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Abstract

It has increasingly been recognised that verifi-
cation can contribute to the validation and de-
bugging of neural networks before deployment,
particularly in safety-critical areas. While
progress has been made in the area of verifi-
cation of neural networks, present techniques
still do not scale to large ReLU-based neural
networks used in many applications. In this
paper we show that considerable progress can
be made by employing Parametric ReLU ac-
tivation functions in lieu of plain ReLU func-
tions. We give training procedures that pro-
duce networks which achieve one order of mag-
nitude gain in verification overheads and 30-
100% fewer timeouts with VeriNet, a SoA Sym-
bolic Interval Propagation-based verification
toolkit, while not compromising the resulting
accuracy. Furthermore, we show that adver-
sarial training combined with our approach im-
proves certified robustness up to 36% compared
to adversarial training performed on baseline
ReLU networks.

1 Introduction

Deep Neural Networks (DNNs) are significantly con-
tributing to several innovations in AI, ranging from com-
puter vision and speech recognition to natural language
processing and beyond [14]. As a result, DNNs are in-
creasingly considered for a wider set of applications, in-
cluding safety-critical ones [25, 12]. However, using neu-
ral networks in safety-critical systems requires them to
undergo verification and validation efforts in ways that
are similar to common practice in software deployment
in safety-critical systems.
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Figure 1: Overview of the proposed contribution. Top: Re-
laxing ReLU functions produces large over-approximations
(blue) of the exact output-reachable set (grey) of a DNN;
this may yield inconclusive verification results. Bottom: We
combine PReLUs with dedicated regularisers to train net-
works that can be relaxed more succinctly, thus improving
the performance of verification.

The area of Verification of Neural Networks (VNN) is
concerned with the development of methods and tools
for verifying the robustness of neural networks against
input perturbations. While the key verification problem
is NP-complete in general [22], several scalable verifi-
cation frameworks have been proposed in recent years
that can handle a wide variety of network architectures
and properties [1, 10, 3, 5, 6, 9, 16, 17, 19, 22, 23,
24, 39, 40, 41, 43, 45]. Special attention has been de-
voted to the verification of DNNs using ReLU activa-
tions, given their prominence in Deep Learning. In this
context, approaches based on Symbolic Interval Propa-
gation (SIP) [43, 39, 45, 17] are among the top perform-
ing, as witnessed in the Verification of Neural Networks
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Competition 2021 (VNN-COMP21) [2].
Given a DNN and an input to be analysed, SIP-

based verifiers typically operate in two steps. First, the
network activation functions are abstracted into more
computationally tractable functions. This operation is
commonly realised via linear relaxations that approx-
imate non-linear behaviours by means of linear mod-
els [10, 43, 39]. Then, Symbolic Interval Propagation is
used to compute an over-approximation of the output-
reachable space generated by the DNN for the input un-
der analysis. The method guarantees by construction
that if the over-approximated computation satisfies the
property in question, so does the original model. How-
ever, due to over-approximation it is possible that no
conclusion can be reached on the query (Figure 1, top).

The approach sketched above offers benefits in terms
of scalability; but its precision, and hence its ability
to solve verification queries, is directly impacted by
the over-approximation error introduced by linear relax-
ations. Considerable efforts have been put into design-
ing more precise approximations; recent developments
include [4, 11, 37, 27]. While these advances cannot
match the scalability of SIP on linear relaxations, and
SIP does remain the most performing verification tech-
nique, even SIP cannot scale to the large models used
in applications. Scalability thus remains one of the key
issues to be solved in DNN verification.

This paper. In this paper we show that careful de-
sign choices for the DNN can lead to at least one order
of magnitude speed-up in SIP-based verifiability. Most
importantly we show that these gains need not impact
the learning abilities of the classifier, nor their result-
ing accuracy and robustness. Indeed, verifiability and
robustness of neural networks have been shown to be or-
thogonal properties [30, 38]; a network may be easy to
verify without being robust and vice versa. The main
focus of this paper is the former; we aim to develop net-
works that are easy to verify. However, we also show em-
pirically that our approach can be combined with adver-
sarial training to produce networks that are more robust
in § 4. Specifically, in this paper we make the following
contributions:

• We consider DNNs using ReLU, Leaky ReLU and
Parametric ReLU activations. We study the over-
approximation induced by their linear relaxations
and its impact on DNN verifiability, both theoreti-
cally (cf § 3) and empirically (cf § 4).

