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The physical preoverties »F
two-body rotentizl, u.. , can be exvressed in tgrns of the tou,h
corralaticn function, h‘; , Which is a2 sum of 211 cozn“c+ﬁd crarvhs
with root-yoints on molecules 1 and‘2, wrose links arc £ bonds

snovn thet the total

=)
o}

vhere f,; = exp (-u, /RT) -1, 1t

correlation functicn in the rresence of 2 wesk three-body votentiel,
u__k s 1s h¥  where h¥ is the sun of 211 Hwro-body connected
13 :

graphs in which each £ bond is5 revlaced .in *urn by an ©% bhond,

where
* ’ —_—
o= f = (ef) =
and where .=. 1is a sub-set of t‘? elemsntary gravhs each of

which contains one frk link. %e call this sub-get the " lirne-
4
—_— W

irreducible graphs", and its leading term, - , is & grath
discussed by Ruchbrocke aond Silbert.
,-/ N . 0 - .
The three-body potentizl is set equal to the dipole-dipole-

dipole potential of Axilrod and Teller, and numerical values for

— )
the grarhs in the first- and second-order density terms, =

—_—R) —_—

and — 4 are obtained. 2~ is foun? to vecome ill-conditionad

at very low temperatures. 4 numerical comveriscn is made “ftweel

the three-body Percus-Yevick thenries cf :ovl"n on and of Ruchbroocke
’

and Silberts a2lso the nen-ndditive contributions t5 the third -nd

fourth virinl coefficients are tabulated.

Cther effective potentizls have hren defined rud the relations
—)

between them ere elucidated. In verticular, it is showa that

cannot he used to cbiain the effective lini £¥ 21 liguid dansities,
— 1) —_— ()

hut that - with . can be commered with the derenderce on
density cf the effective votential u¥ owlzined

from the Z-ray diffraction of corpreszed argen.
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CHAPTIR T

JHTRODUCTION

1,1 Generzal,

The equation of state for a real ras can be expanded in the form

Vo o= 1 4 B(T) 4+ <CTY + PCTY 4 --- ' (1.1)
NRT v v2 V3 )

vhere B, C, D efc. are functions of temperature, T, and are knom as
virial coefficients. D is the pressure when F molecules are confined

to a volume V, and k is the Boltzmann constant. It is usuzl to write :

8= (RT) o (1.2)
By considering interactions between pairs of molecules, the virial
coefficients have been ‘expressed in terms of "cluster integrals", in
the graph thecry of Mayer [:57,53,671 *,
Iif uij is the intermolecular pair potential between moiecules i
and j, then the infegrals are taken over combinations of products of

f . bonds, where
AP

f{j = exp (-/5“13) -l (1.3
The integrations are performed over the coordinates of molecules
referred to as the field-voints of the grdphs.

The exact form of the pair potential is as yet not known, For
large distances, r, between two atoms, there is an attractive force
E33,44,53] described by the potentiél jprf5, where}u is knorn as
the dispersion force contiant, 4 semi-clessicel derivition of thie
r_6 behaviour iz given by Evelstaff [24 0.26] . Sach atem behoves as
a dinole, 2nd the time average of the correlation bzotween two such
' dipﬁles leads to a net attrzctive force. Relativistic corrections
have haen apﬁlied to this Lon@on force [54.p.214]', and for large

. -7, ) . .
distances a r7' denendence occurs heczuse of radiztion effects [54 ﬁ.l@?] .

* refsarences zve ~iven in caucre hraeck-ts,



On bringing the atoms close together, the electron shells overlan,

giving a repulsive force which is often simply assumed proportionzl to

r~B, There is some justification for writing the two particle potentizl.

uy = e {(%’)'1- (?;)‘ o (2.4)

where o, € are constants and this potentizl is known gs the Lenmard-

as 3

Jones kL.J.) potential.

The dipole~dipole force mentioned above arises in the multipole
exvansion fbr‘dispefsion forces between twe ztoms, along with other
terms such\as dipole-gquadrupole and quadruéole-quadrupole which are
effective at short distances [;52] « The totel potential energy of a
systen involﬁing solely tﬁo-particle interactions is simply the sum of

- all pair interaction energies. In this sense, two-body forces ére said
t0 be additive. ’

However, when thfee atoms are brought together fhe charge cloud
on atom i can cause changes in that of atom k which might react with an
atom j-close by. ‘There is noﬁ a correlation between interactions
ihvolving these three. For example, if i now interaéts_with Js the

vlatter hag already been modified by an interaction involving i, so thaf
i and J do not have a simple pair interactioﬁ. Phus, the presence of
other s2toms produces mzny-body effects, and the additive rroperty has

been lost., The total interaction energy is now given by :

U =2

".(J

fl‘ Zuijk K | ‘ (1.5)

ij '.",<j<k\'

B

For theo dispersion type of interection, London [44] rointed out

that non--dditivity hegan st the third order of perturbation forces
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which occurs at this order, and this expression has been generzlized

by Axilrod [27] and by Midzuno and Kiharva [587] . For three like atoms :

U‘-~k - Y (3<o$8_i cosG,-c«stJ ') . (1.6)
1 3 3 3 .
J T ik ki

wvhere rﬁ s rsk and rki ere the lengths of the sides of the triangle

formed by atoms i, j and k, and 94 ,E% and 9j< are the interior
angles at i, j and k respectively. To within a few per cent [227 ,
one mey writé A

y = %f"/‘ | (1.7)
vwhere & is the polarizsbility of each atoﬁov The net contribution of
triple-di@ole energieé to the total enerzgy, U, will be positiv?, in general,
since at high densities the small acute-angled triangle is more common
than the small obtuse, |

for distgnces large compared with the wavelengths of typical atomic
transitions, this formula for u&jk is modified by radiation effects[i,SO] .
Higher ordef dispersion contributions have been stvdied by Bade [5],, by
Bell [15] , and by Ayres and Tredgold [4] .

Vhen the electron clouds associated with i, j.and k are made %o : \
overlap, exchange forces becéme important. These occur in perturbation
analysis if the zeroth-order ﬁavefunction is taken as an antisymmetric
pfoduct.of atomic wavefunctions to satisfy the Pauli principle. largenau
[53] showed that such interéctions occﬁr in first order of perturbstion
theory. Rosen [63] used the valence bond method to calculateAthese
forces for simple configurations{ énd Shostak [74] used the nolecular
qrbitai description. The exchange contribution to second crder of f
perturbztion theory has been found ﬁy Jansen and IlcGinnies [37, 49]
using a Gaussién nodel for their wavefunctions. -

Short-range four-body forces were discussed by larzerau and

Stamer [557 .



1,2 The Importance of Hon-zdditive Effecis.

There is evidence that the L.J. is not tﬂé true pair potential [28].
The true pairkpotential is deeper and steeper in its minimum than the
L.J., as is seen in the rapid decrease of B(T) ét iow temperatures [s03.
Further, the limiting viscosity of a gas at low temperatures depends on
the strengt@ of uii at large interatomic‘distances (ie. on/er;i“G), and
experimental measurements yield results with a little more than helf
the L.J. value for//L [68,56] . Hov//L can be accurately expressed in
terms of oscillator strengths for the excitation of an atom [19] and
these strengths can be determined exverimentally [21] . For two argon
atoms,ju,obtained'in this way is believed to be acéurate to fithih 9
per cent. These values for/u.also prove to be much less than those
épprOPriate to the L.J. vpotential,

bne widely used empirical potential which differs from the L.J. in
a way that fits these experimental reguiremenis cualitatively is that

due to Kihara [40]

U

U; = Pve) . : ’ ) : g < ¥
. 1] _ -
where the tecorety 8 , is about 1/10 of . This potential, although

3}

(e o (ro8)C > ¥

an improvement on the L,dJ, has the undesirable feature of generating

10 etCo

terms in r'7, r~% as well as the required torms in r‘6, =8 end r~
The isotopic ;ep9ration‘fector betwean 1licnid and vapour can be
expandad in terms of the second derivative of Ilij with respect to
intermoleenler distance, rij « This derivative shows that neither the
Xikara nor the Lennard—Jonés potentisl has the correct curvaiure neas
the minimam [661 . 7
Dymcﬁd and flder [23] ﬁave produceé a2 pair rotential whizh ~rnecrs

to dascribe the ecuilibrium #nd transport proverties of dilute, gaseous

arson. Howevar, the value'of//x reguired by this potenti=l is tco lurge



to agree with those oﬁtained fron viscosity and oscillator strength
neasurements. The argon pair potentiai proposed by Barker and Pompe
[12] does not have this fault, and is possibly the'best.pair potential 36
far proposed.

Evidence for the inclusion of three-body corrections comes from

several sources 3
(a) Thé third‘virial coefficient
(v) Polymorphism in Rare Gas crystals
(¢) Other phenomena o

The Third Virial Coefficient. .

Theory predicis [701 that ¢(T) is the first viriél coefficient
to require a non-additive correction, and much work>has been done to find
this;

Koba et al.[42] used the Axilppd-Teller effect in conjunction
with a Kihara two-body potential to obtain good agreement with experiment
‘except for the heavy xenon among the inert gases. Here perhaps the two-
body potential needed refinement.

Sherwood and Prausnitz used B(T) results to obtain paraneters for
several modgl potentials énd calculated the triple-dipdle correction to -
é(T) for these cases. Application of this correction yielded better |
agreenent with experiment, but fhcy cﬁncluded that three~body exchenge
effects could p;obgbly be used to improve on this for the inert gases,

Sherwood et al. [72]‘inc1ud§d first order repulsion forces, which
gave effects of egual order of mcrnitude but ovposite in sign to the
: tfiple-dipoie'correction to C(T). They achieved significant agreement
with engrimeﬂt, but found that the non-adéitive part of the third
virial‘coefficieni wes very sénsitive to the form of the pair potential
used; so that advances in the kn0w1edge.of the true pair potentizl wore

recuired. PFurther, the non-additive effects werc most pronounced at low
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temperatures and accurate experimental measurements in the region of
the meximum of C(T) were thought necessary. |

~ Greben et al. [277] calculated non-additive cqérections to ¢(T)
for exchange forces in the first and second order as well as Axilrod-
Teller effects. Because of cancellations in the three-body cffects,
they found evidence for neglect of these contributions in the noble
gases, but admitted that their calculations of exchange forces had
uncertainties connected with the Gaussian wavefunction used. |

- Barker and Pompe Ll2] developed a version of the pair potential

by multinarameter cvrve-fitting with low p?essure gas properties in

argon, and they calculated the triple-dipole correction to C(T)., Their

results were extremelj close to the cxﬁerimental curve only if they
iﬁcluded the correction. They were able to ¢onclude that other hon-—
additive effects were. probably of the order of one third of the triple-
dipole result end of the same sign; S0 that'they disasreed with the
last two zuthors,

¢(?) has been treated for non—additivé dispersion effects in
asymméfric molecﬁles by Stogryn .[76] s and has been correcfed for
higher-order three-body dispersion effects by Storvick [77]1 .

Polymorphisﬁ in the Rare Gas Crystals.

A fascinating znd comprehensive account of this problem was given
by Jansen [35] who is cne of the foremost workers in this field. The
problem is to explain why all the inert gaces éxcept helium crystellize

in a face-centred cubic lzttice (f.csc.). This wenld szem to demond a

- lower lattice enerpgy for the f.c.c. structure in most of the noble rases.

A discrenancy of a few per cent in lattice energies is necessary to

explein the absoluie stadility of the f.c.c. structure cs conpered

with the hexaz;onal close-packed structure rreferred by helium.

Jansen considercd all possible contributisns to the enerzy of a



crystall(static lattice energy, zero-point energy, thermal energy, non-
central two-body forces, and many-body interactions) and concluded that
the.latter must provide the answer, He then apparently solved the
problem by cénsidering the structure-sensitive, short-range three-body
forces of first end second order as being responsible for szbsolute
stability in these crystel structures (end also those of the alkeli

halides). |

~.
~

liore recently, lLosee and Simmons [45] found that vacancy concentration
meagurements in krypton could he explained with the help of these short-
renge three-body forces. |

However, Swenberg [78] queétioned the validity of Jansen's use of the
Gzaussian model in his eichange theory. Since then several workers
[12,15,17,34,60,82] have reverted to the use of the AxilronTeller effect
to explaih crystal properties, although Jansen remained in favour of the
shoftnranqe forces celculated by meéns of the Gaussian model [56] .

Other Phenomens=.,

Mikolaj end Pings [59] performed X-ray diffraction experiments
on argoh to obtain the intensity patterns at various temperafures and
densities. From these they deduced the radial @istribution function, and,
thence, an effective pair potential w % The well-depth of u, *
décreased almost lineafly with increasing density, so that it could not
be the true pair potential, and such an effect could have been due to
non-additive effects (see Section 1.3).

