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Disturbance Attenuation by Measurement
Feedback in Nonlinear Systems via Immersion

and Algebraic Conditions
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Abstract— In this paper we consider the problem of dis-
turbance attenuation with internal stability for nonlinear,
input-affine systems via measurement feedback. The solu-
tion to the above problem has been provided, three decades
ago, in terms of the solution to a system of coupled non-
linear, first-order partial differential equations (PDEs). As
a consequence, despite the rather elegant characterization
of the solution, the presence of PDEs renders the control
design synthesis almost infeasible in practice. Therefore, to
circumvent such a computational bottle-neck, in this paper
we provide a novel characterization of the exact solution to
the problem that does not hinge upon the explicit compu-
tation of the solution to any PDE. The result is achieved by
considering the immersion of the nonlinear dynamics into
an extended system for which locally positive definite func-
tions solving the required PDEs may be directly provided in
closed-form by relying only on the solutions to Riccati-like,
state-dependent, algebraic matrix equations.

Index Terms— Disturbance attenuation, Nonlinear sys-
tems, Output feedback and observers, Optimal control,
Robust control

I. INTRODUCTION

Focusing on disturbance attenuation via measurements feed-
back, in this paper we consider the problem of designing
control laws for general, nonlinear, input-affine systems which
guarantee the (local) stability of an equilibrium, while achiev-
ing (local) disturbance attenuation. In particular, we seek to
ensure that the L2-gain of the system is bounded from above
by a constant attenuation factor. Namely, we consider the
disturbance attenuation problem as formulated in [1]–[4] for
nonlinear systems and in [5], [6] for linear systems. We
refer to this problem as the problem of local disturbance
attenuation with internal stability (for alternative approaches
to deal with disturbances see, e.g., [7], [8] and references
therein). For linear systems such a problem constitutes the
time-domain counterpart of the well-known H∞-control typ-
ically formulated in the frequency domain. The solutions to
both formulations of the problem are essentially characterised
by algebraic Riccati equations (AREs) [5], [6]. In [3], [4] it

T. Mylvaganam is with the Department of Aeronautics,
Imperial College London, London SW7 2AZ, UK (Email:
t.mylvaganam@imperial.ac.uk).

M. Sassano is with the Dipartimento di Ingegneria Civile e Ingegneria
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has been demonstrated that the solution of the disturbance
attenuation problem for nonlinear systems is characterised by
two coupled nonlinear partial differential equations (PDEs).
Despite the elegant characterisation of solutions to the non-
linear disturbance attenuation problem provided therein, the
requirement of solving PDEs poses a significant challenge to
the control design synthesis. In general it is not feasible to
obtain closed-form solutions to such PDEs. In this paper, we
follow the approach of [3] and provide an alternative solution
for the problem of local disturbance attenuation with internal
stability which is characterised by algebraic equations in place
of PDEs and which relies on the immersion of the underlying
nonlinear dynamics into an auxiliary (extended) system. These
algebraic equations are similar in spirit to the so-called alge-
braic P̄ solutions introduced in [9]–[11] and utilised in [12],
[13] in the context of optimal control and differential games.
The approach enables the systematic construction of dynamic
output feedbacks which solve - without approximation - the
problem of local disturbance attenuation with internal stability.
While robustness with respect to model uncertainties is not
explicitly required, the proposed solution is such that the origin
is locally exponentially stable. Consequently, the solution
provides the classic intrinsic robustness properties deriving
from Lyapunov stability, which include preserving asymptotic
stability also in the presence small uncertainties in the model.

The remainder of the paper is organised as follows. The
disturbance attenuation problem is introduced in Section II,
together with a brief summary of relevant results which have
been developed over the last decades in the context of both
linear and nonlinear systems. The main results of this paper are
provided in Section III. Finally, the results are demonstrated
on a class of mechanical systems in Section IV before some
concluding remarks are provided in Section V. Differently
from preliminary results presented in [14], where only the case
of optimal control via measurement feedback is dealt with, in
this paper we characterize the exact solution to the disturbance
attenuation problem for nonlinear systems, together with the
proofs of the main results and several insights on the structure
of the resulting dynamic control law. Moreover, we consider
an application to a class of mechanical systems affected by
matched disturbances, thus corroborating the practical impor-
tance of the main contribution of this paper, i.e. a method
of designing output feedbacks for nonlinear systems relying
solely on solutions of algebraic equations.
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II. PROBLEM FORMULATION

Consider, similarly to [3], a nonlinear, input-affine dynam-
ical system described by equations of the form

ẋ = f(x) + g1(x)w + g2(x)u ,

z = h1(x) + k11(x)w + k12(x)u ,

y = h2(x) + k21(x)w ,

(1)

where x(t) ∈ Rn denotes the state, w(t) ∈ Rr denotes an
exogenous input, also referred to as the disturbance, which is
assumed to belong to the space of square-integrable functions,
i.e. L2([0,∞)) (see, e.g. [2]), u(t) ∈ Rm denotes the control
input, z(t) ∈ Rs denotes a performance output and y(t) ∈ Rp
denotes the measured output of plant (1). Following standard
notation, f : Rn → Rn, h1 : Rn → Rs and h2 : Rn → Rp are
smooth mappings and g1 : Rn → Rn×r, g2 : Rn → Rn×m,
k12 : Rn → Rs×m and k21 : Rn → Rp×r are smooth matrix-
valued mappings.

