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ABSTRACT

In the first three chapters, the analysis of a number, say n, of
independent time series 1is considered in a Normal theory context.
Chapter 1 deals with the simplest case of n replicates of a first
or second order autoregressive stationary process. The emphasis is
on asymptotics as n tends to infinity and the length of the series
is fixed. The likelihood conditional on the initial values of each
of the n series produces estimates of the parameters which are
appreciably less efficient than the ones derived from the uncondi-
tional likelihood. Chapter 2 and 3 consider more complex situations
(allowing for non-stationarity and non—identical distributions)
with special attention for Markov processes, using the unconditional
likelihood. Chapter 2 deals with systematic effect models, while
Chapter 3 deals with latent structure models.

In Chapter 4, a stationary Markov process {et}, not necessariiy
Normal, is observable only indirectly, via a process {Yt}. More
precisely, the current value Yt is sampled from a distribution deter-
mined by the current value of Gt, and it is conditionally independ-
ent of all past values of {et} and {Yt}. A procedure is proposed for

Y .

approximating the conditional densities of et and 9t+1 given Yl""’ .

A method for approximating the likelihood of a.stationary time
series 1s studied in Chapter 5. General results on the asymptotic
properties of the associated estimates are given, .and numerical com-
parisons with other estimators are carried out in special cases.

In Appendix A, it is proved that the likelihood of a stationary
Normal Markov process with unknown mean, variance and autocorrelation
is unimodal. Appendix B studies a Markov process with Beta marginal
distribution; its transition law and the autocovariance function are

determined.
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Chapter 1

REPLICATED OBSERVATIONS OF LOW ORDER

AUTOREGRESSIVE TIME SERIES

1.1 Introduction

We shall deal with the analysis of a number of independent short time
series. Much time series theory is concerned with asymptotic results
holding for a single series, as the length of that series tends to
infinity. Here, by contrast, we assume that a moderate or large number
of series is available, the length of the component sections being
possibly quite short.

Such data can arise in two ways. First, we may have a single series
observed in a number of sections, the sections being sufficiently far
apart to be treated as independent. Second, suppose that treatments are
applied to a number of individuals and a response observed every time
unit for each individual, the response for any one individual being
assumed to be sampled from some discrete time process.

This kind of problem has received limited attention in the
literature. References to known work will be made at appropriate
places in the text. We only mention now papers which, although
concerned with the same topic, have little relationship with the
present thesis. Shumway (1970), Borpujari (1977) and Brillinger (1980)
essentially test whether n independent non-stationary series have
common mean vector through a frequency domain approach, introducing

an "analysis of power" table. Anderson (1978) considers multivariate



series, but he works essentially with the likelihood conditional on
the initial values, in a terminology explained later. Farrow (1979)
refers mainly to first order autoregressive and first order moving-
average models with special emphasis on computational aspects.

The present chapter deals with the simplest, rather restrictive,
case of replicated series, namely when n independent realizations of
univariate series are sampled from a simple stationary autoregressive
process of order one or two. We let n tend to infinity keeping the
length of the series fixed. Study of this simple case is valuable in
part because it clarifies qualitatively the relation to standard
asymptotic theory, that is when n=1 and the length of the series tends
to infinity. More complex situations, allowing for non-stationary and

non—identical distributions, will be considered in subsequent chapters.

1.2 First order autoregressive series

Let {yi " for t=1,..., Ti; i=1,..., n} be a set of Normal random
b

is independent of y. _ if i # j. We suppose here

variables (r.v.);yi ¢ 5t
H] ]

that, for each i, {yi,t for t=1,..., Ti} is a section of a first orxder
autoregréssive processes and these processes are identically distributed
Assume T. > 2 for all i, and define T=ZTi/n.

First, we consider the case of zero mean. We therefore assume the

model

Vie =% Vi e tel L la]<1 , t=2,...,T,5 i=1,...,n; (1)
b4 >

where, for each i, the €; . are independent and identically distributed

t
b
(i.i.d.) N(0,0%), i.e. {Ei t} is Gaussian white noise. If the initial
’
values Vi1 (i=1,...,n) are regarded as sampled from the stationary
3y

distribution N(O, o2/(1-a2)) the loglikelihood for the unknown para-

meters (02,a0) is



2(0,0%,0) = ~{nT log(2ma?®) + fnlog(l-o?) - %‘Zf dyy - 2ad), *+a®d,)
where o
n Ti-r+1
frs ” izl tzs Vi, e Vi, t+r-s (L<r<s) ,

with the usual convention that a sum is zero if the lower limit
exceeds the upper limit.

We consider now (32,a ), the maximum likelihood estimate (MLE) of
(¢2,a ) from (2). When & is known, 62 is easily computed, namely

52 = (d 24d +&2d22)/(n T) ;

11 12
then & satisfies
~ 3 _ _ 22 _ 2 -
a d22 (T-1)/T - a d12 (T-2)/T a(d22-+d11/T)'+ d12 o,
which has one real root for each one of the open intervals (-», -1),
(-1, 1), (1,). This is a trivial generalization of a known result
for n=1 (White, 1961).
If we assume that Ti= constant = T and let n-«, then strong con-

sistency of (62,&) follows using, for instance, theorem 4.1 of Berk

(1972); the distribution is asymptotically normal with variance matrix
2{T-1-(T-3)a2} o"* -2002(l-a?)

V(2,8) 1 . (3)
n {T-(T-2)a?} (T-1) -2002(1-a2) T(1-02)2

In time series theory it is very common to consider the loglike-
lihood conditional on thefirst observation. If we do this for each

one of the n time series, the ioglikelihood is

zC(O,cz,a) = -4n (T-1) log(2mc?) +
L ) (4)
- '20—2{ d].l - Zyi,l - 2o0d

which holds also for | & |[> 1. The MLE (ai,ac) of (02,a) is given by

2 2
12 T 07 (dyy +Iyy )}

~2 _ _ 2 — 94 ~2 2 -

0o = ldyy = Iy 4 — 26 dgy+ al(dy,+2y; DM/ {n(T-D},
~ = 2

Ao = dyp/dy, +2¥7 1) -

Strong consistency and asymptotic normality of (Gi,&c) for series

of equal length T can be established as follows. Let us denote by h

10

b ]



the probability density function (p.d.f.) from which the i g
3

(i=1,...,n) are sampled, so that, for one individual series, the

p.d.f. is
T
1 1
£(Y 5+0esy) = b(y) exp|- Y (yo~ay, P
1 T 1 - ’
(n o2y (T"D)/2 292 ¢=p & TEL

having dropped the suffix i. Clearly, the MLE for (02,0) using density
f is still (82,&c) so that we can apply theorems for unconditional
maximum likelihood estimation to (Gi,&c). It is easy to check that
conditions for theorems 4.1 and 6.1 of Berk (1972) are satisfied if
E(yi)‘iw, plus the identifiability condition E(y%)> 0if T=2, In
particular, if E(y%)==02/(1—a2), the asymptotic variance matrix is
20" 0]
VE2,E ) v ——— : (5)
n(T-1) (0 1-a?

In fact, strong consistency can be established by applying a
conditional inference argument to lc and using a theorem of Andersen
(1973, p.51), under the single assumption that E(yi)>~0 when T= 2.

Consider now the case of unknown mean, i.e. the model

t=2,...,T.; i=1,...,n; (6)

- = + .
Y u = a(y u) €t ° 5

i,t i,t-1 -
where 1 is an additional unknown parameter, nT> 2, E(yi 1)==p and
3

everything else is as before. The unconditional loglikelihood is

LGu,02,0) = £(0,02,0) - (202)" % (1-a) {-2u(d; - ad)) +

(7)
+ w20 (T- (T-2)a)} ,
where
g Ti§r+1

d = y. (1<) .

r i=1 t=r 1,t
Look for the MLE of (#,02,a). For any fixed o, the values of u,02
which maximize (7) are

d, —ad

R Bk BENNPTYR S B PR 20 - ni@? (-
W) = Srrsyey 0 O (W Tqp (g T 20d,, +atd,, mnu@)” (1) ®

X (T-(T—Z)a)} ’

respectively. Substituting these into 3%/30 =0, we find after some

11



algebra that the MLE & of o satisfies
2 4
@) = ) c.al =0, (9)

where

c. = (T—2)(T—1){(T-2)d22 - b22}/T ,

5
o _ 2_ _ moon3
c, = 2(T-2) (T 1)d22 + (2T 3T+2)b22/T (T-2) d12/T +
2
= _(m_oy2 _ _ _
cq = (T-2) d11/T + (3T 4)d22 + (T 2)b11/T b22 + 10
2 2 10
- 2(T —2T+2)b12/T + 2(T=-2) di, >
c, = 2(T—2)d11 —(T-Z)bll/T - 2(T—2)d12 + 2T(T—2)d22 - (2T-1)b22 .
- _ _ m2 _ _
¢, = lel T d22 + b11 + 2Tb12 2T (T 2)d12 + Tb,, ,
_ 2 - _
¢o =T djy =~ Thyy=byy
and
b,, = d2/n b,, =d,d, /n b,, = d2/n (11)
11 =9/ by, =dyjd/n, by, =dy/n .

In Appendix A, it is proved that (9) has one and only one real root
in the open interval (-1, 1), which therefore corresponds to a maximum
of 2.

Since the information matrix is block diagonal, the asymptotic
variance matrix of (62,a) is given by (3) and

var(i) ~ o2{n (1-0) (T- (T—Z)a}}—l (12)
as n>», for series of equal length T.

Consider now the loglikelihood conditional on the starting values,
that is

lc(u,oz,a) = zc(o,cz,a) - 202y (1-a) x | (13)

< {-2u(d) - By - o(dy+ Iy D)+ a(T-DuZ(A-0)}

The MLE (ﬁc,éi,&c) of (u,0%,a) can be easily written down in explicit
form. The asymptoticvariance matrix of (Gi,&é),when the Vi1 (i=1,...,n)
are sampled from N(u,02/(1-a2)), is given by (5) and

var(i ) v o2 {n(T-1) (1-af} . (14)

Figure 1.1 and 1.2 give some numerical comparison of (ﬁc,ai,&c)

12



A.R.E. OF ESTIMATORS FOR AR(1) STATIONARY PROCESS BASED ON
CONDITIONAL LIKELIHOOD PLOTTED VERSUS RUTOREGRESSIVE PRARAMETER
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Figure 1.2 Generalized ARE of estimators for stationary AR(1l) Normal
process based on conditional likelihood plotted versus the

autoregressive parameter.
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versus (1,02,8). In Figure 1.1, the asymptotic relative efficiency
(ARE) of each component separately is plotted versus a, for T=10 .
Figure 1.2 gives the generalized ARE, defined as the ratio of the
asymptotic generalized variances when T=5, 10, 25. These figures show
that, even for moderate values of T, there is a not negligible loss
of efficiency in using 'Q'c instead of % when the latter is appropriate,
at least when a 1is positive, which is the most common case in prac-
tice. The fact that no explicit expression for & is available is not
a serious problem because (9) can be solved efficiently. Theréfore JLC

should be used only when stationarity cannot be assumed.

