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Abstract

We study the accumulation of resources within a target due to the interplay
between continual delivery, driven by 1D stochastic search processes, and
sequential consumption. The assumption of sequential consumption is key
because it changes the commonly used G/M/oco queue to a G/M/c queue.
Combining the theory of G/M/c queues with the theory of first-passage times,
we derive general conditions for the search process to ensure that the number
of resources within the queue converges to a steady state and compute explicit
expressions for the mean and variance of the number of resources within the
queue at steady state. We then compare the performance of the G/M/c queue
with that of the G/M /oo queue for an increasing number of servers. We extend
the model to consider two competing targets and show that, under specific
scenarios, an additional target is beneficial to the original target. Finally, we
study the effects of multiple searchers. Using renewal theory, we numerically
compute the inter-arrival time density for M searchers in the Laplace space,
which allows us to exploit the explicit expressions for the steady-state statistics
of the number of resources within G/M/1 and G/M /oo queues, and compare
their behaviour with different numbers of searchers. Overall, the G/M/c queue
shows a tighter dependence on the configuration of the search process than the
G/M/o queue does.
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1. Introduction

Queues and random search strategies are prevalent in the natural world. Random search
strategies have proven valuable when searching for one or multiple targets in an unknown
domain. Examples include animal movement [1-3], cellular transport [4—6] and software test-
ing and optimisation [7, 8]. On the other hand, any system in which customers—or resources—
arrive randomly and receive service provided by a set of servers at random times can be studied
as a queueing process. Queues are ubiquitous in human activities, such as telecommunications
[9-11] and transportation [12—14], and in the broader natural world, such as gene expression
and regulation [15-17] and metabolic pathways [18-20].

Queueing processes [21-24] and stochastic search processes [25, 26] have been extensively
studied. More recently, they have been combined to develop a queueing model for the accu-
mulation of resources in a target, owing to multiple rounds of search-and-capture processes
[27, 28]. The basic idea is to map the delivery of resources to customers arriving at a service
station and the departure of customers from the station, once they have received service, to the
consumption—or degradation—of resources. So far, this mapping has always been made with
the assumption that resources are consumed independently, rendering the number of servers
in the service station infinite. This implies that the appropriate queueing system is a G/M /oo
queue, where G denotes a general inter-arrival time density, F, M denotes Markovian ser-
vice times and oo specifies that the service station has an infinite number of servers and
consumes resources independently. The assumption of independent consumption makes the
sojourn times independent and ensures the existence of a steady state, regardless of the spatial
configuration of the search process [28, 31].

In this study, we change the consumption protocol from independent to sequential con-
sumption so that there are a finite number of servers in the system consuming resources in
the order they arrive. The appropriate queueing system becomes G/M/c, where ¢ denotes the
number of servers [32, 33]. In this new system, when the number of resources exceeds the num-
ber of servers, waiting times before service emerge and sojourn times cease to be independent.
As a motivating example, consider the transport of proteins and vesicles along the axon of a
neuron. Neurons synthesise most of their necessary molecular components in the cell body
or soma, including those that ensure healthy maintenance of the axon and synaptic cell-cell
communication [34, 35]. Malfunctions in axonal transport may lead to the atypical accumu-
lation of cellular resources in the axon and the synaptic targets and trigger neurodegenerative
diseases [36]. In previous work, the stochastic accumulation of resources in one or more syn-
aptic targets due to the active transport and delivery of constitutive proteins was studied as a
search-and-capture process with a G/M /oo queue [37]. In this particular model, service in the
queue was interpreted as a form of protein degradation, with no constraints on the number of
proteins that could degrade over a given time interval. This is equivalent to having an infinite
number of servers. On the other hand, if one is interested in the transport of neurotransmitter-
rich synaptic vesicles, then a more realistic scenario is to consider the sequential utilisation
or consumption of delivered vesicles during synaptic processing, which is better modelled as
a G/M/c queue. Here c represents the maximum number of vesicles that can be processed
simultaneously by fusing to the presynaptic plasma membrane, for example.
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One of the major consequences of having a finite number of servers is that we must now
consider scenarios in which the spatial configuration of the search process causes the resources
in the system to blow up, preventing the queue from converging to a steady state. Such a phe-
nomenon cannot occur in the case of a G/M/oo queue, and is thus the main novel feature of
the current paper. For concreteness, we develop the theory by considering a diffusive search
process inside the bounded interval [0, L] with a target at one or both ends of the interval. Even
in this simple domain, the spatial configuration of the search processes strongly influences
the behaviour of the queueing system, which translates into nontrivial analytical and numer-
ical results for the steady-state resource statistics for the G/M/c. In particular, we obtain the
following main results: (i) We derive steady-state existence conditions and construct critical
regions in the parameter space of the search process that ensure convergence of the resulting
G/M/c queue to the steady state. Furthermore, under convergence to a steady state, we com-
pute the mean and variance of the queue length. (ii) We relate the mean waiting time before
service to the Wasserstein distance and utilise it to examine the convergence of the G/M/c to
G/M/o as ¢ — oo. (iii) We extend the steady state criterion to the case of a single searcher
and two targets and the case of a single target with multiple searchers.

The structure of the paper is as follows. In section 2, we briefly review the classical first-
passage time (FPT) problem for diffusion in [0, L] with a single absorbing target at x =0 and
a reflecting boundary at x =L [26]. We also provide an overview of queueing theory and the
G/M/c queue [32, 33] and formulate the accumulation of target resources in terms of said
queue. In section 3, we combine the theoretical frameworks from section 2 to derive conditions
for the existence of a steady state, defining regions of convergence and blow-up. Moreover, we
derive explicit expressions for the steady-state resource statistics and analyse their dependence
on the parameters xy, L, and ¢, where Xy is the initial position of the searcher. In section 4, we
analyse the effects of adding servers to a G/M/1 at the blow-up threshold. We compare the
performance of the G/M/c to that of the G/M /oo using the mean waiting time before service,
which is shown to be analogous to the Wasserstein distance between waiting time densities
[38, 39].

Having studied the simplest case of a single target and single searcher, we extend the model
to consider two targets and multiple searchers. In section 5, we analyse the scenario of two
competing targets. We derive a general expression for the density of the inter-arrival times in
the Laplace space, using methods that have been developed by several authors before [27, 29,
40-42] and study the effects of unloading and loading times in the competition between both
targets. Finally, in section 6, we examine the effects of multiple searchers. We develop analyt-
ical results for the general G/M/c queue and use numerical results to compare the steady-state
resource statistics of the G/M/1 and the G/M/oo. We find that the steady-state resource stat-
istics of the G/M/1 queue grow exponentially with the number of servers, whereas those of
the G/M /oo queue grow linearly.

2. Multiple search-and-capture events and queueing theory

This section presents the modelling rationale that connects search processes with queueing
theory. Such a connection has previously been explored under the assumption of an independ-
ent consumption protocol [27-30], see figure 1(a). However, the connection between search
processes and queueing theory in the case of sequential consumption, see figure 1(b), remains
largely unexplored. We focus on a single particle diffusing in a finite interval with an absorb-
ing target at one end, which sequentially consumes accumulated resources. This change in
the consumption protocol is reflected in the resulting queueing model, shifting the scope of
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Figure 1. Different consumption protocols resulting from having an infinite and a finite
number of servers. (a) An independent consumption model in which each resource
within the target is consumed independently of the number of resources in the system.
This consumption protocol coincides with the one of the G/M/co queueing system.
(b) A sequential consumption protocol in which resources start to be consumed in the
order they are received (first-come, first-served). This consumption protocol coincides
with the one of the G/M/c queueing system.

the queueing theory from the G/M/oco to a G/M/c, and the particular case of the G/M/1.
Regardless of the consumption protocol, the inter-arrival time distribution is preserved among
all models.

2.1 First-passage theory

Consider a particle following an unbiased Brownian motion in the finite interval [0, L] with an
absorbing boundary at x =0 and a reflecting boundary at x = L. The particle’s position at time
t, denoted by X(¥), evolves according to the overdamped Langevin equation

d)il(t) =2Dn (1), 2.1
t
where D is the diffusivity and 7(¢) is a Gaussian white noise with (n(¢)) = 0 and (n(f)n(¢’)) =
d(r—1t'). The absorbing boundary represents a target that accumulates resources via multiple
rounds of search-and-capture. That is, each time the particle finds the target, it delivers a packet
of resources (cargo) and then returns to its initial position to reload. After reloading with cargo,
the particle initiates a new search-and-capture cycle, see figure 2(a). This results in a random
sequence of target deliveries, which we refer to as burst events. We also assume that the total
time 7 for the particle to unload its resources at the target, return to its initial position and
reload is a random variable with probability density ¢(7) and mean 7c,,. We will refer to 7 as
the total refractory time.

We denote the arrival time of the nth burst as 7,,. Observe that, once the search-and-capture
process has started, the inter-arrival time between any two bursts follows the same distribution,

4
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Figure 2. Continual delivery and sequential consumption of resources in a single target
after several rounds of search-and-capture processes. (a) Multiple search-and-capture
events for a particle diffusing inside the finite interval [0, L] with an absorbing target at
the origin and a reflecting boundary at L. Each time the particle finds the target, it deliv-
ers a resource (burst event) and returns to its initial position xo, reloading and restarting
the process (dash-dotted lines). The time it takes the particle to unload, return to its ini-
tial position and reload, 7, is assumed to be random. (b) The sequence of captures by
the target maps into the sequence of times when the burst events occur. These times
are fed into a queueing system with ¢ servers, each consuming resources within a ran-
dom, exponentially distributed time. This mapping allows us to study the accumulation
of resources in a target with a sequential consumption protocol as a G/M/c queueing
system.

given by the sum of the total refractory time and the FPT to the target, having started at xo,
defined as

T (x0) :=inf{r>0:X (1) = 0,X(0) =xo}, (2.2)

with the convention inf{(}} = co; T (xo) = co meaning that the particle never reaches the tar-
get. Then, the nth inter-arrival time, denoted by A,,, can be expressed as

An = Tp — Th—1 é T + T(XO) 3 (23)

where A, £ 7 + T (xo) denotes that A, has the same distribution as 7 + 7 (xo). Therefore, as
the inter-arrival times are independent, identically distributed random variables (i.i.d.r.v.), the
sequence of bursts can be studied as a renewal process [44], characterised by the inter-arrival
time distribution. To obtain the distribution of A,, we begin by studying the distribution of
the FPT.

