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Abstract

Many problems in Statistics and Econometrics can be formulated in terms of the Bayesian
model. In fact, this can be interpreted as a penalized goodness-of-fit or more generic
decision or optimization problem. Most of these formulations need to resort to approxima-
tions and often suffer from the lack of efficient solution tools. Although quite complicated,
simulation techniques can offer the exact solutions to these problems.

In fact, one of the interesting problems is statistical inference for the parameters defined
on non-Euclidean spaces. An example is time series cointegration where linear transforma-
tion of multivariate process is stationary. Since the stationarity property is invariant with
respect to this transformation, the objective of inference is a basis of the vector space.

In particular, in this thesis we focus on two aspects: 1) Markov Chain Monte Carlo
(MCMC) methods for cointegrated time series; 2) application of Sequential Monte Carlo
(SMC) for the optimization problems in automatic control.

In Chapter 3, we developed generic Hybrid Monte Carlo samplers allowing for efficient
Bayesian inference in the presence of cointegration. The proposed methods perform on
par with the existent state-of-the-art methods under Gaussian assumptions. We also show
they can be applied in more elaborate model formulations wherein other existent methods
are not available.

In Chapter 4, we proposed a cointegration model with dynamic factors and developed
a novel sampler enabling efficient inference. The model was developed specifically for
modelling spreads in commodities markets and we perform a thorough data analysis on
the soybean crush spread.

In Chapter 5, we change direction and look at stochastic regulation when formulated as

an optimal control problem. For a multiplicative cost we show that the optimization part

14



can be solved using filtering techniques and SMC. The method performance is investigated

in case studies with conditionally linear and non-linear state space models.

15



Acknowledgments

First and foremost, I would like to express my biggest gratitude to my supervisor Dr.
Nikolas Kantas. I greatly benefited from his ideas and many stimulating discussions
we had over the past few years. Above all, our work would not be possible if not
for his endless patience and support — both mental and scientific. His advice and
encouragement have been invaluable.

I would also like to thank Prof. Gareth W. Peters and Dr. Guillaume Bagnarosa
for introducing me to the concept of time series cointegration and providing valuable
insight into the practical aspects of econometric modelling.

During the research degree, I also had a chance to apply my research and statisti-
cal modelling skills in practice. It was thanks to the industrial projects with Scientific
Implementation Group in Bank of America Merrill Lynch, Stratagem Technologies
and Beekin Ltd. T would like to thank my colleagues therein for making my PhD
journey even more valuable.

Also, many thanks for my friends Dr. Patrick Shao, Francesc Pons-Llopis, Tomek
Dubiel-Teleszynski and Przemystaw Pobrotyn for their careful comments on how to
improve the presentation of this thesis.

I would also like to thank my girlfriend Carmen Barragan for her constant care
and motivation to carry on against the odds.

Finally, I would like to thank my parents for their great support and encour-
agement throughout all of the years I had spent away from home. Without them,

probably most of the effort put in this project would not have been possible.

16



List of Acronyms

CVAR Cointegrated Vector Autoregressive Process
GMC Geodesic Monte Carlo

ECM Error Correction Model

HMC Hamiltonian Monte Carlo

HMM Hidden Markov Model

1S Importance Sampling

MAP Maximum a Posteriori

MCMC Markov Chain Monte Carlo

MH Metropolis-Hastings

MLE Maximum Likelihood Estimator
MMSE Minimum Mean Squared Error
MPC Model Predictive Control

OL Open Loop

PF Particle Filter

PMCMC Particle Markov Chain Monte Carlo
PMMH Particle Marginal Metropolis Hastings
SIS Sequential Importance Sampling
SIR Sequential Importance Resampling
SMC Sequential Monte Carlo

SSM State Space Model

VAR Vector Autoregressive Process

17



Chapter 1

Introduction

Development of advanced statistical models is of the key importance within vari-
ety of fields ranging from finance and economics to engineering and social sciences.
It also plays a fundamental role in artificial intelligence which is nowadays ubiqui-
tous in numerous applications. The models investigated in these domains usually
tend to be significantly complex and high dimensional. This requires the use of
advanced computational techniques for learning, prediction and optimization. The
dramatic increase in computational power of the past twenty years allowed the rapid
development of the elaborate numerical techniques and in particular Monte Carlo
methods. They describe the group of algorithms which are aimed at generating
random samples from the complex and high dimensional probability distributions.
This is typically required to perform numerical integration which is underpinning to
many data analytics task such as parameter estimation, model selection, or filtering
and smoothing in stochastic models. Monte Carlo have revolutionized the field and
allowed efficient analysis of many complex systems. In this thesis, we focus on the
Bayesian paradigm of statistical modelling which deals with the uncertainty of the
parameters or models themselves. In particular, we aim to use the methods from
Bayesian statistics to solve challenging problems arising in the field of Econometrics

and Decision Making. The corresponding advanced simulation techniques which we

18



investigate in this thesis will fall under the category of Markov Chain Monte Carlo
(MCMC).

A landmark moment in the development of MCMC methods was the invention
of the popular sampling schemes of the Metropolis—Hastings algorithm introduced
in Metropolis et al. [1953] and later Gibbs sampler proposed in Geman and Geman
[1993]. In addition, sequential importance resampling as suggested in Gordon et al.
[1993] and Liu et al. [1998] enabled development of the so called Sequential Monte
Carlo (SMC) proposed in Liu and Chen [1998] and Doucet et al. [2000b]. Most
recently, the traditional bourdaries between SMC and MCMC have been blurred
and both methods can be used together or in a complentary fashion. The most

notable development has been Particle MCMC introduced in Andrieu et al. [2010].

1.1 Bayesian Inference

In this thesis we will primarily use Bayesian inference for estimating model parame-
ters. The reason behind this choice is both due to the availability of advanced com-
putational machinery and that in the problems considered later the likelihood max-
imization will be ill conditioned resulting in the non-identifiability issues. Bayesian
inference treats parameters as random variables and combines a prior knowledge
with the information coming directly from the data. This is used to form a poste-

rior distribution of the parameters which can be informally written as
Posterior o< Prior x Likelihood.

Where the likelihood term here denotes the probability density of the observed data
y conditionally on the model parameters 6, p(y|f). So that, based on the Bayes rule

posterior p(f|y) can be read as



p(y) is a distribution of the data, usually referred to as a normalization constant or

evidence term:

ply) = / p(y|0)p(6)do

This is available in a closed form only in a few special cases, examples including
Gaussian models and discrete state spaces. In fact, in most cases, p(y) involves
high dimensional integration and hence it is inevitable to resort to the numerical
techniques. Note that the evidence is always dependent on the particular model
specification, which is implicitly incorporated in the form of the prior p(6) = p(6|M).
Following the Bayes rule again, we can establish the Bayes factors which serves as
a model selection and comparison tool in the Bayesian framework, see Kass and
Raftery [1995|, Andrieu and Fitzgerald [2001]. Given two models of interest M,
and M, with the prior belief to occur, p(M;), p(My), the Bayes Factor Ry, can

be written as:
_ pMaly) _ p(Mi)p(y| M)
p(Maly)  p(Ma)p(y|Ma)

Clearly if R/ > 1 model M, is favored, otherwise model My is favored.

1.2 Cointegration Model

In Chapters 3 and 4, the focus lies on the context of Cointegrated Vector Autoregres-
sive (CVAR) models. A basic notion of cointegration can be described by considering
a collection of time series, y;; where ¢ = 1, ..., n. If for some 4, y; ; are not stationary

but a linear combination

2t = sz‘?/t,z‘ (1.1)
i=1

is stationary, then the series are said to be cointegrated. The linear combination vec-

tor b = (by, by, ...,b,)" shown in (1.1) is called a cointegrating relationship; Fabozzi
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et al. [2007]. Since this relation is invariant with respect to the linear combination,
the objective of an inferential procedure is a vector space spanned by vectors b;
Villani [2000]. A cointegrating relationship may be seen as a long-term equilibrium
phenomenon which allows the cointegrating variables, y;;, to deviate from their re-
lationships in the short term, but retain their long term associations. Since any
system of financial asset prices with a mean-reverting spread will have some degree
of cointegration, it is econometrics and finance which are the most common applica-
tion domains for the cointegration concept. Equilibrium relationships are expected
to exist between different categories of financial variables. The most transparent
examples include spot and futures prices for commodities or assets, equity prices
and dividends or the commodity processing spreads, such as crush, crack or spark
spread. These processes are tied together in the long-term by a common stochastic
trend since any new piece of information will affect the prices in similar ways.

The most prominent application of cointegration is in systematic trading. In
particular, it allows to construct a mean reverting portfolio by taking positions
proportional to the cointegration relationships b and then applying trading rules
based on the deviations off this long-run equilibrium; for a reference on trading

applications see Vidyamurthy [2004].

1.3 Organization and Scope

The underlying theme of the thesis is a development of advanced simulation methods
that extend current state of the art MCMC and SMC algorithms. In Chapter 2, we
provide a brief overview of the modern simulation techniques. We describe MCMC
and SMC together with their more recent extensions.

In Chapter 3, we consider scenarios where the error driving noise of the CVAR
model can be assumed non-Gaussian. This is typical in the context of financial

data. We are interested in the computational challanges arising with estimation of
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cointegration parameters under this assumption. To this end, we developed Hybrid
Monte Carlo (HMC) schemes enabling efficient inference in the more general class
of Bayesian cointegration models. In particular, as the cointegration is defined as
a r—dimensional hyperplane in R™, (r < n), we proposed to use Geodesic Monte
Carlo (GMC) for embedded manifolds, Byrne and Girolami [2013].

In Chapter 4, the focus is primarly on data analysis of the soybean crush spread.
To capture empirical features of this market, we proposed a Hidden Markov Model
(HMM) where CVAR formulation forms the observation equation. To this end,
we developed efficient sampler based on partially collapsed Gibbs. It allowed for
significant variance reduction due to marginalization of the latent path.

In Chapter 5, we consider controlled HMM’s and the problem of stochastic reg-
ulation. The objective is to control the dynamics of the system so that its output
is close to the input reference signal and the controllers are reasonably smooth.

Mathematically it can be phrased as

T
1 -
Jr(urr;rir, To) = By eXp(_ﬁ(Z [rs — Yn”i} + [Jun — :unlei))
n=1

where the expectation is taken with respect to the law of the underlying system: r,
denotes the prespecified reference and Y,, partially observed process whose dynamics
depends on the hidden states controlled by sequence of w, selected by the user.
Motivation for this type of problems come from the field of navigation and object
tracking, Kantas et al. [2010], but recently has been also adopted in Econometrics,
Dombrovskii et al. [2018]. In this chapter, we develop SMC based method for Open
Loop (OL) optimization. OL in the automatic control terminology means that when
maximizing .J, for uy., we do not take into account any information obtained up to
that time, such as y1, ...y,_1. Instead we use only information known at time 0. This
is in contrast with Closed Loop or feedback policies that use at time n information

obtained up to that time. In Chapter 5, we also show how Particle Filtering (PF)
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can be used to incorporate both the information update and OL optimization within

a single framework for Model Predictive Control (MPC) based feedback policy.
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Chapter 2

Overview of the Modern Simulation

Techniques

Monte Carlo methods are powerful class of stochastic numerical techniques that can
deal with complicated optimization or the integration problems over the high dimen-
sional parameter space when analytical solutions are not available. They proved to
be particularly beneficial once substantial computing power became available. Ad-
vanced statistical problems are often defined in high dimensions and standard de-
terministic numerical integration methods suffer from a computational complexity
that grows exponentially with the dimension of the integration region, see Robert
and Casella [2013] in Section 1.4. In contrast, Monte Carlo possess numerous ad-
vantages. First, the careful selection of the number of simulated samples enables an
inherent control of the estimation quality. Furthermore, it is provably convergent
and equipped with the extensive theory to explain the behaviour of the estimates.
Of course, once a state space dimension exceeds certain threshold, a naive imple-
mentation of the methodology will suffer from the curse of dimensionality. This
is manifested as increasing Monte Carlo variance of the estimator. Over the past
decades, various computational statistics methods based on the Monte Carlo prin-

ciple have been developed to efficiently address Bayesian inference problems. The
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purpose of this section is to provide a background material and the review of some
basic Monte Carlo techniques.

In what follows, we shall use the standard notation for the normalized target
density as 7(dz) = —7(z)dz defined on some d— dimensional space X* where Z =
[ ~v(x)dz. The overall aim of the methods presented in this chapter is the simulation
from 7(dx) and the estimation of the integrals taken with respect to this distribution.
For a measurable test function ¢ : X% — R, we are often interested in approximating
the integral I(¢) = [ ¢(x)m(x)dz.

The organization of this chapter is as follows. In Section 2.1 we present the
basics of the simulation techniques. Later in Section 2.2 we discuss the methods
based on Markov Chains. In Section 2.3 we show how Importance Sampling idea
can be extended to deal with the sequential problems, introducing the concept of
Sequential Monte Carlo. Finally, in Sections 2.4 and 2.5, we illustrate how the

methods from Sections 2.2 and 2.3 can be combined within a single framework.

2.1 Basic approaches

2.1.1 Monte Carlo

Suppose we want to approximate the continuous distribution 7(dz) by an empirical
measure. This can be achieved by simulating sufficiently large N number of inde-
pendent random variables X; from 7 for i € {1,..., N}. The discrete approximation
is given then as Ty = + sz\; dx,(dz).

The Monte Carlo Estimate of 1(¢) is Tyc(¢) = % SV 6(X;). It is consistent,

in that the strong Law of Large Numbers (LLN) holds, i.e.
Fue(9) =2 1(9).
—00
It can be trivially verified that due to the i.i.d sampling from =, it is also unbiased
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and that its variance is:
32 = Var (Ic(9)) = ([ #@nla)ds - 2(0))

Note that the major advantage of Monte Carlo techniques is that the variance of
this estimation converges to zero at the rate of O(1/N) regardless of the dimension
d of underlying distribution 7(dz); although the constant term will of course be
dependent on d. Eventually, due to the Central Limit Theorem, one can establish
its limiting distribution and consequently obtain the suitable confidence bands,

Iue(9) —— N(I(9),67).

N—oo

Usually however, it is not possible to simulate directly from 7. Even if it is the case,
for instance when the test function ¢ corresponds to the indicator function of the
low probability region, the resulting estimator might be of very high variance. One
way to overcome this issue is the Importance Sampling (IS), see Glynn and Iglehart

[1989] and Gelman and Meng [1998].

2.1.2 Importance Sampling

IS is based on the introduction of the so called importance density ¢(x) which is
absolutely continuous with respect to 7 and such that g(dx) can be easily simulated.

The idea is based on the following identity:

_ / o(2)1()dx = / e ﬂ 2)dr = Ey(w(X)6(X))

[E

y(z)

% where w(xz) = 2= is called the unnor-
q(x)

In this case, one can write 7w(x) =
malized weight. Suppose that we have N i.i.d. samples from ¢. In particular, due

to the LLN, setting ¢ = 1,we can obtain the unbiased estimator of the normalizing
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constant as

)

.1 (X))
P rsat

Furthermore, the empirical estimate of the target distribution 7 is given as:

N
#rs(de) =Y Widx, (dx),
=1

where W; = +—. And similarly as in the basic Monte Carlo, IS estimate of 1(¢)

Wi
EkN:l Wk

is given through the empirical distribution as:

N

s = [ o@)rs(dn) = 30 o(XW.

i=1
This estimate is not unbiased because of the normalization used in W;. It satis-
fies however the consistency property and its asymptotic bias can be computed as

follows:

N—o0

N(irs(6) — 1(9)) =2 — /

VN = 1) 2o N, [ S8 o) - 107

N—oo

So the mean squared error is dominated by the variance term. Note also that given a

test function ¢, one can establish the optimal proposal which minimizes the variance

of f[s(¢)2

. e@r()
Jen 00@)r(@)da

See Robert and Casella [2013] p.95 for the proof. This is however most often not

q

available in practice and the task of coming up with ¢ can be challenging.
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2.2 Markov Chain Monte Carlo

MCMC methods is a class of powerful Monte Carlo algorithms which enable users to
perform efficient sampling in challenging setups including high dimensional problems
in Bayesian statistics. In this section, we review the basic concepts of MCMC that

are of key relevance for various parts of this thesis.

2.2.1 MCMC Background

The generic approach of Markov Chain Monte Carlo methods is to generate an
ergodic discrete time Markov process which admits 7 as its stationary distribution.
After the burn-in period, the resulting samples of the process are approximately
distributed according to the target distribution 7 and hence can be used to estimate
the integrals.

The Markov Process {X;};>;1 is completely specified by providing its initial dis-
tribution pu(-) and the transition kernel K (dxyq|z;) which encodes the probability
for moving to consecutive states of the chain.

In order for the sample path average % Zf\il 9(X;) to converge almost surely to

[ g(z)m(x)dz, some certain conditions are required:
e Invariance : The transition kernel K should be chosen in such a way so that:
/W(x)K(dy|x)dx = 7(dy).
This implies that if X; ~ 7, then X; ~ 7 for all 7 > ¢.

e Irreducibility: Given any starting xqg € X, we can reach any other state

xr, € X with positive probability under 7.

e Aperiodicity: A state space of the chain cannot be partitioned into countable
number of subsets which can be visited only in steps whose index is a multiple

of an integer greater than 1.

28



In Tierney [1994] in Theorem 1, the main theorem justifying the MCMC theory is
stated: If {X;}+>0 is an aperiodic and irreducible Markov Chain which admits 7 as

its invariant distribution then for almost all starting values xg:

|| L(X¢|Xo = x0) — 7llrv — 0 as t = o0,

where £(X) denotes the law of X. There are also stronger forms of convergence
developed in MCMC theory such as geometric and uniform ergodicity which are
important in practice as applications typically require fast convergence and mixing.
The comprehensive theoretical treatment of these methods can be found in Robert

and Casella [2013] and Tierney [1994].

2.2.2 Basic MCMC Samplers
Gibbs Sampler

One of the MCMC method is a Gibbs Sampler which was originally proposed
in Geman and Geman [1993|. Its relevant review can also be found in Smith
and Roberts [1993]. It allows for simulation from the multidimensional distribu-
tion, mw(x) = 7(xy,...,xq4). Markov kernel is generated by sampling each com-
ponent from its full conditional. It is assumed therefore that w(dx;|z_;), where
r_j = (1, ...,%j_1,Tjt1, ..., Tq) can be sampled from for all j € {1,...,d}. There are
two popular versions of this sampler, namely Systematic and Random Scan Gibbs.

We present them in Algorithms 2.1 and 2.2.

Algorithm 2.1 Systematic Scan Gibbs Sampler
1. Initialization: Set the chain at time ¢t = 0 to (X7, ...., XJ).

2. For t > 0 do:
For j € {1,...,d} do:
Sample X! from (| X{, ..., X!, Xi1, . X7).

J= 2 j+1

3. Output: The chain at times ¢, X} ,.
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Algorithm 2.2 Random Scan Gibbs Sampler
1. Initialization: Set the chain at time ¢t = 0 to (X7, ...., XJ).

2. For t >0 do:
For je{l,...,d} do:

a) Draw j from the uniform distribution on {1,...,j}.
b) Sample X! from «(-|X{, ..., X! | XI0y, . X,
¢) Set Xt =X X! = XITh X = XL X = X

3. Output: The chain at times ¢, X} ,.

The MCMC kernel associated with systematic scan Gibbs can be written as:

K(y|$) = W(yl|$2:d)ﬂ(yz|yl, xs:d)-~-ﬂ(yd|y1:d—1)~

To see that its corresponding Markov chain admits 7 as a stationary distribution,

note that for d = 2:

/K(?Ju@/z’%,@)ﬂ(%,@)d% = /W(yl\xz)ﬂ(yﬂyl)ﬂ(l’l,$2)d9€1d1’2

7(91\I2)7T(yz|y1)(/7T($17152)d$1)d$2

T(y1|w2) T (y|yr )7 (22)d2s

—— —

= 7w(y2ly)m(y1) = 7(y1, y2)

Analogously it can be extended for higher dimensions. Gibbs sampler has a great
advantage that no tuning is required. It can suffer though from the poor mixing
due to the correlation between components of multidimensional distributions and
the particular parametrization used, see Papaspiliopoulos et al. [2007]. These can
be to certain extent mitigated by exploiting the properties of the given hierarchical
structure. The main techniques used in practice are grouping and collapsing. To

illustrate these concepts, assume that the dimension of 7 can be partitioned into
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three groups: m(x1.4) = m(21, 22, 23).
Full Collapsing: Collapsing amounts to the marginalization of one or more
variables. In the simplest case z; is drawn from its target marginal 7(z;) and then

the rest follow Gibbs updates as:

29 ~ T(+|23), 23 ~ T(+|22),

where (29, 23) = [ (21, 22, 23)dz1.

Note that this scheme effectively simulates from m(z1)m (22, 23) as the transition
kernel is 7(2}) K (25, 25|22, 23). The invariance calculation is effectively the same as
above for zo and z3 and 2z; explicitly targeting its unconditional marginal. It does
not provide thus any insight into the relationship between z; and (29, 2z3) what might
be beneficial from the efficiency perspective if they are highly dependant.

Partial Collapsing: In practice, full collapsing is not always necessary. Partial
collapsing amounts to marginalization only in the certain steps of the Gibbs sampler.

Example is illustrated by the scheme:

21 ~ m(+|29, 23), 20 ~ T(:|21), 25 ~ (|21, 22).

In order to account for the dependencies between variables in the correct way, the

order of partial collapsing matters. For instance, it can be checked that the sampler

21 ~ 7(+|22), 2o ~ (|21, 23), 23 ~7(-|21, 22)

does not leave m(z1, 29, z3) invariant. The guide how to design a properly collapsed
Gibbs sampler can be found in Van Dyk and Jiao [2015], Park and van Dyk [2009],
Van Dyk and Park [2008]

Grouping: Grouping assumes joint update of more than one variable at the

time. We could proceed by first sampling (21|22, z3) and then jointly m(z2, z3|21).
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This strategy might lead to the larger updates and overcome the issues due to the
large dependence between zy and z3.
More detailed discussion on the benefits of grouping and collapsing can be found

in Liu [2001] in Section 6.7.

Metropolis - Hastings

Given 7(x1.4), Gibbs sampler assumes that we are able to sample from all of the full
conditionals 7(z;|x_;). In many applications it is usually infeasible. Furthermore,
even when equipped with blocking and collapsing techniques, due to the highly
correlated components, convergence of the resulting Gibbs sampler might be rather
slow. Metropolis-Hastings (MH) is a more generic type of MCMC methods that
gives a freedom of choice of the transition kernel K(:|z). The main idea behind
MH lies in the detailed balance equations which enable users to modify an arbitrary
proposal ¢(-|x) through the rejection procedure. So that the transition kernel is

given by:

K(dx'|z) = q(da'|z)a(z, ') + 6, (d2") (1 — a(z, 2')).

where the acceptance probability is «(x,z’) = min(1, %). Note that it satis-

fies:

m(dx) K (dy|x) = m(dy) K (dzly),

from where, it trivially follows that K leaves 7 invariant. The pseudocode is pre-
sented in Algorithm 2.3.

To ensure that the ergodic theorem holds we have to choose a proposal ¢ for which
q(z*|z) > 0 for all {z*, 2} C supp(m). This positivity condition implies irreducibility
and aperiodicity of the chain. This method can be applied even if 7 is available

only up to the normalization constant as the unknown quantity Z cancels out in
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Algorithm 2.3 Metropolis-Hastings Sampler
1. Initialization: Set the chain at time ¢ = 0 to X.

2. For t >0 do:
(a) Sample X* from ¢(-|X*™1),

Y(XH)g(XTHX*) )
P E e )

(¢) Sample U ~ Uy 1). If U < o, set X := X*. Otherwise, set X' = X',

(b) Compute the acceptance ratio v = min(1

3. Output: The chain at times ¢, X;

the computation of the acceptance ratio a. MH allows to employ any proposal
distribution ¢ which makes it easier for the user to tune the sampler. It is clear
that the choice of ¢ is critical. Proposal kernel with low variance brings about
only small, local moves even though it can yield a high acceptance probability. On
the other hand, too large variance entails big jumps through the state space what
usually results in undesirable low acceptance ratio. To construct a proposal kernel
with satisfactory mixing is a challenging problem especially in the high dimensional
setup. If ¢(2'|z) = N(x,%), then we call the sampler Random Walk MH. It is a
symmetric kernel, ¢(z'|z) = ¢(z|2’) and so these terms cancel out in the evaluation
of the acceptance ratio. If ¢(2'|z) = ¢(2’) is independent of x, then we refer to the

Independence Sampler MH.

Metropolis-Hastings within Gibbs

To combine the strengths of MH and Gibbs sampling, it is common to employ a
hybrid strategy called Metropolis-Hastings within Gibbs (MWG). We apply Gibbs
to the conditionals which can be sampled from exactly and MH steps otherwise.
Suppose m(z) = mw(z1,x9) is defined on X} x Ay and it is possible to simulate a
random sample from 7 (dzy|z1) but not from 7(dz;|xs). In this case MWG algorithm
proceeds by sampling from the 7(dz|ze)—invariant MCMC kernel followed by the

usual Gibbs update of m(dxs|zy).
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2.2.3 Advanced MCMC Samplers

In this section, we present some more advanced MCMC techniques that will be used
later in this thesis, together with some of their predecessors or methods that make

general exposition easier to explain.

Pseudo Marginal Metropolis Hastings

In many practical situations often encountered in Statistics, the target density can-
not be evaluated pointwise and is often intractable. The common case are the
latent variables models, whereby m(z) = p(z|y) o p(y|x)p(x). The likelihood is
p(ylz) = [p(y, zlx)dz = [ p(y|z, 2)p(z|x)dz which is usually not available in the
closed form. Hence one can resort to Monte Carlo approximations. Under the
construct presented here, in case it is possible to simulate from p(z|z) and the con-
ditional likelihood term p(y|z, z) can be computed exactly, we could replace p(y|x)

in the computation of 7(z) by its unbiased Monte Carlo estimate:

N

Pole) = - D plole, 7)

=1

where Z* are i.i.d samples from p(z|z). The pseudo marginal MH algorithm proceeds

by replacing the acceptance ratio evaluation using its estimate

plyle*)p(e*)g(x'~"a*) )

a =min(1, —
O Sl ) pa gl

in step (b) of the algorithm 2.3 above.
To illustrate the validity of this scheme consider the distribution defined on the

extended parameter space:

#(,210-2) o pla) [ plal) (%pr,zi)) .

The pseudo-marginal can be seen as an exact MH targeting 7 which admits 7 as a
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marginal since [ 7(x,z1,. .., 2,)dz1 = p(2)E; (p(y|z)) = p(z)p(y|z) o 7(x). Also

[oN
I
=
=

) [Tp(zile) [Tp(zile)q(2']x)
in)H (zil7)q (wlﬂf))
z1) [T p(Zl7)q(2'|x) )

(5

~ / / / /
- (17 iy |:c)px>np< 1) It elotel)
= min(
which corresponds to the MH kernel with the proposal given by the joint ¢(z'|z) [ | p(z|z").
The remarkable feature of this algorithm is that the invariant distribution of the
Markov chain is independent of N. Furthermore, we use i.i.d sampling here for sim-
plicity, however the analogous approach can be performed using any Monte Carlo
methods leading to the unbiased estimator of p(y|x). For other examples and the

relevant literature, see Andrieu et al. [2009, 2015] and Doucet et al. [2015].

Basics of Hamiltonian Monte Carlo

Hamiltonian dynamics were originally introduced in molecular simulation and later
used within a MCMC framework in Duane et al. [1987] leading to the so-called
Hybrid or Hamiltonian Monte Carlo, which was popularized in Statistics in Neal
[1996] and Neal [2010]. Here we present a very short summary of the method.
Following the standard convention in the HMC literature, we let ¢ instead of x
be the variable we wish to infer. HMC is a a MCMC method to sample from
a posterior distribution with density 7(q) by introducing an auxiliary variable, p

called momentum variable, and then targeting the joint distribution:

(g, p) o< (q) exp <—%pTP(q)‘1p)

o exp (—H(q,p)),
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where P(q) is a positive definite matrix. The log of this joint posterior is interpreted

as a the Hamiltonian function, that is a sum of a potential and kinetic energy
1

function given by —logm(q) and §pTP(q)_1p respectively. The advantage of this

interpretation is that one can design proposals within an MCMC algorithm using

artificial Hamiltonian dynamics with respect to a fictitious time 7:
Q= V,H, =V, (2.2)

When solved exactly (2.2) will leave H invariant as well as possessing interesting
properties such as volume preservation and time reversibility. The latter two are
crucial for proving detailed balance when using within MCMC, see Neal [2010] for
details.

