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Convergence guarantees for response prediction
for latent structure network time series
Aranyak Acharyya, Francesco Sanna Passino, Michael W. Trosset, Carey E. Priebe

Abstract—In this article, we propose a technique to predict the response associated with an unlabeled time series of networks in a
semisupervised setting. Our model involves a collection of time series of random networks of growing size, where some of the time
series are associated with responses. Assuming that the collection of time series admits an unknown lower dimensional structure, our
method exploits the underlying structure to consistently predict responses at the unlabeled time series of networks. Each time series
represents a multilayer network on a common set of nodes, and raw stress embedding, a popular dimensionality reduction tool, is used
for capturing the unknown latent low dimensional structure. Apart from establishing theoretical convergence guarantees and supporting
them with numerical results, we demonstrate the use of our method in the analysis of real-world biological learning circuits of larval
Drosophila and communication networks of interacting large language models.

Index Terms—multilayer networks, doubly unfolded adjacency spectral embedding, raw stress embedding

✦

1 INTRODUCTION

In recent times, tools for statistical analysis and inference
on random graphs have gained popularity owing to their
applicability in extracting information from network
data arising from various domains of real life, including
neuroscience (Sporns and Betzel, 2016; Vogelstein et al.,
2011) , biology (Luo et al., 2007) and social studies (Holland
et al., 1983). Of particular interest is the study of time series
of networks. In our paper, we propose a novel technique
for predicting a response corresponding to a time series of
networks, in a semisupervised setting where we observe
multiple time series of networks, some of which are labeled
with responses. The objective of our study is to propose a
novel technique, with provable convergence guarantees, for
the response prediction task on a collection of time series
of networks. Our technique exhibits consistency under
certain conditions (explained in details in Section 3) such as
low rank of the matrix of edge formation probabilities (see
Assumption 1), and the number of nodes per graph growing
faster than the number of graphs per time series and the
number of time series (see Assumption 2). The novelty of
our study lies in taking into account the unknown low
dimensional structure underlying the high dimensional
network time series data.

In the literature, a growing number of works are focusing on
statistical analysis and inference on random graph models.
Latent space model (Hoff et al., 2002), where every node
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of a graph is assigned a vector representation, has gained
popularity for its ability to model real-world networks,
and inspired models in more complicated regimes such as
study of dynamic networks. Work in Durante et al. (2017)
provides a theoretical framework to conduct inference
on multiple time series of networks, but it relies on the
knowledge of prior distribution of certain parameters. In
Hoff (2015), a method based on tensor factorization of
the vector of parameters is proposed to study multiple
time series of graphs, which relies on assumptions of
homogeneity. Loyal and Chen (2023) proposes a new
model to represent multiple time series of networks,
and proposes variational inference methods to estimate
the model parameters, however, they do not offer much
insight into the asymptotic behaviour of the estimators. An
unsupervised learning problem on multiple time series of
networks is studied in Zheng et al. (2024), which assumes
certain smoothness conditions on the dynamics of evolution
of the networks. None of these studies takes into account
the possibility of a lower dimensional structure which is
prevalent in high dimensional datasets (Fefferman et al.,
2016; Rubin-Delanchy, 2020; Whiteley et al., 2022). Our
work proposes a method for the response prediction task
in multiple time series of networks, by exploiting the
underlying low-dimensional structure, drawing inspiration
from various works in the literature which discusses
techniques to perform statistical inference tasks on graphs
by exploiting an underlying manifold structure (Acharyya
et al., 2023, 2024; Chen et al., 2024).

The primary contribution of our study is to propose a novel
technique for response prediction task on multiple time
series of networks, with theoretically proven convergence
guarantees. Additionally, as a corollary to our main result,
we propose a test for the validity of a linear regression
model linking the responses and the embeddings of the
time series of networks into a low dimensional Euclidean
space. Finally, we demonstrate the applicability of our
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method in predicting the learning scores of Drosophila larvae
from the time series of their network of neurons.

We organize the manuscript in the following manner.
Section 2 introduces the reader to preliminaries of topics
like multiplex random graphs, Doubly Unfolded Adjacency
Spectral Embedding (Baum et al., 2024) and raw stress
embedding (Borg and Groenen, 2005; Trosset and Priebe,
2024). Then Section 3 describes our model, mentions our
goal and states our proposed algorithm, and is followed by
Section 4 which states our theoretical results. In Section 5, the
numerical results are shown in support of the theoretical
findings. Illustrations of the use of our method in analyzing
real and synthetic data are presented in Section 6. Finally,
Section 7 concludes. The proofs of our theoretical results are
given in Section A.

2 IMPORTANT DEFINITIONS, NOTATIONS AND TER-
MINOLOGIES

Here, we denote the set {1, 2, . . . n} by [n]. Also, for any
k, n ∈ N, the set {(k − 1)n + 1, (k − 1)n + 2, . . . kn} is
denoted by Skn. In this paper, every vector will be repre-
sented by a bold lower case letter such as v. Any vector
by default is a column vector. Matrices will be denoted
by bold upper case letters such as A. For a matrix A, the
(i, j)-th entry will be given by Ai,j , the i-th row (written
as a column vector) will be given by Ai,∗ and the j-th
column will be given by A∗,j . For any matrix A ∈ Rm×n

with rank(A) = r, the singular values in descending order
will be given by σ1(A) ≥ · · · ≥ σr(A), the corresponding
left singular vectors will be given by u1(A), . . . ,ur(A)
and the corresponding right singular vectors will be given
by v1(A), . . . ,vr(A). The n × n centering matrix will be
denoted by Hn = In − 1

n (1n1
T
n ) where In is the n × n

identity matrix and 1n is the n-dimensional vector of all
ones. For a matrix A ∈ Rm×n, A[S1,S2] (where S1 ⊆ [m],
S2 ⊆ [n]) denotes the matrix obtained by retaining the rows
with indices in S1 and the columns with indices in S2, and
A[S1,.] denotes the matrix obtained by retaining the rows
with indices in S1 and all the columns of A, and A[.,S2]

denotes the matrix obtained by retaining the columns with
indices in S2 and all the rows of A.

Discussed below are some important definitions and
notions that we will frequently utilize in this paper.

2.1 Preliminiaries on multilayer graphs and DUASE
A graph is an ordered pair (V,E) where V denotes the set of
vertices and E ⊆ V × V denotes the collection of edges. An
adjacency matrix A of a graph is defined in the following
manner: Ai,j = 1 if (i, j) ∈ E, and Ai,j = 0 otherwise.
Here, we deal with directed graphs, hence A has a positive
probability of being asymmetric. Latent position random
graphs are those graphs where each node is associated with
a vector that is called its latent position. The latent position
of the i-th node is denoted by xi ∈ Rd for some natural
number d. First, we state the definition of random graphs.