The probability density for the particle to be in x at time ¢, having started at xo, is denoted
by p(x,txo). As the particle follows pure Brownian motion, governed by the overdamped
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Langevin equation (2.1) away from the boundaries, its probability density function evolves
according to the diffusion equation
Ip (x,tlx0) 5 °p(x,1lx0) ~ 0J(x,1]x0) 2.4)
ot N Ox2 N ox '
where D is the diffusivity and J(x,#xp) :== —DO.p(x,t|xo) is the probability flux [45]. The
diffusion equation is supplemented by the absorbing boundary condition p(0,#]xy) = 0, the
reflecting boundary condition 9,p(L,#|x9) = 0 and the initial condition p(x,0|xo) = §(x — xp).
As only one target exists, the FPT density f(7) for a fixed x is equivalent to the probability
flux into the absorbing boundary at x=0. Thus, we obtain the following expression for the
Laplace transform of the FPT density [26]:

~ 0 cosh [/ (L—xo)]
s) =D—p(x,s|x = , 2.5
fols) Ox (x,slxo) x=0 cosh [\/SL] )
where fo fo e fy(¢)dt is the Laplace transform of the function f,. The mean FPT
(MFPT) can be obtained dlrectly as
d~ (2L — )C())X()
T __ % - -0 2.6
(x0) = = :fo(s) o D (2.6)

Finally, the density of the inter-arrival times is given by the convolution of the FPT density
and the refractory time density,

F ()= (foxe)( /fo p(r—1")dt". 2.7)
Laplace transforming (2.7) yields
F(s)=fo(s)P(s). (2.8)

Given all of the above computations, the mean inter-arrival time can be determined as
T(xo) + Teap, and the mean rate of resource delivery to the target is A\ = (T(xo) + Teap) -
Having determined the inter-arrival time density and mean inter-arrival time, we focus on the
queueing theory and its connection with search processes.

2.2. Queueing theory

To track the accumulation of resources within the target after several deliveries from the search-
and-capture process, we resort to classical queueing theory. Referring to the elements in a
queueing system as customers is common, so we will adopt this terminology. To describe a
queueing system analytically, one needs to determine the customer’s arrival distribution, num-
ber of servers, queue discipline and maximum queueing system capacity [21]. The usual scen-
ario assumes a system with infinite capacity and a first-come, first-served (FCFS) discipline.
In this scenario, we can define the queue using Kendall’s shorthand notation A/B/c, where A
describes the inter-arrival time distribution, B the service time distribution and ¢ the number
of servers [46].

The resources delivered during the burst events are considered to be the customers in the
queueing system, making the inter-arrival time distribution a general distribution. The resource
consumption, occurring at rate p, is equivalent to the customers leaving the system after receiv-
ing service. Therefore, the service times are assumed to be exponentially distributed i.i.d.r.v.
with the same rate parameter . This indicates that the corresponding queueing system must
have general, independent inter-arrival times, represented by the symbol G—or in some cases

6
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GI—,and Markovian service times, represented by the symbol M. Regarding the number of
servers, previous works assumed that resources are consumed independently from each other,
forcing the system to have an infinite number of servers and making the G/M/oc system the
appropriate choice [27-30]. In this study we consider the resources to be consumed sequen-
tially, following a FCFS discipline in a system with a finite number of servers. This means that
the G/M/c queue is now an appropriate system for studying the accumulation of resources in
the target, see figure 2(b). As the G/M/c system has been extensively studied, we will limit
ourselves to stating the main results regarding its limit steady-state distribution, through which
we will determine the steady-state statistics of resource accumulation in the target. For further
details on the steady-state distribution of the G/M/c, refer to [32, 33] and appendix A, and for
further details on the steady-state distribution of the G/M/ oo see [31, 47].

Let Q(©) (¢) be the number of customers in the system at time ¢, 7, be the time of arrival of
the nth customer and let Q%) = Q) (1,7), T, =lim_,g+ 7, — €, be the number of customers
waiting in the system with c servers ahead of the nth customer just prior to the time of their
arrival. Q(Ti) defines a discrete-time embedded Markov chain (see appendix A). Note that this
discrete-time Markov chain jumps each time a new customer arrives at the queueing system,
and it takes the value of the number of customers the arriving customer finds ahead of them
in the system, see figure 3. Therefore, its steady-state distribution is often called the arriving
customer distribution. It can be shown that there exists a unique steady-state arriving customer
distribution

1 = fim P [Q&') - j} , (2.9)
n—00 "
if and only if
p=X\(cu) <1, (2.10)

where p is the traffic intensity or server occupancy [32], and ) is the mean customer arrival
rate. For the proof, see appendix A. Observe that lim._, -, p = 0, coinciding with the G/M /oo
queue always having a steady-state distribution.

Although in this work we will only deal with G/M/c, it is worth mentioning that the con-
dition for convergence to the stationary distribution in terms of traffic intensity is the same
regardless of whether the inter-arrival time distribution and the service time distribution are
Markovian. This is to say, if we consider the most general G/G/c queueing system, with mean
customer arrival rate A and mean service rate p, then its queue length converges to a steady-
state if and only if p = A\/(cp) < 1. The interpretation is as follows. Suppose that the system
is working at full capacity, i.e. with all of its servers busy, for a large amount of time 7. By
the Law of Large Numbers, there will be about t) arrivals and about fcu services (¢ for each
server). Thus p is about the ratio of arrivals and services and when p > 1 the number of arrivals
exceeds the number of services, so we expect the queue to grow indefinitely [22]. Note that
this condition relies solely on the long-term average workload balance and not distributional
details, e.g. Markovianity.

The arriving customer distribution can be explicitly determined. However, determining this
distribution requires significant labour, and the resulting formulas do not shed any light on
this problem. Here, we state the resulting distribution only for the G/M/1 and provide further
details in appendix A. In the particular case of the G/M/1 system, the steady-state arriving
customer distribution boils down to a geometric distribution with parameter 1 — o™

1 K\ [N .
IV =(1-0")(c"), j=0, (2.11)

7
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Figure 3. Sample path of the queue length of a G/M/1 system, V) (), and its embed-

ded Markov chain, Q(T,l,). (a) Sample path of the queue length of a G/M/1 system. The
first eight arrival times are represented by {71, ...,7s} and the empty dots represent the
number of customers in the system just prior to each one of these arrivals. (b) Sample
path of the embedded Markov chain. The steps in this discrete-time embedded Markov
chain correspond to the arrival times in the whole system and the value it takes in each
step corresponds to the number of customers in the system just prior to the respective
arrival time, again represented by empty dots.

where o* is the solution to the following implicit equation

O(0):=F(cp(l—0))=o0. (2.12)

It is worth noting that for Poisson arrivals with rate A, e.g. a M/G/c system, the solution o*
of (2.12) equals the traffic intensity (o* = p); for this reason, o* is sometimes known as the
generalised traffic intensity [33]. However, in general, the generalised traffic intensity for a
G/M/c queue is not the same as the true traffic intensity (o* # p). For example, a G/M/1
system with arrival distribution determined by a search-and-capture process in the interval
[0, 3] with starting position xo = 1, has a traffic intensity of 0.4 and a generalised traffic intens-
ity of approximately 0.5258. In addition, given the lack of Markovianity in the inter-arrival
time distribution, the steady-state arriving customer distribution depends on the entire inter-
arrival distribution via o, as it can be seen in (2.11) for the G/M/1 and (A.22)—(A.25) for the
G/M/c.

Before proceeding, we develop a graphical construction of the solutions to (2.12). First,
let us remember the following relationship between the Laplace transform of the inter-arrival
times density and the moment-generating function of the inter-arrival times

F(s)=Ma,(—s) =E[e]. (2.13)

From this relation, since ®(1) = E[e°] = 1, it follows that o = 1 is always a solution to (2.12),
regardless of the values of ¢, ;z and \. In addition, ®(0) = E[e~#4+] > 0. It is straightforward
to show that

&' (0) = cuE [Ane*w“*”)ﬁn} >0, (2.14)

—cp(l—0)A

as A, and e » are nonnegative random variables and

®' (1) =cuR[A,]=p". (2.15)
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Figure 4. Analysis of (2.12) for different traffic intensities and graphical construction
of solutions for p < 1. When p > 1 the only solution to (o) = o is o = 1. In contrast,
when p < 1 there exists a unique o* € (0, 1) such that ®(c*) =0 ™.

