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Abstract Effective permeability is an essential parameter for describing fluid7

flow through fractured rock masses. This study investigates the ability of clas-8

sical inclusion-based effective medium models (following the work of Sævik et al9

2013) to predict this permeability, which depends on several geometric proper-10

ties of the fractures/networks. This is achieved by comparison of various effective11

medium models, such as the symmetric and asymmetric self-consistent schemes,12

the differential scheme, and Maxwell’s method, with the results of explicit numeri-13

cal simulations of mono- and polydisperse isotropic fracture networks embedded in14

a permeable rock matrix. Comparisons are also made with the Hashin-Shrikman15

bounds, Snow’s model, and Mourzenko’s heuristic model (Mourzenko et al 2011).16

This problem is characterised by two small parameters, the aspect ratio of the17

spheroidal fractures, α, and the ratio between matrix and fracture permeability,18

κ. Two different regimes can be identified, corresponding to α/κ < 1 and α/κ > 1.19

The lower the value of α/κ, the more significant is flow through the matrix. Due20

to differing flow patterns, the dependence of effective permeability on fracture21

density differs in the two regimes. When α/κ ≫ 1, a distinct percolation threshold22

is observed, whereas for α/κ ≪ 1, the matrix is sufficiently transmissive that such23

a transition is not observed.24

The self-consistent effective medium methods show good accuracy for both25

mono- and polydisperse isotropic fracture networks. Mourzenko’s equation is very26

accurate, particularly for monodisperse networks. Finally, it is shown that Snow’s27

model essentially coincides with the Hashin-Shtrikman upper bound.28

Keywords Fracture networks · Permeability · Effective medium models29

1 Introduction30

Most rocks are fractured to one extent or another. Fractures that are more perme-31

able than their host rock can act as preferential (or at least additional) pathways32

for fluid to flow through the rock, which is relevant in several areas of earth science33
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and engineering, e.g., radioactive waste disposal in crystalline rock, exploitation34

of fractured hydrocarbon and geothermal reservoirs, or hydraulic fracturing (Bon-35

net et al 2001; Neuman 2005; Salimzadeh and Khalili 2015; Tsang et al 2015). In36

describing or predicting flow through fractured rock, the effective permeability of37

the rock, comprising rock matrix and a network of fractures, is a crucial parameter38

and may depend on several geometric properties of the fractures/networks, such39

as size, aperture, orientation, and fracture density.40

It is possible to compute this effective permeability by numerically modelling41

flow through discrete fracture networks (DFN) and upscaling the results (e.g.42

Ahmed Elfeel and Geiger 2012; Lang et al 2014). However, this numerical upscal-43

ing is computationally expensive. Considering the fact that the geometric informa-44

tion that is typically available on fracture networks is stochastic in nature, several45

realisations are required to obtain representative values for effective permeability.46

In addition, due to the degree of uncertainty inherent to fracture-network proper-47

ties, one is often interested in quantifying the effect of this uncertainty on effective48

permeability by probing a multi-dimensional parameter space, e.g. when assessing49

the suitability of sites for radioactive waste disposal. Thus, there is a necessity for50

predictive analytical methods.51

A prominent example of a predictive model in three dimensions is the heuris-52

tic equation proposed by Mourzenko et al (2011). It was developed based on a53

vast collection of numerical simulations and theoretical arguments. Sævik et al54

(2013) confirm the accuracy of the method, though it is, per definition, not appli-55

cable at low fracture densities when the background matrix has a non-negligible56

permeability.57

The present work studies inclusion-based effective medium models which treat58

fractures as spheroidal inclusions embedded in a homogeneous and permeable rock59

matrix. Research on the use of such models to predict effective fractured-rock per-60

meability, particularly at high fracture densities with intersecting fractures, has61

advanced rapidly recently (Fokker 2001; Pozdniakov and Tsang 2004; Barthélémy62

2009; Sævik et al 2013, 2014). Following the work of Sævik et al (2013, 2014), the63

suitability and accuracy of some inclusion-based effective medium models are in-64

vestigated here. In addition, the framework of the effective medium theory (EMT)65

is exploited to identify two characteristic regimes, depending on whether the overall66

flow through the rock mass is dominated by the fracture network or by the matrix.67

Due to distinctly differing flow patterns, the dependence of effective permeability68

on fracture density differs in the two regimes.69

The effective permeability expressions obtained from the various effective med-70

ium theories (symmetric and asymmetric self-consistent, differential, Maxwell) are71

applied here to polydisperse fracture networks. Comparisons are also made with72

the Hashin-Shtrikman bounds, Snow’s equation, and Mourzenko’s equation.73

2 Characterisation of fractures and fracture networks74

For the purpose of the effective medium models, a fracture is defined here geo-75

metrically as an oblate spheroidal inclusion within a rock matrix. The two equal76

semi-axis lengths are the fracture radius, R, and the length of the short semi-axis77

is one half of the maximum aperture, i.e. h/2. Then, the aspect ratio, α, of the78
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fracture is79