1.3 Second order autoregressive series

We now suppose that the data are generated by the model

Yi’t = alyi,t—l + O‘Zyi,t—z + ei,t , t=3""’Ti;1=l""’n’ (15)

where Tii3 (i=1,...,n), the e; . are i.i.d. N(0,02) and Iazlil,

>

a,+a,<1l, a,—a,<1l. We consider three different types of likelihood

1 72 2 "1

for model (15): (i) unconditional likelihood, when the starting values

Yi 10 Y59 (i=1,...,n) are sampled from the stationary distribution, .
3 b4

whichis Normal with zero mean vector and variance matrix

-1
— a2 -

1 0!.2 a1(1+a2)
02 .
2

2

see, for instance, Box and Jenkins (1970, p.275); (ii) likelihood

-a1(1+a2) l1-a

conditional on Y51 (i=1,...,n) assuming that Y 9 (i=1,...,n) are
b 3

sampled from the stationary distribution conditional on the y. .'s;
P i,l

(iii) likelihood conditional on Y p v (i=1,...,n). Let us denote
>

i,2
1’ g’c2 the three loglikélihoods, respectively. Explicit expres-—

sions of the asymptotic variance matrices of the estimates are intri-

by 2, %
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cate but numerical evaluation is straightforward.

If we allow the mean to be non—-zero, say p, the asymptotic variance
matrices of MLE's of (cz,al, a2) are unchanged, because the information
matrix is block diagonal. Asymptotic variances of MLE's of u are
easily computed explicitly.

Figure 1.3 and 1.4 show the generalized ARE of estimates derived

from lc and QC versus that from 2 when the mean is unknown, the

1 2

starting values are sampled from the stationary distribution and Ti =

10. The main feature is that Rc has a very low efficiency over a wide

2

area of the parameter space; zcl gives estimates of higher efficiency,
but it makes the same assumptions on the parameter space as £ without
simplifying the actual computation of the MLE. However,it is of

interest when v is not sampled from the stationary distribution.

,1

Indeed, the actual computation of the estimates is more complicated
than in section 2. If we use £ and y=0 is assumed, then (&1,&2) is
given by the simultaneous solution of a cubic and a quartic. If y is

not known, the values of y which maximizes % for any given (al,az) is

2

a simple function of (dl’d d similarly for o<, The parameter

9 d3)3
space of (al,az) can be searched starting from the MLE derived from

ch, which is obtained by solving two linear equations in two variables,

1.4 Testing for statilonarity

One of the purposes of section 2 and 3 was to evaluate the loss of effi-

ciency using Qc (2 ., and Qc respectively) instead of % when the series

cl 2’
are actually stationary. On the other hand, % will be misleading when

the series are non stationary. We might want a tool for testing whether

the series are stationary or not. In standard asymptotic theory (i.e.
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when n=1, T-®) there is hardly any need for a formal significance
test for the hypothesis |a] < 1, because the plot of the data will
usually be sufficient; by contrast, departure of the distribution of
the initial values from the stationary one usually has little chance of
being detected. In the present framework the situation is, to a large
extent, reversed: for small T, the plot of the data could easily
appear stationary for |o| equal to or just larger than 1, while the
distribution of thé initial values can be consistently estimated as

n->o

Therefore, writing u1==E(yi,1), 0%==var(yi’1), we want to test the
null hypothesis

Ho = |a|<1, My =W 0%=02/(1—a2) ,
against Ho,. It appears that the theory of tests does not provide any
technique for this systeﬁ of hypotheses. On the other hand, failuré of
|o| <1 has an entirely different physical meaning of departure of the
initial distribution from the stationary one. So it makes sense to test
|a| <1 first, irrespective of Hy and 0%. Then, in principle, one could
consider the statistic of Davies (1977) for testing a=1 (note that the
likelihood does not depend on u at a=1), but the large number of
nuisance parameters makes the approach intractable. Altérnativély, one
could consider the loglikelihood

Z*(ul,oi,u,oz,a) = —§t110g(2n0%) - (20%)_12i(yi,1-u)2 + zc(u,dz,a) ,
for which the MLE of o is &c, and derive a confidence interval for o

from a standard asymptotic argument. The only special point is that,

although the information matrix is singular at a=1,

2 y—-1
. . . . 1 -2 %1
1im {asymptotic variance of & } = =|(T-1) + —
c e 2 2
a1 g

irrespective of the side from which a- 1.
If |a|< 1 has been assumed, one wants to test whether p1==u, 0%=

62/(1-a?), either simultaneously or separately. Derivation of
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testing procedures is routine work and details are not given.

1.5 A design problem

In section 2 and 3, we have taken the number n and the sequence Tl,...,Tn
as given. It might be that we can choose them before sampling, under a
certain constraint on the total cost of sampling. What is the optimum
allocation strategy? There are many possible specifications. Even if we
decide to take "optimum" as synonymous with having minimum variance, it
is unlikely we are equally interested in all parameters.

Consider the following special version of this problem. For model (6)
with initial values taken from the stationary distribution, let a' be
the cost of sampling the first observation of each series and b the cost
of sampling any observation after the first one. Then, after division by
b, the total cost is

C=(a+T)n (16)
for a=(a'/b)-1, a>-1 . Given a value C> 0, we look for the value of
which maximizes the diagonal element of the information matrix, I66
say, of a parameter 6 when the series are of equal 1éngth. No a priori
distribution on the parameter space is introduced, because the goal is
to examine the dependence of the optimum sampling strategy on the

parameter of interest rather than working out an operating rule.

Substituting (16) into the information matrix we get

Ipp =02 (1l-a) {(l—a)C-n(a(l-—a)—ZaJ},
= g4 -
10202 30 (C-an) ,
- 2
I = (1-a?) Le - n.[a+1— 20 J ’
X 1-a2

for 1<n<C/(a+2). The following points hold: (i) in all cases the

optimum sampling strategy is either n=1, T=C or n=C/(at2), T=2;
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(ii) for estimating o2, the choice depends only on the sign of a;
(iii) for estimating i and a, the choice is in favour of n=C/(a+2),

T= 2, when

a
> —2- or (17)

respectively. Let a; be the largest value of o such that the first one
of (17) is false; analogously Ia;] for the second inequality. Some
numerical values are given in Table 1.1.

Inspection of Table 1.1 shows that in many practical situations a
can be assumed to be greater than a;, but |a|> |a;| is less commonm.
Supposing that an a priori distribution on o has been introduced, con-
flicting interests in the estimation on U and o can arise if these

parameters are of equal importance for us.
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Table 1.1: Some values of a; and |a;|

a - 0.5 0 0.500 1 2
al -0.333 8] 0.200 0.333 0.500

fa" | 0.447 0.577 0.655 0.707 0.775
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Chapter 2

DETERMINISTIC MODELS FOR NON-IDENTICALLY
DISTRIBUTED MARKOV SERIES

2.1 Introduction

The situations considered in Chapter 1 are too restricted to be of
interest in applications. If we think of each of the n times series
as the history (value of the response wvariable) of an individual over
a period of time T, then an allowance must be made for differences
between individuals which might influence the response variable. In a
clinical experiment, where individuals are given a treatment and then
observed every hour for 24 hours, the response variable(s) might be
influenced by factors such as sex, age, presence of some disease, and
so on.,

A second aspect to be taken into account is possible non-stationa-
rity of the series. In the above example, the effect of the treatment
is possibly high at the beginning of the observation period and then
dicreases. Of course, a further generalization allows non-stationarity
to be different from series to series. Similar arguments apply if we
think of the n series as fairly spaced sections of a unique realiza-
tion of one process.

This kind of problem has been studied in the sociological and eco—
nometric literature under the name of "panel data'. In particular, the
issue of April-September 1978 of the Annales de 1'INSEE has been en-
tirely dedicated to this topic. The emphasis has been mainly on con-

tinuous dependent variables, although there are exceptions, notably
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that of Heckmann(1978) who develops a continuous latent structure
model for dichotomous observations. For continuous observations, very
general models have been considered based on normality assumption or
associated second order theory. However, for all papers of which the
author is aware either no autocorrelation is supposed for data of the
same individual along time, or autoregressive models are considered,
but the likelihood conditional on the p initial values is considered,
if p is the order of the autoregression. Examples are Joreskog (1978,
p. 360) for a fixed effect model, Marodier and Trognon (1978) for a
random effect model; Wansbeek and Kaptein k1978) consider both.
Ignoring the contribution to the likelihood from the initial values
simplifies dramatically the mathematical treatment of the problem, but
has the drawback of producing inefficient estimates if T is not mod-
erately large, as shown in Chapter 1. For this reason, we shall work
with the unconditional likelihood as long as possible. Fixed effect
models are considered in this chapter; random effect models in the
following chapter. Sections 2 and 3 of this chapter deal with model-
ling of the mean of the process. Section 4 and 5 do the analogous

thing for the autoregressive parameter.

2.2 Stationary series with different means

Assume that the n series satisfy the model

,  t=2,...,T.; i=1,...,n, (1)

y - u, = o(y. .t ;

. - H.) + e,
1,t 1 1,t ul) 1

where |a|<1, and the e, . are white noise N(0,02); Y5 1 is sampled
3 b4
from the stationary distribution N(ui,oz/(l—az)). For the vector of

the means Eé(ul,...,un)'; we assume the linear model

_E:XB ’ : (2)



where X is a full rank n % p matrix (n>p) of covariates and E_is a
p * 1 vector of unknown parameters.

If X is the identity matrix of order n, then this model reduces to
a one-way classification with autocorrelated errors within each row.
Box (1954) has studied the effect of autocorrelation on the signifi-
cance level of the usual analysis of variance (i.e. ignoring auto-
correlation) when testing equality of the means of the rows, showing
that even a small autocorrelation has a dramatic effect on the actual
significance level of the F-test. Box worked with a first order moving
average model but it is usually recognised that, qualitatively, the
result holds more generally.

A two-way classification with autocorrelated errors within each
row has been considered by Larsen (1969) in a Bayesian framework, the
main purpose being computation of the posterior distribution of the
parameters given a locally uniform prior density. See also Ljung and
Box (1980) who assume a circular autoregressive procéss within each
row and use Jeffreys uninformative prior distribution.

For series of equal length T (T>2), the loglikelihood for model (1)
is

Q(E,oz,a) = —InT log (2m02) + inlog (1-a2) +

- (202)7 {a,, -20d,, + a2d

11 12 2
x ((T-(T-2)0)8'X'X8 - 28'X'(d; - ad,))} ,

2 + (l-a)x

where drS is defined as in Chapter 1 and
T-r+1 T-r+1 ],

4,= tZryl,t ""’téryn,t

Look for the MLE of B8, o2, a. For any fixed o, the values of B, 62

which maximize the loglikelihood are
B = t1- (e}t @07 (¢-ad) ,

~2 - (a1 - 2 - (1-
6¢(a) = (nT) {d11 20d,, + a®d,, ~ (1-a)x

x(b11 - 2ab, ., + a2b22)/(T—(T—2)a)} .

12
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respectively, where
-1
— A ' [
b =4 XEX'X) "X'd . (3)
Substituting E(a), 62(0) into 9&/da=0, we find after some algebra

that the MLE a of o satisfies

5 N
Lo @l =0, (4)
=

where the coefficients cj's are the same of Chapter 1, except that brs
is now given by (3). By similar arguments to those of Appendix A, it
can be proved that, with probability 1, equation (4) has one and only
one real root in the open interval (-1,1). Note that the whole proce-
dure needs only one matrix inversion.

An alternative estimate of B is

B=aolxn,
where‘9==T_1g_ is the vector of the sample means; E_does not depend
on the autocorrelation. Its variance matrix is

g2 1+0L_2a(1—-0r.T)
T(1l-a2){l-a T(l-a)2

(x'x)"1 .