Finally,
@ () = (cp) E [ Adem #1708 >, (2.16)
as, again, Aﬁ and e~ #(1=9)A: gre nonnegative random variables. In summary, ®(o) is a
positive-definite, convex, monotonically increasing function of o for o € [0, 1]. Furthermore,
if ®’(1) > 1 then the graphical construction in figure 4 establishes the existence of a unique
solution o* € (0, 1) that satisfies (2.12). Observe that ®'(1) > 1 only when p < 1.
There is a crucial distinction between the arriving customer distribution obtained for the
embedded Markov chain and the steady-state distribution of the original queueing system that
evolves in continuous time. This original steady-state distribution for the queue length is often

known as the outside observer distribution. Let us denote the outside observer distribution for
the G/M/c by {PJ(C) }i>0, where P}C) = lim,_, oo P[Q'“) (1) = j]. Observe that, for each j > 0,
H]@ =1lim,_, P| (TC) =] is the probability that an arbitrary arriving customer finds j cus-
tomers in the system ahead of them. In contrast, for each j > 0, P](c) is the probability that an
outside observer finds j customers in the system at any given time once the system has reached
the steady state. For a clarifying example, see appendix B. In general, these two distributions
are different. However, it can be shown that

©_ A qo ;

P = —1IY, j>1, (2.17)

()
where p(j) = ju if j < c and p(j) = cp if j = ¢ [32, 48]. Note that (2.17) defines only the out-
side observer distribution for j > 1. However, the steady-state probability of having an empty
system can be obtained as

Py =1-3" P (2.18)

Jj=1
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We present some of the commonly defined intrinsic times of a queueing system and well-
known expressions for their distributions. Once a customer enters the queueing system, three
relevant times are associated with their entire service. First, there is the time they wait in the
queue before they can reach a server and start their service. Once the customer reaches the
server, they must wait until their service is complete. The last relevant time is the time the
customer spends in the system, known as the sojourn time. Note that the sojourn time is always
the same as the sum of the waiting time before service and service time. With this in mind, let
us denote by W the time an arbitrary customer waits for their service to begin once the system
reaches a steady state. It can be shown that

A .
P(W>1] = li*e*“*” Jeut (2.19)

where A is a normalisation constant for the steady-state distribution H}C) of the G/M/c
queue. In the case ¢ = 1, we define A according to H]@ = A(o*Y~! such that Yo H]@ =1,
which implies A = 0*(1 — ¢*). The definition and calculation of A for ¢ > 1 is more involved,
see (A.23) of A.3. For the derivation of (2.19), see appendix A.4. As the waiting time is a
nonnegative random variable, we have

o0 A
E[W] :/ PW>ddi=— " (2.20)
0 (I1—0%)"cp
In the special case of the G/M/1 (2.19) and (2.20) take the following form
PW>d=c*% =0  E[W= A (2.21)
W1 M=

Denoting the service time for an arbitrary customer by T with T ~ exp(u), the corresponding
sojourn time S is

S=W+T, (2.22)
with the following mean

_A+(1+0*)2c

E[S . (2.23)
g (1=0") e
In the particular case of the G/M/1, the mean sojourn time is given by
1
ElS]=——. (2.24)
ST

Note how the steady-state distribution, the waiting time and the sojourn time in the G/M/c
system all depend on the entire inter-arrival time distribution via o* and A. This is because the
Markovianity of the service times shifts the complexity of the analysis to the arrival process
and its distribution. This dependence on the entire distribution contrasts with the results for
models with Poisson arrivals, M/G/c, in which performance measures, such as mean waiting
time and mean queue length, depend only on the mean and variance of the waiting times,
despite their lack of Markovianity [33]. This is due to the unique property of Poisson arrivals
that the fraction of arriving customers that find the system in some state E is the same as
the fraction of time an outside observer finds the system in state E. This property is called
Poisson Arrivals See Time Averages (PASTA) [24]. Therefore, the PASTA property allows
one to directly determine mean performance measures of the M/G/c in terms of the mean and
variance of the waiting times [49].



J. Phys. A: Math. Theor. 58 (2025) 355001 J Giral-Barajas and P C Bressloff

3. Blow-up conditions and steady-state statistics

We can now combine the results from section 2 to determine the conditions under which the
system does not blow up, and analyse the number of resources in the system when it reaches a
steady state. Furthermore, we analyse the effects of increasing the number of servers in terms
of the blow-up regions and steady-state statistics for the G/M/c. Hereafter, we fix the units
of time and length by setting the consumption rate = 1 and diffusivity D = 1. We begin our
analysis by assuming instantaneous unloading, return to xo and loading. However, we later
explore some of the effects of a nonzero refractory time 7.

Suppose that once the searcher has found the target, it immediately unloads the resources,
returns to the initial position, loads a new cargo and starts the new search-and-capture round;
this is ¢(7) = 6(7) and 7¢,p = 0. Substituting the explicit expression for the MFPT (2.6) into
the arrival rate, we obtain

1 2D
= = . 3.1
T(x0) (2L —x0)xo ©-1)

Therefore, the condition for the existence of a stationary distribution of the G/M/c system in
terms of the traffic intensity (2.10) becomes

2D

cp (2L — xg) xo < (3:2)

p

From this condition, we obtain new threshold quantities for the interval length and initial pos-
ition to ensure convergence to a steady-state distribution. First, given a fixed interval length
L, we find a threshold value for the initial position, xj, for which if xo < xj then the queueing
system blows up, and if xy > x;; the system converges to a steady state. The critical point for
blow up is determined by setting p = 1. This yields a quadratic equation for x:
X3 —2Lxo + D =0. (3.3)
cp

Suppose that we fix ¢ and take L to be sufficiently large so that the discriminant 4[L> —
2D/(cu)] > 0, that is,

2D
L > )
\/ cu

There then exists a pair of positive real roots, one of which lies within the physical domain
[0, L], namely,

2D
xozxé‘(L)EL—”Lz—a. (3.4)

We find that p > 1 forall 0 < xp < x3 (L) and p < 1 for x§ (L) < xo < L. Define L* as the length
for which the discriminant vanishes,

2D
L =22, (3.5)
cp

it follows that if L < L* then (3.3) has no real roots and p > 1 regardless of the starting position
Xo. Finally, in the special case L = L*, we have x; = L* and any initial position makes the
system blow up.

1



J. Phys. A: Math. Theor. 58 (2025) 355001 J Giral-Barajas and P C Bressloff

5

c=1
==- c=5
44 —-- c=25
3
Lo

2_

11
\\

0 e e .

0 1 2 3 4 5

Figure 5. Critical spatial configurations for the existence of a steady-state distribution.
Each curve represents the threshold spatial configurations for the search-and-capture
process that make the G/M/c queueing system for the accumulation of resources blow
up. These curves correspond to (3.4) with 1, 5 and 25 servers in a G/M/c queueing
system. Any pair of values (L,xo) below the diagonal line and above the curve corres-
ponding to a value of ¢ defines a spatial configuration that allows the queueing system
with said number of servers to relax to a steady state. The green points represent the
maximum interval length for which a steady-state distribution never exists in each case.
In every case, we fix D=1and u=1.

Therefore, to have a spatial configuration that allows the system to converge to a steady
state, the interval length must fulfil L > L*, and the initial position must fulfil xo > xj, see
figure 5. Note that L* and xj; explicitly depend on the number of servers, ¢, but we drop the
explicit dependence from the notation for the sake of simplicity. Both L* and x{j vanish in
the limit ¢ — oo, again recovering the fact that a system with an independent consumption
protocol, modelled by a G/M /oo, has a steady-state distribution regardless of its spatial con-
figuration. In addition, as the interval length increases, the particle can take longer explorations
of the space before finding the target, causing a reduction in the arrival rate and critical initial
position. This result agrees with the fact that x;j vanishes in the limit L — oo.

Having determined the explicit conditions that ensure convergence to a steady state, we
analyse the steady-state statistics for the accumulation of resources and compare them with
those of the G/M /oo [28]. Again, the difference in complexity of the resulting stationary dis-
tributions between the G/M/1 and G/M/c with ¢ > 1 motivates separate analyses for these
two cases. In the case of the G/M/1, the arriving customer stationary distribution is a geo-
metric distribution with parameter 1 — o*, see (2.11), allowing us to directly calculate the
first and second moment from this explicit expression for the stationary distribution. (For the
complete calculations, see appendix C.) For the sake of simplicity, let us define a random
variable QQO) representing the length of the G/M/1 queue at steady state. We then have that

(OQ ~ {R}(l)}j>0 and

E[o®)] = m E [(Qgg)z] e 89

12
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From these two equations, we obtain the following explicit expression for the variance of the
queue length at steady state

m\ _ 1 l+o0" 1
var (0L) T p(1=o") {1 o T p(—o%)]" S
The expression for the mean queue length at steady state coincides with Little’s law [50].
Little’s law states that the mean queue length at steady state equals the product of the mean
arrival rate and mean sojourn time [51]. Therefore, we have

! _ <1)}
o= ~ 2] 38
As mentioned above, the stationary distribution of the queue length in the G/M/c system
is not as analytically tractable as in the G/M/1, posing several challenges for calculating the
steady-state statistics of this system. Nevertheless, we invoke Stidham’s version of Little’s law
to obtain an explicit expression for the first moment. Stidham’s version of Little’s law states
that if the customer’s arrival rate, A, and mean sojourn time, E[S], exist and are finite, then
the mean queue length equals the product of both [52]. Therefore, assuming condition (3.2) is
satisfied, the G/M/c queue satisfies both of the necessary conditions for Stidham’s version of
Little’s law. We can then write the following explicit formula for the mean number of resources
in the G/M/c at steady state

A+ (1+0%) e
T(x0) (1 —0%)’cp’
where A is the normalising constant defined in (A.23). There are no explicit formulas for the
higher moments of the number of resources in the G/M/c at steady state; therefore we resort
to numerical approximations. These numerical approximations rely on the fact that the steady-
state outside observer distribution of the G/M/c queueing system has a rapidly decaying tail.
Hence, we can approximate the higher moments by directly computing a large number of terms
in the defining sum for discrete moments.

