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1. INTRODUCTION

A mechanical system is said to be underactuated if it
has fewer actuators than degrees of freedom (DOF). This
feature greatly complicates the control problem and has
inspired a growing body of research, e.g., the recent stud-
ies Gutiérrez-Oribio et al. (2021); Lu and Fang (2021);
Romero et al. (2022). Among the various approaches that
have been proposed in the literature, the Interconnection
and Damping Assignment Passivity-based Control (IDA-
PBC) methodology, see Ortega et al. (2002), is particularly
advantageous since it offers a physical interpretation of
the control action in terms of energy and dissipation.
Moreover, the closed-loop system can be interpreted as
a mechanical system. IDA-PBC can account for actuator
dynamics, including DC electric motors, see Gandarilla
et al. (2017); fluidic actuation, see Franco and Astolfi
(2022); high-order actuator dynamics, see Franco and As-
tolfi (2023). Similarly, several works have investigated dis-
turbance rejection for mechanical systems using passivity-
based control strategies; see, for instance, Romero et al.
(2013); Ortega et al. (2021); Chan-Zheng et al. (2022);
Borja et al. (2021). Among such approaches, using integral
actions within the IDA-PBC framework has resulted in
the so-called integral IDA-PBC (iIDA-PBC) methodology,
see Donaire et al. (2017); Ferguson et al. (2017, 2019)
and recent extensions in Franco (2023); Franco et al.
(2023). This approach ensures robustness in the pres-
ence of certain disturbances while preserving the port-
Hamiltonian structure, the energy-based interpretation,
and the corresponding stability properties of IDA-PBC.
However, to the best of the authors’ knowledge, the iIDA-
PBC methodology has not been applied to systems with
actuator dynamics and uncertain coupling. Notably, this is
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a relevant and common problem in engineering practice be-
cause commercial actuators can often be represented with
a first-order dynamical model, while the coupling between
the actuator and the corresponding mechanical system is
often uncertain due to the manufacturing tolerances of
the transmission. The problem of uncertain input matrix
can also be approached by employing the Immersion &
Invariance methodology; see, for instance, Astolfi et al.
(2007). Similarly, the actuator dynamics can be accounted
for with the backstepping methodology, see Krstic et al.
(1995). Nevertheless, these approaches do not provide the
same physical interpretation of the control action in terms
of system energy as IDA-PBC and do not yield a closed-
loop system in port-Hamiltonian form, which is convenient
for analysis purposes.

This work investigates the integral passivity-based con-
trol of a class of underactuated mechanical systems with
constant input matrix, uncertain coupling, and first-order
actuator dynamics. To this end, a new design of the in-
tegral action that extends the iIDA-PBC methodology is
proposed. Stability conditions are assessed, and the effec-
tiveness of the controller is demonstrated via simulations
on a ball-on-beam system.

Caveat: to simplify the notation, the arguments are omit-
ted in equations and are provided for functions in the inline
text.

2. PROBLEM SETTING

2.1 Overview of IDA-PBC

The dynamics of standard underactuated mechanical sys-
tems without dissipation can be described in the port-
Hamiltonian form as[

q̇
ṗ

]
=

[
0 I
−I 0

] [
∇qH
∇pH

]
+

[
0
G

]
u

H = T +Ω,

(1)
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ṗ

]
=

[
0 I
−I 0

] [
∇qH
∇pH

]
+

[
0
G

]
u

H = T +Ω,

(1)

Preprints of the 8th IFAC Workshop on
Lagrangian and Hamiltonian Methods for Nonlinear Control
June 10-12, 2024, Besançon, France
IFAC LHMNC 2024

Copyright © 2024 The Authors. This is an open access article under the CC BY-NC-ND license 

(https://creativecommons.org/licenses/by-nc-nd/4.0/)



20	 Enrico Franco  et al. / IFAC PapersOnLine 58-6 (2024) 19–24

where the system states are the generalized positions
q ∈ Rn and the momenta p ∈ Rn; u ∈ Rm, with
m < n, denotes the input; the inertia matrix M : Rn →
Rn×n is positive definite; the kinetic and potential energy
are denoted by T = 1

2p
⊤M−1p and Ω : Rn → R≥0,

respectively, such that H : Rn × Rn → R≥0 represents
the total energy of the system; G : Rn → Rn×m is the
input matrix with rank m for all q ∈ Rn. Additionally, the
assignable configurations for (1) are determined by the set

Eq =

q ∈ Rn | G⊥∇qΩ = 0


,

where G⊥(q) denotes the full-rank left-annihilator of G(q),
i.e., G⊥G = 0 and rank{G⊥} = n−m.