V(B) =

We compare _E_ with the uniformly minimum variance unbiased (UMVU) esti-
mate of B for fixed a, i.e. E(a), whose variance matrix is

V(B(@)) = 02{(1-0) (T-(T-2)a)X'K} "L .
The ratio of the determinants of these two variances is the same as
the ARE of the sample mean versus the UMVU estimate of the mean for
one individual series. Chipman et al.(1968) have shown that this ARE
is very high for 0<a<1l, with greatest lower bound 0.87769. Only for
a close to -1, there is a strong superiority of E_(a) over é, but this
situation is fairly rare in practice. All of thissuggests that §_=_§_(u)
is not much better than ,E for O<a< 1. However, we must not conclude
that E is unimportant; for instance, in the one-way classification
mentioned earlier in this.section, B reduces to m with no estimate of

the residual variance, while a likelihood ratio test is possible via :B:



If the series have different length T,,...,T , then
1 n '
Eﬂa) = {(1-a)X'DTX + ZGX'X}—l X'le—qu) s (5)

82(a) = (A1) (d; - 20d, +o2d,, - (1-@)f(a) X' (4, - ad )} ,

11
where DT==diag(T1,...,Tn) and the definition of_clr is modified in a
obvious way. Unfortunately, the inverse matrix in (5) is difficult to
handle and no equation corresponding to (4) could be found. For com-
puting the MLE of o, we evaluate the maximum of the likelihood for
any fixed o, that is

% ay (@) = L(B(a), 32(a), a)

= —i(ZTi) log 62(a) + inlog (1-0%) + constant ,

and maximize lmax(a) numerically. This involves a new pxp matrix
inversion for all values of «a.

The information matrix is block diagonal. The block for (02, o) 1is
the same of Chapter 1. The block for B is

072 (1-a) {(1—a)X'DTX + 20 X'X}.

2.3 Non-stationary series with different mean vectors

In a more elaborate situation, a time-effect can be combined with an

individual-effect, the simplest form of combination being addition. For

series of equal length T, consider then

- u ,

y - = o(y.

. . +
i,t 1,t i,t-1 1)

. €.
1,t- 1,t

where Mo o is decomposed as
2

L=, otopk
| L T
Suppose that, for Ej=(u1,...,un)', E?=(uf,...,u;)',

B=XB, vo=7zz ,
where X and B are as in the previous section, Z is a full ramk TX q

matrix (T>q) of known functionsof t at t=1,...,T, and § is a qx 1

vector of unknown parameters. Typically, the entries of the columns
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of Z are values of "proper" functions of t, such as vt, cost, é_t, and
s0 on, But Z can also be used to allow for stimuli with transient
effect; for instance, if we measure the blood glucose level of n indi-
viduals every hour, the t-th entry of a column of Z may represent the
amount of food eaten in the hour preceding time t. Biological growth
curves provide other applications of the model; the '"natural" devel-
opment of an individual is interpreted via Zf, while differences
between individuals such as breed or initial weight are accounted via
XB.

In the above model, non-stationarity is allowed for, but its form
is restricted to be the same for all n series. In practice, such a
restriction needs often to be violated, since different individuals
may receive different stimuli during the observation period, or they
may receive them at différent times. Therefore we generalize further
the model, letting Z to depend on the individual. 1In other words, we

write

= u. +op¥ o, u¥ =z

11i,t i i,t

with_H;= (“f,l""’uf,T)" There is a danger of overparameterization,
which would occur, for instance, if X and all Zi's had a column of 1's;
but these columns of 1l's are not the only possible trap. We shall
return to this point; for the moment, assume that no overparameteri-
zation occurs.

The loglikelihood is

z(_jgjoz,a) = —inT log (2102) + inlog(l-a2) + ©)
2-1 ¥ -1
- - - ' - -
(20%) izl(zi wié ZiE) Y (Zi Wié ZiE) s

where Wi= 1x! is a Tx p matrix with all rows equal to the i-th row of

|
==
X, and 62 Q! is the inverse of the variance matrix. For a first order

autoregressive process,



[ 1 -0 0 .. 0O 0

- 1+a2 -q e e 0 0

a1 = 0 -a 1l+a2 . 0 o
. 0 ) 0 ... —a 1|

For any fixed o, computation of the MLE of the remaining parameters

is simple. Define
S -1
= '
Hyy = Loziow
1=1

. . -1
similarly for HWZ’ HZZ’ wa. Note that wa=il'9 1X'X=wX'X, where w
is the sum of all elements of 9—1. Differentiation of the loglikeli-

hood gives, in a obvious notation,
n

A0 _ -1, -1 . “1 4y -1
Bla) = (i = Hyg Hyy Hyy) izl(wi Bz 'tz 2 @ %5
. | (7
~ _.l ' _1 -~
() = H,, Y Z; @ "y, - Hy B(a)| ,
i=1

assuming that all inverse matrices exist; hence az(a). The associated
loglikelihood is

-1nTlog 62(a) + L{nlog(l-a?) + constant , (8)
which has to be maximized numerically. Although the computation is
more involved than in the previous cases, it is not prohibitive
because a (p+q+ 2)-dimensional search is reduced to a l-dimensional
search for which efficient algorithms exist. Moreover, computations
are simplified if one takes advantage of the pattern of Q—l 3 in fact,
all products of the form u' Q_lzl, for any two‘vectors.2==(ul,...,uT)'
and‘z==(vl,...,vT)§,can be written as

T T T-1

t_g_l“t Ve T atzz(ut g1 PO VY Y aztzzut Ve
and the three sums have to be computed only once for all valués of a.

The information matrix is block diagonal. The block for (c2,a) is

as in Chapter 1. The block for (8,%) is
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as can be seen directly because, for any given o, the model is a

linear one with design matrix

W4
W, z
X°= 2 2 »
W Z
n n

Therefore, the inverse matrices in (7) exist simultaneously either for
all values of a (if X, has full rank), or for none. This ensures that
(8) has no "holes".

Clearly, (7) applies to any Normal process for which Q-l can be
computed. This is especially simple for autoregressive processes
(Wise, 1955; Siddiqui, 1958). In (6) and (8), log(l-a2) must be

replaced by 10g|9_1l.

2.4 Series with different autoregressive parameters

In this section and the following one, we suppose that the expanatory
variables influence the autoregressive parameter, rather than thé
mean. This makes sense especially when the Markov model has physical
motivation and is not simply a mathematical convenience. If such
physical motivation exists, it is conceivable that the fraction a for
which Ve is indebted to Yeo1 is influenced by covariates.

Taking the common mean as zero for the moment, we have

=qa, Y. + €
i y1,t—1

Iit it

retaining previous assumptions on Normality and stationarity. We want

to write a; as a function of a p-dimensional parameter B and a set of
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covariates xi (i=i,...,n). Because of the constraint |a.|< 1, it is
= i

appealing to write
exp(x! B)-1
o, = tanh(ix!B) = L : (9)
exp(x B)+1

However, (9) does not allow a tractable solution, because the loglike-
lihood for (g,oz) is
QQE,OZ) = -%ZTilog(chz) + %Eilog(l- a%) +
G5 A R AP T TIP LRPT I 500 B
where g_==(a1,...,an)' and
(1) T.-r+l

d = ' 2 y

Y.
s t=s

it “i,t+r-s
When (9) is replaced into 2(2302), no reduction to lower dimensional
sufficient statistic is possible; a direct search of the parameter
space is necessary for computing the MLE. An approximate solution to
this problem is via the loglikelihood conditional on the initial values
y1,1""’yn,1

chl,oz) = —%Z(Ti— 1) log(2wo?) +

1 v () 2 (1) 40
ey [dll -vi,1 T 2oy dpy +aildy +yi,1) .

The conditional MLE of B is obtained minimizing

2 (1), 2 y)
~20® 41y + e ®F (a5 4yl )|

that is minimizing
2
-, d, {a; - (8}

_ d(1) (1)/d

where d +-y 17 a =d . This is a non-linear weighted least

squares problem, for which routines are available. To initialize the
algorithm, one possible way is as follows. For each series independ-

ently, compute an estimate &i of ;s inverting (9), compute

1+ aq,
éi = log ——= : (i=1,...,n) ;

- . -1 ~
then, in an obvious notation, compute = (X'X) "X'8 .
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If the series have unknown mean M, we modify the definition of
di;) as
(i) Ti—r+1
drs = tzs (yi,t—“) (yi’t+r_s-11)

and a search for p must be done.
An alternative approach is to replace (9) by the less ambitious
ai=ﬂ§£§_, which is considered in the next section, where it also

appears not unreasonable,

2.5 Non-stationarity caused by the autoregressive parameter

In section 3 we decomposed a non—-stationary (in the mean) series as
the sum of a zero-mean s;ationary process and a non-constant function
of time. An alternative approach interpretes non-stationarity in the
mean as the effect of time-dependence of the autoregressive parameter.
For a single time series, we then suppose that Y1 is N(ul,o%) and

Ve = %q Yeup * &, (t=2,...,T) , (10)
where{st} are i.i.d. N(0,0%) and @ is a slow-varying function of t,
parameterized in a few parameters. For instance, if Hy> 0, =0 and

1

a,.=0q t_1 , with o around 50, the series will have a x2-like shape,

(0]
which is fairly common in experimental studies. If we believe, say,
that the effect of the treatment will be higher for individuals that,
for any reason, at the beginning of the observatioﬁrperiod are above
the average and vice versa for individuals that are below the average,
then (10) is the appropriate scheme, not the one of section 3.

This model, when a is a polynomial in t with coefficients to be

estimated, has been considered by Wegman (1974), who has shown how to

compute the MLE. A more general model is

= v —
a = (al,...,aT_l) zg ,



where Z is a (T-1) x q matrix (T-1>q), whose entries are values of q
functions of t and § is a q-dimensional vector of coefficients to be
estimated. We also assume that n replicates of the same process are
available. For simplicity, we keep Z constant across series. Simple
differentiation on the loglikelihood gives the MLE of g, which is

L= (Z'D*Z)_l Z'_c_* ,

where
. T 2
Dys = diag(df,...,dt ),  d* = 121 Ve o
n
c* = (ci,...,c;_l)' s c: = izl yi,t+1 yi,t :

A more complex model allows o to vary with i and t simultaneously,

i.e.
V. = a, y. + €, .
i,t i,t-1 7i,t-1 i,t
with a: o decomposed in individual-effect and time-effect:
b
a =a, +a*
i,t i t

=xiB +zit,
where.§£ is p-dimensional vector of covariates of the i-th series, B8
is p~dimensional vector of parameters, Eé is the t-th row of Z

defined before. Define X as the nx p matrix with i-th row 5%.

The loglikelihood is

n
2 52 - . , 1 )
%(u;,07,0%,8,%) = constant -;n log 0] — _Z (yi,l up? o+
20¢ 1i=1
1
- in (T-1) log 02 +
T n ) 2v
- it ,
2 .z {yi,t (E]'_.B_ +_z_t_l£)yi,t_l} /(20 )
t=2 i=1

with derivatives

38/3g = d?% (X'c - X'D X8 - X'Y,20) ,
38/3g = &2 (2'c* - 2'YIXB - Z2'D,,ZL) ,
where

._a

) _ 2
= dlag(dl,...,dn) , di = é yi,t—l 5

D
d £=2



n

c = (cl,...,cn)' R c. = 2 y

y
gm0

it 7i,e=-1

and Y2 is a n x(T-1) matrix with (i,t)-th entry yi e The solutions
b ]

of the MLE equations are
-1

~ * A
§=(2" Dy, 2) " 2" (c" - Y, XB) ,
~ ._.1 *
= ' — ' ' -
B=1{x"(MD-Y,QY)X} "X' (c-Y,Qc")
with Q==Z(Z'Dd Z)-1 Z', assuming that the inverse matrices exist. The
W 2 [
MLE of My and o] are the sample mean and variance of yl,l""’yn,l .

However, it is not necessary to assume E(yi,l) constant with i. We can
write E(yi’l)==_2i'§_1 and use least squares techniques,provided §1 is
unrelated with B8,z .

