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Abstract 

This paper proposes an engineering approach at the microstructural scale to the problem of fatigue crack initiation.  

Initiation of an engineering fatigue crack approximately 0.2-0.4 mm in size is broken down into the separate processes of 

nucleation of a small facet, and subsequent short crack growth of the facet to an engineering crack.  Engineering fatigue 

models frequently don’t consider these processes separately and have difficulty predicting the total initiation life as the 

distributions of the separate processes are not known.  A fundamental approach to modelling initiation life that tries to 

address these issues has been developed.  A combination of crystal plasticity and the extended finite element method are 

used to model nucleation followed by short crack growth.  The crack growth rate is calculated using the local stored 

energy at the crack tip, crack growth occurs on the crystallographic plane with the largest accumulated slip, thus allowing 

crack tortuosity to be modelled.  A grain boundary hardening model has been developed which reduces the local stored 

energy available for growth at grain boundaries resulting in growth retardation.  The levels of retardation experienced are 

in agreement with published data for a range of materials.  The method has been successfully correlated with fatigue data 

for coarse grain RR1000. 
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1. Introduction 

Calculation of fatigue lifetimes of materials and components in service has been the subject of extensive research activity 

for several decades.  Considerable progress has been made in determining the mechanisms responsible for crack initiation, 

McDowell and Dunne 2010, Sangid 2013, and in capturing these mechanisms in software and models for calculating 

fatigue lifetime at a component engineering level Khanna and Kotousov 2020, Corran and Williams 2007.  Component 

life calculation is frequently broken down into two separate requirements of crack initiation and crack propagation, or 

damage tolerant life.  As operating conditions, in particular in gas turbine aeroengines, continue to increase, both the 

initiation and propagation lifetimes are increasingly pushed to tighter margins.  This paper is concerned with crack 

initiation where a particular problem of life calculations is the fact that it is a result of several sequential and competing 

mechanisms.  This is further complicated by the fact that many of these mechanisms are microstructurally dependent and 

as a result highly stochastic.  During the early stage of crack nucleation and short crack growth it is known that the crack 

interacts significantly with the microstructure leading to a wide variety of mechanisms and also stochastic scatter in 

fatigue data, Jiang et al 2020, Boyd-Lee 1999. 

In component life calculations two approaches are usually adopted to address the combined issues of scatter and 

uncertainty in fatigue life, the first is to apply large knockdowns for calculating safe component design lives and the other 

is to life from component rig testing.  In the latter case uncertainty is greatly reduced due to similitude in volume, residual 

stress, material and surface condition, Corran and Williams 2007, and therefore reduced knockdown factors can be used.  

Whilst extremely effective for clearly demonstrating safe lives of critical components this method is expensive, is limited 

in use to like for like components and doesn’t help understanding or modelling the failure mechanisms.  Fatigue initiation 

life calculation is further complicated by the lack of a precise definition, 5% load drop in a specimen test, or life to an 

engineering crack size are frequently used, the latter of which is difficult to determine readily and varies widely depending 

on application. 

The approach adopted in this paper to modelling crack initiation is to attempt to address the unknowns by modelling the 

microstructure the main failure mechanisms explicitly.   Whilst many mechanisms contribute to the rate of crack initiation 

the main sequential processes are facet nucleation, followed by short crack growth up to the point where crack initiation 

is deemed to have occurred.  In this paper the term ‘nucleation’ refers exclusively to nucleation of a small fatigue facet, 

a fraction of a grain diameter in size that occurs typically on the dominant system as a result of persistent slip and is the 

starting point for subsequent microstructurally Short Crack Growth (SCG).  The term initiation is used to refer to initiation 

of an engineering crack (typically of size between 0.2-0.4 mm).  SCG is the process by which the nucleated facet grows 

to the size of an engineering crack.  Here SCG refers exclusively to microstructurally short crack growth where the crack 

length is a similar order of magnitude to the dominant microstructural length-scale, taken here to be the average grain 

size. 

Following crack initiation, fracture mechanics approaches can be used to model the growth of the initiated crack up to 

the point where a component is removed from service.  Whilst it is somewhat arbitrary, there are many practical reasons 

why the use of the ‘engineering crack’ terminology is useful in separating crack initiation from crack propagation, 

amongst these are that it is a size which can be measured by non-destructive testing of a component, it marks the point 

where growth rates are less susceptible to microstructural variability and it is the smallest size where fracture mechanics 

approaches can be used to simulate crack growth rates.  Whilst fracture mechanics modelling of crack propagation 

presents its own significant challenges, in particular in how to deal with mean stress, sequencing, time dependent and 

environmental effects it is far less prone to microstructural variability and scatter than crack initiation. 



This work attempts to address the variability and unknowns in crack initiation by treating facet nucleation and SCG as 

separate processes, both of which are modelled explicitly within a statistically representative microstructure using the 

crystal plasticity finite element (CPFE) approach, Roters et al 2010.  The first phase of this work was reported in Pan et 

al 2021, where the microstructural local stored energy, (Wan et al 2014A and 2014B, Wilson et al 2018, 2019), was 

calculated throughout a statistically representative volume element (RVE) and used to determine crack nucleation life.  

The mechanistic argument for this process is that the local stored energy is the component of local inelastic work that is 

stored at the length-scale of dislocation structures defined by the mean free path.  Facet nucleation occurs when this 

energy, driven by repeated loading and the refinement of local dislocation structures and associated hardening, reaches a 

level where it is sufficient to overcome the surface energy required to create free surfaces.  Use of the mean free distance 

that is calculated from both statistically stored dislocations (SSD) and geometrically necessary dislocation (GND) 

densities allows the effect of plastic strain gradients and lattice curvature to be included in the local stored energy 

calculation.  The local stored energy has been shown, Wilson et al 2018, to give similar results to discrete dislocation 

plasticity calculations of dislocation configurational energy which is specifically that component of energy which supports 

lattice curvature and results from the application of external load and restraint to a dislocation field.  [The configurational 

energy is the difference in energy between a dislocation network and the total energy of the individual dislocations]. 

The work of Pan et al 2021 showed that the local stored energy method could successfully calculate fatigue lives at 

different temperatures and R-ratios, and crucially, multiple distinct microstructural analyses generated a similar 

distribution of fatigue lives to experimental data.  One limitation of this work however is that the results, which 

represented calculations of facet nucleation, were correlated against conventional S-N fatigue data represented by a 5% 

load drop, which would result from a much larger crack than the nucleated facet that was modelled.  This paper develops 

this approach further and uses the eXtended Finite Element Method (XFEM), within a CPFE framework to simulate both 

the nucleation and growth of the small facet to the size of an engineering crack of the order of 0.2-0.4 mm.  Therefore, 

the results can be correlated more representatively with fatigue initiation data and represent total initiation life rather than 

just the nucleation component.   Treating the processes of nucleation and SCG separately, will make it possible to isolate 

the rates, microstructural dependencies, and distributions, associated with each process leading to a more accurate 

representation the distribution of total fatigue life. 

The SCG problem itself has been the subject of extensive research and investigation and many specific phenomena result 

in SCG being a highly complex physical phenomena to understand and model.  Several excellent reviews and treatises of 

SCG behaviour have been written, Jiang et al 2020, Hussain 1997, Sadananda et al 2019.  Several of the phenomena of 

SCG are characterised by direct contrast to long crack growth behaviour, and principle amongst them is the extremely 

wide range of behaviour that is observed in short cracks which can grow at rates both lower and higher than long cracks 

at equivalent stress intensities, they can also grow at stress intensities below the threshold expected for long cracks and 

can exhibit a number of thresholds below the long crack threshold.  Part of the SCG problem lies with the inevitable 

comparison with long crack behaviour, frequently comparisons are made using Linear Elastic Fracture Mechanics 

(LEFM), which is not strictly applicable due to the large size of the plastic zone compared to the crack length, (Jiang et 

al 2020, Hussain 1997), and which will not be able to capture the microstructural dependency of crack direction and 

growth rates. 

