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ABSTRACT 

In the first three chapters, the analysis of a number, say n, of 

independent time series is considered in a Normal theory context. 

Chapter 1 deals with the simplest case of n replicates of a first 

or second order autoregressive stationary process. The emphasis is 

on asymptotics as n tends to infinity and the length of the series 

is fixed. The likelihood conditional on the initial values of each 

of the n series produces estimates of the parameters which are 

appreciably less efficient than the ones derived from the uncondi-

tional likelihood. Chapter 2 and 3 consider more complex situations 

(allowing for non-stationarity and non-identical distributions) 

with special attention for Markov processes, using the unconditional 

likelihood. Chapter 2 deals with systematic effect models, while 

Chapter 3 deals with latent structure models. 

In Chapter 4, a stationary Markov process {9^}, not necessarily 

Normal, is observable only indirectly, via a process {Y^}. More 

precisely, the current value is sampled from a distribution deter-

mined by the current value of and it is conditionally independ-

ent of all past values of {9^} a n d ^ }. A procedure is proposed for 

approximating the conditional densities of and given 

A method for approximating the likelihood of a .stationary time 

series is studied in Chapter 5. General results on the asymptotic 

properties of the associated estimates are given, and numerical com-

parisons with other estimators are carried out in special cases. 

In Appendix A, it is proved that the likelihood of a stationary 

Normal Markov process with unknown mean, variance and autocorrelation 

is unimodal. Appendix B studies a Markov process with Beta marginal 

distribution; its transition law and the autocovariance function are 

determined. 
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Chapter 1 

REPLICATED OBSERVATIONS OF LOW ORDER 

AUTOREGRESSIVE TIME SERIES 

1.1 Introduction 

We shall deal with the analysis of a number of independent short time 

series. Much time series theory is concerned with asymptotic results 

holding for a single series, as the length of that series tends to 

infinity. Here, by contrast, we assume that a moderate or large number 

of series is available, the length of the component sections being 

possibly quite short. 

Such data can arise in two ways. First, we may have a single series 

observed in a number of sections, the sections being sufficiently far 

apart to be treated as independent. Second, suppose that treatments are 

applied to a number of individuals and a response observed every time 

unit for each individual, the response for any one individual being 

assumed to be sampled from some discrete time process. 

This kind of problem has received limited attention in the 

literature. References to known work will be made at appropriate 

places in the text. We only mention now papers which, although 

concerned with the same topic, have little relationship with the 

present thesis. Shumway (1970), Borpujari. (1977) and Brillinger (1980) 

essentially test whether n independent non-stationary series have 

common mean vector through a frequency domain approach, introducing 

an "analysis of power" table. Anderson (1978) considers multivariate 
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scries, but he works essentially with the likelihood conditional on 

the initial values, in a terminology explained later. Farrow (1979) 

refers mainly to first order autoregressive and first order moving-

average models with special emphasis on computational aspects. 

The present chapter deals with the simplest, rather restrictive, 

case of replicated series, namely when n independent realizations of 

univariate series are sampled from a simple stationary autoregressive 

process of order one or two. We let n tend to infinity keeping the 

length of the series fixed. Study of this simple case is valuable in 

part because it clarifies qualitatively the relation to standard 

asymptotic theory, that is when n=l and the length of the series tends 

to infinity. More complex situations, allowing for non-stationary and 

non-identical distributions, will be considered in subsequent chapters. 

1.2 First order autoregressive series 

Let {y^ t for t=l,..., T^; i=l,..., n} be a set of Normal random 

variables (r.v.);y. is independent of y. if i ^ j. We suppose here 1 » t J , T 

that, for each i, {y^ t for t=l,..., T^} is a section of a first order 

autoregressive processes and these processes are identically distributed 

Assume T^ •> 2 for all i, and define T=^T^/n. 

First, we consider the case of zero mean. We therefore assume the 

model 

yi,t = a yi,t-l + £i,t ' la'<:L ' t = 2»---» Ti; i=l,...,n; (1) 

where, for each i, the ê , t are independent and identically distributed 

(i.i.d.) N(0,a 2), i.e. {e. } is Gaussian white noise. If the initial l, t 

values y. - (i=l,...,n) are regarded as sampled from the stationary 
1 j -L 

distribution N(0, o 2/(l-a 2)) the loglikelihood for the unknown para-

meters (a2,a) is 



£ ( 0 , a 2 , a ) = - i n T log(27Ta2) + \ n l o g ( l - a 2 ) " ^ a 7 { d l l ~ 2 a d 1 2 + a 2 d 2 2 

where (2) 

n T.-r+l 
drs = \ 'J yi,t yi,t+r-s (l£r< s) , 

1=1 t=s ' 

with the usual convention that a sum is zero if the lower limit 

exceeds the upper limit. 

We consider now (a2, a ), the maximum likelihood estimate (MLE) of 

(a2, a ) from (2). When a is known, a 2 is easily computed, namely 

a 2 = ( d u - 2 £ d 1 2 +S 2d 2 2)/(nT) ; 

then a satisfies 

a 3 d 2 2 (T- 1)/T - a 2 d 1 2 (T-2)/T - a (d22 + d u / T ) + d 1 2 = 0 , 

which has one real root for each one of the open intervals (-00, -1), 

(-1, 1), (1,°°). This is a trivial generalization of a known result 

for n=l (White, 1961). 

If we assume that T̂ , = constant = T and let then strong con-

sistency of (a2,a) follows using, for instance, theorem 4.1 of Berk 

(1972); the distribution is asymptotically normal with variance matrix 
2{T-l-(T-3)a2}ot+ ^ a o ^ l - a 2 / 

V(a2,a) 'v 
^ -2aa2(1-a2) T(l-a2)2 

(3) 
n {T-(T-2)a2} (T-l) 

In time series theory it is very common to consider the loglike-

lihood conditional on the first observation. If we do this for each 

one of the n time series, the loglikelihood is 

£ (0,a2,ct) = -jn (T-l) log(2Tra2) + 
° i (4) 

{d n i - Zy2 - 2ad10 + a 2(d 0 0+Zy 2 ,)} 
2
 1 1 i * 1 1 2 2 2 i . l ' 

which holds also for | a | _> 1. The HLE (a2,a ) of (a2,a) is given by 
c c 

a 2 = {dnl - Zy2 - 2a d- 9 + a 2(d 9 9 + Ey2 JJ/fnCT-l)} , c 11 i,l c 12 c 22 1,1 
Sc • d12 / ( d22 + Eyi,l} • 

Strong consistency and asymptotic normality of (o2,ac) for series 

of equal length T can be established as follows. Let us denote by h 



the probability density function (p.d.f.) from which the y. 
^ » 

(i=l,...,n) are sampled, so that, for one individual series, the 

p.d.f. is 

' r r l ^ W 2 f(y1,...,yT) = h(y^) exp 
(2tt a * ) 

having dropped the suffix i. Clearly, the MLE for (a2,a) using density 

f is still (a2,a ) so that we can apply theorems for unconditional c c 
maximum likelihood estimation to i-s easy to check that 

conditions for theorems 4.1 and 6.1 of Berk (1972) are satisfied if 

E(y^)<°°, plus the identifiability condition E(y2) > 0 if T=2. In 

particular, if E(y2) = a2/(1-a2), the asymptotic variance matrix is 

'2 a 4 0 

0 1 - a 2 
V(a2, a ) ̂  (5) 

C C n(T-l) 

In fact, strong consistency can be established by applying a 

conditional inference argument to Z^ and using a theorem of Andersen 

(1973, p.51), under the single assumption that E(y^) > 0 when T=2. 

Consider now the case of unknown mean, i.e. the model 

yi,t ~ P = °^yi,t-l " + £i,t ' t=2,...,Ti; i=l,...,n; (6) 

where \i is an additional unknown parameter, nT>2, E(y. -,) = y and 
l , I 

everything else is as before. The unconditional loglikelihood is 

£(y,o2,a) = £(0,a2,a) - (2a2)"1 (1-a) {-2y(d - a d j + 
1 2 (7) 

+ u 2 n (T- (T-2)a) } , 
where 

n T.-r+l 
d r " J , [ l y i , t * 1=1 t=r 

Look for the MLE of (y,a2,a). For any fixed a, the values of y,a2 

which maximize (7) are 

^ ( a ) = n{t(T-2)a} - ^(a) = ̂  { d R - 2ad12 + a 2d 2 2 - ni(a)2 (1-a) x 
r ^ ( 8 > x [T-(T-2)aJ} , 

respectively. Substituting these into 8£/8a = 0, we find after some 
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algebra that the MLE a of a satisfies 
5 

C(a) = I c aJ = 0 , (9) 
j=0 J 

where 

c5 = (T-2)(T-l){(T-2)d22 - b22>/T , 

c4 = -2(T-2)(T-l)d22 + (2T2-3T+2)b22/T - (T-2)3d12/T + 

+ (T-2)2b12/T , 

c3 = -(T-2)2du/T + (3T-4)d22 + (T-2)bn/T - b ^ + 

- 2(T2-2T+2)b12/T + 2(T-2)2d12 , ( 1 0 ) 

c 2 = 2(T-2)dn -(T-2)b11/T - 2(T-2)d12 + 2T(T-2)d22 - (2T-l)b22 , 

C1 = "Tdll " + bll + 2 T b12 " 2T(T"2>dl2 + Tb22 ' 
C0 = d12 " T b12 " bll 

and 
2 2 

bll = dl/n » bi2 = ^ ^ Z 1 1 > b22 = d2^n * ^ ^ 

In Appendix A, it is proved that (9) has one and only one real root 

in the open interval (-1,1), which therefore corresponds to a maximum 

of £. 

Since the information matrix is block diagonal, the asymptotic 

variance matrix of (a2,a) is given by (3) and 

var(y) * o2{n (1-a) (T - (T-2)A) }"X (12) 

as for series of equal length T. 

Consider now the loglikelihood conditional on the starting values, 

that is 
£ (y,a2,a) = £ (0,a2,a) - (2a2)"1 (1-a) x (13) c c 

X {-2y(d 1-Ey i j l-a(d 2+Ey i j ) + n(T-l)y2(l-a)} 

The MLE (^cJa^>a
c) (y»°f2»a) c a n be easily written down in explicit 

form. The asymptotic variance matrix of (a2, a^ , when the y^ ^ (i=l,...,n) 

are sampled from N(y,a2/(l-a2)) , is given by (5) and 
var (y ) * a 2 {n(T-l) (1-a)?}"1. (14) c 
Figure 1.1 and 1.2 give some numerical comparison of 
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Figure 1.1: 
ARE of estimators for stationary AR(1) Normal process 

based on conditional likelihood plotted versus the auto-

regressive parameter. 

I 



Figure 1.2 
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Generalized ARE of estimators for stationary AR(1) Normal 

process based on conditional likelihood plotted versus the 
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versus ({i,a2,a). In Figure 1.1, the asymptotic relative efficiency 

(ARE) of each component separately is plotted versus a, for T= 10 . 

Figure 1.2 gives the generalized ARE, defined as the ratio of the 

asymptotic generalized variances when T=5,10, 25. These figures show 

that, even for moderate values of T, there is a not negligible loss 

of efficiency in using Z instead of I when the latter is appropriate, 

at least when a is positive, which is the most common case in prac-

tice. The fact that no explicit expression for a is available is not 

a serious problem because (9) can be solved efficiently. Therefore Z c 
should be used only when stationarity cannot be assumed. 

1.3 Second order autoregressive series 

We now suppose that the data are generated by the model 

yi,t = alyi,t-l + °2yi,t-2 + £i,t ' t=3,...,T. ; i=l,...,n, (15 

where T^>_3 (i=l,...,n), the are i.i.d. N(0,o2) and |a2|<_l, 

a^ + a 2 < l , c^-a^cl. We consider three different types of likelihood 

for model (15): (i) unconditional likelihood, when the starting values 

y- i » y- o (i=l,-..,n) are sampled from the stationary distribution, . 

which is Normal with zero mean vector and variance matrix 

a 2 
1 - a 2 - a 1 ( l + a 2 > 

- a ^ ( l + a 2 ) 1 - a 2 

- 1 

see, for instance, Box and Jenkins (1970, p.275); (ii) likelihood 

conditional on y. - (i=l,...,n) assuming that y. ? (i=l,...,n) are 
1 ,1 l , z. 

sampled from the stationary distribution conditional on the y^ 

(iii) likelihood conditional on y. - , y. 9 (i=l,...,n). Let us denote 1 ,1 1,z 

by Z Z , Z 0 the three loglikelihoods, respectively. Explicit expres-cl c2 
sions of the asymptotic variance matrices of the estimates are intri-
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Figure 1.3: 
Generalized ARE of estimators for stationary AR(2) Normal 

processes based on I
 1 

likelihood, T = 10. 



gure 1.4: 
Generalized ARE of estimators for stationary AR(2) Normal 

processes based on I 
likelihood, T = 10. 



cate but numerical evaluation is straightforward. 

