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ABSTRACT

Using analytic techniques, it is shown that vorticity
production due to heating from the ocean surface in a mid-
latitude Atlantic cyclone is significant only if the scale
of the heating pattern is set by processes within the cyclone
rather than by the sea-surface temperatures.

In a case-study of an intense Atlantic cyclone, the
linear properties of the omega-equation provide a method of
partitioning vorticity production into diabatic and adiabatic
contributions, This case study reveals that the diabatic
processes are important to the vorticity budget but cannot
account for the depth of the low pressure centre nor for the
presence of the back-bent occlusion,

A useful technique for obtaining geostrophic trajectories
relative to a moving system is proposed and used to find the
path of air into the surface vorticity maximum, This path

is shown to lie along the warm front,
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CHAPTER I INTRCDUCTICN

In 1921 J.Bjerknes and H,Solberg introduced a synoptic model
of a cyclone and with it a new era in meteorology. The model
provided an elegant picture of the history and structure of the
weather systems associated with middle latitude depressions.

This simplified the problem of analysing observations and suggested
the physical processes responsible for the growth of the cyclone.
The depression was thought to originate as an unstable wave on
the sloping surface of discontinuity separating air masses of
different characteristics. The kinetic energy of the growing
disturbance comes from the potential energy released as the cold
air sinks relative to the warm air, and the areas of extensive
rain and layer cloud or blue sky and cumulus convection are in
turn related to the sign of the vertical velocities. A detailed
account of the history of the cyclone model prior (and subsequent)
to the introduction of the Bjerknes model has been given by
Ludlam (1966).

It is a measure of the success of the Bjerknes model that
it is still the accepted picture of surface weather after almost
half a century. The main deficiencies of the model became
apparent as the number of upper air observations increased and
the sharp temperature discontinuity of the surface polar front
was found not to exist away from the surface; instead the

temperature gradient is spread fairly uniformly through a diffuse

baroclinic zone,



Petterssen et al., (1962) have incorporated the greater
knowledge of upper air conditions into an improved cyclone model
by taking averages of important meteorological variables over
a number of cyclones, The life of a cyclone was split up into
5 stages and the averaging performed separately for each stage
on a grid of points which deforms from cyclone to cyclone so as
to remain in the same position relative to the front,

A physical variable which is not included in the Petterssen
paper is the surface vorticity and indeed this variable has
received little attention from authors generally, although it
is an important quantity fundamental to the dynamics of a system
and closely related to the vertical velocity. Any explanation
of cyclone dynamics must be able to account for the vorticity
distributions and the vorticity distribution is probably the
simplest feature with which to begin, since for cyclone scale
motion the vorticity equation reduces to a simple kinematic
constraint on the velocities, Accordingly the latter part of
this thesis is concerned with portraying the evolving surface
vorticity pattern and relating this to particle trajectories
near to the surface relative to the storm. Trajectories and
relative trajectories near to the surface have been computed
by Shaw (1908) but these were made before the introduction of
the Norwegian cyclone model, and used reported winds from land
stations in the British Isles which restricts their life span.

turthermore the influence of friction reduces the extent to

which they are representative of the lower layers of air.



With the discovery that the baroc¢linic zone aloft is broader
and more diffuse than at the surface, attention in the theoretical
attack on the cyclone problem switched from the stability properties
of waves oh a sloping density discontinuity (where it had been
directed by the Norwegian model (Solberg 1928) ) to the stability
properties of waves in a broad baroclinic zone.

The complexity of the mathematics of the problem demands
some simplification, principally the linearisation of the equations
of motion by considering small perturbations from a simple basic
flow and the removal of unwanted phenomena (e.g. sound and gravity
waves) by suitable assumptions about the dimensions of the motion
system, Solutions to this simplified problem were published
by Charney (1947) and Eady (1949). These studies confirm that
the kinetic energy is gained by the growing disturbances at the
expense of the potential energy of the basic flow,

After assuming that there is a positive correlation between
the displacement of a particle from the initial position in the
basic flow, and its meridional velocity vector, Fjortoft (1951)
was able to conclude that "as requirements for potential energy
to be fed into the disturbances (i) horizontal temperature gradients
must exist and (ii) the slope of the streamlines in the meridional
planes... must be of the same sign as the slope ... of the
isentropic surfaces of the mean flow but have smaller magnitude®.

Observational evidence of the validity of this conclusion

is provided by figs.1.1 and 1.2, 12 hours after fig.1.1 the
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wave with central pressure 979 mb was 50C n.m, to the ENE with
a central pressure of 980 mb. The meridional velocities are
calculated from the geostrophic @-equation in the vertical and
the geostrophic approximation in the horizontal. The slope of
the meridional streamlines is greater than that of the isentropes
so that according to the criterion above the wave is converting
eddy kinetic energy into potential energy. In agreement with
fhis diagnosis the wave does not develop. The isentropes in
fig.1.2 are those to be found along the longitude 5 east (chosen
because of abundance of observations) rather than the zonal mean
isotherms but this does not invalidate the conclusions because
the average slope of the isentropes will be less than in the region
portrayed where the wave has brought the warm sector air in from
further south, steepening the gradient,

Another possible energy source for cyclone scale motions
is the kinetic energy of a basic flow with horizontal shear.’
This type of disturbance has been studied extensively by Kuo (1949).
It is unlikely however that such disturbances are very important
in the cyclone context, as the kinetic energy of the mean
circulation must be maintained by energy conversions from its
potential energy and such energy conversions are not possible
for those disturbances growing at the expense of the kinetic
energy of the basic flow.

Since energy fed into the disturbance is released by warmer
air rising and cooler air sinking, the greatest amount of

"stretching" of vortex tubes, and therefore the greatest values



12

of vorticity near to the surface in deep c¢yclones are to be
expected to be situated in warm air masses. Observations show
however that the surface vorticity concentrations in deep cyclones
are hundreds of kilometers away from the fronts in the cold air
mass and usually in a ""dome' of cocld air several degrees colder
than the surrounding air. This phenomenon can be seen in fig.1.2
where the cross section passes near the centre of the decaying
cyclone near 63°N.

Because the cold air supports intense convection it is
reasonable to investigate what the effect of the heat flux from
the‘ocean surface has on the cyclone dynamics. Petterssen et al.
(op. cit.) have computed changes in thickness with and without
sensible heat flux from the occean. The heat flux was calculated
from Jacobs formula and its inclusion produced marked improvements
in predictions of 3 hr changes in thickness of the 1000-500 mb
layer. The total changes exceed the adiabatic changes by over
50% in some areas. In chapter III of this thesis, the method
used by Petterssen et al. to analyse thickness changes is extended
to study the role of the heating in producing the vorticity
concentration in the cold air mass. Improvements are made in
the way the heat flux is measured by using the bulk aerodynamical
equations with variable drag coefficient rather than Jacobs
climatological formula used by Petterssen., The effect of
frictionally induced convergence is alsoc included and a further
improvement in the analysis is brought about by using an @-equation

with more detail in the vertical than the 3-level model used



by Petterssen and by the use of a more appropriate horizontal

grid length,

13
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CHAPTER II

2.7 Introduction

By the time that s mid-latitude cyclone has reached its
deepest stage, the centre of low pressure at the surface is some
hundreds of kilemetres away from the fronts in the cold air mass.
The assoclated vorticity pattern consists of two regions of high
values of the vorticity, one related to the low pressure centre
and the other to the fronts. Flsewhere the vorticity has
considerably lower values. Many deep cyclones also develop g
pronounced trough in the c¢old north to northwesterly flow in the
rear of the cyclone (the hack-bent occlusion of the Norwegian
cyclone model), This trough is also found to contain high values
of vorticity.

‘The kinetic energy of the cyclone is provided by the release
of potential energy due to the cold air mass sinking relative to
the warm air mass. The vorticity maxima asscciated with the
centre and, more particularly, the trough are thus to be found
in air which is expected to be subsiding, thus shrinking the air
columns and destroying vorticity. It is necessary therefore to
look for some physical process to provide the high vorticity values
found in the trough.

The trough is observed to be a region containing deep,
showering, cumulus, and this leads to a consideration that th.
associated surface heating may be related to the production of
vorticity. In this chapter this prccess is investigated in

considerable detail. Basically it is suggested that the deep
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cumulus mark a region of intense heating, and that the temperature
gradients so produced reguire the circulation round this area

of heating to decrease upwards in order to satisfy the thermal
wind balance. This upward decrease of circulation is brought
about by ascent of air in the middle levels which creates cyclonic
vortieity near the surface, The same process is also responsible
for the summer heat lows that form over land,

In this chapter perturbation analysis is applied to
investigate the structure of the vorfticily patterns produced by
localised heating and to obtain the orders of magnitude of the
changes., It is shown that significant gquantities of vorticity
can be created, in amount comparable to the Coriolis parameter

in a day.

2.2 Bagic Eguations

We shall use the simplest possible model of the atmosphere
capable of representing the processes under investigation, by
introducing the following hypotheses, The atrogphere is
incompressible in the sense that the inertial effects of the
change of density with height afe ignored; i.e. the density scale
height is taken as infinite. It is rotating on a flat earth with
constant Coriolis parameter and small Rossby number so that the
motion is geostrophic, Finally it is assumed to be stably
stratified, Under these hypotheses a consistent set of hydro-

dynamical and thermodynamical equations is:



16

The vorticity equation (—:D-) Z = Ji —g—J—V— (2, 1)
Dt h >~ rel z
The continuity equation vh' v=0 ,

which allows V to be represented by a stream function ’S_D’

S0 X:K/\Vi{f (2. 2)
The thermodynamical equation -%?:c JB =Q, —(2.3)

where é is proportional to the entropy, and here represents —-los,o
It is thus analogous to the logarithm of potential temperature in
the real atmosphere. (0 represents the rate of gain of entropy

by the fluid particles, and here has ‘the dimension (time)—q.

V.
The thermal wind equation = ;-_-__@...
z f
whence __._a\IJ.— _8_.@ —(2.k)

Jt is convenient to express @ as a steady horizontal nmean
value with small perturbations cp(x,ﬂ,zj't) superimposed on it.
The mean will be assumed to have the form Bz, where B, the

static stability, is a positive constant. Thus ? .—:Bz+¢

Neglecting wg_‘i’_ in comparison with wB, (2.3) can be
z

rewritten

(ﬁ%)hcb + wB =Q ———(2. 3a)
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By eliminating w between (2.3a) and (2.,1); using (2.4)

and noting that from (2.2), Z=VQ'Y we obtain the equation

for ?Z as

( ){VU_Z + B a}} :’%%S" ——(2.5)

'This equation is non-linear in ’g' as ? cccurs in (%Q.)
Ly,

We shall consider perturbations of a basic adiabatic flow

specified by Yo. Then with Vo = h/\.vgzo and '92 = §o+\.‘/,
(2.5) can be linearised by neglecting products of perturbation
gquantities. Since the basic flow is irrotational and independent
of height in all the cases to be considered below, the linearised
form of (2.5) can be expressed as:

G+ ev)(vur 5)=40 e

2.3  Atmosphere initially at rest with X independent of =

We now investigate the simplest possible model with heating,
that of an atmosphere at rest initially in which there is a
heat source whose effect on the entropy of the particles is
independent of height, i.e, we put Vo =0 and -%% =0
We shall further assume that the motion takes place hetween
rigid horizontal boundaries at z = * h/2, The condition that VYo =0

is not necessarily severely restrictive in the atmospheric

analogy because the resulting equations would apply equally well
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to a uniform air stream containing a heat source moving with
the mean motion, provided that the co~ordinate frame of the
equations is regarded as moving with the mean motion,

(2.6) now becomes

= 2 £ 5_21'; e
2 {v vt h azz} = —_—2.)

2.31. Harmonic Q

We shall seek separable solutions of the form
W o= R FW N(z) epi{ax 4 pz)

where fR. denotes '"real part off,

Putting this expression in (2.7) gives

2
_;LE(_('AQ.I_ PZ)N + .;f._é C;:i) = 0 —_—(2.8)

One solution is .9'.5-:_0 but this can be eliminated,
since on substitution into (2.4) and (2.3a) we find that Bw =Q
so that with Q#0 at the boundary the conditions of w=0 at z:—.’.th/?.
cannot be satisfied, It is clear that -i—% =0 is achieved
if the entropy field remains unaltered because vertical velocities
compensate for the regions of heating and cooling. Near the
rigid lids these vertic'al velocities are suppressed and the
compensation becomes impossible. We shall see that the com-

pensation does take place in middle levels where the solution
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resembles the .d_l_:zo case,
The only other solution of (2.8) is

N = Csinhmz + Dcosh mz

where m* = (AT +p7)gB
j.z
by the boundary conditions W=0 at z = M2, These are

and C,D are constants to be determined

applied through (2.3%a) and (2.4) and can be expressed:-

oy |
R% d_J: %’:z‘, anp L (A + };3)] =Q,,, (=Q) ———.9

thjp -

Thus if Q is assumed separable and of the form

Q = Qo}zcr&)szl(hax + PQHO —(2.10)

we shall havg (7\7}4) = (7\(”},,0)
D=0
._d_E. = const X T(t)
dt

We shall put [{0) = O since the part of the solution corresponding
to F(o) # O simply persists unaltered by the heating whereas

we seek the flow caused by the heating. Thus the solution

for ’\!,f is

t
— l 9 QQ ] ’ . - .
w(:r.,ﬂ,z,t) = o B mwsh(m-zh) [J T(t') d’{t sunh mz R.Q/)UP L(?‘qx', 4 }'LGH)_

o
(2.11)
The pattern of heating need not be restricted as in (2.10)

to sinusoidal variations in the horizontal but could be any
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general function of x,ﬂ. In such a case a method of procedure
is to Fourier analyse Q into components of the form (2.10).
To each component would correspond a \ of the form (2.11) and
these can be summed to give the general ~} corresponding to the
general Q.

(tThe amplitude of s and hence :(m (:v’w) is proportional
to .J;'T(f)dt' i,e., the vorticity produced is proportional to
the fotal amount of heat liberated. If the heat source is
removed the vorticity pattern ceases to develop because the
vertical velocity becomes zero. This may be contrasted with
the situation in a thermal, In the case of a thermal the
solenoids in vertical planes create horizontal vorticity
coﬁponents in a sense which continues to raise the warm air
even when the heat source is removed whereas in the processes
studied in this chapter the motion is always in equilibrium
because the wind shear with height produced to satisfy the
thermal wind equation is associated with a change of Coriolis
force with height, the torque of which exactly balances the
effect of solenoids in vertical planes. The question of
whether this equilibrium is stable or whether smaller scale
motions can releasé the available potential energy is not
entered into here,

Cver land the proportionality between the vorticity and
the total heat liberated leads to the expectation that summer
heat lows grow only during the daytime since their heat source

is the ground which acts as a source only because of the insolation,
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On the other hand the sea surface temperature shows practically

no diurnal variation on account of the vast heat capacity of

the ocean. Thus in the situations investigated here, where

cold air is being swept southwards in the rear of deep Atlantic
cyclones, finding progressively warmer water beneath, a heating
function independent of time is more realistic, with the amplitude
of the corresponding |/ field increasing linearly with time.

To Q of the form (2.1C) corresponds a Zrd given by (2.11)

and Z\‘«!. = vzw = ...(7\2_{_),})
+
1 T J__ i:‘s‘:‘?f; j Q dt —_—(2.12)

The phase lines of Zud correspond with those of Q so far as the
horizontal variations are concerned and for Q of the form (2.10C).
The height dependence is such that the maximum values of Q cause
a cyclone to develop near the lower boundary with an anticyclone
near the upper boundary. At the minimum for @ (maximum cooling)
a surface anticyclone develops surmounted by an upper cyclone,

An outstanding example of this latter effect is to be found over
Siberia in winter where a surface anticyclone lies under a cyclone

which extends to great heights,

2.32 1Isolated patch of heating

The sinusoidal heating pattern discussed thus far is not
very representative of real situations. In particular for cold

air being brought southwards over progressively warmer water,
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a rate of heating which has a maximum and dies away assymptotically
to zero at great distances from the maximum is preferable.
Accordingly we analyse the pattern

2

Q= Q, Tlt) ——— —_—(2.13)
y* +b
which has a maximum at H QO where its value is QOT) and falls
off to % this maximum value at 3ib, as shown in fig.2.1.
The restriction to one dimension is for mathematical simplicity
but the two dimensional case is easily constructed from the reéult.

