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The physical nrorerties of a fluid in 7:hi:.h there is only a 

two-body rotentiel, u ii  , can be expressed in terms of the tote,  

correlation  function. h 
' 	IL 

with root-roints on molecules 1 and 2. 17hose links aro f bonds, 

where f. tj  . = exp (-u../kT) - 1.. 	is shown that the total tj  • 

correlation function in the presence of a weak three-body rotential, 

is h* 	where h* is the sum of all two-body connected ipt 	12, 	IL 

graphs in which each f bond is rerlaced .in turn by an f* bond, 

where 

f * = f 	f ) 

and where 	is is a sub-set of the elementary graphs each of 
k. 

which contains one f 	link. '.70 call thiS sub-set the " line- 

, 0) 
irreducible graphs", and its leading term, _7_ , is a grarh 

discussed by RuehbrOcke and Silbert. 

The three-body potential is set equal to the dipole-dipole-

dipole notential of Axilrod and Teller, and numerical values for

the grarho in the first- and second-order density terms, 

and 	are obtained. _Z.- is found to become ill-conditioned 

at very low temperatures. A numerical comparison is made between 

the three-body.Percus-Yevick theories of Iinwlinson and of Ruchbroeke 

and Silbert; also the nen-additive.contributions to the third and 

fourth virial coefficients are tabulated. 

Other effective notentiels have been defined and the relations 
CI) 

between them are elucidated. In narticular, it is shown that - 

cannot be used to obtain tle effective link f* at liquid densities, 
( ) 	•••""' (2) 

but that 	with. - 	can be compared with the'derenderce on 

density of the effective 7 tential u* obtained by ::eikelaj and Pings 

from the X-ray diffraction of co!,preszed rer,:on. 

which is a sum of all connected e=ache 
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CHAPTER I 

IN7RODUCTION 

1.1 General.  

The equation of state for a real gas can be expanded in the form : 

4 	13(T) r c. CT) + p(i) 4 	• 
NWT" 	 V 	vi 	v3  

where B, C, D etc. are functions of temperature, T, and are known as 

virial coefficients. p is the Pressure when N molecules are confined 

to a volume V, and k is the Boltzmann constant. It is usual to write : 

S. 

	

(13-r)-1 
	

(1.2) 

By considering interactions between pairs of molecules, the virial 

coefficients have been expressed in terms of "cluster integrals", in 

the graph theory of Mayer [0,33,671 *. 

If u.. is the intermolecular pair potential between molecules i 

and. j, then the integrals are taken over combinations of products of 

f., bonds, where 

	

e-pipui.3 )- 	 (1.3). 

The integrations are performbd over the coordinates of molecules 

referred to as the field-points of the graphs. 

The exact form of the pair potential is as yet not known. For 

large distances, r, between two atoms, there is an attractive force 

E33,44,53] described by the potential 	-6, wheref is known es 

the dispersion force const,..nt. 1 semi-classical derivation of this 

r 	behaviour is given 	7,-elstaff (24 p.26] . z-ach etc* behaves as 

a dipole, and the time average of the correlation between two such 

dipoles leads to a net attractive force. Relativistic corrections 

have been applied to this London force [54.n.214] 	fer large 

distances a r-7  denerr!ence occurs because of radiation effects [5.4 -1.1P?] . 

' references are 7iven in 5,1a2.r.e 



On brine:ing the atoms close together, the electron shells overlay, 

giving a repulsive force which is often simply assumed proportional to 

r-n. There is some justification for writing the two particle potential-

as : 

(1.4) 

where a-, e .are constants and this potential is known as the Lennard-

Jones (L.J.) potential. 

The dipole-dipole force mentioned above arises in the multipole 

expansion for dispersion forces between two atoms, along with other 

terms such as dipole-quadrupole and quadrupole-ouadrupole which are 

effective at short distances L523 . The total potential energy of a 

system involving solely two-particle interactions is simply the sum of 

all pair interaction energies. In this sense, two-body forces are said 

to be additive. 

However, when three atoms are brought together the charge cloud 

on atom i can cause changes in that of atom k which might react with an 

atom j-close by. There is now a correlation between interactions 

involving these three. For example, if i now interacts with ji the 

latter has already been modified by an interaction involving i, so that 

i and j do not have a simple pair interaction. Thus, the presence of 

other atoms produces many-body effects, and the additive property has 

been lost. The- total interaction enerev is now given by : 

=Zu. 	
4- 	 (1.5) 

For the dispersion type of - interaction, London [44] 1-.:ointed out 

that non-edditivity began at the third order of perturbation forces 

if the atoms were sufficiently far arart for a simrle Product of atomic 

wavefunctions to be taken es 	zeroth-order revelp.nction. Axilred 
• 

and Teller LA first rzave an expression for tha triple-di7ole interaction 



10. 

which occurs at this order, and this expression has been generalized 

by Axilrod L21 and by Midzuno and Kihara 1.581. For three like atoms : 

( 3 cos 8.i  cos Oi c.rs 9k  4 I ) 
k 

‘1.4 3 134 It-13  
where r. 

j r'31‘ 
and r 	are the lengths of the sides of the triangle 

t 

formed by atoms i, j and k, and O. 	and e are the interior 

angles at 1, j and k respectively. To within a few per cent [22] 

one may write 

(1.6) 

'4/4 	 (1.7) 
4- 

where ot is the polarizability of each atom. The net contribution of 

triple-dipole energies to the total energy,' U, will be positive, in general, 

since at high densities the small acute-angled triangle is more common 

than the small obtuse. 

• For distances large compared with the wavelengths of typical atomic 

transitions, this formula for u;OA is modified by radiation effects 11,50] 

Higher order dispersion contributions have been studied by Bade [5]., by 

Bell 1.15] , and by Ayres and Tredgold [4] . 

When the electron clouds associated with i, j and k are made to 

overlap, exchange forces become important. These occur in perturbation 

analysis if the zeroth-order wavefunction is taken as an antisymmetric 

product of atomic wavefunctions to satisfy the Pauli principle. Margenau 

[53] showed that such interactions occur in first order of perturbation 

theory. Rosen [631 used the valence bond method to calculate these 

forces for simple configurations and Shostak [74] used the molecular 

orbital description. The exchange contribution to second order of 

perturbation theory has been found by Jansen and rcGinnies [37, 49J 

using a Gaussian model for their wavefunctions. 

Short-range four-body forces were discussed by DIrgenau and 

Starner [55] . 



1.2 The Importance of Non-additive Effects.  

There is evidence that the L.J. is not the true pair potential [281 

The true pair potential is deeper and steeper in its minimum than the 

L.J., as is seen in the rapid decrease. of B(T) at low temperatures [80,1. 

Further, the limiting viscosity of a gas at low temperatures depends on 

the strength of u Ai  at large interatomic distances (ie. onixril-6), and 

experimental measurements yield results with a little more than half 

the L.J. value fordiA [68,56]. Now

/ 

can be accurately expressed in 

terms of oscillator strengths for the excitation of an atom [191 and 

these strengths can be determined experimentally [21] . For two argon 

atomsva obtained in this way is believed to be accurate to within 5 

per cent. These values forf also prove to be much less than those 

appropriate to the L.J. potential. 

One widely used empirical potential which differs from the L.J. in 

a way that fits these experimental reauirements qualitatively is that 

due to Kihara [41 

11. 

(r-Sr z-
-6  

U= 	

1- > 

u= OD 	 1--  75 

where the Icoret,W , is about 1/10 of 0-. This potential, although 

an improvement on the L.J. hes the undesirable feature of generating 

terms in r-7, r-9  as well as the required terms in r-6, r-8  end r-10  etc. 

The isotopic se-el-ration factor between lionid and vapour can be 

expanded in terms of the second derivative of u.. with respect to 
4J 

intermolecular distance, j . This derivative shows that neither the 

Kihara nor the Lennard-Jones potential has the correct curvature near 

the minimum [66] . 
Dymond and Alder. L 23) have produced a rair potential which rears 

to describe the eeuilibrium and transport properties of dilute, gaseous 

argon. However, the value-  oft required 17 this potential is too large 



• to agree with those obtained from viscosity and oscillator strength 

measurements. The argon pair potential proposed by.Barker and Pompe 

[121 does not have this fault, and is possibly the- best pair potential so 

far proposed. 

Evidence for the inclusion of three-body corrections comes from 

several sources : 

(a) The third virial coefficient 

(b) Polymorphism in Rare Gas crystals 

(c) Other phenomena 

The Third Virial Coefficient.  

Theory predicts [70] that C(T) is the first virial coefficient 

to require a non-additive correction, and much work has been done to find 

this. 

Koba et al.[42] used the Axilrod-Teller effect in conjunction 

with a Kihara two-body potential to obtain good agreement with experiment 

except for the heavy xenon among the inert gases. Here perhaps the two-

body potential needed refinement. 

Sherwood and Prausnitz used B(T) results to obtain parameters for 

several model potentials and calculated the triple-dipole correction to 

C(T) for these cases. Application of this correction yielded better 

agreement with experiment, but they concluded that three-body exchange 

effects could probably be used to improve on this for the inert gases. 

Sherwood et al. [72] included first order repulsion forces, which 

gave effects of equal order of mcenitude but opposite in sign to the 

triple-dipole- correction to C(T). They achieved significant agreement 

with experiment, but found that the non-additive part of the third 

virial coefficient was very senoitive to the form of the pair potential 

used; so that advances in the knowledge of the true rair potential 17,-.:re 

required. Further, the non--additive effects were most pronounced at low 



temperatures and accurate experimental measurements in the region of 

the maximum of C(T) were thought necessary. 

Graben et al. [271 calculated non-additive corrections to C(T) 

for exchange forces in the first and second order as well as Axilrod-

Teller effects. Because of cancellations in the three-body effects, 

they found evidence for neglect of these contributions in the noble 

gabes, but admitted that their calculations of exchange forces had 

uncertainties connected with the Gaussian wavefunction used. 

• Barker and Pompe L121 developed a version of the pair potential 

by multinarameter ourve-fitting with low pressure gas properties in 

.argon, and they calculated the triple-dipole correction to C(T). Their 

- results were extremely close to the experimental curve only if they 

included the correction. They were able to Conclude that other non-

additive effects were. probably Of the order of one third of the triple-

dipole result end of the same sign, so that they disc reed with the 

last two authors. 

C(T) has been treated for non-additive dispersion effects in 

asymmetric molecules by Stogryn [76] and has been corrected for 

higher-order three-body dispersion effects by Storvick1771 . 

Polymorphism in the Rare Gas Crystals.  

A fascinating and comprehensive account of this problem was given 

by Jansen [35] who is cne of the foremost workers in this field. The 

problem is to explain why all the inert .gases except helium crystallize 

in a face-centred cubic lattice (f.c.c.). This would seem to demand a 

-lower lattice energy for the f.c.c. structure in most of the noble-rases. 

A discre7)ancy -of a few per cent in lattice energies is necessary to 

explein the absolute- stability of the f.c.c. structure.as  compared 

- with the hexa::onal close-nacked structure preferred by helium. 

Jansen considered all Possible contributions to the enerev of e 

13. 
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crystal (static lattice energy, zero-point energy, thermal energy, non-

central two-body forces, and many-body interactions) and concluded that 

the latter must provide the answer. He then apparently solved the 

problem by considering the structure-sensitive, short-range three-body 

forces of first and second order as being responsible for absolute 

stability in these crystal structures (and also those of the alkali 

halides). 

More recently, Losee and Simmons [45] found. that vacancy concentration 

measurements in krypton could be explained with the help of these short-

range three-body forces. 

However, Swenberg [78] questioned the validity of Jansen's use of the 

Gaussian model in his exchange theory. Since then several workers 

[12,15,17,34,60,621 have reverted to the use of the Axilrod-Teller effect 

to explain crystal properties, although Jansen remained in favour of the 

short-•range forces calculated by means of the Gaussian model [36] . 

Other Phenomena.  

Iikolaj and Pings [59] performed X-ray diffraction experiments 

on argon to obtain the intensity patterns at various temperatures and 

densities. Prom these they deduced the radial distribution function, and, 

thence, an effective pair potential u..*. The well-depth of u..* 

decreased almost linearly with increasing density, so that it could not 

be the true pair potential, and such an effect could have been due to 

non-additive effects (see Section 1.3). 

Barker, Henderson and Smith [8] imrroved on two-body values of 

pressure, internal energy and critical constants.of argon by including 

three-body effects, and Graben and Fowler [26] calculated the triple-

dipole contribution to -pressure, internal eneiTy and also the radial 

distribution function to first order in its density expansion for this 



15. 

McDonald and Singer [46,47] used triple-dipole forces to improve 

on the accuracy of their Monte Carlo results for internal energy and 

pressure of liquid argon using the Kihara pair potential. They concluded'  

that remaining discrepancies might result from neglect of other many-body 

forces or inaccuracies in the form of the pair potential used. 

Monte Carlo methods were applied to shock compressions in argon by 

Van Thiel and Alder [79] and Ross and Alder [64] , and the latter concluded 

that non-additive effects accounted for thirty per cent in the intermolecular 

potential at high densities. The pair potential appeared less repulsive 

than the 12-power law - an exponential repulsive law being more appropriate, 

and this agreed with theory L65,24 p. 28] . 

Three-body effects have been reported in adsorption experiments, 

since the non-additive force between two atoms and a surface is similar 

in character to the non-additive force acting between three atoms L7,38,51,711 

However, Wolfe and Sams [83J thought these three-body effects much smaller 

than previous workers had suggested. 

Recently, work has been done using the pressure-broadening of 

spectral lines to yield information on non-additive effects in the inter- 

molecular potential [62] 

1.3 Generalization of two-body theory to teke account of three-body  
Interactions.  

Having described what three-body forces are, and the importance of 

their being included in theory to obtain agreement with experiment, it 

remains to mention how previous two-body theory can be extended to take 

account of these interactions. 

The extension of graph theory to cover many-body effects is well 

covered by Friedman [25] and by Rice and Gray L613 for most thermodynamic 

properties. A study of the long expressions involved makes it worthwhile 

to look for suitable effective two-body potentials which will provide a 



description of the system in the presence of three-body forces. In spite 

of the limitations discussed above, the,Lennard-Jones is the simrlcst such 

effective potential. [6, 8, 43, 46, 47] • 

Restner and SinanoElu 139 showed that, when two molecules interact 

in a non-polar medium, one cannot correct for the presence of the medium 

with a simple function of the dielectric constant. They developed an 

averaging prOcess to find the effect on two named molecules i, j due 

to three-body interactions involving these two : the average was taken 

over neighbouring molecules. 

To allow for residual order in the liquid, a lattice model was used 

for a cavity surrounding i, j. For large separations, they used a 

continuum model for the liquid outside the cavity to supply long-range 

disorder. They used perturbation theory and operator technioue to deduce, 

a sophisticated version of the Axilrod-Teller formula for the triple-

dipole interaction, and summed this interaction for i and j to obtain %. 

They compared this with the two-body interaction energy and checked 

their results successfully against Axilrod's for the f.c.c. crystal. 

They remarked that in determinina the total energy of the licuid 

the rart of the pair interaction should be multiplied by a factor 
3" 

of -1-9  otherwise each such interaction would be counted three times. 3 

Generalisations of the Percus-Yevick (PY) and hyper-netted chain 

(MX) theories to include three-body forces had been proposed by 

Wertheim [81] and Baxter [133, but Rush brooke and Silbert [70] sourfht 

to make such generalizations by usinf,, an effective two-body rotential 

in the old PY and ?FTC expressions. 

They observed that in discardingthe "elementary grarhs" (see Ch.2) 

to obtain the HIlO expression, three-bod:' effects would remain only if 

the first term linear in density, n, wss 1:? t. This amountal to using 

a rotential, u , which was related to the true pair potential u : 
1j ij 

. 	u
ij 	

nk-rf f e.
k  e. d  tj 	t 	js (La) 

16. 



Here, fajk  is the three-body counterpart of the f_ -bond mentioned 

earlier, 
j
e
h 
 and e are Boltzmann factors (elk 1 + 1' 	etc.) and 

Jk 

the integration is performed over the coordinates of a third molecule, 

k. They adtitted that for the PY equation the procedure was less un-

ambiguous but claimed that u also served for this application. 
ij 

These HNC and PY prescriptions led to correct expressions for the 

third virial coefficient, using either the compressibility or the 

pressure equation. Their potential gave, qualitatively, the density 

dependence of that found by Eikolaj and Pings [59] . 

Rowlinson [69] demonstrated that, whereas the above potential 

appeared suitable for HNC theory, a more natural choice than this 

presented itself for use in PY theory. This potential also varied in 

a linear manner with density. 

Sinanoau [75] developed a general formalism for an effective 

potential u
eff 

which was defined to produce the total energy of a fluid 
Aj 

correctly. For a pure fluid, 

Qff= 	* 3jiu. eld/1 a.. 	 ijk 

) • 

potential by using involved techniques for the integral and studied cases 

for dissimilar molecules. He gave results for the L.J. and Kihara cases 

and produced.curves for the cases Xe - Xe in liquid Kr and COL - CC14  

in liquid C6H6. ThaAxilrod-Teller potential was generalised to include 

finite cores for molecules i, j and k as well as higher order three-body 

forces. 

For this effective potential, only the. dispersion force constant 

and the microscopic properties : refractive index, number density and 

acentric factors [first-listed reference 75, p.292] , were needed. 

Haliciog-lu and SinanoDu [29].sho-Jed by statistical methods that 

17. 

f33 
where g: 	is the unsymmetric distribution function ( 

..(JA 

He calculated values for the non-additive part of the effebtive 

(1.9) 



the total potential obtained by summing the effective pair potentials 

of Sinanoau led to a correct value for the macroscopic potential energy 

as well as the Helmholtz free energy and entropy. 

Levesque and Verlet [43] postulated that the L.J. was an excellent 

effective potential for taking into account many-body effects, and they 

used Molecular Dynamics to calculate the structure factors, S(k), using 

the Kihara and the L.J. potential. They thought it reasonable to consider 

that the effect arising from the difference between these two potentials 

gave the order of magnitude of that due to the many-body forces. 

This difference approached two per cent, and using experiment to 

obtain quantitative information on the potential with a precision of 

ten per cent, it seemed necessary to determine the structure factor 

to one per cent. The difference between theory and results was not small 

but an order of magnitude larger than the difference due to the uncertainty 

in the interaction. S(k) seemed too high for low and intermediate values 

of k (the change in the wave vector on scattering) and in the high k 

region irregular oscillations occured in the experimental results of 

Mikolaj and Pings [59] . Neutron scattering experiments had not displayed 

this behaviour. 

Copeland and Kestner [18.] considered the - effects of dispersion-overlap, 

triple-overlap, many-body dispersion and dipole-dipole-quadrurole inter- 

actions on the effective potential rroposed by Rushbrooke and Sinart, 

but concluded that the triple-dipole effect was most important in the 

gaseous and low-deneit7 licuid phases for argon, riving results for 

this effect in conjunction with various pair potentials. The7 corrected 

the radial distribution function to take account of non-additive effects 

to the first order in density and they obtained values for S(k). The 

k-dependence was inadequate to explain the discrepancy noted by Levesque 

and Verlet in the results of ;Akoleej and Pins. They investigated the 

18. 
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contributions to the non-additive part of the radial distribution function, 

g 	, and also to Rowlinson's FY potential, arising .as terms in the second 

order of density. Such contributions were small. 

Finally, they used the superposition approximation in an effective 

Potential of SinanoRlu to write : 

U 	u.. 4 Pi k fu45 pz 4j 

Toobtaindesityresultel g 	gds were approximated from 

experimental values. The predicted density dependence of the potential 

was then about 30 per cent less than before, now that higher order density 

dependence of the effective potential had been allowed for. They 

concluded that the large density dependence of the effective potential 

found by Mikolaj and Pings could not be explained by three-body inter-

actions. 

Graben and Fowler [261 quoted two formulae discussed by Rushbrooke 

and Silbert r70) : 

fl /11 	- ("3" 	) f54.", 	Chlij 

(ign2A8)II3-k( 	 Jirm 
V 

~E iW 
	

3 + ("en / 2 fu, 1
IJ ,i cie, 

+ (fin1/6 ) jfil.iik9ii k 	cf-eict 	(1.12) 

where g 	is the three atom radial distribution function. Their form 
Ajk 

of effective potential followed u 	except that the factor of-' 
ij 

mentioned by restner end SinanoF'lu vas inserted. 

They considered that the three-body contributions to pressure, p, and 

energy, E, arose only in the third terms of the respective equations, and 

by using Eulerls theorem deduced that the non-additive part of /431* was 

exactly three times that of/a-VH. 

The' used tha L.J. rair potential to calculate numerical values for 

effective potential and enerEv, but their density dependence of the effectiv,, 

rotential 	s weaker the that of 1..i1:o1aj and Pin -s. 



Barker, Henderson and. Smith [9j used a hard-sphere reference 

system. in perturbation theory, and considered the potential : 

u .lf
j 	( n /3)f q (°) u. lk ,4jk ijk (1.13) 

0) which resembled that given by Sinano7r1u, except that gt. 	referred 

to the reference system. To the first order in all their parameters, 

this potential led to the same free energy as the actual two- and 

three-body potentials. After multiplying the second term by 3 they 

achieved good values for the radial distribution function of the real 

system. The three-body interaction did not explain the large density 

.dependence of Mikolaj and Pings for argon. 

These authors remarked that non-additive contributions to pressure 

and energy arise in the second as well as the third terms of the 

appropriate equations above, since g.. also had a non-additive part; 

so that the simple relationship between non-additive parts of pressure 

and energy deduced by Graben and Fowler was not correct. 