We found that all of the steady-state outside observer distribution can be computed up to the
smallest representable float larger than zero with 64-bit floating-point numbers, i.e. 5 x 10732,
within a finite number of terms. Therefore, we compute the whole distribution up to the Nth
term such that P](\f) >5x10732* and P,(f) =0 for n > N under the 64-bit floating-point rep-
resentation. Hence, this is the best approximation one can make with 64-bit floating-point
numbers. The number of terms, N, depends on the number of servers (c), the interval length
(L) and the starting position (xq). However, all of the approximations carried out in this work
achieved the smallest value under the 64-bit floating-point representation, 5 x 107324, with
N < 107. The function that computes the steady-state outside observer distribution was optim-
ised to start the approximation with N = 10*, check if PI(VC) > 5 x 1073%* and if this condition
is not satisfied repeat the process with N = N x 10. As mentioned before, regardless of the set
of parameters, this function always computes the whole representable distribution under the
64-bit floating-point representation for N < 107.

Figure 6(a) shows plots of the mean number of resources in the system at steady state as a
function of the initial position relative to the interval length for various numbers of servers and
two different interval lengths. The corresponding plots for variance are shown in figure 6(b). As
expected, the blow-up region for the initial position, relative to the interval length, decreases as
the length, L, increases. This reduction in the blow-up region can be thought of as the fraction
of the interval closest to x =0, where an initial position would cause the accumulation of
resources to blow up, getting smaller as L increases; i.e. for larger lengths, the initial position

AE[S] =

E[09] = (3.9

13
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Figure 6. Mean and variance of the queue length at steady state for different number of
servers. (a) Plots of the steady-state mean, E[Q&) ], as a function of the initial position for
various numbers of servers and interval lengths. (b) Plots of the steady-state variance,
Var( © ), as a function of the initial position for various numbers of servers and interval
lengths. In both panels, the light curves represent a system with an interval length of
L =2, and the dark curves represent a system with an interval length of L = 10. In every

case, we fix D=1and p=1.

can be almost anywhere in the interval and still have convergence to a steady state. This is
consistent with (3.4), where x;; = 0 as L — oo. Moreover, figure 6 shows the rapid convergence
of the steady-state statistics of the G/M/c to those of the G/M/oo. It can be shown that Ac ™! =
0 and 0 =0 as ¢ — oo. This makes the convergence consistent with (3.9) as
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lim E [Qg@} - %

Jim_ 5 = E 0], (3.10)

coinciding again with Little’s Law and the results in [28].

4. A measure of performance for the G/M/c compared with G/M /oo

The results in section 3 show convergence in the steady-state statistics of the G/M/c to the
steady-state statistics of the G/M/oc. In this section, we study the convergence of the G/M/c
queueing system to the G/M /oo as ¢ — oo in a more general manner. A noticeable result is
that, in the spatial configurations of the search process for which the G/M/1 queueing system
blows up, a small number of additional servers shifts the behaviour of the system from uncon-
trolled growth to one of the G/M/oco, recovering independent consumption. An example of
this behaviour can be seen in figure 7, where we simulated the sample paths for the G/M/1,
G/M/3 and G/M/oo using the same arrival times and the same service times. The arrival
times were simulated up to time # = 10000 and the queue length was simulated in the time
interval [0,8500]. The simulation stores the arrival and departure times of each customer, the
queue length at each of these times and the waiting time of each customer. The average waiting
time in the simulations is 24.5411 for the G/M/1 and 0.0322 for the G/M /3. This significant
reduction in the average waiting time, induced by the addition of two servers underlines the
potential impact of a small number of additional servers. Moreover, the sample paths between
the G/M/3 (figure 7(b)) and the G/M /oo (figure 7(c)) are almost indistinguishable, suggesting
rapid convergence from the G/M/c to a G/M /oo, as the number of servers increases.

For the rest of this section, we assume that the spatial configuration of the search process will
be such that for a given L we fix the initial position to be xjj, the initial position that makes p =1
for the G/M/1 system; this is the largest initial position that makes the system blow up. First,
with this spatial configuration, for each ¢ > 1, we have p < 1 for the corresponding G/M/c.
Therefore, by simply augmenting the number of servers in the system by one, we shift the
behaviour from blow-up to relaxation to a steady state. In section 3, we analysed how steady-
state statistics behave for a growing number of servers. Here, we introduce a performance
measure for the G/M/c system compared with the G/M /oo system.

As we saw in section 2, the explicit expression for the stationary distribution leaves little
space for analytical manipulation. The steady-state distribution of the G/M /oo queueing sys-
tem is also complex to work with. These facts make working with the distance between said
distributions a difficult task. However, we can shift our focus to the difference between the
consumption protocols of the G/M/c and the G/M /oo and their impact on the waiting time
before service. The independent consumption protocol defining the G/M /oo system renders
the waiting time before service of an arbitrary customer to zero. In contrast, the sequential con-
sumption protocol defining the G/M/c allows the waiting time before service of an arbitrary
customer to be greater than zero, as there is a limited number of servers. This characteristic
difference suggests that the waiting time distribution should be used to define the desired per-
formance measure. To do so, we examine the Wasserstein distance between the waiting time
in the G/M/c and the waiting time in the G/M/oc.

The Wasserstein distance is generally defined for two probability measures P, Q over (X, 53),
where X is a metric space with metric d and B is the o-algebra of Borel sets of X in the following
way:

R(P,Q) = inf{E[d(¢,0)]},
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Figure 7. Sample paths of for the G/M/1 (a), G/M/3 (b) and G/M /oo (c). All sim-
ulations were carried out with L= 1.5 and xo = 1. Note that this spatial configuration
lies exactly in the critical zone where G/M/1 blows up, as x; = 1 when L= 1.5, see
figure 5. The simulations were carried out using the same sample of arrival times and
service times in the three cases, just changing the number of servers for each panel. In
every case, we fix D=1and p=1.

where the infimum is taken among all random variables £ and ¢ with distributions P and Q
respectively [38, 39]. This definition can be simplified when X = R with the usual Euclidean
metric as follows

oo
R(P.0) = [ IF() -Gl 1)
— 00

where F and G are the cumulative distribution functions of P and Q respectively [53]. We
use this alternative definition to calculate the Wasserstein distance between the distribution of
the waiting time until service in the G/M/c queueing system, F., and the distribution of the
waiting time until service in the G/M /oo queueing system, F,. Given that the waiting time
until service in the G/M/oo queueing system is always zero, we have

Fao () 0 forx<O0,
oo (X) =
1 forx>0.
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Figure 8. Systematic exploration of the Wasserstein distance between waiting time dis-
tributions for the G/M/c and the G/M /oo. For each value of L, we consider the critical
initial position xg for which the G/M/1 has a traffic intensity of one. In every case, we
fixD=1and u=1.

However, for the G/M/c queueing system using (2.19), we have

0 forx <0
F. = . ’
(x) {1 — A e~ (=0Nemr for x> 0.

1—o*

Plugging in both distribution functions into (4.1) we have

e—(l—o*)cux dx

o0
R(Fu,F)= [ [1—1—
(Fo o) /\ A

oo

A *

:/ e—(l—a )cuxdx
0 1—0o*

-4 (42)
(1—0*)cp’ .

which is the mean waiting time before service of an arbitrary customer in the G/M/c queueing
system. Therefore, to compare the distribution of the performance of the G/M/c with that of
the G/M /o, it suffices to examine the mean waiting time before service. This simple measure
of performance allows us to easily develop a systematic exploration of the performance of the
G/M /c compared with that of the G/M /oo for various numbers of servers and interval lengths,
see figure 8.

In figure 8, we show a plot of the Wasserstein distance between the waiting time distribu-
tions for the G/M/c and the G/M/oo—equivalent to the mean waiting time before service
in the G/M/c—as a function of the number of servers and the interval length. In this plot,
for each interval length, L, we consider as initial position xj, the value for which the G /M/1

17
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traffic intensity is precisely one. The idea behind this particular selection of initial position is
to analyse how adding servers takes the queueing system from one that is on the boundary of
blowing up and whose mean waiting time before service diverges to one whose mean wait-
ing time before service is finite. Moreover, we analyse the number of servers needed to have
almost surely null waiting times before service.

It is worth recalling from section 3 that x; = 0 as L — 0. Therefore, the scenarios explored
in figure 8 are those of extreme spatial configurations for the search process, where xy/L ~ 0.
For a fixed initial position, xo > x;, convergence to almost surely null waiting times before
service occurs for a smaller number of servers. The fact that x; = 0 as L — 0 for each c also
explains the cusp observed in figure 8 at large L and small c. Let us momentarily denote by
x5 (¢, L) the critical initial position for the G/M/c queue arising from a search process in an
interval of length L. On one hand, as x{(c,L) = 0 as L— 0 for each ¢, |x§(1,L) — xj(c,L)| =0
as L — 0 for each ¢ > 1. On the other hand, from (3.4), if ¢; > ¢, then x§(c1,L) > x§(c,L). The
combination of these effects makes the critical initial position for which the G/M/1 traffic
intensity is exactly one, x;, approach from above the critical initial position for the G/M/c at
large L. This approach to the critical starting position occurs faster for systems with a small c,
exponentially increasing their waiting times.

