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Abstract: 

A steady-state model of a binary distillation column is derived from material 

balance considerations and a digital computer programme is described which cal-

culates the vapour and liquid flow-rates at each plate in the column. Theoretical 

and experimental results are shown to agree olosely;, and a dynamic model of the 

column is derived whichp  when programmed on a digital computer enables the transient 

behaviour for large disturbances to be calculated. Agreement with plant data is 

presented both for step anii P.R.B.S. disturbances in the column operating variables. 

It is further shown how to simplify the complex system of describing equations to a 

2nd-order discrete time form, a simplification *hick is validated by plant 

measurements. The use of these models in designing closed-loop controllers is 

discussed and their implementation by a digital computer used to regulate the top-

product composition by controlling the Reflux Ratio is described. The same 

control algorithms are also used to change the set-point of the top-product 

composition. 
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List of Symbols  

A, Ai 	matrices. 

A(z) 	a polynomial in z. 

ai 	coefficient of A(z). 

B binary reflux number or a matrix. 

B(z) 	a polynomial in z. 

bi 	coefficient of B(z) or interpolation values for yr  . 
G(z) 	a polynomial in z. 

ci 	coefficient of C-(z). 

D, D 	vectors. 

D(z) 	a polynomial in z, or controller z transfer function. 

d coefficient of D(z). 

an error term or a plate efficiency.. 

P feed molar flow-rate or polynomial in z. 

f coefficient of F(z). 

G(z) 	process z transfer function (including zero-order hold). 

Gh(8) transfer functions of plant and zero-order hold. 

GT 	top-product flow-rate in co/min. 

H heat supplied to the still. 

Hr 	hold-up in moles of liquid on plate r. 

hr 	hold-up in moles of vapour above plate r. 

a performance index or the unit matrix. 

J 	indices. 

K(z) 	overall closed-loop z transfer function. 

K open loop plant gain. 

K Optimum gain setting for a three term controller. 

k 	index or fraction of vapour recondensed above each plate. 

Lr 	molar flow-rate of liquid at plate r. 

"LT, L0 	top and bottom product flow-rate in moles/minute. 

1 	an index. 

M 	a feedback control vector. 

m1 

	

	elements of M. $ 
m, 	an index, vector or the feed-plate number. 

N an index or length of PRBS sequence in bits. 

n 	an index or total number of plates in column, or a noise process. 

P, Plo  P2 matrices or polynomials in z. 

Pk 	coefficient of P(z). 

Q 	a heat factor, polynomial in z, or a matrix. 

coefficient of Q(z) or fraction of feed entering column vapourised on 
entry. 
Reflux:Ratio. 

qk 

R 
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r index or closed loop system input. 

Laplace transfornt variable. 

Ti T1. 	sampling time; pure delay time in plant. 

TR' TD 	integration and differentiation time constants for a 3 term controller. 
to  to 	real time or a temperature. 

U a matrix. 

u a control signal. 

Vr 	vapour molar flow-rate at plate r. 

R 	voltage controlling reflux ratio. 

'V 6. 	top-plate thermistor voltage. 

✓ noise-free process output. 

X 	a discrete time state vector. 

xi  x4 	measured plant output. 

composition of liquid on plate r. 

0 	
set-point composition. 

x
T 

xo 	top and bottom product compositions. 

Yr 	composition of vapour above plate r. 

z 	forward shift operator. 

F 	feed composition in B. 

ark Pr 	parameters relating yr  to xr  or coefficients in the controller 
z transfer function. 

Yr. S 	zero and pole in a Laplace transfer-function. 

A 	a smell  increment. 
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coefficient in a noise process. 

In addition to the symbols listed above the following abbreviations are also 

used: 

BM 	by moles 

DCM 	dielectric composition meter 

DDC 	direct digital control 

GLS 	Generalised Least Squares 
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LS 	Least Squares 
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PRB'S 	Pseudo-random binary sequence 

[x] y 	indioates a sequence of quantities x(t) 

E[ 	the expectation operator 

cov[p] y  the covariance of e 
var[p] 	the variance of e 
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bj0 	the estimated value of a parameter bj 

0 	the time differential of x 

Pro' €e] 0  the probability of e 

* 	the transpose of the matrix II 
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Chapter 1. Computer Control of Chemical Processes: 

1.1 	Introduction: 

The Electronic Digital Computer is now an accepted tool in all  walks of life 

particularly in such fields as forecasting, insurance, accounting, medical, police 

and government. In general, computers are used in any situation where large data 

handling and storage facilities are required. Use of computers in the process 

control field is more restricted, but even here it has been recently predicted(1)  

that by 1970 there will be considerable industrial use of hierarchical control 

systems. A link between the two aspects of data processing will thus have been 

effected, since commercial decisions and information will then be used directly 

to control process operations via the computer hierarchy. Until recently the 

advancement of process control has been restricted by the theory and measurements 

available, but the advent of the computer bought with it a new approach and some of 

these restrictions no longer apply. Recent emphasis in control theory on time-

domain system description and control could eventually supersede the frequency 

domain methods and by using the storage and processing facilities of the computer, 

indirect methods may make available measurements Which have hitherto been un-

available. Computers can be used in a much more complex manner than pneumatic 

controllers to optimise system performance either statically or dynamically, and it 

is shown later that in some cases adaptive models may be found by monitoring plant 

variables on-line. The attempts of theoreticians to advance the state of control 

theory have been frequently bewailed by those who see their job as applying this 

theory, and sometimes their criticisms have not been without cause. Many papers 

have been written without much relation to reality, the authors having simplified 

the problem to fit the mathematics rather than the reverse. Equally, it may be 

said that process control engineers are unable to define a general type'of control 

problem, but this is most likely becuse there is no such thing, each control 

problem having peculiarities of its own. 

1.2 Problems of Computer Control: 

There is a considerable difference between normal data processing and the 

control of a chemical process by digital computer. In the former case the computer 

is used in an open-loop manner, taking information, storing it, performing 

calculations and producing a visual outputWhich is used in some fashion by a 

human. In the latter case the output is sent to a physical process and it is 

thus necessary to understand the operation of the process before the control 

programme is written. Because of this fundamental difference in these two aspects 

of data processing, other problems arise which have resulted in the slow progress 

in computer control applications. A computer control project may be conveniently 

split into two parts, the first part being that of defining the plant mathematically 

and designing a control programme which will satisfy the required performance criteria, 
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and the second part is the implementation of this control scheme. These objectives 

are not easily reached and there are several reasons for the slow progress in 

computer control applications, most of which are due to ignorance. The plant model 

will usually be unknown and probably non-linear and it may be derived by input-

output statistical modelling techniques or from an analysis of the process 

operation, either way this is not an easy task. Once the model is obtained the 

control system is to be designed and since control theory is not easily understood 

and requires some mathematical background, time must be found to absorb a lot of 

knowledge which may not be of obvious advantage. Ignorance of the economic benefits 

to be derived from a computer application does not encourage financial investment in 

this area. Company directors usually require an estimate of the likely return from 

any investment and since this is usually impossible for a computer control scheme, 

progress has been slow. If it is decided to proceed with an application, further 

difficulties to be encountered will probably be shortage of personnel and hardware/ 

software problems. In order to succeed with a computer control project a team effort 

is required and this team should consist of several experts in such fields as 

electronics, instrumentation, programming, control theory, etc. led by a control 

engineer who has a considerable although not necessarily detailed knowledge of each 

field. Once the software problems have been solved (at present a formidable task 

in itself), the operational success of the project will depend upon the perfect 

functioning of many individual components linked together (e.g. computer, scanner$  

stores, instruments, transducers ...) and as each one of these is often a complex 

device the probability of a system breakdown is. high. Another problem which arises 

is that of measurement since control strategies may be proposed which involve 

measuring a variable which is either inaccessible or if the variable is accessible, 

instrumentation for its measurement maybe either unavailable, too expensive or 

inaccurate. Many people see the lack of adequate instrumentation as the chief 

impediment to the advancement of computer control at present. 

1.3 Feed-Forward Control; 

One of the exciting possibilities of using computers in industrial control is 

the implementation of feed-forward schemes. By using only feed-back methods a 

disturbance entering a plant may exist for several hours before a correction is 

applied. Feed-forward concerns itself with correcting the operating conditions as 

soon as the disturbance is detected and is obviously in principle a superior tactic. 

In practice feed-back would be used as a trimming device to correct for any drift in 

the plant and any other indeterminate disturbances. It is most likely that feed-

forward will become more widely used in the process industries, particularly on 

distillation columns which can have settling times of several days. 

1.4 Modelling and Control of Distillation Columns: 
Distillation columns are one of the most common pieces of equipment used by 
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the chemical process industry and yet it is remarkable how little substantial 

work has been published on their modelling and control. In addition, the work that 

has been published usually considers modelling and control as two separate activities 

when in fact there should be considerable overlapping. Papers published on modelling 
norms-11y  content themselves with deriving models of varying degrees of complexity 

without discussing how to use the model to obtain better control. Papers on control 

of distillation columns usually assume a simple first-order Laplace representation 

of the plant and proceed from this point to a discussion of various control 

strategies. 

Perhaps the most significant work on modelling of distillation columns is due 

to Rosenbrock(2) who showed how to predict step response behaviour for small 

perturbations in a binary distillation system. This work was experimentally confirmed 

by Armstrong and Wilkinson(3)  and. others(4)  have presented experimental results 

obtained by perturbating a columr operating variable and performing frequency response 

calculations. Implicit in frequency response modelling is the design of a frequency 

domain controller and this is discussed in detail in the paper by Rijnsdorp et al
(;  
"' to 

It is inefficient however to gather modelling information in real time, derive a 

frequency domain model and use this to design a controller which, for a digital 

compensator, has to be transformed back to the originAl time domain. In the case 

where it is desired to use a digital compensator it is better to perform all 

calculations in the time domain. 

1.5 Aims of this works 

The work described here exemplifies many of the points discussed above. It is 

an attempt to apply some of the recent ideas of control theory modified where 

necessary to fit the practical situation, and it also shows how both modelling and 

control calculations can be performed entirely in the time domain. The work is 

specific in that a particular distillation column is investigated rather than a 

general type, but it is the write' belief that much progress can be made in the 

general case by studying specific examples. The advantages of Feed-Forward in 

combination with Feed-back are also considered. Many difficulties have been 

encountered in the oourse of this work, particularly with the hardware and 

instrumentation and it is pointed out that the experimental results presented here 

cost much in time and frustration. 

1.6 Outline of Chapters': 

Chapter 2 discusses the behaviour of the distillation column at steady-state 

operating conditions and formulates the equations of operation in such a manner 

that a computer programme can be written which when given the operating conditions 

will calculate the vapour and liquid flow-rates and compositions at each plate in 

the column. 

Chapter 3 shows how a Dynamic model of the oolumn oan be formulated in vector- 
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matrix form and how the parameters which appear in this model can be found from the 

steady-state programme. The continuous time vector-matrix model is converted to a 

discrete time form and is then used. to simulate plant behaviour to steps and 

perturbations in the operating conditions. A method of reducing the full vector-

matrix model to a second-order z transfer function model is then proposed and 

finsily the theoretical model is validated by comparison with plant data. 

Chapter 4. describes briefly some well-known techniques for estimating discrete-

time plant transfer functions from noisy data and the reasons for choosing a 

particular technique are discussed. 

Chapter 5 shows how discrete plant models obtained by using the methods discussed 

in chapter A. can be used to design closed loop control systems. 

Chapter 6 details some example of the methods of chapter 5 applied to models of 

the distillation column found from the work discussed in the previous chapters. 

1107 Original Contributions: 

To the best of the writer's knowledge this work contains the following origiAn1 

contributions to control theory and practice: 

1) The derivation of a theoretical model of a binary distillation column in 

Vector-matrix form such that by eliminating the enthalpy equations and taking 

discrete-time measurements an on-line adaptive modal can be derived without the 

need to perform perturbation experiments. 

2) The method of simplification of the vector matrix model to a discrete 

transfer function. 

3) A comparison of the models obtained by the application of two and three 

level sequences to a process. 

4.) The on:-line application of plant controllers designed using the method of 

Dynamic Programming and the criterion of minimum squared error. 

5) A comparison of a steady-state feed-forward control scheme (combined with 

feed-back), versus a pure feed-back control scheme. 
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CHAPTER 2. A Steady-State Model for Binary Distillation 

2.1 Introduction 

This chapter describes a method of caloulating the steady-state behaviour 

of a binary distillation column, given the operating conditions. Equations 

describing the steady-state operation are derived from mass balance considera- 

tions only, the enthalpy equations being eliminated by certain assumptions 

which are later justified. The final result is a general digital computer 

programme for binary systems which can be used to infer vapour and liquid 

flow-rates and compositions at each plate in the oolumn. It is then shown in 

the next chapter how this programme may be used in Obtaining the parameters of 

a linearised Dynamic Model. 

2.2 Material Balance Equations 

Figure 2.2.1 illustrates the conditions at 3 adjacent plates r-1, rp r+/ in 
a binary distillation columns 

r — 

L 

H rti Fr+o, Zr+e 

1 	1 
1  

Fr,2  r II  

I 	1 i 
I 	1 

._1 

a. 

i 

4. 

r 
I Vii•Yi 	kVj 

1' 	 i 

i 
1—r+s 

Lm 

Hr, ler 

L 

i 
Ln 

Vir—e 

Hr—t, xr—s 

  

Figure 2.2.1 

Conditions at three adjacent plates 
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At plate r, liquid of composition zr  and at a flow-rate of Fr  is fed 

intothecolumn.Vapourlr
0 
 of composition y and liquid Ln of 

composition 
xr are leaving the plate while vapour Vi  of composition yi is 

arriving* It is assumed that a fraction gr  of the feed Fr  is vapourised 

on entry to the oolumn. It is also assumed that a fraction k of the vapour 

which leaves the plate is condensed to liquid above it and that this liquid 

falls back onto the plate* It can be seen that for plate r a mass-balance 

of the more volatile component can be written as 

dt (H
r  xr  + ryr) =vi yi  (i7j) Y. 	xm  + Fr  or  (1-ci) 

- Vj 7j - Ln xn 

and the following relationships are also seen to hold: 

Vi 	= V I (1-k) = V' * 
	x = x

+1 
 * r 	m 	r 

V 	V"r* V3  = 	X
n 
 = xi., 

' * 
Yi = Yr-19 	= L r+1 

Yi = Ye 	Ln = Lrp 

Thus the mass balance equation can now be written 

(Hx r r+hyr 	r) =Vyr-1 -V rO 7r r4.1 x+1 -Lx r r r+Fz 
dt r 	 r. 	5r 

... (2.2.1) 

210 	Flow Relationships 

The assumption is now made that at steady-state,  the heat supplied to the 

boiler is used to overcome the latent heat of the liquid mixture in the 
still. If the still mixture contains xo% by weight of alcohol*  then 
1 gram of still mixture contains' xo  gms of alcohol and (1 - x0) gms 
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of water and since the latent heats of alcohol and water at their boiling points 

are 204.26 Gals/gm and 539 oals/gm respectively, the latent heat of a mixture 

x0A1R,W. will be [204.26 xo  + 539 (1-xo)] cals per gram, In addition, 

1 gm contains 	xo + 1—xo  —Ts— 	moles.and H K.W. will produce 

x 103  x60 
x 	---- moles/minute . 

