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" ABSTRACT

Following a review of the finite element theories for small

_ strain geometric nonlinearity and of solution techniques for the non-
linear equations of dynamic equilibrium, the prohibitive cost of
solution of a problem requiring a long duration of response is recog-
nised and it is suggested that a fast, approximate solution technique,
applicable to structures of arbitrary geometry and adaptable to most
standard finite element programs, would be useful in investigating non-
linear response. The solution to low frequency free and forced vibration
problems is sought by representing displacements with a small number of
'modes' with characteristic low frequencies and, ﬁsing Galerkin's
technique, generating modal equatibns which are solved usihg a direct
time operator technique with relatively large timésceps as a consequence
of the restriction to low frequency>modes.- The technique is applied,
using modes of undamped, free vibration of the finite element represen-
tation for the linearised structure, to a series of cable structure
probléms and comparison is made with solutions of the unreduced problems
obtained with a conventional numerical technique. Having identified a
problem caused by the neglect 6f high order modes, a modification to the
basic approximate technique is formﬁlated using a perturbation method

in which an improved solution is generated by successive perturbation
equations, only one of which need usually be solved to obtain an estimate
of finite amplitude effects. The modified technique is applied to the
analysis of free and forced vibrations of beams, arches and flat plates,
and modal equations for thin, elastic shells of rotation are generated,
comparison being made with other solutions wherever possible. Some
interesting phenomena in the nonlinear response of shell structures are
displayed. The current technique proves to be acceptably accurate in
the analysis of these problems, while offering a considerable time saving
over conventional numerical finite element solutions. It can be automated!
and added to ékisting static finite element programs and will output
_errors, or stop, if the modal idealisation is inadequate. Finally, a
few points which may produce faster implementation of the present technique

and some further develbpments are suggestead.
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1 INTRODUCTION

The solution of a system of partial differential equations
having both spatial and temporal derivatives may, in genmeral, be an
extremely complex problem. However, the order of this problem may
be considerably reduced if the spatial derivatives are approximated
and the system of equations reduced to one in which only time deriva-
tives are present. In the case of the structural problem, spatial
derivatives are commonly represehted in two ways; by the finite
difference technique in which derivatives are represented by the
'difference' of displacement variables fixed in respect of distance
from each other, and by the finite eiement method in which the global
displacement problem is piecewise approximated by simple polynomials
and the solution found in terms of the polynomial coefficients. It
is not the purpose here to argue the merits of either of these two
representations, since they are in essence the same, but in many cases
the finite element method is preferred and the representation of dis-
placement will be restricted to the finite element technique in this
work. The finite element method does more than represent spatial
displacements and derivatives, for in the structural problem it allows
us to solve structures of arbitrary geometry having complex boundary
conditions, for which a system of partial differential equations may
not exist directly.  Furthermore, the distribution of elements and
the boundary conditions may be changed almost at will, so that a great
deal of desirable flexibility is incorporated. Once the decision on
the representation of displacements and spatial derivatives has been
made, it\onli)remains to solve the time dependent equations of dynamic

equilibrium for structural vibrations.

For the dynamic problem in which the elastic forces are linear
functions of the assﬁmed displacement variables, a stage has been
reached where the time response of the structure may be rapidly and
easily obtained under almost all conditions of excitation. To this
end, the. past two decades have seen the development of computer programs
to determine eigenvalues and vectors of large scale, linear, dynamic

systems in order that displacements may be represented by some, or all,



of the eigenvectors and the time dependency of the displacement modes
found analytically for either stochastic or deterministic applied forces.
In addition, or as an alternative, the transient problem or the long

" time forced response problem'may be reliably solved using an uncondi-
tionally stable time integration operator algorithm with the timestep
chosen in order to.represent the forcing function accurately. The
choice between the use of the $emi-analytic,modal technique or the
completely numerical time operator solution must depend on the number
of variables in the displacement representation and the nature of the
applied forcing function, but the linear dynamic problem is seldom a

daunting proposition either mathematically or ‘economically.

The introduction of nonlinearity into the relationship between
structural-forces and displacements, whether in the form of inelastic
/6£)éoniometric)effects, completely alters the complexity and solution
time of- even the simplest dynamic problem. The modal superposition
techniqués of the linear problem are no longer directly applicable, but
a solution by time operator algorithms is still poséible. However,
thé necessity'of continually updating the stiffness of the structure,
dependent on the displacements and stresses, removes many of the
advantages of unconditional stability in time operator aigorithms and
the solution technique may often become unreliable. In the case of
'short time',. transient vibrations, the nonlinear problem remains
solvable by numerical time operator techniques at some expense, but for
the problem requiring 'long time' or steady state dynamic response the
frequency at which changes in the structural stiffness must be accounted
for may make the solution economically infeasible for the most simple
of structures, no matter which integration operator is used. This
problem is emphasised in the -analysis of complex structures which often
require substructuring and condensation techniques in order to reduce
the number of variables and obtain a practical timestep size for a
conditionally stable algorithm when one is faced with updating conden-
sation with the effects of nonlihearity. .The work in this thesis is
limited to just one aspect of nonlinearity, that is small strain,
geometric nonlinearity, which must occur in any displaced structure and

" which often significantly modifies structural response. The solution

cost of these problems cannot be easily understood without a detailed

-3



knowledge and comparisoﬁ of the methods available to represent the non-
linearity and the time operator algorithms available for solution of -
the time response, for which both accuracy and reliability should be
taken into account. For this reason, the review chapters which
directly follow this intreduction serve to initiate the inexperienced
reader into the cost and complexity of solving such problems and to
introduce some of the theory and notation which is used in other parts

of this work.

It becomes clear from even an eleﬁentary study of the dynamic
problem incorporating geometric nonlinearity that a solution involving
much reduced computation time would be extremely desirable, even if
it should involve some loss of accuracy overall. The purpose of such
a technique would be to allow us to study, quickly and cheaply, the
effect of changing various structural parameters, or perhaps the applied
force and to determine the 'worst case' for which a more detailed study
could be undertakenif necessary. To attempt. such a saving for all d
problems of geometric nonlinearity and all forms of applied force would
be prohibitively difficult, but there is a limited range of problems
where some considerable time saving may be made. This range of prob=-

lems relates to 'long time' free or forced vibrations of structures
close to low natural frequencies of vibration of the linearised
structural system. For problems such as these, one may reintroduce

the idea of modal vibrations from the linear solution and hopefully solve
the problem approximately in terms of only a few variables with large
characteristic periods. The time saving would then be accomplished not
only by the considerable reduction in the number of variables, but in
some cases by the favourable effect of the modal representation on the
stability of certain direct time operator solution techniques. The
assumption of modal vibrations for the nonlinear problem is, of course,
not new and there are several analytic or semi-analytic solutions of
specific problems which incorporate this idea. Since these all repre-
sent a different variation of the basic idea, it is worthwhile to con-
sider in some detail the most adaptable solutions before considering
what further ideas and innovations might be profitably included in a

modal .solution approximation.

. . 1 .
.As a purely mathematical exercise, Rosenberg ’2hasdea1t with



nonlinear normal mode vibrations of systems having modal equations of

the form ‘"

gzgiz gf (k odd)
dt? .
The modes of vibration formulated are 'normal modes' in the sense
that they are capable of decoupling the equations of dynamic equilibrium
of the multi-degree of freedom system under study, but the system is
confined to vibrate syumetricaliy about the undisturbed equilibrium
position and a time dependency of the form sin wt (w = frequency of
‘vibration) is assumed. In latter studies, Mishra and Singh%’|+ have
developed Rosenberg's theories: and used them in the analysis of a
system of lumped masses configured to represent an orbital satellite.
This analysis has some direct relevance to structural vibrations and
in the context of nonlinear vibrations which may be aﬁalysed using
modal assumptions later, it may be useful to list the criteria for a
'normal' mode of vibration given by Mishra and Singh for a multi-degree

of freedom lumped mass system.

A system vibrates in a normal mode when:--

(1) All massess execute a periodic motion of the same period.

(2) All of them pass through the equilibrium position at the same
time.

(3) All velocities vanish at a time t # ty (to, the initial time

at which the system is at rest).

(4) At any time; the position of all masses 1is uniquely defined by

any one of them.

“In the.mathematical sense, there appears to be no theory on the
existence of normal modes of vibration for nonlinear systems which
‘reduce to linear systems for small displacement amplitudes and the
existence of normal modes of vibration of structures with non symmetric
response, and having perhaps several equilibrium positions, is not
defined. - | ‘
In the field of strucﬁural vibrations, the representation of

displacements in the nonlinear range by a combination of modes of the
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linearised equations for the structure has found some favour. Nayfeh,
Mook and Sridhar5 and Nayfeh, Mook and Lobitz6 have used such a displace-
mént representation in an analysis of nonlinear vibrations of simply
supported beams. It is suggested that the linear mode shapes might

be generated numerically for the more difficult beam problems, such as
those incorporating a variation in cross section, and the modal equations
of motion are formulated using the Galerkin'technique and the partial
differential equation of dynamic equilibrium for a small element of
beam. The resultant time dependent modal equations for symmetric
_vibrations about the undeflected position are solved using the method

of multiple time scales, a perturbation technique developed by Nayfeh.
Some information is given on the stability of modal vibrations when

the effect of linking with other linear modes is taken into account.

The method of multiple time scales lends itself well to a stability
analysis involving one or two modes in free vibration, but is not easily
adapted for the general case in which either a forced or free vibration
study of a multiplg mode analysis may need to be carried out. In
addition, the method is applied here only for symmetric vibrations about
the unperturbed position and the introduction of'quadratic amplitude
terms for asymmetric vibrations will require modification of the tech-
nique. The calculation of modal coefficients in the equations of
motion is specific to the beam problem and a separate formulation must
therefore be developed for any other structure, so the technique lacks

the flexibility necessary for rapid analysis of a general problem.

of the purely analytic studies of nonlinear vibrations, perhaps
the best technique.for general application is that developed by Rehfield7’8
‘'whose approach to vibrations of elastic structures proceeds wifh the
aid of Hamilton's ?rinciple and a perturbation procedure. The theory
is analagous to the theory of initial postbuckling behaviour due to

9,10 . . .
i and provides information regarding the first order effects

Koiter
of finite displacements upon the frequency, period and dynamic stresses
arising in the free, undamped vibration of structures and with a later
development is suitable for forced vibrations. Attention is restrictéd
to structures which are linearly elastic. The essential features of

the perturbation approach are reproduced by Rehfield and solutions of



the governing equations are sought as a power series in the amplitude

of the linear vibration mode and higher order effects are systematically
generated by successive‘perturbation equations. The theory therefore
effectively reduces a nonlinear vibration to a system of linear partial
differential equations, only the first two of which need usually be

- solved to obtain an initial estimation of finite amplitude effects.

An initial study was-made of the nonlinear free vibration of beams and
rectangular plates and a later application was made to the forced
response of shallow arches. The original work of Koiter was retrieved
using virtual work theory by Budiansky and Hutchinson'® and Budiansky!?
upon whose work Rehfield's study is based. Budiansky discusses and
reviews the dynamic buckling of elastic structures subject to time
dependent loads, attention being restricteéd to structures that are
sensitive to initial imperfections. and hence are prone to catastrophic
failures. The use of a completely analytical technique, as in the
works above, is severely limited because the perturbation equations are
difficult to solve for structures other thén those with elementary
geometry and the analytical:solution for the time response is inflexible
if different forcing functions are to be applied. The direct solution
of the time dependent equations does, however, have some advantage over
solutions in which the temporal variation is assumed beforehand. An
example of the errors it is possible to introduce is shown in a paper

by Mettler13, who studies an arch under the action of a central sinu-
soidal load. His assumption that the arch response is also a sinu-
soidal function produces equations for a structure which vibrates
symmetrically about the undisplaced position, while it is clear that the

response of the shallow arch will not be symmetric.

A semi-analytic technique applicable to structures of arbitrary

geometry and widely variable applied forces has been utilised by Nickelllu

The approach is based on the linear modal solution and is essentially

a plecewise linearisation of the nonlinear problem. The structure is
modelled using the finite. element technique and the disblacement is
represented by a few linear modes so that the problem is initially linear.
Under the action of the applied force, the problem is solved as a linear
one using the Duhamel integral solutioﬁ, but after some small time the

eigenvectors are re-evaluated to account for the change in structural

11
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stiffness and geometry and the solution proceeds as a linear problem.
with initial displacement, velocity and acceleration boundary conditions.
This technique has major disadvantages; the assumption of piecewise
" linearity means that the time interval before re-evaluating eigénvectors
must be kept small if the nonlingaf response is to be followed accurately
and computationally it would appear to offer little time saving over
numerical time integrétion solutions. The technique may prove of some
use for 'short time' transient solutions, but is too costly to be

applied to 'long term' or steady state.vibrations.

Of the range of approximate modal solutions to the nonlinear
dynamic problem undertaken up to this date, therefore, none offers
the combination of speed of application, generalisation to
arbitrary structures with initially unknown nonlineafity and ability
to solve simply and quickly for vibrations involving a substantial
timescale. The use of modal representation has a wide background of
application for the linear dynamic problem and some application to the
nonlinear problem, but.the assumption upon which the rapid solution of
linear problems is based, that is that the eigenvectors decodple the
lineaf equations of motion, is not directly applicable to nonlinear
theory. However, much effort has been expanded in deveioping techniques
to find eigenvalues and vectors of linear systems of equatibns produced
by the finite element technique which is applicable to almost any
structure, and it would seem illogical to .neglect this when looking for
" a fast, approximate technique for the solution of a range of nonlinear
dynamic problems. The solution of the time response of modal equations
by purely analytic tecﬁniqueé as used in References 5, 6, 7 and 8 lacks
the flexibility to cﬁange from free to forced vibrations of structures
with different properties of'nonlinearity without modification, and
such flexibility would seem to be given only by numerical techniques.
The aim of the current research, therefore, is to study the application
of finite element modal synthesis to the solution of complex, geo—
metrically nonlinear, structural dynamics problems with the intention
of producing an approximate technique offering considerable saving over
conventional numerical techniques for the range of problems undef‘study.
" Such a technique should be compatible with and capable of being added

to existing static and dynamic finite element programs and should, if
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possible, be arranged so that analysis is automatic once the relevant
decisions have been made. However; because of the restrictions of the
modal approximation; it is ‘expected that some degree of personal
judgement will always have to be used in assessing the adequacy of the
displacement representation and that analysis must be restricted to
small, but finite, vibrations in which the nonlinear effects are not

gross.