The problem is that (2.2) cannot be solved exactly and one needs to use a nu-
merical integration method. As a result H will no longer be invariant, but one can
use a Metropolis accept-reject correction step. Let (¢, p') be the numerical solution
of (2.2) after some chosen time and starting from (g, p), then one and accept this
solution with probability min(1,exp(—H (¢, p’) + H(q, p)), otherwise reject and keep
(¢,p). In order this MCMC scheme to preserve detailed balance the numerical inte-
gration method needs to be time reversible and volume preserving (or symplectic).
A popular choice is to use a leapfrog method when P is constant matrix (i.e. not a
function of ¢) and then optimize performance by tuning the choice of P, the number
of steps and step size of the leapfrog integration.

Allowing P(q) to vary with ¢ and taking into account local behaviour of 7 brings
more flexibility in terms of tuning and is advantageous from a performance point
of view; see Girolami and Calderhead [2011] for a review. In this case numerical
integration requires using splitting techniques (Hairer et al. [2006]) that treat the

potential and kinetic parts of H as separate Hamiltonians. Let H' = —log7(q) and
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1
H? = ipTP(q)_lp. The Hamiltonian equations for H' are
G§=0, p=-V,H' (2.3)
and can be solved exactly:

¢r = qo, pt=po+ 71 V4log w(q)\q:q(o) _
Then if there is a symplectic integrator or numerical solver for
q= VpH27 p= _qu2 (2‘4)

then one could use the two integrators together in a time-symmetric manner to
generate MCMC proposals. Starting from (¢, p,) a single iteration of the composed

integrator could be performed as follows:
e Compute ¢r+c =¢q;, prre =pr +35 Vglogm(q)|,_, ,
e Solve (2.4) for a time interval equal to e starting with initial condition being
(Gr+5,Preg) to get (q7+ge,p7+ge),
o Compute ¢rize = Gry3c;  Prize = Pryp2c+ 5 Volog W(q)|q:qf+%e-

This could be iterated L times and then one would need to apply a Metropolis
accept-reject step to (Griare, Priore) compared to (¢r,p,) as before with a similar

acceptance ratio:

min(1, exp(—H (¢ry2Le; Pri2Le Gri2Les Prr2re) + H(qr, Dr))-

Remark 2.1. Girolami and Calderhead [2011] provide a detailed review for this case
when P(q)~! is a Riemanian metric tensor and discuss on how the Hamiltonian

equations in (2.4) should be solved in detail. In this case, H* defines a metric and
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one can use co-geodesic flows (¢,, p,) with ¢ = P(q)~'p that follow a trajectory that
leaves H? constant. Extension of this idea is employed in Geodesic Monte Carlo

sampler which we describe in more depth and propose to use in Chapter 3.

2.3 Introduction to Sequential Monte Carlo and Par-

ticle Filters

We start this section presenting the basic formulation of the general Hidden Markov
Models as it is in the context of these models that SMC, also known as Particle

Filters were originally successfully developed.

2.3.1 Hidden Markov Models

Hidden Markov Models also known as State Space Models (SSM) are widely utilized
to study the dynamical systems and in particular time series data. They found sev-
eral applications in the variety of fields such as econometrics, see Pitt and Shephard
[1999b], target tracking in Gordon et al. [1993], navigation in Bergman et al. [2001],
and telecommunications in Doucet et al. [2000b].

Consider a continuous valued, discrete time and unobservable Markov process
X, evolving according to the following stochastic dynamics, also referred to as the

state equation:

Xo~p(), Xel Xy =20~ f( o) - (2.5)

With all the densities taken with respect to the dominating measure dx. In the
HMM setting, the information of the latent process X, is encapsulated in an ob-
servable process Y7, which is often assumed conditionally independent. Given X,
the observations Y; are independent random variables with densities given by the

observation equations as follows:
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Yil(Xe = ) ~ g(welze) (2.6)

Models governed by the equations (2.5) and (2.6) are named HMM’s or SSM’s.
Further generalizations are possible and extensively discussed for instance in Doucet
and Tadi¢ [2003] and Cappé et al. [2009]. Equation (2.5) above can be thought of as a
prior distribution of the latent process X;.; and equation (2.6) as a likelihood function
of the observable data. As usual in the Bayesian context we are predominantly
interested in the posterior of X7.;.

That is we rely upon:

p(Il;t|y15t) - p(ylzt)

where the unnormalized density of interest is:

t

p(xl:taylst) = [M(l’l) Hf(l’z|%1)] [H g(yz|fﬂt)] .

=2

p(z1.¢|y1.¢) is typically intractable with few exceptions, e.g. Gaussian linear or dis-
crete state space models for which p(x.|y;.¢) is either a Gaussian distribution with
sufficient statistics available through the recursive computations or the integration

which can be expressed as a discrete summation.

2.3.2 SMC Methods

SMC are a general class of Monte Carlo techniques used for sampling from a se-
quence of target distributions 7, (z.,) = w of increasing dimension by means
of recursive application of IS. It is not restrictive to assume the following factoriza-

tion:

’Yn(xl:n) = ’Yn<xn‘x1:nfl>7nfl (mlznfl)-
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Although SMC encompasses a broader range of algorithms, in this section we focus
on their application to particle filtering where target distributions are recursive
series of posteriors from the complex SSM models, i.e. 7,(%1.,) = p(21.4|y1.n) and
Yn(T1m) = p(T1.0, Y1.n). With the normalizing constant Z,, = p(y;.,) being equal to
the model evidence or the marginal data likelihood. The great advantage of SMC
methods is their flexibility, applicability in a wide range of different settings and the

possibility to parallelize.

2.3.3 Sequential Importance Resampling (SIR)

In processing time series data, it is particularly important to construct algorithms
that admit a fixed computational complexity at each time step. To achieve this in the
IS context, the solution involves selecting an instrumental importance distribution

which admits the following Markov structure:

T

qr(vir) = qr—1(x1r-1)qr(vr|er_1) = @1 (21) HQt($t|CBt—1)-

Associated importance weights can be obtained as:

N P(T1t, Y1:t) _ P(@ra—1,Y1a-1) f(@e]we-1) g (yelze)
wt(ﬂilzt) = = R
Qt(xlzt) Qt71($1:t71) Qt(xt|xtfl)

and decomposed as wy(xy.7) = wq (1) H;le ay(x4_14), where «; is an incremental

weight defined as:

f($t|$t—1)9(yt\$t).

at(mtilzt) B Qt($t|$t—1)

Straightforward extension of the IS algorithm applied to the sequential data is the
Sequential Importance Sampling (SIS) algorithm. It can be seen as a special case

of a batch IS targeting p(z1.¢|y1.¢), where the proposal distribution is ¢;. Particle
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approximation of the filtering distribution can be obtained recursively as:

x1t|y1t ZW (5Xz ZClt (27)

Same as IS, this method suffers from the severe scaling problem. To illustrate this

issue consider the following example borrowed from Doucet and Johansen [2009].
Example 1: Let the multidimensional target be of the form: 7 (zy.,) = [}, N(z4;0,1).

Its unnormalized density is 7(z1.,) = [[I; exp(—é) with normalization constant

Z, = (2m)"/2. Select an importance density q,(z1.,) = [[i_, N(2:;0,0?) for 02 > 0.5.

In such a case:

1 o

Var(Z,)/ 2 = N[(m

)n/Q - 1]7

ot
202 —

and as > 1, the variance increases exponentially with n. Consequently, in in
order to keep the relative variance of 0.01, we need N = 2x102?3 particles if 0 = 1.2.

Another major drawback of SIS is that as ¢ increases the distribution of the
importance weights becomes severely skewed. In practice, after a few iterations
only small number of the particles will possess a non-zero importance weight.

To overcome these issues, in Gordon et al. [1993| the resampling technique has
been proposed. It is based on the idea that the low weight particle should be
removed with high probability as in the sequential framework it is preferred to
concentrate computational effort on the high distribution mass areas. Note that
the approximation of p(z1.|y1.,) from (2.7) above is based on the weighted samples
from the proposal ¢(+), i.e. simulating IS approximation amounts to drawing from

the multinomial distribution. We can approximate therefore p(x.|y;.;) using the

resampled empirical measure as:

NZ
P(x1elyre) = Z ngx (21:)

i=1

41



where N/ denotes the number of offsprings associated with i —th particle after multi-
nomial resampling. Hence E(N{|W}!N) = NW]/ and so p is an unbiased estimate of
p. This approach was later studied in more detailed and extended in other works,
see for instance Kitagawa [1996], Carpenter et al. [1999] or Doucet et al. [2000b].
Resampling step can introduce extra noise and cause the problem of path de-
generacy or sample impoverishment when particles with high importance weights
are selected too often. Several resampling techniques which preserve unbiasedness
property and decrease Var(N;|[W!N) have been developed. Those improved meth-
ods include Residual Resampling proposed in Carpenter et al. [1999] and Systematic
Resampling, see Douc and Cappé [2005]. The basic SIR algorithm with multinomial

resampling proceeds as described in Algorithm 2.4.

Algorithm 2.4 Sequential Importance Resampling (SIR)
1. At timet =1

(a) Sample X ~ q;(-).
ompute the weights wi(X?) = LEDIWIXD 40 normalize Wi o w' so
b) C he weights wi(X]) = LEDERIED and lize Wi o wi
that S0, Wi =1.
(c) Resample {W}, Xi} to generate N equally weighted particles {4, X7}.
2. Fort=2,...,T
(a) Sample X ~ Qt('|711:t—1) and set X7, = (yi;t—h Xi)-

. i JXEIXT gy X
(b) Compute the weights w; = XTI

(c) Resample {W}, Xi,} to {%,YL}.

) and normalize W} ocw) .

At time ¢, after resampling, we obtain estimates of the filtering distribution given

by:

N

_ 1

P(1:4ly14) = N E 5y§:t($1:t)7
i=1

We also have quantities for the estimated model marginal likelihood, or the normal-
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izing constant:

wi(X; 1) (2.8)

NE

ﬁ(yt|y1:t71) =
1

<.
Il

1~

plpr) = P(Yelyr:e-1)- (2.9)

-
Il

1

Due to the variance increase, in many applications, resampling is performed only if
the variance of the unnormalized weights is below some pre-specified threshold. The
effective sample size is a quantity to measure the variability in the weights and is

estimated by:

N
ESS=1/> (W)
i=1
ESS takes the values in the range (1, N], with larger corresponding to better schemes.
Example 2: Revising the settings of Example 1 above, it can be checked that
when SIR is applied:

0_4

_ 12
202—1) 1]

. n
Varsir(Z,)] 27 = N[(

which increases linearly in n. This requires N = 10* particles to ensure the same
performance as SIS. This gives an improvement by 19 orders of magnitude of STR
over SIS.

In many applied scenarios, the prior distributions of the latent path, i.e. u and
f are chosen for the proposal distributions ¢; and gy,—;. This yields incremental
weights being equal to the observation density. Such a choice is often the only
feasible option when f(dx;|z;_1) can be sampled from but the density function is
not available for the pointwise computation. SMC method with such a proposal is
referred to as Bootstrap Particle Filter. In Doucet et al. [2000b], it is shown in turn

(wtlze—1)g(ytlze)

that the locally optimal proposal given by qalzil(fl?t\ﬂftq) =1 AT, minimizes

Varg, (w(Xe—14)) -
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2.3.4 Some Theoretical Results

We will present some basic convergence results. Let

EO,t(d:Bl:t) - ﬁ(dxl:tkyl:t) - p(dx1:t|y1:t>-

If the unnormalized weights are bounded, then for any test function ¢, bounded by

@, there exists constant Cp,, < oo such that:

1
P\ = _
) P S Cg’t7pgp

e (| [ etoractans| )" < Gzt

The expectation E, is taken w.r.t to the sampling distribution being the probability
law of the particle filter (i.e. the joint distribution of all the simulated variables in the
SIR algorithm). CLT also applies to SIR (and SMC in general) and its asymptotic
variance is much lower than SIS, see Chopin et al. [2004].

SIR algorithm results furthermore in an unbiased estimation of the marginal

likelihood:

Ee (ﬁ(ylzt)) = p(ylzt)

computed as in (2.9). This is a non-trivial result that will be extremely useful when
discussing particle MCMC. It has however a non-asymptotic relative variance that

increases linearly with ¢, see Cérou et al. [2011].

2.4 Combining SMC with MCMC

2.4.1 Resample Move Particle Filter

Another way to mitigate the loss of sample diversity is to reintroduce unique parti-
cles. This can be achieved for instance by using the suitable MCMC moves targeting
at t the local distribution of the filter p(z1.|y1.). Such an approach was first intro-
duced in Gilks and Berzuini [2001|. Suppose K; is a MCMC kernel which leaves this
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distribution invariant. It can be convolution of a small number of iterations from
any valid MCMC algorithm, e.g. random walk Metropolis, Gibbs, Hybrid Monte
Carlo etc. Usually 2-20 iterations suffice for most applications. Then the Resample
Move PF proceeds analogously as SIR presented above, with additional jittering
which follows the resample phase. After 2(c) of Algorithm 2.4, we move particles by
independently (for each i) sampling from the kernel X7, ~ Kt(-|7i1:t). Depending on
application, it is often sufficient to jitter only part of the path, X; ;, X; ;41,..., X¢.
As we are not using the MCMC iterations for ergodic averaging but rather take the
final output as rejuvenated sample, K is required to be invariant and not necessarily

ergodic.

Rejuvenation Steps

In this section, we provide some examples for how the kernel Kt('|7i—l:t) can be

constructed.

Metropolis-Hastings The basic MH proposal proceeds by random walk moves
as:

Typp = T + N(0, X¢_p4)

PYt—1:6|Ft—1:0)P(Ft—1:t) )
! p(yt—m \93t—l:t)17($t—l:t) ’

and the corresponding acceptance ratio can be read as « = min(1
We often assume a constant proposal step size by keeping matrix >, ;.; constant and

diagonal.

Adaptive MH In this case we assume the algorithm to adaptively learn the step

size covariance X;_j.; as:

N
:ui\il:t(j) - Z Wtzxi—l:t(j)
=1
N
Zt—lit = Z Wtz ('Iff—l:t - Iui\il:t)(xjf—l:t - #ﬁl:t)T
=1
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forj=t—1,t—1+1,...,t. The same idea can be used as in Chopin [2002] to develop

an independence sampler.

Pre-Conditioned Crank-Nicolson (pCN) This method originated in Cotter

et al. [2013]. In this case, we construct the proposal as:

Ty = pri—y + /(1 — p2Z

where Z is sampled from the prior and what consequently leads to the acceptance

ratio being the likelihood ratio:

p(yt—l:tﬁt—l:t)

a = min(1, :
( p(yt—l:t|$t—l:t)

2.4.2 Iterative Batch Importance sampling (IBIS)

Unlike in the previous sections where the sequence of target distributions were of
increasing dimensions, in Chopin [2002] it is shown that the particle filtering methods
can also offer an efficient estimation tool where an unknown parameter of interest
is static but data is evolving dynamically in time, i.e. 7, = w(0|y1.¢), for ¢t < T with
mo denoting a prior of #. In such a scenario Markov chain Monte Carlo techniques
may not be viable as they need to generate a different chain run for each posterior
7y and do not take into account the previous generations from 7;_;. In this case, a
particle system is a collection {6}, of weighted random variables in the parameter
space ©. The overall scheme is presented in Algorithm 2.5:

Note that similarly as in Resample Move Particle Filter, a Markov kernel K,
is used to rejuvenate the set of particles. In this method, it is a key component
determining algorithm performance. In Chopin [2002] it is recommended to use an
independent Gaussian kernel with mean and variance computed analogously as in

Adaptive MH described in the Section above.
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Algorithm 2.5 Tterative Batch Importance sampling
1. Initialization: Sample ' ~ 7y and set Wi =1/N.

2. Fort=1,....T
(a) Set wi = p(y¢|yi_1,0;) and normalize W} o wy.
(b) Resample {W} 6} to obtain N equally weighted particles {%,5;}
(c) Rejuvenate the particles from the Markov kernel leaving target distribu-
tion invariant 0 ~ K,(-|6;).

3. Output: Return mp = SO0 W04 -

2.4.3 Particle Markov Chain Monte Carlo (PMCMC)

In most practical situations, the SSM’s of interest are dependent on unknown static
parameters ¢ that also have to be estimated from the available data. In this context,
standard particle methods are not sufficient and it is necessary to rely on more
sophisticated algorithms such as PMCMC introduced in Andrieu et al. [2010]. In
this Chapter, we predominantly focus on Particle Marginal Metropolis Hastings
(PMMH).

Let the law of the particle system be

c ({{xi’Ot(i)}j\ll}j—l |y1zT’9> |

A T
where {{Xt’, Ot(z’)}iNzl} are the particles and number of offsprings sampled in

t=1

SMC. According to the standard SMC theory, the estimator of the marginal likeli-

hood, computed as in (2.9), is unbiased under L:

E.z ((yrr)) = p(yr.1)-

Therefore, we can consider MCMC sampler targeting distribution proportional to:
i A -
p({{abo@3 ) b 8) o) 00
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Algorithm 2.6 PMMH

1. Initialization:

(a) Set some arbitrary value to §(*).
(b) Run the SMC to simulate X () ~ pe (*|y1.7) and compute the corresponding estimate
of marginal likelihood pgo) (y1.7)-
2. For i >0 do:

(a) Propose 0* ~ g(-|00~1).

(b) Run the SMC to simulate X* ~ pg«(-|y1.7) and compute the corresponding estimate
of marginal likelihood pg« (y1.1)-

(¢) Compute the acceptance ratio:

o o (y1.7)p(6*)q(0°~1|67)
Poc-n (y1.7)p(B0—H)q(0*]06 1)

(d) Draw U ~ Up and if U < a, then set X = X*, 00) := 6* and pye) (y1.7) ==
Po- (y1.7). Otherwise, set X @ := X =1 90 .= 90— and py (y1.7) = Poi-v (y1.7).

Integrating out the variables of SMC sampler, the proposed target admits p(0|y;.7)

as a marginal. PMMH assumes using the joint MH proposal kernel such as

q(0710)p(dx} 7 |yr.r, 07)

with the second term being the distribution of the particle filter conditional on
g*. This leaves ¢(0*|0) as the only user specific choice. We are therefore in the
setting of the Pseudo Marginal MH as described in Section 2.2.3 whereby instead of
simulating from the i.i.d conditionals, we use the law of the particle system. By the
same argument as in the section 2.2.3, PMMH sampler leaves p(f|y,.7) invariant.
The PMMH procedure is described in Algorithm 2.6.

In addition, Theorem 4 in Andrieu et al. [2010] establishes that under the certain
weak assumptions the PMMH sampler is ergodic. The mixing properties of the
algorithm clearly depends on the number of particles N used. One simple way
to improve on this is to increase N. This comes at extra computational cost, so a

trade-off needs to be balanced as after some value of NV the reduction of the variance
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of p(y1.r) might not have a drastic effect for a fixed 7. The rule of thumb for
tuning N was proposed in Pitt et al. [2012] in which the authors recommend setting
N to achieve for logp(y1.r) a variance near 1. As T increases, under favorable
mixing assumptions, the variance of the acceptance rate of the PMMH sampler
is proportional to T/N. N should roughly increase linearly with 7" and the total
computational cost required for a batch of T" observations should be proportional to

T

2.4.4 SMC?

We discussed before how to perform SMC within MCMC. In fact, it is also pos-
sible to employ SMC within SMC. A natural extension of the two methods pre-
sented in Sections 2.4.2 and 2.2.3 is SMC? algorithm proposed in Chopin et al.
[2013]. The setting is similar to both IBIS and PMCMC in that the on-line in-
ference of a static parameter in the dynamic latent variable model is considered.
As in the PMMH framework, the functional form of the marginal likelihood is not
available and one needs to resort to SMC approximation of p(y:|y1..—1) as in step
(2b) of Algorithm 2.7. This is achieved by running additional inner filter within
the analogous algorithmic setup as in IB;S. The relevant particle system in this
case is {{Wti, (0%, {Wt”,Xt”};bil) }jvl} with the local system {Wi’j,Xfl’j}inl
corresponding to the latent part of the Tnlodel conditional on #!. Furthermore,
again as in the classic version of IBIS, to address the issue of sample impover-
ishment, the mutation kernel is required. In this case, the intermediate targets are
D <{9§, ol (1), {zi, of(i,j)}yl}il ]yl;t> and so one needs to employ the appropriate
PMCMC kernel.
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Algorithm 2.7 SM(C?
1. At time t =1

(a) Sample 6% ~ p(-).

1. Sample X|7 ~ p(-6%).
ii. Compute w'’ = g(y1|X17,0) and normalize W, = ;fw
=1

-
wy

i
Wy

(b) Compute p(y10}) = & Spol, wi? and set wi = p(y1|6}) and normalize W} = ~

(c) Resample {Wf, (9%, {Wli7j7X§v.7} ) } to obtain {11]7 (91, {W;J’Yllj} ) } .
J i J i

K2

-
wy

i. Resample {Wﬁj,ylj} to obtain {ﬁv)}ia} .
J J
2. Fort=2,...,T

(a) Set i =0, ,.

L Semple XE7 ~ F(ITi2, 7y and et X0 o (B, X,
ii. Compute wi”’ = g(y|X;”,0;_,) and normalize W;”’ = T

I
j=1W¢

(b) Compute p(y¢|yi—1,0%) = = S wp? and set wi = B(y|yre—1,07) and normalize
Wi = <

i=1

(c) Resample {Wti’ (9};, {Wti’j’ Xhd }j) } to obtain {]1,, <92, {W;j’X;]t}j> } -

K2 K2

7.
U)t

1. Resample {W;J,Yﬁ}j to obtain {ﬁaf(“ }J.'

d) Move {8, XV ~ K ({67, X7 1) using the PMCMC kernel as in Algorithm 2.6.
( t 1:t ‘ t 1:t

2.5 Rao-Blackwellized Particle Filters

Consider now the framework extending the ideas from the previous sections 2.3.3
and 2.4.4, wherein # instead of being a static parameter can be allowed to evolve dy-
namically in time. Equivalently, we can assume that the latent path of interest can
be decomposed into X = (U, Z). The following situation might be relevant where
for instance a SSM has a hierarchical structure or when X is a high dimensional
process itself and we are only interested in investigating its appropriate marginals.
Such processes are common in various domains, with examples including trajectory
tracking, see Kantas et al. [2009], portfolio optimization under certain market im-

pact specification, see Abeille et al. [2016], or examples in energy optimization and
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planning, which will be analyzed further in this thesis in Chapter 5.
Assume the transition density f(u, z¢e|ui—1,2-1) = fluglug_1)f (2221, us) and
conditionally independent observations with the measurement density g(y:|us, z¢).

The posterior iS p(U1:t7 Zl:t|y1:t) - p(u1:t|y11t>p(zlzt|u1:ta yl:t)a Where

9(ye|ure) f (ue|ug—y)
p(:gt’yl:tfl)

9(Yelue, 20) f (2e|ue; 20-1)
p(yt‘yt—hulzt) .

p(ulzt|y1:t) = p(ulzt—1|y1:t—1)

p<21:t|u1:t7y1:t) = p<21:t71‘ul:t717y1:t71)

In many applications, it is actually the marginal filtering distribution of Uj.;, that
is of interest. In principle, we may resort to the standard SMC sampler presented
in Algorithm 2.4 and target the whole unobservable state space directly by jointly

fil. Then we only keep track of the cloud of

propagating the particles {U}, Z;}
{U} .}, to obtain the approximation of the marginal p(u;.|yi.¢). This does not take
into account the problem dependence structure and does not obtain the highest
possible efficiency. In fact, variables can be marginalized out leading to a so called
Rao Blackwell approach which was proved in Chopin et al. [2004], in Theorem 3, to
provide variance reduction. Here we will follow closely the exposition in Johansen
et al. [2012] since a variant of this method will be applied later in Chapter 5. We will
distinguish between two cases: marginalizing Z analytically or numerically using a

pseudo marginal approach. Similar approaches have been investigated in the work

of Chen et al. [2011], Chopin et al. [2013] and Fulop and Li [2013].

2.5.1 Exact Rao-Blackwellized Particle Filter

Assume the transition model for X can be factorized as:

@) = fluglu )N (2o Aue) 21, B(uy)
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with the observation density

Wil (ue, 20)) = N (Y| Bug) 2, Z(uy)).

In this case, p(y¢|ys—1,u1.1) and p(z1.¢|uiy, y14) are readily available using Kalman

updates so that PF can be directly applied as described in Algorithm 2.8.

Algorithm 2.8 Exact Rao-Blackwellized Particle Filter
1. At timet=1

(a) Sample Uj ~ q(-).

(b) Compute w; (U7) = % and normalize W} o wy (U}).

(¢) Resample {7}, (U}, p(z1lys, U)) }, to obtain {4, (U1, p(=1ly, U)) } -
2. Fort=2,...,T
(a) Sample Uf ~ g (+| Urp—y) and set U, < (T, Uj).

(b) Compute w; (U}) = p(yltlll(](;jj‘)égwlgg”) and normalize W oc wy (Uf,,).
t 1:t—1

(c) Resample {W¢, (Ui, p(2t|y:, Ui.;))}, to obtain {%, (Ui:t,p(zt\yt,ﬁiit)) }l

2.5.2 Approximate Rao-Blackwellized Particle Filter

In most cases, p(y¢|yi—1,u1.+) and p(z1.¢|u1, y1.¢) are not known and the method
above cannot be directly applied. If the state space model is non-linear and non-
Gaussian, we are no longer able to compute the importance weights analytically.
Therefore, we have to resort to the Monte Carlo approximation in the analogous
manner as in the SMC? framework. Similarly, the fundamental idea is to introduce

the hierarchical filters. In this situation, conditional on a given particle path U},

M

we run the inner filters {Z1 j=1 approximating conditional filtering distributions

p(2¢|y1., Uy ). The state propagated in overall SMC procedure is (U], p(2¢|y1.t, Ust))
, , o N T
with the corresponding particle system {{Wt’, (U{:t7 {th, A J]\:) } } . The
0= )

formal justification of the scheme described in Algorithm 2.9 can be found in Jo-
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hansen et al. [2012].

Algorithm 2.9 Approximate Rao-Blackwellized Particle Filter
1. At time t=1

(a) Sample Ui ~ gV ().

i. Sample Zii’j ~ ¢f (|U}).

911277 U f(2171U7)
af (2,7 |U})

- i
: 1,] __ w
and normalize W = —/*—7.
j=1 1

i 4
1. Compute wy”’ =

= i _ 1 NM g i _ Pn|UDS(UY) : P
(b) Compute Pi|UY) = 57 > p—q wy” and set wi = W and normalize W} =
w]
Efv=1 wi’

(¢) Resample {Wf, <Uf, [wis, 77} )} o obtain {&, (U; w7 )} .
il S, i),
1 71‘\7‘ =1, . 1 ‘sz
1. Resample {Wl 24 }j to obtain {M,Zl }j,
2. For t=2,...,T
(a) Sample U} ~ qf(.|U§:t_1) and set U?, « (Ui:t_l’ Ud).

i Sample 7, ~ g7 (124, Uf) and set 245« (Z4-,, Z27).

. g _ 9wl 27 U F(21712,7,.U7) . i\ o
11. Compute wy”’ = Sttt and normalize WY = — .
af (2,7 |UY 4,270 20) j=1W¢

. ; M i i PelUt v ) FUL UG
(b) Compute p(yi|Ui.,y1:0-1) = Tl,{z:jzl wy” and set wi = Byt lqt?’?(!llft:\fjl?t:;l i) and

) i
normalize W} = it

i=1

(c) Resample {V[/ti7 (U{':t, {Wf{Zﬁ{}j) } to obtain {]{,, (Ui:t7 {W;J7Z§]t}7>} :

E A

.
Wy

1. Resample {Wij,éii} to obtain {ﬁv ZH} -
j j

2.6 Discussion

In this Chapter, we presented a variety of recent Monte Carlo methods. Hamiltonian
Monte Carlo will be used in Chapter 3 for cointegrated time series; Metropolis-
Hastings within Gibbs and Collapsed Gibbs will be used in 4 for a state space
model where the observations exhibit a cointegration; lastly the algorithms from
Section 2.5 will be used Chapter 5 to solve an optimization problem that is used to

match outputs of a controlled state space model with a given reference trajectory.
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Chapter 3

Hybrid Monte Carlo for

Cointegrated Time Series

3.1 Introduction

The study of multivariate times series displaying the feature of reduced rank coin-
tegration is an important topic within a spectrum of fields related to Econometrics
and Statistics; Hendry [1986], Harris [1995], Johansen [1995b] and Hamilton [1994].
The concept of cointegration was generally developed in the works of Hendry [1986]
and Engle and Granger [1987b| and since then, it has been widely investigated with
applications in particular in Financial and Macro Econometrics, see Engle and Yoo
[1987] and more recently Gatarek and Johansen [2016]. Fundamentally, cointegra-
tion is a property of multivariate time series whereby a lower dimensional linear
transformation of a non-stationary process becomes stationary. The resulting pro-

jected time series is often referred to as “spread series” or “cointegration portfolio”.