α =
h

2R
(α ≪ 1) (1)80

Several other conceptual models (e.g. Mourzenko et al 2011), however, define frac-81

tures as flat objects (in this case, discs) with an equivalent aperture, af. These82

two geometrical representations can be related by equating the volumes of a single83

fracture, yielding:84

af =
4

3
Rα (2)85

A fracture set is defined as a group of fractures which share common properties,86

e.g. radius and permeability.The density, ρ, of fracture set i is the number of87

fracture centres, Nf, per volume, i.e.88

ρi =
Nf,i

L3
, (3)89

where L is the length of a finite-sized cubic domain for which the permeability is90

to be determined. Note that, in this study, L > 2R. Let φi be the total volume91

occupied by a fracture set per unit volume of rock mass. Assuming all fractures92

have the same aspect ratio,93

φi =
4

3
παR3

i ρi , φ =
n∑

i

φi , (4)94

where n is the total number of fracture sets. The following definition for fracture95

density is used:96

εi = ρiR
3
i , ε =

n∑

i

εi (5)97

Several other definitions of fracture density have been used in the literature (see,98

e.g., Mourzenko et al 2011; Sævik et al 2014; Li and Li 2015). The one used here99

is common, particularly in the context of effective medium models.100

Each fracture is assigned a permeability, Kf, which may depend on several101

factors including aperture, surface roughness, filling material. The un-modified102

cubic law (Zimmerman and Bodvarsson 1996) is used here, for concreteness, and103

to provide a simple way for readers to relate the order of magnitude of the fractures104

permeability to its geometry:105

Kf =
a2f
12

(6)106

The cubic law is not a prerequisite for using these effective medium methods,107

and other expressions can be used for the permeability of the individual fractures,108

which attempt to account for factors such as roughness and contact areas (Zim-109

merman and Bodvarsson 1996). Moreover, a level of upscaling is inherent in the110

assignment of a “permeability” to the fracture, since the above equation is ob-111

tained by integrating the velocity across the entire aperture of the fracture, after112

which the “fracture” is treated as a locally homogeneous porous medium with a113

locally uniform permeability.114

Finally, κ is the permeability ratio,115

κ =
Km

Kf
(κ ≪ 1) , (7)116
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where Km is the permeability of the background rock matrix. In the context of117

this work, fracture permeability is always several orders of magnitude greater118

than the matrix permeability, i.e. κ is very small; the case of “filled” fractures119

having low permeability is not considered. The ratio, α/κ, between the two small,120

dimensionless parameters will be shown below to be an important characteristic121

of the system.122

3 Upper bounds123

The Hashin-Shtrikman (H–S) bounds are rigorous upper and lower bounds for124

the effective conductivity of a two-component system. In the present context of125

fractured-rock permeability, the lower bound is almost equal to the matrix per-126

meability, and is therefore trivial. The upper bound, however, yields interesting127

and non-trivial information. This upper bound is expressed here for monodisperse,128

isotropic networks as (Zimmerman 1989):129

K+

HS = Kf +
3Kf (Km −Kf) (1− φ)

3Kf + (Km −Kf)φ
(8)130

An early, simple model for the permeability of a fractured rock mass, which is131

only defined when Km = 0, was introduced by Snow (1969) under the assumption132

that the fractures in the domain are infinitely long, and therefore are part of he133

percolating network. His estimate was extended by Oda (1995) to include fractures134

of finite length. The estimate obtained under the assumption that all fractures are135

infinitely long will be referred to hereafter as Snow’s model. In the monodisperse,136

isotropic case, this estimate is137

KSnow =
2

3
ρπR2Kfaf (9)138

Using the definitions for equivalent aperture in Eq. (2) and fracture volume fraction139

in Eq. (4), Eq. (9) can be simplified to140

KSnow =
2

3
φKf (10)141

In order to compare this to the Hashin-Shtrikman upper bound, the H–S bound142

can be evaluated at zero matrix permeability, yielding143

K+

HS =
2φKf

3− φ
. (11)144

Comparison of Eqs. (10) and (11) shows that145

K+

HS =
KSnow

1− (φ/3)
. (12)146

Since the fracture porosity φ is necessarily very small, it follows that Snow’s model147

essentially coincides with the H–S upper bound. This justifies the commonly made,148

but not previously proven, heuristic assumption that Snow’s model gives an “upper149

bound” to the actual permeability.150
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Fig. 1 The parameter β for the dilute-limit solution (see Eq. (13)) plotted as a function of
aspect ratio, α, for various values of the permeability ratio, κ. Here, when α ≪ κ, β does not
depend on aspect ratio. Conversely, when α ≫ κ, β, and hence effective permeability, does
not depend on fracture permeability. Though the latter statement is obviously not correct at
high fracture densities with multiply intersecting fractures, the figure helps demarcate the two
distinctly different regimes α ≪ κ and α ≫ κ.

4 Dilute-limit solution151

The starting point for effective medium models is the calculation of the effect of152

a set of inclusions on the effective property at the dilute limit, i.e. an infinitesi-153

mally small concentration of inclusions (Zimmerman 1989). For randomly oriented154

spheroidal inclusions, this problem has been solved by Fricke (1924):155

K = Km (1 + βφ) (13)156

157

β =
(r − 1)

3
×158

[
4

2 + (r − 1)M
+

1

1 + (r − 1)(1−M)

]
(14)159

160

were K is the effective permeability of the rock mass, r = κ−1, and161

M =
2Θ − sin 2Θ

2 tanΘ sin2 Θ
, where Θ = arccosα . (15)162

For flat spheroids, i.e. when α ≪ 1, M ≈ απ
2 (Sævik et al 2013, 2014) which is163

also a small number, leading to 1−M ≈ 1. Combining these approximations with164

r ≫ 1, Eq. (14) becomes165

β =
4r

3
(
2 + π

2αr
) =

8

3κ
(
4 + πα

κ

) . (16)166



6 Ebigbo et al.

Fig. 1 shows the variation of β with α for various values of κ. The graphs clearly167

show the two asymptotic regimes,168

β =





8

3πα
for α ≫ κ

2

3κ
for α ≪ κ

(17)169

along with the non-linear transition between the two. Note the apparent para-170

dox that, when the aspect ratio is much greater than the permeability ratio, i.e.171

α ≫ κ, the effective permeability does not depend on the fracture permeability!172