Assumption 1: The origin of Rn is an equilibrium of (1)
with w(t) ≡ 0 and u(t) ≡ 0, i.e. f(0) = 0. ◦

Assumption 2: The mapping h1 is such that h1(0) = 0. ◦
A consequence of Assumption 1 is that there exists a (con-
tinuous) matrix-valued mapping F : Rn → Rn×n such that1

f(x) = F (x)x for all x ∈ Rn. Similarly, by Assumption 2
there exists a continuous matrix-valued mapping H1 : Rn →
Rs×n such that h1(x) = H1(x)x for all x ∈ Rn.

In the remainder of this paper, to be consistent with the
notation commonly used in the context of linear systems, we
adopt the notation C1 , H1(0). The control task introduced
in [3] is recalled in the following statement.

Problem 1: Determine measurement a feedback control law
described by the equations

η̇ = δ(η, y), u = θ(η, y) , (2)

with η(t) ∈ Rν , θ : Rν × Rp → Rm and δ : Rν × Rp → Rν
smooth mappings satisfying θ(0, 0) = 0 and δ(0, 0) = 0, such
that the following conditions are satisfied:

(i) The zero equilibrium of the closed-loop system (1)-(2)
with w = 0, namely

ẋ = f(x) + g2(x)θ(η, h(x)), η̇ = δ(η, h2(x)) , (3)

is (locally) asymptotically stable.
(ii) Let γ > 0. There exists a neighbourhood U of (x, η)> =

(0, 0)> and such that for every piecewise continuous
function w ∈ L2([0,∞)) for which the trajectory of the
closed-loop system (1)-(2) starting from the initial state
(x(0), η(0))> = (0, 0)> remains in U for all t ≥ 0, the
performance variable z satisfies∫ ∞

0

z(t)>z(t)dt ≤ γ2

∫ ∞
0

w(t)>w(t)dt . (4)

The parameter γ represents an attenuation level: if (4) is
satisfied, it is said that the exogenous signal w is attenuated
by a factor of γ. Problem 1 is the so-called problem of local
disturbance attenuation with internal stability [3], [15]. In the

1The mapping F (x) is, in general, not uniquely defined. However, F (0)
is unique and is such that F (0)x describes the linear approximation of f(x).

remainder of this paper we assume that the mappings in (1)
satisfy the following standing assumptions which, as remarked
in [3], are standard in the context of linear and nonlinear
disturbance attenuation (see, for instance, [3], [5]) and may
be relaxed at the price of more cumbersome notation and
derivations.

Assumption 3: The dynamics (1) are such that

k11(x) = 0 , h1(x)>k12(x) = 0 ,

k>12k12(x) = I , k21(x)g1(x)> = 0 ,

k21(x)k21(x)> = I ,

(5)

Remark 1: The formulation in (1) encompasses also the
case in which independent disturbances influence the state and
the output equations, respectively, by considering a suitable
partition of the vector w and of the corresponding mappings
g1 and k21, as w = [w>1 , w

>
2 ]> in which the component w1

represents unmodeled dynamics or disturbances on the state,
while w2 represents a disturbance affecting the measurements.
Consequently, the involved mappings should be accordingly
partitioned as g1 = [g̃>1 , 0]> and k21 = [0, k̃21]. N

In [3, Theorem IV.1] the authors demonstrate that a dynamic
output feedback which stabilises an equilibrium of the system
while guaranteeing a certain disturbance attenuation level can
be synthesised through solving a system of two first-order
nonlinear PDEs. Determining closed-form expressions for the
solutions to such systems of PDEs is, in general, a rather
daunting task. The main result of this paper, on the other hand,
is a solution to a problem identical to the one addressed in [3]
that is based only on algebraic inequalities, without involving
any PDE even in the nonlinear context.

