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ABSTRACT  

Various means of applying the J integral and crack opening 

displacement (COD) to describe a materials resistance to ductile 

tearing were investigated. The application of J beyond initiation 

of tearing Is discussed and an approximate method of determining 

a J resistance (J
r
) curve derived. Applying this method for 

deeply side grooved specimens resulted in a rising 'lowest 

bound' initial crack length independent R curve for the con-

figuration tested. The R curve was found to become steeper with 

the growth of shear lips and the resulting curve was estimated 

using an adaptation of a model developed by Krafft et al (1961). 

The value of J at the initiation (J.) of tearing was found 

tobeinvariantforthesizestested,J.from precracked side 

grooved Charpy specimens was also found to correlate with K
IC 

on 

much larger specimens. The J resistance curves for these two 

geometries were also in good agreement. Detailed examination of 

the effects of dimensions and configurations on J
r 

curves was 

also undertaken. 

The Robinson (1973) crack infiltration technique was used 

to monitor the COD of the growing crack and this was found to be 

approximately constant at 1/4 of the initiation COD for EN32. 

This result combined with the linear variation of COD at the 

original fatigue crack tip with crack growth led to the con-

clusion that the crack grows with an invariant profile. Extra-

polation techniques were found to be inaccurate for the prediction 

of the COD of the growing crack on the fully yielded bend speci-

mens tested. The rotational centre of these specimens appears 

to move ahead of the propagating crack but a constant rotational 
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factor is not maintained. This factor was also found to be 

dependent on specimen dimensions. 

COD resis',ance Ca
r 

^urves measured using an adaptation 

of the Wells formula assuming a constant rotational factor 

moving ahead of the crack were found to have a unique but non-

linear relationship with Jr  after &r  had been adjusted for the 

geometrical behaviour of the rotational factor. 
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NOTATION  

All symbols are defined when first used in the text. Frequently 

recurring symbols are tabulated below. 

General notation  

a,a 
o 
 ,a
c 	

crack length, initial, critical 

A 	area 

B,Bnom
,Bact 	thickness, nominal, actual 

CGD 	clip gauge displacement 

COD 	crack opening displacement 

d stretch zone width 

e,e 	strain, yield strain 

E,E' 	Young's modulus, effective E 

G crack extension force 

the J contour integral 

K stress intensity factor 

1 	critical strain gauge length 

L constraint factor governed by the elevation 
of the yield stress 

M 	bending moment 

n work hardening exponenttaacen). 

NRC 	notch root contraction 

p 	plastic strain energy rate 

P,P
s 	

potential energy, 'pseudo' P 

q displacement 

Q load 

✓ distance from crack tip along crack plane 

✓ radius of plastic_ zone 

Ro 	
plastic zone size 

R 	material resistance in terms of energy absorbed 
per unit crack extension 



R 

S 

SR 

U 

U
total

,U
d 

rotational constant 

shear lip width 

span 

side groove ratio 

strain energy 

energy under the load-displacement trace 

total U, difference in total U after some 
crack extension 

18 

surface potential energy of the crack per 
unit thickness 

✓ - 	volume 

VHN 	Vickers hardness number 

w external work done . 

W 	specimen width 

z 	knife edge thickness 

Fracture parameters  

COD or 6 	crack opening displacement 

COD
fatigue 	COD referred to original fatigue crack, to 

COD 
tip 	the tip of the growing crack 

COD
e 	COD obtained by extrapolation 

r 	COD resistance from application of the clip 
gauge formulae 

G crack extension force 

J the J integral 

J
o
,J
cal

,J
r 

J resistance from the estimation formulae, 
the 2 parameter, the 3 parameter method 

K stress intensity factor 

NRC 	notch root contraction 
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Suffixes for the fracture parameters  

c 	critical value 

i 	initiation of cracking 

I,II,III 	values in different loading modes 

IC 	critical value in plane strain 

Q 	value at a given load 

value of resistance 

Greek symbols  

a small length of crack 

surface work per unit thickness per unit 
crack length 

contour around a crack 

.crack opening displacement 

A 	incremental change of parameter 
e.g.A a is incremental crack extension 

factor relating J and U 

finite width correction 

V 	Poisson's ratio 

a,ay, am 	stress, yield, normal 
a + a 

UTS, 
aUTS' aflow 	

ultimate tensile stress, flow stress ( 

strain energy density 

Abbreviations  

ASTM 	American Society for Testing and Materials 

CCT 	Centre cracked tension 

CKS ( CT) 	compact K specimen 

CLWL 	crack line wedge loaded 

CT 	compact tension 

DCB 	double cantilever beam 

DT 	dynamic tear 

lefm 	linear elastic fracture mechanics 

2 



CHAPTER 1  

INTRODUCTION  

Until recently it was thought that provided a structural 

steel behaved in a ductile manner then the possibility of cata-

strophic 'cleavage' failure would be precluded. Thus, in 

principle, by comparing the ductile-brittle transition 

temperature (Fig.1.1) with the minimum expected in service, 

ductility could be ensured. 

The fracture surface of a steel fracturing in the ductile 

mode is characterised by dimples formed around inclusions 

e.g. oxides, sulphides and carbide particles, present in the 

material. This failure mode absorbs more energy than its brittle 

counterpart, cleavage fracture. The transition curve can also be 

represented by the energy absorbed when a notched ten mm square 

specimen is struck by a hammer as in the 'Charpy' impact test. 

The energy so consumed is termed the 'Charpy' Toughness (Fig.1.2). 

It must be emphasised that the transition temperature obtained 

under such dynamic loading conditions may be significantly 

higher than under the slow loading of a tensile test. 

The widespread use of the relatively cheap and straight-

forward impact test provided a lower bound criterion for ensuring 

structural safety, although, where strict metallurgical control 

was not practised, some rather spectacular failures resulted. 

Perhaps the most widely publicised of these were the spontaneous 

cracking into two halves of the war-time,all-welded, Liberty ships, 

and the failure of the King Street Bridge in Melbourne, the demise 

of which prompted a Royal Commission of Inquiry. 

Impact testing is at best a rule of thumb procedure and 

serious doubts have been expressed about its reliability for 

2o 
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validating steel structures with sections greater than one inch 

in thickness as in atomic reactor pressure vessels. The need 

for an improved toughness testing procedure, with a greater 

understanding of the factors controlling the mode of failure, 

has also been spotlighted in recent years by the development of 

structural steels of higher yield strengths. Use of these in 

the construction of oil and gas pipe lines would have the 

obvious advantage of allowing the design of increased pipe 

diameters provided that there is no risk of catastrophic 

failure. The answer to these difficulties lies in the new science 

of Fracture Mechanics. 

Over the last twenty five years a more theoretical approach 

to the measurement of fracture toughness has been developed 

(Chapter 2) which provides a parameter that may be used for pre-

dicting maximum permissible defect sizes resulting from fabrication 

processes. This procedure, however, is restricted to conditions 

where linear elasticity is predominant, that is when the yielding 

zone at the tip of the flaw is small compared with the overall 

dimensions of the specimen. The technique is ideal for measuring 

the toughness:of very high strength steels (e.g. a > 1000 MN/m2) 

which exhibit limited ductility, since the specimen dimensions 

are then small. Fracture toughness is determined by loading to 

destruction notched test pieces which have been pre-cracked in 

fatigue. A typical fracture surface (Fig.1.3) for a specimen 

behaving in a brittle manner exhibits a flat crystalline 

cleavage fracture in the centre while near the surface, where 

the triaxial stress system is relieved, small forty five degree 

shear lips form. In very broad terms the central portions 

could be said to be in a plane strain stress state (ez  = 0) 
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whilst the edges are in a plane stress (az  = 0). However, 

these two regimes are never clearly defined, and intermediate 

stress states may exist even though the fracture surface appears 

flat. Geometrical factors also operate since not all materials 

in this class exhibit a cleavage mode of failure whilst the 

fracture still displays the flat central portion (Fig.1.4) 

associated with plane strain. The failure mode in this case is 

microscopically ductile rupture although much larger shear 

lips are present which tend to widen as the crack extends. 

Any increase in ductility particularly that obtained by 

lowering the yield stress means that very large specimens are 

needed to retain linear elastic conditions (Chapter 2). 

The material characteristics described above also obtain 

below and above the transition temperature respectively in 

steels prone to cleavage failure. As the temperature increases 

through the transition region the steel becomes more ductile and 

some ductile crack growth is evident before the final cleavage 

fracture. This takes the form of a ductile 'thumb nail' as in 

Fig.1.5. Since this growth often occurs slowly under a rising 

load, the start of cracking and the point of catastrophic 

failure are not coincident on the load-displacement diagram. 

Non-linearity of the latter plot also renders invalid 

attempts to apply the 'linear-elastic' technique to the majority 

of useful constructional materials which, in addition to those 

already mentioned include stainless steels and many aluminium 

alloys for aircraft construction. Materials in both these 

classes do not display a transition, i.e. they are always ductile 

even at low temperatures. The difficulty has led to considerable 

effort being devoted to the development of fracture mechanics 
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parameters to describe situations where large scale yielding 

is present (Chapters 3 and 4). 

The problem of slow crack growth was first studied in thin 

sheet where controlled propagation is favoured by a through 

thickness shearing mode of failure. These investigations 

prompted the development of the theory that the resistance of a 

material to fracture increases with crack extension (Chapter 2). 

The plot of the resistance to fracture versus crack growth is 

known as the "resistance curve". A rising resistance appears 

to be due to an increase in plasticity, which in turn tends to 

invalidate linear elastic conditions. Similar considerations 

should obtain in thicker sections where it would seem that 

progress may be possible by applying 'Yielding Mechanics' to 

measure crack resistance curves. At the same time there is 

the possibility of predicting linear elastic behaviour from small 

specimens and thus the description of situations where gross 

yielding occurs in very large service structures. 

Therefore, the purpose of this thesis is to investigate 

various means of extending the two main yielding parameters, 

Crack Opening Displacement (COD) (Chapter 3) and the J contour 

integral (Chapter 4) beyond the initiation of ductile crack 

growth. 

Since the study of these parameters is the major concern, 

test temperature, strain rate and geometry configurations were 

all kept constant. The main material used in the study was a 

mild steel (En32B). Any heat treatment effects were eliminated 

by making progressively smaller specimens from previous broken 

halves. A highly work hardening steel was chosen to provide a 

significant resistance curve and for the same reason all speci-

ments were manufactured in the longitudinal direction. A higher 
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strength lower work hardening steel (En24) was also used for 

comparison purposes. The attainment of linear elastic conditions 

with specimens made from this latter steel permitted the relation-

ship between COD, J and the linear elastic stress intensity 

factor K to be investigated. 



100 

ductility 

0 

25 

FIG11  
temperature --> 

Ductile-brittle  
transition curve  

t  
I 

charpy 
toughness 

( units 
of 

energy) 

k---- 
transition 
region 

temp 	> 
FIG1.2 , 

Charpy  V notch' transition curve 



fatigue crack 
ductile thumbnail 
cleavage fracture 

.„,..„--45°  shear lips 

26 

fiat 
cleavage 

45°  
ductile 
shear fatigue 

crack 

FIG1.3 Brittle fracture appearance 

normal 
	

45°  
ductile 
	ductile 

rupture\ 
	shear 

FIG1.4  - Ductile fracture appearance  

FIG1.5 Transitional behaviour 



CHAPTER 2 

THE LINEAR ELASTIC RESISTANCE CURVE 

1. The Elastic Stress Intensity Factor K  

Irwin (1957) considered the West4gaard (1939) elastic 

solutions for various configurations of cracked bodies in 

tensile stress fields. He showed that the stress field at the 

tip of a crack can be characterised by a singularity of stress 

which is inversely proportional to the square root of the 

distance (r) from the tip. 

The stress in terms of general co-ordinates is given by:- 

K 
G
13 
. . = 	I 	f(ij) (8) 

)47T- 
(2.1) 

Irwin named K (after Kies) the stress intensity factor. 

For the tensile mode of loading it is given the suffix I. 

The suffixes II and III apply to the "in plane" and "out of 

plane" shears respectively as in Fig.2.1. 

The tensile mode generally gives the severest stress in-

tensities and thus K
I 
is the lowest bound stress intensity 

factor. From Equ.(2.1) the local stress normal to the crack 

plane is 
K 

a
N 127r 
	 (2.2) 

This gives the stress distribution shown in Fig.2.2 for the 

normal plane ahead of the crack tip. 

For the case of a central crack of length 2a in an infinite 

plate subjected to a tensile stress a:- 

K = a 1;7 	 (2.3) 

For more complex cases, Equ.(2.3) becomes 

K = a1/Ta- 	 (2.4) 

2 7 
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where A is a geometrical factor known as the finite width 

correction factor. In three point bending, for example, A is 

found from Fig.2.3. 

It is relevant to note here that Williams'(1957) treatment 

of the elastic stress field indicates that the Westergaard 

solution is at best approximate and gives accurate values only 

when r/a is kept small. 

Since stress, strain and displacement all have a unique 

relationship with K the assumption that fracture initiation is 

governed by some critical condition at the crack tip leads to 

the use of the stress intensity factor as a fracture criterion. 

For the critical condition at the onset of fracture Equ.(2.4) 

becomes 

K
IC 

= a
c 

Ara
e 

A 	 (2.5) 

Or 

a
c (2.6) 

Hence knowledge of Klc, the critical stress intensity 

factor in the opening mode enables the value of critical stress 

a
c to be found for a particular flaw size in a given structure. 

To find the value of K
IC 

in the laboratory, crack tip con-

ditions analagous to those occurring in the structure must be 

obtained. A major difficulty arises because real materials do 

not behave in a perfectly elastic manner. The elastic solutions 

indicate that at the tip of the crack i.e. as r 0 then 

a
N co (see Fig.2.2). This elevation of the local stress in the 

crack tip region, even at low values of applied stress, causes 

localised Yielding around the crack tip and hence the formation 

of a plastic zone. To allow for limited plasticity various 

correction factors have been developed. 
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2. The Crack Tip Plastic Zone  

(a) First approximations  

Since for a non work hardening material the maximum stress 

is ay, then as a first approximation Fig.2.2 can be modified so 

that the distance r can be considered to be the size of the 

plastic zone (Fig.2.4). 

Thus from Equ.(2.2) 
K
I  

a = 
Y 1/27TT- 

P 

(2.7) 

(b) .Plane strain and plane stress plastic zones  

Liu (1961) suggested that even if a condition of plane 

strain with its associated triexial stress field exists in the 

interior of a body, at the surface stresses normal to the surface 

must be zero (plane stress). Hence the plastic zone size may be 

expected to decrease gradually as the constraint changes from 

plane stress to plane strain (Fig.2.5). 

When the plastic zone is large compared with the thickness 

of the plate, yielding Can take place freely in the thickness 

direction (Fig.2.6a). In this case plane strain is never 

achieved. However when the zone is small the surrounding elastic 

material contains the yielding and thethrough thickness strain 

is reduced to zero (Fig.2.6b). 

The variation of the plastic zone size with thickness is 

one reason for the imposition of size requirements in the testing 

procedures developed to ensure that fracture occurs under the 

severest (i.e. plane strain) regime, as will be discussed later. 

The deformation pattern of yielding of the two regimes is 

quite different. In plane stress a 450  shear pattern is pre-

dominant (Fig.2.7 after Hahn and Rosenfield (1965)), while in 

plane strain a hinge type of deformation is developed (Fig.2.8). 



(c) Plastic zone corrections 

For plane stress conditions (Fig.2.9) the local stress is 

of the order of the yield stress. Therefore the load per unit 

thickness carried by this plastic zone is given by 

Q = r
P  aY 	

(2.8) 

which substituting r from Equ.(2.7), becomes 

1 	K 
Q  = 2 T ( -CT 2  

y 

a 
y 

(2.9) 

For the infinite plate with a central elastic crack under 

a tensile load, the load per unit thickness in a zone of length 

r from the crack tip is 

K  
Q =f p 	dr 

0 

2K  vi.- 
P  

(2.10) 

(2.11) 

Substituting for r the value of r ata
N 
= a from Equ.(2.2)

y  p 

gives 

K 
Q  = 27-r (-c1-)2  • 

y 

a 
y 

(2.12) 

Therefore the load carried in the elastic case is exactly twice 

that given by the first approximation (Equ.(2.9)). This con-

clusion led Irwin (1964) to derive the plastic zone correction 

shown schematically in Fig.2.10. 

Since the presence of a plastic zone causes the crack to 

appear longer than its true length, Irwin suggested that the 

tip should be displaced a distance r so that a real crack of 

length 2a becomes 2(a + r ). The new postulated crack then has 

a plastic zone size r given by 
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1 	K 
r 	271- 	()

2 (2.13) 

outside which the elastic stress field functions prevail based 

on the modified crack length. Ehe load carrying capacity of 

the system must remain the same as in the elastic case, a 

requirement met because area C = area D in Fig.2.10. 

For plane strain conditions the triaxial stress field 

causes the local stress normal to the crack plane to be elevated 

(see Fig.2.11) to the 'constrained' value La where L is pre-

dieted by plasticity theory to fall in the range ti  2-3, 

depending upon which flow condition is assumed. Because of 

this, the plane strain plastic zone is normally taken as one 

third of the plane stress value. In practice the plastic zone 

correction can only be made provided plane strain conditions 

exist and this has led to the development of a recommended 

standard regarding thickness and other body dimensions in pro-

cedures for fracture toughness testing. 

(d) The thickness effect  

The results of extensive experimentation (ASTM STP Nos. 

381, 410 and 463) have led to the compilation of a strict pro-

cedure for the measurement of the plane strain fracture 

toughness Kic  (ASTM STP 463 and British Standards Draft for 

Development DD3). The limits set for the attainment of valid 

plane strain linear elastic conditions are:- 

(i) The deviation from linear elastic behaviour must not 

be greater than a set limit. Generally a secant line OQ 

through the origin with a slope 5% less than the slope of 

the tangent to the initial part of the load displacement 

record is constructed (see Fig.2.12). The force Q is used 

to determine the provisional value of K
IC 

i.e. K . This 
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is valid provided the distance LL in Fig.2.12 is less than 

1/4 of v. Three types of load displacement diagram are 

shown in Fig.2.12. Types II and III have an instability 

load Q but Type I uses the load from the 5% offset con-

struction. This procedure in fact may refer to the K after 

some slow crack growth has occurred (see Chapter 7). Thus 

K
IC for this case is not necessarily the critical value 

although the deviation from the real value will not be 

significant. 

(ii) The size of the plastic zone at the crack tip must be 

small compared to the thickness to ensure that plane strain 

conditions dominate during failure. The zone must also be 

small relative to the crack length and ligament for linear 

elastic conditions. 

The requirements are 
K 
I a, W -a, B 	2.5 (
C
)- 2  
y 
a 

If the thickness requirement is not met plane stress conditions 

begin to develop and a higher critical stress intensity may be 

attained before fracture instability. In the literature K
IC 

generally refers to the plane strain stress intensity hence the 

I does not purely refer to mode I cracking. As plane stress 

conditions develop the mode of cracking is still tensile and 

thus mode I but as the constraint is not at its severest the 

critical value is often referred to as K or K
c
. The variation 0 

of K
c 
with thickness is shown in Fig.2.13. 

For thicknesses of B
2 
and greater plane strain conditions 

are presumed to exist. Between B1  and B2  there is an inter-

mediate state, and for B
1 
and less the material is free to 

yield in the thickness direction i.e. it is in the plane stress 



state. The exact shape of the curve in this last region is un-

certain. Bluhm (1961) indicated that depending upon whether a 

surface or volume phenomenon is assumed then different curves 

are obtained (Fig.2.13). Allen (1971) found a horizontal level 

whereas Weiss and Yukawa (1965) observed decreasing values of 

K
c 
in this region. 

The insertion of side grooves was adopted by Freed and 

Krafft (1966) to improve the detectability of the initiation 

point and lessen the thickness restrictions. They found that 

B  m 
K = K 
IC 	nominal 

(B  nominal nomanal 
(2.14) 

where m varied between 0.5 and 1. (For further discussion on 

side grooving see Chapter 6.) 

The plane strain restrictions described above are very 

severe and ensure that the plane stress regions at the surface 

are small compared with the overall dimensions. However the 

attainment of plane strain conditions can be achieved with much 

thinner specimens. Robinson and Tetelman (1974) showed that 

even for the mild steel Charpy tests (B = 10mm) plane strain is 

prevalent over the central third of the specimen. 

3. The Griffith energy balance  

The criterion developed by Griffith (1920) forms an 

alternative basis of linear elastic fracture mechanics. He used 

the elastic analysis of the stress field around an elliptical 

hole, developed by Inglis (1913), to derive an energy balance 

for the case of a crack in the centre of an infinite plate. 

The original paper, which derived the increase of strain energy 

due to the presence of the crack erroneously, was later corrected 

by Griffith (1924). 

o3 



ci2 a  

E 	2y ?. 0 
i.e. when 

(2.19) 

For a thin crack of length 2a in an infinite plate of unit 

thickness subjected to a uniform stress , the release of strain 

energy-u due to the crack is given by:- 

U2  IT  a2  
-u - 	 (2.15) 

The potential energy stored in the surface of the crack is 

v = 4 y a 	 (2.16) 

where y is the surface energy of the crack per unit area. 

Hence the total diminution of the potential energy of the 

system due to the presence of the crack assuming no external work 

is 
a-  ir a2 

v= 	 4y a 
E 

Griffith postulated that the crack extends when 

da 
(- u - v) 	0 

(2.17) 

(2.18) 

J/1_, 

Therefore the critical stress a
c for crack extension is given 

by:- 

(2.20) 

Griffith (1920) performed experiments which showed that the 

theoretical strength of glass was reduced due to the presence 

of flaws in a manner predicted by Equ.(2.20). The extension of 

this theory to metals however produces difficulties over the 

meaning of the surface work term y since the true surface energy 

of metals is considerably smaller than the energy absorbed per 

unit area during cracking. The discrepancy can be accounted 

for by local plastic deformation adjacent to the fracture surfaces. 

Independently Irwin (1948) and Orowan (1949 and 1955) suggested 

replacing y with (y y ) where y is the plastic dissipation 
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per unit area as the crack propagates 	Hereafter therefore 

the term y is defined as the total work required to open unit 

area of the crack. 

Thus provided the local plastic zone at the crack tip does 

not significantly disturb the elastic stress field, Equ.(2.20) 

remains unaltered except for the substitution of the redefined y. 

Irwin and Kies (1952) measured y experimentally by con-

sidering the strain energy (u) of an elastic body under load Q 

displaced a distance q. 

Then 

= Qg 
2 

Q2  X 
2 

(2.21) 

(2.22) 

where A is the compliance of the body (q/Q). 

. du =  Q2  a  
da 	2 da (2.23) 

The critical value of y is then obtained by evaluating 

experimentally the compliance of the body at the critical crack 

length, measuring the failure load and applying Equ.(2.18). 

Irwin (1964) considered the load-extension diagram for 

bodies with adjacent crack lengths a and a -I- Eia (see Fig.2.14). 

The triangular area obc represents the loss of elastic 

strain energy from the specimen if crack extension occurs with 

the displacement q fixed. If crack extension occurs at constant 

load then the energy lost obd is more than offset by the gain in 

strain energy bdef. This energy is stored in the body and is 

recoverable on unloading. Therefore, it cannot be included in 

the balance since it was the energy loss which Griffith assumed 

must exceed the surface energy for crack propagation to occur. 
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Irwin postulated that it is reasonable to assume that re-

sistance to crack extension is the non recoverable strain 
• 

energy regardless of where the energy goes. This energy can be 

represented by the areas obc or obd in Fig.2.14 (the difference 

in areas due to either constant load or displacement assumptions 

is second order and considered negligible). Irwin equated this 

area to BGEa where G (after Griffith) is defined as the crack 

extension force and B is the thickness. 

Then assuming constant load 

BGLa = Qql  + Q(q2 	12Qq2 

i.e. 	BGtia = 
Q(q

2  - q1) 

2 

or Q2  AA 
G = — 2B da 

Thus for the constant load case from Equ.(2.23) 

_ 1 du 
G  B da 

the critical value of G is given by 

G = 1 du = dv = 2y 
c B da da 

(2.24) 

(2.25) 

(2.26) 

4. The Relationship Between Crack Extension Force and Stress  
Intensity  

For the infinite plate of unit thickness with a central 

du 
crack of length 2a the strain energy absorption rate 

-(i;- 
is given 

by differentiating Equ.(2.15) (assuming constant displacement). 

. 	du 	a2  ira 	
(2.27) 

du 
In this case --G because there are two crack tips present. du =-  

G =(327ra  
E 

Restating Equ.(2.3) 

= offa. . 	• 

(2.28) 



37 

K 2  = E' GI 	 (2.29) 

E  
where E' is given by 

1 - v2 
for plane strain 

and E for plane stress. 

The simple proof above applies for the special case of an 

infinite plate. Irwin (1957) derived a formal proof by con-

sidering the progressive opening of a small length, (A, of the 

crack near the tip at constant K. 

The crack extension force is evidently given by 

a 
Ga = r 11 a

N
g dr 

where 	the stress component normal to the crack plane is 

given by 

a = N 27rr 

and the normal displacement g = 2K i 

Ga =f  

a 	

x 215Vr2(a 	r)
K  

dr 271T. 	E 	7r 

a 	 
- r) 

dr. = K2a  
71- E 	o r 	E 

whence G = 
EL 

which is the same result as Equ.(2.29). 

