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Abstract 

It is known that any smooth, closed, oriented four-manifold which is not negative-
definite supports, after blowing up a finite set of points, a 'broken fibration'. This is 
a singular surface-fibration of a special kind; its critical points are isolated points and 
circles. We construct an invariant of broken fibrations and begin a programme to study 
its properties. It has the same format as the Seiberg-Witten invariant of the underlying 
four-manifold, and is equal to it in some cases; we conjecture that this is always so. 
The invariant fits into a field theory for cobordisms equipped with broken fibrations 
over surfaces with boundary. The formal structure of this theory is very similar to that 
of a version of monopole Floer homology. The construction is purely symplectic and 
generalises that of the Donaldson-Smith standard surface count for Lefschetz fibrations. 
It involves moduli spaces of pseudoholomorphic sections of relative Hilbert schemes of 
points on the fibres, with Lagrangian boundary conditions which arise by a vanishing-
cycle construction. 

Broken fibrations form one part of what may be termed 'near-symplectic geometry'. 
The other part concerns 'near-symplectic forms'. The first chapter of the thesis reviews 
and develops the properties of these forms and their relation with broken fibrations. 

Declaration 

The material presented in this thesis is the author's own, except where it appears with 
attribution to others. 
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Introduction 

Geometric structures on four-manifolds 

Two-forms and almost complex structures 

A possible approach to understanding the four-dimensional smooth category, with its 
enigmas, is to begin with a restricted class of manifolds, sufficiently tractable that 
at least some of the mysteries can be resolved, and then progressively to enlarge the 
class. A good way to do this is via triples (X , w , J), where the closed four-manifold X 
has been equipped with a closed two-form w E 4 and an almost complex structure 
J E End(TX). The first class to consider is of triples which make X a compact Miller 
surface. 

General four-manifolds do not support almost complex structures, and we shall 
consider situations where J is defined only on an dense open subset U C X. We always 
insist that, where it is defined, it tames w: 

ws(v, Jv) > 0 for every non-zero v E TAU, 

so that wit./ is symplectic. Usually we also impose the compatibility relation 

wx(Jv, v') wz(v, Jv') = 0, 

which means that g := co(•, J.) is a Riemannian metric. Then (U, wIU, J) is, by def-
inition, an almost Miller manifold. Global almost Kahler structures are much more 
plentiful than the }chiller ones, where J is required to be integrable and w of type (1, 1); 
many compact symplectic four-manifolds, even simply connected ones, do not sup-
port integrable complex structures. However, the property of supporting a symplectic 
structure is an even subtler one (to give a simple example, a necessary but insuffi-
cient condition is that, in any connected sum decomposition, one of the summands has 
bt =0). 
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We can relax the almost-Kahler condition, allowing w to be a near-symplectic 
form. This means that at each point x either ws2  > 0 or w, = 0, and that along its zero- 
locus Z„, = co-1(0), w satisfies the transversality condition that Vxw : TA X 	A2Tx*X 
has rank 3 (which is the largest possible). This implies that Z„, is an embedded 1-
submanifold. We then ask that (X \Z„„ wi (X \ Zw ), J) be almost Kahler, and that the 
associated metric g extends to a metric on X (J will then not extend). 

It has been known for several years that near-symplectic structures (X, w, J), com-
patible with a chosen orientation of X, exist if and only if there exists a class c E 
H2(X;R) with c2 [X] > 0. This is a consequence of Hodge theory, together with a 
non-trivial transversality argument. If cg  is the harmonic representative of such a c, for 
the Riemannian metric g, then its self-dual part w,,9  = cg+ is a near-symplectic form for 
generic g. 

Pencils and fibrations 

A topological Lefschetz pencil (X, B, 7) on X is given by a discrete subset B C X 
and a smooth map 7: X \ B S to a smooth oriented surface S such that the fibres 
of it have compact closures in X . Each point b E B must have a neighbourhood Ub 

such that the map Ub {b} 	ir(Ub  \ {b}) is equivalent, as a germ of maps of oriented 
manifolds, to the map C2  \ {0} 	CP1, (z1 , z2 ) 	(z1  : z2). Each point p E X \B 
has a neighbourhood Up  such that 7r: (Up , p) 	ex(Up ), (p)) is equivalent to one of 
two maps (C2 , 0) 	((C,0)—either (z1 , z2) 	z1z2 , or (z1, z2) 1-4 zi. It is a topological 
Lefschetz fibration when B = 0. 

There is a simple device which converts a Lefschetz pencil over S2  into a Lefschetz 
fibration: one blows up X along B (using local complex coordinates near B as in the 
model above) and composes 7r with the blow-down map a: 	X. This has a unique 
extension to a Lefschetz fibration it o 	g —> S2 , the exceptional divisors appearing as 
sections. 

In the preprint [3], Auroux, Donaldson and Katzarkov introduce the following gen-
eralisation of the notion of topological Lefschetz pencil. I have adopted Ivan Smith's 
punning suggestion for its name. 

Definition 0.0.1. A broken pencil (X, B,7) consists of a smooth oriented 4-manifold 
X, a 0-submanifold B c X and a smooth map 7 :X\B--Sto an oriented surface, 
such that 

• The fibres of 7 have compact closures in X. 
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• The critical set crit(7r) C X \ B is a disjoint union of a 1-submanifold Z and a 
discrete set of points D. Each point b E B must has an open neighbourhood Ub 

such that the map Ub {b} —> 7r(Ub \ {b}) is equivalent, as a germ of maps of 
oriented manifolds, to the map C2  \ {0} —> CP1, (zi, z2 ) 1—> (zi  : z2 ). Each point 
p E D has an open neighbourhood Up  such that 7 : (Up , p) 	(7(U p ),7(p)) is 
equivalent to the map (C2 , 0) —> (C, 0), (zi, z2) H zizz• 

• For any component Zi  C Z, 7rIZi  is injective; and for any other component 
either 7r(Zi ) = 7r(Zi ) or 7r(Zi ) n 7r(Zi ) = 0. 

• Each point p E Z has a neighbourhood Up  such that 7r: (Up, p) 	(7r(Up ),7r(p)) is 
equivalent to a map 

R3  x R —> R2 , (X, t) 	(q(x),t), 

where q: R3 	R is a non-degenerate quadratic form of signature (2,1). 

A broken fibration is a pair (X, 7r) such that (X,0,7) is a broken pencil. 
In the above, 'equivalence' is of smooth germs, respecting the orientations of X 

and S. So the last point means that there is an orientation-preserving diffeomorphism 
from U p  to an open subset of R4, with ‘11(p) = 0, and an orientation-preserving 

diffeomorphism .b from an open subset neighbourhood of 7r(p) in S to an open subset 
of It 2 , with 1p (7(p)) = 0, such that the equation VI o f o 	=- (q(x),t) holds on 
some neighbourhood of 0 E I"4.  

The subset 7r(Z) c S is then a 1-submanifold. In a neighbourhood of Zi , the 
map is equivalent—as germ, preserving all the orientations—to one of two model maps 
R3  x S1  —> R x 51  which we shall write down later. 

The relation of broken pencils to near-symplectic forms is established in [3]. It is, 
roughly speaking, that of topological Lefschetz pencils to symplectic forms. We briefly 
recall part of that relationship. It runs in two directions. An integral symplectic form 
w is the curvature of a hermitian line bundle L 	X, and there exist asymptotically 
holomorphic sections s2, 4 of L®k such that (s2 : 4) defines a Lefschetz pencil over 
CIP1  when k >> 0; its fibres represent the homology class dual to k[w]. If w is not 
an integral class, then one can still find a sequence of pencils over S2  with symplectic 
fibres. In the opposite direction, Lefschetz pencils (subject to the condition that some 
class in H2  evaluates positively on all components of the fibres) carry symplectic forms, 
canonical up to deformation, with symplectic fibres. 

For the near-symplectic generalisation, we shall concentrate on the non-integral 
case, referring to [3] for the integral one from which it is derived, and for the proof. 
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To formulate it, we need a notion of compatibility for a near-symplectic form w E 4 
and a broken pencil (X, B, 7r). This requires that Z, the 1-dimensional part of crit(7r), 
coincides with w-1(0) and that w is non-degenerate on ker(Dx7r) for every regular 
point x E X \ B, and also some subtler conditions: There are natural orientations for 
w-1(0) and for Z, and these must match. Both 7r and w determine normal sub-bundles 
Nza C TXIZ, carrying quadratic forms S, and 5', (both defined up to conformal 
equivalence); these data must coincide. 

Theorem 0.0.2 (Auroux-Donaldson-Katzarkov). Let X be a closed, oriented four-
manifold. 

(a) Suppose that w E Z3c  is a near-symplectic form with zero-set Z. Then there 
exists a broken pencil (X, B, 7r) over S2 , compatible with w, and enjoying two extra 
topological properties: 7r(Z) is connected, and 7r is directional. 

(b) Let (X, B, 7r) be a broken pencil. Assume that there is a class c E H2(X;R) 
which evaluates positively on any homology class represented by the closure of a com-
ponent of a regular fibre. Then there is a distinguished deformation-class of near-
symplectic forms on X, representing c and compatible with the pencil. 

We explain the term 'directional'. Let F be a component of 7r(Z) (in the context of 
the theorem, there is only one). Let y: [—e, c] 	S be a short, embedded path crossing 
7r(Z) transversely (say -y(0) E 7r(Z)). Then W := 7r-1(im(-y)) is a 3-manifold with 
boundary, and -y-1  o 7r: W —[—c,c] has Morse critical points, each of index 1 or 2. We 
say F is directional if all of the indices are equal to 1 or all are equal to 2. It is clear 
that this property is independent of the choice of path ry. The fibration is directional if 
every component F is directional. 

This theorem opens up a multitude of questions. For example: 

• Is there a set of standard operations that can be used to relate different broken 
pencils on the same four-manifold? Is there a direct topological proof of the 
theorem? 

• Do broken pencils shed light on the minimal genus problem? In particular, is it 
true that an embedded surface with transverse, locally positive intersections with 
the fibres minimises genus within its homology class? 

• Do broken pencils with b-2I-  > 1 have Seiberg-Witten simple type? 

There is also a generic question: how does one explain some chosen aspect of four-
manifold topology in terms of broken pencils? One such question asks for a geometric 
(more particularly, a pseudoholomorphic) formulation of Seiberg-Witten theory on a 
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broken fibration. In this thesis we begin a programme to address this problem. We 
should remark that it has already been solved in the case of Lefschetz pencils on closed 
4-manifolds: Donaldson and Smith [9] define a 'standard surface count' as a Gromov 
invariant for pseudoholomorphic sections of a bundle of symmetric products associated 
to the Lefschetz fibration; Usher [52] shows that it is equal to the Gromov invariant of 
the underlying symplectic 4-manifold; and Taubes (in a sequence of papers running to 
some 400 pages) shows that the Gromov invariant is the Seiberg-Witten invariant of 
the underlying 4-manifold. 

We extend the Donaldson-Smith invariant in two directions. One is to fit it into a 
TQFT for fibrations over compact surfaces with boundary. The second—which is the 
main innovation in the thesis—is to extend the theory to handle broken fibrations. It 
is not at all obvious how one should so, and our approach is in some ways an artificial 
one, in that it relies on a trick to produce Lagrangian boundary conditions for the pseu-
doholomorphic curves. Constructing invariants from Lagrangian boundary conditions 
involves, in general, ferocious technical problems; in our case the technicalities are quite 
mild, at least under certain numerical hypotheses. 

Near-symplectic topology, gauge theory and pseudoholo-
morphic curves 

Geometric interpretations. In algebraic topology, a question one asks about a gen-
eralised homology theory is which geometric objects (submanifolds, vector bundles, etc.) 
naturally represent homology classes. The next question is whether the theory can be 
built using those objects alone. Analogous questions arise in gauge theory (for exam-
ple, Donaldson or Seiberg-Witten theory of 4-manifolds); one looks for interpretations 
which reflect particular geometric structures on the 4-manifold. 

Such interpretations are well-known on Kahler surfaces. The instanton invariants 
can be computed using moduli spaces of stable holomorphic vector bundles, and the 
Seiberg-Witten invariants SWx from spaces of smooth divisors. As Taubes demon-
strated, the latter remains true on symplectic four-manifolds: SWx is equal to a 
Gromov-Witten invariant which counts pseudoholomorphic curves, It can be computed 
using only smoothly embedded curves and their unramified coverings. 

Seiberg-Witten theory on non-symplectic four-manifolds is not so well understood. 
However, Taubes has given a geometric realisation of solutions to the Seiberg-Witten 
equations on a four-manifold equipped with a near-symplectic form w: from a family 
of solutions of the equations (with a perturbation term rw, and r tending to infinity), 
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one can produce, roughly speaking, a pseudoholomorphic curve C in X with interior 
in X\ Z„, and boundary Z. A useful framework here is to choose a contact form a on 
the boundary of a tubular neighbourhood of Zw , with w = da. The ends of X \ Z„, are 
then concave ends of the symplectisation of a. A better description of C is as a finite-
area pseudoholomorphic curve in X\Zw , asymptotic to periodic Reeb trajectories of a. 
Objects of tins kind are studied in symplectic field theory, and they have a Fredholm 
deformation theory. Taubes' programme is aimed at constructing a near-symplectic 
invariant from their moduli spaces and comparing it to SW. 

Though pseudoholomorphic curves of the kinds considered by Taubes are not used 
directly in this thesis, they do motivate our main construction. Our approach is, loosely 
speaking, parallel to his: in place of contact geometry and Reeb boundary conditions, 
we use fibred geometry and Lagrangian boundary conditions. 

Let Spine(X) denote the H 2(X; Z)-torsor of (isomorphism classes of) Spine-structures 
on the oriented four-manifold X. When X is given a structure of broken fibration, with 
F E H2(X; Z) the class of a regular fibre, we write 

Spine(X)„ = {s E Spine(X) : (ci(,$),F) = 2n, (*)}, 

where (*) is the condition that for any connected component E of any regular fibre, one 

has (cl(s), [E]) > X(E)• 

Construction 0.0.3. To any broken fibration (X,7) over S2 , directional, with ir(Z) 
connected, and with connected fibres, we associate an invariant L(x,,) , the Lagrangian 
matching invariant. This is a map 

Spinc(X)n 	A(X), s H 1-qx70(5)- 
n>1 

Here A(X) is the graded abelian group underlying the graded ring 

Z[U] Oz A* H 1(X; Z), deg(U) = 2. 

The element Z(x,,)(s) is homogeneous of degree d(s) = (c1(5)2  — 2e(X) — 3cr(X))14.1  
It is invariant under isotopies of 7r, and equivariant under isomorphisms (X, 7r, Z) 

, 0). 

As well as n > 1, one can also let n take certain negative values (detailed in Chapter 
4). I expect that the case n = 0 can be included, by means of arguments which we will 
sketch in the text. The hypothesis that the fibres be connected can also be dropped, at 
the price of imposing further restrictions on the Spine-structures in the domain. 

1d(s) E Z because cl(s), a characteristic element, satisfies ci.(s)2 	u mod 8. 
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The format of this invariant is familiar from Seiberg-Witten theory: assuming 
(X) > 1, the Seiberg-Witten invariant is a map SWx : Spinc(X) —> A(X), and 

SWx(z) is homogeneous of degree d(s). The overall sign of SWx depends on a choice 
of 'homology orientation', an orientation for the vector space .1-1 1  (X ; R) ED H-1-  (X; R) 
(the second term is any maximal positive-definite subspace of H 2(X; R)). A compact 
almost complex manifold has a canonical homology orientation. There is also a canon-
ical homology orientation for a four-manifold with a near-symplectic form (or broken 
fibration), because it is the union of a symplectic manifold with contact boundary, to 
which one can apply Kronheimer and Mrowka's recipe [21], and a universal piece (a 
tubular neighourhood of the zero-set of the form). 

Conjecture 0.0.4. Lx,, = E • SW x on Spin' (X)d , d > 1 for a universal sign e E {±1}. 
In particular, ,Cx„ depends only on X and not on 7r. 

When b2(X) = 1, we calculate SWx in the `Taubes chamber' of a compatible near 
symplectic-form. 

The conjecture holds for Lefschetz fibrations on symplectic manifolds, but that is 
not new. In Chapter 4 we will give further examples where the conjecture holds, for 
certain kinds of fibrations where the underlying four-manifolds are (i) S1  x M3, for 
any Z-homology-(S1  x S2) M (here the invariants are equivalent to the Alexander 
polynomial of M); (ii) connected sums (here the invariants vanish). 

Assuming the conjecture is true, the Lagrangian matching invariant gives a sym-
plectic interpretation for SWx(s) for most Spine-structures (all if we can plug the gap 
d = 0), providing that one can find a broken fibration with connected fibres.2  For in 
computing SWx one can use two basic properties of Seiberg-Witten invariants, 'conju-
gation invariance' and the blow-up formula. Conjugation invariance says that 

swx(s) 	(-1) - (c1(.02_,)+1+b1 —q8wx( -).  

Now ciW = —cl (s), and consequently there are only certain values of d for which 
the analogous statement for Lagrangian matching invariant can be formulated. On 
the other hand, if the conjecture is correct it tells us that, provided all the fibres 
of 7r are connected, the Seiberg-Witten invariant is determined by its restriction to 

Ud>o Spin'  (X) d• 

The blow-up formula implies that we can compute the invariants of the manifold 
underlying a broken pencil from those of the broken fibration obtained by blowing up 
the basepoints. 

2Determining whether these exist for general four-manifolds is an interesting problem. 
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Idea of the construction. When (X,7) is a Lefschetz fibration over a closed surface 
S, Lx,, is (by definition) its Donaldson-Smith invariant. We briefly recall how that is 
defined. If it is a submersion, the r-fold relative symmetric product Symrs(X) (the 
quotient of the r-fold fibre product by the symmetric group) has a structure of smooth 
manifold, for each r > 0. This fails when 7r has nodal fibres, but there is a natural 
`resolution of singularities' Hilb'S(X) 	SymWX), the 'relative Hilbert scheme of r 
points', which is not only smooth but also supports a canonical deformation-class of 
symplectic structures. The set of homotopy classes of sections of Hilbi,S(X) 	S may 
(usually) be identified with the set of classes [3 E H2(X; Z) whose intersection number 
with the fibre is r. Now E., x,,(13 • Scan ) is defined as a Gromov invariant, 'counting' 
pseudoholomorphic sections of the Hilbert scheme in the class 0. For reasons of technical 
convenience we assume that r > g - 1, where g is the fibre-genus. 

In the Donaldson-Smith theory, Hilbrs(X) serves as an amenable compactification 
of the relative symmetric product over the smooth locus; its geometric structure does 
not greatly affect things. In extending the construction to broken fibrations, relative 
Hilbert schemes also play a crucial role, and one which directly involves the structure 
of the special fibres. This is curious in that there is no obvious reason why Hilbert 
schemes should have a role here at all. 

To simplify the exposition, suppose that we have a near-symplectic fibration (X, 7r) 
over 82, with just one singular circle Z mapping to an 'equator' 7r(Z). Thicken 7r(Z) 
to a narrow, closed annulus T (the `tropics'); thus S2  \ int(T) = N U 5, the northern 
and southern hemispheres. Above them we have XN = 7r-1(N) (where the fibres have 
genus g, say), Xs  = 7-1(S) (fibre-genus g - 1). We can consider the Hilbert schemes 
HilbrAr(XN ) and Hilbrs-1(Xs), which can be made into symplectic manifolds with bound-
ary. The respective boundaries are YN  := Sym;,, (YN) and Ys  1  := Symrs71(Ys), where 
YN = OXN and Ys  = OXs . 

The construction hinges on finding a middle-dimensional sub-fibre bundle Q of the 
fibre product YN x s i YS 	S1, with the properties that (i) projection Q YN  is an 
embedding; (ii) projection Q -> Y. 1  is a trivial S1-bundle; (iii) there are symplectic 
forms ON on Hilbtiv(XN) and Qs on Hilbrs-1(Xs) such that Q is isotropic with respect 
to -(9N1YrN) e +(QsIYrs  1). We then define 	as an 'open Gromov invariant' for 
pairs (uN, us ) of pseudoholomorphic sections of HilbrN(XN) and Hilbrs-1(Xs) such that 
the boundary values (uNiaN,uslas) lie in the lagrangian boundary condition' Q. We 
treat separately the different homotopy-classes of pairs of sections; these correspond to 
elements of Spinc(X)d , where d =1 - g + r = 1 - (g - 1) + (r - 1). 

When r = 1, the Lagrangian boundary condition Q := Q C YN  can be thought of 
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as a vanishing cycle for the near-symplectic singularity Z; it is a torus or Klein bottle 
formed from circles in the fibres of YN 	SI which shrink to points of Z.3  For higher r, 
Q is constructed as an S1-family of vanishing cycles for an S1-family of Hilbert schemes 
of elementary Lefschetz fibrations over disks. At an intuitive level (or at the level of 
homotopy classes), pairs (uN , us) with boundary on Q should be thought of as surfaces 
uN C XN and us, where UN has one boundary component on Q. The remaining (r —1) 
boundary components are supposed to match up with those of us, in the sense that 
they can be joined via cylinders in 7-1(T). This explains the name of the invariant, 
which is intended to be suggestive rather than literal. 

Twisted monopole Floer homology. The Seiberg-Witten monopole Floer ho-
mology theory developed by Kronheimer and Mrowka (the most detailed exposition 
presently available is [22]) gives a functor on the following cobordism category C. An 
object is a triple (Y, t, a) of closed, oriented 3-manifold, Spine-structure and cohomol-
ogy class a E H2 (Y;1R). A morphism from (Y0, ao , to) to (Yi, al , ti) is a diffeomorphism 
class of cobordisms between them; a cobordism here consists of a compact, oriented 4-
manifold, X, Spine-structure s, and b E 112(X; R), together with a diffeomorphism from 
8X 	Yo U Yi which respects the Spine-structures and classes). The target category is 
that of modules over the Novikov field Az/2:4  

Definition 0.0.5. For any commutative ring R, the Novikov ring AR is the ring of 
formal series EAER  CAtA , CA E R, where for any Ao  E R there are only finitely many 
A < A0  with c), 0. (When R is a field, AR is known to be a field as well.) 

Thus one has modules HM. (Y, a, t) and homomorphisms HM.(X,b,$) between 
them. 

To be precise, I I M. is Kronheimer-1VIrowka's `HM-to', in the twisted version where 
the Chern-Simons-Dirac functional is deformed so that the curvature term FA is re-
placed by FA — iaharm. Some of the properties of this theory are as follows. 

• HM. (Y, a, t) is 'graded': when c1(t) is not torsion, there is a decomposition 

HM. (Y, a, t) = 	HM.3 (Y, a) 
jEJ(Y,t) 

where J(Y, t) is the set of homotopy classes of oriented 2-plane fields underlying 
t. This is a transitive Z-set with stabiliser (ci(t), H2(Y; Z)) C 2Z. When ci(t) is 
torsion, HM.(Y, a, t) is a completion of the above direct sum. 

31 am indebted to Paul Seidel for the idea that this surface could serve as a boundary condition for 
sections of X N . 

4The orientation issues controlling lifts to Az are not addressed in [22]. 
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• The homomorphism HM.(X,b,$) : HM.(Yo,ao,to) 	 al, ti) is also 
graded: it maps HM3o (Yo , ao , to) to HMii  (Yi , al , t1), where ji  is characterised by 
the existence of an almost complex structure J on X which underlies s, and which 
preserves—and is positive on-2-plane fields representing jo and ji. 

• There is a canonical labelling of elements of the sets J(Y, t) as 'even' and 'odd' 
in such a way that the theory—modules and homomorphisms—becomes mod 2 
graded. 

• Each module HM. (Y, a, t) has a distinguished endomorphism U of degree —2. 
These endomorphisms commute with the cobordism maps. 

Symplectic Floer homology of symmetric products. 

The cobordism category NS of near-symplectic broken fibrations has as its objects 
quadruples (Y, 7r, a, y), where Y is a closed, orientable 3-manifold, it : Y 	Sl  a smooth 
fibre bundle, a E Z?, a closed 2-form which is non-degenerate on the fibres, and -y E 
H1(Y; Z). The morphisms from (Yo, ro, 	'Yo) to (Y1 , xi , 	-yi.) are isomorphism classes 
of near-symplectic cobordisms. A cobordism consists of a near-symplectic fibration 
(X, 7, CO) over a compact surface S, together with a class # E HZ C H2(X,aX U Zw ; Z) 
(see below) and an isomorphism of these data, restricted to OS, with (Yo, 7ro, ao, -yo)t  U 

7r1, al , -y1). Here the superscript t means that we pull back the data by the map 
x H —x on Si  = IR/Z, and we take the boundary ao E Hi(8X; Z). There is a technical 
condition on cobordisms which we impose in order to get a well-defined composition: 
the 'Hamiltonian curvature' of w with respect to 7r (i.e. the curvature of the symplectic 
connection determined by w) should be zero near OX. 

A class /3 E H2(X, 0X U Zw ; Z) lies in HZ if ö H2 (X, OX U Zw ; Z) 	(Zw ; Z) 
maps /3 to [Z„,]. 

The subcategory Ars, is obtained from NS by imposing an extra condition on the 
homology classes y and /3: we require -y E Hj.d)(Y;Z) C Hl (Y; Z) and /3 E 4)  C 
These subsets consist of classes having intersection number d+ix(E) with every regular 
fibre E, and non-negative intersection with every irreducible component of every fibre. 

.A/Scd"n is the subcategory of N.Sd  where the fibrations have connected fibres. 
For each d > 1, we shall construct a functor HF. from .AiScd"n to AF-modules, 

for an arbitrary field F.(We use fields rather than working over Az  to avoid a minor 
complication involving possible Tor-terms in a Kunneth formula.) As in the closed case, 
there is a partial extension to the case where there are disconnected fibres. 
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Reformulating the data. Before we state the main properties of HF., we note that 
the data involved in ArSd  can be reformulated so as to become comparable to monopole 
Floer theory data. This goes as follows. 

(a) Given (Y, it , a): there is an identification of H2(Y; Z)-torsors Hl  (Y; Z) = Spine (Y). 
This sends y to t..), := PD(7) • tears , where tea, is the Spine-structure induced by the ver-
tical tangent bundle TvY (considered as oriented 2-plane field). 

(b) Given (X, its, w): note that .% C H2(x,ax U Z ;  Z) is an H2(X; Z)-torsor (c E 
H 2(X; Z) acts by addition of its Poincare-Lefschetz dual) and is naturally identified 
with Spinc(X). The correspondence sends E .% to zo := PD(0) 'sea,,. Here Scan  E 
Spinc(X \ Z) is induced by an almost complex structure on X \ Z compatible with 

PD(0) • scan E Spinc(X \ Z) extends uniquely to Spine(X) (that it extends is a 
consequence of the fact that /3 maps to [Zw ] E 1-11(Z,X; Z)—see the discussion of 
`Taubes' map' in Chapter 1). Restriction of Spine-structures to OX corresponds to the 
boundary map .% 	(OX; Z). 

Under this correspondence, ke is mapped to Spine (X)d. 

(c) A loop .7Y: S1  > Y, positively transverse to the fibres of 7 and representing the 
class y E I/1(Y; Z), determines a lift of ty  to J(Y, Li). This is represented by an oriented 
2-plane field obtained from TVY by applying an automorphism of TY supported in 
a tubular neighbourhood SI- x D2  of im(ry). The automorphism sends (u, v) E Tt S I-  x 
TxD2  = Tt S1  x C to (u, cri(lx1-1)v). 

Now we return to the properties of HF.. 

• The module HF.(Y,7,a,-y) is relatively graded by the cyclic group Z/2(r +1-9), 
where r -= -y• [E]. This is isomorphic as Z-set to J(Y, 1.1). Indeed, HF.(Y, 7, a, y) is 
the homology of a complex on the free module Az 7-1(Y, a, y), where the generating 
set 7-1(Y, a, y) has a Z-action with stabiliser 2(r + 1 — g). 

• HF.(X,7s,w, 0) has a definite degree (called zero). Choose some vo E 7-1 (Yo, a0;70); 
it defines a loopy and hence an element jo  := ry in J(Yo). Now vi  E H(171, 0-1,'Yi) 
has the same degree as vi if its induced class ji  E J(Y1) is related to jo via an 
almost complex structure representing S p, as above. 

• The subdivision of J(Y, t7) into even and odd parts induces a splitting 

HF.(Y,7,a,-y) = IIFeven (Y, it, a, ty) 11Fodd(Y1 it, a, t7) 

which is respected by the cobordism maps. 
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• HF.(Y,71- ,a,-y) carries a canonical endomorphism U of degree —2, and the cobor-
dism maps commute with the U-maps. In fact, U is part of an action on HF. (Y, ir, a, -y) 
by the integral quantum cohomology ring QH* (Symr (E)), where E = r-1(0) and 
r = (ci  (t), [E]). 

We define a functor 	: )v-s,onn C, by sending (Y, it , a, y) to (Y,L)„,r[a-] + 
47r PD(7)), where T = 47(ci(t), [E] )/ lE  a for a fibre E. The morphism (X, 7s, co, /3) 
is sent to (X, so, r[b.)] + 	PD(0)), with T defined similarly. 

Conjecture 0.0.6. There is an isomorphism of functors HM. 0 .F HF.. 

The monopole Floer functor has two companions, HM. and HM., and the three fit 
into natural exact triangles. However, HM.(Y, a, t), which is defined using the reducible 
solutions, is non-zero only when 2R-ci(t) = a. This implies that HM. o .7" is zero (the 
equation r[a] + 	PD(-y)) = 2irci(t.) has no solution with -y • [E] > max(g — 1,1)). 

As we develop the theory based on relative symmetric products, we shall also keep 
track of a simpler theory using Picard (or Jacobian) varieties of the fibres. (From the 
gauge-theoretic perspective of Chapter 2, the degree r Picard variety is a 'degeneration' 
of the rth symmetric product: the symmetric product appears as a regular fibre of a 
moment map, the Jacobian as a critical fibre.) It seems likely that the Picard theory 
is equivalent to HM.(Y, 27rci(t), t)—for instance, the homology modules are in both 
cases determined up to isomorphism by H* (Y; Z) and ci(t)—but I have not yet tried 
to formulate a precise conjecture. 

Further related theories. The Heegaard Floer homology HF+ of Ozsvath and 
Szab6 (which is the only one of the theories we could compare to HF. for which the 
foundations have appeared, in full, in print) is conjecturally isomorphic to the twisted 
monopole theory HM.(Y,27rci (t), t) (see [27]). I do not see a direct connection between 
HF. and HF+. There is, however, a filtration on the differentials of HF. which seems 
formally similar to the one defining HF+, coming from intersections with the diagonal 
in the relative symmetric product, and this might repay closer attention. 

One other theory worth mentioning is the periodic Floer homology PFH which is 
being built by Hutchings (see [19]). This is intended to be the home of relative Gromov-
Taubes invariants, ultimately including ones for near-symplectic forms. Again, it will 
conjecturally be isomorphic to a twisted monopole theory. Generalising Usher's proof 
that the Donaldson-Smith invariant equals the Gromov invariant to an isomorphism 
between HF. and PFH appears to be a challenging task, but not hopelessly so. 
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With an array of potentially equivalent (or closely related) theories, it is highly 
desirable to have a method of comparing them based on their formal rather than ana-
lytic properties. I hope that near-symplectic fibrations, which are composed of simple 
pieces—elementary Lefschetz and near-symplectic fibrations over annuli and trivial fi- 
brations over disks 	may help in finding one. This remains to be seen. 
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Chapter 1 

Near-symplectic geometry 

Closed, transverse self-dual 2-forms on conformal 4-manifolds have been studied for 
some years. They play a central role in Taubes' ongoing programme, outlined in [50], 
which aims to generalise the equality 'SW = Gr' to non-symplectic manifolds. In 
their preprint [3], Auroux, Donaldson and Katzarkov give an intrinsic formulation of 
the condition on a closed 2-form that it be transverse self-dual for some conformal 
structure; they call such a form near-symplectic. These forms are the subject of the 
first part of this chapter. This is partly a review of known facts (we give references 
as we proceed), but we also aim to dispel the fog surrounding certain claims for which 
proofs have not appeared in the literature. 

The second part of the chapter is motivated by the main discovery of [3]—that 
certain singular surface-fibrations are topological counterparts to near-symplectic forms. 
Our account develops some of the basic properties of these fibrations. 

1.1 Near-symplectic forms 

Definition 1.1.1. A 2-form w on an oriented 4-manifold X is called near-positive if 
at each point x E X, either 

1. wi2  > 0, or 

2. wx  = 0, and im(Vsw) C A2Ti*X is a maximal (that is, 3-dimensional) positive-
definite subspace for the wedge-square quadratic form. 

It is near-symplectic if, in addition, dw = 0. 

To amplify: when wz  = 0, the gradient Vzw : Tr X A2Tx* X is intrinsic—as at any 
zero of a smooth section of a vector bundle. If w2  > 0 in a neighbourhood of x then 
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(Vxw)(v)2  > 0 for all v E Tx X . The wedge-product quadratic form A2Tx*X0A2Tx*X 
A4Tx*X 	firi is defined up to a positive scalar, and has signature (3, 3). 

We write Z„, for the zero-set {x E X : wx  = 0} of the form w. 

Example 1.1.2. On 1184  = IE8 x R3, with positively-oriented coordinates (t, xi, x2, x3), 
introduce the 2-forms 

01 = dt A dx1 dx2 A dx3, 

= dt A dx2 dx3  A dx1, 

03 = dt A dx3 dxi A dx2- 

Now define 9 E 544  by 
9 = 	S2)32 2x3/33, 

so that 02  = 2(4.  + 4+ 44) dt A dx1 A dx2 A dx3. The form 9 is near-symplectic with 
zero-set Ze = {xi  = x2  = x3  = 0}. This example should be considered prototypical, 
for reasons that will emerge. 

Lemma 1.1.3. If w E 1l is a near-positive form then its zero-set Zw  c X is a smooth 
1-dimensional submanifold. 

Proof. Take z E Zw . Working over a small ball B z, choose a 3-plane subbundle 
E C A2T*B such that E., is complementary to im(V,w). Project wIB to a section 
cT, of (A2T*B)1 E. Then Vzro-  is surjective, so, shrinking B if necessary, (.7 vanishes 
transversely along a 1-submanifold Z c B. Moreover, Tx Z = ker(Vxw) for x E Z, so w 
is constant along Z; hence Z = ZW  fl B. 

0 

Near-positive forms and almost complex structures 

The condition for a 2-form to be near-positive prescribes how it meets the strata of 
A2T*X. The group GL(4,IR) has precisely three orbits {0,}2=0,2,4  on the vector space 
A2(R4)v: Oi  is the set of skew forms of rank i. Thus 04  is a 6-dimensional open orbit 
diffeomorphic to GL(4,R)/ Sp(4, R.). The stabiliser of the form dx1  A dx2 comprises the 
matrices 

(A B 
D 

, 	A E Sp(2,R) 

so 02  is 5-dimensional; 00  is a point. Generic behaviour for a 2-form on a 4-manifold 
is, therefore, that it should be symplectic on the complement of a codimension-1 sub-
manifold, and nowhere zero. 
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The conformal group R+ • SO(4) C GL(4, IR) acts on the 3-dimensional subspace 
A+ c A2(R4)v  of self-dual forms. It has just two orbits. In the presence of a con-
formal structure on a 4-manifold, a generic self-dual 2-form is non-degenerate on the 
complement of a codimension-3 submanifold on which it is zero. 

Near-positive forms evidently behave quite unlike generic 2-forms. We will see that 
they are the same thing as transverse self-dual forms for arbitrary metrics. 

Three preliminaries. (1) A choice of orientation and conformal structure on a 
four-manifold X is the same thing as a reduction of the structure group of TX from 
GL(4,R) to IR+ SO(4). An R+ SO(4)-structure defines a Hodge-star operator and a 
splitting AX = AX e Ax—  of the bundle A2 (X) into self-dual and anti-self-dual sub-
bundles. Write /2±x  for the spaces of sections F(X, 

(2) We recall an algebraic relation between self-duality and complex structures in 
four dimensions. Let (V, w) be a four-dimensional symplectic vector space. Suppose 
that w is self-dual with respect to a conformal structure [g]; then the map J E End(V) 
defined by 

g(*,')= w(•, J') 	 (1.1) 

satisfies J 2  = —A idv, with A > 0. Conversely, if J is a complex structure such that 
(1.1) defines an inner product g, then *9w = w. 

These assertions are clear when the triple (w, J, g) is the standard one (wo, Jo, go)• 
Given g such that *9w = w, choose an orthonormal basis for V. Then w = (A-1)*wo 
for some A E R+ SO(4), which implies that J = AJoAT  and J 2  = — det(A) idv. For 
the converse, observe that (V, J, g — iw) is a 2-dimensional hermitian vector space. By 
choosing a unitary basis we identify it with the standard one. 

(3) On a 4-dimensional vector space V with given orientation ov E A4V , the map 
which sends a conformal structure [g] to the subspace A+  c A2 V establishes a bijec-
tion between conformal structures and 3-dimensional subspaces A+ C A2 V which are 
positive-definite for the wedge-square quadratic form. For instance, one recovers A—  as 
the annihilator of A+. See Donaldson and Kronheimer [8, p.8]. 

Proposition 1.1.4. (a) Let X be a 4-manifold with chosen R+ SO(4)-structure. Let 
crk be a transverse section of A+. Then w is near-positive. 
(b) Let w be a near-positive form on an oriented 4-manifold X. The following sets 

are in canonical bijection: 

C: conformal structures making w self-dual; 

S: positive-definite 3-plane sub-bundles A+ C Al having w as section; 
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7: almost complex structures J on X \ Zw  such that g j(•,•) 	co(•,J-) defines a 
metric whose conformal class extends to one on X. 

(c) These sets are non-empty, and contractible in the C' topologies. 

Proof (a) Self-duality implies that o4 = lwx 1 2vo1s, so that w is symplectic where non-
zero. As w is a transverse section of a rank 3 vector bundle, its zero set is a codimension 
3 submanifold of X; hence it is near-symplectic. 

(b) The map which sends a conformal structure [g] to the bundle A+ ]  gives C S, [9 
by 3 above. 

A metric g such that *9w = w, gives rise (as in 2) to a an endomorphism of T(X\Z,,) 
which, after resealing, is an almost complex structure in J. Conversely, mapping J 
to gj, the self-duality equation *.g,w = w holds on X\Z„, and hence on X. This gives 
C 4-4  J. 

(c) To see that the sets are non-empty, take a tubular neighbourhood N of Zw , and 
extend the bundle im(Vw) —> Z, to a positive sub-bundle A6E  C A. We then obtain a 
canonical splitting A2  = Ao 61) Ao-  and a conformal structure [go]. Write w = wt3E wo-, 
with 4 E F(N, An. Each map m: At —> Ao-, of pointwise norm < 1, gives a new 
positive sub-bundle A+ = graph(m) and a new decomposition w = w+ 	With 
respect to [go], we have w-  = rt + m*ri, where n  = (1 — mm*)-1(wo-  — 774). Thus to 
make w self-dual, it suffices to find a map m, of norm < 1, zero along Zw , such that 
mwo = wo-. This is clearly possible in a neighbourhood of Zw. 

To find a global extension of our conformal structure we can switch to the almost 
complex structure viewpoint: by a well-known argument from symplectic geometry, for 
any compatible almost complex structure I over U C X, and any open set U' with 
U1  C U, there is a global J which extends /1U'. 

For contractibility of S, take [g] E C. Then elements of S correspond bijectively to 
graphs of maps m: Atgi  --> A-[9] , of pointwise norm < 1, such that m(w) = 0 and m1Z, = 
0. Thus S deformation-retracts onto {A+ } by graph(m) 1—> graph(tm), t E [0,1]. [9] 

Since the bijections with C (topologised as a quotient of Metx) and with 	are 
homeomorphisms, those spaces are likewise contractible. 

1:1 

Existence of near-symplectic forms; examples 

Let X be a compact, connected, oriented 4-manifold. Introduce the space 

Px = {(g,w) E Metx x Z.2x  : *gw = w, w 0}, 
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where the metrics and closed 2-forms are of class Ck, for some chosen integer k > 2, 
and we use the C k  topology. There is an open subspace PX of pairs (g, w) such that 

E r(X, A-gE) vanishes transversely. Write q: Px —> Zk for the projection map. Notice 
that for (g , w) E Px, w is g-harmonic, and so, by unique continuation, the set w-1(0) 
has empty interior. Its complement is then open and dense, and on it 4 > 0. 

The open subspace q(Pk) c im(q) is the space of near-symplectic forms. 
For proofs of the following result, first proved by Taubes, see LeBrun [26] or Honda 

[17]. 

Theorem 1.1.5. P3 is dense in Px • 

One derives this from transversality of a 'universal' section. The proof of transversal-
ity involves an asymptotic expansion for certain Green currents. There is a parametric 
version: 

Theorem 1.1.6. Let [0,1] t 1-4  -y(t) = (gt ,wt ) be a continuous path in Px. Assume 
that -y(j) E Pk for j E {0,1}. Then y is homotopic rel {0, 1} to a Ck  path t 	-y' (t) =- 
(g't ,c4) which vanishes transversely. Thus the set Z = {(t, x) E [0, 1] x X : c4(x) = 0} 
is a submanifold of [0,1] x X realising an embedded cobordism between the 1-manifolds 
{0}xZ 0 and {1} x Zw,. 

The transversality argument (used to prove density of Pk) extends readily to paths 
[0,1] —> Px (cf. Honda [17]); thus, using the Sard-Smale theorem, one can perturb -y 
to a path -y' with transverse zeros. 

Corollary 1.1.7. (a) There exists a Ck near-symplectic form on X if and only if 
14(X) > 0. (b) im(q) C .Z3(  has exactly two path-components if b2(X) = 1 and one if 
bt (X) > 1. 

(c) Any two C k  near-symplectic forms wo , wi  in the same path-component can 
be joined by a Ck path t 	wt  in im(q) which vanishes transversely, so that the set 
Z = {(t,z) : wt (z) = 0} C [0,1] x X is a cobordism from {0} x Zwo  to {1} x Z„,, . 

Proof. (a) Any near-symplectic form w satisfies [w]2 = fX w2 > 0; conversely, if 1)2 > 0 
the density theorem tells us that Ck near-symplectic forms exist. 

(b) This follows from the observation that path-components of im(q) correspond 
exactly to those of H :-= {c E  H2(X;TR)  c2 > 0}. To see the correspondence, take 
(wo, go), (w1, g1) E Px and a path in H, say t 	ct , with [wo] = co and [wil = ci. We 
then join go to g1  by a path of metrics t H gt , and let wt  be the self-dual projection of 
the gt-harmonic representative of ct , whereupon t 1—* (gt, wt) is a path in P. 
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(c) The theorem on paths in Px tells us that we can make the path cot  transverse 
when considered as a section Sto  of the appropriate 3-plane subbundle A+ 	[0, 1] x X 
of p4A3c. 

0 

Remark 1.1.8. (1) In (a) one can replace Ck by C'. One way to see this is to take 
a Ck  near-symplectic form w, and tubular neighbourhoods N cc N' of Z w . There is 
a perturbation, within the space of closed forms, to a form which equals w on N and 
which is C" (but still symplectic) on X \ N'. One can then replace WIN' by a smooth 
form, e.g. using Honda's lemma 1.1.18 which we discuss below. 

(2) The transversality arguments can presumably be pushed further. It seems likely 
that one can arrange that the projection 7T : Z —> [0,1] is a Morse function. Then at 
points (t, z) with wt (z) = 0, Vzwt  would have rank > 2 (the critical points of v would 
be the points (t, z) E Z where the rank equals 2). We do not do pursue this direction 
here, but we will see some examples of paths of this type. 

Gay and Kirby [14] have now proved the existence of near-symplectic forms on 
arbitrary closed 4-manifolds with b2 > 1 without relying on the Hodge theorem. Their 
essential tool is contact geometry, specifically Eliashberg's theorem that overtwisted 
contact structures representing homotopic distributions are isotopic. The zero-circles 
of the forms which arise are all 'even' in the sense of Definition 1.1.17 below, and there 
is a formula for their number. 

Example 1.1.9 (self-dual forms on Euclidean R4). Taking (t, xi, x2, 13) as coor-
dinates on R4 , we consider 2-forms 0 E 4,, self-dual for the Euclidean metric go, with 
Zo = {xi = x2  = x3 = 0}. The forms (131, 02, 33) from Example 1.1.2 give a basis 
for the self-dual forms over C. Write 0 = E 0,0„ where 0i  (t, 0, 0, 0) --a-  0. Then, for 
z E Zo, 

d0(z) = ( 	ai oodxi  A dx2 A dx3 	(OA — 009j)dt A dxi  n dx j , 
,<3  

since Ot Bi(z) = 0. Consequently d0(z) = 0 if and only if the matrix 
( 00i (z)) 

ax, )1<i,j<3 

is symmetric and trace-free. The condition for near-positivity (that is, for transversality 
of 0 as section of A+) is that the matrix be non-singular. 

The form O of Example (1.1.2) indeed has matrix of partial derivatives which is 
symmetric, trace-free and non-singular. 

Later we will reformulate this trivial example in more intrinsic terms. 
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Example 1.1.10. Two examples of near-symplectic forms with compact zero-set arise 
through symmetries of a These symmetries are 

0(t, x) = 0(t — 1, x) = 0(t,a- x), 

where a-(xi , x2, x3) = (x1, —x2 , —x3). By the first of these, e descends to a form 
e, on S1  x R3. By the second, it descends to a form Oodd  on the mapping torus 
T(a) = (R x R3 )/(t — 1, x) 	(t,ax). Its zero-set is the zero-section of the mapping 
torus. 

