remark 15. The novelty of Theorem 12 is not the fact that it implies that a uniformly integrable martingale
(fi): converges (a well-known fact, see Theorem 19); instead, it is the identification of an increasing sequence
(in)n such that (f; ), converges to some f which closes (f;);; this in turn easily allows us to give an
elementary proof of the fact that (f;); converges (to the same limit f).

2.8. The case of equality in the conditional Jensen inequality

To prove Theorem 12 we need to characterise the case of equality in the conditional Jensen inequality,
generalising the analogous result for (the standard, unconditional) Jensen’s inequality found in [9, Remark
following Exc.3.34]

We now first recall such inequality, which is essentially well-known [16, Section 9.7(h)], [13, Corollary
23.13]; however, all the literature we consulted only considers the case of a finite-valued convex function ¢,
and makes unnecessary integrability assumptions on f and ¢(f). In contrast, we consider (as is standard in
convex analysis) ¢ to belong to the set

C:={¢:R = RU{oo} is proper, convex, lower-semicontinuous}, (9)

and (as only occasionally done in probability) we use the notion of extended conditional expectation E(f|G)
defined for all f such that E(f~|G) < oo or E(fT|G) < 00 as E(f|G) :=E(f"|G) —E(f7|9).

Theorem 16 (Jensen inequality). Consider, ¢ € C, a o-algebra G C F, and a random variable f such that
E(|fl|G) < oo, so that g := E(f|G) is defined, and is a real-valued random variable. Then E[o(f)|G], ¢(g)
are defined and satisfy
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E[o(£)I9] = o(g)- (10)

If f € L' (resp. if $(f)" € L) then ¢(f)~,¢(9)~ € L' (resp. d(g)* € L), so E¢(f),E¢(g) are defined
and satisfy

E¢(f) = E¢(g)- (11)

Then we state our contribution, the (apparently not yet known) case of equality, at the natural level of
generality.

Theorem 17 (Equality in Jensen inequality). As in Theorem 17 assume ¢ € C,E(|f]|G) < oo and define
g :=E(f|G). Consider the conditions'" :

Trivially item 1 = item 2, and if f € L' or ¢(f)* € L' then E¢(f),Ed(g) are defined and item 2 —>
item 3.

For the converse implications, let J be'® the smallest interval such that f € J a.s., and assume that ¢
restricted to J is real-valued and strictly convexr. Then

(a) IfE[p(f)T|G] < oo then E[|¢(f)||G] < oo and item 2 => item 1.
(b) IfE[¢(f)F] < oo and E[|f|] < oo then ¢(f), #(g) € L', and item § => item 2 = item 1.

Remark 18. We will show with counter-examples that the integrability assumptions

E[¢(f)*1G] < oo, E[¢(f)F] <oo, E[f]] < oo,

in Theorem 17 are really needed to get the implications item 2 = item 1 and item 3 = item 2; this is
essentially due to the fact that if a > b > 0 satisfy Ea = Eb (resp. E[a|G] = E[b|G]), to conclude that a = b
we need to assume a € L' (resp. E[a|G] < o0).

2.4. On the characterisation of LP-converging martingales

We will use Theorem 12 to give a transparent proof the difficult implication (which is (3) = (1)) of
the following important characterisation of LP-converging martingales [11, Proposition V-1-2], [13, Theorem
23.15]. To be clear, the whole point of using Theorem 12 to prove Theorem 19 is that it allows to reduce
to the case of sequences (instead of nets). In fact, to prove Theorem 12 we will actually use Theorem 19
applied to the case of sequences (i.e. for I = N), for which we will also provide a new proof, which does not
rely on the martingale convergence theorem.

Theorem 19. Given a martingale (f;, Fi)icr with f; € LP for alli € I, where p € [1,00), the following are
equivalent, and they imply E[f|G] = g for G := o(U;F;):

17 Of course the equalities in items 1 and 2, being equalities between random variables on (2, F, 1), are meant to be satisfied only
o almost surely.

18 Such an interval exists, as it equals the closed convex hull of the support of the law of f (which is a closed interval), minus its
endpoints on which the law of f has no atoms.
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(1) (fi)ier is convergent in LP to some g.
(2) (fi, Fi)icr is closed by a f € LP.
(3) (fi)ier is p-uniformly integrable.

Having thus obtained an accessible (elementary and relative short) proof of Theorem 19 has the following
pleasant consequence. Recall that, given f € L!(1), one can easily define the conditional expectation E[f|H]
for a finite o-algebra H, replacing f with its local average on every atom of H (i.e. on every set of the = € P
such that o(7) = H). One could then define E[f|G] for an arbitrary o-algebra G C F as the limit in L!
of E[X|H] as the finite sigma algebras H C G become finer and finer. This approach has the advantage
of being an intuitive way of defining E[f|G] as a local average, certainly better from a pedagogical point
of view than the standard way (due to Kolmogorov) to define the conditional expectation E[f|G] as the
G-measurable g € L' (u) such that

Jifdp=[,g9dp forall Aeg. (12)

Somewhat analogously, for v < p one could define g—z as the L-limit of the martingale (fr(ut))rep, instead
of as the g € L'(u) which satisfies v = g- u; however, in this case the change is less compelling, as the classic
definition of Z—Z is certainly more intuitive than the classic definition of E[f|G]. The disadvantage of this
alternate approach to defining E[f|G] is that it is not obvious that such limit exists. This however trivially

follows from Theorem 19, as follows.

Corollary 20. Given a o-algebra G C F, let H(G) be the family of all finite o-algebras H C G, ordered by
inclusion. If f € L'(n) then the net (E[f|H])nem(g) converges in L' to E[f|G].