5. . The Resistance Curve Concept  

(a) The instability condition  

Irwin and Kies (1954) re-wrote the Griffith criterion for 

fracture (Equ.2.18)(assuming constant displacement) as 

du = dv 
da da (2.30) 

where—du . 
	 dv

; 
. 

Is the strain energy release rate and.
IT 

 is the rate of 

energy absorbed by the surface energy and local plastic work. 

This latter term can be called the material's resistance to 

fracture R. 

Then 

0 
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Hence for crack propagation to occur in the absence of 

external work 

du 	dv 
G - 	R E  

da 	da (2.31) 

For the infinite plate with a central crack of length 2a 

Equ.(2.28) restated gives for the case of one crack tip:- 

G - a
2 7ra 

Then plotting G against a produces a family of lines for 

increasing values of a as shown in Fig.2.15. 

For fracture under plane strain conditions it can be 

postulated that the strain energy release rate at initiation 

G
IC is a material constant i.e. at the onset of fracture 

dv 
G
IC 

= 
	
- R (2.32) 

The crack growth resistance R can thus be represented by a 

horizontal line drawn through the locus of the constant G
IC 

Values at various crack lengths as in Fig.2.16. 

(b) Slow crack growth  

During studies on mild steel plate Boyd (1953) noted that 

when the thickness of the plate is not sufficient to give plane 

strain conditions the 45o shear lips which develop on the fracture 

surface play a large role in increasing the fracture resistance 

of the material. The square crack front associated with plane 

strain facture is affected by the unbroken ligament of the shear 

lips as in Fig.2.17. 

The cont-rolling influence of the shear lips effectively 

increases the fracture resistance and can lead to the develop-

ment of slow stable crack extension occurring under a rising 

load before the onset of catastrophic instability. 
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(c) The resistance curve  

The original instability concept of Irwin and Kies (1954) 

depicted in Fig.2.18 proved inadequate in the light of Boyd's 

results obtained on a ductile material. Irwin (1960) then pro-

posed the theory of an increasing resistance (R) curve as in 

Fig.2.19. 

In this case crack initiation occurs at a,, but due to the 

increasing resistance of the material the crack grows steadily 

under a rising load until the condition for catastrophic failure. 

This is reached at point of tangency between the strain energy 

release rate loading curves and the resistance curve, i.e. the 

criteria for catastrophic failure becomes 

dG _ dR 
da da (2.33) 

Thus the critical value of G (G
c
) does not necessarily co-

incide with the initiation value Gi (which can be associated 

with G
IC 

 ). So the Irwin model provides for the occurrence of 

stable crack extension as a precursor to complete separation 

under constant load. 

The increase in fracture resistance is thought mainly to be 

due to the build up of plasticity in the shear lips. Therefore 

the energy balance G = R must contain a plastic dissipation 

term. Havner and Glassco (1966) re-appraised the energy 

balance for ductile fracture to include this term as will be 

discussed in connection with the J resistance curve in Chapter 5. 

(d) The Krafft et al (1961) model  

Krafft, Sullivan and Boyle (1961) considered the growth of 

the shear lips as the main contribution to the increase of a 

material's resistance to fracture. Using certain simplifying 

assumptions based on the observations of Boyd (1953) the authors' 



Thus 

dv = (—dv) + E B 2s 2  
R  da 	da I 	v 	) (2.35) 
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developed an empirical formula relating s, the width of the 

shear lip, to the fracture resistance R. 

The three basic assumptions are:- 

(1) The plastic deformation zone is bordered by the 45°  

shear planes. This was considered as a lowest bound 

assumption. 

(2) The energy per unit volume Ev  consumed by the plastic 

region is a material constant for all thicknesses of shear 

lip. 

(3) The surface energy per unit thickness in plane strain 

dv 
(da)I 

is a constant and for simplicity, the projected 

surface of fracture is taken as the area of new surface 

created. 

Then the energy absorbed by the shear lips for an increment 

of crack growth da is 

B2  2s 
2E

V 
s2  da = E

v 
—
2 (-) 

2 
 da 

Therefore the total increment of energy per unit thickness, 

dv, required to propagate the crack, da, in a plate of thickness 

B is given by:- 

B 2s 2  
dv = (—

d
dv
) 
I 
 da + E

v 
—
2 
(—
B
) da 

a  
(2.34) 

(e) Properties of the resistance curve  

Krafft et al (1961) also postulated that the resistance 

curve for a particular thickness is independent of the initial 

crack length. Hence a curve of R versus Aa (Fig.2.20) will be 

unique for a given thickness and can then be positioned according 

to its initial crack length on the R versus ao  plot (also Fig. 

2.20). 
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Thus the tangency point between G and R,giving Gclvaries 

with the position of the resistance curve and therefore also 

with a
o
. 

The G loading curves for constant stress in Fig.2.20 are 

for the infinite plate. In real situations 

G —
2 Tra 

 f (a/W) 
	

(2.36) 

where f(a/W) is the finite width correction. Srawley and 

Brown (1965) showed from Fig.2.21 that the variation of Gc  with 

a
o 
has the form depicted in Fig.2.22. 

Some uncertainty still exists over the exact form of the R 

curve. 

In certain cases there is a meta instability point at 

initiation called "Pop in". Boyle et al (1962) proposed the use 

of this phenomena as a method of determining Gic. Two theories 

exist to explain this property in terms of the resistance 

curve. 

Srawley and Brown (1965) constructed a resistance curve 

with an initial flat section as in Fig.2.23. 

Broek (1974) suggested that the R curve must start from the 

origin since at zero stress the size of the plastic zone is zero then 

no energy has been consumed. The material at the crack tip will 

not separate until the stresses and strains are large enough. 

Broek postulated that this occurs at Gi (point b in Fig.2.24) 

whence crack growth occurs to C1  or C2  where G = R. This initial 

metastability is then associated with an audible click i.e. "Pop 

in". This theory however indicates "Pop in" behaviour at all 

times which is certainly not in accord with practical experience. 
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(f) Experimental determinations  

A number of authors including Weiss and Sengupta. (1974), 

Raju: (1969), Wnuk (1971) and Broek (1965) have attempted to 

derive analytical expressions for the R curve. However con-

siderably more attention has been paid to physical determinations. 

Since resistance curve theory was developed to explain the 

behaviour of thin. high strength. aluminium sheets used in 

aircraft construction, it is natural that most of the current 

data applies to these materials. Recently, however, interest has 

developed over the extension of R curve theory to low strength 

steels. 

Originally resistance was measured in terms of G, but since 

G E' = K2  resistance curves can also be determined using K, 

which has now become the most common parameter used. Clausing 

(1969) and Irwin introduced the terms G
r 

and K
r 

to indicate the 

respective resistance curves for the two parameters. No con-

clusion has yet been reached over the validity of the Krafft (1961) 

hypothesis that the R curve is independent of initial crack length 

and geometry for a given thickness. Heyer and McCabe (1972),.  

Broek and Vlieger (1975) and Wang and McCabe (1974) have achieved 

results which are consistent with the hypothesis while Bradshaw 

and Wheeler (1974) and Adams (1975) have both found slight vari-

ations of the resistance curve when specimens of a given thickness 

were tested in different geometrical configurations. 

The experimental technique favoured for R curve determination 

involves the use of Double Cantilever Beam (DCB) type specimens 

with a very stiff loading system giving essentially displacement 

controlled conditions. With this arrangement the crack remains 

stable even after maximum load, so that complete resistance curves 
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can be constructed. Detailed experimental techniques are 

described in ASTM STP 527 (1973). A recommended standard (1973, 

revised 1974) has been proposed which advocates the use of three 

particular configurations. These are the centre cracked tension 

(CCT), crack line wedge loaded (CI,WL) and the compact tension 

(CT) geometries. 

Various means of measuring crack length have been employed 

including physical measurements alone and coupled with the Irwin 

plastic zone corrections. The most popular technique is the 

compliance method introduced by Boyle (1962). Basically two 

measurements using displacement gauges are made at different 

points along the opening crack but outside the plastically 

deformed region. From these and elastic calibration curves the 

effective initial crack length, which includes the presence of 

the plastic zone, can be determined. 

Since most data appertains to high strength thin sheets the 

resistance curves developed are due almost entirely to the 

formation of shear lips. When these lips are fully developed the 

R curve tends to reach a plateau value. 

The growing shear lips are accompanied by an increasing 

plastic zone size with a consequent invalidation of linear 

elastic theory. This difficulty plus the interest in low strength 

high toughness steels normally used in fabrications of large 

structures has emphasised the need to combine the resistance 

curve concept with such large scale yielding fracture parameters 

as the J integral and Crack Opening Displacement (COD). These 

will be described in the following chapters. 
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CHAPTER 3  

CRACK OPENING DISPLACEMENT (COD)  

I. Plastic Instability  

It might be expected that linear elastic fracture mechanics 

can be used up to the point when the critical failure stress ac  

approaches a the net section yield stress. In practice 

Fedderson (1967) has recommended that a
c 
should be less than 66% 

of ay  for valid K
IC 

determinations. If a
c 
is greater than ay  

then the critical stress cannot be attained and net section 

yield occurs (see Fig.3.7). Under these conditions it is possible 

to assume that the structure in question is dominated by the 

yielded ligament and not the crack i.e. plastic instability 

occurs. For this situation the critical stress is given by 

(W - a) 
a
c 
= 	c a (3. 1) 

where (W - a)
c 
is the remaining ligament and a is the yield y 

stress or in some cases is modified to include work hardening 

and is thus flow stress. Hahn et al (1969) found good agreement 

between calculated and observed values of a
c 

using this idea. 

They used the initial flaw length to calculate (W - a)c. However 

Fearnehough et al (1971) noted that where stable crack extension 

occurs this agreement is only maintained when the final crack 

length at instability is employed. Since this cannot be pre-

dicted for cases of slow growth, the instability criteria does 

not work. The theory also does not govern a crack dominated 

situation in the presence of large scale plasticity. The COD 

concept goes some way towards bridging the gap in fracture 

mechanics between linear elasticity and plastic instability. 
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2. The COD Concept  

Under conditions of general yielding as in Fig.3.1 plastic 

flow is no longer contained and the plastic zone spreads across 

the entire section. In linear elastic fracture mechanics crack 

propagation is expected when a critical combination of stress 

and strain is attained at the crack tip. This may be described 

by either Gc  or Kc  as explained in the previous chapter. After 

yield, assuming negligible work hardening, the stress at the 

crack tip is constant thus the fracture criteria can be expected 

to occur at a critical value of strain. 

The concept of considering the displacement at the crack 

tip as a measure of the critical strain was originated inde-

pendently by Wells (1961) and Cottrell (1961). The parameter 

called Crack Opening dislocation by Wells is now more usually 

referred to as Crack Opening Displacement in the United Kingdom 

and Crack Opening Stretch in the U.S.A. 

In very crude terms the strain energy release rate can be 

equated to the incremental work done in the local yield zone 

around the crack tip. 

Thus for no work hardening 

G si a (5 y c 

where d
c 
is the critical value of COD. 

(3.2) 

3. The Definition of COD  

Wells (1961) considered the West#gaard (1939) solution for 

the opening displacement g (see Fig.3.2) a distance x from the 

tip of an elliptical crack in an infinite plate. Then 

_ 2X vr27: -  
g  E' n (3.3) 
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where E' is the effective Young's Modulus = E/(1 - v2 ).  for plane 

strain and E for plane stress. 

Using Irwin's plastic zone theory (see Chapter 2) Wells 

defined.  6 as the displacement at the position of the tip of the 

actual crack i.e. at the elastic-plastic interface in Fig.3.2. 

From Equs.2.13 the radius of the plastic zone r is given 

• 
by:- 

K2  
r = 	 

271- aye 

Since 6 is defined at the point distance rp  behind Irwin's 

postulated crack (Fig.3.2), then from Equ.3.3 and 2.13 

6 = 
TrE'a 

y 

or invoking the equivalence of K and G expressed in Equ.2.29 

assiming plane stress 

4K2 
(3.4) 

4G 
6 = wa 

y 
(3.5) 

Note that Equ.(3.5) differs by a factor of 4/IT from the primitive 

derivation of Ecu.(3.2) given in the last section. 

Cottrell (1961) employed the COD concept to explain why 

small test pieces manufactured from ship's plate fractured in 

F-Fe, yi of d whereas  the  pl ate i n  hulk broke with 

a 90% cleavage appearance at the same temperature. 

From Equ.(3.3) 

( 4K) 2r  
6 = 2g = E 	Tr 

Substituting for K from Equ. (2.13) gives 

r 
6 - 	Y P

E 
	 (3.6) 

implying a direct relationship between COD and the plastic zone 

size. 
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So for a fixed length of crack and a constant value of COD, 

the factor which determines whether the specimen fails before or 

after general yield is the proximity of the back surface of the 

specimen to the crack tip. Cottrell implied that if failure 

occurs after general yield then the fracture is ductile,_ but if  

before it is brittle, the latter mode arising from geometrical 

considerations. However Knott (1973) pointed out that the dis-

tinction is likely to be complicated by the acceleration of the 

small fibrous thumbnail once the crack propagates. This will 

have the effect of increasing the local strain rate and thus 

initiating cleavage owing to the intrinsic increase of a . 

A common misconception is that provided a specimen is made 

large enough, brittle i.e. cleavage, behaviour can be induced. 

There appears no reason to suppose that a mild steel specimen 

failing in a ductile manner as a small laboratory specimen may 

not fracture by the same mode even when the plastic zone at 

initiation is small compared with the overall dimensions. The 

instability point may well vary between the two cases but the 

value of the fracture criterion e.g. K, COD or J at initiation 

could be the same. Much more elastic strain energy is stored 

in a large specimen and this may prove sufficient to drive the 

crack forward catastrophically which may be accompanied by a 

change to the cleavage mode . By contrast the generally yielded 

laboratory specimen usually achieves a maximum load instability 

when above its transition temperature signifying controlled 

extension under a reducing load. The increase in strain rate 

during catastrophic failure may induce cleavage in certain 

steels. However, nickel bearing cryogenic and stainless steels 

will maintain ductile microscopic appearance although the fracture 

surface remains macroscopically flat. 
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4. The Strip Yielding Model  

Considering a notional plastic zone along the crack plane, 

Dugdale (1960) obtained a relationship for the size of the zone Ro  

for the case of an infinite plate with a central crack of length 

2a under a tensile stress a. This relationship is:- 

71.  a, R
o 

= a {sec ,2 
	

1} (3.7) 
y 

Burdekin and Stone (1966) employed a similar model, simulating 

a real crack of length a, by assuming continuous loading to the 

yield stress for a distance c-a ahead of the crack tip and an 

elastic stress distribution ahead of this plastic region (see 

Fig.3.3). Their analysis produced an identical result to Equ.(3.7) 

from which an estimate of the COD at the tip of the real crack was 

derived as given below. 

8a a 
6 =E 
	2 

log
e 
sec (5

a
2-) 7r  
y 

(3.8) 

Bilby, Cottrell, Smith and Swinden obtained the same equation 

by modelling the crack and plastic zone as an array of dislocations 

in Mode III deformation. 

5. Design Considerations  

By substituting the critical COD, do, obtained from a small 

test piece into Equ.(3.8)' it is possible to estimate the failure 

stress a
c 

for a large structure. 

Thus 

expanding 

8a a 	7-Cr , 
6
c  = --I-- loge 

sec t- 
 7 E 

y 
(3.9) 

6  
8a 
Y  a  r

1 Tra 
cl 	( 1 

a
c)  4 + ...] (3.10) c 	7 E -2 '2a ' 	12 2 a 

y 	 y 
The higher power terms may be ignored when the ratio ac/ay   is 

small for failure at stresses well below yield giving:- 



a  2 

=  c 
 ira  
Ea 
y 

and from Equ.(2.28r 

G 
6 = 
c ay 

(3.11) 

(3.12) 
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The derivations of 6 given by Equ.(3.5) and (3.12) again 

differ by 4/7r. This factor is normally ignored and the G ti COD 

relationship for plane stress linear elastic conditions quoted 

as in Equ.(3.12). Wells (1961) noted that the proportionality 

between G and COD might depend on the constraint of the yield 

stress particularly in thick plates. 

i.e. G = L a 6 
y 

(3.13) 

where L is the constraint factor relating the actual yield stress 

to that measured in uniaxial tension. 

A number of finite element analyses have been concerned 

with this relationship and this is discussed together with the 

J q,  COD correlation in Chapter 9. However it is pertinent to 

note here that a major difficulty in finite element analyses in 

the definition of COD. Some workers use the elastic-plastic 

interface for the measurement position while others consider 

the crack tip shape deformations in the plastic region. The COD 

measurement point is then defined by extrapolating a tangent to 

the straight sided crack flank or where this is not applicable an 

intercept is constructed from the crack tip to the profile at 

some specified (but arbitrary) angle. This diversity makes an 

assessment of the G n,  COD relationship a perplexing task. Un-

fortunately the difficulty over the measurement point used for 

the COD also prevails in experimental measurements. 

Burdekin and Stone used their strip yield model to relate 

COD to reduced strain e/e . The model applies to an infinite 
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plate in plane stress. For different crack to gauge length 

(= 2y) ratios, a/y, a common curve was found for low values of 

e/e , diverging after e/e = 1 to become a series of straight 

lines as in Fig.3.4. 

Experimental results by Burdekin and Stone and later by 

Burdekin and Dawes (1971) do not show this a/y dependence but 

fall inside the scatter band shown in Fig.3.4. As previously 

indicated, Wells (1968-70) pointed out that in many test con-

ditions plane strain probably predominates raising the yield 

stress by a factor of two or three. This has the effect of 

lowering the theoretical COD at a given value of reduced strain 

so bringing theoretical curves nearer to the experimental. The 

trend of their results led Burdekin and Dawes to establish the 

design curve in Fig.3.4 relating non dimensional COD (= 6/2The A) 

to e/e
v
. 	In other words a design relationship between 

crack size, applied stress and COD was developed. This was used 

to predict permissible flaw sizes for given stresses in various 

pressure vessel applications. 

Turner and Burdekin (1974) have indicated that the design 

method devised requires the use of strains that would occur in 

the absence of a flaw to estimate the COD at the tip of a crack 

of specified size. The presence of a flaw effectively alters 

the compliance and hence under load control the applied strain 

making the design curve over-conservative. Fortunately, in 

practice use.of the curve is generally confined to local con-

ditions exceeding yield and circumstances where strain control is 

predominant. Another difficulty is that the experimental 

results are for a high work hardening mild steel. For application 

to low work hardening material, Turner and Burdekin suggested 

limiting the applied stress to 75-80% of the ultimate. 
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6. COD Measurement Techniques  

(a) The paddle meter  

Burdekin and Stone measured COD using a paddle meter located 

diagonally across the bottom of a slot 1,  0.1mm wide (Fig.3.5). 

As the slot opens the variation of paddle angle is proportional 

to the opening of the crack. 

This method, however, is not appropriate when fatigue cracks 

are used as starter cracks. Another problem with the use of the 

paddle meter is the detection of initiation. For the brittle 

case (Fig.3.6a) where maximum load is the failure load, the COD 

predicted corresponds to initiation. However at higher temper-

atures, more characteristic of the steel's service conditions, 

tests produce a maximum load instability as in Fig.3.6b. Initiation 

then often occurs well before maximum load but cannot be detected 

using this technique which registers the COD value at instability. 

(b) Using pre-cracked bend specimens  

Wells (1961) suggested that COD measurements could be obtained 

from slowly loaded bend specimens after general yield since the 

formation of a plastic hinge below the notch (Fig.3.1) makes the 

COD proportional to the angle of bend. From the results of 

Alexander and Komoly (1962), Wells (1963) inferred that the hinge 

centre was located at 0.45 of the ligament depth. Thus cross 

head displacements, ccrrected for elasticity and roller indenta-

tion, were converted into angle of bend and thus COD. 

The use of the displacement from a clip gauge attached to 

the mouth of the notch (Fig.6.4) precludes the use of any 

correction and this technique forms the basis of the British 

Standard Draft for Development for COD testing DD19 (1972). This 

document recommends the use of two formulae relating clip gauge 

displacement (COD) to COD. 



(1) The method based on proposals by Wells (1970) 

The basis of this method is the assumption of a constant 

rotational factor R (= W-asee Fig.3.7) of 0.45 but some 

account is made of the parabolic elastic relation between COD 

and applied moment. 

The formulae used in Btitish Standard draft DD19 (1972) are:- 

0.45 	 YaYW  a 	. 	(W - a) — 	45 	
[CGD 

0.45 W + 0.55a + Z 	E' 

for CGD > 
2ya

y
W 

E' 
— 	0.45 (W - a) 	CGD2E'  
0.45 W + 0.55a + Z 	4ya W 

2ya 
for CGD ; 	YW  E' 

(3.14) 

where 'y -(
CGDE'l 
a W ) 	

is the residual non dimensional clip 
y residual 

gauge displacement given by Table 3.1. 

TABLE 3.1 

a/W 0.2 0.3 0.4 0.5 0.6 0.7 

y 0.70 1.03 1.35 1.54 1.72 2:03 

and Z is the thickness of the knife edges locating the clip 

gauge (Fig.3.7). 

(ii) Extrapolation technique  

Ingham et al (1971), by extrapolating through reference 

points marked along the notch of various thicknesses of mild 

steel bend specimens, noted that-a conservative estimate of the 

rotational factor R after net section yield was a third. There-

fore from Fig.3.7 

1 
= 	-1 since R1 + Ca + Zj 	W - a 	3 

CGD 



60 

CGD 	(W - a) CGD  
- 

3(a + Z)+ 1 	
W + 2a + 3Z 

 
(3.15) 

W - a 

Various other recommendations have been made concerning the 

value of R. Smith and Knott (1971) measured R off load using 

clip gauge displacement and graticular markings outside the 

plastic region. They found R varied between 0.43 and 0.33 for 

thickness in the range 2mm to 7mm. Veerman and Muller (1972) 

and Archer (1975) performed similar experiments. Archer com-

pared his results to the formulae procedures above and_indicated 

that the 'Wells formula' although generally conservative is the 

most useful. 

(c) The crack infiltration technique  

The silicone rubber infiltration technique was devised by 

Robinson and Tetelman (1974). The basis of the method is the 

infiltration of a crack in a specimen with a fluid, catalytically 

hardening, silicone rubber (setting time 1/2 	1 hour). The test 

piece is then loaded to the required displacement and held 'on 

load' while the rubber hardens. Finally, the specimen is broken 

apart in a different failure mode to that present in the original 

bend and the cast released. The rubber cast invariably adheres 

to one half of the specimen, allowing the success of the infil-

tration to be assessed. Casts are then sectioned to give the mid 

section 'on load' crack profile. Three typical crack profiles 

and relevant COD measurements are depicted in Fig.3.8. 

Some uncertainty exists over the position for COD measure-

ment as it depends on the profile shape/ but the favoured position 

is at a point of the order of the COD back from the crack tip. 

Robinson and Tetelman employed two procedures for obtaining 

the initiation COD (S.) from the rubber casts. These are:- 
1 
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(1) The double bend technique: A series of casts are obtained 

for specimens loaded to different CGD's giving various amounts 

of slow crack growth. The COD at the original fatigue crack is 

then measured (PQ in Fig.3.9). A plot of COD fatigue versus Da 

is then extrapolated back to Aa = 0 to give CODi  (Si). 

(2) The crack profile technique: A cast is obtained for a 

specimen which has undergone some crack growth (Fig.3.9). The 

COD.
1 
 is then given by PQ-RS. The technique has the advantage 

that only one specimen is needed. However two measurements from 
-• 

the profile are required which involves some discretion over the 

positions of PQ and RS. Also unloading occurs at the original 

crack tip causing an underestimate of the Si  value. 

Using these techniques Robinson and Tetelman found that R,, 

the rotational factor, has a unique relationship with COD up to 

initiation as shown in Fig.3.10. 

(d) Other techniques  

Approximate methods of inferring COD include angle of bend 

measurements and the use of double notch specimens where failure 

occurs at one notch leaving the second in a condition just prior 

to failure from which COD, can be evaluated. 
1 

Three more common techniques are:- 

(i) Stretch zone measurements: Spitzig (1968) noted that the 

region of intense strain which forms the initial COD is visible 

on the broken halves of specimens (Fig.3.11). This region, 

formed as part of the crack tip processes leading to fracture, 

is known as the stretch zone (Fig.3.12). Following this 

observation a number of workers including Harris and Elliott (1975), 

Otsuka et al (1974) and May and Smith (1973) have tried to relate 

stretch zone width with COD.. Harris and Elliott outlined the 
1 
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use of the stretch zone to predict COD and obtained a corres-

pondence with the onset of stress corrosion cracking. 

Stretch zone measurements tend to be inaccurate due to the 

difficulties of distinguishing between the end of the fatigue 

crack and start of the stretch zone which represents the 

measurement position (Fig.3.11). Also the COD predicted will 

correspond to an 'off load' value. Another major drawback is 

that differing stretch zone heights may be obtained for the same 

COD when there are variations in the propagation of the crack 

front (Fig.3.12). 