Q can be Fourier analysed into components

Q = Q,T bj M cospy dp

Using (2.12) (7\:0) the corresponding Z ) at z—.:-..g"_ is
re '

ZM-—-[O Jt,,’t’)dt'] £1 gj }Ltamh{)*WSB} o cos)Lj ap

= [ [Q T(t dt —L—I A
where J = J v tanh {A-"-'} wav X @V dv } ——(2.14)
and X, = S/b A = _h%_e}@ \'J

The integral J is too complicated for analytical treatment and

recourse has to be made to numerical methods,

Typical values of the parameters in (2.14) are
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FIG. 21. Configuration of isolated patch of heating

b= 500 km
b -1000 km — —
b =3000 km -eeeeeennen
b =6000 km ----—--

FIG. 2.2. Vorticity configuration corresponding to heating pattern of FIG. 2.1.

oo

J = ] eV tunh%vcosvx dv

()

X=% A :=7x107 cm



h~10 x10% om. g ~ 10% om s f =107%cac™

| ~ g 270 iving A~ T ¥
B = l473330h Loy ~ 2 X107 em™t  giving A~ 7 X 10" om.

Curves of J against X for various values of b with A=7x%x10"um
are to be found in fig.2.2 It is seen that J, considered as

a function of X is practically independent of the width of the

24

heating so that the vorticity produced is shown by equations (2.14)

to be inversely proportional to the width,

The virtual independence of b exhibited by J clearly
arises because b occurs in J only in the factor ‘tamhf_\_g\{_ which
is very closely equal to 1 over most of the range of integration,

Since the vorficity is obtained by the effect of stretching
on the basic vorticity provided by the earth's rotation the
vorticity produced might be anticipated to be proportional to :f
It is remarkable therefore that f enters the expression for the
vorticity produced at the boundaries [(2.12) or (2.14)] only
through temh .'!'%‘\_ which is very closely 1 for 'l‘i*l> 2.5 say.
This leads to the surprising inference, which could not have
been forseen, that for scales of heating sufficiently small,
the vorticity near the ground is independent of the rate of the

earth's rotation,

2.33 Depth of phenomenon

By (2.4), with Q of form (2.10),

t
¢ = on T(t') dt COS: :: RJUX.PL(?\ x + }J.qu)
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Thus 43 is exactly in phase with (§ horizontally, is +ve where

Q is +ve for all =z but has maximum magnitude at the upper and
lower boundaries, This is because ascent [descent] in the +ve
[-ve] Q region advects in air with smaller [larger] potential
temperature. The presence of the rigid lids prevents this
compensation near z = £ h/2 so that the maximum (uncompensated)
¢> changes are found there, For heating patterns with smgll
wavelengths (m large) the changes in ¢ are confined to regions
near the boundaries. If 5z 1is the distance from the boundary
at which @& decreases to 10 % of the boundary value, we have

cosh m(——g— *Sz) _ |/|O
cosh m({h/2) -

which for large m approximates to

or Sz~ 2°3 = 2.3 :F

(2.15)

$2 ~
o 2~ %05 -

where | is the horizontal wavelength. It is readily shown by
similar arguments that for short horizontal wavelengths the
vorticity also falls by a factor of 10 a distance &z (given by

(2.15)) from the rigid lids.

2.34 Magnitude of effect

We will now investigate the rate of production of verticity
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by the mechanisms set out above.

Typical values of the parameters are:-

h~to xlosum, 9~ 10% e ssu:.‘?', JC = 10% gec™!

B =2 x1077 em! L = 1000 Km

We further assume that the hesting at its maximum is
capable of changing the potential temperature of the air by
5°K/day. Craddock (1951) following trajectories of air particles
over the Eastern Atlantic finds changes in temperature in excess
of 10°K in 24 hrs, These large heating rates do not extend
throughout the troposphere but only up to 600 or 700 nmb,

Averaged throughout the troposphere gives figures comparable
with 5°K/day as used here, However Craddock neglected the
effects of subsidence which will lead to some overestimation of
the heating rate,

With the values quoted here, at the end of one day g

is of order 10"4 sec_q, the value of the Coriolis parameter,

rel

This is an appreciable amount and suggests the importance of the
process, provided that patches of heating of this scale can

be shown to be present, Vie shall demonstrate in a case study
in the next chapter that such rates of production of vorticity
due to heating from the sea surface are indeed to be found in

an intense Atlantic cyclone. With a wavelength L. of 1000 km
as assumed above the depth of the layer in which the principal
vorticity changes take place is seen to be something rather less

than 2 km by (2.15) so that any large vorticity regions produced
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by this mechanism occur in a shallow surface layer.

We may note further that if the typical values are inserted
into (2.14) to get % " ~ §/daﬂ 2p ~ %X 107 om :.‘g._.
It follows that a representative space scale is not really the
wavelength in the sinusoidal case but rather the reciprocal of
the wave number %?E. Another consequence is that since the
sea surface temperature has a scale of order 102 km, heating
patterns of sufficiently small scale to produce large vorticity
production rates must have this scale set by processes in the
cyclone.

In the next sections the model presented above is generalised
somewhat to investigate whether important phenomena have been

omitted from the description, and to provide a framework of

ideas which helps in the interpretation of results in Chapter III.

2.4 Atmosphere initially at rest with step function heating

As we remarked above, the supply of heat to the atmosphere
is not usually independent of height, but is restricted to the
lower few hundred millibars, The top of the cumulus cloud layer
in which the heat transfer is effected is usually quite marked
and is roughly horizontal, A step towards generalising the
model, making it more realistic is then to have a heating function
which is independent of height up to a certain height, and zero
above that. It is convenient to make the z~-origin coincide
with the discontinuity in Q and to let the heights of the rigid

boundaries be +h, and —h,.



The heating function is of the form

Q = Q, (x,y,t)

O

except at z= 0O

The right hand side of equation (2.6) is now zero everywhere

where it is undefined {infinite)
the entire space from being treated at once,

Let the suffices
Z >0 and 2 < 0

Integrating (2.6) from
small gives

e{[(m vw_{ [(%o)hlv \:&]z:‘e} + ofe)
+ [(%%,)f—i e

zZ==E to

z ==+€ where £ is

. r(’D) 1 ow — 3 Q  —
lSB 22 Jo-ug LDt hy 33 9z 22-g B z=+g 2=-§
If £€-50C this condition becomes equivalent to forcing w to be
continuous at z = O by means of equations (2.3a) and (2.4)
Thus the solution is obtained by finding -, ,y, satisfying
2 5 v
=\ 4 — ST =
t( Vit gB oz?

(2.16)
and joining them subject to the continuity of w and P at z
with w= 0 at z =+h

= 0,
—h. as further constraints.

Again we shall have

¥ =

) N (z)(}?vwxpi(?\x +)“ij

It is clear that the imposition of the boundary conditions will

This prevents

t, 2 represent quantities in the regions
respectively.

28
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require (7\5, P‘i) = (7\Q, Ho) as before so this will be
assumed here and the suffices dropped. It is also clear that

we must have F = F

, , and F # O as in the previous section.

(2.6) reduces to

- 2 a £ ™y _—
Nj(’}\a ‘*‘}la) -+ ?ﬁ %-;1—’ = O J = L2
whence N. = C sithmz 4+ D.coshmz, m’ = A )gB
4 J 4 ? :;1
Now ¢, = ii’ﬂ *iF(t)M{C-wshmz +D. ginh mz
4 q oz ""3 j i

As previously, with Q of the form Q, = Q, T(&)Rmpi,(lxi-}xg)

the condition w=0 at z=—h, requires

Fl(t) =T and i m {Cacosh mhz —_ D2 simh mhz/} Pt Q° )
9

wW=0at z = h' becomes C, cosh mh, -+ D, sinh mh, = O

T

w continuous at z =0 leads to Ef. mC = <m(C, —Q,
9 9
Continuity of pressure is the same as continuity of ~y (to order R,)
and this implies D = D,.
The complete eguations for C,,C,, D, D, obtained from

these four boundary conditions are

cosh mh, @) simh mh, 0 - C, = O
0 cosh mh, o) - sunh mh, C, -f’—— Q

m o

i -1 (@] 0 D, =3 Q.
O O l - | D1 ?;h—o
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Amplitudes
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Z= hg

FIG. 2.3, Vertical profile of amplitudes in 2 regime case
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The determinant of this matrix has the value simh m(h‘-i-hl)
so that the simultaneous equations are always soluble for
heating patterns with non-zero wave number.

The solutions are

{c.osh mh, — 1} cosh mh,

D =D, =2 Q

fm simh m (h, +h,)

C _ 9 Q {cosh mh,——l} simh mh,

' fm ° simh m (h, + h,)
C, = 3 Q simh mh, coshmh, +  simhmh,

simh m(h,+h,)

- a MJ‘ dt— cosh mh, Cashm(h.—-‘z.) — ¢osh m{h,—-z)
hd fm L Q, ] sl m (h, + hy)
A =3 -.J’ Q dt— cosh mh, cosh m(h,—-z) —  coshm{h,~z)
o fm T gimh m (h, + h,)

cosh mh, sinhmh, -z} — <imh m{h,-2)
simh m{h +h,)

S
1
|
——ey
L
=

Cb —_ JJ‘ Q dt cosh mh, sdmh”\(hg +2) 4+ aunh m(h.—-z)
: * sinh Mk, + h,)
Fig.2.3 shows the amplitude of @, YV, 4>) w as function of z,

The vorticity lm = —{N +)f)\y can easily be visualised
from the ~ field.

The largest vorticities found anywhere are at the ground,
Z = -—-hz, where the phase is the same as in the previous case of
() independent of z., In centrast to the previous case however,
the height of the maximum of enticyclonic vorticity found above
the maximum heating position is not at the upper boundary but

immediately at the top of the heating regime.
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The linearised vorticity equation implies that é;!i o P
z
regar%ed as functions of 2z from which it follows that 2w is

oz

continuous across the join at z = O and furthermore that the
maximum of w occurs within the heating region (where "y = 0).

The variation of ¢ with z shows a discontinuity which
has the sense of potential instability over.the +ve (Q regicns.
The discontinuity arises in the model because vertical advection
of & takes place with the ummodified basic lapse rate. In
the real atmosphere the inter-regime advection carries warmed
air into the upper regime preventing the discontinuity from
developing, The potential instability (only in +ve Q areas)
must be regarded as a consequence of assuming large .%%; at z = 0.
Such instabilities are prevented in the atmosphere by small scale
convection which restores the lapse rate to one neutral for that

process.

To obtain typical production rates of vorticity we use

= — [I®+m g [ cosh mh, — coshm{h, +h,)
(Z"‘t)-hz - R JQ"dt simh m{h, +h,)

3

which with h, = 7 ¥m, h, = 3 km, Q = 12°K/day and other

values as before gives wavelength of 10C0 km to produce vorticities
at the rate §f /day. This value of @ is comparable with the
heating rates found by Craddock mentioned earlier. Averaged
throughout the entire depth of the fluid instead of just the

bottom layer it is the same as in the previous case so that the

two layer model has similar vorticity production rates to the
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simple one layer case although the vertical structure of the

distribution of ¢, w, ", Z are somevhat different,

2.5 Basic flow of constant velocity relative to the heat scurce

2.51 Introduction c¢f uniform stream

In this section the restriction that the basic flow be
zero is lifted.  Instead a constant velocity Yo =1U is
assumed, The heating function will be of the type in section 2.3
above with Q iﬁdependent of z, This formulation will then
be applicable if Q is due to a warn patch of ocean or land
surface over which cold air is blowing.

In such circumstances (2.6) beccmes

2 2 \[g2 )= — (2.
(bt -+ uax)(vw 4+ 3BW) O 2.17)

and the boundary conditions W = O at z =1 hf2 (inposed

through (2.3a)) becone

F(2 ERY-LVs — -
[S(Dt + U)o . Q (2.18)

e N 2\ _
(2.17) can be satisfied by having (3ﬁ 4 Llfﬁ) = 0,
i.e. ncthing changes following the basic flow, The constancy
of ¢ is maintained by the compensation discussed previously.
This ccmpensation is prevented near the rigid lids sc that (2,18)

cannot be satisfied.
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2.52 The travelling solution

If Q is assumed to be constant w.r.t. 1 and of the
form Q < Rﬂ/x,[: 'L(,}\Qx -+ }..l.qu).’ ¢ and \y are readily shown to
be made up of two parts one of which is stationary with constant
amplitude and the other which is travelling, appearing stationary
to an observer moving with the mean flow, This travelling part
arises because & "y have initial values differing from their
stationary parts. The "additional field" needed to make the
stationary fields into the initial values are simply advected
downstream (i.e, "blown away') with the unperturbed flow to
become the travelling part of the solution.

It is clear that the part of the sclution which is of
interest is the stationary part and the travelling part can be
set equal to zero and so removed. If further justification is
required a ( field could be constructed which for +ve X is
the same as the one consideéered above but for -ve x is zero,

No stationarj part of the solution would then exist for =« < 0
and hence at time t = O setting = 0 would involve adding on
a travelling part which is zero for X < 0 at t = 0. At
subsequent times the zero travelling part progressively invades
the X > 0O region leaving only the stationary part to contribute
to the perturbation quantities, We shall therefore proceed to

ut 2. = ¢ immediately.
P ot y

2.53 Harmonic Q

Then with Q= Q, T(t) R ompildgx + pay)
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FIG. 2.L. Phases at Zi—-g- for uniform stream blowing over sinusoidal

heating pattern.
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and Vo= N(z) R Jux.p't('}\x + }«Lj)
(2.17) is LU7\(~(?\1+)A’)N P dl‘\‘) =0
ﬂb d=z*
so that N = Ceamhmz 4+ Dcosh mz 'm:.’!_g‘gé ,/7\‘4—}1&

Q. q

4m cosh 'I‘i_“

and (2,18) becomes D=0 (?\,p)ﬁ (Kmpé) ~ and tdC =

9 Q. simh mz ~ . Tt
whence = 2 oxp tlAx + A
hd Z{' A Um cashmzb‘ ‘}{ X‘P ( )Uﬂ 2 )

Fig.2.,4 shows the phases of Q7'\V,, $ at the lpwer
boundary. It will be seen that the maximum vorticity at the

ground occurs where the air has received its maximum heating.

2.54 Isolated patch of heating

Again any general (Q pattern can be rendered by Fourier
analysis into harmonic components.

As an example we consider a heating function of the shape
of fig.1 but along the x axis rather than the ( axis

b’l

viz. Q =
x? 4+ b

a

oo
= QOEJ 27 o Ax dn
o]

The corresponding ka field at 2z = —hfs is

o ’ et
g -9 (2 p | 7™ tm[..(h“jg?’ m) simAx dA
cet U B 2}
Q
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AT,
J—‘Ihcgr'el at Z:_%
1-OF
b= 600km
b = 1000 km

FIG. 2.5. Vorticity pattern arising from uniform stream blowing over
heating of form shown in FIG. 2.1.

J, = roe‘)‘ tanh(AN) sinAyx dA

x=% A=7.107 tm



v~
]

- Qfg
rel ].f% J:('X‘

where ] T ) :[ 27 tarh (AX) s X d
‘ a ’X ::% and A :ﬂg}&

:f has been computed for several values of b which are presented
in fig,2.5.

We note that znﬂcn Ti- . If U = 10 m/sec and J, is
put equal to about GC.4 in agreement with the values displayed
in fig.2.5 then to obtain Z,afv { requires heating of order
100°K/day, Since such heating rates are never observed on the
scale we are considering, it follows that heat lows can only
form over the land if the average velocity of the air is very
small as in an anticyclone.

It also follows that the vorticity produced by air blowing
over a "hot patch" of ocean cannot be considered significant to
the cyclone mechanisnm, Heating from the ocean surface can only
be a significant vorticity source if a small scale pattern of
heating is produced and maintained by the cyclone itself, The
question of the existence of such features is discussed in the

next chapter,

38
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CHAPTER III

3,1 Introduction

In the previous chapter a linearised theory was used to
investigate the efficacy of heat sources in the production of
vorticity concentrastions. It was shown that appreciable rates
of production of vorticity (of order { per day) can be attained
with heating patterns whose magnitude is typical of that in a
cold outbreak but whose scale is too small to be set by gradients
in sea-temperature and would therefore have‘to be set and
maintained by processes occurring within the cyclone, This
chapter contains a case study in which the heating effects are
evaluated for a real situation with a full non~linear theory.