Mechanisms responsible for the difference in observed growth rates between long and short cracks include; reduced 

closure due to reduced plastic wake and surface roughness behind the crack tip (due to the short crack length), decaying 

internal stresses as the crack grows away from an initiating feature, Sadananda et al 2019, and inherent microstructural 

flaw size increasing the apparent size of the crack, El Haddad et al 1979.  In each case modifications have been made to 



the effective stress intensity and crack growth rate calculations such that similitude with long crack growth rates is 

demonstrated.  Whilst these are very useful engineering approaches for allowing elements of SCG behaviour to be 

explained and correlated with long cracks, there remains an issue over the applicability of LEFM at microstructural length 

scales.  These approaches are also unlikely to capture the effect of microstructural variability and mechanisms controlled 

by local microstructure. 

In this paper it is attempted to overcome these limitations by explicitly modelling crack growth within a representative 

polycrystalline CPFE model.  Using this method the interaction of a crack with the local microstructure and crack tip 

stress fields are accounted for by including the elastic anisotropy and crystalline plastic behaviour of individual grains.  

Instead of LEFM quantities crack growth rate is calculated based on the intensity of inelastic behaviour at the crack tip 

quantified through the cyclic variation in local stored energy.  The crack growth plane is the slip plane with the most 

intense slip deformation thus allowing the tortuosity typical of short crack growth to be simulated.  It is noted that SCG 

does not always occur on the plane of most intense slip, in particular in titanium alloys they have been found to grow at 

an angle of ~15° to the dominant crystallographic plane, Ozturk et al 2017, the current modelling framework does not 

capture such effects.  The crystal plasticity model is implemented as a UMAT (or User MATerial) subroutine within the 

ABAQUS standard finite element package.  The crack growth and damage calculations are implemented using XFEM 

and the UDMGINI user subroutine within ABAQUS. 

A critical factor in determining short crack growth rates and behaviour is the effect of grains, grain size and grain 

boundaries.  SCG is frequently characterised as occurring in repeated periods of relatively rapid growth followed by 

periods of temporary arrest or retardation, typically caused by growth through a grain interior followed by arrest as the 

crack attempts to traverse a grain boundary, Blochwitz and Richter 1999, Boyd-Lee 1999.  In terms of growth rate 

monitoring this naturally leads to very high variability as well as the demonstration of both higher and lower rates than 

equivalent long cracks (equivalent in terms of crack tip stress intensity).  The growth rate across a grain is dependent on 

grain orientation and the extent of arrest is dependent on grain boundary (GB) mis-orientation, Wen et al 2016, Gao et al 

2007, Zhai et al 2000.  Depending on the grain boundary character and intensity of the crack tip the temporary arrest at a 

GB may become permanent.  To account for this critical aspect of SCG a GB hardening term has been added to the crystal 

plasticity model, this is based on the mechanism and evidence reported in Zhai et al 2000 and the data of Wen et al 2016 

and allows for a different degree of hardening dependent on GB twist character.  It is shown that the resultant reduction 

in plasticity near GBs and hence local stored energy can qualitatively characterise observed crack growth arrest periods 

experienced in testing. 

The structure of this paper is that there is one main Modelling section, Section 2.  Section 2.1 describes the material model 

including the critical elements of the crystal plasticity, slip equations, stored energy density and GND calculation.  Section 

2.2 develops a new microstructural crack growth model, a comparison of the microstructural growth law with Paris’s law 

is also made for an idealised material and loading conditions to determine the general applicability of the stored energy 

approach.  In section 2.3 the model is compared against published single crystal large grain test data in different 

orientations to determine its ability to predict growth in single crystals.  In section 2.4 a GB hardening model is developed, 

and simulations are run of crack growth across GBs, the behaviour is compared with published data showing temporary 

growth arrest at GBs.  Finally, in section 2.5 the combined approach is used to predict fatigue crack initiation, that is 

nucleation followed by SCG, within a microstructurally explicit crystal plasticity RVE, the results are compared with 

both fatigue test S/N data and published microstructural crack growth data for a similar alloy.  Running a number of 

different but representative microstructural elements has shown that the simulated scatter is qualitatively similar to the 

scatter in test data, although further test and simulation data are needed to quantitatively compare distributions. 



2. Modelling 

2.1 Material Model 

Crystal Plasticity Model 

The crystal plasticity model used in this work is a visco-plastic physically based approach similar to that developed by 

Dunne, Rugg and Walker 2007 that calculates slip on a given system based on the velocity and density of mobile 

dislocations.  This approach has been shown to predict slip deformation as well as dislocation densities that agree well 

with High Resolution-Digital Image Correlation (HR-DIC) and HR-Electron Back Scattered Diffraction EBSD 

measurements of microstructural deformation respectively, Chen et al 2018, 2020, Guan et al 2017.  This model has also 

been used successfully on a number of material systems and structures, Wilson et al 2019. 

The visco-plastic slip rule, Dunne et al 2007, is given by the equation 

                            𝛾̇𝛾i = 𝜌𝜌m 𝑏𝑏2 𝑣𝑣 exp �−Δ𝐹𝐹
𝑘𝑘𝑘𝑘
� sinh ���𝜏𝜏

i�−𝜏𝜏ci �Δ𝑉𝑉
𝑘𝑘𝑘𝑘

�           for   �𝜏𝜏i� > 𝜏𝜏ci                                

               otherwise,   𝛾̇𝛾i = 0 

       (1) 

 

where 𝛾̇𝛾i is the rate of shear deformation on slip system i, ρm is the density of mobile dislocations, b is Burgers vector, v 

is the frequency of dislocations attempts to jump obstacles, ∆F is activation energy, k is Boltzmann’s constant, T is 

temperature, τi and τc
i are the shear stress and critical resolved shear stress (CRSS) on slip system i, and ∆V is activation 

volume.   Numerical values and units of these parameters are given later following fitting to test data. 

Hardening in the model is incorporated directly as a result of dislocation activity based on both SSD and GND densities 

through the equation  

𝜏𝜏𝑐𝑐i = 𝜏𝜏𝑐𝑐0
i + 𝐺𝐺𝐺𝐺�(𝜌𝜌ssd + 𝜌𝜌gnd) (2) 

where 𝜏𝜏𝑐𝑐0
i   is the initial CRSS, G is shear modulus and 𝜌𝜌ssd and 𝜌𝜌gnd are the SSD and GND densities.  The SSD density 

evolution is linked to plastic strain via the relation 

𝜌𝜌ssd =  𝜌𝜌ssd,0 + 𝛾𝛾 d𝑝𝑝 (3) 

where ρssd,0 is the initial SSD density, γ is a hardening parameter and dp is an increment of equivalent plastic strain.  

Equation 3 allows the effect of dislocation density on back-stress and on CRSS to be incorporated directly into the model.  

The calculation of  𝜌𝜌gnd to be used in the hardening equation (2) is described later. 

The classical approach to crystal plasticity is used where the total deformation gradient 𝑭𝑭Tot is composed of elastic and 

inelastic components 𝑭𝑭E and 𝐹𝐹In 

𝑭𝑭Tot = 𝑭𝑭E𝑭𝑭In (4.) 

The inelastic deformation contains the shear deformations occurring on all active slip systems and the elastic deformation 

accounts for elastic stretching and distortion.  The inelastic deformation is given by the visco-plastic deformation rates in 

equation 1.    The inelastic velocity gradient is given by 

𝑳𝑳In = 𝑭̇𝑭In𝐹𝐹In−1 = �𝛾̇𝛾In,i𝒏𝒏i ⊗ 𝒔𝒔i
Ns

i=1

 (5) 



where the inelastic shear strain rate is summed over all slip systems Ns, in this work the only slip systems considered for 

FCC alloys are the twelve octahedral systems of type <011>{111} which typically dominate deformation.  𝒏𝒏i and 𝒔𝒔i are 

unit vectors normal and parallel to the direction of slip system i.  The combined equations 4-5 allow the stresses at a 

material point to be calculated for a given state of strain using a Newton-Raphson iterative solution procedure.  The initial 

stress estimate for any update is based on an assumption of elastic behaviour. 

To obtain values of the visco-plastic, physically based material parameters in equations (1-3) the model has been fitted to 

test data showing the plastic hysteretic behaviour of coarse grain (CG) RR1000 at 300 °C.  The numerical values of the 

parameters obtained are shown in table 1 and the comparison of model simulations and test data is shown in figure 1.  The 

FE models used to run these simulations comprised of uniaxial simulations under the same load conditions as the test data 

using a cubic domain of 10x10x10 linear hexahedral elements where each element represents a grain and is assigned a 

random orientation.  A sensitivity study showed that using this number of grains is sufficient to ensure the resulting overall 

deformation is independent of the specific random orientation field used and therefore generates a representative macro-

response, this is similar to other work that found 250 grains was sufficient to obtain unique macroscopic behaviour, 

Farukh et al 2016.  Whilst using one element per grain does not allow the internal micro-structural stress field to be 

determined it is sufficient to determine the average macro-response of the material. 

