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Abstract

In this paper we analyze the effects of stochastic resetting on an encounter-
based model of an unbiased run-and-tumble particle (RTP) confined to the
half-line [0, c0) with a partially absorbing wall at x = 0. The RTP tumbles at a
constant rate o between the velocity states v with v > (. Absorption occurs
when the number of collisiogs with the wall (discrete local time) exceeds a ran-
domly generated threshold ¢ with probability distribution W (¢). The extended
RTP model has three state variables, namely, particle position X(7) € [0, c0),
the velocity direction o () € {—1,1}, and the discrete local time L(¢) € N. We
initially assume that only X () and o (¢) reset at a Poisson rate r, whereas L(¢) is
not changed. This implies that resetting is not governed by a renewal process.
We use the stochastic calculus of jump processes to derive an evolution equation
for the joint probability distribution of the triplet (X(¢),o(¢),L(t)). This is then
used to calculate the mean first passage time (MFPT) by performing a discrete
Laplace transform of the evolution equation with respect to the local time. We
thus find that the MFPT’s only dependence on the distribution ¥ is via the
mean local time threshold. We also identify parameter regimes in which the
MFPT is a unimodal function of both the resetting and tumbling rates. Finally,
we consider conditions under which resetting is given by a renewal process
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and show how the MFPT in the presence of local time resetting depends on the
full statistics of W.

Keywords: encounter-based models, run-an-tumble particles,
stochastic resetting

1. Introduction

A classical problem in the theory of diffusion-based search processes is characterising the first
passage time (FPT) to find a target i/ C R? [1]. The latter is typically implemented by supple-
menting the stochastic search process by the stopping condition that the search is terminated
as soon as the particle reaches (is absorbed by) the target boundary 0U. Howeyver, this scenario
oversimplifies what can happen whenever the searcher reaches the target surface. In particu-
lar, a typical surface reaction is unlikely to be instantaneous, instead requiring an alternating
sequence of periods of bulk motion interspersed with local surface interactions before binding
to the surface. In other words, the reactive surface OU is partially adsorbing. The simplest
mathematical implementation of a partially adsorbing surface O/ is to consider a Robin-
type boundary condition with a constant surface reactivity xo. However, modelling surface
adsorption in terms of a constant reactivity x is an idealisation of more realistic surface-based
reactions [2, 3]. This has motivated the development of encounter-based models of diffusion-
mediated adsorption, which assume that the probability of absorption depends upon the amount
of particle-surface contact time [4—6]. The latter is determined by a Brownian functional known
as the boundary local time ¢(¢) [7-9]. Encounter-based models can also be applied to diffusion
in domains with partially absorbing interior traps [10, 11]. In this case, a particle freely enters
and exits a trap, but can only be absorbed within the trapping region, so that the probability of
absorption depends on the particle-trap encounter time. The latter is equivalent to the Brownian
occupation time. There are now a wide range of search-and-capture processes that have been
studied using the encounter-based approach, see the recent review [12]. These include multiple
targets [13, 14], subdiffusive processes [15, 16], diffusion processes with stochastic resetting
[17-19], and non-diffusive processes such as active run-and-tumble particles (RTPs) [20, 21].
In the last example the particle-surface contact time is the amount of time the particle spends
‘stuck’ to the boundary. In the case of a non-sticky boundary, this reduces to the number of
collisions with the boundary (discrete local time). Finally, diffusion through a semi-permeable
membrane can also be generalised using an encounter-based model [22, 23] by formulating
sample paths in terms of so-called snapping out Brownian motion [24].

There are two main features of encounter-based models that underly their wide applicabil-
ity. First, absorption at a surface or within an interior trap is separated from the bulk dynamics
such that the probability of absorption only depends on the particle-target contact time. Second,
an absorption event is identified as the first time that the contact time crosses a randomly gen-
erated threshold. Different models of absorption (Markovian and non-Markovian) then cor-
respond to different choices of the random threshold probability distribution ¥. Markovian
absorption assumes that the probability of absorption over an infinitesimal contact time incre-
ment is independent of the accumulated contact time (memoryless absorption). This corres-
ponds to an exponential density ¥ in the case of a Brownian particle, whereas ¥ is a geo-
metric distribution in the case of a non-sticky RTP [20]. Non-Markovian absorption occurs
when the probability of absorption depends on some internal state of the absorbing substrate
or particle, and activation/deactivation of this state proceeds progressively by repeated particle-
target encounters. A general method for analysing an encounter-based model is to determine
the joint probability density or generalised propagator for a particle’s state (position, velocity
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Figure 1. Sample trajectory of an RTP in the half-line with a partially absorbing wall
at x =0 and subject to position and velocity resetting with o9 = 1. The corresponding
jumps in the discrete local time are also shown. The local time does not reset and thus
counts the number of wall collisions over the time interval [0, z].

etc) and the target contact time. This can be achieved by solving a Robin-like boundary value
problem (BVP) for a constant rate of absorption «(. The constant rg is then reinterpreted as
a Laplace variable z conjugate to the contact time, and the inverse Laplace transform of the
classical solution with respect to z yields the propagator. Performing a ¥-dependent weighted
integration of the propagator with respect to the contact time then determines the marginal
probability density for particle position etc.

In this paper we consider the effects of stochastic resetting in an encounter-based model of
an RTP on the half-line with a partially absorbing (non-sticky) wall. Stochastic resetting is a
canonical example of a non-equilibrium system that is typically returned to its initial state at a
random sequence of times according to a Poisson process with constant rate r. Following the
original example of a Brownian particle that instantaneously resets to its initial position [25—
27], there have been a wide range of generalisations at both the single and multiple particle
levels, see the reviews [28, 29] and references therein. Previous related work on RTPs has
focused on first passage time problems (FTPs) in the case of stochastic resetting and totally
absorbing walls [30-32] or partially absorbing walls without resetting [20, 21, 33-39].). The
extended RTP model developed in this paper has three state variables, namely, particle position
X(#) € |0,00), the velocity direction o (f) € {—1, 1}, and the discrete local time (number of wall
collisions) L(f). We can then distinguish different resetting protocols based on which subset of
variables are reset. In this paper we assume that both X(r) and o () reset to their initial values
xo and o, but allow for the possibility that L(f) does not. This scenario is illustrated in figure 1
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Figure 2. Sample trajectory of an RTP in the half-line with a partially absorbing wall at
x =0 and subject to position, velocity and local time resetting with o9 = 1. The corres-
ponding jumps in the discrete local time are also shown.

for g = +1. As we have previously highlighted for diffusion processes [17, 18], the latter
makes sense when there are contact-dependent changes in the activation/deactivation state of
the wall rather than the particle prior to absorption. In contrast to most studies of stochastic
resetting [28], the resulting resetting protocol is not governed by a renewal process. One way
to recover the renewal property is to assume that the memory trace for absorption is encoded
by an internal state of the particle that varies monotonically with L(f). Resetting the internal
state then effectively resets L(¢). This scenario is illustrated in figure 2.

The structure of the paper is as follows. In section 2 we briefly recap the analysis of the
FTP problem for an RTP with resetting on the half-line in the presence of a totally absorbing
wall and velocity randomisation [30]. The encounter-based model of an RTP for a partially
absorbing wall is then presented in section 3 by formulating run-and-tumble motion in terms
of a triplet of jump processes. These represent, respectively, the resetting of the position and
velocity state to their initial values, reversals in velocity due to tumbling, and reversals follow-
ing wall collisions. (In contrast to velocity randomisation, we assume that the initial velocity
direction is fixed.) The corresponding Chapman—Kolmogorov (CK) equation for the discrete
local time propagator is derived from first principles in appendix A using the stochastic cal-
culus of jump processes. The detailed calculation of the mean FPT (MFPT) for absorption is
carried out in section 4 and appendix B, under the assumption that the local time does not
reset. We find that the MFPT’s only dependence on the local time threshold distribution W is
via the mean threshold. We also identify parameter regimes in which the MFPT is a unimodal
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function of both the resetting and tumbling rates. Finally, in section 5, we consider conditions
under which resetting is given by a renewal process and show how the MFPT in the presence
of local time resetting depends on the full statistics of W.

2. RTP on the half-line with a totally absorbing wall

As apoint of comparison, we begin by briefly reviewing a previous analysis of the FTP problem
for an RTP confined to the half-line x € [0, 00) with a totally absorbing wall at x =0 [30]. The
RTP switches between two constant velocity states v, = v and v_ = —v, v >0, according to
a Poisson process with rate «. Prior to hitting the wall, the position X(#) of the particle at time
t evolves according to the piecewise deterministic equation

dx
e
where o(¢) = £1 is a dichotomous noise process that switches sign at the rate «.. Let py(x, 1)

be the probability density of the RTP at position x € R™ and velocity state o (r) = k. The asso-
ciated differential CK equation is [30]

vo (1), 2.1

opr  Op;

E = VE apq + ap_i, (2261)
Op—1 _ p—1

= v FPa ap_1 +ap;. (2.2b)

This is supplemented by the absorbing boundary condition p;(0,#) = 0. The initial conditions
are taken to be x(0) = xp > 0 and o(0) = 1 with probability p, = 1/2.

