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Abstract

Stochastic filtering is defined as the estimation of a partially observed dynamical system.
A massive scientific and computational effort is dedicated to the development of numerical
methods for approximating the solution of the filtering problem. Approximating the solution
of the filtering problem with Gaussian mixtures has been a very popular method since the 1970s
(see [1],[2],46],[49]). Despite nearly fifty years of development, the existing work is based on
the success of the numerical implementation and is not theoretically justified. This paper fills
this gap and contains a rigorous analysis of a new Gaussian mixture approximation to the
solution of the filtering problem. We deduce the L2-convergence rate for the approximating
system and show some numerical example to test the new algorithm.

1 Introduction

The stochastic filtering problem deals with the estimation of an evolving dynamical system, called
the signal, based on partial observations and a priori stochastic model. The signal is modelled by
a stochastic process denoted by X = {X;, ¢t > 0}, defined on a probability space (2, F,P). The
signal process is not available to observe directly; instead, a partial observation is obtained and
it is modelled by a process Y = {Y;, t > 0}. The information available from the observation up
to time t is defined as the filtration Y = {)}, ¢ > 0} generated by the observation process Y. In
this setting, we want to compute 7 — the conditional distribution of X; given );. The analytical
solution to the filtering problem are rarely available, and there are only few exceptions such as the
Kalman-Bucy filter and the Benes filter (see, e.g. Chapter 6 in [4]). Therefore numerical algorithms
for solving the filtering equations are required.

The description of a numerical approximation for m; should contain the following three parts:
the class of approximations; the law of evolution of the approximation; and the method of measuring
the approximating error. Generalised particle filters with Gaussian mixtures is a numerical scheme
to approximate the solution of the filtering problem, and it is a natural generalisation of the classic
particle filters (or sequential Monte Carlo methods) in the sense that the Dirac delta measures
used in the classic particle approximations are replaced by mixtures of Gaussian measures. In
other words, Gaussian mixture approximations are algorithms that approximate m; with random

measures of the form
Z a;i ()T, (1) ,0; (1)

where Ty (4).w,(1) 15 the Gaussian measure with mean v;(f) and covariance matrix w;(t). The
evolution of the weights, the mean and the covariance matrices satisfy certain stochastic differential
equations which are numerically solvable. As time increases, typically the trajectories of a large
number of particles diverge from the signal’s trajectory; with only a small number remaining close
to the signal. The weights of the diverging particles decrease rapidly, therefore contributing very
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little to the approximating system, and causing the approximation to converge very slowly to
the conditional distribution. In order to tackle this so-called sample degeneracy phenomenon, a
correction procedure is added. At correction times, each particle is replaced by a random number
of offspring. Redundant particles are abandoned and only the particles contributing significantly
to the system (i.e. with large weights) are carried forward; so that the most probable region of the
trajectory of the signal process X will be more thoroughly explored. This correction mechanism is
also called branching or resampling. Currently the multinomial branching algorithm and the tree
based branching algorithm (TBBA) are two approaches for the correction step.

The idea of using Gaussian mixtures in the context of Bayesian estimation can be traced back
to Alspach and Sorenson ([1], [46]), and Tam and Moore ([49]). Later in the work by Anderson and
Moore ([2]), Gaussian mixtures are used in combination with extended Kalman filters to produce an
empirical approximation to the discrete time filtering problem. The research on this area became
more active since 2000s. Recently in Doucet et al ([19]), these methods are revisited to construct
a method which uses Rao-Blackwellisation in order to take advantage of the analytic structure
present in some important classes of state-space models. Recent advances in this direction are
contained in [3], [18] and [22]. In Chen and Liu ([9]), a random mixture of Gaussian distributions,
called mixture Kalman filters, are used to approximate a target distribution again based on the
explicit linear filter. Further work on this topic is contained in [25], [48], [41], and [52]. Gustafsson
et al ([27]) describes a general framework for a number of applications, which are implemented
using the idea of Gaussian particle filters. Further development in this direction can be found in
[17] ,[21], [26] and [37]. For more recent work related to Gaussian mixture approximations, see
Kotecha and Djuri¢ ([34], [35]), Le Gland et al ([39]), Reich ([42]), Flament et al ([20]), Van der
Merwe and Wan ([51]), Carmi et al ([6]), and Iglesias, Law and Stuart ([30]).

1.1 Contribution of the paper

In this paper we construct a new approximation to the conditional distribution of the signal
m = {m : t > 0} that consists of a mixture of Gaussian measures. In contrast with the existing
work, the approximation is not based on the (Extended) Kalman filter. The approximation is
analysed theoretically: we obtain the rate of convergence of the approximation to 7; as the number
of Gaussian measures increases. We are not aware of other theoretically justified algorithms of this
kind.

In particular, if 7™ = {#} : ¢ > 0} is the constructed approximation of 7, where n is the
number of Gaussian measures, we prove the following result.

Theorem. For any T >0 and m > 6, there exists a constant C(T,y) independent of n,
such that for any test function ¢ € C’;"”(Rd),

C(T, )
E| sup |7} -7 < 27 1.1
tG[O,I;"] | t (‘P) t(¢)| = \/ﬁ ( )

Additional LP result can also be covered. The proof of this result is harder than the proof of the
convergence of approximating measures under the classic particle filters. The technical difficulty
arise from the fact that the covariance matrix of the component Gaussian measure is random and as
a result we cannot use a standard approach such as that contained in the proof of the convergence
of the classic particle filters by using the dual of the conditional distribution process (see, e.g.
Chapter 7 in [4]). We deal with this difficulty by adopting the ideas in [13], namely we show a
variation of Theorem 8 in [13] (see Theorem 4.8), which is an abstract convergence criterion for
signed measure-valued process. We then verify the conditions of Theorem 4.8 hold in our case so
that it can be applied to prove the convergence of the Gaussian mixture approximating measure.

We also make use of the Benes filter as an example to numerically compare the performances of
the Gaussian mixture approximation and the classic particle approximation. The implementation



shows that generally Gaussian mixtures approximation performs better than particle approxima-
tions when the number of particles/Gaussian mixtures is relatively small.

The following is a summary of the contents of the paper.

In Section 2, we review the central results of stochastic filtering theory!. The filtering framework
is introduced first, with the focus on the problems where the signal X and observation Y are
diffusion processes and the filtering equations are presented.

Section 3 contains the description of the generalised particle filters with Gaussian miztures.
These approximations use mixtures of Gaussian measures which will be set out, with the aim of
estimating the solutions to the Zakai and the Kushner-Stratonovich equations. The Tree Based
Branching Algorithm (TBBA) and Multinomial branching algorithm are discussed as possible
correction mechanisms..