III. ALGEBRAIC CONDITIONS FOR NONLINEAR
DISTURBANCE ATTENUATION

PDEs similar to those encountered in [3] also arise in
optimal control problems, for which the optimal control de-
sign relies on the solution of the Hamilton-Jacobi-Bellman
PDE, and differential games, where the Nash (or Stackelberg)
equilibrium strategies require the solution of the Hamilton-
Jacobi-Isaacs PDEs [16], [17]. In [9] and [10] systematic
methods for constructing the control laws which solve optimal
control problems and differential games approximately with-
out solving PDEs have been developed. The results therein,
however, assume that full access to the state describing the
underlying dynamical system is available. This assumption
has been relaxed in [14] where optimal control using output
feedback is considered. Building on the core ideas of [3],
[9], [10], [14] a systematic method of solving the problem
of local disturbance attenuation with internal stability without
solving PDEs is proposed in this section. The method relies
on the immersion of the underlying nonlinear dynamics into
an extended system, hence on the introduction of dynamic
extension variables and the notion of an algebraic matrix
solution to the involved PDEs.

To this end, let Σ : Rn → Rn×n denote a matrix-valued
mapping satisfying Σ(x) = Σ(x)> and Σ(0) = Σ̄ > 0,
where x ∈ Rn. Similarly, let Σe : R3n → R3n×3n denote
a matrix valued mapping satisfying Σe(xe) = Σe(xe)

>,
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Σe(0) = Σ̄e > 0, where xe ∈ R3n. The following statement
provides a solution to Problem 1.

Theorem 1: Consider the system (1) and suppose the fol-
lowing conditions are satisfied

(H1) The pair {f, h1} is locally detectable.
(H2) There exists a matrix-valued function P : Rn → Rn×n

such that

P (x)F (x) + F (x)>P (x) +
1

γ2
P (x)g1(x)g1(x)>P (x)

+H1(x)>H1(x)− P (x)g2(x)g2(x)>P (x) + Σ(x) = 0 ,
(6)

for all x ∈ X ⊆ Rn, with2 P (0) = P̄ , Ric(H∞) > 0,
with H∞ given by

H∞ =

 A
1

γ2
B1B

>
1 −B2B

>
2

−
(
C>1 C1 + Σ̄

)
−A>

 ,
where A = ∇xf(x)|x=0 = F (0), Bi = gi(0), and let

V (x, ξ) = x>P (ξ)x+ ‖x− ξ‖2R , (7)

with ξ ∈ Rn and R = R> > 0.
(H3) There exists a matrix-valued function G : Rn → Rn×p,

such that the zero equilibrium of[
˙̂x

ξ̇

]
=

[
f(x̂) + g1(x̂)α1(ξ, x̂)−G(x̂)h2(x̂)

−2kβ(ξ, x̂)

]
(8)

with x̂ ∈ Rn , and

α1(ξ, x) =
1

γ2
g1(x)>(P (ξ)x+R(x− ξ)) , (9)

β(ξ, x)> = x>∇ξ(P (ξ)x)− (x− ξ)>R , (10)

is locally asymptotically stable.
(H4) There exists a matrix-valued function Pe : R3n →

R3n×3n such that

Pe(xe)Fe(xe) + Fe(xe)
>Pe(xe) +Qe(xe)

+
1

γ2
Pe(xe)ge(xe)ge(xe)

>Pe(xe) + Σe(xe) = 0 ,

(11)
for all xe ∈ Xe ⊆ R3n, with xe =

[
x>, x̂>, ξ>

]>
, where

Qe : R3n → R3n×3n is such that

x>e Qe(xe)xe =‖α2(ξ, x̂)− α2(ξ, x))‖2

+ k‖β(ξ, x̂)− β(ξ, x)‖2 ,

Fe : R3n → R3n×3n is such that fe(xe) = F (xe)xe,
with fe defined in (19) overleaf, wherein

α2(ξ, x) = −g2(x)>(P (ξ)x+R(x− ξ)) , (12)

2For a detailed overview of disturbance attenuation via output feedback
for linear systems and solutions of algebraic Riccati equations the reader is
referred to [5] and [6, Chapters 13-16].

and ge(xe) =

 g1(x)

G(x̂)k21(x)

0

 . Moreover, Pe(0) =

P̄e , Ric(He) > 0, with

He =

 Ae
1

γ2
BeB

>
e

−
(
Qe(0) + Σ̄e

)
−A>e

 , (13)

where Ae = ∇xef(xe)|xe=0= Fe(0), Be = ge(0).
Then, there exists k̄ > 0 such that for all k > k̄, the problem
of local disturbance attenuation with internal stability, namely
Problem 1, is solved by the dynamic output feedback

˙̂x = f(x̂) + g1(x̂)α1(ξ, x̂) + g2(x̂)u

−G(x̂)(y − h2(x̂)) ,

ξ̇ = −2kβ(ξ, x̂) ,

u = α2(ξ, x̂) .