3.1.1 Cointegrated Time Series

In this work, we focus on computational challenges pertaining to the Bayesian in-

ference in a popular Error Correction Model (ECM), see Granger and Weiss [2001],
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Strachan and Inder [2004] and the overview of Koop et al. [2005]. An ECM can be

written as VAR process of order p, as follows:

p—1

Ay =y — g1 = lyy + Z LiAy—i + oDy + ¢

=1

where Ay, € R", for t = 1,...,T denote observed returns, ¢; form an i.i.d noise
sequence, II € R™" is the long-run multiplier matrix, I'; € R™*" the i-th lag
matrix and D; € R” is an exogenous covariate for the observation y;. The appeal
of the ECM formulation is that it combines flexibility in dynamic specification with
desirable long-run properties; see Dolado et al. [2007| for a discussion.

The cointegration properties of the ECM depend on the rank r of the long-run
multiplier matrix II. If » = 0, then the ECM does not exhibit any cointegration
relationship and it can be estimated in first differences. If r = n, that is, if the
matrix II is of full rank, then the VAR model itself is stable and can be estimated
as a stationary process. If, however, the rank r is intermediate, 0 < r < n, then the
ECM process exhibits cointegration. In this case, we can write the matrix II as the
product IT = a7, where both o, 3 € R™*" are full rank matrices. The r columns
of the matrix § form the cointegrating vectors of the process. Without loss of
generality, we can restrict attention to a simplified model with r linear cointegration

relationships and r assumed to be known. The observation equation is given by:
Ayt = OéﬁTyt,1 + €. (31)

This model is still useful in application as it captures the key important features
from the financial perspective. These being basis of the projection space and the
loading parameters driving the speed of mean reversion. In this Chapter, we pri-
marly focus on the computational developements related to the estimation of («, 3)
which accounts for this interpretation. Furthermore, extension to include lag pa-

rameters is straightforwad from the simulation perspective and does not cause any
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efficiency problems once the parameters from (3.1) can be sampled from. It is also
a common convention in the literature, see Sugita [2002], Strachan and Inder [2004]
or Villani [2005]. Furthermore, the full CVAR model with lags is considered in later
Chapter 4 where the real data analysis is concerned.

The most commonly used case for the noise distribution is ¢, ~ N (0, R), however
in this work, we will also consider multivariate Student-¢ distributed noise where
€ ~ 1,(0, R). In what follows, other types of model generating additive noise can be
treated similarly, as long as their corresponding densities can be evaluated pointwise
up to a constant of proportionality and the log densities are differentiable.

We may now define the so called “spread series” as z, = 371,. The dynamics of

this process can be trivially derived from the standard ECM representation:

2= Az_1 + BTe, (3.2)

where A = I, + 3T a. Therefore, the spread process under the ECM representation
(3.1) is a r—dimensional VAR(1) process. Note that the necessary spectral radius

condition for the stability of the ECM can be written as [p(A)| < 1.

3.1.2 Bayesian Inference

The main focus of this Chapter is to perform Bayesian inference for o and 5. One
may wonder why to embark on a Bayesian approach. First of all, traditional methods
of estimation for o and [ are based on the maximization of a penalized likelihood,
Johansen [1988|, wherein the penalization term corresponds to a Bayesian prior.
In addition, Bayesian estimators often perform better for problems with moderate
data sizes that are common in many practical applications. Finally, the plethora of
simulation methods for sampling the posterior distribution allows more flexibility in
choosing priors, noise process ¢; assumptions as well as loss functions used for the

point estimation.
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Following Bayes rule, the joint posterior density of «, £ is given by

ple, Blyrr) o< p(yrr|a, B)p(a, B),

where p(yi.r|a, 5) is the likelihood function from (3.1) and dp(a, 8) is the prior
distribution. When looking at (3.1), it is important to note that the decomposition
of the long-run multiplier matrix IT into a37 (and hence the cointegration relations)
are not unique. In fact, for every non-singular matrix () € R™ ", we can define
o = aQ? and B* = BQ~! and obtain equivalently II = o*3*7. This results in
a loss of identifiability when performing likelihood inference and makes choice of
priors challenging. Recently, there has been a shift of paradigm from direct prior
specifications on the Euclidean parameter space to the priors defined on a vector
space spanned by the cointegrating vectors (Villani [2000], Strachan [2012], Villani
[2005]) or Koop et al. [2008] for some recent extensions. This approach has also
benefited from efficient posterior simulation methods, such as the x Gibbs sampler
of Koop et al. [2009], which will be presented in more detail in Section 3.2.1. We
will follow this approach of modelling priors and propose extensions for simulation
methods from the corresponding Bayesian models.

The cointegration space (or equivalently the column span of 3, col(f)) is a 7-
dimensional hyperplane in a n-dimensional space. The identification restriction
BT 3 = I, can be used, where r is the cointegration rank. This restricts 3 to belong

to the following Stiefel manifold:

Vo i={VeR™ : VIV = [,}.

Consequently, the posterior can be written with respect to certain measures as

dp(ev, Blyr.r) = (o, B)L(da)H(dp) (3-3)
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with the density being

7T(CY, ﬁ) X p(ylzT’Oé7 ﬁ? 9)19(5)]9(04‘5)

Here # (-) denotes Hausdorff measure on a Stiefel manifold. For a Riemanian
manifold, the Hausdorff measure is related to the Lebesque measure according to
H(AM) = \/G(M)L(dM), i.e. we scale by the volume element /G (M), where G

is a Riemanian metric on the manifold.

3.1.3 Organization

In this work, we specifically focus on the estimation of o and 8. These parameters
are crucial for the cointegrated time series modelling and have specific interpretation:
B is the projection on the space of stationary time series and « controls their rate
of mean reversion. Sampling from p(a, Bly;.7) is not possible directly, so in Section
3.2 we present a brief survey of Markov Chain Monte Carlo methods appropriate for
this task. The remaining parameters of the model, e.g. R, w etc., will be denoted
as # and the simulations methods we consider are based on iterative sampling from
p(a, By, 0) and p(0lyir, o, B).

In Section 3.3, we propose to use a Hybrid Monte Carlo sampler. In the context
of cointegrated time series model this enables efficient inference for more general
cases than Gaussian models that has been dominating so far in the literature (see
the frequentist and Bayesian reviews Johansen [1995b], Koop et al. [2005]). As
an example, we consider ¢; being Student-¢ distributed, which to the best of our
knowledge has not been considered before in the context of Bayesian cointegration.
In terms of efficiency, our numerical results show that our sampler is on par with
the state-of-the-art Gibbs sampler of Koop et al. [2009]. We show the validity and
efficiency of our scheme through the appropriate synthetic data examples. Further-

more, we consider extensions based on Singular Values Decomposition (SVD) that
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our sampler could accommodate. The material in this Chapter is based on the paper
Marowka et al. [2017a] together with its earlier version Marowka et al. [2017b].

In Section 3.5, we conclude with possible extensions and ideas for future work.

3.1.4 Notation

We denote a Gaussian random (n x 7T') matrix by Y ~ N, p(u, X, ¥) with row
dependence in (n x n) covariance matrix ¥ and column dependence in (7' x T)
matrix U. N(u,X) will be multivariate normal with mean vector y € R™! and
covariance matrix ¥ € R"*"; [, is the identity matrix of dimension r X r.

We say that time series y; is integrated of order 1 and denote it as I(1) if Ay,
where Ay, = y; — y;_1, is weakly stationary process, i.e. integrated of order 0, I(0).
Here we assume the weak notion of stationarity, i.e E(Ay;) = g, Cov(Ays, Ays—p) =
m(h). For a time series sequence y;, s, ..., yr, we will also use the concise notation
Yrr-

Vec(M) denotes the matrix vectorization operator which transforms a matrix M
into a column vector in which columns of M are successively stacked. Furthermore,
we denote the Kronecker product or tensor product between two matrices by ® and
Kronecker sum as . The space spanned by the columns of any m x n matrix A is
denoted as col(A); if A is of full column rank n < m, then A, denotes m x (m —n)
matrix of full column rank satisfying AT A = 0. For any square matrix, A, ||A]||r
is a Frobenius norm, ||A||*> = tr{AT A}, and p(A) its spectral radius (that is, the
maximal absolute value of the eigenvalues of A). The cardinality of a set B is denoted
by |B| and V|[-] denotes a matrix/vector of partial derivatives of an appropriately

defined function.
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3.2 Review on MCMC approaches for Bayesian Coin-
tegration

In this section, we present different MCMC approaches for simulating from p(«, Slyi.r, )
(for simplicity in the notation, we will drop the conditioning on ¢). We review the
Gibbs sampler of Koop et al. [2009] that is intended for Gaussian €, and describe
the Hybrid Monte Carlo algorithms of Byrne and Girolami [2013| that we later use
in Section 3.3. Furthermore, in Section 3.2.2 we look at practicalities related to the

point estimation of col(f) .

3.2.1 ECM under Gaussian noise
Priors for o, 3

We choose the prior distribution for 8 € V,, to be the matrix angular central

Gaussian defined over the Stiefel manifold with respect to the Hausdorff measure:

dp(B) oc | P72 8T (Py) ' B2 dH(B) (3.4)

where P, = HHT + 7H HT | 7 € [0,1], with H € V,,,. acting as a hyper parameter on
the cointegration space. In this class of priors, P, determines the central location
of the distribution on col(/3), which in this case is col(H) and 7 the amount of
the dispersion around it. If 7 = 1, then P, = I, and (3.4) defines uniform prior
on the manifold; 7 = 0, expresses dogmatic prior assigning the cointegration space
to be col(H). Note that one can introduce a further hierarchical structure using
hyperparameters 7 and approporiate hyper-priors with support restricted to [0, 1].

For a we will use the shrinkage prior as proposed in Villani [2005]:

|8 ~ Ny (0, (VBTPI/Tﬁylv G), (3.5)
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so that Vec(a)|f ~ N(0,%,) where &, = (v7P/,8)™t ® G; G is a symmetric
positive definite matrix that is often chosen to be the noise covariance matrix R.

The shrinkage parameter v can be fixed or random by defining hierarchical priors.

Remark 3.1. Note that the manifold formulation and this choice of priors address
the nonidentifiability issue as both prior and model likelihood are invariant with
respect to the orthogonal rotation of («, 3). Therefore, the parameter pairs giving
rise to the same value of likelihood are also of the same density weight in the prior

and so the invariance principe of Hamilton et al. [2007] is preserved.

k- Gibbs Sampling for ECM

From a Gibbs sampling perspective, the conjugacy of Gaussian distributions are
attractive, but it is hard to derive the full conditional for g as the semi-orthogonality
restriction implies that the conditional posterior of 3 is non-standard. In Koop et al.
[2009], the authors exploit instead the polar decomposition (Chikuse [2012, p. 19)|),

T

o = Ak2, with k = o« and A = ax~2 being the rotational component (A € Vi)

Similarly  can be viewed as the rotational part of a matrix B = 5/4;%, so that
k=aTa=B"Band = B(B"B)~'/2. As a result we end up with various possible
parametrization for II

I =apf” = AB” = ar 28", (3.6)

where B is now unrestricted. The following proposition establishes equivalent priors

for (A, B).

Lemma 3.2. Given the hierarchical prior on (o, B) as in (3.4)-(3.5). Then the prior

for A and B is given by:

dp(A) o |G| ATGTLAITY2AH(A), (3.7)

Vee(B)|A ~ N(0,%g) (3.8)

where g = (ATG'A) ' @UP,.
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The proof can be found in technical appendix of Koop et al. [2009].

In Algorithm 3.1, we present the k-collapsed Gibbs sampler developed in Koop
et al. [2009] for the Gaussian case when ¢, ~ N(0, R). To simulate a MCMC transi-
tion leaving p(a, K, B|y1.7, R) invariant, they alternate sampling from distributions
Po and pg defined below in (3.9)-(3.10) and update the value for x deterministically.
In Koop et al. [2009], the authors justify the method as a partially collapsed Gibbs
sampler, which could explain the resulting efficiency. Given the Lemma 3.2 and
the choice of model Gaussian conjugate priors (3.4)-(3.5),(3.7)-(3.8), the conditional

posteriors of Vec(a) and Vec(BT) are distributed as vector variate normals, p,, ps

respectively:
pa('|ﬁ, yl:T) ~ N(:ugost? Zzost)? (39)
pB(""ZL D) ~ N(lu]lfosw Z;Il)gost)' (310)
The respective means and variances of multivariate normals are:
210;0815 = (Mgv_lMOé + (Ea)_l)_lv luzo?éostzzgost(Mgf/_lg) (311)
and
Zfost = (Mgf/_lMB + (EB)_l)_17 :ufost = ESost(Mgv_lg) (312)

where V = @ | R, j = Vec(Y), M, = (ZT®1), Mg = (ZT ®a). All the technical
derivations and based on the simple multivariate Gaussian conjugate properties and

can be found in Koop et al. [2009).

Remark 3.3. To explain that these conditionals indeed proceed as a collapsed Gibbs,
note that (A, x) is the unique polar decomposition of «, and therefore the draw in
step (1) of Algorithm 3.1 is a draw of (A, &) from the joint density p(A, 5|3, yi.7)-
Similarly, sampling of B in step (2) is in fact a draw of (8*, x*) from p(8, k|A, y1.1).

Therefore, A in step (1) is a sample from p(A|S5, y1.7) with k£ marginalized out and
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Algorithm 3.1 One iteration of the k—collapsed Gibbs sampler of Koop et al.
[2009] for cointegration ECM in (3.1).

Starting from («, 3):

1. Sample Vec(a) from pa(-|3, y1.r) and transform to A = a(a’a)='/2.

2. Sample Y{ec~(15;T) from pg(-|A, y1.7) and transform 8* = B(BTB)~/? and then
ot = A(BTB)Y2.

3. Return (a*, 8*).

analogously 5 ~ p(:|A,y1.7). In the standard Gibbs, we would need to update 3
conditionally on « which is untractable and cannot be simply sampled from. In
order to allow for this, we need to develop the hybrid schemes enabling moves on

the embedded manifolds.

3.2.2 Practical Estimation of Cointegration Space

In this section, we describe some additional details on estimation methods for the
basis of cointegration space, such as the loss function for Bayesian estimation and
also how to assess similarity of estimated cointegration spaces. Whilst our main
motivation comes from using the output of MCMC in a Bayesian framework, the
tools presented here can be used when comparing point estimates from different

methods.

Measure of Cointegration Similarity

Suppose we have two point estimates of the cointegration matrix, say 5; and (s,
which do not necessarily stem from the same inference procedure. As we will require
a distance for comparison diagnostics, we will use the approach of Larsson and Villani

[2001]. Suppose we can decompose [ as follows:

B2 = P11 + Biie,
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where 1, is the orthogonal complement of 31, v; € R™*" and v, € R™=)x" These
matrices can be explicitly written as v, = 57 8y and vo = 87, 3. Then, a distance

measure between 1 and s is

ds(B1, Bo) = tr(BaPrL BT B2) 2. (3.13)

and is equivalent to measuring a dissimilarity of col(f;) and col(fs). We also have,
ds(P1, B2) < min(r,(n — 1)), which would be useful later on for interpretation pur-

poses.

Bayesian Point Estimation

Obtaining point estimates of the cointegration space needs attention as the posterior
distribution is defined on a Stiefel manifold. Following Villani [2006b]|, we use the

following loss function,

1B,8%) = 18T — B*(B") | ;

where 0 and [* are semi-orthogonal. To provide a Bayesian point estimate for
col(B), we use the Posterior Mean Cointegration Space Estimator (PMCS) proposed
in Villani [2006b]. The PMCS estimator is defined as

B déf a];g mlnEU(ﬁ) B) yl:T]'
BEV L »

In Villani [2006b], it was showed that the PMCS estimator can be computed as

B=(vi, . vr), (3.14)

where v; is the eigenvector of E[83T|y1.r] corresponding to the i-th largest eigen-
value. Given the Stiefel manifold is a compact space, all finite moments of the

elements of [ exist in the orthonormal normalization, which implies existence of
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E[ 56T| y1.7|. A closed form analytic expression for E| 55T| y1.7| is not available, so
we resort to MCMC to estimate it. After IV iterations of an MCMC procedure one
can use ]%[ Zfil B;BL, where 3; denotes the i-th sample of MCMC and estimate ﬁ

using its eigenvectors.

Measure of Posterior Variation

As a tool to assess the variation of posterior cointegration space distribution from
the output of MCMC sampler, we will use the projective Frobenius span variation

introduced in Villani [2006a]. The projective Frobenius Span Variation (F\SV) is

defined as 72 = Efa(s,6)|9::7]

> = T where B is the PMCS estimate of 5. We can esti-

7"*22:1 Ai

oy > Where A; is the i-th largest eigenvalue of

mate this diagnostics With;f; =

DDA

3.2.3 Embeddings and Geodesic Monte Carlo for manifold

parameters

Geodesic Monte Carlo was introduced in Byrne and Girolami [2013] to extend earlier
work in Girolami and Calderhead [2011] and HMC for simulation from a distribution
defined on a manifold. Let M be a manifold ¢ € M and suppose 7 is the density
of interest w.r.t the to the Hausdorff measure. One can define the Hamiltonian as
before H(q,p) = — log 7r(q)+%pTP(q)_1p, and then one needs to choose P and design
Hamiltonian flows across M through its tangent space. For this Byrne and Girolami
[2013] propose working with embeddings of M in a Euclidean space. Assume there
is a bijection £ : M — R™ that maps every open set of M to an open set in R"
and let z = £(q). The embedding proves very useful in characterizing the tangent

space at point g, namely 7}, and choosing a convenient P. Let M, = qulq:q/,

ie. Mlij] = %[_%’ then T,y can be viewed as the column span of M, . In addition,

Py = My(M] M,)""M,]" defines a projection on Tj.
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Byrne and Girolami [2013] set P(q) = MqTMq and then define a reparameteri-
zation of (q,p) to (z,v) where x = £ (¢q) and v = & = Myg = My(M] M,)~'p given

¢ = P(q)"'p. The Hamiltonian (3.15) can be restated according to
1
H(z,v) = H'(z) + H*(v) = —logm(x) + §UTU, (3.15)

and one can write Hamiltonian dynamics equations for H' and H? as before. Noting
that V, = MqTVx, the solution flow in the embedded phase space corresponding to

H' is given by
vy =0 + 7P V,log m(q)| g=qo- (3.16)

As a result the evolution of the velocity term v; can be described only using ¢; € M.
This is an important observation as we have effectively reparameterized again the
problem and work with (¢,v = Z,p).

The solution of the Hamiltonian equations corresponding to H? is given by the
geodesic flow on the manifold leaving H? constant when starting at ¢o with the
initial velocity of vy. In some cases, this can be written explicitly and more details
on this be found in Byrne and Girolami [2013]. When this geodesic flow is available,
GMC uses a proposal (within MCMC) that is constructed starting from a given g
by simulating a new value for vy ~ N(0,2,) (due to p ~ N(0,P(q))) and then

iterating the following steps:
o Compute gs = qo, Ves2 = vo + 5P, Vg log T(@)] 4=qo-

e Solve (¢,,v,) according to an appropriate geodesic flow for H? for an interval
e starting with initial condition being (qs,vs) leading to (q%e, v%)

o Compute gae = g3, Vae = Vs, + gﬁzqge V,logm(q)| a=a3,

A Metropolis accept-reject step should then follow as usual.
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GMC for Stiefel Manifolds

In order to implement GMC we need to be able to compute the following quantities:
the projection &, the log densities log 7 together with its gradients, and the geodesic
flows related to H2. As far as & is concerned often one is able to compute it without
requiring knowledge of £. Whilst embedding theorems guarantee existence of £ for
smooth or Riemanian manifolds, it in general unknown. Fortunately in many cases,
such as Stiefel manifolds, & can be described explicitly as I — UUT where U is
an orthonormal basis to the normal to the tangent space, so knowledge of £ is not
required.

We will consider the Stiefel manifold case. Let X V,,, be a matrix (i.e XTX =
I). As regards to the projection, for an arbitrary matrix W € R™*" the projection

onto V,, . at X is given by
1
Px(W) =W — 5X(XTW ~-WrX), (3.17)

see Byrne and Girolami [2013] for details. In addition, the explicit formulae for the

geodesic flows on V,, , are given by the following expression

D —-5(0 exp(—7D 0
[(X(7), vx(7)] = [X(0), vx (0)] exp | 7 o) Perh) :
I D 0 exp(—7D)

(3.18)
where D = X (7)Tvx(7) is constant over the geodesic and S(0) = vx(0)Tvx(0); see
Edelman et al. [1998] for a details. So for a given (differentiable w.r.t X') density

7(X) one can implement GMC as described in Algorithm 3.2.
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Algorithm 3.2 One iteration of the GMC of Byrne and Girolami [2013] for sampling
from a 7(X) with Xe V,,,..

1. Sample vy ~ N(0, I,..) and apply projection at X, vy + Px(vy)

2. Compute h « logm(X) — svkvy.

3. forr=1,....T do:

(a) Compute vy < vx + 5Vx log7 and apply projection vy < Px(vx).
(b) Compute (X*,vx+) by implementing (3.18) X*(0) = X and for a time
interval e.

(c) Compute vy- < wvx- + FVx-logm and apply projection vy~ <
y}(*(ﬂx*)

4. Compute h* = log 7(X*)—3v¥.vx- and sample u ~ U(0,1). If u < exp(h*—h),
then return X*, otherwise return X.

3.3 Hybrid Monte Carlo for Bayesian cointegration
inference

In this section, we combine the previously disconnected approaches for Bayesian
cointegration found in the computational statistics and econometrics literature. In
particular, we incorporate HMC updates within a Gibbs framework similar to the
sampler of Koop et al. [2009]. This results in a generic algorithm, that can be applied
in more complex scenarios, such as non-Gaussian noise ¢;, whereby the previously
proposed solutions are not achievable as exact updates from the full conditionals are
not feasible.

Recall that the possible parametrizations of the long run multiplier matrix II are
M =af” = AB" = ax2B" =usV”.

For convenience we will denote by ¢(II) the collection of variables used in an ar-
bitrary parametrization of II, e.g. »(II) € {(«a,k,B); (o, B); (A, B); (U,S,V)}.

We will propose to use a Gibbs sampling approach alternating simulations from
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p(e(ID)|yy.7,0) and p(0|y,.7, p(I1)), where the 6 variable contains all parameters
governing the distribution of ¢;. In Figure 3.1 we present this as a high level proce-
dure. In what follows, throughout this Chapter, we will always assume independent

priors for ¢(II) and 6.

1. Sample p(p(II)|y1.7, ) directly or using few iterations from a MCMC kernel
targetting it

2. Sample p(0|y1.1, p(I1))

Figure 3.1: Gibbs procedure for updating the parameters of II and 0

3.3.1 Motivation

The crucial question is which parametrization should be used? From a simulation
point of view it is possible to implement the Metropolis Hastings within Gibbs
like extension of the procedure outlined in Figure 3.1, applying within the step 1
simulators invariant to the appropriate full conditionals for each of the variables
in p(II). It is important to note that various parameters are defined with respect
to measures over different spaces, such as Stiefel manifold or positive semidefinite
cone, hence the MH updates are non-trivial and require advanced MCMC schemes.
To achieve that, we will use in this work either exact draws from the tractable full
(or collapsed) conditionals or HMC/ GMC updates that leave these distributions
invariant.

In principle, one can explore various parametrizations, however we emphasize
that when a Metropolis sampler replaces a full conditional in a partially collapsed
Gibbs sampler, care must be taken, otherwise the algorithm might not converge
to the correct and desired posterior; see Van Dyk and Jiao [2015] for details. We
illustrate this point for ¢(II) = (a, k, B) in Figure 3.2, where we demonstrate that

applying HMC within Step 1 and Step 2 of Algorithm 3.1 (the k—collapsed Gibbs)
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will not yield the correct stationary distribution. We can see it by noting that step
(1) in Algorithm 3.1 is a draw from (.A,x) marginalizing . In the overall procedure,
it amounts to the kernel p, which is independent of k. This would not be the case if
we were to simulate from the HMC kernel K, 5(-|al"~V) leaving p, invariant in which
case the MC transition kernel would be dependent on x through the acceptance
probability. Similarly in step (2), replacing exact draw by the HMC proposal impose
extra dependence on x . As k is a determinisitic component of simulated stochastic
parameters, this might break the invariance with respect to the required target. It
consequently gives rise to the improper sampler as we demonstrate in the motivating
experiment reported in Figure 3.2. This argument is similar to the example in
Section 2.3 of Van Dyk and Jiao [2015]. Providing more rigorous justifications is
beyond the scope of this Chapter and could be part of future investigations.

We come back to the question of choosing a parametrization. We will examine
the mixing properties of various MCMC schemes that arise as a result of choosing
©(I1). We also note that GMC sampler enables Bayesian inference directly on SVD
representation II = USVT. This can lead to different choices in the priors that
what has been presented so far and could be useful from a financial applications
perspective to determine jointly the speed of mean reversion and the projection

basis parameters.

3.3.2 Priors and conditionals for the parameters of ¢,

We will consider ¢, being normal or Student-t. To the best of our knowledge, the
latter has not been considered earlier and provides a heavy tailed benchmark which
can be easily incorporated within Algorithm 3.1 using data augmentation.

For the Gaussian case, # = R and the standard conjugacy results motivate
using an Inverse Wishart distribution for the prior of the covariance matrix R. For

simplicity in this work we will use a priori R ~ W~'(n + 2, 1) which is the least
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Figure 3.2: Kernel density curves estimates of the posterior p(Il;;|y) i = 1,2, 3, 4.
Black curves are obtained using the benchmark x—Gibbs sampler, the red curves
are obtained applying HMC (instead of exact updates) within Gibbs simulation of
the Algorithm 3.1

informative prior choice. As a result for the full conditional we have
p(Rlyrr, o, 8) = W H((n+2)+ T, (Y —apT2) (Y —afT2)" +1,).

For the Student-t case 0§ = {R, A\i.r}, we will use a standard data augmenta-
tion approach. Let ¢, = Mgy with ¢, ~ N(0,R) and A\, ~ IG(%,%) being i.i.d.
Then integrating out A will give ¢ ~ t,(0, R). We can consider then instead the
parametrization § = {R,w, A;.r} and set priors for R, w and then derive a full condi-
tionals for each R, w, A1.7 that should be used in sequence when sampling. Inference
for w whilst possible is challenging and needs careful choice of the priors, see Geweke
[1993|, Fernandez and Steel [1999|, Fonseca et al. [2008] for details. Typically, im-
proper priors are used for w, but for simplicity we will consider here the case where
it is fixed and known. The methodology presented below can be extended using the
priors in Geweke [1993], Fernandez and Steel [1999], Fonseca et al. [2008], but due
to the full conditional being intractable it needs to be replaced with an appropriate

MCMC procedure. For R we will use the same prior as in the (Gaussian case, so for
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the full conditionals we get
p(R‘y1:T7 «, 57 )\1:Ta w) = Wﬁl((n + 2)+T7 (Y - QBTZ) (dlag ()‘LT) ® In)_l (Y - OCBTZ)T+[H)7

and

w+n w+ (yt - ([ + OéﬁT) yt—l) R (yt - (I + OéﬁT) yt71))
2 2 '

p()\t|yl:T7 «, B? R7 (.U) = IG(

3.3.3 HMUC for Cointegration parameters

In this section, we proceed with the discussion on how to develop the generic sampler
in order to avoid the problems presented in the motivation section 3.3.1 . To avoid
identifiability issues we have restricted § to lie on a Stiefel manifold and follow
BT 3 = I, with the posterior density defined with respect to the Hausdorff measure
defined on this space. It is sensible therefore to resort to the MCMC schemes based
on Geodesic Monte Carlo. In what follows, we consider joint updates of cointegration
parameters as well as the application of these hybrid schemes within Gibbs.

We start with the full GMC as it should be considered a benchmark case. Also,
the key pros of this method is that it allows for more generic samplers that re-
quires fewer number of hyperparameters and less tuning. This might not however
work well in practice when the components are highly correlated. To apply efficient
within Gibbs methods we need to develop understanding of the correlation structure
between the model parameters what should typically take more experimental efford.
In our case, there is a clear benefit as both parameters are linked by the determin-
istic rotational k. In the numerical experiments presented here, we will show that

this would cause defficiency when we try to move them both at once.
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GMC targetting jointly «,

Given 8 € V,,,, the other variable of interest, o € R"*", is unrestricted, which can
be interpreted as an element of Euclidean space or a flat manifold. In this case,
there is no need to perform any projections, i.e. & = I, and the geodesic flows are

just the straight lines:

10
[a(7), va(7)] = [a(0), va(0)] | (3.19)

Given that the expressions for the densities 7(a, ) are available, it is possible to
proceed with GMC implementations targeting the cointegration parameters.

Regarding Step 1 in Figure 3.1, when one is interested in sampling directly
from p(«, Blyrr, R) in (3.3), the variable of interest («, ) can be viewed as an
element of the Cartesian product of Stiefel manifold and Euclidean space, so («, 5) €
R™ " x V,,,., which is itself an embedded manifold. See Section 4.4 of Byrne and
Girolami [2013] for more details on extending GMC to target distributions defined
on products of manifolds. Geodesics (and tangent vectors) on R™*" xV,, . are simply
the Cartesian product of the geodesics (and tangent vectors resp.) on R"*" and V,, .
and similarly for the orthogonal projections &2. A detailed description of the GMC
algorithm targeting p(«, B|y1.1, R) is presented in the technical report Marowka et al.
[2017b] and Appendix A.