5. Competition between two targets

We now extend the analysis above to the case with two competing targets. The modelling
rationale linking the accumulation of resources after several rounds of search-and-capture for
each target remains the same as that for a single target. However, adding a target to the system
at x = L replaces the reflecting boundary with an additional absorbing boundary, see figure 9.
This introduces the splitting probabilities 7y (xp) for the particle to be captured by the target at
k, with k € {0,L} having started at x and the conditional MFPT having started at xo, Ty (xo).
These new quantities in the new search problem are given by

X X
Wo(xo)zl—zo, WL(XO):ZOa 5.1
and
_ 2Lxo—x; LP—x
T() ()C()) = 671)7 TL (XO) = 6D . (52)

The relationship between the conditional FPT densities, denoted by f; () with k € {0,L}
representing the target, and the inter-arrival time density for the target k, denoted by Fi (%),
is not as simple as in the case of a single target and requires additional analysis. This new
relationship occurs because there can be an arbitrary number of arrivals to the competing target
between each arrival to a particular target; see figure 9 for example. This relationship was
explored in [27, 29].

We will derive an expression for the inter-arrival time density for target k, incorporating the
effects of the loading and unloading times. To simplify the notation, for an index k € {0,L}
representing one of the targets, we define k¢ as the complementary index representing the
other target. Moreover, we drop the explicit dependence on x( from the notation of splitting
probabilities. From the fact that between each arrival to a particular target there can be an
arbitrary number of arrivals to the competing target, it follows that

18
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Figure 9. Accumulation of resources in two competing targets after several rounds of
search-and-capture processes. (a) Multiple search-and-capture events for a particle dif-
fusing inside the finite interval [0,L] with two absorbing targets, one at the origin and
one at L. Each time the particle finds a target, it delivers a resource (burst event) and
returns to its initial position xy, reloading and restarting the process (dash-dotted lines).
(b) The total sequence of burst events now splits into two sequences, one for the target
at the origin and one for the target at L. This splitting modifies the mean inter-arrival
times for each of the queueing systems.

r>=7rk/°°ﬁ<r>so<r—f>dr
+7rm«/</ Jie (y T—v)dv> </Oocfk(7’)s0(t—f—v’)dv’>df (5.3a)

=m (fix ) (2) +7rk7rkc/o (fix) (7)) (fre x) (t—=T)dT+ ... (5.3b)

Laplace transforming this equation, we have

Fels) = mde ) () + meme [ (9)39)] [l 9036)] + mert [ 9030)] e 9)8)]
+... (5.4

= ﬂ'kfk i |:7Tkr e )}l

i=0
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Observe that fi(s)3(s) is the Laplace transform of the probability density function of the
conditional FPT to the target k°. Therefore,

fie (5) B (s) =E [e™T | Tee < 0], (5.5)

and, as Tz is a nonnegative random variable, we have 0 < fi« (s)3(s) < 1 for each s > 0. Hence,
(5.4) is a converging geometric series. Summing the resulting geometric series leads to the
following expression

ACEION
= micfi () 3(5)

Denoting the inter-arrival times of the target at k as { A,(,k) },,2 1, the mean inter-arrival time
is given by

Fi(s) = (5.6)

E [Aff‘)} = —%]?k (s)

.
= Ty (%0) + Teap + W—"k‘ (Tie (%0) + Teap) - (5.7)

s=0

We now apply this equation to each of the targets to obtain the following mean inter-arrival
times

Lx X
(0) _ 0 0
E[a?] 2D+Tcap<1+L_xo), (5.80)
L(L—)Co) L—xp
E[AD| =210 1 . 5.8b
[ ] A G (5.85)

These two equations provide all the necessary information from the search process to rep-
licate the blow-up analysis for a single target in section 2 in the case of two competing targets.

5.1 Instantaneous refractory times

First, we assume that once the searcher has found any of the two competing targets, it imme-
diately unloads the resources, returns to the initial position, loads a new cargo and starts the
new search-and-capture round; this is ¢(7) = §(7) and 7cp = 0. As the arrival rate for each
target is the inverse of its corresponding mean inter-arrival times, (5.8a) and (5.8b), we obtain
the following expressions for the arrival rate of each target

2D

A — o (5.9q)

\o_ D (5.9b)
L (L — XO)

Therefore, the condition for the existence of a stationary distribution of the G/M/c system
for each of the targets in terms of the traffic intensity (2.10) becomes

2D
o_ Py 5.10
p Lugep 1 (5.10a)
,_ 2D

— <1 5.10b
L(L—x0)cp < ( )

L
pl
From these conditions, we independently obtain the threshold quantities for the interval
length and initial position to ensure the existence of a steady-state distribution for each target.
Equating the traffic intensities in (5.10a) and (5.10b) to one and solving each of the resulting
expressions, we obtain
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§ 2D

X0 = o (5.11a)
. 2D

N Aty (5.11b)
Lep

In contrast to the scenario with a single target, both of these equations take real values for
each L > 0. However, there are values of L € (0, 0) for which x;(o) > Land x, " <, leading
to meaningless results as every starting position must be in [0, L]. It can be seen that x;(o) <L
and x;“) > 0 whenever

0 =
2D

)

cp

L>

(0) (L)

and in those cases the critical initial positions x;'~ and x,  give meaningful information.

Defining L* as the minimum length for which xz(o) < Land x;(L) >0,

L=y /22, (5.12)
cp

it follows that for L > L*, if xo € (x}'”), L] then p(® < 1 and if xo € [0,x;*)) then p(®) < 1.
Moreover, whenever L < L* we have p(®), p(l) > 1 regardless of the starting position, xo.
Hence, to have a spatial setting that allows both systems to converge to a steady state, the
interval length must fulfil L > L* and the initial position must fulfil x;(o) <xp < x;(l‘),
figure 10. Again, L* and x;(o) vanish in the limit ¢ — oo and x; o converges to L in the limit
¢ — 00, recovering the fact that a system with an independent consumption protocol modelled
by a G/M /oo has a steady-state distribution regardless of its spatial configuration.

In addition to these quantities, we can compute the unique interval length, L, and initial
position, Xy, for which both queueing systems have a traffic intensity of exactly one. To do
this, we first equate (5.11a) and (5.11b) and solve for L. This renders the following explicit
expression

see

L=2 (5.13)

E

Evaluating either the critical initial positions (5.11a) or (5.115) in L yields the following value

Of)eo
/D L
Xo=1/—=—=. (5.14)
cu 2

This equation shows that the only way both queueing systems can have a unitary traffic intens-
ity is for the initial position of the search process to be in the midpoint of the interval with the
appropriate length L. Furthermore, it highlights the fact that the behaviour of both targets,
depending on the initial position, is symmetric with respect to the midpoint of the interval, see
figure 10. We omit the analysis of the steady-state statistics in this scenario, as it is extremely
similar to the analysis made for the single target scenario.

Now, we focus exclusively on the target at the origin and consider the effects of adding a
target at the other end to its traffic intensity. Intuition would say that adding a target would
introduce competition, and this competition takes away resources from the original target,
decreasing traffic intensity. However, if the searcher has instantaneous unloading and loading
times, adding a target increases the traffic intensity at the original target. (For ease of reference,
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Figure 10. Critical spatial configurations for the existence of a steady-state distribution
with two identical targets. The light curves represent the first target, located at x =0, and
the dark curves represent the second target, located at the boundary x = L. The regions
where the spatial configuration enables a steady state for both of the targets are determ-
ined by the intersection of the area above the light curve (existence of steady-state dis-
tribution for the first target) and the area below the dark curve (existence of steady-state
distribution for the second target) for each specific number of servers. As in the case of
one target, the red stars represent the maximum interval length for which a steady-state
distribution for either of the two targets never exists. The green dots represent the unique
combination (ﬁ,)?o) for which both of the targets have a traffic intensity equal to one.

This points are of the form Xy = £/2. In every case, we fix D=1and p=1.

we include the time to return to x in the loading time.) This situation translates into the follow-
ing inequality between the traffic intensity of the target at the origin in the single-target scen-
ario (3.2) and the traffic intensity of the target at the origin in the two-target scenario (5.10a)

2D 2D
= < =p© L>0 0,L]. 5.15
C/,L(2L—)C0))C0 C/LLX() P ’ > ax()6 [ ) ] ( )

p

This reflects the fact that competition from the second target is counteracted by the instantan-
eous return to xy following absorption at x = L, compared to the slow return from a reflecting
boundary at x = L. That is, when the searcher has instantaneous refractory times, adding one
target improves the delivery rate of the searcher to the original target at x=0. We briefly
explore the effects of non-instantaneous unloading and loading times on improving the deliv-
ery rate and traffic intensity for the target at the origin.

5.2. Effects of nonzero refractory times

We now extend the analysis to include nonzero refractory times 7 with density ¢(7) and mean
Teap- This modifies the inter-arrival times of the queueing process associated with the target
at the origin. We equate the right-hand side of (5.8a) to T(xo) + 7cap, Where T(xp) is given by
equation (2.6). Solving for 7c,p,, we obtain the following mean refractory time for which the
inter-arrival times of the queueing process associated with the target at the origin are the same
in the single-target and two-target scenarios:
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Figure 11. Effects of the mean refractory time (7cap) on the traffic intensity of the
queueing system associated with the target at x =0 in the scenarios of a single target
and two targets. Whenever the mean refractory time is less than the MFPT from L to xo
(dotted line), the traffic intensity of the target at x =0 in the scenario of two compet-
ing targets (dashed lines) is greater than the traffic intensity of the target at x =0 in the
scenario of a single target (solid lines). In every case, we fix D=1, p=1, L=3 and

xo=1.5.
N L—x))*
Th = %. (5.16)

The right-hand side of this equation precisely coincides with the MFPT from the reflecting
boundary at L to the initial position xq in the single-target scenario; see figure 11. In other
words, if the mean time for the searcher to return from the reflecting boundary to the initial
position in the single-target scenario is equal to the mean refractory time in the two-target
scenario, the mean inter-arrival times are the same in both cases.

