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Abstract:

A steady-state model of a binary distillation column is derived from material
balance considerations and a digltal compﬁter programe is described whioh cal-
culates the vapour and liquld flow-rates at each plate in the columm. Theoretical
and experimental results are shown to agree closely, and a dynamic model of the
column is derived which, when programmed on a diglital computer enables the transient
behaviour for ‘large disturbances to be calculated. Agreement with plant data is
presented both for step and P.R.BaS. dlsturbanoes in the column operating variables.
It is further shown how to simplify the complex system of describing equations to a
2nd-order discrete time form; a simplification which is validated by plant ,
meagurements. The use of thepe models in designing closed-loop controllers is
discussed and their implementation by a digital computer used to regulate the top-
product composition by cdntrolling the Reflux Ratio is described. The same
control algorithms are alsgc used to change the set—-point of the top-product
composltione
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A(z)
&y

B
B(z)
by
C(z)
%

D, Dy

D(z)

5]
F
L5

&¢(z)

matrices.

a polynomigl in z.

coefficient of A(z).

binary reflux number or a matrixe

a polynomial in z.

coefficient of B(z) or interpolation values for Yy o
a polynomisl in 2z.

coefficient of C(z).

vectors.

a polynomial in 2, or comtroller z transfer function.
coefficient of D(z)e.

an error term or a plate efficiency.

feed molar flow-rate or polynomial in ze

ooefficient of F(z)»

process % transfer function (including zero-order hOld)o

G4(8), Gh(s) transfer functions of plant and zero-order hold.

top-product flow-rate in co/min.
heat supplied to the still.
hold-up in moles of liquid on plate =xr¢
hold-up in moles of vapour gbove plate re
a performance index or the unit matrix.
indices.

overall closed-loop 2z +transfer function.

open loop plant gaine

Optimum gain setting for = three term controller.

index or fraction of vapour recondensed above each plate.

molar flow-rate of liquid at plate r.

top and bottom product flow-rate in moles/minute.

an index.

a feedback control vector.

elements of M.

an index, vector or the feed-plate number.

an index or length of PRBS sequence in bits.

an index or total numbér of plates in column, or a noise process.
matrices or polynomials in z.
coefficient of P(z)e

a heat factor, polynomial in sz,

coefficient of Q(z)
entry.
Reflux Ratio.

or a matrix.

or fraction of feed entering column vapourised

on
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r index or closed loop system input.

8 Laplace transform variable.

Ty Tq sempling timej pure delay time in plant.

TR’ EED Integration and differentlation time constants for a 3 term controller.

t, to regl time or a temperaturs.

U a matrix,

u a control signal. ,

V. vapour molar flow-rate at plate r.

VR voltage controlling reflux ratic.

Ve top-plate thermistor voltage.

v nolse-free process oubput.

X a discrete time state veotor.

X, X msasured plant output.

xr composition of liquld on plate r.

xs pet-point compositions

xT, Xo top and bettom product oompositionso |

Yy composition of vapour above plate r.

% forward shift operator.

Bp feed composition in % B.M. ,

&9 pr parameters relating Yo to x, or coeffipcients in the controller
Zz transfer function.

Yy O zero and pole In a Laplace transfer-functlon.

A a small increment. ‘

£ a small number or a noise process.

e a transition matrix.

A a scalar parameter.

il the mean valuew

Z a small number or a white noise: prooess.

0 slope of the process step r95ponse at the po:.nt of inflexion.

] a general function.

p density in gms/ocs

b ‘the oovariance matrix.

o“ standard deviation of a noise process.

T dummy time variable.

L coefficient in a noise process.

In addition to the symbols listed above the follewing abbrevliations are also
used: | | -
BM by moles
DCM dielectric composition meter
DDC direot digltal ocontrol

GLS ‘ Generaliged Least Squares
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Least Squares
maximum likelihood

Pseudo-random binary sequence

indioates a sequenoe of quantities x(t)
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the
the
the
the
the
the
the

expectation operator

covariance of e

variance of e

estimated value of a parameter hJ
time differentiael of =x
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Chapter 1. Computer Control of Chemical Processes:

1«1  Introduction:

The Electronic Digital Computer is now an accepted tool in all walks of life
particularly in such fields as forecasting, insurance, accounting, medical, police
and government. In general, computers are used in any situation where large data
handling and storage facilities are required. Use of computers in the process
control field is more restricted, but even here it has been recently predicted(n
that by 1970 there will be considerable industrial use of hierarchical control
systems. A link between the two aspects of data processing will thus have been
effected, since commercial decisions and information will then be used directly
to control process operations via the computer hierarchy. Until recently the
advancement of proocess control has been restricted by the theory and measurements
available, but the advent of the computer bought with it a new approach and some of
these restrictions no longer apply. Recent emphasis in control theory on time-
domain system description and control could eventually supersede the frequency
domain methods and by using the storage and processing facilities of the computer,
indirect methods may make available measurements which have hitherto been un-
available. Computers can be used in a much more complex manner than pneumatic
controllers to optimise system performance either statically or dynamically, and it
is shown later that in some cases adaptive models may be found by monitoring plant
variables on-line. The attempts of theoreticians to advance the state of control
theory have been frequently bewailed by those who see their job as applying this
theory, and sometimes their criticisms have not been without cause. Many papers
have been written without much relation to reality, the authors having simplified
the problem to fit the mathematics rather than the reverse. Equally, it may be
said that process control engineers are unable to define a general type of conti'ol
problem, but this is most likely becuse there is no such thing, each control
problem having peculiarities of its own.

1¢2 Problems of Computer Control: ,

There is a considerable difference between normal data processing and the
control of a chemical process by digital computer. In the former case the computer
is used in an open-loop mamer, taking information, storing it, performing
calculations and producing a visual output which is used in some fashion by a
humane. In the latter case the output is sent to a physical process and it is
thus necessary to understand the operation of the process before the control
programme is written. Because of this fundamental difference in these two aspects
of data processing, other problems arise which have resulted in the slow progress
in computer control applications. A computer control project may be conveniently
split into two parts, the first part being that of defining the plant mathematically

and designing a control programme which will satisfy the required performance criteria,
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and the second part is the implementation of thisg oontrol scheme. These objectives
are not easily reached and there are several reasons for the glow progress in
computer control appliocations, most of which are due to ignorance. The plant model
will usually be unknown and probably non-linear and it may be derived by input-
output statistical modelling teohniques or from an analysis of the process
operation, either way this is not an easy task. Once the model 1s obtained the
oontrol system is to be designed and sinoe control theory is not easily understood
and requires some mathematical background, time must be found to absorb a lot of '
knowledge which may not be of obvious advantage. Ignorance of the economic benefits
to be derived from a computer application does not encourage financial investment in
this area. Company dlrectors usually require an estimate of the likely return from
any investment and since this is usually impossible for a computer control scheme,
progress has been slow. If it is decided to proceed with an application, further
" difficulties to be encountered will probably be shortage of personnel and hardware/
software problems. In order to succeed with a computer control project a team effort
is required and this team should consist of several experts in such fieldsas
eleotronics, instrumentation, programming, control theory, etc. led by a oontrol
engineer who has a considerable although not neoessarily detailed knowledge of each
field. Once the software problems have been solved (at present a formidable task
in itself), the operational success of the project will depend upon the perfect
funotioning of many individual oomponents linked together (e.g. oomputer, soannery,
stores, instruments, transducers ...) and as each one of these is often a complex
device the probability of a system breskdown is high. Another problem which arises
is that of measurement since control strategles may be proposed which involve
measuring a variable which is either inaccessible or if the variable is accessible,
instrumentation for its measurement may be either unavailable, too expensive or-
inaccurate. Many people see the lack of adequate instrumentation as the chief
impediment to the advancement of computer control at present.

13 TFeed-Forward Control:

One of the exciting possibilities of using computers in industrial control is
the implementation of feed—forward sohemes. By using only feed-back methods a
di sturbanoe entering a plant may exist for several hours before a oorrection is
applied. Feed-forward concerns itself with correcting the operating conditions as
soon as the disturbance is detected and is obviously in principle a superior tactic.
In praotioe feed-baok would be used as a trimming device to oorrect for any drift in
the plant and any other indeterminate disturbancess Tt is most likely that feed-
forward will become more widely used in the prooess industries, partioularly on -
diptillation columns whioh can have settling times of several days.

1wl Modelling and Control of Distillation Columns:
Distillation columms are one of the most common pleces of equipment used by
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the chemical process industry and yet it is remarkable how little substantial ‘
work has been published on their modelling and control. In addition, the work that
has been published usually considers modelling and control as two separate activities
when in fact there should be considerable overlapping. Papers published on modelling
normally content themselves with deriving models of varying degrees of complexity
without discussing how to use the model to obtain better control. Papers on control
of distillation columns usually assume a simple first-order Laplace representation
of the plant and proceed from this point to a discussion of various control
strategies.

Perhaps the most significant work on modelling of diétillation columns is due
to Rosenbrock 2 who showed how to predict step response behaviour for small
perturbations in a binary distillation system. This work was experimentally confirmed.
by Armstrong and Wx’!fil]::in.c.',on(3 ) and others(q') have presented experimental results
obtained by perturbating a column operating varisble and performing frequency response
calculationss Implicit in frequency response modelling is the design of a frequenc
domain controller and this is discussed in detail in the paper by Rijnsdorp eJc 81(5
It is ineffiocient however to gather modelling information in real time, derive a
frequency domain model and use this to design a controller which, for a digital
compensator, has tc be transformed back to the original time domain. In the case
where it is desired to use a digital compensator it is better to perform all
calculations in the time domain.

1.5 Aims of this work:

The work described here exemplifiles many of the points discussed above. It is
an attempt to apply some of the recent ideas of control theory modified where
necegsary to fit the practical situation, and it also shows how both modelling and
control caloulations can be performed entirely in the time domain. The work is
specific in that a particular distillation column is investigated rather than a
general type, but it is the writer¥s belief that much progress can be made in the
general. case by studying specific examplese. The :advéhtages of Feed-Forward in
combination with Feed-back are also considered. Many difficulties have been
encountered in the course of this work, particularly with the hardware and
instrumentation and it is pointed out that the experimental results presented here
cost much in time and frustration.

1«6 Outline of Chapters:

Chapter 2 discusses the behaviour of the distillation column at steady-state
operating conditions and formulates the equations of operation in such a manner
" that a computer programme can be written which when glven the operating conditions
will valcoulate the vapour and liquid flow-rates and compositions at each plate in

the column.
Chapter 3 shows how a Dynamic model of the columm can be formulated in vector-
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matrix form and how the parameters which appear in this model can be found from the
gteady-state programme. The continmuous time vector-matrix model is converted to a
dlgorete time form and is then used to simulate plant behaviour to steps and

A perturbations in the operating conditions. A method of reducing the full vector—
matrix model to a second-order z transfer function model is then proposed and
finally the theoretical model is validated by comparigon with plant data.

Chapter L4 desocribes briefly some well-known techniques for estimating discrete-—
time plant transfer funotions from noisy data and the reasons for choosing a
particulai' teschnique are discussed.

Ghépter 5 shows how dilscrete plant models obtained by using the methods discussed
in chapter )4 can be used to design closed loop control systems. _

Chapter 6 details some example of the methods of chapter 5 appiied to models of
the distillation colum found from the work discussed in the previous chapters.

1«7 Original Contributions: ’

To the best of the writer¥s knowledge this work centaing the following origlanl
contributions to control theory and practioce:

1) 'The derivation of a theoretical model of a binary distillation column in
vector-matrix form such that by eliminating the enthalpy equations and takilng
discrete~time measurements an on-line adaptive model can be derived without the
need to perform perturbation experiments.

2) The method of simplification of the vector-matrix model to a disecrete
transfer function. ' .

3) A comparison of the models obtained by the application of two and three
level sequences to a process.

l;.) The on~line appiica‘bion of plant controllers designed using the method of
Dynamip Programming and the criterion of minimm squared errore.

5) A comparison of a steady-state feed-forward control schems (combined with
feed-back), versus a pure feed-back control scheme.
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CHAPTER 2. A Steady-State Model for Binary Distillation

2,1 Introduction

This chapter describes a method of calculating the steady-state behaviour
of é binary distillation column, given the operating conditions. Equations
desoribing the steady—state operation are derived from mass-balance considera—
tlons only, the enthalpy equations being eliminated by certain assumptions
which are later justified. The final result is a general digltal computer
programme for binary systems which can be used to infer vapour and liquid
flow-rates and compositions at eaph plate in the column. It is then shown in
the next chapter how this programme may be used in obtailning the parameters of
a 1inearised Dynamic Model.
242 Material Balance Equations

Figure 24241 illustrates the conditions at 3 é,d;]acent plates r-1; r, r+f in

a binary distillation columnt

Hrer, Xre — Fre1,Zres
I |
: Lr+r!
i i ff‘-1
RRIR? K Lmi !
: ! KR Fr.2r!
| |
o b v |
L1 VL Ln | i
R e d
| |
: |
- |
Vet |
Hr-1, Xr=1  j@— Froy,Zr-
. v
Lr-i

Flgure 26241

Conditions at three adjacent plates



At plate r, liquid of composition z., and at a flow-rate of Fr is fed
into the oolumn. Vapour V,j of oomposition ¥y and liquid Ln of
gomposition x, ere leaving the plate while vapour Vi of composition ¥y is
ai'riVingo It is assumed that a fraction 4. of the feed Fr is vapouriéedv
on entry to the oolumn. It is also assumed that a fraction k of the vapour
whioh leaves the plate 1s oondensed 'I:c;o liquid above it and that this liquid
falls baok onto the plate. It oan be seen that for plate r a mass-balanoce

of the more volatile oomponent oan be written as

4
dt<rxr+ >=Vi +(kV)yJ+Lx+F (1-—qr)
-VJyJ—Lnxn.p

and the following relationships are also seen to hold:

Vo= Vo (1K) = Vo o = Fra?
v, o= V. X = X,
Vg = Tpge In = Doy
Yy = ¥yo L, = L

Thus the mass-balance equation can now be written

2 , .
d‘l; (Hr 0 7t h J. ) = vr Iyt = vr+1 e * I'r-:-‘f gt ~ Lr Tt Fr 2y (1_‘11')

eoe (24241)
243 Flow Relationships
The assumption 1s now made that at steady-state the heat supplied to the
boiler is used to overcome the latent heat of the liquid mixture in the
still. If the still mixture contains =xo% by weilght of aloohol, then

1 gram of still mixture contains' x, gms of aloohol and (1 - %) ems
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of water and since the latent heats of alcohol and water at their boiling points
are 204426 cals/gm and 539 cals/gm respectively, the latent heat of a mixture

%o % BW, will be [204426 xo + 539 (1-x0)] cals per gram, In addition,

1 gm contains [% + 1%9 ] moles and H K.W. will produce

Xo 1=Xo an3

P —— H x 10° x 60

W8 + 18 X moles/minute .
204426 %o + 539 (1-x0) Ls18

0,011 xq
1,48 H <1 PR )

z 1.48 H, since xo 1s usually small,

Thus the IVa.pour flow-rate from the boller may be written as

Vo = 148 H ses (24341)

and the vapour flow-rate is virtually indei)endent of still oomposition;