                                

 

 

Stored Energy Density 

The local stored energy was developed by Wan et al 2014 to predict crack nucleation under notched cyclic bend-fatigue 

testing of a large-grained BCC ferritic steel.  As the notch root radius was of similar dimensions to the grain size there 

was a wide degree of variation in fatigue life and nucleation location.  When crystal plasticity models were run of the 

exact grain structures and orientations as in the tests the failure locations as well as nucleation lives could be correlated 

with the local stored energy results from the CPFE models. 

The local stored energy is defined as the fraction of energy of inelastic deformation, stored within the material, that 

provides energy for generation of local dislocation structures.   

G = � 𝜆𝜆 𝜉𝜉 𝝈𝝈:𝑑𝑑𝜺𝜺in
𝐶𝐶

   (6) 

where σ is the stress tensor, ε in is the inelastic strain tensor, 𝜉𝜉 (=0.05) is the fraction of total inelastic energy that is stored 

in the material with the remainder dissipated as heat, and λ, defined below is the mean free path between dislocations.  At 

Table 1.  Physical parameters used to describe 

hysteretic behaviour of CG RR1000. 
Figure 1.   Comparison of CPFE model 

simulations and test data, R=-1 at 300°C. 

 



microstructural obstacles to dislocation motion and with continuous increase in load or cycling, the stored energy 

increases and the dislocation structures become increasingly more refined leading to very high local hardening.  When 

the energy reaches a sufficient level such that the release of energy (through release of dislocations and lattice curvature) 

would overcome the surface energy for creation of new fatigue surfaces then the material fails locally.  The length-scale 

λ, in equation 6 represents the mean free distance between dislocations, assuming that these dislocations act as barriers 

to one another, and defines a meaningful length scale over which hardening and resulting facet nucleation may occur.  It 

physically represents the distance, from a newly created free surface, over which stored energy is released from the 

material and therefore defines a meaningful length-scale for this energy and energy release.  The mean free path is given 

by  

λ =  1 �𝜌𝜌SSD + 𝜌𝜌GND ⁄  (7.) 

The local stored energy has been used for a range of materials and structures and shown to reliably predict both failure 

location and crack nucleation life, Pan et al 2021, Chen et al 2017, 2018 and also crack growth rates, Wilson et al 2018, 

2019.  Due to its dependence on dislocation density gradient (through λ) and lattice curvature, the stored energy density 

has been shown to be related to the stress intensity factor K and also non-singular at a crack tip, Xu et al 2021.  This 

results from the fact that as a crack tip is approached the dislocation density increases and the volume over which the 

stored energy is available for crack extension reduces.  The result is that, so long as a sufficiently refined nesh is used, 

(Xu et al 2021) the stored energy, like K, is independent of local crack tip mesh refinement but has the advantage that it 

takes account of key microstructural quantities such as grain orientation and local slip deformation. 

To further reduce mesh dependency and provide some regularisation of mesh effects the local stored energy is volume 

averaged over a radius of a small number of elements (typically 3, Karamitros et al 2022).  This volume averaging is 

performed on an integration point by integration point basis using the equation 

G𝑉𝑉𝑉𝑉𝑉𝑉 =  
∫ �1 − �𝑟𝑟𝑅𝑅�

2
�
2

 𝑉𝑉 𝐺𝐺 𝑑𝑑𝑑𝑑

∫ �1 − �𝑟𝑟𝑅𝑅�
2
�
2

𝑉𝑉 𝑑𝑑𝑑𝑑
  (8) 

where G𝑉𝑉𝑉𝑉𝑉𝑉 is the volume averaged stored energy, r is the distance between integration points and R is the volume 

averaging radius.  Only integration points where r < R are considered. 

Geometrically Necessary Dislocations (GNDs) 

The dislocation density has been found to be a key component of the local stored energy in determining the localisation 

of energy that leads to facet nucleation Wan et al 2014, Chen et al 2018, 2020 and crack growth Wilson et al 2018, 2019.  

It has the combined roles of controlling hardening within the visco-plastic model of deformation (equations 1 and 2) as 

well as determining the critical length-scale for the calculation of local stored energy, equation 6.  Whilst dislocation 

density is composed of both GNDs and SSDs the contribution of the former can be determined quantitatively from 

knowledge of plastic deformation and resulting lattice curvature.  The contribution of SSDs is derived more empirically 

from the hardening response of equations 2 and 3.  The GND density is calculated using a method similar to that of Dunne, 

Rugg and Walker 2007 and Liang and Dunne 2009, and is based on the relationship between the curl of the inelastic 

deformation gradient and the Nye tensor 𝜦𝜦 

𝜦𝜦 = curl(𝐅𝐅In) =  ∇𝑭𝑭In = �𝜌𝜌Gs
i 𝒃𝒃i

𝐍𝐍𝐍𝐍

𝐢𝐢=𝟏𝟏

⊗ 𝒔𝒔𝐢𝐢 + 𝜌𝜌Get
i 𝒃𝒃i ⊗ 𝒕𝒕i + 𝜌𝜌𝐺𝐺𝑒𝑒𝑒𝑒

𝑖𝑖 𝒃𝒃i ⊗ 𝒏𝒏i (9) 



where, as before 𝑭𝑭In is the inelastic deformation gradient, i and Ns represent each slip system and the total number of slip 

systems, and  𝜌𝜌𝐺𝐺𝑠𝑠, 𝜌𝜌𝐺𝐺𝑒𝑒𝑒𝑒 and  𝜌𝜌𝐺𝐺𝑒𝑒𝑒𝑒 are the density of screw dislocations and the density of edge dislocations with Burgers 

vectors normal and tangential to the slip plane.  s, n and t are an orthogonal set of unit vectors along the dislocation line, 

normal to the slip plane and perpendicular to the dislocation line and the slip plane normal.  A numerical field approach 

similar to that outlined in, Xu et al 2021, is used to determine the components of ∇𝐅𝐅In; this has the advantage that the 

implementation is independent of element type and does not rely on element shape functions. 

 

2.2 Modelling Crack Growth 

Microstructural short crack growth law 

Crack propagation is modelled explicitly within the CPFE model using XFEM in ABAQUS.  Cyclic crack growth is 

controlled by the local stored energy at the crack tip using a similar argument as for facet nucleation (that is intense 

hardening resulting from increasing refinement of dislocation networks leading to eventual facet nucleation/propagation 

as the released energy is greater than the free surface energy).  A drawback with the use of XFEM to model cyclic crack 

growth is that when cyclic lives are high, or even reasonably high (greater than 1000 cycles) it is difficult to run FE 

simulations explicitly for every cycle.  For this reason, instead of using a critical value of stored energy for crack growth, 

a correlation is derived between the local stored energy at the crack tip and the rate of crack growth.  Whilst this is less 

fundamental than the approach where crack growth occurs when the critical value is reached (Karamitros et al 2022, 

Wilson et al 2018, 2019), it enables the effect of large numbers of cycles to be simulated without having to run each cycle 

in the FE analysis.  The key benefits of accounting for the effect of crack geometry, trajectory, local grain orientation and 

microstructure on stored energy are still explicitly included in the analysis. 

The rate of crack growth is taken to be described by the equation 

                   𝑑𝑑𝑑𝑑
 𝑑𝑑𝑑𝑑

= 𝐶𝐶𝐺𝐺 × ∆𝐺𝐺𝐶𝐶𝐶𝐶𝐶𝐶
𝑛𝑛𝐺𝐺                     (10). 

where ∆𝐺𝐺𝐶𝐶𝐶𝐶𝐶𝐶  is the increment in local stored energy at the crack tip over a cycle and CG and nG are correlating parameters 

named for their similarity to the standard Paris Crack Growth Law.  In this approach an increment of crack growth is 

automatically set to occur at the minimum loading point of each mechanical cycle.  Following this a complete mechanical 

load cycle is run during which the local stored energy ahead of the new crack tip is calculated.  This stored energy is used 

to determine the cyclic crack growth rate in equation 10.  During crack growth simulation in ABAQUS XFEM an element 

cannot be partially cracked so the increment of crack growth per cycle is dependent on the element size.  The actual crack 

increment, da, is simply the length of the crack increment that bisects the element.  Calculation of da allows the number 

of equivalent cycles it would take to grow the crack an amount equal to da as all the other parameters in equation 12 are 

known.  No mesh dependency is introduced using this method other than the small level of discretization resulting from 

the fact that the crack tip stored energy is calculated at discrete intervals equal to the local crack tip element size. 