In figure 11, we show plots for the traffic intensity of the queueing system associated with
the target at x =0 in the scenarios of a single target and two targets as a function of the mean
refractory time, 7c,p. This plot shows that when the mean refractory time, 7¢,p, is less than the
MFPT from the reflecting boundary at L to the initial position xy in the single-target scenario,
the traffic intensity of the queueing system associated with the target at x =0 is greater in the
two-target scenario. In these cases, competition between targets becomes an advantage for the
original target. However, when the mean refractory time, 7c,p, is greater than the MFPT from
the reflecting boundary at L to the initial position x in the single-target scenario, the traffic
intensity of the queueing system associated with the target at x = 0 is greater in the single-target
scenario. Competition reduces the delivery rate of the original target.

6. The effects of multiple searchers

We end our analysis by considering multiple searchers and a single target. We derive analytical
results for the general G/M/c model and show the numerical results for G/M/1, compared
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with G/M/oco. However, extending the numerical results to scenarios with two targets and
multiple servers is straightforward. We assume that M € N independent searchers deliver
resources to a single target under the conditions specified in section 2. The searchers are
assumed to have the same initial position, xy, and diffusivity D =1.

We define the sequence of burst events associated with the target by combining all the
sequences of burst events produced by each searcher. This new sequence of burst events modi-
fies the inter-arrival time density, defining the queueing system associated with the target. The
superposition of renewal processes must be studied to determine the new inter-arrival time
density. Generally, the superposition of renewal processes does not necessarily define a new
renewal process, which makes the analysis of the superposition of renewal processes some-
what complex and has motivated a significant amount of work on approximations and their
direct relation to queueing theory [54—57]. Fortunately, we are only interested in determining
the inter-arrival time density generated by the superposition of M identical searchers, which
can be achieved using classical renewal theory [58].

We begin by considering a family of inter-arrival time sequences

7= {Afj)}@o, 6.1)

i>1

where F X) (¢) is the distribution of the ith inter-arrival time sequence. Each inter-arrival time

sequence independently defines a renewal process {S,(f) }n>0, Where S(()i) =0and S,(,i) = AY) +
e A,(,’). We consider {S,gM) }u>o as the sequence of renewal epochs obtained by considering

the union of the first M renewal processes {S,(f) }u>0 and arranging them in increasing order.
This represents the renewal epochs, or customer arrivals at a target, coming from any of M
different sources or searchers. For further details, see appendix D. Denoting by ~y the mean
inter-arrival time of each burst sequence, the resulting combined sequence of bursts {S,SM) Fiso
has a mean inter-arrival time yM~'. This expression for the mean inter-arrival time implies that
traffic intensity increases linearly with the number of searchers

oy M (6.2)

e (xo)

Given this linear dependence of the traffic intensity, it is straightforward to modify the expres-
sion for the critical initial position xj of a single searcher (3.4) to obtain the following expres-
sion for the critical initial position of M searchers

| . 2DM
* — 7 _ 2 _
x5 (M)=L—,[L o (6.3)

Analogous to the scenario with a single target and a single searcher, we obtain the maximal
interval length for which the system with M searchers does not converge to a steady state,
regardless of the searchers’ initial position, as the value of L for which the discriminant of the
quadratic equation resulting from equating (6.2) to unity is exactly zero:

[2DM
L* (M) := o (6.4)

Again, note that if L < L*(M) then the quadratic equation resulting from equating (6.2) to unity
has no real roots. Moreover, whenever L < L* (M) we have p) > 1 regardless of the starting
position xo. Finally, in the limiting case L = L*(M), any configuration makes the system blow
up since xj (M) = L*(M).
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Figure 12. Critical spatial configurations for the existence of a steady-state distribution
for the G/M /1 with multiple searchers. Each curve represents the threshold spatial con-
figurations for the search-and-capture process that make the G/M/1 queueing system
for the accumulation of resources blow up. These curves correspond to (6.3) with 1, 5
and 10 searchers in a G/M/1 queueing system. Any pair of values (L,xo) below the
diagonal and above the curve corresponding to a M defines a spatial configuration that
allows the queueing system with said number of searchers to relax to a steady state. The
green points represent the maximum interval length for which a steady-state distribution
never exists in each case. In every case, we fix D=1and p=1.

In figure 12, we see how increasing the number of searchers has the opposite effect com-
pared to increasing the number of servers, making the critical initial position larger and redu-
cing the space of possible spatial configurations that ensure convergence to a steady state.
Now, L* and x; explicitly depend on the number of servers, ¢, and the number of searchers,
M, but we drop the explicit dependence from the notation for the sake of simplicity. For each
fixed M € N, the limiting behaviour of these quantities is preserved as both L* and x vanish
in the limit ¢ — oo and x vanishes in the limit L — co.

Having determined the spatial configurations that allow the system with M searchers to
converge to a steady state, we now analyse the steady-state statistics for the queue length.
Recall that the steady-state statistics of the G/M/c and G/M/1 depend on the generalised
traffic intensity, determined by the implicit equation (2.12) in terms of the Laplace transform
of the inter-arrival time density. Therefore, to make sense of the expressions in (3.6) and (3.9),
we first need a method to compute the Laplace transform of the inter-arrival time density in
the scenario with M searchers, denoted by Fj,. First, recall that

() =~ $0u 1),

where Q) denotes the survival function of the inter-arrival times for the process with M search-
ers, and Fy(s) = 1 —sQu(s). Given these identities, we focus on computing Qp(s).

As mentioned before, we can compute the survival function of the inter-arrival times for
the superposition process using classical renewal processes theory. For further details, refer to
appendix D. We have
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Figure 13. Comparison of mean and variance of the queue length at steady state between

the G/M/1 and the G/M /oo for different numbers of searchers. (a) Plots of the steady-

state mean, E[Qgg) ], as a function of the number of searchers. (b) Plots of the steady-state
), as a function of the number of searchers. The number of searchers

variance, Var(Qso
G/M/1 system blows up. In every case we fix L=5,x0 =2.5,D=1and p=1.

Ou (1) = 0a (1) (i / °°QA<u>du)M1,

M
QO 1is the survival function of the inter-arrival times for the process with a single

(c)
is up to nine since the traffic intensity for more searchers is greater than one, and the

(6.5)

where
searcher. We can easily compute the Laplace transform of QA by using the results presen-
ted in section 2. However, there is no explicit expregsion for the function Q4 itself. Therefore,

we resort to numerical computations to compute Qy(s). These computations are performed

numerically calculating the inverse Laplace transform of é A(s), then numerically integrating
O (u) from ¢ to co, and finally numerically computing the Laplace transform on the right-
hand side of (6.5). This allows us to numerically compute ]?M and determine the generalised
traffic intensity o*. Given the generalised traffic intensity, we can use analytic expressions for
the mean and variance of the queue length at steady state in the G/M/1 and the mean of the

queue length at steady state in the G/M/c.
From the results in [28], we can directly obtain the steady-state statistics of the G/M /oo

queue with M searchers as

a

(6.6)

M
uT (x0)”

]:

A

2[oe] -2

6.7)

M
1T (xo)

)\ —
T (xo)

nd
1— Fu (1)

j':M (1)
I

_)\l ]T—M(M)

Var [Qg‘(’f)} = =
o1 — F ()
Therefore, we can compute the mean directly from (6.6) and, using the numerical computations

of Fy, we can compute the variance from (6.7). Finally, we compare the behaviour of the

steady-state statistics for G/M/1 and the G/M /oo as a function of the number of searchers.
Figure 13(a), shows plots of the mean number of resources in the G/M/1 and G/M /oo

systems at steady state as a function of the number of searchers. The steady-state mean for the

G/M/1 is computed using the explicit formulas of steady-state statistics (3.6) with generalised
traffic intensity, o, determined using the numerical procedure above. The steady-state mean
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of the G/M/1 grows exponentially as the number of searchers increases, while the steady-state
mean of the G/M /oo depends linearly on the number of searchers. Moreover, the exponential
growth of the steady-state mean of the G/M/1 occurs as the traffic intensity linearly grows
to one from below. Once the number of searchers makes the traffic intensity greater than one,
the G/M/1 blows up. However, the G/M /oo never blows up, and its mean keeps on grow-
ing linearly with the number of searchers. Corresponding plots for the variance are shown in
figure 13(b), and we observe a similar behaviour to the one just described for the mean.

7. Discussion

In this study, we extended the general framework for studying the accumulation of resources
in a target under multiple rounds of search-and-capture events combined with resource con-
sumption. Rather than modelling independent consumption in terms of a G/M /oo queue,
as developed in [28], we considered sequential consumption based on a G/M/c queue with
G/M/1 as a special case. Two major differences between the G/M/oco and a G/M/c queues
are that in the latter case there are (i) constraints on the existence of a steady-state distribu-
tion and (ii) nonzero random waiting times. One of our main findings is the identification of
critical regions for the interval length and initial position of the search process, defining the
spatial conditions that ensure convergence to a steady-state distribution for the G/M/c model.
Under these conditions, we could find explicit expressions for the mean and variance of the
G/M/1 queue, which only depend on the MFPT, consumption rate and generalised traffic
intensity. These are given by (3.6) and (3.7), respectively. Using the Wasserstein distance, we
also proved that the mean waiting time before service in the G/M/c model can be used as a
performance measure compared with the previously defined G/M/oo queue model. With this,
we observed how a small number of additional servers causes the waiting times to vanish and
almost surely allows the G/M/c to recover independent consumption.