Proof. Trivially (E[f|H])nem(g) is a martingale closed by f € L', and so the thesis follows from applying
Theorem 19. O

Thus, the fact that we gave an accessible proof of Corollary 20 thereof enables lecturers to effectively
introduce the notion of conditional expectation as a limit. Of course Kolmogorov’s definition should still be
introduced, being an equivalent characterisation which is useful in some proofs,'® and whose equivalence is

trivial to prove.2’

2.5. Outline of the paper

The first part of this paper is dedicated to the proof of Theorem 12, and the second to derive its
consequences Theorem 4 and Theorem 19.

In section 3 we prove Theorem 22, which is a result about Hilbert spaces analogous to Theorem 12.
We then apply Theorem 22 to the Hilbert space L? in section 4 to obtain Corollary 29, which is the
special case of Theorem 12 in which one considers L?-bounded martingales and ¢(x) = z2. We take this
approach, instead of proving directly Theorem 12, because to prove Theorem 4 it is enough to use the simpler
Corollary 29 instead of Theorem 12, and for pedagogical reasons: the proof of Theorem 12 is similar to that
of Corollary 29, but needs the following two additional results of independent interest. One, any uniformly
integrable martingale sequence is converging in L' (we prove this in section 5); two, the case of equality in
the conditional Jensen inequality (considered in section 6). In section 7 we finally prove Theorem 12. We
then apply Theorem 12 to derive Theorem 4 in section 8, and to derive Theorem 19 in section 9.

19 While most properties of E[X|G] are trivial consequences of the analogous properties of E[X |H] (which are very easy to prove),
some, like the conditional dominated convergence theorem, and the conditional Fatou lemma, are better proved using Kolmogorov’s
characterisation.

20 Clearly the L!'-limit of (E[f|#])s satisfies such characterisation, and the proof of uniqueness is trivial.
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3. The case of Hilbert spaces

In this section we prove Theorem 22, which is a result about Hilbert spaces which is analogous to
Theorem 12. We denote with (H, (-,-)) a (real) Hilbert space; whenever we talk of convergence of elements
of H, we mean in the norm topology. Consider f = (f;)icr € H and a family (V;);cr of closed vector
subspaces of H such that

fi eV, ViCcV; forall 4,5€l,i<j. (13)
We will say that (f;, Vi)ier has increments orthogonal to the past if
(fu — fj,hj) =0 for hj € V;, j<k, j kel (14)

Sometimes, given an element f., € H, we will add an element, denoted by co, to the index I, and consider
(fis Vi)ierugooy; in this case we take V. := H, and extend the order < from I to I U {oo} by setting

1<oo foralliel.
In this case, if (fi, V;)ies has increments orthogonal to the past, then so does (f;, V;)ierufooy if and only if
(foo = fis i) =0 for hj €V, j el (15)

Remark 21. While the above definition of increments orthogonal to the past looks perhaps unintuitive, it is
what we will need to treat martingales, and it is closely connected to the following more intuitive condition
(of which we will never make use). Since (13) implies that V; always contains the closed vector space ij
generated by (f;)i<;, (14) implies

(fo = fi fi)=0 fori <j<k, kel (16)

Moreover, if V; = ij for every j € I, then conditions (14) and (16) are equivalent. However, V; = ij
almost never holds, and so the condition (16) is rarely enough even to treat the case of a martingale (f;);
with its natural filtration }“Jf = 0((fi)i<;j),j € I. Indeed, in this case we will need to consider the space

V; = L? (Q,}'Jf , 1), which is normally (much) bigger than ij : for example, if I is finite then each ij is
finite dimensional, whereas Lz(]-'jf , i) is infinite dimensional unless each f;,i < j takes only finitely many
values a.s..

We will later use the obvious fact that (16) implies that (f;); has orthogonal increments, i.e.

notice that the opposite implication holds if I has a minimum m and f,, = 0.

Here comes our main theorem in the setting of Hilbert spaces.

Theorem 22. Assume that (f;,Vi)icr has increments orthogonal to the past. If (f;)icr is bounded then it
converges in H to some fo such that (fi,Vi)icru{oo} has increments orthogonal to the past. Moreover
fi., = foo for any increasing (in)nen € I such that

sup || fi,, |* = sup || fil|*,

neN i€l

and there always exists such a (in)peN-
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To prove the above theorem we need a couple of lemmas, the first one of which also provides a simple
and elementary proof of Lemma 28.

Lemma 23. Let (fn)nen € H be a bounded sequence in a Hilbert space H. If (fn)n has orthogonal increments
then it is convergent.

Proof. For m < n, we can write f, — f,, using the telescopic sum of the increments

n

fo=Fm=>_ (fx—fr1).

k=m+1
Since these are orthogonal, it follows that
o = Full® = > e = foall®. (17)
k=m+1

Since (fn)n is bounded, it follows from (17) that >, ||fx — fx—1*> < co. Thus (17) implies that (fy), is
Cauchy, and thus it is convergent. 0O

Lemma 24. Assume that (f;,Vi)icr has increments orthogonal to the past. If (fi)icr is bounded, (in)neN,
(4n)nen C I are increasing and i, < jn for all n then (f;,)n and (fj,)n converge in H to some fs and g
such that fo equals the projection Pyg of g on the smallest closed vector subspace V- C H which contains
every V; ,n € N.

Proof. Since (f;,)n has increments orthogonal to the past, it has orthogonal increments, so by Lemma 23
it is convergent; analogously for (f;,)». Let us denote with f, and g their limits. By assumption for any
hk eV

0= "(fj. = fins ) = (fi. = finsh) = (fir. = fir., Bk}, for  k <in,mn <m,
so taking m — oo we conclude
0=1(9— fi.,bw) = (fj. = fins i) = (fi, = foc, b)), for K <iip. (18)
Adding all the terms in eq. (18) we get
(9 — foo, by =0, forall h € UpenVi,, (19)
which trivially implies (g — foo,h) =0 for all h € V, ie. foo = Pyg. O

In the following lemma we do not ask that (i,), be strictly increasing, since in principle it can happen
that I admits a maximum.