In the numerical studies presented later in Section 3.3.4, we observed however
that joint simulation from the product space results in a relatively poor mixing of the

GMC sampler. This motivates further developments proposed in the next section.

Remark 3.4. Note that in a similar way one could attempt to extend the sampling
space to include R which belongs to the space of positive semi-definite matrices, but
we will not pursue this further. Geodesic flows for the relevant space can be found

in Vandereycken et al. [2013].
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Using GMC within a Gibbs approach

To pursue greater efficiency than joint targetting of («, ), we propose to use GMC
or HMC samplers within a Gibbs approach; more specifically to perform a standard
HMC update for p(a|S, y1.7)L(da) and a GMC one for p(B|a, y1.7)H(dS). This is a
fairly straightforward extension to what has been presented so far, which in Section
3.3.4 exhibits very good performance.

One could aim to extend this by using samplers leaving invariant full conditionals
within a Gibbs approach for different parametrization of II. In this work, we will
consider using a singular value decomposition (SVD) for IT (Chikuse [2012, p. 20]).
Let IT = USVT, then S enters the model indirectly through V. A nice feature of
SVD is that the singular values can be used to control the speed of mean reversion
of the implied spread process and to influence the rank when choosing priors. In
addition, to ensure that this singular value parametrization is unique (Chikuse [2012,
p. 20]), we will restrict ¢ to have all its first row elements positive (and denote the
corresponding space as @'nn) The parametrization from the SVD should follow:
U e \an,n, S = diag(s1,...,8,0,...,0) with s > s > ... > s, > 0, and V :=
(3, 81] € V.

A MCMC within Gibbs method simulating from Step 1 in the figure 3.1 applied
for this parametrization will alternate samplers targetting p(5|S, U, y1.7), pU|S, B, y1.1)
and p(S|U, B,y1.7). The first two conditionals can be sampled from by GMC and
for the latter any choice of MCMC sampler on p(sq, ..., s.|U,S, B, y1.7) can be used.
A single iteration of the algorithm is presented in Algorithm 3.3. In step 2 (a) we
present a sign-flipping method that ensures that the unique SVD parametrization
is preserved and U has only positive elements in the first row. For the particular
implementation in Algorithm 3.3 this step is optional as the conditional U|S, 5, y1.1
does not require a unique parametrization: U is unique once S, [ are fixed. We
include this step as it can be useful in various extensions, such as a random scan

Gibbs sampler for which we show later that if we were to omit the sign flipping the

74



resulting sampler of the marginal posterior of cointegration space would be ineffi-
cient. Similarly, the unique SVD decomposition requires s; > s9 > ... > s, > 0,
which in Algorithm 3.3 is again optional, but if required can be imposed by either

the appropriate MCMC proposals or by reordering of respective columns of U, S, V.

Algorithm 3.3 One iteration of the GMC within Gibbs sampler for cointegration
ECM. One sweep of the algorithm outputs I = Udiag(3y, ..., 3,) 87

1. Tterate Algorithm 3.2 for m(8) o p(B|U, V, y1.1) to get

2. Tterate Algorithm 3.2 for 7(U) p(Z/{D},S,B,yl;T) to get U.

(a) to project from V,,, to @n,n sign flipping can be used: .
Forl=1,...,n: if U[1,1] <0, set U[i,l] < —U]i,l] and V[i,l] < =V[i,]]
foralli=1,... 7.

3. Perform MCMC sampler leaving invariant p(sy, ... s U, B, V, y1.r) to get S.

Remark 3.5. SVD can be employed also for « instead of II. Setting o = USVT 3T
requires using an extra (redundant) parameter, but this can be useful for comparing
with other methods or parametrization which will be performed later in Section

3.3.4.

Remark 3.6. Another approach could be to consider the polar decomposition for
o, whereby IT = Ax'/25T. Here k takes values in the space of positive semidefinite
matrices, and A, 5 € V,, .. A GMC within Gibbs approach could alternate iterations
between GMC samplers targetting p(8|.A, &, y1.1), p(k|B, A, y1.17) and p(A|B, Kk, y1.1).
The GMC sampler for p(k|8, A, y1.1) can be designed using a projection & based
on eigen-decompositions (see Hiriart-Urruty and Malick [2012, Section 4.2.3]) and
geodesics found in Holbrook et al. [2016]. In the interest of brevity we will not

pursue this further.

3.3.4 Numerical results

In the simulation results presented below, we use synthetic data with n =4, r = 3,

(so dy(83,3) < 1). In each case (Gaussian or Student-t), T = 240 and the parameter
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values generating y;.1 are the following:

-1 -1 -1 1 0 O
1 -1 -1 0 1 0
thrue — 02 : 5true — : R —_ [n
1 1 -1 0 0 1
1 1 1 -1 -1 -1

In the following experiments, unless stated otherwise, we shall use w = 20 for the
Student-t case which for the simplicity and due to the emphasize on other model
aspects will remain fixed and known. For the priors weuse v =1, P, = [,,, and G =
I.. In order to quantify the efficiency of the MCMC samplers and accuracy of the
resulting Bayesian point estimates, we will compute the diagnostics based on their
resulting chain output, e.g. {(cy, i)} L_;, with J = 10* taken after a suitable burn-in
period of 1000 iterations. We will use the Integrated Autocorrelation time (IACT)
for each element of I, TACT =1+ 2% "°, a(i), where a(i) denotes autocorrelation
with lag 7, to assess mixing efficiency of different MCMC samplers, the Average
Distance AD = %Zijzz ds(08;, 57"¢) to compare the accuracy of the cointegration
space estimation and similarly ||[IT — II"“¢|| » to compare estimation of IT with the
known true benchmark, where 11 is constructed using the MMSE estimate, i.e. the
posterior mean of II.

We believe that one of the key aspects of Bayesian inference in the cointegration
context is that it can serve as an alternative method for estimating the relevant from
practitioners perspective col(/3) and II. Unlike MLE methods, it can also acocunt
well for the small sample size typically appearing in finance. Therefore we focused
in these numerical experiments on the practical aspects of how well these quantities
can be estimated in terms of the point estimates using our methods. This aspect
was also further analyzed in more depth in the experiments not presented in this
Thesis where we compared different cointegration space estimation methods, see the

technical report Marowka et al. [2017b].
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1.17 130 124 1.22 1.11 105 1.11 1.18
1.22 126 1.13 1.22 1.18 1.18 1.23 1.09
1.29 1.22 1.25 1.29 1.13 110 1.18 1.17
1.25 1.26 1.19 1.19 1.11 1.18 1.12 1.12
(a) Gibbs Sampler (b) GMC for 8 and Gibbs for
a
7.78 888 9.80 13.43 75.70 93.60 94.06 141.02
8.62 867 10.31 13.47 93.20 7247 71.54 107.08
9.59 9.53 9.76 13.82 49.98 59.12 105.03 143.28
865 9.68 9.62 13.57 34.70 79.78 87.27  147.57

(¢) GMC for 8 and HMC for «

(d) GMC targetting jointly (a, )

Table 3.1: TACT for each entry of II for Gaussian case

| Gibbs | GMC + Gibbs | GMC + HMC | GMC on (o, ) |

AD 0.05 0.02 0.07 0.05
[T — IIt™¢| | | 0.09 0.16 0.10 0.12
Top 0.06 0.01 0.06 0.02

Table 3.2: Comparison of different MCMC samplers for Gaussian case: Gibbs Sam-
pler, GMC for 8 with Gibbs for a, GMC for $ with HMC for o, and GMC targetting

jointly (v, B3).
The Gaussian case

For the Gaussian case, in Tables 3.1, 3.2 we present the results comparing the
k—Gibbs Sampler of Koop et al. [2009], to which we will later refer to as a plain
Gibbs; a Gibbs approach with GMC for 8 and the full conditional update for «, a
Gibbs approach with GMC for g and HMC for a as well as GMC jointly targetting
(@, B).

and an exact update for «, show very good performance. In some cases, the slight

The k—collapsed Gibbs sampler and the Gibbs method with GMC for

efficiency improvement when using GMC for § can be attributed to the additional
computational effort. In addition, using GMC for o and HMC for § shows good
performance that is in par with the Gibbs sampler in terms of the point estimation
comparison in Table 3.2 but with a slower mixing as indicated by the IACT in Table
3.1. Finally, using GMC to target jointly (a, 3) has very slow mixing, but at least

it manages to result in reasonably accurate point estimates.
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1.23 1.46 1.19 143 1.38 1.63 1.30 1.28 10.06 14.63 1491 22.25
1.19 119 1.11 1.09 1.12 144 1.47 1.16 16.12 14.58 16.63 26.21
1.20 1.24 1.09 1.00 1.23 145 154 1.09 12.42 12.06 13.12 24.18
1.16 1.43 1.27 1.06 148 1.83 1.80 1.29 13.93 1544 15.10 22.96

(a) Gibbs Sampler with data (b) GMC for 8 and Gibbs for ~ (¢) GMC for § and HMC for «
augmentation a

183.28 155.22 140.93 117.11 476.85 703.52 844.40 873.98
185.13 191.43 176.33 100.76 661.30 684.36 534.87 696.74
84.78  227.81 154.99 138.87 709.07 427.01 522.67 667.17

93.62 114.11 121.16 130.47 95.70  409.73 422.26 704.88
(d) GMC for 8 and GMC with SVD (e) GMC targetting jointly (a, )
for a

Table 3.3: TACT for each entry of Il for Student-t case with data augmentation

8.85 7.60 5.65 12.97 186.61 145.06 131.14 117.70 421.71 796.78 583.57
6.95 737 963 11.74 201.23 210.11 169.41 103.02 765.81 608.70 718.14
739 588 9.79 15.30 87.04 229.32 139.97 132.64 439.31 39244 591.99
6.22 7.48 1548 20.31 102.54 109.85 106.38 130.55 515.19 715.83 829.71

839.46
818.34
546.19
863.59

(a) GMC for 8 and HMC for o (b) GMC for 5 and GMC with SVD (c) GMC targetting jointly (a, 5)

for a

Table 3.4: TACT for each entry of II for Student-t case with partial collapsing in
GMC

The Student-t case

For the Student-t scenario, we will consider two distinct cases. The first is to use
data augmentation (DA) approach outlined in 3.3.2. As the full conditionals given
the auxiliary variables )\; are tractable, a Gibbs sampler can be implemented by
alternating Algorithm 3.1 with p(R|y1.1, o, 5, A\i.r,w) and p(Me|yr.r, @, 5, R, w) for
each t and with p(yy.r|c, B, R,w, A1) given as a Gaussian likelihood. In the second
case, we will apply the GMC samplers implemented with a Student-t distributed
likelihoods p(y1.7|a, B, R,w) instead, effectively marginalizing out Ay,;. The rest of
the updates for the remaining parameters will be as before, so one can view this
approach as a partial collapsing scheme.

In Tables 3.3, 3.4 and 3.6, we present the analogous results as in the Gaussian

case. When data augmentation is used, we compare the same samplers as in the
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460 7.78 6.56 12.53 872 711 850 15.12 885 7.60 5.65 1297

6.08 4.97 7.83 10.19 847 9.58 10.73 18.61 6.95 737 9.63 11.74

5.50 9.56 12.88 16.40 6.58 4.72 11.07 15.73 739 588 9.79 15.30

539 931 7.01 14.14 893 996 9.60 16.41 6.22 7.48 1548 20.31
(a) w=5 (b) w=10 (¢) w=20

Table 3.5: GMC for § and HMC for a; TACT for each entry of 1I for Student-¢ case
with partial collapsing in GMC and various values of w € {5,10,20} determining
the heavy-tailness of model driving error.

| | Gibbs | GMC + Gibbs | GMC + HMC | GMC with SVD for a | GMC on (a, ) |

AD 0.01 0.01 0.01 0.01 0.01
[T — e | 0.12 0.12 0.122 0.16 0.186
Tep 0.01 0.01 0.02 0.01 0.03
(a) Data augmentation and Gaussian likelihood
| | GMC + HMC | GMC with SVD for a | GMC on («, 5) |

AD 0.009 0.01 0.40

||TT — T1%7ve| | 0.12 0.15 0.835

Tep 0.01 0.04 0.14

(b) Student-t likelihood with partial collapsing

Table 3.6: Comparison of different MCMC samplers for Student-t case:
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(GGaussian case together with an implementation of GMC for the SVD decomposition
of . The latter is included for comparison purposes as for the Gaussian prior for
one can derive analytically the prior for the matrices and singular values in the SVD
decomposition (Chikuse [2012, Theorem 1.5.4]). As mentioned in Remark 3.5, using
SVD directly for I is more parsimonious and hence one should expect better results
(see below). Not surprisingly, the different methods compared behave similarly for
the Student-t case with data augmentation to what has been seen in the Gaussian
case. In particular, we observe effectively the same good estimation accuracy of
both IT and col(f) across different samplers used. We illustrate that Gibbs used
with data augmentation performs the best together with GMC + Gibbs mixing
essentially equally efficient. In addition, we note that using SVD for « results in
an improvement in efficiency over the GMC sampler jointly targetting cointegration
matrices («, 3), but both samplers are much slower in the exploration of the posterior
than the other methods.

For the case where the Student-t likelihood and partial collapsing is used, we only
compare the GMC based methods. The results are similar to the data augmentation
case, but they can be used as numerical evidence of the validity of GMC/HMC
schemes in the non-Gaussian setup. It is apparent that GMC for g with HMC
for a performs best among the more generic samplers (that do not use the full
conditionals). Furthermore, based on sub-table 3.3c in Table 3.3 and sub-table 3.4a
in Table 3.4, we observe that applying partial collapsing provides better efficiency as
opposed to the corresponding case with data augmentation. From plots in Figure 3.4,
it can be seen that the generic sampler GMC+HMC yields the same density curves as
the Gibbs sampler used within DA scheme and what can be considered a benchmark
here. It is only slightly inferior in terms of the IACTs but still admitting reasonably
good values. This suggests that it performs well in case the Gaussian likelihood is not
available and one needs to resort to gradient based MH like updates. Furthermore, in

Table 3.5 we show that this scheme is not sensitive to the heavytail of the noise error
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and that resulting samplers are effectively comparable regarding TACT regardless
of the parameter w. In Figure 3.3, we also present trace plots for the consecutive
MCMC realizations of 5 and the components of polar decompositions of estimates of
«, that is /l, k which enables broader exploration of the parameters involved in the
cointegration setup. We can learn from these plots that the samplers we developed
in this section have very well mixing properties as these particular quantities are
concerned. Finally, using collapsed scheme, GMC on joint space effectively yields
irreasonable estimates of II and col((), what can be however understood as the

mixing efficiency is not acceptable from practitioners perspective.

Using SVD for II

In this section, we examine the model reparameterization based on SVD decompo-
sition imposed directly on the long-run multiplier matrix II. This case is treated
separately as the priors used here are not equivalent with those used before. To our
best knowledge, this has not been considered before in the context of Bayesian coin-
tegration, however GMC enables us to pursue this direction. For convenience, we
use p(IT) o< Ny, n(0, Iy, 1) Lrank(my=r- From Chikuse [2012, Theorem 1.5.4] we obtain
the equivalent expression for the priors defined on the matrices and singular values

in the SVD decomposition: U, ) are uniform distributions on Vnm, V,.» resp. and

1 s T 7
p(S1y...,8r) X €Xp (—5 Z s%) HS?—T H (st —s7)
I=1 I=1

1<jl=1

For the MCMC sampler targetting p(S|U, 5, y1.7) we use a Metropolis-Hastings ap-
proach, with the proposal being a random walk on the log space of each s; with a
step size of 0.1 and the noises being independent standard normals sorted in de-
scending order. For p(B|S,U,y1.1), p(U|S, B,y1.7) GMC samplers are used. For

samplers targetting U belonging to the group of orthogonal matrices we use simpler
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42.79  65.59 45.50 38.51 7713 61.71 9296 80.65
84.48 8544 50.98 48.45 100.46 105.14 104.02 51.99

50.17 38.771 90.38 58.15 110.36 118.72 105.39 62.49
68.85 95.60 98.25 57.76 66.02 47.73 70.46 61.40
(a) Data augmentation (b) Collapsing
65.65 75.13  89.68 49.95 142.30 105.35 123.65 119.89
57.12  99.29 77.99 41.70 139.24 110.10 71.07  67.00
66.46 98.35 132.39 40.17 148.19 10591 169.58 48.39
64.78 112.83 97.63 61.12 123.04 101.45 103.39 118.64
(c) Data augmentation (d) Collapsing

Table 3.7: TACT of using SVD for II with Student-t noise; Top: Standard GMC
within Gibbs; bottom: random scan Gibbs.

to compute geodesic flows as presented in Edelman et al. [1998|. The results are
shown in Tables 3.7, 3.8 for a GMC within Gibbs approach in Algorithm 3.3 and
a random scan implementation that updates § with probability 0.1 and U, S with
0.45 each. From the IACTs we can observe an improvement in the mixing over the
sampler that used SVD for « earlier.

The motivation behind using a random scan sampler is to reduce the computa-
tional cost. The results in Tables 3.7, 3.8 are similar with those of the systematic
scan. As the update for 3 is the most expensive step and hence could be used less
frequently, we resort to Cardoso and Leite [2010] which shows how geodesics for U
can be computed more efficiently as opposed to the geodesics on V,,,. Estimation
of col(f) is again equally accurate as all the previously considered methods with
the accuracy for II being now slightly worse but reasonable and acceptable. Fur-
thermore, in the Figure 3.5, we motivate the sampling scheme proposed in 3.3.3 by
illustrating that missing to apply the sign flipping in the Algorithm 3.3, would yield

inefficient sampler for the marginal posterior of p(8|y)H(dS).
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‘ ‘ Student-t with DA (Gaussian) ‘ Student-t ‘ ‘ Student-t with DA (Gaussian) ‘ Student-t

AD 0.04 0.01 0.01 0.01
||TT — TItre|| g 0.16 0.15 0.14 0.16
Tsp 0.03 0.04 0.03 0.01

(a) Standard GMC within Gibbs (b) Random Scan Gibbs

Table 3.8: Performance of GMC using SVD for II for different likelihoods

3.4 Conclusions and Contributions

In this Chapter, we developed a novel, not previously studied sampler for the
Bayesian cointegration models which is based on the GMC within Gibbs algorithm.
We believe that despite the increased computational cost, this is the only sampler
that allows for the Bayesian inference under generic cointegration model specifica-
tions including different model priors or the choice of error driving noise and like-
lihoods. We showed that in the Gaussian case, this method performs even slightly
more efficient than what is considered the current state-of-the-art sampler of Koop
et al. [2009]. We have motivated our contributions by observing that the hybrid
extensions of the sampler of Koop et al. [2009] by incorporating HMC proposalas
yield improper sampler. This is unlike our method which can be successfully acco-
modated in cases when conjugate updates are not available. For the experimental
purposes, we consider a multivariate Student-t distribution, which as it can be seen
as an infinite mixture of Gaussians, enables us to develop a benchmark case based
on data augmentation trick. In terms of performance, in the series of numerical
studies, we saw GMC performed efficiently for both Gaussian and Student—t errors
when used within a Gibbs update scheme (i.e. GMC for g and HMC for o). We
have also observed that when applied to jointly target («, ), it turned out to be
rather inefficient. We found furthermore, that the method based on GMC and HMC
applied within Gibbs is insensitive to the heavy-tailness in the error driving noise of
ECM representation. Finally, we applied this method utilizing SVD decomposition

of the long-run multiplier matrix which unlike previous representations allows joint
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Bayesian treatment of the cointegration space and the mean reversion parameters
of the implied spread process. In this regard, we also developed extended random
scan Gibbs sampler which can provide computational speed-up. For this purpose,
it appears crucial to apply certain modifications based on sign flipping within the

conditional Gibbs updates.

3.5 Discussion and Extensions

A question that may arise is whether Bayesian methods and sampling techniques will
be accurate in practical contexts. We believe this is a topic demanding a detailed
discussion, but we performed a few numerical experiments to motivate the work
presented so far. These are contained in the web based technical report!, where
we compared the Gibbs sampler of Koop et al. [2009] with the spectral method
of Zhang et al. [2015] under various model parametrization setups with Gaussian
noise. Both methods seemed accurate overall with the Gibbs sampler performing
better, but on the other hand the spectral method of Zhang et al. [2015] uses only a
fraction of the computational cost. In both cases, accuracy seemed to be robust to
the level of additive noise, e.g. the trace of R, but more sensitive to a mean reversion
parameter of the implied spread process. Using only the spectral method of Zhang
et al. [2015] we found that this sensitivity of the estimated cointegrated space on
the mean reversion seemed to hold also when a non-Gaussian noise was used with a
variety of features in terms of skewness, kurtosis, or heavy-ness of the tails.

We conclude with some more possible aspects for further investigations from a
computational perspective. In GMC and HMC we used a simple numerical integra-
tion scheme for the Hamiltonian dynamics numerical integrator, so there is plenty
of room for improvements such as the recent work of Hoffman and Gelman [2014].
Finally, interesting questions arise when n is very large. Is it possible to perform

estimation efficiently and are the conclusions we reached here still valid? In numer-

Thttps://papers.ssrn.com /sol3 /papers.cfm?abstract id=2918511

84



ical results not shown we have applied the above methods up to n = 10, and our
conclusions seemed to hold. In order to use much higher values of n a significant

amount of developments is needed.
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(¢c) GMC for § and HMC for « for using Student-¢ likelihood in Algorithm 3.2

Figure 3.3: Trace plots from MCMC output for Student-t case: from left to right
ds(Am, Am—1),l5mls ds(Bm, Bm-1) against MCMC iteration m.
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Figure 3.4: Posterior density curves of the entries of II matrix, p(Il,;|y) for
i,j € {1,2,3,4}. Green curve corresponds to k—Gibbs sampler used in the data
augmentation scheme with conditioning on the auxiliary variables; red curves cor-

respond to GMC and HMC within Gibbs.
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Figure 3.5: Autocorrelograms of d(3"¢, 3%) corresponding to the Markov chains

obtained via random scan Gibbs sampler targeting p(U,V,Sly). Algorithm 3.3 was
used with sign flip, i.e. Step 2a) applied (Top Plot) and not applied (Bottom Plot).
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Chapter 4

Bayesian Cointegration with linear
State Space Models: a case study on

the Soybean Crush Spread

4.1 Introduction

Soybeans are the fourth most produced crop in the world and if one includes the by-
products, they are the most traded agricultural commodity representing in value 10%
of the worldwide agricultural trade!. About 85% of the soybeans are either consumed
once processed or transformed into soymeal, soyoil and hull. The soymeal, being very
rich in protein, is mainly used for animal feed (hog, livestock, fish, etc.) and is thus
directly related to the worldwide meat and fish consumption. Soyoil is used as edible
oil for cooking and more recently for biodiesel. A particularly interesting feature
of soy market is the fact that unlike other commodities, derivative components of
soybeans are also directly traded on commodity futures markets by producers and
speculators. While the prices of soybean, soymeal and soyoil are generally strongly

correlated with each other, a move in the price of one against another can be a

Thttps://www.ers.usda.gov/amber-waves /2016 /may /major-factors-affecting-global-soybean-
and-products-trade-projections/
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result of the supply or demand shock of one of the aforementioned markets. In
addition, since both meal and oil are products of the same processing procedure,
the total production of each will always remain constant relative to the other and
therefore, ceteris paribus, a net increase in demand for one of the soy byproducts
will necessarily correlate with an increase in the demand for the underlying beans;
see Barrett and Kolb [1995], Simon [1999] and Mitchell [2010].

The crush spread is a weighted combination of the value of soymeal and soyoil
and the original soybeans, which models the loss or gain in value after crushing. This
crush spread relationship is useful for soymeal and soyoil manufacturers, who use it
to minimise risk due to fluctuations of the soybeans purchase price. Similarly, it is
used by commodities speculators, who employ statistical arbitrage strategies that
aim to exploit deviations from the co-movement patterns. Determining weights used
to construct the crush spread is not straightforward. Industry practitioners typically
use values based on physical considerations that one unit of soybeans produces
certain amount of meal and oil. For instance, the Chicago Board of Trade (CBOT)
quotes the crush spread as y;(1) — 11y,(2) — 2.2y,(3) (Nelson Low [2015]). Here
y:(1), v:(2) and y;(3) correspond to the quoted prices of futures contract associated
respectively with soybean, soyoil and soymeal at a given time ¢. The intuition here
is that typically when a bushel of soybeans weighing 60 pounds is crushed, it results
to 11 pounds of oil, 44 pounds of 48% protein meal, 4 pounds of hulls, and 1 pound
of waste, see Johnson et al. [1991] for more details.

Clearly, using fixed weights to determine the crush spread does not take into
account any time variation due to the aforementioned market dynamics or season-
ality from the production process. Whilst changes in supply and demand might
cause the prices of the soy products to be non-stationary, the crush spread has been
observed to exhibit stationarity due to the strong correlation between the three soy
products (Barrett and Kolb [1995], Simon [1999] and Mitchell [2010]). Following the

discussion above, it makes sense to model the crush spread as a cointegrated spread
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series.

To this end, we will use Cointegrated Vector Autoregression models introduced
originally in Engle and Granger [1987a] and discussed already in earlier Chapter in
Section 3.1.1. Cointegration models like CVAR have been popular with commodi-
ties modelling, e.g. Dolatabadi et al. [2018]. Here, we will propose a state-space
extension of the standard CVAR model by adding a dynamic linear factor and a
time varying intercept to account for seasonality in agriculture (Simon [1999] and
Mitchell [2010]). Including a linear dynamic factor results in a flexible, time varying
(heteroscedastic) covariance model that is common in econometrics, e.g. Aguilar
and West [1998], Geweke and Zhou [1996]. In addition it is a sensible modelling
choice for commodity futures contracts, where market dynamics often seem to be
adequately captured by factor models as shown in Peters et al. [2013]. Both fac-
tor and cointegration models have been used in various commodities applications,
but to our best knowledge they have not been investigated in a single framework
so far. In this work, we propose to treat them jointly. The intuition is to specify
the cointegration parameters, while at the same time account for a temporal varia-
tions in the model not directly related to the cointegration signal itself. This is not
standard in related applications, where a common practice is to first estimate the
cointegration parameters using likelihood based methods found in Johansen [1995a]
or non-parametric, eigenanalysis approaches, see Zhang et al. [2015]. The latent
dynamics is then usually learnt separately; see Miao [2014] and Triantafyllopoulos
and Montana |2011] for related studies.

We will perform Bayesian inference for the parameters of the proposed model.
In the context of Bayesian cointegation modelling, the posterior distributions can
be very sensitive to even seemingly un-informative priors. Additionally, as already
discussed in Section 3.1.2, problems related to model identifiability arise, see Koop
et al. [2006] for a review. More recently, the focus has shifted towards inferring the

cointegration as a vector space rather than a matrix of parameters, Koop et al. [2006],
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Villani [2005], Strachan [2012|. For the posterior distribution of interest, we will
develop a novel and efficient Markov Chain Monte Carlo algorithm. The algorithm
we propose can be viewed as an extension to the Gibbs sampler of Koop et al. [2009]
by adding partial collapsing (Van Dyk and Park [2008]) and data augmentation
steps (Frithwirth-Schnatter [1994], Carter and Kohn [1994]).

The Chapter is organized as follows. In Section 4.1.1, we propose our CVAR
model with time varying linear trend and additive structural components to account
for unrestricted and contemporaneous shifts in the long-run equilibrium of under-
lying assets. In Section 4.2, we specify appropriate priors to be used for Bayesian
inference and develop the MCMC algorithm to simulate from the resulting poste-
rior distributions. In Section 4.3, we perform real data analysis for the soybean
crush spread. In Section 4.4, we conclude with a discussion and ideas for future

investigations.

4.1.1 State Space Extension of the CVAR Model

Let y; € R™ denote a vector of cointegrated time series. In the soybean case study,
each component of y; will consist of daily prices of different soy products (extracted
from futures curves) and n = 3. Following the comments in the Introduction, we
modify the model defined already in Chapter 3 in equation (3.1) to be appropriate

for modelling agricultural futures contracts by proposing:

Y = Y1 + CYﬁTZ/tfl +uw+ag+e, €~NOR), (4.1)

where we have added a time varying intercept g; (that could be held fixed for a

given interval of time, e.g. weekly or monthly) and a K-dimensional dynamic linear
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factor u,; that obeys:

Mt = H]Jt (42)

Ty = B(’Etfl + 515, o = 0 (43)

where §; ~ N(0,Q), B € RE*E and H € R"™X and the error vectors ¢ and &
are i.i.d. The factor p; is common to all n products under consideration as any
new piece of information will affect their prices in similar ways; see Alexander et al.
[2002| for a discussion related to commodities and financial applications. For g, we

will assume:

g =&+ &lpery, (4.4)
1=2

where Z; denotes a specific interval in time such as the i—th month or week.