Definition 1 (Random graph; Holland et al. (1983)). Suppose
G is a directed random graph with n nodes, such that the
probability of an edge from the i-th node to the j-th node is

given by pij . Then, the probability matrix of outward edges for
the graph G will be given by P = (pij)

n
i,j=1, henceforth referred

to as outward edge formation probability matrix (and sometimes
we will drop ‘outward’ for sake of convenience). The adjacency
matrix A ∈ Rn×n satisfies Ai,j ∼ind Bernoulli(pij), for all
i, j ∈ [n], i ̸= j, and Ai,i = 0, i ∈ [n].

Secondly, we state the formal definition of multilayer
directed random graphs.

Definition 2 (Multilayer random graph; Jones and Ru-
bin-Delanchy (2020)). A multilayer random graph is a collection
of graphs with a common set of nodes, but varying probability of
edge from one node to another, for any pair of nodes. Suppose
G1, . . . , GM denote a multilayer graph with a common set V of
n nodes and M layers. The probability of an edge from the i-th
node to the j-th node is given by p

(l)
ij for the graph Gl, for all

l ∈ [M ]. The adjacency matrix A(l) ∈ Rn×n of Gl satisfies
A

(l)
i,j ∼ind Bernoulli(p

(l)
ij ), for all i, j ∈ [n], i ̸= j, l ∈ [M ],

and A
(l)
i,i = 0, i ∈ [n], l ∈ [M ].

In this paper, we will deal with a collection of multilayer
random graphs, where the number n of nodes remains the
same across all observations. In total, there are N multilay-
ers of networks and there are M graphs in each multilayer.
In our notation, G(k,l) denotes the l-th network in the k-th
layer, and the corresponding adjacency matrix is given by
A(k,l) ∈ Rn×n for all k ∈ [N ], l ∈ [M ]. In our paper, we
shall be dealing with a collection of N time series of graphs
(in which each series contains M graphs on a common set of
n nodes) where each time series can be regarded as a mul-
tilayer graph. For each l ∈ [M ], the l-th graph G(k,l) corre-
sponds to a timepoint τl ∈ [0, τ∗], τ∗ ∈ R+, for all k ∈ [N ],
for some values 0 < τ1 < τ2 < . . . τN−1 < τN < τ∗. For
the kind of collection of multilayer graphs defined above,
a reliable method of embedding for subsequent inference
is Doubly Unfolded Adjacency Spectral Embedding (DUASE;
Baum et al., 2024). It offers the stability guarantee that if
two nodes (with the possibility that they belong to different
graphs in different layers) behave similarly, then they will be
assigned similar embedding. The algorithmic pseudocode
for DUASE is described in Algorithm 1.

Remark 1. In the original paper on Doubly Unfolded Adjacency
Spectral Embedding (Baum et al., 2024), the DUASE algorithm
technically returns both the left embeddings {X(k)

A : k ∈ [N ]}
and the right embeddings {Y(l)

A : l ∈ [M ]}. However, since our
goal in this paper needs only the left embeddings, we state the
algorithm as in Algorithm 1, returning only {X(k)

A : k ∈ [N ]}.

2.2 Raw stress embedding

2.2.1 Finite sample size

Raw stress embedding is a popular method for nonlinear di-
mensionality reduction. Given dissimilarities {∆i,j}i,j∈[N ]
for some finite N ∈ N, the goal is to find vectors
z1, . . . , zN ∈ Rc for some predetermined target embedding
dimension c, such that the interpoint Euclidean distances
between the zi approximate the corresponding dissimilar-
ities, that is, ∥zi − zj∥ ≈ ∆i,j for all i, j ∈ [N ]. The full
algorithm is given below.
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Algorithm 1 DUASE
({

A(k,l)
}
k∈[N ],l∈[M ]

; d
)

1: Construct the block matrix

A =
(
A(k,l)

)
k∈[N ],l∈[M ]

∈ RnN×nM .

2: Define UA = [u1(A)| . . .ud(A)] ∈ RnN×d to
be the matrix of the top d left singular vectors,
VA = [v1(A)| . . .vd(A)] ∈ RnM×d to be the ma-
trix of the top d right singular vectors, and ΣA =
diag{σ1(A), . . . σd(A)} ∈ Rd×d to be the diagonal ma-
trix of the top d singular values of A.

3: Compute the left embedding XA = UAΣ
1
2

A ∈ RnN×d

and the right embedding YA = VAΣ
1
2

A ∈ RnM×d.
4: The information of the k-th layer across all timepoints is

contained in X
(k)
A = (XA)[(k−1)n+1:kn,.] ∈ Rn×d for all

k ∈ [N ] and the information of the l-th timepoint across
all layers is contained in Y

(l)
A = (YA)[(l−1)n+1:ln,.] ∈

Rn×d for all l ∈ [M ].
5: return {X(k)

A : k ∈ [N ]}.

Algorithm 2 RSEmb( {∆i,j}i,j∈[N ] ; c)

1: Define the raw stress function to be σ(z1, z2, . . . , zN ) =∑N
i,j=1 wi,j(∥zi − zj∥ − ∆i,j)

2 where zi ∈ Rc for all
i ∈ [N ].

2: Obtain (ẑ1, ...., ẑN ) = argminσ(z1, z2, . . . , zN )
3: return (ẑ1, . . . , ẑN ).

For this article, we restrict our attention to the regime of
c = 1. Moreover, we set wi,j = 1 for all pairs (i, j).

Remark 2. Iterative majorization (for details, see Chapter 8 of
Borg and Groenen, 2005) is used to minimize the raw stress
function. In order to avoid getting trapped in local minima,
classical multidimensional scaling outputs are typically used for
initialization. In our paper, we assume the global minima is
reached for theoretical reasons.

2.2.2 Infinite sample size

Suppose M is a compact Riemannian manifold of innate
dimension c, and let ∆ : M × M → R be a Borel-
measurable dissimilarity function. Assuming g : M → Rc

is a Borel-measurable embedding function, define the raw
stress function by

σ((∆,P), g)

=

∫
M

∫
M

(∥g(m′)− g(m′′)∥ −∆(m′,m′′))
2
P(dm′)P(dm′′).

Defining D(m′,m′′) = ∥g(m′)− g(m′′)∥, we redefine the
raw stress function as

σ((∆,P),D)

=

∫
M

∫
M

(∥g(m′)− g(m′′)∥ −∆(m′,m′′))
2
P(dm′)P(dm′′)

= ∥D−∆∥2P .

Let Y be the cone of all Euclidean pseudometrics, then we
define the raw stress minimizer for dissimilarity ∆ with
respect to probability function P as

Min(∆,P) =

{
D ∈ Y : σ((∆,P),D) ≤ inf

D∈Y
σ((∆,P),D)

}
.