The parameter (B,z) is orthogonal to the others, with observed

information matrix

2.6 Testing between two models. An example

In section 2 and 3, two different models for non-stationary series
have been described. In certain cases, both can be used for fitting a
set of data, and a method for testing between them is necessary. Since
the models are not nested, the likelihood ratio criterion described
by Cox (1961,1962) is one appropriate statistic.

We consider here a very special case as an example. Denote by U
and V the two alternative hypotheses. Under hypothesis U, the data
are generated by

=y + e U o=uu (i=1,...,n; t=1,...,T)

Yie  He T Eie 0 Mt t

where 1 1s an unknown parameter and Upsesssly is a known sequence.

Under hypothesis V, Vi1 is N(ul,o%) and
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v =y (i=1,...,n; t=2,...,T)

Yie T Ve-1 Yie-1 t Si,e -1 Ve-1
with v unknown parameter and ViseersVp g @ given sequence. For both
hypotheses, {Ei,t} are i.i.d. N(0,1). This is a restrictive assumption
but it can be defended as follows. Suppose that both u, and v, tend to
zero as t-> T; we could think that the actual data go well beyond t =T,
where they become useless for estimating the parameters as well as for
discriminating between the hypotheses, except for estimating var(ei’t)

which therefore can be taken as known and equal to 1.

The loglikelihood for hypothesis U is, up to a constant term,

2
Ly(w) = -4 I, Zt(yi,t Hu)
with associated MLE of p
I_u y
~ t t ot - _ 1
U= > where y.t =05 Zi yi,t .
Zt ut

The loglikelihood for hypothesis V is, up to a constant term,

2 - 2 _ 2\ ~1 - 2
2y (1 503,v) }n log(o]) (203) ), Gy —u "+

] 2
~1 -
2 2i 2t(yi,t YV Vi e

with MLE of v

v Ty
=2 t i i,t-1

For computing Cox's test TU we need
E {2} = -iar-1) ,

T T
A AD A 2
2 = -1 2 - 2
Eu{zv(ul,ol,v)} ln | T +n Z ug -V z

where

T
5 2 2
z (u u g + 1).Vt—1

For standardizing T, we uses Cox's (1962) formula (17). Hence thé

U
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test function for U versus V is defined. The symmetric test Tv is
more complicated, but not impossible to compute.

A more informal procedure, applicable more generally than the one
just described, is to plot the residual values against time, for each
of the twomodels separately. Residuals for model U are expected to

have constant dispersion over time, while for model V dispersion will

in general be a function of the vt's, and hence of time.



Chapter 3
STOCHASTIS MODELS FOR NON-IDENTICALLY

DISTRIBUTED MARKOV SERIES

In this chapter, we consider random—effect models to interpret the
variability of parameters between series, as opposed to systematic

effect models of the previous chapter.

3.1 Empirical Bayes approach for the mean

Similarly to section 2.2, we assume that the following model holds

- = - + .
yi,t M1 u(yi,t—l “i) E1,t’ 1)

where |a] <1, {ei t} are white noise N(0,02), Y 1 is sampled from the
?

’

stationary distribution N(ui,oz/(l-az)). However, here we assume either
that the vector £f=(u1,...,un)' is unrestricted or, alternatively,

that u cee5u are i.i.d. random variables sampled from some Normal

1’

distribution N(ﬁ,Gi). On writing

= u, + . = Q + €
yl,t My r]1,t i n1,t i, t-1 it’
with ni 1 sampled from N(0,0z/(l—az)), we see that the scheme is a
’
random—effect one-way classification with autocorrelated errors . This

problem has received some attention in the statistical and econometric
literature. In the statistical one, it has been considered by Tiao and

Tan (1966) from a Bayesian point of view, the main purpose being the

2

computation of the a posteriori distribution of o<, cﬁ, o using vague
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information a priori distribution. Tiao and Tan stress that, when the
unbiased estimate Oi for the usual random-effect anlysis of variance

is negative, a possible explanation may be negative autocorrelation

of the errors not accounted for. In the econometric literature, the
interest in the topic seems to begin witha paper of Balestra and Nerlove
(1966) . However, all of them work with the likelihood conditional on

the initial values. Besides a certain lack of efficiency, this approach
seems to lead to additional problems; see later.

We shall follow an empirical Bayes approach. By integrating with

respect to M, the marginal p.d.f. of a single series Zf=(y1""’yT) is

f(Y;ﬁsozon’a) = (211.02) T/z (1"(12)2 expi-— L d -2o0d +(12 d +
= u oo 262 11 12 212
!
—Za(l—a)(dl—-adz)ui-(1—&)(T- (T-Z)a]uzJ - X
2¢"14 1 —\2
X (?-ﬂou) exp (- Sgz(w— W) ) du
= 2 _T/2 — 2 % —_ __1___ - 2
(210<) (1-a%)* exp 202(d11 Zcxdlz +a d22) x
~1 2 =2
x (0% B) * exp{g—gﬁl--iL—J (D
H 2B 542
’ H
where
B = (1-a)(T- (T-2)a) /o2 + 1/03 ,
= - — 2 T /2
C(y) = (1-a)(d;-oad,)/0” + u/cru ,
T-r+l T-r+1
dr - z Ve 0 drs = z Yt Yesp-s
t=r t=s

Some simple algebra gives the aq posteriori distribution of M given
y, that is N(C(y)/B, 1/B) assuming H, 05, 62, o known. Clearly, if n
series ZJ}...,zrl(possibly of différent length) have been observed,

then the distribution of un given all n series is N(C(Zn)/B,l/B),

since the W, are independently sampled.

Look for estimates of 1, oi, 02, a. Using (2), the loglikelihood
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for a sct of n series is readily written down, namely

2(f1,0%,0%,0) = constant - lnTlogao? + In log(l-a?) +
: g g

1

- 5zldyy ~2ady, tafdy,) ¢ )
=2
- 2 _1 1 2 _naq
3n logcu sn log B+ 5 Bzi C(_):i) 52
where
g T-r+1
d = DR 2SS ZE
rs i=1 t=g 1,t “1,t+r—s

restricting ourselves to series of equal length T, for the sake of
simplicity. For maximizing %, notice that the first two lines of (3) do
not depend on u, oi. Therefore, we maximize with respect to i, Oﬁ first,

for any fixed value of 62 and a. For, define

o T-r+l at) g gl
d(l) = z y. s u, = 1 s
r t=r ¢ , Y- (1-2)a
a = Zi ui/n , si = zi(ui-ﬁ)z/n

Equating to zero the derivatives of (3), we find the solution @ for i,

and

2 _ o2 (%)
u  (1-a){T- (T-2)a}

s

for oi, which can be negative. Assuming (4) positive and replacing

2, a to get

into £, one has to maximize numerically with respect to o
the MLE. The possibility that (4) takes negative values is disturbing,
at least from a technical theoretical point of view, because O§==0 is
not apoint of the parameter space. However, Nerlove (1978, p.15)
commenting on the existence of boundary solutions when maximizing the
likelihood conditional on the initial values says that ''the prevalence

of boundary solutions in the maximum likelihood case disappears when

the likelihood function is based on an approximation to the unconditional

probability (sZe¢) of the sample observations rather than on the proba-

bility conditional on the initial values of the dependent variable'.



Quick estimates of the parameters can be obtained as follows. Note

does not depend on My Then

,t i,t-1
2
- _ 2=20
E{(yi,t yi,t—l) J l+a ’
; - - - - g2lze
E{(yi,t yi,t—l)(yi,t—l yi,t—z)} T Tra

Replacing the left hand sides by sample moments and solving for 02, a,

estimates are obtained. Clearly, we estimate | by Zilyi/n, where?i is

the sample mean of the i-th series. For oi use
var(y.,) = ad% + v ,
1 H

where

a? l+a _ 20 (l—aT)
T(1-a2) (17 T (1-a)2

v = var(§i|ui) =

which can be estimated using previous estimates of a,0%,

Goodrich and Caines (1979) have considered a much more general form
of the above model and have given an algorithm, based on the Kalman
filter, for evaluating the likelihood, although not in closed form like
(3). In a very recent paper, T.W.Anderson and Cheng Hsiao (1981) discug;
thoroughly various assumptions on the distribution of the initial values

and their effect on the consistency of the MLE and alternative estimates.

3.2 Means with drift

We still assume that the data satisfy equation (1), but we change our
hypothesis about the ui's. When the subscript i is not arbitrary, but
corresponds to some natural ordering, it might well be that the ui's

are autocorrelated. For instance, consider

n u n-1 - ﬁ) + gn ’ (6)
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where the usual subscript i has been changed to n, {En} are i.1.d.

N(O,oé), Ipu[< 1, and the initial value ¥, is sampled from the sta-

1

tionary distribution N(ﬁ,oé/(l—az)). Re-write the observations as

Y, = v l+ng (7

where 1 is a T-dimensional vector of 1l's, and {3{3 is a sequence of
i.i.d. NT(9,02 Q)’.g being a T—-dimensional vector of O's and § a Tx T
matrix with (i,j)-th entry (l—ocz)_1 ali—jl; laf < 1.

The a posteriori distribution of Hy given Xl,...,zrland the predic-—
tive one of Mot given the same data can be computed recursively using

the Kalman filter (Kalman, 1963). They are both Normal ones; if we denote

A

]Jn‘n_l = E(Unllla---sy cflln"l = var(unlzl’.’.’ln—l) b

and analogously for ﬂn|n and o then it is known that the following

2
n|n’
recurrence relationships hold

~

Matl(n = ﬁ(l—pu) +p 1) (8)

- . oA
u Lln|n~-l * En(z-n unln-l -2

' = 2 | 2 1 2 _1
1—Q-n °u 0nln—l 1 (On]n—lll v oty ’

2 = a2 42 ) V(w2 ' 20y-1 2
On+1|n Py %a[n-1 {1 Saln-1 L' g L1+ 07D 1} + o2 ,

from which the parameters of the a posteriori distribution are easily

obtained, namely

~ (2 + 21101 1y (52 ~ -2 1171
un+1|n+1 (0n+l|n gellet (0n+1|n un+1|n rotlim -Zn+l)’
2 = (2 ~2 v o1l 1y~ 1

Gn+L|n+l (On+1ln tofliaet

For initializing the procedure, one takes the parameters of the station-

Cr o= 2 _ 201 2
ary distribution, that is ul|0 W, 01[0 OE/(l pu).

The same formulae can be used for computing the likelihood, hence
for making inference about the parameters. In fact, qu=(zn 'Un,n_lj)

for n=1,2,... is a sequence of independent Normal random variables

with mean O and variance matrix Giln_11"£+-dzﬂ, for which the likelihood
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can be computed. Morcover, since the sequence {Oiln_l} converges rapidly
to a stationary value o2, and so does {5293 then left multiplying (8) by

1l we have

- = (1 - ' _
Py p(l pu)_1_+gn+(l§* pul)gn

Xn U =n-1 -1

where {qu is a sequence of independent and approximately identically
distributed NT(Q, 021 1'+02Q). This device for representing {XrJ' as
a multivariate ARMA(L,1) procéss is commonly used among control engineers.
Quick estimates of the parameters can be obtained as follows. The
technique of the previous section for estimating 02, o and hence v,
defined by (5), still holds. Defining ;}1= T 13-111’ we have
g2 o2
cov(y » ¥ ;) =0 —: -, var(y ) = —t

u 2 2
1 - 1 -
Y Py

replacing the left hand side by sample moments, we get estimates of pu,o

+ v 3

2.
g

2 separately, but only in v, then

If one is not interested in a or ¢
it is possible to consider the process {qu} which is exactly a univa-
riate ARMA(l,1) process with parameters related to pu, cé, v by functions
given in Chapter 5.

