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Abstract A method for stacking sequence optimiza-

tion and aeroelastic tailoring of forward-swept compos-

ite wings is presented. It exploits bend-twist coupling to

mitigate aeroelastic divergence. The method proposed

here is intended for estimating potential weight savings

during the preliminary aircraft design stages. A struc-

tural beam model of the composite wingbox is derived

from anisotropic shell theory and the governing aeroe-

lastic equations are presented for a spanwise discretized

forward swept wing. Optimization of the system to re-

duce wing mass is undertaken for sweep angles of -35◦

to 0◦ and Mach numbers from 0.7 to 0.9. A subset of

lamination parameters (LPs) and the number of lam-

inate plies in each pre-defined direction (restricted to

{0◦,±45◦, 90◦}) serve as design variables. A bi-level hy-

brid optimization approach is employed, making use of
a genetic algorithm (GA) and a subsequent gradient-

based optimizer. Constraints are implemented to match

lift requirements and prevent aeroelastic divergence, ex-

cessive deformations, airfoil stalling and structural fail-

ure. A permutation GA is then used to match specific

composite ply stacking sequences to the optimum de-

sign variables with a limited number of manufacturing

constraints considered for demonstration purposes. The

optimization results in positive bend-twist coupling and
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a reduced structural mass. Results are compared to an

uncoupled reference wing with quasi-isotropic layups

and with panel thickness alone the design variables. For

a typical geometry and a forward sweep of -25◦ at Mach

0.7, a wingbox mass reduction of 13% was achieved.
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1 Introduction

The use of composite materials in the aerospace indus-

try has been steadily increasing over the past decades.

Recent examples of its application are the Airbus A350

and the Boeing 787, with composites accounting for

53% and 50% of the structural weight, respectively [18,

19]. Composites benefit from high stiffness and strength

along with a low density. A decrease in aircraft struc-

tural weight is strongly associated with lower emissions

as well as reduced direct operating costs [39]. Compos-

ites therefore have the potential to play an important

role in achieving the goals set by the Advisory Coun-

cil for Aeronautics Research in Europe, which include

a reduction of net CO2 emissions by 50% by the year

2050, compared to 2005 levels [11].

It is possible to tailor composites for specific applica-

tions due to their anisotropic characteristics. They can

exhibit couplings between torsion, bending and exten-

sion. Aeroelastic tailoring exploits this to reduce weight

and improve stability, maneuverability and/or aerody-

namic performance. This is particularly beneficial for

forward-swept wings (FSW), which have a number of

advantageous characteristics. These include a decrease

in vortex drag due to weaker vortices at the wing tips

[25]. Assuming rigid untwisted wings, the onset of stall
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begins at the root and ailerons remain functional at

high angles of attack. FSW thus remain maneuverable

at high angles of attack [48]. The cabin layout can be

improved for smaller aircraft due to the more aft lo-

cation of the wing root and therefore continuous spar,

when compared to a rearward swept wing.

Sweep of wings to mitigate compressibility effects has

conventionally been backwards rather than forwards to

avoid aeroelastic problems. These include divergence,

control reversal, flutter or uncontrollable tip stalling.

Overcoming these effects requires an increase in struc-

tural stiffness with the associated increase in weight or,

as is the focus of this work, by using tailored compos-

ites. Composite tailoring can also increase the efficiency

and lifetime of wind turbine and helicopter blades. It

has been demonstrated that the critical speed could be

increased by 12% [35]. Coupling effects between exten-

sion and twist can also be applied in the manufacture

of helicopter blades as well as in a host of other areas

such as in golf clubs or tennis rackets [28].

Preliminary stages of aircraft design rely heavily on em-

pirical relationships and analytical formulations. This

work describes a means of estimating potential weight

savings achievable by optimizing the stacking sequences

of composite wing panels for aeroelastic tailoring. A

strip theory aerodynamic model is coupled with a struc-

tural model of a thin-walled rectangular composite wing-

box, derived from anisotropic shell theory.

The work focuses on mitigating static aeroelastic diver-

gence, which is known to be the dominant aeroelastic

problem for FSW and typically occurs before flutter

or control reversal [7,36]. Additional aeroelastic prob-

lems such as flutter instability or control effectiveness
should nevertheless be taken into account in later de-

sign stages. More complex and accurate fluid-structure

interaction models could then be used for the aeroelas-

tic analyis (reference is made to [14]). For the purpose

of initial sizing, however, the use of fast-working models

allows the optimization of a large number of design vari-

ables to be considered and more fundamentally to ex-

plore potential benefits of applying composite tailoring

to FSW for preliminary aircraft design. The approach

presented in this work can be used to numerically ob-

tain an early estimation of possible weight savings if

composite shuffling is undertaken.

2 Related Work

Aeroelastic tailoring using composites has been subject

to many studies - [14,22,29,36,46,47,48] to name a few.

Simplifications were often made, such as assuming a

span-wise uniform wing or assuming the wing proper-

ties vary in a specific way along the span [46].

Previous studies on stacking sequence optimization of

laminated composites have introduced lamination pa-

rameters (LPs) as design variables, rather than using

ply angles and thicknesses. This allows for a reduced

design space of continuous design variables, and thus

achieves a more efficient optimization than if a large

number of discrete design variables are required to de-

fine the structure [20]. [34] presented a bi-level opti-

mization approach, expressing the laminate stiffness ma-

trices using both a smeared-stiffness model and in terms

of LPs. For a given set of ply angles {0◦, ±45◦, 90◦},
the top-level algorithm optimized the number of plies

in each direction along with the associated LPs of each

wing panel. In a second step, a stacking sequence was

matched to these optima using a permutation GA (PGA).