• We identify Parametric ReLU as a promising can-
didate to generate verification-friendly DNNs and
propose regularisation techniques to improve verifi-
ability (cf § 3).

• We evaluate the proposed learning pipeline and
compare the experimental results obtained against
ReLU stability [48] and network pruning [15] ap-
proaches, showing up to 20x speed-up with 38%
fewer timeouts for larger networks (cf § 4).

• We conclude by illustrating how the method can be
further integrated with adversarial training to im-

prove certified robustness of our networks up to 36%
compared to similarly trained ReLU architectures,
while keeping accuracy and verifiability high.

2 Background

Neural Networks. We consider Feed-Forward Neural
Networks (FFNN) composed of an input layer, multiple
hidden layers and an output layer. Each layer applies
an affine transformation on the outputs from previous
layers, followed by an element-wise application of an ac-
tivation function σ : R → R. The resulting compu-
tational model associated with the layer-by-layer trans-
formations is referred to as an FFNN and denoted as
N : Rm → Rn. In the following we use superscripts to
indicate layer numbers and subscripts to indicate posi-
tion in a layer, so hik indicates the hidden node in layer i,
position k. For more information about neural networks
see [14].

The Verification Problem. Formal verification
of neural networks considers establishing whether some
constraints on the network’s output are satisfied for all
inputs satisfying some input constraints.

Definition 1 (Verification Problem). Given an FFNN
N : Rm → Rn, a set of input constraints ψx, and a set
of output constraints ψy, the verification problem is to
establish whether N(x) satisfies ψy for all x satisfying
ψx.

Verification has been shown to be NP-complete for
piecewise linear networks [22]. Widely adopted scalable
approaches to the verification problems proceed as fol-
lows: (i) create a relaxation of the network; (ii) attempt
to solve the verification problem wrt to the relaxation;
(iii) if the problem cannot be solved due to the coarse-
ness of the relaxation, refine the relaxation and repeat
from step (i). Due to the importance in the rest of the
paper, in the following we recall the key details of these
steps in the context of Symbolic Interval Propagation
(SIP), a widely used approach to the problem [43, 39].

Step (i): Relaxations. SIP utilises linear relax-
ations of activation functions for computational effi-
ciency. These relaxations consist of linear lower and
upper bounding equations such that the activation func-
tion is contained between these bounds. Some commonly
used relaxations are depicted in Figure 2 and discussed
in more detail in § 3.

Definition 2 (Linear Relaxation). Let σ : [l, u]→ R be
an activation function with l, u ∈ R. A linear relaxation
is a tuple (rlow, rup), such that rlow, rup : R → R are
linear and rlow(z) ≤ σ(z) ≤ rup(z) for all z ∈ [l, u].

The bounds [l, u] necessary to calculate the relaxations
are typically obtained via SIP [43].

Step (ii): SIP-based Verification. To solve the
verification problem, SIP-based algorithms propagate
bounding-equations on a layer-by-layer basis through the
network using linear relaxations for activation functions.
Several variations of SIP exist in literature, Standard-
SIP (SSIP) [44, 43], Error-based SIP (ESIP) [16] and
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Reversed-SIP (RSIP) [39, 17] are among the most com-
mon. In this paper, we focus on SSIP for ease of exposi-
tion but the same conclusions can be drawn by applying
other methods. We refer to [43] for more details on SSIP.

SSIP takes as input an FFNN N : Rm → Rn and a set
of constraints ψx on the network’s input variables. The
algorithm is initialised with bounding equations for the
input layer which are propagated on a layer-by-layer ba-
sis through the network. For each node hik, SIP produces
a linear lower and upper bounding equation eqik,low(x)

and eqik,up(x) such that eqik,low(x) ≤ hik(x) ≤ eqik,up(x)

where hik(x) is the value attained by hik for an input x.
Propagating the bounding equations through affine

layers is straight-forward using simple interval arith-
metic. The operations is sound, so if the bounds from
the previous layer are valid, then the bounds after prop-
agation through the affine layer are also valid. More-
over, the operation is exact, so if eqi−1k,low(x) = hi−1k (x) =

eqi−1k,up(x) for all k, then eqik,low(x) = hik(x) = eqik,up(x);
thus, no overestimation is introduced at this point of
SIP.