(14)

�
Proof: The proof consists of four main steps. Firstly, we

show that the function (7) satisfies, by construction, a partial
differential inequality (PDI). Second, we show that also

Ve(xe, ξe) = x>e Pe(ξe)xe + ‖xe − ξe‖2Re
, (15)

satisfies a PDI. Third, we use these observations to demon-
strate local asymptotic stability in the absence of any distur-
bance, using Lyapunov analysis and properties of intercon-
nected systems. Finally, we exploit the inequalities to demon-
strate local disturbance attenuation. Consider the function (7)
and note that

V̇ =
∂V

∂x
(f(x) + g1(x)w + g2(x)u) +

∂V

∂ξ
ξ̇ , (16)

where u and ξ̇ are given in (14). Noting that

∂V

∂x
= x>P (x)+(x−ξ)>R, ∂V

∂ξ
= x>Ψ(x, ξ)−(x−ξ)>R ,

(17)
with Ψ(x, ξ) = ∇ξ(P (ξ)x), it is clear that

g1(x)
∂V

∂x

>
= 2γ2α1(ξ, x) , g2(x)

∂V

∂x

>
= −2α2(ξ, x) ,

and (10) is such that β(ξ, x) =
∂V

∂ξ

>
. Thus, (16) can be

written as

V̇ =
∂V

∂x
f(x) + γ2‖α1(x)‖2 − ‖α2(x)‖2 − k‖β(ξ, x)‖2

+ qe(xe)− ‖u‖2 − γ2‖α1(x)− w‖2 + γ2‖w‖2

− k‖β(ξ, x̂)‖2
(18)

Recalling (6) and (17) it follows that

∂V

∂x
f(x) + γ2‖α1(x)‖2 − ‖α2(x)‖2 − k‖β(ξ, x)‖2

= −
[
x> (x− ξ)>

] [
M + kD>D

] [ x
(x− ξ)

]
− h1(x)>h1(x) ,
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fe(xe) =

 f(x) + g1(x)α1(ξ, x) + g2(x)α2(ξ, x̂)

f(x̂) + g1(x̂)α1(ξ, x̂) + g2(x̂)α2(ξ, x̂)−G(x̂)(h2(x̂)− h2(x))

−2kβ(ξ, x̂)

 (19)

M =


Σ

1

2

(
F +

1

2γ2
g1g
>
1 P −

1

2
g2g
>
2 P

)>
(R− Φ)

1

2
(R− Φ)>

(
F +

1

2γ2
g1g
>
1 P −

1

2
g2g
>
2 P

)
1

4
(R− Φ)>

(
1

γ2
g1g
>
1 − g2g

>
2

)
(R− Φ)

 (20)

Me =

 Σe
1

2

(
Fe +

1

2γ2
geg
>
e Pe

)>
(Re − Φe)

1

2
(Re − Φe)

>
(
Fe +

1

2γ2
geg
>
e Pe

)
1

4γ2
(Re − Φe)

>geg
>
e (Re − Φe)

 (21)

with M given in (20) overleaf and D =
[

Ψ(x, ξ)> −R
]
.

Note that Ψ(0, ξ) = 0. Thus, Z =
[
I 0

]>
spans the

kernel of D
∣∣
x=0

. Furthermore, note that Z>MZ = Σ > 0 .
It follows by continuity of the involved functions that there
exists a non-empty neighbourhood W containing the origin
(x, ξ) = (0, 0) and k̄ > 0 such that for all k > k̄ the matrix[
M + kD>D

]
is positive definite in W (see [18] for more

details). This result implies that in the set W for any k > k̄

∂V

∂x
f(x) + γ2‖α1(x)‖2 − ‖α2(x)‖2 − k‖β(ξ, x)‖2

≤ −h1(x)>h1(x) ,

hence the derivative in (18) satisfies

V̇ ≤− h1(x)>h1(x) + qe(xe)− ‖u‖2

− γ2‖α1(x)− w‖2 + γ2‖w‖2 − k‖β(ξ, x̂)‖2 .
(22)

Similarly, consider the function (15) and note that, exploiting
Assumption 3, the dynamics of the closed-loop system (1)-(14)
are ẋe = f(xe) + ge(xe)(w − α1(ξ, x)) . Let

ξ̇e = −keβe(ξe, xe) , (23)

then

V̇e =
∂Ve
∂xe

f(xe) +
1

4

∥∥∥ge(xe)> ∂Ve
∂xe

>∥∥∥2

+ γ2‖w − α1(ξ, x)‖2

− γ2
∥∥∥ 1

2γ2
ge(xe)

> ∂Ve
∂xe

>
− (w − α1(ξ, x))

∥∥∥2

.