McDonald and Woodcock [48] used Monte Carlo techniques in a method 

similar to Sinanorauls for counting three-body interactions.' They also 

assumed that the triple-dipole contributions tof5p/n amounted. to three 

times-their effect ontg4N1 and used L.J. functions for g.. which 

supposedly embodied three-body effects. Oncomparison with the results 

of Barker et al,[9] , they concluded thot the triple-dipole change in 

the radial distribution function was not important in determining changes 

in enercy, but that it might be important for pressure in argon. 

The apparent density dependence of the effective potential was 

four. times less than that of Mikolaj and Pings. They agreed with Barker 

and Pornpe [12] on the proba'Lle order of other many-body effects for t:-.e 

total energy. 
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1.4 The Purpose of this work. 

There is a need to produce good, effective pair potentials for a 

variety of thermodynamic applications to take account of three-body 

interactions; so that a minimum of change is necessary in the use of 

present two-body expressions. This simplification should come from 

rigorously considered arguments involving graph theory. When a 

potential produced in this way leads to results in agreement with 

experiment, then extra information has been gained about the system 

under consideration. 

In particular, it would be encouraging to develop an effective 

potential for argon that displayed properties in agreement with those 

predicted by scattering experiments. 
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CHAPTER II  

An effective pair potential in fluids in the presence of three-bod 
forces.  

In the next two chapters, we consider the form of the effective 

pair potentials (functions of density and temperature) that will le 

found if the properties of a fluid in which there are three-body forces 

are interpreted on the assumption that such forces are absent. There 

is more than one such effective potential, since the examination of 

different properties leads to different potentials. First we consider 

the effective potential which leads to the correct distribution and 

correlation functions. 

2.1 Notation and definitions.  

As mentioned earlier, the graphs are made up of fi.j  and fijk  

bonds, and these are defined in terms of the intermolecular pair ond 

triplet potentials u.
3 

and niik  as follows : 

frj  = ex f (13u.tj) - 1 = ¢ - 

= ex p (-pcti) - I = e - I 
k 

Graphically, molecules are rerresented as points joined by nese bonds t 

the f.. is represented by a bar; the e., bond by a broken line between 
points i, 	; and the f

k 
'hond will aprear as a shaded trian--le 

involving molecules i, , k. 

Root point : 

Field point 

f. molecule which remains fixed in position (referred 
to as 1 or 2 in the follow -ig) is known a- a root roint 

and is represented as a '3-e:1 1 circle. 

A molec',-le ov-r whose or-lcial coordinates an inteTratien 

is -erformed is called a field point an': is re--resented 

by a dot. 

Lo. 



which contains o::e root rcint, es -7. 

but not 	o A0 	In the last r,'"PrIl l  the lower 

Symmetry number : 	We integrate over the coordinates of each field 

point of a graph and weight the integral by a 

/ / 
factor 1/0 where e is the symmetry number of the 

set of field points. cr / is the number of permutations 

of the field points which leave the dia ram unchanged. 

We sum only over integrals corresponding to unioue diagrams 

(i.e. diagrams which cannot be made topologically identical by rermuti 

the field points). Each graph is associated with a factor of density, n, 

raised to the mower of the number of field points. ---- 

Connected : 	A graph is connected-if there exists at least one 

path joining every couple of molecules in the graph. 

Reducible : 	A grarh is reducible if it separates into two or more 

pieces on cutting at any molecule, e.g. A 

1, 2-reducible : 	Such eraphs separate into pieces on cutting at 1 

2.11:3 2, e.g. 

Articulation point: If a graph is cut at a field point and sereretes into 

two or more parts, one at least of which contains no 

root points, then that field roint is (1z-fled an 

rode or bridge 
point : 

articulation point, e.g. d b~ 	All graphs 

with articulation points are excluded from the 

definitions below. 

A node is a. Point through which all paths from root 

point 1 to root point 2 reccs-prily rass. Cutting 2t 

a node se-e'rates 	-rash into tw ra t-, each of 

of the f 	plate can else he considered as a P,-.th [70]. las 

Ca-4.?-itnl letters will be used is denote sets of .-,e:Trhs -ehich haeletee- 

body li,o1!_o, f 	1  c,a1:1. not 7.6re than one thr-^-1-ley 	f. 	. Lewer-eeee 4.1 jk 



6 G 12 	1'2- 

h , H 
/2 	12 

P P 
12 	1z 

TT TT 
12 7 	12 

x , X 
12 

letters denote sets of graphs which have only .two-body links. Starred 

lower-case letters denote a two-body set in which each topologically 

distinct f.. link is replaced, in turn, by an effective two-body link, 

f * . Sub-sets of some of the main classes of graphs are denoted by 

Greek letters, capital and lower case. 

b
12 

, B
12 	

all connected graphs with at least one bridge point 

(chains). 

C C 
12 - 	12 

d D 
12 	17- 

the direct correlation function, or all connected 

graphs without bridge points. (For a fuller discussion 

see equations (208) to(2.11) ). 

all connected graphs without bridge points and without 

an f link. 
12. 

the pair distribution function (see (2.1) ).. 

total correlation function, or all connected graphs. 

parallel graphs, or all connected graphs which are 

1,2 - reducible (bundles). 

bundles without an f link. 
12. 

all connected graphs which are 1, 2 - irreducible 

and which have no bridge points and no I'm  link 

(elementary graphs). 

line - irreducible three-body elementary graphs 

(see (2.3) - (2.4) ). 

(y12 - 1),(Y,2. -1) all 	graphs without an f
12. 
 link. 

TLS o suffix. 12 is omittel from these symbols, when there is no ambiFuity. 

In this chapter, factors involvin7crand n are rot shown explicit17 before 

the graths, but must be inserted before the graphs are used to represent 

inte!:rals. 

2.2 The effective rotential for  the r.9.ir distribution function.  

It is appropriate to consider only terms linear in the three-body 
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3 	4 

potential, since the latter is presumed to be weak compared with the 

two-body potential, and since we neEleCt four-body and hider potentials. 

Hence, we restrict ourselves to graphs with one three-body link or none. 

We start from the equation : 

6- 	1-t-H = Y(1-tf 
	y eAT — fitA ) 

	
(2.1) 

and seek an, effective potential u* and an effective link f* which, when 

used in the two-body version of (2.1), generate correctly all the graphs 

in H. Thus, u* and f* must satisfy : 

I + H = 1 4 till = if*  ( + f* ) (2.2) 

A graphical solution of (2.2) is found as follows. Let us consider 

a set of elementary graphs, X 	and from these define a subset which 
iz 

we call the line-irreducible graphs. 	contains one triplet link and 
1z 

such f links that (a) each graph is elementary with resrect to 1 and 2 

-•and (b) each triplet link is not in a sub-graph which is elementar:- with 

respect to two vertices other than 1 and 2. 

The first element of the line-irreducible set is : 

__el) 
= n

) 
 

13 23 -1123 	"" 
(2.3) 

It follows from the definition that all triplet elementary graphs with two 

field points are line-irreducible. Thus, 	
12. 

starts 

--- t,-/ r 
b 

12. 
	+ c*i 

 

Irc9A17 17Per--1 
+ 	1) 	 • • 

 

 

(2.4) 

The following elementary graphs are not in 	since the triplet link 

can be separated from the root .noints by cuttinlr along 3-4 in (a) and (b), 

along 3' - 4'.in (b) and along 2 - 4 in (c). 
A • ;per,. 
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From 	we define an effective link f* by adding f, 

and f 	. That is 

f, 	4j 
	 (2.5) 

and we show that this link is identical with that defined in (2.2). 

The elementary granhs X are of two kinds : 	, and the line - 

reducible. graphs. The latter can be obtained from the two-body graphs 

x by substituting f* of (2.5) for each topologically distinct f bond in 

turn. This is clear from the examples of line reducible graphs above, 

since cutting at 3 - 4 in (a) and (b), and at 2 - 4 in (c) removes 
• 	— 

sub-graphs that are elements of - 	or -. Loreover, this 
34 	 2.4 

construction of the line-reducible graphs in X from x and f* is unioue. 

For example, there is only one graph (b) and it can be derived only from 

the x graph that has f 	in place of the sub-graph containing the triplet 

link. Although (b) is line-reducible also on 31  - 41, it cannot be 

derived from the x graph obtained by cutting here since the triplet 

sub-graph is then not a member of 	, but is itself line-reducible. 

Thus if f* is defined by (2.5) we have : 

X = 
	 (2.6) 

Consider now the chains, B . Since the effective link (2.5) has 
1z 

no bridge points, it follows immediately that all the graphs in B 	b 
11 

can be obtained, by replacement of each f - link in b by the link 
12. 

f* of (2.5). The elementary graphs along with the direct f link are the 

elements out of which chains are constructed by series 2nd 

between the root points and node or nodes) of the chain. Fence 

= J31 a   

The definition of C 12. is a consequence of i 	to 11 

given by the Ornstein-Zernike equ-Ition 

(2.7) 
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27. 

H 	C 	 (C3i23 d3 3 

	 (2.8) 1 

The right-hand side of (2.8) can be exranded by repeated substitution for 

H, giving : 

H 0‹:>, n  iz 	t n2  
• where 

(2.9) 

C. = 12 
H is all connected diagrams (i.e. chains bundles + elementary 

graphs) and all possible nodes at field point molecules are explicitly 

included in (2.9). That is C is free from nodes, and so is free from 
12 

chains. If it were not free from nodes then some graphs in (2.9) would 

be counted twice, once in Cm and once in one of the higher terms. Also, 

all the graphs in (2.9) besides Cm  contain One or more nodes. Hence 

Fi- C 	f5 
	 (2.10) 

Consider exp (H - C X) - 1. On expansion, 

ex-p (H-C-f- X -1- -= H-C-0( 	4 ( 1-1-C4X )2/2  

H - C X / 	4- 

Now, by definition 

  

A n ( r1, 

 

H - C n  

 

X =  h elt\i, 1-  r12(i.-  N + Fl -I r( a-I 4 	4  7----1 ) + 
where a' and powers of n have been shown. From the cubic term in t?,e 

exponential expansion we pick terms such as -?3- 	or from the ourdratic 

term 4)141 , 	and jr v. 
`le_ 	

. 
. The appropriate o' have been 

shown here to indicate that, in the exponential expansion, the factorials 

in the denominators produce correct values fors 'appropriate to the new 

grarhs formed in this expansion. 



28. 
Thus, exp (H - C X) - 1 is the sum of all chains plus all 

elementary graphs plus all bundles of chains and elementary graphs, 

but excluding bundles with f links. Now X graphs are free of f 
12. 	 12 

links, so that this expression is all connected graphs free of f ez  

links, namely rz - 1. 

Hence, the potential of average force, 

(2.12) 

y 	I -14. (14-f )=] - I 

= (140Y- 1 = H 	 (2.13) 

Thus, f* of (2.5) is that required to obtain H from h by successive 

substitution for the £ links, and hence the f* of (2.2). 

Other results follow at once. Because of (2.7), (2.10) 

C = c* 	 (2.14) 

and by using (2.1), (2.10) and (2.11) 

C= H - -en Y 	 (2.14a) 

÷EY-I-J] 	fY4 D 

since 
	

f 

crk 	f (Y—) 4 7  (14 f 

f Y + y 	33.+fY 

en Y = 13+ X = irn  ,1!‘ 	-7- 	 (2.11) .e,, „ix + 

or, to terms linear in the triplet potential 

y 	y 

From (2.2), (2.5) and (2.12), 

(2.15) 

and (2.1), (2.13) give 

(2.16) 



(d)  

(e)  

= -en 4 	(f) 

(g) 

X. 

From the definitions, 

P = H 	f 

;-, 

(2.17) whence 	 = ,F*  f 

Also by definition, 

n = Y—X-13 —I 

.1. IT— 	= 	- 	x*) 

i.e. 	Tr 	( _ ) 

To terms linear in f 	in (2.5) : 
-tj 

16' (1 i — ) = 

In summary, 

(2.18) 

(2.19) 

C=c*  (a) (2.20) 

3-24 	y 72-1 
	 (b) 

H = (c) 

To prove that the effective potential of (2.5) is the only solution 

of (2.2), let us write (2.2) in the form : 

Y (14 	= tf4  (I f) 	ti* (f 4'-f ) 

W-f) 	 (I4f) ((tx-1  ) 	 - f ) f or (2.21) 



30. 

and we see that (2.21) is an iterative expression. 

Suppose we know the density expansion of (f* f) up to order n : 
(n) 

written (f* - f) 	• Then we can write y* correctly to order (n 1). 

Now, (y* - 1) has at least one field point, so that the right-hand side 

is known to order (n 1) which yields the (n 1)th  term of the 

density expansion of (f* - f), i.e (f* - f)(h+l) 	• As an example, 

we start from 

f 	f )(C)1 0 
	

)(1 	 ) 

giving 
	

(fk- f)(1) 	
( 14 

or 
	 f

*Cr = f + (1+0 :7-2° 	 (2.22) 

Providing we require a density expansion of f* , other terms are then • 

determined by iteration in a unique way. 

2.3 Approximate Theories. 

The results of section 2.2 allow us to obtain the complete set of 

two- and three-body graphs from a knowledge of the two-body and line-

irreducible graphs. In practice the theory of liquids is based on an 

incomplete set of two-body rraphs, derived from apnroximated integral 

equations.. We need, therefore, a recipe for obtaining the three-body 

correction to an incomplete set of two-body graphs. This recipe can be 

unambiguous only if we make an additional assumption, of which the 

simplest anpears to be that the aproximate effective rotentiel, f, is 

chosen so that (f - f) is a subset of the complete set f* f. The 

subset chosen is determined by the decree of approximation of the basic 

two-body theory. Clearly, it is to nn purpose to retain greecs 7.!÷h k 

field rcints in :El if some or all of the graphs with k field points 

are missing from x. 

Thus, in the first-order PY or "1::::; a- proximations : 

= f +  ( I 4  f ) I61 	 (v-u)= 
	 (2.23) 

Y 	+ 
	

In Y = tm + 
=o) 	(2.24) 



This is the effective rotential proposed by Rushbrooke and Silbert 0703 

and is unexceptionable for a two-body theory such as HNC in which the 

missing two-body graphs in y are themselves all elementary graphs. The 
••• 

additional assumption, made above, that f is a subset of f*, is to some 

degree arbitrary, since the effective - potential is only a trick of 

computation that reduces a three-body problem to a two-body problem. 

We need not, be bound by this assumption in the PY family of arproximations 

in which not only the elementary graphs, but also bundles are missing 

from y. Rowlinson's PY potential [69j is defined by 

31. 

(2.25) 

which leads to a more 'natural set of graphs in H than is obtained from 

(2.23) and is equivalent to 

Y = --(0 +- - (c.f. (2,z4)) 	(2.26) 



CHAP= III  

Some effective potentials and their annlicationsi  

For the rest of this work, we adopt the convention that for 

diagrams with one root point, neither that point nor any of the 

field points will be shown explicitly but may be assumed to occupy 

the vertices on the perimeter of that closed diagram. Thus 

becomes simply d ; and both :!-=-4 and 1.21 will be shown as 21 
since integrating-either diagram yields V ED L331).140 . For 

these integrals, we treat all points as distinguishable. Also, 

since we -shall now be discussing not just classes of the doubly 

.rooted graphs, but the mathematical sums of individual members of 

each class, the symmetry numbers must be inserted, and powers -of 
density will be shown explicitly for both these and the closed 

diagrams. 

abreviate such sums as 	by 2 	• 

3.1 The compressibility equation.  

From equations. (2.5), (2.20a) end (2.20c) we can construct C 

and H frOm .c and h. Hence, we can determine the compressibility of 

the fluid in the presence of three-body forces from the compressibility 

ecuation [0] : 

I— H J C(r) ct r = [ 1 + P:11-1 ) ( 3 .1 ) 

From (3.1) we obtain pressure, energy, etc., by appropriate clascical 

thermodynamic manipulation Of (-61, /25n 

By comparing (1.1), (3.1), virial coefficients can be obtained, 

but, since the effective bond f* is itself a function of density, vie 

no longer have the simrle association between granhs with k vertices, and 

t7le kth.  virial coefficient. 

. 	z 
By definition of c, we have to terms in n 
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„ 	± z1:=1 ÷ P4. 4- 4- lzg  

rg 4 Mq 
From (2.5) and (2.20a), we have to the same order, 

(. = c*  c 	n cr-110 	
a , 

+ 	G- 	6-- 	t ZIG 

	

2 	 + ) 

(3.2) 

(3.3) 
We can check that f* has given us the correct C, by calculating 

C through the Ornstein-Zernike equation.- From (2.14a) and (2.1) : 

Y + 	(v- I- -en Y) - + X 
	 3.4) 

Y (I +f) - I 

Equation (2.8) yields 

b.0( = X 2  + h f(f Y+ (Y-I- in 1/  ) -F X] 12 	i 	 13 

' [Y (I4f ) ''. I 13  d5.  

lie use X ia  from below (2.10) to iterate : 

(3.5) 

(3.6) 

To na  2 	Y = 1 

To n 	Y 1 + n (61%:, 	) 

to nZ  , 	Y = 1 ± n ( cAo -I- ci\ ) 112-  ( eiC 	47.24 

4 :g4 	f;P4PR: + 	+ 1 -̀-T  4-11>4)(3.7‘ 

Eouations (3.4) and (3.7) yield (3.3) so that f* is the al)propriate 

effective potential for obtaining C. Alternatively, we may consult 

the definition for C in section 2.1 and see that equation (3.3) confcrs 

to this. 

If 2. and b. are the irreducible cluster integrals of DI7Ter,. with 
a 

and without -ftree-body trains, then 

(V5 /41  ) 	(Y) 114-1  

C = 



34. 

and use of (3.1), (3.2) and (3.3) yields the exact expressions : 

(3.9) 

2 L2= 4 + 
	 (3.10) 

3 

3!2.4.= 3Q a 6 21+0 +12 1,E1-1-4FA 
	

(3.11) 

However, if we restrict ourselves to the first three-body term in 

f*, i.e. fof (2.23) then 

/ c = 	4- n 	(2 ' 	+ 4) 	(3.12) 

Use of (3.1) and (3.12) produces 	is which can also be constructed by 

use of the recurrent relation : 

(3-1 )!A. 	(J -2)(5-2)i 	- 4 )n- 
2 	3-1 	J-I  

where b follows from b. by using an integrated version of (2:23) : 

(3.13) 

 

50 Hhaf  :1; '  4fr 	n 
2 

and 	g= 	On4/2.) 

	

3 	9 
It is found thatat84- 	4- 

differs from 2? 9  since 

3A = 3! 	-I- 6 qa. 	 (3.14) 

Thus, the approximation introduced from (2.23) has led to the loss of 

some three-body graphs which are present in the exact expression. . 

When, if in addition to pproximatino f* by its first term linear 

in the density, we also stinulv.te the IL:C restriction imposed by 

'Rushbrooke and Silbert L69 equ MO: 

(3.15) C = F Y f It-  I - 

then eouations (2.8), (2.1) used es above rive 

3L93 = 	-f- El 
4 

and their PY expression [69 eqn (153 

(3.19 



35. 

= f Y+ Y(1-- exp(- 16))) 
	

(3.17) 

51ves 	2 = 4 21 4  Z 	4 6 tri-7-3 	 (3.18) 

Rowlinsonts PY approximation [.69 equ (13)) requires that 

G 	+ al ) 	 (3.19) 

in addition to r of (2.25), thus giving 

34 g34.= O.  + 	÷ 4 Eq. 	 (3.20) 

where the three-body term differs from that in (3.18). 

3.2 Other effective rotentials  

The effective potential f* of (2.5) generates the correct H(r), 

G(r) and 0(r), and hence the correct X-ray scattering factor. Through 

(3.1) it generates the correct thermodynamic functions. However, if 

we start with other equations that relate macroscopic and molecular 

ouentities, then we are led to other effective potentials. Thus, we 

can start from lager's exransion for the compressibility : 

— 	rti 
	

(3.21) 

and seek an effective ft  rhiel yields this equation when substituted 

for all the links b . That is we use the equation : 

.j 
1— 	(j-I)-k

t
n

-r  
3=2  

(3.22) 

The link to be used 75,th (3.22) is not the isoecifict link f*, but 

the 'generic' link ft , where 

f f 04.1)[n 	si 	-} 2 	)i • • • 3 	(3.231 

since we 	nc the intei:frated version of 4'f , as described in the la-t 

section,  to ,7et 	creel' n : 

+n =t4= 112  (3P Z 2. 	2 

e= 	(3 n2/2) `.72;-c1 3 3 

frt 
k  

4 4 



itt 	 ./k 	a 
f 	= f 4 (14 f) Lik 	3 

(3.27) 

 

4  s;21 ) 

 

 

(3.28) 

4fif •-1 
" 3 

where the a7Tropriate link is 

3 6 . 

and use of these values on the right-hand side of (3.22) rives an 

expression which can be rearranged to. obtain the5lis of (3.9) - (3.11). 

We call ft  a generic link since it can be obtained from f* by 

integrating the latter over all r and then relabelling 1 and 2 as the 

root points. That is : 

e dr = 

 

(3.24) 

Similarly, the effective generic link ft} 

in the more usual virial expansion : 

which is to be used 

 

?ye 	
rz L 3 ) 

kttni- 	 (3.25) 

is 1- 0-4 f) t-t1361' nz(5  
(3.26 

in which case, to n2": 
ff  1  agke.q", 	t.1 2(_E WA + t4 = k 	 + 	3 

	

2 	2 

t t 

	

A- 	= k  + n1' E'? _d.  , 
kf -1 
4 4 

which when used in (3.25) yield the exactli:i is for j 

If we integrate again to get the residual free energy* : 

where to n  
-144 

ji t 	 - n4  L'11:771.. 
s 4 2 3 	3 

f ff 
4 

n2  (2 1?".' i1 



which can be used in (3.27) to yield exact2iLs. 