If we allow the mean to be non-zero, say y, the asymptotic variance 

matrices of MLE's of (a2, a^, a^) are unchanged, because the information 

matrix is block diagonal. Asymptotic variances of MLE's of y are 

easily computed explicitly. 

Figure 1.3 and 1.4 show the generalized ARE of estimates derived 

from £ i and £ _ versus that from £ when the mean is unknown, the cl c2 ' 
starting values are sampled from the stationary distribution and = 

10. The main feature is that I ^ has a very low efficiency over a wide 

area of the parameter space; £ ^ gives estimates of higher efficiency, 

but it makes the same assumptions on the parameter space as £ without 

simplifying the actual computation of the MLE. However,it is of 

interest when y. - is not sampled from the stationary distribution. i , ± 

Indeed, the actual computation of the estimates is more complicated 

than in section 2. If we use £ and y = 0 is assumed, then (a^,^) is 

given by the simultaneous solution of a cubic and a quartic. If y is 

not known, the values of y which maximizes £ for any given (a^o^) is 

a simple function of (d^jd^, d^) ; similarly for a2. The parameter 

space of can be searched starting from the MLE derived from 

£ , which is obtained by solving two linear equations in two variables. 

1.4 Testing for stationarity 

One of the purposes of section 2 and 3 was to evaluate the loss of effi-

ciency using an(l ^c2' respectively) instead of £ when the series 

are actually stationary. On the other hand, £ will be misleading when 

the series are non stationary. We might want a tool for testing whether 

the series are stationary or not. In standard asymptotic theory (i.e. 
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when n = 1, T-)-00) there is hardly any need for a formal significance 

test for the hypothesis |a| < 1, because the plot of the data will 

usually be sufficient; by contrast, departure of the distribution of 

the initial values from the stationary one usually has little chance of 

being detected. In the present framework the situation is, to a large 

extent, reversed: for small T, the plot of the data could easily 

appear stationary for |a| equal to or just larger than 1, while the 

distribution of the initial values can be consistently estimated as 

Therefore, writing y = E(y. ), o 2 = var(y. ), we want to test the 
i i»J- J. l, 1 

null hypothesis 

Ho = | a | < 1, y 1 = y , a 2 = o 2/(l-a 2) , 

against H0. It appears that the theory of tests does not provide any 

technique for this system of hypotheses. On the other hand, failure of 

| ot | < 1 has an entirely different physical meaning of departure of the 

initial distribution from the stationary one. So it makes sense to test 

|ot | < 1 first, irrespective of y^ and a2. Then, in principle, one could 

consider the statistic of Davies (1977) for testing a = l (note that the 

likelihood does not depend on y at a = 1), but the large number of 

nuisance parameters makes the approach intractable. Alternatively, one 

could consider the loglikelihood 

£*(y1,a2,y,a2, a) = -J n log^na2) - ( Z a * ) " 1 ^ ^ y)2 + *c(y,a2,a) ; 

for which the MLE of a is a , and derive a confidence interval for a c 
from a standard asymptotic argument. The only special point is that, 

although the information matrix is singular at a=l, 

lim (asymptotic variance of a } = — i c n a -> 1 c 
( T - 1) 

irrespective of the side from which a->l. 

T- 2 + 1 
2 2 j 

a J O " 1 

If | ot | < 1 has been assumed, one wants to test whether y^ = y, o 2 = 

a2/(l-a2), either simultaneously or separately. Derivation of 



testing procedures is routine work and details are not given. 

1.5 A design problem 

In section 2 and 3, we have taken the number n and the sequence T^,...,T 

as given. It might be that we can choose them before sampling, under a 

certain constraint on the total cost of sampling. What is the optimum 

allocation strategy? There are many possible specifications. Even if we 

decide to take "optimum" as synonymous with having minimum variance, it 

is unlikely we are equally interested in all parameters. 

Consider the following special version of this problem. For model (6) 

with initial values taken from the stationary distribution, let a1 be 

the cost of sampling the first observation of each series and b the cost 

of sampling any observation after the first one. Then, after division by 

b, the total cost is 

for a= (a'/b) - 1, a > -1 . Given a value C> 0, we look for the value of 

which maximizes the diagonal element of the information matrix, 
D O 

say, of a parameter 8 when the series are of equal length. No a priori, 

distribution on the parameter space is introduced, because the goal is 

to examine the dependence of the optimum sampling strategy on the 

parameter of interest rather than working out an operating rule. 

Substituting (16) into the information matrix we get 

for ljinji C/(a+2). The following points hold: (i) in all cases the 

optimum sampling strategy is either n = l , T = C or n=C/(a+2), T=2; 

C = (a + T) n (16) 

I = a-2 (1 - a) { (1 - a) C - n (a(l - a) - 2a) } , 

I a 2 a 2 = ( c - a n ) , 



( i i ) f o r e s t ima t i ng a 2 , the cho ice depends on ly on the s i g n of a; 

( i i i ) f o r e s t ima t i n g ji and a , the cho ice i s i n favour o f n = C / ( a + 2 ) , 

T = 2, when 

n ^ a a 2 ^ a+ 1 > o r > x , (17) 1 - a 2 2 

1 - a^ 

r e s p e c t i v e l y . Let a ' be the l a r g e s t va lue of a such that the f i r s t one 

of (17) i s f a l s e ; ana l ogou s l y |a"| f o r the second i n e q u a l i t y . Some SL 

numerical v a l ue s are g i v e n i n Table 1 . 1 . 

I n s p e c t i o n of Table 1 . 1 shows that i n many p r a c t i c a l s i t u a t i o n s a 

can be assumed to be g rea te r than a 1 , but |a| > |a"| i s l e s s common. a a 

Suppos ing that an a priori d i s t r i b u t i o n on a has been in t roduced, con -

f l i c t i n g i n t e r e s t s i n the e s t i m a t i o n on y and a can a r i s e i f these 

parameters are of equal importance f o r u s . 



Table 1.1: Some values of a1 and a" a 1 a 

a - 0.5 0 0.500 1 2 

a' - 0.333 0 0.200 0.333 0.500 a 

a"I 0.447 0.577 0.655 0.707 0.775 a1 
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Chapter 2 

DETERMINISTIC MODELS FOR NON-IDENTICALLY 
DISTRIBUTED MARKOV SERIES 

2.1 Introduction 

The situations considered in Chapter 1 are too restricted to be of 

interest in applications. If we think of each of the n times series 

as the history (value of the response variable) of an individual over 

a period of time T, then an allowance must be made for differences 

between individuals which might influence the response variable. In a 

clinical experiment, where individuals are given a treatment and then 

observed every hour for 24 hours, the response variable(s) might be 

influenced by factors such as sex, age, presence of some disease, and 

so on. 

A second aspect to be taken into account is possible non-stationa-

rity of the series. In the above example, the effect of the treatment 

is possibly high at the beginning of the observation period and then 

dicreases. Of course, a further generalization allows non-stationarity 

to be different from series to series. Similar arguments apply if we 

think of the n series as fairly spaced sections of a unique realiza-

tion of one process. 

This kind of problem has been studied in the sociological and eco-

nometric literature under the name of "panel data". In particular, the 

issue of April-September 1978 of the Annales de l'INSEE has been en-

tirely dedicated to this topic. The emphasis has been mainly on con-

tinuous dependent variables, although there are exceptions, notably 



that of Heckmann(1978) who develops a continuous latent structure 

model for dichotomous observations; For continuous observations, very 

general models have been considered based on normality assumption or 

associated second order theory. However, for all papers of which the 

author is aware either no autocorrelation is supposed for data of the 

same individual along time, or autoregressive models are considered, 

but the likelihood conditional on the p initial values is considered, 

if p is the order of the autoregression. Examples are Joreskog (1978, 

p. 360) for a fixed effect model, Marodier and Trognon (1978) for a 

random effect model; Wansbeek and Kaptein (1978) consider both. 

Ignoring the contribution to the likelihood from the initial values 

simplifies dramatically the mathematical treatment of the problem, but 

has the drawback of producing inefficient estimates if T is not mod-

erately large, as shown in Chapter 1. For this reason, we shall work 

with the unconditional likelihood as long as possible. Fixed effect 

models are considered in this chapter; random effect models in the 

following chapter. Sections 2 and 3 of this chapter deal with model-

ling of the mean of the process. Section 4 and 5 do the analogous 

thing for the autoregressive parameter. 

2.2 Stationary series with different means 

Assume that the n series satisfy the model 

yi,t " yi = a (yi,t " yi } + £i,t ' t=2,...,T.; i=l,...,n, (1) 

where |a|<l, and the e^ ^ are white noise N(0,o2); y^ ^ is sampled 

from the stationary distribution N(y^ ,cr2/(1-a2) ) . For the vector of 

the means y=(y^,...,y )1, we assume the linear model 

y = X3 , (2) 



where X is a full rank n * p matrix (n>p) of covariates and 3 is a 

p x 1 vector of unknown parameters. 

If X is the identity matrix of order n, then this model reduces to 

a one-way classification with autocorrelated errors within each row. 

Box (1954) has studied the effect of autocorrelation on the signifi-

cance level of the usual analysis of variance (i.e. ignoring auto-

correlation) when testing equality of the means of the rows, showing 

that even a small autocorrelation has a dramatic effect on the actual 

significance level of the F-test. Box worked with a first order moving 

average model but it is usually recognised that, qualitatively, the 

result holds more generally. 

A two-way classification with autocorrelated errors within each 

row has been considered by Larsen (1969) in a Bayesian framework, the 

main purpose being computation of the posterior distribution of the 

parameters given a locally uniform prior density. See also Ljung and 

Box (1980) who assume a circular autoregressive process within each 

row and use Jeffreys uninformative prior distribution. 

For series of equal length T (T>2), the loglikelihood for model (1) 

is 

£(J : ,A 2 ,A ) = -jinT log (2TTO2) + £nlog (1-a 2) + 

- (2a2)"1 { d n ~2ad12 + a 2d 2 2 + (l-a)x 

x [(T-(T-2)a)3/X'XJ3 - 2j3?X,(d1 - ad2>) } , 

where d is defined as in Chapter 1 and rs 
T-r+1 T-r+1 
. J y i , t ! y„,t • 

v. t = r > t=r ' 

Look for the MLE of a 2, a. For any fixed a, the values of a2 

which maximize the loglikelihood are 

g(a) = {T- (T-2) a } _ 1 (X'X)""1 (d^-ad^ , 

a2(a) = (nT)"1 {d - 2ad12 + a 2d £ 2 - (l-a)x 

x ( b u - 2ab12 + a2b22)/(T-(T-2)a)} , 



respectively, where 

b = d'X (X,X)"IX' d . (3) rs —r —s 
Substituting J3(a) , a2 (a) into 8£/8a = 0, we find after some algebra 

that the MLE a of a satisfies 
5 
I c. aJ = 0 , (4) 

j=0 J 

where the coefficients cj's a r e the same of Chapter 1, except that brg 

is now given by (3) . By similar arguments to those of Appendix A, it 

can be proved that, with probability 1, equation (4) has one and only 

one real root in the open interval (-1,1). Note that the whole proce-

dure needs only one matrix inversion. 

An alternative estimate of J3 is 

i = (X'X)"1 X' m , 
- 1 7S 

where m= T d^ is the vector of the sample means; 3̂  does not depend 

on the autocorrelation. Its variance matrix is 
a2 

V(3) = -
T(1 - a 2) 

1 + a 2 a (1 - a T) 
1 - a T(l-a) 2 

(X'X)"1 

We compare 3_ with the uniformly minimum variance unbiased (UMVU) esti-

mate of 3_ for fixed a, i.e. J^(a), whose variance matrix is 

v(|(o)) = a2{(l-a)(T-(T-2)a)X'X}"1 . 

