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Abstract Many semidefinite programs (SDPs) arising in practical applications have
useful structural properties that can be exploited at the algorithmic level. In this
chapter, we review two decomposition frameworks for large-scale SDPs characte-
rized by either chordal aggregate sparsity or partial orthogonality. Chordal aggre-
gate sparsity allows one to decompose the positive semidefinite matrix variable in
the SDP, while partial orthogonality enables the decomposition of the affine con-
straints. The decomposition frameworks are particularly suitable for the application
of first-order algorithms. We describe how the decomposition strategies enable one
to speed up the iterations of a first-order algorithm, based on the alternating di-
rection method of multipliers, for the solution of the homogeneous self-dual embed-
ding of a primal-dual pair of SDPs. Precisely, we give an overview of two structure-
exploiting algorithms for semidefinite programming, which have been implemented
in the open-source MATLAB solver CDCS. Numerical experiments on a range
of large-scale SDPs demonstrate that the decomposition methods described in this
chapter promise significant computational gains.

Y. Zheng
Department of Engineering Science, University of Oxford, Parks Road, Oxford, OX1 3PJ, U.K.
e-mail: yang.zheng@eng.ox.ac.uk

G. Fantuzzi
Department of Aeronautics, Imperial College London, South Kensington Campus, SW7 2AZ, U.K.
e-mail: gf910@ic.ac.uk

A. Papachristodoulou
Department of Engineering Science, University of Oxford, Parks Road, Oxford, OX1 3PJ, U.K.
e-mail: antonis@eng.ox.ac.uk


yang.zheng@eng.ox.ac.uk
gf910@ic.ac.uk
antonis@eng.ox.ac.uk

2 Y. Zheng, G. Fantuzzi, A. Papachristodoulou

1 Introduction

Semidefinite programs (SDPs) are a type of convex optimization problems that arise
in many fields, for example control theory, combinatorics, machine learning, ope-
rations research, and fluid dynamics [9, 13, 17,45]. SDPs generalize other common
types of optimization problems such as linear and second-order cone programs [11],
and have attracted considerable attention because many nonlinear constraints admit
numerically-tractable SDP reformulations or relaxations [41]. The standard primal
and dual forms of an SDP are, respectively,

min (C, X)

subjectto  (A;, X) =b;, i=1,...,m, (1
X e SY,
and
max (b, y)
subjectto 7 + i y; A; = C, ()
y=1
Ze8Sh,

where X is the primal variable, y and Z are the dual variables, and the vector
b € R™ and the matrices C, Ay, ..., A,, € S™ are given problem data. In (1), (2),
and throughout this chapter, R denotes the usual m-dimensional Euclidean space,
S™ is the space of n x n symmetric matrices, and S’} represents the cone of posi-
tive semidefinite (PSD) matrices. The notation (-, -) denotes the appropriate inner
product: (z,y) = zTy for z,y € R™ and (X,Y) = trace(XY) for X,Y € S™.

It is well-known that in theory SDPs can be solved in polynomial time using
interior-point methods (IPMs). At the time of writing, however, these are only practi-
cal for small- to medium-sized problem instances [3,23]: Memory or CPU time con-
straints prevent the solution of (1)—(2) when n is larger than a few hundred and m is
larger than a few thousand using a regular PC. Improving the scalability of current
SDP solvers therefore remains an active area of research [4], with particular emp-
hasis being put on taking advantage of structural properties pertaining to specific
problem classes. This chapter gives an overview of promising recent developments
that exploit two kinds of structural properties, namely chordal aggregate sparsity
and partial orthogonality, in semidefinite programming.

Since the data b, C, A4, ..., A,, are sparse in many large-scale SDPs encountered
in applications [9], perhaps the most obvious approach to improve computational ef-
ficiency is to try and exploit this sparsity [16]. The main challenge in this respect is
that the optimal solution X* to (1) or the inverse of the optimal solution Z* to (2)
(required to compute the gradient and Hessian of the dual barrier function [5]) can be
dense even when the problem data are extremely sparse. Nonetheless, one can take
advantage of sparsity if the aggregate sparsity pattern of an SDP—that is, the union
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of the sparsity pattern of the matrices C, Ay, ..., A,,—is chordal, or has a sparse
chordal extension (precise definitions of these properties will be given in Section 2).
In these cases, Grone’s theorem [22] and Agler’s theorem [1] enable the decom-
position of the large PSD matrix variables in (1)—(2) into smaller PSD matrices,
coupled by an additional set of affine constraints. Such a reformulation is attractive
because common implementations of [IPMs can handle multiple small PSD matri-
ces very efficiently. This observation leads to the development of so-called domain-
and range-space decomposition techniques [19,25], which are implemented in the
MATLAB package SparseCoLO [18].

One drawback of these sparsity-based decomposition methods is that the added
equality constraints introduced by the application of Grone’s and Agler’s theorems
can offset the benefit of working with smaller PSD cones. To overcome this pro-
blem, it has been suggested that chordal sparsity can be exploited directly at the
algorithmic level to develop specialized interior-point solvers: Fukuda et al. deve-
loped a primal-dual path-following method for sparse SDPs [19]; Burer proposed
a nonsymmetric primal-dual method using Cholesky factors of the dual variable Z
and maximum determinant completion of the primal variable X [12]; Andersen et
al. developed fast recursive algorithms for SDPs with chordal sparsity [5]. Another
promising solution is to abandon IPMs altogether, and solve the decomposed SDP
utilizing first-order algorithms instead. These only aim to achieve a solution of mo-
derate accuracy, but scale more favourably than IPMs and can be implemented on
highly-parallel computer architectures with relative ease. For these reasons, Sun et
al. proposed a first-order operator splitting method for conic optimization with par-
tially separable structure [37], and Madani et al. developed a highly-parallelizable
first-order algorithm for sparse SDPs with inequality constraints [29]. Both approa-
ches offer fast first-order algorithms built on Grone’s and Agler’s theorems [1,22].