(24)

Noting that

∂Ve
∂xe

= x>e P (xe) + (xe − ξe)>Re ,

∂Ve
∂ξe

= x>Ψe(xe, ξe)− (xe − ξe)>Re ,
(25)

with Ψe(xe, ξe) = ∇ξe(Pe(ξe)xe), and recalling (11), it
follows that

∂Ve
∂xe

f(xe) +
1

4

∥∥∥ge(xe)> ∂Ve
∂xe

>∥∥∥2

= −qe(xe)

−
[
x>e (xe − ξe)>

] [
Me + keD

>
e De

] [ xe
(xe − ξe)

]
,

with Me given in (21) above, De =
[

Ψ(xe, ξe)
> −Re

]
and qe(xe) = x>e Qe(xe)xe. Note that Ψe(0, ξe) = 0 and, as a
result, Ze =

[
I 0

]>
spans the kernel of De

∣∣
xe=0

. Using
the main result of [18] again, it follows by continuity that
there exists a neighbourhoodWe of the origin (xe, ξe) = (0, 0)
and k̄e > 0 such that in We the matrix

[
Me + keD

>
e De

]
is

positive definite. This implies that in the set We

∂Ve
∂xe

f(xe) +
1

4

∥∥∥ge(xe)> ∂Ve
∂xe

>∥∥∥2

≤ qe(xe) ,

for any ke > k̄e, and thus the derivative in (24) satisfies

V̇e ≤− qe(xe) + γ2‖w − α1(ξ, x)‖2

− γ2
∥∥∥ 1

2γ2
ge(xe)

> ∂Ve
∂xe

>
− (w − α1(ξ, x))

∥∥∥2

.
(26)

To demonstrate local asymptotic stability, consider the can-
didate Lyapunov function W (x, ξ, xe, ξe) = V (x, ξ) +
Ve(xe, ξe) , and notice that by (6) and (11) and by the
definition of P̄ and P̄e, W > 0 at least in a neighbourhood
of the origin. The two previous steps imply that there exists
a non-empty neigbourhood N = W ∩We such that for any
k > k̄ and any ke > k̄e

Ẇ ≤− h1(x)>h1(x)− ‖u‖2 + γ2‖w‖2 − k‖β(ξ, x̂)‖2

− γ2
∥∥∥ 1

2γ2
ge(xe)

> ∂Ve
∂xe

>
− (w − α1(ξ, x))

∥∥∥2

.

(27)

Thus, there exists a non-empty neighbourhood such that, in the
absence of any disturbance, namely when w = 0, trajectories
of the closed-loop system (1)-(14) satisfy

Ẇ ≤− h1(x)>h1(x)− ‖u‖2 − k‖β(ξ, x̂)‖2

− γ2
∥∥∥ 1

2γ2
ge(xe)

> ∂Ve
∂xe

>
+ (α1(ξ, x))

∥∥∥2

.

Note that any trajectory satisfying Ẇ = 0 is such that h1(x) =
0, α2(x̂) = 0 and β(ξ, x̂) = 0, i.e. it is a solution of

ẋ = f(x)

˙̂x = f(x̂) + g1(x̂)α1(ξ, x̂) +G(h2(x)− h2(x̂))

ξ̇ = −2kβ(ξ, x̂) , ξ̇e = −keβe(ξe, xe) .
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By (H1) of this theorem, namely that {f, h1} is detectable,
it follows that lim

t→∞
x(t) = 0. Moreover, since R is positive

definite β(ξ, x̂) = 0 implies ξ = x̂. The condition (H3)
implies that there exists G(x̂) such that lim

t→∞
x̂(t) = 0

and lim
t→∞

ξ(t) = 0. Finally, note that ξ̇e
∣∣
xe=0

= −keξe.
Thus, by LaSalle’s invariance principle and by the stability
of (cascade) interconnected systems it follows that, in the
set N , lim

t→∞
x̂e(t) = 0 and lim

t→∞
ξe(t) = 0. In other words

the zero equilibrium of the closed-loop system (1)-(14) is
locally asymptotically stable. To demonstrate local disturbance
attenuation, recall that in the neighbourhood N the function
W is positive-definite and satisfies (27). Integrating (27) with
w 6= 0 yields∫ ∞

0

(
h1(x)>h1(x) + ‖u‖2 − γ2‖w‖2

)
dt

= −
∫ ∞

0

γ2
∥∥∥ 1

2γ2
ge(xe)

> ∂Ve
∂xe

>
− (w − α1(ξ, x))

∥∥∥2

dt

−
∫ ∞

0

k‖β(ξ, x̂)‖2dt− lim
t→∞

W (t) +W (0) .

