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 a b s t r a c t

In this brief paper we propose a systematic method to construct approximate solutions to classes of 
state-feedback control problems involving stochastic nonlinear systems. The method avoids solving 
partial differential equations and instead requires only the solution of simpler algebraic equations. 
Exploiting a dynamic extension, we provide approximate solutions, with an exactly quantifiable level 
of approximation, for optimal control problems and min–max zero-sum games, and exact solutions 
for the H∞ control problem. Extensive numerical simulations demonstrate improved performances 
with respect to the control laws obtained via the corresponding linear quadratic approximations and 
deterministic nonlinear approaches.

© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND 
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

In this brief paper we propose constructive approximate so-
lutions for three strongly related stochastic nonlinear control 
problems: the infinite-horizon optimal control problem, the H∞

control problem and the min–max zero-sum two-player game. 
Optimal control concerns the design of control laws to achieve 
certain objectives – described in terms of a cost functional – in 
an optimal manner, see e.g. Vinter (2010) (for the deterministic 
formulation) and Yong and Zhou (1999) (for the stochastic for-
mulation). The H∞ control problem instead concerns the design 
of control laws that ensure that the L2 gain (from an exogenous 
input/disturbance to the output of the system) is bounded (from 
above) by a given attenuation factor, see e.g. van der Schaft (1996) 
(deterministic) and Hinrichsen and Pritchard (1998) (stochastic). 
The latter problem is closely related to the min–max zero-sum 
two-player game, see e.g. Basar and Bernhard (2008) (deter-
ministic) and Ugrinovskii (1998) (stochastic). It is well-known 
that the solutions to these problems can be found by solving 
second-order stochastic partial differential equations (PDEs) or 
inequalities which are referred to as the Hamilton–Jacobi–Bellman 
(HJB) equations or inequalities (see, e.g. Yong & Zhou, 1999). 
Practically, a major obstacle associated with implementing such 
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solutions is that solving HJB equations or inequalities is very chal-
lenging, see e.g. Yong and Zhou (1999). Some methods have been 
proposed based on successively approximating the HJB equa-
tion by a sequence of Generalized-Hamilton–Jacobi–Bellman (GHJB)
equations, see e.g. Beard et al. (1997) (for deterministic sys-
tems) and Wang and Saridis (1992) (for stochastic). These GHJB 
equations are linear PDEs, which can be solved by Galerkin ap-
proximation method but suffer from the curse of dimensionality. 
An alternative approach where neural networks are employed 
to approximate the GHJB solution was proposed in Chen and 
Jagannathan (2008) for discrete-time stochastic systems. Alter-
natively, Falcone and Ferretti (1994) exploited the dynamic pro-
gramming principle to numerically approximate the viscosity 
solutions in high-order schemes. For deterministic systems a fam-
ily of concepts have been introduced to solve nonlinear control 
problems without requiring the solution of any PDE (see Sassano 
et al., 2019 and references therein). In Sassano and Astolfi (2012, 
2013) optimal control and L2 disturbance attenuation is consid-
ered. Results therein have been extended to constrained optimal 
control in Scarciotti and Astolfi (2014), optimal control and dis-
turbance attenuation via measurement feedback in Mylvaganam 
and Sassano (2017, 2020), mixed H2/H∞ control in Mylvaganam 
and Astolfi (2016) and differential games in Mylvaganam et al. 
(2015). Currently, these methods are not available for stochas-
tic systems, which have an additional challenge that the HJB 
equation is of second order. In this brief paper, we propose 
a systematic method for constructing approximate solutions to 
the infinite-horizon optimal control problem and the infinite-
horizon min–max zero-sum two-player game, as well as exact
solutions to the H∞ control problem for stochastic systems. The 
method requires only the solution of an algebraic equation in 
rticle under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
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place of the HJB partial differential equation. The resulting con-
troller is nonlinear, does not require the solution of PDEs and 
has better performance than the control laws stemming from 
the associated linear quadratic approximations and deterministic 
nonlinear approaches. In the context of optimal control and min–
max zero-sum differential games, the level of approximation 
can be interpreted as an exactly quantifiable additional cost/re-
ward. Several important differences between the deterministic 
and the stochastic settings are highlighted. We also discuss how 
the proposed method can be extended to more general classes 
of control problems, such as nonzero-sum differential games, see 
e.g. Wang (2013). The paper is concluded by extensive simu-
lations demonstrating the efficacy of the proposed approach. A 
preliminary version of our work has been published in Scarciotti 
and Mylvaganam (2018). The novel contributions of this brief 
paper are: the study and solution of the H∞ control problem; 
the min–max zero-sum two-player game; all the proofs of the 
results; all technical remarks; extensive numerical simulations 
and the accompanying comparison with the stochastic linear and 
deterministic nonlinear methods.

The remainder of the paper is organized as follows. In Sec-
tion 2 we define the three classes of problems. In Section 3 
we formulate corresponding auxiliary problems which we sub-
sequently solve. This is achieved in two steps detailed in Sec-
tions 4 and 5, respectively. Extensive numerical simulations are 
presented in Section 6. Some concluding remarks are given in 
Section 7.
Notation. We use standard notation. The superscript ⊤ denotes 
the transposition operator. (∇,A,P) indicates a probability space 
with a given set ∇ , a σ -algebra A on ∇ and a probability measure 
P on the measurable space (∇,A). The symbol E denotes the 
expected value operator. A stochastic process with state space Rn

is a family {xt , t ∈ R} of Rn-valued random variables, i.e. for every 
fixed t ∈ R, xt (·) is an Rn-valued random variable and, for every 
fixed w ∈ ∇ , x·(w) is an Rn-valued function of time. For ease of 
notation, we often indicate a stochastic process {xt , t ∈ R} simply 
with xt (this is common in the literature, see e.g. Arnold, 1974). 
With the symbol Wt we indicate a standard Wiener process.

2. Preliminaries: Three classes of problems

In this section we recall three classes of control problems, 
namely the infinite-horizon optimal control problem, the H∞

control problem and the min–max zero-sum two-player game. 
The three problems are formulated in order to highlight their 
similarities, which are then exploited to develop a unique method 
for constructing their (approximate) solutions.