(ii) Metallographic sectioning: The plane stress COD can be 

obtained by measuring photographs of the surface of the specimen. 

However, values obtained in this manner are normally much greater 

than the plane strain mid section value. (Note that many of the 

extrapolation experiments were performed using surface measurements.) 

The central value may be obtained by sectioning the specimen to 

give an 'off load' COD. To overcome this Lewis et al (1975) 

employed a resin which was allowed to harden within the crack of 

a loaded specimen. To some extent this technique maintains the 

'on load' crack tip shape after sectioning. 

(iii) Notch root contraction (NRC): The transverse contraction 

at the tip of the notch (Fig.3.14) has also been found of value 

in COD measurements. This parameter is normally measured 'off 

load' and has been reported by Frederick and Salkin (1971), 

Burdekin (1967) and Robinson (1973) to have approximately the 

same magnitude as COD. NRCoff  cannot however be directly re-

lated to conditions in the centre of the specimen where cracking 

initiates and so its use should probably be restricted to cases 

where an empirical correlation between COD and 
NRCoff 

has been 

established. 
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7 Experimental Findings  

At this stage of development the dependence of COD on 

geometry, crack size and strain rate and thus its use as a 

fracture parameter is difficult to assess. This is due not only 

to the variety of methods employed in the measurement of COD and 

to the lack of an exact definition but also to the use of either 

theinitiationCODOJor the maximum load value (6 ) as the 

critical parameter. For brittle materials these values are 

coincident but since the major application of COD is for 

ductile materials where slow crack growth is prevalent, initiation 

oftenoccursbeforemaximumloadsothatd,can differ consider-

ably from Sc. Numerous workers, including Otsuka et al (1973), 

Smith and Knott (1971),,Gteen and Knott (1975a), Harrison and 

Fearnehough (1969) and Fearnehough et al (1971), have noted that 

Si  is independent of specimen dimensions for the sizes tested. 

Robinson (1975) achieved similar S. values for the three point 

bend and centre cracked tension, geometries. Griffis (1975), 

however,foundaslightincreaseofS.with increasing thickness. 

By contrast Ritchie et al (1975) found a constant value of Si  

for mild steel specimens except where B 2mm, when S, was 

higher. From evaluations of K
IC 

 from the (COD)
i 
of small pre-

cracked bend specimens using the infiltration technique Robinson 

and Tetelman (1973) suggested that for plane strain to be main-

tained in the centre of the specimen i.e. to allow the measurement 

of (COD)
IC 

then, 

B . 	25 S 
min - 

(3.16) 

This criteria is of course very much less severe than the 

ASTM criteria mentioned in Chapter 2 since linear elasticity does 

not have to be maintained. It is also less severe than the 
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criteria suggested for measurin
gjIC, 

 which will be discussed 

laterl as only the mid thickness needs to be in plane strain 

using the infiltration technique whereas the majority of the 

thickness must be in plane strain for the other COD techniques 

and the J integral procedure. 

In many situations the initiation COD proves to be very 

conservative and the measurement of (COD)
c 
or 6

c
, the value of 

COD at failure or maximum load, has been employed. Kanazawa 

et al (1975) predicted failure stresses in large tension speci-

mens from S
c 

values in small bend test pieces. d
c 
however does 

appear to be geometry dependent. Green and Knott (1975a) found 

6
c to decrease with increasing thickness whereas Griffis (1975) 

achieved the opposite result. Smith and Knott (1971) also found 

6
c to be dependent on machine stiffness. The effects of notch 

acuityon6i were also investigated by Smith and Knott. From 

their results they developed a theory based on a constant strain 

criterion at initiation. It was postulated that
f 

the gauge 

length over which the critical strain applies for a fatigue 

crack is given by 

6. 
£ = 
f e

f 
(3.17) 

They calculated that this measurement was of the order of the 

inclusion spacing for the mild steel tested. Thus for blunt 

notches £ is given by the width of the notch and hence:- 

6i  = e ef 
	 (3.18) 

where e
f 
is the critical strain at fracture. The visco-plasticity 

analysis performed by Mohamed (1972) however indicates that the 

local strain is only linearly related to the angle of bend and 

hence COD for angles greater than 2°. The above theory must 

therefore be suspect below this region. 
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8. The Application of the Resistance Curve 

BecauseoftheconservativenatureofS.and the geometry 

dependence of Sc  Elliott et al (1971) suggested the use of a 

resistance curve employing COD referred to the original crack 

tip as the practical solution. This idea was used by Smith 

and Knott (1975) and Green and Knott (1975a). The curve produced 

however is not analogous to the R curves described in Chapter 2 

since it would give arising 
Sfatigue 

vs as curve for a material 

with a flat resistance curve. 

It is the COD referred to the new crack tip which may give 

a representative measure of the toughness of the extending crack. 

There are four obvious methods of measuring a COD resistance 

(COD)
r curve based on the procedures mentioned above 

(1) Extrapolation from two measurement points to the tip of the 

growing crack to obtain the COD at that point (COD)E. 

(2) Direct measurement of the growing crack COD by infiltration 

techniques (COD) 
tip 

(3) The use of formulae relating CGD to COD. This method 

employs the actual crack length in the formulae as distinct from 

obtaining a COD referred to the original crack length, d fatigue. 

This method has.been employed by Green and Knott (1975b) and 

Tanaka and Harrison (1976). 

(4) The use of a notch root contraction 'off load' measured 

under the tip of the growing crack. 
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FIG.3.1 Yield zones in a fully_ 

yielded bend specimen  
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FIG.3.2 Definition of C.O.D.  
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FIG.3.5 COD  paddle meter 
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FIG.3.6 Typical load displacement traces  
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FIG.3.8 Typical crack  profiles and COD  

measurement  positions [Robinson(1975)]  
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FIG.3.7 Measurement of COD from CGD  

COD i = PQ- RS 

CODfatigue=PQ 

Q 

FIG.3.9 Crack  profile technique 
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fatigue crack 	 

plastic zone 
formation 

FIG.3.12 Crack tip processes leading 
to fracture( Elliott(1973)]  
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Before crack  growth  
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FIG.3.14 Measurement of N.RC, 



CHAPTER 4  

THE J INTEGRAL  

Part 1. Theoretical Considerations  

1. The generalised energy balance  

Considering the situation originally viewed by Griffith (1920), 

Havner and Glassco (1966) formulated the general energy balance 

for the purely elastic case. 

Consider a wide plate, with a short central crack of length 

2a, under a tensile stress a. Dividing the plate along the line 

of symmetry normal to the plane of the crack and thus considering 

one half of the plate of surface area A and short crack of 

length a the elastic strain energy can be represented thus: 

the total elastic strain energy ue  = the elastic strain energy 

of the plate (neglecting the presence of the crack) + the elastic 

strain energy dde to the crack. 

Then from Inglis (1913) and Griffith (1920) 

a2  A 	a2 Tra2 	a 2A 
ue = 2E 	2E 	2ET  

ET is the equivalent tensile modulus thus 

E 
ET – 	  1 + it a2  /A 

(4.1) 

(4.2) 

The change in strain energy caused by the crack extending 

an amount da is, from Eqn.4.1 

aA 	affa2 	02 Tra  
due = (— + 	)da + 	 da 

dw the differential external work done is 

(4.3) 

dw = aA d e 	 (4.4)•  

where e = a ET 

From Eqn.(4.2) 

Tra2 2- e = 	(1 + 
A 



Then from Eqn.(4.4) 

De dw = aA (— da + —De da) Dq 	a 

ffa  
dw = aA ((

A + 
AETra2 )da + 2a 

EAda) 

i.e. 	 aA 	alra2 	2a2 7a  dw = e-- + 	)da + 	da 
E 	E 	 E 

(4.5) 

Griffith (1920) postulated that at the onset of instability the 

potential energy release rate (- Via ) is equal to the resistance 

of the material to crack growth (11!). da 

Hence dP dw due  . dv 
- da da c7a da (4.6) 

Substituting for dw and due  from Eqns.4.5 and 4.3 in Eqn. 4.6 give: 

di'a 2  Ira 	dv _  
- da 	E 	da (4.7) 

For the truly elastic case v is the surface energy of the 

crack per unit thrickness so 

v = 2 y a 	 (4.8) 

where y is the surface energy per unit area of crack face including 

the local plastic work adjacent to the surface of the crack (see 

Chapter 2). 

From Eqn.4.7 

dP - a2 Tra 	dv   E 2 y 	 (4.9) 
- da 	E 	da 

(This equation is identical to Eqn.2.17 derived previously.) 

In terms of Irwin's crack extension force G 

dP 
= - da 2 y =G 

and so from Eqn.4.6 
due dv 

G - 
= dw 
da da da 

(4.10) 

(4.11) 



2. The evaluation of G  

Irwin's evaluation of G from the load displacement diagram 

was described in Chapter 2:  

For the special cases of constant load or fixed displace-

ment G may be evaluated in the following manner. 

(a) Fixed displacement  

From Eqn.(4.11) 
du
e 

G 
dw 

= da da 

dw 
for fixed grips — = 0 

da . • . G = 
du
e 

da 

i.e. for a specimen of thickness B 

 

 

B G da = - du
e 

 

From Fig.4.1 

  

 

du
e = Qq - 	(Q AQ)cl 

 

  

AQq 

 

BG da = AQq = AU 

1 AU 
i.e. 	G = (4.12) 

(b) Constant load 

  

 

Again from Eqn.(4.11) 
du
e dw 

G 	
da  da 

 

For constant load considering a specimen of thickness B 

 

 

GB da = dw - du
e 

QAq - [12 Q(q Aq) - Qq] 

= QAq = AU 

1 AU 
G=B Aa (4.13) 

Equns.4.12 and 4.13 give the same result. The small additional 

area for the AU of Fig.4.2, due to the incremental displacement 

Aq, is second order and considered negligible. 
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3. The energy balance and the line integral 

The use of a line integral to evaluate energy release rate 

was suggested by Eshelby (1956). However, the first specific 

use of a line integral in the evaluation of the Griffith energy 

balance was by Sanders (1960). Further investigations were 

carried out by Cherepanov (1968) and Rice (1968a). 

4. The definition of the J integral  

For a crack aligned in the x direction in a two dimensional 

body of unit thickness (Fig.4.3) Rice (1968a) defined the J contour 

integral 110 	eick 	rtAck s'-/a/s as :- 

du. 
J = 	wdy - 

Ti dx  dS 
	(4.14) 

wisthestrainerlergYdensity, Sisthe circlIniference t T. are  1 

surface tractions and u. surface displacments in -cartesian 
1 

directions. 

Rkce (1968b)' showedthat this integral is independent of the 

choice of path r around the crack taken in an anti clockwise 

direction from the lower face of the crack to the upper. 

The change in potential energy of the body in growing a crack 

an amount da is defined as the sum of the change of internal strain 

energy and the change of potential energy of external forces. 

i.e. 	AP = 	codA - jr Ti  u. dS 	(4.15) 
A 	S

T 

A is the area of the body and ST  is that part of the circumference 

on which the forces are fixed. 

Rice (1968b) stated that the potential energy difference is 

expressible in terms of the difference in overall load deflection 

curves for two bodies with crack length differing by da. When 

the loading is entirely by prescribed surface tractions proportional 

to load Q,and q is the corresponding generalised displacement,- AP 

is the shaded area in Fig.4.4a. Similarly when loading is by 



displacements proportional to q, AP is the shaded area in 

Fig.4.4b. 

Rice (1968b) shows that the J integral is equal to the 

potential energy release rate 

_ 3P 
i.e. J 

	aa l x 
(4.16) 

To simplify the derivations consider steady state conditions 

(not a necessary assumption). 

Then 	J = (4.17) 

From Eqn. 4.15 and since the second integral can be taken 

over S since it is zero where displacements are fixed, Eqn.4.17 

becomes 

3 
am 	

u, 
J = 	

--a7c dx dy 
	

'S T
i 	dS 

By Green's lemma 

JA  3x 
at-13- dx dy = 116) dy 

then Eqn.4.18. becomes 

3u, 
J = 	wdy - Ti ax  dS 

(4.18) 

.(4.19) 

Rice showed the J integral (defined by Eqn.4.14) to be zero 

around a closed path1 so that on any contours such as r1 and r2 

in Fig.4.5 the integral must be equal i.e. independent of path 

since the two paths differ only by terms along the crack face 

for which dy and T. are both zero. Therefore the contour S need 

not be the boundary of the body. 

For linear elasticity from Eqn.4.10 

dP 
J = 	G 

and so from Eqn.2.29 

J = G = 
le• 	

(4.20) 
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5. Characterisation in the elastic-plastic region  

For the elastic, stress-strain field around a crack there 

is a singularity at the tip described by the stress intensity 

factor K (Chapter 2). Fracture occurs at a critical value of 

this parameter which can therefore be used as a representative 

measure of its toughness or resistance to fracture. 

It is desirable to find a similar parameter to characterise 

the elastic-plastic situation and it could be postulated a para-

meter exists which describes all crack tip situations from linear 

elastic behaviour to beyond general yield. 

Rice and Rosengren (1968) and Hutchinson (1968) showed that 

a singularity still exists at the tip of the crack in the presence 

of local plasticity. In these analyses plasticity was incorpor-

ated by introducing non linearity into the stress-strain 

relationship only. 

Analysis of the crack tip region proved to be difficult 

(Hilton and Hutchinson (1971)); however the development of the J 

integral provided a means of describing crack tip conditions from 

far field behaviour. 

McClintock (1971) expressed the Hutchinson, Rice and 

Rosengren (H.R.R.) stress and strain singularities in terms of 

the J contour integral. 

1 
a..1] (r,e) = fl (J) n/(n+1) aij(0) 

ep  ij (r, 8) = f
2
(J) 	 

1/(n+1) ep ij (0) 

where e is the plastic strain and n the strain hardening exponent. 

The derivation of J is only strictly valid for linear and 

non linear elasticity and its application to the elastic-plastic 

situation is uncertain. 

wQ 
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Hayes (1970) showed that using the Prandtl-Reuss laws of 

plasticity (which are more representative of the elastic-

plastic situation) J is approximately path independent for 

monotonic loading. So it would seem that J can be applied to 

the elastic-plastic regime provided the loading curve is 

assumed non-linear elastic. 

i.e. 	J = - ds 	 (4.21) 
da 

where P
s is the pseudo potential energy since the plastic portion 

of the potential energy is not recoverable. 

Begley and Landes (1972) by analogy with the elastic 

problems (Fig.4.1 and 4.2) indicated that J can be measured from 

the loading curves of adjacently cracked elastic-plastic bodies. 

From Fig.4.6 for a body of thickness B 

dP
s 	1 AU 

J = - — 	 (4.22) da 	B Aa 

6. The energetic interpretation  

Rice (1965) re-wrote the Griffith energy balance with the 

inclusion of a plasticity term p, the plastic dissipation rate. 

Thus 	G
e 
=p + 2y 	 (4.23) 

y is the surface energy term which incorporates the local 

plasticity. The value of y is thus governed by deformation on a 

micro-scale and is geometry independent. p is the rate of 

change in energy through the whole body and can be expected to 

be a function of dimensions and stress path. Since plastic 

strain is irreversible it may be expected that p should have a 

positive value when the situation of a crack advancing in a body 

is viewed. 

Sumpter and Turner (1973) defined a quantity 

J* = G
e 
	= 2y 	 (4.24) 



For the case of the monotonically loaded crack with adjacent 

crack lengths 

- dP  
J*m = 

From Eqn.4.24 since P is load path dependent the same is 

probably true of J.  G
e 
in this case is the elastic energy 

release rate in the presence of plasticity and will not be equal 

to the energy release rate for the linear elastic case. The in-

crease of stored elastic energy in the presence of plasticity is 

demonstrated in Fig.4.7. 

The finite element investigations of Sumpter and Turner show 

that J* is almost indistinguishable from the J integral up to 

gross yield, the limit of their computations. 

Since from Eqn.4.24 considering constant displacement con-

ditions 

J* = 
due 	-P 
da I q 	 du 

J* can be evaluated by considering the difference between e — 1 da q 

and p in Fig.4.8. A decreasing plastic energy rate which eventually 

becomes negative is found. This causes J* to increase at first 

slowly and then more rapidly with deformation.. Sumpter (1974) 

concluded that this conceptually impossible negative plastic 

energy rate is a consequence of the decrease of collapse load with 

increasing crack length. 	It was also thought that this behaviour 

would destroy any energetic meaning attached to J applied to the 

elastic-plastic regime for a growing crack. This situation is 

dealt with in connection with the ductile energy balance Chapter 

5.2. 

Even if the energetic meaning of J were to be lost the 

characterising role may still be maintained. 

Si  

da 
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7. The crack tip autonomous region  

Turner and Burdekin (1974) conclude that the existence of 

a process zone or autonomous region around the crack tip is 

implicit in the concept of a characterising parameter for the 

elastic-plastic regime. Such a region was visualised(in1971)by 

Broberg as a unique zone around the tip dependent on material 

properties alonei whose stress-strain field could be used to 

characterise the crack situation. This region is itself 

surrounded by the geometry dependent plastic zone which acts as 

a screen increasing in its effect as stable crack extension pro-

ceeds. 

This concept is contrary to rigid slip line field patterns 

(e.g. Green and Hundy (1956)) where various crack tip conditions 

exist according to the slip line field. It may be expected that 

work hardening and elasticity modifies the slip line pattern but 

whether a unique zone is formed is debatable. Landes and Begley 

(1972) postulated that plastic singularity at the crack tip 

followed by the increasing COD at the crack tip during loading 

might override the effect of the macroscopic slip line field and 

make J a valid parameter for various geometries in the fully 

plastic condition. 

The crack tip region and its relevance to the R curve is 

discussed in Chapter 10.3. 

Part 2. Experimental Procedures  

8. Definition of J  IC 

The standard procedures for evaluating KIc  (and Gic) do not 

preclude the existence of slow crack growth. This being so G
IC 

is not necessarily identical with Gi  the value of the potential 

energy release rate at the initiation of material separation from 



the fatigue crack or machined notch. When a material exhibits a 

rising R curve, G
c
, the instability Value may have a much higher 

value than G-
i
because of considerable slow crack growth. In this 

instance it is customary to equate G
IC 

to G.. 

The confusion between initiation and instability measure-

ments is very evident in the measurement of J where relaxation 

of the plane strain thickness criteria makes slow growth more 

likely. Because of this carefulinterpretation of the point in 

the fracture process at which J is being measured is required. 

J. refers to the initiation (= G. for linear elasticity) while 
1 	 1 

J
c 
is the instability value. This latter parameter cannot be 

related to G because of its geometry dependence. 

If plane strain conditions exist over the greater part of 

the specimen it is possible to call J.
1
, jIC. This may not be 

identical with G
IC 

measured from the ASTM 5% offset procedure 

(Chapter 2) due to the possibility of slow growth. 

A number of techniques have been devised to measure J experi- 

mentally. 

9. The compliance technique  

Begley and Landes (1972) applied the J integral to an 

elastic-plastic material by invoking the definition (from 

Rice (1968b)). 

dP 
J= -  da 

(4.25) 

Considering the monotonic loading curves of specimens with 

adjacent crack lengths as analagous with non-linear elasticity. 

For the use of constant displacement 

J 
	1 dU 	

(4.26) 

U is measurable as the area under the load displacement curve. 



Bend specimens with a range of initial crack lengths were 

loaded to various displacements and a family of curves for U/B 

versus a
o 
plotted as in Fig.4.9. Begley and Landes fortuitously 

obtained a series of straight lines. From Eqn.4.26 the slopes 

of these lines gave a calibration curve of J versus displace-

ment (Fig.4.10). 

Provided a single calibration curve is obtained this method 

is very simple since from a knowledge of the displacement at the 

onset of cracking Ji can be read off the calibration curve. 

For the general case U/B versus a
o 

traces are curved as in 

Fig.4.11 and so a family of calibration curves are obtained 

(Fig.4.12). When this is the case far more specimens are re-

quired to develop accurate calibration curves and a knowledge of 

cracklengthandasplacementisneededtodeterminetheJ.value. 

This parameter is most accurately determined using a resist- 

ance curve technique. Once the calibration curves have been 

obtained (blunt notch specimens are normally employed to prevent 

any crack extension) specimens with sharp starter cracks are 

tested to give various amounts of slow crack growth. The final 

crack length and displacement of each specimen are then used to 

derive a J value from Fig.4.12. This permits a resistance curve 

(3 versus ta) to be plotted (Fig.4.13), the value at zero crack 

growth (Aa = 0) being the initiation J i.e. Ji. 

10. The measurement of J using estimation formulae  

The development by Rice et al (1973) in which J was related 

to U, the area under the load displacement curve, for various 

geometries allowed Landes and Begley (1974) to devise an alter-

nativeprocedurefortheexperimentaldeterminationof3..This 

procedure has now become the basis of an ASTM cooperative test 

program. 

8 
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The simplest estimation formula and the one employed in the 

ASTM program is that derived for a bend specimen. Ostensibly 

identical estimations were independently reported by Rice et al 

and Sumpter (1974). 

Using the Wilson (1970) formula relating the displacement 

due to the crack in a beam to the inverse of the ligament depth 

squared, Rice et al showed that:- 

J - 2 II 
crack  

B(W - a
0) 

(4.27) 

where 
Ucrack is the energy under the load-displacement diagram 

after the energy due to the uncracked beam has been subtracted, 

W the specimen width and a the initial crack length. 

For a deeply cracked beam 

2 U
total 

J 
B(W - a) 

(4.28) 

where 
Utotal 

is the total area under the load-displacement curve. 

Estimation formulae derived for other geometries are given 

in Appendix I. 

Sumpter split the energy 
Utotal 

into elastic, Ue l and 

plastic U components as in Fig.4.14. 

Then splitting J into elastic and plastic components 

J = J
e 
+ J

p 

J is also expressible in the form 

n
e
U
e 	

n
p
U
p  

J = 
11(W - a) 	B(W - a) 

(4.29) 

(4.30) 

where n
e 

and n are geometry dependent constants. 
P. 

n
e 

may be found from the elastic compliance and stress 

intensity factors given in Appendix II. 

For the three point bend and compact tension (C.T. other-

wise called compact K specimen CKS) geometry the variation of 



2 U 
J - 	

total 
B(W - a) 

(4.35) 

ne with a/W is shown in Fig.4.15. 

Ti may be calculated if a relationship between crack length 

and yield load Q is known. 

For a non work hardening material in three point bending 

slip line field analysis predicts:- 

Q
y 
= c a

y S 
 (w - a)2 
	

(4.31) 

(Sumpter (1974).quotes C as 1.525 whereas Green (1953) gives 

1.26. The factor depends on the constraint and the yield 

criteria assumed.) 

From Equation 4.26 at constant displacement 

1 dU 
J -- B da 

For a rigid plastic material with no work hardening 

Equation 4.31 gives 

U
P 
 =Q

Y 
 q=Ca

y 	
(w - a)2q 	(4.32) 

a 
hence 	J = C 	(W - a)q 
	

(4.33) 

Combining 4.32 and 4.33 gives 

2 U 
J = 	 
p B(W - a) 

Thus fl = 2 irrespective of the a/w ratio. 

From Fig.4.15 n
e 

= 2 for 0.4 	
a

0.7 

Therefore for this range of a/W ratio 

(4.34) 

S5 

For the compact tension (CT) geometry, Bucci et al (1971) 

presented a graphical solution of limit load indicating n 

values between 2.2 and 2.7 over the range 0.4 	0.6. Thus 

an identical expression to Eqn. 4.35 can be assumed for this 

geometry. Corten. (1974) also deduced this expression, but 

suggested its application be limited to deep notches. 
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The slip line field solution for the centre cracked plate 

(CCT) gives:- 

Qy = 1.155 6 B(W - 2a) 	(4.36) 
y 

Thus employing the same procedure as in the three point bend 

case:- 
U 	0.5 U 

J = 	 

	

p B (W - 2a) 	B (W/2 - a) 
(4.37) 

n
e 

values for this geometry derived by Sumpter (1974) are given 

in Table 4.1. 

The formulae developed by Sumpter and Rice et al for the 

three point bend geometry, Equations 4.35 and 4.27 respectively, 

differ as to whether or not the area under the load displacement 

curve due to the uncracked body must be subtracted. 

A theoretical discussion by Srawley (1975) and experimental 

- determinations by Chipperfield (1975) indicate that the total 

energy estimation derived by Sumpter gives the better approxi-

mation. 

For the centre cracked tension geometry Robinson (1975) 

found that the relationship reported by Rice et al CAppendix I) 

gave results closer to those obtained using the compliance 

technique than the equivalent formula developed by Sumpter. 

InordertoevaluateJ..Landes and Begley (1974) developed 

the following procedure. Ignoring the effects of crack extension 

Equation 4.28 

J o B(W - a
o

) 

where (W - a
o
) is the original ligament depth, was employed to 

measure an approximate resistance curve for specimens exhibiting 

various amounts of stable crack growth. The stretch zone width 

was incorporated in the measurements of crack extension. 

2 U
total 



88 

It was postulated that the stretch zone width d is approxi-

mately equal to the extension in the plane of the starter crack 

due to the stretch zone (see Fig.4.16). 

Since d = COD/2 

and assuming J = a COD 

then 	J = a 2 Aa (no justification is given for this 

assumption. In many cases J = 2 a COD). 
+ a 

To allow for work hardening 	
a
UTS2 

aflow 	) was substituted 

for the yield stress i.e. 

