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Abstract

We will study the normal subgroup structures of the automorphism groups of
some homogeneous structures in this thesis. In particular, we prove the sim-
plicity of the automorphism groups of the following homogeneous structures:

(i) all of the symmetric ‘semi-free’ homogeneous structures described by
Cherlin in the appendix of [Che98],

(ii) some of the asymmetric ‘semi-free’ homogeneous structures in the ap-

pendix of |Che98|,

(iii) the linear order expansions of non-trivial free homogeneous structures,
and

(iv) the universal n-linear order for n > 2.

The methods used generalise techniques developed in a sequence of papers
by Macpherson and Tent [MT11] and Tent and Ziegler [TZ13a], [TZ13b]. A
key notion in these methods is that of a stationary independence relation on
finite substructures of a homogeneous structure M defined in [TZ13a]. This
generalised the idea of substructures of M being freely amalgamated over
their intersection if M is free, used in [MT11].

A stationary independence relation is symmetric. We can apply Tent and
Ziegler’s method in [TZ13a] directly to the symmetric semi-free homogeneous
structures in (i). But we cannot do so to the structures in (ii)-(iv) as they
are asymmetric. One of the main contributions of our work is to drop the
symmetry requirement, giving us the notion of a stationary weak independence
relation. We then show how this can be used to prove the simplicity of the
automorphism groups of the structures in (ii)-(iv) following a similar method
of [MT11] and [TZ13a].
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Chapter 1

Introduction

Given a relational first-order language £, a countable L-structure M is ho-
mogeneous if every partial isomorphism between finite substructures of M
extends to an automorphism of M. According to [Chel9|, this notion first
appeared in the work of Urysohn [Ury25|. Fraissé [Fra53| provided a one-to-
one correspondence between such structures and amalgamation classes (see
Definition [2.2.2)), which is referred to as Fraissé’s theorem (stated in Theorem
. We call the homogeneous structure the Fraissé limit of the corre-
sponding amalgamation class. Most of the time, we employ Fraissé’s theorem
to construct a homogeneous structure. For example, the random graph is the
Fraissé limit of the class of all finite graphs and the dense linear order (Q, <)
is the Fraissé limit of the class of all finite linear orders. The Urysohn space
is the completion of the Fraissé limit of the class of all finite Q-valued metric
spaces. The class of all finite graphs forms a special type of amalgamation
classes, called a free amalgamation class (see Definition [2.2.7). Its Fraissé

limit is called a free homogeneous structure.

The study of homogeneous structures is an area of great importance due to
its connection to different areas in Mathematics. According to Macpherson
[Macl1], “homogeneous structures provide a meeting-point of ideas from com-
binatorics, model theory, permutation group theory, and descriptive set theory,
and connections to theoretical computer science and to universal algebra are

beginning to emerge”.

One major area of research is the study of automorphism groups of homoge-
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neous structures. Homogeneous structures provide a rich source of examples
of infinite permutation groups, which have nice group-theoretic properties.
Many studies were conducted to study the normal subgroup structure of the
automorphism groups of homogeneous structures. Truss [Tru85| proved that
the automorphism group of the random graph is simple. The same statement
was proved for the random poset in [GMR93| and the generic k-uniform hy-
pergraphs in [Lov06]. Macpherson and Tent proved the same statement for

free homogeneous structures in [MT11], stated in the following.

Theorem 1.0.1. ([MT11)]) Let M be a countable free homogeneous relational
structure. Suppose Aut(M) #Sym(M) and Aut(M) is transitive on M. Then
Aut(M) is simple.

The theorem was proved by defining a ternary relation on finite substructures
of a free homogeneous structure, which is motivated by non-forking in stability

theory, and then using ideas from Lascar [Las92].

In [TZ13a], Tent and Ziegler axiomatised this ternary relation as a stationary
independence relation (SIR, see Definition . This notion can be applied
not only to free homogeneous structures but also to other structures includ-
ing the Urysohn space and the bounded Urysohn space. Tent and Ziegler
also generalised the arguments in [MT11] so that they work for homogeneous
structures admitting a SIR. Their main result is stated in the following. The

theorem uses the notion of a moving almost mazimally automorphism (see

Definition [4.0.1)).

Theorem 4.0.2, ([TZ13a], 5.4) Suppose that M is a countable homogeneous
structure with a SIR. If g € Aut(M) moves almost mazimally, then any ele-
ment of Aut(M) is the product of sixzteen conjugates of g.

It was also shown in [TZ13a] that for a non-trivial transitive free homogeneous
structure M and any non-trivial automorphism g €Aut(M), we can find a
product of conjugates of g and ¢! that moves almost maximally and thus,
we can derive the simplicity of Aut(M). Tent and Ziegler also applied their
theorem to the Urysohn space in [TZ13a] as well as the bounded Urysohn

space in |TZ13b| using a similar approach.

Another major area of research is on classification of homogeneous struc-

tures. Henson [Hen71|, and Peretyat’kin [Per73|] independently, showed the
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existence of 2% countable homogeneous directed graphs. In [LWS80|, Lach-
lan and Woodrow classified all countable homogeneous undirected graphs.
Lachlan [Lac84] continued the work and classified all countable homogeneous
tournaments. He also generalised his result to characterise countable homo-
geneous 2-tournaments. In [Che98|, Cherlin provided the classification of all
countable homogeneous directed graphs based on Lachlan’s technique. He also
produced a new proof of Lachlan and Woodrow’s classification of homogeneous
undirected graphs. In the appendix of |[Che98|, Cherlin proposed a generali-
sation of free homogeneous binary structures, called a semi-free homogeneous
structure (see Definition [2.3.2). Cherlin provided 1 example for £ consisting
of three symmetric binary relations, 27 examples for £ consisting of four sym-
metric binary relations and 12 examples for £ consisting of two asymmetric
binary relations. These structures were later referred to as 3-multi-graphs, 4-
multi-graphs and 2-multi-tournaments respectively in [Chel9], which we will
also use to refer to these structures in this thesis. In [Chel9|, Cherlin also
considered the classification of metrically homogeneous graphs, which are con-
nected graphs such that the associated metric space is homogeneous. It was
noted in |Chell| that some 4-multi-graphs listed in [Che98] can be interpreted

as metrically homogeneous graphs.

Since Tent and Ziegler’s theorem can be applied to all free homogeneous struc-
tures, we ask the question whether it can be applied to Cherlin’s semi-free ho-
mogeneous structures. In order to apply the theorem, we need to first find a
SIR on these structures. We can immediately see that we cannot find a SIR
on 2-multi-tournaments because the asymmetric relations in their language
do not satisfy the Symmetry axiom of a SIR. This problem motivated the
main result of this thesis: we will generalise the notion of SIR to a stationary
weak independence relation (SWIR, see Definition [B.1.1]), which omits the
Symmetry axiom, in Section 3.1 and we then generalise Tent and Ziegler’s
theorem to homogeneous structures admitting a SWIR, as stated in the fol-
lowing, in Chapter 4. Note that in order to generalise the theorem, we need to
generalise the notion of a moving almost maximally automorphism to an au-

tomorphism that moves almost R-mazimally and moves almost L-mazximally

(see Definition [4.0.3]).

Theorem [4.0.4% Suppose M is a countable homogeneous structure with a
SWIR and g € Aut(M) is such that g and g—* move both almost R-mazimally
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and almost L-mazximally. Then any element of Aut(M) can be written as a

product of eight conjugates of g.

We can then attempt to answer the question whether we can find a SWIR on
Cherlin’s semi-free homogeneous structures. We will show in Section [3.2] that
in order to find a SWIR on semi-free homogeneous structures, it is helpful
to define an ‘order’ on their language (see Definition . Then we can
find a SWIR on some semi-free homogeneous structures if they satisfy some
conditions (namely Condition |If and Condition . We then apply the above
theorem to these semi-free homogeneous structures and show the simplicity
of their automorphism groups in Section 5.1. Specifically, these semi-free
homogeneous structures include most structures provided by Cherlin in the
appendix of [Che98| as well as some other semi-free structures and thus, we

have the following theorem in Section 5.1.
Theorem [5.1.3] Let M be one of the following structures:
(1) all 3-multi-graphs and 4-multi-graphs listed in the appendiz of |[Che98]
(11) #8 to #10 of the 2-multi-tournaments listed in the appendiz of [Che9§].
Then, M admits a SWIR and Aut(M) is simple.

We will also show, in Section 3.3, that we can find a SWIR on some linearly
ordered homogeneous structures, including linearly ordered free homogeneous
structures and the universal n-linear order. We then apply the Theorem

to prove the following in Section 5.2.

Theorem [5.2.2] Let M be one of the following structures:
(i) the linear order expansion of a non-trivial free homogeneous structure,
(i1) the universal n-linear order, n > 2.

Then, M admits a SWIR and Aut(M) is simple.

Note that part (i) of the above theorem was proved independently by Calderoni,
Kwiatkowska and Tent in |[CKT19] also by generalising Tent and Ziegler’s
method [TZ13a] but in a slightly different way.

Alongside the work presented in this thesis, the author together with Evans,
Hubicka and Konecny applied Tent and Ziegler’s method from [TZ13b| to

some generalised metric spaces in [EHKL19|. This result has some overlapping
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part with the result in Section as some of Cherlin’s 4-multi-graphs can be

interpreted as metrically homogeneous graphs.



Chapter 2

Background

2.1 Model Theory

Throughout this thesis, we fix £ to be a first-order binary relational language.
It is specified by a set of relation symbols {R; : i € I}, where each R; is
binary. For example, the language of graphs consists of a binary relation,

which identifies the pairs of vertices that are connected by an edge.

An L-structure A is a set A together with a subset R#* C A2 for each i € I
representing the structure on A. For example, if A is a graph, then R consists
of all pairs of vertices that are connected by an edge. Note that we use the
same notation A to represent the L-structure and its underlying set. An L-
structure B is a substructure of A if B C A and RN B? = RP for each i € I.
If A is a graph, then a substructure of A is an induced subgraph.

For notions introduced in this section and more definitions such as L£-formulas,

L-structures, L-theories, we refer the readers to [Mar02].
Definition 2.1.1. Let A be an L-structure and a € A" be a n-tuple.

(i) The n-type of a, denoted by tp(a), is the set of all L-formulas ¢(z) that

a satisfies in A.

(ii) Let B be a substructure of A. Then the (complete) n-type of a over B,
denoted by tp(a/B), is the set of all L-formulas ¢(,b) that a satisfies

with some parameters b € B™.

(iii) We can also define a n-type p over B to be a set of consistent £-formulas

14
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¢(z,b) where z is an n-tuple and b € B™ for some m.

(iv) Let p be an n-type over some finite set B. If a satisfies all £-formulas in

p then we say a is a realisation of type p or a realises p.

Definition 2.1.2. For a homogeneous structure M, we say M has trivial
algebraic closure if for any 1-type over some finite set B C M, it either has

infinitely many realisations or one realisation that belongs to B.

Note that we will only consider homogeneous structures that have trivial al-

gebraic closures in this thesis.

2.2 Homogeneous structures and Fraissé’s The-

orem

Notions and theorems mentioned in this section and more about homogeneous

structures can be found in [Macll].

Definition 2.2.1. Let £ be a relational language £ and M be a countable
L-structure. Let A, B be finite substructures of M.

(i) We say f: A — B is a partial isomorphism of M if it is an isomomor-

phism between A and B.

(ii) We say M is homogeneous if every partial isomorphism of M extends

to an automorphism of M.

Throughout this thesis, M always denotes a countable homogeneous relational
structure. Fraissé’s Theorem [Frab3| provides one way of constructing homo-
geneous structures by establishing a one-to-one correspondence between such

structures and amalgamation classes, defined as follows.

Definition 2.2.2. A class C of finite L-structures is an amalgamation class if

it satisfies the following conditions:

(i) (Isomorphism property, IP) it is closed under isomorphism and there are

countably many isomorphism types.

(ii) (Hereditary property, HP) if A € C and B is a substructure of A, then
BeC.
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(iii) (Joint embedding property, JEP) if A, B € C, then there exist C' € C
and embeddings f1 : A — C, f,: B — C.

(iv) (Amalgamation property, AP) if A,B,C €Cand f;: B— A, fo: B—
C are embeddings, then there exist D € C and embeddings ¢; : A —
D, gy : C — D such that g, f1 = g2 fs.

In addition, we say C is a strong amalgamation class if in AP, we also require
91f1(B) = g2f2(B) = g1(A) N g2(C).

Remark 2.2.3. (i) In JEP and AP, we can take the embeddings to be
inclusion maps. Hence, when we have an amalgamation class C and say
that B is a substructure of A, C' for A, B,C € C, the precise meaning is
that there are embeddings from B to A, C.

(ii) Since L is relational, it is enough to check all A, B,C' € C such that
|A\ B| = |C\ B| =1 in verifying AP. In such case, we can write A,C
as aB, c¢B respectively where a € A\ B,c € C'\ B.

(iii) Note that all amalgamation classes we consider in this thesis are strong.
If an amalgamation class is strong, than its Fraissé limit has trivial alge-
braic closure. Hence, all homogeneous structures we study in this thesis

have trivial algebraic closure.

Definition 2.2.4. Let M be an L-structure. The age of M, denoted by
Age(M), is the class of all L-structures isomorphic to some finite substructure

of M.

Theorem 2.2.5. (Fraissé’s Theorem) A class C of finite L-structures is an
amalgamation class if and only if C =Age(M) for some countable homogeneous
structure M. In this case, M is determined by C up to isomorphism. We
call M the Fraissé limit of C. Moreover, in this case, M has the Extension
Property, i.e. for any finite substructure A C M and B € C such that there
is an embedding f : A — B, there exists an embedding g : B — M such that
g(f(a)) =a for alla € A.

A sketch proof of the theorem can be found in |[Eval3].

Example 2.2.6. (i) Let £ be the language of graphs, i.e. L consists of a
single binary relation, which identifies edges. Let C be the class of all
finite graphs.
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We can check that C forms an amalgamation class. To check AP, let
A, B,C € C be such that B is an induced subgraph of A,C. We can
define D := AUC, where ANC = B and for any a € A\ B,c€ C\ B,
(a,c) is not connected by an edge. Then, we can see that D is also a
graph, i.e. D € C and it contains A, C' as subgraphs with AN C = B.
Then, C has AP and also JEP if we let B = () in the above argument. IP
and HP are straightforward to see. Hence, C is a strong amalgamation

class. Its Fraissé limit is the Random Graph.

In the above, C also forms a special amalgamation class, called a free

amalgamation class, defined as follows.

Definition 2.2.7. Given finite L-structures A, B, C' where B C A, C, the free
amalgam of A,C" over B is the L-structure D on the disjoint union of A,C
over B such that for each relation R € £, RP = R4 U R®. An amalgamation
class C is free if it is closed under taking free amalgams, i.e. for A, B,C € C
where B C A, C, the free amalgam of A,C over B is also in C. Note that
by the disjoint union of A,C over B, we mean that D = AUC,B=ANC.
This guarantees that a free amalgamation class is strong. We say that a
homogeneous structure is free if it is the Fraissé limit of a free amalgamation

class.

Other examples of free homogeneous structures include the generic K,-free
graph, which is the Fraissé limit of the class of all finite K, -free graphs. We
will look at a generalisation of a free amalgamation class, namely a semi-free

amalgamation class, in section

Example [2.2.6. (Continued)

(ii) Let L be the language of linear orders, i.e. L consists of a single binary
relation, which specifies the order of two elements. Let C be the class of

all finite linear orders.

We can check that C forms an amalgamation class. To verify AP, let
A, B,C € C be such that B C A,C. We can find define D := AU C,
where ANC = B. We want to define a linear order on D extending the
orders on A,C: for any a € A\ B,c € C\ B, let a < c if there exists
b€ B such thata < bin A andb < c in C and let a > ¢ otherwise. Then
it 1s fairly easy to see that D is a linear order, i.e. D € C, and thus, C
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satisfies AP. Similarly, we can verify JEP if we let B = () in the above
argument. IP and HP are straightforward to see. Hence, C is a strong

amalgamation class. Its Fraissé limit is the dense linear order (Q, <).

(111) Let L = {R,|lq € Q} be the language of rational-valued metric spaces,
where each R, is a binary relation that specifies which two elements have
distance g € Q. Note that this is an infinite language. Let C be the class

of all finite Q-valued metric spaces.

We can check that C forms an amalgamation class. To verify AP, for
(A,da), (B,dp),(C,dc) € C such that (B,dg) is a subspace of (A, da),

(C,dc), we want to find a finite Q-valued metric space (D,dp) such
that (A,da), (C,de) can be embedded into (D,dp) over (B,dg). Let
D := AUC, where ANC = B. Letdp(a,ad’) = da(a,ad’) for any a,a’ € A
and dp(c,d) = dc(c,d) for any ¢, € C. Fora € A\ B,c € C\ B,
let dp(a,c) = mingeg{da(a,b) + dc(b,c)}. We can check that (D,dp) is
a Q-valued metric space, i.e. (D,dp) € C. Hence, C satisfies AP. Note
that in the above argument, B has to be non-empty as otherwise we would
not be able to define the distance between a,c. Hence, we cannot let B
be the empty set here to verify JEP as we did in the previous examples.

Instead, we let B consist of one element and then we can be embed it

into A, C and verify JEP.

IP and HP are straightforward to see. Hence, C is a strong amalgamation
class. Then its Fraissé limit is called the rational Urysohn space and the

completion of the rational Urysohn space is called the Urysohn space.

Alongside Fraissé’s Theorem, we can sometimes prove a structure is homo-
geneous by using a method called the back-and-forth method. This method
will be used throughout the later chapters, so we demonstrate the method for
(Q, <) here as an example. The same method can also be used to prove the

homogeneity of the Random Graph.

Proposition 2.2.8. The dense linear order (Q, <) is homogeneous.

Proof. Let g: A — B be a partial isomorphism of (Q, <). Let z € Q\ A. We
show that we can extend ¢ to ¢’ such that z is in the domain and image of §'.

List all elements in A as ay, as, ..., a,, where a; < as < ... < a,. Then we have

glay) < glas) < ... < glay).
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If a; < 2z < a;y1 for some 7, since QQ is dense, we can find y € Q such that
g(a;) <y < g(aj1). Similarly, if z > a,, we can find y > g(a,). If 2 < ay, we
can find y < g(ay). Extend § by sending z to y. This is the forth direction.

For the back direction, we may assume z ¢ B. By the same argument, if
g(a;) < z < g(a;41) for some i, we can find x € Q such that a; < = < a;41.
Similarly, if z > g(a,), we can find > a,. If z < g(ay), we can find z < a;.
Extend ¢ by sending x to z. Let A" := AU {x,z} and B’ := BU {z,y}. Let
¢’ be an isomorphism from A’ to B’ such that §'(a) = g(a) for all a € A and
G (2) =vy,9'(z) = z. Then ¢ is a partial isomorphism of Q.

Hence, we can enumerate all elements of Q\ A as 21, 22, ... and follow the same
process for each z;. Let g be the resulting homomorphism over all 7. Then g
is an automorphism of (Q, <) as it is bijective by construction. Hence, (Q, <)

is homogeneous. O]

2.3 Semi-free amalgamation classes

In the appendix of [Che98|, Cherlin introduced the idea of amalgamation
classes of binary structures defined exclusively by constraints on triangles,

which we can define as the following.

Definition 2.3.1. Let £ be a binary relational language. We say an L-
structure A is complete if every two distinct elements a,b € A are related by
exactly one relation of £. We denote this relation by r(a,b). An L-structure is
a triangle if it is a complete L-structure on three distinct elements. Let S be
a set of triangles. We define Forb.(S) to be the set of all complete structures
that do not embed any triangle from S. We call S' the set of forbidden triangles
of Forb.(S).

We can think of the structures in Forb.(S) as complete edge-coloured graphs
or digraphs that do not embed some coloured triangles by taking the elements

of the structures as vertices and the relations as colours.

According to Cherlin, if S is one of the sets of forbidden triangles listed
in the appendix of [Che9§|, then any amalgamation of A,C over B where
A,B,C € Forb.(S) and B C A,C can be completed by a proper subset of

its language. We will give some examples of such amalgamation in Example
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2.3.4] Cherlin stated that this generalises the notion of free amalgamation
classes since for a free amalgamation class, we can add a relation R, which
represents no-relation between elements, to its language and then, any amal-
gamation can be completed by {R} in a free amalgamation class. Cherlin
called this generalisation semi-free amalgamation classes, which we formally

define as the following:

Definition 2.3.2. Let £ be a relational language consisting only of binary
relations. Let C be a strong amalgamation class of finite complete L-structures.
We say C is a semi-free amalgamation class if there exists £ C L such that
for any finite structures A, B,C' € C and embeddings f, : B — A, fo: B — C,
there exist D € C and embeddings ¢, : A — D,g, : C — D such that
91f1(B) = g2f2(B) = g1(A) N g2(C) and for any a € g1(A) \ g1/1(B),c €
g2(C) \ g2f2(B), if a, c are related by some R € L, then R € L'. We call £’

the set of solutions of C.

In the form of forbidden triangles, Cherlin provided 1 example of semi-free
amalgamation classes for £ consisting of three symmetric relations, 27 ex-
amples for £ consisting of four symmetric relations and 12 examples for £
consisting of two asymmetric relations. It can be checked that if S is one of
the sets of forbidden triangles listed by Cherlin, then Forb.(S) forms a semi-
free amalgamation class. Hence, we can take its Fraissé limit and denote it
by M. We will refer to them as 3-multi-graphs, 4-multi-graphs and 2-multi-
tournaments as Cherlin later did in [Chel9]. We provide these examples below
in Figure 2.1l Each entry in the list is a set of forbidden triangles. Cherlin
claimed that the list is complete if we exclude free amalgamation classes and
those with a non-trivial equivalence relation on the vertices, where the latter

means that there exists a proper subset L C L such that for any a, b, c € Mg,
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if r(a,b),x(b,c) € L, then r(a,¢) € £ and if r(a,b) € L, then r(b,a) € L. Note
that for the 12 asymmetric examples given by Cherlin, one of them is finite
and six of them have a definable partial order, which are not of interest here,

so we omit them in the list.