Thus, the first few terms of ft; f
it 

and f
itt 

show that there 

is more than one effective potential even within. the class of 

eouations that can be derived by repeated integration of (3.21). 

The link f 	which yields A also yields the residual energy U on 

using the Gibbs-Helmholtz equation. These effective potentials 

depend on both density and temperature, but they do not have the 

"free energy" character of some kinds of temperature dependent 

energy levels. They are to be regarded only as computational- devices. 

Al quite differenttype of effective potential arises if we 

consider not the compressibility equation, but the pressure equation, 

in which U is the configurational energy, and the integration over 

molecules 1, 2 and 3 is shown explicitly : 

37. 

U= rut r) 6-(y) cly dr2  4- ( 	------ fu(r,s,f) G(r, s,f) clr Jr dr 
2 	3 (3.29) 

- MST - n 
6 

(r) &('s-) 4, a.;  

itr(r,s,t) 6-(„5-,-1) y dr (3.30) 

ir(r) 	r du 	 (r, s-,i) 	ra -+-sa ff a 	tk(r,s,-t ) 

	

d r 	 2)1, 	as 	at)  
(3.31) 	• 

where r = r iz 	s = r
13  , t = r23  and - v(r) and v(r,s,t) are the two-body 

and three-body virial functions. Comnarison with (1.11), (1.12) shows 

that the integration over r1  has not been performed in (3.29) and (3.30). 

These eouations can in re-written in terms of an unsymmetrical three-body 

function, in which molecule .3 is singled out, 

= Glr, c,i) 

whence 

C 	
t

r  6 	r, 	( fn r  A ( 7 0 GS33(-r, 5,f ) r, 
) 	 3 ) 

TV— N 	= —t17 (,co dr, ctrzrir(r)+ 	GE33(r, s,t) d r.) 
6 1 	3)  

(3.32) 

(3.33) 

(3.34) 



The square brackets of (3.33) and (3.34). lead to an effective 

potential u
elf 

and an effective virial function 
veff (r).  

The latter is 

4;41(y) = • 4,(r) + o 	4r(1,0;i1) G-r3.1(1-, 5,k ) d am 	(3.35) 
5 

and this will not be pursued further here. 

To terms linear in the three-body potential, 

aeff(r) 	= u (p) 	+ n 	 ix(r)3,-/-) 3(336-,c,i) 	(3.36) 
5 ' 

which is the potential discussed by SinanoElu [75] . The eouivalent 

link is, to the first order in the three-body potential : 

cif 
f 	(r) = f(v) + n (1 -F f(-)) jf(  r,$)t 	) dr3 	 (3.37) 

3 
Baxter [13 p.5151 has given : 

(31( 	3p /3", 	3 .'17771 s 

9 	sit) 	
e\ 

%02 + 	(IV 	+ 	Nr, g, + 	 (3.38) 62 	" 

whence, 

elf 
t • 1(1+ 0E),* 	 1.12 t2 ITZ1 	54 j' 4.  "-] 	(3.39) 

3 

This link is specific, in the sense defined above, and contains all the 

three-body elementary graphs in which the three- body link connects the 

two root points, 1 and 2. These graphs are a sub-set of the line- 

eml•Mtar 

irreducible graphs of ••••."•••••• . 

Thus, in addition to the distinction between the specific and 

generic links, we can group the effective links into those which are 

used with the compressibility equation, f* and ft, that used with-the 

Pressure, f
tf 
 , and those which are used 7ith the ener57 or free 

energy, f
tft 

 and f
eff 

. The leading terms are in the rntio of unity, 
a 

2/3 and respectively. The rresence of the factor of was observed 

by SinnnoElu [751 :?nd commented uron in the recent :rip-ars of Conol-nd 

and Yestner [181 and of Barker et al. [9J, (see also section 

38. 



In this work we discuss principally. f* since we are interested 

in the effective potential which reconstructs the.pair distribution 

. function in the presence of three-body forces. The route from f* to 

the thermodynamic properties. is through (3.1). However, other 

effective potentials may be more useful for obtaining the thermodynamic 

functions directly, for example u eff to calculate the configurational 

• 
39. 

energy U from : 

f ue"6-)6-) a, — (3.40) 

but care must be taken to use G(r) and not its two-body counterpart. 

Barker et el. [9] avoided this difficulty by observing that the 

effective potential of (3.36) can be correctly used with the unperturbed 

g(r) to obtain the three-body contribution not to U, but the Helmholtz 

function, A. 



(4.2) 2 12 -r" d 
2. 2. 

C7APTI-7, rkr 

The calculation of the integrals occurine-  in the first- and second-order  
density terms of ()HI as well as those involving three-body forces  
present in C(T) and b 4(T).  

For these integrations, we shall take the origin for our 

coordinate systems on molecule 1, which remains fixed, and distances 

r2  , r13 	1 
and r 4  will simply be written as r2  , rs and r respectively. 1  

Further,owingtotheshortrangeofuij and u .k  , integrals over V 

involving 	and-fijk  will be replaced by those over all space for 

40. 

rr and 
2_ 	3 	L33 P.140] 

The integrals ddb  A 79  4.1  

From eouation (2.3), we have seen 

that : 

Ci ) 

h dgb.  = nre e 	- dr 
) 	2.3 1123 

If figure 4(a) represents the configuration 

of the three molecules, then it can be shown 

L
32 p.2033 that the volume element for molecule 

23 

Fi5 4 (a) 
3 whose coordinates are to be integrated over may be written in terms 

of r r and r as follows : 
3 	23 	2 

= 2-rr -r -r dr dr 
3 23 3 23 

where the limits of integration are 

00 	iri+ Cs  

(125:b 	f 	(2.yr-ry- 	e e 	) Jr  Jr 
3 23 123 13 23 	2 	3 	2 3 

(4.1) 

Fora further integration over the coordinates of molecule 2, 

we ta?,:e 

since th2 volume element dr2  ma:,  be replaced by 4rrr.2-  dr E33 

57 p. 285) . • 



and 
12. 

(4.6) 2. i 
*Y-  d 

2. 	2. 

d 0 
23 23 

41. 

Clearly, the integral 6% follows 'the structure of (4.1) 

/-e.) 
eo 

o 

rdrf 
3 3 	3 

y14 
f 
123 
rjl 

r 
23 

dr 
23 

(4.3) 

and, by the same argument, one has the two alternatives : 
11+ 5 

OIL 
r%c 	(4 r/I z̀) j id‘t, 3 -r dr 	f 	3 4 3 3  

o I Yi- r3[ 
i  3 2 	23 

(4.4) 

 

02 	 r'cl" r3 

cir3 J 	15Ab  3  
ic" rat 

 

=(z/') -I,- dr 2; .3  

  

Finally, a simple product produces yet another 	
12 

diagram : 

I IM 
	

X 
	

(4.5) 

In this section, we have discussed diagrams involving three or 

four molecules, where the latter may be formed from products of simpler 

diagrams. In the next two sections, we go on to discuss diagrams whose 

integrantis cannot be split into simpler factors, but which must be 

integrated as a whole. 

4.2 The integrals ot171 	 

Here, the presence of three 

f-bonds prohibits factorization of the 

integrals as in (4.5). 

We choose axes as shown in figure 

4 (b). (I) is the angle between planes 

123, 124 anda.is the an7le subtended 

at 1 by vertices i, j. 

In terms of these coorinates, 

00 

2 = 	-rt-  J 	 f dr 
32 

1 13 	3 

• 
It 
e 	sin 9 	f I 24 	24 hz4 

db 
24 

2n 
d f34 (4.7) 

e 

0o ST 

-rze dr -f 51. 
4 	14 4 123 



(2 1 ) z f f4- 	32 (1 3  A t  ( 	V r !i3 .t 
(1,4 z '=-• 16 r 

1.0 0 

	

e14 4 
	B)( 

	

14 4 	4 3 - 4 	4, 	 a - 
0 

Y r) dr 
4 

This five-fold integral would require an exhorbitant amount of 

time on even the most modern computer. We therefore adopt an approach 

first used by Barker and Monaghan Ell] and laterr -imprOved by Henderson 

and Oden [31] 	Since the functions_ involving 23, 34 and 24 are 

bounded, we can expand them in terms of Legendre Polynomials . 

42. 

where 

and 

A (r)r) 	(cos 0 ) A 	e. t=a 

Ap 	2E41 
o 
f".i3 	(cos v j) sin 0 a8.

, 

241 II  
= 	2 	

0
e f P 

(Cos
s 	54, 	(19 

24 sz4 4 	24 	24 24 

(4.8) 
2)3  
3,4 

= 2,4 
(as shovvn) 

(4.9) 

(v 	, 	) 	33 (v p-)! (cos 49 ) z4  (124 2' 4' 14 	 2- )  4 4 	24 
Xra 

We now use two properties of Legendre Polynomials to simplify the 

angular dependence of (4.7) : The addition theorem, and the orthogonality 

theorem. 

(cos ) = 7 (cos 
34 

at 5 .5 tt,  

where P 

Polynomials. 

4( 

f ("515) P (cos &) d ( cos  0) 
0 	11 	/71 

{ Ant 1 

(4.11) 

23  g 	24 
r 	$f 

+ Z Z L(P4 s')! ' ( C°5- , ) (cos 924  ) s=1 	 2  

(cos & ) and 1-,*  (cos 	) are the associated Legendre 
23 

0  )4)(cos 
(4.1W 

Using 	from (4.8) and 

properties (4.10), (4.11), we 

e 	f 	from (4.9) with Z4. 324 

obtain : 

the Legendre 

00 



(4.14) 
e r2  atY 

12. 2 	2 

z  

t 0 8 
e r 1+ 4 

/ 6 IT f 
(4.17) 

since the contribution from the second term of (4.10) vanishes in the 

4, integration. We sisiplify this expression by using the transformation : 

Al(Y.  r) 	A ( t -1/ 	 .) 1 i3 

2k+ 

13' C r 	lir. 	(r . 	
(4.12) 

t 	 1J 	 j  
24 1 

• in which case, 
CO 

(V-0))(f
3 	2  
Af(v)r) eh- .1 	3 	3 

 

 

2 

 

 

• 	f A Cr ,r 	Y 	e 
.e 3 4 .E 2  4 74 4 • 

0 

(4.13) 

and we obtain WI from 

43. 

We use the Cosine Rule in triangle 124 to transform the limits of 

integration in (4.8), (4.9) so that (4.12) gives 

41+0-4- 

(4.15) 
A -14 • R 	47e  (-4 ,5,R) dR 

m-171 
'Y; 

13f(r r 24 =  ) j2-1 	e(R)f (r,r.,,For(K ),,:do i'j 	 A t 

where f , e 	etc. have been shown as functions of R (the distance 
4.1 

between i and j) inside these definite integrals. 

We note the recursion relation between Legendre Polynomials 

(t÷i) -P (cos o) = (2•e-Ft) cost) T (c050) 	P(cos 0) 
	

(4.16) 

Further, leaving out the f bond in the algebra restricts the sum 

to the zeroth tern, r-iving an exact expression -: 



2 

= 	1) 	(3 (65.6  ros
3 	4 

cos 6. 	) 
2.  
3 3 3 

r 23 34 2 r 4 

1234 

1=Cr 
(4.19) 

f23+ 
— 3 [ 	1 	4 	 1 

$ 	3 $  5 3 	 5 	3 
8 	1

-3 
r 	r r Y 	r r r 	r r r 

23 34 24 	23 34 24 	23 34 24 	23 34 24 

44. 

4.3 The integral "744  
Here again we cannot split the 

integral into products of known in-

tegrals. We use the same coordinate 

system as in the previous section, 

except that we introducA, 3 and 

W as the internal angles of triangle 

234 in figure 4 (c). 

For this integral, we have : 

Fij 4 (c ) 
ciNz 	2rt f 1-2  f dv 	f dr r e s;.1) dP 

sr 	• 

3 	t3 3  ) 4  14 4 )0  0 	 23 23 13 

'ft 	r2rr 	

4.18) This equation resembles (4.7) but is more comrlicated becaur..e.f 	cuts

4 
 

e245"2, 	f234(r34) r23) r24)e34 # 

234 

both planes 123 and 124 rnd is therefore a function of angular rlEne 

separation, 4 . Thus, f
234  is not just a function of one side o'7 triangle 

234, but of all three sides an.:1 one cannot simply use one Legendre 

expansion for each side of triangle 234 as in the previous case. , 

We look for a solution for the particular case of the Axilrod-Teller 

form of 234 by ex-randing the exponential in (1.6) and ne7lectinE terms 

not linear in u 
z34 

The Cosine Rule in triangle 234 yields : 

1  • 2 4 	4 2 	2- 4 	4 2 	2 4 cos cos cost el-zr2r2 (rr+rri-rr-i-rr 4-rr a 	3 	4 	23 34 24 	23 34 	23 34 	34 24 	34 24 	23 24 

2 2 
tr•

4 
r

2 , 2 r 
r —Y 6 —r 6 —r `  

23 24  ' 23 34  24 	23 34 24 



    

r,3  

 

34 

 

r24 

  

45. 

           

3 
V" 	v6g  r 
.23 34 24 

 

r5 
23 34 24 

 

S 
r r 
34 24 

 

r r 
23 24 

 

5  
23 3 
r

4 4" 3  r r r 
za 34 24 

(4.20) 

 

Men the first term in the bracket on the right of (4.20) is 

placed into (4.18), it is described by a product of integrals involving 

3 
ez z3 $ 	/ 

/ 
1'24

5 and e,4,/r34  . Clearly, each of these terms is 

bounded and can be expanded in terms of Legendre Polynomials as 

described in the last section. 

The first six terms in (4.20) reauire Legendre Coefficients of 

(1 	; 	(1 	, 
1:5  the general form A 	

) 	0 
(r. , r. )1  B 1, ) trk,r4  ) and C t 	,r,k) 

j 

to be used in : 

e 	7--  eta 
1.4 

00 

A
O) 

(1-.)r) 	(c.50 (4.21) 

jZo 	ki 
33 
( 

(v,r ) P (co50 
e k 	 kt 

(4.22) 

co 5 e 	 C 	(1-. r 	( cos 95k) 
• ik • 	f=o k 	 t 	)q 

where the suffixes of e and r are chosen appropriate to each term. 

The next three terms can be expanded in terms of C0) of (4.23) and 

(4.23) 

(A) 
a new coefficient D 	to be used in 

0) 
e -r ( se 	r.) 	Cco5 i 	e=o ; 	 t. 	) 	t 

6) 
and the last term can be described in terms of A -e • 

Thus, by using four instead of two Legendre exrnsions, all ten 

terns arising from (4.20) can be taken account of by expansons 
(0 	0) - 

' 	
0) 	(t) 

involving the coefficients A 1  , B 	 and D 	. These 

coefficients zrmy be multiplied - by r-r./(2.e. +1) fs in (4.12), and are 

then given by integrals analocous with (4.15), with f(R) or f 	o0) 4 

replaced 137 the arpropriate tern on the left of (4.21) - (4.24). 

If we take tilt' first term is e examrle, the appropriate inte7r71, 
0) , 	0) 	6) 

, which recuires 	kr /r ), B 	(r , 	) r7.3 C 	(r , 	for its 

	

2 3 	 3 74 	
2  -4  

(4.24) 



description, follows the form of (4.13) except that e l÷  is replaced 

by flit  and a factor of -3/8 is necessary, as is seen from (4.20) 

This method of summing contributions from the three-body 

potential is appropriate for any such potential which can be written 

in terms of sums of products of functions, each factor being itself 

a function of either r 	r or r but not involving mixtures 
23 	3+ • 14 

of the three. 

4J• 



CHAPTER V 

Procedure for the numerical  calculations.  

The units for the numerical results obtained for the temperature 
-1 

range 0.6 `5- (ref) 	10.0 are given in section 5.5. The two- and 

three-body potentials used throughout are those defined by (1.4) and 

(1.6), namely the Lennard-Jones and the Axilrod-Teller potentials. 

The programmes were written to minimize round-off error, so that 

decimal numbers were not added together more then was necessary, and 

care was taken in calculating powers; for example, the Lennard-Jones 

expression (1.4) was calculated in its factorised form : 

4 e 	— 	(i4 1) (II 724 	) -y‘ 
43 

where 	7 = cr. 

5,1 elk  

The following integral has been tabulrted by Saville E16]: 

/zsr/8 ( 4  
12 

(5.1) 

47. 

The method was based on (4.1), except that a transformation of axes vas 

made, and, for part of the ransze, the exponentials in the integrand were 

expanded. He checked the results for internal consistency, and they were 

also found to agree with those of Copeland and 1estner L182 , to within the 

accuracy claimed by these workers. Six-point Lagrangian interpolation 

can be used on Savillets results without loss of accuracy. 

was obtained by using Im  to get duo in (4.2) and perfOrminr: 

the extra integration. Interpolation was used on ths values of I...  to 

obtain the necessary intermediate values up to r = t.8cr, beyond which 
12. 

It set et:a.1 to its limitirA: value which is 4/3k  £15] 

integration 	rerfermed in t':e rene2C 	 15 	, iz 

me • e 



divisions were made fine in the rerion 0.8c- 	r 	4.8crwhere the 

curve has its maximum. The fineness of the divisions was adjusted to 

obtain the reouired accuracy. 

Test : 

Table 0, Comparison (A) shows the agreement obtained with the 

results of Sherwood and Prausnitz E73] who claimed an accuracy of 

1: 1000. The full results for g% are given in Table 16, and are 

thought to be accurate to within 1 or 2 in the fifth significant 

figure. 

In the programmes which are described in the following sections, 

f.. and e. were calculated and stored at intervals of 0.001 a at 

the beginning of each programme. These values could then be plucl:ed 

out as reouired, intermediate values being obtained by linear inter-

polation. 

The integrals given by (4.3) and (4.4) were performed together 

in the same computer programme. In (4.3), the innermost integral was 

evaluated and stored as Q.(x, ) in small ranges x to x 	S so that 

zn+ g 
p'f6v)ds ,  

Xn 

(5.2) 

where gYa.  . 0.005 and 1 < n 	1000. The integration in (5.2) was 

performed usin Gaussian two-point integration, and 	f2, q3 dr23 irz-r3 1 

was obtained by adHn: c-:-Drar.ri^te n Ps before terformin7 the seconl 

inte:n-1 in (4.3) with a Sirsonls interval of 0.025. The same p.7?oce3-ora 

was ar,-plied in 07.,,lati!7n 	wher i.,5`4:'oj was obtained rs in sctien 

5.1, an average being taken frcn the alternative ferns of (4.4% 

D-uation (4.5) was 11.-:.od to obtain 	and finally (4.6) w,,s u'J720. 

for 11;71 	Simtson's intervol o' 0.025 in the intr-=tion. 
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f-- 

	

and br- 	are tabulated in Tables 1 to 15, and ga is to be 

found in Table 16. For intermediate values of temperature, given last 

in Table 16, Kl has been obtained by integrating (4.17) and not as 

described here. 

Tests : 

The values for 	 IX ) ( = r 	/21r) agreed well with those 

obtained by Henderson [30] for those radii and temperatures which he 

tabulated, and some comparisons are shown in Table .0, Comparison (B). 

Where differencei occur, our results are thought to be the more accurate 

because of the finer integration interval used. 

Excellent agreement was found between results from the alternative 

versions of (4.4), and this provided a check on the framework of the 

programme. 

The function A was used in 

V =  'hi 	 ,d z f r z  r 

	

0 	 72 

and the results were compared with those obtained by Henderson and Oden 

31-], see Comparison (C). This provided a satisfactory check on the 

framework of the final integration. It is thought, howeverl.that those 

.authors did not use a sufficiently fine integration interval at the lower 

temperatures. 

In addition to these tests, the Simpson's interval was varied to 

confirm four figure consistency in the results, and the ranee of every 

integration was increased to 0 4 r 	10 dr . The latter nrcceure nrodeced 

(1771 no-change in et._ to the fourth significant fieure anywhere in the 

temperature range. The integrals 	and 	were affected 

more strongly by this change of range, so that at q30-'  . 0.6 the 

accuracy fell off 7ith increasing r iz  anr1 three fi7ere consistency 	

-

re- 

rained at rM= 4er. For the- temrer,..tare 	b7 (pc)
' 
 = 10.0, the 

cnrre was smoother end more susceptible to contribeticns frcel hiher 
'a 



with only two significant figures unchanged by the increased range 

of integration at riz  = 4or. However, at these extremes of the 
a. 

 temperature range, both 	and 1-'1 were consistent to four 

significant figures in the region of ril  for which they have their 

largest variations and magnitudes around 1'12.  = Cr and both are 

several orders smaller in the region around ria  = 4cr. Some 

comparisons at (4p )-/ = 10.0 are shown in Comparison (D) for these 

two rooted diagrams. 

Thus, for a range of integration 0 r< 5 c we obtain results 

which are of satisfactory accuracy, and putting extra f,- bonds into 4.2  

er d and 	will have the effect of reducing any 

higher-range contributions. This programme ran at about 100 s. on 

a CDC 6600 computer. 

5.3 174 
The programme for these integrals divides itself into two parts, 

whose flow-charts are shorn in figures 5(a) and 5(b). In part I, the 

coefficients A
t 

, B
t 

of equation (4.15) are found and in part II these 

values are used to perform the integrals of equations (4.13) and (4.14). 

