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Abstract

We study the LP — L9 boundedness of both spectral and Fourier multi-
pliers on general locally compact separable unimodular groups G. As a
consequence of the established Fourier multiplier theorem we also derive
a spectral multiplier theorem on general locally compact separable uni-
modular groups. We then apply it to obtain embedding theorems as well
as time-asymptotics for the LP — L? norms of the heat kernels for general
positive unbounded invariant operators on G. We illustrate the obtained
results for sub-Laplacians on compact Lie groups and on the Heisenberg

group, as well as for higher order operators.

With minor modificaitons, our proofs of Paley-type inequalities and L” —
L% bounds of Fourier multipliers can be adapted to the setting of compact

homogeneous manifolds.
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Chapter 1

Introduction

Fourier multipliers arise naturally when formally obtaining the solution
to constant coefficient partial differential operator on R™. A fundamental
problem in the study of Fourier multipliers is to relate regularity of the
symbol and the boundedness of the operator. My PhD research focuses
on Fourier multipliers on locally compact groups. The main insight and
the tool is the theory of von Neumann algebras. The key observation
is that regularity of the symbol is encoded in the decay of the spectral
information of the Fourier multiplier viewed as a linear closed opera-
tor affiliated with the group von Neumann algebra. This allows us to
establish general unifying results on LP-L9-boundedness of Fourier mul-
tipliers on topological groups. It is known that on non-compact groups
we must have p < ¢ and two classical results are available on R", namely,
Hormander’s multiplier theorem [Hor60] for 1 < p < 2 < ¢ < oo, and
Lizorkin’s multiplier theorem [Liz67] for 1 < p < ¢ < oo. There is
a philosophical difference between these results: Hormander’s theorem
does not require any regularity of the symbol and applies to p and ¢ sep-
arated by 2, while Lizorkin theorem applies also for 1 < p < ¢ < 2 and
2 < p < g < oo but imposes certain regularity conditions on the symbol.
In this thesis we aim at proving theorems expressing conditions in terms
of the sharp decay property of the spectral information associated to the

operator, on general locally compact separable unimodular groups based
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on developing a new approach relying on the analysis in the noncommuta-
tive Lorentz spaces on the group von Neumann algebra. This suggested
approach seems very effective, implying as special cases known results
expressed in terms of symbols, in settings when the symbolic calculus
is available. The obtained results are for general Fourier multipliers, in
particular also implying new results for spectral multipliers. The crucial
difference with the known techniques by Hérmander and Lizorkin is the

application of the theory of ¢-th generalized singular numbers zi;(+).

We assume for simplicity that GG is unimodular but we do not make as-
sumption that G is either of type I or type II. The assumption for the
locally compact group to be separable and unimodular may be viewed as
natural allowing one to use basic results of von Neumann-type Fourier
analysis, such as, for example, Plancherel formula [Seg50, Mau50]. How-
ever, the unimodularity assumption may be in principle avoided, see e.g.
[DMT6], but the exposition becomes much more technical. For a more
detailed discussion of pseudo-differential operators in such settings we
refer to [MR15], but we note that compared to the analysis there in this
paper we do not need to assume that the group is of type I. The class
of groups covered by our analysis is very wide. In particular, it contains
abelian, compact, nilpotent groups, exponential, real algebraic or semi-
simple Lie groups, solvable groups (not all of which are type I, but we
do not need to assume the group to be of type I or II), and many others.
As far as we are aware our results are new in all of these non-Euclidean

settings.

We focus on the LP-L? multipliers as opposed to the LP-multipliers when
theorems of Mihlin-Hormander or Marcinkiewicz types provide results
for both Fourier and spectral multipliers in some settings, based on the
regularity of the multiplier. LP-multipliers have been intensively studied
on different kinds of groups, however, mostly L? spectral multipliers, for
which a wealth of results is available: e.g. [MS94, IMRS95] on Heisenberg
type groups, [CM96] on solvable Lie groups, [MT07] on nilpotent and

stratified groups, to mention only very very few. LP Fourier multiplies
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have been also studied but to a lesser extent due to lack of symbolic
calculus that was not available until recently, e.g. Coifman and Weiss
[CWT1Dbl [CWTIa] on SU,, [RW13, RW15] and then [Fis16] on compact
Lie groups, or [FR14, ?] on graded Lie groups. A characteristic feature
of the LP-L? multipliers is that less regularity of the symbol is required.
Therefore, in this paper we concentrate on the LP-L? multiplier theorems,
however aiming at obtaining unifying results for general locally compact
groups. We give several applications of the obtained results to questions

such as embedding theorems and dispersive estimates for evolution PDEs.

The approach to the LP-Fourier multipliers is different from the technique
proposed in this paper allowing us to avoid making an assumption that
the group is compact or nilpotent. In this paper we are interested in
both Fourier multipliers and spectral multipliers, for the latter some L”-
L9 results being available in some special settings, see e.g. [CGM93]|,
and also [Cow74], as well as [ANR16a] for the case of SU,, and for the
discussion of some relations between those in the group setting we can

refer to [RW15] and references therein.

Fourier multipliers in the context of group von Neumann algebras have
been studied in [GPJP17]. The authors take a dual point of view. Given
an element m € L'(G) N L*(G), they construct a certain linear mapping
Tm: VNL(G) = VNL(G), where VN (G) is the left group von Neumann
algebra. Fourier multipliers acting on the compact dual of arbitrary dis-
crete groups has been recently investigated in [JMP14b]. The main result
is a Hormander-Mihlin multiplier theorem for finite-dimensional cocycles
with optimal smoothness condition. A version of Hormander-Mihlin the-
oreom on unimodular locally compact groups has been recently obtained
in [JMP14b]. By the combinatorial method it is possible to establish the
LP- L9 estimates for the Poisson-type semigroup P; on discrete groups G

[TMP14a].

Finally we note that multiplier estimates on noncommutative groups are

in general considerably more delicate than those in the commutative case,
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recall e.g. the asymmetry problem and its resolution in [DGR00]. A link
between Fourier multipliers and Lorentz spaces on group von Neumann

algebras has been outlined in [AR16].

We now proceed to making a more specific description of the considered

problems.

1.1 Hormander’s theorem on locally com-
pact groups
To put this in context, we recall that in [H6r60, Theorem 1.11], Lars

Hormander has shown that for 1 < p < 2 < ¢ < o0, if the symbol

oa: R" — C of a Fourier multiplier A on R" satisfies the condition

3 =
Q|

sup s / dg < 400, (1.1)
s>0
EER™: |oa(§)=s

then A is a bounded operator from LP(R") to L9(R™). Here, as usual,
the Fourier multiplier A on R"™ acts by multiplication on the Fourier

transform side, i.e.

~

Af(€) = oa(6)F(€), €€R™ (1.2)

Moreover, it then follows that

S =
Q=

| All prry—La@ny S sup s / d§ , 1<p<2<g< oo
s>0
g ¢ERn
aa(§)]=s
(1.3)

The LP-L? boundedness of Fourier multipliers has been also recently in-
vestigated in the context of compact Lie groups, and we now briefly
recall the result. Let G be a compact Lie group and G its unitary dual.

For 7 € G, we write d, for the dimension of the (unitary irreducible)
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representation 7. It has been shown in [ANRI6D] that, for a Fourier

multiplier A acting via

~

Af () = aa(m) f(x)

by its global symbol o 4(7) € C%¥ %% we have

1_1
P q

Al o y—rae) S SUES Z d2 , 1<p<2<g< oo
5> ~

TeG
lloa(m)llop=s

(1.4)

Here for 7 € CAJ, the Fourier coefficients are defined as

ﬂm:[y@mme

and ||o4(7)||op is the operator norm of o4(m) as the linear transformation
of the representation space of 7 € G identified with C. For a general
development of global symbols and the corresponding global quantiza-
tion of pseudo-differential operators on compact Lie groups we can refer
to [RT13, [RT10]. One of the results of this thesis generalises both mul-
tiplier theorems and to the setting of general locally compact

separable unimodular groups G.

By a left Fourier multiplier in the setting of general locally compact uni-
modular groups we will mean left invariant operators that are measurable

with respect to the right group von Neumann algebra VNg(G).

Thus, in Theorem [3.1f we prove the following inequality

3=
Q=

[Allzr@)- 10 S sup s / dt| . 1<p<2<q<+oo,
tER Y pue(A)>s

(1.5)

where p;(A) are the ¢-th generalised singular values of A, see Defini-

tion for the precise definition and properties (following [TK86]). An

extension of ((1.5)) to ¢ = oo will be shown in Theorem
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The key idea behind the extension (1.5 is that Hormander’s theorem
(1.3) can be reformulated as

| All Lr(mr)—La@ny S sup s / d¢

s>0
EeR’VL
oa(§)=s

>~ ||oal|Lroomny 2= | AllLroo (vn(eny), (1.6)

where 1 = Il? — %, loal| ooy is the Lorentz space norm of the symbol
o4, and ||A| preo(vn@ny) is the norm of the operator A in the Lorentz
space on the group von Neumann algebra VN(R™) of R™. In turn, our

estimate (|1.5)) is equivalent to the estimate

||A||L1’(G)—>L‘1(G) fJ ||A||LT700(VNR(G)) ~ sSup s / dt s (1.7)
s>0
t€R+: }Lt(A)ZS

where ||A||roo(vNg(a)) is the norm of the operator A in the noncommu-
tative Lorentz space on the right group von Neumann algebra VNg(G)
of G. Thus, the noncommutative Lorentz spaces become a key point for
the extension of Hormander’s theorem to the setting of general locally

compact (unimodular) groups.

The multiplier theorem implies Hérmander’s theorem (|1.3). In
Proposition we show that the multiplier theorem (|1.5]) recovers
in the setting of compact Lie groups. The proof of inequality is
based on a version of the Hausdorff-Young-Paley inequality on locally
compact separable groups that we establish for this purpose. The latter
inequality is formulated in Theorem[2.4]in Chapter[2l There are two main
new ingredients in our proof of Fourier (and then also spectral )multi-
plier theorems: Paley/Hausdorff-Young-Paley and Nikolskii inequalities
for the Hormander and Lizorkin versions of multiplier statements, re-

spectively.
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1.2 Lizorkin theorem

The classical Lizorkin theorem [Liz67] applies for the range 1 < p < ¢ <
oo. Let A be a Fourier multiplier on R with the symbol o4 as in (|1.2).
Assume that for some C' < oo the symbol o4(§) satisfies the following

conditions

sup [¢]7 7 ]oa(€)] < C, (1.8)
£eR
ilelglﬂzl’;“ d%m(é“)‘ <C. (1.9)

Then A: LP(R) — L%(R) is a bounded linear operator and
| Al o) Lo@) S C. (1.10)

An extension to G = R™ with sharper conditions on the symbol has been
obtained in [STTI0]. A number of papers [YST16, [PST08| [PST12] deal
with the same problem on G = T" and G = R".

In order to measure the regularity of the symbol, we introduce (3.34)) a
new family of difference operators B) acting on Fourier coefficients and
on symbols. These operators are used to formulate and prove a version
of the Lizorkin theorem on compact groups. Let G be a compact Lie
group of topological dimension n and let G be the unitary dual of G . In

Theorem we establish followoing version of Lizorkin multiplier on G

n(l_1
Al ze(cy—ra(c) S sup () G ")||0A(7T>||op
TeG

n(i-141) 3
+sup ()" |00 A (7)o, (1.11)
€@
where () are the eigenvalues for the first-order pseudo-differential oper-
ator (I — Ag)?, ic.

(I — A(;)%mj = (mym;, foralll <i,j <d,, (1.12)
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where Ag os the Laplace operator on GG and ;; are matrix elements of

WG@.

1.3 Spectral multipliers

Let us illustrate the use of the Fourier multiplier theorem in the im-
portant case of spectral multipliers on locally compact groups. Later, in
Theorem [4.2 we will give a spectral multiplier result on general semifinite
von Neumann algebras, however, we now formulate its special case for
the case of group von Neumann algebras associated to locally compact

groups.

Interestingly, for the range 1 < p < 2 < ¢ < oo this result asserts that
the LP-L? norms of spectral multipliers ¢(|£|) depend only on the rate

of growth of traces of spectral projections of the operator |L|:

Theorem 1.1. Let G be a locally compact separable unimodular group
and let £ be a left Fourier multiplier on G. Assume that ¢ is a mono-

tonically decreasing continuous function on [0, +00) such that

p(0) =1,
lim ¢(u) =0.

U—-+00

Then we have the inequality

T =
Q=

(12D 1901206 S $p (w) [r(Eia (1£])] (113

for the range 1 < p <2 < ¢ < 0.

Here Eo,u)(|£]) are the spectral projections associated to the operator
|£] to the interval (0,u) We always assume that the spectrum of |A| is

separated from zero, i.e.

Sp(|A]) < (¢, +00)
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for some positive real number ¢ > 0. This can always be achieved by
shifting the operator of A by a constant. and 7 is the canonical trace on

the right group von Neumann algebra VNg(G).

The estimate says that if the supremum on the right hand side is fi-
nite then the operator ¢(|£]) is bounded from L?(G) to L(G). Moreover,
the estimate for the operator norm can be used for deriving asymptotics
for propagators for equations on G. For example, we get the follow-

ing consequences for the LP-L? norm for the heat kernel of L, apply-

ing Theorem with ¢(u) = ™™ or embedding theorems for £ with
p(u) = qruy

Example 1.1. Let G = H" and let h” be its Lie algebra. Let Xi,..., X,
and Yy, ..., Y,, T be the (usual) basis in h" such that [ Xy, Yi] = T and all

X+ X YEN>.

1 k=1

other commutators are zero. Let £ =TI + (—1)V

It can be computed (see Example [4.5]) that

n

k

Q

(B (L)) S 527,

where ) = 2n + 2 is the homogeneous dimension of H" and ¢ is a

monotonically decreasing function as in Theorem [I.1]

Corollary 1.1. Let G be a locally compact unimodular separable group
and let £ be a positive left Fourier multiplier such that for some o we

have

T(E5(L)) $ 5% s> 0. (1.14)

Then for any 1 < p <2 < ¢ < oo there is a constant C' = Cy, 4 > 0 such

that we have
(i 1
le ™| oo < Ct G >0, (1.15)
We also have the inequalities

1fllzay < CIHA+ L) flle(o, (1.16)
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provided that

1 1
7204(———), l<p<2<g<o0. (1.17)
p q

The number « in ([1.14]) is determined based on the spectral properties

of £ and is often computable. For example, we have

(a) if £ is the sub-Laplacian on a compact Lie group G then a = %,
where () is the Hausdorff dimension of G with respect to the control

distance associated to L;

(b) if £ is the sub-Laplacian on the Heisenberg group G = H" then

a= %, where () = 2n + 2 is the homogeneous dimension of H";

(¢) More generally, let Xy,..., X,,Y1,...,Y,, T be the (usual) basis in
the Lie algebra h" such that [ Xy, Y] = T and all other commutators
are zero. If L=1+ (=1)V (Z XN 43 Y,3N> then a = ;2.
k=1 k=1
(d) Even more generally, if £ is a positive hypoelliptic homogeneous
of order v left-invariant operator on the Heisenberg group G = H"

then a = % Hence, by Theorem , we get

© (1 + (=Y <Z XA 4 ZY,EN>>

< sup gp(s)s%(%fé), (1.18)

s>0

Lp(H™)— La(Hr)

where ¢ is a non-increasing function as in Theorem

Consequently, in both of the sub-Laplacian cases (a) and (b), Corollary
implies that for any 1 < p < 2 < ¢ < oo there is a constant C' =

Cp.q > 0 such that we have

le ™|l rieysrae < Ct 2670 >0, (1.19)

The embeddings (|1.16)) under conditions ((1.17) show that the statement
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of Theorem is in general sharp. Taking p(s) = W and applying
(1.13]) to the sub-Laplacian Ay, in either of examples (a) or (b) above,
we get that the operator o(1 — Agy) = (1 — Agw) "2 is LP(G)-LI(G)

bounded and the inequality

1£llza) < ClIL = Agun)*) fll oo (1.20)

holds true provided that

1 1
aZQ(———), l<p<2<g<oo. (1.21)
p q

However, this yields the Sobolev embedding theorem which is well-known
to be sharp at least in the case (b) of the Heisenberg group ([Fol75]),
showing the sharpness of Theorem and hence also of the Fourier
multiplier theorem . More details are given in Section .

We also establish spectral multiplier theorem on compact Lie group asso-
ciated with Lizorkin theorem. For convenience of the following formula-
tion we label the equivalence classes of irreducible unitary representations
of G as 7, k € N in such a way that the corresponding sequence of eigen-

m@) | : :
values { A\ }ren of (I — AG)d 2 s non-decreaasing. More precisely, we

have

dim(G) k k

holds for all 1 < m,l < d,» and. From the Weyl asymptotic formula for

the eigenvalue counting function we get that
A 2 (7)Y 2k, with n = dimG. (1.22)

Therefore, we can formulate a spectral multipliers corollary of Theorem

B4

Corollary 1.2. Let A be a left Fourier multiplier on a compact Lie
group G of dimension n. Let 1 < p < ¢ < oco. Assume that ¢ is
a monotone function on [0,+00). Then ¢(|A]): LP(G) — L(G) is a
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bounded linear operator and we have

le(AD N zr @) Laa)

1

SJsupk%_q sup  |p(ar)]
keN t=1,d_j

1_1
+supkr i sup [p(agk) — e(araen)l, (1.23)
JEN t:17-~~7dﬂ.k

~

where ayy are the singular numbers of the symbol o4(7%), 7% € G, t =

1,... dx.

It will be clear from the proof of Corollary [1.2] that the condition that ¢
is monotone is not essential and is needed only for obtaining a simpler
expression under the sum in (4.1)). We refer the reader to Remark for

the analogous statement.