Since a2  = id, there is a double covering S1  x 	= T(id) 	T(a), (t, x) 	[2t,2x]. 
Under this map, eodd pulls back to se, 

Example 1.1.11. There is an example of Luttinger and Simpson [28] of a family of 
closed forms {wt}t€[—r,r] on a ball in R4, whose zero-set Z,„ is a circle for t > 0, a point 
p at t = 0, and empty when t < 0. They are near-symplectic when t 0, and V p  wo 
has rank 2. 

Here is such a family (only marginally different from theirs).  Using oriented coor-
dinates (xi, x2 , x3, x4 ), 

(

and writing dxi3  for dxi  A dx j , define 

= X2 (dXi2 dX34 ) - X4 (dX14 dx23 ),(1 .2 ) 

t 17t = -
2 

 (x i + x32  — t ) v./XJ.3 dx42 ) XiX2dX41 + X3 X4dX32 • 	 (1.3) 

Both these forms are closed, and (2  > 0. Fix a small constant c, and consider the family 
w(c, t) = ( + crit  over a compact t-interval [—r, r]. 

To be precise, consider a small neighbourhood U of the disk Dr  = {(x1 , 0, x3, 0)) : 
4+ x3 < r} . Let Z = {(t; xi , 0, x3 ,0) E [—r, r] x U : xi + xi = t}. Thus wx(c, t) = 0 
when (t, x) E Z. Moreover, wx(c, t)2  > 0 if (t, x) E ([—r, r] x Dr ) \ Z, and there is 
a neighbourhood N of Z such that, for each (t, x) E N \ Z, wi(c,t)2  > 0 provided 

c(t,x) is small enough. By compactness of [—r,r] x Dr , we can find a constant E 
such that wx(c, t)2  > 0 for (t,x) E U \ Z (here we shrink U if required). 

It is easy to check, by writing down partial derivatives along the zero-set, that 
V1w(c, t) satisfies the rank conditions when (t, x) E Z. 

Example 1.1.12. One can vary the last example by redefining qt: 

( 	2 Tit = -2 k. xi2  — X3  - t)(dX 13 + dx42)  X1X2dX41 - X3 X4dX32 • 

Again, t E [—r, r] and e is a sufficiently small constant. Then the forms ( + Ein are 
near-symplectic for t 4 0 on a suitable neighbourhood U of Dr , but the zero-set is now 
{(xi , 0,x3, 0) : xl — x3 — t}. Thus as t passes through zero, the zero-set undergoes a 
surgery. At t = 0, Vp (( erio ) has rank 2 at the isolated zero p. 
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Example 1.1.13. The following observation was pointed out to me by Donaldson. 
Note first that 

A±(R4) ®R C = A2'°(C2) c.cov  n°,2(c2), A- (R4)  oR C = Aki(c2).  

If f is a real function then the (1,1)-form dde f has self-dual component a  (A f )wc 2 .1-  Here 
is the Laplacian 4 Ei2=1  a: Thus f is anti-self-dual if f is harmonic 

(i.e. A f = 0). We can regard anti-self-dual forms on C2  as self-dual forms on C2 , and 
so obtain a linear map 

	

{harmonic functions on U c 	{closed self-dual forms on U C C2}. 

This is potentially useful as a source for near-symplectic forms, including ones with 
many zero-circles; for example, it can be applied to harmonic polynomials. 

Example 1.1.14. The following example is similar to, but different from, the previous 
one. Work on C2 , with coordinates z1  = x1+ix2, z2  = x3+it. Recall that a smooth func- 
tion f : C2 	IR is plurisubharmonic if - ddc f is non-negative, in that -dcle f (v, jv) > 0, 
for all v E TC2, where j denotes the complex structure. Suitable plurisubharmonic 
functions f give rise to near-symplectic forms ddc f . Indeed, if there is a 1-submanifold 
Z C C2  such that dcle f (z) = 0 for z E Z, and such that all non-zero tangent vectors 
v E T(C2  \ Z) satisfy -ddc f (v, jv) > 0, then w = ddc f is near-symplectic as soon as it 
satisfies the transversality condition. The latter is a condition on the third derivatives 
of f . 

For example, the standard 2-form e can be expressed as 

e = ddC (x3(24/3 - x?.  / 2 - x2/2)) . 	 (1.5) 

Example 1.1.15. When (M, g) is a compact, oriented Riemannian three-manifold, and 
a E Dim  is a harmonic 1-form, the 2-form 

	

*a 	dt A a E C22s1 x m 

is closed and self-dual with respect to the product metric dt2  Epg on S1  x M. Its zero-set 
is Si  x a-1(0), and it will vanish transversely as soon as a does. 

A theorem of Calabi says that, for a circle-valued Morse function f : M 	Si , the 
1-form df is harmonic for some metric if and only if the critical points of f have index 
1 or 2, and any two regular points po, p1  are connected by a smooth path pt  with 

lOur normalisation for the d`-operator Q 	Sex  on an almost complex manifold is that dcf = 
df o j = 	— a). 
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df (A) > 0. One can use such a function to find an S1-invariant near-symplectic form 
on S1  x M, either by invoking Calabi's result, or else by applying a Gompf argument 
(as in [3]) to the broken fibration id x f : 51  x M 	Sl  x S'. 

Geometry near the zero-circles 

Taubes [51] has established the following picture of the differential geometry of a closed, 
transverse, g-self-dual form w near its zero-set Z = Zw. Since we are working with a 
fixed metric, we need not distinguish the intrinsic normal bundle Nz1x  from the metric 
complement (T Z)± . 

(a) Vw defines a vector bundle isomorphism Nz/ x 	A+IZ. In particular, there 
is a universal procedure for orienting Z (as for the zero-manifold of any section of an 
oriented vector bundle). Following Taubes, we adopt the convention which gives Z the 
co-orientation oN  that makes Vw orientation-reversing, and the orientation oz such 
that oz A oN = ox IZ. 

On 1[84 , with oriented coordinates (t, xi, 12, x3), (i3i, 02, 03) is an oriented basis 
for A+. The standard form 0 has V9 = diag(1, 1, —2) with respect to the bases 

(0x1  (9X2 3X3) and (01, /32,03). Thus the convention makes the vector field -at  along Z 
positive. 

(b) Let z (resp. () denote the unit-length oriented vector field (resp. 1-form) on Z. 
The interior product map 

A4- 1Z 	1V\kx , g  H c(z)77 

is a bundle isomorphism; its inverse is a H (( A a) ± *(( A a). 
(c) We have a sequence 

Vw 	 t(z) 	v metric , Nzix 	A-4-  I L., 	/ vz1x 	v zix 

whose composite we denote by S„,, E End(Nzix). By working in Gaussian normal 
coordinates along Z (in winch the formulae resemble those of (1.1.9)) one finds that 
Sw ,9  is a self-adjoint, trace-free automorphism. 

(d) It follows that, at each point of Z, S, „g  has a basis of eigenvectors, and that two 
of its eigenvalues are positive and one negative. The positive and negative eigenspaces 
trace out eigenbundles Ly and L9 (here Lg—  has rank 1 and is obviously locally trivial; 
L is its orthogonal complement). Thus Nzix  = L+ L. . 9 

The auxiliary choice of metric is actually irrelevant. Whilst there are many confor- 
mal classes [g] winch make w self-dual, they are all the same along Z, because for z E Z, 
they satisfy im(Vzw) = Ali -91. The sub-bundle TZI C TXIZ is therefore intrinsic to w. 

We condense these points into a metric-free statement: 
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Proposition 1.1.16. A near-symplectic form w determines 

1. a canonical orientation for the 1-manifold Z 

2. a canonical embedding of the intrinsic normal bundle Nz„,ix  as a sub-bundle of 
T XIZ complementary to TZ ; 

3. a conformal class of quadratic forms S„ on Nz ix , of signature (2,1); 

4. a vector bundle splitting Nzawc  = L+ L-, such that S, is positive-definite on 
L+ and negative-definite on L. . 

A trivial 3-plane bundle over S1  admits just two topological splittings. 

Definition 1.1.17. The parity function of w is the function 

EW  : 70(Zw) —> Z/2, Z11— (wi(L1,[4]) • 

This function is invariant in the sense that Ei p.„(0-1(4)) = E„,(4) under oriented 
diffeomorphisms /P; also, for an isotopy wt  of near-symplectic forms with constant zero- 
set, one has rw , = Ewo . 

Our model forms 0„ E II2s1x23  and eodd E QT (0.) each vanish along a circle, and 
the parities are those suggested by the notation. 

Let Dev(r) C S1  x R3  and Dodd(r) c T(o-) be the open disk sub-bundles (over 51) 
of radius r. 

Lemma 1.1.18 (Honda). Let w E 5.22x  be near-symplectic, Z a compact component 
of Z „, and U a neighbourhood of Z. There exists a smooth family 1 	of near- cco 1- s G[0,11 near- 
symplectic forms, with fixed zero-set, such that cvs(p) = w(p) ifs = 0 or p E X \ U, and 
where wi  is standard in the following sense: there is (according to the parity of Z) an 
oriented embedding i: (D,Iodd(r), S1 ) 	(X, Z), for some r, such that = eev/odd• 

Proof. Honda's proof, which we follow in its essentials, amounts to a careful application 
of Moser's argument on X\ Z. 

1. We may assume that X is a tubular neighbourhood S1  x D3  of Z. Take a 
metric g for which w is self-dual, and let t be a positively-oriented, constant-speed 
circle coordinate along Z, identifying it with the circle IR/Z. 

Suppose that Z has even parity. We can then find an orthonormal frame (el, e2 , e3) 
for NZ/x , such that ligE = span(el , e2) and L9 = span(e3). 

The metric and the choice of ei  give rise to normal coordinates (t, xi , x2, x3) near Z, 
identifying a neighbourhood with S1  x D3(r). The three basic 2-forms )3, are defined as 
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in Example 1.1.2, referring to these coordinates. In the basis (e1 , e2 , e3 ), the linear map 
S, 9 (t) is represented by a trace-free symmetric matrix S(t) = S+(t) G S— (t), where 
S±(t) is 2 x 2 and positive-definite, and S— (t) < 0. Regarding x and 3  as column 
vectors, we have an expansion near Z: 

w(t, x) = x s(03 + oax12 ) 
,31 = (xi  x2 )S±(t)
/32 	

x3S(t)03  O(Ixl2 ). 

The advantage of paying attention to the eigenbundle splitting is that one can then 
apply a convexity argument. Define Os  = (1— s)cv+ s(xigi+ x202— 2x303). On a small 
neighbourhood of Z, this is a family of near-symplectic forms, with common zero-set 
Z. 

If Z has odd parity then we can find orthonormal bases (ei (t), e2(t), e3 (t)) such 
that L: = span(ei, e2 ) and 	= span(e3 ), but with non-trivial monodromy around Z. 
Indeed, we can assume that 

(ei(1), e2(1), e3(1)) = (e1(0), —e2(0),  —e3(0)). 

By exponentiating the e, we get 'coordinates' [t, xi , x2 , x3] on the mapping torus T(a), 
and we can proceed to write down a family Os  in the same way as before. 

2. On the total space of a vector bundle with a chosen metric one has the following 
explicit Poincare lemma. Let p: V 	M be the bundle projection, i : M 	V the 
zero-section. Let ht  : V —4 V be the fibrewise dilation x H tx, and R the canonical 
vertical vector field E a, (here (xi ) is any basis for a fibre of V*). The map 

H: SIT/  > 1Tt71 ; a H f hi"(t(R)a)t —l dt 

satisfies a — p*i*a = d(Ha) Hda. Notice that if a vanishes along i(M) then H(a) 
vanishes to second order along i(M). 

Applying this to a neighbourhood of the zero-section in Nzoc , we find that ?is  := 
H(05 ) vanishes to second order along Z, and satisfies this  = es . 

3. Let U' C U be a neighbourhood of Z on which Os  is defined and near-symplectic. 
Take a cutoff function x = X(1x1), supported in U' and identically 1 near Z, and 
introduce the vector fields v, on X \Z defined by t(vs )Os  xris  = 0. 

The family { vs}s€R0)  generates a flow {cbs}se[0,1]  on X \ Z, supported inside U. The 
reason is that Vos(u) is non-zero for all 0 	u E Nzoc, while Vris(u) = 0, so that 
vs(x)I < klx1 near Z, for some constant k. A trajectory xs , defined on some interval 
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[0,81, satisfies -cdm(log lx5 ) > —k; integrating over [0, 4 we obtain Ixsd > c—ks' i xoi .  

This shows that the trajectory stays inside X \ Z, and therefore that Os  is defined. We 
can extend q5s  to a self-homeomorphism of X by putting Os IZ = ide. The extension, 
though Lipschitz along Z, is perhaps not smooth. 

Finally we can set ws  =.0';w on X \ Z. Moser's argument shows that ws  = Os  near 
Z and ws  = w outside U. Thus ws  extends smoothly over Z, giving an isotopy with the 
required properties. 

0 

Remark 1.1.19. (a) As the proof makes clear, it is also true that any two near-
symplectic forms, say w E S22x- and w' E 5-22x,, with zero-circles Z and Z' of the same 
parity, are diffeomorphic over deleted neighbourhoods N \ Z and N' \ Z', by a diffeo-
morphism that extends to a homeomorphism N = N'. 

(b) Let w and coo be near-symplectic on X, with the same oriented zero-set Z; take 
p E Z. Then for any small neighbourhood Np  3 p, there is a family { cot}te[o,i] of near-
symplectic forms with fixed zero-set, such that cot  = wo  outside Np  and wi = w near 
p. One can prove this by similar arguments to those in the proof of Honda's lemma. 
The first step is to twist wo , via a family of diffeomorphisms supported near p, so as to 
match the splittings of (Nzix )p . 

Theorem 1.1.20. Suppose that the connected, oriented four-manifold X carries a near-
symplectic form whose zero-set has n components, n > 2. Then it carries a near-
symplectic form, equal to the original one on the complement of a ball, whose zero-set 
has n — 1 components. 

Corollary 1.1.21. Any closed, connected, oriented 4-manifold X, not negative-definite, 
carries a near-symplectic form whose zero-set has at most one path-component. 

Proof. Let 9 be near-symplectic, and Zo, Z1 distinct components of Z = Z0 . We begin 
by explaining how we intend to perform surgery on Z, but don't yet pay attention to 
O. Take points po E Zo and p1  E Z1, and a smooth path -y: [0,1] 	X from pc to /31, 
transverse to Z, with 7-1(Z) = {0,1}. For any r > 0, there is a neighbourhood U of 
irn(y) and a diffeomorphism 11): U 	D(0; 2r) C 1R4, such that 

7/)(Zi fl U) = {(x1 , 0, x3, 0) E D(0; 2r) : x?.  - xi = r2, (-1) 	> 0}, 
0(im(-y)) = [—r,r] x {(0,0,0)}. 

Introduce the family Ct  = {(xi, 0, x3, 0) E D(0; 2r) ; xi — x3 = r2(1 — 2t)} for t E [0,1]. 
There is an isotopy t 1-4 cbt  E Diff (D(0; 2r)) with 00 =- id, such that Ot ID(0; r) = idD(00-) 
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and Ot(Co  n [D(0; 2r) — D(0; 3r/2)]) = Ct  n [D(0; 2r) — D(0; 3r/2)]. We replace X 
by X' := (X \ U) L 1 -8/3(0,2r) D(0; 2r), where the attaching map is 1P-10110D(0; 2r). 
Inside X' is the 1-manifold Z' = (Z n 	\ U)) U Ci c X'. We have X' = X and 
kro(Zi )i = kro(Z) — 1. 

Realising such a surgery on zero-sets is not particularly difficult but a little laborious. 
1. In Example 1.1.12, we found closed 2-forms C-Fmt  on D(0; 2r) vanishing precisely 

along Ct . For some r > 0, and some E = e(r), the forms are near-symplectic when < r. 

s) — E 92D r(12 (0;2r) ' Fix such parameters (r, e), and write ws  = + cri where s E [0, 1]. 
After perturbing 0 near {po,p1} as in Remark 1.1.19 (b), we may choose -y and 

so that Bo := 0-1*0 coincides with wo on a neighbourhood of their common zero-set 
Co C D(0; 2r). 

2. Let P = ti)(im-y) = [—r, r] x {(0,0,0)} c D(0; 2r). Choose linearly independent 
vector fields (vi = Oxi  , v2, v3, v4) along P such that the matrix (00(v,, vi)),3  takes the 
form 

A(t) 	
J 	

) ' 	 0
1 ) 

J = 	, A(t) > O. 
0 	 1  

Choose also linearly independent vector fields (vii  = t9.1,1), 7/3, v4) 
the matrix (w0(14,v1.1 )) takes the form 

j
C 0 

along P such that 

We may assume that, near UP (where 00  and ()Jo  coincide), these two frames are equal: 
(v11,4 v'3 ,7 4 ) = (vi, v2, v3, v4 ). Then there is an open neighbourhood N D P and a 
diffeomorphism 	N N, such that (x) = x if x E P or x lies close enough to UP, 
and such that, along P, D4)(vi ) = v:. Define 

O., = (1 — s)00  + scb*wo E SI2N, s E [0,1]. 

There is a smaller open neighbourhood N' P on which these forms are near-symplectic. 
3. The function s 	0, E fgAr, has constant derivative dOs/ds = Vw0 — 00. We 

may write dOs Ids = da, where a E slk, vanishes near UP. Take an open set N" D P 
with N" c N', and a cutoff function x: D(0; 2r) —+ [0, 1] such that x(N") = {1} and 
x(D(0; 2r) \ N') = {0}. Define a family of vector fields vs  on D(0; 2r), supported on 
N", by t(vs )Os  + xa = 0. These fields are zero near the (common) zero-set of the Os . 
The family {vs} generates a flow s H FS  E Diff (D(0; 2r)), and the near-symplectic form 
Fl 0o coincides with 00  outside N' and with 01  = 4)*wo in N". 

4. From the previous step we make the following conclusion. There is a near-
symplectic form 0 E /22(X), isotopic to the one we started with; an open set U" C X, 
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diffeomorphic to a 4-ball, such that U" n 0-1(0) consists of two disjoint arcs; and a 
diffeomorphism V: N" .— U", such that '0'0 = wo. 

We are now ready to carry out the surgery. On N", we can perturb the family 
wt , isotoping the zero-sets, to a new family c4 E 522 , of near-symplectic forms, where 
w/o  = wo. These are to be such that 4N"' = wt  N"', where N"' is a yet-smaller 
neighbourhood of P, and c4IV = wolV, where V c N" is a small neighbourhood of 
wo-1(0) n aN n  (we may assume that aN" is a 3-sphere, and that wcT1(0) n aN" is a set 
of four points). 

Then, by another application of Moser's argument, we can find an isotopy [0,1] 3 
t 1- Ot E Diff(D(0; 2r)), such that c10  = id; Ot IV = idv; and Ot  preserves a shell 
D(0; 2r) \ D(0; 2r — 5) and on it satisfies (4u4 = wo. 

Finally we excise U" from X, and glue it back in via the diffeomorphism (pi  of its 
boundary. This carries a well-defined symplectic form, equal to (7/7-1)*w1  on U", and 
realises the surgery (X, Z) -- (X', Z') of zero-sets. 

0 

Remark 1.1.22. The claim that one can reduce to one the number of zero-circles is 
not new, but a detailed proof has not appeared. It is mentioned in Luttinger-Simpson's 
preprint [28], where the reader is referred to work in preparation, and in /50], where 
Taubes briefly indicates Luttinger's argument. This seems to be somewhat different from 
ours in that it uses a model where one circle slides onto another and fuses with it in a 
process analogous (though not precisely in the sense of 1.1.15) to cancellations of Morse 
critical points in three dimensions. 

1.1.1 Topology associated with near-symplectic forms 

We will need a number of results in 3- and 4-dimensional topology, mostly standard, 
which we collect here in readiness to applying them to near-symplectic forms and, later, 
broken fibrations. 

2-plane fields on 3-manifolds 

The set J(Y) of homotopy classes of smooth, oriented 2-plane fields on an oriented 
3-manifold Y is non-empty because the Euler class e(TY) is zero. Once TY has been 
trivialised, it is identified with the free homotopy set [Y, S2]. Traditionally one uses 
obstruction theory to describe the structure of such a set, but an elegant modern ap-
proach, which does not require a trivialisation of TY, is to exploit the classification of 
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Spine-structures. We draw on Kronheimer and Mrowka's exposition [21]. On a Rie- 
mannian 3-manifold, a Spine-structure I is specified by a Hermitian C2-bundle S 	Y 
and a map p: T*Y 	End(S) satisfying p(a)2  = —1(112id. In this section we will fussily 
write I for a Spine-structure, and t for its isomorphism class. Now, the key observation 
from [21] is this: 

• Oriented 2-plane fields are in bijection with isomorphism classes of pairs (t, kli), 
where E F(Y, 5) is a unit-length spinor. 

The 2-plane field associated with (I, W) is ker(a), the kernel of the unique 1-form a with 
laj2  = 1 such that p(a) has CT and WI as ±i-eigenspaces. Conversely, an oriented 2-
plane field inherits a hermitian structure from the metric on Y. There is an induced 
structure of hermitian complex vector bundle on the real vector bundle S := T*Y Gel = 
e* e (c)-L e el. This bundle has an obvious unit-length section W. The Clifford map p 
is given, at each point y E Y, by a map L elEk —> U(L ®C), where L isa 1-dimensional 
hermitian C-vector space; as such, it can be described using the quaternions IHI. Right 
multiplication by j makes a complex vector space, with complex subspaces (i, k) and 
(1, j). Left multiplication gives a map from (i, k) (j) to the unitary endomorphisms 
of JEff = C2, and this is the model for the Clifford map. It is easy to check that the 
procedures described here are mutually inverse. 

Using this bijection it becomes rather straightforward to describe J(Y): 

Coarse decomposition. This is by isomorphism classes of Spine-structures, and is 
slightly finer than that by Euler class: 

J(Y) = U J(Y, t). 
tESpinc(Y) 

An isomorphism class of Spine-structures on Y is the same thing as a 'homology class', of 
nowhere-vanishing vector fields, that is, a homotopy class on the complement of a 3-ball; 
J(Y, t) is the set of homotopy classes determining the same homology class t. For a pair 
of 2-plane fields (6, el), representing (to, t1), the difference ci(to) — ci(ti) E H2(Y; Z) 
is the classical obstruction to homotopy of 6 and 	over the 2-skeleton (which lies in 
H2(Y; (s2)) = H2 (Y; Z)). 

Fine decomposition. When Y is connected, each J(Y, t) is a transitive Z-set. The 
stabiliser is the image of H1(Y) 	Z, a > (a U ei(S))[Y] C 2Z. 

The action j 1-4 j [n] of n E Z is induced by an automorphism of TY, supported over 
a small ball in Y: take a map (B3, OB3 ) 	(SO(3), 1) of degree 2n, and transfer it to 
TY via an embedding B3  y Y. 
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We may represent jo,ji  E J(Y, t) by spinors 	where T1  = 0To for a function 
0: Y —> Sl. There is no obstruction to homotopy of To  and 	over the 2-skeleton of 
Y, since 71-2 (S3) = 0. We define the difference class J(jo,ji) E Z to be the relative Euler 
number 

5(io, 	= e(S x [0,1]; To, Ti)[X x [0,1], X x {0, 1}]. 

This is the obstruction to homotopy of To  and J1  over the 3-skeleton. Thus if the Euler 
number is zero then To is homotopic to 'hi  and jo = ji• 

A calculation in a model case gives that <5 (j , j[n]) = n, so the Z-action is transitive. 
We have e(S x [0,1]; 'ho, no) = ±(ci(S) U [0])[Y], where [0] is the class of 0 in 

H'(Y; Z). This can be seen using the linear homotopy (1 — t)To + t0V0, where kIiI  is 
a unit-length spinor homotopic to To  such that 'ho A W vanishes transversely. Its zero 
set is concentrated at t = 1/2; there, it is the intersection of the zero-set of To A T'o  
(representing cl  (S)) and a level set of 0. 

This shows that the stabiliser is as claimed. 
In particular: 

• 	J(S3 ) = Z as Z-sets. 

x S2) = 	psi x  
L,InEZ k ), where to  is the Spin`-structure characterised 

by (ci(tn), [{t} x S2]) = 2n. As Z-sets, 

J(S' x S2, tri ) = Z/(2n). 	 (1.6) 

Almost complex structures on punctured 4-manifolds 

The basic reference for the following is the paper of Hirzebruch-Hopf [15]; useful modern 
sources are [21] and [14]. Let X be a smooth, closed, oriented 4-manifold. 

(a) w2(TX) E H 2(X; Z/2) has a lift to H2(X; Z). 
In general, a class x E H 2(X; Z/2) has an integral lift iff it annihilates the mod 

2 reduction of any torsion element in H 2(X; Z) [15]. This is true for w2  by the Wu 
formula w2  U y = y2. A lift c thus represents a characteristic element in the unimodular 
lattice H 2(X; Z)/tors.: c U x = x2  mod 2 for all x E H 2(X; Z). 

(b) Choose a set of disjointly embedded four-balls B1 , . 	BN in X. For each integral 
lift c of w2(TX) there is an almost complex structure Jo  over X0  := X \LIN  1 B, with 
ci(Xo, Jo ) = clXo. Indeed, the choice of c determines Jo over the 2-skeleton, and it 
then extends unobstructedly over the 3-skeleton. Conversely, the Chern class of any 
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such almost complex structure extends to a characteristic element in H2(X; Z), and 
J0  extends to a stably almost complex structure over X, or equivalently to a Spinc-
structure. The obstruction to extending J0 to a true almost complex structure lies in 
H4(X; (s2))  H4(X; z)  -= Z. It can be computed as a sum of Hopf invariants hi(Jo): 
let vi  be an outward-pointing normal vector field to aB, such that Jovi  is tangent to 
013,. After trivialising TB„ we can regard Joy, as a map 013, 	S2 , and define he (Jo) 
to be its class in 73(S2) = Z. 

(c)  

z (c2  — 2e(X) — 3a(X)) = — E hi (Jo). 	 (1.7) 
i=1 

Proof of (1.7). The formula is true when J0  extends to an almost complex structure 
on X. Hence, given I E J(S3 ) (thought of as a complex structure on TS3  ®El), any 
extension of (S3, I) to an almost complex 4-manifold (M, Jo) with boundary (S3, I) will 
give the same number ci(M, J0)2  — 2e(M) —3a(M). In particular, we can choose M to 
have precisely N components. Since the left-hand side is additive under disjoint union, 
we deduce that it suffices to prove the formula when N = 1. 

Identify J(S3 ) with Z in such a way that 11---* 0 E Z when I extends over B4. Then 
both sides of (1.7) define homomorphisms J(S3 ) 	Z 	Z (to see that the left-hand 
side is additive, observe that one can replace a ball with Hopf invariant h = h1  + h2  by 
two disjoint balls with Hopf invariants h1, h2). The standard almost complex structure 
on R4  does not extend to S4; its Hopf invariant at oo is +1. Since (1.7) holds for 
1 E J(S3 ) it is generally true. 

0 

As c is characteristic, c2  — a(X) 0 mod 8, and hence 

N 

1 — 	(X) + 124- (X) 
	

hi (J0 ) mod 2. 	 (1.8) 
=1 

(d) Almost complex structures on a Riemannian 4-manifold have a spinor interpreta-
tion: 

• There is a correspondence between orthogonal almost complex structures and 
isomorphism classes of pairs (i, (I)) of Spinc-structure and unit-length positive 
spinor' E r(s+). 

34 



The Spin' structures is specified by hermitian C2-bundles S+, S—  with a map p: T* X 
Hom(St S— ) such that p*(a)p(a) = lal2ids+ . 

Take a compact, oriented 4-manifold X0, with non-empty boundary in each compo-
nent, and introduce the set J(Y,$) of homotopy classes of almost complex structures 
on X0  underlying s E Spinc(X0). This set admits an action by H1(X0, OX0; Z). For 
a E J(Y,5), and an oriented path -y with boundary in (and transverse to) .0X0 , define 
a[7] by choosing a map (B3 , B3) -i (SO(3), 1) of degree 2, and using this to induce 
an automorphism a of TX0  supported in a tubular neighbourhood B3  x [0,1] of im(-y). 
Choose a representative J for a, and let a[7] be the class of a* J. Note that this does 
still represent s (the difference between the two Spinc-structures a class in H 2 (Xo; Z); 
this is zero because every 2-cycle is homologous to one disjoint from 7). 

Remark 1.1.23. A class a E J(Xo,$) preserves a unique homotopy class of 2-plane 
fields over the boundary OX0 . Thus there is a 'restriction' map J(X0,$) 	J(aX0hslaX0)• 
The group actions are compatible: 09(a[1, ]) 	(alaX0 )[0-y], where [07] E Ho(OX0; Z). 

Lemma 1.1.24. The 111(X0,8X0;Z)-action on J(Y,$) is transitive. Its stabiliser is 
the image of the homomorphism 113(Xo,Z) 	IIi(Xo:Z), z > ci (s) n x. 

Proof. We can represent orthogonal almost complex structures Jo, J1  in the class s by 
spinors To and Tt = OT0, for a function 0: X0 	Si. Homotopy of To and Ti  is 
detected by the relative Euler class of S+ x [0, 1] —÷ X0  x [0, 1]: 

e(S+ x [0,1]; To, Ti) E H1(X0  x [0,1], axo  x [0,1]; Z). 	(1.9) 

Again, this is because homotopy over the 2-skeleton is unobstructed, whilst the relative 
Euler class is the obstruction to homotopy over the 3-skeleton. We put o(To, 	= i(e), 
where i: H1(X0  x [0,1], OX0  x [0,1]; Z) 	H1(X0 , 8)(0; Z) is the obvious isomorphism. 
Thus 5(To, Ti) is represented by the projection to X0 of the 1-cycle of zeroes of a 
section of 5+ x [0,1] extending the C. 

Now the lemma follows from two simple computations. First, if a E J (X , s) is rep- 
resented by 	To) then a['y] is represented by a pair (s, 411) with o(To, T1) = [7]. For, 
if a E Aut(TX) induces the action by -y, then (using a standard model for a) the zeroes 
of (1 — t)T0  ta*To  occur only at t = 1/2 and along -y. Hence J(X0 ,$) is a transitive 

(X0 , OX0; Z)-set. Second, the function 0 represents a class [0] E H1(Xo, axo ;  Z), and 

o(To, 0T0) = ±ci (s) n PD[0] E Hl  (X0; Z) (universal sign). 

This can be seen using the linear homotopy (1 — t)To  t0T'0 , where T' is a unit-
length spinor homotopic to qi such that ‘Ifo A T'o  vanishes transversely. Its zero set 
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is concentrated at t = 1/2; there, it is the intersection of the zero-set of To A Vo  
(representing ci (S+)) and a level set of O. Thus the stabiliser is as claimed. 

Example 1.1.25. Choose disjoint embeddings B4  -̀-4  S4  and Si  x B3  > S4 , and let 
W be the closure of the complement of their images. We have 

J(W) = U J(W,sa ), 
nEZ 

where sa  E Spinc(W) is the unique element which restricts to to  on S1  x S2; and 
H1 (W, 8W; Z) 
= Z, where 1 E Z corresponds to a path -y running from S3  to Si  x S2. Each J(W,5,) 
is acted upon transitively by Z, and because Hi(W; Z) = 0 this action is free. 

There are 'restriction' maps ri  : J 	J(S3 ) and r2  : J(W, sa ) 	J(S1  x S2 , tn) 
as in Remark 1.1.23. Taking orientations into account, we see that 

ri(1 + a) = —1 + ri(a), r2(1 + a) = 1 + r2(a). 

The sets J(S3 ) and J(S1  x S2, In) have distinguished basepoints, represented respec-
tively by the boundary of the standard complex structure on B4, and by an S1-invariant 
complex structure. Thus to complete the description it is necessary only to give one pair 
(rl (a), r2(a)) E Z x Z/(2n). The case relevant to near-symplectic geometry is n = —1, 
and in this case we will see that there is an a with (ri (a), r2(a)) = (0, 0) E Z x Z/2. 

Elementary topology of near-symplectic 4-manifolds 

One more topological lemma, due to Hirzebruch-Hopf: the Euler class e(AX) E H3(X;Z) 
is zero. For there is a standard homomorphism A+ : SO(4) —> SO(3) such that A+ = 
At(TX), and a calculation using characters of representations gives that w2(AtP) = 
w2(P) for any principal SO(4)-bundle P. The Euler class e of SO(3)-bundles equals 

o w2 , where 0: H2(—; Z/2) 	H3(—; Z) is the Bockstein operation. Since w2(TX) 
admits an integral lift, we have e(A+) = /3w2 (TX) = 0. 

Proposition 1.1.26. For any near-positive form w E 122 , there exists a compact ori- 
entable surface-with-boundary E and an embedding i: E 	X with i-1(Z,,) = OE. 

Proof. As the zero-set of a transverse section of A-gE (for suitable g), ZW  represents the 
Poincare dual to the Euler class e(A+), which is zero. Consequently there exists a class 
a E H2(X, Z) with (5a = [ZW ] E Hi(Z,„,), and this is dual to a line bundle La  --* X \Z„,. 
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Take a closed tubular neighbourhood N LAte 7r0  (Z,,) ( Si x D3) of Zw , and let Si = 
{pt.} x 3.D3  be a linking 2-sphere for the lth component. Then (ci (La ), [S1 ]) = (da)[Zd = 
1, and this characterises La  IN up to isomorphism. There is a transverse section s' of 
La IN such that, in the lth component of N, s' has zero set S1  x (0,1] x {(0, 0)} C 81  x D3  
(to find such a section one could start from a section of the degree 1 line bundle over 
S2 , vanishing at one point). 

Extend s' to a smooth section of La . A perturbation supported away from Z, then 
gives a transverse section s. We define i: E —> X to be the inclusion 8-1(0) <--4 X, 
which clearly has the required properties. 

0 

A near-positive form w determines a homotopy-class of almost complex structures 
on X\ Z, (Z = Z„) and hence a canonical Spinc-structure 5, E Spinc(X \ Z) with spinor 
bundle A* ,°T(X \ Z). This Spinc-structure sometimes extends over Z and sometimes 
not. In the near-symplectic case it does not extend. Indeed, 

(ci (5,), [Si]) = —2 

for each linking 2-sphere Si of Z, where we use the pairing of homology and cohomology 
on X \ Z (Taubes [51]). To orient Si here, think of it as the boundary of a 3-ball in a 
fibre of Nz/ x , which is already oriented; orient 82  C R3  as usual, so that a, A 02 is an 
orientation at (0,0, —1). 

Taubes' map. There is a useful map 

T: Spinc (X) 	H2(X, Z; Z). 	 (1.10) 

For 5 E Spinc(X), let L5  be the unique line bundle on X \ Z with 51(X \ Z) 5, Ls, 
and define r(s) as the class Poincare-Lefschetz dual to ci (L4. 

Note (i) that H 2(X; Z) 	H 2(X \ Z;Z) (or equivalently H2(X; Z) —> I/2(X, Z; Z)) 
is injective; and (ii) that the cokernel of H2(X; Z) 	H2(X, Z; Z) is isomorphic to 
H1(Z; Z) via the exact sequence of the pair. The relation 

r(s 	L) = r(s) + PD(ci(L)I(X \ Z)), 

with (i), shows that T is injective. The formula 

0 = (c1 (s1(X \ Z), [Si]) = —2 + 2(ci(L),[S,]), 

with (ii), implies that im(T) is the set of classes whose boundary in Hi  (Z; Z) is [Z]. In 
particular, a surface with boundary Z represents a class in im(r). 
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As mentioned in the introduction, Taubes proves that when Z is the zero-set of a 
near-symplectic form and 8Wx(s) 0 0, there is a `pseudoholomorphic subvariety' C 
which carries a fundamental class [C] E H2(X, Z; Z), with (S[C] = [Z]. Its relation to s 
is that [C] = 7(5). 

The number of even circles 

The following result is stated without proof by Taubes, who attributes it to R. Gompf. 

Proposition 1.1.27 (Gompf). Let w E 113(  be a near-symplectic form on a closed 
4-manifold X. For i E Z/2, let n, denote the number of components of ZW  for which 
Su, = i. Then 

no 	1— bi(X)+ 14(X) mod 2. 

Hence no is even when X admits an almost complex structure. 

Proof. The proof is in five steps; the fourth relies on a computation which we carry out 
afterwards. Choose a Riemannian metric making w self-dual. 

1. Write )3(X) for the integer 1 — b1(X) + b2 (X). As we have seen, when one has 
disjointly embedded closed 4-balls B1, , BN C X, and a unit-length section of A+ 
over X \ U int(B4) with Hopf invariants h1, hN, the relation 

/3(X) -a-  + • • • + hN  mod 2 

holds. (Previously we phrased this in terms of almost complex structures.) 
2. Let X' denote the manifold obtained by surgery along an embedded, framed, 

oriented 1-submanifold 7. This means that we excise an open tubular neighbourhood 
of -y to obtain a manifold Xo; the framing gives (up to homotopy) an identification of 
axo  with a number of copies of ,91-  x S2. To each boundary component we attach the 
complement of a standard copy of B3  x Sl c S4  (this is diffeomorphic to S2  x B2). 
Then 

f3(X l ) = 13(X) +1. 

Indeed, 	= (e + a)/2. As a cobordism invariant, the signature a-  is unaffected by 
surgery, while a pair of Mayer-Vietoris sequences yields 

e(X') — e(X) = e(S2  x B2) — e(B3  x Si) = 2 — 0. 

3. We now carry out surgery along Z„. Along each component, there are two 
homotopically distinct framings, since 71(80(3)) = Z/2, but either will do for our 
purposes. Note that /3(X') = /5(X) + no  + ni. 
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4. We now have a manifold 

= X0 U 
E=1 

with standard pieces X:, and a non-vanishing 2-form coIX0  on X0. By restricting w to 
8)c-  we obtain a class in J(S1  x S2 ). Because of our choice of framing, this class is the 
odd or even element of J(S1  x S2, 	= Z/2 according to the parities of the original 
circles. 

In Example 1.1.25, we claimed that the element a E J(S1  x S2 , -L i ) extends over 
the standard manifold W to give an element b E 	Z if and only if a = b mod 2. 
We will make good on this claim in a separate calculation that follows this proof. 

5. The previous steps together give the result: the form coIX0  extends to a unit- 
length section of A+(X' \ 	B1) (where B1  is a small ball in X:). The sum of the 
Hopf invariants is n1  mod 2, and we have ,(3(X) + no  + n1  n1  mod 2. 

Lemma 1.1.28. eev , restricted to {Ix' = 1} and considered as a map S1  x S2  -* 
R3  \ {0}, extends to a map B2  x S2 ) -> IE83  \ {0}. 

Proof. A tubular neighbourhood of a circle S1  c S4  gives a decomposition S4  = (S1  x 
B3 ) Usi xs2 (B2  x S2 ). What follows is an explicit model for this decomposition. 

Consider the function f C2 	[0, 00), f(zi, z2) = (kid - 2)2  + k212. The pair  
(1-1[0,1], f -1(0)) is diffeomorphic to (S1  x B3, S1  x {0}), via the map 

a : 	z2 ) 1-* (Izil -izi; lzl  I - 2, Re(z2), Im(z2)) • 

The region f -1[1, oo) is diffeomorphic to (/32  x S2 ) \ 1(0,0;1, 0,0)1 (to see this, observe 
that the map 

	

f -1[1,00) 	S2 ; 	(zi ,z2 ) 	f-1/2(Izi l - 2,Re(z2),Im(z2)) 

is a submersion, hence a disk-bundle). The pullback a*Oev  is given by (z1, z2) 
(-2(Izil - 2), z2 ). Define 

	

F: C 2  \ f -1  (0) 	R3  \ {0}; (zi, z2) 	 f (21, z2)-112  (-2(121.1 - 2), z2)• 

Then F = oz*O„ on f -1(1). We consider the map F/IFI, restricted to a sphere 4 
{1zi12+1z212 = R2}, R >> 0. This map is not surjective ((1, 0, 0) is not in its image). But 
a map S3 	S2  which is not surjective has trivial Hopf invariant, and hence extends 
over the four-ball. 
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This shows that (in the notation of Example 1.1.25), there exists j E J(W) with 
r1(j) = 0 E Z/2, r2(j) = 0 E Z, as required. 

Remark 1.1.29. It follows from the proof of the proposition above that the distributions 
$0,, and e' (or 631 ) on S1  x S2  are not homotopic. This means that we have two 
ways to distinguish the two types of zero-circle: by orientability of the splitting of the 
normal bundle, or by the homotopy class of the foliation on the boundary of a tubular 
neighbourhood. 

Contact structures 

Contact geometry plays an important role in Taubes' programme, and in the work of 
Gay and Kirby [14]. Here we briefly acknowledge its presence. 

Consider first the standard near-symplectic e on 1F x R3  = C2  (cf. Example 1.1.2). 
We saw in Example 1.1.14 that e = ddc f , where f = x3(x3I6 - r2/2 ) (where r2  = 
xi + 4). Let a = dcf: 

a(t , x) = 
2 -1  (2x3 - r2 )dt x3(x2dx - xidx2) = -2-1  (24 - r2 )dt (x3r2 )dO. 

This form, as observed by Honda, satisfies a A da A d(lx12) 0 0, which implies that its 
restriction to R x S2 = {1x12 = 1} satisfies the contact condition a A da # 0. We can 
rewrite the contact form as 

aIR x S2  = (
2 
r2  - 1) dt - r2 V1 - r2  dB. 

The contact distribution = ker(a) coincides with T(S1  x S2 ) n JoT(s1  x S2 ), where 
J0  is the complex structure determined by e and go. 

The vector field 

o-(t, x) = (1 — qp-2 )x i al  + (1 - qp-2 )x2a2 + (1 + 2qp-2 )x3(9x3  

satisfies L(o- )0 = a, so that ,c,e = e, i.e. a is a Liouville vector field. 
The contact structure is overtwisted. In fact the equator x3  = 0 in {0} x S2  bounds 

an overtwisted disk: 

D(1) 	R x S2, (rew ) F-> (e(1 - r2 ), r cos 0, r sin 0, N/1 - r2 ). 

Here e > 0 is a (small) constant. Under this embedding, a pulls back to -2er(3r2/2  - 
1)dr -r2 V1 - r2d9, from which one sees that the characteristic foliation of D is spanned 
by the vector field -2er(3r2/2  - 1)a, + r2 \/1 - r28,.. The foliation is singular just at 
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the origin (where D is tangent to e, and the foliation has a focus); and D is a closed 
leaf (a limit cycle of the foliation). By definition, this is an overtwisted disk. 

There are likewise forms aev, aedd such that 0 ev/odd = daev/oddl arising by the same 
gluing operations as those for 0 _ ev/odd . These are contact structures on S1  x S2, evidently 
overtwisted. By applying Honda's lemma, we get contact structures for general near-
symplectic forms, and we have: 

Proposition 1.1.30. If w E 4 is a near-symplectic form, N an open tubular neigh-
bourhood of ZW , then X\N is a symplectic manifold with a concave contact-type bound-
ary (8N, a). The contact structure is overtwisted and represents the homotopy class 
The ends of X \ 	can be identified with the concave end of the symplectisation of a. 

By a famous theorem of Eliashberg, an overtwisted contact structure on a 3-manifold 
Y is determined up to isotopy (hence up to isomorphism) by its class in J(Y). 

Remark 1.1.31. The Spin' -structure induced by the oriented 2-plane field on ON is 
the same as the restriction from N \ Z of the one induced by a compatible almost com-
plex structure—indeed, an almost complex structure compatible with the symplectisation 
structure is also compatible with w. From this we can give a proof (different from the 
one in [51J) that (e(,), [S]) = —2, where S is any linking 2-sphere of Z. This goes as 
follows. 

By Honda's lemma, we may assume that w is one of the standard forms 0„ or 
eodd• Moreover, since the statement is local near a chosen point of Z, there is no 
loss in considering the local model given by the form e on R4 . The distribution is 
homotopic to the tangent distribution to the fibres of (t, x) 1—* (t, xi + 4 — 2x3). Its 
restriction to the sphere S = {t = 0, 	= 1} has as section the rotational vector field 
x182 — x281. This section has two zeros, (0,0,0, ±1), both transverse, and positive with 
respect to the standard orientation of S2  c 	(after all e(S2 ) = +2). But for us, the 
coordinates (xi, x2 , x3 ) are anti-oriented, so we must insert a minus sign. 

1.2 Near-symplectic broken fibrations 

The model map Q and 2-form 0 

Our aim is to describe the interplay between near-symplectic forms and certain singular 
fibrations. We do so first in a model case, involving the map 

1 q: R3  ---* R; (xi  , x2, x3) 1-3 —
2 
(4.  + A) — 
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and the standard self-dual 2-form 0 on Euclidean R4  (see Example 1.1.2). Notice that 

0 = dxo A dq *4(dX0 A dq) = dxo A dq *3dq. 

Our model singularity will be the germ at the origin of the map 

Q = q x 	: R x R3 
	

x R. 	 (1.11) 

Here are some elementary properties of Q and of e. 
(a) The critical locus of Q is the set Z = {x1  = x2  = x3  = 0}, which is just Zo. 
(b) Cri(s,t) is a hyperboloid of one sheet (diffeomorphic to 51  x D1) when s > 0, 

a hyperboloid of two sheets (diffeomorphic to D2  x S° ) when s < 0, and a cone when 
s= 0. 