Lemma 25. Let a : I — [—00,00] be an increasing function. Then, there exists an increasing sequence
(in)nen € I which asymptotically maximises a.

Proof. Since a is increasing, we can choose a sequence (ky)nen € I such that ax, T a := sup;c;a;, and
then use the fact that I is upper-directed to define i, by induction:

10 := ko, ip41 € I chosen such that i,11 > iy, kny1.

Such (ip)y is increasing and ay, < a;, < a for all n we conclude that a;, T a. O
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Proof of Theorem 22. By assumption if 4, j € I,7 < j then (f; — fi, fi) = 0, and so

£ 02 = 11f5 = £ill® + W Al1P > £l

so the map I 3 i — a; := ||fi]|? is increasing. By Lemma 25 we can choose an increasing (i, )nen which
asymptotically maximises (a;)ic;. By Lemma 23 (fi, )n — foo. Below we will show that (f;)icrufoc} has
increments orthogonal to the past, i.e. eq. (15) holds; from it, it follows that (f- — fi, fi — fi,,) = 0 for any
in <, and so

i = Fool® = 1 fi = Jill> + Lfi = fooll* = 1fi = fosll?,

and since f; — foo, simply by definition of convergence we get (f;)icr = foo-

To conclude, let us prove (15). Fix an arbitrary j € I. Construct by induction an increasing (jn)n C I
such that j, > j,4, for each n € N (to do so, choose jg > j, 49, and then for n € N choose jnt+1 > jn,int1)-
By Lemma 23 (f;,)n converges to some g € H. Since a;, < aj, < a and a;, — a we get aj, — a and so

ool = timm £, 2 = @ = tim]| ;, | = [|g]]” (20)
Lemma 24 gives that f, is the projection of g on a subspace, and 80 (foo, g — foo) = 0, which implies

I £o0l1 + g = fooll* = llglI*,

so eq. (20) implies foo = g. Since j < j,, < jp, for all n < m, (16) gives that

(FimsBg) = finshg) s (i hi) = (fis hy)

and taking m — oo in the former we get (g, h;) = (fj,, ;). From the last two equalities and fo = g we
conclude that

(foor hig) = (g, hg) = (fi.: hg) = (fi, )

and since j € J was arbitrary we conclude that (15) holds. O

4. The case of martingales in L2

In this section we prove Corollary 29, which is the special case of Theorem 12 with p = 2 and ¢(z) = 22,

as a corollary of Theorem 22. The connection between martingales bounded in L? and Hilbert spaces is
given by the following Lemma 26. In this section we consider the Hilbert space H = L?(u) and the o-algebra
Foo :=F, and we will use the abbreviated notations L?(p) := L?(Q, F, ) and L?(F;, p) := L*(Q, Fi, p)-

Lemma 26. Consider (f;)icr C L*(u), and o-algebras F; C F,i € I such that f; € L*(F;, ) and F; C F;
for all i,5 € I,i < j. Then (fi,Fi)icr is a martingale if and only if (f;, L*(F;, n))icr has increments
orthogonal to the past. In particular, (f;, F;)icr is a martingale and fo € L?(u) closes (fi, Fi)ier if and
only if (fi,Lz(]:i,u))iE]U{oo} has increments orthogonal to the past.

Proof. Counsider 4, j,k € I such that i < j < k. Since E[E[|F;]] = E, we get
E[(fx — f1)9i] = E[E[(fx — £1)9:|Fill = Elg:E[fr — fi|Fll, forall g; € L*(Fi, p),

and so (fi, L>(F;, p))ier has increments orthogonal to the past iff E[f, — f;|F;] = 0 for all i < j <k, i.e. iff
(fi, Fi)ier is a martingale. This equivalence, applied to I U {oo} instead of I, concludes the proof. O
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Remark 27. We could of course have defined (f;, V;);cr to have increments independent from the past for
fi € A, V; closed subspace of B, where A, B are two vector spaces in separating duality. In this case taking
A=1LYV, = L>(F;,n), B= L*®(u) would have given the analogue of Lemma 26 for all martingales (not
just martingales in L?). We choose not to take this point of view since most people are more comfortable
talking of L' and L® than of spaces in separating duality. On the other hand, it is simpler to talk of a
general Hilbert space than of L?(u), since the latter has additional structure.

The convergence of L?-bounded martingales, which is normally proved via the martingale convergence
theorem [16, Chapter 14.1], and the L? version of Theorem 12 for martingale sequences, now follow trivially
from our results for Hilbert spaces.

Lemma 28. Any martingale (f, Fn)nen bounded in L? is convergent in L.

Proof. By Lemma 26 (f;, L?>(F;, 1)); has increments orthogonal to the past, and thus the thesis follows from
Lemma 23. O

Corollary 29. If (fi)ics is a L?-bounded martingale then it converges in L? to some foo which closes (f;)icr.
Moreover f;, — foo in L? for any increasing (i, )nen C I such that

sup | fi, |72 = sup || fill7-
neN el

and there always exists such a (iy)peN-
Proof. The thesis follows trivially from Lemma 26 and Theorem 22. O

Remark 30. To obtain from Theorem 19 with p = 2 the same conclusion as in Corollary 29, one needs to
additionally apply Doob’s L? inequality to obtain that (f;);c; is 2-uniformly integrable.

5. Uniformly integrable martingale sequences converge in L?!

The key step in proving Theorem 12 for general p > 1 it to prove it for p = 1; to do so, we will need the
following Lemma 31 (which is a sub-statement of Theorem 19), whose role in the proof of Corollary 29 was
taken up by Lemma 28. This section if dedicated to its proof.

Lemma 31. Any uniformly integrable martingale (fn)nen converges in L1,

Normally Lemma 31 is proved using the corollary of the martingale convergence theorem which states
that (fm)meN converges a.s.; we present below a novel proof, which (like our proof of Lemma 28) avoids
the martingale convergence theorem, and is in particular much more elementary.