1.4 Hausdorff-Young-Paley inequalities

A fundamental problem in Fourier analysis is that of investigating the
relationship between the “size” of a function and the “size” of its Fourier

transform.

In [HL27] Hardy and Littlewood proved the following generalisation of

the Plancherel’s identity on the circle T, namely

ST+ AP < Collflf, L<p<2 (124)

MmEZ

Hewitt and Ross [HR74] generalised this to the setting of compact abelian
groups. Recently, the inequality has been extended [ANRI5] to compact
homogeneous manifolds. In particular, on a compact Lie group G of

topological dimension n, the result can be written as

2_1 n(p—2) 1 =
> d 72 (@) P F() ks < Coll f e, (1.25)

reG
where () are obtained from eigenvalues of the Laplace operator Ag on
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G by

\/I—Acﬂ'ij:<ﬂ'>ﬂ'i]‘, i,jzl,...,dﬂ,

where 7;; are the matrix entries of 7 € G.

Recall briefly that in [Hor60] Hérmander has shown the following version
of the Paley inequality on R™: if a positive function > 0 satisfies

¢
t

H{EER": p(§) >t} < for t > 0, (1.26)

then

([ ©rderrac)” S lule. 1<p<2 2

The classical Hardy-Littlewood inequality can be recovered by choosing
©(&) = (1+|¢])~™. For functions with monotone Fourier coefficients such
results serve as an extension of the Plancherel identity to LP-spaces: for
example, on the circle T, Hardy and Littlewood have shown that for

~

1 < p < o0, if the Fourier coefficients f(m) are monotone, then one has

fELXNT) ifandonlyif Y (L+|m)P?f(m)f <oo.  (1.28)

meZ

Hardy-Littlewood inequalities on locally compact groups have been stud-
ied e.g. by Kosaki [H.K81], see Theorem In Section 2.1 we establish
a version of Paley inequality, and consequently of the Hausdorff-Young-
Paley inequality on locally compact groups, yielding extensions of the
Euclidean version as well as of Kosaki’s results. The established
Hausdorff-Young-Paley inequality (Theorem [2.4)) is a crucial ingredient

in our proof of Hormander’s version of multiplier theorem in Section (3.1

1.5 Nikolskii type inequalities

The essential step in our proof of Lizorkin theorem is the Nikolskii in-

equality which is also referred to as the reverse Holder inequality in the
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literature. Originating in Nikolskii’s work [Nik51] in 1951 for trigono-
metric polynomials on the circle, functions on R™ with compact support
of Fourier transform, the Nikolskii inequality takes the form (see e.g.

INW7g])

~

| £llzser) < Clvollconv[supp(F)]]» o[ flreny, 1< p < g < o0,

(1.29)
for every function f € LP(R™) with Fourier transform fof compact sup-
port, where conv(E) denotes the convex hull of the set E. The Nikolskii
inequality plays an important role in many questions of function theory,
harmonic analysis, and approximation theory. Its versions on compact
Lie groups (and compact homogeneous manifolds) have been established
in [NRT15, INRT16], with further applications to Besov spaces and to

Fourier multipliers acting in Besov spaces in those settings.

In Section we prove a version of the Nikolskii inequality on general
locally compact separable unimodular groups. An interesting question in
this setting already is how to understand functions with bounded support

of the Fourier transform in such generality. In Theorem [2.5| we show that

==
Q=

1 1z06) < (7Pager))” " Ifllisicry (1.30)

provided that 7(P.

wpplf) < 00 and 1 < p < min(2,q), 1 < ¢ < oo.

Here Psupp[ﬂ denotes the orthogonal projector associated to the support
supp[f] of the operator-valued Fourier transform ]?of f. The estimate

(1.30) will play a crucial role in proving Lizorkin type multiplier theorems

in Section [3.2

Remark 1.1. The constant in inequality depends only on the
value of the trace 7 on the orthogonal projection Psupp[f]) associated
to supp[f]. We notice that inequality is formulated only for the
range 1 < p < 2,p < ¢ < oo. Moreover, it can be shown [NWT§, p. 10]

that inequality ((1.30]) fails for p > 2. Thus, inequality ((1.30) cannot be
considered as an improvement of ((1.29)) for the range 2 < p < ¢ < 0.
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1.6 Extension to compact homogeneous

manifolds

We study necessary conditions and sufficient conditions for the p-th power
integrability of a function on an arbitrary compact homogeneous space
G/K by means of its Fourier coefficients. The obtained inequalities pro-

vide a noncommutative version of known results of this type on the circle

T and the real line R.

In Chapter [5| we establish the following results, that we now summarise
and briefly discuss. In Theorem [5.2] we obtain the Hardy-Littlewood type
inequality

~ p
n(p— s
3 dok ()"0 (%) <Oy 1<p<2 (L3)

WEG\O

on arbitrary compact homogeneous manifolds G/ K, interpreting

@) = dike (1.32)

TEQR

as the Plancherel measure on the set @0, the ‘unitary dual’ of the homo-
geneous manifold G/K, and k, the maximal rank of Fourier coefficients
matrices f(r), so that e.g. Hg(ﬂ')HHS = /k, for the delta-function & on
G/K and 1 € G,.

Using the Hilbert-Schmidt norms of Fourier coefficients in (1.31)) rather
than Schatten norms (leading to a different version of ¢P-spaces on the

unitary dual) leads to the sharper estimate [ANR15]

The exact form of (1.31)) is justified in Sectionby comparing the differ-
ential interpretations (5.4]) and (5.15)) of the classical Hardy-Littlewood

inequality (5.1) and of ((1.31)), respectively. In fact, it is exactly from

these differential interpretations is how we arrive at the desired expres-
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sion in (1.31]). Roughly, both are saying that for 1 < p < 2,
ge Ly i 1\ (G/K) =G e (G (1.33)
p 2

with the corresponding norm estimate [[g{|p g, < Cll9ll 2

P
where L2n(%—%)

(6K

n(

1_1
P2
is the Sobolev space over L? of order 2n(% — 1), and

ﬁp(ég) is an appropriately defined Lebesgue space P on the unitary dual
@0 of representations relevant to G /K, with respect to the corresponding
Plancherel measure. In particular, as a special case we have the original

Hardy-Littlewood inequality (|5.1]), which can be reformulated as

g€ Lg(l_%)(’]r) —ge®(2), 1<p<2

see (b.4)), since (P ('ﬁ‘o) ~ (P(Z), and the Plancherel measure is the count-

ing measure on Z in this case.

By duality, the inequality (1.31) remains true (with the reversed inequal-
ity) also for 2 < p < co. It has also been shown in [ANRI1Ga] that the
inequality ([1.31)) is sharp on SUy. We refer to [ANR16a] for more details.

In Theorem [5.4] we show that the Paley inequality (5.3)) and the Haus-
dorff-Young inequalities on G/K imply the Hausdorff-Young-Paley in-
equality.

This estimate becomes instrumental in obtaining LP-L? Fourier multiplier

theorems on G/K for indices 1 <p <2< g < 2.

In Section |5.3| we give such results for Fourier multipliers on G/K: for a
Fourier multiplier A acting by ;1?(77) —ou(m)f(r)and 1< p<2<q<

2 we have

- 1_1
I Allvcim-ss006710) S sup Ll € Go : floa(m)lop > )71}
s>

where p is the Plancherel measure as in ([1.32)), see Theorem

Consequently, in Theorem [3.8/ we also give a general LP(G)-L?(G) bound-

edness result for general (not necessarily invariant) operators A on a
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compact Lie group G in terms of their matrix symbols o(z,§).

Main inequalities in Chapter |5| are established on general compact ho-
mogeneous manifolds of the form G/K, where G is a compact Lie group
and K is a compact subgroup. Important examples are compact Lie
groups themselves when we take the trivial subgroup K = {e} in which
case kr = d, or spaces like spheres S* = SO(n + 1)/SO(n) or complex
spheres (projective spaces) CS" = SU(n + 1)/SU(n) in which cases the
subgroups are massive and so k, = 1 for all 7 € @0. We briefly describe
such spaces and their representation theory in Section [5.1 When we
want to show the sharpness of the obtained inequalities, we may restrict

to the case of semisimple Lie groups G.

An analogue of the Hardy-Littlewood criterion for integrability of func-
tions in LP(SU2) in terms of their Fourier coefficients has been obtained
in [ANRI6a]. This provides the converse to Hardy-Littlewood inequali-
ties on SU, previously obtained by the authors in [ANRI16a].

We shall use the symbol C' to denote various positive constants, and C,, 4
for constants which may depend only on indices p and q. We shall write

x < y for the relation |z| < C|y|, and write z 2y if z Sy and y < z.

1.7 The model example of S?

We show how the approach developed in this thesis provides us with new
results on I” — L? bounds of global pseudo-differential operators on the
three-dimensional sphere S3. It is known that S? is globally diffeomorphic
to SU,. In other words, there is a global diffeomorphism ®: SU, — S3.
Moreover, the mapping ® is a global diffeomorphism. For more details

we refer to [RT10].

We start by recalling some details on representation theory of SU,. The

unitary dual of SUj is

SUz = {t(9). 9 € SUs} e 1re, (1.34)
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where t!(g) is an irreducible (hence finite-dimensional) continuous unitary
representation of SUy and its matrix components ! € C°°(SU,) can be
expressed in terms of Legendre-Jacobi functions, see Vilenkin [Vil68]. It
is also usual to vary indices m,n in the range from [ to [, equi-spaced

with step one.

Fourier series take the form

F=Y Q@+1)Tef(l), f € L*(SUy), (1.35)

1€ 3No
where

F) = / F)t (u)* du. (1.36)

The Peter-Weyl theorem on SU, implies that the Plancherel identity
[ £1Z2s02) = DL+ DIFD) s (1.37)
led
holds true for all f € L?(SUs,).

The diffeomorphism ® induces the Fourier analysis on S?. Hence, with
suitable modifications, equations ((1.34)),(1.35)),(1.36) and (1.37) remain

valid on S3.

Let A: C*(S?) — C*(S?) be a continuous linear operator. Let o4(l,u)

be the full symbol of A defined as follows

oa(z, 1) = t(z)" (At (x) € C@HDx(2+1)

Then we have the representation of A in the form [RT10, Theorem 10.4.4]

Af(z) =Y @2 +1) Troale, ) f (D (2),

13Ny

We refer to [RTT0, Section 12.5] for the details. Let {X;}3_; be a basis
for the Lie algebra of SU; and let 0; be the left-invariant vector fields
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corresponding to X;. For @ € N}, let us denote 9% = 97" 95205°.

Now, by Theorem we get

S =
Q=

| AllLr(s3)—ra(ss) S Z sup sup s > @41y

105 0a(@,D)llop=s

where 1 < p <2 < g < .

If A: C°°(S?) — C°°(S?) is left-invariant, then we recover the Hormander

theorem multiplier theorem (Theorem applied to SU,.

Now, we illustrate Lizorkin multiplier theorem for left-invariant operators
on $? (see Theorem below). Let A be a left Fourier multiplier on S?.
It can be seen (see calculations in [RT10, p. 633] that

1
Yy =vV1+1l+1)=(24+1),1¢€ 7No. (1.38)
Assume that its global symbol o4 ({) satisfies the following

sup (21 + 1) o4(D) |ep < o0,
ZE%NO

sup (20 + 1G5 |80 4(1)]|op < 0.
ZG%NO

where 0 is the difference operator acting on the singular numbers (see
(3.34))). Then, by Theorem A: LP(S?) — L9(S?) is a bounded linear

operator and we have

Al Lr(g9)-Las3)
S sup (20 + 1250 [loa(l)lop + sup 20+ 157 3041,

lE NO lE No

where 1 < p < g < o0.
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Chapter 2

Hausdorfl-Young-Paley and
Nikolsky inequalities

Let G be a locally compact unimodular separable group. We denote by
7r(g) the right regular representation of G on L*(G), i.e. the unitary

representations given by
mr(9): L*(G) 3 f = f(-g9) € L*(G).

Let us denote by VNg(G) be the right group von Neumann algebra gen-
erated by {mgr(g) i.e.

VNg(G) = {WR(9>}SEG>

where !! is the double commutant.

The group Fourier transform F|f] is usually defined as the family of oper-
ators {f(ﬂ')}ﬂeé indexed by the elements 7 € G Nevertheless, following
Kunze [Kun58] and Terp [TT17], we take the ”global view” and consider
the Fourier transform F[f] of f € L*(G) to be the operator R; of right

convolution.
For f € L'(G), we say that f on G has a Fourier transform whenever
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the convolution operator
Ryhla) i= (hx £)(w) = [ hlo)f(g™"a)dg 21)
G

is a T-measurable operator with respect to VNg(G). We shall some-
times interchangeably use notations F[f] or fto denote the convolution

operator Ity

The Fourier transformation F maps L'(G) into the space VNg(G), i.e.

F:LY(G) 5 f— f € VNR(G).

For type I locally compact groups G, it is possible to recover the usual

local definition of the Fourier coefficients.

Remark 2.1. Let G be a locally compact group of type I. Let f €
LY(G).

f: @/f(ﬂ')dﬂ', (2.2)

where dr is the Plancherel measure and CA;T is the reduced unitary dual
of G, i.e. the set of all unitary irreducible representations 7w weakly

contained in mg and f(w) is the Fourier coefficient of f at 7 € G, i.e.

Fir) = / f(@)r(a)” da, (2.3)

The reduction theory [Dix81) Part II] applied to fimmediately yields
Remark 2.11

Example 2.1. Let G =T and f € L'(T). Then the Fourier transfor-

mation f is the convolution operator, i.e.

L*(T) > h— f(h) = f*h € L*(T).
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By the standard calculations, we get

F=Pimn),

nel

~

where each Fourier coefficient f(n) € C'*! is regarded as one-dimensional

operator.

By Young convolution inequality, we immediately obtain

1Bz < 1l (2.4)

The Plancherel identity takes ([Segb0, Theorem 3 on page 282]) the form

Il ovwran = 1l 22 (2.5)

In this setting, the Hausdorff-Young inequality has been established in
[Kun58]

1l vnpey < Mfllv@), 1<p<2 (2.6)

In [H.K81], as an application of the technique of the ¢-th generalised
singular values, the Hardy-Littlewood theorem ([HL27]) has been gen-

eralised to an arbitrary locally compact separable unimodular group G:

Theorem 2.1 (J[H.K81]). Let1l <p<2and f € LP(G). Then we have

1l 2w o evniay < I fllzece- (2.7)

Remark 2.2. By duality, the inequality (2.7) remains true (with the

reversed inequality) also for 2 < p < oo, i.e.
1fllze@) < 1 fllosvnpey, 2<p < oo (2.8)

The Plancherel equality (2.5]) by Segal [Segh0] and Kosaki’s version [H.K8&]1]
of Hardy-Littlewood inequality (2.7)) have been originally established for
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the left convolution Lsh = f * h. However, the same line of reason-
ing yields inequalities and with the right convolution R;. We
work with the right convolution operators R here since it naturally corre-
sponds to left-invariant operators when analysing the Fourier multipliers

on groups.

Using the technique of the ¢-th generalised singular values developed in
[TK86], we can formulate both the Hausdorff-Young (2.6) and Hardy-
Littlewood ([2.7)) inequalities in the forms (for 1 < p < 2):

1

+oo p/
[ @) =1 lnaon < Wlser (29
0
1
“+o0o P
[ m@Era) =1l < Wlwe: @10

0

The Hardy-Littlewood inequalities (2.7)) and (2.10)) (for the right convo-
lution Ry) will also follow as special cases of a more general Hausdorff-

Young-Paley inequality. We prove the latter in Theorem [2.4

2.1 Paley and Hausdorff-Young-Paley

Our analysis of LP- L% multipliers will be based on a general version of the
Hausdorff-Young-Paley inequality. It will be obtained by interpolation
between the Hausdorff-Young inequality and Paley inequality that we

discuss first.

We start first with an inequality that can be regarded as a Paley type

inequality.

Theorem 2.2 (Paley inequality). Let G be a locally compact unimod-

ular separable group. Let 1 < p < 2. Suppose that a positive function
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©(t) satisfies the condition

M, :=sups / dt < 4o00. (2.11)
5>0 R,

p(t)=s

Then for all f € LP(G) we have

+o0

/Mﬁ%ﬁ”ﬁ < M7 |l (2.12)
0

3 =

As usual, the integral over an empty set in (2.11)) is assumed to be zero.

We note that taking ¢(t) = 1 we recover Kosaki’s Hardy-Littlewood

inequality in Theorem [2.I] In this sense, the Paley inequality can be

viewed as an extension of (one of) the Hardy-Littlewood inequalities.

Proof of Theorem[2.4 Let v be such measure that its Radon-Nikodym
derivative at t is given by ©?(t), i.e. for any measurable subset B C R

we have

U(B) = / G(1) dt. (2.13)

We define the corresponding space LP(R,,v), 1 < p < oo, as the space

of complex (or real) valued functions f = f(t) such that

flmn = | [IFOPPOE] <. (219
R+

We will show that the sub-linear operator

~

T I/(G) 5 o Tf = ml])/o(t) € LRy, v)

is well-defined and bounded from L*(G) to LP(R;,v) for 1 <p < 2. In
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other words, we claim that we have the estimate

-~

||Tf||Lp<R+,V>=(/R (“;E{f) w?(t)dt) < [l (2.15)

which would give (2.12)), and where we set M, := sup,.ot [ dt. We
R
05
will show that T' is of weak-type (2,2) and of weak-type (1,1). More

precisely, with the distribution function v , we show that

M 2

e, (y; Tf) < <M) with norm M, =1, (2.16)

Y

M 1
VR (y; Tf) < M with norm M; = M, (2.17)

Y
where v, is defined as
i TH = [ S (218)
teRy

Then (2.15) would follow from (2.16]) and (2.17) by the Marcinkiewicz

interpolation theorem.