Now suppose that the position X(#) is reset to its initial location xj at random times generated
from a Poisson distribution with constant rate r >> 0. Following [30], we also assume that the
discrete state o(¢) is reset to o9 = +1 with probability p+; = 1/2 (velocity randomisation).
The resulting probability density with resetting satisfies the modified CK equation

B O apr+ s (), 23a)
a’;;‘ =vag; —(a+r)p_1+ap +’Szﬁ6<x—xo>, (2.3b)
p1(0,1) =0, (2.3¢)
where S(t) is the survival probability
S(r) = /oop(x, 1) dx (2.4)
and 0
pet) =p1 (50) +poi (1), I (1) = vlpi (1) = poi (x,1)]. 2.5)

If ¥ = inf{z > 0, X(¢) = 0} denotes the FPT for absorption, then Prob[T < #] = 1 — S(¢). The
FPT density is thus given by

0 =-50 0 2.:6)

and the MFPT is

T = /Ootf(t) dr = lim S (s) 2.7
0

s—0
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where S(s) = I e S(1)dt.
The survival probability satisfies the renewal equation [30]

S(t)=e""So (1) + r/oo e Sy (7)S(t—T)dr, (2.3)
0

where So(t) = [ [y~ p(x,7)dx] _ is the survival probability without resetting. The first term on
the right-hand side represents the contribution from survival trajectories that have no resettings,
while the second term sums over the contributions from survival trajectories that last reset at
time ¢ — 7. Laplace transforming the last renewal equation and rearranging implies that

$(s) = So(s+7) _1 1

= ~ —_— (2.9)
1—rSo(s+7) ror1—rSy(s+r)

In [30] the survival probability §o(s) is calculated by solving the Laplace transformed back-
wards CK equation. One finds that

~ 11
So(s) = < + 5~ (vAo(s) = (s + 2a))e o), (2.10)

with

Ao(S)E%\/S(Za—I—S). (2.11)

Substituting into equation (2.9) then yields the result

— 1 1 2 Ao (s+r)xo
S(s)=——+ - als+re . (2.12)
roor | 2asefoGt% — rlyAg (s+r) — (r+ s+ 2a)]
Finally, taking the limit s — O leads to the following expression for the MFPT [30]:
1 2 Ao (r)xo
r=—-4+22 ¢ . (2.13)
roor lr42a—+/rQ2a+r)

3. RTP on the half-line with a partially absorbing wall

Now suppose that there is a partially absorbing wall at x =0. In previous work we used an
encounter-based probabilistic framework to analyse the FPT problem for an RTP in a finite
interval with partially absorbing walls and no resetting [10]. The basic idea of encounter-based
methods is that the probability of absorption depends on the amount of contact time between
the particle and wall [4, 6, 10, 11]. In this section we extend the probabilistic framework to
incorporate stochastic resetting on the half-line. (Resetting generates a finite MFPT on the
half-line, so we can consider this simpler configuration.) In contrast to the standard treatment
based on velocity randomisation, see section 2 and [30], we assume that the position X () and
velocity state o(¢) instantaneously reset to their initial values xy and o with oy fixed.

6
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3.1 Stochastic calculus of run-and-tumble motion away from the wall

We begin by formulating the stochastic dynamics away from the wall in terms of a pair of
independent jump processes, one associated with velocity reversal events due to tumbling and
the other with resetting events. Let 7,,, n > 1, denote the nth time that the RTP reverses direction
and introduce the inter-reversal times 7, = T, — T, with P[r;, € [s,s + ds]] = ae~**ds. The
number of direction reversals occurring in the time interval [0, 7] is given by the Poisson process
N(#) with N(t) = n for T, < t < T,+1. Note that N(¢) is defined to be right-continuous. That s,
N(T,”) =n— 1 whereas N(T,) = n. Similarly, let 7, , n > 1, denote the nth time that the RTP
resets. The corresponding inter reset times 7, = T — T are also exponentially distributed
with P[7,, € [s,s + ds]] = re~"*ds. Hence, we have a second independent Poisson process N(7),
which specifies the number of resets occurring in the time interval [0,7] with N(r) =n for
Tn <t <Tny1. The probability distributions of the two Poisson processes are

PN () = n] = (O”)nif_a P[N(1)=n] =

(rt)" e

PR (3.1

with E[N(#)] = at = Var|[N(¢)] and similarly for N(z).

We now use the pair of Poisson processes to construct an SDE for the pair (X(¢),0(r))
when X () > 0. Jumps in X() only occur due to resetting. As shown elsewhere [40], positional
resetting can be implemented as a jump process with

N(1)

X(t)—xo+/0tva(s)ds+z[xo—X(T,l_”. (3.2)
n=1

Setting =T, and t =T, in equation (3.2) and subtracting the resulting pair of equations

shows that X(7,) = X(T, ) +x0 — X(T, ) = xo which represents instantaneous resetting. The
corresponding SDE is thus

dX (1) =vo (t)dit+ (xo — X (17)) dN (1), (3.3)

where
dN(t) =h(f)dt, h(t)= i §(r—Tx). (3.4)

In contrast to X(z), the discrete state o (¢) jumps at both direction reversal and resetting events
such that

do (t) = [oo— o (t7)] dN(t) — 20 (7 ) dN (1) (3.5)
with
dN (1) = h(r)ds, h(t):ié(t—'ﬁ,). (3.6)

The first term on the right-hand side of equation (3.5) is the analog of the resetting term in
equation (3.3), whereas the second term implements velocity sign reversals at the tumbling
times.
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3.2. Partial absorption and the discrete local time

We now use an encounter-based method to incorporate the effects of a partially absorbing wall
at x=0. First, suppose that the wall is totally reflecting. Let L(#) be the number of collisions
with the wall over the time interval [0,7]. (Note that L(z) is also a right-continuous counting
process but is generally non-Poissonian.) We can then set

L(t):v/05(X(T))dT:/0 > 6(r—S,)dr, (3.7)

n>1

where S, is the time of the nth collision with the wall. Each trajectory of the RTP will typically
yield a different value of L(#), which means that L(z) is itself a stochastic process. Note that
L(t) plays the discrete analog of the local time for Brownian motion [10, 39]. The reflecting
boundary can be incorporated into equation (3.5) by taking

do (1) = [o0— o (t7)] dN (1) — 20 (¢~ ) [dN (¢) 4 dL(1)] (3.8a)
where
dL() =n(r)dr, n(t)=vo(X(1) =D d(t—S5,). (3.8b)
n>1

That is, there is either a spontaneous reversal of direction at a Poisson rate o anywhere in the
bulk domain or a forced reversal due to reflection at the wall.

Given the definition of the discrete local time for an RTP, we can impose a partially absorb-
ing boundary condition by introducing the stopping time condition [10]

fs:inf{z>0:L(z)>Z}, (3.9)
where £ is a random variable with probability distribution
zp(z):zp[?:ey S w)=1. (3.10)
=0
We also have the relations
) 14
xp(z)zp[2>4: Sy =1-3 e (). 3.11)
£/=041 £'=0
and
Y=V (L—-1)—T(0). (3.12)

Note that ¥ is a random variable that specifies the first absorption time, which is identified
with the event that L(7) first exceeds a randomly generated threshold 7. A crucial assumption
is each time X(¢) and o(¢) instantaneously reset to their initial values (xg,09), the local time
L(#) does not change, as shown in figure 1.

For a given threshold function ¥ (¢), the joint probability density for particle position and
the velocity state can be expressed as

ol () dx=P[X(7) € (x,x+dx), o (1) =k, 1 < F]. (3.13)

One consequence of the assumption that L(#) does not reset, is that it is a nondecreasing
stochastic process. Hence, the condition 7 < ¥ is equivalent to the condition L(#) < ¢. This

8
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implies that

Pl (v.0)dx =P [X (1) € (xx+dv), o (1) = k,L(1) <]

=) Y (OPX(1) € (x,x+dx), o (1) =k, L(t) =]
=0

Ei Zpkg xt
/=0 m=0

where Py ¢(x,¢) is the analog of the local time propagator for diffusion [4, 10]. Using the iden-
tity

D )Y g(m)=2 g(m)y f(n) (3.14)
n=0 m=0 m=0 n=m

for arbitrary functions f, g, it follows that
=) W= 1)Py(x,1), (3.15)

with U(—1) = 1.