(c) x {t}) is a smooth 3-manifold with boundary, realising a (non-
compact) cobordism from Q-1(-c, t) to Q-1(e,t). This is a standard model for surgery 
along a circle—or, going in the opposite direction, a pair of points—in an orientable 
surface. 

(d) Let (r, 0) be polar coordinates in the (xl , x2)-plane. Then, as Taubes observes, 
(0, x3r2 , xo, g) E SI  x R3  give Darboux-type coordinates for the region { r 0} in R4: 
we have 

9 = dxo A dg + d0 A d(x3r2). 

These coordinates are orthogonal with respect to go; the coframe 

dq 	dO  d(x3 r2 )   ) (dxo  „ 	
Vr2  + 4x3 ' r ' r-Vr2  + 4x3 

is orthonormal. The dual orthonormal frame (vo , vi, v2, v3) is given by 

( , xiai + x202 — 2x3a3 x102 — x2(91 2x3(xiai + x202) + r203 
00, 

Vr2  + 4x3 	, 

	

r 	, 
r.Vr2  + 4x3 	• 

(e) If Jo is the almost complex structure on 1184  \ Z determined by the equation 
go(u, v) = e(u, Joy) then, by the previous item, Jo preserves the 2-plane distributions 
span{vo, vi} and span{v2, v3}. Specifically, Jo(vo) = (r2  + 4x3)-1/2vi, and J(v2) = 
(r2  + 4x3)-1/2v3. 

(f) At a point x E R4  \ Z the tangent space to the fibre of Q is 

ker(DxQ) = span{xi02  - x2(91, 2x3(xiai + x202) + r2a3}. 

As we have just seen, this is a Jo-complex line, so the fibres are Jo-holomorphic curves. 
The function Q : R4  \ Z -÷ C is even holomorphic: DQ o J = i o DQ. 
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(g) The spaces 'Hoch, = {(0,x3r2 ) = (Bo , c)} (c 0) and 7-loe ,0 = 	= Bo, x3  = 01, 
together with {r = 0}, foliate X \ Z (the foliation is singular along Z). The leaves 
are transverse to the fibres of Q; indeed, the tangent space to the leaf through x is the 
annihilator with respect to Ox  of ker(DxQ). The leaves are also Jo-curves. 

There is a unique smooth section soo ,c  of Q R4 	R2  whose image is 7100,c  (c 0); 
it avoids Z. There is also a unique section of Q over [0, oo) x I" whose image is 7-100 ,0 
(a surface with Z as its boundary). 

It is a short step up from 0 to the two model forms Oev  and Oodd. In either case, 
Q is compatible with the relevant gluing map, and can therefore be promoted to maps 
Qev : R3  x Si  —) x S1  or Qodd: T(a) —4 JR x .51. The discussion above then goes over 
essentially unchanged. 

Indefinite quadratic singularities 

Following Auroux, Donaldson and Katzarkov, we make the following definition. 

Definition 1.2.1. Let X4  and S2  be oriented manifolds, Z C X a 1-submanifold. A 
smooth map 7r: X S has indefinite quadratic singularities along Z if, near any 
point of z E Z, it is locally equivalent to the map Q: R4 	R2. 

Local equivalence means that there are charts IP: (R x 1R3,R x {0}, 0) —> (X, Z, z) 
and x: (R x R,][8 x {0}, 0) 	(S,7r(Z),7r(z)), respecting the orientations of X and S, 
and a neighbourhood U 0 in R4, such that (x-1  o 7r o 0)1u = QIu. 

Thus 7r(Z) is a 1-manifold, and 7rz: Z —> 7r(Z) a covering map. 

Proposition 1.2.2. A map 7r with indefinite quadratic singularities along Z determines 

1. a canonical orientation for the 1-manifold Z; 

2. a canonical embedding of the intrinsic normal bundle Nz/x as a sub-bundle of 
TXIZ complementary to T Z ; 

3. a conformal class of quadratic forms S, on Nz1x , of signature (2,1); in particular, 

4. an isotopy class of vector bundle splittings Nzix  = L+ L— , such that S, is 
positive-definite on L+ and negative-definite on L. . 

Proof. The orientation is defined by taking z E Z, and a short path 7: (—e, e) —> S 
with -y(0) = z, transverse to 7r(Z). For any small ball Uz  9 z, the sets Uz. n 7-1(7(t)) 
have one component when t < 0 and two when t > 0, or vice versa. Thus the segment 
7r(ZnUz ) c S has a 'connected side' and a 'disconnected side'. We orient Z by declaring 
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that v E Tz Z is positive when j(7,,v) points into the disconnected side of 7(Z 11 Uz ) 
(here j E End(TS) is a complex structure compatible with the orientation of S). 

The normal sub-bundle is the 3-plane bundle ker(D7r) 	Z spanned by the tangent 
cones of the fibres of 7r. This sub-bundle carries an intrinsic Hessian quadratic form 
D27: ker(D7r) ker(D7r) --* 7r*N,(z)/s  (here N„(z)/s  is the intrinsic normal bundle). 
Choosing a trivialisation of N,(z)/s  of the correct sign one obtains an 118-valued form of 
signature (2, 1). 

We can now formulate a notion of compatibility between near-symplectic forms and 
maps with indefinite quadratic singularities.2  

Definition 1.2.3. Suppose that 7: X 	S has indefinite quadratic singularities along 
Z, and that w E S-2,2y  is a near-symplectic form with zero-set ZW  = Z. We say that 7r is 
compatible with w along Z if (a) the orientations of Z induced by w and by it agree; 
(b) the normal sub-bundle Nz,/x  c TXIZ determined by w coincides with ker(D,7); 
and (c) the conformal quadratic forms Sc., and D27r on this common normal bundle are 
equal. 

Any two compatible forms are linearly homotopic near Z. One can turn this round 
to see that compatible near-symplectic forms always exist on some neighbourhood Uz 
of Z, because one can patch together forms defined on balls. Conversely, given w one 
can find (using SW ) a compatible map 7r on a neighbourhood U. 

The following lemma shows that one can find almost complex structures compatible 
with all the available structure simultaneously. 

Lemma 1.2.4. Suppose that 7r is compatible with w along Z. Then there is a neigh-
bourhood U of Z and a metric h on U, smooth on U \ Z and continuous everywhere, 
such that *hw = w and, for all x E U \ Z, the 2-plane Vz  = ker(Dx7r) is orthogonal 
to Hz  := Annw (Vi). The associated almost complex structure Jh  preserves both these 
distributions, and in particular, w is positive on the oriented 2-planes VV . 

Proof. Here we choose to work with coordinates which make 7r look standard. It is 
not difficult to see that there is a tubular neighbourhood 51  x D3, with coordinates 
(t, xi , x2, x3), such that 

q = E qii(t)xi xi  
i<ij<3 

2As a (stronger) alternative, one could require that the pair (7r,w) should be locally equivalent to 
(Q, C1 )• 
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where q is 7r followed by projection on the normal coordinate along ir(Z). The matrix 
qu(t) is symmetric and trace-free, with signature (2,1). Then, because of the compati-
bility between w and 7r, we have 

w= E qii(ozioi+0(ix12) 
1<i,j<3 

(here 	is as in Example 1.1.2). Write wo  for the leading order part of w. There 
is a metric go on Uz  such that *go  wo  = wo and for which J90  preserves the vertical 
distribution V on Uz  \ Z. 

The forms w, wo give different horizontal distributions on Uz\ Z, H = Ann,(V), and 
Ho = Ann,„ (V). Moreover, H is the graph of a bundle map p E Hom(Ho, V). Define a 
metric g by declaring 9117  = go IV, g(V, H) = 0, and, for h, h' E Ho, g(h+ ph, h' + ph') = 
go(h, h'); put gz  = (go)z  for z E Z. This defines a continuous metric because px  —> 0 as 

Z. 
The metric g meets the requirement V I H, but w need not be g-self-dual. However, 

by resealing g one the planes H (and leaving it alone on V) we obtain a new metric 
h which meets both these conditions. The conformal scaling factor tends to 1 at Z 
because wo  is go-self-dual. Thus h is still continuous. 

The planes V, are ws-positive when x is close to Z because this is so for wo. The 
statement about Jh now follows formally. 

Definition 1.2.5. A broken fibration is a smooth, proper map 7r: X —> S from an 
oriented 4-manifold to an oriented 2-manifold, such that 

• The critical set Xcrit  is the union of submanifolds Z and C of dimensions 1 and 
0; moreover, 7r(Z) and 7r(C) are disjoint submanifolds of S; 

• 7r has indefinite quadratic singularities along Z; 

• 7 maps each component of Z diffeomorphically onto its image; 

• the map 7r: X \ Z 	S\ ir(Z) is a Lefschetz fibration. That is, its germ at any 
point in C is equivalent to the germ at 0 E C2  of (zi, z2) 1-4 z1z2. 

A near-symplectic broken fibration (X,7,w) is a broken fibration together with a 
near-symplectic form w E /22x  which is compatible with it along Z, and which restricts 
positively to the planes ker(Dx7r) at all regular points x. 

45 



Theorem 1.2.6 ([3]). When X is closed, a singular Lefschetz fibration (X, 7r) lifts to 
a near-symplectic broken fibration (X, 7r, w) if and only if there is a class c E H 2(X; R) 
which satisfies (c,u) > 0, where u E H2(X; IR) ranges over classes represented by com-
ponents of regular fibres of 7r. 

The much deeper result of [3] concerns the existence of broken fibrations (or rather, 
pencils) compatible with a given near-symplectic form. Now that we have given the 
relevant definitions, we refer back to the Introduction for the statement. 

Fibred vanishing cycles 

From a near-symplectic broken fibration (X, 7T, w) one obtains a connection on the 
non-singular locus Xs—i.e., a field of subspaces Txh(X*) C Tx(X*) complementary to 
ker(d7r)x—by letting TPX be the annihilator with respect to wx  of 7.'rX = ker(d7r).• 

We will need some notation for the parallel transport maps associated with this 
connection. Write 

X.y(a) —> X,y(b) 

for the symplectomorphism induced by a path -y: [a ,b] 	S. . Also, write 

rnr Xr(si xfal) 	Xr(s1 x{b}) 

for the map of fibre bundles induced by a family of paths parametrised by the circle, 
F: S1  x [a, b] 	S. 

We will discuss the local geometry of such connections in Chapter 2. Notice that, 
in the case of (Q, 0), the connection is fiat: in point (g) at the beginning of Section 
1.2, we exhibited a horizontal foliation. 

Theorem 1.2.7. Let (X, ir, w) be a near-symplectic broken fibration, and Zo a com-
ponent of Z. Then there exists an embedded, connected, Lagrangian surface V C 
X \ crit(ir), such that 7r(V) is a smooth circle in S, parallel to 7r(Z0 ) and on its connected 
side, with 7r1V: V 	7r(V) a fibre bundle. Moreover, to the data (X,7r,w, Zo ) one can 
associate a distinguished deformation-class of such objects. 

Such a surface, as an S1-bundle over S1, is diffeomorphic to the torus or Klein 
bottle. A representative of the special deformation-class is called a fibred vanishing 
cycle. In this case, we get a torus when the parity of Z0  is even, a Klein bottle when 
it is odd. 

Proof. This follows Seidel's treatment of vanishing cycles of Lefschetz critical points in 
[46]. 

46 



We assume for the time being that every critical point lying over ir(Zo ) is in fact 
in Zo. Then we can choose an embedding a: (S' x [-1,1], S1  x {0}) -4 (S,7r(Z2)), 
such that a(S' x [-1, 0)) is the connected side of 7r(Zo) and ir has no critical points in 
7r-1(im a). Replace (X, 7r, co) by their pullbacks by a, so that the base is Si  x [-1,1]. 

For E E [0,1) and t E Si , let -y(t, €) denote the path [-1, 	-> Si  x [-1,1], 
s 	(t, s). Define 

	

Wo, 	E X(t,$) : s E [-1,0), Eliw+ m,,f(tc)(x) E Zo} U Zo. 

(This is to be read as 'the limit exists as c decreases to 0, and is a point of Z0'.) Our 
candidate for fibred vanishing cycle is Wa  n 7r-1(S1  x {-1}). 

To understand the symplectic flow defining Wa, we show that its generating vector 
field, which is the horizontal lift as, can be expressed in the form Au for a non-vanishing 
vector field u which extends over Z to a Morse-Bott vector field with an index 1 zero 
along Z, and a function A > 0. 

Let f = -pri  o ir: X -4 S'. The equation df = t(v f )(4.) defines a symplectic vector 
field vf  on the region X \ Zo  where w is symplectic (vf  will become singular along Z0). 
Since f factors through 7r, this is a horizontal field: vf (x) E Txh(X). Since f is constant 
along trajectories of vf , D7r(vf  (x)) is always tangent to the ray {-f (x)} x [-LI]. This 
shows that v f  = Ajs, where the function A is non-vanishing since f has no critical points 
on X \ Zo. Actually A > 0. 

Consider yet another vector field, V 9q. Here q = pr2  o 7r : X 	R, and we will decide 
on the metric g as we proceed. The advantage of V 9 q is that it evidently has Z as index 
1, non-degenerate critical manifold. In the model (0, Q)—though not in general—we 
can arrange (by using the flat metric go) that it be proportional to vf  

Now, locally we can write q = (x? 4 - 24)/2 and w = 9 + o(xy + 4 + 44). If 
we choose the euclidean metric then we have explicit formulae for orthonormal frames. 
Using these we see that, whilst a unit-length 9-horizontal vector field e will not be 
co-horizontal, its vertical component e,(x) goes to zero in Cl as x approaches a point 
of Zo. 

Write Vq = (Vq)i + (Vq)2  where (Vq)i (x) E 1R9 (x) and (Vq)2(x) E R8t(x)63, TxvX. 
We see from the previous paragraph that, as x approaches a point of Zo, we have that 

(Vq)2 (X ) I / I (Vq)1 (X) I -+ 0, and moreover, the Hessian of (Vq)i remains non-degenerate 
on the normal bundle to Zo. Thus (Vq )i  is a positive multiple of vf  over a deleted 
neighbourhood N(Zo) \ Zo, and is still Morse-Bott. 

We now define u to be any vector field which is a positive multiple of vf  over X \ Zo, 
and which is equal to (Vq)i near Zo. Observe that Wa  is the stable manifold of Zo 
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under u. As such, it is the total space of a 2-disk bundle 1: We, 	Z, and its structure 
group is reduced canonically to 0(2). Its boundary Va  := ow, is a circle-bundle over 
Z. 

It is clear that Va  is a surface, and a circle-bundle over the circle {-1} x S1. To see 
that it is Lagrangian, consider the maps m,: Xsi xl_ il  —> Xsi x{_,}  given by parallel 
transport along the rays {t} x [-1, —e]. These maps are symplectic in the sense that 

rn:(wi(S1  x {—e})) = wl(S1  x {-1}) 

(see Chapter 2). The maps mE lVa  have a (pointwise) limit mo : 	Zo  as E 	0+. 
For each x E Va, lw(m,)(z)I 	0, while 1DxmE l remains bounded. It follows that 

= mO(wIZ) = 0. 
Thus, to each embedding a is associated the fibred vanishing cycle Va . Any other 

choice of embedding, a' say, can be deformed to a, and thus Vat can be deformed to 
Vat through fibred vanishing cycles. 

It remains to remove the assumption on Zo. To do so, notice that in the general 
case the set Wa  is still defined. There may no longer be parallel transport maps defined 
globally on the fibres of ir, but the argument can be carried out in a small neighbourhood 
of Wa  which contains no other critical points. The only thing which becomes more 
complicated is the notation. 	 0 

Surgery on symplectic surface-automorphisms 

When c6 E Aut(E, w) leaves invariant a circle L C E, and preserves the foliation by 
parallel circles of a neighbourhood of L, one can perform surgery along L in a way 
which is compatible with 0. The result is a self-diffeomorphism o-LO of the new surface 
aLE; moreover a-LO preserves a symplectic structure obtained from w by a 'surgery' 
procedure. Further, one gets a self-diffeomorphism of the standard cobordism from E 
to aLE, and its mapping torus is a near-symplectic broken fibration over an annulus. 

Construction 1.2.8. Let L be a compact, embedded 1-manifold in the symplectic sur- 
face (E, w). Suppose that 0 E Aut(E, 	0(L) = L. Then one can construct: 

• an oriented 3-manifold-with-boundary C; 

• a Morse function q: C 	[-1,1], with ac = q-1{1, —1}, whose critical points 
have index 1 and are in bijection with 71-0(L); 

• an oriented diffeomorphism F: q-1(1) = E; 

• a diffeomorphism 	C C, extending F-1  a o F; 
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• on the mapping torus X = T(4)), a 2-form SZ which makes the map ids  x q: X —> 
S1  x [-1, 1] into a near-symplectic broken fibration, and which extends the natural 
form induced by coo on q-1(S1  x {1}). 

The construction is canonical up to isotopy. That is, any two choices are related by a 
path through data of the same kind, forming smooth families in the obvious senses. 

Remark 1.2.9. The components of the surface swept out by L give a set of vanishing 
cycles for the near-symplectic broken fibration. 

1. The first step is to find an 'adapted' neighbourhood NL  of L in E. There are 
several ways to express what is meant by adapted here; one is that there should be a 
Hamiltonian Sl-action on NL, whose moment map ,u: N(L) 	LI satisfies L = it-1(0), 
such that it 0 = ±it (the sign need only be locally constant). 

The existence of an adapted neighbourhood is a consequence of the Lagrangian 
neighbourhood theorem, explained (in slightly different terms) in Chapter 2, Lemma 
2.2.5. 

The condition that 0 preserves L and (anti)commutes with the Hamiltonian circle-
action implies that it takes the following form. Each component Li has an annular 
neighbourhood which may be identified with [--5,8] x S', with standard coordinates 
(h, 9). The symplectic form is d0 A dh, and the moment map is µ(h, 0) = mh, for 
some m E Z. The coordinates are unique up to component-wise rotations and inver-
sions (h, 0) H (—h, —9) (of course one may also decrease 6). The automorphism 
permutes the L,; suppose that 0(L2 ) = L3. One can choose embeddings of this type, 
e„ei : [-6,6] x S1 	E, near L, and LJ , in such a way that cb becomes a (multiple) 
Dehn twist: 

e T ick o 	(h, 0) r > (h, 0 + f (h)), 

where f : [—S, 5] —> 118 takes constant, integer values near ±5. 

2. We use the notation of the paragraph headed 'The model map Q and 2-form 0' at 
the beginning of Section 1.2. For S > 0, define 

S.(8) = {x E R3  : lq(z)i 	1 , lx3Ir2  < o}; 

denote by Sb(S) the fibre over b of q: S.(5) —> [-1,1]. The space S* (6) is a smooth 
3-manifold with corners: there is a 'vertical' boundary S_1(5)U Si  (8) and a 'horizontal' 
boundary {x E 	: lx3Ir2  = 8}, meeting in codimension-2 corners. Each Sb(S) is a 
surface with boundary, except for S0 (8), which has a singular point. 
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We identify the annulus S1  x [-(5, (5] with S1(6) using the coordinates 0 and h = x3r2 . 
Shrinking it if necessary, we may take the neighbourhood XL  to be the image of a 

(standardising) embedding e: Uz 1  SI-  x [-6,6] 	E. 
Let E' = E e(il Sl  x  (-6/2, 6/2)) and define 

C = (E' x [-1, 1]) Uo 	(6), 
=i 

where the pieces are glued together along the overlap region 

O = ll si x ([ -6, -6/2] u [6/2, 5]) x [-1,1]. 
=i 

Here 0 embeds in E' x [-1, 1] using e x id[ _14], and in S,,(5) using the coordinates 
(0, x3r2, q). 

As announced, C is a smooth, orientable 3-manifold. We choose the orientation 
compatible with dx 1  A dx2 A dx3 on S,,(5). There is a unique function C 	[-1,1], given 
by q on S,,(6) and by the projection on E' x [-1,1]. We still denote this function by q, 
and its fibres by Eb. This function is locally constant on 8C, and q-1(1) = E'UNL = E. 

3. We now construct the diffeomorphism 4. On El  x [-1,1] it is simply q  x id[_14]. 
Recall the local model 

(8, h) H (0 f (h), 

on S1  x [-(5, (5]. We extend this to S,,(8): write w = xi + ix2 and use the coordinates 
(w, x3). Set 

.1)(w, x3 ) = (e27r if (s311-D12)w, x3 ). 

This is plainly a smooth map; it preserves I wl 2  and x3, hence also h and q, which 
implies that it is a self-diffeomorphism of S,,(6) mapping the fibres Sb to themselves. 
On Si  (5) = 51  x [-S, (5] it matches with the model. In the gluing region this model 
matches with x id[_1,1]. We thus obtain a diffeomorphism 	C C, preserving the 
fibres Eb. 

The next step is to construct a suitable 2-form on the mapping torus X = T(43). 
One obtains a well-defined, closed 2-form f3 E Zc by gluing together the forms 

pried E 4x[-1,1], xidx2,3 x2dx3,1 - 2x3dx1,2 E 4.(8)  

(the latter is just d0 A dh on the region where r 0). Using the function q E C"(C), 
put 

= 	+ dq A dt E 
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This form has the right properties: it restricts to wo  over SI-  x {1} and is positive on 
the fibres of 7r = ids  x q. Thus (X, 7r, /2) is a near-symplectic broken fibration and 
e(S1  x {0}) sweeps out a vanishing cycle. 

Uniqueness up to isotopy is apparent from the construction. The only choice in-
volved is of the standardising tubular neighbourhood of L; this is clearly unique up to 
isotopy (to be precise, this is so only once we orient L; but reversing the orientation 
does not affect the outcome of the construction). 

Remark 1.2.10. The construction can be carried out starting simply from a surface 
E, a number of embedded loops L1, 	Lk, and a mapping class y E 7ro Diff±(E) which 
preserves the isotopy class of each Li . For one can choose an area form w, and a 
representative 0 E Aut(E,w) such that 0(Li ) = Li  for each i. 

This seems a convenient place to insert two simple topological lemmas. Let Y = 
7-1(SI x {1}) = T(0), and Y = 7r-1(S1  x 	= T(aL0)• 

Definition 1.2.11. If M is an module over a commutative ring, and f E End(M), we 
write 

M1  = ker(id - f), Mf = coker(id - f). 

The kernel and cokernel are, respectively, the modules of invariants and of coinvari-
ants of f . 

Lemma 1.2.12. The restriction map 	H2(X; Z) 	H2(Y; Z) is surjective. Its 
kernel is isomorphic to the subgroup (PD[Li],... ,PD[Lk]) of the group of coinvariants 
H1 (E;  

Proof. Radial symplectic flow defines a deformation retraction r: X --+ Yo := 7r -1(S1  x 
{0}) (thus r IY is the map which collapses the fibred vanishing cycle Q to Z). Surjectivity 
of iY follows from that of (r o il2)*. But that can be seen by the five-lemma, since—
regarding Yo as a mapping torus TE0  (00—there is a commutative diagram with exact 
rows 

0 1/1(E0; Z)00 	112(TE0 	 Z)Ou --> 	(00); 	 (Eo; 0 

0 HI(aL E; Z),L0 	H2(T(0-10);  z) 	H2(„LE; 0. 

(cf. Appendix B). The first vertical map, between spaces of coinvariants, is surjective 
because 1/1(E0 ; Z) 	(aLE; Z) is. The third vertical map is an isomorphism because 
both 1/2(E0; Z) and H2(aL E; Z) are free abelian on the set of components of aL E. 
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Since r* is an isomorphism, ker(if,.) = ker(i';-,r*). The latter is isomorphic to the 
kernel of the left-hand vertical map, and in turn to (PD[Li], 	,PD[Lic]) C -1/1(E; 2)0. 

0 

Lemma 1.2.13. For each z E Spinc(X), the class r(s) E H2(X, Z; Z) from (1.10) 
satisfies 

T(s) n CE1 - [aLE]) = (x(a-LE) - x(E)). 

(Here n can be interpreted in a number of equivalent ways, one of which is as the product 
H2(X, Z; Z) x H2(X Z; Z) H2(X Z; Z) x H2(X Z; Z) —* Z.) 

For example, as one crosses a circle of critical values which is the image of just one 
circle of critical points, passing from genus g to genus g — 1 fibres, the intersection with 
the fibre of any class r(s) decreases by 1. 

This is fairly clear, and can be deduced from the previous lemma, but here is a 
direct proof. We have 

2r(s) n ([E] — [(ILE]) = 2(ci(L5 ), [E] — [cr L ED 

= (c1(5)1x\z — ci(X \ Z, w), [E] — [aLED 

= —(ci(X \ Z, co), [E] — kyLE1)• 

But the adjunction formula in X \ Z implies that E has Euler characteristic x(E) 
(ci (X \ Z, w), [E]); similarly for o-LE. 

Separating model for Xi#X2 

We refer to [3] for interesting ways of modifying broken fibrations corresponding to 
the operations X —> X#CP2  and X 	X#CP2. We add here a less sophisticated 
operation. 

Suppose given broken fibrations 7r, : 	S, i = 1, 2, over the same base, a point 
s E S which is a regular value both of ri  and of 7r2 , with 7ri-1(s) connected in both cases, 
and a small, closed coordinate disk (D, 0) y (S, s). There is then a broken fibration 
7r: X —* S such that 

• 7-1(S D)— 7r1-1(S \ D) LI 7-1  \ D), and on this region 7r is the disjoint union 
of 7ri and 7r2; 

• xcrit n )  it-1(D) • s  a circle; 

• s is a regular value and the fibre X3  = 7-1(s) is connected. 
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These conditions determine X up to diffeomorphism supported over D, and we will see 
that X = Xi#X2 . To construct this broken fibration, take an standard near-symplectic 
singularity over the annulus D\D(0; €), with fibres S1  x [-1, 1] over the outer boundary 
and D2  x 5°  over the inner. Glue the inner boundary to a trivial fibration over D(0; e) 
to obtain a broken fibration Y —> D. It has a 'horizontal' boundary S° x Sl x D, 
and a 'vertical' boundary S° x D2  x S1; their union is diffeomorphic to S°  x S3  with 
codimension-2 corners along S°  x (Sl  x S1). 

Now symplectically trivialise X,ID, say 7c1(D) = Ei  x D, choose small disks Di C 
Ez , and excise Di  x D C Xi ; one can then glue in Y in an obvious way, forming the 
manifold X and an induced map 7r: X S. The fibre 7-1(s) is E1#E2 , the connected 
sum along the D. 

To see that X is the connected sum X1#X2 , we need a suitable identification of Y 
with S3  x [-1, 1]. Let W c Y be the union of the circle crit(Y 	D) and the 'vanishing 
cycles' in the fibres of Y lying over points in the open disk D' C D bounded by the 
circle of critical values. Then W is a smooth submanifold, diffeomorphic to S3  (indeed, 
the map W D' D'/OD' = S2  corresponds to the Hopf fibration). W is the union 
of two copies of Sl  x D2, lying over a central disk and over an annulus. By considering 
these two portions separately, one can see that Y is a trivial [-1, 1]-fibre bundle over 
W; this gives the required identification with S3  x [-1, 1]. 
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Chapter 2 

Symmetric products and locally 
Hamiltonian fibrations 

This chapter develops technical material needed for the Floer theory later in the thesis. 
The setting is that of symplectic fibrations, or more precisely, locally Hamiltonian 
fibrations: fibre bundles X --f S equipped with closed, fibrewise-nondegenerate 2-forms 
Ci. When X —> S is a bundle of compact Riemann surfaces, one can form its relative 
symmetric products Syn(X) --, S. The main aim of the chapter is to make Syn,;,(X) 
into a locally Hamiltonian fibration, with Kaliler fibres, in a functorial manner. (Strictly 
speaking, to make the construction functorial one should keep track of a hermitian line 
bundle with connection over X.) 

In the case where the base S is a circle, such a method was established by Salamon 
[38]. The crucial point is to think of the symmetric products as moduli spaces of so-
lutions to the vortex equations. Our forms generalise Salamon's, and we also use the 
vortex equations, but the method of construction is somewhat different. The one im-
portant advantage of our approach is that it facilitates a description of the cohomology 
class of the closed 2-form in terms of the class [O] E H2(X; IR). This will be useful in 
setting up both Floer homology groups and the Lagrangian matching invariant. We 
will not make any essential use of the geometry of these forms over bases other than 
Sl. However, the greater generality may have its uses; it may on occasion be useful to 
have control over the Hamiltonian curvature. 
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2.1 Relative symmetric products 

Suppose given a smooth fibre bundle 7r: X 	S, whose fibre is a compact orientable 
surface E. There are two constructions we can make without imposing any further 
structure. These are to form the Picard bundle 

Pid(X) S, 

which is a smooth fibre bundle, and the symmetric product bundles 

Sym7 (X) 	X, r = 1, 2, 	, 

which at this stage are just topological fibre bundles. 

The Picard bundle. As a set, Piccs' (X) consists of pairs (s, c) with s E S and c 

	

Pic°(X,,) = H1(X,s;R)/./11(Xs; Z). The fibre bundle X 	S has a principal Diff+ (E)- 
bundle Px, consisting of pairs (s, f s ) where .s E S and L: Xs  = E. The Picard bundle 
Pic°s(X) is the associated bundle Px x Diff+(E)  Pic°(E). This gives it a topology and a 
differentiable structure. 

Symmetric product bundles. The rth symmetric product bundle, or relative sym-
metric product, Sym(X) —+ S, is defined to be the quotient by the symmetric group 
Sr  of the fibre product 

XSr = 	E X xr  : 7r(xi ) -= 	= 7r(x.„)}. 

The fibre Symr(E) is a topological manifold, but not yet a smooth one. 
Background material on (absolute) symmetric products is provided in Appendix A. 

We will draw on it freely. 

Vertical complex structures. Further structure appears when we choose an ori-
ented complex structure J,, on the vertical tangent bundle TVX = ker(D7r) —> X. This 
is a contractible choice, because on an oriented vector bundle of rank two, complex 
structures correspond to fibrewise metrics modulo functions on the base. 

A complex structure on E gives a group isomorphism 

Pic°  (E) = I/1(E, 0)/H1(E, Z), 

induced by the composition 

H1(E; 	(E;C) H
"0(E) ®H°°1(E) 	H°°1  (E) 	(E, 0).  
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Thus the fibres of the Picard bundle are now complex tori. A small variant is to consider 
Pic' (E), the subgroup in I/1(E, (9x) of degree r line bundles (r E Z), and its associated 
bundle Pic.,(X). 

The symmetric product Symr(E) is also now a complex manifold; its charts are 
given by the elementary symmetric functions in those of E. The Abel-Jacobi map 

aj: Symr(E) 	Pier  (E) 

assigns to the divisor D the class of the holomorphic line bundle 0(D) on E. 
The complex structure also induces a structure of smooth manifold on Syr4(X) 

S, making it a smooth fibre bundle over S. The Abel-Jacobi map globalises to a smooth 
and fibrewise-holomorphic mapping aj: Syrril,(X) 	Pic:;.(X) over S. The smooth at- 
las on the relative symmetric product is generated by charts which are obtained by 
fibrewise application of the elementary symmetric functions to 'restricted charts' 

D2  x U —> X. 

This means that there is a chart IP: U 	S such that pre  o =', and more impor- 
tantly that : D2  x {s} 	X0(5)  is a holomorphic embedding, for each s E U. As 
observed by Donaldson and Smith [9], the existence of such charts is a consequence 
of the parametrized Riemann mapping theorem. Different choices 4, J, yield diffeo-
morphic smooth structures on Symrs(X), as one can see by considering the relative 
symmetric product of X x [0,1] —+ S x [0, 1], equipped with an interpolating family J. 

Since the space OE of all positively oriented complex structures on E is contractible, 
the relative symmetric products of the trivial bundles a, x E 	aE  are themselves 
trivial. Thus Sym (3E  x E) admits a flat connection, which shows that there is a 
coherent system of diffeomorphisms between the (Symr(E), j). It seems, however, that 
there is no canonical choice of flat connection. We will use a connection which is 
canonical, but not flat. 

2.1.1 Cohomology of relative symmetric products 

There is a sequence of natural operations sending homology classes on the relative 
symmetric product Syi4 (X) of X 	S, where S is a manifold with boundary, to 
classes on X. These, along with formally identical constructions in slightly different 
settings, will appear at several points in the thesis. They come about via the universal 
(or tautological) divisor 

Auniv c  symr .A. 	v ,sA) XS A- 
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This carries a codimension-2 homology class 

[Auniv] 11 E 	.(SyniTs.  (X) x s X ,Symras (OX) x as OX;  Z), 

Poincare-Lefschetz dual to a class (5 E H2(SyMrs(X) Xs X; Z). Thus when X —> S is a 
holomorphic fibration, 5 = (0(A)). Using the projection maps 

Symrs(X) < 	Synar,(X) xs X 12  > X 

and iterated cap products, define, for each k > 0, the map 

Fi,,(Symrs (X); Z) --> 1L+2-2k(X; Z); u 1—> U(k) = P2* ((Au) n [Auniv ]k) . 	(2.1) 

Similarly, one has 

H* (X; Z) 	
H*A-2k-2(Symrs(X);Z); c  H c(k)  = 	((p'2̀ c) U ( k ). 	(2.2) 

These operations evidently behave in a natural way under base-change (i.e. pulling 
back by S' 	S). Unravelling the definitions, one finds that they are adjoint in the 
sense that 

(c(k) , u) = (c, u(k))• 

Lemma 2.1.1. We have 

ci(TvSymrs(X)) = —2 (e(1)  + 1(2) ), c = ci (Tv  X). 

Proof We apply the Grothendieck-Riemann-Roch theorem to the map p1  (cf. Smith 
[49] and the book [2] for calculations in the same vein.) Since we are dealing with 
a merely differentiable (not complex) family of complex manifolds, what we actually 
invoke is the Atiyah-Singer family index theorem; this tells us that the GRR formula 
remains valid. 

The holomorphic tangent sheaf Tv' of the relative symmetric product has an in-
trinsic description (we abbreviate A"iv to A): 

e r  (SYmrs(X)) Pi*( 0 A(0)) 

This is an immediate generalisation of an isomorphism proved in [2]. A vertical holomor-
phic tangent vector at (s, D = E nipi ) looks, in local coordinates zi  on X, centred on the 
points pi , like > at e; to this one assigns the 'Laurent tail' E 	E H°  (Xs , OD (D)). 
This mapping is coordinate-independent, and globalises to a sheaf isomorphism. 

GRR for 291  says that 

ch (p1! OP(A)) = pi! (td(PV-v e r  X)) - ch( 0  A(A))), 
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since p2(TverX) is the tangent sheaf of Synr,(X) xs X relative to Syint,(X). But 
R i pi,,O A(A) is zero for i > 0, so 

ch (Tver(Symrs)) = MA(14 td(TverX) • Ch(0P (A))) 

We now input 

td(Tv"X) = 1 + 
2  
—
1
c + —

1 
c

2 	
ch(Op(A)) = e1  — 1. 12 

Writing c also for plc , we obtain 

1 	_1052 + 
6  
_163) ...) ch(Tv'SymsX) = (6 + —

2 
(cd + 62 ) + 

12
c2s + 

4 
_= i(i) 	(c(1) + 1(2)) + 	(0)(1) + 741  c(2) 	1- 1(3)) 

2 	 12

Since ci = chi, the result follows. In general, chk will be a sum of the terms (e)(k+1-0 
with rational coefficients that could be computed from the Bernoulli numbers. 

0 

2.2 Locally Hamiltonian fibrations 

Here we collect some standard material concerning fibre bundles equipped with closed, 
fibre-symplectic 2-forms. 

Definition 2.2.1. (a) A locally Hamiltonian fibration (X,7r,S2) is a smooth fibre 
bundle 7r: X —4 S over a manifold S, with a closed 2-form S2 E Z3c  on the total 
space, such that Si, := 	is non-degenerate on XS  := it 1(s), for each s E S. 
Sometimes, when the map is clear from the context, we will just write (X, O). 

(b) When (X, 71, Q0 ) and (X, 7r, Sii) are both locally Hamiltonian fibrations, they 
are called isotopic if there exists a closed form S2 E Z[01] x x making ([0, 1] x X, 7r x id, S2) 
locally Hamiltonian, with S-21{i} x X = 

(c) Locally Hamiltonian fibrations are called equivalent if they are related under 
the equivalence relation generated by isotopy and 2-form-preserving bundle isomor-
phism. 

Local geometry 

A locally Hamiltonian fibration (X, 7r, S2) defines a subbundle ThX of TX complemen-
tary to T1X = ker(Dx7r): the fibre Tpx- C Tx X is the 52x-annihilator of T;X. The 
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horizontal subbundle T h X defines a connection on X —> S. The connection has the 
usual paraphernalia. Horizontal lifting 

TS --4T h X; 

gives rise (when the horizontal vector field can be integrated, for instance when 7r is 
proper) to parallel transport maps 

my  : X r(a) 	X,y(b) , -y : [a,  b] —> S, 

satisfying a composition rule. If one fixes a basepoint b E S and a diffeomorphism 
X b  —+ M, then a fibre bundle X S gives rise to a principal Diff(M)-bundle Px S 
of frames for the fibres of X 	S. The connection is then encoded in a 1-form 

A(1) E Ql (Px;r(Tm)). 

Locally on the base, in a fixed trivialisation, it may be thought of as a 1-form on S with 
values in r(TM). 

We do not discuss the curvature of the connection here, since it will not play any 
role in the thesis. 

The first part of the following standard lemma (compare e.g. [31, 46]) gives the 
crucial property of locally Hamiltonian fibrations. 

Lemma 2.2.2. Assume that the parallel transport maps are defined for all paths in S; 
this is true if 7 is proper. 

1. The parallel transport maps are symplectomorphisms. 

2. Choose an identification t : (M,w) 	(X5 , Qs ). Let an denote the open unit disk 
with coordinates 	 and let x: (Dn , 0) —> (S, s) be a chart. There is then 
a trivialisation "X" D x M —* x* X, with X1{0} x M= 1,, such that 

X*52 = w rli A d __xi + E Cijdxi A dxj. 
i<j 

(2.3) 

for forms rli  E Slim  and Cij E 11(14 (these are not intrinsic to ft). Any two such 
trivialisations differ by a map (Dn  , 0) 	(Aut(M, w), idm). 

3. The form 
A =. 	i  A dxi G 	z i.(m))  
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appearing in (2.3) has the property that, for tangent vectors (h, v) E Ts.D x TpM , 
the relation A(h) = c(v)w holds if (h,v) E Th(D x M). This means that A is 
w-dual to the connection form A(S2): writing 1.( i )co = rli  we have 

A(D) = 	dxi  

Proof. (1) is Moser's lemma in geometric form. There is no loss in considering a trivial 
bundle [0,1] x M 	[0,1], with 2-form 12 = cat  + Tit  A dt. Then at = Ot  vt, where 
t(vt )cot  = 77t. Since dct = 0, we have dik + uit  = 0. The flow {mt}te[o,1]  of vt  on M is 
then symplectic: mt wt  = coo. But this flow is the parallel transport m[0,t]. 

In (2), one can construct i" using radial parallel transport. (3) is easily checked. 
I=1 

The same argument as (1) gives the following 'Moser lemma for families': 

Lemma 2.2.3. Isotopic proper locally Hamiltonian fibrations are isomorphic: in X x 
[0,1] ---+ S x [0,1], parallel transport along the paths [0,1] x {s} in [0,1] x S induces an 
isomorphism between X x {0} and X x {1}. 

Locally Hamiltonian fibrations over S1  = R/Z 

Given (M, w) and 0 E Aut(M, w), the mapping torus (T(0), cvo) is a flat locally Hamil- 
tonian fibration over Sl. Here T(0) = R x M/ 	where (t, x) (t —1,0(x)), and wo  
denotes the form induced by the pullback of w to M x R. Conversely, for any locally 
Hamiltonian fibration (X, 7, ft) over Sl, the map 

Xt 	x 	(t, (m,[0,0-1x) e R x X0  

induces an isomorphism of (X, 71, It) with the mapping torus of its monodromy m[01] E 
Aut (Xo, fto ) • 

The topology of mapping tori is reviewed in Appendix B. This includes a description 
of the de Rham complex. 

Consider a family of closed 1-forms {tlt}tER  satisfying 0*.qt  = rit+i , so that rit  A dt 
descends to a closed 2-form on T(0). 

Lemma 2.2.4. The following are equivalent: 

1. the locally Hamiltonian fibration (T(0), coo nt  A dt) is isotopic to (T(0),wo); 

2. Tit  A dt is an exact 2-form on T(0); 
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3. the class fol  [nt ]dt E H l (M; ill) lies in the image of id — 0*. 

Proof. (1)<#.(2): straightforward. 
(2)(3): say Tit n dt = d(Ot  + htdt), where 9t E Z1(M) and ht  are 0-periodic. Then 

Tit = dht — at Ot , and fol [rit ]dt = [9o] — [Or] = (id — 0*)[00 ]. 
(3).(2): if LI  [rit ]dt E im(id-0*) then (fol  Thdt,0) is a coboundary in cone(id — 0*), 

cf. Appendix B. This means that dt A nt  is exact on T(0). 
0 

The vector fields dual to the 1-forms nt  generate a symplectic isotopy {7,btliER,  and 
the monodromy of (T(0), w+rit Adt) is 041 . Thus (T(0), co+77tAdt) = (T(000].), wool  )• 
We have, by definition, 

[riddt = Flux(Ntl) E H l (M; 

When 0 E Auto(M, w), the lemma specialises to the well-known fact that, for a sym-
plectic isotopy •//)t  starting at '00  = idM, the map 7G1  is Hamiltonian if and only if 
Flux({'bt}) = 0. 

We also make a note of a version of the Lagrangian neighbourhood theorem: 

Lemma 2.2.5. Let (X, r, It) be a compact locally Hamiltonian fibration over S1 , with 
fibres of dimension 2n, and suppose that Q c X is a smooth sub-bundle, with fibres of di-
mension n, such that S21Q = 0. Then there is a neighbourhood N of Q, and a diffeomor-
phism AP from a neighbourhood of the zero-section in Tv*Q := {A E T*Q: A(Th  X) = 0} 
to N, such that 

• it o Alf is the natural projection Tv* Q 	B; 

• ‘If acts as the identity along the zero-section Q C Tv*Q; 

• kII*Si equals the restriction to Tv*Q of the canonical two-form on T*Q. 

We ignore the question of whether this is true for more general bases than S'. As 
stated, it is an easy consequence of the usual Lagrangian neighbourhood theorem. We 
may assume that X = T(0) and 12 = cvo , where 0 E Aut(M,w). The sub-bundle 
Q is preserved by parallel transport, and is thus the image in T(0) of IR x L C Il8 x 
M, where L C M is a Lagrangian submanifold. Now, L C M has a neighbourhood 
symplectomorphic to a neighbourhood of the zero-section in T*L. Thus we can replace 
(M, L) by (T* L, L), and w by the canonical two-form d.\can.  In this case the conclusion 
is clear. 
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Topological interpretation. The topological interpretation of locally Hamiltonian 
fibrations is surprisingly subtle, and here we just remark briefly on it. Let (X, 7, St) be 
a locally Hamiltonian fibration equipped with an identification i: (M, w) 	(Xs, Qs). 
Then S2 determines a reduction of the structure group of from Diff+ (M) to Aut(M, w)— 
this is the topological content of Lemma 2.2.2, (1)—and X 	S becomes a symplectic 
bundle. It also determines a reduction of the structure group of y*X to the Hamiltonian 
group Ham(M, w), whenever -y : S' --+ S is a smooth map from a simply connected space 
S' (this is the reason for the name 'locally Hamiltonian'). 

There are partial converses to these statements. 

• A symplectic fibration (M, w) ‘--+ X —> S underlies a locally Hamiltonian fibration 
iff the class [w] E H2(M; E) extends to a class on X. (This always holds when 
S = Si.) 

• A symplectic fibration (M, w) 	X 	admits a reduction from Aut(M, w) 
to Ham(M, w) iff the symplectic class extends to X and y*X 	S1  is a trivial 
symplectic bundle for every loop : 51 	S. 

The first statement is implied by Thurston's patching argument. For proofs of the 
second, see [31, 24]. 

Very recent work by McDuff [30] improves on this: there is a topological group 
Ham'(M, w) (homotopy-equivalent to a CW complex) and a continuous, injective ho-
momorphism 

Hams (M, w) Aut(M, w) 

with the property that a symplectic fibration with typical fibre (M, w) admits a reduc- 
tion to Hams(M, 	iff it underlies a locally Hamiltonian fibration. 

2.3 The vortex equations 

2.3.1 Moduli spaces of vortices 

Fix a closed Riemann surface (E, j), a Kahler form w E 52 1, and a hermitian line 
bundle (L, I • ) over E, of degree r > 0, and introduce the following notation: 

• C(L,I • 1), or C(L), is the space of U(1)-connections (an affine space modelled on 
the imaginary 1-forms iq). 

• g = U(1) is the gauge group. 
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• 	iSTir  is the Lie algebra of g. The pairing 

SA 0 iSA 	 f ig I f g (Al 

embeds S2E into the dual of the Lie algebra. We consider moment maps for 
Hamiltonian g-actions as maps into SZ(: . 

Connections, sections and gauge transformations are by default C", and the spaces are 
given their C" topologies. We also need 

• 4 the space of pairs (A, 0) of unitary connection A on L and section 0 of L, 
each of Sobolev class L7 (an Li connection differs from a smooth one by an /4.  
form). 