A comprehensive overview of manufacturing constraints

and a ply blending algorithm is given by [33].

Further reference is made to the works of [21,31,32]. [9]

used particle-swarm optimization instead of a PGA in

the post-processing step. [14] used a finite element (FE)

model to optimize wing stiffnesses with aeroelastic con-

straints. [4,6] optimized a flexible wing airfoil using a

2D model and considering flutter and divergence.[15]

used bacterial foraging optimization for the aeroelastic

tailoring of a composite wing.

The feasible LP region is known to be convex [8,12,

23], and a closed-form expression has been defined only

for a limited number of combinations of the lamination

parameters [41]. Expressions for a limited set of LPs

have been derived by different authors. A method for

obtaining an approximate feasible region is presented

in [41]. [12] developed an approach to define a feasible
region for all 12 lamination parameters, which was fur-

ther extended by [8]. In particular, [13] derived explicit

expressions describing the feasible region for ply angles

limited to {0◦, ±45◦, 90◦}. These expressions are used

in this work.

3 Aeroelastic models

Static aeroelasticity deals with static deformations of

the wing and includes the phenomena of divergence and

control reversal. The reason why divergence is so criti-

cal in forward-swept wings lies in the fact that upwards-

bending due to lift increases the wing’s local angle of at-

tack, increasing lift further. The phenomenon has been

thoroughly explained in [7,22]. Large deformations may

occur even before reaching the divergence speed, which

is generally undesirable. A local stall and divergence

constraint is implemented in the optimization along

with an arbitrarily set maximum-twist constraint of
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Fig. 1 Geometry of a slender swept-forward wing (notation adapted from [7])

5◦ along the wing. The maximum-twist constraint is

used to avoid potentially undesirable large deforma-

tions. The influence of drag is neglected as is typical

for aeroelastic analysis, where it is usually an order of

magnitude smaller than the lift forces.

The wings are modelled as thin-walled cantilever beams

(Sect. 5), which is a reasonable approximation for high-

aspect-ratio wings of passenger jet aircraft [7]. Strip

theory is used to describe the wing aerodynamics. It is

an approximating model to obtain the lift on an air-

foil for inviscid, incompressible flow conditions and an

aerodynamically infinite wing span. For more precision,

a higher-fidelity model capable of predicting compress-

ibility effects and 3D phenomena such as wing tip vor-

tices that reduce the lift distribution to zero towards

the wing tips could be applied [1]. This is of particular

interest if aerodynamic considerations beyond that re-

quired for the aeroelastic analysis are to be taken into

account. However, strip theory allows computationally

cheap optimization to be undertaken, especially where

the focus of the work is on composite tailoring for the

aeroelastic response and preliminary design [15,5,29,

30]. The lift is then given by:

l(y) = q∞c(y)cl(y) (1)

cl(y) = cl0(y) + clα(y)α(y) (2)

c denotes the local chord length and cl the local lift

coefficient per unit chord. q∞ is the free steam dynamic

pressure at cruise conditions, while α denotes the angle

of attack. A number of further assumptions are made

to develop the aeroelastic models:

– Existence of a straight elastic axis that is swept by

the angle Λ and serves as the reference wing axis.

– No couplings other than bend-twist, which is achieved

by symmetry properties of the cross-section (Sect. 5)

– Small deflections and slender wing

– No rigid pre-twist along the wing (washin/washout)

Furthermore, it is assumed that the wing is clamped to

an effective root perpendicular to the elastic axis at the

fuselage. This idealization yields sufficiently good re-

sults for slender wings [7,46]. Figure 1 gives an overview

about the wing geometry and related nomenclature. d

denotes the local distance of the centers of mass from

the elastic axis, and e is the distance of the aerody-

namic centers from the elastic axis. Variables written

with a bar (e.g. ē(ȳ)), denote quantities referring to

chord-wise segments with respect to the e(ȳ) frame of

reference. Quantities without a bar, e.g. e(ȳ), refer to

the stream-wise direction (this notation is consistent

with that used by [7]). The external loads fext, text due

to lift and gravity are:

fext(y) = q∞ccl − µng (3)

text(y) = q∞(eccl + c2cmAC) + µngd (4)

Variables are transformed from one frame of reference

to the other (as described in [7]) by:

fext(ȳ) = fext(y) cosΛ (5)

text(ȳ) = text(y) cosΛ (6)

n is the load factor, which is equal to 1 at cruise. g

is the gravitational acceleration, and µ the mass per

unit length. cmAC is the airfoil moment coefficient. The
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following set of differential equations is obtained [7].

Primes (′) denote differentiation with respect to ȳ.

M ′T (ȳ) = −text(ȳ) cosΛ (7)

M ′′B(ȳ) = fext(ȳ) + t′ext(ȳ) sinΛ (8)

The relationship between the torsion and bending mo-

ments and the respective curvatures is derived from

anisotropic shell theory as described in section 5. It

eventually yields the following representation:[
MT

MB

]
=

[
GJ K

K EI

] [
θ̄′

w′′

]
(9)

θ̄ denotes the elastic twist angle about the elastic axis,

and w is the vertical displacement. The coefficients of

the cross-sectional stiffness matrix are often denoted as

GJ , K and EI. A non-dimensional coupling constant

is used, which is defined as κ = K/
√
EIGJ . This leads

to the following differential equations describing twist

and vertical displacement of the wing:

(GJθ̄′)′ + (Kw′′)′ = −(q∞(eccl + c2cmAC) + µngd)

cos2 Λ

(10)