204.26 xo + 539 (1—x0) 	4,18 

0,011 xo) 
1.48 H (I + ------------ 

1 - 0.621 xo  

1.48 H, since xo is usually small. 

Thus the vapour flow-rate from the boiler may be written as 

Vo  = 1*48  H 	 (2.3,1) 

and the vapour flow-rate is virtually independent of still composition. 

Under operating conditions the vapour p4ssing up the column will lose a 

certain amount of heat to the column wails, the vapour being the heat source, the 

walls acting as a heat sink. The heat which is lost from the vapour is 

considered to be a latent heat loss and thus some fraction, k, of the vapour 

flow-rate will be recondensed above each plate. This method of considering the 

heat loss as a decrease in vapour flow-rate results in a reduced number of 

equations. (In this work, it is assumed that k is the same for each seotion.) 

Thus 

= (1-k) Yo 

• 
• 
• 

and 
	

Vr = (1 -k)r  Vo 	0 < r < m 	(2.3.2) 

where r lies below the feed plate m. Above the feed plate this equation 

becomes 

x-0 	1 —xo 
+ TE 



0.0 

(o < r ic m) 

Lr 	Ln+1 (2.3.7) 

- 18 - 

V 	(I -k)r  Vo  + q F (I -k)r -1110  m < r < n 	... (2.3.3) 

In the type of column under consideration a total oondenser is used and 

this means that all the vapour leaving the top plate is condensed to liquid, 

i,e, 

Ln..0  + LT  = (I-k) 
	

*0* (2.3.4) 

Where LT  is the top-product flow-rate and Ln+1 
is returned (or refluxed) to 

the column. The relationship between LII+1  and LT is 

L
n+1 R =  
LT 

(2.3.5) 

where 71 is called the Reflux Ratio. Thus the liquid flowing onto plate 

may be written down as 

L
r 	

Ln,+1 + 
(I-q) m + k 
	

Vi 	0., (20.6) 

i=r 

(m <r`' n) 

In practice the top product molar flow-rate is found from measuring the 

composition xT  and the volumetric flow-rate, GT  (cc/min). Then 

LT 
= 	GT x  PT 

18 + 28 x xT  
(2.3.8) 
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At steady-state a mass-balance for both components gives 

F = LT + Lo 	 ... (2.3.9) 

and for the more volatile component we have 

Pz2  = LT  xT + Lo  xo 	... (2.3.10) 

2.4 Plate Efficiency 

The vapour-liquid equilibrium diagram expresses the relationship between 

the amounts of one component in the liquid and in the vapour at a constant 

pressure when the phases are in equilibrium, Figure 2,401 shows a series of 

curves for ethylalcohol-water at various pressures from which the equilibrium 

diagrams may be constructed. Figure 2.4.2 shows 3 curves for the same pressure 

obtained by different experimenters, the considerable discrepancies between 

these curves being due to the difficulty in determining when equilibrium has 

been attained. In practices  except for the case of small diameter columns, 

equilibrium is not attained and the extent of departure from equilibrium is 

given by the plate (or Murphree) efficiency. If the "ideal" curve has the 

relation 

y* = f(1) 

then with reference to Figure 2.4..3 the plate efficiency for the section of the 

column below the feed is defined as 

BC- Y r r1  = 	= 
AC 	* 

"r-1 

... (2.4.1) 

while for the section of the column above the feed plate the efficiency is 

defined as 

e. 
x - 
i+1 • i = 	= (2.4,2) 

DF 	x
i+1 -xi* 
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2.5 The Idealised McCabe - Thiele Diagram 

If k = q = 0 then from 2.3.2 

VO 	= V1 = V2  	V r 	• • • Old 
	Vn 

and 2.3.4 can be written 

Ln+1 4. LT = Vn 

while 2.3.7 becomes 

Lr = Ln+1 

Thus 

Lr + LT = Vn = V 

and taking a balance for the more volatile component 

Lr  x + r 	V y r r 

L
r x + 

LT 
 xmo(m.< r n) 	0.. (2.5.1) 

V
r 

r  Vr  

IfYr is plotted against xi. there will result a straight line of slope 

Vr  R+1 

and intercept 

LT XT 	XT 

V
r 	

R.+1 

Equation 2.5.1 is valid for the upper part (or "rectifying" section) above the 

feed plate while a similar expression 

Yi  
L 	La  

V
-J - 
V 	v 

xo ... (2.5.2) 

tee* 	yr 



is valid for the lower ("stripping") section below the feed-plate. Equation 

205.2 is a straight line of slope 

	

J 	+ 
R+1 

and intercept -2  xo  on the y-axis. The stripping and rectifying lines 
a 

intersect the line y = x at xo  and xT  respectively. Their point of 

intersection may be found  by equating 2.5.1 and 2.5.2 and setting xr = xj = 

then 

Lo  
T_ _ 

	

xT  = 	X0 

V V V V 

(L j  Lr) x 	LT  xT. + Lo  xo 	Er 

and the two lines intersect at the feed composition as Shawn in Figure_205.1. 

It is now possible to determine the plate compositions by starting from xT 

and drawing a line parallel to the x-axis to intersect the equilibrium curve. 

The plate efficiency as defined in equation 2.402 Is now used to find xi, 

since xI+1 
andx.sareknown.Atx..a line parallel to the y-axis is 

drawn to intersect the rectifying line and from this point the procedure is 

repeated. The same thing occurs from,  xo  except that 2.4.1 is used to 

determine 
Yr 4' 

 Figure 2.5.1 is termed a McCabe - Thiele diagram and it is 

much used in the steady-state design of distillation oolumns. The computer 

programme described in section 2.1.0 is essentially a means of constructing such 

diagrams under non-ideal conditions (i.e. k/ q 0)*  

2.6 Plate Efficiency determined by Experiment 

If the column is operating under steady conditions and q = F = 0„ then 

from equation 2.2.1 

0 	Lr+1 xr+1 -L  r 	r x  r  + V yr-1  - Vr+1 yr 
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Mc CABE -THIELE DIAGRAM. Fig. 2.5.1. 
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If the column is under total reflux and the heat losses are neglected then 

0 (i.e. r= Isr+1) 

and 
	

V
r 

= V
r-11 r 

=
r-1 

Therefore 

0 	= 	L
r+1 

x
r+1 

L
r 
x
r +Vr-1 

y
r -1 

- V y 
r r 

i,e. 	Yr - Yr-1 
= x 	- rr+1 
	 ... (2.6.1) 

At the top of the column the vapour is totally condensed and 

	

x
n+1 

= y
n 	 (2,6.2) 

Thus from 2.6.1 

	

Xn 	= Yn -1 

and it can be seen that under these conditions 

x
r 

= y
r-1 

This means that the composition of the liquid. on a plate is-the same as that 

of the vapour from the plate below and this relationship enables the 

plate efficiencies to be found. The plant is placed under total reflux with 

zero feed and when steady-state has been attained the composition of a sample 

of the liquid taken from each plate is found. Then 

es 
 = 	 (for the stripping section) Yr  - Yr-1 	xr+1 

Yr*  - Yr-1 	yr
* 

xr 

- x 

x - 
e 	 rx -1 
r 

- 
x
r 

(for the rectifying seotion). 

Alternatively the plate compositions can be found by determing the temperature 

and pressure on each plate and using the information contained in Figure 2.4.1. 
(6) 
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Unfortunately neither of these methods is sucoessful since in the former there 

are difficulties in ensuring that the sample represents an average value for 

the plate, and in the latter, discrepancies in the published data give rise to 

considerable disagreement partioularly at high compositions. It was found 

however by repeated testing at different steady-state conditions that plate 

effioienoies of approximately 100%O existed throughout the column and for the 

remainder of this work e
s = er = 1, 

2,7 Feed Conditions 

Reference has been made in section 2.2 to the factor q which represents 

the amount of feed which is vapourised on entry. Perry() shows how to 

oaloulate this factor. The feeds  on entry to the feed-plate (F.P.) will 

absorb a certain amount of heat which is given by 

x specific heat x (Boiling Point Temperature - Temperature of Feed). 

Three sets of conditions are possible according to whether the feed temperature 

is greater than, equal to, or less than the Boiling Point of the feed. In the 

ideal ease the temperature of the feed, feed-plate liquid and Boiling Point of 

the feed are equal. If the feed is a liquid below its Boiling Point and below 

the temperature of the feed plate it will absorb heat from the feed-plate.and 

this heat (which comes from the vapour) means that less vapour will leave the 

P.P. The converse is true if the feed temperature is greater. 

A factor Q is defined such that 
Heat required to bring 1 mole of feed to B.P.T. and vapourise it 

Q 	
Molar Latent Heat of Vapourisation of feed (L.H.) 

x s x At + L.H. 	s.At 
	 = 	+1 

 

L.H. L.H. 

Lm  - Lm+1 

  

 

F 

  

= (1--q) 
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Thus 

s. 4t 
q 

	

	 ... (2.7.1 
L.H. 

For a feed at its boiling point At = 0, 	q = 0. Equation 2.7.1 is valid 

only if: - 

(1) Molar latent heats of vapourisation of the two components 

are equal* 

(2) Sensible heat changes are negligible in comparison with 

latent heats. 

(3) Heats of solution in both phases are absent. 

That these 3 conditions are satisfied can be seen from the following: - 

(i) The latent heat of alcohol is 204.3 cals/gm 

. 204.3 x 4.6 = 9400 call/mole. 

The latent heat of water is 539 cals/gm 

18 x 539 = 9700 oals/Mole. 

(ii) The sensible heat of an aloohol -water mixture for compositions up 

to 10% and temperatures up to o 100°C may be reasonably taken as 

18.4 oals/mole-°C. 

(iii) The heats of solution are negligible. 

For a given case it is easy to calculate the value of q since a temperature 

measurement is available of the feed and the F.P., and the molar flow-rate is 

oalculable from the volumetric flow and composition and Equation 2.3.8. As 

Perry shows (page 13-24.) the effect of a non-zero q is to shift the inter-

section of the rectifying and stripping lines, only at q = 0 do they inter-

seat at the feed composition. 

2,8 Heat Losses 

A heat loss at steady-state operation will be due to heat being 

removed from the vapour and this loss of latent heat will cause some of the 
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vapour to be recondensed. Consequently the top product flow rate will be 

reduced by a small amount and this means the top composition will be increased. 

If it is assumed. that a small percentage of the vapour, k is recondensed 

above each plate then, if q = 0, k may be found simply from equations 

2.3.3, 2.3.4-, 2.3.5 

i.e. 	(1-k)n44 

	Measured Top - product flow-rate 

Calculated Top - product flow-rate 

GT x pT 	(R+1) 
x  	... (2.8.1) 

18 + 28 x T 1.48 x H 

Where n = 6 for the 1PL column. 

The requirement that q = 0 implies adiabatic feed en 	ry and this is 
discussed in the next section. 

If the column is not insulated against heat losses and q has been 

calculated from 2.7.1, k may be found from 

n 	=(1-k)n+1Vo+ q F (1 -k)
n-m+1  = (R+1) LT 	*.. (2.8.2) 

The solution of this equation is most easily performed on a digital computer. 

2.9 Adiabatic Feed Entry 

Purely for ease of calculating k from equation 248.2, it was decided to 

set q = 0, then 2.8.1 applies and the computer programme described in section 

2.10 will find k directly. To maintain q = 0 in practice it is necessary 

to maintain the feed temperature at its Boiling Point and this could easily be 

done by a servo. The set-point would be the Boiling Point and the feed-back 

signal would be the measured temperature of the feed. The error signal could 

then drive a silicon controlled rectifier supplying power to the feed pre-heater. 

The Boiling Point would be most conveniently found from a series of Boiling 

Point - composition curves such as Figure 2.4,1 and the pressure could also be 

measured or a reasonable value of 760 mm could be assumed, since an error of 
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1 or 2°C has little effect on q which in turn has little effect on the 

top-product composition. Roughly speaking, negative ohanges of q of 1% 

product positive ohanges of x2  of 1%and vioe versa, 

As an experiment}  it was decided to plot the feed temperature against the 

square of the applied (pre-heater) voltage, i.e. against values proportional 

to the pre-heater power and Figure 2,9.1 shows the result of doing this on a 

feed-stock of 623. It is assumed that the junction of the two lines indicates 
a change from the liquid phase to liquid + vapour phase and the change appears 

at about 89.3°C which compares favourably with 89.2°C read from Figure 2.4.1. 

2.10 Computer Programme for Calculating the Steady-State GorOltions 

A programme has been written in Kidsgrove Algol for the KDF9 which will 

perform the plate-to-plate calculations for steady-state* The flow diagram 

for this programme is shown in Figure 2.10.1 and the desoription of the input 

parameters is shown in Table 2.10.1. An iterative procedure due to Peisarg0 

hap been used to perform the plate-to-plate calculations and to start this 

procedure an initial guess is made for the top-product composition x2  

Equations 2.3.1, 2.3.2, 2.3.3, 2.314, 2.3.5$  2,306, 2.3.7 are then used to 

calculate the vapour and liquid flow rates at each plate and these are stored 

since they depend only on the Heat, Reflux and k and q. Using equations 

2.3.9 and 2.3.10 an initial value for xo  is found from the initial value of xT 

and it is also possible to write down 4 further mass balance equations for the 

stripping and rectifying sections. From Figure 2.10.2 it can be seen that 

q F + Irra 	= 1,10R1  + LT 	(2.10.1) 

(1-q) F + Lm+1 	= VM + Lo 	... (2.10.2) 

q F 	VM Yin 	Lm4.1  xlia+1  + L1  x2 	... (2.10.3) 

(1-q) 	+ 1 x.ini 
	V yM  + LO xo *A.* (2.10.4) 
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(Variac Voltage )2. 

Fig. 2.9.1. 	EXPERIMENT TO DETERMINE BOILING POINT OF FEED. 
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TABLE 2.10.1 

Input Data For Steady-State Programme 

Symbol Meaning Typical value 

bf No meaning assigned 0 

b2 Heat interval 0 

b3 Latent Heat Term 1.1f8 

b4 Heat Loss 0 

b5 No. of Plates . 	6 

b6 LT .(measured) 0.521 

b7 Feed-Plate 3 

b8 q 0 

b9 Reflux 5 

b10 Closing value for iterations 0.01 

bll Maximum No. of iterations 21f  

b12 Feed oomposition (as Molar Fraction) 0.052 

b13 Feed-rate (00/min) 95 

bIll. Initial guess at 	x.T  0.82 

b15 [Heat (max) - Heat (min)] 4. b2 0 

b16 Heat (min) 1.75 

1,17 Nomeantng assigned 0 . 
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Fig. 2.10.1. 
(continued) 

FLOW DIAGRAM OF STEADY —STATE PROGRAMME. 
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Using equation 2.2.1 (with the left-hand side set to zero) and starting from 

2:0  and xv, the compositions on each plate are calculated iteratively 

towards the feed-plate. A criterion function is now found: 

q P z + mm  + Lo 2:0  
12  = 

Lm+1 m+1 + LT XT  (1-q) F zB + Lm+1 m+11 
(2.10.5) 

and this equation has the value unity when the mass balance is attained as 

can be seen from equations 2.1003 and 2.144.0 If I > 1, then either xa  is 
xT  

too rich or xT is too lean i.e. 	is too small and vice versa. Since x4  
Xo 

has been found from xT this means that xT was chosen too lean and hence 

for the next iteration it should be increased. Peiser proposed that one 

way of improving the ratio x T 
X0 

is to use 
31T 
xo  

as the new ratio. 