ﬁnder operating conditi.oné the wvapour paf.ssingﬂ up the column will lose a
certain amount of heat to the column walls, the vapour being the heat source, the
walls acting as a heat sink. The heat which is lost from the vapour is
considered to be a latent heat loss and thus some fraction, k, of the vapour
flow-rate will be recondensed above each plate. This method of -considering the
heat loss as a decrease in vapour flow-rate results in a reduced number of
equations. (In this work, it is assumed that k is the same for each section.)
Thus

fl

(1-k) Vo

»

a.nd ve

"5<= sece _.4

(1—k)r Vo ’ 0O<r<m e (2c302)

where T 1lies below the feed plate m. Above the feed plate this equation

hecomes
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vr = (1..k)r Vo + q F (1-k)r-m9 m<r<€ n veo (243.3)

In the type of column under oonsideration a total condenser is used and .

this means that all the vapour leaving the top plate is condensed to liquid,

i,e.
Lot +1g = (1-k) Y ‘ reo (2"3"1'_')
Where LT is the top~produoct flow-rate and an is returned (ox reflu.xed_) to
the column. The relationship between I'n+1 ~and LT is
. L 1
R = —1-11— ) e (2v3¢5)
Ly

where R 1s called the Reflux Ratio. Thus the liquid flowing onto plate =

may be written down as

n
L, = L 4+ (1-q) F o+k Z 'vi wes (26346)
i:;r
(0 < r < m)
.n
and Ilr = LI].+'1 +k Z Vi ese (20307)
i:r

(m <xr =< n)

In practice the top produot molar flow-rate 1s found from measuring the
composition x, and the volumetrio flow-rate, G (oo/min)e Then
Cp X Py

Dy = ——t———tem see (2.3.8)
18 + 28 % Koy
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At steady-state a mass-balance for both components gives

F = L + LO wee (205'9)

T

aund for the more volatile component we have

FZF = LT xT + LO Xo cow (2,3.10)

2.} Plate Efficiency

The vapour~liquid equilibrium dj.agz'am expresses the relationship between
the amounts of one component in the liquid and in the vapour at a constant
pressure when the phases are in equilibrium, Figure 2441 shows a series of
curves for ethylalcohol-water at various pressures from which the equilibrium
diagrams may be constructed. Figure 2.4.2 shows 3 ocurves forvthe same pressure
obtained by different experimeﬁters, the conslderable discrepancies betw_een.
these curves being due to the difficulty in determining when equilibrium hé.s
been attained. In practice, except for the case of small diameter dolumns,
eqtﬁ.ii'brium is not attained and the extent of departure from equilibrium is
given by the plate (or Murphree) efficienoy. If the "i{deal" curye has "bhe

relation
v¥ = f(x) ’

then with reference to Figure 2.4.3 the plate efficiency for the section of the

column below the feed is defined as

BC V. =7

T x _
. .AC ‘ '-_Yr r-1

while for the section of the column above the feed plate the efficlency is

defined as

EF X - X
e, = — = ¥ L eve (20442)
DF X -x *
1+1 i



|
100
640 7OOT76O 800
mm mmi mm|;mm
90 ‘
i
RS
ESANAY \\\
A RRN
% SO O—
.g I
< 40 \"\\ 3
§30 A\ Q \
CPNENER W AN
5 N
2, NN
P o

74 76 78 80O 82 84 86 88 90 92 94 96 98 100
Temperature °C

Fig. 2.4.1. MOL °/o VERSUS TEMPERATURE FOR CONSTANT PRESSURE.



Pressure = 760 mm Hg

100

90

Experimenter A
(2] B
’y C

80

70+

60

1

50+t

40}

30

Mol °/o Ethyl Alcohol

20

10

L 1

O 1 'S
74 76 78 80 8

84 86 88 90 92 94 96 98 100

Temperature °C.

Fig. 2.4.2. BOILING POINT CURVES FOR ETHYL ALCOHOL-WATER.



Mole °/o in Vapour, Y

- 22

80
i //
6o} !deal Relation y*= f(x) D~ __JE F
I
l
i-1| i i+1
|
50} :
|
S |
]
o} :
|
A |
|
|
30} |
B l
y
|
(
!
20} I
|
1
c f
10} :
r-1 r+1 :
1
. . L Xy, Xi | Xi+1
O {®) 20 30 40 50 60

Fig. 2.4.3.

Mole °/o in Liquid, x,
DEFINITION OF PLATE EFFICIENCY



- 23 -

2+5 The Idealised McCabe - Thiele Diagram

It

If k=g =0 then from 2,3.2

Vo

n
1}

v1 = VE = eovvo VT’ = es ey Vv

and 243.4 can be written

I‘n+‘l * LT = vn
whille 2.3.7 becomes
Lr - Ln+1 -
Thus
L + LT = Vn = vr

and taking a balance for the more volatlle component

err+LTxT = V¥

r°r
1 , -I:?.'x + 2 (m<r<n) (2.5.1)
r r

I Y. is plotted against x, there will result a stralght line of slope

L R
o= e
’\Tr R+1
and intercept
S
v R+1
r

Bquation 2,5.1 is valid for the upper part (or "rectifying” section) above the

feed plate while a similar expression

L, Lo
Yj = SX¥ - % ave (26542)
v v
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is valid for the lower ("stripping") section below the feed-plate. Equation

24552 18 a straight line of slope

L ¥ R
A
v VQ R+1
b
and intercept 29; X, on the y-axls, The stripping and reotifying lines

v
J :
intersect the line y = x at x, and Xin respectively. Thelr point of

intersection nay be found by equating 2+.5.1 and 2.5.2 and setting x, = x:j = x,
then '
L L L Ly
—gx-i--—g'—‘xT:—Jx-—-—xo
v v v v
(LJ-LI')X = LTIT-i-Loxg =FZF
jees x = ZF

and the two lines intersect at the feed composition as shown in Figure. 2,5.1s
It is now possible to determine the plate compositions by starting from X
and drawing a line parallel to the x-axis %o intersect the equilibrium ourve.
The plate efficiency as defined in equation 2.4.2 is now used to find xi,-
since %5 4 and xi"‘ are known. At x. -a line parallel to the y-axis is
drawn to intersect the rectifying line and from this point the procédure is
repeated. The same thing occurs from‘-:' Xo excep’h ‘that 2¢ke{ i used to
determine Ty Figure 2.5,1 ig termed a McCaPe ~ Thiele diagram and it is
much ﬁsed in the steady-state design of distillation columnsy; The computer
programme desoribed in section 2,10 is essentially a means of consiructing suoﬁ
dlagrams under non-ideal conditions (i.e. k £ q £ 0)» |

2,6 Plate Efficiency determined by Experiment

If the column is operating under steady conditions and q = F = 0, then

from equation 2.2.1

0 = I'r+1 Fprt ~ I'r T 'Vr pq = VI’+1 Ip ©
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If the column is under total reflux and the heat losses are neglected then

Lp = 0 (iee. vV, = Lr+1)
axnd vr = Vr__!’ Lr = Lr_1 -
Therefore
O = Log Ty I B Vot Ypog =~ Ve Ty
Lee0 e " Vg T Fpr1 T % ses (24641)

At the top of the column the vapour is totally condensed and

Xn+1 = yn see (246;2)
Thua from 2.6,.1
*n = yn—-'i

This means that the composition of the ligquid on a plate is-the same as that
of the vapour from the plate below and this relationship enableg the |

plate efficiencies to be found. The plant is placed under total reflux with
Zero fe-ed and when steady-state has been attained the composition of a sample

of the ligquid taken from each piate is found. Then

V.- 7 X - X, ‘
e, = T r-1_ . T+ T (for the stripping seotion)
* * _ -
Ip Vg , Y 4
X, = X
e, = =2_...I=1 (for the rectifying section),
7 Xt -

Alternatively the plate compositions can be found by determing the temperature

(6)

and pressure on each plate and using the information contained in Figure 2elet.
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Unfortunately neither of these methods is successful since in the former there
are difficulties in ensuring that the sample represents an average value for
the plate, and in the latter, discrepancies in the published data glve rise to
conslderable disagreement partioularly at high compositions, It was found
however by repeated testing at different steady-state conditions that plate
- efficlencies of approximately 100% existed throughout the column and for the
remainder of this work e, =¢e, = T
247/ Feed Conditions

Reference has been made in section 2,2 to the factor ¢ which represents
the amount of feed which is vapourised on entry. Perry(;") shows how to
calculate this factor. The feed, on entry to the feed-plate (F,P.) will

absorb a certain amount of heat which is given by

F x specific heat x (Boiling Point Temperature — Temperature of Feed).

Three sets of conditions are possible according to whether the feed temperature
is greater than, equal to, or less than the Boiling Point of the feeds In the
ideal case the temperature of the feed, feed-plate liquid and Bolling Point of
the feed are equal. If the feed is a 1liquid below its Boiling Point and below
the temperature of the feed plate it will absorb heat from the feed-plate _. and
this heat (which comes from the vapour) means that less vapour will leave the
F,P. The converse is true if the feed temperature is greater,

A factor @ is defined such that
Heat required to bring 1 mole of feed to B.P.T, and vapourise it
a

Q=
Molar Latent Heat of Vapourisation of feed (L.H‘)
1 x 8 x A&t + L.H. 8.At
= : - = + 1
L.H. L.H,
_ n tam
F

1l
~~
-

I
[t}
~

‘
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Thus
set
q = - ——— vee (2.741)
L.H.
For a feed at its boiling point At = 0, e g = O0s Equation 2.7.1 is valid
only if:-
(1) Molar latent heats of vapourisation of the two components
are equals
(2) Sensible heat changes are negligible in comparison with
latent heats. | |
(3) Heats of solution in both phases are absents
That these 3 conditions are satisfied can be seen from the following:-
(1) The latent heat of alcohol is 204.3 cals/gm
= 2043 x 46 = 9400 cals/mole.
The latent heat of water is 539rcgls/gm
= 18 x 539 = 9700 cals/mole.
(11) The sensible heat of an aloohol-water mixture for compositioné up
to 10% and temperatures up to ¢ 100°C may be reasonably taken as
18.4 ocals/mole-°C.
(iii) The heats of solution are negligible.
For a given case 1t 1s easy to calculate the value of ¢ since a temperature
measurement is available of the feed and the F.P., and the molar flow-rate is
caloulable from the volumetric flow and composition and Equation 2.3.8. As
Perry shows (page 13-24) the effect of a non-zero g is to shift the inter-
seotion of the rectifying and stripping lines, only at g = O do they inter-
geot at the feed composition.

2,8 Heat Losses

A heat loss at steady-state operation will be due to heat being'

removed from the vapour and this loss of latent heat will cause some of the
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vapour to be recondensed. Consequently the %top product flow rate will be
reduced by a small amount and this means the top composition will be increased.
If it is assumed that a small percentage of the vapour, k is recondensed
above each plate then, if q = 0, k may be found simply from equations
203235 2344, 2.3,5

Meagured Top -~ product flow-rate

ie.e. (1—k)n+1
Calculated Top ~ product flow-rate

Gm X P (R+1)
= T T X - e (2.8.1)
18 + 28 x X 1.8 x H

Where n = 6 for the NPL columne.
The requirement that ¢q = 0 implies adiabatic feed entry and this is
discussed in the next section,

If the column is not insulated against heat losses and q has been

caloulated from 2.7+7, k may be found from

V. o= (1) v 4 q F (122

n = (R+1) LT vew (2.8'2)

The solution of this equation is mosteasily performed on a dlgitel computer.
2,9 Adlabatic Feed Entry

Purely for ease of caloulating k from equation 2.8,2, it was decided to
gset q = 0, then 2,8.1 applies and the computer programme described in section
2,10 will find k directly. To maintain q = 0 in praotice it is neoessary
40 maintain the feed temperature at its Boiling Point and this could easily be
done by a servo. The set-point would be the Boiling Point and the feed-back
signal would be the measured temperature of the feed. The error signal could
then drive a silicon oontrolled rectifier supplying power to the feed pre-heater.
The Boiling Point would be most conveniently found from a series of Boiling
Point - oomposition curves such as Pigure 2.4.1 and the pressure could also be

measured or a reasonable value of 760 mm could be assumed, since an error of
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1 or 2°C has little effect on ¢ which in turn has little effect on the
'bop—prbduo’c composition. Roughly speaking, negative changes of ¢ of 1%
produc® positive changes of X of 1% and vice versae

| As an experimen’b, it was decided to plot the feed temperature against the
square of the applied (pre-heater) vo]‘.'bage, i.e. against velues proportional
to the pre-heater power and Figure 249,.,1 shows the result of doing this on a
feed-stock of 65% . It is assumed that the junction of the two lines indicates
a ohange from the liquld phase to 1liquid + vapour phase and the change appears
at about 89.3°C which compares favourably with 89.2°C read from Figure 2.4.1.
2.10 Compﬁtez; Programme for Galeulating the Steady—state Conditions

A programme has been written in Kidgg;'ove Algol for the XKDF9 whilch will

perform the plate-to-plate calculations for steady-state. The flow diagram
for this programme is shown in Flgure 2.;10.1 and the desoription of the input
parameters is shown in Table 2.10y1s An iterative procedure due to Peiser(a)
hag been used to perform the plate—to-plate calculations and to start this
progedure an initlal guess is made for the top-product composition X
Equations 2.3+, 243425 243035 2939y 203455 243,65 24347 are then used to
gsaloulate the vapour and liquid flow ra‘beé at each plate and these are stored
since they depend only on the Heat, Reflux and k and qe Using equations
2,3,9 and 2,3.10 an initial value for xp is found from the initial value of Xy
and it is also possible to write down 4 further mass balanoe equations for the

stripping and rectifying seestions. From Figure 2.10.2 it can be seen that

e F+V, = i.m+1 + L " ese (2410.1)
(1-F +1L_ = V_ + Lo oo (2410.2)
e F Zp + Vm I = I'm+‘l ot * LT o ves (2.10.3)
(1-q) Fag + Iy, x 0 = V9, + Lo % ves (2410.0)
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TABLE 2.10.1

Input Data For Steady-State Programme

Symbol | Meaning Typleal value
b1 No meaning assigned 0
b2 Heat interval 0
b3 Latent Heat Term . 1.48
bl Heat Loss 0
b5 No. of Plates - 6
b6 Ly, (measured) ~0.521
b7 Feed-Plate ’ 3
b8 q 0
b9 Reflux 5
b10 Closing value for iterations 0.01
b11 © Maximum No. of iterations ‘ 2l
b12 Feed composition (as Molar Fraction) 0,052
b13 Feed—rafe (ec/min) 95
b4 Initial guess at =Xy , 0.82
b15‘ [Heat (max) - Heat (min)] 2 b2 0
b16 Heat (min) | 1.75
b17 No meaning assigned ' 0
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Using equation 2.2.1 (with the left-hand side set to zero) and starting from
Xo and Xns the compositions on each plate are calculated iteratively
towards the feed-plate. A criterion function is now found:

qFz+V_ y V. ¥y + Lo %
Ia = m " m m "m .oe (2'10.5)

’ -
I'm+1 o+t ¥ LT Fop (1-) Fzp + I'm+1 Tmeq

and this equation has the value unity when the mass balance is attained, as
can be seen from equations 2.10,3 and 2.10.4, If I > 1, then elther x, is
ioo rich or oy is too lean i.es % iz too small and vice versae. Sinc'xe Xg
has been found from Koy this means that Xn wesg chosen too lean and hence
for the next iteration it should be increased. Peiser proposed that one

way of improving the ratio % is to use J—;—xf as the new ratio.