The control aim is to stabilize the desired equilibrium
(q⋆,0), q⋆ ∈ Eq, and it is achieved by the IDA-PBC law

uIDA = G† �∇qH −MdM
−1∇qHd − J2∇pHd



−KvG
⊤∇pHd,

(2)

where G† :=
�
G⊤G

−1
G⊤; the desired inertia matrix

Md : Rn → Rn×n and the gain matrix Kv ∈ Rm×m are
positive definite; J2 : Rn×Rn → Rn×n is skew-symmetric.
The resulting closed-loop dynamics are (see Ortega et al.
(2002))

q̇
ṗ


=


0 M−1Md

−MdM
−1 J2 −GKvG

⊤

 
∇qHd

∇pHd



Hd = Td +Ωd,

(3)

where Td := 1
2p

⊤M−1
d p and Ωd : Rn → R≥0. To achieve

the regulation goal, q⋆ ∈ Eq must be a strict minimizer of
the desired potential energy Ωd(q), implying that Hd(q, p)
has a strict minimum at (q⋆,0). Additionally, to ensure
the existence of the controller (2), the design parameters
Ωd(q), Md(q), and J2(q, p) must satisfy the partial differ-
ential equations (PDEs)

G⊥ �
∇qT −MdM

−1∇qTd + 2J2M
−1
d p


= 0, (4)

G⊥ �
∇qΩ−MdM

−1∇qΩd


= 0. (5)

Note that computing the time derivative of Hd(q, p) along
the trajectories of the closed-loop system (3) yields

Ḣd = − (∇pHd)
⊤
GKvG

⊤∇pHd ≤ 0.

Thus, the equilibrium (q⋆,0) is locally asymptotically
stable provided that

G⊤∇pHd = G⊤M−1
d p = 0 =⇒


q = q⋆

p = 0.
(6)

For further details, we refer the reader to Ortega et al.
(2002). Moreover, the stability properties are global if
Hd(q, p) is radially unbounded—see Khalil (2002).

2.2 System class definition

An underactuated mechanical system with first-order ac-
tuator dynamics can be represented as


q̇
ṗ
ẋ1


=




0 I 0
−I −R kcG
0 0 −Θ−1



∇qW
∇pW
∇x1

W


+




0
0

Θ−1u




W = H +
1

2
x⊤
1 x1

(7)

where x1 ∈ Rm denotes the states of the actuators and
R ∈ Rn×n represents the physical damping. The coupling
between the actuators and the mechanism is described

by the scalar constant kc > 0; Θ := diag(τ), where
τ > 0 is the time constant of the actuators. The following
assumptions are introduced for control purposes.

Assumption 1. The input matrix in (1) satisfies

G⊤G = I, I ∈ Rm×m.

A broad range of underactuated mechanical systems sat-
isfy Assumption 1. In Borja et al. (2022a) and Pustina
et al. (2024), a thorough discussion on when it is possible
to find a coordinate transformation such thatG = [I 0]⊤—
hence, satisfying Assumption 1—is provided.

Assumption 2. Given the system (1) and the desired
configuration q⋆ ∈ Eq, there exist Ωd(q), Md(q), and
J2(q, p) such that (4)–(6) are satisfied and q⋆ is a strict
minimum of Ωd(q).

Finding a solution to the PDEs (4) and (5) remains
the main bottleneck in IDA-PBC. However, Assumption
2 is satisfied by a broad range of mechanical systems,
e.g., the inertia-wheel pendulum, the Acrobot system,
and vertical take-off and landing systems. Guidelines to
solve such PDEs can be found in Acosta et al. (2005);
Viola et al. (2007). Moreover, in Borja et al. (2022b), the
authors characterize a class of systems, including planar
manipulators with flexible links, cranes, and some soft
robots, where the solution to the PDEs is straightforward
because only the potential energy needs to be shaped.

Assumption 3. The scalar constant kc > 0 is uncertain. All
actuators are identical and have the same time constant
τ . All other model parameters in (7) are exactly known,
R = 0, and all system states are measurable.

Assumptions 1–3 characterize a limited yet relevant class
of systems. In particular, the dynamics of various actuators
standard in applications can be expressed in terms of
their time constant τ . Some examples are electric motors
with uncertain gear ratios and pneumatic digital pressure
regulators—see Franco et al. (2016). Furthermore, the
effect of natural damping, i.e., R ̸= 0, is discussed in
Remark 2.

2.3 Overview of IDA-PBC with actuator dynamics

If the parameter kc in (7) is exactly known, the controller
is designed as in Franco and Astolfi (2023), yielding the
closed-loop dynamics

q̇
ṗ
ẋ1


=




0 S12 S13

−S⊤
12 −S22 S23

−S⊤
13 −S⊤

23 −S33



∇qWd

∇pWd

∇x1
Wd


, (8)

where the storage function Wd(q, p, x1) is given by

Wd = Hd +
1

2
ς⊤ς, (9)

and the term ς(q, p, x1) is defined as

ς := G† �−∇qH +MdM
−1∇qHd



+G†(GKvG
⊤ − J2)M

−1
d p+ x1kc.

(10)

The matrices Sij(q, p, x1) in (8) are defined as

S12 := M−1Md, S13 := −S12(∇pς)
⊤k−1

c ,
S22 := GKvG

⊤ − J2, S33 := ki,

S23 := G
�
I +G†S12(∇qς)

⊤ +G†S22(∇pς)
⊤ k−1

c

+G⊥⊤ �
G⊗S12(∇qς)

⊤ +G⊗S22(∇pς)
⊤ k−1

c ,
(11)
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where the system states are the generalized positions
q ∈ Rn and the momenta p ∈ Rn; u ∈ Rm, with
m < n, denotes the input; the inertia matrix M : Rn →
Rn×n is positive definite; the kinetic and potential energy
are denoted by T = 1

2p
⊤M−1p and Ω : Rn → R≥0,

respectively, such that H : Rn × Rn → R≥0 represents
the total energy of the system; G : Rn → Rn×m is the
input matrix with rank m for all q ∈ Rn. Additionally, the
assignable configurations for (1) are determined by the set

Eq =

q ∈ Rn | G⊥∇qΩ = 0


,

where G⊥(q) denotes the full-rank left-annihilator of G(q),
i.e., G⊥G = 0 and rank{G⊥} = n−m.