The model in (4.1) can be re-expressed in a matrix regression format:
Y =af'Yo+pu+EX+E, (4.5)

where we have used the following notation Y = (Ayy, Ay, ..., Ayr), Yo = (Yo, Y1, -, Y1) ,

E = (617 '--76T) y = (ﬂl? "'7MT)7 g = (517527 "'agm)v and

[1 1--- L1
0 11 e 1 0---0 -0
—_———
1Z21
0 0--- 1 1 R 1 0
T = N—_— —_—
1Z31
0 0 1 1 1
[ ——
[Zm | E
We will also set X = (z1,...,27) to denote the joint unobserved stochastic factor.

Expressing the model in this form will provide a convenient and concise represen-
tation that facilitates manipulations of the model likelihood used in the Bayesian
context.

For the soybean application we will use monthly varying intercept. This choice
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is motivated by seasonality intuition in agricultural products and empirical studies
(Simon [1999], Mitchell [2010]). This monthly step function also agrees with the
fact that grains futures markets are highly influenced by various economic reports
providing assessment of the expected soybean production around the world. These
are typically published early in each month by the United States Department of
Agriculture.

In terms of the model structure, since y; and x; are of zero mean, they can be
thought of as means of setting a time varying covariance of 3, in a recursive manner.
We will assume K < n so the covariance of y; is driven by a smaller number of
dynamic factors. For the soybean crush, we will use K = 2. This choice follows
an intuition from the application’s perspective that commodity assets tend to be
modelled using a two factor model as in Schwartz and Smith [2000] or Peters et al.
[2013]. They can capture features due to the complex market dynamics, e.g. to
represent the spot price and the convenience yield or equivalently the short term
and long term components of each commodities taken individually. The short term
factor could be interpreted as a financially driven factor where for instance the
speculation or the hedging pressure are playing an important role, while the long
term component is instead related to the physical cycle of the commodities with the

long term impact of investments in production capacity or the level of inventories.

4.2 Bayesian Inference

In this section, we detail how the Bayesian inference can be used for the estimation
of parameters and latent factors. The model likelihood is expressed equivalently

either by equation (4.1) or alternatively by the matrix variate form in (4.5).
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4.2.1 Prior Elicitation

Equation (4.3) provides a prior distribution for the latent path X given B, Q. To
specify the posterior distribution of interest we need to choose suitable priors for the
remaining static variables, o, 8, H, R, B, Q),£. These are provided in Table 4.1 and
in Section (3.2.1) of earlier Chapter for the CVAR parameters. An interesting ob-
servation of the model given by (4.1)-(4.4) is that it results in a marginal likelihood
(i.e. unconditionally of the latent path) that is invariant to the certain parameters
transformations. For any orthogonal matrix U € RE*¥ consider the transforma-
tion T(H,B,Q) = (HUY, UBUY,UQU™). Tt is straightforward to show that the

marginal likelihood satisfies
p(Yle, 8, H, B,Q, R,§) = p(Y|a, 5, T(H, B,Q), R, ).
One way to see this is to use the following transformed observations
Y=Y —aflY, - €Y (4.6)
and perform the marginalization analytically using

(Y, 3. H, R, B, Q,€) = / p(¥ |, B, H, R, €, X)p(X| B, Q)dX,

and noting that d(U ') = |U|dz; = dx;. The invariance of this likelihood is a well
known observation in the factor models literature, Afmann et al. [2016], Bai and
Wang [2015], Jackson et al. [2016]. The issue is akin to the notorious label switching
problem in mixture models, e.g. Celeux et al. [2000], Jasra et al. [2005]|, Geweke
[2007]. Consequently, care should be taken when choosing specific parametrizations
(such as restrictions or normalisations for matrices) and priors or loss functions for
Bayesian inference. A related implication of this issue is that the parametrizations

and priors chosen can affect the mixing of MCMC samplers or increase the chance

95



of getting stuck in the local modes, see Pitt and Shephard [1999a|, Papaspiliopoulos
et al. [2007]. As a result, when choosing priors below or designing MCMC for
the resulting posterior distributions, we put emphasis in extensions that drastically
improve sampling efficiency and hence lead to more reliable inference.

Since the likelihood function is invariant under the transformation 7' provided
above, we will impose the same to hold for the priors on B, H, (). This will mean
that posterior inference will also possess the invariance property and will not depend
on any particular normalization. Selecting appropriate priors has been discussed in
Blais [2009], where the author presents several ways of designing suitable priors for
B, H and @) for Gaussian linear state space model. Based on the findings of this
author, in Table 4.1, we list the priors that will be used for B,Q, H, R,£. These
are conjugate priors when combined with the likelihood in (4.5). In the numerical
experiments, we realized that in the presence of cointegration, simulating from the
marginal smoothing of the latent path p; is very sensitive to the particular choice of
hyperparameters, og, 0y, cr and when inappropriately specified gives rise to highly
inefficient samplers for the posterior of 1; and consequently spurious Bayesian point
estimation. We observed that the problem can be addressed by imposing further
hierarchy in the priors. Furthermore, we specify these parameters to be of appro-
priate (Inverse)-Gamma form in order to maintain convenient conjugacy properties.

We use hyper-parameters 0%, 0% and o%, whose distributions are also summarized

in Table 4.1.
] Parameters \ Prior
B NK7K(O,0'%IK’O']23[K) ‘ Hyper parameters ‘ Prior ‘
Q W (vg, Ik) Tir I1G(ay, Br)
H Nuk(0,0%1,, 04 1k) 0% IG(ag, BB)
R Wﬁl(VR, O'%In) 0-1%% G(OJR,ﬁR)
13 N (0,01, 02 1)

Table 4.1: Prior distributions for @, B, H, R,¢ (left) and distributions of hyper-
parameters (right)

96



The appropriate priors for o and [ are specified as in the earlier Chapter in
Section 3.2.1. Gaussian Angular prior distribution for g allows to choose both infor-
mative and non-informative priors. In practice, this is useful in crush spread strategy
and more generally in the context of trading in commodities futures, as the cointe-
gration portfolio allocation is usually driven by some physical considerations known
a priori by practitioners; in context of crush spread it would be H = (1, —11, —2.2)7,
as already explained in Introduction. The practitioner can specify the prior centered
around the line spanned by this vector and model directly the amount of dispersion

around it.

4.2.2 MCMC Sampler for Posterior Inference

Algorithm 4.1 A Partially Collapsed Gibbs Sampler to simulate from (4.7)

Initialization: Draw the parameters from their respective prior distributions
For i =1,2,..., N: Sample

1. Vec(BD) ~ pp(-|QE—D, X (=1 521,
2. 030 ~ paé(.|B(i))’

3. QW ~ pQ<~|B(i),X(i_1))

4. Vec(H(i)) ~ pr (Y, =D g1 Rli-1) x(i=1) ¢(i-1) 01211(1‘—1))7
5. 03D ~ pya (-|[HD),

6. RO ~ pr(-Y, Oé(i—l),ﬁ(i—l)7 H(i)7X(i—1)7§(i—1)7U%ﬁ(i—l)%

7. 03D ~ pya (-|RD)

8. Vec(a®) ~ pu(-|Y,p0 N HO RO BO QW ¢@=1) and compute A* =
Cl{*(Cl{*TO./*>71/2,

0. Vee((BYT) ~ pul|Y, A7 HO, RO, BO, QW €0D).  Compute 0 =
B*<B*TB*)71/2 and a(z) — A*(B*TB*)l/Q

10. Vec(€WD) ~ pe(-]Y,a®, 30 HO RO BO QW)

11. Sample X ~ p(-|Y,a®, 0 ¢ FO RO RO Q)

We will use a MCMC sampling scheme to simulate from the posterior of model
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parameters. The posterior can be written as

pla, B, H, R, B,Q,§ X|Y) o< p(Yla, 5, H, R, §, X)p(X[B, Q)

x (e B)p(B)p(§)p(B)p(Q)p(H)p(R)

(4.7)

For this posterior distribution, it is possible to derive a systematic scan Gibbs Sam-
pler. In numerical examples presented later in Section 4.2.3, we have noticed poor
mixing and efficiency problems of this standard methods. We will tackle this issue,
by using a partial collapsing. For the posterior used in this problem, this could be
performed by splitting the parameters in three blocks: (B, Q, H, R), (a, 5,€), X and

sampling iteratively as presented below.

(H,R,B,Q)" ~ K(|Y,(a,5,6) " (H,R,B,Q)"", X", (4.8)
(e, 3,8)" ~ K([Y,(a,8,6)"",(H,R,B,Q)"), (4.9)
X~ p(lY(a,B,6)", (H,R,B,Q)). (4.10)

For the more detailed discussion on Gibbs sampling strategies in state space models
see Carter and Kohn [1994]. In general, care needs to be taken when constructing a
partially collapsed Gibbs sampler, since the order of the Gibbs steps can significantly
affect the stationary distribution, see Van Dyk and Park [2008] for details related
to the validity of this scheme. In particular, in our case, exchanging the order of
(4.9) with (4.10) would result in a sampler that is not invariant anymore to the
required distribution in (4.7). The sampling step in (4.8) simulates from the kernel
leaving p(H, R, B, Q|Y, (o, 8,€)"™", X'~1) invariant. Whereas, the sampling step in
(4.9) is an extension of the procedure described in Section 3.2.1 which is invariant to
pla, 8,€|Y, (H, R, B,Q)") with X marginalized out. It can be viewed therefore as a
Metropolis Hastings type update within Rao-Blackwellization step; see Casella and
Robert [1996], Doucet et al. [2000a|, Peters et al. [2013] for a general background.

The validity of this algorithm is stated in Proposition 4.2 and proved in Appendix
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B.2.2.

Note that only (4.10) can be sampled explicitly using standard Kalman smooth-
ing techniques described in Appendix B.2.1. In Algorithm 4.1 we present a partially
collapsed Gibbs sampler that enables to simulate from (4.7). Note also that con-
ditionally on X, the updates of (B, Q) are independent of conditional updates of
(H,R). The expressions of all distributions used in this algorithm are stated in

Proposition 4.1 and derived in Appendix B.1.2.

Proposition 4.1. The conditional distributions used in Algorithm 4.1 are as follows:

pr(Vec(B)|Q, X) =N (st Zpost):
po(Q|B, X) =W (vg + T, XX" + 0} Ix),
pr(Vec(H)|, 8,Y,€) =N (15 Zpost):

pR(RD/a «, B? 5) :Wil(VR + Ta Y/{/T + U%{[n)a

pa(Vec(a)|Y, 8, H, R, B,Q,§) :N(Mzosm Zzost)? (4.11)
pB(VGC(BT)’K A7 H7 R7 Bu Q7 f) :N(:u]ljgosﬁ Efost)ﬂ (412)
pg(V@C(f) ’Yv a, 67 H7 R7 Bv Q) :N(Mfmstu Efyost)u
nv 1 _
P (hIR) =G5 + B+ Ser(R),
9 nk 1 T
po2, (05| H) =I1G(am + 7>BH + §Vec(H) Vec(H)),

K? 1
pa%(0%|B) =IG(ap + TR Be + éVec(B)TVec(B)).
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The parameters of each distribution are given by:

_1 _ _
(22,) = (X @Ix)"(@,Q )X @ Ix)" + (05) ke,
g = Sha((Xg @ Ig)" (9,Q " vec(X)),
(Eﬁst)_l = (X" Ix) (@ RY)XT®Ix)" + (o) Ik,

H _ H
:U’post - Zpost

(X" @ I) " (&, R Vee(Y)),
(Zow) = MIVIM. + ()7

:U’;)ost - Zg.f)ost(M-T"?_lrIj)J

where we use « for either a,B,€ and define V.= &7 R+ HVHT, j = Vec(Y) —

(YT®IL,)E, M, =YL o1, Mg =Y ®a, X = (x, — Bxg, ..., o0 — Brp_y), Xo =

(To,- .. xr_1), H=(UIr@H), V=(ATeL QA" and A = Iyx — (I ® B)PM,
Or xK(T-1) Ix vk Ixr—iyxxm-1) Orxkr-1)

with P = and M =
Ixr-1yxxr-1) Ox@r-1)xK Or(T-1)xxK Orxk

Proposition 4.2. The Markov transition kernel described in Algorithm 4.1 is in-
variant to the required posterior distribution p(A, B, H, R, B,Q,&, X|y1.r) stated in

equation (4.7)

Computational cost

Note that by equations (4.11)-(4.12) in Proposition 4.1, in order to apply the al-
gorithm above we have to invert ®L_ R + (I ® H)V (Ir ® H)T. This is a matrix
of size proportional to T which is a length of the underlying time series. A naive
implentation would thus require O(T?) cost. However, we can perform the inver-
sion more efficiently by exploring the particular structure of this matrix. In the
discussion presented in Appendix B.2.3, we consider computational complexity of

this operation and prove this to be of order O(T?).

Remark 4.3. Note that, in systematic scan Gibbs with constant observation noise
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covariance, we only need to invert (&, R)™'. As (&L ,R)™' = &R, the overall

complexity would be of order O(T).

4.2.3 Numerical examples using simulated data

In this section we present a synthetic case study on the performance of the proposed
Bayesian estimation procedure using simulated data sets from model equations (4.1)-
(4.4). The numerical examples presented in this section aim to assess the following
aspects: (a) the accuracy of the Bayesian point estimation, (b) the improvement of
Algorithm 4.1 over a standard systematic scan Gibbs sampler. In these experiments
we ran Algorithm 4.1 for N = 10° and discarded 10* samples for burn-in. Further-
more, throughout this section we will resort to Bayesian MMSE estimation, i.e. take
the posterior means as point estimates.

For the cointegration prior we use v = 1,7 = 1 and G = [ that implies a

uninformative uniform prior. Regarding the remaining model parameters we select
02 =104 vg =4;vp =500 =liag=ag=ap=10"% 8y = Bp = Br = 107°

ensuring vague inverse-Gamma priors and a relatively weak prior belief induced by
hyperparameters.

In the first experiment, we demonstrate the performance of Algorithm 4.1 for a
simulated data-set using n = 4, R = diag(1,1,1,1) and Q = diag(1,1). Posterior
confidence bands, estimated path and true data generating p are presented in Figure
4.1, posterior densities for II = a7 in Figure 4.2 and box plots for the seasonal
components £ in Figure 4.3. The estimation seems to be very accurate. In principle,
it should be noted that despite H and x1.; being non-identifiable under our model
specification, its product u,.p is in fact indentifiable and for this reason we focus on
its estimation in this experiment.

Furthermore, for a sample output II®) = o 0T we compare Algorithm 4.1 with
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M, [, |1y | I, I, [, | Iy | 1L,
M. | 0.40 | 0.63 | 0.44 | 0.31 M. | 0.34]0.31]0.24 | 0.17
M, | 0.74 | 0.70 | 0.48 | 0.53 M, | 0.33]0.14 ] 0.22 | 0.15
M5, | 0.62 | 051 | 0.49 | 0.39 M5, | 0.20 | 0.09 | 0.10 | 0.10
M, | 0.40 | 0.46 | 0.37 | 0.35 M, | 0.19 | 0.08 | 0.09 | 0.10

Table 4.2: ESS for each of sixteen entries of I1 = a7 with Algorithm 4.1 (left table)
and standard Gibbs sampler (right table).

H.71 H,72 H.73 H'74 H.’l H.Q H.’g H.74
II;. | 0.43 | 0.25 | 0.16 | 0.77 IT;. | 0.01 | 0.66 | 0.23 | 0.80
II. | 0.28 | 0.21 | 0.81 | 0.90 II;. | 0.10 | 0.96 | 0.01 | 0.38
II3. | 0.05 | 0.30 | 0.72 | 0.99 II3. | 0.01 | 0.90 | 0.04 | 0.45
II,. | 0.35 | 0.44 | 0.56 | 0.45 II,. | 0.01 | 0.85 | 0.03 | 0.33

Table 4.3: MCMC Geweke diagnostic p-values for Algorithm 4.1 (left table) and
standard Gibbs sampler (right table).

a standard Gibbs sampler (without collapsing or Rao-Blackwellization) in terms
of autocorrelation functions and Effective Sample Size (ESS) presented in Figure
4.4 and Table 4.2 respectively. It is clear that in terms of mixing and efficiency
Algorithm 4.1 shows superior performance.

For completion, in Table 4.3 we also present the values of Geweke’s statistic ob-
tained for our sampler and the Gibbs sampler. It measures the convergence diagnos-
tics for the chains generated under MCMC and is based on the standard frequentist
test for equality of the means of the first and last part of a the chain (usually the
first 10% and last 50%). In six out of sixteen entries, Geweke’s diagnostic is not
acceptable under the setting of standard Gibbs implementation. This is unlike our

algorithm which according to this diagnostic is mixing well.

4.3 The Soy Bean Crush Spread

We use daily observations of adjusted prices over a period between 2001-2015 and
perform estimation separately for each year. This takes into consideration the four
seasons and the associated soybean cycle of production and allows for a comparison

of our model and estimation results under different years each of which could be
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influenced differently by events such as weather or market dynamics. In addition,
we are aligned with a campaign calendar which is split into planting and harvest
seasons. The data for these case studies is obtained from the futures contracts (see
below for details) related to the American soybean market. As a result, we matched
our data truncation periods with the agronomic calendar of the US soybean.

We will use a uniform prior on the cointegration space. This is convenient when
comparing our results with likelihood based estimates (Johansen [1995al), although
our model is still different due to the structural extensions of pu;, g;. Clearly one
could use our methodology with informative priors either by setting B to the phys-
ical weightings specified by CBOT, 3¢ = (1,—11,—2.2), or an estimate from the
previous year. This will be used when performing model comparisons below.

For the time varying intercept we use &; to correspond to monthly intercept. We
also assume that there is one cointegration relationship, so » = 1. This is a natural
choice here as the only source of the cointegration signal is driven by the physical
refinery conditions. Additionally, we will use K = 2, which as mentioned earlier in
the Introduction is a common assumption used in commodities and is motivated by
the long/short term model introduced in Schwartz and Smith [2000] and discussed

recently in Peters et al. [2013].

4.3.1 The Data

The raw data set is a panel of the CBOT futures price curves from Bloomberg for
soybean (with corresponding Bloomberg ticker S), soyoil (BO) and soymeal (SM)
reported daily together with the corresponding volumes. Before performing the
statistical analysis we need to determine y; used in (4.1). We use the adjusted price
series. These are obtained by applying a commonly used strategy in the industry
called the rollover strategy. For each day t it assigns y; to the closest quoted contract
with the highest volume, i.e. the most active contract across the futures curve is

considered. Details of this and other methods are provided in Lucia and Pardo
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[2010], Carchano and Pardo [2009].

Visualization

We present the prices data in Figures 4.5 and 4.6 for two typical years, 2008 and 2014.
In Figure 4.6 the rescaling is a way to provide some visual evidence of cointegration.
All time series for every year considered in this Chapter have stationary increments
with p-values less than 0.01 under an augmented Dickey-Fuller test. For the two
years displayed here the p-values for the prices (and not the increments) are 0.56,
0.48, 0.58 and 0.54, 0.35, 0.58 respectively, so there is evidence for times series being

integrated of order 1.

4.3.2 Estimation Results

We begin with a discussion on estimation of 8 which determines the cointegration
spread and is the most crucial from the practitioners’ perspective. In Table 4.4,
we present the PMCS estimates, B, already introduced in Section 3.2.2, for every
year under consideration. For convenience we set the first entry being normalized
to 1. An interesting observation here is that in 2011 there is a sign switch for the
estimated ((2) compared to all other years and CBOT quoted values.

We also present results for the posterior mean of the spectral radius of B and
A = I, + BT «, each denoted as p(B) and p(A) respectively. Note that both B and
A are autoregression matrices for x; and z; respectively. Therefore, we can expect
the spectral radii to be less than 1 so that, a posteriori, it suggests u; and z; are
being stationary. This seems to be the case with one exception of year 2004. In
Figure 4.7, we plot posterior densities p(B) for selected years. As the support lies
strictly in (0, 1), it provides another evidence for incorporating p; within our model
formulation. In Figure 4.7, we only present years 2010-2013, however the results for
other years are very similar. Finally, in the last column of Table 4.4 we record the

posterior cointegration space variation, Afpﬂ, proposed in Villani [2006b]. This can
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be interpreted as a measure of variability in posterior distribution of the cointegation
space that takes values between 0 and 1.

We notice that the results vary significantly from year to year. In the top panel
of Figure 4.9, we show the boxplots from the MCMC output corresponding to the
credible intervals of 5(2) and £(3) for each year; we have transformed the MCMC
output so that 8(1) = 1. For convenience we also plot the CBOT value, 3%, and for
the sake of illustration we include in the bottom panel a restricted (to V,, ) maximum
likelihood estimate, 37, obtained via Johansen’s method (Johansen [1995a]). In the
bottom panel of Figure 4.9 we include confidence intervals obtained by means of
a bootstrap procedure. Both the Johansen estimate and bootstrap intervals were
implemented using the tsDyn CR AN package, see Stigler [2010]. Both 8¢ and 37 are
also common choices considered by the practitioners, see Miao [2014] and Dunis et al.
[2006] for some recent case studies. Note that 37 does not account for 1, and uses a
constant for g; and hence is expected to yield different to ours estimates. In addition,
we note that there is considerable variability in the bootstrap estimates. Similarly
as in the Bayesian case, frequentist analysis also depicts difference in estimation
results between 3 and B in most of the years under consideration. In addition,
bootstrap bands on the Johansen’s estimated frequentist point estimators tend to
be wider compared to our Bayesian credible bands with the exception of years 2003,
2006 and 2014. Naturally, these can be attributed to the different models used, but
both estimation procedures tend to agree in that § varies on the annual basis. In
most cases however, they seem to give rise to the same signs as CBOT quoted values
and hence are consistent with the overall behaviour of market participants.

An interesting finding is that not only does the cointegration relationship change
yearly, but so does the variance of the corresponding posterior distributions of 3 pre-
sented in Figure 4.9. In years 2007-2011, there is evidently low variance that is most
likely related to the global financial crisis and attributed to the lower level of market

speculation. It is documented in the literature that the dependence among the com-
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modities was even stronger during this period because of the financialisation of the
commodities market, see Henderson et al. [2014]. It is also why the other estimators
are more closely aligned to the CBOT quotes which corresponds to the physical,
trading activity independent, refinery conditions of processing soybeans. For the
years with higher level of variance (2003, 2006, 2014) it is harder to assess reasons
behind this. It could be attributed to varying production levels (e.g. the high level
of soybean annual production in 2014), higher soybean annual average consumption
growth from Asia or agriculture boom starting around 2003, deregulation incentives
in the U.S. during 2006 or even trends in international prices of metals and fuel that
affect agriculture.

We can also observe rather high level of estimation variability from year to year.
Years which reflect abnormality in relation to the quoted vector 3¢ are 2003, 2006
and 2011 and 2013. We believe therefore that they deserve to be closer looked at.
In 2003 unusual estimation can be related to the fact that total soy consumption
amongst its major worldwide exporters was at its trough. Furthermore, as soyoil
is being largely used for biodiesel, we believe that the unusually higher level of
soyoil exposure 3(2) could be attributed to the investor reaction to the 2003 EU
parliament mandate targeting increased level of biofuels usage. Furthermore, large
variability could be also the response to the fact that global soybean yield was the
lowest between 1996 and 2008. Also, atypical small value of soymeal component
B (3) could be due to the fact that its consumption was the lowest amongst other
vegetable protein meal in the U.S. The larger variability of 2006 could be the reason
of the federal GSM-102 program launched to facilitate financing the commercial
exports of U.S. agricultural products to the developing world. In 2006, funds were
made available for oilseed and protein meal imports from the U.S. to the developing
regions of Caribbean, Central America, Southeast Asia and Turkey. Furthermore,
larger than usual level of soyoil exposure could be due to the fact that EU started

importing large quantities of soybean oil from the U.S. in 2006 due to an increase in
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biodiesel production. This could cause the reduced supply of rapeseed oil for both
food consumption and biodiesel production. EU processors changed therefore from
crushing soybeans to rapeseed, and the EU had to import more soybean oil to offset
the reduction in domestic production. Another reason for unusual estimation of (3
could be the fact that this was peak production year for U.S. soybean farmers when
86.77 million MT were harvested according to the USDA PSD Online Statistics and
Soybean futures contract setting a volume trade record on Friday, June 30, 2006
according to CBOT quotes. In 2011, a sign swith could be explained by the fact
that Argentina, the third biggest producer of soybean, suffered the most important
drought of the last two decades which reduced the yield of about 20%. The planting
and harvest seasons of the Southern Hemisphere being six month later than the US
one can impact lately in the year the soybean Cointegration relationship mainly
driven by the summer US production season. In 2013, much lower level of soyoil
could be closely related to the significant price drop of almost 10% from the past year
that has been seen for the major U.S. crops. Furthermore, variation in estimation
of B from the last year could be due to the fact that 2013 was the recovery period
for soymarket that suffered yield damage a year before as a result of the drought in

most of the Midwest and High Plain.

4.3.3 Models Comparison

We proceed by considering different model specifications for (4.1) and the prior

choice for g:

o M! uses full model for (3.1) with an informative prior on (3 using the PMCS

estimator of the previous year,
o MY as above but with a uniform prior on £,

o ME and ME?is as MY but with one and two additional autoregressive terms

resp., i.e. I'y - (yt—l - yt—2); I - (yt—Q - yt—s)-
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M is as MY but without factors, i.e. fixed p; = 0.

M3 uses (3.1) with gy = 0 and «,5 = 0, i.e. using only a time varying

intercept £ with no cointegration,
o MY uses (3.1) with 3 known and fixed to the CBOT quoted values,
e MY¥ is a dynamic factor model containing ;i and £ only, i.e. o, 5 = 0.

We wish to compare the models above in order to assess the various features
in (4.1), i.e. specification of priors, the inclusion of factors p, how appropriate it
is to include additional lags. We will assume equal model probability a priori and
so in Table 4.5 we present the estimates of the log marginal likelihoods p(y| M)
as computed from separate MCMC runs. We use the stabilized harmonic mean
estimator proposed in Raftery et al. [2007]. We chose the stabilization because
we can marginalize out terms related to u; and obtain an estimator with reduced
variance. In Appendix B.3 we also present diagnostics and a comparison w.r.t the
baseline harmonic mean estimator. The first conclusion from Table 4.5 is that either
one of MY and M are the best performers for every year except 2005, 2009, 2010
and 2014. Cointegation is definitely a useful property here and only in 2014 a model
without it (M) is marginally better. Note also, that in Table 4.4, 2014 has a quite
high value for %stB which could be the reason for this. In fact, 2014 was a year of
higher than usual production, so our approach seems to adapt to changes in market
supply and demand. In the other years (2005, 2009, 2010) models with the higher
order lags, ML  seem to improve the marginal likelihood, but of course this comes
at some loss in parsimony. In addition, for most years using an informative prior
M yields the better results. When comparing M} (models with a cointegation
relationship and factors) with M, we notice that removing factors results in much
lower marginal likelihood. Tt is interesting to note that the plain cointegration model
of My is closer (and often worse) to a baseline model with a time varying intercept,

M. We believe that not accounting for a state space extension could mask the
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cointegration signal. This could be attributed to u; capturing time varying features
which are evidently present for this kind of data. Overall, this suggests using factors
here is very beneficial, which do produce a decent goodness of fit even without
cointegration included.

The next question to address is how many lags we shall use. We have already
seen that models with no lags perform better in most years, i.e. M{/U has higher
evidence than M%". One could then compare M with M%2? and notice that the
former outperforms the latter in nine out of fifteen years. It seems overall that
increasing the number of lags does not come with an increased goodness of fit for
most years and in the interest of parsimony we did not consider investigating higher
order lags. Finally, we want to compare our proposed model with the specification
treating S fixed to CBOT values. Clearly, /\/li/ Y provide significantly higher evidence
than M®. We note that this is a favorable evidence for joint learning of 3, ji; as we
suggest in this work.