The second limitation of the decomposition methods of Refs. [19,25] is that, of
course, they can only be applied to SDPs whose aggregate sparsity patterns are chor-
dal or admit a sparse chordal extension. One notable class of problems for which
the data matrices are individually but not aggregately sparse is that of SDPs arising
from sum-of-squares (SOS) programming. In this case, the aggregate sparsity pat-
tern is fully dense (see, e.g., [46, Section III-B] and [47, Section 3]). SOS program-
ming is a powerful relaxation technique to handle NP-hard polynomial optimization
problems [26, 34], with far-reaching applications in systems analysis and control
theory [33]. While it is possible to tackle large-scale SOS programs using further
relaxation techniques based on diagonally dominant matrices (see the DSOS and
SDSOS techniques [2]), algorithms that enable their solution without introducing
additional conservativeness are highly desired.

In this chapter, we describe two recent methods [47,49] that address the two afo-
rementioned disadvantages of the domain- and range-space decomposition techni-
ques of Refs. [19,25]. The first method [49] applies to SDPs with chordal aggregate
sparsity patterns and is based on a decomposition framework for the PSD cone,
which resembles that of Refs. [19, 25] but is more suitable for the application of
fast first-order methods. The second algorithm [47] specializes in SDPs that enjoy
a structural property that we call partial orthogonality: Loosely speaking, the data
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matrices Aq,..., A, in (1)-(2) are mutually orthogonal up to a small submatrix
(a precise definition will be given in Section 5). This property is inherent (but of
course not exclusive) to SOS programs [47] and enables a decomposition of the
affine constraints of the SDP, rather than of the PSD variable. More precisely, it le-
ads to a diagonal plus low-rank representation of a certain matrix associated with
the affine constraints. The computational backbone of both methods we describe is
a variant of a classical first-order operator splitting method known as the alterna-
ting direction method of multipliers (ADMM), tailored to solve the homogeneous
self-dual embedding of a primal-dual pair of conic programs [30].

The rest of this chapter is organized as follows. Section 2 briefly introduces the
PSD matrix decomposition techniques based on chordal sparsity. The homogeneous
self-dual embedding of the primal-dual pair of SDPs (1)—(2) and the ADMM algo-
rithm of Ref. [30] are reviewed in Section 3. We present a fast ADMM algorithm
for SDPs with chordal sparsity in Section 4, and another fast ADMM algorithm for
SDPs with partial orthogonality in Section 5. Section 6 describes the MATLAB
solver CDCS (Cone Decomposition Conic Solver) [48], which includes an imple-
mentation of both algorithms, and reports the results of numerical experiments on a
set of benchmark problems. Concluding remarks and suggestions for future research
are given in Section 7.

2 Matrix decomposition using chordal sparsity

As mentioned in the introduction, one of the decomposition methods for SDPs (1)—
(2) described in this chapter exploits the sparsity of the problem data. One key to
this approach is the description of sparse matrices using graphs, so here we review
some essential concepts from graph theory and their relation to sparse matrices.

2.1 Essential notions from graph theory

An undirected graph G(V, &) is defined as a set of nodes V = {1,2,...,n}
plus a set of edges (connections between nodes) € C V x V. For example,
Fig. 1(a) illustrates a graph with nodes V = {1,2,3,4,5,6} and edges £ =
{(1,2),(1,3),(1,6),(2,4),(2,5), (3,4), (3,5)}. A subset of nodes C C V is cal-
led a clique if any pair of distinct nodes in C is connected by an edge, i.e.,
(i,5) € E€,V1i,j € C.If aclique C is not a subset of any other clique, we refer to it as
a maximal clique. In Fig. 1(b), there are four maximal cliques: C; = {1,2,3},Cy =
{2,3,5},C3 ={2,3,4} and C4 = {1, 6}. We denote the number of nodes in a clique
C by |C|, while C(4) indicates its i-th node when sorted in the natural ordering.

A cycle of length k is a subset of nodes {vi,va,...,u5} < V such that
(vk,v1) € & and (v;,v;41) € € fori = 1,...,k — 1. Any additional edge joi-
ning two nonconsecutive nodes in a cycle is called a chord, and an undirected graph
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Fig. 1 (a) A simple nonchordal graph: The cycles {1, 2,4, 3}, {1,2,5,3}, and {2,4, 3,5} have
length four but no chords. (b) A chordal extension of the nonchordal graph in (a), obtained by
adding edge (2, 3). (c) A different chordal extension of the nonchordal graph in (a), obtained by
adding edges (1,4), (1,5), and (4, 5).

G is called chordal if every cycle of length greater than three has one chord. Of
course, given a nonchordal graph G(V, £), one can always construct a chordal graph
G'(V, &) by adding suitable edges to the original edge set £. This process, known as
chordal extension, is not unique as illustrated by Fig. 1. The graph in Fig. 1(a) is not
chordal: Adding the edge (2, 3) results in the chordal graph depicted in Fig. 1(b),
while adding edges (1,4), (1,5), and (4, 5) yields the chordal graph in Fig. 1(c).
Note that computing the chordal extension with the minimum number of additional
edges is NP-hard in general [43], but sufficiently good extensions can often be found
efficiently using heuristic approaches [40]. More examples can be found in [40,49].