A comparison is made of the rates of change of vorticity due to
sensible heat flux, latent heat flux, friction and adiabatic
motions; the linear properties of the ®~equation are exploited
to this end. The rates of heating in the cumulus-scale motions
are obtained from fluxes at the ocean surface but because there
is no acceptable relation between fluxes and bulk parameters,

various more or less satisfactory empirical formulae are used.

3,2 Outline of the method of partitioning

As discussed in greater detail in chapter IV, the W-equation

can be written

[!V(HZ,,J] +3V’(!.V§§) +%PV1H r—{3.1)

Voo - 428 ~ (2
ap ap
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where a’=‘%v%% logB and H is the rate of supply of heat to unit
mass of atmosphere, and O = ]—];-E-

This equation can be solved numerically for & subject to
suitable boundary conditions and providing the terms on the
right hand side are known, Further details and the mode of
solution are set out in chapter IV,

If there were no heating, (3.1) would be

| ) |
v a, - 5‘?;% = -52vwy ] + 97 (v E) ———(3.2)

~%y

E&xmight be called the "adiabatic vertical velocity", since it
represents that @ which would exist in the absence of any diabatic
‘heating.

Subtracting (3.2) from (3.1) gives

2
Ve® - $29% _ R gy —_—(3.3)
" 2p P

where &, (= & -&®,), is that portion of the total vertical velocity
attributable to the effects of heating.

With a knowledge of the right hand sides of equations (4.2)
and (4.3) @, and @}, are obtainable, and if the boundary conditions
are homogeneous, their sum is a solution of (3.1) with the same
boundary conditions.

The linear prOpgrtieé of the & -equation have been exploited

in this way by Petterssen (1962) and by Krishnamurti (1968).
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The vorticity equation is:-

sell o) = (L 1) 82

> L ' = Yiv) 2@,
20, m-wvy, v (224 (2

or

In a barotropic atmosphere in adiabatic motion the only
vterm to appear on the right is the first. {This is consistent
with the & -equation because for such an atmosphere the R.H.S.
of (3.1) is zero,] The second term represents changes in the
vorticity produced by adiabatic baroclinic effects, and the
third term those resulting from diabatic aspects. A comparison

of these terms reveals the importance of the heating to the

vorticity structure of the cyclone,

3.3 The Case Study

The partitioning methods outlined above have been applied
to an actual situation, viz. that of 12002 18 December 1958
in the Eastern Atlantiec,

Considerable care has been taken in the preparation of
the maps. Height fields are needed to obtain the adiabatic &
and these were obtained by adding appropriate thicknesses to the
surface charf to maintain thermal wind consistency and to make
fullest use of the detail of the surface charts. The technique
of Hawson and Caton (1961) was applied to reduce the inconsistencies
introduced by the different types of radiosondes.

All the maps presented here have had temporal continuity

imposed through comparison with the situations at adjacent
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observation times, so as effectively to supplement the observations
and prevent undue reliance being placed on iscolated unrepresentative
data. In the case of pressure and wind fields little is gained
by this procedure as the patterns are well defined, but in the
case of air-sea temperature differences and dew points (needed
for the diabatic terms as explained later) it is vital, as

these elements show considerable scatter on a scale comparable
with the spacing between the ships. This scatter probably
arises from non-standard exposure of the thermometers and in
particular of the dry and wet bulb thermometers which are readily
affected by air modified by the presence of the ship. As a
result of imposing temporal continuity the temperature maps,
figs.3.7 and 3.12 can be taken with reasonable confidence to
represent the temperature and moisture fields on the scale of

the cyclone even though considerable smoothing was used in their

preparation,

3.31 The synoptic situation

Fig.3.1 shows the surface synoptic situation over the
Eastern Atlantic for 12002 18 December 1958, The area is dominated
by a deep cyclone, central pressure 950 mb. This developed
from a cold front just off Florida four days previously, the
first closed iscbar appearing on 15th, An extensive area of
continuous rain or drizzle is associated with the occluded front
lying just west of Spain and France, Showers and deep cumulus

are reported over most of the ocean, Of 110 ships reports used



FIG. 3.1.

Surface pressure and Weather 1200 2 16 DEC 1958,
Stipling shows the area of centinucus rain.
Pecked squares shew boundaries of 13x13 and 11x11

grid used in the computaticns.
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30

FIG. 3.2.  Gerstrephic vorticity cerrecpending to FIG. 3.7,

Absclute vorticity 107° sec™.

—————— Occluded frent,

Note that although this is the same occasion as shown in FIG. 5.10 G,

the vorticity patterns differ because the methods of computation are

ditferent, Here vorticities are deduced from machine smoothed heights,

There the vorticities are deduced from unsmocthed heights and

smoothed subjectively.
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in the preparation of fig.3.1, nearly half report showers or
recent showers.

The relative geostrophic vorticities corresponding to the
1000 mb height field are in fig.3.2. The maximum vorticity
coincides with the low pressure centre and there is a "tongue
of high vorticity stretching southwestwards from the centre,
associated with a weak trough in the pressure pattern. The
occluded front also standé out as a region of higher vorticity
flanked by regions of anticyclonic relative vorticity. A
comparison with fig.é}?-éhOWs that the central vorticity maximum
is situated in cold air. It is the need to reconcile this fact
with the assumptioﬁ that the cyclone's kinetic energy grows at
the expense of the potential energy which provides the inmpetus
to investigate the role of heating in producing vorticity

concentrations,

3,32 The adiabatic contributions

The field of @, (fig.3.3) shows rising and sinking motions
of about the same magnitude at their maxima. It is to be
expected that the inclusion of the effects of latent heat release
in the ascending air-mass would produce smaller régions of
higher ascent rates. The maximum upward motion does not coincide
with the position of the front, although there does seem a
slight tendency for the &, pattern to follow the front in the

south~east corner of the map, where the position of the front

is well marked in the vorticity field.



FIG. 3.3.

+

Adigbatic verticel velocities O

W, in mb hr-’

Occluded front

Position of verticity maximum.
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FIG. 3.4, Vorticity creation due to odiabatic processes.

Yo

ol o
® 5p in 1077 sec™® at 1000 mb,

—



FIG. 3.5.

Vorticity advection [relative to the earth} at 1000 mb

VooV Cups i 1072 sec -2

- Abeclute vorticity in 107° sec™?

48
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There is a correlation between the northward and vertical
components of the notion but this is in itself not sufficient
to secure the release of potential energy. The pattern of

AT . .
Top in fig.3.4

rising and sinking is mirrored in the pattern szab
and is such as to move the surface verticity pattern towards the
north-east, This, however, is probably not the best viewpoint
as the cyclone theories of Eady (1949) and Charmey (1947) suggest
that the system should be conceived as moving with the average

wind velocity at some level in the mid-troposphere; the rising
motion ahead of the cyclone then serves to raise the vorticity

of the air which flows into the system from the front at low levels.

The field of vorticity advection (- V. V’EG“.) shows the
high vorticity associated with the shallow trough being blown

around with the wind but with the maximum values of (. conserved

aks
as indeed they nust be, The vorticity changes due to advection
are only about twice those due to the vertical motions indicating
why barotropic forecasts give rather poor results.

It should be noted that the equation for @, (3.2) involves
the present state of the atmosphere and that this state has
come about with diabatic processes influencing the motions.
In this respect the partitioning cannot be absolute, in that
it cannot separate the past heating effects on the present state
of the atmosphere., @, is best regarded as the total vertical

velocity which would exist if the heating mechanisms were

instantaneously "switched off",
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3.4 Categories of heating

The heat sources can be divided into four classes.

(1) Transfer of sensible heat from the ocean by small scale
(cumulus) motions

(2) Release of latent heat in small scale motions

(3) Release of latent heat in large scale (frontal) ascent

(4) Radiation,

A direct way of measuring the amount of heating produced
by the sum of these effects is to construct three-dimensional
trajectories and observe the change in potential temperature
at either end. Unfortunately this implies a rather accurate
knowledge of the vertical velocities, whereas in order to
obtain the vertical velocities (from the & -equation) we need
the rates of heating, It is of considerable interest to know
the contributions of the various categories of heating to the
total, so we have treated them separately by the methods out-

lined below in sections 3.5, 3.6, 3.9 and 3,7 respectively,

3.5 Sensible heating due to small scale motion

The rate of heating by sensible heat H;, can be inferred

from the distribution of sensible heat flux, since H = 3 %&f,

where F. is the upward flux of sensible heat per unit area,

&
There is no satisfactory theory relating Fp) to bulk parameters
but a first approximation is to assume a linear variation of

flux with pressure from its value at the ocean surface to zero

at the cloud top, As the height of the cloud tops is rather
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poorly defined from the soundings available over the Atlantice,
we have made the further assumption that the cloud top is at

700 nb. With the surface tazken to be at 1000 mb we have

_af 1000 mb ¢ p s 700 mb
HS = 3000mb 200 mb > P ________________(3.4)

where ﬁ is the upward flux of sensible heat at the ocean surface.

The theory of section 2.4 shows that the depth of the
heating is not important to the magnitude of the vortigities
produced,

A method of calculating the sensible heat flux across the
air-sea interface from the routinely reported meteorological
elements is provided by the well known "bulk aerodynamical
f ormulae", We deduce these formulae below so as to list the
underlying assumptions,

For a layer of air sufficiently near the surface (certainly
within 10 meters) the fluxes of momentum and sensible heat can
be considered as constant and related to the gradients of velocity

and temperature by the formulae

ek 2 s
Fo = ;'pKncfg —(3.6)

where T = upward flux of 2« momentunm,

gtrictly '%E’ in (3.6) should read.%l ~ T where [ is
z

the adiabatic lapse rate but the difference is trivial over
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these depths. Equations (3.5) and (3.6) are rightly regarded

as definitions of K,, and K, the "transfer coefficients" of
momentum and sensible heat respectively, However if the processes
by which heat and momentum are transferred are the sane, KH
and P(m should be equal. There is reason to expect the processes
to be the same for motions not affected by thermal stratification
and there is indeed good observational evidence that in near
neutral conditions this is the case. In these circumstances
Kn‘and K, can be eliminated from (3.5), (3.6), Lleading to

(3.7) on integration between the sea~surface (subscript, ) and

ship deck level (subscript o) assumed to be at 10 meters,

F ~T.
-5 = cp(jl a) —_—(3.7)
T (ud_’u'q)
Equation (3.7) is only strictly true if Eﬁ?: 1 at all heights
]
between the sea surface and 10 meters. This requirement is

not fulfilled very near to the sea surface where the role of

the K's is taken over by molecular diffusion coefficients but

the shallowness of the layer renders this consideration unimportant.
A more fundamental objection is that Kn‘# KH for non-neutral
conditions. For unstable conditions KH is larger than i(m by

an amount which increases with height and which may be as much

as 30% at a height of 1.5 meters (Swinbank, 1955). Now the
surface drift current in the ocean is only a few centimeters

per second, sO u, can be neglected compared with u,; furthermore

the stress is related to the wind at ship deck level via a
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drag coefficient C T=~p00C ui . Thus (3.7) becomes
DI D

the bulk aerodynamical formula for sensible heat flux
A N ——0.8)

This formula with suitable values of p <, C, provides
the flux to be inserted into (3.4).

Published values of C, show considerable scatter and
exhibit dependence on u, and (T; - 1. In 2 review of many

published values of C, Wilson (1960) concludes that for strong
3"

winds (mean 20 m/sec) the mean value of Cgis 2,37 x 10

3

with standard deviation of 0,56 x 10 ” and for light winds (mean

3

5 m/sec) C, has a mean 1.49 x 10 7 although the scatter is

particularly wide with a standard deviation of 0.83 x 1072,
Several empirical expressions for the relationship between Cn

and w have been proposed, anmongst them those of Sheppard

3

(1.00 + 0,07u ) x 10—3. In both these expressions u

(0,80 + 0,114w) x 10~ and Deacon and Webb

u
ti

4
]

is in m sec™? and the proposed range of validity is Oguwg20 m sec™ 1,

Little is known about the effect of static stability om
drag coefficient although Darbyshire and Darbyshire (1955) report
marked changes in C with stability as measured by surface tilt
methods on Lough Neagh, However, as the winds and temperatures
were measured a few miles from the lake, 1little reliance can
be placed on their results,

In the work presented in this chapter, no account has
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been taken of the variation of the drag coefficient with stability,
The effect of this and the previous assumption of near neutral
conditions is likely to be to underestimate upward sensible

heat flux and overestimate downward sensible heat flux,

3

If a constant value of CD of 2.5 x 10"7 is inserted into

(3.8), consistent with high wind speeds, (3.8) becomes (with

3

p=1.3x 10 7 gm cn™2)

E o= 4.7 x 107 (T, = Ta) ug ——(3.9)

or with Sheppard's formula for C,

FE = 1.88 x 10" (0.8 Wy + Ou11buZ )T, - T,) —(3.10)

8

and with Deacon's formula for C,

F, = 1.88 x 107> (1.000u, + 0,07us )(To = Ta) ~———(3.11)

where F, is in cal cn”™2 min~’
T, & T, are in °C

U is in m sec™ .

The constant 4,7 x ’IO-'3 in (3.9) agrees well with that
suggested by Jacobs (1921) from considerations of the mean
climatological heat budget. This constant has been used in
studies by Krishnamurti (1968) and by Petterssen (1962),

Figure 3.6 shows the variation of F, with u, for the

formulae (3.9) to (3.11). It will be noted that use of Sheppard's
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shepparp Cp

02
F DE ACON CD
To - Tc Constant CD
Ol

cal min-' cm-2°C~"

uinm sec™

i VN

10 20 30

FIG. 3.6. Comparison of flux formulae with various drag coefficients.

Although the curves with Constant C, and Deacon’s C,
differ by only 15%, the gradients differ by 60°% between
20 and 30 m sec™.  This difference in gradient gives

a decisive reason for choosing the Deacon Coefficient, since

F enters the & equation in the form V*F,
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formula for CD gives considerably larger values at the higher
wind speeds than the other two, Indeed at 20 m sec™ Sheppard'!s
3

formula gives a value of the drag coefficient of 3.08 x 10~

which is somewhat in excess of published values,

Although the Deacon C and constant Cj give values of-{%
differing by only 15% in the range 20-30 m sec¢~1, the average

gradient of g%;is 60% larger than that given by the constant C

form, Now since the heat flux enters the & equation as a

Laplacian, and since the percentage changes in w are greater
than those for AT in the region surrounding the maximum winds
(see fig.3.7), it is important to have the correct dependence

of FE

A which uses Deacon's

on W. Accordingly (3.11) for F ,

empirical formula, 1is to be preferred to the previous two forms,
and has been used exclusively in the work presented here.

By using (3.11), standard data reported by ships can be
used to find the sensible heat flux, leading to @ and ( “C+§)2§?'

Fig.3.7 shows winds and air-sea temperature differences which

determine the flux.

3.51 The wind field

Before proceeding to the fluxes derived from (3.11),
we make a few remarks concerning the winds and temperatures
from which they are deduced.
It will be noted that the wind field in fig.,3.7 from
the ships observations shows a wind speed of just under 15 m/sec

at the low pressure centre. Since the analysed streamline field
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FIG. 3.7. Data for sensible heat flux 1200 # 18 DEC 1958.

———— Air-sec temperature difference °C
- ——— Wind speeds m sec™’

ssssmm (ccluded front.
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shows that the streamlines spiral inwards to the pressure minimunm
(a surface phenomenon due to frictionally induced flow across
the isobars) the wind at the centre must be expected to be zero
on this scale of analysis otherwise there are singularities in
the vorticities and streamline pattern, Accordingly the ships
reports have been scrutinised to find evidence for zero wind
speed near the centre but none can be found, indeed the ship
nearest the centre being only a few tens of km away, reports
13 m sec1,

It is probable that the wind does go to zero but that the
density of ships is not sufficient to resolve the field, Iif
the air near the centre is assumed to be in solid body rotation

4

with relative vorticity 3 x 10 ' sec™1, Vv =Ayr and

%-‘!-+--\i = 3 x 10—4 sec~1 so that A= 1.5 x ’IO"I+ sec™. It follows
r r

that the area where the wind is less than 10 m sec™! is only
some 130 km in diameter and a rather dense coverage of ships
reports would be necessary to resolve the gradients. it is
probable also that some of the observations are affected by
circulations caused by individuzgl cumule-nimbi and are un-
representative of the large scale flow.

