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ABSTRACT  

Using analytic techniques, it is shown that vorticity 

production due to heating from the ocean surface in a mid-

latitude Atlantic cyclone is significant only if the scale 

of the heating pattern is set by processes within the cyclone 

rather than by the sea-surface temperatures. 

In a case-study of an intense Atlantic cyclone, the 

linear properties of the omega-equation provide a method of 

partitioning vorticity production into diabatic and adiabatic 

contributions. 	This case study reveals that the diabatic 

processes are important to the vorticity budget but cannot 

account for the depth of the low pressure centre nor for the 

presence of the back-bent occlusion. 

A useful technique for obtaining geostrophic trajectories 

relative to a moving system is proposed and used to find the 

path of air into the surface vorticity maximum. 	This path 

is shown to lie along the warm front. 
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CHAPTER I INTRODUCTION  

In 1921 J.Bjerknes and H.Solberg introduced a synoptic model 

of a cyclone and with it a new era in meteorology. 	The model 

provided an elegant picture of the history and structure of the 

weather systems associated with middle latitude depressions. 

This simplified the problem of analysing observations and suggested 

the physical processes responsible for the growth of the cyclone. 

The depression was thought to originate as an unstable wave on 

the sloping surface of discontinuity separating air masses of 

different characteristics. 	The kinetic energy of the growing 

disturbance comes from the potential energy released as the cold 

air sinks relative to the warm air, and the areas of extensive 

rain and layer cloud or blue sky and cumulus convection are in 

turn related to the sign of the vertical velocities. 	A detailed 

account of the history of the cyclone model prior (and subsequent) 

to the introduction of the Bjerknes model has been given by 

Ludlam (1966). 

It is a measure of the success of the Bjerknes model that 

it is still the accepted picture of surface weather after almost 

half a century. 	The main deficiencies of the model became 

apparent as the number of upper air observations increased and 

the sharp temperature discontinuity of the surface polar front 

was found not to exist away from the surface; instead the 

temperature gradient is spread fairly uniformly through a diffuse 

baroclinic zone. 



Petterssen et al. (1962) have incorporated the greater 

knowledge of upper air conditions into an improved cyclone model 

by taking averages of important meteorological variables over 

a number of cyclones. 	The life of a cyclone was split up into 

5 stages and the averaging performed separately for each stage 

on a grid of points which deforms from cyclone to cyclone so as 

to remain in the same position relative to the front. 

A physical variable which is not included in the Petterssen 

paper is the surface vorticity and indeed this variable has 

received little attention from authors generally, although it 

is an important quantity fundamental to the dynamics of a system 

and closely related to the vertical velocity. 	Any explanation 

of cyclone dynamics must be able to account for the vorticity 

distributions and the vorticity distribution is probably the 

simplest feature with which to begin, since for cyclone scale 

motion the vorticity equation reduces to a simple kinematic  

constraint on the velocities. 	Accordingly the latter part of 

this thesis is concerned with portraying the evolving surface 

vorticity pattern and relating this to particle trajectories 

near to the surface relative to the storm. 	Trajectories and 

relative trajectories near to the surface have been computed 

by Shaw (1908) but these were made before the introduction of 

the Norwegian cyclone model, and used reported winds from land 

stations in the British Isles which restricts their life span. 

Furthermore the influence of friction reduces the extent to 

which they are representative of the lower layers of air. 
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With the discovery that the baroclinic zone aloft is broader 

and more diffuse than at the surface, attention in the theoretical 

attack on the cyclone problem switched from the stability properties 

of waves on a sloping density discontinuity (where it had been 

directed by the Norwegian model (Solberg 1928) ) to the stability 

properties of waves in a broad baroclinic zone. 

The complexity of the mathematics of the problem demands 

some simplification, principally the linearisation of the equations 

of motion by considering small perturbations from a simple basic 

flow and the removal of unwanted phenomena (e.g. sound and gravity 

waves) by suitable assumptions about the dimensions of the motion 

system. 	Solutions to this simplified problem were published 

by Charney (1947) and Eady (1949). 	These studies confirm that 

the kinetic energy is gained by the growing disturbances at the 

expense of the potential energy of the basic flow. 

After assuming that there is a positive correlation between 

the displacement of a particle from the initial position in the 

basic flow, and its meridional velocity vector, Fjortoft (1951) 

was able to conclude that "as requirements for potential energy 

to be fed into the disturbances (i) horizontal temperature gradients 

must exist and (ii) the slope of the streamlines in the meridional 

planes... must be of the same sign as the slope ... of the 

isentropic surfaces of the mean flow but have smaller magnitude". 

Observational evidence of the validity of this conclusion 

is provided by figs.1.1 and 1..2. 	12 hours after fig.1.1 the 
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wave with central pressure 979 mb was 500 n.m. to the ENE with 

a central pressure of 980 mb. 	The meridional velocities are 

calculated from the geostrophicgr-equation in the vertical and 

the geostrophic approximation in the horizontal. 	The slope of 

the meridional streamlines is greater than that of the isentropes 

so that according to the criterion above the wave is converting 

eddy kinetic energy into potential energy. 	In agreement with 

this diagnosis the wave does not develop. 	The isentropes in 

fig.1.2 are those to be found along the longitude 5 east (chosen 

because of abundance of observations) rather than the zonal mean 

isotherms but this does not invalidate the conclusions because 

the average slope of the isentropes will be less than in the region 

portrayed where the wave has brought the warm sector air in from 

further south, steepening the gradient. 

Another possible energy source for cyclone scale motions 

is the kinetic energy of a basic flow with horizontal shear. 

This type of disturbance has been studied extensively by Kuo (1949). 

It is unlikely however that such disturbances are very important 

in the cyclone context, as the kinetic energy of the mean 

circulation must be maintained by energy conversions from its 

potential energy and such energy conversions are not possible 

for those disturbances growing at the expense of the kinetic 

energy of the basic flow. 

Since energy fed into the disturbance is released by warmer 

air rising and cooler air sinking, the greatest amount of 

"stretching" of vortex tubes, and therefore the greatest values 
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of vorticity near to the surface in deep cyclones are to be 

expected to be situated in warm air masses. 	Observations show 

however that the surface vorticity concentrations in deep cyclones 

are hundreds of kilometers away from the fronts in the cold air 

mass and usually in a "domeu of cold air several degrees colder 

than the surrounding air. 	This phenomenon can be seen in fig.1.2 

where the cross section passes near the centre of the decaying 

cyclone near 63°N. 

Because the cold air supports intense convection it is 

reasonable to investigate what the effect of the heat flux from 

the ocean surface has on the cyclone dynamics. 	Petterssen et al. 

(op. cit.) have computed changes in thickness with and without 

sensible heat flux from the ocean. 	The heat flux was calculated 

from Jacobs formula and its inclusion produced marked improvements 

in predictions of 3 hr changes in thickness of the 1000-500 mb 

layer. 	The total changes exceed the adiabatic changes by over 

50% in some areas. 	In chapter III of this thesis, the method 

used by Petterssen et al. to analyse thickness changes is extended 

to study the role of the heating in producing the vorticity 

concentration in the cold air mass. 	Improvements are made in 

the way the heat flux is measured by using the bulk aerodynamical 

equations with variable drag coefficient rather than Jacobs 

climatological formula used by Petterssen. 	The effect of 

frictionally induced convergence is also included and a further 

improvement in the analysis is brought about by using an Tr-equation 

with more detail in the vertical than the 3-level model used 



by Petterssen and by the use of a more appropriate horizontal 

grid length. 
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CHAPTER II  

2.1 	Introduction  

By the time that a mid-latitude cyclone has reached its 

deepest stage, the centre of low pressure at the surface is some 

hundreds of kilometres away from the fronts in the cold air mass. 

The associated vorticity pattern consists of two regions of high 

values of the vorticity, one related to the low pressure centre 

and the other to the fronts. 	Elsewhere the vorticity has 

considerably lower values. 	Many deep cyclones also develop a 

pronounced trough in the cold north to northwesterly flow in the 

rear of the cyclone (the back-bent occlusion of the Norwegian 

Cyclone model). 	This trough is also found to contain high values 

of vorticity. 

The kinetic energy of the cyclone is provided by the release 

of potential energy due to the cold air mass sinking relative to 

the warm air mass. 	The vorticity maxima associated with the 

centre and, more particularly, the trough are thus to be found 

in air which is expected to be subsiding, thus shrinking the air 

columns and destroying vorticity. 	It is necessary therefore to 

look for some physical process to provide the high vorticity values 

found in the trough. 

The trough is observed to be a region containing deep, 

showering, cumulus, and this leads to a consideration that th_ 

associated surface heating may be related to the production of 

vorticity. 	In this chapter this process is investigated in 

considerable detail. 	Basically it is suggested that the deep 
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cumulus mark a region of intense heating, and that the temperature 

gradients so produced require the circulation round this area 

of heating to decrease upwards in order to satisfy the thermal 

wind balance. 	This upward decrease of circulation is brought 

about by ascent of air in the middle levels which creates cyclonic 

vorticity near the surface. 	The same process is also responsible 

for the summer heat lows that form over land. 

In this chapter perturbation analysis is applied to 

investigate the structure of the vorticity patterns produced by 

localised heating and to obtain the orders of magnitude of the 

changes. 	It is shown that significant quantities of vorticity 

can be created, in amount comparable to the Coriolis parameter 

in a day. 

2.2 	Basic Equations  

We shall use the simplest possible model of the atmosphere 

capable of representing the processes under investigation, by 

introducing the following hypotheses. 	The atmosphere is 

incompressible in the sense that the inertial effects of the 

change of density with height are ignored; i.e. the density scale 

height is taken as infinite. 	It is rotating on a flat earth with. 

constant Coriolis parameter and small Rossby number so that the 

motion is geostrophic. 	Finally it is assumed to be stably 

stratified. 	Under these hypotheses a consistent set of hydro- 

dynamical and thermodynamical equations is: 
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The vorticity equation 

The continuity equation 

 

( 2. 1 ) 

 

-which allows v to be represented by a stream function -1/4f 

 

V = A V 

 

(2.2) SO 

 

The thermodynamical equation 

  

(2.3) 

  

where 	is proportional to the entropy, and here represents --4.1oap 

It is thus analogous to the logarithm of potential temperature in 

the real atmosphere. 	Q represents the rate of gain of entropy 

by the fluid particles, and here has 'the dimension (time)-1 

The thermal wind equation 2'1't =1kAVs/ 
aZ f 

whence 	(2.4) 
z f 

.It is convenient to express 4) as a steady horizontal mean 

value with small perturbations ci)(x,,9,z,t) 	superimposed on it. 

The mean will be assumed to have the form Bz, where B , the 

static stability, is a positive constant. 	Thus C ==Bz-4-4), 

Neglecting vv az 	in comparison with wB, (2.3) can be 

rewritten 

cl) 
\Dt 	

wB = 
/h  

 

(2.3a) 

 



By eliminating w between (2.5a) and (2.1); using (2.4) 

and noting that from (2.2), 	v 	we obtain the equation 

for T.  as 

17 

  

f 2  a2T = aQ 
3B a z2 j 	B az  

 

2.5) Dt h  

 

This equation is non-linear in t..1as -Ur occurs in (----) Dt h  
We shall consider perturbations of a basic adiabatic flow 

specified by To. Then with v = kA7T 	and 	0  +4, I  
(2.5) can be linearised by neglecting products of perturbation 

quantities. 	Since the basic flow is irrotational and independent 

of height in all the cases to be considered below, the linearised 

form of (2.5) can be expressed as: 

(Tta 	v-R IV )( 721r  + 	alifax:2-) = ;) aaG2 

 

	(2.6) 

 

2.3 	Atmosphere initially  at rest with Q independent of z  

We now investigate the simplest possible model with heating, 

that of an atmosphere at rest initially in which there is a 

heat source whose effect on the entropy of the particles is 

independent of height. 	i.e. we put \to= 0 	and -142._ = 
az 

We shall further assume that the motion takes place between 

rigid horizontal boundaries at 	±h/2, 	The condition that Vo =0 

is not necessarily severely restrictive in the atmospheric 

analogy because the resulting equations would apply equally well 
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to a uniform air stream containing a heat source moving with 

the mean motion, provided that the co-ordinate frame of the 

equations is regarded as moving with the mean motion. 

(2.6) now becomes 

a 
Di-
f  . 113: 

0 	(2.7) at 

2.31. Harmonic Q  

We shall seek separable solutions of the form 

= 	F(t) N(z) 	 + jtz) 

where F. denotes "real part of". 

Putting this expression in (2.7) gives 

dF 	2 
dt l 313 dz2- 

0 	(2.8) 

One solution is cI P — 0 but this can be eliminated, 
dt — 

since on substitution into (2.4) and (2.3a) we find that Bw = Q 

so that with Qi.0 at the boundary the conditions of W=O at z=+ 11/2. 

cannot be satisfied. 	It is clear that SE =0 is achieved 
dt 

if the entropy field remains unaltered because vertical velocities 

compensate for the regions of heating and cooling. 	Near the 

rigid lids these vertical velocities are suppressed and the 

compensation becomes impossible. 	We shall see that the com- 

pensation does take place in middle levels where the solution 
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resembles the c1F =0 case. dt 
The only other solution of (2.8) is 

N= 	C siinh n1 z 	D cosh nnz 

where 	rn2  = 	+P-2)91?) and C.,1) are constants to be determined 
S2  

by the boundary conditions W=0 at Z = ± 11/2. These are 

applied through (2.3a) and (2.4) and can be expressed:- 

 

df d 
9 dt az °I/2T  (')tx 	1-1-1)/ 	Q-+ 11/2 (=Q  2,  

  

	<2.9) 

   

    

Thus if Q is assumed separable and of the form 

   

 

Q = Q.:.qc() 4/9)10‘ax. + pa4)) 

  

2.10) 

   

we shall have 
	

( )t) = h a 04a) 

1) 
	

0 

d F = Est X `r(t) 
dt 

We shall put F(o) = 0 since the part of the solution corresponding 

to F(o) 4 0 simply persists unaltered by the heating whereas 

we seek the flow caused by the heating. 	Thus the solution 

for 	is 

t 
= 	B --1 	15: Qh 	[f (t') 	s'unh ma 	(?\ qx,  cos 	o 

	(2.11) 

The pattern of heating need not be restricted as in (2.10) 

to sinusoidal variations in the horizontal but could be any 
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general function of X,J. 	In such a case a method of procedure 

is to Fourier analyse Q into components of the form (2.10). 

To each component would correspond a * of the form (2.11) and 

these can be summed to give the general* corresponding to the 

general Q. 

The amplitude of '4'  and hence 	
(=0 

2.141) is proportional 

to .(ft.') cif 	i.e. the vorticity produced is proportional to 
0 

the total amount of heat liberated. 	If the heat source is 

removed the vorticity pattern ceases to develop because the 

vertical velocity becomes zero. 	This may be contrasted with 

the situation in a thermal. 	In the case of a thermal the 

solenoids in vertical planes create horizontal vorticity 

components in a sense which continues to raise the warm air 

even when the heat source is removed whereas in the processes 

studied in this chapter the motion is always in equilibrium 

because the wind shear with height produced to satisfy the 

thermal wind equation is associated with a change of Coriolis 

force with height, the torque of which exactly balances the 

effect of solenoids in vertical planes. 	The question of 

whether this equilibrium is stable or whether smaller scale 

motions can release the available potential energy is not 

entered into here. 

Over land the proportionality between the vorticity and 

the total heat liberated leads to the expectation that summer 

heat lows grow only during the daytime since their heat source 

is the ground which acts as a source only because of the insolation. 
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On the other hand the sea surface temperature shows practically 

no diurnal variation on account of the vast heat capacity of 

the ocean. 	Thus in the situations investigated here, where 

cold air is being swept southwards in the rear of deep Atlantic 

cyclones, finding progressively warmer water beneath, a heating 

function independent of time is more realistic, with the amplitude 

of the corresponding '14.1 field increasing linearly with time. 

To C) of the form (2.10) corresponds a tel  given by (2.11) 

and .Kno„ 	2 	-4/ 

3ret, 
sinti mz 
cpsk 

2 

t 
dt 

0 

 

(2.12) 

 

The phase lines of X correspond with those of C) so far as the 
rat 

horizontal variations are concerned and for Q of the form (2.10). 

The height dependence is such that the maximum values of Q cause 

a cyclone to develop near the lower boundary with an anticyclone 

near the upper boundary. 	At the minimum for Q (maximum cooling) 

a surface anticyclone develops surmounted by an upper cyclone. 

An outstanding example of this latter effect is to be found over 

Siberia in winter where a surface anticyclone lies under a cyclone 

which extends to great heights. 

2.32 Isolated ;atch of heating  

The sinusoidal heating pattern discussed thus far is not 

very representative of real situations. 	In particular for cold 

air being brought southwards over progressively warmer water, 



.e, 	cos 
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a rate of heating which has a maximum and dies away assymptotically 

to zero at great distances from the maximum is preferable. 