2.2 Graphs, sparse matrices, and chordal decomposition

Given an undirected graph G(V, ), let £* = £ U {(4,1),Vi € V} be the extended
set of edges to which all self loops have been added. This can be used to define the
space of sparse matrices

S™ME,0):={X €S": (i,j) ¢ £ = X,;; = 0} 3)

Note that this definition does not preclude X;; = 0 if (i,j) € £*, so a matrix
X € S™(&,0) can be sparser than allowed by the underlying graph representation.

Two subsets of this sparse matrix space will be useful in the following. The first
is the subspace of positive semidefinite sparse matrices,

S7(£,0) := {X € S™(£,0): X € S"} =S"(£,0)NST. @)

The second is the subspace of sparse matrices that can be completed into a positive
semidefinite matrix by filling in the zero entries (sometimes called partial semidefi-
nite matrices), defined according to

ST (E,?7):={X eS"(&,0):3IM €S | (i,5) € E" = My; = Xi5}. (5)
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Note that S’} (£, 7) can be viewed as the projection of the space of positive semi-
definite matrices S’} onto S"(&,0) with respect to the Frobenius norm (the natural
norm induced by the trace inner product). Moreover, it is not difficult to check that
for any graph G(V, &) the sets ST} (£,7) and ST} (£,0) are a pair of dual cones with
respect to the ambient space S™ (&, 0) [40].

When the graph G(V, £) that defines the space S™(&€,0) is chordal, we say that
X € S™(&,0) has a chordal sparsity pattern. In this case, the cones S (£,?) and
S (€,0) enjoy a particularly useful property: Membership to the cone can be ex-
pressed in terms of PSD constraints on the submatrices corresponding to the max-
imal cliques of the underlying graph. Replacing the condition of cone membership
with this equivalent set of PSD constraints is known as chordal decomposition. To
make this concept precise, we will need some further notation: Given any maximal
clique C of G(V, &), consider the matrix F¢ € RICI*" with entries defined by

(Ee)yy = {1, if C(i) = j,

0, otherwise.

For any matrix X € S"(€,0), the submatrix corresponding to the maximal clique C
can therefore be represented as F¢ X ECT € SI€l. Moreover, note that the operation
ElY E¢ “inflates” a |C| x |C| matrix Y into a sparse n x n matrix with nonzero
entries in the rows/columns specified by the indices of the clique C.

We can now state the conditions for membership to the cones S (€,?) and
S% (€,0) when the sparsity pattern is chordal more precisely using Grone’s [22]
and Agler’s [1] theorems. These have historically been proven individually, but can
be derived from each other using duality [40].

Theorem 1 (Grone’s theorem [22]). Let G(V, &) be a chordal graph with maximal
cliques {C1,Co,...,Cp}. Then, X € S} (&,7) if and only if X, := ECkXECTk €

S‘f""forallk: =1,...,p

Theorem 2 (Agler’s theorem [1]). Ler G(V, &) be a chordal graph with maximal
cliques {C1,Ca,...,Cp}. Then, Z € S} (£,0) if and only if there exist matrices

Zi e S fork =1, ..., psuch that Z = Y0 _ E} ZEe,.

3 Homogeneous self-dual embedding and ADMM

As anticipated in the introduction, the computational engine of the scalable SDP
solvers described in this chapter is a specialized ADMM algorithm for the solution
of the homogeneous self-dual embedding of conic programs. To make this chapter
self-contained, in this section we review the main ideas behind the homogeneous
self-dual embedding of SDPs and summarize the ADMM algorithm for its solution
developed in [30].
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3.1 Homogeneous self-dual embedding

An elegant method to solve the primal-dual pair of SDPs (1)—(2) that is also able
to detect primal or dual infeasibility is to embed it into a homogeneous self-dual
feasibility problem [44]. Solving the latter amounts to finding a nonzero point in
the intersection of a convex cone and an affine space. Once such a nonzero point is
found, one can either recover an optimal solution for the primal-dual pair (1)-(2), or
construct a certificate of primal or dual infeasibility (more on this is outlined below).

To formulate the homogeneous self-dual embedding of (1)-(2), it is convenient
to consider their vectorized form. Specifically, let vec : S” — R"™ be the operator
that maps a matrix to the stack of its columns', and define the vectorized data

c:=vec(C), A:=[vec(4y) ... Vec(Am)]T . (6)

It is assumed that A4, ..., A,, are linearly independent matrices, and consequently
that A has full row rank. Upon defining the set of vectorized PSD matrices as

S:={ze R™ vec ! (z) € ST}, @)

the primal SDP (1) can be rewritten as

T

min c'

subjectto Az = b, ®)
z eSS,
while the dual SDP (2) becomes
max b'y
Y,z

subjectto z+ ATy =, ©)

z€S.