2 A REVIEW OF FINITE ELEMENT THEORIES FOR

GEQMETRIC NONLINEARITY

During the first half of the twentieth century, much of the
literature on solid and structural mechanics wés concerned with appli-
cations of long-standing linear theories to various boundary value
problems. There were notable exceptions, of course, such as develop-
ment of classical plasticity and viscoelasticity, attempts at developing
a unified theory of material behaviour, and studies of geométrically
. nonlinear behaviour by some investigators who retained the relevant
nonlinear terms. To most engineers, however, practical-applications

of solid mechanics meant ‘the solution of linear problems.

The reason for this is easy to understand, for behaviour of most
practical structures in the past could be édequately described by '
linear theories. The deformations of most structures under working
loads were so small that they were invisible to the naked eye and design
stresses were such that the constituitive equations could usually be
treated as linear. With the eiception of the initial buckling analyses
by Euler, Wagner and Timoshenko, nonlinear effects were often ignored

or at most accounted for by application of some empirical design criteria.

Today, the situation has changed radically. Many materials have
been introduced whose response cannot be described by classical linear
theories and deflections of some structures have now become large enough
for nonlinear geometric effects to become critically important. _‘
Nonlinear effects are crucial in understanding buckling and postbuckling
of imperfection-sensitive structures which have no meaningful linear
solution, In the field of nonlinear equations only a handful of exact
solutions are available to specific problems, and these, in general,
deal with bodies of the most simple geometric shape. Numerical tech-
niques must therefore be introduced to solve nonlinear problems approxi-
mately, and it is here that the advent of the digital computer and the

finite element method has had a major impact.

The generalisation from the infinitesimal strain theory to

finite deformations opens up a tremendous field. Nonlinear field
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theory is difficult and extensive and this study will therefore be
restricted to geometric nonlinearities for linearly elastic materials
‘with small strains. Classically, the analysis of continuous systems
"begins with the investigation of effects on infinitesimal elements of
the system and behaviour of the system as a whole is obtained by ‘
allowing the size of the elements to tend to zero as the number of
elements becomes indefinitely large. - In contrast, the finite element
method begins. by investigating the properties of elements of finite
dimensions. Integrations are replaced by finite summations and partial
differential equations of the continuous media .are feplaced by systems
of algebraic or ordinary differential equations. A continuum with
infinite degrees of freedom is thus replaced by a model with finite
degrees of freedom and if the correct conditions are satisfied, the
behaviour of the discrete system converges to that of the continuum as
the number of elements is increased. A significant advantage of this

method is that it is in general applicable to any geometrical shape with

arbitrary boundary conditions.

Before considering in detail the formulation of geometrically
nonlinear theories, it is perhaps advisable to show by ‘a simple illus-
tration what is meant by a geometrically nonlinear problém.‘ Fig. 2.1(a)
shows a system of two pin(i}inted.bars of length £ initially at rest
within supports placed 2d apart where d < £. A force P is applied at
point Q in the direction shown and the bars are displaced so that they
"are forced into compression: It is easy to see that the ability of’
the structure to carry a transverse load is decreased as displacement
occurs until at some point thé incremental resistance to loading becomes
zero and the bars "snap through" to a position of equilibrium given by
SRT. If the value of load P necessary to keep the bars in equilibrium
is plotted against displacement a diagram similar to Fig. 2.1(b) will-
be produced which shows the overall nonlinearity of the system. This
is a simple eiample of the effects of geometric nonlinearity in causing
a structure to buckle under load and is perhaps one of the best known
forms of geometric nonlinearity. The effects of geométric nonlinearity

will in many cases be much more complex than this.

We begin formulation of finite element theories for geometric

nonlinearity by a simplified consideration of the equations of continuum



mechanics. Finite deformation analysis is characterised by the
necessity for specifying whether the stresses and strains are measured
with respect to the original configuration (Lagrangian description) or
"with respect to the deformed configuration (Eulerian descfiptioh).

Consider the transformation

which maps the point P{ai} in a three dimensional space into a point
P'{xj} in the same space where both {xj} and {a;} are assumed referred
to the same rectangular cartesian coordinate system. The vector {uj}

is the displacement of the point, the coordinates {a;} describe the

[a W

location of the particle in its original position and {xi}its displace
‘position. Now let us consider another point Q with coofdinates
>{ai +dg;} in the neighbourhood of P which is mapped to the point
Q' {xj + dXi} after deformation. The vector {daj} defines the line

segment PQ in the original configuration and {dxi} defines the segment

P'Q' in the deformed configuration.
writing ds§= da;.da; d52= dx;. dx; ‘

then ds? - dsg

d)(i .dXi - dOi . dOi

ZEij daidaj = zeij dxi dxj

where Eij and e;; are respectively the Green and Almansi strain tensors

(2.1)

" given by
F— . -— M
Ej =1/2 fﬂ + dype dydyy (Green) (2.2)
;daj dqi daidaj—
ejj =112 EE?* Efj- iﬂkgﬂk (Almansi)  (2.3)
dxj dx; dxidxj :
L .

We see that the Green strain tensor relates strain to the displacements
and original coordinates of a point and represents thelétrain in a
Lagrangian frame of reference, valid for small rotations. The Almansi
' strain eij relates strain to the displacement and current coordinates
of a point and is the measure of strain in an Eulerian reference

system.

16
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For the measurement of stress in a Lagrangian system we use the
symmetric Kirchoff stress tensor Sij, which is the stress based on the

initial area of a body, and equations of equilibrium are given by

d [s. (6, Yi)) «X =0 5., =Kronecker delta (2.4)
daj jk 'k*dck M ik ‘ .

" where Xj are body forces.

The Euler stress tensor 0ij is the stress based on the current
deformed area of the body and the equations of static equilibrium are

given by

ﬂ_Qij + X; =0 ) (2.5)

de

Derivation of the above equations and more detailed theory can be found

in the book by Fungl®. , .

It is with this basis that we consider finite element formula-
tions for geometric nonlinearity in Eulerian and Lagrangian frames of
reference by the example of formation of the equations for static

equilibrium.

2.1 Total Lagrangian Formulation

The formulation will be presented for a general three dimensional
case, but can be easily specialised to yield the equations of equili-
brium for such cases as shell theory. Notable contributions to the
finite element formulation of the Lagrangian approach are those of
Martinl®, in which equations for bar and beam elements are formulated,
and Mallett and Marcall?, whilst the present discussion follows the work

of Rajasekeram and Murrayl8

The equations of equilibrium in a total Lagrangiansystem may be

written using the principle of virtual displacements as

j[SJ(ﬁE)dv = sw | |  (2.6)

‘where lS;] 6 x 1 row matrix of the Kirchoff stress tensor

RSEE)= corresponding column matrix of the Green strain

tensor = 8gy 1i=1,6



18

OW = wvirtual work done on the deformed body by external

-—

forces

indicates that the integral is carried out over ‘the

volume of the initial body

and the Green strains are‘rewritten as € (i =1,6) Where

We can relate the stress Sj to the strains by the relatlon
Si=cij§ . ’ (2.7)
where thecjj are constants dependent only on the initial material

properties.

The strain energy of the body may then be expressed as

u =1/2J Si€ dv

=”2JE'C'3 sjdv (2.8)

. . \")
whe;e €=l °. N . , (2.9)

.-.
I

linear strain

nonlinear strain

=
1]

- and the compiggentary strain enéfgy can be written as
Y (k=1,m}
o
when qy, py are the generalised displacements and forces respectively.

For a typical f1n1te element the straln (2.9) may be written

u81ng (2.2) in matrlx form as

ai=ljido1/2dTH’.d . CL 2

where L‘i is a column vector and F{ia symmetric matrix
.and (j is the column vector of displacement gradients contributing

to Ei



~ If the displacements within the element are expressed as
u=Nq : (2.12)

where q are the element nodal displacements andN is a matrix of shape
functions then the expression for the displacement gradients Cjis

obtained as
d=Dgq B (2.13)

where D is determined by differentiation of the shape functions N

The complimentary strain energy of the system may then be

A'detem'l:-ined as :
n;“[% (Cid +1dTHid) Cij(I_Tjd +ldTde)dv.,

V

o _'qTP] | (2.14)

‘by summing the individual element energies over the total number of
elements n and after expansion of (2.14) will result in an expression

of the form. o 4 '
v -2 [4qf, DL, ALdH, tHd L tHddH,
Vo ,)deq ) qTP ] (2.15)

; :
From Castagliano's Theorem the equations for equilibrium of a

single element are obtained from (2.15) by differentiation as

dit (i = 1,m for m generalised displacements .

— = o
dqi of element) (2.16)

and equations of incremental equilibrium are given by

d’n =0 i=1m; j=1,m) ‘ (2.17)

dq; da

so that we could, if we wished, carry out the differentiation with

respect to the m element nodal displacements and derive equations of
equilibrium and incremental equilibrium.  However, it would be tire-

some to do this for every single element type and so we attempt to



where i<N is the natural stiffness matrix which is, in general, dependent -
on theFﬁV . We see therefore, that (2.39) is a nonlinear relationship
and that the equation of global equilibrium'at position n+l given.by
' m
0-(R.AR) - Ya'al,R

Nl ! Nnet (2.40)

must be solved by an iterative technique.

The equation of incremental equilibrium can be formulated by
éonsidering,the change in nodal forces over the displacement increment
for an individual element. ’

T - - -
P PN,n_ - @

At position n:-

]
Q
=z

n

At position n+l:-

T .
Pn_* FZ : aN,n+1F3N,n+‘l
T T
lay, - ay (R, Rl (2.42)
or using (2.41) - '
- T T T .
R auha e - GaRa (2.43)
The last term in (2.43) is small for small displacement increments and
will therefore be neglected. Considering the other two terms separately,
therefore T ‘ T
aN,nPN,A: 'ON,nkN pN,A
T
- ON,nkNGN,npA : (2.44)
- ke o - (2.45)

where kEis the element elastic stiffness matrix.

Writing a linear approximation to the remaining term the follow-

ing is obtained
T T
Ay Am - |2 i 99 Pa

AN :
'l=1 dp n

= |'<G n F)A

(2.46)
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where I’(G‘1 is the geometric stiffness matrix dependent on the natural-

forces NE and (]Nat position n, the start of the load increment.

The equation of linearised incremental equilibrium can then be .

stated as
AR - (K. . K ) Ar (2.47)

where KEand KGare assemblies of individual element stiffness matrices

based on local coordinate systems {xj} and natural forces at position

n only.

Using equation (2.47) the static solution to a nonlinear problem
can be found in a linearised,incremental sense, Oor using a combination
of equations (2.40) and (2.47) the fully nonlinear problem may be solved
by an iterative scheme such as the‘Newton—Raphson technique which is
reviewed later in this Chapter. The natural mode formulation is based
on a true Eulerian increment of strain and produces natural forces Faq'
which are representative of Eulerian stresses, however, with the exception
of a few simple element types the 'natural modes' are difficult to
formulate and the relationship Betweeh global and natural forces,F)=C1NFa,
is often complex. With this in mind, some consideration may be given
to the updated Lagrangian approach which is more easily implemented

because it is mathematically rather than physically biased and approxi-~

mates an Eulerian approach.

The incremental movihg coordinate system or updated Lagrangian

~ approach uses Lagrangian expressions for stress and strain increments
during displacement from position n to n+l, together with an initial
‘stress measured relative to the axis system {xj}in the state n.- The
derivation of the virtual work expression for the 'undeformed' coordinates
{x;} follows the same procedure as that for the derivation in the

original coordinates {aj}. The work below is based on that by YaghamiZ®.

The virtual work done in moving from position n to m+l! is given

by
S, OIAE. )dv = Ow
Ij.n N : 1
Jvnj Y ne (2.48)
where § cartesian component of the 2nd Piola Kirchoff stress

ij.n
tensor at position n+! referred to coordinate system

>{Xi} at position n
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AEUI\=. increment of Green strain (see 2.2) in going from

position n to n+l referred to axes at position n.

5W54= virtual work done by external forces during the

displacement increment

and where JQ dv 1is understood to mean that the integral is carried out

n
over the volume of the body in the deformed position n.

The stress S
T M}

ij.n is given by

Sijn = Ojjn + B8, - - (249

where Oij,n is the updated Cauchy stress tensor at position n and

ASU n the increment in Kirchoff stress during displacement.

Writing

AEIJ,h= Alu'n* AT]IJ.I’\ . (2'50)
where lU > Mjj are the linear and nonlinear parts of the strain
tensor respectively, we obtain '

J cijl‘S AEFS,I’\ 5(AEij,n) dv + J Oij,n S(AT]U‘n) dv
Vi Vn
{
= Wph, - Joij'” G(Alij’n)dv - (2.51)

Vn
which we recognize as a nonlinear equation for the displacement increments
which when written in matrix form using the notation of the total

Lagrangian approach becomes

(K. KGQ %N1 +%N2)Ar= Rn+ AR - F;'n (2.52)

where P¢1 and.bdzare‘upderstood to be functions 6flxrand not the total
displacement, KG is the geometric stiffness due to the oij,n and on®
is the set of forces needed to keep the system in equilibrium with

stresses OU n So that for an exact solution

R.F .0 (2.53)

n o,n
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The linearised incremental form of (2.52) is

[K*KG].AF_ -AR (Rn-En) | (2.54)

0

Further information on the implementation of this approach can

be found in the works by Washizu2® and Bathe et al27,

Note that after each displacement increment the stresses must be
transformed from the local axis system {xi} at position n to that at

position n+! using a transformation of the form

0 =L M W s p= density (2.55)
Po dxy de A

where Sapis the Kirchoff stress at position n+l, but measured in the
coordinate axis system {xj}. For small displacement increments this

is sometimes neglected and for small strain increments the term p/pO

is unity. The implementation of this approach is inconsistent with

a true Lagrangian representation and is only an approximate Eulerian
approach. However, the evaluation of geometric effects is considerably

easier than for the natural modes approach..

2.3 Comparison of Finite Element Formulations

Comparison of the two formulations reveals that while they are-
both obtained from the same basic.principle of virtual work, they differ

appreciably in many details. There are several points worth noting.

The assumption that the local axis system of an- element in the
deformed position remains orthogonal in both of the 'Eulerian' formula-
tions reétricts the validity of the formulations to small strains.
Element integrations at each new axis position should be carried out over
the deformed volume, but, in general, the volume is assumed to remain
constant, which is consistent with the small strain limitation. The
assumption of continuing orthégonal axis systems aiso allows the con-
stituitive matrix relating stresses to strains to remain constant
instead of changing with the deforming axis system of the Eulerian
“approach, but the use of a constant constituitive matrix in the Eulerian
approach is equivalent to the use of a deformation dependent constituitive
matrix in the total Lagrangian approach. This can be proved mathe-

matically, but is easily understood intuitively. The total Lagrangian



dpproach itself is valid for large strains, but small rotationms,
providing plasticity effects are taken into account, and all integrations

are for the initial volume of the element.