In a previous paper we derived a CK equations for the local time propagator Py ¢(x,?) in
the absence of stochastic resetting. However, we used a heuristic argument to determine the
local time boundary condition [10]. In appendix A we derive the more general propagator CK
equation with resetting from first principles using the stochastic calculus of jump processes.
The final result is as follows:

OPrelx1) _ —vkiapu (x,1) +a[P_ge(x,1) — Pro(x,1)]

ot a Ox
+ 70 (x — x0) Ok,00S¢ () — Pre (x,1)], (3.16a)
Piop1(0,8)=P_14(0,1), £=0. (3.16b)

for £ >0, k= =+1, x € R, where S, is the marginal probability
Se (1) = / [Pie(x,1) +P_y ¢ (x,1)]dx. (3.17)
0

with S¢(0) = d,0. Differentiating both sides and using equations (3.16a) and (3.16b) shows
that
ds, (¢)
dr

ZV[P]J(O,I)—P_]’@(O,I)]EJ@(O,[). (3.18)

3.3. Discrete Laplace transforms and the geometric distribution

Following [10], suppose that ¥(¢) is the geometric distribution:
T(U-1)=z, p()=(1-2)z" £>0 (3.19)
Equation (3.15) implies that

Pr(x,1) = B (x,2,) Zz“Pkextlxo (3.20)
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withk = +1,and z € [0, 1]. (For the geometric distribution we drop the superscript on p}¥ .) That
is, the probability density py(x, ?) is the discrete Laplace transform of the local time propagator.
Moreover, the Laplace transformed propagator BVP is

amk((?‘t,Z7t> - _Vkaqgké‘z,Z’t) t+a [‘B,l (X,ZJ) - ml (x,Z, t)] ) (321a)

P1(0,z,6) =B 1 (0,z,1). (3.21b)

The boundary condition at x =0 is obtained as follows:
0= ZZZ P, g+1 0 t P,Lg (O,I)]
Zf

=0
:q*EZ%AWm@—mqm@n:émmmm%wﬁqw@ma

£'=1

since P; 9(0,1) = 0. (There cannot be reversal of direction at the boundary until L(¢) > 0.) Note
that the boundary condition can be rewritten as

J(0,z,8) =v[P1(0,z,6) —P_1(0,2,8)] = —k(2)P10,z,7), (3.22)

where

k(z) = . (3.23)

We conclude that the probability density pi(x,7) for an RTP on the half-line satisfying
equations (2.2a) and (2.2b) and the Robin boundary condition

v[pi(0,8) =p—1(0,5)] = —rop1 (0,1) (3.24)

is equivalent to the discrete z-Laplace transform of the discrete local time propagator
Pr.e(x,1) with respect to the discrete local time £. The Laplace variable z is related to xo via
equation (3.23), that is, z = zo = v/ (v + ko).
Assuming that the inverse Laplace transform exists, we can incorporate a more general
probability distribution ¥ (¢) according to
v _ - L-!
pen) = W(l—1)Py(x,1) Z\II — DL, [Py (x,2,1)] (3.25)
£=0

where ]LZ1 denotes the inverse discrete Laplace transform. Finally, note that given a discrete
Laplace transform f{z), the inverse transform is defined by a contour integral on the unit circle
C:

fz)

— 3.26
¢ 2miztt] (3.26)

=177 =
For relatively simple transforms ?(z), we can extract the inverse transform by expanding ?(z)
as a geometric series in z.

As previously highlighted for encounter-based models of diffusion with resetting [17], the
assumption that the discrete local time does not reset is physically motivated by the idea that
when a particle hits a wall it can alter the reactivity of an absorbing substrate. In this case one
would not expect the local time to reset when the particle position resets. An alternative scen-
ario involves the substrate modifying a discrete internal state U/(¢) of the particle that affects

10
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the probability of absorption. More specifically, U () = F(L(z)) with F(0) =0 and F'(¢) >0
for all £ > 0. Hence, U(¢) is a strictly monotonically increasing function of the local time. The
stopping condition for absorption is then taken to be of the form

T:inf{t>0: u(;)>z)}, 3.27)

where { is a random variable with probability density p(u). Since F(a) is strictly monotonic,
we have the equivalent stopping condition

I:inf{t>0;L(z)>Z:F1 (L?)} (3.28)
One major difference from the substrate modification scenario is that one can now plausibly
assume that I/ () and thus L(z) also reset: (X(¢),L(z),0(t)) = (Xo,0,00), see figure 2. (We also
assume that a new random threshold 7 is generated following each resetting.) From a math-
ematical perspective, allowing the local time to reset means that propagator resetting can be
treated as a renewal process. On the other hand, since the local time L(#) is no longer a mono-
tonically increasing function of #, the relationship (3.15) between p? and the propagator breaks

down. In the following section we assume that L(#) does not reset. The alternative scenario will
be considered in section 5.

4. MFPT for generalised absorption without local time resetting

Given the local time propagators Py (x,?) for fixed initial (and resetting) data (xop,00) and
the associated marginal probability S(7), let p¥ (x, 1) be the probability density for a partially
absorbing wall with a prescribed local time threshold function ¥(¢). The corresponding sur-
vival probability is

S‘I’(t):/Ompq'(x,t)dx:zlll(f—I)Sg(t). (4.1)

£=0

If TV denotes the FPT for the given initial data, then Prob[TY < #] = 1 — S¥(¢). The FPT dens-
ity f¥ () = —0SY(t) /Ot and the MFPT is

T‘P::/O tf‘P(t)dtz/O SY()dr=S"(s=0)=> T(l—1)S,(s=0). (4.2)

Note that higher-order moments of the FPT density can also be calculated from §g(s). That
is,
v :=/ 'Y (t)dt:n/ IS (1) de
0 0
d n—1 00 d n—1
—y ~
=n|—— = V-1 —— = . 4.
n( ds) YO, nez:(:) (¢ )( ds) Se(s=0)| (4.3)

In order to determine Eg (s), we perform a double Laplace transform of the propagator
equations (3.16a) and (3.16b) with respect to ¢ and /. Setting

Pr (x,2,8) = / dre™ Y "Z'Piy(x), 0<z<1, (4.4)
0 =0

1
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we obtain the propagator BVP

e RN
=aP_i (x,2,8) + (1 +r& (z,s)) § (x — x0) Ok,00» (4.5a)
‘il (O,Z,S) = Z‘i—l (0,2,5‘)7 (45b)

with x,x9 > 0. and
~ oo e
S(z,s) = / dre™> " 2'So (1) dr. (4.6)
0 =0

Performing a double Laplace transform of equation (3.18) shows that

5&(z,5)—1=v [sfsl (0,2,5) —P_1 (0,2,5)] . 4.7)
Imposing the boundary condition yields
56 (z,8)=1—(1—-2) VB_ (0,z,5). (4.8)

Given the double Laplace transform (~‘5(z,s), the MFPT for the general distribution ¥ can be
expressed as

TWZi\I/(E—l)LZI [é(O,z)}. (4.9)

£=0

This reduces to

r=80.) @.10)

for the geometric distribution W (¢) = z5.

4.1. MFPT 7Y for o9 = 41

The next step is to solve equations (4.5a) and (4.5b). Since both the boundary condition and
the resetting protocol differ from the examples considered in [30], we present the details of
the calculation in appendix A. In addition, given that the velocity resetting protocol is not
symmetric, we consider the cases oy = £1 separately. In the case oy = 1, we find that

- 1
limS(z,s) = ——+

lim ! erir)xo 1 i Z {1 _sz(_r)(r))} , @.11)
with

T (r):= é [H—a:t\/m] (4.12)
such that

0.1, 4.13)
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First suppose that the partially absorbing boundary has a constant rate of absorption «, see the
Robin boundary condition (3.22). Setting z = z(ko) = v/ (v + ko) in equation (4.10) we have
the MFPT

Toy=1 = 15%@ (Z (HO) ,S)

l eBo(r)xo i v+ ko —vI_ (1)
r_(r)

(4.14)

r r K

In the limit k9 — O the wall becomes totally reflecting and 7,,—; — 0. On the other hand, in
the case of a totally absorbing wall, we have

, I« el
Iim 75—y =——+ —
KO)—> 00 r r

4.15)

r+a—/rRa+r)

Note that this result differs from the corresponding MFPT for velocity randomisation, see
equation (2.13). In order to consider a non-geometric threshold distribution ¥ (£), we need to
invert equation (4.11) with respect to z:

~ 1 1 el 1 /170 (r)
lim Sy (s) = —= d
)= o [+ S ()

g €M TT_T_ (r) (1—6,p)

= —74— . [ T ) } . (4.16)
Hence,
Ty = lin(l)z\l/ (0—1)S¥ (s) (4.17)
S— et
Ao(r)xo . oo .
:_l+e [[1 ()Y oY 1)+1]. .18)
r r r_(r)

(Here and in the following we assume that the sum with respect to ¢ is uniformly convergent
so that we can swap the order of summation and the small-s limit.)
Proceeding along similar lines in the case oy = —1 we find that (see appendix A)

~ 1 e 1 Ty(r)—z
i _ ! » 4.19
.v]—r>r(1)6 (2.5) r + rol—z Ty(r)’ (4.19)

with I (r) defined in equation (4.12). Setting z = z(ko) = v/(v + ko) in equation (4.10) now
gives