By the Plancherel formula, T is of strong type (2, 2), i.e. inequality ([2.16)
holds true. Therefore, we concentrate on showing that 7" is of weak-type

(1,1). More precisely, we show that

~

. pe(f)

v{t e R, : —>y}§M<p”f”ﬂ'

(D) » (2.19)

The left-hand side here is the integral [ ?(¢) dt taken over those ¢ € Ry

for which /:;(({)) >y (see (2.18)).

It can be easily seen that

)

pe(f) < [l (2.20)
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Indeed, from the Definition we have
we(f) <N fllsez@y < N flleve)

where we used ([2.4]). This shows ([2.20)).

Therefore, we have

~

() N flleve
o0 S o)

Using this, we get

1) Ml
{t€R+. (1) >y}C{tER+. (D) >y}

for any y > 0. Consequently,

V{t€R+Z Hilf) >y}§u{t€R+:HfHﬂ>y}.

(1) (1)
S : L ||fHL1(G)
etting v := —y o we get
veteRy: ) >y < / ©*(t) dt. (2.21)
()
teRy
p(t)<v
We now claim that
/ O (t) dt < M. (2.22)
teRy
p(t)<v
Indeed, first we notice that we have
P3(t)
/ O*(t) dt = / dt / dr.
teR 4 teR 4 0

e(t)<v w(t)<v
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We can interchange the order of integration to get

©2(t) v?
/ dt dr = / dr / dt.
teR4 0 0 teR L
e(t)<v 73 <p(t)<v

Further, we make a substitution 7 = s2, yielding

’U2 v v

/dT / dt:2/sds / dt§2/sds/dt.
0 teR 0 s€ERy 0 teR
T%Sw(t)év s<p(t)<v s<p(2)
Since
S /dtgsups / dt = M,
s>0
teR4 teR4
s<p(t) s<e(t)

is finite by the assumption that M, < co, we have

v

2/5d8 / dt S Myv.

0 tER+
s<e(t)

This proves (5.31)) and hence also ([5.29)). Thus, we have proved inequal-
ities (2.16) and (2.17). Then by using the Marcinkiewicz interpolation

theorem with p; =1, po = 2 and % =1-0+ g we now obtain

-~

N\’ : =

% =5

/( t ) M)t | =Aflr@en) S Me” || fllr ).
+

w(t)
This completes the proof of Theorem [2.2] O

Further, we recall a result on the interpolation of weighted spaces from
[BL76]: Let duo(z) = wo(z)dp(zr) and duy(z) = wi(z)dp(z). We write
LP(w) = LP(wdp) for the weight w.

Theorem 2.3 (Interpolation of weighted spaces). Let 0 < pg,p1 < 0.
Then
(L7 (wo), L (w1))op = LP(w),
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1-6 60

_ P P
where 0 < 0 < 1,1 =10 4 % "and w=w, "™ w,™.
p po p1

From this, interpolating between the Paley-type inequality (2.12)) in The-
orem and Hausdorfl-Young inequality (2.9)), we readily obtain an
inequality that will be crucial for our consequent analysis of LP-L9 mul-

tipliers:

Theorem 2.4 (Hausdorff-Young-Paley inequality). Let G be a locally
compact unimodular separable group. Let 1 < p < b < p < 0. If a

positive function ¢(t), t € R, satisfies condition

M, :=sups / dt < oo, (2.23)
5>0 iR,
w(t)>s

then for all f € LP(G) we have

[ (m(Prete

+

=

1\b

1_ 1
) dt | < ME | f . (2.24)

o=

Naturally, this reduces to the Hausdorff-Young inequality (2.9) when
b =p’ and to the Paley inequality in (2.12)) when b = p.

2.2 Nikolskii inequality

In this section we establish the Nikolskii inequality (sometimes called the
reverse Holder inequality) in the setting of locally compact groups. This
complements the knowledge on locally compact groups as well as gives

an extension of known results on compact and on nilpotent Lie groups.

-~

Let us denote by supp(f) the subspace of L?(G) orthogonal to the kernel

Ker(f) of the Fourier transform [, i.e.

supp[f] := Ker (f)L , (2.25)

where Ker(f) C L?(@) is the kernel of the operator f.
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We note that the classical Nikolskii inequality is an LP-L? estimate for
norms of the same functions for p < ¢ provided that the Fourier trans-

forms of the functions under consideration have bounded support.

In [NRTT16, INRTT15] Nikolskii inequality has been established on com-
pact Lie groups and on compact homogeneous manifolds, respectively,
for functions with bounded support of the noncommutative Fourier co-

efficients.

The main question in the setting of locally compact groups is to find an
analogue of the condition for bounded support of Fourier transforms since
we may not have a canonical operator to use its spectral decomposition

for the definition of the bounded spectrum.

Let Psupp[ 7l be the orthogonal projector associated to the support supp[f].

We say that f € L'(G) has bounded spectrum if T(Psuppm) < +00.
Theorem 2.5. Let G be a locally compact separable unimodular group.
Let 1 < ¢ <ocoand 1< p < min(2,q). Assume that 7(F,  7) < oo.

Then we have

756 < (7(Pagyy)” " 1226, (2.26)

with the constant in (2.26]) independent of f.

In [NRT16, NRT15] Nikolskii inequality has been established on compact
Lie groups and on compact homogeneous manifolds, respectively. We
prove Theorem along the lines of the proof in [NRT'16] adapting the

latter to the setting of locally compact groups.

Proof of Theorem[2.5. We will give the proof of (2.26)) in three steps.

Step 1. The case p = 2 and ¢ = co. We have (by e.g. [Hay14, Proposition
A.1.2. p. 216]) that

~

Ti( f(ﬂ)w(x))’ <Tr , 2€G. (2.27)
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We notice that
FUAPupprpy = FLI1-

Then by [TK86, Lemma 2.6, p. 277], we have

ps(FIfD) =0, s>7(Py 7)) (2.28)

= supp| f]

From now on we shall denote ¢ := 7(F,, ) throughout the proof. Fur-

ther, the application of [TK86, Proposition 2.7, p.277] yields

o] t

() = [udFi s = [u(Fipds @)

0 0

where we used (2.28)) in the last equality. Combining (2.29)) and ({2.27)),

we obtain
Iflle) < [ T |f(m)| dr = r(IFf]) = [ po(FLf])ds
follc- o
<\ [as| | [rmas| =\ rEoplfive:
0 0
(2.30)

where in the last inequality we used the Plancherel identity. Step 2. The
case p =2 and 2 < ¢ < 0co. We take 1 §q’<250that%+§:1.Weset

roi= % so that its dual index »’ satisfies % =1- %/. By the Hausdorft-
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Young inequality in (2.9), and by Hélder’s inequality, we obtain

! 7
Il < VF A llavonaien = | [ o (FL)ds
0
<\ [as] | [uirFimas
0 0
CoNFE !
| [as)] [ mFmas
0 0
Lo\ 72 /oo 3
<\ [as) | [
0 0
=T(Bpp)? ISz

where we have used that % =1.

Step 3. If p = min(2,¢) and p # 2, then p = ¢ and there is nothing to

prove. For 1 < p < min(2, q), we claim to have

£l 2oy < T(Pappi)™* 21 f | oy
Indeed, if ¢ = oo, for f # 0, we get

£ Nz = NP2 e < 1P e 1] F1P72 2
1—p/2 —n/2
— 1N e = 1 e AU £ 172 e
—p/2 2
= | Flleoe LA U220 1B

—n/2 2
< (o) I A2 A1,

(2.31)

where we have used ([2.30)) in the last line. Therefore, using that f % 0,

we have

11l < T(Pypoi) 1 f Nl o (2.32)
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For p < ¢ < co we obtain

1 llze = NI £ < | I £

< TP ) PPN AN AN = T (Pr)? £l
(2.33)
where we have used (2.32)). O

2.2.1 Compact case

We shall formulate and prove a slight variation (Proposition and
Proposition of results in [NRT16] . These statements are used later
in the proof of Theorem [3.4] Let G be a compact Lie group of dimension
n. We label the equivalence classes of irreducible unitary representations
of G as 7% with k € N in such a way that the corresponding sequence of

eigenvalues Ay of (I — Ag) is non-decreasing. More precisely, we have

dlm(G)

(I —Ag) T = el (2.34)

holds for all 1 < 7,5 < d.x. From the Weyl asymptotic formula for the

eigenvalue counting function we get that
e 2 (7)Y >k, with n = dimG. (2.35)

Proposition 2.1. Let 1 < p < ¢ < oo and let G be a compact Lie
N

group. Let fxy = > dTr f(ﬂk)wk, N € N. Then we have
k=1

1_1
3 llzae) S AR I llzrie)- (2.36)

Proof of Proposition[2.1 It has been shown in [NRTI16|] that for every

trigonometric polynomial

fo="Y" d.Te(f(£)€) (2.37)

¢eq
(&)<L
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a version of the Nikolskii-Bernshtein inequality can be written as

1_1
I fllaey S N(pL)e || fller@), 1<p<gq<oo

where

= Y di, p=min(1,[p/2]),
¢eq
(€)<pL

where [p/2] is the integer part of p/2. The application of Weyl’s asymp-
totic law to the counting function N(pL) of the n-th order elliptic pseudo-
differential operator (I — Lg)2 with L = () yields

N(p(m)) = p"(m)", n=dim(G).
Hence, we immediately obtain
1 fm iz S @G fimyll oo

Using notation in (2.35)) and (2.34)), we immediately get

11
[fnllzae) < A% N fllee@), 1<p<g<oo. (2.38)
This completes the proof of ([2.36)). H

Proposition 2.2. Let 1 < p < ¢ < oo and let G be a compact Lie

group. Then we have

a 1
Z kaHL (G) < HfH (2'39>

keN )xp i

where {\; }en are the eigenvalues of (I — Ag) 2"

Proof of Proposition[2.9. Let py < p < p; and ]% = 1p;09 + pil, 0<6<1.

a=(1-0) (i _ l) (2.40)

Po N

Let us take
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and

1 1
—— . (2.41)
po q
Standart calculation yields
1 1
B—a=-—". (2.42)
P q
Let us denote by f(t) the quantity given by
F(t) = sup ”f””# teR,. (2.43)
At A

Using (2.42),(2.43) and the fact that the function ¢t — f(¢) is non-

increasing function of ¢t > 0, we get

”fk“Lq G) 1 ol fkllza 1 N 1
Z »q - Z )\f )\_ = Z)‘kf()‘k))\_k

k=1 )\pq k=1

SEZ keN 25 <\, <25+

SZ as+1T( %) Z _22a22as 1?

SEZ keN: 259,525“ seZ (2.44)
25 25 p 00 ;
< 2% tof(t 292 [ paTFn 2t
g e [ 4o oot
8622571 geo1 0
r dt
— 2 / (1-9) alf( )
0
where in the last line we denote
1 1
Qap = — — —. (2.45)
Po D
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1
Hence, making substitution ¢ = ver, we get from ([2.44))

1 o0
Z ||kaiql(G /\_ S/ 0a1ta1f
0

k=1 A, ¢
N N (2.46)
_ 1. - d
o /v_evf(vall)—v < /v_e sup u® f(u) @
0 ! 0 USUTII !

Let f = O+ f! € LPo + LP' be an arbitrary decomposition. We shall
show that

sup ut f(u) | < Nf0zro + 0l FH 2o (2.47)

u<v o1

It is sufficient to establish

TOw) < N fllzro s (2.48)
N FOw) < Ml (2.49)

where we used By Nikolskii-type inequality (2.36]), we have

1

[fll ey < Mg qllfllmo (2.50)

fillza) <A I o - (2.51)

Rescalling in the second inequality in (2.50)), we get

11
[ fillzaiey < A q||f||Lpo(G)7 (2.52)
L _____

[ fillzaiey < A ”‘W’O q [fllze1 () (2.53)

Thus, taking a; = i —= and using , we rewrite inequalities ([2.52))
and - as follows

kaHmG

W) ) o (254)
APO q
o f q
oIl gy, (2.55)
APO q
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Recalling notation ([2.40)), (2.41)) and (2.43)), we get from (2.54)) and (2.55))

Fw) < 1 llzwo (e,
M) < (1S lleen -

Thus, we have established inequality and inequality . Now,
we shall use these estimates to obtain . Let w > 0. Then there is
k € N such that

e S u < Mg (2.56)

Since f(u) is non-increasing, we get

Fw) < F%) < 1 fllrocs (2.57)

where we used estimate (2.48)) in the second inequality.

Using ([2.35)), we get

A1
<
e ¢

and hence

u f(u) < A FO) S AT FO) < [ llzen o, (2.58)

where we used estimate (2.49) in the last inequality.

Let f = f°+ f! be an arbitrary decomposition. From (2.57)) and (2.58)

we obtain

sup u™ f(u) < sup u™ fO(u) + sup u® f1(u)

u<lv o1 u<v o1 u<o 1

< Sup u®t f1(u) +USUIO)F(U) <1 ey + 0l f0llwo oy
1 u>
u<v 1l

Thus, we have just shown the validity of (2.47). Since the decomposition

f = fO+ f!is arbitrary, we take the infimum and get

sup u™ f(u) < K(t, f; LPY(G), L*(G)), (2.59)

u<v o1
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where the functional K (¢, f) is given by

K(v, f; LPY(G), L (@), = f:if%—fkfl {Hfl”LPl @ + U||f0||Lpo(G)} . (2.60)

Composing ([2.44) and (2.59)), we finally obtain

1 fell ey 1
) ;_‘,1(_))\_ < [[fllzre, (2.61)
k=1 A[ ° k

where in the last equality we used that LP(G) are the interpolation spaces

and the embedding of the Lorentz spaces. This completes the proof. [J
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Chapter 3

Fourier multipliers

3.1 Hormander’s multiplier theorem

In the following statements, to unite the formulations, we adopt the
convention that the sum or the integral over an empty set is zero, and

that 00 = 0.

Theorem 3.1. Let 1 < p < 2 < ¢ < +o0 and suppose that A is a
Fourier multiplier on a locally compact separable unimodular group G.

Then we have

| All0)inicy S sup's / al (3.1)
5>

teRy: pui(A)>s

For p = g = 2 inequality ({3.1)) is sharp, i.e.

1Al z2(¢)—L2c) = Sup e (A). (3.2)

€R,

Using the noncommutative Lorentz spaces L™* with % = % — %, P # q,

we can also write (3.1]) as

| Al zr@y=za@) S 1Al Lree(vivga))- (3.3)
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Proof of Theorem [3.1]. Since the algebra Aff(VNg(G)) of left Fourier mul-
tipliers A is closed under taking the adjoint Aff(VNR(G)) 2 A — A* €
Aff(VNg(G)) (see [Segb3l Theorem 4, p. 412] or [Ter&1, Theorem 28 on
p. 4]), and

||AHLP(G)—>L‘1(G) = HA*”LQ'(G)ALP'(GW (3.4)

we may assume that p < ¢/, for otherwise we have ¢’ < (p') = p and use
(A.13) ensuring that p;(A*) = pu(A). When f € LP(G), dualising the
Hausdorff-Young inequality ([2.9)) gives, since ¢’ < 2,

1

“+oo 7

1Al < / e(Rap)dt | (3.5)

0

By the left-invariance of A (e.g. [Ter80), Proposition 3.1 on page 31]) we
have

Raj = ARy, f e L%(G).

By our assumptions, A and Ry are measurable with respect to VNg(G).

This makes it possible to apply Lemma to obtain the estimate

pe(Rayg) = m(ARy) < pue(A)pe (Ry). (3.6)
Thus, we obtain
1
+oo q
A Sl < | [ latmrpae) (3.7

0

Now, we are in a position to apply the Hausdorff-Young-Paley inequality

in Theorem H With op(t) = s (A)" for L =

T

% — %, the assumptions of
Theorem [2.4] are then satisfied, and since i - z% =

1 _1_1" weobtain
p q T
1
+oo 7
/[Mt(Rf)'ut(A)]q/dt < sulg S / dt| | fllze- (3.8)
s>
0 teRy

pt(A)">s
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Further, it can be easily checked that

sup s / dt | = |sups” / dt | =sups / dt
s>0 s>0 5>0

teRL teRL teR4
ni(A)">s pe(A)=s pi(A)>s

ll
3=
31

(3.9)
Thus, we have established inequality (3.1). This completes the proof. [J

3.1.1 The case of compact Lie groups

We compare Theorem with known results in the case of G being a
compact Lie group. The global symbolic calculus for operators A acting
on compact Lie groups has been introduced and consistently developed
in [RT13, RT10], to which we refer to further details on global matrix
symbols on compact Lie groups. Here we also note that with this matrix
global symbol, the Fourier multiplier A must act by multiplication on

the Fourier transform side

~ ~

Af(€) = oa(6)](6), € €3,

-~

where f(&) = [ f(x)&(z)*dx is the Fourier coefficient of f at the repre-
sentation & € é, where for simplicity we may identify ¢ with its equiv-
alence class. As we have mentioned in , the LP-L? boundedness of
Fourier multipliers on compact Lie groups can be controlled by its sym-
bol 04(§). However, Theorem gives a better result than the known
estimate ; for completeness we recall the exact statement:

Theorem 3.2 (JANRIGD]). Let 1 <p <2 < ¢ < oo and suppose that

A is a Fourier multiplier on the compact Lie group G. Then we have

1Al o) rae) S Sl>1p s Z df , (3.10)
= \eeG: loa©lleps

where 04(&) = f*(g)Af(g)‘g:e € Cde*d ig the matrix symbol of A.
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The fact that Theorem [3.1]implies Theorem [3.2]follows from the following
result relating the noncommutative Lorentz norm to the global symbol
of invariant operators in the context of compact Lie groups:

1_1

Proposition 3.1. Let 1 <p<2<g<ooandletp#gand = ST

Suppose G is a compact group and A is a Fourier multiplier on G. Then

we have

Al viaie) < sups > d; , (3.11)

ceG
loa(@)llop>s

where 04(€) = f*(g)Aé(g)‘gze € C%*% is the matrix symbol of A.