Where
-~
T _ T
S Le— e
Xo Xo

‘Both sets of values for x, and Xy, are to satisfy the mass-bhalance

equations 2+3,9 and 2.3+10 and henoe the absolute values of :'ET and X, are

. F Zg ( )
X0 = j— aew 2.1006
Ilu + IJT I & . )

Xo :

ET = I - fT"" -« io LA (201()'7)

Xo
The iterative procedure is continued until I approaches some value arbitrarily

close to unity.
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Figure 2,10.2

As an example the following steady-state Information was supplied to

the programme:

Heat = 1,2 kW, Reflux = T7i1, zy = 5.85% BM

F = 49 cc/mm, Feed-plate No, 3, L

. B ,
(The measured top and bottom compositions were 70,5% and 0% respectively.)

«191 moles/min,

The programme took 4 iterations to reduce |I-1| %o 3,03 x 10°® and
values of X, Vr and. lr found were

x| o 1 2 3 e 5 6 7
1.28x_10“3 4e97x1073| 1471072 [5,6x1072 |2, 7x10™ " | 5,3x1071|6.5x107 | 7.2x107*
1.776 1,738 1,701 [1665  |1.629 1,595  |1.561 14528

- 2,211 3949 34912 36876 - [1.442 14407 1e374 1.337

This information is shown on the McCabe-Thiele diagram of Figure 2,10.3 which
is similar to that of Figure 2¢b.1 except that here the plate efficlencles are

assumed to be 100%, q =0 and k # 0.
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2+.11 Comparison of Theory with Experiment

The distillation column was run to steady-state under various operating
qonditions and measurements were taken of top-product flow-rate and composition,
botfom composition, and attempts were also made to measure the platé
compositions. The latter required the removal of a sample of the liquid from
each plate and its weighing in a specific gravity bottle. There is no
guarahtee however that the sample represented the average composition on the
plate, and due to the discrepancy between the calculated values and the
measured ones these measurements were ultimately discontinued. TABLE 2,11.1
ghows some of the results obtained, the columng marked m réferring {40 measured
values while c¢ refer to caloulated values. The point to notice is the close
agreement at the extremes of the column rather than the disagreement at
intermediate points.

It is considered that the results ﬁalidate the ﬁteady—state model and show
how the vapour and liquid flow-rates throughout the column may be easily
caloulated without recourse to an additional set of equations involving
euthalpy balances. In the next chapter it is shown how this programme may be

incorporated into a larger scheme for finding dynamic models.



TABLE 2.11.1

Plate Compositions (7 B.Y.)

(= 3) (Ccl;m) R () (recaoPlate) | X (moleL/ata) | O(STTIL) ! 2 3 b 5 6 /
) ‘ ) [} m c m [ o [ o c o c = c a ¢ =
& 100 7 1.7k | 3' .0225 <275 0.16 0 | 0,52 0.5 | 1.4 4.0 | 3.7 6.5 | 18.8 29,9 | 48,5 53.5 | 63,4 63.5 | M.2 1.5
b6 100 5 | 1.69 3 .0091 + 351 0.06 0 0.2 o0lo057 of1.52 0.95] 2.26 0,95 | 7.9 6.6 | 33.5 31.5 | 58,4 57.F
h.87 100 5 2,0k 3 0285 WAL 0.04 0 |06 0 0#9 0.4 | 144 1.25] 2.37 1.75 8.45 15,6 | 344 18,5 | 58.7 <1
>.8 100 Lol 1,578 3 .023 395 0.8 - 1059 3.5 1.6  alao07 10 [16.2 385 |w.6 57 |60.7 65 |63.9 7.z
8.0 100 b 1.95 3 0015 571 0.046 = 65 = | 519 =~ 11,56 = | 1.79 - 3.76 = 1|17.5 - 51 S
6.0 100 | 1.5 3 .006 .28 03 0 | a0 ]1.09 0.6 |27 2.2 | 846 w5 |3 w2 | 553 6.5 | 67.2 67.5
5.0 95 2,95 | 1.53 3 .038 438 0.08 0 [0.26 0071 . 0 [1.8 15| 24 15 | 51 35|24 K53 0%
5.0 95 3.7 1,53 3 037 369 0,09 - 0,29 ~]o0.8 - >2 = | &3 - [ 15.9 - {453 -] 634 65.5
k35 95 5 | 1.7 3 .03 330 0.06 - |02 {06 |16 |34 - |137 -|43.6 -|624 6553
be35 95 bo| a7 3 .037 o33 0.9 ~ 0.8 |07 «]1.8 =]z - |123 -8 <] 613 6w

- &5 -
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CHAPTER 3. A Dynamic Model of a Binary Distillation Column

3«1 Introduction

This chapter shows how the equations describing the dynamic behaviour
of a Binary Distillation system may be derived. For an n plate column, n+i
equations are needed and the resulting description is a veotor-matrix one,
the state-vector being the composition on each plate. The assumptions
involved in deriving the model are discussed and where possible justified.
A computer programme designed to simulate the dynamic behaviour of the
distillation column is desoribed and simulated step responses are compared
with those obtaihed from plant experiments. A method of simplifying the
model fron an (n+1)th order veotor-matrix form to a 2nd-order z transform
type is also discussed and the results of applying this technique to the
plant model are compared with PRBS experiments performed on the plant.
3.2 Dynamic Equations

In section 2.2 an equation was derived which described the general mass-
balance on a plate of a binary distillation column. This equation is

repeated here for convenience;

E; (Hr Xp + by, Ip) = Vo Vot ™ Voug Vo ¥ lpyg By ~ e X EL 2 (1~9r)

ees (3.2.1)
If the vapour hold-up hr can be ignored we have

d

ot (Hr x) =V, Vod ™ Vpug Y + Iy

X

il T Lp Fp tFL B X (1—qr)

ves (3.2.2)

Also, if the feed temperature is such that q, 1s zero and if variations

in H_  can be neglected (3.2+2) becomes

Hox =7, Vod =™ Vput Yo + Uy Ty ~ L % + T 5 eee (3.2.3)

This equation descoribes the general situation at plate =, bdbut it is

also applicable to the still of a distillation column (where r = 0) if
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Tpq = 0. TFor the top-plate of a distillation column, xr =n and assuming

all the vapour from plate n 1s condensed to liquid then B =g and
thus

L% = Vg Vg dn* Lot o~ Ip % ese (3026)

The complete set of equations for the column can now be writtens

L L V. ¥y -V h F 3
- -
xz' = - ..£ xr + ...Eii xr+_1 + r r=1 - ril’r + L **o (50205)
H H H H .
b ™ r r
(0 € r < n)
and
. L vy - . -L )y -
X = ___:gxn + B n—1 n+1 n+i’ “n see (3026)
H 4 H
n n
iweo
;c = Ax +Dy +m v wre (3¢2¢7)
Where
EN [ Lo Iy ]
- ==y + =y o’ Asoesso &
s ' T
Ly | Lz
x = (%], A= | % "mptEP O],
X3 0’
: 0 -8 |
| 0 L .
[ V4 ye ' ] M-
Ho Ho
Vi Yo = Vo y1 ¥1, 71
Hy v THy
Dy = . » m = b
- -
b s
: '
Vo Ypq ™ (Vn+1 - I'n+1) In .1:’.5....2.5
] 5 ] | B
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Although these equations are completely general, in the following,
attention wlll be restricted to a 6 plate column, i.e, n = 6.

Attentlon will also be restricted to the case where Fr Z, = 0 except

for r = 3. Thus

- F; Zx
m = --I-_I-;——
0

0

L o |

If it is assumed that the relationship between icr and y, cen be

written as

yI‘ = ar xr + ﬁr » see (3'208)

Then equations (3+2.5), (3.2.6) can be written

. Vr L (- Lr = Vr+1 “r) I':c-+'l xr-u-‘f
X, = e X, 4+ Ty +
H o H, H
r r r
V.8 -V B F oz ‘
L T r+l x| 'r r sou (3+2.9)
H H |
hod r
. Yy %pq (g % = In = Vi %)
X o= x4 . Fn
H n~1 H
n I
Vn ﬁn_,] - Vn+1 ﬁn + Ln+1 ﬁn + FIJ. zn vee (302‘10)
H H
n n

and these equations may be written in the form

¥ = M+D4+m vee (3.2.11)
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where x, m are as defined above, but now,

Lo - Vy o L | _
- _.o_.‘_ﬁgl__g.s ?Ii-, 0, 0, e vy
Vi o Ly = Vo a5 ILg G
Hy * = Hy Y He? v
4 = Vo a4
0 » bt 2aimmanii LA R L E SR WX J
2
0
-
:
LO.’ c¥ow O,VG as’ Lr as ~ Le = Vy @
| He He .

[ ~ V1 fo

. He
Vi Be = Vo By
Hy
L4
D = e
.
:

Ve Bs — Vy Ps + It Pe

He

-

The use of the alternative sets of equations (3.2.7) and (3.2.11) in

desoribing the process will be disoussed later.

3.5 Assumptions |

| In deriving equation (3.2.3) the followingvassump'bions have been made:
1) The plate liquid composition is homogeneous.

2) The vapour composition is homogeneous.

3) The vapour hold-up is negligible.

L) Changes in the molar hold-up are negligible.

5) The pressure throughout the oolu.mn is constant.

In the work which follows it is further assumed that the static and
dynamic plate efficiencies are 100% and that the pressure in the column is
760 mm of mercury. When using the relationship (3.2.8) it is assumed that
% Br are functions of x, only.‘

None of these assumptions are drastic and they could be modified if

- thought to introduce serious errore Since the particular column under
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consideration has a small diameter then assumption 1) is not unreasonable,
and the author has .sshovm9 for the worst possible case that the vapour
hold-up is less than 10% of the liquid hold-up, justifying assumption 3).
In seotion 3.4 it is assumed that the volumetric hold-up on each plate is
constant and known and thus the molar hold-up can be recomputed at intervals.
The assumption of a constant pressuré of 760 mm is justified on the grounds'
of observation: * 10 mm being the maximum observed extremes.
344 Discussion of Dynamics Simulation

Using equations (3+2.7) or (3.2.11), it is possible to write a digital

computer programme to simulate dynamic changes in the plants It is known

(10)
that the solutlion to
;(t) = A(t) X(t) + B(t) u(‘t) ran (301111)
is
-b
x(t) = (t,t0) x(ta) + f ¢(t,7) B(7) u(z) ar ave (3.402)
'bg »

and the solution to (3.2.11) is thus

t
x(t) = ¢(tsto) x(to) + f #(tsr) [D(r) + m(v)] dr o eor (3ehe3)
g .

If the process is stationary then A and D are time invariant and (3.4+3)

becomes
t
x(t) = ¢(t-te) x(to) +f ¢(+-7) [D + m(7)] av eso (Belreli)
by , .
where
¢ = e‘AEI.'
AZTR A"
= L4+ AT + "—— + 9y o 2 8 === s ¢ » ov-(30)+-5)
21 ri

T = Sampling Interval.
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If the time interval (t-t;) is the sampling interval T i.e.

to = kT

t (k+1)T and

"

if m(t) is constant over the time intervel to to + and equal to m(kT)
then (3.4.4) becomes

S _ T .
x(k+1)T = ¢(T) x(kT) +f #(z) dv x [D + m(}cT)] sve (3446)

= (1) x(k1) + &% (™ - 1) D+ n@w)] ven (3edie?)

In the column under comsideration, L4 independent varlables were
available: +the Reflux R, Heat H, feed flow-rate F, and feed ocomposition
Xpe Only changes in the labter two affect m, while R, Hy F affect the
vapour and liquid flow-rates throughout the column, and from equations
(34245)y (3.2.6), (3.249) and (3.2410) it can be seen that Ay A and Dy, D
will be time-varying. If it is assumed however that these matrices are
stationary during each sampling interval and they are re—caloulated fér the
next sample interval, then equation (344,7) can be used. Us'd.ng bubble-cap
plates (which have an over-flow weir), ‘it is reasonable to assume that the
volume_t:bio hold—up on each plate is constant. If the composition is known

then the molar hold-up can be found from

Volume .
Hr = S —————— 00 (5 .ll-ns)
' 18 + 11 X X

r

Several attempts were made to find the volumetric hold-up on each plate,

and an average flgure of 88 mls per plate was obtained. This makes the total
plate hold-up less than 1 0% of the still hold-up (which was about 5.6 litres)
and it was expected that any variations in individual plate ‘holcl-u.ps would

have negligible effect on the dynamics. The level of the liquid in the still
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was regulated by a photo~electric level controller. The sampling interval
uged throughout the experiments was 96 seconds as determined from
preliminary step response experiments. During 96 seconds the plate
compositions change by a very small amocunt and hence Hr remains Qonstant
over this period.

It was found that the response to changes in liquid and vapour flow-rates
was very fast and although extensive investigation was not performed, the
and L

T T
were found at steady-state (sample O in TABLE 3.4.1) and a step change in

following experimental evidence was obtained. The values of x

Reflux introduced. After 96 seos, and at regular intervals throught the
énsuing step response, composition and flow measurements were taken enabling
_the molar flow-rate LT to be found. Two sets of results are shown in

TABLE 3.4.1 where sample { represents the Yalues of Xms LT after 96 seconds.

1
It can be seen that the top-product flow-rate appears to reach its final
value within one sample interval. (Other measurements indicate that it may

even be achieved in 32", the timing period of the reflux mechanism).

TABLE 3.1

Time for 25 mls L T

Semple No. %%% (seos) (molegﬂnhn) 1 | (secs) L

0 £t=0) 621? - .268 47 - <363
1 (=96") 627 7e6l 360 47 | 3.2 +216
2 , 53% 1.8 . 358 59%| 2.91 | .208
3 51‘ : 1187 . 0351F 61? 2.8 0213
L Loz 169 " 5355 bl 2.8 »210
5 487 1.97 o346 66 2.71 .210
6 (to) 47 - «363 70 | 2,61 | .210

Sines LT attains its final value in 96" it seems reasonable to infer that
the internal liquid flows do likewise. Responses to vapour flow changes were
also found to be very fast, but were more difficult to measure and no

qualitafive results are presented.
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3.5 A Digital Computer Simulation Programme

Using equation (3«4.7) it is ﬁossible to write a Digital Computer
programme to simulate the dynamic behaviour of the Distillation Column.
Starting at k = 0, +the initial conditions =x(0) and the starting matrices
A(0), D(0), m(O), #(0) are required. These are caloulated using the values
of Vr, Lr’ s ﬁr etc obtained from the steady-state programme and the
equations defining A(0), D(0)y m(0) which are (3+249)s (3+2410), The
transition matrix ¢(k) is found from A(k) using (3.4+5) and summing to
15 terms. The new value of =x(k+1) is then found by using (3el4e7) and from
this, the new value of H, is found from (3.4.8). New values of a5 ﬁr
are oalculated by linear interpolation on the vapour-liquld equilibrium curve.
With reference to Fige3.5.1, if x, is the liquid ocomposition on plate x,
then a new value x +A is found by inerementing this value by 25% and the
corresponding values y, and yr+Ay are found from linear interpolation in

a look-up table by using the formulae .

X,
T
v, = " (by =By 4) -1 (by = by 4) +1y
xr+A o
yrf"Ay T Ty (bi+1 = by) = (1+1) (bi+1 =by) + By

where X, lies between the ith and the (1~1)th value on the look-up table
and bi—1’ bi’ bi+1 are the values of y 1in the table.