• L3(E,U(1)), the group of gauge transformations of Sobolev class L. Note that a 
map E C of class L3 is continuous, hence has a pointwise norm. 

Action of the gauge group 

Action on connections. The conformal structure j induces a Kahler structure on 
C(L). Its 2-form is independent of j; it is 

(ai,a2) 1--4 	iai A ia2, al, a2 E iSTE. f 	 (2.4) 
E 

The complex structure is the Hodge star a F-* * ja. The 2-form is exact, equal to dp, 
where 

p(A; a) = 
2 E 

f is A i(ito — A), any Ao  E C(L). 	 (2.5) 

The action of the gauge group g on C(L) is Hamiltonian, with (equivariant) moment 
map 

C(L) —> iq; A 	*iFA. 	 (2.6) 

Action on sections. The symplectic form w induces a Kahler structure on SA(L), 
with 2-form 

(01102) 	I IM(01, 02) w) 01, 	G 
	

(2.7) 

and complex structure 0 1-4 i0. The 2-form is equal to dq, where 

4(0; 0) = 2 f Im(0, 0) co. 

The gauge-action on q (L) is again Hamiltonian; the moment map is 

q(L) fAi 11' -21 
	

(2.8) 
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Action on pairs. The manifold C(L) x 1°E(L) carries a product Kahler structure a, 
which depends on both j and w. The moment map it for the diagonal g-action is the 
sum of the moment maps of the factors, 

I-6(A, 0) = *iFA 	21012  E SZE. 	 (2.9) 

The Chern-Weil formula gives some basic information about this moment map: 

< r : it-1(7) 	0; 
1 

27r  fE rco = r : it(A,)= T 211 0 0; 

> r : ,a(A, //)) = T 21) 0 O. 

In fact, tt is submersive at (A, 0) precisely when .4) 0 0, which is also the locus on which 
the gauge-action is free. When fE Tw > 27r, the free gauge-action on ii-1(7) admits 
local slices (see below), so the Kahler quotient pc-1(7)/g is a Kahler manifold. 

The vortex equations 

The vortex equations with parameter T are the following coupled equations for a pair 
(A, 0) E C(L) x f*: 

5A = 0 

ti(A,) = 7 in
in 52e(L), 

S-21: . 
(2.10) 

(2.11) 

Individually, we will refer to them as the Cauchy-Riemann equation and the moment 
map equation. The space of solutions IlE(L,r) is invariant under g, and the quotient 
space Vor(L, r) = 	r)/g is called the vortex moduli space. The fundamental 
results about Vor(L, T) are as follows. 

Theorem 2.3.1. Assume f rco > 2irr. 

(a) The space Vor(L, r) is a finite-dimensional, complex—therefore smooth and Kiihler—
submanifold of it-1(r)Ig • 

(b) The map 
Z: Vor(L, 7) 	Symr (E), [A,11)] 	0-1(0) 

is an isomorphism of complex manifolds. 

The unitary connection A induces a holomorphic structure on L; a local section is 
holomorphic if it lies in ker aA. By means of the holomorphic structure, one attaches 
multiplicities to points of 7P-1(0), so that V) has r zeros in all. This makes sense of Z. 
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(a) is proved by an elliptic regularity argument. As for (b), the statement that Z is 
bijective is an existence and uniqueness theorem for solutions to the vortex equations. 
This is the heart of the theorem, and various proofs are known (see Jaffe and Taubes 
[20] and Garcia-Prada [13] for two of them). 

Addendum 2.3.2. When f Tw = 27r, the moduli space 

Vor(L,r) = {(A, 0) : iFA = rw}ig 

is a finite-dimensional, complex—therefore smooth and Kohler—submanifold of µ-1(T)/g. 
The map 

Vor(L, T) 	PicL(E); [A, 0] H L A  

is an isomorphism of complex manifolds. 

Smoothness of the moduli space 

This is a standard application of elliptic theory. The tangent space to the affine space 
Ai is the space of pairs (a, 0), where a is an imaginary 1-form, 0 a section, both of class 
Li. Using weak derivatives, define 

v, (A, 0) = (8,01),*i.FA + 21012  -T). 

Supposing vT(A, '0) = 0, set 

= {(a, 0) : vr  (A + a, 0 + 0) = 0, 1(a, 0)1L/  < e, (2.12)1. 

Here (2.12) is the gauge-fixing equation 

d* (ia) + Im(0, 	= 0, 	 (2.12) 

which says that (a, 0) is orthogonal to the gauge-orbit of (A, SO). Note that its left-hand 
side is gauge-equivariant. The linearisations of the two vortex equations at the solution 
(A, 0) are 

oil 	+ ao,i = 7,v0, *ida + Re(/', 0) = 0. 

The second of these and (2.12) are real and imaginary parts of the single equation 

8* (a°'1)  - (0,0) = 0. 	 (2.14) 

Hence the space of solutions to equations (2.13, 2.12) is the kernel of the C-linear 
differential operator 

D(A ,21, )  : (a, 0) 	(0A  0 -1- a 	6* ( a°'1) - 2(0,0)). 	(2.15) 
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D (A ,,,p) is a compact perturbation of the Fredholm operator (a, 0) 	(0A cb, 5+(a")), 
which has (complex) index (r + 1 - g) - (1 - g) = r, and is hence also Fredholm of 
index r. It is surjective, as can be seen by computing D'(̀ Ao)D(A ,p)  (see [38]). Hence 
its kernel has constant rank r. 

For small e, the map (a, q5) H [A + a, 0 + 0] gives an embedding of ArA,,,,, as a 
neighbourhood of [A, 0] in the moduli space Vor(L, 7-) (elliptic regularity shows that 
solutions of v, = 0 are smooth). On the other hand, an implicit function theorem 
argument identifies JVA,,/,,, with ker D(A,,/,), showing that Vor(L, r) is a smooth manifold 
of .8*. Since its tangent spaces are complex linear, we conclude that Vor(L, r) is indeed 
an r-dimensional complex submanifold of 8*. 

Relations with complex geometry 

Certain aspects of the geometry of Symr(E) are visible on the vortex moduli space 	for 
example, the Abel-Jacobi map. There is a commutative diagram 

Vor(L, r) 

 

[A ,0]'-'LA  PicL  (E) 

21 

Symr (E) aj 
I 

Pier (E) 

 

in which the vertical arrows are isomorphisms of complex manifolds. On the right are 
two realisations of the Picard torus: PicL(E), the space of holomorphic structures on 
L, and Picr(E), the affine subspace ci-l(r) of H1(E, 0'). 

Another such aspect concerns Chern forms and the Poincare-Lelong formula. The 
Chern form c i (L, I • I) of a hermitian holomorphic line bundle is the closed, integral 
(1, 1)-form given locally by i7r-1.0 logas1) for any non-vanishing holomorphic section 
s. The Chern form of LA is FA. For any holomorphic section 0 of a holomorphic, 
hermitian line bundle, u := log k'I2  lies in Ll(E). According to the Poincare-Lelong 
formula, there is an equality of closed integral currents 

27ra u 	z( .0)  = ci(L,1 • I). 

When this formula is applied to a pair (A, 0) E UE(L, r), the curvature form on the 
right can be rewritten using (2.11), to give the equation 

i —a au + éz  = 1 (7 — —1 eu),, u = log 01 1 2 . 	 (2.16) 27r 	27r 	2 
This equation can also be obtained directly. Indeed, if we trivialise L over a neighbour-
hood of a point where 0 is non-zero, (2.10) may be rewritten as A°.' = - 5(log0). The 
Dirac-delta correction éz can be inferred from Taylor expansions of 0. 
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In the approach of [20], equation (2.16) is fundamental. There it is shown, using 
variational methods, that for any Z E Symr(E) there exists a unique solution u = uz, 
and that euz is smooth. 

2.3.2 The Kaliler class on the vortex moduli space 

As we have seen, the moduli space Vor(L, '7-) is, in a canonical way, a Kaliler manifold. 
Pulling back its Kaliler form cr, by Z-1, we obtain a Kahler form on Sym"(E), which 
we also call a,- The target of this section is to prove a formula for its cohomology class. 
Under the standard isomorphism H2(Symr(E); Z) = Ho (E; Z) A2Hi(E; Z), 77 maps to 
[pt] E Ho(E; Z) and 0 to the intersection form n E A2H1(E; Z); cf. Appendix A. 

Theorem 2.3.3. The following equation holds in H2(Symr(E); R): 

1 
[ad] = (fE  TW) 71 + 27r(0 — 717). 

Our method is to exhibit connections on two line bundles over the orbit space of 
irreducible pairs, Avg. The Chern classes of these line bundles restrict to 77 and 0 —ro 
on Vor(L, T), while the appropriate linear combination of their curvature forms restricts 
exactly to the form cr . 

Remark 2.3.4. The formula specialises, when T 1/2, to one which appears in the 
mathematical physics literature (Manton-Nasir [32J). That work, while rigorous in it-
self, relies on a local expansion of the Kdhler form [39] which deserves more thorough 
analytic treatment. 

Cohomology of the orbit space 

We write A* for the space of pairs (A, 7P) E C(L) x 91 with l  not identically zero, 13* 
for the orbit space A*/g, and i: Vor(L, —> 8* for the inclusion. 

Lemma 2.3.5. i induces a surjection on cohomology, and an isomorphism on .11 2 . 

Proof. One can use slant products to set up maps 

,ui  : H*  (E; Z) 	H2-* (8*; 7L), 	 h 	ci (f i )1 h, 

112: H * (E; Z) 	H2-*  (SYmr  (E); Z) 	 ci(C2 )/h. 

Here the line bundle Li —> B* x E is Li = L1/NC, where the equivariant line bundle 
L i  —> A* x E is the pullback of L E; and L2 	Symr(E) x E is the topological line 
bundle corresponding to the universal divisor Auniv C Symr(E) x E. 
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{aii3j}i<i,j<g 

e2 = [E] 

eo E Ho(E), 

E I/1(E), 

E H2(E), 

and the dual basis for cohomology, 

{ 

Put 

e°  = 1 

e2 

E H°(E), 

E Hi(E), 

E H2(E). 

rl = Pi(e0), (2.17) 

These maps extend uniquely to homomorphisms of graded rings 

A*Hi(E; Z) Oz Z [Ho (E)] 	H* (B* ;Z), 

A*Hi  (E; Z) ez Z [Ho (E)] 	H* (Syrd (E); Z), 

since the graded ring on the left is freely generated by Ho  (E; pZ)Glii(E; Z). The grading 
is such that Hi  (E; Z) has degree 2 — i. The first of these two maps is an isomorphism 
(see Atiyah and Bott [1, pp. 539-545]). The second is surjective, since the image of 1a2  
contains H1(Symr(E); Z) and the class rl , and these generate the cohomology ring. 

To prove the lemma it suffices to show that i* oµ1  = Z* o /1,2 . This follows from 
the fact that (i x 1)*Li is isomorphic to (Z x 1)*.C2 . To see that these bundles are 
isomorphic, observe that the former has a tautological section which vanishes precisely 
along 

It is convenient to have some notation to hand for integral (co)homology classes on 
E. Take a standard symplectic basis for the homology, 

=1 

Lemma 2.3.6. c1(Li )2/e2  = 27-F1 — 26 in H 2(13*; 7L). 

Proof. The group H2(13* x E; Z) is the direct sum of its Kiinneth components H°(B*; Z)0 
H2(E; 7L) H1(13*; 7L) Hi ( s-, ;  L) and H2(13*; 7L) 1/°(E; Z). The Chern class ci (Li) is 
tautologically the sum of 
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µi  (e2) ®e2  E H° (B*; Z) ®H2(E; Z), 

(iti(cti ) a' ,a1(13j) ®Q2) E H1 (13* ; Z) H1(E; Z), 
i=1 

µi(e0) e°  E H 2 (13* ; Z) ® H° (E; Z). 

Let us call these terms A, B and C respectively. Note that A = r.1 0 e2  (by definition 
of Li ) and C = 	e°. The Kiinneth isomorphism is compatible with cup products, 
providing that one uses the graded tensor product of graded rings. Thus A U C = 
rij 	e2  = C U A, and 

B2  = 	/11(cti) U Ai (A) — Pi (13i) U iii(ai) (®e2  = —2W0 e2. 
i=i 

Hence ci(ri)2/e2 = 2(7--4 — 

0 

A connection on r i  
We now write down a certain connection V on £1, and compute its curvature. This 
calculation is modelled on that of Donaldson and Kronheimer [8, p. 195]. We will use 
the curvature form, together with its wedge-square, to construct a closed 2-form on t3*, 
representing a known cohomology class, whose restriction to Vor(L, T) is UT . 

The connection V is built, using the quotient construction explained in [8], from 

• a certain unitary, g-invariant connection V on the line bundle peg —÷ A* x E; 
and 

• a certain connection t on the principal g-bundle A* 	13*, pulled back to 8* x E. 

The connection V is trivial in the A*-directions and tautological in the E-directions. 
To amplify: a section of peg is a map s: A* x E 	L with s(A, 0,x) E L,, and at the 
point (A, 7,G, x), 

t'(.4s,v)s = dA,v(sl {A, '01 x E)(x) 	dt s(A 	ta, 
t=o 

tcb,x)) (x). (2.18) 

The curvature of V is given by 

Ft((0,0,u), (0,0,v)) = FA(u,v), 
Ft  ((a, 	0), (0,0,v)) = (a, v), 

Ft  ((a, 0, 0), (a', 	0)) = 0. 

(2.19) 
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We can obtain a connection on A* —4 B* from our gauge-fixing condition: the horizontal 
space over [A, '0] is the kernel of the linear operator 

(a, 0) H d* (ia) — Im(O, 0). 

To write down the connection 1-form r, we need the Green's operator G,p associated 
to the Laplacian 

= d* d + 112  : 

L 	is surjective (since d* d maps onto the functions of mean-value zero), inducing an 
isomorphism of ker(Av,)1  with S.2 1 ; its inverse is G,,. 

Lemma 2.3.7. The connection 1-form r is given by 

r (A4)(a, 0) = iG v,(d* ia — 1140 0)) E 

Proof. This form has the correct kernel, so to justify the assertion one simply observes 
that it is invariant under g: 

r(A,,p,x) (—df, f 1/), 0) = f 	 f E 

In accordance with the general pattern explained in [8], the curvature of the quotient 
connection V on Gi B* x E is given by 

Fv((0, 0, u), (0, 0, v)) = FA(u, v), 

Fv((a, 0, 0), (0,0,v)) = (a, v), 	 (2.20) 

0), (a2, 02, 0)) Fv((a1,01, 	 = 2iGv, (d* ib — Im(71), x)). 

Here (al, 01) and (a2, 02) are vector fields on 13* which are horizontal with respect to 
F; their Lie bracket is (b, x). 

Note. From now on, the (a3 ,03 ) are assumed horizontal. 

Lemma 2.3.8. We have d* (ib) — Im(0 , x) = 	02 ) . 

Proof. Denote the pair (A + tai, +01) by ct. Then, at (A, b), 

b = 71  (a2(co) — a2(ct )) o(t), 

X = 	( ci2(co) — 02(ct)) + o(t) 

as t 	0. But at ct , d* ia2 = Im(0 + tcli, ci2 (ct )), and from this one obtains 

d*(ib) — 	x) = — 14 Im(cii(co), 02(ct)) = —Im(01(co), 02(co))• 

0 
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2-forms as curvature integrals 

We are now in a position to write down closed 2-forms representing ci(Li )/e0  and for 
ci(Li)2/e2  in de Rham cohomology. The class el  (Li ) has the Chern-Weil representative 
iFv/27, so 

ci(C1 )/e0  = 

Explicitly, this representative for 

((al, 01), (a2, 

Similarly, 

ci (Li 

f iFy [-
27r E 

ci (L i )/eo  

02)) 1-4 

)2  /e2 = 

A cool 

is the 

, 	where 

2-form 

G,/,(Im(01, 

iFy A iFv1 
E  

E 

 
f wo  = 1. 

952)) co. 

. 

(2.21) 

(2.22) 

(2.23) 

—71(ul  fE  

[— 47 

This integral involves the product of the first and third curvature terms, and the square 
of the second term. So c1(L1)2/e2  has the representative 

((a1,01),(a2A)) -4 
T 
/E  CP(In(01, 0 2))i FA — 27

1 
2 f

E 
iai A ia2.   (2.24) 

Notice the appearance of an expression familiar from (2.4) as the second term. 
At this point we impose the moment map equation, restricting these forms and 

classes to the locus where kt(A,V)) = T. On that locus, the class 

472(e — r77) + 27 [7-w]ij = 27r( — 7rci (Li )2/e2 + [ru]e]. (Li )/eo) 

is represented by the form 

iai  A ia2  + 2 f G,/,(Im(01, 02)) (rw — iFA) 
E 

= f iai A ia2 +  Go(Im(01,02))012c0  
E 	f 

=  j iai A ia2 + i In1(01,02)co 
E 	E 

=a((a1,6), (a2,02)). 

(Recall that c is our standard Kahler form on A*). The penultimate equality uses the 
observation that, because the Laplacian of a function f has mean value zero, 

fw = I AOG(f)w = f 012G1P(f)w- 
E 

L 

(2.25) 

(2.26) 
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Proof of Theorem 2.3.3. What we have just found is that the class 27r([7-47+27r(5—r77)) 
on 6', restricted to 12-1(x)/g, is equal to [ad. Restricting further to the vortex moduli 
space, we find that the class of our preferred Kahler form is 

27r([7-co]ii+ 27r(5— 7-7))) Vor(L, r) E H2  (Vor(L, r); R). 

Hence, pulling back by Z, we find that the class of our Kahler form on Symr(E) is 
27r([rco]ii + 27r(0 — 7-7/)), which is the formula we have been working towards. 

0 

Remark 2.3.9. The Duistermaat-Heckman formula [101 for the variation of cohomol-
ogy of symplectic quotients gives another proof that the cohomology class [a-r ] varies 
linearly with r —provided that T is a constant function—and computes the slope.1  

Suppose that one has a Hamiltonian S1-action on (M, co), with moment map p, : M —> 
e. Here t = Lie(S1). Identify e with R so that the lattice dual to exp-1(1) C t corre-
sponds to Z c R. Suppose that it is proper, and that its restriction to 12-1(e) is submer-
sive, for some open interval 2 C R. The family of symplectic quotients (Me ,c.ot )tv is 
then a trivial fibre bundle, and a trivialisation gives an identification of the cohomology 
of Mt  with that of a fixed fibre M5 . The identification is canonical, hence {[wd}tct  can 
be considered as a family of classes on M,. Suppose that S1  acts freely on p-1(s), so 
that pc-1(s) 	M, is a principal circle-bundle, with Chern class c E H2(M5;R). The 
Duistermaat-Heckman formula says that 

cji [cot] = 27rc. 	 (2.27) 

We apply this with M = UTER uE(L,T)/go , where go  is the based gauge group {u: E 
U(1) : u(x) = 1}, x E E an arbitrary basepoint, and T E IR stands for a constant function 
on E. The circle acts by constant gauge transformations. We take t = (27rr I f co,c>o); 
the Chern class c of M.7. —> Vor(L, T) is 71. Formula 2.27 gives 

= 27r (f u.)) 

which is consistent with our result. One can formally recover the constant term 472(0 — 
rn) by specialising to the degenerate parameter T = 27rr/ f w (for which the formula 
[o-r ] = 4729 is easily verified); however, justifying this formal manipulation would need 
further thought. 

Since Duistermaat and Heckman's proof identifies the variation in the symplectic 
forms with the curvature of a connection on i..t -1(s) —> Ms , the two methods are not 
very different. 

'This was pointed out to me by Michael Thaddeus. 
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2.3.3 Families of vortex moduli spaces 

Construction of the vortex fibration 

(a) Suppose that X —> S is a smooth, proper fibre bundle of relative dimension 2, 
where X and S are connected and oriented. Let L —> X be a principal U(1)-bundle, 
and assume that LIXS  Xs  has degree r > 0. 

We can consider X —> S as a fibration; the typical fibre is some closed, oriented 
surface E, and the structure group Diff+ (E). Putting P = LiXs, we can consider the 
composite map L 	—+ S as a fibration with typical fibre P and structure group 
Diff jt (E). The latter is the group of pairs (g,g), where -j E Aut(P) is an automorphism 
covering g E Diff+(E), so it is an extension of Diff+(E) by the gauge group. 

There are natural left actions of Diff lt(E) on the space of connections C(P) and on 
the space of sections Stc(P). These arise through the covariance of connections and of 
sections; representing a connection by its 1-form A E flip, we have 

-= J -1* A; -4.1.p = joipog-1, 

One can then form the associated fibrations 

L X Diffit(E)  C(P) —> 5, L x Diffit(I) 1l (P) —> S, 

with structure group DiffiE,(E). The underlying fibre bundles can be thought of as the 
bundles of connections (resp. sections) along the fibres of X —> S: 

L Xpiffit(E)  C(P) = {(s, A) : s E S, A E Cx,(L,)}, 

L x Difq(s) 	(P) = {(s, /P) : s E S, E Srx,(Ls )}. 

The first of these has the special property that it is a symplectic fibration: its structure 
group is reduced to Aut(C(P), dp) (cf. Equation (2.5)). 

Other fibrations can be derived from these basic ones. The space 

A(P) = C(P) x SCP xu(i)  C), 

comprising pairs (A, O) where 1p is a section of the line bundle associated with P, is 
also a Diff it(E)-space (the action is the diagonal one), and so is 

13(P) = A(F)DC 

(because G acts on A(P) as a subgroup of Diff it(E)). The associated fibrations are 

Ax/s(L) := L X Diff it(E) A(P) ,  

BX/S(L) 	L XDiff,t(E) 13(P). 
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(b) Suppose now that X —* S is itself a symplectic fibration, i.e. that its structure 
group is reduced to Aut(E, w) for some area form w. Then the structure group L S 
is reduced to Autp(E, w), the group of pairs (I, f) with rw = w, and Ax/s(L) 	S 
is again a symplectic fibration. Note that P x u(i) C is a hermitian line bundle, so our 
formula for the symplectic form on .A(P) makes sense. 

The moment map2  it: A(P) 	(A,IP) 1—* iFA-F1'02 w/ 2 , generalises to a bundle- 
map 

Ax/s(L) L X piffpz)  

over S. Since X 	S is a symplectic fibration, the bundle L X Diff1- (E)  Sty of fibrewise 
2-forms has a preferred section w, giving rise to the sub-bundles 

c Ax s(L), 7 r(fixliserw)) Px—lis(rw) 	 cBx/s(L). 

Here 7r is the projection Ax/s(L) —4  Bx/s(L), so 7r(i.txls(rw)) 	S is an Autp(E, w)- 
bundle with typical fibre p.-1(rw)/g. It is also a symplectic fibration. 

(c) We now impose a fibred version of the Cauchy-Riemann equation. This differs 
from what we have done so far in that it cannot be expressed in terms of associated 
bundles. 

Let {j., E 3(X3,ws)},,Es be a smooth family of complex structures, compatible with 
the symplectic forms. Then one has a space M xis(L) C Ax/s(L) of triples (s, A,zP) 
satisfying 6j,,A = 0. 

We can finally define the vortex fibration Vorx/s(L, T) 	S. It has total space 

Vorx/s(L, r) 7r(pxls(rw) n m x/s(L)), 	 (2.28) 

and it maps to S in the obvious way. The fibre over s can be identified with the vortex 
moduli space Vorx, 	r), and so with Symr(Xs). 

Lemma 2.3.10. The space Vorxis(Lo-) has a structure of smooth manifold which 
makes the projection p: Vorxis(L,7- ) 	S a smooth submersion, hence a fibre bundle. 

Proof. The linearisation of the defining equations for Vorx1s(L, r), and the fibrewise 
gauge-fixing condition, define an III-linear operator D(s,A,0): 

D(s,A,0)(v,a,0) = DA,,p(a,0)+ P(v), v E TsS. 	 (2.29) 

Here P is the 0th-order operator P(v) = li(dA7,b) o _2. The operator D(s,A,,/,)  is thus 
Fredholm, of real index 2r + dim(S), and surjective (since D(A,,,p) is). The kernel of 

2At this point we choose to use 2-forms (not 0-forms) as values for the moment map. 
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P1 B* x/s 

Des A,,/,)  is the putative tangent space to Vorxis(L, T) at (s, A, 0), and the projection 
7r: ker D( s,A,,/ ) 	TsS is putatively the derivative of p. Note that 7r is surjective, 
because its kernel is exactly ker DA,,,b, which we know has dimension 2r. 

Now the same standard elliptic theory which we sketched above here gives smooth-
ness of the vortex fibration and of the map p. 

Line bundles and cohomology operations. Let Li —f Ax* x s X be the pullback 
of the line bundle L —* X. It is an equivariant line bundle under the fibrewise gauge-
action, and so descends to a line bundle 

Li 	B*x/ s x s X. 

The universal divisor A"iv c Sym,(X) x s X corresponds to a unique line bundle 

G2 	SyMrs(X) Xs X. 

Lemma 2.3.11. There is a natural isomorphism 

(i x 1)*Gi 	Z* G2 , 

where i is the inclusion of Vorxis(L,7) in Bx* is, and Z the natural isomorphism of 
VorxIs  (L , 7) with Sym',.;, X. 

Proof. The section 

([A,"0],x) E' [0(x)] 
of (i x 1)*L1  vanishes precisely along Z-1(A). 

Using these two line bundles one can construct operations 

H* ( x)  _4  H*4-2k-2 (B*x/s(L)),  

H* (x ) 	H*-1-2k-2 (sym,,( x))  

defined for arbitrary coefficient rings. The second of these earlier was discussed at the 
beginning of this chapter. Introduce the projections 

B*x  x X 	X, is s 
symrs(x) P1  sym7,s(x) x s  X 	x, 

75 



and set 

6(k) , 	(Ci (L1)k Ac), 	 (2.30) 
c(k) 	p1l ( ci (r2 )k u AO . 	 (2.31) 

Because of the relation between L1  and L2, we have i*a(k) = z* e(k) 

Associated fibrations as locally Hamiltonian fibrations 

In the previous section, we constructed various associated fibrations within the category 
of symplectic fibrations—fibre bundles with symplectic forms on the fibres. Our present 
task is to refine these constructions to the category of locally Hamiltonian fibrations. 
The vortex fibration will then become locally Hamiltonian by restricting a closed 2-
form defined on a larger space. The cleanest way that I have found to do this is to 
`reverse-engineer' our cohomology calculation for the vortex moduli space. This goes 
as follows. 

We need a fibrewise-equivariant connection t on the bundle Zi —> ,4*x/s  x s X .  
To obtain one, choose a connection Are f on L 	X. We define V to be the unique 
connection which restricts to the natural one (2.18) on each fibre over S, and which is 
given by Are f on T hX. 

In conjunction with the fibrewise gauge-fixing condition, t defines a quotient con- 
nection V on Li 	13',`cis x s  X. 

We now define a 2-form f (TR L) on 135c7s: 

(TR L) -= 27 I iFy A 0-5-2 — 7—r iFv) E 4
X/ S 

. 	(2.32) 
xis 	2  

This is a closed form because Fc,  and Si are, and the fibre-integral of a closed form is 
closed. 

Bearing in mind that integration along the fibre corresponds to the cohomology 
push-forward, we can read off the cohomology class of I(752, L): 

[f (TR L)] = 	arft1(1 ) — 71(2) ). 

Forming 1(712, L) is obviously compatible with restricting the base S. Thus, by our 
earlier calculations, the form i*I(7-5-2, L) on the vortex bundle restricts to the preferred 
Kabler form on each fibre. 

We define f (S.  T L) to be the restriction of i* f (To, L) to the vortex bundle. Thus 

Ef 	= 27([112](1)  — 71(2) ). 

The following theorem is now an immediate consequence of what we have done. 
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Theorem 2.3.12. Let (X, 7, SO be a proper, locally Hamiltonian surface-fibration over 
a manifold S, and r a positive integer. Choose 

• an S2-positive complex structure j on Tv X = ker D7r; 

• a hermitian line bundle (L, H)  over X such that LIX s  has degree r for each s E S, 
and an ajfine connection Aref on L; 

• a real parameter T. We require r > 2irr/a, where a is the symplectic area of a 
fibre. 

There is a procedure which associates to these data a locally Hamiltonian structure 
f 	r, L) on the relative symmetric product Sp4(X; j) (that is, on SymWX) with its 
smooth structure induced by j). This procedure is compatible with restriction of the 
base S. The form ART-, L) restricts to a Kehler form on each fibre Symr(X,). Its 
cohomology class is 

[f(1l,-r,L)] --,--- 2ir (r{12}(1)  — 7r 1(1 E H2(Symrs(X); 

It is interesting that the class [f (11, T, .L)] does not depend on L. 
Suppose we wish to make Sym:(X) into a locally Hamiltonian fibration starting 

from the fibre bundle X —> S alone. To do so, the essential choices we must make are 
those of the cohomology class [Q] E H 2(X; IR) and the parameter r, up to rescalings 
preserving the product r[1l].3  This can be made precise as follows. 

Corollary 2.3.13. Fix a proper surface-bundle 7r: X 	S. Choose two sets of data 

	

(C207 j0 )  LO, I ' 10) Aref,O, 70),(fl1,,71,L15 	11) Aref,1171) 

as above, and suppose that [ToQo] = [TIS/1] E H2(X; R). Then the locally Hamiltonian 
fibrations 

	

(symVx; jo),7rr, f (Q, L0,3-0), (sym:;,(X; 	f(fl, L1, T)) 

are equivalent. 

Proof. Because roll° and r1C21 represent the same cohomology class, the locally Hamil-
tonian fibrations (X,7r,r01-20) and (X, 7r, riSii) are isotopic: an isotopy is given by 
the form roC20  + d(t/3) E Z 2 (X x [0,1]), where rif2i — rofto = d/3. This restricts to 
the slice X x {t} as (1 — t)rolto + tn.S.21, and hence is positive on the fibres Xs,t  of 

3When the base is Sr , this is the choice which may affect Floer homology. 
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X x [0, 1] 	S x [0,1]. We can give X x [0,1] a vertical complex structure J by 
choosing a path jt  between the given ones. 

In the case that L1  = Lo , there is a hermitian line bundle (L, I • I) with connection 
over X x [0, 1] which restricts to (Li , I - I i ) on the ends. The form 

f (ToQo + d(tO) , L,1) 

on Symi;,x[0,1](X x [0,1]; J) restricts on the ends to f (7-2 S2 2 , Li ,1), and it follows that 
(Syni7,(X; jo), 	f 	Lo, To)) is equivalent to (Sym7:3(X; 	 f 	L1, Ti)• 

It remains to show that changing the line bundle does not affect things, and for 
this we may assume that Slo = S21  (write ci for this single form) and jo = jl. By the 
previous corollary, we can write f (S1, Lo, r) — f (Q, Li, T) = dy. Then, since f (ft, Lo , 7) 
and f (52, L1,7) are both Kahler, the form f (St, Lo, 7) + d(ty) on Symrs(X) x [0, 1] gives 
an isotopy between them. 

0 

Explicit formulae. One can give explicit formulae for f(S2, T, L) in terms of local 
coordinates on S. These will not be needed elsewhere in the thesis, but it is interesting 
to see how f 	T, Li) reflects the geometry of the original locally Hamiltonian fibration. 

Consider a trivial bundle E x U 	U, where U is a ball about 0 E IV, with 
coordinates x, on U. We work in a symplectic trivialisation, writing the closed 2-form 
SI in the form of (2.3): 

= w + E 771 A dxi  E ( xii dxi  A dxj. 	 (2.33) 
i<j 

Thus the conclusions of Lemma (2.2.2) hold. 
The tangent space to 6.kis  x 9 X at a point ([A, 4], x) is TEA,0}B* ® Ty X ®Tx X , 

and there is a corresponding decomposition of the curvature of V which we write as 

Fv = FBB FBv Fvv Fhh 	Fvh • 

Examining the definition of V one sees that FBI, and Fin, are zero, and 

Fhh(ui , u2 ) = FA,ef (Ui f U2), Ui , U2 e TX X . 

(Recall that Aref is a chosen connection on L.) We write (2.33) schematically as 12 
tr/vv Qtrh 	and I (TR L) as 

f(TC2, L) = f (TC , L)88 f (TS' 1, L)Bh  + f (rs2, L)hh . 
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We can represent forms on i3; c̀is  xs X as forms on A*x/s, xs X which are invariant 
under the fibrewise gauge-actions. We have 

(TR L)5B = f iai A ia2 + 2 fE Go(Im(cbt, 02))(rw — iFA) 

f(rS-2, L)Bh  = 27r f iFB„ A Tiluh = 27r E (f ria A 17i) dx , 
3 	E 

I (TS L)hh = 27r f (iFin, A 7-Qhh iFhh A 7-1-2vv  — iriFhh A iFvv) 

= 27r E (f 	riFA(ik ) dx idxk  27r 2iFAro  f (rw — iFA)• 
j<k E  

The restriction to the locus where the moment map equation is satisfied is then 

	

Tia A 713) dx3  +27r 	
(fE

r(r- 012 a + 27r 2  )w(3k  di3dXk 7r2iFAre,  f 1012w.  

<k 
(2.34) 

at a point ([A, 1p], s). When the base is S1, only the first two terms are non-zero. One 
can verify directly that, in this case, the Hamiltonian connection is exactly the same as 
Salamon's [38]. 
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Chapter 3 

Invariants from 
pseudoholomorphic sections 

This chapter gives an exposition of those parts of the theory of pseudoholomorphic 
curves which we will need to construct a field theory for near-symplectic broken fibra-
tions. The analytic foundations on which these rest are relatively simple; we make no 
use of virtual cycles or Kuranishi structures. As a result, all our invariants take integer 
(not merely rational) values. 

We describe invariants of two kinds (and eventually combine them). The first are 
`open Gromov invariants', defined from moduli spaces of pseudoholomorphic sections 
of locally Hamiltonian fibrations over the disk (or, more generally, over surfaces with 
boundary), with Lagrangian boundary conditions. The `Lagrangian matching invari-
ants' for broken fibrations on closed 4-manifolds fit into this framework. 

After that, we discuss Floer homology for symplectic automorphisms, stressing the 
field-theoretic character of the theory and its relation to the open Gromov invariants. 
In doing so we risk overplaying formal aspects; on the other hand, it is precisely these 
which are relevant to our programme of studying fibred 3- and 4-manifolds via pseudo-
homolomorphic sections of relative symmetric products. 

Using the 2-forms constructed in Chapter 2 we obtain invariants for mapping classes 
of surfaces, generalising those of Seidel [45] which already distinguish the trivial class. 

Because of our avoidance of the virtual class machinery, we will not obtain invariants 
of r-fold symmetric products for every r (there are too many bubbles when r is a little 
less that g — 1). Appealing to virtual techniques does yield Floer homology over Q for 
every r; however, to obtain a Lagrangian matching invariant one would need to give 
serious thought to the possible failure (due to boundary bubbling) of the fundamental 
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chain to be a cycle. 

Bibliographic note. The idea of presenting symplectic Floer homology as a topolog-
ical field theory for surfaces coupled to (non-trivial) symplectic fibre bundles appears in 
Seidel's thesis [42]. A more general open-closed field theory is described in [44], while 
the role of open Gromov invariants—as distinct from relative invariants with values in 
Lagrangian Floer homology groups—is brought out in [46]. My exposition owes much 
to these papers. 

Lalonde [23] has constructed a slightly different field theory for Hamiltonian fibra-
tions over Riemann surfaces by allowing variations in the complex structure on the 
base. It seems likely that Lalonde's work generalises in a straightforward way to locally 
Hamiltonian fibrations. 

3.1 Pseudoholomorphic sections and Lagrangian bound-
ary conditions 

Definition 3.1.1. A simple quadratic fibration (X2"+2  ,7r, 12, Jo, jo) consists of a 
surjective, proper map it: X -> S from an oriented manifold to an oriented surface; a 
closed 2-form 12 E zi ;  and the germ (Jo, jo) of a pair of integrable complex structures 
near XCrit  and 7r(Xcr1t) such that Dir 0 Jo  = jo  0 Dir. The requirements are as follows. 

• the critical set xcrit  C X must be a (2n - 2)-dimensional submanifold, hence a 
complex submanifold with respect to J. 

• On the complex normal bundle N = Nxcritlx 	)(era  the Hessian /T)7r: Nx  
Nx  -> C is non-degenerate as complex quadratic form. (It is automatic that 
Dir = 0 for any x E Xcrit  since 7r is holomorphic there.) 

• The form 12 must be positive on the oriented vector space ker(Dx7r) 'L-* R2', for 
all regular points x. 

• On the neighbourhood of Xcrit  where J is defined, St is a Kahler form. 

We allow X and S to have boundary, provided that OX = 7r-1(8S) and 7r(Xc11t ) c 
int(S). We write S* for the set of regular values, S\7r(Xcr it ), and X* for 7r-1(S*). 

Simple quadratic fibrations may be thought of as objects of 'complex Morse-Bott 
theory'. The key examples for us will be the relative Hilbert scheme Hill39,(X) of r 
points on a four-dimensional Lefschetz fibration X -> S, and also the compactified 
Picard family Trs (X). 
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Definition 3.1.2. A Lagrangian boundary condition for the simple quadratic fi-
bration (X2n+2, 7r, C2, .10 , j0 ) over compact surface-with-boundary S is a submanifold 
Qn+1 C XIOS such that (i) 7r  I : Q 	OS is a proper, surjective submersion, and (ii) 
QIQ = 0. 

The 2-form f2 need not be symplectic. However, if one chooses a positive area form 
/3 E CZ2s  then, for all c >> 0, fl + c7r*0 is a symplectic form, and Q a Lagrangian 
submanifold. For any homotopy class h of sections (S, 8S) 	(X, Q), there is a moduli 
space Mh of pseudoholomorphic sections representing h, which under certain hypotheses 
is smooth and compact, and from this one can extract invariants. Our Lagrangian 
matching invariant will be of this kind. 

Remark 3.1.3. It may seem arbitrary that we keep (Q, Jo, jo) as part of the data 
defining a simple quadratic fibration, but not a globally-defined pair (J, j). The rationale 
(besides consistency with Seidel's work on Lefschetz fibrations) is that in Floer theory it 
is safe to discard choices from contractible spaces, but one should keep track of choices 
from merely path-connected ones J*, bearing in mind that a homotopically non-trivial 
map Sn 	5" may give rise to a potentially interesting Floer-theoretic invariant. 

Almost complex structures adapted to simple quadratic fibrations 

Denote by 3(E) the space of all orientation-compatible, C" complex structures on the 
oriented real vector bundle E 	M, with its C°° topology. If (E, a) is a symplectic 
vector bundle then the subspace 3(E, a) c 3(E) of compatible complex structures—
those J E 3(E) such that the formula gs(vi , v2) := cr(vi , Jy2) defines a metric on the 
vector bundle E—is contractible. 

Definition 3.1.4. Let (X, 7,12, Jo , jo) be a simple quadratic fibration over S. A pair 
(J, j) E a(TX) x 0(T S) is adapted to the fibration if 

1. 7r is (..1, j)-holomorphic, i.e. Dir o J = j o Dir; 

2. J is compatible with S2 on the smooth fibres, i.e. JITy X* E a(TvX*, C2ITvX*); 

3. J extends the germ Jo, and j extends jo- 

Trying not to make the notation too cumbersome, we write 3(X, 71-) for the space 
of adapted pairs, and a(X,7r, j) = 	: 	 j) E a(X,7r)}. With respect to the splitting 
TX* = Tv X* G r*TS* defined by the symplectic connection (or, in fact, any other 
connection), a pair (J, j) E 3(X, 7r) has a block decomposition over X* of shape 

( 

0 j, 

Jvh 
J = 0  jvh J vh 0 j  _ 0,  J' 	Jvv 
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".vh With J" and j fixed, J is just a C-antilinear homomorphism: 

Jvh  E r Holum (T h X*,Tv X*). 

Lemma 3.1.5. The spaces a(X,7,j) are contractible. 

Proof. To see that d(X,7r,j) 	0, fix a closed neighbourhood U of crit(ir) on which 
Jo can be defined; let U* = U xcrit.  One can extend JoIT'U* to an element J" E 
a(Tv X*, 121 Tv X*). Over U*, J" e j differs from J0  by an antilinear homomorphism, 
which can be extended to one defined over X. This gives rise to a complex structure 
J of the right sort. 

Now consider the restriction map r: a(X,7r,j) 	a(Tv X*,SliTv X*). Its fibres 
are affine spaces modelled on the vector spaces rc l-lom°'1(ThX*,TvX*), where rc 
means sections supported outside Xcrit. The map r admits a section s, and a(X,7,j) 
deformation-retracts to the contractible space im(s), hence is contractible. 

0 

An easy matrix calculation, linearising (3.1), shows that 3(X,7r) has formal tangent 
spaces TA(X, 71, j) which fit into short exact sequences 

0 —> HomM((7r*TS, j), (Tv X , J")) TAX , j) Tp,,a(Tv X) 0. 

a(X,ir,j) can indeed be made into a smooth Frechet manifold, which fibres smoothly 
over ,g(TvX); the fibres are spaces of sections of affine spaces. 

Note that, for any rapidly-decreasing sequence c of positive reals, there is a dense 
Banach submanifold a(X,7r,j), c 3(X,7r,j); its tangent vectors are bundle maps with 
finite 'Cr-norm' (see 140]). 

3.1.1 Transversality 

Write (X) for the space of Cc° sections of 7r, and (X , Q) for the subspace of sec-
tions which map OS into Q. Fix (J,j) E a(X,7,52). The moduli space of (j, J)-
pseudoholomorphic sections with boundary in Q is the space 

311Ijo  (X, Q) = {u E S(X,Q) : J o (Du) = (Du) o j} c S(X,Q), 

and it is this that we wish to analyse, under the assumption (in force from now on) 
that S is compact. 

Remark 3.1.6. Infinite-dimensional transversality theory only works for Banach man-
ifolds. We will try to keep track of the relevant Banach spaces to the extent that we do 
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not make false statements. In the first place, the space of sections S(X) should be en-
larged so that it has tangent spaces LPk (-y*Tv X), where kp > dim(S); in the present case 
LT.  will do, for any p > 2. The enlargement Sl;,(X) is the smallest set of sections closed 
under exponentiation (whenever defined) of such vector fields along smooth sections, 
with respect to some chosen fibre metric on Tv X 	X. This is a Banach manifold, 
and it is contained in the space of continuous sections. 

Transversality for sections 

The first point to make is that a C1  section of 7r cannot intersect Xcrit. Thus the 
presence of critical points makes no difference to transversality theory for moduli spaces 
of sections (it does affect their compactifications). 

Let £ —+ S(X) be the natural infinite-rank vector bundle with fibres (EJ,3 )u = 
F (Hom°,1  (T S , u* Tv X)). The space M j,i (X) of pseudoholomorphic sections of it is the 
zero-set of the section 

1 = 
2
—(D+JoDoj)Er(Ej,j). 

Allowing J to vary within g(x, ir , j) one gets a 'universal' vector bundle 

E3 	8(X) x 0(X,71-; j). 

This has a section aj, whose zero-set is 3V(i (X) = U j 7Vtj j (X). Introduce a torsion-free 
connection V on T(X \ X'it ) which extends a connection on the vertical subbundle. 
The linearisation of 5J,7  at u E 31(f j j (X) is a linear map 

Du : r(u*T v  X) 	(E j,j). = r(Hom°' 1(TS,u*Tv  X)). 

Explicitly, 

Du(v) = 
2 
—1 (Li,-J) o Du o j 	 (3.2) 
1 

= —
2 

(—VJ.v + JV.v + Vu J) o Du o j 

= —1 ((u*Vv) + J o (u*V)v o j) —1 
2

(V J) o Du o j 
2 

	

= (u*V)°'1(v) + (Vu J) o Du o j, 	 (3.3) 

where v is an extension of v to a vertical vector field defined on a neighbourhood of 
im(u). The linearisation of ai  is given by Du 1v: (v, Y) Duv + ZY o Du o j. 

We have not yet imposed the boundary condition. To do so, we should restrict E Jo  to 
S (X , Q), and consider its subbundle Ect S (X , Q) with fibres FHom(cT (T S , u*Tv X): 
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here Hom° ,1(TS,u*Tv X) denotes the (j, J")-antilinear homomorphisms TS u*Tv X 
which carry T(OS) to u*TvQ. Then we have 

Du : 	(u*Tv  X) (q)u; 

similar remarks apply to the universal version. 
The linearised operators extend continuously to maps between the Banach comple- 

tions of their domains and targets. Thus we have 

Du : g(u*Tv X , Purr' Q) LP (Hom°61(TS,u*Tv  X), 	 (3.4) 

Drtu: jv : LI;.(u*Tv X, (au)*TvQ) e q.-(T,d(x, 2r , j)) -+ LP(Hom°61(TS,u*Tv X). (3.5) 

Now the crucial point is that Du  is Fredholm (we will come back to this point in 
the next paragraph). It follows that so too is Duunlv. The latter is also surjective (one 
makes use of a unique continuation theorem in proving this), whence 3\1) (X, Q) is a 
smooth Banach submanifold of SI;(X,Q) x a(X,7r ;  j),. 

Write areg(X, it; j) for the space of regular almost complex structures: those with 
the property that Du  is onto for every u E Alij (X, Q). Their importance is that when 
J is regular, Mj,i(X, Q) is a smooth manifold of local dimension ind Du. The key 
transversality statement is that 

3Leg(X, Tr 	is )C"-dense in 3(X,7,j). 