To avoid any confusion in the notation, we change some of the letters used in

Cherlin’s original list:

3-multi-graph: £ ={R,G, X}

#1 RXX GGX XXX
4-multi-graph: £ ={R,G,X,Y}

#1 RXX GYX YXX

#2 RXX GYX YXX XXX

#3 RXX GYX YXX YYX

#4 RXX GYX YXX YYY

#5 RXX GYX YXX YYX XXX
#6 RXX GYX YXX XXX YYY
#7 RXX GYX YXX YYX YYY
#8 RXX GYX YXX YYX YYY XXX
#9 RXX GYX YYX XXX

#10 RXX GYX YYX XXX YYY

#11 RXX GGX YXX XXX

#12 RXX GGX YXX XXX YYX

#13 RXX GGX YXX XXX YYY

#14 RXX GGX YXX YYX XXX YYY
#15 RXX GYX GGX YXX XXX

#16 RXX GYX GGX YXX XXX YYX
#17 RXX GYX GGX YXX XXX YYY
#18 RXX GYX GGX YXX YYX XXX YYY
#19 RXX GYX GGX YYX XXX

#20 RXX GYX GGX YYX XXX YYY
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#21 RXX RYY GYX YYX XXX

#22 RXX RYY GYX YYX YXX

#23 RXX RYY GYX YYX YXX XXX

#24 RXX RYY GYX YXX XXX YYY

#25 RXX RYY GYX YXX YYX XXX YYY

#26 RRX RXX RYY GYX GXX YYX XXX

#27 RRY RRX GYX GXX GYY YYX YXX XXX YYY
2-multi-tournament: £ = {R*, G*}

#8GTG-GT RTG~ Gt

#9G"GTGT RTG-Gt

#10 GTGTGY GYG~GT RTG~G™

#11 RYTR™RT GTGTGY GTG~G" GtRTRT GTR™ R~

#12 R"R"RT GTG*G* R*TG"GT G'R*R" GTR"R™ G'R'R~

Figure 2.1: Cherlin’s list

For the asymmetric examples, note that each pair of vertices has exactly one
direction, i.e. for all a,b € Mg, R"(a,b) if and only if R™(b,a). We set
R*(a,b) if there is a directed R-edge from a to b. By a triangle abc with
relation R Ry R, we mean R (a,b)R] (a,c)R3 (b, c). So we can interpret the

lists as the following graphs:

L= {R* G*)
48 GHG-GT RYG-Gt

b b
a ¢ ca G ¢
#9G"GTGT RTG-GT

#10 GTGTGT G*G-G* RTG~G™*
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%\ 7 X /4 X
G G G
#11 RtR~RT* GTGTGT GTG—GT* GTRTRt GTR R~
/\ /4 X 7 X /4 \ JA
R G G R R
#12 RtRRT* GTGTGT RTG—GT GtTRTRt* GTR R~ GtRT™R~
/\ /4 X /4 \ /4 \ JA A
R G R R R R

We first look at the symmetric structures listed in Figure 2.1} The following

proposition can be checked by quick computation. We give an example of such

check in the next example. Note that the notation aB denotes a structure of
Forb.(S) that B can be embedded into and |aB \ B| = 1.

Proposition 2.3.3. Let S be one of the sets of forbidden triangles for the
3-multi-graph and 4-multi-graph listed in Figure except # 26. Then any
amalgamation problem in Forb.(S) can be completed by L = {R,G}.

Example 2.3.4. Let S be # 11 of the 4-multi-graphs listed in Figure [2.1}
To check that we may take £ = {R, G}, we want to show that any amalga-
mation problem can be completed by either R or G, i.e. there does not exist
an amalgamation aB,cB € Forb.(S) over some finite substructure B such
that (a,c) cannot be coloured by either R or G. Suppose we have such an
amalgamation. Then there exist by, by € B such that ab;c forbids (a,c) to be
completed by R and absc forbids (a, ¢) to be completed by G. Since the only
forbidden triangles containing R, G are RX X, GGX, we may assume without
loss of generality that r(a,by) = r(b1,¢) = X and r(a,by) = G,r(bs,¢c) = X,
as shown in the graph below. However, we cannot find a colour for bbs
without creating a forbidden triangle: if r(b,by) = G, then bjaby forms a
forbidden triangle GGX and if r(by,by) = R,Y, or X, then bychy forms a
forbidden triangles RX X,Y XX, X X X respectively. This contradicts that
aB,cB € Forb.(S) Therefore, such an amalgamation does not exist. Thus,

we may take £’ = {R, G}. Similarly, we can prove the same statement for the
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other cases.

In [Che98]|, Cherlin stated that we can find a set of solutions £’ consisting of
two relations for all symmetric structures in the list. However, we will show
in the lemma below that, for #26 the only choice we have for £’ is {R, G, Y'}.

Lemma 2.3.5. Let S be #26 of the 4-multi-graphs listed in Figure and
Forb.(S) be the set of all complete L-structures that do not embed any triangle
in S. Then {R,G,Y} is the only possible set of solutions for Forb.(S) to be

a semi-free amalgamation class.

Proof. We show that £’ has to contain G, R,Y by finding amalgamations
where each of them is the only choice. It can be checked using an argument
similar to the previous example that there does not exist an amalgamation
problem aB, ¢B over some finite substructure B such that (a,c) cannot be
coloured by R, G or Y.

In the following amalgamation, (a, ¢) has to be coloured by G as Y'Y forbids it
to be coloured R or X because of the forbidden triangles RYY,YY X and GX
forbids it to be coloured Y because of the forbidden triangle GY X. Hence
Gel.

Similarly, in the following amalgamation, (a,c) € R as XY forbids it to be
coloured G or Y because of the forbidden triangles GY X, YY X and RR for-
bids it to be coloured X because of the forbidden triangle RRX. Hence R € L’
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The following amalgamation implies Y € L’ since XX forbids (a,c) to be
coloured R, G or X because of the forbidden triangles RX X, GX X, XX X.
Hence Y € L'.

Therefore, we have shown that {R,G,Y} C L. ]

We now look at the asymmetric examples in Figure 2.1} Using a similar

argument as in Example [2.3.4] we can show the following:

Proposition 2.3.6. Let S be one of the 2-multi tournaments listed in Figure
. Then any amalgamation problem in Forb.(S) can be completed by L' =
{R*}.

2.4 Automorphism groups of homogeneous struc-

tures

Let M be a countable homogeneous structure and G :=Aut(M). We first fix
some notation and definitions regarding G and then introduce some topological

properties of G that we will use in later chapters.

Let B € M be finite. We denote the pointwise stabiliser of B by Gy and
the setwise stabiliser of B by G(py. Then, since M is homogeneous, the set of
all realisations of an n-type p over B is in fact a G(p)-orbit on some n-tuple
a € M". And a,a’ have the same type over B if and only if they lie in the

same G(py-orbit. Readers can find more information about this in [Macll].
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We also say a type is algebraic if its set of realisations is finite, and non-
algebraic otherwise. In all of our examples, tp(a/B) is algebraic if and only if
a € B.

We now look at some topological properties of Aut(M). For more informa-
tion about the notions and theorems presented below, we refer the reader to

[Kec12]. Note that results stated below work for all countable structures.
Definition 2.4.1. Let X be a topological space.
(i) X is separable if it has a countable dense subset.

(ii) X is completely metrisable if we can define a complete metric on X,

which generates the topology.

(iii) X is Polish if it is a separable and completely metrisable. A topological

group is Polish if it is also a Polish space.

For any non-empty set X, we can define a topology on Sym(X), the symmetric
group of X, by defining the basic open sets to be cosets of pointwise stabilisers
of finite sets. Suppose X is countable. We can identify X with N and define
a metric space on Sym(X) by defining d(g1, g2) = d'(g1, g2) + d'(g;*, g5 ") for
distinct g1, go €Sym(X), where d'(g1, g2) = 1/n and n is the smallest possible
such that g1(n) # g2(n). We can check that this metric space is separable and
complete. Moreover, it gives the required topology. Therefore, Sym(X) is a
Polish group. If M is a structure on X, then Aut(M) is a closed subgroup of
Sym(X) and also a Polish group.

In the proof of our main theorem in Section [4.1], we will use some properties

of Polish groups and Baire spaces, which we introduce in the following.
Definition 2.4.2. Given a topological space X and A a subset of X, we say
(i) A is nowhere dense if the closure of A has empty interior.

(ii) A is meagre if it is a union of countably many nowhere dense subsets of
X.

(iii) A is comeagre if its complement is meagre.
(iv) Ais analytic if X is Polish and A is a continuous image of a Polish space.

(v) X is Buaire if it satisfies one of the following equivalent conditions:
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(a) every non-empty open set in X is not meagre.
(b) every comeagre set in X is dense.
(c) the intersection of countably many dense open sets in X is dense.

Proposition 2.4.3. (i) (Baire Category Theorem) Every completely metris-

able space 1s Baire. In particular, every Polish space is Baire.

(i) An analytic subset A of a Polish space has the Baire property, i.e. there
is an open set U such that the symmetric difference (U \ A)N(A\U) is

meagre.

Theorem 2.4.4. (Theorem 8.46, [Kec12]) Let X be a Baire space. Let G be
a group of homeomorphisms of X such that for any non-empty open sets U,V
of X, there exists g € G such that g(U)NV # 0. Let A C X be such that
gA = A for all g € G. If A has the Baire property, then A is either meagre

or comeagre.



Chapter 3

Stationary weak independence

relations

Macpherson and Tent proved, in [MT11], the simplicity of the automorphism
group of a non-trivial transitive free homogeneous structure M. They used
the relation A | 5 C for finite substructures B C A, C' C M if the structure
on ABC' C M agrees with the free amalgamation of A, C' over B in the free
amalgamation class Age(M). Tent and Ziegler then axiomatise the notion
L to a stationary independence relation (SIR) in |[TZ13a] and thus make it
applicable to more structures including the Urysohn space [TZ13a] and the
bounded Urysohn space [TZ13b].

In this chapter, we will first see, in Section [3.1] that we can generalise a SIR to
a stationary weak independence relation (SWIR) by omitting the Symmetry
axiom. We will also give some examples that are already known to have a

SIR in this section. In the next two sections, we will look at some structures
admitting a SWIR.

We will look at whether semi-free structures have a SWIR in Section 3.2l In
order to find a SWIR on them, we will define an ‘order’ on the language £
and thus define a prioritised semi-free structure in Definition [3.2.1 We will
show in Theorem that we can find a SWIR on all prioritised semi-free
homogeneous structures. Note that a semi-free structure is not necessarily
a prioritised semi-free structure. We will give some sufficient conditions (see

Condition 1 and Condition 2) for a semi-free structure to be a prioritised semi-

28
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free structure. We will show that all but two of Cherlin’s semi-free structures
listed in Figure [2.1] satisfy the conditions and thus admit a SWIR.

In Section we will look at some linearly ordered homogeneous structures.
We can put a linear order on any homogeneous structure M whose age is a
strong amalgamation class so that the resulting structure is still homogeneous.
We call the resulting structure the linear order expansion of M (see Definition
3.3.1). We will then show in Theorem that if M admits a SWIR, then
its linear order expansion also admits a SWIR. Some examples this theorem
applies to include the linear order expansions of free homogeneous structures

and the universal n-linear orders.

3.1 Definition

We define below a stationary weak independence relation. Readers can find
some examples in Example [3.1.3] Let M be a homogeneous structure and
A, B C M. Note that we use the notation AB to denote the substructure of M
on the underlying set AUB and aB denotes the substructure on {a;|a; € a}UB
for a € M".

Definition 3.1.1. Let M be a countable homogeneous structure and suppose
A 5 C is a ternary relation on finite substructures A, B,C C M. We say
that | is a stationary weak independence relation (SWIR) if | satisfies the

following axioms:
(i) Invariance: for any g €Aut(M), if A \LB C, then gA \LgB gC.
(ii) Monotonicity: A | ,CD = A | ,C, A | ,.D.
AD | ,C=A1,C, D], ,C.
(iii) Transitivity: A | ,C, A |, D=A |, D.
Al ,C.,D],,C=D],C.

(iv) Existence: If p is an n-type over B and C' is a finite set, then p has a

realisation a such that a |, C.

If p is an n-type over B and C' is a finite set, then p has a

faats =/ =/
realisation @’ such that C' | ,a@'.
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(v)

Stationarity: If @ and @’ are n-tuples such that tp(a/B) =tp(a’/B) and
al,C,a | ,C, then tp(a/BC) =tp(a'/BC).

If @ and @' are n-tuples such that tp(a/B) =tp(a’/B) and
C | a C | ,d, then tp(a/BC) =tp(a'/BC).

If, in addition, | satisfies Symmetry, i.e. A \LB C=C \LB A, we say | is

a stationary independence relation (SIR).

Remark 3.1.2. (i) It can be shown from the above axioms that

(i)

(iii)

(iv)

A|l CeAB | Ce A | BC.
B B B

Al ,BC= A | ,C follows from Monotonicity. To show that A | ,C
= A | , BC, we can find A’ realising tp(A/BC) such that A" |, BC
by Existence. Then there exists k € G(pc) such that kA" = A. Hence by
Invariance, we have kA’ Lk(BC) k(BC), which is the same as A |, BC.
Combining this with A |, C, we have A | , BC by Transitivity.

Hence, we can assume without loss of generality that B C A, C' when we
have A |, C for arbitrary A, B, C.

In [Mull6], it was noted that Transitivity follows from the other axioms.
Let A, B,C, D C M be finite. Suppose A J/B Cand A J/BC D. By Exis-
tence, there exists A’ realising tp(A/B) such that A" | , CD. By Mono-
tonicity, we have A" | ,C and A" |, D. Since tp(A/B) =tp(A’/B)
and A | ,C, A" |, C, by Stationarity, we have tp(4/BC) =tp(A’/BC).
Applying Stationarity again, we have tp(A/BCD) =tp(A’/BCD) since
Al Dand A |, D. Therefore, A | , CD by Invariance.

We can obtain Existence on the right from Existence on the left and
Invariance. Let p be an n-type over some finite set B C M and C' ¢ M
is a finite set. Let a be a realisation of p. By Existence on the left,
there exists C' realising tp(C/B) such that C' | ,a. There also exists
g € Aut(M) such that g fixes B pointwise and gC" = C. Then by
Invariance, we have C' | 5 90 Since ¢ fixes B pointwise, ga also realise

p. Therefore, we have found @’ := ga realising p such that C' | B a.

In many cases, we can find a SWIR by defining A |  C for some finite
B C A,C C M if the structure on ABC C M agrees with some ‘spe-
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cial’ amalgamation of A,C over B in the amalgamation class Age(M).
Denote the amalgamation by A®gC. We say an amalgamation is canon-
ical if for A’, B, C" that have the same type as A, B, C respectively, then
A’ ®p C" has the same type as A ®p C.

It was noted in [TZ13a] that if for any finite structures A, B,C such
that B C A, C' C M, the structure on ABC' agrees with the canonical
amalgamation of A,C over B in Age(M), then | satisfies Existence,

Invariance and Stationarity:

Existence: Let p be an n-type over B and C' any finite set. Let a be a
realisation of p and aB ®p BC' € C be the ‘canonical’ amalgamation of
aB and BC over B. Then, since we can embed BC' into aB ®pg BC', by
the Extension Property, we can embed aB ®p BC into M. Hence there
exists @ realising p such that a | sC

Invariance: Given A, B,C C M, the type of AB ®p BC' is dependent

only on the types of A, B, C' because the amalgamation is ‘canonical’.

Stationarity: Suppose a,a’ have the same type over B and are both
independent from C over B. Then aB ®p BC and @’ B ® g BC' have the
same type since the amalgamation is ‘canonical’. By definition of | , we
know that aBC' is isomorphic to aB ®pg BC and a’ BC' is isomorphic to
a'B ®p BC. Hence, aBC and @’ BC' have the same type.

Example 3.1.3. (i) Let M be a free homogeneous structure as defined in

Definition [2.2.7 For finite substructures A, B,C' of M, we can define
AL 5 O 1f the structure on ABC' C M agrees with the free amalgama-
tion of AB and BC over B, i.e. forany a € A\ B,c € C'\ B, (a,c) is not
related by any relation. We can check that | is a SIR. By part (iii) of
the previous remark, we have that | satisfies Existence, Invariance and
Stationarity since free amalgamation is canonical. And by part (ii) of
the previous remark, we automatically have Transitivity if we can prove

the other axioms. So, we only prove Monotonicity and Symmetry:

Monotonicity: Let A, B,C, D be finite substructures of M such that
AL ,CD. Then for any a € A\ B,c € C'\ B, (a,c) is not in any
relation. Hence, we have A | , C. For any a € A\ BC,d € D\ BC, we
have a € A\B,d € D\ B, so (a,d) is not in any relation since A | , C'D.
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Hence, we have A |, D.

Symmetry: By the definition of the free amalgamation, we have A | e
=C | A

(ii) Let M be the rational Urysohn space as defined in Example [2.2.6] For
finite substructures A, B, C' of M, we can define A | B C' if the structure
on ABC C M agrees with the amalgamation of AB and BC over B as
defined in Example [2.2.6] i.e. for any a € A\ B,c € C'\ B, d(a,c) =
mingep{d(a,x)+d(x,c)}. We can check that | is a SIR. Similarly, we
check that | satisfies Monotonicity and Symmetry:

Monotonicity: Let A, B,C, D be finite substructures of M such that
A L ,CD. Then for any a € A\ B,c € C\B, d(a, c) = mingep{d(a, z)+
d(z,c)}. Hence, we have A | ,C. For any a € A,d € D, we also have
d(a,d) = mingep{d(a,z)+ d(z,d)}. Suppose A is not independent from
D over BC, i.e. d(a,d) # mingepc{d(a,z) + d(xz,d)}. This means that
there exists ¢ € C'\ B such that d(a,c) + d(c,d) < d(a,b) + d(b,d)
for all b € B. Since d(a,c) = mingep{d(a,z) + d(x,c)}, this implies
there exists b’ € B such that d(a,c) = d(a,t’) + d(V',c). So, we obtain
d(a,t') +d(,c) + d(c,d) < d(a,b) + d(b,d) for all b € B, contradicting
the triangle inequality. Thus, A | 5o D-

Symmetry: follows from the definition of | .

3.2 Prioritised semi-free amalgamation classes

We now look at whether semi-free structures have a SWIR. Let £ be a
binary relational language. As defined in Definition [2.3.1] we let S be a set of
forbidden triangles and Forb.(S) be the set of all complete L-structures that
do not embed any triangle in S. In this section, we will only consider S such
that Forb.(S) forms a semi-free amalgamation class. Let Mg be its Fraissé

limit and £’ be its set of solutions.

As noted in Remark if we can find a canonical amalgamation of A,C
over B for any A, B,C € Forb.(S) such that B C A, C, then we can define
A 5 C if the structure on ABC' C M agrees with this amalgamation. Then

| satisfies Existence, Invariance and Stationarity. In order to find a canonical
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amalgamation, we can put a linear order on £" and define the following amal-
gamation process. We will give some examples of the amalgamation process
in Example[3.2.3] Note that for any asymmetric relation R* € £, we say that

L’ consists of two relations, R and R, instead of just R*.

Definition 3.2.1. Let £ be a language consisting of n binary relations. Let
L' C L and suppose L' = {Ry, ..., R,}. Suppose L is ordered as Ry > --- >
R,,. Let S be a set of forbidden triangles. For any A, B,C' € Forb.(S), where
B C A, C, we define the following way to amalgamate A and C' over B. For
each a € A\ B,c € C\ B, first check whether abc forms a forbidden triangle
for any b € B if (a,c¢) € Ry. If B =0 or colouring (a, c) by R; does not form
any forbidden triangle, we complete (a,c) by R;. Otherwise, we check the
same thing for (a,c¢) € Ry and so on. In other words, we complete (a,c¢) by R;
where i is the smallest possible integer such that r(a, b)r(b,c)R; ¢ S for any
be B.

Denote the resulting amalgamation by A ®p C. If A ®p C does not embed
any forbidden triangle in S, i.e. A®pC € Forb.(S), we call it the prioritised
semi-free amalgamation of A, C over B. If for any A, B,C € Forb.(S) where
B C A,C, we have A®p C € Forb.(S), then we call Forb.(S) a prioritised
semi-free amalgamation class with respect to the given ordering on £’ and its

Fraissé limit a prioritised semi-free structure.

Remark 3.2.2. (i) Not every semi-free amalgamation class forms a priori-

tised semi-free amalgamation class as we will see in Example [3.2.3]

(ii) Note that in AQpC, a forbidden triangle can only appear in AC'\ B as we
ensure by construction that there is no forbidden triangle with a vertex
in B. Hence, it is either of the form acc’ for some a € A\ B,¢,d € C\ B
or aa'c for some a,a’ € A\ B,ce C'\ B.

Example 3.2.3. (i) Let £L = {R,G,Y, X} be the language of the 4-multi-
graph and S be #11 of the 4-multi-graphs listed in Figure 2.1} i.e. S =
{RXX,GGX,YXX,XXX}. By Proposition [2.3.3, we may take £’ =
{R,G}.

Suppose the order on £ is R > (. Taking the graph below as an
example, if we want to amalgamate a, ¢ over byby, then r(a,c) # R since

otherwise we would have a triangle of RXX. So, we have r(a,c) = G.
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We now check that Forb.(S) forms a prioritised semi-free amalgama-
tion class with respect to the ordering R > G on £'. Suppose for some
A, B, C, there exists a forbidden triangle in A ®p C. Then by the previ-
ous remark, it is either of the form acc’ for some a € A\ B,c,d € C'\ B
or ad’c for some a,a’ € A\ B,c € C'\ B. Without loss of generality,
we may assume it is ad’c for some a,a’ € A\ B,c € C'\ B. Since
r(a,c),r(a’,c) € L and the only forbidden triangle containing two re-
lations in £’ is GGX, we have r(a,c) = r(da’,c) = G. As the ordering
we have is R > G, there exists b € B such that b forbids (a,c) to be
coloured by R. Since the only forbidden triangle containing R is RX X,
we have r(b,a) = r(b,c¢) = X. However, we cannot find a colour for a'b
without creating a forbidden triangle: a’ab forbids (a’,b) to be coloured
by R,Y, X because of the forbidden triangles RX X, Y XX, XXX and
a’ch forbids (a’,b) to be coloured by G because of the forbidden triangle
GGX. Therefore, there does not exist a forbidden triangle in A ®p C.
We will use a similar method to prove that Forb.(S) forms a priori-
tised semi-free amalgamation class if S satisfies a particular condition
(Condition 2) in Lemma [3.2.6]

Note that Forb.(S) does not form a prioritised semi-free amalgamation
class with respect to the order G > R on L’. For example, to complete

the following amalgamation, we let both (a,c), (¢, c) € G, but we would
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get a forbidden triangle GGX at ad'c.

(ii) Let £ = {R*,G*} be the language of 2-multi-tournament and S be #8
of the 2-multi-tournaments listed in Figure ie. S={GTG G,
RTG~G"}. By Proposition [2.3.6, we may take L' = {R", R }.