The control aim is to stabilize the desired equilibrium
(q⋆,0), q⋆ ∈ Eq, and it is achieved by the IDA-PBC law

uIDA = G† �∇qH −MdM
−1∇qHd − J2∇pHd



−KvG
⊤∇pHd,

(2)

where G† :=
�
G⊤G

−1
G⊤; the desired inertia matrix

Md : Rn → Rn×n and the gain matrix Kv ∈ Rm×m are
positive definite; J2 : Rn×Rn → Rn×n is skew-symmetric.
The resulting closed-loop dynamics are (see Ortega et al.
(2002))

q̇
ṗ


=


0 M−1Md

−MdM
−1 J2 −GKvG

⊤

 
∇qHd

∇pHd



Hd = Td +Ωd,

(3)

where Td := 1
2p

⊤M−1
d p and Ωd : Rn → R≥0. To achieve

the regulation goal, q⋆ ∈ Eq must be a strict minimizer of
the desired potential energy Ωd(q), implying that Hd(q, p)
has a strict minimum at (q⋆,0). Additionally, to ensure
the existence of the controller (2), the design parameters
Ωd(q), Md(q), and J2(q, p) must satisfy the partial differ-
ential equations (PDEs)

G⊥ �
∇qT −MdM

−1∇qTd + 2J2M
−1
d p


= 0, (4)

G⊥ �
∇qΩ−MdM

−1∇qΩd


= 0. (5)

Note that computing the time derivative of Hd(q, p) along
the trajectories of the closed-loop system (3) yields

Ḣd = − (∇pHd)
⊤
GKvG

⊤∇pHd ≤ 0.

Thus, the equilibrium (q⋆,0) is locally asymptotically
stable provided that

G⊤∇pHd = G⊤M−1
d p = 0 =⇒


q = q⋆

p = 0.
(6)

For further details, we refer the reader to Ortega et al.
(2002). Moreover, the stability properties are global if
Hd(q, p) is radially unbounded—see Khalil (2002).

2.2 System class definition

An underactuated mechanical system with first-order ac-
tuator dynamics can be represented as


q̇
ṗ
ẋ1


=




0 I 0
−I −R kcG
0 0 −Θ−1



∇qW
∇pW
∇x1

W


+




0
0

Θ−1u




W = H +
1

2
x⊤
1 x1

(7)

where x1 ∈ Rm denotes the states of the actuators and
R ∈ Rn×n represents the physical damping. The coupling
between the actuators and the mechanism is described

by the scalar constant kc > 0; Θ := diag(τ), where
τ > 0 is the time constant of the actuators. The following
assumptions are introduced for control purposes.

Assumption 1. The input matrix in (1) satisfies

G⊤G = I, I ∈ Rm×m.

A broad range of underactuated mechanical systems sat-
isfy Assumption 1. In Borja et al. (2022a) and Pustina
et al. (2024), a thorough discussion on when it is possible
to find a coordinate transformation such thatG = [I 0]⊤—
hence, satisfying Assumption 1—is provided.

Assumption 2. Given the system (1) and the desired
configuration q⋆ ∈ Eq, there exist Ωd(q), Md(q), and
J2(q, p) such that (4)–(6) are satisfied and q⋆ is a strict
minimum of Ωd(q).

Finding a solution to the PDEs (4) and (5) remains
the main bottleneck in IDA-PBC. However, Assumption
2 is satisfied by a broad range of mechanical systems,
e.g., the inertia-wheel pendulum, the Acrobot system,
and vertical take-off and landing systems. Guidelines to
solve such PDEs can be found in Acosta et al. (2005);
Viola et al. (2007). Moreover, in Borja et al. (2022b), the
authors characterize a class of systems, including planar
manipulators with flexible links, cranes, and some soft
robots, where the solution to the PDEs is straightforward
because only the potential energy needs to be shaped.

Assumption 3. The scalar constant kc > 0 is uncertain. All
actuators are identical and have the same time constant
τ . All other model parameters in (7) are exactly known,
R = 0, and all system states are measurable.

Assumptions 1–3 characterize a limited yet relevant class
of systems. In particular, the dynamics of various actuators
standard in applications can be expressed in terms of
their time constant τ . Some examples are electric motors
with uncertain gear ratios and pneumatic digital pressure
regulators—see Franco et al. (2016). Furthermore, the
effect of natural damping, i.e., R ̸= 0, is discussed in
Remark 2.

2.3 Overview of IDA-PBC with actuator dynamics

If the parameter kc in (7) is exactly known, the controller
is designed as in Franco and Astolfi (2023), yielding the
closed-loop dynamics

q̇
ṗ
ẋ1


=




0 S12 S13

−S⊤
12 −S22 S23

−S⊤
13 −S⊤

23 −S33



∇qWd

∇pWd

∇x1
Wd


, (8)

where the storage function Wd(q, p, x1) is given by

Wd = Hd +
1

2
ς⊤ς, (9)

and the term ς(q, p, x1) is defined as

ς := G† �−∇qH +MdM
−1∇qHd



+G†(GKvG
⊤ − J2)M

−1
d p+ x1kc.