Where 

xT = I . xT  • 
xa 	xa  

Both sets of values for xa  and xT are to satisfy the mass-balance 

equations 2.3.9 and 2.3,10 aria  hence the absolute values of xj, and xa. are 

34 = 
	F zP 	 (2.10.6) 
La  + LT  I xa  

I x'T xT  = 14 	... (2.10.7) 

The iterative procedure is continued until I approaches some value arbitrarily 

close to unity. 
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LT, XT 

Rectifying 
Section. 

qF,z 	 1-..m+1,xm+1 

(I -q) Rz 	t V m,y ra  

Stripping 
Section. 

Loo  xo 

Figure 2,10.2 

As an example the following steady-state information was supplied to 

the programme: 

Heat = 1.2 kW, Reflux = 7:1$, zF = 5.80  HM 

F = 49 oc/mm, Feed-plate Na, 3$ LT  = .191 moles/min. 

(The measured top and bottom compositions were 70,5%and Okrespeotiyely.) 

The programme took 4. iterations to reduce II-11 to 3.03 x 10-3  and 

values of r x Vr  and 1r found were 

r 0 1 2 3 14- 5 6 7 

xr 1.28x10-3  4.97x10-3  1.7x10-2  5.6x10
2  2.7x101  5.3x10-4  6.5x10-1  7.2x10-1  

Vr 1.776 1.738 1.701 1.665 1.629 1,595 1,561 1.528 

Ir 2.211 3.949 3,912  3,876 1.1i)i2  1.407 1.374 1.337 

This information is shown on the McCabe-Thiele diagram of Figure 2.10.3 which 

is similar to that of Figure 2.5.1 except that here the plate efficiencies are 

assumed to be 100%, q = 0 and k 0. 



Heat = 1.2 KW 
Reflux = 7:1 
ZF 	= 5.85% B.M. 
F 	= 49cc/min 
q =0 
All Plate Efficiencies =100% 
k 	= 2.12 x10-2  
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2.11 Comparison of Theory with Experiment 

The distillation column was run to steady-state under various operating 

conditions and measurements were taken of top-product flow-rate and composition, 

bottom composition, and attempts were also made to measure the plate 

compositions. The latter required the removal of a sample of the liquid from 

each plate and its weighing in a specific gravity bottle. There is no 

guarantee however that the sample represented the average composition on the 

plate, and due to the discrepancy between the calculated values and the 

measured ones these measurements were ultimately discontinued. TABLE 2,11.1 

shows some of the results obtained, the columns marked m referring to measured 

values while c refer to calculated values. The point to notice is the olose 

agreement at the extremes of the column rather than the disagreement at 

intermediate points. 

It is considered that the results validate the steady-state model and show 

how the vapour and liquid flow-rates throughout the column may be easily 

calculated without recourse to an additions, set of equations involving 

euthalpy balances. In the next chapter it is shown how this programme may be 

incorporated into a larger scheme for finding dynamic models. 



TABLE 2.11.1 

l? 
(% BM) 

2 
(cc/min) R 

R 
(K.W.) 

{ 

m 
(Peed-Plate) k  

Plate Compositions (7. B.M.) 

(moles
IT  

/min) 0(37ILL) 1 2 3 4 5 6 7 

0 M 0 M C M C • M C 0 C m C M C 7. 

4 100 7 1.74 3 .0225 .275 0.i6 0 0.52 0.5 1.44 4.0 3.74 6.5 18.8 29.9 48.5 53.5 63.1 63.5 71.2 71.5 

4.6 100 5 1.69 3 .0091 .391 0.06 0 0.2 0 0.57 0 1.52 0.95 2.24 0.95 7.9 6.6 33.5 31.5 58.4 57.5 

4.87 100 5 2.04 3 .0285 .411 0.04 0 o.16 0 0.49 0.4 1.44 1.25 2.37 1.75 8.45 15.6 34.4 48.5 53.7 ..S1 

5.8 100 4 1.575 3 .023 .395 0.18 - 0.59 3.5 1.6 4 4.07 10 16.2 38,5 44.6 57 60.7 64.5 69.9 71.5 

6.0 100 4 1.95 3 .0015 .571 0.046 - .165 - .519 - 1.56 - 1.79 - •3.76 - 17.5 - 51 5:... 

6.0 100 4 1.51 3 .006 .428 0.13 0 .44 0 1.09 0.6 2.76 2.2 8.16 14.5 31.1 42 55.3 56.5 67.2 67.5 

5.0 95 2.95 1.53  3 .038 .438 0.08 0 0.26 0 0.71 0 1.8 1.5 2.4 1.5 5.1 3.5 21.4 34 53.3 56 

5.0 95 3.7 1.53 3 .037 .369 0.09 - 0.29 - 0.8 - 2 - 4.3 - 15.9 - 45.3 - 63.1 65.5 

4.35 95 5 1.7 3 .034 .330 0.06 - 0.21 - 0.6 - 1.6 - 3.4 - 13.7 - 43.6 - 62.4 65.5 

4.35 95 4 1.47 3 .037 .334 0.09 - 0.28 - 0.74 - 1.8 - 3.4 - 12.3 - 40.8 - 61.3 64.5 
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CHAPTER 3. A Dynamic Model of a Binary Distillation Column 

3.1 Introduction 

This chapter shows how the equations describing the dynamic behaviour 

of a Binary Distillation system may be derived. For an n plate column, n+1 

equations are needed and the resulting description is a vector-matrix one, 

the state-vector being the composition on each plate. The assumptions 

involved in deriving the model are discussed and where possible justified. 

A computer programme designed to simulate the dynamic behaviour of the 

distillation column is described and simulated step responses are compared 

with those obtained from plant experiments. A method of simplifying the 

model fron an (n+1)th order vector-matrix form to a 2nd-order z transform 

type is also discussed and the results of applying this technique to the 

plant model are compared with PRBS experiments performed on the plant. 

3.2 Dynamic Equations 

In section 2.2 an equation was derived which described the general mass-

balance on a plate of a binary distillation column. This equation is 

repeated here for convenience; 

- (Hx . 
dt 	r r +h  r  y r) . V r  y 	- V 	y + L 	ZrL  r-1 	r+1 r 	r+1 r+1 	r + F r zr (1-qr)  

*PO (3.2.1) 

If the vapour hold-up hr  can be ignored we have 

- (H xr) 	Vr yr-1 	
x + F 	x (I -qr) * 

dt 	r 	- 17r+1  yr 
 + L

r+I  x r+I 	r r 	r zr 

... (3.2.2) 

Also, if the feed temperature is such that qr  is zero and if variations 

in H
r 

can be neglected (3.2,2) becomes 

H x r• = V
r 
y
r-I 

- V 	 -L r 	r+I 
y
r 
 + L

r+I 
x
r+I 	r x  r  +F  r  z  r 	... (3.2.3) 

This equation describes the general situation at plate r, but it is 

also applicable to the still of a distillation column (where r = 0) if 



v1,  yo 
Ho 

Po zo 
Ho  

F1  z. 
-R7 

vt  yo  —  V2 yi  

m • 

4 
Fn zn 

n 

• 4 • • • • 
V y 	(Irn+1 n n-1 	Ln+1) yn 

WOO.. 	 • 14 	t/1011.1111•11101.0111=1.••••• 

Hn 

yr_i  = 0. For the top-plate of a distillation column, r = n and assuming 

all the vapour from plate n is condensed to liquid then 

thus 

lin z = V y 	V ,y n n-1 	n+1 n + L n+1  yn  - Ln xn. 

11_14  = 	and 

... (3.2.4) 

The oomplete set of equations for the column oan now be writtent 

Lr Lr+1 	Vy -V y Fz r r-1 	r+1 r 	r r xr + 	x 	+ 	---- 	(3.2.5) r+1 Hr Hr 

	

	Hr 

(0 4 r < n) 

X 	
Ln 	V y 1 + n n- 	n+1 Ln+1) y11 EL = 	Xt   
Hn 	Hn 

•.* (3.2.6) 

4 
44` 

and 

Jae* 

x = Aix + Di + m 	*40 (34207) 

Where 

Lo 	L i  + 	0, 	 44f Ho' 	 o ?  

n 	Li 	/42 
117 

v$ 	' 	--$ 0 0044 
 Hi 

X9 

Xe 

X = X2 

X3 

4 

O 

0, 

• 
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Although these equations are completely general, in the following, 

attention will be restricted to a 6 plate column, i.e, n = 6. 

Attention will also be restricted to the case where Fr  zr  0 except 

for r . 3. Thus 

- 0 
0 
0 
zj  

113 

0 

0 
0 

If it is assumed that the relationship between xr, 
and Yr can be 

written as 

y = a 	-1-P s r r 

Then equations (3.2.5), (3.2.6) can be written 

Vr ar -1 0 x 	
(-h

r r+1 ar) 	Lr+1  

H r-1 	H
r 	

Xr H ✓ r 

z ✓ Pr-1 	r4.1 Pr 	r + V 
	- V 

 
Hr 	141. 

• = 

	

Vn-1 	(L12+1 an - Ln 
- n+1  an) n 	x 

Hn 	Hn 

Vn pn-1 - n+1 #n + Ln+1 
pn Fn zn 

Bn 	
Hn 

0.- (3.2.8) 

3.2.9) 

oo(3,2 4  10) 

and. these equations may be written in the form 

x = Ax + D + m **0 	(3 . 2 .1 1 ) 



where 

A 

x, m 

Lo  

are as defined 

aG Li  
Ho __-s 270., 
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"1 Hi 
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• 
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H6 

The use of the alternative sets of equations (3.02.7) and (3.2.11) in 

describing the process will be discussed later. 

3,3 Assumptions 

In deriving equation (3.2.3) the following assumptions have been made: 

1) The plate liquid composition is homogeneous. 

2) The vapour composition is homogeneous. 

3) The vapour hold-up is negligible. 

4.) 	Changes in the molar hold-up are negligible. 

5) 	The pressure throughout the column is constant. 

In the work which follows it is further assumed that the static and 

dynamic plate efficiencies are 100% and that the pressure in the column is 

760 mm of mercury. When using the relationship (3.2.8) it is assumed that 

r,fir  are functions of x only. 

None of these assumptions are drastic and they could be modified if 

thought to introduce serious error. Since the partioular column under 

D = 
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consiaeration has a small diameter then assumption 1) is not unreasonable, 

(9)  
and the author has shown 	for the worst possible case that the vapour 

hold—up is less than 10%; of the liquid hold—up, justifying assumption 3). 

In section 3.4 it is assumed that the volumetric hold—up on each plate is 
constant and known and thus the molar hold—up can be recomputed. at intervals. 

The assumption of a constant pressure of 760 mm is justified on the grounds 

of observation: ± 10 mm being the maximum observed extremes* 

34 Discussion of Dynamics Simulation 

Using equations (3.2.7) or (3.2.11), it is possible to write a digital 

computer programme to simulate dynamic changes in the plant. It is known 
(10)  

that the solution to 

;c(t) = A(t) x(t) + B(t) u(t) 	... (3.40) 
is 

t 

x(t) = 0(t,t0) x(to)  +f 0(t,T) B(T) u(r) drc 	" (304.02) 

to 

and the solution to (3.2.11) is thus 

x(t) = 16(t,to) x(to) f 16(tIT) ED(T) + m(w)] 
to  

(34.3) 

If the process is stationary then A and .D are time invariant and (3.443) 

becomes 

x(t) 	40(t—to ) x(to ) + 	0(t—T) [D + m(T)] 	(3.4.4) 
to  

where 
eAT 

A2  
= I + AT + 	+ • • 0 

21  
ZTr  
r: 

I. • • +J. (3.4.5) 

T = Sampling Interval. 
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If the time interval (t-to) is the sampling interval T i.e. 

to  = kT 

t = (k+1)T 	and 

if m(T) is constant over the time interval to  to t and equal to m(kT) 

then (3.4.4) becomes 

x(k+1)T = 0(T) x(kT) Jr 0(v) dv x ED + m(kT)] 
	

(3.4.6) 

	

= 0(T) x(kT) + A71  (eA2  - I) ED + m(kT)] 	.00 (3.4.7) 

In the column under consideration, 4 independent variables were 

available the Reflux Rso Heat H, feed flow-rate F, and feed composition 

xp. Only changes in the latter two affect m, while R., Hp F affect the 

vapour and liquid flow-rates throughout the column, and from equations 

(3.2.5), (3.2.6), (3.2.9) and (3.2,10) it can be seen that A4, A and Di, D 

will be time-varying. If it is assumed however that these matrices are 

stationary during each sampling interval and they are re-calculated for the 

next sample interval, then equation (3.4.7) can be used. Using bubble-cap 

plates (which have an over-flow weir), it is reasonable to assume that the 

volumetric hold-up on eaoh plate is constant. If the composition is known 

then the molar hold-up can be found from 

Volume 
Hx. 

    

... (3.4.8) 

Several attempts were made to find the volumetric hold-up on each plate, 

and an average figure of 88 mls per plate was obtained. This makes the total 

plate hold-up less than 10% of the still hold-up (which was about 5.6 litres) 

and it was expected that any variations in individual plate hold-ups would 

have negligible effect on the dynamics. The level of the liquid in the still 
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was regulated by a photo-electric level controller. The sampling interval 

used throughout the experiments was 96 seconds as determined from 

preliminary step response experiment.,, During 96 seconds the plate 

compositions change by a very small  amount and hence H
r 

remains constant 

over this period. 

It was found that the response to changes in liquid and vapour flow-rates 

was very fast and although extensive investigation was not performed, the 

following experimental evidence was obtained. The values of x and LT 

were found at steady-state (sample 0 in TABLE 3.4.1) and a step change in 

Reflux introduced. After 96 secs, and at regular intervals throught the 

ensuing step response, composition and flow measurements were taken enabling 

the molar flow-rate LT to be found. Two sets of results are shown in 

TABLE 3.4.1 where sample 1 represents the values of xT' LT after 96 seconds. 

It can be seen that the top-product flow-rate appears to reach its final 

value within one sample interval. (Other measurements indicate that it may 

even be achieved in 32", the timing period of the reflux mechanism). 

TABLE 3.4.1 

Sample No. xT  Am  Time for 25 mls , 
(secs) 

LT  
(moles/Min) xT 

T 	, 
(secs) 

L  
T 

0 (t=o) 
1 	(t.96") 
2 
3 
ii- 
5 
6 	(t-),...) 