Let the ordering on £’ be RT > R~. Suppose we want to amalgamate
ajasb and be over b in the graph below. For (aq,c), since completing it
with RT creates a forbidden triangle RTG~G*, we complete it with
R~. For (as,c), completing it with R™ does not create a forbidden
triangle, so we let r(az,c¢) = R". Since there is no forbidden triangle
with two R-relations, Forb.(S) is a prioritised semi-free amalgamation
class with respect to the order Rt > R~ on £’ = {R", R~ }. We will use
a similar method to prove that Forb.(S) forms a prioritised semi-free

amalgamation class if S satisfies a particular condition (Condition 1) in

Lemma 3.2.9

(iii) Let £ = {R* G*} be the language of the 2-multi-tournament and S be
#11 or #12 of the 2-multi-tournaments listed in Figure [2.1} i.e. S is one
of the following:

#11 R*R-R*, G*G*G*, GT*G-G*, G*R*R*, G*R R~
#12 R*R-R*, G*G*G*, R*G-G*, G*R*R*, G*R"R~, G*R* R~

The following graphs show that Forb.(S) does not form a prioritised
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semi-free amalgamation class: if we prioritise R, we would have a for-
bidden triangle GT RTR™ at ajasc in the amalgamation illustrated in the
left graph. Similarly, we would have a forbidden triangle GtGTG™ at
aiasc in the amalgamation illustrated in the right graph if we prioritise
G*. For R~,G~, we can flip the sides of these amalgamations and the
same conclusion follows. Therefore, for any £ C £, we cannot prioritise

any relation in £'.

We now prove that if Forb.(S) forms a prioritised semi-free amalgamation
class with respect to some ordering on £’ then its Fraissé limit Mg admits a
SWIR. We will then look at some sufficient conditions on S for Forb.(S) to

form a prioritised semi-free amalgamation class.

Theorem 3.2.4. Let S be a set of forbidden triangles such that Forb.(S)
forms a prioritised semi-free amalgamation class with respect to some L' C L
and some ordering on L'. Let Mg be the Fraissé limit of Forb.(S). For any
finite substructures A, B,C of Mg, let A \LB C if ABC = AB ®pg BC where
AB ®p BC' 1is the prioritised semi-free amalgamation as defined in Definition
5.2.1. Then | is a SWIR on Mg. Moreover, if L consists only of symmetric
relations, then | is a SIR on Mg.

Proof. Invariance: Given B C A, C' C Mg, the type of prioritised semi-free
amalgamation of A, C' over B is dependent only on the types of A, B, C.

Monotonicity: Let BC A C Mgand BC C C D C Mg. Suppose A J/B CD,
ie. AD = A®pD, we want to show A | , C'and AC' |, D. By the definition
of the prioritised semi-free amalgamation, the choice of relation for (a,c) for
any a € A\ B,c € C\ B in A®p C depends only on B. Hence, we have
A®pCCA®pD=AD,so A®pC=ABC,ie. A | ,C.

To show that A |, D, we want to show that (a, d) for any a € A\C,d € D\C
is completed by the same relation in both A ® g D and AC ®¢ D. Suppose
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(a,d) is completed by some R; € L' in A®p D and (a,d) ¢ R; in AC ®¢ D.
This means that there exists ¢ € C'\ B that forbids (a,d) to be coloured by
R;, i.e. Rir(a,c)r(c,d) forms a forbidden triangle. However, (a,c), (¢, d) have
the same colours in A ®p D as in A ®¢ D, i.e. this would also be a forbidden

triangle in A ® g D, a contradiction.

Existence: Let p be an n-type over B and C' any finite set. Let @’ be a realisa-
tion of p. Then a’'B € Forb.(S). Let a’B ® g BC be the prioritised semi-free
amalgamation of @’ B and BC over B. Since Forb.(S) forms a prioritised semi-
free amalgamation class, we have @'B ®p BC' € Forb.(S). By the Extension
Property, since we can embed BC' into @’B ®p BC, we can find embedding
f:adB®p BC — Mg such that f(z) = x for all z € BC. Hence, there
exists @ := f(a’) such that a |, C and a realises p =tp(a'/B) since f fixes B

pointwise.

Stationarity: Suppose a,a’ have the same type over B and are both indepen-
dent from C over B. Then aB ®p BC and a’B ®p BC' have the same type
by the definition of the prioritised semi-free amalgamation. Hence, a,a’ have

the same type over BC.

By Remark Transitivity follows. All the arguments work exactly the
same if we swap the sides of | . Therefore, we have shown that if Forb.(5)
forms a prioritised semi-free amalgamation class, then there is a SWIR on its
Fraissé limit Mg. Moreover, if £ consists only of symmetric relations, then

Symmetry follows immediately and hence | is a SIR. O

We now look at some sufficient conditions on S for Forb.(S) to form a priori-
tised semi-free amalgamation class. In the next two lemmas, we will show that

if a set of forbidden triangles S satisfies one of the following two conditions,
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then Forb.(S) forms a prioritised semi-free amalgamation class. We will then
look at whether Cherlin’s semi-free structures listed in Figure [2.1] satisfy these

conditions.

Condition 1. Assume £ C £ and S does not contain any triangle of the
form R;R;R where R;,R; € L and R’ € L.

Condition 2. Assume £’ = { Ry, Ry} with order R; > R,. Assume that there
exist subsets £, £ C L satisfying the following:

(i) £, L, L are pairwise disjoint,

(i) S contains all triangles of the form R'R'R% RyR'R% RyR,R', RyRR!,
where R € E\(ﬁ UL),R" R? ¢ L,Re L, and

(iii) S contains no other triangle involving R; or Ry Rs.

Lemma 3.2.5. Let £ C L and S be as described in Condition [1. Then
Forb.(S) forms a prioritised semi-free amalgamation class with respect to L'

and any ordering on L'.

Proof. For any A, B,C € Forb.(S) such that B C A,C, let A®p C be the
prioritised semi-free amalgamation of A,C' over B. We want to show that
A®p C € Forb.(S). Suppose there is a forbidden triangle in A ®p C. Then
by Remark [3.2.2] it is either of the form acc’ for some a € A\ B,¢,d € C\ B
or ad’c for some a,a’ € A\ B,c € C\ B. Without loss of generality, we
may assume it is aa’c. Since (a,c), (a/,c) are completed by relations from £’
r(a,c)r(d,c)r(a,d’) is of the form R;R;R" € S where R;, R; € L and R’ € L,
which contradicts Condition . Therefore, we have A ® C' € Forb.(S) and

thus, Forb.(S) forms a prioritised semi-free amalgamation class. O

Lemma 3.2.6. Let £/, L, L C L and S be as described in Condition . Then

Forb.(S) forms a prioritised semi-free amalgamation class with respect to L'
and the ordering Ry > Rs.

Proof. For any A, B,C € Forb.(S) such that B C A,C, let A®p C be the
prioritised semi-free amalgamation of A, C' over B. Suppose there exists a
forbidden triangle in A ® g C'. As in the previous lemma, we may assume it
is ad’c for some a,a’ € A\ B,c € C'\ B and we also have r(a,c),r(da’,c) € L.

Since the only forbidden triangle involving R;R; where R;, R; € L' is Ry Ry R}
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where R' € L, we have r(a,c) = r(a/,c) = Ry and r(a,a’) € L. This implies
that there exists b € B that forbids (a,c) to be completed by R;.

Since the only forbidden triangle containing R; is of the form Ry R'R? where
R',R?> € L, we have r(a,b),r(b,c) € L. If we had r(a/,b) € £\ (LU L),
then a’ab would form a forbidden triangle of the form R'R'R? where R', R? €
LR e L\ (LUL). If we had r(a/,b) € L, then a’be would form a forbidden
triangle of the form RyRR, where R € £, R € L. If we had r(a’,b) = Ry, then
aa’b would form a forbidden triangle of the form R;R'R?, where R', R?> € L.
If r(a’,b) = Ry, a'bc forms a forbidden triangle of the form RoRyR, where
R € L. Hence, we cannot find a colour for a’b without creating a forbidden

triangle, a contradiction. Thus, A ®p C € Forb.(S).

Remark 3.2.7. Note that when S satisfies Condition [1] the order on £’ does
not affect whether A ®p C € Forb.(S). So Forb.(S) is a prioritised semi-free
amalgamation class with respect to £ and any order on £'. However for S
satisfying Condition [2, Forb.(S) forms a prioritised semi-free amalgamation

class only with respect to £ and the order Ry > R».

We now look at Cherlin’s semi-free structures listed in Figure and check
whether they satisfy the conditions. By observation, we have the following

lemma:
Lemma 3.2.8. Let S be a set of forbidden triangles listed in Figure [2.1]

o [f S s the set of forbidden triangles for the 3-multi-graph in the list,
then S satisfies Condz'tz’on@ with £ = {R,G}, L = {X}, L = 0 and
order R > G.
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o If S is one of # 1 to # 10 or #21 to # 25 of the 4-multi-graphs, then
S satisfies Condition [1| with L' = {R, G}.

o IfS is one of #11 to # 18 of the 4-multi-graphs, then S satisfies Con-
ditz’on@ with £' = {R,G}, L = {X},£ = 0 and the order R > G.

o If S is # 19 or # 20 of the J-multi-graphs, then S satisfies Condition |3
with £' = {R,G}, L = {X},£ = {Y'} and the order R > G.

o If S is #27 of the 4-multi-graphs, then S satisfies Condition |4 with
L ={R,G}, L=1{X,Y}, L =0 and the order G > R.

o IfS is one of #8 to # 10 of the 2-multi-tournaments, then S satisfies
Condition []] with £ = {R*, R™} and the order R* > R~.

The lemma covers all structures listed in Figure [2.1] except for # 26 of the
4-multi-graphs and #11 and #12 of 2-multi-tournaments. For S as # 11 or
# 12 of the 2-multi-tournaments, we showed in Example that Forb.(S)
cannot form a prioritised semi-free amalgamation class. For S as #26 of 4-
multi-graphs, we showed in Lemmathat L' ={R,G,Y}. In the following
lemma, we prove that Forb.(S) forms a prioritised semi-free amalgamation
class with the order G > R > Y.

Lemma 3.2.9. Let L ={R,G,Y, X} and S be #26 of the J-multi-graphs in
Figure[2.4, i.e. S = {RRX,RXX,RYY,GYX,GXX,YYX, XXX}. Then
Forb.(S) forms a prioritised semi-free amalgamation class with the order G >
R>Y on L ={R,G,Y}.

Proof. Let A, B,C € Forb.(S) be such that B C A, C and let A ®p C be
the prioritised semi-free amalgamation of A, C' over B as defined in Definition
3.2.1] Suppose there exists a forbidden triangle in A ® 5 C'. Same as before,
we may assume it is aa’c for some a,a’ € A\ B,c € C'\ B and we have
r(a,c),r(a’,c) € L'. Since L' = {R,G,Y}, there are five possible cases for
r(a,c)r(d’,c)r(a,d’), as listed below. Since there is no forbidden triangle in-
volving GG, we may assume r(a, c) # G. Since the order on £ is G > R > Y,
there exists b € B that forbids (a, c) to be coloured by G. In each case, (a’,b)
is the edge for which we cannot find a relation without creating a forbidden

triangle and hence we have a contradiction.



3.2.

Prioritised semi-free amalgamation classes 41

L

II.

I1I.

IV.

r(a,c)r(a’,c)r(a,a’) = RRX.

Since r(a,c) = R, either r(b,a)r(b,c) = Y X or r(b,a)r(b,c) = XY.
However, in the first case, r(a, a’)r(a,b) = XY forbids r(a’,b) to be Y, G
because of the forbidden triangles YY X, GY X and r(c,a')r(c,b) = RX
forbids r(a’, b) to be R, X because of the forbidden triangles RRX, RX X.
In the second case, r(a, a’)r(a,b) = X X forbids r(a,b) to be R, G, X be-
cause of the forbidden triangles RX X, GXX, XXX and r(c,a')r(c,b) =
RY forbids r(a’,b) to be Y because of the forbidden triangle RYY.
Hence, in both cases, we cannot find a colour for (a’, b) without creating

a forbidden triangle.
r(a,c)r(d,c)r(a,d’) =YYR

Since r(a,c) =Y, we have r(b, a)r(b,c) = X X. However, r(a,da’)r(a,b) =
RX forbids r(a’,b) to be R, X because of the forbidden triangles RRX,
RXX and r(c,a’)r(c,b) = YX forbids r(a’,b) to be Y,G because of
the forbidden triangles YY X, GY X. Hence, we cannot find a colour for

(a’,b) without creating a forbidden triangle.
r(a,c)r(d,c)r(a,d) =YY X

Similarly as in the previous cases, r(b,a)r(b,¢) = X X. However, r(a,a’)
r(a,b) = XX forbids r(da’,b) to be G, R, X because of the forbidden
triangles GXX, RXX, XXX and r(c,a')r(c,b) = YX forbids r(d/,b)
to be Y, G because of the forbidden triangles YY X, GY X. Hence, we

cannot find a colour for (@, b) without creating a forbidden triangle.
r(a,c)r(d,c)r(a,d’) =YRY

We have r(b,a)r(b,c) = XX. However, r(a,a’)r(a,b) = Y X forbids
r(a’,b) to be G,Y because of the forbidden triangles GY X, YY X and
r(c,a’)r(c,b) = RX forbids r(a’,b) to be R, X because of the forbidden
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triangles RRX, RX X. Hence, in both case, we cannot find a colour for

(a’,b) without creating a forbidden triangle.
V. r(a,c)r(d,c)r(a,a’) = YGX

In this case, we have r(a,b)r(b,c) = XX. However, r(a,d)r(a,b) =
XX forbids r(a’,b) to be R,G, X because of the forbidden triangles
RXX GXX, XXX and r(d,c)r(c,b) = GX forbids r(a’,b) to be Y
because of the forbidden triangle GY X. Hence, we cannot find a colour

for (a’, b) without creating a forbidden triangle.

]

Therefore, combining the results in this section, we have the following corol-

lary:

Corollary 3.2.10. Let S be a set of forbidden triangles such that Forb.(S)

forms a semi-free amalgamation class and let Mg be its Fraissé limit. Suppose
(i) S satisfies either Condition[1] or Condition[d, or

(ii) S is one of the sets of forbidden triangles listed in Figure except #

11 and #12 in the asymmetric cases.

Then there is a SWIR on Mg.

3.3 Linearly ordered structures

In this section, we will look at some linearly ordered homogeneous structures.
We will define the linear order expansion of a homogeneous structure M
below. We will then show in Theorem that if M admits a SWIR, then
its linear order expansion also admits a SWIR. We will look at some examples

in Example [3.3.5]

Definition 3.3.1. Let C be a strong amalgamation class and M be its Fraissé
limit. We call M a strong homogeneous structure. Let L= = LU {<}, where
the new relational symbol < is interpreted as a (strict) linear order. For any
A € C, we can define a linear order on A. Then A is an L=-structure. We call
it a linear order expansion of A. Let C< be the class of all isomorphism types

of such expansions. Then C< is an amalgamation class, which we will show in



3.3. Linearly ordered structures 43

the next remark. We call its Fraissé limit, denoted by M=, the linear order

expansion of M.

Definition 3.3.2. Let £ be a relational language and £~ = LU {<}. Let
M be a strong homogeneous L-structure and M= its linear order expan-
sion. For some finite substructure X C M< and n-tuple Z in M<, we define
tp£(z/X) to be the set of all L-formulas satisfied by z with parameters in X
and tp<(Z/X) to be the set of all {<}-formulas satisfied by Z with parameters
in X. We call them L-type and {<}-type respectively.

Remark 3.3.3. (i) We can check that C< is an amalgamation class. We
can check it satisfies the amalgamation property. For any finite B C
A, C C M<, let A*, BX,C* be the L-reducts of A, B,C. Since C is a
strong amalgamation class, we can find D* € C such that A%, C* can
be embedded into D* where A* N C* = B*. Since C< contains all
isomorphism types of linear order expansions of D*, we can find D € C<
satisfying that for a € A\ B,c € C'\ B, a < ¢ if and only if there exists
b € B such that a < b < ¢. Then D is the amalgamation of A, C' over
B. IP,HP and JEP are straightforward to see.

(ii) Also note that M= satisfies the theory of the dense linear order. Hence,

we can identify elements of M< as elements of Q and have intervals of

M=,

(iii) It is straightforward to see tp(a/X) =tp(a’/X) if and only if tp<(a/X)
=tp<(a’/X) and tp*(a/X) =tp“(a’/X).

(iv) Let X be some finite substructure of M<. For any n-L-type p(z/X*)
and any n-{<}-type q(z/X<), p(z/X*) U q(z/X<) is consistent and
can be realised in M<. This is because M< embeds all isomorphism
types of linear order expansions of aX* C M, where a realises p(z/X*).
Since ¢(Z/X<) is consistent, we can find one within these linear or-

der expansions that satisfies ¢(Z/X <), i.e. we can find a realisation of
p(z/X*)Uq(x/X<) in M=,

(v) |[CKT19] defined a more general notion. Given disjoint relational lan-
guages L1, Lo, suppose M; is a homogeneous L;-structure for i = 1,2
and M1, My have the same underlying set M. Let £ = £; U Ly. Then
an L-structure M* on M is called a free fusion of M; and M, if
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(a) the L;-reduct of M* is M, for i = 1,2 and

(b) for every non-algebraic L;-type p; for i = 1,2, their union p; U py is

realised in M*.

Then, by definition and part (iv) of this remark, the linear order expan-

sion of M 1is the free fusion of M and the dense linear order.

Theorem 3.3.4. Let L be a relational language and LS = LU{<}. Let M be
a countable strong homogeneous structure with a SWIR | *. For any finite
substructures A, B,C' of its linear order expansion M< with B C A,C, we
define A |, C if AX Lhe C* and for any a € A\ B,c € C'\ B such that
a < c, there ezists b € B such that a <b < c. Then | is a SWIR on M*<.

Proof. We simplify the notation A* | 7. C* to A |7, C as it is clear when

we work with | *, we only consider the L-reducts of substructures of M<.

Monotonicity: Suppose A |, CD. Then A | 7, C'D. By Monotonicity of | 7,
we have A | 7 Cand A |, D. We also have that for a € A\ B,c € C'\ B,
if a < ¢, then there exists b € B such that a < b < ¢. Forany a € A\ BC,d €
D\ BC, if a < d, then there exists b € B such that a < b < d. Therefore, we
have A | ,Cand A | . D.

Suppose AD J/BC’. Then AD J/; C. By Monotonicity of | *, we have
A Cand D |7 C. We also have that for a € A\ B,c € C'\ B, ifa <,
then there exists b € B such that a < b < ¢. Foranyd € D\ AB,c € C'\ AB,
if d < ¢, then there exists b € B such that d < b < ¢. Therefore, we have
Al ,CandD |  ,C.

Transitivity: Suppose A | zCand A L so D- By Transitivity of L, we have
A |, D. Forany a € A\ B, d € D\ B such that a < d, there exists b € B
such that a < b < d or there exists ¢ € C'\ B such that a < ¢ < d. In the
latter case, there exists b € B such that a < b < ¢ < d since A J/B C'. Hence,
in both cases, there exists b € B such that a < b < d. Therefore, we have

AL,D.

Suppose A | ,C and D | ,,C. By Transitivity of L, we have D \L; C.
For any d € D\ B, ¢ € C'\ B such that d < ¢, there exists b € B such that
d < b < c or there exists a € A\ B such that d < a < ¢. In the latter case,
there exists b € B such that d < a < b < ¢ since A | ,C. Hence, in both
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cases, there exists b € B such that d < b < c. Therefore, we have D | , C.

Stationarity: Suppose tp(a/B) =tp(a’/B) and a | ,C, @ | ,C. Then we
have tp®(a/B) =tp“(a’/B) and a |}, C, @ |}, C. By Stationarity of | %,
we have tpf(a/BC) =tp*(a’/BC). To see that tp<(a/BC) =tp=(a'/BC),
suppose otherwise. Then, there exists a; € a,a; € @’ and ¢ € C'\ B such that
a; < c<a; Sincea | ,C, there exists b € B such that a; < b < ¢ < aj, which
contradicts tp(a/B) =tp(a’/B). Therefore, we have tp<(a/BC) =tp<(a’/BC)
and thus, tp(a/BC) =tp(a’/BC).

Existence: Let p =tp(x/B) be an n-type. Since by part (i) of the previous
remark, we can find an amalgamation of @’B and BC' over B where a’ realises
p and for a; € @'\ B,c € C'\ B, we have a < ¢ if and only if there exists b € B
such that a < b < ¢. We can embed BC' into this amalgamation. Then by the
Extension Property, we can embed this amalgamation back to M<. Hence,
we can find @ € M= realising p such that a \LB C.

Invariance is straightforward to see. We can prove the rest by swapping the
sides of | . O

Example 3.3.5. (i) If M is the Fraissé limit of the class of all finite sets.
Then M= is the dense linear order (Q, <). We can define A L; C for
finite substructures A, B,C' C M if ANC C B. We can check that L* is
a SIR. Hence, by the previous theorem, there is a SWIR | on (Q, <):
for finite A, B,C CQ, A |, Cif for any a € A\ B,c € C'\ B such that
a < ¢, there exists b € B such that a < b < c. Note that this agrees with

the amalgamation of finite linear orders discussed in Example [2.2.6,

(ii) Let M be a free homogeneous structure. Then there is a SIR on M as
shown in Example [3.1.3] Hence by the previous theorem, we can find a
SWIR | on M= by defining A | ,C if for any a € A\ B,c€ C'\ B,
(a,c) is not related by any relation in £ and if @ < ¢, then there exists
b € B such that a < b < c.

(iii) Let £ = {<y,...,<n}, where <; is interpreted as a linear order for each
t = 1,...,n. Let C be the class of all finite L-structures. We call the
Fraissé limit of C, denoted by M,,, the universal n-linear order. It is
straightforward to see that M, is the linear order expansion of M, 4

and M, is the dense linear order. Therefore, by repeated application of



46

3.3. Linearly ordered structures

Theorem [3.3.4], starting with M, we can find a SWIR on the universal
n-linear order: for finite substructures A, B,C' C M,,, define A | RO 1
for any a € A\ B,c € C'\ B such that a <; ¢ for some i, there exists
b € B such that a <; b <; c.



Chapter 4

Generalisation of Tent and

Ziegler’s Theorem

In [MT11], Macpherson and Tent proved that the automorphism of a non-
trivial free homogeneous structure M is simple if it is transitive. They proved
the result by first defining A | 5 C for finite substructures B C A,C C M
if the structure on ABC C M agrees with the free amalgamation of A,
over B. Then they employed results regarding the Polish group structure of
Aut(M) as well as Lascar’s method from [Las92].

Tent and Ziegler then axiomatise the notion | mentioned above to a SIR
and generalised the argument in [MT11]. They also applied the generalised
argument to the Urysohn space in [TZ13a] and the bounded Urysohn space in
[TZ13b|. They did this by defining the notion of a moving almost maximally
automorphism, stated in the following. They showed that for a countable
homogeneous structure M with a SIR, if an automorphism g € Aut(M) moves
almost maximally, then any element of Aut(M) can be written as a product

of sixteen conjugates of g and g~ !.