Stresses must be retained for the Eulerian approach, whereas they
may be computed simply from the displacements in the total Lagrangian
approach. It is true, however, that the stresses obtained in the
Eulerian formulation are the true stresses of the body in its deformed
configuration, which is easily understood in a physical sense, whilst
the stresses of the Lagrangian approach are referred fo:the initial
configuration, and are less .easily understood. On the consideration
of strains the reverse is probably true, it 1is more natural to relate
strain to the original configuration of the element. The Kirchoff
stresses, however, can be transformed to Euler stresses in the deformed

configuration by use of the formula as given by Fung !5

P A o g (2.56)
podga dGB

0} =
where for small strains the term p/po is unity. If the element locai
axes Xj are assumed to remain orthogonal then the terms dx/daa may be
considered as the direction cosines of the current local axes related
to the initial axis configuration and the transformation is straight-
forward. The necessity of retaining stresses in the Eulerian approach
is a disadvantage for computer implementation making it less efficient

for elements other than the simplest types.

B

The transformation matrix to global coordinates is independent
of the displacement in the total Lagrangian formulation, but in the
Eulerian formulation the transformation matrix is dependent on dis-
placements. This consideration often makes the total Lagrangian
approach more computationally efficient and also means that the equations
of'equilibrium are a continuous system without need of any incremental

variables, which can be of advantage for some solution techniques.

For large rotations‘(> 100)'thé terms of third and higher order
which are omitted from the strain-displacement relationship of the total
' Lagrangian approach will become important, causing the equilibrium

equations to become inaccurate. For the majority of applications, the
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total Lagrangian formulation will be adequate,. but for some cases the
higher order terms would need to be included or the updated Lagrangian
approach used instead. For comparable solutions with no accumulated
error the equilibrium equations must be solved by an iterative téechnique.
The updated Lagrangian approach is generally to be prefered to the
natural mode technique because of its more mathematical basis. Natural
modesiare: difficult to formulate for the more complex element and
require more work to find the corresponding natural forces. However,
the physical arguments of the natural mode approach mean that only
linear strain displacement relationships are required within the moving,
'underformed' element and the formulation requires essentially only

second order strain energy terms. =

With the consideration of greater computational efficiency in
most cases and easier formulation than the true Eulerian approach the
total Lagrangian approach seems to be the best choice for general
problems of geometric nonlinearity.- There remains, however, one
formulation for geometric nonlinearity which has yet to be examined, the

convected coordinate approach.

The convected coordinate formulation is based on the concept of

a point on the deformed body having ,the same coordinates relative to
the deformed, convected axes as it had relative to the undeformed axes
of the undeformed body. The strain in the body is measured by con-
sidering the elongation and rotation of the deformed local axis system
relative to the fixed global axis system. The formulation has some
resemblance.to the total Lagrangian approach and is valid for large
strains and rotations, however,. the greater complexity of the convected
coordinate formulation renders it less economic than the Lagrangian

approach, which will produce satisfactory - results for most problem of

practiéal application. For examples of the use of convected coordinate
finite element formulations the works by Oden?® and Epstein and Murray2®
are’ recommended. '

As far as a formulation applicable to general problems of geometric
nonlinearity is concerned, therefore, :it appears that the total
Lagrangian approach has advantages over the other formulations both in

case -of evaluating the necessary element matrices and in computational
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efficiency. The main disadvantage- of the technique is that stresses
are produced referred to an unnatural axis system, which can be
_remedied by transformation, and that accuracy will be impaired if higher
order strain-displacement relationships are not used for very large
rotations. This latter problem is overcome by use of the convected
coordinate or Eulerian approaches at the cost of greater complexity, or
may be accommodated, if necessary, by an updated Lagrangian approach.
However, the total Lagrangian approach is in widespread use and is
applicable to a wide variety of problems with good accuracy. Taking
these points into account, the total Lagrangian approach is used through-
out the current study and comparison is made with the Eulerian formu-

lation wherever it is thought useful.

2.4 . Solution of the Equations of Static Equilibrium

Solution of the equations of static equilibrium can be carried
out in several different ways. Most techniques for solving the non-
" linear equations of equilibrium involve incrementing the applied load
in steps and solving for successive displacement increments. Solution
techniques for the nonlinear equétions of static equilibrium are here

classified into four groups.

(a) Incremental Piecewise Linearisation or Tangent Stiffness

For a system having undergone n load stepsZXF?with current load
anand displacement n] , the tangent stiffness method is characterised
by ' '

KT'n Ar = AR . (2.57)

where P<Tt\ is the tangent stiffness based on displacements and stresses

after n load steps i.e. for total Lagrangian approach
Kin= K+ Nr)oNS(r ) s

. where. r¢1(n‘) indicates Pd1based on displacements rh and the solution

'is .of the form

Ar.IK.)"AR



r

P Ar
R

R AR

(2.59)

n+l

The primary disadvéntage of using this solution procedure is
that the equilibrium equations are never satisfied exactly and so the
incremental solution tends to drift away from the true solution unless
very small load increments are used. This solution procedure is
generally conceded to be inferior to the other procedures and will not -

be discussed further.

{b) First Order Self-Correcting

This method attempts to correct equilibrium by using also the
residual out of balance loads from the nth load step as loads in the

(n+1)th increment, that is

KT;nAr = AR . (Rn- En) | (2.60)

whef.e Fo,n - Kl"n . 13'\]1( rn)rn’%—NZ(rn)rn (2.61)
ar . [K T (AR (R .E )] o
r.-r .Ar o

, nd = 'n.
The first order self correcting method is appealing since it

requifeéubnly one inversion per load step and is far superior to the
tangent stiffness method because the force inbalance from the last load -
step is used as a pseudo load in the next step in order to reduce the
_dfift from the exact solution of the full nonlinear equations. It
yields accurate solutions for reasonable size load steps, but in the
case . of a problem of unknown linearity it is often necessary to carry
out the analysis using two different load steps, the second being |
perhaps‘half the previous step size, and compare solutions to establish
that the nonlinear response has been adequately represented with the
load steps used. This method is often quite successful in tracing the
response of nonlinear structures up to the buckling point providing

‘a suitable step size is established as suggested.



(c) Newton Raphson and Modified Newton Raphson

The Newton Raphson method is an iterative solution technique
capable of solving the fully nonlinear equations of static equilibrium

exactly. For the total Lagrangian formulation it has the form,

L4 : 1 :
F11 - Kr;nlq *ENlrn'd . 3N T,

n 2" n+
i i -1 i
Ar- [KTM] ( R“” - Em) | (2.63)
i+l i i
r;1+1 = r:\d 'Ar

where the superscript indicates the iteration number. The solution is
i

n+

n+l’
The tangent stiffness matrix is evaluated at each cycle of the iteration.

assumed to have converged when the residual, unbalanced forces Fz_q-

reach a sufficiently small value compared to the total applied load

An initial guess is needed for theldisplacement n:” ,» which for an

incremental loading solution would normally be

,
r,=r «Ar

| ’ n+l
where - Ar -= [ KT,n]-1AR

It is, however, possible to solve the nonlinear equations of

(2.64)

static equilibrium by applying the total load in one step. If an
initial estimate of the displacement of sufficient accuracy can be found,
the solution will converge towards equilibrium directly. However,

if the initial guess 1is not near the true solution the process may
diverge. One should also notice that since the nonlinear equations

of equilibrium can be defined for the total Lagrangian formulation in
terms of the applied loads and a nonlinear function of displacement
only, multiple solutions of the problem cannot be ruled out. Multiple.
solutions can be avoided by using the load incrementation procedure,
which also provides more accurate estimates of initial displacement at
each step. The Eulerian formulation of the Newton Raphson procedure
requires that the load response of the system be found by summation of

stresses etc., so that an incremental load procedure must always be

carried out,

A modification of the Newton Raphson approach, in which the

tangent stiffness is held constant during the iteration taking the form
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(2.65)

based on displacements after n load steps, is sometimes used. Clearly
a.greater number of iterative cycles will, in general, be required to

. regcﬁ equilibrium, though overall economy is achieved as only one stiff- -
ness matrix has to be inverted. However, convergence of this constant
stiffness matrix technique cannot be guaranteed and the optimum tech-

nique probably lies in updating the tangent stiffness every few cycles

of iteration. - =»

What is essential in bothAnonlinear processes is a means of directﬁ_
calculation of the total force unbalance. It is here that the total - |
Lagrangian approach has a considerable advantage, since the force
unbalance 1is readily found from the current displacements and applied
loads only. With the‘exéeption of a few cases, the Eulerian approach
will require that the force unbalance be found by summing the load

response for each load step, requiring further computational effort.

The Newton Raphson and modified Newton Raphson techniques are
illustrated graphically in Fig. 2.3 \
(d) Direct Minimisation of the Complﬁpentary Strain Energy-Energy
Search Methods

Direct minimisation of the complimentary strain energy of a
system is possible if the energy is expressible in terms of a set of
given variables, in this case the displacements. The technique is
to apply the load in a single step and to use the search method to
modify the disPIacéménts until the complimentary strain energy is a
.minimum. For the static equilibrium problem the minimum of the com-
plimentary energy functional (strain energy of system minus work done
by applied loads during displacement) is already known and will be zero
for a satisfactory equilibrium solution. There are many search
method algorithms, but the best for this application would seem to be
the method of steepest descent, or the methods of Powell or Fletcher
and Powell. 'Since the energy functional to be minimised is a nonlinear
function of displacement the possibility of multiple solutions is

apparent, also there is a possibility that a local minimum of the energy



function which is not zero will be-reached and this is not a solution of
the static equilibrium problem. Any solutions for which the energy
functional is zero are true solutions of the.global equilibrium problem
but may not be stable solutions. These techniques are not ﬁidely used,
and ére, at the present time, computationally 1éss efficient than the

Newton Raphson technique for problems involving more than a few variables.



Fig.21a. A simple geometrically |

nonlinear structure

F|g 21b Typical load - displacement
' curve for two bar structure

above
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Fig.2.3a Newton-Raphson iteration process

Fix)

i+1 i
X X

- Fig.2.3b Modified Newton - Raphson
(constant slope) iteration process



3 A REVIEW OF SOLUTION TECHNIQUES FOR THE

DYNAMIC EQUATIONS OF EQUILIBRIUM

Using the finite element formulations for geometric nonlinearity
established for the equations of static equilibrium, it is a simple
matter to proceed to the equilibrium equations for the dynamic problem.’
Once again, there are differences between Eulerian and total Lagrangian
representations of the equations of motion which characterise the two
approaches. The equations of dynamic equilibrium are formulated by
considering the energy balance between T, the kinetic energy, U, the
strain energy, and the work done by generalised forces during displace-
ment. The application of Hamilton's Principle leads to the familiar

Lagrange's equation

d (dT ) dT du (3.1)

aT. d_di B dqi * dqi = Qei

where q; are the generalised displacements and Qeji are generalised forces
which we may take to include damping effects. Once the nodal degrees
of freedom of the finite element idealisation have been defined,lthe

equations of dynamic equilibrium can be expressed as

total Lagrangian

MF . Cr (K. 3N 3N)r - Rio (3.2)

Eulerian

Mf « Cf + Xa'a R - R (3.3)

where once again the natural mode method has been used to represent the
Eulerian approach, [ indicates the time differential of displacement and

F?(t)is a time dependent force.

The elastic forces of the structure are represented by the
formulations described in Chapter 2, whilst the inertia and damping
forces are represented by MLr &A.CLI.". , and MEF & CEf in the
Lagrangian and Eulerian systems respectively. The mass matrices,
are characteristically different in the two approaches. For the

Eulerian approach, in which the element local axis system is updated



with displacement, the mass matrix is dependent on the instantaneous
orientation of the element and as such must be a function of displacement.
The mass matrix for a total Lagrangian approéch however, is related only-
to fixed, initial configuration, element local axes and hence remains
constant during deformatién. The element mass matrix may be formulated

by considering the kinetic energy of the element;

i
Vol A displacements

Element kinetic energy Tez%- pUF dv u;= element local

If the displacemént within the element is represented by (2.12)
u-Ng
vT T .
Te=—12—Jqu NG av
v N

then we obtain

the consistent element

NA T
M = JpN N dv mass matrix (3.6)
: v S ,

where

The volume integration is carried out over the initial volume for
a Lagrangian approach and over the instantaneous volume for the Eulerian
approach. Once again, fqr small strains the element volume may be
considered to remain constant. Formulation of element mass matrices
is the same in both approaches but, the transformation from local to
global coordinates is displacement dependent for the Eulerian approach.
Having accepted this, it is correct to say that for many element types,
the mass matrix in the global coordinate system varies little with
element orientation and it is not unusual to- keep a constant.mass matrix

.~whilst using an Eulerian approach to the elastic forces.

The damping matrix (: could, ‘in principle, be derived from element
properties by integration procedures identical to those for the mass
and stiffness matrices, but it is doubtful whether the fundamental material
damping properties necessary are generaily known. A more common approach
1s to express the damping matrix as a linear function 6f the mass matrix

and linear, or nonlinear stiffness



C:aM + BK

in which case comments concerning these matrices apply. Most usually

the damping matrix is assumed constant but. could, of course, be a non-

linear function of velocity though it is not intended to pursue this
further here.

3.1 Solution of the Equations of Dynamic Equilibrium

Having formulated the dynamic equations of equilibrium, it is

necessary to find a satisfactory technique for the solution of the non-

linear equations. For all but a very few problems, an 'exact' analytical

‘'solution will not be possible, and the solution of the nonlinear dynamic
problem is therefore reduced to coupling an integration scheme in time

with the already established structural model. The integration operators

may be split into two basic types, conditionally stable and unconditionally
stable. The conditionally stable types are formulated such that a
limitation on the characteristic time increment of the solution is
necessary in order to assure convergence of an iterative cycle. The
unconditionally stable operators will produce nondivergent solutions for

any time increment, but also introduce undesirable characteristics into

the solution. The property of unconditional stability is based on the
solution of the linear problem, and there is an inherent assumption that

* this property may be cdrried over to nonlinear problems, but this may

‘not always be correct. By the nature of a nonlinear problem, the

character of the response will depend on how the time operator interacts
“with the overall solution scheme, whether the solution is direct or
iterative and whether equilibrium of forces is satisfied approximately
or exactly at every step, so that because of the complexity of the

problem the various approaches can only be examined in an empirical
sense.