This peculiar fact alone highlights the need for effective medium models to extend173

the results to higher fracture densities, in which regime the effect of Kf will even-174

tually appear in the resulting expressions. Nonetheless, Fig. 1 already hints at the175

significance of α/κ as a key parameter in determining effective permeability.176

5 Effective medium models177

The various effective medium models, as derived and presented by Sævik et al178

(2013), are reviewed here. These include the asymmetric and symmetric self-179

consistent methods, the differential method, and Maxwell’s approximation. All180

of the methods are presented below for a finite number of fracture sets, n, and181

their various contributions are summed. However, for a continuous distribution182

of fracture radii, these contributions need to be integrated. In such cases, the183

integration can be performed numerically.184

5.1 Maxwell approximation185

Following Maxwell’s conceptual model, the overall effect of several inclusions on186

the pressure distribution, and hence on permeability (Eq. (13), summed over all187

fracture sets), is equated to the effect of a large sphere of permeability K, repre-188

senting the effective medium embedded in the same background rock matrix as189

the inclusions (see, e.g., Sevostianov 2014; Lutz and Zimmerman 2016). i.e.,190

n∑

i

βiφi = βsphere (18)191

βsphere can be calculated from Eq.(14) with Msphere = 2/3 and rsphere = K/Km.192

Rearranging the above equation yields193

K = Km

(
1 + 2

3

n∑
i

φiβi

)

1− 1
3

n∑
i

φiβi

. (19)194

Inserting the expression for βi (Eq. (16)) for several fracture sets and φi = 4
3παεi,195

one may rewrite the Maxwell equation as196

K −Km =
32

9

(
1

3
K +

2

3
Km

) n∑

i

εi
4κ

πα
+ 1

. (20)197
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198

5.2 Asymmetric self-consistent method199

Starting from the dilute-limit solution (Eq. (13) combined with Eq. (16)) for several200

fracture sets,201

K −Km =

n∑

i

Km
8

3
(
4Km

Kf,i
+ πα

)φi . (21)202

This method attempts to account for the hydraulic influence of the various frac-203

tures on each other by replacing Km on the right-hand side of Eq. (21) by K. By204

also introducing fracture density, εi, in the equation, one obtains205

K −Km =
32

9
K

n∑

i

εi
4K

παKf,i
+ 1

(22)206

which is the form used in Sævik et al (2013). Notice the implicit assumption that207

Kf,i ≫ K in applying Eq. (16) here.208

5.3 Symmetric self-consistent method209

This method is similar to the asymmetric self-consistent method, with the excep-210

tion that the matrix is also represented as a set of inclusions, having spherical211

geometry (Sævik et al 2013, 2014). Although this assumption seems arbitrary, and212

lacking a physical basis, it will be seen below that the predictions of this model are213

surprisingly accurate at low fracture densities. This model leads to the following214

expression (see Sævik et al 2013):215

K −Km =
32

9
(
2

3
K +

1

3
Km)

n∑

i

εi
4K

παKf,i
+ 1

(23)216

5.4 Differential method217

In this approach, fractures are assumed to be added in infinitesimal increments,218

with the result homogenised at each step, so that the (j + 1)th group of fractures219

are embedded in a hypothetical homogeneous medium whose permeability already220

reflects the effect of the first j fracture groups. Although the predictions of the221

differential method depend slightly on the integration path, for cases in which there222

are multiple inclusion sets, a natural integration path can be chosen such that the223

infinitesimal amount of each fracture set added, at each step, is proportional to224

the final proportion of the set’s volume fraction (Sævik et al 2013), i.e.225

(φi/φ)j = (φi/φ)j+1 = φ̂i . (24)226
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The result is the following differential equation for the evolution of the effective227

permeability with fracture porosity (McLaughlin 1977; Zimmerman 1996; Sævik228

et al 2013):229

dK

dφ
= K

n∑

i

βiφ̂i (25)230

In the case of interest, where α and κ are both very small, this equation takes the231

form (see Sævik et al 2013)232

dK

dε
=

32

9
K

n∑

i

ε̂i
4K

παKf,i
+ 1

, (26)233

where ε̂i is defined analogously to φ̂i in Eq. (24). For monodisperse, isotropic234

fracture networks, this differential equation can be integrated to yield (Sævik et al235

2013):236

4

παKf
(K −Km) + ln(K/Km) =

32

9
ε (27)237

6 Heuristic model of Mourzenko et al (2011)238

In addition to the effective medium methods, the equation for prediction of frac-239

ture-network permeability proposed by Mourzenko et al (2011) (see also Bogdanov240

et al 2003, 2007; Mourzenko et al 2005) is included here for comparison. For poly-241

disperse isotropic networks with disc-shaped fractures embedded in a permeable242

medium:243

K = Km +KSnow×244


1−

1

1 + 7
3σ

′−0.7


1− β̂(ρ′ − ρ′c)

2

ρ′
{
1 + β̂ [1− (ρ′ − ρ′c)]

}




 (28)245

246

where KSnow = 2
3ρπ

〈
R2Kfaf

〉
, ρ′ = π2ρ

〈
R3

〉
, ρ′c = 2.41 represents the247

percolation threshold for disc-shaped fractures (Mourzenko et al 2011), and σ′ =248

Kf,max af,max

RmaxKm
(with the subscript max denoting values for the fracture of maximum249

size). Finally, β̂ is a fracture-shape-specific fitting parameter. To date, no β̂ value250

for discs is available, and so the value for hexagons, β̂ = 0.18, given by Mourzenko251

et al (2011) is used here. Eq. (28) has been suggested for use only when ρ′ ≥ 4.252