3 MODEL AND METHODOLOGY

Our model involves a set of time series of graphs. Each
time series can be regarded as a multilayer random directed
graph. This is so because a multilayer random graph is a
collection of graphs on a common set of nodes, while a
time series of graphs in practice involves a collection of
realizations of a single graph over multiple timepoints (for
instance, sequence of snapshots of a network of neurons
in the brain of an organism). Corresponding to some time
series of networks, real-valued responses are observed, and
it is assumed that each time series of networks is associated
with a scalar pre-image. Our model further assumes that a
simple linear regression model links the responses to the
pre-images of the time series.

High dimensional data, including network data, often
admits a low dimensional underlying structure (Fefferman
et al., 2016; Rubin-Delanchy, 2020; Whiteley et al., 2022).
This is the reason why we assume that every time series of
graphs corresponds to a scalar pre-image. The assumption
of scalar responses being associated with time series of
networks is made because it is simple, interpretable and
serves as foundation for more complex models. We make
the assumption that a linear regression model links the
responses to the pre-images because linear regression
models, apart from being simple and interpretable, scales
well with increase in data volume because of its low
computational complexity. Moreover, linear regression
models can also be used in online settings to make
predictions in real-time, which can help extend our work to
an online setting.

There are N time series in total, and each time series
has M graphs, where each graph has n nodes. The
adjacency matrix of the l-th graph in the k-th time series
is denoted by A(k,l), and let the corresponding probability
matrix be P(k,l). We define the grand probability matrix to
be P = (P(k,l))k∈[N ],l∈[M ]. We denote

{X(k)
P : k ∈ [N ]} = DUASE

({
P(k,l)

}
k∈[N ],l∈[M ]

)
,

where we recall that for every k ∈ [N ], X
(k)
P ∈ Rn×d.

Suppose there exist scalars ti such that for all k1, k2,∥∥∥X(k1)
P −X

(k2)
P

∥∥∥
2,∞

= |tk1 − tk2 |.

Suppose s ≪ N is a fixed natural number and for k ∈
[s], response yk is associated with the k-th time series. We
further assume that the responses yk are linked to the scalar
pre-images tk via a simple linear regression model, that is,

yk = α+ βtk + ϵk

where ϵk ∼iid N(0, σ2
ϵ ).
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Our goal is to predict ys+1 for the unlabeled (s + 1)-th
time series. To do that, we first estimate X

(k)
P with X

(k)
A ,

where

{X(k)
A : k ∈ [N ]} = DUASE

({
A(k,l)

}
k∈[N ],l∈[M ]

)
.

The matrices X
(k)
A estimate their population counterpart

matrices X
(k)
P consistently up to an orthogonal transforma-

tion, and hence the pairwise distances between X
(k)
A can

consistently estimate the corresponding pairwise distances
X

(k)
P . Hence the population (involving probability matrices

P(k,l)) dissimilarity matrix ∆ is estimated by the sample
(involving adjacency matrices A(k,l)) dissimilarity matrix
∆̂, where

∆ =
(∥∥∥X(k1)

P −X
(k2)
P

∥∥∥)N

k1,k2=1
= (|tk1 − tk2 |)

N
k1,k2=1 ,

∆̂ =
(∥∥∥X(k1)

A −X
(k2)
A

∥∥∥)N

k1,k2=1
.

Then, we apply raw stress minimization algorithm on ∆̂

into R, and obtain scalars {ẑk}Nk=1. Treating the embeddings
ẑk as proxy regressors, we predict the response ys+1 with
ỹs+1. The full procedure is described in Algorithm 3.

Algorithm 3 PredTSGResp
({

A(k,l)
}
k∈[N ],l∈[M ]

; d; r
)

1: Compute the DUASE of {A(k,l)}k∈[N ],l∈[M ]:{
X

(k)
A

}N

k=1
= DUASE

({
A(k,l)

}
k∈[N ],l∈[M ]

)
.

2: Obtain the estimated pairwise distance matrix

∆̂ =

(∥∥∥X(k1)
A −X

(k2)
A

∥∥∥
2,∞

)N

k1,k2=1

.

3: Use raw stress embedding to obtain

{ẑk}Nk=1 = RSEmb(∆̂; 1).

4: Compute the estimated regression coefficients:

b̂ =

∑s
i=1(yi − ȳ)(ẑi − ¯̂z)∑s

i=1(ẑi − ¯̂z)2
, â = ȳ − b̂¯̂z,

where ¯̂z = s−1
∑s

i=1 ẑi.
5: return Predicted responses ỹr = â+ b̂ẑr .

Since now onwards we will be dealing with varying
n,M and N , we shall write nK ,MK and NK where K is
the common index that controls the change in values of
n,M and N . That is, at the K-th instant, nK is the number
of nodes per graph, MK is the number of graphs per time
series and NK is the number of time series. In our setting,
nK → ∞,MK → ∞ and NK → ∞ as K → ∞. Stated
below are our model assumptions.

Assumption 1. The grand probability matrix, defined as P =
(P(k,l))k∈[NK ],l∈[MK ], satisfies rank(P) = d for all sufficiently
large K .

Assumption 2. The number of graphs per multilayer and the
number of multilayers both must grow slower than the number of
nodes in each graph, that is, MK = o(nK), NK = o(nK).

Assumption 3. The scalars tk ∼iid P for all k, where L =
support(P) ⊂ R is closed and bounded.

Having discussed our setting in this section, we move on
to the next section to state the results establishing asymp-
totic properties of our proposed PredTSGResp algorithm.

Remark 3. There is a tradeoff between precision and complexity
in choosing the model that links the responses with the scalar
pre-images corresponding to the multilayer of graphs. Our choice
of linear regression model has limitations, nonlinear or non-
parametric regression models cover a wider range of scenarios
than linear regression model does. On the other hand, nonlinear
or nonparametric regression models may be more complicated
and involve huge computation time as the data volume grows.
Machine learning models can also be applicable in a wide range of
scenarios, but they may not always offer interpretability, which is
offered by linear regression model.

4 THEORETICAL RESULTS

In this section, we present our theoretical results. The results
are primarily based on two results from the literature, one
that establishes consistency of DUASE embeddings (Theo-
rem 1) and another that establishes continuity of raw stress
embeddings (Theorem 2).

Theorem 1. (Baum et al., 2024) Suppose there are N time series
of networks, each consisting of M directed random latent position
graphs where each graph has n nodes. Each time series can be
regarded as a multiplex of graphs. Let P(k,l) denote the outward
edge formation probability matrix and A(k,l) denote the adjacency
matrix of the l-th graph in the k-th series, for all k ∈ [N ], l ∈
[M ]. Further, assume that Assumptions 1 and 2 hold. Denoting

{X(k)
P : k ∈ [N ]} = DUASE

({
P(k,l)

}
k∈[N ],l∈[M ]

; d

)
and

{X(k)
A : k ∈ [N ]} = DUASE

({
A(k,l)

}
k∈[N ],l∈[M ]

; d

)
,

there exists Q ∈ O(d) such that for each k ∈ N,∥∥∥X(k)
A −X

(k)
P Q

∥∥∥
2,∞

→P 0

as K → ∞.