Furthermore, in Figure 4.8, we present the resulting posterior credible intervals
of 5(2) for every year in cases when i, is included or not. Incorporating p results
in more confident estimation and tighter posteria. The results for 5(3) are similar
so we omitted them here. Finally, in Figure 4.10, for the same two cases we attempt
to visualise the predictions of the spread z; on a daily basis using current year’s
price, but the model parameters sampled from the previous year’s posterior. We
plot the 95% quantiles for p(z;|y1.4—1,7) with ¢ being the previous year’s data and
y; representing the current year’s prices for day ¢. Again, including pu, results in
tighter prediction intervals. For brevity, we present only representative results from

years 2005 and 2006.
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Table 4.4: MCMC estimates for 3, p(B), p(A), 72

spB*

Year | (B(2),8(3)) | p(A) (Var [p(A)y) | (B) (Var [p(B)ly)) | 72,
2001 | (—21.20, —1.41) 0.91(0.01) 0.51(0.19) 0.0001
2002 | (—20.58, —3.23) 0.92(0.02) 0.45(0.16) 0.0179
2003 | (—43.09, —0.18) 0.86(0.02) 0.21(0.11) 0.0041
2004 | (—15.91, —2.21) 1.02(0.01) 0.33(0.11) 0.0015
2005 | (—17.52, —2.14) 0.94(0.009) 0.26(0.10) 0.0015
2006 | (—28.58, —1.53) 0.94(0.012) 0.34(0.09) 0.0072
2007 | (—12.15, —2.00) 0.87(0.02) 0.72(0.12) 0.0001
2008 | (—11.10, —2.14) 0.74(0.04) 0.32(0.18) 0.0006
2009 | (—12.92, —2.03) 0.98(0.01) 0.27(0.11) 0.0001
2010 | (—11.92, —2.15) 0.92(0.01) 0.33(0.11) 0.0004
2011 | (0.59, —3.29) 0.96(0.01) 0.41(0.16) 0.5908
2012 | (—10.04, —2.96) 0.97(0.01) 0.34(0.14) 0.0057
2013 | (—4.39, —1.80) 0.99(0.01) 0.44(0.11) 0.1126
2014 | (—15.88, —1.41) 0.99(0.02) 0.39(0.17) 0.3066
2015 | (—11.67, —2.73) 0.87(0.02) 0.72(0.12) 0.0294
Table 4.5: Log Marginal Likelihoods for different models.
Year | MY Ml MFE M ME2 M Ms M,
2001 —1041.11 — —1048.94 | —1053.06 | —1044.00 | —1096.56 | —1162.37 | —1158.57
2002 —1075.51 | —1063.10 | —1077.48 | —1075.72 | —1081.74 | —1090.35 | —1187.56 | —1182.18
2003 —1279.71 | —1298.10 | —1279.79 | —1319.02 | —1301.06 | —1343.89 —1361.9 —1363.39
2004 —1596.86 | —1582.86 | —1602.62 | —1596.91 | —1593.68 | —1681.42 —1637.9 —1632.33
2005 —1281.74 | —1280.72 | —1284.90 | —1272.14 | —1275.55 | —1337.16 | —1365.79 | —1368.66
2006 —1123.11 | —1106.25 | —1120.47 | —1186.90 | —1119.48 | —1154.17 | —1218.79 | —1214.94
2007 —1363.54 | —1316.18 | —1382.82 | —1350.60 | —1353.94 | —1432.41 | —1475.61 | —1476.52
2008 —2026.45 | —1987.08 | —2042.97 | —2026.29 | —2024.49 | —2083.34 | —2073.28 | —2048.79
2009 —1733.89 | —1728.94 | —1747.95 | —1730.49 | —1725.89 | —1777.41 | —1806.99 | —1804.51
2010 —1567.58 | —1567.38 | —1578.49 | —1563.32 | —1566.98 | —1600.08 | —1631.47 | —1634.52
2011 —1600.11 | —1645.78 | —1642.09 | —1636.58 | —1642.06 | —1681.60 | —1688.46 | —1691.76
2012 —1765.74 | —1748.68 | —1765.91 | —1765.93 | —1768.14 | —1799.89 | —1793.40 | —1795.73
2013 —1624.68 | —1592.69 | —1622.22 | —1629.18 | —1635.12 | —1658.45 | —1668.47 | —1673.75
2014 —1732.26 | —1731.64 | —1728.91 | —1743.33 | —1747.74 | —1734.68 | —1762.15 | —1766.62
2015 —1522.72 | —1517.11 | —1528.55 | —1523.56 | —1540.27 | —1544.85 | —1569.84 | —1575.18
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4.4 Conclusions and Extensions

There are several advantages of using a CVAR model to estimate the cointegration
vectors instead of using physical considerations related to the crush spread. For
instance, in 2014 our model is able to adapt to changes in market supply and demand,
showing considerably higher variability in the corresponding posterior compared to
previous and following years. Our proposed model is more flexible than common
CVAR models by including effects related to seasonality and being able to capture
time varying behaviour related to aspects that are difficult to model such as market
dynamics, climate variation and level of speculation. Our data analysis for the soy
beans crush spread indicates that the proposed model leads to accurate estimation
and more confident predictions of the spread series and the cointegration relations.
We also found that our model outperforms other commonly used formulations. We
emphasize that a reliable statistical analysis of this type is possible only after the
development of a dedicated efficient MCMC sampler presented here.

Given the generality of the CVAR modelling, our approach can be generalized
to other commodity spreads, such as crack or spark spreads. Future work could
also look at non-linear stochastic volatility models and extensions of the sampling
methodology using particle MCMC methods as in Andrieu et al. [2010], Pitt et al.
[2015]. In a preliminary work not presented in this thesis, we developed a multi-
variate stochastic volatility extensions of CVAR models based on the formulation
proposed in Philipov and Glickman [2006]. We have seen that it is efficient to com-
bine samplers based on Particle Gibbs for the updates of the cointegration model
and PMMH for the static parameters of the latent path.

In the soybean case study it was reasonable to assume for the cointegration
rank r = 1. However, in other application contexts this needs to be learnt from
data, so extensions of this work can include joint estimation of the cointegration
rank, CVAR parameters and the number of factors K and lags. A starting point

in this direction could be to investigate extensions based on the fractional Bayesian

111



method of Corander and Villani [2004] or transidimensional Monte Carlo of Peters
et al. [2011].

Finally, we note that many other alternatives to the stabilized harmonic mean
can be used to efficiently estimate model evidence. In particular, in the context of
this work, these can be Metropolis-Hastings extension of the Chib’s method, see Chib
and Jeliazkov [2001], methods based on Bridge Sampling, as proposed in Meng and
Wong [1996] and used in Frithwirth-Schnatter [2004] or the SMC methods, Doucet
et al. [2000b], Doucet and Tadié¢ [2003| already explained in Chapter (2) in Section

(2.3).
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Figure 4.1: Estimation of y, (1) for [ = 1,...,4. In each panel we show the true (/)
used to simulate the data (red line), MMSE estimate from Algorithm 4.1 (green
line) and 95% posterior credible intervals (dashed lines).
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green ones their MMSE estimates. Blue line is the fitted posterior density curve.
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Figure 4.5: The prices of soybean (top row), soyoil (middle row), soymeal (bottom
row) for 2008 (left) and 2014 (right).

g g
8 |
8§ A ‘\
=} |
S My
i Il
: g | 1 A
pa HoAn v
- U !
|
o
o e
4 -
a
(=}
[To
o
o
g g
- =
o
3
o
o
S
)
T T T T T T T T T T T T
0 50 100 150 200 250 0 50 100 150 200 250
trading day trading day
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Chapter 5

Optimal regulation for controlled
Hidden Markov Models using
Particle Methods

5.1 Introduction

In this Chapter, we propose a particle method to estimate the optimal control in-
puts for a risk sensitive stochastic decision making problem where a multiplicative
reward is used. The problem is to identify a control sequence such that the resulting
observations from the non-linear, non Gaussian state-space model match a required
deterministic reference sequence with respect to the particular choice of reward.
The approach provides stochastic extension to the earlier efforts for deterministic
systems in Miguez et al. [2010], Najim et al. [2006], Stahl and Hauth [2011] and
exploits a sequential Monte Carlo algorithm, see Doucet et al. [2001] and Liu [2001],
for an appropriate dual filtering problem. The underlying idea behind the method
is presented with a conditional linear model in mind. For non-linear models, exten-
sions using SMC? are proposed; see Chopin et al. [2013] and Section 2.4.4 presented

earlier for a short summary. We will present a series of numerical experiments that
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illustrate the performance of the method on particular simulated data examples.
The numerical examples include a linear Gaussian model to show the validity of the
approach, a conditionally linear model inspired from resource allocation in energy

networks and a non-linear model of Continuous Stirred Tank Reactor (CSTR).

5.1.1 Model Formulation

In what follows we present the state space model that is the same as stated in Section
2.3.1. The only difference is that we allow now both the transitions and observations
to be dependent on the sequence of controllers U specified by the user.

Let {X,}n>0 and {Y,, },>1 be & and Y-valued stochastic processes defined on a
(measurable) space (€2,§). The discrete-time process {X,},>0 is a latent Markov
state of initial distribution ¢,, (dz) and Markov transition density f(x,|z,—1,un).
We only have access however to the observation process {Y}, },>0, which is assumed
conditionally independent given {X,,},>0, {U,}n>1 and follows a conditional likeli-
hood g(yn|Tn, un). {Un}tn>1 is a deterministic U -valued exogenous control input or
action sequence that will be used to regulate the state and observation pair. All den-
sities are taken with respect to appropriate dominating measures, e.g. the Lebesgue

measure. To summarize, we pose the model in a state space form:

Y, ~ g(:|X,, Uy) (5.2)

We will treat the realizations of Y,, as the system output and our objective is
to be close to a given deterministic reference signal ry.,,. We will refer to this as
the regulation problem and we will choose the controls so that this is achieved using

optimal control with the following finite horizon multiplicative risk-sensitive reward:

T
1 -
J(urr; i, 7o) = Eq exp(—§(z I = Yol + llun — S l7) ] - (5.3)
n=1
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Here the expectation is taken with respect to the path of the joint Markov Chain
{X,, Y, }L_, starting with X = 20, i.e. for any measurable function ¢ : X7 x X7 —

R

Y

T

E., [0(X1.1, Yir)] = /¢($1:T7 Yr.1) H f(@p|Tn—1, un) g(Yn|Tn, un)dry.pdyr.o

n=1

and we also denote ||z||5, = 2’ Rz. The typical values for = should be I or 0 reflecting
single unit controller or smoothness of the controllers path penalty respectively.
Note furthermore that R and L determine degree of penalty in the overall cost
accounting for the deviation from the reference and the size of controllers increments
respectively. They should be assumed known a priori depending on the problem in
question and the practitioners preferences. The corresponding Open Loop optimal
policy is:

uyp = arg max J(uir;rir, Zo) (5.4)
u. T €UT

assuming the maximum is indeed attainable and well defined. Partially observed
controlled processes given by the controlled HMM’s and the related decision making
problems are ubiquitous in various application domains. With the most prominent
being trajectory tracking, see Kantas et al. [2009]. In such cases, the state space
model formulation correspond to the equation of motion with some unobservable
error which amounts to the measurement equation. The objective is to coordinate
objects, for example aircraft flying at constant altitude by controlling its bearing.
Another example is from the financial context. U can correspond here to the amount
of quantities which are to be bought or sold. Controlled state space model represents
then a price process which is partially observable due to the market impact compo-
nent driven by the strength of trading actions and the reference can be thought of the
target wealth profile, see Abeille et al. [2016] and Dombrovskii et al. [2018]. In this
thesis, we will specifically focus on the examples in resources management for en-

ergy optimization and planning as well as the common problem from computational
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chemistry, i.e. Continuous Stirred Reactor Tank.

The reward in (5.3) resembles closely the risk-sensitive control formulation de-
scribed in detail in Whittle [1990], James et al. [1994] and Collings et al. [1996].
However, our setup is different in that we use a general partially observed controlled
Markov process, and hence we can only require the observations y;.7 to track explic-
itly set reference r1. rather than a hidden state of the process. For more technical
details on the admissible set of controls U, see Hernédndez-Lerma and Lasserre [2012)].
For simplicity, here we just assume that U, is a function of r1.7, Y7.,—1 and zy such
that the optimization problem is well posed.

Even though the optimal control inputs are deterministic, for the purpose of
simulation, we follow a Bayesian approach and treat them as random. A similar ap-
proach has been used in Kantas et al. [2010], where the optimal controls were treated
as a batch of parameters and computed using expensive annealing techniques. In
contrast to Kantas et al. [2010], in this Chapter we will derive an equivalent se-
quential Bayesian filtering problem and hence convert the problem in (5.4) to a
Maximum a Posteriori (MAP) estimation. The key difference in our work is that
we reformulate the problem into a suitable state space setup. Consequently, it boils
down to computing a sequence of target densities of increasing dimensions, namely
{mn(u1n)}E_,, in a similar manner to Bayesian filtering. Apart from a few special
cases, evaluating these densities is either analytically or computationally intractable.
For example, when discrete action spaces are used, considering all possible sequence
of actions would require exponentially increasing computations with 7". This can be
seen as a manifestation of the curse of dimensionality.

Therefore there is a need to employ numerical approximations for a sequence of
densities {m,(u1.,)}2_, defined on increasing action spaces. We will apply SMC, a
popular technique used routinely for complex high dimensional and non-linear fil-
tering problems, see Formulae [2004], Doucet et al. [2001], Liu [2001| and Zhou and

Chen [2013]. In addition to using SMC to approximate the maximizer in (5.4), we
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use a separate PF to approximate the filtering distribution for p(x,|y1.n, U1, 71:0)-
When applied for the purpose of optimization, the closest works to ours are Stahl
and Hauth [2011], Najim et al. [2006] and Miguez et al. [2010]. The latter treats
generic optimization problems not customized for state space models and control
applications. Najim et al. [2006] in turn propose a novel way to regulate a de-
terministic non-linear process using particle filters and to compute the optimizers.
Stahl and Hauth [2011] then follow up this approach and use these optimizers to
compute open loop controls and apply them to Model Predictive Control problems.
This approach, similarly to the method we propose, is based on interacting particle
systems. Unlike our method however, when computing uj,,, it treats the model as
deterministic.

We also note that other SMC approaches are possible in stochastic control: com-
puting optimal policies using gradients as in Andrieu et al. [2004] and Singh et al.
[2007| as well as providing approximations of p(x,|y1.n, u1.,) in receding horizon
control used in Doucet et al. [2001|. This is however mostly done in the context of
additive cost.

One might ask why multiplicative costs are useful. Typically, given a reward
variable V', often maximization of E(V') is not sufficient in practice as it does not
account for the variance Var(V). Usually, one could instead consider maximiz-
ing E(V) — 4Var(V), which is often referred to as mean-variance optimization,
see Markowitz [1952] for the most classical application. This could be however
seen as the second order Taylor expansion of E(exp(—~vV')). In general, maximiz-
ing E(exp(—vV')) enables to account for the higher order moments, in particular
skewness and kurtosis. This is well documented in the modern portfolio selection
literature where exponential utility is commonly used, see Bielecki and Pliska [1999],
Fleming and Sheu [2000] and Nagai and Peng [2002]. The problem discussed in this
Chapter is also discussed in the dynamic trading context, wherein the objective is to

track the pre-specified deterministic wealth curves, see Dombrovskii and Obyedko
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[2015] and Dombrovskii et al. [2018].

5.1.2 Organization

The organization of this chapter is as follows. In Section 5.2, we introduce the
concept of Model Predictive Control and discuss how it can be implemented using
Particle Filtering. The key component of this method is an Open Loop optimizer
which we discuss in Sections 5.3 and 5.4. In Section 5.3, we provide the general
exposition and the particular implementation in the conditionally linear models,
whereas in Section 5.4, non-linear extensions for the generic state space models are
considered. Finally, in Section 5.5, we develop the numerical case studies illustrating
the performance of the algorithms proposed earlier. Section 5.6 concludes with the
remarks on the further research directions and a brief overview of some other ideas

we had undertaken but did not pursue in more depth in this chapter.

5.2 Filtering and Model Predictive Control

In (5.4) the solution of the optimal control is presented as an open loop problem.
This means that U, is calculated in the absence of any information collected between
time 1 and time T'. Clearly this is suboptimal and well documented in the automatic
control literature, e.g. Bertsekas et al. [2005]. What we want to implement instead
is a so called feedback policy, whereby U, is adapted to all available information
at time n, i.e. Yi.,1,U1n—1,71.7. One option is to use dynamic programming (as
in Bertsekas et al. [2005] or Hernadndez-Lerma and Lasserre [2012]), but for general
state spaces and nonlinear models this approach is intractable. One could consider
numerical approximations, which is the route we will take here. Instead of solving
dynamic programming numerically, we will use receding horizon policies also known
as Model Predictive Control. This is a pragmatic approach using successive open

loop optimizations and each time applying the first (or first few) input(s). The

126



Algorithm 5.1 MPC
1. At time n

(a) Solve OL problem

n+H
b 2 Ll 2
Uit = AT %@TXEW exp(—g( Z I = Yillg + [Jur — Zwp—a]l7)) | -
’ k=n+1

(b) Apply w7y in (5.1)-(5.2) and collect observation Y, ;.

(c) Update Filter to obtain 7., ;.

question remains of how to implement MPC. To make the problem easier, we solve
(5.3) for a shorter horizon H rather than T and obtain U,77;. Then apply U™
In (5.3) the initialization is given, but now under U;”* the system evolves and one
obtains Y;. So to initialize the next OL optimization we can propagate the initial
distribution (here d,,) to get the first filter 7%(z1) = p(z1|Y1, U™). Consequently,
one can solve the same OL problem as before using 7} as the initial distribution.
The procedure can be formalized as in Algorithm 5.1.

In step (b) X, is hidden from the decision maker and hence one needs to prop-

agate the filter. The latter is propagated using the standard recursions,

. g(yn|$n7un) fﬂﬁfl(l‘n—l)f(x“xn—hun)dxn—l

To(Tp) =
( ) p(yn‘ylzn—lyulzn)

For simplicity, we use the same letter and use the superscript in u to distinguish the
controlled filter from the artificial distributions on u;.,. For most models this cannot
be done analytically and so one needs to resort to the PF instead. In addition, in
step (a) we need a OL optimizer. In this work it will be achieved using Monte Carlo

optimization based on SMC which is to be explained in details in the next section.
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5.3 SMC for Open Loop optimization

Here we propose an OL solver for (5.4) which can be effectively applied within the
MPC with shorter horizons. We will begin by making some preliminary assumptions
for our models. They will allow for simple illustration of the methodology and will

be later extended for more general problems.
e (HO) J(u1.r;71:7, 7o) is finite.

e (H1) Assume the tractability of a pseudo likelihood for r,. The following
integral

g(rvL‘xnaun) = /dn(ynvrn>g(yn’$n7un)dyn

can be computed analytically. Here we denote d(Y,,7,) = exp(—3 STl = Yall2).

e (H2) Assume that the predictive likelihood for r,,:

Gn(ulzn) - p(rn‘rlzn—la ul:n) - /5(%|$m un)p(xnh"l:n—la ul:n)dxn

is also analytically tractable.

(HO) is quite essential in what follows but is to a certain extent standard. One
could require for instance f,(2'|z,u) > 0 and g,(y|lz,u) > 0 for any 2’,z € X,
y € Y and u € U, and allow in the optimization problem (5.4) for admissible Uy.p
leading to finite J. (H1), (H2) are very strong assumptions. (H1) essentially implies
Gaussian noise for Y,, and (H2) in practice holds for conditionally linear models or
discrete state spaces; this will be considered in Section 5.3.1. Assumption (H1) is
not very challenging to relax and deal with numerically. For instance one can use a
Monte Carlo or Gaussian approximations or even define logd and J with a different
norm leading to other distributions, e.g. Laplace corresponding to the risk sensitive
version of L1 norm. Constructing approximations for g is fairly straightforward

using recent works that combine approximate bayesian computation and HMMs (

128



Jasra et al. [2012|, Ehrlich et al. [2015]). To keep exposition simpler we will not
pursue it further here. (H2) is more challenging and relaxing it will be dealt with

in section 5.5.3, where the non-linear models will be of interest. Denote
1 - 2
M (1, ) o€ exp(— [Jtn — Sty 1 }) (5.5)

which can be seen as a Gaussian kernel and note that (5.3) can be rewritten as

follows

J(urr;rir, o) = (HM(Unl,Un)>/Hd(ym7“n)

n=1
|

X g(Yn|Tn, wn) f (@] 201, up)dyr.rday 1,

(H1) allows us to integrate out y;.0 and write the problem only in terms of rq.,.
Furthermore, we will use (H2) and convert the integral of a product to a product of

integrals and write J as follows

T
J(ULT; r.T, 370) = (H

Given (HO0) we may normalize J so that it looks like a probability density function.

Let

1 n
Tn(Urn) = 7 H Gr(urp) M (ug—1, ug)
" k=1

with Z, = [ [l Gr(urk) M (ug—_1,uy)du.,. Note that using Bayes rule, m,(u1.,)
can be interpreted as the conditional distribution of u;., given the reference signal
r1... In addition, it is possible to simulate these conditional distributions with
particle methods used routinely for stochastic filtering. So that by means of a

suitable sampling scheme, we can provide good approximations of the mode of 7,
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which coincides with u?.p. in (5.4). To make this point clear [],_, M (ug_1,uz) can be
viewed as a prior distribution on U;.r and HZ:1 Gy (uy.r) as the conditional likelihood
of ri.7 given Uy.p. Note that in our original problem in (5.3), Uy.r is deterministic.
We then used the structure of J to construct M as a Gaussian kernel. When (5.4)
is viewed in terms of

uy.p = argmax wp(uy.r), (5.6)
uy.T

7mr is a conditional density, which in turns implies Uj.r is stochastic and forms a
priori a Markov process with transition density given by M. We note that this is
an artificial probability distribution of Uy.;, which simply enables sampling meth-
ods based on particle filtering to be used. Consequently, we have converted the
regulation problem to an inference problem for u,.7 given the data rq.7.

A way to explain this regulation strategy in analogy to the deterministic reg-
ulation problem is that we use the control sequence to guide the state predictor
p(Tn|r1m—1,u1.n). The predictor in turn influences the potential G,,(u1.,) and hence
. Similarly in the deterministic case the control sequence would influence the

observations both directly and through the state.

Remark 5.1. Note that one could use also an annealing principle and compute 4., =
arg max,, . mr(uy.r)?. If one is interested in estimating the mode of a density 7r
this is equivalent to estimating the mode of m7?. When v > 1 there are advantages

in terms of numerical methods, but this is straightforward to exploit only when

(HO)-(H2) hold.

5.3.1 Conditionally Gaussian Linear State Space Models

Assume (5.1)-(5.2) can be written as

Xn = An(Un)Xn—l + Cbn(Un) + Bn(Un)Wn (5'7)

Y, = ColU) Xy + 7(Uy) + Du(Un)V, (5.8)
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where {W,,},-, and {V,,}, ., are independent sequences of normal random variables,
ie. Wy, V, ~N(0,I). These are often referred to as Conditionally Gaussian Linear
State Space Models. These processes have been widely investigated in computational
statistics, see Andrieu and Doucet [2002], Lindsten et al. [2013]. They can also be
found in numerous applications such as object tracking and financial commodities
modelling, see Kantas et al. [2009], Nguyen et al. [2017]. We discuss this case
separately because the conditions (H1) and (H2) are satisfied here and analytical
Gaussian formulations are available. It also allows for an easy framework to present
the SMC based optimizer providing the motivation for the approximations used later
on.

Given the Gaussian additive structure, we can marginalize out the observations

Y and due to the Gaussian convolution property, we can straightforwardly obtain:

_ 1
gn(rn|$n7un) X €xXp (_5 HT‘n - C’n(un)xn - Tn(u”)Hénl)

where Q,, = Dn(Un)Dn(Un)/ + R~!. Also the potential function G can be derived

as.

n . - 1
Gn(uyy) = H<27T) +/2|8, 172 exp (—5 |lr — mksz_1> : (5.9)

k=1

where m,, S, can be calculated iteratively using the following Kalman recursions

presented in Algorithm 5.3 (with U,, dependency dropped for simplicity).

5.3.2 SMC Optimization

In Algorithm 5.2, we present a SMC method to sample approximately from m,.
Within this algorithm the samples and weights are used to compute an approxima-

tion of the mode @}.,. Steps (a) and (e) use standard Importance Sampling with an
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arbitrary proposal density ¢, (u,|u1.,—1) and unnormalized weights computed as:

G1 (u1) M (ug,uq)

wi (uy) = , 5.10
() ¢ (w) ( )
) M (Up—
wy, (U1.y,) = G (tt1:n) M (tn1, Un) forn > 1. (5.11)
Qn(un|ulzn—1)
The notation in step (e) is shorthand for writing W' = M Step (f)

Z£>7:1 Wn, (U%/n)

corresponds to sampling from the given multinomial distribution with replacement.

In contrast to standard SMC or filtering methods, we use likelihood G} that de-
pends on the full path U;.x. This means that the path degeneracy due to resampling
can be a serious issue and possibly give rise to spurious MAP estimation. Step 2(g)
of the algorithm tries to overcome this weakness by perturbing the particle pop-
ulation {U?, } with an appropriate kernel K,, as in resample-move particle filters,
e.g. Gilks and Berzuini [2001]. We thus need a kernel K, (u}.,|u1.,) with invariant
density m,, i.e.

o (1) = / o (i) Ko (] ) it

A small number of Markov Chain Monte Carlo (MCMC) iterations can be used for
constructing K, see the methods discussed in Section 2.4.1 for a possible imple-
mentation.

Note that K; is defined on the path space. Therefore, in order to compute the
corresponding acceptance ratio, it will be necessary to re-run the Kalman recursions
of Algorithm 5.3 up to time t. We will also have to use its output to compute @’

i ?

and the sufficient statistics 7z, _;,, 1,2, _1j,—1, as in step 2(g). The computational
cost of the algorithm is of order O(T?) for every MCMC run from 1 to 7. This
methodology is predominantly about to serve as an Open Loop numerical solver to
track short length trajectories, like in Model Predictive Control. Therefore, time

horizon T is usually assumed to be relatively small, which is quite common in MPC

(Rawlings et al. [2017], Maciejowski [2002]).
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Algorithm 5.2 Open-loop SMC optimizer. We adopt the convention that whenever
the index 7 is used we mean ‘for all i € {1,..., N}’

1. At ttmen=1

Sample U ~ ¢(+).

Compute puj,, 3y,

Compute G (U}) .

Set ai = log Gy (Uf) — & U3,

Compute W7 oc wy (Uh)a Zf\il Wi =1.
Resample {Wf, (U{',ai,/ﬂm, EZill)}' to obtain {]%,, (Ui,aﬁ,/_fﬂpiu)}‘.

n=2...,T

Sample Ui ~ g, (-| T, ;) and set U?,, (Uilmfl,uil) :

7
n—1jn—

7
njn?

Compute ,uﬁlm, mé 3
rithm 5.3.

Compute G, (Uj,,) using g, X, from Algorithm 5.3

S¢ using ﬁib_un—pi , as an input to Algo-

Set ai = @ +log G (UL,,) — 3 U = Ui, |}

Compute W oc w, (U,), SN, Wi =1,

Resample {an (U{'m, AT Eim) } to obtain
{%7 (U’Llrwa:wmﬂn?izn\n) }z

Move Uy, ~ K, <| Uilm> and collect the updated Eg,ﬂz‘n,f

nln

. —I . -
3. Compute I = argmaxi<,<y ap and return U, as the estimate of uj.p

Convergence

In order to use

N
7 (durn) = > Widy; (un)
=1

as a tool to approximate u},,, one could follow the approach set by Najim et al. [2006]

based on the propagation of chaos. It can be established that if uy.,, ~ 7 (duy.,) then
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Algorithm 5.3 Kalman Recursions
1. Input: p,_1j,—1 and X,_;,—; computed at time n — 1

2. At time n compute:

Pnjn—1 = Anpn_1jn—1 + Pn
Y1 = AnZy 1A, + BB,
My = Cpfinjn—1 + Tn
Sp = Cp S 1C + Q
Kp = Yon1C St

,un|n - ﬂn\nfl + Kn(rn - mn)
En|n = 2n|n—1 - Knann\n—l

3. Output: ji,),, m, and X, Sy

there exists a constant ¢ such that the distribution of this sample satisfies

n
£ (u1in) — 7 (dulzn)HTV S o

+ (5.12)

This results says that the distance between the distribution of a single particle drawn
from 7, and the target m, typically increases roughly linearly in time, in contrast
with the exponential rate that is true for standard importance sampling techniques.
Result (5.12) can be further generalized for a sub-sample of 7, with [-elements.
Let 7% be the tensor product composed of [ copies of 7,, then for any n > 0 and

1 <1 < N there exists some finite constant d(n) such that

le (T ) = 7t (@)

LS dn)+ (5.13)

l
1=1

This means that asymptotically {UZM} will behave almost like independent sam-
ples of m,. Hence, if we choose the size of the sub-samples to vary with N so that

I(N) = o(v/N), the following holds for every ¢ > 0,

N)

P (max T (Ui:T> < max 7 (upr) — 5> < d(”)l(%)Q + (1 - WT(U(ST))K

1<i<l ureUT
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with U] = {u1 7 €U (urr) > max,, e T (Urr) — (5} This implies conver-

gence in probability, that is for every § > 0:

> 5) = 0. (5.14)

max 7 <U1 T) — max_ 7y (u1.7)
1<i<I(N) wrmelT

lim P (
N—o0

For more details on these results see Formulae [2004] and Najim et al. [2006]. In
Miguez et al. [2010] one can find also a result similar to (5.14) but with the stronger

notion of almost sure convergence.

5.4 Nonlinear Models and SM(C?

Since (H2) condition does not hold for the generic non-linear case and we can no
longer marginalize out the latent states, the potential function G(uy.,) will not be
available analytically. We still assume (H1) so that we can view the reference signal
as the input data with the tractable observations density.