All - numerical integration operators try to represent the dis-
placements, velocities, accelerations etc. of the problem, during a

finite time step length by a polynomial defined by current or previous

.solutions. It is the_nature of the polynomial description and the

method of solution which produces the different properties illustrated
here.



3.2 I»COnditionally Stable Integration Operators

(a) Central difference operatof

The most direct solution scheme is obtained by use of the
central difference operator. The central difference operator can be
formulated from a parabolic interpolation of displacements ét three
points in time, say t+At, t, t—-At which are separated by the constant
time increment At. The displacement of some point at these times is

Teoae? Feo Teenes We express the displacement during the time
increment 2At as

- - '+ 2
r-00+ %T QZT

where 0 ¢ t ¢ 2At and a, a, a, are constants. Solving for the

coefficients a, a;, a, from the known displacements defined at t+At,

t, t-At, the velocity and acceleration.at time t may be obtained as

at™ -pt! B (3.7)

2 At

i

i (3.8)
Fr= rpag =20 # oAt !
At?2

whilst the velocity at. time t+At is given by

3hunt T4 oA (3.9)
.2 At

writing the equations of dynamic equilibrium (3.2) as

Mi‘ = -Ksr -Cr.. Ry (3.10)

Tt s

the solution cycle is formed by calculating the displacement rt+Atfrom(3.8)

and using these values to compute the right hand side of (3.10) and so
obtain acceleration values for the next step. The central difference
operator is known to have the maximum stability limit for any explicit
operator of order two. It has the advantage of high accuracy and low
computer storage requirements, but the disadvantage of requiring very
small time increments and a special algorithm to generate the backward
. time value of displacement at the start of the problem. The very
small timestep necessary means that the central difference operator is

not wideg used and it will not be discussed .further here.
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(b) Linear acceleration algorithms

‘ The linear acceleration operator has, as its name suggests, a
linear interpolation for the acceleration during an individual time
interval. The method differs from the central difference approach
in that it uses at its base points only the current and future values
of acceleration, the values of variables at past times are not required.
Using once again a single variable to illustrate the solution, we
consider accelerations at the bgginning tos and end s of a time

increment, where t. - t, = At, to be fo and fl. The acceleration

1
during the time interval At is given by

where a_, a, are constants.

Solving for a, a from the prescribed accelerations at the

1
beginning and end of the timestep the following may be obtained

f=ib(1-TlAt) + By T/1At - (3.11)

By integration the velocity and displacement at time t> i.e. T = At
are found to be
f'1=f‘0+ Af/Z('I‘O+'I:1) ' o (3.12)‘
N . 20 o
=t Atr0+ At /6(2r0+ r1) . (3.13)

Solution of the equaﬁions of dynamic equilibrium follows an iterative

_cycle. Given the value Eo at to,the procedure is §tarted by assuming
that r, = r - Substitution in equations (3.12) and (3.13) yields

values which are used to compute the right hand side of (3.10) at

t =t allowing a new value of acceleration r, to be found; in matrix

1
form, from

iy et i i _
r1' - M [-K;q'-qufR(tﬂl (3.14)

where the superscript indicates the iteration cycle. The procedure is

continued by substituting the corrected value of ;1 into (3.12) and (3.13) ,



and setting up an iterative cyéle which is taken to have converged when
the change in all accelerations 'r‘1 is small, typically a few percent
of the last computed value. The value of At necessary for convergence
of the iteration can be found for the linear, undamped problem by

rearranging the iterative cycle as

a4l . - : 2 -1 ve
F; 1: M 1( Ff] ’R(g)) - A sMTK l]' (3.15)

where ' F = -'K (rO + At ';0 + vAt213.f"0)
seisd T, +1

and writing ' rll = r:] * e' c
i i (3.16)
B afeet

X

i +
where r1 is the exact acceleration vector at t = t, and €, € are the

1
vector errors on the ith, (i+l)th iterations respectively. For a
convergent 1terat1ve solution we requlre that the errors are reduc1ng,

]e|+1

rememberlng that r is the exact solution we obtain.

ie Substltutmg equations (3.16) into (3.15) and

e"’= - At2/5M4K ei (3.17)

s i+1

In order that I le
1

At2/6M K must be less than unity or

the largest elgenvalue of the matrix

-1 ’ -
A% A oy (M _K) <1 (3.18)

where )‘max( ) indicates the maximum eigenvalue of the matrix. The

condition for convergence is thus given by
At < J614m?  Tgmin

i.e. t < 0.3892 Ty min (3.19)

when T, min is the minimum period of vibration of the structure.

In practice, a smaller timestep than this should be adopted for

rapid convergence, At = 0,2 T0 min would be suitable for most problems.
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The derivation of criteria for convergence of tﬁe’linear problem above
does not include the effects of damping, but studies have shown that
positive damping tends to enhance the convergence of the algorithm.
The linear acceleration operator as formulated here is one of a family
of operators briginated by Newmark30? whose Newmark B method is probably .
the most widely used numerical integratibn operator for linear or non-
linear problems. The equations for velocity and displacement in the
B method may be written as ‘

q=f0+H-Y)At%+ yAtﬂ .

" 2. 2. (3.20)

r =t Atrof(1/2-[3) At%iy+ B ALTE,
so that the standard linear acceleration opérator is equivalent to
B =1/6, y = 1/2. The value of B can be adjusted in order to make
the algorithm unconditionélly stable and this will be discussed later,
but the standard linear acceleration operator has the advantage of
high accuracy and low computer storage requirements whilst a much
“larger time increment than for the central difference approach may be

used.

(c) Cubic interpolation of inertia

Cubic interpolation of inertia is a higher order formulation than
the linear acceleration algorithm, but is essentially similar. For
this algorithm the inertial forces are assumed to vary cubicly between
the times to t1 and is expressed as a function of the inertia and its
derivative (i.e. mr- mr ). This is usually the same as assuming a
cubic variation of acceleration over the time increment, but will be
‘different if the mass terms vary with diSplacemenﬁ due perhaps to a
-chahge in density through the volume of the‘body. The inertia at any
point throughout the time increment is written as

mi =R, :a.eqT + AT2+ QT (0< T < At) (3.21)
1% 2 3 .

which after solving for the coefficients a,»31,85,35 at t_,t, results in

2 3 ‘ 2 3¢
RI=(1-2T. + 371 )Rm+ (g-2t° +T )RIO

: ) (3.22)
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where RIO’ RfO’ RI1’ RI1 are the inertia and inertia time derivative:
at t _, t1 respectively. The bracketted terms in (3.21) are Hermitian
. polynomials, often referred to as beam functions because of their use
in displacement interpolation of simple beam elements, so that the
interpolation represents a finite element in time with nodal values
RKP QIO? RI1’ RI1 .- After integration, the values of velocity and
disPI;cement at ty for the many variable case may be written in matrix

form as

-1 '
r 0 +Af/12M ( 6 10 +AtR o * 6RI1 - AtRn ) (3.23)

r=0 o DAt Z50M (21R10+3AtRm . QRH - 2AtRI1) (3.24)

and ‘solution of the equations follows closely the iterative cycle
employed with the linear acceleration algorithm. A flow chart for
cémputer implementation of the cubic interpolation of inertia algorithm
is shown in Fig. 3.1. Further details of the algorithm may be found
in the paper by Argyris et al3l in which it is shown, by a method
analagous to that used here for the linear acceleration algorithm, that
the cubic interpolation operator will converge for At < 0.503 T, min.
Once again, in order to assure rapid convergence of the iterative
solution a smaller timestep, say At = 0.3 T, min, is preférable. The
stability of the cubic interpolation of inertia algorithm for a greater
timestep gives it an advantage over the linear acceleration algorithm .
and because convergence of the iterative solution is based upon the
'change in value of the inertia derivative a higher degree of accuracy
is possible, which will reduce drift from the 'exact' solution if a
large number of timesteps is contemplated. The major disadvantage of
"this method is that the use of inertia derivatives means that twice

the number of equations necessary for the linear acceleration algorithm

must be used.

3.3 Unconditionally Stable Algorithms

The term'unconditionally stable' is here taken to imply that for
the linear vibration problem, a perturbation in the solution at any
_time will not grow larger, whatever the size of the timestep chosen for
the integration algorithm. There are many algorithms having the

property of unconditional stability, each has a different degree of



accuracy, but all solution techniques using these operators employ a
direct solution involving inversion. For the nonlinear problem, the
.direct solution may take two forms, a piecewise linear approximation
requiring one inversion per timestep, and an equilibrium iteration,

which is essentially similar to the Newton-Raphson technique for solution
of the static problem. For a generalised unconditionally stable
algorithm the equations of dynamic equilibrium at time t+At are

formulated as

Dipcfiop = Riteatt « F : (3.25)

where n At is the displacement at t+At, [) A‘ls a matrix based on

,;*At ’Fz(t+AtPs the applied load and F: is a load vector involving
displacements, velocities and accelerations at t, and in some cases
past displacements at t-At, t-2At etc. The matrix [)t+Athas the
general form ‘ ' '

ay EZ ‘
Df#At N EZM * AtC * Ks,t*Af (3.26)

where a;» a, are constants and}(StQMis the secant stiffness based on

2
displacements at t+At so that (3.25) represents a set of nonlinear
equations, solution of which follows an iterative cycle. Let us
represent the approximate value of displacement on the ith iteration

_as tiAf then the equilibrium error can be found from (3.25) as

and incremental corrections tothe displacement are generated from

Li i i

Din Ofpe = Lin (3.28)
where L d[) ! B

Dw_\.t - (dr )t At- AtzM ' AtC KTt At

the iterative cycle is completed by evaluatlng the corrected displace~-

ments

i+1
Gone = Teon * A | (3.29)



Therefore, equations (3.26)-(3.29) taken together represent a form of

the Newton-Raphson technique similar to that used for the static problem,
but with D s replacing KS’ KT . Once again, theprocess .is

"taken to have converged when the equilibrium error forces are sufficiently

small.

The piecewise linear solution equivalent to the first order

self corrector technique of the static problem, takes the form
E 3

Dt Ar - Ritean o F (3.30)

and S v Ay (3.31)
where ' F . - Dtrt

As in the case of the static problem, the use of piecewise lineari-
sation will involve drift from the 'exact' solution. Equations (3.30)
and (3.31) are useful in providing an initial estimate of displacement

for the iterative cycle (3.20)-(3.29).

The components of matrices [), F: are given below for three of
the most widely used unconditionally stable operators, together with

some comments on implementation.

(a) Houboult Method

The Houboult method32 is based on a cubic interpolation of dis-
placement between displacements at t+At, t, t-At, t-2At where t is the
current time and At the step size. Acceleration and velocity at t+At

therefore take the form

=B 20 p-5rp e bt T op) (3.32)

B At LR

F s . -18r, - 3.33
rt+At =1 At (11rt+At 181‘t grt-At zrt-ZAt) ( )

and the components of the Dand F matrices are

D:. 2m2M 1t C K (3.34)

-1t C (-uar‘t + 9T p¢- 2Q_2At)



This operator requires a special starting algorithm to generate
the values of displacement at negative time for the step beginning at
t = 0,4this is often based on the assumption of constant acceleration
‘ during the first few steps. " The necessity to storedisplacements at
four different times means that this algorithm is less efficient for
computer application than.some others. Also, because backward time
differences are required, it is difficult to change the timestep
during computation. For the linear problem, it would not be necessary
to change timestep during a solution, but for highly nonlinear problems

a change in timestep as the solution proceeds may be necessary.

(b) Newmark B Method

The unconditionally stable form of the algorithm of (3.19) and
(3.20) uses the values B = 1/4, vy = 1/2 and is equivalent to taking

the average acceleration over the timstep based on the end values T,

;t+At' Velocity and displacement at t+At are given by
Ropt™ ft * Ati2(f « rt+At) (3.36)
T A 20 s s : .
ettt Dy« AtLLT « 8 py) ‘(3 37)

and the [), F: matrices take the form

D - Vl.lAtzM oG KS (3.38)

F . MU, comer, « 7))

Clanr, - wf) ©(3.39)

The implementation of this algorithm requires only the displacement, -
velocity and acceleration at time t to be stored. Since the operator

uses only forward differences, no starting algorithm is required.

(c) Wilson 8 Method

The method suggested by Wilson33’3% is another modification of
.the linear algorithm. The acceleration is assumed to vary linearly

between t, t+6At (6 2 1) but is based on the values of acceleration at




t, t+at, Hence equations for- acceleration, velocity and displacement

at t+At are

Q+6At=(1- e)r + O At (3.40)
2 . ’
= + 2.At (3.41
t+eAt r (1- GIZ)Atrt + e/ Art At )

2 3 " 3 2.
' eAt =Ty Atr + At 12(1 /3)rt+ 876 At feo At (3.42)

For the linear problem, the equations of dynamic equilibrium at t+6At
would be solved directly in terms of variables at t+At, but this is not

possible for the nonlinear problem which must be solved by rewriting

equations (3.41) and (3.42) in terms of rt+6At using (3.40) to give
2
D = 6/{elt) M +3/eAtC + Ks (3.43)

Xl

M( 6/(6At)2rt + 6/e.é\tr‘.t + (3/92-1 ) f;

F

.C ( 3/eAtr‘t + (1-3/e)f; - (1-ef2+3/292ﬁ ) (3.44)

The equations of equilibrium may then be solved at t+6At; but in order

to continue to the next step the values at t+At of displacement, velocity
and acceleration must be found by backward extrapolation. It is

obvious, at this point, that the equations of dynamic equilibrium have
 been satisfied at t+6At, but they are not necessarily satisifed at t+At,
so that an equilibrium corréction at t+At must bBe ineluded in the load
increment at the next time step. This is so even for the linear problem.
The algorithm is unconditionally stable for 6 > 1.37, commonly used values
are 1.4 and 2.0. The piecewise linear, first order corrector form of
this algorithm is easier to apply and its application to nonlinear prob-

lems is ably demonstrated in Reference 34.

(d) Cubic Interpolation of inertia

The cubic interpolation of inertia algorithm discussed in section
3.2 can also be modified to be uncénditionally stable. The modification
‘changes the algorithm so that, using the notation of equations (3.23),
(3.24)



. . -1, . .
R M [ At RyRy) - a8 R -R )] .45

. -1 : .
n=1=r. Atrb;M [Atz/s(sz*Rn) 24 Rm'Rn)] (3.46)

The unconditionally stable algorithm cannot be used to solve for
'&isplacements only, but the equation of dynamic equilibrium at t+At (tl)
can be solved for displacement and velocity simultaneously. The form
of the solution with this algofithm is modified in that it involves the
inversion of a non symmetric matrix, the constitutents of which are
given, for the linear problem, in the paper by Argyris et al35. The
equations of the nonlinear problem can easily be formulated by direct
substitution of equation (3.45), (3.46) info-the dynamic equations of,
of equilibrium and their time derivatives at t+At and will not be
derived here. The cubic interpolétion of inertia is one of a family
of algorithms involving higher order interpblation polynomials for the
acceleration, as detailed in Reference 35. The necessity of inverting
a non symmetric matrix of order twice the number of degrees of freedom
is a major disadvantage for all the higher order algorithms when compared

with the linear acceleration types.