2.1. Infinite-horizon optimal control

Consider a stochastic nonlinear input-affine system described 
by the equations 
dxt = [f (xt ) + g(xt )u]dt + [h(xt ) + l(xt )u]dWt , (1)

with state xt ∈ Rn and input u(t) ∈ Rm. Assume that f : Rn
→ Rn, 

g : Rn
→ Rn×m, h : Rn

→ Rn and l : Rn
→ Rn×m are smooth 

mappings and that the initial value problem associated with (1) 
has a unique solution.1 Moreover, assume that the origin is an 
equilibrium point of (1), i.e. f (0) = 0 and h(0) = 0. The infinite-
horizon optimal control problem can be formulated as follows. 

1 A sufficient condition for system (1) to have a unique global solution is that 
the mappings satisfy a Lipschitz condition, see Arnold (1974, Corollary 6.3.5).
2

Problem 1.  The infinite-horizon optimal control problem consists 
in finding a control u that minimizes the cost functional2

J(x0, u) = E
{∫

∞

0

1
2
[q(xt ) + r(xt , u(t))] dt

}
, (2)

where3 q = x⊤
t Q (xt )xt , with Q = Q⊤ such that Q : Rn

→ Rn×n
>0 , 

and r = u⊤R(xt )u, with R = R⊤ such that R : Rn
→ Rm×m, subject 

to the constraint (1). Moreover, u(t) ∈ U ⊂ Rm, with U compact, 
needs to be such that the zero equilibrium of the closed-loop 
system is locally asymptotically stable almost surely.

Note that R does not have to be a positive definite function 
(see, e.g. Chen et al., 1998; Yong & Zhou, 1999). A solution to 
Problem  1, when it exists, can be determined by solving the HJB 
PDE 
min

u

{ 1
2h

⊤Vxxh+h⊤Vxxlu +
1
2u

⊤l⊤Vxxlu

+Vxf + Vxgu +
1
2q +

1
2u

⊤Ru
}

= 0,
(3)

where V : Rn
→ R is the value function of the optimal control 

problem, i.e. it satisfies the relation 
V (x0) = min

u
J(x0, u). (4)

If the value function is known, then the optimal control is given 
by, see e.g. Yong and Zhou (1999), 

u∗
= −

(
R + l⊤Vxxl

)−1 (
g⊤V⊤

x + l⊤Vxxh
)
. (5)

Substituting u = u∗ into the HJB equation (3) yields 
0 = h⊤Vxxh + 2Vxf + q

−
(
Vxg + h⊤Vxxl

) (
R + l⊤Vxxl

)−1(g⊤V⊤
x + l⊤Vxxh

)
.

(6)

If one is able to find a function V  satisfying the second-order 
PDE (6), then the control (5) solves Problem  1. Note that, as 
a consequence of this discussion, a necessary condition for the 
solution of the infinite-horizon optimal control problem is that 
R(xt ) + l(xt )⊤Vxx(xt )l(xt ) is invertible at least for every point of 
the optimal trajectory of (1) generated under u∗. While this is 
guaranteed if R is positive definite (similarly to the deterministic 
case), as already pointed out the positive definiteness of R is not 
required in general (see Yong & Zhou, 1999).

In practice, the main drawback associated with the optimal 
control (5) is that it is very challenging to find a solution to the 
second-order PDE (6).

2.2. H∞ control and min–max zero-sum two-player game

Consider now an augmentation of system (7), namely 
dxt = [f (xt ) + g(xt )u + ϕ(xt )d]dt

+[h(xt ) + l(xt )u + ϑ(xt )d]dWt ,

yt =
[

p(xt )⊤ u⊤
]⊤

,

(7)

where d(t) ∈ Rr  is a disturbance with well-defined L2-gain 
and ϕ : Rn

→ Rn×r , ϑ : Rn
→ Rn×r  and p : Rn

→

Rq are smooth mappings. Again, we assume uniqueness of the 
solution of (7). Since in the following p(xt )⊤p(xt ) plays the same 
role that q(xt ) had in the previous section, we set p(xt )⊤p(xt ) =

2 Different definitions of the cost functional exist for infinite-horizon stochas-
tic optimal control problems. Since we are interested in closed-loop asymptotic 
stability we have chosen a classical definition given in e.g. Rami and Zhou (2000), 
Ugrinovskii (1998). If close-loop stability is not of interest, then an alternative 
choice could include a discount factor.
3 The assumption that q is positive definite can be relaxed: if q is positive 

semidefinite the results of the paper hold assuming that system (1) with output 
y = q(x) is zero-state detectable.
t
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q(xt ) for notational simplicity. The remaining quantities have the 
same meaning given in previous section. The L2 attenuation/H∞

control problem can be formulated as follows.

Problem 2.  Given a real number 0 < µ < 1, the regional L2
attenuation problem, also known as regional H∞ control problem, 
consists in determining a control u and a region Ω̄ ⊂ Rn

containing the origin of Rn such that 

E
{∫

∞

0
∥yt∥2dt

}
≤ E

{
µ2

∫
∞

0
∥d(t)∥2dt

}
(8)

holds for every d and every trajectory of the system that remains 
in Ω̄ . Moreover, u(t) ∈ U ⊂ Rm, with U compact, needs to be 
such that the zero equilibrium of the closed-loop system is locally 
asymptotically stable almost surely.