Fig.3.8 is taken from Weather, Vol.22, p.301, and shows
the anemograph for 23 February 1967 at Great Dunn Fell,
According to the contributors the centre of a depression passed
over the station at 03% GMT, If this is the case it shows
evidence for a region of calm near the centre of a cyclone and

furthermore that this region is very small, In the 24 hrs



FIC. 3.8.

Anemograph 23 FEB 1567 at Great Dunn Fell,
(taken from Weather 22 p.301.)
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06 GMT 22 February to 06 GMT 23 February the depression moved
1320 km so that the region with winds less than 15 m sec™? had
a diameter of only 27 km.

However it is possible that the figure does not show the
centre of a depreésion, since an axially symmetric wind field
of the shape implied here has a vorticity of order 20 x f!
Because the area is so small this does not necessarily conflict
with vorticities of order a few f over a 200 km grid but taken
with the rapid drop of temperature (5.6°C between 2.55 and 3,05)
it seems likely that the phencomenon recorded is actually a
cold front.

Comparison with other anemographs might give some clues
but if this is not a front the smallness of the region of light
winds might prevent its appearance at other stations,

For the estimastion of surface heat flux, we shall assume
that if there is a region of light winds near the centre of the
cyclone, its extent is sufficiently small for the field in

fig.3.7 to be considered representative.

3,52 Temperatures

It might be expected that the greatest negative value of
air sea temperature difference would be found where the rate of
increase of sea surface temperature beneath surface air trajectories
is greatest i.e. where (v.V)T, is lerge but inspection of fig.3.7
shows that the situation is not so0 straightforward, In particular

a large air sea temperature difference is found at the low pressure
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centre where the advection is small. Here the ascent which
is responsible for the concentration of vorticity at the surface
has brought air of low potential temperature to the mid troposphere,
allowing heating from the surface to spread to greater heights
than in regions of descent so that similar heat fluxes affect
the temperature of the surface air at the centre less than in
the surroundings.

The interaction of air-sea temperature difference, advection
over warmer ocean, and vertical motion is rather complicated,
but a simple model is sufficient to show certain features.

The model depends on the notion that

the convection process produces layers ‘ ///gzelw
of air with lapse rates characteristic P R

of the particular process. In the i 0 =9,

real atmosphere there is a super- Pps ) é
adiabatic lapse rate near to the -0

surface, surmounted by a region of FIG. 3.9

almost adiabatic lapse rate to cloud base with a lapse two-
thirds of the way between the wet and the dry adiabatics within
the cloud layer. The simple model (fig.3.9) considers a dry
atmosphere possessing ne cloud layer and also replaces the
superadiabatic layer by a discontinuity in 6 between the
convection regime where 8 = B, and the oceanic value 8,.

The heat flux from the ocean

<

is taken to be a function of
wind speed u and A(A=6,- 8.); F =5 (u,n). Above the

convection layer %?_e = 0 and the distribution of © can be found
t



from an initial distribution of © and the trajectories of the
air particles,

The thermodynamic equation for the convective layer is

since t?:%g‘: 0., F is the vertical heat flux. K= ‘i—;-l ~ :;—-
b= 1000mb,

Integrated throughout the cloud layer, this becomes

D K+ Kt _ g K+l "
[Zel[# -] = W d A R

Pe and pr are the pressures at the bottom and top of the
convection layer. J, is determined by the level at which ©
in the region above the convection is equal to 8, . This is
in principle known from the trajectories of the free air.
Observations show that the ocean temperature can be treated

as steady, so that -:E{eo= v.V8, , whence

D g F(uw, D)

=N = (V.V)9, - (K+t)pk L =22

Dt ( ) -3 ( )Po C'P FSH““P:“(ec)

is the differential equation governing the air~sea temperature
difference, Even with so simple a model there is no hope of
solving this in complete generality, though it is possible to

use similar ideas to introduce convection into numerical

prediction schemes, To proceed further, some simplifications

62
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and assumptions are necessary. Let E be given by

E = 4,7 x 1072uA where F is in cals em~2 min=7, U in n/sec

%}Kw: -

so that T is a measure of the depth of the convection, The

c¢f., equation (3.9). Assume ps= 1000 mb (=Pa), write 1 - (

most drastic assumption will be that the vertical velocities im
the free air are just those required to maintain T constant.
If w=10m seesl and G = (¥.V )6, [both considered constant]
and the unit of time is 102 secs or "1 day'" the equation reduces
to

D 3 =

ZDtA+7TTA = G

With the possible exception of the precise form of T

this equation could have been written down from simpler
considerations, though the present derivation is useful in

presenting the accurate equation previously. The sclution is

A:Aoﬁxp(—;s;—rt) + ..7_11

If & is 5°K/day, the steady part of this solution is 2.2°K
for p; = 850 mb, 5.5°K for p,= 600 mb and 8.1°K for po= 400 mb.
It will be noted that the decay time of the transient part
increases with the depth of cloud layer. The time required to
reduce it to one-tenth being 1.0 days for p,= 850 mb, 2.6 days
for p,= 600 mb, 3,7 days for p,= 40O mb.

While these values are not intended to constitute a complete
explanation of the temperatures inlfig.3.7 they illustrate the
immense importance to the air-sea temperature difference of the

depth of the convective layer, as set by the vertical velocities
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FIG. 3.11. Vorticity tendency from sensible heat flux.
—— Cobs Qs 107 sec-2

ap
————T 8Ta iy 107" sec for comparison.

abs g-p—
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above it.

The complexity of the interaction puts a limit on the
value of generalisation of the model for analytic solutions
but in principle a generalised model could be used in computer

forecasts.

3.53 Sensible heat flux and derived gquantities

The meximum heat flux of 0.5 cals cm~2 min=1 (fig.3.10)
is fairly large, being the same as the average incident solar
radiation at the top of the atmosphere, It is capable of
raising the temperature of the lower 300 mb of air by about 10°C
per day, similar to the value assumed in section 2.4,  There
it was shown that such heating rates can produce, in a day,
vorticities of order § when the wavelength of the heating pattern
is 1000 km, corresponding to a half width of the pattern of

L

For OF say 200 km, The halfwidth of the pattern here is double

that, but the & field acts upon {,,, which is roughly 2f and

the result is a vorticity production (fig.3.11) of 0.9 x 10~9 sec™2,
One of the conclusions of chapter II was that if the heat

flux from the sea was to manufacture vorticities of order §{ in

a day, the scale of the heating needed to be set by the processes

in the cyclone, In fig.3.10 we see that this is the case as

the pattern of heat flux follbws closely the surface wind field,
The principle aim of this chapter and the previous one

has been to investigate whether the vorticity production due

to heating from the ocean surface can account for the cyclone
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centre being cold or for the presence of the trough in the
rear of the cyclone, Fig.3.11 shows that the heating does
not provide an explanation, At the centre itself the heat

induced vertical veloecity is in the sense to reduce the vorticity.

20

The maximum +ve values of labs"ﬂ;

do coincide with the position

of the trough in the rear and could be assumed to be producing

the high vorticities there but for the circumstance that they

are completely swamped by the adiabatic terms which are destroying

vorticity at about four times the rate that the sensible heat

mechanisms are creating it.

3.6 Release of latent heat in small scale motion systems

Although water vapour condenses out in cumulus clouds
to form cloud droplets, some of this subsequently evéporates
so that the atmospheric columns gain no net latent heat. If
the cloud is too shallow or shortlived, all the water will
evaporate. The latent heat which provides a permanent heating
effect is that released by water eventually precipitated out
as rain. The role of the water which condenses only to evaporate
before reaching the ground is to provide buoyancy which redistributes
sensible heat. This is part of the process dealt with in the
last section, Thus knowledge of the rainfall at the bottom of
a column of the atmosphere will determine the rate at which net
latent heat is being released in it. However the rainfall data
over the Atlantic are not accurate enough to permit such a

direct estimate of the pattern of latent heat release,
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Since a rate of rainfall of 1 cm per day (as is typically
observed) is equivalent to a heat flux of 0.4 cals cm™2 min™?
which is comparable with the sensible heat fluxes measured, the
latent heat release may be an important heat source which cannot
be neglected,

Under assumptions analogous to those in the derivation
of the equation for sensible heat flux, the flux of water vapour
can he expressed in terms of specific humidity gradients,
Written in the form of a flux of latent heat and gradients of

vapour pressure, the relationship is

F = 2.89 CD(eo ~e,) U, —(3.12)

1 -2 %

cm w in m sec e in mb.

F in cals min~
e, is taken to be the S.V.,P. at the sea-~temperature and
e, is the 5.V,P, at the dew point at ship deck level,
Deacon's formula for Cp inserted into (3.12) permits an
estimation of the latent heat flux from standard data. If
a plausible assumption is made of the ratio of the rate of
precipitation to the rate of evaporation from the seafr), the
rate of release of latent heat is determined.
Analogously to (3.4) the rate of heating due to latent

heat release is modelled by

aF.r
Ho = (300 mb) 1000 mb 2P 2 700 mb
0 700 mb > $
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There is some doubt as to what to assume for r. There
are no grounds for expecting it to be constant, rather the
reverse, Probably r is between 1/10 and 1/4 in situations
like the one under study here viz. where cold rather dry air
is being brought southwards over progressively warmer ocean,
(We stress that we are here concerned with latent heat from
cumulus-scale motions, not from frontal ascent.) In what
follows r is set equal to 1. This is unrealistic physically
but does provide the maximum possible effect which can be produced

by latent heat release in small scale systems.

3.61 Latent heat flux and derived quantities

The flux of latent heat (see fig.3.13) is considerably
larger than that of sensible heat (max, of 2.0 as opposed to

2 min_1) with the maximum further south,

0.5 cal cm~
Again the heat flux from the ocean cannot be appealed to

as an explanation of the vorticity maximum in the cold air;

“ 1
the sign of ( %ﬁ;L there is in the wrong sense to provide such
an explanation. The positive values of gg%“ are south of

the trough and are not significant compared with.&n‘unless r o is
nearly 1. As r 1is expected to be about 0.2 the contributions
to the vorticity budget must be dominated by the adiabatic terms.
| As in the case of the sensible heat flux, the scale of
the heating pattern is set by the cyclone processes but the
magnitude of the heating is too small and the scale too large

for the vorticity production rate to exceed the adiabatic removal



FIG. 3.12.

Data for latent heat flux computation.

-————— Vapour pressure differences in mb (sea-air)

— — ~— Seq surface tempergtures in °C
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FIG. 3.13.

Latent heat flux at ocean surface in cal cm™2 min™

———— &, ismbhr\ This is the vertircl velocity which orises
when the rate of rainfall equals the water vapour flux

across the ocean surface (he. r=1)
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of vorticity.

37 Radiation
No account has been taken of radiation as a heat source
because the following argument shows it to be negligible,
Atmospheric columns cool at a rate T approximately
proportional to T where T is the temperature of the ''highest
layer of water vapour®
Tooe T*

so that

. 4T 9T
T o~ 2LV
v T

Now T is known from observation to be of order 1.5°K day’q and

the theory presented in the previous chapter shows that to

obtain appreciable vorticities the gradients of heating must

be of order 1°K day~? (100 km)~? implying that to produce
appreciable vorticities due to radiational cooling, horizontal
temperature gradients of order 40°K (100 m)~1 are needed.

This is manifestly larger than any horizontal temperature gradients

to be found in the atmosphere,

3.8 Friction

The frictionally induced flow across the isobars at the
surface, produces convergence in regions of positive vorticity.
This is a consequence of the earth's rotation and is true for
any configuration of isobars but is most obvious for closed

isobars surrounding a low pressure area, We discuss whether
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this convergence can produce more vorticity, distinguishing
between what happens in the boundary layer and what happens above.
The equation of motion is

D ' -
B y -+ ;fg:\g; -

(3.1%)

where ! and 29 are the total and ageostrophic winds and T is
the horizontal frictional stress per unit area.

In the barotropic boundary layer the first term in (3.1%)
can be csgsidered small‘compared with the others and this is the
basis for the treatment of the boundary layer proposed by Ekman,
(see e.g. Petterssen, 1956, p.86). Ekman's theory proceeds
with a formulation of T in terms of ﬁa which does not concern
us here,

The curl of (3.14) leads to the vorticity equation,

curl (1—-]5)-'c X) = -4 div Va  + -@-(curl ‘E) —(3.15)
where horizontal gradients of f and @ are neglected,
Consistent with the assumption that ]_% V  is small in (3.14)
the left hand side of (3.15) must be considered small compared
with the individual terms on the right. Thus within the friction
layer the production of vorticity because of frictionally induced
convergence is balanced by the rate of destruction by the
frictional stresses, at least to a first approximation. This

point seems not to have been realised by a number of writers.
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For instance Petterssen in discussing cross iscbar flow due

to friction (op.cit. p.86) considers convergence at anemometer
level within a circular isobar of radius 500 km due to a
geostrophic wind of 20 m sec”™! with angle of inflow 25°.

Finding this convergence to be of order 102 sec”! he comments

"a divergence of this magnitude is significant for the maintenance
of circulatory motion systems".

While this is true it is not relevant because the frictional
stresses balance the convergence effects within the friction
layer, The convergence does have repercussions in the friction
layer but not in the direct way implied in the above quotation.
The frictional convergence of 1075 sec™’ produces a vertical
velocity at the top of the friction layer (at 1 km say) of
1 cm sec™ 1, Regarding the tropopause as a rigid 1lid at 10 km
this gives a divergence in the free atmosphere above the friction

5

layer of order Ly 1077 ~ 10'6 sec” 1. The winds in the friction

9
layer are determined by the geostrophic wind at the top of the

layer so that it is the free atmospheric divergence of 10—6 sec™
which is of importance to the dynamics.

For the changes in the surface vorticity due to frictional
effects we shall use the changes in vorticity produced in the
layer immediately above the friction layer. If the divergence
in the friction layer is integrated throughout the layer, it
is readily shown that the vertical velocity at the top of the

is given by

= [ —VL'I'. o
\N'Fric l-'\/ 24 ¢ SY] g

layer W ..

reat
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where W is an angle to be found by observation and K"‘is the

eddy momentum transfer coefficient, Vriting cos™Y = %- and

K"1= 5 x 10 cm® sec™! (suitable average for layer), this

can be taken to‘give the i:—velocity at the top of the layer(&zrh)o

as

(‘B:Fric)o = - 2.5 x 104 z

vel

where (ﬁxrkjo i6 in dynes em™2 sec”™! and Zrelin sec™ 1,
should strictly be applied at the top of the friction layer
say at 900 or 850 mb but this is not possible in the present
formulation of the ﬁ?—equation and it has been applied at 1000 mb

instead. The @ due to friction is then defined by

2
vis®,, - §* T2 = 0 —(3.16)
r a‘F
with
(@, at 1000 mb
&, = Fricle —(3.17)
0 at 200 mb

Equations (3,1) - (3.3) were solved with & = 0 at 1000 mb
and if M is independent of ﬁ’, éjhﬂc is obviously the extra &

required to change the boundary conditions to (3,17).

3,81 Frictionally induced vertical velocity

The isopleths of (&&rk)o (fig.3.15) follow those of vorticity
very closely as indeed they must but for the variation of f .

The maximum value of 28 mb/hr (~ 8 cm sec™ 1) is larger than
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FIG. 3.15.

Frictionally induced
vertical velocities
®¢ric at 1000 mb

in mb hr-'

FIG. 3.16.

Vorticity tendency

due to f-iction

gobs @_@iric
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any value of fﬁA found in the study. The divergence in the
layer from 1000 to 700 mb has a profound effect on the vorticity
distribution and seems able to remove the vorticity maximum in
about half a day.