For monodisperse networks, KSnow reduces to Eq. (9), ρ′ = π2ε, and253

σ′ =
4

3

α

κ
. (29)254
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7 Numerical model and simulations255

The predictions of the various approximate models are now tested against explicit256

numerical simulations. These use the method presented by Lang et al (2014) to257

calculate fractured-rock permeability as implemented in the modelling framework258

CSMP++. The approach works on unstructured finite-element meshes where frac-259

tures are represented explicitly as lower-dimensional objects, i.e. surfaces embed-260

ded in a volumetric domain which represents the host rock. The full permeability261

tensor of the fracture–matrix ensemble is obtained by means of volume averaging262

of the local pressure gradients and fluxes for three independent steady-state flow263

simulations, and the subsequent solution of an overdetermined system of equations.264

Calculating the permeability tensor over a restricted sub-volume (here, 90% of the265

total volume) of the flow model allows the use of arbitrary fracture-network ge-266

ometries that need not be restricted by periodicity or other constraints (for details,267

see Lang et al 2014).268

Each effective-permeability data point represents a statistically averaged value269

(here median) over 20–40 realisations. Of the three eigenvalues of the permeability270

tensor, the mean is calculated as a representative value. Fig. 2 shows examples of271

realisations of fracture networks as used in the simulations to determine perme-272

ability.273

Each of these permeabilities can be corrected for discretisation errors in the274

same way as done by Mourzenko et al (2011). A linear relationship between the275

computed permeability Kδ and the dimensionless discretisation length δ/R is as-276

sumed, where δ is the maximum size of a triangular fracture element.277

K =
Kδ

1 +D
δ

R

(30)278

For each set of simulations, D varies with fracture density and is determined at279

various densities by plotting the computed permeability as a function of δ/R and280

extrapolating down to δ/R = 0 (see Fig. 3).281

To explore the characteristics of the effective medium models, six different282

cases are defined here, each case posing a particular challenge to the prediction283

method. All of the fracture sets are isotropic and contained in a cubic domain with284

side lengths of 100m. See Tab. 1 for a summary. Cases 1 and 2 are monodisperse285

networks. From the dilute-limit solution, it is clear that there is a substantial dif-286

ference in the dependence of effective permeability on fracture density (or volume287

fraction) when the aspect ratio is much less or much greater than the permeabil-288

ity ratio. These two regimes, α ≪ κ and α ≫ κ, are studied in Cases 1 and 2,289

respectively.290

In Case 3, the fracture network comprises two isotropic fracture sets of strongly291

differing fracture radii (and, as such, aperture and permeability). Assuming that292

the relative number of fractures in each of the fracture sets follows a power-law293

distribution (many short fractures and few long fractures) with an exponent of294

np = 3.5, the densities of the fracture sets are linked:295

ρ2 = ρ1

(
R1

R2

)3.5

(31)296
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Table 1 Simulation parameters for Cases 1–6

Parameter Value Comment

Cases 1–6

Km 10−14 m2

L 100m

Case 1 (monodisperse, α ≪ κ)

α 3.75× 10−6
α
κ

= 0.078
κ 4.8× 10−5

R 10m
af 50µm
Kf 2.084× 104 ·Km

δ/R 0.3

Case 2 (monodisperse, α ≫ κ)

α 3.75× 10−5
α
κ

= 78
κ 4.8× 10−7

R 10m
af 500µm
Kf 2.084× 106 ·Km

δ/R 0.3

Case 3 (two fracture sets with different radii)

α 3.75× 10−5

δ/R 0.6

Fracture set 1

κ1 1.2× 10−7 α
κ

= 313
R1 20m
af,1 1000 µm
Kf,1 8.33× 106 ·Km

Fracture set 2

κ2 3× 10−6 α
κ

= 12.5
R2 4m
af,2 200µm
Kf,2 3.33× 105 ·Km

ρ2 = ρ1
(

R1
R2

)3.5
Eq. (31)

Cases 4–6 (continuous power-law distribution of radii)

δ/R 0.6

af =
4
3
Rα Eq. (2)

Kf = a2f /12 Eq. (6)

Maximum and minimum radii are the same as for the
fracture sets 1 and 2, respectively, of Case 3.

np, α







3.5, 3.75× 10−5 Case 4
1.5, 3.75× 10−5 Case 5
1.5, 3.75× 10−6 Case 6
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a) ε = 0.2 b) ε = 0.3

a) ε = 1.0 a) ε = 1.6

Fig. 2 Examples of varyingly dense polydisperse networks of disc-shaped fractures embedded
in a cubic domain, as used in the simulations (from Case 5 in Tab. 1). The colouring shows
fracture aperture which scales with radius in this example. As shown in a), the element size
used for the triangular mesh on the fractures depends on fracture size (see Tab. 1).

Finally, Cases 4–6 consider continuous distributions of fracture radii, using the297

radii of the two fracture sets in Case 3 as the minimum and maximum values for298
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Fig. 3 Example of the dependence of the computed permeability Kδ on spatial discretisation.
Here, D = 0.365, R = 10m, ε = 1.12, K = 130.33Km.

a power-law distribution.299

P (R) =
1− np

R
1−np
max −R

1−np

min

R−np ;300

with np = 3.5 in Case 4,301

np = 1.5 in Cases 5 & 6;302

and 4m ≤ R ≤ 20m .303
304

P (R)dR is the probability of observing fracture radii within [R,R+dR] (see, e.g.,305