Gaussian integrations have been used throughout the programme, 

since use of Simpson's Rule with 100 points for each integration was 

insufficient, and it was not possible to use more than 100 points because 

of lack of storage. The range of each integration, except that for R, 

has been divided into four Gaussian panels, each with 16 points: 

O-9 	to 0-8 tr 
	0.80-  to 1.56 

I • S 6 -to 2-5 cr- 	 2- 5' cr fo 5- 6 a- 

Thus, the roint2 rere compreced to,:ether where the functions vni7 

50. 



rapidly, and the accuracy is better than that obtainable with 100 

equispaced Simpson's points. 

In part I, the 64 Gaussian values of absissa r(1) to r(64) were 

calculated, along with factors of half-panel width Y(1) to Y(64) 

appropriate to the different limits from the Gaussian formula and 

corresponding to the former set. The weights W(1) to W(64) were fed 

into the computer, and r.1 	rj  of (4.15) were then set at the required 

Gaussian values r(I), r(J) and the integration over R was performed, 

with r j  :5 /I . 

The range of integration was divided into 100 intervals and each 

interval was integrated over by Gaussian two-point integration, the 

weight factors being unity in this case. This was done fort = 0 to 

19 in PQ  and use was made of (4.16) for speedy calculation of-Pt  . The 

variable COUNT was used to count the different r(I) and r(J) combinations, 

/ , 
and the A (r., r,), B (r Ir.) were written out in ten blocks onto a 

R. 4 3 	d 4. a 

scratch disc. In this writing procedural varied slower than r. which 

varied slower than r., so that the numbers on the disc began for : 

i\:(1r4.(1))-0)) 	di)) 	ArG:(1),,-.(2))/3/0-:(1,-.(2)) 	• • • 
I 	t 	J 	t 	

), 

Use of a disc was necessary, because all the A;'s and B's could 

not be held at once in the computer storage. Selected values were 

read from disc as reouired in part II. This reading process was generated 

by first setting an value and then reading all values of At  (rj, 

and B
t 
 (r.,r.) from the ten blocks on the disc fo mirroringr. . A mirroring 
 .c 

proces.s.; was used to obtain values of A1". 4  where r.> ri 	since 	and - 	1  

nt are both  ";71111tative 
in  r 4 

o 	and R,71 were then obtained by performin47 the inteErationc 

in(4.13) an (4.14) and by surming the contributic= from each val7:.,-.? cf 

only th,  value, cf A 0. , B were :3. used then 

equation (A.-.17), although 	not ben shown in 	flew 

as in 

51 . 



The rooted diagrams are given in Tables 1 to 15 and the closed one 

in Table 16. 

Tests : 

Part I was initially tested by using Ai , Bt  to reproduce f..  

by summing as in (4.8), (4.9) and comparing with directly e 2A  f :24 

calculatedvaluesoff",ez4  ;14  . ';then this comparison proved 

satisfactory, the mechanics of the full programme was tested by using 

At to produce gz (= r ri /411), Li and El by using Legendre 

sums and comparing the results with those of Henderson and Oden [31] 

who summed up to t = 11 for Ega. Comparisons for two of these diagrams 

are shown in Comparisons (E) and (F). The t sums are sometimes a little 

slow in following rapid changes of sign, as is apparent in Comparison (E). 

The maximum . value and number of integration points were changed 

to establish four-figure consistency in o' 	- 	. On omitting 

the f13 bond in these diagrams one obtained '4 , 	from the L 

sum and these were compared with their ecuivalents from (4.17) and 

its integral, to examine the adequacy of the summation (Comparisons 

(0,0)). Also, Comparison (H) features values of gia from the 

results obtained in section 5.2 and the agreements are reasonable. 

On the strength of these comparisons, we believe that the closed 

diagram UR1 is accurate to within one or two in the fourth 

significant figure over most of the temperature range, the discrepancy 

at (34) e•,' 3.0 in Comparison (H) being produced by a rapid change of 

sign in 571 not present in 	• 

We see from Comparison (G) that the rooted -diearams are well 

represented by the £ sum, discrepancies becoming more common at large 

and we expect variations in only the fourth significant figure over most of 

the range PS in the diarframoof section 5.2. Any attempt to increase the 

range of intetzration beyond 5crwould have resulted in an unreasonlly 

long processing time and hith stora7e, rn3 the adeauacy of this cat-off 
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was established in section 5.2 for similar diagrams. 

The main programme ran at about 400 s. on a CDC 6600 computer. 

The results for the two rooted diagrams were used in an interpolation 

programme which determined the values of these functions at ecuipaced 

values of r . 

5.4 1:7Y-5"4- 

 

Two programmes, similar to that "just described were written. In 

the first, values forAt 
0) 
 ,Bt  

0) 
 andCt 0)  , transformed as in (4.12), 

were calculated by the method of part I, and used to calculate the first 

six contributions from (4.20). In the second programme, the remaining 

four contributions were calculated. The rooted contributions from the 

two programmes were added and interpolated upon to obtain e 
at regularly spaced rtz 	This diagram is given in Tables 1 to 15. 

Tests : 

By omitting 1'43  in figure 4(c), one obtains jr-  8. and these 

results agree well with those obtained without an t summation in section 

5.2 (Comparison (I)). This rooted diagram was integrated to obtain DN-si 

also by t summation, and these results are compared with the more 

accurate Ilia from section 5.2 (Comparison J). 

Further, one may perform the final r2  integration in (4.8) to 

obtain 	and this result agreed to four significant figures 

with that of the previous section (Comparison J). 

From Comparison (I), we conclude that 1N is probably talmlated 
with the sere accuracy as the rooted diagrams in the previous sect-Ion. 

5...5 Units for rresentation of results. 

To avoid repetition of ccnotants in the tables and craphs which 

follow, the results rro 7re:ented in the reduced units defined below. 

The reduced variable is di7tirauishcd by ET. cstrisk, excert for u* and 

f* which retain the4.r original mer_ninf4s. 

53. 



Thus, 

(5.3) 

We consider two types of diagram : 

Diargams with no three-body link. 

Doubly rooted diagrams with n field points are reduced on 

dividing by -473n. 

Diagrams shown without root points are reduced on dividing, by a 

unit known as the rigid sphere covolurne, b. = 2ver3/3, which is raised 

to the power of the number of integrations which have been performed 

on the respective diagram. 

(ii) Diagrams with a three-body link.  

These diagrams follow the rules of (i) except that the reduction 

becomes complete after a further division by a factor (1,1/E0.9). 

Examples 

:14 

X- 3  arsiL• 	
- 	,6-0  

Two exceptions occur in Table 0, where the notation of another 

author is used, namely /r(rz) and S (r 12.) which are reduced on dividing S  
• bycr

4
and a 7  respectively. 

5.6 _ The tables and gmphs. 

In the tables, results which vary strongly are shown in the E-format, 

where the figures followin',.. the letter n give the rower of 10 by which 

the'number rreceding the E must be multirlied. 

Graphs are shown in figures 5(c) to 5(g) for ell the t7pes of 

three-body inteeral calculated in this work. 

In the tables, figures and chapter which follow, suffixes indating 

root points 1 and 2 will not be shown. 

(i) 



55. 

TABLE 0 

Comparison (A) 

T
;kr ft 

(This Work) i'(From1731) 
0.6 -91.059 -91.02 

0.9 -21.579 -21.57 

1.0 -16.138 -16.133 

1.5 - 6.5100 - 6.508. 

3.o - 2.1854 - 2.185 

5.0 - 1.1782 - 1.178 

Comparison (B) 

T =0.8 

(r) 

(This Work) 

'6'(r) 

(From BO]) 

?.10.0 
le(r) 

(This Work) 

E'(r) 

(From [30]) 

0.1 .38921 .38947 0.04377 0.04378 

0.5 .78606 .78642 0.13499 0.13501 

1.0  .47879 .47909 0.09109 0.09111 

1.5 .34462 .34496 -0.00780 -0.00772 

2.0 .73146 .73215 -0.01803 -0.01803 

3.0 .25191 .25200 -0.00090 -0.00090 

4.0 .04743 .04794 -0.00019 -0.00018 

5.0 .01141 .01242 -0.00003 -0.00005 

Comparison (C) 

T IGIJ 	(This Work) V1 (From [31] 

23.295 23.436 

1.0 - 6.1559 - 6.15735 

1.5 - 1.5054 - 1.50558 

3.0 - 	.72297 - 0.72266 

5.0 - 	.67227 - 0.67230 



56. 
TABLE' 0 (Cont.) 

Comparison (D) 

(range 5.0) 

 Tit= 10-0 

(range 10.0) (range 5.0) (range 10.0) 

0.1 -.6829E-03 -.6831E-03 -.3168E+03 -.3168E+03 

0.5 .1614E+00 .1614E+00 e -.1707E+01 -.1707E+01 

1.0 .2219E+00 .2219E+00 -.1210E+00 -.1210E+00 

1.5 .1556E+00 .1556E+00 .2031E-02 .2031E-02 

2.0 .4066E-01 .4066E-01 .7757E-03 .7757E-03 

3.0 -.8259E-03 -.8284E-03 .2174E-05 .2172E-05 

4.0 -.1436E-03 -.1600E-03 .5970E-07 - .5805E-07 

4.8 -.4698E-04 -.3346E-04 .4784E-08 .6756E-08 

Comparison (E) 

r
* 

T=0.8 

S: 
(Legendre sum) 

8: 
(From [31]) 

A 
T =10.0 

8: 
(Legendre sum) 

S: 
(From Din 

0.1 0.1669 0.16675 0.00912 0.00911  

0.5 0.3287 -0432898 0.03117 0.03115 

1.0 -0.0501 -0.05082 0.02100 0.02095 

1.5 -0.2271 -0.22737 -0.00028 -0.00034 

2.0 0.1003 0.10072 -0.00200 -0.00196 

3.0 0.0620 0.06185 -0.00023 -0.00020 

4.0 0.0081 0.00785 -0.00005 -0.00004  

4.5 0.0032 0.00305 -0.00001 -0.00002 

Comparison (F) 

T IN (This Work) (Prom [311 ) 

0.6 -112.1 -113.3 

1.0 - 	1.69 1.71 

1.5 0.348 0.345 

3.0 0.490 0.494 

5.0 0.484 0.4859 



57. 
TABLE 0 (Cont.) 

Comparison (G) 

T =0.6 
	

T =10.0 

r* 
csf  

(From (4.17))  (Legendre sum) 
o 

(From (4.17)) 
e 

(Legendre sum) 

0.1 -.4235E+05 -.4240E+05 -.7829E+01 -.7820E+01 

0.5 -.1321E+04 -.1322E+04 7.4206E400 -.4207E+00 

1.0 -.1650E+03 -.1651E403 -.5998E-01 -.5998E-01 

1.5 -.3854E+02 -.3856E+02 -.1167E-01 -.1169E-01 

2.0 -.4106E+01 -.4110E+01 .2482E-03 .2485E-03 

2.5 .1111E+00 .1112E+00 .1170E-03 .1168E-03 

3.0 +.2333E-01 .2338E701 .5554E-05 .5550E-05 

4.0 -.3086E-02 -.3095E-02 -.9978E-06 -.9988E-06 

4.8 .5570E-04 .5580E-04 -.8257E-06 -.8267E-06 

Comparison (H) 

(From (4.6)) (integrate (4.17)) (Legendre sum) 

0.6 -342.1 -342.2 -342.7 
1.0 - 	4.147 4.154 - 	4.144 

1.5 0.3989 0.3989 0.3992 

3.o 0.05675 0.05690 0.05650 

5.0 - 	0.03876 0.03877 - 	0.03890 

Comparison (I) 

T 

br 	b 

From (4.4)) 

16
s 
el 

(Legendre sum) 

T =10.0 

a 
0'. 	A 

(From (4.4)) 	(Legendre sum) 

0.1 -.8894E+03 -.8899E+03 -.6829E-03 -.7771E-03 

0.5 -.3989E+03 -.3993E+03 .1614E+00 .1615E+00 

1.0 -.1970E403 -.1970E+03 .2219E+00 .2217E400 

1.5 -.1364E+03' -.1365E+03 .1556E+00 .1558E+00 

2.0 -.1240E+03 -.1240E+03 .4066E-01 .4089E-01 



5e• 
TABLE. 0 (Cont.) 

Comparison (I)(Cont.) 

T =0.6 
	

T =10.0 

(From (4.4)) (Legendre sum) (From (4.4)) (Legendre sum) 

3.0 -.1224E-i-02 -.1227E+02 -.8259E-03 -.7561E,-03 

4.0 -.1254E+01 -.1232E+01 -.1436E-03 -.1036E-03 

4.8 -.3134E+00 -.2422E+00 -.4698E-04 -.5108E-04 

Comparison (I) (Cont,) 

k 

r 
(From (4.4)) (Legendre sum) 

0.1 -.5531E+02 -.5533E402 

0.5 -.2431E+02 -.2432E402 

1.0 -.9805E+01 -49804E401 

1.5 -.6783E+01 -.6786E401 

2.0 -.8215E+01 -.8223E+01 

3.0 -.1442E+01 -.1446E+01 

4.0 -.1690E+00 -.1667E+00 

4.8 -.4292E-01 -.5375E01 

Comparison (J) 

0.6 

(From (4.6)) 

-342.1 

(As in sect. 5.4) 

-342.0 

(From (4.14)) 

-7.516 

(As in sect. 5.4) 

-7.452 
1.0 - 	4.147 - 	4.142 2.710 2.710 

1.5 0.3989 0.4008 0.3278 0.3278 

3.0  0.05675 0.05705 0.02467 0.02467 

5.0  - 	0.03876 - 	0.03872 0.01785 0.01785 

10.0 - 	0.04640 - 	0.04643 0.01285 0.01285 



TABLE 1 

.60 

r 
 

-.1946E+07 
-.1559E+06 
-.7134E+05 
-.3979E+05 
-02318E+05 
-.1409E+05 
-.8901E+04 
-25810E+04 
-.3905E+04 
-62694E+04 
-.1901E+04 
-.1369E+04 
-.1003E+04 
-.7476E+03 
-.5652E+03 
-.4329E+0j 
-.3356E+03 
-.2631E+03 
-.2084E+03 
-0.666E+03 
-.1344E+03 
-.1094E+03 
-.8974E+02 
-.7416E+0? 
-.6172E+02 
-.5169E+02 
-.4354E+02 
-.3686E+0? 
-.3133E+02 
-.2671E+02 
-.2279E+02 

-.4235E+05 
-.2281E+05 
-.1322E+05 
-.8050E+04 
-.5193E+04 
-.3513E+04 
-.2462E+04 
-.1779E+04 
-.1321E+04 
-.1005E+04 
-,7796E+03 
-.6157E+03 
-.4938E+03 
-.4014E+03 
-.3300E+03 
-.2741E+03 
-.2298E+03 
-.1941E+03 
-.1650E+03 
-.1410E+03 
-.1212E+03 
-.1046E+03 
-.9047E+02 
-.7846E+02 
-,6813E+02 
-.5919E+02 
-.5140E+02 
-.4456E+02 
-.3854E+02 
-.3320E+02 
-.2845E+02 

.7208E+05 -.8894E+03 
-.3626E+05 -.8115E+03 •-•172PE+04 
-.1912E+05 .47311E+03 '...13/6E+04 
-.1030E+05 -.6562E+03 ^,101  (sE 4-04 
-.5805E+04 -.5895E+03 .•.•13551,E+03 
-.3402E+04 -.5312E+03 ...676PE+03 
-.2048E+04 -.4807E+03 '"4003(6L+03 
-.11259E+04 -.4370E+03 '..430?E+03 
-.7927E+03 -.3989E+03 .".•3462E- 403 
-.5068E+03 -.3657E+03 ...•2604E+03 
-.3277E+03 -.3:367E+03 -.2284E+03 
-•2137E+03 -.3111E+03 -.1870E+03 
-.1397E+03 •••2885E+03 '• 1540E+03 
-.9092E+02 ....2685E+03 `.127.1303 
-.5858E+02 ".2507E*03 "'.1(P-17E+03 
".3695E+02 "*.2349E+03 
-.2250E+02 ".2208E+03 
-.1285E+02 '•2082E+03 ',We27E+0? 
-.6472E+01 -.1970E+03 -.5267E+02 
-.2325E+01 '•01871E+03 -.4471E+0i? 
•2890E+00 ."+1782E+03 ... e3614E+02 
c1835E+01 '.1704E+03 ..,327PE+02 
.2617E+01 -.1635E+03 -.2829E+02 
.2839E+01 -.1574E+03 -.2475E+02 
.2653E+01 -.1520E+03 -.2207E+0? 
.2186E+01 -.1473E+03 ' -.2020E+02 
.1545E+01 -.1431E+03 -.1907E+0? 
.8189E+00 -•1395E+03 -.1866E+02 
.6303E-01 -.1364E+03 -.1897E+02 
-.6837E+00 -.1337E+03 •"•2007E+OP 
-.1385E+01 -81314E+03 -.2210E+02 

.10 

.15 

.20 
025 
030 
035 

.45 
o5, 
.55 
86i) 

.65 
07,1 
.75 

.85 

.9n 
095 

1.00 
1.05 
1.10 
1.15 
1.2o 
1.25 
1.30 
1.35 
1.4o 
1.45 
1.50 
1.55 
1.60 



I 
r 1"‘ 

TABLE 1_ (CONT.) 

1.65. -.1945E+02 -.2421E+02 -.1998E+01 -.1295E+03 -.eb11K+02 
1,70 -.1655E+02 -.2040E+.02 -.2474E+01 -.1279E+03 -.2924E+02 
1.75 -..1400E+02 -.1698E+02 -,2768E+01 -.1266E+03 '-.3459E+02 
1.80 -01172E+02 -,1389E+02 -,2838E+01 -.1256E+03 -.4110E+02 
1.85 -.9669E+01 7.1109E+02 -.2691E+01 -.1249E+03 -.4848E+02 
1.90 -.7781E+01 -.8541E+01 -.2381E+01 -.1244E+03 -.5S28E+02 
1.95 -.6022E+01 -.6220E+01 -.2056E+01 -.1241E+03 -.6038E+02 
2.00 -.4369E+01 -.4106E+01 -.1882E+01 -.1240E+03 -.626pE+02 
2.05 -.2848E+01 -.2300E+01 -.1888E+01 -.1235E+03. -.61/3E+02 
2.1) .-.1571F+01 -.9038E+00 -.2056E+01 -.1217E+03 -.5783E+02 
2.15 -.6667E+00 .1091E-01 -.2190E+01 -.1174E+03 -.5162E+02 

-.1618E400 .4441E+00 -.2142E+01 -.1102E+03 -,440"YE+02 
2025 .3863E-01 .5602E+00 -.1928E+01 -.1009E+03 -.3622E+02 
2.30 ..7041E-01 .5066E+00 -.1606E+01 -.9040E+02 -.2697E+02 
2.35 .3657E-01 .3936E+00 -.1271E+01 -.7981E+02 -.22/4E+02 
2.4:1 -.7273E-02 .2776E+00 -.9720E+00 -.6978E+02 -.1766E+02 
4•45 -.4026E-01 41816E+00 -.7275E+00 -.6065E +'02 -.134E+02 
2.5 -.5887E-01 .1111E+00 -.5372E+00 -.5254E+02 -.1047E+02 
2.55 -.6593E-01 ,6355E-01 -.3929E+00 -.4544E+02 -.8053E+01 
2.60 -.6545E-01 .3381E!-01 -.2854E+00 -.3928E+02 -.6181E+01 
2.65 • -.6075E-01 .1703E-01 -.2062E+00 -.3395E+02 -.4748E+01 
2.71 -.5409E-01 ,9230E-02 -.1482E+00 -.2934E+02 -.3651E+01 
2.75. -.4690E-01 .7264E-02 -,1057E+00 -.2536E+02 -.2d10E+01 
2.8 -.3996E-01 .8809E-02 -.7473E-01 -.2192E+02 -.2164E+01 
2.85 -.3364E-01 .1225E-01 -.5241E-01 -.1895E+02 -.1667E+01 
2.9 -.2810E-01 .1630E-01 -.3625E-01 -.1638E+02 -.1283E+01 
2.95 -.2335E-01 .2011E-01 -.2449E-01 -.1415E+02 -.9840E+00 
3.00 -.1934E-01 .2333E-01 -.1617E-01 -.1224E+02 -.7547E+00 
3.05 -.1599E-01 .2575E-01 -.1051E-01 -.1059E+02 -.56?oE+00 
3.10 -.1321E-01 .2705E-01 -.6523E-02 -.9169E+01 -.449!:;E+00 
3.15 -.1092E-01 .2722E-01 -.3707E-02 -.7960E+01 -.3475E+00 
3.20 -.9025E-02 .2642E-01 -.1890E-02 -.6933E+01 -.2713E+00 
3.25 -.709E-02 .2483E-01 -.8756E-03 -..6064E+01 -.2160E+00 



TABLE 1 (CONT.) 

r 
fe • 

fl; I 	 a' 
3.31 -.6109E-02 .2257E-01 -.2589E-03 -.5328E+61-  -.1744E+00 
3.35 -.5136E-02 41986E-01 .1168E-03 -,4706E.01 -4 1427E400 
3.40 • -.4269E-02 .1694E-01 .3427E-03 -'.4176E+01 -.1102E+00 
3.45 -.3555E-02 .1431E-01 .3595E-03 -.3723E+01 -.1004E+00 

-.2966E-02 .1180E-01 .3373E-03 -.3333E+01 -.8626E-01 
3.55 -.2480E-02 .9455E-02 .31)2E-03 -.2994E+01 -.74514E-01 
3.6() -.2077E-02 .7332E-02 .2965E-03 -.2697E+01 -.645E-01 
3.65 -.1743E-02 .5465E-02 .2702E-03 -.2437E+01 -.5621E-01 
3.7 -.1465E-02 .3863E-02 .2149E-03 -.2207E+01 -.4939E-01 
3.75 -.1234E-02 ,2465E-02 .1735E-03 -.2002E+01 -.433nE-01- 
3.8 -.1041E-0? .1231E-02 .1466E-03 -•1819E+01 -.3776E-01 
3.85 -.8800E-03 .1210E-03 .1313E-03 -.1655E+01 -.3274E-01 
3.9,E -.7447E-03 -.1011E-02 .1121E-03 -.1508E+01 -.?854E-01 
3.95 -.6310E-03 -.2114E-02 .9121E-04 7.1375E+01 -,2s03E-01 
4.00 -.5354E-03 -.3086E-02 .7489E-04 -.1254E+01 -.2199E-01 
4.05 -.4550E-03 -.3889E-02 .6246E-04 -.1145E+01 -.1942E-01 
4.10 -.3874E-03 -.4486E-02 .5305E-04 -.1046E+01 
4,15 -.3303E-03 -.4748E-02 .4437E-04 -.9566E+00 -.1S67E-01 
4.2  -.2820E-03 -.4801E-02 .3741E-04 -.8756E+00 -.1442,E-01 
4.25 -.2412E-03 -.4682E-02 .3187E-04 -.8019E+00 -.1349E-01 
403(2  -.2066E-03 -.4429E-02 .2747E-04 -.7350E+00 -.12b9E-01 
4.35 -.1772E-03 -.4097E-02 .2385E-04 -.6740E+00 -.1207E-01 
•404t, -.1522E-03 -.3710E-02 .2085E-04 -.6183E+00 -.1159E-01 
4.45 -.1309E-03 _,3273E-02 .18-39E-04 -.5675E+00 -.1109E-01 
4,5 -.1127E-03 -.2801E-02 .1639E-04 -.5211E+00 -.10o)!E-01 
4.55 -.9713E-04 -.2312E-02 .1479E-04 -.4786E+00 -.100E-01 
4.6n -.8383E-04 -.1817E-02 .1350E-04 -.4397E+00 -.9fic;h-02 
4.65 -.7243E-04 -.1325E-02 .1241E-04 -.4040E+00 -.949r1E-We? 
4.72 -.6264E-04 -.8455E-03 .1146E-04 -.3712E+00 -.91b  9E-02 
4.75 -.5423E-04 -.3848E-03 .1059E-04 -.3411E+00 -,11894E-02 
4.8 -.4698E-04 .5570E-04 .9824E-705 -.3134E+00 -.8o1nE-02 

v. 