2 a
flowAa 
	

(4.38) 

This equation was employed to construct the portion of the re-

sistance curve due to the growth of the stretch zone. Thus J 

initiation was defined as the intersection of the constructed 

line and the line extrapolated from the approximate resistance 

curve. 

Alternatively it is possible to measure only material 

separation and plot J versus Aa as in Fig.4.13 whence Ji  is the 

value of J at Aa = 0. For this situation if the remaining 

ligament depth (4 - a
o) is measured so as. not to include the 

stretch zone slightly higher values of Ji  might be expected than 

using the Landes and Begley procedure. (This effect will be 

negligible however provided d << (W - ao). The Landes and Begley 

procedure is dependent on the assumption of J = 1 a COD and this 

formula is not always the case (Chapter 9). For a case where 

J = 2 ay  COD the slope of the stretch zone resistance curve should 

be 4 ay. Thus the assumption of the factor will give high values 

of J.. 
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1.1. Other techniques  

(a) Bucci et al (1972) determined an approximate J vs q relation-

ship based on linear elastic mechanics and plastic limit analysis. 

This method represents actual load-displacement curves for a 

given geometry by purely elastic and rigid plastic behaviour 

(Fig.4.17). A slightly more refined approximation can be made 

by amending the linear elastic portion of the curve by means of 

the Irwin plastic zone correction. Thus for certain geometries 

an expression relating Je  (= G) to q can be obtained using the 

elastic expressions (see Appendix II). Similarly, for rigid 

plastic behaviour, J - q relationships can be found if Q - a 

formulae are available (e.g. from slip line field analyses). 

The elastic J - q relationship has a parabolic form. After 

yield J varies linearly with q. The slope of this variation is 

assumed identical with idealised rigid plastic behaviour thus 

the calibration curve given in Fig.(4.18) may be developed which 

approximates in form to experimental findings (Fig.4.10). 

Rice et al (1973) extended this procedure to estimate J 

from a single point on the load-displacement record. Good 

agreement between the Rice et al method and the estimation pro-

cedures have been obtained by Chipperfield (1975) for three point 

bend specimens of various thickness. 

(b) Sumpter and Turner (1976) suggested a laboratory method for 

determining the critical value of J, i.e. Jc. In this case load 

vs. clip gauge displacement (CGD) is recorded. Dividing J into 

elastic and plastic components, Je  can be found from the failure 

load and a/W ratio using the standard compliance formula (Appendix 

II). Provided crack growth occurs after net section yield J 

can be found using (i) the limit load value, (ii) an assumed 
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expression for the work hardening rate and (iii) the estimation 

formula relating J to U, the area under the load displacement 

record. Since clip gauge displacement is used the estimation 

formula must be adjusted by means of an approximate clip gauge - 

load point displacement relationship. 

(c) The equivalent energy approach proposed by Witt (1971) is 

an empirical method relating fracture in a structure to fracture 

in a laboratory specimen. The area under the normalised load-

deflection curve up to the fracture point is termed the Volumetric 

Energy. Witt postulated that the ratio of the volumetric energy 

of the smaller to the larger structures varies linearly with size. 

Furthermore it is suggested this ratio, know as the size effect, 

depends only on thickness. Thus the fracture behaviour of a 

large structure can be predicted from a single load displacement 

diagram of a test piece and the size effect versus thickness 

curve. Assuming that the latter relationship is linear the 

normalised energy given by the area under the normalised load-

displacement curve obc in Fig.(4.19) is equivalent to a fifth of 

the energy for a geometrically similar specimen with B five times 

the size i.e. oad. Note that the line oa is within the linear 

range whereas ob is non linear. Extending this principle, the 

area under the load-displacement curve obc in Fig..(4.20) can be 

represented by the linear load-displacement trace oad of an 

identical specimen. The areas under these curves are made 

equivalent i.e. area C = area D. QE  the load defined by the 

equivalent curve can then be used with the relevant compliance 

formula to determine K and hence G. 

Begley and Landes (1973) compared this technique with J 

integral procedures and concluded that the linear assumption 
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between size effect and B only occurs in particular cases. 

For these instances the equivalent energy predictions for G 

should be equal to J. e.g for the three point bend geometry 

Sumpter (1974) showed that 

G
c 
= J

e = B(W - a) 

2 U
e  

and 
	

2 U 
J
p 
 - B (W - a) for 0.4 ?. a/W ; 0.7 

Therefore for this particular geometry in the crack length 

range there is no difference between the J - U formula irrespective 

of whether elastic or elastic-plastic conditions are prevailing. 

However, for the general case the techniques are not 

identical. A major difficulty with the equivalent energy method 

is that for large scale yielding the initial slope of the load- 

deflection diagram cannot be obtained very accurately as U
e 

<< U . 

Other drawbacks are that slow crack growth is given no consider- 

ation, and that the dependence between size effect and thickness 

is not always linear. 

Part 3. Experimental Determinations  

12. Review of current results  

Most of the experiments concerned with the evaluation of J 

have concentrated on the measurement of the plane strain 

initiation value of J, considered equivalent to Gic, and hence 

given the notation Jic. 

Begley and Landes (1972) used the compliance technique to 

measure J
IC 

on a Ni-Cr-Mo-V rotor steel 0 = 90 kgf/meand 

A533B pressure vessel steel a = 50 kgf/me. Excellent agree- 

ment was achieved between J
IC 

obtained from fully plastic bend 

bars of the rotor steel and the G
IC 

 of this material. J
IC 

Was 

also found constant (within + 15%) for various geometries of 

bend and compact tension using this steel. The value of J 
IC 
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determined for CT specimens of A533B with large scale yielding 

(but prior to general yield) was found to compare well with the 

K
IC 

of this material after extrapolation to the test temper-

ature. However, bend bars of A533B.  gave a 'Tic  twice the value 

obtained from the CT specimens. The authors suggested the dis-

crepancy was due to an error in the testing temperature, but it 

would seem more likely that the definition of the initiation 

point as being coincident with maximum load is a more likely 

explanation. This latter fact implies that the J values measured 

were critical values (i.e. J); in other words indeterminate 

amounts of slow grack growth could have occurred in the tests. 

The bend bars which exhibited a maximum load instability may 

have had much larger amounts of stable crack extension than 

occurred in the CT geometry and of course in neither case can it 

be assumed that J
c 
was coincident with the initiation value of 

J. 

Paris (1972) suggested that the ASTM plane strain thickness 

criterion B 2.5 (
IC )2  could be relaxed to B ?. 50 

J
IC  for 
a . 

J
IC 

tests and plane strain still maintained. 

However in further tests on the A533B rotor steel Landes 

J 
and Begley (1972) suggested B > 25 

IC  was sufficient to ensure 

that a plane strain value was measured. J
IC 

was determined for 

bend, centre cracked tension and compact tension geometries 

(initiation again being defined as the point of first load 

drop) and found to be constant within 8% except where 
25 J 

W - a 	 The The authors have openly admitted the presence of 

slow crack growth in their tests and an error of two in the CCT 

analysis so these results must be questionable. 



Although Landes and Begley indicated that the fully plastic 

flow field and stress elevations calculated from a rigid plastic 

analysis are greatly influenced by geometry, thus arguing against 

a one parameter failure criteria, it was concluded that there 

could be a characterising parameter at the crack tip for an 

elastic-plastic material provided the crack tip singularity was 

dominant. 

Clarke et al (1974), as well as finding no specimen size 

and geometry effects on 	for the range tested, indicated three 

possible measurement positions. These are: the use of the first 

load drop in the load-displacement record; the point of first 

measurable crack extension,; and finally the specimen failure 

point. It was noted that for fully plastic bend specimens which 

exhibited stable crack growth and failed in cleavage entirely 

different J values were obtained for the three measurement 

positions. 

As the definition of J
IC in the literature can be any of 

the above the proof or otherwise of the characterising role of 

the parameter is difficult to assess from current results. 

The extension of the R curve method to the measurement of 

J helps to give a clearer definition of JIc. Landes and Begley 

(1974) employed the Rice et al (1973) estimations to build up 

an approximate J resistance curve as detailed in Sect/p of this 

chapter. Landes and Begley included the stretch zone in their 

measurements of crack extension and therefore defined J
IC 

as 

the intersection of the approximate resistance curve with the 

line describing the growth of the stretch zone. Using this 

procedure J
IC for ASTM A216 steel a = 31 kgf/mm2  was constant 

Within 20%) for various three point bend and CCT configurations. 

9 3 



This procedure, with slight amendments, forms the vasis of the 

ASTM E24.01.09 Task Group co-operative program where laboratories 

throughout North America and Great Britain measured JIC 
ontly130 

steel for bend and CT configurations. 

McCabe (1974) and Griffis and Yoder (1974) used the com-

pliance technique to estimate resistance curves (Chapter 5). 

Extrapolating back to zero crack growth Griffis and Yoder 

achieved a J
IC 

point independent of thickness for 2024-Al- alloy. 

Griffis (1975) employed both compliance and formula techniques 

to measure J
IC 

for Hy180 steel and found the methods agreed 

within 6%. For this steel values of B < 50 a
2̀.. gave low J

IC 

values which diminished with decreasing thickness. Also maximum 

load values of J were found to be geometry dependent. Robinson 

and Tetelman (1973) achieved poor agreement between the compliance 

and estimation procedures for 'Charpy' sized specimens of 4340 

steel. The compliance method prediction of the initiation J was 

in good agreement with GIC 
values whereas the formula produced 

an underestimate. Maximum load J
c 

values were also in disparity 

with GIc. In a later report Robinson (1975) obtained agreement 

within + 15% using the two techniques for En32 and stated that 

the previous discrepancy was probably due to errors in the 

extraneous displacement subtraction. Incidentally no account 

appears to have been taken of roller indentation and machine 

compliance by Landes and Begley or for that matter most other 

workers. Robinson also reported good agreement (+ 5%) between 

the JIC 
values using bend and CCT geometries. 

As well as the two main estimation techniques a number of 

semi-analytical methods have been developed to evaluate J. 

Bucci et al (1972) and Kobayashi et al (1973) used an elastic 

0 



compliance technique incorporating the Irwin plastic zone 

correction (see Section 11- a-) of this chapter). Excellent 

agreement was achieved by Kobayashi between 	from th:z offset 

procedure and J
IC 

for specimens with contained yielding (the 

maximum a failure to a ratio was 0.75). 

A number of single specimen methods for determining jIC 

have been devised by Adams and Munro (1974), Ostensson (1974) 

and Clarke et al (1974). Adams and Munro used a similar method 

to the one developed by Kobayashi et al and found Jc  dependent 

on dimensions for CCU" and CT geometries in aluminium. An 

elaboration of this technique by Chell and Milne (1975) allowed 

a re-analysis of data produced by Begley and Landes (1972). 

These results also indicated variations of J
IC 

with geometry. 

However, as stated previously this data is representative of 

the maximum load value which is not necessarily coincident with 

initiation. Vitek and Chell (1976) report evidence of the geo-

metrical variations of J
c 

from tests conducted at C.E.G.B. 

laboratories by various workers using the Chell and Milne (1975) 

analysis. This incorporates use of the failure stress (a
f
) and 

so again J
c 

must refer to the critical value of J2 not necessarily 

JIC.  

To avoid the confusion over the definition of J
ICT

data 

representing the initiation of crack extension (J
i
) must be 

separated from data representing the onset of unstable fracture 

or the attainment of maximum load (J
c
). When this is done then 

some trends can be detected. 

Allauthorswhomeasuredj.namely Landes and Begley (1974), 

Chipperfield (1975), Clarke et al (1974), Griffis (1975), Griffis 

and Yoder (1974), Kass et al (1974) and Robinson (1975) have 



found the parameter to be independent of geometry and initial 

crack length provided certain thickness criteria are satisfied. 

All other determinations refer to experiments where some crack 

growth may have occurred. It is not clear whether B, a
o
, W - a 

 J
I 

 
should be > 25 --or 50 -I-. Some material dependence is evident 

ay 	a
y 

with regard to the determination of 'plane strain' conditions 

and, as in the linear elastic case, many tests are required 

before a reasonable standard can be developed. 

Begley and Landes (1972), Kobayashi et al (1973), 

Liebowitz (1974) and Robinson and Tetelman (1974) have all found 

reasonableagreementbetweenil.and GIc. 

The disparity between the measurement points giving Ji  and 

Jc (thecriticalvalue)caribeafactorofthree.ThusJ.may 

well be over conservative. The geometry dependence of Jc, 

however, eliminates it as a fracture criterion. Therefore the 

obvious answer is to measure J resistance of the material in 

order to predict J
c 

for all situations. 
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CHAPTER 5 

THE APPLICATION OF J TO THE R CURVE 

1. The Ductile Energy Balance  

Havner and Glassco (1966) proposed that for the case of 

ductile fracture, the generalised energy balance (Eqn.4.6) 
du 

should include a plastic dissipation rate 
da 

(5.1) 

dv  
da is the rate of energy absorbed by the newly created surfaces  

of the crack plus the Irwin-Orowan local plasticity term. 

For metals the latter term is much greater than the surface 

energy so it is possible to postulate that Equation 5.1 should 

become 

du
e 
 du 

 dw 
da da 	

da total (5.2) 

dw due dup dv 
i.e. 

da 'da da da 

The right hand side of this equation can be split into 

three separate energy rates 

(i) pI  the energy absorption rate of the metal in plane strain 

= dv/da. 

(ii) ps the energy absorption rate of the metal due to the 

growth of shear lips. 

(iii) p r 
the rate of energy absorbed by the body which does not 

have a direct influence on the increment of crack extension 

being considered, i.e. the residual energy absorption rate. 

Therefore 

du- 
p total  

da 	- PI +P s + Pr 

the energy balance becomes 

dw 	
du
e 	

du.
13 total  P5 

da da da 
 

(5.3) 

(5.4) 
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Eftis et al (1975) pointed out that the resistance curve 

concept developed by Srawley and Brown (1965) (Chapter 2) 

equates R, described as the materials resistance to fracture for 

unit thickness to the potential energy release rate. 

i.e. 	dw due  = R 	 (5.5) 
da da 

 

Thus Eftis concluded from Eqn.5.1 

dv duP  
R  = da da 

(5.6) 

The resistance curve theory described in Chapter 2 relies 

on linear elastic conditions being predominant. In this 

situation the plastic dissipation rate is due to the growth of 

shear lips. 

For linear elastic conditions Equation 5.3 becomes 

duP total  
da 	— PI ps 

(5.7) 

'pr  = 0 if the plastic zone size is small relative to the 

overall dimension and all energy absorbed can be considered to 

have a direct influence on the increment of crack extension 

in question. 

Thus Equation 5.6 should read 

R = pi  + Ps 	 (5.8Y 

This equation is consistent with the Krafft et al (1961) model 

(Eqn.2.35). 

The R curve can be represented (Fig.5.1) by the plane strain 

dv 
resistance - = G

IC 
(considered constant by Krafft) and the

da 

increase of p
s 

due to the growth of shear lips. 

s = di /da since p
r 

= 0) 

For this situation the energy balancet by combining Equ.5.3 

and 5.4 with p
r 

= Otis 



da da da 
dP _ - dw due - R + pr  _  (5.13) 

da 	da 
dw 

du
n.l.e - R (5.14) 

dw due -  
da da = pI + ps 

 E R (5.9) 

10 4  

from Eqn.4.6 

dP = R 
	

(5.10) 
da 

	

i.e. G = R 	 (5.11) 

	

In the general case p 	0 then from Equns.5.3 and 5.4 

rdue 	du
p total- - dP _ dw 

 
da da da - pI 

+ p
s 

+ p
r 	da 	

(5.12) 

which is'the general form of the energy balance. Retaining the 

definition of R from Eqn.5.8. Eqn. 5.12 becomes 

Since Eqn.5.13 incorporates provision for large scale 

plasticity the left hand side of this equation, while still 

being the potential energy release rate, is not equal to G for 

The linear elastic case (see Chapter 4.6). 

. 2. Non linear effects  

The linear-elastic energy balance in the presence of shear 

lips (Eqn.5.9) would apply equally well for a non-linear material 

i.e. 

The left hand side of this equation is the non-linear 

elastic equivalent of G i.e. J (Chapter 4). From Eqns.5.13 and 

5.14 

dP 
j 	da = PI + Ps R  

(5.15) 

In Chapter 4 the elastic-plastic equivalent of J was defined as 

dP
s 

J = - da 
(5.16) 

where P
s 
is the 'pseudo' potential energy release rate. For 



i.e. 
dP
s

du
e dw _ 

da da da 
J = - Pr = PI -F.Ps 

E R (5.19) 
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the elastic-plastic material a monotonic loading curve is 

assumed to be analagous with non-linear elasticity. So J may 

be measured as the stored energy between monotonic loading 

curves of bodies with adjacent crack lengths. (Chapter 4.) 

Then for the elastic-plastic material it can be postulated 

that Equation 5.15 will still apply with the definition of J as 

given by Equation 5.16. 
dP 

i.e. 	J = 	 = 	+ p 
da
s 	
' 
o I 
	s 

from Equation 5.12 

+P =dw 
du
e 

PI  s 	da da 	. Pr 

(5.17) 

(5.18) 

To measure R for the advancing crack in the large scale 

• plasticity situation it is necessary to adhere to the definition 

of the elastic-plastic J (given in Equation 5.16). 

To do this monotonic loading curves for the growing crack 

must be determined or approximated to. If the metal was actually 

non-linear elastic this curve would simply be the unloading 

curve at the new crack length- For the elastic-plastic metal, 

because of irreversibility, the unloading curve contains only 

the elastic component of the strain energy (Fig.5.2). 

The shaded area in Fig.5.2 is the energy actually involved 

in growing the crack an amount da. This energy is absorbed by 

the shear lips and the 'plane strain' fracture surface (repre-

sented by pI  and ps. in Eqn.5.19). 

The energy stored in the elastic-plastic body characterised 

by the area between the postulated non-linear elastic and the 

elastic unloading curves has no direct relevance in growing the 

crack by 1a (this is represented by the rate pr  in Eqn.5.19). 
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This energy may contribute to further crack extension however and 

in this sense can be considered recoverable. Therefore it is 

possible for pr  to be negative i.e. a release rate. 

Considering Eqn.5.19 for the absence of shear lips under 

constant displacement conditions 

du 

JI 	da el - 1- lq. 	r Iq 	
I
q  

q 

(5.20) 

which is equivalent to the equation 

J*
m 
 = G

e 
 - p = 23' 	 (5.21) 

due to Sumpter (1974) (Chapter 4.6). 

Sumpter surmised incorrectly that the negative plastic 

dissipation rate (p goes negative in Fig.4.8) destroys any 

energetic meaning of J for the growing crack. It is the total 

plastic dissipation rate (given by Eqn.5.3) which can never be 

negative. 

For the case of a generally yielded specimen most of the 

plasticity will be introduced before and just after initiation 

of cracking. Thus to begin with the total plastic energy 

absorption rate is high. As the crack extends into material 

which has already been deformed less work is required to advance 
du 

the crack sod
a 
 total decreases. This is due to plastic work 

which has been put in previously now playing a part in crack 

advance. For a material exhibiting no shear lips and ass riming 

a constant value of pI  from Eqn.5.3 to produce a decrease in 
duptotal 
da 	, pr  must be negative. 

Implicit in the ductile energy balance is the assumption 

that all energy eventually plays a part in the fracture process 

(an assumption not dissimilar in principle to Irwin's (1964) 

hypothesis). However energy absorbed by extraneous sinks, 
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such as deformation around the loading pins, must be eliminated 

or allowed for. 

3. Instability  

When pr, is small Eqn.5.11, G = R1 describes the entire 

slow growth process. Atinstability 

 da• (G) = da — (R) (5.22) 

For non-linear theory the energy balance during stable 

crack growth is given by Eqn.5.19 

dw  JE-  due  p =p +p ER 
da da r I s 

Applying the balance to an elastic-plastic material, for 

catastrophic instability the instability condition is 

d(T) 	d (R) 
da 	da 

Alternatively consider the energy balance of Eqn.5.2 

du du 
dw e 	  
da da 	dap total E pI  + Pe  + Pr  

then for catastophic instability 

d dw due d  du - —  
da (da da ) 	da da total)  

(5.23) 

(5.24) 

(5.25) 

For elastic-plastic materials the elastic strain energy release 

rate is often not sufficient to drive the crack in the absence 

of a large external work term thus a maximum load condition may be 

exceeded whilst crack stability is maintained. 

This maximum load 'instability' may be described by re- 

writing Equation 5.23 

aJ dQaJ 	d 
aQda + aal_ rz da IR' 

at maximum load --2-d  = 0 
da 

DJ 	_ d 
— -  
as Q 	

da (R) 

(5.26) 

(5.27) 

In physical terms Eqn.5.27 indicates that maximum load 

occurs when the slope of the J loading lines (for constant 



load) is equal to the slope of the R curve (Fig.5.3). 

For a constant load situation Eqn.5.27 describes a 

catastrophic instability and so the maximum load point can be 

referred to as the critical point where the value of J is J
c
. 

4. The- resistance curve in terms of plastic zone size 

Rice (1968b) explained the resistance to fracture in the 

presence of plasticity (but Pr  is assumed small) in terms of 

the critical strain. It was argued that the crack advances 

slowly because of crack growth into plastically strained 

material. Under these circumstances Rice implied that due to 

the residual plastic zone no re-adjustment of strain to the new 

crack tip occurs as it would in a non-linear elastic body. 

Thus additional straining is required at the crack tip to 

achieve further crack extension. Invoking the McClintock and 

Irwin (1965) mode III solution of the strain ahead of a quasi 

statically advancing crack, Rice derived an instability con-

dition in terms of plastic zone size (Fig.5.4) given by 

aRo(Q1a0  + Aa) 	d (Rf (Aa)) 

a.a 	Q 	da 

Rice indicates that this theory is identical to the Irwin 

resistance curve concept described in Chapter 2 since Ro 
is 

proportional to K
III2 

 and thus to G for small scale yielding. 

What happens when gross plasticity is present is not clear. 

5. The evaluation of J
r 

The evaluation of the resistance curve in terms of J (i.e. 

the J
r 
curve) requirescareful consideration because of the 

definition of J for elastic-plastic materials as the "pseudo" 

potential energy release rate. 

1 0 8 

(5.28) 
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Up to initiation J is simply defined as the area between 

monotonic load displacement curves of bodies with adjacent crack 

lengths at either constant load or displacement. 

J B Aa = AU 	 (5.29) 

After initiation the monotonic loading curve for the growing 

crack is equivalent to the unloading curve of a non-linear 

elastic specimen. This is not experimentally obtainable since 

(a) the true unloading curve exhibits only the elastic stored 

energy and (b) a specimen of initial crack length equal to the 

final crack length of the specimen with crack growth, will itself 

exhibit crack growth before the required displacement is attained 

unless blunt notches are employed. Blunt notches do not, however, 

give identical load-displacement curves to test pieces with sharp 

cracks (Chapter 9). 

It is the shaded area in Fig.5.2 which is the "pseudo" 

potential energy released 	for the growing crack situation. 

Since the loading curve at (a + Aa) cannot be obtained directly 

various experimental techniques have been developed to estimate 

it. 

6. The experimental determination of J
r 

(a) Use of the estimation formulae  

Landes and Begley (1974) deriVed a resistance curve using 

the estimation formula developed by Rice et al (1973) for the 

bend geometry with a deep crack 

2 U
total  

J o B(W - a
o
) 

(5.30) 

where 
Utotal 

is the total area under the load-displacement record 

and (W - a
o
) is the original ligament depth irrespective of any 

crack extension. So no account was taken of slow crack growth 

in the evaluation of J
o
. 
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Up to initiation Jo  as given by Eqn.5.30 will be equal to 

J
r
. Thereafter however the use of 

Utotal 
instead of the energy 

under the postulated loading curve at the new crack length 

(Fig.5.2) can be expected to give an over estimation of J
r
. This 

effect is counteracted somewhat by the use of the original liga- 

ment depth. The exact effect of this adjustment is indeterminate. 

(b) The two parameter technique  

This method, which has been employed by McCabe (1974) and 

Griffis and Yoder (1974), is an extension of the original Begley 

and Landes (1972) compliance technique (Chapter 4). The basis 

of this technique is the assumption that test pieces which have 

undergone crack growth have the same value of J as calibration 

specimens, blunt notched to suppress crack growth, with the 

same final crack length and deformed to the same displacement. 

With a range of test pieces exhibiting differing amounts of 

crack growth and calibration specimens to evaluate the J vs dis-

placement calibration curve (Fig.4.12), the complete J
r 
can be 

determined. 

An important aspect of this method is that only two (dis-

placement and crack length) of the three parameters which 

describe the condition of the test piece are considered. Owing 

to the irreversible nature of plastic deformation in real 

materials and the effect of the blunt notch, higher loads are 

achieved in test pieces than in comparable calibration specimens 

at the same displacement (Chapter 9). 

It would appear equally legitimate to postulate that a 

test piece has the same J as a calibration specimen of, for 

example, equal crack length and load. The J calculated using 

this technique is given the notation J
cal 

in Chapter 9. 