It is well-known that the solution of this problem can be 
found by interpreting Problem  2 as a relaxation of a min–max
zero-sum two-player game, see Basar and Bernhard (2008)
(and Ugrinovskii, 1998 for the stochastic formulation). In partic-
ular, consider the problem of finding u which solves 

min
u

max
d

JL2 (x0, u, d), (9)

with JL2 (x0, u, d) = E
{∫

∞

0
1
2

[
∥yt∥2

− µ2
∥d(t)∥2

]
dt

}
. In this 

framework, the ‘‘player’’ u seeks to minimize a cost, whereas the 
‘‘player’’ d seeks to maximize a reward. Locally around the origin, 
the cost JL2 (0, 0, d) is, by construction, non-positive for any d. 
Thus, the solution of the min–max problem solves the regional 
L2 attenuation problem by setting Ω̄ as the neighborhood of the 
origin for which the cost is negative. The solution of (9), when it 
exists, can be determined by solving the HJB PDE 
min

u
max

d

{ 1
2q +

1
2u

⊤u −
1
2µ

2d⊤d +
1
2h

⊤Vxxh

+h⊤Vxx(lu + ϑd) +
1
2 (u

⊤l⊤ + d⊤ϑ⊤)Vxx(lu + ϑd)
+Vxf + Vx(gu + ϕd)} = 0,

(10)

where V : Rn
→ R is the value function of the min–max 

zero-sum two-player game, i.e. it satisfies the relation V (x0) =

min
u

max
d

JL2 (x0, u, d). If the value function is known, then the 
optimal policies are given by [

u∗

d∗

]
=

[
I + l⊤Vxxl l⊤Vxxϑ

ϑ⊤Vxxl ϑ⊤Vxxϑ − µ2

]−1[
−g⊤V⊤

x − l⊤Vxxh
−ϕ⊤V⊤

x − ϑ⊤Vxxh

]
.

(11)

Let 

u∗
=

[
u∗

d∗

]
,

g̃ =
[

g ϕ
]
,

l̃ =
[

l ϑ
]
,

R̃ =

[
I 0
0 −µ2

]
. (12)

Then the optimal policies can be written compactly as 

u∗
= −

(̃
R + l̃⊤Vxx̃l

)−1 (̃
g⊤V⊤

x + l̃⊤Vxxh
)
. (13)

Replacing (13) in the HJB equation (10) yields 
0 = h⊤Vxxh + 2Vxf + q

−
(
Vx̃g + h⊤Vxxl

) (̃
R + l̃⊤Vxx̃l

)−1(̃
g⊤V⊤

x + l̃⊤Vxxh
)
.

(14)

Recalling that the goal of the H∞ control problem is to sat-
isfy the inequality (8) (rather than a strict equality), it is com-
mon in the literature, see e.g. van der Schaft (1996), to replace 
equation (14) with the inequality 
0 ≥ h⊤Vxxh + 2Vxf + q(

⊤
)(̃

⊤̃
)̃−1( ⊤ ⊤ ⊤̃

) (15)

− Vx̃g + h Vxxl R + l Vxxl g̃ Vx + l Vxxh ,

3

which is marginally simpler to solve. Solving this inequality still 
provides a solution of the H∞ control problem because it cor-
responds to solving the min–max problem with respect to an 
increased cost functional that is still negative locally around 
the origin. Hence, if one is able to find a function V  satisfying 
the second-order partial differential inequality (15), then the 
control (13) solves Problem  2.

In practice, the main drawback associated with the optimal 
policy/control (13) is that it is very challenging to find a so-
lution to the second-order partial differential equation (14) or 
inequality (15).

Remark 1.  The optimal control (13) and the HJB equation (14) 
are formally identical to the ones obtained for the infinite-horizon 
optimal control problem, i.e. (5) and (6).

Remark 2.  The form of the output yt of system (7) is taken 
from van der Schaft (1996) and provides notational simplicity. 
However, another popular choice is to consider the output yt =

p(x) + m(x)u. The results of the paper hold likewise under the 
‘‘regularity’’ assumptions that p(x)⊤m(x) = 0 and m(x)⊤m(x) = I , 
see e.g. Astolfi (1997).

Given the equivalence presented in this section, in the follow-
ing we do not distinguish between the H∞ control problem and 
the min–max game anymore. Thus, we mention only the former. 
At the end of the paper, we briefly comment on the role of the 
equality versus inequality for the interpretation of the results of 
the proposed method.

3. Formulation of the auxiliary problems

As a result of the previous discussion, we see that the con-
sidered three classes of control problems rely upon the solution 
of second-order partial differential equations or inequalities for 
which closed-form solutions very often are not readily available. 
In this paper we systematically construct approximate solutions 
to these and, thereby, construct solutions of certain auxiliary 
problems that provide approximate (in the case of optimal control 
and min–max-zero-sum games) or exact (in the case of H∞

control) solutions of the original problems. In this section we 
precisely formulate these auxiliary problems.

3.1. Approximate regional optimal control

Before formulating the approximate optimal control problem 
it is instrumental to formally define the terms ‘‘dynamic control 
law’’ and ‘‘dynamic extension’’ which are used frequently in the 
remainder of the paper.

Definition 1.  Consider system (1). The function u in (1) is a 
dynamic control law if for some ν > 0 it is described by the 
equations 
ξ̇t = α(xt , ξt ), u = γ (xt , ξt ), (16)

where ξt ∈ Rν is the state of the dynamic extension, and α :

Rn
× Rν

→ Rν and γ : Rn
× Rν

→ Rm are smooth mappings, 
with α(0, 0) = 0 and γ (0, 0) = 0.

The following problem is an approximation of Problem  1.

Problem 3.  The approximate regional dynamic infinite-horizon 
optimal control problem consists in determining a dynamic control 
law (16) and a region Ω ⊂ Rn

× Rν strictly containing the origin 
of Rn

× Rν such that the cost functional 
J̄(x0, ξ0, u){∫

∞
[ 1 ] } (17)
= E 0 2 (q(xt ) + r(xt , u(t))) + c(xt , ξt ) dt ,
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with c : Rn
× Rν

→ R≥0, is minimized in the sense of
J̄(x0, ξ0, γ ) ≤ J̄(x0, ξ0, ū),

for all ū and for all (x0, ξ0) ∈ Ω such that the trajectories of 
the closed-loop system remain in Ω and converge to zero almost 
surely, i.e. the zero equilibrium is locally asymptotically stable 
almost surely.