• TABLE 

A 
T = .70 

.1) -.6317E+06 ...1116E+05 -.1198E+05 -.3419E+03 
,15 -.5075E+05 -.606aE+04 -.6159E+04 -,3134E+03 
.R0 -.2328E+05 -93556E+04 -,3305E+04 -.2i139E+03 
.25 -.1317E+05 -.2193E+04 -.1806E+04 -.2551E+03 -.30')1+03 
.30 -.7756E+04 -41429E+04 -.1019E+04 -.2295E+03 -.43/L+03 
035 -.4759E+04 -.9753E+03 -.5901E4'03 -.2(169E+03 
.40 -.3023E+04 ..46-890f+03 -.3468E+03 -.4,1871E+03 ..-01611F+01 
045 -01981E+04 -.05013E+03 -.2051E+03 -.169HE+U3 

-.1333E+04 ..3749E+03 -.1217E+03 -.1547L+03 
*55 -.9187E+03 ...42867E+03 -.7139E+02 -•1414E +03 -.761i,E+0R 
060 -.6465E+03 ..2237E+03 -.4056E+02 -.1298 E- 4'03 -.604E.+D? 
/65 -.4634E+03 -.1775E+03 -.2157E+02 -'1195E +03 
*70 -.3376E+03 -.1431E+03 -.9799E+01 -.1104E+03 
475 -.2496E+03 -.1167E+03 -.2537E+01 -.1024E+03 -.3110.0? 
.80 -,1869E+03 -.9644E+02 .1877E+01 -•95',±2E+02 
06C -.1417E+03 -.8043E+02 .4472E+01 -.8887E+02 
.90 -.1086E+03 -.6768E+02 .5895E+01 -.8323E+02 -01St)til+wr! 
.95 -.8409E+02 -.5737E+02 .6562E+01 -.7823E+02 
1.00 -.6576E+02 -.4897E+02 .6748E+01 -.7380E+02 -.9601h+01 

. 1.05 -,5191E+02 -.4204E+02 .6630E+01 -.6989E+02 
1.in -..4136E+02 -.3627E+02 .6321E+01 -.6645E+02 
1.15 -.3325E+02 -,3141E+02 .5895E+01 -4,6343E+02 -.4o0?E+01 
1.20 -.2698E+02 -.2729E+02 .5392E+01 -.6081E+0? 
1.25. -.2210E+02 -.2378E+02 .4840E+01 -15853E+02 
1.30 -.1827E+02 -.2073E+02 .4259E+01 -.56S6E+0? 
1.35 -.1524E+02 -.1809E+02 .3665E+01 -.5487E+0',?. 
10/0 -i1282E+02 -.1578E+02 ,3n79E+01 -.S344E+02 
1.45 -.1088E+02 -.1375E+02 .2511E+01 ..05224E+02 -030?cL+00 
1.50 -,9309E+01 -.1195E+02 .1973E+01 -.5125E+02 -.h1 /7E:+11!) 
1.55 -.8014E+01 -.1035E+02 .1472E+01 -45040..3.02 -•.1134F..o1 
4.60 -.6936E+01 -,8924E+01 .1014E+411 049B1E+02 



TAbLE 2 (CONT.) 

r 
4K-71b-i' 

• o •.4.601E+01 .7642E+01 .6082E+00 ".4930:+02 -.313;t7,+01 

1.70 ....5232E+01 ...6489E+01 .2685E+00 •...4901E+02 
1.75 "',4536E+01 -.5448E+01 .4945E-02 ..'.4681E+0"i! -.br1+01 
1.8r) ...3908E+01 -.4504E+01 •'..1723E+00 ....4873E+0? 
1085 ....3329E+01 -.3648E+01 ..,2692E+00 ..•.4877E+62 
1.90 -..2782E+01 -.2867E+01 .03057E+00 ....4891E+OP -014+0";? 
1.95 .02255E+01 -.2155E+01 -.3274E+00 
2.00 ...1743E+01 -.1509E+01 -.3836E+00 ....4Y42E+0? 
2.05 -••1256E+01 -.9611E4'00 -.4770E+00 4.4951E+02 
2.10 ..,8330E+00 -.5430E+00 -.5963E +00. -.4 899E+0?, -.113-E+2 
2.15 ....5132E4,00 -.2639E+00 -.6336E+00 -04747E+02 -0.1.517-402 
2.20 .•••307SE+00 -.1156E+00 -,6971E+00 -.4488E+02 -.1At7[+op 
2.25 ....1935E+00 -.5295E-01 -,6474E+00 -.4146E+02 -0111',L+0?. 
200 ...1366E+00 -.3674E-01 -.5559E+00 -.3760E+02 
2,35 ....1087E+00 -.3979E-01 -,4533E+00 -,3363E+02 -.11?0_+01 
2.40 -.4769E-01 -.3570E+00 -.2981E+0? 
2.45 -.5409E-01 "4,2749E+00 -.2626E+02 
2.50. 44.7112E.'•01 -,5682E-01 "412085E+00 -.2305E+0R -.3611F.+01 
2.55 -.5590E-01 .',1565E+00 -.2018E+02 -.4t+01 
2.6 ".1166E+00 ....17b5E+02 
2.65 •••,4413E.•01 -.4675E-01 .•.154?E+02 
2.10 .•.3685E01 '...4021E"'01 •4.6360E-.01 ..4•134/E 40?. -.14,3401 
2.75 ...3056E4.01 ...33;.!!6E01 •.4656E4.01 '''.1175E+02 -.11?m+01 
2,80 -.2522E-01 ,•.,2634E•4.01 -'01025k-:+0? 
2.5 -.2075E-01 •4...1981E.•401 .2.445E.4401 ...893HE+01 
2.9/.; -.1703E-01 ..•,1749E^01 ...7769E+01 
2.95 -4,1396E-01 ...8783E44.02 4".1234E'^01 -•.6764E+01 
3.00 -.1146E-01 ..4.4488E..02 .•.6604E4.402 ,-..590dE+03 
3,05 -.9408E-02 -.1037E-02 -.5949E-02 4'••5146E+01 
3.10 -.7728E-02 .1572E-02 -.4020E-02 
34.15 -.6356E-02 .3394E-02 -.2638E-02 -.3919E+0] 
3,29. -.5236E-02 ,4527E.'.02 -.1688E-02 -.3431E+°1 
3.25 -.4321E-02 )5077E...02 -.1016E-02 7.3014L+01 -.101A+6o 



TAbLE 2 (CONT.) 

  

r  

 

3-.30 -.3573E-02 .5156E-02 ^.6/99E•.03 ""2b:+01 
3,35 -,2960E-02 . ,4867E-02 .•.,4031E03 -.2353E+01 
.3.40 -.2457E-02 .4350E702 .2135E-03 -.2091E+01 bSi 
3.45 -.2044E-02 1, 3811E02 .'61254E03 .•*1866E+01 
3.50 • -0704E-02 .3213E02 .7110E."04 .".16710.01 
3.55 
3.60 

.1423E-02 
• ."4.1191E..02 

'2600E...02 
.2006E."02 '*.2456E...05 

•...1501i'.41)1 
`.13b2h401 

-.:34.F-. 	'1 

3.65 
3.70 

.•*9991E'•.03 .1465E...02 
098( 	&*'.03 .1438E.04 

"".1221E+01 -.14kL-01 

3.75 • •.'*7070E...03 ,5585E^03 .1420E-04 ....1002"01 -.1Y4fE -01 
34.8 .5963E-03 • 01751E03 .1586E-04 .*.9102E+00 
3.85 '`.1742L...03 ,1926E-04 -.140L-01 
3.9r1  -.4262E-03 0884E-04 .".753$.1E+00 
3.95 -.361 1F--03 .1P,12E-04 ••.666qh+00 -.111' -ot 
4.00 ,3063E*03 ."*1217E'02 .1407E-04 ..,6264E+00 -,9)1011..-n2 
4.05 '..2603E^03 ••.1478E'02 .1269E-04 ^.571dE+00 
4.10 '*2216E^03 '.1668E".02 +1181E-04 .“1.5224E+00 
4,15 -, 1889E-03 -.1746E-02 • *1032E... 04 "*.4777E+00 
4.20 'fle1613E...03 ''.1752E'02 '9066E...05 ...4372E+00 
4.25 •...1379E'^.03 ^,1699E...02 ,8049E'.05 "04005E400 
4,30 -.1182E-03 -.1600E-02 .7229E..05 .•.3670E+00 
4.35 -.1014E-03 -.1472E-02 .6497E05 ..,3366E+00 
4,40 -.8706E-04 -.1326E-02 .5836E05 ...3p8HE.1.00 
4.45 -.7488E-04 -.1162E-02 .5277E-05 ....2835E+00 
4.50 -.6450E-04 ....9858E^03 .4807E••05 •..2604E400 
4.55 -,5562E-04. ^08040E•..03 .4409E-05 ..2392r.+00 ^04 0? 

4.6P ..,6207E•.03 .4073E-05 ...219 F+00 
4,65 -.4393E-03 .3792E-05 ...2021L+00 
4,71 -.2627E-03 .3559E-05 ,..,16b0E+00 
4.75 •“43112E04 .3369E-05 
4,80 •*2698E04 ,6784E...04 .3190E7-05 .".1570E+00 



r 4' 

TABLE 3 

T*7. .80 

.10 ...1,2644E+06 + 43675E+04 .2036E004 +61634E+03 +02145E+03 
015 +$2128E+05 +02010E+04 +.1085E+04 +$1502E+03 +61792E+03 
+20 .+4,9771E+04 +61184E+04 .••5938E°03 "01362E+03 -.1449E603 
025 +.1,5594E+04 +.7359E.0 03 +.367E+03 ++01227E+03 -.1150E+03 
+30 +0326E+04 +$4823E+03 +,1802E+03 .1104E+03 -.9049E+02 
+35 +.,2054E+04 +.0308E+03 +.9911E+02 -.9942E+02 -.7097E+02 
64a +.1310E+04 ....2347E.003 +.5307E+02 +.0975E+02 .,..5560E+02 
.45 ..,8602E+03 0...1714E+03 ..2668E+02 ....8125E+02 ...4352E+02 
.50 +.5789E+03 +61286E+03 +.1163E+02 +.7378E+02 -.3403E+02 
.55 +.3981E+03 -.9868E+02 m0011E+01 -.6721E+02 -.2657E+02 
+60 +.2790E+03 +07720E4'02 61853E+01 +.6142E+02 -.2069E+02 
.65 +01987E+03 +46144E+02 04496E+01 +.5630E+02 -.1603E+02 
.70 +.1436E+03 +.04963E+02 .5827E001 +.5177E+02 ,6.1234E+02 
075 ..1051E+03 +04062E+02 .6378E+01 +.4777E+02 +.69381E+01 
$80 +.7771E+02 +$3363E402 .6470E+01 +04421E+02 "07027E+01 
.85 ..5806E+02 ^$2813E+02 .6294E+01 +,4107E+02 -.5129E+01 
190 ...•4377E+02 +.2372E+02 65969E+01 +0828E+02 +.3614E+01 
495 .03327E+02 +62017E+02 .5567E+01 +.3583E+02 +62371E+01 

1.00 +02550E0,02 +41727E+02 .5132E+01 +.3366E+02 +61370E+01 
.1.05 +9.1970E+02 +.1487E+02 .4692E+01 -.3177E+02 -.5455E+00 
1.10 ++1535E402 +.1287E+02 .4259E+01 +.3012E+02 ,1348E+00 
1.15 1'101206E4°2 +01119E+02 0842E+01 +..2869E+02 .6960E+00 
1.20 '0.9577E+01 .49166E+01 .3441E+01 +62747E+02 .1153E+01 
1.25 ..7686E+01 .0538E001 0055E+01 +.2643E+02 .1512E+01 
1030 +.66242E+01 +.7479E+01 .2684E+01 +.2555E+02 .1776E+01 
1035 ..5137E+01 -.6554E+01 .2327E+01 +.2482E+02 .1943E+01 
1.40 .0.4287E+01 .+65743E+01 61989E+01 +62423E+02 .2014E+01 
1.45 +0629E+01 +05027E+01 61670E+01 +42376E+02 .1985E+01 
1+50 000116E+01 +.4389E+01 .1374E001 +.2340E+02 .1849E+01 
1.55 +$2712E+01 +0820E+01 ;1099E+01 +.2314E+02 01590E4'01 
1.60 ".2386E+01 *0311E+01 .8495E+00 +.2297E+02 $1194E+01 



,51  
o640aE+00 

.00932E...01 
0..1009E+01 
-.2110E+01 
....3320E+01 
.0.4512E+01 
....5545E+01' 
.0.6285E+01 
.0.6648E+01 
-.6597E+01 
...•6192E+01 
...5534E+01 
-.4761E+01 
.0,3986E+01 
..,3272E+01 
.2651E+01 

'0.2130E+01 
....1703E+01 
'10357E+01 
...107HE+01 
.0.8561E+00 
-.6794E+00 
-.5389E+00 
...4273E+00 
..,3364E+00 
....267hE+00 
'".2111E+00 
0..1666E+00 
..e131AE+00 
-.1049E+OM 
...8303E-01 

....5378E.°01 

At 

1065 .....2119E+01 ...2851E+01 .6283E+00 ...2288E+02 
1.70 0..1892E+01 ...2436E+01 .4389E+00 ....2288E+02 
1.75 ..01693E+01 *1,2059E+01 .2855E+00 .2294E+02 
1.80 'it...1510E+01 ”0.718E+01 .1710E+00 12307E+02 
1.85 ..0335E+01 .0..1406E+01 0196E...01 ....2326E+02 
1.90 '.1161E+01 ...1121E+01 .3915E...01 ".2351E+02 
1095 ....9848E000 ...08612E+00 ...2380E+02 
2.00 0.68028E+00 ....6268E+00 .006245E...01 ...2411E+02 
2.05 '..,6209E+00 044.4300E+00 "o1297E+00 0..2429E+02 
2,10 ..e4542E+00 .0.2819E+00 0.4.2008E+00 ....2414E+02 
2.15 ..3197E+00 1...1822E+00 +'.2535E+00 ...2350E+02 
2.20 ....2239E+00 +.01257E+00 "o2718E+00 4..2234E+02 
2.25 ...a/615E400 1'4,2612E+00 '-.2080E+02 
2630 . 4...1220E+00 ..',8312E"01 "1.2309E+00 ....1903E+02 
2.35 0.09631E...01 .00.7588E4°01 "..1934E+00 +.0719E+02 
2.40 .0.07822E0.01 0..7085E...01 .101562E+00 -.1539E+02 
2.45 .0.6441E0,01 0'06604E4.'01 "o1231E+00 4°,1370E+02 
2,50 .0,5326E0401 ..,6072E^01 °.,9544E..01 .1214E+02 
2.55 .0.4400E...01 .7313E".01 +40073E+02 
2.60 0..3624E...01 .0.4856E.'01 ..,9470E+01 
2.65 0..2975E0.01 0..4223E...01 .0.8344E+01 
.2.71 °..2436E..01 "1,8146E...01 ..,7345E+01 
2.75 -e 1990E-01 ....3012E".01 1..2346E...01 ...6459E+01 
2.80 ...11624E.001 "4.1740E...01 -.5674E+01 
2.85 .°0325&°01 "4.1282E...01 ...,4981E+01 
200 -.1520E-01 0..4368E+01 
2.95 -.3823E-02 -.41137E...01 -.3829E+01 
3000 ‘...7210E.002 ^0130E..02 ...,4876E^02 ...3354E+01 
3.05 -.5899E-02 °..2939E+01 
3.10 -.4835E-02 ..3360E**02 .2576E+01 
3.15 .0.3970E...02 ....1754E".02 ..,1698E.°02 .....2261E+01 

.3.20 .m0266E...02 .0.5938E...03 "'.l164E-02 ....1989E+01 
3.25 .1835E...03 ".8053E..03 ..0.754E+01 

 

TABLE 

Al̀  

3 (CONT.) 
,10 

r 



6 r 

TAULE 3 (CONTo) 

3.30 66463E6'03 ''.5529E6.03 -.1551E+01 ^6439bE.601 
3,35 -,1841E.02 .8647E.03 ,03739E..03 -.1377E+01 -,3626E-01 
3640 .9090E"03 "62462E6'03 .+.1226E+01 6"4.3019E"•01 
3.45 
3.50 
3.55 
3.60 

'8.1270E6.02 
66,1059E6602 
6.68842E.603 
6.7400E6.03 

.8882E6603 
.7947E"03 
.6583E"03 
65021E'"03 

f".1726E'"03 
"61218E6603 
I".8433E'"04 
"05482E'604 

-.1096E+01 
-.9823E+00 
66.8829E+00 
.667957E+00 

'662550E6'01 
6'62172E6'01 
66,1859E6'01 

3665 6.66206E03 .3457E-03 '6..3498E6'04 ..,7187E+00 -.1375E-01 
3670 6'05215E6'03 62011E6'03 ."•2601E6"04 -.6505E+00 -.1193E-01 
3.75 -.4390E-03 $6687E6104 '6 .1898E6604 66,5899E+00 -.1035E-01, 
3.80 66 .3703E6.03 ...#5702E"104 "61269E'"04 .6•5358E°00 -.8955E-02 
3.85 6'63128E6.03 • -.1727E-03 6'66808E6'05 `64872E+00 -.7723E-02 
3690 6..2646E6'03 '".63006E°603 '".3685E^05 6.64436E+00 -.6685E-02 
3.95 "1.2241E6'03 'm.4309E6.03 "62365E...05 "64042E+00 a'.5814E-02 
4600 66111901E6.03 .6,5462E6'03 '6..1261E6'05 6643687E+00 -.5068E-02 
4605 ..1616E.603 -.6404E-03 '62448E6'06 6.63365E4'00 ...4439E-02 
4.10 .6,1375E6603 -.7081E-03 .6818E-06 663075E+00 -.3919E-02 
4615 66,1172E6603 66,7328E6'03 .9527E-06 6'62812E+00 -.3529E-02 4.20 .6.1001E6.03 -.7297E-03 .1120E-05 .662574E+00 -.3227E-02 
4.25 .6,8561E6.04 .6,7034E"'03 .1244Em05 '662357E+00 -.2995E-02 
4.30 '6'07333E6.04 .6,6586E6'03 .1339E6'05 6'62161E+00 -.2816E-02 

. 4,35 6.6291E...04 ...,6029E6.03 .1370E.605 6..1982E400 --.2675E-02 
4640 6605405E*04 6..5395E6603 .1351E...05 -.1819E+00 -.2561E-02 
4.45 -.4650E-04 -.4691E-03 .1321E6'05 -.1670E+00 -.2466E-02 
4.50 6..4006E...04 66,3941E6603 .1286E6'05 -.1534E+00 -.2384E-02 
4.55 6..3456E6.04 .6.3169E6603 61241E.605 -.1410E+00 -.2309E-02 
4660 692985E.44 66.2393E6603 .1193Eu.05 6'61296E 4'00 ...2235E-02 
4.65 -.2581E-04 -.1627E-03 .1154E-05 6661192E+00 -.2159E-02 
4670 6'62235E6604 -.8843E-04 .1127E-P05 6..1096E+00 -.2081E-02 
4.75 
4.80 

66,1937E...04 
.6.1681E6604 

-.1754E-04 
*5009E6604 

.1118E-05 

.1100E+.05 
m..1009E+00 
-.9277E.•01 

-.1997E-02 
-.1909E-02 



TABLE 

.90 

   

'I 

   

A r 

  

    

.10 -.1318E+06 -,14tY2E+04 -d2ta3E+01 -.9034E+0? 