(EIw′′)′′ + (Kθ̄′)′′ = (q∞ccl − µng) cosΛ

+ sinΛ cosΛ(q∞(eccl + c2cmAC) + µngd)′
(11)

A closed-form solution to equations (7-8) or (10-11)

can only be obtained for specific wing properties [7,

22]. Therefore, the Ritz method based on Hamilton’s

principle has been used. Considering only the homoge-

neous form of the differential equations is sufficient to

obtain a divergence condition [22].∫ t2

t1

δT − δU + δW dt = 0 (12)

In the absence of time dependencies, δT = 0 and δU =

δW . Using strip theory, the expressions for the first

variation of the potential energy and the virtual work

are given by:

δU =

∫ l

0

EIw′′δw′′ +K(θ̄′δw′′ + w′′δθ̄′) +GJθ̄′δθ̄′ dȳ

(13)

δW =

∫ l

0

δθ̄(q∞(ecclα cos2 Λ)(θ̄ cosΛ− w′ sinΛ))

+δw(q∞cclα(θ̄ cosΛ− w′ sinΛ)) cosΛ

+
d

dȳ
(q∞ecclα sinΛ cosΛ(θ̄ cosΛ− w′ sinΛ))) dȳ

(14)

The displacements w and θ̄ are expressed as a series of

shape functions (Ritz ansatz):

w(ȳ) =

Nw∑
i=1

ηiψi(ȳ) (15)

θ̄(ȳ) =

Nθ∑
j=1

ξjϕj(ȳ) (16)

The functions ψi(ȳ) and ϕj(ȳ) must satisfy all essential

boundary conditions and be twice continuously differ-

entiable. Completeness and linear independence of the

series are also required. The functions are chosen as

the free-vibration modes of a clamped-free beam, as

presented in [22], pp. 82ff.; 170ff, and satisfy the re-

quirements above.

ψi(ȳ) = cosh(αiȳ)− cos(αiȳ)− βi(sinh(αiȳ)− sin(αiȳ))

(17)

ϕj(ȳ) =
√

2 sin
(π(j − 1/2)

l

)
(18)

The coefficients αi, βi are given by table 1 for up to

i = 5, where l = b/(2 cosΛ) is the length of the wing

and b is the wingspan.

Table 1 Values of αi, βi. [22], p.83

i αil βi

1 1.87510 0.734096

2 4.69409 1.01847

3 7.85476 0.999224

4 10.9955 1.00003

5 14.1372 0.999999

By inserting equations (15-18) into (12), a system of

equations can be obtained. Let χ be the vector of gen-

eralised displacements:

χ = [η1, ..., ηNw , ξ1, ..., ξNθ ]
T (19)

The obtained matrix system is of the form:

[A]χ = ([Astiff ] + q∞[Aaero])χ = 0 (20)

This allows the divergence dynamic pressure qD as a

solution of an eigenvalue problem to be obtained:

1

q∞
χ = [M]χ (21)

The largest positive eigenvalue of the matrix [M] is

an approximate representation of 1/qD [22]. The calcu-

lation of [M], which combines aerodynamic and stiff-

ness terms, is given in appendix A. A presentation of
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the underlying theory is given by [27], where a closed-

form expression of flutter- and divergence-type insta-

bility speeds is derived.

The aeroelastic equations are solved numerically to ob-

tain θ̄ and w′ as well as internal forces and moments

along the wingspan. cl could be evaluated by other

means than strip theory as is used in this case. Here, the

inhomogeneous equations need to be considered. After

non-dimensionalizing with η := ȳ/l and exploiting the

relationship Q(ȳ) = M ′B(ȳ), equation (8) can be trans-

formed to give:

Q(η)′ = l(q∞c(η)cl(η, θ̄(η), w′(η))− µ(η)ng) cosΛ

+
d

dη

(
q∞e(η)c(η)cl(η, θ̄(η), w′(η))

+q∞c(η)
2
cmAC(η) + µ(η)ngd(η)

)
sinΛ cosΛ

(22)

Note that the variables c, cl, e, d, µ,EI,GJ,K and cmAC
in (24) are all functions of η. In particular, cl depends
on η, θ̄(η) and w′(η).

The variables (γ1, γ2, γ3, γ4, γ5) are chosen as follows:


γ1
γ2
γ3
γ4
γ5

 =


Q− sinΛ cosΛ

(
q∞eccl + q∞c2cmAC + µngd

)
MB(η)
MT (η)
w′(η)
θ̄(η)


(23)

The resulting boundary value problem (BVP) can then
be written as:

γ′(η) =



l(q∞ccl − µng) cosΛ

lγ1 + l sinΛ cosΛ
(
q∞eccl + q∞c2cmAC + µngd

)
−l cos2 Λ

(
q∞(eccl + c2cmAC) + µngd

)
l2(GJγ2 −Kγ3)

EIGJ −K2

l(EIγ3 −Kγ2)

EIGJ −K2


(24)

The external boundary conditions of the clamped-free

beam are given by:

γ4(0) = γ5(0) = 0 (25)

γ2(1) = γ3(1) = 0 (26)(
γ1 + sinΛ cosΛ(q∞(eccl + c2cmAC) + µngd)

)∣∣∣∣
η=1

= 0

(27)

This BVP is solved numerically, in this case using a

boundary value problem solver implemented in Mat-

lab (bvp4c function) [38]. The internal forces and mo-

ments are then obtained from (23). The aeroelastic mod-

els were compared to the closed-form solution for a

uniform, coupled forward-swept wing, and the analyti-

cal approximation of the divergence boundary [22], pp.