621  
621  
532 
51 
49* 
482 
47 

- 
1.64 
1.8 
1.87 
1.9 
1.97 

— 

.268 

.36o 

.358 

.354 

.355 
.346 
.363 

_ 

4.7 
47 
59i-  
61— 
6i 
66 
70 

— 
.3.2 
2.91 
2,8 
2.8 
2.71 
2,61 

.363 

.216 

.208 

.213 

.210 

.210 

.210 

Since LT 
attains its final value in 96" it seems reasonable to infer that 

the internal liquid flows do likewise, Responses to vapour flow changes were 

also found to be very fast, but were more difficult to measure and no 

qualitative results are presented. 



3.5 A Digital Computer Simulation Programme 

Using equation (3.4.7) it is possible to write a Digital Computer 

programme to simulate the dynamic behaviour of the Distillation Column. 

Starting at k = 0, the initial conditions x(0) and. the starting matrices 

A(0), D(0), m(0), 0(0) are required. These are calculated. using the values 

ofVr
,Lr' ar° pr  etc obtained from the steady-state programme and the 

equations defining A(0), D(0), m(0) which are (3.2.9), (3.2.10). The 

transition matrix 0(k) is found from A(k) using (3.4.5) and. summing to 

15 terms. The new value of x(k+i) is then found by using (3.4.7) and from 

this, the new value of H is found from (3044.8). New values of a p p r r 

are calculated by linear interpolation on the vapour-liquid equilibrium curve. 

With reference to Fig.3.5.1, if xr  is the liquid composition on plate r, 

then a new value x +A is found by incrementing this value by 21%;and the 

corresponding values yr  and yr+.4 are ,found from linear interpolation in 

a look-up table by using the formulae 

Yr 

xr / -- (b. - bi-1  ) - (bi  b
i_1) + b 

A 

+A 
le- y +A 	*". b•) 	(i+1) (bi 	bi) + bi+1  

r y 	A 	i+Ik 4.1  

where xr 
lies between the ith and the (i-1)th value on the look-up table 

and bi-1/ b1, 
 b1+1 are the values of y in the table. 

The new values of ar,  p pr  are then found from 

9r = (Err + bY]  yr
1/A  

pr =yr  -ar  xxr  . 



Equation; yr  = ocrxrt Pr. 

Fig. 3.5.1. INTERPOLATION OF y FROM X 

The new values of Al  D, m, 4  are then calculated and the next value 

of x(k+1) is obtained. This process is outlined in Fig, 3.5.2 which is 

the computer programme flow diagram used in simulating step and P.R.B.S. 

responses of the plant. 

As it was easy to change the programme to simulate either (3.2.7) or 

(3.2.11), both sets of equations were tried. It was found  however that 

(3.2.7) gave unstable solutions in some oases, while (3.2.11) was stable, and 

the reason for this is the assumption of stationarity implicit in 0.4,7)-

In the stripping section of the column a awl/  change in x produces a 

large change in y (as can be seen from Fig. 2.5.1), whereas a, /3 will be 

almost constant in this section for considerable changes in. y. Hence, over 

a certain (undetermined) period of time, D/  in (3.2.7) will be non-stationary 
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Fig. 3.5.2. FLOW DIAGRAM OF DYNAMIC SIMULATION PROGRAMME 
(continued) 
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whereas D in (3.2.11) will be stationary. The results presented later were 

obtained using equations (3.2.8) to (3.2.11). 

Since the vapour and liquid molar flow-rates change very quickly 

compared with the composition changes, in perturbing from one flow-rate to 

another, it is merely necessary to use the two Steady-State flow-rate values 

concerned and not intermediate values. For example, TABLE 3.5.1 shows two 

sets of information obtained from the steady-state programme, xr/  is the 

initial composition vector and xr2  is the final .composition vector. 

Operating Data 1 r xrt  art  pr, hhrf  lrf frf  zrf  vrf  

Reflux 	7:1 
Heat 	1.45 KW 
F ' 	4.6.5 oo/min 

2.E 	5%,BM 	• 

0 
1 
2 
3 
4 
5 
6 
7 

1.6x10"4  
7.02x10" 
2.7x10 -3  
9.98x103  
1.63x10-2  
4,84)410-2  
2.4.5x10-1  
5,48x10-1  

9.7 
9.7 
9,7 
9.7 
6.3 
3.63 
.5 
.446 

0 
0  
0 
0 

.03 

.115 
,42 
.447 

5680 
88 
88 
88 
88 
88 
88 

' 	0 

2.11 
4.18 
4.11 
4,04 
1,67 
1.061 
1,55 
1,48 

0 
.0 
0 
2.32 
0 
0 
0 
0 

.0 
0 
0, 

.05 
0 
0 
0 
0 

2.15 
2.07 
2.0 
1,94 
1.87 
1.81 
1.75 
1.68 

Operating Data 2 r xr2  arz Pr2 • hbrz lrz fra zrz vra- 

Reflux 	10:1 
Heat 	1.45 KW 
F 	,5 co min 46 i 

2F 	
5%;BM 

0 
1 

2  
3 
4. 
5 
6 
7 

2.69x40-4  
1.14x10**3  

0."3 11'37x1 9'7 1.61x10̀ 2  
6.88x10"2  
3.11,x10 "1  
5.64x10-1  
6.79x10-f 

9.7 
9.7 

6.3 
2,68 
.369 
.460 
.566 

0 
0 
0 

0,03 
0.18 
0.46 
0.415 
0.354. 

5680 
88 
88 
88 
88 
88 
88 
0 

2.15 
4.25 
4,21 
4,17 
1.82 
1,78 
1/.74. 
1.70 

I
IV

 
0

0
0

0
,  
0

0
0

 
CA

  
IV

 

0 
0 
0 

0.05 
0 
0 
0 
0 

2.15 
2.10 
2.06 
2.02 
1,98 
1.94-
1.91 
1,87 

TABLE 3,5.1 

It is desired to simulate a step response in Reflux from 7:1 to 10:1 

with the other operating conditions as shown in the table. The simulation 

programthe reads in the data (shown marked in heavy lines) and uses 

hhrz, frz* zrz, vrz to calculate Al  s5 etc since it is assumed that 

the final values of v. l are attained during one sample interval. The values 

of ax, pr, hhr are recalculated at each sample interval since these are 

dependent on x. To simulate a step from 10:1 to 7:1 the reverse procedure 

is followed. To simulate P.R,B,S. experiments the programme selects either 

(v,1$f0z)1 or (v,l,f,z)2  depending upon whethertheredluz: is at one value or 
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the other. It would be a simple matter to extend the programme to handle 

3-level signals or multi-channel perturbations if this was of interest. 

3.6 Step Response Results 

In order to validate the theoretical model, it is necessary to compare 

simulated step responses with those measured from the plant under the same 

conditions. For the present work, a comparison is made of the time 

responses of the top-product composition (measured in %By Moles). It was 

found that two sources of error were present in the results, both due to 

measurement difficulties. The first is that due to drift in the Dielectric 

Composition Meter (D G M.) and the second is an error which appears to be due 

to inaccurate measurement of feed flow rate.. The drift in the D.C.M. was 

never greater than ±2%  in the results quoted here and could be corrected for 

by taking (manual) composition measurements at the beginning and end of the 

transient. The second error source is a consistently low (calculated) value 

for top product composition at steady-state compared with the measured one, 

and is accounted for by increasing the measured feed flow-rate by about 5%. 

This correction merely has the effect of shifting the computed step response 

vertically by about 32g. As an example of this difficulty, the following 

typical result is presented. At steady-state the top-product molar flow-rate 

was found to be .363 moles/Min at 47%B,M. The feed flow-rate was (apparently) 

46.5 co/min at 7.2%B.M. and using 

F moles/min) co/minx density ( 	 = 78728-Ti.; 

the feed molar flow-rate was 2.26 moles/Min. Since the measured still 

composition was 0%, Fzi, should. equal LT. It is found_ however that to 

obtain the measured value of IlIxT  that F must have been about 2.37 moles/min 

i.e. there were 48.7 oc/mir and not 46.5 co/Min being fed into the column. It 

is difficult to explain the discrepancy as all variables have been carefully 

measured, but it was concluded that the feed flow-rate was in error (as 

distinct from the other possibilities) as it was the most difficult to 

measure and seemed the most likely source of error, 
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With these corrections in mind, the results of 8 (corrected) step 

response tests are shown in Figures 3.6.1 to 3.6.3. Throughout all these tests 

the time axis scale is in nrits of 96 secs. There is also a delay of 

approximately two sample intervals between applying a Reflux step and top 

composition response. This is due to the delay in the condenser and piping 

and the D.0,11. and to make a fair comparison between the two curves, the 

theoretical response has been shifted forward by two time delays. Figures 

3.6.1 to 3.6.4 show responses to step changes in reflux with the theoretioal 

and experimental curves plotted on the same graph. The maximum error is 

found to be about 3% (Figure 3.6.1). Figure 3.6.5 shows the response to a 

step change in heat and there is an additional delay of 2 wits, as predicted 

by the programme. The maximum error in this Case is about Ii5g. Figures 

3.646 and 3,6.7 show the responses to step changes in feed composition. 

There is a delay of 4. time mits due to the feed piping and valves etc., 2 

unit delays for the condenser/WM and 3 for the change in feed composition to 

reach the top plate. Finally, Figure 3.6.8 shows the response to a step 

ohange in feed flow-rate. 

The agreement between theory and experiment is considered quite close, 

particularly in view of the possible sources of measurement error and the 

numerous assumptions involved. A further method of checking model validity 

is to simulate P.R.B.S. perturbations and compare the results with those 

obtained from the plant. This method was also investigated and the results 

are presented in section 3.9. 

3.7 Model Simplification 

The vector-matrix model described by equation (3.2.11) can be used in 

control schemes in two ways. Either the complete vector-matrix model may be 
(91) 

incorporated into an optimal control scheme 	or, the model can be 

simplified to a form which is still an accurate representation of the process, 

but which enables less complex control theory to be applied. Vector-matrix 

control schemes require the state-vector to be measured or estimated at each 

control instant and in the case discussed here the elements of the state-vector 
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are the compositions on each plate. The choice is therefore either to use 

a costly measuring system, or noisy estimates of the state vector, or to use 

a simpler (but still accurate) process model. The latter course was 

followed here. 

Equation (3.1..7) describes the behaviour of the plant in terms of a 

transition matrix whose elements are functions of the vapour and liquid flow-

rates and the terms r  a * pr  at each plate in the oolumn. If a variable is 

changed from one level to another then the vapour and liquid molar flow-rates 

will assume the values which correspond to the steady-state levels of the 

perturbed variable if the time between perturbations is equal to or greater 

than 96 seconds. Thus at each sampling instant one or the other set of 

steady-state vapour and liquid flow-rates are used to calculate the matrices 

0 and D depending on the value of the perturbed variable. The values 

of ar,  , 151r 
 required in calculating these,matrices are found from the 

previous values of the plate compositions. To simplify the model it is 

merely necessary to analyse the stored values of the perturbed variable and 

the element of the x-vector of interest. In the cases discussed later this 

element was xr corresponding to the top product composition and 

Generalised least Squares analysis was used. It was found by analysing many 

cases that a second-order z transfer function of the form 

AxT 	
131  z-i  b2 

Av. 	1 + al Z-1  + az z-2  

adequately represented the 7th order vector matrix model*  

3.8 A Reflux-Top Product Relationship 

By combining equations (2.3.9.), (2.3.100 and (2.8.1)* it can be shown 

that 

xix 
F(zy-x4) (R+1) 

+ X0 (3.8.1) 
1.48 (1 —k)TH, 
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and if xo  is small 

F (8+1) 

1.48 (1-k)TH 
(3.8.2) 

R is the Reflux Ratio whioh on the NPL column was altered by varying the 

ayole time of a tipping bucket meohaniam, This time was controlled by an 

electromagnet whioh$  when energised oaused the bucket to swing to a new 

position and allow the top-produot to pass .out of the ooluou4 and when de-

energized the bucket swung to its normal position in which the top product 

flowed onto plate 6. The ratio of de-energisation period to energisation 

period is the Reflux Ratio and the energisation was oontrolled by a voltage 

from a buffer store which in turn was supplied with a digital voltage from a 

tape reader, keyboard or computer. The buffer store worked over the range 

0 to 12.75 volts oorresponding to. a range of 256 binary digits and the Reflux 

Ratio was given by 

256 
R+1 

B 

where B is the binary input and thus total reflux occurs when B = 0. It 

oan be seen from (3.8,2) that 

x  T 
• 256  Fz F  

1.48E (140TH 

and if Fs, zp$  k, H are constant 

Cons t. 
• 

)riX 

212: 

• 

AxT 	Const. 

AB 	B2  
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Experiments were carried out in which the top product composition was 

measured for different values of B with F„ ZFy H held constant. These 

results are plotted for three values of zF in Figure 3.8.1 where it is 

seen that the relationship is not hyperbolic but linear, although over a 

considerable part of each curve in the lower range of x, the product 

x2B is constant. The departure from a hyperbolic relationship to a linear 

one is due to the fact that at high x2  equation (3.8.3) no longer applies 

'Awe 1:0  is no longer zero and it is now necessary to use equation (3,8.1). 

The results shown in Figure 3.8.1 were for a feed flow-rate of 

46.5 00Ain and a heat of 1.4. KW and if F or H are changed then the 

results would appear differently*  The way in which the gain varies with 

zF  is shown in Figure 3.8.2. 

Fit. 184- VARIATION OF GAIN WITH FEED COMPOSITION 

It was also found that the voltage on thermistor 6 (i.e. the top-plate 

temperature) varied linearly with B as shown in Figure 3.8.3 for 

zp  = 5%. 
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Annear relationship such as that shown in Figures 3.8.1 and 3.84, is 

quite convenient for control purposes since the system gain  is the slope of 

this line. It also makes the problem of identifying a linear model easier*  

since a large aignal:noise ratio may be obtained by perturbing the Reflux 

over a large amplitude without violating the assumption of linearity. 

3.9 P.R.B.S, Testingl 
	(12) 

Extensive plant testing using Pseudo-Random Binary Sequences (PRBS) has 

been carried out and a range of models for various operating conditions has 

been built up. Throughout this work emphasis has been placed on models 

based on Reflux perturbations (although some others were obtained ) since 

Reflux is the control variable used in practice to control the top-product 

composition. Also$  attention was confined to the feed entering the column 

on plate 3. However the work described could be easily extended to other 

aspects of distillation column control, for example bottom-product control or 

side-stream off-take. 

The P.R.B.S. experiments were carried out mainly at a 96 seconds basic 

interval and usually with a sequence length (NO of 127 bits. In order to 

check the linearity assumption*  an 80-bit 3 level m sequence has also been 
(13) 

used. For each experiment a z transfer function model between xi, and the 

50 
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perturbed variable, and the cross-correlation between these two signals were 

calculated. The cross-correlation was found to be a useful check on the 

order of the time delay (r) found by G.L.S. estimation and as a safeguard 

against non-sensioal G.L.S. models. It was found to be useful to calculate 

AVE, the 	model as well as the u- model since it was frequently found 

that errors appeared in one which did not appear in the other and this cross-

checking enabled the trouble to be rectified. 