When strong duality holds, an optimal solution of (8)—(9) or a certificate of in-
feasibility can be recovered from any non-zero solution of the homogeneous linear
system

z 0 —AT ¢ T
= A 0 —b| |y, (10)
—cT " 0 T

provided that it also satisfies

1 We use the vec operator for both conceptual and notational simplicity. Practical implementation
of the methods described in this chapter should take advantage of the symmetry of all matrices. This
can be done using symmetric vectorization through operator svec, which maps a matrix X € S™
to the vector SVGC(X) = (th \/i_)<217 ey \/anl, Xoa, \/5){327 e Xnn) (S Rr(n+1)/2,
All statements made in this chapter hold when vec is replaced by svec.
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(z,y,7) € S X R™ x Ry, (z,8,K) €Sx{0}™ xRy, (11)

Note that the linear system (10) embeds the optimality conditions of (8)—(9): When
7 =1 and k = 0 the linear system (10) reduces to the KKT conditions

Az =b, z€S8, 2+ATy=c, z€8, c"z=0b"y. (12)

(These are necessary and sufficient optimality conditions under the assumption of
strong duality.)

In addition, 7 and x are requied to be nonnegative and complementary variables,
i.e., at most one of them is nonzero [44]. If 7 > 0 and x = 0 the point

satisfies the KKT conditions (12) and is a primal-dual optimal solution of (8)—(9).
If 7 = 0 and K > 0, instead, a certificate of primal or dual infeasibility can be
constructed depending on the values of ¢"x and b'y. We refer the interested reader
to [30] and references therein for more details.

For notational convenience, we finally rewrite the linear system (10) and the
conditions in (11) in a compact form by defining the vectors and matrix

0 —-AT ¢

T z
u:=|y|l, vi=1|s|, Q@:=| A4 0 -b|, (13)
T K —c" b0
and the cones
K:=8xR" xRy, K =8 x{0}"™ x Ry. (14)

Then, an optimal point for (8)—(9) or a certificate of infeasibility can be recovered
from a nonzero solution of the homogeneous self-dual feasibility problem

find (u,v)
subjectto v = Qu, (15)
(u,v) € K x K*.

3.2 A tailored ADMM algorithm

It has been shown in Ref. [30] that problem (15) can be solved with a simplified
version of the classical ADMM algorithm (see e.g., [10]) by virtue of its self-dual
character. The k-th iteration of this tailored ADMM algorithm consists of the follo-
wing three steps:
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w®) = (T4 Q) (u(k—l) + U(k_l)) ’ (16a)
u®) = Pe (wm _ U(k—l)) , (16b)
k) = y(k=1) (k) 4o () (16¢)

Here and in the following Py denotes the projection onto the cone K and the su-
perscript (k) indicates that a variable has been fixed to its value after the k-th itera-
tion.

Since the last step is computationally trivial, practical implementations of the
algorithm require an efficient computation of (16a) and (16b). An efficient C imple-
mentation that handles generic conic programs with linear, second-order, semidefi-
nite and exponential cones is available in the solver SCS [31].

In this chapter, we show that when one is interested in solving SDPs with chor-
dal aggregate sparsity or partial orthogonality (which are very common in certain
practical applications), the computational efficiency of (16a) and (16b) can be im-
proved further. In particular, chordal sparsity allows one to speed up the conic pro-
jection (16b) because one replaces a large PSD cone with smaller ones. Following
Refs. [49-51], we refer to this procedure as cone decomposition. Partial orthogo-
nality, instead, can be exploited to reduce the size of matrix to be inverted (or fac-
torized) when solving the linear system (16a). Since (16a) can be interpreted as a
projection onto the affine constraints of (8)—(9), in this chapter we will slightly abuse
terminology and say that partial orthogonality allows an affine decomposition.

Remark 1. Recall from (13) that u = (;) and v = (E) in (15), and that 2 and

z are vectorized symmetric matrices. It is not difficult to check that if the corre-
sponding entries in the initial guesses u(*) and v(®) for algorithm (16a)—(16¢c) are
vectorized symmetric matrices, then the same is true for all subsequent iterates w®),
u® and v®), k=1, 2, .. .. Indeed, steps (16b) and (16¢) preserve the vectorized
matrix structure provided that the vector w(*) obtained with (16a) possesses it. Since
step (16a) is equivalent the solution of a linear system of the form

I —AT ¢ Wy &
A I —b| |wy| =&,
—c bt T Wy &

where &, is a vectorized symmetric matrix, one needs to verify that w, is so too.
Now, the first block of equations implies that

Wy = ATwy — cwr + &,
which—recalling the definitions of ¢ and A from (6)—is satisfied if and only if

vec ™ (w,) = vec™H(&,) — vee ! (cw,) + vee (AT wy)

=vec (&) —w,C + Z(wy)lAl
i=1
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In the last expression, C, Ay, ..., A,, are the symmetric data matrices of the ori-
ginal SDP and (wy)1 denotes the i-th entry of the vector w,,. Thus, the vector w,
must be a vectorized symmetric matrix, as required.

Remark 2. Algorithm (16a)—(16¢) is not the only one available to solve the con-
vex feasibility problem (15), and other methods could be employed. In particular,
one could utilise other operator-splitting first-order methods, including Douglas-
Rachford iterations [27], Spingarn’s method [35], and Dykstra’s method [6]. We
have not tried these, but in light of the equivalence between ADMM and many
operator-splitting methods [10], it is not unreasonable to expect that the ADMM-
based algorithm (16a)—(16¢) will perform at least as efficiently as many other alter-
natives.

4 Cone decomposition in sparse SDPs

Let us consider the case in which SDPs (1) and (2) have an aggregate sparsity pattern
defined by the graph G(V, £), meaning that

C eS*(£,0) and A; €S™E,0), i=1,....,m.