In contrast to affine layers, propagating the bounds
through non-linear activation functions is not triv-
ial. Typically, this step is handled by linear relax-
ations of the activation functions. The lower bounds
are propagated through the activation function by ap-
plying the relaxation’s lower bound and, respectively,
the upper bound by applying the relaxation’s upper
bound. So, eqit,low(x) = rlow(eqi−1t,low(x)) and eqit,up(x) =

rup(eq
i−1
t,up(x)). The resulting bounds are sound; how-

ever, the operation is not exact and does introduce over-
estimation to the resulting bounds.

SIP-based algorithms utilise the bounds produced by
SIP in an attempt to solve the verification problem. The
bounds can often be applied directly; e.g. we can deter-
mine whether one output is larger than all other outputs
by evaluating whether the output’s lower bound is larger
than all other upper bounds for all inputs satisfying ψx.

Step (iii): Branch and Bound Refinement. The
SIP-based approach as described above may not produce
a solution due to the overestimation introduced by lin-
early relaxing the activation functions. To reduce the
overestimation, verification algorithms often implement
Branch-and-Bound (BaB) based refinement procedures
(see e.g. [45, 17, 16, 6]). For piecewise-linear networks
such procedures may be complete (i.e. the correct so-
lution can always be determined in a finite number of
steps). However, since the worst-case complexity of BaB
is exponential in the number of nodes, reducing the num-
ber of refinement steps is crucial. As such, minimising
the overestimation introduced by the relaxations is es-
sential for efficient resolution.

3 Verification-friendly Networks via
PReLUs

In this section we show that activation functions closely
related to ReLUs may provide advantages from a veri-
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Figure 2: Over-approximation areas (red) for ReLU and
Parametric ReLU using triangle (2a,2b) and parallel (2c,2d)
relaxations.

fication perspective. We study later how these do not
need to incur a cost in terms of accuracy.

Relaxations and verification. As discussed in the
previous section, relaxation techniques play an impor-
tant role in enabling the verification of large DNN mod-
els. When evaluating the advantages of a relaxation, two
key criteria need to be taken into account: the precision
of a relaxation, i.e., how closely it approximates the orig-
inal activation, and the computational effort required to
reason on the relaxed model.

Very precise relaxations have been proposed in the
context of, e.g., SDP [4, 11, 37]; however, verifying
such relaxations typically requires expensive procedures
which hardly scale to large models at present. On the
contrary, while linear relaxations are generally less pre-
cise, very efficient methods based on interval propagation
can be used to solve the verification problem for large,
high-dimensional DNNs [19].

Unfortunately the reduced computational burden of
linear relaxations comes at a price: if the relaxations are
too coarse, verification results may be inconclusive. The
literature on verification of DNNs mostly considers two
types of linear relaxations for ReLUs: the triangle [39]
and the parallel [43] relaxations. While both lineari-
sation schemes yield notable computational gains, they
also introduce a significant over-approximation error as
shown in Fig. 2a and 2c.

We show below that slight changes in the DNN acti-
vation functions may result in considerable gains from a
verification perspective without any impact on learning.

In particular, we validate this hypothesis by analysing
the case of Parametric ReLUs (PReLUs). PReLUs have
been shown to advantageous in terms of accuracy over
plain ReLUs at negligible extra computational cost [49].
Crucially, we observe that verifying PReLUs may result
in smaller over-approximations via linear relaxations (see
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Fig. 2b and 2d).

Proposition 1. Consider a piecewise linear function de-
fined as

y =

{
α · x if x < 0

x if x ≥ 0

for α ∈ [0, 1]. The over-approximation area induced by
the triangle relaxation on this function decreases with
(1− α) for increasing α.

Proof. Given bounds l < 0 < u, the over-approximation
area induced by the triangle relaxation on the function is
u·(1−α)·(u−l)

2 . By construction we have α ∈ [0, 1], which
gives the result.

Corollary 1. The over-approximation area resulting
from the triangle relaxation of a single PReLU neuron
is smaller than that obtained for ReLU, given the same
pre-activation bounds l, u.

While Proposition 1 and Corollary 1 have been stated
for triangle relaxations only, we show in the Appendix
that the same results apply to other commonly used lin-
ear relaxation schemes.

Corollary 1 shows that replacing ReLUs with PRe-
LUs may generally result in smaller relaxations at neuron
level. The example below shows that larger approxima-
tions at single neuron level may result in networks that
cannot be verified via SIP; whereas the corresponding
PReLU variant of the model can easily be verified.