The ratio of the determinants of these two variances is the same as 

the ARE of the sample mean versus the UMVU estimate of the mean for 

one individual series. Chipman et at.(1968) have shown that this ARE 

is very high for 0< a< 1, with greatest lower bound 0.87769. Only for 

a close to -1, there is a strong superiority of j3(a) over _8, but this 

situation is fairly rare i n practice. All of this suggests that 3_= _3(a) 

is not much better than for 0 < a < 1. However, we must not conclude 

that £ is unimportant; for instance, in the one-way classification 

mentioned earlier in this section, reduces to m with no estimate of 

the residual variance, while a likelihood ratio test is possible via jL 



I f the s e r i e s have d i f f e r e n t l e n g t h T , , . . . , T , then I n 
1 ( a ) = { ( l - a ) X ' D T X + 2 a X , X } ~ 1 X ' ( d - a d 2 ) , (5) 

a 2 ( a ) = ( E T . ) " 1 { d u - 2 a d 1 2 + a 2 d 2 2 - ( l - a ) B ( a ) ' X ' ( d 1 - a d 2 ) } , 

where D = d i a g ( T - , . . . ,T ) and the d e f i n i t i o n of d i s mod i f i ed i n a 
T i n —r 

obv i ou s way. U n f o r t u n a t e l y , the i n v e r s e mat r i x i n (5) i s d i f f i c u l t to 

hand le and no equa t i on c o r r e s p o n d i n g to (4) cou ld be found. For com-

p u t i n g the MLE of a , we e v a l u a t e the maximum of the l i k e l i h o o d f o r 

any f i x e d a , t ha t i s 

£ ( a ) = £ ( g ( a ) , a 2 ( a ) , a ) 
I U a X " " 

= - H E T ^ l o g a 2 ( a ) + | n l o g ( 1 - a 2 ) + cons tant , 

and maximize £ (a) n u m e r i c a l l y . Th i s i n v o l v e s a new pxp m a t r i x 
max J r r 

i n v e r s i o n f o r a l l v a l u e s o f a . 

The i n f o r m a t i o n m a t r i x i s b l o c k d i a g o n a l . The b l o c k f o r ( a 2 , a ) i s 

the same o f Chapter 1. The b l o c k f o r i s 

a~ 2 ( 1 - a ) { ( l - a ) X ' D T X + 2 a X ' X } . 

2 .3 N o n - s t a t i o n a r y s e r i e s w i t h d i f f e r e n t mean v e c t o r s 

I n a more e l abo r a te s i t u a t i o n , a t i m e - e f f e c t can be combined w i t h an 

i n d i v i d u a l - e f f e c t , the s i m p l e s t form of combinat ion be i ng a d d i t i o n . For 

s e r i e s o f equa l l e n g t h T, c o n s i d e r then 

y . - y . = a ( y . - y . , ) + e. , 

where y . i s decomposed as 
l , t 

y . = y . + y* . 

Suppose t h a t , f o r £ = (y , . . . ) ' , = (y * , . . . , y * ) ' , 

n = XS , y* = Z c. , 

where X and J3 are as i n the p r e v i o u s s e c t i o n , Z i s a f u l l rank Tx q 

m a t r i x (T>_q) of known f u n c t i o n s o f t at t = l , . . . , T , and i s a q x 1 

v e c t o r of unknown pa ramete r s . T y p i c a l l y , the e n t r i e s of the columns 



of Z a rc v a l u e s of " p r o p e r " f u n c t i o n s of t , such as cos t , e , and 

so on. But Z can a l s o be used to a l l ow f o r s t i m u l i w i t h t r a n s i e n t 

e f f e c t ; f o r i n s t a n c e , i f we measure the b lood g l uco se l e v e l of n i n d i -

v i d u a l s every hou r , the t - t h e n t r y of a column of Z may rep re sent the 

amount o f food eaten i n the hour p reced ing time t . B i o l o g i c a l g rowth 

cu rves p r o v i de o the r a p p l i c a t i o n s of the model; the " n a t u r a l " d e v e l -

opment o f an i n d i v i d u a l i s i n t e r p r e t e d v i a Z£, wh i l e d i f f e r e n c e s 

between i n d i v i d u a l s such as breed or i n i t i a l we ight are accounted v i a 

X3. 

I n the above model, n o n - s t a t i o n a r i t y i s a l lowed f o r , but i t s form 

i s r e s t r i c t e d to be the same f o r a l l n s e r i e s . I n p r a c t i c e , such a 

r e s t r i c t i o n needs o f t e n to be v i o l a t e d , s i n c e d i f f e r e n t i n d i v i d u a l s 

may r e ce i ve d i f f e r e n t s t i m u l i d u r i n g the o b s e r v a t i o n p e r i o d , o r they 

may r e c e i v e them at d i f f e r e n t t ime s . Therefore we g e n e r a l i z e f u r t h e r 

the model, l e t t i n g Z to depend on the i n d i v i d u a l . I n o ther words , we 

w r i t e 

y . = y . + y * , \i* = Z. X> 
l , t 1 1 , t ' — l i — 

w i t h _y*= (y .* - , . . . ,y ? _) 1 . There i s a danger of o ve rpa ramete r i z a t i on , 
l l , I l , l 

which would o c c u r , f o r i n s t a n c e , i f X and a l l Z. f s had a column o f l ' s 

but these columns o f l ' s a re not the o n l y p o s s i b l e t r ap . We s h a l l 

r e t u r n to t h i s p o i n t ; f o r the moment, assume t ha t no o ve rpa r amete r i -

z a t i o n o c c u r s . 

The l o g l i k e l i h o o d i s 

£ ( 3 , 5 , A 2 , a ) = - | n T l o g (2TTO2) + | n l o g ( l - a 2 ) + 
(6) 

n 
~ ( 2 a 2 ) 1 I ( Z i - W.3_- Z ^ ) ' OT1 ( Z i - WJ3 - Z J 0 , 

i = l 

where W. = l x ! i s a T x p m a t r i x w i t h a l l rows equal to the i - t h row of 
i I 

X , and a - 2 ft"1 i s the i n v e r s e o f the v a r i a n c e m a t r i x . For a f i r s t o rde r 

a u t o r e g r e s s i v e p r o c e s s , 



' l - a 0 . 0 
\ 

0 

- a 1 + a 2 - a . 0 0 

n " 1 = 0 - a 1 + a 2 . 0 0 

0 s» 0 0 - a 1 
/ 

For any f i x e d a , computat ion of the MLE of the remaining parameters 

- 1 
W. 1 

i s s imp le . Def ine 

Hzw • I z l 1=1 

s i m i l a r l y f o r H ^ , H z z , H ^ . Note that 11^= Vn~1lX'X = uX'X, where u 

i s the sum of a l l elements o f ^ * . D i f f e r e n t i a t i o n of the l o g l i k e l i -

hood g i v e s , i n a obv ious n o t a t i o n , 

! <»> - o w - ^ B z l v " 1 ] / " ! - ^ ^ ^ 0 - 1 • 
i = l 

. - 1 

C(a) = H 
- 1 
ZZ 

r n (7 ) 

Z Z ! n - 1 2 i - H Z M £ ( a ) 
1 = 1 

assuming that a l l i n v e r s e mat r i ce s e x i s t ; hence a 2 ( a ) . The a s s o c i a t ed 

l o g l i k e l i h o o d i s 

- £ n T l o g a 2 (a) + £ n l o g ( l - a 2 ) + constant , (8) 

which has to be maximized n u m e r i c a l l y . A l though the computation i s 

more i n vo l ved than i n the p r e v i o u s ca se s , i t i s not p r o h i b i t i v e 

because a ( p + q + 2 ) - d imen s i ona l sea rch i s reduced to a 1 -d imens i ona l 

search f o r which e f f i c i e n t a l g o r i t hms e x i s t . Moreover, computations 

are s i m p l i f i e d i f one takes advantage of the pa t t e r n of £2 ^ ; i n f a c t , 

a l l p roducts of the form u 1 ft "'"v , f o r any two vec to r s ii = ( u ^ , . . . 1 

and v = • • • JV^)'*. c a n be w r i t t e n as 

T T T - l 
7 u v - a 7 (u v , + u , v ) + a 2 ) u v 

. -i t t t t - l t - l V t t 
t = l t=Z t=Z 

and the three sums have to be computed on ly once f o r a l l v a l ue s of a . 

The i n f o rmat i on mat r i x i s b l o ck d i a gona l . The b lock f o r ( a 2 , a ) i s 

as i n Chapter 1. The b lock f o r (3,C) i s 



,-2 
"ww "wz 
Hzw Hzz 

as can be seen directly because, for any given a, the model is a 

linear one with design matrix 

w i z i 

Xo = 
W 2 Z 2 

w z n n 

Therefore, the inverse matrices in (7) exist simultaneously either for 

all values of a (if X 0 has full rank), or for none. This ensures that 

(8) has no "holes". 

Clearly, (7) applies to any Normal process for which ft 1 can be 

computed. This is especially simple for autoregressive processes 

(Wise, 1955; Siddiqui, 1958). In (6) and (8), log(l-a2) must be 

replaced by log|ft - 1 

2.4 Series with different autoregressive parameters 

In this section and the following one, we suppose that the expanatory 

variables influence the autoregressive parameter, rather than the 

mean. This makes sense especially when the Markov model has physical 

motivation and is not simply a mathematical convenience. If such 

physical motivation exists, it is conceivable that the fraction a for 

which is indebted to y - is influenced by covariates. J t •'t-l 
Taking the common mean as zero for the moment, we have 

y . = a. y . - + e . 
i y i , t - l i , t 

retaining previous assumptions on Normality and stationarity. We want 

to write ou as a function of a p-dimensional parameter 3_ and a set of 



c o v a r i a t e s x ! ( i = l . . . . . n ) . Because of the c o n s t r a i n t | a . | < l . i t i s 
— l 1 1 1 

appea l i ng to w r i t e 
exp ( x ! J3) - 1 

a. = t a n h ( J x ! j » = - . (9) 

e x p ( x ! 3_) + 1 

However, (9) does not a l l o w a t r a c t a b l e s o l u t i o n , because the l o g l i k e -

l i h o o d f o r ( a , a 2 ) i s 

Z ( a , o 2 ) = - J ET i l og (2Tra 2 ) + i L l o g C l - a ? ) + 

- ( 2 0 ^ ^ > - 2 a . d ( i > ) , 

where a = (a. , . . . ,a ) f and 
— 1 n 

, . . T . - r + l 
d = ) y . y . 

r s ^ i , t • ' l . t + r - s 
t = s 

When (9) i s r ep l a ced i n t o £ (cx ,o 2 ) , no r e d u c t i o n to lower d imens i ona l 

s u f f i c i e n t s t a t i s t i c i s p o s s i b l e ; a d i r e c t s ea r ch of the parameter 

space i s n e c e s s a r y f o r computing the MLE. An approximate s o l u t i o n to 

t h i s problem i s v i a the l o g l i k e l i h o o d c o n d i t i o n a l on the i n i t i a l v a l ue s 

y i , l ' " " y n , l 

Z ( a , a 2 ) = - * Z ( T , - 1 ) l o g ( 2 i r a 2 ) + 
c — 

n 

2a 2 i = l 

The c o n d i t i o n a l MLE of _3 i s ob ta i ned m in im i z i n g 

( i ) ^ „ /„\2 r , ( i ) , 2 ^ E . 
l l " 2 « i < ! > d 1 2 + « i < l > K ^ ^ U j 

tha t i s m i n i m i z i n g 

- E. d. { a. - a . ( 3 ) } 2 , 
1 1 l I — 

where d. = d ^ ^ + y ? a. = d ^ P / d . . T h i s i s a n o n - l i n e a r weighted l e a s t 
l 22 i , l l 12 x 

squares problem, f o r wh ich r o u t i n e s are a v a i l a b l e . To i n i t i a l i z e the 

a l g o r i t h m , one p o s s i b l e way i s as f o l l o w s . For each s e r i e s independ-

e n t l y , compute an es t imate cL of a^ ; i n v e r t i n g ( 9 ) , compute 

1 + a . 
§ = l o g ^ ( i = l , . . . ,n) ; 

1 - a . 
I 

then, i n an obv i ou s n o t a t i o n , compute = ( X ' X ) ^ X ' 9_ . 



If the series have unknown mean y, we modify the definition of 

d ( i ) as 
r S (i) Ti" r + 1 

drs * i ( yi > t-^ ) ( yi,t +r-s- p ) 
t=s 

and a search for y must be done. 

An alternative approach is to replace (9) by the less ambitious 

a. =x! 3 , which is considered in the next section, where it also 1 — l — ' 

appears not unreasonable. 

2.5 Non-stationarity caused by the autoregressive parameter 

In section 3 we decomposed a non-stationary (in the mean) series as 

the sum of a zero-mean stationary process and a non-constant function 

of time. An alternative approach interpretes non-stationarity in the 

mean as the effect of time-dependence of the autoregressive parameter. 

For a single time series, we then suppose that y^ is N(y^,a2) and 

yt = <*t_l yt-l + £t (t=2,...,T) , (10) 

where {e^} are i.i.d. N(0,o2) and is a slow-varying function of t, 

parameterized in a few parameters. For instance, if and 
- 1 . o . 

c*t = c*q t , with (Xq around 5a, the series will have a x -like shape, 

which is fairly common in experimental studies. If we believe, say, 

that the effect of the treatment will be higher for individuals that, 

for any reason, at the beginning of the observation period are above 

the average and vice versa for individuals that are below the average, 

then (10) is the appropriate scheme, not the one of section 3. 