The relation between Problems  1 and 3 is based on two ap-
proximations. First, Problem  3 is a local version of Problem  1 since 
we want to find a solution in a region Ω . Second, Problem  3 
solves Problem  1 with respect to a modified cost functional. In 
particular, the running cost is increased by the additional running 
cost c which weights the state xt of system (1) and the state ξt of 
the dynamic extension (16).

3.2. Regional H∞ control

If we define a positive semidefinite function ̃c as the difference 
between zero and the value of the HJB inequality (15) arising 
in the solution of the H∞ control problem, then solving the 
inequality (15) can be interpreted as solving an equality with 
respect to the additional running cost c̃. In other words, this 
corresponds to solving (9) with respect to the new cost functional

JL2 (x0, u, d) = E
{∫

∞

0

[
1
2
(∥yt∥2

− µ2
∥d(t)∥2) + c̃(x(t))

]
dt

}
,

(18)

with c̃ : Rn
→ R≥0. Note that locally around the origin, 

also this cost is negative, thus implying (8). This observation 
highlights that in the case of the H∞ control problem, Problem 
2 is already in a form similar to the one of Problem  3. However, 
solving Problem  2 is still challenging because it does not include 
a dynamic extension that can be exploited to aid the design of 
the control. Thus, in the spirit of Problem  3 we introduce the 
following modified problem. 

Problem 4.  The regional dynamic H∞ control problem consists in 
solving Problem  2 by means of the dynamic control law (16).

Remark 3.  Differently from the optimal control problem in 
Problem  1, we are already in the situation of solving an inequality. 
Hence, we do not need to formulate an approximate version of 
Problem  2: a solution to Problem  4 is a precise solution to Prob-
lem  2, albeit a more conservative one because E

{∫
∞

0 ∥yt∥2dt
}

≤

E
{
µ2

∫
∞

0

[
∥d(t)∥2

− 2̃c(x(t))
]
dt

}
≤ E

{
µ2

∫
∞

0 ∥d(t)∥2dt
}
.

4. Step 1: Design of the algebraic solution, extended value 
function and control u

We solve Problems  3 and 4 in two steps. In the first step we 
construct the mapping γ  of the dynamic control law (16). In the 
second step we design the mapping α of the dynamic extension 
ξ .

4.1. Infinite-horizon optimal control

To provide a systematic method for solving Problem  3, it is 
useful first to recall the solution of the linearized problem, also 
known as stochastic linear quadratic regulator (LQR) see e.g. Yong 
and Zhou (1999). In particular, system (1) is linearized as 
dxt = [Axt + Bu]dt + [Cxt + Du]dWt , (19)

with

A =
∂ f

⏐⏐⏐⏐ , B = g(0), C =
∂h

⏐⏐⏐⏐ , D = l(0),

∂xt xt=0 ∂xt xt=0

4

Q̄ = Q (0) and R̄ = R(0). It is easy to show (see e.g. Yong & Zhou, 
1999, Theorem 6.1) that the value function associated to the LQR 
problem is V̄ =

1
2x

⊤
t P̄xt and that the optimal control is given by 

u∗
= −

(
R̄ + D⊤P̄D

)−1 (
B⊤P̄⊤

+ D⊤P̄C
)
xt , (20)

where P̄ = P̄⊤ > 0 is the solution of the stochastic algebraic 
Riccati equation 
0 = A⊤P̄ + P̄A + C⊤P̄C + Q̄

−(P̄B + C⊤P̄D)(R̄ + D⊤P̄D)−1(B⊤P̄ + D⊤P̄C),

R̄ + D⊤P̄D > 0,

(21)

which can be solved numerically as shown in, e.g., Rami and 
Zhou (2000). One may wonder if this linear strategy (20) solves 
Problem  3. This is not the case. In fact, while it is true that around 
zero the LQR problem approximates Problem  1, there is no guar-
antee that the difference between the cost associated with the 
nonlinear problem and the cost associated with the LQR problem 
is positive, as required by Problem  3, and moreover we cannot 
minimize this difference. Hence, the solution of Problem  3 needs 
to have ‘‘better’’ properties than the linear strategy resulting from 
the LQR approximation.

In what follows the structure of the LQR problem is used as a 
basis to construct a nonlinear value function, defined on an ex-
tended state-space, which is positive definite in a neighborhood 
of the origin and yields a solution to Problem  3. This is achieved 
through the definition of a so-called ‘‘algebraic P̄ solution’’ (a 
nonlinear deformation of a linear P̄). This forms the basis of the 
design of a dynamic control law which solves Problem  3. To this 
end, recall (see, e.g. Wernli & Cook, 1975) that since we assumed 
that zero is an equilibrium point (i.e. f (0) = 0, h(0) = 0) we 
can always find continuous, possibly non-unique, functions F :

Rn
→ Rn×n and H : Rn

→ Rn×n such that f (xt ) = F (xt )xt
and h(xt ) = H(xt )xt for all xt ∈ Rn. From now on, we omit 
the arguments of all the mappings, namely F (xt ), H(xt ), g(xt ), 
l(xt ), P(xt ), Q (xt ) and R(xt ), to simplify the notation, unless the 
argument is not clear from the context.

Definition 2.  Consider system (1) and the cost functional (2). Let 
Σ : Rn

→ Rn×n
≥0 , with Σ(xt ) = Σ(xt )⊤ and Σ̄ = Σ(0). Assume 

that the system 
0 = F⊤P + PF + H⊤PH + Q + Σ

−(Pg + H⊤Pl)(R + l⊤Pl)−1(g⊤P + l⊤PH),
R + l⊤Pl > 0,

(22)

has a global solution P : Rn
→ Rn×n, with P(xt ) = P(xt )⊤, such 

that P(0) = P̄ , where P̄ is the solution of the stochastic algebraic 
Riccati Eq. (21) with Q̄  replaced by Q̄ + Σ̄ . The solution P is said 
to be an algebraic P̄ solution.

We stress here that, as already mentioned, the quantities 
in (22) are functions, not constant matrices.