There are various possible generalizations of model (6) - (7): (a)
the process {un} does not need to be sﬁationary, provided information
about the initial distribution is available; (b) the length of the series
may vary with n; (c¢)instead of un};, the mean vector of the n~th series
may be Xn Eﬂl, where Xn is a Tx p matrix of covariates associated with
the n-th series, and qu is a p-dimensional linear Markov process; (d)
62Q may be any symmetric positive definite matrix, possibly parameterized
in a few parameters to facilitate inference. As all these generalizations

are included in the general Kalman filter and inference in possible via

the sequence {grﬁy we shall not give details.
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3.3 Empirical Bayes approach for the autoregressive parameter

We supposc that the n series are stationary and identically distributed

except for the autoregressive parameter, i.e.

- u) + e (9)

i,t i i,t-1 , L

where, as usual, {Ei,t} are i.i.d. N(O,Gz) and the initial values are
sampled from the stationary distribution N(u,ozl(l-a%)). By contrast
with section 2.4, we regard the ai's as a sample from some a priori
distribution in (-1,1), say w{(a). Nicholls and Quinn (1980) have studied
a model (for one series) where o varies with time; here o is constant
over time and varies across series.

This model has been considered by Robinson (1978), who has studied
the asymptotic properties of the sample covariances and the associated
estimates of g2 and of the moments of w(a).

For this reason, we shall concentrate on the evaluation of the a
posteriori distribution of o given 7T(a) and a series zﬁ=(yl,...,yT)',
having dropped the suffix i. We assume that w(a) is a Beta(p,q) density

in (-1,1), 1i.e.

p-1 _ 91 :
1(a) = m(azp,q) = AF® - (d-o) (-1<a<1) . (10)

B(p,q) 2P*97!

The marginal density function of y is

1 G ;
f(y) = J (2102) T/2 exp{—%(dll-Zad 4-d2d22)} m(a;p-f, 9-5) dx

-1 12
) exp(=zd; ;) I
(2m02) T2 B(p,q) 2PF91
where
fl _1 1
1 2 Pz q-3
I = expi-$(20d,, +a“d_ )} (1+a) (1-a) da ,
-1 12 22
T-r+1 )
d g = N (yt-u)(yt+r_s"u)/o ,

t=s
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regarding |, 02 as known since the argument is for large n.
The integral I cannot be solved explicitly for the general case.

Consider for the moment the special case T=2, for which d,,Z 0. Using

22

the equality

1
f exp(az) m(a;p,q) da = e ° M(p,p+q,2z)
-1

where M is Kummer's function as defined by Abramowitz and Stegun (1964,

formula 13.1.2, see also 13.2.1), we get

) = B(I""%:Q*%) exp{—l(d

£(y,59, 3 +2d12)} M(p,p+q,24d,,) .

11 12

B(p,q) 7 o2

Hence the a posteriori distribution of a is

exp{(1+a)d,,} w(a;p+i,q+d)
12
Wc(alyl’yz) = ’
M(p+i,p+q+l, 24d;,)

from which

M(p+3/2, p+q+2,2d,,) (p+1).

b

E(1+0‘|}’1,y2) = | -
M(p+3i, ptq+l, 2d12) (p+q+1)

M(p+3/2, p+q+3, 24, ) (p+3) (g+3)
P 2
E(l1-«a |y1,y2) = .
M(p+i, p+q+l, 2d;,) (p+q+l) (p+q+2)

For T> 2, we find an approximate value of I for T, breaking the

rule of keeping T fixed we have followed so far. For, write

1 2 p-1 q-}

I = exp(idTa2) j exp{-{dT(a-2a)"} (1+a)* 2 (1-a)?! ? da
-1

2 (l-a _1 q-}
= exp(id Ta“) J exp{-3dT 82} (1+6+a)P72 (1-06-2a)T172 g8
" Y=1-a
where
d = d22/T , a = d12/d22 >

which are of order 1 in probability as T-+«. For sufficiently large T,
(-1-a, 1-a) 1is a neighbourhood of 0. Expanding
-1 ~1
g(8) = (1 +0 +a)P 2 (1 -9~ 212

in Taylor series from O and using the Laplace method for integrals, we



have

. 5 "

from which
-1

: % pP~2 q_é "
m (aly) = [512'—:) expl~}d T(a- a)?} [“0‘] [1’0‘] [1 _ g'(0)

l+a 1-a 2d T g(0)
where the leading term is a N(a, 1/(dT)) density. A further asymptotic

argument gives

: 1 {p-4% _4a9-3
B(aly) "a+d'r[ 1-a)’
Var(aLz) = 1/(dT) .
Obviously one can look at w(o) and nc(aLz) from a Bayesian point of view,

regarding y as the only series available. The choice p=q=} takes then

special relevance, because it corresponds to Jeffreys uninformative

prior as T+, In this case, for d22> o,
1
I =exp(3ad,.) EIEE ’ @{(l—a)/d% 1-o{-(1+ )/d% 1
Pl2adyy d,, 22 a9

where ¢ is the standard Normal integral. Therefore ﬂc(alz) is the
N(a,dgé) density truncated outside (-1, 1). Also Thornber (1967) has
considered w(a;3,1), but regarding o unknown with improper prior density
0—1; the corresponding posterior density of o is then a truncated
Student's t . The associated Bayes estimate seems, from Thornber's
Monte Carlo study, to have appreciably smaller mean square error than
the exact MLE when f<a< 1, and slightly largef mean square error when
O<ac<}.

After this thesis had already been completed, the author got to
know the paper of Liu and Tiao (1980), who also consider model (9) with
ai's sampled from distribution (10). They shown that the exact posterior

density ﬂc(alz) has a uniﬁue mode inside (-1,1) for p, q> i, and

derive an approximation to the posterior distribution different from
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our, although equivalent as T+, Furthermore, after changing para-
meterization from (p,q) to alternative parameters (u,v), they regard
(u,v) as "sccondary parameters', for which uninformative prior distri-
butions are introduced, and an approximation to the corresponding

posterior distribution of the ai's is derived.



47

Chapter 4

APPROXIMATE FILTERING OF PARAMETER DRIVEN PROCESSES

4,1 Parameter driven processes

Much time series has concentrated on Normal processes or, at 1éast,
on processes with Normal increments or on associated second order
theory. Considerably less attention has been paid to processes which
do not have Normal increments. The present chapter fits into the
second class of problems and, in particular, is concerned with
filtering and prediction for some of these processes.

Let {Bt} be a discrete-time stationary Markov process which is of
interest but cannot be observed directly. Instead, at time t, we
observe Ve which is sampled from a distribution determined by the
current value of Gt, say f(ytlet), and which is conditionally inde-
pendent of its predecessors and the past values of {Gt}. We shall say
that {yt} is a parameter driven process In the terminology of Cox
(1981). Note that, in general, {yt} is not a Markov process. Our aim
is to produce, for all values of t, an estimate of the current value

(t), where y(t) = (yl,...,yt). The problem of estimating the

(t)

et given y
next value 6t+1 given y is closely related. In a different context,
{Bt,yt} would be called a partially observable process and the term
state estimation possibly used instead of filtering.

An example of the above set-up is as follows. Batches of items are

received at each time unit. We are interested in evaluating the pro-

portion of defective items of each batch, et say. From each batch we



take a sample of size N and denote by Ve the number of defective items
of the sample. If the size of the batches is sufficiently large, Y, is
approximately distributed as a Binomial r.v. with index N and proba-
bility of "success' et. We can obviously estimate Gt by yt/N, or
(yt+-p)/(N4-p4-q) if Bt has a Beta(p,q) a priori distribution, but we
can expect that a better estimate is obtained if an allowance is made
for the autocorrelation of the Gt's and also past values y(t—l) are
used.

This kind of problem has been studied by Bather (1965) who, among
other results, has given conditions for the existence of a one-dimen-
sioanl sufficient statistic ut==u(ut_1,yt) such that the distribution
of et given y(t) depends on y(t) only via u,. For further work, see
Sawitzki (1979, 1981).

Unfortunately, there ére many non-pathological problems which do
not admit such a simple sufficient statistic u, . We shall deal with
some of these problems. In section 2 and 4, an approximate method of
filtering is considered which is applicable when the marginal distri-
bution of et and f(ytlet) are conjugate exponential densities. Section

5 deals with the estimation of the fixed parameters, that is parameters

which are constant throughout time.

4.2 Gamma-Poisson process

Although the method we are going to describe has some generality, we
introduce it by an example. We say that a r.v. has a Gamma(v,})

distribution for v, A > O if it continuous with density function at x
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2ok e M (v (x>0) ,

T(x; V,A) = (1)
0 (x<0)

Consider the autoregressive process {6t}.satisfying

0 =p 0 + ¢

t+1 t e+1 (0<p<1l, t=0,%1,...), (2)

where {et} is a sequence of independent and identically distributed
r.v.'s such that {et} 1s stationary with Gamma(v,\) marginal distri-
bution. Gaver and Lewis (1980) have shown that, for integer v, €, is
a mixture of Gamma(l,}),...,Gamma(v,A) r.v.'s and a r.v. degenerate
at 0.

At time t, we observe Y which is sampled from a Poisson distribu-

tion with mean et. For all t, we want to compute the conditional

(t) y(t) (t))

densities of 6, and 6t+1 given y* 7, say wt(° ) and mé('ly

First of all, we note.that no reduction to one—diménsional
sufficient statistic is possible. In fact, Sawitzki (1981) has shown,
generalizing a result of Bather (1965), that for such a reduction
both w, and wé should be exponential family densities with wé of
dimension 1. This cannot hold because, even if €, satisfied the
condition, wé would be a mixture of densities, due to the nature of
€sl in (2).

We look for a method of approximating W, which allows simple, re-

cursive computation. Suppose that the problem has been solved up to

y(t)

time t, for which wt(°

1
y(t+ )

) is Gamma(vt,xt) and that we want to com-

(-

).

te w
pu t+1

y(t))

. The exact conditional

The first step is to compute w;(-
density is very complicated and needs numerical integration. However,

from

m, = E(et|y

- = (v)y _ 2
¢ ) =V /A s v - Var(etly ) - \)t/}\t >

t

we obtain
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(t))

-

i

. E(0t+1|y =Pm_ + E(e),

vé Z var (9t+1|y(t)) = Ozvt + var (g)
where
2 2
E(€) = (1-p) V/2, var () = (1-p7) v/A".

We approximate wé(.|y(t)) by a Gamma distribution with mean mé and
variance vé. In order words, we say that mé (.ly(t)) is Gamma (V! , Aé),
where

- 2, B IR
Ve = @) v, Ap = mplvi. (3)

Now makeuse of Yes1- Since the Gamma and the Poisson are conjugate
exponential families and since the yés are conditionally independent,

(t+1)

we have at once that wt+1(.|y ) is Gamma (v ), where

£+1° 41

= y! = !
Veel = Ve T Ve Meer A v L (4)

which completes the updating cycle. The procedure can be started with

For studying the behaviour of the filter, attention has been
concentrated on the loss function E(Ot - ét)z, for which ét =m is
the obvious choice. This loss function may not be the most appropriate
one in some cases, but alternative choices depend on the particular
application.