161-167. The models showed good agreement. Forward-

sweep and negative coupling constants κ, K were found

to significantly reduce the divergence dynamic pressure.

As expected, positive coupling constants were found to

increase qD and could be exploited for aeroelastic tai-

loring.

4 Lamination parameters

The laminate stiffness matrices [A], [B] and [D] are

used to relate the resultant forces and moments to the

mid-plane strains and curvatures [26]. [A], [B] and [D]

are the extensional, coupling and bending stiffness ma-

trices, respectively. They can be expressed using 12 lam-

ination parameters and invariant laminate stiffnesses

[17,43]. Assuming all plies are of the same material,

the LPs are defined as normalized through-thickness

integrals of ply angles θ [45]:
V A1
V A2
V A3
V A4

 =
1

h

∫ h/2

−h/2


cos 2θ

sin 2θ

cos 4θ

sin 4θ

 dz (28)


V B1
V B2
V B3
V B4

 =
4

h2

∫ h/2

−h/2


cos 2θ

sin 2θ

cos 4θ

sin 4θ

 z dz (29)


V D1
V D2
V D3
V D4

 =
12

h3

∫ h/2

−h/2


cos 2θ

sin 2θ

cos 4θ

sin 4θ

 z2 dz (30)

where h is the laminate thickness. The stiffness matrices

may then be expressed as following [23].

[A] = h
(

[Γ0] + [Γ1]V A1 + [Γ2]V A2 + [Γ3]V A3 + [Γ4]V A4

)
(31)

[B] =
h2

4

(
[Γ1]V B1 + [Γ2]V B2 + [Γ3]V B3 + [Γ4]V B4

)
(32)

[D] =
h3

12

(
[Γ0] + [Γ1]V D1 + [Γ2]V D2 + [Γ3]V D3 + [Γ4]V D4

)
(33)

The material invariant matrices [Γi] and the material

invariants Ui are defined in appendix B. It is worth not-

ing that for the case of ply angles limited to {0◦, ±45◦,

90◦}, the sin 4θ terms will always be equal to zero, re-

sulting in V
(A,B,D)
4 = 0. All V Bi terms are equal to

zero, as only symmetric laminates are considered. This

is done to avoid thermal distortions after cooling down

from the curing temperature during the manufacturing

process.
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Fig. 2 Cross-section description

5 Structural model

The wing is modelled as a thin-walled cantilever beam

with rectangular cross-sections. The wingbox is assumed

to carry all loads, while the leading and trailing edges

are only taken into account for their mass and their

aerodynamic properties. [3] presented an approach to

analyze the mechanical behavior of thin-walled compos-

ite beams. Torsion has been taken into account in the

model [37]. [40] used these results to derive a relation

between the beam’s loads and deformation. A simpli-

fied method of their work for rectangular cross-sections

and without non-classical effects has been used here.

Figure 2 represents a cross-section of each partition of

the thin-walled box beam. The stacking sequence of

each panel is obtained by counting the plies from the

inside to the outside of the cross-section, with the 0◦

direction being aligned with the elastic axis. The thick-

nesses of the walls, t1 and t2, are assumed to be small

compared to the beam’s other dimensions. d1 is the

height and d2 the width of the beam. The model does

not take into account the effects of restrained warping

and transverse shear. [30] found this leads to either a

conservative estimate of the resulting divergence speed,

or the difference was less than 2% for slender structures

such as the wingbox considered here.

Further assumptions are made in accordance to [16] and

[3], which are specific to composite thin-walled beams.

There is no deformation in the cross-section’s plane,

in other words the in-plane warping is neglected. Each

wall of the box is considered to be a thin plate and

its behavior governed by the linear elastic rules of clas-

sical laminate theory. The behavior of the box beam

thus arises from the combined behavior of its thin-plate

walls. Normal stress Ns and bending moment Ms about

s are neglected in this bending problem. A 9× 9 global

stiffness matrix is obtained, relating the beam’s loads

to its deformations. This reduces to a 4 × 4 matrix by

neglecting non-classical effects [24]. The final shape of

the global stiffness matrix [Kr] is:
N(y)

MT (y)

MB,x(y)

MB,z(y)

 =


K1,1 K1,2 K1,3 K1,4

K2,1 K2,2 K2,3 K2,4

K3,1 K3,2 K3,3 K3,4

K4,1 K4,2 K4,3 K4,4


︸ ︷︷ ︸

[Kr]


v′(y)

θ′(y)

w′′(y)

u′′(y)

 (34)

with v as the extensional displacement in y-direction

and θ and w as the twist angle and the vertical dis-

placement in z-direction, respectively (see section 3). u

denotes the horizontal displacement in x-direction.

Making the stacking sequences of the top and bottom

panels antisymmetric about one another produces the

greatest bend-twist coupling [2], and has been derived

from the expressions of the stiffness matrix obtained by

the current model. The same feature applied to the side

panels would produce a coupling between the bending

around the y-axis and the twist, which is undesirable.