Example 1. Consider the neural network below and
consider the verification query stating that whenever
x ∈ [−1, 1], the network’s output never exceeds 0.75, i.e.,
−1 ≤ x ≤ 1⇒ y < 0.75.

x x

h1

h2

y y

1

1

1

−1

If the hidden nodes h1, h2 are governed by ReLU acti-
vation functions, their corresponding triangle relaxations
are ru(z) = 0.5z + 0.5 and rl(z) = 0. The result-
ing symbolic output bounds are y ≤ 0.5z + 0.5 and
y ≥ −0.5z − 0.5, which yield concrete bounds y ∈ [−1, 1]
for x ∈ [−1, 1]. These bounds are too coarse to con-
clusively show that y < 0.75 for all inputs considered.
It follows that the verification problem cannot be solved
without refinement.

In contrast, consider the same model governed by
PReLU activation functions. For simplicity, assume that
both h1, h2 have leakage coefficient α = 0.5. The corre-
sponding triangle relaxations are ru(z) = 0.75z + 0.25
and rl(z) = 0.5z, yielding symbolic output bounds y ≤
0.25x+0.25 and y ≥ −0.25z−0.25. The concrete bounds
for x ∈ [−1, 1] are now y ∈ [−0.5, 0.5], proving that the
desired property is satisfied. In contrast with the above,

the reduced over-approximation error for PReLU has al-
lowed us to solve the verification query via a single prop-
agation step, thus reducing the overall computational ef-
fort.

As we have observed in the example above, PReLUs
may offer advantages in terms of verifiability over Re-
LUs. However, these gains are heavily dependent on the
leakage coefficient of PReLUs. To see this, consider how
Example 1 would change if PReLUs were to use α = 0.1.
In this case, SIP would produce concrete output bounds
y ∈ [−0.9, 0.9], which would still call for further refine-
ment steps. However, in the following we introduce a
lightweight regularisation technique to alleviate this is-
sue.

Training PReLUs for easier verification. PRe-
LUs have the potential to generate DNNs that more
amenable to SIP-based verification. We have established
that increasing the coefficient of a PReLU may generally
result in smaller over-approximations when linearly re-
laxed. However, standard training procedures typically
adjust these based on a different criterion, i.e., classifi-
cation accuracy, and do not necessarily result in easier-
to-verify networks.

Co-design principles can be applied to ensure that the
full potential of PReLUs is realised, both in terms of
learning and verification. Since Proposition 1 suggests
that higher leakage coefficients for PReLUs may gener-
ally be beneficial for verification, we augment standard
training losses to account for this secondary objective as
follows

L = Ltrain − β · L2(αPReLU ) (1)

where Ltrain is any standard training loss, while the
second term is an L2 loss applied only to the parameters
of the PReLU to encourage steeper slopes for negative
values. The new loss term is weighted by a coefficient
β to make sure that accuracy is not compromised when
training for verifiability. The added loss term requires
that the slopes of the PReLU are clipped to [0, 1] after
each training iteration. This is done to avoid cases where
the slope becomes negative or the PReLU becomes con-
cave.

The effect of this simple modification is that DNNs are
now trained to maximise their accuracy, while making
sure that the resulting DNN is also amenable to SIP-
based verification . Notably, we achieve this result at
negligible extra computational cost, which marks a clear
difference between our proposal and previous work in
the field. We also note that the proposed modification
is orthogonal to, and can be seamlessly integrated with,
other commonly used regularisation techniques. Cru-
cially, we will show in § 4 that our proposal can be used
in conjunction with standard techniques for adversarial
training, ultimately resulting in DNNs that are accurate,
robust and easier to verify.
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4 Experimental Analysis

In this section we validate experimentally the central
tenet of this paper, i.e., that PReLU networks can be
trained to be highly verifiable without any loss in the
resulting accuracy compared to ReLU networks.

We designed three sets of experiments to show that:
(i) PReLUs do indeed result in improved verifiability
when compared to other rectified linear activations; (ii)
our approach is competitive with, and often outperforms,
SoA approaches for training verification-friendly DNNs;
and (iii) it can be seamlessly integrated with adversarial
training techniques to improve robustness of the result-
ing networks. We discuss our approach in the context of
verification friendly learning in § 5.

To allow for a quantitative comparison of verification
gains produced by each method considered, we use the
following metric. For two networks A,B, we calculate
the speed-up verification time for network B over A as
TNA /T

N
B , where TNA is the total time used for verifying

the N fastest cases in network A (correspondingly, TNB
is the time used for the N fastest cases in network B).
Here, N = NA if NA > NB , otherwise N = NB . NA and
NB are the number of cases verified before the timeout
for network A and B respectively. Thus with a longer
timeout we would expect the speed-up to increase for the
networks with the fewest timeouts.