The above theorem states that as the number of time
series, number of graphs and number of nodes increase
simultaneously, the sample DUASE embedding for every
time series converges to its population counterpart up to an
orthogonal transformation. Since the maximum row norm
of a matrix is invariant to orthogonal transformations, we
can conclude that the distance between two sample DUASE
embeddings approach the distance between the two corre-
sponding population DUASE embeddings.

Proposition 1. In the setting of Theorem 1, define the matrices

∆(K) =

(∥∥∥X(k1)
P −X

(k2)
P

∥∥∥
2,∞

)
k1,k2∈[N ]

,

∆̂
(K)

=

(∥∥∥X(k1)
A −X

(k2)
A

∥∥∥
2,∞

)
k1,k2∈[N ]

.
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Then, for each k1, k2 ∈ N,∣∣∣∣∆̂(K)

k1,k2
−∆

(K)
k1,k2

∣∣∣∣ →P 0

as K → ∞.

Observe that as the number of time series, number of
graphs and number of nodes grow simultaneously (under
our model assumptions, one of which demands that the
number of multilayers and number of graphs per multilayer
must grow slower than the the number of nodes per graph),
each entry of the population pairwise distance matrix ∆
converges entrywise to the pairwise distance matrix D be-
tween the scalar pre-images ti. Our next result from Trosset
and Priebe (2024) states that the globally minimizing EDM-
1 matrices of a sequence of dissimilarity matrices converge
to the globally minimizing EDM-1 matrix of the limit of the
dissimilarity matrices.

Theorem 2. (Trosset and Priebe, 2024) Suppose ∆̂
(K)

is uni-

formly bounded and converges to the dissimilarity function ∆̂
(∞)

in the topology of pointwise convergence. Assume that the se-
quence of empirical probability measures {P̂K} weakly converges
to the probability measure P∞. Then every sequence {D̂(K)}
where D̂(K) ∈ Min(∆̂

(K)
, P̂K), will have an accumulation

point, and if D̂(∞) is an accumulation point of {D̂(K)}, then

it will satisfy D̂(∞) ∈ Min(∆̂
(∞)

,P∞).

The above theorem establishes consistency of dissimilar-
ity minimizers in a growing sample size scenario. It helps us
prove the following result which establishes the consistency
of raw stress embeddings obtained from the maximum row
norm differences between the sample DUASE embeddings.

Proposition 2. In the setting of Theorem 1, define

{ẑi}Ni=1 = RSEmb(∆̂
(K)

; 1).

Then as K → ∞, for every k1, k2 ∈ N,

(|ẑk1
− ẑk2

| − |tk1
− tk2

|) →P 0.

Recall from our assumptions that the pre-images tk are
the unknown regressors in our regression model for which
we wish to predict a response. Proposition 2 tells us that pair-
wise distances between the raw stress embeddings approach
the pairwise distance between the true regressors, thereby
helping the raw stress embeddings closely approximate an
affine transformation of the regressors, justifying the use of
the raw stress embeddings as proxy regressors in a linear
regression model.

Theorem 3. Suppose there are N time series of random di-
rected graphs where each series has M graphs and each graph
has n nodes. Define P = (P(k,l))k∈[N ],l∈[M ] and A =
(A(k,l))k∈[N ],l∈[M ], where P(k,l) and A(k,l) denote the prob-
ability matrix and the adjacency matrix for the l-th graph in
the k-th series. Denote the population DUASE embeddings by
{X(k)

P : k ∈ [N ]} = DUASE(P(k,l); d) and the sample DU-
ASE embeddings by {X(k)

A : k ∈ [N ]} = DUASE(A(k,l); d)
and assume that there exist scalar pre-images tk such that for
every k1, k2,∥∥∥X(k1)

P −X
(k2)
P

∥∥∥
2,∞

= |tk1
− tk2

|.

Suppose responses y1, . . . ys are observed corresponding to the
first s time series such that the following model hold

yk = α+ βtk + ϵk

where ϵk ∼iid N(0, σ2
ϵ ), k ∈ [s]. Denote the raw stress embed-

dings by {ẑk}Nk=1 = RSEmb(∆̂; 1) where

∆̂ =

(∥∥∥X(k1)
A −X

(k2)
A

∥∥∥
2,∞

)N

k1,k2=1

.

Then the predicted response

ỹr = PredTSGResp

({
A(k,l)

}
k∈[N ],l∈[M ]

; d, r

)
satisfies

|ỹr − ŷr| →P 0

as K → ∞, where ŷr is the predicted response at the r-th time
series based on the true regressors tk.

The above theorem tells us that as the number of unla-
beled (auxilary) time series increases (along with number of
graphs and size of graphs), the predicted response obtained
from our method approaches the predicted response ob-
tained from the true regressors. In order to test the validity
of a simple linear regression model, we deploy an F -test that
uses the observed responses and the predicted responses
obtained from the true regressors. In the absence of the true
regressors, we can still use predicted responses obtained
from our method and hope to mimic the power of the
original F -test, by virtue of Theorem 3.

Corollary 1. In the setting of Theorem 3, suppose we want to
test H0 : β = 0 against H1 : β ̸= 0 at level of significance α̃.
Define the following test statistics:

F ∗ = (s−2)

∑s
k=1(ŷk − ȳ)2∑s
k=1(yk − ŷk)2

, F̂ = (s−2)

∑s
k=1(ỹk − ȳ)2∑s
k=1(yk − ỹk)2

.

Suppose π∗ is the power of the test carried out by the principle:
reject H0 if F ∗ > cα̃, and let π̂ be the power of the test with the
principle: reject H0 if F̂ > cα̃. Then, for every (α, β), |π̂−π∗| →
0 as K → ∞.

The above result paves a way for testing the validity of
a proposed linear regression model between the responses
and the scalar pre-images in a realistic setting where the
regressors are unknown.

Remark 4. Our procedure allows for the possibility of every node
being assigned a unique vector embedding, thus accounting for
heterogeneous node structures.

5 SIMULATIONS

In this section, we describe the simulation experiments.
We carry out two simulation experiments that provide
numerical support for the theoretical results Theorem 3 and
Corollary 1.