Accordingly we analyse the pattern 

Q = 	(t) 	62  92- +61 

 

	(2.13) 

 

which has a maximum at 	=0 where its value is Q.r, and falls 

off to Ya this maximum value at 	as shown in fig.2.1. 

The restriction to one dimension is for mathematical simplicity 

but the two dimensional case is easily constructed from the result. 

Q can be Fourier analysed into components 

00 

Q = Q0  -c. 61 .e.-1112  cosikj d& 
0 

Using (2.12) (2\ = (3) the corresponding I 	at 
mt. 

z 
4 

is 

•Krei 

where 

and 

F 

J LQ° t 1:(ts)dt] 	
tampQ-Lb2.78 

0 

it r it 	Q. T(e) at' -13 
03 

= jr  v- tank 

A 	hieB  
f 

cos v 	Ci V 

The integral J is too complicated for analytical treatment and 

recourse has to be made to numerical methods. 

Typical values of the parameters in (2.14) are 
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FIG. 2.1. Configuration of isolated patch of heating 

FIG. 2.2. Vorticity configuration corresponding to heating pattern of FIG.2.1. 

J= 
 j

e-v tanh A v cosvx dv 
o 	b 

A = 7 x107  cm 

23 
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ta x los um. 	3 	to3 c/M So,-2 	 = 10`4.  SE. -1  

B 	La  330-19270 — 2. x 10-7  urn -i giving A 7 X 107  um. 
h 

Curves of T against 'X, for various values of b with A =7X107 orn 

are to be found in fig.2.2 	It is seen that JE 	considered as 

a function of 	is practically independent of the width of the 

heating so that the vorticity produced is shown by equations (2.14) 

to be inversely proportional to the width. 

The virtual independence of b exhibited by 1 clearly 

arises because 6 occurs in T only in the factor tarnh Alt'  which 

is very closely equal to 1 over most of the range of integration. 

Since the vorticity is obtained by the effect of stretching 

on the basic vorticity provided by the earth's rotation the 

vorticity produced might be anticipated to be proportional to f. 

It is remarkable therefore that f enters the expression for the 

vorticity produced at the boundaries [(2.12) or (2.14)] only 

through tomh mh 	which is very closely 1 for m > 2.5 say. 
2  

This leads to the surprising inference, which could not have 

been forseen, that for scales of heating sufficiently small, 

the vorticity near the ground is independent of the rate of the 

earth's rotation. 

2.33 Depth of phenomenon  

By (2.4), with C) of form (2.10), 

t 
Q,S -r(f) dt' 

0 
cosh mz 

cosh Lab. 2 
Jul) (7,s,x -4- illqj) 
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Thus(19 is exactly in phase with Q horizontally, is +ve where 

Q is +ve for all z. but has maximum magnitude at the upper and 

lower boundaries. 	This is because ascent [descent] in the +ve 

[-ve] Q region advects in air with smaller [larger] potential 

temperature. 	The presence of the rigid lids prevents this 

compensation near z .t±ht2 so that the maximum (uncompensated) 

d changes are found there. 	For heating patterns with small 

wavelengths (m large) the changes in cl) are confined to regions 

near the boundaries. 	If 6z is the distance from the boundary 

at which 	decreases to 10 % of the boundary value, we have 

cosh mq--E,z) 
cos rn ( h/2) 
	= lito 

which for large m approximates to 

sap rn 6z — to 

	

or 
	Sz 	= 2:3  	

tg; J.712 4_ ).1.2. 

or 5z rsi 
4200 

 

	(2.15) 

 

where L is the horizontal wavelength. 	It is readily shown by 

similar arguments that for short horizontal wavelengths the 

vorticity also falls by a factor of 10 a distance 8z (given by 

(2.15)) from the rigid lids. 

2.34 Magnitude of effect  

We will now investigate the rate of production of vorticity 
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by the mechanisms set out above. 

Typical values of the parameters are:- 

hr, to x toy 	, 	3 ,-- 10s  cm sac-2, 	$ = 104.  ss,c,— ,  

B = 2 x 10-7  om-i 	L = 1000 km 

We further assume that the heating at its maximum is 

capable of changing the potential temperature of the air by 

5°K/day. 	Craddock (1951) following trajectories of air particles 

over the Eastern Atlantic finds changes in temperature in excess 

of 10°K in 21+ hrs. 	These large heating rates do not extend 

throughout the troposphere but only up to 600 or 700 mb. 

Averaged throughout the troposphere gives figures comparable 

with 5°K/day as used here. 	However Craddock neglected the 

effects of subsidence which will lead to some overestimation of 

the heating rate. 

With the values quoted here, at the end of one day 
ret. 

is of order 10-4  sec-1, the value of the Coriolis parameter. 

This is an appreciable amount and suggests the importance of the 

process, provided that patches of heating of, this scale can 

be shown to be present. 	We shall demonstrate in a case study 

in the next chapter that such rates of production of vorticity 

due to heating from the sea surface are indeed to be found in 

an intense Atlantic cyclone. 	With a wavelength L of 1000 km 

as assumed above the depth of the layer in which the principal 

vorticity changes take place is seen to be something rather less 

than 2 km by (2.15) so that any large vorticity regions nroduced 
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by this mechanism occur in a shallow surface layer. 

We may note further that if the typical values are inserted 

Vcia11J 	2b 	X 1°7 Qin  = 	• 

It follows that a representative space scale is not really the 

wavelength in the sinusoidal case but rather the reciprocal of 

the wave number — 	Another consequence is that since the 
2Tc 

sea surface temperature has a scale of order 103  km, heating 

patterns of sufficiently small scale to produce large vorticity 

production rates must have this scale set by processes in the 

cyclone. 

In the next sections the model presented above is generalised 

somewhat to investigate whether important phenomena have been 

omitted from the description, and to provide a framework of 

ideas which helps in the interpretation of results in Chapter III. 

2.4 	Atmosphere initially at rest with step function heating  

As we remarked above, the supply of heat to the atmosphere 

is not usually independent of height, but is restricted to the 

lower few hundred millibars. 	The top of the cumulus cloud layer 

in which the heat transfer is effected is usually quite marked 

and is roughly horizontal. 	A step towards generalising the 

model, making it more realistic is then to have a heating function 

which is independent of height up to a certain height, and zero 

above that. 	It is convenient to make the z-origin coincide 

with the discontinuity in Q and to let the heights of the rigid 

boundaries be ±h, and —ha. 

into (2.14) to get 
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The heating function is of the form 

- 62,1 z < 0  
0 	 0 <z 	h, 

The right hand side of equation (2.6) is now zero everywhere 

except at z= 0 where it is undefined (infinite). 	This prevents 

the entire space from being treated at once. 

Let the suffices t >  a represent quantities in the regions 

z > 0 and z < 0 respectively. 

Integrating (2.6) from z. = -E to z = -Fe where E. is 
small, gives 

E (N1. 0  - ),, V-411 z.E + M. )h  V Nill 	j z=-t 	+ 0 (el 

z=.+E 	L Dtolh 911 az j 	B (., 	Qz..-E1 + 	[( . ) 4—'1 a-q-ci 	_ re 1 f z  ay.:1 	-_-_-. J-._.Qz1---1•E— Dt. hi  grs a z 	 zz-E 2 
If E->0 this condition becomes equivalent to forcing w to be 

continuous at z = 0 by means of equations (2.3a) and (2.4). 

Thus the solution is obtained by finding -4; ,-W2  satisfying 

.e„4„, 

at ( 	.41 	 ) 	0 	j . 1,2 3B z2 

 

(2.16) 

 

and joining them subject to the continuity of w and 	at z = 0, 

with W = 0 at z +1-11 , z = -h2  as further constraints. 

Again vie shall have 	Nri  = Fi  (±) NJ  (z) 7,4 12-(xf i ()t.ix jAi 

It is clear that the imposition of the boundary conditions will 
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require 
	

(.?'.1 	 11q) 
	as before so this will be 

assumed here and the suffices dropped. 	It is also clear that 

we must have F, 	F2  and 	 as in the previous section. 

(2.6) reduces to 

42 
A) 	al) - CX4,2 	 C) 311. Bz 

j 	1,2 

whence INN . = C. S 	M 	1). cosh m z 	(7\' + /AI)  

Now clpj  = 	3'4)1  = 	F (t)  m {  
cosh mz + siinh rral 8z 

As previously, with Q of the form Ga.  = Q0  TL-OR -wo (-10-+)19) 
the condition W=0 at z= —hz  requires 

FV) 
	and 

9 
m fC

2- 
cast() mhz  — D2  simh mh.2 1 = Q.. 

W=0 at z h. becomes CI  cosh Mh , 	sunii inh, = 0 

w continuous at z=0 leads to f m c  _ 	f m C, — Q. 
9 

Continuity of pressure is the same as continuity of -\.4r (to order Ro  

and this implies /1  = D. 

The complete equations for C„ Cz, D, D2  obtained from 

these four boundary conditions are 

cosh 	tyli), 

0 

p 

cosh mh,. 

0 

sirnh mh, 

I 

0 
- siinh 

—1 

\ ( C, 
Cz  

/ 	\ 
Frn 	° 

Qo 
0 / 
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FIG. 2.3. 	Vertical profile of amplitudes in 2 regime case 



The determinant of this matrix has the value smith rn(h,+h) 

so that the simultaneous equations are always soluble for 

heating patterns with non-zero wave number. 

The solutions are 
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{cosh rnh, I} cosh mh, 
Si/C111 M (hi  +112) 

{cosh M 	simh 
siinh rn (h, + h2) 

I)1 =1)2. 	Sm 0
°  

m Q  0 

siinh mh, cosh mh, 	sidnh  mh  
sin') h rn( h, + h,) 

cosh mht  cosh m ( h, z) — cask rn (h1 —z) 
simh m ( h, + 11.3.) 

cosh mh, cosh m (h, — z) — cosh rn(1-1,— z) 
siihh m (h, + 

cosh 	sLohm(h. — z)  
m( h, 

mh, simh m (h -A- z) 	Siinh rn(hi  
sirnh m(h, + h,) 

cz 	= 	 Q 
° 

leading to 

"\K = trn [f cit] 

= fm 
co, — 	[sf Q2 dt] 

4)a  = 	ij(),dt1 
Fig.2.3 shows the amplitude of 	Q, '\.1.1) 	w as function of z. 

The vorticity
nA 	

can easily be visualised 

from the NI field. 

The largest vorticities found anywhere are at the ground, 

z =:--1127  where the phase is the same as in the previous case of 

Q independent of Z. 	In contrast to the previous case however, 

the height of the maximum of anticyclonic vorticity found above 

the maximum heating position is not at the upper boundary but 

immediately at the top of the heating regime. 
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The linearised vorticity equation implies that a w oc 
B 

regarded as functions of z from which it follows that aw  is 
Dz_ 

continuous across the join at z=.0 and furthermore that the 

maximum of w occurs within the heating region (where 'd = 0). 
The variation of ck  with z shows a discontinuity which 

has the sense of potential instability over_the +ve Q regions. 

The discontinuity arises in the model because vertical advection 

of 4) takes place with the unmodified basic lapse rate. 	In 

the real atmosphere the inter-regime advection carries warmed 

air into the upper regime preventing the discontinuity from 

developing. 	The potential instability (only in +ve Q areas) 

must be regarded as a consequence of assuming large ac?  at z =10. 
B4 

Such instabilities are prevented in the atmosphere by small scale 

convection which restores the lapse rate to one neutral for that 

process. 

To obtain typical production rates of vorticity we use 

(Lt) h  
( 712  + 1-42.) 9  L (: i ),.citi cosh 	—  cost" m( h, h,)  

B 	 rn h, 

which with h, = 7 km, h3  = 3 km, Q = 12°K/day and other 
values as before gives wavelength of 1000 km to produce vorticities 

at the rate 	/day. 	This value of Q is comparable with the 

heating rates found by Craddock mentioned earlier. 	Averaged 

throughout the entire depth of the fluid instead of just the 

bottom layer it is the same as in the previous case so that the 

two layer model has similar vorticity production rates to the 
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simple one layer case although the vertical structure of the 

distribution of op, W)  NK) 	are somewhat different. 

2.5 	Basic flow of constant velocity relative to the heat source  

2.51 Introduction of uniform stream  

In this section the restriction that the basic flow •be 

zero is lifted. 	Instead a constant velocity V. =ILI 	is 

assumed. 	The heating function will be of the type in section 2.3 

above with Q independent of 	This fonaulation will then 

be applicable if Q is due to a warm patch of ocean or land 

surface over which cold air is blowing. 

In such circumstances (2.6) becomes 

(A-  + 	Dx. 	g) 
) (V2-4)- 	--11  V)= 0 6-1  

 

	(2.17) 

 

and the boundary conditions w = 0 at z =±h/2 (imposed 

through (2.3a)) become 

	

[(at 	U.L) 

	

111- 	Di 

	

Q 	(2.18) 
5 	z.±bia  

(2.17) can be satisfied by having (t  -17  LAI) EE C), 

	

i.e. nothing changes following the basic flow. 	The constancy 

of 10 is maintained by the compensation discussed previously. 

This compensation is prevented near the rigid lids so that (2.18) 

cannot be satisfied. 
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2.52 The travelling solution  

If Q is assumed to be constant w.r.t. t and of the 

form Q cc P-QrAf t(Agx cO and 	are readily shown to Ni  

be made up of two parts one of -Which is stationary with constant 

amplitude and the other which is travelling, appearing stationary 

to an observer moving with the mean flow. 	This travelling part 

arises because (13, NJ have initial values differing from their 

stationary parts. 	The "additional field" needed to make the 

stationary fields into the initial values are simply advected 

downstream (i.e. "blown away") with the unperturbed flow to 

become the travelling part of the solution. 

It is clear that the part of the solution which is of 

interest is the stationary part and the travelling part can be 

set equal to zero and so removed. 	If further justification is 

required a Q field could be constructed which for +ve x is 

the same as the one considered above but for -ye C.  is zero. 

No stationary part of the solution would then exist for -)c < 0 

and hence at time t = 0 setting N.f = 0 would involve adding on 

a travelling part which is zero for x. < 0 at t = O. 	At 

subsequent times the zero travelling part progressively invades 

the x > 0 region leaving only the stationary part to contribute 

to the perturbation quantities. 	We shall therefore proceed to 

put -L = 0 immediately. at 

2.53 Harmonic Q  

Then with Q r--- Q0 	) R fifvp tb q x + p (4) 
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h FIG. 2.4. Phases at z = - -2 for uniform stream blowing over sinusoidal 

heating pattern. 



ro.  field at z = 

tarnh 

h/2 is 

) 9 	b 
13 

( 

The corresponding 

7 	Q 
cei 	Li 

and 	Nr = N (a) 'R, .12/7-)p .l. ( -) x ± JAY 

(2.17) is 	i-U 71(—(V -1-kk2 )N + —LI  c.11-1̀1-- ) = C 
.513  d z' 

so that 	N = C 5.-..,Irnb nlz + 1) cosi-, rnz 	YYt = Aiit J7-4---11., 

S.  
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and (2.18) becomes D=0 L .P‘ = and iUC G- 
4 m cosh 2. 

whence 
3  Q 	rnz 	

— 141 	I- 	U m 	"2112. 

Fig. 2.1+ shows the phases of Q N.r., c at the lower 

boundary. 	It will be seen that the maximum vorticity at the 

ground occurs where the air has received its maximum heating. 

2-.54 Isolated...patch of heating  

Again any general Q pattern can be rendered by Fourier 

analysis into harmonic components. 

As an example we consider a heating function of the shape 

of fig.1 but along the oc axis rather than the 9 axis 

61
+

O  
Qa  S 	v.'s x d viz. 

0 



jr, oc re, at z= — ii - 

b = 600 km 
b = 1000 km 
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FIG. 2.5. Vorticity pattern arising from uniform stream blowing over 
heating of form shown in FIG. 2.1. 

.3", = re-x tanh(AX)sinXX dX 
0 

A= 7,107  cm 



—Q~
1 T(')(-) :b 

1'1 
a 9( .-;:t. and A = 24 

jc has been computed for several values of b which are presented 

in fig. 2.5. 

We note that 	 --1- 	If U = 10 m/sec and ..i, is et U 
put equal to about 0.4 in agreement with the values displayed 

in fig.2.5 then to obtain Z
I 

requires heating of order 
re. 

 

100°K/day. 	Since such heating rates are never observed on the 

scale we are considering, it follows that heat lows can only 

form over the land if the average velocity of the air is very 

small as in an anticyclone. 

It also follows that the vorticity produced by air blowing 

over a "hot patch" of ocean cannot be considered significant to 

the cyclone mechanism. 	Heating from the ocean surface can only 

be a significant vorticity source if a small scale pattern of 

heating is produced and maintained by the cyclone itself. 	The 

question of the existence of such features is discussed in the 

next chapter. 