This model, when is a polynomial in t with coefficients to be 

estimated, has been considered by Wegman (1974), who has shown how to 

compute the MLE. A more general model is 



where Z i s a ( T - l ) x q m a t r i x ( T - l ^ q ) , whose e n t r i e s are v a l u e s o f q 

f u n c t i o n s of t and £ i s a q - d i m e n s i o n a l v e c to r of c o e f f i c i e n t s to be 

e s t imated . We a l s o assume that n r e p l i c a t e s of the same p roce s s a re 

a v a i l a b l e . For s i m p l i c i t y , we keep Z cons tant a c r o s s s e r i e s . S imple 

d i f f e r e n t i a t i o n on the l o g l i k e l i h o o d g i v e s the MLE of wh ich i s 

£ = ( Z ' D ^ Z ) " 1 Z ' c * , 

where 
n 2 

D , = diagM*,...,^), d* = J y. 
1=1 
n 

— * = ^ • • • • • ' W ' c i = J , y i ) t + i ^ . t • 

1=1 * 

A more complex model a l l o w s a to v a r y w i t h i and t s i m u l t a n e o u s l y , 

i . e . 
y i , t = a i , t - l y i , t - l + £ i , t ' 

w i t h a . . decomposed i n i n d i v i d u a l - e f f e c t and t i m e - e f f e c t : 
i , t 

a . = a . + a * 
1, t I t 

= x : i i + & ' 
where x.' i s p - d i m e n s i o n a l v e c t o r o f c o v a r i a t e s o f the i - t h s e r i e s , 

— l r ' 

i s p - d i m e n s i o n a l v e c t o r o f pa ramete r s , z^ i s the t - t h row o f Z 

de f i ned be f o r e . De f i ne X as the n * p ma t r i x w i t h i - t h row x l . 
—i 

The l o g l i k e l i h o o d i s 

l ( \ i , a 2 , o 2 , j 3 , c ) = c o n s t a n t - | n l o g a 2 £ (y . - , - y , ) 
2a 2 i = l 1 , 1 L 

2 + 

- ^ n ( T - l ) l o g a 2 + 

T n 

" l 2 U ' L . t ^ i ® ^ - l ^ i . t - l * / ( 2 ° 2 > 

w i t h d e r i v a t i v e s 

,-2 = o z ( X ' c - X ' D X3 - X ' Y 2 Z £ ) , 

a 2 ( Z ' c * - Z'Y^XfS - Z ' D ^ Z j O , 

where 
T 2 

D d = d i a g ( d 1 , . . . , d n ) , d. = I y i > t . ! 



c = ( c , . . . , C ) ' , 
— I n 

11 

;i = J 2
 yi,t yi,t-! 

and Y 2 is a n x(T-l) matrix with (i,t)-th entry y^ The solutions 

of the MLE equations are 

I = (Z' D ^ Z)"1 Z1 (c* - Y^x|) , 

£ = {X'(D d-Y 2Q Ypx}" 1x' (c-Y 2QC*) , 

with Q=Z(Z fD d Z) ^ Z', assuming that the inverse matrices exist. The 

MLE of y. and a? are the sample mean and variance of y, , ,...,y , . 1 1 1,1 n,l 
However, it is not necessary to assume E(y. .) constant with i. We can 

i » 1 

write E(y^ ) = ji* 3.-̂  and use least squares techniques,provided is 

unrelated with 3,C . 

The parameter (£,0 is orthogonal to the others, with observed 

information matrix 

t-2 
X1 D, X a 

Z' Y 2 X 

X'Y 2Z 

Z' D,* Z a 

2.6 Testing between two models. An example 

In section 2 and 3, two different models for non-stationary series 

have been described. In certain cases, both can be used for fitting a 

set of data, and a method for testing between them is necessary. Since 

the models are not nested, the likelihood ratio criterion described 

by Cox (1961,1962) is one appropriate statistic. 

We consider here a very special case as an example. Denote by U 

and V the two alternative hypotheses. Under hypothesis U, the data 

are generated by 

yi t s vt + ei t ' Ut = P Ut (i=l,...,n; t=l,...,T) 

where y is an unknown parameter and is a known sequence. 

Under hypothesis V, y. .. is N(y ,a2) and 



yi,t = V i yi,t-i + ei,t • V i = v vt-i ( i = 1 ' - " ' n ; t = 2 T ) 

with v unknown parameter and a given sequence. For both 

hypotheses, {e. } are i.i.d. N(0,1). This is a restrictive assumption L , t 
but it can be defended as follows. Suppose that both u and v tend to t t 
zero as t->-T; we could think that the actual data go well beyond t = T, 

where they become useless for estimating the parameters as well as for 

discriminating between the hypotheses, except for estimating var(e. ) 

which therefore can be taken as known and equal to 1. 

The loglikelihood for hypothesis U is, up to a constant term, 

v > • "i V y i , t - » u t ) 2 

with associated MLE of y 

- E t u t y - t . i v y = where y.t = — E. y. > t . 
E u t t 

The loglikelihood for hypothesis V is, up to a constant term, 

\ ( y r a 2
r v ) = - U l o g ( o f ) - ( 2 a 2 ) " 1 I i ( y i l - y 1 ) 2 + 

- i Z i I t
( yi,t - v V i y i , t - i ) 2 

with MLE of v 
T 

v = 
tl2 \ J yilt yi,t-i 

T 2 
^ Vt I yi t-l t=2 c i 1 

For computing Cox's test Ty we need 

E {£ (y) } = -HtiT-1) , 
f T 2 T 

E ( y y ^ a ^ v ) } = -In T + y 2 I u - V yy 2 K « H v H 
v t=Z t—L 

where 
T 
I Ut V l Vt-1 

v = 

V i + " 4 

For standardizing T^ we uses Cox's (1962) formula (17). Hence the 



test function for U versus V is defined. The symmetric test T^ is 

more complicated, but not impossible to compute. 

A more informal procedure, applicable more generally than the one 

just described, is to plot the residual values against time, for each 

of the two models separately. Residuals for model U are expected to 

have constant dispersion over time, while for model V dispersion will 

in general be a function of the v 's, and hence of time. 



Chapter 3 

STOCHASTIS MODELS FOR NON-IDENTICALLY 

DISTRIBUTED MARKOV SERIES 

In this chapter, we consider random-effect models to interpret the 

variability of parameters between series, as opposed to systematic 

effect models of the previous chapter. 

3.1 Empirical Bayes approach for the mean 

Similarly to section 2.2, we assume that the following model holds 

y i , t " = a ( y i , t - i " V + ei,t - ( 1 ) 

the where a < 1, {e. } are white noise N(0,a2), y. is sampled from 
I , t I , l 

stationary distribution N(y^ ,o2/(l-a2)) . However, here we assume either 

that the vector y = (y_,.. . ,y )' is unrestricted or, alternatively, — 1 n 
that y ,.. . ,y are i.i.d. random variables sampled from some Normal I n 
distribution N(y,a2). On writing 

y = y. + n. . , n. = a n- _ -, + > 

with n. -, sampled from N(0,o2/(l-a2)), we see that the scheme is a 

random-effeet one-way classification with autocorrelated errors . This 

problem has received some attention in the statistical and econometric 

literature. In the statistical one, it has been considered by Tiao and 

Tan (1966) from a Bayesian point of view, the main purpose being the 

computation of the a posteriori- distribution of a2, a2, a using vague 



information a priori distribution. Tiao and Tan stress that, when the 

unbiased estimate a 2 for the usual random-effect anlysis of variance 
U 

is negative, a possible explanation may be negative autocorrelation 

of the errors not accounted for. In the econometric literature, the 

interest in the topic seems to begin witha paper of Balestra and Nerlo-ve 

(1966). However, all of them work with the likelihood conditional on 

the initial values. Besides a certain lack of efficiency, this approach 

seems to lead to additional problems; see later. 

We shall follow an empirical Bayes approach. By integrating with 

respect to y, the marginal p.d.f. of a single series y_= (y^»•••JY^) is 

f ( y ; y , a 2 , o 2 , a ) = (27ra2)"T/2 (1-a2)* exp (-
2a' 

d u - 2 a d 1 2 + a 2 d 2 2 + 

-2a(l-a)(d1-ad2)y + (l-a)(T- (T-2)a)y2j 

x (2Tra2)"^ exp(- -^-(y-y) 2) dy 
U 

r 

1 
= (2ttoz) (1 - a z) exp 

2a I
( d l l " 2 o d 1 2 + a 2 d 2 2 ) 

X (a2 B) 1 exp C (y) y: 
2 B 

( 2 ) 

2 ozJ y 

where 

B = (1 - a) (T - (T-2)a)/a2 + 1/a2 , 

C(y) = (l-a)(d 1-ad 2)/a 2 + y/a2 , 

T-r+1 
= I y, 

t=r rs 
T-r+1 

= I y t y t=s t+r-s 

Some simple algebra gives the a posteriori distribution of y given 

y, that is N(C(y)/B, 1/B) assuming y, a 2, a2, a known. Clearly, if n 

series y.i»,,'»Zn (possibly of different length) have been observed, 

then the distribution of y given all n series is N(C(y )/B, 1/B), n — n 
since the y^ are independently sampled. 

Look for estimates of y, a 2, a 2, a. Using (2), the loglikelihood 



39 

for a set of n series is readily written down, namely 

&(y,a2,a2,a) = constant - Tioga 2 + |nlog(l-a 2) + 

^(d.. - 2ad 1 0 +a 2 d 0 0) + (3) 2a^ 11 12 22 

- |n log a 2 -i n log B + - ^ J . C(y.)2 - ̂ -^t 1 fa y 2 & 2 B L x 2 
y 

where 
n T-r+1 d

 = y y y- y. 

rs 'i,t i, t+r-s 

restricting ourselves to series of equal length T, for the sake of 

simplicity. For maximizing notice that the first two lines of (3) do 

not depend on y, a 2. Therefore, we maximize with respect to y, a 2 first, 

for any fixed value of a 2 and a. For, define a ) d < » - „ d « > 
- I y. , r i,t I t=r T - (T-2)a 

5 = l i u i / n » s l = X i ( u i ~ ° ) 2 / n • 

Equating to zero the derivatives of (3), we find the solution u for y, 

and 

2 _ o^ (4) 
Su (1 - a){T - (T-2)a) 

for a^, which can be negative. Assuming (4) positive and replacing 

into £, one has to maximize numerically with respect to a 2, a to get 

the MLE. The possibility that (4) takes negative values is disturbing, 

at least from a technical theoretical point of view, because a 2 = 0 is y 

not apoint of the parameter space. However, Nerlove (1978, p.15) 

commenting on the existence of boundary solutions when maximizing the 

likelihood conditional on the initial values says that "the prevalence 

of boundary solutions in the maximum likelihood case disappears when 

the likelihood function is based on an approximation to the unconditional 

probability (sio) of the sample observations rather than on the proba-

bility conditional on the initial values of the dependent variable". 



Quick estimates of the parameters can be obtained as follows. Note 

that the distribution of y. - y. , does not depend on y.. Then 1, t l,t-l 1 

E{(y. „ J 1, t )2} = i,t-r 1 + a ' 
2 a 2 

x ' 

E { ( yi,t- yi,t-l ) ( yi,t-l- yi,t-2 ) } = " ^ T T T 

Replacing the left hand sides by sample moments and solving for a2, a, 

estimates are obtained. Clearly, we estimate y by y^/n, where y^ is 

the sample mean of the i-th series. For a 2 use V 

var(y.) = o 2 + 
i U 

where 

v = var (ŷ . | y^) = 

» 

• 

o 2 1 + a 
T(1 - a 2) 1 - a 

(5) 
T (1-a)2 

which can be estimated using previous estimates of a,a2. 

Goodrich and Caines (1979) have considered a much more general form 

of the above model and have given an algorithm, based on the Kalman 

filter, for evaluating the likelihood, although not in closed form like 

(3). In a very recent paper, T.W.Anderson and Cheng Hsiao (1981) discuss 

thoroughly various assumptions on the distribution of the initial values 

and their effect on the consistency of the MLE and alternative estimates 

3.2 Means with drift 

We still assume that the data satisfy equation (1), but we change our 

hypothesis about the y^'s. When the subscript i is not arbitrary, but 

corresponds to some natural ordering, it might well be that the y^'s 

are autocorrelated. For instance, consider 

y - y = p (y - y) + £ , (6) n y n-1 n 



where the usual subscript i has been changed to n, } a r e i.i.d. 

N(0,a2), |p | < 1, and the initial value y.. is sampled from the sta-
C, | i 1 

tionary distribution N(y ,o|/(1-a2)) . Re-write the observations as 

y = y 1 + n (7) — n n — —n 

where _1 is a T-dimensional vector of l's, and {jln} is a sequence of 

i.i.d. Nt(0, a 2 ft) , 0 being a T-dimensional vector of O's and ft a T * T 

matrix with (i,j)-th entry (1-a2) 1 a^1 |a| < 1. 