Barker, HénderSOn and_Smith-[B] imrroved on two-hody values of
’ pfessure, internal energy and critical constants of argon by includiny 7
three;body effécts, andi Graben and Fowler [26] calcnlated the trinle-
dipoie contribu{ion to ?ressuré, internal energy énd also the radizl
distribﬁtion function to first order in its density expension for this

£n8,



}cDonald énd singer [46,47) used triple-dipole forces to improve
on the accuracy of their lLionte Carlo results for internzl eﬁergy and
pressure of liquid argon using the Kihare pair potep%ial; They concluded
that remaining discrepancies might result from neglect of other rany-bodxr
forces or inaccurscies in the form of the pair potentizl used.

Iionte Carlo methods were applied fo shock compressions in ergon by
Ven Thiel and Alder [79] and Ross and A}der [64] , and the latter concluded
that non-additive effects accounted for thirdty per cent in the intermolecular
potential at high densities. The pair potential appeared-less renulsive
than tﬁe 12-power law - an exponential repﬁ;sive law being moré appropriate,
and this agreed with theory £§5,24 De 28] .-

Three-body effects-have been repcrted in adsorption experiments,
since'fhé non-additive force between two atoms and a surface is similar
in character to the non-additive force acting between threé atoms [7,38,51,71] .
Howevef, Wolfe and Sams [85] thought these three-body effects much smaller
than previous workers had suggested.

Recently, work hes been done using the-pressurgnbroadening of
spectral lines to &ield information on non-additive effects in the inter-

molecular potential [6é}

1.3 Generalization of two-body theory to tske account of three-body
Interactions,

Having described what three-bod& fbfces are, and fhe importance of
their being included in theory to obtain agreement with exveriment, it
remzins to mention how previous two-body theory can be extended to tzke
account of thése interactiohs;

The extension of grarh theory to cover many-body effects is well
‘covered by Friedman [25] and by Rice and Gray [61} for gost thermodynamic
properties. A study of the long exvressions involved makes it vorihwhile

to look for suitatle eifective two-body potentials which will provide a



16,

descriptiop ofithe system in the jpresence Qf three-body forces. In spite
of the limitations discussed above, the: Lennard-Jones is the simnlest such
effective potential. [6, 8, 43, 46, 47] . '

.Kestner and Sinanoglu [39} showed that, when tiwo molecules interact
in 2 non-polar medium, one cannot corréct for the presence of the medium
with a simple function of the dielectric constant. They developed an

averaging prdcess to £find the effect on two named molecules i, J due

B
4
-

to three-body interactions involving these two : the average ﬁas taken
over neighbouring molecules.,
To allow for residual order in the liguid, a lattice model wes used

for a cavity surrounding i, j. For large sepérations, they used a

continuum model for the liguid outside the cavity to supply long-ranze
disorder. They used perturbation theory and operator technicue to deduce
a sophisticated version of the Axilrod-Teller formula for the triple-
Vdipole interaction, and summed this interaction for i and j to obiain %3'
They compared this with the two-body interéction energy and checked
their results successfully against Axilrod's for the f.c.c., crystal.
They remarked that in determininc the total enerey of the licuid
'ﬂmasgpart of the peir interaction should be multiplied by a factor
of %, otherwise each such interaction would be covnted three times,
Generalisations of the Percus-Yevick (PY) and hyver-netted chain
(HHC) theories to include three-tody fofces had been ﬁroposed by
Yertheim [81] and Baxter [13], tut Rushbrooke end Silbert [70] sousnt
tovmake such generalizetions hy using en effective two-hody rotential
in the old PY =and HIC expressions.
They obsarved that in discarding ths "elementary grarhs" (see Ch.2)
to obtain the EIIC exspression, three-bodr effects would remain only if
the first tazrm linear in density, n, wss lLozt, This améunted to usinz
a rotential, &{., whiéh ves rélated to the true pzir poteaticl u |

§ 1)

ui,j = ui"_ - nkTIfijkeiR ej_k clrJ's | (1.8)



i}
are Boltzmann factors (e,k =1+
j

.

Here, fajk is the three-body counterpart of the f, ~bond mentioned

earlier, ¢  and ¢ etc.) and
I

the integration is performed over the coordinztes of a third molecule,

A 2
ke They admitted that for the FY eguation the procedurenwas less un-~
ambisuous but claimed that Ei, also serﬁed for this application.

TheSe~HﬁC and PY prescriptions led to correct expressions for the
third virial coefficient, using either the compressibility or the
pressure equation., Their potential gave, qualitatively, the deﬁsity
dependence of that found by liikolaj and Pings [59] .

Rowlinson [69] demonstrated that, whereas the above potential
‘appeared suitable for HNC theory, a more natural choice than this
preéehted itself for use in PY theory., This potential also varied in
é linear menner with density.

Sinanoglu [75]vdeve10ped a general'formalism for an effective
- potential ujgf which was defined to produce the total energy of a fluid

correctly. For a pure fluid,

off _ n [71 '
Y T T 3f“1':i"* Ijn 4% (1.9
[3] : ‘
where g is the unsymmetric distribution funection ( = giWar/gis Ye
. A ;

iik

HeJcalculated vaelues for the non~additive part of the effective
potential by‘using involvéd technigues for the integral and situdied cases
for‘diSSimila; molecules. He gave results for the L.J. and Kihara cases
and produced. curves for the cases Xe - Xe in liquid Kr and CC& - CCQ‘
in liquid C.H. The'Axilrod-Teller potential ﬁas generalised to include
finite cores for molecules i, J and k as well as highér order three-body
forces. |

Fof thisrefgective votential, only the dispersion force constant
and the microscopic pfOperties : refraétive index, nusber density.and
" seentric factors [first-listed reference 75, p.292] y were needed,

L)

Helicioflu and Sinenoflu [22] showed by statisticel methods that



18,

the totel potenfial obtained by summing the effe;tive rair potentizls
of Sinenoglu led to a éorrect value for the.macrosc0pic potential energy
as well as the Helmholtz free energy and entropy.

Levesquevand Verlet [43] postvlated that the L.ﬁ. w28 an excellent
effective potential for tzking into account many-body effects; and they
used lolecular Dyramics to calculate the structure factors, S(k), using
the Kihara and the L.J, potential. They thought it reasonasble to consider
that the effect arising from the differeﬁce between these two votentials h
gave the order of magnitude of that due to the many-body forces,

This difference.approached two per cent, and using exveriment to
obtain gquantitative information-on the poten%ial with a precision of
ten per cent, it seemed necessary to determine the structure factof
to one . per cent. ‘The difference between theory and results was not small
but an order of magnitude larger than the difference due to the ﬁncertainty
in the interaction. S(k) seemed too high for low and intermediate valuves
of k (the change in the wave vector on scat%ering) and in the hich *
region irregular oscillations occu%éd in the experimental results of
Mikolaj and Pings [59] . Neutron scattering experiments had not displayed
this behaviour. |

Copeland and Kestner [181 considered the effects of dispersion-overlap,
triple-ovérlap, many-body dispersion end dipole-dipole-gquzdrurole inter-
actions on the effective potentiel propoéed by Rushbrooke and Silhrert,
but concluded that tho triple-dipole effect was most importent in the
‘gaseous and low-denzityy licuid pﬁases for mrgon, giving results fér

tris effect in conjunction with: vericus pair potentials. Ther corrected

(el
R
(3
2
<4
[}
]
kh
)
)
[¢]
< 13
[

the radial distribution function to tzke aceccunt of non-ad

H
1y
P
=’
S
3]
oy
D

to the first crder in density znd they cbtained values fc
k-decpendence wes inadecuate to explein the discrevency nctcd by Levzsgue

ard Verlet in the results of iiikolaj 2nd Pings, They investigated the



contributions to the non-zdditive part of the radial distribution function,
g .. 5, and also to Rowlinson's FY potentiel, arising as terms in the second

1) A
order of density. Such contributions were swmall,

Finally, thev used the superposition avrroximation in an effective
b C Es N Mk
votential of Sinenoglu to write :
. Y d [¢
U, = Uy *on Wik Jir Tyn 4T (1.10) |

~,

~

To obtain high desity results, gih and gﬁk were avyproxrimated from
experimental values. The predicted density depehdence of the potential
was then about 30 pé? cent less than before, now that higher order density
devendence of the effective potential had been allowed for. .They
concluded fhat the large density dependence of the effective potential
found by Nikolaj and Pings could not be explained by three-body inter-
actions,

Graben and Fowler [26] quoted two formulae discussed by Rushbrooke

and Silbert {70] : , :
ﬁf /no= 1 - (ﬁ”/é)jﬁqflj (duq/d,;n)d,,:z

| | — (ﬁrﬂ/)a)ffjijk (%3 i3 Buijk/-a,,ij)d»fj J*v:ll | (1.11)
PEN = Z 4 (pn/2)fusq, dg R
+ (f.n“/é)}’fu{jk 95k 47 A - (L.12)

is the three atom rzdisl distribution function. Their form

]

J ,
s , .
of effective potential followed u_ _ , except that the faector of
: i) '
rentioned by Kestner snd Sinenorlu was inscrted,

where g
. 4

They considered that the threg~body centributions to pressure, p, and
enersy, E, arose only in the third terms of the respectivé equations, and
Lby using Puler's theorer deduced that the non-24ditive part of’ﬁ3?/n-was
exnctly three times that of B7/1.
- AT

Meor used the L.J, pair potentisl to caleulate numerical valuss for
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ctive potential ani enercy, but their density dererndence of the effectiva

ential wes weaker tharn thst of Likelaj and Pings,
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Barker, Henderson and. Soith [9] usead a hafd—Sphere reference

system in perturbation theory, end considered the potential :

uy e (/3 f9d sy Ay (1.13)
which resembled that given by Sinanoglu, except that géi} referred
to the reference system. To the first order in 21l their parameters,
this_#otentigl led to the same free energy as the actual two- and
threé—body-potentials. After multiplyihg the second term by 3, they
achieved good values for the fadial distribution>function of the real
system. The three—Body interaction did not explain the large density
dependence of I‘.iiké’la,j and Pingé for argon.

These authors remzrked thet non-additive contributions to pressure
end énergy arise in the second as well as the third terms of the
_appropriate equations above, since & also ﬁad a non—additive'part;
so that the'simple relationship befweén non-additive parts of wressure
and energy deduced by Graben and Fowler Waé not correct.

HeDonald and Wooécock [48] used tonte Carlo technigueg in a method
similar to Sinenoglu's for counting three-body interactions. They also
assumed thet the triple-~dipole antributicns tolﬁp/n émqunted,to three
ﬁme_s their effect on @/, end used L.J. functions for g . which
supposedly embodied three-body effects, On comparison with the resul*s
of Barker et al.[9] , they concluded that the triple-dipole change in
the radiél distribution function wros not importent in determining changes
~ in energy, but that it-might be important for pressure in arsgon.

The appsrent density déﬁendence of the effective potential was
Tour tinmes lesg than that of liikolaj and Pings. They agreed with Berke?

ané Ponmpe [12] on the probable order of other many-body effecis for the

total energy.



1.4 The Purpose of this work.

There is a need to produce good, effective pair potentials for g
variety of thermodynamic appliéations to take account of three-body
interactionsy so‘that a minimwa of change i3 necessary in the use of
present two-body expreésions. This simplification should come from
rigorously.considered arguments involving graph theory. Vhen a
potential.pr;duced in this way leads to results in agreement with
experiment, then extra information has been gained about the system

\
under consideration,

In particular, it would be encouraging to develop an effective
potential for argon that displayed properties in agreement with those

predicted by scattering experiments.,



CHAPTER IT

An effective pair potentisel in fluids in the oresence of three-~hodx
forces,

In the next two chapters, we consider the form of the effective
peir potentials'(functions of density and temrerature) that will te
foun? if the proverties of 2 fluid in which there ere threc-body forces
are internreted on the ascumpiion thatisuch forces ere absent, There

is more thon one such effective potential, since the exzmination of

el

different properties leads to different potentisls. First we consider
the effective potential which lezds to the cerrect distribution and

correlation functions,

2.1 -Hotation and defiritions.

As mentioned earlier, the grayhs are made up of f, and fijk
. . tJ

bends, and these are defined in terms of the intermolecular pair ond
triplet potentiels u,, and uijk a3 Tellows @
. 5

féj : Sexp (‘/3“45) - b % !
ﬁ'jk: exp (-8 uijk) - b %k

Grapkically, molecules are renresented as rnoints joined by thiese bonds :
P b4 i i v 4

[}
\
—

the fij is represented by a bar; the ei,J bond by & broken line between
neints 1, 5 3 ard %he_f ke +ond will'apyear a~ a shaled trien-ie
invalving molecgles i, J, k.

Root roint : ; melecule vhich remainz fixed in position (referred

™

to 22 1 or 2 in *he followiag) is knowm nc 2 raot zoint

Pield point & 4 molecule over vhose sracicl coordinates an interretion
iz verforned is crlled a2 field peint an? is renresonted

by s do*,



Symmetry number i

Ve integrate over the coordinates of each field
point of a grarh and weight the intepgral by a

’ ., '
factor 1/6‘, wihere ¢ is the symmetry number of the

. . ’ .
set of field points. o is the number of permutations

of the field points which leave the diazram unchanged.,

We sum only over integrals corresponding to unioue diagrams

(i.e. diagrans which cannot be made topologically identical by verrutine

the field points),

rzised to the power of the nurber of field points.