We also modified the basic G/M/c queue model with a single target to consider two com-
peting targets and multiple searchers. Regarding the two competing targets, we observed that
whenever the mean refractory time is less than the MFPT from the reflecting boundary at L to
the initial position, x, the competition introduced by the second target benefits the original tar-
get at the origin. Finally, in the case of multiple searchers, we were able to numerically compute
the generalised traffic intensity and utilise the explicit expressions for the mean and variance
of the G/M/1 and the G/M/oc. These expressions demonstrated an exponential growth of the
mean queue length and the queue length variance of the G/M/1 at steady state as the number
of searchers increases and the traffic approaches one. This highlights a relevant behavioural
distinction between the G/M/1 and the G/M/oo, as the mean queue length and the queue
length variance of the G/M /oo at steady state increases linearly as the number of searchers
increases and the traffic intensity approaches one.

There are several directions for future research in this area. First, the analysis can be exten-
ded to higher-dimensional search processes including concentric spheres and wedge domains.
In particular, it would be interesting to determine how the critical regions for the existence
of steady-state queue length distributions depend on the geometry of the search domain and
the locations of one or more targets. Another modification of the search process is to include
the effects of stochastic resetting, whereby the position of the searching particle is reset to
a fixed position, xg, with rate r [59]. Stochastic resetting has been observed to improve the
MFPT of a diffusive search process [60-62], with an optimal resetting rate r* that minimises
the MFPT [59, 62]. The first direction is to incorporate stochastic resetting in the interval, as
done before in [63], and analyse the effects of the resetting rate in the critical regions defining

27



J. Phys. A: Math. Theor. 58 (2025) 355001 J Giral-Barajas and P C Bressloff

the blow-up configurations. Stochastic resetting renders the MFPT in unbounded domains of
arbitrary dimension finite [64]. By incorporating stochastic resetting, we can study the accu-
mulation of resources in the G/M/c queue emerging from freely diffusing particles in unboun-
ded domains of higher dimension. This introduces an additional source of refractory times that
complements those associated with the unloading and loading events.

An important property of a queue that we did not consider in this study is the existence of
idle periods, defined as the periods in which the queue is empty. Several authors have studied
the distribution of idle periods [65-68]. This is particularly important in scenarios of heavy
traffic when p — 1 from below [69-73]. In future work, we would like to determine the con-
ditions for the search process that allow the target to relax to a steady state while maintaining
a constant resource supply. A more recent perspective has been to incorporate resetting into
the queue length [74] and service times [75, 76]. These modifications allow for new nontrivial
dynamics in the queue length. It would be interesting to explore the effects of stochastic reset-
ting on idle periods under scenarios of heavy traffic and scenarios of traffic intensity greater
than one. Yet another future direction would be to apply the model to axonal transport and
resource accumulation in synapses. For example, are there analogs of critical regions and blow
up in the break down of synaptic function? It is also likely that the activity-driven consumption
of synaptic vesicles is non-Markovian, requiring the analysis of a G/G/c queue.
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Appendix A. G/M/c steady-state distribution

A.1. Embedded Markov chain

Consider the G/M/c queue consisting of ¢ servers (1 < ¢ < 00), in which individual customers
arrive according to a general distribution Fa () and the time to service a customer is exponen-
tially distributed with intensity j. Let Q(¢)(¢) be the number of customers in the system at

time #, 7, be the time of arrival of the nth customer, and let Q(Ti) = Q) (7,7) be the number of
customers waiting in the line ahead of the nth customer just prior to the time of their arrival.
Here 7,7 = lim _,¢+ (7, — €). We then obtain the following iterative equation

00, =0 1 VY A

where fo) is the number of customers served between [7,, 7,41 ). Note that V,(f) depends on
Q(Ti), since no more than Q(Ti) + 1 individuals can depart during [7,,, 7, ). However, since Qg?,
V) are independent of Q' ..., 0% it follows that (A.1) represents a discrete-time Markov
chain embedded in the queue length process. Note that this discrete-time Markov chain jumps
every time a new customer arrives at the queueing system, and it takes the value of the number
of customers the arriving customer finds ahead of them in the system. Therefore, its steady-
state distribution is often called the arriving customer distribution. We now follow the results
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in chapter 5.14 from [33] to compute the transition probabilities of the embedded Markov
chain

my) =B 0%, =il 0% =i (A2)

A.2. Transition probabilities

First, observe that any arriving customer can find at most one more customer present in the
system than as found by the preceding arriving customer. This corresponds to the extreme case
where there are two consecutive arrivals without any departures in between. Hence

m(;) =0, (j>i+1). (A.3)

Now, if the (n+ 1)th arriving customer finds all of the ¢ servers busy then the nth arriving
customer could have found at most one idle server and all of the ¢ servers must have been
continuously busy during the inter-arrival time A,y = 7,11 — 7,,. Since the service times are
assumed to be exponentially distributed with intensity p, it follows that the probability that
there are k departures in an inter-arrival time of length ¢, given that there are i customers is

k
. t .
P{%@:k\Q?:LAH4:4::@Z)eﬂm,U}chogkgﬁ.MA)

Using the iterative equation for the evolution of the embedded Markov chain, (A.1), we can
rewrite the probability above as

I[D[Q(C) :j|Q(C):iA t}(cut)mecm (izc—1,j=cj<i+1)
Tit1 Tn s 2n+1 (l+1—])' ) = J =6 X s
(AS)
and since the inter-arrival times have distribution Fa () we finally obtain
0o i+1—j

() (ClLLt) —cput . . . .

o e MdFA (1), izc—1,j>c,j<i+1). (A6

e e e NN jZej<it). (A6

To determine the conditions for the existence of the steady-state distribution we only need
the transition probabilities determined in (A.3) and (A.6). However, for the sake of completion
we state the remaining transition probabilities

¢ /i1 it1—j . ..
Wf;):/ (lj )e”"(l—e‘”)+1 TdFa (1), (i<c—1j<i+1), (A7)
0

) 0o t . c—j / i—c
(

izc,j<cj<itl). (A.8)

and

A.3. Steady-state arriving customer distribution

Now that we have the transition probabilities of the embedded Markov chain, we can determine
the stationary steady-state arriving customer distribution (assuming it exists). Suppose there
exists a unique steady-state arriving customer distribution

n@:hmpp@zd, (A.9)

b
n—o00 n
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which satisfies the steady-state distribution equations
) = ZW(L)H S =1 (A.10)

Let us consider the first steady-state distribution equation for the values with index j > ¢
Substituting the explicit expressions for 7ri(j°') given in (A.3) and (A.6) yields

o) t)H*lfj -
e — $° @ / (cp TN
J E 0 l+1—j)!e A( )a
Rrnd
c ¢ —c .
Z / ! ’.L HAFA (1), (jZ¢). (A.11)

As a final step, consider the trial solution H(C) A(c*Y ¢ forj>c— 1 and some o* € (0,1)
that shall be determined. Substituting this tr1a1 solution into (A.11) we obtain

o :/ e~ 1= HaF A (1) = F(cp (1 —0™)). (A.12)
0
Therefore, o* is determined by the implicit equation

o = Flep(l—o")), (A.13)

which we have shown to have a unique solution ¢* € (0,1) if and only if p=\/(cp) < 1.
Observe that in the particular case of the G/M/ 1, when ¢ = 1, this determines the whole steady-
state arriving customer distribution, given by

=A@y, (>0 (A14)

The normalising constant A can be simply determined using the second steady-state distri-
bution equation (A.10) such that A = o* (1 — o*). Therefore, the steady-state arriving customer
distribution for the G/M/1 is a geometric distribution with parameter 1 — o*

Y =(1-0*) ("),  (j20). (A.15)

(c

Whenever ¢ 2> 2 the procedure above only defines 11; ) for Jj = ¢ — 1 and further steps need to

be taken to determine the remaining probabilities H(()C), . ~H£i)2 and the value of the normal-
ising constant A. In the rest of this section, we will outline these steps and compute a general
expression for the remaining probabilities and the normalising constant, following the results
presented in chapter 2 from [32].

First, define the following generating function

c—1

Jj=0

Using the first steady-state distribution equation (A.10), it can be shown that
U (z) = / (1—et +ze ) U (1 — et +ze ") dF (1)
0

o0 13
+A/ {/ MY (e7M — e M ze M) cpdy | dF A (1) — AZC.
o LJo

(A.17)
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Now, let
(¢) _ 1 d“l/(c) (Z) . _
/ _j!( d7 (]_07"'76 1)' (A.18)

Differentiating (A.17) j times and evaluating in z = 1 we have

)
z=1

@ _,__A
U, =1 — o (A.19)
and
© Fu) 0 A ¢ C(lf}—(m)) —J
ul0 = I g0 2 " (A20)
1= F (ju) 1= F (ju) c(l=0%)—j

To solve this linear difference equation, define Cy = 1 and

J =
F(ip)
612
o L= F(ip)

and divide both sides by C;. This leads to the result

uue <c)c(1—f<w>) - o)

G G g(1-Fum) N/ ell=on) =)

Adding these equations forj =i+ 1,...,c— 1 gives

. e\ € 1—}~"(i/¢) —j .
o _AC],ZHc(l Fin)) <J) (cu—o*)zj » r=0Loiml). A

By fixing i = 0 in (A.22) and using the known value for U(()C) in (A.19), we obtain an explicit
formula for the normalising constant A of the form

e (1-Fm) i)
- +,Zlc( f(m))(j) oy | - @O

Finally, to compute the remaining probabilities Héc) yeon ch_)z, observe that the generating func-

tion can be completely determined using (A.21) and (A.23)

c—1
U (z) = Z UJ(") (z—1Y. (A.24)
=0

(c)

Therefore, the remaining probabilities 11, ... Hg?z can be expressed as

—1

c d]U(C) 3 i—j ] c .
) = J'( deU)Z_O:Z(_l)f@Uf), (i=0,....,c—2). (A25)

i=j

A.4. Distribution of the waiting time

Denote by W, the waiting time in the system before service of the nth customer and let
Fy, (1) =P[W, <1. Following the construction of the embedded Markov chain, we know that

the nth customer finds QT" customers in the system ahead of them. Therefore, if an =j<c
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then the service starts without waiting and if Qg) =j > c they must wait for j + 1 — ¢ success-
ive departures, which follow a Poisson process of intensity cy. From these two facts, it follows
that

CZ:IIP’[ )—]]+ZP[ ]/O _cux((cf”c)j'ccudx, (A.26)
j=0

j—o)!