The cyclone is at its deepest at the time of this figure
and its vorticity maximum i1s not changing rapidly in time so
that if these values are accepted further mechanisms must be
postulated to create vorticity at about the same rate,

It may be however that (Ejﬁk)

, and thus the other quantities

are being seriously overestimated, The proportionality between
(&H}k% and Z;m can be established from (3.15) provided the
left hand side is small and curlY at the surface is proportional

to { at the top of the layer., Rewriting gives

ﬁj%zobs = (Z)rel"' Jc)div.\f + %gaz—(curl;q) —(3.18)

It is clear that for regions of high vorticity, Z.d“’x
s

cannot be neglected in comparison with»fcﬁv‘i. Thus (53ﬁ46

is more likely to be proportional to Sret than to Sret as
znb5 f
assumed above, More research is required before it is possible
to make a categorical statement however, as it is no longer
. D . - . . - .
obvious that fﬁ”zuhs is negligible in high vorticity regioms,
though since ;D.Z in the boundary layer can be considered
Dt wabs
to be set by the value immediately above, the general argument

that it is small compared with the other terms would seem still

to apply. Thus a better estimate of the frictionally induced
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vertical velocities is probably

(ﬁfrlc)b = - 25 X '_'Z':'gl

1 abs

(&Zrk)o in dynes em™?

The maximum values of (&ﬁrk)ofrom this formula are about
one~quarter of those from the previous more conventional formula.
In fig.3.16 the -25 mb/hr isopleth now corresponds to -6.4 mb/hr,
the =15 mb/hr to -5,6 mb/hr, the =5 mb/hr to -3.2 mb/hr and the
zero remains the same, For positive values of (&&r“)ocomplications
arise when Iabsis small as the revised value becomes very large.

Such values must be considered unreliable since all the terms
O&4,ic
Op

are reduced from 6 x 10—9 to 2 x 10-9 sec™2 which implies rather

in (3.18) become comparable. The maximum values of qu
S
more reliasble decay rates for the cyclone.

3,82 Frictional limits to maximum vorticity

As a simple model for the cyclone decay due to frictional

effect only ‘(i.e. stratification is neglected) we may write

either
D - — —( 3.
2L (5 v ) deat (3.19)
or Ap
D *5 Zr L C*Zrel
Dt ?’rel = ( .7> \_) = = —:-F‘-""‘—"" ——(3,20)
Dt re A‘F('ﬂgrgl) Ap

corresponding to the two definitions of(&? )Q, where cf=.2.5 X ’IObr

dynes em™° and él{)is the pressure depth of the troposphere
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outside the friction layer, say 700 mb.

The solution of (3.20) and some sclutions of (3.19) are
displayed in.fig.3.17. The physics behind then ié over simplified
so they are not intended to apply to individual cyclones; their
principal value lies in the implications of the steepness of
the curves C, D and E. If (&&rklais proportional to gral as
assumed for these curves, friction must put a fairly strong
upper bound to vorticity since relative vorticities greater than
3 will be halved in 12 hours by friction. A similar argument
applies to curve A, but this curve is rather shallow and an
upper bound cannot be so precisely set. At this stage of our
knowledge the theoretical upper limit to the vorticity cannot
be computed with all physical processes included but the insights
of the Eady (1949) cyclone model can be used as a first step.

In this model the stream function has a factor eet, where B
is the growth rate, which is maxinum, ewm,, for a certain

wavelength. The rate of production of vorticity by baroclinic

processes is thus g LQ Ve seek that Zrclat which the
fe

max.*
frictional decay balances this production, Now Eady's paper
shows that

02 f du
dz

JgB

max

du

2

where is the average westerly shear in the baroclinic zone
responsible for the cyclone,

With f%i = 50m sec” | (10 k)~ { = 107" sec™1 ana
z _



B - 2x107 cm™1, we obtain the value 4,5 x 104 sec™? as

the maximum possible vorticity attainable in a cyclone.

Although there is a certain arbitrariness in choosing the parameters
in this argument it should be regarded as no coincidence that

this value accords well with the vorticities to be found in the

deepest cyclones,

3.9 Latent heat release in frontal ascent

An important scurce of latent heat is the water precipitated
out of frontal regions. Rainfalls of order 1 cm/day are readily
achieved and as we have remarked earlier this represents a
heating rate at least as large as the anticipated sensible
heating rate, and should not therefore be neglected.

Clearly

H = - (29

i Dt

where }4§ = rate of heat supply per unit mass due to frontal
precipitation, q = specific humidity. Neglecting supersaturation

effects, when the air is saturated and the vertical velocity

upwards (Tr< 0),

-:-D-Cllz..a_aff_at .._]_)_ia. = _a_ﬂ(_fao.t @
Dt op Dt op

under other conditions, {57 > 0 or unsaturated ascent} 5%%41 = 0.
An evaluation of |4§strictly requires a knowledge of the
moisture distribution. Further approximation is possible however,

the simplest being to replace %sat by the value 9st from a

standard atmosphere, In the region of saturated ascent, the
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(3'- equation now becomes

vie (ﬁ't . f-zi_"g’-& = adiabatic — —R—vl L_?__is_t bt
° B'P terms Peép a)P

where @'tot is the total & including the effect of frontal ascent.

So with
R
Foat = & +—-——L-—-94'—a st
Pl op
the @‘-—equation becones
2 & 2 78,
\V4 65_ AP -f ap‘ldt = adiabatic terms ————(3.21)
where o’ﬁ_ = Taect in regions of saturated ascent
4 elsewhere,

Without a knowledge of the moisture distribution, the region
of saturation is not known, so the expedient is adopted of
changing & to o ¢ wherever the updraught predicted by the
equation with ¢ everywhere exceeds a threshold value, scmewhat
arbitrarily chosen to be 3 mb/hr. As the heating term

2
RL g .EELB st & is dependent on @ the friction velocities
PCp P
need to be included so the precedure is to solve (3.2) with
boundary conditions (3.17) which gives a solution (@’A+ﬁ#r-\(_).
¢ 1is altered to d  when (@’A+@r.‘c) < -3 mb/hr. (3.21) is
then solved for (D, with (3.17) as boundary conditions.  This
vertical velocity @3 due to latent heat release in fronts can

then be defined as @; =@:t°1_- (tE’A +t9’{_r.m).

Now & 1is taken from a standard atmosphere (see chapter IV)
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and if ﬂst is taken to be the’saturated specific humidity
corresponding to the temperatures of the standard atmosphere,
then Oy becomes positive at 850 and 700 mb, This makes the
ﬁ?~equation hyperbolic and insoluble, déatis related to o

defined with &, (equivalent potential temperature) instead

of 6
o {

viz, o -

cat = 7‘)— BP 0368 + l"_fl.ﬁ'ét ._.a__ LOgT

P 9P

so that the hyperbolicity of the (I-equation corresponds in
some way to the instability of a saturated NACA atmosphere,
the last term being small. At those levels for which Oéit
becomes positive, o, has been replaced by a small negative

value, namely-%ad.

3.91 Vertical wvelocities produced by large scale rain

guite strongly and the

&E follows the pattern ofﬁf{cr.lc
vorticity production is of similar magnitude and position to
that from & but of Spposite sign so that it is tempting to
think that they might cancel out, or even that they maintain
each other, the frictional velocities providing enough 1lift
to produce condensation with subsequent heating of the air,
which produces vorticity, (as discussed in chapter II), thus
maintaining the frictional convergence.

There are grave difficulties to be overcome in reconciling

such a picture with the observations however or indeed in

reconciling the fields of!ﬁ}r“ with the observations. In
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particular the region of frontal rain (shadéd in fig.3.18)

is much smaller than the region of supposed rainfall (where ¢
is replaced by‘dsmt) and nost of the region where the program
changes ¢ 1is shown by the observations (cf. fig.3.1) to be
covered with showers,

It must therefore be true in general that the large scale
vertical velocities (e.g.t9; andétTk) are really the small
residuals of the much larger updraughts and downdraughts of the
gumulus c¢onvection. The method of finding &nhtabove is therefore
inadequate as it does not represent the physics of the gumulus
process, At the moment adequate theory does not exist which
treats the dynamical interaction between the large scale and
gumulus scale updraughts,

We shall have more to say on the role of frontal latent

heat in chapter V.

230 Conclusions

The &7-equation has been used to investigate the contributions
of adiabatic processes, heat sources and friction to the vorticity
budget of a deep Atlantic cyclone,

The heat induced vertical velocities were found to be of
the wrong sign to have produced the central vorticity maximum
and too slight to be held responsible for the '"'tongue' of high
vorticity associated with a trough in the cold air southwest
of the centre,

The ¢yclone is at its deepest at the time studied which
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is consistent with the air at the centre being cold. If the
temperature trough were to the west (east) of the vorticity
maximum the cyclone would be deepening (filling) in accordance
with a well known forecasting rule which finds theoretical
expression.in a paper by Sutcliffe and Forsdyke (1950)

and more rigorously in a paper by Fjortoft (1951).

The ascent or descent of the air entering or leaving the
cyclone influences the depth of the cloud layer which in turn
has an inertial effect on the air~sea temperature difference,
A simple model was proposed which showed that for situations
which differ only in the depth of the convective layer, the
air-sea temperature difference can differ by a factor of 3 as
the top of the layer varies between 850 and 500 mb,

Frictionally produced ascent in cyclonic regions is a
very important damping effect if the modelling (&Zrk)o°c<ZreL
is correct, so nuch so that it is possible to set a rather

crude upper bound to the vorticity which can ever be attained

oS Zrc\

. : &
in a cyclone, It seems likely however that ( 4&)0

abs
gives a more accurate account of the boundary layer effects

and the damping so produced is moderate,



CHAPTER IV

L1 Introduction

This chapter contains details of some aspects of the
numerical computations required elsewhere. It includes a
gconsideration of the various forms of the &?-equation and its
bounaary conditions and ends with some discussion of the way
in which the vorticities displayed in chapter V have been

calculated,

4,2 The &~equation

In what follows it will be of interest to recognise the
origin of the terms of the W-equation; we begin by deriving it,

From the vorticity equation (4.1) and the thermodynamic
equation (4,2), the time derivatives are eliminated after
substitutions from the geostrophic approximation !nu= ﬁ?—‘7221
and hydrostatic equation T= - -% (pg—f—a) The result is the

D-equation (4.3).

2 L

= - —_ .a_z.f‘ _a...ﬁ_.
5% L= Y-V — a® aFeL —i—(;‘H:Z‘,e,L)aP E—
9., oT _ Ly o
%Py T T RYVT + @(CPBP ;5) = H (D

2 & — b i—-@. -— aZrel_@ azzre
Ve Zf()c'*' Zrel)a 7 -+ J‘(a b)-s-{: o + a{'ﬁé}; t

= — 45|09, ) + gV V) + S VH ——
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1 9

where ¢ = — — (log ©
5 op e )
H = rate of supply of heat to unit mass of air

a,b are understood to be equal to 1 and are introduced to
act as tracers, Use will be made of these tracers in section

4,22,

L,21 Static stability

In principle o can be found as a function of 3-dimensional
position from the height data by making use of the hydrostatic
relationship,. In all the work presented in chapter III however,
& is a function of ‘P only and is obtained from the temperature
distribution of the NACA atmosphere, see fig.4.1.

Haltiner, Clarke and Lawniczak have compared & fields
computed with (1) & held constant, (2) o a function of p
only, (3) ¢ a function of x, y, P. They summarise their
results thus:- "Computations with several static stability
parameters, namely, a constant value :6:' s, @ pressure variable
value & and a point variable value @ , ©exhibited the greatest
differences in the maximum ®'s, as much as 50%, at 300 mb
particularly between the & case and the other two. At lower
levels the differences are only about 10%. This appears
comparatively small as far as the synoptic aspects are concerned."
They also indicate that the value of o’Vatﬁ lies within 10%

and usually within 1% of Ve &

1 dlog@
N g ~
;V a 90* 2z o y
nd ——— —V-'—" ~ a"—é, (ad ‘\p‘ ~ - . B 1
: V@ ¢ az/B § R, (Rc.) ~ 10
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R°= Rossby no. Ri" Richardson number, A = horizontal wave
number, It is apparent that replacing 6 by a function of
$ only, can be expected to change @ by about 10%. This
is the justification for the procedure which we have adopted
and is in agreement with the findings of Haltiner, Clarke and
Lawniczak.

On the other hand since o <€ 2';5 roughly, || increases
by a factor of about 10 from 850 to 300 mb so that it is to
be expected that the replacement of ¢ by an absolute constant
would alter & by a factor 410, whereas Haltiner, Clarke and
Lawniczak claim a change of only 50%. In a similar experiment,
I have replaced ¢ everywhere by its value at 850 mb which
might be thought to produce a sevenfold (cf. fig.4.1) change
in @ at %00 mb but the change is two fold (100% compared with
50% of Haltiner et al.). This discrepancy could bé resolved
if 'dvicﬁ“<<lflgiﬁ'z but no evidence for such an inequality
can be found in tfe & fields computed for this thesis.

The P dependence of ¢ makes it difficult to discuss
analytically the effect of changing < but some remarks can

be made on the basis of a simplified equation which is in some

ways analogous, Consider the boundary value problem
2@ 29°@ -
— & —s = LXP LLAX 4V
B S f P LR axp il p)

with & = ¢ at p= JI;P‘, so that (52= -~o. [pLAvare constant

The solution is W.r.t.x.,P.
L { cos (Ax+vpo)sinh 8lp+ p,) — cos(Ax=wb, ) sunh B p—p,,ﬁ
& = +
£ (v +0%) cos{Ax +up) + 2 simh 26 p,
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where O = LIEY

f

Since the expression inside { } is of order 1 whatever e,
the condition that replacing & by 7¢ (or € by 76%) should

approximately halve ® is that Ww*~568% We aim however to make
2 '
op*

some comment on the relative magnitude of gV D and +

2 2@ _ LP*A* [ _ _ ]
P33z = soie P 9

T LA*AY [_ w2 + ]
v+ e o= ¥ v
where . ,P —_ cos(7\x_ + vJP)

cos(Ax +vp, ) sunhB(ptps) ~ cos(Ax—vp,)simh B (- p.)
2 sinh 26 p,

which are both of order unity.

The relative magnitudes thus depend on a comparison
of .g-:p-—-q, with P+q when p and g, are of order unity.
Presumably with .g.; ~ 5 the ratio is in the order of 2 or 3.
When ©% is replaced by 76 — which is the atmospheric case —

the ratio is much nearer unity. It is thus possible to produce

small changes in & by large changes in ¢ and still have
(VO ~ §2218
° ,FF

4,22 Vertical advection and étretching of relative vorticity

In the derivation of (4.3), the time derivative of vorticity

was eliminated by using the geostrophic approximation. The
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geostrophic approximation is correct to order Ro for flows
- with Rm<§ 1e If is obvious that the ratio of Zrelto f and
of the ratio of vertical to horizontal advection of vorticity
is also of order f?o. Hence it is consistent with the mode
of derivation of (4.3) to neglect Zrdand mg—% in comparison
With§ and V. V 1 respectively, i.e. consistent with the
derivation, & and b can both be set equal to zero in (4.3)
giving

o

Ved - j’gzg = —iag[z.vwﬂ)} 3v‘(g.v§%) (1)

in the adiabatic case,
Inspection of the VOrticity fields of deep cyclones

(see e.g. fig.3.2) shows that although Zmlmay be a small fraction

of f over most of the chart, there are interesting regions

where it is comparable with or even larger than:f. In such

3*&

2

2

regions the coefficient of in (4.3) is increased several

fold when b is changed from zero to 1., To investigate the

result of this change on ¥ a solution was found to (4.4)

with §* replaced by § (§+ Zrel)' The results are displayed
,in‘fig.4.2. The term involving b represents the effect of
istretching'" on the relative vorticity; setting b = 0 allows

the stretching to act only on # so that (4.4) as it stands omits

an important physical process. Note however that where Zret/§ ~ 1,

R, ~ 1 and the geostrophic assumption used in the derivation

of (4.,3) is also unreliable,
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1f ({ (+ §) <0 the flow is believed to be unstable

and certainly in such a case the @& equation in the $( §+ Zreo

form becomes hyperbolic permitting no solution consistent with
the boundary conditiomns, To avoid this difficulty, the

solution to (4.3) shown in fig. 4.2 was found with the coefficient
ry

of 2 g

0 p?

where (_-f- + 1

The changes in & are generally of order 10 to 20% of &

arbitrarily set equal to 10~1C sec™ at those points

was negative.
ree g

but locally 50%., It is noteworthy however that the oversll
pattern is not altered; the areas of +ve and -ve @ are practically

unchanged, As is to be expected, large values of change

in & occur where jiié&!i differs significantly from 1, but

the correlation is far from perfect, there being a line of

4 + Jral _
£
Here however (U= O and as the phase of & changes little with

zero change passing through the region where 2.
height, the changes in the coefficient become irrelevant,

A feature of cyclone structure predicted by the theories
of Eady (1949) and Charney (1947) is that extremes of vertical
velocity are to be found more or less mid way between the
troughs and ridges where Zwef 0. It might be anticipated
that such a structure would prevent the vertical advection
of vorticity term (coefficient @ in (4.1) and (4.3) ) from
becoming important even where Ry ~ 1, but this is not obvious
as the linear analysis used in their studies is not applicable
to the case of F?o'v 1. Fig.4.3 shows the results of coﬁputing

& from (4.3) with a=b = 1. A comparison of the solution
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with and without vertical advection (fig.4.3 and 4.2 respectively)
shows that the additional effect of including the vertical
advection of vorticity is indeed negligible; practically the

whole variation from the "consistent" solution is produced by
*&r
o p*
Although the stretching of relative vorticity produces

the change in coefficient of .
large changes in the magnitude of the fields, its inclusion is
not consistent with the other approximations and for this reason
equation (4.4) has been used thoughout this work.