An algorithm for computing E(Gt - mt)2 in the steady state has been

devised but its implementation would have been too complicated and it
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Table 4.1: Relative loss of the filter for the Gamma—Poisson case

v 1 1 1 2 2 5 5
A 2 1 1 1 1 1 1

0 0.8 0.5 0.8 0.5 0.8 0.5 0.8
L(v,A), M =2 0.69 0.80 0.64 0.92 0.72 0.90 0.74

[}

L(v,A\), M =4 2.37 0.79 0.63 0.92 0.71 0.90 0.72

Le(v,k), M=2 0.74 0.82 0.66 0.95 0.74 0.92 0.76

Table 4.2: Relative loss of the filter for the Beta—-Binomial case

p 2 2 2 2 5 5
q 10 10 5 5 5 5
a 0.5 0.8 0.8 0.95 0.8 0.95
L(p,q) 0.83  0.67 0.79  0.36  0.72  0.49

Le(p,q) 0.89 0.77 0.81 0.50 0.75 0.58
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has not been pursued. Alternatively, a simulation study has been
carried out, based on runs of length 500 of the process. The results
of some of these simulations are summarized in Table 4.1; the first
three rows are parameter levels, the fourth row gives the sample

value of the relative loss

E(Gt - mt)2
L(v,)) & ——
v/{x(x + 1)}

where the denominator is E(et - m: )2 for mg = (yt +V) /(1 + A), i.e.

the Bayes estimate which accounts only for the marginal distribution
of 0, Note that m_ > mé as p> 0, The results consistently indicate
that the method works satisfactorily; in no case (including those not

reported here), did it exhibit unstable behaviour. The last two rows

of Table 4.1 and the meaning od "M=2" will be explained later.

4.3. Higher order approximation

The crucial point of the method is the approximation of mé(v'y(t)) by
a member of a two—parameter family. In this section we consider a
M-parameter approximation. To this end, let us summarize some results
of Khamis (1960).

Denote by Lr(q), (r = 0,1,...), the set of Laguerre polynomials
which are orthogonal with respect to w(+3;v',A") defined by (1). For a
density function p(+) with known M moments and support on the positivé

half-line, define the approximation

M
= e? At
PM(X) rzo c. Lr(X) m(x3v',A")

where c. (r = 0,...,M) are such that p and Py have the same first M

moments (M > 1); may not be a proper density function (we shall

Py
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return to this point). It turns out that

oo~ =

py(x) = B_ m(x3v'+r,2") (5)

r=0

where B (r = 0,...,M) are coefficients defined by Khamis (1960).
The form (5) has a useful feature. If Y is a Poisson r.v. whose
means is a priori distributed like Pyo then we can easily compute the

"a posteriori" density, which is

Py(x|¥=y) = I

M Br Tr(v! +r+ vy [ At
r=0 A T(v' + 1)

T
] T(x; v'+r+y,A'+1)

AtT+1 (6)

where A is a norming factor.
A generalization of the procedure of section 2 is therefore as .

follows: (i) given M moments of mt(~|y(t)), compute the first M moments

y(t));

of mé(* (ii) approximate mé by a distribution of form (5)

-]y

a possible choice of v',A"'" is via (3); (iii) compute W1

using (6), hence its first M moments. Note that this procedure reduces

to the previous one when M = 2,

N using M > 2, the

To examine the improvement of fitting of w
following computations have been carried out. Suppose that wt(-ly(t))
is Gamma (vt,kt) and the marginal distribution of et is Gamma (2,1).
Using numerical integration, we can compute wé(-ly(t)) exactly and
compare it with its approximations. Various plots have been produced
and one is reported in Figure 4.1, for which p = 0.8, v, = 5, At = 2.5;

this choice of vt,k corresponds approximately to the stationary dis-

t
tribution of W, for the above parameter levels. The improvement of
M = 4 over M = 2 is appreciable.

The filter with M = 4 was applied to the same data used for the

simulations described before. The results are given in the fifth row



Figure 4.1:

(t)
y

Plot of EmA. ) and approximations

Gamma(5,2.5), v =2, A =1, p =0.8;

exact, —-——— approximate, M= 2,
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when snA._wﬁnvv is

++++ approximate, M= 4,
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of Table 4.1. There is a minor reduction of the loss function with
respect to M = 2, except for the aberrant value of the first column
which requires an explanation. As mentioned before, (5) may take
negative values. This does not matter in most cases because negative
values are taken only in the extreme tail and the absolute value is
very small anyway. But, in one case, when wé was all concentrated in

the interval (0,4), = 9 was observed, giving all weight to the

Yie+1
extreme tail of the approximate mé, where it took values about — 1077,

This caused the filter to produce absurd values for two time units,

)2,

which spoiled irreparably the estimate of E(Bt - ét
These simulations suggest that the use od M > 2 can improve only
marginally on M = 2, at least for quadratic loss, and it can
occasionally produce nonsense. Therefore, in the following we restrict
ourselves to the method of section 2, which is computationally much
simpler. Of course, we are not saying that another technique (in

particular the exact filtering solution) cannot be appreciably better

than the one of section 2.

4.4, Other examples

The method of section 2 can be easily extended to other cases provided:
(i) {et} is a stationary Markov process with marginal distribution
specified by K moments; (ii) we can compute, or approximate,
E(6§+1|y(t)) given E(Biiy(t)), r=1,...,K; (iii) the marginal dis-
tribution of {Gt} and f(yt[et) are conjugate. It is worth énumerating
the more easily workable cases.

Normal-Normal process. Suppose that {St} satisfies (2) but {et} are

independent and identically distributed N(O,Us) and f(y[e) is N(e,dj).
Inthis case the formulae of the Kalman filter are obtained, without

any approximation.



Gamma-Gamma process. The {Ot} process is the same as in section 2 but
f(y|0) is Gamma (p,0). The only change for the filter is that (4) is

= ' = ' .
replaced by Viel Vo' ot D, At+1 At + Ves1

Beta-Binomial process. Suppose that {et} has a Beta(p,q) marginal dis-

tribution, i.e. with density proportional to xp(l--x)q_1 for x € (0,1).
For such a process, see Appendix B. Assume f(y|6) is Binomial(N,8).
The argument for deriving the filter is similar to the Gamma-Poisson

case. Suppose that mt('ly(t)) is Beta (pt, qt). Then

B
n

= E(Btly = pt/(pt + qt),

<
i
<
4]
~
~~
D
<

Using (B.l1l) of Appendix B,

B(p_+a, q,.)
g8y - ¢ £ ECe) ,

(t) a
E (8, ]y ") = EC, ¢_|
£+l vt B(pt, qt)

B(p, + 29, q)
-t £ EE) - @)’

<
f
<
o))
=1
~~
<D

where E (ek) is given by (B.3). Now choose the element of the Beta

family with mean mé and variance vé, that is with parameters

|

mé (1 - mé) ) (1L - mé) :

p, = m —_— =1, q!
VI t m'
t t

p

1

and approximate mé & y(t)) by the Beta (pt

s qé) density. After

. . . . . (t+1), .
observing Yer1? the posteripr distribution mt+1(-[y ) 1s
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Beta(p ), where

e+1? e+l

|+N_y

— 1 —_
Peel = Pe ¥ Yeupo dQep1 = 9 7

t+1?

which completes the updating cycle. The procedure can be started with

= p, q = g. Note that is not essential that N is constant over

p0 o

time.

Some simulations were run for this filter and the results are
summarized in Table 4.2. The first three rows are parameter levels,
in all cases being N = 10 and the length of the realization 500; the
fourth row gives estimates of the relative loss

E (Bt- mt)2

Lip, @) = pq/{ (p+q) (p+q+1) (p+q+N) }

where the denominator is the expected loss of the standard Bayes
estimate m: = (p+yt)/(P+q+N). Again m > m: as & > 0. The behaviour
of the filter appears satisfactory, leading to a gain with respect to
the standard Bayes estimate comparable to that in the Gamma-Poisson
case.

Beta-Negative Binomial process. Let {Ot} be as in the previous case

and £(y[8) o 8" (1-6)7, for y = 0,1,... and N > 1. The formulae of
the filter are the same of the previous case except that (7) is

t _

= - T
replaced by Piyy P * N, Q1 Q * Yeiy-

4.5. Estimating the fixed parameters

Here we deal with the estimation of the parameters which are constant
throughout time, such as V,A,p for the Gamma-Poisson process. Since
the method of the maximum likelihood is not feasible, we consider the
method of moments. Assume that there exists a function g such that

E{g(yt)let} =0,
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Then

E{g(yt)} = E(Ot)’
var {g(yt)} = var (Ot) + E{var (g(yt)let)},
cov {g(y.), 8y )} = cov (8., 6, ), (h #0),

from which estimates of the fixed parameters can be obtained.

For most of the examples mentioned above, it is trivial to find
such a function g, except perhaps the Beta-Negative Binomial case for
which g(y) = (N-1)/(N-1 + y) provided N > 1. For the Gamma-Gamma
process, g(y) = (p-1)/y if p is known and greater than 1. If P is
unknown, an additional statistic must be considered, for instance Yoo
whose marginal distribution is a Pearson type VI distribution, or
the third moment of g(y) . If p is known to be 1 (which corresponds
to the important case of exponential distribution for f(yle)), then
it appears that wv,A,p cannot be estimated with the method of moments;
however, the problem can be tackled with the method described in the
following chapter.

It is not difficult to prove that, if {Gt} is strongly mixing, then
so is {yt}. For, let A EE?Em, B ef@:+r, whereé@i is the o-algebra
generated by the {yt} process from t=o to t=8; analogously,é?i is the

o-algebra generated by the {Ot} process. Then

|p(amB} - P(a} P(B}| = | E(R(AnB|2]_, 2, 1) - P(A} P{B}]

t oo
| E(P{A] 27} P{B|9t+T}) - P{A} P{B}|

| E(f, £5) - E(f) E(fp)]

where fA = P{Ak?fw}, similarly for fg Now apply theorem 17.2.1 of
Ibragimov and Linnik (1971, p.306) which says that the above quantity

is less than or equal to 4 ¢(t), where ¢(t) is the mixing coefficient
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of {Ot}' This ends the proof.

An analogous argument applies for weak mixing. Therefore, almost
sure convergence of the sample moments is ensured under very broad
conditions. Confidence intervals could be computed in principle, but
the formulae are too complicated to be useful and are not given,

The filters for the Gamma-Poisson and the Beta-Binomial process
were run using estimates of the fixed parameters. The first 50 data
of each run were not used for filtering but only for fixed parameter
estimation. After t = 50, simultaneous estimation and filtering were
applied; if the estimates of the fixed parameters were not in the
admissible range, they were forced to be. The results relative to the
same data used before are given in the last row of Table 4.1 and 4.2,
respectively; it appears that there is onlf a minor increase of the
loss function with respect to the case of known parameters.

As a final remark, a deeper understanding of the behaviour of this
method, based on analytic results rather than synthetic sampling,
would be desirable. However, in view of its potential practical useful-

ness, the method may be of interest in its present state.
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Chapter 5

m-ORDER MAXIMUM LIKELIHOOD ESTIMATION FOR
STATIONARY STOCHASTIC PROCESSES

5.1 Introduction

The MLE is consistent and efficient in a broad class of situations.
Unfortunately, there are cases where it is not feasible, because the
likelihood cannot be written down, or computed, even if we are ready
to ignore differences of order op(T—l) between the exact and the com-—
puted likelihood, T being the sample size. This occurs with some fre-
quency in inference from stochastic processes; an example is mentioned
in the previous chapter.

A possible way to overcome the problem is to replace the likelihood
by another function, easier to determine. Any function 2(8) which
asymptotically has its maximum at the true parameter point, say 0,,
is a potential candidate. However, heuristically the closer 2(8) is to
the exact likelihood, at least near 6,, the better it is, because one
expects that the relative efficiency of the associated estimators will
be determined by the curvature of 2(8) near 06,.

For discrete—time stochastic processes, a possible choice of %(9)
is motivated by the fact that the exact loglikelihood can be written
as a sum whose t—th term is the logarithm of the p.d.f. of the corre-
sponding sample element conditional on all previous observations. D.R.
Cox and P.A.W. Lewis havg suggested replacing the conditioning.on all
previous observations by only the m most recent omes, for some m> 0.