In the following experiments we used VeriNet [16,
17], a leading and publicly available SIP-based veri-
fier [2]. We verified properties for a range of networks
trained on 3 datasets: MNIST [28], CIFAR-10 [26], and
a reduced version of the Tiny ImageNet [29] trained on
50 classes. The size and architecture of the DNNs used
for these experiments are in line with or exceed standard
evaluations in the verification literature. In terms of size,
the MNIST and CIFAR-10 networks are comparable to
those used in VNN-COMP21; the Tiny ImageNet in-
stead has approximately twice as many activation nodes
as the largest architectures used in VNN-COMP21. We
tuned hyper-parameters such that the test-set accuracy
of the resulting DNNs is comparable to that of standard
ReLU networks. Notice, however, that our choice to use
architectures in line with the verification literature lim-
its the accuracy attainable by these networks. Further
details on architectures and training are provided in the
Appendix.

We verified each network against l∞ perturbations
with 5 different radii: {0.01, 0.03, 0.05, 0.07, 0.09} for
MNIST networks and {0.0001, 0.0005, 0.001, 0.005,
0.01} for the CIFAR-10 and Tiny ImageNet networks.
The perturbation type is in line with what is usually
used in literature and the sizes are chosen such that the
smallest perturbation results in mostly robust cases and
the largest mostly not-robust cases. Each set of exper-
iments was repeated 5 times, the mean and standard
deviations are reported for each network. In total, the
experiments consisted of about 27000 verification calls.
Each call used a timeout of 300 seconds for networks
trained on the MNIST and CIFAR-10 datasets and 600

seconds for the Tiny ImageNet dataset. For each set of
experiments, we report statistics on the accuracy of the
networks, as well as the number of robust and non ro-
bust cases, their ratio, the total number of timeouts and
the speed-up achieved.

4.1 Evaluating rectified linear activations

To assess the impact that various rectified linear activa-
tion functions and training methods have on verifiabil-
ity, we here compare six network variations: one network
with ReLU activation functions, two Leaky ReLU net-
works and three networks with PReLU activation func-
tions.

The Leaky ReLU networks used leakage coefficient of
0.01 and 0.20. The PReLU networks were trained with
three β-values to explore the versatility of the approach.
In particular, the first used β = 0, the second used a
β tuned such that the accuracy reached approximately
the same level as the ReLU network and the last used a
β such that the accuracy was slightly below the ReLU
network.

Table 1 shows that Leaky ReLU and standard PReLU
(PReLU with β = 0) networks generally achieved a
slightly higher accuracy than the ReLU network, in line
with [49]. However, note that their performance in terms
verifiability was comparable to the ReLU network. How-
ever, the PReLU networks with β > 0 showed significant
improvements in verification time and reduced number
of timeouts. With the smaller β multiplier (β = 0.1 for
MNIST and CIFAR-10, β = 0.30 for Tiny ImageNet),
the PReLU networks achieved the same accuracy as the
ReLU networks; yet they achieved a verification speed-
up > 10 and the number of timeouts was on average
reduced by 96%, 28% and 41% for the MNIST, CIFAR
and TinyImage networks respectively. Further increas-
ing the β multiplier (β = 0.15 for MNIST and CIFAR-10,
β = 0.40 for Tiny ImageNet) yielded even more signif-
icant speed-ups of > 20 times and 100%, 42% and 51%
fewer timeouts; accuracy, however, was affected in this
case. Overall, we observe that the ratio of robust to
non-robust cases is either stable or increased, indicat-
ing that the added loss term does not affect robustness
dramatically.

Table 1 shows that PReLUs do offer important ad-
vantages in terms of verifiability. Our comparison with
ReLUs and Leaky ReLUs showed that these advantages
can be obtained with little to no impact on the accuracy
of the resulting networks when compared to the ReLU
network.

4.2 Comparison with other approaches

We now compare our approach with two other SoA ap-
proaches resulting in networks that are easier to verify:
training with the ReLU stability loss [48] and weight
pruning [15]. For both approaches, we tuned hyper-
parameters such that resulting accuracy was close to the
PReLU Network with β = 0.15, which epitomises the ac-
curacy vs verifiability trade-off inherent to the problem
we study here. For these experiments we could use only
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Table 1: Evaluation of rectified linear activations.