First, we describe the simulation that numerically shows
the predicted response obtained from Algorithm 3 ap-
proaches the predicted response obtained from the true
regressors. The number of labeled datapoints is fixed at
s = 5. Denoting the common index that controls the growth
of n (number of nodes per graph), M (number of graphs
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per multilayer) and N (number of multilayers) by K , we
set nK = 15 + ⌊(K − 1)1.5⌋, NK = 10 + (K − 1) and
MK = 8 + (K − 1), while the common index K varies
in the range {1, 2, 3, . . . 30}. We repeat the following task
for each K on each of 100 Monte Carlo samples. At first,
we obtain the regressors t1, . . . ts ∼iid U(0, 1) associated
with observed responses y1, . . . ys where yk = α+ βtk + ϵk,
ϵk ∼iid N(0, σ2

ϵ ) with regression parameters α = 2.0,
β = 8.0, σϵ = 0.01. We generate the pre-images for the
auxiliary points as ts+1, . . . tN ∼iid U(0, 1). We define two
matrices X̃ ∈ RnN×d and Ỹ ∈ RnM×d, where we choose
the embedding dimension d = 2. Now,

X̃[((i−1)n+1):in,] =
ti√
d
J(n,d)

where J(n,d) is the n × d matrix of all ones. Also, for every
pair (i, j) ∈ [nM ]× [d], Ỹij ∼iid U(0.2, 0.5). We define the
grand probability matrix P = X̃ỸT . For any i1, i2 ∈ [nN ],∥∥∥X̃i1,∗ − X̃i2,∗

∥∥∥ =

∥∥∥∥(UPS
1
2+η
P

)
i1,∗

−
(
UPS

1
2+η
P

)
i2,∗

∥∥∥∥ .
Hence, for any k1, k2 ∈ [N ],

|tk1
− tk2

|

=
∥∥∥X̃

[S
k1
n ,]

− X̃
[S

k2
n ,]

∥∥∥
2,∞

=

∥∥∥∥(UPS
1
2+η
P

)
[S

k1
n ,]

−
(
UPS

1
2+η
P

)
[S

k2
n ,]

∥∥∥∥
2,∞

=

∥∥∥∥{(UPS
1
2

P

)
[S

k1
n ,]

−
(
UPS

1
2

P

)
[S

k2
n ,]

}
Sη
P

∥∥∥∥
2,∞

where η ∈ [− 1
2 ,

1
2 ]. Clearly, if d = 1, then we could scale tk

by σ1(P)η for all k, and reformulated our regression model.
But even if d > 1, it can be numerically shown that the
second largest singular value of P is much smaller than
its largest singular value, and hence the scaling of the re-
gressors and the reformulation of the regression model still
holds approximately, enough to ensure numerical results are
satisfactory. We provide numerical evidence in Appendix A.2.

Next, we generate the adjacency matrix A(k,l) for the
l-th graph in the k-th multilayer following A

(k,l)
i,j ∼ind

Bernoulli(P
(k,l)
i,j ) for all i ̸= j, where P(k,l) is the probability

matrix for the l-th graph in the k-th multilayer. We obtain
the DUASE embedding

{X(k)
A : k ∈ [N ]} = DUASE

({
A(k,l)

}
k∈[N ],l∈[M ]

; d

)
and thereby compute the raw stress embeddings

{ẑi}Ni=1 = RSEmb({∆̂i,j}i,j∈[N ]; 1).

Using a simple linear regression model on (yi, ti)
s
i=1, the

response at the (s + 1)-th multilayer is predicted with
ŷs+1. Similarly, using a simple linear regression model on
(yi, ẑi)

s
i=1, we predict the response at the (s + 1)-th mul-

tilayer by ỹs+1. The mean of the values of the squared
difference (ŷs+1−ỹs+1)

2 is computed over all the 100 Monte
Carlo samples, and plotted against K , and the resulting
plot is given in Figure 1. It is seen that the sample average
squared distance between the predicted response from the
true regressors and the predicted response obtained from

0
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m
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−
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Figure 1: Plot showing that average squared difference between the predicted
response based on the true regressors and the predicted response obtained from
our method approaches zero, as the number of multilayers, number of graphs per
multilayer and the number of nodes per graph increases in a suitable manner.

our method approaches zero as K goes to infinity, thus
supporting Theorem 3.

We next present simulation results in support of Corol-
lary 1. For testing H0 : β = 0 versus H1 : β ̸= 0,
we choose level of significance α̃. The setting is same as
before, except this time we take nK = 15 + ⌊(K − 1)1.5⌋,
MK = 8+ (K − 1) and NK = 10+ (K − 1). For every K in
the range {1, 2, . . . 30}, on each of 100 Monte Carlo samples,
we proceed as before to obtain the raw-stress embeddings
{ẑi}Ni=1. Using a linear regression model on the bivariate
data (yi, ti)

s
i=1 we compute the predicted responses {ŷi}si=1

and thus obtain the true F -statistic F ∗, and using a linear
regression model on the bivariate data (yi, ẑi)

s
i=1, we obtain

the predicted responses {ỹi}si=1 and thus obtain the substi-
tute F -statistic F̂ , where

F ∗ = (s−2)

∑s
k=1(ŷk − ȳ)2∑s
k=1(yk − ŷk)2

, F̂ = (s−2)

∑s
k=1(ỹk − ȳ)2∑s
k=1(yk − ỹk)2

.

The test based on F ∗ (and equivalently, also the test based
on F̂ ) rejects H0 at significance level α̃ if F ∗ > cα̃ for pre-
specified threshold cα̃. For each statistic amongst F ∗ and F̂ ,
we estimate the power of the test based on that statistic
by computing the proportion of times the test based on
that statistic rejects H0 at level α̃. We calculate the absolute
difference between the estimated powers of the tests based
on F ∗ and F̂ and plot them against K , and the resulting
plot is given in Figure 2. We observe that the difference
between the estimated powers of the tests approaches zero
as K increases.

6 REAL DATA ANALYSIS

In this section, we provide two examples to demonstrate the
use of our methodology in the analysis of real data. Our first
example shows the analysis biological learning networks in
the connectome of larval Drosophila using our technique, and
the second example shows the analysis of communication
network of large language models.

6.1 Analysis of Drosophila connectome

The wiring diagram, also known as connectome, of the
larval Drosophila has been recently completed (Winding
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Figure 2: Plot showing the difference between estimated powers of the tests based
on the true and the substitute F -statistics approaching zero as the number of mul-
tilayers, number of graphs per multilayer and number of nodes per graph increase
at suitable rates. A set of 100 Monte Carlo samples of a collection of multilayer
directed random graphs are generated, and one-dimensional embeddings are
obtained by raw-stress minimization on the Double Unfolded Adjacency Spectral
Embeddings. Responses are regressed against these one-dimensional raw-stress
embeddings to obtain a substitute F -statistic.

et al., 2023), which enables simulation of biologically re-
alistic models of the circuits of neurons based on known
anatomical connectivity (Eschbach et al., 2020). There have
been recent works on studying the learning networks (cir-
cuit of neurons responsible for learning in an organism) by
training connectome-constrained models to perform asso-
ciative learning in simualtions where a given stimulus is
delivered, eliciting a certain network output in the animal
(for instance, when an odour is coupled with pain, the odour
loses its attraction to the organism).