Definition 4.0.1. For a countable homogeneous structure M with a SIR | ,
we say an automorphism g € Aut(M) moves almost mazimally if for any type

p over some finite set X C M, there exists some realisation a of p such that
al  ga.
Theorem 4.0.2. ([TZ13d]) Suppose that M is a countable homogeneous

structure with a SIR. If g € Aut(M) moves almost mazximally, then any non-

47
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trivial element of Aut(M) is the product of sizteen conjugates of g and g~*.

During research, motivated by trying to apply the above theorem to Cher-
lin’s asymmetric semi-free structures and prove the simplicity of their auto-
morphism groups, the author generalised the above theorem to hold for a
countable homogeneous structure with a SWIR. To do so, we need to first

generalise the notion of moving almost maximally to the following:

Definition 4.0.3. Let M be a countable homogeneous structure with a
SWIR | .

(i) Given a type p over some finite set X C M, we say that g €Aut(M)

moves p almost R-maximally if there is a realisation a of p such that
a | ga.
X

We say that g mowves almost R-maximally if for any finite set X C M

and any type p over X, g moves p almost R-maximally.

(ii) Given a type p over some finite set X C M, we say that g €Aut(M)

moves p almost L-mazximally if there is a realisation a of p such that
ga | a.
X

We say that g moves almost L-maximally if for any finite set X C M

and any type p over X, g moves p almost L-maximally.

Hence, we can then generalise Tent and Ziegler’s theorem to the following
theorem, which we will prove in Section [4.I] The proof follows a similar
approach as in [TZ13a], but with more details presented here. The main

modification appears in Lemma [4.1.06|

Theorem 4.0.4. Suppose M is a countable homogeneous structure with a
SWIR. and g € Aut(M) is such that g and g—' move both almost R-mazimally
and almost L-maximally. Then any non-trivial element of Aut(M) can be

written as a product of eight conjugates of g.

In [TZ13a], it was then shown that for any non-trivial automorphism g of a
non-trivial transitive free homogeneous structure M, we can construct, by a

back-and-forth construction, a product of conjugates of ¢ and ¢g~! that moves
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almost maximally. Hence, we can derive the simplicity of Aut(M).

Similarly, in order to apply the above theorem to homogeneous structures M
admitting a SWIR, we will go through the same process in the next Chapter,
i.e. construct a product of conjugates of g and ¢g~! that moves both almost
R-maximally and L-maximally for any non-trivial automorphism g € Aut(M).
We will show in Section that we can make this step easier by weakening

the condition on g €Aut(M) in the above theorem in two ways (see Corollary

and Corollary [4.2.4)).

Throughout this chapter, we let M be a countable homogeneous structure
with a SWIR and let G =Aut(M). Let A be some finite substructure of
M. We denote the pointwise stabiliser of A by G4). For h,g € G, we write
g" = h7tgh and [h,g] := h=tg 'hg.

4.1 The proof of Theorem

The following two lemmas generalise Lemma 3.1 in [TZ13a]. Since the original
proof does not depend on symmetry, we simply generalise by working on both

sides.

Lemma 4.1.1. Let A, B,C, D be finite substructures of M, if A LBC and

D 1is arbitrary, then

(i) there exists D" C M such that tp(D'/BC) =tp(D/BC) and A | ,CD’,

and
(i) there exists D" C M such that tp(D"/AB) =tp(D/AB) and AD" | . C.
Proof. (i) By Existence, there exists D’ realising tp(D/BC') such that

A L D" Then by Transitivity on A | ,C and A |, D', we have
AL, CD".

(ii) Similarly, there exists D’ realising tp(D/AB) such that D" |, , C. Then
by Transitivity, AD’ | 5C

]

Lemma 4.1.2. Let A, B,C be finite substructures of M such that A J/BC’
and g1, ...,g, € G. Then
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i) there exists e € G(pcy such that A Cg(C)---g5(C), and
(BO) B 1 n

(ii) there exists f € G(ap) such that Agl(A)--- g/ (A) LpC.

Proof. (i) By the previous lemma, there exist C1, ..., C, such that tp(C;...C,,/
BC) =tp(g1(C)...gn(C)/BC) and A | ,CC,...C;,. Then there exists
e € G(pc) such that C; = e 'g;(C) and thus, ¢¢(C) = C;.

(ii) Similarly, there exist Ay, ..., A, such that tp(A;...A,/AB) =tp(g1(A)...
9n(A)/AB) and AA;..A, |, C. Then there exists f € G(ap) such that

Ai = [g:(4) = g/ (4).

The following proposition uses a similar approach as Proposition 3.2 in [TZ13a].
The difference is that we require Y} J/y?, Y5 here instead of Y5 \LY$ Y, as in
[TZ13a]. This is achieved in Step 4 of the proof.

Proposition 4.1.3. Let g1, ..., g4 €Aut(M) and Xy, ..., X4 be finite substruc-
tures of M be such that g;(X;_1) = X;. Then for i = 1,...,4, there are
a; € Gx,_,x,) and extensions X; C'Y; such that g;" (Yi—1) = Y; and Yy J/Yl Y5,
Y, J,Ys Ys.

Proof. Step 1. Choose a finite extension X of X; such that Xy J/X, X X3X4.
1

Such extension exists as we can always choose X| = Xy, U ... U Xj.

Step 2. Applying part (i) of the previous lemma to A = Xy, B = X{,C =
X1 X2X3X, and automorphisms gs, 9392, 949392, We obtain e € G(X{X2X3X4)
such that

Xo | X1 XoX5X495( X1 XoX3X4)(9392) (X1 X2X3X4)(929392) (X[ X2 X3X4).
X1

By Monotonicity, we have

Xo L 95(X1)(9392)°(X1)(9a9392)°(X1).

X1

Let X5 := g5(X1), X5 1= (9392)°(X]), X} := (949392)°(X7). Since X; C X
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and e € G(X1X2X3X4), we have
X5 = g5(X]) 2 g5(X1) = e ' ga(X1) = e71(X) = X,

X3 = (9392)°(X7]) = g5(X3) D g5(Xs) = X3,
X = (929392)°(X1) = 95(X3) 2 ¢4(X3) = Xy

Hence, we have
Xo | X5X5X].

X1

Step 3. Applying part (ii) of the previous lemma to A = X, X, B = X{,C =
X! X4 X and automorphism g; ', we have f € G (x,x7) such that

XoXi(g7H) (XoX7) L X5X3X].
X1

By Monotonicity,
(g7 ) (X7) L X3 XX
X1
Let X{ := (g, ") (X7). Since X; € X{ and f € G(x,x/), we have
Xo= (g (X)) 2 (g7 (X1) = flor ' (X0) = f71(Xo) = Xo.
Hence, we have

X, | X5X5X).

X1

Set hy = g/, hy = g5, hs = g5, ha = g5. Then we have hy(X/_,) = X! D X, for
i=1,2,3,4.

Step 4. Extend X} to Y3 such that X} \J/Yg XiX1.

Applying part (i) of the previous lemma to A = X}, B = Y3,C = Y3X, X/ and

automorphisms h3 ', hy'hy', we get a € Gy, x4x7) such that

Xy L YsXo X (hy )" (Y3 X5X7) (hy "hy ') (YaX5X7).

Y3
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By Monotonicity, we have

Xi L(hg')* (V) (hy ths )" (Y).

Y3

Let Y5 := h3®(Y3) and Yy == (hy'hy')*(Ys). Since Y3 D X4 and a € Gy, x;x1),
we have
Yo = hy®(¥s) 2 hy*(X3) = a” 'y (X3) = X3,

V1= (hy'hy ') (Ys) = hy " (Ya) 2 hy"(X3) = X

Hence, we have
X}Y; | VoY,

Y3

Step 5. Applying part (ii) of the previous lemma to A = X|Y3, B = Y3,C =
Y1Y, and hy, we have b € G (y,x;) such that

YsXihh(Ys X)) | ViYa.

Y3

By Monotonicity,
hi(Ys) L V1Ya,

Y3

Let Yy := h5(Y3). Then we have Y, = h5(Y3) D h4(X}) = X} and

Yy | YiYa.

Y3

Step 6. By Lemma {.1.1} since Xg |, X5 X3X}, we can find Y{Y;Y;Y] real-
1
ising tp(Y1Y2Y3Ys/X] X5 X3X}) such that Xg |, Y/Y;Y5Y). Then by Invari-

ance, we also have Y; | ., Y{'Y;. Therefore, we may assume that
3

Xy L iYaYsYi.

X1

Then, by Monotonicity,
Xo L YaY3Yi.

Y1
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Applying part (ii) of the previous lemma to A = X([Y;, B = Y;,C = Y3Y3Y)

and automorphism h; ', we find some ¢ € G (x;v;) such that

XyYihy o (X0Y1) | YaYsYa,

Y1

Let Yo = hy¢(Y1). Then Yy = hy¢(Y1) 2 hy9(X]) = X|. We also have, by
Monotonicity, that
Yo | YoY3Ys.

Y1

Therefore, we have g{°(Y;) = Y1, gs(Y1) = Ya, g5*(Ya) = Ys, g52(Ys) = Y, and
Yo Ly Yo, Ya L, Yo

The next lemma follows a similar approach as Lemma 3.5 in [TZ13a]. Lemma
requires some modifications from Lemma 3.6 in [TZ13a]. Combining
these two lemmas, we obtain Proposition the same way as obtaining
Proposition 3.4 from Lemma 3.5 and 3.6 in [TZ13a].

Lemma 4.1.4. Let g € G move almost L-mazximally and X,Y,C be finite
sets such that g(X) =Y and X |, C. Lel T be a tuple. Then there is some
a € G(xy) such that

9"(z) L C.

Y

Proof. Since g moves almost L-maximally, there exists Z’ realising tp(z/XY")

such that gz’ | . 2'. Since tp(z/XY) =tp(z'/XY), we have a1 € G(xv)

such that a;(z) = #’. Then, acting by a;* on gz’ | .., @', which is the same

Xy
as ga,T J/XY a1 T, we have

g (z) | .
Xy
By Existence, there exists y realising tp(¢* (z)/zXY") such that

vy LG

XY

By Invariance, we also have y | ., . Then by Transitivity on y | ., 7 and
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Y L.y C, we have
yldcC
Xy
Together with X LY C, we have, by Transitivity,

gy C.
Y

Since tp(g*(z)/2XY) =tp(y/zXY), there exists ay € Gxy) with § =
ay g™ (T) = gMe2(7). O

Remark 4.1.5. We can also prove the following by using a symmetric argu-
ment: Let ¢ € G move almost R-maximally and X, Y,C be finite sets such
that g(X) =Y and C' | X. Let z be a tuple. Then there is some a € G(xv,
such that C' |, g%(2).

Lemma 4.1.6. Let g € G move almost R-maximally and let X,Y be finite
sets such that g(X) =Y. Let T and g be tuples such that g-tp(z/X) =tp(y/Y)
and T \LX gY, \|/Y X. Then, there exists a € G (xy) such that § = g*(Z).

Proof. By Existence, there exists ¢/’ realising tp(y/XY") such that ¢’ | ‘v g(Y).
Since g moves almost R-maximally, there exists ¢ realising tp(y'/ XY g(Y))
such that

g// J/ gg// .
XYg(Y)

By Invariance, we have " | | g(Y). Then, by Transitivity, we obtain

7' L g@"y).
Xy

Since tp(y/XY) =tp(y'/XY) =tp(y"/XY) and § |, X, by Invariance, we
have " | ., X. Hence, by Transitivity, we have

g// J./ g(guy) :
Y

which by Invariance, is the same as

UG LY,
X



4.1. The proof of Theorem 4.0.4 55

Since tp(y"/XY') =tp(y/XY'), there exists b € G(xy) such that by = 7", so

we have
97"(y) Loy
X

We also have that tp(g~"(3)/X) = ¢~ "tp(5/Y) =tp(z/X). Since T |  yY¥
and g~°(7) L 4 UY, by Stationarity, we obtain tp(g~%(9)/yXY) =tp(z/yXY).
Therefore, there exists ¢ € G(zxy) such that T = c¢~tg7°(g) = g7"(y). ]

Proposition 4.1.7. Let g1,...,g4 € G be such that g1, g;" move almost L-
mazimally and gy ", g3 move almost R-mazimally. Let Yy, ..., Yy be finite sets
such that g;(Yi—1) = Y; fori = 1,2,3,4 and Y[)\Lleg, Y, J/Y3§/'2. Let 7o
and T4 be two tuples such that g4g3g291-tp(To/Yo) =tp(Z4/Ys). Then for i =
1,2,3,4, there exist a; € G(y,_,v,) such that gi* ... 97" (Zo) = T4.

Proof. Since g; and g; ' move almost L-maximally, g;(Yy) = Y1, g5 '(Ys) = Y3
and Yy \J'/Yl Yy, Vi J/Y?)Yg, by Lemma m, there exists a; € G(y,y;) and

as € G(yyy,) such that for 2, = ¢7"(Z), T3 = g, “*(Z4), we have

jli}éai‘?)i/}/é'

Y1 Y3

By Existence, there exists Z» realising go-tp(z1/Y1) = g5 *-tp(w3/Y3) such that

Ty | 7,Y173Y5.
Yo

By Monotonicity, we have T, LY2 71Y7 and Z, J/Y2 T3Y53.

Since we have 7 J/Yl Y, Ty \|/Y2 T.Y1, g5 (Ya) = Y7 and g;' moves almost
R-maximally, we can find a; € G(y,y,) such that g;“*(Z2) = Z; by Lemma
4.1.6, Similarly, since we have I J/YSYQ, T J/YQ 73Ys3, g3(Ye) = Y3 and g3
moves almost R-maximally, we can find ag € G(v,y;) such that gsas(Z2) = T3
by Lemma |4.1.6]

Therefore, we have found a; € G(y,_,y;) such that gi*...g7" (%) = Z4. O

For a partial isomorphism u of M, we denote the domain of u to be dom(u)

and the image of u to be Im(u).
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Proposition 4.1.8. Let M be a countable structure with a SWIR and g be

1

an automorphism of M such that g and g~ move both almost R-mazximally

and almost L-mazimally. Define
¢:G* = G (hyy . hy) = g g

Then for any open set U C G*, there is some open set W C G such that ¢(U)

1s dense in W.

Proof. Let U C G* be open. Then U can be written as U; x ... x Uy, where
Ui =U(u;) = {h € Glu; C h} is the set of automorphisms that extend some

finite partial isomorphism u;. We can extend u; to some a; € G such that
g% (X;_1) = X;, where Im(w;) C X; and Xj is finite for i = 1,2, 3, 4.

By Proposition there exist b; € G(x,_,x,) and finite extensions X; C Y;
such that ¢%%(Y;_;) =Y; and Y, J/Yl Y, and Y} J/Y3 Y,.

Let w be the partial isomorphism g*%...g?% restricted to Yy and W = U (w).
We want to show that ¢(U) is dense in W. Let w' be an extension of w.
Then W’ := U(w') is a basic open subset of W. Let Z be an enumeration of
dom(w’) \ ¥y and § = w'(Z). By Proposition [£.1.7, we obtain ¢; € G(y,_,v,)
such that gbict | gb1e1(z) = ¢, Since b; and ¢; both fix Im(u;) pointwise, we
have a;bic; € U;. So (aibicy, ..., asbscs) € U and ¢ maps it to gbics . gubier
which belongs to W’. Hence, we have shown that every basic open subset of
W intersects ¢(U) non-trivially, i.e. ¢(U) is dense in W. O

The remainder of the proof of Theorem follows exactly from [TZ13a].
Note that it was proved in Lemma 2.8 in [TZ13a] without using Symmetry
that for a countable structure M with a SIR, its automorphism group has
a dense conjugacy class. Hence, the same statement can also be proved for
a countable structure with a SWIR. We will use this result in the following
proof. Moreover, it was proved in [KS19| that if M is a countable structure
with a canonical independence relation defined in the paper, which is weaker
than a SWIR, then Aut(M) has a cyclic dense conjugacy class. We say G has
cyclic dense conjugacy class if there exist f, g € G such that {f"gf"|n € Z}

is dense.

Proof of Theorem[{.0.9. The previous proposition implies that if X C G is
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nowhere dense, then its preimage ¢~'(X) is nowhere dense in G*. Let U be
the interior of ¢~1(X) and suppose ¢1(X) is not nowhere dense. Then U
is a non-empty open set. Then by the conclusion of the proposition, there
exists a non-empty open set W C G such that ¢(U) is dense in W. Then we
have W C ¢(U) C ¢(¢~1(X) C X, which contradicts X being nowhere dense.

Therefore, for any nowhere dense set X C G, ¢~ !(X) is nowhere dense.

Suppose now ¢(G*) is meagre. Then ¢(G*) = |J,_, X; for some nowhere
dense sets X;. Then G* = |J,_, ¢~ '(X;), where ¢~'(X;) is nowhere dense
by the above argument, i.e. G* is meagre. However, by the Baire Category
Theorem, G* is not meagre since G* is a non-empty complete metric space, a

contradiction. Hence, we know that ¢(G*) is not meagre.

Since ¢ is continuous and G* is Polish, ¢(G*) is analytic and hence has the
Baire property by Proposition [2.4.3] Since G has a dense conjugacy class, any
open sets U,V C G intersect with the dense conjugacy class untrivially. Hence,
if we let G act on itself by conjugation, then there exists ¢ € G such that
g(U)NV #£0. ¢(G*) is invariant under conjugation since h™*¢(hy, ..., ha)h =
é(hih, ...,hah) € ¢(G*). We also know that G is Baire since it is Polish.
Therefore, by Theorem »(G*) is either meagre or comeagre. Thus, we

derive that ¢(G*) is comeagre since it is not meagre.

I moves both almost R-maximally and almost L-maximally as well,

Since g~
the image of ¢' : (hy,..., hy) = (g7" ... g7 ") is also comeagre. So for anyf €
G, the translation ¢'(G*)f intersects ¢(G*). Hence, every element of G can

be written as a product of eight conjugates of g. O]

4.2 Constructing moving-maximally automor-

phisms

In the last section, in order for a non-trivial automorphism g € G to generate G
by conjugation, we require that both g and ¢g~! move both almost R-maximally
and almost L-maximally. In this section, we show that we can weaken this

condition on ¢ in two different ways.

Lemma 4.2.1. Let M be a countable homogeneous structure with a SWIR

L and let ¢ € G move both almost R-mazimally and almost L-mazimally.
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Then there exists k € G such that [g, k| and its inverse move both almost

R-mazximally and almost L-maximally.

Proof. We use the back-and-forth construction. List all types of finite tuples
over finite sets as py, pg, .... We start with the empty map. Suppose at the i-th
stage, we have a partial isomorphism % : A — B such that [l%, g] and [l%, g]™!
move pi, ..., p;i—1 almost R-maximally and almost L-maximally. Let p; be a
type over X. We can extend k so that its image and domain contain X. So
we may assume X Ug(X) C A, X U g/%(X) C B. We may also assume p; is

-1

non-algebraic. We want to extend k so that [k, g] and [k, g] " move p; almost

R-maximally and almost L-maximally.

Step I. We extend k so that the partial map [l;;, g] is defined and moves p;
almost R-maximally. Note that the arguments in this step only depend on g

moving almost R-maximally.

By Existence, there exists @’ realising p; such that a’ | A Since g moves
almost R-maximally, there exists @ realising tp(a’/A) such that a | 4, 9a. Since
tp(a/A) =tp(a’/A), we also have a | A by Invariance.

Again by Existence, there exists b realising k-tp(a/A) such that b | 29 ' (B).
Extend k by sending a to b. Acting by & on a \LX A, we obtain BJ/}E(X) B
1E)y Invariance. Then by TranNSitivity onb | HX) Bandb | B g 1 (B), we have
b J/ic(x) g~ B since we have k(X) C B from X C A.

By Existence, there exists ¢ realising &~ '-tp(¢gh/bB) such that & L, 9a. We
also hiwe a | , ga, so by Transitivity, we have ¢ |, ga. Extend k by sending
¢ to gb.

Acting by k~'g on l_)J/l~€ X) g '(B), we obtain k'gb Lia k(X l;:*l(B) which
F1gh(x A Since k~'gk(X )CAanch/klk

¢l ,g9a, we obtaNin ¢ \Lirlgk(x) ga by Transitivity. Acting by k~¢~'k on 1t,
we obtain a | [k, g|a.

can be simplified to ¢ | -

Step II. Under the assumption that ¢ moves L-maximally and by the same
argument, but swapping the sides of | as in Step I, we can extend k so that

[k, g] moves p; almost L-maximally.

Step I11. We want to extend k so that g, /;:] moves p; almost R-maximally. Note

that the arguments in this step only depend on ¢ moving almost R-maximally.
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By Existence, there exists a realising p; such that a | g1 (A). Since g moves
almost R-maximally, there exists b realising k-tp(a/A) such that b | , gb.
Again by Existence, there exists ¢ realising k-tp(ga/aA) such that ¢ | ;. gb.
Extend % by sending @ to b and ga to ¢. Acting by kg on a Ly g 1(A), we

obtain ¢ | Fo() B by Invariance.

By Transitivity on I_)LBgE and ¢ |, gb, we have ¢ J/Bgl_). Then by Tran-
sitivity on E\[j];g(x)B, ¢ ] ,gb and that l{:g(NX) C B, we have E\L];g(x) gb.
Acting by g~'A~" on this, we obtain @ | [g, k]a by Invariance.

Step IV. Under the assumption that ¢ moves L-maximally and by the same
argument as in Step III, but swapping the sides of | , we can extend k so

that [g, k] moves p almost L-maximally.

Let k be the union of k over all i. Then, k is an automorphism of M since we
ensured its domain and image contain all finite subsets of M. Thus, we have
constructed k € G such that [k, g] and [k, g] ! move almost L-maximally and
R-maximally. ]

Therefore, by Theorem {4.0.4] we have the following corollary:

Corollary 4.2.2. Suppose M is a countable homogeneous structure with a
SWIR and g € G moves both almost R-mazimally and almost L-maximally.
Then any element of G is a product of 16 conjugates of g and g~ *.

Lemma 4.2.3. Let M be a countable homogeneous structure with a SWIR
| and g € G be such that g moves almost R-mazximally and g~' moves almost
L-mazimally. Then there exists k € G such that [g, k| and its inverse move

both almost R-maximally and almost L-mazximally.

Proof. We use the back-and-forth construction as before. List all types of finite
tuples over finite sets as py, po, .... We start with the empty map. Suppose at
the i-th stage, we have a partial isomorphism & : A — B such that [l;:, g] and
[15, g]™! move py, ..., p;i_1 almost R-maximally and almost L-maximally. Let p;
be a type over X. We can extend k so that its image and domain contain X.
So we may assume X Ug(X) C A, X Ugk(X) C B. We may also assume p; is
non-algebraic. We want to extend k so that the partial maps [k, g] and [k, g]~*

are defined and move p; almost R-maximally and almost L-maximally.
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By Steps I and III in the proof of the previous lemma, we know that if g
moves almost R-maximally, we can extend k so that [k, g] and [k, g]™! move
pi almost R-maximally. Therefore, we only have to extend & so that [k, g] and

[k, g]"" move p almost L-maximally.
Now we extend k so that [l;:, g] moves p; almost L-maximally.