(10)

The matrices Sij(q, p, x1) in (8) are defined as

S12 := M−1Md, S13 := −S12(∇pς)
⊤k−1

c ,
S22 := GKvG

⊤ − J2, S33 := ki,

S23 := G
�
I +G†S12(∇qς)

⊤ +G†S22(∇pς)
⊤ k−1

c

+G⊥⊤ �
G⊗S12(∇qς)

⊤ +G⊗S22(∇pς)
⊤ k−1

c ,
(11)

where G⊗ := (G⊥G⊥⊤
)−1G⊥, and ki ∈ Rm×m is a

positive definite matrix used as a tuning parameter. The
control input that yields the target dynamics (8) is

u = x1 −ΘS⊤
13

�
∇qHd + (∇qς)

⊤ς


−ΘS⊤
23

�
M−1

d p+ (∇pς)
⊤ς


−ΘS33((∇x1

ς)⊤ς).
(12)

Computing the time derivative of (9) along the trajectories
of the closed-loop system (8) yields

Ẇd = − (∇pWd)
⊤
GKvG

⊤∇pWd − (∇x1
Wd)

⊤
ki∇x1

Wd.

Thus Ẇd ≤ 0 and the equilibrium is locally asymptotically
stable, for all Kv ≻ 0 and ki ≻ 0 provided that (6) holds.

3. MAIN RESULT

This section proposes a new controller that solves the
regulation problem for (7) with uncertain kc. To this end,
we define the new integral state ζ ∈ R and we propose the
target closed-loop dynamics



q̇
ṗ
ẋ1

ζ̇


 =




0 S12 S13 S14

−S⊤
12 −S22 S23 S24

−S⊤
13 −S⊤

23 −S33 S34

−S⊤
14 −S⊤

24 −S⊤
34 −S44






∇qWd

∇pWd

∇x1
Wd

∇ζWd


 . (13)

The storage function Wd(q, p, x1, ζ) is defined as

Wd = Hd +
1

2
ς⊤ς +

KI

2

�
ζ + p⊤Gx1 − α

2
, (14)

where α > 0 is an unknown scalar constant such that
Gkc = Gα(KIΓ1). The scalar constant KI > 0 and the
diagonal matrix Γ1 = γ1I ∈ Rm×m, with γ1 > 0, are
tuning parameters. The term ς(q, p, x1, ζ) in (14) is

ς = G† �−∇qH +MdM
−1∇qHd − J2M

−1
d p


+KvG

⊤M−1
d p+ Γ1x1KI

�
ζ + p⊤Gx1


.

(15)

The matrices Sij(q, p, x1, ζ) are defined so that the open-
loop dynamics (7) matches the extended closed-loop dy-
namics (13). To this end, we introduce for conciseness of
notation the terms

Ξ := G⊤p(∇ζς)
⊤ − (∇x1

ς)⊤,
Σ := (∇pς)

⊤ −Gx1(∇ζς)
⊤.

(16)

Note that, in a neighborhood of the desired equilibrium
point (q, p, x1, ζ) = (q⋆,0, x⋆

1, α), we have Ξ = Γ1KIα ≻ 0,
which implies this matrix is invertible in the mentioned
neighborhood. The matrices Sij(q, p, x1, ζ) are given by

S12 = M−1Md, S13 = S12ΣΞ
−1,

S14 = −S12Gx1 − S13G
⊤p, S22 = GKvG

⊤ − J2,

S33 = (Γ1 −G⊤S22G)x⊤
1 x1

�
2p⊤GG⊤p+ 2ϵ

−1
,

S23 = −G
�
G†S12(∇qς)

⊤ +G†S22Σ+ Γ1x1(∇ζς)
⊤Ξ−1

−G⊥⊤ �
G⊗S12(∇qς)

⊤ +G⊗S22Σ

Ξ−1 −GΞ−1,

S24 = (S22 −GΓ1G
⊤)Gx1 − S23G

⊤p,

S34 = S⊤
23Gx1 + S33G

⊤p,

S44 = −S⊤
24Gx1 − S⊤

34G
⊤p,

(17)
where ϵ > 0 is a scalar tuning parameter.

The following proposition represents the main result of
this work, i.e., a controller that yields the closed-loop
dynamics (13) while ensuring that the system converges
to the desired configuration q = q⋆.

Proposition 1. Consider the system (7) satisfying Assump-
tions 1–3 in closed-loop with the control law

u = x1 −ΘS⊤
13

�
∇qHd + (∇qς)

⊤ς

+ΘS34(∇ζς)

⊤ς

−ΘS⊤
23

�
M−1

d p+ (∇pς)
⊤ς


−ΘS33(∇x1

ς)⊤ς,
(18)

where the dynamics of the integral state are

ζ̇ = −S⊤
14

�
∇qHd + (∇qς)

⊤ς

− S⊤

34(∇x1
ς)⊤ς

−S⊤
24

�
M−1

d p+ (∇pς)
⊤ς


− S44(∇ζς)

⊤ς.
(19)

• The closed-loop dynamics can be written as in (13)
with the parameters (17).