Comparison with long crack growth 

Before illustrating the use of equation 10 for predicting growth rates of microstructurally short cracks a brief comparison 

of the method with conventional long crack growth techniques is made.  This is simply to determine the general 

applicability of the method for predicting crack growth (independently of crack size) and how it compares with other 

methods.  To make this assessment comparisons of growth rates are made between the Paris Law and equation 10 for an 

edge through crack in a plate, shown in figure 2, of dimensions 60x60x0.05 mm and a 10mm starter crack size.  For this 



simple idealised model crack growth is constrained to remain perpendicular to the loading direction. (That is crack growth 

is not allowed to occur on slip planes but simply perpendicular to the load direction so that comparison can easily be made 

with idealised Paris law growth rates).  The model simulations are run under conditions of generalised plane strain (ie all 

the nodes on the front and back faces are restrained to remain in-plane) and additional boundary conditions are added to 

prevent rigid body movement.  Continuum linear hexahedral elements (C3D8) are used for the entire model.  In the outer 

region of the plate an irregular mesh is used whilst in the inner region, directly ahead of the initial crack, a regular mesh 

of 50 micron elements is used through which crack growth rates are monitored.  The plate is modelled as a large single 

crystal using a set of elastic and visco-plastic material parameters calibrated for nickel alloy CMSX-4.  The orientation 

of the crystal is in the datum configuration with the primary FCC directions aligned along the global axes. 

 

 

 

 

 

 

 

Figure 2.  Illustration of edge-through crack plate FE model, (a) model definition, (b) complete model mesh, (c) 

close up of crack tip mesh showing refined grid mesh through which crack growth rates are calculated. 

Four separate cyclic FE models were run with different remote loads of 100, 200, 300 and 400 MPa and an R-ratio of 0.1, 

and the resulting crack growth rates obtained using equation 10 were compared with predictions of long crack growth for 

the same crack size and geometry.  Long crack growth predictions were made using the Paris Law  

                                                                           𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐶𝐶 × ∆𝐾𝐾  𝑛𝑛                                                                     (11) 

with a stress intensity solution for a single edge through crack in a plate, Tada et al 1998, of   

                     ∆𝐾𝐾 =  ∆𝜎𝜎√𝜋𝜋𝜋𝜋 �1.122 − 0.231 �𝑎𝑎
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�
2
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3
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𝑏𝑏
�
4
�

 
               (12). 

The Paris Law parameters C and n were estimated from the work of Joyce et al 2003 for CMSX-4 as 3.6e-9 and 3.4 

respectively (to give results in units of mm/cycle and MPa-m1/2).  The crack growth results using the stored energy law, 

and the Paris Law, equations 10 and 11 respectively, for the four remote applied stresses are plotted in figure 3.  The 

parameter values used to simulate crack growth in equation 10 are Cg=4.5e-5 and ng=1.0.  These parameters have simply 

been obtained by matching the CPFE predicted growth rates to the Paris behaviour.  Though there are slight differences, 

the comparison of Paris’s law and the local stored energy model are remarkably close both in terms of acceleration of 

growth rate and the dependency of the growth rate on remote stress.  This is a very interesting and encouraging result as 

it shows that the method proposed for modelling microstructurally short crack growth has a sound basis in modelling long 

crack growth based on crack tip stored energy.  It is remarkable that good similarity can be obtained between two such 

different techniques.  Paris’s law assumes linear elastic behaviour and that crack growth is controlled via remote loading 

a 

b (a.) (b.) (c.) 



and crack geometry (the stress intensity) while the local stored energy approach assumes growth is controlled entirely by 

stored energy of plastic deformation local to the crack tip. 

    

 

Figure 3. Comparison of simulated crack growth rates using Paris’s law with the crack tip stored energy 

method.  Lines are Paris Law simulations; symbols are CPXFEM - stored energy results. 

 

2.3 Crack Growth in Single Crystals 

In this section results of CPXFEM/stored-energy crack growth simulations are compared with published test data of 

physically long, but microstructurally short, crack growth tests of a single crystal Ni-base superalloy in different 

orientations.  These are useful for determining the ability of the model to predict crack growth rates and trajectories, 

within isolated large grains, which is an essential requirement to predict short crack growth within individual grains of a 

polycrystalline microstructure.  The mechanical test data of Sakaguchi et al 2019 is used to make a quantitative 

comparison with predicted growth rates as they used a similar SX alloy to that for which the constitutive model has been 

calibrated. The results of Sakaguchi et al have already been used in a similar way for the calibration of a different 

microstructural crack growth law in Karamitros et al 2022.  It is important to say that this was for a different growth law 

where crack growth occurred when the local crack tip energy reached a critical value, in the current work the power-law 

correlation of equation 10 is used to determine crack growth rates.  Sakaguchi et al performed compact tension (CT) tests 

on Ni based SX alloy NKH-304 at room temperature and R=0.4.  The tests were performed in four different crystal 

orientations defined by the direction of applied load and the nominal initial crack growth direction. In this convention, 

the load direction is specified first and the nominal growth direction second and the four orientations tested were A: 

[010][100], B: [010][101], C: [01-1][100] and D: [110][1-10].  The four different orientations tested therefore comprise 

the datum cubic configuration and orientations achieved by rotations of 45° around the Y, X and Z axes respectively as 

shown in figure 4.  The four unique octahedral planes are shown as the faces of the tetrahedrons in figure 4 in each 

configuration.  During perfectly crystallographic crack growth, cracks are constrained to grow on one of these four planes.  

As the model used here is quasi-2D (a thin sheet of finite thickness), the out-of-plane nature of crack growth is not 

captured and the only available direction for cracking to occur in is the intersection (or trace) of the relevant 

crystallographic plane and the plane of the 2D model.  In all cases the plane of the model is indicated as the grey square 

in the figures, the available crack growth directions are therefore the trace of this square with the four crystallographic 

planes, some of these traces are highlighted in the figure with a red line.  The actual 3D specimens tested are more 



complicated due to out-of-plane effects and because the specimens are thick enough (3mm thick) to grow on alternating 

crystallographic planes in the out of plane direction; this is a recognised limitation of the current 2D approach.   

 

 

 

 

 

 

 

 

 

 

 

Figure 4.  The four different orientations tested by Sakaguchi et al 2019.  In each case the tetrahedron is rotated to 

show the alignment of the four unique octahedral crystallographic planes in each test and simulation. A, the datum 

cubic orientation, B rotation about Y of 45°, C rotation about X of 45° and D rotation about Z of 45°. 

 

       

 

 

 

Figure 5 (a).  Diagram of the CT specimen tested by Sakaguchi et al 2019 (b). the FE mesh used to 

approximately model the CT specimen (the whole model) and (c). close up of the crack growth zone. 

To make quantitative comparisons of crack growth rates of macro single crystals in different orientations CPXFEM 

models were run under similar conditions to the mechanical tests of Sakaguchi et al.  The CT specimen used by Sakaguchi 

et al is shown in figure 5(a), a CPXFEM model was created to match this CT design as shown in 5(b) and 5(c) shows a 

close up of the refined mesh ahead of the initial crack tip through which crack propagation occurs.  The overall size and 

dimensions of the CT specimen were modelled exactly with the two exceptions that the loading pin holes were not 

included in the model and the specimen thickness of 3mm was reduced to a thin sheet as the XFEM model cannot capture 

3D out-of-plane effects.  A single layer of three-dimensional linear brick elements (C3D8) were used in the analyses.  The 

boundary conditions were such that a state of plane strain is generated at the crack tip approximately representing the 

Load P, top and bottom 

(a). (b). (c). 



behaviour of the finite thickness of the CT specimens.  Load is applied to the model at the vertical projection of the pins 

to the top and bottom faces as indicated.  The published stress intensity solutions were used to determine the required 

loads to apply to the model to generate the same stress intensities in the mechanical tests for an R-ratio of 0.4, other model 

details are as described in Karamitros et al 2022. 