Topm—l = }gr(l)é (z(ko),$)
_ _% . eAO:)XO %0 (v+ 5(1:)+F(J:’)(r) —v (4.20)
In particular,
lim 7o =4 e “21)

KO)—> 00 r r
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On the other hand, for a non-geometric threshold distribution ¥ (¢), we invert equation (4.19)
with respect to z to give

~ 1 1 et 1 [T, (r)—z
lim S, (s) = —= d
550 e(s) ngWiz“l [ PR 1—2[ Iy (r) ” -

5@ 0 er(r)xg |:F+ (l’) — (1 — (Sg ()):|
— 2 . 4.22
r T 00+ A, () (422)
Equation (4.9) then shows that
7}}3— 1 :}LI%E}I (s)
1, el [[m (1) =13, (= 1)+ T, <r>} Cam
r r 'y (r)

4.2. Parameter dependence of the MFPT

Equations (4.18) and (4.23) determine the MFPT for o = +-1 and a general distribution ¥ (¢).
It can be seen that both of these equations involve the discrete Laplace transform of ¥ (¢),
defined according to

\i(z)zizf\y(ﬁ—l), U(—1)=1. (4.24)
Equations (3.10)(3. 12; ;(;ply that

FO=3 0 =S L) w0 = () (1-1)+1 @2

£=0 £=0

so that

U(z) = W (4.26)
Since (1) = 1, we can use the Leibniz rule to deduce that

im(z—l)zng_@(z):J’(O)Jrl:]E[z]+1. (4.27)

0

We have used the fact that {bv (z) is the moment generating function of the local time threshold.
Using these results, equations (4.18) and (4.23) become

v 1 eM0n 4 (1-T_(r)E[]

Toumt =~ + e : (4.28)
and

v o1 MO () 1B+ Ty (r)

Topem1 = =+ [ e } (4.29)

We conclude that the only dependence of the MFPT on the local time threshold distribution
U(¢) is via the mean E[¢], assuming the latter exists. It follows that the same qualitative beha-
vior is obtained irrespective of whether absorption is Markovian or non-Markovian. Indeed,

14
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40

MFPT

0 1 2 3 4 5 0 2 4 6 8 10
reset rate r tumbling rate a

Figure 3. Plots of the MFPTs Ta\f’):il given by equations (4.28) and (4.29), respectively,
for E[¢] = 1. (a) MFPT as a function of the resetting rate r for «=1. (b) MFPT as
a function of the tumbling rate « for r =0.2. Other parameters are v=1, E[¢] = 1 and
xo = 0.5. (Dashed curves show the corresponding plots in the case of local time resetting
and a Poisson distribution ¢ (¢) with unit mean, see section 5).

we recover equations (4.14) and (4.20) on setting E[¢] = v/ky, which is the mean of the dis-
tribution ¢ (£) = (1 — z0)z§ for zo = v/ (v + ko).

Since the MFPTs are clearly monotonically increasing functions of xy and E[¢], we focus
on their dependence on r and «, see also equations (2.11) and (4.12). In figure 3(a) we show
some example plots of the MFPTs T‘I;::H as functions of the resetting rate r for fixed tumbling
rate o > (0. We observe the usual unimodal variation with » for search processes on the half-
line. Moreover, TC;I:) 1< T(;I:) _, since the particle resets to the velocity state moving towards
(away from) the wall when o¢g = —1 (09 = +1). We also find a non-monotonic dependence on
« for fixed r and oy = 1 with lim,,_,¢ T;I:) _, = 00, see figure 3(b). That is, if the probability of
tumbling approaches zero, then the particle remains in the right-moving state and never hits
the wall. On the other hand, non-monotonicity only occurs for 6y = —1 when r is sufficiently
small. (If resetting events are rare then a non-zero rate of tumbling is needed in order to reverse
trajectories that reflect off the wall without being absorbed.) In addition the MFPT T;I:) __,1s
finite in the limit & — O with r > 0. The dual dependence on r and « is further illustrated by the
contour plots in figure 4. In particular, figure 4(a) indicates that there exists a unique minimum
in the (r, «)-plane when oy = 1. Moreover, we find that this minimum moves towards the origin
as xo increases from zero (not shown). Finally, note that in the limit E[¢] — O we recover
a totally absorbing wall. In this case the MFPT for oy = —1 is a monotonically increasing
function of «, which follows from equation (4.21). The variation of the MFPTs with « for
various values of E[¢] are shown in figure 5.

5. Renewal theory

In the special case of a constant reactivity «y (Robin boundary condition), the survival prob-
ability S(z,#) with z=v/(v+ ko) satisfies a renewal equation of the form (2.8). Within the

15
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0 0.5 1.0 1.5 2.0 25 0 0.5 1.0 1.5 2.0 2.5
reset rate r reset rate r

Figure 4. Contour plots of the MFPTs (a) T:,I(')zl and (b) T;I:):_l in the (r,«)-plane.
Other parameters are v=1 and xo = 0.5.

(b)
u=4
] ----u=3
I u=2
.‘ _— =1
- \ "o
o \
T 1
= AN -7
4 \s__. —————————
R
] u=0
0 : : : : , . . ,
0 2 4 6 8 10 o 2 4 6 8 10
tumbling rate a tumbling rate a

Figure 5. Plots of the MFPTs (a) 7,,_; and (b) 7,.__, given by equations (4.28)

and (4.29), respectively, as a function of c and various mean thresholds y = E[¢]. Other
parameters are v=1, r=0.1 and xo = 0.5.

encounter-based framework, this reflects the fact that for a geometric local time threshold dis-
tribution, the probability of absorption is memoryless. It follows that

Se--tel 1L

ror1—rSy(z,s+r)
This result is independent of whether or not the local time resets. One way to understand
this result is as follows. Suppose that the particle is absorbed at time ¢ following the Mth
collision and let X([0,]) denote the given sample path. If there is a single local time reset at
time 7 € (0,¢) then the probability of absorption is obtained by averaging with respect to the
local time threshold (which is also reset):

(5.1)

E [Ll (7_) < Zl,Lz (t— 7_) _ Z2:| :Zlal(‘r)—l (1 —ZO)ZéZ(t_T) _ (1 _Z)ZM—l

16
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with L;(0) =L,(7) =0 and L;(7) + Ly(t— 7) = M. That is, the probability of absorption
given a trajectory X([0,#]) just depends on the number of collisions, which is independ-
ent of whether or not the local time resets. (This argument breaks down for non-geometric
distributions.)

In the case of a non-geometric distribution ¥ and assuming the local time does not reset,
we have

~ ad ~ 11 1
V)= v(U-DL M S @s) | At ———. (5.2)
o ez—% (- DL [ (Z S)} roor1—r&Y (s+r)

That is, the survival probability for a non-geometric distribution ¥ does not satisfy a renewal
equation. Now suppose that the local time does reset to zero as illustrated in figure 2. The
propagator equations (3.16a) and (3.16b) become
oP t oP t
e (nt) 0P (x,1)

+alPoge(x,1) = Pre(x,1)]

ot Ox
+ 70 (x — x0) Ok,0000,0 — Pr,e (x,1)] (5.3a)
Pio1(0,6) =P_14(0,1), £>0. (5.3b)

In this case the local time propagator satisfies a first renewal equation of the form
t
Ppo(x,1) = e_"P,EOg((x, 1)+ r/ e TPy o(x,t —T)dT. 5.4
' 0

where P() is the propagator in the absence of resetting. The first term on the right-hand side
represents all trajectories that do not undergo any resettings, which occurs with probability
e~ . The second term represents the complementary set of trajectories that reset at least once
with the first reset occurring at time 7. Laplace transforming the renewal equation and rearran-
ging shows that

Py (x,5) = (l + g) 13,((2 (x,5). (5.5)

However, in contrast to position and velocity resetting alone, one cannot simply take p,‘(I’ (x,0) =
> oo ¥ (0 —1)Py ¢(x,1), since L(7) is no longer a monotonically increasing function of time
t. Therefore, following our previous analysis of diffusion processes with resetting [17], we
partition the set of contributing paths according to the number of resettings and, for a given
number of resettings, decomposing the path into time intervals over which L(f) is monotonic-
ally increasing. Let Z, denote the number of resettings in the interval [0, 7] and let ¥ = inf{7 >

0,L() > }. Then

p¥ (x.t)dx = "P[X (1) € [x,x+dx][X(0) =x0, T > 1, Z, = 0]
+re "P[X (1) € [x,x+ dx]|X(0) = x0, T > 1, T, = 1]
+ e PX (1) € [r,x+ ] [X(0) = x0, T> 1, T, =2] + ... (5.6)

That is,
t
pY (x,0) =e "py (x,1) + re*”/ py (x,7)Sy (t—7)dr
0

t 1—T
—l—rze_”/o /0 py (x,7)Sy (t—7)SY (t—7 —71')dr'dr + ..., 5.7

17
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where S(‘)I’ is the survival probability without resetting. Laplace transforming the above equation
and using the convolution theorem shows that

PY (x,5) =Py (%7 +5) + 1Py (x,7+5) S (r+s)
+r21~70(x,r+s)§g’ (r+s)2+... (5.8)

Summing the geometric series thus yields the result

ﬁ(‘)l’ (x,r+s)

~@
X,8) = = . 5.9
P”(xs) 1—rSy (r+s)
Finally, integrating both sides with respect to x yields
~ sy 11 1
(=¥ 1 11 (5.10)
1—rSy (s+7) roor1—rSy (s+r)
for general V. In particular,
1 1 1
) = ——— (5.11)

r ;l—r:S"(‘)I’(r).