Cc) Energy tear tests  

Pellini C19711 and Goode and Judy (1973) have used the 

energy of fracture in dynamic tear (DT) tests to develop a 

resistance curve. Basicallyi specimens with differing ligament 

areas are broken apart by impact and the energy per unit area 

of fracture U/A plotted against the total ligament depth of the 

specimen to produce R curves as shown in Fig.5.5. 

The curves produced bear little resemblance to the Irwin 

concept described above. In terms of JI the value of energy 

per unit area could be considered to be an average J for the 

whole amountolo-Ack growth for each specimen. So as the ligament 

depth of test pieces increases some comparative measure for the 

increase of resistance can be made. 

(d) The evalution of )/Y.  

Ratwani and Fitzgerald (1975) employed the double 

displacement technique on crack line wedge loaded specimens 

devised by Heyer and McCabe (1972),to obtain V. /if is deter-

mined as it can be directly related to K. 

The effective crack length ae  of a specimen was found from 

the ratio of two displacements (q1  and q2) taken outside the 

plastic zone and an elastic calibration curve relating a/W to 

ql/q2. The physical crack length was also measured. Using the 

a/W ratio corresponding to the effective crack length and the 

compliance ratio, the load Q was obtained. Q and ae  were then 

used to determine values of /Y from elastic finite element 

solutions of the contour integral for the C.L.W.L. geometry. /Y 

is plotted versus Aa the physical crack extension to obtain the 

resistance curve. 

This method is a development of the Kr technique where 

a
e = crack length plus plastic zone correction, is employed. 

1 1 1 
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The 	- p
r 

term in Equation (5.3)must be kept small, and 

the technique does not apply for large scale yielding and 

particularly after general yield. 

(e) The non-linear energy method  

ti 
The non-linear energy release rate G was first intro-

duced by Liebowitz and Eftis (1971) and its relationship 

with COD, crack growth resistance R, and J methods is dis-

cussed by Eftis, Jones and Liebowitz (1975). 

The ductile energy balance Equation 5.4 can be re-

written 

dw _ _due 
-(Pr Ps) = da 

dv 
da da  (5.31) 

. Liebowitz defined the left hand side of this equation 

ti 
as the non-linear energy release rate G. 

for linear elasticity G = G 

For the critical condition the relationship 

G
c 

= C G
c 
	 (5.32) 

ti 
was postulated where C is a measure of the non-linearity, of 

ti 
the load-displacement record. The value of C is determined 

using a three parameter Ramsberg-Osgood relationship of the 

form 

Q 	,Q,n q - + F t—N) (5.33) 

where N is the crack size dependent elastic compliance, and 

F is a constant and n is the strain hardening exponent. 

For the case of 'plane strain' the energy absorbed by 

the shear lips is zero. 



.". P
s 

= 0 

Equn.5.31 becomes 

du
e dw 	dv —= — 

da da Pr da 

du 
. 	dw 
. . G 

da da
e 
	p 	J (from Eqn.5.19) 

Thus for plane strain this theory gives an identical 

result to J defined as by Eqn.5.19. 

In effect Liebowitz and Eftis estimate the form of the 

monotonic loading curve at the new crack length from 
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ti 	2 n F  (Q)n-1 
Gx 
 = I 1  + n+ 1 (N)  

(5.34) 

Q 

The assumption of fixed grips is implicit in the procedure 

for estimating C. 

A./ 

G can be redefined as 

= - 
dP
s lq 

(5.35) 

This definition of G is identical to 
Jcal, 

 only the method 

of determining the monotonic loading curve at the grown crack 

length is different. So this method can also be considered as a 

two parameter technique. 

(f) The three parameter technique  

The definition of J for a non-linear elastic material 

dP 
J = - -a  is also applicable to the elastic-plastic regime where 

P becomes P
s 

the 'pseudo' potential energy. The monotonic 

elastic-plastic loading curves are assumed non-linear elastic in 

form and hence the 'pseudo' energy release rate may be deter-

mined from the load-displacement record. 

In the evaluation of G elasticity is assumed and applying 

Irwin's (1964) assumption thatall energy lost to the system 
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contributes to the fracture process,this energy (AU) is measured 

from the load displacement diagrams as explained in Chapter 4. 

It would seem desirable to evaluate G from the Q-q diagrams at 

two crack lengths where conditions at the crack tip are identical. 

In the absence of this knowledge constant load or constant dis-

placement can be assumed and provided Aa is small the difference 

in AU for the two cases (see Figs.4.1 and 4.2) will be equal 

(to second order). 

From Eqns.4.12 and 4.13 for a body of thickness B 

G Aa B = AU 	 (5.36) 

For non-linear elasticity from the definition of 

i.e. 

dP 
• (= 	J Aa = - AP da (5.37) 

J Aa B = AU 	 (5.38) 

Again constant load or displacement can be assumed in order 

to calculate AU in the absence of knowledge of the crack tip 

situation. 

Consider the situation of a crack growing in a non-linear 

elastic body and let us postulate that it does so at constant J. 

The path followed by the Q-q diagram during the crack extension 

process will be a function of geometry but assume it is of the 

form shown in Fig.5.6. 

It may be expected that the crack will propagate along the 

locus of the initiation points of bodies of differing crack 

lengths(aSSUITthlg,T.is independent of ao).  

Then since the same crack tip conditions (i.e. initiation) 

prevail in each case from Fig.5.6. 

'1 A 
J.
1 
 = 1/B 	 (5.39) Aa 

since the resistance curve in this instance is flat the area 
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under the R curve is given by 

Ji  Aa = AU 
	

(5.40) 

For the case of a rising curve 

J
r 

da = 1/B dU 

i.e. 
a+Aa 

B 
	

J
r 
da = AU 
	

(5.41) 

The load displacement diagram might be of the form shown in 

Fig.5.7. 

A test piece with initial crack length al  is loaded until 

the crack propagates an amount Aa from al  to a2. Let the value 

of J at initiation be JI  and after Aa crack growth, J2. For a 

non-linear elastic material the test piece will return along 

the unloading line in Fig.5.7. Assuming the variation of J 

between a1 
and a2 

to be approximately linear with La and applying 

Eqn.5.41 

J2 
	Au 

( 	2 	
Da = ITT (5.42) 

For an elastic-plastic materiali to obtain the 'pseudo' 

potential energy release rate it is necessary to find, or 

approximate, the non-linear elastic unloading line at crack 

length a2. 

Consider Fig.5.7. 

Let area obe = U
1 

area ofcd = U
2 

area obcf = U
3 

and area bcde = U
4 

Then 
	

U
l 
+ U

4 
= U

2 
+ U

3 
	(5.43) 

U
1 
is the energy under the monotonically loaded curve up to 

initiation. 
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U
2 

is the area under the postulated non-linear elastic unloading 

curve i.e. the required 'pseudo' loading curve at the grown crack 

length. 

Sumpter (1974) has related U to J for various geometries 

(Chapter 4). 

The relationships have the general form 

Utotal  
J -n B(W - a) 

Substituting for U1  and U
2 
in Eqn.5.43 

(5.44) 

J B(W - a ) 	J2B(W - a2) 1 	1+ U
4 
= 	+ U

3 	(5.45) 

U
3 
is the propagation energy given by AU in Equn.5.42 where 

A a  = (a2  - al ) 

J
1 
 B(w - al) 	

J
2
B(W - a

2) 	(J1 + J2) . .  
+ U4  = 	2 	

B (a2  - al) 

i.e. 
(2W - 2a1 nal +nal ) 	2n U4 

J2 = J1 (2W - 2a
2 
+ na

2 - nal) 	
B(2W - 2a2 + na2 - nal) 

(5.46) 

For the three point bend geometry where 

0.4 c —a 	0.7 n ti 2 

Eqn.5.46 reduces to 

	

(W - a2 ) 	2 U4 
13. 2 	3.1 (W - al ) 	B(W - al ) 1 

(5.47) 

giving the general relationship 
(4 - an) 	

2 U
d  

J = J 	+ 	(5.48) n 	n-1 (W - a
(n-1)

) 	B(W - a(n-1)/ 

since U4 = AUtotal between q1 
and q2  

U
d 

= AU
total 

between qn_i  and qn_2,this is obtainable from 

the load-displacement trace. 

Therefore without knowing the exact form of the postulated 

curve in Fig.5.7 a value for J2 
after crack extension to can be 

obtained. 
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The experimental evaluation of the J
r 

curve utilising this 

Method is outlined in Chapter 7. The advantages are that cali-

bration specimens are eliminated and that the actual load-

displacement trace is used in the analysis thus the growing 

crack situation described. If a method were available to plot crack 

growth against displacement then the entire resistance curve 

would be obtainable from one specimen. 

In the absence of such a technique a multi-specimen method 

was employed (Chapter 7) to measure the resistance curve. This 

method incurs two disadvantages. 

(a) In the derivation of the three parameter technique it 

was assumed that the resistance curve had a linear relationship 

with Aa. When this is not the case Ea must be kept small to make 

the assumption reasonable. 

(b) As the results of an increasing number of specimens are 

used to generate the resistance curve errors are magnified. Also 

erroneous results from specimens behaving peculiarly (for a number 

of reasons) must be eliminated from the analysis lest they effect 

subsequent points. 

Another point is that the use of the J ti  U relationships en-

tails the elimination of all energy which does not form a part 

of the fracture process (e.g. roller deformation). The estimation 

technique also assumes no work-hardening. The accuracy of the 

method for high work hardening materials can only be judged by 

comparison with the compliance technique (Chapter 9). 

In spite of these disadvantages this method was preferred 

for the measurements of J because:- 
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(a) of its simplicity (at least for the three point bend 

geometry; 

(b) the preclusion of any calibration specimens, thereby 

reducing material and labour costs, as well as the time 

for experiments and analysis; 

(c) the use of the actual load-displacement record of a 

specimen with a growing crack. i.e. measurements relate 

directly to the behaviour of one specimen; 

(d) it is the only J evaluation technique which incorporates 

the load, displacement and grown crack length. 

It is for the last reason that this method is known as the 

three parameter technique. 

The method is not limited to the three point bend geometry, 

but can be applied to any geometry for which a J U relationship 

can be derived. The relevant J
r 
formula is then obtained by 

substituting for U1  and U2  in equ. 5.43 as demonstrated for the 

centre cracked tension (CCT) geometry in Appendix 3. 
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CHAPTER 6 

EXPERIMENTAL DETAILS 

1. Materials  

Two structural steels of widely differing work hardening 

exponents were chosen. A normalised low carbon, manganese steel 

En32B was used for the tests involving variation of initial 

crack length and specimen dimensions. Its composition and 

mechanical properties are listed in Table 6.1. A medium carbon 

steel En24 in the quench and tempered condition was used in an 

attempt to relate the behaviour of small fully plastic specimens 

to larger specimens where initiations occurred before general 

yield. The composition and mechanical properties of En24 as 

tested are given in Table 6.2. 

2. Specimen Design  

(a) Specimen types  

All tests were conducted using three point bend test pieces 

(Fig.6.1). Six main specimen configurations were used, some with 
B - B

act  
varying amounts of side groove ratio (S.R.) defined as B  

all symbols are defined in Fig.6.1 . These configurations are 

labelled A to F in Table 6.3. The actual dimensions of each 

set of specimens are stated in the relevant figures in the experi-

mental chapters. The dimensions given in the table are averages 

to facilitate recognition of the specimen type. For all geo- 

metries metries 0.4 * 	0.7 except where stated. 

(b) Side groove ratio and thickness criteria  

The thickness criteria recommended by the ASTM co-operative 

programme for the evaluation of JIc, i.e. for plane strain 

conditions to be predominant, is (after Paris (1972)). 

aa, B, 
W- a ?. 50 	 

a flow 



6y 
 + GUTS where a

flow - 2 

ForEn3ZJ.12 kgf/mm (see Chapter 7) and since 

a = 29 kgf/mm2  

and a UTS = 42 kgf/me 

the criteria gives a, B, W - a > 16mm. (The J thickness criteria 

are considered since the COD recommendations are less severe.) 

Landes and Begley (1972) have suggested that the factor 50 is 

conservative and 25 may be sufficient. i.e. a, B, W - a > 8mm. 

For En24 
	

J. fl$ 5 kgf/mm 

a = 115 kgf/me, 

a, B, W - a > 2mm 

Freed and Krafft (1966) used side grooving to allow the 

relaxation of the linear elastic plane strain requirements. It 

was concluded that for materials where the toughness in the 

flank direction is high relative to the forward cracking 

direction (i.e. the crack does not initiate from the side 

groove) 

act 12 K
IC 

= K
nominal B 

thus 	J
IC 

= J Bact  

B
act is used for all calculations involving side grooved 

specimens herein. Yielding does in fact spread to the material 

bordering the side grooves therefore there must be an error 

arising from this, which could be expected to cause an over-

estimation of J. 

It was thought sufficient to side groove to a depth equiva-

lent to the shear lip width that would have formed in the 

equivalent smooth sided specimen. A similar conclusion was 

reached by Green and Knott (1975b) who experimented with various 

B 
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groove depths in mild steel three point bend specimens. An 

approximate analysis was also derived by these authors based on 

the slip line field solutions for side grooved tensile specimens 

derived by Neimark (1968) and Ewing and Hill (1967). The 

required side groove depth for full constraint from Neimark's 

results is shown in Fig.6.2. Green and Knott concluded that 

their theoretical predictions were over conservative and that to 

produce valid initiation data it was sufficient merely to 

eliminate the shear lips. Freed and Krafft also noted that the 

acuity of the notch used for the side grooves had no perceptible 

effect. 

Although all of the specimen geometries (type F excluded) 

satisfy the Landes and Begley requirements the use of side 

grooves was adopted to eliminate shear lip growth in an attempt 

to measure a 'plane strain' resistance curve. The maintainance 

of plane strain' conditions is a major difficulty when measuring 

an increasing resistance. Various thicknesses and depths of side 

grooves were employed in an attempt to ensure that a 'lowest 

bound' resistance curve had been obtained. 

3. Specimen Preparation  

(a) Heat treatment  

In the first instance twelve type A En32 specimens were 

normalised at 900oc and air cooled. These specimens had a 

Vickers hardness number (VHN) of 130. However, when a second 

series of specimens was produced the inaccuracy of the temper-

ature control of the furnace caused grain growth and a lower 

VHN of 100 (see plates 6.1 and 6.3 ). These latter specimens 

had a sufficiently high transition temperature to fracture in 

the cleavage mode at room temperature after incurring varying 

amounts of ductile crack extension. To avoid further variations 
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of heat treatment, two batches of types B and E specimens were 

normalised together. All subsequent specimens were manufactured 

from the broken halves of these specimens. 

Types B and D specimens manufactured from En24 bars 

of different sections were heat treated simultaneously. Type B 

specimens had a VHN of 380 c.f. 300 for type D. Further type D 

test pieces were made from the broken halves of the type B. 

When ulitising this procedure care was taken to ensure that 

the specimens were extracted from an undeformed part of the 

broken specimen half. 

(b) Notch acuity and rolling direction  

All specimens were manufactured with notch at right angles 

to the rolling direction given the notation L-T in Fig.6.3. 

This orientation was chosen so that the inclusions have a 

circular section in the fracture plane (Plates 6.1, 6.3 and 6.4). 

Fracture tests would normally be conducted using the weaker 

transverse orientation where the inclusions are rod like (Plate 

6.2). However, as it was the intention here to measure a re-

sistance curve a stronger orientation was selected. 

The smaller geometries (TypesA, D and F) were fatigue 

cracked using a modified Avery 250 lb.in constant displacement 

machine. Deflections were kept small to ensure no pre-bending 

of the specimens occurred. To begin with specimens with 

identical initial crack lengths were produced. For later tests 

specimens were fatigued for the same number of cycles, since the 

length of the fatigue crack was difficult to measure on side 

grooved test pieces. To be effective, it was found that on 

fatigue crack of length > 2nm was required. Type C specimens 

did not fatigue properly using the arrangement mentioned above. 
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Thus these specimens were considered to be blunt notched 

(Chapter 7), 

The larger test pieces (types B and E) were fatigued using 

a servo-hydraulic Lausenhausen (10,000 kgf capacity) at loads 

of less than half the value of the calculated yield load. 

Constant load cycling was employed. The load was reduced 

manually as the crack propagated to ensure no yielding occurred. 

A type D series of specimens with machined notches (root 

radius < 0.1mm) were tested to investigate initial crack length 

effects. Also type A test pieces, with severely blunted notches 

(square ended q,  3mm wide).  to prevent crack extension. were used 

for calibration purposes. 

4. Test Equipment  

All tests were conducted using the three point bend test 

configuration (Fig.6.4). A clip gauge was mounted across the 

mouth of the notch by using knife edges (1.6mm thick) glued to 

the specimen with a methyl-2-cynoacrylate contact adhesive. A 

12v 30 A.H. battery was used to power the strain gauge bridge 

formed by the clip gauge as it gave a constant voltage source 

without mains ripple. The clip gauge design was based on 

spa.cifications given in a report by Fisher et al (1966). 

A transducer coupled to a linear variable differential 

transformer was used to measure load point displacement. The 

extraneous displacement caused by the indentation of the rollers 

into the specimen was allowed for by employing an unnotched 

specimen. The two top rollers were moved as close together as 

possible (Fig.6.5) and the specimen loaded to the maximum load 

achieved during testing and unloaded. The displacements so 

obtained were subtracted from the load-displacement record which, 
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together with the clip gauge reading, was monitored on an 

x-y-y flat bed recorder. 

Load, displacement and clip gauge readirgs were calibrated 

before each period of testing 0,  21/2 hours) after allowing an 

hour for the equipment to warm up. The calibration was also 

checked at frequent intervals during the test period. 

The testing machine used for all tests was a 10,000 kgf 

Instron. The machine chart recording of load versus cross head 

displacement was used as a check on the x-y-y traces. 

Since it was considered desirable to eliminate strain rate 

effects all tests were conducted at a constant loading rate of 

1mm per min. 

5. Testing Procedure  

All tests were carried out at room temperature ('V 20°C). 

A multi specimen technique was employed for the determination 

of the resistance curve (Chapters 7 and 8). Pre-cracked 

specimens It2re bent to form various amounts of ductile crack 

extension. For plain or smooth sided specimens this crack 

growth appears in two distinct modes. .The central flat part of 

the fracture surface is characterised by equiaxed dimples 

formed around inclusions (Plate 6.5). This fracture mode is 

termed 'normal ductile rupture'. Near the surface of the speci-

mens where the lateral constraintis less, 45°  shear lips form 

and the dimples deform into the 'shear rupture' mode (Plate 6.6). 

Side grooving tended to eliminate the shear fracture leaving the 

normal fracture predominant. 

On some tests crack infiltration using a catalytically 

hardening silicone rubber was conducted based on the technique 

devised by Robinson (1973) (Chapter 3). Basically the rubber 



was mixed with hardener and, whilst still fluid, placed in and 

around the notch of the specimen. The specimen was then bent, 

atmospheric pressure forcing the rubber into the opening fatigue 

crack and subsequent fibrous growth. On conclusion of the test 

the load was maintained whilst the rubber set. When this had 

occurred plastic bags were brought up around the test piece and 

a mixture of freezing methanol and liquid nitrogen at < -90°C 

(i.e. below the Charpy transition temperature for En32 (Fig.6.6)) 

poured in. 

After allowing the specimen to cool down the loading rate 

was increased to 50mm per min and the specimen fractured in the 

cleavage mode. 

Test pieces on which the infiltration technique was not 

conducted were unloaded, cooled in liquid nitrogen (-196°C) and 

broken open by impact. The liquid nitrogen methanol mixture was  

used for the casts since these tend to shatter at -196°C. To 

ensure that no ductile crack extension occurred during the second 

loading blunt notched and fatigue specimens having received no 

previous deformation were broken apart using both the above 

mentioned methods and no ductile rupture was observed. 

The production of cleavage failure facilitated the measure-

ment of the stable ductile rupture which had occurred in the 

initial bend. Measurement of this slow crack growth (Plate 

6.7) was carried out using a travelling microscope (accurate to 

0.01mm). 

Initial crack lengths and amounts of crack growth were 

measured at ten points along the crack front and an average 

value obtained. Bact 
for the side grooved specimens was also 

determined using the travelling microscope. This instrument was 



employed to check for complete infiltration of the rubber cast 

since the cast invariably adhered to one half of the specimen. 

Provided complete infiltration was achieved the cast was 

sectioned in mid plane, coated with a thin layer of gold in a 

vacuum evaporator, and studied under the scanning electron 

microscope. 

Measurements of the cast were made using photographs taken 

on the scanner (Plate 6.8), corrections being made to allow for 

any distortion by employing calibration grid photographs taken 

at the same magnification. 

To ensure accurate measurements of ductile crack extension 

a multi-specimen method was employed to develop resistance 

curves (Chapter 7). A typical series of load versus load point 

displacement records for En32, type A, SR = 0.53 specimens of 

equal initial crack lengths is shown in Appendix 5. U
total' 

the total area under the load-displacement curve adjusted for 

extraneous displacement (the elastic energy released on un-

loading is not subtracted) was measured with a planimeter. 

8 
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TABLE 6.1 

Material En 32 B.Mild Steel 

Composition 017%C,.23%Si,-74°/0Mn 

'Condition Normalised,900°C,1hour. 
air cooled. 

Hardness Major batch: 120 V.H.N 

Other batches:13°V" 
100V.H.N 

Yield stress Cy, 2 9 kg.f / mmz 

Ultimate tensile 
stress 	outs.  

4 2 kg.f I mmz  

Work hardening 
exponent.n 

(where a or-eh ) 

—0.3 

TABLE 6.2 

Material En24 

Composition 0.4°A C.low alloy 
Ni- Cr-Mo.steel, 

Condition 850°C,1hour, 
oil quenched. 
600°C temper 
lhour. 

Batchl 
380 V.H.N 
115 kg.f/mm2" 

Hardness 
Yield stress Cy 

Batch. 2 
300 V.H.N 
82 kg.f/mmz 

Hardness 
Yield stress 6y 

Work hardening 
exponent. n 

, 01 
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TABLE 6.3  

TYPE approx. 
W(mm) 

approx. 
B(mm) 

smooth sided(SR.=01-1- 
side grooved 
configurations 

En 32 
24 12 A SR= 0,0,25,0-5 

B 2 4 24 0,0.25,0.5,0.9 

C 4 8 1 2 0.5, 

D 10 10 0, fatigued+ 
blunt 

E 48 24 0-25 

F 12 6 0 with 45°  
angled notch 

En24 

24 24 0 B 

D 1 0 1 0 0.4 
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FIG.6.3 Specimen orientation  
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CHAPTER 7  

THE DETERMINATION OF J
r 
CURVES USING THE  

THREE PARAMETER TECHNIQUE  

Part • 1 . Procedure 

1. Introduction  

The three parameter technique described in Chapter 5 is 

best suited to a one specimen test where crack extension is 

monitored together with load point displacement. Relating the 

elastic compliance at unloading to crack length, however, proves 

very. inaccurate for the materials and specimen configurations 

chosen. Varying degrees of success have been obtained by 

workers using electrical resistance techniques. McIntyre and 

Elliott (1972) claimed that they could detect fibrous initiation 

and plot subsequent crack growth accurately for mild steel. 

However Ritchie (1972) and Chipperfield (1975) cast doubts on the 

electric potential method in the presence of large scale plagti-

city. 

Due to this uncertainty a multi-specimen program to evaluate 

J at various amounts of crack extension was employed. Ten or 

so specimens were tested in three point bending to give gradually 

increasing amounts of crack growth (q,  0.5mm for each increment). 

As far as possible increments of crack growth were kept small 

and evenly spaced. Care was taken to ensure at least one speci-

men had crack extension c  0.1mm. The specimens were then 

fractured in liquid nitrogen to facilitate measurement of the 

ductile crack extension. Fig.7.1 depicts a typical series of 

tests for side grooved and plain sided specimens. Note the 

varying behaviour of the crack front between the two configur-

ations. Normalised En32 of three different hardnesses and 

quench tempered En24 of two hardnesses were used. Most 



in Chapter 4) unnecessary. 

The use of the formula:- 

2U
(total) J B (W - a

o
) 

(7.1) 

n  
, 3 

comparative tests were conducted on the En32,N = 120, specimens  

a = 29 kgf/mm2. To ensure that heat treatment variations were 
y 

eliminated the smaller configurations were extracted from the 

broken halves of the larger specimens. (See Chapter 6 for full 

details of materials and heat treatments.) All specimens were 

fatigue cracked at values of < 1.1 net section yield except where 

stated. Crack growth determinations for the fatigue cracked 

specimens were made ignoring the stretch zone width (typically 

<< 0.1mm). In the case of blunt notched specimens both stretch 

zone widths and the amounts of crack extension were measured. 

As
, 
 Aa does not include the stretch zone the initiation value of 

J (J.) is given by the intersection of the resistance curve 

with the La = 0 axis. The procedure makes the construction of a 

line representing the growth of the stretch zone (as outlined 

shown by Sumpter and Turner (1975) to be valid for ao/W ranging 

from 0.4 to 0.7 (see Chapter 4) precludes the need to subtract the 

energy attributable to the uncracked body as recommended by 

Rice et al (1973). 

To begin with specimens of identical initial crack lengths 

were prepared but in later tests it was found sufficient to com-

pensate for slight variations by making adjustment to the energy 

values (see Appendix 4). 