Without loss of generality, we assume that G(V, &) is chordal with a set of maximal
cliques C1, Ca, . . ., Cp, (for sparse nonchordal SDPs, we assume that a suitable sparse
chordal extension has been found).

Aggregate sparsity implies that the dual variable Z in (2) satisfies Z € S"(&,0).
As for the primal SDP (1), although the variable X can be dense, only the entries
X; defined by the extended edge set £* appear in the equality constraints and the
cost function, while the remaining entries only ensure that X is PSD. Consequently,
it suffices to consider X € S’} (€, 7). We can then apply Theorems 1 and 2 to rewrite
(1) and (2), respectively, as

min (C, X)
X, X1, Xp
subjectto  (A;, X) = b;, 1=1,...,m, a7
Xy =Ec, XEl, k=1,...,p,
Xy € SIS k=1,....p,
and
max b,
Y Z1se s 2 Vi sV (b:)
p m
subject to Z Egk ViEe, + Z.%’Ai =C, (18)

k=1 =1
Zk::Vk:a kzl?"'ap7

Z, eSS k=1,...p
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We refer to (17) and (18) as the cone decomposition of a primal-dual pair of SDPs
with chordal sparsity. Note that this cone decomposition is similar to the domain-
and range-space decompositions developed in [19] but for one key feature: We do
not eliminate the variables X in (17) and we introduce slack variables Vi, &k =
1,2,...,pin (18). This is essential if the conic and the affine constraints are to be
separated effectively when using operator-splitting algorithms; see [49—-51] for more
detailed discussions. Also, a standard argument based on the Lagrange function and
Lagrange multipliers [11, Chapter 5] reveals that the decomposed problems (17) and
(18) are the dual of each other. This fact, which may seem surprising at first, is a
consequence of the duality between the original problems (1) and (2), and the more
subtle dual relationship between Grone’s and Agler’s theorems (cf. Ref. [40]).

As in Section 3, to formulate and solve the HSDE of problems (17) and (18) we
use vectorized variables. Precisely, we let

x:=vec(X), xy 1= vec(Xy), 2 := vec(Zy), vg :=vec(Vy), k=1, ..., p,
and define matrices
Hy:=FEc, @ Ee,, k=1,...,p,

such that
xp = vec(X},) = vec(EL X El) = Hyx.

In other words, the matrices H, ..., H, project x onto the subvectors z1, ..., Tp,

respectively. Moreover, we denote the constraints X € SI_E"'I by z; € Sk (the
formal definition of S, is analogous to that of the set S; see (7) in Section 3.1). We
then group the vectorized variables according to

T Y 0
Z1 U1 21

T = . ) y= . ) Z = . )
Tp Up Zp

define H' := [HlT ... H;] and S 1= 8§ xSy X - -+ X S,, and augment the problem
data matrices according to

R c - b p A0
R R P
With these definition, we can rewrite (17) and (18) in the compact vectorized forms

T A

min ¢'2 max 7
T Y,z
subjectto Az = b, subjectto 5+ ATg = ¢, (19a,b)

zeR" xS, ze {0} x 8.
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These are a standard pair of primal-dual conic programs, and can be solved using
the ADMM algorithm (16). Of course, the same could be done for the original pair
of SDPs, but at a higher computational cost as we shall now demonstrate.

First, consider step (16a). An apparent difficulty is that the size of matrix @ is
much larger for the decomposed problem (19) than that for the original problem,
due to the introduction of the variables X and V}, in (17) and (18). However, (Q is
also highly structured and sparse. Using block elimination and the matrix inversion
lemma [11, Appendix C.4.3], it is shown in Ref. [50] that step (16a) for the decom-
posed problem requires a set of relatively inexpensive matrix-vector multiplications
and the solution of a linear system of equations with coefficient matrix

—1
I+A <I + ;D) AT es™, (20)

where D = Y 7_ H ¥ Hy, is diagonal. Note that the matrix in (20) only depends
on the problem data and, consequently, its preferred factorization can be computed
and cached before iterating the ADMM algorithm. Applying the ADMM algorithm
of Ref. [30] directly to (1)—(2) also requires the solution of a linear system of the
same size. It is reasonable to assume that solving the linear system (including the
factorization step) bears the most computational burden, while further matrix-vector
products are comparatively inexpensive. Step (16a) therefore has the same leading-
order cost irrespective of whether algorithm (16a)—(16c) is applied to the original
pair of SDPs (1)—(2) or their decomposed counterparts (17)—(18).

Consider now the conic projection (16b). When the ADMM algorithm described
in Section (3.2) is applied to the original pair of SDPs (1)—(2), the operator Px
requires the projection of a (large) » X n matrix on the PSD cone. This can be
achieved via an eigenvalue decomposition, which to leading order requires O(n?)
flops. When applied to the decomposed problem (19), instead, one needs to project
a vector onto the cone

IC:R”Q><Sl><82><~~-><8p><Rm+"d><R+,

where ng = Y 7_, |Cx|? is the length of the vector v. Projecting onto the sub-
cones R”Q, R™*nd R, is trivial, and the computational burden rests mostly on the
projections onto the vectorized PSD cones S1, Sa, . . ., Sp. The size of each of these
cones only depends on the size of the corresponding maximal clique of the chordal
sparsity pattern of the problem data. Consequently, if the largest maximal clique is
small compared to the original problem size n, each of the PSD projections is much
less expensive computationally than projecting the original n X n matrix. Moreover,
each projection is independent of the others, so the computation can be parallelized.
Therefore, step (16b) can be carried out more efficiently when the ADMM is applied
to the decomposed problem (19) instead of the original pair of SDPs (1)—(2).