The a posteriori, distribution of y^ given and the predic-

tive one of given the same data can be computed recursively using 

the Kalman filter (Kalman, 1963). They are both Normal ones; if we denote 

Sn|n-1 = ^ J i l ' - ' - ' l n - ^ ' an|n-l = v a r ( , JJZl' •" • n-l* ' 

and analogously for y i and a2. , then it is known that the following n | n n j n 
recurrence relationships hold 

y . i | = y (1 - p ) + p y , . + kf (y - y i - 1) , ( 8) n+l|n y Ky n|n-l —n — n n|n-l — ' 

k' = p a21 . lf (a2, . 1 1' + a 2 ft ) _ 1 , — n y n | n-1 — n|n-l 

a 2 . | = p2 a2, . {1 - a2, . 1f (a2. , 1 1 ' + a2ft)_1 1} + a 2 , n+l|n y n|n-l n|n-l — n|n-l — £ ' 

from which the parameters of the a posteriori distribution are easily 

obtained, namely 

y , | ̂  = (a-2 , - + a 2 l'ft"1 l)"1 (a2 . y - , + a"2 l'ft"1 y J , n+1 n+1 n+1 n — — v n+1 n n+1 n — — n+1 

a 2 - 2 = (a-2 _ , + a"2 1' ft"1 1) - 1 
n+1|n+1 n+l|n 

For initializing the procedure, one takes the parameters of the station-

ary distribution, that is y.i_ = U, a2. =a2/(1-p2). 110 110 c, y 

The same formulae can be used for computing the likelihood, hence 

for making inference about the parameters. In fact, " ̂ rifrL—1—̂  

for n=l,2,... is a sequence of independent Normal random variables 

with mean 0 and variance matrix cr2 i .. 1 1'+a2ft, for which the likelihood — n n-1 
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can be computed. Moreover, since the sequence converges rapidly 

to a stationary value a 2, and so does then left multiplying (8) b;y 

_1 we have 

y n " pu y^-i = M(l" P, ,)1 + e + (lTk - p I) e — n y — n-1 y — — n * y — n-1 

where {e_ } is a sequence of independent and approximately identically 

distributed N^CO, a 2 ' + . This device for representing {y n} a s 

a multivariate ARMA(1,1) process is commonly used among control engineers. 

Quick estimates of the parameters can be obtained as follows. The 

technique of the previous section for estimating a 2, a and hence v, 

defined by (5), still holds. Defining Y n
= T *_1' Y » w e have 

- - i - i cov(y , y ) = p , var(y ) = + v ; 
n n - l y . o n i 2 1 - p^ l - o ^ y Ky 

replacing the left hand side by sample moments, we get estimates of 
. . . o . 

If one is not interested m a or cr separately, but only in v, then 

it is possible to consider the process which is exactly a univa-

riate ARMA(1,1) process with parameters related to p^, a|, v by functions 

given in Chapter 5. 

There are various possible generalizations of model (6)- (7): (a) 

the process {vn} does not need to be stationary, provided information 

about the initial distribution is available; (b) the length of the series 

may vary with n; (c)instead of y 1 , the mean vector of the n-th series n — may be X 3 , where X is a T x p matrix of covariates associated with y n — n n r 

the n-th series, and 3 is a p-dimensional linear Markov process; (d) — n 

a 2 0, may be any symmetric positive definite matrix, possibly parameterized 

in a few parameters to facilitate inference. As all these generalizations 

are included in the general Kalman filter and inference in possible via 
the sequence {e }, we shall not give details. — n 
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3.3 Empirical Bayes approach for the autoregressive parameter 

We suppose that the n series are stationary and identically distributed 

except for the autoregressive parameter, i.e. 

y i > t - " - a i ( y
i l t - i " + £

i > t
 ( 9 ) 

where, as usual, {e. } are i.i.d. N(0,a2) and the initial values are 
i » t 

sampled from the stationary distribution N(y,a2/(1-a?)). By contrast 

with section 2.4, we regard the a^'s as a sample from some a priori 

distribution in (-1,1), say ir(a). Nicholls and Quinn (1980) have studied 

a model (for one series) where a varies with time; here a is constant 

over time and varies across series. 

This model has been considered by Robinson (1978), who has studied 

the asymptotic properties of the sample covariances and the associated 

estimates of a 2 and of the moments of ir(a). 

For this reason, we shall concentrate on the evaluation of the a 

posteriori distribution of a given n(a) and a series y= (y^,...jy^)', 

having dropped the suffix i. We assume that ir(a) is a Beta(p,q) density 

in (-1, 1) , i.e. 

u(a) = Tr(a;p,q) = U * a ) °° ( - l < a < l ) . (10) 

B(P,q) 2 q 

The marginal density function of y is 

r 1 f(y) = (2TTQ2) T / 2 exp{-Kd 1 1 - 2ad10 + a 2d 0 0)} TT(a; 

e x p ( - i d n ) I 

(2,a2)T/2 B(p,q) 2 P + q" 1 

where 
f 1 

I = j exp{-i(2ad 1 2+a 2 d 2 2)} (1 + a)^ 2 (1-a) 4 5 da , 

T-r+1 d r s - l (y - p) ( y t + r _ s ~ v ) / o 2 , 
t=s 



regarding u, o2 as known since the argument is for large n. 

The integral I cannot be solved explicitly for the general case. 

Consider for the moment the special case T=2, for which d 2 2=0. 

the equality 
1 —z exp(az) ir(a;p,q) da = e M(p,p+q,2z) 

- 1 

where M is Kummer's function as defined by Abramowitz and Stegun (1964, 

formula 13.1.2, see also 13.2.1), we get 

f ( y r y 2 ) = B ( p^» q + 2 l ) exp{-Kd n+2d 1 2)} M(p,p+q,2d12) . 
B(p,q) ir a 2 

Hence the a posteriori distribution of a is 

exp{ (1 + a)d12> ir(a;p+^,q+|) 
^ ( a l y ^ y ^ = 

M(p+|,p+q+1, 2 d 1 2) 

from which 
M(p+3/2, p+q+2,2d ) (p+£) 

E(l + a|y y ) = = — , 
M(p+|, p+q+l,2d12) (p+q+1) 

M(p+3/2, p+q+3,2d )(p+J) (q+i) 
E(1 - a2 (y ,y ) = ^ . 

Z M(p+J, p+q+1, 2 d ^ ) (p+q+1) (p+q+2) 

For T> 2, we find an approximate value of I for breaking the 

rule of keeping T fixed we have followed so far. For, write 

I = exp(|dTa2) exp{-^dT(a-a)2} (l + a)P 2 (i-a)q~2 da 
- 1 

fl-a _, _, 
= exp (5 d T a2) exp{-£dT 62} (1 + 6 + a)P 1 (l-6-a) q 5 d© 

J-l-a 

where 

d = d22/T , a = d 1 2/d 2 2 , 

which are of order 1 in probability as For sufficiently large T, 

(-1-a, 1-a) is a neighbourhood of 0. Expanding 

g(6) = (1 + 0 + a)P~' (1 - 0 - a)q~^ 

in Taylor series from 0 and using the Laplace method for integrals, we 
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have 

I = exp (| d T a ) ' 2 ^ 
d T g(0) 1 + gM(0) 

2d T g(0) 

from which 

TT (a|y) = 
d T 
2 TT 

exp{-|d T(a - a) } 1 + a P "2 C 1 - a q - l 

1 + a \ J 1 - a 1 - g"(0) 
2 d T g(0) 

where the leading term is a N(a, l/(dT)) density. A further asymptotic 

argument gives 

E(a|y) = a + p - 2 _ q - k 
1 + a 1 - a 

var(a|y) = l/(dT) . 

Obviously one can look at 7r(a) and TTc(a|y) from a Bayesian point of viev, 

regarding y as the only series available. The choice p = q= \ takes then 

special relevance, because it corresponds to Jeffreys uninformative 

prior as In this case, for d ^ > 0, 

I = exp(| a d 2 2) 2tto 21 

22 
<f{(l-a)/d^}-${-(l+a)/d2

2} 

where $ is the standard Normal integral. Therefore ir^Caly) is the 

N(a,d22) density truncated outside (-1,1). Also Thornber (1967) has 

considered ir(a;£,£), but regarding a unknown with improper prior density 

a the corresponding posterior density of a is then a truncated 

Student's t . The associated Bayes estimate seems, from Thornber's 

Monte Carlo study, to have appreciably smaller mean square error than 

the exact MLE when a< 1, and slightly larger mean square error when 

0 < a < \. 

After this thesis had already been completed, the author got to 

know the paper of Liu and Tiao (1980), who also consider model (9) with 

ou's sampled from distribution (10). They shown that the exact posterior 

density 7Tc(a|y) has a unique mode inside (-1, 1) for p, q> and 

derive an approximation to the posterior distribution different from 



our, although equivalent as T->°°. Furthermore, after changing para-

meterization from (p,q) to alternative parameters (u,v), they regard 

(u,v) as "secondary parameters", for which uninformative prior distri-

butions are introduced, and an approximation to the corresponding 

posterior distribution of the a.'s is derived. 



Chapter 4 

APPROXIMATE FILTERING OF PARAMETER DRIVEN PROCESSES 

4.1 Parameter driven processes 

Much time series has concentrated on Normal processes or, at least, 

on processes with Normal increments or on associated second order 

theory. Considerably less attention has been paid to processes which 

do not have Normal increments. The present chapter fits into the 

second class of problems and, in particular, is concerned with 

filtering and prediction for some of these processes. 

Let {0 }• be a discrete-time stationary Markov process which is of 

interest but cannot be observed directly. Instead, at time t, we 

observe y which is sampled from a distribution determined by the 

current value of 6^, say f(yt|0t), and which is conditionally inde-

pendent of its predecessors and the past values of f^}* We shall say 

that {y } is a parameter driven process in the terminology of Cox 

(1981). Note that, in general, is not a Markov process. Our aim 

is to produce, for all values of t, an estimate of the current value 

given y ^ , where y^^ = (y-^,...,yt). The problem of estimating the 
(t) . 

next value given y is closely related. In a different context, 

{0 ,y } would be called a partially observable process and the term 

state estimation possibly used instead of filtering. 

An example of the above set-up is as follows. Batches of items are 

received at each time unit. We are interested in evaluating the pro-

portion of defective items of each batch, 9 say. From each batch we 



take a sample of size N and denote by y the number of defective items 

of the sample. If the size of the batches is sufficiently large, y is 

approximately distributed as a Binomial r.v. with index N and proba-

bility of "success" 9^. We can obviously estimate 0^ by yt/N, or 

(y + p)/(N+ p + q) if 0 has a Beta(p,q) a priori distribution, but we 

can expect that a better estimate is obtained if an allowance is made 

for the autocorrelation of the 0^'s and also past values ^ are 

used. 

This kind of problem has been studied by Bather (1965) who, among 

other results, has given conditions for the existence of a one-dimen-

sioanl sufficient statistic u = u » y f c ) such that the distribution 

of 0^ given y^^ depends on y^^ only via ut. For further work, see 

Sawitzki (1979, 1981). 

Unfortunately, there are many non-pathological problems which do 

not admit such a simple sufficient statistic u^. We shall deal with 

some of these problems. In section 2 and 4, an approximate method of 

filtering is considered which is applicable when the marginal distri-

bution of and f (y11 ®t^ a r e COI1jugate exponential densities. Section 

5 deals with the estimation of the fixed parameters, that is parameters 

which are constant throughout time. 

4.2 Gamma-Poisson process 

Although the method we are going to describe has some generality, we 

introduce it by an example. We say that a r.v. has a Gamma(v,A) 

distribution for v, A > 0 if it continuous with density function at x 



I Xv xv e /r(v) (x > 0) , 
?r(x; v ,A) = (1) 

I 0 (x<0) . 

Consider the autoregressive process {0^} satisfying 

°t+l = p Gt + Et+1 (0<p< 1, t = 0,± 1,...), (2) 

where is a sequence of independent and identically distributed 

r.v.'s such that is stationary with Gamma(v,A) marginal distri-

bution. Gaver and Lewis (1980) have shown that, for integer v, e is 

a mixture of Gamma(l,A),...,Gamma(v,A) r.v.'s and a r.v. degenerate 

at 0. 

At time t, we observe y which is sampled from a Poisson distribu-

tion with mean 0^. For all t, we want to compute the conditional 

densities of and 0 t +^ given say ^ ( ' l y ^ ) and 

First of all, we note that no reduction to one-dimensional 

sufficient statistic is possible. In fact, Sawitzki (1981) has shown, 

generalizing a result of Bather (1965), that for such a reduction 

both oô  and u)̂  should be exponential family densities with oî  of 

dimension 1. This cannot hold because, even if e satisfied the ' t 
condition, to' would be a mixture of densities, due to the nature of t ' 
e t + 1 in (2). 