Remark 4.  An algebraic P̄ solution, if it exists, is not unique and 
depends on the selection of both F  and Σ . However, the results 
of the paper hold irrespective of the choice of F  and Σ . Note also 
that by continuity a local solution to (22) can always be found as 
long as the stochastic Riccati Eq. (21) has a solution.

Remark 5.  While (6) is a partial differential equation, (22) is a 
(state-dependent) algebraic equation. Consequently solving (22) 
is much easier than solving (6).

In the following let ν = n and assume the existence of an 
algebraic P̄ solution. Exploiting the algebraic P̄ solution we can 
define the function 

V(xt , ξt ) :=
1
x⊤P(ξt )xt +

1
∥xt − ξt∥

2 , (23)

2 t 2 W
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˜

˜

with ξt ∈ Rn and W = W⊤
∈ Rn×n

>0 . Moreover, we also define

R(xt , ξt ) := R(xt ) + l(xt )⊤Vxx(xt , ξt )l(xt ),

and 
HJB := q + h⊤Vxxh + 2Vxf + 2Vξα

−
(
Vxg + h⊤Vxxl

)
R−1

(
g⊤V⊤

x + l⊤Vxxh
)
.

(24)

Then, the following result holds. 

Proposition 1.  Consider the cost functional (17) and the intercon-
nection of system (1) with the control law (16). Assume that P is 
an algebraic P̄ solution of (22) such that function (23) is the value 
function of Problem  3. Then the minimizing dynamic control u is 
given by 
u∗

= −R−1 (
g⊤V⊤

x + l⊤Vxxh
)
. (25)

Moreover, the additional running cost is c = −HJB.

Proof.  If function (23) is the value function of Problem  3 (we 
show in the next section how to guarantee this), then it has to 
satisfy the HJB equation 
min

u

{ 1
2h

⊤Vxxh + h⊤Vxxlu +
1
2u

⊤l⊤Vxxlu + Vxf

+Vxgu + Vξα +
1
2q +

1
2u

⊤Ru +
1
2 c

}
=0.

(26)

This follows from a direct application of the dynamic program-
ming principle considering the cost functional (17) and the inter-
connection of system (1) with the control law (16) as specified in 
Problem  3. Straightforward computation (setting the derivative 
with respect to u of the argument of (26) equal to zero and 
solving the resulting equation with respect to u) shows that the 
minimizing dynamic control u is given by (25). Replacing the 
optimal control u∗ in the HJB equation (26) yields 
0 = c + q + h⊤Vxxh + 2Vxf + 2Vξα

−
(
Vxg + h⊤Vxxl

)
R−1

(
g⊤V⊤

x + l⊤Vxxh
)

= c + HJB.

(27)

Since c is positive semidefinite, it follows from (27) that 
HJB ≤ 0. (28)

Hence, the control law (25), computed using (22)–(23), solves 
Problem  3 with additional running cost c = −HJB. □

In Section 5 we show constructively under which conditions 
it is possible to design the dynamics of ξt such that function (23), 
which we call the extended value function, is indeed the value 
function corresponding to Problem  3 and that, consequently, the 
inequality (28) holds. Note that, since V solves (27) by con-
struction, the procedure does not require the solution of any 
PDE.

4.2. H∞ control

The steps of the preceding subsection can be repeated exactly 
for the H∞ control problem. The augmented linearized system is 
described by 
dxt = [Axt + Bu + Nd]dt + [Cxt + Du + Md]dWt , (29)

with N = ϕ(0), and M = ϑ(0). The remaining quantities have 
the same meaning given in the previous section. From the dis-
cussion in Section 2.2 and in particular exploiting the definitions 
in (12), we immediately see that all the equations developed in 
the previous section are identical for the H∞ problem if we use 
B =

[
B N

]
and D̃ =

[
D M

]
, (30)
5

in place of B and D, and the definitions in (12) in place of g , l, R and 
u. Then the optimal control u∗ (with respect to an opportunely 
defined additional cost c) and the ‘‘worst-case’’ disturbance d∗

correspond to the first m and last r , respectively, components of 

u∗
= −

(̃
R + l̃⊤Vxx̃l

)−1 (̃
g⊤V⊤

x + l̃⊤Vxxh
)
. (31)

5. Step 2: Design of the dynamic extension

Thanks to the developments and definitions introduced in the 
previous sections, we can now treat the three control problems 
in a unified manner. We develop the following section for the 
infinite-horizon optimal control problem. Similar results hold 
for the H∞ control problem and min–max zero-sum two-player 
game once the notation (12) and (30) is used (in place of u∗, g , l, R, 
B and D in the context of optimal control). The idea is to construct 
the dynamic extension such that HJB is non-positive, which in 
turn implies that (23) is the value function of Problem  3 for the 
additional cost c = −HJB.

To streamline the presentation of the results of this section, we 
introduce some preliminary definitions. Let Φ : Rn

×Rn
→ Rn×n

be a continuous mapping such that
x⊤

t P(xt ) − x⊤

t P(ξt ) = (xt − ξt )⊤Φ(xt , ξt )⊤,

and Ψ : Rn
× Rn

→ Rn×n be the matrix defined as

Ψ (xt , ξt ) :=
1
2

∂

∂ξt
(P(ξt )xt) .

Define

∆(xt , ξt ) := (W − Φ(xt , ξt ))W−1Ψ (xt , ξt )⊤.

Let Π : Rn
× Rn

→ Rn×n be a continuous mapping such that
Π (xt , ξt ) := P(xt ) − P(ξt ) − W .

Finally, we define
Fcl := F − gR−1(g⊤P(xt ) + l⊤VxxH),

noting that Fclxt = f + gû, with û obtained from (25) replacing Vx
with x⊤

t P(xt ).
We are now ready to solve Problem  3. Recall that the argu-

ments of mappings are omitted when they are clear from the 
context, for instance P denotes P(xt ). 