Lang et al 2014; Mourzenko et al 2005).306

8 Comparison to numerical data307

A comparison between the various effective medium models, the upper bound(s),308

Mourzenko’s model, and numerical data is achieved here by plotting K/Km as a309

function of ε. For the numerical data, the range between the 5th and 95th per-310

centiles of the 20–40 realisations are shown as a measure of spread in addition to311

the median value (see Fig. 4).312

8.1 Case 1313

As shown in Fig. 4a, all of the effective medium methods, as well as Mourzenko’s314

equation, give accurate predictions for effective permeability in this regime, except315

the Maxwell and symmetric self-consistent methods. Their predictions start to316

deviate from the data when ε > 0.5, each in a different direction. The H–S/Snow317

upper bounds are very close to the actual permeability, which means that almost318

all the fractures within the medium contribute to flow.319

Neither the numerical data nor the approximate models predict a distinct per-320

colation threshold here. Apart from Maxwell’s approximation and the symmetric321



Effective medium models for the permeability of a 3D fractured rock mass 13

 1

 1.1

 1.2

 1.3

 1.4

 1.5

 1.6

 1.7

 1.8

 0  0.5  1  1.5  2  2.5  3

 0  0.001  0.002  0.003  0.004

K
/K

m

Fracture density, ε

Fracture volume fraction, φ [%]

SSC
ASC
Diff.

HS+/Snow
Maxw.
Mourz.

Data

 0

 100

 200

 300

 400

 500

 600

 0  0.5  1  1.5  2  2.5  3

 0  0.01  0.02  0.03  0.04

K
/K

m

Fracture density, ε

Fracture volume fraction, φ [%]

a) Case 1 (monodisperse, α/κ = 0.078) b) Case 2 (monodisperse, α/κ = 78)

 0

 20

 40

 60

 80

 100

 0  0.5  1  1.5  2  2.5  3

 0  0.01  0.02  0.03  0.04

K
/K

m

Fracture density, ε

Fracture volume fraction, φ [%]

 0

 50

 100

 150

 200

 250

 300

 350

 400

 0  0.5  1  1.5  2  2.5  3

 0  0.01  0.02  0.03  0.04

K
/K

m

Fracture density, ε

Fracture volume fraction, φ [%]

c) Case 3 (two fracture sets, 〈α/κ〉φ = 105a) d) Case 4 (power law with np = 3.5,
〈α/κ〉φ = 111a)

 0

 100

 200

 300

 400

 500

 600

 700

 800

 0  0.5  1  1.5  2  2.5  3

 0  0.01  0.02  0.03  0.04

K
/K

m

Fracture density, ε

Fracture volume fraction, φ [%]

 1

 1.5

 2

 2.5

 3

 0  0.5  1  1.5  2  2.5  3

 0  0.001  0.002  0.003  0.004

K
/K

m

Fracture density, ε

Fracture volume fraction, φ [%]

e) Case 5 (power law with np = 1.5,
〈α/κ〉φ = 177a)

f) Case 6 (power law with np = 1.5,
〈α/κ〉φ = 0.177a)

Fig. 4 Effective fractured-rock permeability: Symmetric self-consistent (SSC), asymmetric
self-consistent (ASC), differential (Diff.), Maxwell (Maxw.), Mourzenko et al (2011) (Mourz.),
H–S and/or Snow’s upper bounds (HS+, Snow), and numerical data (Data). The upper bounds
in c)–f) are from Snow’s model. The numerical data – represented by the median over 20–40
realisations, and the range between the 5th and 95th percentiles – comprises a total of 1 431
realisations (mean permeabilities averaged over three eigenvalues), yielding 53 data points
(median permeabilities). The maximum number of fractures in the results shown here range
from 1 375 (Case 5/6) to 10 035 (Case 3).
a 〈α/κ〉φ is a volume-weighted average of α/κ over the fracture sets (explained in Sec. 9.3.2).
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self-consistent method, the results even appear to be linear. For this monodisperse322

case, exploiting α/κ ≪ 1 in the asymmetric self-consistent (Eq. (22)) and differen-323

tial (Eq. (27)) methods yields a linear relationship between K and ε, irrespective324

of the value of ε:325

K = Km +
8π

9
αKfε (32)326

The second term on the right side of the above equation represents the effective327

permeability of the fracture network, if the matrix permeability were zero. Hence,328

the above result shows that the effective permeability of the fractured/porous329

rock mass is simply equal to the sum of the permeability of the matrix, plus the330

permeability of the “fracture network”. This type of simple additivity is very rare331

in effective medium problems, and arises here only in the extreme range of the332

parameter space in which α ≪ 1 and κ ≪ 1.333

8.2 Case 2334

Here, the regime α ≫ κ is studied. As in the opposite regime (Case 1), Fig. 4b335

shows that the H–S upper bound and the Snow model are practically equal. The336

Maxwell approach tends to infinity when the denominator in Eq. (19) tends to zero,337

i.e. when ε → 27
32

(
4κ
πα

+ 1
)
. Hence, in this particular case, Maxwell’s equation gives338

meaningless predictions when ε ≥ 0.86. In theory, the percolation threshold for339

this set of randomly oriented disc-shaped fractures is at ε = 0.244 (Mourzenko340

et al 2005). As mentioned in Sævik et al (2013), the asymmetric self-consistent341

method is able to predict the percolation threshold. However, the symmetric self-342

consistent approach is better at capturing the general behaviour of the curve at343

low fracture densities. At higher densities (ε > 0.5), the same type of deviation344

from the numerical data as in Case 1 can be observed. In this range of higher345

densities, the gradient of the asymmetric self-consistent curve is more accurate,346

though it overestimates the effective permeability. The predictions of the differen-347

tial method are much lower than the numerical data. Sævik et al (2013) state that348

the differential method only gives useful results when α ≤ κ.349

In this example, Mourzenko’s equation provides an excellent match to the nu-350

merical data, accounting well for both medium- and high-fracture-density ranges.351