If G is a compact Lie group, the sufficient condition on the Fourier
multiplier A implies 7-measurability of A with respect to the group
von Neumann algebra VNg(G), so we do not need to assume it explic-
itly in the setting of compact Lie groups. Indeed, the condition of 7-
measurability does not arise in the setting of compact Lie groups due to

the fact [Ter81, Proposition 21, p. 16] that
A is T-measurable with respect to M

if and only if
lim d4s(\) = 0. (3.12)

A—~+00

For more detailed discussion and the proof we refer to [AR17].

Proof of Proposition[3.1. We first compute the norm || A|| pr.o (v () With

1_1_1"% g By definition, we have

T p q

1A]

11
Lroo(VNR(G)) = Stu([))tp af1:(A). (3.13)
>

The application of the property (A.19)) from Proposition yields

Q=

supt7 11y(A) = sup s[da(s)]» .
t>0 s>0
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Therefore, it is sufficient to show that

S
Q=

s>0 s>0

sup s[dA(s)]%_% <sups Z 3 . (3.14)
¢eG

lloa(@l>s

If A is a left Fourier multiplier, then its modulus |A| is affiliated with
VNRr(G) (see Lemma [MVN36, p. 33, Lemma 4.4.1]),

To proceed, we will use the following property:

Claim 3.1. Let A € Aff(VNg(G)) and let E; o) (|A|) be the spectral

measure of |A| corresponding to the interval [s,4+00). Then we have

da(s)=> de > 1, (3.15)

Sp,e>8

where for fixed n = 1,...,de, the number s, ¢ is the joint eigenvalue for
the eigenfunctions &, k = 1,...,dg, of |A|. These functions &, k =

1,...,de, generate the subspace H™* = Span{gkn}Zil.

The operators A and |A| leave the spaces H™¢ invariant since these op-
erators are Fourier multipliers. Assuming Claim for the moment, the
proof proceeds as follows. Without loss of generality, we can reorder,
for each ¢ € @, the numbers s, ¢ putting them in a decreasing order
with respect to n = 1,...,d¢ (thus, also reordering the corresponding

eigenfunctions). Then we can estimate

da(s) =) de > 1<>de Y 1= > dg

Sn,g2S 51,628 81,68

where in the first inequality we used the inclusion

{fe@,nzl,...,dgz snygzs}c{feé,nzl,...,dgz S1,6 > s}
(3.16)

since for fixed ¢ € G the sequence {Sn,s}iil monotonically decreases. We
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notice that

s1e = [[0a(€)llop-

Thus, we obtain

da(s) < Y dZ.
¢eq
loa(€)lop>s

From this, we get

3=
Q=

sldas) i <s | > & . (3.17)
ced
lloa(@)llop=s

Taking supremum in the right-hand side of (3.17)), we get

1_1
P q

1 1
sld P < d? . 3.18
da(s)} 0 <smps | D7 o (3.18)
EeG
lloa(€)llop>s

Then taking again the supremum in the left-hand side of (3.18)), we finally

obtain

S =
Q=

Q=

sups[dA(s)]%_ < sups Z dz

s>0 s>0 ~
feG

lloa(©llop=s

This proves (3.14)). Now, it remains to justify (5.21)) in Claim [3.1]

Further, we determine the singular values of A, or equivalently we will

look for the eigenvalues of |A].

Indeed, we recall that |A| ‘EB = 0)4/(§) and use the fact that s, =

e

ket MO
o141 (€)]|op- It is convenient to enumerate the singular values s;¢ by two
elements (k,§), k = 1,...,d, in view of the decomposition into the closed

subspaces invariant under the group action. Since GG is compact, its von

Neumann algebra M = VNg(G) is a type I factor. Thus, by (A.9)), we
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get
Tr(|A|) ngzsné, (3.19)
el n=1

where we write s, ¢ for the eigenvalue of the restriction |A|‘ of

D, Hre
|A] to the subspaces H®¢ which are spanned by the eigenfunctions &,
n =1,...,de, corresponding to s;¢. In other words, the multiplicity of
Ske 1S d¢. From this place, we write 7 rather than £ to emphasize our
choice of an element ¢ from the equivalence class [r]. Each element 7 € G

can be realised as a finite-dimensional matrix via some choice of a basis

in the representation space. Denote by 7y, the matrix elements of 7, i.e.
m:G>3g—7(g) = [Wkn(g)]i:’nzl x Clrxdr, (3.20)

By the Peter-Weyl theorem (see e.g. [RT10, Theorem 7.5.14]), we have

the decomposition

-D @ span{m, }i7 ;. (3.21)

reG n=1

In other words, we can write

dr dn
) f= Zd ZZ [y Thn) 12(6) Tk € @@Span{ﬂ-kn}k 1-

WGG n=1 k=1 WGG n=1
(3.22)
The action of A can be written in the form
dﬂ' d7r dﬂ—
Af - Z dﬂ— UA TLS f 71-ks)LQ(G)Trkna (323)

re@  n=1 k=1 s=1

This implies

A= @éaA(w), (3.24)

re@ n=1

where o 4(m) is the global matrix symbol of A (cf. [RT13, RT10]). Then
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for the modulus |A| = vV AA* we get
dn
Al =P B loa(m)l. (3.25)
reG n=1

Choosing a representative ¢ € [r] from the equivalence class [r], we can

diagonalise the matrix |o ()| as

S1,¢ 0... 0
o 0 S2.¢6 .- 0
o14(8) = _ (3.26)
0 Sd&g

Thus, we obtain

[Alf = ngzskg Z (f5 Ekn) £2(G)Skn- (3.27)

£€G n=1

Each s, ¢ is a joint eigenvalue of |A| with the eigenfunctions &,
|A|§k,n = Sk,{gk,m n = 1, . ,dg. (328)

Since each singular value sp¢, k = 1,...,de¢, has the multiplicity d¢, we

obtain

BuimllA) =@ @ P~ (329

EGG k=1,....d¢
Sk §>t

where E™¢ is the projection to the left-invariant subspace Span{&m}zgzl.

Consequently, we have

Tr(Ejt,+00) (| Al)) ng Z 1. (3.30)

geG k=1,

The proof is now complete. O]
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3.2 Lizorkin theorem

In this section we prove an analogue of the Lizorkin theorem for the
LP- L9 boundedness of Fourier multipliers on compact Lie groups for the
range of indices 1 < p < ¢ < co. We recall the classical Lizorkin theorem

on the real line R:

Theorem 3.3 ( [Liz67]). Let 1 < p < ¢ < oo and let A be a Fourier

multiplier on R with the symbol g4, i.e.

~

Af(z) = /R T (€) FLE)dE.

Assume that the symbol o4() satisfies the following conditions

sup €75 |oa(€)] < C < oo, (3.31)
sup |§|%*%+1 ‘iO'A(f)' <C. (3.32)
¢eR d§

Then A: LP(R) — L%(R) is a bounded linear operator and

| Al zp @)y La@) S C. (3.33)

There have been recent works extending this statement to higher dimen-
sion, as well as to the operators on the torus, see e.g. [PST12, PSTO0S,
STTI10, YST16] deal with the same problem on G = T" and G = R™.
We prove an analogue of Theorem on compact Lie groups.

The crucial information about operators (Fourier multipliers) is the spec-
tral information measured in terms of the generalised ¢-singular numbers

discussed in Appendix A.

In order to measure the regularity of the symbol, we introduce a new
family of difference operators B) acting on Fourier coefficients and on
symbols. These operators are used to formulate and prove a version of

the Lizorkin theorem on compact groups.
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Let 0 = {o(7)},.a be a field of operators and define

gﬂo(wj) =
pi(o (k) —p1(oa(r*th) 0 0
0 p2(o(m®))—p2(oa(xF 1)) ... 0
U, : : A RE X
0 0 0 pa_ (o(a*))

where U, is a partial isometry matrix in the polar decomposition o(7) =
U |o(m)|. Here py(o(m)) are the eigenvalues of |o(m)|. The latter acts

on the left invariant subspace H*™ spanned by the eigenfunctions 7y,,.

Now, using the direct sum decomposition Op(c) = @ d,o(7), we can
weé
also lift the difference operators d, to Op(c) by

=P d- doa(m). (3.35)

e
Theorem 3.4. Let1l < p < ¢ < oo and let A be a left Fourier multiplier
on a compact Lie group G of dimension n. Assume that the symbol o 4(7)

satisfies the following

¢ = sup(m)" G780 (m)llop < o, (3.36)
TeG

Oy = sup ("G B a (1) o < 0o, (3.37)
el

Then A: LP(G) — L%G) is a bounded linear operator and we have
1Al r (@)= 1@y S C1 + Co. (3.38)

We also have

1Al oarsey < sup m)" 6= oa(m) lop + 3 (1) G0 B0 a(m) op.

TeG rel

(3.39)
Example 3.1. Let G = T. It can be shown that T = {e¥™ Y, cp. The
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direct calculation yields
(€)= (1+ [k]).
By Theorem 3.4 we get

1_1 1_1
ANl o) pacry < sup [k[2 70 |oa(k)| +sup [k[» 7 [oa(k) — ok +1)].
keZ kEZ
(3.40)

Proof of Theorem 3.4 Without loss of generality [Dix77, Section 13.6],

we may assume that f € C*(G) is a positive-definite function. Let

where dy = d.x.

It is sufficient to establish inequalities (3.38)) and ([3.39) for fy We shall
first establish inequality (3.38]), i.e.

| Afn Lo

< <p ()"0 [0 () o + suD <7r>"<é-i“>||5m<7r>||op) 11l

meG TeG
(3.41)
for every N € N.
By the Plancherel identity, we get
N ~
((Afn, 9) 2| = de Troa(n®) f(x")g(x")*
k=1
N R N d. R
<> di[Troa(h) fiat =303 dugn [oa(e) gty
k=1 k=1 t=1
(3.42)
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Splitting the last sum in (3.42) into even and odd terms, we obtain

N (%] N [%57]
Z o fio [UA(Wk)J? *} +Z Z dflor—1 [UA )J?(Wk)/g\(ﬁk)*]
k=1 t=1 k=1 t=1
<
N (3] ~ N 195 -
D3 i [oata )]+ 32 D ey [oa(w) T i)
N [H]
<303 detn [oalnt) el ’“)@(ﬂ)*]
N (%7
+Z Z dy a1 [UA(Wk)} Hu—1 [f(ﬁk)/g\(ﬁk)*}

e
Il
—

N
WE
M= 5

1

~

deie [7a(7)] e | F(5)(m")'|

o
Il
_
o
I

1

(3.43)

where in the second inequality used the sub-multiplicativity po () <

p1¢(+)pue(+) of the singular values ;. Composing (3.42)) with (3.43)), we get

(Afx. )12 \sZZdﬁut oa(™)] e [Flr)g(e)] .

k=1 t=1

We define all the singular numbers p; to be zero for t > di, k € N i.e.

-~

we(f(m) =0, w(g(7*) =0, w(oa(w*) =0, for t>dy, keN.

We have thus shown that

[(Afws D] S 30D duge [oal)] e [Fehyaaty] (3.4

k=1 t=1
for all N € N and g € LY(G).

Changing the order of summation in (3.44) and using the convention
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above, we get
(Afws )] < szkm oAl e |5y ] (3.45)
t=1 k=1

Now, we shall write

~

arge = peloa(®)], Bex = pel F(7)G(x")"]. (3.46)

Let us apply the Abel transform with respect to k in the right hand side

of @)

N-1 k
Z (o7 kdkﬁt E= Oy N Z dw@t w Z (Akat,k) Z dwﬁt,un
w=1 k=1 w=1

where

Apay gy = Qg — Qi

Combining this with (3.44]), we get

|(AfNag)L2(G)|
N-1

0o N 00 k
< Z Qg N Z dwBrw + Z Apou Z dw B w
t=1

w=1 t=1 k=1 w=1
oo N
Sal,N E E dwﬁt,w

t=1 w=1

n Z (sup Aver k) S b

teN t=1 w=1

Interchanging the order of summation and applying the Plancherel for-

mula, we get

i Zk: o fit [J?(Ww)g(ﬂw)*} = Zk: i o it [J/c\(ﬂw)ﬁ(ﬂw)*}

=D du Y e [Flr)ary | = 3 du TlF )5

= (fk 9 r2e) < ”kaLq(G)HgHL‘I'(G)’
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where we write .
F(m)m®). (3.47)

= ZdwTr(f(ﬂ

Collecting these estimates, we obtain

[(Afn, 9)r2c)|
N-—1
< (alaNHfNHLq(G) + ZstngAkat,kakHLq(G)> 191l )
k=1 '€

By the duality of LP-spaces we immediately get

N—-1

1A SN |za) S el fnllzae + Y sup Axwll fill oo
teN
k=l (3.48)

N-1
Say N)\P q”f”LP(G)+ZsupAkatk||fk”Lq(G)a
=1

where in the last inequality we used Proposition

The application of Proposition yields

) [ fellLse 1

1 149
AL sup Apoy i 1oy
teN P q k
k=1 AL
o
W (o Ay, ) il
k sup ApQy g 11 )\—
teN )\p q k
k

<supAr (SupAka ) 3 kaHL1 L
P q k

keN teN 1 )\p q
1-141
<sup ), ‘ <supAkozt7k) | fllrcy, (3.49)
teN teN

1 1.4
where we divide and multiply by A/ " in the first line and apply in-

equality ([2.39 - in the last estimate. Thus, collecting (3.48) and (| -

we finally obtain
1+1
47wl < (sup 2] e+ supal sup dvae) v
teN teN
(3.50)
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Returning to ’the unitary dual notation’ in (3.48)), we immediately get

| Afnllzoe

TeG TeG

n(l_1 n(l_1 ~
< (sug (m)"5 7 o a ()| op + sup ()" ””II%A(?T)Hop) 1f1lzr ()
(3.51)

We show how to pass to the limit N — oo in [|Afn]Leq). It can be
clearly seen that Afy converges to Af uniformly. Indeed, by (3.36)), we

have

Afy — Af = i dy | Tr JA(Wk)A(Wk)ﬂk(x)’
<D dilloa(m®)llop |l F () s 17" s (3.52)
k=N
1/2 00 d2
zdk STICOTES Gt

k=N <7Tk> et

where we used the fact (see e.g. [DR14] or [DR16]) that
177 lls < G

It follows from that the last expression tends to zero as N — oo.
In other words, we have just shown that Afy converges to Af uniformly.
Hence, taking the limit in the right-hand side of , we finally obtain
(3.39). Returning to the ‘unitary dual notation’, and using that A\, =
<7rk>n with n = dim G, we finally obtain

| AfN Lo

< (Sug( "G oA (m)llop + sup (m)" G5+ g (m >||op> 1l

TeG el

(3.53)

This proves (3.38). Now, we show (3.39)). Returning to the 'unitary dual
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notation’ in ([3.48)), we get

|Afs e S [ sup (06 oa(mllop D (1) Boa(m) lep | 1Fllerio
TeG TrGé

Again, taking the limit in the left-hand side, we obtain (3.39). This

completes the proof. O

3.3 The case of non-invariant operators

Our main results on the LP — L9 boundedness of Fourier multipliers can
be extended to to non-invariant operators. This extension relies on two

ingridients: Schwartz kernel theorem and Sobolev embedding theorem.

For our purposes, it is convenient to use the Schwartz-Bruhat spaces
D(G) that have been developed by Bruhat [Bru6l] as a way of doing
distribution theory on locally compact groups. The strong dual of D'G)
is denoted by D’(G). It contains D(G) and its elements are called distri-
butions. The topological vector space is barelled and bornological. The
space D(@G) is densely contained in the space Cy(G) of continuous func-
tions with compact support. If G is a Lie group, then D(G) = C§°(G).
The crucial property of the space D(G) is nuclearity. We refer to [Bru61]
for further details. The theory of topological vector spaces has been sig-
nificantly developed [Gro55] by Alexander Grothendieck. The modern
exposition of the theory of topological vector spaces and their tensor
products can be found in [Treé67]. It turns out that the property of be-
ing nuclear is crucial and these spaces are ’closest’ to finite-dimensional
spaces. The nuclearity is the necessary and sufficient condition for the

existence of abstract Schwartz kernels.

Theorem 3.5. Let G be a locally compact group and D(G) is the
Schwartz-Bruhat space on G. Let A: D(G) — D'(G) be a linear con-
tinuous operator. Then there is distribution K, € D'(G)&D'(G) such
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that
Af(p) = Ka(f @), (3.54)

where ® denotes the topological tensor product. The proof of Theorem
follows from the application of Theorem [Tre67, Proposition 50,5,
p.522]. We refer to [Tre67, Part I1I] for more details.

Let us assume that, in addition, GG is unimodular. Then we have

Af(z) = / Ka(z, ) f(£) dt = / F(#) Rz, 1) dt, (3.55)

in the standard distributional interpretation. where
RA(Ia y) = KA(xa xy_l)'

We refer to [RT10, Proposition 10.4.1, p.550] for more details and proofs.
By varying the first argument in the kernel R4, we define a family of

operators

A f(x) = / FO) Ra(u, 1) dt.. (3.56)
G

Theorem 3.6. Let G be a locally compact unimodular separable group
and let A be a left Fourier multipler on G. Let Let 1 < 8 < 2. Then we

have

Al Ls(c)=roc) < Al Levnp@))- (3.57)

Proof of Theorem[3.6. Since A is a left invariant operator, the kernel R4
in (3.55)) does not depend on the first argument, i.e.