This relation implies (4) for all disturbances w such that the
trajectories of the system remains in N , thus demonstrating
local disturbance attenuation. �

Remark 2: The algebraic conditions (H2) and (H4) in The-
orem 1 essentially replace the partial differential equations
(13) and (15), respectively, in Theorem IV.1 of [3]. Note
that, despite the nonlinear dependence on the variable x in
(6) and (11), the former are much milder conditions than the
latter. In fact, in the latter, roughly speaking, one must still
solve an algebraic expression - with respect to the co-vector
describing the gradient of the function sought for - together
with the additional requirement that such solution is an exact
differential. Therefore, any solution to the PDEs in [3] is also
a solution to the algebraic equations in Theorem 1, while
the converse does not hold. Hence, the set of solutions to
equations (6), (11) contains the solutions to the PDEs in [3].
Moreover, algebraic Riccati-like equations similar to (6) and
(11) have been extensively studied and efficient strategies have
been proposed in the literature to to compute their solution,
see for instance [19]. N

Remark 3: Theorem 1 presents a systematic method for
designing output feedback control laws (with disturbance
attenuation). The method relies on several components that
have different roles: while P (x) and ξ are used directly in
the feedback design (14) as well as for analysis purposes,
Pe(xe) and ξe are used solely for analysis purposes to es-
tablish stability properties of the closed-loop system and local
disturbance attenuation. It is worth stressing that only P (x)
and ξ, in addition to x̂, are utilised in the feedback design. N

The remainder of this section is devoted to discussing the
satisfiability of the conditions in (H2)-(H4) of Theorem 1. To
begin with, we provide a condition for (H3) in Theorem 1
to hold in a neighbourhood of the origin. Let Ax̄ = A +

1
2γ2B1B

>
1 (P̄ +R) , and let C2 = ∇xh2(x)|x=0.

Proposition 1: Suppose the pair (Ax̄, C2) is observable.
Then, there exists constant matrices G such that the system (8)

with G(x̂) = G is locally asymptotically stable. �
Proof: The proof essentially follows from considering

the linear approximation of the system (8). Recalling that
Ψ(x̂, ξ)

∣∣
x̂=0

= 0, it follows that in a neighbourhood of the
origin the system (8) is described by its linear approximation[

˙̂x

ξ̇

]
=

[
Ax − 1

γ2BB
>R

kR −kR

] [
x̂

ξ

]
+

[
G
0

] [
C2 0

] [ x̂

ξ

]
.

Since the pair (Ax̄, C2) is observable by assumption, we can
select the matrix G to arbitrarily assign the eigenvalues of the
matrix (Ax̄ +GC2). Consider then the matrix

Acl =

[
Ax +GC2 − 1

γ2BB
>R

kR −kR

]
, (28)

and define the orthonormal change of coordinates T , T−1 =
T>, ‖T‖ = 1, such that TRT> = ∆ = diag{r11, ..., rnn},
rii > 0, i = 1, ..., n. By considering the change of coordinates
diag{T, T}Acldiag{T>, T>} one obtains the matrix

Ãcl =

[
T (Ax +GC2)T> − 1

γ2TBB
>RT>

k∆ −k∆

]
. (29)

By defining and analysing the Gerschgorin sets (see [20] for
details) associated to the first n rows together (row-block
matrix), denoted as G1, and (separately) for the remaining n
rows, denoted as G2,i, i = 1, ..., n, it can be concluded that
the eigenvalues of (29), and hence of (28), belong to the set
G1

⋃
i G2,i ⊂ C. Therefore, since

G2,i , {z ∈ C : |z − rii| ≤ rii} , (30)

and since G1 ⊂ C− provided3 σ̄(Ax + GC2) is sufficiently
large, the eigenvalues of (28) belong to C− ∪ {0}, where
the latter set stems from the non-strict inequality in (30).
In order to exclude the presence of eigenvalues at zero, it
must be shown that there does not exist a non-zero vector
ν = [ν>1 , ν

>
2 ]> ∈ R2n such that Ãclν = 0. The second row-

block multiplication implies that ν1 = ν2 since R is non-
singular, hence the existence of such a non-zero ν is equivalent
to the absence of a non-zero vector ν̄ ∈ Rn such that(

I − 1

γ2
(Ax +GC2)−1BB>R

)
ν̄ = 0,

which is guaranteed provided G is selected such that σ(Ax +
GC2) > σ̄(γ−2BB>R). �

The above statement provides a simple condition, essentially
relating to the structural properties of the linear approximation
of (8), which implies (H3) in Theorem 1 is satisfied by a
constant matrix G. Note, however, that the selection of G(x̂)
is not unique and may, in general, be a function of x̂.

While conditions implying the existence of a solution to
(6) in (H2) are rather standard and can be found, e.g. in [3],
we now present conditions for the solvability of (11) in the
hypothesis (H4) of Theorem 1. To streamline the presentation

3The terms σ̄(M) and σ(M) denote the maximal singular value and the
minimal singular value, respectively, of the matrix M .
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we introduce the following notation at this stage. Let F1 =
1
γ2B

>
1 P̄ , F2 = −B>2 P̄ and

Â =

[
A+B1F1 +B2F2 (B2B

>
2 + 1

γ2B1B
>
1 )R

−4kR 4kR

]
.