While the proof of the L? analogue of Lemma 31, i.e. of Lemma 28, was simply obtained using Hilbert
spaces, to prove Lemma 31 we will first apply a weaker statement, namely that a uniformly integrable
family (fn)men admits a forward convex combination which is convergent. We then show that, if (f,)m is
a martingale, this easily implies that it is closed by some f € L. If f € L?, since E[-|F,,] is a contraction in
L? we get that (fn)m = (E[f|Fm])men is L?-bounded, and so L? convergent by Lemma 28. Thus, to prove
convergence of (fp,)m for general f we just need to apply a truncation argument to reduce to the case of
f € L?2. We now give the details.

The following result is given an elementary and short proof in [I, Lemma 2.1]; their proof considers
Hilbert spaces and a truncation argument, just like our proof of Lemmas 31 and 34. Alternatively, notice
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that this is a special case of Mazur’s lemma, but the proof of the latter relies on the use of the weak topology,
and is thus less elementary.

Lemma 32. If (fn)nen is uniformly integrable, then for every m € N there exists a convexr combination g,
of (fx)k>m such that g,, converges in L' as m — oco.

The above result easily allows to prove the following one.
Lemma 33. If (fi)menN s a uniformly integrable martingale then it is closed.

Proof. By Lemma 32 there exists a (finite) convex combination g, of (fx)k>m such that g,, converges in
L' to some f. Since E[g,,|Fx] = fi, taking m — oo we get E[f|Fx] = fx, so f closes (fim)m. O

We now truncate f to show that a martingale closed by f is convergent.
Lemma 34. If (f;n)meN is a closed martingale then it is convergent in L'.

Proof. Let f € L' close (fm)men, and consider its truncation f™ := (f An)V (—n), for n € N. Writing
f= ="+ 1" bound [[E[f[Fm] — E[f|Fi][[L+ above by

NELf = [ [ Fmlller + ELf = f*Felllor + (B[ Fn] = B[ FllLr-

Since E[-|F,,] and E[-|Fy] are contractions in L!, we get

ELf|1Fm] = ELfFRller < 201 = fl[or + [[ELf"Fm] = ELF [ F]ll e (21)

Since f* € L?, (E[f"|Fm])men converges in L? by Lemma 28; in particular it is Cauchy in L2, thus in L!
since || - |1 <1+ ll22¢u)- Thus eq. (21) and f™ — f € L' imply that (E[f|Fm])men is Cauchy in L', and
thus L' convergent. O

Proof of Lemma 31. It follows from Lemmas 33 and 34. O
6. The conditional Jensen inequality

Notice that in the proof of Theorem 22 we concluded fo, = g from || fsl||? = ||g||* and (feo, g — foo) = 0.
If we want to prove Theorem 12 in full generality, this step needs to change, since we are no longer working
in a Hilbert space, and so we cannot use identities involving || - [|2. This step will thus be replaced by
Theorem 17, which characterises the case equality in the conditional Jensen inequality, to which this section
is dedicated to. In the rest of the section we first provide some preliminaries about the extended conditional
expectation and properties of convex functions; then we prove Theorems 16 and 17; and finally we show

with three counter-examples that the integrability assumptions
Elp(f)*IG] < oo, E[p(f)T] < oo, E[f]] < oo,
in Theorem 17 are really needed.

Remark 35. Notice that to prove Theorem 19 it is enough®! to consider f € L' and ¢ (real-valued and)
continuously differentiable, Lipschitz (equivalently ¢’ is bounded), with strictly increasing derivative ¢’. In

2! Indeed, it is enough to consider ¢ := [0 tan~! (z)dx.
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this case the proofs of Theorems 16 and 17 simplify considerably (mostly since all quantities considered are
finite), and most conveniently they only make use of the standard notion of conditional expectation (defined
on L') and its properties, and of simple facts from calculus; moreover, the conditional statements (inequality,
case of equality) could be easily derived from the corresponding unconditional statements by disintegration
(though this is a rather overly-sophisticated approach), i.e. by considering the regular conditional probability
given G. Thus, the reader interested only to this setting can safely skip the upcoming preliminaries about
the extended conditional expectation and convex functions, and a good part of the proof of Theorem 19.
Nonetheless, we prefer to state and prove Theorem 17 in the appropriate generality, since it is of independent
interest.

We now define the extended conditional expectation E(f|G) (similarly®? to what done in [10, Chapter
1, eq. 1.1] and [13, Definition 23.5]), and state some of its properties (whose simple proofs appear in [13,
Theorem 23.8]), which we will use without further mention. To extend E(f|G) (assuming to be initially
defined only for f € L'), we first define it for all [0, oc]-valued measurable f as the [0, co]-valued random
variable

E(f9) := sup E(f An|G) = imE(f An|G), if f>0;
neN n
we can then extend it further, and define it as the [—o0, co]-valued random variable
E(f|9) =E(f7|9) —E(f19)
if f is [—o0, 0c]-valued and either E(f7|G) < oo or E(f1|G) < co. The linearity property

Elaf +0|G] = aE[f]G] + E[b|d] (22)

holds whenever E(|f||G) < oo if the random variables a, b are such that a is G-measurable, and E(|b||G) < oo
(which in particular holds if b is G-measurable). If f > g > 0 then E[E(f|G)] = E[f] € [0, 00] and E(f|G) >
E(g|G). Thus E[E(f|G)] = E[f] holds if either f* or f~ is in L'; and if f > g and either E(fT|G) < o
or E(g7|G) < oo holds, then E(f|G),E(g|G) are defined and satisfy E(f|G) > E(g|G) (the case G = {0, Q}
gives the same statement for E = E[-|{0, Q}]).