Section 4 contains the main results of the thesis, which is the law of large numbers theorem
associated to the approximating system. In this secrion, the evolution equations of the approx-
imating systems introduced in the previous chapter are derived. It is shown that, under certain
conditions, the unnormalised and normalised versions of the approximations of the conditional dis-
tribution converge to the solutions of the Zakai equation and the Kushner-Stratonovich equation,
respectively. Section 5 contains a numerical example to compare the approximations by using the
classic particle filters and the Gaussian mixtures.

This paper is concluded with an Appendix which contains some additional proofs.

1.2 Notations

e (Q,F,P) - probability triple consisting of a sample space €2, the g-algebra F which is the set
of all measurable events, an the probability measure P.

o (Fi)i>0 - a filtration, an increasing family of sub-o-algebras of F; Fy C Fy, 0 < s <.
e R? - the d-dimensional Euclidean space.
e R9 - the one-point compactification of R% formed by adding a single point at infinity to R<.

e (S,B(S)) - the state space of the signal. Normally S is taken as a complete separable space,
and B(S) is the associated Borel o-algebra, that is, the o-algebra generated by the open sets
in S.

e B(S) - the space of bounded B(S)-measurable functions from S to R.
e P (S) - the family of Borel probability measures on space S.
e Cy(RY) - the space of bounded continuous functions on R<.

e C/"(R?) - the space of bounded continuous functions on R? with bounded derivatives up to
order m.

e CI*(RY) - the space of continuous functions on R? vanishing at infinity with continuous
partial derivatives up to order m.

e || - || - the Euclidean norm for a d x p matrix a, |la| = \/Z?:1 ?:1 ag;.

e || |l - the supremum norm for ¢ : RY — R: [|¢]|oo = sup,epa [|¢(z)]-
® || - |lm.co - the norm such that for ¢ on R%, [¢]lm.co = 2 la|<m SUPzerd | Dap(2)], where
a=(al,...,;a) is a multi-index and D, = (1) - - (9q)“.

IFor a short historical account of the development of stochastic filtering problem, see, for example, Section 1.3
of [4].



o Mp(R?) - the set of finite measures on R
o Mp(R?) - the set of finite measures on R4,

® Dpg,r)[0,T] - the space of cadlag functions (or right continuous functions with left limits)

f:00,T) = Mp(R9).

® Dpg,(r4)[0,00) - the space of cadlag functions (or right continuous functions with left limits)

f:10,00) = Mg(RY).

2 The Filtering Problem and Key Result

Let (2, F,P) be a probability space together with a filtration (F;);>o which satisfies the usual
conditions. On (Q, F,P) we consider a F;-adapted process X = {X;;t > 0} taking value on R
To be specific, let X = (X?)L; be the solution of a d-dimensional stochastic differential equation
driven by a p-dimensional Brownian motion V = (V7 )?le

t p t
X;’=X3+/ fi(Xs)ds+Z/ o X)dVI,  i=1,....d (2.1)
0 =1/

We assume that both f = (f)L, :R? - R?and o = (0¥);_1,_4j=1,..p : R? — R¥*P are globally

Lipschitz. Under the globally Lipschitz condition, (2.1) has a“{mique solution (Theorem 5.2.9 in
[32]). The infinitesimal generator A associated with the process X is the second-order differential

operator
d d

= 0 i O
Azgf o+ 222 i (22)

i=1 j=1

where a = (a"); j=1,..4: R4 — R?*4 ig the matrix-valued function defined as a = %UTO'. We
denote by D(A) the domain of A.

Let h = (h;)™, : R? — R™ be a bounded measurable function. Let W be a standard F-
adapted m-dimensional Brownian motion on (2, F,P) independent of X, and Y be the process

which satisfies the following evolution equation
t
Y, =Y, +/ h(Xs)ds + W, (2.3)
0

This process Y = {Y;;t > 0} is called the observation process. Let {V: ¢ > 0} be the usual
augmentation of the filtration associated with the process Y, viz Vs = o(Ys, s € [0,t]) VN.

As stated in the introduction, the filtering problem consists in determining the conditional
distribution 7; of the signal X at time ¢ given the information accumulated from observing Y in
the interval [0,]; that is, for ¢ € B(R?),

mi(p) = /Sw(x)ﬂt(dfﬂ) = Elp(X1) [ Vi]. (2.4)

Throughout this paper we will assume that the coefficients f?, 0% and h? are all bounded and
Lipschitz; f* and 0% are six times differentiable, and h? is twice differentiable. In other words, we
assume that f¢, 0% € Cf(RY) and h' € CZ(R?).

Let P be a new probability measure on 2, under which the process Y is a Brownian motion.
To be specific, let Z = {Z;,t > 0} be the process defined by

m t 4 1" t
7, = exp (_Z/ B (X ) AW — 52/ hl(xs)2d3>, 1> 0; (2.5)
i=1"0 i=170



and we introduce a probability measure Pt on F, by specifying its Radon-Nikodym derivative with
respect to P to be given by Z;. We finally define a probability measure P which is equivalent to P
on Uy<s<oo Ft- Then we have the following Kallianpur-Striebel formula (see [31])

— pe(¥) I@(P) —a.s. forpe B(Rd); (2.6)

where p; is an );-adapted measure-valued process satisfying the following Zakai Equation (see
[53]).

t t
pe(@) = mo(p) —|—/ ps(Ap)ds —l—/ ps(phT)dYs, P—a.s. Vt>0 (2.7)
0 0

for any ¢ € D(A). Also the process p = {pi;t > 0} is called the unnormalised conditional
distribution of the signal. The equation satisfied by = is called the Kushner-Stratonovich equation.
In the following we will analyse the generalised particle filters with Gaussian mixtures, and
we will give detailed analysis in the following sections. We denote by #™ = {nl’;¢ > 0} the
approximating measure of the solution of the filtering problem, where n is the number of Gaussian
measures in the approximating system. Then the main convergence of 7™ is stated as follows:

Theorem 2.1. For any T > 0 and m > 6, there exists a constant C(T') independent of n, such
that for any test function ¢ € C;”“ (R%)

~ C(T)
E| sup |7 -7 < —= m+2,00- 2.8
s o) =@l | < < s (28)

3 The Approximating System with Gaussian Mixtures

For ease of notations, we assume, hereinafter from this section, that the state space of the signal
is one-dimensional. The approximating algorithm discussed in this section, together with the L2-
convergence analysis in Section 4 are done under this assumption. We note that all the results
hereinafter can be extended without significant technical difficulties to the multi-dimensional case.

Firstly, we let A = {0 =89 < §; < --- < dy = T} be an equidistant partition of the interval
[0, T] with equal length, with 6; =44, i =1,...,N; and N = %. The approximating algorithm is
then introduced as follows.