We can determine 5‘01’ (s) from the analysis of section 4 and appendix A. First suppose that
oo = 1. Setting r =0 in equation (B.18) gives

o b e e
vAO (z,9) [z T (s)} = e , (5.12)

with I'_ defined in equation (4.12). Moreover, equation (B.19) implies that

560 (z,8) =1— (1 —2)vAg(z,s). (5.13)
Hence,
~ 11—z [T (s)e M@0
S (z,5) = ST [ —a o | (5.14)
Inverting the discrete Laplace transform in z then yields
< e T (s)e Mol .
Spols) =2~ L (yer o Seo—(1=T_(s)) > T ()" 0| , (5.15)
§ n>1
and so
[ (s)e Mok 1 ( 1 ) ¢
Sy (s) =~ — - -1 T_(s)"T(—1)
0 s s I_(s) I_(s) g
1 e—HMo®)x ~
:;—f[l—u—r, (s)) ¥ (I_ (s))}. (5.16)
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Similarly setting » = 0 in equation (B.36) with oy = —1 gives

gBO (sz)
Vv Z

< A Ao(s)x
[1— T (SJ = e olsho (5.17)

with I'; defined in equation (4.12) and (see equation (B.37))

~ 1—
560 (z,5) = 1 — — By (z,5). (5.18)
It follows that
~ 11—z [Ty (s)e Mol
_ 1 1
So(2,9) s s { I'y(s)—z G-19)

Inverting the discrete Laplace transform in z then yields

- K} —Ao(s)x0 _ .
Seo(s) = ‘S’O _ % Soo— (1 —T(s) 1) ;u () ™" 80|, (5.20)
and so
- 1 —Ao(s)x0 1 l
=1 [P0 -0 - DX () v
>0 N\ T
1 e—/\o(‘f)xo -
= - [ ()~ (T () = DT (/T2 ()] (5.21)

Equations (5.11), (5.16) and (5.21) establish that in the case of local time resetting, the
MFPT depends on the full statistics of the threshold distribution as expressed by the discrete
Laplace transform W(z), rather than just the mean threshold E[¢]. A simple example of a non-
geometric distribution with finite moments is the Poisson distribution:

lo—p ~
b (0) = % () = et (5.22)
From equation (4.26) we then have
~ w(z=1) _ 1 ~
U(z) = I i V(z)=1+p. (5.23)

1-1 / Z ’ z—1-
Let

AT, = T;I;P(“) — T;I:)G(M)7 (5.24)
where Wp(p) and W (u) denote the Poisson and geometric distributions, respectively, with
E[¢] = u. Note that A7, > 0 since local time resetting means that the expected time for L(¢) to
cross the threshold / is larger than when L(¢) does not reset, see the dashed curves in figure 3. In
figure 6 we show example contour plots of A7 for fixed = 1. The non-monotonic depend-

ence on r and « can clearly be seen. We also find that the difference between the MFPTs with
and without resetting increases monotonically with the mean p, as shown in figure 7.
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Figure 6. Contour plots of (a) A7,,—1 and (b) A7,,—_1 in the (r, o)-plane. Other para-
meters are v=1, u =1 and xo = 0.5.

AMFPT

0 0.2 0.4 0.6 0.8 1
mean u

Figure 7. Plots of A7, —; and A7,,—_; as a function of p = E[/] for different values
of the tumbling rate c. Other parameters are v=1, r=1 and xop = 0.5.

6. Conclusion

In this paper we combined our previous work on an encounter-based model of diffusion-
mediated surface reactions with resetting [17] and an encounter-based model of an RTP
without resetting [20]. The model of an RTP involves two major differences compared to a
Brownian particle. First, the contact time L(¢) is a discrete random variable that counts the
number of collisions with the (non-sticky) boundary, rather than a Brownian local time. In the
case of the half-line, the latter is defined according to [8, 9]

t

L(7) :Dliml ©(e—X(7))dr. (6.1)

e—0 € 0

Second, the stochastic dynamics is described by a piecewise deterministic differential equation
supplemented by three distinct jump processes, see equations (3.3), (3.8a) and (3.8D). The
jumps represent tumbling, resetting and collision events, respectively. On the other hand, the
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: Robin BVP with resetting I Robin iVP without resetting 1
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Figure 8. Summary diagrams of the encounter-based framework for an RTP on the half-
line with a partially absorbing non-sticky wall and stochastic resetting. (a) Position and
velocity resetting. Solve the Robin BVP with resetting and perform an inverse Laplace
transform to determine the corresponding propagator Py ; where k and £ label the current
velocity state o (¢) and the discrete local time L(t). This then yields p = [ W(¢)Pydl
and the survival probability S¥. (b) Position, velocity and local time resetting. First solve
the Robin BVP without resetting (indicated by the subscript 0) and perform an inverse
Laplace transform to determine the corresponding propagator Py ;0. This then yields
p,\fo = [W(£)Py,,0dl and the survival probability Sy’ without resetting. Finally, use a
renewal equation to determine the survival probability with resetting.

stochastic dynamics of a Brownian particle with resetting on the half-line is described by a
jump-diffusion SDE of the form

dX (1) = V2DdW (1) + (xo — X (t7)) AN (#) +dL(z), (6.2a)
dL(r) = D6 (X (1)) dr, (6.2b)

with W(t) a Brownian motion, D a diffusivity, and N(¢) defined in equation (3.4). Irrespective
of the underlying stochastic process, one of the main steps in the encounter-based framework
is deriving the evolution equation for the local time propagator. One principled way to achieve
this is to use stochastic calculus and a version of 1t6’s lemma as shown in appendix A for the
RTP. (The analogous construction for Brownian motion is carried out in [40].)

The mathematical schemes used in our analysis of an RTP on the half-line with a partially
absorbing boundary and stochastic resetting are summarised in figure 8. In the absence of local
time resetting, we calculated the local time propagator with position and velocity resetting
and used this to determine the survival probability S¥(¢) for a given threshold distribution
W. (The survival probability does not satisfy a renewal equation relating it to the survival
probability without resetting.) On the other hand, in the case where the local time also resets,
we calculated the local time propagator and survival probability without resetting and used a
renewal equation to determine S (¢). We found that the MFPT in the first resetting scenario
only depends on V¥ via the mean local time threshold E[/], whereas in the second resetting
scenario the MFPT depended on the full statistics of W.

There are several possible future directions regarding encounter-based models of RTPs with
resetting. First, we could consider a higher-dimensional model in which the RTP switches
between velocity states in either a discrete number or continuum of different directions [32,
41, 42]. This also raises the possibility of a spatially heterogeneous reactive surface. A second
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extension would be to allow the RTP to temporarily stick to the boundary. As shown in [22] for
an RTP without resetting, the contact time is given by the amount of time the particle is stuck
to the surface, which can be equated with the occupation time of a boundary layer close to the
surface. A third direction would be to go beyond the binary choice regarding the resetting of
the local time L(#). For example, one could consider a more general mechanism for ‘forgetting’
the number of wall collisions such that L(z) is reset independently of X(f) and o(¢). Finally,
there are various sources of delays that have been ignored for the sake of clarity. In particular,
instantaneous resetting is an idealisation of more physically realistic resetting mechanisms that
take into account the finite time a particle needs to return to its initial position or home base
[43—-48]. In the specific case of an RTP one also has to consider delays associated with resetting
the velocity direction. The latter is related to the fact that in real bacterial motion, tumbles are
also not instantaneous—the particle spends a finite time in the tumble mode when it has no
displacement. Tumble durations follow Poisson distribution and at the end of a tumble, the
particle selects its new run direction at random. Although delays will obviously increase the
MEFPT for absorption, they will not affect the encounter-based framework, which separates the
bulk dynamics from what happens at the partially absorbing wall.

Data availability statement

No new data were created or analysed in this study.