The standard way to prove it is to consider the projection pr2 : M.)  (X, Q) 	a(X , j),. 
Its derivative at (u, J) has kernel ker(D„) and closed image {Y : Y o Du 0 j E im(Du)}. 
The cokernel is thus identified with that of Du. Since it has Fredholm derivative, the 
Sard-Smale theorem applies to pr2. What it says is that the regular values of pr2  form 
a Baire-dense subset of 3(X, 7r; j),; but the regular values are just the regular almost 
complex structures (of class Cr). A Baire-dense subset of 0(X,7r; j), is still a dense 
subset of 3(x-,7t ;  j), which gives the result. 

Intersection with cycles in fibres. Mark a finite set of points {si}ici in S, mani- 
folds Zz , and smooth maps ('i : 	X. There is an evaluation map 

evl = 11 e v : 711,7j (X, Q) H xs,• 
iEI 

The arguments that establish the surjectivity of Duunjv extend easily to give a `transver-
sality of evaluation' lemma (see f46]) which says that, for any J E a(X , 7r; j), and any 
neighbourhood U of {si  : i E I}, there exist arbitrarily small perturbations Jt  of J, 
supported in 7-1(U), such that Jt  E dreg(X,7; j) and evìft is transverse to ( 
Similar remarks apply to marked points 4 E as and maps <1: Z 	Q. 
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Fredholm theory. The linearised operator Du : r (u* Tv X) (£ j j )u  does not make 
sense for arbitrary u E S(X, Q) until one chooses a connection on E./J . Then, instead 
of (3.3), one has 

Duv = V"v + av 	 (3.6) 

for some connection V on the complex vector bundle E = u*Tv X , and some bundle 
map a : E Horn°'1(TS, E). In other words, Du  is a Cauchy-Riemann operator on E. 
Over the boundary of S we have a real vector subbundle F = (au)*TvQ C Eias which 
is middle-dimensional and totally real. We have a linear space L2i'(E, F) of sections with 
boundary in F, and an R-linear operator 

L: I4(E , F) LP (Hom" ((T S ,T S), (E, F)) . 

Data (E, F, L) of this sort constitute a Cauchy-Riemann operator with totally 
real boundary condition. The fundamental fact which we quote is that any such 
Cauchy-Riemann operator is Fredholm, with index given by the Riemann-Roch formula 
for surfaces with boundary. In the case at hand this says that 

ind(D„) = nx(S) + 
	

(3.7) 

where ,a62 : H2(X, Q; Z) 	Z is the Maslov index homomorphism, which can be de- 
fined as follows. First, consider the subgroup K of classes a E H2(X,Q;Z) with 
(wi(TQ), aa) = 0. Represent a E K by a map u: (E, aE) 	(X, L) from an oriented 
surface. Trivialise (au)*Tv Q (possible since a E K), and extend this to a symplectic 
trivialisation t of (au)*TvX. The Maslov index is twice the relative Chern number: 

µQ (a) = 2ci(u*TX; t)[E, 8E]. 

This gives a well-defined homomorphism K ---+ Z. For general a E H2(X,Q; Z), put 
µQ(a) = kt0(2a); this is legitimate since 2a E K. 

3.1.2 Compactness 

The action of a section u E S(X, Q) is 

A(u) = I s  u*S2. 	 (3.8) 

Choosing a positive area form 3 E 112s  and a pair (J, j) is adapted to 7r, for all c >> 0 
the form 1-2 + c7r*,8 is J-positive. The symplectic area is  u* (S2 + c/3) is obviously equal 
to A(u) + cvol(S). 
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Gromov's compactness theorem (the relevant version is that of Ye [53]) says that any 
sequence ui, u2, ... in M Jo  (X, Q) of bounded symplectic area—equivalently, bounded 
action—has a subsequence which converges, in Gromov's topology, to a pseudoholo-
morphic curve v with bubbles and boundary bubbles. 

The domain of v is a compact, nodal complex curve with nodal boundary, (3,7j). 
It can be obtained from (8, j) by attaching trees of spheres at various interior points 
ri , 

	

	, ri , and trees of disks (attached to one another along their boundaries) at points 
E OS. The principal component of v is a pseudoholomorphic map vPri": S 

X. Convergence in Gromov's topology means that on So := S \ {ri ,... , 	, r;,} 
the sequence converges to vPrin; on compact subsets this convergence is uniform in any 
Ck-topology. Near { ri  , 	, rj, 	, r'k}, convergence involves reparametrisations of 
the ui , and we decline to give the details, though we remark that both the index and 
action behave well under Gromov limits. 

Clearly vPriniSo  is still a section, and it follows that the differentiable map vPrin 
is a section too. In particular, im(vPrin) n  xcrit 0. The boundaries of the disks 
are of course mapped into Q. Each bubble or boundary-bubble component must be 
mapped by 7r o v to a point (by the maximum principle, 77 o v is constant or surjective 
on each component; by the definition of Gromov convergence, the latter can't arise by 
bubbling). 

Hence to compactify {u E Mjj  (X, Q) : A(u) < A} one need only consider curves 
whose components are (i) sections; (ii) bubbles in regular fibres; (iii) bubbles in singular 
fibres; (iv) boundary bubbles. 

Fibred monotonicity. When S is closed, the moduli space of pseudoholomorphic 
sections always carries a rational fundamental cycle, at least in the virtual sense. In 
the open case this need not be so, because of two 'anomalies'. It may be that there is 
a rational fundamental chain but that it is not a cycle, because of boundary bubbles 
in virtual codimension one; and it may be that the moduli space is not orientable, in 
which case the virtual methods fail. Various hypotheses can be imposed to prevent 
such difficulties from arising. Ours will be a simple one: fibred monotonicity. In our 
applications, which will involve symmetric products Symr(E), we will be able to fulfil 
this hypothesis when r > g(E). 

It is useful to be able to include the case r = g(E) — 1 as well, but in that case the 
fibres are only 'weakly monotone'. At the end of the chapter we will give a sketch of 
how the theory can be extended to that case using the methods of Hofer and Salamon 
[16]. 
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Definition 3.1.7. (a) A closed Lagrangian submanifold L in a compact symplectic 
manifold (M, w) is called monotone if there exists c > 0 such that 

u 	c tc(u) 

for every smooth map u: (D, OD) 	(M, L). (b) A simple quadratic fibration (X, 7r, SI), 
with Lagrangian boundary condition Q, is fibre-monotone if Qs  is monotone in 

(Xs, CilXs) for each s E 8S. 

For a Lagrangian submanifold L C M, let pmin  (L) > 0 denote the minimal Maslov 
index. Let cinin(M) > 0 be the minimal Chern number of M. That is, 

im(AL: 72(M L) 	Z) = limin(L)Z, im(ci: 71-2(M) 	= cm in(M)Z. 

Since the Maslov index of a disk whose boundary is mapped to a point is twice its 
Chern number, piriin(L) < 2cmin(M). For a Lagrangian boundary condition Q, let 
itmin(Q) = ged.,Eas Amin (Q 

Theorem 3.1.8. Let Q be a Lagrangian boundary condition for the simple quadratic 
fibration (X2n+2 , 7r) over S, and fix h E ro S(X,Q). Fix also finite sets of points 
Isala€A in S* , fs'blhEB  in as and smooth maps (a Za 	X s., 	4 	 from 
closed, oriented manifolds Za  and Z. Suppose that 

1. the Lagrangian boundary condition Q C OX is fibre-monotone; 

2. the virtual dimension d(h):= nx(S) UQ(h) satisfies 

d( h )  — E (2n — dim(Za)) — 	— dim(ZO) — ,- min(Q) < 0; 	(3.9) 
aEA 	 bEB 

3. 	the normal bundle Nxcrit i x  is topologically trivial; 

4. for any (J, j) E J(X,7r) and any holomorphic sphere [3: S2  —* X with 7r o 0 
constant, /3-1(xcrit \ ) is never a single point. 

Then for any extension of jo to j E g(TS) and for a dense set of J E 3Teg(X,7r, j), the 
moduli space Mj ,i(X,Q)h  is a compact manifold of of dimension d(h)—Ea  (2n — dim(Za))—
Eb  (n — dim(4)) when this number is non-negative, and empty when it is negative. 

The conditions here are of course tailored to our applications; many variations are 
possible to deal with differing situations. 
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Proof. Write Z = HaZi, and c = Ha Sa : Z - l l a Xs „. Similarly define Z', 	By the 
remarks on transversality of evaluation, there is a dense subset of areg (X, 7, j) whose 
members J have the property that the evaluation map 

ev = evA  x ev/B : MJJ(X, Q) 	Xss  x fJ  Q.q 
a 

is transverse to x C'. This means that there is a smooth moduli space 

M = Mj,i(X ,Q) x (ev ,c ,xo  (Z x 

Any sequence in M, for which the sections all lie in h, has a subsequence with a Gromov 
limit comprising a principal component uprin , non-constant bubbles { ui}iEr, and non-
constant boundary bubbles {u'k}kEK. These satisfy 

d(h) = ind(uprin ) 2 E ci(uz) + E 	 (3.10) 
iEI 	kEK 

By fibred monotonicity, the Maslov indices p(u1k ) are positive multiples of ym in (Q), 
hence > ,amin(Q). The contribution of each term c1(A) from a bubble in a regular fibre is 
also positive, at least itmin(Q). Let us temporarily grant that this is also true for bubbles 
in singular fibres. Then if I U K 0 we will have ind(uprin)  - Ea  (2n - dim(Za )) — 
Eb  (n - dim(4)) < 0. But for regular almost complex structures, this number gives 
the dimension near uprin  of M, which cannot be negative. 

We now consider bubbles /3 in a singular fibre X,. If 0-1(xcrit\ ) = 0 then /3 is 
homotopic to a sphere in a regular fibre. The same is true when 0-1purit) = 82 , 

because of the triviality of the normal bundle. An argument due to Donaldson and 
Smith [9, Lemma A.11] shows that bubbles which intersect Xcrit  but do not map into 
it are also impossible: suppose that /3 is a component of a limit of pseudoholomorphic 
sections, /3(z) E Xerit ; let Dz  C S be a small disk centred at z. Then 0(Dz ) lies in 
one of the two branches of the normal crossing singularity of X, at /3(z), and intersects 
the other branch positively. But OlDz  is the limit of local sections of 7r—maps which 
do not hit Xcrit , and which have precisely one, transverse intersection with Xs . Hence 
z = 0-1 ()cello ) which contradicts our hypotheses. 

0 

3.1.3 Orientations 

Orientability of a Fredholm moduli space M means triviality of the determinant line 
bundle Det -> M. Recall that this is a line bundle with fibres Am" ker(Fx ) ®Am"(coker(Fx ))v  , 
where Fx  is the linear Fredholm operator associated with x E M. 

89 



In the case of the moduli space Ms(M, L) of pseudoholomorphic maps (s, as) 
(M, L) from a compact Riemann surface to an almost complex manifold Men with 
totally real submanifold Ln , de Silva [48] shows that, for a loop -y: Sl  —+ Ms(M, L), 
one has 

(wi  (-y*Det), [S1]) = ((a-y)* w2(T L),[S1-  x US]), 	 (3.11) 

where Ory: Si x as L gives the boundary values of -y. 
Fukaya, Oh, Ohta and Ono [12] show that one gets an orientation for Ms(M,L) 

by giving a 'relative spin structure', that is, an oriented vector bundle —> M, with 
w2(IL) = w2 (TL), and a spin structure on 	®TL. This is not quite enough for our 
purposes, because it does not allow non-orientable Lagrangian boundary conditions. 
We formulate the following definition. 

Definition 3.1.9. A relative pin structure for Q C ax is 

• a stable oriented vector bundle —> X, with w2WQ) = w2(TvQ); and 

• a stable pin structure on m ED Tv Q. 

Recall that Pin(n) is the double cover of 0(n) which is non-trivial over each of 
the two components, and that a pin structure on a real n-plane bundle ( over Z is a 
homotopy class of homotopy-liftings Z —> B Pin(n) of the classifying map Z B 0(n). 
The inclusions O(n) 	O(n + 1) lift to the pin groups, and this gives the meaning of 
`stable'. 

The classifying space B Pin(n) is path-connected with 7ri = Z/2, 	= 7r3 = 0. This 
leads to the following observation, which explains the relevance of pin structures. 

Lemma 3.1.10. A stable pin structure on ( determines 

1. an isomorphism a* det(() = t for any map a: Si —> Z: here t 	51  is the trivial 
line bundle in if is orientable, the Mabius bundle it if not; and 

2. a stable trivialisation of b*(0)clet(C)) for any two-complex E and any map b: E 
Z. 

Proposition 3.1.11. Take a simple quadratic fibration X —p D, with Lagrangian 
boundary condition Q C OX. A relative pin structure for (X, Q) induces an orien-
tation of the moduli space M(X,Q). 

Remark 3.1.12. This is still true when the disk D is replaced by a general base surface 
S. 
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We precede the proof with a discussion of the space of Cauchy-Riemann operators 
with totally real boundary condition over the disk. Let E be the trivial bundle Cnx D 
D. The Grassmannian of conjugation-invariant, n-dimensional real subspaces of Cn is 
U(n)/O(n), and any smooth map f : 	U(n)/O(n) sweeps out a totally real sub- 
bundle F(f) C Cn x OD over aD. By choosing a connection V on E and a bundle map a, 
as in (3.6), we get a Fredholm Cauchy-Riemann problem for (E,F(f)). Triples (f, V, a) 
form a space CR(n), which maps to the loopspace L(U(n)/O(n)) with contractible 
fibres. It has components CR3  (n), indexed by j E Iii(U(n)/0(n)) = Z. As far as index 
theory is concerned, we may as well work with L(U(n)/O(n)) rather than C'R(n). 

We are interested in the determinant line bundle Det —+ L(U(n)/O(n)). The so-
called 'family index anomaly' is the fact that this is a non-trivial bundle. However, its 
pullback to either of the spaces, L(U(n)/0(n))—  or L(U(n)/0(n))—  is trivial. These 
are defined as follows. 

• An element of L(1.1(n)/0(n))—  is a pair (f, A), where f E L(U(n)/O(n)) and A is 
a homotopy class of stable isomorphisms F(f) ^ en or F(f) ^ E

n-1  G µ. (For a 
given f, only one of these two possibilities can occur.) 

• An element of L(U(n)/0(n))—  is a pair (f ,h), where f E L(U(n)/O(n)) and h 
is a homotopy f 13  for some j and a fixed loop 1: S1 	U(n)/O(n) of Maslov 
index 1. 

The natural map L(U(n)/0(n))— 	L(U(n)/O(n)) is a two-fold covering. But each 
of the two components of L(U(n)/O(n)) has fundamental group Z/2, and it is not 
difficult to see that 7r0L(U(n)/0(n))—  = Z/2. Hence the covering is universal over each 
component, arid the pullback of Det to L(U(n)/0(n))—  is orientable. 

It is clear that the pullback of Det to L(U(n)/0(n))—  is orientable. To specify an 
orientation it is enough to orient the determinant lines of the standard Cauchy-Riemann 
operators 8 on (E , F(13 )). Here is a recipe for doing this: 

• We can take F (13)z = zi/2li8 G 	Then, for j > 0, .9-1(0) consists of n-tuples 
(ci  f ; c2 , 	where f (z) = ( e2ie1 z 	e-2101) 	( e2ie; z  _ e-2i0, ) for constants 
ei°P E Si  and cq  E R. That every solution is of this form is an application of the 
maximum principle. To go between j and —j, replace z by z-1. 

• These moduli spaces are regular: they are manifolds of the correct dimension j+n, 
so it suffices to check that ker(D 5) has constant rank j n. Having done that, 
we only have to orient their tangent bundles: we give T(a— (0)) = T(T1  x illn ) its 
standard orientation. 
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There is a natural map 

p: L(U(n)/0(n))—  L(U(n)/0(n)r, 

over L(U(n)/0(n)). Thus there is at most one way to orient Det L(U(n)/0(n))—  so 
that its pullback to L(U(n)/0(n))—  has the orientation we have specified. We just need 
to check that the orientation on L(U(n)/0(n))—  really does descend to L(U(n)/0(n)r. 
The fibres of L(U(n)/0(n))— 	L(U(n)/0(n)) are homotopy-equivalent to Q2(U(n)/0(n)), 
and the effect of p on the fibre over f E L(U(n)/O(n)) is that it collapses the two com-
ponents of 122(U(n)/0(n)) to the two points lying over f in L(U(n)/0(n)r. Thus p 
has path-connected fibres, and the orientation descends. 

Proof of 3.1.11. The Cauchy-Riemann problem associated with our moduli space M(X, Q) 
is classified by a homotopy class of maps g:M(X,Q) 	L(U(n)/O(n)). To prove 
the proposition it will suffice to show that a relative pin structure determines a lift 
"g:M(X,Q) 	L(U(n)/0(n))''. Indeed, it is enough to lift g over loops in M. 

We argue roughly as in [12, p. 191]. Take a loop in M(X, Q), considered as a map 
71: (S1  x D, S1  x OD) —> (X,Q). Write v for the induced map Sl  x 3D 	Q. The 
bundle tt*Tv X 	Si x D is trivialised by the orientation of Tv X, so to lift the loop u 
to L(U(n)/0(n))—  we need to produce a stable isomorphism v*TvQ pr2t, where as 
before, t 	Si is either the trivial bundle c or the Mobil's bundle it. 

The pin structure induces a stable trivialisation of v* G TvQ G det(e TvQ)). 
On the other hand, the orientation of e induces a stable trivialisation of u*e, which 
restricts to one of v*e. Taking this into account, we are left with a stable trivialisation 
of v*(TvQ det(TvQ)). 

The pin structure also gives us, for each t E Si, an isomorphism vt det(eTvQ) 
t (where vt  = v(t, •)), and hence also an isomorphism 4(det TvQ) = t; allowing t 
to vary we get v* (det TvQ) = pr't. Combining this with the stable trivialisation of 
v*(TvQ e det(TvQ)) we obtain a stable isomorphism v*TvQ ^ pr;t, as desired. 

0 

3.1.4 Invariance 

We now give the parametric version of Theorem 3.1.8. All the data involved in the 
construction can be allowed to move in smooth families. To begin with, fix the simple 
quadratic fibration (X, 7, SZ, Jo, jo), Lagrangian boundary condition Q, and homotopy 
class h. 

Each j and each J E a"g(X,7 ; j) gives a moduli space M J ,3  (X, Q; )h  which we know 
to be a smooth, oriented manifold; after a small perturbation of J, the fibre product 
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Mjo  (X, Q; )h x„,(xc Z x Z' with a family of smooth oriented cycles in the fibres (as 
considered above) is also smooth and oriented. It carries a smooth boundary-evaluation 
map 

ev(J, j): 111,10  (X, Q)h, 	S(Q) 

to the space of sections of Q. 

Theorem 3.1.13. Assume that the hypotheses of Theorem 3.1.8 hold, and that the left-
hand side of (3.9) is < —(k + 1), for some k > 0. Then the oriented bordism class of 
the map ev(J, j) is independent of (J, j). Moreover, any smooth map Sk  —4 areg  (X, 7r) 

induces a bundle Msk over Sk and a map ev : Ms), S(Q) which extends to a map to 
S(Q) from a bundle over Bk+1. 

Proof. One considers parametrised moduli spaces. The space ,a(X, 7) is contractible; 
thus any map f : Sk _4  areg (x ,  71.‘ ) extends to a map F: Bk+1 	a(X, 7). The transver- 
sality theory extends in a standard and straightforward way, showing that after a small 
homotopy of F, fixing f , one gets a smooth moduli space of the appropriate dimension 
which inherits an orientation from that on Bk+1. The numerical conditions imply that 
compactness goes through as before, and this gives the result. 	 0 

Likewise, the bordism class of the evaluation map is unchanged under deformations 
of 12, Jo, h, the points sa , sb and the cycles (a  and (I,. 

One can also allow deformations of the data (X, 7r, Q), this results in a 'dynamic' 
bordism class (that is, one with varying target). 

3.2 Field theories 

Field theories, in their mathematical incarnation, are functors from cobordism cate-
gories to linear tensor categories, such that disjoint union corresponds to tensor product 
and orientation-reversal to dualisation. 

In the theory we describe, the cobordism category has as its objects locally Hamil-
tonian fibrations over closed, oriented 1-manifolds, and as its morphisms locally Hamil-
tonian fibrations over compact, oriented 2-manifolds with boundary; the fibres are sup-
posed to be diffeomorphic to some fixed compact symplectic manifold. The target 
category is that of Z/2-graded modules over the universal Novikov ring Az, and the 
functor, HF, is a version of symplectic Floer homology. 
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Cobordism category of locally Hamiltonian fibrations 

(la) The (1 + 1)-dimensional cobordism category has as its objects closed, oriented, 
smooth 1-manifolds. A morphism from Z0  to Z1  is an oriented-diffeomorphism class of 
cobordisms, where a cobordism is a compact, oriented, smooth 2-manifold S and a dif- 
feomorphism 	-ZoU Z1. Composing two cobordisms involves choosing boundary 
collars, but the small resulting ambiguity disappears upon passing to the diffeomor-
phism class. 

(2a) For each symplectic manifold (M,w), define a category F(M,w): 

• An object of .T is a proper locally Hamiltonian fibration (Y, 7r, a) over a closed, 
oriented 1-manifold Z, such that every fibre (X,,alXs)  is symplectomorphic to 
(M, w). 

• A morphism from (Y_,7_,o-_) to (Y+, r+, a+) is an isomorphism class of cobor-
disms between them. 

A `cobordism' is a locally Hamiltonian fibration (X, 7, 1) over a compact oriented sur-
face S, with fibres symplectomorphic to (M, w), flat near as, together with an isomor-
phism from (X, 7r, CZ)IOS to the disjoint union of (Y_, 1r_ cr_)°P and (Y+, 7r+, cr+ ) (here 
the superscript °P means that the data are pulled back by S1  -+ Sl , t 1-4 -t). 

The flatness condition facilitates composition of cobordisms. A flat locally Hamil-
tonian fibration over Z x [0,1) (or over Z x (-1, 01) is canonically isomorphic to the 
pullback of its restriction to Z x {0}. To compose cobordisms, choose boundary collars 
over which the Hamiltonian connection is flat. One can then glue the surfaces along 
these collars, and glue the fibrations along their restrictions to the collars. 

(lb) As a small variation on the definitions above, one can work with manifolds 
with cylindrical ends instead of boundaries. This is what is required for the technical 
construction (though not necessarily the presentation) of Floer theory. 

The cylindrical cobordism category has the same objects as that of (la), but a 
morphism is now a diffeomorphism class of cylindrical cobordisms. A cylindrical 
cobordism from Z_ to Z+  is an oriented surface S, together with disjoint, proper, 
oriented embeddings e_ : (-no, 0] x Z_ -> S and e+ : [0, no) x Z+ 	S, such that 
S\ (im(e_) U im(e+)) has compact closure. Composition can then be defined by some 
universal rule such as the following: define g: (-1,1) -+ [0, co) x (-oo, 0] by t ti 
(-2-1  + (1 - t)-1,2-1  - (1 + t)-1); glue an incoming end e+  to an outgoing end e' 
using g x idsi. 
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(2b) .T(M, w),3,1  is the cylindrical-ends version of .T(M, w), and has the same objects. 
A morphism from (Y_, 	o-_) to (Y+,7r+,a+) is an isomorphism class of cylindrical 
cobordisms between them. A cylindrical cobordism is a locally Hamiltonian fibration 
(X,7r, S2) over an oriented surface, together with embeddings e_ : (—oo, 0] x Z_ —> S and 
e+  : [0, oo) x Z±  —> S as in (lb), and lifts e_ : (—oo, 0] x Y_ 	X, Lk : [0, co) x Y+  —> 
X. These must satisfy eISZ = pr` o-±, that is, they must be embeddings of locally 
Hamiltonian fibrations. 

Structure of Floer homology 

Floer homology for automorphisms of monotone (or weakly monotone) symplectic man-
ifolds is defined over the universal Novikov ring AR, as defined in the introduction, over 
an arbitrary commutative ring R. For us, usually R = Z. 

The purpose of Novikov rings in Floer theory is to keep track of the areas of holo-
morphic sections with fixed asymptotic values. To put this another way, the coefficients 
record the periods of the action functional. If one can arrange that it has no periods 
(that is, it is an exact 1-form) then one can work over Z/2 or Z. 

Floer homology is a covariant functor from .T(M, w) to Z/2-graded AZ/2-modules, 
where (M, w) is a weakly monotone compact symplectic manifold. It sends an object 
(Y, 7r, a) to the module 

HE, (Y, o- ) = HF0(Y, a) ED H.F). (Y, o- ). 

There is a canonical splitting into 'topological sectors', i.e. components of the space of 
sections 8(Y), 

HE,(Y, o- ) = ED H F,, (Y, a- )7 , 
yE1ro 8(Y) 

and a similar decomposition of the map associated to a cobordism. 

3.2.1 The theory in outline 

Full and self-contained accounts of the foundations of Hamiltonian Floer homology in 
the monotone case can be found e.g. in Schwarz [40]. There is no comparable source for 
Floer homology of general symplectic automorphisms (that is, of locally Hamiltonian 
fibrations), so it is useful to note that statements made in the Hamiltonian theory often 
generalise immediately to the broader context. This applies to the linear analysis in its 
entirety, as it takes place on vector bundles over surfaces, and not in the fibre bundles 
themselves. 
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Critical points of the action functional 

The Floer homology of an object (Y,71- , a) of .F(M, w),3,1 is the Morse-Novikov homology 
of the action 1-form Ay,Q  E Ol(S(Y)) on the space of sections S(Y): 

Ay,c,b; = fz  a(5',E C2D(7*TvY)- 
	 (3.12) 

The set of zeros of Ay,, coincides with the set 1-4Y, a) of horizontal sections defined 
by the Hamiltonian connection: 

7i(Y, o- ) = {v: Z —> Y : 'Tr° v = idz, imDzy C Tuh(z)X}. 	(3.13) 

One should again enlarge the space of sections S(Y) to a Banach manifold, namely 
ST (Y), which has tangent spaces Li(-y*TvY). The transversality condition for a zero v 
of Ay,, is surjectivity of the operator 

e V8g;  LT(v*TvY) L2(v*TvY), 

where V is the intrinsic connection along v. After fixing basepoints zi  E Z, one in each 
component, we can consider the linear holonomy maps L, ti  E End(77'(zo Y). Transver-
sality of v is equivalent in turn to the invertibility of the linear maps id — L, i E 
End(Tvv(zoY). This is the condition that v(z) is a non-degenerate fixed point of the 
monodromy E Aut(Yz , o- IK). It follows that when Y is non-degenerate, meaning 
that every v E 7-4Y, a) is transverse, the set 7-1(Y, a) is finite (as Y., = M is compact). 

For a non-degenerate object (Y, 7r, a), set 

CF(Y,o- )= 	AR, 
vG7-1(17,0") 

for some chosen ring R, and denote the generators of this free AR-module by (v). This 
is the module underlying Floer's (co)chain complex. The definition does not yet use 
the orientation of Z. 

Each v E 7-1(Y, a) has a Lefschetz number 1, E Z/2, defined when Z is connected 
to be 0 if det(id — L,) > 0 and 1 if det(id — L,) < 0, and in general by summing the 
Lefschetz numbers over components of Z. These give the Z/2-grading of the complex, 
CF = C Fo CF1, with CFi  generated by {v : /, = 	It follows that when Z = jj Zti 
there are canonical Z/2-graded isomorphisms CF(Y) Oi  CF( / Iz). 

Remark 3.2.1. For a mapping torus (Mowo ), over S1 , monodromy gives a bijection 
between 'H(M4„wq,) and the fixed-point set Fix(0). Non-degeneracy for horizontal sec-
tions corresponds to non-degeneracy for fixed points, and likewise for Lefschetz numbers. 
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Cylindrical almost complex structures. Take a locally Hamiltonian fibration 
(Y, 7r, cr) over 51. A compatible vertical almost complex structure Jv E j(TvY,cr) ex-
tends uniquely to an almost complex structure Jo on TY ED R such that J(4) = 1 E 111 
(here at  is the unit length vector field on Sl  = IR/7G and ji  its horizontal lift). 

Since T(Y x IR) = TY e IR, Jo induces a translation-invariant complex structure 
on T(Y x R). It is still denoted Jo , and called cylindrical. If we regard Y x IR as 
a locally Hamiltonian fibration over the cylinder 51  x IR, with 2-form prig, then Jo 
preserves both vertical and horizontal subbundles, and the projection to 51  x R = C/iZ 
is holomorphic. 

Now consider a cylindrical cobordism (X, 7r, 5.2; e±, 6±) from (Y_, 	, -) to (Y+, 7r+,  a-+ ) 
in the category T(M, w),34. Fix cylindrical almost complex structures J± on the ends, 
together with a complex structure j on S such that e* j (resp. et_ j) is equal to i on the 
complement of a compact subset in (—oo, x 51  (resp. [0, oo) x S1). There is then a 
contractible subspace (X, 7r; j, J+) c j(X, 7r; j) comprising almost complex structures 
J which are adapted to J. This means that J satisfies elJ = J. on (—oo, T] x Y_ 
and [T, oo) x Y+ , for some T > 0. 

Finite-action pseudoholomorphic sections 

Let (Y±, a±), be objects of .F(M, w),3,1 , and (X, 7, e+, e+) a morphism between them. 
Fix vertical complex structures 4 c (TvY±), and j on the base S. For each J E 
g(X,7r; j, .1+) we have a moduli space 

Mj (X, 7r, S2) C S(X) 

of finite-action pseudoholomorphic sections, i.e. of Cc° sections u: S 	X satisfying 

J o (Du) = (Du) o j; 	 (3.14) 

is  u*S2 < oo. 	 (3.15) 

The interpretation of (3.15) is that the integral converges absolutely on each cylindrical 
end. Such sections behave well when the objects (Y±, cr+) are non-degenerate. In 
fact, under the assumption of non-degeneracy, any u E 3\1.7,3  (X, 7, ft) has the following 
asymptotic behaviour: 

• As s 	—oo, the loops (e* u)(s, -) converge pointwise towards a horizontal section 
v—  E 

• The convergence is exponentially fast with respect to the Riemannian metric 
g_ = a-_(., J_•) on Y_. 
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• The loops (e+u)(s, .) converge in similar fashion to some v+  E 7-I(Y+, u+). 

The transversality theory discussed earlier in the chapter applies, using very similar 
arguments, to the moduli spaces of finite-energy pseudoholomorphic sections. The one 
important difference is that the linearised operators Du  are now cylindrical Cauchy-
Riemann operators. We will discuss these below. Again, these are Fredholm operators 
(in a suitable Sobolev setting) and by repeating the earlier argument involving the 
Sard-Smale theorem we conclude that 

areg(X, 7r; J± j) is C°°-dense in g(X,71- ; J1, j). 

Here areg(X,7; J1, j) is the subspace for which the operators Du  are surjective for all 
u E Mj,j(X, ir , Si). 

Cylindrical Cauchy-Riemann operators 

Model case: trivialised vector bundles over the cylinder. The 2-point-compactified 
real line IR = {—oo} U U {oo} becomes a smooth manifold upon declaring the bijection 

[ - 1 , 1], t 	t(1+t2 )-1/ 2 , ±oo f ±1, to be a diffeomorphism. Let Z := x S1. We 
work with the trivial rank n hermitian vector bundle e over Z. The hermitian structure 
ho  = go  + iwo  is the standard one. Generally, when we have objects defined over Z, we 
will denote their restrictions to the circles {±oo} x SI- by adding superscripts ±. 

A real, self-adjoint section A = A(s, t) of the (trivial) endomorphism bundle End(e) 
determines a linear operator 

LA: Li() -4 L2(); L AU = 8,511 iatU ± A o u. 

Here L2  and ./i are defined using the hermitian metric ho. This operator is asymptotic 
at ±oo to a pair of operators 

(L,iv)(t) 	+ Al  (t)v(t), v E LN1{±oo} x S1), 

both self-adjoint in L2. The loop A+ (t) determines a path y = -yA+  : [0,1] H End(1I82n), 
by 

= iA(t) o -y(t), -y(0) = id. 

This is a Hamiltonian flow; thus im(y) c Sp( ), We say that A+ is non-degenerate 
if ker(L4A") = 0. When this holds, -y(1) E Sp*(IR2n), that is, it does not have 1 as an 
eigenvalue. 

Making the same definitions for L-, we put 

= {LA : A+ and A-  are non-degenerate} C r(Lj(l;), L2(0). 
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Once one knows that its elements are continuous, one can give An, the operator-norm 
topology. The crucial facts about A, are these: 

• Elements of An, are (real) Fredholm operators with index 

ind(LA ) = CZ(7A+ ) — CZ(-A-), 	 (3.16) 

where CZ is the Conley-Zehnder index for paths in Sp(R2n) starting at idR2n and 
ending in Sp*(R2n ). The parity (—i)ind(LA)  is the product of the signs of the 
non-zero real numbers det(id — -yA± (1)). 

• For L E An , put An (L) = {K E 	: K1  = L±}. This is a contractible sub- 
space; in particular, the restriction of the determinant index bundle, DetlAn(L), 
is trivial. 

Let AanC c An  denote the subspace comprising LA where A is asymptotically constant, 
i.e. independent of s E R for 	>> 0; it is a deformation-retract of An . 

There is a simple procedure for gluing a pair L1, L2 E An`, providing Li =- L2 , to 
obtain an element Li# pL2 E AariC depending on a translation parameter p >> 0. The 
index is additive under gluing, and there is in fact a natural class of isomorphisms 

Det(L i ) Det(L2 ) Det(Li#pL2). 

These satisfy an associativity rule. Given orientations o(L,) for the lines Det(Li ) (i = 
1, 2) one gets an orientation o(Li) A o(L2) = o(Li#L2 ) for Det(Li#pL2 ), and—under 
obvious hypotheses—(o(L1) A o(L2)) A o(L3) =-- o(L1) A (o(L2) A o(L3)). 

Definition 3.2.2. A linear coherent orientation is an orientation L 	o(L) for 
Det 	A, with the property that 

o(Li#pL2) = o(L1) A o(L2) 

for all gluable pairs (L1, L2 ) of asymptotically constant operators. 

Linear coherent orientations exist (but are far from unique). The starting point is 
to orient each L for which L+ is some fixed operator 1; this can be done arbitrarily, 
except that the determinant of the pullback of 1 to Z has a canonical orientation (since 
L is an isomorphism), and this should be adopted. The requirement of coherence then 
determines orientations for L with L-  = 1, then for Li#L2  with Li = P = L2, and 
thereby for all L. 
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Surfaces with cylindrical ends. We draw here on the discussion by Eliashberg, 
Givental and Hofer [11]. Define a category C as follows. An object of C is an integer m > 
0 and an m-tuple (A1, , Am ), where each A, : S1  End(RT4 ) is a non-degenerate loop 
of self-adjoint operators. A morphism from (AT , 	, Al) to (At, 	, At+n ) is, roughly, 
a Cauchy-Riemann operator on a Riemann surface with cylindrical ends, asymptotic 
to the operators LA±. Precisely, it is an isomorphism class of data consisting of: a 
Riemann surface (S, j) with cylindrical ends 

e_: (—co, x Si x 	 S, e± : [0, oo) x S1  x {1, 	, m}; 

a hermitian vector bundle (E, h) over S; hermitian trivialisations 

: e* E -4 	x 	 e!rE —* TT  sl x cii;E ;  
i =1 	 i=1 

and a cylindrical Cauchy-Riemann operator 

L: 14(E) -4 L2  (Hom" (T S, E)), Lu(x) = V h i(Vu) o j + Au. 

The Sobolev spaces L2  and Li are defined using the trivialisations 4,±; V is any con-
nection, and A : E Hom"(T S, E) a bundle map. We require that (I)* 0 e* (L) should 
be asymptotic to (Ai-, 	, AT), and similarly at the positive ends. 

There is an obvious gluing procedure for asymptotically constant Cauchy-Riemann 
operators. The composition rule for morphisms in C is the unique one which is consistent 
with this satisfying the rules for a category. 

C is a topological category: the morphism spaces have natural topologies in which a 
component is represented by an isomorphism class of pairs (oriented topological surface, 
complex vector bundle). 

The Cauchy-Riemann operators involved in C are again Fredholm. This can be seen 
in terms of a 'locality' principle, proved in [7]; when one has parametrices for elliptic 
operators on the sets in an open cover of a manifold, one can patch them to obtain 
a global parametrix. Over each morphism space there is therefore a determinant line 
bundle Det. 

Definition 3.2.3. A coherent orientation system is the assignment of an orienta-
tion of Det over each morphism space, in a way which is compatible with composition. 

Coherent orientation systems exist in profusion, as Floer and Hofer showed. More-
over, one can impose three further compatibility requirements: a simple compatibility 
property for direct sums; a more subtle 'cut-and-paste' property (see [11]); and the 
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requirement that the determinant of a complex-linear operator over a closed Riemann 
surface is assigned its complex orientation. A coherent orientation system for cylinders 
extends uniquely to a coherent orientation system satisfying these properties. 

Canonical coherent orientations. We return now to the category .F(M,w)cyi, and 
to the problem of orienting its moduli spaces of finite energy pseudoholomorphic sec-
tions. The usual procedure at this point is to make an arbitrary choice of a coherent 
orientation system, which can then be pulled back to „T(M, w),3,1.1  There is, however, 
a canonical choice (this may be known to experts, but I am unaware of any reference). 

Take an object (Y, 7r, a) of .F(M,w),3,d . The fibre product (Y xsi Y, 7r xsi 7, a G —a) 
is a locally Hamiltonian fibration over S', and it contains two Lagrangian subbundles: 
one is the diagonal A, and the other is F 	{(y, my) : y E Y}, the graph of the 
monodromy m of (Y, a). An argument similar to the one we gave in the Lagrangian 
situation above (or, in fact, a reduction to that situation) shows that to give coherent 
orientations for the spaces of asymptotically horizontal sections of Y x IR, it suffices to 
give 

• a vector bundle 	Y xsi Y; and 

• spin structures on 	G TvA A and 	Tvr F. 

Take = prITvY. Both Tvc G Tvr I' and TvA G Tv A are isomorphic, via pri, to 
TvY e TvY Y. The structure group of TvY is SO(n), where n is the rank, and that 
of TvY G TvY is reduced to the diagonal subgroup SO(n) c SO(2n). But, by looking 
at its action on 	one sees that the diagonal inclusion factors uniquely through a 
homomorphism to Spin(2n), and this gives a canonical spin structure on TvY G TvY. 

3.2.2 Floer homology in the fibre-monotone case 

Compactness. The Gromov-Floer compactness theorem says that a sequence {nn.}. 
in Mj(v_ Iv+) (the component of the moduli space where the sections approach 
at ±oo), of bounded action .A(un), converges in the Gromov-Floer topology to a broken 
section plus bubbles. Again, we decline to define convergence in this topology, but sim- 
ply describe the limit points. A broken section comprises finite sequences (v°  , 	, vl ) 
and (0_, 	, v7) in 'H(Y,a), with v_ = v°  and v_F. = 141 , together with an element 

10r, in situations where one has a proposed isomorphism of some Floer homology group with, say, 
a classical homology group, one makes the unique choice which will validate it. 
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w = (w_0  ,... ,w /_- 1 ; wprin; w+ m-i , 	w+) of the product 

1-1 	 rn-1 
1 	 m-q Um-q-1) 

IIMJ-(V UP+1 ) X M J,j( 1)-1X 1 11-1-
m

) x 	mJ+0,+ 	)• 
p=c, 	 q=0 

Only wprin  is allowed to be a constant section. A Gromov-Floer limit consists of a 
broken section together with trees of holomorphic spheres in fibres, rooted at points in 
the images of components of w. The limit of a sequence un  with constant action A has 
total action A (`total action' means the sum of the actions of all components—broken 
section and bubbles) and likewise for indices. 

A similar result holds for sequences in M j(v-, v+); one just omits the 'principal 
component' wprin , and insists that at most one component of a broken section can be 
constant. 

Fibred monotonicity implies that sequence of sections in low-dimensional, regular 
moduli spaces do not have bubbles in their limits. Each bubble contributes at least 
2cmin > 0 to the total index, while for regular almost complex structures each com-
ponent of a broken section makes a non-negative contribution. Hence a limit point of 
Mj(v_, v+)k with k < 2cnin, is a broken section; if k = 2cnnn  then a limit point is either 
a broken section or a constant section with one bubble. A limit point of MJ,3 (v_ IXlv+ )k 
with k < 2cmin  is a broken section. 

Floer homology. We now review the definition of Floer homology. The Floer com-
plex (CF(Y,a),a) is initially defined when (Y, a) is non-degenerate. Once one has 
established that Hamiltonian deformations induce canonical isomorphisms on homol-
ogy HF(Y, := H(CF(Y, a), 8), one can define HF(Y', a') in general by perturbing 
(Y', a') to be non-degenerate. 

Assume that (Y, a) is non-degenerate and that J E areg(Y, a). Because J is translation-
invariant, there is a reparametrisation action by R on the moduli space of trajectories 
MJ(v_, v+)k of fixed index k. This action is free 	except on the constant trajectories 
cv—because of the exponential convergence of trajectories. Thus Mj(v_, v+)k/R is a 
manifold of dimension k -1, assuming k > 0; when k = 0 it is identified with 1-i(Y, a), 
and when k < 0 it is empty. 

The action functional A : Mj(v_, v+)i -> R decomposes the moduli space as the 
union of subspaces Mj(v_, v+)1, A  = .A-1(A). Gromov-Floer compactness implies that 
for any Ao  E R, the space UA<A0  Mj(v_,V4.)1, A/R is compact in any Ck  topology. As 
a 0-manifold, it is then a finite set, and we define n3(v_ , v+)A,  E Z/2 by counting its 
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points modulo 2. We arrange these numbers in a formal series 

n (v_ , v+ ) E n j(v_, v+ ) At A  . 
AEIR 

This enables us to define the Floer complex over Az/2: the boundary operator 8 on 
CF(Y, a) = ®v Az12  is defined by 

a(v—) = 	ni(v—,14-1-)(v+). 
v+ E7-t(Y,a) 

The fact that aoa = 0 is a consequence of a famous argument involving the boundary of 
the compactification of the index 2 trajectory spaces. There is one loophole which needs 
to be closed: when emir, = 1 and v_ = v+, a limit of index 2 trajectories could contain 
a bubble. This can be done using a transversality argument for pseudoholomorphic 
spheres, the conclusion of which is that, for generic J, the spheres of Chern number 1 
sweep out a compact submanifold of Y of codimension 2n — (2ci + 2n —6+2) = 2, which 
can be made transverse to the horizontal sections, hence disjoint from them (we may 
assume n > 2). Such arguments were developed systematically by Hofer and Salamon; 
a brief discussion appears at the end of the chapter. 

The chain map associated to a cobordism (X, 7r, SZ) from (Y_, o-_) to (Y+, cr+ ) is 
defined from the moduli spaces Mj(v_iXiv+ )0, where J E dreg(X, 7r; j, J±). Here there 
is no Ft-action, and the constant-energy subspaces j(v_IX1v+ )0 ,A  are already zero-
dimensional and compact. By counting (modulo 2) the points at fixed energy, one 
gets coefficients n j(v_IX Iv+ ) E Az/2, which go into the definition of a homomorphism 

x : CFJ_ (Y_ a_ ) CFJ+  (Y+  a+  ) : 

(I'x(v—) = 	E 	nJ(v-ixiv+)(v+). 
v+ En(Y+,a+) 

That this is a chain map follows from the structure of the compactification of the index 
1 moduli spaces. A family Xt  of cobordisms between the same ends induces chain ho-
motopic maps, by an argument with parametrised moduli spaces. The gluing property 
of the moduli spaces implies that, on homology, the relation (1,xiox2  = (Dx, o (14x2  holds. 
Crucial examples of cobordisms are deformations of the locally Hamiltonian fibration 
(Y, a) and of the complex structures (J, j). A chain homotopy argument shows that the 
induced 'continuation maps' induce isomorphisms on homology, and that these isomor-
phisms depend only on the modules they map between. These arguments are common 
to elliptic Morse homology theories, and to apply them one just needs a theory with 
good transversality, gluing, and (crucially) compactness properties. Taking orientations 
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into account, they are also valid over Az. Here CF(Y, o-) =- EBlven(y,a)  Az, and the co-
efficients nj(v_,v+ ) = EA  nj(v_,v+ ),t' E Az are defined using our canonical coherent 
orientations. These orient the moduli space Mj(v_, v+)1, but so too does the 118-action. 
By comparing these two orientations one attaches signs to the points of M j(v_, v+)i/R, 
and nj(v_,v+ ) counts points with these signs. The coherent orientations directly de-
termine coefficients 7/j(v_IX1v+) E Az for use in the cobordism maps. With these 
definitions, the entire discussion lifts to Az. 

3.2.3 Canonical relative gradings 

The Z/2-grading on HF.(Y,a- )h lifts to a canonical relative Z/NhZ grading, where 
NhZ C Z is the image of the index homomorphism on 7r1(S(Y), h). 

Let Hh  C H2(Y; Z) be the image of 71(8(Y), h) under the homomorphism which 
pushes forward the fundamental homology class of the torus [S1  x 51]. Then Nh  is 
specified by the equation 

(2c1  (TvY, a), Hs ) = NhZ. 	 (3.17) 

For example, when h is the class of the constant section of S1  x M —> S1, the subgroup 
Hh C Z is im(ir2(M) H2(M; Z)) C H2(S1  x M; Z), and Nh  = 2C fni n(M CV). 