Proposition 2.  Consider the cost functional (17) and the intercon-
nection of system (1) with the control law (16). Assume that P is an 
algebraic P̄ solution of (22) with Σ selected such that 
∆⊤Fcl + Fcl∆ + Y2 − H⊤ΠH < Σ + Y1 + ∆⊤gR−1g⊤∆, (32)

where 
Y1(xt ) = (Pg + H⊤Vxxl)R−1(g⊤P + l⊤VxxH) ≥ 0,

Y2(xt ) = (Pg + H⊤Pl)
(
R + l⊤Pl

)−1(g⊤P + l⊤PH) ≥ 0,
(33)

for all (xt , ξ ) ∈ Ω . Then there exists k̄ ≥ 0 such that for all k > k̄
the function V defined in (23) satisfies the HJB equation (26) for all 
(xt , ξ ) ∈ Ω with 
ξ̇ = −kV⊤

ξ , u = −R−1 (
g⊤V⊤

x + l⊤Vxxh
)
. (34)

Moreover, Problem  3 is solved with the additional running cost c =

−HJB ≥ 0.

The proof is technical and is available in the Appendix for 
the interested reader. The result of Proposition  2 relies upon 
the ability to select a function Σ such that condition (32) is 
satisfied. While this condition may be difficult to check in general, 
it becomes easy to fulfill when considered locally around the 
origin. 
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Corollary 1.  Consider the cost functional (17) and the interconnec-
tion of system (1) with the control law (34). Let P be an algebraic P̄
solution of (22) with Σ̄ = Σ(0) selected such that 
Σ̄ + Y1(0) > Y2(0) + C⊤WC, (35)

where 
Y1(0) =

(
PB + C⊤XD

)(
R + D⊤XD

)−1(B⊤P + D⊤XC
)
,

Y2(0) =
(
PB + C⊤PD

)(
R + D⊤PD

)−1(B⊤P + D⊤PC
)
,

(36)

with X = P + W. Then there exist k̄ ≥ 0 and Ω̂ ⊂ Rn
× Rn such 

that for all k > k̄ the function V defined in (23) satisfies the HJB 
equation (26) for all (xt , ξ ) ∈ Ω̂ with ξ̇  and u selected as in (34).

Proof.  Assume that Σ̄ satisfies (35). Note that at the origin 
∆(0, 0) = 0 in (32). Thus, condition (35) is equal to condition (32) 
at (0, 0). By continuity of the functions in the inequality (32), 
there exists a non-empty set Ω̂ ⊂ Rn

× Rn strictly containing 
the origin such that (32) is satisfied for all (xt , ξ ) ∈ Ω̂ . □

Remark 6.  If D = 0, then condition (35) reduces to Σ̄ > C⊤WC . 
If, furthermore, C = 0, then the condition reduced to Σ̄ > 0, 
which is a sufficient condition for the corollary to hold in the 
deterministic framework. Note also that condition (35) can be 
satisfied with ‘‘small’’ Σ̄ if W  is ‘‘small’’.

Remark 7.  By continuity, all the inverse matrices in Proposition 
2 are well-defined locally around the origin if the algebraic P̄
solution is well-defined.

Since the extended value function V is known, we can easily 
quantify c by computing (24). Moreover, since k in (34) is a design 
parameter, we can select it to minimize the additional running 
cost. In particular, in the next result we give the conditions to 
solve Problem  3 with additional running cost c ≡ 0.

Corollary 2.  Consider the cost functional (17) and the interconnec-
tion of system (1) with the control law (34). Let P be an algebraic 
P̄ solution of (22) with Σ selected such that condition (32) holds. 
Assume that there exists a region Ω̃ ⊂ Ω \ {0} such that VξV⊤

ξ  is 
invertible for all (x, ξ ) ∈ Ω̃ . Then the inequality (28) is satisfied with 
the equality sign for all (xt , ξ ) ∈ Ω̃ if we select 

k(xt , ξ ) =
1
2

(
VξV⊤

ξ

)−1
(
q + h⊤Vxxh + 2Vxf

−
(
Vxg + h⊤Vxxl

)(
R + l⊤Vxxl

)−1(g⊤V⊤
x + l⊤Vxxh

))
.

(37)

Proof.  Note that k in (37) is obtained by solving HJB = 0 with 
respect to k. □

Remark 8.  In general, the function k obtained from Corollary  2 
may be negative which is not acceptable because of the closed-
loop stability requirement of the dynamic extension. On the other 
hand, note that any value of k greater than the one obtained 
from Corollary  2 satisfies the inequality (28) (see the proof of 
Proposition  2).

Remark 9.  All the results of this section apply invariantly to 
Problem  4. The only, yet important, difference is that the solution 
of Problem  4 is an exact solution of the H∞ control problem 
(Problem  2), as pointed out in Remark  3.

Remark 10.  In solving the H∞ control problem we have also 
solved the two-player min–max zero-sum game, however, dif-
ferently from the previous remark, the solution of the game 
is approximated. In this case the additional running cost c is 
6

in addition to q, i.e. c is an additional cost for the minimizing 
player and an additional reward for to the maximizing player. 
Finally, note that the ‘‘advantage’’ can be swapped in favor of the 
minimizing player if the sign of the HJB inequality (28) is inverted.

Remark 11.  A similar machinery can be adopted to obtain 
approximate solutions to the more general class of problems 
described by stochastic nonzero-sum N-player differential games. 
The solutions to these games are characterized by a system of 
coupled second-order PDEs. In this case the single algebraic P̄
solution defined in this note should be replaced by a set of 
matrix-valued mappings satisfying coupled algebraic equations. 
Hence, the N-player extension of Proposition  2 would allow for 
the systematic construction of ‘‘approximate solutions’’, which 
can be interpreted in terms of an ϵα-Nash equilibrium solution 
(similarly to what has been done in Mylvaganam et al. (2015) for 
deterministic systems).

6. Simulations

In this section, we illustrate our results by means of several 
numerical simulations. The performance of the proposed dynamic 
control law (denoted by ud in the following) are compared with 
the stochastic linear control law stemming from the LQR/H∞

approximation (denoted by ul) and with a deterministic nonlin-
ear method based on state-dependent Riccati equations (SDREs) 
(denoted by ue), see Çimen (2008). To this end we use parametric 
systems so that we can adjust the ‘‘level of nonlinearity’’ and the 
‘‘level of noise’’. We first start with the optimal control problem.