We now recall some facts about convex functions of a real variable, found in most convex analysis books
(see e.g. [8]). Given an open interval J and a (strictly) convex function ¢ : J — R, the right-derivative
@' := ¢l always exists (finite), it is right-continuous and (strictly) increasing, and satisfies

t

6(t) — b(s) = / ¢ (u)du, forall s,t € J. (23)

S

In general, we will consider a ¢ which is not necessarily real-valued. To avoid the trivial case, we only
consider ¢ proper, i.e. we assume that ¢ is not the constant co; to avoid pathologies, we only consider
lower-semicontinuous functions, leading us to consider the family C. Recall that any ¢ € C can be written
as sup,en ¢n for a sequence of affine functions ¢,, (i.e. functions of the form x +— ax + b, where a,b € R).
If ¢ € C then {¢ < o0} is (non-empty and) convex, so it is one of the sets [a, b], (a, b], [a,b), (a,b), where

—00 < a:=inf{p < 00} < b:=sup{¢p < o} < 0.

22 The only slight difference is that we define E(f|G) as possibly taking the values +00, whereas [10] only allows oo and [13] only
allows real-values.
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Recall that ¢ is continuous (also on the boundary) when restricted to {¢ < oo}, and the right-derivative ¢!,
and left-derivative ¢; of ¢ always exists and are finite in the interior of {¢ < oo}; if ¢(a) < oo then ¢).(a) is
defined and can take any value in [—o00, 00), and analogously if ¢(b) < oo then ¢;(b) is defined and can take
any value in (—oo, 0o]. We define

—00 forallz <a
o () = ' (x) %f z € {¢ < o0} Nla,b) (24)
1(b)  fz=0be{p< o0}
00 forallz > b

Such ¢’ is increasing, and it is continuous from the right on {¢ < oo} N [a,b), and is continuous from the
left at b if ¢(b) < co. With such definition of ¢, we will consider the following quantity:

Ag(s,t) 1= p(t) — ¢(s) — ¢'(s)(t — ), (25)
which is defined if s,¢ € {¢ < oo}, making use of the conventions (standard in measure theory)
+00-0=0, Zoo-a==%00, =oo-(—a)=Foo, forall a € (0,00), (26)

to define the term —¢'(s)(t — s) € (—o0, 00].
Finally, recall that any if ¢ € C is bounded below by an affine function, and so if ¢ € C and E(|h||G) < oo
then E(¢(h)~|G) < oo, and in particular E(¢(h)|G) is defined.

We now prove Theorem 16, and then Theorem 17. Though Theorem 16 is a more general statement than
normally found in the literature, the key step of the standard proof of eq. (10) as found in [16, Section
9.7(h)] applies unchanged; we now give the simple details, and show that eq. (11) follows easily from eq.
(10) under the appropriate integrability assumption.

Proof of Theorem 16. If ¢ is affine, then by linearity of the conditional expectation E[¢(f)|G] = ¢(g). Since
we can write ¢ as sup,,cy ¢n for a sequence of affine functions ¢,,, we get

Elp(N)I9] = Elpn(f)IG] = ¢n(9)

and taking sup,, we conclude that eq. (10) holds.

If we assume ¢(f)T € L', then applying eq. (10) to ¢T gives E[¢p(f)T|G] > ¢(g9)T, and taking expectations
now shows that ¢(g)™ € L'; in particular considering the convex function  — || shows that f € L' implies
g € L. Thus, if f € L' then ¢(f)~,¢(g)~ € L', since g € L' and ¢ is bounded below by an affine function.

Thus, whether ¢(f)™ € L' or f € L', either E¢(f)" and E¢(g)™ are finite, or E¢(f)~ and E¢(g)~ are
finite; either way, E¢(f),E¢(g) are defined, so eq. (10) implies eq. (11). O

To prove Theorem 17, we now provide below a different proof of Theorem 16, which only works under
the assumption E[¢(f)T|G] < oo a.s.; following this proof closely will allows us to characterise the case of
equality in eq. (10) (and in eq. (11)). We will first need the following technical lemma, due to the fact that
¢’ can take the value —oo (resp. 0o) on the left (resp. right) endpoint of {¢ < oco}.

Lemma 36. As in Theorem 17 assume E(|f||G) < 0o, ¢ € C and define g := E(f|G). If E[¢(f)T|G] < oo then

P({¢'(9) € {£oo}} N{d(g) < 00} N{f #g}) =0.
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Proof. To fix ideas assume {¢ < oo} = [a,b) (the other cases are analogous). Then {¢’ € {£oo}} N {p <
oo} C {a}, so it is enough to show that {g = a} N {f # g} is a null set. Recall the conventions in eq. (26).
Notice that 0o - 115, < ¢(f)T, and so E[¢(f)T|G] < oo implies that

Efoo - 1iy<apld] = sup Efn - 1(<ayl0] = 00 Efl 1<} (9]
ne
is finite, and thus E[1{;,}|G] = 0 and so P(f < a) = 0. Thus the identity

E[f1{g=a}] = Elg1{g=a}] = E[al(y—s)]

implies that f = a a.s. on {g = a} (since the random variable (f —a)l;,—4) is positive and has 0 expectation,
and so it equals 0), i.e. P({g=a}N{f#g})=0. O

Proof of Theorem 17. Notice that f € J a.s. implies g € J a.s.. We first prove eq. (10). Since ¢’ is increasing,
the inequality

60— os) = [ $wiuz [ (s)au=(s)t ) 1)

holds for all s,¢ in the interior of the interval {¢ < oo}, and so on the whole {¢ < oo} by taking limits;
moreover if s,t € J then eq. (27) holds with equality iff ¢ = s (since ¢’ is strictly increasing on the interior of
J). Using the notation A¢ introduced in eq. (25), this means that A¢(s,t) € [0, 00] for all s,t € {¢ < oo},
and if s,t € J then A¢(s,t) = 0 holds iff ¢ = s. Since ¢ is continuous and ¢’ is increasing they are Borel, so
¢ o f is F-measurable, and ¢ o g, ¢’ o g are G-measurable.