Initialisation: At time zero, the particle system consists of n Gaussian measures all with
equal weights 1/n, initial means v}'(0), and initial variances w}'(0), for j = 1,...,n; denoted by
Fv;(o),w;(oy The approximation of 7wy has the form

n 1 -
T £ - Z Lyn(0),07(0) (3.1)
j=1

Recursion: During the interval ¢ € [id, (i + 1)d), ¢ = 1,..., N, the approximation p™ of the
unnormalised conditional distribution p will take the form

T2 @ (O w0 (1)) (3.2)
=1

where v} (t) denotes the mean and w7 (¢) denotes the variance of the Gaussian measure Lon ) wr ()
and af(t) is the (unnormalised) weight of the particle, and
aj(t)

an(t) = =t

Dk ag(t)



is the normalised weight. Obviously, each particle is characterised by the triple process (ay, vy, w?)
which is chosen to evolve as

Q

B0 =1+ [ (o).
7 (t) = vj(id) + f [ (vf(s)) ds + \/7f5 (v( )dV‘,»( ), (3.3)
() =a (5 + f5 % (v} (s)) ds)

C

E

where {V(7) }71 are mutually independent Brownian motions and independent of Y. The parame-
ter «v is a real number in the interval [0, 1]. For a = 0 we recover the classic particle approximation
(see, for example, Chapter 9 in [4]); for & = 1 the mean of the Gaussian measures evolve deter-
ministically (the stochastic term is eliminated). The parameter [ is a positive real number, which
we call the smoothing parameter, ensures that the approximating measure has smooth density at
the branching time.

Correction: at the end of the interval [id, (i + 1)d), immediately prior to the correction step,
each Gaussian measure is replaced by a random number of offsprings, which are Gaussian measures
with mean X7'((7 + 1)d) and variance af3, where the mean X7’ is a normally distributed random
variable, i.e.

XM+ 1)0) ~ N (v} (i +1)0_,wf(i+1)6-), j=1,...,n

We denote by 0”’““) the number of “offsprings” produced by jth generalised particle. The total

number of offsprmgs is fixed to be n at each correcting event.

After correction all the particles are re-indexed from 1 to n and all of the unnormalised weights
are re-initialised back to 1; and the particles evolve following (3.3) again. The recursion is repeated
N times until we reach the terminal time 7', where we obtain the approximation 7/ of 7.

Before discussing how the correction step is actually carried out, we give here a brief explanation
why we should introduce it. As time increases, the unnormalised weights of the majority of the
particles decrease to zero, with only few becoming very large (or equivalently, the normalised
weights of the majority of the particles decrease to zero, with only few becoming close to one), this
phenomenon is called the sample degeneracy. As a consequence, only a small number of particles
contribute significantly to the approximations, and therefore a large number of particles are needed
in order to obtain the required accuracy; in other words, the convergence of this approximation is
very slow. In order to solve this, a correction procedure is used which culls particles with small
weights and multiplies particles with large weights. The resampling depends both on the weights of
the particles and the observation data, and by doing this particles with small weights (and hence
their trajectories are far from the signal) are not carried forward and therefore the more likely
region where the signal might be can be explored.

In the following we discuss two correction mechanisms. The first one uses the so called Tree
Based Branching Algorithm (TBBA) and the second one is based on the Multinomial Resampling
to determine the number of offsprings {0 J=1-

The Tree Based Branching Algorithm (see Chapter 9 in [4]) produces offsprings {o}} with
distribution . ‘

[nd?’(zﬂ)é} with prob. 1 — {n&?’(zﬂ)é}
O;L,(z+1)6 _ (34)
_n,(i+1)8 _n, (z+1)5}

[naj ] +1 with prob. {na;

bl

_n,(i+1)8
where a?’(”r )

in other words,

is the value of the Gaussian particle’s weight immediately prior to the branching,
_n,(i+1)6 _ _ an

k 1)0—) = lim Yt
a; =aj((i+1)6—) t/(11+1)5 aj(t).

If F(it1)s— is the o-algebra of events up to time (i +1)6, i.e. Fi11)5- = o(Fs:s < (i+1)J), then
we have the following proposition (see Chapter 9 in [4]).



Proposition 3.1. The random variables {0}}7_, defined in (3.4) have the following properties

n,(i+1)0 _n,(i+1)5
E [oj,( ) \f(iﬂ)g,} :naj,( )2

n, (i 5 _n,(i 5 2 _n,(i 5 _n,(i §
E {(Oj (i+1) —na (i+1) ) | Frisnyse | = {naj (i+1) } (1 _ {naj (i+1) }) .

Remark 3.2. The random variables 0}1’(”1)5 defined (3.4) have conditional minimal variance in
the set of all integer-valued random variables £ satisfying E[¢|F(;11y5—] = n&?’(iﬂ)é, This property
is important as it is the variance of o} that influences the speed of the corresponding algorithm (see

Ezercise 9.1 in [4]).

In addition the TBBA keeps the number of particles in the system constant at n; that is, for
each 1,

z:oy’(ﬁ_l)(s =n. (3.5)
j=1

The TBBA is, for example, discussed in Section 9.2.1 in [4] to ensure (3.5) is satisfied, and by
Proposition 9.3 in [4] we know that the distribution of o} satisfies (3.4) and Proposition 3.1.

If multinomial resampling is used (see, for example, [13]), then the offspring distribution is
determined by the multinomial distribution

r'n

O(i+1)s = Multinomial(n, a7 ((i +1)0_),...,a,((i +1)5_)),
ie.

n . .
G _ nG+s . _ n! e JUNCESOE
P (O<f+1>6 = 9j )= 1”) = o 1] (@ (G +)5-)" (3.6)
Hj:l 0; b =1

with 377, 0;-1’(”1)5 =n.

By properties of the multinomial distribution, we have the following result (see, for example,
[40)).

. . n
Proposition 3.3. At branching time (i + 1)4, {OEZJ._)H)(; = 0;?,(Z+1)5} has a multinomial distri-
i=1
bution, then the conditional mean is proportional to the normalised weights of their parents:

n,(i+1)d _n,(i+1)6
E [oj (+1) |.7:(i+1)5,] = naj,( +1) (3.7)

for 1 < j < mn; and the condition variance and covariance satisfy

i [(O?,(H—l)é _ nd?,(iﬂ)a) (0?,(1'-&-1)5 _ nd?,(i-&-l)é) ‘7:(241)57}

B { na Y (1 —a ) =

4 , (3.8)
_naln,(z-l—l)c?d?,(z-&-l)é’ l # ]

for1 <15 <n.