Moreover, let δ : R → R+ denote a Lipschitz function and

consider the matrix Σ̄e(ε) =

 cIn −cIn 0
−cIn cIn 0

0 0 0

+δ(ε)I3n ,

where c > 0 is a constant, and the corresponding Hamiltonian
matrix (13), namely He(ε), both parameterized in ε.

Proposition 2: Consider the linear approximation of (1), i.e.

ẋ = Ax+B1w +B2u ,

z = C1x+D12u ,

y = C2x+D21w ,

(31)

and suppose the following conditions are satisfied.
(L1) There exists a positive definite, symmetric solution Z of

the Riccati equation

Z(A+B1F1)> + (A+B1F1)Z − ZC>2 C2Z

− 1

γ2
Z(F>2 F2 + 4kR2)Z +B1B

>
1 = 0

(L2) The matrices P and Z are such that
(i) σ(A+B1F1 +B1B

>
1 Z
−1) ⊂ C+

(ii) σ
(
Â
)
⊂ C−

Then the Hamiltonian matrix He(0), with G = ZC>2 , has no
eigenvalues on the imaginary axis and there exists ε? > 0 such
that Σ̄e(ε) > 0 and He(ε) ∈ dom(Ric) for any ε ∈ (0, ε?). �

Proof: The proof lies in demonstrating that He has no
eigenvalues on the imaginary axis for sufficiently small ε. Let

S =


In Q1

0 Q2

γ2Z−1 0

Ẑ I2n

 ,

where Ẑ =
[
−γ2(Z−1)> 0

]>
, Q2 =

[
Q11 Q12

Q>12 Q22

]
is

the solution of the Lyapunov equation

ÂQ2 +Q2Â
> + blockdiag

{
1

γ2
GG>, 0

}
= 0 ,

and Q1 =
[
Q11 Q12

]
. Moreover, let

Λ =

[
(A1 +B1F1 +B1B

>
1 Z
−1) Λ12

0 −Â>
]
,

where Λ12 =
[ 1
γ2GG

′ 0
]
. Through somewhat lengthy, yet

straight-forward, calculations it can be shown that

He(0)S = SΛ , (32)

with G = ZC>2 . It follows from items (i) and (ii) of hypothesis
(L2) that σ(Λ) ⊂ C+ and the relation (32) implies that
σ(Λ) ⊆ σ(He). Since He is similar to −He it follows that
the Hamiltonian matrix He(0) has no eigenvalues on the
imaginary axis. It is known from matrix perturbation theory

that the eigenvalues of a matrix depend continuously on its
parameters (see, for instance, [21, Chapter 7]). Thus, there
exists sufficiently small ε? > 0 such that for all ε ∈ (0, ε?),
He(ε) has no eigenvalues on the imaginary axis. It follows that
He ∈ dom(Ric) for any ε ∈ (0, ε?), while Σ̄e(ε) is guaranteed
to be positive definite, which concludes the proof. �

Remark 4: While results adapted from [3] and Proposi-
tion 2 concern the existence of P̄ and P̄e, by continuity P (x)
and Pe(xe) exist in a neighbourhood of the origin provided
the hypotheses (L1)-(L3) of Proposition 2 are satisfied.

IV. APPLICATION TO A CLASS OF MECHANICAL SYSTEMS

In this section, we consider the matched disturbance atten-
uation problem for a class of mechanical systems described
by the equations

q̇ = p , ṗ = −M(q)−1 (C(q, p)p− (τ + w)) , (33)

with q(t) ∈ Rn, p(t) ∈ Rn and τ(t) ∈ Rn denoting
the generalised positions, velocities and inputs, respectively,
whereas M : Rn → Rn×n describes the inertia matrix and
C : Rn × Rn → Rn×n includes the Coriolis and centrifugal
force and it is defined by means of the Christoffel symbols
of the first kind (see, for instance, [22]). The variable w(t) ∈
Rn captures disturbance signals affecting the actuators and
matched with the control input τ . In the following we let
x = [x>1 , x

>
2 ]> ∈ R2n, with x1 = q and x2 = p, and, in

addition, u = τ . Then, it is straightforward to see that system
(33) can be rewritten as ẋ = F (x)x+ g(x)(u+ w), with

F (x) =

[
0 I
0 −M(x1)−1C(x)

]
, g(x) =

[
0

M(x1)−1

]
.

(34)
The following properties and standing assumptions on the
mechanical system (33) are classical in similar contexts.