Hence, the side panels were made symmetric one to an-

other. Balanced panels would cancel the coupling, so
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they were left unbalanced. By taking the symmetries

into account, the stiffness matrix simplifies to [24]:

[Kr] =


EA 0 0 0

0 GJ K 0

0 K EIf 0

0 0 0 EIl

 (35)

This corresponds to equation (9) in section 3. The stiff-

ness terms are:

EA = 2d1A
(1)
z + 2d2A

(2)
z (36)

GJ = 2
( d1d2t1t2
d1t2 + d2t1

)2(d1
t21
A(1)
s +

d2
t22
A(2)
s

)
+8
(
d1D

(1)
s + d2D

(2)
s

) (37)

EIf =
d21d2

2
A(2)
z + 2d2D

(2)
z (38)

EIl =
d22d1

2
A(1)
z + 2d1D

(1)
z (39)

K =
d21d

2
2t1

d1t2 + d2t1
A(2)
sz − 4d2D

(2)
sz (40)

Where the superscripts refer to the panel number, and

the reduced stiffness matrix terms A
(i)
x and D

(i)
x are

function of the [A] and the [D] stiffness matrices of

each panel. Their exact expression is available in ap-

pendix C. EA is the extensional stiffness, GJ and K

represent the torsional and the coupling stiffness, re-

spectively. EIf and EIl are the two bending stiffnesses

about the different axes.

Comparison has been made between the model derived

here and that of [2], which was verified using FE simu-

lation and test data, but neglects the effects of the [D]

matrix. For the type of composite beams considered in

this work, good agreement of the stiffness matrix terms

was found. The difference in EA, GJ , EIf and EIl was

less than 1 % between the models, while the difference

between the bend-twist couplings K was less than 8.5%

and may be due to [2] neglecting the role of the [D] ma-

trix.

6 Optimization problem

The wings are discretized into five equidistant segments

with piecewise constant ply layups and stiffness prop-

erties. This yields a total of 20 composite wing panels.

The stacking sequences can vary independently from

panel to panel. The optimization process comprises a

bi-level approach, which uses the number of plies in the

pre-defined directions {0◦, ±45◦, 90◦} and V D lamina-

tion parameters as design variables. A genetic algorithm

Table 2 Chosen parameters (aircraft configuration)

Wingspan 30 m Material T300-914
Root chord 5 m Safety factor 1.5
Taper ratio 0.25 Required lift 600,000 N
Airfoil 65410 Wingbox position

(LE to wingbox)
1 m

Table 3 Dynamic pressures at h = 10,000 m

M∞ 0.70 0.75 0.80 0.85 0.90
V∞ [m/s] 209.6 224.6 239.5 254.5 269.5
q∞ [Pa] 9,060 10,400 11,833 13,358 14,976

was used, followed by gradient-based optimizer (SQP)

to verify the optima. A permutation GA is then used

to obtain a stacking sequence from the number of plies

and V D LPs.

Optimization was undertaken for a range of sweep an-

gles, Λ, from -35◦ to 0◦, cruise Mach numbers M∞ be-

tween 0.70 and 0.90, and parameters described in ta-

ble 2. The parameters represent a fictional passenger

aircraft with linearly tapered wings, approximately the

size of an Airbus A320. T300-914 composite material

properties are taken from [10,24,42]. The ambient dy-

namic pressure q∞ corresponding to the the specified

Mach numbers is calculated from the International Civil

Aviation Organization Standard Atmosphere (ISA), for

a cruise altitude of 10, 000 m [44]. At this altitude, the

temperature is obtained as T = 223 K, resulting in

an air density of ρ = 0.41 kg/m3. Air speeds and dy-

namic pressures for different Mach numbers are given

in table 3. The optimization process was implemented

in Matlab, using the functions ga and fmincon.

The hybrid optimization process starts by creating an

initial population for the LP-based GA, with ≥ 10%

plies in each direction. The initial population also ex-

hibits a decreasing panel thickness from root to tip and

respects the feasible LP region. For each generation, the

genetic algorithm then evaluates the fitnesses defined as

the wingbox mass. Violations of constraints are imple-

mented as penalties applied to the objective function.

The objective is to minimize the structural mass of the

composite wingbox. It is obtained from the resulting

panel thicknesses and the cross-sectional dimensions:

m =

∫ l

0

µwingbox(ȳ) dȳ ≈ 2

N∑
i=1

ρ
l

N
(d1t1 + d2t2)i (41)

where N = 5 is the number of discretization segments

of the wing, ρ is the material density and (d1, d2, t1, t2)i
are the cross-sectional dimensions and skin thicknesses

of the wingbox at the i-th segment.
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Table 4 Optimization algorithms in the lamination parameter based optimization model

Setup Genetic Algorithm (ga) Gradient based (fmincon) Permutation GA (modified ga)

Objective Minimize mass Minimize mass Match stacking sequence to V Ds

Stacking sequence, represented by
Number of plies in each Number of plies in each an array of integers. [1,2,3,4] encodes

Design
variables

direction and V D parameters
for each panel. αr is part of
internal optimization loop

direction and V D parameters
for each panel; αr

the available ply angles [0◦,45◦,90◦,-
45◦]. Correct number of plies in each
direction is set naturally, the algo-
rithm only shuffles the sequence.

Feasible LP region, >10% Feasible LP region, >10%
plies in each direction plies in each direction Naturally satisfies manufacturing

Constraints No divergence or stalling, less
than 5◦ wing twist. Produced
lift within 1% of required lift.
No structural failure.

No divergence or stalling, less
than 5◦ wing twist. Produced
lift within 1% of required lift.
No structural failure.

rules implemented in the other algo-
rithms. Further rules can be imple-
mented.

The optimization is subject to a number of constraints

given below:

– No divergence

– No stalling due to flow separation, i.e. α < αstall at

all wing span locations

– Twist angle θ̄(ȳ) ≤ 5◦ at all wing span locations

– Lift equal to lift required ±1%

– Ply percentage in each pre-defined direction ≥ 10%

– No structural failure as estimated by the Tsai-Hill

criterion (first-ply-failure, FPF)

– Feasible LP region as described by [13]

The undeformed wing angle of attack αr was adjusted

to ensure that the desired lift at the cruise condition

was attained within a tolerance of 1%, this was facili-

tated by the monotonic increase in lift with undeformed

angle of attack. Bounds for αr were set to keep it be-

tween −1◦ and 5◦. The lift was obtained by integrating

the sectional lift over both wings. The wing deforma-

tions and the local angle of attack were obtained using

the numerical solution of the BVP. The wing stiffnesses

and other properties were expressed as functions of ȳ.