The new values of %y 'Br are then found from

p o

@, = (Brr+AyJ—yr)/A

= — X X
ﬁr Ip = % r *
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Fig. 3.5.1. INTERPOLATION OF y FROM X

The new values of A, D, my ¢ are then calculated and the next value
of x(k+1) is obtained, This process is outlined in Fige 3.5.2 which is
the computer programme flow diagram used in simulating step and PeRuB.S.
responses of the plant,

As it was easy to change the programme to simulate either (3.2.7) or
(342411), both sets of equations were tried. It was found however that
(342+7) gave unstable solutions in some cases, while (3.2.11) was stable, and
the reason for this is the assumption of stationarity implicit in (3eke7).
In the stripping section of the column a small change in x produges a
large change in y (as can be seen from Fige 2.5.1), whereas o, f will be
almost consta;nt in this sectlon for considerable changes in ye« Henoce, over

a certain (undetermined) period of time, D¢ in (3.42.7) will be non-stationary
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Read in

t 2 T, sampling interval

pl £ plate number for punched tape O/P
S = No of iterations

rro = lower value of |/P perturbation

rry = upper

bbb (O-=33) — Vapour —liquid diagram
cc {O—=S) — i/P perturbations
Read in

x(r,n), o¢, gr, hr, ie,n), tir,n), z(r,n), virn)

'

Caiculate Molar Plate
Holdups, hhr.

¢

Calculate & Print Matrix
A(n)

Calculate & Print Eigen
4 values of A (n)

'

Find & Print ¢ = tf(n) 2
=[e Aln)72]
)

Find m u(n) :
=A"(n) [tf(n)-1]

]

Find kk(n)=mu{n)x D

Y

Find m (n)

'

Find xx(o)
= (XQ,X|, ....... xn,T

Fig 3.5.2.
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k=o(1ls )

xx{k+1)= $(kixx(k) +kk(k) + mu(k) x mik)

$

Print xx(k+t) for r=oton
Punch u(k), pl{k+1)

Find new o(p, By, hhr

Calculate new Alk), ¢(k),
mu(k), m(k), kk(k).

Fig. 3.5.2. FLOW DIAGRAM OF DYNAMIC SIMULATION PROGRAMME
(continucd)
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whereas D in (5.2;11) will be stationary. The results presented later were
obtained using equations (3.2.8) to (3.2.11).

Since the vapour and liquid melar flbw—rates change very quickly
compared with the composition changes, in perturbing from one flow-rate to
another, it i1s merely neocessary to use the two Steady-State flow-rate values
concerned and not intermediate valueé. For example, TABLE 3.,5.1 shows two
sets of information obtained from the steady-state programme, xrs is the

initial composition vector and xr, is the final composition vector.

Operating Data 1 r xry axry Bry hhry | 1xyg fry %1y Try
h—*—*—

Reflux 7:1 0] 1.6x10™4% | 9.7 0 | 5680 2,41} © 0 | 2415
Heat  1.45 KW 1174021041 9.7 | © 88 4.18| 0O 0 | 2,07
F 46.5 oo/min| 2§ 2,7x10™% | 9,7 0 88| 4et1| O 0.|2.0
e 5% BM 30 9.98x10™* | 9,7 | © 88| LeOl | 2432 | 05| 1494
- L | 1463%1072 | 6.3 .05 | 88{ 14671 0 0 | 1.87

50 he8ix1077 | 3,63 - o115 88| 1461 © 0 | 1.81

6 ] 2.45%1071 | o5 | W42 88| 1«55| © 0 | 1.75

71568%107% | (446 <447 O | 1448 © 0 | 1.68

Operating Data 2 r xry fors Bfrz | hhre | Irz | frz | zrz | vz
. 0| 2.69x10"4 ] 9.7 0o | 5680 2,15] 0 0 | 2.15

ﬁzﬁ“x ?lol;;KW 1| 1atbxio=3 | 9.7 o |~ 88|u25| o 0 | 2.10
- “’j 5 oo/min 2 1.437x10: 9e7 0 881 he21| O 0 | 2.06
5%°BM 3| 1.61x1072 ] 6.3 | 0,03 88| 417 | 2.32{ 0.05] 2,02

g L{ 6,88x10"2 | 2,68| 0.18 88| 1.82| 0 o | 1,98
51 3.14x10~1 ] ,369 | 0.46 88| 1,78| © 0 | 1.9%

6| 5.64x10"1 | 460} 0,415 88| 1474} © 0 | 1+91

7| 6,79%x10°%} 566 0,354 0 | 1.70] © 0 | 1.87

TABLE 345.1

It is desired to similate a step response in Reflux from 711 to 1011
with the other operating oonditions as shown in the table. The similation
programme reads in the data (shown marked in heavy lines) and uses arq, fry,
Irzs hhrz, frzs zrz, vrz to caloulate A, ¢ ete since it is assumed that
the f£indl values of vyl are attained during one sample interval. The values
of ear, fr, hhr are recaloulated at each sample interval since these are
dependent on x. To simulate a step from 10:1 to 711 the reverse procedure
is followed. To simulate PeHRe.BsS. experiments the programme selecfs either

(vslsfy2)s or (v,1,£,2); depending upon whether ghersflux is at one value or
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the othér. It would be a simple matter to extend the programme to handle
3-level signals or multi-channel perturbations if this was of interest.

346 Step Response Results

In order to validate the theoretical model, it is necessary to compare

- similated step responses with those measured from the plant under the same
conditions, For the present work, a .comparison is made of the time
responses of the top-product composition (measured in % By Moles). It was
found that two sources of error were present in the results; hHoth due to
meapurement difficulties., The first is that due to drift in the Dieleotric
Composition Meter (D.C.M.) and the seocond is an error which appears to be due
to inagourate measurement of feed flow rate. The drift in the D,C.M, was
never greater than *2% in the results quoted here and could be corrected for
by taking (manual) composition measurements at the beginning and end of the
transients The second error source is a consistently low (caloulated) value -
for top product composition at steady-state compared with the measured one,
and is accounted for by increasing the measured feed flow-rate by about 5%
This correction merely has the effect of shifting the computed step response
vertiocally by about 3% As an example of this diffioulty, the following
typical result is presented. At steady-state the top-product molar flow-rate
was found to be +363 moles/min at 47% B,M. The feel flow-rate was (apparently)

1645 co/min at 7.2% BuM, and using

7 (eoten/oin) = SIS,

the feed molar flow—rate was 2‘26” molés/min, Since the meagured still
gomposition was 0%, ¥z, should equal LyXp. It is found however that to
obtaln the measured value of Lg%, that 'F- must have been about 2.37 moles/min
i.e. there were 48.7 co/min and not 46.5 ce/min being fed into the column, It
1s diffioult to explain the discrepancy as all variables have been carefully
measured, but it was concluded thatl the feed flow-rate was in error (as

distinct from thé other possibilities) as it was the most difficult to

measure and seemed the most likely source of errors
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With these corrections in mind, the results of & (corrected) step
regponse tests are shown in Figures 3.6.7 to 3.6.8. Throughout all these tests
the time axis scale is in units of 96 secs. There is also a delay of
approximately two sample intervals between applying a Reflux step and top
composition response. This is due to the delay in the condenser and piping
and the D,C.M, and to make. a fair comparison between the two curves, the
theoretical response has been shifted forward by two time delays. Figures
3e6e1 t0 34644 show responses to step changes in reflux with the theoretical
and experimental curves plotted on the same graph. The maximum error is
found to be about 3% (Figure 3.6.1). Figure 3.6.5 shows the response to a
step change in heat and there iz an additional delay of 2 unlts, as predicted
by the programme. The maximum error in this case is about 12%. Figures
34646 and 3,6,7 show the respenses to step changes in feed composition.

There is a delay of 4 time units due to the feed piping and valves etc., 2
unit delays for the condense:/DCM and 3 for the change in feed composition to
reach the top plate. Finally, Figure 3.6.8 shows the response to a step
change in feed flow-rate.

The agreement between theory and experiment is considered quite close,
particularly in view of the possible sources of measurement error and the
numerous assumptions involved. A further method of checking model validity
is to simulate P.R¢B.S. perturbations and compare the results with those
obtained from the plant. This method was also investigated and the resulté
are presented in section 3.9.

347 Model Simplification

The vector-matrix model desoribed by equation (3.2.11) can be used in
control schemes in two ways. Either the complete vector-matrix model may be
incorporated into an optimal control soheme(“) ory the model can be
simplified to a form which is still an accurate representation of the process,
but which enables less complex control theory to be applied. Vector-matrix
control schemes require the state—vector to be measured or estimated at each

control instant and in the case discussed here the elements of the state-vector
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are the compositions on each plate. The choice is therefore either to use
a costly measuring system, or noisy estimates of the state veotor, or to use
a simpler (but still acourate) process model. The latter course was
followed here.

Equation (3.4.7) descoribes the behaviour of the plant in terms of a
transition matrix whose elements are functions of the vapour and liguid flow-
rates and the terms ey ﬂr at each plate in the column, If a variable 1is
changed from one level to another then the vapour and liquid molar flow-rates
will assume the values which correspond to the steady—state levels of the
perturbed variable if the time between perturbations is equal to or greater
than 96 seconds. Thus at each sampling instant one or the other set of
steady-state vapour and liquid flow-rates are used to caloulate the matrices
A, ¢ and D depending on the value of the perturbed variable. The yalues
of L ﬁr required in calculating these matrices are found from the
previous values of the plate compositionss To simplify the model it is
merely neoeséary to analyse the stored values of the perturbed varisble and
the element of the x—vector of interest. In the cases discussed later this
element was =xy ocorresponding to the top prod.uot éomposition and
Generalised least Squares analysis was used. It was found by a.na.lysiﬁg many

cases that a second-order z +transfer function of the form

By by 27t + by 272

1 +a1 271 +ay 577

R

adequately represented the 7th order vector matrix model.
3,8 A Reflux-Top Product Relationship
By combining equations (243.9.), (2.340,) and (2.841)y it can be shown
that
F(zgxa) (R+1) °

= - - + X .y (3.8.1)
T 18 (1-X)TH ° Y
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‘and if xp is small

Fa_, (R+1)
. F it **0 (30802)
1.48 (1-k)TH - .

% %

R 1is the Reflux Ratio whioch on the NPL column was altered by varying the
cycle time of a tipping bucket meghanism, This time was controlled by an
electromagnet whioch, when energised caused the buocket to swing to a new
position and allow the top-product to pass out of the column, and when de- -
energlzed the bucket swung to its normal po.sition in which the top-product
flowed onto plate 6. The ratio of de-energlsation period to energisation
period is the Reflux Ratio and the energisation was oontrolléd by a voltage
from a buffer store whi_cﬁ in twmn was supplied with a digital voltage firom a
tape—reader, keyboard or computér. The buffer store warked oﬁ'er the range

0 to 12475 volts corresponding to a range of 256 binary digits and the Reflux

Ratio was given by

where B is the binary input and thus total reflux oocgurs when B = 0, It

can be seen from (3.8.2) that

25'6 FzF

: weo (348.3)
14488 (1-%)"H

xp =

and if T, Zps ky H are constant

Conste
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Experiments were carried out in which the top product composition was
measured for different values of B with F, Zgs H held constante These

results are plotted for three values of z, in Figure 3.8.1 where it is

F

sesn that the relationship is not hyperbolic but lineary; although over a

considerable part' of each ocurve in the lower range of Xms the product

xTB is oonstant. The departure from a hyperbolic relationshlp to a linear

one ig due to the fact that at high Xy equation (3+843) no longer applies

since =x; 1s no longer zero and it is now necessary to use equation (3,8.1)e
The results shown. in Figure 3.8.%1 were for a feed flow-rate of

46.5 oo/min and a heat of 1.4 KW and if F or H are changed then the

results would appear differently. The way in which the galn varies with

T is shown in Figure 3.8.2. |

30
=25}

-zo -

Gain, % /volt
&

=10k

£1-13

) —2 7 ) IR 16
:' ' .lg B.M.

' Flg.38.2. VARIATION OF GAIN WITH FEED COMPOSITION
It was also found that the voltage on thermistor 6 (l.e. the top-plate
temperature) varied linearly with B as shown in Figure 3.8.3 for
ZF = 5%a
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A linear relationship such as that shown in Figures 3.8.1 and 3.843 is
qulte convenient for control purposes since the system gain is fhe slope of
this line. It also makes the problem of identifying a linear model easier,
since a large signal:inoise ratlo may be obtained by perturbing the Reflux
over a large amplitude without violating the assumption of linearity.

349 P.R.B.S. Testings (12) |

Extensive-plant‘testing using Pseudo-Random Binary Sequences (PRBS) has
‘been carried out and a rangs of models for various operating conditions has
been bullt upy Throughout this wérk eﬁfhasis has been placed on models |
based on Reflux perturbations (although some others were obtained) since
Reflux is the control variable used in pfacfice to control the top-product
composition. Alsoy attention was confined to the feed eﬁtering the column
on plate 3. However the work described could be easily extended to other
aspeots.of distillation column-control, for example bottom—product control or
side-stream off-take.

The P.R.B.S. experiments were carried out mainly at a 96 seconds basic
inter}al and usually with a sequence length (N) of 127 bits. In order to
check the linearity assumption, an 864bit 3 level m sequence has also been

(3)
used. For each experiment a 3z transfer function model between X and the
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perturbed variable, and the cross-correlation between these two signals were
calculated. The cross-correlation was found to be a useful check on the
order of the time delay (r) found by G.L.S. estimation and as a safeguard
against non-sensical G.L.Se. models. It was found to be useful to caloculate
the %%9 model as well as the zz= model since it was frequently found
that errors appeared in one vwhich did not appear in the other and this cross-—
checking enabled the trouble to be rectifiled,

Figures 3e9¢7 5 369+2 4 and 3.9¢3 show some typical results obtained
from the PRBS perturbation experiments. The perturbed variable and the
feed ocondltions during the experiment are indicated and two curves are shown,
one being the cross—correlation between the top-preduct composition and the
perturbed variable, and the other being the pulse response of a 2z transform
model which has been obtained by analysing the same data using the Generalised
Least Squares Technique. This latter technique is discussed in greater
detail in chapter 4s The amplitude soale in these figures is not of particular
interest and the values shown are arbitrary. Figure 39«4 shows a typical
plet of the measured plant output (V¢) compared with that predicted by the

model which in this case is given by

=~ 0,028 z~1 = 015 z"?

G(z) = -
1 = 56 z=t - olp th

The output mean of the plant was -1.52 volts with a variance of 1.9 x 10™°
volts and the mean square predicted error was 9.75 x 10°° volts.

In section 3.8 i4 was shown that the top—product composition appeared
linear with B over a considerable range, and it was pointed out that this
would enable l:!:aeér perturbation models to be readily obtained since large
amplitude perturbations could be applied. Table 3.9.1 shows the fesults of
3 experiments in which 2 level and 3 level sequences were used to perturb the
colum under 3 different sets of operating conditions. The general agreement
between the results indicates no serious non-linearities. It is noticed that

the agreement between the steady-state plant gains is not particulary close.
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It is thought that this is due to the method used to obtain the plant gain

in which the final value theorem is applied to

Since Za 4

G(z);

ig very olese to -1 any small variations in the parameters ay

will result in significant changes in |@(z)|. It is considered that an

improvement in this method of caloulating the plant gain is desirable.