By Existence, there exists a realising p; such that A | @ and b realising
k-tp(a/A) such that g~'(B) | , V. Since g~' moves almost L-maximally, there
exists b realising tp('/Bg~1(B)) such that g~ 1b \LBgfl(B)
have g~'(B) | ,bsince tp(b/Bg~'(B)) =tp(t'/Bg~"(B)). Then by Transitiv-
ity on g~'(B) | ,band g7'b \LBg—l(B) b, we have g~'(bB) |, b. Extend k by
sending @ to b. By Existence, there exists ¢ realising k&~ '-tp(gb/bB) such that

b. By Invariance, we

ga J/aA ¢. Extend k by sending ¢ to gb.

Acting by k on A Ly @, we obtain B J/];(X) b. Since k(X) C B, by Transitivity
on B \L,;(X)E and g~'(bB) | ,b, we have g~'(bB) J/ l_) Acting by kg

on it, we obtain aA | - ¢. Then by Transitivity on 1t and ga \|/ c, we

k—1gk(X)
have ga \Lk—lgk(X) ¢. Acting by kg 'k on it, we get [k, gla al a.

Now we extend k so that [g, k] moves p; almost L-maximally.

By Existence, there exists @’ realising p; such that g7'(A) | @ Since g !

moves L-maximally, there exists a realising tp(a’/g~'(A)X) such that

g la \Lg_l(A)X a. Then by Invariance, we have g~'(A) |, a. By Transitivity
on it and g~'a ¢971(A)X a, we have g~'a Ly d.ﬁ Then actNing by ¢ on it,
we obtain @ | , ga. By Existence, we can find b realising k-tp(a/A) and ¢
realising k~'tp(gb/bB) such that & | _ ., 9a. Since g(X) C A, by Transitivity

on it and a J/ ga, we have ¢ \|/ ga Therefore, acting by g+

obtain [g, k]a Lya

Let k be the union of & over all . Then, k is an automorphism of M since we

on it, we

ensured its domain and image contain all finite subset of M. Thus, we have
constructed k € G such that [k, g] and [k, g]' move almost L-maximally and
R-maximally. N

Therefore, we have the following corollary:

Corollary 4.2.4. Suppose M is a countable homogeneous structure with a

SWIR and g € G is such that g moves almost R-mazimally and g~* moves
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almost L-mazximally. Then any element of G is a product of 16 conjugates of

g and g .



Chapter 5

Applications of Theorem 4.0.4

In this chapter, we will apply results proved in the last chapter to the examples
studied in Chapter 3. We do this by a similar approach to [TZ13a]. In
other words, we want to show that for any non-trivial automorphism ¢ of a
homogeneous structure M admitting a SWIR, we can construct h € Aut(M),

1

by a back-and-forth construction, as a product of conjugates of g and g~ such

that A and h~! moves both almost R-maximally and almost L-maximally.

We will apply Corollary to the prioritised semi-free structures in Section
5.1. We showed in Section 3.2 that for a set of forbidden triangles S satisfying
either Condition 1 or Condition 2, the corresponding Mg is a prioritised semi-
free structure. We will introduce a stronger condition (see Condition 3) and
show that we can prove the simplicity of Aut(Mg) using Corollary and
a back-and-forth construction if S satisfies this condition. This covers all
prioritised semi-free structures listed in Figure except # 26. For # 26,

we change the argument slightly to achieve the same result. Thus, we prove

Theorem B.1.3]

In Section 5.2, we will use the same method and apply Corollary to some
linearly ordered structures including the linear order expansions of non-trivial
free homogeneous structures and the universal n-linear order for n > 2 and

prove the simplicity of their automorphism groups.

Note that since we only consider homogeneous structure M with trivial al-
gebraic closure, any 1-type tp(x/X) over some finite set X C M has either

infinitely many realisations or exactly one realisation a € X where the type

62



63

includes the formula x = a. Hence, in the second case, we may simplify such
notations and say that x € X. Similarly, for an n-type tp(z/X), we can say
that 2N X = 0 if for any x; € T, tp(x;/X) is non-algebraic. In fact it was
proved in Lemma 5.1 in [TZ13a] that for a homogeneous structure admit-
ting a SIR, any 1-type over some finite set has either exactly one realisation

or infinitely many and the same proof applies for a homogeneous structure

admitting a SWIR.

In the following lemma, we show that to prove that g moves almost R-
maximally (or L-maximally), it is enough to prove that g moves all types

of the form
tp(Z/X) , where X is finite and 7N X = (), (5.1)

almost R-maximally (or L-maximally). Thus, we can work only with types of

this form later on.

Lemma 5.0.1. Let M be a countable homogeneous structure with a SWIR
L and g €Aut(M). Suppose g moves all types of the form almost R-
mazimally. Then g moves almost R-mazximally. Similarly, if g moves all types
of the form almost L-maximally, then g moves almost L-maximally.

Proof. Let p be an algebraic 1-type over some finite set X. Then by the

previous lemma, if a is the realisation of p, then a € X and thus, we have

al  gaandga |  a.

Now assume g moves all types of the form tp(zZ/X), where 2N X = (), almost
R-maximally. Let p be an n-type. We may assume p =tp(zy/X), where
7€ X and yNX = 0. We can further write Z = 7'Z” where g7’ N X = () and
gr" € X.

By Existence of |, we can find @ realising tp(y/X) such that @’ |  g7'.
We also have @’ N X¢gz’ = (). Since g moves all types of the form tp(z/X),
where X is finite and Z N X = (), almost R-maximally, we can find a realising
tp(a’/ X ¢gz) such that a \LXW ga. By Invariance, we have a | . g7’. Hence by
Transitivity, we have a | g(az’). Since 7, gz" € X, we have az | g(az'z")
by Remark [3.1.2] Therefore, Za realises p and is moved almost R-maximally
by g.
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Hence, g moves almost R-maximally. Similarly, if g moves all types of the form
tp(Z/X), where X is finite and z N X = (), almost L-maximally, by the same

argument but swapping the sides of | , g moves almost L-maximally. O]

5.1 Prioritised semi-free homogeneous struc-

tures

We now look at the prioritised semi-free homogeneous structures defined in
Section [3.2] In this section, we let £ be a binary relational language. Let S be
a set of forbidden triangles and Forb.(S) be the set of all finite L-structures
that do not embed any triangle from S as defined in Definition [2.3.1 We will
only consider S such that Forb.(S) forms a prioritised semi-free amalgamation
class. So we let £ = {Ry, Ra, ..., Ry} be the set of solutions for Forb,.(S)
with order Ry > .-+ > R,,. Let Mg be the Fraissé limit of Forb.(S) and
G =Aut(Msg).

We will show in this section that if S satisfies the following condition, then for
any non-trivial automorphism g of Mg, we can construct, by a back-and-forth
construction, a product of conjugates of g and g~! that move both almost R-
maximally and almost L-maximally. Then by Corollary [4.2.2] we can show
the simplicity of Aut(Mg) as stated in the next theorem.

Condition 3. Let S be a set of forbidden triangles such that Forb.(S) forms
a prioritised semi-free amalgamation class. Let £ = {Ry, Rs, ..., R;,} be the
set of solutions for Forb.(S) with order Ry > --- > R,,. Let Mg be the
Fraissé limit of Forb.(S). Assume that

(i) S does not contain any triangle involving Ry Ry or Ry R.

(ii) For a,b,c € Mg and B C Mg such that a,b, ¢ are distinct and a J/bB c,
if r(a,b) € L or r(b,c) € L', then we have a | ,c.

Remark 5.1.1. It follows from part (ii) of the above condition that for a, b, ¢ €
Mg and B C Mg such that a,b,¢, B are pairwise disjoint and a J/EB c, if
r(a;, b;) € L for all a; € a,b; € b, then @ |, ¢. Similarly if we have r(b;, ¢;) €
L' for all b; € b,c; € ¢, then a LBE.

We will first prove some preparatory results about Mg in Subsection 5.1.1. We

will then prove the following theorem in Subsection 5.1.2. Note that part(ii)
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follows from part(i) by Corollary

Theorem 5.1.2. Let S be a set of forbidden triangles such that S satisfies
Condition @ and Forb.(S) forms a prioritised semi-free amalgamation class.
Let Mg be the Fraissé limit of Forb.(S). Then,

(1) For any non-trivial automorphism g € Aut(Msg), there exist hy, hy €
Aut(Mg) such that [[hy, g], he] moves both almost R-mazimally and al-

most L-mazimally.

(i1) For any non-trivial automorphism g € Aut(Msg), dny automorphism of
Aut(Mg) can be written as a product of at most 64 conjugates of g and
g1, de. Aut(Myg) is simple.

In Subsection 5.1.3, we will see that all prioritised semi-free structures listed
in Figure 2.1] except #26 satisfy Condition (3| and thus, the above theorem
holds for them. For #26, we will modify the argument from Subsection 5.1.2

and obtain the same result. Altogether, we prove the following theorem.
Theorem 5.1.3. Let M be one of the following structures:
(1) all 3-multi-graphs and 4-multi-graphs listed in the appendiz of |[Che98]
(11) #8 to #10 of the 2-multi-tournaments listed in the appendiz of [Che9§].

Then, M admits a SWIR and Aut(M) is simple.

5.1.1 Preparatory results

In [TZ13a], Theorem was proved using the result from [MT11] that a
non-trivial automorphism of a free homogeneous structure does not fix the set
of realisations of any non-algebraic type pointwise. In order to prove Theorem
[5.1.2], we need to prove the same statement for Mg, where S satisfies Condition

Bl In other words, we prove the following theorem:

Theorem 5.1.4. Let S be a set of forbidden triangles satisfying Condition
[ and let Mg be the Fraissé limit of Forb.(S). Let g €Au(Mg). For any
non-algebraic type p over some finite set X C Mg, g moves infinitely many

realisations of p.

For readers familiar with model theory, the idea in this section comes from

imaginary elements. Since the proof here does not directly involve them, I
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refer interested readers to Section 16.4 and 16.5 in [Poi00]. We will show in
Theorem that our structure Mg has the intersection property, defined
in the following. Note that for our structure Mg, the intersection property
is equivalent to having weak elimination of imaginaries by Theorem 16.17
in [Poi00], so this result may be of independent interest. We will use this
property of Mg to prove the above theorem. For S C G, by (S), we mean
the subgroup of G generated by elements from S.

Definition 5.1.5. Let M be a homogeneous structure and G =Aut(M). We
say that M has the intersection property, if for all finite subsets A, B C M,

(Gay, GB)) = Ganp)- (5.2)

Remark 5.1.6. Note that if g € (G (4), G(p)), then g fixes ANB pointwise. So,
we always have (G(a), G(p)) < G(anp) and we only need to show the reverse

inclusion to prove the intersection property.

We show in the following proposition that to prove the intersection property,
it is enough to prove (5.2)) for A, B C M such that |[A\ B| = |B\ A| = 1.

Proposition 5.1.7. Let M be a homogeneous relational structure and G =
Aut(M). Suppose holds for all finite A,B C M such that |A\ B| =
|IB\ Al = 1. Then holds for all finite subsets A, B C M.

Proof. We prove this by induction on |A\ B|+ |B\ A|. The induction base is

given by the assumption.

Suppose holds for all A, B such that |[A\ B| + |B\ A] < n. Let A,B
be finite subsets of M such that |[A\ B| + |B \ A] = n. We may assume
|A\ B| > 2. Then we can pick a € A\ B and let A’ = (AN B) U{a} and
B'= BU{a}. Then, G(py < G(p)y and hence,

(Gay, Gp)) > (G, Gy, Gy)-

We also have that |[A\ B'| = |[A\ B| -1, |B'\ Al = |B\ 4|, |A"\ B| =1,
|B\ A’| = |B\ A|, Then by the inductive hypothesis, we have

(Ga), Gpry) = Gy and (G, Gp)) = Ganp)
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since ANB' = A", ANB = ANB and |A\ B'|+|B'\ A, |A’\ B|+|B\ 4’| < n.

Hence,

(G(a), G)) = (Gay, G, Gw)) = (Gar), Gis)) = Granp)-
Since <G(A), G(B)> S G(AQB), we have <G(A), G(B)> = G(AQB)- L]

Lemma 5.1.8. Let M be a homogeneous structure with a SWIR | and
G =Aut(M). If A \LAQB B, then (G4, GB)) = Ganp)-

Proof. Let g € G(anp). By Existence of | , there exists A’ realising tp(A/B)
such that A" |, BUgB. Since M is homogeneous and tp(A4/B) =tp(A’/B),
there is k € G(p) such that kA = A" and thus, G4y = kGa)k™". So we have

(Ga), Gp)) > (Gan, G(By).-

By Invariance from A |, B, we have kA Lk(AmB) kB, which is the same as
A" | 5 Bsince k € G(p). By Transitivityon A" | | Band A" | , BUgB,
we have

A" | BUygB.
ANB

By Monotonicity, we have A’ \LAOB B and A’ J/AOB gB. Since g € Ganp), we
also have tp(B/ANB) =tp(gB/ANB). So, by Stationarity, tp(B/A") =tp(¢B/A’),
i.e. there is h € G4 such that hB = gB. Then g € hG ) and thus,

g € (G, Gp)) < (Gay, Gepy). Therefore, Ganpy < (Ga), G(B))-

Since <G(A),G(B)> S G(AﬂB), we have <G(A)7G(B)> = G(AQB). ]

We now apply the above result to Mg where S satisfies Condition [3}

Theorem 5.1.9. Let S be a set of forbidden triangles satisfying Condition
@ and Forb.(S) be the class of all finite L-structures that do not embed any
triangle from S. Let Mg be the Fraissé limit of Forb.(S) and G =Aut(Msg).
Then for any a # ¢ € Mg and finite subset B C Mg, we have

(Gup), Gen)) = G(B).- (5.3)

Proof. 1If ¢ € B, then we have (G (4, G(cB)) > G(p) and hence (G (,p), G(cB)) =
Gp).
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So we may assume ¢ ¢ aB. Let | denote the SWIR as defined in Section 3.2,
i.e. forany A, B,C C Mg, A J/BC’ if ABC' = AB ®p BC where AB ®p BC
is the prioritised semi-free amalgamation defined in Definition [3.2.1} Then by
Existence, we can find ¢’ realising tp(c/aB) such that ¢ | _c. Then ¢ ¢ acB
and there exists k¥ € G(,p) such that kc = ¢’ and hence, G(vp) = k:G(cB)k_l.
So we have

(G(aB), G(cB)) = (G(B), G(c))-

Again by Existence, we can find ¢’ realising tp(c/¢’B) such that ¢’ J/c'B c.
Then ¢” ¢ ¢'B and there exists h € G(vp) such that hc = ¢” and hence,
G(c”B) = hG(CB)h_l. So we have

(G(eB),Gen)) = (Gerp), Gien))-

Sinced | ,candc,c ¢ aB, wehaver(c,c) € L. Since tp(c/c'B) =tp(c"/'B),
we have r(c, ) =r(c”,) € L. Then by part (ii) of Condition , we can ob-

tain ¢’ ¢ from " c.
B ¢B

Then by Lemma [5.1.8] we have (G p), Gp)) = G(p) since ¢’"BNcB = B.
Thus,
(GaB), Gen)) = (GB), Gen)) = (Gerp). Ger)) = G(B).-

Since <G(aB)7G(cB)> < G(B), we have <G(a3), G(cB)> = G(B).

]

Let p be some type over some finite set X and P be its set of realisations.
Then we have G(x) < Gypy and G(x) is transitive on P. However, X is not
unique as P can also be the set of realisations of some type over some finite
set X', i.e. G(xv is also transitive on P. If we are working with a countable

homogeneous structure satisfying the intersection property, then we have
Gxnxny = (Gx), Gixry) < Gipy.

So, G(xnx) is also transitive on P and hence P is a the set of realisations of
some type over X N X’'. Therefore, it makes sense to define a minimal defining
set for a type p to be the smallest set X such that G(x) < G¢py, where P is

the set of realisation of p.
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Corollary 5.1.10. Let p be a type over some finite set X C Mg and g € Aut(Mg).

If g fizes its set of realisations P pointwise, then g fixes X setwise.

Proof. Without loss of generality, we may assume X is a minimal defining set
for p. Suppose g fixes P pointwise. Then G,x) is transitive on P. This is
because for any a,b € P, there exists h € G(x) such that ha = b since G x)
is transitive on P. Then ghg~'a = b since g fixes P pointwise. We also have

that ghg™' € G4x). Thus, G(,x) is transitive on P.

By the previous theorem, we have G(xnyx) = (G(x), Ggx))- S0, G(xngx) is
transitive on P and thus, P is also the set of realisations of some type over
X NgX. By the minimality of X, we have g X = X i.e. g fixes X setwise. [

Proposition 5.1.11. Let S be a set of forbidden triangles satisfying Condition
[ and let Mg be the Fraissé limit of Forb.(S). Let G =Aut(Msg) and g €
G. For any non-algebraic type p over some finite set X, if g fixes its set of

realisations pointwise, then g is trivial.

Proof. Let ¢ € Mg be such that ¢ | X. Then r(c,b) = Ry for every b €
X by definition of | . We first show that g fixes the set of realisations of
tp(c/X) pointwise. Since g fixes X setwise by the previous corollary, for
every b € X, we have r(gc,b) = r(c,t') = Ry for some §/ € X and thus,
tp(ge/X) = g-tp(c/X). Suppose gc # c¢. Then we can find a realising p such
that r(c,a) = Ri,r(g9c,a) = Ry. This is possible by part (i) of Condition [3|
Since ga = a as a € P, we have r(a,c) = r(ga, gc) = r(a, gc), contradicting
r(c,a) = Ry,r(ge,a) = Ry. Hence gey = ¢4, i.e. g fixes the set of realisations

of tp(e/X) pointwise.

Then as shown in Figure [5.1] for z,y ¢ X distinct, there exists ¢ realising
tp(c/X) such that r(z,d) = Ry,r(y,c’) = Ry since r(b,¢’) = R, for every
b € X and there does not exist a forbidden triangle containing R R; or R Rs.
As gd = ¢, we have gxr # y. Since g fixes X setwise, gr ¢ X. Therefore,
gx = x for every x ¢ X. Then for every b,0’ € X distinct, there exists d ¢ X
such that r(d,b) = Ry,r(d,0’) = Ry. Hence gb = b for every b € X. Therefore,

ga = a for all a € Mg, i.e. g is trivial.
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Figure 5.1:

We have shown that for any non-trivial ¢ €Aut(Mg) and any non-algebraic
type p over some finite set B, g moves some realisation a of p. We can then
define a new type ¢ over aB which is defined the same over B as p. Since
we can repeat this process countably many times, g moves countably many

realisations of p. Hence, we have proved Theorem [5.1.4]

5.1.2 General cases

In this subsection, we will apply Corollary to Mg, where S satisfies
Condition (3| and show the simplicity of Aut(Mg). In other words, we prove
Theorem We achieve this by a back-and-forth construction. Note that

we will only consider Mg that has trivial algebraic closure.

Lemma 5.1.12. Let S be a set of forbidden triangles such that Forb.(S) is
a semi-free amalgamation class. Let Mg be its Fraissé limit. Then given any
non-trivial g € Aut(Mg), we can construct h € Aut(Mg) such that for any
non-algebraic type p of the form , there exist infinitely many realisations
a of p such that r(a;, [h, gla;) € L for a;,a; € a.

Proof. List all non-algebraic types of the form (5.1) as pi,ps,... with each
type repeated infinitely often. We start with the empty map and use the
back-and-forth method to build h. Suppose at the some stage, we have a
partial isomorphism h : A — B such that for any p € {p1, ., Pn-1}, there
exists @ realising p such that r(a;, [h, gla;) € £’ for all a;,a; € a. We want
to extend A so that p, has a realisation @ such that r(a;, [h, gla;) € L' for

a;,a; € a. Let p, be a type over some finite set X C Mg. We may assume
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X C A by extending h.

Since p,, is non-algebraic, by Theorem [5.1.4] ¢g does not fix the set of realisa-
tions of p, pointwise. We also have that Mg has trivial algebraic closure and
pr is of the form (5.1). Hence p, has a realisation a that does not intersect
with AU ¢g~'(@A) and h-tp(a/A) has a realisation b that does not intersect
with BU g~ *(bB)). Extend A by sending @ to b.

By the Extension Property, there exists ¢ realising A~'-tp(gb/bB) such that ¢
and ga are semi-freely amalgamated over aA. Since b N g~'(bB) = 0, which
implies gb N bB = @, we have ¢NaA = (). We also have that ga N aA = 0.
Thus, (¢;, ga;) is coloured using relations from £, i.e. r(c;,ga;) € L', for all

cZ-EE,aj € a.

Extend h by sending ¢ to gb. Then é = ﬁ_lgﬁd and we have, for any a;,a; € a,

r(a;, [iz,g]aj) =r(a;, ﬁ_lg_lﬁgaj) = r(ﬁ_lgﬁai,gaj) =r(c;, ga;) € L.

At every other step, we can make sure X C B by extending h. Let h be the
union of & over all n. Then it is an automorphism since it is well defined and

bijective by construction. O]

Theorem 5.1.13. Let S be a set of forbidden triangles satisfying Condition
@ and Forb.(S) the class of all finite complete L-structures that does not em-
bed any triangle from S. Let Mg be its Fraissé limit. Let g € Aut(Mg) be
an automorphism of Mg such that for any non-algebraic type p of the form
, there exist countably many realisations a of p with r(a;, ga;) € L' for all
a;,a; € a. Then there exists k € Aut(Mg) such that [g, k] moves both almost

R-mazimally and almost L-mazximally.

Proof. List all types as pi,ps,.... We start with the empty map and use
the back-and-forth method to build k. Suppose at some stage, we have a
partial isomorphism k : A — B such that for [g,fc} moves pi, ..., pi—1 almost
R-maximally and almost L-maximally. We want to extend k so that k& moves
p; almost R-maximally and almost L-maximally. Let p; be a type over some
finite set X. By Lemma [5.0.1, we may assume p; is non-algebraic and of the
form . We may also assume X U ¢gX C A and gkX C B by extending k.
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Since Mg has trivial algebraic closure and p; is non-algebraic and of the form
(p-1), we can find a@ realising p such that a N A = () and ELJ/Xg’lA by
Existence. By the assumption on g, there exists a realisation b of k-tp(a/A)
such that r(b;, gb;) € L' for all b, b; € b.

Again by Existence, there exists ¢ of k-tp(ga/aA) such that EJ—/EB gb. Since
r(b;, gb;) € L' for all b;,b; € b, by Remark 5.1.1, we obtain ¢ | gb.