Sakaguchi et al showed that the test crack paths followed different combinations of the four crystallographic planes 

depending which slip systems were most active in different orientations.  This leads to different overall crack growth 

trajectories in in-plane and out-of-plane directions.  The actual crack directions predicted by the CPXFEM simulations 

for the four different orientations are shown in figure 6, all occur on the most active octahedral plane in agreement with 

the test results, albeit with the limitation that the models are only two-dimensional.  Superimposed on the images in figure 

6 are the normal stress components in the vertical direction, the different stress fields generated at the crack tip are a result 

of the dependence of both the elastic compliance and the available slip systems on specimen orientation. 

Comparisons between the published crack growth rate data of Sakaguchi et al and the CPXFEM results are plotted in 

figure 7.  For both model and test data the crack length is the projected crack length on to the horizontal global X direction 

as this is the way the data was originally presented.  The simulated results are obtained using the method outlined 

previously with values of CG=8e-11 and nG=2 to give growth rates in m/cycle.   As an early predictor of growth rates in 

different orientations the results are very encouraging.  In two of the orientations (<100><110> and <110><100>) the 

results are predicted reasonably well, the <100><100> is not as accurate but the test data and simulation appear to be 

merging as ∆K increases.  The results for the final <110><110> orientation are also less accurate.  The predictions in 

figure 7 represent an attempt to determine an orientation independent model for crack growth which is controlled, through 

the local stored energy, by the state of stress and plastic deformation at the crack tip.  There are two main potential routes 

to improve on the predictions of figure 7 which are the ability to account for 3D out-of-plane effects on crack growth rate 

as well as how crack tip deformation may be affected by latent hardening of slip systems in different orientations.  The 

latter is not included in the model largely due to lack of specific data quantifying the latent hardening effect, but both of 

these options for improving the predictive capability should be investigated. 

 

Figure 6.  Illustration of the different crack paths following the dominant slip system in the four different 

orientations examined, A[010][100], B[010][101], C[011�][100] and D[110][11�0].  The contours are of normal 

stress in the vertical or load direction; contour scales are the same for all images. 
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Figure 7.  Comparison between crack growth rates in different orientations.  Solid lines with symbols are test 

data from Sakaguchi et al 2019, dashed lines are CPFE-stored energy simulations. 

 

2.4 Crack Growth across Grain Boundaries 

One of the key elements of SCG and fatigue resistance comes from the ability of grain boundaries to retard and arrest 

short cracks during the early stages of fatigue.  As such it is a fundamental requirement of any mechanistic SCG approach 

that the effect of GBs on strengthening and resisting crack growth are included within the model framework.  In this 

section simulations are run of cracks growing through idealised grains and grain boundaries to determine the effect they 

have on predicted crack growth rates. 

There are likely to be two dominant beneficial effects of grain boundaries on strengthening polycrystalline materials.  The 

first is that grain boundaries offer greater resistance to plastic deformation than the grain interior with fine grained alloys 

typically stronger (in terms of yield and hardening) than coarse grained alloys.  This is classically illustrated through the 

Hall-Petch equation which shows an inverse square root relationship between yield stress and grain size. 

                                                                                𝜎𝜎𝑦𝑦 = 𝜎𝜎𝑜𝑜 + 𝐾𝐾
√𝑑𝑑�                                                                       13. 

Where 𝜎𝜎𝑦𝑦 is yield strength, 𝜎𝜎𝑜𝑜 is the yield strength of the lattice, K is a constant representing the magnitude of GB 

strengthening and d is average grain size.  The mechanism behind GB strengthening and the Hall-Petch equation is that 

the change in grain orientation at a boundary disrupts the continuous glide of a dislocation by requiring a change in 

orientation and, if this energy barrier is sufficient, to provide a pinning point.  As further dislocations arrive, they also 

become pinned and a back-stress develops which eventually overcomes the energy barrier provided by the grain boundary 

and initiates slip on a rotated system in the next grain.  The second strengthening effect of GBs to SCG is due to the mis-

orientation and in particular the angle of twist between the crack plane in two adjacent grains [Zhai et al 2000, Wen et al 

2016].  The angle of twist at a GB, denoted α and illustrated in figure 8, (re-created from an original image in Zhai et al 

2000), is defined as the angle between the trace of the dominant slip planes in two neighbouring grains, on the GB plane.  

If an incident crack growing on the dominant slip plane in grain 1 is to grow onto the dominant slip plane in grain 2 it 

must rotate through α.  This rotation will clearly be energetically unfavourable as it will require the area ‘A’ of the GB to 

crack, though this area can be reduced by a series of slip steps.  It was argued by Zhai et al that the effect of this additional 

energy requirement would be for the crack to follow a plane in the second grain that minimised the twist angle.  A similar 

argument was applied to the tilt angle, β, where in this case low values of β were preferred as they allowed high values 



of mode I and mode II stress intensities to be maintained.  Wen et al 2016 and Zhai et al 2000 found that of α, β and slip 

system Schmidt factors, α had the strongest effect in controlling SCG behaviour.  Clearly the two effects of GB yield 

strengthening, and GB SCG resistance are related and may in fact become indistinguishable as slip becomes highly intense 

in one grain, or two neighbouring grains immediately preceding crack extension.  In terms of modelling the increased 

resistance of GBs it is possible either to add an additional hardening term to the crystal plasticity model to reflect the 

increased ability of GBs to resist slip, or, to increase the local energy for crack growth, reflecting the additional energy 

requirement for the crack to rotate and crack the area ‘A’ in figure 8.  In this work the former is used as it enables the 

Hall-Petch effect to be captured, and, through an increase in GB slip resistance will result in less energy being available 

for crack growth across a GB.  An additional hardening parameter is therefore added to the crystal plasticity model of the 

form 

                                                                         𝜏𝜏C,GB = 𝜏𝜏𝐶𝐶(1 + 𝑓𝑓(𝛼𝛼))                                                                         14 

where 𝜏𝜏C,GB is the CRSS in the vicinity of a GB where slip resistance is increased, 𝜏𝜏𝐶𝐶 is the nominal CRSS away from a 

GB, and α is the angle of twist at the grain boundary illustrated in figure 8.  The function 𝑓𝑓(𝛼𝛼) is, in this first 

implementation, and based on limited data, a simple linear function where the additional hardening is a constant times 

the angle of grain boundary twist.   

                                                                             𝑓𝑓(𝛼𝛼) = 𝑚𝑚𝐺𝐺𝐺𝐺 𝛼𝛼                                                                                 15 

where 𝑚𝑚𝐺𝐺𝐺𝐺 is the hardening coefficient, for the analyses described later 𝑚𝑚𝐺𝐺𝐺𝐺 takes a value of 0.02 for α in degrees (this 

value has been obtained by characterising the GB hardening effect to the results of published data shown later).  GB 

hardening is also likely to be a function of the tilt angle however no accessible data was found with which to correlate 

hardening and it has thus been omitted in this assessment. 

 

     

                       

 

 

 

Figure 8.  (Re-created from Zhai et al 2000) Illustration of crack growing on an incident slip plane in one 

grain and encountering a grain boundary and rotated (primary) slip plane in a neighbouring grain. 

To illustrate the effect of GBs on crack growth rates an idealised model is created with elongated grains arranged in strips 

of material as illustrated in figure 9.  A similar crack growth model and boundary conditions are used as previously 

consisting of a simple edge through thickness crack in a thin plate, though here the dimensions are different to investigate 

GBs at an appropriate length scale.  The outer edges of the square plate are 1mm in length and the starter crack is 1/6th of 

this or 0.167 mm.  The mesh consists of C3D8 elements comprising of an outer irregular region which is refined to a 

regular mesh, ahead of the starter crack, through which crack growth is analysed.  The regular gridded region is a square 

of edge size 0.167 mm and consists of 200 by 200 elements approximately 0.8 µm in size.  A total of 5 elongated crystals 



    Initial crack       18.5 µm    20µm       20µm         20µm 

were used where each grain is the full height of the model (in the global ‘Y’ direction of the applied load).  The first, third 

and fifth crystals are kept in the datum material orientation ([001][010][100]) and the remaining two crystals, the second 

and fourth in the sequence, are rotated about the global ‘X’ axis a fixed number of degrees relative to the datum.  The 

angles used for this rotation are 0, 10, 20, 30 and 40°, these rotations result simply in an angle of twist for each boundary 

equal to the specified rotation.  Five separate simulations are therefore run and in each case grains 2 and 4 are rotated the 

same amount.  As each grain runs the full length of the model in the vertical or ‘Y’ direction, grains 1 and 5 are far wider 

than the others in the ‘X’ direction as they run all the way to the outer ‘X’ edges.   