Figures 3.9.1 y 3.9.2 and 3.9.3 show some typical results obtained 
From the MS.  perturbation experiments. The perturbed variable and the 

feed. conditions during the experiment are indicated and two curves are shown, 

one being the cross-correlation between the top-product composition and the 

perturbed variable*  and the other being the pulse response of a z transform 

model which has been obtained by analysing the same data using the Generalised 

Least Squares Technique. This latter technique is discussed in greater 

detail in chapter 4-. The amplitude scale in these figures is not of particular 

interest and the values shown are arbitrary. Figure 3.9.4 shows a typical 

plot of the measured plant output (4) compared with that predicted by the 

model which in this case is given by 

- 0.028 z-1 - .015 2" 
G(z) - 

 

1 - .56 	- 	z" 

The output mean of the plant was -1.52 volts with a variance of 1.9 x10" 

volts and the mean square predicted error was 9.75 x 10*.5  volts. 

In section 3.8 it was shown that the top-product composition appeared 

linear with B over a considerable range, and it was pointed out that this 

would enable linear perturbation models to be readily obtained since large 

amplitude perturbations could be applied. Table 3.9.1 shows the results of 

3 experiments in which 2 level and 3 level sequences were used to perturb the 

column under 3 different sets of operating conditions. The general agreement 

between the results indicates no serious non-linearities. It is noticed that 

the agreement between the steady-state plant gains is not particulary close. 
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It is thought that this is due to the method used to obtain the plant gain 

in which the final value theorem 'is appliea to G(z); 

 

33. 

b 

  

i.e. IG(z)1 

   

   

ai 
1=1 

Since Zs.i is very close to -1 any small variations in the parameters ai 

will result in significant ohanges in 1G(z)I. It is considered that an 

improvement in this method of calculating the plant gain is desirable. 

Operating Condition$ Two Level Model 
127 Bit PRBS 	96 sees 

Three Level Model 
80 Bit 	96 sews 

rl, Yg  .1.20 z-* - 1.602 e2  w245 A"  - .664 i".2  

H = 1.56 KW i - 1.55 el  + .567 e-2  i - 1.53 f' 	+ 055 C4  

P '= 47 00/Min Gain 	= 	-24..6 ± 12.7 Gain = -17.9 ± 4.8 

11  '= 5;1 to 10:1 Poles 	= +.96, +.58 Poles 	= +.95. +.58 
. 	- - 

zl, .= 7.2% .456 ez  - .413 z".  .16 2r1  - .375 e2  

H = 1.4 KW i - 1.46 z" + .49 ea  I - 1.46 el  + .47 C4  

11  = 4.7 oobin Gain 	= 	-19.4 ± 5.4. Gain = .20.4. ± 8.1 

R = 3:1 to 7:1 Poles 	= 	+.98. +.5 Poles 	= +.99, +.4.7 

zF  = 10.% .176 z" - .44 s"2  .188 el  .369 z"2 

H = lid+ KW i 	lo23 el  -6- *243 g"  1 - 1.17 el  + .185 ea  

P = 47 ca/min Gain 	= 	-15 ± 442 Gain = -10.9 ± 446 

R = 2.2:1 to 5:1 Pole s 	= 	+.98, +.25 Poles 	= +. 98, +.19 
. 	, 

TABLE. 3.9.4  

3.10 Comparison of Discrete Models: 

In section 3.6 a comparison was made between step responses obtained. 

from the plant and those obtained from theory. As a further attempt to 
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validate the model, a comparison is now made of the z transfer function 

models obtained from plant testing, with those obtained from the theoretical 

model and simplified by the method of section 3.7. TABLE 3.10.1 shows the 

results of 7 experiments in which the gain and two dominant poles of the 

plant as computed from theory and experiment are tabulated. Second order 

models only are shown since higher order models displayed no significant 

improvement. In general the agreement is good, particularly for the major 

pole but less so for the minor one. For all models there appears to be a 

major pole of about 0.97 even though the experimental conditions varied 

considerably and the plant gain showed an overall variation. of 2:1. This 

suggests that an effective adaptive control soheme could be based on compensa-

ting the major time constant with the plant gain calculated from the steady 

state programme. The minor time constant is ignored since it is negligible 

by comparison. 

Perturbed Variable 
4 

' 	Second Order Models 

Theory EXperiment 

Reflux Poles 	0.96, 0.26 
Gain 	-21.6 

0.96, 0.25 
724.1 

Reflux Poles 	.98, 	.26 
Gain 	-18.2 

.96,- .58 
-24.6 

. 	. 

Feed Composition. Poles 	.97, 	.50 
Gain 	-23.7 

.97, 	•53 
-16.1 

Reflux 
Poles 	.96, 	.23 
Gain 	-13 

.97, 	.26 
-15 

... 

Heat Poles 	.93, 	.15 
Gain 	-22 

' .97, 	.35 
-32.9 

Reflux Poles 	.97, 	.5 
Gain 	-19.3 

.97, 	.51 
-19.4 

Poles 	.96, 	.5 .96, 	.24 
Reflux Gain 	-19.3 -27.1 

TABLE 3.10.1 
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3.11 Conausions: 

The results of this chapter show that an accurate model for binary 

distillatiaacanbe obtained from theoretical considerations assisted. by 

oertain measurements* The method depends upon the fact that vapour and 

liquid flow-rate changes are much faster than, composition changes. Given 

accurate measurements of feed and top-product flow-rates and compositions, 

the method could easily be extended to on-line use allowing an (adaptive) 

lower-order model to be found for use its feed back control sohemes, The use 

of such models in feed-forward control schemes could also be implemented* 
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GHAPia. 4. Parameter Estimation 

4.1 Introduction 

In the two previous chapters a method of deriving a vector-matrix model 

Of a binary distillation column has been described and the method has been 

validated by the comparison of theoretical and experimental results. One 

method of validation was to compare the second-order discrete time model 

obtained by pertUrbingthe plant and the model and analysing the input/Output 

records with a Generalised Least Squares (G.L.S.) modelling Technique. This 

chapter discusses some well known modelling techniques, in particular that of 

G.L.S. when used in deriving discrete plant models. Discrete models rather 

than continuous ones are preferred for two reasons. First, the modelling 

techniques will be applied using noisy data 1y a digital computer and this will 

require storage of the input/output records in sampled form. Seoond, assuming 

a computer is to be included in the closed loop as the controlling device, a 

discrete time model leads naturally to a discrete7time controller (as shown 

in chapter 5). The data will be sampled at intervals of time (T) and a 

pure time delay (TO) associated with the plant can be approximated by kT 

time units where k is defined as 

k = integer part of (T+ 0,5) 

If it is assumed that even with zero time delay the plant can give no output 

for any input at t = 0, thenit is seen that the output x(n) can be 

expressed as 

x(n) = hr [ x(n-1),, x(n-2), u(n-1), u(n7.2), 	 ... 4,1.1 

 

Where u(i) are the successive inputs. Amongst the large number of possible 

types of IV, a weighted sum is the simplest type: 
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x(n) me -al  x(n-1) -a2  x(n-2) - owes° 

44.11 u(n-1) +b2  u(n-2) 

where the ai, bi  are constant weighting coefficients and using the operator 

z 	) defined as 

z(n) a x(n-1) 

we have 

x(n) [1 ai  el + a2  e* ....] = u(n) Ebt  el 	e"  + ea..] 

02" 
x(r) 	b4 z-1  4 132  2-2  + ogee 

... 4.1.2 

   

u(n) 	1 at  el a2  ea ono* 

By using the substitution z = e sT it may be shown that the general Laplace 

transfer function 

i-e
sT  

(s+ao) (s4;b0) 
G(s) 	x 	 

(aita) (silo) (8+0) .... 
4.1.3 

reduces to the form of 4.1.2. The reason for choosing the linear models 

4.1.2 or 4..1.3 is that extensive work has been done on the stability and 

control of such models while little is known about these aspects of non-linear 

models. In this chapter attention is confined to deriving models of the form 

4.1.2 by analysing input/output records using the techniques of Least 

Squares (L.S.), Maximum Likelihood (ILL.) and Generalised Least Spumes 

(G.L.S.). Before describing these procedures however it is necessary to 

define some statistical properties which will be used to compare the results of 

the three methods. 	
(14) 

4.2 Estimation Criteria 

(i) Unbiasedness 

In estimating a parameter bj of a model from a record of n 
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samples, the estimated parameter bj is said to be unbiased if 

E lbj1 = bj 

ie the expected or average value over all n such samples equals 

the true value of the parameter. 

Consistency 

An estimateb.of a parameter b from n samples is said 

to be consistent if, for any positive 8 and 4, however small, 

there is some N suoh that 

Prob. f I bj- bj] 	a j > - 4 for all n > N. 

(iii) Minimum Varianoe Estimator 

If E NJ] = bj 

then the variance of bj is given by 

Var [t,j] = E [bi bj1:4  

andthiscan be shown to be greater than or equal to a lower value 

which is called the minimum variance bound or Cramer-Rao lower 

bound. An estimator which attains this value is called an 

efficient estimator. 

4.3 Least Squares Estimation 

In the following the notation > will indicate a column vector and < 

a row vector. Thus <w> indicates a scalar quantity and >.< refers to a 

matrix. 
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n(kT) 

x(kT) 

e(kT) 

Figure 4.3.1 

"Least Sonsrea Plant Model" 

Figure 4.3.1 shows a plant with an input signal u(kT) and an output v(kT). 

This output is corrupted. by noise n(kT) and the only available output measure-

ment is x(kT)*; A model of the plant is assumed to have the weighting sequence 

form 

Z(O!) * U(TC:T T)bj 11.07f T)-1) + V 0 V 

9.D©+ u((.111 T)bm  e(kT) a.. 4.3.1 

where 

z(12 	y(k2) 	e(1C) 

Equation 4.3.1 can be written 

x(kT) x ulg-7 T).bj 	e(kT) 
Where. 	<Lalt.-j) 	[ 	tt(k.-2))  . 	. 

[ 64    bwk3 
and it is desired to estimate the parameters bj, given sequences of input 

and output measurements luly  [.K1, suoh that 

= t e(kT).e(kT) 

is a minimum. Equation 4.3.2 can be written (dropping the T) 

4.3.2 
(IL-y.03 
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x(k) 	= 	u(k-j) bj > + e(k) 

x(k-1) = < u(k-1-j)obj>+ e(k-1) 
0 0 0 

a 0 • 

• • • 

• • • 

• • 	 • 

• • 	 0 

x(k n) = 	u(k-n-j) .bj > + e (k-n) 

and. henoe 

> = U bj > + e 	 4.3.3 

Mere x > is the n vector of output measurements and, U is the matrix 

u(k-1), u(k-2), u(k-3), 	u(k-m) 

u(k-2), u(k-3), 	 u(k-m-1) 

• 
• 
• 
• 
• 

u(k-1-n), 1  u(k-m-n) 

Thus 	I = te.e> = 	- bi UT] { X, > - U bJ > 

x.x > - 	bj>- cbi UT  x > + bj 	U bj > 
ax 

ab j 
= - UT  > 	X > + UT  bj > + UT  U bj > 

ax 
and. for --- to be a minimum 

abj 

aI 
•••• ie bj > 	[UT  U1"1  ITT  % > ... 4.3.4 

ab j 
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and ---- A 217T U > 0 .7. the above condition is a minimum. 
13142  

Substituting 4..3.3 into 4.3.4 

14 > 	T Il]" IIT  [J bj > + e > ] 

sc bj 	[UT  13]-1  ITT  e > 	... 4.3.5 

If the elements of the columns of U are unoorrelated with e then 

E [bj > ] se E [b4 > ] 
	

000 403106 

and the estimates are unbiassed. 

Also, the covariance of the estimates bj > is defined as 

oar bj > = 	> bj > ] [tj > bj >]Ti 

E f[uT  Ir]-1 UT  e >0.< e u 	U]"4T 	} 	 ... 4.3.7 

and if E e > < el = 	ie the sequence [el is unoorrelated with 

common. variance 0.2  ("Mhite noise")f  then coy bj > = o2  eta". 

In practice the sequence fe] will not be unoorrelatea .and hence 

E [e > < e] is not simply diagonal. Thus L.S. estimates will be biassed, and 

therefore unsatisfactory. 	
(10 

4..4 Maximum Likelihood Estimation 

Istrom et al considered the process model shown in Figure 	and 

defined by 

A(E-1) z(t) 	B(B-1 ) u(t) + c(E-i) E(t) 

u(t) B (z-1) 
A (z-I) 

 

lift) 

C (z-I) 
A (z-1) 

n(t.2i3+ 

 

S(t) 

   

   

Fig. 4.4.1. PROCESS & NOISE MODEL ASSUMED BY ASTRoM ET AL. 
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where 

A(z-4) = 1 + a1 	i + a2 Z.z    + an ern  

B(el )r 	bi el  + 132  z" + 	 + bn 

C(2") 	+ 01 el  +.02 2-2  + 	 + on ern  

[el is an independently and normally distributed sequenoe with zero mean 

and variance ova Although [el is independent, [nl will not neoessarily 

be the same unless A = C. Since e(t) is normally distributed its 

distribution function is given by 

nE IC 

  

exp 1-1/2  - 40e - 4) > P$1[ 46x3 
(27)kia  (det z)Itst 

where 

  

 

• 
• 
• 

# 	= E[8] a Z 	- 	>s< 	- 

   

since 4 = 0 

&keg 

 

8kek 

 

X 

8181 	8182 

EzEi 	ZaSa 

siek 1  

ezek 
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azI 	since E [sic j] 	[ 0 i 	j 
cr 	= j 

The distribution function is now 

I- 
AF = 	 exp 4 ES >IDE. 

(2901C/2 ajC 	L-  '2;2 	j  

and the logarithm of the probability density function is 

log e [f(e)] 	log (2n) k log a 	ES > 
2 	202  

The estimation problem is to find the parameters A, B, C$  or suoh that 

x(t) is the most likely when u(t) is given, ie to find the maximum of 

L E(t) / u(t),, A, B, Cs 

and Istrom shows that this is the same as finding the maximum of 

L [E(t) / u(t)s, A, B, G$  

which 000urs when -- 4 ES > is a minimum. 
202  

2,strom also showS that this estimator is asymptotioally efficient and this 

means that in theory an estimator with greater accuracy cannot be found. 
(16) 

4.5 Generalised, Least Squares (G.L.S.) Estimation 

In equation 4..3.7 if coy (e) = E [ e s 4 el is written 

coy (e) = P = PIPIT 
	... 4.5.1 

where Pi  is a lower triangular matrix, then multiplying 4..3.3 by Pi" 

we have 



— 83 — 

Pi"tz > 	Pi"U b3 > Pi" e > 	... 