This requires the calculation of the [A], [B], [D] ma-

trices of each laminate (Sect. 5). The Ritz method was

then used to determine if divergence occurs. The de-

formations and internal forces and moments along the

wing were evaluated and a check made for structural

failure made.

A population size of 500 individuals was used, with

a stop-condition of 100 stalled generations. The opti-

mum point obtained from the GA was passed to the

gradient-based optimization model. The gradient-based

algorithm (SQP) then refines this point.

On convergence of the optimum number a stacking se-

quence was matched to the number of plies and V D

terms of each panel. Further manufacturing rules such

as ply blending from panel to panel could be incor-

porated here as demonstrated by [33]. To accomplish

the stacking sequence matching, the number of plies

has to be rounded to an even integer number to ensure

symmetric layups for each panel and avoid structural

failure. This is not possible with odd numbers of plies.

Hence, the final mass of the wingbox structure after the

stacking sequence matching will be higher than for the

initial optimum set of design variables obtained from

the continuous optimization.

The PGA for matching a stacking sequence to the op-

timum LPs uses an integer array with values between 1

and 4 encoding the stacking sequences. An initial popu-

lation was created. Its individuals were random permu-

tations with the correct number of plies in each direc-

tion. Crossover operations are not present in a PGA, as

they could change the number of plies in each direction

and produce undesirable results.

The mutation operation swaps the positions of a cer-

tain number of plies within the stack of an individual.

Moreover, the algorithm was designed so that it natu-

rally only produces symmetric layups. Additional man-

ufacturing rules such as ply blending could be included.

As the number of plies in each direction stays the same

and the stacks are symmetric, the V A parameters will

always be identical, and the V B will be equal to zero.

Only the V D parameters need to be matched. The fit-

ness function is defined as a Euclidean norm:

f(V )D =

√√√√ 4∑
i=1

(∆V Di )2 (42)

∆V D = V D
optimum − V

D (43)

The optimization was undertaken using parallel pro-

cessing on 16 cores of the Linux Cluster at the Depart-

ment of Aeronautics, Imperial College London.
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Fig. 3 Obtained plots of optimum wingbox mass vs. sweep angle Λ and dynamic pressure q∞. Simulations were run for
different q∞ corresponding to Mach numbers 0.7, 0.8, 0.9, and for Λ between -35◦ and 0◦ using 5◦-steps. 2D cut (right) for
M∞ = 0.8 and contour plot (left).

7 Results and discussion

Results show that the optimum structural mass increases

for larger forward-sweep. The wingbox mass increases

most rapidly as the forward sweep angle increases be-

yond −25◦ as shown in (figure 3). A forward-sweep of

-20◦ exhibited a mass increase of 6.4% at Mach 0.7, 28%

at Mach 0.8 and 36% at Mach 0.9, compared to the

unswept case. The gradient-based second stage of the

optimization process using the SQP algorithm revealed

that the LP-based GA had converged to an optimum

in every simulation that was run. Small improvements

were achieved when using continuous variables, but the

mass was found to be the same after rounding up the

number of plies in each panel to even numbers. While

the GA was used to achieve a global optimization, the

algorithm may still have converged to a local optimum

in some cases.

For low amounts of forward-sweep, the optimum struc-

tural mass was found to show a small sensitivity to

the ambient dynamic pressure q∞, which is related to

the flight Mach number M∞ at given flying conditions

(without considering compressibility effects). At large

forward-sweep angles, there is a trend of increasing the

structural mass even further for higher values of q∞.

This can be explained by the divergence constraint,

which grows more and more dominant for higher amounts

of forward-sweep. The wings must neither diverge nor

exhibit large deformations up to the specified dynamic

pressure. This trend is no longer present for small an-

gles of forward-sweep.

The optimum distributions of EI, GJ and K were an-

alyzed. The results are plotted against ȳ in figure 5, for

Λ = −15◦ and M∞ = 0.8. As expected, the stiffnesses

decrease towards the tip, as the chord and moments are

reducing. Flexural and torsional rigidities are of similar

magnitude, while κ assumes only positive values. As es-

tablished earlier, positive κ cause pitch-down twisting

when bending upwards and thus mitigate aeroelastic

divergence. Large values of κ occur especially towards

the center and tip of the wing, where larger twists and

deflections occur.

The stiffnesses were approximated as constant over

each discretization segment. Accuracy can be improved

using a higher-order interpolation or finer discretization

of the wing. A general trend to higher values of κ for

larger amounts of forward-sweep was observed, espe-

cially for the centremost panels.

An interesting phenomenon can be seen in figure 4. The

lift distribution is shown along with the varying chord

and section lift coefficient along the wing. The lift coef-

ficient is nearly constant for low forward-sweep angles,

yielding a lift distribution that decreases almost linearly

with the chord (4a). As the amount of forward-sweep

increases, the loads shift more and more towards the

center of the wing (4a-c). This is caused by a bending-

induced increase of the angle of attack towards the tip

(figure 6). The lift distribution does not drop to zero

at the wing tip, as the simple strip theory was used

to approximate the wing aerodynamics. More accurate

aerodynamic models would produce lower loads towards

the tip. However, the lower internal moments at the tip

lead to lower sensitivity as noted above.
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Fig. 4 Lift distributions of optimum results, obtained for a cruise M∞ = 0.7 and Λ = 0◦ (a), −15◦ (b) and −30◦ (c).