The reason for using this specific configuration of 5 grains, rather than a bi-crystal or other even number of grains is 

because rotation of a crystal significantly affects the elastic stiffness and hence the overall compliance of the structure, 

including distortion and load redistribution between grains.  As we are trying to determine intrinsic effects (ie purely 

material dependent) on crack growth rates, it is important to minimise extrinsic effects such as changing compliance and 

stress re-redistribution between grains.  Using the configuration shown, the majority of the model is taken up by grains 1 

and 5, and as these are always in the datum orientation the effect of overall compliance of the model and stress state is 

reduced, though it is still not possible to completely remove extrinsic effects.  For each level of rotation of grains 2 and 4 

(where both grains are rotated the same amount in each model) two sets of models were run, one with GB hardening 

active and another where it is inactive.  In the following crack growth model simulations, the crack does not follow the 

crystallographic planes but is restrained to grow in the ‘X’ direction perpendicular to the applied load, the reason for this 

is to minimise stress state and mode effects and to be able to compare directly crack growth rates for different orientations 

and rotations. 

 

 

 

 

Figure 9.  Illustration of the edge through thickness crack strip model showing grain configurations and dimensions, odd 

numbered grains are in the reference orientation, even grains are rotated varying amounts about global ‘X’. 
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Figure 10.  Results of elongated strip model simulations plotted as crack growth rate against crack length (from 

the starter crack) for (a). models with no GB hardening and (b). models with GB hardening. 

 

Figure 11.  Contours of crack tip local stored energy following crack growth simulation for the 30˚ rotated crystals for 

(a). no GB hardening and (b). GB hardening.  The contours show the different energy distribution and hence resistance 

to crack growth.  The local restrictions in energy caused by GB hardening are clearly visible in (b). 

 

Figure 10(a) plots the crack growth rates for the series of models with no GB hardening.  These growth rates are calculated 

using the local stored energy method outlined previously with values of Cg=4.0e-8 and ng=1.  The 0° model is used for 

reference and is essentially a single crystal as there is no rotation or GB hardening.  The different coloured lines in the 

figure refer to the different degrees of rotation of grains 2 and 4, in all cases the remaining odd grains are in the datum 

orientation.  What is most striking about the results in figure 10(a) is that the presence of the rotated grains significantly 

affects the crack growth rate in the datum grains which are not rotated.  For instance, the growth rate in grain 1 steadily 

decreases as grains 2 and 4 are rotated more about the X axis.  This is primarily because grains 2 and 4 have increasingly 

higher stiffness in the vertical load direction, the more they are rotated, and therefore reduce the stresses in grain 1 as they 

take more of the load (this is despite the efforts made to minimise such effects).  The datum grains in the figure are 

denoted as ‘strong’ grains simply because they have lower growth rates than the rotated grains, this is however not an 

intrinsic effect and is because they are more compliant.  As the crack grows into grain 2 there is an initial rapid realignment 

before growth proceeds at a stable rate of increase prior to reaching the next grain boundary.  The change in growth rate 

that occurs as the crack grows through a GB is primarily to re-adjust such that it adopts the rate appropriate to the next 

grain.  As the crack grows from a ‘strong’ to a ‘weak’ grain there is a fast increase in rate, and as it grows from a ‘weak’ 

(a). No GB Hardening. 

 (b). With GB Hardening. 

     Datum        Rotated    Datum     Rotated     Datum 



to a ‘strong’ grain there is a rapid decrease but this appears to be simply a case of aligning with the resistance of the new 

grain rather than specifically due to the properties of the grain boundary.  Figure 10(b) plots similar results to (a) but for 

the simulations with GB hardening from equations 14 and 15 active.  These graphs were created in an identical fashion 

using the same values of CG and nG.    In this figure the position of the 0° line is identical to that in (a) and can be used as 

a reference.  The overall behaviour of the crack growth rate within the body of each grain is very similar in the two 

scenarios.  The simulations with hardening however show a very pronounced drop-in crack growth rate at the grain 

boundaries that occurs as a result of the hardening introduced.  Figure 11 shows contours of stored energy in the different 

grains through a crack growth simulation where grains 2 and 4 are rotated through an angle of 30°, for (a) the case with 

no hardening and (b) the case with hardening.  Both (a) and (b) show clearly the increased energy available for crack 

growth in the ‘weaker’ grains whilst (b) also shows the reduction in energy that occurs at the boundaries due to hardening. 

The retardation of crack growth illustrated in figures 10 and 11 that is associated with grain boundaries is well known and 

has been studied extensively although a quantitative dependence of retardation with mis-orientation has yet to be 

developed.  Wen et al 2016 published quantitative data of the effect grain boundary twist orientation has on reducing 

crack propagation rates.  They performed 4-point bend fatigue testing on an Al alloy (AA2024-T351 Al-Cu-Mg) with 

elongated pancake shaped grains.  Test pieces were machined such that the primary tension direction on the specimen 

surface was aligned with the elongated grains, and crack growth rates across grains and grain boundaries could be 

monitored.  Initial micro-notches of length ~30µm were created by focussed ion beam milling on the tension surface of 

the bend specimens.  Testing was done at RT, R=0.1 and 20Hz and was regularly interrupted to determine the lengths of 

the cracks, using SEM and optical microscopy.  From these experiments and measurements Wen et al were able to 

determine the retardation in growth rates that occurred as the crack passed a grain boundary and were successfully able 

to correlate this reduction with the angle of twist of the grain boundary.  Their results are replotted in figure 12 in the 

form of change in crack growth rate, (∆da/dn), against α.  Also plotted are the (∆da/dn) values from the current modelling 

study.  The value for m GB in equation 15, of 0.02 quoted previously, was obtained by iteratively running this series of FE 

simulations until a grain boundary hardening factor was obtained which approximately matched the test data of Wen et 

al.  It is apparent that in the current results the level of GB retardation increases as the crack length and underlying growth 

rate increase, as such the measured values for the different boundaries are plotted separately for the first three grain 

boundaries indicated in figure 9.  GB4 was omitted as the crack growth rates were becoming excessive and erratic.  It is 

not clear if the change in growth rate should be measured with respect to the current grain or the next grain, bearing in 

mind that as the crack tip crosses the boundary it may be affected by the rates experienced in both grains.  The reduction 

in rate in these results has been calculated from the average growth rate in both neighbouring grains to the trough of the 

growth rate curve.  The results and comparison in figure 12 are qualitative, bearing in mind the model was developed for 

a different material to that of the test data as well as the fact that it was not attempted to model the actual test piece and 

microstructural geometry.  The comparisons are nonetheless very reasonable and indicate the ability of the model to 

capture realistic reductions in crack growth rates across GBs and a good correlation with the angle of twist between slip 

planes. 

In an attempt to illustrate the general effect of GB crack retardation and applicability of models such as this, table 2 shows 

a brief summary of examples in the literature where the rate of crack retardation at GBs has been measured experimentally.  

The evidence for this retardation is compelling in a wide range of materials and structures.  What is particularly interesting 

about the data in table 2 is that the reduction in growth rates at GBs is frequently of a similar order of magnitude and in 

the range from approximately 0.5 to 2 nanometres per cycle.  The loading conditions and in particular stress intensities 

are difficult to calculate, and compare, for all the different types of test performed, so as a basis for comparison of the 

relative magnitude of retardation, the published crack growth rates within individual grains away from GBs is also quoted 



in table 2.  (It should be said that in some instances the background growth rates and levels of retardation had to be 

estimated from graphs and must only be considered as approximate).  In most cases the angle of GB twist was not readily 

available so a more detailed correlation with twist was not possible.  Whilst this is admittedly a broad-brush comparison 

the data in table 2 indicate a similar range for the strengthening effect of GBs on SCG as shown in figure 12. 

 

 

Figure 12.  Comparison of reduction in growth rate, (∆da/dn), occurring at grain boundaries as a function of twist 

angle, diamonds are simulations with GB hardening model and are compared with test data from Wen et al 2016. 