We note that in the previous example the state propagated in SMC procedure
is (U], p(Tn|r1m,UL,)). In the conditionally Gaussian linear case, the filtering dis-
tribution is also Gaussian and hence can be uniquely represented by means of the
sufficient statistics, m,, and S,. In principle, in general state space models, we do
not have access to p(x,|rim, Ur.n). In this section, it will be approximated by run-
ning the local particle filter embedded within the outer filter targeting the marginal
posterior of Uy.,,. Hence the particle system propagated in the non-linear case is
{W,g, (U{'m, (Wi, Xy )}‘:1 with the inner filter {W77, X271} providing ap-
proximation of p(z,|ri.n, Urn). G(u1.,) needs to be approximated using standard

particle approximations. These are unbiased (see Section 2.3.3) and are given as:

G(UL,) —ﬁ( Zgrk]X” )

k=1

with the respective terms defined in Algorithm 5.4.
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Note that this corresponds to the Bootstrap proposals applied for the local fil-
ters. Steps (a)-i, (a)-ii in Algorithm 5.4 correspond to step (b) of Algorithm 5.2,
whereby rather than first two moments, we propagate the approximation of the en-
tire distribution. Step (c) estimates the running reward which is optimized in Step
3. Approximation of the potential is carried out in (b). In 2(e), for the particle re-
juvenation, instead of the usual MCMC, we need to adopt the appropriate PMMH
kernel. Note also that resampling would amount to changing estimated likelihood
value of G(r1.,,|U%, ). This needs to be taken into account as this quantity is plugged

into the evaluation of the acceptance ratio of PMMH.
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Algorithm 5.4 Open-loop SMC? optimizer. We adopt the convention that when-
ever the index 7 or j is used we mean ‘for all i € {1,..., N}’ or ‘for all j € {1,..., M}’
1. At timen=1

(a) Sample Uj ~ q(-).
1. Sample X|7 ~ f(-|UD).

ii. Compute wy”’ = g(ri|X7”,U}) and normalize Wi’/ = ——.
j=1 W1

G(ri|U) My (onUf)

(b) Compute G(r1|Uf) = 2 Shr, wi?, set wi = and normalize W} =

v a(U})
w]
Zﬁvzl wi’
(¢) Set ai =log G(ri|U}) — 3 |UF — a5,

(d) Resample {Wf’,a’i,@('rﬂU{"), (U{’,{W{""j,X{"j J)} to {%,Ei,é(rﬂﬁl‘l),(U;,{W;’j,fi’j ])}
k2

i. Resample {Wﬁ’j,ylf }j to obtain {M,XZ’] }J

2. Forn=2,...,T

(a) Sample U;LL ~ q(|U;n—1) and set UiLn A (ﬁ’i:’rn—l?U;z)? G(T117l—1|UiL‘:n—1)
Grin1|U1n)-

i. Sample X7 ~ f(-| X7, U!) and set X}/ ()N(f’:fl_l,Xf;j).

ii. Compute wi’ = §(r,|X%7,Ul) and normalize W7 = ST
j=1"n

(b) Compute G(rnl|rin—1,U;) = 3f L3L; whd and G(rin|Uf,,) = G(rim—11U1,n_1)G(rnlrim—1,U}) ; set w), =

Glrnlry: n—l Ul)Ml (U" L U1) and normalize W} Niﬁl
q(UY \U]n 1) " Yiv, wh
; 2
(C) Set a —an 1 +10gG(7”n|T1n U, HUZ %71HL-

(d) Rresampte {wi. k.. G0 UL0 (UL, {w:;j,x::f}j) b oo {F e GOt (Th (W X0} )}

i. Resample {W;’J,yzﬂ} to obtain {ﬁ,ffﬂ} .
J

J
(e) Move Uilm ~ K, (| Uin) using PMMH kernel with the marginal likelihood computed
in step 2(b),(d) and collect updated @’,, G' (r1 n\Ul n)s {M,X‘ J}
J

, —I : _
3. Compute I = argmaxi<;<n @ and return Uy.,, as the estimate of U .

5.5 Numerical Case Studies

In this section, we shall investigate numerically the performance of the algorithms

presented above. We will consider first a linear Gaussian case whereby the open loop
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particle values

time n time n

Figure 5.1: Left plot: Dotted lines (in magenta) show 95% credible intervals obtained
from {Uj}Y, under Algorithm 5.2 with N = 1000 and m = 1 for the number of

MCMC steps. Solid line in blue is the estimated optimal path Uin and green is

the actual optimal path wu}. for the open loop case. Right plot: Dotted lines (in
magenta) show simulated 95% credible intervals for Y;.1 (using 100 independent
samples) and blue solid line is reference ry.r.

maximization is a convex optimization problem that can be solved using standard
numerical methods. In this work, we use the Powell’s method proposed in Powell
[1964| which is simple to apply as it does not require the derivation of gradients.
Then we consider a conditionally linear model dealing with a resource allocation
problem which we analyze to compare SMC and SMC? described in Algorithms
5.2 and 5.4. We assess these models primarily in terms of the suitability for the
optimal control applications. Finally, we examine a non-linear example based on
the Continuous Stirred Reactor Tank for which we compare the open loop controller

and the MPC solutions.

5.5.1 Linear Gaussian model

We will consider a simple linear Gaussian state space model by setting in (5.7)-(5.8):
A, =C, =05, B, =D, =1, ¢p(u,) = up, 7o(tn) = uyn, ug = 0. For simplicity
we will demonstrate the performance of the algorithm for a scalar example with
the reference set as r,, = cos (0.27n + 0.3) and the proposal ¢, simulating from the
kernel M (u,,_1,du,). In Figure 5.1, we use the particle cloud output from Algorithm

5.2 with N = 1000 and m = 1 to compute the estimated optimal path UiT together
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Figure 5.2: Box plots of log J(U;.;) with N = 102,10%,10* and T = 20 obtained
under 100 independent runs of Algorithm 5.2.
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Figure 5.3: Diagnostic plots for Uy.r, T = 50. Left: we plot the average acceptance
ratio vs n over N = 1000 for m = 1,2,...,5 MCMC iterations at each time n. All
final acceptance ratios are around 0.2 that is considered a typical choice for efficient
sampling. Right: From the final particle cloud {Uj}Y, we plot kernel density
estimates of Uy, Ur/o, Ur—1 as approximated when using m = 1,2,...,5 for the total
number of rejuvenation steps at time n.
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Figure 5.4: Comparison of different MCMC rejuvenation schemes with N = 100

and T" = 50. We plot log J(UiT) for no MCMC (Standard), Metropolis Hastings
with normal random proposals (MH), random walk proposals using empirical mean
and covariance from the particles (Adaptive) analogous as in Chopin [2002] and a
pre-conditioned Crank-Nicolson (pCN), see Cotter et al. [2013]. All procedures are
tuned to ensure average acceptance ratio for each sampler at final time is around
0.2.

with 95% credible intervals. We also present the true open loop solution uj.,, which
agrees well with its estimate. In simulations not shown here with higher values of N
we can obtain even higher accuracy. In the right plot of Figure 5.1, we also present
simulated credible intervals for distribution of the observation paths ;.7 obtained
under the estimated wj.,, which can be used for uncertainty quantification. In
Figure 5.2 for T' = 20, we investigate the accuracy of the open loop maximization
for different N = 10%,10%,10* using 100 independent runs of the Algorithm 5.2.
Clearly with increasing N, estimation of uj., shows significantly reduced Monte
Carlo variance and bias.

In Figure 5.3, we present some simulation diagnostic plots. We monitor the
average acceptance ratio of the MCMC rejuvenation step against time and distri-
butions of Uy, Urjs, Ur_1 as computed from the final particle cloud, {Uf.,}i¥,. It is
expected that increasing m improves performance when sampling U;., and here a
value of m = 4 — 5 seems appropriate. Examining U; is particularly relevant, as U
is used when implementing this scheme within MPC. Furthermore, the performance
can be improved even further using more elaborate IS proposals.

Finally we compare the performance of different MCMC schemes in Figure 5.4.
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It is clear that MCMC rejuvenation is beneficial. We found that pre-conditioned
Crank-Nicolson, as proposed in Cotter et al. [2013], was easier to tune and implement
and outperformed the other approaches. This could be due to its suitability for
applications in higher dimensional setups, see Hairer et al. [2014] and Kantas et al.

[2014]. That is why in other experiments analyzed in this Chapter we will use pCN.

5.5.2 Plant Scheduling Example

The motivating application comes from the area of power engineering and electricity
networks management. Traditionally, state space models used in power engineering
are deterministic. In many problems this is completely unjustified. For example
when predicting the short term available wind power and the temperature driven
consumer demand (see Sturt and Strbac [2012] and Yu et al. [2009] and the references
within), or when examining the power transfer fluctuations across transmission lines,
as in Stahlhut et al. [2007]. What seems clear in the power literature is a pressing
need for probabilistic modelling and efficient tools from computational statistics
when analytical solutions are not available.

In particular we will focus on problems dealing with every-day management tasks
of a transmission network. In our context the regulation objective can be to meet
consumer demand by injecting power to the power grid using a selection from power
plants of different type, e.g. wind, nuclear, water, each incurring different costs of
operation related to fuel, start up or shutting down.

We will proceed by presenting a simple problem inspired by the realistic model
found in Sturt and Strbac [2012], along the lines of (5.1)-(5.3). Although at this stage
our methodology is not intended to compete with existing approaches when realistic
power applications are concerned, examples like the one to follow can motivate

further work in this direction.
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Figure 5.5: Comparison of SMC and SMC? algorithms applied for the conditionally
linear case. The plot illustrates the proportions of on/off binary particles Uf’t of the
SMC and SMC? procedures for each of the four plants (different colours).
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Figure 5.6: Comparison of SMC and SMC? algorithms applied for the conditionally
linear case. The plot is for the 95% credible bands (plotted with dashed lines) of
the continuous variable Uit obtained from the particle clouds generated by these
methods. The solid lines indicate OL solution.
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Figure 5.7: Distribution of paths of Y under U* for the exact SMC' (left plot) with
N = 10000 particles and approximated SMC? (right plot) with N = 10000 and
M = 100. Predictive mean of the simulated system response under uj., obtained in
a single algorithm run is plotted with red crosses together with the corresponding
95% credible bands (plotted with dashed lines). Green solid line denotes averaged
values over 10 independent runs of the optimizer. Solid blue line denotes a reference
path.

\ N =10 \ N =10° \ N =10 |
M =0 (SMC) | —75.73(=79.83, —74.93) | —73.42(—76.42, —70.91) | —72.94(=77.07, =71.18)
M =10 | —80.68(—84.52, —77.29) | —76.56(—79.25, —75.17) | —75.26(—78.29, —74.07)
M =100 | —78.53(—82.02, —75.55) | —74.31(=77.40, —72.67) | —74.16(—77.46, —72.94)
M =500 | —76.71(—80.56, —74.19) | —73.75(=75.56, —71.02) | —73.46(—76.42, —72.91)

Figure 5.8: Table for the average log costs (obtained under 30 runs of the algorithm)
with N = 102,103, 10*, M = 0(smc),10,100, 500 and computed using Kalman recur-
sions. In the brackets we put the best/worst value per this Monte Carlo experiment.
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Model

Let the reference ri.; correspond to the power supply that must be provided to
the grid. This could be for example the difference between predicted demand and
available wind power. The reference to be met has to be provided by M different
power sources/stations. The aim is to switch on and off appropriately each of the
M stations and to assign different proportions of the reference r, to the ones that

are on so as to minimize operational costs.

M

1, Where each

We will set the state of the problem, z,,, to be a vector (x,(m))
component corresponds to the power output of plant m. For the controls we will

define the vector of control inputs at time n as u, = (u1.,(m), ug,(m))>_,, where

m=1’
u1,(m) € {0,1} is a binary variable used to start up or shut down the operation of
plant m and usy,(m) is the fuel input to plant m at epoch n. The state space model

equations are given by

X, = FX,_i+ U, + BW, (5.15)

Y, = U, X,+ DV, (5.16)

where F, B, D are known, Y, is the total power output to the grid, Uy, is the
transpose of U; ,,. We will also impose constraints for continuous part of the control

Us,n € Uy, by defining its action space as

As the admissible set Us depends on Uj, it is a natural choice to resort to the
particle methods. Note also that in this simplified model X, is allowed to take
negative values. In a real application this might correspond to consuming power

at a particular station for storage or cost efficiency purposes. After integrating Y,
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(H1), the finite horizon reward function to be maximized can be written as:

E.,

T
1 2 2 2
exp <_§ Z <“rn - u,l,anH(DD/+R71)71 + ”ul,nHLl + ”u27nHL2>>] (517)
n=1

where Ly, Ly should be set according to regulation specifications.

Note that if a standard linear quadratic cost formulation were chosen instead
of maximizing a multiplicative reward like (5.3), the expectation of the quadratic
term in the exponential could correspond to the total expected cost until time 7.
Maximizing the reward in (5.17) can serve as a risk sensitive version of a standard
linear quadratic regulation problem and in general one should not expect to get the
same controllers in each case. Finally, we emphasize that this formulation ignores
realistic features of the power scheduling application, such as ramp constraints for
generating power, start up delays and storage facilities found in Sturt and Strbac
[2012]. Nevertheless constraints on w,, can be embedded in & and the problem can

still serve as a interesting example.

Numerical Study

Let T' = 40 and set the number of stations to M = 4. For the state space model
parameters we will use B =D = 0.1 and F' = diag(.9, .1, .5,.5) and for the reward
Ly = diag(0.1,0.2,0.3,0.4) and Ly = diag(0.4,0.3,0.2,0.1). Also, for the constraints
of uy,, we have d; = dy = d3 = dy = 10. The idea behind these choices is to construct
a scenario where stations with lower switching on/off cost are assigned higher “fuel”
penalties (reflected upon higher values in Lj). The reference is a one dimensional
signal composed of a sequence of equally sized upward steps every 5 epochs up to
some time before the middle of the horizon T'. After that, it decays with a sequence
of equal downward steps.

For the importance sampling step we will propose from the joint kernel such

that U, ,, is to either switch one station on or off with the probabilities implied by
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the cost function and then conditionally on the realization of u,,, we propose the
Us,,, particles from the uniform distribution in its action space Us, or setting to J
if uy, = 0. In the rejuvenation step, for Us, we use pCN kernel subject to the
admissible sets Uy and random walk for Uy ,, which retains the current state (on/off)
with probability 0.95 and moves to off/on with probability 0.05.

Throughout this section, we aim to benchmark the performance of Algorithm
5.2 against Algorithm 5.4 applied in the scenario where both of these methods can
be used. The purpose of these experiments is to show that the Algorithm 5.4 can
be efficiently applied in the non-linear model. In both cases we use N = 10000 and
in the SMC? case assume the number of local particles to be set to M = 100.

In Figures 5.5 and 5.6 we compare the performance of both algorithms in terms
of the approximated smoothing distributions for both binary path of U; switching
controllers and continuous fuel Us. The credible bands under both methods seems
to be reasonably similar what suggests that from the sampling perspective, the
overall performance can be considered on par. We can see however that the MAP
optimizers tend to somehow differ in both cases. This should not be a surprise as the
problem is highly non convex, with intertwining discrete and continuous parts. Also,
small difference in U; might perhaps have stronger influence on Us. These solutions
therefore also need to be analyzed from the control perspective. In Figure 5.7 we
present the recursive mean and credible bands of the simulated system responses
obtained conditional on the fixed controller path uj.,, computed in Algorithm 5.2
and Algorithm 5.4. We also report the averaged mean over 10 independent runs of
the optimizer. It is evident that both methods perform very well when the accuracy
of trajectory tracking is concerned. Some further improvements can be always be
achieved by different tuning for Ly, Lo, D.

In Table 5.8, we consider different number of particle settings and report Monte
Carlo mean values of log.J (U{:T) computed over 30 independent runs of the algo-

: —=I . . ,
rithm, where U;.; is the estimator of uj.;- in each run. As expected, the best results
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Figure 5.9: Cyan dashed lines represent 95% credible intervals of the smoothing
distribution of Uy generated under Algorithm 5.4 with N = 1000, M = 50 and
pCN rejuvenation step. Orange line denotes the corresponding optimal solution of
the open loop problem for 7 = 20 and green and blue lines are respectively MPC
path for H = 5,10 and 7 = 1.

are obtained using the exact SMC. However, even when using SMC?, the results
are satisfactory and rather on par when the large number of inner particles M is

concerned.

5.5.3 Continuous Stirred-Tank Reactor

We consider here a non-linear model specification whereby any analytical results,
such as marginalized path dependent likelihoods, are not available in closed form.
To this end, we investigate a stochastic extension of a simple batch CSTR reactor

with consecutive reactions:

AR pB

The relevant reference on model and the applications in optimal control can be found
in Chen et al. [1995], Sjoberg and Agarwal [2002] and Suja Malar and Thyagarajan
[2009]. Normally in the literature this model is considered in terms of its deter-
ministic dynamics and formulated as a system of ordinary differential equations.
In this work, we consider stochastic extension and assume the following Stochastic
Differential Equation (SDE) representation of the mass balance equations with an

additive Brownian Motion noise.
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Figure 5.10: Top plot shows simulated 95% credible lines of the observable temper-
ature paths of y obtained in 50 independent simulations of the system under fixed
optimal OL solution u* from Algorithm 5.4 with N = 1000, M = 50. Bottom plots
are the bands obtained under 50 independent runs of MPC procedure with H = 5, 10
and 7 = 2,5 on the left and right bottom plot respectively. Blue solid lines denote
reference path. 148



| T=H [ r=[H]2] |
H =5 | 32.62(17.35,90.15) | 28.26(14.46, 53.97)
H =10 | 37.09(17.65, 71.41) | 21.19(13.65, 35.84)

Figure 5.11: Average additive loss values (Y7, ||r; — Yel|% 4 [|wr — Sy ||3) for suc-
cessive OL with H = 5,10 and M PC for H = 5,10 and 7 = 2, 5 respectively. Values
are averaged over 50 Monte Carlo runs; the best/worst values are in paretheses .

dca = —k (T)C?Adt + o4dW 4 (5.18)
dep = (ki(T)ch — ka(T)ep) dt + opdWp (5.19)
dT' = (mki(T)4 + 2ka(T)ep (5.20)

+(6L1 + GQT) + (bl + bgT)u)dt + O'TdWT

ytn - iz—;fn + Uyey (5 " 2 ]')

where ¢4 and cp denote concentrations of components A and B whereas T denotes
the reaction temperature; ¢,, refers to the continuous time ¢ domain discretization.
The control variable u represents dimensionless scaling of two physical manipulated
variables. The rate constants k; and ks follow the Arrhenius temperature depen-
dence,

E;

We assume the same model initialization as in the previous work of Tkonen [2006]
dealing with the batch path tracking in the deterministic CSTR model. We set:
A; = Ay =0.003; 21 =0.1; £2 = 0.005; ;= 3.33; 72 = 66.7;a1 = 0.01;a0 = —0.02;
by = 1.0; b = —0.03. Furthermore, we take a unit sampling time with the desired

temperature trajectory as

ry = 20exp (—.02 (t + 50))

149



with the initial conditions set as: (ca)o = 10.0;(cg)o = 8.0;7y = 7.5. The noise
levels we set to 04 = o = or = 0.01; 0, = R™' = 0.1 and L™ = 2.0. Furthermore,
we use g, = M as an outer filter proposal.

To run the proposed algorithm, we need to perform suitable discretization. In

these numerical studies, we employ Euler-Maruyama method that proceeds as:

Tty = [ (@0, (tnsr — ta) + [V (tng1 — ta)e, (5.22)

where ¢ ~ N(0,1,,) and z = (ca,cp,T) with f* and f% implied by (5.18)-(5.20).
Rigorous discussion on convergence results of this scheme can be found in Kloeden
and Platen [2013]. With the step size taken to be ¢,.1 — t, = 0.02, the transition
from x; to 441 involves applying 50 iterations from Equation (5.22). As we apply
here bootstrap proposals for the local filters, it is only required that we are able
to simulate this state space dynamics. Note that (H1) still holds as the model

considered has Gaussian additive noise and so g(r¢|z;, u) = N'(re| T}, (0 + R71)).

Numerical Results

In this section we analyze the performance of Open Loop control and MPC. In Figure
5.9, we present the 95% confidence bands for the posterior smoothing distribution
of the controllers utilizing pCN rejuvenation scheme. We use fairly short 7 = 20,
as for longer horizons, it tends to be very hard to tune the underlying SMC scheme.
We also present the OL solution and the corresponding policies based on MPC.
It can be seen that the open loop optimizer is slightly smoother comparing to the
MPC results. This can be perhaps attributed to the fact that MPC needs to make
constant adjustments for the observed data. For most of the time, the MPC based
policy paths lie within the confidence bands of the smoothing distribution. These
policies also perform similar to the deterministic case analyzed in Figures 3 and 4

of Ikonen [2006].
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In Figure 5.10, we present the benefits of using MPC as opposed to OL. We look
at the Monte Carlo distribution of the output paths y generated under OL control
and multiple applications of the MPC policy. The horizon is of length 40 now and
we have to emphasize that for OL it is too large as it does not allow for the efficient
rejuvenation of the SMC over the whole path. This makes MPC more appealing
choice. In Figure 5.10, we see that OL solution gives rise to wider predictive bands
compared to MPC which also diverges and deteriorates trajectory tracking. MPC
based solution performs very well maintaining relatively uniform bands. This is
expected as MPC uses intermediate observations in contrast to the OL which does
not make use of the collected data. Furthermore, we present the average additive
loss obtained using successive OL controls and MPC for the same reasonable short
lookahead horizons to enable decent comparison. It is clear from the Table 5.11 that
MPC performs significantly better and also that Open Loop gives rise to higher

variance results.

5.6 Discussion

In this chapter we proposed a framework for using filtering methods to estimate the
optimal control inputs for a linear quadratic regulation problem with a multiplicative
reward. SMC algorithms were developed and the performance of the schemes was
illustrated in a series of relevant numerical experiments. The models analyzed here
cover the broad spectrum of conditionally linear and general non-linear state space
models. They can also serve as a benchmark to assess the performance of the
methods commonly used in the optimal control literature.

The first future investigation should be related to the relaxation of the (HI)
condition. We note that the most natural extension is to resort to Monte Carlo

approximation wherein the step (a)-(ii) in Algorithm 5.4 is replaced by estimating
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g}(r1|Xf’j, U}) using:

K

~ 3 77i 1 1 2

9(7“1|X1’]7 U1) = ? E €xXp (—5 ™ = ygk)HR) (5-23)
k=1

where y§k) ~ g(-|X}7,U?) which we assumed to be a distribution which can be easily
sampled from. Note that we can effectively see this as the extension of Algorithm
2.9 from Chapter 2 with four layers of hierarchy for U, X,Y,r. In the future work,
we could also use Approximate Bayes Computation (ABC) based approaches for
the filtering whereby observation likelihood cannot be evaluated pointwise, but can
be sampled from. This is along the following line of literature: Jasra et al. [2012],
Ehrlich et al. [2015], Yildirim et al. [2015] and Persin and Jasr [2016].

Furthermore, one could ask why not to perform particle smoother given that
we are primarily interested in the approximate smoothing distribution. There are
elegant and computationally appealing possibilities recently developed for condi-
tionally linear models, see Sirkké et al. [2012] , Lindsten et al. [2013], Nguyen et al.
[2017]. We realized however that it would be hard to extend this methodology for
the non-linear cases. It is why, to ensure decent sampling efficiency, we decided to
opt for the whole path rejuvenation instead. We believe it is a reasonable approach
given that the horizon H is usually assumed short, especially within the context of
MPC.

Furthermore, it is also possible to develop Rao-Blackwellized extension of the
conditional SMC method, see Lindsten et al. [2012]. This could be then used as a
kernel for particle rejuvenation. This will be however computationally expensive to
jitter every particle like this, leading to the method of order O(N2M?T?).

Instead, in further studies, which due to their preliminary nature, we do not
present in more depth in this report, we used this kernel to develop the optimizer
based on simulated annealing. This is however only possible in the conditionally

linear model, as we need the exact value of G} where ~; forms a suitable temperature
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sequence. It is not obvious how to obtain particle approximation of G}'. We used
the model as in Section 5.5.1 and the model for aircraft trajectory tracking found in
Kantas et al. [2009] and saw that this method is very promising. We show in Figure
5.12 the results for minimizing the minus reward.

Furthermore, as shown in Kim [1994] and Barber [2006], the backward kernel in

the conditionally linear model can be approximated to be Markov:

p(uk’uk+1:T7y1:T) = /p(uk’uk+17$k+17y1:k)p($k+1’uk+layl:T)d$k+l

~ p(uk|ugs1, yix)-

This allows for the extension of the Viterbi algorithm for computing MAP in the
state space models, see Godsill et al. [2001], into backward-forward moves instead.
We also ran some preliminary analysis for this to obtain the initial results. They

are not significantly better so we did not pursue it further.
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Figure 5.12: Blue lines correspond to the trace of —log J(Uf’%,) against the i-th

iteration index under Simulated Annealing. The red line is the value of —log .J (UiT)
computed using Algorithm 5.2. Top plot is for the vanilla Linear Gaussian model
of Section 5.3.1, whereas the bottom plot is for the model (6) from Kantas et al.
[2009].
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Chapter 6

Conclusions

In many practical situations, modern simulation methods are the only feasible solu-
tion for learning in the complex models which in order to adapt for the specific prob-
lems often need to relax the usually oversimplified formulations and assumptions.
When used within the Bayesian learning paradigm, they also allow for parameters’
uncertainty quantification and can provide more accurate model inference usually
incorporating non-trivial dependence structure. Apart from the model estimation,
they can also serve as the optimization techniques performing especially well in the
high dimensional problems.

In this thesis, we developed some novel advanced simulation methods for the
purpose of model estimation, data analysis, optimization and control. In this section,
we present a brief overview of our contributions summarized per each chapter. We
also present what we believe could be the most promising extensions of the problems

considered.

e In Chapter 3, we bridged the gap in the MCMC literature between Hybrid
Monte Carlo and Bayesian cointegration models. We developed extensions
that incorporates into the CVAR models the ability to work with more flexible
errors noise assumptions, in particular multivariate Student ¢ and to develop

a Bayesian model in such a context. We provided a novel algorithm which we
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demonstrate equally efficient as current state-of-the art samplers and which
furthermore can be applied in more generic scenarios. We also consider Sin-

gular Value Decomposition (SVD) representations and priors on parameters.

e In Chapter 4, we investigated how models with cointegration can be used to
study the soybean crush spread. We proposed the state space extension of the
standard CVAR model which accounts for the latent time varying features of
the commodities market. With regard to the Bayesian inference, we showed
that the application of the standard Gibbs might not prove efficient and hence
more elaborate algorithms are needed. We developed therefore an efficient
MCMC method based on partial collapsing extensions of the approach of Koop
et al. [2009]. We performed real data analysis showing benefits of the model

proposed in the context of the soybean crush spread.

e In Chapter 5, we proposed a framework for using filtering methods to estimate
the optimal control inputs for a risk sensitive stochastic regulation problem of
partially observable Markov Decision processes. For this purpose, we devel-
oped a SMC? based optimization algorithm for Open Loop control. We also

proposed how MPC scheme can be implemented using Particle Filters.

6.1 Extensions

In this final section, we briefly discuss possible extensions of the work presented in

this the thesis.

e Regarding Chapter 3, a natural improvement is related to the more advanced
implementation of the Hamiltonian dynamics integrator. As we have employed
the baseline version, and given the recent work of Hoffman and Gelman [2014],
we believe there should be room for improvement in this regard. Another

interesting questions arise when n and potentially r are large. Is it possible
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to perform estimation efficiently and are the conclusions we reached in this
Chapter still valid? In numerical results not shown we have applied the above
methods up to n = 10, and our conclusions seemed to hold. In order to use
much higher values of n a significant amount of developments is needed. In
particular, we believe interesting investigation is the application of the GMC
within Gibbs. That is in case X € V,,, and both n and r are large it might be
wise to partition X = [X, X ] and apply GMC moves for the manifold valued
basis in V,, , and V,,,_j. Such an extension might prove particularly useful
in financial applications when for instance equity market is concerned. It is
typically the case that tradeable asset pairs might be easier to search for when

the partitioning on the certain sectors is pre-specified.