Mourzenko et al (2011) point out that, according to percolation theory, K is ex-352

pected to be a quadratic function of ε at densities above but close to the percolation353

threshold. This statement is valid when Km ≈ 0, but also appears to hold here.354

At higher densities, K then becomes a linear function of ε.355

It can easily be shown that both self-consistent methods become linear in ε356

when K ≫ Km:357

K

Km
∝

π

4

α

κ

(
96

27
ε− 1

)
asymmetric (33)358

K

Km
∝

π

4

α

κ

(
64

27
ε− 1

)
symmetric (34)359

360

Under the assumption that, at very low densities (i.e. below the percolation361

threshold), K ≪ αKf (which, in this case, implies that effective permeability is362
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similar in magnitude to matrix permeability), one can derive the following equa-363

tions from the effective medium models:364

K

Km
=

1

1− 32
9 ε

asymmetric self-consistent (35)365

K

Km
=

1 + 32
27ε

1− 64
27ε

symmetric self-consistent (36)366

K

Km
= exp

(
32

9
ε

)
differential (37)367

K

Km
=

1 + 64
27ε

1− 32
27ε

Maxwell (38)368

K

Km
= 1 +

32

9
ε dilute limit (39)369

370

In these expressions, the effective permeability is independent of fracture perme-371

ability because, well below the percolation threshold, the fluid always has to pass372

through the matrix, making matrix permeability the limiting factor.373

8.3 Case 3374

There are two fracture sets with distinctly different fracture radii (4m and 20m)375

and, hence, differing fracture permeabilities. This produces a significant skew in376

the effective-permeability distribution, as can be seen in the asymmetric spread377

of the values of the numerical data in Fig. 4c. While the fracture set with many378

small fractures leads to a relatively low median value, the large-radius fracture set379

is responsible for the upper outliers. In general terms, the accuracy of predictions380

of the effective medium models does not seem to change because of this. They381

tend to over- or underestimate effective permeability in much the same way they382

do in Case 2. However, the skewed nature of the fracture network appears to383

pose a problem for Mourzenko’s heuristic model, which overestimates effective384

permeability in a manner very similar to the asymmetric self-consistent method.385

8.4 Cases 4–6386

The comparison between the effective medium models and numerical data using a387

power-law distribution (Figs. 4d–4f) reinforces the findings of Cases 1–3. The sym-388

metric self-consistent model performs best at low fracture densities and eventually389

diverges from the data. The asymmetric self-consistent model generally overes-390

timates effective permeability, but converges towards the correct gradient of K391

to ε at large fracture densities (this is more obvious in Fig. 4e than in Fig. 4d),392

where full convergence has not yet occurred. The accuracy of both self-consistent393

methods is unaffected by the properties of the fracture-size distribution.394

Mourzenko’s heuristic model performs very well in these cases. Its accuracy395

appears to increase with decreasing values of the power-law exponent, np. This is396
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because part of the fitting of Eq. (28) relies on the dimensionless fracture trans-397

missivity σ′ of the largest fracture. As np decreases, the influence and relevance398

of σ′, and hence the accuracy of the fit, increases.399

9 Discussion400

Fig. 5 summarises the various characteristics of effective rock-mass permeability401

addressed in this study. The ratio α/κ is a measure of the relative contributions402

of the fracture network and the matrix to overall flow, going from no preferential403

flow through the fractures when α/κ → 0 to no flow through the matrix when404

α/κ → ∞.405

In the following, one of the two self-consistent methods (Eq. (22) or (23)) is406

used to explore particular aspects of the permeability of a fractured rock mass.407

9.1 Percolation threshold408

While there is a clear percolation threshold in Fig. 4b where α ≫ κ, it is clearly409

lacking in Fig. 4a where α ≪ κ. A closer look at this behaviour for various values410

of α/κ and ε ≤ 0.5 using the symmetric self-consistent method reveals how the411

linear behaviour of effective permeability with ε for α/κ ≪ 1 (described in Sec. 8.1)412

transitions into the distinctly non-linear regime as α/κ increases (Fig. 6). Hence,413

the smaller the contribution of the rock matrix to flow, the more distinct the414

percolation threshold is. This occurs because, when the permeability of the matrix415

is non-negligible, fluid can easily bridge any gaps between unconnected fractures416

by passing through the matrix (Bogdanov et al 2003).417

In the numerical data generated by Bogdanov et al (2007) of effective perme-418

ability for fracture networks and varying values of α/κ, the percolation threshold419

as a distinct, discontinuous feature tends to disappear when α/κ ≤ 7.5. This is420

in agreement with the findings discussed here, although Bogdanov et al (2007) do421

not consider the case α/κ ≪ 1.422

9.2 Upper bounds423

Fig. 7 is a contour plot of the relative difference between the H–S upper bounds424

and the effective permeability as calculated using the asymmetric self-consistent425

method for various values of ε and α/κ. It can be seen as a measure of the fraction426

of fractures that contribute to flow. When α ≫ κ, this difference is maximal427

below the percolation threshold and reduces to a constant value with increasing428

ε. Essentially, the contribution of non-percolating clusters to overall flow is very429

low. At very high densities, almost all clusters are connected, and only peripheral430

parts of the fractures do not contribute to flow (Mourzenko et al 2011; Leung and431

Zimmerman 2012).432

For α ≪ κ, effective permeability is consistently close to the upper bounds.433

Flow through the matrix is important, always connecting fracture clusters and434

maximising the number of fractures that contribute to flow. This suggests that,435

in this regime, theoretical upper bounds are reasonably accurate estimates for436

effective permeability.437
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α/κ ≪ 1 α/κ ≫ 1