• The equilibrium point (q, p, x1, ζ) = (q⋆,0, x⋆
1, α) is

locally asymptotically stable for allKI > 0, γ1 > kv >
0, ϵ > 0, where Γ1 = γ1I,Kv = kvI, if (6) holds.

• Finally ζ converges to α asymptotically if |x1| > 0.

Proof. We define the term β := KI(ζ + p⊤Gx1) for read-
ability purposes. Then, computing the partial derivatives
of Wd(q, p, x1, ζ), given in (14), yields

∇qWd = ∇qΩd +
1

2
∇q

�
p⊤M−1

d p

+ (∇qς)

⊤ς,

∇pWd = M−1
d p+Gx1(β −KIα) + (∇pς)

⊤ς,

∇x1Wd = G⊤p(β −KIα) + (∇x1ς)
⊤ς,

∇ζWd = (β −KIα) + (∇ζς)
⊤ς.

(20)

Equating the corresponding rows of (7) and of (13) yields
the matching equations

M−1p = S12∇pWd + S13∇x1
Wd + S14∇ζWd, (21a)

−∇qH +Gkcx1 = −S⊤
12∇qWd − S22∇pWd

+S23∇x1Wd + S24∇ζWd,
(21b)

−Θ−1x1 +Θ−1u = −S⊤
13∇qWd − S⊤

23∇pWd

−S33∇x1
Wd + S34∇ζWd,

(21c)

ζ̇ = −S⊤
14∇qWd − S⊤

24∇pWd

−S⊤
34∇x1Wd − S44∇ζWd.

(21d)

Substituting (17) and (20) into (21a), we get

M−1p = M−1Md

�
M−1

d p+Gx1(β −KIα) + (∇pς)
⊤ς


+M−1MdΣΞ

−1
�
G⊤p(β −KIα) + (∇x1

ς)⊤ς


−M−1MdGx1

�
(β −KIα) + (∇ζς)

⊤ς


−M−1MdΣΞ
−1G⊤p

�
(β −KIα) + (∇ζς)

⊤ς

.

By refactoring terms in the expression above, the elements
containing ς(q, p, x1, ζ), β(p, x1, ζ) and α cancel out, yield-
ing M−1p = M−1MdM

−1
d p, which is always verified.

To simplify the notation in (21b), we define

∆1 := (∇x1
ς)⊤, ∆2 := (∇ζς)

⊤,
η1 := G†M−1Md(∇qς)

⊤ + (KvG
⊤ −G†J2)Σ + Γ1x1∆2

η2 := −G⊥⊤
G⊗ �

M−1Md(∇qς)
⊤ − J2Σ


.

Substituting (17), (20), and the equality Gα(KIΓ1) = Gkc
into (21b), we obtain

−∇qΩ− 1

2
∇q

�
p⊤M−1p


+Gα(KIΓ1G

⊤G)x1 =

−MdM
−1


∇qΩd +

1

2
∇q

�
p⊤M−1

d p

+ (∇qς)

⊤ς



−(GKvG
⊤ − J2)

�
M−1

d p+Gx1(β −KIα) + (∇pς)
⊤ς


+(η2 −G (I + η1)) Ξ

−1
�
∆1ς −G⊤p∆2ς)


+((GKvG

⊤ − J2)−GΓ1G
⊤)Gx1((β −KIα) + ∆2ς).

Refactoring terms removes the dependency on α in the
equation above. Moreover, premultiplying this expression
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by G⊥(q) yields the sum of the PDEs (4) and (5), which
are verified according to Assumption 2. Premultiplying it
instead by G†(q) and substituting (15) yields the identity.
Substituting (17) and (20) into (21c) yields

−Θ−1x1 +Θ−1u =

−S⊤
13


∇qΩd +

1

2
∇q

�
p⊤M−1

d p

+ (∇qς)

⊤ς



−S⊤
23

�
M−1

d p+Gx1(β −KIα) + (∇pς)
⊤ς


−S33(G

⊤p(β −KIα) + ∆1ς)
+
�
S⊤
23Gx1 + S33G

⊤p

((β −KIα) + ∆2ς).

After some algebraic manipulations, the terms containing
α and β(p, x1, ζ) cancel out, yielding the control law (18).
Substituting (17) and (20) into (21d) yields

ζ̇ = −S⊤
14


∇qΩd +

1

2
∇q

�
p⊤M−1

d p

+ (∇qς)

⊤ς



−S⊤
24

�
M−1

d p+Gx1(β −KIα) + (∇pς)
⊤ς


−S⊤

34(G
⊤p(β −KIα) + ∆1ς)

+(S⊤
24Gx1 + S⊤

34G
⊤p)((β −KIα) + ∆2ς).

Refactoring terms in the expression above removes the
dependency on α and β(p, x1, ζ) yielding (19). Thus,
proving the first claim.