Krishnamurti has studied a system of equations which
include the vertical advection and stretching of relative vorticity
in a consistent manner, replacing the geostrophic approximation
by the balance equation but the complication of the system

precludes any simple interpretation.

4.3 Lateral boundary conditions

& is defined by (4.4) only if the behaviour of W, at
the boundaries is adequately specified. We can use physical
concepts to determine reasonable conditions at the horizontal
boundaries but not to determine the lateral boundary conditions.
As the grid on which the right hand sides of the &Tequation
are held is only 11x11 it is important to know the distance
from the boundgrylpver which the boundary conditions have

significant effects on the solution.
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Consider the two sets of equations
Vfﬁ-?ag}' alx,y,p)

@,

) 0 at .p = 1000, 200 mb

@,

¥ at the lateral boundarice

and

Vo @, - f‘a,f‘?ﬂ = a(x, 4,5)

&rz_z O at p = 1000, 200 mb

@a.: 0 at lateral boundaries

It is clear that A®W (=& - &) satisfies
Vis(A®) - $7 2 ‘9)[) AD =0
A= 0 at = 1000, 200 mb ' ————(4.5)

A =™ at the lateral boundaries,

s0 that the difference AT does not depend on the wind field
but only on the boundary values %*

Some idea of the effects.of the boundary can be obtained
by solving (4.5) with @'*assigned suitable values. Fields
of AT are displayed in figs.4.4 and 4.5.  They correspond
to an ®'* field which is a linear function of X,y .in the
western half of the region and zero elsewhere in the eastern
region except at the point L= 14, J =8 Jp =700 mb where a
value of 10 mb/hr is specified. In the western portion o*
has maximgr_n magnitudes in the corners while the vertical profile

nas maximu:¥EIued at 500 and 700 mb, being zero at 1000 and 200 mb,
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The A® field close to the isolated point rapidly dies
away to zero although it does have a value near 10% of &7* at
the adjacent point, In the western portion vqlues of AW near
the boundary are of order}éﬁD* and there are only a few points
near the centre where AT is about 1/10 &F,.

The simplest lateral boundary condition for a solution
of the & equation is & = O but the results of this test show
that this will appreciably reduce the magnitudes of & even two
or three points in from the boundaries which is a large proportion

of the grid points. Consequently the less restrictive condition

oW
on
in the direction normal to the walls,) &7 is thus able to

has been used in all the calculation in chapter III. (n is

take cn realistic values near the lateral boundaries, ensuring
that & values are trustworthy certainly on the 9x9 grid and not
without significance on the 11x11 grid,
4,4  Smoothing

When height values are read off hand analysed charts,
the random interpolation error produces a scatter in the vorticity
values, With a grid length of 200 km this scatter is considerable,
as we shall show in section 4,61, This affects the @ fields
via the right hand side of (4.4) giving them an irregular
appearance which is further exaggerated in the computations
of (§+ Zrel)%% required for the vorticity tendency.

To mitigate the scatter of the E fields the height déta
is smoothed.

Trial was made of smoothing by fitting at each grid point
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in turn a bivariate quadratic surface to the heights of the
3x3 grid of points surrounding the particulaf point; the
fitting is done by the method of least squares. The central
value of the quadratic then provides the smoothed height at
the grid point,

With the grid shown in fig.4.6 this is

é é % exactly equivalent to replacing the
height z, at the point 0 by the smoothed
o . .
> 0 1 height Z determined by
i . ¢
7 4 8 'Zoz-l;(zs+zb+z7+23)+ %(z.*zz"'zg‘*’%)**?’izo
FIG,%,6.

This conserves the average value of z and sz,wnhich is
a desirable property of smoothing techniques but in other ways
it is unsatisfactory and a smoothing technique proposed by
Wallington (1962) was used instead.

The performance of this least squares quadratic method
can be compared with Wallington's by considering a height field

made up of wave components thus:~

2= 7 Alm cos L [x=X,) co.em(cj “Ym ) —_— (4. 6)

here‘Xl,\kjspecify the phase of the components with wave numbers
{ »m in the x and y directions respectively. The smoothed

field corresponding to this is given by

= ZE 1:‘_‘ Flm Alm cosl(x XL) cosm\ﬂ—\(m)
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where fﬂn\is the amplitude factor of the (| ,m) wave given
by Fi.=[1 ~ %-(1 - cos hl) (1 -~ coshm) ], h being the gridb
length.

Wallington proposes a smoothing which in the x direction

is effected by putting

—~

a
Z°=Z°+§(Z’ + 25 2z,).

This is applied in the x -direction and then in the 3~—direction
with @ = }%2 whereupon the whole process is repeated with a = - 2/3,
The final result of applying this to 2 of form (4.6) is to produce
2 = 2!—_ é Gtm Atm cosl(x-x‘)cocm(ﬁ-Ym)
with
G =1{1- leq - costh)i[1 + 201 - costh)]1[1 = +(1 = cosmh)]
tm 2 3 2

(1 + %(1 - cosmh)]

A comparison of the amplification factors F“ ,Gﬁl for square
waves is given in fig.4.7. It is seen that the reduction of

the smallest waves (wavelength 2h) is rather poor in the least
squares guadratic case whereas this is precisely the component
which it i1s most important to reduce. As there is little to
choose between the two methods at long wavelengths (> 8h) the
superior performance of Wallington's method for short wavelengths
is decisive.

Wallington's method of smoothing is applied by the computer

to the height fields immediately after they are read in. No
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other field is smoothed,

4,5 Finite difference formulae

Height data from standard pressure levels (1000, 850,
70C, 500, 300 and 200 mb) were used to compute the right hand
side of (4.4), As these are not uniformly spaced ordinary
central finite difference formulae cannot be used for vertical
derivatives.

Those used were

os _ L { Brn (Spoy — 34} - _9_2_(5““.. Su)}
K+

n Al<+\

and

azs = -—-._.——2 { Sk + S“-,} _ 28,
aP" QK+AK+| Doy ANS

where s, is the value of s at the pressure level pyx with PK:’P““
and Dy = Py~ Py (A, is +ve),
If Ay =Am these reduce to the familiar central finite

difference formulae.

4,6 The geostrophic vorticity:

The geostrophic approximation permits relative vorticities

to be obtained very simply from height or pressure fields from

. - _l__ 2 -9 P - .
the expressions 33 = ,o}v yal or ZS“ .{v Z With
the grid of fig.4.6 V'z is V'z = ':1; (z,+2,+2y +2¢ = -42,),

As the vorticities for the &requation and those displayed in

chapter V are worked out by this method we will include some
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discussion of its limitations, -

There are three principal sources of error in the geostrophic
vorticity:

| (1) Interpolation errors

(2) Errors due to finite difference approximations

(3) Ageostrophic effects.

These are considered below in turn,

We remark in passing that the arithmetic in the formula
for Y2z con be performed graphicaliy. One advantage of the
graphical method is that the fields are smoothed by eye at
each stage, so that the final vorticity field is smoothed,
whereas scatter on the values from the "straightt arithmetical
method produces irregular fields, The diszdvantage of the
graphical technique is that for a given contour spacing there
is a minimum grid distance which will ensure that the subtraction
can be easily achieved, For instance if vorticity isopleths
with spacing 5 x ’IO"'5 sec™1 are required from a height contour
spacing of 50 m, the grid length needs to be 600 km which will

be shown below to be unsuitably large.

4,61 Interpolation errors

Using ¥z = (Z, +2, + 2, +2, - Lz,)/w* and assuming
the standard deviation of the randomly distributed interpolation

error in z to be 6z, then the standard deviation of error

in (z, + 2z, + 2, +2, ~ hz,) is

\/(./52.14- $2*+ 62° +52")2 + (451)2 ~ 5 &z
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whence SZ ~ 5 39 &z

With h= 200 km this gives 87 ~ &z x 1072 sec™! where &z is
in metres, Thus with 6z 1lines drawn every 50 m, the best
estimate of z is likely to be in error by up to 5 m which gives
an error in Z of order sz Accordingly in the hand analysis
of ZreL fields no attempt was made to draw lines closer than
5 x ’]O'-5 sec“1'.

Note that 6 ec W'~ so that with h = 400 km, 8 ~ 7]"—0-)5

although the vorticity is now averaged over a much larger area.

4,62 Finite difference approximations (Truncation errors

By Taylor's theorem,

4
iz = T:.a{z,+zz+za+z4..4za)_ Jf[a z +§:.z.) + Ofh*)

12 ' ox% oyt
2 4. 3
The size of L (_Q__g + _?__z_) is a measure of the suitability
12 "ox® " oy*

of the grid distance chosen for the representation of the vorticity
field. The grid distance can be considered satisfactory if
the term is say 1/10 of ¥ z. For a wave component of =z of the

form A expi(2Ax +P":1) we require

S ST NP SRS

or h( l

This gives the greatest permissible grid length only if interpolation

errors do not exist. If their existence is also allowed the
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strategy must be to reduce the total interpolation and truncation
error,
There is an optimum grid size for which the truncation

plus interpolation errors are at a minimum,

I

Total error = interpolation error + truncation error

m
it
(92
jeo
on
N
|
+

| ! 112
f e Ez_Z7N h
Pl = -— 9 + f QL.

%E. is zero and E minimum for optimum grid length

gtz )'/4-
T

winich also makes the two types of error equal.

hee = (60

With A= 1077 on™!, 82=5m and [~§ , h,, lies
between 200 and 250 kmn, A grid length of 200 km has accordingly

been used throughout the work.

..63 Ageostrophic effects

Any method of computing vorticity which assumes that the
wind is geostrophic is in error to the extent that accelerations
and frictional forces produce departures from the geostrophic
value, At the centre of a deep cyclone, the geostrophic
formula can be expected to overestimate the vorticity since
cyclostrophic accelerations require the wind to be less than

the geostrophic value to balance the same pressure gradient.
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A simple way of estimating for the effect of the neglected

accelerations is to consider circular isobars with gradient

wind balance, If the wind speed is V at radius r and the
corresponding geostrophic wind is Vé, then
2
Vg = v + X
fr
and since
ov v . .
Z = — - we readily obtain
or r
{ :Z»,.%xéx
g r{ or

To find values at r = O where v = O we apply 1l'Hospital's

rule leading to
o [3v\2
(13)0 ) lo ’ ?(5%)0

In section 3,91 we have presented evidence for central

A

shears of order 10 ' sec”! so that %-(%%)2'~ 24 .

A more complete analysis shows that the difference between
the actual and geostrophic vorticities is not so large as the
-—._le considerations above would suggest. Reference may be
made to a paper by Petterssen (1953) who uses the balance
equation to take account of the accelerations. He finds that
the geostrophic equation overestimates the vorticity by about
25% in regions of maximum vorticity (ZSN 44 ) but gives estimates
to within 10% over most of the field.

The results of an experiment similar in some respects

to Petterssen's is to be found in fig.4.8. Values of vorticity

deduced from the geostrophic formula and from the balance equation
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FIG. 4.8. Comparison of bclanced and geostrophic vorticities.

L, = V2 S

a

where ¢ is a solution of the balance eﬁuution:-

(v2y + f)%= 2+ 2V2g2 + N2+ B

with A = b - vy

4, & B =2y,
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are plotted on a scatter diagram. It is clear that for

ZS < 1.5 x 107% sec™? the geostrophic vorticity can be fairly
confidently assumed to be within 15% of the balance vorticity
but above this value the vorticity is markedly overestimated
by the geostrophic formula: The vorticities in the case used
in the study were somewhat smaller than those in Petterssen's
but the results are in general agreement with his.

No attempt has been made to use balance vorticities in
either chapters III or V. In the & -equation the use of the
balance equation to find the vorticity and velocities is not
consistent with the derivation of the equation which depends

on the geostrophic approximation,
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CHAPTER V

5.1 Introduction

In this chapter the surface relative vorticity fields of
a rapidly developing Atlantic cyclone are analysed and related
to low level alr flow relative to the storm, revealing how
air enters the region of maximum vorticity and some of the
processes involved, A simple technique is proposed and used
to obtain the streamlines relative to the system and subsequently
relative trajectories. |

The vorticities used in the study are ¢omputed on a
2006 km grid, shown in the previous chapter to be broadly
appropriate. It is known however from inspection of autographiec
records that changes in wind direction at fronts take place
over short distances of tens of kilometres or less, dimplying
a pattern of vorticity far smaller than can be resolved by
such a grid, Stoke's theorem ensures that the totsl vorticity
is unaltered by this averaging but the pattern may be misleading
and the physical processes producing or maintaining the vorticity
at the front may be concealed by lack of detail. Consequently
the chapter begins with an analysis of a vigorous cold front
on a much smaller scale to provide a framework of ideas with
which to interpret the larger grid scale analysis.

-

5.2 A Gold Front

In this section, the wind field of a vigorous gold front
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5.

Surface isobars and weather 06004 1 OEC 1966.
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is investigated on a scale of a few kilometres.

Fig.5.1 shows the situation at 0600 % on 1 December 1966.
6 hours later, the cold front lay from Middlesborough to
Plymouth, The temperature fell several degrees with the
passage ©of the frdnt; which was accompanied by a hail shower
at English stations south of 53°N, Anemograms from Kew and
Rothamsted (fig.5.2) show that as the Iront passed these
stations, the wind veered through 90° in a minute or less,
which corresponds to a distance of at most 2 km. . There is
no suggestion that the wind veer took place in two stages,
described by Miles (1962) as a frequent occurrence.

Autographic records such as these contain a great deal
of information, which can be used to give a detailed picfure
of the wind in the vicinity of the front providing the field
is sufficiently steady for the time sampling to be treated
aé space sampling. An inspection of 35 such autographic
records from stotions in England and Wales sh;wed very similar
patterns of wind speed and direction throughout the several
hours required for the front to cross the gountry, and along
its length. The main differences in the records lie in the
magnitude of the wind speeds (but not their pattern), and as
there are no systematic trends in the data, save that exposed
coastal stations have much larger wind speeds than the others,
this effect can be attributed to dissimilarity in the enviromments
of the various anemometers, rather than to frontal structure.

If the velocity of the front is known, the times from



114

(|2002 1300 1400 1500 1600 1300z 1400 1500 1600 1700
: : e Pt = !

50+ — t— —— ; s

kts

DEGREEST ~~ T T T T T R
FROM N,
300+
200
|
100 t— -+ }
1 1 1
(a) ~[b)

FIG.‘ 5.2. Anemograms for (a) ROTHAMSTED and (b} KEW for 1 DEC 1966.
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the passage of the front can be converted to distance from the
front normal to it. Some assurance is required that whatever
is considered as a reference position (here the very pronounced
wind shift) can be represented as a line on a chart. If the
front were discontinuous or heavily zig-zagged on a scale
comparable with the proposed analysis the technique could not
be applied.