.15 -,1063E+05 -.7679E+03 -.2559E+02 -.8316E+02 -• 794y* +117 

.2 -.4891E+04 -.4528E+03 -.1875E+02 -.7545E+02 ..'4164“11N1- +he? 

.25 -.2827E+04 -.2820E+03 -.8795E+01 -.6799E+02 

.30 -.1694E+04 -.1849E+03 -.3084E+00 -.6111E+02 `040107. 40 2 

.35 -.1052E+04 -.1268E+03 .4859E+01 -.5495E+0? 
-.6737E+03 ..8997E+. 02 ,7468E+01 -.,4947E+02 

.45 -.4430E+03 -,6568E+02 ,8476E+01 -.4463E+02 li;*„kt,+UR 

.5E2 -.29 0E+03 -.4925E+02 .8593E+01 -.4037E+0? ."•14 +02 

.55 -.2045E+03 -.3777E+02 .8229E+01 -.3660E+02.  

.60 -.1426E+03 -.2953E+02 .7644E+01 -.3328E+02 ... .6 ?!1?L + 01 

.65 -.1009E+03 -.2349E+02 .6976E+01 -.3034E+02 . .6111.PE. 4. 01 

.70 -,7225E+02 -.1898E+02 .6303E+01 -.2775E+0? ".. .4401+01 

.75 -.5225E+02 -.1553E+02 .5661E+01 -.2545E+02 .'4131.4 01 

.80 -.3809E+02 -.1287E+02 .5069E+01 -.2341E+0? .20'12E+01 

.85 -.2796E+02 -.1077E+02 .4531E+01 -.2162E+02 -.12'12E+01 

.90 -.2064E+02 -.9091E+01 4046E+01 -,?003E+02 -..380-3E+00 

.95 -.1530E+02 -.7742E+01 .3614E+01 -,1864E+02 
1.00 -.1140E+02 -,6642E+01 .3227E+01 -.1743E+02 .404,;+00 
,1.05 -.85231-+01 -,5735E+01 ,2883E+01 -.1637E+0? .7,191E+00 
1.10 -,6402E+01 -.4980E+01 .2575E+01 -.1546E+0? .1074E+01 
1.15 -.4835E+01 -.4344E+01 .2297E+01 -.1469E+02 .13e?'4L+01 
1.20 -.3679E+01 -.3805E+01 .2043E+01 -.1403E+0? 
1.25 -.2828E+0t -.3342E+01 .1808E+01 -.1349E+0? .1[07E+01 
1.3c -.2205E+01 -.2940E+01 .1590E+01 -.1305E+02 .10.33L+01 
1.35 -.1750E+01 -.2589E+01 .1385E+01 -.1270E+0? .1q1.4 L -0.0t 
1.40 -.1421E+01 -.2279E+01 .1194E+01 -.1242E+02 .1-04/L+01 
1.45 -.1185E+01 -.2004E+01 .10.15E+01 -.1223E+02 
1.50 -.1017E+01 -.1759E+01 .8493E+00 -.1210E+02 
1055 -.8982E+00 -.1539E+01 ,6968E+00 -.1203E+02 .17r!ct..4.01 
1.60 -0130E+00 -.1340E+01 ,5583E+.00 -.1202E+02 .1',0A+01 



l'AbLE 4 (CONT.) 

  

 

r 
1.6r, 7-.7505E+00 '91161E+01 .4151E+00 -.1206E+02 
1.70 -.7018E+00 -.9969E+00 .3288E+00 -.1214E+02 .,:i1J4;L+00 
1.75 -.6601E+00' -.8482E+00 .2414E+00 -.1227E+0? .3?47E+00 
10k. 
1.85 

-06200E+00 
-.5774E+00 

-.7126E+00 
-.5884E+00 

.1738E+00 

.1238E+00 
-01245E+02 
-,126'3E+02 

-.266',L+on 
-.911A.+00 

1.9c,  -.5290E+00 -.4742E+00 .8656E-01 -.1290E+02 -01b/L+01 
1,95 -.4722E+00 -.3700E+00 .5311E-01 -.1317E+02 -.2161t-.+01 
2,00 
2,05 

-N4061E+00 
-.3332E+00 

-.2769E+00 
-.1999E+00 

.1411E-01 
-.2901E-01 

-•1343r1+02 
....1362E+02 

-.2f,17E+01 

2,10 -02609E+00 -.1431E+00 -.7222E-01 -01360E+02 -.e'157E+01 
2.15 -.1980E+00 -.1052E+00 -.1050E1.00 -.1329E+02 -.?f141L+01 
2.20 .7.,1491E+00 7..8323E-01 -.1199E+00 -.1270E+02 -.D')A+01 
2.25 - -.1137E+00 • -.7103E-01 -.1197E+00 -01190E+02 -.?;?1+01. 
2.30. -.8856E-01 -.6378E-01 -.1091E+00 -.1097E+02 -.1931F.+01 
2.35 -.7040E-01 -,5864E-01 -,9365E-01 -.9987E+01 
2.4n • -,5674E-01 -.5415E-01 -.7735E-01 -.9014E+01 
2.45 -.4607E-01 -.4972E-01 -.6222E-01 -.8086E+01  -.10-0C+01 
2.50 -.3752E-01 -7,4514E-01 -.4914E-01 -.7223E+01 ...p7f1 -1.00 
2,55 -.3056E-01 -.4041E-01 -.3832E-01 -.6432E+01 +no 
2.60 -,2488E-01 -.3568E-01 -.2959E-01 -.5716E+01 -,56,);.T+00 
P.65 -.2023E-01 .-.3106E-01 -.2258E-01 -.5070E+01 -,4::)71L+o0 
2.7c, -.1644E-01 -.2665E-01 -.1728E-01 -.4492E+01 -.30h1h+i)0 
2.75 -.1335E-01 -.2251E-01 -.1307E-01 -.3974E+01 
2.8 x.  -.1005E-01 -.1870E-01 -.9843E-02 -.3511E+01 
2.85 -.0819E-02 7...1526E-01 -,7360E-02 -.3099E+01 
2.90 -.7176E-02 -.1220E-01 -.5466E-02 -.2732E+01 .-.14(41f:+00 

2.95 -,5846E-02 -,9532E-02 -.4030E-02 -.2407E+01 
3.00 -.4770E-02 -.7258E-02 -.2950E-02 -.2119E+01 
3.05 -.3899E-02 -.5364E-02 -.2148E-02 -.1665E+01 
3010 -.3193E-02 -.3826E-02 -.1551E-02 -.1642E+01 
3.15 -.2620E-02 m..2615E-02 -.1107E-02 -•1447L+01 

-.2154E-02 -.1696E-02 -.7866E-03 -./27E+01 '.3-)W4L-01 

3.25 -.1775E-OP 0..1028E702 -.5628E-03 7.1131E+01 



TABLE 4 (COdTo) 

  

r 

 

3.3r -.1466E-02 -.5/01E-03 ""*401YE..03 
3635 ",1214E"02 -42786E-03 ^ 6 26448-03. 
.3,42 "610078"OP -.1106E-03 -.1999E-03 
3,45 "68373E-03 -.1n75E-05 m.14628"03 -.1nt!f-E-C. 1 
365 .4640E-04 -,1076E-03 -663968+00 -.1?v/ft-01 

3.55 ...658278"03 .5399E-04 ".7R638"04 "6,5755F:too 
3660 -.48778-03 .3641E-04 ".55888"04 ....5189E+00 -..94/7L-n? 
3665 "640908-03 .71578-05 ",39788-04 -64690E+00 -.614M-n? 

367c. .-634368"03 -.2487E-04 ".3055E"04 -.4246E+00 
3075 "628938"03 -.5a688-04 ""623338"04 -.38526+00 -.61070L-02. 
368 ".2440E-03 .-.92678-04 '61725E...04 -.3499E+00 
3685 "620618..03 -.126dE-03 "'611988"04 -.441L-0? 
3,9 f)  -.617438..03 -.1704E-03 "6 86338..05 
3.95 "614778-.03 -.2181E-03 "665988"05 -•26418+00 
4.00 "612538..03 -.2611E-0,3 "649438"05 "6 2409E+00 
4605 .0610648.-03 -.2964E-03 "635428"05 "621998+00 
4.1n .0.90588..04 -3213E-03 -.2356E-05 0 -.2?1 /41117,-0P. 
4.15 .•67722E"04 -.3287E-03 '..1694E05 

..a E. 	+ 0
0 

 4 02f) -.3246E-03 -',11958-05 -.161C-02 
4,25 -.56398-04 "3108-03 ".79968"06 "61541E+00 -.1673L-02 

4.30 ^648318-.04 "628948..03 ''.48358"06 -.11E-(12 
.4635 -641458-.04 -62632E...03 -..25718"06 
4,40 -.35618-04 ...23388"03 '"•10128"06 

71•111n 
'"611908+00 

4,45 -630658..04 ••620138*"03 ,1715E"07 
4.5 "*2641E-04 "61669E...03 *10708"06 "6100584.00 -,130;“-- -(12 

4055 -622798,-.04 "61317803 616808"06 -.137L-0? 

466 -.61969E...04 .....96378"04 620988"06 -,849380 1 
4.65 "61704E-04 "661638"04 62451E-06 ",781JE-.01 
4670 

4.75 
."614768-•04 
-.612808-04 

"*.28038."04 
63861E'.05 

62797E06 
63198E...06 .7161=11 :66 -•11468-p.,  

4680 -.11118-04 .34318-04 .3477E06 "•6069E"01 -.40%,nL-;12 



T.WLE. 5 

"17--  1.00 

.1) -.7469E+05 -.5915E+03 .4096E+03 -.5b31L+02 
'15 ...6046E+04 -.3231E+03 .2006E+03 -.5095E+02 -.40 -1h+02 
020 ...2789E+04 -.1895E+03 .1070E+03 .-.4623E+02 ".3.?W,L+02 
.25 -.1622E+04 -.1174E+03 .6165E+02 ”.4163E+02 
.3n -.9781E+03 -.764E+02 .3903E+02 -.3735E+02 
.35 -.6107E+03 -.5209E+02 .2669E+02 7.3350E+02 '4, 15L+02. 
.940 -.3925E+03 7.3069E+02 .1924E+02 7.3006E+02 *".1194L+d? 
.45 "*.2555E*03 -.2659E+02 .1442E+02 -.2701E+02 -.90710'01 
.50 -.1739E+03 -..1980E+02 .1118E+02 -.2431E+02 
.55 7'1191E403 -..1508E+02 .8877E+01 .2193E+02 m•b00.tL+01 
.60 -.6276E+02 ...1172E+02 .7168E+01 ....1962E+02 

.5819E+02 -..9268E+01 .5915E+01 ...179I-1E+02 
.70 ...4130E+02 -.744dE+01 .4935E+01 ...1630E+02 
.75 -.2952E+02 ...6069E+01 .4165E+01 -.14d4E+Op "*.106(ifr+01 
080 -.2119E+02 -.5006E+01 .3550E+01 -.1356E+02 .135 -.1526E+02 -.4180E+01 .3052E+01 ^.1242E+02 '0.1.13 1-- +00 
.90 -.1099E+02 -.3524E+01 .2643E+01 -.1143E+02 
.95 -..7907E+01 -.3000E+01 .2304E+01 -.1056E+02 .490"1L+00 
1.00 -.5670E+01 -..2574E+01 .2020E+01 -.9805E+01 .71::.L+ 00 
1.05 -,4045E+01 -.2227E+01 .1779E+01 -.9157E+01 .697IL+00 
1.10 7.2867E+01 .•.1939E+01 .1574E+01 -.8605E+01 .1W6( I.+01 
1.15 •••.2016E+01 -.41698E+01 .1394E+01 -.8142E+01 
1.21 -..1407E+01 -,.1494E+01 .1235E+01 -.7759E+01 .1:30,•t+01 
1.25 -.9766E+00 -.1319E+01 .1091E+01 -.7450E+01 .14 1. 4-41 
1.30 -.6777E+00 --.1168E+01 .9600E+00 -.7206E+01 .14P..; 4. A11.  
1.35 -.4759E+00 -.1034E+0.1 .H386E+00 -.7023K+01 
1.40 -.3452E+00 -.9160E+00 .7;?64E+00 -.6895L+01 .1':,!-11L+01 
1.45 .".2658E+00 -.8106E+00 .6221E+00 -.5816E+01 
1.50 '7.2229E+00 -.7156E+00 .5PS6E+00 -.b753E+Ul .1')tr'0.01 
1.55 -. 4,2051E+00 ...529i3E+00 .4373E+00 -.6791E+01 .14J4E.+41 

.1.60 ....2035E+00 -.5517E+00 .3569E4,00 -.6836E+01 .131,:q.+61 



TASLE 5 (CONT.) 

r i tom. 	 1
1 
101 

Ar. 

• 
1.67J .-02116E+00- .4804E+00 .2653E+00 -.6917E+01 .114 :L+01 
1.7n 7.2241E+00 -.4153E+00 .2235E+00 -.7029E+01 .9047,7Lt00 
1.75 ..2369E+00• -.3554E+00 .1723E+00 -.7171E+01 .61,flE+On 
1.80 02469E+00 -.3005E+00 .1321E+00 -.7340E+01 
1.35 -.2517E+00 -.2499E+00 .1016E+00 -.753F,L+01 -,.1.331L+0o 
1090 -.2493E+00 -.2030E+00 .7779E-01 -.775: E+01 -.13eIL+00 
1.95 -.2384E+00 -.1602E+00 .5564E-01 -.79:.37L+01 -.90Q1L+ow 
2.00 -.2180E+00 -.1225E+00 .3007E-01 -.6215E+01 -.1d0L+01 
2.05 -.1895E+00 -.9206E*.01 .2268E-02 -.8379C..+01 e+ 	hi: +01 
2.10 -.1569E+00 -.7060E-01 -.2511E-01 -.8407L+01 
2.19 -.1256E+00 -.5693E-01 -.8255E+01 
2.21 -.9909E-01 -.5761E-01 -.7929E+01 -.13E+01 
2.25 -.7822E-01 -.6020E-01 -.746E+01 -.120/C+01 
2.30 -•6223E-01 -.4213E-01 -.5655E-01 -.6925E+01 -.104-3F+01 
2035 .0.4992E-01 -..4979E-01 -.6346E+01 -.8Jr'i4E+01 
2.40 -.4030E-01 -.3707E--01 -.419$.1E-01 -.5766E+01 
2.45 -.3263E-01 -.3431E-01 -.3440E-01 .5206E+1 -.60r/LI.00 
2.50 -.2646E-.01 -.4680E+01 -.4901F+00 
2.55 .02146E-01 -.2822E-01 -.4193f-401 -.4J,I1L+00 
2.60 -.1739E-01 -.2508E-01 -.1713E-01 -.3747E+01 
2.65 -01409E-01 ...2200E-01 -.13'21E-01 -.3343E+01 
2.7o. -.1142E-01 -.1904E-01 -.1026E-01 -.2976E+01 
.2.75 -.9256E-02 -,162SE-01 -.7856E-02 -.2646f7.+01 
2.80 -.7507E-02 -.1367E-01 -.5988E-02 -.2349E+01 ••••1: 	4-  on 
2.8 -.1132E-01 -.4531E-02 -.203F+01 
2.911 -.4954E-02 -.9213E-02 -.3406E-02 -.1844E+01 
2.95 -.4033F-02 -.7362E-02 -.2544E-02 -.1631E+01 
3.00 -.3289E-02 -.5768E-02 -.1689E02 -.1442E+01 
3.05 -.2687E-0? -.4424E-02 ~.1395E-02 -.12/4E+01 
3.10 -42200E-02 -.1024E-02 -01126L+01 -.3/zr-ot 
3.15 -01805E-02 -.2429E-02 -.7456E-03 ...99b1,4E+00 -.3017-01 
3•20 -.1485E-02 -.1735E-02 -.5416E-03 -.H819Lt00 
3.25 -.3955E-03 -,7a26E+00 



TABLE 

ii%ok 
5 (COM.) 

A 

3.30. -.632dE-03 -.2861L-03 -.6961E+00 
3.35 ...8365E-03 -.5669E-03 -,2102E-03 _.6207K*00 
3.40 -.6941E-03 -.3930E-03 -.1523E^03 -.5549E+00 
3.45 -.5772E-03 -.2637E-03 -.1137E-03 -.4973K+0fi -.97,!1E-0 -„? 
3.50 -.4810E-03 -.1809E-03 -.8537E-04 -.4466E+00 
3.55 -.4017E-03 -.1312E-03 -.6385E-04 -.40e44.to9 
3.60 -.3362E-03 -.1041E-03 -.46';6E-04 -.3631 1- + oil 
3.65 -.2820E-03 -.d997E-04 -.3469E-04 -•32h4K+00 
3.70 -.2370E-c,3 ••.82.38E-04 -.2697E-04 -.29•NL+00 -.44/%0E--o? 
3.75 -.1995E-03 -.7995E-04 -.2091E-04 -.2699K 4.00 
3.130 -.1682E-03 -j3094E-04 -.1591E-04 -.2453E+.0o -.337L-02 
3.85 -.1421E-03 -.8471E-04 -.1168E-04 -.22:42E+0o 
3.90 -.1202E-03 -.9588E-04 -.8808E-05 -.2032E+00 
3.95 -.1018E-03 -.1113E-03 -.6838E-05 -.1853E+00 -.2d9Ah-0.? 
4.00 -.8636E-04' -.1261E-03 -.5334E-05 -.1690E+00 -.0a1E-02 
4.05 -.7337E-04 -.1385E-03 -.4041E-05 -.1543E+00 -.13S1E-02 
4.10 -.6244E-04 -.1471E-03 -.2965E-05 -.1410E+00 
4.15 -.5322E-04 -.1487E-03 -.2285E-05 -.1290E+00 -•1204E-o2 
4.20 -.4545E-04 -.1456E-03 -.1760E-05 -.1161E+00 -.10,19E-0? 
4.25 -.3887E-04 -.1384E-03 -.1340E-05 -.1082E+00 '".10?:1L-02 
4.30 -.3330E-04 -.1279E-03 -.1002E-05 -.9926E-01 -.9o9?E-03 
4.35 -.2857E-04 -.1154E-03 -.7471E-06 -.9108E-01 -.90A-03 
'4.40 -.2455E-04 -.1014E-03 -.5576E-06 -.8363L-01 
4.45 -.2113E-04 -.6617E-04 -.4083E-06 -.7663E-01 -.6(14+4E-03 
4.5') -.1321E-04 -.7005E-04 -.2904E-06 -.7062E-01 -.6400%-03 
4,55 -.1572E-04 -.5357E-04 -.2027E-06 -.6495E-01 -.81/Lft.-03 
4.60 -.1359E-04 -..3711E-04 -.1366E-06 -.5975E-01 -./06,)L-03 
4.65 -.1176E-04 2096E-04 -.8129E-07 -.5499f.-01 
4.71) -.1020E-04 -.5411E-05 -.3132E-07 .!..5062E-01 -.747r.E-03 
4.75 -.8848E-05 .9a70E-05 ,1865E-07 -.4661E-01 
4..80 -.7688E-05 .2325E-04 .5735E707 -.4292E-01 -.6663E-03 



TAbEE 6 
, 

T om= 1.10 

  

  

r 

 

 

  

oln -.46(6E+05 -.Rod6E+03 .4510E+03 
.15 7.3780E+04 -.1453E+03 .2284E+03 
.20 ..,1748E+04 +.0402E+02 .1241E+03 

-.1024E+04 7,5117E+0? .7156E+02 
.30 -,b212E+03 ...3273E+02 .4404E+02 
.35 -.3$1911E+03 ...2187E+02 .2878E+02 

...2514E+03 -.1510E+04 .1964E+02 
.45 ".1659E+03 -.1072E+02 .1389E+02 
.50 '01117E+03 -.781qE+01 .1017E+02 
.55 ..,7642E+02. ...5834E+01 .7x74(38 +i11 
460 -.5295E+02 ...4443E+01 .5690E+01 
.65 -.3705E+02 -.3447E+01 .463?E+01 
$70 ...2610E+02 ....2721E+01 .3710E+01 
.75 ...,1846E+02 '.2181E+01 .3019E+01 
•Sf) 4..1306E+02 ...1774E+01 .2494E+01 
.65 ...9226E+01 ..1463E+01 .2086E+01 
.90 • ....6478E+01 -.12e2E+01 . 1766E+01 
095 ...4502E+01 ...a1033E+01 .1510E+01 

1.00 +..3080E+01 ...8833E+00 .1304E+01 
A.05 ...2060E+01 -.7636E+00 .1134E+01 
1,11,1 7.01332E,01 -.666E+00 . .9936E+00 
1.15 ...0173E+00 ...5872E+00 .8748E+00 
1.2  +..4603E+00 -.5207E+00 .7718E+00 
.1.25 +.42191E+00 -.4641E+00 .680HE+00 
1.30 -.4150E+00 .5969E+00 
1.35 .3137E...01 .*.3717E+00 .524(1E+00 
1,4 ,8066E..01 ...3329E+00 .4551E+00 
1.45 .9804E...01 +.,2977E+00 .39.10E+00 
1.50 .933'3E..01 ...2655E+00 .3330E+00 
1.55 .7424E.'01 "62360E+00 .2794E.+00 
1.60 .4635E...01 ..,20U6E+00 .2306E+1)0 

....3363E+02 

"o2455L+02 

"4.1754E+0,?. 
...1570E+02 
"01407E+0e 

7•11351'.:+02 

-.9228E+01 

:::K+°0 ++011 691 
 ...6327E+01 
-.5H24E+01 
-.5391,E+01 
...5036E+01 
+..4739E+01 
-.4499E+01 
-.4311E+01 
-.4171E+01 
-.4074E+01 
7.401hi::+01 
-.3Y93F+01 

-.4110E+01 

-.0w1-L+0? 