The test method devised by Landes and Begley (197 4) was 

used to plot the J
o 

Aa curve. This technique involves the 

use of Equ.(7.1) to calculate Jo  where (W - ao) is the original 



B J (W - a ) 
1 	o2  

Utotal 1 2 
( 7 . 3) 

1 9 

ligament regardless of the amount of slow crack growth. As Utotal 

is used the method should overestimate the true value of J as 

the increments of crack extension get longer (see Chapter 5). 

However as Aa + 0 the resistance curve produced becomes coinci-

dentwiththetrueJr curvegiVingacorrectvalueforJ..This 

J
o 

Aa curve was used as a check for any specimen behaving 

extraordinarily (due to blunted notch, preloading or bifurcation 

for example). Any such point was omitted from the Jr  calcul-

ation as it was found to affect subsequent points in the analysis 

(the errors caused are of the order of 10% for the point 

immediately following and much less thereafter). 

2. J  analysis  
—r 

The first point on the Jo  Aa curve (i.e. for Aa .1 0.1mm) 

was taken as the J
1 

value for the three parameter technique 

(derived in Chapter 5) setting Aa = 0. The J for the specimen 

with the next smallest increment of crack extension was then 

calculated using 

where 

	

(W - a2) 	2 Ud  

	

J2 = jl (W - a1) 	B(W - a1) 

Ud = Utotal 2 - Utotal 1.  

(7.2) 

If specimen 2 had a different initial crack length a specimen 1 

a correction to U
total 1 

was made using the equation:- 

Thus the whole J
r 
curve was generated using the equations from 

Chapter 5, Equ.5.30 and Appendix 4. 

(W - a
n
) 	

2(U
n 
 - U

n-1
)  

J
n 

= J 
(n - 1) 

(W - a(n-1) 	
B(W - a

(n-1) 
(7.4) 



1 0 

n

U 	
(n-1) + J (n)  = B E 	Aa 

n=2 
tot

n 	2 (n-1)4n) 

  

• 

   

J
n
B(W - (a

o 
+ Aan) 

(7.5) 

 

2 

 

Since load was measured in kgf and crack extension and displace-

ment were in mm's J has been calculated in kgf/mm for conversion 

to Imperial and S.I. units, see Appendix 6. 

Part 2. Results  

3. 	Relationship between Jo  and Jr  

The J
o 

and J
r 

vs Aa curves for Type A En32 side grooved 

specimens (SR = 0.53) with identical initial crack lengths are 

shown in Fig.7.2. For side grooved specimens B
act 

the thickness 

of material between the side grooves was taken as B in the analysis 

(see Chapter 6). Since plasticity spreads into the side grooved 

part of the specimen a slight overestimate of the true J may be 

expected. 

The J
o curve in Fig.7.2 is continuously rising. The Jr 

curve 

deviates after 2.5mm reaching a plateau value of rt,60 kgf/mm. 

Thus, although shear lips have been entirely eliminated by the 

side grooves the resistance curve still rises steeply from an 

thitiationvalueofJ(J..6 kgf/mm) by a factor of ten to the 

plateau value. 

The divergence of the J
o 

and J
r 
curves seems to be a 

property of the steepness of the curve. For type D En24 specimen 

with SR = 0.4 (Fig.7.3) the Jo  and Jr  curves diverged after 1mm 

of slow growth compared with 21/2mm for the steeper En32 resistance 

curve of Fig.7.2. 



Thus 
J1 Aa 

(7.6) J
o2 

= J + 2 	(W - a
02
) 

4. 	The effect of varying the initial crack length  

Type A En32 specimens SR = 0.56 with initial lengths ranging 

from 10mm to 14mm were tested. The J
o 

and'Aa curves for these 

specimens show a slight variation with initial crack length 

(Fig.7.4). It would appear that the longer the initial crack 

length the steeper the Jo  Aa curve, although this is a marginal 

effect. 

When the J
r 

curve is plotted (Fig.7.5) no such crack length 

dependence is found. This proves to be consistent with pre-

dictions using the three parameter technique. From Equ.(7.1) the 

value of J
o for the second specimen with slow crack growth Aa is 

given by 

	

J - 	 o2 	B(W - a
02

) 

2 U total 

this can be re-written:- (see Chapter 5) 

	

2U
2 	

2U 

	

J = 
	
) + 

o2 B(W - a
o 	

B(W - a
o2
) 

2 
)  

then assuming a linear variation of the resistance curve 

	

J
2 
B(W - (a07  + Aa) 	J1  + J

2 B Aa 
J
o2 

- B(W - a0 ) 	B (W - a
02

) 

	

2 
	• 

So for an initial crack length independent J
r 
curve i.e. J

2 
is a 

constant for a particular Aa, then J will vary with remaining 
02 

ligament (W - a02).  J
o 

for a longer crack >J
o 

for a shorter 

initial crack. 

When D type specimens, with machined notches (root radius q,  

0.1mm) of initial crack length between 3mm and 7mm, were tested a 
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definite dependence of the J
r curves with initial crack length is 

found (Fig.7.6). Machined notches were used due to the difficulty 

in obtaining a whole set of specimens with a constant initial 

crack length. For these test pieces because of the bluntness 

of the notch when compared with a fatigue crack, the stretch 

zone was no longer negligIbletk,  0.3mm) and is included in the 

Aa plot. Therefore resistance curves in this case start at the 

origin. The J
r 

curve for a
oIs of 3, 4 and 5mm's are similar. 

However, for the longer cracks the curves are much lower. The 

explanation for this appears to be the effect the small ligament 

depth has on the shear lips. Specimens with long initial cracks 

had much smaller lips and it was evident on specimens with large 

amounts of crack growth that the width of the shear lips diminished 

as the crack entered the region affected by the loading roller. 

5. 	The effect of varying W on side grooved specimens  

En32 specimens of types B and E were side grooved to the 

same depth as the type A in order to eliminate the shear lips, 

thus giving an SR value of 0.25. 

Fig.7.7 shows that very similar curves are obtained for, 

the two types of test piece. The type B specimens reach a 

plateau after q,  5mm of crack growth. This is probably due to the 

crack reaching the area affected by the roller. A similar 

effect was reported by Heyer and McCabe (1972). Another 

possible cause could be that as the crack extends towards the 
2U 

back surface the elastic formula Je B(W
e 

 - a) 
= 	 becomes invalid 

when a/w >70.7. However for all the En32 test pieces 	 U U
e 

<<  

so this cannot be the cause. 

Comparing Fig.7.5 with 7.7 it can be seen that the J
r 

curves 

in the latter figure are much steeper than those obtained in 



type A specimens with the same depth of side groove but an SR 

of 0.56. 

To see ii W had any affect on specimens with the higher SR 

a few C type specimens were prepared with W:B = 4:1 compared to 

the standard 2:1. These specimens proved very difficult to 

fatigue crack (see Chapter 6), and were considered to be blunt 

notch specimens. A considerably steeper curve obtains 	for 

these specimens (Fig.7.8). This effect is probably due to a 

combination of the effect of W, and the blunt notches and that 

the W/B ratio is too high to achieve complete constraint (see 

Table 7.1). Although the W:Bnom ratio is 4:1 the 
W:Bact 

ratio 

is nearer 10:T. Tanaka and Harrisbn (1976) have found that a 

W:B ratio of 8:1 caused out of plane buckling in the test 

pieces thereby giving totally different behaviour to specimens 

with ratios of 4:1 and 2:1. 

6. The Production of a 'Plane Strain' Curve  

Green and Knott (1975b) suggested that the insertion of 

side grooves deep enough to eliminate shear lips was sufficient 

to provide full constraint, although their re-analysis of con-

straintpredictions for tension pieces (see Chapter 6) indicated 

that deeper notches are required. 

It appears from Figs.7.7 and 7.5 that it is not the depth 

of side groove which is important but the side groove ratio SR. 

Fig.7.8 supports this hypothesis, specimens with B = 25mm 

SR = 0.56 falling on the SR = 0.56 curve for thinner specimens 

and specimens with B = 11mm SR = 0.25 producing a curve just 

steeper than the R curve for thicker specimens of the same 

ratio. The slight disparity between the two curves is probably 

due to the depth of grooving in the thinner specimens being in-

adequate to entirely eliminate shear lips. 



One specimen with SR = 0.91 was tested to see if an even 

higher constraint could be produced. The value of J obtained 

for this specimen falls exactly on the SR = 0.56 Jr  curve (see 

Fig.7.8). Table 7.1 lists the constraint factor L for varying 

side groove ratio. To obtain the lowest bound or 'plane strain' 

curve it appears that the side groove ratio must be large enough 

to achieve the highest constraint (1.7 .4- 1.8). For W:B of 2:1 

or less an SR = 0.56 is sufficient. However as noted in 

Section 3 for larger W:B ratios with blunt notches the constraint 

is less. 

7. The Effect of Thickness on Plain Sided Specimens  

The rising resistance curve has been mainly attributed to 

the growth of shear lips in the testing of thin sheets (Krafft 

et al (1961); Srawley and Brown (1965), Boyd (1953)). Krafft 

et al (1961) developed a model predicting the shape of the R 

curve from the advance of the shear lips (Chapter 2). It may 

be expected that for this specimen, where the shear lip forms a 

large part of the thickness, the resistance curve will be much 

steeper than that for thicker specimens. This behaviour is 

followed by the Jr  curves for specimens of varying thickness with 

W constant (Fig.7.10), as specimen thickness is increased so 

the curves become shallower and it may be expected that when B 

is large enough to make the effect of the shear lips negligible 

then the lowest bound on 'plane strain' 'curve obtained using 

side grooves will be attained. 

8- The Adaptation of the Krafft et al (1961) Model (Chapter 2) 

The main assumptions in the original model are: 

(a) the plastic zone deformation is bounded by the shear lips, 

(b) the energy per unit volume Ev 
consumed by the shear lips is 

5 



constant and (c) a constant characteristic work to create unit 

crack surface area exists (
dv
)
I 

and that the area for which 

surface energy must be supplied is the projected surface of the 

fracture. 

Then (from Equ.2.35) the resistance to fracture R is given 

by:- 

dv 	2s 
2 R (—) + E 	(—) dal 	v 2 B (7.7) 

where 
2s  
---is the fractional part of a fracture surface propagation 

occupied by the shear lips. 

In Section 4 it was found that a rising Jr ti Aa curve was 

produced in 'plane strain' 	Then for the J resistance curve the 

term A 
I 
 is replaced by the 'plane strain' resistance curve 

da  

Thus the J, for a particular crack extension Aa, of a 

specimen with shear lips may be written as 

J
r 
 = J

Ir 
 + E
v 2 

. 	(-2s ) 2  —B 
B ( 7.8) 

Values of E
v 

for four values of crack extension applied to 

the three thicknesses shown in Fig.7.9 are plotted in Table 7.2. 

The value of s is given by:- 2s = B minus the width of the 

constant flat section. Thus the shear lip width s actually 

includes the specimen width contraction. 

The average E
v 
= 24 

kgfmm 
 and this value appears constant 

mm3  

within 20% for the three configurations and amounts of crack 

extensions tested. 

Therefore - the J
r 
curve for any thickness En32 specimen 

can be predicted from its 'plane strain' resistance curve and 

the width of shear lips present. 

i.e. for a particular value of Aa 

= J 	+ 24 )2  
r(Aa) IfAa) 	

2 B 
 

(7.9) 



r 	• 
= 

-6  

where J is measured in kgf/mm and R
act 

is in mm. 

To check this theory type F specimens with B equal to 

twice the fully developed shear lip thickness and with a 45°  

angled notch were fatigue cracked and tested giving the JrNAa 

relationship shown in Fig.7.11. The idea of using a notch at 

the same angle as the shear lips was to develop the 'plane 

stress' situation immediately. However, initiation occurs just 

above that for the 'plane strain' .case the differential pre-

sumably due to the actual area of fracture being greater than 

the projected value used in the calculations. The shear lips 

developed in a comparable manner to normal specimens except 

that all flat fracture had disappeared after 5mm of crack 

growth. The scatter in this series of specimens is due to the 

bifurcation of the crack with the development of the shear lips. 

Although the notch is orientated in one shear direction some 

specimens actually sheared along the other 45°  plane. The 

variation in behaviour gives higher and lower bound curves in 

Fig.7.11. 

The lower curve reaches a plateau of 130 kgf/mm at 5mm 

of crack growth. Using Equ.(7.9) the predicted Jr  for fully 

developed shear for the 6mm specimen at 5mm crack growth is 

given by:- 

J
r 

= 60 kgf/mm + 24 kgfmm x 3mm x 1 
ram3 

132 kgf/mm 

c.f. Fig.7.11 whence Jr  (at Aa = 5mm) = 128 kgf/mm 



9. The Effect, of Dimensions on J
r 

The large effect of the shear lip width on the value of Jr  

was evident in the previous section. It can be expected that 

any variation of shear lip width with geometry will be reflected 

in the resistance curve. The effect of initial crack length has 

been dealt with in Section 4. In this section the effects of W 

and B are investigated. 

Fig.7.12 shows the effect of varying W with B constant 

for plain sided En32 specimens (types A and D). The much larger 

shear lips developed for the specimens with the larger W caused 

the steeper resistance curves for that configuration. 

However with the W:B ratio constant at 1:1 with varying 

overall dimension (type B and D specimens, Fig.7.13) identical 

resistance curves result. Although the size of the shear lips 

are vastly different for the two configurations, the factor 

B 2s 
(ii-)? is approximately constant e.g. after 2mm growth the 

factor is 1.33 for B = 23mm and 1.25 for B = 10mm. Hence very 

similar J
r 

values are obtained using Equ.(7.9). (J
r 

= 77 kgf 

and 76 kgf/mm respectively compared to 72 from Fig.7.13.) 

The complicated behaviour of the shear lip width with 

specimen configurations is probably the major cause of the 

geometry dependence of the non 'plane strain' resistance 

curves. 

10. Effect of Heat Treatment, Prestraining and Inclusion  

Distribution 
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As indicated in Chapter 7 normalised Type A specimens of 

En32 of three different hardnesses were produced and gave the 

resistance curves shown in Fig.7.14. Specimens with VHN = 130 

initiateatJ.=6 kgf/mm compared to 12 kgf/mm for the 

VHN = 120 specimens. Thereafter the curves are ostensibly 
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identical. The possibility of incomplete no 	malisation is the 

probable cause of the lower J. since the presence of some cold 

work in the material should have a similar effect to that 

found by prestraining (.see Chipperfield (1975) and Willoughby 

(1976)). 

The specimen9with VHN = 100 were fully normalised but 

grain growth had occurred. The large grain diameter in this 

case proves sufficient to raise the transition temperature to 

room temperature. Hence these specimens failed catastrophically 

in cleavage after varying amounts of stable ductile crack growth. 

The variation in amounts of crack extension allowed J
r 

values 

for this series to be plotted in Fig.7.14. A rising trend is 

seen directly analagous with the resistance curve. It is the 

increase in the amount of stable crack extension which plays a 

major part in the shape of the transition curve (Fig.7.15). Note 

the value of J. when converted to Charpy notch toughness (joules) 

is comparable with the start of the rising portion of the-

transition curve. 

Side grooved type D test pieces machined from two different 

batches of quench and tempered En24 (having VHN's of 300 and 380) 

were tested and plotted in Fig.7.16. Although both curves initiate 

at J. = 5 kgf/mm totally different resistance curves result. 

The metallurgical processes which govern the initiation of 

cracking and the rise of crack growth resistance thereafter are 

not well understood. Factors involved must include yield 

strength, work hardening exponent, prestraining and the shape 

and distribution of inclusions. All specimens tested in this 

treatise had the notch plane at right angles to the rolling 

direction (Fig.7.17). Thus the inclusions were circular in 
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shape in the plane of the fracture. Willoughby (1976) has 

tested this material in the transverse direction and found a 

much flatter 'plane strain' J
r curve than that measured for the 

longitudinal direction. 

11. Prediction of the 'Plane Strain' Resistance Curves from  

Small Side Grooved Specimens  

The J
r curve for Type B En24 specimens compares exception-

ally well with that obtained for D type test pieces with an SR 

of 0.4 (Fig.7.18). 

The points for the larger specimens fall slightly above 

the D type curve due possibly to the slight effect of the 2mm 

wide shear lips present on the 25mm thick specimens. Also 

these specimens had a consistently rougher fracture surface 

than their smaller counterparts. 

The thickness dimension of 25mm is sufficient to satisfy 

the requirement B = 2.5 (c12)2  recommended by the British Draft 
y 

standardforicic testingrn(197()).Thustylej.value for 

this geometry can be considered to be Jic. 

12.ResultsofJ.Determinations  

As well as successfully predicting the Jr  curve for the 

'-olanestrain'specimentheJ.for the D type test pieces is 

coincident with 	Thesee values were evaluated by plotting 

the J
o 
" Da curve (Fig.7.19) and extrapolating back to the 

Aa = 0 axis (the stretch zone is ignored in the 1a measurement). 

A K value for the 25mm square specimen was calculated 

using the 5% offset procedure outlined in the Draft Standard. 

This value is not K
IC 

in the strictest sense since the initial 

crack length requirement is not met. However, as linearity was 

maintained up to crack initiation the value obtained can be 
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presumed to be approximately equal to K. 

This value can be compared to K values obtained by con-

version from J
IC

, and J
o 

at 0.1mm crack extension (from Fig. 

7.18), using the relationship: 

KZ  = E'J 

All values are within 20% (Table 7.3). However, in real 

terms the agreement is even better since the K value from the 

offset procedure relates to a point after initiation. This 

value (104 ksiiir_171) falls between the K
IC

, from J
IC' 

 of 96 and 

the value of K at 0.1mm slow extension of 109 ksiVi7. 

All J
o 

Aa curves for fatigue cracked test pieces of 

En32 01 = 29 kgf/Ilm 2 1 extrapolate back to give a J. between 

11 and 13 kgf/mm (Fig.7.20). Thus Ji  seems to be geometry 

independent provided the thickness is sufficient to produce 

some flat fracture. 
J 

For this steel B ?. 25 1 0, appears a sufficient criteria 
y 

for the development of plane strain value of J. in a smooth 

sided test piece (i.e. B 	10mm). The adoption of side 

grooves would be expected to reduce this criteria further. 

The use of a machined notch appears to increase the value 

of J. by a factor of five to 50 kgf/mm (Fig.7.21). 

13. Prediction of Instability  

The 'plane strain' resistance curve for En32 (Fig.7.5) 

is plotted against varying initial crack length in Fig.7.22. 

J loading curves were produced for this specimen configuration 

using blunt notch calibration specimens to inhibit crack growth 

(see Chapter 9). Following the instability theory for resistance 

curves outlined by Irwin (see Krafft et al (1961)) and Srawley 

and Brown (1965) the intersection of the loading curves with 



the R curve (which is presumed invariant with initial length) 

gives the value of J
r 

at maximum load (J
c
). This results in a 

variation of J with initial crack length, the value of J and 

the amount of slow growth at maximum load decreasing as the 

initial crack length increases. 

This prediction is borne out by experiments. The attain-

ment of Aa = 0.7mm occurring further along the load-displacement 

diagram as the initial crack length increases (Table 7.4) is 

compatible with the decreasing trend of J
c 
with a

o
. 

14. Summary 

Jr 
curves have been measured using the three parameter 

technique. Their form is analagous to Kr  curves. Correct 

choice of the side groove ratio seems to produce a lowest 

bound 'plane strain' resistance curve which is apparently 

independent of initial crack length. This is not true for 

specimens which develop shear lips since the size of shear lips 

is geometry dependent. This fact is reflected in the geometry 

sensitivity exhibited by Jr  curves for plain sided specimens. 

A development of the Krafft et al (1961) model enables pre-

diction of the J
r 

curve from the 'plane strain' J
r 
curve and 

the width of the shear lips. The Jr  curve may be affected by 

heat treatment, prestrainingt inclusion distributioni temperature, 

and strain rate. Prediction of the instability point from the 

tangency of the loading line with the R curve has been extended 

to J
r 
curves. Small side grooved specimens give a good approxi-

mation of the R curve obtained for much larger 'plane strain' 

specimens.TheJ.for the small specimens and JIC 
and  K

IC 
for 

the large specimens all agree within 10%. Ji  is geometry 

independent for the configurations tested but is sensitive to 

notch acuity. 



TABLE.7.1 

SIDE GROOVE 
RATIO 

CONSTRAINT 
FACTOR L 

0.91 1.8 
0.56 1.7-- 1.8 

0-25 1.5 
0 1.3 

0.56 	large Wbratio 1-3 

yield moment of specimen Ms  
yield moment of unnotc'ned beam Mu 

where Mu =-C7Y--(W-c1)2•B  4.  

En 24 	TABLE.7.3 

ao  
mm 

W 
mm  

B 
mm  

SR Gy Kic}.  Kicx 
z 

.6.9L ksi kgqksix 
Fri 11-9-1—  Thr ksix.kgf 

ril 
ksi 

in 6.---Ziiii m viz 

10.9 254 25.4 0 115 163 369 104 388 109 340 96 

4-2 10 10 0.4 " 11 416 117 340 96 

+ evaluated using 5% 
offset procedure. 

x evaluated from Jo values 
after -0.1mm slow growth 
using K21-:E /J 

''evaluated from Jic  
extrapolated to Aa=0 



SPECIMEN 
DIMENSIONS 

p a 
(mm) 

2s J1 

23 

Jr. 

45 

(kgf/mH(kigfmmimm; 
Ev 

27 

B 

all specimens: 
En 32 ay  =29kgf/mnt -- - - - - - 

0.5 0.4 

1 0.6 32 74 23 
W=24 mm 
B=10 mm„ 1.5 0.7 39 95 23 

2.0 0.78 45 124 26 

W=24mm 

B=12-5 mm 

0.5 0.4 23 45 22 

1 0.55 32 74 22 

1.5 0.6 39 91 23 

2.0 0.6 45 110 2 9 

W=24 mm 

B=23mm 

0.5 0.24 23 40 26 

1 0.3 32 55 22 

1.5 0.32 39 62 20 

2.0 0-34 45 72 20 

TABLE.7.2  

      

average Ev = 2 4 kgfrnm 
mm3 
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CHAPTER 8  

THE MEASUREMENT OF THE COD OF A STABLY GROWING CRACK 

1. The Extrapolation Technique  

The determination of the COD by extrapolation from dis-

placernentsat two points away from the tip of the crack has been 

employed by a number of workers (Chapter 2). 

It is usual to have the measurement positions marked on the 

side of the specimen well away from the plastic zone. For the 

. fully yielded bend specimens tested herein, this technique would 

have meant that the measurement positions were too close to each 

other to maintain accuracy. To overcome this difficulty, and the 

disadvantage of measuring a surface COD, it was decided to extva-

polate to the tip of the crack from the clip gauge displacement 

(CGD) and the opening at the tip of the original fatigue crack 

(COD fatigue). The latter measurement was obtained 'on load' in 

the centre of the specimen by using the silicone rubber infil-

tration technique described in Chapter 6. 

The COD at the tip of the advancing crack (COD 
e
)was obtained 

by linear extrapolation from the measurement positions as outlined 

in Fig.8.1. Use of COD fatigue ensures that prior to initiation 

COD
e 

= COD. 

Fig.8.2 depicts the CODe ti Aa curve for En32 VHN = 130 

SR = .52type A specimens. It is evident that this curve does not 

have the characteristics of the linear elastic resistance curves 

of Chapter 2. The form of the curve is due to the variation of 

the apparent rotational constant R (referred to the new ligament) 

as the crack advances (Fig.8.3). This trend might be due to one 

of the measurement positions being within the plastic zone, however 

this seems unlikely (see Section 5). 
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COD
e 

resistance curves also prove to be initial crack length 

dependent (Fig.8.4) whereas the analagous Jr  curves (Fig.7.5) are 

not. The COD
e 

curves do however tend to become steeper with the 

presence of an increasing amount of shear lip (Fig.8.5). 

It would appear that the extrapolation technique, as used 

here, is not satisfactory. An alternative method would have been 

to extrapolate from the sides of the fatigue crack shown in pro-

file on the rubber casts (Plates 8.2 and 8.3). To accomplish this 

with any accuracy would entail having a long fatigue crack which 

in turn makes infiltration, and thus the formation of a cast, 

very difficult. 

2. Direct measurement of COD tip  

The silicone rubber infiltration technique devised by 

Robinson (1973) was employed to obtain 'on load' casts of the 

advancing crack tip (Plates 8.1 to 8.4). The technique (described 

in Chapter 6) involved ensuring complete infiltration of the 

silicone rubber to the tip of the crack which, due to the tortuous 

nature of the crack profile in ductile rupture, meant a poor 

success rate. When the specimens were broken open in the freezing.  

methanol mixture inducing cleavage fracture the rubber cast 

generally adhered to one of the broken halves. The cast and 

broken half were then viewed under a microscope, any evidence of 

ductile growth beyond the cast invalidated the test. 

Five casts with varying amounts of slow extension were 

obtained'on En32 type D specimens. Measurements of COD tip 

from the central part of the sectioned casts are plotted versus 

Aa in Fig.8.6. The resulting COD tip vs Aa curve is constant at 

ti 1/11thevalueofC0D..Whether this constant value is a con-

sequence of the minimum thickness the rubber cast can replicate 



or is a physical characteristic of the material is uncertain. 