In conclusion, SDPs with chordal aggregate sparsity can be solved very effi-
ciently using the ADMM algorithm (16a)—(16c) thanks to the computational saving
in the conic projection step (16b). Numerical results that demonstrate this in practice
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will be presented in Section 6, and we refer the interested reader to Refs. [49-51]
for more details.

5 Affine decomposition in SDPs with partial orthogonality

As anticipated in the introduction to this chapter, there are some large-scale SDPs
whose aggregate sparsity patterns (after chordal extension if necessary) are almost
full, so the chordal decomposition method presented in Section 4 brings little to no
advantage. Notable examples are the SDPs arising from general SOS programming:
In this case, the individual data matrices C, Ay, ..., A,, are extremely sparse, but
their aggregate sparsity pattern is full. However, it is easily shown [47] that when
SOS programs are formulated in the usual monomial basis the data matrices are
partially orthogonal (this property is defined precisely below).

Motivated by applications in SOS programming, we therefore consider SDPs
characterized by partial orthogonality and discuss how to improve the computational
efficiency of the ADMM steps (16a)—(16¢) for this class of SDPs. We will show that
partial orthogonality allows computational improvements in step (16a). For reasons
that will become apparent below, and with a slight abuse of terminology, we say
that partial orthogonality enables an affine decomposition of (16a), which in some
respects parallels the cone decomposition of (16b) allowed by the chordal sparsity.

Let us make these ideas more precise. Consider the coefficient matrix A in the
vectorized problems (8)—(9). We say that an SDP satisfies partial orthogonality if
there exists a column permutation matrix P such that AP = [Al Ag] with A; €
R™*t Ay € R™*%2 and Ay AT = D a diagonal matrix. In this case,

T
AAT = APPTAT = [A; A;) Eﬂ = A Al +D. (1)
For the SDPs resulting from SOS representations, one usually has ¢; < min{ts, m},
so that the product AAT is of the “diagonal plus low-rank” form. In this chapter, we
refer to the partition (21) as affine decomposition.

Partial orthogonality can be exploited to gain significant computational savings in
the ADMM step (16a). Recalling the definitions of ), this step requires the solution
of the linear system of equations

I —AT C i w1 91
A I —b wa | = 92 . (22)
—CT bT 1 ws 93

We denote

I —AT] c
)

Then, by eliminating w3 from the first and second block-equations in (22), we have
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(M +¢¢T) [g;] = Bj — 0s¢, (23a)
ws = 03 + ¢ wy — b ws. (23b)

We then apply the matrix inversion lemma [11, Appendix C.4.3] to (23a), leading to

wy| (M=) T —1 |01 — b3
M - [I_ 1+4T<M1<>] = [ﬁwb@s}' @Y

The vector (M ~*¢)/(1 4+ ¢"M~'¢) depends only on the problem data and can
be computed before starting the ADMM algorithm, so multiplication by the first
matrix on the right-hand side of (24) at each iteration can be implemented only
using vector-vector operations. The core of the computation is therefore to solve a

linear system of the form
I —AT o1| él
] e

Again, by eliminating o1 from the second block-equation in (25), we obtain

o] = él + ATUQ, (26a)
(I+ AAT)oy = —Aby + 0. (26b)

At this stage, we can use the property of partial orthogonality (21): There exists
a diagonal matrix J := I + D such that I + AAT = J + A; A]. In the context of
typical SOS programs, we know that A; € R™*% with ¢; < m. Therefore, it is
convenient to apply the matrix inversion lemma again to (26b), resulting in

(I+AAT) " = (J4+ A,A])7 !
=J T A T+ AT AT AT

Since J is diagonal, its inverse is trivial to compute. Then, o1 and o3 in (26) are
available by solving a ¢; X ¢; linear system with a coefficient matrix

I+ AJJ7 1A esh, (27)

plus relatively inexpensive matrix-vector, vector-vector, and scalar-vector operati-
ons. Furthermore, the matrix [ + AIJ —14; is the same at all iterations and its
preferred factorization can be computed and cached before iterating steps (16a)—
(16c). Once o1 and o2 have been computed, the solution of (22) can be recovered
using vector-vector and scalar-vector operations.

In summary, for SDPs with partial orthogonality, we only need to invert or fac-
torize a t; X t; matrix shown in (27), in contrast to the usual m x m matrix (e.g.,
I+ AAT € R™*™ or see (20)). If t; < m, which is true for typical SOS pro-
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grams, then the affine decomposition can yield significant computational saving in
the ADMM step (16a). More details can be found in Ref. [47].

6 Numerical simulations

In this section we present numerical results for CDCS (cone decomposition co-
nic solver), a MATLAB package that provides an efficient implementation of the
cone decomposition and affine decomposition strategies described above. For the
cone decomposition strategy, we show results on selected benchmark problems
from SDPLIB [8] and some large and sparse SDPs with nonchordal sparsity pat-
terns from [5]. For the affine decomposition strategy, we report results on the SDPs
arising from SOS relaxations of constrained polynomial optimizations. We compa-
red the results to the interior-point solver SeDuMi [36], and to the first-order solver
SCS (the direct implementation was called) [31]. We called CDCS and SCS with
termination tolerance 10~2 and limited the maximum number of iterations to 2 000.
Default values were used for all other parameters. SeDuMi was called with its de-
fault parameters. All experiments were carried out on a PC with a 2.8 GHz Intel
Core 17 CPU and 8GB of RAM.