-.144.)r 

W14- ,4F:4.  

-.101'PE+Cit 

-.4):13.F 4-01 
-.11.,1L+01 

.3944+00 
*!-)41'., L+11 0 
.be-14 4.00 
.7(1.))1::,+;10 

.▪ '.)441L 4.(10 

.1 11 1",L+01 

. 113 , F +111 

.11');'r+o1 

.11')AL+al 

.11/7h+ol 

.11,37,h+01 

.1o0/t:+0] 



   

TAbLE 6 (Ccr.),v  

97.1 aot 

   

r 

  

  

• 

1.613 '1417E-01 -0183].L+00 ,H73L+00 -.4e.OdL+01 
1070 -.1866E-01 -.1595E+00 .1500E+00 -,4316E+01 .8i,r7r.+00 
1.75 -.5010E-01 -.1374E+00 .1190E+00 -.44541;-+01 .611E00 
1•81..; -.7748E-01 -.1169E+00 .9474E-01 -.461ot+01 .3t4t .41,0 
1,65 -09940E-01 -.9772E-01 .7613E-01 -041w:1E+01 .13:,A+00 

-.1146E+00 -.7971E-01 .6118E-01 -.4916E+01 
1,95 -.1220E+00 -06333E-01 -.51- 	f•.+01 -.31411L+00 
2.00 -.1210E+00 -.4929E-01 :=11 -.53/3E401 -,11r;?,,L+00 
?.05 
2.10 

-.1121E+00 
-.9?83E-01 

...3854,1E-01 
-.3195E-01 iE781:V :V - 	e 

-.5517E+01 
-.5563E+01 

-.1.1oc,E*00 
-.804•,r.+00 

2.15 
2.20 

..,8188E-01 
-.6697E-01 . 

-,2851E-01 
-.2717E-01 --:001  =1 

-,548E+01 
-.5205E+01 -.Y1ooL+00 

2.25 -.5427E-01 -,2674E-01 -.3236E-01 -.5012E+01 
2.30 -.4392E-01 -.2636E-01 ' -.3145E-01 -.4672t'. +01  -.61071-.+00 
2.35 -.3557E-01 -.2567E-01 -.2840E-01 -04306E+01 
2.40 -.28h4E-01 -•2459E-01 -.2444E-01 -.3934E+01 -.441-, L+00 
2.45 -.2339E-01 -.2318E-01 -.2030E-01 -.3571E401 
2.50 -.1F.396E-01 -.2146E-01 -,3227E+01 -.364' )-.+0i) 
2.55 -.1537E-01 -.1956E-01 -.2906E+01 
2,60 0..1244E-01 -.1757E-01 -.1057E-01 -.2610E+01 
2.65 -.1007E-01 -.8397E-02 -.2339E+01 -.1(e,1+60 
2•70 -.8156E-02 -,1362E-01 -,6470E-02 ...2092E+01 -.1131*u,-tio 
2.75 -.6607E-02 -.1175E-01 -.5013E-02 -.1666E+01 
2,6P _.5356E-02 -.9964E-02 -,166tiE+01 -.90A ,̀r71 1 1 
2.85 -.4348E-02 -.8360E-02 -.1461E+01 
p.9;! -03534E-02 -01892E-02 -.2237E-02 -.1316E+01 
2.95 -.2677E-02 ,5569E-02 -.1689E-02 -.1189E+01 
3.00 -,2346E-02 -,4456E-02 -.4456E-02 -.126HE-02 -.1036E+01 
3.05 -.1917E-02 -.3491E-02 -.9463E-03 -.91H5E*00 
3.10 -.1570E-02 -,2688E-02 -.7026E-03 -.?51. 1V -0 1 
3.15 -.12h8E-02 -.2031E-02 -.7222E+00 -.?u31r-1)1 
3,20 -.1060E-02 -,1511E-02 -.6413 +00 
3.25 -.8734E-03 -.1110E-02 -.21437E-03 .5705E+00 -.1354L-01 



:TABLE 6 (COHT,) 

r 

3.3;) •••7215E....03 ..•08W56f1'.'03 "".2102E''03 -.5065LfUO .  -.11i,-01 
3.35 ."•5974E-03 -,5902E-03 ',1556E.,03 ..•,4543F.4.00 
3,49 "•,4957E'-.03 .4355e03 ".,1150E'03 ...406Nh+00 
3.45 ....3162E.**03 ••.86.96E."04 ...1,3650L+00 -.06u7L-o? 
3.5 •-.3437E-.03 -•02323E~.03 -- 4,3233E+V) -.S614-(J? 
3.55 .-.1745E-03 "',50174E•-.04 -.?960F.+00 
306:) *.2403E-•03 •••1352E*"03 -.?673L+00 
3.65 .-.2015L-03 ...1076E-03 -.2419+00 
3,70 ""01693E.,03 -02i9L+00 
3075 ••01426E-•03 "".1734E.-.04 -.19900-00 "*.',E*(d 
30'60 -e 12(;2E-03 "".1336L...04 -,160YE+00 
3.65 "*.1007E.-.04 -.1646E+00 
3.90 .•..5171E•.'04 .774bE-05 -•1500E.+00 
3,95 "*.6123E".05 -. 

4.00 ^,6171Ew.04 '".41'108E-.05 '"'4,1248E+00 
4,05 •-.5242E..04 -..6056E^•04 -.3723E-05 ...1140E -00 
4.1f) .,•.4460E..04 -•,6276E^•04 `•226E...05 ..„,1042E+00 
4.15 •'.3802E-.04 .-.,6251E^04 '"•2227E05 -,7o6.4E-03 
4.2 ^.1758E.-.05 -.h 725-01 - .n'-i 

4.25 ^.2776E-.04 -.5700E-04 "*.13B1E-05 
4,30 ~,5212E.'04 ".1076E-.05 -“1 111 E-WA 
4.35 ••,,2041E-.04 -.4641E-04 *".8413E.-06 -.6733L-01 
4.4 -,St31E-0 -1 
4.45 .-.1510E-04 •'.3318f-..^04 `'.518bE.•'06 '-•5683k.-01 -.5t)?3L-03 
4.5n .4042E-.06 
4,55 •••1124E-.04 ...1845E^04 .-.3164E••06 -.4)306E-01 
4.60 .-.9720E05 `',1104E-.04 -',2485E-06 
4.65 '•,1918E-06 -.!1 15 1-0A 
4.70 ...7299E-05 .3126E..'05 -..14V3  E.•"06 -.37501-01 
4,75 .9601E"." "..9422E--07 -.3455E-01 -04in-L-03 
4,B0 ,.. ,5510E"05 .1576E.•04 



TABLE 7 

   

T = 1.20 

r 

.10 • -.3123E+05 -.12v3E+03 .4057E+03 -.2549E+02 

.15 . 	-.2529E+04 -,6857E+02 .2088E+03 -.234E+02 

.20 .1176E+04 -.3866E+02- .1146E+03 -.2127E+02 

.25 -..6953E+03 -.2266E+02 .6628E+02 -.1908F.+02 

.30 -.4243E+03 -.1391E+02 .4059E+02 -.1704E+0 -.60i:E+o] 

.35 -,2675E+03 -.8877E+01 .2r117E+02 -•1517E+02 -.50,!?L+01 

.40 -...1732E+03- -.5820E+01 .1752E+02 -.1350E+02 -.3741E+01 

.45 -,1147E+03 ...,3902E+01 .1212E+02 -.1200E+02 -.27Y-;E+01 

.50 -.7730E+02 -.2674E+01 .8649E+01 ^.10b8E+02 

.55 -.5269E+02 -..1865E+01 .6332E+01 -.9499E+01 -.13401 

.60 -.3659E+02 -.1321E+01 .4742E+01 -.8457E+01 

.65 . -.2552E+02 -.9492E+00 .3627E+01 -.7535E+01 

.70 -.1788E+02 -.6916E+00 .2q27E+01 -.6721E+01 -.d.3wL+00 

.75 -.1253E+02 -.5108E+00 .2242E+01 -.6003E+01 

.80 -.8765E+01 -.3832E+00 .1807E+01 -.5372E+01 .141E+011 .  

.85 -.6084E+01 -.2924E+00 .1477E+01 -.4820E+01 .-277E+01 

.90 -,4168E+01s -.2279E+00 .1225E+01 -.4340E+01 .3,i3 1E+00 	. 

.95 -.2795E+01 -0,1821E+00 .1028E+01 -03926E+01 .4T-4+00 
1.00 -01314E+01 ...1498E+00 48740E+00 -.3572E+01 
1.05 -.1115E+01 -.1272E+00 .7510E+00 -,3273E+01 .hoe17..+00 
1.10 -0226E+00 -.1115E+00 .6513E+00 -.3026E+01 ,h&l,t2h+00 
1.15 -.2814E+00 -.1004E+00 .5691E+00 -.2825E+01 
1.20 -.5126E-01 -.9235E-.01 .499E3E+00 -.2667E+01 4 774,47+00 
1.25 .9736E-01 -.8613E-01 .4392E+00 -.2ti48E+01 
1.30 .1863E+00 ...8091E-01 .3857E+00 -.2465E+01 
1.35 .2319E+00 -.7611E-01 .3375E+00 -.2415L+01 .&3'416E+Oo 
1.40 .2463E+00 -.7144E-01 .2936E+00 -.2394E+0] .91?, 0o 
1.45 .2390E+00 -.6671E-01 .2533E+00 -.2400E+01 .9?_)•e,f..+0n 
1.50 .2168E+00 -.6185E-01 .2163E+00 -.243oE+01 .')17..1 E+on 
1.55 .1853E+00 -.5685E-01 .1824E+00 -.24b3L+01 . • 9.itt+00 
1.60 .1485E+00 -.5173E...01 .1518E+00 -.2557E+01 .:149„,E+0 



r A  
TABLE 	7 . (C0111.4,) 

• 

. 

117.1 

1.65 .1097E+00 -.464L-01 .1246E+00 ....28b0L+01 ./.0.vol+HO 

1.70 v7.129E-01 ,...4132E.+01 .1013E+00 -.2761E+01 ,w-i1=11.400 
1,75 .3521E...01 +..3610E+.01 .8223P"01 ....2887E+01 .itii6L+On 
1,80 .2938E...02 -,3096E-01 .6/33E-01 .347'4,+00 

1.85 .+.2436E...01 .+.2591E-01 .5589E...01 ....3164E+01 
1.9 .4654E-01 ...•3352E+01 .3110.-01 
1.95 .3723E...01 -.352+01 -.1377E+o4 
2.00 .6777E-01 -.1300E-01 .2593E-01 -.3695E+01 -.e-!879L.00 

2.05 ...1106&-01 .1338E...01 -.3821E+01 -.39,4E+oo 

2.10 
2,15 

-.6265E-01 "".1092E.+01 .914ME...03 
-.9233E-02 

-.3H74F+01 
-.3835E.+01 

-.4b1,iE+00 
-.14-AL+00 

2.20 -4.4614E-01 ...1347E+.01 ..„1548E-01 -.3721E+01 -.40:E+(/0 
2.25 -.4..3825E-01 ....1488E.•01 ".1829E-01 -.353dE+01 
2.30 -4..3143E-01 -.331E+01 -.3/1 01E+00 
2.35 -.02570E...01 .-.1622E+.01 ".1711E+.01 -.306.-JE+01 -.Tei,;h+on 

2.40 ...2096E01 4-.1609E...01 .+.1503E-01 -.281HE+01 }E+00 
2.45 .4..1705E-01 4...1554E^01 -.1275E-01 -.25/0E+.01 -.2367L+00 

2.50 -.1385E-01 -.1470E-01 -.2334E+01 -.197E+00 
2.55 -.1123E-01 ...v1362E-01 ....8572E+.02 -.2111E+01 -.164E+00 
2.60 -.9103E-02 -.64371E-02 -.1903E+01 
2.65 -.1113E-01 -.4.54S5E.-02 -.1712E+01 -.111/4.k+00 
2,7 -.5971E-02 "1,4293E-02 -.1537E+01 
2.75 -.4839E-02 4-4.8577E-02 -. 4,3352E-02 -.1377E+01 -.74E-01 

2.80 -.3924E-02 4..7363E-02 -.1232E+01 -.o1');dE-01 
2.65 -.3186E-02 +..6227E02 "•.2004E-.02 +.4,1100E+01 • 1_4 	1 	- 

2.9r; -.2590E4-.02 -.5187E-02 ".1534E.+02 -.9h03E+00 -.40'/1 	-*() 
2.95 .4.4253E-4.02 ".1167E-.02 H 726E +00 
3.00 -.8841E-03 -.7760- 4'00 • 2, 	t.-4) 
3.05 .-.6897E+00 •".21 - 1 	^01. 

3.10 4..2133E-02 ...6130C+00 
3.15 -4.9460E-403 -.1644E-02 '..3729E-03 •..5450+00 
3120 -4,7782E-03 ...1251E^02 "..2784E-03 -.4851E+00 
3.25 ...6416E-03 ....9418E+.03 ".2063E..03 ....4325E+00 



r Si  
TAI3LE 7 (CONT.) 

• * 

3,30 -45302:E.-.03 ."41560L...03 .-.3H62L+00 

3435 ...,i5300E"03 .1 169E-03 ...3455E+00 
3.40 -.43644E..03 -.4012E-03 ...3098E+00 

3.45 "42991E...03 .. 46682E-.04 
3.50 -.42527E...03 -..2240E".03 '.5122E..04 -..2b07C+00 -.3.,o4r4L-op 

3,55 ... 42111E~03 .4,1692E...03 "•3922E"04 .•42261E+00 
3460 ...41767E..03 ..*41293E"-03 ...42044L+00 
3465 -41482E...03 "42273E...04 ....1“50E+°° 
3470 ...1246E^03 '"41769E...04 .....16"NL+00 
3475 -.1049E-03 "'41407E..04 "41524E+00 -,1o05F-02 
34i30 -.46844E...04 .- 44227E04 "41095E"04 ".136()E'00 -•1t141E-0 -.1  

3485 ..47470E.-.04 .743119E...04 "01?(I2L+Uo -.13W,E-D? 
3490 .•.42490E.'.04 12E""05 ".115017..K00 
3.95 ..- 4531E"04 *..220SE*04 .".5176E.-05 -.1048E4'00 3 
4400 ...04538E-04 -.2075E-.04 "44101E.".05 -.9569L-U1 
4.05 4..3E154E...04 -•42030E"04 43214E"•05 -.8741E-01 
4.10 ~.2010."04 ""42484E'.05 -•7992E-01 -.,1/44E-03 
4415 ....1945E*•04 ...1980E05 -.7313L-01 
4420 ...42366E-04 "41582E...05 -.6698[7:-01 -.4o3tE-073 
4425 -.2041E-04 ..41700E-'04 -.6139E-01 
4.30 ...41748E-.04 "..1513E^.04 "41001E...05 -.5632E-01 -.413E-03 
4435 -'41500E-04 .•41297E...04 -.47900E...06 -.5170E-0.1 -.401AL-03 

4.41 ...41290E..•04 -.1057E-04 -,6407E.06 ..44749E..01 
4445 ...*1110E-.04 .47929E.-05 45140E*•06 .'64365E*01 -.3“6 /1 E-03 
4.5!) ...45120E'•05 "44119E06 -.3H131.1-03 
4,55 • ..,6270E.-'05 "'42246E....05 •3325E-.06 -.31 4h-03 
4.60 ...7154E-05 46136E...06 "02702E... 06 .-..3401K^U1 -.3f1 4 )h-oi 
4,6Fi .4.6196E...05 .3392E05 42183E...06 -.30otE-03 
4.70 •45377E-.05 4b018E..05 ^.1730E-06 -.2a85F.-01 
4475 -.44672E...05 .8414E...05 .1311E-.06 -.26b9L-01 `.33q1f%-03 
448!) -.4065E-05 .1069E...04 -.9692E-07 -.2451E701 



r -11 

TJA.E 

TA= 1.30 

0111 -.2253E+05 ..,6608E+02 .3417E+03 -.1861t.+0.i! 
•15 -.1827E+04 -.3384E+02 .1808E+03 -.1712E+02 -.1/3 41 4.01 
.20 	• -.8527E+03 -.1808E+02 .9999E+02 -.154E+02 -.111E+01 
.25 -.5018E+03 .+.9894E+01 .5810E+02 "".1386E+02 
.31 ....3070E+03 -..5535E+01 .3557E+02 -01234E+0? -.41h,,L+01 
.35 7..1944E+03 -.3129E401 .2283E+02 ...1094E+02 -.3 1.1')E+01 

...1264E+03 -.1739E+01 .1516E+02 .+.9683E+01 
.45 -.8395E+02 -.9183E+00 .1037E+02 -.855:1E+01 -.1h41L+01 

e+.5673E+02 +.04326E+00 .7295E+01 -.7557+01 -.113(11-+01 
.55 +.03886E+02 +.01422E+00 .5255E+01 +.0068E+01 
.60 +.02688E+02 .2986E...01 .3867E+01 -.5881E+01 -.45f1517+00 
.65 -.1872E+02 .1289E+00 02901E+01 -.5185E+01 -•23,4E.1.00 

.070 .-.1306E+02 .1825E+00 ,2216E+01 +..4571L+01 
075 -.9108E+01 .2076E+00 .1721E+01 -.4030E+01 .74vi,L-01 
.80 .+.6311E+01 .2147E+00 ,.1358E+01 •-.3550L+01 .17Y2i:+00 
085 ....4320E+01 .2107E+00 .1088E+01 -.3143E+01 .elb7A17..+,)0 

+..2098E+01 .1996E+00 .8843E+00. -.2785E+01 .3?:,? 4L+00 
.95 +.01881E+01 .1846E+00 .7291E+00 ...2478E+01 .31+00 
1.00 	- -.1155E+01 .1671E+00 .6097E+00 -.2217L+01 
1.05 -06421E+00 .1487E+00 .5165E+00 -42000+01 
1.1n -.02835E+00 .1303E+00 .4427E+00 -.01823E+01 .S0%.21L+On 
1.15 	• .1126E+00 .3ci32E+00 -.16821:::+01 
1.20 .1231E+00 ,9615L-01 .3340E+00 -.1574L+01 
1,25 .2234E+00 08122E."01 .2922E+00 .-.1497+01 
1.3 .2788E+00 .6795E-01 .2559E+00 +.1440E.+01 otolA1t-4.00 
1.35 .3018E+00 '5640E...01 .2235E+00 -.1424E+01 
1.41 .3015E+00 .4052E-01 .1943E+00 -.1424E+01 
1.45 .2850E+00 .3818E..01 '1678E+00 +.1445E+01 
1.50 .2577E+00 .3123E-01 .1436E+00 +.1485L+01 .fei.+00 
1.55 .2236E+00 .2551E-01 .1214E+00 "•1543::+u1 .Yot,,rr_ 4.00 

.1.60 61860E4.00 .2084E-01 .1016E4'00 -•161 1.+01 .0012t.+00 



r 

TAbLE. (C01)I.) 

1.6 .1473E+00 .1710E-01 .8417E-01 -.170/E+01 

1070 .1094E+00 ,1412E-.01 .6934E-01 -.1810E+01 .11o/Ii7+0 

1.75 ,7375E-01 .1176E-01 .5731E-01 -,192el+01 .47+01 

1.80 .4150E-01 .9969E-02 ,4908E-01 -.2054E+01 .3#00 

1.85 .1357E-01 .8608E-02 .4108E-01 -.2193E+01 .?.Lv1t+00 

1.9 -.9318E-02 ,7625E-04 .3526E-01 -.2342E+01 0104?1-:+00 

1.95 -.2644E-01 .666SE-02 .29??,E-01 -,2496E+01 
2.00 -,3714E-01 .5317E-02 .2150E-01 -.2641E+01 -.1.36r10.00 

2.05 -.4149E-01 .3346E-02 .1270E-01 -.2752E+01 
2.10 -.4084E-01 .6550E-03 .3841E-02 -.?806t+01 
2.15 -.3721E-01 -.2297E-02 -,3524E-02 -i2794E+01 
2.20 -13236E-01 -.5052 EE-G2 -.8285E-02 -.2720)+01 +00 

2.25 -.2740E-01 -.7316E-02 -.1070E-01 -.259E+01 -••27`,-/L+00 

2.30 -.2285E-01 -,8934E-02 -.1129E-01 -.p444E+01 *"..e.4A.4L 4 6+1 

2.35 -.1887E-01 -.9924E-02 -.1076E-01 -.2274E+01 ""s21i/L 4.0n 

2.40 -.1548E-01 -.1037E-01 -.9654E-02 -.2096E+01 ..°1"4L+0 0 

2.45 -,1265E-01 -.1039E-01 -.4,8321E-02 -.1940E+01 
2.5; -.1030E-01 -.1009E-01 -.6980E-02 -.175:JC+01 
2.55 -,8374E-02 -.9548E-02 -.5742E-02 .-.15A9E+01 
2.60 -,6795E-02 -,8843E-02 -,4655E-02 -.1439E+01 
2.65 -.5510E-02 -.8045E-02 -.3731E-02 -.1299E+01 -.7 In :4 

2.70 -,4467E-02 -,7200E-02 -.2961E-02 -.1170E+01 
2.75 -.3623E-0? -.6341E-02 -.2331E-02 -.1051E+01 -.5?,34E-111 

2.80 -.2940E-02 -,5499E-02 -.1823E-02 -,9421iE+00 
2.85 -.2388E-02 -.4695E-04 -.1414E-02 -0i441E+00 
2,90 -e 1943E-02 -,3946E-02 -,1090E-02 -.7544E+00 -.,!n6417-601.  