Then 

COV [P1 "1, e 	E [Pi" e > < e (131")] 

= Pi"1  E [et > < e} (131.1)2  

pivoi p (p1,.1)T 

4 

ie the covariance of (p1-4  a >) has been found to be a unit matrix and 

thus the method. of L.S. is applicable to the filtered data, ie to pi- 	> 

and Pi" u >. The difficulty is that Pf must be known before the calcula-

tions are started and this is tautamount to knowing the answers before the 

problem is solvedt In addition the olaoulations win be quite involved since 

now . 

wi 
bj > = 5Y2  Pi" Id 1i pi" x > 

One way of overcoming these problems was suggested by Clarke who, wrote a 

computer programme using an iterative filtering procedure in Which the L.S. 

residuals (e) are used to derive filters which transform the input/output 

data pairs so that the new residuals approximate more nearly to White noise. 

This iterative process is carried out until some constraint is violated. The 

process and noise model assumed is shown in Figure 4..5.1 and is defined by 

the following equationss 

B(z") 
4.5.3 

u(z 	A(z ) 

where 

v(z 



- 
+ al el + a2 e*2 	0100000 + an e" 

and 	B(z") 
	

bt Z'l + b2 g" 	.0.www bey 

The corrupted measurements are given by 

z(i) 	7(t) + e(t) 	 ... 

and the noise process is defined. by 

a( 1) a(t) 	D(et) 	(t) 	 4.5.5 

where 

a (z") sc 1+ oi 	+ 0 2 e2 	 + am 

D (el) 	+ 44 X" + 4m d" + Y a a 4 Y f1 + 4m em 

and. 4(0 is white noise with zero mean and variance o~m 

(t.) 
Diz-1) 
C(z-11 

u (t) 
z—k wz—i) 	v(t) 

A(z-1) 

(t) 

Fig. 4.5.1. PROCESS & NOISE MODEL ASSUMED BY CLARKE. 

Combining equations 4.5.3, 4.5.4-$ and 4.5.5 

where 

A x(t) = 	B u(t) + e(t) 	 ... 

e(t) zgt) 	 ... /1,5.7 
C  

ae 	4(t 	riz) > 	 ... 24,5.8 
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where the w are fUnotions of the ai'  d., oi. If Ix], [u], le} now 

stand for sequences of x(t)„, u(t), e(t) respectively then for several 

measurements, equation 4.5.6 becomes 

Lx3 = E- el 	bzIk 	ziffl txj1, 	z"k"4  bah ...J a] + lel 

bi 

... 4.5:9 

where 

a b] se [ 	ao, 	ags, •.. 	- an7 b1, 1.414, e it bird 

Equation 4.5.9 can also be written 

x> se U bi > + e > 

which is in the form of equation 4.3.3 and if x > was independent of U then 

L.S. estimation would be directly applicable. However L.S. estimation may be 

shown to be biassed here since U is now a function of x and up and 

G.L.S. or M.L® estimation must be used. From 4.5.7 it is seen that e(t) can 

be written as 

e(t) A F"1  x 4(t) 	 -•. 4.5.10 

where 

F 	(ri  z-1 	r er) 

and F is a low order polynomial in z. Equation 4.5.10 is an autoregressive 

process since gt) Is approximated by a finite weighted sum of pr'evious 

and present yews of a(t). The weighting coefficients fr  can be. 
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estimated by L.S. and then used to filter the input/output sequences 

[x] so that the new residuals approximate more Closely to uncorrelated noise. 

The (Computerised) steps in the modelling procedure are 

1) Find a L.S. model estimate from the data [u], 

One a 

   

2) Find the errors 

e> 	x > - IJ bj > 

Find a L.S. model for F where 

a> * 7'1  x > 

1k.) Filter the data bulk  Ix] with F to produce new data [ui i„ bx/ 1 4 

5) 	Repeat from 1) again with lul l, 13.4] until one of the error criteria 

are satisfied. 

The error criteria are 

i.) Divergence of the quantity ( e.e > 

ii) The number of iterations reaches a prearranged maximum. 

iii) e.e > becomes less than a pre-arranged value. 

From equations 4.5.7 and 4.5.10 it can be seen that ADO"' 0 

ie 	DCw1 	A71  F"1. 

D, C are not computed explicitly in Clarkels programme but are found as 

a function of A and Fa This compares Closely with Xstromvs model where 

the noise model is of the form A" C. 

Because Olarkets method is computer-oriented there is no theoretical 

proof available of the statistical goodness of the results. It cannot be 



shown that the results will be unbiassed, consistent or efficient. In praotioe 

sufficient information is printed out with the results to ensure their 

acceptance or rejection on statistical grounds. The method is essentially 

that of Box and Jenkins except that its assumed model is more useful in 

Process Control work and the formulation enables automatic selection of the 

best model by the computer to be more readily facilitated. Since there are 

fewer parameters to be found in Clarke's model the computing times are faster 

than those for 2strom's model and in addition, if the residuals are 

unoorrelated (or nearly 00) then the statistical oriteria of section )i-.2 are 

satisfied and the method will be as good as the N.L. method. It has been 

.found in pratioe that, for most oases investigated, the residuals were very 

nearly uncorrelated. 

446 Conclusions 

In praotioe, the residuals between plant and model outputs will be 

correlated. since the noise encountered in process control work will not be 

white and in addition the structure of the assumed model will be an approximation 

to reality. The use of L.S. estimation will therefore give inaccurate results. 

In theory M.L. estimation is the best prooedure to adopt but in practice 

G.L.S. estimation using the programme developed. by Clarke is quicker and just 

as acourate. For these two reasons plus its availability at the NPL„ Clarke's 

programme has been used throughout this work. 
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CHAPTER 5, The Design of Digital Compensators: 

5.1 Introductions 

It has previously been shown that the 7th order vector-matrix model 

describing the dynamic behaviour of the distillation column may be reduced 

to a second-order transfer function model which adequately describes the 

plant. This exemplifies the contention (17)  that many industrial plants may 

be represented by 

Gf(a) 
Ke-sTt(siy) 

(n) — 	 
U 	(81-8003+82) 

--- 5.1.1 

If y is negative then the plant will be non-minimum phase. By cascading 

a zero-order hold whose transfer function is 

h(s) 

with the model described, by 5.1.10  then in the discrete time domain the 

s transfer function of the two elements becomes 

G.(2) 	GIGh(z) 	- (z) 
by e-14.bgee -r 	 

14-at  z'TI-6-aa 
... 5.1.2 

where T is the sampling interval 

and r = TO. 

It can be seen that only 5 parameters are required to define the plant model 

whereas N would be required for a weighting sequence model estimated by 

correlation analysis using an N-bit P.R.B.S. Thus 5.1.2 is an economical 

description of the system and in addition, it is one Which is based on the 

time domain and should. therefore allow time domain controllers to be readily 

designed.. 

The problem discussed in this chapter is that of using models of the 

type defined by equation 5.1.2 in designing control systems, and in the next 
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chapter on-line applications of the various design procedures to the distil-

lation column are described. In order to justify the effort involved in 

obtaining models described by equation 5.1.2, the performance of any closed 

loop system designed with such a model should show an improvement over the 

conventional approach and for this reason a brief discussion of the Ziegler-

Nichols method of designing 3-term controllers is also included in -this 

chapter. 

5.2 A Closed-Loop Control System with Unit Feedbacks
(18) 

Figure 5.2.1 shows the block diagram of the closed-loop control system 

under disousaion in thls chapter. The plant z transfer function is 

GI(z) and when. cascaded with the zero-order hold G (z) the overall 

transfer function becomes Cr(z) which is the model obtained by G.I.S. 

estimation. The controilerj  D(z) whose function is performed by a digital 

computer0  is to be designed such that some control criterion is satisfied. 

The expression K(z) represents the overa17 closed-loop transfer function 

between system input and output. 

Fig. 5.2.1 

"Closed-Loop Control System with Unit Feedback". 

In. general, two Lykes of control problem confront the process operator, those 

of regulation and those associated with the change of set-point. 

Regulation concerns itself with holding some product output at a set level 

in spite of fluctuations in the process, its feed. or operating conditions! 
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or changes in load. Set point control problems are concerned with altering 

the level of an output from one value to another such that the new level is . 

attainea as quickly as possible and with minimum deviation from this new 

level once it has been reached. At present it is desirable that D(z) should 

account for both these functions since available computer storage is usually 

too small  to apoommodate separate algorithms. For the same reason D(z) 

should have as few terms as possible and its output at a sampling instant 
Should be a function only of its previous output values and its present and 

previous input values. Assuming linear combinations of these terms it can be 
seen that D(z) may be written inn the fora 

U(Z) 	+ 040'1  + agz72, + tir.. + az-15/1  _ m 
. e(z) 	+ 	+ p2e2  + 

	

. 	+ Pm . 
D(o) 

trillo 51,2 1 

Prom Fig. 5.2.1 it oan be seen that 

K(z) 	
D(z) G(z) 

+ D(s) G(z) 

Therefore 

K(z) D(z) = 	-_-__-_- 
G(z) 	X.(z) 

DWG! 5.2.2 

... 5.2,3 

"Where K(z) is the overall pulse transfer function relating output to 

input. SubstitUting 504,2 ana 5,41 into 5,2,2 
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i=0 

) bzi 

A=0 	-r i=1  
m 	x z x 2 

z -j 

z3 

Eqk z 
-k 

-r 
z x  -------- 

(m+r+2) 
... 5.2.4 

K(z) 

2 

aLz x 	-H z-r 

ixo 

ajz 

    

k=0 

'Mere the pk, qk  are combinations of the a3, pi, ai, bi  above. It can 

be seen from .5.2.4 that a delay of r time units associated with the plant 

will produce a delay of r time units on the overall pulse transfer function. 

5.3 The Ziegler-Nichols Method of Three-Term Controller Design: 

This method is probably the best knoWn one for designing 3 term 

controllers and was evolved as long ago as 1942(19)• The "reaction curve" 

method. is based on the open-loop step response of the plant as shown in 

Fig. 5.3.1. Two measurements 0 and Ti  are taken from this Figure 
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where T1  is the approximate time delay in the plant and 6 is the 

slope at the point of inflextion. The step response is either taken from 

an experiment on the plant or from the equation of the model, 5.1.2 if this 

is known. 

Figure 5.3.1 

Three Term Controller design using the Ziegler-Nichols 

"Reaction Curve" Method. 

The criterion Ziegler and Nichols used for the controller settings was that of 

a decay ratio of L:1. This is shown in Fig. 5.3.1 where it can be seen that 

the second overshoot is 47 of the first. With this criterion the following 

controller settings were proposed by them: 

1.2 	2 
K = 	to ---TR 

= 2T1  , TD  = T1/2 
eT, 	eT, 

Where the controller is given by 

	

Di (s) = K 	sTD] 
sT 
R 

In order to approximate this continuous function using a digital computer, 

it is necessary to find the z transform of 
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f_e-sT 
D(5) = 	 x K 	+ — + STD] 0 	sT 

With unit sampling time (T = 1) and TR  $ TD  measured in multiples of 

T the z transform becomes 

D(Z) = K0  (1'-'el ) 
1 	

TAB. 	 + 	+ T 
(1-z"1  )2" 

  

K [(1-1-TD) + (1AR-1,-27D) 	t Tiewl 
=  	 s.. 5.3.1 

(1-z") 

In practice a decay ratio of 441 may be unacceptable and in addition, the 

plant model is usually inaccurately known, so plant operators invariably 

'Itune" the controller in situ. This method is tedious and time-consming 

and it is thought that algorithms other than 3 term may lead to superior 

control since the more flexible structure of the controller (5.2.1) may be 

better suited to account far process time delays. 

5.11- An Off-W.lawn Controller via Dynamic Programmings 

Methods of designing optimum controllers based on the method of 

Dynamic Programming have been well discussed elsewhere(10(11)  and for this 

reason only a brief outline of the method is discussed here. The process 

model is written in the form 

x(k+1) 	0(k) 1(k) + D(k) u(k) 	... 

and it is required to minimise the Performance Index 

N 

IN 
	[e(k) Q 1(k) 	u2(k)] 	... 5.1..2 

k=1 

1(k) represents an n-th order state vector, u(k) is the single input 

control signal and Q is a symmetric positive definite matrix. By applying 
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the Principle of Optimality 
(11) 

the optimum feedback signal becomes 

u(j) 	m(n-j) x(j) 	... 5.4.3 

where 

DT  [9+p(N—Ti-T)] 9s 
[Q,p(N—i.471)] 

P(N-j) 	+ Dm(N-i)]T [Q + p(N-3;:e] 	+ Dm(N-i)] 

+ x 	(N-4) 10-j) 

5.4.4, 

. 5.4.5 

with P(0) ••=. 

The method requires iterative calculations to be made of P(N—j)$ KN—j), 
u(j) (hence the name of Dynamic Programming) and. for this purpose a computer 

would be needed. To find the new value of u(j)$ X(j) must be available 

and as some of the elements of the state vector are usually inaccessible, an 

estimate of their value must be found. 	The discrete time state description 

5.4.1 is not available directly but must be found from 5.1.23  this is not 

however a difficult task as Shown later. 

The problem is simplified if an infinite stage process (i.e. 11-0,00) is 

considered since in this case the matrix P(N-j) becomes time-invarianti  

M(N-i) becomes a constant vector and u(j) becomes a weighted sum of the 

state vectors. A computer programme has been written by D.C. Witt of Oxford 

University (to Whom the author is indebted for calculating the controllers 

6.8.5, 6.6.6) which performs the following functions: 

i) Given a model 5.1.2 it then converts it to the form 5.1.1, changes 

this to the continuous-time state model 

Ax + Bu 
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and then finds the discrete timr. form 5.4.1. It is pointed out that only 

second order models 5.1w2 with an adjoined state variable defined by 

i3 = Xs  - Xi 

can be handled at present. The adjoined state variable x3  is used to 

account for the integral of error between the set-point x5  and the process 

output xl. 

2) Assuming an infinite-stage prooess and given Q, 	the matrix 

P(w) is found and hence M() can be calculated. 

3) Since the state-vector model is known it is now possible to find by 

simulation the sequences [e3, [11.3 which are the input and. output of an 

equivalent digital controller which would have the same effect as the state 

variable feed-back controller. By taking the first 2m-1 terms of [eh [11], 

a matrix inversion procedure is used to derive the parameters of an m-th 

order digital controller. 

An alternative method of obtaining the discrete time model 5.4.1 from 

the z transfer function model 5.1.2 is described below this method avoids 

using the frequency domain and the calculation of the discrete controller 

D(z) is easily and directly performed. For the general model 

n 

b.z 

X 	i=1 
(z) 

11 	.71  -i 

LJ 
aiZ 

i=0 

it is seen that 
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x(k+1) = -at x(k) - az  x(k-1) 	-an  x(k-n+1) 

+bi  u(k) + bz  u(k-1) + * 	 +bn u(k-n+'() 

by writing x(k+1) = 	(k+i) it can be shown that 

xi 	= -al  xr  (k) + xz(k) + bt  u(k) 

x2 (k+1) = -az 	(k) X3 (k) b2  u(k) 

x3  (k+1) = 	(k) + x4  (k) + b u(k) 

a 

xn(k+i) = -an  x(k) + bn  u(k) 

And the discrete state-vector 1(k+1) can be written 

XN+1) 	st) X(k) + D u(k) 

Where 

x(k+f) D = 

bt  

b2 

bn 
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-a/ 	1 0 0 ..... 0., 0 

-az 	0 1 0 0 	0 

45  

-an-1 0 0 0 	Zscre.b f 

-an 0 0 	0 

with the same performance index (5.4,2) and following the standard Dynamic. 