To be more specific, in our case, the network models
are trained to perform extinction learning. In this phe-
nomenon, an association between a conditioned stimulus
(e.g an odour) and reinforcement (e.g pain) is initially learnt,
and then weakened by exposure to the same conditioned
stimulus in absence of the reinforcement. The behaviour of
the network over different timepoints is simulated, com-
prising a time series of networks corresponding to a single
extinction learning trial. A total of 143 such trials are per-
formed corresponding to 11 different replications for each of
13 different models, each model being a result of removal of
a particular synapse from the parent network. In each trial,
at first a conditioned stimulus, followed by reinforcement
(pain or reward), is delivered, and then after significant gaps
the stimulus is delivered again twice, without being coupled
with the reinforcement. A learning score is recorded for
every extinction learning trial. The learning score is defined
as the ratio of the network output at the third conditioned
stimulus to that at the second conditioned stimulus, where
the network output at a particular time is defined as the
ratio of degree of aversion to the degree of attraction to the
conditioned stimulus at that time.

We thus have M = 143 time series of networks, each as-
sociated with a learning score. Each time series has N = 160
networks and each network has n = 140 nodes. We convert
each network into a binary one by choosing to record
the entry of the adjacency matrix as one if its modulus
exceeds a particular threshold, and as zero otherwise. The
threshold is taken to be the 25-th percentile of the absolute
values of the original edge weights. We perform Double

R = 0.19, n = 143, P = 0.026, R2 = 0.03

0.5
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Figure 3: Scatterplot of the responses yi against the one-dimensional raw-stress
embeddings ẑi, along with the fitted linear regression line in blue. An F -test is
performed to check the validity of the simple regression model yi = a+bẑi +ηi

and p = 0.026 is obtained, justifying the use of the simple linear regression
model. The estimated model parameters are â = 1.296 and b̂ = 0.018. The
curve in red denotes the fitted nonparametric regression curve, by the method of
local linear regression, which gives an R-squared value of 0.1667.

Unfolded Adjacency Spectral Embedding on the collection
of these time series of networks (with embedding dimension
d = 3), and thus obtain a matrix representation for every
time series. We obtain a dissimilarity matrix of the pairwise
differences (measured in two-to-infinity norm) of the matrix
representations of the time series, and by subsequent raw-
stress minimization we obtain one-dimensional embeddings
for all the time series. A linear regression model is assumed
to link the responses with the one-dimensional raw-stress
embeddings, and an F -test with p-value = 0.026 justifies
it (at level of significance 0.05). The scatterplot of the re-
sponses against the one-dimensional raw-stress embeddings
is given in Figure 3, along with the fitted regression line.

6.2 Analysis of communication network of large lan-
guage models

We use our method to analyze a synthetic communication
network of 30 LLMs (large language models). We wanted to
test if the difference between the final answers of the LLMs
can be linked to some scalar pre-image of the time series
of their communication networks via a linear regression
model. With that goal in mind, we perform the following
procedure. Each LLM answers the query “which flower is
the prettiest” at timepoints l = 1, 2, . . . 30. At any specific
timepoint, communication of one LLM with another means
the former LLM uses the latter LLM’s answer as prompt
augmentation. For the first 8 timepoints l ∈ {1, 2, . . . 8},
every LLM randomly chooses another LLM (from the
rest 29 LLMs) to communicate with (this phenomenon
is called global communication). For the other timepoints
l ∈ {9, 10, 11, . . . 30}, every LLM randomly chooses another
LLM from its v nearest neighbours to communicate with
(this phenomenon is called local communication). For v = 4,
we have N = 40 independent replications of this same
experiment, thus in total we have N = 40 time series, and
each time series has M = 30 graphs. Using an embedding
function nomic-embed-v1.5 (Nussbaum et al., 2024) , we
turn every answer provided by an LLM to a vector in
R768. We denote the vector representing the answer given
by LLM-i at time-30 on the k-th replicate by ui,k; where
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i ∈ [30], k ∈ [N ]. For every k-th time series, we find its
mean distance in answers by

yk =
1(30
2

) ∑
i<i′

∥ui,k − ui′,k∥ .

We treat yk as the response corresponding to the k-th time
series. We obtain an adjacency matrix of communications
A(k,l) ∈ R30×30 corresponding to the l-th timepoint in the
k-th time series for every k ∈ [40], l ∈ [30]. A scree plot
for the singular values of the grand adjacency matrix A =(
A(k,l)

)
k∈[40],l∈[30]

is obtained and the elbow is found at

22-nd singular value (arranged in decreasing order).

−0.05
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17.55

26.35

35.15

122 100 200 300 400 500 600 700 800 900
i
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Figure 4: Scree plot of the singular values of the grand adjacency matrix. The
singular values are plotted against their corresponding ranks where the largest
singular value has rank 1. An elbow is spotted at the 22-th point, indicating a
drastic drop in the singular values from the 23-th singular value onwards.

Doubly Unfolded Adjacency Spectral Embedding (Algorithm
1) with d = 22 upon the collection of these adjacency
matrices gives us a matrix representation for every time
series, and a subsequent multidimensional scaling (by raw-
stress embedding, Algorithm 2) into 1-dimension gives us
a scalar representation ẑk for every k-th time series. An
F -test is performed to test H0 : β = 0 for the regression
model E(yk) = α+βẑk, the p-value is observed to be 0.619.
Thus, at level of significance α̃ = 0.05, we find no evidence
to suggest that the responses (mean distance between final
answers of the LLMs) are linked to the scalar pre-images
via a simple linear regression model. We also fit a (locally
linear) nonparametric regression model to the bivariate data
(yk, ẑk)

40
k=1, and the combined plot of fitted linear regression

and fitted nonparametric regression is shown in the figure
below.

R = 0.08, n = 40, P = 0.619, R2 < 0.01
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Figure 5: The scatterplot of responses yk and one-dimensional embeddings ẑk ,
along with fitted regression lines. The blue line corresponds to the fitted simple
linear regression model, and the red line corresponds to the fitted nonparametric
regression model. The linear regression model has p-value 0.619, and the non-
parametric regression model yields a R2 = 0.006.

7 DISCUSSION

In this paper, we propose a method to predict a response
corresponding to an unlabeled time series of networks, in
a semisupervised setting. We assume that each time series
of networks correspond to a scalar pre-image such that a
suitable measure of pairwise distances between the time
series is captured by the interpoint distances between the
scalar pre-images. Assuming a linear regression model
links the responses to the scalar pre-images, we propose to
predict the responses by using raw-stress minimization to
find proxies for the true regressors. We provide theoretical
and numerical justification for our method in Sections 4 and
5 respectively.

We also demonstrate the use of our method in analysis
of real and synthetic data. In Section 6.1, we analyze the
learning networks in larval Drosophila connectome. A
collection of time series of networks, each representing the
behaviour of the learning circuit in larval Drosophila over
snapshots of time in a learning trial, is observed. Each
time series is associated with a response dubbed learning
score. Our method obtains one-dimensional embeddings
corresponding to all the time series, such that the responses
can be linked to the embeddings via a linear regression
model at level 0.05 (an F -test results in a p-value of 0.026).
In Section 6.2, we investigate the relationship between
time series of communication networks of LLMs, and the
discrepancy in their final behaviour. However, we could
not find evidence to suggest that a simple linear regression
model can be used to explain the relationship between the
responses and the one-dimensional pre-images of the time
series.