Regarding Chapter 4, the main extension is related to non-linear state-space
formulations of the model with cointegration. There have been a lot of asymp-
totic treatment of this kind of models, see Cavaliere et al. [2010b,a]. However,
to the best of our knowledge, there has not been an efficient numerical work
in this direction, enabling learning and prediction in the practical real data
context. We believe that the recently developed enhancements of PMCMC
algorithms for high dimensional models, see Doucet et al. [2015] and Gunawan
et al. [2018] should allow for this line of research. We have done some prelim-
inary work with multivariate stochastic volatility extensions of CVAR models
based on the model of Philipov and Glickman [2006]. We realized that it
is particularly efficient to design samplers based on Particle Gibbs updates
for the parameters of the cointegration model and PMMH updates for the
static parameters of the latent path. This can be done very efficiently now us-
ing methods proposed recently in Gunawan et al. [2018|. Another important
direction is related to the generality of our modelling framework. In partic-
ular, similar data analysis could be performed for other commodity spreads,

such as crack or spark and perhaps leading to more efficient pricing methods.
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Last point is related to the joint estimation of the cointegration rank and the
number of factors K and lags. A starting point in this direction could be to
investigate extensions based on the fractional Bayesian method of Corander

and Villani [2004] or the transdimensional moves as in Peters et al. [2011].

Regarding Chapter 5, the first extension is related to the relaxation of the
(H1) condition discussed in Section 5.3. There has been work already done for
the standard state space models in the scenarios where the observation dis-
tribution can be sampled from but the corresponding density is not available
for the pointwise computation. The possible solutions are based on ABC ap-
proaches and have been developed in Jasra et al. [2012] and Jasra et al. [2013].
An interesting problem is how these methods could be applied in the deeper
hierarchical state space models where we could also use Rao-Blackwellization.
Could that perform better than the Monte Carlo approximation as in (5.23)7
In the work not presented in this Chapter, we also developed Rao-Blackwellized
extension of the conditional SMC kernel for the class of hierarchical state space
models considered in this Chapter. We have observed that this kernel could
be used either as a rejuvenation within the SMC? or as a part of simulation
annealing method for the optimization in the latent path space, i.e. another
open loop solver. Regarding simulation annealing technique, we need to em-
phasize that these can only be applied for the conditionally linear models.
We have seen satisfactory performance in this class of models. However, as a
rejuvenation procedure, they can still be applied for the general state space
models. This procedure leads to quite expensive scheme which perhaps should
be applied with care and be accompanied with some degeneracy criteria. It
can nevertheless be useful when other rejuvenation schemes are difficult to
tune. It is also worth pointing it here that in case of the conditionally linear
models, there has been a successful line of literature allowing computationally

efficient Rao-Blackwellized smoothing as well as its rejuvenated version, see
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Sarkkd et al. [2012] and Nguyen et al. [2017].

An interesting overall extension of the work presented in this thesis is to incor-
porate Bayesian cointegration learning within the methods for non-linear optimal
control. There is very little research in the area of rigorous portfolio optimization
in the presence of cointegration property. The only literature that we are aware of
is Rudoy and Rohrs [2008] and Rudoy [2009]. There is also some work on designing
optimal trading rules in the presence of time varying features of the cointegration
portfolio as in Triantafyllopoulos and Montana [2011]. However, from the risk man-
agement perspective, it is important to combine the efficient learning tools of the
more elaborate cointegration models with the optimal decision making approaches.
We believe that the developments of this thesis could be straightforwardly employed
with the MPC based framework for portfolio selection developed in Dombrovskii
and Obyedko |2015] and Dombrovskii et al. [2018| where the objective is to follow

pre-specified wealth curve.
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Appendix A

Additional Material for Chapter 3

A.1 Gradient Derivations

In order to implement the Algorithm A.1 and algorithms of Section 3.3, we need to

resort to the following lemma:

Lemma. If A € R™*": B € RP*Y then the following identities hold:

L. d(giB) = ([nq ® Tmp) (In ® vec(B) ® [m)

2. X8 - BT ® A

3. X =1, ® L,

4. dlgf‘lA‘ = vec(A™T)T

5. Product Rule: 248 — (BT @ )44 1 (I, ® A)%E if A and B are matrix

dX

variate functions of a matrix argument X.
6. Chain Rule: Vxg(f(X)T) = (Vxf)" V;g.

Proof. See Gupta and Nagar [1999] and Magnus [2010].
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Furthermore, we need to define the commutation matrix 7;, ,,, as:

where ¢; ; denotes the j — th canonical vector of dimension ¢ with 1 in the j — th
coordinate and 0 elsewhere. This matrix is used for transforming the vectorized

form of a matrix into the vectorized form of its transpose.

Remark. T, ,,, is an orthogonal projection matrix satisfying the following useful prop-
erty TpmVec(A) = Vec(AT) for any A € R™™. Moreover, the following identity

holds Ty = Tipl, = T .

Remark A.1. We proceed with a couple of propositions that contain the expressions

of the gradients for the log posterior density.

Proposition A.2. Partial derivative of the log posterior density with respect to the
cointegration matrix [ is

6“’%;“’5” = (6TPyyr © I)TT, + (I @ BT)(Ir ® Pyyp)) "
. (va*T) + (Ir @ Vee(G™HT ® 17.) (Inr ® Iny) Vee (5*1 ® G) - % (Ir ® Vee(wG ™ HT © 17,) (Iny ® Iny) (Vec(a) ® Vec(a)))
+ (vec(Y) — ((ZT ® a) TT,n) Uec(/i))T (@?=1R71) ((ZT ® a) Trm,) . (A.1)

Proof. Denote 3 = BT Py, 3. Then the log density reads as

log 7(a ( ~)log|B] + = 10?; BeG™ -2 (V€C( NT(wB)© G (VGC(Q))>
— % ((vec( —aptz2)" (@leR_l) vec(Y — aﬂTZ))
= f1(B) + f2(B).

Considering now partial derivatives of these functions separately; and assuming
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h(B) = 6T @ G~ and m(hT) = L (Vec(a)) Th (Vec(a)):

B (v08)" 95 (- 510811 = J rox 4T (3) 1+ m (47 (5)))
— (v48) " (Var08181+ (T5h(D) " VitoalnT |+ (V5a(5) " Thm(nT))
= (vp) " (veelB )+ (V5 (B ™)) Vatoslnl - - (V5 (Feve))" (Vee(@) @ Vee(a)))
= (v5B) " (Veeld ™) + (1r & Veel &™) ©11) (nr © Inr) Vee (871 ©6) = 2 (1 @ Veewe ™) 6 1) (Tnr © Lr) (Vee(a) © Vee(a)))

(A.2)

=(6TPyyr ® I)TE, + (1r © 8T) Uy ® Pyyp)) " (VeeBT) + (1n @ Ve @™HT @ 1) (Tnr @ Ing) Vee (A1 @ G)

(A.3)
_ % (Im ® Vec(wa HT ® I,r) (nr ® Iny) (Vec(a) ® Vec(a))) (A.4)
and the derivative of fo(f) is
of2(B) _ T -
o8 (vec(Y) - ((ZT ® a) Tnn> vec(ﬂ)) (EB?IIR 1) ((ZT ® a) Tnn> .
Hence, adding them together we obtain the required expression. .
O]

Proposition A.3. Partial derivative of the log posterior density with respect to the
adjustment matriz o is

W = —VEC(Q)T(VB)®G71+(U€C(Y) - ((ZTB) ® ]nn) Uec(oc))T (@?:1R71> ((ZTﬁ) ® Lm) (A.5)
Proof. Note that log likelihood in terms of a can be written up to the constant of

proportionality as

log (e, B) o — (vee()) "(w) © G~ (Vee(a)

— 5 ((weelY —ap" 2))7 (&1, R vee(Y — " 2))

= g1(a) + g2(a).

Consider now partial derivatives of both of these functions separately.

895(()7) = Vec(a)'(vB) @ G™L. (A.6)
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And also

92(04) = —% (vec(Y) — (ZT ® CY) Uec(ﬁT))T (@;:1R71) (vec(Y) . (ZT ® CY) U@C(ﬂT))
- —% (vee(Y) — ((2"B) ® 1) vec(a))T (@7, RY) (vec(Y) — ((Z78) @ I,) vec(a)) .
Hence
aggf) — (vec(Y) — ((27B) ® L) vec(a))" (@L,R™Y) ((Z7B) ® I,). (A7)

O

The overall method for the simulation discussed in Section 3.3.3 proceeds as in

Algorithm A.1.

Remark A.4. Note that the steps 5(a) — 5(e) corresponds to the usual Leapfrog

scheme in the basic version of HMC scheme.
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Algorithm A.1 One iteration of GMC for cointegration model starting from («, ).

1.

2.

6.
7.

8.

Sample v, ~ N(0, I,,.,) and vg ~ N(0, I,,.,)
Apply inverse vectorization operator to vg , vg < vec ! (vg) and apply orthog-
onal projection of vg onto the tangent space of 5. Then vg < vec(vg).

Set h + log7(a, B) — 2vlv, — %Ugvﬁ.

27«
Set (a*, %) « («, B).

. forr=1,...,T do:

(8) Vo ¢ Vo + £ Vo logm(a*, B*); vg < vs + 5 Vg logm(a*, *) where gra-
dients are computed using Propositions A.3 and A.2.

(b) Apply inverse vectorization operator to vg , vg « vec *(vg) and apply
orthogonal projection of vg onto the tangent space of 5. Then vz
vec(vg).

(c) Update (5*,vs) and (a*,v,) by following the geodesic flows for time in-
tervals eg and €, respectively.

(d) Vo <= vo + EVarlogm(a®, B%); vg < vg + %Vﬁ* log (a*, 5%).

(e) Apply inverse vectorization operator to vg , vg + vec *(vg) and apply
orthogonal projection of vg onto the tangent space of . Then vectorize
again vg < vec(vg).

h* = logm(a*, B%) — 3vLva — 3V5vs.

Sample U ~ U(0,1).

If U < exp(h* — h), then return (a*, 8*), otherwise return («, 3).
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Appendix B

Additional Material for Chapter 4

B.1 Derivations of the posterior conditional distri-
butions

We begin with some auxiliary results and then proceed withe the proof of Proposition

4.1

B.1.1 Auxiliary results

Proposition B.1. For X = (z1,...,x7) given by xy = Bx; 1 + &, (with zo = 0,)
we have that Vec(X) ~ N(0,V), with V = (AT ®L, Q7 A) ™" and A = Iy — (Ir ®
Or xx(T-1) Ik Ixer-1y  Orxkr-1)

and M =
Ixer—1y  Ogr—1)xK Or(T-1)xK Orxk

B)PM, with P =

Proof. We can rewrite xy = Bx;_1 + §; in a matrix regression format by stacking

vectors of the series realizations x; in the columns of matrix X,

X = BXo+ o1,
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where Xy = (xo,...,27_1). After applying the vectorization we get
Vec(X) = (It ® B)Vec(Xo) + W

where W ~ N(0,®7_,Q). Recall the permutation matrix P is invertible and hence

we can write

Vece(X) = (Ir ® B)PP 'Vee(Xo) + W
Vec(X) = BVec(X}) + W
Vece(X) = CVec(X)+ W
AVee(X) =W (B.1)

~ ~ | Ig- Ogc(r—
where we let B = (Ir®B)P, X{ = (21,...,27-1,29) C = B =y xR

Orxrr-1)  Orxxk

and A = I — C. From (B.1) we get

5 (AVee( X)) &L, @ (AVee(X))

x exp(—%V@c(X)T(gT ol Q' A)Vee(X)).

p(Vec(X)) ox exp(

and so Vec(X) ~ N(0,V), where V = (AT &L, Q1 A)~L. —~

Note that in Proposition B.1 we use partial collapsing and sample the cointe-
gration parameters in (4.11), (4.12) without conditioning on the hidden states X.
This significantly reduces dimensionality in Gibbs updates and improves the mixing
of the sampler. We will make extensive use of the lemma below, which allows for
analytic representation of the full and marginalized conditionals in Gaussian matrix

variate likelihood model.

Lemma B.2. Consider a Gaussian vector regression model with output ) € R™*!

and input X € R™™ where
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Y =X0+¢

and 6 € R™*! and € € R™! is an innovation error vector such that ¢ ~ N(0,Xy).

Suppose that a conjugate prior of € is a Gaussian vector p(f) ~ N(mg,Xg). Then
p(6]Y) ~ N(iiig, Sg), where

Yo = (XTS x4+ 5,17

my = Mp(XTS5'Y + Sy my).

The proof is omitted as it follows by straightforward linear algebra.

Lemma B.3. Suppose Y = [D1, Vs, ..., Vul| is a matriz whose columns are i.i.d

samples from N(0,%). If & ~ W (v, ), then p(S|Y) ~ W v +n, ¥ + YYT).

See Gupta and Nagar [1999] for a proof.

B.1.2 Proof of Proposition 4.1

We consider each posterior conditional separately.

pe(Vec(B)|Q, z1.7): As in the proof of Proposition B.1 above,
= Bxyy + 0 Vi1 1
can be rewritten in matrix regression format as:
X =BXq+W
with W = (61,02, ...,dr). Applying matrix vectorization operator:

Vee(X) = (XF @ Ix)Vec(B) + w, (B.2)
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where w ~ N (0, ®]_,Q). Hence by multivariate normal conjugacy implied by Gaus-
sian likelihood in (B.2) and the results of Lemma B.2, the conditional posterior of

Vec(B) is also multivariate normal

V€C<B)’Q7X ~ N(Nﬁ)sta EB

post) )

(B.3)
where

2P =((Xg @ Ix)" (@L,Q NX] @ Ix)" + (op) k)™

/“Lfost = Zfost((XoT ® IK)T(@tT:1Q_1)U€C<X))'

We proceed with po(Q|B, z1.7). We can simulate from the full conditional update
by exploiting conjugacy class relations of normal and inverse Wishart distributions
as well as conditional independence of () and observed time series realizations given

latent path. The hidden model likelihood can be written as
T, = Q1/27’t, Ty =1z — Bryy, 29 =0,

with 7, 1.1.d multivariate standard random normal. Since the prior for Q is W~ (vq, 03Ik ),

then by the Lemma B.3 we have
QIB,X ~ Wl vg + T, XX" + 03 1x), (B.4)

with X = X — BX,. For computing pu(Vec(H)|a, B,Y, z1.7.€): Note that, condition-
ing on the realization of latent path, observation model parameters are independent
of hidden static parameters. Recall, Y =Y — af7Y;, — &T and noting vectorized

regression format as

Vec(Y) = (X7 @ Ix)vec(H) + E,

where E ~ N(0,® | R), we can exploit the same conjugacy properties and Lemma
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B.2 and B.3 to obtain

Vec(H)|Y, a, B, X, € ~ N(ftyo5, Spost):

where

S = (XToIg) (@ R)XT@I)" + (on) *Ix2) ",

post =

Hpost = st (X ® L) (1, R vee(Y)).

pr(R|Y, a, B, x1.7,&) : Conditional on latent path and all remaining parameters,
Y — HX can be regarded as T' vector variate normal samples with zero mean and

variance R. Hence the full conditional of R follows directly from Lemma 3:
Rle, ,Y, X, ~ W v + T, (Y — HX)(Y — HX)T 4 0%1,). (B.5)

pa(Vec(a)|Y,8,H,R,B,Q.,§), ps(Vec(B")|Y, A H,R,B,Q,§): To obtain cointe-
gration parameters’ marginalized conditionals of partially collapsed Gibbs algorithm,
we utilize convolution property of normal distribution, Proposition B.1 and Lemma

1 together with the following representation:

Vec(Y) = (YL B @ I,)Vec(a) + Vee(p) + (YT @ I,)Vec(§) + E
= (Y] @ A\Vec(BT) 4+ Vee(p) + (YT @ I,)Vec(&) + E
= (Y[ B®@ I)Vec(a) + (YT @ I,)Vec(&) + E

= (Y] @ AWVec(BT) + (YT ® I,)Vec() + E, (B.6)

where E ~ N(0,V); V = &L R+ HV H with H and V defined in proof of Propo-
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sition B.1 above. If we define further:

y=VecY)— (" ®I,)¢;
M, = (YOTB ® [n)S

Mg = (Y] ®a).

Then, it follows from Lemma B.2 that collapsed conditionals (with marginalized
latent paths) for vectorized components of cointegration model, Vec(a) and Vec(BT)
are distributed as vector variate normals, p,, pg respectively, with variances and

means as provided below:

Pa ~ N(Mgosb Zgost)7 (B7)

pB ~ N(Mfost’ Efost)‘ (BS)

post = (ML V™' Mo+ (Za) ™) 7

post =

Ngost = Zgost(Mg;V_l@‘ (Bg)

28 ¢ = (MEV T Mg + (85) )7,

post

Hpost = Spost(MEV 7). (B.10)

post

Using (B.6) again, we can define

Y = VeelY) (¥ © AVee(B),

M§ = (TT X In)§
Then analogously as in (B.9), (B.10) and by Lemma B.2,
pg(V@C(f)lK a,8,H,R, B, Q) = N(:uf)ostv Ef}ost)
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where

Spost = (M{VTI M+ (3™

post

:uflost = Ef}ost(MfTvilg%

and X¢ = 07 Lnn.
Po2,(0%|R) : Assuming Inverse Wishart prior of R ~ W~ (vg, 031,) with hy-
perparameter o% following gamma distribution 0% ~ Gamma(ag, Sr), then by

straightforward algebra:

p(oR| R, y1r) = p(oq|R)

VRN 1 _ an—
x(ah)F exp (= gobir(R) ) (03 exp(— o)

~(ap) # e oxp (<o B+ rr(r ) )

so it follows clearly that p,s (0| R) is a Gamma (5% + ag, Bg + 5tr(R™)) .
Po2, (03| H) : Assuming multivariate normal prior of Vec(H) ~ N(0,0%Iux)
with hyperparameter 0% following inverse gamma distribution 0% ~ IG(ag, By), it

follows that

p(U%{|H7 yl:T) = p(O’?{‘H)

oc(a%,)_"K/2 exp (—%V@c(H)TVec(H)) . (0?{) —an—l exp(—ﬂH

2
H On

),

50 g2, (0| H) is IG (oup + 25, By + 3Vec(H) ' Vec(H)).
Po2, (03| B): By analogous argument as above we have p,2 (03|B) = IG(ap +

KT?,BB + %Vec(B)TVec(B)).
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B.2 Background related to algorithm design

B.2.1 Simulation in Step 11 — Forward Filter Backwards

Smoother (FF-BS)

FF-BS provides systematic procedure to sample from the joint smoothing distri-
bution py(z1.7|v1.7) = p(r1r|B, H,Q, R,y1.7) in the Gaussian Linear State Space

Model:

Ty = Bl’tfl + 615

ye = Hry + ¢

The principle of the method outlined below exploits the following decomposition of

the joint smoothing density

T—1
p9($1;T|’y1:T) Do $T\le Hp xt|xt+luy1t (B-H)
t=1

where pg(x¢|Tii1,y14) is a backward Markov transition density given by

p($t+1‘$t)]9(xt’y1:t) (B 12)
p(ﬂftﬂ |?/1:t)

p9($t|9€t+1, yu) =

In the forward step of the FF-BS algorithm, we obtain the filtering densities
{po(z¢|yr14)};, which are multivariate normals with means {z,;}/_; and covari-
ance matrices {X;;}/_;. To simulate a latent path from the smoothing density
po(z1.7|y1.7), We iterate through the series backward in time as in (B.11), simu-

lating from the kernel (B.12) utilizing means and covariances of filtering densities.
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Algorithm B.1 Forward Filter Backwards Smoother
Input: Static parameters of the SSM{B, H,Q, R}
Output: Sample draw zq.7 from the joint smoothing density p(x1.7|B, H, Q, R, y1.1)

Initialization x,, = 0, Zom|0 =1

1. (Forward Filter) For t € {1,...,T} compute:

Zm

tlt—1

— BZf_l‘t_lBT +Q

= HY?

tlt—1

fe1 HT + R
Ky =%g (H'(Sy, )™

tlt—1

)
)
)
d) ¥
)
)
)

(g Etm\t = Zf\t—l - Ktz?\t—thT-
2. For t = T simulate zrp from the filtering distribution p(zr|y1.7r) =

N(l’T\% ET\T)-

3. (Backward smoother) For t € {T' —1,...,1} do:
a) otep 1: Compute smoothing mean myr and covariance Iy r
Step 1: C hi o and iance P
Pyr=(B"Q7'B + Eﬁt_l)_l

mt|T = Pt|T(BTQ_1$t+1 + Eﬁt_la}'ﬂt)

(b) Step 2: Simulate x; ~ N(myz, Pyr).

B.2.2 Proof of Proposition 4.2

Given the hierarchical structure of the model allowing to exploit conditional inde-
pendence between state and measurement equation, we can use efficient grouping
strategies. From now on we will assume the following parameter space decomposi-

tion, for simplicity omitting hyperparameters.

z1:=(B,Q,H,R), z:=(a, ), z3:= (x1,...,27) .

Proof. Note that steps 1-7 can be regarded as a joint draw from the Gibbs ker-
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nel leaving the joint full conditional of z; invariant. That is, in steps 1-7, ZY) ~

Kl(-\zf*l), zéifl), zéiil)), such that

/K1(2/1|Z1,22,Z3>P(Z1122,Z3)d21 :p(2/1|22723) (*)

Steps 8-10 yield samples of the static parameters of observation equation according
to Markov kernel K5 being a composition of the Rao-Blackwellized conditional kernel
K(a,p)z, Which analogously as proved in Koop et al. [2009] and described in Section
3.2.1 of Chapter 3 is invariant to p(a, §|z1,€) and marginalized exact conditional

distribution of &, pe (|21, 22).
(257, €0) ~ Ka(z, 912570, €070),

where

KQ(ZIQa $/|227 5) = K(a,ﬁ)|21 (zl2|217 Z9, €)p<€,|217 2,2)

Now, note that

[ e, o, Op(ea, €l =

[ Kaen(hlan, 22, 00(€ for, sp(ez, o) =

P 1155) [ Koy Golon, 20, Op(ea, €loa)dzads =

€ 155) [ Ko Golor, 20, Op(aalé, 21)p(€]) e =
p€ 1 53) [ ([ Koo Golor, 20, Oplaalé, 1) dza)plelon)d =
€ 1.5) [ (e, Op(eln)d =

€1, 55) [ B €lar)ie =

P(E |21, 29)p(20]21) = P(E  z]21)  (x%).  (B.13)

And hence the Markov kernel defined as above, leaves p(§, z2|2;) invariant .  For

notational simplicity, £ can be embedded in 25 , so that from now on zo := {25, &}.
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The overall kernel defined under Algorithm 4.1, can be written thus as:

K (z13]213) = Ki(21|21, 22, 23) - Ko(23]21, 20) - (23] 29, 21).

To see that Algorithm 4.1 proposed in this Chapter satisfies the suitable balance
equation, i.e. targets appropriate distribution of interest, (4.7), we exploit relations

() and (**) and compute

/K(Z/l;3|21:3)p(21:3)d21:3 =

p(23)2, 7)) - / K (29|21, 22) - Ki (21|21, 22, 23)p(21:3)d21.3 =
(*)

pslens ) [ KaCglehsze) ([ Ko lon, e sadp(arla)dn) - peaa)diza
(2329, 21) - /KQ(Z/Q‘ZIMZQ) -p(21|22:3) - P(20:3)d20.3 =

Pl ) [ KalGpleh,20) - plst, 20, 20)dzn =

Pl ) [ Kalylshs20) (s}, 2a)dza =

Pl 2) [ Kaeylsh, ) plaals) (a1 oz =

P(25128:21) - pl2}) / Ko(zl2, 20) - pleal ) dzs )

p(z3]22, 21) - p(21) - P(22]21) = P(21.3)-

B.2.3 Supplementary material related to the computational

cost

Note that by (4.11) -(4.12), the most computationally intensive procedure of the
algorithm proposed is the inversion of the matrix R := &L R+ fIVfIT, where V
is defined in Proposition (4.1) and H := (I ® H). In the following discussion, we

will focus therefore on the complexity of this operation. Set R:= ®!l'R and apply
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Woodbury identity to obtain
(4 BVAT) ' = B — B A (v + BT ) AT

Note that both R~'and H are by construction block diagonal and hence computa-
tional complexity of their product is constant in length of underlying time series (and
storage is quadratic). Furthermore, (R~*H)(H(V~'+ HTR'H)™!) as a product of
block diagonal and generic T'n X T'n matrix (which we show to be an inverse of block

tridiagonal) can be computed in O(T?) operations. Also, as defined in Proposition

(4.1) VL = (AT @, Q' A). Recall,

A= [TK - C
where
5B Ixr—vyxr@m=1) Orxk(m-1)

Or(r-1)xK Orx i
and

B = (Ir ® B)P.
So that

vl — @fl _ @715 _ GT@tl + 5T@715_

Now,

G165 — {(@(I  B))P) Ixr—ryxxr-k) OkT—K)xK
= T

OrxK(T-K) Ok sk
is a product of two block diagonal matrices (in round brackets). Hence it give rise
to another block diagonal matrix Q(Ir @ B) permuted by matrix P ( curly brackets
). This is consequently the block lower diagonal with one non-zero upper right hand
side block with K last columns deleted. The last transformation has the effect of

removing non zero right upper block yielding as a result lower block diagonal with
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last block equal to zero. Analogously, Q~C is a block upper diagonal. CTQ~'C is

block diagonal since the effects of permutations annihilate each other. Thus finally,
V~1 as a sum of block diagonals and upper and lower block diagonal matrices is

clearly a block tridiagonal.  Therefore, (V™' + HTR™'H) as a symmetric block

tridiagonal matrix, according to the Lemma B.2 given below can be inverted in
O(T?) operations. Consequently, as R'H and its inverse which respectively pre-
and post-multiply (V~!+ HTR-*H)! are block diagonal, such multiplications are
of computational complexity of order O(T?).

Remark B.4. There are a number of theoretical results describing the structure of
the inverses of block tridiagonal matrices, see Meurant [1992|, Torii [1966] or more
recently Vandebril et al. [2005]. In this Chapter, we use results of Jain et al. [2007]
who derive a compact representation for the inverses of block tridiagonal matrices

that can be constructed in computationally efficient and numerical stable manner.
Lemma B.5. Block Tridiagonal Inversion

Let A be a symmetric block-tridiagonal matrix of the form
A1 —B

BT A, -B
A= —BT

where each A;, B; € RNe*Ne Thus, ACR?Ne*TNzs with T diagonal blocks of size N,
each. In this Chapter, we make use of ratios of sequential elements of the sequences
{U;} and {V;} for the stable computation of A~'. These sequences {R;} and {S;}
are defined as follows:

U= RUr, V5, =VS.

The sequences {R;} and {S;} can be computed in O(T'N,) operations using the

198



following numerically stable recursions:

Rl - A;lBl, RZ - (A,L - B;-TilRl',l)ilBi, 1= 2,

Sr—1 = Br_1A7', S; = Bi(Ai1 — SinBL) ™ i=T-2,..,1
Diagonal blocks of A~!, denoted D;, are given by the following recursions:
Dy = (A1 —=BiS])™", Diy1 = (Ai1 —BinSL) "I+ BI'D;S), i=1,2,..,T-2,

Dy = A;N(I + B} Dr_1Sr_1).

In the case under consideration (real, symmetric), either of the two sets {D;, S;}
or {D;, R;} can be used as a valid representation of the inverse. Now, in order to
compute A~ we have to apply the fast multiplication algorithm.

Fast Computation of A~ 'x.

We present pseudo-code for computing the product A~'x where A~! is represented
by {D;, S;} sequence. For any vector z, we will use zj; to denote the ¢ — thblock

vector of size N,, i.e.

<l = [Z(i—l)NI+17 Z(i—1)Ng+2y =+ Z’i]\h]? 7i - ]-» e T.
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Algorithm B.2 Fast A~'z
Input: sequence{D;, S;} , vector .

Initialize: pir) = o).

For ie {T —1,...,1} do:
P = (i) + SiPlita);

v = Dippy,

qn) = S{ Dy,

For ic{2,...T — 1} do:
qi) = ST (q—1) + Dizpy);
Y = Dipp) + qpi-1;

yir) = Drpm) + qr-1-

Return y.

The above algorithm takes computational time of O(T'N2) and hence computa-

tion of
1 0 0 0 1 0 0
01 .0 0 1 0
Al =A"T=47" = A1t AL Y
: : . O : :
00 0 1 0 0 1

takes O(T%N?) ~ O(T?).

B.3 Additional results for the Harmonic Mean

In Figure B.1, we present the convergence plots of the estimated log marginal like-
lihoods obtained under the standard Harmonic Mean estimator (black line, e.g.
see Newton and Raftery 1994) and the stabilized approach (red line) proposed in
Raftery et al. 2007. The plots are against the index of a sub-sampled MCMC chain
(taken every 10 iterations). The plots are consistent with Raftery et al. 2007 in that
standard harmonic mean tends to overestimate the marginal likelihood.

We chose using this stabilization because we can marginalize out terms that relate

to py and results in an estimator with reduced variance. The variance reduction
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Figure B.1: Convergence diagnostics of log marginal likelihood for each of fifteen
years with standard harmonic mean plotted as a black line and stabilized mean
plotted as a red line.

compared to the standard harmonic mean is proved and illustrated numerically in
Raftery et al. 2007. We note that the models My and M3 do not include p; terms
and as a result the standard harmonic mean estimator is used. Even with the
increased bias, the resulting marginal likelihood estimates are lower, so we believe

this should not pose an issue.
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