Af(@) = [ f(t)Rale,t z)dL,
/

where e is the identity element in G. We refer to [RW15], pp. 623-624]

for more details. By Holder inequality, we get

1 1
[Af @) < IKallw @I o), 7+ 5 =1 (3.58)
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The application of Hardy-Littlewood inequality ([2.8)) yields
1K allpo @y < 1Al svnp@), 1<B<2. (3.59)
Composing (3.58)) and (3.59), we get

[Af (@) < 1Allze vwmiep 1f e @) - (3.60)

Taking the supremum in the left hand-side of (3.60)), we obtain (3.57)).
This completes the proof. O]

Theorem 3.7. Let GG be alocally compact unimodular separable group.
Let X be a closed densely defined operator affiliated with VNg(G) such
that its inverse X! is measurable with respect to VN(G) and such that

for some 1 < § < 2 we have
12X s vnn(ay) < +00. (3.61)

Then we have

£y < 1 XM e wnn@n 1 Fll e vnnia)- (3.62)

Proof of Theorem[3.7. The application of Theorem with A = X!
yields (3.62)). This completes the proof. H

One can build Sobolev spaces associated with X'. However, we shall not

investigate this direction here.

Theorem 3.8. Let GG be alocally compact unimodular separable group.
Let X be a closed densely defined operator affiliated with VNg(G) such
that its inverse X' ~! is measurable with respect to VN (G) and such that

for some 1 < § < 2 we have
1X s (vnp(ay) < +00- (3.63)

Let A be a linear continuous operator on the Schwartz-Bruhat space
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D(G). Then for any 1 < p <2 < ¢ < oo we have

™|

B
|Allr(@y=rae) S /(HX o Aullzreovipey) du | (3.64)
G
where % = 119 — % and A, is defined in (3.56]).

But first we observe that choosing various X', we get different inequalities
in . Thus, before proving Theorem , we illustrate it in a few ex-
amples. We use a "minimal” version (Theorem [3.7/ below) of Sobolev em-
bedding inequalities. Sobolev inequalities in diverse setting from smooth
manifolds to finitely generated groups are discussed in [SC09]. We refer

an interested reader to [SC09] and to references therein.

Example 3.2. Let G be a compact Lie group of dimension n and let
Ag be the Laplace operator on G. Let us take X = (I — Ag)>. By the
Weyl’s asymptotic law, we get A\, = k, where \; are the eigenvalues of
X. Then, up to constant, we obtain

_ =1
X s (vNr(@) = Z B < +00,
k=1

for any 8 > 1. Thus, condition (3.61)) is satisfied.
Then by Theorem [3.8] we get
1
5

B
| Allr ()= Lae) S /(HXOAuHL’*“(VNR(G))) du ]
G

=
Wl

< sup s d? du
/ 5>0 Z T 7
G TG

n
I(I-Ag)2oa(um)|lop>s

where we used Proposition [3.1] in the second inequality. Here, for every
fixed u € G the restriction of A, onto the subspace H™ is the global

symbol o4 (u, ).
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Example 3.3. Let us take X = (I + E)%, where £ is the positive

sub-Laplacian on H". It can be computed (see (4.45))) that

1

-1
(X 7) = m'
From this we obtain
T
llx—1|lﬁa(VNR(Hn))=/m.dt.

0

(3.65)

The integral in (3.65|) is convergent for 5 > 1. Thus, by Theorem |3.7} we

get

Q
[ fllzoeqny < CI(+ L)2 fllLseunpany, 1<B<2.

(3.66)

By different methods, inequality (3.66) has been established in [FR16],

Chapter 4] for 1 < 8 < 0.

Example 3.4. Let GG be a compact Lie group of dimension n and let X
be as in Example 3.2} Let A: C*(G) — C*°(G) be a continuous linear

operator. Then, by Theorem [3.8] we get

B
Al S | [ I = 260 Al da
G

Since G is compact, we obtain from ((3.67))

[ Alr@r-n0) < 5D 1 = Ae) Aul iy

< supsup s Z dfr

ueG s>0 pe
TeG

I(T-Ag) Foa(mu)|op>s

S =
Q=

(3.67)

, (3.68)

where we used Proposition [3.1]in the second inequality. Hence, we recover

a version of Theorem [5.6for (I — Ag)=.

Here o 4(m,u) is the global symbol of A,, u € G,
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Example 3.5. Let us take G to be the Heisenberg group H" with the
homogeneous dimension ) = 2n + 2, and let X be as in Example 3.3]
Let A: C3°(H") — C§°(H™) be a continuous linear operator. Then, by
Theorem [3.8 we get

|

Q
T — / 101+ £)F Aull gy du | . (3.69)
Hn

Proof of Theorem[3.8. Let us define
Auf@)i= [ FORs(ust o),
G

so that A,f(x) = Af(x). For each fixed u € G the operator A, is
affiliated with VNg(G). Then

1

Aflie = | [14s@lds ) < | [suplasioldg| . @70)
G

Q=

ueG
G

By Theorem 3.7 we get

sup |Auf(9)] < 12X oevnpe) | X Aufll Lo G- (3.71)
ue

Therefore, using the Minkowski integral inequality to change the order
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of integration, we obtain

Q=

q
B

1A F o) < / / X Af()Pdu| dg| =
G

G

™|~

! :
[1x Al au < | [ I At @l 5, du| -
G G J

L? @)

™|

B

/ G/ X Auf(g)l7dg | du

G

IN

1
B
B
J 02 Adlirmosaen) ) Wl
G

where the last inequality holds due to Theorem [3.1] This also completes
the proof of Theorem [3.8] O
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Chapter 4

Spectral multipliers

Let G be a compact Lie group and let A be the Laplace operator on
G. For convenience of the following formulation we label the equivalence
classes of irreducible unitary representations of G as 7, k € N in such
a way that the corresponding sequence of eigenvalues { A }ren of (I —

dim(G) . .
Ag)~ 2 is non-decreaasing. More precisely, we have

dim(G) k

([—Ag) 2T,

zj:

k

holds for all 1 < m,l < d» and.

Let A be a left Fourier multiplier. We can now give an illustration of The-
orem related to spectral multipliers ¢(A) for a monotone continuous

function ¢ on [0, +00).

Corollary 4.1. Let A be a left Fourier multiplier on a compact Lie
group G of dimension n. Let 1 < p < ¢ < oo. Assume that ¢ is
a monotone function on [0,+00). Then ¢(|A]): LP(G) — LUG) is a

bounded linear operator and we have

le(IAD|zr (@)= Lace)

11
Ssupjrma sup  [p(ay;)]

jeN t=1,d_;
11,9
+supjr 9 sup |p(ag;) — plasj)|, (4.1)
jEN t:L...,dﬂ_]‘
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where a;; are the singular numbers of the symbol o4(77), 7/ € @, t =

... dy.

It will be clear from the proof of Corollary [4.1] that the condition that ¢
is monotone is not essential and is needed only for obtaining a simpler

expression under the sum in (4.1)).

Remark 4.1. Let A and p,q be as in Corollary [£.1] Assume ¢ is a
continuous function. Then ¢(]A]): LP(G) — L%(G) is a bounded linear

operator and we have

1

11 .
le(|AD |l r@y—La@@) <supjr s sup  (@(awk));
jEN t=1,00d_j

1 " (4.2)

11 * B
_|_Supjp q+1 Sup [(@(atk‘))] - (@(atk))J""l} )
jEN t=1,....d

where (p(ayr)); is the non-increasing rearrangement of the sequence
{@(s 1) tren and ayy are the singular values of the symbol o4(7?), 7/ €
a,t: 1,...,d.

Remark 4.2. Let G be a compact Lie group of dimension n and let A
and ¢ be as in Corollary Let us also assume that ¢ is boundedly
differentiable, i.e. ||¢'||L~(0,100) < +00. Then ¢(|A]) is LP-L? bounded.

Proof of Corollary[4.1. The functional calculus for linear operators af-
filiated with semi-finite von Neumann algebras has been developed in
[DNSZ16, Section 4]. In particular, by [DNSZI16, Proposition 4.2], we
get

P(|A]) = P duip(aa(n)), (4.3)
j=1
where we used the identity
%(|A\)(7Tj) = 90(0'|A|(7Tj>>-

Let us denote by o s the singular values of o4(77). From ([4.3)), we get

that the singular numbers f; ;i of ¢(o4(77)) are given by

{Bimi Yozh = {0(1,00), 9(a i), - 9(a_ m0)}
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if  is increasing, and by

(B Yo7 = {p(Qay ), P17, -y plar0)}

otherwise. By definition ([3.34)), we get

B1,i—P1,5+1 0
0 B2,j—B2,j+1
£ J\ 0 0
Orop(ap(m’) =
0 0
0 0

By Theorem [3.4] we have

(A o(@)- Loy S sup (m) 7 [lp(oa(r
TeG

Combining (4.5)) and (4.4) we obtain

(A o) La(a)

Ssup(m)r sup Jp(aea)| + Y (m)

7 t=1,....dx
TeG rel

0
Bt,j=Br.j+1 , (4.4)
0 Baj—1,5=Pd;.j+1
0 Baj.j

Nllep + D (m) " 190(04(7)) -
el

(4.5)

n

T sup @(am) _<P(04t+17r)’.
t=1,....dx

By using ([1.22)) and the numbering of the representations as explained
before Corollary , it establishes (4.1)) and completes the proof. n

Finally we note that as a corollary of Theorem [3.4]on compact Lie groups

we get the boundedness result also for non-invariant operators. Indeed,

a rather standard argument (see e.g. the proof of Theorem immedi-

ately yields:

Theorem 4.1. Let G be a compact Lie group of dimension n. Let

1 <p<gq<oo. Let Abe a continuous linear operator on C°(G). Then
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we have

1Al o) Loy S sup sup (m)™ P |[(1 = Ag)E oa(t, 7)|op
ueG 1@

+sup > ()" — Ag)d Boa(u, ) op- (4.6)

ueG
el

Proof of Theorem[{.1] Let us define

= /f(t)RA(u,t_lm)dt
G

so that A,f(x) = Af(x). For each fixed u € G the operator A, is

affiliated with VNg(G). Then

Q|

1

14 x0) = G/ Afaidg| < | [swlaus@ias| @)

G

By Theorem 3.7 we get

Slelg |Auf(z)] < ||X71HLB(VNR(G)||XAuf||LB(G)7 (4.8)

where take

n
2

X =(-Aqg)

and choose 1 < f < min(2,q).

Further, using the Minkowski integral inequality to change the order of
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integration, we obtain

4\
I Af e S / /IX Auf@)Pdu] dx| =
e

G

B

:
12 A0 du < | [ I AP s, du| =
G) G

G Lh(

8 5 1
/ /\XAuf(x)\qda: du| <sup /\XAuf(x)\qdw )
2 J ueG &

where we used the compactness of G in the last inequality. Now, fixing

u €, we apply Corollary to each A, to get

( / X A f(9)]? dg
G
<

Q=

11 - 11 - ~
(supjf' v sup  |o(ai;,)| +supsir e sup  |p(od;,) —90(04t+1j+1u)!> 11l ze ()
jEN t=1,..d_; jeN t=1,..d_;

where the last inequality holds due to Theorem and oy, are the
singular numbers of oxa(n/,u). Using the fact that (see e.g. [RTT10,
Theorem 10.5.5])

O'XOA(T('j) = Xoa(rm;),

we get that

G50 = pe(Xoa(m, ).

Finally, we obtain

A | zoce

<

11 11 ~
sup | sup (7r”>(p q)||XuaA(7r,u)||op+Sup (w”>(p qul)||||/"(ué?aA(7T,u)||0p | fllze(c)-
u€G \ @ rel
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This completes the proof. n

In this and next section we will give an application of Theorem to

spectral multipliers.

The classical Laplace operator Ag» is affiliated with the von Neumann al-
gebra VN(R") = VN (R") = VNg(R") of all convolution operators, but
is not measurable on VN(R"). However, the Bessel potential (I —Agn)~2
is measurable with respect to VN(IR™). Therefore, one of the aims of spec-
tral multiplier theorems is to “renormalise” operators in Hilbert space H
making them not only measurable but also bounded. In the next theo-
rem we first describe such a relation for general semifinite von Neumann
algebras, and then in Corollary give its application to spectral mul-
tipliers. Let us first assume that the spectrum of |£| is separated from

zero, i.e.

Sp(|£]) C (¢, +00) (4.9)

for some real positive ¢ € R,. From now on, we shall assume that

condition (4.9) holds true.

Theorem 4.2. Let £ be a closed unbouned operator affiliated with
a semifinite von Neumann algebra M C B(H). Assume that ¢ is a

monotonically decreasing continuous function on [0, 400) such that

p(0) =1, (4.10)
lim ¢(u) = 0. (4.11)

uU—r—+00

Then for every 1 < r < co we have the equality

1
p

leULD | Lroe iy = sup (m(Eo (1£1)) " ¢(u) < +o0. (4.12)

Let £ be an arbitrary unbounded linear operator affiliated with (M, 7).
Then Theorem [4.2] says that the function ¢(|L£]) is necessarily affiliated
with (M, 7) and ¢(|£|) € (M, 1) if and only if the r-th power ¢" of ¢
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grows at infitiy not faster than m, i.e. if we have the estimate

I£]

1
ou)' < ————, u>0. (4.13)
(B, (I£]))
We now give a corollary of Theorem 4.2/ for M = VNg(G) being the right

von Neumann algebra of a locally compact unimodular group. This is

formulated in Theorem [I.1] but we recall it here for readers’ convenience.

Corollary 4.2. Let G be a locally compact unimodular separable group
and let £ be a left Fourier multiplier on G. Let ¢ be as in Theorem

Then we have the inequality

RSE
Q|

(LD Le )~ La(e) < igg@(u) [7(E.9(1£]))] (4.14)

where 1 < p <2 <¢ < .

This corollary follows immediately from combining Theorem |3.1{and The-
orem [4.2] with M = VNg(G), also proving Theorem [1.1]

The Borel functional calculus allows to make sense of ¢(L£) for arbitrary
Borel function ¢ on Sp(|L£|). However, it is not clear how to establish

time dependent estimate of || (L) || Lre (vNp(@))-

Proof of Theorem[{.9. By defintion

[ =
Q| =

1_1 1
le(LD N Lroeary = sup tr o (o (L)), — =
t>0 r
Using Property (A.19) from Proposition , we get

sup 773 1, (9(|£])) = sup ulr(Euo)) (0(|£]))]7 7.

t>0 u>0

Hence, we have

le(|£]) i (4.15)

Lree(M) = SglgU[T(E<u,+oo>)(s0(\£|))]5
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Since L is affiliated with M the spectral projections Eq(|L£|) belong to
M. Let ¢ be a Borel measurable function on the spectrum Sp(|L£]).
Then by Borel functional calculus [Arv06], Section 2.6] it is possible to
construct the operator ¢(|£]). This operator is a strong limit of the
spectral projections Fq(|L]) € M. Therefore p(|L|) is affiliated with M.

The distribution function of the operator ¢(|L|) is given by

du(P(|£])) = 7(Efuc0) (P (1£]))- (4.16)

This proves Corollary [4.2]

The monotonic decrease of ¢ and the spectral mapping theorem ([KR97,
Theorem 4.1.6] yield

T(Eu,00) (0(I1£]))) = T(E(0,o-1(u)) (I£])- (4.17)

From the hypothesis (4.11) imposed on ¢ and using the properies of the
spectral measure {Eq }ocsp(iz)), We get

lim (B (p(I£]) = lim 7(Epray(£) =0,  (418)

U—>+00 u—-+00

Hence, the operator ¢(|L£]) is 7-measurable with respect to VNg(G).

Combining (4.15)) and (4.17)), we finally obtain

”SO(MDHLWO(M) = iggt%’%ut(gp(‘ﬂ)) — SUPU[T(E(u,oo))(go(lﬁl))]%’é

u>0

= sup(s)[r (o (1))

1
7,

Q=
hSA

= Sli}g u[T (B0 (I1£])] 7~

where in the last equality we used the monotonicity of u = ¢(s). This

completes the proof of Theorem [4.2] n

4.1 Heat kernels and embedding theorems

In this section we show that the spectral multipliers estimate (4.2) may

be also used to relate spectral properties of the operators with the time
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decay rates for propagators for the corresponding evolution equations.
We illustrate this in the case of the heat equation, when the the functional
calculus and the application of Theorem to a family of functions
{e7*};~0 yield the time decay rate for the solution u = u(t,x) to the

heat equation

Ou+ Lu =0, u(0) = ump.

For each t > 0, we apply Borel functional calculus [Arv06, Section 2.6]
to get
u(t, z) = e “uy. (4.19)

One can check that u(t, z) satisfies equation (4.19) and the initial condi-

tion. Then by Theorem we get

lut, Mlza) < lle™llre vy loll o), (4.20)

reducing the LP-L? properties of the propagator to the time asymptotics

of its noncommutative Lorentz space norm.

Corollary 4.3 (The L-heat equation). Let G be a locally compact
unimodular separable group and let £ be an unbounded positive operator

affiliated with VNg(G). Assume that
T(E@s (L)) S 5% s >0, (4.21)
for some a. Then for any 1 < p <2 < ¢ < oo we have
e o) La(a) < Ca,p,qt_a(%_%), t > 0. (4.22)

Proof of Theorem[/.3. The application of Theorem [4.2] yields

1

HeitﬁHLr,w(VNR(G)) = Sup[T(E((LS)(’LD} "

s>a

et
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Now, using this and hypothesis (4.21)), we get

& _ts
|Lr,oo(VNR(G)) Ssupsre .
s>0

le™~]

The standart theorems of mathematical analysis yield that

sup sre ™t = <2) Tt (4.23)

s>0

Indeed, let us consider a function

& —ts

p(s) =sre

We compute its derivative

The only zero is s = & and the derivative ¢'(s) changes its sign from

positive to negative at sy. Thus, the point sy is a point of maximum.

