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Abstract

We will study the normal subgroup structures of the automorphism groups of
some homogeneous structures in this thesis. In particular, we prove the sim-
plicity of the automorphism groups of the following homogeneous structures:

(i) all of the symmetric ‘semi-free’ homogeneous structures described by
Cherlin in the appendix of [Che98],

(ii) some of the asymmetric ‘semi-free’ homogeneous structures in the ap-
pendix of [Che98],

(iii) the linear order expansions of non-trivial free homogeneous structures,
and

(iv) the universal n-linear order for n ≥ 2.

The methods used generalise techniques developed in a sequence of papers
by Macpherson and Tent [MT11] and Tent and Ziegler [TZ13a], [TZ13b]. A
key notion in these methods is that of a stationary independence relation on
finite substructures of a homogeneous structure M defined in [TZ13a]. This
generalised the idea of substructures of M being freely amalgamated over
their intersection if M is free, used in [MT11].

A stationary independence relation is symmetric. We can apply Tent and
Ziegler’s method in [TZ13a] directly to the symmetric semi-free homogeneous
structures in (i). But we cannot do so to the structures in (ii)-(iv) as they
are asymmetric. One of the main contributions of our work is to drop the
symmetry requirement, giving us the notion of a stationary weak independence
relation. We then show how this can be used to prove the simplicity of the
automorphism groups of the structures in (ii)-(iv) following a similar method
of [MT11] and [TZ13a].
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Chapter 1

Introduction

Given a relational first-order language L, a countable L-structure M is ho-

mogeneous if every partial isomorphism between finite substructures of M
extends to an automorphism of M. According to [Che19], this notion first

appeared in the work of Urysohn [Ury25]. Fräıssé [Fra53] provided a one-to-

one correspondence between such structures and amalgamation classes (see

Definition 2.2.2), which is referred to as Fräıssé’s theorem (stated in Theorem

2.2.5). We call the homogeneous structure the Fräıssé limit of the corre-

sponding amalgamation class. Most of the time, we employ Fräıssé’s theorem

to construct a homogeneous structure. For example, the random graph is the

Fräıssé limit of the class of all finite graphs and the dense linear order (Q,≤)

is the Fräıssé limit of the class of all finite linear orders. The Urysohn space

is the completion of the Fräıssé limit of the class of all finite Q-valued metric

spaces. The class of all finite graphs forms a special type of amalgamation

classes, called a free amalgamation class (see Definition 2.2.7). Its Fräıssé

limit is called a free homogeneous structure.

The study of homogeneous structures is an area of great importance due to

its connection to different areas in Mathematics. According to Macpherson

[Mac11], “homogeneous structures provide a meeting-point of ideas from com-

binatorics, model theory, permutation group theory, and descriptive set theory,

and connections to theoretical computer science and to universal algebra are

beginning to emerge”.

One major area of research is the study of automorphism groups of homoge-
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neous structures. Homogeneous structures provide a rich source of examples

of infinite permutation groups, which have nice group-theoretic properties.

Many studies were conducted to study the normal subgroup structure of the

automorphism groups of homogeneous structures. Truss [Tru85] proved that

the automorphism group of the random graph is simple. The same statement

was proved for the random poset in [GMR93] and the generic k-uniform hy-

pergraphs in [Lov06]. Macpherson and Tent proved the same statement for

free homogeneous structures in [MT11], stated in the following.

Theorem 1.0.1. ([MT11]) LetM be a countable free homogeneous relational

structure. Suppose Aut(M) 6=Sym(M) and Aut(M) is transitive onM. Then

Aut(M) is simple.

The theorem was proved by defining a ternary relation on finite substructures

of a free homogeneous structure, which is motivated by non-forking in stability

theory, and then using ideas from Lascar [Las92].

In [TZ13a], Tent and Ziegler axiomatised this ternary relation as a stationary

independence relation (SIR, see Definition 3.1.1). This notion can be applied

not only to free homogeneous structures but also to other structures includ-

ing the Urysohn space and the bounded Urysohn space. Tent and Ziegler

also generalised the arguments in [MT11] so that they work for homogeneous

structures admitting a SIR. Their main result is stated in the following. The

theorem uses the notion of a moving almost maximally automorphism (see

Definition 4.0.1).

Theorem 4.0.2. ([TZ13a], 5.4) Suppose that M is a countable homogeneous

structure with a SIR. If g ∈Aut(M) moves almost maximally, then any ele-

ment of Aut(M) is the product of sixteen conjugates of g.

It was also shown in [TZ13a] that for a non-trivial transitive free homogeneous

structure M and any non-trivial automorphism g ∈Aut(M), we can find a

product of conjugates of g and g−1 that moves almost maximally and thus,

we can derive the simplicity of Aut(M). Tent and Ziegler also applied their

theorem to the Urysohn space in [TZ13a] as well as the bounded Urysohn

space in [TZ13b] using a similar approach.

Another major area of research is on classification of homogeneous struc-

tures. Henson [Hen71], and Peretyat’kin [Per73] independently, showed the
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existence of 2ℵ0 countable homogeneous directed graphs. In [LW80], Lach-

lan and Woodrow classified all countable homogeneous undirected graphs.

Lachlan [Lac84] continued the work and classified all countable homogeneous

tournaments. He also generalised his result to characterise countable homo-

geneous 2-tournaments. In [Che98], Cherlin provided the classification of all

countable homogeneous directed graphs based on Lachlan’s technique. He also

produced a new proof of Lachlan and Woodrow’s classification of homogeneous

undirected graphs. In the appendix of [Che98], Cherlin proposed a generali-

sation of free homogeneous binary structures, called a semi-free homogeneous

structure (see Definition 2.3.2). Cherlin provided 1 example for L consisting

of three symmetric binary relations, 27 examples for L consisting of four sym-

metric binary relations and 12 examples for L consisting of two asymmetric

binary relations. These structures were later referred to as 3-multi-graphs, 4-

multi-graphs and 2-multi-tournaments respectively in [Che19], which we will

also use to refer to these structures in this thesis. In [Che19], Cherlin also

considered the classification of metrically homogeneous graphs, which are con-

nected graphs such that the associated metric space is homogeneous. It was

noted in [Che11] that some 4-multi-graphs listed in [Che98] can be interpreted

as metrically homogeneous graphs.

Since Tent and Ziegler’s theorem can be applied to all free homogeneous struc-

tures, we ask the question whether it can be applied to Cherlin’s semi-free ho-

mogeneous structures. In order to apply the theorem, we need to first find a

SIR on these structures. We can immediately see that we cannot find a SIR

on 2-multi-tournaments because the asymmetric relations in their language

do not satisfy the Symmetry axiom of a SIR. This problem motivated the

main result of this thesis: we will generalise the notion of SIR to a stationary

weak independence relation (SWIR, see Definition 3.1.1), which omits the

Symmetry axiom, in Section 3.1 and we then generalise Tent and Ziegler’s

theorem to homogeneous structures admitting a SWIR, as stated in the fol-

lowing, in Chapter 4. Note that in order to generalise the theorem, we need to

generalise the notion of a moving almost maximally automorphism to an au-

tomorphism that moves almost R-maximally and moves almost L-maximally

(see Definition 4.0.3).

Theorem 4.0.4. Suppose M is a countable homogeneous structure with a

SWIR and g ∈Aut(M) is such that g and g−1 move both almost R-maximally
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and almost L-maximally. Then any element of Aut(M) can be written as a

product of eight conjugates of g.

We can then attempt to answer the question whether we can find a SWIR on

Cherlin’s semi-free homogeneous structures. We will show in Section 3.2 that

in order to find a SWIR on semi-free homogeneous structures, it is helpful

to define an ‘order’ on their language (see Definition 3.2.1). Then we can

find a SWIR on some semi-free homogeneous structures if they satisfy some

conditions (namely Condition 1 and Condition 2). We then apply the above

theorem to these semi-free homogeneous structures and show the simplicity

of their automorphism groups in Section 5.1. Specifically, these semi-free

homogeneous structures include most structures provided by Cherlin in the

appendix of [Che98] as well as some other semi-free structures and thus, we

have the following theorem in Section 5.1.

Theorem 5.1.3. Let M be one of the following structures:

(i) all 3-multi-graphs and 4-multi-graphs listed in the appendix of [Che98]

(ii) #8 to #10 of the 2-multi-tournaments listed in the appendix of [Che98].

Then, M admits a SWIR and Aut(M) is simple.

We will also show, in Section 3.3, that we can find a SWIR on some linearly

ordered homogeneous structures, including linearly ordered free homogeneous

structures and the universal n-linear order. We then apply the Theorem 4.0.4

to prove the following in Section 5.2.

Theorem 5.2.2. Let M be one of the following structures:

(i) the linear order expansion of a non-trivial free homogeneous structure,

(ii) the universal n-linear order, n ≥ 2.

Then, M admits a SWIR and Aut(M) is simple.

Note that part (i) of the above theorem was proved independently by Calderoni,

Kwiatkowska and Tent in [CKT19] also by generalising Tent and Ziegler’s

method [TZ13a] but in a slightly different way.

Alongside the work presented in this thesis, the author together with Evans,

Hubička and Konečný applied Tent and Ziegler’s method from [TZ13b] to

some generalised metric spaces in [EHKL19]. This result has some overlapping
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part with the result in Section 5.1 as some of Cherlin’s 4-multi-graphs can be

interpreted as metrically homogeneous graphs.



Chapter 2

Background

2.1 Model Theory

Throughout this thesis, we fix L to be a first-order binary relational language.

It is specified by a set of relation symbols {Ri : i ∈ I}, where each Ri is

binary. For example, the language of graphs consists of a binary relation,

which identifies the pairs of vertices that are connected by an edge.

An L-structure A is a set A together with a subset RA
i ⊆ A2 for each i ∈ I

representing the structure on A. For example, if A is a graph, then RA
i consists

of all pairs of vertices that are connected by an edge. Note that we use the

same notation A to represent the L-structure and its underlying set. An L-

structure B is a substructure of A if B ⊆ A and RA
i ∩B2 = RB

i for each i ∈ I.

If A is a graph, then a substructure of A is an induced subgraph.

For notions introduced in this section and more definitions such as L-formulas,

L-structures, L-theories, we refer the readers to [Mar02].

Definition 2.1.1. Let A be an L-structure and ā ∈ An be a n-tuple.

(i) The n-type of ā, denoted by tp(ā), is the set of all L-formulas φ(x̄) that

ā satisfies in A.

(ii) Let B be a substructure of A. Then the (complete) n-type of ā over B,

denoted by tp(ā/B), is the set of all L-formulas φ(x̄, b̄) that ā satisfies

with some parameters b̄ ∈ Bm.

(iii) We can also define a n-type p over B to be a set of consistent L-formulas

14
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φ(x̄, b̄) where x̄ is an n-tuple and b̄ ∈ Bm for some m.

(iv) Let p be an n-type over some finite set B. If ā satisfies all L-formulas in

p then we say ā is a realisation of type p or ā realises p.

Definition 2.1.2. For a homogeneous structure M, we say M has trivial

algebraic closure if for any 1-type over some finite set B ⊂ M, it either has

infinitely many realisations or one realisation that belongs to B.

Note that we will only consider homogeneous structures that have trivial al-

gebraic closures in this thesis.

2.2 Homogeneous structures and Fräıssé’s The-

orem

Notions and theorems mentioned in this section and more about homogeneous

structures can be found in [Mac11].

Definition 2.2.1. Let L be a relational language L and M be a countable

L-structure. Let A,B be finite substructures of M.

(i) We say f : A → B is a partial isomorphism of M if it is an isomomor-

phism between A and B.

(ii) We say M is homogeneous if every partial isomorphism of M extends

to an automorphism of M.

Throughout this thesis,M always denotes a countable homogeneous relational

structure. Fräıssé’s Theorem [Fra53] provides one way of constructing homo-

geneous structures by establishing a one-to-one correspondence between such

structures and amalgamation classes, defined as follows.

Definition 2.2.2. A class C of finite L-structures is an amalgamation class if

it satisfies the following conditions:

(i) (Isomorphism property, IP) it is closed under isomorphism and there are

countably many isomorphism types.

(ii) (Hereditary property, HP) if A ∈ C and B is a substructure of A, then

B ∈ C.
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(iii) (Joint embedding property, JEP) if A,B ∈ C, then there exist C ∈ C
and embeddings f1 : A→ C, f2 : B → C.

(iv) (Amalgamation property, AP) if A,B,C ∈ C and f1 : B → A, f2 : B →
C are embeddings, then there exist D ∈ C and embeddings g1 : A →
D, g2 : C → D such that g1f1 = g2f2.

In addition, we say C is a strong amalgamation class if in AP, we also require

g1f1(B) = g2f2(B) = g1(A) ∩ g2(C).

Remark 2.2.3. (i) In JEP and AP, we can take the embeddings to be

inclusion maps. Hence, when we have an amalgamation class C and say

that B is a substructure of A,C for A,B,C ∈ C, the precise meaning is

that there are embeddings from B to A,C.

(ii) Since L is relational, it is enough to check all A,B,C ∈ C such that

|A \ B| = |C \ B| = 1 in verifying AP. In such case, we can write A,C

as aB, cB respectively where a ∈ A \B, c ∈ C \B.

(iii) Note that all amalgamation classes we consider in this thesis are strong.

If an amalgamation class is strong, than its Fräıssé limit has trivial alge-

braic closure. Hence, all homogeneous structures we study in this thesis

have trivial algebraic closure.

Definition 2.2.4. Let M be an L-structure. The age of M, denoted by

Age(M), is the class of all L-structures isomorphic to some finite substructure

of M.

Theorem 2.2.5. (Fräıssé’s Theorem) A class C of finite L-structures is an

amalgamation class if and only if C =Age(M) for some countable homogeneous

structure M. In this case, M is determined by C up to isomorphism. We

call M the Fräıssé limit of C. Moreover, in this case, M has the Extension

Property, i.e. for any finite substructure A ⊆ M and B ∈ C such that there

is an embedding f : A → B, there exists an embedding g : B →M such that

g(f(a)) = a for all a ∈ A.

A sketch proof of the theorem can be found in [Eva13].

Example 2.2.6. (i) Let L be the language of graphs, i.e. L consists of a

single binary relation, which identifies edges. Let C be the class of all

finite graphs.
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We can check that C forms an amalgamation class. To check AP, let

A,B,C ∈ C be such that B is an induced subgraph of A,C. We can

define D := A ∪ C, where A ∩ C = B and for any a ∈ A \B, c ∈ C \B,

(a, c) is not connected by an edge. Then, we can see that D is also a

graph, i.e. D ∈ C and it contains A,C as subgraphs with A ∩ C = B.

Then, C has AP and also JEP if we let B = ∅ in the above argument. IP

and HP are straightforward to see. Hence, C is a strong amalgamation

class. Its Fräıssé limit is the Random Graph.

In the above, C also forms a special amalgamation class, called a free

amalgamation class, defined as follows.

Definition 2.2.7. Given finite L-structures A,B,C where B ⊆ A,C, the free

amalgam of A,C over B is the L-structure D on the disjoint union of A,C

over B such that for each relation R ∈ L, RD = RA ∪ RC . An amalgamation

class C is free if it is closed under taking free amalgams, i.e. for A,B,C ∈ C
where B ⊆ A,C, the free amalgam of A,C over B is also in C. Note that

by the disjoint union of A,C over B, we mean that D = A ∪ C,B = A ∩ C.

This guarantees that a free amalgamation class is strong. We say that a

homogeneous structure is free if it is the Fräıssé limit of a free amalgamation

class.

Other examples of free homogeneous structures include the generic Kn-free

graph, which is the Fräıssé limit of the class of all finite Kn-free graphs. We

will look at a generalisation of a free amalgamation class, namely a semi-free

amalgamation class, in section 2.3.

Example 2.2.6. (Continued)

(ii) Let L be the language of linear orders, i.e. L consists of a single binary

relation, which specifies the order of two elements. Let C be the class of

all finite linear orders.

We can check that C forms an amalgamation class. To verify AP, let

A,B,C ∈ C be such that B ⊆ A,C. We can find define D := A ∪ C,

where A∩C = B. We want to define a linear order on D extending the

orders on A,C: for any a ∈ A \ B, c ∈ C \ B, let a < c if there exists

b ∈ B such that a < b in A and b < c in C and let a > c otherwise. Then

it is fairly easy to see that D is a linear order, i.e. D ∈ C, and thus, C
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satisfies AP. Similarly, we can verify JEP if we let B = ∅ in the above

argument. IP and HP are straightforward to see. Hence, C is a strong

amalgamation class. Its Fräıssé limit is the dense linear order (Q,≤).

(iii) Let L = {Rq|q ∈ Q} be the language of rational-valued metric spaces,

where each Rq is a binary relation that specifies which two elements have

distance q ∈ Q. Note that this is an infinite language. Let C be the class

of all finite Q-valued metric spaces.

We can check that C forms an amalgamation class. To verify AP, for

(A, dA), (B, dB), (C, dC) ∈ C such that (B, dB) is a subspace of (A, dA),

(C, dC), we want to find a finite Q-valued metric space (D, dD) such

that (A, dA), (C, dC) can be embedded into (D, dD) over (B, dB). Let

D := A∪C, where A∩C = B. Let dD(a, a′) = dA(a, a′) for any a, a′ ∈ A
and dD(c, c′) = dC(c, c′) for any c, c′ ∈ C. For a ∈ A \ B, c ∈ C \ B,

let dD(a, c) = minb∈B{dA(a, b) + dC(b, c)}. We can check that (D, dD) is

a Q-valued metric space, i.e. (D, dD) ∈ C. Hence, C satisfies AP. Note

that in the above argument, B has to be non-empty as otherwise we would

not be able to define the distance between a, c. Hence, we cannot let B

be the empty set here to verify JEP as we did in the previous examples.

Instead, we let B consist of one element and then we can be embed it

into A,C and verify JEP.

IP and HP are straightforward to see. Hence, C is a strong amalgamation

class. Then its Fräıssé limit is called the rational Urysohn space and the

completion of the rational Urysohn space is called the Urysohn space.

Alongside Fräıssé’s Theorem, we can sometimes prove a structure is homo-

geneous by using a method called the back-and-forth method. This method

will be used throughout the later chapters, so we demonstrate the method for

(Q,≤) here as an example. The same method can also be used to prove the

homogeneity of the Random Graph.

Proposition 2.2.8. The dense linear order (Q,≤) is homogeneous.

Proof. Let g̃ : A→ B be a partial isomorphism of (Q,≤). Let z ∈ Q \A. We

show that we can extend g̃ to g̃′ such that z is in the domain and image of g̃′.

List all elements in A as a1, a2, ..., an, where a1 < a2 < ... < an. Then we have

g̃(a1) < g̃(a2) < ... < g̃(an).
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If ai < z < ai+1 for some i, since Q is dense, we can find y ∈ Q such that

g̃(ai) < y < g̃(ai+1). Similarly, if z > an, we can find y > g̃(an). If z < a1, we

can find y < g̃(a1). Extend g̃ by sending z to y. This is the forth direction.

For the back direction, we may assume z /∈ B. By the same argument, if

g̃(ai) < z < g̃(ai+1) for some i, we can find x ∈ Q such that ai < x < ai+1.

Similarly, if z > g̃(an), we can find x > an. If z < g̃(a1), we can find x < a1.

Extend g̃ by sending x to z. Let A′ := A ∪ {x, z} and B′ := B ∪ {z, y}. Let

g̃′ be an isomorphism from A′ to B′ such that g̃′(a) = g̃(a) for all a ∈ A and

g̃′(z) = y, g̃′(x) = z. Then g̃′ is a partial isomorphism of Q.

Hence, we can enumerate all elements of Q\A as z1, z2, ... and follow the same

process for each zi. Let g be the resulting homomorphism over all i. Then g

is an automorphism of (Q,≤) as it is bijective by construction. Hence, (Q,≤)

is homogeneous.

2.3 Semi-free amalgamation classes

In the appendix of [Che98], Cherlin introduced the idea of amalgamation

classes of binary structures defined exclusively by constraints on triangles,

which we can define as the following.

Definition 2.3.1. Let L be a binary relational language. We say an L-

structure A is complete if every two distinct elements a, b ∈ A are related by

exactly one relation of L. We denote this relation by r(a, b). An L-structure is

a triangle if it is a complete L-structure on three distinct elements. Let S be

a set of triangles. We define Forbc(S) to be the set of all complete structures

that do not embed any triangle from S. We call S the set of forbidden triangles

of Forbc(S).

We can think of the structures in Forbc(S) as complete edge-coloured graphs

or digraphs that do not embed some coloured triangles by taking the elements

of the structures as vertices and the relations as colours.

According to Cherlin, if S is one of the sets of forbidden triangles listed

in the appendix of [Che98], then any amalgamation of A,C over B where

A,B,C ∈ Forbc(S) and B ⊆ A,C can be completed by a proper subset of

its language. We will give some examples of such amalgamation in Example
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2.3.4. Cherlin stated that this generalises the notion of free amalgamation

classes since for a free amalgamation class, we can add a relation R̄, which

represents no-relation between elements, to its language and then, any amal-

gamation can be completed by {R̄} in a free amalgamation class. Cherlin

called this generalisation semi-free amalgamation classes, which we formally

define as the following:

Definition 2.3.2. Let L be a relational language consisting only of binary

relations. Let C be a strong amalgamation class of finite complete L-structures.

We say C is a semi-free amalgamation class if there exists L′ ( L such that

for any finite structures A,B,C ∈ C and embeddings f1 : B → A, f2 : B → C,

there exist D ∈ C and embeddings g1 : A → D, g2 : C → D such that

g1f1(B) = g2f2(B) = g1(A) ∩ g2(C) and for any a ∈ g1(A) \ g1f1(B), c ∈
g2(C) \ g2f2(B), if a, c are related by some R ∈ L, then R ∈ L′. We call L′

the set of solutions of C.

B

B

B

A

C

B

D

a

c

R ∈ L′

f1

f2

g1

g2

In the form of forbidden triangles, Cherlin provided 1 example of semi-free

amalgamation classes for L consisting of three symmetric relations, 27 ex-

amples for L consisting of four symmetric relations and 12 examples for L
consisting of two asymmetric relations. It can be checked that if S is one of

the sets of forbidden triangles listed by Cherlin, then Forbc(S) forms a semi-

free amalgamation class. Hence, we can take its Fräıssé limit and denote it

byMS. We will refer to them as 3-multi-graphs, 4-multi-graphs and 2-multi-

tournaments as Cherlin later did in [Che19]. We provide these examples below

in Figure 2.1. Each entry in the list is a set of forbidden triangles. Cherlin

claimed that the list is complete if we exclude free amalgamation classes and

those with a non-trivial equivalence relation on the vertices, where the latter

means that there exists a proper subset L̂ ( L such that for any a, b, c ∈MS,
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if r(a, b), r(b, c) ∈ L̂, then r(a, c) ∈ L̂ and if r(a, b) ∈ L̂, then r(b, a) ∈ L̂. Note

that for the 12 asymmetric examples given by Cherlin, one of them is finite

and six of them have a definable partial order, which are not of interest here,

so we omit them in the list.

To avoid any confusion in the notation, we change some of the letters used in

Cherlin’s original list:

3-multi-graph: L = {R,G,X}

#1 RXX GGX XXX

4-multi-graph: L = {R,G,X, Y }

#1 RXX GYX YXX

#2 RXX GYX YXX XXX

#3 RXX GYX YXX YYX

#4 RXX GYX YXX YYY

#5 RXX GYX YXX YYX XXX

#6 RXX GYX YXX XXX YYY

#7 RXX GYX YXX YYX YYY

#8 RXX GYX YXX YYX YYY XXX

#9 RXX GYX YYX XXX

#10 RXX GYX YYX XXX YYY

#11 RXX GGX YXX XXX

#12 RXX GGX YXX XXX YYX

#13 RXX GGX YXX XXX YYY

#14 RXX GGX YXX YYX XXX YYY

#15 RXX GYX GGX YXX XXX

#16 RXX GYX GGX YXX XXX YYX

#17 RXX GYX GGX YXX XXX YYY

#18 RXX GYX GGX YXX YYX XXX YYY

#19 RXX GYX GGX YYX XXX

#20 RXX GYX GGX YYX XXX YYY
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#21 RXX RYY GYX YYX XXX

#22 RXX RYY GYX YYX YXX

#23 RXX RYY GYX YYX YXX XXX

#24 RXX RYY GYX YXX XXX YYY

#25 RXX RYY GYX YXX YYX XXX YYY

#26 RRX RXX RYY GYX GXX YYX XXX

#27 RRY RRX GYX GXX GYY YYX YXX XXX YYY

2-multi-tournament: L = {R±, G±}

# 8 G+G−G+ R+G−G+

# 9 G+G+G+ R+G−G+

#10 G+G+G+ G+G−G+ R+G−G+

#11 R+R−R+ G+G+G+ G+G−G+ G+R+R+ G+R−R−

#12 R+R−R+ G+G+G+ R+G−G+ G+R+R+ G+R−R− G+R+R−

Figure 2.1: Cherlin’s list

For the asymmetric examples, note that each pair of vertices has exactly one

direction, i.e. for all a, b ∈ MS, R+(a, b) if and only if R−(b, a). We set

R+(a, b) if there is a directed R-edge from a to b. By a triangle abc with

relation R+
1 R

+
2 R

+
3 , we mean R+

1 (a, b)R+
2 (a, c)R+

3 (b, c). So we can interpret the

lists as the following graphs:

L = {R±, G±}

# 8 G+G−G+ R+G−G+

b

cac

b

a

G

G

RG

G

G

# 9 G+G+G+ R+G−G+

G

G

RG

G

G

#10 G+G+G+ G+G−G+ R+G−G+
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G

G

RG

G

GG

G

G

#11 R+R−R+ G+G+G+ G+G−G+ G+R+R+ G+R−R−

R

R

GG

G

GG

G

GR

R

R R

R

G

#12 R+R−R+ G+G+G+ R+G−G+ G+R+R+ G+R−R− G+R+R−

R

R

GG

R

GG

G

GR

R

R R

R

G R

R

G

We first look at the symmetric structures listed in Figure 2.1. The following

proposition can be checked by quick computation. We give an example of such

check in the next example. Note that the notation aB denotes a structure of

Forbc(S) that B can be embedded into and |aB \B| = 1.