6.1. Infinite-horizon optimal control

To assess the performance of the dynamic control law, let us 
consider the following parametric nonlinear system 
dx1 = x2dt,

dx2 = (η1x21 + u)dt + (η2x2)dW,
(38)

with x(t) = [x1, x2]T ∈ R2, u(t) ∈ R, η1 ∈ R\{0}, η2 ∈ R\{0} and 
the cost 

J(x0, u) = E
{∫

∞

0

1
2
x(t)Tx(t)dt +

1
2
u(t)Tu(t)dt

}
. (39)

Note that η1 and η2 are parameters that represent the level of 
nonlinearity and noise respectively. We select

F (x) =

[
0 1

η1x1 0

]
, Σ(x) = Σ̄

[
σ11 0
0 σ22

]
.

Then the explicit solution P(xt ) = (pij) of the algebraic Eq. (22) is 
given by4

p11 = p22∆, p12 = p21 = ∆ + η1x1,

p22 =
1
2
η2
2 +

√
1
4
η4
2 + 2∆ + 2η1x1 + s22,

(40)

where s11 = σ11 + 1, s22 = σ22 + 1, and ∆ =

√
η2
1x

2
1 + s11. Then, 

we can determine the corresponding dynamic control input ud as 
in (34).

All simulations are performed using the Euler–Maruyama
method with a time step of 0.001, and with the initial state of 
the system and of the dynamic extension taken to be the same, i.e.
x0 = ξ0. In the first simulation, x0 is taken as (−0.5, 0.5) and the 
parameters η1 and η2 are selected as 5 and 0.5, respectively. For 

4 Any symbolic solver can be used for the purpose of solving (22). We have 
used Maple.
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Fig. 1. Top and middle: time histories of x (the state using ud), ξ (the state 
of the dynamic extension), xe (the state using ue) and x̄ (the state using ul). 
Bottom: control inputs.

Table 1
Ratios J re  and J rl  for different η1 and η2 .

η1

J re /J
r
l η2

0.3 0.4 0.5

4 1.009/1.013 1.020/1.043 1.049/∞
5 1.016/1.030 1.039/∞ 1.084/∞
6 1.022/∞ 1.077/∞ 1.151/∞

illustrative purposes, we first show the time histories of the states 
and control inputs corresponding to the three control laws (i.e ud, 
ue and ul) for a single realization of the noise in Fig.  1. This figure 
shows that the linear control law cannot stabilize the system (for 
this realization) and results in an infinite cost. Both dynamic and 
SDRE control laws could stabilize the system (for this realization). 
However, the dynamic control law induces a faster convergence 
and, thus, a smaller ‘‘single-realization cost’’. Note, however, that 
the real cost is an expectation defined as (39). In the following we 
indicate the cost (39) corresponding to ud, ue and ul by Jd, Je and Jl, 
respectively. To compute Jd, Je and Jl, we consider the average cost 
of 1000 realizations of the noise, yielding Jd = 0.477, Je = 0.517
and Jl = ∞. As expected, Jd < Je as η2 ̸= 0.

Now we evaluate the performance of ud, ue and ul for differ-
ent parameters η1 and η2. To this end, we maintain the initial 
conditions x0 as (−0.5, 0.5) but vary η1 from 4 to 6 and η2 from 
0.3 to 0.5. The ratios of Je and Jl with respect to Jd i.e. J re = Je/Jd
and J rl = Jl/Jd, for different η1 and η2 are given in Table  1. A 
value greater than 1 indicates that the dynamic control law ud
performs better than ue or ul, respectively. The greater the value 
in the table, the better the dynamic control law performs. A ‘‘∞’’ 
in the table means that the equilibrium of system (38) has not 
been stabilized by ul for some realizations of the noise, resulting 
in an infinite ratio.

We also count for how many realizations the system is
stabilized. For all three control laws, the proportion of stable 
simulations over 1000 realizations is denoted as ρd, ρe and ρl, 
respectively. These proportions are reported in Table  2. It can be 
seen that all control laws ud, ue and ul could stabilize the system 
for small nonlinearities and noise (e.g. η1 = 4 and η2 = 0.3). 
However, as η1 or η2 increase, the control law ul fails more and 
more frequently, whereas the dynamic control law ud and the 
SDRE control law ue still stabilize the equilibrium point.

We also expect that the performance of the dynamic control 
law ud improves with respect to the control laws ue and ul by 
taking x  farther away from the origin. To this end, we compute 
0

7

Table 2
Proportions ρd , ρe and ρl for different η1 and η2 .

η1

ρd/ρe/ρl η2
0.3 0.4 0.5

4 1/1/1 1/1/1 1/1/0.981
5 1/1/1 1/1/0.956 1/1/0.931
6 1/1/0.963 1/1/0.882 1/1/0.820

Table 3
Ratios J re  and J rl  for different x0 .
 x0 (−0.2,0.2) (−0.3,0.3) (−0.4,0.4) 
 J re /J rl 1.006/1.010 1.026/1.063 1.040/∞  

the ratios J re  and J rl  for fixed parameters η1 = 5, η2 = 0.5, varying 
x0 from (−0.2, 0.2) to (−0.4, 0.4). The results, reported in Table 
3, confirm that as x0 moves farther from the origin, the ratio J rl
increases significantly due to the greater nonlinearity, while J re
increases due to the larger noise injection (because of η2x2dW). 
Note that for x0 = (−0.4, 0.4), the control law ul cannot stabilize 
the system (indicated by ‘‘∞’’).