3.4 Comparison of Solution Techniques for the Equations of Dynamic

Equilibrium

In comparison of solution techniques for the equations of dynamic
eﬁuilibrium; the various time operators will be considered for their
ability to solve general problems of geometric nonlinearity, ease and
reliability in use and computational efficiency. - Since conditionally
stable and unconditionally stable operators represent two different
approaches, it is perhaps best to compare operators in each category
separately and consider the best in each group for application to the

geometrically nonlinear problem.

Conditionally stable algorithms require a very small timestep in
order for the solution to remain bounded as has been shown previously,
but there are in practice some ways in which the time for the overall
solution of a problem can be reduced with little loss of accuracy.

The elastic forces for instance, can be represented by a linearisation



over several timesteps so that they are calculated from the true elastic
forces, at step n say, plus the tangent stiffness measured at n multi-
plied by the displacement increments accumuiated during the next few
steps, after which the elastic forces and tangent stiffness can be
ﬁpdafed. In this way, the secant and tangent stiffness matrices need
not be evaluated at every step, every tenth step is probably a useful
value for the minimum number of evaluations. A solution of this sort
will not represent exactly the response of the structure, but will in

many cases be virtually indistinguishable from it.

The élgorithms of sectioﬁ 3.2 have a common requirement that the
mass matrix should be inverted for the solution. For the consistent
mass matrix formulation the inversion can be expensive, but since this
needs to be done once only the expense of inversion may be acceptable.
However, one should remember that even though the mass matrix is banded,
its inverse might well be a fully populated matrix and for even a
moderate number of-degrees of freedom, therefore, the storage allocation
needed to retain the upper or lower triangle of the inverted matrix may
become unacceptably .large. One solution to‘the storage problem is to
employ a direct solution technique using the mass matrix at each step,
another possibility is to use not the consistent mass matrix, but a
lumped mass type for which the inversion is trivial. The use of lumped
mass matrices has a good physical basis, if not a correct mathematical
one. The elastic forces of the response are characterisied by first
or second order space derivatives of displacement, but the mass or
inertial effects are dependent only on time derivatives of displacement
and can theréfore be. adequately represented by lower order displacement
polynomials. For the linear problem, the lumped mass approach has the
property of retaining, almost exactly, the low frequency modes, whilst
modifying considerably the high frequency ones. For the nonlinear
problem, the modification of high frequency modes has the desirable
property of increasing the period of vibration and thereby allowing a
larger time increment to be used. Whenever lumped masses may be
employed, their use may be recommended in order to reduce compuational

expense.

The small time increment needed for convergence of the conditionally
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stable algorithm is directly-related to the minimum period of the
~structure under investigation. For the nonlinear problem, the period

i is itself a function of displacement and in some problems, therefore,

a stage may be reached whereby the timestep in use is no longer capable
of assuring coBvergence. This can easily be identified in the itera-
tive solution élgorithms by checking the number of iterations needed for
convergence in each step. Should the number of iterations become too
large, 4-5 iterations are normal for convergence of these algorithms, 10
iterations should be considered an absolute maximum, it is a simple
matter to bégin the time increment agaiﬁ with a small timestep which
ought to assure rapid convergence. If the number of iterations should
then fall to 2, it may be taken as a sign that the timestep could
acceptably be increased. The iterative solution algorithms thereby
allow a check to be kept on the stability of the process as a matter of
course, however, the central difference approach, being a.one step
technique, cannot be guaranteed stable unless thé maximum eigenvalue of
the system is re—evaluated or the initial time increment set so small

as to avoid all problems.

Since the central difference technique requires a.very small
timestep for accuracy (maximum step size is 0.154 times minimum period)
and a direct check on solution accuracy is not easily produced, it is
probable that the extra complexity of the multistep iterative operators

is justifiable, at least for the problem in which the likely order of
nonlinearity is unknown at the start. Of the iterative solution
algorithms, the cubic interpolation of inertia operator will converge
for the largest timestep, but has the disadvantage of using twice the
number of unknowns used by the linear acceleration operator and therefore
requiring the solution of equations of order twice the number of degrees
of freedom. The cubic interpolation of inertia algorithm does not in
practice;‘howeyer, rquire double the solution time of the linear
acceleration operator and is justifiable for its greater accuracy,
particularly if the response over:  a long period is required. The
cubic interpolation of inertia algorithm is a member of a family of
successively higher order polynomials for interpolation of inertia. In
general, it is true to say that the higher the order of interpolation,

the greater the allowable timestep for convergence, but it is doubtful



whether a higher order interpolation than cubic could be justified for

most problems.

For the solution of a problem of initially unknown order of
geomtric nonlinearity the unconditionally stable algorithms have many
basic points in common. In order to examine the effects of using an
unconditionally stable algorithm it is, once more, useful to consider
the linear problem. The unconditionally stable algorithm‘has built
into it a form of numerical damping, which damps out vibrations of modes
;Z£h periods substantially smaller than the.timestep used, but retains '
" the responée of lower frequencies modes almost unchanged. The high
frequency modes of a system are a product of the finite element ideali-
sation used, and often have no real meaning as far as the physical
response of the structure is concerned. It is therefore no disadvantage
that these modes, which would limit the size of the timeétep to be used
if reproduced accurately, but have little overall effect on the dynamic
response, should be tinaccurately teproduced. However, if too large
a time increément is used the effect on the desired response may be serious,
taking the form of elongating the period and modifying the amplitude.
Indeed, by examination of the generalised algorithm of section 3.3 it is
easily seen that the effect of using a very large time increment would
essentially be to reproduce the static rather than dynamic response.

The numerical damping effects must therefore be considered carefully when

applying unconditionally stable operators to the nonlinear problem.

The Houbolt algorithm is:shown by McNamara3® to be the most stable
operator for the nonlinear problem either with eqﬁilibrium iteration or
piecewise linearisation. However, the criterion of stability is
achieved at the expense of higher numerical damping than the other opérators
mentioned here, and thus the timestep used would have to be smaller than

“the other types in order to maintain the same level of accuracy over
a large number of time increments. Since the Houbolt operator is a
backward difference technique, it does not easily lend itself to a

change of timestep during solution of a problem should this become necessary.

The Newmark B algorithm, being a forward difference technique, has
‘the advantage that changes in the characteristic time increment are

easily accomplished and no starting algorithm is necessary. For the



linear problem at least; Argyris3Shas shown that period elongation due
to numerial damping grows very rapidly for a time increment greater than
0.1 times the characteristic period of respoﬁse, but this size of time-
step should not be contemplated for the nonlinear problem in any case.
Argyris. also shows that there is no possibility of tﬁis algorithm
'blowing up' for large timesteps providing the stiffness of the system
remains positive, a negative stiffness will, however, cause problems.-
McNamara has concluded that this algorithm has only a limited stability
range which may be due to the slightly different form of solutionchosen.
From a ﬁasis of‘compufational efficiency, this is probably the best

operator, whether used in equilibrium iteration or piecewise linearisation.

The Wilson 6 method has similar numerical damping properties to :
the Newmark algorithm for 6 = 1.4, but has greater stability and consi-
derably greater numerical damping.for 8 = 2.0. The operator is diffi-
cult to use in an iterative form and never satisfies equilibrium at the
beginning of a timestep for either équilibrium iteration or piecewise
linearisation solutions. This algorithm should therefore be disqualified
because of computational difficulty in operation particularly when com-

pared with Newmark B.

The unconditionally stable form of the cubic interpolation of
inertia algorithm possesses 1e§s numerical damping than the other algorithms
mentioned here, but has the disadvantage that a large, non symmetric
matrix must be inverted at each step. Argyris et al3® have also shown
that unconditional stabilit& can only be applied teritatively to this

algorithm for the nonlinear problem.

The conclusion must be that, of,the'uncdﬁditionally stable
algorithms, the Newmark B method is alﬁogi certainly thé most practical
algorithm, though the term Yinconditionally stable' may be applied only
tentatively. The timestep used should be small, certainly not greater
than 1/50th of the expected period of the response, though McNamara
concludes that 1/200th is a reasonable value. For this size of time
increment numerical damping will have'little effect and there would seem
to be little point in equilibrium iteration, though once again the
" solution will 'drift’ during a long period of response. Unfortunately,

there would seem to be no easy way of assessing the order of this drift.

As a time integration operator for the solution of a general



problem of unknown order of geometric_nonlinearity, a choice remains
between the conditionally stable cubic interpolation of inertia
algorithm and the unconditionally stable Newmark 8 algorithm. The
conditionally stable type obeys equilibrium, to any degree desired, at
every step and can be controlled to ensure convergence almost without
fail. The unconditionally stable algorithm can also provide an equi-
‘librium solution at every step, but at the expense of a costly inversion
at every iteration. The term 'unconditionally stable' may be applied
only tentatively and in this case it is not very easy to assess when a
change of timestep may be necessary, particularly if a piecewise
linearisation is used. On this basis it is the author's opinion that

a conditionally stable algorithm of the cubic type is the best operator
available for solution of geometrically nonlinear problems of arbitrary
order, both in terms of reliability and accuracy. The advantage of

the conditionally stable algorithm is greater if the problem to be
solved involves nonlinear damping as well as nonlinear elastic effects.
Computer storage requirements for the conditionally stable algorithm
are small, allowing large problems to be solved without difficulty and
when the 1afge number of matrix inversions necessary for solution with
an unconditionally stable algorithm are taken into account, the solution
time for the conditionally stable operator is very competitive. The
unconditionally stable operator may, however, be tailored to some specific
problems, perhaps where the main modes of displacement are nonlinear
whilst high frequency modes are essentially linear. However, uncon-
ditionally stable algorithms are known to work particularly badly for
impact‘problems. Algorithms of the unconditionally stable type should
not be used with the iterative solution technique for the conditionally
stable algorithms of section 3.2 because. it is quite easily shown that

a smaller tiﬁestep than that necessary for the conditionally stable
formulation will be needed for convergence and the unconditional stabi-

lity property is lost.

The nonlinear problem by nature does not lend itself easily‘to
rigid conclusions and so there may be some cases where the suggested
techniques will fail or another prove more efficient. It is clear,
‘however, that for-a general nonlinear problem, solution of the full-

"equations of motion of even a moderate system will be costly, whether



an unconditionally stable or conditionally stable algorithm is used.
For the problem in which the finite element idealisation involves

N elements with a very high natural frequency, but the overall response
is a low frequency one and is required over a large time period, the
computation expense of the solution may make the problem economically
iﬁpossible.' The most common example of this problem is the investi-
gation of low frequeﬁcy free or forced vibrations for which it may be
desirable to locate resonance positions. For this class of problem,
a solution must be sought which, though not exact, will reproduce the
characteristics of the resbonse»at considerably reduced cost in com-
putation. Such a solution is most easily achieved by the use of a

semi-analytic technique.
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4  APPROXIMATE EQUATIONS OF DYNAMIC EQUILIBRIUM WITH A

REDUCED NUMBER OF VARIABLES

The range of geometrically nonlinear dynamic problems is wide.
For many problems a transient réspbnse only is required and the time
integration operators of Chapter 3, applied to the discrete equations
of dynamic equilibrium, will form aﬁ adequate solution technique,
However, some problems will require a response over a considerable
duration of time because either the applied force or dominant mode of
vibration are slowly varying functions of time. If such a response
duratioﬁ is required and the finite element idealisation is such as to
incorporate modes of vibration with frequencies several orders of
magnitude greater than the frequency of response, a choice must be
made between utilising a great amount of computer time on the problem:
or seeking an approximate solution. The most approximate techniques
in the past have involved applying time dependent forces. as static loads
in order to produce some mean amplitude of response, a solution:-which is
clearly unsatisfactory. For the linear problem, solution of the
equations of motion in terms of a reduced number of variables is a well
tried basis of solution for problems involving slowly varying forcing
fgnctions. It is therefore logical to attempt to solve the nonlinear
dynamic problem by an inverse method in which the form of the displace-
ment response is described by a number of 'modes' of deformation and the
problem solved with a reduced number of variables. The 'modes' of
deformation are taken to be any set of deflected shapes which may be
considered representative of possible displacements for the problem, and
may in many cases be eigenvectors of the linear dynamic system, though
this is not assumed at this stage. The benefits of such an assumption
are dual, firstly, the number of equations of motion to be solved is
reduced and the computation costs similarly reduéed, secondly, if the
mode shapes have associated small natural frequencies (in the mean) the
equations may be solved using a conditionally stable integration operator
with a much larger timestep than necessary for the fully discretized
problem. Once such a set of modes has been chosen to represent the
spatial variables in the problem, it is then necessary to consider how

the reduced, approximate equations of dynamic equilibrium should be



formulated and indeed what the optimum solution method for the time

dependence of the problem should be.

4.1 Formulation of the Modal Equations of Motion

The modal equations of motion are formulated in the present study
by the widely used Galerkin technique, which is one of a family of
weighted residual techniques. In the analytic form, the equations of
motion are formed by multiplying the global.equatiohs of motion by the
selected mode shapes and integr;ting over the space spanned by the
modes; the finite GIEmentimpleméntation of this approach reduces to a
process of multiplication and summation. The Galerkin technique has
the property of making the solution error orthogonal to the chosen
modes, so that the residual forces in the full equations of dynamic
equilibrium produce no wofk during displacements represented.by the
selected deflected shapes. No limitations are placed on selecting
modes at this time except that they should obey the boundary conditions

of the spatial discretisation.

Let the displacements at any time be represented by

r-0Awm (4.1)
where (D = [¢1 (DZ(Dn ]

a matrix of the n selected mode shapes and

Ac:iajay oo Ay
a vector of amplitudes which are taken to be functions of time only.