The multinomial resampling algorithm essentially states that, at branching times, we sample
n times (with replacement) from the population of Gaussian random variables X7'((i + 1)d) (with
means v} ((i + 1)6-) and variances wf((i + 1)d-)),j = 1,...,n according to the multinomial
probability distribution given by the corresponding normalised weights a} ((i +1)0-),j =1,...,n.
D% is the number of times X7 ((i + 1)d)

is the number of offspring produced by this

Therefore, by definition of multinomial distribution, o}l

is chosen at time (¢ + 1)J; that is to say, 0?’(“_1)5
Gaussian random variable.



4 Convergence Analysis

In this section we deduce the evolution equation of the approximating measure p” for the generalised
particle filters with Gaussian mixtures, and show its convergence to the target measure p — the
solution of the Zakai equation, as well as the convergence of 7™ to m — the solution of the Kushner-
Stratonovich equation. The correction mechanism for the generalised particle system involves
either the use of the Tree Based Branching Algorithm (TBBA) or the multinomial resampling
algorithm. These will be investigated in Sections 4.2 and 4.3 respectively.

4.1 Evolution Equation for p"
We firstly define the process £" = {£*;t > 0} by

t/9) n

[ .
1 S\ (1
SRR I D0
J Jj=1

i=1 =1

Then £" is a martingale and by Exercise 9.10 in [4] we know for any ¢ > 0 and p > 1, there exist
two constants cﬁ’p and cg’p which depend only on ¢, p, and maxy—1,_m ||hk]l0,00, such that

sup sup E[(¢)] < ey, (4.1)
n>0s€0,t]
and R
‘max sup sup E[(£a](s))P] < chP. (4.2)

J=Ln >0 s€0,1)

We use the martingale £™ to linearise 7™ in order to make it easier to analyse its convergence. Let
p" = {pP;t > 0} be the measure-valued process defined by

n o enn_ SIt/55 N n
pr £ &) = %Z% (t)rv}b(t),w?(t)a (4.3)

j=1

where Fv;(t),w;‘(t) is the Gaussian measure with mean v (¢) and variance w7 (t). We will show the
convergence of p™ to p as the number of generalised particles n increases.

The following proposition describes the evolution equation satisfied by the approximating se-
quence p" = {p;t > 0} constructed using the algorithm described in the previous section. As
discussed in Section 3, the approximation algorithm is constructed for the case where the state
space of the signal process X is R. We adopt this assumption in this and the following sections.
We first introduce the following notations:

R} () =w7 (s) B(f@’”)(v?(S)) + S0 ®) (W] (5)) + 2002 (0] () I{) () — L(A¢)

4
) | £ + LD o) L) | @
2\/% 2
2, (9) = 0) | 3036 (0 6) — 10 | + ()P0 (DL ), (45)

+ (w?(S))za(v?(S))Ifj)(w)] ; (4.6)



4, =y 1
k ye:=
1960 = [ L [ (50 unfp) O

dudy, for k =4,5,6;

e n( u( 1—u
15,3(90) :/Ry\/ﬁ /0 ®) ( vj +uy\/w ) ————dudy;
9 —u®
ye:=
Ii() =

= Vor 01(¢)// (v?(s)+uym

) (1 —w)dudy, for ¢ = Ap, he.
Proposition 4.1. The measure-valued process p™ = {pj

" .t > 0} satisfies the following evolution
equation:

t t
() = () + / P (Ap)ds + / P (hp)dYs + M2 + B

[t/d]
for any ¢ € CJ*(R) and t € [0,T] with m > 6. In (4.7), M™%
discrete process

(4.7)

={M"?,i> 0 and i € N} is the

n

) S e

MMP — 5 ”“5/ o(z —————dx — na (10— /<P x SR

[t/8] — Z Z[ - (@) V2maf #(i07) R (@) 2mw? (i6-)
where X7(i0) ~ N(v7 (i6—) J ‘

following process:

dr| (4.8)

(16—)) is a Gaussian random variable. Also in (4.7), B;"? is the

1 S ! n n i
= o3 [ e ()[Rl (@s + B2 (oY, + RE )V,
=1

Proof. For any ¢ € CJ*(R) and t € [id, (i + 1)), we have from (4.3) that

¢) = %ia?(t)/ﬂ{w(v?(t)ﬂLy w;b(t)) . exp (—y2> dy,

4.9
o 5 (4.9)
with similar formulas for Ap and hp. We have the following Taylor expansions
2p—
y* nn)E n
o () +yyfor () = Z L) 5™ (07 (1)
1
2p (,,,m P (2p) (,m n _ 2)2p—1
Ty (W0 (8)) /O it (5504w ®) (1 =), (420)

where 1 can be ¢, Ap, or hy.

By applying (4.10) (for p =2 and p = 1) to (4.9) and the similar identities for Ap and hy, noting
the fact that for any £k > 1 and kK € N

/ 2k-1_1 exp( yz)d 0 / 261 exp( y2)d k(2' 1)
X _—— = s X _— = —_ s
Ry 5 XP(= 5 )dy Ry 5 XP(= 5 )dy || J

j=1
we obtain that

_%Za;}(t) {@(U?(f)—# Lar e w ]+“52a ) 1 ();

: (4.11)
i (Ag) = S > i) [(ae) (wF(0)] + S5 3 (0w ()T (Ae) (1.12)



3 ‘Qq:

pi (hy) =

_Zn: |+ Sis Z a’ I;(hy). (4.13)

Next we apply It6’s formula to equation (4.11), with the partlcles satisfying equations (3.3). After
substituting (4.12) and (4.13), we have, for ¢ € [id, (i + 1)d),

t

(o) = () + / "(Ag)ds + / o (hp)dY,

1

/ Z a3 () [R5 (9)ds + B2 ,(0)aY, + B3 ;()av]. (4.14)

Let Fis— = o (Fs,0 < s < i) be the o-algebra of the events up to time i (the time of the
i-th-branching) and pf5_ = lim; ~;s p'. For any ¢t > 0, we have?

[t/8] [t/98]
Py () )+ Z (o5 (0) — Pis—_ () + Z (o35 - 135(9) + (07 (9) — P ya15 (), (4.15)

At the i-th correction event, each Gaussian measure is replaced by a random number (oy’ié)
of offsprings. Each offspring is a Gaussian measure with mean X7'(id) and variance af, where
X7H(i0) ~ N (v} (id—),w]}(i0—)). The weights of the offspring generalised particles are re-initialised
to 1, i.e. af (15) =1; hence aj(id) =1/n. So

(@—X 7 (i5))?
2a3

- n,k 1 nk5 6
Z ) FX”(ké),aﬁa and :52 / de.

Before the correction event, we have

- (0) = € S ap(i0) [ o (vpti0-) 4y lpiom)) e (-4 )y

‘We then obtain

S\H

[t/d]
M2 LN (p(0) — ol (9))
1=0
[t/5] n (z=X7(i5))* _(@—vl(is-))?