Assume from now on that E[¢(f)T|G] < oo, so that E[|¢(f)||G] < oo (in particular ¢(f) < 0o). Then
Theorem 16 implies that ¢(g) < oo, and by Lemma 36

'(9)(f —9) = 0" (9) e (g)ery (f — 9),

so the quantity A¢(g, f) is well defined and finite, and from eq. (22) it follows that

E[Ad(g, 1)IG] = Elo()IG] = 6(9), (28)

and so A¢ > 0 implies eq. (10).

Let us now consider the case of equality. Since a positive random variable has 0 expectation iff it equals
0, it has 0 conditional expectation iff it equals 0. Thus eq. (28) shows that eq. (10) holds with equality iff
Ag(g, f) =0, ie. iff f=g (since f,g € J a.s.).

Assume now that E[¢(f)T] < co and f € L!; then Theorem 16 gives ¢(g)T,g € L. Since ¢ is bounded
below by an affine function and f,g € L' we get ¢(f)~,¢(g)~ € L. Thus ¢(f),¢(g) € L*, so the positive
random variable h := E[¢(f)|G] — #(g) has the same expectation as ¢(f) — ¢(g); so, if we assume E[p(f)] =
E[¢(g)] we get that Eh = 0, and since h > 0 we conclude h =0. O

We now show with counter-examples that the integrability assumptions in Theorem 17 are really needed.

Example 37. Let’s see that the implication item 3 = item 2 fails without the assumption E[¢(f)"] < oo
(even if E[|f|] < oo holds). Consider two independent random variables u, v such that

w,v€ L'\ L?, uw>0#wv, E[]=0,
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and define
f=u+v, G:=ou),

so that E[|f|] < oo (and in particular E[|f||G] < ), g = E[f|G] = u + E[v] = u. The function ¢(z) := x>
is in C and

E[¢(f)|G] = E[u? 4+ v + 2uv|G] = u? + E[v?] + 2uE[v] = v? 4+ E[v?] = 0o > u? = ¢(g),
yet taking expectations we get
E[¢(f)] = E[u® + v*] = 0o = E[u’] = E[¢(g)].

Example 38. Let’s see that the implication item 3 = item 2 fails without the assumption E[| f]] < oo (even
if E[¢(f)*] < oo holds). Consider two independent random variables a, b such that

a,b>0, b¢ L' > a, aisnot a.s. constant,

and define
fi=a—-0b, G:=0o(b).

Then f+ e L', f~ ¢ L', and E[|f]|G] < E[a|G] + b < oo since a € L'. Moreover f is not (a.s. equal to a
random variable which is) G-measurable, since otherwise @ would be G-measurable and independent from G
and thus constant. Now let g : R — R be a strictly increasing function such that % < g <2, and define

2 ifx <0 Z if £ <0
C(x)::{x ifx < d(m):={2 itx <

2 ifr>0 20 ifx>0

Then the function ¢(z) := fox g(t)dt,z € R, is real-valued, strictly convex and Lipschitz, and satisfies
c< ¢ <d, and so

BT <2V gz0y =27, BN 2 3 1<y = 5/ (29)

DN | =

Since f+ € L' and f~ ¢ L', eq. (29) implies ¢(f)* € L', ¢(f)~ ¢ L'. Thus Theorem 16 implies —co =
El[¢(f)] > E[¢(g)], and so E[¢(f)] = E[o(g)]- Yet eq. (10) does not hold with equality, since otherwise
Theorem 17 would imply that f = g := E[f|G], which is not possible since f is not G-measurable.

Example 39. Now let’s see that the implication item 2 = item 1 fails without the assumption E[¢(f)T|G] <
oo. Let u,v,G, f (and thus g) be as in Example 37, but now consider

b(z) = {0 for x < —1

o forz>-1

Then ¢ € C and since g = u > 0 we have ¢(g) = oo, and so eq. (10) implies E[¢(f)|G] = oo = ¢(g), yet
g=u#u+v=f.
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7. Proof of Theorem 12

This section is devoted to the proof of Theorem 12, which is conveniently analogous to that of Theorem 22.
First, the role of Lemma 23 will be taken up by Lemma 31. Next, the following result is the analogue of
Lemma 24, since E[-|G] is the orthogonal projection of L?(F,u) onto L?(G, ).

Lemma 40. If (f;, Fi)icr is a uniformly integrable martingale, (in)neN, (Jn)nen C I are increasing and
in < jn for all n, then (f;,)n and (fj,)n converge in L' to some fo and g such that E[g|G] = fo for
G:=o(fi,,neN).

Proof. By Lemma 31 (f;, ), is convergent in L', and analogously for (f;,)»; let us denote with fo, and g
their limits. The proof of Lemma 24 then applies unchanged, provided that (f, k) is interpreted as E[fh]
for f € {fx,9,fi:1 €1} and h € V}, := L>®(Fy, u), and Py g is interpreted as E[g|G]. O

Proof of Theorem 12. So as to be in the setting of Theorems 16 and 17, we can extend ¢ to a function in C,
which we still improperly denote by ¢: for example we can set ¢ := oo outside the closure of J, and define
o(1) := ¢(I+) (resp. ¢(r) := ¢(r—)) on the left-endpoint (resp. right-endpoint) of J (such limits exist [8,
Proposition 3.1.2]).

(Item (a)) By Theorem 16 the map I 3 i — a; := E¢(f;) is increasing, so by Lemma 25 we can choose
an increasing (in)neN which asymptotically maximises (a;);cr, where

a; :=Eo(fi),

so that a;, — a := sup,c; a;.