The equations of dynamic equilibrium for the finite element

discretisation of the structure are given by

Mr.Cr.Kr . 1N, T ST\ g Rty .2

and the rth modal equation of dynamic equilibrium for the reduced system

i found using Galerkin's technique as
T.,.. T . T.
é¢Mr . ¢Cr . OKr . (4.3)

. Cb:( 1/2N1 +1/3N2)r - ¢:R(t)



so that (4.3) represents the equality of two work terms such that the
work done by the sum of the inertial, damping and elastic forces in

the rth mode of displacement 1s equal to the work produced in that mode

by the applied forces. ' The modal equations of motion for all n modes -

can thus be written by substituting (4.1) in (4.3) as

OMOA . $COA . OKOA
. ¢T(1/2N1+1/3N2)¢A : CDTR(U (4.4)4

Assuming that the applied loads and damping are independent of displace—

ment, the first three terms on the left hand side of (4.4) and the term

on the right hand side are functions of time only so that (4.4) may be

rewritten as

mA - cA-KA - BN N )OA - Qu )

T
¢TM(D the modal mass matrix
(DTC CD the modal damping matrix
CDK CD modal stiffness matrix

T ~ _
= CDR modal force vector

where

Ox o 3

The term involving the displacement dependent matriéesrq1,rqz can
easily be evaluated at any time by reassembling the full displacement
vector using (4.1), formulating the necessary geometric matrices and
* carrying out the pre and post multiplication by the selected modes.
Equations (4.5) could than Be solved by using one of the algorithms of
Chapter 3 and at each step ré—evaluating the full displacement vector T
calculating the matrices hd1f thand thereby finding the nonlinear
contribution to modal stiffness given by quﬁV2bd1 +H3Pd2)(b. It would
be continuously necessary therefore, to interchange between the fully
discretized and reduced form of the equations of dynamic equilibrium
for the problem. Were an Eulerian technique to be used to represent
the nonlinear geometric effects, this elementary, but time consuming
approach, would always be necessary, but by utilising the total
Lagrangian approach it is possible to remove the multiplications in<b

" from the nonlinear term and represent it-as a function ofA only.

‘The ordering of strain terms in the total Lagrangianapproach is
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such that the matrices rﬂ1 s bdz are linear and quadratic functions of

displacement denoted here as
N, - N1(l‘) N, - No(r.r) (4.6)
so that by substituting (4.1) into (4.6) the following is obtained

N, - ¥ N,(®]s

i=1,n .
. (4.7
N, - T N,(0,0 a4, 4-7)
iz1,nj=1,n
which allows the rth equatlon of (4.5) to be rewritten as

Z(m Al Ae kAl )+1IZZZ¢N(¢)¢AA

+1/3ZZZ¢N ((D (D)q)kAAA = Q(t)

i=1 j=1 k=1

n .
r i}_}[m Aivc Ak A Z1(a AA kZ1 B”JyAlAJAk)] = Q [t)(4.9)
= ) ’ i j= -

(4.8)

o = 1/2CD:N1((Di) CDJ. Brijkvzm @:Nz(q)i@j) ®, a0

The coeff1c1entsa B

. .., of the quadratic and cubic amplitude
rij’ rijk

dependent terms of (4.9) can be calculated easily at the beginning of an

analysis and remain constant throughout, the equations of motion for -

each mode being formulated by applying (4.9) and (4.10) for all n selected

modes.

By use of Galerkin's technique and modal synthesis the equations .

- of dynamic equilibrium expressed in a'Lagrangian frame of reference have

been replaced by a reduced, approximate set of equations expressed as

continuous functions of the modal amplitudes and their time derivatives.

The solution of the time dependent problem remaining has now to be

undertaken, and a solution technique chosen from the many applicable
to equations of the type (4.9).

4.2 Solution Techniques for the Modal Equations of Motion

Solution techniques for equations of the type (4.9) can be split
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into two groups, those in which the form of the time dependence is
assumed and the equations reduced to a set of algebraic equations for
amplitudes of the time functions, and those which solve the equations
explicitly without any major assumptions. For many problems,in which

an approximate response of the structure is required, the form of the
forcing function will be harmonic and in most other cases it can be
represented by a harmonic series. Most assumptions on the time solution,

therefore, involve the use of harmonic functions.

Techniques involving an assumption as to the form of the time
dependence are often used where steady state responses are required to
systems under harmonic excitation. For the problem involving a forcing
function of the form Q = Psinwt in which. the modal equations of equi- ‘
librium contain only cubic linking terms the most widely used assumption

is of the form

A= érsnu»f+ b, cos Wt ' (4.11)
for thé damped problem, and the nonlinear algebraic equations are
formulated by substituting (4.11) into (4.9) and using Galerkin's
technique with weighting functions sinwt, cosut: This is a simple and
efféctive technique, but for the problem in which quadratié amplitude
terms occur there is no generally accepted expression for the assuméd
time function, though it is easy to show that the solution must involve
harmonics of half or twice the forcing frequency. For a general set
of modal equations in which the type of amplitude terms is not known
beforehand the technique isinot easily applied,.it must be applied on

an individual basis for each problem.

Collocation- techniques are also widely used in the solution of non-
linear problems. For-a typical solution, the timespace zero to
infinity is mapped into the region one to zero By a change of time
variable and the amplitude in the new time region as expressed by the
sum of a series of Lagrange polynomials, each of which becomes zero at
a specific . time_within_ the.néw time region. - The Solution is carried
-out by solving the equations for dynamic équilibrium at‘the specific

. times at which each polynomial becomes zero, to give the coefficient of
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each polynomial and hence the time solution for each amplitude. The
problem is thus reduced to the solution of a set of nonlinear algebraic
equations. Once again, implementation of this technique is difficult
for a general set of eqﬁatioﬁs, but for readers interested in the
method the works by Serth3Zzénd:Brunner38 are recommended. A number
of perturbation techniques are also applicable to the solution of the
nonlinear problem, these are too numerous to mention in detail, but

the techniques usually result in the nonlinear problem being solved as
a series of linear problems. For general information on the use of
perturbation techniques in nonlinear problems, the book by Nayfeh3®

40

and the paper by Anderson'’ are useful.

All the above.solution techniques require a direct assumption of
the form of the time dependence of the solution, whilst several require
the analysis of fairly large order nonlinear algebraic equations, the
solutions of which may be multivalued.  Hence, one cannot assume that
any solution of the dynamic equations found this way is either the most
likely solution or indeed, a stable solution, so that a stability check
must always be made for each solution. The use of algorithms of the
type described in Chapter 3, however, produces no special difficulty
and they are immediately applicable to ény modél equations, Though all
the solutions of a multivalued nonlinear problem cannot be reproduced,
the solutions produced are stable and will represeﬁt any time response,
such as subharmonic oscillations, which might otherwise be neglected in
an analytic technique. For these reasons, the conditionally stable
cubic interpolationof inertia algorithm of section 3.2 was chosen as the
solution technique for solution of the modal equations produced in the

current study.

4.3 Computer Implementation  and Solution of the Modal Equations

of Motion

There are several points of a general nature which are of use in
the implementation and solution of the modal equations of motion. The

following should be noted.

one can make use of

c:s B

o -When evaluating the coefficients Ly

rijk

€4



the common element displacement interpolation for all selected modes to
reduce the number of evaluations of the matrices Pq1, PJZ' The a, B

are evaluated in blocks as

- ON(D)D BN OO)D i

where

Qi1 X2 -+ - - XY
aﬁﬂ' _ an}n

B1U1 e B1Un

By

and the o, B.terms are stored to give a total of n?acoefficients and
n3 B coefficients for each modal equation. The matrix Nz(q)i@j) is in
general non symmetric so care must be taken to account for this in

formulation.

(2) For solution by the cubic interpolation of inertia algorithm,
the time differential of the nonlinear terms o .. A. A., B .., A. A. A
i rr) 1 3 rijk i 7] "k
is required. This is simply obtained by multiplying the a and B terms
by 2 and 3 respectively and replacing the last modal amplitude in the
term by the modal velocity of the same mode. This is equivalent to
using the incremental stiffness matrix multiplied by velocity in the

full equations of motion.

(3) If the modes selected are eigenvectors of the undamped linear
system the matrices [T, k will be diagonal. The form of C will not

be diagonal unless

C. oM. oK

When eigenvectors are selected, the timestep suitable for the integration

algorithm may be estimated as a fraction of their associated eigenvalues.
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If the selected modes are not eigenvalues, a suitable timestep must be

found from the eigenvalues of the modal, undamped problem

-0

k-wzm

b4 Validity of Modal Synthesis for the Nonlinear Dynamic Problem

When a set of modes are to be selected in order to reduce the
scale of the nonlinear dynamic problem an assessment must be made of
the degree of approximation incurred by the selection. For a general

set of modes, perhaps evaluated by applying loads statically, one can

solution of the set of equations obtained from the full finite element
idealisation, and so the use of such modes must be viewed tentatively
unless a special reason exists for their adoption. The use of eigen-
vectors of the linear undamped system of equations can, however, be
viewed in a more constructive manner. The various vectors and matrices
associated with the N-dimensional finite element discretization of a
given problem may be viewed in terms of an N-dimensional vector space
and the analysis of the eigenproblem delivers a full set of basis
vectors spanning the N-space. Any vector in this space may be expressed
as a linear combination of the basis vectors, so that for the problem
in which n eigenvectors of the system are selected the solution df the
reduced modal form of the equations must converge to the solution of
the N-dimensional discrete .problem as the number of selected modes is
increased. For the linear problem the eigenvectors are orthogonal and
the modal equations uncoupled, so that it is easily possible to select
.a set of modal equations to be solved without involving the remaining
equations, but once the nonlinear matrices are taken into account the
selected vectors cease to decduple the modal equations and a displace-
ment of one vector may cause all other vectors to be displaced to some
degree. The selection of a limited set of vectors in a limited
frequency range consistent with the applied force frequency or expected
frequency of response is therefore equivalent to assuming that the
defléctions of other modes will be small and that their influence on
the response of the structure can be neglected. For problems of mild

nonlinearity this appears to be an acceptable proposition.



The solution of the modal equations of motion involves no assump-
tion on the nonlinear modal forces and modal equilibrium is satisfied
at all times whilst global equilibrium is satisfied in the mean.

' Features of the transient and steady state response of the system will
be revealed exactly, within the limitation of the selected modes, which
are chosen to represent the probable response of the system accurately.
An important feature-of the formulation of the modal equations is that
the solution is totally independent of -the original finite element dis-
cretization, which may involve a large number of elements. This may
provide an important time saving over a modal solution using an Eulerian
approach which, for the great majority of cases, requires a return to
the full finite element formulation at every step.because the modal

- forces could not be epxressed directly as a simple function of modal

.amplitudes.

The modal equations of dynamic equiiibrium have been formulated
and a technique selected for their 'solution. The validity of the
approximation will now be tested for a range of typical nonlinear dynamic

problems.



5 APPLICATION OF MODAL SYNTHESIS TO CABLE PROBLEMS

One of the most commonly encountered geometrically nonlinear
structures is the cable. Whether a single cable, or a network, the
solution of the finite element representation of the structure by use
pf a conditionally stable direct time operator is an extremely lengthy
process because the frequency of extensional vibration of the 'cable
elements' is several orders of magnitude greater than the lowest
frequencies of vibration of the structure that they represent. A
cable structure is considered here as one in which individual elements
are incapable of carrying bending stresses, being effective in carrying
membrane stresses only. For the current investigation a cable is
represented by an assemblage of two node 'bar' elements with linear
interpolation of displacements along the element length and cohstant
strain throughout, so that individual cables or networks with a rapid
variation of tension may require many elements for a good representation.
The minimum period for a cable of constant cross sectional area is
essentially dependent on the length of the smallest finite element in
the idealisation. For a cable structure with equal length eleménts,
this may be roughly interpreted in terms of the solution time of the
full equations of motion by a conditionally stable operator as, com-
putation time varies approximately with the square of the number of
elements. It is clear therefore, that the analysis of low frequency
vibrations of such structures by solution of the full set of equations
of dynamic equilibrium would be computationally expensive and advantage

may be gained from the use of an approximate technique.

The problems examined here take the form of two simple structures
for analysis of the effectiveness .of the approximate solution and two

problems of current practical interest.

5.1, Tensioned String with Point Load

One of the simplest geometrically nonlinear problems to formulate
is the stretched string with centrally appliedApoint load. The string
in this case is modelled by ten pin jointed bar elements, each of which
is 'stretched' so that the prestress in the idealised string is constant

and equal to 1/10th of the total wéight of the string. The centrally



applied point load has a value equal to twice the weight of the string
so that a highly nonlinear response may be expected. Since the problem
is symmetric about the centre line of the string only symmetric modes
need be used, those used here are equivalent to harmonic. m = f,3,5 for
the exact linear mode shapes of a stretchedvstring given by sin mnx/%.
The mode shapes generated for the finite élement representation of the
string are, of course, inaccurate due to the crude element meéh, so that
while the lowest frequency mode of vibration and its corresponding mode
shape are accurately representeﬂ, the other modes must be taken as only
qualitatively representing the modes of vibration of a string (see

Fig. 5.1). However, this in no way invalidates the use of the ideali-
sation, since the purpose of this problem is to study the similarity,

or dissimilarity; of the response of the idealised structure analysed
both by direct integratidn of the full equations of motion and an
approximate modal technique. Damping for both solutions was chosen to
be comparable and is here represented as 57 critical damping for each
chosen mode in the analysis. The idealised string was analysed, using
both Eulerian and Lagrangian formulations to represent the geometric
nonlinearity, for a sinusoidally varying force with frequency equal to
the lowest frequency of vibration of the string model. The result of
the analysis for(EEEE§;>element formulation was the same, producing a
highly nonlinear response with a very noticeable super harmonic vibration
appearing superimposed on the dominant forcing frequency, the first few
cycles of vibration are shown in Fig.5.2. The approximate modal
fechnique reproduces the amplitude and nature of the 'exact' response
well, but the frequency of the vibration is seen to drift from that of
“the 'exact' response as time increases. In the initial stages of the’
response the deflected shape of the string was checked and found to be
well represénted by the three modes chosen, but at the largest ampli-
tudes the 'exact' response shows some displacement in the direction of
the string axis which cannot be produced by the modal approximation -
since the modes used contain only transverse displacements of the string.
This problem was indicated when examining errors in equilibrium of the
global equations of motion at each node for the approximate modal
technique when unbalanced forces in the direction of the string axis
indicated that axial displacements were likely. In order to reduce

the axial force errors, the lowest frequency axial mode of displacement
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was added to the assumed displacement variables and the modal analysis
carried out again. The effect of the inclusion of the axial mode is
shown in Fig. 5.2, the approximate response.now following the 'exact'
response much more closely, though error forces at each node are not
g;eétly reduced. The linear response of the string subject to the
.same loading is shown in Fig. 5.3 where a maximum amplitude equal to
3.5 times the lengthof the string is reached, which is clearly unsatis-—
factory. On comparing with the nonlinear results, the stabilising
effects of the nonlinearity are easily seen, the nonlinear response
reaching - a steady amplitude much more quickly. For the problem
therefore, the modal approximation using only the lowest frequency
modes of the vibration is capable of giving a good indication of the
amplitude and nature of the response, though it will not reproduce the
time response obtained by solution of the equations of the fully dis-
cretized system accurately. The inclusion of axial modes of vibration
allows the approximate solution to reproduce the 'exact' response more
accurately, but incurs a penalty in solution time because the high
frequency axial modes necessitate a reduction in timestep for the con-
ditionally stable integration operator. Nevertheless, the time saving-
is substantial,- the Lagrangian expansion using modal coefficients can
be integrated for this problem in only a few seconds compared with
several hundred seconds of computation time on a C.D.C. 6400 for the
solution of the equations of motion of the fully discretized system.