6.2. H∞ control

We now adapt system (38) to study the H∞ problem, namely 
let us consider the system 
dx1 = x2dt,

dx2 = (η1x21 + u + 0.5d)dt + (η2x2)dW,

y = [x1, x2, u]T ,
(41)

with y(t) ∈ R, d(t) ∈ R a disturbance with well-defined L2 gain, 
η1 ∈ R\{0} and η2 ∈ R\{0}. The cost JL2 (x0, u, d) (see (9)) is 
controlled to be negative in a region including the origin. Again, 
F  and Σ are selected as in the previous example. Considering the 
definitions in (12), we use ̃g , ̃l and ̃R in place of g , l and R in (22), 
obtaining the explicit solution P(xt ) = (pij) given by 

p11 = p22∆, p12 = p21 =
(∆ + η1x1µ)µ

s33
,

p22 =
1
2
η2
2µ +

√
1
4
η4
2µ

2 + 2µ∆ + 2η1x1µ2 + s22s33,
(42)

where s11 = σ11 + 1, s22 = σ22 + 1, s33 = µ2
−

1
4  and 

∆ =

√
η2
1x

2
1µ

2 + s33s11. We are now ready to design and assess 
the performance of the dynamic control input ud.

Consider the disturbance d(t) = 0.8e−t and an attenuation 
factor of µ = 0.95. The time step is 0.001 for all simulations. 
We test the control laws ud, ue and ul under different parameters. 
To this end, we vary η1 from 4 to 6 and η2 from 1.25 to 1.75 
respectively. The initial condition x0 is fixed as (0, 0.05). The 
control law ul and ue fail to achieve the desired attenuation for 
larger values of nonlinearity and uncertainty. In particular, the 
performance of the control law ul is poor under large nonlinearity 
(η1 = 6) while the performance of the control law ue is poor 
under large uncertainty (η2 = 1.75). These results are reported 
in Table  4, which gives the sign of the cost in (9) for different η1
and η2. The symbols ‘‘✓’’ and ‘‘7’’ represent negative or positive 
costs, respectively, indicating whether the desired attenuation is 
achieved or not, respectively.

Finally, we simulate the system under different initial con-
ditions but same parameters η1 = 5 and η2 = 1.5, finding 
an approximation of the attenuation region Ω̄ . To this end, we 
consider a mesh grid around the origin with a grid distance of 
0.05. All nodes of the grid are tested as an initial condition in 
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Table 4
The sign of Jd , Je and Jl for different η1 , η2 .

η1

Jd/Je/Jl η2
1.25 1.5 1.75

4 ✓/✓/✓ ✓/✓/✓ ✓/7/✓
5 ✓/✓/✓ ✓/✓/✓ ✓/7/✓
6 ✓/✓/7 ✓/✓/7 ✓/7/7

Fig. 2. Attenuation regions Ω̄d (blue), Ω̄e (yellow) and Ω̄l (purple).

the simulations. The regions where the system is stable and the 
disturbance is successfully attenuated by ud, ue and ul are denoted 
as Ω̄d, Ω̄e and Ω̄l, respectively. Fig.  2 confirms that the dynamic 
control law ud provides the largest attenuation region (blue).

7. Conclusion

In this paper we have considered three related problems, 
i.e. the infinite-horizon optimal control problem, the H∞ con-
trol problem and the min–max zero-sum two-player game for 
stochastic nonlinear systems. Exploiting the notion of algebraic P̄
solution we have proposed approximate solutions for the infinite-
horizon optimal control problem and the min–max zero-sum 
game, and an exact solution for the H∞ control problem. A major 
advantage of the proposed method is that the control design 
hinges only on the solution of algebraic equations. Additionally, 
in the context of optimal control and min–max zero-sum games 
the level approximation can be exactly quantified in terms of an 
additional cost/reward, which can be minimized. Some interest-
ing differences between the deterministic and stochastic settings 
have been highlighted and extensions of the proposed technique 
to the more general class of problems described by stochastic 
nonzero-sum games have been outlined. The efficacy and im-
proved performance of the proposed method with respect to 
linear and/or deterministic counterparts have been demonstrated 
via extensive numerical simulations.

Appendix. Proof of Proposition  2

The proof follows similar steps as the proof of Sassano and 
Astolfi (2013, Proposition 2). The idea of the proof is to select the 
dynamics of ξ  such that (28) holds. Consider (24) and note that 
V = P − Π , V = x⊤Ψ − (x − ξ )⊤W  and V = x⊤P + (x −
xx ξ t t x t t

8

ξ )⊤(W −Φ)⊤. Substituting these relations and α = −kV⊤

ξ  in (24) 
yields a quadratic form in the variables xt and (xt − ξ ), namely

HJB = −
[

x⊤
t (xt − ξ )⊤

] (
M + 2kS⊤S

) [
xt

(xt − ξ )

]
,

with S =
[

Ψ ⊤
−W

]
, and

M =

[
M11 −F⊤

cl (W − Φ)
−(W − Φ)⊤Fcl (W − Φ)⊤gR−1g⊤(W − Φ)

]
,

where M11 = Σ + Y1 − Y2 + H⊤ΠH .
Now, we want to show that (28) holds. To this end we exploit 

the result in Anstreicher and Wright (2000). The matrix S has 
constant rank equal to n because W  is positive definite. Moreover, 
the matrix Z⊤

=
[

I ΨW−1
]
 spans the kernel of S, i.e. SZ = 0, 

and, if the condition (32) holds, Z is such that Z⊤MZ , i.e. the 
restriction of the matrix M to the subspace defined by the matrix 
Z , is positive definite. By Anstreicher and Wright (2000) it follows 
that there exists k̄ ≥ 0 such that, for all k > k̄, HJB ≤ 0. This 
proves that the inequality (28) is satisfied for all (xt , ξ ) ∈ Ω , and 
in particular that HJB = 0 at xt = 0, ξ = 0.

Furthermore, note that V is a non-strict Lyapunov function for 
the closed-loop system (1)–(34) because V > 0 for all (xt , ξ ) ∈

Ω \ 0 and V̇ ≤ HJB ≤ 0. The latter follows from the observation 
that HJB ≤ 0 for all k > k̄ and from (26) and (24). Hence, 
by the stochastic LaSalle’s invariance principle, see Mao (1999), 
the control law (34) locally asymptotically stabilizes the zero 
equilibrium of the closed-loop system almost surely.
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