Programm4ng method as before a oontrol signal u(k) will result where 

u(k) = 	114 x(k)  0 

1,e. the optimAl  control signal is a constant linear function at the state 

variables. In this case however the state vector is accessible since it 

is a function of the values air, bi, 	u(k-i) which are all known. 

Thor example consider a second, order model 

x(k+1) = -al, x(k) 	x(k-1) +b1 u(k) +bz u(k-i) 

The optimal control signal will be of the form 

11(10 	(IR ma) ( xxia kki 

and 

x/  (k) = -al  xi(k -1) + 	-1) +lot u(10-1) 

xa(k) = -az zi (k-1) +b 

Thus 
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u(k) = Mi x1  (k) 	x2(k) 

=m1 	xi  (k) + m2  [-an x4 (k-1) +b2  u(k -1)] 

which is seen to be in the form of 5.2.1, the general linear discrete controller. 

The advantage of following this alternative approach is the reduction in 

computation needed since all  calculations are now performed in the time 

domain. However a computer programme is still required to find the values of 

M(00) and P(00) although the equation of the discrete controller is more 

simply and reliably obtained. Since the computer programme to perform the 

calculations for the first method was freely made available/  results are 

presented in the next chapter for this method only, although it seems reasonable 

to suppose that the alternative method would produce exactly the same 

controller. Both methods would require several trials with various values of 

T. in order to select the controller with the most acceptable response. 

5.5 Plant Compensation by Pole-Zero Cancellation: 

Given a model in the form 5.1.2, it would seem possible to obtain improved 

closed-loop performance by cancelling the unwanted poles and zeros of the plant 

with the digital compensator. It can be shawn(20)however that, for poles 

and zeros which lie on or outside the unit circle, attempts at cancellation can 

lead to closed-loop instability if the cancellation is imperfect. In practice, 

models described by equation 5.1.2 would be composed of estimates of the 

parameters ai, bi  and these have uncertainties related to the variance of 

these estimates, so if the parameters lie close to or outside the unit circle 

attempts at cancellation would lead to instability. Since cancellation by 

D(z) of process poles and zeros which lie on or outside the unit circle is 

to be disallowed, then a restriction will also exist on K(z) and this can be 

determined frodthe following: suppose the plant transfer function can be 

written as 



K(z, n) - r(z) 
K(z) 

G(z$  m) X ---- 
G(z) 

x(zo. in) ... 5.6.1 
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h (1-1).z") 

G(z) = 	 

	

(1-a,  z"9) 	
F(z) ... 5.5.1 

where the bi¢  aj are the zeros and poles (respectively) which lie on or 

outside the unit circle and F(z) represents the remainder of G(z) which lies 

inside the unit circle. Then from 502.3 

j 
II (1-a.z-4) 	K(z) 

D(z) 	a  

U 	biz's) F(z) 1.4c(z) 
0.0 5.5.2 

and if the poles and zeros outside the unit circle are not to appear in D(z) 

then 

f-K(s) 	n 	x p(z) 	 a.. .5.3 

	

1(z) = U (1-biz"'') x. Q(Z) 	 ... 

where P(z), Q(z) are polynomials in z-1. It can be seen therefore that 

1-K(z) is to contain the poles of G(z) which lie outside the unit circle, 

while K(z) is to contain the zeros of G(z) which lie outside the unit 

circle. It will be shown in the next section that to eliminate intersample 

ripple K(z) should contain all the zeros of G(z). 

5.6 Elimination of Intersample Ripples 

The transfer function K(z) relates the closed loop system output to the 

input at sampling intervals only, and to ascertain system behaviour between 

these intervals use is made of the modified z transform. It can be seen 

from Fig. 5.2.1 the overall modified z transfer funationl  K(z0  m) is given 

by 

and it may also be shown that the poles of G(z0  m)t  G(z) are the same 
while the zeros of G(z0  m) are functions of ml  z$  and those of G(z) are 
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purely functions of z. It is therefore possible to write 5.6.1 in the 

form 

Zeros of G(z, m) 
	 xHK(z) 
Zeros of G(z) 

... 5.6.2 

from, which it can be seen that only if K(z) is a finite polynomial containing 

01  the zeros of G(z) will K(z$  m) be a finite polynomial, otherwise it 

will be an infinite polynomial in which each term is a function of m. In 

order that the closed loop output shall be ripple-free after a finite time to 

a standard input, it can be seen that K(z, n) should be a finite polynomial 

and that it should become independent of m after the first few terms. Thus 

K(z) should contain all  the zeros of G(z) to achieve ripple-free operstion 

at steady-state, i.e. K(z) should be of the form 

K(z) = 11 (1-biz"1) x Q(z) 	 ... 5.6.3 

where bi 
accounts for R11  the zeros of G(z). 

5.7 A. Minimum Time Controllert 

The objective of this type of controller is to change the plant output 

from one value to another in the shortest possible time. From Figure 5.2.1 

it canbe seen that 

e(z) = r(z) x(z) 

Ci-X( 	r(z) 

The Final value theorem ( (18)  states that 

Lt e(t) = Lt E(1-z-1) e(z)j 
t-->c° 	z-0.1 

= 	 ) [1.-K(z)] r(z)] 
z-1 

5.7.1 
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I,f r(z) is an impulse, step, ramp, or acceleration input then r (z) can 

always be written in the form 

Pt  (z) 
r(z) 	(1-z-s)k 

where k is an Integer and Pi(m) is a polynomial in el which has no 

factors in (1,,.el )* Hence 

Pit (z) 
Lt 	e(t) 	Lt r(i -el ) [1-K(z)j ] 

(4 -) 

= 0 if 

= 	P2(z) 

where P2 (Z) is a polynomial in el  * 

If 	 E biz 

G(z) 	z-r 
 x i=1 

z 
-i 

i=0 

then K(z) should be of the form 

g(z) = z-r  Q(z) 

-i 

we's ,5*7y2  

... 5.7.3 

Equations 5.7,2 and 51,70 should be satisfied. simultaneously and if the 

minimum number of terms are used. in P2  ( z) and. Q(z) the resulting controller 

is termed the minimum prototype. If k=i for example then 

-x(z) 	(1-e) 132(z) 	-z-r  Q(z) 

If 	Q(z) 



D(z) - 

and from 5.2.3 
a z -i  

-r 4 z11 	b z -i 

i=1 
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then 	K(z) = z-r  

n 

a z 

i=0 

(l _z-r)  7)  biz  

1=1 

This is the minimum prototype controller. Note that gz) does not oonts-Un 

the plant zeros and hence intersample ripple will be present. Also, the 

controller is attempting to cancel the plant poles and if some of these lie 

near the unit circle a lightly damped control system may result. It is 

probable that pure minimum time controllers are unsatisfactory in chemical 

process work since it is desired not only to reach the new set-point but to 

hold this level without significant variation. This requirement contrasts with 

that of ballistic control where, once the missile has destroyed its target, 

system behaviour is of no further interest. 

5,8 A Controller to Minimise a Quadratic Performance Index: 

Asimilar Performance Index to that used in section 5.4. is proposed, viz 

= 	[eg(nT) 	71. u2(rtr)] 	 ... 5.8,i 

nr=0 

The objective is to minimise the sum of the error-squared terms with an 

additional term to account for the control effort. Equation 5.8.1 can be 

written (18)  

I 	Sum of Residues of [e(z) e(z-'1) 	1. e,z)u(z-l) z-4] 	... 5.8.2 
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Since 

e(z) = [1 K(z)] r(z) , 

u(z) = D(z) e(z) 

K(z) r(z) 

G(2) 

r(z) 	e(z) 

G(z) 

I can be found as a function of K(z) since G(z), r(z) and 	will be 

known. Equations 5.2.4 5.5.3 and 5.6.3 specify K(z) and if the minimum 

number of terms are used in the polynomials P, Q then the minimum response 

time controller can be found. By including extra terms in these polynomials 

however it is possible to select them to optimise some criterion, such as 

the one proposed above. In this case I becomes a function of the unknown 

terms and can be minimised by using 5.8.2, but to do this considerable 

algebraic calculations are required ana  the method is of dubious value. 

One of the arguments for weighting the control effort is to preventit 

from saturating in the case of a large input signal, since there is then the 

possibility that instability may occur. There is no guarantee that the 

stable olosed-loop system may not become unstable when the saturation limits 

are reached. In spite of this argument it is thought that such cases will be 

rare and can probably be handled as they arise. A simpler set of calculations 

result if A = 0 and this controller is considered in the next section. 

509 A. Mean Squared Error Controller: 

If 	= 0 in equation 5.8.1 then the Performance Index becomes the sum 

of the errors squared: 

nTE ... 50.1 
n=0 
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As before this may be written 

I = Sum of Residues of [e(z) e(z"9 e•i] 	... 5.9.2 

and from 5.6.1 

e(z) = [1 K(z)]r(z) 	... 5.9.3 

Assuming the plant model is known then 5.2.4., 5.5.3 and 5.6.3 must be 
satisfied and these equations enable an expression to be found for K(z). The 

input r(z) is specified and thus e(z) is found, leading to the 

minimisation of I. The steps in the calculation are enumerated below-where 

it is assumed that the system is to respond to a step input with zero steady- 

state error and the controller is to be optimised with respect to a pulse input. 

1) Given the plant model 

blz-1  + b2z-2  
G(z) = z -r 

+ a2z*'2  

it can be seen fram sections 5.2 and 5.6 that K(z) should be of the form 

K(z) = 	(blel + bae2) (qo + qt z'"1  + 	+ qmz m) 	... 5.9.4 

2) To satisfy the requirements of section 5,5 

1-x(z) = n (1-4je1) P(z) 

Where P(z) is a polynomial in zwl  and aj  are the poles of G(z) which 

lie on or outside the unit circle. Since the G.L.S.. estimation scheme will 

fail if the plant poles lie on or outside the unit circle it is assumed, here 

that the aj  will always lie within the unit circle. Hence 
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1-K(z) 	P(z) 

3) To settle to steady-state after a step input 5.7.2 must be satisfied 

and hence 

-K(z) = (1-z`"1) Pa(z) 
-1%  = 	(1 -e1) (Po 	pie" + ...... 	) plz ... 5.9.5 

and this also agrees with step 2. 

i.) The coefficients of the highest power in el in 5.9.4 and 5.9.5 must 

be the same hence 

-1-1 = 

i.e. 1 = m4-r+1 

and these equations can be used to eliminate some of the unknowns pi, qi  

i-z-r (b  1 ei' + b2e2) (qo  4- gig" + 	 + qmz-m) 

hog, + pi el + ...... pr.010.1  z-(r+111+1)] 

it can be seen that 

Po = 1, (Pi - P0) = (P2 - Pi) = 
	

* 
	 = (pr  pr _ 1) . 0 

there remain m4-I unknowns in qi, m4-1 unknowns in pi, and loki-1 equations. 

Thus the m4-1 unknowns may be assigned arbitrary values, (as long as they 

satisfy the relationships between the pi  and qi), but their values can 

also be selected by optimising the performance index I0 

6) For a unit pulse input 
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e(z) = [1-1C(z)] = 1-z- 
 

bt Z..1+  b2e2) (qp + ql eml  + 	 + qmz m) 

... 5.9.6 
ai 

By substituting 5.9.6 into 5.9.2 and finding 	for the values of qj  not 
aqj 

yet determined, it is possible to find all the values of D which will 

make I a minimum. 

7) The optimum digital oontroller is then given by 

1 	K(z) 
D(z) 

G(z) 1-K(z) 

1+alz"+age; 

-r z (blri+baz") (1-Z") (PO4ple" + 

(1+aiel1+a2Zw2) (q0+q1 e1  + 	+ gmz-11) 

(1-e4) [po+pl ei + 	+ p 	z-Tr+m471 r+m+1 

Pr+m+1z  
--(r+m+17]  

The unknown factor in this method of design is the number of terms to 

include in K.(z). The minimum number of terms which satisfies both 5.9.5 and 

5.9.6 will lead to a minimum time response, but as shown in the examples in 

the next chapter it is only necessary to add CMS extra term to the resulting 

K(z) to satisfactorily account for a minimum error-squared criterion. Step 

6 appears to be a complicated one mathematically, but because • e(z) is of a 

fortunate type, the calculation of the residue is a very simple task. 

5,10 Conclusionst 

In this chapter methods of designing Feedback control systems for 

processes described by a discrete transfer function have been reviewed. Steps 

involved in the design procedures have been outlined without reference to 

numerical examples which will be discussed in detail in the next chapter. 
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CHAPIEA 6. On-Line Control of the Distillation Column: 

6.1 Introduction: 

So far it has been shown how a satisfactory model of the Distillation 

column can be obtained from theoretical considerations with the aid of certain 

measurements. Methods of using these models in designing closed-loop control 

schemes were discussed in chapter 5 and in this chapter the realisation of these 

schemes is described. The types of controller discussed are three term, 

minimum mean squared error and those designed by the technique of Dynamic 

Programming. Before discussing the results obtained a brief description of the 

on-lino control programme used in these experiments will be given. 

6.2 The on-line control programme: 

The control programme was written to the author/s specification by 

Mr. Keith Wilkinson of the N.P.L. in mnemonic auto 	for the Ferranti Hermes 

computer. The control algorithm is written in the, general form 

D(z) - 

n-i 
- aiz i  

i=0 

n-1 
7-n -± 
) Piz  

i=0 

and 	Po  = 1. The maximum allowable value of n was 12 but normally n is 

about 3 or 4. The control programme is stored on the Hermes drum and is brought 

into core-store by a call-tape. Merely by pressing a key on the computer 

console, a standard format tape would be read into the tape reader and thereby 

a "new" control algorithm would replace an "old" one. Fig. 6.2.1 shows a 

block diagram of the computer hesitate and interrupt operations whioh are 

initiated by a crystal controlled digital clock situated on the distillation 

column control panel. Each sampling interval 16 variables are scanned, one 

per second and they are quantised by a digital voltmeter and sent in parallel 

form to a binary coded decimal (B.C.D.) encoder from which they are hesitated 

serially into the core store. There are 6 B.C.D. characters (consisting of 8 



Crystal controlled clock 

(on column control panel) 

Binary coded decimal 

( B.C.0) 
encoder 

16 channels 

from column 

FIG. 6.2.1. 
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bits each) per variable and. each bit requires 6tis for hesitation. 
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A counter interrupts the main programme when 96 (i.e. 16 x 6) characters have 

been read into the core-store and. the DDC programme is then initiated. A 

cathode ray tube display is available of up to 100 past values of selected 

variables (reflux, top-product composition, temperatures, etc.) 