The origin of these grading properties is the additivity of the index under gluing. 
The relative degree of v+, v— E 7-1(Y, cr) is defined to be the index ind(ui) of any 
ui E M(v — IYIv+). A different path u2  may have a different index, but the difference 
ind(ui) — ind(u2 ) is the index of the Cauchy-Riemann operator over the torus obtained 
by gluing u1  to —u2. By Riemann-Roch, this index is twice the Chern number of the 
vector bundle (ui — u2)*TvY, and so lies in NhZ. 

Similar principles apply to the map associated to a cobordism (X, it , Sl , e±, e±) from 
(Y_,7r_,cr_) to (Y+, 7r+, c+). If one chooses a homotopy class k E 7ro 8(X), restricting 
on the ends to h± E iro S(Y±), and chooses absolute (cyclic) gradings on HF.(Y±,o-±) 
then the map 

HF.(Y_,o-_)h_ —> H F.(Y+, a+) h+  

will have a definite degree. However, the same need not be true of the map 

x : HF.(Y_,o-_)h_ 	F.(Y+, cr-F)h+ , 

where h_ and lc+  are fixed but not k; the ambiguity is again given by the possible 
values of 2c1(TvX, ft) on a certain subgroup of H2(X; Z). 
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3.2.4 Quantum cap product 

Let (Y, o- ) be the mapping torus of an automorphism of (Y, co). Then H Ek (Y, a) is 
a module over the quantum cohomology algebra of QH* (M, w) (which is additively 
just H* (M; Az). The 'quantum cap product' action of c E QH*  (i1/, w) is obtained 
by choosing a smooth singular cycle in M, representing PD(c). One then considers 
moduli spaces M j(v_ v±)—the fibre product of the trajectory space over S1  x R with 

(thought of as a cycle in the fibre over (1,0)). Counting zero-dimensional components 
gives a chain endomorphism of CF,,(Y, a) of degree — deg(c). Homologous cycles give 
chain-homotopic endomorphisms, so one obtains a map QH* (M, co) End H F.,(Y, a). 
This is well known to intertwine the quantum product on QH* (M, w), see e.g. Salamon's 
notes [37]. 

There is a similar story for the relative invariant of a cobordism (X, 7r, SZ) over S, 

(Dx: H F* (Y, a) HF.(Y 

If one chooses points Si, 	, s,, E S then the invariant generalises to a map 
In 

Q H* (Xsk , Cisk) HF,,(y, a) HF,(Y 
k=1 

intertwining the quantum module structures of the Floer modules. The map varies con-
tinuously as one moves the marked points. Thus a cohomology class c E QH* (X s,, Sisk ) 
operates through the image of its Poincare dual in the homology of X. 

3.2.5 Open-closed invariants 

The Floer homology theory we have described can be enlarged so as to allow Lagrangian 
boundary conditions.2  

That is, suppose that S is a surface with cylindrical ends as before, but also with 
boundary. We are given a simple quadratic fibration X S and a Lagrangian bound-
ary condition Q c xias. Mark a number of points sa  E S (not necessarily interior) 
and boundary points {4}b€,0as  E as. This results, assuming Q monotone, in a homo-
morphism 

H F* (Y, o- ) 0 ®H* (X s„,) ®®H* (Q 4;Z) H F,,(Y , 	(3.18) 
a 

defined from moduli spaces of index 0, finite action pseudoholomorphic sections with 
boundary on Q, hitting chosen cycles in the marked fibres X s. and C25,. These homo-
morphisms satisfy a gluing law under joining cylindrical ends. 

2lndeed, one can unite the locally Hamiltonian and Lagrangian Floer homology theories in an open-
closed field theory, see Seidel [44]. 
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Remark 3.2.4. A word is in order about how these homomorphisms are rigorously 
constructed, since they are not dealt with explicitly in the literature. The point is that the 
existing analysis extends with only cosmetic changes. The linearised operators Du  are 
Fredholm, as is clear from the method of patching parametrices [7]; in the transversality 
theory, one can take the intersection of regularity conditions coming from the various 
ends without losing density, by the nature of Baire subsets; the proof of Gromov-Floor 
compactness, which is largely local in nature, goes over unchanged. In the gluing theory, 
the estimates required to apply the implicit function theorem depend only on the gluing 
region itself. 

Remark 3.2.5. (a) The relative invariant (3.18) varies continuously as one moves the 
marked points. When two interior points coincide, si  = s j , the action of the tensor 
product ci c2  is the same as that of the (ordinary) cup product ci U c2; similarly for 
boundary points. These assertions are proved using standard `transversality of evalua-
tion' arguments. 

(b) An observation which will be useful to us—the result of a typical transversality 
argument—is that when s E 8S, the action of c E H* (X s ; Z) equals that by i!(c) E 
H*(Q,;Z) (i: Q, 	X s ). 

A reduction to homology. The following paragraph needs to be qualified by nu-
merical conditions. These are given in the proposition that follows it. 

Take a symplectic manifold (M, w) with a monotone Lagrangian submanifold L. Let 
Y = Sl  x M, a the pullback of w. Let X_ = (-00,01 x Y, with Lagrangian boundary 
condition Q = {0} x S1  x L. Mark one boundary point. This results in a homomorphism 

a : H (Y , a) 	(L; Z)v  

Similarly, X+  := [0, oo) x Y, with its boundary condition Q and one boundary marked 
point, gives a map 

0 : H.(L) 	H F.(Y, o- ). 

There is a well-known isomorphism (of Z/2-graded, relatively Z/2cmin-graded Z-modules) 

y: 	;Z) 	H (Y, a) . 

This is the map obtained from the trivial fibration M x C -4 C, equipped with the 
marked point 0 E C and an outgoing cylindrical end. 

Proposition 3.2.6. Let i: L 	M be the inclusion map. Assume that n < Amin . We 
have 7-1  o = i. and 

(a o 7(x), y) = x fly (x E 112n-k(M; Z), y E Hk(L; Z))• 
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Proof. Consider smooth singular cycles 

q 
Zs =__ A2n—k 	 _llAk4L 

j=i 	 i=1 

representing x and y respectively. By the gluing property of the invariants, a o -y can 
be computed using the trivial fibre bundle MxD ,D and Lagrangian boundary 
condition L x aD. Indeed, (a o -y(x), y) is the signed count of points in the zero-
dimensional component a regular moduli space 

MP , 	Mj(M x D,L x aD) x (ev ,ixo (Zr  x Z y ). 

The dimension of this space, near a disk of Maslov index ,u, is ri — k — (n — k) = µ — n. 
We need to make a Hamiltonian perturbation of o to achieve non-degeneracy. A 

convenient choice is to take a function H: S1  x M 	IR which is given, in a neigh- 
bourhood of L (identified with a disk-bundle in S1  x T* L) by H(t, a) = 	1 2. Put 

= a + d(H dt), and notice that S1  x L is then still a Lagrangian boundary condi-
tion. Take J to be the pullback of an almost complex structure on M compatible with 
co. Then elements of 311j(M x D, L x aD), of Maslov index it, are pseudoholomorphic 
disks v : (D, aD) —> (M, L), also of index ,12. When the expected dimension of M("th, ") 
is zero, we have 	n; but that implies that v is constant, and hence that the map 
ev: M( 	L can be identified with the cycle n y. Since this moduli space is natu- 
rally a manifold of the expected dimension, it is reasonable to suspect that its element 
are regular (the deformation operator Dv  surjects). Standard computations show that 
this indeed so. It follows that a o 7 is as claimed. 

The argument for -y-1  o 3  is similar. 
0 

Kiinneth isomorphism. There is a standard Kiinneth formula in Floer homology: 

HE,(Yi xsl Y2, al e 0-2) = 1/.(C F (11-1 , al) CF(Y2, 0-2)) • 

For the proof one uses almost complex structures compatible with the product structure, 
and observes that these are regular precisely when the factors are (see e.g. [16]). It is 
then a matter of checking that the obvious additive isomorphism CF(Yi X /721 al ED 0-2) "--" 
CF(Yi, al) CF(Y2, a2) is a chain map. The Kiinneth formula for Floer homology is 
compatible with that in quantum cohomology. 

Another general property of Floer homology is the `Poincare duality' isomorphism 

H 	(Yi , 	HF*(Yi,cri)v  • 
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Combining this with the Kiinneth isomorphism, and working over a Novikov field AF, 
we get an isomorphism of Z/2-graded modules 

H 	x 	Y2, —al G a2) = Hom(H.F. (Y]. , 	H F.( 72, (72))• 

Remark 3.2.7. Suppose that A C Yi X sl Y2  is a Lagrangian boundary condition, for 
the form 	ED a2, inducing (1,(A) E Hom(HZ(Y3.),HF,.(Y2)). This is related to the 
quantum cap product in the following way. Let M1, M2, denote the fibres over a point 
in S I-  of Y1 i  Y2. Let i: L y M1  x M2  be the fibre of A. Take ci E H* (Ml ; Z) and 
c2  E H* (M2 ; Z), and suppose that i*(prIci — pr;c2) = 0. Then 

c2  0 1'(A) = (I)(A) o ci. 	 (3.19) 

The left-hand side comes from a moduli space of sections which hit a cycle of form 
Ml  x <-2 in some fibre. We can take this to be a boundary fibre, and insist that the 
sections pass through L n (Ml  x (2 ). Similarly we can compute the right-hand side via 
sections which hit a cycle L n ((i x M2). Since the two cycles in L n (Ml x M2) are 
homologous, the chain maps underlying the homomorphisms on the two sides are chain 
homotopic. 

A small generalisation. Suppose that we have a simple quadratic fibration 71: Xi 
Si  with one outgoing boundary component Clout  and incoming cylindrical ends Ctin. 

A Lagrangian boundary condition Qi Clout in the boundary component (Y1,out, at) 
induces a homomorphism 

4)(:11 	HF(Yi,i at,i) 	Az- 

where the (Y1,,, cri,i ) are the cylindrical ends of X1. Similarly, we can consider 72: X2 —> 
S2, where 52  has one incoming boundary C2,h, and outgoing cylindrical ends CZ it; a 
Lagrangian boundary condition Q2 	C2,0ut  in (V2 in, o-2) gives rise to a homomorphism ,-   

(DQ2 : AZ 	11F(Y2j,  

Now, if we parametrise Clout  and C2,1,1  then we can consider the product Qi x sl Q2 C 
171,01it  X si Y2,in. This is isotropic with respect to the form —al  o-2. We can compute the 
composite it.Q2  0 	from the fibre product moduli space M(X1, Qi) xsi M(X2, Q2). An 
alternative point of view involves the opposite surface —Si, which has a distinguished 
incoming boundary component. Over it we have —Xi  —+ —,S1; we can think of the 
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fibre product M(Xi, Qi) xsi M(X2, Q2) as the space of pairs of sections (ui, U2) E 
M( —X11Q1) x M(X2 , Q2 ) with boundary values in Qi  x si Q2. 

We can also do something a little more general, and consider a la.grangian boundary 
condition' Q c Yi put  Xsi 372,in : a middle-dimensional, isotropic subbundle which need 
not be a fibre product. This no longer fits exactly into the framework we have been 
considering.3  However, exactly the same arguments as before yield a sensible moduli 
space Mji ,j,(Q) of pairs (ui , u2 ) of pseudoholomorphic sections of (—X1 , —JO and 
(X2, J2 ) with boundary values in Q. These result in an invariant 

	

4)(2: 	HF(Yi ,„ 	—> 	HF(Y2 ,3 ,0-2 ,3 ) 
3 

with the proviso, as before, that we should work over a Novikov field. The gluing theory 
shows that this is the composite of three maps of a more standard kind, 

HF(y1,..0_,HF(y2,in) 	®HF(y2,j,a2,i), 

where the middle one is deduced (by the lainneth procedure above) from the invariant 
associated to the inclusion of Q in Yi,out x S1  Y2,in• 

Example 3.2.8. Suppose that S is split along a circle C, so S = Sl  Uc S2. We 
consider a fibration (X, 7r, Lo) —) S, restricting to (Y, 	a-) over C. Then in the product 
(Y x c  Y,—o-e0-) one has a diagonal Lagrangian boundary condition A, and an invariant 

	

(I)(A): 	HF(K,i, 	01/F(Y2,i, 

This map is the same as the relative invariant of X itself. This can be seen as an 
instance of the gluing law proved in [46]. 

3.2.6 Weakly monotone fibres 

In the framework of fibred monotonicity, bubbling in low-dimensional moduli spaces 
(with regularity assumptions in force) is ruled out on the grounds that the principal 
component of a limit curve must have non-negative index. A more refined method 
incorporates transversality for pseudoholomorphic spheres in the fibres and disks in the 
boundary fibres. One can then determine numerical conditions under which moduli 
spaces of sections are generically disjoint from those of fibrewise spheres and disks. 
These 'weak monotonicity' conditions (in the form that appears in setting up Floer 
homology and its invariance) were determined by Hofer and Salamon [16]. 

3Except where —Si  = S2 ; in that case, Q is a Lagrangian boundary condition for a fibre product. 
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Definition 3.2.9. A compact symplectic manifold (m2n,  \ ) is weakly monotone if 
any S c ire  (M) satisfying fs  w > 0 and ci(S) < 0 also satisfies ci(S) n — 3 < 0. 

An equivalent condition is that (M, w) is monotone, or emir, = 0, or cmin > n — 2. 
Generic almost complex structures J E a(M,w) are regular in the sense that for 

every element 0 c 3111(M) of the moduli space of parametrised, simple J-holomorphic 
spheres, the relevant linearised operator Dg is surjective (`simple' means that the set 
of injective points, {z E S2  : 0-1(0(z)) = {z}}, is non-empty; it is then open and 
dense in S2). For such J, MI(M) is a manifold of local dimension 2(43) + rt), and 
its quotient by the free action of Aut(S2) = PSL(2, C) has dimension 2(c1(/3) + n — 3). 
Thus there are no simple spheres of negative Chern number, and the same holds in 
1-parameter families. A lemma of McDuff asserts that every pseudoholomorphic sphere 
factors through a simple one, so there are no spheres of negative Chern number at all. 

(a) Suppose (Y, 7r, o- ) is non-degenerate with fibre (M, w). To construct H.a(Y,cr) one 
uses almost complex structures J E  dreg ( y 7r. ) with the property that no fibre contains 
a J-sphere 0 such that (i) c1(0) < 0; or (ii) ci(0) = 0 which meets the image of one 
of the trajectory spaces Mj(v_, v+)1; or (iii) ci(f3) < 1 which meets the image of one 
of the trajectory spaces Mj(v_, v+)2. We have just seen that (i) holds generically; a 
`transversality of evaluation' argument with somewhere injective spheres shows that (ii) 
and (iii) do as well. For such J, the trajectory spaces of index < 2 are easily seen to be 
compact. 

(b) To obtain the map (1)x associated to a locally Hamiltonian fibration with cylin-
drical ends, one uses J E areg (X ,7; J±, j) with the property that no fibre contains a 
J-sphere 0 such that (i') c1(/9) < 0, or (ii') c1  (0) = 0 meeting the index 0 trajectory 
spaces. 

(c) Simple quadratic fibrations can be accommodated using ideas from Seidel's thesis 
[42]. One needs to make some hypothesis about the normalisation Mo  of a singular fibre 
Mo. The almost complex structure Jo  = JIM° on Mo lifts to one Jo  on Mo, integrable 
near the preimage of the normal crossing divisor; it is sufficient to assume that there 
Jo is compatible with a weakly monotone symplectic form on Mo. 

The point is that any Jo-sphere in Mo  lifts uniquely to a Jo-sphere in Mo. One 
cannot expect ,70  to be regular; however, for generic J, lifts of non-constant spheres 
in Mo  are regular, hence have non-negative Chern number: here we use a standard 
argument which shows that one can achieve regularity for all spheres passing through 
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an open set U by making a perturbation of the almost complex structure supported in 
U. Another generic condition on J is that the spheres in Mo  with zero Chern number 
should not hit the zero-index trajectories in X. 

Lagrangian boundary conditions As with spheres, transversality theory for pseu- 
doholomorphic disks 5: (.b, OD) 	(M, L) works in a straightforward way for simple 
disks 	those for which the set of injective points is non-empty, or equivalently open and 
dense—but the complication is that not every non-constant (5 factors through a simple 
one. One can, however, use Lazzarini's lemma [25]: if (5 is a non-constant J -disk then 
there is a simple J -disk 5' such that 5' (OD) C (5(0D). (A more precise version is due to 
Kwon and Oh.) 

Assumption: M is weakly monotone. There is a constant A such that ,LL(S) = A fs  w 
for all S E 7r2(M , L). Either A > 0, or pmin  > n — 2. 

Now take a simple quadratic fibration with Lagrangian boundary condition (X, Q) 
such that the boundary fibres are symplectomorphic to (M, L); X may also have cylin-
drical ends. Assume that the normalisations of the singular fibres have weakly monotone 
symplectic forms. We want to see that, for generic regular almost complex structures, 
the index zero components of the moduli space Mj(X, Q) are compact. There are three 
possibilities. 

• A > 0. This is the monotone case; since non-trivial pseudoholomorphic disks have 
positive Maslov index, they cannot occur as bubbles. 

• A < 0. Lazzarini calls this case strongly negative. The index formula that 
the moduli space of simple disks 3\11(M, L) has virtual dimension p + n < 2. 
Since Aut(D) is 3-dimensional and acts freely, we conclude that, for generic J E 

a(TM,co) the moduli space of simple disks is empty, and that this remains true in 
1-parameter families (in particular, for the fibres of Q). Lazzarini's lemma allows 
us to remove 'simple' from this conclusion. 

Similar arguments apply when we consider 1-dimensional moduli spaces for 1-parameter 
families of almost complex structures (or other deformations of the data). The inte-
gers obtained by counting points in the zero-dimensional moduli spaces are therefore 
invariants of the Lagrangian boundary condition. 

• A = 0. I do not know of a reference which precisely fills in the details of the 
following sketch, though doing so should be a matter of making minor modifications 
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to arguments from the literature. When we consider situations of this kind we will 
only draw tentative conclusions and not claim theorems. 

Here 3111(M, L) has dimension n. The manifold NO (M, L) x nut(D)  OD has dimen-
sion n — 2, and this gives just enough leeway to arrange that the zero-dimensional 
spaces of sections of (X, Q) do not hit those of (simple) boundary bubbles. 

We can expect to encounter isolated boundary bubbles when we consider a 1-
parameter moduli space, and for this reason we establish invariance using a con-
tinuation argument instead. That is, we consider the index zero moduli spaces 
for a locally Hamiltonian fibration over the cylinder, with Lagrangian boundary 
conditions at the two ends; we can arrange that these do not hit pseudoholomor-
phic disks (or spheres). We then need to invoke the gluing theorem from [46] to 
conclude that we have a bona fide invariant. 
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Chapter 4 

Lagrangian matching invariants 

Our task now is to put together the methods of chapters 2 and 3 so as to obtain a field 
theory for near-symplectic broken fibrations. One part of this—introducing the Floer 
homology groups for mapping tori of symmetric products—can be done immediately. 
The next stage is to bring in relative Hilbert schemes so as to obtain relative invariants 
for Lefschetz fibrations, the relative version of the invariants defined in Smith [49]. We 
then state a theorem on the existence and properties of certain Lagrangian boundary 
conditions for the relative Hilbert schemes, and use these to construct the Lagrangian 
matching invariant for broken fibrations and its relative version. We show that this 
invariant can be organised in a way that makes it resemble the Seiberg-Witten invariant 
(that is, we show how its natural 'topological sectors' correspond to Spinc-structures, 
and describe how the gradings work), and compute it in some simple cases. 

Constructing the Lagrangian boundary condition involves looking carefully at the 
geometry of the Hilbert scheme. The crucial point, which is an observation of Smith's 
[49], is that the normal crossing divisor in the Hilbert scheme Hilbr(C) of r points on 
the nodal curve C is isomorphic to the (r —1)th symmetric product of its normalisation. 

The computations we carry out here are deduced from the formal structure of the 
theory, using general properties of Floer homology. A task for future research is to 
calculate the invariants in cases which involve more interesting moduli spaces. A specific 
goal is to prove a conjecture which we shall state, that a certain triangle of maps 
associated to certain cobordisms is exact. This triangle, and the plan of attack for 
proving it, are akin to Seidel's exact triangle [46]. 

Remark 4.0.10. The reader may wish to refer to the Introduction, where the main 
formal properties of the invariants were set out. 
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4.1 Floer homology for relative symmetric products 

Quantum cohomology 

The small quantum cohomology of Symr(E) was calculated by Bertram and Thaddeus 
[4].1  Their results are complete except for third-order corrections in the range r E 

g — 1), but we shall only state them in the simpler 'weakly monotone' range. 
For any r > 1, the image of the Hurewicz homomorphism (SYnar  (E)) H2 (E Z)) 

is an infinite cyclic group generated by a pencil S in a fibre of the Abel-Jacobi map (cf. 
Appendix A). The Chern number of S is r — g + 1. Its area, with respect to a chosen 
Kahler form, is denoted by A. We regard the quantum cohomology (QH*(Symr(E)), *) 
as a graded Q[q]-algebra, where q has degree 2(r + 1 — g). Its underlying module is 

QH*(Symr(E)) = H*(Symr(E); Q) ®Q  Q[VA]], deg(tA) = 2(r + 1 — g). 

We think of Q[[tA]] as a subring of Aq; q acts by scalar multiplication by tA. 
We shall exclude the range 

(g + 1)/2 < r < g — 1, 	 (4.1) 

which means that we can work over Z rather than Q, that is, we consider the Z[q]-
module 

QH* (Syne' (E); Z) = H*(Symr(E); Z) ®z Z[[tA]i • 
	 (4.2) 

From the point of view of algebraic geometry, the interval (4.1) is the most interesting 
(and the most complicated) but it remains to be seen whether its intricacies are needed 
in studying fibred 4-manifolds. 

A general fact, proved in [4], is that quantum product with any class in H1  is unde-
formed. Consequently, for any c E A*H1(E; Z) c H*(Symr(X); Z)), the endomorphism 

c * — E Endz[bm  QH*(Symr(E); Z) 

is equal to the classical one cU—, extended Z[q]-linearly. To give the quantum product, 
it therefore suffices to describe the degree 2 endomorphism rl * 

Let O denote the integral class Oi/i! when i > 0, and 0 when i < 0. 

iFor related computations in Seiberg-Witten Floer cohomology, see Mufioz-Wang [33]. They con-
sider a version of the theory in which the vector space associated with S1  x E is identified with 
li*(Symr(E);Q). The pair-of-pants product deforms the classical ring structure. Mufioz-Wang give 
a presentation for the Floer cohomology ring, but it is an open problem to determine how it deforms 
the classical product. 
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Theorem 4.1.1 (Bertram-Thaddeus [4]). The submodule of the Z[q]-module 
QH*(Symr(X);Z) spanned by the classes {Orniin }ni,n>o is invariant under n  * —, and 

{nn+1,  

17  * (r n) _ 771/4-1 + e_wi Ei1 09i+n  771—i, — oi 771+ 

7in+1 ± to (eg_r±n  — og _ r Tin )  , 

Floer homology of symmetric products: general form 

r < (g 1)/2; 

r = g — 1; 

r > g. 

Consider the relative symmetric product Yr  = Symrsi  (Y) of a proper surface-bundle 
Y 	81  with fibre E (equipped with j E TvY). After choosing a locally Hamiltonian 
structure Q compatible with the complex structure Symr(3) on TvYr , Floer homology 
is defined, and has the following basic format. Again, we exclude the interval (4.1), 
though it can be included if one works over Q (see [37]). 

• For r > 1, the set of topological sectors, 70  S(Yr ), is canonically identified with 
Hl  (Y; Z),, the affine subgroup of Hi (Y; Z) of classes h with h • [E] = r. 

• H E, (Yr , Q, h) is a Z/2-graded, relatively Z/2(r 1 — g)-graded Az-module. 

• Quantum cap product makes H E,(Yr , 52 , h) a module over Q1-1,, (Symr (E); Z). For 
x E H*(Symr(E); Z), v E HZ (Yr , Q, h), 

x  . 	= E on(x  . on,  
n>0 

where (x • v),., E HFdeg(0_2n(r+l—g ) (Yr) f, h)• 

Floer homology of symmetric products: special form 

We now look more closely at the Floer homology of symmetric products in the case 
where Q is induced by o-  E Z. via the vortex construction. That is, we consider a form 
o-L,T . Recall that its cohomology class is independent of the choice of L E H 2(Y;Z): 

[0-L,T] = 271101(1) — 2721(2). 

Theorem 4.1.2. Assume r > g — 1. (a) The Floer homology module H E, (Yr , aL,T ) is 
determined, up to unique isomorphism, by the cohomology class [To] E H2(Y; IR). 

(b) Assume that the fibres of Y 	Sl have genus g > 2. One obtains an invariant of 
a mapping class, HE,([0],r), by taking the class [ro] E H2  (T(0); R.) to be proportional 
to ci(Tv T(0)). 
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Proof (a) This is more-or-less immediate from Theorem 2.3.12 and its corollary 2.3.13. 
We can consider H (Yr , E.) for any closed, fibrewise Kahler 2-form E representing the 
class [o-L,,]. Because E is chosen from within a convex space, the method of continuation 
maps gives quasi-isomorphisms between the chain complexes C F.(Y, , 	C F.(Yr , s'), 
and chain homotopies between the different possible maps between them. Note that 
the choice of complex structure j E TvY doesn't matter either, because that too varies 
in a contractible space. 

(b) This is a simple generalisation of Seidel's argument from [44] which deals with 
the case r = 1. 

Fix a symplectic form w E 	The space Diff 4"(E) deformation-retracts onto the 
subspace Aut(E, w) of volume-preserving diffeomorphisms by a result of Moser. But 
when g(E) > 2, the components of Diff 4"(E) are contractible (this is a famous theorem 
of Earle and Eells). Thus there is a well-defined homomorphism 

Aut(E, w) Flux  H1(E; IR), 

and Flux-1(a) n Auto(E, co) is a contractible subspace of Auto (E, cv). On the other 
hand, by choosing the flux suitably, one can find a locally Hamiltonian structure a on 
T(q5) which realises any chosen cohomology class extending [w]. An obvious choice is 
to require that [a] be proportional to ci (Tv T(0)), though there are other possibilities 
(one can make a different choice for each topological sector h E Hl  (Y; Z), as is done by 
Hutchings and Sullivan [19]). 

As in (a), the auxiliary choices involved in the definition of the Floer homology come 
from a contractible space, so it is well-defined up to unique isomorphism. 

O 

There is one way in which the situation is different from that where r = 1, and that 
concerns the periods of the action functional A. We consider its periods on the group 

P 	ker (ci  (Tv Yr ) : 7ri (S(Yr ), h) 	Z) . 

By Lemma 2.1.1, ci(TvYr ) = (c(') + 1(2) )/2, where c = ci(TvY) E H2(Y; Z). Hence 
each p E P satisfies 

A(p) = 27((r[a-] + rc)(1) ,p) 	 (4.3) 

= ir(2r [a] + 27c, p(i)  ). 	 (4.4) 

When r = 1, an additional reason for choosing [a] proportional to ci(TvY) is that in 
that case the periods vanish on P, and as a consequence the Floer homology is finitely 
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generated over Z. For r > g —1 it does not seem to be possible to choose T [a] in such 
a way that the periods vanish. 

Remark 4.1.3. I have not established to what extent HF*  depends on the class r[6], 
but there are some general principles to bear in mind (compare e.g. Seidel-Smith U7J). 
Floer homology is the Morse homology of an exact 1-form defined on some covering 
space of S(Y), and one can expect this to be independent of exact perturbations. To prove 
this one has to replace the continuation-map technique by more sophisticated analysis 
of parametrised moduli spaces, studying birth-death processes for critical points. The 
Floer homology should therefore be independent of variations in the cohomology class 
which do not affect the sign of the action .,4(p), p E P. One can look for wall-crossing 
phenomena where the action of some class p E P changes sign. 

Definition 4.1.4. Write 

H F.(Y, 7r, a, r) = 	(17.) 	H F. (Y, 7r, a,-y) 
1,Ex1(Y,z), 

where H F. (Y, 7r, o-,-y) denotes the Floer homology, over Az, of (Y,-,7t.,-, o-pD(7),,,.), for any 
(sufficiently large) T E 118>o. Note that we use the degree r line bundle dual to the class 
y. 

Abbreviate to H F. (Y, it, r)= ED-yeui(yr H F. (Y, 7r, 7) the special case where [a] is z)  
proportional to ci (TvY). 

These Floer homology groups are the ones discussed in the Introduction. The reason 
for the precise form of the conjecture made there, relating them to monopole Floer 
groups with a particular twisting, is that the symplectic and monopole groups then 
have identical periods. That is, 'xi  (8(Y), y)) is identified with 7r1  of the Seiberg-Witten 
configuration space, and, up to a positive factor, the two action 1-forms represent the 
same cohomology class (thought of as a homomorphism 7r1 —i118). 

The relative Hilbert scheme. Let (X, 7r, f2, Jo  do) be a Lefschetz fibration (i.e. a 
four-dimensional simple quadratic fibration) over a compact surface S. Choose a vertical 
complex structure Jv E a(T v X* , fl) which agrees with Jo  where both are defined. We 
can then form the relative Hilbert scheme of r points 

7r,-. : HilbWX) . -> S. 

The fundamental facts about it are these: 
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• Hilb(X) is naturally a smooth manifold. (This is an important discovery of 
Donaldson and Smith [9].) 

• There are induced (integrable) complex structures in neighbourhoods of crit(irr ) 
and on the fibres of 

• Over the regular values S* of 7r there is a natural identification 

Hilbrs.(Xs) = Sy4,,(X*) 

respecting the maps to S* and the complex structures. 

• The map it,. satisfies the conditions on the map in a simple quadratic fibration. 

• There are cohomology operations 

H*(X) H*+2k-2(Hithrs(x)), c c(k) .  

extending the operations H*(X*) 	H*-P2k-2 (symrs*  (x* )) of (2.2). 

• Suppose S is a disk D, E —> D an elementary Lefschetz fibration (i.e. it has 
just one critical point, lying over 0 E D), and /3 E H2(E; Z) a class such that 
(0, [E5 ]) = r > 0 and (0, a) > 0 for each class a E H2(E;Z) represented by a 
component of a fibre Es. Then /3(1) is represented by a 2-form which makes the 
Hilbert scheme a simple quadratic fibration. 

Continuing with the last point, let D' C D be a strictly smaller disk and E' C E 
its preimage. We can construct a 2-form x on HilbrD(E) which, like makes it into a 
simple quadratic fibration, but which is also standard on the complement of HilbrD,(E'): 

• If w E 4 is positive on the non-singular fibres then we can arrange that x is 
equal to woo- off HilbrD,(E'), provided that WT is large. Moreover, such a x is 
determined uniquely up to deformation. 

This can be achieved by a simple application of the Thurston-Gompf method. Notice 
first that [w]1(E \ E') = 	\ E') for some A > 0. We look for a form representing 
the class 27(A713(1) 71(2)). It is clear from its construction that 1(2) is represented 
by a 2-form which is of type (1, 1) near crit(70 and on the fibres. Choose a 1-form 
a such that wo , — 27r(A7-  — ire) = da, and a smooth function p: D —> [0,1] which is 
zero on D \ D' and identically 1 on a smaller disk D" C D'. Put 

wp,- — d(pa), 	over D\D", 
x= 

27r(A7-  — 7re), over D". 
(4.5) 
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When AT is large enough, this form is Kaliler near crit(n-r ) and on the fibres, as required. 
The uniqueness up to deformation follows by linear interpolation, bearing in mind 

that spaces of Kaliler forms are convex. 

Grading. In the Introduction we claimed that the Floer homology of symmetric prod-
ucts has identical relative grading properties to the monopole Floer theory. We now 
make good this claim, as far as the modules themselves are concerned. 

A generator v E 7-1 (Y., o-L,T ) of the Floer complex CF,,(Yr , a-L ,T ) gives rise to a 
closed subset (`multisection') i7 of Y which represents a 1-cycle. A simple transversality 
argument shows that a small perturbation vo of v will generically miss the diagonal, 
and moreover that any other such perturbation vi  will be homotopic to vo  outside the 
diagonal. The 1-cycle 00  is a disjoint union of embedded loops in Y, positively transverse 
to the fibres, and homotopic to the loops in Vi. By a procedure which we explained 
in the introduction, these loops determine a homotopy class of oriented 2-plane fields 

Its underlying Spine-structure is t[p]  , which depends only on the homotopy class 
[v] E 7ro S(Yr). 

Let us write -y = [v], and t.7  for the Spine-structure tm. Thus G E 	ty), which 
is a transitive Z-set. The stabiliser (ci (f..7), H2(Y; Z)) is equal to 2(r + 1 — g)Z. This 
is because H2  (Y; Z) is generated by the fibre class [E] (which satisfies (ci (t.),), [E]) = 
2(r + 1 — g)) and by tori on monodromy-invariant classes in Hi (E; Z), which evaluate 
as zero on ci (LI). Thus the monopole Floer homology HM. (Y, a, (7), like H F. (Y., v, ry) , 
is relatively Z/ 2(r + 1 — g)-graded. 

We can sharpen this, however. 
Let S(Yr) denote the covering space of S(Yr) whose points D.  consist of a section 

v E S(Yr) and a homotopy class of symplectic trivialisations of v*TvYr. Consider a 
path u in S(Yr ), from v_ to v+. Choose a lift 1.;_. to S(Yr), and let 14 be the lift of v+  
obtained by lifting the path u, starting at 

Lemma 4.1.5. ,,_[CZ(i-J4.,ii_)] = ev± . 

Proof By an argument involving concatenation of paths, we may assume without loss of 
generality that v+  = v_. Then CZ(i5+,1;_) is the index of a Cauchy-Riemann operator 
over the torus. The index can be calculated by a Grothendieck-Riemann-Roch argument 
similar to (2.1.1) and virtually identical to that of Smith [49]. The result is that 

CZA., 	= [u] 2  + (ci  (Tv (S1  x Y)) , [u]), 

where we consider ft as a 2-cycle in S1  x Y. On the other hand, by a standard calculation 
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in Seiberg-Witten theory, G, = 	[d(z)], where s = [U] scan• But 

d(s) = (c1(s)2  — 2e — 30)/4  

= 	(.5can ) 2 /4  + [FL]2  + (ci (-scan), [fi]) 

= 0 + [n]2  + (TV (S1  x Y)) , [Ti])  . 

0 

Now suppose that X —> S is a symplectic cobordism, and u E M (V_ IXI V+). 
Recall that the index of u is given by CZ(14) — CZ(IL) + x(S), where ri+  is induced by 
CZ(z7:) and a symplectic trivialisation of u*Tv X. The same argument gives 

Lemma 4.1.6. G_[CZ(EF) — CZ(i/_) x(S)) =1 ,,+ . 

The `injectivity' part of the next result is due to Smith [49], though our proof is 
different. 

Proposition 4.1.7. Let 7r: X 	S be a Lefschetz fibration over a compact surface S, 
HillY(X) its rth relative Hilbert scheme. Then, if r > 1, the natural map 

7r0 S(Hilbrs(X)) —> H2(X, OX; Z)r  

is bijective. 

Here H2(X, OX; Z)r  C H2(X, OX; Z) is the set of classes such that (a) 0- [X s ] = r 
for each fibre X s , and (b) /3 • a > 0 when a is the class of an irreducible component of 
a fibre. 

Proof. We will prove this in two cases: (i) S is a disk and 7r has one critical point; 
(ii) S is connected with non-empty boundary and 7r has no critical points. We claim 
that these special cases imply the general result. Indeed, we can decompose a general 
base into pieces of these types, and we can patch together the homology classes. More 
interestingly, we can also patch together the sections. Indeed, by Example B.0.4 in 
Appendix B, when r > 1, sections of the rth relative symmetric product of a mapping 
torus Y = T(0) —> S' which define homologous 1-cycles in Y are homotopic. 

(i): A section u E S(HillfS(X)), evaluated at the critical value 0, gives a point u(0) E 
Symr  (X0 {node}), and this establishes a bijection 7r0 S(Hilbrs(X)) —> 7ro Symr(Xo \ 
{node}) (these sets contain just one element if the node is non-separating, r +1 elements 
otherwise). In the non-separating case, H2(X, OX; Z) = Z, so the map is certainly 
bijective. In the separating case, H2(X, 8X; Z) = Z2, generated by the classes C1  and 
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C2 of the irreducible components of X0. Thus H2(x,ax),. = {mCi  + (r - m)C2  : 0 < 
m < r}, and the map is again bijective. 

(ii): S deformation-retracts onto an embedded bouquet of circles P = I Ji  ri C S 
(F could just be a point). The relative symmetric product Symrs(X) 	S is a fibre 
bundle, so the restriction map 7r0 S(Sym(X)) 	7ro S(Symi,(71-1(r))) is bijective. But 
we know that iro S(7r-1(r2 )) maps bijectively to Hi(7r-1(Fi); Z), (see Appendix B). 
Thus the natural map 7r0(Symir.  (7r-1(r))) 	R1(7,--1 (r);  z)r  is bijective. 

But restriction to F corresponds to the map H 2(X, OX; Z)r 	Hi (7-1(F); Z)r  ob- 
tained by intersection with 7r-1(r). The latter is Poincare dual to restriction H2(X; Z) 
H2(7r-1(11; Z), which is an isomorphism; hence the result. 

0 

Relative invariants. Let (X, 7r, w, J0 , jo) be a Lefschetz fibration over a compact 
surface with boundary, with fibres of genus g. Let C3 E H2(x,ax)r , where r > g - 1. 
To its boundary we have associated a Floer homology group 

HF.(OX, c, ao). 

For convenience we parametrise ax as an outgoing boundary. We can now obtain a 
relative invariant 

HF. (X, w, 0) E HF. (OX, a, 0/3). 

This is a direct application of the results of Chapter 3. We use a form x as in (4.5), 
equal to wp,„ except over small disks Di  containing the critical values of 7r. Notice that 
x is unique up to deformations supported away from ax. 

By the general theory sketched there, these relative invariants are functorial under 
composition of cobordisms. 

As remarked in the Introduction, monopole Floer homology has an absolute Z/2-
grading induced by a labelling of elements of homotopy classes E J(Y) as odd or even. 
The symplectic theory HF. has an absolute Z/2-grading induced by a labelling of the 
generators v E 7L(17,,o- L ,T ) as odd or even. 

Lemma 4.1.8. The homotopy class 	and the integer CZ(v) have the same parity. 

This is certainly true when Y = S1  x E. A general Y may expressed as the boundary 
of a Lefschetz fibration X over the disk. The set H2(X; Z),. is non-empty, and so the 
result follows from the naturality of the two sides under cobordisms. 
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We now bring in the quantum cap product. If we mark a number of interior points 
, sm  E S then this takes the form of a map 

: 	H* (Symr (X„); Z) -> F,(8X, ai3). 	 (4.6) 
k=i 

We can compute this map using cycles in Symr(X,‘ ) derived from cycles in X„: for 
points 	,x, and 1-cycles 71, 	,'yb  in X„, one obtains a cycle 

5x, n • • • n Sx. n 	n • • • n 6-w 	 (4.7) 

where bx , = xi+ Symr-1(X„ ), 	= ,yi+Symr-1(X„). These cycles span the homology 
of the symmetric product, and we can use sums of them to compute the quantum cap 
product. In other words, we consider the surjective homomorphism 

ksk Z[Ho(X8,;Z)] 	A* Hl(Xsk ; Z) 	H*(Symr(Xs ); Z), 

and the composite 
m 	m 

fisk : 	Z[Ho(X sk ; Z)] 0 A*  Hi(X s k ; -> H 1:(49 X (1, 84 
k=1 	k=1 

The homomorphism AP varies continuously under deformation of the marked points, and 
we can use this to express the quantum cap product in terms of homology classes on 
X. Let us take just one marked point E = xs1 , so that we have a homomorphism 

W o 	Z[U] 0 A*Hi(E; Z) -> HF.(0X,o- ,80) 

Here U corresponds to the point class in Ho(E; Z) and is considered to have degree 2. 
Notice that o it vanishes 

1. on the ideal in Z[U] 0 A*Hi(E; Z) generated by classes of form 7 - 	-y 

	

H1(E; Z) where mi  is the monodromy of a loop 1: (I, 	—> (s.,$) ;  and 

2. on the ideal generated by the classes y E H1(E; Z) of the vanishing cycles associ-
ated with paths running into critical points of the Lefschetz fibration. 

Vanishing in the first of these two cases is a direct consequence of the continuity prop-
erty. In the second case, it holds because we may transport the cycle p(7) (which 
lies in a smooth fibre of Hilbr(X)) along a vanishing path and into a singular fibre—
indeed, we can replace it by a cycle inside the singular locus of this singular fibre. Since 
smooth sections of the relative Hilbert scheme map to regular points, the moduli space 
of sections which meet this cycle is empty, and thus the invariant vanishes. 
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But the kernel of Hi  (E; Z) —> Hl  (E; Z) is generated by monodromies 7 — mi,,-y and 
vanishing cycles. Hence o Lc descends to a homomorphism 

'1x : Z[U] ®z A*/ ---* H F.(0 X , a-, ,3) 

where I = im(F/i(E; Z) 	I/1(X; Z)). To reiterate, the way one evaluates Ix  on a 
homogeneous element Ua gi A • • • A gb is to apply the map (4.6) to a sum of cycles 
(4.7) in fibres, observing that the outcome is independent of the choices involved. 

When X is closed and the base is 82 , we also have 

Lemma 4.1.9. I = I/1(X; Z). 

Corollary 4.1.10. When the base is S2 , the relative invariant can be viewed as a 
homomorphism (13x: Z[U] 0 A*Hi(X; Z) Z. One could equally say 1x E A(X). 

Another feature of the closed situation is that the invariant does not change under 
deformations of the symplectic form (provided that we stay within the class of forms 
for which the invariant makes sense). On the other hand, the Lefschetz fibration has 
a distinguished deformation class of symplectic forms, and hence so does the Hilbert 
scheme. 

In sum, we can arrange the relative invariant of a Lefschetz fibration X 4 82, 
restricted to the 'monotone range' d> 1, as a map 

Spinc(X)>i  A(X). 

4.2 Lagrangian matching invariants 

Here we set out the most important geometric construction in this chapter—the La-
grangian boundary condition to which we will apply the methods of Chapter 3. The 
proofs will be given in section 4.4. Start with 

Data 4.2.1. 	1. a compact, connected symplectic surface (E, w), and 0 E Aut(E, w); 

2. a circle L C E with 0(L) = L; 

3. j E a (T(0),,o). 

There is an assortment of related objects (involving a small amount of further choice) 
which we list here for later reference: 

• Q C T(0) is the wo-isotropic subbundle swept out by L. 
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• (E, 	:= (o-LE, aLq)  is the result of surgery along L. Note that E need not be 
connected. 

• 7rbr X& A is an elementary broken fibration over an annulus A = A[1, 2] C C, 
realising a cobordism from T(0) to T(i15) and having Q as a fibred vanishing 
cycle (see (1.2)). For definiteness, we shall suppose that T(0) lies over the inner 
boundary of A (E is identified with 71;1(1)). Write Z for the circle crit(7rbr ). 

• w is a compatible near-symplectic form on Xi;'r , extending wo. 

• We also write (Y, ir , a) for the mapping torus of 0, and ( 	5-) for that of q5 
(with its form induced by w). 

• We write S (resp. g) for the relative symmetric product Syni, (Y) (resp. SYmrs-1-1(17)). 

• Choose a line bundle P .7C1', which is the determinant of a Spine-structure and 
which has degree r over E. Abbreviate to c (resp. -e) the restriction of c1  (P) to Y 
(resp. Y). Then, upon choosing a real parameter r, we have locally Hamiltonian 
fibrations (8, irr , ac,T ) and (8, 	az,r ). (The dependence on c and e is slight; 
this is just a convenient way to arrange things.) 

Main theorem 4.2.2. The fibre product (S xsi g, 7r, xsi 	—cre,7 e ih,r) contains 
an isotropic subbundle Q such that the following hold. 

1. The projection Q 	is an embedding. It represents the homology class SQ (see 
below). 

2. The projection Q 	S is an 81-bundle. Indeed, there is a non-canonical isomor- 
phism of fibre bundles 

Hence A, the intersection of Q with the fibre Syne.  (E) x Symr-i(E), is  a trivial 
81-bundle over Symr-1  (2) . 

The given data determine such a subbundle canonically up to isotopy. 

Remark 4.2.3. Let us clarify what is meant by the statement about homology classes. 
The situation is very simple when Q is orientable (a torus), but a little more awkward 
when it is a Klein bottle. 
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There is a formal addition map Q x Symrs71(Y) -> S. This carries a fundamental 
chain (SQ . Likewise, Q has a fundamental chain. When Q is non-orientable, these will 
not be cycles. Each is defined only up to sign, but choosing a sign for one gives a natural 
sign for the other. This is because Q (or rather, a subbundle smoothly isotopic to it) 
has an open set consisting of triples (t, x D, D') where t E Sl, x E Qt , D is a divisor 
consisting of r - 1 points on Et  lying outside a chosen nighbourhood of Qt , and D' is 
D considered as a divisor in 2t  —see Equation 4.31. 

Now, the difference chain, Q - SQ  is a null-homologous cycle in 8. 

Remark 4.2.4. The zeroth symmetric product of a space is, for our purposes, a point. 
Thus when r = 1, Q lies inside Y itself. In this case we may take Q = Q. 