Now, assuming that p = A/(cp) < 1, ensuring that the system converges to a steady-state
(as shown in A.3), and taking limit when n goes to infinity gives [32]

Jj—c
Fw(f) = lim Fy, (1) ZH(‘)+ZH / C”x(]'ux)c)!cudx. (A.27)

n— o0
j=0

Using the fact that HJ(C) =A(c*Y=¢if j > ¢ — 1 we have that

c—1 oo
S0 = 1-Y 4@y = A
j= j=c

and

ZH(C/ _Cux(/‘x))c,udx /c,uAe LMZ(U(]-CiMC))!dx

J i=c
I *
:c,uA/ efcux(lfo' )dx
0
A A .
- — e ~enll=aT), (A.29)

l—0o* 1-0*
Finally, substituting (A.28) and (A.29) into (A.27), we obtain
A
1—o*
This, in turn, implies that the time an arbitrary customer waits for their service to begin once
the system reaches a steady state, denoted by W, is such that

Fy()=1- e~ (=0 )ent (A.30)

A .
P[W> 1 = ﬁe_(l_” Jeut, (A31)

Appendix B. Difference between arriving customer distribution and outside
observer distribution

Consider a queueing system with a deterministic arrival process, a deterministic service time
and a single server. We denote this system by D/D/1. Assume that customers arrive at the
system every 10 min and that it takes 5 min to fulfil the service of each one of the customers.
That is, P[r, = 10n] = 1, P[A, = 10] = 1, and P[T,, = 5] = 1 for each n > 1; where 7, is the
arrival time of the nth customer, T, is the service time of the nth customer and A, is the inter-
arrival time between customers 7 and n — 1. This implies that the arrival rate is A = 10~! and
the service rate is ;1 = 57!, see figure B1(a).

Define the embedded Markov chain {Q(T,l,) }u>1 in the usual way, where o) = o) (1) 1s
the number of customers waiting in the line ahead of the nth customer, just prior to the time
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Figure B1. Sample path of the queue length in a D/D/1 system where customers arrive
every 10 min and are served within 5 min and its respective embedded Markov chain. (a)
Queue length process for the D/D/1 system. Each arrival and each departure generate
a discontinuity of size one, making the sample path right continuous. The solid dots
represent the actual value of the queue length at the time of arrival and departure and the
empty dots represent the value just prior to said events. (b) Embedded Markov chain of
the queue length process for the D/D/1 system.

of their arrival. As customers arrive at the system every 10 min and their services only take
5 min, each customer fulfils their service before the arrival of the next one, and each arriving
customer sees zero customers waiting in the line ahead of them, see figure B1(a). Therefore,

;ll) =0 for all n > 1, see figure B1(b). It is now clear that the arriving customer distribution
is given by H(()l) =1 and Hf,l) =0 for n > 1, since the probability that an arriving customer
finds zero customers in the system is one.

On the other hand, in continuous time the system has on average one customer half of the
time and zero customers the other half. This implies that the probability that an outside observer
at an arbitrary point of time finds one customer in the system is 1/2 and the probability that
they find zero customers in the system is 1/2. Hence, the outside observer distribution is given
by P" =P{" =0.5and P{") =0 forn > 2.

Finally, it is easy to confirm that the arriving customer distribution and the outside observer
distribution satisfy the relation stated in (2.17):

m_ LA

P] :7:71_[0 and PS[I) :0:— forn>2,
M

and

> 11
PV =1-PV =3P =1 -5=5
n=2

Appendix C. Equilibrium statistics for the G/M /1

Let Qg)) = lim,_, o, Q'Y (¢) be a random variable representing the queue length at steady state,
and let Q(Tll =1im,_,o, Q" (7,) be a random variable representing the queue length at the
time of arrival of an arbitrary customer at steady state. That is, Q(olo) has the outside observer
distribution of the G/M/1 and Q') has the arriving customer distribution of the G/M/1,
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Q(Tl) ~ Geom(1 — o*). Here, we compute the first and second moments of Q(OL), using the

oo

moments of the geometric distribution. We begin by computing the first moment of Q(OQ:
(oo} A o0
2ol] = > =23 i -an) o)
= e

72 (i+1)(1=0%) ()
Mz:O

2[ ll—a a)i—i—i(l—a*)(a*)i]
i= i=0

- [“)} D=l 5]
:m

Similarly, the second moment of Qélc) is

=[(e)] - -gar0- ey

]—l

72 (i+1*(1=0")(c*)

A o*+(o*)2 20* 41
o 1—-o0* 1—o0*
_)\ 1+o0

mo|(1=0%)?

Appendix D. Survival function of the superposition of inter-arrival times

Let {A,},>0 be a sequence of nonnegative random variables with distribution Fa (x). We
define the renewal process as the sequence {S, },>o defined by So =0 and S, := Ay +--- +
A,,. Generally, the random variables A,, are known as the inter-arrival times, and the random
variables S, are known as the renewal epochs. Thus, we can define the counting process {N(?) :
t > 0} associated with the renewal process {S, },>0 as

N(1) :=sup{n>0:5, <1} (D.1)

It follows that Sy, < ¢ and Sy, = t almost surely. Therefore, we can define the following
lifetime processes associated with the renewal process. We define the forward recurrence time
as A(t) :=t — Sy, for t > 0. This represents the time elapsed from the last renewal epoch up
to time 7. We also define the backward recurrence time as B(t) := Sy(;y41 — t for t > 0. This
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represents the time elapsed between observation ¢ and the next renewal epoch. With these two
definitions we can define the recurrence time as C(t) := A(t) + B(t) = Ay(y41 for t > 0. This
represents the time between two renewal epochs. We now state the key result of the limiting
distributions of the lifetime processes.

Theorem (theorem 1.18 from [58]). Suppose that the mean inter-arrival time, denoted by ~,
is finite (0 < v < 00) and Fa(+) is a non-lattice distribution.

(i) Forx >0

IEI&IP’(A(t)gx)_}y/OX(lFA(u))du. (D.2)
(i) Forx >0

IEIEOIP’(B(t)gx)—’t/OX(IFA (u))du. (D.3)
(iii) Forx >0

tgrgloIP’(C(t) gx):}y/oxudFA (u). (D.4)

We denote the limiting backward recurrence time distribution defined in (D.3) as Fg(x)
and the limiting backward recurrence time survival function as Qg(x) = 1 — Fp(x). It can be
proven that

Op(x) = % / b On (u)du, (D.5)

where Qa(x) =1— Fa(x) is the survival function of the inter-arrival times. Additionally,
denoting the limiting backward recurrence time density, it is easy to corroborate that

f(x) = _%QB (x) = QAW(X). (D.6)

Having all the above results for a single renewal process, we now assume that we have a
family of inter-arrival time sequences

z:=U{al} . (D7)

i>1

where F X) (¢) is the distribution of the ith inter-arrival time sequence. Each inter-arrival time
sequence independently defines a renewal process {S,(,’) }u>o and its associated counting pro-
cess {N(t)®) : t > 0}. We consider {S,SM)}@() as the sequence of renewal epochs obtained by

considering the union of the first M renewal processes { S,(,’) }u>0 and arranging them in increas-
ing order. This represents the renewal epochs, or customer arrivals at a target, coming from
any of M different sources or searchers. We can define a counting process associated with

{S,(f) }u>o in the following simple manner
M

N ()= "N, >0 (D.8)

Assuming that all of the M renewal processes have the same inter-arrival time distribution,
F A, with finite mean inter-arrival time (0 < 7 < 00), we find that the mean inter-arrival time
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for {S,EM)}@() is simply yM~!. Now, the lifetime processes associated with the combined

sequence of renewal epochs {S,SM) }u>o take the form

Ay (1) := min {A(l) 1),...,AM (t)}, >0, (D.9)
and

Bu (1) i=min{BV (1),... .5 ()}, 1>0. (D.10)

We can use these definitions and the results for the limiting distributions of the lifetime
processes for a single renewal process to determine the inter-arrival time survival function
for the superposition of M identical, independent renewal processes. First, we consider the
limiting backward recurrence times By = lim;_, o, By/(f), where we consider the limit Bl =
lim,_, o B®)(¢) for each i € {1,...,M}. Using the definition of the backward recurrence time
of the superposition process (D.10) and the result of the limiting distribution for the backward
recurrence time (D.3), we obtain

M o M
P (By > x) :IP’< min BY >x> :HP(B(i) >x) = <,1y/ On (u)du> . (D.11)

1<isM o
i=

Denoting the limiting backward recurrence time density for the superposition process by f3,,
we have

fBM(x):—%]P’(BM>x):QA (x)]‘j(i/mQA (u)du> I )

Now, using the fact that the limiting backward recurrence time density equals the survival func-
tion of the inter-arrival times over the mean inter-arrival time (D.6) and denoting the survival
function of the inter-arrival times for the superposition process by Qs we finally have that

Om (x) = Qa (x) (i /xoo On (u)du>M_l. (D.13)
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