Appendix A. Derivation of the CK equation for the discrete local time
propagator

In our previous work [10] we constructed the evolution equation for the discrete local time
propagator without resetting using a heuristic argument. Here we develop a more rigorous
derivation based on the stochastic calculus of jump processes introduced in section 3, and
include the effects of stochastic resetting. Consider the SDE given by equations (3.3), (3.8a)
and (3.8b). Let f be an arbitrary smooth bounded function on R™ x R* x {—1,1}. Applying
1t6’s formula for jump processes we have

df (X (1), L(2),0 (1)) = vo (s) Of (X () L(t),0 (1)) dt
+ [f(X(0) —o (7)) —f(X(1),L(t),0 (t7))] dN (1)
+ (X () ( )+1 —o (7)) —f(X(@),L(t7) ,o(t7))] dL(1)
+ [f(xo,L(t),Uo) —fX(7),L(t7),0(r7))] dN(r). (A.1)
Introducing the empirical measure
Pre (X,1) = 6 (x = X (1)) Or1),60k,0(1) (A2)
for X() € [0,00) and k = £1, we have the identity
S Y | o s b d = O =/XO L0 0). (A3)
£20k==+1

Taking differentials of both sides with respect to ¢ yields

ZZ/ Flx ekap“(“)dx —dF(1). (Ad)

020 k==+1
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Using the generalised It6’s lemma (A.1) and the definition of the empirical measure,

> 8pk14(x,t)
ZZ/ fl b k) —5 —dx

>0k=+1"0
ZVZZ/ kpke (x,1) Ocf(x,£,k) dx

00k=x170

+h(t)z Z/ Pt ()C,l_> [f(x,ﬁ,—k) _f(x7£7k)]d'x
>0k==+1"0

003 [ o () P4 1)~ f-1)
>070

+h()dY > / [0 (x = %0) k0,02, 1.(r) — P (%17 )] (x, €, k) dx. (A.5)

>0k==+1"0

Performing an integration by parts and resumming then gives

> apk,[, (x’t)
ZZ/ Flx k) =5 = d

0>0k=x1"70
=) Z/ Kf (x, £,K) O (1) dx = v >~ >~ kF(0,4,k) pie (0,1)
0>0k=+1"0 >0 k==+1

+h(t)z Z / f(x7€7k) I:p—k,@ (xati) — Pkt (xati)] dx.
>0k=+170

+h(dY Y / f(x.L,k) |:5(xx0)5k,ao/ pe(y,1)dy = pre (x,17) | dx.

£>0k==+1"0 0

+Tl(l‘)z Z / e, k) [p—1,0—1 (%87 ) 6k — p—1,6 (2,87 ) 6, —1 ] dx. (A.6)

020 k=170

Using the identity 7(z) = vd(X(¢)) we can simplify the final term as

Z Z.f((),f’k) [p—1,6-1 (0,67 ) k1 — p—1,6, (0,07) 6 1] -

020 k=1

Since f(x,£,k) and f(0,¢,k) are arbitrary, it follows that p; satisfies the SPDE (in the weak
sense)

Opx, 9 - a
8]7 = —vkapk,z (6, 0) + 1 (1) [k (5,17) = prce (x,17)]

+E(t) |:5 ()C *)C()) 6/(,00 / pe (y?t) dy — Pkt ()C, ti) ) (A7)
0

supplemented by the boundary condition
pres1 (0,0) =p_10(0,57), £=0. (A.8)

We have set py = p;1 ¢ + p—1,¢. Averaging with respect to both Poisson processes leads to the
CK equations (3.16a) and (3.16D).
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The final step is to take expectations with respect to the Poisson processes N(7) and N(z).
Given some measurable function F(x,0), we have

E[F(X(r),0(t7))dN@)] =E[F(X(r7),0o (")) E[AN(1)], (A.9)
since F(X(t),0(t)) for all t < 7T, only depends on previous jump times. Moreover,

/ZE [AN(s)] = E[N(1) = N(1)] = a(r— 7)s0 that E[dN (1)] = adr.  (A.10)

Similarly, E[dN(s)] = rdt. Hence, taking expectations of equations (A.7) and (A.8) and setting

Pro(x,a,t) =E[pre (x,1)], (A.11)
we obtain the propagator CK equations (3.16a) and (3.16b) together with equation (3.17).
Appendix B. Calculation of the survival probability without local time resetting

In this appendix we solve the Laplace transformed Robin BVP given by equations (4.5a)
and (4.5D) in order to determine the survival probability without local time resetting.

B.1. Case op=1

First suppose that o = 1. Equation (4.5a) is then equivalent to the pair of equations

v% + (a—&—s—!—i’)‘i] (x,2,9) —0453—1 (x,2,5)
= (1+ré(z,s))5(x—xo), (B.1)
—VM"‘(OZ‘FS'F")%*I (x,Z,S>_a§31 (x,Z,S):O- (BZ)

Ox

Introduce the Green'’s function G (x,xo;s) with

oG ;

w—i—/\(s)a (x,x0;8) =0 (x—x0), G1(0,x0;5) =0 (B.3)
and

A(s)=Xo(s+7) = M. (B.4)
Solving for G, gives

G1 (x,x055) =e A7) (x—xo), (B.5)
with ©(x) = 1 for x > 0 and zero otherwise. Substituting

~ 1 ~ ~

B (x,2,5) = " (1 +r6 (z7s)) G (x,x0;8) + Q1 (x,z2,5) (B.6)
into equation (B.1) implies that

85 5 <y A >

% +A(5)Q; (x,2,8) = %‘13_1 (x,2,5). (B.7)
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The next step is to substitute the solution (B.6) into (B.2):

OB -1 (x,2,9) = a1l ~ =
i +F )P (x,z,5) = S (1 +rS (z,s)) Gy (x,x0;8) + Q1 (x,2,8) ¢ .
(B.8)

Applying the operator A(s) 4+ 9/0x to both sides and rearranging, we have

azg’%*l (.X7Z,S) 25 (6% =

ST AW B (rze) = (1476 @9) S —x),  (BI)
where

1

A(s):;\/(s+r)(2a+s+r)EAo(err). (B.10)
We have used equation (2.11). It follows that

P (x,2,5) = % (1 +r6 (z,s)) G (x,x0:5) +Q_1 (x,2,5), (B.11)
where

2 3 ~
W—A(s—i—r)zﬂ_l(x,z,s):o,x>0, (B.12)
X
with 9;(0,z,5) = zQ_1(0,z,5) and
2

a—G—AZ(s)G:—é(x—xo), G(0,x0;5) =0. (B.13)

Ox?
The Green’s function has the solution

L) — 1 —A(s)]|x—xo| —A(s)(x+x0)

G x1058) = 55 [e ¢ } (B.14)
whereas

Q1 (x,2,8) =A(z,8) e 2O*, (B.15)

The unknown coefficient A(z,s) = Q 1 (0,z,5) =z~ "9, (x,z,5) will be determined below.
We now substitute for 3_; in equation (B.7) and solve using an integrating factor:

Q1 (62,5) = e, (0,2,5) + A2, S)% / e MO A()rgy,
0
2

1 « ~ X
— Y (148 ) —A($)(x-) [ —AE)=x] _ o=AG0+0)| gy
+2A(s)v3( +7r6(z,5) /Oe e e y

We evaluate each of the integrals as follows.

e—A(s)x _ e—A(s)x

I (ns) = [ e AOEe=Asgy =
o) /o YT TG —A )

If x > x then
Zs (x,5) := /xe*)‘(s)(x*y)e*/\(f)lyfxol
0
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— e~ AE)xg—A()x0 /Xo e(A(SHA(S))ydy—|—e*>‘(x)xeA(f)xo /"e(A(s)fA(s))ydy
0

Xo

- efA(s)(xfx(]) B ef)\(s)fo(s)xo B 2A (S) ef)\(x)(xfxo)
A —A(s)  A(s)+HA(s) A($)? — A(s)?