To prove the second claim, note that computing the time
derivative of (14) along the trajectories of the closed-loop
system (13) while simplifying skew symmetric terms in
S22(q, p), S33(q, p, x1), and S44(q, p, x1, ζ) yields

Ẇd = −∇pW
⊤
d

�
GKvG

⊤∇pWd

−∇x1W
⊤
d Ψ∇x1Wd −∇ζW

⊤
d Φ∇ζWd,

(22)

where

Ψ = G⊤G(Γ1 −Kv)G
⊤Gx⊤

1 x1

�
2p⊤GG⊤p+ 2ϵ

−1
,

Φ = x⊤
1 G

⊤G(Γ1 −Kv)G
⊤Gx1

−p⊤GG⊤G(Γ1 −Kv)G
⊤GG⊤px⊤

1 x1

�
2p⊤GG⊤p+ 2ϵ

−1
.

If Kv = kvI and Γ1 = γ1I, it follows from Assumption 1
that Ψ(p, x1) and Φ(p, x1) can be simplified as

Ψ =


γ1 − kv

2p⊤GG⊤p+ 2ϵ


x⊤
1 x1I,

Φ = (γ1 − kv)


p⊤GG⊤p+ 2ϵ

2p⊤GG⊤p+ 2ϵ


x⊤
1 x1.

(23)

Consequently, Φ ≥ 0,Ψ ⪰ 0 for all γ1 > kv > 0, ϵ >
0. Therefore Ẇd ≤ 0, all states are bounded, and the
equilibrium is stable for all KI > 0, γ1 > kv > 0, ϵ > 0.

To prove convergence, we invoke LaSalle’s invariance prin-
ciple (see Theorem 3.4 in Khalil (2002)), which guaran-
tees that the trajectories of the closed-loop system (13)
converge asymptotically to the set

(q, p, x1, ζ) ∈ Rn × Rn × Rm × R | Ẇd ≡ 0

.

Hence, it follows from (22) and (23) that

Ẇd = 0 =⇒




G⊤∇pWd = 0
x⊤
1 x1∇x1

Wd = 0
x⊤
1 x1

�
p⊤GG⊤p+ 2ϵ


∇ζWd = 0.

(24)

Case 1. If |x1| > 0, we have the following implications
derived from (20) and (24)

x⊤
1 x1∇x1Wd = 0 =⇒ ∇x1Wd = 0
=⇒ G⊤p(β −KIα) = −(∇x1

ς)⊤ς,
(25)

x⊤
1 x1

�
p⊤GG⊤p+ 2ϵ


∇ζWd = 0 =⇒ ∇ζWd = 0

=⇒ β −KIα = −(∇ζς)
⊤ς.

(26)

Combining (25) and (26), we get�
G⊤p(∇ζς)

⊤ − (∇x1ς)
⊤ ς = 0 =⇒ Ξς = 0. (27)

Since Ξ(q, p, x1, ζ) is invertible by design in a neighborhood
of the equilibrium, (27) implies that ς = 0. Thus, from
(26), we deduce the following

KI

�
ζ + p⊤Gx1


  

β

= KIα =⇒ α = ζ + p⊤Gx1. (28)

Additionally, from (20), we obtain

ς = 0 =⇒ ∇pWd = M−1
d p.

Therefore, from (24), we get (6), which is verified by hy-
pothesis, see Assumption 2. Thus, the desired equilibrium
(q⋆,0, x⋆

1, α), where x⋆
1 is computed from (15) at ς = 0, is

locally asymptotically stable. Finally, substituting (6) into
(28), we get that ζ = α hence proving the third claim.

Case 2. If x1 = 0 it follows from (22) that

Ẇd = −∇pW
⊤
d

�
GKvG

⊤∇pWd ≤ 0,

while it follows from (20) that ∇pWd = M−1
d p+ (∇pς)

⊤ς.
In addition, substituting x1 = 0 in (15) yields the IDA-
PBC control law (2), that is ς = uIDA. Note here that
uIDA (q

⋆,0) = 0 since q⋆ ∈ Eq and Ωd(q
⋆) = 0 by design,

which yields again (6). Thus the equilibrium (q, p, x1) =
(q⋆,0,0) is locally asymptotically stable provided that (6)
holds □

Remark 1. Compared to the results reported in Franco
and Astolfi (2023); Gandarilla et al. (2017), the proposed
controller introduces an integral action in order to com-
pensate for the effect of the uncertain parameter kc. Differ-
ently from the approaches in Donaire et al. (2017); Franco
et al. (2023), the dynamic extension (19) depends on the
actuator state x1, resulting in a new implementation of
the integral action. Note that, since Ψ(p, x1) and Φ(p, x1)
in (23) contain x1, the convergence of ζ to the unknown
value α is only ensured if x1 is bounded away from zero.
This is a consequence of the structure of the system—i.e.,
kc multiplies x1 in (7). If x1 = 0, then ζ converges to a
constant value, but not necessarily to α—see Section 4.

Remark 2. The effect of physical damping, i.e., R ⪰ 0,
can be accounted for in the controller design by defining
S22 = GKvG

⊤−J2+RM−1Md. As a result, the remaining
matrices S23, S24, S33, S34 and S44 also depend on R,
while the control law and the dynamic extension are still
given by (18) and (19). Local asymptotic stability of the
equilibrium is concluded as in Proposition 1 provided that
GKvG

⊤+Rd ⪰ 0 and Γ1−G⊤(GKvG
⊤+Rd)G ≻ 0, where

Rd = 1
2

�
RM−1Md +MdM

−1R

. This represents a more

stringent condition on Γ1, which confirms the potentially
destabilizing effect of physical damping in underactuated
systems, see Gómez-Estern and van der Schaft (2004).