38 

rat 

where 
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CHAPTER III  

3.1 	Introduction  

In the previous chapter a linearised theory was used to 

investigate the efficacy of heat sources in the production of 

vorticity concentrations. 	It was shown that appreciable rates 

of production of vorticity (of order f per day) can be attained 

with heating patterns whose magnitude is typical of that in a 

cold outbreak but whose scale is too small to be set by gradients 

in sea-temperature and would therefore have to be set and 

maintained by processes occurring within the cyclone. 	This 

chapter contains a case study in which the heating effects are 

evaluated for a real situation with a full non-linear theory. 

A comparison is made of the rates of change of vorticity due to 

sensible heat flux, latent heat flux, friction and adiabatic 

motions; the linear properties of the a'-equation are exploited 

to this end. 	The rates of heating in the cumulus-scale motions 

are obtained from fluxes at the ocean surface but because there 

is no acceptable relation between fluxes and bulk parameters, 

various more or less satisfactory empirical formulae are used. 

3.2 Outline of the method of partitioning  

As discussed in greater detail in chapter IV, theft-equation 

can be written 

zz. ) v2crar 	LIZ 	di [y .7(f + 
tel + se 	

af 
tY.7 	

t? 	
- -(3. 1 ) a fi ) 	 f 



Li- 0 

where o - -A- loge and H is the rate of supply of heat to unit - A ap 
mass of atmopphere, and ay 

Dt 

This equation can be solved numerically for 5Y subject to 

suitable boundary conditions and providing the terms on the 

right hand side are known. 	Further details and the mode of 

solution are set out in chapter IV. 

If there were no heating, (3.1) would be 

V2tr 	 a21AT 	f [V •V 	+ VI( V. 	) 

 

	(3.2) 

 

iitL might be called the "adiabatic vertical velocity", since it 

represents that W' which would exist in the absence of any diabatic 

heating. 

Subtracting (3.2) from (3.1) gives 

V20  "56  — 4'2  a01 	c3-- V 2  H 
PCP 

 

(3.3) 

 

where ay. zu - a„ , is that portion of the total vertical velocity 

attributable to the effects of heating. 

With a knowledge of the right hand sides of equations (4.2) 

and (4.3) 	and I; are obtainable, and if the boundary conditions 

are homogeneous, their sum is a solution of (3.1) with the same 

boundary conditions. 

The linear properties of the a7-equation have been exploited 

in this way by Petterssen (1962) and by Krishnamurti (1968). 
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The vorticity equation is:- 

4) =. 

	

b rd 	 Ir(at s) ka) 
bt St. 	- Y.. • Kakis+ 	

7  aa 
Sab,b.p"  

In a barotropic atmosphere in adiabatic motion the only 

term to appear on the right is the first. 	(This is consistent 

with the f$ -equation because for such an atmosphere the R.H.S. 

of (3.1) is zero.] 	The second term represents changes in the 

vorticity produced by adiabatic baroclinic effects, and the 

third term those resulting from diabetic aspects. 	A comparison 

of these terms reveals the importance of the heating to the 

vorticity structure of the cyclone. 

3.3 	The Case Study  

The partitioning methods outlined above have been applied 

to an actual situation, viz. that of 1200218 December 1958 

in the Eastern Atlantic. 

Considerable care has been taken in the preparation of 

the maps. 	Height fields are needed to obtain the adiabatic & 

and these were obtained by adding appropriate thicknesses to the 

surface chart to maintain thermal wind consistency and to make 

fullest use of the detail of the surface charts. 	The technique 

of Hawson and Caton (1961) was applied to reduce the inconsistencies 

introduced by the different types of radiosondes. 

All the maps presented here have had temporal continuity 

imposed through comparison with the situations at adjacent 

or 
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observation times, so as effectively to supplement the observations 

and prevent undue reliance being placed on isolated unrepresentative 

data. 	In the case of pressure and wind fields little is gained 

by this procedure as the patterns are well defined, but in the 

case of air-sea temperature differences and dew points (needed 

for the diabatic terms as explained later) it is vital, as 

these elements show considerable scatter on a scale comparable 

with the spacing between the ships. 	This scatter probably 

arises from non-standard exposure of the thermometers and in 

particular of the dry and wet bulb thermometers which are readily 

affected by air modified by the presence of the ship. 	As a 

result of imposing temporal continuity the temperature maps, 

figs.3.7 and 3.12 can be taken with reasonable confidence to 

represent the temperature and moisture fields on the scale of 

the cyclone even though considerable smoothing was used in their 

preparation. 

3.31 The synoptic situation  

Fig.3.1 shows the surface synoptic situation over the 

Eastern Atlantic for 1200Z 18 December 1958. The area is dominated 

by a deep cyclone, central pressure 950 mb. 	This developed 

from a cold front just off Florida four days previously, the 

first closed isobar appearing on 15th. 	An extensive area of 

continuous rain or drizzle is associated with the occluded front 

lying just west of Spain and France. 	Showers and deep cumulus 

are reported over most of the ocean. 	Of 110 ships reports used 



FIG. 3.1. 	Surface pressure and Weather 1200 	1A DEC 1958. 

St idling shows the area of continuLus rain. 

Pecked squares show boundaries of 13 x 13 and 11 x 11 

grid used in the computations. 
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FIG. 3.2. 	Geostrophic vorticity ccrrerpcnding to FIG. 3.1. 

Absolute vorticity 10-5  sec -1. 

SW' 
	 11=1 .111 - 	Occluded frcnt. 

Note that although this is the same occasion as shown in FIG. 5.10 G, 

the vorticity patterns differ because the methods of computation are 

different. Here vorticities are deduced from machine smoothed heights. 

There the vorticities are deduced from unsmocthed heights and 

smoothed subjectively. 
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in the preparation of fig.3.1, nearly half report showers or 

recent showers. 

The relative geostrophic vorticities corresponding to the 

1000 mb height field are in fig.3.2. 	The maximum vorticity 

coincides with the low pressure centre and there is a "tongue" 

of high vorticity stretching southwestwards from the centre, 

associated with a weak trough in the pressure pattern. 	The 

occluded front also stands out as a region of higher vorticity 

flanked by regions of anticyclonic relative vorticity. 	A 

comparison with fig.3.7 shows that the central vorticity maximum 

is situated in cold air. 	It is the need to reconcile this fact 

with the assumption that the cyclone's kinetic energy grows at 

the expense of the potential energy which provides the impetus 

to investigate the role of heating in producing vorticity 

concentrations. 

3.32 The adiabatic contributions  

The field of 	(fig.3.3) shows rising and sinking motions 

of about the same magnitude at their maxima. 	It is to be 

expected that the inclusion of the effects of latent heat release 

in the ascending air-mass would produce smaller regions of 

higher ascent rates. 	The maximum upward motion does not coincide 

with the position of the front, although there does seem a 

slight tendency for the al;  pattern to follow the front in the 

south-east corner of the map, where the position of the front 

is well marked in the vorticity field. 



FIG. 3.3. 	Adiabatic vertical velocities 

A in mb hr' 

NM MOM MEMNON MOMS •••=11• 
	

Occluded front 

+ 	Position of vorticity maximum. 
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FIG. 3./4. 	Vorticity creation due to adiabatic processes. 

a
in 10' sec-2  at 1000 mb. a p 
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FIG. 3.5. 	Vorticity advection (relative to the earth) at 1000 mb 
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There is a correlation between the northward and vertical 

components of the motion but this is in itself not sufficient 

to secure the release of potential energy. 	The pattern of 

rising and sinking is mirrored in the pattern of alas-a-P-1'i in fig.3.4 a.? 

and is such as to move the surface vcrticity pattern towards the 

north-east. 	This, however, is probably not the best viewpoint 

as the cyclone theories of Eady (1949) and Charney (1947) suggest 

that the system should be conceived as moving with the average 

wind velocity ,at some level in the mid-troposphere; the rising 

motion ahead of the cyclone then serves to raise the vorticity 

of the air which flows into the system from the front at low levels. 

The field of vorticity advection 	• V  Llos ) shows the 

high vorticity associated with the shallow trough being blown 

around with the wind but with the maximum values of Lbs conserved 

as indeed they must be. 	The vorticity changes due to advection 

are only about twice those due to the vertical motions indicating 

why barotropic forecasts give rather poor results. 

It should be noted that the equation for 	(3.2) involves 

the present state of the atmosphere and that this state has 

come about with diabatic processes influencing the motions. 

In this respect the partitioning cannot be absolute, in that 

it cannot separate the past heating effects on the present state 

of the atmosphere. arp, is best regarded as the total vertical 

velocity which would exist if the heating mechanisms were 

instantaneously "switched off". 



3.4 	Categories of heating  

The heat sources can be divided into four classes. 

(1) Transfer of sensible heat from the ocean by small scale 

(cumulus) motions 

(2) Release of latent heat in small scale motions 

(3) Release of latent heat in large scale (frontal) ascent 

(4) Radiation. 

A direct way of measuring the amount of heating produced 

by the sum of these effects is to construct three-dimensional 

trajectories and observe the change in potential temperature 

at either end. 	Unfortunately this implies a rather accurate 

knowledge of the vertical velocities, whereas in order to 

obtain the vertical velocities (from the ID-equation) we need 

the rates of heating, 	It is of considerable interest to know 

the contributions of the various categories of heating to the 

total, so we have treated them separately by the methods out-

lined below in sections 3.5, 3.6, 3.9 and 3.7 respectively. 

3.5 	Sensible heating due to small scale motion  

The rate of heating by sensible heat Hs, can be inferred 

from the distribution of sensible heat flux, since Hs= 3 -4 

where F5  is the upward flux of sensible heat per unit area. 

There is no satisfactory theory relating Fs(f) to bulk parameters 

but a first approximation is to assume a linear variation of 

flux with pressure from its value at the ocean surface to zero 

at the cloud top. 	As the height of the cloud tops is rather 

50 
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poorly defined from the soundings available over the Atlantic, 

we have made the further assumption that the cloud top is at 

700 mb. 	With the surface taken to be at 1000 mb we have 

s  Fs  
Hs  = {:00 mb 

0 

1000 mb < 4) 

700 mb > 

700 mb 

 

	 3.4) 

  

where F5  is the upward flux of sensible heat at the ocean surface. 

The theory of section 2.4 shows that the depth of the 

heating is not important to the magnitude of the vorticities 

produced. 

A method of calculating the sensible heat flux across the 

air—sea interface from the routinely reported meteorological 

elements is provided by the well known "bulk aerodynamical 

formulae". 	We deduce these formulae below so as to list the 

underlying assumptions. 

For a layer of air sufficiently near the surface (certainly 

within 10 meters) the fluxes of momentum and sensible heat can 

be considered as constant and related to the gradients of velocity 

and temperature by the formulae 

 

(3.5) 

 

Fs  = 	aT 
" r ax 

where t = upward flux of x momentum. 

3.6) 

Strictly aT 
az 

in (3.6) should read 1'1 r where r is 
az 

the adiabatic lapse rate but the difference is trivial over 
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these depths. 	Equations (3.5) and (3.6) are rightly regarded 

as definitions of Km  and Km  the "transfer coefficients" of 

momentum and sensible heat respectively. 	However if the processes 

by which heat and momentum are transferred are the same, KH  

and Km  should be equal. 	There is reason to expect the processes 

to be the same for motions not affected by thermal stratification 

and there is indeed good observational evidence that in near 

neutral conditions this is the case. 	In these circumstances 

Kin and KH  can be eliminated from (3.5), (3.6), leading to 

(3.7) on integration between the sea-surface (subscript. ) and 

ship deck level (subscript ,) assumed to be at 10 meters. 

Fs  = - 
C ( T T )  

-r 	u. 

Equation (3.7) is only strictly true if -2?= 1 at all heights 
K. 

between the sea surface and 10 meters. 	This requirement is 

not fulfilled very near to the sea surface where the role of 

the K's is taken over by molecular diffusion coefficients but 

the shallowness of the layer renders this consideration unimportant. 

A more fundamental objection is that Km  Km  for non-neutral 

conditions. 	For unstable conditions Km  is larger than Km  by 

an amount which increases with height and which may be as much 

as 30% at a height of 1.5 meters (Swinbank, 1955). 	Now the 

surface drift current in the ocean is only a few centimeters 

per second, so us  can be neglected compared with u,; furthermore 

the stress is related to the wind at ship deck level via a 

3. 7 ) 



53 

drag coefficient CD, T = - A CI)  ut 	Thus (3.7) becomes 

the bulk aerodynamical formula for sensible heat flux 

Fs  = /2  CpC3)  ( 1; — 	'La. 	(3.8) 

This formula with suitable values of p c , Cz, provides 

the flux to be inserted into (3.4). 

Published values of Ca  show considerable scatter and 

exhibit dependence on ua  and (T. - 	In a review of many 

published values of C, Wilson (1960) concludes that for strong 

winds (mean 20 m/sec) the mean value of CD is 2.37 x 10-3  

with standard deviation of 0.56 x 10-3  and for light winds (mean 

5 m/sec) CD  has a mean 1.49 x 10-3 although the scatter is 

particularly wide with a standard deviation of 0.83 x 10-3. 

Several empirical expressions for the relationship between C. 

and U. have been proposed, amongst them those of Sheppard 

CD  = (0.80 	x 10-3  and Deacon and Webb 

Cz = (1.00 + 0.07u.) x 10-3. 	In both these expressions u 

is in m sec-1  and the proposed range of validity is 04u4.20 m sec-1. 

Little is known about the effect of static stability on 

drag coefficient although Derbyshire and Derbyshire (1955) report 

marked changes in Ct. with stability as measured by surface tilt 

methods on Lough Neagh. 	However, as the winds and temperatures 

were measured a few miles from the lake, little reliance can 

be placed on their results. 

In the work presented in this chapter, no account has 
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been taken of the variation of the drag coefficient with stability. 

The effect of this and the previous assumption of near neutral 

conditions is likely to be to underestimate upward sensible 

heat flux and overestimate downward sensible heat flux. 

If a constant value of CD  of 2.5 x 10-3 is inserted into 

(3.8), consistent with high wind speeds, (3.8) becomes (with 

p= 1.3 x 10-3  gm cm-3) 

Fs = 4.7 x 10-3 (1; 	-1-4)u4  

or with Sheppard's formula for CD  

Fs 	= 	1.88 x 10-3  ( 0. 8 u.„.  + 0.114 

and with Deacon's formula for CD  

) ( T. 	- ) ---(3.10) 

Fs  = 	1.88 x 10-3  (1 . 	+ 0. 07 u0.2  ) ( T. 	- ) ------(3.11) 

where Fs  is in cal cm-2 min-1 

• "Ir0. ge 7, are in °C 

U is in m sec-1. 

The constant 4.7 x 10-3 in (3.9) agrees well with that 

suggested by Jacobs (1921) from considerations of the mean 

climatological heat budget. 	This constant has been used in 

studies by Krishnamurti (1968) and by Petterssen (1962). 

Figure 3.6 shows the variation of Fs  with tia, for the 

formulae (3.9) to (3.11). 	It will be noted that use of Sheppard's 
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FIG. 3.6. 	Comparison of flux formulae with various drag coefficients. 

Although the curves with Constant CD and Deacon's CD 

differ by only 15°/0, the gradients differ by 60% between 

20 and 30 m sec-1. 	This difference in gradient gives 

a decisive reason for choosing the Deacon Coefficient, since 

F enters the a equation in the form V2  F. 
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formula for C gives considerably larger values at the higher 

wind speeds than the other two. 	Indeed at 20 m sec-1  Sheppard's 

formula gives a value of the drag coefficient of 5.08 x 10-3  

which is somewhat in excess of published values. 

Although the Deacon CI, and constant CI  give values of dY 

differing by only 15% in the range 20-30 m sec-1, the average 

gradient of
LT 

	60% larger than that given by the constant CI)  

form. 	Now since the heat flux enters the aYequatian as a 

Laplacian, and since the percentage changes in u. are greater 

than those for ca in the region surrounding the maximum winds 
(see fig.3.7), it is important to have the correct dependence 

of Fs  on u. 	Accordingly (3.11) for F5  , which uses Deacon's 

empirical formula, is to be preferred to the previous two forms, 

and has been used exclusively in the work presented here. 

By using (3.11), standard data reported by ships can be 

used to find the sensible heat flux, leading to wand (K 4-f)Mt 
rel 

Fig.3.7 shows winds and air-sea temperature differences which 

determine the flux. 

3.51 The wind field  

Before proceeding to the fluxes derived from (3.11), 

we make a few remarks concerning the winds and temperatures 

from which they are deduced. 

It will be noted that the wind field in fig.3.7 from 

the ships observations shows a wind speed of just under 15 m/sec 

at the low pressure centre. 	Since the analysed streamline field 



FIG. 3.7. Oda for sensible heat flux 1200 % 18 DEC 1958. 
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shows that the streamlines spiral inwards to the pressure minimum 

(a surface phenomenon due to frictionally induced flow across 

the isobars) the wind at the centre must be expected to be zero 

on this scale of analysis otherwise there are singularities in 

the vorticities and streamline pattern. 	Accordingly the ships 

reports have been scrutinised to find evidence for zero wind 

speed near the centre but none can be found, indeed the ship 

nearest the centre being only a few tens of km away, reports 

13 m sec-1. 