It is clear, however, that we must in future systematically incorporate
the effects of high order modes where it is necessary in order to correct

deficiencies caused by use of the restricted set of low frequency modes.

5.2 Tensioned String with Eveniy Distributed Load

 Following on the analysis of the pretensioned string with central
point load, the same structure was analysed for a loading distributed
evenly along the length of the string, with time variation as before,
the total value of which was equal to the point load of the last
problem. Initially, the same three modes of vibration utilised in
the éoint load problem were used as representative displacement variables
and the modal analysis was compared with the 'exact' results obtained

by integrating the equations of motion for the fully discretized system



subject to the same appiied load and damping.  The two sets of results
are ploﬁted in Fig. 5.4 where one can see that the approximate modal
results. are not in good agreement with the 'exact' solution to the
problem, the sﬁring central point amplitude being more than 257 in error
at several positions. On examining the shape of the modal represen-—
tation of the string and comparing it with that of the solution of the
fully discretized system of equations at the same points in time, it
was found that the modal repfesentation of the string was often inaccu-
rate, this being predominatly due to the spiky nature of the mode shapes
for this crude element mesh when compared with the smooth form of the
'exact' solution. However; this is not the only source of error for
this problem since the solution of the fully discretized string shows
considerable displacement in the direction of the string axis, but
this cannot be reproduced by the modal approximation since the lowest
frequency modes of vibration involve only transverse displacements of
the string. Fortunately an indication of this problem is also given
in the modal solufion, where by evaluating errors. in.equilibrium of the
global equations of motion at each node one finds large unbalanced
forces in the direction of the string axis which is indicative fhat
displaceménts should occur inithis direction as well as transversely.
In order to reduce these error forces and to test ﬁhe effect on the
overall response of the string, the modal analysis was carried out
again with the iowest frequency axial mode of the string included, this
requiring a reduction of the timestep for the conditionally stable
integration operator to 1/5th of the previous Qalue: These results are
also shown in Fig. 5.4, the inclusion of the higher frequency axial
mode providing a remarkable change and improvement in.the response.
An exaﬁination of global error forces ét each node also showed a reduc-

tion.

5.3 Hanging Cable with Constant, Distributed Load

N

This problem differs from the previous one in that the steady
state displaéément of any point in the cable is already known to be a
" constant and thus the response of the structure when the load is applied

instantaneously should be a vibration converging towards the constant
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displacement expected. The unloaded structure is a cable hanging
under the action of its own weight, which forms the well known, shape

of the catenary. The form of the catenary.must be determined before
beginning and this is itself a difficult nonlinear problem often
involving gross geometry changes. Here the initial static equilibrium
position of the cable has been found by solving the dynamic problem

for a cable represented by ten pin pointed bar elements of unit length,
with the span of the catenary fixed at the start. An initial position
for the cable was chosen as a parabola in which all elements were
stretched and which was thought to be close to the exact equilibrium
position of the cable. Applying the weight of the cable as a kine-
matically equivalent loading the equations of dynamic equilibrium were
integrated using a conditionally stable algorithm until a rest position
was reached. Normally, this would result in a very large ceomputing
time because of the high frequency extensional vibrations of the
elements, but since only the equilibrium position of the structure is
wanted the dynamic response need not be accurately represented and a
considerable time saving can be obtained. The maximum allowable time-
step is greatly increased by using anvartifically large mass matrix
such that the maximum frequency of vibration of the structure is greatly
reduced and the structure is prevented from vibrating significantly by
using almost ;ritical damping. This technique is known as ‘dynamic
relaxation' and requires inversion of the mass matrix only, which may

- be arbitrarily chosen to be diagonal, and is therefore simple in use.
For further reading on this'subject the work by Otter, Cassell and
Hobbs*! is recommended. In this case, the ten element idealisation
was found to give an acceptably accurate representation of the catenary
and results in this problem és a catenary with a sag/span ratio of
approximately 0.14. After determining the equilibrium position, the
structure was set in vibration by instantaneously increasing its weight
to values ten and one hundred times the original weight. Direct
integration of the fully discretized equations of motion and the

modal approach were compared for damping represented by 5% and 1007

critical in the primary mode of response.

Once again, this is a symmetric structure with symmetric loading,

so that only symmetric modes of vibration need be considered. All



modes of vibrétion of the complete hanging cable were determined and’

it was noticeable that the first symmetric mode has a fairly high

_ frequency of vibration, since symmetric disfortion involves considerable
extension of the cable thch is the direction of greatest stiffness.

The low frequency modes of the catenary are non symmetric, in plane,
swinging modes involving very little extension. The modal analysis

was carried out initially using only the first symmetric mode of the

structure.

The results of the.analysis with a dead load of ten times the
cable weight are shown in Fig. 5.5. The singie mode response proves
adequate in representing the displacement of the structure and both
the 57 and 1007 critical damping problems are reproduced accurately
with only a small error in the constant steady state displacement being
obtained. The results could probably be improved by the. use of one or
two more modes, but the results obtained were thought adequate to '

demonstrate fhe feasibility of a modal solution technique.

The results of the analysis with a dead load of one hundred
times the cable weight are less conclusive Fig. 5.6. The steady state,
constant displacement of the cable can be produced with reasonable
accuracy using the first two symmetric modes, but.the transient vibration
with 5% critical dampiﬁg deteriorates in accuracy quickly. The préblem
here is that the initial cable tension is so small that even the moderate
diSplaéements occurring here are sufficient to cause some of the cable
elements to go into 'compression'. Since a real cable cannot physically
accept compression, this is simulated in the solution of the fully dis-
cretized equations of motion by removing all effects of elements which
would be in compression and restoring them only when a tensile state
is reached. The problem is effectively discontinuous therefore, but
this discontinuity cannot be represented in the modal formulation and
so compression is allowed. The agreement would proably be better if
the fully discretized system of equations was allowed a compressive
state. Nevertheless, this problem represénts a limitation on the
use of the modal technique because such discontinuities as.compression
‘cannot be taken into account and so one is restricted to problems where

"elements must remain permanently in tension. Agreement between



Eulerian and Lagrangian modal representations was close, confirming
that rotations were not large enough to cause the Lagrangian approach

to become inaccurate.

" The time saving for this analysis is not so great because the
dominant mode of vibration of the catenary is anyway a high frequency
one and a total time saving of less than one order of magnitude must

be expected.

5.4 Planar Cable Net = .

The planar cable net Fig. 5.7, is of the typeAsometimes known as
a cable truss and is a problem previously analysed by Jensen? and
Morris*3. The coordinates of the structure and cable member tensions
are those given by Morris and may be found in Tables 5.1 and 5.2.
Stiffness of the cables is given by EA = 10,500 kg.f for the hangars
and EA = 19,400 kg.f for the main cables.

Morris has analysed the frequency response of this structure, by
direct integration of the equations of motion of the fully discretized
system, for a sinusoidal load of 1 kg.f applied at Node 12 in the
direction of the y-axis of Fig. 5.7 and also gives the lowest frequency
modes for vibration of the complete net in the x-y plane. - The net,. for
which the frequencies of vibration were found experimentally by Jensen,
has lumped masses of 0.03 kg at the upper nodes and | kg elsewhere and
_the five lowest, measured frequencies of vibration were 5.7, 8.7, 10.9,
12.7 and 12.8 Hz. Sufficient data is therefore available for a com-
parison with an approximate, -modal technique to be easily and accurately

carried out.

As a prelude to the analysis proper, the linear mode shapes and
natural frequencies of the net were obtained. The use of a lumped mass
matrix allows some saving in computational effort to be made by modi-

fying the standard eigenvalue problem as follows:-—

The linearised equations of free undamped vibrationof the system are

Mf+|'<lf=0 (5.1)

which reduces to the eigenvalue problem

K -oM16-0 o



For the particular case in which PA.%S diagonal, the mass matrix
is easily inverted and the dynamic matrixhd'(could be simply evaluated
and a standard eigenvq%ue problem produced.’  However, because b4 is
diagonal the matrix h4 k(is not symmetric and an algorithm to find the
eigenvalues and eigenvectors of a non symmetric matrix is much less
efficient than those for the standard symmetric problem. The following

modifications are therefore introduced:
112

writing M Jmm, . . Jw (5.3)

5.2 may be rewritten as

L. 2 N2, A2 -
[KM-«&M M ¢-0 (5.4)
112 -112
If we now write sz q)and premultiply (5.4) by M the

equation reduces to the standard eigenvalue problem

[R-wZI]y =-0 | (5.5)
whe.re R = M~WK M-VZ Symmetric

The determination of the five lowest frequencies of vibration .
and their corresponding eigenvectors by this technique is extremely
rapid, requiring only a few seconds compution time on the C.D.C. 6400.
Table 5.3 gives the first five mode shapes for the planar net and their
corresponding frequencies of 5.71, 8.06, 10.45, 11.95 and 12.93 Hz, which
are in close agreement with those frequencies found experimentally by

Jensen.

;Mbrris analyses this structure for two different mass distri-
butions. The unmodified structure proves to have a frequency spectrum
of 5.71—]558.67Hz,but by changing the mass distribution to values of
0.5 kg at each node the frequency spectrum is narrowed to 5.8-382,15 Hz,
the significant reduction in the highest frequency being expected as
the higher modes predominantly represent the oscillation of individual
nodal masses. Since the analysis carried out by Morris made use of a
. conditionally stable time integration algorithm, the modified mass

distribution has a major advantage in allowing a much larger timestep




to be used, whilst the fesponse of the net remains virtuaily unchanged.
An eigenvalue analysis for this modified'mas; distribution was carried
out, revealing frequencies of 5.80, 8.19, 10.62, 12.15 and 13.17 Hz with
mode shapes substantially unchanged from those for the original mass

distribution which are sketched in Fig. 5.8.

Damping for the system was given by

C- oM .+ oK | 5.6)
with b1 = 0.5 and b2 = (0,002

The nonlinear modal analysis for this structure w
in several different ways. Firstly, a solution was attempted with the
single lowest frequency mode of the linear system. With the selected
mode, the Lagrangién expansion detailed in Chapter 4 was used to deter-
mine‘;he quadratic and cubic modal coefficients, but due to the
structure having an axis about which it is nearly doubly symmetric and
the mode seiected, the quadratic coefficient is found to be small and
may be neglected in comparison with ‘the cubic term. With this in mind,
an analysis of the forced response of the assumed mode shape was carried
out using an analytic technique for the solution of Duffing's equation
suggested by Stoker (see Appendix 1) and was compared with the solution
of the single mode equation obtained by direct integration in order to
establish how the integration algorithm would produce the jump phenomenon
associated with cubically stiffening structures. Secondly, the modal
equations of motion were integrated using a direct time operator with
three and five selected modes and the geometric noniinearity represented

by both Eulerian and Lagrangian formulations for direct comparison.

.The results of the single mode nonlinear analysis is shown in
Fig.!S.Q*énd is compared with the linear response obtained using the
saﬁe\ggde and those given by Morris at three separate frequencies,

The characteristic 'leaning' of the amplitude frequency curve for
cubically stiffening structure is clearly.visible. Compared with the
linear response, for which there is only one possible amplitude at each
: fofcing frequency, there are, in the nonlinear case, at some forcing

frequencies three possible amplitudes . Of the three amplitude roots

-



obtained analytically, fhe middle-value is unstable and it 1s difficult
to say which of the other two is the most 1;ke1y to occur, The
characteristic jump phenomenon refers to the 'jump' between the high
amplitude and low amplitude branches of the curve as the frequency is
increased. Damping for the single mode problem was 4.4% critical.

The single mode solution reproduces the general characteristics of the
response well, although detailed comparison is difficult because of

the small number of points obtained by Morris.. Comparing analytic and
direct integration solutions of the single mode equation of motion, it
is evident that the numerical technique cannot reproduce the full curve
for the nonlinear response.' As has been previously stated, the

direct integration ‘algorithm will always produce a stable response and,
as expected, converges to the stable branch having the lowest energy
and thus displacement. Nevertheless, it shows that a very good evalua-
tion of the response of a cubically stiffening structure can be made

by direct integration providing the nonlinearity is not too great and
indeed, the  lowest energy solution obtained for frequencies where
multiple amplitudes are possible may reflect physical reality. During
the direct integration process at these frequencies, the amplitude could
be observed moving towards the unstable root, after which it dropped
rapidly to the lower stable branch. One point obtéined by Morris
appears to represent an unstable solution, and it may be therefore,
that he did not wait long enough for the response to settle down. It
may be possible, by some numerical technique, to force the integration
algorithm to produée the higher stable amplitudes, but this must at the

moment be speculative.

Fig. 5.10 represents the results from the multi-mo&e study, the
damping being represented by 47 critical in the first mode and 27
critical in the others, which is equivalent to the damping used by
Morris in his study. Once again, the general features of the response
are well represented, but some further details are added overall. The
~larger amplitude of vertical displacementfof Node 3 over its image
point Node 12‘above a frequency of 6.7 Hz is obtained and is clearly
~shown in the analysis by Morris. This effect, which is a result of
participation by higher frequency modes, cannot be produced by a single

mode solution. Three mode solutions were carried out using modes 1,2,3



and 1,2,4 because mode 3. proved to participate very little in the
response and this substitution provides some interesting changes in
displacement at some frequencies. In general, there was little
difference between results obtained using an Eulerian: representation
of nonlinearity and the coefficient expansion of the Lagrangian formu-
lation. The effect of quadratic coefficients in the modal equations,
whereby a node will not displace the same distance in a negative
direction as in the positive direction, was quite noticeable at some

frequencies and therefore amplitudes at some points are averages.