This shows (4.23) and completes the proof. ]

Let us now show an application of Theorem in the case of p(s) =

ﬁ, s > 0. It shows that for the range 1 < p < 2 < ¢ < o0, the

Sobolev type embedding theorems for an operator £ depend only on the

spectral behaviour of L.

Corollary 4.4 (Embedding theorems). Let G be a locally compact
unimodular separable group and let £ be an unbounded positive operator

affiliated with VNg(G). Assume that
T(Es (L)) S s% s> a, (4.24)
for some real positive a > 0. Then for any 1 < p < 2 < ¢ < 0o we have

[fllza) < N+ L) fllze@), (4.25)
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provided that

1 1
7204(———), l<p<2<g<oo. (4.26)
p q
Proof. By Theorem With o(s) = ﬁ and 1 = % — é we have

1+ L) lzr@-pa@) SN+ L) lree (vnaa) S sup st(1+s)77,
s>

This supremum is finite for 7 > %, giving the condition (4.26). ]

Now, we illustrate Theorem [4.2) and Corollary [4.3]on a number of further
examples, showing that the spectral estimate (4.21]) required for the LP-

L7 estimate can be readily obtained in different situations.

4.1.1 Sub-Riemannian structures on compact Lie

groups

First we consider the example of sub-Laplacians on compact Lie groups
in which case the number « in (4.21) can be related to the Hausdorff
dimension generated by the control distance of the sub-Laplacian. More-
over, we illustrate Theorem with examples of other functions ¢ than
in Corollary 7 for example ¢(s) = m, leading to the Sobolev
embedding theorems.

Example 4.1. Let £ = I — A, be the sub-Laplacian on a compact
Lie group G, with discrete spectrum A\g. Then by [HKI6] the trace of

the spectral projections E( (L) has the following asymptotics

M)

T(Eos(L)) Ss2, s>0, (4.27)

where () is the Hausdorff dimension of G relative to the control distance

generated by the sub-Laplacian. Let u(t) be the solution to Ag,,-heat
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equation
0
au(t, z)+ (I — Agw)ult,z) =0, t>0,
uw(0,2) = ug(x), ug € LP(G), 1<p<2.

Then by Corollary [£.3] we obtain

1

_Q
lut, o) < Copat 2 ™ Juollin), 1 <p <2< g < +oo.
(4.28)

Let us now take ¢(s) = m, s > 0. Then by Theoremthe operator

o(—Agp) = (I — Asub)_“/Q is LP(G)-L(G) bounded and the inequality

1£llza) < Ol = Asus)*) fll oo (4.29)

holds true provided that

1 1
a2Q<———), l<p<2<qg<oo. (4.30)
p q

Here the constant C' in (4.29) is given by

C = (I = D)™ ?|| proe (vN ()

One can always associate with A,,;, a version of Sobolev spaces. Let us

define
||f||WZ’:ub(G) = (I — Agun)2 | o) - (4.31)
Then the Borel functional calculus (see e.g. [Arv06]) together with (4.29)-

(4.30) immediately yield

1 1
It o < O gz, o0 a-02Q(3-2). s

Each sub-Riemannian structure yields a sub-Laplacian A,,, on G . If
we fix a group von Neumann algebra VNg(G), then inequality (4.32)
depends only on the values of the trace 7 on the algebra VNg(G) and
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not on a particular choice of a sub-Laplacian A,,;,. Similarly, the Sobolev

spaces Wi* (@) do not depend on a particular choice of a sub-Laplacian.
Asub

4.1.2 Sub-Laplacian on the Heisenberg group

Here we look at the example of the Heisenberg group determining the
value of « in (4.21)) for the sub-Laplacian. The interesting point here is
that while the spectrum of the sub-Laplacian is continuous, Theorem

can be effectively used in this situation as well.

Corollary 4.5. Let £ = I + A™, where AY

aub «up 15 the positive sub-

Laplacian on the Heisenberg group H" and let () = 2n + 2 be the homo-

geneous dimension of H"”. We claim that
T(Eq(L)) S s9°%  s>0. (4.33)

Thus, under conditions of Theorem on ¢, the spectral multiplier p(L£)

is 7-measurable with respect to VNg(H") and

Q 1 1 1
(L) ||roe (N prny) = supu?o(u), —=———. (4.34)
u>0 r p q
For example, by choosing ¢(u) = W, a > 0, we recover the Sobolev
embedding inequalities
12+ £)"2 f | pagaany < CIT A+ L) fl| o), (4.35)

provided

a—bZQ(%—%). (4.36)

Inequality (4.35]) has been established by Folland [Fol75], and it can be
extended further for Rockland operators on general graded Lie groups

[FRI6).
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Proof of Corollary[4.5. By Theorem we get

IO o imy— pagany S No(L) | re (v aam)). (4.37)

Hence it is sufficient to find the conditions on ¢ so that the right-hand
side in (4.37)) is finite. By Theorem we have

ﬁ\H

(L) e (e = SUBlr (B (1)) o). (438)

We shall now show ([(£.33)). Since AY) is affiliated with VNR(H") it can
be decomposed (see e.g. [DNSZ16], Proposition 4.4.] )

M- B JEsy (4.39)

with respect to the center
C' = VNg(H") N VNg(H")'

of the group von Neumann algebra VNz(H") (see (A.23)).

Here the collection {A, (M)}, g of the (densely defined) operators

AT

sub

(\): L*(R") — L*(R"™)

can be interpreted as the global symbol of the operator A™
in [FR16].

subs as developed

Hence, the spectral projections E(O,S)(Aflub) can be decomposed
Fion(8%) = B [ Boa@Bohran @

As a consequence [Dix81l Theorem 1 on page 225], we get

H(Boo(@5) = [r(BeBEODAA. (@)

Hn
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The global symbol AT (\): S(R") C L*(R") — L*(R™) of the sub-

sub

Laplacian AT’ ()\) can be found in [FRI6, Lemma 6.2.1]

AN f (1) = =|M(Dpn f(u) = uf*f(u)),  fESR"), ueR",
(4.42)
and is a rescaled harmonic oscillator on R", see also Folland [Foll6b]. It

is known that for each A € R\ {0} the operator £, has discrete spectrum
S (Aiﬂ;b( ) = {512 <sox < ... <Spmr < ...}

Since H" is of type I, we have

T(Bos ALy = > 1. (4.43)

keN™
Sk A<S

The eigenvalues sj y are well-known and are given by

sea = A [ 2k + 1), (4.44)

J=1

see e.g. [NRI0O]. Thus, collecting (4.41)), (4.43) and (4.44), we finally

obtain

(B (AF)) = / S Py =

keN™
SpA<S

/ Z 1A"d\ =

H |\ [T (2k +1)<s

n

Summarising, we have

T(E(O,S)(AHTL

sub

)) = Cps?,
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where we used the fact the homogeneous dimension () of the Heiseneberg

group H" equals 2n + 2, i.e.

Q =2n+2.

Now, we notice that

Q
NEER

NIfa)

T(Eqo.5 (I + ALy)) = 7(E,s-1)(Aky)) = Cul(s — 1)

sub

(4.45)

Finally, using (4.38)) it can be seen that ||o(L)||Lree(vnymn)) is finite if
and only if condition (4.36)) holds. O

The same argument extends to general Rockland operators, at least on
the Heisenberg group. Indeed, if R is a positive hypoelliptic homoge-
neous of degree v left-invariant differential operator on H", it follows
from [tER97, Theorem 4.1]that the Weyl eigenvalue counting function
of m(R) satisfies N(u) ~ p>, and hence its cigenvalues are i, ~ k2.
Moreover, we have my(R) = |A|27(R) for the Schrédinger representa-

tions my. Consequently, the same argument as above shows that

slo

T(E(O,s)(f + 'R)) =sv, (4.46)

determining the value of a = % in (4.21)). Hence also

Q(1_1
(2 + R) sy S oL +R)llznw v = sups? G Dp(u),
(4.47)
for any monotonically decreasing function ¢ satisfying conditions of The-

orem [4.2]
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Chapter 5

Hausdorff-Young-Paley
inequalities and Fourier
multipliers on compact

homogeneous manifolds

In Section [5.1] we fix the notation for the representation theory of compact
Lie groups and formulate estimates relating functions to the behaviour
of their Fourier coefficients: the version of the Hardy-Littlewood in-
equalities on arbitrary compact homogeneous manifold G/K and further
extensions. We develop Paley and Hausdorff-Young-Paley inequalities in
Section [5.2] In Section [5.3] we obtain LP-L4 Fourier multiplier theorem on

G/K and the LP-L9 boundedness theorem for general operators on G.

5.1 Notation and Hardy-Littlewood

inequalities

Hardy and Littlewood proved the following generalisation of

the Plancherel’s identity on the circle T.

Theorem 5.1 (Hardy-Littlewood [HL27]). The following holds.
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1. Let 1 <p <2 If f e LP(T), then

> @+l Fm)P < Coll Iy, (5.1)

meZ

where C), is a constant which depends only on p.

2. Let 2 < p < 00. If {f(m)}mez is a sequence of complex numbers
such that

Y+ [m)P2 fm)P < oo, (5.2)

mMEZ

then there is a function f € LP(T) with Fourier coefficients given

by f(m), and

1120, < € ST+ fml)y2 Fm) .

meEZ

Hewitt and Ross [HR74] generalised this theorem to the setting of com-
pact abelian groups. We note that if A = 92 is the Laplacian on T, and
Fr is the Fourier transform on T, the Hardy-Littlewood inequality ([5.1))

can be reformulated as

1F2((1 = 8)% £ ) lo@ < Collfllsery. (5.3)

Denoting (1 — A)% f by f again, this becomes also equivalent to the

estimate

m\»—A

1Fla) < Coll(1 = &)™ Flluscry = Coll(1 = A4 flluwery, 1< p< 2.
(5.4)
The first purpose of this section is to argue what could be a noncom-
mutative version of these estimates and then to establish an analogue
of Theorem in the setting of compact homogeneous manifolds. To
motivate the formulation, we start with a compact Lie group G. Iden-
tifying a representation 7 with its equivalence class and choosing some

bases in the representation spaces, we can think of © € G as a unitary

matrix-valued mapping 7 : G — Cé=*d=. For f € L'(G), we define its
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Fourier transform at 7 € G by

(Faf)m) = f / f(u

where du is the normalised Haar measure on GG. This definition can be
extended to distributions f € D'(G), and the Fourier series takes the

form

=5 d, Tr <7r(u)]?(7r)). (5.5)

e

The Plancherel identity on G is given by

1172 = D dllF (@) lis =: 1/, (5.6)

el

yielding the Hilbert space 62(@). Thus, Fourier coefficients of functions

and distributions on G take values in the space

Y ={o=(0(n)),q:0(r)€CH*}. (5.7)

For 1 < p < oo, we define the space (G) by the norm

1/p
ol : Zd z 2|ya Nes| ,oes, 1<p<oo, (5.8)
e
where || - |lus denotes the Hilbert-Schmidt matrix norm i.e.

N[ =

lo(m)las == (Tr(o (7)o (7))

The power of d, in (5.8)) can be naturally interpreted if we rewrite it in

the form

1/p

o = &2 7 (m)lss \” L oen, 1<p<oo, (5.9
ol = | o (1720)7) o peso (59)

el
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and think of u(Q) = Z d? as the Plancherel measure on G, and of /d,

TEQR
as the normalisation for matrices o(m) € C¥*% in view of || Iy, |lus = V/d

for the identity matrix I, € Cxdr,

It was shown in [RT10, Section 10.3] that, among other things, these are
interpolation spaces, and that the Fourier transform Fs and its inverse
Fao ! satisfy the Hausdorff-Young inequalities in these spaces. These can
be written as follows

P

2-2
ST | = 1l @) < Il for 1 <p <2

e

We now describe the setting of Fourier coefficients on a compact homoge-
neous manifold M following [DR14] or [NRT16], and referring for further
details with proofs to Vilenkin [Vil68] or to Vilenkin and Klimyk [VEK91].

Let G be a compact group acting transitively on M and let K be the
stationary subgroup of some point. Alternatively, we can start with
a compact Lie group G with a closed subgroup K, and identify M =
(/K as an analytic manifold in a canonical way. We normalise measures
so that the measure on K is a probability one. Typical examples are

the spheres S* = SO(n + 1)/SO(n) or complex spheres CS" = SU(n +
1)/SU(n).

Let us denote by @0 the subset of G of representations that are class I
with respect to the subgroup K. This means that © € CA?O if 7 has at

least one non-zero invariant vector a with respect to K, i.e. that
w(h)a =a for all h € K.
Let B, denote the space of these invariant vectors and let
k. := dim B,.
Let us fix an orthonormal basis in the representation space of 7 so that
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its first k, vectors are the basis of B;. The matrix elements 7(z);;, 1 <

j < kg, are invariant under the right shifts by K.

We note that if K = {e} so that M = G/K = G is the Lie group, we
have G = @0 and k, = d, for all 7. As the other extreme, if K is a
massive subgroup of G, i.e., if for every such 7 there is precisely one
invariant vector with respect to K, we have k, =1 for all 7 € @o- This

is, for example, the case for the spheres M = S™. Other examples can be

found in Vilenkin [Vil6§] .

We can now identify functions on M = G/K with functions on G which
are constant on left cosets with respect to K. Then, for a function
f € C®(M) we can recover it by the Fourier series of its canonical
lifting f(g) := f(9K) to G, f € C(@), and the Fourier coefficients
satisfy ?(W) = 0 for all representations with © ¢ Go. Also, for class I

representations 7 € G we have f(ﬂ)@-j =0 for ¢ > k.

With this, we can write the Fourier series of f (or of f, but we identify
these) in terms of the spherical functions m;; of the representations = €
éo, with respect to the subgroup K. Namely, the Fourier series (/5.5

becomes

dr  kr
flay=> d ZZJ? m)im(@)i; = Y de Te(f(m)m(x)),  (5.10)

TI'GGO i ﬂeéo

where, in order to have the last equality, we adopt the convention of
setting 7(z);; := 0 for all j > k,, for all 7 € @0. With this convention
the matrix m(x)m(x)* is diagonal with the first k, diagonal entries equal

to one and others equal to zero, so that we have
|7(2)|lus = V/kr for all w € Gy, = € G/K. (5.11)

Following [DR14], we will say that the collection of Fourier coefficients
{f(ﬂ)ij re@1<i,j< d.} is of class I with respect to K if f(ﬂ)ij =0
whenever 7 & éo or i > k.. By the above discussion, if the collection of

Fourier coefficients is of class I with respect to K, then the expressions
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(5.5) and (5.10) coincide and yield a function f such that f(xh) = f(h)

for all h € K, so that this function becomes a function on the homo-
geneous space G/K. For the space of Fourier coefficients of class I we

define the analogue of the set ¥ in (5.7)) by
S(G/K) ={o: 7 o(x): 7€ Gy}, (5.12)

where we assume that o(r) € C¥*4 o(r);; = 0 for i > k,. In analogy
to ([5.8]), we can define the Lebesgue spaces ¢? (@0) by the following norms
which we will apply to Fourier coefficients f € Y(G/K) of f e D'(G/K).
Thus, for o € X(G/K) we set

1/p
ooy = | 3 deke ™ Plotmlis ] 1<p<o (513)
reGo
In the case K = {e}, so that G/K = G, these spaces coincide with
those defined by since k, = d, in this case. Again, by the same
argument as that in [RT10], these spaces are interpolation spaces and
the Hausdorff-Young inequality holds for them. We refer to [NRT16] for

some more details on these spaces.

Similarly to ([5.9)), the power of k, in (5.13]) can be naturally interpreted

if we rewrite it in the form

1/p
lo () lles \
loll oy == Zdﬂkﬁ (THS ,0€X(G/K), 1 <p< oo,
WE@O T
(5.14)
and think of u(Q) = >~ o drkr as the Plancherel measure on Go, and of
Vkr as the normalisation for matrices o(m) € C4 > under the adopted

convention on their zeros in (5.12]).

Let Ag/k be the differential operator on G/ K obtained by the Laplacian
Ag on G acting on functions that are constant on right cosets of G, i.e.,

such that Ag i f = Agf for f € C®(G/K).

Recalling, that the Hardy-Littlewood inequality can be formulated as

94



(5.3) or (5.4), we will show that the analogue of (5.4) on a compact

homogeneous manifold G/K becomes

~ n(l_1
1l < Coll (1 = D)™™ 2 fllisery, 1<p<2,  (5.15)

where n = dim G/K. This yields sharper results compared to using the
Schatten-based space (7, (Gy) in view of the inequality

Hf”fi’ch(@o) < ||ngp(éo)'

For more extensive analysis and description of Laplace operators on com-
pact Lie groups and on compact homogeneous manifolds we refer to
e.g. [Ste70] and [PesO8], respectively. We note that every representa-
tion 7(z) = (7 (x))f;zl € Gy is invariant under the right shift by K.
Therefore, m(x);; for all 1 <i,j < d, are eigenfunctions of Ag/x with
the same eigenvalue, and we denote by () the corresponding eigenvalue
for the first order pseudo-differential operator (1 — Agy, x)'/?, so that we
have

(1 — Ag/r)?m(2)i; = (m)m(x);; for all 1 <i,j < d,.

We now formulate the analogue of the Hardy-Littlewood Theorem on
a compact homogeneous manifolds G/K as the inequality (5.15) and its
dual:

Theorem 5.2 (Hardy-Littlewood inequalities). Let G/K be a compact

homogeneous manifold of dimension n. Then the following holds.