MNIST FC Accuracy Robust Not Robust Robust Timeouts trelu/t
512 Act. Nodes Mean Sd Mean Sd Mean Sd Ratio Mean Sd Mean Sd

ReLU 98.3% 0.1% 81.0 3.0 32.8 2.9 2.5 11.2 3.4 1.0 0.0
Leaky ReLU (α = 0.01) 98.4% 0.0% 81.4 2.3 30.2 5.2 2.7 13.4 4.0 0.8 0.5
Leaky ReLU (α = 0.20) 98.3% 0.0% 74.6 2.1 41.4 1.0 1.8 9.0 2.0 4.4 3.1
PReLU (β = 0.00) 98.3% 0.1% 81.6 2.6 29.6 3.6 2.8 13.8 1.2 1.0 1.0
PReLU (β = 0.10) 98.1% 0.0% 87.2 2.1 37.4 1.9 2.3 0.4 0.5 26.2 11.2
PReLU (β = 0.15) 98.0% 0.1% 82.6 3.3 42.4 3.3 1.9 0.0 0.0 36.9 16.1

CIFAR-10 Convolutional Accuracy Robust Not Robust Robust Timeouts trelu/t
45 056 Act. Nodes Mean Sd Mean Sd Mean Sd Ratio Mean Sd Mean Sd

ReLU 85.7% 0.4% 40.2 0.7 51.8 2.8 0.8 33.0 3.2 1.0 0.0
Leaky ReLU (α = 0.01) 86.5% 0.2% 41.6 2.0 50.8 2.3 0.8 32.6 1.4 2.3 2.3
Leaky ReLU (α = 0.20) 88.4% 0.2% 42.2 1.9 45.8 1.9 0.9 37.0 0.9 1.1 1.8
PReLU (β = 0.00) 87.5% 0.2% 43.4 1.4 47.0 3.5 0.9 34.6 3.3 2.4 2.8
PReLU (β = 0.10) 86.1% 0.2% 51.0 1.7 50.2 2.6 1.0 23.8 1.9 20.4 5.5
PReLU (β = 0.15) 84.5% 0.2% 51.8 2.1 54.2 4.8 1.0 19.0 3.1 23.9 6.4

Tiny ImageNet (50) ResNet Accuracy Robust Not Robust Robust Timeouts trelu/t
106 496 Act. Nodes Mean Sd Mean Sd Mean Sd Ratio Mean Sd Mean Sd

ReLU 46.0% 0.9% 40.0 1.8 58.4 4.4 0.7 26.6 3.3 1.0 0.0
Leaky ReLU (α = 0.01) 47.0% 0.4% 36.8 1.5 63.4 1.6 0.6 24.8 1.7 3.1 2.4
Leaky ReLU (α = 0.20) 54.6% 0.6% 31.4 2.9 54.2 3.8 0.6 39.4 3.1 0.1 0.0
PReLU (β = 0.00) 51.7% 0.8% 34.0 2.0 58.0 4.4 0.6 33.0 2.9 0.5 0.7
PReLU (β = 0.30) 46.6% 0.6% 47.2 5.0 62.2 5.6 0.8 15.6 2.4 11.9 4.7
PReLU (β = 0.40) 45.4% 1.0% 49.4 5.4 62.6 4.3 0.8 13.0 2.3 20.4 6.7

Table 2: Comparison with SoA.

MNIST FC Accuracy Robust Not Robust Robust Timeouts tPReLU/t
512 Act. Nodes Mean Sd Mean Sd Mean Sd Ratio Mean Sd Mean Sd

PReLU (β = 0.15) 98.0% 0.1% 82.6 3.3 42.4 3.3 1.9 0.0 0.0 1.00 0.00
ReLU Pruning 98.4% 0.1% 78.2 4.6 40.0 2.1 1.9 6.8 2.8 0.06 0.04
ReLU Stability 98.2% 0.1% 103.6 3.2 21.4 3.2 4.8 0.0 0.0 2.76 0.90
ReLU 98.3% 0.1% 81.0 3.0 32.8 2.9 2.5 11.2 3.4 0.03 0.02

CIFAR-10 Convolutional Accuracy Robust Not Robust Robust Timeouts tPReLU/t
45 056 Act. Nodes Mean Sd Mean Sd Mean Sd Ratio Mean Sd Mean Sd

PReLU (β = 0.15) 84.5% 0.2% 51.8 2.1 54.2 4.8 1.0 19.0 3.1 1.00 0.00
ReLU Pruning 83.7% 0.4% 36.6 0.5 57.0 3.3 0.6 31.4 3.4 0.06 0.03
ReLU Stability 84.6% 0.8% 43.6 2.2 50.6 3.7 0.9 30.8 2.9 0.06 0.02
ReLU 85.7% 0.4% 40.2 0.7 51.8 2.8 0.8 33.0 3.2 0.05 0.01

the MNIST and CIFAR-10 dataset since, to the best of
our knowledge, ReLU stability training is not available
for ResNet architectures, as used with the Tiny Ima-
geNet dataset.