Assumption 4: The matrix-valued functions M(·) and
C(·, ·) satisfy the following conditions:

(i) the inertia matrix M(x1) is symmetric, positive definite
and upper/lower-bounded by positive constants µ1 and
µ2, namely µ1I ≤M(x1) ≤ µ2I , for all x1 ∈ Rn;

(ii) the matrix-valued function C(·, ·) is such that
‖C(x1, x2)‖ ≤ ϑ(x1)‖x2‖, for all x1 ∈ Rn and
x2 ∈ Rn and for some function ϑ : Rn → R≥0.
Moreover, suppose that ϑ(x1) < kC , for all Rn and for
some kC > 0. �

The following result concerns the specialisation of the re-
quirement (H2) of Theorem 1 to the case of mechanical
systems with matched disturbance inputs and letting h1(x) =
x1, which implies H1(x) = [I, 0]>. Namely, the control
objective consists in attenuating the effect of disturbances on
the generalised positions of the mechanical system.

Proposition 3: Consider the mechanical system (33) with
output y = x1 + k21(x)w, let γ > 1 be given and define
ε = −(1/2)(γ−2 − 1) ∈ (0, 1/2). Let % > 1/

√
ε and Λ(x) =

diag{λ1(x), ..., λn(x)}, with λi : R2n → R>0, be such that4

4The matrix-valued functions Cs(x) and Ca(x) denote the symmetric and
skew-symmetric parts of the matrix C(x), namely Cs(x) = (1/2)(C(x) +
C(x)>) and Ca(x) = (1/2)(C(x) − C(x)>).
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(i) Π(x) , εΛ(x)2 + Λ(x)C(x) + C(x)>Λ(x) −
2%M(x1) > 0 for all x ∈ R2n;

(ii) εΛ(x) + Cs(x) > 0 for all x ∈ R2n;
(iii) (%2ε−1)I−%2Ca(x)Π(x)−1Ca(x)> > 0 for all x ∈ R2n.
Then, the matrix-valued functions P : R2n → R2n×2n and
Σ : R2n → R2n×2n defined as

P (x) =

[
%(Cs(x) + εΛ(x)) %M(x1)

%M(x1) M(x1)Λ(x)

]
, (35)

Σ(x) =

[
(%2ε− 1)I %Ca(x)

%Ca(x)> Π(x)

]
, (36)

satisfy the condition (H2) of Theorem 1. �
Proof: To begin with, consider the matrix-valued functions

F and g as in (34), and let the candidate solutions P (x) and
Σ(x) be partitioned accordingly and defined as

P (x) =

[
P11(x) P12(x)
P12(x)> P22(x)

]
, (37)

Σ(x) =

[
Σ11(x) Σ12(x)

Σ12(x)> Σ22(x)

]
. (38)

By the hypothesis of matched disturbance and the definition
of ε, the algebraic matrix equation in (6) reduces to

P (x)F (x)+F (x)>P (x) +H>1 H1

− εP (x)g(x)g(x)>P (x) + Σ(x) = 0 .
(39)

Replacing the candidate solutions P (x) as in (37) and Σ(x)
as in (38) into (39), yields three independent equations

0 = I + Σ11(x)− εP12(x)M−2(x1)P12(x)>, (40a)

0 = P11(x)− P12(x)M(x1)−1C(x) + Σ12(x)

− εP12(x)M(x1)−2P22(x) (40b)

0 = P12(x) + P12(x)> + Σ22(x)− εP22(x)M(x1)−2P22(x)

− P22(x)M(x1)−1C(x)− C(x)>M(x1)−1P22(x).
(40c)

Straightforward computations show that the equation (40a) is
solved by the selection of P12 and Σ11 provided % > 1/

√
ε

to ensure that Σ11 is positive definite. Moreover, the equation
(40c) holds by the choice of P22 and Σ22 provided that item
(i) of the statement is satisfied to ensure that Σ22 is positive
definite. Finally, the symmetric terms of equation (40b) are
taken into account by the selection of P11, which is guaranteed
to be positive definite provided item (ii) holds, while the skew-
symmetric ones are compensated by Σ12. To conclude, Σ is
positive definite by item (iii) whereas positive definiteness of
P is shown by means of a Schur complement argument, with
respect to the positive definite matrix %(Cs(x) + εΛ(x)), and
item (i) of the statement. �

Remark 5: Items (i)-(iii) of the previous statement can be
satisfied by selecting the functions λi such that λi(0) > 0 and
with a sufficiently large growth with respect to x, thanks to
the boundedness properties entailed by items (i) and (ii) of
Assumption 4. N

V. CONCLUSION

The problem of disturbance attenuation with internal stabil-
ity for nonlinear systems is considered herein. By considering
the immersion of the nonlinear dynamics into an extended state
space a novel control design method yielding the exact solution
of the problem is proposed. The method relies solely on the
solutions of two algebraic matrix equations, thus bypassing
the main difficulty associated with methods available in the
literature. Namely, the solution of PDEs is not required at any
stage in the control design synthesis. A class of mechanical
systems is considered as a possible application of the method.
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