Extend k by sending @ to b and ga to &. Then acting by l;;g on a J/X g A, we
have kga J/];g(X) kg(g~'A), which is the same as & \Li?;g(X) B. By Transitivity

on it and ¢ |, gb, we have ¢ J/l;g(x) gb. Then by Invariance, we have
a | lg,ka
X

By the same argument, but swapping the sides of | , we can also extend k

such that there is a realisation @’ of p such that [g, kla" |, @'

At every other step, we can make sure X C B by extending k. Let k be the
union of & over all <. Then [g, k] moves all non-algebraic types of the form
(5.1) almost R-maximally and almost L-maximally. Then by Lemma |5.0.1}

lg, k] moves both almost R-maximally and almost L-maximally. O

Therefore, we have proved Theorem [5.1.2]

5.1.3 Cherlin’s structures

We now look at Cherlin’s semi-free structures listed in Figure[2.1] We will show
in the following lemma that if S satisfies Condition [I]or Condition 2] then Mg
satisfies [3] Since we showed in Section that all examples listed Figure [2.1
except for #26 of 4-multi-graphs and #11 and #12 of 2-multi-tournaments
satisfy either Condition [I] or Condition [2] by the following lemma, we can
apply Theorem to these structures directly.

For #11 or #12 of the 2-multi-tournaments, we showed in Section that
they do not form a prioritised semi-free structure. For #26 of the 4-multi-
graphs, we will modify the argument from the last subsection to obtain the

same result.

Lemma 5.1.14. Let S be a set of forbidden triangles satisfying Condition
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or Condition @ Let Mg be the Fraissé limit of Forb.(S). Then S and Mg
satisfy Condition 3,

Proof. Part (i) of Condition [3| can be checked by observation. We only prove
part (ii).

Let a,b,c € Mg and B C Mg be such that a,b, ¢ are distinct and a LbB c.
If r(a,b) € L', we want to show a | ,c. If b € B, the statement is trivial.
Suppose b ¢ B. Since a \|/bB ¢, we have abcB = abB ®y5 beB, where abB Qpp
beB is the prioritised semi-free amalgamation of abB and bcB over bB as
defined in Definition m To show that a | , ¢, we want to show that (a, c)
is coloured by the same relation in both a ®p ¢ and a ®,p c. Suppose on the
contrary, (a,c) € R; in a ®p ¢ for some R; € L and (a,c) ¢ R; in a Qg c.
This implies that R;r(a,b)r(b, ¢) forms a forbidden triangle.

For S satisfying Condition [I] since r(a,b), R; € L', Rir(a,b)r(b,c) is of the
form R;R;R’ where R;R; € L', R' € L, contradicting Condition .

For S satisfying Condition [2| since £ = {R;, Ry} with R; > Ry, the only pos-
sibility of (a,c) ¢ R; in a®,pc is that r(a,¢) € Ry in a®pc and r(a,c) € Ry in
a ®Qpp c. Since r(a,b) € L', we have r(a,b) = Ry or Ry. Hence, R;r(a,b)r(b,c)
is a forbidden triangle involving Ry Ry or Ry Rs, contradicting part (i) of Con-
dition [3l

Therefore, given the assumption, it can be deduced froma |, jcthata | ,c.

By the same argument, we can also prove that if r(b,c) € £', thena | jc. O

Therefore, by Theorem [5.1.2, we obtain the following corollary:

Corollary 5.1.15. Let S be a set of forbidden triangles and Forb.(S) the set
of all finite L-structures that do not embed any triangle from S. Let Mg be
the Fraissé limit of Forb.(S).

(i) If S satisfies Condition []] or Condition[d, then Aut(Mg) is simple.

(i1) In particular, if S is any set listed in Figure except for #26 of
the 4-multi-graphs and #11 and #12 of the 2-multi-tournaments, then
Aut(Mg) is simple.

We now look at #26 in Figure[2.1} Though it does not satisfy either Condition

or Condition [2] we can still use a similar approach to prove the same result.
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Let S = {RRX,RXX,RYY,GYX,GXX,YYX, XXX}. Note that with or-
der G > R>Y on £ ={G,R,Y}, it satisfies part (i) of Condition [3 But it
does not satisfy part (ii) as shown in the following example, we have a |, ¢
and r(a,b) € L', but a is not independent from ¢ over b'.

a R ¢

b 74

However, we can obtain a | , ¢ from a |, , cif we have both r(a,b),r(b,c) €

L', which we prove in the following lemma.

Lemma 5.1.16. Let S be #26 of the 4-multi-graphs in Figure[2.1. Leta,b,c €
Ms and B C Mg be such that r(a,b),r(b,c) € L anda |, c. Thena | ,ec.

Proof. If b € B, the statement is trivial. Suppose b ¢ B. As in Lemma [5.1.14]
to show that a | ,c, we want to show that (a,c) is coloured by the same
relation in both aB ®p c¢B and abB Q5 cbB.

If (a,c¢) € G in aB ®p ¢B and (a,c¢) ¢ G in aB ®pp cB, then Gr(a,b)r(b,c)
forms a forbidden triangle where r(a,b),r(b,c) € L', i.e. r(a,b),r(b,c) # X.
However, all forbidden triangles in S involving GG also contain X, a contradic-

tion.

Ifr(a,c) = RinaB®pgcB and (a,c) ¢ Rin aB®ypcB, this implies (a,c) € Y
in aB ®up ¢B because of the order G > R > Y. Then there exists ¥ € B
such that o’ forbids (a, ¢) to be coloured by G. Since X X forbids both G and
R, we know that r(a,b)r(t/,c) = XY or YX. However, XY forbids (a,c) to
be coloured by G or Y. This implies that R is the only choice for r(a,c) in

aB ®yp ¢B since any amalgamation can be completed by some relation in £’

Therefore, given the assumption, it can be deduced froma |, jcthata | ,c.

]

Similarly as in Remark [5.1.1] we also have that for @, b,é € Mg and B C Mg
such that a J/EB ¢, if r(a;, b;),r(bj,c) € L' for all a; € a,b; € b,cy, € ¢, then

al e
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Note that only Theorem [5.1.9) and [5.1.13] directly use part (ii) of Condition [3|
In the proof of Theorem note that we had r(c,d) =r(d’, ) € L', so we

again have a | ,c from a |, ,c by the previous lemma and the rest of the
proof follows. We prove Theorem [5.1.13| for # 26 in the following:

Theorem 5.1.17. Let S be #26 of the 4-multi-graphs listed in Figure[2.1. Let
Mg be its Fraissé limit. Let g € Aut(Mg) be an automorphism of Mg such
that for any non-algebraic type p of the form , there exist infinitely many
realisations a of p with r(a;, ga;) € L' for all a;,a; € a. Then there exists
k € Aut(Mg) such that [g,k] moves both almost R-maximally and almost L-

mazimally.

Proof. List all types as pi,po,.... We start with the empty map and use
the back-and-forth method to build k. Suppose at some stage, we have a
partial isomorphism & : A — B such that for [g, k] moves py, ..., p;,_1 almost
R-maximally and almost L-maximally. We want to extend k so that k& moves
p; almost R-maximally and almost L-maximally. Let p; be a type over some
finite set X. By Lemma [5.0.1, we may assume p; is non-algebraic and of the
form of the form . We may also assume X U gX C A and gkX C B by
extending k.

By Existence, we can find @’ realising p such that @ |, g~'(A). Since p;
is non-algebraic and of the form , we may assume &’ does not intersect
with Ag~'(A). Then type tp(a’/Xg '(A)) is of the form since Mg
has trivial algebraic closure. By the assumption on g, we can find a realising
tp(a’/X g '(A)) such that r(a;, ga;) € L for all a;,a; € a. Then by Invariance,
we also have a \J/X g (A). Since the type tp(a/A) is of the form , there
exists a realisation b of k-tp(a/A) such that r(b;, gb;) € L' for all b;,b; € b.

Again by Existence, there exists ¢ of k-tp(ga/aA) such that ¢ Lz gb. Since
tp(¢/b) = k-tp(ga/a), we have that r(c;,b;) € L' for all ¢; € ¢,b; € b. We also
have that r(b;, gb;) € L' for all b;,b; € b. Hence, by the previous lemma, we
obtain ¢ |, gb.

Extend & by sending @ to b and ga to . Then by Invariance on a \LX g LA, we

have kga \L’;g(x) kg(g~'A), which is the same as ¢ \I/fcg(X B. By Transitivity

)
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onit and ¢ |, gb, we have ¢ | Fo() gb. Then by Invariance, we have
a Llg,kla
X

By the same argument, but swapping sides of | , we can also extend k such

that there is a realisation @’ of p such that [g, kla’ |, @'

At every other step, we can make sure X C B by extending k. Let k be the
union of k over all i. Then [g, k] moves all non-algebraic types of the form
(5.1) almost R-maximally and almost L-maximally. Then by Lemma m,

[g, k] moves both almost R-maximally and almost L-maximally. O

Therefore, we obtain the same result for # 26.

Corollary 5.1.18. Let S be #26 of the 4-multi-graphs in Figure and
Mg be the Fraissé limit of Forb.(S). Then for any non-trivial automorphism
g €Aut(Msg), there exist k,h €Aut(Mg) such that [[h,g|, k] moves almost
R-mazimally and L-mazimally. Hence, Aut(Mg) is simple.

Together with Corollary [5.1.15] we proved Theorem [5.1.3

5.2 Linearly ordered structures

We now look at some linearly ordered structures in this section. We let M be
a countable strong homogeneous L-structure admitting a SWIR | * and let
L = LU{<}. Let M= be its linear order expansion as defined in Definition
. It was proved in Theorem that M*< admits a SWIR | , i.e. for
any finite A, B,C C M=, A | C'if A* Lhe C* and for any a € A\ B,c €
C'\ B such that a < ¢, there exists b € B such that a < b < c.

We will apply Corollary to the linear order expansions of some homo-
geneous structures in this section. We will first, in Subsection 5.2.1, define
some notions and prove some preparatory results applicable to the linear order
expansion of all homogeneous structures. We will prove the following theorem

in this subsection using a back-and-forth construction.

Theorem 5.2.1. Let M be a countable non-trivial strong homogeneous L-

structure and M< be its linear order expansion. Let g be an non-trivial auto-
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morphism of M<. Then there exists h € Aut(M<), a product of conjugates of
g and g~', such that ha > a for all a € M*<.

We will then in Subsection 5.2.2 show that if M is a non-trivial free homoge-
neous structure and h €Aut(M<) is such that ha > a for all a € M<, then we
can find a product of conjugates of h and h~! that moves almost R-maximally
and its inverse move almost L-maximally. Hence, we can apply Corollary [4.2.4]
to the linear order expansion of a non-trivial free homogeneous structure and
prove the simplicity of its automorphism group. The same result was proved
in |[CKT19] using a method also generalised from Tent and Ziegler’s theorem,

but in a different way from the method presented in this thesis.

In Subsection 5.2.3, we will look at the universal n-linear order M,,. We
will generalise the proof of the above theorem and prove that for any non-
trivial automorphism g €Aut(M,,), where n > 2, we can find h €Aut(M,,),
as a product of conjugates of g and ¢!, such that ha <; a for all a € M,

and j = 1,...,n (see Theorem [5.2.27). We will then show in Theorem [5.2.29

that such an automorphism moves almost R-maximally and its inverse moves
almost L-maximally. Hence, we can apply Corollary to M,, and prove
the simplicity of Aut(M,,) for n > 2.

Altogether,we prove the following theorem.

Theorem 5.2.2. Let M be one of the following structures:
(i) the linear order expansion of a non-trivial free homogeneous structure,
(i1) the universal n-linear order, n > 2.

Then, M admits a SWIR and Aut(M) is simple.

Note that in this section, we will use the following notion as defined in Section
3.3. Let X C M= be finite, for an n-tuple z in M=, we denote tp*(z/X) to
be the set of all L-formulas satisfied by z with parameters in X, tp<(z/X)
to be the set of all {<}-formulas satisfied by Z with parameters in X and
tp(z/X) to be the set of all L<-formulas satisfied by z with parameters.

5.2.1 Preparatory results

Definition 5.2.3. Let S be a subset of M<. We define the convexification of
S to be the set {a € M<|3s1,50 € S : 51 < a < s}
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Definition 5.2.4. Let g be an automorphism of M<. An orbital of g con-
taining some a € M*< is the convexification of {g"a|n € Z}. We say an orbital
I is unbounded above if for any a € M=, there exists b > a such that b € [
and we say it is unbounded below if for any a € M<, there exists b < a such
that b € 1.

Note that if ga > a, then gb > b for all b in the orbital of g containing a.
Similarly, if ga < a, then gb < b for all b in the orbital of ¢ containing a. So

we can define the following:

Definition 5.2.5. (i) We say an orbital I is a +-orbital of g if ga > a for
all @ € I and is a —-orbital of g if ga < a for all a € I.

(ii) For g €Aut(M=), we say g has a single orbital if for any a € M<, the

orbital containing a is unbounded above and below.

Remark 5.2.6. (i) If g €Aut(M*) has +-orbital unbounded above (or be-
low), then for any b in the orbital, (¢'b);cz is a sequence unbounded

above (or below). The same statement holds for a —-orbital.

Lemma 5.2.7. Let M be a countable strong homogeneous structure and M<
be its linear order expansion. Let p(x) be a 1-type over some finite set X C
M= and b,c € M=. Suppose p<(x) U{b < x < ¢} is consistent. Then there

exists a € (b, c) realising p(x).

Proof. The lemma follows from the Extension Property. Since p<(z) U {b <
x < ¢} is consistent, we can embed beX into abcX such that a satisfies p(z)
and b < a < c. Then by the Extension Property, we can embed abcX into
M=<. Hence, there exists a € (b, ¢) realising p(x). O

Corollary 5.2.8. Let M be a countable strong homogeneous structure and

M= be its linear order expansion. Let p(x) be a I-type over some finite set

X C M=, Let g eAut(M=).

(i) Suppose for all y € M=, there ezists z > y such that gz > z and p(x)
contains the formula {x > x’' : 2’ € X}. Then for any y € M=, there

exists a >y such that a realises p(x) and ga > a.

(i1) Suppose for all y € M=, there exists z > y such that gz < z and p(x)
contains {x >z’ : ' € X}. Then for any y € M=, there exists a >y
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such that a realises p(z) and ga < a.

(111) Suppose for all y € M=, there exists z < y such that gz > z and p(x)
contains {x < x’' : &' € X}, then for any y € M=, there exists a < y

such that a realises p(x) and ga > a.

(iv) Suppose for all y € M=, there exists z < y such that gz < z and p(z)
contains {x < x’' : &' € X}, then for any y € M=, there exists a < y

such that a realises p(x) and ga < a.

Proof. To prove (i), by the assumption on g, we can find b > maz{y, 2’ : 2’ €
X} such that gb > b. Since p(z) contains the formula {x > 2’ : 2/ € X}, we
have that p<(z) U {b < x < gb} is consistent. So, by the previous lemma, we
have a € (b, gb) realising p(z). We also have that ga > gb > a. We can prove
(ii)-(iv) by the same argument. O

Proposition 5.2.9. Let M be a countable strong homogeneous L-structure
and let LS = LU{<}. Let M= be its linear order expansion as defined in
Definition [3.3.1 Let g € Aut(M=) be such that for any x € M=, there exist
y < x and z > x such that gy >y and gz > z. Then there exists h € Aut(M*)
such that gh~'gh has a single +-orbital.

Proof. List all elements of M< as xg,x1,.... We construct h using the back-
and-forth method and find a sequence (a,)ncz such that gh~'gha; = a;11 > a;
for all i € Z and for any x € M=, there exist m,n € Z such that a,, < z < a,,
i.e. the +-orbital of gh~'gh containing ag is unbounded below and above.

Hence, gh~'gh has a single +-orbital.

-1 —1
A n 19 G pan a1 g lagag co @ Un  Cp Ongl

g_lb,nfl b—n—lx” g_lb,l b—l Zo bO gbO bn gbn
Figure 5.2: Construction of h

We start with / as the empty map. Choose ay < x¢ < by such that gag >
ag, gbg > by. Extend h by sending ay to by. By the assumption on g and the
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previous corollary, we can find ¢y > ¢ such that ¢q realises ﬁ_l‘tp(gbo /bo) and
gco > ¢ since h tp(gbg/by) contains {x > ag}. Extend h by sending ¢ to
gbg. Let ay := gcg. Then gﬁ_lgiwo =a; = gcg > ¢y > Ty > Qp.

Now since h-tp(g~'ag/agco) contains {x < by, gho}, by Corollary and the
assumption on ¢, we can find b_; < xy such that b_; realises B-tp(g_lag /aoco)
and gb_; > b_;. Extend h by sending ¢ 'aq to b_;. Similarly, we can choose
a_; realising h="-tp(g~"b_1 /bob_1gby) such that ga_; > a_; and extend h by
sending a_; to g~ 'b_y. Since tp(g~'b_1/b_1) = h-tp(a_i/g 'ag) and g~ b_y <
b_y, we have a_; < g~ 'ag. Then gh~'gha_1 = ap > ¢ rag > a_1.

Let Ay = {a_1,9 tag,ap,co} and By = {g7b_1,b_1, by, gbo} be the domain
and image of h. Then, zq € (min Ag, max Ag) N (min By, max By). Choose 1,
realising h-tp(zo/Ay) and extend h by sending xy to 3. Choose z, realising
ltfl-tp(xo/yoBo) and extend & by sending zp to zy. Extend Ag,By to include

Xo, 20 and yg, xo respectively.

Suppose at the n-th step, we have a partial isomorphism, h A,_1 — B,
satisfying

: _ -1
(1> An—l - {a—nvg a—TL+17"‘7a07007"'Jan—lacn—tha"'7$n—1>ZO7"'7zn—1}7
— —1
anl — {g bfn>bfn7""7b717b07"'7bnflagbn717$07"'7xn717y07'“7yn71}7
where a; := gc;_1 > ¢;_q foralli=1,....n.

(i) minA, 1 =a_, < g la i1 < a1 <+ <glag<ay<cy<a <
c < Oy < Cpog = max A, |, minB, , = g, <b_, < <
g <b 1 <by<gby<---<bp_1<gb,_1 =maxDB,_;.

(iii) h maps a; to b;, ¢; to gbi, x; to y; and z to z; for all i = 0,...,n — 1 and

h maps a; to g~'b; and g 'aj4 to b; for all j = —1,..., —n.
(iv) gh™Yg ha; = a;s1 > a; for all i = —n, ..,n — 1.

Since h-tp(an/A,_1) contains {z > blb € B,_}, by Corollary and the
assumption on g, we can choose b, > x, realising ﬁ-tp(an/An_l) such that
gb, > b, and extend h by sending a,, to b,. Similarly, we can find ¢, > z,
realising B’l-tp(gbn/ann_l) such that gc, > ¢, and extend h by sending ¢,
to gb,. Since tp(gb,/b,) = ﬁ-tp(cn/an) and gb,, > b,, we have ¢, > a,. Let

Gpi1 = gc,. Then gﬁ_lgﬁan = Qpy1 = GCp > Cp > Up.

Similarly, since ﬁ-tp(g_la_n/ancn/ln_l) contains {x < b|b € b,gb,B,_1}, we
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can choose b_,, 1 < x, realising ﬁ-tp(g‘la,n/anann,l) such that gb_,,_; >
b_,_1. Extend h by sending ¢ 'a_, to b_,_;. Choose a_,_; < =z, such
that a_,_; realises B‘l-tp(g_lb_n_l/bnb_n_lgann_l) and ga_,_1 > a_,_;.
Extend h by sending a_,_; to g~'b_,_;. Since we have tp(¢~0_n_1/b_n_1) =
htpla_n_1/9 ra_y) and g~ 'b_,_y < b_,_1, we obtain a_,_; < g 'a_,.Then

1

gﬁ’lgﬁa_n_l =0 _,>G A_p >0 p 1.

Let A, = A, 1U{a_n_1,9 a_n,an,c,} and B, = B,_1 U{g7*b__1,b_p_1,
bn, gb,}. Then x, is in both (min A,, max A4,) and (min B,, max B,). Find
y, realising h-tp(x,/A,) and extend h by sending z, to y,. Find z, realising
Ffvfl-tp(xn/yan). Extend A,,B, to include z,,z, and y,,x, respectively.
Then, min A, = a_,_1, max A, = c¢,, minB, = ¢ 'b_,_1, max B, = gb,.
Hence h : A, — B, satisfies the hypothesis (i)-(iv).

Let & be the union of & over all steps. Then gh~tgh maps a; to a;4; > a; for all
i € Z and for any x € M<, there exist n,m € Z such that z < z, < ¢, < Gp41
and xr > x,, > a_,,. Therefore, the +-orbital containing aqy is unbounded

below and above, i.e. gh~'gh has a single +-orbital. O

We prove the following two propositions using a similar approach to the pre-

vious one.

Proposition 5.2.10. Let M be a countable strong homogeneous L-structure
and let LS = LU{<}. Let M=< be its linear order expansion as defined in
Definition . Let g € Aut(M=) be such that for all x € M=, there ezists
y > x and z < x such that gy >y and gz < z. Then there exists h € Aut(M*)
such that gh™*gh has a +-orbital unbounded above and a —-orbital unbounded

below.

Proof. List all elements of M< as xg,x1,.... We construct h using the back-
and-forth method and find sequences (a,)nez, (@), )nez such that gh~'gha; =
aiy1 > a;, gh™'gha) = al,, < a for all i € Z and for any x € M=, there
exists m,n € Z such that a/, < x < a,. Then the +-orbital containing ag is

unbounded above and the —-orbital containing a;, is unbounded below.

We start with i as the empty map. Choose ag,by > zo such that gby > by.
Extend & by sending ag to by. By the assumption on ¢ and Corollary [5.2.8]
we can find ¢y > ag such that ¢y realises B_1~tp(gbo /bo) and gcg > ¢ since

ﬁ_l-tp(gbo/bo) contains {x > ao}. Extend h by sending ¢o to gby. Then we
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Cp an a; Gy ) ap Cp aq Qp, Cn,
4‘
Tn
4‘
/ / / /
gbl, b Tn gby b Yo bo  gbo b, gbn

Figure 5.3: Construction of h
have c¢g > ag since tp(gbg/by) = iptp(co/ao) and gbg > by. Let a; := gcg. Then
gh~tghag = a1 = gco > o > ap.

Similarly, by Corollary and the assumption on g, we can find ay, b < xg
such that b, realises h-tp(aj/aoce) and gbjy < b. Extend h by sending al to
by We can choose ¢, realising h™'-tp(gb}/bobygbo) such that gcf < ¢f since
h=ttp(gbh /boblygbo) contains {z < af), ag, co}. Extend h by sending ¢, to gbj.
Then we have ¢, < aj since tp(gby/by) = h-tp(cy/ap) and gby < by. Let
a, == gc. Then gh~'ghal = d, = gc) < ¢ < aj.