Fig.5.3 shows isochronous positions of the wind shift.
With the exception of XKeele University and Silwood Farm the
isochroncs f£it the time data very well, usually to within
5 minutes which is within the accuracy to which the time marking
on the chart can be trusted. [The portion of record a&ailable
for this study, usually did not extend to 0900 hrs when ob~scrvers
habitually time mark their instruments. ] Since 1 minute's travel
is about 1.5 km, the amplitude of any waviness on the isochrones
is certainly not more than 8 km and almost certainly not more .
than 1 or 2 km,

The average normal velocity from 1000 % to 1530 is 37 ¥ 2 km

towards W 25°8.

5.21 Average winds

Eddies give the anemograph traces of wind and direction
the appearance of rather broad bands. If the speed and direction
at an instant are v and © and maximum and minimum values over
a few minutes are shown by suffices "max" and 'min" then

inspection of the records shows that



FIG, 5.4. Surface streamlines relative to the ground.

Wind speeds in knots are shown at the ends of
direction arrows,

Wind data at certain intervals (1%, 1, 1/2, 1/4 hrs)
before and after the passage of the front are
shown relative to its position at 1400 Z.

The open circles mark the position of the
stations at 1400 7.
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-1— {\/ max ~— \/min—l N—;—{Vmax + Vmin} sin -;— (emax — @min>

consistent with the assumption of horizontally isoctropic eddies.
The winds used in fig.5.4 (which shows winds at individual
stations plotted relative to the position of the fromt) are

taken from

%-(Vnmx + Vndn) and %-(@nmx * emin)
read by eye. The directions are fairly consistent but spceds
differ from station to statlon although the time pattern is
quite consistent. This scatter on the wind speeds is due
to differences in anemometer exposure as we have previously
remarked, To remove‘some of this scatter while preserving
longitudinal trends, means over 5 adjacent stations (along
line of front in fig.5.4) were computed. It was obviocus that
although the resulting winds are smoother thon before, dndividual
stations still give variations which are large enough to hide
any trends existing along the length of the front. Thus to
get representative winds, the observations have been averaged
along the whole length of the front (see fig.5.5).

With the front regarded as straight and 2-dimensional,
vorticities and divergences can be computed from the average

winds and these are presented in fig.5.6.
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FIG. 5.5. Velocity components relative to ground obtained by averaging all
observations at same distance from wind shift.
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5.22 Relative velocities

Relative velocities obtained by subtracting the normal
velocity of the front (fig.5.7) show low level warm air flowing
towards the front and the cold air accelerating away after
being "dumped" on the surface close behind the wind shift.

The fact that the winds before and behind the discontinuity

are almost parallel is probably not significant because any
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tangential velocity subtracted in addition to the normal component

would alter the directions differentially.

It is of interest to know what the relative velocities
would be if there were no friction, In a 2-dimensional front
near to the ground, the normal velocity of the cold air at
the interface must be the same as the velocity of the front.
This is not true aloft, where overtaking is accommodated by
rising or sinking motions. (Indeed Sansom (1951) has used
this accommodation to calculate vertical velocities.) If
the reported normal velocities in the cold air are extrapolated
right to the interface, a speed of 27 Kts is found compared
with a frontal velocity of 37 Kts. A procedure for overcoming

most of the frictional modification is to scale up all the

camponents by %%-AJ1.4. Relative velocities so treated are
also in fig.5.7. The warm air is still flowing towards the

front and the cold air accelerating away but what happens near
to the front on the cold side accords more with physical

insight.
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5.2% Vorticity in cold air mass

Our remark that averaging over 200 km grid squares may

div,V

~

distort the dynamics is exemplified by o comparison of Z;abs

and z:abs div,V from Fig.5.5. These are respectively

~40.2 x 1077 and 1.4 x 1077 sec~2, Using the vorticity
equation to discover the average divergence can therefore lead
to results in error by a factor of 3C.

In the cold air the air at the ground is flowing away from
the front and it is clear that between I=4 and I=6 in fig.5.6
the sign of(%%dhz is opposite to that of _(gzﬂms divhx)
s0 that other terms must be significant in the vorticity equation.

Tables 5,1 and 5.2 show the size of some of the terms in the

vorticity equation. The x axis is perpendicular to the front,
Table 5.1 Table 5.2
I & ;C)Sa}-zabs Zabsd VLY, 525;2u2f (Uié’aazlfbs Z:bsdivh v R
columns)j .
sec™ 2 sec™? sec”2 sec” < sec™2 sec”iM"
| 8 12.8 x10°° 4.72x10%17.2x10°  72.6x10° 7.38 x107° 14.98 x10°°
7 22.8 7.65 30.5 19.1 11.9 31.0
6 25.8 10.1 35.9 24,8 15.8 Lo.6
5 26.0 11.0 37.0° 25.8 17.2 43.0
4 4.7 11.5 26.2 15.9 18.0 33.9
3 | -12.5 9.5 - 3.0 14,3 4.8 0.5
2 | -39.7 7.0 -32.7 -46, 4 10.9 -35.5
1 | =64.0 4,2 -59.8 -75.9 6.7 -68.2

* denotes quantities with the friction correction applied.
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In small Rossby number situations, R is expected to be
an order of magnitude less than the previous columns, which
it is not. Regarding the measured winds as frictionally driven
by those at say 900 m, vertical advection and twisting terms
can be invoked to contribute to R, Twisting terms are in
the sense to produce +ve R (or R*) since w and divyy, are
highly negatively correlated and the thermal wind is in the
Y direction. As the front slopes upwards in the -ve x direction,
the vertical advection should bring high vorticity air to the
surface again producing +ve R. It may seem possible to
account for -ve values of R if away from the front the ccold

air aloft has large anticyclonic vorticity but order of magnitude

calculations show this to be unlikely. e.g. at point I=z ,

. 20 . . . 3% N .

if M/s—- is estimated by (Az divv) 35 and this is put equal
z

to R then %é.has order -6% k™1 for Az= 1 kn. The remaining
agency vhich can explain R is the contribution of the eddies.
These were smoothed out at the stage at which velocities were
read from the original records. As little is known of the
action of the eddy motions further study is warranted. This
would regquire detailed information in the vertical so that
the large scale advection and twisting terms can be found
with reasonable precision. The study of eddy terms is best
carried out where there are strong vertical gradients with
which to relate them, Since active cecld fronts provide such
gradients they are ideal settings for an investigation of

eddy terms.
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FIG.5.8. 1200# 1 DEC 1966. Observations of wind, e, and relative humidity
at surface and every 100 mb from 900 to 400 mb (strictly the wind
at 900 mb s that at 900 metres). Wind directions in knots are plotted
relative to north and the speed shown at end of arrow, with the component
normal to the front plotted alongside the arrow. The vertical line is
dotted if the normal component is less than the normal velocity of the
front. At each level the uppermost figure to the right of the vertical
is ©,, in °C ond the lower figure is relative humidity in s,
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5.24 Vertical structure

Cbservaticns of the vertical structure (fig.5.8) do
not fall readily into any simple two-dimensional scheme for
the front. The lower km or so at Crawley and Hemsby on the
warm side of the front have relative normal components towards
the front in agreement with the anemometer evidence. If the
front were truly two-dimensional and steady, the constant O,
lines in a vertical cross section would have to coincide with
the two-dimensional streamlines. Now at these two stations,
the air flowing away from the front has different O,, than
that flowing towards it, whence the air lifted off the surface
by the cold front must be sought flowing away from the surface
front above the cold air. At Aughton air with the correct O
is indeed found above the cold mass flowing away from the
surface front; moreover the relative humidity is high indicating
ascent. At Cambourne bowever the air above the front is
overtaking it and must be assumed to be sliding down it.
Consistently with this, the warm air has very low relative
humidities, Cold air at the ground is flowing away from the
front at the ground but the relative velocity at 900 metres
is ambiguous. The reported winds have directions rounded off
to the nearest 10 degrees and the uncertainty of X 5° allows
+ve or -ve relative velocities. Presumably the air at this
level must be overtaking the front to preserve mass continuity.
The sounding at Cambourne suggests a situation like fig.5.9a

and at Aughton like fig.5.9b.
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Fig. 5.9a. Fig. 5.9b,

Schematic vertical cross sections consistent with the soundings
of fig,5.8. (a) Cambourne (b) Aughton.
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5.3 Cyclone surface vorticity

We turn now to vorticities analysed on a 20C km grid,
shown in the previous chapter to be appropriate. The cyclone
chosen for investigation lay about 10CO km S.W. of Ireland
on 18 December 1958 with a central pressure of 950 ﬁpf} The
associated cyclonic circulation occupied o vast areaﬁﬁver
2006 km in diameter (see fig.5.10). This is the cyclone
previously discussed in chapter III.

The pattern of surface vorticities in fig;5.10 Cleariy
contains detail on a smaller scale than the pressure field
from which it was obtained, in the sense that if the patterns
were to be represented by values at grid poinfs, a smaller
grid length would be required to specify the vorticity field
than would be needed to specify the pressure pattern. For
instance, the shallow trough of low pressure stretching out
WSW of the pressure minimum at 06CO GMT on 18 December 1958
is associated with a very much sharper ¥"ridge" of high vorticity.
This is to be expected, for if P°¢E;AxpeXpi(wx+Pﬂ)’ then
VZP oo TN+ rf') Awexpl (A x +Pﬂ)' The factor (W + p» in the
expansion for YJEP gives prominence to waves of smaller wavelengths.

The largest +ve values of ;elative vorticity are much
greater than the largest -ve values; the respective maxina
aré of order 4% for +ve values and f for -ve values. The
reasons are twofold: firstly, motions with negative absolute
vorticity are dynamically unstable (see Kuo 1949), secondly

in the absence of friction and tipping effects, the time
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FIG. 5.10 B.
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derivative of absolute vorticity produced by horizontal divergence
is proportional to the vorticity itselfl, This prevents the
relative vorticity falling below -f but places no upper bound

on it,.

By Stokes theorem the average relative vorticity of the
Northern Hemisphere is %f. where Ve is the average zonal
velocity at the equator and R the radius of the earth. Thus
i:;el ~ - %-x 1075 sec™1 and variations are of order 10™/sec=1.
Now ?-is 7.3 % 10"5 sec~q so that the time variations of average
nbsolute vorticity arc¢ of crder 1% or less. To a good approximation
the gains in vorticity in cyclonic areas are balanced by losses
in the anticyclonic areas and since the maximum possible +ve
values are greater than the minimum -ve values, regions of
anticyclonic relative vorticity have considerably greater area
than the cyclonic regions. This is clearly visible in fig.5.10
even though the analysis haes not been extended to clqsed anti-
cyclonic circulations flanking the cyclone, A considerable
portion of the region of cyclonically curved flow has -ve
relative vorticity because the anticyclonic shear predominates.

The greatest values of vorticity occupy a very small
area and the visual appearance of the crowded isopleths gives
the impression that the analysis is faulty, the smallness of
the intense maximum being irreconcilible with the large scale
process responsible for its existence. It is valuable therefore
to display the vorticities in a manner more suggestive of the

processes operating. The vorticity equation is recast:-



FIG. 5.1,
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%) iy v
— lo = ediiing
Dt & éabs ok
whence
20 .
Log ?Jabs = 108 C; ihia = ~—  dt.

trajectory af’

Linearly spaced isopleths of 1og(\§abs/f°) then have
the property that the same amount of stretching Jg?ﬁkﬁt is
required to take particles from one isopleth to the next,

A vorticity pattern is so presented in fig.5.11. The
situation is the same as that in fig.5.10a but the field takes
on a more natural appearance, the spacing of the lines being
more uniform than in the ‘grel form, Apart from the improvement
in appearance nothing is to be gained from the logarithmie
analysis as no extra information is provided.

The averaging inherent in the numerical computation of
vorticities spreads the +ve vorticity at the fronts into the
air masses on each side, whereas the small-scale analysis of
section 5.23, (for a different cyclone), suggests that the
cold air mass at the cold front has —ve\gxel except for possibly
within a kilometre or two of the wind shift.

The ridge of high vorticity in the northerly ailr stream
at 1200 % 18 December 1958 upon which we remarked in chapter III,
can be traced to the vorticity from the original low pressure
centre which was situated at 47°N 53°W at 00 % on 17 December,
This affords a good example of a back bent occlusion. "As the
occlusion first develops near the centre of the depression,

there is, din some depressions at least, a tendency for the



centre of the cyclone to move along the occlusion to the angle
of the warm sector. The occluded front then tends to becomc
a subsidiary cold front .... such a front is usually referred

to as a 'back-bent occlusion' # (Brunt, 1934, p.325).

5.4 Choice of winds for trajectories

The trajectorics to be shown in section 5.9 have been
obtained from the geostrophic winds.

Although the number of ships reporting the wind speed
at ship mast level was sufficient to define a reasonable wind
field, the values are much influenced by friction and have
been considered unrepresentetive of the wind in say the first
kilometre. Winds at levels higher than ship's mast, provided
only by weather ships and a few islands, are too few to define
the wind field adequately.

The principal advantage of the geostrophic wind over
the gradient wind is ease of computation. While this is true
in general, it is particularly true for wind fields which are
not stationary. This is because the radius of curvature used
in the gradient wind equation is that of the trajectories, R,
whereas that available for direct measurement is the radius
of curvature of the streamlines, R Blaton 1938 has given

the relationship between them:-

1 1 1 ow
R Rs NARCAS

where -~y is the wind direction (clockwise from north)

|Viis the speed of the particles
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FIG. 5.12. Pressure patterns of 06 Z and 12 2, 17 DEC, superimposed.
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Trajectories lying within dotted area at 09 Z will show pronounced cusps if constructed
directly from these maps {see section 5.6).

The streamline and trajectory radii of curvature differ markedly within this region

([see section 5.4).
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Within the dotted area of fig.5.12 the wind turns through
about ‘% in 6 hours. With R of 300 km this gives R = 150 km
if V= 20 m sec”| andR= 100 km if wv~10m sec™l. It is
clear that the curvature of the isobars can differ by a factor
of 2 or 3 from the trajectory curvature.

The gradient wind introduces a correction to the geostrophic
wind to account for radial accelerations, but takesvno account
of tangential accelerations. The tangential accelerations

can be considered important when they rise to within say half

an order of magnitude of the Coriolis acceleration. i.e. when

D 1
f;{*}éi//12|f > 3

If a particle travels a distance D in 6 hours andirg

in the subsequent 6 hours this criterion is to a good approximation
b, » 2D,

The tangential accelerations are found to be important
for a number of trajectories, particularly where air acceleratec
away from anticyclonic areas. See for example fig.5.13 and fig.5.18.

Since the gradient wind neglects tangential accelerations
and accounts for radial accelerations inaccurately, (unless
trouble is taken to compute R from Ry) the only satisfactory
improvement upon the geostrophic wind is provided by numerical
solution of the balance equation,

As the pressure maps occur every 6 hours, perticles

were advected for 6 hours, beginning 3 hours before map time,



FIG. 5.13. Double constructions of some

C The trajectories in A were -ended trﬂjectories as a test of
where they were judged to overtake ObjECtiVity
the c¢old front,
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with the geostrophic velocities shown at map time. The geostrophic
winds at the beginning and end of a 3 hour trajectory are often
different 2nd in this case the trajectory was constructed in

shorter sections of 1 hour or 1% hour.

5.5 Reproducibility of trajectories

The process outlined above is not an entirely objective
procedure, as in certain regicns the spacing between the
isobars is not obvious, for instance in regions of small
pressure gradient or near fronts. A few trajectories have
been constructed twice to assess the subjectivity. Sufficient
time elapsed between constructions for the details of the first
construction to be forgotten. These are in fig.5.13.
Trajectories B and C show considerable discrepancy between
the two constructions whereas A is much better, the separation
of the two constructions being only 10C km after 42 hours.