It is probable that the wind does go to zero but that the 

density of ships is not sufficient to resolve the field. 	If 

the air near the centre is assumed to be in solid body rotation 

with relative vorticity 3 x 10-4  sec '1 , V =Ar and 

by v 
— = 3 x 10-4 sec-1  so that A= 1.5 x 10-4  sec-1. 	It follows 
r 

that the area where the wind is less than 10 m sec-1  is only 

some 130 km in diameter and a rather dense coverage of ships 

reports would be necessary to resolve the gradients. 	It is 

probable also that some of the observations are affected by 

circulations caused by individual cumulo-nimbi and are un-

representative of the large scale flow. 

Fig.3.8 is taken from Weather, Vol.22, p.301, and shows 

the anemograph for 23 February 1967 at Great Dunn Fell. 

According to the contributors the centre of a depression passed 

over the station at 03 GMT. 	If this is the case it shows 

evidence for a region of calm near the centre of a cyclone and 

furthermore that this region is very small. 	In the 24 hrs 



FIG. 3.8. 	Anemograph 	23 FEB 1567 at Great Dunn Felt, 

(taken from Weather 22 p.301.) 
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06 GMT 22 February to 06 GMT 23 February the depression moved 

1320 km so that the region with winds less than 15 m sec-1  had 

a diameter of only 27 km. 

However it is possible that the figure does not show the 

centre of a depression, since an axially symmetric wind field 

of the shape implied here has a vorticity of order 20 x ft. 

Because the area is so small this does not necessarily conflict 

with vorticities of order a few 	over a 200 km grid but taken 

with the rapid drop of temperature (5.6°C between 2.55  and 3.05) 

it seems likely that the phenomenon recorded is actually a 

cold front. 

Comparison with other anemographs might give some clues 

but if this is not a front the smallness of the region of light 

winds might prevent its appearance at other stations. 

For the estimation of surface heat flux, we shall assume 

that if there is a region of light winds near the centre of the 

cyclone, its extent is sufficiently small for the field in 

fig.3.7 to be considered representative. 

3.52 Temperatures  

It might be expected that the greatest negative value of 

air sea temperature difference would be found where the rate of 

increase of sea surface temperature beneath surface air trajectories 

is greatest i.e. where (v.V)1; is large but inspection of fig.3.7 

shows that the situation is not so straightforward. 	In particular 

a large air sea temperature difference is found at the low pressure 
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centre where the advection is small. 	Here the ascent which 

is responsible for the concentration of vorticity at the surface 

has brought air of low potential temperature to the mid troposphere, 

allowing heating from the surface to spread to greater heights 

than in regions of descent so that similar heat fluxes affect 

the temperature of the surface air at the centre less than in 

the surroundings. 

The interaction of air-sea temperature difference, advection 

over warmer ocean, :and vertical motion is rather complicated, 

but a simple model is sufficient to show certain features. 

The model depends on the notion that 

the convection process produces layers 

of air with lapse rates characteristic 

of the particular process. 	In the 

real atmosphere there is a super-

adiabatic lapse rate near to the 

surface, surmounted by a region of 

almost adiabatic lapse rate to cloud base with a lapse two-

thirds of the way between the wet and the dry adiabatics within 

the cloud layer. 	The simple model (fig.3.9)  considers a dry 

atmosphere possessing no cloud layer and also replaces the 

superadiabatic layer by a discontinuity in 0 between the 

convection regime where e = 9, and the oceanic value Bo. 

The heat flux from the ocean F. is taken to be a function of 

wind speed u and A ( A= 0. - 0, ) ; 	= 5 ( v., L) • 	Above the 

convection layer .13.11te = 0 and the distribution of 0 can be found 



from an initial distribution of e and the trajectories of the 

air particles. 

The thermodynamic equation for the convective layer is 

(424:1K 	F 
cc,1p / 	ZID 

since 	- O. F is the vertical heat flux. K _
7  

^J 2 
1 

po= 1000mb. 

Integrated throughout the cloud layer, this becomes 

[ e  [ 
c] 	 PT 

(14+1)1 c i3 
Fo  ( u, Ls) 

 

ps  and 	are the pressures at the bottom and top of the 

convection layer. pT  is determined by the level at which 0 

in the region above the convection is equal to el,. 	This is 

in principle known from the trajectories of the free air. 

Observations show that the ocean temperature can be treated 

as steady, so that JI-e v o veL Dt  o 	whence 

,H4-1 	1441 

— 	Qc) 

is the differential equation governing the air-sea temperature 

difference. 	Even with so simple a model there is no hope of 

solving this in complete generality, though it is possible to 

use similar ideas to introduce convection into numerical 

prediction schemes. 	To proceed further, some simplifications 
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and assumptions are necessary. 	Let 	be given by 

= 4.7 x 10-3u ,a, where F. is in cals cm-2  min-1 , u in m/sec 

43  r  - (- )e° = 
so that Ti is a measure of the depth of the convection. 	The 

most drastic assumption will be that the vertical velocities in 

the free air are just those required to maintain IT constant. 

If t.t.= 10 n sec-1 and G = (x.V)00  [both considered constant] 

and the unit of time is 105  secs or "1 day" the equation reduces 

to 
D + 3 	= G 

7-rr 

With the possible exception of the precise form of Tr 

this equation could have been written down from simpler 

considerations, though the present derivation is useful in 

presenting the accurate equation previously. 	The solution is 

= &.„.fpc.p (-7-3—Tr t) 

If G is 5°K/day, the steady part of this solution is 2.2°K 

for .FT  = 850 mb, 5.5°K for IDT. 600 rib and 8.1°K for /FT = 400 mb. 

It will be noted that the decay time of the transient part 

increases with the depth of cloud layer. 	The time required to 

reduce it to one-tenth being 1.0 days for py= 850 mb, 2.6 days 

for 	= 600 mb, 3.7 days for pT = 400 mb. 

While these values are not intended to constitute a complete 

explanation of the temperatures in fig.3.7 they illustrate the 

immense importance to the air-sea temperature difference of the 

depth of the convective layer, as set by the vertical velocities 

cf. equation (3.9). Assume .p,= 1000 mb (4.), write 

717 
3 



	 Sensible heat flux, Fs  , 	in cat cm-2  min-1  

MOIR OM. MII• =NM 

	@'s  at 850 mb 	in mb hr-1 
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above it. 

The complexity of the interaction puts a limit on the 

value of generalisation of the model for analytic solutions 

but in principle a generalised model could be used in computer 

forecasts. 

3.53 Sensible heat flux and derived quantities  

The maximum heat flux of 0.5 cals cm-2  min-1  (fig.3.10) 

is fairly large, being the same as the average incident solar 

radiation at the top of the atmosphere. 	It is capable of 

raising the temperature of the lower 300 mb of air by about 10°C 

per day, similar to the value assumed in section 2.4. 	There 

it was shown that such heating rates can produce, in a day, 

vorticities of order f when the wavelength of the heating pattern 

is 1000 km, corresponding to a half width of the pattern of 

an or say 200 km. 	The halfwidth of the pattern here is double 

that, but the a)- field acts upon Lbs  which is roughly 2f and 

the result is a vorticity production (fig.3.11) of 0.9 x 10-9  sec-2. 

One of the conclusions of chapter II was that if the heat 

flux from the sea was to manufacture vorticities of order f in 

a day, the scale of the heating needed to be set by the processes 

in the cyclone. 	In fig.3.10 we see that this is the case as 

the pattern of heat flux follows closely the surface wind field. 

The principle aim of this chapter and the previous one 

has been to investigate whether the vorticity production due 

to heating from the ocean surface can account for the cyclone 
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centre being cold or for the presence of the trough in the 

rear of the cyclone. 	Fig.3.11 shows that the heating does 

not provide an explanation. 	At the centre itself the heat 

induced vertical velocity is in the sense to reduce the vorticity. 

The maximum +Ire values of ops  ?- 	do coincide with the position 

of the trough in the rear and could be assumed to be producing 

the high vorticities there but for the circumstance that they 

are completely swamped by the adiabatic terms which are destroying 

vorticity at about four times the rate that the sensible heat 

mechanisms are creating it. 

3.6 Release of latent heat in small scale motion systems  

Although water vapour condenses out in cumulus clouds 

to form cloud droplets, some of this subsequently evaporates 

so that the atmospheric columns gain no net latent heat. 	If 

the cloud is too shallow or shortlived, all the water will 

evaporate. 	The latent heat which provides a permanent heating 

effect is that released by water eventually precipitated out 

as rain. 	The role of the water which condenses only to evaporate 

before reaching the ground is to provide buoyancy which redistributes 

sensible heat. 	This is part of the process dealt with in the 

last section. 	Thus knowledge of the rainfall at the bottom of 

a column of the atmosphere will determine the rate at which net 

latent heat is being released in it. 	However the rainfall data 

over the Atlantic are not accurate enough to permit such a 

direct estimate of the pattern of latent heat release. 
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Since a rate of rainfall of 1 cm per day (as is typically 

observed) is equivalent to a heat flux of 0.4 cals cm-2  min-1  

which is comparable with the sensible heat fluxes measured, the 

latent heat release may be an important heat source which cannot 

be neglected. 

Under assumptions analogous to those in the derivation 

of the equation for sensible heat flux, the flux of water vapour 

can be expressed in terms of specific humidity gradients. 

Written in the form of a flux of latent heat and gradients of 

vapour pressure, the relationship is 

= 2.89 Cv  eo 

 

	(3..12) 

 

FL  in cals min-1  cm-2 
	

u in m sec-1 
	

e in mb. 

e, is taken to be the S.V.P. at the sea-temperature and 

ea  is the S.V.P. at the dew point at ship deck level. 

Deacon's formula for CD  inserted into (3.12) permits an 

estimation of the latent heat flux from standard data. 	If 

a plausible assumption is made of the ratio of the rate of 

precipitation to the rate of evaporation from the sea(r), the 

rate of release of latent heat is determined. 

Analogously to (3.4) the rate of heating due to latent 

heat release is modelled by 

3 Fir 
(300 mb) 
	

'moo 	700 mb 

0 
	 700 mb > 

	(3.13) 
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There is some doubt as to what to assume for r. 	There 

are no grounds for expecting it to be constant, rather the 

reverse. 	Probably r is between 1/10 and 1/4 in situations 

like the one under study here viz. where cold rather dry air 

is being brought southwards over progressively warmer ocean. 

(We stress that we are here concerned with latent heat from 

cumulus-scale motions, not from frontal ascent. ) 	In what 

follows r is set equal to 1. 	This is unrealistic physically 

but does provide the maximum possible effect which can be produced 

by latent heat release in small scale systems. 

3.61 Latent heat flux and derived quantities  

The flux of latent heat (see fig.3.13) is considerably 

larger than that of sensible heat (max. of 2.0 as opposed to 

0.5 cal cm-2  min-1) with the maximum further south. 

Again the heat flux from the ocean cannot be appealed to 

as an explanation of the vorticity maximum in the cold air; 

ad, the sign of there is in the wrong sense to provide such 

an explanation. 	The positive values of 
afa are south of 

the trough and are not significant compared with A;  unless r is 

nearly 1. 	As r is expected to be about 0.2 the contributions 

to the vorticity budget must be dominated by the adiabatic terms. 

As in the case of the sensible heat flux, the scale of 

the heating pattern is set by the cyclone processes but the 

magnitude of the heating is too small and the scale too large 

for the vorticity production rate to exceed the adiabatic removal 
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FIG. 3.12. 	Data for Latent heat flux computation. 

	 Vapour pressure differences in mb (sea-air) 	

 Sea surface temperatures in °C 
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FIG. 3.14. Vorticity tendency from latent heat release 

in cumulus prccesses 

	 Cabs a
(L  in 10'sec -2  
p 

with r= 1, 
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of vorticity. 

3.7 	Radiation  

No account has been taken of radiation as a heat source 

because the following argument shows it to be negligible. 

Atmospheric columns cool at a rate T approximately 

proportional to 11-4  where T is the temperature of the "highest 

layer of water vapour" 

T cc T 

41 VT - 
lr 

Now T is known from observation to be of order 1.5°K day-1  and 

the theory presented in the previous chapter shows that to 

obtain appreciable vorticities the gradients of heating must 

be of order 1°K day-1  (100 km)-1  implying that to produce 

appreciable vorticities due to radiational cooling, horizontal 

temperature gradients of order 40°K (100 m)-1  are needed. 

This is manifestly larger than any horizontal temperature gradients 

to be found in the atmosphere. 

3.8 Friction  

The frictionally induced flow across the isobars at the 

surface, produces convergence in regions of positive vorticity. 

This is a consequence of the earth's rotation and is true for 

any configuration of isobars but is most obvious for closed 

isobars surrounding a low pressure area. 	We discuss whether 

so that 
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this convergence can produce more vorticity, distinguishing 

between what happens in the boundary layer and what happens above. 

The equation of motion is 

v + fknv, 	 aT 
I)r 	 bz. 

 

(3.14) 

 

where V and 'Va. are the total and ageostrophic winds and T is 

the horizontal frictional stress per unit area. 

In the barotropic boundary layer the first term in (3.14) 

can be considered small compared with the others and this is the 

basis for the treatment of the boundary layer proposed by Ekman, 

(see e.g. Petterssen, 1956, p.86). 	Ekman's theory proceeds 

with a formulation of T in terms of Vm  which does not concern ti 

us here. 

The curl of (3.14) leads to the vorticity equation, 

curl ( D--t V 
) div -t" 

ID Bz 

 

(3.15) 

 

where horizontal gradients of f and , are neglected. 

Consistent with the assumption that 1)  V is small in (3.14) 
Dt  

the left hand side of (3.15) must be considered small compared 

with the individual terms on the right. 	Thus within the friction 

layer the production of vorticity because of frictionally induced 

convergence is balanced by the rate of destruction by the 

frictional stresses, at least to a first approximation. 	This 

point seems not to have been realised by a number of writers. 
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For instance Petterssen in discussing cross isobar flow due 

to friction (op.cit. p.86) considers convergence at anemometer 

level within a circular isobar of radius 500 km due to a 

geostrophic wind of 20 m sec-1  with angle of inflow 25°. 

Finding this convergence to be of order 10-5  sec-1  he comments 

"a divergence of this magnitude is significant for the maintenance 

of circulatory motion systems". 

While this is true it is not relevant because the frictional 

stresses balance the convergence effects within the friction 

layer. 	The convergence does have repercussions in the friction 

layer but not in the direct way implied in the above quotation. 

The frictional convergence of 10-5  sec-1  produces a vertical 

velocity at the top of the friction layer (at 1 km say) of 

1 cm sec-1. 	Regarding thetropopause as a rigid lid at 10 km 

this gives a divergence in the free atmosphere above the friction 

layer of order 1 x 10
-5 	10-6  sec-1 	The winds in the friction 

layer are determined by the geostrophic wind at the top of the 

layer so that it is the free atmospheric divergence of 10
6 

sec-1  

which is of importance to the dynamics. 

For the changes in the surface vorticity due to frictional 

effects we shall use the changes in vorticity produced in the 

layer immediately above the friction layer. 	If the divergence 

in the friction layer is integrated throughout the layer, it 

is readily shown that the vertical velocity at the top of the 

layer W. vr.c. is given by 

= 
ifric 	25 

cos lir  I 
Let 
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where /I is an angle to be found by observation and Kr, is the 

eddy momentum transfer coefficient. 	Writing cos.'' De. - 17- and 

K. 5 x 105  cm2  sec-1  (suitable average for layer), this 

can be taken to give the f)-velocity at the top of the layer (d41.11,  

as 

4 
stet - 2.5 x 10 

where where (Tti,l, is in dynes cm-2  sec-1  and KreL in sec-1. 

should strictly be applied at the top of the friction layer 

say at 900 or 850 mb but this is not possible in the present 

formulation of the it-equation and it has been applied at 1000 mb 

instead. 	The a due to friction is then defined by 

with 

26 	a 
	. c 

Eric 	ae- 
-^ 0 	(3.16) 

r i C 

C 

at 1000 mb 

 

(3.17) 
at 200 mb 

 

Equations (3.1) - (3.3) were solved with cT = 0 at 1000 mb 

and if H is independent of it' , (;ric is obviously the extra 6) 

required to change the boundary conditions to (3.17). 

3.81 Frictionally induced vertical velocity  

The isopleths of ((ILL,  (fig.3.15) follow those of vorticity 

very closely as indeed they must but for the variation of 5  . 

The maximum value of 28 mb/hr (.v 8 cm sec-1) is larger than 
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any value of 65-p, found in the study. 	The divergence in the 

layer from 1000 to 700 mb has a profound effect on the vorticity 

distribution and seems able to remove the vorticity maximum in 

about half a day. 