6.1 CDCS

CDCS is the first open-source first-order conic solver that exploits chordal decom-
position for the PSD cones and affine decomposition for the equality constraints.
Infeasible problems can be detected thanks to the usage of homogeneous self-dual
embedding. CDCS supports Cartesian products of the following standard cones:
R™, non-negative orthant, second-order cones, and PSD cones. In order to save me-
mory and increase computational efficiency, CDCS uses symmetric vectorization
for all variables (cf. footnote 1 on page 7). The current implementation is written in
MATLAB and can be downloaded from

https://github.com/oxfordcontrol/CDCS.

Different solver options are available. The default solver, hsde, implements the
sparsity-exploiting algorithm described in Section 4. Changing the solver option
to sos exploits partial orthogonality. We will refer to these two solver options as
CDCS-hsde and CDCS-sos, respectively. CDCS also includes primal and dual op-
tions, which implement the primal-only and dual-only ADMM algorithms described
in Ref. [49]. CDCS can be called directly from MATLAB’s command window or
through the optimization modeling toolboxes YALMIP [28] and SOSTOOLS [32].


https://github.com/oxfordcontrol/CDCS
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(a) maxG11l (b) maxG32 (c) gpG11

ol f:;.., .

(d) rs3s (e) rs200 (f) rs228

%
i

Fig. 2 Aggregate sparsity patterns of the large-scale sparse SDPs considered in this chapter; see
Table 1 for the matrix dimensions.

Table 1 Summary of chordal decomposition for the chordal extensions of the large-scale sparse
SDPs tested in this chapter. Problems are taken form Refs. [5, 8].

maxGl1l maxG32 gpG1l1 rs35 rs200 rs228
Original cone size, n 800 2000 1600 2003 3025 1919
Affine constraints, m 800 2000 800 200 200 200
Number of cliques, p 598 1499 1405 588 1635 783
Maximum clique size 24 60 24 418 102 92
Minimum clique size 5 5 1 5 4 3

6.2 Cone decomposition: the hsde option

To illustrate the benefits brought by the cone decomposition strategy, we consider
three benchmark SDPs from SDPLIB [8] (maxG11, maxG32 and gqpG11) and three
large-scale sparse SDPs from [5] (rs35, rs200, rs228). The SDPLIB problems are
from practical applications (max cut problems and relaxations of box-constrained
quadratic programs), while those of [5] are random SDPs with aggregate sparsity
pattern coming from the University of Florida Sparse Matrix Collection [15].

Table 1 reports the dimensions of these problems and chordal decomposition
details, while the aggregate sparsity patterns of these problems are illustrated in
Fig. 2. Note that although the size of the PSD cone for problems maxG32, qpG11,
rs35, rs200 and rs228 is over 1 000, the chordal extensions of the underlying spar-
sity patterns are very spare and the maximum clique size is much smaller than the
original cone size. We expect CDCS-hsde to perform well on these problems since
working with smaller PSD cones makes the conic projection step more efficient.
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Table 2 Numerical results for described in Table 1.

maxGl1l maxG32 qpG1l1 rs35 rs200 rs228

SeDuMi

Total CPU time (s) 49.7 954.3 458.2 1120.9 4003.7 1291.2

Iterations 13 14 14 17 17 21

Objective 629.2 1567.6 2448.7 25.3 99.7 64.7
SCS

Total CPU time (s) 91.3 2414.6 1070.4 2425.5 9259.1 21879

Pre- time (s) 0.1 0.5 0.3 0.5 1.0 0.4

Iterations 1080 2000 12000 12000 2000 12000

Objective 629.2 1567.6 2449.2 25.1 81.9 62.1
CDCS-hsde

Total CPU time (s) 9.5 36.3 13.5 258.4 73.4 34.4

Pre- time (s) 2.2 12.8 2.2 5.2 8.2 34

Iterations 109 134 172 265 256 130

Objective 629.8 1570.1 2453.1 25.9 98.6 64.7

+: Maximum number of iterations reached.

Table 3 Average CPU time per ADMM iteration (in seconds) for the SDPs described in Table 1.

maxGll maxG32 qpG1l1 rs35 rs200 rs228
SCS 0.085 1.21 0.54 1.21 4.63 1.09
CDCS-hsde 0.067 0.18 0.066 0.96 0.25 0.24

The numerical results for these sparse SDPs are summarized in Tables 2 and 3.
As shown in Table 2, CDCS-hsde was faster than either SeDuMi or SCS for all the
problems we considered. In particular, CDCS-hsde is able to return an approximate
solution of maxG11, maxG32, qpG1ll, rs200 or rs228 in less than 100s, providing
a speed up of approximately 10x, 67x, 79x, 126x and 64x over SCS for each
problem respectively. Table 3 lists the average CPU time per iteration for CDCS-
hsde and SCS, giving a fairer comparison of the performance of CDCS-hsde and
SCS because any dependence on the exact stopping conditions used by each solver
is removed. CDCS-hsde was faster than SCS for all problems, and—perhaps not
unexpectedly—the computational gains become more significant when the size of
the largest maximal clique is much smaller than the original PSD cone size. For
problems maxG32, gqpG11, rs200, and rs228 the average CPU time of CDCS-hsde
improves on SCS by approximately 6.7 %, 8.2x, 18.5x, and 4.5, respectively. Fi-
nally, although first-order algorithms are only meant to provide solutions of mode-
rate accuracy, the objective value returned by CDCS-hsde was always within 2.5%
of the optimal value computed using SeDuMi. This gap may be considered accep-
table in practical applications. Of course, as with all first-order algorithms accuracy
could be improved further by setting tighter convergence tolerances at the expense
of longer computation time.
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Table 4 CPU time (in seconds) to solve the SDP relaxations of (28). N is the size of the largest
PSD cone, m is the number of constraints, ¢ is the size of the matrix factorized by CDCS-sos.