Fig. 5 Optimum stiffnesses EI, G and κ. Results obtained
for Λ = −15◦, M∞ = 0.8
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At Mach 0.7, the optimum αr is at the maximum per-

mitted value of 5◦ for an unswept wing.(figure 6a-c).

The optimum for a forward-sweep of -30◦ is found to

be αr = 0.6◦ (figure 6d-f). The lift constraint thus

turns out to be fairly dominant for the optimization if

the wing area cannot be changed.

Interestingly, the side panels, i.e. front and rear spar,

tend to be thicker than the top and bottom panels. This

difference in thickness grows more and more prominent

towards the wing tip (figure 7). This could be due to

the loads acting on the wing in shear and bending, and

the poor performance of composites in shear compared

to tension and compression. The top and bottom pan-

els mainly experience tension and compression due to

bending, while the side panels carry the shear loads.

A noticeable insight is the large fraction of 45◦ plies

in the top panel. Figure 8 illustrates this behavior for

a Mach number of 0.8, but the same trend can be ob-

served for all simulations. It is responsible for creating

positive coupling constants K and κ to mitigate aeroe-

lastic divergence. Due to the asymmetric stiffness de-

sign (Sect. 5), the number of 45◦ plies in the top panel
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Fig. 8 Ply percentages in top panel of wing discretization
segment 2 vs. Λ, at M∞ = 0.8.

corresponds to an equal number of -45◦ plies in the

bottom panel and vice versa. There is a slight trend for

more 45◦ plies in the top panel as the amount of forward

sweep grows larger, especially for the centremost panels

2-4. This leads to an increase in κ. Due to the relatively

small influence of the tip-most panel, data is especially

noisy for this discretization segment and does not show

any clear trend towards a certain ply direction.

Furthermore, the panels contain a high percentage of 0◦

plies. This was expected, since 0◦ plies are most suit-

able to avoid excessive lift-induced bending. They are

oriented parallel to the elastic axis and therefore exhibit

their greatest stiffness in that direction.

To provide a measure of the mass reduction achieved

by optimization models, the results are compared to

a reference wing. This wing consists of quasi-isotropic

balanced and symmetric composite ply layups, using

the same material and only {0◦,±45◦, 90◦} plies. This

removes bending-torsion coupling entirely and avoids

comparisons to other materials. Only the panel thick-

nesses are optimized, using the same general approach

and aero-structural models as were used for the opti-

misation of the anisotropic beam. The reference wing

therefore represents an optimized design when no bend-

twist coupling is present and the divergence problem

is overcome by increased stiffness alone. This makes it

possible to estimate weight savings achieved by aeroe-

lastic tailoring. The minimum mass of the uncoupled

reference wing was found to be 760.67 kg, for a sweep

angle of -25◦ and a cruise Mach number of 0.7. The

stacking sequence optimization obtained a mass of 663.82

kg for the same configuration, which amounts to a wing-

box mass reduction of 13%.

8 Conclusion

Modern composite materials allow the design of struc-

turally coupled wings to avoid aeroelastic phenomena

such as wing divergence. A preliminary aircraft design

method for aeroelastic tailoring of forward-swept com-

posite wings has been presented, which can take into ac-

count manufacturing constraints. Bending-torsion cou-

pling was exploited to avoid static divergence by opti-

mizing the stacking sequences of wing panels. Weight

savings derived from introducing composite tailoring

have been obtained which could be used in the prelim-

inary design stages. The optimization was enabled by

using relatively computationally cheap models instead

of a high-fidelity FE-CFD aeroelastic analysis. It allows

the construction of simple plots and the identification of

trade-offs (for example with the angle of forward-sweep)

in preliminary design stages. While this gives an indi-
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cation of the weight savings available by applying com-

posite tailoring it should be noted that for real aircraft

the thickness of the panels is not necessarily symmetric,

with the top panels typically containing more plies to

prevent buckling.

Results confirm that positive coupling terms increase

the divergence speed. Large percentage fractions (typi-

cally 30% to 35%) of 45◦ plies in the top panels and -45◦

plies in the bottom panels were found to be responsi-

ble for the coupling. Furthermore, the optimized wings

also contain many 0◦ plies to withstand the lift derived

bending. Results were compared to an optimized un-

coupled reference wing that only uses quasi-isotropic

layups. The configuration made use of an elastic axis

sweep of -25◦ at M∞ = 0.7. The LP-based optimiza-

tion achieved a wingbox mass reduction of 13%. Re-

sults showed an increasing wingbox mass and stiffness

for increasing forward-sweep, which was mainly due to

the aeroelastic divergence constraint.

The influence of the V D parameters and the final stack-

ing sequence was found to be of negligible importance

for the mechanical behavior, compared to the num-

ber of plies in each direction. The stacking sequence

matters mostly for the assessment of structural fail-

ure and therefore allows the stacking sequence to be

driven by manufacturability constraints [33]. Results in-

dicate that a lower-fidelity structural model using just

the panels’ [A] matrices could achieve similar results,

while allowing to reduce the number of design variables.