Proposition 2.3.3. Let S be one of the sets of forbidden triangles for the

3-multi-graph and 4-multi-graph listed in Figure 2.1 except # 26. Then any

amalgamation problem in Forbc(S) can be completed by L′ = {R,G}.

Example 2.3.4. Let S be # 11 of the 4-multi-graphs listed in Figure 2.1.

To check that we may take L′ = {R,G}, we want to show that any amalga-

mation problem can be completed by either R or G, i.e. there does not exist

an amalgamation aB, cB ∈ Forbc(S) over some finite substructure B such

that (a, c) cannot be coloured by either R or G. Suppose we have such an

amalgamation. Then there exist b1, b2 ∈ B such that ab1c forbids (a, c) to be

completed by R and ab2c forbids (a, c) to be completed by G. Since the only

forbidden triangles containing R,G are RXX,GGX, we may assume without

loss of generality that r(a, b1) = r(b1, c) = X and r(a, b2) = G, r(b2, c) = X,

as shown in the graph below. However, we cannot find a colour for b1b2

without creating a forbidden triangle: if r(b1, b2) = G, then b1ab2 forms a

forbidden triangle GGX and if r(b1, b2) = R, Y , or X, then b1cb2 forms a

forbidden triangles RXX, Y XX,XXX respectively. This contradicts that

aB, cB ∈ Forbc(S) Therefore, such an amalgamation does not exist. Thus,

we may take L′ = {R,G}. Similarly, we can prove the same statement for the
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other cases.

a

c
b1

b2

X

X

G

X

In [Che98], Cherlin stated that we can find a set of solutions L′ consisting of

two relations for all symmetric structures in the list. However, we will show

in the lemma below that, for #26 the only choice we have for L′ is {R,G, Y }.

Lemma 2.3.5. Let S be #26 of the 4-multi-graphs listed in Figure 2.1 and

Forbc(S) be the set of all complete L-structures that do not embed any triangle

in S. Then {R,G, Y } is the only possible set of solutions for Forbc(S) to be

a semi-free amalgamation class.

Proof. We show that L′ has to contain G,R, Y by finding amalgamations

where each of them is the only choice. It can be checked using an argument

similar to the previous example that there does not exist an amalgamation

problem aB, cB over some finite substructure B such that (a, c) cannot be

coloured by R, G or Y .

In the following amalgamation, (a, c) has to be coloured by G as Y Y forbids it

to be coloured R or X because of the forbidden triangles RY Y, Y Y X and GX

forbids it to be coloured Y because of the forbidden triangle GYX. Hence

G ∈ L′.

a

c

Y

Y

R

G

X

Similarly, in the following amalgamation, (a, c) ∈ R as XY forbids it to be

coloured G or Y because of the forbidden triangles GYX, Y Y X and RR for-

bids it to be coloured X because of the forbidden triangle RRX. Hence R ∈ L′
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a

c

Y

X

G

R

R

The following amalgamation implies Y ∈ L′ since XX forbids (a, c) to be

coloured R, G or X because of the forbidden triangles RXX,GXX,XXX.

Hence Y ∈ L′.

a

c

X

X

Therefore, we have shown that {R,G, Y } ⊆ L′.

We now look at the asymmetric examples in Figure 2.1. Using a similar

argument as in Example 2.3.4, we can show the following:

Proposition 2.3.6. Let S be one of the 2-multi tournaments listed in Figure

2.1. Then any amalgamation problem in Forbc(S) can be completed by L′ =

{R±}.

2.4 Automorphism groups of homogeneous struc-

tures

LetM be a countable homogeneous structure and G :=Aut(M). We first fix

some notation and definitions regardingG and then introduce some topological

properties of G that we will use in later chapters.

Let B ⊆ M be finite. We denote the pointwise stabiliser of B by G(B) and

the setwise stabiliser of B by G{B}. Then, sinceM is homogeneous, the set of

all realisations of an n-type p over B is in fact a G(B)-orbit on some n-tuple

ā ∈ Mn. And ā, ā′ have the same type over B if and only if they lie in the

same G(B)-orbit. Readers can find more information about this in [Mac11].
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We also say a type is algebraic if its set of realisations is finite, and non-

algebraic otherwise. In all of our examples, tp(ā/B) is algebraic if and only if

ā ∈ B.

We now look at some topological properties of Aut(M). For more informa-

tion about the notions and theorems presented below, we refer the reader to

[Kec12]. Note that results stated below work for all countable structures.

Definition 2.4.1. Let X be a topological space.

(i) X is separable if it has a countable dense subset.

(ii) X is completely metrisable if we can define a complete metric on X,

which generates the topology.

(iii) X is Polish if it is a separable and completely metrisable. A topological

group is Polish if it is also a Polish space.

For any non-empty set X, we can define a topology on Sym(X), the symmetric

group of X, by defining the basic open sets to be cosets of pointwise stabilisers

of finite sets. Suppose X is countable. We can identify X with N and define

a metric space on Sym(X) by defining d(g1, g2) = d′(g1, g2) + d′(g−1
1 , g−1

2 ) for

distinct g1, g2 ∈Sym(X), where d′(g1, g2) = 1/n and n is the smallest possible

such that g1(n) 6= g2(n). We can check that this metric space is separable and

complete. Moreover, it gives the required topology. Therefore, Sym(X) is a

Polish group. IfM is a structure on X, then Aut(M) is a closed subgroup of

Sym(X) and also a Polish group.

In the proof of our main theorem in Section 4.1, we will use some properties

of Polish groups and Baire spaces, which we introduce in the following.

Definition 2.4.2. Given a topological space X and A a subset of X, we say

(i) A is nowhere dense if the closure of A has empty interior.

(ii) A is meagre if it is a union of countably many nowhere dense subsets of

X.

(iii) A is comeagre if its complement is meagre.

(iv) A is analytic if X is Polish and A is a continuous image of a Polish space.

(v) X is Baire if it satisfies one of the following equivalent conditions:
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(a) every non-empty open set in X is not meagre.

(b) every comeagre set in X is dense.

(c) the intersection of countably many dense open sets in X is dense.

Proposition 2.4.3. (i) (Baire Category Theorem) Every completely metris-

able space is Baire. In particular, every Polish space is Baire.

(ii) An analytic subset A of a Polish space has the Baire property, i.e. there

is an open set U such that the symmetric difference (U \A)∩ (A \U) is

meagre.

Theorem 2.4.4. (Theorem 8.46, [Kec12]) Let X be a Baire space. Let G be

a group of homeomorphisms of X such that for any non-empty open sets U, V

of X, there exists g ∈ G such that g(U) ∩ V 6= ∅. Let A ⊆ X be such that

gA = A for all g ∈ G. If A has the Baire property, then A is either meagre

or comeagre.



Chapter 3

Stationary weak independence

relations

Macpherson and Tent proved, in [MT11], the simplicity of the automorphism

group of a non-trivial transitive free homogeneous structure M. They used

the relation A |̂
B
C for finite substructures B ⊆ A,C ⊆ M if the structure

on ABC ⊆ M agrees with the free amalgamation of A,C over B in the free

amalgamation class Age(M). Tent and Ziegler then axiomatise the notion

|̂ to a stationary independence relation (SIR) in [TZ13a] and thus make it

applicable to more structures including the Urysohn space [TZ13a] and the

bounded Urysohn space [TZ13b].

In this chapter, we will first see, in Section 3.1, that we can generalise a SIR to

a stationary weak independence relation (SWIR) by omitting the Symmetry

axiom. We will also give some examples that are already known to have a

SIR in this section. In the next two sections, we will look at some structures

admitting a SWIR.

We will look at whether semi-free structures have a SWIR in Section 3.2. In

order to find a SWIR on them, we will define an ‘order’ on the language L
and thus define a prioritised semi-free structure in Definition 3.2.1. We will

show in Theorem 3.2.4 that we can find a SWIR on all prioritised semi-free

homogeneous structures. Note that a semi-free structure is not necessarily

a prioritised semi-free structure. We will give some sufficient conditions (see

Condition 1 and Condition 2) for a semi-free structure to be a prioritised semi-

28
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free structure. We will show that all but two of Cherlin’s semi-free structures

listed in Figure 2.1 satisfy the conditions and thus admit a SWIR.

In Section 3.3, we will look at some linearly ordered homogeneous structures.

We can put a linear order on any homogeneous structure M whose age is a

strong amalgamation class so that the resulting structure is still homogeneous.

We call the resulting structure the linear order expansion ofM (see Definition

3.3.1). We will then show in Theorem 3.3.4 that if M admits a SWIR, then

its linear order expansion also admits a SWIR. Some examples this theorem

applies to include the linear order expansions of free homogeneous structures

and the universal n-linear orders.

3.1 Definition

We define below a stationary weak independence relation. Readers can find

some examples in Example 3.1.3. Let M be a homogeneous structure and

A,B ⊆M. Note that we use the notation AB to denote the substructure ofM
on the underlying set A∪B and āB denotes the substructure on {ai|ai ∈ ā}∪B
for ā ∈Mn.

Definition 3.1.1. LetM be a countable homogeneous structure and suppose

A |̂
B
C is a ternary relation on finite substructures A,B,C ⊆ M. We say

that |̂ is a stationary weak independence relation (SWIR) if |̂ satisfies the

following axioms:

(i) Invariance: for any g ∈Aut(M), if A |̂
B
C, then gA |̂

gB
gC.

(ii) Monotonicity: A |̂
B
CD ⇒ A |̂

B
C, A |̂

BC
D.

AD |̂
B
C ⇒ A |̂

B
C, D |̂

AB
C.

(iii) Transitivity: A |̂
B
C, A |̂

BC
D ⇒ A |̂

B
D.

A |̂
B
C, D |̂

AB
C ⇒ D |̂

B
C.

(iv) Existence: If p is an n-type over B and C is a finite set, then p has a

realisation ā such that ā |̂
B
C.

If p is an n-type over B and C is a finite set, then p has a

realisation ā′ such that C |̂
B
ā′.
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(v) Stationarity: If ā and ā′ are n-tuples such that tp(ā/B) =tp(ā′/B) and

ā |̂
B
C, ā′ |̂

B
C, then tp(ā/BC) =tp(ā′/BC).

If ā and ā′ are n-tuples such that tp(ā/B) =tp(ā′/B) and

C |̂
B
ā, C |̂

B
ā′, then tp(ā/BC) =tp(ā′/BC).

If, in addition, |̂ satisfies Symmetry, i.e. A |̂
B
C ⇒ C |̂

B
A, we say |̂ is

a stationary independence relation (SIR).

Remark 3.1.2. (i) It can be shown from the above axioms that

A |̂
B

C ⇔ AB |̂
B

C ⇔ A |̂
B

BC.

A |̂
B
BC ⇒ A |̂

B
C follows from Monotonicity. To show that A |̂

B
C

⇒ A |̂
B
BC, we can find A′ realising tp(A/BC) such that A′ |̂

BC
BC

by Existence. Then there exists k ∈ G(BC) such that kA′ = A. Hence by

Invariance, we have kA′ |̂
k(BC)

k(BC), which is the same as A |̂
BC

BC.

Combining this with A |̂
B
C, we have A |̂

B
BC by Transitivity.

Hence, we can assume without loss of generality that B ⊆ A,C when we

have A |̂
B
C for arbitrary A,B,C.

(ii) In [Mül16], it was noted that Transitivity follows from the other axioms.

Let A,B,C,D ⊂M be finite. Suppose A |̂
B
C and A |̂

BC
D. By Exis-

tence, there exists A′ realising tp(A/B) such that A′ |̂
B
CD. By Mono-

tonicity, we have A′ |̂
B
C and A′ |̂

BC
D. Since tp(A/B) =tp(A′/B)

andA |̂
B
C, A′ |̂

B
C, by Stationarity, we have tp(A/BC) =tp(A′/BC).

Applying Stationarity again, we have tp(A/BCD) =tp(A′/BCD) since

A |̂
BC

D and A′ |̂
BC

D. Therefore, A |̂
B
CD by Invariance.

(iii) We can obtain Existence on the right from Existence on the left and

Invariance. Let p be an n-type over some finite set B ⊂M and C ⊂M
is a finite set. Let ā be a realisation of p. By Existence on the left,

there exists C ′ realising tp(C/B) such that C |̂
B
ā. There also exists

g ∈ Aut(M) such that g fixes B pointwise and gC ′ = C. Then by

Invariance, we have C |̂
B
gā. Since g fixes B pointwise, gā also realise

p. Therefore, we have found ā′ := gā realising p such that C |̂
B
ā′.

(iv) In many cases, we can find a SWIR by defining A |̂
B
C for some finite

B ⊆ A,C ⊆ M if the structure on ABC ⊆ M agrees with some ‘spe-



3.1. Definition 31

cial’ amalgamation of A,C over B in the amalgamation class Age(M).

Denote the amalgamation by A⊗BC. We say an amalgamation is canon-

ical if for A′, B′, C ′ that have the same type as A,B,C respectively, then

A′ ⊗B′ C
′ has the same type as A⊗B C.

It was noted in [TZ13a] that if for any finite structures A,B,C such

that B ⊆ A,C ⊆ M, the structure on ABC agrees with the canonical

amalgamation of A,C over B in Age(M), then |̂ satisfies Existence,

Invariance and Stationarity:

Existence: Let p be an n-type over B and C any finite set. Let ā be a

realisation of p and āB ⊗B BC ∈ C be the ‘canonical’ amalgamation of

āB and BC over B. Then, since we can embed BC into āB ⊗B BC, by

the Extension Property, we can embed āB ⊗B BC intoM. Hence there

exists ā realising p such that ā |̂
B
C.

Invariance: Given A,B,C ⊆ M, the type of AB ⊗B BC is dependent

only on the types of A,B,C because the amalgamation is ‘canonical’.

Stationarity: Suppose ā, ā′ have the same type over B and are both

independent from C over B. Then āB ⊗B BC and ā′B ⊗B BC have the

same type since the amalgamation is ‘canonical’. By definition of |̂ , we

know that āBC is isomorphic to āB ⊗B BC and ā′BC is isomorphic to

ā′B ⊗B BC. Hence, āBC and ā′BC have the same type.

Example 3.1.3. (i) Let M be a free homogeneous structure as defined in

Definition 2.2.7. For finite substructures A,B,C of M , we can define

A |̂
B
C if the structure on ABC ⊆M agrees with the free amalgama-

tion of AB and BC over B, i.e. for any a ∈ A\B, c ∈ C \B, (a, c) is not

related by any relation. We can check that |̂ is a SIR. By part (iii) of

the previous remark, we have that |̂ satisfies Existence, Invariance and

Stationarity since free amalgamation is canonical. And by part (ii) of

the previous remark, we automatically have Transitivity if we can prove

the other axioms. So, we only prove Monotonicity and Symmetry:

Monotonicity: Let A,B,C,D be finite substructures of M such that

A |̂
B
CD. Then for any a ∈ A \ B, c ∈ C \ B, (a, c) is not in any

relation. Hence, we have A |̂
B
C. For any a ∈ A \BC, d ∈ D \BC, we

have a ∈ A\B, d ∈ D\B, so (a, d) is not in any relation since A |̂
B
CD.
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Hence, we have A |̂
BC

D.

Symmetry: By the definition of the free amalgamation, we have A |̂
B
C

⇒ C |̂
B
A.

(ii) Let M be the rational Urysohn space as defined in Example 2.2.6. For

finite substructures A,B,C of M , we can define A |̂
B
C if the structure

on ABC ⊆M agrees with the amalgamation of AB and BC over B as

defined in Example 2.2.6, i.e. for any a ∈ A \ B, c ∈ C \ B, d(a, c) =

minx∈B{d(a, x) + d(x, c)}. We can check that |̂ is a SIR. Similarly, we

check that |̂ satisfies Monotonicity and Symmetry:

Monotonicity: Let A,B,C,D be finite substructures of M such that

A |̂
B
CD. Then for any a ∈ A\B, c ∈ C\B, d(a, c) = minx∈B{d(a, x)+

d(x, c)}. Hence, we have A |̂
B
C. For any a ∈ A, d ∈ D, we also have

d(a, d) = minx∈B{d(a, x) + d(x, d)}. Suppose A is not independent from

D over BC, i.e. d(a, d) 6= minx∈BC{d(a, x) + d(x, d)}. This means that

there exists c ∈ C \ B such that d(a, c) + d(c, d) < d(a, b) + d(b, d)

for all b ∈ B. Since d(a, c) = minx∈B{d(a, x) + d(x, c)}, this implies

there exists b′ ∈ B such that d(a, c) = d(a, b′) + d(b′, c). So, we obtain

d(a, b′) + d(b′, c) + d(c, d) < d(a, b) + d(b, d) for all b ∈ B, contradicting

the triangle inequality. Thus, A |̂
BC

D.

Symmetry: follows from the definition of |̂ .

3.2 Prioritised semi-free amalgamation classes

We now look at whether semi-free structures have a SWIR. Let L be a

binary relational language. As defined in Definition 2.3.1, we let S be a set of

forbidden triangles and Forbc(S) be the set of all complete L-structures that

do not embed any triangle in S. In this section, we will only consider S such

that Forbc(S) forms a semi-free amalgamation class. Let MS be its Fräıssé

limit and L′ be its set of solutions.

As noted in Remark 3.1.2, if we can find a canonical amalgamation of A,C

over B for any A,B,C ∈ Forbc(S) such that B ⊆ A,C, then we can define

A |̂
B
C if the structure on ABC ⊆MS agrees with this amalgamation. Then

|̂ satisfies Existence, Invariance and Stationarity. In order to find a canonical
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amalgamation, we can put a linear order on L′ and define the following amal-

gamation process. We will give some examples of the amalgamation process

in Example 3.2.3. Note that for any asymmetric relation R± ∈ L′, we say that

L′ consists of two relations, R+ and R−, instead of just R±.

Definition 3.2.1. Let L be a language consisting of n binary relations. Let

L′ ( L and suppose L′ = {R1, ..., Rm}. Suppose L′ is ordered as R1 > · · · >
Rm. Let S be a set of forbidden triangles. For any A,B,C ∈ Forbc(S), where

B ⊆ A,C, we define the following way to amalgamate A and C over B. For

each a ∈ A \ B, c ∈ C \ B, first check whether abc forms a forbidden triangle

for any b ∈ B if (a, c) ∈ R1. If B = ∅ or colouring (a, c) by R1 does not form

any forbidden triangle, we complete (a, c) by R1. Otherwise, we check the

same thing for (a, c) ∈ R2 and so on. In other words, we complete (a, c) by Ri

where i is the smallest possible integer such that r(a, b)r(b, c)Ri /∈ S for any

b ∈ B.

Denote the resulting amalgamation by A ⊗B C. If A ⊗B C does not embed

any forbidden triangle in S, i.e. A⊗B C ∈ Forbc(S), we call it the prioritised

semi-free amalgamation of A,C over B. If for any A,B,C ∈ Forbc(S) where

B ⊆ A,C, we have A ⊗B C ∈ Forbc(S), then we call Forbc(S) a prioritised

semi-free amalgamation class with respect to the given ordering on L′ and its

Fräıssé limit a prioritised semi-free structure.

Remark 3.2.2. (i) Not every semi-free amalgamation class forms a priori-

tised semi-free amalgamation class as we will see in Example 3.2.3.

(ii) Note that in A⊗BC, a forbidden triangle can only appear in AC\B as we

ensure by construction that there is no forbidden triangle with a vertex

in B. Hence, it is either of the form acc′ for some a ∈ A\B, c, c′ ∈ C \B
or aa′c for some a, a′ ∈ A \B, c ∈ C \B.

Example 3.2.3. (i) Let L = {R,G, Y,X} be the language of the 4-multi-

graph and S be #11 of the 4-multi-graphs listed in Figure 2.1, i.e. S =

{RXX,GGX, Y XX,XXX}. By Proposition 2.3.3, we may take L′ =

{R,G}.

Suppose the order on L′ is R > G. Taking the graph below as an

example, if we want to amalgamate a, c over b1b2, then r(a, c) 6= R since

otherwise we would have a triangle of RXX. So, we have r(a, c) = G.
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a

c
b1

b2

X

X

R

R

G

We now check that Forbc(S) forms a prioritised semi-free amalgama-

tion class with respect to the ordering R > G on L′. Suppose for some

A,B,C, there exists a forbidden triangle in A⊗B C. Then by the previ-

ous remark, it is either of the form acc′ for some a ∈ A \B, c, c′ ∈ C \B
or aa′c for some a, a′ ∈ A \ B, c ∈ C \ B. Without loss of generality,

we may assume it is aa′c for some a, a′ ∈ A \ B, c ∈ C \ B. Since

r(a, c), r(a′, c) ∈ L′ and the only forbidden triangle containing two re-

lations in L′ is GGX, we have r(a, c) = r(a′, c) = G. As the ordering

we have is R > G, there exists b ∈ B such that b forbids (a, c) to be

coloured by R. Since the only forbidden triangle containing R is RXX,

we have r(b, a) = r(b, c) = X. However, we cannot find a colour for a′b

without creating a forbidden triangle: a′ab forbids (a′, b) to be coloured

by R, Y,X because of the forbidden triangles RXX, Y XX,XXX and

a′cb forbids (a′, b) to be coloured by G because of the forbidden triangle

GGX. Therefore, there does not exist a forbidden triangle in A ⊗B C.

We will use a similar method to prove that Forbc(S) forms a priori-

tised semi-free amalgamation class if S satisfies a particular condition

(Condition 2) in Lemma 3.2.6.

a

c
b

a′

G

G
X

X

X

Note that Forbc(S) does not form a prioritised semi-free amalgamation

class with respect to the order G > R on L′. For example, to complete

the following amalgamation, we let both (a, c), (a′, c) ∈ G, but we would
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get a forbidden triangle GGX at aa′c.

a

c
b

a′

R

R

G

X

(ii) Let L = {R±, G±} be the language of 2-multi-tournament and S be #8

of the 2-multi-tournaments listed in Figure 2.1, i.e. S = {G+G−G+,

R+G−G+}. By Proposition 2.3.6, we may take L′ = {R+, R−}.

Let the ordering on L′ be R+ > R−. Suppose we want to amalgamate

a1a2b and bc over b in the graph below. For (a1, c), since completing it

with R+ creates a forbidden triangle R+G−G+, we complete it with

R−. For (a2, c), completing it with R+ does not create a forbidden

triangle, so we let r(a2, c) = R+. Since there is no forbidden triangle

with two R-relations, Forbc(S) is a prioritised semi-free amalgamation

class with respect to the order R+ > R− on L′ = {R+, R−}. We will use

a similar method to prove that Forbc(S) forms a prioritised semi-free

amalgamation class if S satisfies a particular condition (Condition 1) in

Lemma 3.2.5.

a1

c

a2

b

R

R

G

G

G

G

(iii) Let L = {R±, G±} be the language of the 2-multi-tournament and S be

#11 or #12 of the 2-multi-tournaments listed in Figure 2.1, i.e. S is one

of the following:

#11 R+R−R+, G+G+G+, G+G−G+, G+R+R+, G+R−R−

#12 R+R−R+, G+G+G+, R+G−G+, G+R+R+, G+R−R−, G+R+R−

The following graphs show that Forbc(S) does not form a prioritised
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semi-free amalgamation class: if we prioritise R+, we would have a for-

bidden triangle G+R+R+ at a1a2c in the amalgamation illustrated in the

left graph. Similarly, we would have a forbidden triangle G+G+G+ at

a1a2c in the amalgamation illustrated in the right graph if we prioritise

G+. For R−, G−, we can flip the sides of these amalgamations and the

same conclusion follows. Therefore, for any L′ ( L, we cannot prioritise

any relation in L′.
a1

c

a2

b b

a2

c

a1

R

R

R

G

G

G

G

G

R

G

R

G

We now prove that if Forbc(S) forms a prioritised semi-free amalgamation

class with respect to some ordering on L′, then its Fräıssé limitMS admits a

SWIR. We will then look at some sufficient conditions on S for Forbc(S) to

form a prioritised semi-free amalgamation class.

Theorem 3.2.4. Let S be a set of forbidden triangles such that Forbc(S)

forms a prioritised semi-free amalgamation class with respect to some L′ ( L
and some ordering on L′. Let MS be the Fräıssé limit of Forbc(S). For any

finite substructures A,B,C of MS, let A |̂
B
C if ABC = AB ⊗B BC where

AB ⊗B BC is the prioritised semi-free amalgamation as defined in Definition

3.2.1. Then |̂ is a SWIR onMS. Moreover, if L consists only of symmetric

relations, then |̂ is a SIR on MS.

Proof. Invariance: Given B ⊆ A,C ⊆ MS, the type of prioritised semi-free

amalgamation of A,C over B is dependent only on the types of A,B,C.

Monotonicity: Let B ⊆ A ⊆MS and B ⊆ C ⊆ D ⊆MS. Suppose A |̂
B
CD,

i.e. AD = A⊗BD, we want to show A |̂
B
C and AC |̂

C
D. By the definition

of the prioritised semi-free amalgamation, the choice of relation for (a, c) for

any a ∈ A \ B, c ∈ C \ B in A ⊗B C depends only on B. Hence, we have

A⊗B C ⊆ A⊗B D = AD, so A⊗B C = ABC, i.e. A |̂
B
C.