2.95 -.1583E-02 -,3265E-02 -,8357E-03 -.6733E+00 
3.00 -.1292E-02 -,2661E-02 -,6375E-03 -.6002E+00 
3.05 -.1057E-02 -.2136E-02 -.4B34E-03 -.534/E+00 

3.10 -.8661E-03 -.1690E-02 -.3652E-03 -.4762E+00 
3.15 -.7112E-03 -.1319E-02 -.2752E-03 .-.4443E+00 
3.20 -.5853E-03 -.101(8-02 -.2072E-03 

3.25 -.4827E-03 -•, 7786E-03 -.1563E-03 7.3379E+ 00 -.ro41-L-o? 

• 



TALILE 8 (CONT.) 

3,3:! •••3990E-..03 -,5929E-03 -.1180E-03 -.3023r.+00 
3.35 .  .•.3305E03 -,4521E-03 -.8923E-04 -.2/09E+00 
3.40 ....2744E"03 -.3468E-03 -.6754E-04 -.2432E+00 
3.45 - -.2283E-03 -.2616E-03 -,5190E-04 -.2187L+00 
3*5f) -.1903E-03 -.4005E7-04 -.1971E+00 
3,55 -.1489E-03 -.3088E-04 -.17)10E+00 
3.61 •••01331E..03 -.1123E-03 -.2367E-04 *.1610...+00 
3.65 "'.1117E..03 -.8385E-04 -.1822E-04 -.14bnC.+00 
3.70 -.6076E-04 -,1440E-04 -.1323E400 
3.75 --.7900E04 -.4234E-04 -.1202E+00 
3.8 -.2761E-04 '•.8909E...05 -.1093+00 -.1114E- 
3,85 »,5627E•04 -.1602E-04 ..•,6f376&•.05 -.996-01 
3.90 -.8377E-05 ...,5392E••05 -.909E-01 -.(q61L-03 
3,95 -,3737E-05 -,4308E-05 ...827e3E-01 -„7711.-03 
4.00 "e3417E04 -.8015E-06 -.3432E-05 -./557e.-01 
4.05 -.2902E-04 .9373E-06 -.2712E-05 -.6904L-01 
4,10 -.2469E-04 ,1890E-05 -.2120E-05 -.6313E-01 -,T4/4 -03 
4.15 .2414E-05 -.1702E-05 7.'i778E-01 -4,347f,L-03 
4,20 ••.1796E,.'.04 ,2696E-05 -.1370E-05 -.5293E-01 -.3p7,3L-03 
4.25 .2897E-05 -,1102E-05 
4.3n .3108E-05 -,8838E-06 -.44:3?L-01 
4,35 •...1129E-'04 .3362E-05 -.7123E-06 -.408/E-01 
4.4' .3686E-05 -.5780E-06 -.3755E-01 
4.45 -,8360L-05 .4102E-05 -.4694E-06 -.3453E-01 
4.50 'o72 11E.-.05 •4588E^05 -.3814E-06 -.3176L-01 
4.55 -.6230E-05 .5110E05 -.3123E-06 -.2923L-01 -.•,-!fl.t 	-03 
4.60 
4.65 
4.70 

-,.5391E-05 
-.4672E-05 
-.4056E-05 

.5633E^05 

.6130E-05 
,6566E-05 

-.2576E-06 
-.2119E-06 
-.1725E-06 

-.269?L-01 
-424+0E-01 
-.2206E-01 

-0 
ft-03 
t -03 

4.75 -.3526E-05 .6899E-05 -.1366E-06 -.2107E-01 
4.80 -.3070E-05 .7218E-05 -.1070E706 -.1943E-01 



TA84 9 

T?'= 

r 114 
10 -.1e459L+0 -4224/L+(yi.: .e711/03 -.1094E+0;.7! -,4noit+01:4  

!IS -.1049E+04 -.1030E+02 1.328E+03 02  -.4051E+01 
-.4873E+03 -.04504E+01 .7444E+02 -.9046E+01 -.3(2.3+01 

.25 -.2937E+03 .-.1639E401 .4365E+02 -..801E+01 -.24911_+01 

.3n -.1824E+63 -.2587E+00 .2686E+02 -.7109F:+01 

.39 -.1168E+03 .4008E+00 .1721E+02 .-.6243E+01 -013 -.+01 
4,41 -..7698E+02 ..7045E+00 .1137E+02 -.4,5458E+01 ...973+00 
.45 ^.5129E+0P, .8242E+00 .770F3E+01 -..4754E+01 -.c" -)7h+00 

-.3485E+02 .8459E+00 ,5355E+01 .4126L+01 -.431+00 
.55 -,2398E+02 .8190E+00 .3791E+01 
.60 ''.1604E+02 .7686E+00 .2733E+01 -.3074E+01 _.1314L+00 
.65 -.1100E+02 .7081E+00 .2002E+01 -.26371% 4'01 
‘,71 -,8088E+01 .6450E+00 .148)3E+01 
.75 -.45614E+01 .983?E+00 01121E+01 -.1914L+01 

-.31356E+01 ,5244E+00 .8557E+00 -.1619E+01 
.85 -.2600E+01 .4697L+00 .661bE+00 -.13(.14E+01 .16,400 
.9r1 -.1700E+01 .4191E+00 .5188E+00 -.1145E+0). 
.95 .-.1095E+01 .3728E+00 .4124E+00 -.9590E+00 .21/. 4: 4.00 
1.00 -•.5949E+00 .3306E+00 .3328E+00 +..8040E+00 .e41 	 L+00 
1.05 -.2697E+00 .2922E+00 .2726E+00 .-.6776E+00 ,;,:o4":1E+00 
1 • 1 n -,;4400E-01 .2575E+00 .2268E+00 -.9776E+00 szji,p',L+00 
1.15 ...1083E+00 •2263E+00 .1912E+00 -.501;:!L+00 

sjin,, E+o0  
1.2r. .2067E+00 ,1963E+00 .1631E+00 ..-34(E+00 
1.29 .2651E+00 '1734E+00 .1403E+00 -.413E+00 .3t397.+00 
1.30 .2942E+00 .1515E+00 .1212E+00 -.4010t.+00 
1.39 .3020E+00 .1321E+00 .101.04 E+00 .403mE+00 
1.40 .2944E+00 .1151E+00 .9050E-01 -.4222E+00 .4..i0“t1+00 
1,45 .2763E+00 .1002E+00 .7779E-01 -.4549E+00 .4:13?E+00 
1.5n .2509E+00 ,8721E-01 .6642E-01 -.500E+00 .40 4.01 
1.55 .2212E+00 .7564E-01 .5628E-01 -.5506E+00 .464',L+00 

.1892E+00 ,6591E-01 .4735E-..01 -.6270E+00 



TAbLE 9 (C(NT.) 
A 	 V 

• 

   

r 
 

1.6 .1566E+00 45722E..01, 03969E...01 -4707/0.00 .4.311E+00 

1.76 .1246E+00 .4960E-01 ,3341E.-01 -.795%)E400 .390,,E+00 
1.75 .9430[01 .4291E-01 0259E-01 -.H935E+00 34o (E+00 
1.80 .6650E-01 .3703E-01 .2s16E-'01 -4.4991E+00 tr!.4.3 st.+00 
1.85 .4181E...01 .3185E-01 .2277E-01 -•1112E+01 .210'iF+00 
1492,  .2079E...01 ,2724E-01 .2072E...01 ".1232E+01 .1 3142.+O0 
1495 .4063E-02 .2296E-01 .1 2319E.-01 -.1353F+02 
2.00 .1374E...01 .1440E-01 -.14661+0] 
2.05 *1475E-01 ,1453E^01 .9753E...02 -.1555E+01 -.4,706.1E-01 
2.10 
2.15 
2,22. 

-.1766E-01 
4...1787E-01 
*11659E-401 

.1036E-01 
46493E-02 
43183E-02 

.4906E...02 

.7154E..03 
^.2190E-02 

-.1606E+01 
-.161sr+01 
-.1561E+01 

.4..106A0.00 

...120)E+00 
-.131A0-00 

2.25 -.1467E-01 45079E...03 ^43693E-02 -.1549E+01 
2.3.1 -4.1260E-01 -.41517E-02 ...4616E-02 ...1450E+01 -.117E+00 
2.35 -.1061E-01 -.2956E-02 •-.4701E702 -.1359E+01 
2.40 -48835E-02 -.4407E-02 -.1263E+01 
2.45 -,07292E-0 -44468E-'02 •".3927E-.02 ....1165E+.01 
2.51 -.5983E-02 "•.4726E-.02 -.3304E^.02 ....1070E+01 
2,55 "..474HE-02 -'.2847E-02 "".9777E+00 
2.6n -4.3985E-02 -.4604E-02 "*.2352E-.02 

.2465 -4.3243E-02 ,-.4338E".02 -.1918E-02 -.8086r:+uo 
2 -,7320.00 

. 2.79 -.2143E-02 ^.3601E-'02 *".1?33E-.02 -.6614E+00 
2.81 .-.1743E-02 -.9773E-03 -.5961E 4.u0 
2.85 .-.1419E-02 -.2770E-'02 4..7672E03 -.5361E+00 
2.9n -.1156E-02 -.2366E-02 "..5981E-03 -,4812+00 -.15/E-01 
2.95 -09432E-03 ...1987E-02 -.4639E-03 -*4312E+00 
3.00 -.7709E-03 •-.1643E-02 -.3580E-03 -.3860E+00 
3.05 -.41339E-.02 ".2744E•-03 -.34n1L+00 -.bt,0ti:.E-Q 2  
3.1;71 -.5177E-03 •.,1077E-02 -.2098E-03 -•3005i6+ 00 
3.15 -.4255E-03 .4.6552E-'03 "..1602&"03 -,275L+on 
3.20 -.3504E-03 -46720E03 "4.1222E-03 -.246E+U0 
3.25 -.5231E-03 -.9326E-04 ^.221E+00 



TAYLE," 9 (Co NT 

  

  

Pe‘ 
3.371 
3.35 
3.40 
3,45 
3,50 
3.55 
3.6n 
3.65 
3.70 
30. 75 
3.81 
3,85 
3.90 
3«95 
.4.00 
4.05 
4.1j 
4.15 
4.20 
4.25 
4.3n 
4.35 
•4.6i 
4.45 
4,5o 
4.55 
4.641 
4,65 
4.71 
4.75 

-.2392E-03 
-,1982E-03 
-.1646E-03 
-.1370E-03 
.1143E-03 
-.9548E-04 
-.7995E-04 
-.6707E-04 
-.5637E-04 
-.4745E-04 
-.4001E-04 
-.3379E-04 
-.2857E-04 
-.2419E-04 
-42051E-04 
-.1741E-04 
-41481E-04 
-.1261E-04 
-.1077E-04 
-.9206E-05 
-.7886E-05 
-.6768E-05 
-.5819E-05 
-.5012E-05 
-.4325E-05 
-.3739E-05 
-.3238E-05 
-.2809E-05 
-.2441E-Os 
-.2125E-05 
-.1853E-05 

-,4053E-03 
-.3136E-03 
-.2433E-03 
-41850E-03 
-.1394E-03 
-.1040E-03 
-.7639E-04 
-.5418E-04 
-43570E-04 
-.2066E-04 
-,8458E-05 
41274E-05 
.B179E-05 
.1280E-.04 
.1587E-04 
.1767E-04 
41849E-04 
.1843E-04 
.1781E-04 
.1682E-04 
.1559E-04 
.1428E-04 
$1295E-04 
.1162E-04 
.1031E-04 
.9033E-05 
.7763E-05 
.6i62E-05 
.5366E-05 
.4181E-05 
.3063E-05 

-.7129E-04 
-.5462E-04 
-.4197E-04 
-.3257E-04 
-.2537E-04 
-.1976E-04 
-.1533E-04 
-.1194E-04 
-.9491E-05 
-.7543E-05 
-.5961E-05 
-.4662E-05 
-.3694E-05 
-.2970E-05 
-.2385E-05 
-,1904E-OS 
-.1510E-05 
-.1223E-05 
-.9941E-06 
-.8079E-06 
-.6558E-06 
-.5349E-06 
-.4391E-06 
-.3610E-06 
-.2973E-06 
-.2466E-06 
-.2061E-06 
-.1723E-06 
-.1434E-06 
-.1176E-06 
-.9602E707 

-.1443E+00 
-.1303E+00 

-.1066E+00 
1.19= 
-,8700L-U1 

-*6037E-01 
-.5509F-01 
-,5031 -01 
-.4598E-01 
f..42056-01 

:6.3= 
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0.60 -91.059 

TABLE 16 

-342.1 

• 

- 7.516 

0.70 -49.103 - 89.80 12.21 

0,80 

0.90 

-30.940 

-21.579 

- 29.35 
- 10.81 

4.6 

1.00 -16.138 - 	4.147 

128...67041229088 

1.10 -12,686, - 	1,486 

1.20 -10.350 - 	.3584 1.4 75 608  . 	4  
1.30 - 8.6864 .1283 
1.50 - 6.5100 .3989 .3278 
1.60 - 5.7684 .4064 
2.00 - 3.9359  .2801 :028 326034 
3.00 - 2.1854 .05675 .02467 

4.00 - 1.5237 - 	.01429 .01938 

5.00 - 1.1782 - 	.03876 .01785 

10.00 - 	.04640 .01285 

TABLE 16 	(Cont.) 

• e 

T 

0.61 -295.3 - 1.186 

0.62 -255.7 3.402 

0.63 -222.2 6.678 

0.64 -193.6 8.966 
0.65 -169.3 10.51 
0.66 -148.4 11.5o 
0.68 -114.9 12.32 
0.69 -101.5 12.35 

0.73 - 63.11 11.21 

0.75 - 50.33 10.31 

0,77 - 40.40.  9.38 

0.85 - 17.65 6.105 
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CHAPTER VI 

A discussion of two arulications for the results of the previous  
charter.  

In this final chapter, we use our results to compare two theories 

of the liquid state and also to seek afTreement with u* obtained from 

X-ray scattering experiments. 

6.1 A numerical comparison of two versions of the three-body PY theory .  
with the exact version. 

We saw in equations (3.16), (3.18) and (3.20) that the fourth 

cluster integral (and hence D(T)) takes on different forms depending on 

whether it is calculated exactly, by HIM theory or by PY theory. In 

particular, the non-additive part of D(T) predicted by Rushbrooke end 

Silbert remained unchanged in both their three-body PY and 11:10 theories, 

and Rowlinsonts three-body PY theory led to another exnression which 

differed from the exact result. 

These differences are seen in Y from which the virial coefficients 

can be obtained in the manner described in chapter 3. 'ode define : 

Y-11 7: Ya 	+ 	ti2 	- - 
Et 

In all cases, 

(6.1) 

A 
and the function Y*A  is given gra:chically in figure 6(a), the values being 

obtained from ecuation ( 	) 

The exact Y
e 
follo-s from (3,7) 

Y= 	+2 rok + 	+2 I-151 	
(6.2) 

e 
 

Fy usin-, (3.15) and (3.17) in tLe OrmAcin-?,e-mike 	obtain for 

both t'.e 1T_::C and PY theories of Rus'bro-ke and Silbort : 

(6.3) 
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whereas (3.19) yields for Rowlinson's PY swIgestion : 

Ye. 	L175- 
	 (6.4) 

The behaviour of Y*
a

1  which, in its exact form, is composed by 

reducing the diagrams in (6.2), is represented by the solid curve at 

each of three temperatures in figures 6(b), (c) and (d). At the lowest 

temperature, Y8  is not dissimilar in character to YA, except for a 

slight kink in the curve. However, as the temperature is raised, 

this kink becomes more pronounced and finally forms a rositive peak 

as is seen at T* = 10.0. 

Equations (6.2) - (6.4) give differing results for lower r 

values. In specific cases (for example T* = 1.0 and r*,...-1.5) 

Rowlinson's prediction proves more accurate than the theory of Rush-

brooke and Silbert, but,in general, the latter leads to a Ye in better 

agreement with the exact expression. C(T)* and D(T)* are composed of 

closed diagrams reduced as described in section 5.5 extent that bo  

is replaced by b, (= boN). The non-additive contribution to D(T)* is 

plotted in figure 6(e) and the three-body contributioh to C(T)* follows 

the behaviour shown for 	in figure 5(f). The two PY versions in 

figure 6(e) remain Closer to one another than the exact version, but, 

of-the former, the curve due-to Rushbrooke and Silbert is the better 

choice, as was expected from Yi 

.6. 	The density variation of u*.  

In ecuation (2.20)(g), we saw that : 

(Gtk-u ) == 	31 
	 (6.5) 

By .using the rooted diaerams of chapter 5 in 2E: vie are able to obtin 

the first two terms in the density expElnsion of (u* - u). The charge 

of effective ener77 with density cannot be compared lirect].y with thermo-

dynamic properties for reasons discussed in section 3.2, but can be 

cm-pared with the chance of the 7ini7um cf the effective i t potential, 
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(u* - u) Msrl  , obtained by lakolaj,and Pings [59] from the X-ray 

diffraction pattern of compressed. argon. 

By definition of - 	, we have to order nZ: 

,2 	 t. 
n

2 	bi-'761- + *-14 7:41 

A 

- n T*( 	 61\a - 1.12  T y) (2 ,;117:1 4 
PZ 0-6 	 iSe3  

••••m••••••.• (b. 

(6.7) 

We consider argon at its minimum ul  and. use the values : 
C 	 0 

----- .3. 76 A 1 	a. = 5.405 A 

IS 	1•381 	10
-16 erg 

K
-1 

-84- 	q = 73-2 x I 0 el cm 

EA' 1 1 9•S K 

YOlar mass = 38-45 	01040 

23 
Avorzadrols constant = 6,  923 x.10 	mole 

and express the densitv,in g cm-3 
to write : 

A- 4 it 
5.12 T 4125"1, f 

.-3.052.T (.2 C7r=1 
4 

rEm„-74 	) 
+ 

(6.8) 

In figure 6(f), we show u*mia  itself by introducir^ a zero (u/k) 
mrri 

1481:, the value which Barker et al. [9] consider to be the best value for 

the true pair potential. (There is a sli:ht inconsistency in that the 

three-boo: tr.= itself, (u* - u), h='s been calculated for a Lenm- rd-Jones 

rotential and not for the dreter 	lotenti-1 of Fcr::er. Yha 

wrk 	Co l'._:̀ ! pn,] Kr,stner, w:7.c .1s2 b•;th 1,,_nn,rd-Jonec and Kiham2n 



116. 

potentials, shows that this inconsistency is too small to affect the 

conclusions below). 

In the figure, the leading term of (6.8) is represented by a 

dashed line and a solid line above this represents the second order 

correction. u* increases with density, but, at 120 K, the rate of 

increase is much less than that found by lakolaj and Pings whose 

results are plotted in the same figure. 

If re go to thejr
3
correction in (6.8), we expect that this will 

be less than the 3, correction, provided that 	converges reasonably 

well, and conclude, with Copeland and Kestner [18] , that the experiments 

of Eikolaj and Pins lead to a change with density that has the right 

sign, but is numerically too large. Below T* = 0.90, the term X4* 
becomes much larger in magnitude than 	or fel*  so that :EL 

becomes ill-conditioned as a series expansion, with the second term 

larger than the first: and this behaviour is clearly seen at the 

triple-point,83 K, where the solid curve has little physical meanin, 

and is not plotted fully. 

The difference (u
eff — u)miN  found by Barker et al. [93 is much less 

than the difference (u* - u) N 
 calculated here. They multiply their 

mi 

result by a factor 3 to obtain a difference that should be -relevant to 

eff 
g(r), and not to A, and so obtain 3(u - u) 	/ k = 9.4 K at a density 

-3 
of l'g cm ; a result which they find to be almost independent of 

tenper'ature. Our first order results for this density yield (u* - u) 	/k/k 

18.6 K at the temperature used by lAkola•and rings (120K), and 32.7 K 

at 83 K. Inaccuracies in. onr calculatien and in theirs are unlikely 

to be large enough to explein the difference betreen 9.4 K and our 

fiuuros of 18.6 K to 32.7 K. 	cause must therefore lie in the higher 

terns of the density exnansion of 

Our effective link is f* of eanation (2.5), in -71-ic!-. 	is 

th set of line-irreducible ,c:ra-rths de4'ine:1 in sectior 2.1. 
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effective link is f
eff 

of equation (3.39), in rhich the graphs 

are the subset of — defined below that equation. It is only 

to the first ordor in density that (f* - f) can be obtained by 

• , eff 
multiplying (fu 	- f) by 3. We use a second order approximation 

from equation (3.39) to illustrate this point. 

elf 
T d'221'%,  -n T 
3 	3 	 (6.9) 

We use (6.9) to riot the graph in figure 6(g) for u
eff 

/k,and ul,un/ic 
N aN  

is also shorn at T = 120 K. Here, the two dashed curves rerresenting 

the first order contributions have ordinates which differ by a factor 

of 3, but the second order contributions differ by e factor of 1.59. 
The third order contributions will have yet a different ratio, and 

so on. 

Hence, the difference betreen their results, based on an 

approximation to the whole series in (3.39), and ours based on a 

direct calculation of the first and second order terms in (2.5), arises 

from the contributions of the hiTher ,graphs. The existence of this 

difference suggests that the approach of this thesis is the proper 

way of testing conclusions from X-ray scattering, such as those of 

Mikolaj and Pings, but that theirs is the more useful route to thermo-

dynamic properties. Any hope that the first term of - would suffice 

for both purposes (with factors of 	3-or unity, as is appropriate) 

appears not to be fulfilled. 
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