Connected

Reducible

..

1, 2-reducible :

Articulation point:

Yode or bridge
point

o,
Cari*tal letters

,

Fack graph is associzted with a factor of density, n,

—

& pravh is connected -if there exists at least one
path joining avery courle of molecules'in the graph.
A graph is reducible if it separates'into two or nore
pieces on cutting at any molecule, 2.g. d/\b

Such szravhs separate into vieces on cutting at 1

and 2, €47 :A I::i .

If a graph is cut at a field point and separztes into.
two or more pafts, one at least of whi?k ccninins ne
root points, then that field poizt is ecrlled an
articulation point, e.z. dfﬁi:;' . All Srephs:
with articulation points are excluded from the
definitions below,

A node dis 2 point through which 211 mzthks fron root

voint 1 to roct point 2 necesceril; vass. Cutting ot

a node gensratos the ~roph ir

(9% Vi R Jelfarl
vhich ceontains ore reoot reoint, ol d/\S s I 1

of the T vlate can 2lso he considered as = nath [70].

123

will be used to denote sets of sronhs vhich havre tuow

T - . - - M - L3 - - —
polv linka, T, , 223 not rmore than one thr-a-hodr lirl €, e Lover-nnoe



letters denote sets of graphs which have -only two-body links. Sterred
lower-case letters denote a two-body sét in which each topologically

distinct fij link is repleced, in turn, by an effective two-bodf link,
fi% . vSub-sets of some of the main qiasses of graphs are denoted by

Greek letters, capital and lower case,

Ez ,Z%z all connected graphs with at least one bridge point
(chains).
C, s C’z the direct correlation function, or all ccanected
rd

e

gravhs without bridge points. (¥For a fuller discussion

sce equations (2.8) to(2.11) ).

%2 ,]%z all connected graphs withovt bridge points and without
an £ link,
1z
1 G the peir distribution function (see (2.1) ).
L By, total correlgtiorn function, or all connccted graphs.
’ I:z' rarallel graphs, or all connected gravhs which are N
12 ,
: 1,2 - reducible (bundles),
T s 71;2 . . bundles without an :;z link.
X, }gz - all connected graphs which are 1, 2 - irreducible
2 . .
and which have no bridge points and no f’z link
(elementary graphs).
:Elaz line - irrecducible three-body elementary zraphs

(see (2.3) - (2.4) ).
(yu - 1),(Y,-1) al) connec‘te.d grerhs withont an f  link,
Thz suffix 12 is omitte? from these symbhols, vhen thare is ro arbisuity.
In this chapter, fectors involvin: o!and n are rnot showm exnlicitly bofore

the grazhs, tut must be insert=d before the grarthe z2re used to rerresent

interrals.

2.2 The effective notential for the »sir distribution funeiion.

It is apmrovriate to consider only terms linear in the threa-boly

e



potential, since the latter is presumed to be wesk compared with the

two-body potential; and since we neglect four~hody.and hisher potentizls.

Hence, we restrict ourselves to grarvhs with onerthree-body link oxr none;
We start from the equstion :

G- l+H = Y(I1+f) = Yexp(-pu) | (2.1)

and seek an effective potentisl u* and an effective link £¥ which, vhen
uged in the two-body version of (2.1),.generate correctly all the graphs
in H. Thus, u¥* and £¥* must satisfy :

e Ho= 1a b= PO ) = grexp(-pu®) (2.2)

A graphical solution of (2.2) is found as follows. Let us consider
. .

a set of elementary grayhs, X 2 ? and from these define a subset which
1
we call the line-irreducible graphs, —. 2 contains one triplet link and
- )

such fi links that (&) each gravh is elementary with resvect to 1 and 2

J

and (b) each trinlet link iz nct in a sub-zrarh vwhich is elementery with

respect to two vertices othsr than 1 and 2;

The first element of the line-irreducible sct is

b
—a) A A
-_ - n [213 €23 fnzs &1:2 =n T . (2.3)

It follows from the definition that all trivlet elementary graphs with two

—

field points are line-irredncible., Thus, =, sterts
— - A E .. =205, (2
T gAYy + Y 4 b + Bl oty + . - -

"he followring elementary graphs ere not in _=. since the triplet link
can be sepsrated from the root points by cutting elong 3-4 in (2) znd (b)),

along 3' - 4' 'in (b) and 2long 2 - 4 in (c).
A -
72N (2N . .
aﬁ‘% 3 4 - 4 W .
t 2 -4 47 ' -\J
T 2
X 2

(a) (&) (c)



Frem = we define en effective link £* by adding £, =

end £ _—__ « Thet is

fa: = {ij’L (l+f>ij Zaj B (2.5)

and we show that this link is identical with that definad in (2.2).

The elementary grazhs X are of two kinds :E:. s and the line -
reducible graphs. The latter can be obteined frem the two-body graphé
x by substituting £* of (2.5) for each topologically distinct f bond in

turn, This is clesr from the examples of line reducible graphs above,

since cutting at 3 - 4 in (a) and (b), and at 2 - 4 in (¢) removes

am——— 2 e

sub-grephs that are elements of __. < or = _ - lloreover, this
: - 3 .

. construction of the line~reducible graphs in X from x and f* is unigue.
For example, there is oniy one gréph (b) end it can be deriveé\shly from
the x graph that has fa4 in place of the suﬁ—graph containing.the triplet
link. Although (b) is line-reducible also on 3' - 4!, it cannot be
derived from the x graph obtained by cutting here since the triplet

sub-graph is then not a member of —_ , but is itself line-reducidle.

Thus if £* is defined by (2.5) we have :
- X = x*+ = 4 - (2.6)
Consider now the chains, B . Since the effective link (2,5) has
J .
no bridge points, it follows immediately that all the grephs in B.z - tna
| coen be qbtainedpby replacement of each £ - link in b,,~ by the link '
% of (2.5). The elementary gravhs along with the dircct f link ars the
elements out of vwhich chains are constructed by series ornd pzrzllel links
between the root voints and node ( or nodes) of the chain., Hence

B = éij | (2.7)

12

- The definition of C,, is & consequence of its relaticnshivn tofaz

given by the Orngstein-Zernike ecuztion @



- ; ' ' 2.8) [
Ho= G2 F “IC:astéE | (2.8)

The right-hand side of (2.8) can be erpanded by reveated substitution for

H, giving

H = @+ nﬁ\ +n2§<>§+'»"' - (2.9)

f2
- where
Clz’ = o>

H is all connected diagrams (i.e. chains + bundles + elementary

graphs) and all poési'ble nodes at field point molecules are explicitly

included in (2.9). That is C,‘zis free from nodes, and so is free from
chains. If it were not free from nodes then some grephs in (2.9) would ,
be counted twice, once in C:a. and once in one of the higher terms. Ailso,

21l the graphs in (2.9) besides C".‘ contain one or more nodes. Hence

Consider exp (H- C + X) - 1. On expansion,

exF(H—C+X)vI-? H-C+X 4 (H—C+><)2/Zf

+ (H-C+XP/31 + - ..

Now, by definition

HC = nd b + 2 (F1 s \ﬁz#’én +J?Zn_+N |
i~ DY

M / - ° £ 3
where 0 and powers of n have been shown, From the cubic term in tre

ezponentiel expansion we pick terms such as & Xx® or from the qurdratic

; = 4
, L . .

tern —%N o and + N4 . The appropriate o have heen

shorm here to indicate that, in the exponentisl expznsion, the factorials
- . ’ .
in the denorminators produce correct values for 6 avpropriate to the new

grecvhs formed in thiz expansiocn.



Thus, exp (£ - C + X) - 1 is the sum of all chains plus all

elementary graphs plus all bundles of chains and elementary graphs,
but excluding bundles with flz links. Tow X'z grarhs are free of ﬁz
links, so that this expression is all connected graphs free of £

links, namelva”L - 1.

Hence, the potential of average force ‘
s s

bnY =B+ X = &+ 5 o« = =z,“{*< . = (2.11)

or, to terms linear in the triplet potential

Y = 7*.+ y = (2.12)
From (2.2), (2.5) and (2.12),
A= (Y-y 2V 0fe (4F)=T - 1 | BN
S (e)Y-1 =W - ey

Thus, £* of (2.5) is that required to obtain H froh h by successive
substitution for the f links, and hence the £* of (2.2).

Other results foilow at once, Becausze of (2.7), (2.10) :-

| C = c¥% ._ : (2.14)

end by using (2;1), (2.10) and (2.11)
C=H-4nY+ X | | | (z.i4a)
=gy fr[Y-i'—B] = fY4D -
sime (fy) = fyf' + y(+f) =
E=d* 4 f(Y-y =) 4+ 4y ()=

n

d4* + fy + y = =D +fY

S D= 4 + = | ’ (2.15)

¢ = g - (2.16)



From the definitions,

P=H-B-X-f -

whence . P= :P* +f =

Also by definiti_on,
7_—('
LOFT - = (Yeyr) - (X-2)

M= & (-0%

Y-X-B -

To terms linear in £ in (2.5) :
3R .
i (W-u)= = =

- In summary,

B= 4" c=c*
D:d*-m{ =

G=q H=A*

Pepte ,c‘:-: IT=+"+ (y-1) =

—

Y= L{E-k \1::—. | o | ) Y= fnt{*-& =

/6‘((1**'1,1) = - 1 .

(a)

(b)

(£)

(2)

(2.17)

(2.18)

(2.19)

(2.20)

To prove that the effective vpotential of (2.5) is the only solution

of .(2_.2), let us write (2.2) ﬁ'.n the form :
CYOe) = ) ()
or (fx_f) = (Y— Y*)(Hf) —-(L{x-l‘)(f’(—f)

(2.21)



and we see that (2 21) is an iterative expression.

Suppose we know the density expansion of (£¥ - f) up to order n :
written (£¥ - f)(" . Then we can write y* correctly to order (n + 1),
Kow, (y* - i) has at least one field point, so th;t the right—hand side

th,

is known to order (n + 1) vhich yields the (n + 1) term of the

i o . (n+1)
density expansion of (£¥* - f), i.e (£%* - f) . As an example,

we start from
. ()

('f {)(os ’ (Y"' )(n =
giving »( Y= () = =
Y N (1ef) = (2.22)

Providing we require a density expansion of f¥ , other terms are then

determined by iteration in a wnigue way.

2.3 Approximate Theories.

™e resulis of section 2.2 allow us to obtain the comvlete set of
two- and three-body grarvhs from a ¥nowladge of the two-hody end line-
irreducible graphs. In practice the theory of liguids is based on an
incomélete set of two-hody graphs, derived from aprroximated integral
'_equations., e need, therefore, a recipe for obtaining.the threa-bodyr
éorrectionvto en incomplete set of two-body graphéo This recip2 can be
un~mbigrous only if e make an additiénal sssumption, ¢f which the
simplest arpears to be thét the anproximate effective votenti-l, ?,'is
chosen so that (% - f) is a subset of the ccmplete set £* - f, The
suhset chosen is determined by the degres of evrrovimation of the basice
%wo-body theory., Clearly, it ié to nn purnese to relein gravhs vith b
firld reinis in = if scme or 21l of the grevhs with k field points
are'missing from .

Thus, in the firsi-order PY oxr Uil aryrcximations :

—C)

s ___(g) ’

f:f'f‘([%f).:. ) /6(“‘4_“): - = . (2.23)
~ — | . — —_ .

Y‘-‘L[-!- ¢ = ' s &,Y:ﬂhy.g, = (2.2,_4\



This is the effective potential proposed by Rushbrocke and Silbert [70]
and is unexceptionable for & two~body ﬁheéry sﬁch as HIC in which the
missing two-body graphs in yrare themselves all eleémentary grephs. The .
additional éssﬁmption, made above, that £ is a suﬁset of f¥, is to some
degree arbitrary, since the effective-potential is only a trick of
computation that reducésra three-body problem to a two-body problem.

Ve need not be bound by this assuﬁption in the PY femily of approximations
in which not only the elementary graphé, but 2lso bundles are missing

from y. Rowlinson's.PY potential [69] is defined by
~ oy =l -1 0y -1 . -
((+f) = (l+,f) - _-.(-|+A) (2.25)

which leads to a more natural set of graphs in H than is obtained from

(2.23) and is equivalent to

Y = C,V s = ‘ (c.f. (;-z4)) (2.26)



CHAPT-R IIT

Some effective potentials and their apvlications.

For the rest of this work, we adopt the conv ntioﬁ that for
diagrams with one root point, neither that point nor any of the
field points will be shown explicitly but may be zscumed to occupy
the verticés on the perimeter of that closed diagram. Thus,:dzzi
becores simply AN ¢ and both IESI and 2231~w111 be showm as EZH
since integrating either diagram yields Vv [A [33p.14d} . For
these integrals, we treat all points 23 distinguishable. Also,
since we shall now bg discussing not just classes of the doubly
rooted graphs, but the mathematical sums of individual mémbers of

each clasg, the symmetry numbers must be inserted, and powers -of
density will be shown explicitly for both these and the closed

diagrams,
We abreviate such sums as Z q o+ 171 by QI; I .