 

          

Table 2.   Summary of published data that have clearly illustrated a significant retardation and reduction in 

short crack growth rate that occurs due to the additional energy requirement of crossing a grain boundary. 

2.5 Crack Nucleation and SCG in Polycrystals 

This section combines the work described in this paper with previous work [Pan et al 2021] to form a combined model 

for crack initiation based on the two mechanisms of fatigue facet nucleation, followed by SCG, to form an engineering 

crack of the order of 0.2 to 0.4 mm in size.  Explicitly accounting for these processes separately, in a stochastic, physically 



based model is a key step in attempting to quantify the underlying distributions of each process and hence of crack 

initiation in general.  Previous work, Pan et al 2021, Wan et al 2014A, 2014B showed that crack nucleation life can be 

determined by correlating local microstructural hot-spots of stored energy with fatigue life using an equation of the form 

                                                                       𝑁𝑁Nuc =  𝐺𝐺𝐺𝐺Nuc
Δ𝐺𝐺cycle

                                                                             16. 

where 𝑁𝑁Nuc is facet nucleation life, 𝐺𝐺𝐺𝐺Nuc is the critical stored energy for facet nucleation and Δ𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 is the cyclic change 

in accumulated stored energy.  In practice a small number of initial cycles are run to allow the microstructural stress-

strain response to stabilize, after which the largest local Δ𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 in a RVE is used to derive the nucleation life as per 

equation 16.  In this work the same approach to that of Pan et al is used to calculate life to facet nucleation, and this 

nucleation event is then used as a starting point for a subsequent microstructural SCG calculation.  As regards the 

nucleation life calculation, the only difference between this work and that of Pan et al is here we use a 2D microstructural 

RVE, instead of full 3D, as performing the SCG simulation in 3D is still not computationally tractable. 

Model Framework 

The DREAM3D software program (Groeber and Jackson 2014) is used to create 2D representative grain microstructural 

models (that is using a single layer of 3D voxels).   The model material used for this study is coarse grain (CG) RR1000 

and the same grain size distribution is used as reported in Pan et al 2021.   A typical microstructural RVE/FE model is 

shown in figure 13 and consists of a square section with in-plane dimensions of 400x400 µm and 2 µm in the through 

thickness out-of-plane direction.  The average grain size is 30 µm resulting in approximately 200 grains per RVE.  The 

mesh consists of 200x200x1 cubic C3D8 elements of edge length 2 µm.  The boundary conditions are a fixed zero normal 

restraint applied to the bottom edge of the section and a cyclic displacement applied to the top edge (in the vertical Global 

‘Y’ direction) of the model of magnitude to generate a required level of macro strain in the model.  The RVE is set up as 

if it were in plane stress representing the surface of a specimen where the majority of fatigue cracks nucleate.  All the 

nodes on the Z=0 plane are restrained to have no displacement out-of-plane (approximately representing sub-surface 

behaviour) whilst the nodes on the Z=2µm plane are free to move independently out-of-plane representing surface 

behaviour.  Planar restraints are applied to the left and right edges of the model also simulating the effect of bounding 

material on the RVE.   

The CPXFEM models used in this section are different to those in previous sections in that there is no starter crack.  

Fatigue facet nucleation occurs spontaneously using XFEM at the location within the microstructure with the largest 

cyclic increment of stored energy,  Δ𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,  after five initial fatigue cycles.  The orientation of the nucleated facet is on 

the crystallographic slip plane with the largest slip at that location.  Following facet nucleation the short crack/facet grows 

through the next element ahead of the crack tip on each successive fatigue cycle.  During each load cycle the crack tip 

cyclic stored energy is calculated as well as the corresponding growth rate using equation 10.  Each time the crack grows 

the local crystallographic plane with maximum slip is re-calculated and used to define the crack orientation, as such the 

crack is able to re-orient as it grows across grain boundaries.  

Several cyclic RVE simulations were run at conditions to match macro fatigue test data for CG in RR1000.  The test 

conditions are; air, no stress concentration, 300°C, strain control loading, 0.25 Hz, R=0.1 and various strain levels.  In 

order to determine the ability of the model to pick up stochastic variation in fatigue life multiple RVE fatigue simulations 

are run at each strain level.  Each of these RVE simulations are representative of the material as they are generated from 

the same grain size distribution and represent the stochastic variation in grain geometry and orientation.  Using a Monte-

Carlo approach each model predicts different results and multiple representative simulations can be used to build up a 



simulated distribution of fatigue life.  The results from different RVE simulations are presented in the section Total Life 

Prediction.  Figure 14 shows the typical progression of a cyclic crack initiation simulation from the initial reference 

condition to the nucleation of a small fatigue facet at the peak local stored energy location and the growth of this facet 

across the RVE. 

                                 

Figure 13.  Typical RVE-FE model with dimensions and BCs used in CPXFEM simulations. 

                    

Figure 14.  Stages of crack initiation, (a) initial grain structure, (b) small facet nucleation, (c) magnified view of facet 

nucleation, (d) initial growth across grain and grain boundary, (e) growth across several grains (f) initiation of an 

engineering crack across multiple grains.  Images taken from a simulation at 300°C, 1% max strain and R=0.1. 

Grain Boundaries 

Special consideration is required for handling GBs and for calculation of the angle of twist necessary to calculate GB 

hardening.  GB properties are assigned at the element level and as they affect the plastic behaviour of the material they 

(a.) (b.) (c.) 

(d.) (f.) (e.) 



must be implemented in the UMAT subroutine in abaqus rather than in subroutine UDMGINI which deals with crack 

growth.  During the pre-processing stage of the model a grain number is assigned to each element.  Following this the 

nearest neighbour of each element is determined, if all the nearest neighbouring elements belong to the same grain then 

the element in question is deemed to be an internal grain element, but if at least one of the nearest neighbour elements are 

from a different grain then the element becomes a grain boundary element and the additional hardening term from equation 

14 is used.  The orientation of both the parent grain and the neighbouring grain are readily available, but for the calculation 

of the angle of twist, α, the GB plane is also required.  As no out-of-plane effects are considered the GB planes are deemed 

to be perpendicular to the plane of the model effectively enacting elongated prismatic grains.  Determining the GB normal 

vector, which now lies in the X-Y plane, is also difficult due to the discrete nature of the GB itself (ie following the 

stepped profile of the cubic GB elements).  As an initial coarse approximation the GB plane is deemed to be either vertical, 

horizontal, or at a 45° angle, depending on the relative location of the elements belonging to neighbouring grains, with 

respect to the central GB element in question.  The different potential scenarios are illustrated in figure 15. 

 

Figure 15.  Illustration of determination of GB plane based on the parent grain of element nearest neighbours.  Central 

element E5 is the element under consideration, black labels indicate elements belonging to the same grain as E5, red 

elements indicate a different (neighbouring) grain.  The diagram indicates the different nearest neighbour options used to 

determine the GB plane, symmetry conditions are used to determine other combinations. 

The results of two different simulations for the same grain geometry and orientations, but with and without GB hardening 

are shown in figure 16.  Other than the addition of hardening the simulation conditions are identical, 300°C, R=0.1 and 

0.4% applied macro strain.  Figure 16(a) and (b) show the microstructure and crack paths for each simulation.  As GB 

hardening effects internal stress and strain distribution the crack nucleation location and paths are different for the two 

simulations.  Equation 10 allows the crack growth rate at a crack tip to be calculated and hence the number of cycles for 

an increment in crack growth can be determined.  Figure 16 (c) and (d) plot the crack growth rates against crack length 

for each crack branch emanating from the original facet, the simulation with GB hardening (d) gives rise to much greater 

scatter in growth rates and a significant reduction in growth rates every time the crack tip encounters a GB.  Figure 16 (e) 

and (f) plot the crack length for each crack branch as well as the total crack length, against number of cycles calculated 

using equation 10.  The total number of equivalent cycles is simply calculated as the average of that for each crack tip.  

Comparing the growth profiles in (e) and (f) the effect of GB hardening is clearly seen in causing the crack growth rates 

to be temporarily arrested at the GBs giving rise to the stepped crack growth profile in (f).  Under these conditions the 

effect of hardening gives rise to approximately a 3-4 fold increase in SCG life. 