The cyclone is at its deepest at the time of this figure 

and its vorticity maximum is not changing rapidly in time so 

that if these values are accepted further mechanisms must be 

postulated to create vorticity at about the same rate. 

It may be however that and thus the other quantities (5-frido  

are being seriously overestimated. 	The proportionality between 

( fric )o  and ?'ret can be established from (3.15) provided the 

left hand side is small and curlT at the surface is proportional 

to 'ret at the top of the layer. 	Rewriting gives 

ID 7 
+ 5) cliV 	4)- 	(curt-c ) 

 

(3.18) 

 

It is clear that for regions of high vorticity, 	div V 

cannot be neglected in comparison with Sdivv. 	Thus 6;ridc, 

is more likely to be proportional to La than to Xret as 
Lbs 

assumed above. 	More research is required before it is possible 

to make a categorical statement however, as it is no longer 

obvious that Dt 
I) 7 

o.65 is negligible in high vorticity regions, 

though since 13 7 	in the boundary layer can be considered 35.T. ,Sck6s 
to be set by the value immediately above, the general argument 

that it is small compared with the other terms would seem still 

to apply. 	Thus a better estimate of the frictionally induced 



Lret)C*L-el 
ca 

+ 	 ) c*;  	_ c*  Let   

(i4ra)  

3) 	— 
Dt 

or 

rel 

79 

vertical velocities is probably 

(afr.„)0  = 
- 2.5 x 	Let 

can 

Ark), in dynes cm-2  sec- 

The maximum values of (6":fric)o from  this formula are about  

one-quarter of those from the previous more conventional formula. 

In fig.3.16 the -25 mb/hr isopleth now corresponds to -6.4 mb/hr, 

the -15 mb/hr to -5.6 mb/hr, the -5 mb/hr to -3.2 mb/hr and the 

zero remaind the same. 	For positive values of (t.ijocomplications 

arise when L,6„s is small as the revised value becomes very large. 

Such values must be considered unreliable since all the terms 

7 in (3.18) become comparable. 	The maximum values of 	ae-F.i‘. 
Sys 

are reduced from 6 x 10-9  to 2 x 10-9  sec-2  which implies rather 

more reliable decay rates for the cyclone. 

3.82 Frictional limits to maximum vorticity  

As a simple model for the cyclone decay due to frictional 

effect •only'(i.e. stratification is neglected) we may write 

either 

(3.19) 

	(3.20) 

corresponding to the two definitions of (Piejo, where C = 2.5 x 10  

dynes cm-2  and Csil is the pressure depth of the troposphere 
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outside the friction layer, say 700 mb. 

The solution of (3.20) and some solutions of (3.19) are 

displayed in fig.3.17. 	The physics behind them is over simplified 

so they are not intended to apply to individual cyclones; their 

principal value lies in the implications of the steepness of 

the curves C, D and E. 	If (ar+ricLis proportional to Jral  as 

assumed for these curves, friction must put a fairly strong 

upper bound to vortidity since relative vorticities greater than 

3f will be halved in 12 hours by friction. 	A similar argument 

applies to curve A, but this curve is rather shallow and an 

upper bound cannot be so precisely set. 	At this stage of our 

knowledge the theoretical upper limit to the vorticity cannot 

be computed with all physical processes included but the insights 

of the Eady (1949) cyclone model can be used as a first step. 

In this model the stream function has a factor ept , where e 

is the growth rate, which is maximum, 	MO„Pi for a certain 

wavelength. 	The rate of production of vorticity by baroclinic 

processes is thus ra  0 	. 	\7e seek that 	rel. at which the max 

frictional decay balances this production. 	Now Eady's paper 

shows that 

0.3a du 
max. 	 ciz  

B 

au where 	is the average westerly shear in the baroclinic zone 
d2 

responsible for the cyclone. 

With .51.1.L. - 50 m sec-1  (10 km -1 	= 10-4 sec-1 and 
dx 



82 

= 2 x 10-7  cm-1 	we obtain the value 4.5 x 10-4  sec-1  as 

the maximum possible vorticity attainable in a cyclone. 

Although there is a certain arbitrariness in choosing the parameters 

in this argument it should be regarded as no coincidence that 

this value accords well with the vorticities to be found in the 

deepest cyclones. 

3.9 	Latent heat release in frontal ascent  

An important source of latent heat is the water precipitated 

out of frontal regions. 	Rainfalls of order 1 cm/day are readily 

achieved and as we have remarked earlier this represents a 

heating rate at least as large as the anticipated sensible 

heating rate, and should not therefore be neglected. 

Clearly 

— 
Dt 

where Hi -, rate of heat supply per unit mass due to frontal 

precipitation, a, = specific humidity. 	Neglecting supersaturation 

effects, when the air is saturated and the vertical velocity 

upwards (a< 0), 

n 	— a CI,S at 	 D4;1 	— a  qi Sat  (,( 

Zt 	a 

under other conditions, 	> 0 or unsaturated ascent 	a = 0. 
v 

An evaluation of 1-is  strictly requires a knowledge of the 
moisture distribution. 	Further approximation is possible however, 

the simplest being to replace ctsat by the value 1,st from a 

standard atmosphere. 	In the region of saturated ascent, the 
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Gtr  equation now becomes 

V2cf  (; 	z  ta-5 . adiabatic -- R 	L 	.tot 201- 	terms 	P cv 	a4D 

where 	tot is the total 6, including the effect of frontal ascent. 

So with 

dSca = d ÷ L 39/St  
-Pciz 

the a-equation becomes 

(55- ca-tot— 
2 	

= adiabatic terms 	(3.21) 

where 	 crs 
	 in regions of saturated ascent 

elsewhere. 

Without a knowledge of the moisture distribution, the region 

of saturation is not known, so the expedient is adopted of 

changing cr to c'sat  wherever the updraught predicted by the 

equation with 0' everywhere exceeds a threshold value, somewhat 

arbitrarily chosen to be 3 mb/hr. 	As the heating term 
2  RL  	 9ot 	 is dependent on 	the friction velocities 

pC 3, 
need to be included so the procedure is to solve (3.2) with 

boundary conditions (3.17) which gives a solution (0"A + a4ric ).  

d is altered to O'sat  when 	(&;:‘ +046) < —3 mb/hr. 	(3.21) is 

then solved for @tot  with (3.17) as boundary conditions. 	This 

vertical velocity ; due to latent heat release in fronts can 

then be defined as -  (1Z +a- ) = tot 	A 	• 
Now o is taken from a standard atmosphere (see chapter IV) 



and if 9,st  is taken to be the saturated specific humidity 

corresponding to the temperatures of the standard atmosphere, 

then O'satt  becomes positive at 850 and 700 mb. 	This makes the 

a-equation hyperbolic and insoluble. 	6sat is related to d  

defined with ,:)e  (equivalent potential temperature) instead 

of 0 

viz. A;  ton ee 	R.516t a Log lE dls  

-Pcf, 	ai)  

so that the hyperbolicity of the 6Y-equation corresponds in 

some way to the instability of a saturated NACA atmosphere, 

the last term being small. 	At those levels for which drat  

becomes positive, 'sat  has been replaced by a small negative 

value, namely 10 

3.91 Vertical velocities produced by large scale rain  

follows the pattern of5;ric  quite strongly and the 

vorticity production is of similar magnitude and position to 

that from U74,1, but of opposite sign so that it is tempting to 

think that they might cancel out, or even that they maintain 

each other, the frictional velocities providing enough lift 

to produce condensation with subsequent heating of the air, 

which produces vorticity, (as discussed in chapter II), thus 

maintaining the frictional convergence. 

There are grave difficulties to be overcome in reconciling 

such a picture with the observations however or indeed in 

reconciling the fields oft5)-4ric  with the observations. 	In 

84 
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particular the region of frontal rain (shaded in fig.3.18) 

is much smaller than the region of supposed rainfall (where 0" 

is replaced by 65a,t) and most of the region where the program 

changes e is shown by the observations (cf. fig.3.1) to be 

covered with showers. 

It must therefore be true in general that the large scale 

vertical velocities (e.g. c1 anda .) are really the small 

residuals of the much larger updraughts and downdraughts of the 

cumulus convection. 	The method of finding (D-totabove is therefore 

inadequate as it does not represent the physics of the cumulus 

process. 	At the moment adequate theory does not exist which 

treats the dynamical interaction between the large scale and 

Cumulus scale updraughts. 

We shall have more to say on the role of frontal latent 

heat in chapter V. 

3.10 Conclusions  

The 6)--equation has been used to investigate the contributions 

of adiabatic processes, heat sources and friction to the vorticity 

budget of a deep Atlantic cyclone. 

The heat induced vertical velocities were found to be of 

the wrong sign to have produced the central vorticity maximum 

and too slight to be held responsible for the "tongue"" of high 

vorticity associated with a trough in the cold air southwest 

of the centre. 

The cyclone is at its deepest at the time studied which 



is consistent with the air at the centre being cold. 	If the 

temperature trough were to the west (east) of the vorticity 

maximum the cyclone would be deepening (filling) in accordance 

with a well known forecasting rule which finds theoretical 

expression in a paper by Sutcliffe and Forsdyke (1950) 

and more rigorously in a paper by Fjortoft (1951). 

The ascent or descent of the air entering or leaving the 

cyclone influences the depth of the cloud layer which in turn 

has an inertial effect on the air-sea temperature difference. 

A simple model was proposed which showed that for situations 

which differ only in the depth of the convective layer, the 

air-sea temperature difference can differ by a factor of 3 as 

the top of the layer varies between 850 and 500 mb. 

Frictionally produced ascent in cyclonic regions is a 

very important damping effect if the modelling (a).- .) .c rei  , o  

is correct, so much so that it is possible to set a rather 

crude upper bound to the vorticity which can ever be attained 

in a cyclone. 	It seems likely however that (itrfrio do rat 
Subs 

gives a more accurate account of the boundary layer effects 

and the damping so produced is moderate. 
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CHAPTER IV  

4.1 	Introduction  

This chapter contains details of some aspects of the 

numerical computations required elsewhere. 	It includes a 

consideration of the various forms of the 4).-equation and its 

boundary conditions and ends with some discussion of the way 

in which the vorticities displayed in chapter V have been 

calculated. 

4.2 	The t'8'-equation  

In what follows it will be of interest to recognise the 

origin of the terms of the (b-equation; we begin by deriving it, 

From the vorticity equation (4.1) and the thermodynamic 

equation (4.2), the time derivatives are eliminated after 

substitutions from the geostrophic approximation 	= 4-v22: 
rot ± 

and hydrostatic equation 1-= - R kr ND/ it,az1 	The result is the 

a-equation (4.3). 
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Y v 
at fret~ 	•-• • .z 
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72o'LV — f (S+ 63.ret)+ ( a — 	'e 	+ 0.4 a2•Kre.t t 	
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where d = 	
N) 
2- (log 6 ) 

Fl. rate of supply of heat to unit mass of air 

a, b are understood to be equal to 1 and are introduced to 

act as tracers. 	Use will be made of these tracers in section 

4.22. 

4.21 Static stability  

In principle a can be found as a function of 3-dimensional 

position from the height data by making use of the hydrostatic 

relationship. 	In all the work presented in chapter III however, 

cs' is a function of iD only and is obtained from the temperature 

distribution of the NACA atmosphere, see fig.4.1. 

Haltiner, Clarke and Lawniczak have compared 2fields 

computed with (1) I held constant, (2) o' a function of .p 

only, (3) cf a function of x, b,1. 	They summarise their 

results thus:- "Computations with several static stability 

parameters, namely, a constant value (r, a pressure variable 

value cr and a point variable value 6, exhibited the greatest 

differences in the maximumter's, as much as 50%, at 300 mb 

particularly between the tzl' case and the other two. 	At lower 

levels the differences are only about 10%. 	This appears 

comparatively small as far as the synoptic aspects are concerned." 

They also indicate that the value of crNA lies within 10% 

and usually within 1% of V2cea. 

1 ploge  Now d  
9/9  az 

1z71-o' 	ad>i B 	 R 
Al 	 —1/2 

and 	 cse%•(R.n, d 	az 	 ) 	
10 
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Ro = Rossby no. Ri= Richardson number, 	?. = horizontal wave 
number. 	It is apparent that replacing d by a function of 

	

only, can be expected to change 	by about 10%. 	This 

is the justification for the procedure which we have adopted 

and is in agreement with the findings of Haltiner, Clarke and 

Lawniczak. 

	

On the other hand since d oc 	roughly, idi increases 

by a factor of about 10 from 850 to 300 mb so that it is to 

be expected that the replacement of e by an absolute constant 
would alter a by a factor 4/7, whereas Haltiner, Clarke and 

Lawniczak claim a change of only 50%. 	In a similar experiment, 

I have replaced d everywhere by its value at 850 mb which 

might be thought to produce a sevenfold (cf. fig.4.1) change 

in ay- at 300 mb but the change is two fold (100% compared with 

50% of Haltiner et al.). 	This discrepancy could be resolved 

if IcreCi<<if2 -1 but no evidence for such an inequality 

can be found in the (t fields computed for this thesis. 

The 10 dependence of cr makes it difficult to discuss 

analytically the effect of changing cr but some remarks can 

be made on the basis of a simplified equation which is in some 

ways analogous. 	Consider the boundary value problem 

a x.2. fl  aF 	= 1:Pt 4-vf) iD 

with a = C at = 
	so that pa = - 	( A v are constant 

The solution is 

= 	 
42(1,1-1-4e) i.cos(Ax4-93) 1 co s  ( A x + VP.) s'unh e(p+ 4>o) — cos(ax-v4).)st.inh 61(p-po) 

2. 5,trnh 2e.r. 
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$ 
Since the expression inside ( 	is of order 1 whatever e, 

the condition that replacing d by 70-  (or el  by 702) should 

approximately halve u' is that v2-5e.2. We aim however to make 

aze some comment on the relative magnitude of 4rN7 LAI and 3- -----. 
4)2• 

- v + GP'  9/ 

42- 	L /32  2k2 + 	Q. 
a 432 	-1.13-1-8 

where cos ( x 

cos(Ax  t vpo )  sunk  8  ( +-pc)) — cos (a  x v.90)  s.irnh  e (p—
qf 

which are both of order unity. 

The relative magnitudes thus depend on a comparison 

of 	— 9, with ..1-3+% when p and 	are of order unity. 

Presumably with VI-  N 5 the ratio is in the order of 2 or 3. 

When el  is replaced by 7e2  — which is the atmospheric case 

the ratio is much nearer unity. 	It is thus possible to produce 

small changes in of by large changes in o' and still have 

s 

4.22 Vertical advection and stretching of relative vorticity  

In the derivation of (4.3), the time derivative of vorticity 

was eliminated by using the geostrophic approximation. 	The 

where 6= 

2 simh 2e ,pc, 
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geostrophic approximation is correct to order R0  for flows 

with R.« 1. 	It is obvious that the ratio of p,.els to f and 

of the ratio of vertical to horizontal advection of vorticity 

is also of order R0. 	Hence it is consistent with the mode 

of derivation of (4.3) to neglect Iriaand d'15.- in comparison 

with 	and v. 7 / respectively. 	i.e. consistent with the 

derivation, a and 6 can both be set equal to zero in (4.3) 

giving 

— j2  P-tT: 	—f [vV(fiA+3s71(v.vPA 
" 

 

(4.4) 

 

in the adiabatic case. 

Inspection of the vorticity fields of deep cyclones 

(see e.g. fig.3.2) shows that although Latmay be a small fraction 

off over most of the chart, there are interesting regions 

where it is comparable with or even larger than f. 	In such 

regions the coefficient of ---- in (4.3) 

fold when b is changed from zero to 1. 	To investigate the 

result of this change on a a solution was found to (4.4) 
with 11  replaced by 	

( 	Zret ). 	The results are displayed 

in fig.4.2. 	The term involving b represents the effect of 

nstretchingn on the relative vorticity; setting b = 0 allows 

the stretching to act only on 4. so that (4.4) as it stands omits 

an important physical process. 	Note however that where / /4- ,.1, ret 

R. — 1 and the geostrophic assumption used in the derivation 

of (4.3) is also unreliable. 

is increased several 
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FIG. 4.2. 
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If  ( LI+ 	) < 	
the flow is believed to be unstable 

and certainly in such a case the aTequation in the 5-(5-+ Le0 
form becomes hyperbolic permitting no solution consistent with 

the boundary conditions. 	To avoid this difficulty, the 

solution to (4.5) shown in fig. 4.2  was found with the coefficient 
ala of 	

2. 
-arbitrarily set equal to 10-10  sec-2  at those points 
•D4D 

where (j+ L.42 was negative. 