4. SIMULATION RESULTS

The ball-on-beam system is modified here by accounting
for the first-order dynamics of the actuator driving the
beam, see Fig. 1. The equations of motion of the ball-
on-beam with direct actuation, under some assumptions
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by G⊥(q) yields the sum of the PDEs (4) and (5), which
are verified according to Assumption 2. Premultiplying it
instead by G†(q) and substituting (15) yields the identity.
Substituting (17) and (20) into (21c) yields

−Θ−1x1 +Θ−1u =

−S⊤
13


∇qΩd +

1

2
∇q

�
p⊤M−1

d p

+ (∇qς)

⊤ς



−S⊤
23

�
M−1

d p+Gx1(β −KIα) + (∇pς)
⊤ς


−S33(G

⊤p(β −KIα) + ∆1ς)
+
�
S⊤
23Gx1 + S33G

⊤p

((β −KIα) + ∆2ς).

After some algebraic manipulations, the terms containing
α and β(p, x1, ζ) cancel out, yielding the control law (18).
Substituting (17) and (20) into (21d) yields

ζ̇ = −S⊤
14


∇qΩd +

1

2
∇q

�
p⊤M−1

d p

+ (∇qς)

⊤ς



−S⊤
24

�
M−1

d p+Gx1(β −KIα) + (∇pς)
⊤ς


−S⊤

34(G
⊤p(β −KIα) + ∆1ς)

+(S⊤
24Gx1 + S⊤

34G
⊤p)((β −KIα) + ∆2ς).

Refactoring terms in the expression above removes the
dependency on α and β(p, x1, ζ) yielding (19). Thus,
proving the first claim.

To prove the second claim, note that computing the time
derivative of (14) along the trajectories of the closed-loop
system (13) while simplifying skew symmetric terms in
S22(q, p), S33(q, p, x1), and S44(q, p, x1, ζ) yields

Ẇd = −∇pW
⊤
d

�
GKvG

⊤∇pWd

−∇x1W
⊤
d Ψ∇x1Wd −∇ζW

⊤
d Φ∇ζWd,

(22)

where

Ψ = G⊤G(Γ1 −Kv)G
⊤Gx⊤

1 x1

�
2p⊤GG⊤p+ 2ϵ

−1
,

Φ = x⊤
1 G

⊤G(Γ1 −Kv)G
⊤Gx1

−p⊤GG⊤G(Γ1 −Kv)G
⊤GG⊤px⊤

1 x1

�
2p⊤GG⊤p+ 2ϵ

−1
.

If Kv = kvI and Γ1 = γ1I, it follows from Assumption 1
that Ψ(p, x1) and Φ(p, x1) can be simplified as

Ψ =


γ1 − kv

2p⊤GG⊤p+ 2ϵ


x⊤
1 x1I,

Φ = (γ1 − kv)


p⊤GG⊤p+ 2ϵ

2p⊤GG⊤p+ 2ϵ


x⊤
1 x1.

(23)

Consequently, Φ ≥ 0,Ψ ⪰ 0 for all γ1 > kv > 0, ϵ >
0. Therefore Ẇd ≤ 0, all states are bounded, and the
equilibrium is stable for all KI > 0, γ1 > kv > 0, ϵ > 0.

To prove convergence, we invoke LaSalle’s invariance prin-
ciple (see Theorem 3.4 in Khalil (2002)), which guaran-
tees that the trajectories of the closed-loop system (13)
converge asymptotically to the set

(q, p, x1, ζ) ∈ Rn × Rn × Rm × R | Ẇd ≡ 0

.

Hence, it follows from (22) and (23) that

Ẇd = 0 =⇒




G⊤∇pWd = 0
x⊤
1 x1∇x1

Wd = 0
x⊤
1 x1

�
p⊤GG⊤p+ 2ϵ


∇ζWd = 0.

(24)

Case 1. If |x1| > 0, we have the following implications
derived from (20) and (24)

x⊤
1 x1∇x1Wd = 0 =⇒ ∇x1Wd = 0
=⇒ G⊤p(β −KIα) = −(∇x1

ς)⊤ς,
(25)

x⊤
1 x1

�
p⊤GG⊤p+ 2ϵ


∇ζWd = 0 =⇒ ∇ζWd = 0

=⇒ β −KIα = −(∇ζς)
⊤ς.

(26)

Combining (25) and (26), we get�
G⊤p(∇ζς)

⊤ − (∇x1ς)
⊤ ς = 0 =⇒ Ξς = 0. (27)

Since Ξ(q, p, x1, ζ) is invertible by design in a neighborhood
of the equilibrium, (27) implies that ς = 0. Thus, from
(26), we deduce the following

KI

�
ζ + p⊤Gx1


  

β

= KIα =⇒ α = ζ + p⊤Gx1. (28)

Additionally, from (20), we obtain

ς = 0 =⇒ ∇pWd = M−1
d p.

Therefore, from (24), we get (6), which is verified by hy-
pothesis, see Assumption 2. Thus, the desired equilibrium
(q⋆,0, x⋆

1, α), where x⋆
1 is computed from (15) at ς = 0, is

locally asymptotically stable. Finally, substituting (6) into
(28), we get that ζ = α hence proving the third claim.