Training for stability is done using the loss introduced
in [48]. In order to calculate the bounds used by the
ReLU stability loss, we used improved interval propa-
gation for MNIST networks as per [48]. For the larger
CIFAR-10 networks, however, the same approach could
not be used due to heavy memory and computational
costs, as already reported in [48]. We attempted to re-
place this with the SIP implementation in VeriNet; how-
ever, this resulted in more than 10 hours training time
per epoch (for a total of more than 2000 hours per net-
work). We therefore resorted to the less precise interval
propagation as in the original ReLU stability paper [48].

Verification performance. Table 2 shows that
pruning produces consistent results for both the MNIST

and the CIFAR-10 datasets. Pruning yields some
improvement over the ReLU networks; however, the
PReLU networks achieve a mean speed-up of around 20
times and have 39−100% less timeouts than the pruned
network. The networks trained with the ReLU stability
loss perform extremely well for the small MNIST net-
works. The networks have a larger speed-up, fewer cases
timed out and the robustness increases as indicated by
the robust ratio. However, for the larger CIFAR-10 net-
works where naive interval propagation had to be used,
the PReLU networks were verified about 20 times faster
with 38% fewer timeouts and with a higher robust ratio.
This is as expected, since the naive interval propagation
produces less succinct bounds than the improved version
and the precision of any interval propagation is reduced
for deeper networks.
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4.3 Integration with adversarial
augmentation

We now show that the methods proposed here can also
be combined with adversarial training techniques, thus
producing networks that are accurate, easy to verify but
also robust. To this end, the training procedure used for
the previous experiments was augmented with Fast Gra-
dient Sign Method (FGSM) [13] attacks. During each
training iteration, FGSM is performed for each input
and the corresponding adversarial loss was added to the
original loss of Eq 1.

The results, shown in Table 3, are consistent with the
observations made above. In particular, PReLU net-
works combined with adversarial training outperformed
all other approaches during verification, except for the
MNIST network trained with ReLU stability. Again
this is due to the MNIST ReLU stability network be-
ing trained with a more precise variant of interval prop-
agation, while a more rudimentary variant was used
for larger models to limit the computation overhead.
Furthermore, we observe that the adversarially trained
PReLU networks exhibit higher certified robustness than
their ReLU counterpart (36% increase for MNIST and
30% for CIFAR-10)

In summary, these experiments demonstrate that the
method here described can significantly improve the ver-
ifiability of networks without sacrificing their robustness,
nor accuracy.

5 Related work

Training for verification. The problem of training
networks that are more amenable to verification has been
considered in previous work. For instance, [35] and [21]
proposed methods for training Binarised Neural Net-
works (BNNs) to aid verification via propositional satis-
fiability (SAT) reasoners. This work does however differ
significantly from the present contribution, as all the op-
timisations they propose are only applicable to BNNs.

Closely related to our work is the training for ReLU
stability method proposed in [48]. In this approach
SIP is used during training to estimate lower and up-
per bounds for each ReLU node. The bounds are then
used to formulate a regulariser that promotes stability
of ReLU activations during training. The bounds are
calculated via a refined version of SIP for small net-
works. However, näıve interval propagation is used for
larger networks due to memory and computational re-
quirements of interval propagation. Because of this,
ReLU stability achieves strong results on smaller archi-
tectures in our experiments; however, its benefits dimin-
ish when dealing with larger architectures. On the con-
trary, our approach achieves consistent results across dif-
ferent model sizes.

Pruning has also been considered in [48] and [15] as
a way to ease network verification. Pruning is typically
applied by adding a loss during training that encourages
weight sparsity (weight pruning) or node sparsity (node
pruning). In this work we compared against node prun-

ing as this has a clear parallel to our proposed solution.
While [15] showed that node pruning is particularly effec-
tive for verifiers based on MILP and Satisfiability Mod-
ulo Theory, in our experiments we could not replicate
these gains in the context of SIP based verifiers, which
are presently SoA in NN verification.