Flow direction −→

ε = 0.2 ε = 0.07

⇑ ⇑
• Relatively regular pressure contours • Mildly irregular pressure contours
• Both matrix and fracture network
contribute to flow

• Non-percolating fracture network

•

K
Km

= 1 + 8π
9

α
κ
ε (see Eq. (32)) •

K
Km

≈
(

1− 32
9
ε
)

−1
(see Eq. (35))

⇓

ε = 1.0 ε = 1.0

⇑
• Very irregular pressure contours
• Most flow goes through fracture net-
work
• F (ε, Km, Kf, K) = 0 (see Eq. (22))

Fig. 5 Overview of flow characteristics and effective permeability of a fractured-rock mass.
Figures depict slices through the middle of a 3D cubic domain from Cases 5 and 6 (right and
left column, respectively). Contour lines and map represent pressure with flow from left to
right. Fracture trace lines are shown as thick black lines. The given equations are derived from
the asymmetric self-consistent method for monodisperse, isotropic networks.
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Fig. 6 Effective permeability at low fracture densities for various values of α/κ using the
symmetric self-consistent method. The parameters used here are based on Case 2 (see Tab. 1).
Variations are achieved by varying the fracture radius, and correspondingly, fracture aperture
and permeability. The two vertical lines represent the percolation threshold when the matrix
is impermeable as determined numerically by Mourzenko et al (2005) (dashed) and predicted
by the symmetric self-consistent method (dash-dotted).

Fig. 7 Contour map showing the relative difference between the predictions of the asymmetric
self-consistent method, KASC, and the H–S upper bounds, i.e. (K+

HS − KASC)/K
+

HS. The
parameters used here are the same as in Fig. 6.

9.3 Polydisperse networks438

9.3.1 Smallest fracture radius439

Polydisperse fracture networks are typically dominated by large fractures with440

high permeabilities. However, they also usually contain many small fractures with441

low permeabilities. A threshold fracture radius, Rth, may exist, for which, the442

contribution of smaller fractures to flow is negligible (see, e.g., Berkowitz et al443

2000; de Dreuzy et al 2001). When characterising fracture networks, it is important444

to know which fracture sets may be neglected within a given range of accuracy.445

The additive nature of effective medium methods provides a convenient framework446

for addressing this issue.447

Consider, as an example, Case 4 in Sec. 8.4. Assuming now that there is no448

clear minimum fracture radius, i.e. Rmin = 0m (as opposed to 4m in Case 4), one449

may be interested in determining the threshold radius, Rth. This can be assessed,450

e.g., using the asymmetric self-consistent method, by neglecting the contributions451
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Fig. 8 Effect of neglecting the contribution of fractures with radii smaller than Rth on effective
permeability as calculated with the asymmetric self-consistent method. This is equivalent to
Case 4 with Rmin = 0m.

of all fractures in Eq. (22) for which Ri < Rth. Fig. 8 shows the effect this would452

have on the predicted effective permeability for various values of Rth. Note that ε453

in Fig. 8 (i.e. the x-axis) is calculated with Eq. (5) for all fracture radii.454

9.3.2 Characteristic 〈α/κ〉455

For fracture networks with several fracture sets of differing α/κ, as is the case456

in polydisperse networks (including Cases 3–6), an obvious question that arises457

is how to define an average 〈α/κ〉 that is representative of the fracture network458

and rock matrix. A simple arithmetic average does not make sense, since it lacks459

information on the sizes of the fractures. Instead, a volume-weighted average seems460

more appropriate:461

〈α
κ

〉
φ
=

1

φ

n∑

i

αi

κi
φi (40)462

Using the example in Sec. 9.3.1 (i.e. Case 4 with Rmin = 0m), effective perme-463

ability is plotted in Fig. 9 over fracture density. By varying Rmax between 0 and464

20m, various curves can be plotted covering a range of values of 〈α/κ〉φ. Here, the465

asymmetric self-consistent method is used to calculate K.466

Eq.(40) can be used to calculate 〈α/κ〉φ in Cases 3–6. In Case 3, this yields467

〈α/κ〉φ = 105 . Cases 4–6 require an integration over the fracture radii, eventually468

leading to469

〈α
κ

〉
φ
=

4α3(4− np)
[
R

(6−np)
max −R

(6−np)
min

]

27Km(6− np)
[
R

(4−np)
max −R

(4−np)
min

] , (41)470

i.e. 〈α/κ〉φ = 111 in Case 4, and 〈α/κ〉φ = 177 in Case 5. Finally, 〈α/κ〉φ = 0.177 in471

Case 6. These values adequately depict the nature of the curves shown in Figs. 4c–472

4f, i.e. linear when 〈α/κ〉φ = 0.177 and very non-linear for 〈α/κ〉φ = 111 and473

〈α/κ〉φ = 177.474
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Fig. 9 Effective permeability as a function of fracture density for various values of 〈α/κ〉φ
using the asymmetric self-consistent method. The parameters used here are based on Case 4
(see Tab. 1), with Rmin = 0m. Here, Rmax is varied between 0 and 20m.

Fig. 10 Effective permeability as a function of fracture density for various fracture-size dis-
tributions using the asymmetric self-consistent method. The three curves represent Case 2
(α/κ = 78), and Cases 4 and 5 with altered values of α to ensure that 〈α/κ〉φ = 78 in both
cases.