To show that A |̂
BC

D, we want to show that (a, d) for any a ∈ A\C, d ∈ D\C
is completed by the same relation in both A ⊗B D and AC ⊗C D. Suppose
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(a, d) is completed by some Ri ∈ L′ in A⊗B D and (a, d) /∈ Ri in AC ⊗C D.

This means that there exists c ∈ C \ B that forbids (a, d) to be coloured by

Ri, i.e. Rir(a, c)r(c, d) forms a forbidden triangle. However, (a, c), (c, d) have

the same colours in A⊗B D as in A⊗C D, i.e. this would also be a forbidden

triangle in A⊗B D, a contradiction.

b

c

d

a

A

C

D

Existence: Let p be an n-type over B and C any finite set. Let ā′ be a realisa-

tion of p. Then ā′B ∈ Forbc(S). Let ā′B ⊗B BC be the prioritised semi-free

amalgamation of ā′B and BC over B. Since Forbc(S) forms a prioritised semi-

free amalgamation class, we have ā′B ⊗B BC ∈ Forbc(S). By the Extension

Property, since we can embed BC into ā′B ⊗B BC, we can find embedding

f : ā′B ⊗B BC → MS such that f(x) = x for all x ∈ BC. Hence, there

exists ā := f(ā′) such that ā |̂
B
C and ā realises p =tp(ā′/B) since f fixes B

pointwise.

Stationarity: Suppose ā, ā′ have the same type over B and are both indepen-

dent from C over B. Then āB ⊗B BC and ā′B ⊗B BC have the same type

by the definition of the prioritised semi-free amalgamation. Hence, ā, ā′ have

the same type over BC.

By Remark 3.1.2, Transitivity follows. All the arguments work exactly the

same if we swap the sides of |̂ . Therefore, we have shown that if Forbc(S)

forms a prioritised semi-free amalgamation class, then there is a SWIR on its

Fräıssé limit MS. Moreover, if L consists only of symmetric relations, then

Symmetry follows immediately and hence |̂ is a SIR.

We now look at some sufficient conditions on S for Forbc(S) to form a priori-

tised semi-free amalgamation class. In the next two lemmas, we will show that

if a set of forbidden triangles S satisfies one of the following two conditions,
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then Forbc(S) forms a prioritised semi-free amalgamation class. We will then

look at whether Cherlin’s semi-free structures listed in Figure 2.1 satisfy these

conditions.

Condition 1. Assume L′ ( L and S does not contain any triangle of the

form RiRjR
′ where Ri, Rj ∈ L′ and R′ ∈ L.

Condition 2. Assume L′ = {R1, R2} with order R1 > R2. Assume that there

exist subsets L̂, L̄ ( L satisfying the following:

(i) L′, L̂, L̄ are pairwise disjoint,

(ii) S contains all triangles of the form R′R̄1R̄2, R1R̄
1R̄2, R2R2R̄

1, R2R̂R̄
1,

where R′ ∈ L \ (L̂ ∪ L′), R̄1, R̄2 ∈ L̄, R̂ ∈ L̂, and

(iii) S contains no other triangle involving R1 or R2R2.

Lemma 3.2.5. Let L′ ⊆ L and S be as described in Condition 1. Then

Forbc(S) forms a prioritised semi-free amalgamation class with respect to L′

and any ordering on L′.

Proof. For any A,B,C ∈ Forbc(S) such that B ⊆ A,C, let A ⊗B C be the

prioritised semi-free amalgamation of A,C over B. We want to show that

A ⊗B C ∈ Forbc(S). Suppose there is a forbidden triangle in A ⊗B C. Then

by Remark 3.2.2, it is either of the form acc′ for some a ∈ A \B, c, c′ ∈ C \B
or aa′c for some a, a′ ∈ A \ B, c ∈ C \ B. Without loss of generality, we

may assume it is aa′c. Since (a, c), (a′, c) are completed by relations from L′,
r(a, c)r(a′, c)r(a, a′) is of the form RiRjR

′ ∈ S where Ri, Rj ∈ L′ and R′ ∈ L,

which contradicts Condition 1. Therefore, we have A ⊗B C ∈ Forbc(S) and

thus, Forbc(S) forms a prioritised semi-free amalgamation class.

Lemma 3.2.6. Let L′, L̂, L̄ ⊆ L and S be as described in Condition 2. Then

Forbc(S) forms a prioritised semi-free amalgamation class with respect to L′

and the ordering R1 > R2.

Proof. For any A,B,C ∈ Forbc(S) such that B ⊆ A,C, let A ⊗B C be the

prioritised semi-free amalgamation of A,C over B. Suppose there exists a

forbidden triangle in A ⊗B C. As in the previous lemma, we may assume it

is aa′c for some a, a′ ∈ A \B, c ∈ C \B and we also have r(a, c), r(a′, c) ∈ L′.
Since the only forbidden triangle involving RiRj where Ri, Rj ∈ L′ is R2R2R̄

1
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where R̄1 ∈ L̄, we have r(a, c) = r(a′, c) = R2 and r(a, a′) ∈ L̄. This implies

that there exists b ∈ B that forbids (a, c) to be completed by R1.

a

c
b

a′

R2

R2
L̄

L̄

L̄

Since the only forbidden triangle containing R1 is of the form R1R̄
1R̄2 where

R̄1, R̄2 ∈ L̄, we have r(a, b), r(b, c) ∈ L̄. If we had r(a′, b) ∈ L \ (L̂ ∪ L′),
then a′ab would form a forbidden triangle of the form R′R̄1R̄2 where R̄1, R̄2 ∈
L̄, R′ ∈ L \ (L̂ ∪ L′). If we had r(a′, b) ∈ L̂, then a′bc would form a forbidden

triangle of the form R2R̂R̄, where R̄ ∈ L̄, R̂ ∈ L̂. If we had r(a′, b) = R1, then

aa′b would form a forbidden triangle of the form R1R̄
1R̄2, where R̄1, R̄2 ∈ L̄.

If r(a′, b) = R2, a′bc forms a forbidden triangle of the form R2R2R̄, where

R̄ ∈ L̄. Hence, we cannot find a colour for a′b without creating a forbidden

triangle, a contradiction. Thus, A⊗B C ∈ Forbc(S).

Remark 3.2.7. Note that when S satisfies Condition 1, the order on L′ does

not affect whether A⊗B C ∈ Forbc(S). So Forbc(S) is a prioritised semi-free

amalgamation class with respect to L′ and any order on L′. However for S

satisfying Condition 2, Forbc(S) forms a prioritised semi-free amalgamation

class only with respect to L′ and the order R1 > R2.

We now look at Cherlin’s semi-free structures listed in Figure 2.1 and check

whether they satisfy the conditions. By observation, we have the following

lemma:

Lemma 3.2.8. Let S be a set of forbidden triangles listed in Figure 2.1.

• If S is the set of forbidden triangles for the 3-multi-graph in the list,

then S satisfies Condition 2 with L′ = {R,G}, L̄ = {X}, L̂ = ∅ and

order R > G.
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• If S is one of # 1 to # 10 or #21 to # 25 of the 4-multi-graphs, then

S satisfies Condition 1 with L′ = {R,G}.

• If S is one of #11 to # 18 of the 4-multi-graphs, then S satisfies Con-

dition 2 with L′ = {R,G}, L̄ = {X}, L̂ = ∅ and the order R > G.

• If S is # 19 or # 20 of the 4-multi-graphs, then S satisfies Condition 2

with L′ = {R,G}, L̄ = {X}, L̂ = {Y } and the order R > G.

• If S is #27 of the 4-multi-graphs, then S satisfies Condition 2 with

L′ = {R,G}, L̄ = {X, Y }, L̂ = ∅ and the order G > R.

• If S is one of #8 to # 10 of the 2-multi-tournaments, then S satisfies

Condition 1 with L′ = {R+, R−} and the order R+ > R−.

The lemma covers all structures listed in Figure 2.1 except for # 26 of the

4-multi-graphs and #11 and #12 of 2-multi-tournaments. For S as # 11 or

# 12 of the 2-multi-tournaments, we showed in Example 3.2.3 that Forbc(S)

cannot form a prioritised semi-free amalgamation class. For S as #26 of 4-

multi-graphs, we showed in Lemma 2.3.5 that L′ = {R,G, Y }. In the following

lemma, we prove that Forbc(S) forms a prioritised semi-free amalgamation

class with the order G > R > Y .

Lemma 3.2.9. Let L = {R,G, Y,X} and S be #26 of the 4-multi-graphs in

Figure 2.1, i.e. S = {RRX,RXX,RY Y,GY X,GXX, Y Y X,XXX}. Then

Forbc(S) forms a prioritised semi-free amalgamation class with the order G >

R > Y on L′ = {R,G, Y }.

Proof. Let A,B,C ∈ Forbc(S) be such that B ⊆ A,C and let A ⊗B C be

the prioritised semi-free amalgamation of A,C over B as defined in Definition

3.2.1. Suppose there exists a forbidden triangle in A ⊗B C. Same as before,

we may assume it is aa′c for some a, a′ ∈ A \ B, c ∈ C \ B and we have

r(a, c), r(a′, c) ∈ L′. Since L′ = {R,G, Y }, there are five possible cases for

r(a, c)r(a′, c)r(a, a′), as listed below. Since there is no forbidden triangle in-

volving GG, we may assume r(a, c) 6= G. Since the order on L′ is G > R > Y ,

there exists b ∈ B that forbids (a, c) to be coloured by G. In each case, (a′, b)

is the edge for which we cannot find a relation without creating a forbidden

triangle and hence we have a contradiction.
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a

c
b

a′

I. r(a, c)r(a′, c)r(a, a′) = RRX.

Since r(a, c) = R, either r(b, a)r(b, c) = Y X or r(b, a)r(b, c) = XY .

However, in the first case, r(a, a′)r(a, b) = XY forbids r(a′, b) to be Y,G

because of the forbidden triangles Y Y X,GY X and r(c, a′)r(c, b) = RX

forbids r(a′, b) to be R,X because of the forbidden triangles RRX,RXX.

In the second case, r(a, a′)r(a, b) = XX forbids r(a′, b) to be R,G,X be-

cause of the forbidden triangles RXX,GXX,XXX and r(c, a′)r(c, b) =

RY forbids r(a′, b) to be Y because of the forbidden triangle RY Y .

Hence, in both cases, we cannot find a colour for (a′, b) without creating

a forbidden triangle.

II. r(a, c)r(a′, c)r(a, a′) = Y Y R

Since r(a, c) = Y , we have r(b, a)r(b, c) = XX. However, r(a, a′)r(a, b) =

RX forbids r(a′, b) to be R,X because of the forbidden triangles RRX,

RXX and r(c, a′)r(c, b) = Y X forbids r(a′, b) to be Y,G because of

the forbidden triangles Y Y X,GY X. Hence, we cannot find a colour for

(a′, b) without creating a forbidden triangle.

III. r(a, c)r(a′, c)r(a, a′) = Y Y X

Similarly as in the previous cases, r(b, a)r(b, c) = XX. However, r(a, a′)

r(a, b) = XX forbids r(a′, b) to be G,R,X because of the forbidden

triangles GXX,RXX,XXX and r(c, a′)r(c, b) = Y X forbids r(a′, b)

to be Y,G because of the forbidden triangles Y Y X,GY X. Hence, we

cannot find a colour for (a′, b) without creating a forbidden triangle.

IV. r(a, c)r(a′, c)r(a, a′) = Y RY

We have r(b, a)r(b, c) = XX. However, r(a, a′)r(a, b) = Y X forbids

r(a′, b) to be G, Y because of the forbidden triangles GYX, Y Y X and

r(c, a′)r(c, b) = RX forbids r(a′, b) to be R,X because of the forbidden
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triangles RRX,RXX. Hence, in both case, we cannot find a colour for

(a′, b) without creating a forbidden triangle.

V. r(a, c)r(a′, c)r(a, a′) = Y GX

In this case, we have r(a, b)r(b, c) = XX. However, r(a, a′)r(a, b) =

XX forbids r(a′, b) to be R,G,X because of the forbidden triangles

RXX,GXX,XXX and r(a′, c)r(c, b) = GX forbids r(a′, b) to be Y

because of the forbidden triangle GYX. Hence, we cannot find a colour

for (a′, b) without creating a forbidden triangle.

Therefore, combining the results in this section, we have the following corol-

lary:

Corollary 3.2.10. Let S be a set of forbidden triangles such that Forbc(S)

forms a semi-free amalgamation class and letMS be its Fräıssé limit. Suppose

(i) S satisfies either Condition 1 or Condition 2, or

(ii) S is one of the sets of forbidden triangles listed in Figure 2.1 except #

11 and #12 in the asymmetric cases.

Then there is a SWIR on MS.

3.3 Linearly ordered structures

In this section, we will look at some linearly ordered homogeneous structures.

We will define the linear order expansion of a homogeneous structure M
below. We will then show in Theorem 3.3.4 that if M admits a SWIR, then

its linear order expansion also admits a SWIR. We will look at some examples

in Example 3.3.5.

Definition 3.3.1. Let C be a strong amalgamation class andM be its Fräıssé

limit. We callM a strong homogeneous structure. Let L< = L∪ {<}, where

the new relational symbol < is interpreted as a (strict) linear order. For any

A ∈ C, we can define a linear order on A. Then A is an L<-structure. We call

it a linear order expansion of A. Let C< be the class of all isomorphism types

of such expansions. Then C< is an amalgamation class, which we will show in
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the next remark. We call its Fräıssé limit, denoted by M<, the linear order

expansion of M.

Definition 3.3.2. Let L be a relational language and L< = L ∪ {<}. Let

M be a strong homogeneous L-structure and M< its linear order expan-

sion. For some finite substructure X ⊂ M< and n-tuple x̄ in M<, we define

tpL(x̄/X) to be the set of all L-formulas satisfied by x̄ with parameters in X

and tp<(x̄/X) to be the set of all {<}-formulas satisfied by x̄ with parameters

in X. We call them L-type and {<}-type respectively.

Remark 3.3.3. (i) We can check that C< is an amalgamation class. We

can check it satisfies the amalgamation property. For any finite B ⊆
A,C ⊆ M<, let AL, BL, CL be the L-reducts of A,B,C. Since C is a

strong amalgamation class, we can find DL ∈ C such that AL, CL can

be embedded into DL where AL ∩ CL = BL. Since C< contains all

isomorphism types of linear order expansions of DL, we can find D ∈ C<

satisfying that for a ∈ A \B, c ∈ C \B, a < c if and only if there exists

b ∈ B such that a < b < c. Then D is the amalgamation of A,C over

B. IP,HP and JEP are straightforward to see.

(ii) Also note thatM< satisfies the theory of the dense linear order. Hence,

we can identify elements of M< as elements of Q and have intervals of

M<.

(iii) It is straightforward to see tp(ā/X) =tp(ā′/X) if and only if tp<(ā/X)

=tp<(ā′/X) and tpL(ā/X) =tpL(ā′/X).

(iv) Let X be some finite substructure of M<. For any n-L-type p(x̄/XL)

and any n-{<}-type q(x̄/X<), p(x̄/XL) ∪ q(x̄/X<) is consistent and

can be realised in M<. This is because M< embeds all isomorphism

types of linear order expansions of āXL ⊆M, where ā realises p(x̄/XL).

Since q(x̄/X<) is consistent, we can find one within these linear or-

der expansions that satisfies q(x̄/X<), i.e. we can find a realisation of

p(x̄/XL) ∪ q(x̄/X<) in M<.

(v) [CKT19] defined a more general notion. Given disjoint relational lan-

guages L1,L2, suppose Mi is a homogeneous Li-structure for i = 1, 2

and M1,M2 have the same underlying set M. Let L = L1 ∪ L2. Then

an L-structure M? on M is called a free fusion of M1 and M2 if
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(a) the Li-reduct of M? is Mi for i = 1, 2 and

(b) for every non-algebraic Li-type pi for i = 1, 2, their union p1 ∪ p2 is

realised in M?.

Then, by definition and part (iv) of this remark, the linear order expan-

sion of M is the free fusion of M and the dense linear order.

Theorem 3.3.4. Let L be a relational language and L< = L∪{<}. LetM be

a countable strong homogeneous structure with a SWIR |̂ ?. For any finite

substructures A,B,C of its linear order expansion M< with B ⊆ A,C, we

define A |̂
B
C if AL |̂ ?

BL
CL and for any a ∈ A \ B, c ∈ C \ B such that

a < c, there exists b ∈ B such that a < b < c. Then |̂ is a SWIR on M<.

Proof. We simplify the notation AL |̂ ?

BL
CL to A |̂ ?

B
C as it is clear when

we work with |̂ ?, we only consider the L-reducts of substructures of M<.

Monotonicity: Suppose A |̂
B
CD. Then A |̂ ?

B
CD. By Monotonicity of |̂ ?,

we have A |̂ ?

B
C and A |̂ ?

BC
D. We also have that for a ∈ A \B, c ∈ C \B,

if a < c, then there exists b ∈ B such that a < b < c. For any a ∈ A \BC, d ∈
D \ BC, if a < d, then there exists b ∈ B such that a < b < d. Therefore, we

have A |̂
B
C and A |̂

BC
D.

Suppose AD |̂
B
C. Then AD |̂ ?

B
C. By Monotonicity of |̂ ?, we have

A |̂ ?

B
C and D |̂ ?

AB
C. We also have that for a ∈ A \B, c ∈ C \B, if a < c,

then there exists b ∈ B such that a < b < c. For any d ∈ D \AB, c ∈ C \AB,

if d < c, then there exists b ∈ B such that d < b < c. Therefore, we have

A |̂
B
C and D |̂

AB
C.

Transitivity: Suppose A |̂
B
C and A |̂

BC
D. By Transitivity of |̂ ?, we have

A |̂ ?

B
D. For any a ∈ A \ B, d ∈ D \ B such that a < d, there exists b ∈ B

such that a < b < d or there exists c ∈ C \ B such that a < c < d. In the

latter case, there exists b ∈ B such that a < b < c < d since A |̂
B
C. Hence,

in both cases, there exists b ∈ B such that a < b < d. Therefore, we have

A |̂
B
D.

Suppose A |̂
B
C and D |̂

AB
C. By Transitivity of |̂ ?, we have D |̂ ?

B
C.

For any d ∈ D \ B, c ∈ C \ B such that d < c, there exists b ∈ B such that

d < b < c or there exists a ∈ A \ B such that d < a < c. In the latter case,

there exists b ∈ B such that d < a < b < c since A |̂
B
C. Hence, in both



3.3. Linearly ordered structures 45

cases, there exists b ∈ B such that d < b < c. Therefore, we have D |̂
B
C.

Stationarity: Suppose tp(ā/B) =tp(ā′/B) and ā |̂
B
C, ā′ |̂

B
C. Then we

have tpL(ā/B) =tpL(ā′/B) and ā |̂ ?

B
C, ā′ |̂ ?

B
C. By Stationarity of |̂ ?,

we have tpL(ā/BC) =tpL(ā′/BC). To see that tp<(ā/BC) =tp<(ā′/BC),

suppose otherwise. Then, there exists ai ∈ ā, a′i ∈ ā′ and c ∈ C \ B such that

ai < c < a′i. Since ā |̂
B
C, there exists b ∈ B such that ai < b < c < a′i, which

contradicts tp(ā/B) =tp(ā′/B). Therefore, we have tp<(ā/BC) =tp<(ā′/BC)

and thus, tp(ā/BC) =tp(ā′/BC).

Existence: Let p =tp(x/B) be an n-type. Since by part (i) of the previous

remark, we can find an amalgamation of ā′B and BC over B where ā′ realises

p and for ai ∈ ā′ \B, c ∈ C \B, we have a < c if and only if there exists b ∈ B
such that a < b < c. We can embed BC into this amalgamation. Then by the

Extension Property, we can embed this amalgamation back to M<. Hence,

we can find ā ∈M< realising p such that ā |̂
B
C.

Invariance is straightforward to see. We can prove the rest by swapping the

sides of |̂ .

Example 3.3.5. (i) If M is the Fräıssé limit of the class of all finite sets.

Then M< is the dense linear order (Q,≤). We can define A |̂ ?

B
C for

finite substructures A,B,C ⊆M if A∩C ⊆ B. We can check that |̂ ? is

a SIR. Hence, by the previous theorem, there is a SWIR |̂ on (Q,≤):

for finite A,B,C ⊆ Q, A |̂
B
C if for any a ∈ A \B, c ∈ C \B such that

a < c, there exists b ∈ B such that a < b < c. Note that this agrees with

the amalgamation of finite linear orders discussed in Example 2.2.6.

(ii) Let M be a free homogeneous structure. Then there is a SIR on M as

shown in Example 3.1.3. Hence by the previous theorem, we can find a

SWIR |̂ on M< by defining A |̂
B
C if for any a ∈ A \ B, c ∈ C \ B,

(a, c) is not related by any relation in L and if a < c, then there exists

b ∈ B such that a < b < c.

(iii) Let L = {<1, ..., <n}, where <i is interpreted as a linear order for each

i = 1, ..., n. Let C be the class of all finite L-structures. We call the

Fräıssé limit of C, denoted by Mn, the universal n-linear order. It is

straightforward to see that Mn is the linear order expansion of Mn−1

and M1 is the dense linear order. Therefore, by repeated application of
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Theorem 3.3.4, starting withM1, we can find a SWIR on the universal

n-linear order: for finite substructures A,B,C ⊆Mn, define A |̂
B
C if

for any a ∈ A \ B, c ∈ C \ B such that a <i c for some i, there exists

b ∈ B such that a <i b <i c.



Chapter 4

Generalisation of Tent and

Ziegler’s Theorem

In [MT11], Macpherson and Tent proved that the automorphism of a non-

trivial free homogeneous structureM is simple if it is transitive. They proved

the result by first defining A |̂
B
C for finite substructures B ⊆ A,C ⊆ M

if the structure on ABC ⊆ M agrees with the free amalgamation of A,C

over B. Then they employed results regarding the Polish group structure of

Aut(M) as well as Lascar’s method from [Las92].

Tent and Ziegler then axiomatise the notion |̂ mentioned above to a SIR

and generalised the argument in [MT11]. They also applied the generalised

argument to the Urysohn space in [TZ13a] and the bounded Urysohn space in

[TZ13b]. They did this by defining the notion of a moving almost maximally

automorphism, stated in the following. They showed that for a countable

homogeneous structureM with a SIR, if an automorphism g ∈Aut(M) moves

almost maximally, then any element of Aut(M) can be written as a product

of sixteen conjugates of g and g−1.

Definition 4.0.1. For a countable homogeneous structureM with a SIR |̂ ,

we say an automorphism g ∈Aut(M) moves almost maximally if for any type

p over some finite set X ⊆ M, there exists some realisation ā of p such that

ā |̂
X
gā.

Theorem 4.0.2. ([TZ13a]) Suppose that M is a countable homogeneous

structure with a SIR. If g ∈Aut(M) moves almost maximally, then any non-

47
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trivial element of Aut(M) is the product of sixteen conjugates of g and g−1.

During research, motivated by trying to apply the above theorem to Cher-

lin’s asymmetric semi-free structures and prove the simplicity of their auto-

morphism groups, the author generalised the above theorem to hold for a

countable homogeneous structure with a SWIR. To do so, we need to first

generalise the notion of moving almost maximally to the following:

Definition 4.0.3. Let M be a countable homogeneous structure with a

SWIR |̂ .

(i) Given a type p over some finite set X ⊂ M, we say that g ∈Aut(M)

moves p almost R-maximally if there is a realisation ā of p such that

ā |̂
X

gā.

We say that g moves almost R-maximally if for any finite set X ⊂ M
and any type p over X, g moves p almost R-maximally.

(ii) Given a type p over some finite set X ⊂ M, we say that g ∈Aut(M)

moves p almost L-maximally if there is a realisation ā of p such that

gā |̂
X

ā.

We say that g moves almost L-maximally if for any finite set X ⊂ M
and any type p over X, g moves p almost L-maximally.

Hence, we can then generalise Tent and Ziegler’s theorem to the following

theorem, which we will prove in Section 4.1. The proof follows a similar

approach as in [TZ13a], but with more details presented here. The main

modification appears in Lemma 4.1.6.

Theorem 4.0.4. Suppose M is a countable homogeneous structure with a

SWIR and g ∈Aut(M) is such that g and g−1 move both almost R-maximally

and almost L-maximally. Then any non-trivial element of Aut(M) can be

written as a product of eight conjugates of g.

In [TZ13a], it was then shown that for any non-trivial automorphism g of a

non-trivial transitive free homogeneous structure M, we can construct, by a

back-and-forth construction, a product of conjugates of g and g−1 that moves
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almost maximally. Hence, we can derive the simplicity of Aut(M).

Similarly, in order to apply the above theorem to homogeneous structuresM
admitting a SWIR, we will go through the same process in the next Chapter,

i.e. construct a product of conjugates of g and g−1 that moves both almost

R-maximally and L-maximally for any non-trivial automorphism g ∈Aut(M).

We will show in Section 4.2 that we can make this step easier by weakening

the condition on g ∈Aut(M) in the above theorem in two ways (see Corollary

4.2.2 and Corollary 4.2.4).

Throughout this chapter, we let M be a countable homogeneous structure

with a SWIR and let G =Aut(M). Let A be some finite substructure of

M. We denote the pointwise stabiliser of A by G(A). For h, g ∈ G, we write

gh := h−1gh and [h, g] := h−1g−1hg.