Additional objectives or constraints could be considered

with the additional flexibility that not having to match

the V D provides. This includes aileron effectiveness or

reversal, flutter speed, cruise range or manufacturing

constraints. Accuracy can be improved by using higher-

order interpolations of the stiffnesses EI, GJ and K

between discretization points along the wing.
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Appendix A Divergence calculation (Ritz

method)

The matrix [M] (equation 21) is of the size (Nθ + Nw) ×
(Nθ +Nw), and is given by:

[M] = −[Astiff ]−1[Aaero] (44)

[Astiff ] =

[
−[D] −[E]
−[C] −[D]

]
, [Aaero] =

[
[K] [Q]
[R] [S]

]
(45)

Kij = − sin(Λ) cos(Λ)W̃
(2)
ij (46)

Qij = cos3(Λ) W̃
(1)
ij (47)

Rij = − sin(Λ) cos(Λ) W̃
(4)
ij − sin2(Λ) cos(Λ)(W̃

(6)
ij + W̃

(8)
ij )

(48)

Sij = cos2(Λ)W̃
(3)
ij + sin(Λ) cos2(Λ)(W̃

(5)
ij + W̃

(7)
ij ) (49)

The matrices [C],[D],[E],[W̃ (k),k=1...8] are obtained as inte-
grals of the chosen shape functions:

Cij =

∫ l

0

EIψ′′i ψ
′′
j dȳ (50)

Dij =

∫ l

0

Kψ′′i ϕ
′
j dȳ (51)

Eij =

∫ l

0

GJϕ′iϕ
′
j dȳ (52)

W̃
(1)
ij =

∫ l

0

ecclαϕiϕj dȳ (53)

W̃
(2)
ij =

∫ l

0

ecclαϕiψ
′
j dȳ (54)

W̃
(3)
ij =

∫ l

0

cclαψiϕj dȳ (55)

W̃
(4)
ij =

∫ l

0

cclαψiψ
′
j dȳ (56)

W̃
(5)
ij =

∫ l

0

(ecclα)′ψiϕj dȳ (57)

W̃
(6)
ij =

∫ l

0

(ecclα)′ψiψ
′
j dȳ (58)

W̃
(7)
ij =

∫ l

0

ecclαψiϕ
′
j dȳ (59)

W̃
(8)
ij =

∫ l

0

ecclαψiψ
′′
j dȳ (60)

The largest positive eigenvalue of [M] is then used to obtain
the divergence dynamic pressure.

Appendix B Lamination parameters

The material invariant matrices [Γi] [45] and the material
invariants Ui [26] are defined as:

[Γ0] =

U1 U4 0
U4 U1 0
0 0 U5

 , [Γ1] =

U2 0 0
0 −U2 0
0 0 0

 (61)

http://uk.mathworks.com/help/matlab/ref/bvp4c.html
http://uk.mathworks.com/help/matlab/ref/bvp4c.html
http://www.toraycfa.com/pdfs/T300DataSheet.pdf
https://campus.tum.de/tumonline/LV_TX.wbDisplayTerminDoc?pTerminDocNr=5322
https://campus.tum.de/tumonline/LV_TX.wbDisplayTerminDoc?pTerminDocNr=5322


14 Christopher Bach et al.

[Γ2] =
1

2

 0 0 U2

0 0 U2

U2 U2 0

 , [Γ3] =

 U3 −U3 0
−U3 U3 0

0 0 −U3

 (62)

[Γ4] =

 0 0 U3

0 0 −U3

U3 −U3 0

 (63)

U1 =
1

8
(3Q11 + 3Q22 + 2Q12 + 4Q66) (64)

U2 =
1

2
(Q11 −Q22) (65)

U3 =
1

8
(Q11 +Q22 − 2Q12 − 4Q66) (66)

U4 =
1

8
(Q11 +Q22 + 6Q12 − 4Q66) (67)

U5 =
1

8
(Q11 +Q22 − 2Q12 + 4Q66) (68)

Since θ does not vary within a single lamina, the integral
expressions (1-3) can be simplified to obtain a summation
over all plies within a laminate. By requiring that each ply
be of the same thickness t, the following expressions can be
derived, N being the total number of plies [45]:
V A1
V A2
V A3
V A4

 =
1

N

N∑
k=1


cos 2θk
sin 2θk
cos 4θk
sin 4θk

 (69)


V B1
V B2
V B3
V B4

 =
2

N2

N∑
k=1

(
(
N

2
− k + 1)2 − (

N

2
− k)2

)
cos 2θk
sin 2θk
cos 4θk
sin 4θk


(70)

V D1
V D2
V D3
V D4

 =
4

N3

N∑
k=1

(
(
N

2
− k + 1)3 − (

N

2
− k)3

)
cos 2θk
sin 2θk
cos 4θk
sin 4θk


(71)

Appendix C Reduced stiffness matrix

For each panel, a reduced stiffness matrix is obtained by ne-
glecting the normal stress Ns and bending moment Ms about
s. The laminates considered here are symmetric. The follow-
ing relations exist between panel resultant forces and mid-
plane strains and between moments and curvatures [3] [26]:NzNs
Nsz

 =
[
A
]  εzεs
γsz

 ,
Mz

Ms

Msz

 =
[
D
]  κzκs
κsz

 (72)

Where [A] and [D] are the extensional and bending stiffness
matrices of the panel considered, as defined by [26]. The two
matrices are inverted, their second row and column are ne-
glected, and the 4 × 4 resulting matrices are inverted again.
The expressions (72) hence become:[
Nz
Nsz

]
=

[
AzAsz
AszAs

] [
εz
γsz

]
,

[
Mz

Msz

]
=

[
DzDsz
DszDs

] [
κz
κsz

]
(73)

And the reduced matrices are:

[
XzXsz
XszXs

]
=

 X11 −
X2

12

X22
X13 −

X12X23

X22

X13 −
X12X23

X22
X33 −

X2
23

X22

 (74)

Where X can be replaced by A or D.
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