6.3 Control Signal Constraints: 

In this work the top-product composition was controlled by the Reflux 

Ratio whioh in turn was controlled by a voltage applied from the computer via a 

keyboard to a buffer store. The maximum and minimum values that can be 

output by the buffer store is 12.8 volts and 0 volts respectively. Unfortuna-

tely, if 0 volts are applied to the tipping bucket Reflux controller, all 

the condensed vapour re-enters the column and none will leave. This means that 

the top-product oomposition meter (Which requires a constant flow of liquid 

thropel its measuring cell in order to detect changes in composition) will 

detect no deviation from the last reading, and so for this reason the minimum 

reflux was changed from 0 volts to 0.8 volts. 

6.4 Experimental Conditions: 

To compare the performances of the different control schemes accurately 

it was important to run them on-line under identical conditions. A Pataas 

modelling experiment at a feed. flow-rate of 4.7 cc/min, feed composition of 

7.2%, heat of 1.4-KW and at a 96 second sampling interval produced'the following 

second-order model (see Fig. 3.10.2): 

G(z) = 
AxT 	.156e" - 0.4-13e 2  

  

AVR 	
1-1.48e + 0.491z"2  

.156e1  (1-2.632r1) 
... 6.441 

    

(1-0.966z"1) (1-.512e") 

The steady-state gain estimated from this model was -19.4$o/volt and the mean 

output level was 61.1%. The theoretical first-order model found from the 

modelling procedure described in chapters 2 and 3 was 



-110- 

G(Z) = e2 
-0.659z-1  

... 6.4.2 
-0.966e1  

The steady-state gain was -19.3%/volt  and the above conditions and models are 

used throughout the control experiments described in this chapter. The double 

time delay which appears in the model 6.4-.2 was found to be present in the system 

from the step response tests described previously. There is evidence that this 

time delay is an approximation to anon-minimum phase effect associated with 

the dielectric composition meter which was calibrated under steady-state 

conditions of flow only. The top-plate temperature measurement (which should 

correspond closely to the top-product composition), and also manual calculations 

of the top-product composition before it entered the composition meter did not 

exhibit the non-minimum phase effect. 
also 

Control schemes were designed using the model 6.4.2 (which is an approxima-

tion to the plant behaviour) because: 

1) The modelling scheme usually obtained accurate estimates of the gain 

and major time constant, but the secondary time constant was not so well 

defined, probably because of measurement inaccuracies. 

2) It is thought that adequate regulation and set-point controllers 

will result from the efficient use of a well-defined fir st-order model. 

Point 2 is later confirmed by the experimental results. 

6.5 Three Term Controller Design: 

Following the method of Ziegler and Nichols as outlined in section 5.3 

the following values are found: K.0  = -1.0960  Tit  = 1, TR  = 	Ti  = 2, 

T = 1. Substituting these values into 5.3.1 it is found that 

-2.2 + 3.02z-1  - 1.1e*2  
D(z) 

 

... 6.5.1 

 

When this controller was applied to the plant the response to set-point 

changes was highly oscillatory and in common with normal practice an attempt 

was made to tune the controller on line. In this case the gain was reduced 



H  6  H A 

xz  

- 111 - 
by a factor of 2. The results are shown in Fig. 6.5.1 where it can be seen 
that the overshoot and settling time are acceptable by normal industrial 

standards. Further adjustment of the constants in this controller could 

possibly result in better behaviour but this was not attempted. 

6.6 An Optimum Controller via Dynamic Programming: 

Starting with the general form 

biz'l+bgeg  
OP, 6,6.1 

1+aiel+a2e2  

the Laplace transform of the plant is found to be 

C(s) 	 6.. ,6.6,2 
(s+8) (s+82) 

and. by writing 

-Erixi+x2+KU 

'12 = -82x0-(y-8k)Ku 

xl-z 

the state variable model with states xi, x.2*  x. is derived. The state 

variable diagram is shown in Figure 6.6.1 and xs is the set-point of the 

plant. 

XI 
	-0 

FIGURE 6.6.1. STATE VARIABLE MODEL 
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0 

xz 

_ 

r 0.966 0,72 0 x(k) 01.156 
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L 
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The vector, matrix model ia 

0.156. bz = -0.413, a/  

0.03, 8z = 0.7, y 

= -1.48, az  = 0,491 

= -0.85,. k = 0.112 

and since bi = 

of  = 

and the continuous state-vector form 6.6.3 becomes the discrete state vector 

form 

6.6.4 

The matrix Q (see section 5.4) is 

I 00 

Q 000 

001 

and 1. can take any arbitrary value. Taking values of 1.= 1 and ? = 

the following controllers are found: 

D(z) lx  = f  = 

D(z) I = 

-3.1634.4.18et-1,312e*4  

1-0.09e1-0.91z" 

2,03+2,8z-t-0.8862" 

1 -0.516z"1  -0.48V'a  

... 6.6.5 

... 6.6.6 

Plant response to set point changes with the controllers defined by equations 

6.6.5, 6.6.6 are shown in Figures 6.6.2, 6.6.3 and 6.6.4. It can be seen that 

D(z) Ix  = 	gives a better response and this controller was selected for use 
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in the regulation experiments which are discussed in section 6.9. 

6.7 A Minimum Time Controller; 

Considering the model 6.4.1 it can be seen that K(z) should be of the 

form 

K(z) = (1-2063eq) (qtri.qiel) 

and to respond to a step in minimum time 

	

1-K(z) 	(1-z-t) (13,41312-') 

	

Hence p0  = 1, oho  = 0, 	= 1.6, cif . -0,6 

and. 

-(1-2.63e1) 0.6z-1  
D(z) = 	x 	 

G(z) 	(1-z") (1+1.6Z") 

(1-0.966e1) (1-0.512e1) 
... 6.7.1 

.156 (1-2-1) (1+1.6t"t) 

Alternatively, using the model 6.4.2 it can be shown that 

(1-0.966e1) 

	

D(z) 	 6.7.2 
-0.659 (1-e3 ) 

The result of applying the controller 6.7.2 to the plant is shown in 

rig. 6.7.1 where it will be seen by comparison with the later results that the 

response is the fastest but that instability commenced once the set-point had. 

been attained. The reason for this is the attempt (in either of the above 

cases) to directly cancel a pole which lies close to the unit circle. 

6.8 A Minimum Squared Error Controller: 

Starting with the model 6.4.1 and following the method described in 

section 5.9 
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1C(z) 	ef(1-2.632-'1 ) (q0+q1  z-1') 

= 	I -ga g" -(Qt'-2.63q0 )i42+2.63qie 	 ... 6.8.1 

For the system to settle to steady-state after a step input 

1 -K(z) = (1-e) (po+ptel+p2e.2) 

Po+(Pt'Po)ei-(Pa-Pt)eg-PAZ"3 	... 6.8.2 

Thus equating like powers of z" in 6.8.1, 6.8.2 it can be seen that 

Po = 11, qo+qi 	-0.6 

The 'error for a pulse input oan be written 

e(z) = [1-K(z)] r(z) 

= 1-q0e4-(-0.6-q0-2.63q0 )zu2+2.63(-0.6-qi2)e. 

Thus l rr. Sum of Res dues of [e(z) e(rt) et] 

1+q0;1-(006-1-qo+2.6,3q0)+2.632(0.6+q0) 
dI 

42.15u-02.66  = 0 (for a minimum, since --- > 0) 
siclo 	 dci.O` 

giving qo = 

qt = -003 

x 
1-1 ./.1.8e41-0.4-91 	z'''1  (1-2063 -4  )x-0.3(1+ei ) 

.156eit(1-2.63e1) 	0+1.3etli- 

i.e.. 	 -z-0.9132t s  
D(z) 	 . • . 

1+0..3x`'t-0. 51 2" 2`0179e5  

Similarly, by using the model 6.4..2 in conjunction with 

Thus 

D(z) 



= 0 21— — 0 $ aqi  — 
ai_ 
a qo  
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K(z) = z (q0+qi Z*1 ) 

and. 1-K(z) = (1-z-  ) (P0+1312714-p2z-24-p3z-3) 

it can be shown that 

Po 	= P2 = 1, q0.-qt = 1 

and. the optimum values of go y  qt" are go = qt = 21  k The optimum 

controller is given. by 

1 —0.966t" 	2 (1+2-1)z—' 
	 x 

—0.659z" 	(1 —z,l) (1+z"1-1-z-2+1z) 

-0.76-0.026ell.0.73e2  

D(z) 

6.8.4 

If the model 6.4.2 is now used. in conjunction with 

K(z) = e.3((10+qte44.q2Z-2) 

i-K(z) = (1-el) (Po+Ple-14-pzz'2+ple+p4e4) 

and. by following the same procedure as above it will be found that 

qe+qt+qa = 1$  ps = 1-qo  

and to minimise I it will be found necessary to set 

which will lead. to the simultaneous equations 

440+2qt = 2 

4-qt+2q0  = 2 

from which ao=qt = 3 and the controller is 



-121 - 

-0.506 -0.01722-1  -0.0172t".+0.489z-3  
D(z) =  	... 6.8.5 

r 4 	zo- 5 

The controllers defined by 6.8.3, 6.8.4, 6.8.5 were applied to the plant in 

conjunction with set-point changes and the results are shown in Figs. 6.8.1 

to 6.8.3. There is little significant difference between the results 

presented here which confirm that it is only necessary to add one extra term 

to the minimum-tine K(z) to achieve a stable controller, and that a satis-

factory control scheme can be designed using a first-order modal. 

6.9 Regulation Experiments: 

It is envisaged that except in extreme cases the same algorithm should be 

capable of performing both the tasks of changing the set-point and regulation. 

If an algorithm has been successful in changing the set-point from one level 

to another, it is likely that it will also be acceptable in regulation. This 

supposition has been checked by considering 3 algorithms used in regulating 

the top-product of the distillation column against disturbances in the feed 

composition. The regulation set-point was 60% B.11 and distraances were 

introduced into the system by changing the feed composition from the nominal  

value of 7020M to 4..4%BM so that it alternated for seven periods of 12.8 

minutes each between, one value and the other. The top product composition was 

logged on paper tape and later analysed by computer which found the output mean 

and variance and these results are tabulated in TABLE 6.9.4 from which it may 

be concluded that these algorithms are quite successful in regulation as well 

as set-point changes, particularly in view of the large disturbances in the 

feed. 
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TABLE 6.9.1 

Control 
Algorithm   

Mean Value of 
Top-product Composition  i mposition 

RA 

Standard 
Deviation 

i 

.".0•76+01•026r 1+01,73 "  Z 
60147 1.14 

1-0.5e-0,.5e4  

-1..1+1.51 z"' -0655z" 
60.2 11.45 

1-2-1  

-2.083+2.8z" -0,886e2  
60.35 1.78 

1 -0,516z-i -0.484z-  2 
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The control algorithm 6.8.4. designed using a simple first-order model 

Obtained from theoretical considerations however appears to be the superior 

of the three algorithms studied in this case. 

6.10 Regulation by Feed-Forward: 

If the feed composition zp  (considered as an uncontrolled variable) 

changes, then X in equation 3.2.11 will remain equal to zero if A, D, Fzr  

are constant. Since (in theory) the vapour flow-rates are dependent only on 

the applied heat (equation 2.3.1) and the liquid flows in the rectifying section 

are independent of the feed. flow-rate, then. D will be constant while only 

small changes in A will occur due to the influence of the feed flow-rate 

changes in the stripping section. It can be seen therefore that x will 

remain approximately zero if the product Fzr  is held constant, i.e. if .a 

change in zr  is compensated. by a change in F such that their product, 

(which is the molar flow-rate of the more volatile feed component) remains 

constant. The time delays between changes in F and zr  and their effects 

on the top-product composition are also known and these maybe incorporated 

into the control scheme. As an example, the column was regulated using the 

controller 6.8.4. and the feed composition was charged from 7.2% to 4.4%  and when 

it reached steady-state it was changed badk again to the original steady-state 

values. The results are shown in Fig. 6.10.1. The experiment was repeated 

but this time feed-forward of the flow-rate was incorporated, the flow-rate being 

altered from 4.7 cohli'n  to 72 cc/min 3 sample intervals after the disturbance in 

feed had occurred. After steady-state had been attained conditions were changed 

back to the original values and the results are shown in Fig. 6.10.2. It is 

Obvious that feed-forward has been effective in improving the regulation. 

6.11 Discussion of Results: 

From the results presented in this chapter the following points are noted: 

i) The response of the process is distinctly non-linear (see eg. Fig. 

6.8.3), the transient behaviour over all the 4. regions considered being 

completely different. 
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ii) Models obtained from perturbations about a set-point will be an 

"average" for positive or negative perturbations and can therefore be used 

in designing controllers for changes in these two directions. 

iii) After tuning the three-term controller, the system response to set-

point changes and its performance as a regulator was acceptable. However, 

on both these counts the minimum mean-squared error controller was 

superior and when it is considered that tuning this controller was 

unnecessary its superiority becomes more apparent. Attempts have recently 

been made to find an optimum three-term controller for this system(21)  but 

so far the results have proved negative. 

iv) The behaviour, for set-point changes, of the Closed-loop control 

systems designed using 

a) a theoretical first-order model and 

b) a second-order model obtained, from plant experiments 

were indistinguishable, a result which confirms the proposition that, 

for certain cases, a satisfactory controller can be designed using a first 

order model. 

v) It is only necessary to add one extra term to the minimum prototype 

K(z) to obtain a satisfactory minimum mean squared error controller. 

This results in two extra terms in D(z) as can be seen from'equation 

5.2.3, but the controller is not unduly complex. 

vi) The modelling technique has the following features: 

a) It avoids perturbation-type experiments 

b) It can be implemented on-line and can also be adaptive 

cl) It results in controllers which are superior to those in use 

at present. 

6.12 Conclusions: 

Based on simple assumptions and using a minimum nuMber of measurements 

it has been demonstrated that a simple dynamic model of a distillation column 

can be derived using a digital computer. In spite of difficulties with 
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measurements, the examples quoted here confirmed the validity of the method, 

particUlary in the case of a first-order model. This discrete-time model is 

well suited for on-aim control applications either of the feed-back or 

feed-forward variety and a simple method of designing feed-back controllers using 

an error-squared criterion has also been described. Controllers can be 

designed using the method of Dynamic Programming but it is doubtful if the 

additional complexity is justified. It is most likely that the methods 

described here could be implemented using a hierarchical system, the higher 

level computer being used to up-date the model and controller while the lower 

level computer is used to measure the variables and implement the control 

action. 

6.13 Future Work:. 

It is pointed out that the considerable effort involved in the present 

work has only resulted in a single input-single output compter control system. 

MUltivariable modelling and control have not been investigated and the effort 

involved in achieving this aim would be formidable. It is also regretted that 

time was insufficient to allaw a fuller investigation into dynamic feed 

forward. However it is. thought that much future work can be based on the 

foundations laid here. Provided accurate and reliable hardware is available 

the author believes that the following can be accomplished: an on-line 

adaptive modelling procedure can be designed which will monitor the measurements 

required by the procedure described in chapters 2 and 3 and this will leand to 

on-line control system design. The next step will be to extend the work to 

multivariable modelling and control and. the implementation of dynamic or steady,. 

state feed-forward. A further, but very difficult step, will be to apply the 

method to multicomponent distillation columns and finally to control groups 

of plants. 
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