4.1 The proof of Theorem 4.0.4

The following two lemmas generalise Lemma 3.1 in [TZ13a]. Since the original

proof does not depend on symmetry, we simply generalise by working on both

sides.

Lemma 4.1.1. Let A,B,C,D be finite substructures of M, if A |̂
B
C and

D is arbitrary, then

(i) there exists D′ ⊆M such that tp(D′/BC) =tp(D/BC) and A |̂
B
CD′,

and

(ii) there exists D′′ ⊆M such that tp(D′′/AB) =tp(D/AB) and AD′′ |̂
B
C.

Proof. (i) By Existence, there exists D′ realising tp(D/BC) such that

A |̂
BC

D′. Then by Transitivity on A |̂
B
C and A |̂

BC
D′, we have

A |̂
B
CD′.

(ii) Similarly, there exists D′ realising tp(D/AB) such that D′ |̂
AB

C. Then

by Transitivity, AD′ |̂
B
C.

Lemma 4.1.2. Let A,B,C be finite substructures of M such that A |̂
B
C

and g1, ..., gn ∈ G. Then
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(i) there exists e ∈ G(BC) such that A |̂
B
Cge1(C) · · · gen(C), and

(ii) there exists f ∈ G(AB) such that Agf1 (A) · · · gfn(A) |̂
B
C.

Proof. (i) By the previous lemma, there exist C1, ..., Cn such that tp(C1...Cn/

BC) =tp(g1(C)...gn(C)/BC) and A |̂
B
CC1...Cn. Then there exists

e ∈ G(BC) such that Ci = e−1gi(C) and thus, gei (C) = Ci.

(ii) Similarly, there exist A1, ..., An such that tp(A1...An/AB) =tp(g1(A)...

gn(A)/AB) and AA1...An |̂ B
C. Then there exists f ∈ G(AB) such that

Ai = f−1gi(A) = gfi (A).

The following proposition uses a similar approach as Proposition 3.2 in [TZ13a].

The difference is that we require Y4 |̂ Y3
Y2 here instead of Y2 |̂ Y3

Y4 as in

[TZ13a]. This is achieved in Step 4 of the proof.

Proposition 4.1.3. Let g1, ..., g4 ∈Aut(M) and X0, ..., X4 be finite substruc-

tures of M be such that gi(Xi−1) = Xi. Then for i = 1, ..., 4, there are

ai ∈ G(Xi−1Xi) and extensions Xi ⊂ Yi such that gaii (Yi−1) = Yi and Y0 |̂ Y1
Y2,

Y4 |̂ Y3
Y2.

Proof. Step 1. Choose a finite extension X ′1 of X1 such that X0 |̂ X′1
X2X3X4.

Such extension exists as we can always choose X ′1 = X0 ∪ ... ∪X4.

Step 2. Applying part (i) of the previous lemma to A = X0, B = X ′1, C =

X ′1X2X3X4 and automorphisms g2, g3g2, g4g3g2, we obtain e ∈ G(X′1X2X3X4)

such that

X0 |̂
X′1

X ′1X2X3X4g
e
2(X ′1X2X3X4)(g3g2)e(X ′1X2X3X4)(g4g3g2)e(X ′1X2X3X4).

By Monotonicity, we have

X0 |̂
X′1

ge2(X ′1)(g3g2)e(X ′1)(g4g3g2)e(X ′1).

Let X ′2 := ge2(X ′1), X ′3 := (g3g2)e(X ′1), X ′4 := (g4g3g2)e(X ′1). Since X1 ⊆ X ′1
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and e ∈ G(X′1X2X3X4), we have

X ′2 = ge2(X ′1) ⊇ ge2(X1) = e−1g2(X1) = e−1(X2) = X2,

X ′3 = (g3g2)e(X ′1) = ge3(X ′2) ⊇ ge3(X2) = X3,

X ′4 = (g4g3g2)e(X ′1) = ge4(X ′3) ⊇ ge4(X3) = X4.

Hence, we have

X0 |̂
X′1

X ′2X
′
3X
′
4.

Step 3. Applying part (ii) of the previous lemma to A = X0X
′
1, B = X ′1, C =

X ′2X
′
3X
′
4 and automorphism g−1

1 , we have f ∈ G(X0X′1) such that

X0X
′
1(g−1)f (X0X

′
1) |̂

X′1

X ′2X
′
3X
′
4.

By Monotonicity,

(g−1
1 )f (X ′1) |̂

X′1

X ′2X
′
3X
′
4.

Let X ′0 := (g−1
1 )f (X ′1). Since X1 ⊆ X ′1 and f ∈ G(X0X′1), we have

X ′0 = (g−1
1 )f (X ′1) ⊇ (g−1

1 )f (X1) = f−1g−1
1 (X1) = f−1(X0) = X0.

Hence, we have

X ′0 |̂
X′1

X ′2X
′
3X
′
4.

Set h1 = gf1 , h2 = ge2, h3 = ge3, h4 = ge4. Then we have hi(X
′
i−1) = X ′i ⊇ Xi for

i = 1, 2, 3, 4.

Step 4. Extend X ′3 to Y3 such that X ′4 |̂ Y3
X ′2X

′
1.

Applying part (i) of the previous lemma to A = X ′4, B = Y3, C = Y3X
′
2X
′
1 and

automorphisms h−1
3 , h−1

2 h−1
3 , we get a ∈ G(Y3X′2X

′
1) such that

X ′4 |̂
Y3

Y3X
′
2X
′
1(h−1

3 )a(Y3X
′
2X
′
1)(h−1

2 h−1
3 )a(Y3X

′
2X
′
1).
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By Monotonicity, we have

X ′4 |̂
Y3

(h−1
3 )a(Y3)(h−1

2 h−1
3 )a(Y3).

Let Y2 := h−a3 (Y3) and Y1 := (h−1
2 h−1

3 )a(Y3). Since Y3 ⊇ X ′3 and a ∈ G(Y3X′2X
′
1),

we have

Y2 = h−a3 (Y3) ⊇ h−a3 (X ′3) = a−1h−1
3 (X ′3) = X ′2,

Y1 = (h−1
2 h−1

3 )a(Y3) = h−a2 (Y2) ⊇ h−a2 (X ′2) = X ′1.

Hence, we have

X ′4Y3 |̂
Y3

Y2Y1.

Step 5. Applying part (ii) of the previous lemma to A = X ′4Y3, B = Y3, C =

Y1Y2 and h4, we have b ∈ G(Y3X′4) such that

Y3X
′
4h

b
4(Y3X

′
4) |̂

Y3

Y1Y2.

By Monotonicity,

hb4(Y3) |̂
Y3

Y1Y2.

Let Y4 := hb4(Y3). Then we have Y4 = hb4(Y3) ⊇ hb4(X ′3) = X ′4 and

Y4 |̂
Y3

Y1Y2.

Step 6. By Lemma 4.1.1, since X ′0 |̂ X′1
X ′2X

′
3X
′
4, we can find Y ′1Y

′
2Y
′

3Y
′

4 real-

ising tp(Y1Y2Y3Y4/X
′
1X
′
2X
′
3X
′
4) such that X ′0 |̂ X′1

Y ′1Y
′

2Y
′

3Y
′

4 . Then by Invari-

ance, we also have Y ′4 |̂ Y ′3
Y ′1Y

′
2 . Therefore, we may assume that

X ′0 |̂
X′1

Y1Y2Y3Y4.

Then, by Monotonicity,

X ′0 |̂
Y1

Y2Y3Y4.
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Applying part (ii) of the previous lemma to A = X ′0Y1, B = Y1, C = Y2Y3Y4

and automorphism h−1
1 , we find some c ∈ G(X′0Y1) such that

X ′0Y1h
−c
1 (X ′0Y1) |̂

Y1

Y2Y3Y4.

Let Y0 = h−c1 (Y1). Then Y0 = h−c1 (Y1) ⊇ h−c1 (X ′1) = X ′0. We also have, by

Monotonicity, that

Y0 |̂
Y1

Y2Y3Y4.

Therefore, we have gfc1 (Y0) = Y1, g
ea
2 (Y1) = Y2, g

ea
3 (Y2) = Y3, g

eb
4 (Y3) = Y4 and

Y0 |̂ Y1
Y2, Y4 |̂ Y3

Y2.

The next lemma follows a similar approach as Lemma 3.5 in [TZ13a]. Lemma

4.1.6 requires some modifications from Lemma 3.6 in [TZ13a]. Combining

these two lemmas, we obtain Proposition 4.1.7 the same way as obtaining

Proposition 3.4 from Lemma 3.5 and 3.6 in [TZ13a].

Lemma 4.1.4. Let g ∈ G move almost L-maximally and X, Y,C be finite

sets such that g(X) = Y and X |̂
Y
C. Let x̄ be a tuple. Then there is some

a ∈ G(XY ) such that

ga(x̄) |̂
Y

C.

Proof. Since g moves almost L-maximally, there exists x̄′ realising tp(x̄/XY )

such that gx̄′ |̂
XY

x̄′. Since tp(x̄/XY ) =tp(x̄′/XY ), we have a1 ∈ G(XY )

such that a1(x̄) = x̄′. Then, acting by a−1
1 on gx̄′ |̂

XY
x̄′, which is the same

as ga1x̄ |̂ XY
a1x̄, we have

ga1(x̄) |̂
XY

x̄.

By Existence, there exists ȳ realising tp(ga1(x̄)/x̄XY ) such that

ȳ |̂
x̄XY

C.

By Invariance, we also have ȳ |̂
XY

x̄. Then by Transitivity on ȳ |̂
XY

x̄ and
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ȳ |̂
x̄XY

C, we have

ȳ |̂
XY

C.

Together with X |̂
Y
C, we have, by Transitivity,

ȳ |̂
Y

C.

Since tp(ga1(x̄)/x̄XY ) =tp(ȳ/x̄XY ), there exists a2 ∈ G(x̄XY ) with ȳ =

a−1
2 ga1(x̄) = ga1a2(x̄).

Remark 4.1.5. We can also prove the following by using a symmetric argu-

ment: Let g ∈ G move almost R-maximally and X, Y,C be finite sets such

that g(X) = Y and C |̂
Y
X. Let x̄ be a tuple. Then there is some a ∈ G(XY )

such that C |̂
Y
ga(x̄).

Lemma 4.1.6. Let g ∈ G move almost R-maximally and let X, Y be finite

sets such that g(X) = Y . Let x̄ and ȳ be tuples such that g·tp(x̄/X) =tp(ȳ/Y )

and x̄ |̂
X
ȳY , ȳ |̂

Y
X. Then, there exists a ∈ G(XY ) such that ȳ = ga(x̄).

Proof. By Existence, there exists ȳ′ realising tp(ȳ/XY ) such that ȳ′ |̂
XY

g(Y ).

Since g moves almost R-maximally, there exists ȳ′′ realising tp(ȳ′/XY g(Y ))

such that

ȳ′′ |̂
XY g(Y )

gȳ′′.

By Invariance, we have ȳ′′ |̂
XY

g(Y ). Then, by Transitivity, we obtain

ȳ′′ |̂
XY

g(ȳ′′Y ).

Since tp(ȳ/XY ) =tp(ȳ′/XY ) =tp(ȳ′′/XY ) and ȳ |̂
Y
X, by Invariance, we

have ȳ′′ |̂
Y
X. Hence, by Transitivity, we have

ȳ′′ |̂
Y

g(ȳ′′Y ),

which by Invariance, is the same as

g−1(ȳ′′) |̂
X

ȳ′′Y.
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Since tp(ȳ′′/XY ) =tp(ȳ/XY ), there exists b ∈ G(XY ) such that bȳ = ȳ′′, so

we have

g−b(ȳ) |̂
X

ȳY.

We also have that tp(g−b(ȳ)/X) = g−1·tp(ȳ/Y ) =tp(x̄/X). Since x̄ |̂
X
yY

and g−b(ȳ) |̂
X
ȳY , by Stationarity, we obtain tp(g−b(ȳ)/ȳXY ) =tp(x̄/ȳXY ).

Therefore, there exists c ∈ G(ȳXY ) such that x̄ = c−1g−b(ȳ) = g−bc(ȳ).

Proposition 4.1.7. Let g1, ..., g4 ∈ G be such that g1, g
−1
4 move almost L-

maximally and g−1
2 , g3 move almost R-maximally. Let Y0, ..., Y4 be finite sets

such that gi(Yi−1) = Yi for i = 1, 2, 3, 4 and Y0 |̂ Y1
Y2, Y4 |̂ Y3

Y2. Let x̄0

and x̄4 be two tuples such that g4g3g2g1·tp(x̄0/Y0) =tp(x̄4/Y4). Then for i =

1, 2, 3, 4, there exist ai ∈ G(Yi−1Yi) such that ga44 . . . ga11 (x̄0) = x̄4.

Proof. Since g1 and g−1
4 move almost L-maximally, g1(Y0) = Y1, g−1

4 (Y4) = Y3

and Y0 |̂ Y1
Y2, Y4 |̂ Y3

Y2, by Lemma 4.1.4, there exists a1 ∈ G(Y0Y1) and

a4 ∈ G(Y3Y4) such that for x̄1 = ga11 (x̄0), x̄3 = g−a44 (x̄4), we have

x̄1 |̂
Y1

Y2, x̄3 |̂
Y3

Y2.

By Existence, there exists x̄2 realising g2·tp(x1/Y1) = g−1
3 ·tp(x3/Y3) such that

x̄2 |̂
Y2

x̄1Y1x̄3Y3.

By Monotonicity, we have x̄2 |̂ Y2
x̄1Y1 and x̄2 |̂ Y2

x̄3Y3.

Since we have x̄1 |̂ Y1
Y2, x̄2 |̂ Y2

x̄1Y1, g−1
2 (Y2) = Y1 and g−1

2 moves almost

R-maximally, we can find a2 ∈ G(Y1Y2) such that g−a22 (x̄2) = x̄1 by Lemma

4.1.6. Similarly, since we have x̄3 |̂ Y3
Y2, x̄2 |̂ Y2

x̄3Y3, g3(Y2) = Y3 and g3

moves almost R-maximally, we can find a3 ∈ G(Y2Y3) such that g3a2(x̄2) = x̄3

by Lemma 4.1.6.

Therefore, we have found ai ∈ G(Yi−1Yi) such that ga44 . . . ga11 (x̄0) = x̄4.

For a partial isomorphism u of M, we denote the domain of u to be dom(u)

and the image of u to be Im(u).
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Proposition 4.1.8. Let M be a countable structure with a SWIR and g be

an automorphism of M such that g and g−1 move both almost R-maximally

and almost L-maximally. Define

φ : G4 → G : (h1, ..., h4) 7→ gh4 . . . gh1 .

Then for any open set U ⊆ G4, there is some open set W ⊆ G such that φ(U)

is dense in W .

Proof. Let U ⊆ G4 be open. Then U can be written as U1 × ... × U4, where

Ui = U(ui) = {h ∈ G|ui ⊂ h} is the set of automorphisms that extend some

finite partial isomorphism ui. We can extend ui to some ai ∈ G such that

gai(Xi−1) = Xi, where Im(ui) ⊂ Xi and Xi is finite for i = 1, 2, 3, 4.

By Proposition 4.1.3, there exist bi ∈ G(Xi−1Xi) and finite extensions Xi ⊂ Yi

such that gaibi(Yi−1) = Yi and Y0 |̂ Y1
Y2 and Y4 |̂ Y3

Y2.

Let w be the partial isomorphism ga4b4 ...ga1b1 restricted to Y0 and W = U(w).

We want to show that φ(U) is dense in W . Let w′ be an extension of w.

Then W ′ := U(w′) is a basic open subset of W . Let x̄ be an enumeration of

dom(w′) \ Y0 and ȳ = w′(x̄). By Proposition 4.1.7, we obtain ci ∈ G(Yi−1Yi)

such that ga4b4c4 ...ga1b1c1(x̄) = ȳ. Since bi and ci both fix Im(ui) pointwise, we

have aibici ∈ Ui. So (a1b1c1, ..., a4b4c4) ∈ U and φ maps it to ga4b4c4 ...ga1b1c1 ,

which belongs to W ′. Hence, we have shown that every basic open subset of

W intersects φ(U) non-trivially, i.e. φ(U) is dense in W .

The remainder of the proof of Theorem 4.0.4 follows exactly from [TZ13a].

Note that it was proved in Lemma 2.8 in [TZ13a] without using Symmetry

that for a countable structure M with a SIR, its automorphism group has

a dense conjugacy class. Hence, the same statement can also be proved for

a countable structure with a SWIR. We will use this result in the following

proof. Moreover, it was proved in [KS19] that if M is a countable structure

with a canonical independence relation defined in the paper, which is weaker

than a SWIR, then Aut(M) has a cyclic dense conjugacy class. We say G has

cyclic dense conjugacy class if there exist f, g ∈ G such that {fngfn|n ∈ Z}
is dense.

Proof of Theorem 4.0.2. The previous proposition implies that if X ⊆ G is
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nowhere dense, then its preimage φ−1(X) is nowhere dense in G4. Let U be

the interior of φ−1(X) and suppose φ−1(X) is not nowhere dense. Then U

is a non-empty open set. Then by the conclusion of the proposition, there

exists a non-empty open set W ⊂ G such that φ(U) is dense in W . Then we

have W ⊆ φ(U) ⊆ φ(φ−1(X) ⊆ X̄, which contradicts X being nowhere dense.

Therefore, for any nowhere dense set X ⊆ G, φ−1(X) is nowhere dense.

Suppose now φ(G4) is meagre. Then φ(G4) =
⋃

i<ωXi for some nowhere

dense sets Xi. Then G4 =
⋃

i<ω φ
−1(Xi), where φ−1(Xi) is nowhere dense

by the above argument, i.e. G4 is meagre. However, by the Baire Category

Theorem, G4 is not meagre since G4 is a non-empty complete metric space, a

contradiction. Hence, we know that φ(G4) is not meagre.

Since φ is continuous and G4 is Polish, φ(G4) is analytic and hence has the

Baire property by Proposition 2.4.3. Since G has a dense conjugacy class, any

open sets U, V ⊆ G intersect with the dense conjugacy class untrivially. Hence,

if we let G act on itself by conjugation, then there exists g ∈ G such that

g(U) ∩ V 6= ∅. φ(G4) is invariant under conjugation since h−1φ(h1, ..., h4)h =

φ(h1h, ..., h4h) ∈ φ(G4). We also know that G is Baire since it is Polish.

Therefore, by Theorem 2.4.4, φ(G4) is either meagre or comeagre. Thus, we

derive that φ(G4) is comeagre since it is not meagre.

Since g−1 moves both almost R-maximally and almost L-maximally as well,

the image of φ′ : (h1, . . . , h4) 7→ (g−h4 . . . g−h1) is also comeagre. So for anyf ∈
G, the translation φ′(G4)f intersects φ(G4). Hence, every element of G can

be written as a product of eight conjugates of g.

4.2 Constructing moving-maximally automor-

phisms

In the last section, in order for a non-trivial automorphism g ∈ G to generateG

by conjugation, we require that both g and g−1 move both almost R-maximally

and almost L-maximally. In this section, we show that we can weaken this

condition on g in two different ways.

Lemma 4.2.1. Let M be a countable homogeneous structure with a SWIR

|̂ and let g ∈ G move both almost R-maximally and almost L-maximally.
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Then there exists k ∈ G such that [g, k] and its inverse move both almost

R-maximally and almost L-maximally.

Proof. We use the back-and-forth construction. List all types of finite tuples

over finite sets as p1, p2, .... We start with the empty map. Suppose at the i-th

stage, we have a partial isomorphism k̃ : A → B such that [k̃, g] and [k̃, g]−1

move p1, ..., pi−1 almost R-maximally and almost L-maximally. Let pi be a

type over X. We can extend k̃ so that its image and domain contain X. So

we may assume X ∪ g(X) ⊆ A, X ∪ gk̃(X) ⊆ B. We may also assume pi is

non-algebraic. We want to extend k̃ so that [k̃, g] and [k̃, g]−1 move pi almost

R-maximally and almost L-maximally.

Step I. We extend k̃ so that the partial map [k̃, g] is defined and moves pi

almost R-maximally. Note that the arguments in this step only depend on g

moving almost R-maximally.

By Existence, there exists ā′ realising pi such that ā′ |̂
X
A. Since g moves

almost R-maximally, there exists ā realising tp(ā′/A) such that ā |̂
A
gā. Since

tp(ā/A) =tp(ā′/A), we also have ā |̂
X
A by Invariance.

Again by Existence, there exists b̄ realising k̃·tp(ā/A) such that b̄ |̂
B
g−1(B).

Extend k̃ by sending ā to b̄. Acting by k̃ on ā |̂
X
A, we obtain b̄ |̂

k̃(X)
B

by Invariance. Then by Transitivity on b̄ |̂
k̃(X)

B and b̄ |̂
B
g−1(B), we have

b̄ |̂
k̃(X)

g−1B since we have k̃(X) ⊆ B from X ⊆ A.

By Existence, there exists c̄ realising k̃−1·tp(gb̄/b̄B) such that c̄ |̂
āA
gā. We

also have ā |̂
A
gā, so by Transitivity, we have c̄ |̂

A
gā. Extend k̃ by sending

c̄ to gb̄.

Acting by k̃−1g on b̄ |̂
k̃(X)

g−1(B), we obtain k̃−1gb̄ |̂
k̃−1gk̃(X)

k̃−1(B), which

can be simplified to c̄ |̂
k̃−1gk̃(X)

A. Since k̃−1gk̃(X) ⊆ A and c |̂
k̃−1gk̃(X)

A,

c̄ |̂
A
gā, we obtain c̄ |̂

k̃−1gk̃(X)
gā by Transitivity. Acting by k̃−1g−1k̃ on it,

we obtain ā |̂
X

[k̃, g]ā.

Step II. Under the assumption that g moves L-maximally and by the same

argument, but swapping the sides of |̂ as in Step I, we can extend k̃ so that

[k̃, g] moves pi almost L-maximally.

Step III. We want to extend k̃ so that [g, k̃] moves pi almost R-maximally. Note

that the arguments in this step only depend on g moving almost R-maximally.
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By Existence, there exists ā realising pi such that ā |̂
X
g−1(A). Since g moves

almost R-maximally, there exists b̄ realising k̃·tp(ā/A) such that b̄ |̂
B
gb̄.

Again by Existence, there exists c̄ realising k̃·tp(gā/āA) such that c̄ |̂
b̄B
gb̄.

Extend k̃ by sending ā to b̄ and gā to c̄. Acting by k̃g on ā |̂
X
g−1(A), we

obtain c̄ |̂
k̃g(X)

B by Invariance.

By Transitivity on b̄ |̂
B
gb̄ and c̄ |̂

b̄B
gb̄, we have c̄ |̂

B
gb̄. Then by Tran-

sitivity on c̄ |̂
k̃g(X)

B, c̄ |̂
B
gb̄ and that k̃g(X) ⊆ B, we have c̄ |̂

k̃g(X)
gb̄.

Acting by g−1k̃−1 on this, we obtain ā |̂
X

[g, k̃]ā by Invariance.

Step IV. Under the assumption that g moves L-maximally and by the same

argument as in Step III, but swapping the sides of |̂ , we can extend k̃ so

that [g, k̃] moves p almost L-maximally.

Let k be the union of k̃ over all i. Then, k is an automorphism ofM since we

ensured its domain and image contain all finite subsets of M. Thus, we have

constructed k ∈ G such that [k̃, g] and [k̃, g]−1 move almost L-maximally and

R-maximally.

Therefore, by Theorem 4.0.4, we have the following corollary:

Corollary 4.2.2. Suppose M is a countable homogeneous structure with a

SWIR and g ∈ G moves both almost R-maximally and almost L-maximally.

Then any element of G is a product of 16 conjugates of g and g−1.

Lemma 4.2.3. Let M be a countable homogeneous structure with a SWIR

|̂ and g ∈ G be such that g moves almost R-maximally and g−1 moves almost

L-maximally. Then there exists k ∈ G such that [g, k] and its inverse move

both almost R-maximally and almost L-maximally.

Proof. We use the back-and-forth construction as before. List all types of finite

tuples over finite sets as p1, p2, .... We start with the empty map. Suppose at

the i-th stage, we have a partial isomorphism k̃ : A→ B such that [k̃, g] and

[k̃, g]−1 move p1, ..., pi−1 almost R-maximally and almost L-maximally. Let pi

be a type over X. We can extend k̃ so that its image and domain contain X.

So we may assume X ∪ g(X) ⊆ A, X ∪ gk̃(X) ⊆ B. We may also assume pi is

non-algebraic. We want to extend k̃ so that the partial maps [k̃, g] and [k̃, g]−1

are defined and move pi almost R-maximally and almost L-maximally.
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By Steps I and III in the proof of the previous lemma, we know that if g

moves almost R-maximally, we can extend k̃ so that [k̃, g] and [k̃, g]−1 move

pi almost R-maximally. Therefore, we only have to extend k̃ so that [k̃, g] and

[k̃, g]−1 move p almost L-maximally.

Now we extend k̃ so that [k̃, g] moves pi almost L-maximally.

By Existence, there exists ā realising pi such that A |̂
X
ā and b̄′ realising

k̃·tp(ā/A) such that g−1(B) |̂
B
b̄′. Since g−1 moves almost L-maximally, there

exists b̄ realising tp(b̄′/Bg−1(B)) such that g−1b̄ |̂
Bg−1(B)

b̄. By Invariance, we

have g−1(B) |̂
B
b̄ since tp(b̄/Bg−1(B)) =tp(b̄′/Bg−1(B)). Then by Transitiv-

ity on g−1(B) |̂
B
b̄ and g−1b̄ |̂

Bg−1(B)
b̄, we have g−1(b̄B) |̂

B
b̄. Extend k̃ by

sending ā to b̄. By Existence, there exists c̄ realising k̃−1·tp(gb̄/b̄B) such that

gā |̂
āA
c̄. Extend k̃ by sending c̄ to gb̄.