P Elﬁ—ndni— xﬂm
Z€ Z[ ~/]R(p(m) N B j (@0 )/Rso() . )d]. (4.16)

For ¢t € [( — 1)4,49), for i = 1,2,...,[t/d], using (4.14), we obtain that

[t/6]
Z(p%_(w) — Pli—1)s(@)) + (P (¥) — pis(¥))

t t ty 4
oo+ [ nAe)ds+ [ b)Y+ [ 1S sai(o) R (0)ds + R (0)aYi + R (p)avi].
0 0 0o ni4
(4.17)
Finally, (4.16) and (4.17) imply (4.7), which completes the proof. |

Corollary 4.2. Under the same assumption as in Proposition 4.1, if we further assume that o = 0
n (3.3), we recover the classic particle filters with mizture of Dirac measures.

2We use the standard convention 22:1 =0.
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4.2 Convergence Results for Generalised Particle Filters using the TBBA

In order to investigate the convergence of the approximating measure p', we consider the mild
form of the Zakai equation. One should note that the proof of the convergence in [4] using the
dual, ¥%¥, of the measure-valued process p does not work for our model. ¥%¥ is measurable with
respect to the backward filtration V! = o(Y; —Y;, 7 € [s,1]), and so is R? ;(1)1'¥); however, the Itd’s

integral fot R2 ;($5¥)dY requires R2 ;(¥1¥) is measurable with respect to the forward filtration
Vs = o(Y,, r € [0,s]). This leads to an anticipative integration which cannot be tackled in a
standard manner. Another approach is therefore required. Markov semigroups were used in [13]
to obtain relevant bounds on the error which in turn enables us to discuss the convergence rate.
In the following this idea will be discussed in some details.

Let (Py)r>0 be the Markov semigroup whose infinitesimal generator is the operator A and ¢ is
the single variable function which does not depend on ¢. Then from (4.7) for ¢ € [0, s], we get that

t
P (Psvp) = piy (Putp) + /0 Py (WP pp)dY, + My? + BT (4.18)

and the error of the approximation has the representation

t
(P = pr)(Ps—vp) = (PG — po)(Psp) + /0 (0 = pr) (hPy_pp)dYy, + M52 + BT2, (4.19)

where M;"? and B;"¥ are the same as in Proposition 4.1, except that ¢ replaced by Ps_, .

In order to prove the convergence of the approximating measures pj’ to the actual measure p;,
we need to control all the terms on the right hand side of (4.19). Now we will discuss each of them
respectively in the following Lemmas.

Lemma 4.3. There exists a constant c¢(p) independent of n such that for anyp > 1 and ¢ € Cy(R),

we have

E (o5 (Psp) — po(Psp))F] < Z(p];l

Proof. Note that pf(Ps¢) — po(Psp) = 7 (Psw) — mo(Ps¢p), and also note that

lell?,  t€l0,T]

n 1 -
7o (Psp) — mo(Psyp) = -~ > ¢,
j=1

A

where §; = (Psp(v](0)) — mo(Ps), j = 1,...,n are independent identically distributed random
variables with mean 0, therefore by the Marcinkiewicz-Zygmund inequality (see [43]), there exists
a constant ¢ = ¢(p) < (3v/2)PpP/? such that

B (0 (Pog) — po(Pog))’] < <)

which completes the proof. |

Lemma 4.4. For any T > 0, there exists a constant ¢1(T) independent of n such that for any
v € CY(R),

2

" 1 - ! n n
B[22 [ e IR (Peorir | | < )@l
j=1

Proof. For ad <1 we have from (4.4) that

|Ri,j(Psfr‘P)| < Criad|p

6,00

11



where Cr1 = CRri(f,0,9) is a constant depending on the upper bounds of f, o, and ¢. Then by
Jensen’s inequality, Fubini’s theorem and (4.2), we have

E Z/ fr/g](sa ( s—rp)dr

2

n t N 2
Z (Pl [ B [(q:./a]éaﬁr)) | ar < T T2 0P ol
The result follows by letting ¢ (T) = T*C3.c 7.2, [ ]

Lemma 4.5. For any T > 0, there exists a constant co(T) independent of n such that for any
¢ € Cy(R),

]E Z/ §T/6 5a (Ps r‘p)dy < C2(T)(a6)2|

Proof. From (4.5), we have for ad <1

R2 ( s—rP) <CR2O‘5||<P||4<><H

where Crz = Cr2(f,0,h,p) is a constant depending on the upper bounds of f, o, h, and . Then
Burkholder-Davis-Gundy and Jensen’s inequalities, Fubini’s theorem, and (4.2) yield

E Z/ &l /51505 (1) R (Po—rip)dYr

2

1 ~ -
gﬁcaacma)?nwniw J (&7 2153 ()2 | E[ (65 502 (2] | ar

j=1k=1
<TC%:Ccy*(06)?[0l3 sos
and the result follows by letting co(7T") = TCI2-‘£2 écgz' "

Lemma 4.6. For any T > 0, there exists a constant c3(T) independent of n such that for any
v € Gy (R),
2

- c3(T
8 Z / €5} (VB Pyt | | < gz

Proof. From (4.6), we have for ad <1
RS ( s—rp) < (OR3 + Craad)|ells,c0;

where C’Ra and Cprs are constants depending on the upper bounds of f, o, and ¢. Then by
Burkholder-Davis-Gundy and Jensen’s inequalities, Fubini’s theorem, and (4.2), and noticing the
fact that {V'( )}?:1 are mutually independent Brownian motions, we have

2

Z/ 5[r/5 5075 ( (Ps re)d Vr(j)

X 1
L (G + Ot o 3 COF [< / &l )dv<ﬂ>> } < L760(Cps + Cpsady2ety?
t

j=1

3
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and the result follows by letting ¢3(T) = TC(Cs 4+ Crsad)?cy>. [

Recalling Proposition 4.1 and the semigroup operator P, we can decompose M™% in the fol-
lowing way

1 (=X} 6007 _oenaso)?
Z§ Zn: nzé/ 6 Td —n(5 )/ ( )6 2077 (i85 -) p
o ———————dx —na’ (10— 10 e —; i

Mieh = 2 i Janad J . ot (i3

A’élfllf’/«;] + D t/é + Gt/5
where X7 (i6) ~ N (v} (i6—),w} (i6—)) is a Gaussian distributed random variable, and
t/5] n
Ay = Z & Z [(07" = nar(i-)) p(X7G6)] - (4.20)

t/6] n

Dy =, Zf Z[‘S (/ @(x;@-a)wm);;?dy_@(x;w»)]; (4.21)

t/&] n _ 2
Gy = Zagzna (i0— [ X7 (i6)) — / o (v (0= + gy Jop 0 Di/%dy]
[t/0] n
=Y Y€ -) [p(X (k) — B (o(X] (k) | (4.22)

Then we have the following lemma:

Lemma 4.7. For any T > 0, and for any ¢ € CZ(R), we have the following bounds for At/6

Dyyysy and By

ca(T) 2
E(lan5e] <2 77 118

B[IDp5] < es(@d)? 01
& [l ] < @Dz (4.23)

where ¢4(T), ¢5(T) and cg(T) are constants mdependent of n.