Dimensions CPU time (s)
n N m t SeDuMi SCS CDCS-sos
10 66 1000 66 2.7 0.4 0.4
15 136 3875 136 162.8 2.4 2.1
20 231 10625 120 2730.8 10.4 8.2
25 351 23750 351 wok 45.8 28.8
30 496 46375 496 ok 156.1 85.3
35 666 82250 666 *ok 455.4 222.2
40 861 135750 861 *#k1182.8 526.6

**: The problem could not be solved due to memory limitations.

6.3 Affine decomposition: the sos option

To show the benefits brought by the exploitation of partial orthogonality, we next
consider a series of SOS relaxations of constrained polynomial optimization pro-
blems (POPs). Note that partial orthogonality is an inherent structural property of
SOS programs. In particular, we consider the constrained POP

min E (zizj + 2iwj — x? - xfa??)
T

1<i<j<n (28)
subjectto  » a7 < 1.

=1

We recast (28) into an SDP using the second Lasserre relaxation and Glopti-
Poly [24].

The numerical results are summarized in Tables 4 and 5. Table 4 reports the
CPU time (in seconds) required by the solvers considered in this chapter to solve
the SDP relaxations as the number of variables n in (28) was increased. As we can
see, CDCS-sos is the fastest method for all the instances we tested thanks to partial
orthogonality. For large-scale POPs (n > 25), the number of constraints in the re-
sulting SDP is over 20 000, and the interior-point solver SeDuMi terminated prema-
turely due to RAM limitations. For all values on n the number ¢ of non-orthogonal
constraints is much smaller than the number m of constraints (see Table 4), so we
expect CDCS-sos to perform well thanks to the affine decomposition described in
Section 5. Indeed, for n > 25 CDCS-sos was approximately twice as fast as SCS.
Finally, Table 5 shows that although first-order methods only aim to provide solu-
tions of moderate accuracy, the optimal objective value returned by CDCS-sos and
SCS was always within 0.5% of the high-accuracy optimal value computed using
SeDuMi (when available). As remarked at the end of Section 6.2 such a small dif-
ference can be considered negligible in many practical applications.
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Table 5 Terminal objective value by SeDuMi, SCS and CDCS-sos for the SDP relaxation of (28).

SeDuMi SCS CDCS-sos

n  Objective Objective  Accuracy Objective  Accuracy
10 -9.114 —-9.124 0.10 % —9.090 0.27 %
15 —14.118 —14.090 0.20 % —14.138 0.14 %
20 —19.120 —19.165 0.24 % —19.078 0.22 %
25 o —24.174 — —24.164 —

30 ok —29.087 — —29.145 —

35 oK —34.053 — —34.075 —
40 woE —39.146 — —39.114 —

**: The problem could not be solved due to memory limitations.
—: No comparison is possible due to the lack of a reference accurate optimal value.

7 Conclusion

In this chapter, we have presented an overview of two recent approaches that ex-
ploit two structural properties of large-scale sparse semidefinite programs, namely
chordal aggregate sparsity and partial orthogonality. Chordal sparsity is common
to many SDPs encountered in practice, while partial orthogonality is an inherent
characteristic of SOS programs. The first approach, developed in Refs. [49-51] and
called cone decomposition in this chapter, allows one to decompose the original,
large PSD cone into smaller ones. The second strategy, proposed in [47] and refer-
red to as affine decomposition in this chapter, relies on a “diagonal plus low-rank”
representation of a matrix related to the affine constraints of the SDP. By utilizing
these two decompositions, the computational efficiency of the tailored ADMM al-
gorithm for conic programs developed in Ref. [30] can be improved significantly.
The proposed methods have been implemented in the MATLAB solver CDCS, and
we have illustrated their efficiency on a set of benchmark test problems.

Looking ahead, further software development seems essential. Compared to the
current version of CDCS, improvements at the implementation level are possible:
Many steps of the algorithms presented in this chapter can be carried out in parallel,
so one can take full advantage of distributed and/or parallel computing architectures.
Algorithmic refinements to include acceleration techniques such as those proposed
in Refs. [20,39] also promise to improve the known poor convergence performance
(in terms of numbers of iterations) of ADMM-based algorithms.

Finally, the computational gains obtained through the decomposition methods
described in this chapter motivate the search for other structural properties that can
be exploited. The identification of properties that characterize generic SDPs seems
difficult, but one possible way forward is to focus on the special classes of problems
arising in particular fields (e.g., control theory, machine learning, combinatorics,
fluid dynamics). In fact, it is reasonable to expect that discipline-specific structural
properties exist, which can be exploited to develop advanced and efficient discipline-
specific algorithms. This and the software developments mentioned above will be
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essential to provide efficient and reliable computational tools to solve large-scale
SDPs across all fields in which semidefinite programming has found applications.
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