Acting by k̃ on A |̂
X
ā, we obtainB |̂

k̃(X)
b̄. Since k̃(X) ⊆ B, by Transitivity

on B |̂
k̃(X)

b̄ and g−1(b̄B) |̂
B
b̄, we have g−1(b̄B) |̂

k̃(X)
b̄. Acting by k̃−1g

on it, we obtain āA |̂
k̃−1gk̃(X)

c̄. Then by Transitivity on it and ga |̂
āA
c̄, we

have gā |̂
k̃−1gk̃(X)

c̄. Acting by k̃−1g−1k̃ on it, we get [k̃, g]ā |̂
X
ā.

Now we extend k̃ so that [g, k̃] moves pi almost L-maximally.

By Existence, there exists ā′ realising pi such that g−1(A) |̂
X
ā′. Since g−1

moves L-maximally, there exists ā realising tp(ā′/g−1(A)X) such that

g−1ā |̂
g−1(A)X

ā. Then by Invariance, we have g−1(A) |̂
X
ā. By Transitivity

on it and g−1ā |̂
g−1(A)X

ā, we have g−1ā |̂
X
ā. Then acting by g on it,

we obtain ā |̂
X
gā. By Existence, we can find b̄ realising k̃·tp(ā/A) and c̄

realising k̃−1tp(gb̄/b̄B) such that c̄ |̂
āA
gā. Since g(X) ⊆ A, by Transitivity

on it and ā |̂
X
gā, we have c̄ |̂

g(X)
gā. Therefore, acting by g−1 on it, we

obtain [g, k̃]ā |̂
X
ā.

Let k be the union of k̃ over all i. Then, k is an automorphism ofM since we

ensured its domain and image contain all finite subset of M. Thus, we have

constructed k ∈ G such that [k̃, g] and [k̃, g]−1 move almost L-maximally and

R-maximally.

Therefore, we have the following corollary:

Corollary 4.2.4. Suppose M is a countable homogeneous structure with a

SWIR and g ∈ G is such that g moves almost R-maximally and g−1 moves
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almost L-maximally. Then any element of G is a product of 16 conjugates of

g and g−1.



Chapter 5

Applications of Theorem 4.0.4

In this chapter, we will apply results proved in the last chapter to the examples

studied in Chapter 3. We do this by a similar approach to [TZ13a]. In

other words, we want to show that for any non-trivial automorphism g of a

homogeneous structureM admitting a SWIR, we can construct h ∈Aut(M),

by a back-and-forth construction, as a product of conjugates of g and g−1 such

that h and h−1 moves both almost R-maximally and almost L-maximally.

We will apply Corollary 4.2.2 to the prioritised semi-free structures in Section

5.1. We showed in Section 3.2 that for a set of forbidden triangles S satisfying

either Condition 1 or Condition 2, the correspondingMS is a prioritised semi-

free structure. We will introduce a stronger condition (see Condition 3) and

show that we can prove the simplicity of Aut(MS) using Corollary 4.2.2 and

a back-and-forth construction if S satisfies this condition. This covers all

prioritised semi-free structures listed in Figure 2.1 except # 26. For # 26,

we change the argument slightly to achieve the same result. Thus, we prove

Theorem 5.1.3.

In Section 5.2, we will use the same method and apply Corollary 4.2.4 to some

linearly ordered structures including the linear order expansions of non-trivial

free homogeneous structures and the universal n-linear order for n ≥ 2 and

prove the simplicity of their automorphism groups.

Note that since we only consider homogeneous structure M with trivial al-

gebraic closure, any 1-type tp(x/X) over some finite set X ⊂ M has either

infinitely many realisations or exactly one realisation a ∈ X where the type

62
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includes the formula x = a. Hence, in the second case, we may simplify such

notations and say that x ∈ X. Similarly, for an n-type tp(x̄/X), we can say

that x̄ ∩ X = ∅ if for any xi ∈ x̄, tp(xi/X) is non-algebraic. In fact it was

proved in Lemma 5.1 in [TZ13a] that for a homogeneous structure admit-

ting a SIR, any 1-type over some finite set has either exactly one realisation

or infinitely many and the same proof applies for a homogeneous structure

admitting a SWIR.

In the following lemma, we show that to prove that g moves almost R-

maximally (or L-maximally), it is enough to prove that g moves all types

of the form

tp(x̄/X) , where X is finite and x̄ ∩X = ∅, (5.1)

almost R-maximally (or L-maximally). Thus, we can work only with types of

this form later on.

Lemma 5.0.1. Let M be a countable homogeneous structure with a SWIR

|̂ and g ∈Aut(M). Suppose g moves all types of the form (5.1) almost R-

maximally. Then g moves almost R-maximally. Similarly, if g moves all types

of the form (5.1) almost L-maximally, then g moves almost L-maximally.

Proof. Let p be an algebraic 1-type over some finite set X. Then by the

previous lemma, if a is the realisation of p, then a ∈ X and thus, we have

a |̂
X
ga and ga |̂

X
a.

Now assume g moves all types of the form tp(x̄/X), where x̄∩X = ∅, almost

R-maximally. Let p be an n-type. We may assume p =tp(x̄ȳ/X), where

x̄ ∈ X and ȳ ∩X = ∅. We can further write x̄ = x̄′x̄′′ where gx̄′ ∩X = ∅ and

gx̄′′ ∈ X.

By Existence of |̂ , we can find ā′ realising tp(ȳ/X) such that ā′ |̂
X
gx̄′.

We also have ā′ ∩ Xgx̄′ = ∅. Since g moves all types of the form tp(x̄/X),

where X is finite and x̄∩X = ∅, almost R-maximally, we can find ā realising

tp(ā′/Xgx̄) such that ā |̂
Xgx̄′

gā. By Invariance, we have ā |̂
X
gx̄′. Hence by

Transitivity, we have ā |̂
X
g(āx̄′). Since x̄, gx̄′′ ∈ X, we have āx̄ |̂

X
g(āx̄′x̄′′)

by Remark 3.1.2. Therefore, x̄ā realises p and is moved almost R-maximally

by g.
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Hence, g moves almost R-maximally. Similarly, if g moves all types of the form

tp(x̄/X), where X is finite and x̄ ∩X = ∅, almost L-maximally, by the same

argument but swapping the sides of |̂ , g moves almost L-maximally.

5.1 Prioritised semi-free homogeneous struc-

tures

We now look at the prioritised semi-free homogeneous structures defined in

Section 3.2. In this section, we let L be a binary relational language. Let S be

a set of forbidden triangles and Forbc(S) be the set of all finite L-structures

that do not embed any triangle from S as defined in Definition 2.3.1. We will

only consider S such that Forbc(S) forms a prioritised semi-free amalgamation

class. So we let L′ = {R1, R2, ..., Rm} be the set of solutions for Forbc(S)

with order R1 > · · · > Rm. Let MS be the Fräıssé limit of Forbc(S) and

G =Aut(MS).

We will show in this section that if S satisfies the following condition, then for

any non-trivial automorphism g ofMS, we can construct, by a back-and-forth

construction, a product of conjugates of g and g−1 that move both almost R-

maximally and almost L-maximally. Then by Corollary 4.2.2, we can show

the simplicity of Aut(MS) as stated in the next theorem.

Condition 3. Let S be a set of forbidden triangles such that Forbc(S) forms

a prioritised semi-free amalgamation class. Let L′ = {R1, R2, ..., Rm} be the

set of solutions for Forbc(S) with order R1 > · · · > Rm. Let MS be the

Fräıssé limit of Forbc(S). Assume that

(i) S does not contain any triangle involving R1R1 or R1R2.

(ii) For a, b, c ∈MS and B ⊆MS such that a, b, c are distinct and a |̂
bB
c,

if r(a, b) ∈ L′ or r(b, c) ∈ L′, then we have a |̂
B
c.

Remark 5.1.1. It follows from part (ii) of the above condition that for ā, b̄, c̄ ∈
MS and B ⊆ MS such that ā, b̄, c̄, B are pairwise disjoint and ā |̂

b̄B
c̄, if

r(ai, bj) ∈ L′ for all ai ∈ ā, bj ∈ b̄, then ā |̂
B
c̄. Similarly if we have r(bi, cj) ∈

L′ for all bi ∈ b̄, cj ∈ c̄, then ā |̂
B
c̄.

We will first prove some preparatory results aboutMS in Subsection 5.1.1. We

will then prove the following theorem in Subsection 5.1.2. Note that part(ii)
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follows from part(i) by Corollary 4.2.2.

Theorem 5.1.2. Let S be a set of forbidden triangles such that S satisfies

Condition 3 and Forbc(S) forms a prioritised semi-free amalgamation class.

Let MS be the Fräıssé limit of Forbc(S). Then,

(i) For any non-trivial automorphism g ∈Aut(MS), there exist h1, h2 ∈
Aut(MS) such that [[h1, g], h2] moves both almost R-maximally and al-

most L-maximally.

(ii) For any non-trivial automorphism g ∈Aut(MS), ány automorphism of

Aut(MS) can be written as a product of at most 64 conjugates of g and

g−1, i.e. Aut(MS) is simple.

In Subsection 5.1.3, we will see that all prioritised semi-free structures listed

in Figure 2.1 except #26 satisfy Condition 3 and thus, the above theorem

holds for them. For #26, we will modify the argument from Subsection 5.1.2

and obtain the same result. Altogether, we prove the following theorem.

Theorem 5.1.3. Let M be one of the following structures:

(i) all 3-multi-graphs and 4-multi-graphs listed in the appendix of [Che98]

(ii) #8 to #10 of the 2-multi-tournaments listed in the appendix of [Che98].

Then, M admits a SWIR and Aut(M) is simple.

5.1.1 Preparatory results

In [TZ13a], Theorem 4.0.2 was proved using the result from [MT11] that a

non-trivial automorphism of a free homogeneous structure does not fix the set

of realisations of any non-algebraic type pointwise. In order to prove Theorem

5.1.2, we need to prove the same statement forMS, where S satisfies Condition

3. In other words, we prove the following theorem:

Theorem 5.1.4. Let S be a set of forbidden triangles satisfying Condition

3 and let MS be the Fräıssé limit of Forbc(S). Let g ∈Aut(MS). For any

non-algebraic type p over some finite set X ⊆ MS, g moves infinitely many

realisations of p.

For readers familiar with model theory, the idea in this section comes from

imaginary elements. Since the proof here does not directly involve them, I
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refer interested readers to Section 16.4 and 16.5 in [Poi00]. We will show in

Theorem 5.1.9 that our structure MS has the intersection property, defined

in the following. Note that for our structure MS, the intersection property

is equivalent to having weak elimination of imaginaries by Theorem 16.17

in [Poi00], so this result may be of independent interest. We will use this

property of MS to prove the above theorem. For S ⊆ G, by 〈S〉, we mean

the subgroup of G generated by elements from S.

Definition 5.1.5. LetM be a homogeneous structure and G =Aut(M). We

say that M has the intersection property, if for all finite subsets A,B ⊆M,

〈G(A), G(B)〉 = G(A∩B). (5.2)

Remark 5.1.6. Note that if g ∈ 〈G(A), G(B)〉, then g fixes A∩B pointwise. So,

we always have 〈G(A), G(B)〉 ≤ G(A∩B) and we only need to show the reverse

inclusion to prove the intersection property.

We show in the following proposition that to prove the intersection property,

it is enough to prove (5.2) for A,B ⊆M such that |A \B| = |B \ A| = 1.

Proposition 5.1.7. Let M be a homogeneous relational structure and G =

Aut(M). Suppose (5.2) holds for all finite A,B ⊆ M such that |A \ B| =

|B \ A| = 1. Then (5.2) holds for all finite subsets A,B ⊆M.

Proof. We prove this by induction on |A \B|+ |B \A|. The induction base is

given by the assumption.

Suppose (5.2) holds for all A,B such that |A \ B| + |B \ A| < n. Let A,B

be finite subsets of M such that |A \ B| + |B \ A| = n. We may assume

|A \ B| ≥ 2. Then we can pick a ∈ A \ B and let A′ = (A ∩ B) ∪ {a} and

B′ = B ∪ {a}. Then, G(B′) ≤ G(B) and hence,

〈G(A), G(B)〉 ≥ 〈G(A), G(B′), G(B)〉.

We also have that |A \ B′| = |A \ B| − 1, |B′ \ A| = |B \ A|, |A′ \ B| = 1,

|B \ A′| = |B \ A|, Then by the inductive hypothesis, we have

〈G(A), G(B′)〉 = G(A′) and 〈G(A′), G(B)〉 = G(A∩B)
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since A∩B′ = A′, A′∩B = A∩B and |A\B′|+ |B′ \A|, |A′ \B|+ |B \A′| < n.

Hence,

〈G(A), G(B)〉 ≥ 〈G(A), G(B′), G(B)〉 = 〈G(A′), G(B)〉 = G(A∩B).

Since 〈G(A), G(B)〉 ≤ G(A∩B), we have 〈G(A), G(B)〉 = G(A∩B).

Lemma 5.1.8. Let M be a homogeneous structure with a SWIR |̂ and

G =Aut(M). If A |̂
A∩B B, then 〈G(A), G(B)〉 = G(A∩B).

Proof. Let g ∈ G(A∩B). By Existence of |̂ , there exists A′ realising tp(A/B)

such that A′ |̂
B
B ∪ gB. SinceM is homogeneous and tp(A/B) =tp(A′/B),

there is k ∈ G(B) such that kA = A′ and thus, G(A′) = kG(A)k
−1. So we have

〈G(A), G(B)〉 ≥ 〈G(A′), G(B)〉.

By Invariance from A |̂
A∩B B, we have kA |̂

k(A∩B)
kB, which is the same as

A′ |̂
A∩B B since k ∈ G(B). By Transitivity on A′ |̂

A∩B B and A′ |̂
B
B∪gB,

we have

A′ |̂
A∩B

B ∪ gB.

By Monotonicity, we have A′ |̂
A∩B B and A′ |̂

A∩B gB. Since g ∈ G(A∩B), we

also have tp(B/A∩B) =tp(gB/A∩B). So, by Stationarity, tp(B/A′) =tp(gB/A′),

i.e. there is h ∈ G(A′) such that hB = gB. Then g ∈ hG(B) and thus,

g ∈ 〈G(A′), G(B)〉 ≤ 〈G(A), G(B)〉. Therefore, G(A∩B) ≤ 〈G(A), G(B)〉.

Since 〈G(A), G(B)〉 ≤ G(A∩B), we have 〈G(A), G(B)〉 = G(A∩B).

We now apply the above result to MS where S satisfies Condition 3:

Theorem 5.1.9. Let S be a set of forbidden triangles satisfying Condition

3 and Forbc(S) be the class of all finite L-structures that do not embed any

triangle from S. Let MS be the Fräıssé limit of Forbc(S) and G =Aut(MS).

Then for any a 6= c ∈MS and finite subset B ⊆MS, we have

〈G(aB), G(cB)〉 = G(B). (5.3)

Proof. If c ∈ B, then we have 〈G(aB), G(cB)〉 ≥ G(B) and hence 〈G(aB), G(cB)〉 =

G(B).
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So we may assume c /∈ aB. Let |̂ denote the SWIR as defined in Section 3.2,

i.e. for any A,B,C ⊆MS, A |̂
B
C if ABC = AB ⊗B BC where AB ⊗B BC

is the prioritised semi-free amalgamation defined in Definition 3.2.1. Then by

Existence, we can find c′ realising tp(c/aB) such that c′ |̂
aB
c. Then c′ /∈ acB

and there exists k ∈ G(aB) such that kc = c′ and hence, G(c′B) = kG(cB)k
−1.

So we have

〈G(aB), G(cB)〉 ≥ 〈G(c′B), G(cB)〉.

Again by Existence, we can find c′′ realising tp(c/c′B) such that c′′ |̂
c′B

c.

Then c′′ /∈ c′B and there exists h ∈ G(c′B) such that hc = c′′ and hence,

G(c′′B) = hG(cB)h
−1. So we have

〈G(c′B), G(cB)〉 ≥ 〈G(c′′B), G(cB)〉.

Since c′ |̂
aB
c and c, c′ /∈ aB, we have r(c′, c) ∈ L′. Since tp(c/c′B) =tp(c′′/c′B),

we have r(c, c′) = r(c′′, c′) ∈ L′. Then by part (ii) of Condition 3, we can ob-

tain c′′ |̂
B
c from c′′ |̂

c′B
c.

Then by Lemma 5.1.8, we have 〈G(c′′B), G(cB)〉 = G(B) since c′′B ∩ cB = B.

Thus,

〈G(aB), G(cB)〉 ≥ 〈G(c′B), G(cB)〉 ≥ 〈G(c′′B), G(cB)〉 = G(B).

Since 〈G(aB), G(cB)〉 ≤ G(B), we have 〈G(aB), G(cB)〉 = G(B).

Let p be some type over some finite set X and P be its set of realisations.

Then we have G(X) ≤ G{P} and G(X) is transitive on P . However, X is not

unique as P can also be the set of realisations of some type over some finite

set X ′, i.e. G(X′) is also transitive on P . If we are working with a countable

homogeneous structure satisfying the intersection property, then we have

G(X∩X′) = 〈G(X), G(X′)〉 ≤ G{P}.

So, G(X∩X′) is also transitive on P and hence P is a the set of realisations of

some type over X∩X ′. Therefore, it makes sense to define a minimal defining

set for a type p to be the smallest set X such that G(X) ≤ G{P}, where P is

the set of realisation of p.
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Corollary 5.1.10. Let p be a type over some finite set X ⊂MS and g ∈Aut(MS).

If g fixes its set of realisations P pointwise, then g fixes X setwise.

Proof. Without loss of generality, we may assume X is a minimal defining set

for p. Suppose g fixes P pointwise. Then G(gX) is transitive on P . This is

because for any a, b ∈ P , there exists h ∈ G(X) such that ha = b since G(X)

is transitive on P . Then ghg−1a = b since g fixes P pointwise. We also have

that ghg−1 ∈ G(gX). Thus, G(gX) is transitive on P .

By the previous theorem, we have G(X∩gX) = 〈G(X), G(gX)〉. So, G(X∩gX) is

transitive on P and thus, P is also the set of realisations of some type over

X ∩gX. By the minimality of X, we have gX = X, i.e. g fixes X setwise.

Proposition 5.1.11. Let S be a set of forbidden triangles satisfying Condition

3 and let MS be the Fräıssé limit of Forbc(S). Let G =Aut(MS) and g ∈
G. For any non-algebraic type p over some finite set X, if g fixes its set of

realisations pointwise, then g is trivial.

Proof. Let c ∈ MS be such that c |̂ X. Then r(c, b) = R1 for every b ∈
X by definition of |̂ . We first show that g fixes the set of realisations of

tp(c/X) pointwise. Since g fixes X setwise by the previous corollary, for

every b ∈ X, we have r(gc, b) = r(c, b′) = R1 for some b′ ∈ X and thus,

tp(gc/X) = g·tp(c/X). Suppose gc 6= c. Then we can find a realising p such

that r(c, a) = R1, r(gc, a) = R2. This is possible by part (i) of Condition 3.

Since ga = a as a ∈ P , we have r(a, c) = r(ga, gc) = r(a, gc), contradicting

r(c, a) = R1, r(gc, a) = R2. Hence gc1 = c1, i.e. g fixes the set of realisations

of tp(c/X) pointwise.

Then as shown in Figure 5.1, for x, y /∈ X distinct, there exists c′ realising

tp(c/X) such that r(x, c′) = R1, r(y, c′) = R2 since r(b, c′) = R1 for every

b ∈ X and there does not exist a forbidden triangle containing R1R1 or R1R2.

As gc′ = c′, we have gx 6= y. Since g fixes X setwise, gx /∈ X. Therefore,

gx = x for every x /∈ X. Then for every b, b′ ∈ X distinct, there exists d /∈ X
such that r(d, b) = R1, r(d, b′) = R2. Hence gb = b for every b ∈ X. Therefore,

ga = a for all a ∈MS, i.e. g is trivial.
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Figure 5.1:

We have shown that for any non-trivial g ∈Aut(MS) and any non-algebraic

type p over some finite set B, g moves some realisation a of p. We can then

define a new type q over aB which is defined the same over B as p. Since

we can repeat this process countably many times, g moves countably many

realisations of p. Hence, we have proved Theorem 5.1.4.

5.1.2 General cases

In this subsection, we will apply Corollary 4.2.2 to MS, where S satisfies

Condition 3 and show the simplicity of Aut(MS). In other words, we prove

Theorem 5.1.2. We achieve this by a back-and-forth construction. Note that

we will only consider MS that has trivial algebraic closure.

Lemma 5.1.12. Let S be a set of forbidden triangles such that Forbc(S) is

a semi-free amalgamation class. Let MS be its Fräıssé limit. Then given any

non-trivial g ∈Aut(MS), we can construct h ∈Aut(MS) such that for any

non-algebraic type p of the form (5.1), there exist infinitely many realisations

ā of p such that r(ai, [h, g]aj) ∈ L′ for ai, aj ∈ ā.

Proof. List all non-algebraic types of the form (5.1) as p1, p2, ... with each

type repeated infinitely often. We start with the empty map and use the

back-and-forth method to build h. Suppose at the some stage, we have a

partial isomorphism h̃ : A → B such that for any p ∈ {p1, ..., pn−1}, there

exists ā realising p such that r(ai, [h̃, g]aj) ∈ L′ for all ai, aj ∈ ā. We want

to extend h̃ so that pn has a realisation ā such that r(ai, [h̃, g]aj) ∈ L′ for

ai, aj ∈ ā. Let pn be a type over some finite set X ⊆ MS. We may assume
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X ⊆ A by extending h̃.

Since pn is non-algebraic, by Theorem 5.1.4, g does not fix the set of realisa-

tions of pn pointwise. We also have thatMS has trivial algebraic closure and

pn is of the form (5.1). Hence pn has a realisation ā that does not intersect

with A ∪ g−1(āA) and h̃·tp(ā/A) has a realisation b̄ that does not intersect

with B ∪ g−1(b̄B)). Extend h̃ by sending ā to b̄.

By the Extension Property, there exists c̄ realising h̃−1·tp(gb̄/b̄B) such that c̄

and gā are semi-freely amalgamated over āA. Since b̄ ∩ g−1(b̄B) = ∅, which

implies gb̄ ∩ b̄B = ∅, we have c̄ ∩ āA = ∅. We also have that gā ∩ āA = ∅.
Thus, (ci, gaj) is coloured using relations from L′, i.e. r(ci, gaj) ∈ L′, for all

ci ∈ c̄, aj ∈ ā.

Extend h̃ by sending c̄ to gb̄. Then c̄ = h̃−1gh̃ā and we have, for any ai, aj ∈ ā,

r(ai, [h̃, g]aj) = r(ai, h̃
−1g−1h̃gaj) = r(h̃−1gh̃ai, gaj) = r(ci, gaj) ∈ L′.

At every other step, we can make sure X ⊂ B by extending h̃. Let h be the

union of h̃ over all n. Then it is an automorphism since it is well defined and

bijective by construction.

Theorem 5.1.13. Let S be a set of forbidden triangles satisfying Condition

3 and Forbc(S) the class of all finite complete L-structures that does not em-

bed any triangle from S. Let MS be its Fräıssé limit. Let g ∈Aut(MS) be

an automorphism of MS such that for any non-algebraic type p of the form

(5.1), there exist countably many realisations ā of p with r(ai, gaj) ∈ L′ for all

ai, aj ∈ ā. Then there exists k ∈Aut(MS) such that [g, k] moves both almost

R-maximally and almost L-maximally.

Proof. List all types as p1, p2, .... We start with the empty map and use

the back-and-forth method to build k. Suppose at some stage, we have a

partial isomorphism k̃ : A → B such that for [g, k̃] moves p1, ..., pi−1 almost

R-maximally and almost L-maximally. We want to extend k̃ so that k̃ moves

pi almost R-maximally and almost L-maximally. Let pi be a type over some

finite set X. By Lemma 5.0.1, we may assume pi is non-algebraic and of the

form (5.1). We may also assume X ∪ gX ⊆ A and gk̃X ⊆ B by extending k̃.
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SinceMS has trivial algebraic closure and pi is non-algebraic and of the form

(5.1), we can find ā realising p such that ā ∩ A = ∅ and ā |̂
X
g−1A by

Existence. By the assumption on g, there exists a realisation b̄ of k̃·tp(ā/A)

such that r(bi, gbj) ∈ L′ for all bi, bj ∈ b̄.

Again by Existence, there exists c̄ of k̃·tp(gā/āA) such that c̄ |̂
b̄B
gb̄. Since

r(bi, gbj) ∈ L′ for all bi, bj ∈ b̄, by Remark 5.1.1, we obtain c̄ |̂
B
gb̄.

Extend k̃ by sending ā to b̄ and gā to c̄. Then acting by k̃g on ā |̂
X
g−1A, we

have k̃gā |̂
k̃g(X)

k̃g(g−1A), which is the same as c̄ |̂
k̃g(X)

B. By Transitivity

on it and c̄ |̂
B
gb̄, we have c̄ |̂

k̃g(X)
gb̄. Then by Invariance, we have

ā |̂
X

[g, k̃]ā

By the same argument, but swapping the sides of |̂ , we can also extend k̃

such that there is a realisation ā′ of p such that [g, k̃]ā′ |̂
X
ā′.