Operating Conditionsg

Two Level Model
127 Bit PRBS 96 meos

Three Level Model
80 Bit 96 seos

|

2239 z=t - 602 z?

3.90 Comparison of Discrete Models:

Zp = 5% o245 zr% - ,60L 22
H = 1.56 KW 1 = 1u55 2% + o567 z"2 1 =~ 1453 21 + 55 %
F = 47 oo/min Gain = =246 * 12,7 Gain = =17.9 * 48
R = 51 fo :l0:1 Poles = +.96, +,58( Poles = ':,..95, +,58
2y = 7% w156 772 = 443 Z3 A6 2t - 375 z2=2

H = 1.4 KW § = 448 7t 4 49 2°f 1 = 146 2" + 47 z°2
F .== 47 oo/min Gain = .~19.l;‘- * 5.k Galn = =204 * 8.1
R = 311 to 71 Poles = +i98, +.5 Poles = +¢99, +o47
2, = 10.5% AT6 2 - )z R 188 271 - ,369 z~2
H = 1 KW 1 = 1423 27t + o243 272 | 1 - 1,17 27! + .185 "%
F = L7 oc/min Gain = -15 % L2 Gain = -10.9 % 4.6
R = 2,211 to 531 Poles = 4498, +.25 Poles = +¢98, +.19

TABLE 3,941

In section 3.6 a comparison was made between step responses obtained

from the plant and those obtained from theory.

As a further attempt to
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~validate the model, a comparison is now made of the 2z +transfer function
models obtained from plant testing, with those obtained from the theoretiocal
model and simplified by the method of seotion 3.7. TABLE 3.10.1 shows the
results ovf 7 experiments in whioh the gain and two dominant poles of the
plant as computed from theory and experiment are tabulated. Second order
models only are shown sinpe higher order models displayed no signifioant
improvement. In general the agreement is good; partioularly for the majoxr-
pole but less so for the minor one. For all models there appears to be a
major pole of about 0.97 even though the experimental conditions varied
considerably and the plant gain showed an overall variation of 2:1., This
suggests that an effective adaptive oontrol soheme' could be based on oompensa-
ting the major time constant with the plant gain oalculated from the stsi,»ady
s;bate programme. The minor time constant is ignored since 4t is neg].iéible

by oomparisons

Perturbed Variable Seoond Order Models

’ Theory Experiment

resas sl R B S

Reflux g:i-gs :32:2 .26 .821146'58

Feed Composition g:ﬁs :%:7 50 '216.1'53

Reflux f;:}_gs :3?: »23 .?}l'g 26

Heat g:]iis :g-zy 015 -2;5-9.35

Reflux E:ﬁs :%:'3 o5 '23§,4'51
Reflux gzﬁs ﬁg: 5 “.9_6,7'1.24 ‘

TABLE 3,10 .4
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3+1% Conoclusions:

The results of thls chapter show that en ascurate model for binary
distillation can be obtained from theoretical considerations assisted by
certain measurements. The method depends upon the faot that vapour and
1iquia flow-rate ohanges are much faster than composition changes. .Given
acourate measurements of feed and top*prodﬁot flow-rates and compositions,
the method could easily be extended to on-line use ellowing an (adaptive)
lower—order model to be found for use:ﬁa feed baok control schemes. The use

of such models in feed-forward control schemes could also be implemented.
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CHAPTER 4o  Parameter Estimation
4.1 Introduotion

In the two previous ohapters a method of deriving a veotor-matrix model
bf a binary distillation column has been desoribed and the method has been
validated by the somparison of theoretical and experimental results. One
method of validation was to oomjgare ’cﬁe seoond—~order discrete time model
obtained by perturbingthe plant and the model and analysing the input/output
records with a Generalised Least Squares (G.L.S.) modelling Technique. This
chapter discusses some well known modelling techniques, in particular that of
G.L.S. when used in deriving discrete plant models. Disorete models rather
than continuous ones are preferred for two reasons. First, the modelling
techniques will be applied using noisy data by a digitel computer and this will
require storage of the imput/output recordg in gé.mpled form. Second, assuming
a computer 1s to be imcluded in the closed 1oop‘as the controlling device, a
discrete time model leads naturally to a discreté-;time sontroller (as sho’wn
in chapter 5). The data will be sampled at intervals of time (T) and a
pure time delay (T4) assoclated with the plant oan be approximated by KT

time units where k is defined as
, TL'
"k = dinteger part of T + 045
If it 1s assumed that even with zero time delay the plant can give no output
for any imput at + = 0, thenit is seen that the output =x(n) oan be
expressed as

x(n) = ¥ {x(n—‘l), x(n-2), u(n-1), u(n-2), .....] eve botad

Where u(i) are the successive inputs. Amongst the large number of possible

types of 1V, a weighted sum is the simplest type:
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z(n) = -a4 x(n-1) -az x(n-2) - c....

+by u(n—1) +bz u(n-2) + seees

where the ays bi are constant weighting coefficients and using the operator
"8
z (=e T) defined as

z~* x(n) 4 x(n-1)

we have

x(m) [1+ ag 2% + ag 2°% + vees] = u(®) [bg 2°% + bz z7% + .o.]
X(n) .b1 z"‘ + hg Z"z + powo

or = * - sse 4-1.'2
u(n) Ta4ag 27V + a2 2°% 4 oees

By using the substitution z = e sT it may be shown that the general La.pl-ace '

transfer funotion

1-8 (a-l-a.o) (s+‘b°)

G-(B) = Y Y] 4'1 -3

s (sva) (stb) (3+0) eeee

reduces to the form of 4.1e2. The reason for choosing the linear models
Lele2 or hefe3 is that extensive work has been done on the stability and
con;trol of such models while little is kmown about these aspecté of non-linear
models. In this chapter attention is confined to deriving models of the form
4ol.2 by analysing input/output records using the techniques of Least
Squares (L.S.), Maximm Likelihood (M.L.) and Generalised Least Squares
(G.L.S.). Before describing these procedures however it is necessary to
define some statistioal properties which will be used to compare the results of
the three methods.

(14)
La2 Estimatj.on Criteria

(1) Unbiasedness

In estimating a parameter bj of a model from a reocord of =n



-77 -
samples, the egtimated parameter bJ iz sald to be unmbiased if

E {bi] = b

le the expected or average value over all n such samples equals
the true value of the parameter.
(11) Consistency
An estimate {;j of a parameter b;j from n samples is sald

to be vonslstent 1f, for any positive €& and %, however small,

there is some N such that

Probe | ]'bj—'bj]*{s} >1~-4 forall n > N
(111) Minimum Varianoce Estimstor
If E [bj} = bj

then the varlance of hj 1is given by
Var [bj] = E {bj - bil*

and this can be shown to be greater than or equal to a lower value
which 1s called the minimum variance bound or Gra.mer-Rﬁo Lowex
bound. An estimator which attains thils value is called an
efficient estimator.
4e3 Least Squares Estimation
In the following the notation > wlll indicate a column vector and <

a row vector. Thus <»> indiocates a scalar quantity and >.< refers to a

matrix.
*
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| MODEL

_ Flgure 4,31
"Leest Squares Plant Model"

Flgure L4.3e1 shows e plant with an input signal u(kT) and an output v(kT).
This output is sorrupted by nolse n(kT) and the only aveilsble output measure-

ment 18 x(XT)y A model of the plant is assumed to have the weighting sequence

form
x(kT) = u(k~1 Ty + u(k-2 TIbz + sovoe
voas + u(k-m T)by + e(kT) son lo3ul
where

() = y(er) + o(kT)

Equation 4.3.1 can be written

X(kT) = £ \Iﬁitj T)ob,'j >+ e(kﬂ.‘) oen 2{-:13-2
Whece <ulke-§) = [ ule-r), ulk-2), . .. ... uCk-m)]
< by sLbyba,.coo. bl

and it is deslred to estimate the parameters bj, given sequences of input

and output measurements [u}, [x}, such that
I = < o(kT).e(kT) >

‘18 a minimm. Equation L4.3.2 can be written (dropping the T)
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i

x(k) < u(k-3) bj > + e(k)

x(k-~1) = < uk-1-3).bj>+ e(k-1)

x(k-n) = < u(k-n-j3).bJ > + o(k-n)

and henge
x > = Ub,j>+e> vees 4.3.3

Where x > is the n vector of output measurements and U is the matiix

[ a(e1), u(ic-2), w(€=3), v..e, ull-m)

u(k-2), u(k=-3), cccu.. ceeey u(k-m-1)

u(k-1-n)’ seescsenmcevsnnny u(k"m.—n)

- -

1

- [ ] -
Thus I < 6.8 > = L<x <bjUJ[:> I:fb:]>_|

= ><x.x>-f<xUbj>~<bjUTz>+<b,jUTUb.1>

87X ,
— —UTx>-UTx>+UTUbj>-h~UTUb:]>
obhJ
ar
and for =--- +0 be a minimum
ghj -
ol

—— = ie ;j > o= {UT U}." UTZ >. wee 4-304
ob J
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aZI T .
and riie 297U >0 o the above condition is a minimum.
abJ

Substituting Le3.3 Into L.3.4

3> = MUt Dbg>+e>]

x bj > e [UT U:]"i UT a > nea #.3.5

If the elements of the oolmm_m of U are uncorrelated with e then

EMbi>] = E b3 > ] e ba3eb

and the estimates are unblapsed.

H
Also, the covariance of the estimates bJ > is defined as

oor by > = E {[*:3 >-b§>] [;J > <13 > 17}
= E [ U]" U° o >e< o v vl weo be3e7

and if E {e ><e} = o* I ie the sequence {e} is uncorrelated with

L0
common variance o ("White noise"), then oov b > = o RV

In practice the sequence je} will not be uncorrelated and hence
E {e > < e} is not simply dlagonal. Thus L.S. estimates will be biassed and
therefore unsatisfactory.
(18)
Loty Maximum Likelihood Estimation

2strom et al sonsidered the process model shown in Figure 4.kef and

defined by

A(zY) =(t) = B(z') u(t) + c(z"Y) e(t)

et
C(z)
Alz™")

-1 nit) g+
alt] 2::-,: ————»( }——— x{t)

+

Fig. 4.4.1. PROCESS & NOISE MODEL ASSUMED BY ASTROM ET AL.



- 81 -

whare

2

A(z‘—’) + smenee + an z-m

T 4 a4 Z"1+8.?_Z"

n

B(Z..‘} b1 2'1 + b Z~2 + eomees + bp Z7

N

C(z™') = T+ 01 2" +.02 7% + caveea + 0p 27"

fe] is an independently and normally distributed sequence with zero mean
and variance o>. Although f{e} is independent, {n} will not necessarily
be the same unless A = C. Since &(t) is normally distributed its

distribution function is given by

1 , -
= e [/, < (e - u)Z(|e - u) > @"]‘Wj

(2x)%/2 (det 2)tpq

where

.  E[e] , 3 = E{(e = p) »e< (e - W}

R
-
=

.}

I-E{E‘ 3132 ®Seosnescanve 8181:
5231 8232 [ X ERERENRN RN ] 5281{
Z = B -
Leksi akez [IEA EX NN RN XN 2 QI@kJ




= o°I since Ele,e,] = ° 1 £
i3 5 3

The distribution function is now

1
AF = ~em—mee——e exp r— -~ < EE > -I]LAS
k o oK L o2 1 3 2
and the logarithm of the probability density function is

k 1
log e {f(s)] = - =log (2x) ~k logo - -— < €8 >
2 20*

The estimation problem is to find the parameters A, B, G, o such that

x(t) is the most likely when u(t) is given, ie to find the maximum of

L [x(t) /u(t), 4, B, G, o]

and Astrom shows that this is the same as f'ind_.in_g the maximum of

L [e(t) / u(t), A, B, G, 7]

1
which ogours when ~;2 < €€ > 18 a minimum.
2

Lstrom also shows that this estimator is asymptotlcally efficient and this

means that in theory an estimator with greater acouracy cannot be found.

(16)
Lo5 Generalised Least Squares (G.L.S.) Estimation
In equation 4.3,7 if caov (6) = E { e > < e} is written
coy (6) = P = PPyl

eco LoDed

where P; is a lower triangular matrix, then multiplying 4e3.3 by Py}

we have
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Pyt x> = PP UDI >+ Pyt e > cer 4e5e2
Then

cov [Pi"* e>] = E[Pimte><e (P(“)T}

= P1~1 B {e > < B} (P{“)T

P{w‘l P (P1«1)T

I

= I

ie the covariance of (Py"! e >) has been found to be a unit matrix and

thus the method of L.S. ig applié:able -Eo the filtered data, ie to Py~! &k >
and Py~* u >. The diffioculty is that Py must be known before the caloula-
tions are started and this is tautamount to knowing the answers before the
pro‘blem is solved! In addition the olaculations will be quite involved since

now .
i
p3> = [F et ul” T Bt x s

One way of overcoming these problems was suggested by Clarke who. wrote a
computer programme using an iterative filfering procedure in which the Li.S.
residuals (e) are used to derive filters whiol; transform the input/output
data pairg so that the new residuals approximate more nearly to white noise.
This iterative process is varried out untll some constraint is violated. The
prooéss and. noise model assumed is shown in Figure 4.5.1 and ig defined by
the followlng equationss

v(z~*) =k B(z?)

. i = ———— -

u(z"*) A(zY)

awd 4.5-5

where
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A(Z"?) = 448y Y+ a2 22 4 seveee + 8y 27"

and B(z"!) = Dy 21 4 b2 2% 4 coeess + by 27"
The ocorrupted measurements are gliven by
x(t) = v(t) + &(t) see bobels
and the nolse process 1s defined by
o(z"1) e($) = p(z*') Z (%) ses ltabeB
where

G (27%) = 1+0g 277 + 02 2% + vaures ¥ op 2"

D(Z”“)='1+&gz"‘+dzz"’z+.."u+§m:&"m

and Z(t) 415 white nolse with zero mean and variance o~y

v E (t)

- D(z™Y)
) clz™|
[ zokmppn | vy +LER) |
wity—> ° %%;,% vie) :e} —>Xx{t)

Fig 4.5.1. PROCESS & NOISE MODEL ASSUMED BY CLARKE.

~ Combining equations 4e5e3 Lebel, and l.5.5

A X(‘b) = Z"k B u(t) + e('t) * LY ll-n5a6
A.De
where e(t) = --— Z(t) cos hoba7
G

= <, z(t - »T) ,> coe 4o5eB
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where the . are functions of the ag, diy 0,» If {x}, [u}, [e} now
stand for sequences of x(%), u(t), e(t) respectively then for several

measurements, equatlon 4.5.6 becomes

x} = [ 2% fx], - 2® f5)y veo ~ 27 fx], - 2t fu), L] {— a} + le]
b

LX) 1*.5'9

where
[—ab] = ["‘E.i,"lg, seo y = &py b1y bg, ohe bn]
Equation 4.5.9 can also be wrltten
x> x Uby >+ 06>
which is in the form of equation 4.3.3 and if x > was independent of U then
L.S. estimatlon would be directly apﬁlicable., However L.S. estimation may be
shown to be biassed here since U 1is now a function of x and wu, and

G.L.S. or M.Le. estimation must be used. From 4.5.7 it is seen that e(t) ocan

be written as

o(t)

o He

Fw1 X ;(/t) sew 1-[--5010
wherse
F ox (fq 27"+ oo £, 27F)

and F 1s s low order polymomial in 2. Equation 4.5.10 is an autoregressive

process sinde Z(t) 1s approximated by a finite weighted sum of previous

and present values of e(t)s The weighting coeffiocients f, oan be .
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estimated by L.S. and then used to filter the input/output sequences {u},
{x} 8o that the new residuals approximate more closely to uncorrelated noise.
The (computerised) steps in the modelling procedure are

1) Find a L.S. model estimate from the data {u}, {x}

= ;,‘j> = [UTU]WUT1>

o'

2)  Find the errors
#y
e>» = xX>-Ubj>
3) Find a L.S. model for F where
e> = Fi x>

L) Filter the data [u}, [x] with F to produce new data fuc}, {xi} »
5) Repeat from 1) again with {u4 I, =il until one of the error oriteria
are satisfied. |

The error criteria are

i) Divergence of the quantity < e.e >
11) The number of iterations reaches a pre~arranged maximum.
111) < e.e > beoomes less than a pre-arranged value.