The desirable asymptotic properties of our method are
reliant on the guarantee of vanishing uniform bound on
the errors in estimating the regressors. Such guarantee can
help extend our result to the regime where a nonparametric
regression is used to link the responses with the regressors.
We provide an example of predicting the responses via
a nonparametric regression model, from our real dataset
(details in Section 6). The setting is same as the one described
in Section 6.1, where we have 143 time series of networks,
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each associated with a response. A one-dimensional
embedding is obtained corresponding to every time series
by raw stress minimization upon the DUASE embeddings,
and a local linear regression model is used to predict the
responses. The plot of the responses against the regressors,
along with the fitted regression curve, is given in Figure 3.

We hereby mention that our work can be extended to
the setting with categorical responses. The crucial part of
our results is that the pre-images corresponding to the
time series can be estimated consistently. Based on that, we
can build a classifier whose accuracy in the noisy regime
approaches the accuracy in the zero-noise regime as more
and more unlabeled time series are recorded.

Before concluding our manuscript, we briefly discuss
its limitations and the possible future extensions of our
work. Firstly, the condition under which our results hold,
namely the number of multilayers (NK) and the number
of graphs per multilayer (MK) must grow slower than
the number of nodes (nK) in each graph (mentioned
in Assumption 2), is stringent, and restricts the scope of
application of our results. Secondly, the assumption of
constant rank of the grand probability matrix P is also
restrictive, it should be relaxed to include more realistic
scenarios. Lastly, as mentioned in Remark 3, the choice of
linear regression model to capture the relationship between
the responses and the pre-images may not always be the
best choice.

We intend to address and overcome the abovementioned
limitations in future extensions of our current work.
Moreover, finding the rate of convergence of the predicted
response obtained from our method to the predicted
response obtained from the true regressors is an interesting
open problem in this area. Solving that problem would
give us an idea of how large the set of auxiliary time series
needs to be in order to achieve a given level of accuracy.
Additionally, making finite-sample improvements to the
algorithmic output taking the measurement error into
account, comprises an intriguing problem solving which
will be beneficial to the practitioners.

All the codes and datasets are available in the publicly
accessible github repository https://github.com/Aranyak-
Acharyya/PaperDUASEapp.git.
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APPENDIX A
BACKGROUND JUSTIFICATIONS AND PROOFS

A.1 Certain background justifications
Use of Theorem 2: From the entrywise convergence
of a sequence of dissimilarity matrices of growing size,
we use Theorem 2 to conclude the convergence of the
corresponding globally minimizng EDM-1 matrices.
However, Theorem 2 actually rests on the a setting of a

sequence of dissimilarity functions {∆̂
(K)

} converging

pointwise to another dissimilarity function {∆̂
(∞)

}, and
a sequence of probability distributions {P̂K} converging
uniformly to a probability distribution P∞, and it states

that any sequence D̂(K) ∈ Min(∆̂
(K)

, P̂K) will have an

accumulation point D̂(∞) ∈ Min(∆̂
(∞)

,P∞).

Statement of Proposition 2: While the conclusion in
our paper for Proposition 2 is pointwise convergence of the
raw stress embeddings, a much stronger statement holds
true in this regard. The mode of convergence is Lp, that is:

lim
K→∞

∫
L

∫
L
(|ẑk1

− ẑk2
| − |tk1

− tk2
|)p P(dtk1

)P(dtk2
) = 0

for some p ≥ 1, under Assumption 3.

A.2 Numerical justification for approximation in higher
dimensional ambient spaces
In our simulation in Section 5, the relation

|tk1
− tk2

| =
∥∥∥∥(UPS

1
2

P

)
[S

k1
n ,]

−
(
UPS

1
2

P

)
[S

k2
n ,]

∥∥∥∥
2,∞

up to rescaling of all the tk holds exactly for d = 1 and
approximately for d > 1, because for d > 1 the second
largest singular value of P is much smaller than its largest
singular value. Numerical evidence is shown in Table 1.

A.3 Proofs of theoretical results
Proposition 1. In the setting of Theorem 1, define the matrices

∆(K) =

(∥∥∥X(k1)
P −X

(k2)
P

∥∥∥
2,∞

)
k1,k2∈[N ]

,

∆̂
(K)

=

(∥∥∥X(k1)
A −X

(k2)
A

∥∥∥
2,∞

)
k1,k2∈[N ]

.

K σ1(P) σ2(P)
1 38.3913207802614 3.79012067821168e-17
2 46.2467967723536 4.30423371659228e-18
3 53.3483912419807 2.19173601047544e-17
4 70.6204284932543 7.59644834333919e-17
5 87.3256963731673 1.60271756976842e-16
6 105.690843867424 3.75449557243395e-17
7 127.893833191334 5.12974328627644e-16
8 153.452174685367 7.32395180182678e-16
9 181.817642929274 1.08072901300687e-15
10 216.55689743623 2.64045904981925e-15
11 252.293666389214 4.88745113265974e-15
12 295.071278399014 2.1915113364941e-14
13 343.504129675349 4.74920333185641e-14
14 393.134326882093 1.0073712770101e-13
15 458.2653037287 1.97145542975649e-13
16 519.272524528707 2.97958596948405e-13
17 575.884298576391 4.07037061348058e-13
18 650.49260937855 5.36758516418727e-13
19 724.990035514813 6.43326958379969e-13
20 811.462566958402 7.98294314677235e-13

Table 1: Largest and second largest singular values of the grapnd probability
matrix P as the number of nodes in each graph, number of graphs in each time
series and the number of time series grow simultaneously.

Then, for each k1, k2 ∈ N,∣∣∣∣∆̂(K)

k1,k2
−∆

(K)
k1,k2

∣∣∣∣ →P 0

as K → ∞.

Proof. Fix k1, k2 ∈ N. Observe that by triangle inequality
and invariance of Frobenius norm to orthogonal transfor-
mation,∥∥∥X(k1)

A −X
(k2)
A

∥∥∥
2,∞

−
∥∥∥X(k1)

P −X
(k2)
P

∥∥∥
2,∞

≤
∥∥∥X(k1)

A −X
(k1)
P Q

∥∥∥
2,∞

+
∥∥∥X(k2)

A −X
(k2)
P Q

∥∥∥
2,∞

.

Likewise, we can write,∥∥∥X(k1)
P −X

(k2)
P

∥∥∥
2,∞

−
∥∥∥X(k1)

A −X
(k2)
A

∥∥∥
2,∞

≤
∥∥∥(X(k1)

A −X
(k1)
P Q

)
−

(
X

(k2)
A −X

(k2)
P Q

)∥∥∥
2,∞

.