(Item (b)) Let (in)n be as in the statement. Lemma 40 gives that (f; ), — f in L'. Since (f; )n — f
in probability, f;, € J a.s., J is closed and ¢ is continuous on J, we conclude (¢(fi, ))n — ¢(foo) in
probability, and so also in L' (by the uniform integrability assumption). To conclude, let us show that fu
closes (f;, Fi)icr- Fix an arbitrary j € I. Construct by induction an increasing (jn)n C I such that j,, > 7,i,
for each n € N (to do so, choose jo > j, 49, and then for n € N choose jn1+1 > Jjn,in+1). Then Lemma 40
shows that (f;, )n converges in L' to some g which satisfies E[g|G] = foo; reasoning as for (f;, ), shows that
((f5,)n — ¢(g) in L. Since a;, < aj, < a:=sup;c;a; and a;, — a we get a;, — a and so

Ed(foo) =lmE¢(f;,) =lima;, = a =limay, =limE¢(f;,) =Ed(g),

and so Theorem 17 yields fo = g (since E[g|G] = fo and ¢(g) € L'). Fix an arbitrary h; € L°°(F;). Since
j < jn < jm for all n < m, the tower property of the conditional expectation gives that

E(f;.hi] = E[f;. k],  Elfj.hs] = E[f;hy],

and taking m — oo in the former we get E[gh;] = E[f;, h;]. From the last two equalities and fo = g we
conclude that

E[fohj] = Elgh;] = E[f;, h;] = E[f;h;]

and since j € J, h; € L°>°(F;) were arbitrary we conclude that fo closes (f;, F)ier-
(Ttem (c)) Since foo closes (fi, Fi)icr we have f; — f; = E[fo — fi, |Fi] for i > i, and so, since E[-|F;]
is a contraction on L? (as it follows for example from Theorem 16), it follows that

1fi = fiullze = [Elfoo = fio | Filllze < |[foo = finllLe, @2 in.
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Thus

||foo - fiHLP < ||foo - fi"

e+ || fi, — fillzr < 2| foe = finllzes 12> iy, (30)

If (fi, )nen is p-uniformly integrable then (8) shows that it converges in L? to f, and so eq. (30) implies
(fi)i = f in L? by definition of convergence of (f;);. O

8. Proof of Theorem 4

In this section we prove Theorem 4 using Corollary 29. A useful idea, which not only allows to reduce
to the case of v <« u but also allows to consider martingales which are bounded (instead of just uniformly
integrable), is to replace p with v := p+v > v. If v < p, we can then use that the Radon-Nikodym
derivative of v and of v with respect to u are linked by the following formula

dv
dv Em

dry 1+g—z7

which is obtained by formally dividing times dp both numerator and denominator on the left-hand side.
It turns out that such formula essentially works also when v &« pu, as specified by Lemma 41. Notice that
Lemma 41 in particular shows that % exists if 3—: exists. All this is used in [14, Theorem 7.2.12] as a
step in a (completely different from ours) proof of the Radon-Nikodym theorem (and of the existence of the
Lebesgue decomposition v* 4+ v* of v with respect to ), to reduce to the case of the existence of %. We
extract from there the proof of Lemma 41, which we include below for convenience of the reader.

Lemma 41. Given positive measures p,v on (Q,F). Let v := p+ v and assume®® that f(v) := % exists.
Define the continuous bijection ) : [0,1] — [0, 00] as
— €10,1), =~ € [0,00),
P(r) =4 17° forz €[0,1) whose inverse is Y~ (y) == ¢ 1Y fory € [0,%0)
00 forxz =1, 1 for y = oc.
Then g := g(y) := v o f(vy) satisfies
v i=v({g < oo} N:) =gligeoy n<p, vi=v({g=o00}N") Ly, (31)
so in particular % = glig<cocy =g K a.5., (g =00) = 0.
Proof. Since v > v, h:= f(7) is [0, 1]-valued and satisfies
/¢(1 —h)dv = /(ﬁhdu for all ¢ > 0. (32)
Q Q

Fix an arbitrary ' € F. Notice that on {g < oo} = {h < 1} we have 1 — h > 0, so ¢r := ﬁl{g<oo}mp is
well defined and finite. Apply (32) with ¢ = ¢r to get

v({h<1}NT) = /¢F(1 — h)dv = /1{g<oo}gd,u
Q r

23 Of course we will show (in Theorem 4) that = always exist.
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ie. v({g <00} N-) = gligcooy - - The thesis then follows the fact that (32) with ¢ := 1¢,—.} gives

u({g=o0}) = / hdp = / (I1-h)dv=0. O
{h=1} {h=1}

Lemma 42. Under the assumption of Lemma /1, take 7 € P, and let fr(y) be defined as in eq. (6). Then
Ao (x .
Foly) = W52 and g (3) = 0 fio() satisfies

d(l/‘g(ﬂ. )

dulo(ﬂ) B fW( )

Ir (Mg, (v) <00} =

Proof. The thesis follows from eq. (4), and Lemma 41 with F = o(7). O

Lemma 43. Let (f;)icr, f be [0, 1]-valued random variables. If (f;); — f in probability and f < 1 a.s. then
fil{y,.<1y — [ in probability.

Proof. We have to show that for small enough 4, € > 0 there exists j € I such that

As = {|filgy,<1y — f1 = 0}

has probability p at most e. Since p(f < 1—2) 1 u(f < 1) = 1 as n — oo, there exists n such that
p(f >1—21) <e/2. Since (fi); = f in L°(u) there exists j € I such that

p({lfi = f1 = 6}) <e€/2 foralli>j.

The thesis thus follows from the fact that, for any § < 1, |fi(w) — f(w)| < 6 and f(w) < 1 — L imply
fi( ) fz( )l{f )<1}s and so

Agm{f<1——}C{|fl fl=d}. O

Proof of Theorem 4. We use the notations of Lemmas 41 and 42. For all # € P let F, := o(w). Notice that
fx(7) has values in [0, 1], is Fr-measurable and satisfies

A) = [, fx(7)dy (33)

for all A € 7, and thus for all A € F; (since any element of F, is a finite union of elements of ), so
(fr(7), Fr)rep is a [0, 1]-valued y-martingale.
By Corollary 29 (f(y))x converges in L?(v) (and so in L°(u)) to some fo, which closes (fr(7),Fr)r,

dv . dv

and so does (fr, (7))n, and so eq. (33) shows that foo = f(7) := §Z; in particular g¥ exists, and so by

Lemma 41 also % and the decomposition v = v* 4+ v* exist.