                                                               

               

         

Figure 16.  Results of SCG FE simulations with no GB hardening (a, c, e) and with hardening (b, d, f) for 

simulations at 300˚C, R=0.1, and 0.4% maximum strain. (a, b) RVE microstructure showing crack profile, (c, d) 

crack growth rate plotted against crack length (distance from nucleation site), and (e, f) crack length against number 

of cycles. 

Comparison with MSCG rate data 

It has regrettably not been possible to perform bespoke micro-mechanical testing as part of this project with which to 

validate the model and make direct comparisons with growth rates across grains and grain boundaries.   As a strictly 

qualitative alternative, a comparison is made here to published MSCG rates for a similar material.  The published data 

used for this comparison are from Gao et al 2007.  Gao et al measured crack growth rates of the alloy ME3 (René 104) 

on the top surface of a rectangular section 4-point beam specimen cyclically loaded at room temperature and under load 

control with a sinusoidal frequency between 25 and 50 Hz and R-ratio of 0.1.  The growth rates were measured using 

replicas taken at regular cyclic intervals.  They found the MSCG paths were predominantly transgranular and facetted 

along dominant octahedral slip planes.  A specific test result which provides useful qualitative comparison to the current 

(a) (b) 

(c) (d) 

(e) (f) 

nucleation 
Location 



work is shown in figure 17 which is for a grain coarsened variant of ME3 having an average grain size of ~25 µm, similar 

to CG RR1000.   Figure 17(a) (re-plotted from Gao et al) shows surface crack growth rates as well as stress intensity 

range plotted against crack length.  The stress intensities were calculated (by Gao et al) using solutions for bending beams 

with semi-elliptical cracks and experimental measurements of the crack shape.  Figure 17(b) (also from Gao et al 2007) 

shows the specific crack and microstructure used for the growth rate measurements (the coloured lines indicate different 

GB types) from which the retardation of crack growth at grain boundaries can be identified.   Gao et al were investigating 

the effect of GB type and character and went on to perform a quantitative comparison of the effect of GB type and angle 

on crack growth rate and crack deflection.  To compare the published growth rates with those calculated using the local 

energy method a CPXFEM RVE was simulated at a load level to generate similar crack tip stress intensities to those in 

figure 17(a).  The results are shown in 17(c) which plots crack growth rates and stress intensity range against crack length.  

As the materials are qualitatively similar the crystal plasticity properties of CG RR1000 have not been altered though the 

crack growth rate parameters have been scaled to S-N life data for ME3.  The stress intensity solution in 17(c) is for a 

centre crack in a plate with the same horizontal (projected) crack length as the crack in the model.  Figure 17(d) shows 

the modelled crack trajectory and microstructure used to generate the growth rates in (c), though this is not the actual 

microstructure used by Gao et al and the comparison is only intended to be indicative.   

 

             

 

 

 

 

           

 

 

 

 

Figure 17.  Qualitative comparison of published MSCG rate data with model simulations.  (a). MSCG rates and ∆K values 

for ME3 from Gao et al 2007 (b). crack path and microstructure corresponding to (a) (also from Gao et al), (c) growth 

rates and ∆K values for a 2D CPFE RVE simulation and (d) CPFE microstructure and crack trajectory. 

The comparison of the experimental (published) and simulated data is qualitatively very good, (the final crack is different 

in both cases as the experimental crack grew to ~900µm whereas the CPFE simulation has a maximum length of 400µm).  

The load level for the CPFE simulation was set such that for the final half-crack length of 200µm, the stress intensity 

range is similar to the experimental data at the same half-length, a value of approximately 12 MPa-m1/2, (both for an R-

ratio 0f 0.1).  Comparing 16(a) and 16(c) it can be seen that in the range of stress intensities from 6-12 MPa-m1/2 that both 

the experimental and model data vary approximately in the range from 0.5 to 1 nm per cycle.  The level of crack retardation 
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at grain boundaries is also similar to the values obtained in the previous section and in table 2, typically in the range 0.5 

to 1 nm per cycle. 

Total Life Prediction 

To compare the crack initiation model predictions with S-N mechanical fatigue test data a number of CPXFEM RVE 

simulations were run over a range of strain levels at which mechanical fatigue test data are available.  Three separate 

simulations were run at a number of strain levels to generate different nucleation and SCG lives that are only dependent 

on the specific microstructural instantiation, thus allowing the effect of local microstructure on fatigue life to be directly 

quantified.  The results of these simulations are shown in figure 18 (a) for the case with no GB hardening and (b) for the 

case with GB hardening.  The mechanical test data are plotted as red asterisks and are fatigue crack initiation lives to 5% 

load drop for CG RR1000 in air, at 300°C and R=0.1 under strain control fatigue testing (unfortunately the vertical axis 

on these graphs has had to be normalised as the mechanical test data is the property of Rolls-Royce plc).  The test data 

and set-up are similar to that described in Pan et al 2021, the specimen surfaces were shot peened and the majority of 

failures originated sub-surface from facet nucleation.  The model results are plotted as facet nucleation life (green 

diamonds) and total life to initiation (red diamonds), which is the sum of nucleation life and SCG life.  It is recognised 

that the ‘actual’ proportion of nucleation or SCG lives are not known as the mechanical tests in question were not subject 

to crack nucleation and growth monitoring.  The simulated SCG rates however agree qualitatively with published data 

for similar materials as described in the previous sections and the nucleation lives are derived from these SCG rates.  The 

same critical nucleation energy and SCG rate parameters are used in the simulations in (a) and (b) in figure 18 and the 

only difference is the effect of GB hardening.  For the chosen values of the growth rate parameters the effect of the 

hardening is to increase the SCG life such that the total initiation prediction correlates well with the test data.  The 

simulated lives agree very well with the mechanical test data predicting both the mean fatigue life and the S-N curve 

slope.  Whilst ideally more simulations should be run the scatter determined by running multiple RVE simulations is 

qualitatively similar to the scatter in the mechanical data. 

       

Figure 18.  Comparison of RVE simulated crack initiation lives with mechanical test data for CG RR1000 

at 300˚C, and R=0.1 plotted against max total strain.  (a.) no GB hardening, (b.) with GB hardening. 

3 Conclusions 

One of the key challenges of predicting fatigue life of materials and components is that it is made up of several sequential 

processes and mechanisms.  Amongst these the primary mechanisms are facet nucleation followed by repeated SCG 

through grains and across grain boundaries.  A microstructurally explicit approach to modelling crack nucleation and 

SCG has been developed.  A CPFE framework is combined with XFEM to model nucleation of a fatigue facet within a 

(a.)  (b.)  



local hotspot of a polycrystalline microstructure.  The nucleation event occurs when the critical local stored energy is 

exhausted.  Using XFEM allows the nucleation event to be modelled explicitly and spontaneously at the location of the 

peak cyclic stored energy and on the plane of the most intense slip deformation.  SCG of the nucleated facet is then 

modelled with continued crack growth also occurring on the most active slip system.  A new microstructural crack growth 

law is developed where the growth rate is a function of the local crack tip stored energy.  This model automatically 

combines effects of crack tip plasticity, the crack tip stress field and the orientation of local grains including the effects 

of elastic anisotropy and crystal plasticity.  The model compares reasonably favourably with published data in large single 

crystal components tested in different orientations though further work is required to fully understand the orientation 

effect.  For idealised loading under large scale conditions the model predicts very similar behaviour to crack growth rates 

calculated using LEFM and Paris’s Law.  This is remarkable as the two approaches are very different, one based purely 

on local stored energy and plasticity occurring at the crack tip and the other purely on geometry and remote stress state 

assuming pre-dominantly elastic behaviour.  A key component of SCG that contributes to fatigue lifetime is the nature of 

temporary crack arrest at GBs caused by grain boundary hardening.  This phenomenon has been modelled by including a 

grain boundary hardening term within the CPFE framework.  Based on mechanisms and data from Zhai et al 2000 and 

Wen et al 2016 this hardening is correlated with grain boundary twist, and the resultant reduction in crack growth rate 

across a grain boundary compares very well with published data.  The results of several CPFXFEM simulations combining 

nucleation and SCG correlate well with mechanical fatigue data for Coarse Grain RR1000, and the distribution of actual 

and simulated behaviour is similar though not enough data has been generated to perform a full statistical comparison.  

The simulated SCG rates also compare qualitatively favourably with published data. 
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