Case 2. If x1 = 0 it follows from (22) that

Ẇd = −∇pW
⊤
d

�
GKvG

⊤∇pWd ≤ 0,

while it follows from (20) that ∇pWd = M−1
d p+ (∇pς)

⊤ς.
In addition, substituting x1 = 0 in (15) yields the IDA-
PBC control law (2), that is ς = uIDA. Note here that
uIDA (q

⋆,0) = 0 since q⋆ ∈ Eq and Ωd(q
⋆) = 0 by design,

which yields again (6). Thus the equilibrium (q, p, x1) =
(q⋆,0,0) is locally asymptotically stable provided that (6)
holds □

Remark 1. Compared to the results reported in Franco
and Astolfi (2023); Gandarilla et al. (2017), the proposed
controller introduces an integral action in order to com-
pensate for the effect of the uncertain parameter kc. Differ-
ently from the approaches in Donaire et al. (2017); Franco
et al. (2023), the dynamic extension (19) depends on the
actuator state x1, resulting in a new implementation of
the integral action. Note that, since Ψ(p, x1) and Φ(p, x1)
in (23) contain x1, the convergence of ζ to the unknown
value α is only ensured if x1 is bounded away from zero.
This is a consequence of the structure of the system—i.e.,
kc multiplies x1 in (7). If x1 = 0, then ζ converges to a
constant value, but not necessarily to α—see Section 4.

Remark 2. The effect of physical damping, i.e., R ⪰ 0,
can be accounted for in the controller design by defining
S22 = GKvG

⊤−J2+RM−1Md. As a result, the remaining
matrices S23, S24, S33, S34 and S44 also depend on R,
while the control law and the dynamic extension are still
given by (18) and (19). Local asymptotic stability of the
equilibrium is concluded as in Proposition 1 provided that
GKvG

⊤+Rd ⪰ 0 and Γ1−G⊤(GKvG
⊤+Rd)G ≻ 0, where

Rd = 1
2

�
RM−1Md +MdM

−1R

. This represents a more

stringent condition on Γ1, which confirms the potentially
destabilizing effect of physical damping in underactuated
systems, see Gómez-Estern and van der Schaft (2004).

4. SIMULATION RESULTS

The ball-on-beam system is modified here by accounting
for the first-order dynamics of the actuator driving the
beam, see Fig. 1. The equations of motion of the ball-
on-beam with direct actuation, under some assumptions

on the masses for simplicity, are given by (1) with the
parameters

M =


1 0
0 L2 + q21


, G⊤ = [0 1] , Ω = gq1 sin (q2),

where q1 is the position of the ball, q2 is the inclination
of the beam, L is half the length of the beam, and g is
the gravity constant. The prescribed equilibrium is located
at (q, p) = (0,0), and the IDA-PBC design (2) for the
mechanical sub-system yields

Md =
�
L2 + q21






2

(L2 + q21)
1

1

2 (L2 + q21)


 ,

J2 =


p1 − p2


2

(L2 + q21)


0 1
−1 0


,

Ωd = g − g cos (q2) +
kp
2


q2 −

1√
2
arcsinh

q1
L

2

,

where kp is a positive tuning parameter, see Ortega et al.
(2002). The complete system dynamics, which include
the actuator driving the beam, are given by (7). The
control law (18) and the dynamic extension (19) are then
implemented.

Fig. 1. Ball-on-beam system with first-order actuator
dynamics.

Simulations are conducted in Matlab with an ode23
solver using the parameters L = 0.5, g = 9.81, R =
0, τ = 0.01, and three values of kc ≤ 1 with the initial
conditions (q1, q2, p1, p2, x1, ζ) = (0.45, 0, 0, 0, 0, 1). The
tuning parameters are set to kp = 1, kv = 0.5,KI =
2, ϵ = 0.001, and Γ1 = 1 > kv for illustrative purposes.
The simulation results in Fig. 2 show the system response
with the controller (18): the position converges to the
prescribed equilibrium with a consistent transient for all
values of kc. Note that the integral state ζ converges
to values close to 0.5 at the equilibrium whereas kc is
close to 1. This occurs since we have set KI = 2 and
Gkc = Gα(KIΓ1), see Proposition 1. In comparison, Fig.
3 shows that employing either the conventional IDA-PBC
controller (2) with the same tuning parameters, or the
controller (12) with ki = 100, yields a noticeable steady
state error if kc = 0.95, and causes the ball to fall off the
beam (i.e., q1 > 0.5) if kc ≤ 0.92.

5. CONCLUSIONS

In this work, a new passivity-based controller has been
presented for underactuated mechanical systems with first-
order actuator dynamics and constant but uncertain input

(a) (b)

(c) (d)

(e) (f)

Fig. 2. Simulation results for ball-on-beam system with the
proposed controller (18) and the dynamic extension
(19) for different values of kc: (a) ball position; (b)
beam inclination; (c) actuator state; (d) control input;
(e) integral state; (f) total energy.

matrix. The controller extends previous results on iIDA-
PBC by proposing a new integral action that counteracts
the effects of the uncertain coupling. Simulation results
on a ball-on-beam system indicate that the proposed con-
troller yields superior performance compared to existing
IDA-PBC designs. Future work will aim to extend the re-
sults to a broader class of systems, including more complex
actuator dynamics.
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