Addendum 4.2.5. The homomorphism 

72(Symr(E) x Symr-1(E)) 	7r2(Symr(E) x Symr-1(E), A) 

is surjective, provided that 2 is connected. 

Sections of Q versus Spinc-structures. Let d = x(E)/2 r = x(E)/2 (r - 1). 
Consider the affine subgroup I-4d)  C H2 (X, Z U DX) of classes i3 such that (i) as = [Z] 
modulo H1  (ax ;  Z); (ii) Q • [E] = r; and (iii) • [2i] > 0 for each component Ei  of E. 

Addendum 4.2.6. There is a commutative diagram 

S(Q) 	7r0 SO) 

Icycle map 

	

4 ) 	 Z)r-1 

The cycle map is surjective, and bijective when r -1> 2 (this follows from the descrip-
tion of the set homotopy classes of sections of a mapping torus given in Appendix B). 
The first vertical map is a canonical surjection. It is bijective when r - 1> 2 and 2 is 
connected. 

The lower line was considered in the Introduction and in Chapter 1. It was estab-
lished that there is a commutative diagram 

_>. Spinc(X)d  restr. Spinc(F) 

	

T 	

T 

112d) H1(Y 4-1 

125 



The vertical maps are the `Taubes maps' (see section (1.1.1)) and are bijective. The 
map on the lower row is, as already stated, surjective. Moreover, by (1.2.12), its (affine) 
kernel may be identified with the image in Hi (X; Z)1  of Hi (Q; Z)i. 

Remark 4.2.7. The results extend with minor modifications to the situation where Q 
is a disjoint union of k isotropic circle-bundles. (We stated them in the k =1 case just 
for clarity's sake.) Here we briefly indicate how they generalise. 

The most significant difference is that we must take S = Symrs-, k(F) (interpreted as 
empty if r < k); pr2(Q) will then be the intersection of the hypersurfaces pr2(Qi) coming 
from the components of Q. 

The commutative triangle no longer makes sense, but Q 	x s i g, where L -> S1  
is a circle-bundle, trivial if and only if the number of Klein bottle components of Q is 
even. 

The homomorphism of Addendum 4.2.5 is no longer surjective; its cokernel is iso- 
morphic to ker(Z{[Li], 	, [Lk]} 	Hi(E; Z)), where the classes [Li ] E Hi(E;Z) are 
those of the components Li  of L C E. 

In Addendum 4.2.6 one just needs to replace r - 1 by r - k. 

We can combine Addendum 4.2.6 with the result on homotopy classes of sections of 
relative Hilbert schemes (Prop. 4.1.7). Let (X, 7r, w) be a directional near-symplectic 
fibration over S. To simplify the statement, we assume that 7r(Z) C S is connected. 
Choose an embedding of a narrow closed annulus A[1 - E, 1 + E] in S, so that 7r(Z) 
is its unit circle. S \ int(A) is a disjoint union Si U S2; let Xi  = 7r-1(Si ). Suppose 
that the fibres over Si (resp. 82 ) are connected of genus g (resp. g - k). Thus 
8X1  contains a (disconnected) fibred vanishing cycle Q, unique up to deformation (cf. 
Chapter 1). For each r > 7ro(Z) there is a Lagrangian boundary condition Q = Q,. C 
Symr(Xi) x si Symr-k (X2). 

From Addendum 4.2.6, and the remarks on the generalisation to k > 1, we have the 
important 

Corollary 4.2.8. For each r > k + 2, the components of the set 

{(u1 , u2 ) E 	(Xi)) x S(Hilbrs;1(X2)) : (.91/1,0u2) E S(Qr)} 

() are in natural bijection with the subset H21  c H 2(X, 8X U Z). 

(Even when t is not connected, the components still map surjectively to HV ) .) 
The proofs of the addenda, though simple, are geometric; they make use of the 

construction of A as a vanishing cycle. We postpone them, along with the proof of 
Theorem 4.2.2, to section 4.4. 
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Relative pin structures 

Lemma 4.2.9. The Lagrangian boundary condition Q has a canonical relative pin struc-
ture. 

Proof. Let —> 8 x si 8 be the pullback by pre  of the vector bundle Tvg. We exhibit a 
pin structure on .1Q G 7'0. Notice that TvQ = prgvg e A, where A is a line bundle. 
Hence the structure group of IQ @ TvQ reduces to the subgroup 

0(1) x SO(2r — 2) c— 0(4r — 3), (A, B) i— diag(A, B, B). 

We claim that this homomorphism factors through Pin(4n — 3). The restriction to 
identity components, id x SO(2r —2) —> SO(4r — 3), factors through the covering group 
Spin(4r — 3) because it kills 7ri SO(2r — 2). But in odd dimensions, Pin = Z/2 x Spin 
(just as 0 = Z/2 x SO), so the claim follows. This gives our canonical relative pin 
structure. 

0 

Gradings and near-symplectic cobordisms 

For 0 E .F-41) , 7 E 7ro s(3), and -7 E 7r0 S(g), let us write 

7 — p rY 

if the class 3 E 7r0 S(Q) corresponding to 0 projects to ,), under pri*  and to ,5,  under 
pr2.. 

Now take z E Spinc(X), restricting to t (resp. t) on Y (resp. 17). For p E J(Y, t) 
and 15 c J(Y, t), we follow [22] in writing 

P'''.6 P 

when there exists I E J (X , s) preserving p on Y and fi on F. 
These two relations correspond as follows. 

Proposition 4.2.10. Let e E J(Y) (resp. e E J(Y)) be the classes represented by the 
vertical tangent bundle of 7 (resp. Tr). Then 

'Y —0 7 	y ^-'s.,(1  :,/ 

(Recall that 	denotes twisted along -y.) 
We can represent /3 by a surface /3 which is the disjoint union of (r — 1) sections 

of Xil,-'r  -f A and a cylinder C with one boundary component in Y and the other 
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component equal to Z. We then have 7—p where -y and y  are the sections of 
and g corresponding to the boundaries of Q. The proposition follows from the following 
lemma. 

Take a tubular neighbourhood Nz of Z, and an almost complex structure I on 
X \Nz compatible with 7r. This, of course, will not extend over N. 

As explained in the Introduction, a 2-plane field (or stable almost complex structure) 
on a 3-manifold can be twisted along an embedded 1-manifold. In similar fashion (and 
compatibly with restriction to the boundary) an almost complex structure I on a 4-
manifold X can be twisted along an embedded surface S. The twist is induced by 
an automorphism of TX supported near S. Choose a path 1: [0,1] —> U(2) such that 
1(0) = —id and /(1) = id, and such that the loop t H det(l(t)) E U(1) has degree 
one. This induces m: ( D2, 8D2 ) 	(U(2), id), rel° 1-4 l(r), and hence, via a tubular 
neighbourhood of S, an automorphism of TX. Note that this operation is homotopically 
trivial if one does not fix the almost complex structures over the boundary. 

Now we have: 

Lemma 4.2.11. The almost complex structure I' obtained by twisting I along C n (x 
Nz) extends over Nz • 

Proof. Consider the almost complex structure Jo on Nz induced by an embedding 
Nz 	C2  as a neighbourhood of a circle. This induces a homotopy class 0 E J(aNZ)• 
We claim that its twist, 0' = 0[—(C n ONE )], coincides with the class induced by I'. 
By twisting both sides by C fl ONz we then obtain the result. 

We can choose a framing Nz = Sl x B3  which maps C n Nz to S1  x {pt.} c S1  x S2. 
Now, both 0' and have underlying Spine-structure L i  (here we use the notation of 
chapter 1). The set J(S1  x S2 , t_1) has only two elements, of which precisely one 
is symmetric under S'. Both 0' and 	considered as classes in J(S1  x S2, t_1), are 
S1-invariant. Hence they are equal. 

0 

4.2.1 Defining the invariants 

Elementary broken fibrations 

We first explain how to use Q to derive a homomorphism 

H F. (X r, w, 0): H F. (Y, Q, 7) H F. (Y, Q, Fy) 

from our elementary near-symplectic broken fibration. We assume for the time being 
that E is connected. 
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We know from Section 3.2.5 in Chapter 3 how, in principle, to obtain from Q a 
relative invariant 

4)(0) E HE,(8 x 8, —o-c,, aE,f-) 

(more precisely, a collection of invariants indexed by 70  S(Q). To make it rigorous 
we have to check that Q satisfies the hypotheses discussed there (specifically, those of 
Theorem 3.1.8). From Addendum 4.2.6, we have: 

• Providing E has no 2-sphere component, the minimum Maslov index µ,,„„(A) is 
equal to 2cmin(3t x gt) = 21d1. The homomorphism µ is a positive multiple of 
d x area. 

Here d = r + x(E)/2 = (r — 1) + x(2)/2. This means that the level of difficulty 
involved in constructing the relative invariant 4,(Q) for a particular d is similar to that 
in constructing the Floer homology groups of S and 3 themselves: 

• If d > 0, Q is monotone, and constructing (1)(Q) is unproblematic. 

• If r < (g(E) + 1)/2 then 0 satisfies the strong negativity assumption discussed in 
section 3.2.6: Lazzarini's lemma, in tandem with Hofer-Salamon transversality, 
allows us to construct an invariant .1)(0). 

• If d = 0 (i.e. r = g(E) — 1) the Maslov index is zero; thus A behaves rather like 
a special Lagrangian in a Calabi-Yau manifold. In (3.2.6) we sketched how to 
obtain an invariant (1)(0), using arguments very close to established ones. This 
is a borderline case, and as such it demands closer attention. For the present we 
regard the construction of 13.(Q) as conjectural. 

• This leaves outstanding the range (g(E)+1)/2 < r < g-1. It seems plausible that 
the moduli space for the Lagrangian boundary condition Q carries a closed virtual 
fundamental chain, and therefore that it is possible to define a rational invariant 
1(Q). An optimistic guess is that the moduli spaces of vertical holomorphic disks 
with boundary on Q can be related to spaces of spheres in the factors, and thereby 
shown to have codimension > 2. 

By the procedure explained in Section 3.2.5 (in the paragraph on the Kiinneth 
formula), and using our canonical relative pin structure, we interpret the element 1(Q) 
as a homomorphism 

/,(0) E HomA, (HF,k  (3, ac, r), H11*(8 • z ,T ) • 	 (4.8) 

Recall that this necessitates working over a Novikov field AF  so as to avoid Tor-terms. 
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We have established (Addendum 4.2.6) that the set of topological sectors 70  8(Q) 
maps bijectively to 1-/-(1)  C H2 (4, ax U Z; Z). For each E Hn with boundary 
components -y e H i (Y; Z) and y  E H1( 7"; Z), we interpret (1(Q) as a homomorphism 

H 	0): H F.(Y, Q, y) ---÷ H 	,7)• 	 (4.9) 

In particular, we can take [a] proportional to ci(TvY) and [a] to ei(Tv17), and obtain 
a homomorphism 

H 	)3): H F.(Y, ry) 	 (4.10) 

Notes. (a) The homomorphism preserves degree in the sense of the discussion in the 
paragraph on gradings and degrees above. 

(c) Compatibility with quantum product: HF.(Y,a,-y) (resp. 	 y)) is a mod- 
ule over Q H* (Symr (E); Z) (resp. QH* (Symr-1(2); Z). These module structures are 
specified by a distinguished endomorphism U of degree —2 (quantum cap product with 
77) and homomorphisms 

(E; 	Hom( 	(Y, a, 7), H F.(Y, -y)[-1]), 

Hi (E; Z) Hom(HF.(Y, 	H (Y , U, ;?)[-1]) . 

Lemma 4.2.12. We have 

H.F.(Xt, w , f3) o U = UoH 	0). 

If a E Hl (E; 	E Hi (E; Z) represent the same class in 111(X; Z) then 

o H F.(4, w, 13) = HF.(nr ,w, f3) o a. 

Proof. The classes riE  E H2(Symr(E); Z) and 712  E H2(Symr-1(E); Z) agree when 
pulled back to the product and restricted to A. Thus the first equation follows from the 
relation (3.19). The same applies to pairs a E H1(Symr(E); Z) and a E H1(Symr-1(E); Z). 

(d) There are maps in both directions! Indeed, there is a very similar discussion when 
the base annulus has the opposite orientation, cf. 3.2.5. This is in marked contrast to 
the relative invariants of Lefschetz fibrations, where only one orientation of the base is 
allowed. 
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Open case. We can extend the above discussion to general near-symplectic broken 
fibrations 	w), provided they are directional (i.e., that each circle of critical values 
has a consistent 'connected' or 'high-genus' side) and that all fibres are connected. 

Assume that (X, it, w) has incoming boundary (Y,n ,7rin , o-in) and outgoing boundary 

(Yout ,7rout IsTout)• 
One defines the invariant by the following steps. 

• Choose oriented embeddings fi : A y S of closed annuli as narrow, disjoint neigh-
bourhoods of the circles in 71(Xerit). No isolated critical value is allowed to lie in 
im(fi), nor is any point of S. 

• Consider S' = S\U i  int(im(fi)). To each pair (Yi , Yi ) of boundary components of 
7-1(Si) one associates a fibred vanishing cycle Qi  c Yi , and hence a Lagrangian 
boundary condition 

Qi C Symrsi (Yi) xsi Sym7:jk (Yi), 

where k = 70(Q). 

By the procedure explained in Section 3.2.5 (under the heading 'a small generalisation') 
one obtains a homomorphism 

HF.(X,w,13): HF. (Yin crin An) 	HF.(Y_ out, Gout,iBOUt) • 

We need to establish that this is independent of the auxiliary choices involved. These 
are 

• The choice of almost complex structure on TX, away from the singular circles, 
compatible with the broken fibration. 

• The embeddings fi . 

• The fibred vanishing cycles Qi. 

• The Lagrangian boundary conditions Q. 

• The closed 2-forms on the Hilbert schemes near the singular fibres. 

It is clear that the auxiliary choices form a path-connected space. In particular, the 
construction of vanishing cycles is unique up to deformation, and varies continuously in 
families. Hence the invariance follows from the deformation-invariance of the relative 
invariants. 
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We should note, however, that the space of auxiliary choices may well not be con-
tractible (it is possible that parametrised versions of the relative invariants detect es-
sential spheres). 

We can also see that one can make deformations of the map 7r and 2-form w, sup-
ported away from 8X, without affecting the invariant. The only non-trivial point is 
to see that it makes no difference whether one has two singular circles mapping to one 
circle in C c S or to two parallel circles C1, C2  C S. This is not difficult to prove, using 
transversality of evaluation arguments, but we do not give the details here (nor do we 
use the result). 

There is a more general form of the invariant, incorporating the quantum cap prod-
uct. Rather than recording it in full, we simply note here that there is distinguished 
endomorphism U of degree —2 (cap product with an 77-class in a regular fibre) which 
commutes with HF.(X,w,f3). 

Closed case. Suppose that (X, 7r) is a broken fibration over S2, with singular circles 
Z, mapping to a single equator in S2, with the directionality property, and admitting 
a compatible near-symplectic form (cf. Theorem 0.0.2). 

A Lefschetz fibration over the disk has the property that the inclusion of a fibre 
induces a surjection on H1. From this it is easy to deduce 

Lemma 4.2.13. Iii(X;Z) is spanned by the images of .111(Xb;Z) as b varies over S2 . 

Hence in this case we can formulate the relative invariant as a map 

Spine(X)>1 	A(X). 

We call this the Lagrangian matching invariant. Its value E.,x,,(5) is specified by eval-
uating it on homogeneous elements of Z[U] oz A*Iii (X; Z) by the same procedure as 
in the Lefschetz case (using fibrewise divisors). It follows from Lemma (4.2.12) that it 
does not matter whether we choose fibres on either side of a critical circle or the other, 
hence that Lx,r  is well-defined. 

Note also that it is independent of the choice of near-symplectic form w, because 
these are determined by 71, up to deformation. 

4.2.2 Some simple calculations 

Dimensional reduction 

The category of near-symplectic cobordisms contains a much simpler category CMorse 
in which all the structures have S1-symmetry. 
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An object of CMorse is a triple (E, c, r) consisting of a closed, oriented surface 
with a locally constant function c: E 	S1  and r E Ho(E; Z). A morphism (Y, f, a) 
from (El, ei, ri) to (E2, c2, r2) is a cobordism Y, equipped with a circle-valued Morse 
function f : Y 	Sl  with no interior maximum or minimum, and a homology class 
a E H1(Y,e9Y U crit(f); Z). There are two requirements on a: its boundary must be 

8a = r2 — ri 	E (_i)ind(i)+1{x]  How U crit(f); Z), 

xEcnt(f) 

and the number a n [F] — dim(Hi(F))/2 must be constant as F ranges over regular 
fibres F of f. 

For example, the second condition rules out the class a of a path running from an 
index 2 critical point to a 'cancelling' index 1 critical point. An alternative would be 
to keep track of a line bundle L —> Y instead of the classes a. 

We can see Cmorse as a dimensionally-reduced version of NS; one obtains a near-
symplectic cobordism by crossing everything with 81  (strictly the near-symplectic form 
is only determined up to deformation, though that could be fixed by keeping track of 
metrics such that df is harmonic). 

Elementary cobordisms. A basic case to consider is one where Y is an elementary 
cobordism Ceiem  from E to -2; the Morse function f is real valued, and has a single 
critical point, of index +1. 

This gives rise to an invariant 

HF.(E, x Si ) HF.(Er _i x S1 ), 

(Er  = Syrnr(E), 	= SyMr-1(t"  )). Here we simplify the notation by summing over 
topological sectors and suppressing the 2-forms. On the other hand, we have 

HF.(Er  x Sl , r) 	(Er ; AF) = X(E, r) ez ATE) 

HF.(Er._1  x Sl ,r — 1) 	(Er  _1; AF) = X (E, r — 1) ®z Al 

Here, for a compact oriented surface S, we write 

X (S, n) := 	Symi 11,,(S; Z) ®z An-3H1(S; Z). 
3=o 

By Prop. (3.2.6), 1 is the fundamental class [A] of A C Er  x Er-1, interpreted via 
the Kiinneth formula and Poincare duality on Er : 

= [A] c 1/2r—i(Er X E_r_i; AF) = [ ff*(Er; AF) OAF 11*(Er-1; AF)12r-1 

HomAF  (H*  (Er ; AF),I1*-1(Er—i; Ar)). 
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We can also consider an elementary cobordism CL, running in the opposite di-
rection (so the Morse function has one critical point, of index 2). Its invariant is a 
homomorphism 

IlF.(Er_i x S1) HF.(Er  x S1). 

Again, it has a simple interpretation, which this time involves Poincare duality on Er_i: 

= [A] E H2,-_1(Er_i X Er ; AF) HomAF  (1/* (Er-i; Az), 1/*+i(Er; AF))• 

It is not difficult to give completely explicit formulae for the maps .1) and 111, but what 
is more illuminating is to observe that they are the same as the maps that arise in a 
well-known (2+1)-dimensional TQFT, which we shall call the Segal-Donaldson model 
[41, 6]. This can be characterised as follows. 

Definition 4.2.14. The admissible (2+1)-dimensional cobordism category of 
degree d is the category in which an object is an oriented 2-manifold, and a morphism 
is an 'admissible cobordism' Y equipped with a line bundle which has degree d over the 
incoming and outgoing ends. Admissible means that either 

aY = 0, Hl  (Y; Z) "="' Z, or 

	

aY 	0, Hi (5Y; Z) —> Hl  (Y; Z) is onto. 

The Segal-Donaldson model is a TQFT for the admissible (2+1)-dimensional cobor-
dism category, i.e. a functor from this category to super AF-vector spaces, preserving the 
multiplicative structures (disjoint union; super tensor product) and dualities. Strictly, 
the morphisms are defined only up to a sign ±1 (Segal explains how to fix this ambiguity, 
but I have not yet checked how this applies in our situation). 

Theorem 4.2.15 (Donaldson [6]). For any sequence of non-negative integers no, n1, , 
there is a unique TQFT Vd on the level d admissible cobordism category such that 

vd(E) = ED  ni  AiE 
i>0 

for connected surfaces E, as representations of the mapping class group gyre Diff+(E). 
Here AiE denotes A9(£1-'Hi(E; Az). If Y3  is closed, so that there is a unique line 
bundle L of degree d, then 

Vd(Y, L) Eniai, 

	

where A(Y) = +(ao + E 	t" + t-i)) is the normalised Alexander polynomial of Y. 
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(`Unique' means up to natural isomorphism.) We shall take Vd to be the unique 
TQFT corresponding to the sequence 

ni  = + 1 d. 

This is of interest (especially when d > 0) because we have 

Vd(E) = X(E,g -1+ d) AI' 

as representations of 7r0  Diff+(E). 
Note that one can sum over isomorphism classes of line bundles (and just write 

Vd(Y)) but one must be careful about how these maps compose. 

Lemma 4.2.16. ,b satisfies the following properties: 

1. Let (a, id) E Hl  (E; Z) x Hl (2; Z) be such that the images of a and ife in 111(C dem ;Z) 
are equal. Then a A (1)(x) = 4)(a A x). 

2. U o -= (1) o ET and o = 4 o 0, where 0 E A2H1  (E; Z) and E A21/1  (2; Z) are 
the cup product forms; 

3. on the degree 1 component .Fli (E;Z) of X(E,r), 43 is given, up to sign, by x 1-* 
x n [L]. 

Moreover, it is uniquely characterised, up to sign, by these properties. 

Proof. The first two properties are instances of (3.19), though they can be verified in an 
elementary way here. The third is another way of writing the equation pri [A] = [(5L]. 

For the uniqueness, we note that by (2) it suffices to show that 	is uniquely 
determined on the subspace Arlii (E; Z) c X(E, r); this is a simple consequence of (1) 
and (3). 

On the other hand, the Donaldson-Segal map Vd(Cdem ) satisfies these same prop-
erties, as one can easily verify from Donaldson's model. 

Corollary 4.2.17. Vd(Ce-iem) = ±4), and Vd (CLn ) = ±T. 

(The statement about W is proved by an identical argument.) 

Corollary 4.2.18. Let Y be a closed 3-manifold with Hi(Y;Z) = Z, and f : Y --) S i  
a Morse function with connected fibres and no extrema. Let 

id x f : S i  x Y Si  x S i  

be the corresponding broken fibration. Then Lsi xY,idxf (5d) = Ei>0 (i + 1  + d)ai, 
where A(Y) = +(ao + Ei  ai  (t i  t-i ) is the Alexander polynomial. 
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(The assumption Hi (Y; Z) = Z implies that such Morse functions exist.) The result 
presumably holds for general H1, provided that the Alexander polynomial is replaced 
by the Milnor-Turaev torsion. 

Connected sum model 

Disconnected fibres. In what follows, disconnected fibres rE are unavoidable. We 
insert here a brief discussion on Lagrangian matching invariants where there are dis-
connected fibres. To be precise, we explain how to modify the construction of (4.9) 
when L is connected but separating. We suppose that E has components Ei and E2 of 
genera 91  > 0 and 92  > 0. 

There are two points we need to take care of. The first is that the homotopy classes of 
sections of Q map surjectively, but not bijectively, to HV). Thus in (4.9) we should sum 
over homotopy classes inducing the same class /3. Gromov-Floer compactness implies 
that the summation is finite. Indeed, for any (v, v) E 7-i(Symrs1  (Y)) x N(Symrs-1 1( 7)), 
the action of an index zero pseudoholomorphic section of 

(—oo, 0] x Spill:31(Y) x g1 7i(SymrsT1(Y)) —> (—co, x Si , 

asymptotic to 	I)) and with boundary on Q, depends only on Q. 
The second point concerns bubbling. We have 

r-1 
symr-1(2) 1.1 symri 	) x Syne-1'1(22). 

ri=0 

Thus there are positive-area bubbles of Chern numbers r' + 1 — 91  and r' + 1 — 92 
for each 2 < r' < r. One finds that Symr-1(E) is weakly monotone provided that 
r < min(g1/2, g2/2). As to boundary bubbles, we now have 

coker (7r2(Symr(E) x symr—k(2)) 	ir2(Symr(L,) x Symr—k  (E, A)) Z. 

It is not difficult to verify that there are positive-area disks, representing generators 
of the cokernel, having Maslov indices 2[(r — 1) + (1 — gi )] — [r + 1 — gi ]. When r 
min(.91/2, 92/2), the 'strong negativity' assumption discussed at the end of Chapter 3 
is valid, and the construction of the invariant goes through. 

Vanishing of the invariant. A basic fact in Seiberg-Witten theory is that SINxi#x, 
vanishes identically when the connected summands X1  and X2 have positive q. (Sim-
ilarly, the relative invariant in monopole Floer theory associated to a cobordism which 
is an interior connected sum of two cobordisms is zero.) 
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At the end of Chapter 1 we described a simple model for the connected sum of two 
broken fibrations, (Xi#X2, 71#72). Recall that X i#X2  has a portion X' which is a 
broken fibration over the disk D; the central fibre El#E2 is connected, the boundary 
fibre E1  U E2 disconnected. Deleting a small central disk we obtain a broken fibration 
X" —> A over an annulus. 

Its Lagrangian matching invariant vanishes: 

Proposition 4.2.19. L(xi#x2,„1#7,2) (0) is well-defined, and equal to zero, for each 
13 E Hr such that 3 • ([E1] [E2]) < g(E,)/2, i = 1,2. 

Proof. The relative invariants of X" —* A are zero, for a simple homological reason. 
They are given by components of the Segal-Donaldson homomorphism Vd(ElUE2) 
Vd(E1#E2) corresponding to surgery along the separating circle L along which the 
connected sum takes place. But when the homology class [L] is zero, 1 is zero, as is 
clear from the lemma about (1) above. 

4.3 	Geometry of the compactified families 

Remark 4.3.1. Compactified Jacobians and Hilbert schemes, and their relative ver-
sions, have been studied by algebraic geometers for many years. The modern approach, 
using geometric invariant theory to construct projective compactifications over the mod-
uli space of stable curves [.5], is a systematic and powerful one. However, for us, func-
toriality is less important than explicitness. We give concrete descriptions of the spaces 
involved, for the most part avoiding group quotients, and we do not need to appeal to 
general existence theorems. 

The idea of using such compactifications in the present context is due to Donaldson 
and Smith; see their paper 1-.9.1 for further information and references. 

Our presentation draws both on [9] and on the explicit formulae in the recent paper 
of Ran /361. 

In this section, we work in the category of complex analytic spaces (purists might 
therefore object to our use of the term 'Hilbert scheme' rather than `Douady space'). 

4.3.1 The Jacobian of a compact nodal curve 

The compactified Jacobian P°(C) of a compact nodal curve is a projective compactifica-
tion of the identity component of the Picard group Pic(C) = Hl(C, 0 x ). It parametrises 
torsion-free coherent analytic sheaves of rank 1 and degree 0 on C. 
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We will construct the compactified Jacobian only in the case where there is just one 
node xo, so we may as well impose that condition from the beginning. The normalisation 
map v: C —› C collapses a pair of points (x.}., x_) to xo. 

The Picard group Pic(C) = H1(C,Ox)   parametrises invertible sheaves. The ex- 

	

ponential sequence on C gives a homomorphism cl  : Pic(C) 	H2(C; Z) = H2(C; Z); 
the sequence identifies Pic°(C) := ker(ci) with H 1(C, O)/H1(C, Z). As a quotient of 
a vector space by a discrete subgroup, Pic°(C) has a natural structure of complex Lie 
group. 

The short exact sequence of sheaves on C 

0 	(9 ). —+ v„,q 	 0 

gives rise to an exact sequence of cohomology groups which, when C is irreducible, 
reads 

0 	C* 	 (C) 4  PiC°  (a) -> 0. 	 (4.11) 

When C is reducible, Pic°(C) pie(o) is an isomorphism. 
There is also a `Jacobian' description of Pic°(C), related to the previous one through 

Serre duality. A description of the dualising sheaf ICG,  which is valid on any compact 
nodal curve is as follows: for an open set U, gCc(U) is the Oc (U)-module of meromorphic 
differentials 71 on v-1(U), holomorphic apart from simple poles at the points 4 lying 
over nodes xg, and with 

Res (77; 	+ Res (77; x'2.) = 0. 

This definition makes 9Cc an invertible subsheaf of v,,(3Ca(E x(4'_ x' )). When C is 
irreducible with one node, the condition on the residues is vacuous by the residue 
theorem. 

Now, Serre duality takes the form of a perfect pairing 

Ho (c, xc) Hi oc) H1(C, occ)  

and we have Pic(C) = H°(O,X ,o)v/Hi(o; Z). Likewise, when C is irreducible, there is 
an isomorphism 

Pic°(C) 
Hi(C\ {x0}; Z) .  

(Note that H1(C; Z) = H1(C \ {xo}; Z).) We can see again from this description that 
Pic°(C) fibres over Pic°(C), with fibre C/Z = C*. 

Ho(C, xc)v 

138 



Constructing the compactified Jacobian 

If C is reducible (with, as before, just one node) then Pic°(C) is already compact. We 
proceed to describe a compactification T(C) in the case where C is irreducible with one 
node. The points of P(C) correspond to torsion-free sheaves of rank 1 (here 'rank' is 
the unique Euler-Poincare map on coherent sheaves such that line bundles have rank 
1). It is a disjoint union of components ̀ 7(C), where the sheaves have degree (Chern 
number) r. 

If 	is a torsion-free sheaf of rank 1, then we can pull back by v and double-dualise 
(killing any torsion) to obtain an invertible sheaf 

9.1) 	(v*gr E Pic(C). 

Take a Poincare line bundle P -÷ C x Pic(C), and let PP 	Pic(C) denote its 
restriction to the slice {x} x Pic(C). Let E = Pxv+  ED ./3;' ; this is a rank 2 holomorphic 
vector bundle whose fibre over the line bundle is (C.,x+)v  ED (f.,x-)v . We consider the 
projectivised bundle IPE. For each point (L, (a : b) E PE, we define a sheaf it(E.,, (a : b) 
on C as the subsheaf of v..0 given by 'gluing the fibres Ls+ and 	according to 
(a : b)': that is, as the sheaf associated to the presheaf 

U H {s E ,C(1/-1U) : a(s(x+)) = b(s(x- )) if xo E U}. 

Lemma 4.3.2. sa(L, (a : b) is a torsion-free coherent sheaf of rank 1 with the same 
Chern class as E.,. 

We verify this by distinguishing two cases. 

1. The C*-subbundle of PE where a and b are non-zero. 

In this case p,(Z, (a : b)) is invertible. If g' is an invertible sheaf on C then 
is isomorphic to tc(gv, (a : b)) for some unique (a : b). This establishes an 

isomorphism between Pic(C) and the C*-subbundle of IPE. 

2. The zero- and infinity-sections of PE. 

The sheaf ,a(Z, (1 : 0)) is not invertible, as the stalk at xo is not singly generated, 
but it is the push-forward of a locally free sheaf, and hence coherent: 

it((C, (1 : 0))) = v,,(Z(-x+)). 

Likewise ,a((,C, (0 : 1))) = 

Notice that v*v,,(4.(-x+ )) does have torsion. If is a rank 1 torsion-free sheaf 
which is not invertible, then g" Ls' it(Tv(-x+ ), (1 : 0)). Thus these sheaves 
correspond bijectively with the zero-section of PE. 
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Here is the definition of P(C). There are two embeddings i±: Pic(C) 	PE, 

i+(L') = (L'(x+), (1 : 0)), 

i_(V) = 	(x _), (0 : 1)), 

and these satisfy ,a o 	= p, o i_. Moreover, i+(Pic(C)) and i_(Pic(C)) have naturally 
isomorphic neighbourhoods, so it makes sense to define P(C) as the colimit 

Pic(C) 	P(E) 	T(C). 	 (4.12) 
2_ 

Thus, as a topological space, P(C) is the quotient PE/(i+-C../ i_E2). As an analytic 
space, 9(C) is irreducible and has normal crossing singularities along the gluing locus 
P(C)sing  = Pic(C). The normal bundles to Pic(C) along the two branches correspond 
to the normal bundles to PE along the zero- and infinity-sections, that is, to PP_ Pxy+  
and its dual Px+ 	. 

These normal bundles are differentiably trivial—they are complex line bundles of 
Chern class zero—but not holomorphically so, because x+  and x_ are linearly inequiv-
alent as divisors on O. 

4.3.2 Compactifying the Picard family 

Next we consider a proper family of curves, 7r : X D, over the unit disk. We suppose 
that the family is smooth over the punctured disk, and that X0  has one node xo and 
no other singularities. There is then a Picard family 

PicD(X) = R17r.q D 

with fibres PicD(X)z  = Pic(Xz ). It breaks into connected components Picrz)(X), r E Z. 
When Xo is reducible, PicrD(X) is already proper, and we shall not modify it. When 
X0  is irreducible, PicrD(X) embeds in a proper family TD(X) 	D. Its fibres are the 
spaces Tr(Xz). We give a lands-on' construction of this family, taking r = 0, using 
period matrices, following [9]. 

Since the inclusion j: X0 	X induces an isomorphism on cohomology, we can 
find classes (Ctr l , 	, ag-i, )31, • • • ,Og--i) in H1(X; Z) such that (v* j* at , v* .1* f3i)i give a 
symplectic basis for H1(Xo; Z). By restriction we obtain, for every s E D, classes at (s), 

(s) E H1(Xs; Z), spanning a symplectic summand. 
There is, up to sign, a unique non-multiple class /3g  E H 1  (X; Z) such that v* j* /39  = 

0. This induces 09(s) E H1(X5 ;Z), orthogonal to ai(s) and A(s) for i < g. We can 
also find a family of classes a9(s), s 	0, so as to obtain a complete symplectic basis 
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(al, 	, ag , i31 i  . , #g ) for 111  (X5 ; Z); however, these are only defined modulo addition 

of /39 (s), because of their monodromy. 
Formally, the az (s) and i3i(s) are sections of the sheaf R17,2x (though ag  is not a 

global section). The exponential sequence of sheaves on X induces an injective map 

t: R17,,Zx —> R17,,Ox. 

The sheaf R17,,Ox is actually a rank g vector bundle, the dual of the Hodge bundle. We 
will not use its local triviality near 0 E D, only on the complement D*, where it is clear; 
in fact (cal  (s), 	, tag (s)) gives a local trivialisation. So too does (tf3i (s), 	, 4(s)), 
and they are related by the period matrix Z: 

(cal  (s), 	, tag  (s)) = —(01  (s), 	, 	(s))Z(s). 	 (4.13) 

The matrix Z(s) has holomorphic entries, and, according to the Riemann period re-
lations, it is symmetric with positive-definite imaginary part. The entry 49 (s) is 
multivalued (since ag  is); its monodromy is Zgg(s) —> Zgg (s) — 1. The function e2lriZ  g 9  

is bounded near 0, and hence extends to a function on D which must have a simple zero 
at the origin (because of the monodromy); hence Z g g  (S) — (271-0-1  log s is a single-valued 

holomorphic function on D, non-vanishing at 0. 
Let (ei , 	, eg ) be the standard basis for Cg, and let e'i (s) = —Egk=i  Zki (s)ek (so 

e9' is defined up to addition by eg , and only when s 0). Using the classes A(s), we 
can identify Pic3)-(X) C R17r,,0 with 

(D x Cg)/A, A = {(s, A) : a E As} 

where 

A, = 	 s 0 

Ao  = Z{ei, 	, eg , ec.(0), 	, e'9_1(0)1. 

(The notation D x Cg)/A is shorthand for the quotient of D x Cg by the relation 
(s,x) ti  (s,x + A), a E As.) 

As previously noted, there is a (bounded) holomorphic function h: D 	C such 
= h(s) — 1.2:4  n  that e' (S) . Define a map 2in 

f : C9-1  x ((D x D) \ (0,0)) —> (D x Cg)/A 

by the formulae 

, { [ab x + 

	

	 _127ria eg  ± h(;b)  i , if ibi  < 1 al  , 

[ab, x — 1Veg  — h(2ab)] , if la l  < Ib i.  
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The two lines agree when both are operative. 
Let A's  C C9-1  be the lattice obtained by projecting As  to Cg-1  = C9 /(eg ). Take a 

set of balls B1 , 	, BN C C9-1  such that the following hold for any s E D: each Bi  fl As 
contains at most one point; and U B, is a connected set covering a fundamental domain 
for A. Let fi  be the restriction of f to B, x (D2  \ 0). The following lemma then follows 
from the definitions. 

Lemma 4.3.3. Each of the maps f is injective, and thus an open embedding. The 
complement of U in_l im(f,) is relatively compact in (D x (Cg)/A. 

We can now define our compactified space, 

9°D(X)= ((D x Cg/A) u U (B1  x D x D)) / 

where the — is the equivalence relation generated by the following: 

(x, a, b)i  ^ fi (x , a, b),, 	 (a,b)EDxD\ {(0,0)}; 

(x,a,b), ^ (x,a,b)i , 	 x E 	Bi; 
( x , a, 0), ^ (x ± A, a, 0)i , 	A E A.10 ; 

(x, 0, b)i  ti  (x + A, 0, b)i , 	 A E A'0 . 

Here the subscripts keep track of the sets B. x D x D. 

Proposition 4.3.4. The analytic space rD(X) is a complex manifold, and the natural 
map 77: 9°D(X) —> D is proper. It has 0 as only critical value, and its critical set 
crit(ir) is a (g-1)-dimensional complex submanifold of n(X). At a critical point, 7 is 
modelled on (z°, z1 , 	, zg ) 	zozi. The open set of regular values is naturally identified 
with Piecb(X), and the zero-fibre with P°  (X° ); in particular, crit(ir) Pic°(Xo). 

Proof. Smoothness is immediate from the construction; compactness holds because the 
f, cover the complement of a compact set in (D x Cg)/A. The obvious map from 
(D x (C9 )/A to the open set 

((D x (Cg/A) U U Bi  x (D x D\ (0, 0))) / ti 

is invertible, and so identifies Pic°D(X) with P°D(X) minus its compactification divisor. 
The statements about the critical points of 7r are trivial. 	 0 

	

One can see directly that the natural 'theta' line bundle O 	Pic°D(X) extends over 
the compactification. This is the bundle 

0 = C x Cg x 
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where the equivalence relation is generated by 

(,x 	ei ,$) 	 ci , s) 	(e -276  

for i = 1, 	,g (when i = g, the second relation only applies when .s 0). 
The map f lifts to a map of line bundles f from the trivial line bundle over C9-1  x 

(D x D \ (0 A) to 0, 

1(,x, a, b) = [e, f (x , a, b)]. 

One can use this to patch together trivial line bundles over the spaces B., x D x D with 
0, and so obtain a line bundle 	T°D(x). 

4.3.3 The Hilbert scheme of r points on a nodal curve 

For each nodal curve C, not necessarily compact, the r-point Hilbert scheme Hilbr(C) 
is a reduced, r-dimensional complex space with normal crossing singularities. Its points 
are in canonical bijection with the set 

{coherent ideal sheaves J C Oc : E dimcpc/9>z is finite and equal to r}. 
zEC 

There is an ideal sheaf Ju11° C 0  Hilbr(C) x C 7 flat over C, and the bijection sends x E 

Hilbr(C) to the ideal obtained by specialising auniv to {x} x C. There is a cycle map 
from Hilbr(C) to the rth symmetric product of C, given by 

Hilbr(C) 	Symr(C), 3 	dinic (0c/g), [z]. 
zec 

If C is non-singular this is an isomorphism, because any ideal in the local ring Oc,0  is of 
the form (e). Moreover, in this case the ideal 3"iv C  Osymr(c) xc  defines the universal 
divisor Am-fly c Symr(C) x C. 

Ideals in the local ring. We begin by describing the ideals in the local ring at a 
node. Let 0c2,0  be the C-algebra of germs of holomorphic functions at 0 E C2 , and 
write R = Oc2 01(xy). 

Lemma 4.3.5. A proper ideal I C R has finite length r = dimc(R/I) if and only if it 
is of the form 

I = (xrn+1  , yr-m+1  , axm byr-m) , 1 < m < r - 1, 

for some (a : E P1 . 
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When ab # 0, this may be rewritten as I = (axm + byr-m). 

Proof. The formula evidently defines an ideal of length r. Conversely, given an ideal 
I 	R of finite length, let m and n be minimal such that xm+1  E I and yn+1  E I. 
If I is not equal to (xm+1, 0+1) then it must contain an element of form axk  + bye , 
where ab 5L  0, k < m, and 1 < n. But then xk+1  E I, so k +1 = in by minimality 
of m. Similarly n = 1 + 1. Hence (xm+1, yn+1, axm + by") c I, and running the same 
argument again we see that equality holds. 	 0 

Let Co = {(x, y) : xy = 0}. By the lemma, the length r ideal sheaves on Co, 
supported at 0, are naturally parametrised by a chain of r - 1 copies of P1. Write Pm1  
for the mth copy, which has homogeneous coordinates (am  : bm ). A model for the chain 
E is given by the subspace of P1 x • • • x Pi_ i  defined by the equations 

bia2 = 0, . 	= 0, 	 (4.14) 

Abstractly, 

	

E = E1 1-)41^132 E2 Uvr./9 3  • • • Uqr_2evpr_i Er-1, 	 (4.15) 

where Em  is a copy of pi , and pm  = (0: 1) E Em , qm  = (1 : 0) C Em . 

Defining the Hilbert scheme. Suppose that C has nodes 4,... , 4, with preimages 
= v-1(4) in the normalisation v : 	C. The complex manifold Symr(0) 

contains codimension-2 submanifolds Sa  := x"±F  x' + Symr-2(o). Let S = U,k=1Sa, 
and form the blow-up 

 

H := Bls(Symr()). 

Define Hilbr(C) as the colimit 

1 (0 ) 	H 	Hilbr(C), 	 (4.16) 

where the maps i+ are the proper transforms of the maps (a, z) 4 + z E Symr(C). 
That is, Hilbr(C) is the topological space obtained from H by gluing the two copies of 
Symr-1(o) associated to each node to one another. Note that in the blow up these two 
copies are disjoint, since before blowing up they intersect transversely. The quotient 
space has a natural analytic structure, with normal crossings along the gluing locus. 
When k = 1, the singular locus is smooth, isomorphic to Symr-1(E'). 
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To examine the structure of this space we consider the model curve Co. Its normal-
isation Co  = C+  U C_ is the disjoint union of two copies of C, and 

Symr(C) = U Symi(C+) x Symr-i(C_) = U Ci  x Cr-2. 
i=o 	 i=o 

The isomorphism here is induced by elementary symmetric functions in the usual way. 
Writing the coordinates on 0 x Cr-i as (al , 	, ai; 	the submanifold x+  
x_ 	Symr-2(C10) is defined by cri = 	= 0. The blow-up H is also a disjoint union, 

H 	U Hi ,  
i=o 

where Ho  = {0} x Cr, Hr = Cr X {0}, and for i = 1, , r - 1, 

Hi  = {(0-1, 	, o-i; 	, Tr-i; (a : b)) E 	x Cr_i  x P1  : crib = 

We define a map p: H -4 Cr  x Cr  X E, as follows: 

Ho 3 (r1, 	(Or; (ri, • • • , Tr);(0 : 1)0, 

11„, 	0-x; 1-1) • • • Tr-i; (a : b)) 1-' (al, • • • az,Or -2; Tl, • • • , 	(a : b)2), 
(4.17) 

ar ) 

The restriction pIH, is an embedding, but p is not injective globally. One can easily 
check that it descends to Hillor(C), and that the resulting map is an embedding. Its 

image is the subspace of Cr x Cr x E cut out by the equations 

xlyr = 0, xr yi  = 0; x1b1 = 	 = Yiar-t 
	(4.18) 

(here (xi,— , xr; Yl, • • • yr ) are coordinates on Cr X Cr. These are explicit equations 

for Hilbr(C0). 

Cycle map. The image of the projection Hilbr (Co) C2r is cut out by the equations 

xiyr  = X2Yr-1 = ' • • = Xryi = 0. 	 (4.19) 

The cycle map Hilbr(Co) 	Symr-1(C0) corresponds, via elementary symmetric func- 
tions, to this projection map. 
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Universal ideal sheaf. We now define the universal divisor 0""1° C Hilbr(C) x C 
which corresponds to the universal ideal sheaf Juni'. We do this first in the case where 
C = Co = {zw = 0} with components C+  = {w = 0}, C_ = {z = 0}. Introduce the 
polynomials 

(x; z) = 

	

	 =0, 	= 1, 	, r. 
j=i 

The defining equations for 0""iv are then 

fr(x; = 0; 

br_i fr-i (x; z) 	(y; 	= 0; 

(4.20) 

fi(x; z) + oUr -1(y; 	= 0; 

fr(Y;w) = 0. 

On the component p(Hi ), A"niv  is cut out by 

zifi (x; z) = 0, wifr_i (y; w) = 0, aifr_i(y; w) + bifi(x; z) = 0. 	(4.21) 

From this one can see that (i) Awn' does give a bijection with the ideal sheaves of length 
r (by comparing with our lemma describing these sheaves at the node); (ii) over the 
non-singular region Hilbr (Co  \ {x0}) x (C {x0}) = Symr (Co  \ {x0}) x (C {x0}), Auni, 

coincides with the universal divisor for the symmetric product. It follows that one can 
define univ  for arbitrary nodal curves by patching together locally-defined divisors. 

Abel-Jacobi map. Suppose that C is irreducible with one node. Any global section 
s 	0 of a sheaf E 	(C) defines an ideal sheaf g, E Hilbr(C). Moreover, there is a 
holomorphic map 

aj: Hilbr(C) 	(C) 

such that aj-1(3) = IPH°(C, fl. An ideal sheaf 7 is mapped by aj to the isomorphism 
class of the torsion-free sheaf (pc/J. 