3.1 The comprossibility enuation.

From eguations (2.5), (2.20a) and (2.20c) we can construct C
and ¥ fron ¢ and h, Hence, we can determine the compressibility of
the fluid in the presence of three~body forces from the compressibility

ecuation [57} :

ﬁ(%_ﬁ)r :!- hIC(r) d_‘:: ’-‘-.[l*HJ-H(") df] (3.1)

Fron (3.1) we obtain pressure, enercy, ete., by'appropriate clasczical
.ﬂﬁﬁmamuﬁcmmﬁpdwﬁmadf(bp/bn#
By compering (1.1}, (3.1), virial coefficients can be obtsined,
but, since tﬂe effective bond f*.is itself = funcfion of density, we
n5 longer h=ve the simrle asécciation between grachs ﬁith k vertices, and
the kB virial coefficient.

. 2
By definition of c, we have to terms inn



c = o——o?nA_ +'§[Z‘E———Z +_N-+4m -}M
=t + g} (3.2)

 From (2.5) and (2.202), we have to the seme order,

’Q‘ 2 - ‘ 1 .--
C=c*2c + ngd% 1n (Zo?‘?l +m+ &E-D +

b\%’? ~. ’T
21 . B ) (3.3)
We can check that f£* has given us the 'coxjrect C, by caléulating

C through the Ornstein-Zernike equation.- From (2.14a) and (2.1) :

C= fY 4+ (Y-I-4aY)+ X o (3.4)
H= Y (l+f) -1 | 6

Fquation (2.8) yields

Y = X+ n[[fY+(Y-l-enY)+x15

12 2

[y (ef)-1) dy , (3.6)

We use X , from below (2.10) to iterate :

To n’ , Y =1 ,
' -
‘Ton',_ Y=1+n(é’e§\b+A)
/A\ / ’\ -\\
“to n* , Y=1+n(d&o+/\b)+nz(&%l+2¢s&s

+ ?@ +'2?51 , =g AP 2T 21 M)(E-?.‘f
Equations (3.4) and (3.7)' vizld (3.3) so thst f* is tae anpropriate
'.effective potential for obtaining C. ALlternstively, we may consult
the definition for C in section 2.1 and see that equation (3.3) conferss
to this.

If gﬂ. and bj are the irreducible cluster integrals of inver, with

ard without three-body creths, then

(rp /1) - 1- 5(3)8 R
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and use of (3.1), (3.2) and (3.3) yields the exact expressions :

R = — | . - * | (3.9)

—

2

Z!%: AN {./.A:\ ’ (3-10)
3
3424: 3O +6B+XK+IZ2 R +4F (3.11)

However, if we restrict ourselves to the first three-body term in

£%, i.e. £ of (2.23), then _ |
-~ /Q\ ; ?‘:’ .
C=cC=c+ nd@Hs + n‘(zg‘ii+§‘zs<i) (3.12)

Use of (3.1) and (3.12) produCesﬁ%'s vhich can also be construcied by

use of the recurrent relztion :

G-'B= G0k« GDGAN(E -8 ) (3.13)

~

where b, follows fromlyj by using an integrated version of (2:23)

F]
e = + ../i’é':\.‘.
-1 'Hma'l‘” ;= & 1+ n".é’.i.‘:,
2 2
and _ E-—- lra ¢ Bnd/2) Y

It is found Jchexc%4 differs from B, , since
) ” . . : ’ .
3l B = 3l £+ 65 o (5.14)

.Thus, the approximation introduced from (2.23) has led to the loss of
some three-body graphs vhich are present in the exact expression.
%hen,’if in addition to approximating £% by its Tirst term linear
iﬁ the density, we also stipula%e tﬁe HIC restricticn imposed by
’ Rushbrooke and Silbert [69 equ (1451:

C=fY+Yil-dnY + = . o (3.)
then equations (2.8), (2.1) us=d as above rive

318 = 5[4 + 3]+ 4] (5.15)

ard their PY expression (69 e (155):



C=fY+ Y- exp(- =) | | (3.17)

gves 3B =4 420+ 6 E - (3.18)

Rowlinson's PY approximation [69 equ (13)] requires that

C-fy.=" | o  (3.19)

in addition to ¥ of (2.25), thus giving
31584_=4ZI'+ZD+4:§J . | (3.20)

~where the three-body term differs from thet in (3.18).

3.2 QOther effective‘;otentials

The effective potential £* of (2.5) generates the correct H(r),

G(r) and C(r), and hence the correct X-ray scattering factor. Through

(3.1) it generates the correct thermodynamiclfunctions; However, if
.we start with other equations that relate macroscopic and molecnlar
quentities, then we are led to other effective potentials. Thus, we

can start from liaverts exransion for the comnressibility
/5(3_113) = -3 G-DRA ©(3.21)
on/r , =2 ? o

and seek an offective £ which vields this equaticn when substitnted

for 211 the links b, . That is we use the eguation :

oy | .
(), = LG - e

‘"he link to be uvsed with (3.22) is not the 'specific! link %, but

. . 1
the 'generic! link £ , vhers
- 1 - 2. =120 ‘2 o
e fonnoB s 2EET2ET )] (3.20
since we cen uze the intepratad version of £ , a5 doscribed in the lazt

- 2
section, tn ~et, to order n”

6'*“ £ +n :’fa‘l\ + nz(?)@ fZ@)

2 2

84+ (3n7/2) B
Py’ |

4 4

N\

A |



and use of these values on the risht-hand side of (3.22) gives an

expression which é an be rearranged to obtain thef?’s of (3.9) - (3.11).
Ve call fr a generic link since it can be obitained from £* by

integrating the latter over all r and then relabélling 1 and 2 as the

root points. That is :

[fldr = f{*gr (3.24)

Similarly, the effective generic link f‘H y Which is to be used
in the more usual virial expansion : .
t g1 | |
= , - 1-1 6' . 3025
2L > (,1_._) A (3.25)

[ 4] j:z 3

fo: ]C + '(Hf)-[ga_géé:\, +n1(%.’:§3o+ Zﬂ)-f] : (3.26

. . 2
in which case, to n™ :

t 2n A, n2( £ B+ Eé?l)
& = & + 73 + 3
2 2 : S
it a YT
6; = &; + n ﬁézl
#4
= 4
£ =4

which when used in (3.25) yield the exactzg's for j< 4.

If we integrate again to get the residwal free enersy :

i -l
AB = —:—:* 4, n? - , (3.27)

522

where the avpropriste link is

ﬂ (I+f) [ﬂ_o’Ap + n.(Z?t—\I :‘?I )4 ' ] | (5.28)

2
wher=2 ton .

144 : 7~ *—1
‘ Lon & 2 E)
A
tt | 4 5
E =+ + 77
3 3
4



which Caﬁ be used in (3.27) to yield exacti%ls.
Thus, the first few terms of £, £ ana £}% show that there
~ is more than one effective potential even within. the class of
eguations that can be derived by repeated integration of (3;21).
The link f*** which yields A zlso yiélds the residual energy U on
using the Gibbs-Helmholtz equation. These effecﬁive potentials
-depend dn both density and temperature, buf they do not have the
free energy" character pf some kinds of temperafure dependeﬁt
energy levels. They are to be regarded only as computational- devices.
4 quite differenttype of effective ﬁotential arises if we
consider not the compressibility equétion, but the pressure equation,

in which U is the configurational energy, and the integzration over

molecules 1, 2 and 3 is shown explicitly :

= i\jfu(r)é(r.}c{y‘ clr:l + _rf fu(r,s,f) G-(r,'s,f;)dr, Jrz d'rg - (3.22)
2. _ - T 6 . -

pV- NRT= - o [ () 6(r) dy dy,
. & - -

~r? f«r(r,s,l‘) Glwsit)dy, dy dv, (3.30)
18 | -2 2
alr) = »r a_l_l_l_ ’ M(Y,s,{) s{rd +52 -p{'?_)u(rp’,‘f) . (3.31)

I's a\’ >s 2t

vhere r=r ,s=r_ ,t= x%Band'v(r) and v(r,s,t) are the two-body

and three-body virial functions. Comparison with (1.11), (1.12) shows

~ that the integration cver r, has not been performed in (3.29) and (3.30).

These eguations can ba re~written in terms of an unsymmetrical three-bodr

" function, in which molecule 3 is sinzled out,

. GF33(V,5,‘I‘) = G(r,s,f)/G’CV) (3.32)

whence

[y
[ ]
AN
g
e’

u:_r;fﬁ(r)o{ll’dg[u(v)—{-!\;_fu(t;,s,'{)G‘[s](v,s,‘t)dra}
~ - 3 2
d

TV—NRT= -QZ.IG(P)AS da;[ar(r)tgfv(_r.f,f) G[SI(Y; ;,t) n;] (3
é - o) - =
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The square brackets of (3.33) and (3 34) lead to an effective
. eff eff
potential u, and an effective virizl function v (z).

The latter is
vef{(v) = aly) + n jv(v,s,{') G‘E?](«,s,{)dv (3.35)
3 . 2

and this will not be pursued further here.

To terms linear in the three-body potential,

_“sz(') = «lr) + n fu.(r,s,‘t) 3531(«)5,{) Aa; (3.36)
' 37 o
which is the potentiel discussed by Sinanoflu [75] . The equivalent

link is, to the first oxrder in the three-body potential :
f“f ,,) =f) 4+ n (l+f(r\_)Jf(r‘,slt) 3[33(4,, 5,¢) dr, (3.37)
: 3 : - :

Baxter L13 p.515] has ziven ¢

3(3]("’,5,{) = :’;\‘oz+ n (|¢'37I1+ :‘:—12 + |I_—:z> e (3038)
whence,

feff-zf '+ __‘L(|+f)[n Ay 4 nz{zg‘g‘l + ;??‘1 }+--] (3.39)
. 5 o

u

This link is specific, in the sense defined above, and contains all the
" three-body elementary grarhs in which the three~ body link connects the
two root points, 1 and 2. These graphs are a sub-set of the line-
irreducible gravhs of = .,
hu y in addition to the distinction batween the svecific and
gereric lirks, we can group the offective links into those which are
t
used with the compressibility eguation, £%* and £ , t“at vzed with. the
t . . . o
vressure, f , end those vhich are used with the enersy or free
- t1t eff - o L .
energy, f ond fn . Mhe lez ding terms zre in the ratio of unity,
2/3 2nd 4 respectively. The rresence of the facior of 4 was cbserved

by SinonoZlu [75] snd commented uron in the recent »avzrs of Copel-xn

and Festner [18]~and of RBarler et 2l. [ ] (Ooe also section 1.7).



In this work ﬁe discuss principally f£¥* since we are initerested
in the effective potentisl which recohstructs the pair distribution
. function in the presence of three-body forces. The route from f* to
the thermodynamic properties is through (3.1). However, other
-effective potentials may be more useful for obtaininz the thermodynamic

ff

e
functions directly, for example u, to caleulate the configurational

energy U from :

U=mn fu°ff(r)6(v)dr (3.40)
= " l :

N  Z ' \ |

but care must be taken to use G(r) and not its two-boly counterpart.
Barker et 2l. [9] avoided this difficulty by observins that the

. effective potential of (3.36) can be correctly used with the unperturbed

Tl

g(r) to obtain the three-body contribution not to U, but the Helrholtz )

function, A.



CHAPTER TV

The calculation of the inteprels occuring in the first- and seceond-order

density terms of (Y- q)u as well as those involving three-body forces
present in C(T) and D (%),

- Por these integrations, we shell take the origin for our
coordinate systems on molecule 1, which remzins fixed, and distances

T, T, -end T, will simply be written as T, s T, and T, respectively.

Further, owing to the short range of uij and Uysk integrals over V¥

involvinrg fz and 'fijk will be replaced by those over all space for

3
x ,x, end 1, [33 p.240] .

N /\\ Y—-'? T\\ oy
4,1 The interrals o4&y, (2 ? 1 M L%’A‘:l.

From equation (2.3), we have seen
thai; : ' : .
: ZCP\ ~ T
—w - LS 53
- - . = X ) .
- n[elaezafns Ji, h 5. -
. Yﬁ e
If figure 4(a) represents the configuration A,
. ~
of the three molecules, then it can be shown 1A
0
[32 Do 203] that the volume element for molecule ' Ffﬂ 4 (a)

3 whose coordinates are to be integrated over may be written in terms

of » , » and r as follews :
. 3 a3 2

de, = 25w » v dr dr
2 23 FJ 23
"

where the limits of integraztion are

o0 N4l

40,

o"a-b =[ (2wrr f.e éza/frz'),aln; dn;a' : (4.1)

3 230423 13

4 lf""’"!
For 2 further integration over the coordinates of molscule 2,

we tale
0

S - AR ' '
By = 4'“'[ (EAY 2 e 'r: dv (4.2)
> .