At every other step, we can make sure X ⊂ B by extending k̃. Let k be the

union of k̃ over all i. Then [g, k] moves all non-algebraic types of the form

(5.1) almost R-maximally and almost L-maximally. Then by Lemma 5.0.1,

[g, k] moves both almost R-maximally and almost L-maximally.

Therefore, we have proved Theorem 5.1.2.

5.1.3 Cherlin’s structures

We now look at Cherlin’s semi-free structures listed in Figure 2.1. We will show

in the following lemma that if S satisfies Condition 1 or Condition 2, thenMS

satisfies 3. Since we showed in Section 3.2 that all examples listed Figure 2.1

except for #26 of 4-multi-graphs and #11 and #12 of 2-multi-tournaments

satisfy either Condition 1 or Condition 2, by the following lemma, we can

apply Theorem 5.1.2 to these structures directly.

For #11 or #12 of the 2-multi-tournaments, we showed in Section 3.2 that

they do not form a prioritised semi-free structure. For #26 of the 4-multi-

graphs, we will modify the argument from the last subsection to obtain the

same result.

Lemma 5.1.14. Let S be a set of forbidden triangles satisfying Condition 1
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or Condition 2. Let MS be the Fräıssé limit of Forbc(S). Then S and MS

satisfy Condition 3.

Proof. Part (i) of Condition 3 can be checked by observation. We only prove

part (ii).

Let a, b, c ∈ MS and B ⊆ MS be such that a, b, c are distinct and a |̂
bB
c.

If r(a, b) ∈ L′, we want to show a |̂
B
c. If b ∈ B, the statement is trivial.

Suppose b /∈ B. Since a |̂
bB
c, we have abcB = abB ⊗bB bcB, where abB ⊗bB

bcB is the prioritised semi-free amalgamation of abB and bcB over bB as

defined in Definition 3.2.1. To show that a |̂
B
c, we want to show that (a, c)

is coloured by the same relation in both a⊗B c and a⊗bB c. Suppose on the

contrary, (a, c) ∈ Ri in a ⊗B c for some Ri ∈ L′ and (a, c) /∈ Ri in a ⊗bB c.

This implies that Rir(a, b)r(b, c) forms a forbidden triangle.

For S satisfying Condition 1, since r(a, b), Ri ∈ L′, Rir(a, b)r(b, c) is of the

form RiRjR
′ where RiRj ∈ L′, R′ ∈ L, contradicting Condition 1.

For S satisfying Condition 2, since L′ = {R1, R2} with R1 > R2, the only pos-

sibility of (a, c) /∈ Ri in a⊗bB c is that r(a, c) ∈ R1 in a⊗B c and r(a, c) ∈ R2 in

a⊗bB c. Since r(a, b) ∈ L′, we have r(a, b) = R1 or R2. Hence, Rir(a, b)r(b, c)

is a forbidden triangle involving R1R1 or R1R2, contradicting part (i) of Con-

dition 3.

Therefore, given the assumption, it can be deduced from a |̂
bB
c that a |̂

B
c.

By the same argument, we can also prove that if r(b, c) ∈ L′, then a |̂
B
c.

Therefore, by Theorem 5.1.2, we obtain the following corollary:

Corollary 5.1.15. Let S be a set of forbidden triangles and Forbc(S) the set

of all finite L-structures that do not embed any triangle from S. Let MS be

the Fräıssé limit of Forbc(S).

(i) If S satisfies Condition 1 or Condition 2, then Aut(MS) is simple.

(ii) In particular, if S is any set listed in Figure 2.1 except for #26 of

the 4-multi-graphs and #11 and #12 of the 2-multi-tournaments, then

Aut(MS) is simple.

We now look at #26 in Figure 2.1. Though it does not satisfy either Condition

1 or Condition 2, we can still use a similar approach to prove the same result.
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Let S = {RRX,RXX,RY Y,GY X,GXX, Y Y X,XXX}. Note that with or-

der G > R > Y on L′ = {G,R, Y }, it satisfies part (i) of Condition 3. But it

does not satisfy part (ii) as shown in the following example, we have a |̂
bb′
c

and r(a, b) ∈ L′, but a is not independent from c over b′.

a c

b b′

R

Y X

G

R R

However, we can obtain a |̂
B
c from a |̂

bB
c if we have both r(a, b), r(b, c) ∈

L′, which we prove in the following lemma.

Lemma 5.1.16. Let S be #26 of the 4-multi-graphs in Figure 2.1. Let a, b, c ∈
MS and B ⊆MS be such that r(a, b), r(b, c) ∈ L′ and a |̂

bB
c. Then a |̂

B
c.

Proof. If b ∈ B, the statement is trivial. Suppose b /∈ B. As in Lemma 5.1.14,

to show that a |̂
B
c, we want to show that (a, c) is coloured by the same

relation in both aB ⊗B cB and abB ⊗bB cbB.

If (a, c) ∈ G in aB ⊗B cB and (a, c) /∈ G in aB ⊗bB cB, then Gr(a, b)r(b, c)

forms a forbidden triangle where r(a, b), r(b, c) ∈ L′, i.e. r(a, b), r(b, c) 6= X.

However, all forbidden triangles in S involving G also contain X, a contradic-

tion.

If r(a, c) = R in aB⊗B cB and (a, c) /∈ R in aB⊗bB cB, this implies (a, c) ∈ Y
in aB ⊗bB cB because of the order G > R > Y . Then there exists b′ ∈ B

such that b′ forbids (a, c) to be coloured by G. Since XX forbids both G and

R, we know that r(a, b′)r(b′, c) = XY or Y X. However, XY forbids (a, c) to

be coloured by G or Y . This implies that R is the only choice for r(a, c) in

aB ⊗bB cB since any amalgamation can be completed by some relation in L′.

Therefore, given the assumption, it can be deduced from a |̂
bB
c that a |̂

B
c.

Similarly as in Remark 5.1.1, we also have that for ā, b̄, c̄ ∈MS and B ⊆MS

such that ā |̂
b̄B
c̄, if r(ai, bj), r(bj, ck) ∈ L′ for all ai ∈ ā, bj ∈ b̄, ck ∈ c̄, then

ā |̂
B
c̄.
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Note that only Theorem 5.1.9 and 5.1.13 directly use part (ii) of Condition 3.

In the proof of Theorem 5.1.9, note that we had r(c, c′) = r(c′′, c′) ∈ L′, so we

again have a |̂
B
c from a |̂

bB
c by the previous lemma and the rest of the

proof follows. We prove Theorem 5.1.13 for # 26 in the following:

Theorem 5.1.17. Let S be #26 of the 4-multi-graphs listed in Figure 2.1. Let

MS be its Fräıssé limit. Let g ∈Aut(MS) be an automorphism of MS such

that for any non-algebraic type p of the form (5.1), there exist infinitely many

realisations ā of p with r(ai, gaj) ∈ L′ for all ai, aj ∈ ā. Then there exists

k ∈Aut(MS) such that [g, k] moves both almost R-maximally and almost L-

maximally.

Proof. List all types as p1, p2, .... We start with the empty map and use

the back-and-forth method to build k. Suppose at some stage, we have a

partial isomorphism k̃ : A → B such that for [g, k̃] moves p1, ..., pi−1 almost

R-maximally and almost L-maximally. We want to extend k̃ so that k̃ moves

pi almost R-maximally and almost L-maximally. Let pi be a type over some

finite set X. By Lemma 5.0.1, we may assume pi is non-algebraic and of the

form of the form (5.1). We may also assume X ∪ gX ⊆ A and gk̃X ⊆ B by

extending k̃.

By Existence, we can find ā′ realising p such that ā′ |̂
X
g−1(A). Since pi

is non-algebraic and of the form (5.1), we may assume ā′ does not intersect

with Ag−1(A). Then type tp(ā′/Xg−1(A)) is of the form (5.1) since MS

has trivial algebraic closure. By the assumption on g, we can find ā realising

tp(ā′/Xg−1(A)) such that r(ai, gaj) ∈ L′ for all ai, aj ∈ ā. Then by Invariance,

we also have ā |̂
X
g−1(A). Since the type tp(ā/A) is of the form (5.1), there

exists a realisation b̄ of k̃·tp(ā/A) such that r(bi, gbj) ∈ L′ for all bi, bj ∈ b̄.

Again by Existence, there exists c̄ of k̃·tp(gā/āA) such that c̄ |̂
b̄B
gb̄. Since

tp(c̄/b̄) = k̃·tp(gā/ā), we have that r(ci, bj) ∈ L′ for all ci ∈ c̄, bj ∈ b̄. We also

have that r(bi, gbj) ∈ L′ for all bi, bj ∈ b̄. Hence, by the previous lemma, we

obtain c̄ |̂
B
gb̄.

Extend k̃ by sending ā to b̄ and gā to c̄. Then by Invariance on ā |̂
X
g−1A, we

have k̃gā |̂
k̃g(X)

k̃g(g−1A), which is the same as c̄ |̂
k̃g(X)

B. By Transitivity
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on it and c̄ |̂
B
gb̄, we have c̄ |̂

k̃g(X)
gb̄. Then by Invariance, we have

ā |̂
X

[g, k̃]ā

By the same argument, but swapping sides of |̂ , we can also extend k̃ such

that there is a realisation ā′ of p such that [g, k̃]ā′ |̂
X
ā′.

At every other step, we can make sure X ⊂ B by extending k̃. Let k be the

union of k̃ over all i. Then [g, k] moves all non-algebraic types of the form

(5.1) almost R-maximally and almost L-maximally. Then by Lemma 5.0.1,

[g, k] moves both almost R-maximally and almost L-maximally.

Therefore, we obtain the same result for # 26.

Corollary 5.1.18. Let S be #26 of the 4-multi-graphs in Figure 2.1 and

MS be the Fräıssé limit of Forbc(S). Then for any non-trivial automorphism

g ∈Aut(MS), there exist k, h ∈Aut(MS) such that [[h, g], k] moves almost

R-maximally and L-maximally. Hence, Aut(MS) is simple.

Together with Corollary 5.1.15, we proved Theorem 5.1.3.

5.2 Linearly ordered structures

We now look at some linearly ordered structures in this section. We letM be

a countable strong homogeneous L-structure admitting a SWIR |̂ ? and let

L< = L∪ {<}. LetM< be its linear order expansion as defined in Definition

3.3.1. It was proved in Theorem 3.3.4 that M< admits a SWIR |̂ , i.e. for

any finite A,B,C ⊆ M<, A |̂
B
C if AL |̂ ?

BL
CL and for any a ∈ A \ B, c ∈

C \B such that a < c, there exists b ∈ B such that a < b < c.

We will apply Corollary 4.2.4 to the linear order expansions of some homo-

geneous structures in this section. We will first, in Subsection 5.2.1, define

some notions and prove some preparatory results applicable to the linear order

expansion of all homogeneous structures. We will prove the following theorem

in this subsection using a back-and-forth construction.

Theorem 5.2.1. Let M be a countable non-trivial strong homogeneous L-

structure and M< be its linear order expansion. Let g be an non-trivial auto-
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morphism of M<. Then there exists h ∈Aut(M<), a product of conjugates of

g and g−1, such that ha > a for all a ∈M<.

We will then in Subsection 5.2.2 show that ifM is a non-trivial free homoge-

neous structure and h ∈Aut(M<) is such that ha > a for all a ∈M<, then we

can find a product of conjugates of h and h−1 that moves almost R-maximally

and its inverse move almost L-maximally. Hence, we can apply Corollary 4.2.4

to the linear order expansion of a non-trivial free homogeneous structure and

prove the simplicity of its automorphism group. The same result was proved

in [CKT19] using a method also generalised from Tent and Ziegler’s theorem,

but in a different way from the method presented in this thesis.

In Subsection 5.2.3, we will look at the universal n-linear order Mn. We

will generalise the proof of the above theorem and prove that for any non-

trivial automorphism g ∈Aut(Mn), where n ≥ 2, we can find h ∈Aut(Mn),

as a product of conjugates of g and g−1, such that ha <j a for all a ∈ Mn

and j = 1, ..., n (see Theorem 5.2.27). We will then show in Theorem 5.2.29

that such an automorphism moves almost R-maximally and its inverse moves

almost L-maximally. Hence, we can apply Corollary 4.2.4 to Mn and prove

the simplicity of Aut(Mn) for n ≥ 2.

Altogether,we prove the following theorem.

Theorem 5.2.2. Let M be one of the following structures:

(i) the linear order expansion of a non-trivial free homogeneous structure,

(ii) the universal n-linear order, n ≥ 2.

Then, M admits a SWIR and Aut(M) is simple.

Note that in this section, we will use the following notion as defined in Section

3.3. Let X ⊂M< be finite, for an n-tuple x̄ in M<, we denote tpL(x̄/X) to

be the set of all L-formulas satisfied by x̄ with parameters in X, tp<(x̄/X)

to be the set of all {<}-formulas satisfied by x̄ with parameters in X and

tp(x̄/X) to be the set of all L<-formulas satisfied by x̄ with parameters.

5.2.1 Preparatory results

Definition 5.2.3. Let S be a subset ofM<. We define the convexification of

S to be the set {a ∈M<|∃s1, s2 ∈ S : s1 ≤ a ≤ s2}.
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Definition 5.2.4. Let g be an automorphism of M<. An orbital of g con-

taining some a ∈M< is the convexification of {gna|n ∈ Z}. We say an orbital

I is unbounded above if for any a ∈ M<, there exists b > a such that b ∈ I
and we say it is unbounded below if for any a ∈ M<, there exists b < a such

that b ∈ I.

Note that if ga > a, then gb > b for all b in the orbital of g containing a.

Similarly, if ga < a, then gb < b for all b in the orbital of g containing a. So

we can define the following:

Definition 5.2.5. (i) We say an orbital I is a +-orbital of g if ga > a for

all a ∈ I and is a −-orbital of g if ga < a for all a ∈ I.

(ii) For g ∈Aut(M<), we say g has a single orbital if for any a ∈ M<, the

orbital containing a is unbounded above and below.

Remark 5.2.6. (i) If g ∈Aut(M<) has +-orbital unbounded above (or be-

low), then for any b in the orbital, (gib)i∈Z is a sequence unbounded

above (or below). The same statement holds for a −-orbital.

Lemma 5.2.7. Let M be a countable strong homogeneous structure and M<

be its linear order expansion. Let p(x) be a 1-type over some finite set X ⊆
M< and b, c ∈ M<. Suppose p<(x) ∪ {b < x < c} is consistent. Then there

exists a ∈ (b, c) realising p(x).

Proof. The lemma follows from the Extension Property. Since p<(x) ∪ {b <
x < c} is consistent, we can embed bcX into abcX such that a satisfies p(x)

and b < a < c. Then by the Extension Property, we can embed abcX into

M<. Hence, there exists a ∈ (b, c) realising p(x).

Corollary 5.2.8. Let M be a countable strong homogeneous structure and

M< be its linear order expansion. Let p(x) be a 1-type over some finite set

X ⊆M<. Let g ∈Aut(M<).

(i) Suppose for all y ∈ M<, there exists z > y such that gz > z and p(x)

contains the formula {x > x′ : x′ ∈ X}. Then for any y ∈ M<, there

exists a > y such that a realises p(x) and ga > a.

(ii) Suppose for all y ∈ M<, there exists z > y such that gz < z and p(x)

contains {x > x′ : x′ ∈ X}. Then for any y ∈ M<, there exists a > y
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such that a realises p(x) and ga < a.

(iii) Suppose for all y ∈ M<, there exists z < y such that gz > z and p(x)

contains {x < x′ : x′ ∈ X}, then for any y ∈ M<, there exists a < y

such that a realises p(x) and ga > a.

(iv) Suppose for all y ∈ M<, there exists z < y such that gz < z and p(x)

contains {x < x′ : x′ ∈ X}, then for any y ∈ M<, there exists a < y

such that a realises p(x) and ga < a.

Proof. To prove (i), by the assumption on g, we can find b > max{y, x′ : x′ ∈
X} such that gb > b. Since p(x) contains the formula {x > x′ : x′ ∈ X}, we

have that p<(x) ∪ {b < x < gb} is consistent. So, by the previous lemma, we

have a ∈ (b, gb) realising p(x). We also have that ga > gb > a. We can prove

(ii)-(iv) by the same argument.

Proposition 5.2.9. Let M be a countable strong homogeneous L-structure

and let L< = L ∪ {<}. Let M< be its linear order expansion as defined in

Definition 3.3.1. Let g ∈Aut(M<) be such that for any x ∈ M<, there exist

y < x and z > x such that gy > y and gz > z. Then there exists h ∈Aut(M<)

such that gh−1gh has a single +-orbital.

Proof. List all elements of M< as x0, x1, .... We construct h using the back-

and-forth method and find a sequence (an)n∈Z such that gh−1ghai = ai+1 > ai

for all i ∈ Z and for any x ∈M<, there exist m,n ∈ Z such that am < x < an,

i.e. the +-orbital of gh−1gh containing a0 is unbounded below and above.

Hence, gh−1gh has a single +-orbital.

a−n−1 g
−1a−na−n

xn

a−1 g−1a0 a0

x0

c0 a1

= gc0

an cn an+1

gbnbngb0b0
x0b−1g−1b−1

xnb−n−1g−1b−n−1

Figure 5.2: Construction of h

We start with h̃ as the empty map. Choose a0 < x0 < b0 such that ga0 >

a0, gb0 > b0. Extend h̃ by sending a0 to b0. By the assumption on g and the
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previous corollary, we can find c0 > x0 such that c0 realises h̃−1·tp(gb0/b0) and

gc0 > c0 since h̃−1·tp(gb0/b0) contains {x > a0}. Extend h̃ by sending c0 to

gb0. Let a1 := gc0. Then gh̃−1gh̃a0 = a1 = gc0 > c0 > x0 > a0.

Now since h̃·tp(g−1a0/a0c0) contains {x < b0, gb0}, by Corollary 5.2.8 and the

assumption on g, we can find b−1 < x0 such that b−1 realises h̃·tp(g−1a0/a0c0)

and gb−1 > b−1. Extend h̃ by sending g−1a0 to b−1. Similarly, we can choose

a−1 realising h̃−1·tp(g−1b−1/b0b−1gb0) such that ga−1 > a−1 and extend h̃ by

sending a−1 to g−1b−1. Since tp(g−1b−1/b−1) = h̃·tp(a−1/g
−1a0) and g−1b−1 <

b−1, we have a−1 < g−1a0. Then gh̃−1gh̃a−1 = a0 > g−1a0 > a−1.

Let A0 = {a−1, g
−1a0, a0, c0} and B0 = {g−1b−1, b−1, b0, gb0} be the domain

and image of h̃. Then, x0 ∈ (minA0,maxA0) ∩ (minB0,maxB0). Choose y0

realising h̃·tp(x0/A0) and extend h̃ by sending x0 to y0. Choose z0 realising

h̃−1·tp(x0/y0B0) and extend h̃ by sending z0 to x0. Extend A0,B0 to include

x0, z0 and y0, x0 respectively.

Suppose at the n-th step, we have a partial isomorphism, h̃ : An−1 → Bn−1

satisfying

(i) An−1 = {a−n, g−1a−n+1, ..., a0, c0, ..., an−1, cn−1, x0, ..., xn−1, z0, ..., zn−1},
Bn−1 = {g−1b−n, b−n, ...., b−1, b0, ..., bn−1, gbn−1, x0, ..., xn−1, y0, ..., yn−1},
where ai := gci−1 > ci−1 for all i = 1, ..., n.

(ii) minAn−1 = a−n < g−1a−n+1 < a−n+1 < · · · < g−1a0 < a0 < c0 < a1 <

· · · < an−1 < cn−1 = maxAn−1, minBn−1 = g−1b−n < b−n < · · · <
g−1b−1 < b−1 < b0 < gb0 < · · · < bn−1 < gbn−1 = maxBn−1.

(iii) h̃ maps ai to bi, ci to gbi, xi to yi and zi to xi for all i = 0, ..., n− 1 and

h̃ maps aj to g−1bj and g−1aj+1 to bj for all j = −1, ...,−n.

(iv) gh̃−1g h̃ai = ai+1 > ai for all i = −n, ..., n− 1.

Since h̃·tp(an/An−1) contains {x > b|b ∈ Bn−1}, by Corollary 5.2.8 and the

assumption on g, we can choose bn > xn realising h̃·tp(an/An−1) such that

gbn > bn and extend h̃ by sending an to bn. Similarly, we can find cn > xn

realising h̃−1·tp(gbn/bnBn−1) such that gcn > cn and extend h̃ by sending cn

to gbn. Since tp(gbn/bn) = h̃·tp(cn/an) and gbn > bn, we have cn > an. Let

an+1 := gcn. Then gh̃−1gh̃an = an+1 = gcn > cn > an.

Similarly, since h̃·tp(g−1a−n/ancnAn−1) contains {x < b|b ∈ bngbnBn−1}, we
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can choose b−n−1 < xn realising h̃·tp(g−1a−n/ancnAn−1) such that gb−n−1 >

b−n−1. Extend h̃ by sending g−1a−n to b−n−1. Choose a−n−1 < xn such

that a−n−1 realises h̃−1·tp(g−1b−n−1/bnb−n−1gbnBn−1) and ga−n−1 > a−n−1.

Extend h̃ by sending a−n−1 to g−1b−n−1. Since we have tp(g−1b−n−1/b−n−1) =

h̃·tp(a−n−1/g
−1a−n) and g−1b−n−1 < b−n−1, we obtain a−n−1 < g−1a−n.Then

gh̃−1gh̃a−n−1 = a−n > g−1a−n > a−n−1.

Let An = An−1 ∪ {a−n−1, g
−1a−n, an, cn} and Bn = Bn−1 ∪ {g−1b−n−1, b−n−1,

bn, gbn}. Then xn is in both (minAn,maxAn) and (minBn,maxBn). Find

yn realising h̃·tp(xn/An) and extend h̃ by sending xn to yn. Find zn realising

h̃−1·tp(xn/ynBn). Extend An,Bn to include xn, zn and yn, xn respectively.

Then, minAn = a−n−1, maxAn = cn, minBn = g−1b−n−1, maxBn = gbn.

Hence h̃ : An → Bn satisfies the hypothesis (i)-(iv).

Let h be the union of h̃ over all steps. Then gh−1gh maps ai to ai+1 > ai for all

i ∈ Z and for any x ∈M<, there exist n,m ∈ Z such that x < xn < cn < an+1

and x > xm > a−m. Therefore, the +-orbital containing a0 is unbounded

below and above, i.e. gh−1gh has a single +-orbital.

We prove the following two propositions using a similar approach to the pre-

vious one.

Proposition 5.2.10. Let M be a countable strong homogeneous L-structure

and let L< = L ∪ {<}. Let M< be its linear order expansion as defined in

Definition 3.3.1. Let g ∈Aut(M<) be such that for all x ∈ M<, there exists

y > x and z < x such that gy > y and gz < z. Then there exists h ∈Aut(M<)

such that gh−1gh has a +-orbital unbounded above and a −-orbital unbounded

below.

Proof. List all elements of M< as x0, x1, .... We construct h using the back-

and-forth method and find sequences (an)n∈Z, (a
′
n)n∈Z such that gh−1ghai =

ai+1 > ai, gh
−1gha′i = a′i+1 < a′i for all i ∈ Z and for any x ∈ M<, there

exists m,n ∈ Z such that a′m < x < an. Then the +-orbital containing a0 is

unbounded above and the −-orbital containing a′0 is unbounded below.

We start with h̃ as the empty map. Choose a0, b0 > x0 such that gb0 > b0.

Extend h̃ by sending a0 to b0. By the assumption on g and Corollary 5.2.8,

we can find c0 > a0 such that c0 realises h̃−1·tp(gb0/b0) and gc0 > c0 since

h̃−1·tp(gb0/b0) contains {x > a0}. Extend h̃ by sending c0 to gb0. Then we
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c′n a′n
xn

a′1 c′0 a′0
x0

a0 c0 a1

= gc0

an cn

gbnbngb0b0
x0b′0gb′0

xnb′ngb′n

Figure 5.3: Construction of h

have c0 > a0 since tp(gb0/b0) = h̃·tp(c0/a0) and gb0 > b0. Let a1 := gc0. Then

gh̃−1gh̃a0 = a1 = gc0 > c0 > a0.

Similarly, by Corollary 5.2.8 and the assumption on g, we can find a′0, b
′
0 < x0

such that b′0 realises h̃·tp(a′0/a0c0) and gb′0 < b′0. Extend h̃ by sending a′0 to

b′0. We can choose c′0 realising h̃−1·tp(gb′0/b0b
′
0gb0) such that gc′0 < c′0 since

h̃−1·tp(gb′0/b0b
′
0gb0) contains {x < a′0, a0, c0}. Extend h̃ by sending c′0 to gb′0.

Then we have c′0 < a′0 since tp(gb′0/b
′
0) = h̃·tp(c′0/a

′
0) and gb′0 < b′0. Let

a′1 := gc′0. Then gh̃−1gh̃a′0 = a′1 = gc′0 < c′0 < a′0.

Let A0 = {c′0, a′0, a0, c0} and B0 = {gb′0, b′0, b0, gb0} be the domain and image

of h̃. Then, x0 is in both (minA0,maxA0) and (minB0,maxB0). Choose y0

realising h̃·tp(x0/A0) and extend h̃ by sending x0 to y0. Choose z0 realising

h̃−1·tp(x0/y0B0) and extend h̃ by sending z0 to x0. Extend A0,B0 to include

x0, z0 and y0, x0 respectively.