We look for a method of approximating which allows simple, re-

cursive computation. Suppose that the problem has been solved up to 

time t, for which w is Gamma(v ,A ) and that we want to com-
/ I (t+l)N pute wt+1(*|y )• 

The first step is to compute w 

^(•|y(t)). The exact conditional 

density is very complicated and needs numerical integration. However, 

from 

m t = E(et|y(t)) = v t A t , vt = var(0t|y(t)) = v ^ A 2 , 

we obtain 



mt E E ( 0t+ll y ( t ) ) = p mt + E ( e )' 

= var (Q
t+1l y ^ ) = P 2^ t + var (e) 

where 

E(e) = (1-p) v/x, var (e) = (1-p2) v/\2. 

We approximate co^C.ly^^) by a Gamma distribution with mean m^ and 

variance v^. In order words, we say that u)̂  is Gamma 

where 

V- - (m^/v', X. - m./v;. ( 

Now make use of yt+^» Since the Gamma and the Poisson are conjugate 

exponential families and since the y^s are conditionally independent, 

we have at once that UK ., is Gamma where 

v i - + yt+v x
t +i • x t + ( 4 ) 

which completes the updating cycle. The procedure can be started with 

v = v, X = X. 
o ' o 

For studying the behaviour of the filter, attention has been 
2 c A concentrated on the loss function E(0̂ _ - 0^) , for which = nr is t t ' t t 

the obvious choice. This loss function may not be the most appropriate 

one in some cases, but alternative choices depend on the particular 

application. 
2 

An algorithm for computing E(©t - m t) in the steady state has been 

devised but its implementation would have been too complicated and it 



Table 4.1: Relative loss of the filter for the Gamma-Poisson case 

v 1 1 1 2 2 5 5 

A 2 1 1 1 1 1 1 

p 0.8 0.5 0.8 0.5 0.8 0.5 0.8 

L(v,A), M = 2 0.69 0.80 0.64 0.92 0.72 0.90 0.74 

L(v, A), M = 4 2.37 0.79 0.63 0.92 0.71 0.90 0.72 

L (v,A), M = 2 0.74 0.82 0.66 0.95 0.74 0.92 0.76 

Table 4.2: Relative loss of the filter for the Beta-Binomial case 

p 2 2 2 2 5 5 

L(p,q) 0.83 0.67 0.79 0.36 0.72 0.49 

L (p,q) 0.89 0.77 0.81 0.50 0.75 0.58 



has not been pursued. Alternatively, a simulation study has been 

carried out, based on runs of length 500 of the process. The results 

of some of these simulations are summarized in Table 4.1; the first 

three rows are parameter levels, the fourth row gives the sample 

value of the relative loss 

E<6 - m ) 2 

L(v,X) = H — 
v/{X(X + 1)} 

2 

where the denominator is E(et - m* ) for m* = (y +v)/(l + X), i.e. 

the Bayes estimate which accounts only for the marginal distribution 

of 0 . Note that -> m* as p-*-0. The results consistently indicate 

that the method works satisfactorily; in no case (including those not 

reported here), did it exhibit unstable behaviour. The last two rows 

of Table 4.1 and the meaning od nM=2" will be explained later. 

4.3. Higher order approximation 

The crucial point of the method is the approximation of lŷ *"̂ ) by 

a member of a two-parameter family. In this section we consider a 

M-parameter approximation. To this end, let us summarize some results 

of Khamis (1960). 

Denote by L ^ ( r ) , (r = 0,1,...), the set of Laguerre polynomials 

which are orthogonal with respect to ir(*;vT,XT) defined by (1). For a 

density function p(«) with known M moments and support on the positive 

half-line, define the approximation 

M 
p (x) = Z c L (x) T K X ^ ' A * ) 

M. _ r r r=0 

where ĉ . (r = 0,...,M) are such that p and p^ have the same first M 

moments (M > 1); pM may not be a proper density function (we shall 



return to this point). It turns out that 

M 
p (x) = Z B TrCxjv'+r,*') (5) 

r=0 

where B^ (r = 0,...,M) are coefficients defined by Khamis (1960). 

The form (5) has a useful feature. If Y is a Poisson r.v. whose 

means is a priori distributed like p^, then we can easily compute the 

"a posteriori" density, which is 

PM(x|Y=y) = Z r 
M B r(v! + r + y) 

r=0 A T(vf + r) 

where A is a norming factor. 

A'+l 
7r(x; v T+rfy,X f+J) 

(6) 

A generalization of the procedure of section 2 is therefore as 

follows: (i) given M moments of compute the first M moment! 

of 0)' ii) approximate oa' by a distribution of form (5) 

a possible choice of v',X' is via (3); (iii) compute ) 

using (6), hence its first M moments. Note that this procedure reduces 

to the previous one when M = 2. 

To examine the improvement of fitting of using M > 2, the 

following computations have been carried out. Suppose that <*> ('ly^1^) 

is Gamma ( v
t»^ t) an<i marginal distribution of is Gamma (2,1). 

Using numerical integration, we can compute exactly and 

compare it with its approximations. Various plots have been produced 

and one is reported in Figure 4.1, for which p = 0.8, v = 5, A = 2.5; 

this choice of corresponds approximately to the stationary dis-

tribution of a)̂  for the above parameter levels. The improvement of 

M = 4 over M = 2 is appreciable. 

The filter with M = 4 was applied to the same data used for the 

simulations described before. The results are given in the fifth row 



54 

Figure 4.1: 
Plot of 

and approximations when ^
(
-
(
y
^
) 

is 

Gamma(5,2.5), v = 2, A = 1, p =0.8; 

exact, 
approximate, M= 2, 

++++ approximate, M= 4. 



of Table 4.1. There is a minor reduction of the loss function with 

respect to M = 2, except for the aberrant value of the first column 

which requires an explanation. As mentioned before, (5) may take 

negative values. This does not matter in most cases because negative 

values are taken only in the extreme tail and the absolute value is 

very small anyway. But, in one case, when uî  was all concentrated in 

the interval (0,4), y t +^ = 9 was observed, giving all weight to the 

extreme tail of the approximate where it took values about - 10"^. 

This caused the filter to produce absurd values for two time units, 
2 

which spoiled irreparably the estimate of E(8fc - . 

These simulations suggest that the use od M > 2 can improve only 

marginally on M = 2, at least for quadratic loss, and it can 

occasionally produce nonsense. Therefore, in the following we restrict 

ourselves to the method of section 2, which is computationally much 

simpler. Of course, we are not saying that another technique (in 

particular the exact filtering solution) cannot be appreciably better 

than the one of section 2. 

4.4. Other examples 

The method of section 2 can be easily extended to other cases provided: 

(i) is a stationary Markov process with marginal distribution 

specified by K moments; (ii) we can compute, or approximate, 
E ( 6t+l' y ( t^ S i v e n E( 0£|y^)> r = (iii) t h e marginal dis-

tribution of and f (yt |e ) are conjugate. It is worth enumerating 

the more easily workable cases. 

Normal-Normal process. Suppose that {0fc} satisfies (2) but { £
t} are 

2 . 2 independent and identically distributed N(0,o_) and f(y|e) is N(0,cr ). t i j-j 

In this case the formulae of the Kalman filter are obtained, without 

any approximation. 



Gamma-Gamma p r o c c s s . The p r o ce s s i s the same as 111 s e c t i o n 2 but 

f ( y | 0 ) i s Gamma (p ,G ) . The o n l y change f o r the f i l t e r i s that (4) i s 

rep laced by = v t ' + p, * t + 1 = X £ ' + y ^ . 

Be t a -B i nom ia l p r o c e s s . Suppose t ha t has a Beta (p ,q ) ma rg i na l d i s -

t r i b u t i o n , i . e . w i t h d e n s i t y p r o p o r t i o n a l to x p ( l - x ) q ^ f o r x G ( 0 ,1 ) 

For such a p r o c e s s , see Appendix B. Assume f ( y | 9 ) i s B i n o m i a l ( N , 0 ) . 

The argument f o r d e r i v i n g the f i l t e r i s s i m i l a r to the Gamma-Poisson 

ca se . Suppose that ( ^ ( ' l y ^ * " ^ ) i s Beta (p^, q ) . Then 

m t = E ( 6 t | y ( t ) ) = p t / ( p t + q t ) , 

v f c = v a r ( e t | y ( t ) ) = m t ( l - m t ) / ( p t + q t + 1 ) . 

U s i n g ( B . l ) o f Appendix B, 

f M a (t) B ( P t
 + a » O 

m t E E ( 9 t + l | y } = E ( 9 t e t ' y } = E ( e ) ' 
B ( p t , q t ) 

, . B(p + 2a, q ) 2 
v* = v a r ( 9 t + 1 l y ) = — M e 2 ) - ( m ^ , 

B ( p t , q t ) 

k 

where E (e ) i s g i v e n by ( B . 3 ) . Now choose the element of the Beta 

f a m i l y w i t h mean m^ and v a r i a n c e v ^ , that i s w i t h parameters 

p ' = mf 

* t t 

m' ( 1 - m ' ) 
— - 1 . ( 1 " n t > P ' q» = ^ t , 

and approximate u>' C I y ( t ) ) by the Beta (p^, q£) d e n s i t y . A f t e r 

o b s e r v i n g the p o s t e r i o r d i s t r i b u t i o n LS 



Beta(pt+1> <It+1)» where 

pt+l = pt + yt+l' V l = + N ' W ( 7 ) 

which completes the updating cycle. The procedure can be started with 

P = P> Q = Q* Note that is not essential that N is constant over o o 
time. 

Some simulations were run for this filter and the results are 

summarized in Table 4.2. The first three rows are parameter levels, 

in all cases being N = 10 and the length of the realization 500; the 

fourth row gives estimates of the relative loss 

2 E ( 0 t - m t ) 

L ( P , q ) = pq/{(p+q)(p+q+1)(p+q+N)} 

where the denominator is the expected loss of the standard Bayes 

estimate m* = (p+yfc) /(p+q+N) . Again m^ m* as a 0. The behaviour 

of the filter appears satisfactory, leading to a gain with respect to 

the standard Bayes estimate comparable to that in the Gamma-Poisson 

case. 

Beta-Negative Binomial process. Let {0t} be a s i n the previous case 

and f (y [ 0) oc 0 N (1-0)7, for y = 0,1,... and N >_ 1. The formulae of 

the filter are the same of the previous case except that (7) is 

replaced by p t + 1 = p^ + N, q t + 1 = q^ + y t + 1. 

4.5. Estimating the fixed parameters 

Here we deal with the estimation of the parameters which are constant 

throughout time, such as for the Gamma-Poisson process. Since 

the method of the maximum likelihood is not feasible, we consider the 

method of moments. Assume that there exists a function g such that 

E { g ( y t ) | e t > = e t . 



Then 

E{g(yt)} = E(0t), 

var (g(yt)} = var (9t> + E{var (g(yfc)|Qt)}, 

cov (g(yt), g(yt+h)> = cov (9t, 0 t + h), t+h t+h 0 1 5 * 0 ) , 

from which estimates of the fixed parameters can be obtained. 

For most of the examples mentioned above, it is trivial to find 

such a function g, except perhaps the Beta-Negative Binomial case for 

which g(y) = (N-1)/(N-1 + y) provided N > 1. For the Gamma-Gamma 

process, g(y) = (p-l)/y if p is known and greater than 1. If p is 

unknown, an additional statistic must be considered, for instance y , 

whose marginal distribution is a Pearson type VI distribution, or 

the third moment of g(y) . If p is known to be 1 (which corresponds 

to the important case of exponential distribution for f(y|0)), then 

it appears that v,A,p cannot be estimated with the method of moments; 

however, the problem can be tackled with the method described in the 

following chapter. 

It is not difficult to prove that, if {0̂ .} is strongly mixing, then 

so is {y_}. For, let Aei*" , B e , , where ̂  is the cr-algebra 
J t t+T Ot ° 

D 
generated by the {y } process from t=a to t=$; analogously, is the t a 
a-algebra generated by the (0.) process. Then 

Ibragimov and Linnik (1971, p.306) which says that the above quantity 

is less than or equal to 4 <p(r) , where <KT) is the mixing coefficient 



of {Oj.}* This ends the proof. 

An analogous argument applies for weak mixing. Therefore, almost 

sure convergence of the sample moments is ensured under very broad 

conditions. Confidence intervals could be computed in principle, but 

the formulae are too complicated to be useful and are not given. 

The filters for the Gamma-Poisson and the Beta-Binomial process 

were run using estimates of the fixed parameters. The first 50 data 

of each run were not used for filtering but only for fixed parameter 

estimation. After t = 50, simultaneous estimation and filtering were 

applied; if the estimates of the fixed parameters were not in the 

admissible range, they were forced to be. The results relative to the 

same data used before are given in the last row of Table 4.1 and 4.2, 

respectively; it appears that there is only a minor increase of the 

loss function with respect to the case of known parameters. 