Proof. See Appendix A.1. |

The following Theorem, which is a variation of Theorem 8 in [13], establishes the convergence
of finite signed measure valued processes and allows us to use the bounds obtained from the above
Lemmas to get the convergence results of pi'. We denote by as, af, : C/"(R?) — C*(RY) two
bounded linear operators with bounds ¢ and Cy (k = 1,..., ) respectively, i.e., ||as(®)|lm,co <
CH‘PHm,oo and Halsg,r(@)|‘m,oo < Ck”%"”m’oo-

Theorem 4.8. Let p™ = {u} : t > 0} be a signed measure-valued process such that for any
v € O (RY), m > 6, any fized a > 1 and fized s > t, we have

pi () = g (as(p +ZR"’“’+Z/ pr(al (@) dWF, (4.24)

where W = (VV"“)QZ1 s an B-dimensional Brownian motion. If for any T > 0 there exist constants
Y0y Y1y« - -5 Vo SUCh thatfort €0,T),p>2and q >0 (l:O,l,...,oz),

E [|ng (as()I] < \I@Hmw E [IRZ?"IP] IISOIImDo’ =1...,a (4.25)
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Then for any t € [0,T], we have

o .
E [l (@] < —llelifn, 0 (4.26)

where ¢; is a constant independent of n and ¢ = min(qo, g1, - - -, qa)-

Proof. See Appendix A.2. [ ]
Applying the bounds in Lemmas 4.3 to 4.7, one obtains the rate of convergence of the approx-
imation in terms of the three parameters n, § and «, stated in the following theorem.

Theorem 4.9. For any T > 0, m > 6, there exists a constant c7(T) independent of n, § or «
such that for any ¢ € CJ*(R), we have for t € [0,T]

E [(p7 (@) — pe(#))?] < cr(T)@ll7, noc(n, 6, 0, B),

where

1 5 1 9 «
e(n, 6, a, ) max{n, (@)=, 5 (af)?, n}
In what follows, we will discuss ¢(n, d, a, 3) to obtain the L?-convergence rate of the approxi-
mation process py.
When a = 0 in (3.3), the component Gaussian measures have null covariance matrices, in other
words they are Dirac measures. In this case p, is nothing other than the classic particle filter
(see, for example, [4]). In this case several terms in ¢(n,d,«) coming from the covariance term

disappear. The rate of convergence c¢(n, d,0) becomes:

1 1
,0,0) = = ——=r.
¢(n, 4,0) max{n n\/g}

Obviously the fastest rate is obtained when ¢ is a fixed constant independent of n. The L2-
convergence rate will be in this case of order 1/n, which coincides with the results in [4].

When « € (0, 1], the rate of convergence can deteriorate. First of all let us observe that we still
need to choose § to be a fixed constant independent of n. Then the convergence depends on the
simpler coefficient ¢(n, a) given by

et 9) = max { . o2 (@) 2}

In this case we need to choose o = ﬁ (or of order 1/4/n) and S to be a fixed constant independent

of n to ensure the optimal rate of convergence, which equals 1/n. This discussion therefore leads
to the following convergence result:

Corollary 4.10. For any T > 0, m > 6, there exists constant cg(T') independent of n, such that
for any p € CI"(R), t € [0,T] and o x ﬁ (defined in (3.3)), we have

Cg (T)

E [(p (@) — pe(0))?] < el 00- (4.28)

For the normalised approximating measure 7", we have the following main result.

Theorem 4.11. For any T > 0, m > 6, there exists a constant cg(T) independent of n such that
for o ﬁ and ¢ € C"(R), we have

= " - 09(T)
Eflm} () = m(o)l] < NG

Lglnoes  t€[0.T]. (429)
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Proof. Observe that p}(p) = pp(1)7}*(¢), we then have
(@) = m(0) = (P} () = pe(9)) (e (1) ™" = 7' (0) (P} (1) = pe (1)) (P (1))~

Use the fact that m; 2 /E[(p:(1))~2] < oo (see Exercise 9.16 of [4] for details), and by Cauchy-
Schwartz inequality:

E {7 (p) — me(p)l]
my <\/E (P} () = pi(0))?] + ||90||o,c><>\/I~E [(p7(1) = pt(l))2}> ; (4.30)

and the result follows by applying Corollary 4.10 to the two expectations of the right hand side of
(4.30). |

A stronger convergence result for pi and 7" will be proved in the following two propositions,
from which we can see that their convergence are uniform in time ¢.

Proposition 4.12. For any T > 0, m > 6, there exists a constant c19(T) independent of n such
that for any ¢ € C;"*(R),

B [ sup (A7 () - pt<¢>>2] FRLICVIL R (431)
te[0,T) n

Proof. By Proposition 4.1 and the fact that p;(¢) satisfies Zakai equation, we have
Pt (@) = pe() = (75 (p) — mo())

+ [ (02 (Ap) - pe(Ag))ds + / (2 (hp) — pu(h))Y, + ML,

o

1 n (i+1)dAt , , .
+5ZZ/ §isaj (s )[ S(@)ds + B2 (9)dY, + R2 ;(p)dV ] (4.32)

o1 iso Jisnt

By Lemmas 4.4 — 4.6, we know that,

At

~ 1 L& Dot ?
Blsw (2 [ e mr (s | | < a@iR el s
i=0 V"

_ n 00 (i41)6At 2
E | sup (;ZZ / &ral(r)R? (9)dYs | | < ca(T)(ad)?

—o Jiont

1 n (i+1)dAt ) Cg(T)
s (135 [ g oo | | < D .

t€[0,T7] j=1i=0 Ot

By Doob’s maximal inequality and Lemma 4.7

: : 2] _ dear([7/5)
V2| n,p < M 2
B| o 002 <48 | (g, | < 2D e

Now we only need to bound the first three terms on the right-hand side of (4.32). For the first
term, using the mutual independence of the initial locations of the particles v7 (0),

E[(nf(¢) ~ mo(@)?] =

(mo(9?) — mo(p)?) <
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For the second term, by Jensen’s inequality and Fubini’s Theorem, together with Corollary 4.10,
we have

E [ . (/ (r(Ag) - pu(Ap)ds)

t€l0,T

2 (T\T

T _ c 2
<7 [ B8 9) - puld)?) ds < ST ol

For the third term, similarly, by Burkholder-Davis-Gundy inequality and Fubini’s Theorem, to-
gether with Theorem 4.10, we have

i : T Ces(T)TIh)

£ l swn ([ (0hin) = p. i) | < CB| [ (a20) = pulhg)as| < “ 0=
te[0,7] \Jo 0 n

The above obtained bounds together imply (4.31). ]

Similar to the proof of Theorem 4.11, we can show the following proposition.