Now suppose at the n-th step, we have a partial isomorphism of M, h̃ :

An−1 → Bn−1 satisfying

(i) An−1 = {c′n−1, a
′
n−1, ..., a

′
0, a0, ..., an−1, cn−1, x0, ..., xn−1, z0, ..., zn−1},

Bn−1 = {gb′n−1, b
′
n−1, ...., b

′
0, b0, ..., bn−1, gbn−1, x0, ..., xn−1, y0, ..., yn−1},

where ai+1 := gci, a
′
i+1 := gc′i for all i = 0, ..., n− 1.

(ii) minAn−1 = c′n−1 < a′n−1 < · · · < c′0 < a′0 < a0 < c0 < · · · < an−1 <

cn−1 = maxAn−1, minBn−1 = gb′n−1 < b′n−1 < · · · < gb′0 < b′0 < b0 <

gb0 < · · · < bn−1 < gbn−1 = maxBn−1.

(iii) h̃ maps ai to bi, ci to gbi, a
′
i to b′i, c

′
i to gb′i, xi to yi and zi to xi for all

i = 0, ..., n− 1.

(iv) gh̃−1gh̃ai = ai+1 > ai, gh̃
−1gh̃a′i = a′i+1 < a′i.
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Since h̃·tp(an/An−1) contains {x > b|b ∈ Bn−1}, we can choose bn > xn

realising h̃·tp(an/An−1) such that gbn > bn and extend h̃ by sending an to

bn. We can find cn > xn realising h̃−1·tp(gbn/bnBn−1) such that gcn > cn and

extend h̃ by sending cn to gbn. Then we have cn > an since tp(gbn/bn) =

h̃·tp(cn/an) and gbn > bn. Let an+1 := gcn. Then gh̃−1gh̃an = an+1 = gcn >

cn > an.

Similarly, since h̃·tp(a′n/ancnAn−1) contains {x < b|b ∈ bngbnBn−1}, we can

choose b′n < xn realising h̃·tp(a′n/ancnAn−1) such that gb′n < b′n. Extend h̃ by

sending a′n to b′n. Choose c′n < xn such that a′n realises h̃−1·tp(gb′n/bnb
′
ngbnBn−1)

and gc′n < c′n. Extend h̃ by sending c′n to gb′n. Then we have c′n < a′n

since tp(gb′n/b
′
n) = h̃·tp(c′n/a

′
n) and gb′n < b′n. Let a′n+1 = gc′n. Then

gh̃−1gh̃a′n−1 = a′n = gc′n < c′n < a′n−1.

Let An = An−1 ∪ {a′n, c′n, an, cn} and Bn = Bn−1 ∪ {b−n−1, g
−1b−n−1, bn, gbn}.

Then xn is in both (minAn,maxAn) and (minBn,maxBn). Find yn re-

alising h̃·tp(xn/An) and extend h̃ by sending xn to yn. Find zn realising

h̃−1·tp(xn/ynBn). Extend An,Bn to include xn, zn and yn, xn respectively.

Then, minAn = c′n, maxAn = cn, minBn = gb′n, maxAn = gbn. Hence

h̃ : An → Bn satisfies the hypothesis (i)-(iv).

Let h be the union of h̃ over all steps. Then gh−1ghai = ai+1 > ai, gh
−1gha′i =

a′i+1 < a′i for all i ∈ Z and for any x ∈ M<, there exists m,n ∈ Z such that

a′m+1 < c′m < xm < x < xn < cn < an+1. Therefore, the +-orbital containing

a0 is unbounded above and the −-orbital containing a′0 is unbounded below.

Proposition 5.2.11. Let g ∈Aut(M<) be such that g has a +-orbital un-

bounded above and a −-orbital unbounded below. Then we can find h ∈Aut(M<)

such that [g, h] has a single +-orbital.

Proof. Let y ∈ M< be an element of the +-orbital unbounded above and let

z ∈M< be an element of the −-orbital unbounded below, where z < y. Then,

we have that gx > x for all x > y and gx < x for all x < z. List all elements

ofM as w0, w1, .... We construct h using the back-and-forth method and find

a sequence (an)n∈Z such that [g, h]ai = ai+1 > ai for all i ∈ Z and for any

x ∈M<, there exist m,n ∈ Z such that am < x < an. Then [g, h] has a single

+-orbital. We start with h̃ as the empty map.
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ga−n a−n−1a−n ga0 a−1 a0 yz a1

= g−1c0

c0 an an+1 cn

gbnbngb0b0g−1b−1b−1g−1b−n−1b−n−1

Figure 5.4: Construction of h

We can choose a0 < z,w0 and b0 > w0, y. Then ga0 < a0 and gb0 > b0.

Extend h̃ by sending a0 to b0. By the Extension Property, we can find c0 >

w0, gy realising h̃−1·tp(gb0/b0) since h̃−1·tp(gb0/b0)∪{x > w0, gy} is consistent.

Extend h̃ by sending c0 to gb0. Let a1 := g−1c0. Then g−1c0 = [g, h̃]a0 = a1 >

y > z > a0.

Similarly, we can choose b−1 < gz, w0 such that b−1 realises h̃·tp(ga0/c0a0).

Then g−1b−1 < z. Extend h̃ by sending ga0 to b−1. Choose a−1 realising

h̃−1·tp(g−1b−1/b−1b0gb0) and extend h̃ by sending a−1 to g−1b−1. Then a−1 <

a0 since g−1b−1 < z < y < b0 and tp(g−1b−1/b0) = h̃·tp(a−1/a0). Thus, we

have [g, h̃]a−1 = a0 > a−1.

Let A0 = {ga0, a−1, a0, c0} and B0 = {b−1, g
−1b−1, b0, gb0} be the domain and

image of h̃. Then x0 := w0 is in (minA0,maxA0)∩ (minB0,maxB0). Choose

y0 realising h̃·tp(x0/A0) and extend h̃ by sending x0 to y0. Choose z0 realising

h̃−1·tp(x0/y0B0) and extend h̃ by sending z0 to x0. Extend A0,B0 to include

x0, z0 and y0, x0 respectively.

Now suppose at the n-th step, we have a partial isomorphism of M, h̃ :

An−1 → Bn−1 satisfying

(i) An−1 = {ga−n+1, a−n, ...a−1, a0, ..., an−1, cn−1, x0, ..., xn−1, z0, ..., zn−1} with

minAn−1 = ga−n+1 < a−n < · · · < ga0 < a−1 < a0 < a1 < c0 < · · · <
cn−2 < an < cn−1 = maxAn−1, where ai := g−1ci−1 for i = 1, ..., n.

(ii) Bn−1 = {b−n, g−1b−n, ...., b0, gb0, ..., bn−1, gbn−1, x0, ..., xn−1, y0, ..., yn−1}
with minBn−1 = b−n < g−1b−n < · · · < b−1 < g−1b−1 < b0 < gb0 < · · · <
bn−1 < gbn−1 = maxBn−1.

(iii) h̃ maps ai to bi, ci to gbi, xi to yi and zi to xi for all i = 0, ..., n− 1 and

h̃ maps a−j to g−1b−j and ga−j+1 to b−j for all j = 1, ..., n.
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(iv) [g, h̃]ai = ai+1 > ai for all i = −n, ..., n− 1.

(v) ci > gia1, bi > gb
i
2
cb0 for all i = 1, ..., n − 1 and a−j < gb

j
2
ca0, b−j <

gj−1b−1 for all j = 2, ..., n.

We can choose bn realising h̃·tp(an/An−1) and extend h̃ by sending an to

bn. Then gbn > bn. Since an > cn−2 by the inductive hypothesis and

tp(bn/gbn−2) = h̃·tp(an/cn−2), we have bn > gbn−2. By the inductive hy-

pothesis (v), bn−2 > gb
n−2
2
cb0. Hence, bn > gbn−2 > gb

n
2
cb0.

We can find cn > xn, g
na1, gcn−1 realising h̃−1·tp(gbn/bnBn−1) and extend h̃ by

sending cn to gbn. Let an+1 := g−1cn. Then an+1 = [g, h̃]an > [g, h̃]an−1 = an

since an > an−1. We also have an+1 = g−1cn > cn−1 since cn > gcn−1.

Choose b−n−1 < xn, g
nb−1, gb−n realising h̃·tp(ga−n/ancnAn−1). Extend h̃ by

sending ga−n to b−n−1. Choose a−n−1 realising h̃−1·tp(g−1b−n−1/bnb−n−1gbn

Bn−1) and extend h̃ by sending a−n−1 to g−1b−n−1. Then a−n−1 = [h̃, g]a−n <

[h̃, g]a−n+1 = a−n since a−n < a−n+1. Since b−n−1 < gb−n and tp(g−1b−n−1/b−n)

= h̃·tp(a−n−1/ga−n+1), we have a−n−1 < ga−n+1. By the inductive hypothesis

(v), we have a−n+1 < gb
n−1
2
ca0. Hence, a−n−1 < ga−n+1 < gb

n+1
2
ca0.

Now let An = An−1∪{an, cn, ga−n, a−n−1} and Bn = Bn−1∪{b−n−1, g
−1b−n−1,

bn, gbn}. Let xn be the first element in the list w0, w1, ... such that xn /∈
{x0, ..., xn−1} and xn is in (minAn,maxAn)∩ (minBn,maxBn). Find zn real-

ising h̃−1·tp(xn/ynB). Extend An,Bn to include xn, zn and yn, xn respectively.

Then, minBn = b−n−1, maxBn = gbn, minAn = ga−n, maxAn = cn. Hence,

h̃ : An → Bn satisfies the hypothesis (i)-(v).

Let h be the union of h̃ over all steps. Since g has a +-orbital unbounded above

and a −-orbital unbounded below, by Remark 5.2.6, (gia1)i∈Z, (g
ib0)i∈Z are

unbounded above and (gia0)i∈Z, (g
ib−1)i∈Z are unbounded below. Hence, by

the hypothesis (v), we have that
⋃

n∈N(minAn,maxAn)∩ (minBn,maxBn) =

M<. This implies that for any wi in the list w0, w1, ..., we have wi = xj for

some j ∈ N, i.e. wi is in the domain and image of h. Thus h is bijective and

h ∈Aut(M<).

Therefore, we have that [g, h] maps ai to ai+1 > ai for all i ∈ Z and for

any x ∈ M<, there exist n,m ∈ Z such that x < xn < cn < an+1 and

x > xm > a−m. Therefore, [g, h] has a single +-orbital.



86 5.2. Linearly ordered structures

For an automorphism g ∈Aut(M<), we say g is left bounded if there exists

a ∈ M< such that gx = x for all x < a. We say g is right bounded if there

exists a ∈ M< such that gx = x for all x > a. We say g is unbounded if it is

not left bounded or right bounded.

Theorem 5.2.12. LetM be a countable strong homogeneous L-structure and

M< be its linear order expansion. Let g be an unbounded automorphism of

M<. Then there exists a product of conjugates of g and g−1 that has a single

+-orbital. Similarly, there exists a product of conjugates of g and g−1 that has

a single −-orbital.

Proof. Suppose g is an automorphism such that for any x ∈ M<, there exist

y < x and z > x such that gy > y and gz > z. Then, by Proposition 5.2.9,

there exists h ∈Aut(M<) such that ghgh−1 has a single +-orbital. Suppose g

is an automorphism such that for any x ∈ M<, there exist y < x and z > x

such that gy < y and gz < z. Then, by applying Proposition 5.2.9 on g−1, we

can find h ∈Aut(M<) such that g−1hg−1h−1 has a single +-orbital.

Suppose for all x ∈ M<, there exist y > x and z < x such that gy > y

and gz < z. Then, by Proposition 5.2.10, we can find h ∈Aut(M<) such

that gh−1gh has a +-orbital unbounded above and a −-orbital unbounded

below. Then by the previous proposition, we can find k ∈Aut(M<) such that

[gh−1gh, k] has a single +-orbital. Suppose for all x ∈ M<, there exist y > x

and z < x such that gy < y and gz > z. Then, we apply the same argument on

g−1 and find h, k ∈Aut(M<) such that [g−1h−1g−1h, k] has a single +-orbital.

Since g is unbounded, these are the only cases we need to consider. Hence for

any g ∈Aut(M<), there exists a product of conjugates of g and g−1 that has

a single +-orbital. We can take the inverse of the product to obtain a product

of conjugates of g and g−1 that has a single −-orbital.

Lemma 5.2.13. Let M be a non-trivial countable strong homogeneous L-

structure and M< be its linear order expansion. Then for any non-trivial

g ∈Aut(M<), g does not have a non-empty open interval I = (x, y) such that

ga = a for all a ∈ I.

Proof. Since M is non-trivial, there is a non-trivial relation R ∈ L. Suppose

there exists such an open interval I. Then for any b 6= c ∈ M< \ I, we can
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embed bcxy into abcxy where x < a < y and R(a, b), ¬R(a, c). Then, by the

Extension Property, we can embed abcxy back into M<. So we have ga = a.

Hence, gb 6= c. Therefore, gb = b for any b ∈ M< \ I, contradicting the

non-triviality of g.

Remark 5.2.14. Hence, by the previous lemma, ifM< is not the dense linear

order, then any non-trivial automorphism of M< is unbounded.

Corollary 5.2.15. Let M be a non-trivial countable strong homogeneous L-

structure and M< be its linear order expansion. Let g ∈Aut(M<) be non-

trivial. Then there exists a product of conjugates of g and g−1 that has a

single +-orbital. Similarly, there exists a product of conjugates of g and g−1

that has a single −-orbital.

This then immediately implies Theorem 5.2.1.

For an unbounded automorphism g ∈Aut(M<), we have constructed h as a

product of conjugates of g and g−1 such that ha > a for all a ∈M<. We now

prove that such h has some special property, which will be useful in the later

proofs.

Lemma 5.2.16. LetM be a countable homogeneous L-structure with a SWIR

|̂ ? andM< be its linear order expansion. Let p be an n-type over some finite

set X of the form (5.1), i.e. p =tp(x̄/X) where x̄ ∩X = ∅ and let B be some

finite subset of M<.

(i) Let g ∈Aut(M<) be such that ga < a for all a ∈M<. Then there exists

ā realising p such that ā |̂
X
B and if ai < gaj for some ai, aj ∈ ā, then

there exists x ∈ X such that ai < x < gaj.

(ii) Let g ∈Aut(M<) be such that ga > a for all a ∈M<. Then there exists

ā realising p such that B |̂
X
ā and if ai > gaj for some ai, aj ∈ ā, then

there exists x ∈ X such that ai > x > gaj.

Proof. (i) Let p be an n-type over some finite setX. We can write p =tp(x1, ...,

xn/X) where x1 > · · · > xn. Since x̄ ∩ X = ∅, we can always choose ā

realising p such that āX ∩ gā = ∅. Let pk =tp(x1, ..., xk/X) for k = 1, ..., n.

We find ak inductively. For the inductive base, by Existence, we can choose

a1 realising p1 such that a1 |̂ X
B. Then ga1 < a1. Now assume there exists

āk−1 = (a1, ..., ak−1) satisfying (i) āk−1 realises pk−1, (ii) āk−1 |̂
X
B, and (iii)
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if ai < gaj for some 1 ≤ i, j ≤ k − 1, then there exists x ∈ X such that

ai < x < gaj. Note that we may assume i, j are distinct as it is not possible

to have ai < gai by the assumption on g.

By Existence, we can find ak realising pk(āk−1, xk/X) and ak |̂ āk−1X
Bgāk−1.

Then by Monotonicity, we have ak |̂ āk−1X
B and by Transitivity on it and

the inductive hypothesis (ii) āk−1 |̂
X
B, we have āk−1ak |̂ X

B. We also have

ak |̂ āk−1X
gāk−1 by Monotonicity. Then for any 1 ≤ j ≤ k − 1, if ak < gaj,

then either there exists ai ∈ āk−1 such that ak < ai < gaj or there exists x ∈ X
such that ak < x < gaj. In the former case, by the inductive hypothesis (iii),

there exists x ∈ X such that ak < ai < x < gaj. Hence, in both cases, we

can find x ∈ X such that ak < x < gaj. We also have that gak < ak < ai

for all i = 1, ..., k − 1. Thus, we have that if ai < gaj for some 1 ≤ i, j ≤ k,

then there exists x ∈ X such that ai < x < gaj. Therefore, we have found

āk = (a1, ..., ak) satisfying the inductive hypothesis (i)-(iii) for k.

By induction, we can find a realisation of p satisfying the required property.

By a symmetric argument, we can prove part (ii).

Remark 5.2.17. It follows from the proof that if the type p is of the form

tp(x̄/X) such that X is finite and for all xi ∈ X̄, xi /∈ X, then we can find a

realisation ā such that ā ∩ gā = ∅.

5.2.2 Linearly ordered free homogeneous structures

In this subsection, we letM be a non-trivial free homogeneous structure and

M< be its linear order expansion. As in Example 3.3.5, we can find a SWIR

|̂ on M< by defining A |̂
B
C if any tuple of ABC that satisfies a relation

of L does not contain both a ∈ A \ B and c ∈ C \ B and if a < c, then there

exists b ∈ B such that a < b < c.

To be able to apply Corollary 4.2.4, we will show in the next theorem that for

any non-trivial g ∈Aut(M<), we can find a product of conjugates of g and g−1

that moves L-maximally and its inverse moves R-maximally. We first prove

the following lemma.

Lemma 5.2.18. Let M< be the linear order expansion of a non-trivial free

homogeneous structure. Let A,B,B′, C be finite substructures ofM< such that



5.2. Linearly ordered structures 89

A∩B = ∅ and C∩B = ∅. Suppose A |̂
BB′

C and for any b ∈ B\B′, c ∈ C\B′,
if b < c, then there exists b′ ∈ B such that b < b′ < c. Then A |̂

B′
C.

Proof. For a ∈ A \ B′ and c ∈ C \ B′, we have a ∈ A \ BB′ and c ∈ C \ BB′

since A∩B = ∅ and C ∩B = ∅. Then since A |̂
BB′

C, a, c are not related by

any relation in L. If a < c, then since A |̂
BB′

C, either there exists b ∈ B \B′

such that a < b < c or there exists b′ ∈ B′ such that a < b′ < c. In the

former case, by the assumption, there exists b′ ∈ B′ such that a < b < b′ < c.

Therefore, we have A |̂
B′
C.

Theorem 5.2.19. Let g ∈Aut(M<) be such that ga < a for all a ∈ M<.

Then there exists k ∈Aut(M<) such that [k, g] moves almost R-maximally

and [g, k] moves almost L-maximally.

Proof. We use the back-and-forth method. List all types of the form (5.1) as

p1, p2, .... Suppose at some stage, we have a partial isomorphism k̃ : A →
B such that [k̃, g] moves p1, ..., pi−1 almost R-maximally and [g, k̃] moves

p1, ..., pi−1 almost L-maximally. Suppose pi =tp(x̄/X). By Lemma 5.0.1,

we may assume pi is non-algebraic and is of the form (5.1), i.e. x̄ ∩ X = ∅.
Then we can always find realisation ā such that ā ∩ gā = ∅. We may also

assume that X ∪ g(X) ⊆ A, gk̃X ⊆ B by extending k̃.

Step 1. We extend k̃ so that [k̃, g] moves pi almost R-maximally. By Lemma

5.2.16, there exists ā realising pi such that ā |̂
X
A and if ai < gaj for some

ai, aj ∈ ā, then there exists x ∈ X such that ai < x < gaj. By Remark 5.2.17,

we may assume ā∩ gā = ∅. Since the type pi is of the form (5.1), we may also

assume ā ∩ A = ∅.

By Existence, there exists b̄ realising k̃·tp(ā/A) such that b̄ |̂
B
g−1B. Since

k̃·tp(ā/A) is non-algebraic, we may assume b̄ ∩ gb̄ = ∅ by Remark 5.2.17.

Extend k̃ by sending ā to b̄. By acting k̃ on ā |̂
X
A, we get b̄ |̂

k̃X
B.

Again by Existence, there exists c̄ realising k̃−1·tp(gb̄/b̄B) such that c̄ |̂
āA
gā.

Extend k̃ by sending c̄ to gb̄. Then we have c̄∩ ā = ∅ since b̄∩ gb̄ = ∅. Since if

ai < gaj for some ai, aj ∈ ā, then there exists x ∈ X such that ai < x < gaj,

we have c̄ |̂
A
gā by Lemma 5.2.18.

By Transitivity on b̄ |̂
k̃X
B and b̄ |̂

B
g−1B, we have b̄ |̂

k̃X
g−1B. Act-

ing by k̃−1g on it, we get k̃−1gb̄ |̂
k̃−1gk̃X

k̃−1B, which can be simplified to
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c̄ |̂
k̃−1gk̃X

A. Since k̃−1gk̃X ⊆ A, we can apply Transitivity on c̄ |̂
k̃−1gk̃X

A

and c̄ |̂
A
gā to obtain c̄ |̂

k̃−1gk̃X
gā. Acting by k̃−1g−1k̃ on it, we have

ā |̂
X

[k̃, g]ā.

Step 2. We extend k̃ so that [g, k̃] moves pi almost L-maximally. Since g−1a >

a for all a ∈ M<, by Lemma 5.2.16(ii), we can find ā realising p such that

g−1(A) |̂
X
ā and if ai > g−1aj for some ai, aj ∈ ā, then there exists x ∈ X

such that ai > x > g−1aj. Hence, if gai > aj for some ai, aj ∈ a, then there

exists x ∈ X such that gai > gx > aj. We may assume ā ∩ gā = ∅. By

Invariance, we have A |̂
g(X)

gā.

By Existence and the fact that tp(ā/A) is non-algebraic, we can find b̄ real-

ising k̃·tp(ā/A) such that b̄ ∩ gb̄ = ∅ and c̄ realising k̃−1·tp(gb̄/b̄B) such that

c̄ |̂
āA
gā. Extend k̃ by sending ā to b̄ and c̄ to gb̄. Then we have c̄ ∩ ā = ∅.

Since g(X) ⊆ A, c̄ ∩ ā = ā ∩ gā = ∅ and if gai > aj for some ai, aj ∈ ā, then

there exists x ∈ X such that gai > gx > aj, we obtain c̄ |̂
A
gā from c̄ |̂

āA
gā

by Lemma 5.2.18. Then by Transitivity on A |̂
g(X)

gā and c̄ |̂
A
gā, we have

c̄ |̂
g(X)

gā. Therefore, acting by g−1 on it, we obtain [g, k̃]ā |̂
X
ā.

We can also make sure X ⊂ B by extending k̃. Let k be the union of all k̃ over

all i. Then k is bijective and thus, k ∈Aut(M<). Then [k, g] moves almost

R-maximally and [g, k] moves almost L-maximally.

Therefore, we obtain the following corollary.

Corollary 5.2.20. LetM< be the linear order expansion of a non-trivial free

homogeneous structure. Then Aut(M<) is simple.

Proof. Let g be a non-trivial automorphism ofM<. Then, by Theorem 5.2.12,

there exists h ∈Aut(M<) as a product of conjugates of g and g−1, such that

ha < a for all a ∈M<. By the previous lemma, there exists k ∈Aut(M<) such

that [k, h] moves almost R-maximally and [h, k] moves almost L-maximally.

Therefore, by Corollary 4.2.4, any element of Aut(M<) can be written as a

product of conjugates of g and g−1. Thus, Aut(M<) is simple.
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5.2.3 Universal n-linear order

We now prove the same result for the universal n-linear orders in this sub-

section. As in Example 3.3.5, we can find a SWIR on the universal n-linear

orderMn, i.e. for finite substructures A,B,C ⊆Mn, define A |̂
B
C if a <i c

for any a ∈ A \ B, c ∈ C \ B and for some i, there exists b ∈ B such that

a <i b <i c.

We first look at the case where n = 1, which is the dense linear order (Q,≤).

The normal subgroup structure of Aut(Q,≤) is well-known. According to

[BD85], Higman showed that the subgroup consisting of all bounded auto-

morphisms is simple in [Hig51]. [Hol63] and [Llo64] studied the normal sub-

group generated by unbounded automorphisms. We illustrate in the following

how Corollary 4.2.4 can be applied to obtain an alternative proof of the same

statement.

Corollary 5.2.21. Let g be an unbounded automorphism of (Q,≤). Then the

normal subgroup generated by g is Aut(Q,≤).

Proof. Let g be an unbounded automorphism of (Q,≤). By Theorem 5.2.12,

there exists h ∈Aut(Q,≤), a product of conjugates of g and g−1, such that

ha < a for all a ∈ Q. Let p be an n-type over some finite set X ⊆ Q.

Then by Lemma 5.2.16, we can find ā realising p such that if ai < haj for

some ai ∈ ā \ X, haj ∈ hā \ X, then there exists x ∈ X such that ai < x <

haj. Hence ā |̂
X
hā by definition. Similarly, we can find ā′ realising p such

that h−1ā′ |̂
X
ā′. So, h moves R-maximally and h−1 moves L-maximally.

Therefore, by Corollary 4.2.4, Aut(Q,≤) can be generated by products of

conjugates of g and g−1.

For n ≥ 2, we will use a similar approach to find an automorphism that moves

almost R-maximally and its inverse moves almost L-maximally. We will do

this by induction and the back-and-forth method. We first define the following

notions and prove the next two lemmas.

Definition 5.2.22. Let A be a finite subset ofMn and b ∈Mn\A. We define

the upper constraint of b with respect to A on order <i to be mini{a >i b|a ∈
A} and the lower constraint of b with respect to A on <i to be maxi{a <i

b|a ∈ A}.
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Definition 5.2.23. LetMn be the universal n-linear order and I ⊆ {1, . . . , n}.
DefineMI

n to be the structureMn but with the ordering <i reversed for every

i ∈ I.

Remark 5.2.24. We haveMI
n
∼=Mn for any I ⊆ {1, ..., n}. Hence, Aut(Mn)

=Aut(MI
n).