2

since th~ volume element dr, mer be replaced bWy 4mx,? dr [5) 1.140,

57 7o 285] o



Clearly, the integral o/’\ follows ‘the structure of (441)

Y4,

A (th/f}ffrdrj ¢ dr " _ (4.3)
( ,

3 23 23 23
V-1

and, by the same argument, one has the two alternatives :

I?ﬁ? | ( / ) a0 z\ G

> =- Zn v, L,o’ >3 1"3 dlg J‘h&—r,[f:’.3 r;sd":-ta (4-4)
- - © Qtl -

o

& I (Zﬂ/’Y;) Lﬁ.‘-}‘YB olr?’fl( :glo’ébg v, dr

'l

Fipally, 2 simple product produces yet another diagram

15&{11 :d'z’:‘ozx :d/.\‘vz | (4-5)'

and - = :1

4‘1’!}2‘1 M v: Jv;_ (4.6)

In this gsection, we have discussed diagrams involving three or

- four molecules, where the latier may be formed from products of simpler
diagrams. In the next two sections, we go on to discuss diazrams whose
integrands cannof‘ be split into simpler factors, but which must be

‘integrated as a whole,

4,2 The intezrals IEQ :;‘E‘\ ‘1 E&;?:l

Here, the presence of three

f-vonds prohibits factorization of the
integrals as in (4.5).

‘We choose axes es shown in flgu“e

4 (v). c;6 i3 the angle betweon planes

123, 124 2xd 8 is the an~le subtended
i

at 1 by vertices i, J.

In terms of these cooriinates,

w

:_Zﬂj?zf ctY T 2 CiTJ“F Sme dG |
s 3 i3 °4 4 23

'Ieus’" ) f.u f fm dé (4.7)



This five-fold integral would require an exhorbitant amount of
time on even the most modern computer; We therefore adopt an approzch
first used by Barker and lonaghan [11] and later 'improved by Henderson
and Oden [31] « Since the functions_inirolving 23, 34 and 24 are

bounded, we can expand them in terms of Legendre Polynomials ,

- = 3 o . .' (4.8
{aj é Ae(ri'r:i) % (c SB*'J) i,5= 2,3 )
h A= (T p( 0)sin O d8 | >
where 5 2 Lﬁj ACH A sin % 3
and | = :
S fulantd s pRGRe) [
o 2841 T (as sl\owu)
o = - )
Bf = 2 Leﬁf’“g(us 924) Sth 924 J%q_ (4 /)

Ve now use two properties of Legendre Polynomials to simplify the

angular dependence of (4.7) ¢ The addition theorem, and the orthogonality

theorem,
feo )= 7 :
g( i :u) £ (cos %3):5(( 5 24) (4.1{1)
: ¢ .
(-s)q s 4
| . +Z£ L(P+s’)!] }Z(Gos.@zs)ﬁ(“s%) cos s
where P: (cos @ ) and P: (cos (%_) are the associated Legendre
23
-Polynomials.
+ o o - v
p n m
IP (cos 9) P (cosb) d (cos 9) = { _ (4.11)
n m h=m
-1 . : .

2nti

Using £, from (4.8) and e f from (4.9) with the Logendre
% T Tz Ti24 _

"properties (4.10), (4.11), we obtain :

e 2 L (7. |
:og/iz = |6 é(z&l)"jors flan.(V‘z’rs) dv;

o2

.. 2 \
_ jaﬁ/\{(a,a)%(g,@di



since the contribution from the second term of (4.10) vanishes in the

4> integration. We simplify this expression by using the transformation :

/ )
AL = g Al
2[’+(
.12
B,(t,r.) = r_f.B(,q,K) (4.12)
2 v 19 T Al
' 248+
* in which case,
. Lemr < =
&=l = 1 é(zje*')[fs’c\e(‘i";)*"s-
M ‘ YR’ | " 01
JA G B e 4 (4:23)

and we obtain ﬁggl from

2 2

43,

B - 4rr[ m . | _ _ (4.14)

We use the Cosine Pule in triangle 124 to transform the limits of

integration in (4.8), (4.9) so thet (4.12) gives

Acr, Y= = ”1; (R)?(«, R) dR |
; L-r,lf E - (4.15)
1;"( : *f Re®)f, (1, ,R)P Cw,R) dR

-rl

vhere fi' ’ e‘.j etc. have been shown as functions of R (the distance
d
between i and j) inside these definite integrals.

Ve note the recursion relation between Legendrs Polynomisls @ .

(4“)7’ (cos 9) (24+1) cosO T, (cosb) - £ P (m 0) ' (4.16)

Further, leaving out the fz’ bond in the algebra restricts the sum

to the zeroth ! term, riving ar exact expression

‘ 161r | ' )
rmz = j f c(s’ jA (Y r) B (v r)e cfr (4°17)



Qo
4.3 The integral = &

Here azain we cannot split the
integral into producis of known in-
tegréls. YWe use the same coordinate
system as in the.previous section, |
except thet we introduce?,, ¥, and , gfj-
¥ as thé internal angles of triangle >:

4
234 in figmre 4 (c).

For this integral, we have : 18/
o - o x - Fig 4(c) -
R = 2 [Ef Ay [P Ay [T, 5,48,
a -]
' o (4.18)

kit ) 2y :
. j € 924 4914 J; fzs‘}(v;%’ fa3? r24) e d%

=]
This ecuation resembles (4.7) but is more comnlicated because-f;34 cuts

both planes 123 and 124 2nd is therefore a function of angulér rlene
separation, 4> . Thus, fzs4 is not just a function of one side of friansle
234, but of 211 three sides éni one cannot simply use one Legandre
expansion for each side of triengle 234 as in the vrevions case, | ,
ib iook for a solution for the particvnlar case of the Axilrod-Teller
form of f by exranding the exponential in (1.6) and nezlecting terms

234

not linear in u :
234

fzs‘; = - 1)- (3 C6s chosﬁa cosb; + | ) _ ' ’
' RT v2 23 : : (4.19)

23 '34 a4

2
The Cosine Rule in trianzle 234 yields :

. ! (
N . e s r—— 2 4 4 2 a 4 2 . 2
cos 8 cos 8 cos¥ = BvY'ri:*\r r + rr+rr 4+ r“r + v rq‘
2 3 4 23 34 24 23 24 23 34 34 24 34 24 23 24

4 =2 2 2z 2 6 é
trr —2v vr —yforfoyt
23 24 23 34 24 23 34 24

f = -3 ] + ! 4 i 1 ]
234 — ] —————
. .3 5 3 5 5 3 s 3
Y g Y or v Y v v ¥ r r ¥ r vy
. 23 34 24 23 34 24 23 34 24 23 84 24



e e e e dmm g ees S A s e o A e e e han e e e ame weoen e i e = s Lok

+ | I AP e P -1
. s £ 3 5 s 5 . s 5 33 3
> v’y Foy oy Ve oy ror Gvvy (4.20)
23 34 24 23 3¢ 24 34 24 23 24 23 34, .23 34 24

Then the first term in the bracket on the right of (4.20) is
placed into (4.18), it is described by a product of ihtegrals involving
€, /Tzs 1 % /rs3 end ey, /T, . Clearly, cach of these terms is .
-bounded‘ and can be expsnded in terms of Legendre Polynomials as
described ;Ln the last section,

The first six terms in (4.20) reguire Legendre Coefficients of

() ey (1)

the general form A 1 (ri, 13 )y B i (rk,z“,) ‘and ¢ 1 (r3 ,rk)

to be used in @

/{.'3 = i /\G)(a»i,}j) ﬁ(caseﬁ) . (4.21)'

4 1 yo £
P S u)( P ( | | v
- ] 9 .
% 7 ki Z; B R 5) 3 k'c) _(4 22)
= s ) 023‘
e;k/’v:ik Z (13.,1;) ﬁ(cs‘gjk) (4.23)

where the suffixes of e and r are chosen appropriate to each term.

’ )
The next three terms can be expanded in terms of C ) of (4. 3) and

)
a new coefficient D 2 to be used in

on
()
e.v, = ) D (v yr) P (st (4.24)
MR 2y J £ N )
- )
and the last term can be described in t""‘L.S of A P
Thus, by usinz four instezd of two Le. *zdre exransions, all ten
terns arising from (4.20) can be ‘c-s*.ken acccunt of by exvansions
.- . L. () Q) () a) .
involving the coefficients A 2 3 1 ? H ° snd D 2 " These
coefficients may be multiplied by rirs/(Zf. +1) 2s in (4.12), 21d are

then riven by intesrals =nalozous with (4+15), with £(2) or f'z4_ c(R)

replaced b the arvropriate tern on the left of (4.21) ~ (4.24).
P ¢ y

If ve tazke the Tirst tern zz an examnle, the apwroyriaste inie—r-l,
’ ) (y . a)
P . . 3\ > L
which raouires r,r ) cniC (r y ) for i%s
Ll - 2 ( )! ( 3’ %’ ¢ 2 4



description, Afollow's the form of (4.13) except that e is réple;ced
vy £, and a factor of -3/8 is necessary, as is seen from- (4.20)
This gethod of summixixg contributions fronm t}}e'.. three-body
potentizl is appropriate fqr any such potentiel which can bé written
in terms of sums of products of func{ions, cach factor being itself

a function of either :c'z3 » T, OT Ta but not involving mixtures

of the thrée.



CEAPTER V¥

Procedure for the numerical calculations.

The units for the numerical resu;ts obtained for the tgmperatufe
range 0.6 < (}66}-' < 10.0 are given in section 5.5, The two- and
three-tody potenéials_used throughout are those defined by (1.4) and
(1.6), nemely the Lennerd-Jones £nd the Axilrod-Teller potentials,

The prograzrmes were wﬁitten to minimize round-off error, so that
decimal numbers were not addéd together more then was necessary, and
care was tsken in calculating powers; for example, the Lennard-Jones

expression (1.4) was calculated irn its factorised form :
# e ll-5n 2 4 é

aij 4e( 12)(!-&7){!‘“24»12)7[

where 7 = c-/fr

_5 ol - g& L’..Z:S.}

The followins integral has besn tebul-ted by Saville [16]:

{ o (V‘ /ZW/3>’) 0"2‘\: ' (5.1)
12 12 .

The method was based on (4.1), except that a transformation o:c; axes vas’

made, and, for part _of the range, the exponentials in the integrand were

expanded. He checked the results for'internal consistency, znd they were

also found to agree with those of Copeland and Kestner [18_] y to within the

‘accuracy claimed ‘r;;r these workers; Six-point Lagrangian interz:oi'ation

can be us~d on Saville'!s results withont loss of sccuracy.

2
~ B . . ~ :
<Ay wzs obtained by using I'2 to get A% in (¢.2) 2nd perforusins

the extra intezration. Interpolation wns used on thz wvalues of I, e
obtsin the necessery infermedizte values up to rn = /48 oy borond vwhich

I, was set equal to its limitirz value vhich is L)%, [1’] . Tre

integraticn wos performed in the »en-n S :‘|zé 15 ¢ , snd e Sirmzscen's



45,

divisions were made fine in the regiqn d.Sa' £ r £ 4,8¢ vhere the
curve has its meximum. The fineness of the divisiotns was adjusted_to
obtain the requiréd 2CCUTracy.
Test
Table 0, Comparison (i) shows the agreement obtained with the
results of Sherwood and Prausnitz [731 who claimed an accurzcy of
1: 1000. The full results for (A are given in @able 16, and are
thought to be accurate to within 1 or 2 in thé fifth sipnificant
figure, |
In the programmes which are describéd in the following sectionrs,
’fij and eij were calculated and stored at intervels of 0,001« at
the beginning of each vrogramme, These values .could then be pluclzed
out as requirea, intérmediate vzlues beiny ébtained by linear-inter-
polation,
5.2 o ] B

The integrals egiven by (4.3) and (4.4) were performed together

in the same computer programme. In (4.%), the innermost integral was

evaluated end stored as Q(x, ) in small ranges x, to. x_ + & so that

L 145 . _
Q (x) =j & () ds | (5.2)

Xy

where § /¢ = 0.005 and 1€ n < 1000, The integretion in (5.2) was

r1+r3
verformed using Gaussian two-point integration, and f23 oz dizg
. . Iry,-rl
was obtaxnei by adiing syproprist C(Y )!'s tefore verformins the sezond
intesrel in (4.3) with 2 3impson's interval of 0.025. The smme proceduvre
v A ,
was errlied in eoueticn (4.4), where %dﬁkbj wes obiained £s in seocticn

51, za average being te¥en f““" the alternative ferms of (4.4

.
Devation {4.5) was nced to obieain d“<1, end Finally (4.6) was uz-d

i "
* ~
‘%*L%J mid A

on's intarya2l o2 0,025 in the intecrztion., Tioth

6]
2

[ &7]

imu
J



EEZ<1 end 1%5:1 are tabulated in Tables 1 éo 15, and.ﬂ$£~ is to be
found in Table 16, For intef%ediatelvalues of temperature, given last
in Table 16, (B34 has been obtained by integretinz (4.17) and not es
described here, |

Tests : _

The values for §(z,,) (= gza/a\. /21) agresd well with those
obtained by Henderson [30] , for those radii and temperatures which he
tabulated, and some comparisons ere shown in Table O, Comparison (3).
ihere differences occur, our results are:thought to be the more accurate
because of the finer integration intervel used.