Once some separation has occurred further separation is
not necessarily due to subjectivity but can arise because the
distance between two marked fluid particles is not constant,

If &r is the vector joining two infinitessimally close fluid

particles,
D 5 —
of °oF (5£,V)§v/
so that
\
D8]~ gsp 18X
Dt L

where L is the distance over which.the speed changes by )ﬁ\!\.

v - -1 N , R
With |A\U = 10 m sec and L.~ 1000 knm (Zrelnno sec ')
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the separation of marked fluid particles changes by about 20%

over 6 hours. In regions of high vorticity (T ~ 107 sec~1)

> rel
this may be increased to 600%.

Discrepancies first appear in B and C during the second
time step and near the centre of an anticyclone. Most of the
spread thereafter can probably be attributed to the dispersion
considered above, We shall take the view that the subjectivity

inherent in the method is not sufficient to prevent determination

of the main features of the flow,

5.6  Advantages of relative streamlines

Trajectories within the dotted line in fig.5.12 at 0900 2
on 17th will have cusps if constructed by the method outlined
above, The discontinuity in direction shows that trajectories
so constructed are rather inaccurate. It arises because the
streamline pattern has changed appreciably between map times
because of 5 combination of translation of the pressure minimum
and a change in the pattern of the isobars. If the interval
between maps were sufficiently small, tolerably smooth trajectories
could be produced,

For a steady pattern of streamlines undergoingno translation,
2ll map times would be identical énd the trajectories would be
accurate whatever the time step. Moreover a steady pattern
of streamlines undergoing translation can be reduced to a steady
stationary pattern by constructing relative streamlines. The

relative trajectories are again unaltered by the time step and



145

can be converted into accurate absolute trajcctories. 1t
follows that a way to remove the inaccuracies due to translation
of the strecamline pattern (but not development) is to construct
relative streamlines; these are used to construct relative
trajectories which in turn give absolute trajectories. These
trajectories are more accurate than those deduced directly from
actual pressure maps (although they can be made arbitrarily
close by sufficient reduction in the time step).

The production of relative streamline maps thus allows
an important improvement in the accuracy of the trajectories,
particularly near to the low pressure centre, Such maps also
bring about an important conceptual simplification, revealing

immediately how air particles flow through the system.

5.7 Production of relative streamlines

Velocities v relative to the earth are related to the

pressure by the geostrophic equation
L kA =

We seek a scalar Ps which produces the relative velocities

v =V-c (¢ = velocity of the system)
A oy o -
©Ff B AV’FS =Y <

i.e. we seek VU (= p-pg) such that

/E)Lf'B‘/\vn :E
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FIG.5.14.

n for 1200 Z 17 DEC 1958.
The spacing between lines
corresponds geostrophically
to the speed of the system.
Since their direction is
everywhere within 10° of
that of the system,
adequately represents . 5
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In general no such T exists except for constant ©of or for
constant «© and E‘directed east-west with a tangent plane
appr oximation. Otherwise the variability of 0§ and constancy
of ¢ demand that the lines TU= const. be parallel and non-
parallel simulfaneously. However a good approximation TU' to
Tt can be produced by drawing a straight line through the
pressure minimum with the direction of ¢ to provide the first
member of a family of curves whose separation is everywhere
equivalent geostrophically to icl,

Fig;5.14 shows isopleths of ¢’ for 1200 % 17 December 1958,
The greatest departure of the lines from the direction of ¢
is 10°, whereas the spacing correSpbnds exactly tolgleverywhere
by the mode of congtruction. 2%534m§7n' is thus a very good
approximation to C. c

A graphical subtraction of Tt’from ﬁ: gives g which
might be called the relative pressure fiéld, since winds
relative to the moving system centfe are obtained from it in
the same way as geostrophic winds are from actual pressure.

This technique can also be used with heights of isobaric

surfaces and Montgomery potentials on isentropic surfaces.

5.8 Relative pressure maps

Maps of '"relative pressuret Ps produced as above (see fig.5.15)
resemble the actual pressure maps in the later stages when
the movement of the pressure centre is less rapid; in the

earlier stages they are strikingly different from the actual



FIG. 5.15.

Continuous lines - relative geostrophic streamlines
with spacing of 8 mb, '
Pecked lines - relative geostrophic vorticity
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FIG. 5.15 C. /
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FIG. 5.15 E.
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FIG. 5.16. Temperatures and winds at Echo. 00 # 17 DEC 1958.



pressure maps.

At 0000 Z 17 December 1958 the air in the warm sector
is almost stationary relative to the system near to the apex,
but is flowing away (being left behind) further south. This
behaviocur of air in the warm sector is not properly explained
by any existing cyclone theory. The theories of Charney (1947)
and Eady (1949) and many similar studies begin with a basic
current which is a function of height only in which a wave
develops moving with some mid-level velocity so that all the
surface air streams through the system from the front to the
rear. Since the warm sector air at the surface is stationary
with respect to the system it is probable that it exists as
a "solid" current up to at least the steering level, The
only wind sounding available as a check is from Bcho for
0000 # 17 December 1958 (see fig,5.16). This is not ideally
situated as it is not in the '"stationary" part of the warm
air mass but it is clear that there is very little shear in
the air above the friction layer.

A further notable feature is the flow in the c¢old air

in the vicinity of the warm front, which earlier is parallel
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to the front and inclined at a rather small angle to the constant

vorticity lines, 1leading to near the vorticity maximum.
Later a normal component develops at the front from warm to
cold air. This does not necessarily imply that air blows
through the front, as the front itself rotates around the

pressure minimum, but closer examination reveals that the
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geostrophic wind does overtake the warm front, The flow
parallel to the warm front is so striking that we have included
a further example (fig.5.17) to demonstrate that it is a general
feature of cyclone motion and not simply of this particular
case, This second example 1s the same occasion as in figs.

1.1 and 1.2,

The vorticity maximum in the later stages (fig.5.15) is
embedded in a closed circulation. The centre of this rotation
does not coincide with the centre of circulation relative to
the earth, of course, but a simple calculation shows that
the separation is only a few tens of kilometres, for large Z
and small lcl., The implication is that for mature cyclones,
the high vorticities are to be found in the same air for a
day or two. Earlier, the vorticity is all associated with

the fronts, and the velocity is parallel to them,

5.9 The trajectories

Most of the features of the flow pattern are well marked
in the relative pressure maps but become even more obvious when
presented as trajectories,

FPirstly we consider the warm air, A proportion of this
air mass is not moving relative to the system and so must move
great distances across the ocean as does the centre. Figs,
5.1% and 5.18 furnish confirmation. The warm sector air is
brought over the sea surface isotherms towards cold water and

is hence a degree or two warmer than the underlying ocean.
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Trajectories in the warm air mass.
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Since the cold air ahead of the cyclone came southwards
in the rear of the previous cyclone air on either side of the
warm front is brought close together from long distances apart.
This confluence is clearly shown in fig.5.19. The confluence
is by no means a sufficient explanation of the front, as
divergent motions are needed to produce the vorticity concentrations
and to maintain the thermal wind balance; geostrophic trajectories
such as those in fig.5.19 do not reveal the divergence,

Trajectories in the cold mass (fig.5.20) do not show
alr streaming through the vorticity maximum in the manner
suggested by the mathematical cyclone models, but rather they
reveal a closed rotation containing the vorticity maximum
which is not penetrated by new air currents after about 1200 Z
on the 17th.

The trajectories do stream through the trough which is
the remains of the previous low pressure centre. This implies
stretching of .air columns before they reach the trough (i.e. to
the north) and shrinking behind (to the south). There is no
evidence from the cloud amounts or types for such vertical
velocities and it is likely that the overtaking effect is spurious
or exaggerated, because of an overestimation of the wind speed
by the geostrophic equation,

Overestimation of the wind speed by the geostrophic formula
probably explains why trajectories flow through the ccld front
from cold air to warm. If this flow were genuine, warm air

would have to descend the cold front and cold air ascend it.
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FIG. 5.20 A. Trajectories in the cold air mass relative to the low pressure
centre (marked +). In general the flow tends to flow round

rather than through the surface low pressure centre.
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FIG. 5.20 B.
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The sounding at Echo for CO0C 2 17 December 1958 shows air

at 450 mb and above with the same ©, as at the surface, see
Fig.5.16. Tﬂis is consistent with warm air being lifted up
at the cold front at the surface and overtaking the other air

to arrive at Echo at 400 mb,

5.10 Role of warm front in concentrating vorticity

One of the main motives for constructing the trajectories
is to discover how air reaches the vorticity maximum. The
answer is suggested by the vorticity values. The highest
values of Z which are found are of order 4f . At some

abs :
time previously the same air had vorticity of order § (certainly
5 days previously when the cyclone was non-existent and probably
more recently).,  An approximate form of the potential vorticity
equation is Zabs/A’P = const, where AJP is the thickness
of a column of marked particles with vorticity"zabs. A column
of air 100 mb thick when it has [ ~{  will be 40C mb

< abs

thick whenzabs ~ #f . Such ascent must produce extensive
cloud and probably rain, Thus the air must reach the vorticity
maximum after travelling through the rain area of the warm
front, In chapter ITI maximum vertical velocities of about
20 mb/hour were found, so the ascent must take about 15 hours.
With relative velocities of 15 m sec"1, the distance over
which the ascent takes place is so great that it must lie along
rather than across the front. Standing alone the argument

above is plausible but neot irrefutable, It should be considered
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along with the relative streamline patterns cof fig.5.15,
which show a flow parallel to the warm front in the cold air
on the 17th.

An attempt to trace the air reaching the vorticity maximum
resulted in the trajecctories shown in fig.5.21. These
trajectories were constructed backwards from end points within
200 km of the vorticity maximum at 1200 % 18 December. Only
one satisfactorily fits into the schemc outlined above, The
others can be traced backwards for only a short time before
they are so close to the front that a further time step would
put them into the warm air mass, since the warm front moves
slower than the geostrophic normal component of the wind.

This difficulty may be ovefcome by considering the isallobaric
wind which is in the sense from cold to warm on the cold side
of the warm front.

We can use the results of chapter II to provide a theoretical
rate of vorticity production for comparison with the observed
rate. If the vertical shear in the frontal zone is neglected,
and axes taken following the trajectory, the latent heat released
provides a heat source similar to that considered in section 2.32,
To obtain a vorticity production rate, the half width (2b)
of the pattern is required znd the rate of release of latent heat.

It is not obvious what whould be considered as the half
width, If the width of the rain area is taken as a "full®
width, di.e. 4b, then the half width is about 150 km. The

rate of rainfall is also not very precisely determined. The



FIG.5.21.  Three attempts to trace the relotive trojectoriés of air parcels lying within 200 km of the
low pressure centre [ 4] at 122 18 DEC. In cases B and C, construction of the
trajectory portion backwards from 12 2 on 17 th cannot be performed as it would involve
passing through the warm front. Trajectory A fits satisfactorily into the scheme outlined

in section 5.10, the path alongside the warm front being clearly shown.
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present weather code 63 (continuous moderate rain) is reported
widely and this is equivalent to rainfall rates of about 2 mm hr=1
(see Tucker 1961) representing a value of Qo of 2.5°K/day
spread throughout the troposphere, Using the theory of section
2.34 the rate of vorticity production is about % x 107" sec™? day™ 1.
The vorticity change along the trajectory A in fig.5.2%1 is
3/2 x 1074 sec™? day=-1, The physics of this model is oversimplified
since we have neglected the vertical wind shear and since cyclones
can grow in dry atmospheres whereas we have not mentioned any
adiabatic effects, In view of the crudity of the analogy
between the front and section 2.34 and the uncertainty in b
and (Q, the agreement to within half an order of magnitude
is good.

We conclude therefore that the warm front is the region
where the stretching takes place to increase the vorticity of
the air particles, The alr reaching the vorticity maximum
flows along the length of the front on the cold side, The
synoptician's practice of curving the iscbars in the cold air
at the warm front receives justification from this view. It
is further to be expected that the disappearance of the warm
front and the cessation of growth of the cyclone are closely

related,
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CHAPTER VI Conclusions

In the later stages of cyclone development, two principal
regions of high vorticity are apparent at the surface. One
is associsted with the fronts; the other is associated with
the surface low pressure centre, which is several hundreds
of kilometres away from the fronts in the cold air mass. We
have investigated how this observation can be reconciled with
the theory that the cyclone kinetic energy comes from the
potential energy released as the warm air rises and the cold
air sinks, In particular we have asked whether the‘observed
vorticity pattern is produced in a manner analogous to the
formation of heat lows over the land. In the cyclone case
the heating is by cumulus and cumulonimbus convection spreading
heat upwards from the ocean surface. Cumulonimbus convection
is often concentrated into regions of high vorticity such as
the troughs which occur in the north to northwesterly flow in
the rear of many Atlantic cyclones.

Using perturbation techniques to render the hydro-dynamical
equations tractable, we were able to find the essential scales
and magnitudes of hegting necessary for reasonable rates of
vorticity creation. For heat sources moving with the atmosphere,

the relative vorticity can be increased by,_‘lO-)+ sec™!

per day
if the heating pattern has a half width of 200 km and is capable
of raising the temperatures of an air column as deep as the

troposphere by 5°K per day, a value typical of the situations



under study. This remains true if the same quantity of heat
is restricted to a smaller depth. For heating configurations
with small horizontal scales the vorticity produced is confined
to a rather shallow layer and is virtually independent of the
earth's rate of rotation. If the air is moving relative to
the heat source with a relative velocity of order 10 m sec’1,
then typical rates of heating with a scale of a few hundred
kilometres produce negligible vorticities in a day, so that
heating from the ocean surface can only be significant to the
cyclone problem if a small scale pattern of heating is produced
and maintained by the cyclone itself,

Calculations of heat flux from the ocean surface using
bulk aerodynamic formulae with a suitable drag coefficient
demonstrate that the shape of the heating pattern is determined
largely by the wind field, for both sensible and latent heat.
The calculations show further that the diabatic production of
vorticity is important to the vorticity budget. It cannot,
however, explain either the depth of the cyclone nor the
presence of the back bent occlusion, since it is smaller and
in the opposite sense to the adiabatic vorticity production.

The addition of a frictionally induced vertical velocity
leads to vorticity destruction at an unrealistically large
rate, and it is likely that a more accurate representation

of vertical velocities is given by &

Z;rel -
fric € - rather
T+

Zrel

oC g rel , although the former

than the conventional 6jfric f
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leads to difficulties where Zrel +§ ~o.

It is to be expected that the upward veloecities are
accompanied by latent heat release, which in the absence of
other processes would lead to vorticity concentration. This
enhances the frictional velocity and there is the possibility
of a self-maintaining system. However an attempt to model
large scale latent heat release by the simple expedient of
changing the static stability where the upward velocity exceeds
a certain threshold value produced large scale rainfall in
regions which observations showed to be filled with cumulonimbus
convection, away from the frontal cloud mass, It is clear
that the frictional velocities must be the residuals of the
much larger updraughts and downdraughts in cumulus type convection.
No adequate theory at present exists which treats the interaction

between cyclone scale and cumulus scale velocities.,

It is probable that appeal must be made to the large
scale dynamics rather than to heating from the ocean in explaining
the location of the vorticity maximum in the cold air. A
first step is to discover how the air reaches the vorticity
maximum, Geostrophic winds are more representative of flow
in the lower kilometre than reported winds at ship deck level,
and have been used in the construction of trajectories of air
parcels.

There is a conceptual simplification and improvement

in accuracy if streamlines and trajectories relative to the
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system are qonsiructed, A simple technique for obtaining
relative geostrophic streamlines was demonstrated and used
in the preparation of trajectories.

The trajectories suggest that air at the surface low
pressure centre in the deepest stages, arrived there along
a path lying alongside the warm front. Some evidence for
this is to be found in the amount of stretching required to
preduce the cobserved vorticities. However the geostrophic
winds appear to blow through the warm front towards the cold
side, so that trajectories c¢onstructed backwards from the
surface low pressure centre seem to originate on the warm front.

The next step in the investigation must be the constructiem
of trajectories taking into account the accelerations which
are ignored in the geostrophic assumption, Gradient winds
provide no real improvement over the geostrophic winds because
tangential accelerations are frequently as important as radial
accelerations, and because of the difficulty of computing
the trajectory curvature from the streamline curvature, The
balance equation provides one apprecach, but as the divergence
is important a more direct way of computing accelerations is
to be preferred, either by meaning the observed changes in
velocity (or geostrophic velocity) or by extracting trajectories

from detailed primitive equation numerical models.
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