Proposition 4.13. For any T > 0, m > 6, there exists a constant c11(T) independent of n such
that for and p € C]""*(R),

C11 (T)
NG

Remark 4.14. The fact that the optimal value for o decreases with n is not surprising. As the
number of particles increases, the quantisation of the posterior distribution becomes finer and finer.
Therefore, asymptotically, the position and the weight of the particle provide sufficient information
to obtain a good approximation. In other words, asymptotically the classic particle filter is optimal.

E

l2llm+2,00- (4.33)

sup IW?(w)—m(@I] <
t€[0,T]

Remark 4.15. Since the approximations py and ) have smooth densities with respect to the
Lebesgue measure, it makes it possible to study various properties of the density of p: from its
approzimation py (for example, the position of their maximum value, the decay in time, the prop-
erties of their derivatives, etc). This would be possible under the classic particle filtering framework,
where the approximations are linear combinations of Dirac measures, only if a smoothing procedure
is applied first (see [12]).

So far, the convergence results and L2-error are obtained under probability P; however, it is
more natural to investigate these results under the original probability P. The following proposition
states the L?-convergence result under P.

Proposition 4.16. For any T > 0, m > 6, there exists constant c12(T') independent of n, such
that for any ¢ € C*(R), t € [0,T] and o < % (defined in (3.3)), we have

E (|0} (¢) — pile)]] < j;f o lmce. (4.34)

Proof. Recalling the derivation of the new probability If”, we know that
N t 1 t
7 = exp ( / M)AV / h?(xs)ds> (t > 0) (4.35)
0 0

is an Fy-adapted martingale under P and

®_ Zy t>0
dP ft
Therefore
n ™ n 7 " n 211k 2 CS(T)CZ
E (lp7 () = pe(@)l) =E (167 () = pe(9)| Ze] <\ [Ell0F () = pe(@)PIE [(Z02] <\ =22 plhmyoo
The result follows by letting ¢12(T") = \/cs(T)cs. |
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Remark 4.17. If the correction mechanism is done using the Tree Based Branching Algorithm
(TBBA), LP-convergence of p™ to p cannot be generally obtained. This is because, in general, we
do mot have a control on the pth moment of M[:}?] under P. As a result, one can only obtain

L'-convergence result for p™ under the original probability P.

4.3 Convergence Results using the Multinomial Branching Algorithm

In this section we show the convergence result for the case where the resampling is conducted by
using Multinomial branching algorithm. The results in this section can be obtained in a similar
manner as previous section, therefore the theorems in this section are only stated without proof.
See [40] for detailed discussion and proofs of these results.

Theorem 4.18. For any T > 0, m > 6, there exist constants c¢13(T) and c14(T) independent of
n, such that for any ¢ € C{*(R), t € [0,T] and o ﬁ (defined in (3.3)), we have

E (67 (o)~ me))?) < 2oz, (4.36)
Blln7(¢) - me)l] < 29 el (4.37)

In contrast with the discussion under the TBBA, one can show that, if the correction is done
using the multinomial branching algorithm, LP-convergence result for p” and 7™ can be obtained
for any p > 2, namely we have the following theorem.

Theorem 4.19. For any T > 0, m > 6, there exists constants c15(T) and c16(T) independent of
n, such that for any ¢ € CI*(R), t € [0,T] and o ﬁ (defined in (3.3)), we have

c15(T)

E{lpf (¢) = pe() '] < =222 el 2o (4.38)
Elnf (o)~ mlo)l] < D joprfz,. (4.59)

5 A Numerical Example

In this section, we present some numerical experiments to test the performance of the approxi-
mations with mixture of Gaussian measures. The model chosen in this case is the Benes filter.
This is a stochastic filtering problem with nonlinear dynamics for the signal process and linear
dynamics the observation process, with an analytical finite dimensional solution. The main reason
for choosing this model is that it has a sufficient nonlinear behaviour to make it interesting, and
more importantly, still has a closed form for its solution.

5.1 The Model and its Exact Solution

We assume that both the signal and the observation are one-dimensional. The dynamics of the
signal X is given by

t
Xt:X0+/ f(Xs)ds + oV, (5.1)
0

where f(z) = po tanh(ux/o). We further assume that the observation Y satisfies

t
Y, = / h(X,)ds + W, (5.2)
0
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where W is a standard Brownian motion independent of V', and h(x) = hix + ha. We also assume
that Xo, i, h1,he € R and o > 0.

Then from [14] we know that the conditional law of X; given V; = o(Y,,0 < s < t) has the
exact expression of a weight mixture of two Gaussian distributions. In other words, the conditional
distribution 7; of X; is

m = w N (AT/(2B,),1/(2By)) +w™ N(A™/(2B,),1/(2B)),

2

where N (i, 0?) is the normal distribution with mean p and variance o2, and

w* £ exp ((A7)?/(4By)) / [exp ((A7)?/(4By)) + exp (A7 )?/(4By))]
aF Ll pw, m - % coth(hiot)
B; & ;—; coth(hyot)

-

We can, however, only observe Y at a finite partition II"™7T = {0 =tq <t; < .-+ < t;,_1 = T} of
[0,T] in practice; thus we approximate the integral in the definition of ¥; by

i—1

Sinh(hlgtk+1) .
U, ~ — (Y, ~Y,), fort; e,
! ;0 sinh(hyot;) ( tht1 ) or t;

5.2 Numerical Simulation Results
We set values for the parameters u, o, hy, he, Xy and T as follows:
uw=0.3, hy =0.8, ho =0.0, 0 =1.0, Xy, =0.0, T"=10.0;

and then we compute one realisation for X; and one realisation for Y; respectively using the Euler
scheme with an equidistant partition IT™7T = {t; = %T}izo,m,m with m = 10%. The realisation
for Y; is then fixed and will act as the given observation path. All the simulations will be done
assuming that we are given the previously obtained Y;. With this previously simulated discrete
path of Y, we can then approximate ¥; and consequently compute the values of Ati, B; and
wf[; so that we can compute the conditional law of X; given );. At the branching time, we use
the Tree Based Branching Algorithm. We will look at the convergence of the Gaussian mixture
approximation and the classic particle filters in terms of the number of time steps in the partition
and the number of particles respectively.
We note that for the test function ¢(z) = z, the Gaussian mixture approximation gives