1. Let 1 < p < 2. If f € LP(G/K), then

1

Fasac (1 = Aayyae)" 3

’tw—‘

"Nl < Collf e (5.16)

Equivalently, we can rewrite this estimate as

de

TI'EGO

'@\H
m»a
—

"N Fm) ks < Coll Al (5.17)
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2. Let 2 <p <oo. If {o(m)},cq, € X(G/K) is a sequence of complex

matrices such that (7)"? 2o (x) is in #(Gy), then there is a func-

tion f € LP(G/K) with Fourier coefficients given by f(w) = o(n),

and
n(p—2) ~

f(W)”ep(éo)‘ (5.18)

£l crmy < Cyll(m)

Using the definition of the norm on the right hand side we can write

ET8) os

P(%—l) n(p— Y
11y < Cp D dakie ™ ()" O 2| f(m) s (5.19)
WE@U
For p = 2, both of these statements reduce to the Plancherel identity
(5.6). We note that the formulations in terms of the Hilbert-Schmidt
LrP-spaces (P(Gg) are sharper (see [ANRI5] for more details).

Proof of Theorem[5.3. The second part of Theorem [5.2] follows from the

first by duality, so we will concentrate on proving the first part.

Denote by N (L) the eigenvalue counting function of eigenvalues (counted
with multiplicities) of the first order elliptic pseudo-differential operator

(I — Ag/K)% on the compact manifold G/ K, i.e.

N(L) = drksy. (5.20)

71'6@0
(m)<L

Using the eigenvalue counting function N(L), we can reformulate condi-

tion ((5.23)) for p(r) = (m)"" in the following form

sup uN(u_%) < 00. (5.21)
0<u<+o0

Since N (L) is a right-continuous monotone function, the set of disconti-

nuity points on (0, +00) is at most countable. Therefore, without loss of
1

generality, we can assume that ¢(u) = ulN ((%) ") is a continuous func-

tion on (0, 400). It is clear that lim, . ¥ (u) = 0. Further, we use the
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asymptotic of the Weyl eigenvalue counting function N(L) for the first

1/2 on the compact

order elliptic pseudo-differential operator (1 — Ag/x)
manifold G/K, to get that the eigenvalue counting function N (L) (see

e.g. Shubin [Shu87]) satisfies

N(L)= > dekr, = L" for large L. (5.22)

ﬂééo
(m<L

1
With L = (%) " and n = dim G/ K, this implies

1
1\~ 1\"
lim ¢(u) = limuN ((—) ) = limu (—1> =liml=1.
u—0 u u—0 un u—0

Thus, we showed that 9 (u) is a bounded function on (0, 4+00), or equiva-
lently, we established ([5.21)). Then, it is clear that ¢(7) = (7) " satisfies
condition . The application of the Paley inequality from Theorem
yields the Hardy-Littlewood inequality. This completes the proof. [

5.2 Paley and Hausdorff-Young-Paley in-

equalities

In [Hor60], Lars Hofmander proved a Paley-type inequality for the Eu-
clidean Fourier transform on R"”. Here we give an analogue of this in-

equality on compact homogeneous manifolds.

Theorem 5.3 (Paley-type inequality). Let G/K be a compact homo-

geneous manifold. Let 1 < p < 2. If p(7) is a positive sequence over @0

such that
M, :=supt d .k, < 0o 5.23
S AP 52
TEG
p(m)=t
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is finite, then we have

1
P

R s @ | < M | f ey (5.24)

m\»—A

de%

TI'EGO

As usual, the sum over an empty set in ((5.23]) is assumed to be zero.

With ¢(r) = (7)™ ", where n = dim G/K, using the asymptotic formula
(5.22)) for the Weyl eigenvalue counting function, we recover the first part
of Theorem (see the proof of Theorem [5.2). In this sense, the Paley

inequality is an extension of one of the Hardy-Littlewood inequalities.

Proof of Theorem[5.3. Let v give measure ¢*(m)d,k, to the set consisting
of the single point {7}, m € @0, ie.

v({r}) == 0*(7)drkx.

We define the corresponding space Lp(éo, v), 1 < p < o0, as the space

of complex (or real) sequences a = {a} .a, such that

3=

lall oo = | D laslPe®(m)deks | < o0. (5.25)

WG@O

We will show that the sub-linear operator

A: IP(G/K) > f— Af = {”figl’ﬂj} e L7(Gy,v)
weéo

is well-defined and bounded from LP(G/K) to LP(Go,v) for 1 < p < 2.

In other words, we claim that we have the estimate

1F ) s\ ’
IAf | oo = | D ( Hs) O (7)drkir
w1600 =\ 2\ Vhep(n)
N7 | fllescaym (5:26)
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which would give and where we set N, := sup,.,t Z drk.. We
MEE

will show that A is of weak type (2,2) and of weak-type (1,1). For defini-

tion and discussions we refer to Section where we give definitions of

weak-type, formulate and prove Marcinkiewicz-type interpolation The-

orem to be used in the present setting. More precisely, with the

distribution function v as in Theorem we show that

M| fllz2cm) \
Véo(yQ Af) < (T) with norm My =1, (5.27)
M
va, (s Af) < M with norm M; = M, (5.28)

where vg_ is defined in Section . Then ((5.26)) would follow by Marcin-
kiewicz interpolation theorem (Theorem from Section [A.2)) with [' =
Go and &, = dy, ki = k.

Now, to show ([5.27)), using Plancherel’s identity (5.6)), we get

Ve, AF) < 1AFI2 6,0y = S deks (bf_@y*‘j) & ()

WEGO

= 3 dlIF s = 1125, = 1 Raoym-

ﬂ‘Eéo

Thus, A is of type (2,2) with norm M, < 1. Further, we show that A is

of weak-type (1,1) with norm AM; = M,; more precisely, we show that

[MICOIN oy < ag, Mlearm. (5.29)

VEnp(m) y

vg,im € Go:

The left-hand side here is the weighted sum > ¢*(7)d, k. taken over

17 () s
V()

transform it follows that

those 7 € @0 for which ——=—-—— > y. From the definition of the Fourier

17 () lss < Vel ey

99



Therefore, we have

1F ) les N1 llzaeym)
S Vhpm) = e

Using this, we get

17 s o Wl
{EG rw”}c{ <G o >y}

for any y > 0. Consequently,

I[.f () lus Aca. 1 fllzrerm
{ € Go: rw”}é { €0 o >y}'

||fHL1<G/K)

Setting v := m

, we get

v {w € Go: U/Jl(p)‘(“*s) > y} < ) Pm)deks (5.30)

weGo
p(m)<v
We claim that
> P(m)dekn S Myv. (5.31)
WG@O
p(m)<v
In fact, we have
©?(m)
S Pk = deks
e e 0
p(m)<v p(m)<v

We can interchange sum and integration to get

@*(m) v?
drkr / dr = / Z d k..
7TEG() 0 7€Gyo
90( )<U T§S<P(7T)§U
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Further, we make a substitution 7 = ¢2, yielding

v2

/dT dk_2/tdt2dk<2/tdt2dkw.

0 reGy fsen m€Go
T7§SD( Y<w t<p(m)<v t<e(r)

Since

t Y deky <supt Y deke = M,

t>0
7reG’0 7TEG()

t<op(m) t<ep(m)

is finite by the assumption that M, < oo, we have

tdt Y deke S M.

0 ﬂ'Eéo
t<p()

This proves (5.31)). Thus, we have proved inequalities (5.27)), ([5.28]).

Then by using the Marcinkiewicz interpolation theorem (Theorem
from Section ) with p; = 1,py = 2 and % =1—-0+ g we now obtain

Z (Hf;@)r’)ﬁs) O (m)dks | = = Afll oGy S M Hf”LP /).

WE@O

This completes the proof. O

Now we recall the Hausdorff-Young inequality:

= fller @y S 1 llzearm, T <p <2, (5.32)

where, as usual, %—I—Z% = 1. The inequality was argued in [NRT'16]
in analogy to [RT10, Section 10.3], so we refer there for its justification.
Interpolating (see Theorem between the Paley-type inequality
in Theorem and Hausdorff-Young inequality , we obtain:

Theorem 5.4 (Hausdorff-Young-Paley inequality). Let G/K be a com-
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pact homogeneous manifold. Let 1 < p < b < p/ < oo. If a positive

sequence @(m), T € @0, satisfies condition

M, = supt dok, < 5.33
upt ) dake < 00, (5:33)
ﬂ‘EGQ
p(m)>t

then we have

o=

1

S kY (1w oot 7 )’

TI'G@O

Y e

1_ 1
SMg "\ flleeeyry. (5.34)

This reduces to the Hausdorff-Young inequality (5.32)) when b = p’ and
to the Paley inequality in (5.24)) when b = p

Proof. We consider a sub-linear operator A which takes a function f to

its Fourier transform f(ﬂ) € Cl>d= divided by vk, i.e.

f(r) A
LP(G/K)BfHAf:{ } € P(Gy,w),
Vhx reGo

where the spaces * (éo, w) is defined by the norm

3=

”‘7(7")||gp(@0,w) = Z lo(m)|fgsw(m) |

7T€G0

and w(m) is a positive scalar sequence over Go to be determined. Then
the statement follows from Theorem [2.3]if we regard the left-hand sides of
inequalities (5.24) and (5.32) as [|Af{|s g, . ,-norms in weighted sequence

spaces over CAJO, with the weights given by wy(m) = dﬂ,kﬂ_gp(ﬂ')2_p and

wi(m) = dpky, ™ E @0, respectively. O
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5.3 L[P-L? boundedness of operators

In this section we use the Hausdorff-Young-Paley inequality in Theorem
to give a sufficient condition for the LP-L? boundedness of Fourier
multipliers on compact homogeneous spaces. It extends the condition
that was obtained by a different method in [NT00] on the circle T. In the
case of compact Lie groups, we extend the criterion for Fourier multipliers
in a rather standard way, to derive a condition for the LP-L? boundednes

of general operators, all for the range of indices 1 < p <2 < ¢ < o0.

In the case of a compact Lie group G, the Fourier multipliers correspond
to left-invariant operators, and these can be characterised by the condi-
tion that their symbols do not depend on the space variable. Thus, we

can write such operators A in the form

o~

Af () = oa(m) F(x), (5.35)

with the symbol 0 4(7) depending only on 7 € G. The Hérmander-Mihlin
type multiplier theorem for such operators to be bounded on LP(G) for

1 < p < oo was obtained in [RW13].

Now, in the context of compact homogeneous spaces G /K we still want
to keep the formula (5.35)) as the definition of Fourier multipliers, now for
all m € (A}’U. Indeed, due to properties of zeros of the Fourier coefficients,
we have that both sides of are zero for m & éo. Also, for m € éo,
we have f(7) € 2(G/K) with the set $(G/K) defined in (6-12)), which

means that

o~

]/C\(ﬂ')ij =Af(n);; =0 for i > k.

Therefore, we can assume that the symbol o4 of a Fourier multiplier A

on G/ K satisfies

oa(r) =0 for 7 & Go; and oa(m)i; =0 for 7 € Go, if i > ky or j > k.
(5.36)
Therefore, only the upper-left block in o4(7) of the size k, X k, may be
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non-zero. Thus, we will say that A is a Fourier multiplier on G/K if
conditions (5.35)) and ([5.36)) are satisfied.

Theorem 5.5. Let 1 < p <2 < ¢ < oo and suppose that A is a Fourier

multiplier on the compact homogeneous space G/K. Then we have

HAHLP(G/K)—)L‘](G/K) < sugs E dkx . (5.37)
5> —~
TeG

0
lloa(m)llop>s

We note that if u(Q) = >_ o drkx denotes the Plancherel measure on
G, then (5.37) can be rewritten as

D=

e

Al 2006a0  sup sl € Go : floa(m)op > )
s>

Remark 5.1. Inequality (5.37)) is sharp for p = ¢ = 2.

Proof of Remark[5.1. First, we have the estimate

[All 22/ i) r2(6/x) < Sup [loa(m)]|op-
TE€Go

Since the set

{m € Go: lloa(m)]lop = s}

is empty for s > || A||12(¢/Kx)—12(G/K) and a sum over the empty set is set

to be zero, we have by (/5.37)

| All L2/ ) - L2 K) < Sli%)s Z d ki
° 71'660
lloa(m)llop=s

_ sup s+ 1= [[Allz2e/r)-r26/5)-
0<s<||AllL2(q/K)—L2(c/K)

Thus, for p = ¢ = 2 we attain equality in (5.37)). O
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Proof of Theorem [5.5 Recall that A is a Fourier multiplier on G/K, i.e.

~

Af(r) = oa(m) f(),

with o4 satisfying (5.36]). Since the application of [ANR16a, p. 17,
Theorem 4.2] with X = G/K and u = {Haar measure on G} yields

Al e (/)= racrx) = 1A Lo (@ 10)= 10 (/1) (5.38)

we may assume that p < ¢/, for otherwise we have ¢ < (p')’ = p and
loas(7)|lop = |loa(m)|op- When f € C*(G/K) the Hausdorff-Young

inequality gives, since ¢’ < 2,

[AS ariy S NAf Nl @) = loaflle @)

We set o(m) := [loa(m)|[g,La,- It is obvious that

lo(m)llep = lloa(m)llcp- (5.39)

Now, we are in a position to apply the Hausdorff-Young-Paley inequality
in Theorem [5.4 With o(7) = ||oal|"14, and b = ¢/, the assumption of

Theorem are then satisfied and since $ — }% = % —

1 — 1 we obtain
q T

loaflcn S [sws S deke | 1l f € L(G/E).

s>0 Py
en
llo(m)llop=>5
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Further, it can be easily checked that

sup s Z Ak = | sups Z Ak

s>0 5>0 =~
7r€G T€Go
llo(m)llop>s lloa(m)llgp>s
1 1
= | sups” d.k =sups d.k
EAEPIREC I N
TE TeG
lloa(m )Ilop>s lloa(m)llop>s
This completes the proof. O

A standard addition to the proof of the preceding theorem extends The-
orem [5.9| to the non-invariant case. For the simplicity in the formulation
and in the understanding a variant of in the non-invariant case,
the following result is given in the context of general compact Lie groups.
To fix the notation, we note that according to [RT10, Theorem 10.4.4]

any linear continuous operator A on C'°(G) can be written in the form
=Y. (n(g)oalg, ) f(m)

for a symbol o4 that is well-defined on G x G with values oalg,m) €
Cdrxd= Let {X; }dlm(G) be a basis for the Lie algebra of G and let 0, be
the left-invariant vector fields corresponding to X;. For a € Nj, let us

denote 0% = 01" - - 0% n = dim(G).

Theorem 5.6. Let 1 < p <2 < ¢ < oco. Suppose that [ > ﬁ@) is an

integer. Let A be a linear continuous operator on C*°(G). Then we have

[All e @)—rae) S Z sup sup s > diks . (5.40)

lal<i ueG s>0

TeG
190G 04 (u,m)llop=>s
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Proof of Theorem[5.6. Let us define

= Z d, Tr (ﬂ'(g)O'A<U> W)J?(W))

reC

so that A,f(g) = Af. Then
1Af Nz = ﬂMW%JS‘#%%MW@ C (5.41)
ue
G

G

By an application of the Sobolev embedding theorem we get

mMJ|uOZ/mAwa

Therefore, using the Fubini theorem to change the order of integration,

we obtain

1A e

IN

CZ//]@“ Auf(g)|* dg du

lel<lg G

< Y suw [ 104,50 dg

o |<lu€G

= O3 sw 97 Auf
| |<l

< C Z Slelg 1f = Op(aaaA)fH[;(Lp ﬁLq(G))Hf“%p(G)
\oz|<lu

q

1_1
P q

sipsups | S 2 111206

ueG s>0 pe

AN

|| <1 TeG
0% 04 (u,m)llop=s

where the last inequality holds due to Theorem [5.5] This completes the

proof. ]
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Appendix A

Background

A.1 Elements of noncommutative integra-
tion

If people do not believe that
mathematics is simple, it is
only because they do not

realize how complicated life is.

John von Neumann

We recall basic facts on spectral theory and von Neumann algebras. Main
references are [KR97] and [Dix81]. Let H be a Hilbert space and B(H)
be the set of continuous linear operators acting in H. This set B(H) can
be endowed with the structure of an algebra over the field of complex
numbers. Let M be any subset of B(H). The commutant M' of M is
the set of all elements A € B(H) commuting with all the elements of M,
ie.

M ={Bec B(H): BA=AB, Ae Mj}.

The bicommutant M" of M is the commutant of M'

M!! — [M']'



It is clear that for any subset M of B(H) we have
Mc M (A1)

It turns out that the algebraic condition (A.1]) yields purely topological

description.

Theorem A.1 (The von Neumann bicommutant theorem). Let M be

a sub -algebra of B(H). Then
M= M (A.2)
if and only if

M is closed in the strong operator topology. (A.3)

Definition A.1. A sub *-algebra M of B(H) shall be called von Neu-
mann algebra if M is closed with respect to the strong operator topology.
Definition A.2 (Affiliated operators). A linear closed operator A (pos-
sibly unbounded in #) is said to be affiliated with M, symbolically Av.M,

if it commutes with the elements of the commutant M' of M, i.e.
AU =UA, forall Ue M. (A.4)

Here (A.4) includes the statement that Dom(AU) = Dom(A). The set
of all linear operators affiliated with M will be denoted by Aff(M).

It is common to define the affiliation as the commutativity with unitary
elements in M. It can be shown [KR97, Theorem 4.1.7] that every
bounded linear operator U € M' is a linear combination of four unitary

operators. Thus, we get the equivalent definition.

This relation v is a natural relaxation of the relation €: if A is a bounded
operator affiliated with M, then by the double commutant theorem
A € M. One of the original motivations [MVN36, IMvN37] of John

von Neumann was to build a mathematical foundation for quantum me-
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chanics. In this framework, the observables with unbounded spectrum
correspond to closed densely defined unbounded operators. Although
the algebra M consists primarily of bounded operators, the technique of

projections makes it possible to approximate unbounded operators.

The polar decomposition for arbitrary closed densely defined possibly
unbounded operators A acting on a Hilbert space H has been established

in [vN32|]. Thus, we apply [vN32, page 307, Theorem 7] to get

A=WIA| (A.5)

where W is a partial isometry. This means that the operators W*W and

WW?* are projections in H.