Excellent agreement was found between results from the alternative
vergions of (4.4),_and this provided a check on the framework of the
programmne, |

The function J&% was used in

B - 4w [ N b dy,

and the results were compared with those obtained by Henderson and (den

L 31'], see Comparison (C). This provided e satisfactory check on the

framework of the final integration. It is thought, however, that those

. 2uthors did not use a sufficiently fine integration intervel at the lower

temperatures,

In addition to these tests, the Simpson's interval was varied to

confirm four figure consistency in the rasnlts, and the ranje of every

integration wes incressed to 0 € r € 106 ., The latter nrecedure wroduced

" no change in & to the fourth significant ficure anryvhere in the
’ L]

N A
temperature ranse. The integrals Jafl and &~ were affected

' -1
- more strongly hr this chenge of range, so that at (pe) = 0.6 the

accuracy Tell off with incrsasing r . and three fignrae consistency ro-
. . N ) "
reined 8t T = 4. For the temrer~ture given by MBE) = 10.0, the

curve was smoother ond nore suscentible to contrihntions from kighor T,



with only two significant figures unchanzed by the increased range

of integration at T = do Howevef, at these extremes of the

45

& =

temperature range, both ;&51 and 4 1 were consistent to four
significant figures in the region of‘r.z for vhich they have their
largest variations and masmitudes around r,, = o and both ave
several ordefs smaller in the region around r, = Aoe Sone
comparisoné at (/6 e)"' = 10,0 are shown in Comparison (D) for these
two rooted diagranms. |

Thus, for a range of integration Osﬁrs 5o we obtain results
ihich are ?? setisfactory accuracy, and ruiting extra:aj- bonds into
B s ZE?;Z and 5551 will have the effect of reducing any

higher-range contributions, This programme ran at about 100 s. on

a CDC 6600 computer.

The programme for these integrals divides itself into two varts,

whose flow-charts are showm in figures 5(2) and 5(b). In part I, the

coefficients Alf’ IQ; of equation (4.15) are found and in part II these

values are used to perform the integrals of equations (4.13) énd (4.14).

Gesussisn integrations have been used throughout the programme,

since use of Simpson's Rule with 100 points for each integration was

insufficient, and it was not possible to use more than 100 points because

of lack of storaze. The ranze of each integration, except that for R,

has been divided into four Géuséian panels, esch with 16 points:
C-@ to 08¢ ' 08 to 5«
I-50 to 2-5c 2-50 4o 50 o

Thus, the points were compresred tosether where ths functions wary



\n
ot

rapidly, and the accuracy is better than thaf obtainable with 100
équisPaced Simpson's points.

In part I, the 64 Gaussian values of absissa r(1l) to r(64) were
calculeted, along with factors of half-panel width ¥(1) to Y(64)
appropriate to the different\limits from the Gaussian.formula and
corresponding to the former set., The weights W(1) to W(64) were fed
into thé‘éomputer, and T, T; of (4.15) were then set at the required

Gaussien values r(I), r(J) and the integration over R was performed,

with T; £ . ’
The range of integration was divided into 100 intervals and each

interval was integrated over by Gaussian two-point integration, the

weight factors being unity in this case, This was done for-& =0 to

19 in Pe and use was made of (4.16) for speedy calculation of~P£ . The
variable COUNT was used to count the different r(I) and r(J) combinations,
and the A (r., r ), B (r ,r ) were written out in ten blocks onto a2 -
scrateh disc, In this writing procedure,{ v“rled slower than T, vhich

varied slower than ;s SO that the numberson the disc began for :

A:(»qc.)_,»gm) B (),x0) A (), %) B/ (), )

Use of a disc was necessary, because all the A;‘s and B:'s could
'not be heldrat once in the computer storage. Selected valﬁes were
read from disc as required in part II. This reading process was generated
by first setting an £ value and then reading all values of n (r r )
and Bzf(ri,ﬁf) from the ten blecks on the disc for gis T, . A mlrror;ng
_ prrocess was used 1o obtain velues of A{', B.e,where r:.> T since r‘.; end

rd
Bz are both commutative in T, 13.

'\ g ’ ‘ 3 > - N »

o= and E;:] weore then obtainzd ty performing the intesrationes
in (4.1%2) and (4.14) en? by sunming the ceatributions from each valun of £
“hen only the valucs cf A 3, were used, then o £21lovwed g8 in

e

egnation (4.17), 2lthouzh tais h-s not be-n shown in the flow chrri,



RS Dectbiast

The rooted diagrams are given in Pebles-1 to 15 and the closed one

in Table 16.
Tests .
’ ’ r ’
Part T was initially tested by using A g B, to rerroduce f‘,j y
e, T4, Py suming as in (4.8), (4.9) 2nd compering with directly

Tmen this comparison proved

1 s of
calculated values of fij y g flz4 .

satisfactary, the mechanics of the full nro-gramme was tested by using
A to produceg (= 7 m/" 2), - and ‘E by using Legendre
sums and comparing the results with those of Henderson and Cden [31]
who summed up to 2 = 11 foi' E . Compariscns for two of these diarrens
are showvn in Comparisons (3) and (F). The; 4 sums are sometimes a little
slow in followinz rapid chanses of sign, as is apperent in Comparison (E).
The maximum £ valne and number of integration voints were chenged
to establish four-figure consistency in :;?I ’ m . On omitting
the f tond in these diagrams one obtained Zg:l , ] from the £
sum,.and these were compared with their equivalents from (4.17) =nad
its integral, to examine the adequacy of the sinmnation (Comparisons
(c), (H)). Also, Comparison (H) features values.of B2 from the

results obtained in section 5.2 and the agreements are rezsonzble.,
On the strength of these comparisons, we believe that the closed

diagran VEJ is accurete 1o wlthln one or two in the fourth
significant figure over most of the témpera“ture range, the discrepzncy
at (ﬁe)—’/\/ 3.0 in Comparison (E) beinz produced by o rapid change of
sign in B - not present in gl .

Yle see from Comperison (G) that the rooted dis-rams are well
renresented by the £ sum, discrepzncies becomingz more common at large +
| end we expec‘t‘: variations in onl:f the fourth sigmificant figure over nmost of
the ronge 23 in the diasrers of scction 5.2. Any atte*hnt to irncresse the
rance o.’c‘ integration ‘oe"ond 50 wovld have resulted in en unrezscnstly

lon: vprocessing time and hizh sioracse, cni the zdeguacy of this cui-off



was established in section 5.2 for similar diagrams.

The main programme ran at about 400 s. on a CDC 6600 computer.
The results for the two rooted diagfams were used in an interpolation
programme which determined the values of these functions at eguipaced

values of qu.

5.4 &’_
Two programmes, similar to that just described were written, In
. ) ¢ .
the first, values for Azg : B ;’ and C 2) » transformed as in (4.12),

were calculated by the method_of part I, and used to calculate the first
six contributions from (4.20). In the second programme, the remeining

four contributions were calculated. The rooted contributions from the

-

two programmes were added and interpolated upon to obtain &
at regularly spaced T, This diagram is éiven in Tebles 1 to 15.
Tests 3 |

.

By omitting £ in figure 4(c), one obtains &“’1, and these
results agree well with those obtained without an £ summation in section
5.2 (Comparisonl(I)). This rooted diagram was integrated to obtain EEE}
also by € summation, end these results are compared with the more
eccurate ﬁ;;l from gsection 5.2 (Comparison J).

Further, one may perform the final r, integrstion in (4.8) to
obtain E%gl , and thisg result agreed to four significant figures
vith that of the previous section (Comperison J), |

From Gomparisen (I), we conclude that & is probably tatnlated
. with the seme accuracy as the rooted diégrams in the previous sectior,

545 Mnits for nresentation of results.

To av01d raretition of ccnstants in the fables and grsphs which
follow, the results rre nresented in the reiuced wnits defined helow,
he roduced verishle i distinzuished by en esterisk, excert for u* =nd

% which retain their orizinal nmecnings,

L



Thus,

T = kT/e (5.3)

- S
ANy~
Yle consider two types of diagram :

(i) Diagrams with no three-body link.

Doubly rooted diagrams with n field points are reduced on
dividing by o>

Diagrams shown without rcot points are reduced on dividing by a
unit known as the rigid sghere covolume,'b° = 2ﬂ173/3, which is raised

to the power of the number of integrations which have been performed

on the respective diagram.

(ii) Diagrams with a three-body link.
These diagrams follow the rules of (i)'except thzt the reduction

becomes complete after a further division by a factor (v /eo9).

b

Exeuples s
X : :
el - B o405 feo®) = BT (v/eo?)

. o g '
A=) ] é; (v/ecrq)

i
it

Two exceptions occur in Taeble 0, where the notetion of another

"author is used, -namely K(gz) and Si(rlz) vhich are reduced on dividing

7

4 : :
by o and o ° respectively.

5.6 The tables and sravhs.

In the tables, results which vary stronzly zre shom in the E-forrat,
where the figures followinz the letter I give the power of 10 by which
tre number rreceding the = nust be rultinlied,

L9

Grephs are gshovm in figures 5(c) %o 5(r) for 211 the trnes of

three-body intesral czlculated in this work.

indicating

=
=
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N
un
.

Comparison (4)

5.0

Comparison (B)

*

0.l
0.5
1.0
1.5
2,0
3.0
4.0
5.0

01141

~ Comparison (C) .

*
T

0.6°

1.0

1.5
3.0

5,0

*
, szj (This Work)

7*-0.8
O B Y &
 (This Work) (From [3d1)

«38921 « 38947

. 78606 78642

«47879 «47909

-34462; +34496

«73146 073215 -

«25191 25200

«04743 «04794
.01242

23,295
641559
1.5054

| 72297

67227

T =10.0

¥ (x)

(This Work)

0.04377
0.13499
0.09109
~0,00780
~0,01803
~0,00090
-0.00019

~0,00003

o™ r.%k (This Work) ) AT (From[73])
0.6 ' 91,059 | ~91.02
0.9 21,579 21,57
1.0 -16.138 -16.133
1.5 - 6.5100 - 6.508.
360 ~ 2,1854 - 2,185
- L1782 - 1.178

B(x)
(From [30])
0.04378
0.13501
0,09111
-0,00772
~0,01803
~0.,00090
—6.00018

-0.00005

*
(From [31])
23,436

6.15735
1.50558
0.72266

0.67230



Comparison (D)

%

r

0.1
0.5
1.0
1.5
2.0

3.0
4.0

4.8

- %
_ f&:’l
o

(range 5.0)

-« 6829E~03

. «1614E+00

 42219E+00

«1556E+00

. «4066E-01

~+8259E-03
-+1436E-03

— 4698E-04

Comparison (E)

0.1
0.5
1.0

1.5

2.0

3.0

4.0
4¢5

X
T BO.B

5*

(Legendre sum)

0.1669
- 043287

- =0,0501

-0,2271
0.1003
0.0620
0.0081

0.0032

- Comparison (F)

%

- T

0.6

1.0

1.5

5.0 -

540

TABLE 0 (Cont.)

T* 100

*
s
=1

o]

(range 10,0)

-.6831E-03

«1614E+00

«2219E+00

15568400

«4066E-01
-«B82B4E=03
-01600}3-05

-+ 3346B~04

58

(From [31])

0,16675
:10,32898
~0,05082
~0,22737

0,10072

0,06185

0,00785

0,00305

p
B (This work)
-112.1

- 1.69

0.348
0.490
0.484

56.

. '
(range 5.0) (range ;0.0)
- 3168E+03 - 3168E+03
- 170TE+01 ~.1707E+01
-+1210E+00 ~.1210E+00
«2031E-02 +2031E-02
«TT5TE-03 «TT5TE-03
«21T4E-05 | ,2172E-05
+59T70E~OT - «5805E-07
4T84E-08 6T56E-08
T =10,0

5 5.

(Legendre sum) (From [31])
0,00912 0,00911
0.,03117 0.03115
0.02100 ©0,02095
~0.00034 ~0.00028
~0,00200 ~0.00196
~0.00023 ~0,00020
~0.00005 ~0.00004
-0.00001 -0.00002

'IZI#(From [31] )
~-113.3
- leT1
04345
0.494
0.4859



TABLE O

Comparison (G)
Tah:O. 6

* - *
T éF“‘E

(From (4.17))

®
525‘1
(Legendre sum)

(Cont.,)

L3
T =10.0

(From (4.17)) (Legendre sum)

*.