Comparison of édmputation time for this problem shows the time
saving to be made by using this approximate technique. For a three
mode solution, the evaluation of all necessary modal coefficients for
the Lagrangian expansion of Chapter 4 took 3 secs on the C.D;C.'64OO
and numerical integration of the equations of motion up to a steady
state response, which often required approximately 20 cycles, took
about 10 secs. The same problem analysed using the Eulerian repre-
sentation of geometric nonlinearity took approximately 45 secs for
each frequency point, but it should be noted that the Eulerian formu-
lation for this element type is particularly rapid and one must expect
that most problems would show a greater bias in favour of the Lagrangian
coefficient analysis. An estimate has been made of the computer time
necessary for solution of the unreduced equations of motion by direct
integration and this in excess of 1000 seconds for each point, so that

the saving by the approximate technique is indeed very substantial.

In a subsequent paper, Morris“% has recently carried out a non-
linear analysis of this structure by an approximate, modal technique.
Up to fourteen modes were used without convergence to the response
indicated by direct'integration of the unreduced system being obtained.
The Newmark B algorithm with B = 1/6 (conditioﬁally stable) was used to
integrate the modal equations of motion with the geometric nonlinearity
represented by what appears to be an updated Lagrangian technique.

The solution technique involved direct substitution of the algorithm
into the equéﬁions of motion with matrix inversion at every timestep
and several iterations per step, so that it was eésentially the

solution technique given in Chapter 3 for the unconditionally stable

Newmark algorithm but with the conditionally stable formulation. It



is possible that the timestep used was too large, the iterative cycle
would not break down in this case, butlerrors in the response can grow.
Also it is possible that a' linearisation of the elastic forces during
a timestep was used, which is invalid with the large timesteps taken.
Morris states that results compared well for a few cycles and then
drifted rapidly from the 'exact' result, which may be an indication

of the errors mentioned above. From the results of the study under-
taken here, it is difficult to see why such an analysis should not

have produced accurate results.

5.5 Hyperbolic Cable Net

The hyperbolic cable net Fig. 5.11, was also the subject of an
analysis by Morris. The nodal coordinates and member tensions for .
the structure, given by Morris, are reproduced inTables 5.4 and 5.5,
the cable stiffness parameters being EA = 15,500 kg.f for interior
cables and 40,300 kg.f for boundary cables. ' The'mass of the net is
represented by lumped masses of 0.5 kg at each interior node and
0.03 kg at the boundary nodes, whilst the system is excited by a sinu-
soidally varying load of 4.9 N applied parallel to the z axis at Node

12 for vibrations in the x-z plane (refer to Fig. 5.11).

Once again, the five lowest frequencies of vibration of the
linearised structure and their corresponding mode shapes were found
directly and are given in Table 5.6. In his analysis, Morris found
frequencies of 8.16, 8.8, 9.65; 9.95'and 10.4 Hz, which is in close
agreement with the results of the current study at 8.15, 8.8, 9.65, 9.97
and 10.44 Hz. The frequency spectrum of the structure is such that a
solution of the equations of motion for the fully discretized structure
by a direct time operator of the conditionally stable type would require
a timestep of 0.00025 séc which was considered to produce too greater
computational cost for the frequency response analysis to be carried
out. Morris therefore modified the mass distribution of the structure
to lumped masses of 0.5 kg at'each node, keeping»ﬁhe other parameters
for the net constant, tﬁus admitting a timestep of 0.00125 sec.. -An ‘

. analysis of the modified linear structure showed frequencies of 7.71,

8.57, 9.25, 9.43 and 10.26 Hz in the current study, the lower frequencies



being expected because of the higher -overall mass of the net. Morris
states that the modification of mass distribution has little effect on
the modes of vibration, but comparing the modes of the modified struc-
ture, Table 5.7, with those for the original mass distribution, it is
ppséible to see that though both have similar modes, they occur in a
different order. Nevertheless, it is probable that the response of
the modified structure will be of a similar nature, though points of

interest will occur at different places in the frequency spectrum.

An approximate, modal, nonlinear analysis of the modified
structure was undertaken using firstly, the single lowest frequency-
mode with the forcing frequency varying between 7.5 and 8.2 Hz and
secondly, a multiﬁode study (using 3 selected modes) with the forcing
frequency at 7.7 and 8.05 Hz at which frequencies Morris had obtained
results by direct integration of the unreduced system. Damping used
was again 4% critical in the first mode and 2% critical. in other modes.
The results of this study are shown in Fig. 5.12. The lowest
frequency mode of this structure is also of such a form that the quad-
ratic coefficient of the Lagrangian expansion can be neglected in
comparison with the cubic term, however, considerable difficulty was
found in predicting a frequency at which three roots of the Duffing's
equation solution to the problem could be found analytically, and as
it is felt that this frequency range is very small it is not shown.

The single mode response reproduces well the displacements of the

Node 12 at the two points available for comparison, but cannot show

the interaction of other modes which produces a smaller displacement

of Node 13 at 7.7 Hz than for Node 12. The three mode response shows

. this effect, but cannot produce the same order of difference shown by
direct integration.- At the frequency of 8.05 Hz the results are more
ambiguous. From the single degree of freedom response one can con-
clude that this structure is not very nonlinear in this amplitude range,
a point also made by Morris in his study, and so one might expect linear
and nonlinear results to be similar irn nature. Displacements obtained
from the three mode approximate nonlinear analysis show similar effects
to tﬁe linear analysis, though they of course include the effect of
cubic stiffening, but-are in disagreement with Morris' direct integration

results in regard to the displacement of Node 13. It is possible that



this discrepancy could be resolvéd by the use of further modes. - A
similar analysis was also undertaken for the unmodified structure and
is shown in Fig. 5.13.  The considerably larger displacements are
the expected reflection of the lower overall mass, the nature of the

response, however, remains similar to that of the modified system.

In his later paper on approximate modal analysis of cable net--
works, Morris undertakes the analysis of a hyperbolic.-net of simpler
design, but similar nature, with apparently very good results.
Unfortunately, sufficient data is not given for these results to be
reproduced. However, taking into accountthe discrepancies, the
approximate analysis provides a.reaonsable insight into the response of

this cable net at a major saving in computational effort.

5.6 Conclusion

A numerical technique has been developed for obtaining the
approximate dynamic response of cable structures up to steady state
amplitudes. It has been shown that for most problems a multi-mode
solution is necessary, the response of which can be easily and accurately
obtained using a direct time operator technique, whilst the Lagrangian
expansion for quadratic and cubic modal coefficients has proved rapid
and efficient. The present technique shows encouraging agreement with
results obtained by direct integration, yet offers large savings in

computation time.

Some difficulties have arisen, most noﬁably in the analysis of
the pretensioned string with point or distributed time varying load
when it became necessary to include axial, high frequency modes of
vibration. The inclusion of such high frequency modes has several
disadvantages; firstly, the high natural frequency necessitates a
decrease in timestep for the integration algorithm with a consequent
increase in computatibn time, though this will still be shorter than
for the solution of the unreduced problem provided only a few modes are
used, and secondly, it now becomes necessary to find all modes of the
linear system and to exercise considerable insight when deciding which
high frequency modes should be used. - Since the neglect of these modes

can-in some cases considerably influence the response of the structure,



‘it would be useful to have a method- which could include their effects
more easily. It is possible that the lack of an in plane extensional
mode is also responsible for the discrepancf of results found in the

. hyperbolic cable net prdblem. Hyperbolic membranes have almost
inextensional solutions to normal static loading and in plane modes

are therefore likely to be important.
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- Table 5.1

NODE COORDINATES (cm.)
X Y
1 24.3 =39.1
2 25.0 ~5.9
3 49.9 =34.3
4 49.9 -10.8
5 75.1 -31.3
6 75.3 -13.3
7 100.8 ~30.4
8 100.9 ~14.5
9 125.9 -31.5
10 125.9 -13.3
11 151.3 =34.3
12 151.4 -10.8
13 176.2 =38.7
14 177.7 -6.3
15 201.6 =44.77
16 201.0 -0.5
17 0.9 -44.6
18 0.0 0.0
Coordinates for the Planar Cable.Net
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NEMBER TENSION (kg.f.) EA (kg.f.)
1 30.00 19,400
2 29.67 "
3 29.40 "
4,5 29.19 n
6 29.46 "
7 29,64 "
8 29.91 "
9 30,24 "
10 29.55 "
1 29.46 "
12,13 29.19 "
14 29.40 "
15 29.64 "
16 30,00 "
17-23 2.25 10,500

" Table 5.2 Member Tensions and Stiffnesses for the
Planar Cable Net
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NODE FREQUENCY (Hz)
5.71 8.06 | 10.45 | 11.95 | 12.93
1 -0.325 | —0.326 | -0.546 | 0.175 | -0.563
2 -0.322 | =0.324 | -0.545 | 0.174 | -0.564
3 ~0.476 | =0.205 | -0.149 | ~0.422 | 0.120
4 ~0.477 -0.206  ~0.150 | -0.424 | 0.121
5 ~0.339 | 0.309 | 0.361 | -0.574 | -0.365
6 ~0.337 | 0.310 | 0.362 -0.576 | ~0.368
7 0.007 | 0.617 | -0,001 0.225 | =-0.426
8 0.008 | 0.619 | -0.001 | 0.226 | -0.428
9 0.346 | 0.363 | -0.560 | =0.249 | -0.059
10 0.346 | 0.363 | -0.562 | -0.251 | -0.059
1 0,481 | =0.195 | -0.165 | -0.544 | -0.078
12 0.483 | ~0.196 | ~0.166 | -0.548 | -0.078
13 0.327 | -0.378 | 0.374 | 0.027 | -0.515
14 0.335 | -0.388 | 0.385 | 0.029 | -0.531

" Table 5.3 First Five Modes for the Planar Cable Net
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NODE COORDINATES (cm.)
X Y /
1 -30.0 60.0 11.4
2 0.0 60.0 9.7
3 30.0 60.0 1.6
4 ~60.0 30.0 20.3
5 - =30.0 30.0 15.6
6 60.0 30.0 14.1
7 30.0 30.0 15.8
8 60.0 30.0 20.2
9 ~60.0 0.0 21.4
10 ~30.0 0.0 16.9
11 0.0 0.0 15.5
12 30.0 o.o- 17.2
13 60.0 0.0 21.7
14 -60.0 ~30.0 19.9
15 ~30.0 -30.0 15.4
16 0.0 -30.0 13.9
17 30.0 -30.0 15.6
18 60.0 -30.0 20.2
19 -30.0 . -60.0 11.1
20 0.0 -60.0 9.5
21 30.0 . | =60.0 11.3
22 0.0 ~105.0 0.0
23 0.0 105.0 0.0
24 -105.0 0.0 33.0
25 105.0 0.0 33.0
Table 5.4 Coordinates for the Hyperbolic Cable

Net
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MEMBER TENSION (kg.f.) EA (kg.f.)
1,2 16.3 15,500
3-6 16.4 "
7-12 16.7 "
13-16 16.6 "

17,18 16.4 "
19,20 18.7 "
21-24 18.9 "
25-30 16.5 "
31-34 16.6 "
35,36 16.5 z
37-41 101.0 40,300
42 104.7 "
43-47 103.7 "
48 94,7 "
Table 5.5 Membéf Tensions and Stiffhesseé for the

Hyperbolic Cable Net



NODE FREQUENCY (Hz)
8.15 8.80 9.65 9.97 | 10.44
1 -0.083 | 0.092 | -0.079 [ -0.119 | -0.088
2 | -0.029 | 0.574 | ~0.481 | -0.033 | -0.089
3 0.064 | 0.116 | -0.008 | 0.116 | 0.082
4 -0.135 | 0,032 ~0.076 -0.133 | =0,049
5 -0.276 | 0.251 | 0.126 | -0.526 | -0.579
6 -0.017 | 0.591 | 0.125 | -0.016 | 0.036
7 0.264 | 0.331 | 0.132 | 0.524 | 0.700
8 0.136 | 0,042 | -0.075 | 0.139 | 0,068
9 | -0.613 |-0.005 | ~0.519 | —0.198 | o.644
10 -0.562 | ~0.025 | 0.311 | 0.011 | -0.261
11 0.030 | -0.,006 | 0.659 | -0.007 | =0.010
12 0.603 | 0.017 | 0.282 | -0.017 | 0.248
13 0.625 | 0,023 | =0.538 | 0,223 | ~0.625
14 -0.159 | -0,010 | -0.063 | 0.127 | 0.021
15 -0.332 | ~0.281 | 0.237 | 0.786 | -0.277
16 0.019 | -0.644 | 0,178 | 0.020 | 0.017
'17 0.354 -o.3oé 0.202 | -0.787 | 0.242
18 © 0,151 -0,029 | -0.072 | ~0.128 | -0.025
19 -0.101 | -0.080 | -0.066 | 0.142 | -0.013
20 | 0.006 |-0.656 |-0.501 | 0.041 | 0.059
21 .o;1oo -0.094 | ~0,074 |-0.138 | 0.014

Table 5.6 First Five Modes for the Hyperbolic Cable

Net - 0.03 kg. masses at boundary nodes
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NODE FREQUENCY (Hz)
7.71 8.57 | 9.25 | 9.43 | 10.26
1 0.144 | 0.140 | 0.281 | =0.122 | 0,145
2 0.029 | 0.565 | 0,077 | -0.436 | -0.044
3 | -0.120 | 0.203 | ~0.245 | =0.153 | 0.146
4 0.198 | 0.067 | 0.288 | ~0.119 | -0.086
s 0.286 | 0.232 | 0.552 | 0.186 | =0.458
6 0.018 | 0.534 | 0.035 | 0.180 | 0.021
7 1-0.268 | 0.359 | -0.529 | 0.129 | 0.528
8 | -0.196 | 0.112 | -0.274 | -0.149 | 0.107
9 0.548 | -0,001 | 0.112 | =0.498 | 0.692
10 0.481 | —0.042 | 0.013 | 0.310 | =0.112
11 | -0.024 | -0.019 | -0,023 | 0.592 | -0.010
12 | -0.517 | 0.013 | =0,037 | 0.295 | 0.098
13 | =0.557 | 0.043 | -0.085 | =0.512 | -0.692
14 0.236 | -0.035 | =0.240 | =0.127 | =0.026
15 0.340 | -0.286 | -0.632 | 0.199 | -0.392
16 | =0.023 | -0.592 | -0.060 | 0.164 | 0.026
17 | -0.370 | -0.345 | 0.570 | 0.223 | 0.408
18 - | -0.231 | -0.078 | 0.247 | -0.123 | 0.025
19 0.173 | 0.118 |=0.253 | =0.135 |-0.083
20 | -0.012 | -0.609 |-0.034 | ~-0.585 | 0.016
21 ~0.177 | ~0.158 | 0.249 | -0.129 | 0.084

Taﬁie 5.7 First

Five Modes for the Hyperbolic Cable

Net - 0.5 kg. masses at all nodes
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Fig.51 Modes for the Pretensioned String
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