Fig. 10 compares effective permeability predictions by the asymmetric self-475

consistent method for various fracture-size distributions. Here, a monodisperse476

case (Case 2) with α/κ = 78 is plotted on the same graph as two polydisperse477

cases (Cases 4 and 5). In Cases 4 and 5, the aspect ratio, α, has been altered478

such that 〈α/κ〉φ = 78. The comparison touches on some of the points that have479

previously been made for the asymmetric self-consistent method when α/κ > 1:480

1. Below the percolation threshold, K does not depend on α/κ (see Eq. (35)).481

2. For a given value of α/κ: When K ≫ Km, K is linearly proportional to ε (see482

Eq. (33)).483
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However, one can also see that while α/κ and 〈α/κ〉φ can be used to characterise484

the system, they cannot be expected to uniquely represent the behaviour of the485

effective permeability, particularly when α/κ > 1.486

10 Previous work dealing with the parameter α/κ487

Bogdanov et al (2003) introduced a parameter to characterise their numerical data488

on monodisperse, isotropic networks,489

σ′ =
Kf af
RKm

, i.e. σ′ =
4

3

α

κ
(42)490

in the current notation. Their values for σ′ ranged from 10−6 to 104. However,491

in the cases where σ′ < 1, fracture permeabilities were either similar in mag-492

nitude to or lower than matrix permeability, i.e. κ ≈ 1 or κ > 1. In the present493

work, however, only fractures that are very permeable compared to the matrix are494

considered, i.e. κ ≪ 1, making a comparison in the regime σ′ < 1 infeasible.495

Nonetheless, when Bogdanov et al (2003) gradually increase σ′ from 10 to 104,496

they also find an increasingly more distinct percolation threshold (as discussed in497

Sec. 9.1). Their investigation is limited to fracture densities of ε < 1. Bogdanov498

et al (2003) seem to assume that the effective permeability is only linear with499

fracture density at very low fracture densities below the percolation threshold or500

when κ > 1. As pointed out in Sec. 8.1, if α ≪ κ, this linearity also holds at high501

fracture densities even when κ ≪ 1.502

In Bogdanov et al (2007), the range 1 ≤ σ′ ≤ 104 is studied, again for ε < 1.503

Note that in the calibration of the model by Mourzenko et al (2011), higher fracture504

densities are considered. Bogdanov et al (2007) extend the definition of σ′ to505

account for polydisperse networks and size-dependent fracture permeability (see506

Sec. 6):507

σ′ =
Kf,max af,max

RmaxKm
(43)508

This depends solely on the properties of the largest fracture and is inherently509

different from the averaging conducted in Sec. 9.3.2.510

Sævik et al (2013) use the parameter511

λ−1 =
α

κ
Km (44)512

in their study, and varied α/κ between 1 and 100. Here, again, ε < 1 (when Km 6=513

0). Note that they considered both isotropic and anisotropic (albeit monodisperse)514

fracture distributions. Their results show a similar transition from an almost linear,515

to an increasingly nonlinear, character as depicted in Fig. 6.516

Sævik et al (2014) consider the parameter λ−1 = α/κ, varying it between 10517

and 104, with ε < 5.518
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11 Conclusions519

In predicting the effective permeability of a three-dimensional fractured rock mass,520

two distinct regimes can be distinguished, depending on the relative size of two521

small, dimensionless numbers: the aspect ratio of the spheroidal fractures, α, and522

the permeability ratio, κ. When α/κ ≪ 1, effective permeability is linearly depen-523

dent on fracture density without a distinct percolation threshold. With increasing524

α/κ, this relationship becomes increasingly non-linear at low and intermediate525

fracture densities, but remains linear at high fracture densities. The ratio α/κ526

can therefore be interpreted as a measure of the relative contributions of the frac-527

ture network and matrix to the overall flow, similar to the flux ratio discussed528

by Paluszny and Matthai (2010), and Nick et al (2011). For polydisperse frac-529

ture networks, a characteristic value of 〈α/κ〉 can be determined by weighting the530

individual values of α/κ of the various fracture sets with fracture volume while531

averaging.532

Comparison to explicit numerical simulations of mono- and polydisperse iso-533

tropic fracture networks (with fracture-size dependent fracture permeabilities)534

shows that the self-consistent effective medium methods are generally capable of535

predicting effective permeability over a wide range of conditions. While the sym-536

metric self-consistent method is particularly accurate at low fracture densities,537

the asymmetric self-consistent method predicts the correct asymptotic behaviour538

(cf. Sævik et al 2013). The differential method is only useful when α/κ < 1. In539

that regime, even the Hashin-Shtrikman and Snow upper bounds appear to give540

good approximations.Maxwell’s approximation is only reliable at very low fracture541

densities.542

These effective medium models have been shown to be powerful tools. They543

are valid at both low and high fracture densities. When considering polydisperse544

fracture networks, the type and characteristics of the fracture-size (as well as545

aperture and fracture-permeability) distribution do not affect the applicability or546

accuracy of these models. These results are perhaps surprising, since intuitively,547

fracture intersections would seem to be a crucial factor in controlling the effective548

permeability, and yet these models do not explicitly contain fracture intersections549

as a parameter. Moreover, they are all based on the problem of a single “inclusion”,550

for which the concept of intersection is not even meaningful.551

It should be noted that the heuristic model proposed by Mourzenko et al (2011)552

is good at predicting effective permeability. It is very accurate for monodisperse553

fracture networks, but suffers a slight loss of accuracy for polydisperse networks,554

that appears to depend on the attributes of fracture-size distribution. The present555

work has in effect shown a link between predictions of methods based on inclusions-556

in-a-matrix, and methods based on fracture networks.557

Finally, for the case of zero matrix permeability, the well-known approximation558

of Snow, which is based on network considerations rather than a continuum ap-559

proach, is shown to essentially coincide with the upper Hashin-Shtrikman bound,560

thereby proving that the commonly made assumption that Snow’s equation is an561

“upper bound” is indeed correct.562
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