From equations 4e5.7 and 4.5.10 it can be seen that Apg—? % !

1e et o= &Y FT.
D, C are not somputed explicitly in Clarkels programme but are found as
a funoction of A and F., This compares closely wi‘éh Lstrom's model where

' the noise model is of the form A™! C,
Because Clarke's method is computer-orilented there is no theoretioal

proof available of the statistical goodness of the results. It cannot be
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shown that the results will be unbiassed, oonsistent or efficient. In practice
sufficgient information is printed out with the results to ensure their
acceptance or rejeotion on statistical grounds. The method is essentially
that of Box and Jenking except that its assumed model is more useful in
Process Control work and the formulation enables automatioc seleotion of the
best model by the somputer to be morelreadily facilitated. Sinoe there are
fewer parameters to be found in Clarke®s model the computing -'bimes are faster
than those for Rstrom's model and in addition, if the residuals are
unocorrelated (or nea:c'ly‘ so) then the statistical oriteria of section 4.2 are
satisfied and the method will be as good as the M.L. method. It has been
'found in pratice that, for most cases investigated, the residuals were véry
nearly uncorrelated.
‘Y46 Conalusions

In practice, the regiduals between plant and model ou‘bpxits will be
correlated since the nolse encountered in process control work will not bé
white and in addition the structure of the assumed model will be an approximation
to reality. The use of LeS. estimation will therefore glve inaccurate results.
In theory M.L. egtimation is the best procedure to adopt but in practice
G.L.S. estimation using the ;.érogramne developed by Glai'ke is quioker and jus?®
as acourate. For these two reagons plus its availability at the NPL, Clarke's

programme has been used throughout this work.
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CHAPTER 5, The Design of Digital Compensators:
5«1 Introduction:

It has previously been shown that the 7th order vector-matrix model
describing the dynamioc behaviour of the distillation column may be reduced -
to a second-order transfer function model which adequately desoribes the

. . ‘ - (1
plant. This exemplifies the contention( 7 that many industrial plants may
be represented by
x Ke-ST"(s-aT) .
6{8) = - (B) = == vee 5ol
u (a+dy) (8+82)
If y is negative then the plant will be non-minimum phase. By cascading
a zero—order hold whose transfer fumction isg
1',‘6-BT

6 (8) =
8

with the model described by 5s1.1, then in the discrete time domain the

2 tfansfer funetion of the two elements becomes

o P47 iabaar®

1+a,gz*‘;l-a2 Paka

6(s) = GiG,(s) = :;: () = = ve 5uda2
where T 1ig the sampling interval-
and r = T¢/T.
It oan be seen that only 5 parameters are required to define the plant model
whereas N would be required for a weighting sequence model estimated by
correlation analysis using an N-bit P.R.B.S: Thus 5.7.,2 18 an economical
description of the system and in addition, it is one which is based on the
time domain and should therefore allow time domain controllers to be readily
degigned,

The problem discussed in this chapter is that of using models of the

type defined by equation 5.1.2 in designing control systems, and in the next
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chapter on-line applications of the various design procedures to the distil-
lation column are described. In order to Jjustify the effort involved in
obtaining models described by equation 5.1.2, the performance of any closed
loop system designed with such a model should show an improvement over the
conventional approach and for this reason a brief discussion of the Ziegler-
Nichols method of designing 3-term controllers is also included in this
chaptera.
H5e2 A Closed-Loop Control System with Unit Feedbaock: (18)

Figure 5.2.1 shows the block dlagram of the closed-loop oontrol system
under disoussion in this chapter. The plant z transfer function is
Gy(z) and when oascaded with the zero-order hold Gh(z) the overall
transfer funotion becomes G(z) whioh ig the model obtained by G.L.Se
estimation. The ocontroller, D(z) whose function is performed by & digital
computer, is to be designed sush that éome control criterion is satisfied.

The expression K(z) represents the overall closed-loop transfer funotion

between system imput and output.

J-< K (=) . ;I
r - G(z) 7
—t —— R

v [ Gh®

+~¢ _ \¢*l pw 1| Hold Gi(8) |—b—g—n

--un,

circuit

Fige 5e2e1
"Closed-Loop Control System with Unit Feedback®.
In general, two types of sontrol problem confront the process operator, those
of regulation and those associated with the change of set-point.
Regulation concerns itself with holding some pro&uof output at a set level

in spite of fluotuations in the process, its feed or operating conditions,
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or changes in load. Set point control problems are concerned with altering
the level of an output from one value to another such that the new level is
attained as quickly as possible and with minimum deviation from this new
leyel once it has been reached. At present it is desirable that D(z) should
acoount for both these functions since available computer storage is usually
Yoo small to agoommodate separate algoi’ithmsc For the same reagon D(z) |
maﬁ.d have as few terms as possible and its output at a sampling instant
ghould be a function only of its previous output values and its present and
previous imput velues. Assuming linear combinations of these terms 1t can be

seen that D(z) may be written in the form

z—m

w(z) . e+ oz 4 aedE b sserew + o

B(Zv) 14+ ﬁ*ﬁ"‘ * ﬂzﬁ"z + wwpswn_-l-.ﬁmzfm

O oo 5w2ed

From Fige 521 1t oan be seen that

x(z) s G(z). ce 5e2e2
1 4+ D(z) G(z)
Therefors
'D(Z) = ! . K(Z) oso H5e2e3
e¢(z) 1--K(2)

Yhere K(z) is the overall pulse transfer function relating output to
input, Substituting Swlw2 and 5241 into 5e2»2
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=0 1=01

3=0 i=0 J=0 i=0 _l
o2
~k
e
- =1
[ Z r x — - 1 = 1 7 see 5.2v)+
(m+r+2)
-k
qk,Z
k=0

Where the Py q’k are combinations of the aﬁ, ﬁj, 8y bi above. It can
be seen from 5.,2.4 that a delay of r +ime units assooiated with the plant
’will produce a delay of r +ime units on the overall pulse transfer function.
5¢3 The .Ziegl.er-Nichéls Method of Three-Term Controller Design:

This method is probably the best known one for designing 3 term
controllers and was evolved as long ago as 1942(19). The “"reaction curve"

method is based on the open-loop step response of the pls.nf a8 shown in

Fige 5e3s1s Two measurements 6 and T4 are taken from this Figure



Fractional change in output,

- 92 -~
where T, 1ig the approximate time delay in the plant and € is the
slopé at the point of inflextion. The step response is either taken from

an experiment on the plant or from the equation of the model, 5.1.2 if this

is known.

o

————————— —/————-——- - 7_“.-'\;

S~

Closed -loop response

Open-loop response

0 = Slope )
»Time

N

Figure 5431
Three Term Contrecller design using the Ziegler-Nichols
"Reaction Curve" Method.
The criterion Ziegler and Nichols used for the controller settings was that of
a decay ratio of 4i1. This is shown in Fig. 5.3.1 where it can be seen that
the second overshoot is & of the first. With this criterion the followling
controller settings were proposed by them:
1e2 2

K = -—= to -— » T = 2T1 3 = T1//2
oT, oT, R B

Where the ocontroller is glven by

1
Dy(8) = XK, [+ -;— + sTD] .
S

In order to approximate this continuous function using a digital oomputer,

it is necessary to find the 2z transform of
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D(s) = ———— xK 1+ ==+ sT | .
@) = m B e o]

With unit sampling time (T =1) and Ty » T measured in multiples of
T the =z <Yransform becomes
T/‘I‘Rz

1
D(z) = x_ (t-z=1) + -+ T
_ ° 1=zt (4-2"1)2 D

K, [('HTD) + (1/TR-1-2%) A 'J.‘Dz""]
(1-21) '

= ses 5a3ed
In prasctloe a decay ratio of 411 may be unacceptable and in addition, the
plent model is usually inaccurately known, so plant operato;'s invariably
"tune" the controller in situ. This method is tedious and time-consuming
and it is thought that algorithms other than 3 term may lead to superior
control since the more flexible structure of the controller (5¢241) may be
better suited to account far process time delayse '
S5elr An Optlmum Controller via Dynamic Programmings

Methods of designing optimm controllers basged on the method of
Dynamic Programming have been well discussed elsewhe::e (10) (ﬂ) and for this
reagon only a brief outline of the method is discussed here. The process

model 1s written in the form
X(k+1) = ¢(k) X(k) + d(k) u(k) vee Selat
and it is required to minimise the Performance Index

N‘ .
Iy = z [ (k) @ X(k) + A u?(x)] vee Sula2
. =1 !
X(k) represents an n-th order state vector, u(k) is the single input

control signal and Q is a symmetric positive definite matrix. By applying
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™
the Principle of Optj_mality( ) the optimum feedback signal becomes
u(§) = u{-3) x(J) wee Bulte3

where

) D [+p(-3+1)] ¢ "
o' [g+P(¥-3+1)] D + wee Ok

p(N-3) = [p + Du(¥3)]7 [Q + P(N-3¥T)] [6 + DM(N-3)]
+ 2  (N-3) Mu(H-3) vee Sulie

with P(0) = O«

The method requires iterati‘sre celoulations to be made of P(N-j), M(N-3),
u(y) (henoe the name of Dynamic Programming) and for this purpese a computer
would be needed. To find the new value of u(J), X(J) must be available

and as some of the eleménts of the state vector are usually inaccessible, an
estimate of their value must be found. The discrete time state description
5.leq is not available directly but must be found from 5.1.2, this is not
however a'difficuit tagk as shown later.

The problem is simplified if an infinite stage process (i.e. Mow) i
considered since in this case the matrix P(N-j) becomes time-invariant,
M(N-3) becomes a constant vector and u(j) becomes a welghted sum of the
state vectors. A computer progremme has been written by D.C. Witt of 0xford
University (to whom the author is indebted for calculating the controllers

6845, 64646) which performs the following functions:

1) Given a model 5.1w2 it then converts it to the form 5.1.1, changes

this to the contimious—time state model
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and then finds the discrete time form 5.4+1. It 1s pointed out that only

gecond order models 5.1w2 with an adjoined state variable defined by

can be handled at present. The adjoined state variable x; 1s used to
acoount for the integral of error between the set-polnt xs and the process
output =xq»

2) Assuming an infinite-stage prooess and given @, A, the matrix
P(co_) 1s found and hence M(w) can be caloulated.

3) Since the state—vector model is known it is now pessible to find by
simulation the sequences fel, {u} whioi:i are the inpu‘l:‘ and output of an
equivalent digital controller which would have the same effect as the state
variable feed-back comtroller. By taking the first 2m-1 terms of fel, ful,
a matrix inversion procedure is used to derive the parameters of an m~th

order dlgital controller.

An alternative methbd of obtaining the discre;bé.:‘time model S5ulie1 from
the 2z +transfer function model 5,1.2 1s described below, this method avoids
using the frequency domain and the calculation of the discrete controller

D(z) is easily amd directly performed. For the general model

3,
> 'blz—i
it

x 1=1

- (Z) = emmmmm

u iy -

aiz
1=

it is seen that
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(k1) = -aq x(k) - az (k1) = sounes -a_ x(k-n+1)

+by u(k) + b2 u(k-1) + soeees -i-'bz1 u(k-ns1)

by writing x(k+1)

xq (k+1)
x2 (k1)

x5 (k+1)

xn(k+'i )

= xq (k+1) it can be shown that

= —ay x1(k) + x2(k) + by U.(k)

= -az xq (k) + x3(k) + b2 ulk)

~as xq (k) + x (k) + by ulk)

n

-e x(k) + 'bn u(k) .

And the discrete state-vector X(k+1) can be written

x(k+{) = ¢ X(k) + B u(k)

Where

X(k+1 ) =

[ xq (k1) ] [ b ]
Xz (k+'r ) b2
- ’ D = -
xn(k+'[) b
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[~ay 4 00 convovor 0
~8z2 0100 wocooo O
.
o
o

"’a.n_1 O O 0 Seooats 1’

“&n 0 0 coscecosae O

With the same performance index (5.4.2) and following the standard Dynamio

Programming method as before a control signel u(k) will result where
u(k) = - M X(x) ,

i,e. the optimal ocontrol signal is a constant linear function at the state
variables. Im this oase howeyer the state veotor is aooassi‘ble since it
1s a funotion of the values &, by, x(k-1), u(k-i) which are all known.

For example consider a second order model
x(k+1) = -ay x(k) -az x(k-1) +by u(k) +bz u(k-1)

The optimal ocontrol signal will be of the form

) = G o) () )

- xy (k) ~ay = (k-1) + xa2(k~1) +b¢ u(ie-1)

x2 (k)

Bt

)t

—az x4 (k1) +bz uic-4)
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my Xq (k) + mp Xz(k)
mqy xq (k) + mz [-az = (k1) +bz u(k-1)]

u(k)

)|

"

Which is seen to be in the form of 5.2.1, the general linear disorete comiroller.
The advantage of following this alternative approach is the reduction in
computation needed gince a1l calculations are now performed in the time

domain. However a computer programme is still required to find the values of
M(e) and P(w) although the equation of the discrete controller is more
simply and rellably obtained. Since the computer programme to perform the
caloulations for the firsgt method was freely made availabley results are
presented in the next chapter for this method only, although it seems reasonable
to suppose that the altermative method would produce exactly the same
controllers Both methods would require several trials with various values of

A in order to seleot the controller with the most acceptable response.

55 Plant Compensation by Pole-Zero Cancellation:

Glven a model in the form 5.1.2, it would seem:possible to dbtain improved
closed-loop performance by cancelling the unwanted poles and zeros of the plant
with the digital compensator. It can be shovm<20)howe‘ver that, for poles
and. zeros which lie on or outside the unit circle, attempts at cancellatlon can
lead to closed-loop instability if the cancellation is imperfect. -In practics,
models desoribed by equation 5.1.2 would be composed of estimates of the
parameters ays b N and these have uncertainties related to the variance of
these estimates, so if the parameters lie close to or outside the unit circle
attempts at cancellation would lead to instability. Since cancellation by
D(z) of process poles and zeros which lie on or outside the unit circle is
to be disallowed, then a restriction will also exist on K(z) and this can be
determined from the following: suppose the plant transfer function can be

written as
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: PI (1_biz-1)
G(z) = Am———=Tee—— x F(z) woe 5o 5l

where the bi’ a 3 are the zeros and poles (respectively) which lie on or
outside the unit circle and F(z) represents the remainder of G(z) ‘which lies

inside the unit circle. Then from 5¢2.3

J
I (T-ag.z"’) K(z)

D(z) = X
;LI (1-0,271) ¥(z) 1K (2)

dew 5-5.2

and if the poles and zeros outside the unit circle are not to appear in D(z)

. then

1-K(z)
K(z)

it

J
I (1-&.‘_]2—1) X P(Z) dee 5e5e3
1 .