Thus, from the above two equations combined,∣∣∣∣∥∥∥X(k1)
A −X

(k2)
A

∥∥∥
2,∞

−
∥∥∥X(k1)

P −X
(k2)
P

∥∥∥
2,∞

∣∣∣∣
≤

∥∥∥(X(k1)
A −X

(k1)
P Q

)
−

(
X

(k2)
A −X

(k2)
P Q

)∥∥∥
2,∞

.

Recall that from Theorem 1, the right hand side goes to zero,
hence so does the left hand side. Thus, for each k1, k2 ∈ N,∣∣∣∣∆̂(K)

k1,k2
−∆

(K)
k1,k2

∣∣∣∣ →P 0

as K → ∞.

Proposition 2. In the setting of Theorem 1, define

{ẑi}Ni=1 = RSEmb(∆̂
(K)

; 1).

Then as K → ∞, for every k1, k2 ∈ N,

(|ẑk1
− ẑk2

| − |tk1
− tk2

|) →P 0.

Proof. From Proposition 1, for every k1, k2,∣∣∣∆̂k1,k2
−∆k1,k2

∣∣∣ →P 0 as K → ∞. From model as-
sumptions, for every k1, k2, ∆k1,k2 = |tk1 − tk2 | as K → ∞.
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Hence, for every k1, k2,
∣∣∣∆̂k1,k2

− |tk1
− tk2

|
∣∣∣ →P 0 as

K → ∞. By Theorem 3 in Trosset and Priebe (2024), we have
that ||ẑk1

− ẑk2
| − |tk1

− tk2
|| →P 0.

Theorem 3. Suppose there are N time series of random di-
rected graphs where each series has M graphs and each graph
has n nodes. Define P = (P(k,l))k∈[N ],l∈[M ] and A =
(A(k,l))k∈[N ],l∈[M ], where P(k,l) and A(k,l) denote the prob-
ability matrix and the adjacency matrix for the l-th graph in
the k-th series. Denote the population DUASE embeddings by
{X(k)

P : k ∈ [N ]} = DUASE(P(k,l); d) and the sample DU-
ASE embeddings by {X(k)

A : k ∈ [N ]} = DUASE(A(k,l); d)
and assume that there exist scalar pre-images tk such that for
every k1, k2,∥∥∥X(k1)

P −X
(k2)
P

∥∥∥
2,∞

= |tk1
− tk2

|.

Suppose responses y1, . . . ys are observed corresponding to the
first s time series such that the following model hold

yk = α+ βtk + ϵk

where ϵk ∼iid N(0, σ2
ϵ ), k ∈ [s]. Denote the raw stress embed-

dings by {ẑk}Nk=1 = RSEmb(∆̂; 1) where

∆̂ =

(∥∥∥X(k1)
A −X

(k2)
A

∥∥∥
2,∞

)N

k1,k2=1

.

Then the predicted response

ỹr = PredTSGResp

({
A(k,l)

}
k∈[N ],l∈[M ]

; d, r

)
satisfies

|ỹr − ŷr| →P 0

as K → ∞, where ŷr is the predicted response at the r-th time
series based on the true regressors tk.

Proof. From Proposition 2 we have,

max
k1,k2∈[s]

(|ẑi − ẑj | − |ti − tj |) →P 0

as N,M,n → ∞. As the difference between the interpoint
distances between the embeddings {ẑk}sk=1 and the inter-
point distances between the true regressors {tk}sk=1 ap-
proach zero, the raw stress embeddings approach an affine
transformation on the true regressors. Since we know that
an affine transformation upon the true regressors in a simple
linear regression model does not alter a predicted response
value, the predicted response ỹr based on the embeddings
ẑk approach the predicted response ŷr based on the true
regressors tk.

Corollary 1. In the setting of Theorem 3, suppose we want to
test H0 : β = 0 against H1 : β ̸= 0 at level of significance α̃.
Define the following test statistics:

F ∗ = (s−2)

∑s
k=1(ŷk − ȳ)2∑s
k=1(yk − ŷk)2

, F̂ = (s−2)

∑s
k=1(ỹk − ȳ)2∑s
k=1(yk − ỹk)2

.

Suppose π∗ is the power of the test carried out by the principle:
reject H0 if F ∗ > cα̃, and let π̂ be the power of the test with the
principle: reject H0 if F̂ > cα̃. Then, for every (α, β), |π̂−π∗| →
0 as K → ∞.

K c=1 c=2 c=3

1 4.4596 4.7844 9.0955
2 2.7714 5.8193 3.0118
3 3.8495 4.9706 5.6552
4 2.4164 3.0993 3.8073
5 1.8394 4.6993 4.5923
6 1.4813 3.1333 9.7977
7 1.4844 4.8011 3.5062
8 1.4518 3.1694 5.1234
9 1.2813 1.7389 2.1088

10 1.6930 2.5667 23.0588
11 1.1222 2.9798 3.3218
12 1.3180 2.7495 2.0918
13 0.8587 1.3817 2.6761
14 0.7919 2.4617 1.7741
15 0.5957 1.6477 1.0277

Table 2: A table for comparison between choice of different values of target
embedding dimension c. As before, K is the common index for n,M and N ,
and for every c we obtain the value of sample mean (over 100 Monte Carlo
samples) of (ŷtrue − ŷsub)

2. It can be seen that the performance of our method
deteriorates as the traget dimension c deviates from the true dimension of our
pre-images, which is 1.

Proof. We know from Theorem 3, for any (α, β) ∈ R2, for all
r ∈ [s], |ỹr − ŷr| → 0 as K → ∞. Hence, for all (α, β) ∈ R2,
|F̂ − F ∗| → 0 as K → ∞, and hence for all (α, β) ∈ R2,
for any significance level α̃, |π̂ − π∗| = |Pα,β [F̂ > cα̃] −
Pα,β [F

∗ > cα̃]| → 0 as K → ∞.

A.4 Comparison between different target embedding
dimensions
We numerically compare the effects of choosing different
values for the target embedding dimension c. For
every c ∈ {1, 2, 3}, we compare the sample mean of
all (ŷtrue − ŷsub)

2 values. The comparison is shown below
in Table 2. It can be seen that as the embedding dimension
deviates from the true dimension of the pre-images (which
is 1), the predictions become worse.

A.5 Distribution of p-value under null hypothesis
For testing H0 : β = 0 versus H1 : β ̸= 0 at level
of significance α̃, we reject H0 if F̂ > F1,s−2;1−α̃ where
F1,s−2;1−α̃ is the (1 − α̃)-th quantile of F1,s−2 distribution.
We demonstrate the type-I error control under null hypothe-
sis by plotting the empirical CDF of p-values under the null
hypothesis, which is given in Figure 6.
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Figure 6: The plot shows the empirical CDFs of p-values under the null hypoth-
esis. The black line corresponds to the empirical CDF of p-values for the test
involving true regressors tk . The blue line represents the empirical CDF of p-
values of the test involving the proxy regressors ẑk . The orange line represents
the true CDF of U(0, 1). The figure shows that the type-I error control under the
null hypothesis is satisfactory.
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