The changes in D.  are generally of order 10 to 20% of c`)' 
but locally 50%. 	It is noteworthy however that the overall 

pattern is not altered; the areas of .1-ve and -ve u9, are practically 

unchanged. 	As is to be expected, large values of change 

I + in aoccur where 	rah differs significantly from 1, but 

the correlation is far from perfect, there being a line of 

zero change passing through the region where 	1r - 2. 

Here however a= 0 and as the phase of @ changes little with 
height, the changes in the coefficient become irrelevant. 

A feature of cyclone structure predicted by the theories 

of Eady (1949) and Charney (1947) is that extremes of vertical 

velocity are to be found more or less mid way between the 

troughs and ridges where 	= 0. 	It might be anticipated 
ret 

that such a structure would prevent the vertical advection 

of vorticity term (coefficient a. in (4.1) and (4.5) ) from 

becoming important even where Ro w 1, but this is not obvious 
as the linear analysis used in their studies is not applicable 

to the case of R.- 1. 	Fig.4.5 shows the results of computing 

(5)' from (4.3) with a= b = 1. 	A comparison of the solution 
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with and without vertical advection (fig.4.3 and 4.2 respectively) 

shows that the additional effect of including the vertical 

advection of vorticity is indeed negligible; practically the 

whole variation from the "consistent" solution is produced by 

the change in coefficient of 
	1  a.  

Although the stretching of relative vorticity produces 

large changes in the magnitude of the fields, its inclusion is 

not consistent with the other approximations and for this reason 

equation (4.4) has been used thoughout this work. 

Krishnamurti has studied a system of equations which 

include the vertical advection and stretching of relative vorticity 

in a consistent manner, replacing the geostrophic approximation 

by the balance equation but the complication of the system 

precludes any simple interpretation. 

4.3 	Lateral boundary conditions  

a is defined by (4.4) only if the behaviour of (j)-, at 

the boundaries is adequately specified. 	We can use physical 

concepts to determine reasonable conditions at the horizontal 

boundaries but not to determine the lateral boundary conditions. 

As the grid on which the right hand sides of the @-equation 

are held is only 11x11 it is important to know the distance 

from the boundary over which the boundary conditions have 

significant effects on the solution. 



Au) in mb/hour. Level 3 700 mb. 2 DEC 1966 0000 hrs GMT 

Grid centred at 0°W 55°N. 
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Consider the two sets of equations 

v'cra; — +2 .a= 	y, 1-) 

= 0 at ID = 1000, 200 mb 

a; =eat the lateral boundaries 

(%= 0 at 4;) = 1000, 200 mb 

;:r.. 0 at lateral boundaries 

It is clear that 6.^(.F.:: @" @) satisfies 
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and 

     

.p'2.  
0 at 	= 1000, 200 mb 

at the lateral boundaries,  

 

(4.5) 

 

so that the difference att" does not depend on the wind field 

but only on the boundary values 

Some idea of the effects .of the boundary Can be obtained 

by solving (4.5) with eE'assigned suitable values. 	Fields 

of 46,a are displayed in figs.4.4 and 4.5. 	They correspond 

to an efield which is a linear function of x ,in the 

western half of the region and zero elsewhere in the eastern 

region except at the point 1= 14, 1 = 8 4)= 700 mb where a 

value of 10 mb/hr is specified. 	In the western portion 

has maximum magnitudes in the corners while the vertical profile 

nas 	t 500 and 700 mb, being zero at 100C and 200 mb. 
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The LS@'field close to the isolated point rapidly dies 

away to zero although it does have a value near 10% of ie at 

the adjacent point. 	In the western portion values of 	near 

the boundary are of order ihble and there are only a few points 

near the centre where A is about 1/10 Wr. 

The simplest lateral boundary condition for a solution 

of theib.  equation is 5)-  = 0 but the results of this test show 

that this will appreciably reduce the magnitudes of ul even two 

or three points in from the boundaries which is a large proportion 

of the grid points. 	Consequently the less restrictive condition 

a• has been used in all the calculation in chapter III. (n is 

take on realistic values near the lateral boundaries, ensuring 

that al values are trustworthy certainly on the 9x9 grid and not 

without significance on the 11x11 grid. 

4.4 Smoothing  

When height values are read off hand analysed charts, 

the random interpolation error produces a scatter in the vorticity 

values. 	With a grid length of 200 km this scatter is considerable, 

as we shall show in section 4.61. 	This affects the t.fields 

via the right hand side of (4.4) giving them an irregular 

appearance which is further exaggerated in the computations 

of (S 
a rgil) 

1-Z. required for the vorticity tendency. 

To mitigate the scatter of the 	fields the height data 

is smoothed. 

Trial was made of smoothing by fitting at each grid point:  

an 

in the direction normal to the walls.) 	).. is thus able to 
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in turn a bivariate quadratic surface to the heights of the 

3x3 grid of points surrounding the particular point; the 

fitting is done by the method of least squares. 	The central 

value of the quadratic then provides the smoothed height at 

the grid point. 

With the grid shown in fig.4.6 this is 

2 	5 	exactly equivalent to replacing the 

height zo  at the point 0 by the smoothed 

3 
	

0 	1 	height I determined by 

FIG, 4.6. 

This conserves the average value of z and Vlz, which is 

a desirable property of smoothing techniques but in other ways 

it is unsatisfactory and a smoothing technique proposed by 

Wallington (1962) was used instead. 

The performance of this least squares quadratic method 

can be compared with Wallington's by considering a height field 

made up of wave components thus:- 

z=Z 	A im  cos ix —X t ) cos- rn 	Ym  ) 
	

(4.6) 
rn 

here'Xi ,Yrn  specify the phase of the components with wave numbers 

, m in the x and 8 directions respectively. 	The smoothed 

field corresponding to this is given by 

Z 	2: F, 	cos t ( 	1 ) cos m 	) 
n,  



amplitude 
magnification 
factor 

wavelength in 
multiples of 
grid length h 
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FIG. 4.7. Comparison of square wave amplification factor for 

Wallington Smoothing (G) and 

Least Squares Quadratic Smoothing (F), 
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where Ftrn  is the amplitude factor of the. ([ 01,) wave given 

4 by Ftm= [1 - 7  (1 - cos.kt) (1 	coshm) ], 	being the grid 

length. 

Wallington proposes a smoothing which in the ac. direction 

is effected by putting 

	

zo  = Z. + a  (2i  + 2.3 	2z0). 

This is applied in thex-direction and then in the s-direction 

with a. = 1/4  whereupon the whole process is repeated with a = - 2/3. 

The final result of applying this to Z of form (4.6) is to produce 

	

y.z Gtrn Alm cos 	— x cos rn ( 	!m/t m 

with 

tm 	
1 	2 = [1 - 7(1 - cos16)][1 + 7(1 costh)][1 - 2(1 cosmh)] 

[1 + 1(1 	cosmh)] 

A comparison of the amplification factors Ftt  At  for square 

waves is given in fig.4.7. 	It is seen that the reduction of 

the smallest waves (wavelength 2k) is rather poor in the least 

squares quadratic case whereas this is precisely the component 

which it is most important to reduce. 	As there is little to 

choose between the two methods at long wavelengths (>86) the 

superior performance of Wallington's method for short wavelengths 

is decisive. 

Wallington's method of smoothing is applied by the computer 

to the height fields immediately after they are read in. 	No 



other field is smoothed. 

4.5 	Finite difference formulae  

Height data from standard pressure levels (1000, 850, 

700, 500, 300 and 200 mb) were used to compute the right hand 

side of (4.4). 	As these are not uniformly spaced ordinary 

central finite difference formulae cannot be used for vertical 

derivatives. 

Those used were 
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as 
a,p 

    

(sk-i —3k) (s14+1 — 
A K 6K+1 aK  

and 

82S 

21?' 
_ 	2  

8K+ AK+, 

SK.-; 	ZSK  

QK 	LS. 6, K4-I 

where s„ is the value of s at the pressure level .{-)K  with pic  > f)t,4, 

and L\K = 4.) 
	

PK (A K  is +ve). 
If A I,c  =6,k4,these reduce to the familiar central finite 

difference formulae. 

4.6 	The geostrophic vorticity  

The geostrophic approximation permits relative vorticities 

to be obtained very simply from height or pressure fields from 

the expressions z 
/31V  1D  or 5  = 	, 	With 

the grid of fig.4.6 72Z is S71:t = h2. 	2,  (z + z +23  + z4  -4Z.), 

As the vorticities for the cam" equation and those displayed in 

chapter V are worked out by this method we will include some 
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discussion of its limitations. 

There are three principal sources of error in the geostrophic 

vorticity: 

(1) Interpolation errors 

(2)•  Errors due to finite difference approximations 

(3) Ageostrophic effects. 

These are considered below in turn. 

We remark in passing that the arithmetic in the formula 

for 72Z. can be performed graphically. 	One advantage of the 

graphical method is that the fields are smoothed by eye at 

each stage, so that the final vorticity field is smoothed, 

whereas scatter on the values from the "straight" arithmetical 

method produces irregular fields. 	The disadvantage of the 

graphical technique is that for a given contour spacing there 

is a minimum grid distance which will ensure that the subtraction 

can be easily achieved. 	For instance if vorticity isopleths 

with spacing 5 x 10-5  sec-1  are required from a height contour 

spacing of 50 m, the grid length needs to be 600 km which will 

be shown below to be unsuitably large. 

4.61 Interpolation errors  

Using N72Z = (z, + zz  + 73  + 14  - 47.0)/1,2  and assuming 

the standard deviation of the randomly distributed interpolation 

error in z to be &z, then the standard deviation of error 

in (zo  + z1  + z3  + z4  - 47.0) is 

V(Ni 82" + 	+ FZ + z)z-r + (45z.)2 	5 sz 



whence 5 	6z 
h2  
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With h. 200 km this gives g N 157. x 10-5  sec-1  where bz is 

in metres. 	Thus with 8z lines drawn every 50 m, the best 

estimate of z is likely to be in error by up to 5 m which gives 

an error in 	of order 1/z5. 	Accordingly in the hand analysis 

of Lei  fields no attempt was made to draw lines closer than 

5 x 10 5  sec-1'. 

Note that s cc h-t 
 

so that with h = 400 km, 	"I  10 
although the vorticity is now averaged over a much larger area. 

4.62 Finite difference approximations (Truncation errors  

By Taylor's theorem, 

•72z = 	 k 
2'

r 
Z, + Z ± Z3 + Z4 — 4z ) — 2  + OM 

11 	 iz ax 4 	
,4

B

z  

4 

, 
+  

h2  -a2 ( a,e
4t 3 

4) 
 4z The size of 	is a measure of the suitability 

1 0-  B, 
of the grid distance chosen for the representation of the vorticity 

field. 	The grid distance can be considered satisfactory if 

the term is say 1/10 oft72z. 	For a wave component of z of the 

form A expi.(2kx+H) we require 

1 	2 	 - 
10 " 	

z 
) 	12 (7

4 	4
) 

or h < 	1  

This gives the greatest permissible grid length only if interpolation 

errors do not exist. 	If their existence is also allowed the 
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strategy must be to reduce the total interpolation and truncation 

error. 

There is an optimum grid size for which the truncation 

plus interpolation errors are at a minimum. 

Total error = interpolation error + truncation error 

E 
8h 

	

E 	= 	5 1 Sz - 
h
i- 	4- 	ii2- 'Al  11'.  

f 	2  

	

ZE 	= - 10 9  3z -1- 	+ 	1 	 . . 

	

b h 	 S 	h3 	
T 7\ k 

is zero and E minimum for optimum grid length 

h 4 	(

2 Sz \144. 
60 	 

fA2.n 

)Ahich also makes the two types of error equal. 

With 9k= 10-7  mm-1, $7. =  5 m  and 	ti f 
	

boo  lies 

between 200 and 250 km. 	A grid length of 200 km has accordingly 

been used throughout the work. 

115eostrophic effects  

Any method of computing vorticity which assumes that the 

rind is geostrophic is in error to the extent that accelerations 

and frictional forces produce departures from the geostrophic 

value. 	At the centre of a deep cyclone, the geostrophic 

formula can be expected to overestimate the vorticity since 

cyclostrophic accelerations require the wind to be less than 

the geostrophic value to balance the same pressure gradient. 
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A simple way of estimating for the effect of the neglected 

accelerations is to consider circular isobars with gradient 

wind balance. 	If the wind speed is V at radius r and the 

corresponding geostrophic wind is V9, then 

V = V + va  
fr 

 

and since 

we readily obtain 

2v by 
rf br 

To find values at r = 0 where v = 0 we apply l'Hospital's 

rule leading to 

( ay )2  
f 	ar /0  

In section 3.91 we have presented evidence for central 

r
r  
e ) 	

2-f.
2 shears of order 10-4 sec- 	2 1  so that 	— 

B 

A more complete analysis shows that the difference between 

the actual and geostrophic vorticities is not so large as the 

-le considerations above would suggest. 	Reference may be 

made to a paper by Petterssen (1953) who uses the balance 

equation to take account of the accelerations. 	He finds that 

the geostrophic equation overestimates the vorticity by about 

25% in regions of maximum vorticity (73  4-f ) but gives estimates 

to within 10% over most of the field. 

The results of an experiment similar in some respects 

to petterssen's is to be found in fig.4.8. 	Values of vorticity 

deduced from the geostrophic formula and from the balance equation 

By 
a r 
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FIG. 4.8. Comparison of balanced and geostrophic vorticities. 
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v2 qj  

where t is a solution of the balance equation:- 

(v 2 	+ f ) 2  = f 2  + 2v2gz + e 	6 2  

with A = (0„-- Lpyy 	& 	B = 24).y. 



are plotted on a scatter diagram. 	It is clear that for 

K
< 1.5 x 10-4  sec-1  the geostrophic vorticity can be fairly 

confidently assumed to be within 15% of the balance vorticity 

but above this value the vorticity is markedly overestimated 

by the geostrophic formula. The vorticities in the case used 

in the study were somewhat smaller than those in Petterssen's 

but the results are in general agreement with his. 

No attempt has been made to use balance vorticities in 

either chapters III or V. 	In the aY-equation the use of the 

balance equation to find the vorticity and velocities is not 

consistent with the derivation of the equation which depends 

on the geostrophic approximation. 
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CHAPTER V 

5.1 	Introduction  

In this chapter the surface relative vorticity fields of 

a rapidly developing Atlantic cyclone are analysed and related 

to low level air flow relative to the storm, revealing how 

air enters the region of maximum vorticity and some of the 

processes involved. 	A simple technique is proposed and used 

to obtain the streamlines relative to the system and subsequently 

relative trajectories. 

The vorticities used in the study are computed on a 

200 km grid, shown in the previous chapter to be broadly 

appropriate. 	It is known however from inspection of autographic 

records that changes in wind direction at fronts take place 

over short distances of tens of kilometres or less, implying 

a pattern of vorticity far smaller than can be resolved by 

such a grid. 	Stoke's theorem ensures that the total vorticity 

is unaltered by this averaging but the pattern may be misleading 

and the physical processes producing or maintaining the vorticity 

at the front may be concealed by lack of detail. 	Consequently 

the chapter begins with an analysis of a vigorous cold front 

on a much smaller scale to provide a framework of ideas with 

which to interpret the larger grid scale analysis. 

5.2 	A Cold Front  

In this section, the wind field of a vigorous cold front 
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HG. 5.1. Surface isobars and weather 0600 -Z 1 DEC 1966. 
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is investigated on a scale of a few kilometres. 

Fig.5.1 shows the situation at 0600 	on 1 December 	1966. 

6 hours later, the cold front lay from Middlesborough to 

Plymouth. 	The temperature fell several degrees with the 

passage of the front, which was accompanied by a hail shower 

at English stations south of 53°N. 	Anemograms from Kew and 

Rothamsted (fig.5.2) show that as the front passed these 

stations, the wind veered through 90°  in a minute or less, 

which corresponds to a distance of at most 2 km. • There is 

no suggestion that the wind veer took place in two stages, 

described by Miles (1962) as a frequent occurrence. 

Autographic records such as these contain a great deal 

of information, which can be used to give a detailed picture 

of the wind in the vicinity of the front providing the field 

is sufficiently steady for the time sampling to be treated 

as space sampling. 	An inspection of 35 such autographic 

records from stations in England and Wales showed very similar 

patterns of wind speed and direction throughout the several 

hours required for the front to cross the country, and along 

its length. 	The main differences in the records lie in the 

magnitude of the wind speeds (but not their pattern), and as 

there are no systematic trends in the data, save that exposed 

coastal stations have much larger wind speeds than the others, 

this effect can be attributed to dissimilarity in the environments 

of the various anemometers, rather than to frontal structure. 

If the velocity of the front is known, the times from 
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FIG. 5.2. Anemograms for (a) ROTHAMSTED and (b) KEW for 1 DEC 1966. 
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the passage of the front can be converted to distance from the 

front normal to it. 	Some assurance is required that whatever 

is considered as a reference position (here the very pronounced 

wind shift) can be represented as a line on a chart. 	If the 

front were discontinuous or heavily zig-zagged on a scale 

comparable with the proposed analysis the technique could not 

be applied. 