Certification approaches. A large body of work
has considered the topic of certifiable robust training of
neural networks. Several approaches use a dedicated loss
function to encourage a smaller Lipschitz constant in the
networks, thereby increasing `2 robustness [31, 20, 42].
Other approaches add a loss term on the bounds cal-
culated by symbolic interval propagation to encourage
tighter bounds during training leading to increased ro-
bustness [32, 33, 47, 46, 50, 38, 34, 36, 18].

Certifiable robust training typically requires computa-
tionally intensive estimations of the Lipschitz constant
or SIP bounds at training time. This is in contrast with
our objective to ease the task of verification, without
requiring significant computational effort. Moreover, ro-
bust training in practice often leads to a significantly re-
duced accuracy (10−50% for a CIFAR-10 network [20]).
This is also in clear contrast with our main goal to train
verification-friendly networks without sacrificing accu-
racy. The differences highlighted above are to be ex-
pected: certifiable robust training aims at improving the
robustness of the networks which is considered to have
a trade-off with accuracy [7]. Finally, [8] studies the ef-
fect parametric activation functions have on empirical
robustness; however, this differs significantly from our
work in that we here focus on formal verifiability; these
two objectives have been shown to be independent as
discussed in [30, 38].

6 Discussion and Conclusions

We put forward a novel method to train DNNs such that
they are accurate, but also easier to verify than stan-
dard ReLU-based architectures. In particular, we anal-
ysed different activation functions of the ReLU family
and discussed the impact that they can have on SIP-
based verification methods. We identified PReLUs as
the most promising activation to generate verification-
friendly networks. This enabled us also to propose
a lightweight regularisation method that leverages the
principle of co-design to achieve our objective. Our ex-
periments with a SoA SIP verifier showed that DNNs
trained by the method here described yield one order of
magnitude reduction in verification overheads and 30-
100% fewer timeouts compared to previous approaches.
Finally, we showed that our proposal can be seamlessly
integrated with adversarial training techniques to im-
prove certified robustness of DNNs up to 36% compared
to similarly trained ReLU architectures. Crucially, these
improvements can be achieved without sacrificing accu-
racy and verifiability. However, our experiments seem
to suggest that there exist an inherent trade-off between
the two properties, which becomes particularly evident
for some hyper-parameter choice. In particular, smaller

7



Table 3: Adversarial augmentation results.

MNIST FC Accuracy Robust Not Robust Robust Timeouts tPReLU/t
512 Act. Nodes Mean Sd Mean Sd Mean Sd Ratio Mean Sd Mean Sd

PReLU (β = 0.15) 98.7% 0.0% 112.0 2.5 12.0 2.5 9.3 1.0 0.0 1.00 0.00
ReLU Pruning 98.9% 0.0% 96.4 2.4 6.8 1.7 14.2 21.8 0.7 0.04 0.01
ReLU Stability 98.7% 0.1% 116.2 2.9 8.8 2.9 13.2 0.0 0.0 11.68 2.23
ReLU 98.9% 0.0% 82.4 1.6 5.4 2.3 15.3 37.2 1.7 0.02 0.01

CIFAR-10 Convolutional Accuracy Robust Not Robust Robust Timeouts tPReLU/t
45 056 Act. Nodes Mean Sd Mean Sd Mean Sd Ratio Mean Sd Mean Sd

PReLU (β = 0.15) 84.8% 0.2% 54.8 2.5 52.2 3.3 1.0 18.0 1.1 1.00 0.00
ReLU Pruning 83.9% 0.4% 41.8 2.2 51.0 1.4 0.8 32.2 1.7 0.05 0.03
ReLU Stability 84.8% 0.9% 46.8 3.7 48.6 2.9 1.0 29.6 2.1 0.05 0.02
ReLU 85.7% 0.3% 42.0 1.4 51.2 1.9 0.8 31.8 3.1 0.05 0.03

β values favour accuracy at the expense of lower robust-
ness while larger values have the opposite effect.

One consideration with our approach is that its appli-
cability is limited to ReLU networks only. This work fo-
cuses on ReLUs as these are the most widely studied ac-
tivation functions in the verification literature. As such,
we believe that improving verifiability of these models
would maximise the impact of this work and would gen-
erate more interest in the verification community. How-
ever, this work also motivates further research into how
results obtained here could be transferred to a wider class
of neural architectures.
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