The value at the tip is so small that any slight increasing or 

decreasing trend'would be difficult to detect. 

The COD referred to the original fatigue crack tip (COD 

fatigue) was also measured from the casts and plotted in Fig.8.6. 

This trace increases linearly with Aa. This variation, when 

viewed with the apparently constant COD tip, infers that the 

crack propagates with a constant flank angle. 

After u 3mm of crack growth the COD fatigue rk,  Aa trace 

tends to vary from linearity (Fig.8.7). Whether this is due to 

the effect of the variation of the flank angle, the COD tip, 

or the position of measurement (T-adually becoming further away 

from the crack tip, requires further investigation. 

Fig.8.7 also shows that the COD fatigue '\' La trace is 

dependent on the presence of shear lips. If COD tip is constant 

and unique for these cases then the governing parameter would 

appear to be the angle of the flank of the crack. 

3. Use of the Formulae Relating CGD and COD  

Green and Knott (1975b) employed the Wells formulae (see 

Chapter 3) to the situation of an advancing crack by assuming a 

constant centre of rotation moving ahead of the crack. This 

merely involves substituting (ao  + La) for a in the formula 

(Equ.3.14). The resulting COD (Sr) is plotted for type A En32 

specimens in Fig.8.8. 

Unlike CODe 
no dependence-on initial crack length is evident. 

In fact the Sr curves produced for the various geometries have 

very similar properties to the equivalent Jr  curves. 

An initial crack length dependence is found on type D 

specimens with no side grooves (Fig.8.9). This is thought to be 

attributable to the variation of shear lip width with ligament 



depth. Steeper Sr  curves are found as the thickness decreases 

(Fig.8.10) in a manner analagous with the Jr  curves (Fig.7.10). 

The side groove ratio also appears to effect dr  as it does Jr  

(Fig.7.9). When SR was varied on type A and B test pieces of 

En32 in Fig.8.11 an SR value of 0.56 appears sufficient to give 

a 'plane strain' initial crack length independent Sr  curve 

whereas SR = 0.25-does not. Variation of B with SR kept constant 

has no effect on the curves. 

Green and Knott (1975b) suggested that if SR was made large 

enoughtherimaximnloadam(%) and (s.
1 
 would be coincident. 

This was not the case for En32 steel in the orientation tested 

here since a specimen with SR = 0.91 when loaded to maximum load 

exhibited some crack extension (Fig.8.11). The value of J for 

this specimen falls on the SR = 0.56 curve and would indicate 

that this trace  is the lowest bound curve. Chipperfield (1975) 

alsofoundthat(Sulax and(S.were not coincident for deeply side 

grooved specimens of 315 stainless steel. This discrepancy is 

most probably due to Green and Knott's use of specimens in the 

transverse direction which have a flatter resistance curve. 

A difference between the characteristics of J
r 

and (S
r 
curves 

is evident from Fias.7.13 and 8:12. Identical Jr  curves are 

obtained for types B and D plainsided test pieces whereas in 

terms ofd
r 

a steeper curve is produced for the type B compared 

to the type D. 

The method of measuring resistance using this technique is 

very simple and the curves obtained do have a form analagous to 

G
r 
curves (Chapter 2). The technique does however rely upon the 

assumption of a constant centre of rotation advancing ahead of the 

crack which for these specimens is not exactly the case (see 

d 

• 



Fig.8.3). Also S
r 
 has lost its physical significance since the 

measurements bear no resemblance to the actual COD at the tip 

of the growing crack (Section 2). 

4. Notch Root Contraction (NRC)  

• The main advantage of this method is its ease of measure-

ment. Although Robinson (1973) indicated the existence of a 

linear relationship between off load NRC and COD before 

initiation the exact physical significance of the parameter is 

difficult to ascertain. 

For plain sided specimens NRC is the difference between the 

nominal thickness and the thickness of the specimen under the 

;::oohing crack tip (Chapter 3). As NRC is a surface measurement 

it may be expected to relate to the crack growth of the shear 

lips and thus not be characteristic of the transverse strain at 

the tip of the central crack (which tunnels ahead) (Fig.8.13). 

Values of NRC for En32 types A, B and D specimens are plotted 

against average as in Fig.8.14. The NRC and 6r  curves behave 

in a very similar fashion. It may be expected that NRC is 

characteristic of the shear lip size. The ratio of the shear 

lip widths at 2mm crack growth for D, B and A specimen types 

respectively is approximately 1.5:2.5:3.5 (i.e. 1:1.7:2.3) which 

is comparable to the respective NRC's from Fig.8.14 of 8:1.3:1.9 

(i.e. 1:1.6:2.4). 

Using NRC as a measure of shear lip size is indicative of 

the cause of the variation of J
r 

and 6
r 
with initial crack length 

for blunt notched D type specimens (Figs.7.6 and 8.9) as shown 

in Fig.8.15. As the remaining ligament depth of the specimen 

decreases so the NRC becom6s lower due to the decrease in shear 

lip size which is analogous with the trends of J
r 

and 6
r 
for 

these specimens. 

K 



The relationship between NRC and d
r 
is discussed in 

Chapter 9. 

5. Discussion  

The linear extrapolation technique does not appear applic-

able to the description of slow crack growth in fully yielded 

bend specimens (this does not preclude its use in test pieces 

behaving in a linear elastic manner). The shape of the COD
e 

resistance curves is determined by the behaviour of the 

apparent rotational constant R (Fig.8.3). To check that the 

variation of R was not a consequence of having one measurement 

point in the plastic region,R was also calculated from the 

relationship between CGD and load point displacementcorrectecri 

for extraneous effects (Fig.8.16). A similar trend is foundr  and 

so it would appear that the assumption (by Green and Knott 

(1975b)) of a constant centre of rotation advancing ahead of 

the crack is not accurate, particularly after 4mm crack growth. 

This result throws doubt on the accuracy of the dr  tech-

nique where a constant R of 0.45 is implicit in the use of the 

Wells formula. However, for Da < 4mm the (Sr  curves should be 

fairly representative except for geometries where R 74-0.45 (see 

Chapter 9). The variation of R with geometry is the most 

likely cause of the differing behaviour of J
r 

and d
r 

curves in 

Figs.7.13 and 8.12. 

Provided the correct value of R is employed then the most 

importantpartoftheresistanCecurvei.e.between 6.and
c 

(which normally occurs before 4mm crack growth in this con-

figuration) can be modelled by the use of the Wells formula. 

The notch root contraction measurements seem to be governed 

by the shear lip width and it appears unlikely that this 
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parameter can represent what is occurring in the centre of the 

test piece directly. However, when most of the increase it 

toughness is due to the growth of shear lips then provided an 

empirical relationship between NRC and COD is known for the 

configuration concerned NRC measurements could be representative. 

The measurement of an apparently constant COD at the tip of 

the propagating crack agrees well with the finite element pre-

dictions of Andersson (1974). The value of COD tip, is so small 

that any varying trends with crack growth are difficult to 

establish experimentally. 

The observation of a linear variation between COD fatigue 

and La was noticed by Elliott et al (1971). This result is can-

firmed here (for small values of L\a) and combining this 

observation with a constant propagating COD tip leads to the con-

clusion that the flank angle of the crack is constant. 

Since the COD fatigue Aa, traces vary with geometry the 

flank angle may also be expected to be geometry dependent. 

The conclusion of a constant flank angle for the propagating 

crack is consistent with the theoretical hypothesis of Rice (1973). 

This conclusion was also arrived at by Green,  and Knott (1975a) 

who developed a model for describing ductile crack growth based 

on this behaviour. Using this model Tanaka and Harrison (1976) 

showed that this behaviour is consistent with the measurement 

of a rising cS
r 

curve. 

The discrepancy between CODi  and COD tip is not difficult 

to understand when the ductile crack extension process is 

studied (Fig.8.17 after Smith and Knott (1975)). CODi  is the 

measurement of the strain a distance of the order of the in-

clusion spacing back from the initiation site. After initiation 



it is difficult to make a consistent definition of COD. 6
r 

effectively measures the crack opening displacement that would 

occur in a specimen bent to the same displacement with the final 

crack length. It is not possible to measure a displacement 

analogous with COD after initiation and to this extent the con-

cept loses its physical significance for the propagating crack 

situation. However, it is conceivable that S
r 
can be a measure 

of the strain in the crack tip region and hence be a practical 

parameter. 

6.TheEvaluatiolaof6.and
c 1 

The initiation value of COD is given by the value of Sr  

atAa=0.ForEn32,17H14=120(5.:1;0.2mm for all specimen con- 
1 

figurations. The notch root contraction curves also extrapolate 

back to give an initiation value of 0.2mm. 

Perhaps the best means of obtaining the initiation value is 

the use of the COD fatigue ti Aa trace since this is linear for 

small amounts of crack extension making extrapolation simple. 

Using this procedure CODi:;;', 0.2mm from Fig.8.18 so it would 

appear that for the geometries tested herein CODi  is invariant 

with specimen dimensions. 

This is far from the case for maximum load COD (S
c
). In 

Table 8.1 the 6r Values at maximum load (S rc) are given for 

various configurations. Increasing the side groove ratio and thus 

lowering the resistance curve has a decreasing effect on 6 . 
rc 

For plain sided specimens (5 
rC 
 is smaller for the thicker speci-

mens. The opposite effect is produced when width was varied on 

ten mm thick test pieces. This last effect is presumably due to 

the much smaller shear lips produced as the ligament depth de-

creases hence causing a lowering of the resistance curve. 
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Table 8.1 shows rough trends for the behaviour of
rc' 

which if described by the tangency point of the Sr curve and 

the COD loading line in a manner analogous with the G
r 

curves 

described in Chapter 2, will obviously depend on the geometric 

behaviour of both these curves. 

So it would appear that Sc  is not a material parameter, 

but Si  may be. 

7. Summary  

The linear extrapolation method does not lend itself to 

fully yielded three point bend test pieces. 

Notch root contraction appears to be related to shear lip 

width and as such can be a representative measure of toughnesE 

particularly if an empirical relationship between NRC and COD 

is known for the configuration concerned. 

The'COD of the propagating crack would appear to be constant 

at approximately 1/4 of the COD at initiation. 

For small amounts of crack extension the COD referred to 

the original fatigue crack varies linearly with ta. Combining 

this with a constant COD tip leads to the conclusion that the 

flank angle of the propagating crack is constant. Since the 

slopes of the COD fatigue ti  is traces vary with geometry it may 

be assumed that the flank angle is also geometry dependent. 

The use of the Wells formula applied to the growing crack 

plotted against crack extension gives resistance curves of the 

form discussed in Chapter 2. This method is dependent on the 

assumption that the value of the rotational constant R (when 

referred to the new ligament) remains constant as the crack 

advances. Unfortunately R decreases with Da, but provided 

is < 4mm the error should be negligible. it is also pertinent 



to note that in the Wells formula R is given as 0.45 and this 

may not be the case for all configurations (see Chapter 9). 

The maximum load value of COD (a
c
) is geometry dependent, 

whereas the initiation value of COD is invariant for the 

configurations tested. 
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CHAPTER 9  

THE RELATIONSHIP BETWEEN THE YIELDING PARAMETERS 

USED TO MEASURE RESISTANCE 

1. The Use of Blunt Notch Calibration Specimens  

(a) The measurement of J
cal 

and its relationship with J
r 

A series of EN32 c = 29 kgf/mm2  type A specimens, 

S.R. = 0.5, with varying initial crack lengths and blunt notched 

(3mm wide slot) to prevent crack extension were bent to produce 

the family of load-displacement records shown in Fig.9.1. 

Employing the two parameter technique (Chapter 5.5b) 

utotal/B was plotted against initial crack length, for different 

dP 	dUtotal  
the slopes displacements (Fig.9.2). Since J = - 

-c71 B da 

of the traces in Fig.9.2 were used to develop the Jslope 
versus q 

calibration curves for different values of a. 

Also the formula J = 2Utotalwas employed to obtain J 
B(W - a) 

formula versus q calibration curves. 

A comparison of results from the application of the two 

procedures is given in Table 9.1. J formula is an average 12% 

lower than the J obtained from the slope method,which may be 

considered to be theoretically more accurate. However due to 

the experimental inaccuracies of measuring the slopes in 

Fig.9.2 the J formula procedure gave the most consistent results. 

For this reason and for consistency with the Jr  method the 

formula technique was used to plot the calibration curves of 

Fig.9.3 and the series of J vs a lines at constant load and 

constant displacement used to aid instability predictions in 

Chapter 7-(Fig.9.4). 

From the calibration curves (only three are shown in Fig.9.3 

for simplicity) and application of the two parameter technique 

1 fl 



cal 
resistance curves were measured for the EN32 type A 

specimens, for which Jr  curves had already been determined,by 

reading off the value of J
cal 

at the final displacement and 

crack length of each test specimen. 

The J
cal resistance curve so obtained is compared with the 

corresponding Jr  curve in Fig.9.5. The relative behaviour of 

the two traces is not difficult to explain. As the name suggests 

only two parameters (displacement and crack length) govern the 

cal results. Because of the necessity of modelling the mono- 

tonic loading curve of the growing crack blunt notches are used 

to inhibit crack growth otherwise the displacements obtained in 

actual test pieces could never be reached by the calibration 

specimens at the required crack length. An unfortunate con-

sequence of the use of a blunted notch however is that it 

appears to have a lower constraining effect than a fatigue 

crack. Hence the calibration load-displacement records exhibit 

a lower load than the actual test records (dotted lines in 

Fig.9.1). The disregard of load combined with this lower 

constraint is thought to be the major cause of the discrepancy 

in the J. values (given by J at Aa = 0 in Fig.9.5) for the two 

methods. 

As the displacement relating to the onset of cracking in a 

test piece of a given crack length is exceeded on" a calibration 

specimen so the COD of the latter specimen increases. This 

effect produces an ever blunter notch. In the actual test piece 

however the COD at the tip of the growing crack remains constant 

(Chapter 8.2) and so the constraint should not be greatly 

affected. Because of this behaviour it may be expected that the 

J
r 

and J
cal 

curves will continue to diverge as the amount of 

crack growth increases as is evident in Fig.9.5. 



(b) The measurement of 6
r 
cal and its relationshiwith 6 

It was noted in Chapter 8.3 that the measurement of COD 

using 6
r 
had lost its physical significance since 6

r 
Aa 

curves bear no resemblance to actual COD tip measurements. 

This is, in part, due to CODi'being a measurement a distance 

behind the initiation site as discussed in Chapter 8.5. Thus 

for 6
r 

to be consistent before and after initiation the COD 

should relate to a measurement a certain (indeterminate) distance 

behind the advancing crack. If the model of a constant propa-

gating crack profile (Chapter 8.2) is correct then the physical 

COD should be constant with crack growth. • This would result in 

a flat resistance curve for a material which exhibits an in-

creasing load as the crack begins to propagate. 

The only physical interpretation which can be adopted to 

explain the 6r  measurements of Chapter 8.3 is that 6r  is repre-

sentative of the COD which would accrue from a blunt notch 

specimen of the final crack length bent to the same displacement. 

This blunt notch specimen which would not exhibit crack growth 

has a value of R = 0.45 and hence the Wells formula would apply. 

To check this hypothesis clip gauge displacement was 

monitored with cross head displacement on the blunt notched 

calibration specimens described in the previous section. Use 

of the Wells formula enabled 6r
(cal) vs displacement calibration 

curves to be plotted as in Fig.9.6. From the final crack length 

and displacement measurements of EN32 a = 29 kgf/mm2  type A 

SR = 0.56 test pieces 6r(cal) was determined from the calibration 

curves of Fig.9.6 (only three traces are plotted here). 
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The results so obtained are compared with direct 6
r 

measurements obtained from the actual CGD's of the test pieces 

in Table 9.2. 6
r
(cal) is slightly higher than 6

r 
for ti_le 

larger amounts of crack extension. The reason behind the dis--  

crepancy is almost certainly due to the behaviour of the 

rotational centre in the real specimens. For the larger amounts 

of crack extension the true R is smaller than in the equivalent 

calibration specimens. This results in lower CGD readings on 

the test piece and a consequent lower 6r  value. The difference 

between 6
r 

and 6
r
cal is within 10%, howeverf so the inter-

pretation of 6
r 

as the COD of a blunt notched specimen at the 

final crack length bent to the same displacement appears to be 

reasonable. 

The use of the calibration specimens enables 6r  loading 

curves to be obtained which in turn facilitates instability 

predictions in a manner exactly analagous with the R curve 

theory of Chapter 2. Tanaka and Harrison (1976) developed 6r  

loading or 'crack driving displacement, 6D' curves using an 

analytical technique by relating COD, crack length and 

applied strain in the manner proposed by Wells (1963) and 

modified by Burdekin and Dawes (1971). 

6  
r 

y 	

(e/e )2  for e/ey ; 0.5 

27rea 
e/e

Y 
 - 0.25 for e/e ?. 0.5 

For load controlled conditions in the centre cracked 

tension situation e/e is constant (i.e. constant nominal 

strain) away from the crack line thus 6D curves can be developed. 

If this procedure proves accurate it gives the 6r 
technique 

a major advantage over Jr  since it is not possible at present 

to develop J loading curves analytically for situations beyond 
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general yield. Also since the 6 loading curves are linear in 

form instability predictions are facilitated. 

2. The J-COD 7,elationshin  

(a) Theoretical predictions  

The relationship between J and COD based on finite element 

predictions must be dependent on the definition of COD the 

variation of which was outlined in Chapter 3. Despite the vari-

ety of definitions the theoretical predictions are fairly 

consistent. 

Wells (1969) suggested that the G q,  COD relationship is of 

the form 

G = L a COD 	 (9.1)* 
y 

where L is the constraint factor. Wells employed constraint 

factors of 2.09 for plane strain and 1.15 for plane stress. 

Thornton (1970) achieved G = 2.2 a COD in plane strain 
y 

and Rice (1973) showed that the application of the Dugdale 

analysis (plane stress assumed) gives G = 1 a COD. 

Levy et al (1971) suggested that the J A-0 COD relationship 

has an identical form to Equn.9.1 i.e. 

J = L a COD 	 (9.2) 
y 

For plane strain Boyle (1972), Rice (1973) and Hayes and 

Turner (1974) all achieved 

J = 2 a COD 
y 

The Rice-Rosengren (1968) analysis would indicate 

J = 1 a COD 
y 

for plane stress. 

Sumpter (1974) calculated the relationship for specified 

geometries. 



1 6 

J . 1.9 ay  COD for three point bend 

J = 1.15 a COD for C.C.T. 

Computed values of J were also compared to COD calculated 

from the clip gauge formulae (Chapter 3). Use of the Wells 

formula gave J = 2 a COD whereas no constant relationship was 

obtained from the formula derived by Ingham. 

(b) Experimental findings  

Unfortunately the consistency of the J-COD and G-COD re-

lationship is not maintained when the experimental results are 

assessed. Again the variety of methods employed for measuring 

COD must be a factor. However the work hardening exponent of 

the material involved also appears to have an important effect. 

Using the crack infiltration technique Robinson (1973) 

obtained G = 1 a COD for 'pre-cracked Charpy' specimens of low 

alloy steels and titanium and aluminium alloys in plane strain. 

By contrast Erhardt (1974) using stretch zone measurements,. 

and G from KIC' 
 achieved G = 2 a COD for 3.5% Nisteel. The 

contradictory results continue when the J-COD relationship is 

considered. 

Robinson (1975) obtained, for EN32 

J = 2.6 a COD in 3 pt bend 

and 
	

J = 2.2 a COD in CCT (where finite element pre- 

dictions give L = 1.15) 

and for EN24 in three point bend. 

J = 1 a COD 

Landes and Begley (1974) suggested the use of a 	to 
flow 

 

allow for the work: 
a 
Y 
+

UTS 
a
flow 	2 

hardening affect of the material where 



Chipperfield (1975) varied the amounts of prestraining 

and found J/a COD to vary between 1.6 -4- 1 for a stainless 

steel in three point bend. If 
aflow 

is empl,,yed for these 

results the relationship becomes J = 1 a
flow 

COD. 

Table 9.3 gives the factor 14 at initiation where 

M = 	 
a COD 

all tests are in three point bend. 

(9 .3) 

For EN32 using a in Eqn.(9.3) M = 2.2 which is in good 

agreement with Robinson's (1975) findings. The use of a
flow 

brings the factor nearer two and in agreement with the con-

straint factor predicted for this geometry from finite element 

results. For the EN24 however M = 1 (again in agreement with 

Robinson) which contravenes the J = L a COD relationship where 

L is the constraint factor. 

Using the EN32 type A calibration specimens mentioned in 

Section 1 the J versus COD (from Wells formula) is plotted in 

Fig.9.7, all results are beyond general yield. The non-linear 

relationship which results is most probably caused by the high 

work hardening capacity of the material. The factor 2.5 could 

easily be obtained by using the formula 

J = L 
aflow 

COD 

whence for EN32 j = 1.8 x 29 + 42  a COD  
2 

i.e. J = 2.6 a COD 

However the constraint factor would still be operative at 

low COD's and this does not explain the relationship J = 1 a COD. 

The specimens tested herein were still fully plastic for COD's 

of 0.1mm. There is an assumption of G = 2 a COD for the linear 

elastic relationship in the Wells (1970) formula and so the 
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trend of M towards 1 as yield is approached seems contra-

dictory. However if it is assumed that a general J-COD 

relationship is of the form given by Fig.9.7 then the attain-

ment of M = 1 for EN24 specimens where CODi  = 0.05 could be 

justified. 

Further research is clearly needed to resolve the exact 

form of the J-COD relationship and the effects that work 

hardening and constraint have on it. 

3. The Relationship Between Resistance Parameters  

(a) The J ti 6 relationship  

Fig. 9.8 indicates that the Jr  11,  6r  relationship for 

EN32 a = 29 kgf/mm2  is geometry dependent and hence that J
r 

and 6
r 

are not equivalent . The reason for the discrepancy 

became obvious when the variation of R with geometry was 

investigated (Table 9.4). 

Implicit in the calculation of 6r  is the assumption that 

R - is constant at 0.45. This value is accurate for the 'plane 

strain' side grooved specimens, however for the less constrained 

test pieces R is lower. From Fig.9.9 it can be seen that using 

R - = 0.45 will give an overestimate ofd
r 
when the rotational 

constant is really 0.3. Adjusting . Pig.9.8 for this effect 

gives a unique relationship between 6
r 
and J

r 
(Fig.9.10). 

Due to the underestimate of J
r 

given by J
cal 

for reasons 

explained above, and since 6r  cal and 6r  are almost equivalent 

the J
r 
- 6

r 
curve is different from that relating J cal and 6

r 
cal 

(Fig.9.11). 

(b) The  6
r
-NRC relationship  

In Chapter 8 it was concluded that NRC does appear to be 

approximately equal to 6r  although the value of NRC was thought 

2o0 
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-Sr 

to be more a consequence of shear lip size than a direct 

correlation to COD. 

The (3
r

:NRC ratio is very nearly 1:1 for £,N32 in thecon-

figurations tested (Fig.9.12). When Sr  is corrected for the 

true rotational factor applying for the configuration however, 

(see previous section) NRC gives an overestimate of r
. This 

behaviour underlines the belief that NRC is not directly 

linked to COD. The correlation between NRC and mid-thickness 

COD can be expected to be poor. NRC may give a better approxi-

mation to 6
r 
since the latter is some average measure of COD 

across the specimen thickness because CGD is used in its 

evaluation. 

An empirical relationship may be employed between NRC and 

6
r 
but this will be geometry dependent (Fig.2.12). The NRC of 

deeply side grooved specimens, measured from the broken specimen 

does appear to relate in the ratio 1:1 with Sr  in Fig.9.12. 

Since these specimens have no shear lip and have a very high 

constraint this might be expected, NRC in this situation giving 

a measure of transverse strain. The effect of NRC being measured 

'off load' could be to give lower values of NRC of S
r 
 for low 

COD's. If anything the opposite seems to be the case in 

Fig.9.12. 

4. A Summary of the Parameters 

(a) CODe - the COD obtained by extrapolation from the COD 

'through the opening at the original fatigue crack, to the tip 

of the propagation crack. This method does not give resistance 

-curves analagous to those obtained from linear elastic fracture 

mechanics nor does it describe the COD at the tip. 

(b) COD
tip - the 'on load' COD at the tip of the propagating 

crack obtained using a silicone rubber infiltration technique. 
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The value appears unaffected by the amount of stable crack 

growth being constant at "t, 1/4 CODi. 

(c) NRC - the notch root contraction gives results aproxi-

mately equal to dr  but the exact relationship appears geometry 

dependent. This parameter seems to be related to the width of 

the shear lips present. 

(d) Sr - the COD resistance curve obtained by application of 

the formulae relating CGD to COD with the insertion of the 

actual crack length. This parameter does give curves analogous 

to linear elastic resistance curve. The assumption of a con-

stant centre of rotation R appears to be accurate for small 

Aa's only. Other drawbacks in practice are:- that R can 

vary with geometryr and the method is limited to the three 

point bend configuration. The only physical interpretation 

that can be given to Sr  is that it is approximately equal to 

the COD that would be obtained in a blunt notch calibration 

specimen of the final crack length bent by the same amount 

(i.e. d cal). 