Lemma A.1 ([MVN36, p. 33, Lemma 4.4.1]). Let M be a von Neu-
mann algebra. Suppose A is affiliated with M. Then |A| is affiliated with
M as well and W € M.

The following definition is taken from [Dix81, Definition 1.6.1, p.93]:

Definition A.3. Let M be a von Neumann algebra and let M be its

positive part, i.e.

M, ={AeM: A" = A>0}.

A trace 7: M +— [0, 400] a map taking non-negative, possibly infinite,

real values, possessing the following properties:

o If Ac M, and B € M, we have 7(A+ B) = 7(A4) + 7(B);

o If A e M, and XA € R, we have 7(AA) = A7(A) (with the con-
vention that 0 - +oo0 = 0);

e If A€ M, and if U is a unitary operator of M, then 7(UAU™!) =
T(A).

We say that a trace 7 is
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e faithful (or exact) if the condition A € M, 7(A) = 0, implies that
A=0;

e finite if 7(A) < 400 for all A € M ;

e semi-finite if, for each A € M, 7(A) is the supremum of the
numbers 7(B) over those B € M such that B < A and 7(B) <
+00;

e normal if, for each increasing filtering set S C M with supremum

S € My, 7(5) is the supremum of {7(B)}ges;

Definition A.4. A von Neumann algebra M is said to be semifinite if

there exists a semifinite faithful normal trace 7 on M.

The theory of integration on von Neumann algebras has long history. It
started with [MVN36, MvN43]. The foundation of the theory has bee
laid down by Segal [Segb3]. He introduced a "noncommutative version”
of the x-algebra of measurable complex-valued functions. It was based
on the notion of measurability of an unbounded affiliated operator with
respect to a trace faithful normal semi-finite trace 7. An alternative

approach based on the Grotendieck’s [Gro95] rearrangement of operators

was developed by Yeadon [Yea81) TK86].

Definition A.5 (7-topology). Let M be a semi-finite von Neumann
algebra with a trace 7. We define T-topology on Aff(M) by saying that
the sets

N(e,s) = {A € AE(M): 7(Eu,100)(|4])) <€} (A.6)

are basis of open neighbourhood of zero.

We shall denote by Meas(M) the set Aff(M) of affiliated operators en-
dowed with 7-topology.

We note that the notion of 7-measurability does not appear in the classi-
cal theory of Schatten classes since for M = B(H) we have Aff(B(H)) =
B(#H). The structure of commutative von Neumann algebras allows nice

description. Every abelian algebra C is isometrically isomorphic [Dix81],
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Theorem 1, p.132] to L>(X, v), where X is a locally compact space with
a positive measure v on X. This justifies thinking of von Neumann al-

gebras as a noncommutative measure space.

Example A.1. Let M = {M,}, be the abelian von Neumann algebra,
where each element M, is the multiplication operator acting in L*(X, u)

as follows

L*(X,p) > f = Myf=of € L*(X, )},

where ¢ € L®(X,u). Let us take 7(M,) := [ pdu, where (X, p) is a
X
measure space. Then an operator M, is T-measurable if and only if ¢ is

measurable is a p-almost everywhere finite function.

The *-algebra Meas(M) is a basic constructon for the noncommutative
integration. Let A = U|A| be the polar decomposition. The spectral
theorem yields that
A= [ B, (A7)
Sp(lAl)
where E)(|A|) = I—=E() +o0)- Since A is affiliated with M, the projections
satisfy E\(|A]) € M. Composed with the spectral measure {E\(|4])} ,
the trace 7 induces a positive measure on the spectrum Sp(|A|) C R, of
A. We shall denote it by 7(E)(]A|)). The spectral decomposition implies
that we have
relA) = [ eNar(Ea)) (A8
sp(|Al)

for every Borel function ¢ € L*>(sp(]A4])).

The trace 7 takes integer values on the projections of type I von Neumann

algebras M. We denote 7 by Tr in this case.

For each value of A the projection F) is the sum of minimal mutually
orthogonal projection operators, hence the value 7(FE)) can increase only

in jumps [Naj72, page 478] and its points of growth s, are the singular
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values of the operator A. Thus, we get

Tr(A) =) mys,, (A.9)
neN
where m,, is the corresponding jump of the function 7(F)).

Now, we are ready to ‘measure the speed of decay’ of the operator A.

Definition A.6 (Generalised ¢-th singular numbers). For an operator

A € Meas(M), define the distribution function dy(A) by
440N = 7(Eo i (), A 20, (A.10)

where E() ;o0)(]A]) is the spectral projection of |A| corresponding to the
interval (A, +o00). For any ¢ > 0, we define the generalised t-th singular

numbers by

p(A) = inf{\ > 0: da(N) < t1. (A.11)

Example A.2. For the operator M, in Example [A.T] from Defintion
we can show its generalised t-th singular numbers to be

where ¢*(t) is the classical function rearrangement (see e.g. [BS88]).

Here we formulate some properties of u; that we use in the proof of

Theorem B.11

Lemma A.2 ([TK86, Lemma 2.5, p. 275]). Let A, B € Meas(M).
Then the following properties hold true.

1. The map (0,+00) > t + p(A) is non-increasing and continuous

from the right. Moreover,

lin s (A) = [|A]| € [0, +o00]. (A.12)

114



pe(A) = p(A”). (A.13)

fi+s(AB) < pe(A)ps(B). (A.14)

w(ACB) < [|A|IIB||pe(C),  for any C' € Meas(M).  (A.15)

5. For any continuous increasing function f on [0, +0c) we have

pe(fF([AD) = f (I A])- (A.16)

In Lemma [A.2] we formulate only the properties we use, whereas in
[TK86, Lemma 2.5, p. 275] the reader can find more details. For the
sake of the exposition clarity we now formulate some properties of the

distribution function d4 which we will be using in the proofs.

Proposition A.1. Let A € Meas(M). Then we have

da(pu(A)) < t; (A17)
ue(A) > s if and only if ¢ < da(s); (A.18)
supt®us(A) = sup s[da(s)]® for 0 < a < oco. (A.19)
t>0 s>0

The proof of this proposition is almost verbatim to the proof of [Gra(8,
Proposition 1.4.5 on page 46]. The word ‘almost’ stands for the right-
continuity of the non-commutative distribution function d4(s) which is
discussed after [TK86, Definition 1.3 on page 272]. Therefore, in the
following proof we shall use the right-continuity of da(s) without any

justification.

Proof of Proposition[A.1. Let s, € {s > 0: da(s) < t} be such that
Sn \¢ pe(A). Then da(s,) < t and the right-continuity of d4 implies
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that da(ue(A)) < t. This proves (A.17). Now, we apply this property
to derive (A.18). If s < ui(A) = inf{s > 0: da(s) < t}, then s does
not belong to the set {s > 0: da(s) <t} = da(s) > t. Conversely,
if for some ¢ and s, we had p;(A) < s, then the application of d4 and
property would yield the contradiciton da(s) < da(u(A)) < t.
Property is established. Finally, we show . Given s > 0,
pick € satisfying 0 < ¢ < s. Property yields ftq,(s)-<(A) > s which
implies that

sup 1°41(A) > (da(s) = ) Hay(o-o(A) > (dals) = )s.  (A.20)

t>0

We first let ¢ — 0 and then take the supremum over all s > 0 to obtain
one direction. Conversely, given ¢t > 0, pick 0 < ¢ < pa(t). Property
(A.18)) yields that da(pa(t)—e) > t. This implies that sup,., s(da(s))* >
(a(t) —e)(da(pa(t) —e))® > (na(t) —e)t*. We first let £ — 0 and then
take the supremum over all ¢ > 0 to obtain the opposite direction of

(A.19). O

As a noncommutative extension [H.K81] of the classical Lorentz spaces,
we define Lorentz spaces LP7(M) associated with a semifinite von Neu-

mann algebra M as follows:

Definition A.7 (Noncommutative Lorentz spaces). For 1 < p < oo,
1 < ¢ < o0, denote by LP?(M) the set of all operators A € Aff(M)

satisfying

Q=

—+00

1 ¢ dt
[Al Lraay == /(tput(A)> — | <+oo (A.21)
0

For ¢ = 0o, we define LP*°(M) as the space of all operators A € Aff(M)

satisfying

1 Allzroe (aay = sup o g (A). (A.22)
>
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With this, for 1 < p < oo, we can also define LP-spaces on M by

+0oo %
IAllscan = WAllsan = | [ Ay a
0

The classical Lorentz spaces LP9(X, i) correspond to the case of com-
mutative von Neumann algebra. Modulus technical details [Dix81) p.
132, Theorem 1], an arbitrary abelian von Neumann algebra in a Hilbert
space H is isometrically isomorphic to the algebra {M,}, cre(x ) from
Example [A.1] Then noncommutative Lorentz spaces coincide with the

classical ones:

Example A.3 (Classical Lorentz spaces). Let M be the abelian alge-
bra {M,} from Example[A.T|consisting of all the multiplication operators
My: L*(X, 1) 3 f+— Myf = of € L*(X, ). By Example[A.2] we have

Thus, the Lorentz space LP?(M) consists of all operators M, such that
T dt
[t < o0,
0

which gives the classical Lorentz space.

A.1.1 The reduction theory

The reduction theory is way of 'breaking down’ von Neumann algebras
into a direct integrals (a generalisation of direct sums) of von Neumann
algebras. The center C of a von Neumann algebra M is the intersection

of M and its commutant M', i.c.

C=MnM.
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A factor is a von Neumann algebra M whose center C only contains the

scalar operators, i.e.

C =\l

Murray and von Neumann classified factors into three types [MVN36,
vN40]. Major achievements have been further made by [Pow67] and
[Con76]. We shall not go into details here but refer to [Sun87] for a
brief and concise introduction to the classification of factors. Let us just
mention that von Neumann algebras have found many applications in
the diverse range of fields: knot theory, statistical mechanics, quantum

field theory, free probability.
Let X be a Borel space, v a positive measure on X.

A measurable field of Hilbert spaces is a function A — H*, where each
H* is a Hilbert space, together with a set S of functions A — z(\) € H?

that are said to be measurable and that satisfy

e the function A — (z(\),y(\))y» is measurable for all z,y € S and

e if v is a vector field and the function A — (z(X), v(\) is measurable

for each x € S, then v € S.

and let A — H, be a measurable field of Hilbert spaces ‘H,. For every A €
X, let Ay be an element of B(H,), i.e. a linear bounded operator on H,.
The mapping A — A, is called a field of bounded linear operators over
X. A field A — A, of bounded operators is said to be measurable if for
every measurable vector field z()) the field A — A(X\)z()) is measurable.
We refer to [Dix81), II.1.1-II.1.5] for more details. Measurable fields of
operators associated to group von Neumann algebras have been discussed

in detail in [FR16, Appendix B].

Definition A.8. A measurable field {A)} cx is said to be essentially
bounded if the essential supremum of the function A — [|A\|p@x,) is
finite. A linear operator A: @ [ H\ — @ [ H., is said to be decompos-

able if it is defined as an essentially bounded measurable field { Ay} ex-
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We then write
A= @/Akdu(/\),
where Af(A) = Ayz()).

For every A € X, let M, be a von Neumann algebra in H,. The mapping

A M?* is called a field of von Neumann algebras over X.

Definition A.9. A von Neumann algebra M C B(H) is said to be
decomposable if it is defined by a measurable field A — M?* of von

Neumann algebras. We then write
M= EB/M’\dV()\),

The importance of abelian subalgebras is motivated by the following

Theorem A.2 ([vN49, Theorem 7, p. 460]). Let M be a semi-finite
von Neumann algebra. Then M = @ [ M dv()), where each M, is a
X

factor.

Here X is the measure space assigned to the center C = M N M'. The
following example is a brief summary of [Dix77, Chapter 18, Part IIJ.

Example A.4 ([Dix77, I11.18]). Let G be a locally compact unimodular
group and VNg(G) its right group von Neumann algebra. Now, we apply
Theorem with M = VNg(G) and C = VNg(G) N (VNgR(G))". The
unitary dual G of G can be endowed with the Mackey-Borel structure
in a canonical way [Dix77, I1.18.5.3]. There exists a standard measure
pon X = G and a measurable field {H"},ca of Hilbert spaces and a

measurable field of factor von Neumann algebras VN7 such that
VNR(G) = D / VN (G)dv (), (A.23)
a

where VN7L(G) acts in H™
For more details we refer to [Dix77] or [Foll6al, Theorem 7.37, p. 227].

We recall the basic result on central decomposition of traces of von Neu-
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mann algebras.

Theorem A.3 ( [Dix81, Theorem I1.5.2] ). Let M = @ M, dv()\)
be a semifinite decomposable von Neumann algebra. Suppose that v is

standard. Then we have

1. The M,’s are semifinite almost everywhere.

2. Let 7 be a semifinite faithful normal trace on M . Then there
exists a measurable field A — 7, of semifinite faithful normal traces

on the (M,),’s such that

T = /T)\dl/()\). (A.24)

A.2 Marcinkiewicz interpolation theorem

In this section we formulate the Marcinkiewicz interpolation theorem
on arbitrary o-finite measure spaces. Then we show how to use this
theorem for linear mappings between C*°(G) and the space ¥ of finite
matrices on the discrete unitary dual G or on the discrete set CA?O of class

I representations with different measures on G and @0.

This approach will be instrumental in the proof of the Hardy-Littlewood
Theorem [5.2] and of the Paley inequality in Theorem [5.3]

We now formulate the Marcinkiewicz theorem for linear mappings be-

tween functions on arbitrary o-finite measure spaces (X, px) and (I', vr).

Let PC(X) denote the space of step functions on (X, ux). We say that
a linear operator A is of strong type (p, q), if for every f € LP(X, ux) N
PC(X), we have Af € LI, vr) and

IAf | zaor) < Cllfllzexux)s
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where C'is independent of f, and the space ¢4(T", vr) defined by the norm

llacany i= | [ 1P | (229

The least C' for which this is satisfied is taken to be the strong (p, ¢)-norm
of the operator A.

Denote the distribution functions of f and h by pux(z; f) and vr(y; h),

respectively, i.e.

px (x5 f) = / du(t), x>0,
NGO
vr(y; h) = / dv(m), y>0. (A.26)

wel
|h(m)| 2y

Then

+oo

T / FOP dut) = p / (s ) do,
X 0

+oo
I / () 7w (m) = g / Y v (y: h) dy.

el 0

A linear operator A: PC(X) — LT, vr) satisfying

M q
vr(y; Af) < (gllfllm)c,ux)) , for any y > 0. (A.27)

is said to be of weak type (p,q); the least value of M in (A.27)) is called
the weak (p,q) norm of A.

Every operation of strong type (p, q) is also of weak type (p, q), since

1
y ey Af) e < Afllewy < MIFllzr o)

Theorem A.4. Let 1 < p; < p < ps < oco. Suppose that a linear
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operator A from PC(X) to LT, vr) is simultaneously of weak types
(p1,p1) and (p2, p2), with norms M; and Ms, respectively, i.e.

M- p1
vr(y; Af) < <7l||f||Lp1(X7MX)> ;
M2 p2
vr(y; Af) < (THfHLpQ(X,uXJ hold for any y > 0.
Then for any p € (p1,p2) the operator A is of strong type (p,p) and we

have

IAf oy S ML OMI|| fllrexpy), 0<6<1,
where

1 1-6 0

p b1 b2

The proof is given in e.g. Folland [Fol99]. Now, we adapt this theorem

to the setting of matrix-valued mappings.

Suppose I is a discrete set. Integral over I is defined as sum over T, i.e.
/ vr(m) ==Y v(m). (A.28)

In this case, to define a measure on I' means to define a real-valued

positive sequence v = {v, }rer, i.€.
I'sm—rv, e Ry,

We turn I into a o-finite measure space by introducing a measure

vr(Q) = Z Uy,

where () is arbitrary subset of I'.
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We consider two sequences § = {0, }rer and & = {ky }rer, 1.6

I'>7m— 0, €N,

I'sn— k, €N

We denote by ¥ the space of matrix-valued sequences on I' that will be

realised via

S = {h = {h(7)}rer, h(r) € C7°r} .

The /P spaces on X can be defined, for example, motivated by the Fourier

analysis on compact homogeneous spaces, in the form

Bllerr,sy = (Z (%) l/ﬂ> ’ ., hex.

el

If we put X = G, where G is a compact Lie group and let I' = @, then
Fourier transform can be regarded as an operator mapping a function
f € LP(G) to the matrix-valued sequence 7= {f(w)}ﬂea of the Fourier
coefficients, with ¢, = K, = d,. For I' = CA}O we put 0, = d, and Kk, = ki,
these spaces thus coincide with the ¢7(Gy) spaces introduced in [RTT0].
In Section , choosing different measures {v }rer on the unitary dual G
or on the set (/;’\0, we use this to prove the Paley inequality and Hausdorft-

Young-Paley inequalitites. Let us denote by |h| the sequence consisting

[llear,sy = 1P/l apr)-

of {110} s e

Then, we have

Thus, we obtain

Theorem A.5. Let 1 < p; < p < ps < oco. Suppose that a linear

operator A from PC(X) to ¥ is simultaneously of weak types (pi,p1)
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and (pg, p2), with norms M; and My, respectively, i.e.

A

M, p1
i af) < (2l ) (A.20)
M2 p2
vr(y; Af) < 7||f||Lp2(X) hold for any y > 0. (A.30)
Then for any p € (p;,p2) the operator A is of strong type (p,p) and we

have

IAfllerrsy < MITOMI|| fllecx), 0<6 <1, (A.31)
where

1 1-6 4

p 4! b2

A version of Marcinkiewicz theorem in the form with general (possibly
noncommutative) Lorentz norms can be found in [DDdP92, Theorem

4.1].
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