I

I (1-b,2"*) x Q(2) ere 5eSal

where P(z), Q(z) are polynomials in z"'a It can be seen therefore that
1-X(z) 1s to contain the poles of G(z) which lie outside the unit circle,
while K(z) is to comtain the zeros of ¢(z) which lie outside the unit
oirole. It will be sghown in the next section that to eliminate intersample
ripple K(z) should contain all the zérps of G(z)e
5.6 Elimination of Iﬁ'bersample Ripple: |

The transfer function K(z) relates the olosed loop system output to the
input at sampling intérvals only, and to ascertain system behaviour between
these intervals use is made of the modified z transform. It can be seen

" from Figs 5»2e1 the overall modified z transfer funotion, K(z, m) is glven

by

K(z, m) = f-gf-{-n-lz = G(z, m) xIE-(-fz vee 5ebuil

r(z) (z)

and 1t may also be shown that the poles of G(z, m), G(z) are the same

while the zeros of G(z, m) are funotions of m, z, and those of G(z) are
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purely functions of z. It is therefore possible to write 5.6.7 in the
form
Zeros of G(z, m)

X(z, m) = x K(z) cee 5.642
Zeros of G(z)

from which 1t can be seen that only if K(z) is a finite polymomial containing
all the zeros of @(z) will X(z, m) be a finite polynomial, otherwise it
will be an infinite polymomial in which each term is a function of m. In
order that the closed-loop output shall be ripple-free after a finite time to

a standard input, it can be seen that XK(z, m) should be a finite polynomial
and that it should become independent of m after the first few terms. Thus
K(z) . should contain all the zeros of G(z) to achieve ripple-free operation

at steady-state, ises K(z) should be of the form
s .
K(z) = I (1-b,z"*) x Q(z) ~ O

where b, accounts for all the zeros of G(z).

i
Pe7 A Minimum Time Controller:

The objective of this type of controller is to change the plant output
from one value to another in the shortest possible time. From Figure 5e2.1

it can be seen that

n

r(z) - x(z)
[x()] =(z) SRR

e(z)

The Final-value theorem ' ®dtates that

Lt e(t)

K add

L

Is“cd [(1-271) e(z)]

= Lt [(1-z"1) {1-K(2)} r(z)]

Z-
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Ir I‘(Z) is an impulse, step, ramp, or acceleration input then r(z) can

always be written in the form

vhere k ip an integer and Py(z) is 2 polynomial in 2! which has no

factors in (1~z"'), Hence

Lt e(t) = Lt [(1-z"1) {1-K(Z)i jﬁfz ]
o e 1=gee )

= 0 if

1x(2) (1"2'”1)1; P2(z) vee Dulu2

where Pz(z) is a polynomial in z"! 4

I =
-1
| E biz

i=1
— -r —— — g VR QD V—
e(z) = 2z~ x-g
L
a,z
=0 -
then K(z) should be of the form
K(z) = 2z ° Q(z) see 5eTe3

Equations 5.7s2 and 5e7«3 ghould be satisfied simultaneously and if +the
minimum number of terms are used in Pa(z) and Q(z) the resulting oontroller

15 termed the minimum prototype. If k=1 for example then

1-K(z) = (1-2"1) P2(z) = i~z (=)

Ir o(z) = 1
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then K(z) = z %

end from 5.2.3 S
)

Z a.iz"i

.n
i=

o

n
-~

n
—
(1-2 %) Z b,z "+
i
=1

This is the minimm prototype comtroller. Note that K(z) does not contain all
the plant zeros and henve intersample ripple will be present. Also, the
controller is attempting to cancel the plant poles and if some of these lie
near the unit cirole a lightly damped control system may result. It is
probable that pure minimum time controllers are unsatisfactory in chemical
prooess work since it is desired not only to reach the new pet-point but to
hold this level without significant variation. This requirement contrasts with
that of ballistic oontrol where, once the missile has destrOye& its target,
system behaviour is of no further interest.

5«8 A Controller to Minimise a Quadratic Performanoe Index:

A similar Performance Index to that used in section 5.4 is proposed, viz

®
I = Z [63(nT) + & u?(xr)] een 5u8et
n=0
The objective is to minimige the sum of the error-squared terms with an
additional term to account for the control effort. Equation 5.8.1 can be

(18)

written

I = Bum of Residues of [e(z) e(zt) 2t , 3 u’y) u(z1) 74] e 5e842
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Since

o(2)
u(z)

I

[1x&(z)] r(z) ,
D(z) e(z)

]

I can be found as a function of K(z) since 6(z), r(s) end A will be
known. Equations 5s2why 5.5.3 and 5.643 specify X(z) and if the minimum
mumber of terms are used in the polynomials P, Q@ then the minimum response
time controller can be found. By including extra terms in these polynomials
however 1t is possible to seiect them to optimise some criteridn, such aé
the one proposed above. In this case I beocomes a function of the unknown
terms and can be minimised by using 5.8.2, but to do this considerable

algebraio caloulations are required and the method is of dubious value,

One of the arguments for welghting the control effort is to. prevent it
from saturating in the case of a large input signal, slnce there ‘:Ls then the
possibility that :‘Lnsta'bility' may occur. There is no guarantee that the
stable closed-loop system may not become unstable when the saturation limits
are reached. In spite of this argument it is thought that such cases will be
rare a:nd can probably be handled as they arise. A simpler set of caloulations
result if A =0 and this controller is consgidered in the next section.

5»9 A Mean Squared.Error Controller:
If A=0 in equa'bion 5.8+1 then the Performance Index becomes the sum

of the errors squared:.

-—-‘q
= 2_1 [ez(nT)] : weo He9ed
n=0 ‘
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As before this may be written
I = Sum of Residues of [e(z) e(z"%) z~1] , eoe 5a9s2

and from 5,641

e(z) = [1-k(z)] r(z) ees 529.3

Assuming the plant model is known then S5v2eliy 545e3 and 5.6.3 must be

satisfied and these equations enable an expression to be found far K(z). The
input r(z) is specified and thus e(z) is found, leading to the
minimisation of Is» The steps in the caloulation are enumerated below where

1t is assumed that the system is to respond to a step input with zero steady-
state error and the controller is to be optimised wilth respect to a pulse inmput.

1) Given the plant model

p P12t boz®

G(z) = 3
1vaqyz=! + axz=?

it can be seen from seotions 5.2 and 5.6 that K(z) should be of the form
K(,Z) -_ Z‘r (b1 Z""-l- bzz”z) (qo + q1 Z~1 + rowPe v + qu‘m) L X X} 5.9.4
2) To satisfy the requirements of section 5,5
' J
1K(z) = O (1—ajz"") P(z)

where P(z) is a polynomiel in =z*' and a; eve the poles of ¢(z) which

lie on or outside the unit circle. Since the G.Le.S. estimation scheme will
fail if the plant poles lie on or outside the unit oircle it is assumed here

" that the a 3 will always lie within the unit circle. Hence
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1-k(z) = P(z)

3) To settle to steady-state after a step input 5.7.2 must be satisfied

and hence
1-K(z) = (1-2"') Pz(2)
= (1_ .'1) (Po + P{Z~1 + CR-N-X-X-N-3 "" plz-l)ﬂﬁb 50995
and this also agrees with step 2. =4

4) The coefficlents of the highest power in 2z™! in 5.9.4 and 5.9.5 must

56 the same Henoe

“1-1 = -m-2-r

and these equations can be used to €liminate some of the unknowns Pys 4 3

1“5-1' (b1z'd + baz"’z) (Qo +'qu"‘ + woomeo 4 qmz—m)

o~ - I""m+1
= (1-5 1) B)Q + Pl Zwi 4+ ovecoeo Pr+m+1 4 ( ):l
it can be seen that
Po = 1, (P1 = Po) = (Pa - P1) = svewes = (Pr - pr_ 1) = 0

there remain m+! unknowns in 9y m+] unknowns in Py and ’m+1 equations.
Thus the m+! unknowns may be assigned arbitrary values, (aa long as they
satisfy the relationships between the p; ‘and qi), but their values can
alpo be selected by optimising the performance index I.

§) For a unit pulse input
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e(z) = [-K(z)] = 1-87 (bez? + b22"2) (0 + U2 + seceea + g7 )

woew 50906
ol
By substituting 5.9.6 into 5.9+2 and finding =--- for the values of a not
, a4
yet determined, it is possible to find all the values of Pyy 4 which will

mgke I a minimuan,

7) The optimm digital controller is then given by

1 K(z)
D(z) = x
&(z) 1-X(=z)
'1"'&1 2“1'!‘&22""2 Z-r ('b1z"1+'b2_2“2) '(qo+q‘z’”1 + rmcecc + qmz_m
27 (biz tebezm®)  (1=271) [Do+pZ™! + vovors D 4B (et )

(a1 2 t4ra22"%) (G@+q 2" + seevec + qmz_m)
z‘(r“*m*jﬂ]

(1"' ”1) &0+p1 Z"x + s on® + pI""m""l

The unknown factor in this method of design is the number of terms to.
include in X(z). The minimm number of terms which satisfies both 5.9.5 and
5096 will lead to a minimum time response, but as shown in the examples in
the mext chapter it is only necessary to add one extra term to the resulting
X(z) to satisfactorily aocount for a minimum error-squared oriterion. Step
6 appears to be a complicated one mathematically, but because’ e(z)_ is of a
fortunate type, the caloulation of the residue is a very simple taske
| 5«10 Conclusions:

In this chapter methods of designing Feedback control systems for
processes described by a discrete transfer funotion have been reviewed. Steps
involved in the design procedures have been outlined without reference to

mmerical examples which will be discussed in detail in the next chapter.
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CHAPTER 6. On-Line Control of the Distillation Column:
6e1 Introduction:

S0 far it has been shown how a satisfactory model of the Distillation
column can be obtained from theoretical considerations with the aid of certain
measurements. Methods of using these models in designing closed-loop control
schemes were discussed in chapter 5 and in this chapter the realisation of these
schemes 1s described. The types of controller discussed are three term,
minimim mean squared error and those designed by the technique of Dymamio
Programming. Before discussing the results obtained a brief description of the
on-line control programme used in these experiments will be glven.

6.2 The on-line control programmes

The control programme was written to the author's specification by

Mr, Keith Wilkinson of the N.P.L. in mnemonic autocode for the Ferranti Hermes

computer. The control algorithm is written in the.general form

p(z) = =

=0
and fo = 4., The maximum allowable value of n was 12 but normally n is
~about 3 or 4. The control programme is stqred on the Hermes drum and is brought
into core-store by a sall-tape. Merely by pressing a key on the computer
console, a standard format tape would be read imto the tape reader and thereby
a "new" control algorithm would replace an "51d" one. Fig. 6s2s1 shows a
block diagram of the computer hesitate and interrupt operations whioh are
initiated by a crystal ocontrolled dlgital clock situated on the digtillation
column control panels. Each sampling interval 16 variables are scanned, one
per second and they are quantised by a digital voltmeter and sent in parallel

form to a binary coded decimal (B.C.D.) encoder from which they are hesitated

serially into the core storea. There are 6 B.C.D. characters (oonsisting of 8



- 108 -

bits each) per variable and each bit requires éus for hesitation.

Crystal controlled clock
(on column control ponel)

16 channels
: Scanner

i

Digital voltmeter
(DvM.)

¥

Binary coded decimal

(B.C.D))
enhcoder

from column

Il

Hermes A
core-store

No

Interrupt

FIG. 6.2.1.
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A counter interrupts the main programme when 96 (i.e. 16 x 6) characters have
heen read into the core-store and the DDC programme is then initiated. A
oathode ray tube display is available of up to 100 past values of selected
varisbles (reflux, top-product composition, temperatures, etoc.)
6«3 Control Signal Constraints:

In this work the top-product composition was controlled by the Reflux
Ratio which in turn was controlled by a voltage aﬁplied. from the computer via a
keyboard to a buffer store. The maximum and minimum values that can be
output by the buffer store is 12.8 volts and 0 volts respectively. Unfortuna-~
‘tely, if O volts are applied to the tipping bucket Reflux oontroller, all
the condensed vapour re-enters the column and none will leave. This means that
the top-product oomposition.meter (whioh requires a constant flow of 1iqgid
through its measuring cell in order to detect changes in composition) will
deteot no deviation from the last reading, and so for this reason the minimum
reflux was changed from O volts to 0.8 volis.
6ul. Experimental Conditions:

To compare the performaxioes of the ‘different control schemes aocurately
it was important to run them on-line under identicsl conditions. A PuR.BaSs
modelling experiment“ at a feed flow-rate of 47 oc/xﬁin, feed composition of
722%, heat of 1.4 KW and at a 96 second sampling interval produced  the following

second~order model (see Fige 3.10s2)2 :

( ) AX'T -'1565"1 - 0-4132“2
Glg) = =-—= = .
AV, 11 482" + 0,494z %

v156z"1 (1-2.632"1)

"

veo Gelind
(1-0.9662"1) (1-a512z"1)

The steady-state gs.iﬁ estimated from this model was —19.4%/volt and the mean
outpu{: level was 61+1%. The theoretical first-order model found from the

modelling procedurs described in chapters 2 and 3 was



&(z) = Z"% ——mmmmee- vee 6uko2
1~0.9662"1

The steady-state gain was -19.3%/volt and the above conditions and models are
used throughout the control experiments described in this chapter. The double
time delay which appears in the model 6.4.2 was found to be present in the system
from the step response tests described previously. There is evidence that this
time delay iz an approximation to a non-minimum phase effect assoolated wiﬁh
the dielectric composition meter which was calibrated under steady-state
conditions of flow ornly. The top-~plate temperature measurement (which should
correspond closely to the top-product composition), and also mamial calculations
of the top-product composition before it entered the composition meter did not
exhibit the non-minimum phase effect. '

Control schemes wer:%;;signed using the model 6u4e2 (which is an approxima-
tion to the plant behaviour) because:

1) The modelling scheme usually obtained accurate estimates of the gain
and major time comnstant, but the secondary time constant was not so well
defined, probably because of measurement inaccuracies.

2) It is thought that adequate regulation and set~point controllers
ﬁill result from the efficient use of a well-defined first-order model.

Point 2 ig later confirmed by the éxperimsntdl results.
6s5 Three Term Controller Design: 4

Following the method of Ziegler and ﬁichols as outlined in seotioﬁ 583
the following values are found: K = -1.096,‘Tb = 1, T = by T, = 2,

T 1» Substituting these values into 5.3.1 it is found that

H

=242 + 3.02z"% - 4.127%
DCZ) = sen 6.5-1

1_Z~v1

When this controller was applied to the plant the response to set-point

changes was highly oscillatory and in common with normal practice an attempt

was made to tune the controller on line. In this case the gain was reduced
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by a factor of 2. The results are shown in Fig. 6.5.1 where it can be seen
that the overghoot and settling time are acceptable by normal industrial
standards. Further adjustment of the constants in this controller could
possibly result in better behaviour but this was not attempted.
6.6 An Optimum Controller via Dynamic Programming:

Starting with the general form
by 27 bz ?