() =@} (1) / (o) + pyfwp®) jﬁexp (—@’2) dy =3 @ ().
A 2

Jj=1

This is almost the same result as the classic particle filters, except that the evolution equations
satisfied by v} (t)s are slightly different in two cases (see equation (9.4) in [4] and equation (3.3)
for details). It is therefore more interesting to look at 77 () for p(x) = 22 and p(x) = 23, that
is, the second and third moments of the system at time 7' given the observation Y up to time T'.
To be specific, we estimate mr(¢) by () with the number of particles (of Gaussian generalised
particles) n = 40000 and we choose various values for the number of time steps m in the partition.
We compute 77 () using classic particles and mixture of Gaussian measures respectively. Instead
of the absolute error |77 () — mr ()|, we consider the relative error

72 () — 7r (o)l
mr(e)l
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The convergence of both methods as the number of discretisation time steps m increases can
be seen from the following Figure 1, and for large number of time steps the Gaussian mixture

approximation performs slightly better than the classic particle filters.

o
N
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0.35

i
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Figure 1: Relative Errors with time steps for ¢(z) = 22 (left) & ¢(z) = 2 (right)

In the following we fix the number of the discretisation time steps m = 100 and vary the number
of (generalised) particles n in the approximating system.
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Figure 2: Relative Errors with different number of (generalised) particles for ¢(z) = z?

From Figure 2 and Figure 3 we can see the convergence of both approximations with the
increase of the number of (generalised) particles. It can be seen (from the right hand side of
Figures 2 and 3) that Gaussian mixture approximation performs better than the classic particle
filters when the number of (generalised) particles n is small. This is because by using the Gaussian
mixture approximation, each (generalised) particle carries more information about the signal (from
its variance) than the classic particle does. Therefore a smaller number of particles is required in
order to obtain the same level of accuracy.

As the number of (generalised) particles increases, we can see (from the left hand side of Figures
2 and 3) that the Gaussian mixture approximation converges faster than the classic particle filters;
and we are able to obtain a good approximation for both methods with 10* particles. There is

19



—— Gaussian Mixture Approximation

—— Gaussian Mixture Approximation
—¥— - Classic Particle Approximation

—¥— - Classic Particle Approximation

0.6 0.6

o
@

33 — osf

=x?

0.4f 0.4F

03 03f' |

Relative Error for ¢(x)=x?
Relative Error for ¢(x):
>

02r !

hff*;;%:f'*\*f,-*;;*::-;-ﬁ oo T %
0

0 02 04 06 08 1 12 14 16 18 2 0 100 200 300 400 500 600 700 800 900 1000
number of (generalised) particles number of (generalised) particles

Figure 3: Relative Errors with different number of (generalised) particles for ¢(z) = 23

no significant improvement if we increase the number n of (generalised) particles further more in
both approximating systems. It can also be seen that, although the error decreases as n increases,
it does not decrease monotonically and instead there is some fluctuation. This fluctuation comes
from the additional randomness causing by the corrections or time discretisation step, which is not
taken into account in the theoretical convergence analysis in this paper.

6 Conclusions

In this paper we analyse a class of approximations of the posterior distribution under continuous
time framework. In particular, we investigate in details the case where Gaussian mixtures are used
to approximate the posterior distribution.

The L2-convergence rate of such approximation is obtained. This method is a natural extension
of the classic particle filters. In general, the approximating measure has a smooth density with
respect to the Lebesgue measure and this can enable us to study more properties of the posterior
measures than the classic particle filters do; especially this makes it possible to study various
properties about the density of p; through its approximation py. Furthermore, for a small number
of particles, the Gaussian mixture particle filters also performs better. It can also be seen that
the asymptotic behaviour (n — o0) of the Gaussian mixtures approximation is similar to the
classic particle filters, which is not surprising. As the number of (generalised) particles increases,
the quantisation of the posterior distribution becomes finer and finer. Therefore, asymptotically,
the positions and the weights of the particles provide sufficient information to obtain a good
approximation.

Apart from the L2-convergence rate, a central limit type result can also be obtained for such
Gaussian mixtures approximations, which can be found in [40] with a comprehensive study. An-
other paper containing a comprehensive study of the central limit theorem is in preparation (see

[11]).
A Appendix

A.1 Proof of Lemma 4.7

Without loss of generality, we choose the test function ¢ to be non-negative (since we can write

@ = @t — 7). Since the random variables o;?;k‘s7 j'=1,...,n} are negatively correlated (see
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Proposition 9.3 in [4]), it follows that
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By taking the expectation on both sides, we have
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then it is clear that we only need to show
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For Tree Based Branching Algorithm (TBBA), by Proposition 3.1,

2 (o - naja))

]—"i(;_] < {ma(i6-)} (1 - {na(i6-)}) < 1 (A5)

21



and then by taking expectation on both sides of (A.4), we have
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where ¢ = 5 —|—2\/c decat,
Therefore, we obtain
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As for G[T;/fs], first note that X7'(id) ~ N (v v} (id), wy (i6)) and X's are mutually independent
(j =1,...,n), then we have
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We know from the proof of Lemma 4.4 in [13] that for any p > 0, E [(d?(t))p} < L exp(cpt); then
by taking the expectation on both sides, we have

(Zsma -) [l (ko) - ((X“(i«s)))})

n

SCGOM;HSDH%OOZ [ 7sal (i0—)) } < Coa5||$0||1ooZ\/ ay (i6—)) ]

1 & o Co cl’ exp(04t)
<08l e 2y 3 e explent) = VLT gz
j=1

22



Finally we have
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The result follows by letting c¢(T") = T/ it exp(esT).

A.2 Proof of Theorem 4.8

The proof is standard and we present here its principle steps, further details can be found in Section
A.2 in [40]. }

We first show that for any ¢ € [0, 7] || (1)} = E [|u* (1)[P] < oo. Observe that for ¢ =1 and
te[0,7T)
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then, by Minkowski, Burkholder-Davis-Gundy and Jensen’s inequalities we have that
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where C' = max(C1,...,Cg). Then from Gronwall’s inequality we have

E[lue (W] = lue )|} < D < .

Using a similar approach, with 1 replaced by ¢, we obtain
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Replacing ¢ by a¥ .(¢) in (A.11), we get that
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Substituting into (A.9) and denote by k = p/2, we have for k=1,...,0
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and (A.10) becomes
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Repeat what was done in (A.12) and (A.13), and from (A.14), we have that
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In general after k' —iteration, we have that
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Letting k — oo, we get that?
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Finally the result (4.26) follows by setting ¢; = 2P~ (o + 1)P~&;.
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