On the other hand, if x < x¢ then

X —A(s)]x—xo| e—)\(s)x—A(s)xo
T ,5) = e—)\(x)xe—A(x)xo/ e()\(s)—l-A(x))yd _ € _ -
<) 0 IXGTAG AW AG)

Finally,

T (x,5) = /Xe,,\(s)(xfy)efA(s)(yﬂo) dy
0

X —A(s) (x+x —A(s)x—A(s)x
— ef)\(s)xefA(S)Xo/ e(A(‘Y)iA(S))ydy _ e (s) (x+xo) _ e (s) (s)x0 .
0 A(s)=A(s)  Als)—Als)

Combining all of our results leads to the following solution in Laplace space:

Qi(x,2,8) = *Q,(0,2,5) +A(z s)gIl (x,s) + La—z (1 +r6(z s))
)L )L ) v b ZA(S) V3 )

X [Zs (x,8)0(x —x0) + Z<(x,5)0(xg —x) — Za(x,5))] . (B.16)

The final step is to determine the unknown coefficient A(z,s) by plugging in our solutions into
the first-order equation (B.8) for x < xq:

ig & _ —A(xo—x) _ —A(xo4x) _Ax
D T T
«a ae Mg 1 a3 ~ e—Alo—x)  g—Ar—Ax
= —A —Ax S —v ~ 2% B
v (Z’S){Ze T A }+2Av4( +r6(z’s)){ A+ A A+ A
e_A(le‘xO) e—)\x—Axo
TTACA T aCA } (B.17)

Using the identity \(s)?> — A(s)? = a?/v?, we find that all terms in e*** cancel. Equating all

the remaining terms involving the factor e ™" gives
@ @ @ ~
iA , —_—_ | = —— (1 s ) —Ax0. B18
5 (z,9) {z v[/\—A]} 2 +7r6(z,s5) ) e (B.18)
From equation (4.8) we note that
56 (z,5) =1—(1—2)vA(z,s). (B.19)

Using the fact that the particle is eventually absorbed when r > 0 and z < 1, we have

t1_1>r(r>106 (z,0) = Egr(l)SG (z,5) =0. (B.20)
Hence,
. 1

Taking the limit s — O of equation (B.18) then yields equation (4.11).
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B.2. Case o9 = —1

We now follow similar steps to solve the propagator equation CK equation (4.5a) with oy =

—1:

VW +(ats )% (x,z,5) —aBoi (x,2,5) =0,
_va‘ﬁ%(xx’m +(a+s+)P (x,2,5) — aP (x,2,5)

= (1 +r& (z,s)) d(x—xp).
Introduce the Green’s function G_ (x,xo;s) with

0G_ ;
w —A(s) G- (x,x0;8) = = (x — x0) .
Solving for Gy gives

G_ (x,x0;8) = e AD009Q (xg—x), x>0.
Substituting

B_(x,z,5) = !

v

(1 +r& (z,s)) G_i (x,x0;8) +9Q_1 (x,z,5)
into equation (B.23) implies that

8571 (x,2,5)
Ox
Moreover, substituting the solution (B.26) into (B.22):

— )\(S) ﬁfl (X,Z,S) = _%‘ﬁl (X,Z,S).

6‘?31 (x,z,5)
Ox

a1 ~

= { (1 +r& (Z,S)) G_1 (x,x0;5) + Q-1 (x,z,s)}.

+ A ()P (x,2,5)

v (Vv

Applying the operator —\(s) + 9/0x to both sides and rearranging, we have
P (x,z,5)
ox?
and thus
PBi (x,2,5) = % (1 +r6 (z,s)) G (x,x0;5) + Qi (x,2,8),
with G given by equation (B.14) and
Qi (x,2,5) = B(z,5)e 20,

7A(S)2§$1 ()C,Z,S) = 7% (l +ré (Z,S)) 5()67)60),

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

The unknown coefficient B(z,s) satisfies the boundary condition (4.5b) at x =0, that is,

B(z,8) =2PB_1(0,z,5) =2 [ﬁ_l (0,z,5) + % (1 +r& (z,s)) e/\(j)x‘)} .
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We now substitute for ‘33 | in equation (B.27) and solve using an integrating factor:

571 (X,Z,S)
_ Q| (0,2,5) — B(Z’s)% / A )= AG)ygy,
0
L o0& " A6 6 [e=AG) =1l _ o=A0)0+0)] B.33
_T(S)VT +r (Z,S) ; € € —¢ Y. (B.33)

The integral terms can be evaluated along identical lines to the previous case under the trans-
formation Z — Z with Z(\) = Z(—X\) > hence,

Q-1(025) =01 (0,2,5) — B(,9) S T (x,9)

1 o (1 +ré(z,s)) [Z (x,5)0(x — x0) + Z< (x,5)0(x0 — x) — Lo (x,5))] -

XORE
(B.34)

The final step is to determine the unknown coefficient B(z,s) by plugging in our solutions into
the first-order equation (B.28) for x < xo:

1 ~ —A(xg—x —A(xo+x —Ax

o (148 @0)) [A+ A ™) = A= AJe™ ] £ (A= A) B(z,s)e
—Ax Ax

_a —low @6 e

- vB(z,s) [Z ¢ Jrv A+A }

1 a3 e*A(Xo —X) e)\foxn e*A(XJrXO) 6)\X7Ax0 :|

*ﬁ?(”’g(“)){ AA  A-A AtA T a¥A (B.35)

Using the identity A(s)> — A(s)? = a? /v?, we again find that all terms in e*** cancel. Equating
all the remaining terms involving the factor e™ gives
a . a o« ( ~ ) _Ax
—B - | == (1476 0, B.36
~B(zs) {z v[)\+A]] 2 (z,5) ) e (B.36)

From equation (4.8) and the identity 8_(0,z,5) =z 'B(z,s), we have (for initial data
()C(), 71))

-z
Z

56 (z,8) =1— 1=2p (z,5). (B.37)

Again using the fact that the particle is eventually absorbed when r > 0 and z < 1, we have

lim & (z,1) = 1ims6 (2,5) = 0. (B.38)
Hence,
. Z

Taking the limit s — 0 of equation (B.36) then yields equation (4.19).

28



J. Phys. A: Math. Theor. 58 (2025) 125002 P C Bressloff

ORCID iD

Paul C Bressloff (2 https://orcid.org/0000-0002-7714-9853

References

[1] Grebenkov D S, Metzler R and Oshanin G (eds) 2024 Target Search Problems (Springer)
[2] Bartholomew C H 2001 Mechanisms of catalyst deactivation Appl. Catal. A 212 17-60
[3] Filoche M, Grebenkov D S, Andrade J S Jr and Sapoval B 2008 Passivation of irregular surfaces
accessed by diffusion Proc. Natl Acad. Sci. 105 763640
[4] Grebenkov D S 2020 Paradigm shift in diffusion-mediated surface phenomena Phys. Rev. Lett.
125078102
[5] Grebenkov D S 2020 Joint distribution of multiple boundary local times and related first-passage
time problems with multiple targets J. Stat. Mech. 103205
[6] Grebenkov D S 2022 An encounter-based approach for restricted diffusion with a gradient drift J.
Phys. A: Math. Theor. 55 045203
[7] 1t6 K and McKean H P 1963 Brownian motions on a half line. Illinois J. Marh. 7 181-231
[8] 1t6 K and McKean H P 1965 Diffusion Processes and Their Sample Paths (Springer)
[9] McKean H P 1975 Brownian local time Adv. Math. 15 91-111
[10] Bressloff P C 2022 Diffusion-mediated absorption by partially reactive targets: Brownian function-
als and generalized propagators J. Phys. A: Math. Theor. 55 205001
[11] Bressloff P C 2022 Spectral theory of diffusion in partially absorbing media Proc. R. Soc. A
478 20220319
[12] Grebenkov D S 2024 Encounter-based approach to target search problems Target Search Problems
(Springer) pp 77-105
[13] Bressloff P C 2022 The narrow capture problem: an encounter-based approach to partially reactive
targets Phys. Rev. E 105 034141
[14] Grebenkov D S 2022 Statistics of diffusive encounters with a small target: three complementary
approaches J. Stat. Mech. 083205
[15] Bressloff P C 2023 Encounter-based reaction-subdiffusion model I: surface absorption and the local
time propagator J. Phys. A: Math. Theor. 56 435004
[16] Bressloff P C 2023 Encounter-based reaction-subdiffusion model II: partially absorbing traps and
the occupation time propagator J. Phys. A: Math. Theor. 56 435005
[17] Bressloff P C 2022 Diffusion-mediated surface reactions and stochastic resetting J. Phys. A: Math.
Theor. 55 275002
[18] Bressloff P C 2022 Diffusion in a partially absorbing medium with position and occupation time
resetting J. Stat. Mech. 063207
[19] Benkhadaj Z and Grebenkov D S 2022 Encounter-based approach to diffusion with resetting Phys.
Rev. E 106 044121
[20] Bressloff P C 2022 Encounter-based model of a run-and-tumble particle J. Stat. Mech. 113206
[21] Bressloff P C 2023 Encounter-based model of a run-and-tumble particle II: absorption at sticky
boundaries J. Stat. Mech. 043208
[22] Bressloff P C 2022 A probabilistic model of diffusion through a semi-permeable barrier Proc. R.
Soc. A 478 0615
[23] Bressloff P C 2023 Renewal equations for single-particle diffusion through a semi-permeable inter-
face Phys. Rev. E 107 014110
[24] Lejay A 2016 The snapping out Brownian motion Ann. Appl. Probab. 26 172742
[25] Evans M R and Majumdar S N 2011 Diffusion with stochastic resetting Phys. Rev. Lett. 106 160601
[26] Evans M R and Majumdar S N 2011 Diffusion with optimal resetting J. Phys. A Math. Theor.
44 435001
[27] Evans M R and Majumdar S N 2014 Diffusion with resetting in arbitrary spatial dimension J. Phys.
A: Math. Theor. 47 285001
[28] Evans M R, Majumdar S N and Schehr G 2020 Stochastic resetting and applications J. Phys. A:
Math. Theor. 53 193001
[29] Nagar A and Gupta S 2023 Stochastic resetting in interacting particle systems: a review J. Phys. A:
Math. Theor. 56 283001