As a final remark, a deeper understanding of the behaviour of this 

method, based on analytic results rather than synthetic sampling, 

would be desirable. However, in view of its potential practical useful-

ness, the method may be of interest in its present state. 



Chapter 5 

m-ORDER MAXIMUM LIKELIHOOD ESTIMATION FOR 
STATIONARY STOCHASTIC PROCESSES 

5.1 Introduction 

The MLE is consistent and efficient in a broad class of situations. 

Unfortunately, there are cases where it is not feasible, because the 

likelihood cannot be written down, or computed, even if we are ready 

to ignore differences of order o^(T between the exact and the com-

puted likelihood, T being the sample size. This occurs with some fre-

quency in inference from stochastic processes; an example is mentioned 

in the previous chapter. 

A possible way to overcome the problem is to replace the likelihood 

by another function, easier to determine. Any function &(9) which 

asymptotically has its maximum at the true parameter point, say 9 0, 

is a potential candidate. However, heuristically the closer &(9) is to 

the exact likelihood, at least near 9 0, the better it is, because one 

expects that the relative efficiency of the associated estimators will 

be determined by the curvature of £(9) near 9 e. 

For discrete-time stochastic processes, a possible choice of &(9) 

is motivated by the fact that the exact loglikelihood can be written 

as a sum whose t-th term is the logarithm of the p.d.f. of the corre-

sponding sample element conditional on all previous observations. D.R. 

Cox and P.A.W. Lewis have suggested replacing the conditioning on all 

previous observations by only the m most recent ones, for some m ^ O . 

For this choice of l(9), we shall study the asymptotic properties 



of 0 , a value which maximizes £(0), when sampling from a stationary m 
stochastic process. Section 2 gives some general results about strong 

consistency and asymptotic normality. Section 3 and 4 compare 0 with m 
other estimators for special cases. 

5.2 Consistency and asymptotic normality 

Let (Y } be a stationary stochastic process whose h-cootdinates distri-

bution is indexed by 0O in each of the families = i ? ^ , 06 0} 
0 

* U 1 O ^a(h) (h) £ . (h) 

for h=l,2,... ; assume W « y , for some appropriate measure y , 

and that 0 is an interval in the k-dimensional Euclidean space. For a 

sample (y_m+1 > • • • >YT) of size m + T from } define the m-order log-

likelihood T T 
a(0) = I 1(B) = I log f(yJy^1""1^;0) (1) 

t=i c t=i 

where ^ = (yt_m» • • • a n d i s the p.d.f. of Y given 

Y ^ ^ = ŷ *" with respect to some measure which does not depend on 0; 

if m=0, the marginal p.d.f. of Y has to be intended. Define as a 

value which maximizes (1). 

To prove consistency, it is easy to see that, for <j), 0 6 0 , 

E U "(0)} > E U (<|>)} (2) 

where the expectations are taken with respect to ; the equality o 

sign hold if and only if y U (0) ̂  & t W : } = 0. An inequality of 

type (2) is the key fact for the proof of strong consistency of the 

ordinary MLE in the i.i.d. case. A perusal of the proof of theorem 

5.3.1 of Zacks (1971, p.233-5) reveals that it holds also in the present 

case, provided 

(a) conditions (i) to (v) of Zacks's theorem apply; y is in our 



notation; 

(b) {Y^} is ergodic. 

Under these conditions, 0 0O almost surely (a.s.) as We 
m 

stress the importance of Zacks's condition (i) which ensures identifi-

abil ity. This is typically achieved choosing m sufficiently large. 

Strictly speaking, what one needs is stationarity and ergodicity of 

U t(0)} rather than of {Yt>. 
A 

Consider now the asymptotic distribution of 0 . Define 
m 

u(9) = I u (9) = I ^ * (8) . 
t=l t=l 

Provided the absolute value of the first and second derivatives of f 

have finite integral a.s., we have as usual E{ut(0)} = O and 

E { u (0) u^(0)} = - E = V(0) , say, 

provided the expectations exist. By contrast with the usual i.i.d. 

case, V(0) is different from the variance matrix of T 2 u(0). In fact 

T 1 E{u(0) U'(0)} = E{u1(6) uj(0)} + I E{u (0) u^ (0) + 
s=l 

T-l 

+ u s + 1(0) u|(0)} 

which converges to 

W(0) = E{u1(9) uj(0)} + I E{u (0) u^ (0) + u g + 1(0) u|(0)} 
s=l 

as T->°°, provided the series on the right hand side converges. 

The argument used in proving theorem 5.5.3 of Zacks (1971, p.246-7) 

applies, provided his conditions (i) - (iv) hold and u(0o) is 

asymptotically Normal; I(0O) is V(0O) here. Then 

T^ (0 - 0 O ) N. (0, V(0o) 1 W(0O) V(0O) l) m k 
(3) 

which simplifies to 

T* (0 - 0O ) — m 

I corr{u (0o),u (0o)} 

0,-
V ( 0 o ) 

(4) 

in the scalar case. Note that, if {Y } is a sequence of i.i.d. random 



variables, the sum in (4) is equal to 1, and the denominator is the 

usual Fisher information. 

The asymptotic normality of u(60) depends on the fulfilling of a 

suitable mixing condition. The book of Ibragimov and Linnik (19/1, p. 

315-364 and p.420-424) contains various limit theorems for stationary 

sequences. We only point out that is a function of a finite num-

ber of co-ordinates of {Y^}; therefore, if {Y^} satisfies some mixing 

condition, (u^} satisfies the same mixing condition for an asymptotically 

equivalent mixing sequence. 

5.3 Efficiency for Normal Markov process plus noise 

In this section, we compare 6 with other estimators in a special case, m 
Suppose that the process (X } is stationary and satisfies 

t 
x t = p x t - i + e t * |P| < l , t = o, ± i , . . . , 

where {e J is a sequence of i.i.d. N(0,a2). We observe Y =X +n t e t t t 
where (l^ is a sequence of i.i.d. N(0,cr2) which is independent of {e^j 

This model was mentioned in the previous chapter in a filtering 

framework. However, here we are concerned with estimation of p. A sim-

pie estimate, based on the fact that y^=cov(Yt,Yt+^)ap for h^O, is 
f , T >| f T >! 
T I Y Y / T I Y Y = c /c , say, 

t=3 j 1 t=2 J 

which is easily extended to the multivariate case (Anderson et al.3 

1969). Since also of independent interest, we digress to study the 

asymptotic variance of p and its ARE. Using a standard asymptotic ar-

gument, we have 
- 2 - 3 2 -4 T var(p) 'v* y][ var(c2) - 2 Y 2

y l c o v( c
1» c

2) + Y 2 Y 1 var(ci^ 

which, after some algebra, gives 

P = 



11 

T var(p) * P {1 + 2 ( l - p 2 ) m + (1 - p'')m2} (5) 
P 2 

where w = a2/a2, using known formulae for the asymptotic covariances of 
n ^ 

sample covariances (Anderson, 1971, p.466). 

Consider now the variance of p^, the exact MLE, or any efficient 

estimator. The computation of efficient estimates for the case when 

{X^} is a p-order autoregressive process has been studied by Pagano 

(1974). Here we are concerned with their variances for the case p= 1. 

The process (Y } has a ARMA(1,1) representation, i.e. of the form 

where {e^} is a sequence of i.i.d. N(0,a2); see e.g. Pagano (1974). 

We determine 6 and a 2 equating expressions for y^ and y^ based on (6) 

and the previous representation. Then 

6 = 2 p / { 1 + p 2 + o ) 2 + ( ( 1 - p 2 ) 2 + 2a) (1+p 2 ) + OJ2) 2} , 

= ° V {<l-p«)(l-6/p)} > 

discarding a root which gives a non-invertible process in (6) . It is 

easy to check that 0< 6/p < 1. 

Define ijj = (p , 6 , a 2 ) ' , <J) = (p ,cf2 ,<J2) ', whose information matrices are e e n 
related by I. = A' I, A, where A = ((a. .) ) = ( (9i|>./9<J>.)) • The first row <f> ip i,j ri Yj 

of A is (1,0,0) and so is the first row of A \ which exists. Therefore, 

the entry in the top left corner of is equal to the corresponding 

entry of which is known (Box and Jenkins, 1970, p.248). Hence 

1 - o 2 

T var (p ) ^ - — g -00 p 

2 
I z A p J (7) 
1 - f i / p ' U ) 

The plot of the ratio of (5) and (7) versus p for various values of 

a) is given in Figure 5.1. Unless w is large, the efficiency of p is 

high. Since neither the variance of the moments nor that of the MLE is 

affected to the first order of approximation if the mean is unknown, 

then the above conclusions hold also for the case of unknown mean. 



Figure 5.1: 
ARE of ^/c^ 

for AR(1) Normal process plus noise, when 

u» = 1/4, 
1, 2. 



Table 5.1: Asymptotic variance of MLE of p and ARE of p and p^ for AR(1) process plus noise, 

(a) I*"1, (b) ARE of p, (c) ARE of p . 

p a) = 1/4 0) = \ 0) = 1 u = 2 p 

(a) (b) (c) (a) (b) (c) (a) (b) (c) (a) (b) (c) 

0. 01 1 .562 1.000 1.000 2.249 1.000 1.000 3.998 1.000 1.000 8.994 1.000 1.000 

0. 10 1 .535 0.998 0.998 2.191 0.993 0.996 3.835 0.985 0.990 8.454 0.974 0.983 
0. 20 1 .456 0.991 0.994 2.026 0.975 0.984 3.393 0.946 0.965 7.064 0.907 0.940 
0. 30 1 .333 0.981 0.988 1.783 0.949 0.969 2.798 0.892 0.934 5.355 0.820 0.888 
0. 40 1 .175 0.968 0.982 1.499 0.920 0.955 2.176 0.836 0.907 3.761 0.735 0.844 
0. 50 0 .995 0.956 0.977 1.205 0.892 0.945 1.610 0.789 0.982 2.488 0.666 0.819 
0. 60 0 .801 0.947 0.975 0.922 0.873 0.944 1.135 0.759 0.894 1.562 0.625 0.821 
0. 70 0 .601 0.942 0.976 0.660 0.867 0.950 0.754 0.754 0.913 0.928 0.623 0.855 
0. 80 0 .400 0.947 0.981 0.422 0.880 0.965 0.452 0.784 0.946 0.504 0.674 0.922 
0. 90 0 .200 0.964 0.989 0.204 0.921 0.981 0.209 0.862 0.979 0.216 0.797 0.992 
0. 95 0 .100 0.979 0.994 0.101 0.955 0.988 0.102 0.923 0.986 0.103 0.889 1.000 



Now suppose that only p is unknown. The Fisher information is 

Ip = a' a where a is the first column of A. The 1-order loglikelihood 

is 
T 

U P ) = I H l o g a 2 - -—-(Y - p Y )2} (8) 
t=l 2a2 c 1 c 1 

c 
where 

P Y = 2 , a 2 = (1-p 2) var (Y ). (9) 
Y 1 + GO (1 — p 2) c Y 

The computation of (4) is conceptually straightforward but algebraically 

messy and no closed form for var(p^) could be found. Numerical values 

of the ARE are given in Table 5.1, which also gives the corresponding 

value for the moment estimate based on the first relationship of (9), 

say p. The behaviour of p^ is satisfactory over the whole range of the 

parameter values considered. Its ARE is often half way between the 

corresponding one of p and 1, and sometimes is much higher. 

5.4 Efficiency for second-order Markov chain 

Let {Yj_} be a stationary binary second-order Markov chain, with tran-

sition probabilities 

p . . = P { Y t - l | Y t _ 2 - i , Y t . f j } 

for i,j e{0,l}. The associated first-order Markov chain with states 

{(0,0),(0,1),(1,0),(1,1)} has transition matrix ft and stationary dis-

stribution TT = (TT., ,TT„ ,TT_ ,TT. ) 1 , where 1 2 J 4 
r l -

tt2 = TT3 = 
10 + 2 + ' 01 

'00 1 " P 

- 1 

= ( 1 " p i o ) / p o o 

11 

\ = P 0 1 / ( 1 " P 1 1 ) • 

If o)..=o)..(0) where 0 is an unknown parameter, the variance of the 
U i j 



exact MLE is asymptotically proportional to 

r du). . >> 
Ll 

de 

(Billingsley, 1961). For the approximate MLE, consider m = 0 and m = l . 

For m = 0 , we approximate the loglikelihood by that of a sequence of 

i.i.d. Bernoulli r.v.'s with probability of success <{>Q = + it^. For 

m = 1, consider 

where ^(i,j) = P{Yt = j | = i}. In particular <^(0,1) = T^/(1^ + ir̂ ) , 

(J>1(1,1) = ^ 4/ ( ^2+ • 

where 6 is a constant regarded as known, 0<6<7/16. Results are given 

in Table 5.2. Their interpretation is not so simple as for Table 5.1. 