This parameter appears to have a unique (but non-linear) 

relationship with J
cal 

and J
r 
for a given material. 

(e) J
o 
- the value of J given by the estimation formulae 

assuming no crack extension takes place. This procedure 

overestimates J
r 

by increasing amounts with• crack extension 

and does not appear to give initial crack length independent 

lowest band curves. 

(f) j
cal 

- the value of J obtained by application of the two 

parameter technique. Load is not monitored in the actual 

tests. The use of blunt notch specimen's for the calibration 

curves can be expected to produce a resistance curve which 
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underestimates the true J resistance curve by an increasing 

amount with crack extension. The resultant curve does, however, 

appear to bear a unique (but non-linear) relationship to J. 

(g) J
r 
- the estimation of the J resistance curve using the 

three parameter technique. This method gives a curve which 

falls in between the J
o 

and J
cal 

resistance curves and can 

therefore be expected to give the best estimate of the true 

J
r 

curve. Rising 'plane strain' resistance curves, which 

appear independent of initial crack length , are produced. 

The method is limited to geometries for which J U estimates 

can be derived. 
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CHAPTER 10 

CONCLUSIONS 

This investigation was instigated by the need to describe a 

material's resistance to tearing. This has become of concern 

with the increased use of low strength austenitic steels and 

aluminium alloys in recent yeas. 

In many circumstances design based on 	an initiation 

criterion may be overconservative whereas the geometry depend-

ence of a critical point parameter, or, in the case of a stable 

test, a maximum load one, makes it unacceptable as a fracture 

parameter. In these circumstances the prediction of instability 

from - the 'driving curve' experienced in practice, and the 

material's resistance curvelwould seem very desirable. 

The use of initiation values of toughness for material 

selection may be misleading when tearing is significant since it 

is possible to have identical initiation toughnesses with vastly 

differing resistance curves. 

This problem could be of significance in 'dirty' mild 

steels where rolling produces very long elongated inclusions in 

the short transverse (ST) direction. During fabrication the 

residual strains induced by welding may be sufficient to promote 

lamellar tearing in the ST direction in such materials. Current 

practice for assessing a steel's susceptibility to this 

phenomenon is the use of % elongation from ST tensile tests; an 

R curve approach, however, may prove more quantitative. 

The aim of the research described herein was to extend the 

use of current yielding fracture mechanics to the description of 

stable crack growth, whilst maintaining consistency with the 

philosophy behind the linear elastic resistance curve. 
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. 1. A Summary of the Results  

A number of possible methods for measuring COD resistance 

curves were discussed in r%apter 8 and summarised in Chapter 8.7. 

The most practicable measure appears to be the use of the 

COD (c3
r
) obtained from the formulae recommended in British 

Standard Draft DD19 (1972) by the insertion of the propagating 

crack length and clip gauge displacement. This effectively 

incorporates the assumption that the rotational factor R 

remains constant. This appears reasonable for small amounts of 

crack growth (< 4mm) but thereafter R decreases. 

The value of R is also variable with geometry and is only 

equal to 0.45 (the theoretical value assumed in the Wells 

formula Chapter 3.6(i)) when 'plane strain' conditions are in 

evidence. In specimens where large shear lips are predominant 

R = 0.3 and thus either the use of the formula in Chapter 3.6(ii)) 

ortcorrection of the Wells formula should give a more accurate 

result. 

As stated in Chapter 8, dr  is only a notional COD for the 

propagating crack since the actual COD appears constant at ft' 1,4 

of 
CODi' 

Thus the only physical interpretation of 6r 
after the 

initiation of tearing is that it is approximately equal to the 

COD of a blunt notched calibration specimen of the final crack 

length bent to the same displacement. 

Provided the correct value of R is chosen 6r 
curves relate 

directly to Jr  curves. This relationship is not linear and it 

is not clear at present exactly what factors influence the 

Sr Jr
, or for that matter the COD 1,  J (prior to initiation), 

relationship (see Chapter 91. 
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The extension of the use of J to measure resistance curves 

was discussed in Chapter 5, a modification of the estimation 

formula was derived (Chapter 5.6(f1) and was employed to measure 

J
r 
curves (Chapter 7). The relationship between this method, 

called the three parameter technique, and the estimation (Chapter 

5.6(a)) and two parameter (Chapter 5.6(b)) procedures is dis- 

cussed in Chapter 7.3 and Chapter 9.1(a) respectively. 

The behaviour of J
r 
curves is summarised fully in Chapter 

744. Perhaps the most interesting result is the development of 

an apparent rising plane strain resistance curve for deeply 

side grooved specimens. This phenomenon would appear to explain 

why small amounts of tearing can be tolerated before instability 

in certain materials, even under fully constrained conditions. 

If the J
r 
curve does indeed give a characteristic measure 

of the resistance of a material to tearing then the 'plane strain' 

curve may be expected to be initial crack length independent, and 

might be used to predict J
r 

and K
r 

curves on test pieces and 

structures which experience a high degree of constraint. 

2, Characterisation of the Crack Tip Region  

It is apparent from the results of Chapter 8.2 that as far 

as the crack tip COD is concerned there is no resistance curve 

associated with the propagating crack. The COD at the tip of a 

ductile tear is much smaller than the initiation value and does 

not appear to vary with crack growth. The crack advances 

with a constant, but not geometry invariant, angle. This model 

is consistent with observations made by:-(a) Elliott et al (1971), 

'and Green and Knott (1975a), who noted the linear behaviour 

between the COD referred to the original crack tip and Qa, 

(b) Fearnehough (1973), Groom and Knott (1972) and Richie et al (1975), 



217 

who observed the small COD of the propagating crack, (c) Andersson 

019741 who produced similar findings from a finite element treat-

ment of the advancing crack, and finally (d) the theoretical 

hypothesis of Rice (1973).. 

Some variation of void opening (and thus COD tip) with 

thickness of test piece was recorded by Groom and Knott (1972) 

but this effect was not considered to play a significant role 

in the variation of COD, with thickness observed by Ritchie 

et al (1975). 

In the absence of an increasing COD tip the question can 

be posed, what causes the resistance curve, and does it 

characterise the crack tip region? 

It could be that the rise in 'plane strain' resistance is 

due to the inadequacy of J and COD after initiation, or that the 

specimens employed were not thick enough and as the crack prop-

agated the constraint became lower causing divergence from plane 

strain conditions. This being the case the true plane strain 

resistance curve would always be flat. 

In fact much flatter curves are obtained when the EN32 

is tested in the transverse orientation (J
r 
rises from 

iv 12 - 20 kgf/mm after 5mm crack growth c.f. 1,  60 for the 

longitudinal case - after Willoughby (1976)). Since yield 

strength and initiation COD are little affected by the change in 

orientation there is no alteration in the size requirements. 

Therefore the increase in resistance in the longitudinal case 

cannot be due entirely to size effects. 

There is no doubt that the overall resistance to prop-

agation of the longitudinal test pieces does rise since 

increased loads are required to drive the crack although the 
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ligament depth is decreasing. By contrast the initiation of 

tearing in the transverse orientation is almost coincident with 

the attainment of maximum load. 

The concept of a rising plane strain resistance curve was 

suggested by Rice (1973) but the cause of such a curve when 

viewed with the constant crack tip COD is uncertain. One 

possible explanation is the growth of a region of highly 

strained material around the growing crack. Some recent results 

by Shoji (1976) using a recrystallisation method indicates 

that a region of intense strain does in fact exist around the 

crack tip. 

de Koning (1976) found a rising J resistance curve depending 

on the amount of stable crack extension from a two dimensional 

finite element procedure taking contours outside the plastic 

region. This model also produced a constant angle between the 

crack surfaces near the tip soon after initiation. 

It does seem likely that many low strength materials will 

exhibit plane strain resistance curves which may be measured 

by COD, J or K. Whether the resulting curves characterise the 

crack tip situation is another question. There would appear to 

be three possibilities. 

(a) That there exists a unique region of intense straining 

around the crack tip which increases in size with crack extension 

and causes the increase in the notional COD and the value of J. 

The resulting R curve would then be a material property. 

(b) That there exists a unique region around the crack tip which 

may be expected to be invariant. This region was termed the 

autonomous zone or end region by Broberg (1973a) who suggests 

that the rise in resistance is due to the screening action of 
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the surrounding, geometry dependent, plastic zone. This end 

region is expected to be a function of work hardening, and in 

fact for a non work hardening material which obeys the slip line 

field predictions no such region should exist. It is the 

existence of such a region which is the basis of the argument 

presented by Begley and Landes (1972) for the use of the J 

integral at initiation fracture criterion. What happens with 

crack growth is unclear. Rice (1973) indicates that the lir 

strain singularity of the stationary crack changes to a logarithmic 

singularity as the crack advances into an elastic-non work harden- 

ing medium, however analysis of the moving crack incorporating 

work hardening and the zig-zag crack growth mechanism actually 

observed has not been achieved. 

If the model visualised by Broberg is correct then the 

resistance curve can only be a material property if the screening 

action of the plastic zone is insensitive to the shape and size 

of the zone. 

(c) That the resistance curve is due to the growth of the 

plastic zone. This is not autonomous and indeed will not be 

throughout linear elastic fracture mechanics . 

Thus as Broberg (1973b) pointed out if the increase in 

plastic zone size is the cause of the rise of resistance, 

characterisation is questionable and the resultant R curves, 

including those measured using linear elastic fracture mechanics, 

will be geometry dependent. In support of this theory Adams et 

al (1976) have explained variations of K
r curves observed in 

differing configurations in terms of the plastic zone develop-

ment at the crack tip. 
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3. The Use of Yielding Mechanics Resistance Curves  

If resistance curves are characteristic of the material 

then S
r 
and J

r 
curves can be used to predict K

r 
curves For large 

structures. Also instability predictions can be made for large 

scale yielding situations by development of the driving curves 

for the configurations involved. Sr 
driving curves may be 

derived by invoking the Burdekin and Dawes (1971) design curve 

as suggested by Tanaka and Harrison (1976), although further 

research is required to determine the accuracy of this approach. 

Alternatively S
r 
 and Jr  loading curves can be estimated from 

calibration specimens. When this method is employed the use of 

J from the application of the two parameter methods would seem 

more consistent. Finite element methods may be used to predict 

J
r 
loading curves for particular configurations. These can then 

be used in conjunction with the three parameter technique which 

has two major advantages over the two parameter method. 

(a) No calibration specimens are required . 

(b) The load, crack length and displacements of the actual test 

piece are used in the analysis. 

This technique is limited however to geometries for which 

J U estimation formulae exist. The measurement of r 
is even 

more severely limited since only the three point bend geometry 

can be employed. Also, if S
r 
 is to be measured on a new material 

or from different specimen dimensions it is advisable to assume 

the lowest value of the rotational constant (i.e. 0.3) as this 

will give more conservative results. 

It must be stressed that, to maintain compatibility with 

linear elastic theory, non-linear elasticity is assumed in the 

measurement of J
r
. This procedure therefore entails monotonic 
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loading conditions. The parameter measured is the 'pseudo' 

non-linear elastic toughness and is not a measure of the true 

toughness which would be encountered upon unloading and re-

loading. 

A measure of the real toughness would be the total plastic 
du
ptotal  

work rate
da 	

. Hence the instability criterion is (re- 

stating Equation 5.25) 

dG _ 
du
ptotal 

da 	da 

which is identical to Equation 5.23 

dJ  dR 
da = da 

It is now becoming accepted practice to employ a resistance 

measurement of CODi  and Ji. 	latter 

parameter is normally measured by constructing a line represent-

ing the stretch zone formation and reading off the value of Ji  

at the intersection with the R curve (Chapter 4.10 and Fig.4.16). 

A simpler procedure is to measureAa as the actual crack extension. 

then j, is the value of J
r 

at Aa = 0. For situations where the i
stretch zone is not negligible compared to the ligament depth, 

the stretch zone width should be included in the original liga-

ment depth used in the estimation formula. 

Since it is not clear whether resistance curves are 

characteristic of the material or not, predictions using R curves 

(6 r , Jr 
 or indeed Kr

) can only be expected to be accurate if 

tests are conducted using full thickness specimens, of constraint 

at least as high as experienced in practice, at the operating 

temperature and strain rate. 
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4. Future Work  

Because this particular aspect of fracture mechanics is at 

present relatively unexplored there are numerous areas, and 

details, which require clarification. 

The effects of strain rate, temperature and 'load hold' 

were not investigated herein and must be considered. Some work 

has been conducted on crack growth under constant load by Green 

and Knott (1975a) who experienced failure loads below those 

associated with 8c. Just how significant this effect is however 

is a subject of some dispute (Fearnehough (1973)). 

The exact role of yielding mechanics in the transition 

region is ill defined. Prediction of K values from J data must 

be treated with some caution since the plane strain validity 

conditions for J testing are not yet fully proved, and the 

effects of strain rate and size in the transition region un-

certain. J and K
IC 

comparisons should only be made when 

initiation is by void coalescence in a plane strain linear 

elastic (valid K
IC

) specimen. 

It was concluded in Chapter 9 that the form of the J n,  COD 

relationship both before and after net section yield is not 

clear. Further research is obviously required to ascertain what 

factors govern the relationship and determine beyond doubt 

whether J. and COD, are viable fracture parameters. One factor 
1 	1 

which appears to affect the J "I,  COD relationship is the movement 

of the rotational factor R. There does seem a need to establish 

what values of R applies in a particular situation when making 

COD predictions. When the behaviour of R is better understood 

more accurate codes of practice can be developed. 
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With particular regard to COD and J resistance curves a 

number of major areas requiring clarification emerge:- 

(a) Do R curvc's characterise the crack tip region, and if not 

can they still be of any practical use? The first step in 

this region would appear to be the examination of different 

geometries (e.g. CCT). 

(b) If resistance curves do turn out to have a practical use 

their geometric behaviour and exact form will have to be 

determined. It is not clear at present Whether the curve 

reaches a plateau, is continuously rising, or even decreases 

after considerable crack extension. Also the form of the 

curve for small values of ha (linear, concave upwards or 

downwards)couldhaveaniwortanteffectonJ.-6. pre- 
' 

dictions as well as having implications with regard to "pop 

in" behaviour. 

(c) The possibility of K
r 
predictions from, and the use of 

linear elastic theory with, yielding resistance curves is 

an important aspect. Obviously if yielding R curves are 

to be useful practically some means of establishing 6 and 

J loading curves is required, perhaps by application of the 

COD design curve, as suggested by Tanaka and Harrison (1976), 

or from finite element methods. The latter technique may 

also be effective in determining the characterising role 

of Kr,  J
r 
 and 6

r 
with crack growth. 

(d) An established code of practice for both J and COD testing 

is urgently required, and any proposed R curve determinations 

should be compatible with such codes. 6
r 
has an obvious 

advantage over Jr  particularly for weldments because of the 

use of clip gauge displacement since this eliminates 



224 

extraneous displacement effects. However. the assumed value 

of R with tearing present may require careful definition. 

Also a val-oe of
r 

can be obtained from a single test while 

the J
r 
procedure used herein cannot. 

It is possible however to apply estimation procedures to 

predict the 'pseudo non-linear elastic loading curve' described 

in Chapter 5 by employing similar techniques to those proposed 

by Sumpter and Turner (1976). 

For example, as a very elementary. approximation for the 

fully yielded bend specimens tested here it does not seem un-

reasonable to ignore the elastic component of stored energy and 

predict the area under the pseudo curve U at the grown crack 

length from 
Q 	Qf 

U yf = 2 	of (10.1) 

P. 

Q f 	the yield load that would be expected at the final 
Yf 

crack length. 

Qf  is the load at the grown crack length and q f  is the 

overali\displacement (corrected for extraneous effects). 

Then Qyf  can be obtained from the formula due to Green 

(1953) and applying the Tresca yield criterion. 

a 
M = 0.62 —Y- B (W- a)2  2 

(10.2) 

or, to allow for variations in constraint factor L (see Table 

7.1) 

a 
My 
	4 
= L 	B( W- a)2 
	

(10.3) 

then since M = 
-Zr 
Qs (Fig.2.3) 

Qy  = L ay  B/S (1/- a)2 
	

(10.4) 
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Therefore J can be estimated by application of Eqns.10.4, 

10.1 and invokingthe Joy U relationship derived by Sumpter (1974) 

for the three point bend geometry:- 

thence from 10.1 

J - 2u  
BN - a) 

(Q
fy 

+ Q
f
)qf 

J
est 

- 
B(W - a)f 

(10.5) 

(10.6) 

where (W - a)f  is the final ligament depth. 

The accuracy of such a procedure can be assessed for the 

EN32 type A specimens described in Appendix 5. For these 

specimens a constraint factor of 1.6 is a conservative estimate. 

The value of J
est 

from Eqn.10.6 are compared to J
r 

for this 

specific case below:- 

a 
mm 

0.1 0.6 1.2 1.7 3.0 4.7 6.9 

Jest 
kgf/mm 

6.4 18.5 40.5 47.6 52.2 58.8 67.9 

J
r 

.kgf/mm 
5.6 16.0 41.2 49.0 56.6 57.0 60.7 

Obviously the above procedure is very crude but it does 

give an illustration of the estimation possibilities. To 

determine approximations which can be applied to any situation 

will require calibration against more accurate techniques for 

a whole range of circumstances. 

(e) The use of R curves for instability predictions may also 

be influenced by machine stiffness characteristics and the 
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profile of the extending crack. The effects caused by 

these factors do not appear to be well understood. 

(fl Finally one important possible application of resistance 

curves is for material characterisation. The influence 

of inclusion size, shape and distribution, yield stress, 

work hardening and ductility with regard to the pro-

pagating ductile tear might all be related from 

comparative R curve determinations. Investigations into 

the ductile propagation mechanisms may also throw light 

upon the characterising role of both COD and J before and 

after initiation. 



APPENDIX I  

Estimation formulae relating J to U the area under the load dis-

placement record  

(i) Rice et al (1973) estimations  

(a) Double edged notch and internally notched plate in tension 

2u 
p J = G + 

B(W - a) 	Q̀I/plastic 

(b) Notched round bar in tension 

1 
J - 	

c1crack 2 	
3 U 

Rr2  [crack Q  

(c) Bending 

2u
crack) 	B(W o- 

 a
tal  

) J - B - a 	
i.e. J = 	for deep cracks 

(W  

(ii) Sumpter (1974) estimations  

(a) Three point bend and compact tension (CT) 

fl
e 

U
e 	

2 up  — 
B(W - a) 	B(W - a) 

the variation of n
e 
is given in Fig.4.15. 

For 0.4 	a/W ; 0.7 
2U

total 

(b) Centre cracked tension (CCT) 

n U 	0.5 U 
e e  

J - B (W/2 - a) 	B (W/2 - a) 

e 
variation is given in Table 4.1. 

J - B(W - a) 
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Calculation of  n from elastic relationships  

U = 124  
e 2 

since 	n U 
e e  

J = 	- G 
e B(W - a) 

and 	K2  = 
GE' 

then 2K2 	B(W - a) n = 
e E' Qq 

For three point bend 

[ 

K = isp/2 2.9 (V 	AI  - 4.6 	3/2  + 21.8 A 5/2  
W 	W 

a 7/2 
- 37.6 (T,i) 	+ 38.7 ()

9/2] 

0.24 
W3
Qs3  

1.04 + 3.28 (14-) 2  
BE 

q = 	 (1 4  V) 

+ 2Qs2 A 4.21 	- 8.89 ( 1)2  + 36.9 A 3  
BE' 	w 	w 

a c 
- 83.6 (-

a
)
4 
+ 174.3 (

w
-)` - 284.8 (-

a
)
6 

+ 387.6 (-
a 7  
) - 322.8 (.

2
)
8 
+ 149.8 A9  

For CT(CKE)  

K = Q1/2  29.6 A 1/  - 185.5 A 3/2  + 655.7 A 5/2  
BW 

- 1017 A 7/2  + 638.9 A9/2  

QS 
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The J resistance formula for  the centre cracked tension geometry 

From the estimation formula derived by Sumpter (1974) 

n
e
U
e 	p U P  

	

J- .w 	W 
- a) 	B 	- a) 

since U
total 

= U
e 
+ U

p 

BJ (2 - a) = n
e  Ue 

+ n
p 
(U

total.- Ue
) 2 

- for CCT = 

0 5p 
.". Utotal 

= 2 BJ(- 	a) 	(1 - 

Following the procedure discussed in Chapter 5 and the 

definitions of Fig.5.7. from the energy balance Equ.5.43. 

71  
2 	B (11- - a1) + (1 2 - e)U 1 	2 	1 	 el + U4 

J
1 

+ J 	 71 2 -Z -= 2J2B (-2 - a2) + 2( 	2
)B (a2 - a1) + (1 - e•) Ue

2  

11  
U
4 + (1 -

2 
 e.) (Uel  - Ue  ) . J2 = J1 -1- 	, .... 	

, 
' 

2B _ 

	

W 	(al + a2) i 
2 2 	 

when plasticity is large compared to elasticity then the variation 

of Ue  << U4  

i.e. J2 t•-•+ 1 	
2B ( W • 	(a2 + al ) 

or in general terms 

Jn n-1 

Utotaln - U total n-1 

 

B [W - (an  + an - 1)] 

30 

U4 

2 	2 



Q 	, 2 	3 

BE W q = 	, 	
8H + 1752 [0.5 (==) - 4.18 

, 

 

a • 20.87 (i,i)4  - 69.27 (i,w)
5 
 + 160.75 (2-)6  

a 
+ 256.1 (-- a 7 ) 	267.1 (-a 

8  ) - 164.8 (i4) 9  

• 46.58 (-
a )10 
 ] 1 

H is the distance between the loading pin centres. 

For the CCT geometry  

K = WB (na sec 	)1/2  

Ira 2 	1 era 4 
{12- ÷ I-1  [1/2 (-- ) 	(--TV q = BE' W 	VV 

6 

	

+ 	() 144 W 

D is the distance between the loading pin centres. 



APPENDIX IV  

Approximate correction of total energy due to initial crack length  

variation  

For the propagation of a crack a small amount Aa from al  to a2  

(Chapter 5) 

AU = J
1 -* 2 

B Aa. 

The total energy for grown crack length a2  can be represented 

by (see Fig.5.7) 

nU
2 	 

assuming 	J = 2 	B(W - a
2
) 

J2B(W - a2) 

	

B 	a ) u
total

2 
1 2 	1 

for a linear variation of J with ha for this small crack extension 

J
1 
 + J2 	

J
2
B(W - a2) u

total
2 	

2 	
B (a

2 	
a
1
) + 

Assuming a resistance curve invariant with initial crack length 

the total energy 
Utotal

can be adjusted by varying a
o 
in 

2 
 

J1 	J2 	
J
2
B(W - (ao + a)) 

Utotal2 	
2 	B (A a)1-+2 

For the general case 

n J 	+ J 

	

n-1 	n  
B(Lia) u

total
n n=2 

2 
((n - 1)-)- n) 

J
n
B(W - 	(ao + han)) 

2 

o 
+ han)) 

11 

For the three point bend geometry where 	0.4 .5 

n 
1 
+J

n 

.5. 	0.7 n = 

J B(W - 
n 

[J
n- 

utotal
n 

= B E n=2 	2 	
La 
(n (n - 1) 4.(n) 

which is Equation 7.5.- 

= AU + U
2 Utotal2 
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APPENDIX V 

The Multi-Specimen Method  

The figure above depicts a typical series of load-displacement 

curves. These were obtained by loading specimens of approxi-

mately equal initial crack lengths to different displacements 

then cooling below the transition region and fracturing in the 

cleavage mode (for austenitic steels heat tinting has to be 

used). The amounts of ductile crack extension can then be 

measured from the broken specimen halves. 

The area under the curve required for the J estimation pro-

cedures includes the elastic energy released on unloading and 

so is 
Utotal 

as shown overleaf. 



25mm EN24 
approximate 
position of 
yield 
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All specimens described herein attained net section yield 

at some point during the test. The EN32 and small EN24 test 

pieces yielded well before initiation whereas the plastic zone 

of the 25mm square EN24 specimens reached the back surface 

after a small amount of tearing Csee below). 

Some idea of the propagation resistance of the material 

can be obtained by comparing Q-q traces from three point bend 

tests on identical specimens as shown below. 

EN32 and 10mm EN24  

Q 

nearly flat R curve 	 steeply rising R curve  

i - occurs near or 
at max. load 

q 	 q 

Q 
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APPENDIX VI 

Conversion of Units 

Stress Conversion Wm? .kgf/mme ksi 

1 MN/m2  1 0.102 0.144 

1 kgf/mne 9.81 1 1.418 

1 ksi  6.92 0.705 1 

K Conversion MNm 3/2 
kgfmm

3/2 
ksiVitr7 

1 MNm 3/2 
1 3.22 0.906 

1 kgfmm
3/2 

0.311 1 0.281 

1 ksi ITrT. 1.10 3.55 1 

J or G Conversion J/mm2  in lbf/in2  kgf/mm 

1 Jim? 1 5709.6 101.97 

1 in Ibf/in2  175.1 x 10
-6 

1 17.86 x 10
-3 

1 kgf/mm 9.81 x 10-3 55.99 1 

1 J/mm
6 

= 10
6 
J/m2  = 1 MJ/m2 
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