Fig.5.3 shows isochronous positions of the wind shift. 

With the exception of Keele University and Silwood Farm the 

isochrones fit the time data very well, usually to within 

5 minutes which is within the accuracy to which the time marking 

on the chart can be trusted. 	[The portion of record available 

for this study, usually did not extend to 0900 hrs when observers 

habitually time mark their instruments.] 	Since 1 minute's travel 

is about 1.5 kin, the amplitude of any waviness on the isochrones 

is certainly not more than 8 km and almost certainly not more! .• 

than 1 or 2 km. 

The average normal velocity from 1000 Z-  to 1530 is 37 ± 2 km 
• 

towards W 25°S. 

5.21 Average winds  

Eddies give the anemograph traces of wind and direction 

the appearance of rather broad bands. 	If the speed and direction 

at an instant are V and e and maximum and minimum values over 

a few minutes are shown by suffices "max" and "min" then 

inspection of the records shows that 



FIG. 5.4. 	Surface streamlines relative to the ground. 

Wind speeds in knots are shown at the ends of 
direction arrows. 

Wind data at certain intervals (11/2, 1, 1/2, 1/4 hrs) 
before and after the passage of the front are 
shown relative to its position at 1400 Z. 

The open circles mark the position of the 
stations at 1400 Z. 
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consistent with the assumption of horizontally isotropic eddies. 

The winds used in fig.5.4 (vhich shows winds at individual 

stations plotted relative to the position of the front) are 

taken from 

-2-  + V min ) 1  ( V max k 
and 

2 ( max + 	mi. 

read by eye. 	The directions are fairly consistent but speeds 

differ from station to station although the time pattern is 

quite consistent. 	This scatter on the wind speeds is due 

to differences in anemometer exposure as we have previously 

remarked. 	To remove some of this scatter while preserving 

longitudinal trends, means over 5 adjacent stations (along 

line of front in fig.5.4) were computed. 	It was obvious that 

although the resulting winds are smoother than before, individual 

stations still give variations which are large enough to hide 

any trends existing along the length of the front. 	Thus to 

get representative winds, the observations have been averaged 

along the whole length of the front (see fig.5.5). 

With the front regarded as straight and 2-dimensional, 

vorticities and divergences can be computed from the average 

winds and these are presented in fig.5.6. 



V 

u normal to front 
v parallel to front 

1 	 i 

-1 1  / 2 	-1 0 	 1/2 	 11/2  

119 

DISTANCE NORMAL TO FRONT IN KM 
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FIG. 5.5. Velocity components relative to ground obtained by averaging all 
observations at same distance from wind shift. 
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5.22 Relative velocities  

Relative velocities obtained by subtracting the normal 

velocity of the front (fig.5.7) show low level warm air flowing 

towards the front and the cold air accelerating away after 

being "dumpedn on the surface close behind the wind shift. 

The fact that the winds before and behind the discontinuity 

are almost parallel is probably not significant because any 

tangential velocity subtracted in addition to the normal component 

would alter the directions differentially. 

It is of interest to know what the relative velocities 

would be if there were no friction. 	In a 2-dimensional front 

near to the ground, the normal velocity of the cold air at 

the interface must be the same as the velocity of the front. 

This is not true aloft, where overtaking is accommodated by 

rising or sinking motions. 	(Indeed Sansom (195/) has used 

this accommodation to calculate vertical velocities.) 	If 

the reported normal velocities in the cold air are extrapolated 

right to the interface, a speed of 27 Kts is found compared 

with a frontal velocity of 37 Kts. 	A procedure for overcoming 

most of the frictional modification is to scale up all the 

37 components by -2  ,7.x.1.4. 	Relative velocities so treated are 

also in fig.5.7. 	The warm air is still flowing towards the 

front and the cold air accelerating away but what happens near 

to the front on the cold side accords more with physical 

insight. 
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5.23 Vorticity in cold air mass  
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Our remark that averaging over 200 km grid squares may 

  

       

distort the dynamics is exemplified by a comparison of 't 	divh V -labs 

and f
abs 

div V 
	

from Fig.5.5. 	These are respectively 

-40.2 x 10-9  and -1.4 x 10-9  sec-2. 	Using the vorticity 

equation to discover the average divergence can therefore lead 

to results in error by a factor of 30. 

In the cold air the air at the ground is flowing away from 

the front and it is clear that between 1=4 and 1=6 in fig.5.6 

the sign of (1-1) 	is opposite to that of 	abs divh) 

so that other terms must be significant in the vorticity equation. 

Tables 5.1 and 5.2 show the size of some of the terms in the 

vorticity equation. 	The x axis is perpendicular to the front. 

* denotes quantities with the friction correction applied. 
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In small Rossby number situations, R is expected to be 

an order of magnitude less than the previous columns, which 

it is not. 	Regarding the measured winds as frictionally driven 

by those at say 900 m, vertical advection and twisting terms 

can be invoked to contribute to R. 	Twisting terms are in 

the sense to produce +ve R (or R*) since w and divh\/ are 

highly negatively correlated and the thermal wind is in the 

direction. 	As the front slopes upwards in the -ve x direction, 

the vertical advection should bring high vorticity air to the 

surface again producing +ve R 	It may seem possible to 

account for -ve values of R if away from the front the cold 

air aloft has large anticyclonic vorticity but order of magnitude 

calculations show this to be unlikely. 	e.g. at point I=7, 

if w az 
	 az 

— is estimated by (Az divV) 	and this is put equal 

to R then - has order -6j km-1  for &..= 1 km. 	The remaining 

agency 

- 

agency which can explain R is the contribution of the eddies. 

These were smoothed out at the stage at which velocities were 

read from the original records. 	As little is known of the 

action of the eddy motions further study is warranted. 	This 

would require detailed information in the vertical so that 

the large scale advection and twisting terms can be found 

with reasonable precision. 	The study of eddy terms is best 

carried out where there are strong vertical gradients with 

which to relate them. 	Since active cold fronts provide such 

gradients they are ideal settings for an investigation of 

eddy terms. 
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5.21+ Vertical structure 

Observations of the vertical structure (fig.5.8) do 

not fall readily into any simple two-dimensional scheme for 

the front. 	The lower km or so at Crawley and Hemsby on the 

warm side of the front have relative normal components towards 

the front in agreement with the anemometer evidence. 	If the 

front were truly two-dimensional and steady, the constant aw  

lines in a vertical cross section would have to coincide with 

the two-dimensional streamlines. 	Now at these two stations, 

the air flowing away from the front has different ew  than 

that flowing towards it, whence the air lifted off the surface 

by the cold front must be sought flowing away from the surface 

front above the cold air. 	At Aughton air with the correct ew  

is indeed found above the cold mass flowing away from the 

surface front; moreover the relative humidity is high indicating 

ascent. 	At Cambourne bowever the air above the front is 

overtaking it and must be assumed to be sliding down it. 

Consistently with this, the warm air has very low relative 

humidities. 	Cold air at the ground is flowing away from the 

front at the ground but the relative velocity at 900 metres 

is ambiguous. 	The reported winds have directions rounded off 

to the nearest 10 degrees and the uncertainty of ± 5°  allows 

+ve or -ve relative velocities. 	Presumably the air at this 

level must be overtaking the front to preserve mass continuity. 

The sounding at Cambourne suggests a situation like fig.5.9a 

and at Aughton like fig.5.9b. 
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Schematic vertical cross sections consistent with the soundings 
of fig.5.8. 	(a) Cambourne (b) Aughton. 
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5.3 	Cyclone surface vorticity  

Vie turn now to vorticities analysed on a 200 km grid, 

shown in the previous chapter to be appropriate. 	The cyclone 

chosen for investigation lay about 1000 km S.W. of Ireland 

on 18 December 1958 with a central pressure of 950 mb 	The 

associated cyclonic circulation occupied a vast area over 

2000 km in diameter (see fig.5.10). This is the cyclone 

previously discussed in chapter-III. 

The pattern of surface vorticities in fig.5.10 clearly 

contains detail- on a smaller scale than the pressure field 

from which it was obtained, in the sense that if the patterns 

were to be represented by values at grid points, a smaller 

grid length would be required to specify the vorticity field 

than would be needed to specify the pressure pattern. 	For 

instance, the shallow trough of low pressure stretching out 

WSW of the pressure minimum at 0600 GMT on 18 December 1958 

is associated with a very much sharper "ridge" of high vorticity. 

This is to be expected, for if p oc  )k), exp i (Tx +m) 	then 

V )7oa Z (7 	) NAexPi ()17- 	) 	The factor ("X2 + ki') in the 

expansion for V24) gives prominence to waves of smaller wavelengths. 

The largest 4-ve values of relative vorticity are much 

greater than the largest -ve values; the respective maxima 

are of order 4f for +ye values and f for -ve values. 	The 

reasons are twofold: firstly, motions with negative absolute 

vorticity are dynamically unstable (see Kuo 1949), secondly 

in the absence of friction and tipping effects, the time 



FIG. 5.10. 	Continuous lines, surface pressure in mb. 
Continuous rain area shown by shading. 
Pecked lines relative geostrophic vorticity 

in 10-5sec71. 

A 00 Z 17 DEC 1958 
B 06 Z 17 DEC 1958 
C 12 Z 17 DEC 1958 
D 18 Z 17 DEC 1958 
E 00 Z 18 DEC 1958 
F o6 Z 18 DEC 1958 
G 12 Z 18 DEC 1958 
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derivative of absolute vorticity produced by horizontal divergence 

is proportional to the vorticity itself. 	This prevents the 

relative vorticity falling below -f but places no upper bound 

on it. 

By Stokes'theorem the average relative vorticity of the 

Northern Hemisphere is Ill. where Ve  is the average zonal 

velocity at the equator and R the radius of the earth. 	Thus 

rel f"" 	
1 	-1 - 	x 10-5  sec 	and variations are of order 10-7sec-1. 

Nov f is 7.3 x 10-5  sec-1  so that the time variations of average 

absolute vorticity arc of order 1% or less. To a good approximation 

the gains in vorticity in cyclonic areas are balanced by losses 

in the anticyclonic areas and since the maximum possible +ve 

values are greater than the minimum -ve values, regions of 

anticyclonic relative vorticity have considerably greater area 

than the cyclonic regions. 	This is clearly visible in fig.5.10 

even though the analysis has not been extended to closed anti- 

cyclonic circulations flanking the cyclone. 	A considerable 

portion of the region of cyclonically curved flow has -ve 

relative vorticity because the anticyclonic shear predominates. 

The greatest values of vorticity occupy a very small 

area and the visual appearance of the crowded isopleths gives 

the impression that the analysis is faulty, the smallness of 

the intense maximum being irreconcilible with the large scale 

process responsible for its existence. 	It is valuable therefore 

to display the vorticities in a manner more suggestive of the 

processes operating. 	The vorticity equation is recast:- 



k0 so 
k 	(Ai 

k 

FIG. 5.11,log,Lp. 	Same occasion as 5.10 B. 	The amount of stretching to get from one isopleth 

to the next is constant so that the isopleth representation is more indicative 

of the physical processes involved than in fig. 5. 10 B. 



whence 

- l 	= 
D tog abs 
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Linearly spaced isopleths of log(Lbs/1°) then have 

the property that the same amount of stretching I— ut is a 13 
required to take particles from one isopleth to the next. 

A vorticity pattern is so presented in fig.5.11. 	The 

situation is the same as that in fig.5.10a but the field takes 

on a more natural appearance, the spacing of the lines being 

more uniform than in the 'Telform. 	Apart from the improvement 

in appearance nothing is to be gained from the logarithmic 

analysis as no extra information is provided. 

The averaging inherent in the numerical computation of 

vorticities spreads the +ve vorticity at the fronts into the 

air masses on each side, whereas the small-scale analysis of 

section 5.23, (for a different cyclone), suggests that the 

cold air mass at the cold front has -ve 	
re1 -) 

k 	except for possibly 

within a kilometre or two of the wind shift. 

The ridge of high vorticity in the northerly air stream 

at 1200 -Z 18 December 1958 upon which we remarked in chapter III, 

can be traced to the vorticity from the original low pressure 

centre which was situated at 47°N 53°W at GO 	on 17 December. 

This affords a good example of a back bent occlusion. 	"As the 

occlusion first develops near the centre of the depression, 

there is, in some depressions at least, a tendency for the 



centre of the cyclone to move along the occlusion to the angle 

of the warm sector. 	The occluded front then tends to become 

a subsidiary cold front .... such a front is usually referred 

to as a 'back-bent occlusion' 
	

(Brunt, 1934, p.325). 

5.4 	Choice of winds for trajectories  

The trajectories to be shown in section 5.9 have been 

obtained from the geostrophic winds. 

Although the number of ships reporting the wind speed 

at ship mast level was sufficient to define a reasonable wind 

field, the values are much influenced by friction and have 

been considered unrepresentative of the wind in say the first 

kilometre. 	Winds at levels higher than ship's mast, provided 

only by weather ships and a few islands, are too few to define 

the wind field adequately. 

The principal advantage of the geostrophic wind over 

the gradient wind is ease of computation. 	While this is true 

in general, it is particularly true for wind fields which are 

not stationary. 	This is because the radius of curvature used 

in the gradient wind equation is that of the trajectories, R. 

whereas that available for direct measurement is the radius 

of curvature of the streamlines, R. S. 	Blaton 1938 has given 

the relationship between them:- 

1 
	

1 aw 
Rs 	tivfct 

where 	is the wind direction (clockwise from north) 

the speed of the particle.' 
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FIG. 5.12. Pressure patterns of 06 2 and 12 2, 17 DEC, superimposed. 

Trajectories lying within dotted area at 09 2 will show pronounced cusps if constructed 

directly from these maps (see section 5.6 ). 

The streamline and trajectory radii of curvature differ markedly within this region 

(see section 5./4). 
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Within the dotted area of fig.5.12 the wind turns through 

Tr about —
2 
in 6 hours. With R., of 300 km this gives R = 150 kin 

if V = 20 m sec
-1 
 and R. 100 km if v, 10 m sec-1. 	It is 

clear that the curvature of the isobars can differ by a factor 

of 2 or 3 from the trajectory curvature. 

The gradient wind introduces a correction to the geostrophic 

wind to account fcr radial accelerations, but takes no account 

of tangential accelerations. 	The tangential accelerations 

can be considered important when they rise to within say half 

an order of magnitude of the Coriolis acceleration. 	i.e. when 

D4Vt /XI 	1 

If a particle travels a distanceA in 6 hours and Da  

in the subsequent 6 hours this criterion is to a good approximation 

Dz  > 2]), 

The tangential accelerations are found to be important 

for a number of trajectories, particularly where air accelerates 

away from anticyclonic areas. 	See for example fig.5.13 and fig.5.18. 

Since the gradient wind neglects tangential accelerations 

and accounts for radial accelerations inaccurately, (unless 

trouble is taken to compute R from Rs) the only satisfactory 

improvement upon the geostrophic wind is provided by numerical 

solution of the balance equation. 

As the pressure maps occur every 6 hours, particles 

were advected for 6 hours, beginning 3 hours before map time, 
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FIG. 5.13. Double constructions of some 
trajectories as a test of 
objectivity. 
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The trajectories in A were ended 
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with the geostrophic velocities shown at map time. 	The geostrophic 

winds at the beginning and end of a 3 hour trajectory are often 

different end in this case the trajectory was constructed in 

shorter sections of 1 hour or 11/2  hour. 

5.5 	Reproducibility of trajectories  

The process outlined above is not an entirely objective 

procedure, as in certain regions the spacing between the 

isobars is not obvious, for instance in regions of small 

pressure gradient or near fronts. 	A few trajectories have 

been constructed twice to assess the subjectivity. 	Sufficient 

time elapsed between constructions for the details of the first 

construction to be forgotten. 	These are in fig.5.13. 

Trajectories B and C show considerable discrepancy between 

the two constructions whereas A is much better, the separation 

of the two constructions being only 10C km after 42 hours. 

Once some separation has occurred further separation is 

not necessarily due to subjectivity but can arise because the 

distance between two marked fluid particles is not constant. 

If br is the vector joining two infinitessimally close fluid 

particles, 

Sr 
Dt ( r 	) 

so that 

18
-  1 
	

L 
ISrl 16 Y- 1  

where L is the distance over.  which .the speed changes by ) Q V 1. 

With 1Loii = 10 m sec-1  and 	
km  ( rel -1°- 

 1000 	10 -1  ) 
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the separation of marked fluid particles changes by about 20% 

over 6 hours. 	In regions of high vorticity a rel 
	10-4  sec-1) 

this may be increased to 600%. 

Discrepancies first appear in B and C during the second 

time step and near the centre of an anticyclone. 	Most of the 

spread thereafter can probably be attributed to the dispersion 

considered above. 	We shall take the view that the subjectivity 

inherent in the method is not sufficient to prevent determination 

of the main features of the flow. 