For this choice of 2(9), we shall study the asymptotic properties
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~

of Om’ a value which maximizes £(0), when sampling from a stationary
stochastic process. Section 2 gives some general results about strong
consistency and asymptotic normality. Section 3 and 4 compare em with

other estimators for special cases.

5.2 Consistency and asymptotic normality

Let {Yt}be a stationary stochastic process whose h-coordinates distri-

bution is indexed by 6, in éach of thé familiés Q(h) = {Péh), 8 € B}

(h) (h)

h .
for h=1,2,... ; assume EV( )<< H , for some appropriate measure u )

and that © is an interval in the k-dimensional Euclidean space. For a

sample (y_m+1,...,yT) of size m+ T from {Yt} define the m-order log-
likelihood
T T
t-1 :
2 = § 2.0 = ] log £y |y " s0) (1)
£=1 "

t=1

where yét_l)

(t-1) _ (e~1)
Ym B ym

- TG0 ) .
—-(yt_m,...,yt_l) and f( lym ) is the p.d.f. of Yt given
with respect to some measure which does not depend on 6}
if m= 0, the marginal p.d.f. of Yt has to be intended. Define Qn as a
value which maximizes (1).

To prove consistency, it is easy to see that, for ¢, 6 € 0 ,

E{zt(e)}_z E{zt(¢)} (2)

. . m+1 .
where the expectations are taken with respect to Pé ); the equality

sign hold if and only if u(m+1){2t(6)# lt(¢)} = 0. An inequality of
type (2) is the key fact for the proof of strong consistency of the
ordinary MLE in the i.i.d. case. A perusal of the proof of theorem
5.3.1 of Zacks (1971, p.233-5) reveals that it holds also in the present
case, provided

(m+1)

(a) conditions (i) to (v) of Zacks's theorem apply; u is u in our



notation;
(b) {Yt} is ergodic.

Under these conditions, ém->6° almost surely (a.s.) as T>«, We
stress the importance of Zacks's condition (i) which ensures identifi-
ability. This is typically achieved choosing m sufficiently large.
Strictly speaking, what one needs is stationarity and ergodicity of
{zt(e)} rather than of {Yt}.

Consider now the asymptotic distribution of ® . Define
m

L
u (0) = 4 0 ) .
1 t t=1 d6 t

u() =
t

I~

Provided the absolute value of the first and second derivatives of f

have finite integral a.s., we have as usual E{ut(e)}==0 and

L7 @) = V@ L say,

provided the expectations exist. By contrast with the usual 1i.1i.d.

E{ut(e) u":(e)} = -F

- -1
case, V(8) is different from the variance matrix of T % u(8). In fact

- T-1
T ! E{u(e) u'(8)} = Efu; (8) uj(e)} + Szl(l—%) E{u, (8) uf, (8) +
+ g, (0) ul (@)}

which converges to
W(®) = Efu; (8) uj(0)} + ] Efu (8) ul  (8) +u_ . (8) uj(8)}
s=1

as T-«, provided the series on the right hand side converges.

The argument used in proving theorem 5.5.3 of Zacks (1971, p.246-7)
applies, provided his conditions (i) - (iv) hold and u(8,) is
asymptotically Normal; I(6.) is V(6.) here. Then

@ _-00) & N (0, V(8T WO, V(0D €)

-

T
which simplifies to
; ) corr{u, (80),u;, (80)}

1 —0
T2 (§_-8,) = N|0," (4)
m V(8o)

in the scalar case. Note that, if {Yt} is a sequence of i.i.d. random
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variables, the sum in (4) is equal to 1, and the denominator is the
usual Fisher information.

The asymptotic normality of u(8,) depends on the fulfilling of a
suitable mixing condition. Thé book of Ibragimov and Linnik (1971, p.
315~-364 and p.420-424) contains various limit theorems for stationary
sequences. We only point out that {ut} is a function of a finite num-
ber of co-ordinates of {Yt}; therefore, if {Yt} satisfies some mixing
condition, {ut} satisfies the same mixing condition for an asymptotically

equivalent mixing sequence,

5.3 Efficiency for Normal Markov process plus noise

In this section, we compare em with other estimators in a special case,

Suppose that the process {X } is stationary and satisfies
t

X = pxt_1+€ lpl<1: t=0, ¥1,... ,

t t’

where {st} is a sequence of i.i.d. N(O,cé). We observe Y =X +n,
where {nt} is a sequence of i.i.d. N(O,o%) which is indepéndent of {at}.
This model was mentioned in the previous chapter in a filtering

framework. However, here we are concerned with estimation of p. A sim~

. h .
ple estimate, based on the fact that YhE cov(Yt,Yt+h)a:p for h#0, is
T ( T \
~ -1 -1 B
p = |T Z Yth—Z] / [T Z Yth—lJ = c2/c1 , say,
t=3 t=2
which is easily extended to the multivariate case (Anderson et al.,
1969). Since also of independent interest, we digress to study the

asymptotic variance of p and its ARE. Using a standard asymptotic ar-

gument, we have
T () ~2 ar(c,) - 2 -3 cov(ec,,c.) + 2 _4'var(c )
varip Yy Varic, Yo Y1 1’527 T Y2 1

which, after some algebra, gives
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. _ 2
T var(p) 1—2—— {1+ 2(1-p%w + (1~p")w?} (5)
p

where w==0§/0§, using known formulae for the asymptotic covariances of
sample covariances (Anderson, 1971, p.466).

Consider now the variance of Em, the exact MLE, or any efficient
estimator. The computation of efficient estimates for the case when
{Xt} is a p-order autoregressive process has been studied by Pagano
(1974). Here we are concerned with their variances for the case p=1.
The process {Yt} has a ARMA(l,1) representation, i.e, of the form

Y -pY¥ =a =46

t t-1 t et—l (6)

where {et} is a sequence of i.i.d. N(O,oé); see e.g. Pagano (1974).
We determine & and 02 equating expressions for Yo and Y1 based on (6)

and the previous representation. Then

1
b1

b,

§ =20 /{1 +p2 + w2+ ((1-p2)2+ 20 (14p2) +w?)

02 = 02/ ((1-p8)(1-6/p)1 ,

discarding a root which gives a non~invertible process in (6). It is
easy to check that 0<d8/p< 1.
Define ¢ = (p,8,02)", ¢ = (p,cé,cﬁ)', whose information matrices are
e

related by I, =A'I A, wheré A=((a. .))=((3¢./3¢.)). The first row
) P 1,3 1 ]

of A is (1,0,0) and so is the first row of Afl, which exists. Therefore,

the entry in the top left cornar of I¢1 is equal to the corresponding

entry of I;l, which is known (Box and Jenkins, 1970, p.248). Hence
2 S z
~ 1-p 1L- &p
T var(f_ ) 57 [1_ 5/DJ . (7

The plot of the ratio of (5) and (7) versus p for various values of
w is given in Figure 5.1. Unless w is large, the efficiency of p is
high. Since neither the variance of the moments nor that of the MLE is
affected to the first order of approximation if the mean is unknown,

then the above conclusions hold also for the case of unknown mean.
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Table 5.1: Asymptotic variance of MLE of p and ARE of p and 51 for AR(1) process plus noise,

(a) 1;1, (b) ARE of p, (c) ARE of 51.

o © O O O O O O O O ©

.01
.10
.20
.30
.40
.50
.60
.70
.80
.90
.95

w=1/4 W=} w =1 w =2
(a) (b) (c) (a) (b) (c) (a) (b) (c) (a) (b) (e)
1.562 1.000 1.000 2.249 1.000 1.000 3.998 1.000 1.000 8.994 1.000 1.000
1.535 0.998 0.998 2.191 0.993 0.996 3.835 0.985 0.990 8.454 0.974 0.983
1.456 0.991 0.994 | 2.026 0.975 0.984 | 3.393 0.946 0.965 | 7.064 0.907  0.940
1.333 0.981 0.988 1.783 0.949 0.969 2.798 0.892 0.934 5.355 0.820 0.888
1.175 0.968 0.982 1.499 0.920 0.955 2.176 0.836 0.907 3.761 0.735 0.844
0.995 0.956 0.977 1,205 0.892 0.945 1.610 0.789 0.982 2.488 0.666 0.819
0.801 0.947 0.975 0.922 0.873 0.944 1.135 0.759 0.894 1.562 0.625 0.821
0.601 0.942 0.976 0.660 0.867 0.950 0.754 0.754 0.913 0.928 0.623 0.855
0.400 0.947 0.981 0.422 0.880 0.965 0.452 0.784 0.946 0.504 0.674 0.922
0.200 0.964 0.989 0.204 0.921 0.981 0.209 0.862 0.979 0.216 0.797 0.992
0.100 0.979 0.994 0.101 0.955 0.988 0.102 0.923 0.986 0.103 0.889 1.000
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Now suppose that only p is unknown. The Fisher information is

Ip =a'Il a where a is the first column of A. The l-order loglikelihood

¥
is
T , )
_ 1 - _
%(p) tzl{ Jlogo 202(Yt py Y.} (8)
c
where
= P 2 _ 2
Py = R g = (1-03) var(Y ). (9)
Y 1+m(1_pz) c Y t

The computation of (4) is conceptually straightforward but algebraically
messy and no closed form for var(ﬁl) could be found. Numerical wvalues
of the ARE are given in Table 5.1, which also gives the corresponding
value for the moment estimate based on the first relatiomship of (9),
say p. The behaviour of 61 is satisfactory over the whole range of the
parameter values considered. Its ARE is often half way between the

corresponding one of p and 1, and sometimes is much higher.

5.4 Efficiency for second-order Markov chain

Let {Yt} be a stationary binary second-order Markov chain, with tran-

sition probabilities

=i’Y =j}

p;; = PLY = 1] Y _ o1

1] 2
for i,j €{0,1}. The associated first-order Markov chain with states
{(0,0),(0,1),(1,0),(1,1)} has transition matrix £ and stationary dis-

stribution 7= (ﬂl,ﬂz,ﬂ3,ﬂ4)', where

( -1
1-p p
ny = - 0, ,, . Jo1 ’
L Poo P11
Tl'l = TTB (1—p10)/POO 2 TT4 = Tl'3 pO]_/(l_pll)
If w,j==wij(6) where 6 is an unknown parameter, the variance of the
i



exact MLE is asymptotically proportional to

( T, dw., y2 y-1
z 1 1j

l w, . do

w,.>0 1)
1]

(Billingsley, 1961). For the approximate MLE, consider m=0 and m= 1.
For m= 0, we approximate the loglikelihood by that of a sequence of

i.i.d. Bernoulli r.v.'s with probability of success ¢o=7r3+7r4. For

m= 1, consider
T
2(6) = ) log ¢;(y,_;»>¥,)
t=1
where ¢1(1,J) = P{Yt= | Yt-j =1i}. In particular ¢>1(0,1) = 1T3/(TT1+ 1r3) s

Numerical work has been done using the parameterization

p..(8) ig(1-08) + }j((1-0) + 6, (0<8<1),

ij
where § is a constant regarded as known, 0< &< 7/16. Results are given
in Table 5.2. Their interpretation i1s not so simple as for Table 5.1.
For §=0.2, the ARE varies appreciably as 6 ranges between O and 1,
while for §=7/16 it is smooth and moderately high. Notice that, néar

~

§=0, 6. is more efficient than 6

6 13 this illustrates the point that,

although the ARE must increase as m~>®, it may not do so monotonically.
In a general way, the two examples suggest that the method works
reasonably well and is worth considering in any more complex case where

the "exact'" MLE cannot be computed.