Let Ay = {c}, af), ap,co} and By = {gb}, bf, by, gbo} be the domain and image
of h. Then, z is in both (min Ag, max Ag) and (min By, max By). Choose 1,
realising B-tp(xo /Ap) and extend h by sending xg to y9. Choose z, realising
ﬁfl-tp(aro/yoBo) and extend h by sending z to zy. Extend Agy,B, to include

X0, 20 and yg, Ty respectively.

Now suppose at the n-th step, we have a partial isomorphism of M, h :

A,_1 — B,_1 satisfying

; V) / /
(1> Anfl - {Cnflu Q15 o0y Ags AQs ooy An—1, Cpn—1, LQy -++y Tn—15 205 -+ Zn71}7
— / / /
anl - {gbn—17 n—1s 07b07"'>bnflagbnflax0>"-axnfla yﬂw"vynfl}a
where a;11 1= gc;,a;,, = gc; forall i = 0,...,n — 1.

(i) minA, ; =¢, 1 <a, ; <--- < <ay<ag<c << apq <
Cpo1 = max A, 1, minB,_; =gbl, | <V, _; < - < gby < b < by <
gby < -+ <b,_1 <gb,_ 1 =maxB,_;.

(iii) h maps a; to b;, ¢; to gbi, a; to b, ¢, to gbl, x; to y; and z; to x; for all

1=0,....,.n—1.

(iv) gh~'gha; = ai11 > a;, gh~'ghd, = d}., < d,.
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Since B-tp(an/An,l) contains {x > blb € B,_1}, we can choose b, > x,
realising iL-tp(an /A, _1) such that gb, > b, and extend h by sending a, to
b,. We can find ¢, > z,, realising l~1_1~tp(gbn/ann_1) such that gc, > ¢, and
extend h by sending ¢, to gb,. Then we have ¢, > a, since tp(gb,/b,) =
ﬁ-tp(cn/an) and gb, > b,. Let a,.1 := gc,. Then gh~tgha, = (pi1 = gCp >

Cp > Qy,.

Similarly, since iz‘tp(a;/anann,l) contains {z < blb € b,9b,B,_1}, we can
choose b/, < x,, realising h-tp(a,/ancyAn_1) such that gb/, < b,. Extend h by
sending a/, to b/,. Choose ¢, < x,, such that a/, realises h="-tp(gb/, /bpbl, gby Br_1)
and g¢, < ¢,. Extend h by sending ¢, to gb/,. Then we have ¢, < d,
since tp(gh,/b,) = htp(c,/a,) and gb,, < ¥,. Let a/,, = gc,. Then
gh™'ghdl,_, = a}, = g, < ¢, < ai_,.

Let A, = A,_1 U{d,,c,an,c,} and B, = B,_1 U{b_,_1,970_,_1,b,, gbs}.

Then x, is in both (minA,, maxA,) and (min B,,, max B,,). Find y, re-
alising h-tp(x,/A,) and extend h by sending z, to y,. Find z, realising
ﬁ_l-tp(xn/yan). Extend A,,B, to include z,,z2, and y,,z, respectively.

/
no

h: A, — B, satisfies the hypothesis (i)-(iv).

Then, min A, = ¢,, max A, = ¢,, min B, = g/, max A, = gb,. Hence

Let h be the union of & over all steps. Then gh~'gha; = a;41 > a;, gh~'gha), =
a;,, < a; for all 7 € Z and for any x € M=, there exists m,n € Z such that
g < Cp < Ty < T < Ty < € < apyr. Therefore, the +-orbital containing
ap is unbounded above and the —-orbital containing a( is unbounded below.

[

Proposition 5.2.11. Let g € Aut(M=) be such that g has a +-orbital un-
bounded above and a —-orbital unbounded below. Then we can find h € Aut( M=)
such that [g, h] has a single +-orbital.

Proof. Let y € M= be an element of the +-orbital unbounded above and let
z € M= be an element of the —orbital unbounded below, where z < y. Then,
we have that gz > x for all x > y and gr < z for all x < z. List all elements
of M as wyp, w1, .... We construct h using the back-and-forth method and find
a sequence (ay)nez such that [g, hla; = a;11 > a; for all i € Z and for any
r € M=, there exist m,n € Z such that a,, < x < a,. Then [g, h] has a single
+-orbital. We start with & as the empty map.
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ga_—n a—:z—la:n gELO a:l a_O Z Y a.l C_O a.n a”_+1 C_n
\ \ \\ - g_lco X
b—;—l g_lb'_n_l b:1 g_lvb_l b'O 9770 b-n g[;n

Figure 5.4: Construction of h

We can choose ayg < z,wy and by > wp,y. Then gag < ag and gby > bg.
Extend h by sending ag to by. By the Extension Property, we can find ¢y >
w, gy realising h~'-tp(gho/bo) since h~1-tp(gho/by)U{x > wy, gy} is consistent.
Extend h by sending ¢ to gby. Let ay := g~ '¢o. Then g~ 'co = [g, hlag = a1 >
Yy >z > ag.

Similarly, we can choose b_; < gz, wg such that b_; realises ﬁtp(gao/coao).
Then ¢ 'b_; < z. Extend h by sending gag to b_;. Choose a_; realising
h='tp(g~b_1 /b_1bogbo) and extend h by sending a_; to g~'b_;. Then a_; <
ag since g7'b_y < z < y < by and tp(g~'h_1/by) = h-tp(a_yi/ap). Thus, we

have [g, hla_y = ag > a_;.

Let Ay = {gag,a_1,a0,co} and By = {b_1,97b_1, by, gbo} be the domain and
image of h. Then zg := wy is in (min Ay, max Ag) N (min By, max By). Choose
Yo realising ﬁ-tp(:vo/Ag) and extend h by sending o to yo. Choose z, realising
fz_l'tp(xo /y0Bo) and extend h by sending zp to zo. Extend Ag,Bp to include

To, 2o and g, xo respectively.

Now suppose at the n-th step, we have a partial isomorphism of M, ho:

A,_1 — B,_1 satisfying

(1) An—1 ={9ani1, 0 n,y o cQ_1, 00, ey 1, Cr1, L0y ooy L1, 205 ooy Zn—1 } With
mnA, | =ga 1 <a_,<---<gag<ajq<a<a <c<- <

1

Cno < ap < ¢y =max A,_q, where a; ;== ¢~ '¢;_1 fori =1,...,n.

(11) Bn—l = {b—n> gilb_n, ey bo, gbo, cee bn—la gbn—la Loy ooy T—15 Y0y -+ yn—l}
with min B, =b_, < g7 'b_p, < -+ <b_1 < g lb_1 <by < gby<---<
b1 < gbn,1 =max B,,_1.

(iii) h maps a; to b;, ¢; to gb;, x; to y; and z; to ; for all i = 0,...,n — 1 and

h maps a_; to g7'b_j and ga_j41 to b_; for all j =1,....n.
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(iv) [g,hla; = a1 > a; for all i = —n, ....,n — 1.
(v) ¢ > g'ag, by > gL%JbO forallt =1,..,n—1and a_; < gL%JaO, b_; <
¢ h_; forall j =2,...,n.

We can choose b, realising h-tp(a,/An—_1) and extend h by sending a, to
b,. Then ¢gb, > b,. Since a, > c¢,_s by the inductive hypothesis and
tp(bn/gbn—2) = ﬁ-tp(an/cn,g), we have b, > gb,_». By the inductive hy-
pothesis (v), b,_o > gLanszo. Hence, b, > gb,_o > gL21b,.

We can find ¢, > x,, g"a1, gc,,_1 realising fz_1~tp(gbn/ann,1) and extend h by

sending ¢, to gb,. Let a,41 := g 'c,. Then a,4; = [g,iL]an > [g, hlan—1 = a,

since a,, > a,_,. We also have a,.; = g ‘¢, > c,_1 since ¢, > gc,_1.

Choose b_,,_1 < zp,g"b_1, gb_,, realising B-tp(ga,n/anann,l). Extend h by
sending ga_,, to b_,,_1. Choose a_,_1 realising ffl-tp(gflb_n_l/bnb_n_lgbn

B,_1) and extend h by sending a_,_1 to ¢ b_,_1. Then a_,_1 = [ﬁ,g]a_n <
[iz, gla_ni1=a_,sincea_, < a_py1. Sinceb_,, 1 < gb_,, and tp(g~'b_,_1/b_,)
= E-tp(a_n_l/ga_nﬂ), we have a_,,_1 < ga_, 1. By the inductive hypothesis

+1
%5~

n—1
(v), we have a_, 11 < gLTJaO. Hence, a_,—1 < ga_n41 < g Jay.

Now let A, = A,_1U{an,cn,9a_pn,a_n_1} and B, = B, 1U{b_,, 1,97 b_,,_1,
b, gbn}. Let x, be the first element in the list wp,wy, ... such that z, ¢
{zg,...,xn_1} and z,, is in (min A4,,, max A,,) N (min B,,, max B,,). Find z, real-
ising ﬁ_l-tp(a:n /ynB). Extend A,,B, to include x,, z, and y,, x, respectively.
Then, min B,, = b_,,_;, max B,, = gb,,, min A,, = ga_,,, max A,, = ¢,. Hence,
h: A, — B, satisfies the hypothesis (i)-(v).

Let h be the union of & over all steps. Since g has a +-orbital unbounded above
and a —-orbital unbounded below, by Remark (g'ar)iez, (g'bo)icz, are
unbounded above and (g'ag)icz, (§°b_1)icz are unbounded below. Hence, by
the hypothesis (v), we have that | J,,.y(min A,,, max A,) N (min B,,, max B,,) =
M=. This implies that for any w; in the list wg, wy, ..., we have w; = z; for
some j € N, i.e. w; is in the domain and image of A. Thus & is bijective and
h € Aut(M*).

Therefore, we have that [g,h] maps a; to a;11 > a; for all ¢ € Z and for
any © € M=, there exist n,m € Z such that z < z, < ¢, < a,.1 and

X > Ty, > a_p,. Therefore, [g, h] has a single +-orbital. H
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For an automorphism g €Aut(M<), we say ¢ is left bounded if there exists
a € M= such that gr = x for all x < a. We say ¢ is right bounded if there
exists a € M< such that gr = x for all x > a. We say ¢ is unbounded if it is
not left bounded or right bounded.

Theorem 5.2.12. Let M be a countable strong homogeneous L-structure and
M= be its linear order expansion. Let g be an unbounded automorphism of
M=<. Then there exists a product of conjugates of g and g~—* that has a single
+-orbital. Similarly, there exists a product of conjugates of g and g—* that has

a single —-orbital.

Proof. Suppose ¢ is an automorphism such that for any z € M=, there exist
y < x and z > x such that gy > y and gz > 2. Then, by Proposition [5.2.9
there exists h € Aut(M<) such that ghgh™! has a single +-orbital. Suppose g
is an automorphism such that for any z € M=, there exist y < z and z > x
such that gy < y and gz < z. Then, by applying Proposition on g~!, we
can find h €Aut(M*=) such that g~ 'hg='h~! has a single +-orbital.

Suppose for all x € M<, there exist y > = and z < x such that gy > y
and gz < z. Then, by Proposition [5.2.10, we can find h €Aut(M<) such
that gh~'gh has a +-orbital unbounded above and a —-orbital unbounded
below. Then by the previous proposition, we can find k& €Aut(M<) such that
[gh™'gh, k] has a single +-orbital. Suppose for all z € M=, there exist y >
and z < x such that gy < y and gz > 2. Then, we apply the same argument on
g~ ! and find h, k €Aut(M<) such that [¢g~'h~'g'h, k] has a single +-orbital.

Since g is unbounded, these are the only cases we need to consider. Hence for
any g €Aut(M=), there exists a product of conjugates of g and g~! that has
a single 4+-orbital. We can take the inverse of the product to obtain a product

of conjugates of g and ¢g~! that has a single —-orbital. O]

Lemma 5.2.13. Let M be a non-trivial countable strong homogeneous L-
structure and M= be its linear order expansion. Then for any non-trivial
g €Aut(M<), g does not have a non-empty open interval I = (z,y) such that
ga=a forallael.

Proof. Since M is non-trivial, there is a non-trivial relation R € £. Suppose

there exists such an open interval /. Then for any b # ¢ € M=\ I, we can
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embed bcxy into abcxry where © < a < y and R(a,b), =R(a,c). Then, by the
Extension Property, we can embed abcxy back into M<. So we have ga = a.
Hence, gb # c. Therefore, gb = b for any b € M=\ I, contradicting the
non-triviality of g. O

Remark 5.2.14. Hence, by the previous lemma, if M< is not the dense linear

order, then any non-trivial automorphism of M< is unbounded.

Corollary 5.2.15. Let M be a non-trivial countable strong homogeneous L-
structure and M= be its linear order expansion. Let g € Aut(M<) be non-
trivial. Then there ewists a product of conjugates of g and g~ that has a
single +-orbital. Similarly, there exists a product of conjugates of g and g~!

that has a single —-orbital.
This then immediately implies Theorem [5.2.1

For an unbounded automorphism g € Aut(M<), we have constructed h as a
product of conjugates of g and ¢! such that ha > a for all a € M<. We now
prove that such h has some special property, which will be useful in the later

proofs.

Lemma 5.2.16. Let M be a countable homogeneous L-structure with a SWIR
" and M= be its linear order expansion. Let p be an n-type over some finite
set X of the form , i.e. p=tp(Z/X) where TN X =0 and let B be some
finite subset of M=.

(i) Let g € Aut(M<) be such that ga < a for all a € M=<. Then there exists
a realising p such that @ \LX B and if a; < ga; for some a;,a; € a, then

there exists x € X such that a; < x < ga;.

(ii) Let g € Aut(M<) be such that ga > a for all a € M=<. Then there exists
a realising p such that B \LX a and if a; > ga; for some a;,a; € a, then

there exists x € X such that a; > x > ga;.

Proof. (i) Let p be an n-type over some finite set X. We can write p =tp(xy, ...,
r,/X) where z; > -+ > x,. Since TN X = (), we can always choose a
realising p such that aX Nga = 0. Let pp =tp(xy,...,2x/X) for k =1,...,n.
We find a; inductively. For the inductive base, by Existence, we can choose
ay realising p; such that a J/X B. Then ga; < a;. Now assume there exists

~k—1 &k—l

a*' = (ay,...,a_1) satisfying (i) realises py_1, (ii) a*~* L B, and (iii)
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if a; < ga; for some 1 < 4,5 < k — 1, then there exists x € X such that
a; < x < gaj. Note that we may assume ¢, j are distinct as it is not possible

to have a; < ga; by the assumption on g.

By Existence, we can find ay, realising py(a*~!, 2/ X) and ay Loy BgaF=!.
Then by Monotonicity, we have ay J”L_Ik71 « B and by Transitivity on it and
the inductive hypothesis (i) @*~' |, B, we have @*~'a), | B. We also have
ay \I/E,k_lX ga"~' by Monotonicity. Then for any 1 < j < k — 1, if a3 < ga;,
then either there exists a; € a*~! such that a; < a; < ga; or there exists x € X
such that ay < < ga;. In the former case, by the inductive hypothesis (iii),
there exists x € X such that a; < a; < v < ga;. Hence, in both cases, we
can find z € X such that a; < 2 < ga;. We also have that gay < a; < g,
for all i = 1,...,k — 1. Thus, we have that if a; < ga; for some 1 <i,j < F,
then there exists € X such that a;, < x < ga;. Therefore, we have found

k

a® = (ay, ..., ag) satisfying the inductive hypothesis (i)-(iii) for k.

By induction, we can find a realisation of p satisfying the required property.

By a symmetric argument, we can prove part (ii). ]

Remark 5.2.17. It follows from the proof that if the type p is of the form
tp(Z/X) such that X is finite and for all 7; € X, 7; ¢ X, then we can find a

realisation @ such that a N ga = 0.

5.2.2 Linearly ordered free homogeneous structures

In this subsection, we let M be a non-trivial free homogeneous structure and
M= be its linear order expansion. As in Example [3.3.5 we can find a SWIR
L on M= by defining A | , C if any tuple of ABC that satisfies a relation
of £ does not contain both a € A\ B and ¢ € C'\ B and if a < ¢, then there
exists b € B such that a < b < c.

To be able to apply Corollary [4.2.4] we will show in the next theorem that for
any non-trivial g € Aut(M<), we can find a product of conjugates of g and g~*
that moves L-maximally and its inverse moves R-maximally. We first prove

the following lemma.

Lemma 5.2.18. Let M= be the linear order expansion of a non-trivial free
homogeneous structure. Let A, B, B', C' be finite substructures of M= such that
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ANB =0 and CNB = . Suppose A |, C and for anyb € B\B',c € C\B’,
if b <c, then there exists ' € B such that b <V <c. Then A |, C.

Proof. Fora € A\ B and c € C'\ B, we have a € A\ BB' and c € C'\ BB’
since ANB = () and CN B = (. Then since A J/BB, C, a,c are not related by
5 O either there exists b € B\ B’
such that a < b < ¢ or there exists ' € B’ such that a < b < ¢. In the

any relation in £. If a < ¢, then since A |

former case, by the assumption, there exists b’ € B’ such that a < b <V < c.
Therefore, we have A |, C. O

Theorem 5.2.19. Let g € Aut(M<) be such that ga < a for all a € M*.
Then there exists k € Aut(M<) such that [k,g] moves almost R-mazimally

and [g, k] moves almost L-mazximally.

Proof. We use the back-and-forth method. List all types of the form as
P1, P2, .... Suppose at some stage, we have a partial isomorphism kA=
B such that [k, g] moves pi,...,pi_1 almost R-maximally and [g, k] moves
p1,...,pi—1 almost L-maximally. Suppose p; =tp(z/X). By Lemma [5.0.1]
we may assume p; is non-algebraic and is of the form , ie. TNX = 0.
Then we can always find realisation @ such that a N ga = (). We may also
assume that X U g(X) C A, gkX C B by extending k.

Step 1. We extend k so that [k, g] moves p; almost R-maximally. By Lemma
5.2.16| there exists a realising p; such that a | X A and if a; < ga; for some
a;,a; € a, then there exists x € X such that a; < z < ga;. By Remark [5.2.17]
we may assume aNga = (). Since the type p; is of the form (5.1)), we may also

assume a N A = 0.

By Existence, there exists b realising l%-tp(&/A) such that b | 5 g 'B. Since
k-tp(a/A) is non-algebraic, we may assume b N gb = @ by Remark [5.2.17
Extend % by sending @ to b. By acting & on a LA we get EJ/}%X B.

Again by Existence, there exists ¢ realising &~ '-tp(¢gb/bB) such that & L, 90
Extend k& by sending ¢ to gb. Then we have ¢Na = () since bNgb = (. Since if

a; < ga; for some a;,a; € a, then there exists x € X such that a;, < z < ga;,

we have ¢ |, ga by Lemma [5.2.18|

By Transitivity on l_)\[/éXB and Z_)J/Bg_lB, we have EL]}X g 'B. Act-

ing by k~'g on it, we get k'gb | k=B, which can be simplified to

k—1gkX
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c \L’;_lgkx A. Since ktgkX C A, we can apply Transitivity on ¢ \I/fc—lgicx
and ¢ | , ga to obtain E\leﬁlgéx ga. Acting by k7l¢g7'k on it, we have

a | [k gla.

Step 2. We extend k so that lg, l;;] moves p; almost L-maximally. Since ¢~ 'a >
a for all a € M=, by Lemma [5.2.16{ii), we can find a realising p such that
9 '(A) L a and if a; > g~'a; for some a;, a; € @, then there exists z € X
such that a; > x > g~ 'a;. Hence, if ga; > a; for some a;,a; € a, then there
exists + € X such that ga, > gz > a;. We may assume a Nga = (. By

Invariance, we have A J-/g(X) ga.

By Existence and the fact that tp(a/A) is non-algebraic, we can find b real-
ising k-tp(@/A) such that bN gb = ¢ and € realising k~'-tp(gb/bB) such that
¢ |, ga Extend k by sending @ to b and ¢ to gb. Then we have ¢ Na = 0.

Since g(X) C A, ¢Nna=anga =0 and if ga; > a; for some a;,a; € a, then
there exists € X such that ga; > gz > a;, we obtain ¢ |, ga fromc | _, ga

by Lemma [5.2.18. Then by Transitivity on A l/g(X) ga and ¢ |, ga, we have

c \I/g(X) ga. Therefore, acting by ¢~! on it, we obtain [g, k]a Lya

We can also make sure X C B by extending k. Let k be the union of all k over
all i. Then k is bijective and thus, k €Aut(M<). Then [k, g] moves almost

R-maximally and [g, k] moves almost L-maximally. O

Therefore, we obtain the following corollary.

Corollary 5.2.20. Let M= be the linear order expansion of a non-trivial free

homogeneous structure. Then Aut(M<) is simple.

Proof. Let g be a non-trivial automorphism of M<. Then, by Theorem [5.2.12]
there exists h €Aut(M*<) as a product of conjugates of g and g~*, such that
ha < afor all a € M<. By the previous lemma, there exists k € Aut(M<) such
that [k, h] moves almost R-maximally and [h, k] moves almost L-maximally.
Therefore, by Corollary [4.2.4] any element of Aut(M<) can be written as a
product of conjugates of g and g~!. Thus, Aut(M<) is simple. ]
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5.2.3 Universal n-linear order

We now prove the same result for the universal n-linear orders in this sub-
section. As in Example [3.3.5] we can find a SWIR on the universal n-linear
order M,,, i.e. for finite substructures A, B,C C M,,, define A LB Cifa<;c
for any a € A\ B,c € C'\ B and for some i, there exists b € B such that
a<;b<;ec.

We first look at the case where n = 1, which is the dense linear order (Q, <).
The normal subgroup structure of Aut(Q, <) is well-known. According to
[BD85|, Higman showed that the subgroup consisting of all bounded auto-
morphisms is simple in [Highl]. [Hol63] and |Llo64] studied the normal sub-
group generated by unbounded automorphisms. We illustrate in the following
how Corollary can be applied to obtain an alternative proof of the same

statement.

Corollary 5.2.21. Let g be an unbounded automorphism of (Q, <). Then the
normal subgroup generated by g is Aut(Q, <).

Proof. Let g be an unbounded automorphism of (Q, <). By Theorem ,
there exists h €Aut(Q, <), a product of conjugates of g and g~!, such that
ha < a for all a € Q. Let p be an n-type over some finite set X C Q.
Then by Lemma , we can find @ realising p such that if a; < ha; for
some a; € @\ X, ha; € ha\ X, then there exists € X such that a; < z <
ha;. Hence a |  ha by definition. Similarly, we can find a’ realising p such
that h='a’ | @ So, h moves R-maximally and h~' moves L-maximally.
Therefore, by Corollary [£.2.4 Aut(Q, <) can be generated by products of
conjugates of g and g~ O

For n > 2, we will use a similar approach to find an automorphism that moves
almost R-maximally and its inverse moves almost L-maximally. We will do
this by induction and the back-and-forth method. We first define the following

notions and prove the next two lemmas.