5.6 	Advantages of relative streamlines 

Trajectories within the dotted line in fig.5.12 at 0900 3 

on 17th will have cusps if constructed by the method outlined 

above. 	The discontinuity in direction shows that trajectories 

so constructed are rather inaccurate. 	It arises because the 

streamline pattern has changed appreciably between map times 

because of a combination of translation of the pressure minimum 

and a change in the pattern of the isobars. 	If the interval 

between maps were sufficiently small, tolerably smooth trajectories 

could be produced. 

For a steady pattern of streamlines undergoing no translation, 

all map times would be identical and the trajectories would be 

accurate whatever the time step. 	Moreover a steady pattern 

of streamlines undergoing translation can be reduced to a steady 

stationary pattern by constructing relative streamlines. 	The 

relative trajectories are again unaltered by the time step and 



can be converted into accurate absolute trajectories. 	It 

follows that a way to remove the inaccuracies due to translation 

of the streamline pattern (but not development) is to construct 

relative streamlines; these are used to construct relative 

trajectories which in turn give absolute trajectories. 	These 

trajectories are more accurate than those deduced directly from 

actual pressure maps (although they can be made arbitrarily 

close by sufficient reduction in the time step). 

The production of relative streamline maps thus allows 

an important improvement in the accuracy of the trajectories, 

particularly near to the low pressure centre. 	Such maps also 

bring about an important conceptual simplification, revealing 

immediately how air particles flow through the system. 

5.7 	Production of relative streamlines  

Velocities v relative to the earth are related to the 

pressure by the geostrophic equation 

x-ss. k 	= v  

We seek a scalar 435  which produces the relative velocities 

Vrel = V - c 	(c = velocity of the system) •- 	-• 

27-5-153. AST.t)s 	v 	C 

i.e. we seek 1-C (=ip-f) such that 

f 	A 0  -rt = c 

145 



FIG. 5.14. n for 1200 Z 17 DEC 1958. 
The spacing between lines 
corresponds geostrophically 
to the speed of the system. 
Since their direction is 
everywhere within 10° of 
that of the system, n' 
adequately represents it. (3) 



11+7 

In general no such Tt exists except for constant ,of or for 

constant /0 and c directed east-west with a tangent plane 

approximation. 	Otherwise the variability of Apf and constancy 

of c demand that the lines -17= const. be  parallel and non- 

parallel simultaneously. 	However a good approximation 771  to 

TT can be produced by drawing a straight line through the 

pressure minimum with the direction of c to provide the first 

member of a family of curves whose separation is everywhere 

equivalent geostrophically to Ici. 

Fig5.14 shows isopleths of TT'  for 1200 Z 17 December 1958. 

The greatest departure of the lines from the direction of c 

is 10°, whereas the spacing corresponds exactly told everywhere 

by the mode of construction. 	kn CM' is thus a very good /of — 

approximation to C. 

A graphical subtraction of re from iz) gives j s  which 

might be called the relative pressure field, since winds 

relative to the moving system centre are obtained from it in 

the same way as geostrophic winds are from actual pressure. 

This technique can also be used with heights of isobaric 

surfaces and Montgomery potentials on isentropic surfaces. 

5.8 	Relative pressure maps  

Maps of "relative pressureu ps  produced as above (see fig.5.15) 

resemble the actual pressure maps in the later stages when 

the movement of the pressure centre is less rapid; in the 

earlier stages they are strikingly different from the actual 



FIG. 5.15. 	Continuous lines - relative geostrophic streamlines 
with spacing of 8 mb. 
Pecked lines - relative geostrophic vorticity 

in 10-5sec-1. 

A 00 Z 1.7 DEC 1958 
a 06 Z 17 DEC 1958 
C 12 Z 1.7 DEC 1958 
D 18 Z 17 DEC 1958 
E 00 Z 18 DEC 1958 
F 06 Z 18 DEC 1958 
G 12 Z 18 DEC 1958 
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FIG. 5.16. Temperatures and winds at Echo. 00 -Z 17 DEC 1958. 
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pressure maps. 

At 0000 	17 December 1958 the air in the warm sector 

is almost stationary relative to the system near to the apex, 

but is flowing away (being left behind) further south. 	This 

behaviour of air in the warm sector is not properly explained 

by any existing cyclone theory. 	The theories of Charney (1947) 

and Eady (1949) and many similar studies begin with a basic 

current which is a function of height only in which a wave 

develops moving with some mid-level velocity so that all the 

surface air streams through the system from the front to the 

rear. 	Since the warm sector air at the surface is stationary 

with respect to the system it is probable that it exists as 

a "solid" current up to at least the steering level. 	The 

only wind sounding available as a check is from Echo for 

0000 % 17 December 1958 (see fig.5.16). 	This is not ideally 

situated as it is not in the "stationary" part of the warm 

air mass but it is clear that there is very little shear in 

the air above the friction layer. 

A further notable feature is the flow in the cold air 

in the vicinity of the warm front, which earlier is parallel 

to the front and inclined at a rather small angle to the constant 

vorticity lines, leading to near the vorticity maximum. 

Later a normal component develops at the front from warm to 

cold air. 	This does not necessarily imply that air blows 

through the front, as the front itself rotates around the 

pressure minimum, but closer examination reveals that the 



geostrophic wind does overtake the warm front. 	The flow 

parallel to the warm front is so striking that we have included 

a further example (fig.5.17) to demonstrate that it is a general 

feature of cyclone motion and not simply of this particular 

case. 	This second example is the same occasion as in figs. 

1.1 and 1.2. 

The vorticity maximum in the later stages (fig.5.15) is 

embedded in a closed circulation. 	The centre of this rotation 

does not coincide with the centre of circulation relative to 

the earth, of course, but a simple calculation shows that 

the separation is only a few tens of kilometres, for large 

and sma1115.1. 	The implication is that for mature cyclones, 

the high vorticities are to be found in the same air for a 

day or two. 	Earlier, the vorticity is all associated with 

the fronts, and the velocity is parallel to them. 

5.9 	The trajectories  

Most of the features of the flow pattern are well marked 

in the relative pressure maps but become even more obvious when 

presented as trajectories. 

Firstly we consider the warm air. 	A proportion of this 

air mass is not moving relative to the system and so must move 

great distances across the ocean as does the centre. 	Figs. 

5.13 and 5.18 furnish confirmation. 	The warm sector air is 

brought over the sea surface isotherms towards cold water and 

is hence a degree or two warmer than the underlying ocean. 
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FIG. 5.18. Trajectories in the warm air mass. 
Arrows occur every 6 hours. 
wf denotes that the geostrophic trajectory 
overtakes the warm front. 
--- sea surface isotherms in °C. 

00/15 



161:  

Since the cold air ahead of the cyclone came southwards 

in the rear of the previous cyclone air on either side of the 

warm front is brought close together from long distances apart. 

This confluence is clearly shown in fig.5.19. 	The confluence 

is by no means a sufficient explanation of the front, as 

divergent motions are needed to produce the vorticity concentrations 

and to maintain the thermal wind balance; geostrophic trajectories 

such as those in fig.5.19 do not reveal the divergence. 

Trajectories in the cold mass (fig.5.20) do not show 

air streaming through the vorticity maximum in the manner 

suggested by the mathematical cyclone models, but rather they 

reveal a closed rotation containing the vorticity maximum 

which is not penetrated by new air currents after about 1200 Z 

on the 17th. 

The trajectories do stream through the trough which is 

the remains of the previous low pressure centre. 	This implies 

stretching of •air columns before they reach the trough (i.e. to 

the north) and shrinking behind (to the south). 	There is no 

evidence from the cloud amounts or types for such vertical 

velocities and it is likely that the overtaking effect is spurious 

or exaggerated, because of an overestimation of the wind speed 

by the geostrophic equation. 

Overestimation of the wind speed by the geostrophic formula 

probably explains why trajectories flow through the cold front 

from cold air to warm. 	If this flow were genuine, warm air 

would have to descend the cold front and cold air ascend it. 
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FIG. 5.20 B. 	As fig. 5.20 A. 



The sounding at Echo for 0000 E 17 December 1958 shows air 

at 450 mb and above with the same Ow  as at the surface, see 

Fig.5.16. 	This is consistent with warm air being lifted up 

at the cold front at the surface and overtaking the other air 

to arrive at Echo at 400 mb. 

5.10 pole of warm front in concentrating vorticity  

One of the main motives for constructing the trajectories 

is to discover how air reaches the vorticity maximum. 	The 

answer is suggested by the vorticity values. 	The highest 

values of 	which are found are of order 4f . abs 	 At some 

time previously the same air had vorticity of order 3(certainly 

3 days previously when the cyclone was non-existent and probably 

more recently). 	An approximate form of the potential vorticity 

equation is 7.
abs/A  f 	A const. where 	P is the thickness 

of a column of marked particles with vorticity 	
abs. 
	A column 

of air 100 mb thick when it has 	will be 400 mb 

thick when
abs 	. 	Such ascent must produce extensive 

cloud and probably rain. 	Thus the air must reach the vorticity 

maximum after travelling through the rain area of the warm 

front. 	In chapter III maximum vertical velocities of about 

20 mb/hour were found, so the ascent must take about 15 hours. 

With relative velocities of 15 m sec-1, the distance over 

which the ascent takes place is so great that it must lie along 

rather than across the front. 	Standing alone the argument 

above is plausible but not irrefutable. 	It should be considered 
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along with the relative streamline patterns of fig.5.15, 

which show a flow parallel to the warm front in the cold air 

on the 17th. 

An attempt to trace the air reaching the vorticity maximum 

resulted in the trajectories shown in fig.5.21. 	These 

trajectories were constructed backwards from end points within 

200 km of the vorticity maximum at 1200 	18 December. 	Only 

one satisfactorily fits into the scheme outlined above. 	The 

others can be traced backwards for only a short time before 

they are so close to the front that a further time step would 

put them into the warm air mass, since the warm front moves 

slower than the geostrophic normal component of the wind. 

This difficulty may be overcome by considering the isallobaric 

wind which is in the sense from cold to warm on the cold side 

of the warm front. 

We can use the results of chapter II to provide a theoretical 

rate of vorticity production for comparison with the observed 

rate. 	If the vertical shear in the frontal zone is neglected, 

and axes taken following the trajectory, the latent heat released 

provides a heat source similar to that considered in section 2.32. 

To obtain a vorticity production rate, the half width (2b ) 

of the pattern is required and the rate of release of latent heat. 

It is not obvious what whould be considered as the half 

width. 	If the width of the rain area is taken as a "full:' 

width, i.e. kb, then the half width is about 150 km. 	The 

rate of rainfall is also not very precisely determined. 	The 
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FIG. 5.21. Three attempts to trace the relative trajectories of air parcels lying within 200 km of the 

low pressure centre + ) at 12 2-  18 DEC. 	In cases B and C, construction of the 

trajectory portion backwards from 12 2 on 17 th cannot be performed as it would involve 

passing through the warm front. Trajectory A fits satisfactorily into the scheme outlined 

in section 5.10, the path alongside the warm front being clearly shown. 
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present weather code 63 (continuous moderate rain) is reported 

widely and this is equivalent to rainfall rates of about 2 mm hr-1  

(see Tucker 1961) representing a value of Qv of 2.5° K/day 

spread throughout the troposphere. 	Using the theory of section 

2.34 the rate of vorticity production is about 14  x 10-1+  sec-1  day-I. 

The vorticity change along the trajectory A in fig.5.21 is 

3/2 x 10-4  sec-1  day-1. 	The physics of this model is oversimplified 

since we have neglected the vertical wind shear and since cyclones 

can grow in dry atmospheres whereas we have not mentioned any 

adiabatic effects. 	In view of the crudity of the analogy 

between the front and section 2.34 and the uncertainty in b 

and 	the agreement to within half an order of magnitude 

is good. 

We conclude therefore that the warm front is the region 

where the stretching takes place to increase the vorticity of 

the air particles. 	The air reaching the vorticity maximum 

flows along the length of the front on the cold side. 	The 

synoptician's practice of curving the isobars in the cold air 

at the warm front receives justification from this view. 	It 

is further to be expected that the disappearance of the warm 

front and the cessation of growth of the cyclone are closely.  

related. 
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CHAPTER VI Conclusions  

In the later stages of cyclone development, two principal 

regions of high vorticity are apparent at the surface. 	One 

is associated with the fronts; the other is associated with 

the surface low pressure centre, which is several hundreds 

of kilometres away from the fronts in the cold air mass. 	We 

have investigated how this observation can be reconciled with 

the theory that the cyclone kinetic energy comes from the 

potential energy released as the warm air rises and the cold 

air sinks. 	In particular we have asked whether the observed 

vorticity pattern is produced in a manner analogous to the 

formation of heat lows over the land. 	In the cyclone case 

the heating is by cumulus and cumulonimbus convection spreading 

heat upwards from the ocean surface. 	Cumulonimbus convection 

is often concentrated into regions of high vorticity such as 

the troughs which occur in the north to northwesterly flow in 

the rear of many Atlantic cyclones. 

Using perturbation techniques to render the hydro-dynamical 

equations tractable, we were able to find the essential scales 

and magnitudes of heating necessary for reasonable rates of 

vorticity creation. 	For heat sources moving with the atmosphere, 

the relative vorticity can be increased by 10-4 sec-1 per day 

if the heating pattern has a half width of 200 km and is capable 

of raising the temperatures of an air column as deep as the 

troposphere by 5°K per day, a value typical of the situations 



than the conventional 	oc re 1 
fric 

under study. 	This remains true if the same quantity of heat 

is restricted to a smaller depth. 	For heating configurations 

with small horizontal scales the vorticity produced is confined 

to a rather shallow layer and is virtually independent of the 

earth's rate of rotation. 	If the air is moving relative to 

the heat source with a relative velocity of order 10 m sec-1, 

then typical rates of heating with a scale of a few hundred 

kilometres produce negligible vorticities in a day, so that 

heating from the ocean surface can only be significant to the 

cyclone problem if a small scale pattern of heating is produced 

and maintained by the cyclone itself. 

Calculations of heat flux from the ocean surface using 

bulk aerodynamic formulae with a suitable drag coefficient 

demonstrate that the shape of the heating pattern is determined 

largely by the wind field, for both sensible and latent heat. 

The calculations show further that the diabatic production of 

vorticity is important to the vorticity budget. 	It cannot, 

however, explain either the (depth of the cyclone nor the 

presence of the back bent occlusion, since it is smaller and 

in the opposite sense to the adiabatic vorticity production. 

The addition of a frictionally induced vertical velocity 

leads to vorticity destruction at an unrealistically large 

rate, and it is likely that a more accurate representation 

of vertical velocities is given by 	 rather 

Zrel 
although the former 
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leads to difficulties where 	
" " 

It is to be expected that the upward velocities are 

accompanied by latent heat release, which in the absence of 

other processes would lead to vorticity concentration. 	This 

enhances the frictional velocity and there is the possibility 

of a self-maintaining system. 	However an attempt to model 

large scale latent heat release by the simple expedient of 

changing the static stability where the upward velocity exceeds 

a certain threshold value produced large scale rainfall in 

regions which observations showed to be filled with cumulonimbus 

convection, away from the frontal cloud mass. 	It is clear 

that the frictional velocities must be the residuals of the 

much larger updraughts and downdraughts in cumulus type convection. 

No adequate theory at present exists which treats the interaction 

between cyclone scale and cumulus scale velocities. 

It is probable that appeal must be made to the large 

scale dynamics rather than to heating from the ocean in explaining 

the location of the vorticity maximum in the cold air. 	A 

first step is to discover how the air reaches the vorticity 

maximum. 	Geostrophic winds are more representative of flow 

in the lower kilometre than reported winds at ship deck level, 

and have been used in the construction of trajectories of air 

parcels. 

There is a conceptual simplification and improvement 

in accuracy if streamlines and trajectories relative to the 



system ere constructed. 	A simple technique for obtaining 

relative geostrophic streamlines was demonstrated and used 

in the preparation of trajectories. 

The trajectories suggest that air at the surface low 

pressure centre in the deepest stages, arrived there along 

a path lying alongside the warm front. 	Some evidence for 

this is to be found in the amount of stretching required to 

produce the observed vorticities. 	However the geostrophic 

winds appear to blow through the warm front towards the cold 

side, so that trajectories constructed backwards from the 

surface low pressure centre seem to originate on the warm front. 

The next step in the investigation must be the construction 

of trajectories taking into account the accelerations which 

are ignored in the geostrophic assumption. 	Gradient winds 

provide no real improvement over the geostrophic winds because 

tangential accelerations are frequently as important as radial 

accelerations, and because of the difficulty of computing 

the trajectory curvature from the streamline curvature. 	The 

balance equation provides one approach, but as the divergence 

is important a more direct way of computing accelerations is 

to be preferred, either by meaning the observed changes in 

velocity (or geostrophic velocity) or by extracting trajectories 

from detailed primitive equation numerical models. 
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