29


https://orcid.org/0000-0002-7714-9853
https://orcid.org/0000-0002-7714-9853
https://doi.org/10.1016/S0926-860X(00)00843-7
https://doi.org/10.1016/S0926-860X(00)00843-7
https://doi.org/10.1073/pnas.0706915105
https://doi.org/10.1073/pnas.0706915105
https://doi.org/10.1103/PhysRevLett.125.078102
https://doi.org/10.1103/PhysRevLett.125.078102
https://doi.org/10.1088/1742-5468/abb6e4
https://doi.org/10.1088/1751-8121/ac411a
https://doi.org/10.1088/1751-8121/ac411a
https://doi.org/10.1016/0001-8708(75)90102-4
https://doi.org/10.1016/0001-8708(75)90102-4
https://doi.org/10.1088/1751-8121/ac5e75
https://doi.org/10.1088/1751-8121/ac5e75
https://doi.org/10.1098/rspa.2022.0319
https://doi.org/10.1098/rspa.2022.0319
https://doi.org/10.1103/PhysRevE.105.034141
https://doi.org/10.1103/PhysRevE.105.034141
https://doi.org/10.1088/1742-5468/ac85ec
https://doi.org/10.1088/1751-8121/acfcf3
https://doi.org/10.1088/1751-8121/acfcf3
https://doi.org/10.1088/1751-8121/acfcf4
https://doi.org/10.1088/1751-8121/acfcf4
https://doi.org/10.1088/1751-8121/ac6138
https://doi.org/10.1088/1751-8121/ac6138
https://doi.org/10.1088/1742-5468/ac7796
https://doi.org/10.1103/PhysRevE.106.044121
https://doi.org/10.1103/PhysRevE.106.044121
https://doi.org/10.1088/1742-5468/aca0ed
https://doi.org/10.1088/1742-5468/accce2
https://doi.org/10.1098/rspa.2022.0615
https://doi.org/10.1098/rspa.2022.0615
https://doi.org/10.1103/PhysRevE.107.014110
https://doi.org/10.1103/PhysRevE.107.014110
https://doi.org/10.1214/15-AAP1131
https://doi.org/10.1214/15-AAP1131
https://doi.org/10.1103/PhysRevLett.106.160601
https://doi.org/10.1103/PhysRevLett.106.160601
https://doi.org/10.1088/1751-8113/44/43/435001
https://doi.org/10.1088/1751-8113/44/43/435001
https://doi.org/10.1088/1751-8113/47/28/285001
https://doi.org/10.1088/1751-8113/47/28/285001
https://doi.org/10.1088/1751-8121/ab7cfe
https://doi.org/10.1088/1751-8121/ab7cfe
https://doi.org/10.1088/1751-8121/acda6c
https://doi.org/10.1088/1751-8121/acda6c

J. Phys. A: Math. Theor. 58 (2025) 125002 P C Bressloff

[30] Evans M R and Majumdar S N 2018 Run and tumble particle under resetting: a renewal approach
J. Phys. A: Math. Theor. 51 475003

[31] Bressloff P C 2020 Occupation time of a run-and-tumble particle with resetting Phys. Rev. E
102 042135

[32] Santra I, Basu U and Sabhapandit S 2020 Run-and-tumble particles in two dimensions under
stochastic resetting conditions J. Stat. Mech. 113206

[33] Angelani L, Di Lionardo R and Paoluzzi M 2014 First-passage time of run-and-tumble particles
Eur. Phys. J. E 37 59

[34] Angelani L 2015 Run-and-tumble particles, telegrapher’s equation and absorption problems with
partially reflecting boundaries J. Phys. A: Math. Theor. 48 495003

[35] Angelani L 2017 Confined run-and-tumble swimmers in one dimension J. Phys. A: Math. Theor.
50 325601

[36] Angelani L 2023 One-dimensional run-and-tumble motions with generic boundary conditions J.
Phys. A: Math. Theor. 56 455003

[37] Malakar K, Jemseena V, Kundu A, Kumar V, Sabhapandit S, Majumdar S N, Redner S and Dhar A
2018 Steady state, relaxation and first-passage properties of a run-and-tumble particle in one-
dimension J. Stat. Mech. 043215

[38] Demaerel T and Maes C 2018 Active processes in one dimension Phys. Rev. E 97 032604

[39] Singh P and Kundu A 2021 Local time for run and tumble particle Phys. Rev. E 103 042119

[40] Bressloff P C 2024 A generalized Dean-Kawasaki equation for an interacting Brownian gas in a
partially absorbing medium Proc. R. Soc. A 480 20230915

[41] Mori F, Le Doussal P, Majumdar S N and Schehr G 2020 Universal survival probability for a d-
dimensional run-and-tumble particle Phys. Rev. Lett. 124 090603

[42] Santra I, Basu U and Sabhapandit S 2020 Run-and-tumble particles in two-dimensions: marginal
position distributions Phys. Rev. E 101 062120

[43] Pal A, Kusmierz L and Reuveni S 2019 Diffusion with stochastic resetting is invariant to return
speed Phys. Rev. E 100 040101

[44] Pal A, Kusmierz L and Reuveni S 2019 Invariants of motion with stochastic resetting and spacetime
coupled returns New J. Phys. 21 113024

[45] Maso-Puigdellosas A, Campos D and Mendez V 2019 Transport properties of random walks under
stochastic noninstantaneous resetting Phys. Rev. E 100 042104

[46] Bodrova A S and Sokolov I M 2020 Resetting processes with non-instantaneous return Phys. Rev.
E 101 052130

[47] Pal A, Kusmierz L and Reuveni S 2020 Home-range search provides advantage under high uncer-
tainty Phys. Rev. Res. 2 043174

[48] Bressloff P C 2020 Modeling active cellular transport as a directed search process with stochastic
resetting and delays J. Phys. A: Math. Theor. 53 355001

30


https://doi.org/10.1088/1751-8121/aae74e
https://doi.org/10.1088/1751-8121/aae74e
https://doi.org/10.1103/PhysRevE.102.042135
https://doi.org/10.1103/PhysRevE.102.042135
https://doi.org/10.1088/1742-5468/abc7b7
https://doi.org/10.1140/epje/i2014-14059-4
https://doi.org/10.1140/epje/i2014-14059-4
https://doi.org/10.1088/1751-8113/48/49/495003
https://doi.org/10.1088/1751-8113/48/49/495003
https://doi.org/10.1088/1751-8121/aa734c
https://doi.org/10.1088/1751-8121/aa734c
https://doi.org/10.1088/1751-8121/ad009e
https://doi.org/10.1088/1751-8121/ad009e
https://doi.org/10.1088/1742-5468/aab84f
https://doi.org/10.1103/PhysRevE.97.032604
https://doi.org/10.1103/PhysRevE.97.032604
https://doi.org/10.1103/PhysRevE.103.042119
https://doi.org/10.1103/PhysRevE.103.042119
https://doi.org/10.1098/rspa.2023.0915
https://doi.org/10.1098/rspa.2023.0915
https://doi.org/10.1103/PhysRevLett.124.090603
https://doi.org/10.1103/PhysRevLett.124.090603
https://doi.org/10.1103/PhysRevE.101.062120
https://doi.org/10.1103/PhysRevE.101.062120
https://doi.org/10.1103/PhysRevE.100.040101
https://doi.org/10.1103/PhysRevE.100.040101
https://doi.org/10.1088/1367-2630/ab5201
https://doi.org/10.1088/1367-2630/ab5201
https://doi.org/10.1103/PhysRevE.100.042104
https://doi.org/10.1103/PhysRevE.100.042104
https://doi.org/10.1103/PhysRevE.101.052130
https://doi.org/10.1103/PhysRevE.101.052130
https://doi.org/10.1103/PhysRevResearch.2.043174
https://doi.org/10.1103/PhysRevResearch.2.043174
https://doi.org/10.1088/1751-8121/ab9fb7
https://doi.org/10.1088/1751-8121/ab9fb7

	Encounter-based model of a run-and-tumble particle with stochastic resetting
	1. Introduction
	2. RTP on the half-line with a totally absorbing wall
	3. RTP on the half-line with a partially absorbing wall
	3.1. Stochastic calculus of run-and-tumble motion away from the wall
	3.2. Partial absorption and the discrete local time
	3.3. Discrete Laplace transforms and the geometric distribution

	4. MFPT for generalised absorption without local time resetting
	4.1. MFPT τΨ for σ0 = pm1
	4.2. Parameter dependence of the MFPT

	5. Renewal theory
	6. Conclusion
	Appendix A. Derivation of the CK equation for the discrete local time propagator
	Appendix B. Calculation of the survival probability without local time resetting
	B.1. Case σ0=1
	B.2. Case σ0 = -1

	References