Lemma 5.2.25. LetMn be the universal n-linear order and a1, ..., an, c1, ..., cn

∈Mn be such that ai <i ci for all i = 1, ..., n. Then there exists b ∈Mn such

that ai <i b <i ci for all i = 1, ..., n.

Proof. This follows from the Extension Property: we can embed a1...anc1...cn ∈
Mn into a1...anc1...cnb ∈ C where ai <i b <i ci for all i = 1, ..., n and C is

the class of all finite n-linear orders. Then by the Extension Property, we

can embed a1...anc1...cnb into Mn. Hence, there exists b ∈ Mn such that

ai <i b <i ci for all i = 1, ..., n.

Lemma 5.2.26. Suppose g, g′ ∈Aut(Mn) have a single +-orbital on <i for

some i = 1, ..., n. Then

(i) g′g has a single +-orbital on <i.

(ii) Any product of conjugates of g has a single +-orbital on <i.

Similarly, any product of conjugates of automorphisms that has a single −-

orbital on <i has a single −-orbital on <i.

Proof. Fix some i = 1, ..., n. Since g has a single +-orbital on <i, there exists

(aj)j∈Z such that gaj = aj+1 >i aj and ∪j∈Z[aj, aj+1)i =Mn.

(i) Since g′x >i x, gx >i x for all x ∈ Mn, we have g′gaj = g′aj+1 >i aj+1

for j ∈ Z. Hence (aj, g
′gaj)i intersects with (aj+1, g

′gaj+1)i for all j ∈ Z.

Since g′gaj >i aj for all j ∈ Z, g′g has a single +-orbital on <i.

(ii) Let h ∈Aut(Mn). Then for all j ∈ Z, hgh−1(haj) = hgaj = haj+1. Since

aj+1 >i aj, we have haj+1 >i haj. Since ∪j∈Z[aj, aj+1)i = Mn, we also

have ∪j∈Z[haj, haj+1)i =Mn. Hence hgh−1 has a single +-orbital on <i.

By part (i), any product of conjugates of g has a single +-orbital on <i.
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To simplify some notations in the following proof, we denote (a, b)i for some

a, b ∈ Mn and i ∈ {1, ..., n} to be the open interval (a, b) on <i if a <i b and

(b, a) on <i if b <i a.

Theorem 5.2.27. Let g ∈Aut(Mn), n ≥ 2, be non-trivial. Then there exists

f , a product of at most 4n conjugates of g and g−1, and I ⊆ {1, ..., n} such

that f has a single +-orbital on <j for all j = 1, ..., n in MI
n.

Proof. We prove the theorem by induction on n. For the inductive base, by

Theorem 5.2.12, there exists h′ ∈Aut(Mn), a product of conjugates of g and

g−1, such that h′ has a single +-orbital on <1 in MI1
n , where I1 = ∅.

Now for the inductive step, suppose h ∈Aut(MIm−1
n ) is such that h can be

written as a product of conjugates of g and g−1 and has a single +-orbital on

<j for all j = 1, ...,m − 1 in MIm−1
n for some Im−1 ⊆ {1, ...,m − 1}. Since

MI
n
∼=Mn, we may assume without loss of generality, that Im−1 = ∅. We will

show that there exists k ∈Aut(MIm
n ), written as a product of conjugates of h

and h−1, such that k has a single +-orbital on <j for all i = 1, ...,m in MIm
n

for some Im ⊆ {1, ...,m}. There are four possible cases to consider.

Case I. For any x ∈ Mn, there exists y <m x and z >m x such that hy >m y

and hz >m z.

In this case, we can apply Proposition 5.2.9 and find k1 ∈Aut(Mn) such that

hk1hk
−1
1 has a single +-orbital on <m. By the previous lemma, hk1hk

−1
1 also

has a single +-orbital on <j for j = 1, ...,m − 1. Then k = hk1hk
−1
1 has a

single +-orbital on <j for all i = 1, ...,m in Mn.

Case II. For any x ∈Mn, there exists y <m x and z >m x such that hy <m y

and hz <m z.

Let Im = {m}. Then for any x ∈ MIm
n , there exists y <m x and z >m x such

that hy >m y and hz >m z. We can again apply Proposition 5.2.9 to h and

find k1 ∈Aut(MIm
n ) such that hk1hk

−1
1 has a single +-orbital on <m. By the

same argument as in case I, k = hk1hk
−1
1 has a single +-orbital on <j for all

i = 1, ...,m in MIm
n .

Case III. For any x ∈Mn, there exists y >m x and z <m x such that hy <m y

and hz >m z.

Let Im = Im−1 = ∅. By Proposition 5.2.10, we can find k1 ∈Aut(Mn)
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such that h−1k−1
1 h−1k1 has a +-orbital unbounded above and a −-orbital un-

bounded below with respect to <m. Let k2 = k−1
1 hk1h. Then there exists

y, z ∈Mn such that k2a <m a for all a >m y and k2a >m a for all a <m z. By

the previous lemma, we also have that k2 has a single +-orbital on <j for all

j = 1, ...,m − 1. We want to construct k3 using the back-and-forth method

such that [k2, k3] has a single +-orbital on <j for all j = 1, ...,m. We start

with k̃ as the empty map and extend k̃ so it approximates to k3.

a−s−1

a−s

k2a−s a−1 a0 a1

= k−1
2 c0

k2a0 c0 as cs

k2bsbsk2b0b−1b0k−1
2 b−1b−s−1k−1

2 b−s−1

Figure 5.5: Illustration of case III and <j, where j = 1, ...,m− 1

a−s−1a−s k2a−s a−1 yz k2a0 c0 a0

= k−1
2 c0

a1 cs as

= k−1
2 cs

as+1

bsk2bsb0k2b0b−1k−1
2 b−1b−s−1k−1

2 b−s−1

Figure 5.6: Construction of k3

List all elements ofMn as w0, w1, .... Choose a0 >m y, w0. By Lemma 5.2.25,

we can find b0 ∈ Mn such that a0 <j b0 <j k2a0 for j = 1, ...,m − 1 and

b0 >m y, w0. Then k2b0 <m b0 and (a0, k2a0)j ∩ (b0, k2b0)j 6= ∅ for all j =

1, ...,m − 1. Extend k̃ by sending a0 to b0. Since k̃−1·tp(k2b0/b0) ∪ {x >j

k2a0|j = 1, ...,m} is consistent, we can find c0 >j k2a0 for all j = 1, ...,m

realising k̃−1·tp(k2b0/b0). Extend k̃ by sending c0 to k2b0. Let a1 := k−1
2 c0.

Then for all j = 1, ...,m, we have a1 = k−1
2 c0 = [k2, k̃]a0 >j a0 since c0 >j

k2a0. Similarly, since k̃·tp(k2a0/c0a0) ∪ {x <m z, x0} is consistent, we can

choose b−1 <m z, x0 realising k̃·tp(k2a0/c0a0). Choose a−1 <m z, x0 realising

k̃−1·tp(k−1
2 b−1/b−1b0k2b0). Extend k̃ by sending k2a0 to b−1 and a−1 to k−1

2 b−1.

Then for all j = 1, ...,m, we have a−1 = [k2, k̃]−1a0 <j [k2, k̃]−1a1 = a0 since

a0 <j a1.

Let A0 = {a−1, k2a0, c0, a0} and B0 = {k−1
2 b−1, b−1, k2b0, b0}. Then S :=
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⋂m
j=1(minj A0,maxj A0)j ∩ (minj B0,maxj B0)j is non-empty. So, we can let

x0 be the first element in the list w0, w1, ... such that x0 is in S. Choose y0

realising k̃·tp(x0/A0) and extend k̃ by sending x0 to y0. Choose z0 realising

k̃−1·tp(x0/y0B0) and extend k̃ by sending z0 to x0. Extend A0,B0 to include

x0, z0 and y0, x0 respectively.

Now suppose at the s-th step, we have a partial isomorphism of Mn, k̃ :

As−1 → Bs−1 satisfying

(i) As−1 = {a−s, k2a−s+1, ..., cs−1, as−1, x0, ..., xs−1, z0, ..., zs−1},
Bs−1 = {k−1

2 b−s, b−s, ...., k2bs−1, bs−1, x0, ..., xs−1, y0, ..., ys−1}

(ii) k̃ maps ai to bi, ci to k2bi, xi to yi and zi to xi for all i = 0, ..., s− 1 and

k̃ maps a−i to k−1
2 b−i and k2a−i+1 to b−i for all i = 1, ..., s,

(iii) ai := k−1
2 ci−1 for i = 1, ..., s and [k2, k̃]ai = ai+1 >j ai for all i =

−s, ..., s− 1 and j = 1, ...,m,

(iv) on order <j, where j = 1, ...,m− 1, we have

(a) ai >j k
i−1
2 a0, a−i <j k

−i+1
2 a0, bi >j k

b i
2
c−1

2 b0, b−i <j k
−b i

2
c+1

2 b0 for

i = 0, ..., s− 1,

(b) minj As−1 = a−s <j k2a−s <j a−s+1 <j k2a−s+1 <j · · · <j as−1 <j

cs−2 <j as <j cs−1 = maxj As−1,

(c) minj Bs−1 = k−1
2 b−s <j k

−1
2 b−s+1 <j b−s · · · <j bs−1 <j k2bs−2 <j

k2bs−1 = maxj Bs−1 = k2bs−1.

(v) on <m, we have

(a) ai >m k
−b i

2
c+1

2 a0, a−i−1 <m k−i+1
2 a−1, bi >m k−i+1

2 b0, b−i−1 <m

k
−b i

2
c+1

2 b−1 for i = 0, ..., s− 1,

(b) minj As−1 = a−s <m k2a−s <m a−s+1 <m k2a−s+1 <m · · · <m

as−2 <m cs−1 <m as−1 = maxmAs−1, and

(c) minj Bs−1 = k−1
2 b−s <m k−1

2 b−s+1 <m b−s <m · · · <m k2bs−1 <m

bs−1 = maxj Bs−1,

We can choose bs such that bs >m k−s+1
2 b0, k

−1
2 bs−1 and bs realises k̃·tp(as/As−1)

since the type k̃·tp(as/As−1)∪{x >m k−s+1
2 b0, k

−1
2 bs−1} is consistent. Extend k̃

by sending as to bs. Similarly, we can find cs such that cs >j k2cs−1, k
s+1
2 a0 for
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all j = 1, ...,m − 1 and cs realises k̃−1·tp(k2bs/bsBs−1). Extend k̃ by sending

cs to k2bs. Let as+1 := k−1
2 cs. Then we have the following:

(i) for all j = 1, ...,m, we have as+1 = [k2, k̃]as >j [k2, k̃]as−1 = as since

as >j as−1.

(ii) Since for any j = 1, ...,m − 1, cs >j k
s+1
2 a0, k2cs−1, we have as+1 =

k−1
2 cs >j k

s
2a0, cs−1.

(iii) For j = 1, ...,m − 1, since by the inductive hypothesis that as >j cs−2

and k̃ maps as to bs and cs−2 to k2bs−2, we have bs >j k2bs−2. By the

inductive hypothesis that bs−2 >m k
b s−2

2
c−1

2 b0, we have bs >j k
b s
2
c−1

2 b0.

(iv) Since bs >m k−1
2 bs−1, we have k2bs >m bs−1. Since k̃ maps cs to k2bs

and as−1 to bs−1, we have cs >m as−1. By the inductive hypothesis that

as−1 >m k
−b s−1

2
c+1

2 a0, we have as+1 = k−1
2 cs >m k−1

2 as−1 >m k
−b s−1

2
c

2 a0.

Similarly, we can choose b−s−1 such that b−s−1 <j k2b−s, k
s
2b0 for all j =

1, ...,m−1 and b−s−1 realises k̃·tp(k2a−s/ascsAs−1). Extend k̃ by sending k2a−s

to b−s−1. Choose a−s−1 <m k−1
2 a−s, k

−s
2 a0 realising k̃−1·tp(k−1

2 b−s−1/bsb−s−1

k2bsBs−1).

Choose b−s−1 <m k2b−s realising k̃·tp(k2a−s/ascsAs−1). Extend k̃ by sending

k2a−s to b−s−1. Choose a−s−1 such that a−s−1 <j k
−1
2 a−s, k

−s
2 a0 for all j =

1, ...,m and a−s−1 realises k̃−1·tp(k−1
2 b−s−1/bsb−s−1k2bsBs−1). Extend k̃ by

sending a−s−1 to k−1
2 b−s−1. Then we have the following for all j = 1, ...,m:

(i) a−s−1 = [k2, k̃]−1a−s <j [k2, k̃]−1a−s+1 = a−s since a−s <j a−s+1.

(ii) By the inductive hypothesis that k2a−s <j a−s+1 and since k̃ maps

k2a−s to b−s−1 and a−s+1 to k−1
2 b−s+1, we have b−s−1 <j k

−1
2 b−s+1. By

the inductive hypothesis that b−s+1 <j k
−b s−1

2
c+1

2 b0, we have b−s−1 <j

k
−b s+1

2
c+1

2 b0.

(iii) k2a−s−1 <j a−s since a−s−1 <j k
−1
2 a−s.

Let As = As−1 ∪ {as, cs, k2a−s, a−s−1} and Bs = Bs−1 ∪ {k−1
2 b−s−1, b−s−1, k2bs,

bs}. Let xs be the first element in the list w0, w1, .... such that xs /∈ {x0, ..., xs−1}
and xs is in

⋂m
i=1(miniAs,maxiAs)i ∩ (miniBs,maxiBs)i. Find ys realising

k̃·tp(xs/As) and extend k̃ by sending xs to ys. Find zs realising k̃−1·tp(xs/ysBs).

Extend As,Bs to include xs, zs and ys, xs respectively. Then, k̃ : As → Bs sat-

isfies the inductive hypothesis (i)-(v).



5.2. Linearly ordered structures 97

Let k3 be the union of k̃ over all steps. Since k2 has a singe +-orbital on <j

for all j = 1, ...,m− 1 and a −-orbital unbounded above and a +-orbital un-

bounded below on <m. By Remark 5.2.6, (ki2a0)i∈Z, (k
i
2b0)i∈Z are unbounded

above and below on <j for all j = 1, ...,m − 1. (ki2a0)i∈Z, (k
i
2b0)i∈Z are un-

bounded above on <m and (ki2a−1)i∈Z, (k
i
2b−1)i∈Z are unbounded below on <m

Then by the inductive hypothesis (iv.a) and (v.a), we know that (ai)i∈Z is

unbounded above and below on <j for all j = 1, ...,m and⋃
n∈N

(
∩mj=1 (min

<j

An,max
<j

An)j ∩ (min
<j

Bn,max
<j

Bn)j
)

=M<.

Thus, for any wi in the list w0, w1, ..., wi = xj for some j ∈ N, i.e. wi is in

the domain and image of k3. Hence, k3 is bijective and k3 ∈Aut(MIm
n ). Since

(ai)i∈Z, which is also ([k2, k3]ia0)i∈Z, is unbounded above and below on <j for

all j = 1, ...,m, [k2, k3] has a single +-orbital on <j for all j = 1, ...,m on

MIm
n .

Case IV. For any x ∈ MIm−1
n , there exists y >m x and z <m x such that

hy >m y and hz <m z.

Let Im = Im−1 ∪ {m}. Then for any x ∈ MIm
n , there exists y >m x and

z <m x such that hy <m y and hz >m z. By Proposition 5.2.10, we can find

k1 ∈Aut(MIm
n ) such that h−1k−1

1 h−1k1 has a +-orbital unbounded above and

a −-orbital unbounded below with respect to <m. Let k2 = k−1
1 hk1h. Then

by the same argument as in case III, there exists k3 ∈Aut(MIm
n ) such that

[k2, k3] has a single +-orbital on <j for all j = 1, ...,m on MIm
n .

Therefore, by induction, we can find f ∈Aut(MI
n), as a product of conjugate

of g and g−1, such that f has a single +-orbital on <j for all j = 1, ..., n in

MI
n for some I ⊆ {1, ..., n}.

We now show that for an automorphism g ∈ Mn, if ga <i a for all a ∈ Mn

and i = 1, ..., n, then g moves almost R-maximally and g−1 moves almost

L-maximally. In order to make the notations simpler in the proof of the next

theorem, we can define ā |̂ <k

X
b̄ if for any ai ∈ ā \ X, bj ∈ b̄ \ X where

ai <k bj, there exists x ∈ X such that ai <k x <k bj. Also define tp<i Then

by definition, we can prove the following lemma.

Lemma 5.2.28. Suppose ā, b̄ ∈Mn and X ⊆Mn. Then,
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1. ā |̂
X
b̄ if and only if ā |̂ <k

X
b̄ for all k = 1, ..., n.

2. if ā |̂ <k

X
b̄ and ā′ |̂ <k

X
b̄, then āā′ |̂ <k

X
b̄.

3. if ā |̂ <k

X
b̄ and ā |̂ <k

X
b̄′, then ā |̂ <k

X
b̄b̄′.

Theorem 5.2.29. Let g ∈Aut(Mn). If ga <i a for any a ∈ Mn and i =

1, ..., n, then g moves almost R-maximally. Similarly if ga >i a for any a ∈
Mn and i = 1, ..., n, then g moves almost L-maximally.

Proof. Let p =tp(x̄/X) be an l-type over X. By Lemma 5.0.1, we may assume

pi is of the form (5.1), i.e. x̄ ∩X = ∅. Firstly, by Lemma 5.2.16, we can find

ā realising p such that ā |̂ <1

X
gā. Suppose we can find b̄ realising p such that

b̄ |̂ <i

X
gb̄ for all i = 1, ...,m − 1. We will show that we can find c̄ realising p

such that c̄ |̂ <i

X
gc̄ for i = 1, ...,m. Therefore, by induction on m, we can find

d̄ realising p such that d̄ |̂ <i

X
gd̄ for all i = 1, ..., n. Hence, by the previous

lemma, we have d̄ |̂
X
gd̄.

Now fix m and assume b̄ realises p and b̄ |̂ <i

X
gb̄ for all i = 1, ...,m−1. List b̄ as

b1 >m b2 >m ... >m bl. Inductively on k, we change bk wherever necessary. For

the inductive base, we let c1 = b1. Let b̄k = (b1, ..., bk) and b̂k = (bk+1, ..., bl).

For the inductive hypothesis, suppose we now have c̄k = (c1, ..., ck) satisfying

the followings:

(i) tp(c̄kb̂k/X) =tp(b̄/X) = p,

(ii) c̄k |̂ <m

X
gc̄k, and

(iii) tp<i(c̄kb̂kg(c̄kb̂k)/X) =tp<i(b̄gb̄/X) for all i = 1, ...,m− 1

We want to choose ck+1 so that c̄k+1 = (c̄k, ck+1) satisfies (i)-(iii) for k+1. We

divide into the following two cases.

Case I. If bk+1 |̂ <m

X
gc̄k, let ck+1 = bk+1. Then we automatically have (i)

and (iii) for c̄k+1 = (c̄k, ck+1). For (ii), since bk+1 |̂ <m

X
gc̄k, ck+1 = bk+1 and

c̄k |̂ <m

X
gc̄k, by the previous lemma, we have c̄kck+1 |̂ <m

X
gc̄k. Since gck+1 <m

ck+1 <m ck <m .... <m c1, we also have c̄kck+1 |̂ <m

X
gck+1. Therefore, by the

previous lemma, we have c̄kck+1 |̂ <m

X
g(c̄kck+1).

Case II. bk+1 |̂ <m

X
gc̄k does not hold, i.e. there exists ci ∈ c̄k such that bk+1 <m

gci and there does not exist x ∈ X such that bk+1 <m x <m gci. Let x1, x2 be

the lower and upper bound of bk+1 with respect to X on <m. This means that
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there exist cj−1, cj ∈ c̄ such that x1 <m bk+1 <m gcj <m x2 <m gcj−1. We also

have gcj <m ck as otherwise, since c̄k |̂ <m

X
gc̄k, there would exist x′ ∈ X such

that ck <m x <m gcj. Since bk+1 <m ck from tp(c̄kb̂k/X) =tp(b̄/X), we have

x1 <m bk+1 <m ck <m x′ <m gcj <m x2. This contradicts that x1, x2 are the

lower and upper bound of bk+1 with respect to X on <m. So, the type

q := ∪m−1
i=1 tp<i(bk+1/c̄

kb̂k+1Xg(c̄kb̂k+1)g−1(c̄kb̂k+1X))

∪ {gcj <m x <m min
<m

{x2, ck}}

∪ni=m+1 tp(bk+1/c̄
kb̂k+1X).

is consistent since it is consistent on each <i. Hence, we can choose ck+1

realising q.

x1 bk+1
... gcj ck+1 x2 gcj−1

<m

We show that c̄k+1 = (c̄k, ck+1) satisfies (i)-(iii) in the inductive hypothesis:

(i) By construction, we have bl <m ... <m bk+1 <m ck+1 <m minm{x2, ck} ≤m

ck <m ... <m c1 and x1, x2 are the lower and upper constraint of bk+1, ck+1

with respect to X on <m. So, we have

tp<m(c̄kck+1b̂
k+1/X) = tp<m(c̄kbk+1b̂

k+1/X).

By the inductive hypothesis (i), we have

tp<m(c̄k+1b̂k+1/X) = tp<m(c̄kbk+1b̂
k+1/X) = tp<m(b̄/X).

By the definition of type q, we also have

tp<i(c̄kck+1b̂
k+1/X) = tp<i(c̄kbk+1b̂

k+1/X) = tp<m(b̄/X)

for i 6= m. Therefore, we have tp(c̄k+1b̂k+1/X) =tp(b̄/X) = p by the

previous lemma.

(ii) Since gcj <m ck+1 <m min{x2, ck} ≤m x2 <m gcj−1, we have that for

all gci >m ck+1, there exists x2 ∈ X such that gci >m x2 >m ck+1.
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Hence, ck+1 |̂ <m

X
gc̄k and thus, by the previous lemma and the inductive

hypothesis that c̄k |̂ <m

X
gc̄k, we have c̄kck+1 |̂ <m

X
gc̄k. Since gck+1 <m

ck+1 <m ck <m .... <m c1, we also have c̄kck+1 |̂ <m

X
gck+1. Therefore, by

the previous lemma, we have c̄kck+1 |̂ <m

X
g(c̄kck+1), which is the same

as c̄k+1 |̂ <m

X
gc̄k+1

(iii) For any i = 1, ...,m− 1, since ck+1 realises q, we have

tp<i(ck+1/c̄
kb̂k+1g(c̄kb̂k+1)X) = tp<i(bk+1/c̄

kb̂k+1g(c̄kb̂k+1)X).

By the inductive hypothesis, we also have that

tp<i(bk+1/c̄
kb̂k+1g(c̄kb̂k+1)X) = tp<i(bk+1/b̄

kb̂k+1g(b̄kb̂k+1)X).

Hence, we have

tp<i(ck+1/c̄
kb̂k+1g(c̄kb̂k+1)X) = tp<i(bk+1/b̄

kb̂k+1g(b̄kb̂k+1)X).

We also have that

tp<i(gck+1/c̄
kb̂k+1g(c̄kb̂k+1)X)

=g · tp<i(ck+1/g
−1(c̄kb̂k+1X)c̄kb̂k+1))

=g · tp<i(bk+1/g
−1(c̄kb̂k+1X)c̄kb̂k+1)) since ck+1 realises q

=tp<i(gbk+1/c̄
kb̂k+1g(c̄kb̂k+1)X)

=tp<i(gbk+1/b̄
kb̂k+1g(b̄kb̂k+1)X) by the inductive hypothesis (iii)

Since gck+1 <i ck+1 and gbk+1 <i bk+1, we have

tp<i(ck+1gck+1/c̄
kb̂k+1g(c̄kb̂k+1)X) = tp<i(bk+1gbk+1/b̄

kb̂k+1g(b̄kb̂k+1)X).

By rearranging the type, we have shown

tp<i(c̄k+1b̂k+1g(c̄k+1b̂k+1)/X) = tp<i(b̄gb̄/X).

Hence by induction, we can find c̄ realising tp(b̄/X) = p such that tp<i(c̄gc̄/X)

=tp<i(b̄gb̄/X) for i = 1, ...,m− 1 and c̄ |̂ <n

X
gc̄. For all i = 1, ...,m− 1, since

b̄ |̂ <i

X
gb̄, we also have c̄ |̂ <i

X
gc̄ by Invariance. Hence, inductively, we can find
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d̄ realising p such that d̄ |̂ <i

X
gd̄ for all i = 1, ..., n. Therefore, by the previous

lemma, we have d̄ |̂
X
gd̄. Hence, g moves almost R-maximally.

By a symmetric argument, we can show that if ga >i a for any a ∈ Mn and

i = 1, ..., n, then g moves almost L-maximally.

Note that the results we have shown for Mn also holds for MI
n since Mn

∼=
MI

n. Hence, we can prove the following corollary:

Corollary 5.2.30. Let Mn be the universal n-linear order for n ≥ 2. Then

Aut(Mn) is simple.

Proof. Let g be a non-trivial automorphism ofMn. Then, by Theorem 5.2.27,

there exists I ⊆ {1, ..., n} and h ∈Aut(MI
n) such that h can be written as a

product of conjugates of g and g−1 and h has a single +-orbital on <j for any

j = 1, ..., n in MI
n. Then h−1 has a single −-orbital on <j for any j = 1, ..., n

in MI
n. By the previous theorem, h moves almost R-maximally and h−1

moves almost L-maximally. Therefore, by Corollary 4.2.4, any element of

Aut(MI
n) can be written as a product of conjugates of g and g−1. Since

Aut(Mn) =Aut(MI
n), any element of Aut(Mn) can be written as a product

of conjugates of g and g−1. Thus, Aut(Mn) is simple.
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