Definition 5.2.22. Let A be a finite subset of M,, and b € M,,\ A. We define
the upper constraint of b with respect to A on order <; to be min;{a >; bla €

A} and the lower constraint of b with respect to A on <; to be maz;{a <;
bla € A}.
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Definition 5.2.23. Let M,, be the universal n-linear order and I C {1,...,n}.
Define M! to be the structure M,, but with the ordering <; reversed for every
iel.

Remark 5.2.24. We have ML = M,, for any I C {1, ...,n}. Hence, Aut(M,,)
=Aut(M]).

Lemma 5.2.25. Let M,, be the universal n-linear order and ay, ..., Gy, 1, ..., Cp
€ M,, be such that a; <; ¢; for alli=1,...,n. Then there exists b € M,, such
that a; <; b <; ¢; foralli=1,...,n.

Proof. This follows from the Extension Property: we can embed a;...a,c;...c, €
M, into aj...ancy...c,b € C where a; <; b <; ¢; for all ¢ = 1,...,n and C is
the class of all finite n-linear orders. Then by the Extension Property, we
can embed a;...a,c;...c,b into M,,. Hence, there exists b € M, such that

a; <; b<; ¢ for allzzl,,n ]

Lemma 5.2.26. Suppose g,g" € Aut(M,,) have a single +-orbital on <; for

somei=1,...,n. Then
(i) ¢'g has a single +-orbital on <;.
(i) Any product of conjugates of g has a single +-orbital on <;.

Similarly, any product of conjugates of automorphisms that has a single —-

orbital on <; has a single —-orbital on <;.

Proof. Fix some i = 1,...,n. Since g has a single +-orbital on <;, there exists

(aj>j€Z such that ga; = ajy1 > G and Ujez[aj, CLj_H)i =M,.

(i) Since ¢’z >; x,gx >; = for all z € M,,, we have ¢'ga; = ¢'aj11 >; aj41
for j € Z. Hence (a;, ¢'ga;); intersects with (a;11,¢'ga;41); for all j € Z.
Since ¢'ga; >; a; for all j € Z, ¢'g has a single +-orbital on <;.

(ii) Let h €Aut(M,). Then for all j € Z, hgh~*(ha;) = hga; = haj;1. Since
aji1 >; aj, we have hajyy >; ha;. Since Ujezlaj, aji1); = M, we also
have Ujez[ha;, haji1); = M,,. Hence hgh™' has a single +-orbital on <;.
By part (i), any product of conjugates of g has a single +-orbital on <;.

]
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To simplify some notations in the following proof, we denote (a,b); for some
a,b € M,, and i € {1,...,n} to be the open interval (a,b) on <; if a <; b and
(b,a) on <; if b <; a.

Theorem 5.2.27. Let g € Aut(M,,), n > 2, be non-trivial. Then there exists
f, a product of at most 4" conjugates of g and g=', and I C {1,...,n} such
that f has a single +-orbital on <; for all j =1,...,n in M.

Proof. We prove the theorem by induction on n. For the inductive base, by
Theorem [5.2.12] there exists h’ € Aut(M,,), a product of conjugates of g and
g~', such that A’ has a single +-orbital on <; in M| where I, = (.

Now for the inductive step, suppose h €Aut(MZIm-1) is such that h can be
written as a product of conjugates of ¢ and ¢g—! and has a single +-orbital on
< forall j =1,..,m—1in M for some I,,_1 C {1,...,m — 1}. Since
ML = M, we may assume without loss of generality, that I,,_; = ). We will
show that there exists k € Aut(Mm), written as a product of conjugates of h
and h™', such that k has a single +-orbital on <; for all i = 1,...,m in M

for some I,,, C {1,...,m}. There are four possible cases to consider.

Case 1. For any x € M,,, there exists y <,, * and z >,, x such that hy >,, y
and hz >, z.

In this case, we can apply Proposition and find k; €Aut(M,,) such that
hkihk; ! has a single 4+-orbital on <,,. By the previous lemma, hk hk;* also
has a single +-orbital on <; for j = 1,....m — 1. Then k = hkihk{! has a

single +-orbital on <; for all ¢ = 1,...,m in M,,.

Case II. For any x € M,,, there exists y <,,, x and z >, x such that hy <,, y
and hz <, z.

Let I,, = {m}. Then for any x € M!m there exists y <,, x and z >,, = such
that hy >,, y and hz >,, z. We can again apply Proposition to h and
find k; €Aut(MIm) such that hk hk; ' has a single +-orbital on <,,. By the
same argument as in case I, k = hk;hk; ! has a single +-orbital on <; for all

i=1,..,min MIn

Case III. For any x € M,,, there exists y >,, x and z <, x such that hy <,, y
and hz >,, z.

Let I,, = I,,.;1 = (. By Proposition [5.2.10] we can find k; €Aut(M,,)
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such that h~1k;'h~'k; has a +-orbital unbounded above and a —-orbital un-
bounded below with respect to <,,. Let ko = ki Yhkyh. Then there exists
Y,z € M, such that kya <,, a for all a >, y and kea >,, a for all a <,,, z. By
the previous lemma, we also have that ks has a single +-orbital on <; for all
7 =1,....,m—1. We want to construct ks using the back-and-forth method
such that [ko, k3] has a single 4+-orbital on <; for all j = 1,...,m. We start

with & as the empty map and extend k so it approximates to ks.

A_s—1 koa_s a_1 ag ay kaao ¢ Qs Cs
= k;lCO
k;lbfsflb—s—l k’;lb,1 bO b—l kaO bs kas

Figure 5.5: Illustration of case III and <;, where j =1,..m—1

Q_s—10—g k'ZGst a-1 z Yy k2a0 C0 CL Cs Qs Qs+l
// = k? Co = /{52_103
. . o e‘/ 3
k;lb_s_lbfsflkb_lb_l b,1 kaO 2bs bs

Figure 5.6: Construction of k3

List all elements of M,, as wg, wy, .... Choose ag >,, y,wy. By Lemma [5.2.25]
we can find by € M, such that ay <; by <; keao for j = 1,. — 1 and
bo >m Y, wo. Then koby <., by and (ao, kaao); N (bo, kabo); # (Z) for all j =

1,..,m — 1. Extend k by sending ag to by. Since k= -tp(kobo/by) U {2 >;
kaaolj = 1,...,m} is consistent, we can find ¢o >; koap for all j = 1,...,m
realising l%_l-tp(kao/bo). Extend & by sending ¢y to keby. Let ap := k5 eo.
Then for all j = 1,...,m, we have a; = ky'co = [k, k]ag >, ag since ¢g >;
kyag. Similarly, since k-tp(kyag/coaq) U {x <, z o} is consistent, we can
choose b_1 <, z,xo realising l%-tp(kgao/coao). Choose a_1 <,, z,xq realising
k1 tp(ky tb_1 /b_1bokaby). Extend k by sending koag to b_; and a_; to kytb_y.
Then for all j = 1,...,m, we have a_; = [ky, k] 'ag <; [ka, k] 'ay = ag since

ag <; ai.

Let Ay = {a_1,keao,co,a0} and By = {ky'b_1,b_1,kobo,bo}. Then S :=
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ﬂ;ll(minj Ay, max; Ap); N (min; By, max; By); is non-empty. So, we can let
xo be the first element in the list wg, wy, ... such that xg is in S. Choose g
realising l%-tp(xo /Ap) and extend k by sending zo to yo. Choose z, realising
l?:‘%p(xo /y0Bo) and extend k by sending z to zo. Extend Agy,By to include

To, 2o and g, xo respectively.

Now suppose at the s-th step, we have a partial isomorphism of M,,, k :

A, 1 — B, satisfying

(1> AS,1 = {a,s, k2a78+17 o5 Cs—15, As—1, L0y -5 Ls—15 20 +-+) Zsfl}a

Bs—l = {kQ_Ib—sa b—sa sy kaS—la b8—17 Loy ooy Ls—15Y0y -y ys—l}

(ii) k maps a; to b;, ¢; to keb;, z; to y; and z; to z; for all i = 0, ..., s — 1 and

k maps a_; to k;lb,i and kea_; 1 to b_; forallt=1,...;s,

(iii) a; = ky'ciq for i = 1,...,s and [kzg,l;:]ai = a1 >; a; for all i =

—$,..,s—1land j=1,...,m,

(iv) on order <;, where j =1,...,m — 1, we have
() ai >; k3 lag, ay <5 ks lag, by > k5T bg, by < ky 2 g for

1=0,...,s — 1,

(b) minj As—l =05 <j koa_, <G Ogt1 <5 ]{72&_5+1 <G e <G g1 <5

Cs—2 <j Qg <j Cs—1 = IMaX; Asfl,

(C) minj B, = kg_lb,S < kg_lb,3+1 < b_g--- < bs_1 < kobs_o <

kfgbs_l = max; Bs—l = k’gbs_l.

(v) on <,,, we have

_I.ij_i_l it it
(@) a; >m ky 77 ag, a—ii1 < Ky ay, b >y ks by, bois1 <m

k;L%JHb_l fori=0,...,5 — 1,

(b) min; As_1 = a_s <p k20_s <p g1 <p koa_gp1 <y o0 <y

As—2 < Cs—1 <y As—1 = MAXpy As—l; and

(c) min; By_y = k;lb,s <im k;lb,sﬂ <m b_s < 0 < kobs_1 <im

bs—l = mnax; Bs—la

We can choose b, such that by >, ky *"'bg, ky 'b,_; and b, realises l;:-tp(as/AS_l)
since the type k-tp(as/As_1)U{x >, k3 bo, ky1b,_1} is consistent. Extend k

by sending as to bs. Similarly, we can find ¢s such that ¢; >; kacs_q, k§+1ag for
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all j =1,...,m — 1 and ¢, realises l%_l-tp(kgbs/bsBs,l). Extend k by sending

cs t0 kabs. Let agyq := k;lcs. Then we have the following:

(i) for all j = 1,...,m, we have as41 = [ko, klas >; [k2, k]as_1 = a, since
Qg >j Qg—1-
(ii) Since for any j = 1,...m — 1, ¢5 >; kstlag, kocs_1, we have as; =

1
kycs > kjag, cs—1.

(iii) For j = 1,...,m — 1, since by the inductive hypothesis that a, >; cs_o
and k maps as to by and cs_o to kobs_o, we have by >, kobs_o. By the
=2 _ s
inductive hypothesis that bs_s >,, l<;2L z 1bo, we have by >; k’%ZJ 1b0.

(iv) Since by, >, ky 'bs_1, we have kgbs >, bs_1. Since k maps ¢, to kobs

and as_1 to bs_1, we have ¢, >,, as,_1. By the inductive hypothesis that
k_\.%J""l
2

s—

2

- - -3
As—1 >m ap, we have as1 = ks Loy > k, Yas 1 >m k, ag.

Similarly, we can choose b_s_; such that b_,_1 <; kob_s, k3by for all j =
1,...,m—1and b_,_; realises l;'tp(k2a,s/ascsAs,1). Extend k by sending ksa_
to b_s_1. Choose a_s_1 <., k5 "a_g, ky Sag realising l%_l-tp(kg_lb,s,l/bsb,s,l
kobsBs 1).

Choose b_,_1 <,, kob_, realising l%-tp(kzga,s/ascSAs,l). Extend k by sending
kea_s to b_s_1. Choose a_s_1 such that a_;_; <; k;la_s,kgsao for all j =
1,....m and a_,_; realises k' tp(ky'b__1/bsb_s_1kobsBs_1). Extend k by

sending a_,_; to ky 'b_,_;. Then we have the following for all j = 1, ..., m:

(1) A_g_1 = [kZQ, ]‘;}]_1CL_S < []fg, /;:]_1a_s+1 = a_, since a_g <j G_g41-
(ii) By the inductive hypothesis that kya_s <; a_s1; and since k maps
koa_s to b_,_1 and a_g41 to k;lb_ﬁ_l, we have b_,_; < k‘Q_lb_s_H. By
=1
the inductive hypothesis that b_,11 <; kQL 2 JHbO, we have b_,_1 <;

— =1

k2 2 bO .

(ili) koa_s—1 <;j a_s since a_s_1 <; kyta_s.

Let A, = A,y U{ay, ¢, kaa_g, a1} and By = By U {ky *b_y_1,b_,_1, kobs,

bs}. Let xs be the first element in the list wy, wy, .... such that x4 & {zg, ..., xs_1}
and z is in (-, (min; A,, max; A;); N (min; By, max; By);. Find y; realising
l%-tp(xs/AS) and extend k by sending s to ys. Find z, realising lz:*l-tp(xs/ysBs).
Extend A,,B;s to include x4, z; and ys, x5 respectively. Then, k: A, — B, sat-
isfies the inductive hypothesis (i)-(v).



5.2. Linearly ordered structures 97

Let k5 be the union of k over all steps. Since ks, has a singe +-orbital on <;
for all j =1,...,m — 1 and a —-orbital unbounded above and a +-orbital un-
bounded below on <,,. By Remark [5.2.6, (kiao)icz, (kibo)icz are unbounded
above and below on <; for all j = 1,...,m — 1. (kbao)iez, (kibo)icz are un-
bounded above on <, and (kya_;)iez, (kib_1)iez are unbounded below on <,
Then by the inductive hypothesis (iv.a) and (v.a), we know that (a;);cz is
unbounded above and below on <; for all j =1,...,m and

U (m;n:l (Hil]n An, In<aXAn)j N (min B, max B,);) = M~

j <j <
neN J J J

Thus, for any w; in the list wg, wy, ..., w; = x; for some j € N, i.e. w; is in
the domain and image of k3. Hence, k3 is bijective and k3 EAut(./\/l{lm). Since
(a;)iez, which is also ([ka, k3]'ag)icz, is unbounded above and below on <; for
all j = 1,...,m, [k, k3] has a single +-orbital on <; for all j = 1,...,m on

I,
M.

Case IV. For any z € MIm=1  there exists y >,, ¥ and z <,, x such that
hy >, y and hz <, z.

Let I, = I,,_1 U{m}. Then for any x € M there exists y >,, r and
z <,, x such that hy <,, y and hz >,, z. By Proposition [5.2.10, we can find
k; € Aut(MIn) such that h='k;*h~'k; has a +-orbital unbounded above and
a —-orbital unbounded below with respect to <,,. Let ko = ki Yhiyh. Then
by the same argument as in case III, there exists k3 €Aut(MZIm) such that
k2, k3] has a single +-orbital on <; for all j = 1,...,m on Mm.

Therefore, by induction, we can find f €Aut(ML), as a product of conjugate
of g and ¢!, such that f has a single +-orbital on <; for all j = 1,...,n in
M! for some I C {1,...,n}. O

We now show that for an automorphism g € M,,, if ga <; a for all a € M,

I moves almost

and ¢ = 1,...,n, then g moves almost R-maximally and ¢~
L-maximally. In order to make the notations simpler in the proof of the next
theorem, we can define dj/;’“l_) if for any a; € a\ X, b; € b\ X where
a; <p bj, there exists x € X such that a; <; = <; b;. Also define tp<* Then

by definition, we can prove the following lemma.

Lemma 5.2.28. Suppose a,b € M,, and X C M,,. Then,
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1. a J/XB if and only if a J/;’“ b forallk=1,..,n.
2. if a J/;’“l_) and @ J/;" b, then aa’ J/;’“ b.
3. ifa \L;’“ b and a \L;’“ v, then a J/;k bb'.

Theorem 5.2.29. Let g €Aut(M,,). If ga <; a for any a € M,, and i =
1,...,n, then g moves almost R-maximally. Similarly if ga >; a for any a €

M, andi=1,...,n, then g moves almost L-mazximally.

Proof. Let p =tp(z/X) be an I-type over X. By Lemma[5.0.1 we may assume
p; is of the form , i.e. TN X = (). Firstly, by Lemma , we can find
a realising p such that a J/;l ga. Suppose we can find b realising p such that
Z_)\L; gb for all i = 1,...,m — 1. We will show that we can find ¢ realising p
such that ¢ L; gc for i = 1,...,m. Therefore, by induction on m, we can find
d realising p such that JJ/; gd for all i = 1,...,n. Hence, by the previous

lemma, we have d | X gd.

Now fix m and assume b realises p and b \J/; gbforalli=1,..,m—1. List bas
b1 >, by >, ... >, by Inductively on k, we change b, wherever necessary. For
the inductive base, we let ¢; = by. Let b* = (by,...,b;,) and bk = (b1, ey by)-
For the inductive hypothesis, suppose we now have & = (cy, ..., ¢;) satisfying

the followings:
(i) tp(eh*/X) =tp(b/X) =,
(ii) c* \L;’" gc*, and
(iii) tp<i(bFg(e"bF)/ X) =tp<i(bgh/X) for alli =1,...,m — 1

We want to choose cxy1 so that e+ = (¢, ¢, 1) satisfies (i)-(iii) for k+1. We

divide into the following two cases.

Case 1. If by \L;’" gc*, let cpy1 = bryi. Then we automatically have (i)
and (iii) for &' = (¢*, cxq1). For (i), since byy | T g

ck J/;m gc®, by the previous lemma, we have c¥c; J/;f“ gc®. Since gcpp1 <m

, Ch1 = g1 and

Cht1 <m Ch <m - <m C1, We also have c¥cpyq J/;” gcry1. Therefore, by the

. _ < _
previous lemma, we have c¥cq | 3 g(erir).

Case I1. by J/;m gc® does not hold, i.e. there exists ¢; € ¢* such that by <,
gc; and there does not exist x € X such that by, <,, * <, gc;. Let xq, x5 be

the lower and upper bound of b;; with respect to X on <,,. This means that



5.2. Linearly ordered structures 99

there exist ¢;_1,¢; € ¢ such that x; <,, byt1 <m 9¢j <m T2 <m gcj—1. We also
have gc; <,, ¢ as otherwise, since & J/;’” gc”, there would exist 2’ € X such
that ¢ <m & <m g¢j. Since bpyy <m ¢ from tp(e*0¥/X) =tp(b/X), we have
L1 <m bpy1 <m Ck <m &' <4 9gCj < T2. This contradicts that x;,z, are the

lower and upper bound of by, with respect to X on <,,. So, the type

q = U?l_ll tp<i(bk_H/Ekl;k+1Xg(Ekl;k+1)g—1(Ekék—l-lX))
U{gcj <m & <im H<liIl{I27 cet}

Uiemt1 tp(bkﬂ/éki)kHX)‘

is consistent since it is consistent on each <;. Hence, we can choose ¢y

realising q.

x1 by o gc;j  Cr+1 x9  9Ci-1

We show that ¢+ = (¢*, ¢, 1) satisfies (i)-(iii) in the inductive hypothesis:

(i) By construction, we have by <., ... <p b1 <m Ckr1 <m Ming{z2, cx} <p
Cr <m - <m €1 and x1, zo are the lower and upper constraint of by 1, cx11

with respect to X on <,,. So, we have
tp < (e B /X)) = tp<m (b DY X)),
By the inductive hypothesis (i), we have
tp<m(ék+ll;k+l/X) — tp<m(5kbk+1i)k+l/X) — tp<m(6/X).
By the definition of type ¢, we also have
tp<i (e D /X)) = tpi (b D/ X) = tp<m(b/ X))

for i # m. Therefore, we have tp(e"t'bF1/X) =tp(b/X) = p by the

previous lemma.

(ii) Since g¢; <m Cpy1 <m min{zs, e} <, @2 <, gcj_1, we have that for

all ge; >, cry1, there exists x9 € X such that ge; >, o >, crar.
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Hence, ciyq L;"‘ gc® and thus, by the previous lemma and the inductive

k

hypothesis that ¢* J/;m gc*, we have ¢y, J/;’” gc®. Since gcri1 <m

Cht1 <m Ck <m - <m €1, We also have &¥cj iy J/;m gcri1. Therefore, by
the previous lemma, we have c*cj 4 \L;’" g(c*cpy1), which is the same

Skl | <m ookl
as ¢t | V" ge

(iii) For any i = 1,...,m — 1, since ¢y realises ¢, we have
tp<i(Ck+1/6k6k+lg(5kl;k+1>X) _ tp<i(bk+1/éki)k+1g(5ki)k+l)X)'
By the inductive hypothesis, we also have that
tp<i(bk+1/5kék+lg(6k6k+l)X) _ tp<i(bk+1/5kék+lg(6k6k+l>X)'
Hence, we have

tp<i (Ck+1/ékl;k+1g(5k5k+l)X) _ tp<i (bk+1/l_)ki)k+1g(l_)ki)k+l)X).

We also have that

tp<i (gckJrl/Ekl;k-‘rlg(ékBk-i-l X
=g - tp<1 (Ck+1/gfl(ék6k+lx —k

)X)

) )

=g - tp< (bpy1 /g~ (EDTIX) D)) since ¢, realises ¢
)X)
)X)

:tp<i(gbk+1/ékl;k+lg(5k6k+l X
—tp<+ (gbgyr /DD g (BFHF T X by the inductive hypothesis (iii)
Since gcpy1 <; cry1 and gbgy1 <; bgy1, we have

P (Cha1gersn /U T g (@ D) X) = tp= (braa ghras /D0 g (DFDF ) X).

By rearranging the type, we have shown

(T g (@) /X)) = tp (bgb/ X).

Hence by induction, we can find  realising tp(b/X) = p such that tp<i(cgc/X)
=tp<i(bgh/X) for i =1,...,m — 1 and E\Lj(” gc. Foralli =1,...,m — 1, since

b J/; gb, we also have ¢ J/; gc by Invariance. Hence, inductively, we can find
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d realising p such that d \L; gd for all i = 1, ...,n. Therefore, by the previous

lemma, we have d | % gd. Hence, g moves almost R-maximally.

By a symmetric argument, we can show that if ga >; a for any a € M,, and

1t =1,....,n, then ¢ moves almost L-maximally.

U

Note that the results we have shown for M,, also holds for M! since M,, =

M! . Hence, we can prove the following corollary:

Corollary 5.2.30. Let M,, be the universal n-linear order for n > 2. Then
Aut(M,,) is simple.

Proof. Let g be a non-trivial automorphism of M,,. Then, by Theorem [5.2.27]
there exists I C {1,...,n} and h €Aut(M!) such that h can be written as a
product of conjugates of g and ¢g~' and h has a single +-orbital on <; for any
j=1,..,nin ML Then h~! has a single —-orbital on <; for any j =1,...,n
in M. By the previous theorem, h moves almost R-maximally and h™!
moves almost L-maximally. Therefore, by Corollary [4.2.4] any element of

Aut(M?) can be written as a product of conjugates of g and g '.

Since
Aut(M,,) =Aut(M!?), any element of Aut(M,) can be written as a product

of conjugates of g and g~*. Thus, Aut(M,,) is simple. m
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