Comparison (H)

2

T

0.6
1.0
1.5
3.0
5.0

ol

(From (4.6))

-342.1

~ 4,147
0.3989
0.05675

- Oa 03876

Comparison (I)

0.1
045
| 1,0
1.5

2,0

(From (404))

»
T =O.6

- ®
71

~+8894E+03
-¢3989E+03
-«1970E+03
-.1364E+03 -

-.1240E+03

0.1  -.4235E+05 o 42408405
0.5 = =.1321E+04 ~1322E4+04
1.0  =~.1650E+03 . 1651E4+03
1.5  —=.3854E+02 -, 3856E+02
2.0 =.4106E+01  ° -.4110E+01
2,5 L1111E+00 «1112E+00
360 +.2333E-01 ¢2338E~-01
4.0 - -,3086E-02 -+ 3095E-02
4.8 «25T0E~04 «5580E-04

-¢ 7829E+01 ~-o 7820E+01
f.4206E+00 -.4207E+OQ
~+5998E-01 - 5998E-~01
-+ 1167E-01 -+ 1169E-0)

« 2482B-03 +2485E-03

«1170E-03 «1168E~03
5554805 .55508-05
~+9978E~06 -+ 9988E-06
~.8257E-06 - .8267E-06

= - U?%:-*

(integrate (4.17))

%
o -
JL

(Legendre sum)

-.3993B403

=+1970E+03
~-e1365E+03

- 1240E+03

+4066E-01

(Legendxe sum).

~342,2 =342.7
- 454 - 44144
- 0.3989 0.3992
0,05690 0.05650
- 0,03877 - 0.03890
T*=10.0
o e
(From (4.4)) (Legendre sum)
—+6829E~03 ~ TTTLE=Q3
«1614E+00 «1615E+00
| .2219E+00 + 221TE+00
1556 E+00 +1558E+00
+4089E-01



Comparison (I) (Cont.)

T =0.6
e5r ot ®
f* - BF:;Z
(From (4.4))
3.0 =,1224E+02
4,0  -,1254E+0L
4.8  =,3134E+00

Comparison (I) Cont.)

0.1
045
1.0
1.5
2.0
3.0
4.0
4.8

Comparison (J)

: f -
T* e

(From (4.6))

0.6  _342.1
1.0 - 4,147
1.5 0.3989
3,0 0. 05675
5,0 - 0,03876
10,0 -~ 0,04640

TABLE O

it

&
(Legendre sum)

| = 1227E+02

~+1232E+01

— o 2422E+00

21,0

#=1°
(From (4.4))
-+5531E+02
~22431E+02
- 9805E+0L
- 6783E+01
- 8215E+01
-.1442E+01
1690400

-«4292E-01

=

(As in sect. 5.4

-342,0
4.142
0.4008

0.05705

0.03872

(Cont.)
2'=10.0
oz ” tpee
( Fro; (4‘:4 )) (LEgend;e sum)
-.8259E-03 7561503
-.1436E-03 -.1036E-03
. 4698B-04 -.5108E-04
e
(Leg:nd r} sum)
~¢5533E+02
| -.24325402
- 9804E+01
-.6T86E+01
~.8223E+01
— 1446E401
- 166TE+00
-, 33T58-01

(From (4.14)) (4s in sect. 5.4)

~7.516 ~T.452
2,710 2,710
0.3%278 0,3278
0,02467 0,02467
0,01785 0.01785
6.01285 0,01285



‘ ‘ e 60
' S
N ¥ N * N * ?-—/ * '-:T
r* = Bl P 1 A

+ 10 ~e1946E+07 “a 4 P239E+05 ~s 7208E+05 ~.8894E+07 -.ZUJQE+OQ
.15 -, 1559E, 04 -,2281E+05 -,3626E+05 - B115E+03 - 17226404
20 ~eT134E405 ~21322E+05 ~«1912E+0S ~e7311E+03 ~s137RE+04
25 s 3979E+05 ~+8050E+04 =+ 1030E+05 e 6H562E+03 e lOHEE+04
s 30 ~o2318E405 ~«5193E+04 ~«5805E+04 =eHBYBE+(QI =e 35 HE+( 3
¢35 ~«1409E405 -.3513E+04 ~.3402E+04 =.5312E+03 =e6TGPE+0]
o h A, ~e8901E+04 ~e2462E+04 ~+2048E+04 ~s4807TE+(3 ~aD376E+) ]
45 =a5810E+04 =~} TTSE+Q4 “.1259E+04 ~e4370E+03 =e4302E+03
¢S5 ~e3905E+04 ~e1321E+04 ~eT927E+03 =+ 398GE+(03 =e3402L %073
055G e 26948 +04 ~e1009E*04 ~SN68E+(3 -y 3657F+03 - “2804E*03
eH 1 ~“el901E404 - TT96E+03 =e327T7TE+03 =s3367TE+(3 ~e2PH4E+(03
«65 ~e13069E+04 = 15T7TE+(D3 T =e2137E+p3 ~¢3111E+03 ~elUT0OE*03
aTn ~e1003E%+04 ~e4938E+03 “e1397E+p3 =~ 2BUSE+(3 =e1540E+03
75 ~e T4 T6HE (T ~e40)14E+03 = 90n92E+p2 ~ e 2HHBE 403 ~.1273E+013
e B “s5652E+ 373 =+3300E%03 =5858E+02 ~e2507E+03 e l0Q7E+(3
« 85 “l4329E+Oj -02?41E*03 "03695E+02 = 234GE+03 -06325E+02
90 -¢3356E+073 C=e2294E+03 ~e2200E+02 =a2208E+03 ~e T3HAE+)
+ 95 -+ 2631E+03 -e1941E+03 =s1285E+02 ~e2082E+03 =22 TE+(?
l.00 = el084E+03 -, 1650E+03 ~,6472E+01 -~ 1970E+073 =SB 7E+0?
1,05 ~o1666E,03 -, 1410E+03 -.2325E+01 -e1871E+03 - 4GTIE+Q2
leln =e1344E+03 ~e1212E+03 «2890E+00 =+ 1 7H2E+()3 ~s3b14L+02
1415 =+ 1094E+03 ~.1046E+03 2« 1835E+01 ~el1704E+03 ~e3277E+02
le2n = HIT4E+( P =~ F04TE*O2 W2617TE+01 -e1635E+03 eS8 2GE +02
125 “eT4)16E40p =. 7846E+02 «2839E+0) ~e15T4E+073 - 24 T9E+0p
1e30 =e6172E4+02 = OH13E+02 2 2653E+01 ~e1520E+03 - 220TE+0D
135 ~e5169E+00 ~5919E+Q2 «21856E+0) ~e14T3E+03 “L2020FE %02
ledn ~a4354E 402 ~s5140E+02 «1545E+01 -e1431E+03 =, 1907FE+0p
1e4s ~e3686E+0?2 = 4456E+Q2 «8189E+00 =s139%E+03 ~eldbBHE+(D
1.5n -e3133FE+02 = e38B4E*+Qp +6303E=0] ~e1364E+07 =elH4I9T7E+02
155 =e26T1E+02 =«3320E+02 ~e6837E+00 =«1337E+03 “e20Q7E+07
lebn ~e2279E+02 - 2845E+02 ~«1385E+0} ~e1314E+03 =e2210E+02

bSs



TABLE 1 (CONT,)
'S x e x . Y r= x ' :T:%
r-k DA Aa\s‘l A é%'I . é’/
1465, =o lJ4bE+02 =-s242]bE*0¢2 “e199HE+01] - 1295E£+03 =edD]1E*02
1,70 -, 16HB5E+ 02 ~.2040E+02 =~ 24T4E+Q] -, 1273E+03 = 2Y24E+02
175 ~a1600E402 -.1694E+02 -, 2T68BE+01 ~a1266E+03 T e 345GHE (02
la81 ~s1172E+02  me1389E+g2 =.2038E+p] ~s1206E+03 - 4119F+02
1a8% ~ 9669 +0] ™«1109E+*02 =~ 2691E+01 - 1P49E+(3 -G HGHE*OP
1.92 =a TT8LE« Q] ~+8541E+01 ~.2381E+(1 =-.1244E+03 - BYPRE+0R
195 =~ 002RE+0] -6P20E+G] L =,2056E+01 ~“s12416+03 = H03NE+0P
2400 “~e4309E4 01 - 4106E+01 =~ 1H82E+01 ~e1240E+03 = HB2hAE Y0P
Qa5 ~e2B4B8E+0 -, 2300E+01 -,1888E+() “el235E+03- =.OHY7E+0P
2a1 =~ 15T1E+01 = 9038E+00 = 2056E+0] -e1217E4+03 = HTHIE+OP
S 215 -« 666TE+00 «1091E-01 =.2190E+01 ~a1174F+03 ~aS1l62E+02
2e2n =y 1018E+00) e444)E+00 ~e2142E+01 -s1102E+03 = 4405 +02
2425 e 31383F~01 +S602E+00 ~s1928E+01] =e1009E+03 “o362PE+02 -
2«30 L e 1041601 «D066E+00 “e1506E+0] =2 9040E+02 ~e23ITE+02
2935 e 365 7E-01 «3936E+00 =~ 127T1E+01 - 7981H+02 e 2P THE+(2
2abn -e7273E=02 $27T6E+00 ~.9720E+00 - e HOTHE+02 -, 17H6E+02
2945 ~ o 4026E=01 «1816E+00 =, 7275E+00 - 6OBBE+D2 = 1l304E+02
2¢50 = 388B7E~0] W1111E+00 =, 5372E+00 - 5254 +07 ~e 104T7E+)2
24585 e HBIZE~D] +H3ISBE~(Q] “o3929E+00 e hDG4E+(2 -.8053FE+0)
2ebi =+ 054BE~(1 «3381E~01 ~«2854E+00 “e3923E+07 —eH1HIE+0]
2465 =60 75E~7] «1T703E=01 ~e2002E+00 ~+¢3393F+02 =4 T4RE+] ]
ReTn =+5409E=01 W 923nE~Q2 =e1482E+00 -e2934E+02 -e36H1E+01]
2«75 =e46FGE~(] T264E~02 =« 1057E+00 ~a2530E+02 =~ 2d1nE+0]
285 =+3996E~01 WB809E=02 = 7473E-01 ~e2192E%0p =~ 2104E+0]
285 ~e3364E~p] «1225E~01 “e5241E~01 ~e1BISE+(2 =~ 1H6T7E+DN]
290 ~e2810E=0] 0 1630E~01 ~e3625E-01 -e1638E+Q2 -e12H3E+0]
2+95 ~¢2335E-01 2011E-0]) ~«e2449E=01 -e1415E+02 = 4 0E+00
.00 ~+e1934E-0p1 ¢2333E-0) ~el617E~01 -el224E+0)2 = (54TL+0()
3«05 -e1599E=~G1 «257SE=Q1 =« 1051E=901 -e1059E+0, “abhd2NnE+00
Jeln =+1321E~01 2 2705E=01 ~e6523E-02 =e9169E+01 =4 495E+00
3415 =s1092E~01 e 2722E=01 ~e3707E=02 .= e T960E+01 ~e3471E+00
. 3e20 = 9025E=02 0 2642E-01 ~+1890E=02 “aH933E+(] =s2713E+00
3425 ~e T46IE=-0P «2483E-01 ~8T56E=03 -e6064E+0] ~e2l00E+00



«B5T0E=04

TABLE 1 (CONT,) :
'Y A R__Iz- - ~ ?~~j:* __75§
* iR TN N 4 [ 4
¥ éb:\ i 6;7 é/
3.3n “s HlUYE~Q2 e22h7E~T] «2589E=03 - RIZHE+O] = 1744E+00
3,35 -,5136E.02 W 1986E=01 «1168BE=03 - 4T06E+0] -, 1427E4+00
3a40 ~e4209E~02 W 1694E~01 + 3G2TE=03 -~ 41T76E+01 =+ 11c2E+00
3445 =+ 3555E~(p «1431E=01 v3595E~03 ~e3723E+01 = 1004E+0n
3B ~ s 2966E-(72 e1180E~D] «3373E~03 =43333E+0] = HH2HE~(]]
355 =« 2480E-02 «9455E-02 ¢3112E=03 -e2994E+01 - 74913E=0
Jebn ~a207T7TE=(2 «7332E=¢2 «P965E=03 - 2697E+0] e b4%RE=(]
365 ~e1743E=-0p «B5465E~02 «2702E=03 =e2437E+0] ~eHOP21E~0]
a7 -0 1465E~32 »3B63E~02 «2149E=-03 =~ 2207E+0 “e 4939k}
3.75 =+ 1234E=D? 2 2465E=-0p «1735E=03 =«2002E+01 “~e4330E=0)
3.84 =el041E~0p 2 1231E=¢2 2 1466E=03 =~e1819E+0] “e3T7TT6E=0]
3245 - A800E~03 e1210E~03 e1313E=03 -s1655E+01 =e3274E=01
3499 ~a T447E-03 =el011E~02 «1121E-03 ~e150HE+Q] = 2a54E=01
3495 ~e6310E~-03 =e2114E=Q2 «9121E=04 -+ 1375E+0] ~e2503E~01
4900 ~e5354F~03 ~+3086E=02 « T4B9E~04 ~-1254E+Q1 “e2199E=01
405 ~e4550kE=-03 ~«388B9E~(2 eb6246E~04 ~a]1145E+01 ~e1942E~D]
4eln ~e3874E~D3 ~ o4 86E=(2 «5305E~0¢4 -, 10465401 “e1725E=0]
4915 “¢3303E=03 =4 T48E=02 v 4437E=04 -3566LE+00 = 1967E=0]
be20n ~e2820E~(3 ~e4801E~G2 «3741E~04 “eBTS6E+QD =el4a0E=0]
425 - 2412603 “e46B2E~(2 «3187E=04 -~ 8019E*00 s 1345E=01
4o30 e 20LHE=03 o 44 PG9E= R W27T46TE=04 - 7350E+00 ~s1209E=0]
4 ¢35 ~“al772E~03 =4 097TE-(2 e 238B5E=04 “eBTHOE*QO ~el207E-01
Gabn ~e1522E~03 -o3710E=~D2 «20B5E~04 - 6183K+00 = 1195E=01
4o 45 ~s136G9E-03 “«3273E~02 »1339E=04 “eH5675E+00 ~e1106E~01
Ga50 ~e1127E-03 -~ 2B01E=~02 f1639E=04 ~-e5211E+09 = 10OHE=~(]
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DIVIDE RANGE INTO FOUR SINTEEN POINT GAUSSIAN