and ARE of 60 and 6 for second

Table 5.2: Asymptotic variance of 6 1

2

order binary Markov chain,

(a) T var(éz) as T>®, (b) ARE of éo, (c) ARE of 6

X
8 § = 0.2 § = 7/16
(a) (b) (c) (a) (b) (c)
0.01 | 0.867 0.268 0.185 | 0.254 0.881 0.756
0.10 | 1.497 0.192 0.170 | 0.255 0.828 0.805
0.20 | 2.809 0.041 0.210 | 0.251 0.772 0.833
0.24 | 3.459 0.002 0.307 | 0.250 0.755 0.840
0.26 | 3.734 0.002 0.382 | 0.250 0.748 0.844
0.30 | 4.030 0.056 0.569 | 0.251 0.737 0.850
0.40 | 3.261 0.359 0.935 | 0.262 0.729 0.862
0.50 | 2.236 0.559 0.994 | 0.285 0.749 0.871
0.60 | 1.657 0.634 0.939 | 0.318 0.781 0.873
0.70 | 1.313 0.631 0.849 | 0.351 0.801 0.859
0.80 | 1.054 0.569 0.739 | 0.370 0.780 0.822
0.90 | 0.813 0.459 0.609 | 0.366 0.706 0.759
0.95 | 0.687 0.389 0.534 | 0.354 0.650 0.717
0.99 | 0.580 0.327 0.467 | 0.338 0.598 0.677
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Appendix A

PROVING UNIMODALITY OF THE LIKELIHOOD
OF STATIONARY MARKOV PROCESSES

We prove here that equation (9) of Chapter 1 has one and only ome real
root in the open interval (-1, 1) . Since with probability 1

C(1) = -4{ d11 -2d,,+d,,

4(T-1){(T-1) (d11 + 2 d12 +d22) - (b

}/T < 0,

c(-1) 2b b22)} /T > 0,

117"

then there is one real root in (-1, 1) . For the case T=2, the proof is
complete. Assume then T> 2 and prove that there is only one real root.
Define

L (@) = L(fi(@),52(x),a)

max

-1nTlog62(a) + Lnlog(l-a2) + constant

with (a), 62%(a) defined by (8) of Chapter 1. It suffices to prove
that Zmax has only one stationarity point, and therefore it is a maxi-
mum. It is sufficient to prove that zmax is concave at points such
that Réax(a)==0, for which

_2a 62 (a)

T (1-0a?)

Using the last relationship in 2;ax’ we see that it is sufficient to

prove that az(a) 1s convex. Now

4 52y = 2 N(o)
do? n? T {T- (T-2)a}3 (T-2)
where

- _ - a2 - _ 3 - - 2
N(a) = {n(T 2)d22 dz}{T (T-2)a}> + 2{Td2 (T-2) dl}

which is positive with probability one.

This ends the proof. As a curiosity, note that c_> O with probability

5

one; therefore, there is another real root on the right of a=1, and a



third real root on the left of a=-1. The remaining two roots could not
be located; however, they have been computed numerically for a large

number of sets of data: in all cases, these roots were on the right of

a=1, possibly complex.
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Appendix B

A MARKOV PROCESS WITH BETA MARGINAL DISTRIBUTION

Look for a stationary Markov process {Xt} with Beta(p,q) marginal dis-
. . . . . . p-1 q-1
tribution, i.e. with density at x proportional to x (1=-x) for

O0<x<1l, p>0, q>0. D.R.Cox has suggested the model
X =X £ (O<a<1l, t=0, x1,...) (B.1)

for a sequence of i.i.d. random variables {et}to be determined. Taking

logarithms, we have

Zt = q Zt_1 + £

t
in an obvious notation. Clearly, if the problem has a solution, the

characteristic function of £ is

E(eiuZ) / E(eiuaz)

¢g(u)

_I(p+iu) T(p+q+iua) (B.2)
T'(p+iua) T'(p+q+iu) )

having dropped the suffix t. Consider (B.2) for q=1. Then

¢5ﬁ0 —Rriw __1-¢ ., ,

p+1iu 1+ 1u/p

which is the characteristic function of

0 with probability o,
C =

p>o -e with probability 1-a,

p

where ep is an Exponential r.v. with mean 1/p. Note the close similarity

with the problem of Gaver and Lewis (1980). For general q integer,

_ (p+iuo) (p+1l+iuva) ... (p+g-1+iun)
(p+iu) (p+1+1iu) ... (p+q-1+1iu) ’

¢£(u)

so that
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jp+j_1 )

q
E=1)c

1=1
where all components of the right hand side are independent.

Using the fact

k FT(p+k) T(p+q+ka)

E(€)=F(p+ku) I’(p+q+k) 5 (B.J)
we get
h h-1
_ 1+a o o
E(X, X, ) = E|X, €es1 "** Seshel €t+h]

h h -1 '
_Tlp+oe +1) T(p+tq) F(p+od ") I(p+g+al)
T(p) T(p+q+a’+1) j=1 I(p+od) I(p+q+a’™h)

_ p(p+ah)
(p+q)(p+q+ah)

for h> 0. Hence, for general h,

y = o!P! (ptq+1)

I

corr(X ,X
+
t’ t+h p+q+a

Using the fact that 1-X is a Beta(q,p) r.v. if X is a Beta(p,q) r.v.,
we can generate processes with q fractional and p integer. The problem of
both p and q fractional remains unsolved; as well as the problem of
negative autocorrelation.

Consider now the generation of a stationary Markov process of form
(B.1) such that the marginal distribution is Gamma(p,1). For p=1,
Shanbag and Sreehari (1977) have proved that E==S;a, where S is a pos-
itive stable r.v. with characteristic exponent &. A method for gener-
ating Sa has been given by Kanter (1975). For p# 1, the problem is
unsolved, as it has been pointed out by McKenzie (1981). An approximate

solution is to generate a process of type (B.1l) with Beta(p,q) marginal

distribution and multiply by q, for gq>1.
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A note on the estimation of a distribution function and
quantiles by a kernel method

By A. AZZALINI
Istituto di Statistica, Universita di Padova, Italy

SUMMARY

A distribution function is estimated by integrating a kernel estimator of the density.
Quantiles are estimated by inverting the estimate of the distribution function. Second-
order properties of both these estimators are studied.

Some key words: Distribution function; Kernel method; Nonparametric estimation; Quantiles; Simulation.

There has recently been extensive work on the estimation by kernel methods of
probability densities and their derivatives; for a review, see Wertz (1978). For estimating
the cumulative distribution function, the empirical distribution function, F,, is in a sense
already quite smooth, although it is known that further smoothing can be an advantage.
The object of the present note is to report briefly an investigation of kernel estimation
applied to distribution function, and quantiles. Further details are available from the

author.
For independent and identically distributed random variables X, ..., X, the usual

kernel estimator of the density f(.) is
- -X;
flx) = E ‘Zl w( 5 )

where w( . ) is some bounded density function with w(t) = w(—t) for all real ¢; b > 0. The
corresponding estimate for the distribution function F(.) is

Pa) -—;.zl W( bX )’

W(t)=f’ wlu)du.

— &

where

Nadaraya (1964) has proved under mild conditions that F has asymptotically the same
mean and variance as F,. We consider here second-order properties of # under the
assumption thatb — Qasn — oo, thatw(t) =0 1f|t| > h for some positive k, that f(.)is
continuous in (x — kb, x + hb) and that f'(x) exists. Then it can be proved that, asn — oo,

E{F(x)— F(x)}* ~ F(x) {1 - F(x)}/n—ubjn +vb*, 1)

u = f(x) {h—rh Wz(t)dt}, v = {%f’(x)r 2 w(t) dt}z.
- -h

Note that « > 0 if f(x) > 0. We get the minimum of the right-hand side of (1) at

u \173

where
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provided f'(.r) + 0, for which
- X —F : 4/3
E{F(x)—F(x)}* ~ M__;_<£I_) .

n

If we write b = Kn ™% then the asymptotically optimum choice for 8 is § = 4. This is
different from the optimum value for density estimation, which is § = 4. If we choose § < }
then (1) shows that the mean squared error of F has an order of magnitude greater than
that of the mean squared error of F,,.

Some numerical work has been done using Epanechnikov’s kernel, the integral of which

is

0 (t < —/5),
Wot) = { $+3t/(4./5)—3/(20/5) (—+/5<t<+/5),
1 (t = /5),

which is known to have optimal properties for estimating the density function. The value
of Kinb = Kn~?has been chosen as follows. An invariance argument applied to (2) shows
that K has to be proportional to o, the standard deviation of X ;. Numerical computation
of the optimum K shows that it ranges between o and 2¢ for a large number of
distributions, including those of Table 1, when we are estimating the long tail of F. The
value K = 1-30 has been found a satisfactory compromise. When we are estimating F not
in the long tail, K = 0-50 is a more reliable choice.

One relevant application of F is the estimation of the distribution of some statistic via
simulation; in this case it is fairly common that ¢ is known exactly; however, some
evidence can be given that the results are hardly affected if o is estimated from the sample.

Table 1 reports some computations of the mean squared error of ¥, when F is estimated
at the pth quantile {,, defined as p = F({,) (0 < p < 1); the exact mean and variance of F
have been computed by numerical quadrature of appropriate mtegrals We notice that F
is generally rather better than F,, whose mean squared erroris p(1 —p)/n. This is not so for
the gamma(}) distribution at the 0-05 quantile, because the density is unbounded in
(x—hb, x+ kb).

Now consider the estimation of ,, assumed to be unique, with x, defined as the root of
p= F(xp) The asymptotic distribution of x, has been considered by Nadaraya (1964) to
the first order of approximation; under certain regularity conditions, x, has the same
asymptotic distribution as the sample quantile.

Table 1. Estimation of distribution function at the pth quantile (n = 1000): n X mean
squared error

p =005 » = 090, 2 = 095,
p(1 —p) = 00475 p(l1~p) =009 p(1—p) = 00475
Distribution K=130c K =05 K=13¢c K-=05¢ K=13¢ K=050
Normal 0-04305 004477 0-08193 008526 0-04305 004477
Gamma(}) 891245 1-97219 0-08445 0-08755 0-04472 0-04633
Gamma(l1) 071826 0-03334 0-08388 008724 004430 0-04612
Gamma(2) 0-09075 0-03976 0-08335 0-08690 0-04391 0-04590
Gamma(5) 005030 0-04269 0-08279 0-08648 0-04349 004562
Beta(5, 5) 0-04254 004434 0-08070 008583 004254 004434
Beta(2, 5) 0-04716 C04162 008179 008613 0-04272 004519
Beta(2, 10) 0-05782 0-04074 008264 0-08657 004334 004559
Beta(l, 1) 002976 0-03920 0-06842 0-08170 0-02976 0-03920

Beta(1,4) 019292 0:02995 008271 0-08678 0-04323 0-04560

78



328 Miscellanea

We consider here seceond-order approximations. Under the previous assumptions, it can
be proved that (2) is again the asymptotically optimum choize of b and, correspondingly,

o sgn (f') [ « 23 B , pll-p) 3 w \*3
IJ(*"p) c!’ fvl/() (4,‘) K E(‘l"’ gp) nfz fzvl/3 4n ’

where the argument of all functions is ,.

Some numerical comparison of x, with the sample quantile has been carried out but is
not reported here. The relative performances of x, and the sample quantile are similar to
those of F and F,.

The value of x, can be found by Newton-Raphson search starting from the sample
quantile. This proved to be very effective with some simulated data.

The author is grateful to Dr A. C. Atkinson and Professor D. R. Cox for several
comments and suggestions; his work at Imperial College, London was supported by the
Italian Ministry of Education.
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