For 6 = 0.2, the ARE varies appreciably as 0 ranges between 0 and 1, 

while for 5= 7/16 it is smooth and moderately high. Notice that, near 
A A 

6=0, QQ is more efficient than 0^; this illustrates the point that, 

although the ARE must increase as m->°°, it may not do so monotonically. 

In a general way, the two examples suggest that the method works 

reasonably well and is worth considering in any more complex case where 

the "exact" MLE cannot be computed. 

T 
n(Q) = I log *1(yt._1»yt) 

t=l 

Numerical work has been done using the parameterization 

p (0) = i0 (1- 0) + | j (1- 0) + 6 , ( 0 < 0 < 1) 
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Table 5.2: Asymptotic variance of 6 and ARE of 0 and 0. for second 

order binary Markov chain, 

(a) T var(0_) as T->°°, (b) ARE of 0_, (c) ARE of 0 

0 6 = 0.2 6 = 7/16 0 

(a) (b) (c) (a) (b) (c) 

0. 01 0 .867 0.268 0.185 0.254 0.881 0.756 
0. 10 1 .497 0.192 0.170 . 0.255 0.828 0.805 
0. 20 2 .809 0.041 0.210 0.251 0.772 0.833 
0. 24 3 .459 0.002 0.307 0.250 0.755 0.840 
0. 26 3 .734 0.002 0.382 0.250 0.748 0.844 
0. 30 4 .030 0.056 0.569 0.251 0.737 0.850 
0. 40 3 .261 0.359 0.935 0.262 0.729 0.862 
0. 50 2 .236 0.559 0.994 0.285 0.749 0.871 
0. 60 1 .657 0.634 0.939 0.318 0.781 0.873 
0. 70 1 .313 0.631 0.849 0.351 0.801 0.859 
0. 80 1 .054 0.569 0.739 0.370 0.780 0.822 
0. 90 0 .813 0.459 0.609 0.366 0.706 0.759 
0. 95 0 .687 0.389 0.534 0.354 0.650 0.717 
0. 99 0 .580 0.327 0.467 0.338 0.598 0.677 
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Appendix A 

PROVING UNIMODALITY OF THE LIKELIHOOD 
OF STATIONARY MARKOV PROCESSES 

We prove here that equation (9) of Chapter 1 has one and only one real 

root in the open interval (-1, 1) . Since with probability 1 

C(l) = -4{ d n - 2 d
1 2

+ d 2 2 } / T < 

C(-l) = 4(T-l){(T-l)(dn+ 2d 1 2 +d 2 2) - ( b u + 2b 1 2+b 2 2)} / T > 0 , 

then there is one real root in (-1, 1) . For the case T=2, the proof is 

complete. Assume then T> 2 and prove that there is only one real root. 

Define 
£
m*v ( a ) = *(£(a),a2(a),a) IllaX 

= -|nTloga 2(a) + ^nlogCl-a 2) + constant 

with y(a), a2(a) defined by (8) of Chapter 1. It suffices to prove 

that ^ m a x has only one stationarity point, and therefore it is a maxi-

mum. It is sufficient to prove that Z is concave at points such max 
that V (a) = 0, for which max 

d a 2 ( a ) = - 2 a a 2 ( a ) . 
d a T (1-a 2) 

Using the last relationship in Z" , we see that it is sufficient to max 
prove that a2(a) is convex. Now 

-2/ \ 2 N(a) a) = 
da2 n 2 T {T- (T-2)a}3 (T-2) 

where 

N(a) = {n(T-2)d22 - d|}{T- (T-2)a}3 + 2{Td 2~(T-2) d ^ 2 

which is positive with probability one. 

This ends the proof. As a curiosity, note that c^> 0 with probability 

one; therefore, there is another real root on the right of a = l , and a 
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third real root on the left of a = -l. The remaining two roots could not 

be located; however, they have been computed numerically for a large 

number of sets of data: in all cases, these roots were on the right of 

a=l, possibly complex. 



Appendix B 

A MARKOV PROCESS WITH BETA MARGINAL DISTRIBUTION 

Look for a stationary Markov process { x
t) with Beta(p,q) marginal dis-

tribution, i.e. with density at x proportional to xP ^ (1-x)^ ^ for 

0<x<l, p > 0, q>0. D.R.Cox has suggested the model 

x
t
 88 xt-i e t (0< a< 1, t = 0, ±1,...) (B.l) 

for a sequence of i.i.d. random variables {e^Jto be determined. Taking 

logarithms, we have 

z t • a V i + 

in an obvious notation. Clearly, if the problem has a solution, the 

characteristic function of £ is 

, , x iuZN , „, iuaZ. <|> (u) = E(e ) / E(e ) 

= r(p+ iu) r(p + q+ iua) ( , 
T(p + iua) T(p + q + iu) K ' ' 

having dropped the suffix t. Consider (B.2) for q=l. Then 

, , s p+iu 1-a 
V u ) = V^TT = T T w F ' 

which is the characteristic function of 

10 with probability a, 

-e with probability 1 — a, 

where e^ is an Exponential r.v. with mean 1/p. Note the close similarity 

with the problem of Gaver and Lewis (1980). For general q integer, 
I 

( \ (p + iua) (p + 1 + iua) ... (p + q - 1 + iua) 
~ (p+iu) (p+l + iu) ... (p + q-l + iu) 

so that 
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5 - 2 c . , 

where all components of the right hand side are independent. 

Using the fact 

_ r ( p + k ) r ( p + q + k a ) -v 
} r(p + kct) r(p + q + k) ' 

we get 

E(Xt X ) = E 
, h H 

yl+a a a 
t Et+1 Gt+h-l Et+h 

= r(p+a h+ 1) r(p+q) Jf r(p + J l ) r(p + q + aj) 
r(p) r(p+q+a h4-l) j=l r(p + aj) TCp+q + a^""1) 

P(P + «h) 
(p + q) (p + q + ah) 

for h> 0. Hence, for general h, 

Ihl . ^ 
ro r rCX X ^ - a (P + q + 1 ) . corr(Xt,Xt+h) - (h) 

p + q + a 1 1 

Using the fact that 1 - X is a Beta(q,p) r.v. if X is a Beta(p,q) r.-v., 

we can generate processes with q fractional and p integer. The problem of 

both p and q fractional remains unsolved, as well as the problem of 

negative autocorrelation. 

Consider now the generation of a stationary Markov process of form 

(B.l) such that the marginal distribution is Gamma(p,l). For p=l, 
—a 

Shanbag and Sreehari (1977) have proved that e = S^ , where Sa is a pos-

itive stable r.v. with characteristic exponent a. A method for gener-

ating Sa has been given by Kanter (1975). For p^l, the problem is 

unsolved, as it has been pointed out by McKenzie (1981). An approximate 

solution is to generate a process of type (B.l) with Beta(p,q) marginal 

distribution and multiply by q, for q » l . 
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A note on the estimation of a distribution function and 
quantiles by a kernel method 

BY A. AZZALINI 
Istituto di Statistica, Universita di Padova, Italy 

SUMMARY 

A distribution function is estimated by integrating a kernel estimator of the density. 
Quantiles are estimated by inverting the estimate of the distribution function. Second-
order properties of both these estimators are studied. 

Some key words: Distribution function; Kernel method; Nonparametric estimation; Quantiles; Simulation. 

There has recently been extensive work on the estimation by kernel methods of 
probability densities and their derivatives; for a review, see Wertz (1978). For estimating 
the cumulative distribution function, the empirical distribution function, Fn, is in a sense 
already quite smooth, although it is known that further smoothing can be an advantage. 
The object of the present note is to report briefly an investigation of kernel estimation 
applied to distribution function, and quantiles. Further details are available from the 
author. 

For independent and identically distributed random variables X!,...,X„ the usual 
kernel estimator of the density / ( . ) is 

I n f x — X-
f{x) = - r I ™ nb ,=i \ b 

where .) is some bounded density function with w(t) — w{—t) for all real t;b > 0. The 
corresponding estimate for the distribution function F{.) is 

I n f x — X 
F(x) = - 2 W 

n i= i 

where 

W(t) = J' w(u)du. 

Nadaraya (1964) has proved under mild conditions that F has asymptotically the same 
mean and variance as Fn. We consider here second-order properties of F under the 
assumption that b 0 as n -*• oo, that w(t) = 0 if 111 > h for some positive h, t h a t / ( . ) is 
continuous in (x — hb,x + hb) and t h a t f ' ( x ) exists. Then it can be proved that, as n —• oo, 

E{F(x)-F(x)}2 ~ F(x){l~F(x)}/n-ub/n + vb4-, (1) 
where 

u=f(x)^h- H^W2{t)dt^, v = J* t2w{t)dt\ 

Note that u > 0 if f{x) > 0. We get the minimum of the right-hand side of (1) at 
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provided f'{x) 0, for which 

E{F(x)-F(x)} 2 F ( x ) { L - F ( x ) } 3 W 
n v1'3 

If wc write b = Kn ~A
y then the asymptotically optimum choice for 8 is 8 = 3. This is 

different from the optimum value for density estimation, which is 8 = 3. If we choose 
then (1) shows that the mean squared error of F has an order of magnitude greater than 
that of the mean squared error of Fn. 

Some numerical work has been done using Epanechnikov's kernel, the integral of which 
is 

which is known to have optimal properties for estimating the density function. The value 
ofKinb = Kn~d has been chosen as follows. An in variance argument applied to (2) shows 
that K has to be proportional to CT, the standard deviation of Xt. Numerical computation 
of the optimum K shows tha t it ranges between a and 2a for a large number of 
distributions, including those of Table 1, when we are estimating the long tail of F . The 
value K = l'3<r has been found a satisfactory compromise. When we are estimating F not 
in the long tail, K = 0-5CT is a more reliable choice. 

One relevant application of F is the estimation of the distribution of some statistic via 
simulation; in this case it is fairly common that a is known exactly; however, some 
evidence can be given that the results are hardly affected if a is estimated from the sample. 

Table 1 reports some computations of the mean squared error of F, when F is estimated 
at t h e ^ t h quantile £p, defined as p — F(£p) (0 < p < 1); the exact mean and variance of F 
have been computed by numerical quadrature of appropriate integrals. We notice that F 
is generally rather better than F„, whose mean squared error is p(l —p)/n. This is not so for 
the gamma( | ) distribution at the 0*05 quantile, because the density is unbounded in 
(x—hb, x + hb). 

Now consider the estimation of £p, assumed to be unique, with xp defined as the root of 
p = F(xp). The asymptotic distribution of xp has been considered by Nadaraya (1964) to 
the first order of approximation; under certain regularity conditions, xp has the same 
asymptotic distribution as the sample quantile. 

Table 1. Estimation of distribution function at the pt\\ quantile (n = 1000): nxmean 
squared error 

r 0 

W0(t)= i - f 3^/(4^/5)-*3 /(20V5) 
> 1 

(t ^ -y/5), 

(~y/5<t<y/5), 

(t > 75), 

Distribution 

p = 0 0 5 
P ( l - p ) = 0 0 4 7 5 

K = l-3a K = 05o 

p = 0-90, 
p(l-p) = 0-09 

K = 1-3(7 K = 0oo 

p = 0-95, 
p(l-p) = 0-0475 

K = l-3<7 K = 0-5ct 
Normal 004305 004477 

8-91245 1-97219 
0-71826 003334 
009075 003976 
005030 004269 
004254 0 04434 
004716 0 04162 
0-05782 0-04074 
002976 003920 
0 19292 002995 

0-08193 0-08526 
008445 0 08755 
0-08388 0-08724 
008335 008690 
0-08279 0-08648 
0-08070 0-08583 
008179 008613 
008264 008657 
0-06842 0-08170 
0-08271 0-08678 

004305 0 04477 
004472 004633 
004430 0 04612 
004391 004590 
004349 0 04562 
004254 0 04434 
004272 004519 
004334 004559 
002976 003920 
004323 004560 

G amma(i) 
Gamma(l) 
Gamma(2) 
Gamma(5) 
Beta(5,5) 
Beta(2,5) 
Beta(2,10) 
Beta( 1,1) 
Beta( l ,4) 
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We consider here second-order approximations. Under the previous assumptions, it can 
be proved that (2) is again the asymptotically optimum choice of b and, correspondingly, 

, , » ! ? » ( / ' ) / " V ' 3
 F . M 2 y ( ' - y ) _ J l f " V ' 3 

where the argument of all functions is £p. 
Some numerical comparison of xp with the sample quantile has been carried out but is 

not reported here. The relative performances of xp and the sample quantile are similar to 
those of F and Fn. 

The value of xp can be found by Newton-Raphson search starting from the sample 
quantile. This proved to be verv effective with some simulated data. 

The author is grateful to Dr A. C. Atkinson and Professor D. R. Cox for several 
comments and suggestions; his work a t Imperial College, London was supported by the 
Italian Ministry of Education. 
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