PANELS, AND FIND (1) ......... r (64)
WEIGHTS W (1) -.oivoor w (64)
AND STORE CORRESPONDING FACTORS OF HALF
PANEL WIDTH Y (... Y (ca)
ALSO, STORE f(v) AND e(v)
Y

CALCULATE AND STORE 5000 VALLES OF f;
AT RANGE INTERVALS OF 0-001, STARTING
AT v = 000V

ADD |\
TO L

Y
SET COUNT:=0O
AND I=1
— ADD | —
To I 1
CALCULATE ALL VARIABLES DEPENDING
SOLELY ON v (1)
Y
SET T=\
r —y
CALCULATE ALL VARIABLES DEPENDING
ON  r (I) AND v (T) ,
Y
ADD | TO COUNT
Y
SET X¢ANDZ, =O FOR ALL VALUES oOF .2
Y
DIVIDE THE RANGE OF INTEGRATION INTO
100 INTERVALG OF LENGTH A, THE FIRST
INTERVAL BEING GIVEN BY M=i AND SO ON
! ADD |
SET M=\ _mD:.
| _
ADD | CALCULATE FIRST R APPROPRIATE TO TwWo
TO M POINT GAUSSIAN INTEGRATION OVER INTERVAL
M, FOR WEIGHT FACSTOR OF UNITY
—
FIND f (2) AND e (RY BY LINEAR INTERPOLATION
SET R To TS ON fij AND CALCULATE f,,
SECOND VALUE Y
FOR THE MTH SET £:0
INTERVAL WITH |
WEIGHT FACTOR > 1
OF LNITY USE (41Q) FOR B AND rFoeMm R4 (RYP
AND Re (R)f,, P

Y

ADD THESE CONTRIBLTIONS INTO Xg AND Zo
RESPECTIVELY

N

DOERS R REPRESENT
THE SECOND GAUSSIAN
POINT FOR “THE MTINTERVA

MuL-nPLY Xe,Ze BY Al4 To
GET A, (WI), rn(T)), B (~(1), v (D)) | «

WRITE Ae.Be ON DiIsc
FoR £=z0 %19 AND
COUNT = | = 208
TJHEN SET COUNT=0O

PART T. (Osa 1S MADE
OF VARIABLES FROM
EQUATION (4-\5))

CONTINVLE TO PT I.

FIG.5(a)
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CONTINUED FROM PT I,

¥
SET T (r,¢TY):zo0
FoR Tz - G4

Y

SET .£:0 4 W:=0O
L

F
SET ()= (G™2 (2L41)
£ C(2)z 218 (24L+1Y)

Y

REWIND TAPE To RBREGINNING
AND INITIALIZE COUNT To 200

¥

SET T=\

F ———

SET I =|

READ Ay B¢ FROM
DISC FOR THIS

VALWE OF £ AND
COUNT:= |- 208,
THEN SET COUNT:O

ADD I
TO T

S ADD 1 TO COUNT

Y

SET Ag(r(3),v (1)) = Ae(r (D) ,r (D)
Be(r D), + 1))z Be(rin, » (M)

ADD |
T01

SET Iz, Ue:O
) ‘A ) -

|

c(3)=c (1) /(pﬁ(:))z
Y

SET T=l, V=0

- |
i |

SET K=l, §:0

B |

3 1

ADD |
To I

ADD |
TO %

FIND Ag (ry (3),ry (X)) BZ u (1), (%))

X €, W(k) Y (K) 4 ADD INTO

ADDI
T0J

FIND Al (ry (1), ry m) S43 WE) <G)
AND ADD INTO WV

-
'Y

ADD € (3) V INTO T (¥v,)
ADD Ve,, W(I) Y(I) INTO Vg

MULTIPLY Ug BY c(2) AND
ADD INTO U

ADD |
To £

Yz

~ WRITE v (1).... »r (G4)
T w) e Tres)
Y
K WRITE TH* AND U /
l -
( stop )

PART T .(Use 18 MADE
OF VARIABLES FROM
EQUATIONS (413) ¢ (4-14))
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CHAPTZR VI

A discussion of two acvplications for the results of the nrevious
chavter.

In this final chapter, we use our results to compare two theories
of the liquid state and also to seek agreement with u¥* obtained from
X-ray scattering experiments.

6,1 A numericasl comparison of two versions of the three-body PY theory
with the exzct version.

Ve saw in equations (3.16), (3.18) and (3.20) that the foﬁrth
cluéter integral (and hence D(T)) tekes on different forms depending on
whether it is calculated exactly, by RIC theory or by PY theory. In
particular, the non-additive pert of D(T) predicted by Rushbrooke snd
Silbert remained unchanged in both their three-body PY and HIC theories,
and Rowlinsont's three-body PY theory led to another exmression vwhich
differsd from the exact result.

These differences are seen in Y from which the viriel cosfficients

can be obteined in the manner described in chapter 3. ile define :

Y"li: Yﬂl’l + Y3n2+ FRA (6.1)

In 211 cases,

A
Y = dAn
A .
and the function Yilis given grathically in figure 6(a), the values being

obteined frem eguation (5.1) .

The exact Y6 follozs from (3.7) :

Y= bl.28] 81,287, 8 | (6.2)

Py wsinz (3.15) and (3.17) in the Ornstsin-%ernike ecvation, wo obtain for

toth the MIC and PY thearies of Pushbrocke zrd Silhert

P, s -8 v ' ’
7;= J‘E/‘I r128° % R : (6.3)

113,



114,
wherzas (3.19) vields for Rowlinson's PY suzgestion :
o 5 - B
Y- 2 y?>1» : o _ - (6.2)

]

The beﬁaviour of Y:, which, in its evact form, is composed by
reducing the dizgrems in (6.2), is represented by the sclid curve at
each of three temperstures in figﬁres‘6(b), (¢) and (d). At the lowest
temperature, YB is not dissimilar in character to gq’ except for a
slight kink in the curve. However, as the temperature is raised,
this kink becomes more prcnounced and finally forms a positive veak
as is seeh at T¥ = 10.0.

Equat{ons (6.2) —7(6.4) give d@iffering results for lower T
velues, In specific cases (for example T% = 1.0 and r¥~-1,5)
Row}inson's prediction proves more.accurate than the theory of Rush-
brooke and Silbert,. but,in general, the latter leads to a Y8 in better
agreement with the exact expression. C(T)* and D(T)* are composed of
closed diagrams reduced as described in section 5.5 excent that b,
is replaced by b, (= bN), The non-additive contribution to D(m)* is
plotted in figure 6(e) and the three-body contributioh to C(T)* follows
the bhehaviour showm for ¢2§S> in ficure 5(f). The two PY versions in
figure 6(e) remain closer to one another than the exact version, but,

of the former, the curve due to Rushbrooke and Silbert is the better

choice, as was expected from Yé

6.2 Trhe density veriation of n¥.

In ecuation (2.20)(z), we saw that :

G () = - = | (5.5)

By using the rooted diarrams of chapter 5 in = we arevahle to nbtein
the Tirst‘two tewas in the density expsasion of (u¥ - u)., The chenge

of effrctive enerzr with denaity cannot be compared Airectly with therne-
dynamic vroverties for rezsons discuszed in section 3.2, but can be

- * By 3 .."_ . o L ar P "‘.J_.—-
commnared wilth the chanre of the rinimur of the elfective voir rotontial,
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(u¥* - u) , obtained by Ilikolaj, and Pings [59] from the X-ry

M3IN

diffraction pattern of compressed argon.

By definition of _— ', we have to order'nlz

"

ety 4 (2R . (6-¢)

Sivfnj

'3 \_ E.3 3 -
() -t - e
, kR 6 E}%

(6.7)

We consider argon at its minimum u, and use the values

T=.376 A , o = 3.405 A

ko= 1381 x 107 evg K™

-84 q
73-2 x10O erq <m

»
k= 119-8 K

Nolar mass = 38:95 g mele”!

23 -
Avogadro's constant = 6:923x. 10  mole

. s -3 R
and express the den81t¥/91n g cm to write :

v ax
wFu = - 5428'T*&ﬂ:—F
K .

MIN

o T -
. * . 3 P, 2
~3052T (251 . =1 . >§
: ’ (6.8)
figur f e show u¥ itself by introducinz a zero (u/k =
In figure 6(f), we show ux  its v & (v, )MIN
148X, the value which Barker et al. [9] ccrnsider to be the best value for
“the trues peir potentizl. (Phere is e sli-ht inconsistoncy in that the

three-bod; term itself, (u* - u), h=2s been ceclculaeted for a Lenncrd-Jones

el

rotertizl 2nd not for the deoeper and . eirorer notentizl of Porier, Dhe

woerk of Co—aland and lestner, whe use both Lennzrd-Jones znd Kihara

SRAS B



potentials, shows that this inconsistency is too small to-affect the
conclusions below).

In the figure, the leading term of (6.8) is represented by a
dashed line and a éolid line above this repfesents the seccnd order
correction. u* increases with density, but, at 120 K, the rate of
increese is much less than that found hy likolaj and Pings whose
results are plotted in the same figure.

If we go to thefﬁcorrection in (6.8),Awe'expect that this will
be less than the 55zcorrection, provided that = converges reasonably
well, and conclude, with Copeland and Kestner [18] , that thé experiments
of kikolaj and Pinzs lead to a change with dgnsity fhat has the:right
sign, but is-nﬁmerically too lérge, Below T¥ = 0.90, the ternm EESI*
becomes much larger in magnitude than %* or 5% so that =
- beccnes ill—coﬁditioned as a series expansion, with the second tern
larger than the first: and this behaviour is cleérly seen et the
triplé-point,S} X, where thé solid curve has little physical meaning,
and is not plotted fully.
. ff

- u) found by Barker et al.[9] is much less

The difference (u
MIN

than the difference (u* - uZwIN.calculated here. They multiply their

result by a factor 3 fo obtain a difference thét should be.relevant *o

g(r), and not to A, and sc obtain.B(uefF- ulﬁxﬂ / kX = 9.4 X at a density

of 1l g em > ; a result vhich they find to be almost independent of
'teméeﬁhture. Qur first order results for this density'yield (u*‘- u)MIk /k =
18.6 ¥ a% the temperaturé need by liikola’ and Fines (120K), and 32.7 K

at 8% ¥ Inzceuracies in cur czleulaticsas and in theirs are wnlikely

to be larg

L)

2 enongh to explein the difference between 9.4 I and our

- figures of 18.6 ¥ to 32,7 K. The cause mast therefore lie in the higher

terrs of the density eunaunsion of . .

Cur effective link is £* of e~vation (2,5), in ~rich

s

the st of line-irreducible graxzhs

efingd in section 2.1.. Thelr

(o7
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eff ;

effective link is f of eguation (3.39), in vhich the graphs

are the subset of _—_. defined below that enuation, It is only

to the first order in density that (£* - £) can be obtained by
oo off y e

multiplying (fu - f) by 3. Ve use a second order approximation

from equaetion (3.39) to illustrate thie point.

LfF€IA =-nT déﬁb -5i]:(2.§§:l +'§EEI )
k 3 3 (6.9)

Ve use (6.9) to.plot the gravh in figure 6(g) for ui:fﬂ [iyand ux, ok
is also shcﬁn at $ = 120 K. Here, the tvwo dashed curves rerresenting
the~first order contributions have ordinstes which differ by a factor
of 3, hut the second orderxr contributioné differ by a factor of 1.59.
The third ¢rder contribntiong Wiil have yet a different ratio, and

So on,

Hence, the difference between their results, based on an
approximation to the vhole series in (3.39), and ours based on a
direct calculation of the first and secornd order terms in (2.5), arises
from the contributiors of the hircher 3raphs. The existence of this
.difference suggests that the arprozach of this thesis is the nroper
way of teéting conclusions from'X-ray sczttering, such as those of
ikolaj arnd Pings, but that theirs is the more useful routé to thermo-
dynamic properties. Any hope thaf the first ternm of — would suffice
for both purposes (with fectors of %, % or unity, @s is aporopriate)

‘appears not to be fulfilled.
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