Since Lemma 41 gives g(y) < oo p a.e., we have f(y) < 1 p a.e., so Lemma 43 applied to f; = fr(7)
gives that (fz(7)1is.(y)<1})wrer — f(7) in LP(u). From this and the fact that ¢ is an isometry** we get

dv®

g o LO(u)

fw(M) = g‘n’(’y)l{gn(v)<oo} = ¢(f7r( )1{f7r 7)<1}) — '(/)(f< )) = g(’}/) =

24 We are here assuming that [0, o] is endowed with the metric dy, which makes ¢ an isometry (i.e. dy (z,y) := [~ (z) =¥~ (y)|),
which induces on [0, co] the usual topology. Of course one could also use any distance d* such that Ve > 036 > 0 such that d(z,y) < &
implies d*(z, y) < ¢, since all that matters is that v is uniformly continuous (it does not need to be an isometry).
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where the first (resp. third) equality comes from Lemma 42 (resp. Lemma 41), the second follows from

{p = o0} = {1} and the definition g,(v) := ¢¥(fx(7)). Replacing (7)recp with (7,)nen throughout the

proof shows that fr, () — % in LO%u). O

Remark 44. In [4, Chapter 11, Section 17] it is shown that if m, € P,n € N is increasing then

a

fr, = E [Cily,u ]}] [ a.e. as n — 0o, (34)

where F := \/, o(n,) = 0(UpFr,) C F and E[|F] denotes the conditional p-expectation w.r.t. F. In

26

general F will in general be strictly®® smaller than F for the order = of p a.s. inclusion,”® and so in

general E [g‘]}} # g for some g € L' ().

Nonetheless, eq. (34) shows that, with the 7, as in Theorem 4, one gets that E {%

| _ dv® dv®
.7:} = G e G

is F-measurable. So, in hindsight, this is the reason why it is enough to take the limits along the sequence
we chose, instead of using the whole net. Notice that it is obvious®” that % is measurable with respect to

0(UpFr, ) for some choice of m,, and so fr, (1) — % w a.e. for any such (7).
9. The proof of Theorem 19

We now show how Theorem 19 can be easily proved using Theorem 12 and the definition of convergence
of a net. Notice that the definition of convergence of a net is, formally speaking, analogous to the definition
of limit as ¢ — +oco of a function of a real variable ¢ € R (familiar to all students), and as such presents
no difficulties. However, proving results about nets instead is not always achievable by a straightforward
generalisation of the proof for sequences. Instead, we show how Theorem 19 provides an alternative way, in
the specific setting at hand.

Proof of Theorem 19. (3) = (1): Consider J = R, ¢ := [, tan™'(2)dx. Since the derivative ¢’ of ¢ is
(strictly increasing and) bounded, ¢ is (strictly convex and) Lipschitz; thus (¢(f;))icr is uniformly integrable,
since such is (f;)ier. Thus, we can apply the first two items of Theorem 12 to obtain that there exists some
(in)n for which (fi, )nen converges in L' to a f which closes (f;, F;)iecr. Since by assumption (f;, )nen is
p-uniformly integrable, by the last item of Theorem 12 (f;);e; converges to f in LP.

(1) = ((2) and E[f|G] = g): We present all the details of this rather trivial implication, to clarify that
they trivially follow from the definition of convergence of a net. For every i,j € [,i < j and A € F; we
have E[14f;] = E[14f;], and taking the limit over j € I gives E[14f;] = E[14¢], since otherwise there exists
e > such that € < |[E[14f;] — E[14g]|, which contradicts the existence of j. such that ||g — f;||z1 < ¢ for all
j > je since

e <[E[lafi] —E[lagll = [E[1af;] —E[lag]l < llg = fillzr <e.

It follows that g closes (f;)ier. If f is another function which closes (f;)ier then E[14f] = E[14g] holds for
all A € F; for every i € I, and thus it holds for every A € G := o(U;F;). This implies E[f|G] = g, since ¢ is
G-measurable (because (fi)icr € LY(G) and L'(G) is closed®® in L!(F)).

25 In particular this happens whenever F is not a.s. separable (meaning it equals a separable o-algebra up to null sets), or
equivalently [13, Theorem 23.21] when L' (Q, F, 1) is not separable.

26 By definition G =, H if every set in G differs from some set in H only by a p-null set.

27 Any F-measurable g : Q — R is also F-measurable for some separable sigma algebra F C F, because the Borel sets of R form
a separable sigma algebra, and so also o(g) is separable.

28 1f ¢ C L' is closed under convergence of sequences then it is closed under convergence of nets, since by definition if (f;)icr — f
then Vn € N 3i,, € I such that ||f — f; ||z1 < 1/n.
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(2) = (3): The classic proof is found in [11, Lemma IV-2-4] for p = 1; the case p > 1 follows easily from
Doob’s LP martingale inequality and the fact that E[-|F;] is a contraction®” in LP and so

less-sup; | filllLr < cpsup || fill e < [ fllzr,
K3

which shows that (| fi|P); is dominated by the integrable random variable ess-sup; |f;|?, and so in particular
it is uniformly integrable. We now present a novel proof, which has the advantage that it does not rely on
Doob’s inequality, and it unifies the cases p =1 and p > 1.

By one implication of de la Vallée Poussin criterion there exists a positive even convex function ¢ :
R — R such that lim;_, ¢(t)/t? = oo and ¢(f) € L. Since f; = E[f|F:] and ¢ is continuous, the
conditional Jensen inequality (see [16, Section 9.7(h)] or Theorem 16) gives that ¢(f;) < E[¢(f)|F:], and

thus E¢(f;) < Eo(f) < oo; so, the opposite implication of de la Vallée Poussin criterion shows that (f;)ier
is p-uniformly integrable. O
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