G.(z) = e 63611‘

{+aqzlra 272

the Laplace transform of the plant is found to be

K(s+y)
G’(S) = . Do 56-6.2
(s+84) (s+b2)
énd by writing
Xy = —Ogxp+xe+Ku
%2 = =8axp+(y-82)Ku
Xz = "E oy

the state variable model with states =x¢y Xz, X3 1s-derived. The state

variable diagram is shown in Figure 6.6.4 and X is the set-point of the

pla.n‘t-
+ .+ X
> ———0
- T . .
+ X,
¥-0, ‘|I> | 9,

0,

FIGURE 6.6.1. STATE VARIABLE MODEL
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The vector, matrix model i1g

i1 "61 1 0 Xt[ k 0
iz = 0 —82 0 X2 + K(‘Y"&z) 1 4+ 0 . Xs - soe 63653
X3 1 0 0 Xz 0 _' 1
and since by = O0u156y b2 = =-0.413, & = -148, a, = 0491
6{ S 0003, 62 = 0.7, Y = -0.85’ k = vll-z

and the continuous state-vector form 6.6.3 becomes the discrete state vector

form
x4 (k1) 0.966 0.72 0] {'x(x) ] Ds156 0|
x2Qer1) | =] 0 0,512 0 | | m(k) |+ | -0.461 {ux) + | O | =,
x3 (et ) 04983 0wl 1 sz(k) 0s112 1 -1

coo Dobaly

The matrix Q (see section 5.4) is

100
Q = 000

001

and A ocan take any arbitrary value. Teking values of A =1 and A =L

the following controllers are found:

~3.1654+0. 182" V=1,3122°7
1-0,092*1~0,912"%

it

D(z) ]7\. - 1 aoe 6-6.5

2,083+2,82"1-0,8862"2
1-0.5162"1-0u 1,842~ 2

see 6u6ub

i

D(z) ])‘_ =

Plant response to set point changes with the controllers defined by equa‘tions'
62605, 6.6.6 are shown in Figures 6.6.2, 6.6.3 and 6.6.4. It can be seen that

D(z) ]7‘_ - L;. gives a better response and this controller was selected for use
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in the regulation experiments which are discussed in section 6.9.
6s7 A Minimm Time Controller:
Congidering the model 6.l it can be seen thaf K(z) should be of the

form

K(z) = (1-2.63z"Y) (aqp+qyz™?)

and to respond to a step in minimum time

1K(z) = (-z7) (po+prz?)
Henoe p, = 1y, Ga = 0y Dy = 1.6, dy = —0s6
and | |
1 ~(1-2.632"1) 0,627

it

D(z) - X :
a(z) (1-z7') (1+1.62°1)

~0u6 (1-0w9662°F) (1-0.5122*1)

= " seon 6-701
w156 (1=z7%) (1+1.62°1)
Alternatively, using the model 6.4.2 it can be shown that
(1-0.9662"%)
D(Z) = v LE X ] 6.7'2

-0.659 (1-z~3)"

The result of applying the controller 6.7.2 to the plant is shown in

Fige 6s7s1 where it will be seen by comparison with the later results that the
response is the fastest but that instability commenced once the set-point had
been attaineds. The reason for this is the attempt (in either of the above
cases) to directly cancel a pole which lies close to the unit circle.

6,8 A Minimum Squared Error Controllers

Starting with the model 6.k.1 and following the method described in

section 5.9
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K(Z) = f1'(1“2»63fa) (q_o+q_1 Z"”l)
:b 1-K<Z) = 1"(]_0Z"i-(qt"2.63q0)2“2+2.63q_1z'3 soe 6.8.1
For the system to settle to steady-state after a step input

1-k(z) = (1‘-74"() (po+pe 2™t 4p22"%)

= Dpo+(pt=po )2+ (pa—ps )2 Fpaz? vee 62842
Thus equating like powers of z~' in 6;8.1, 6.8,2 it can be seen that

Po = Ty agtgy = ~-0.6

The error for a pulse in;}ut oan be written

it

s(z) [1%(2)] =(z)

1"q_cth“'(-Ou6‘q°“2063%)f2+2065<v-0v6“qq)Z”sy

it

Taus I = Sum of Residues of [e(z) e(z"¥) 2]
x - 1o %+ (0wb+ Qo +266300 ) 424637 (0x 6+ gn ) ? .
mme = 42,15q0+12:66 = 0 (for a minimm, since == > 0)
dgo dgo®
glving qy = =083 '
S u = 0.3
Thus
. 11482300052 % 2T (1206321 )x-0.3(1+2)
@ = 56 (1-2u63 1) (1) (a3 0.792°%)
i.e. ~1092402922" 441,92~ %~0. 94327

D(z) = - A evo 60843
140, 3274 -0.512"2-0,792"°

Similerly, by using the model 6.4s2 in conjunction with
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K(z) = 2"?(qtuz?)

and 1—K(z) = (1‘5"“‘) (P0+P1Z-1+P22”2+PJZ~3)

it can be shown that

o
o
i
kel
~
H
kel
N
it

Ty Qo+qy = 1

and the optimum values of qp 4 qy are go = Jy = -;— » The optimm

controller is glven by

1-0.9662~1 5 (4z1) 2>

- ———

-0.659z°Y  (1-7"%) (1+z~ Y4z~ %41z %)

D(z)

n

~0u76~000262 140,732 2

Dt e it et ot e et Pt . e e et T sen 6.8.4
1-0.52"%~0.52°*
If the model 6.4w2 is now used in conjunction with
K(z) = 2°%(qu+qsz ¥ +q22"2)
1K(z) = (1-2°%) (pot+pqz™l+p22*Fpxz~ 4ps2**)
and by following the same procedure as above it will be found that
Qotdt+az = 1, s = 1-q
. ax oL
and to minimise I it will be found necessary to set 30 = 0, Sar

which will lead to the gimultaneous eq_uations

i
N

Lag+2ar

1
nN

Las+2q,

from which go=q¢y = % and the controller is
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~0,506-0.0172z" " =0.01722~*+0.4897"
D(Z) = K o m——— LR 6.805
R e AR T

The controllers defined by 6.8.3, 6.8.k4, 6.8.5 were applied to the plant in
| conjunction with set~point changes and the results are shown in Figs. 6.8.&
t0 6.8.3. There is little significant difference between the results
presented here which confirm that 1t is only nsoessary to add one extra term
to the minimm-~time K(z) to aohieve a stable controller, and that a satis;
factory control scheme can be designed using a first-order model.

6.9 Regulation Experiments:

It is envisaged that except in extreme vcases the same algorithm should be
capable of performing both the tasks of changing the set-point and regulation.
If an algorithm has been sucoessful.in changing the set-point from one level
to another, it is likely that it will also be acoepteble in regulation. This
supposition has been checked by considering 3 algorithms uged in regulating
the top-product of the distillation column against disturbances in the feed
composition. The regulation set-point was 60% B.M and distrubanoes werse
introduced into the sgystem by changing the feed composition from the nominal
value of 7.27BM to 4o4%BM so that it alternmated for seven periods of 12.8
minutes each between one value and the other. The top product composition was
logged on paper tape and later analysed by computer which found the output mean
and varisnce and these resgults are tabulated in TABLE 6.9+1 from which it may
be concdluded that these algorithms are qulte successful in regulation as well
as set-point changes, partloularly in view of the large disturbances in the

feode
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TABLE 6a9.1

Mean Velue of

Control Standard
Algorithm Top—prod.u% th I%Tposition Deviation

~De764+0.0262~¥40.732~%

60nls7 114
1-0252>=0,5z~*
1 af+1e512~ =0, 5522
: 6042 1445
Bl

~2,083+2,82~*-0,8862"*% '
60.35 178

1-0.5162"1-0.484z" 2
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The control algorithm 6.8.) designed using a simple first-order model
obtained from thepretioal considerations however appears to be the superior
of the three algorithms studied in this caée,

6.10 Regulation by Feed-Forward:

If the feed composition Zp (oonsidered_ as an uncontrolled variable)
changes, then ¥ in equation 3.2.711 will remain equal to zero if A, D, FZF
are constant. Since (in theory) the vapour flow-rates are dependent only on
the applied heat (equation 243.1) and the liguid flows in the rectifying section
are independent of the feed flow-rate, them D will be constant while only
small changes in A will oociur‘due» to the inﬂuence of the feed flow-rate
changes in the gtripping section. It can be seen therefore that X will
remain approximately zero if the product Fig - is held constant, i.e. if a
change in Zp is compensated by a change in F .é,_uoh that their product,
(which is the moia;r' flow-rate of the more volgt:L'l.e feed component) remains
oo nstant. The time delays between changes in F ‘a.nd. Zp and their effects
on the top-product compogition are alse known and thegse may be incorporated
into the control scheme. As an example, the column wag regulated using the
controller 6.8.4 and the feed composition was changed from 7.2% %o Lo4% and when
it reached steady-state it was changed back again to the origindl steady-state
values. The results are shown in Fié. 6.10.1. The experiment was i‘epeated
but this time feed-forward of the flow-rate was incorporated, the flow-rate belng
altered from 47 co/min to 72 co/min 3 sample intervals after the disturbance in
feed had ocourred. After steady-state had been attained conditions were changed
back to the originsl values and the results are shown in Fig. 6.10.2. It is
obvious that feed~forward has been effective in improving the regulation.
6.11 Discussion of Resulta: '

From the resulfs presented in this chapter the following points are noted:

1) The response of the process is distinctly non-linear (see eg. Fig.

6+.8.3), the transient behaviour over all the L4 regions considered being

completely different.
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ii) Models obtained from perturbations about a set-point will be an
"average" for positive or negative perturbations and can therefore be used
in degsigning controllers for changes in these two directions.

iii) After tuning the three-term controller, the system response to set-
point changes and its perférmance as a regulator was acceptable. However,
on both these counts the minimum inean-squa:c'ed error controller was
superior and when it is considered that tuning this controller was
unnecesgsary its superiority becomes more apparent. Attempts have recently
been made to find an optimum three-—term controller for this system(21) but
so far the results have proved negative.

iv) The behaviour, for set-point changes, of the closed-loop control
systems designed using |

a) a theoretical first-order model and

b) a second-order model obtained, from plant experiments
were indistinguishsble, a result which confirms the proposition that,
for certain cases, a satisfactory controller ocan be designed using a first
order model.

v) It is only necessary to add one extra term to the minimum prototype
K(z) to obtain a satisfactory minimum mean squared erro:!:' controller.
This results in two extra terms in D(z) as can be seen from equation
5¢2:3; but the controller is not unduly complex. |

vi) The modelling technique has the following features:
a) It avoids perturbation-type experiments
b) It can be implemented on-line and can also be adaptive
6) It results in controllers which are superior to thoge in use
at present.
6212 Conclusions:
Baged on simple assumptions and using a minimum number of measurements
it has been demonstrated that a simple dynamic model of a distillation column

can be derived using a digital computer. In spite of diffioculties with
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measurements, the examples quoted here confirmed the validity of the method,
particulary in the case of a first-order model. This discrete-time model is
well suited for on-line control applications either of the feed-back or
feed-forward variety and a simple method of designing feed-back controllers using
an error-squared criterion has also been described. Controllers can be
designed using the method of Dynamic Programming but it is doubtful if the
additional complexity is justified. It is most likely that the methods
described here could be implemented using a hierarchical system, the higher
level computer being used to up-date +the model and controller while the lower
level computer is used to measure the variables and implement the control
action.

613 Future Work:

It is pointed out that the goﬁsiderable effort involved in the present
work has only resulted in a single input-single output compter control system.
Multivariable modélling and control have not been investigated and the effort
involved in achleving this aeim would be formidable. It is also regretted that
time was insufficient to allow a fuller investigation into dynamic feed
forward. However it is thought that much future work can be based on the
foundations laid here. Provided accurate and reliable hardware is available
the author believes that the following can be accomplished: an on-line
adaptive modelling procedure can be designed which will moiiitpr the measurements
required by the procedurs desoribed in chapters 2 and 3 and this will lean& to
on-line control system design. The next step _will be to ex‘bend‘.'the work to
multivariable modelling and control and the implementation of dynamic or steady-
state feed-forward. | A further, but very difficult step, will be to apply the
mathod to multicomponent distillation columns and finally to control groups

of plants.



- 131 -

List of References:

1e
2

23
4w

5e
6o
Te
8.

9«

10e -

11e
124
13,

1k
15

164
17
18,
19
20.

2.

BM

’

Williamg, TeJ. "Procegs Industries to accept hieracrchy oontrol systems"
Chem. Eng. News, Sept. 1967

Rogenbrock, HeHe "Calculation of the transient behaviour of distillation
columns”s Parts I, II and III Brit. Chem. Eng. July, August, Oct. 1958

Armstrong, W.D., and Wilkinson, W.L., "An investigation of the transient
regponse of a distillation column, Pat II: Experimental work and comparison
with theory." Trans. Inst. Chem. Engrs. Vol 35, 1957.

Hutchinson, A.W., and Shelton, R.J. "Measurement of Dynamic characteristics of
full~scale plant using random perturbating signals: an application to a

refinery distillation column." Trans. Inst. Chem. Engrs. Oct. 1967.

Ri jnsdorp, J.E. van Kempen, J.A., Bollen, H. "Automatic Feed back control of
two product qualities of a distillation column."” IFAG congress, London, 1966.

Williems, BuJe, "The Estimation by Computer of Composition from temperature
and pressure measurements in a binary distillation system." NFL Auto
Report No. 27, Jan. 1967.

Perry, J.Ha "Chemical Engineers Handbook," MoGraw-Hill, 1963.

Peiser, A.M. "Better Computer Solution of Multi-Component system"., Chemical
Engineering, July, 1960.

Hammond, P.H. and Williams, BsJs "On Determining a dynamic model of a
binary distillation column using & computer programme.” UKAC Convention
"Advances in Compuber Control"™ Bristol, April 1967.

Tou, J«T» "Modern Control Theory". McGraw-Hill 196k4.
Tou, JoTey "Optimum Design of Digital Control Systems". Academic Press, 1963»

Briggs, PsA.N., Hammond, P.H., Hughes, M.T.G., and Plumb, G.0., "Correlation
analysis of process dynamic using pseudo-random binary test perturbations".
UKAC Conference, Nottingham, 1965. )
Godfrey, KoRe "Three Level m sequences" Electronics Letters Vol 2, No. 7,

Kendal, M.G. and Sfuart, Aey "The Advanced Theory of Statistics", - Griffin, 1966.

fstrom, K.J., and Bohlin, T. "Numerical Identification of linear dynamic
systems from normal operating records". IFAC (Teddington) 1965

Clarke, D.W. "Generalised Least Squares Estimation of the Parameters of a
Dynamic Model"™ NPL Auto Report No. 26, 1966. .

Oox, J»Bw, et al "Algorithms for Direct Digital Control of Chemical
Processes" IFAC Congress, London, 1966.

Ragazzini, J.Re and Franklin, G.F, "Sampled-Data Control Systems" McGraw-Hill
1958, _ _

Ziegler, J.Ge and Nichols, N.Bs "Optimum settings for Automatic Controllersa"
T['a.ns A.SIMIE. NOV. 1942. . )

Bertram, J.E. "Factors in the design of digital controllers for Sampled—~data
Feodback systems". Trans. A.I.E.E. July 1956, page 151.

Williams, B.J. and Roberts, P.D. "Computer Calculation of Optimum Control

Algorithms and their on-line Application" submitted to 4th IFAC Congress,
Warsaw, 1969. ‘



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131