Remark 4.3.6. The Abel-Jacobi map can be seen in terms of our explicit constructions. 
Here is a sketch. We begin with the Abel-Jacobi map aja  : Symr(o) > Picr(o). This 

lifts to a map H -4 PE, that is, a map between the normalisations Hilbr(C) 	(C): 
the reason is that the normal bundle N 	N symr(o)  is isomorphic to (aj'bE)IS. The 
proper transform of S is a copy of PN , and it has a neighbourhood U C H which embeds 
into Oliw(-1); this maps to OpE(-1), and hence to PE. The resulting map U —> PE 
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may be identified, away from the zero sections, with aja. It therefore globalises to a map 
H 	IPE, as desired. This map descends, in a unique way, to a map Hilbr(C) 	Tr(C); 
this is aj. 

For clarity, we state the following proposition for the case where there is just one 
node. 

Proposition 4.3.7. (a) The set of singular points in Hilbr(C) is the preimage, under 
the cycle map, of xo  + Symr-1(C) c Syne' (C). It is a normal crossing divisor, itself 
smooth. Indeed, HAW (C)sing  is an embedded copy of Symr-1(C'), and the universal 
sheaf over Hilbr(C) x C pulls back to the universal sheaf over Symr-1(a) x C under 
the natural map Symr-1(o) x 	Hilbr(C) x C. 

(b) Along the normal crossing divisor Symr-1(o) there are two not 	 al line bundles 
N and Nv , corresponding to the two branches of Hilbr(C). These are topologically 
trivial. 

(c) There is a well-defined and holomorphic Abel-Jacobi map aj: Hilbr(C) -> (C), 
whose fibres are the projective spaces of sections of sheaves representing points in Tr (C). 
It sends the normal crossing divisor in Hilbr(C) to that in Tr(C), and this restricted 
map corresponds to the Abel-Jacobi map Symr-1(0 	Picr-1(0). 

Proof. We have seen most of this already, but we should still prove that the normal line 
bundles to the normal crossing divisor are dual to one another and have Chern class 
zero. 

A general model here consists of a pair 171, Y2 of codimension 1 complex submanifolds 
in a complex manifold X, with transverse intersection Z = Y1  fl Y2. In the blow-up 
X -= Blz(X), the proper transforms ft, of 11; have normal bundlesNY/X Yz  
isomorphic to Nya x  0 Oy,(-Z). 

Let 572 (resp. 67) be the image in Symn(a) of x_ + Symn-1(0), (resp. x_ + 
Symn-1(C)). Applying the model to Y1  = Jr_ Y2 = 5 in X = SymT(C), we obtain 

Ns: sy mr(E, ) 0 0 p:(-6Z1 ) 

N 617 sym, (a) 0 51(-6r -1) ® (f vi or -1 

▪ 1V5: I Syne' ) 0  ( (9  X ( -674)1,5: ® 08:  (c5L-1 - 8r:1:1) 

• (57i-1 _ 5r-1),  

where the last isomorphism uses the adjunction formula. Similarly, 

N1707 = OsL (d+ 1  - S r-1) 
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which is dual to Or (6r-1-4r-1). The two line bundles i\rk-15-e  can naturally be identified 
with the normal bundles along the normal crossing divisor in Hilbr(C). Since the 
divisors 6±r-1  and or-1  in Symr-1(o) are homologous, the line bundles are topologically 
trivial (the divisors will not usually be linearly equivalent, so the bundles need not be 
holomorphically trivial). 

0 

4.3.4 The relative Hilbert scheme 

We describe the relative Hilbert scheme Hilbr(7) 	C of the map 7: C2 	C, (z, w) H3 
zw, using Ran's model. The most striking feature of this space, uncovered by Donaldson 
and Smith [9, 49], is that, like the compactified relative Jacobian, it is non-singular. 

Assume r > 1. The construction begins with the definition of complex surfaces Xr , 
starting from 

	

X2  := P1  x C. 	 (4.22) 

For higher r, Xr  is the subspace of P1 x • • • x Pri_1  x C defined by the equations 

biai+i = 	i = 1, 	, r - 2. 	 (4.23) 

This is non-singular of dimension 2, with non-singular rational fibres over points in 
C* c C. The zero-fibre is the rational chain E constructed earlier, and one can obtain 
Xr  from Xr_ i  by blowing up a point in the last curve in the chain. Now, 

Hilbr(ir) C Cr x Cr x Xr  

is the complex subspace defined by the equations 

alyr = tbi ; 

xi bi  = yr_jai , i = 1, 	,r - 1; 
	 (4.24) 

br_ix, = tar _ i . 

This maps to C (via Xr ), and the zero-fibre is Hilbr(Co) (the defining equations reduce 
to those we wrote down earlier). The image of the projection Hilbr (7) Cr x Cr x C 
is cut out by the equations 

=- tYr-i; 

= tYr-i--isi, i = 1,...r - 1 	 (4.25) 

xryi = tXr-11 
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and the projection is an embedding except where t = 0. On the other hand, the relative 
symmetric product Symr (7r) also embeds in Cr  X Cr  X C, using the elementary symmetric 
functions in z and in w, and its image is precisely the image of Hilbr(7). Thus, the 
projection to Cr  x Cr  x C is an explicit form of the cycle map. 

Proposition 4.3.8. Hilbr(7r) is non-singular, hence a complex manifold of dimension 
r 	1; it is equipped with a proper projection map 7r, : Hilbr (7r) —> C. The set of 
critical points, Z := crit(r), is the normal crossing divisor in Hilbr(C0 ). There is a 
commutative diagram 

C2  X Z 

 

Hilbr(7r) 

 

c 
where e is a holomorphic immersion which restricts to the identity on {0} x Z = Z. 

Proof. To prove non-singularity of Hilbr(ir) near a point P, and to analyse 7rr  there, we 
distinguish three cases: 

• 7rr(P) = 0 and P lies on a non-singular point of Hillor(C0 ). Say P' E p(Hi). Near 
P', the projection to 0 x 	x C given by the variables (x1, 	, xi; Yi, • • • Yr-i; t ) 
is an open embedding. The proof that it is injective is a simple matter of elim-
inating the remaining variables, one by one; to see that it is locally surjective 
one reverses this procedure. To do so, first determine (ai  : bi ), using the fact 
that xi  and yr_i  are not both zero, which follows from the hypothesis on P. The 
remaining variables are easy to reconstruct. Hence Hilbr(r) is non-singular at P, 
and Tr, is a submersion. 

• 7rr(P) 0 0. The projection to Cr x C given by (xi, 	, x,.; t) is locally an embed- 
ding. 

• 7rr(P) = 0 and P lies on a singular point of Hilbr(C0). This is a more interesting 
case, and we deal with it below by constructing the embedding e. 

For integers i with 1 < i < r — 2, we consider the open subset U, c Hilbr (7r) on which 
ai 0 0 and 1)2+1  0. This contains p(II,) n p(1/,±1 ). Define a map 

ai+i/bi+1; xi, • • • ,si; M., • • • Yr—i-1): Ui --+ C2  X Ci  X Cr-x-1. 

One can check that L is an isomorphism. We have 7r, = 7r o prc2 o L. Hence Hilbr (7r) 
is smooth along p(Hi ) n p(H,+1 ), and 7r,. has a simple quadratic singularity there. 
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Similar remarks apply if we define U0  C Hilbr (x) by {b1 0}, and Ur _i  by {ar-t. 
0}, so that U0  (resp. Ur_i) contains p(Ho) np(Hi) (resp. p(Hr  _1) n p(11r )), and define 
maps 

fo = 	Yr; Y1, 	,Yr-i): U0 —> C2  x Cr-1 , 

= 	-11 ar-i; 	... ,x7 -1): Ur  —> C2  X Cr-1. 

Now set 

x 	Z, 	(x; y) 	(xi7 	Xi, Cir-i Yll 	Yr-i-11 Oi+1; Pi); 

this is an isomorphism onto the ith connected component Zi  of Z (recall pi E E C Xr  
from our earlier discussion). Now set 

ei  = 	o (idc2 x j 
	e2 x  

Notice that ei restricts to the identity map on p(Hi ) n p(Hi+i)• 

r+1 
e = 

	

	ei: C2  x Z— JC Hilbr(7) 
i=i 

fulfils the requirements of the proposition. 

Thus the map 

0 

Further remarks on the relative Hilbert scheme. 

• Having dealt with the local model, one can define Hilbrs(X) for a general Lefschetz 
fibration : X 	S—with integrable complex structure near the critical points, 
as usual—by patching the local model with the non-singular part of the relative 
symmetric product. 

• There is a universal divisor Auniv c Hilbs (X) x 8X. In the local model, Hillk (C2 ) x c 
C2, this is defined by exactly the same equations as those that gave the univer-
sal divisor for Hilbr(Co). The universal divisor induces a bijection between ideal 
sheaves of colength r in the fibres of it and points in Hilbr(lr). 

• The global Abel-Jacobi map Hill4.(X) 75,(X) over S is pseudoholomorphic. I 
do not give the proof here, but nor do I use this fact. 
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Cohomology. Because of the universal divisor 0u°1°  and its dual class f E H2  (X x s 
Hilb7s.  (X); Z), there are operations 

H* (X ; Z) 	H*-F2k-2 (Hilq(X); Z), 	C(k)  

defined in just the same way as for relative symmetric products (see (2.2)). Consider in 
particular the Hilbert scheme HilbrD(E) of an elementary Lefschetz fibration E ---+ D. 
We look at the relation between the cohomologies of the smooth fibre Symr (Ei) and of 
Hi1bD(E)crit = symr-1 (f 0) brought about by the inclusion maps 

Symr(Ei ) 	HilbWE) icrit symr— (E0 ).  

Write js  : Es 	E for the inclusion of the fibre Es  of E. 

Lemma 4.3.9. For any c E H*(E;Z), we have iTc(1) = (jIc)( 1) and ic*rit c( 1 ) = (v* ,j6K  EOM 
where v: E0 	E0  is the normalisation map. 

Proof. The universal sheaf over E x D Hilbrt  (E) pulls back to the universal sheaves over 
E1  x Symr(Ei) (clear) and over rg0  x Symr-1(.E0 ) (Prop. 4.3.7). 

There is an internal direct sum decomposition H*(Ei ; Z) = K G (A), where K = 
im(H*(E; Z) —> H*(Ei; Z)), and A = PD[L] (A may be zero). Lemma 4.3.9 implies that 

ic*rit ° (i1)-1 (x(1) ) 	(v* 0
.7 0 
 0 (j;)-1x)(1) 	x E K. 	(4.26) 

(The map v* o jo o (j1)-1  is well-defined on K, and similarly ic*rit o ) is well-defined 
on K(1).) In particular, 

	

vcrit (iI)-1(nEi) = nk-o, 	 (4.27) 

where the 77-classes come from the orientation classes: TIE1  = (0E,)( 1 ), riko  = (0E0 )(1). 
If L is separating, (4.26) tells us all we need to know: there is a commutative square 

A*H*(Ei; 
	A*(i,j8jI-1) 	

A*H*(Eo; Z) 

I 
H* (Syne' (Ei ) ; Z) 	cr't 	> H* (Symr-1(E0 ); Z) 

in which the vertical maps are onto. 
If L is non-separating then we can write H* (E; Z) = 	A'), where A' E H1(Ei; Z) 

is dual to a loop L' with intersection number L • L' = 1, and where I is the group of 
monodromy-invariant classes. Notice that the class A(1) U A'(1) E H2(Symr(Ei. ); Z) is 
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also monodromy-invariant, as a consequence of the Picard-Lefschetz formula for the 
monodromy of E. In this case there is a commutative square 

(1, A A A') A A*/ A*(v*i6i1 1), 	A* H* (Eo ; Z) 

II* (Symr(Ei); Z) 	 H* (symr-1(E0); Z) 

where the upper-left group is a subgroup of A*H1(.E1 ; Z). For example, we have 

i:rit ° (ii)-110X1) = 
	 (4.28) 

4.4 Constructing the Lagrangian boundary conditions 

4.4.1 Vanishing cycles as Lagrangian correspondences 

We now consider the symplectic geometry of simple quadratic fibrations, as defined in 
Chapter 3. This is a fibred version of Picard-Lefschetz theory—it is the complex ana-
logue of Morse-Bott theory.2  A complete account of symplectic Picard-Lefschetz theory 
over the disk appears in [46]. The fibred generalisation has not yet been fully worked 
out, and there are technical difficulties to overcome in seeking to prove, for example, 
that the monodromy of a simple quadratic fibration is Hamiltonian-isotopic to a 'model 
fibred Dehn twist' about its vanishing cycle. Whilst the computations of Lagrangian 
matching invariants in this thesis only use the simplest properties of vanishing cycles, I 
expect that to make progress one will need a more precise understanding. In particular, 
I expect that precision will be vital in any proof of the conjectural exact triangle dis-
cussed at the end of this chapter. This is one reason for giving a rather lengthy account 
of the geometry of the Hilbert scheme. 

Recall that a simple quadratic fibration is defined by data (X, 7, ft, Jo, jo), where 
7 is a map to a surface S. Take a smoothly embedded path y: [a, b] y S such that 
7-1(7(xcrit))  = {b}. Parallel transport along I[a, b f] is a symplectomorphism 

1, : X y(a) 	X.r( .,_,) , 0 < e < b - a. 

Since 7r is proper, the points 1,(x) (x E Xy(a) fixed) have a limit 1(x) E X,i(b) as E -> 0. 
The vanishing cycle V y  C X7(a)  associated to the path is the set 1-1(Z) of points 
which flow into the critical set X_ye(ibt). The thimble is WI, := X7crA U UE  1€(V). 

21n a more systematic treatment one would also consider complex critical manifolds of arbitrary 
codimension, with non-degenerate normal Hessian forms. 
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Lemma 4.4.1. Wy  is a smooth submanifold of X with boundary Vy  C X-y(a). The limit 
map W.), 	X )  has a structure of disk bundle in a real two-plane vector bundle, with 
1: V ycrit ,..7(b)  as unit circle bundle. 

A proof is provided by Seidel and Smith [47], and we briefly recall the argument. One 
considers a symplectic form Si +7r*,(3 on X, and a function h on S which is equal to 7-1  
on im(7). Then the horizontal lift of 7'(t) coincides, up to positive reparametrisations, 
with the Hamiltonian vector field v of 7r o h. On the other hand, there exist local 
`holomorphic Morse-Bott' charts in which 77 takes the form (z1, 	, 	ziz2; in 
these charts, v is given by JoVh, where the gradient is defined using the Kahler metric 
associated with J0  and SZ + 7r*O. But near im(7), h is a Morse-Bott function, with 
critical manifold of dimension 2n — 2. The Hessian on the normal bundle is hyperbolic. 
Hence v is also a Morse-Bott vector field. A general result in Morse-Bott theory then 
says that its stable manifold Wy  is smooth , and identified with a disk bundle of a 
2-plane bundle over X,tcat) . 

Write (M, co) for (X.y(a) ,521X.y(a) ) and (M,c7.7) for (X,rc(ibt) , SZIX,ylibt) ). We consider the 
product (M x 11,-w ® w), and the correspondence 

A-y  :-= {(x, /(x)) : x E V-y } CM x M. 	 (4.29) 

Lemma 4.4.2. A7  is a Lagrangian submanifold of M x R. 

Proof. The previous lemma shows that Ay  is a middle-dimensional submanifold of 
M x M; we have to show that it is isotropic. A tangent vector to Ay  is a pair 
(v, Dl(v)) with v E TV- y , and the symplectic form evaluates on a pair of tangent vectors 
(vi, Dl(v2)), (v2Dl(v2)) as 

	

—w(vi, v2) + /*Co(vi, v2) = 	v2) + 52(D/(74),Di(v2)) 

	

= 	v2) + limo. C2(D/(vi),D/(v2)) 

	

= 	v2) + lim /:w(vi, vz) 

= 0, 

the last equality being due to the fact that /, is a symplectomorphism. 
0 

The proof also makes clear that when the normal crossing divisor in the singular 
fibre has two distinct normal line bundles which are topologically trivial, the vanishing 
cycle is a trivial circle-bundle over M. 
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We now apply these ideas to the relative Hilbert scheme HilbrD(E) of an elementary 
Lefschetz fibration E 	D. For y we take the ray [0, 1] C D. Since the critical set 
HilbrD(E)crit  is identified with Symr-1(4), the vanishing cycle is a Lagrangian subspace 

A C Symr  (Ei) x Symr-1(ko); 

the projection on the first factor is injective, and on the second factor a trivial S1-
bundle. 

Likewise, the Picard family of E has a vanishing cycle contained in Picr(E1) x 
Picr-1(E0) which is a trivial circle-bundle over Picr-1(4)• 

Remark 4.4.3. In the present work we will not need to give an explicit representative 
of the isotopy class of A, but we do make two observations about A', its image in 
Syne.  (E1). Consider E1 as the union Eo U A of two surfaces along their common 
boundary, with A an annulus A[e,e-1[ embedded in E1  so that L is its unit circle. Then 
Symr (Ei) = Uir=0  Si, where Si  = Symi(A) x Symr—i(E0). Now A' is isotopic to a 
hypersurface A" such that 

A" n So  = 0, 	 (4.30) 

A" n S1  = L x SYmr-1(E0), 	 (4.31) 

A" n Sr  = Ezi  , . , zr] E Symr (A) : Izi 	zr1 -= 1}. 	(4.32) 

Consider first the 'local' relative Hilbert scheme Hill:Czw = 0). This has singular 
set S ymr—i U C), and this has a neighbourhood C2  x Symr-1(C U C) with the map to 
C given by (a,b,z) 	ab. If we gave this a product symplectic form, wc2 ®w', standard 
on the first factor, then the vanishing cycle would be as in the right-hand side (4.32), 
as one sees by examining the explicit formulae (see Section 4.3.4) defining the Hilbert 
scheme. The other two lines likewise arise from model situations. Now, realistically the 
symplectic forms will not be standard ones. However, one can isotope the connection 
defining the symplectic parallel transport, not through symplectic connections but through 
connections for which the vanishing cycle remains well-defined, so that after the isotopy 
it coincides (on suitable open sets) with the parallel transport one obtains from the 
models. 

4.4.2 Some auxiliary spaces 

Definition 4.4.4. A family of simple quadratic fibrations parametrised by a 
manifold B is given by data (X, 7B, f/, Jo,  e): 
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• 7rB : X 	B x S is a smooth, proper map such that pr1  o 7rB: X 	B is a fibre 
bundle. Write TvX = ker(D(pri  oirB ))) and Xcrit  := crit(7rB). 

• C2 E 

• Jo  (resp. jo ) is the germ of a complex structure on TvX (resp. on ker D(pri ) C 

T (B x S)) near X'it  (resp. near irB(xerit \ )) Morover, the restriction of Jo  to 
any fibre of pr1  o B is (the germ near the critical set of) an integrable complex 
structure on this fibre. 

As the name suggests, the defining condition is that, for each b E B, the restricted data 

(Xb, Irb, 1b, JO,b, j0,b) constitute a simple quadratic fibration over S. 

The case we shall consider has B = S1  and S = D. In this case we can consider the 
family of rays 

P: sl x [0,1] 	S, 	(t, s) H (t, 1 — s). 

Then parallel transport along the family Pi [0, 1 — E] gives a map 

rar,c: XS' x{1} 	XS1  x 	6  E [01 1)• 

As observed in Chapter 2, rnsi,,€(121Xsi x{0 ) = C2iXsIxf1l• Set  

Vr = U 
tES' 

the union of the vanishing cycles of the rays making up F. 

Lemma 4.4.5. Vr is a submanifold of X sl x {1} • 

Indeed, a straightforward generalisation of the earlier arguments identifies Vr with 
the unit circle bundle in the stable normal bundle over Xerit  of a Morse-Bott vector field 
with critical manifold Xcrit . 

The limits of the flow mr,, give a map 1: Vr —+ Xerit  The fibred vanishing cycle 
of r is the correspondence 

Ar = {(x, /x) : x E Vr} C Vr X si  xcrit .  

It is a smooth fibre bundle over S'. The same argument which shows that vanishing 
cycles are Lagrangian now shows: 

Lemma 4.4.6. Ar is isotropic with respect to the form —12e a 
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We shall apply this lemma to a family of relative Hilbert schemes associated with 
the following family E. 

Construction 4.4.7. Suppose given a symplectic surface (E, w) and a compact embed-
ded 1-manifold L, invariant under (75 E Aut(E,w). Thus each fibre Et  of the mapping 
torus T(0) contains a 1-manifold Lt . Then we can construct a family of simple quadratic 
fibrations parametrised by S 1 , (E5  ,7rsi , x, Jo, Jo), where rsi maps to Si x D, such that: 

1. 7rsi (Ecrit) = sl X {O} C Si  X D; 

2. there is an isomorphism of locally Hamiltonian fibrations over Si  

A: 1(0) 	(E,7,X)1S1  x { 1 }; 

S. for each t E Si , the elementary Lefschetz fibration (Et,7rt,Xt,,Topio,t)  has the 
property that p(Lt ) C E(ti)  is the vanishing cycle associated to the ray {t} x [0, 1]. 

This is an S1-parametric version of Seidel's construction [46] of an elementary Lef-
schetz fibration starting from a surface with embedded circle L. 

1. Define two maps r±: S1  —4 S1  by r+(z) = z, r_(z) = z. The induced maps 
rs1 	T*Sl preserve the canonical symplectic form ic on T*Sl , and hence induce 

closed 2-forms n+ on the mapping tori TT. si (4). We abbreviate TT* si (4) to T±, and 
write T_<  for its subspace where the 1-form component has length < A with respect to 
a standard metric on T*Sl . 

tes' The circles Lt  C Et  sweep out an isotropic surface Q = U Lt  in (T(0), wo ) which 
fibres over S1. A version of the Lagrangian neighbourhood theorem says that there is 
an A > 0 and a fibre-preserving embedding 

ea : TIA 	T(0), 

which maps the zero-section to L, such that e*coo = 

2. We will build E by gluing one of two standard pieces E0+  to another piece El . The 
latter is defined as 

El  = ( T(0) \ int(im ea/2 )) x D; 

it maps to S1  x D by combining T(0) 	S1  with the trivial projection to D. The 
standard pieces, 	are regions in the mapping tori of linear automorphisms R± of 
C2: 	R+  = idc2, and R_ (a , b) = (b, —a). Notice that the maps R± preserve both 
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the symplectic form wC2 and the fibres of the map q: C2  -> C, (a, b) H a2  b2—
thus they lie in Sp(4,R) n 0(2,C) = 0(2,R). In particular, h(R+x) = h(x), where 
h(x) = 	4 lq(x)12 . We set 

4 = {[t, x] E T(R±) :1q(x)1 < 1, h(x) 5 N/Tk/21, 

(the choice of A > 0 is immaterial). This maps to SI- x D by [t, x] H (t, q(x)). 
The following observations are extracted from [46, p.13-14]. First, the significance 

of h is that its level sets are symplectically perpendicular to the fibres of q. Radial 
parallel transport in C gives a symplectic trivialisation 

c2 	h-1 ,0‘ ) 	C X (T*S1  \ S1) 

of q : C2  h-1(0) -> C considered as a locally Hamiltonian fibration. It turns out that 
1(b(x)12  = 411(x), so the map 

[iclilt.  X (I)] :\ {[t,x]:h(x)=0}->D x Tf  

has image D x T. 
We can now glue 4 to El: the gluing region in 4 is 11-1-(VA/8, 072], and that 

in E1  is D x (im(eA) \ im(eA/2 )). These are joined together using [idea x ea o .1)] to form 
E. Because if> preserves q, there is an induced map 7rsi : E 	S1  x D. 

3. We now verify that E has the right properties. By construction, {0} x SI  is the 
set of critical values of rsi; it is clear from our gluing procedure how to construct the 
isomorphism p. For the (germs of) complex structures we use the standard ones on C2  
and C. The thimble for the path {t} x [-1, 0] is 7rs-,1({t} x [-LO]) n h-1(0); this implies 
that the vanishing cycle is as claimed. 

Remark 4.4.8. Each singular fibre E(t ,o)  has a normalisation E(t ,o) , defined using 
the complex structure near the singular points of E(t ,o) . Letting t vary, these form a 
manifold Esi xfol  which fibres over S1 . Moreover, essentially by definition of the two 
spaces involved, there is a fibred diffeomorphism f : T(sLO) 	x {o}. 

We now form the set 
E = U Hi1b7

.;7(E {t}xD) • 

tES1  

This carries a natural topology and differentiable structure: one can consider it as a 
mapping torus, for example. 
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Lemma 4.4.9. The family 71 : E Si xD has a structure of family of simple quadratic 
fibrations (X,Irsi,Q,Jojo). One can choose S2 so that the map 

Symr(p): Symrsi T(0) —> 	x {-1} 

is an isomorphism of locally Hamiltonian fibrations, where one gives Symrsi  T(0) the 
form 	and so that there is a diffeomorphism 

	

F: SymrsT1T(sLO) 	ecrit, 

fibred over S1 , such that F* (c21 Ecrit = WET  

Proof There are identifications 

Symrs71  T(sLO) sYn4f)  SYnars71(Eslx 01) = Ecrit. 

We write F' for the composite. 
The main point of the proof is to understand how to extend cohomology classes 

from Es i x {1}  to E. There are operations 

H. (E;z) 	B-*+2k-2 ,E;  ( Z), c c(k)  

defined using the universal divisor in a by-now-familiar way. These, moreover, are 
compatible with restriction to the critical set in the sense that one has 

F t* (c(o lEcrit ) 	( f* (c  Ecrit))(k) 	 (4.33) 

as we now prove. The formula is true in two special cases: 
(a) (4.33) holds when c is induced by an invariant class in H k  
(b) (4.33) holds when clE{t} 	

(Eft} x Di Z)• 
= 0. For then there exists b E H*-1(E { t} D; Z) x D 

such that 8(b) = c, where S is the connecting map in the exact triangle for cohomology 
of mapping tori (cf. Appendix B). We already know that 

Ft* ( b(k) I£{t}xD) 
_ (v* (biEmtx si))(k) 

on Symr-1(At,0)). But it is clear that (6b)(k) = 8(0)), so (4.33) holds for c = 
But H k (E; Z) is generated by classes arising through the mechanisms of (a) and 

(b), so the formula holds generally. 
We can now construct 52 using the Thurston-Gompf method. Its cohomology class is 

to be 272[x](1) — 71(2), where x is as in the previous paragraph. We shall be brief here, 
since we have already seen one instance of this. We can find a cover (U„),„ of SI x 
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and forms 0a  E Z2  (rs—,1(Ua )), all representing restrictions of this same class, and all 
tamed by the same complex structure on ker(Thrsi). We take one of the members of 
the open cover to be an open neighbourhood of S1  x {1}; on this we have the form 
Xc,r• The standard patching procedure furnishes us with a 2-form SI (unique up to 
deformation) which represents the class 272[x](1)  — 71(2), which restricts to co,,, over 
S1  x {1}, and which is tamed by the chosen almost structure on ker(Dirsi). 

Now, F'*( S21Ecrit  ) represents the same class as 	and is tamed by the same vertical 
almost complex structure. Hence the two are isotopic, and therefore isomorphic. 

0 

Proof of Theorem 4.2.2. We form the 5-dimensional space E, and hence E. We endow 
it with a structure of family of simple quadratic fibrations as in the last lemma, with 
2-form S2, and form the fibred vanishing cycle 

Ar C 	x {1} x sl  Ecrit. 

But (£si x{i},12) 	(8,o-c ,,), and (Ecrit  n) a- Via these isomorphisms we 
obtain 

QcSxsiS. 

We have already seen why this is an isotropic subbundle. 
The space E, and its 2-form x, are not determined uniquely, but they are unique 

up to deformation. Likewise, the choice of SZ is unique up to deformation. The fibred 
vanishing-cycle construction varies continuously with parameters, and consequently Q 
is unique up to deformations through submanifolds satisfying the conclusions of the 
theorem. 

It is clear that pr1  embeds Q as a subbundle of 8, and pr2 : Q 	an S1-bundle. 
The bundle Q 	S1  has fibres Qt , t E S'. We look at one of these, Q. This is a trivial 
S1-bundle over Symr-1(t) because the normal bundle to Hilb1/3,(X)"it  is differentiably 
trivial. 

Now, Q is the graph of an S1-bundle over Ecrit which is the unit circle bundle of a 
two-plane vector bundle. This vector bundle is a subbundle of the normal bundle to 
Ecrit (it is the stable bundle for a suitable Morse-Bott function) and it will be globally 
trivial if and only if Q is orientable. This accounts for the commutative diagram. 

We next show that pre*  [A] = (5L. Indeed, the class pr2,,[A] E H2r_i(Symr(E); Z) 
is invariant under symmetric products of diffeomorphisms E Diff+(E) which act as 
the identity near L. It follows that pre, [A] is a multiple of 8L. Let L' be a loop with 
L • L' = 1. Let rL' denote the 1-cycle { rx : x E LI on Symr(E). Then pre*  [A] •rL' = 1, 
by Remark (4.4.3). 
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Now, pr2,,[Q] is the class swept out by the invariant class pr2,,[A]. But this is S Q. 
0 

Proof of Addendum .4.2.6. The lower part of this diagram was established in Chapter 
1; what remains is to set up the map rro S(Q) --+ le). Decompose Y as Y0  Uayo  NQ, 
where NQ is a closed tubular neighbourhood of Q. Thus there is a corresponding 
decomposition .17  = Yo  uay N'. By Remark 4.4.3, Q, or rather a 'topological vanishing 
cycle' isotopic to it, contains an open subbundle Q0  = {(t,q y, y) : t E S1, q E 

Qt, Y E SYThr-1(Y0,t)}. There is a 'cycle map' S(00) -> rip S(Q) x 1/1(17; Z)r_i which 
is bijective if r > 1. But we already know that 70 S(Q) = 7ro(Q xsi SYmr-1(37)) 
iro(Q) x -111(37; Z)r_i, and from this we see that 70 S(Q) = iro S(Q0 ). Thus we have a 
bijective map 

iro S(Q) -- iro  S(Q) x Hi  ($; 

But the right-hand side is naturally identified with le) . 

Proof of Addendum 4.2.5. We write Er  = Symr  (E), Er-1 = Symr-1  E. It suffices, by 
the exact sequence of homotopy groups for the pair (ET  x 27-1, A), to show that the 
homomorphism 71-1(A) -÷ 71(Er  x 27-1) is injective; we prove this in three steps. 

1. On the relative Hilbert scheme Irr : Hilb7i)(E) -) D of an elementary Lefschetz 
fibration E 	D, the inclusion of the critical set, i: Hilb7;D(E) crit —> Hilbrt  (X), induces 
an injection on H1. 

For if h E ker(i,,) then aj,,(i.h) = 0 E 1/1(n,(X); Z). This implies, by our explicit 
picture of the Picard family, that aj*(h) is zero within H1 of the critical set 7(xocrit c 

7(X0 ). But aj: Hilbrp(E)crit 	(Xo)°rit  can be identified with the usual Abel-Jacobi 
map SyMr-1  OW —4 Pie-1(A"'.0), which is injective on H1. 

2. The homomorphism pri* : 71(A) --) ri(Er ) is injective. 
Since pri  : A Er  is a diffeomorphism onto its image A', we may consider the map 

71(A') -) 71-1(Er ). Suppose y lies in its kernel. Then its homology class 7y E Hi(A; Z) 
becomes trivial in Hi (Hilb7;)(E); Z); that is, lz,Ty = 0, where k: A' -4 Hilbri;,(X) is the 
inclusion in the fibre over 1. Parallel transport into the critical set gives an 51-bundle 
1: A' -> Er_i. We have 	k,K7y = 0. By (1), this implies that l,,7 y = 0, so y is 
represented by a loop on one of the S1-fibres of A. The fibres are homotopic to the 
circles x0 + L, where x0  E Symr-1(E) is some fixed divisor, supported away from the 
circle L, and these circles 71-inject. Hence 7 is trivial. 

3. The homomorphism iri(A) -> ri(E, x Er_i) is injective. 
This follows immediately from (2). 
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0 

4.5 Floer homology of the Jacobian families 

All the invariants set up in this chapter have simpler variants, derived from the corn-
pactified Picard families rather than the Hilbert schemes. These constitute a TQFT 
which is a simpler counterpart of our symmetric product theory. It may well be possible 
to give an algebro-topological model for this TQFT in terms of Spine-structures and 
homology groups of the 3- and 4-manifolds, and it would be interesting to carry this 
out. The Floer homology groups themselves are known, as we explain here. 

As a matter of convenience of language, we will phrase the following discussion in 
terms of symplectic automorphisms rather than their mapping tori. 

The Floer homology of linear automorphisms of linear symplectic tori was deter-
mined by Pcdniak [35]3; it is simply the homology of the fixed point set, and as such 
can be computed explicitly. 

Let T = VIA, where V is a real vector space of dimension 2k and ACV a lattice. 
Let wo be a linear symplectic form on the manifold V; wa also denotes the induced 
form on T. A linear symplectomorphism q  E Aut(V, wo ) which preserves A induces 
a symplectomorphism E Aut(T, w0 ). Such linear symplectomorphisms form a group 
Aut l (T, wo ). Write 

V'' := ker(idv — 	coker(idv — (75) 

for the invariants and coinvariants of cb. Write A?", A, for the kernel and cokernel of 
id — 4; operating on A. 

(a) 	The fixed-point set of 0.E  Ant/  (T, WO ) is the closed subgroup 

{x E V : (idv — 	E A}/A. 

The exact sequence of topological groups 0 —* Fix(0)0 	FiX(0) 	70(Fix(0)) 	0 
takes the concrete form 

0 	ker(idv 	 id0 
Fix(0) 	 tors 	0.  

Y10)  Anker(idv — Q9) 

3Poiniak works in the setting of Floer homology of Lagrangian intersections. The results that we 
state are deduced from his using the standard isomorphism HFY (0) -`-‘±' HF.m  X  (rid, ro ); alternatively, 
his proof could easily be adapted. 
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Hence Fix(0) is a disjoint union of affi.ne subtori, each of dimension dim(V'), indexed 
by the torsion subgroup of the coinvariants, (A-,4 )tors, and 

II,,(Fix(0);7G) = e 
A. 

(Ac.i )tors 

(b) By Appendix B, Lemma B.0.5, there is a natural exact sequence 

0 —> r i (LoT, 	A 	A —> iro(LoT) —> 0 

where LoT is the twisted loopspace (i.e. the space of sections of the mapping torus of 
0). Comparing this sequence with the previous one, one deduces that there is at most 
one component of Fix(4) in any given component of Lo(T), and that the natural map 

71(Fix(0)o, [A]) —> (LoT, const.) is an isomorphism. 

Theorem 4.5.1 (Poiniak). Let 0 E Aut(M,w) be an automorphism, of a symplectic 
manifold, -y E ro(LoM), and suppose that the set Fix(q)7  c Fix(0) of fixed points 
representing y is a compact smooth submanifold of M. 

(a) The local Floer homology H.E.(0)-r,i0c  is defined over Z/2, and is canonically 
isomorphic to 11.(Fix(0)7 ; Z/2). 

(b) If in addition, the action functional is a single-valued function on 'y and constant 
on Fix(0).„, then H F.(0)7 ,10. = H F.(0). • 

Corollary 4.5.2. If E Aut l(T, wo) then (using Z/2 coefficients) H F,(0) = H>,(Fix(0); Z/2). 

We apply this to a surface-diffeomorphism l,  E Diff+(E). Let V = H1(E;R), 
A = Hi(E; Z), and (7> = 0*. Let Y = T(0) be the mapping torus. Then the Floer 
homology of the Picard family of Y is just I I F,,(V I A, 0). The set of topological sectors 
(H1(E;Z),/,)th" may be identified with Hi (Y; Z)o", where Hl  (Y; Z)o C Hi  (Y; Z) is 
the kernel of the map Hi(Y;Z) —> Ho(Y; Z) given by intersection with the fibre. The 
invariants H1(E; Z/2)0  may be identified with 

H1(Y; Z/2)0  := coker(H°(E; Z/2) —> H1(Y; Z/2)). 

Corollary 4.5.3. We have 

I I F*  (T , 0) = 	H (T , 0)h  = 	1E131 	A*H1(Y; Z/2)0. 
hE1-11(Y;Z)t;"" 	 (Y;Z) 0" 

Remark 4.5.4. There are two refinements of this corollary which I expect to be true but 
have not yet verified. The first is that it lifts to Z-coefficients in the obvious way. The 
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second is that the absolute grading on the Floer homology implied by the isomorphism 
corresponds to that which one uses the Lie group structure of T to consider it as a 
`graded symplectic manifold', and 0 as a 'graded symplectic automorphism' of it (see 
Seidel [.43]). 

4.6 An exact triangle? 

The purpose of this section is to state a conjecture relating the Floer homology maps 
associated with near-symplectic broken fibrations to those associated with Lefschetz 
fibrations. 

Suppose that 0 E Aut(E, w) preserves a circle L c E. Then one can consider TL, o 0, 
that is, 0 composed with a Dehn twist along L, but also o-L0, the result of surgery 
along L. 

There is a Lefschetz fibration XsLymp 	A[r2, r3 ] over an annulus, with just one 
critical point, which is isomorphic to T(0) over its inner boundary C(r2) and to T(/100) 
over its outer boundary C(r3). There is an elementary broken fibration 	A[ri, r2] 
which restricts to T(v10) over C(ri ) and to T(0) over C(r2 ). There is also an elementary 
broken fibration W 	r3] (no isolated critical points!) which restricts to T(o-L0) 
over C(ri) and to T(TL o 0) over C(r3 ). Let W —+ A[ri , r3], the pullback of W by the 
orientation-reversing self-diffeomorphism ?Tie  H-* (—r +r1  +r3)ei°  of A [ri , r3]. Note that 
W restricts to T(0) over C(r i ) and to T(o- L0) over C(r3). 

Conjecture 4.6.1. The sequence 

H* (L; Alp) ® H F.(T(cr LO),'Yi) 
A0v-45,,o11F.(Xii;,) 

> 	 H F. (T(0), ,72 ) 

 

HF.(X4„, 

HF.(T(TL a 0), -y3) 

is exact, for homology classes -yi  which arise from a class j3 E le )(Xtir'r  o XsLymp ). 

Here 6A  denotes quantum cap product with the codimension-one cycle 6A  on Symr (E). 
We use Seidel's homomorphism HF:YmP, induced by the Lefschetz fibration, and two 
of our homomorphisms induced by broken fibrations, HF.(X&) and HF.(W). Note 
that we have used the special feature of elementary broken fibrations that one construct 
maps running in either direction (we expressed this by reversing the fibration, replacing 
W by W; alternatively one can construct the reversed homomorphism directly, but the 
result will be the same). 
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We conjecture that the Floer complexes form a short exact sequence, inducing the 
triangle above, so that HF.(W) coincides with the algebraic connecting map. It is 
important that we sum over the topological sectors of the map HF.(Xi ',r ) (these are 
parametrised by Z once one fixes 72;  part of the conjecture is that the sum is finite). 

The conjecture is motivated by the exact triangles of Seidel [42, 46]. When r = 1, 
we recover one of these, 

.11* (S1 ; AF) 	H (0) -4 H F.(71, 0 0)• 

For higher r, taking q5 = id and L non-separating, the sequence permits one to com-
pute HF.('rL ); the result is isomorphic to the periodic Floer homology PFH* (a) as 
computed by Hutchings and Sullivan [19]. There should be a similar sequence in the 
Floer homology for the Picard families arising from the same cobordisms. This may be 
useful as a simpler model, particularly since one knows the Floer modules themselves. 

The composite cobordism Xb 0  XsLym  p is known to be diffeomorphic to the blow-up 
W#CP2of the elementary broken fibration W (see [3]). The exceptional sphere Sexc 
appears as a 'matching cycle', lying over a ray between the isolated critical value and 
the circle of critical values. The conjecture relating H F. to monopole Floer homology 
predicts that H F.(X11); 0 XsLymp , 13) should be equal, up to sign, to the composite of 
H F.(X" , 13) with the quantum product with U', where k is determined by the inter-
section number of with Sexc.  The contributions of the sectors to 11F.(4 0 XsLymp ) 
should cancel in pairs. 

(-1)-spheres also occur in the composite cobordisms involved in the surgery exact 
sequence for HM. [22], and it would be interesting to work out how the situations are 
related. 

In seeking to prove the conjecture, we should look for a null-homotopy of the map 
CF.(X& 0 XiLymp). It may be possible, as with Seidel's exact triangle [46] (and in 
analogy to [22]), to do this by breaking up Xi;r c, XeLynrip  into two pieces in an alternative 
way. One considers the part lying over a disk containing the unique critical value. This 
is an elementary Lefschetz fibration E 	D. It has a Lagrangian boundary condition 
Q c Sym;,1  (DE) x Symr-1(o-LE), with a marked fibre A, and thus an open Gromov 
invariant with values in the bordism group MO,,(A; Z). I expect this invariant to be 
zero. The moduli space M(Q) has expected dimension 2r — 1, and one can arrange 
that ev: M(Q) 	A is a submersion, hence a covering map. It should be possible to 
construct a fixed-point-free involution on M(Q) preserving the fibres of ev, by using a 
symmetry of E. Then ev will be bordant to zero, and (as in [46]) one can try to use a 
null-bordism to construct a null-homotopy of C 	0 XsLymp ). 
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Appendix A 

Symmetric products of 
non-singular complex curves 

There are many accounts of the algebraic topology and algebraic geometry of the sym-
metric products Symr(E) = (,,Xr )/Sr  of a compact, connected, non-singular complex 
curve E. The original reference for the topology is Macdonald [29], but other use-
ful sources are Arbarello-Cornalba-Griffiths-Harris [2], Ozsvath-SzabO [34], Bertram-
Thaddeus [4]. We give a summary, with brief indications of proofs. 

The space Symr(E) is a complex manifold, and often the most efficient way to study 
its topology is via complex geometry. 

For a basepoint x e E, we let 6, : Sym'i (E) 	Symr(E) denote the map D 

x +D. 
(a) The Abel-Jacobi map 

aj: Symr(E) 	Picr(E), 

which assigns to the divisor D the holomorphic line bundle 0(D), is crucial to un-
derstanding the geometry and topology of Symr(E). The fibre aj-1(L) is PH°(E, 
so its dimension can be estimated using the Riemann-Roch formula. The map aj 
is generically 1-1 when r < g, and surjective when r > g. When r > 2g — 2 the 
fibres are all projective spaces of dimension (r — g), and in fact there is a holomor- 
phic vector bundle V, 	Picr(E) such that Symr(E) = IP(V,): start with a Poincare 
line bundle 4. —> E x Picr(E) normalised at x (so ZIE„{L}  = L for any L, and 

L1{.} x 	(E) = OPicr(E)), and put Vr = (13r2)..L. 
(b) The line bundle 0(1) = Osymr(E)(Symr-1(E)) defined by the divisor im(.:5x) is 

ample. Indeed, when r > 2g — 2 it is isomorphic to the natural ample line bundle on 
P(V,), and since 40(1) = 0(1), ampleness follows by descending induction. 
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(c) One can use the fact that it is a projective vector bundle over a g-dimensional 
complex torus to establish a number of topological properties of Symr(E) when r > 
2g — 2. 

(1) (Symr(E)) is abelian, isomorphic to 111(E; Z). For the homotopy exact se-
quence shows that aj induces an isomorphism on 71. 

(2) 72(Symr(E)) = Z, generated by a pencil CIP1  c 1DI. This sphere represents a non-
torsion class in H2  (SyMr (E); Z). The homotopy sequence shows that ri(Symr (E)) 
is carried by the fibre CF-9  for i > 1. If S is the spherical homology class 
corresponding to a pencil then S f1 (5x(Symr-1(E)) = 1, so S is not torsion.' 

(3) The cohomology of Symr(E) is torsion-free. For the 'projective bundle formula' 
gives an isomorphism of graded abelian groups 1-/-* (Symr (E); Z) = A* H1  (E; Z) Oz 
H* (CPr—g Z). 

(d) The italicised results from (c) are valid over the range r > 2, as one can prove by 
descending induction.2  The Lefschetz hyperplane theorem, applied to 8x , tells us that 
the pair (Symr(E), Symr-1(E)) is (r 1)-connected. This gives (1) and (with Poincare 
duality) (3) for r > 2, and (2) for r > 3. 

(e) For any Hausdorff space X, the quotient map p: X xr 	Symr(X) induces an 
isomorphism 

H*(symr(x); Q) H*(xxr;Q)s, c  H*(Xxr;Q); 

its inverse is p* Ir!. By Kiinneth, H* (X' ; Q)sr is the algebra of graded-symmetric 
tensors (H* (X ; Q)®r )sr . So, as graded Q-algebras, 

H*(Symr(E); Q) 	Ar—z.H1(E; Q) 01 Si  (1, U) 
i=o 

where U E H2(E; Q) is the oriented, integral generator. (One can match up this 
isomorphism with the one that arose from the projective bundle formula; to do so, it is 
enough to consider the generating classes in degree < 2.) Note: 

(1) The description is completed by specifying a linear map a: H* (E; Q) 	(H* (E; Q)gr)sr, 

indicating which symmetric tensors correspond to U and to elements of H'(E; Z). 

'One can also calculate homotopy groups of symmetric products through the Dold-Thom theorem, 
which gives a functorial isomorphism 7„(Sym'(X)) = H,-,(X;Z) for r >> 0. 

2There is one exception, concerning Sym2(E): the pencil generates 72  over Z[71 ], but not always 
over Z. In genus 2, Sym2(E) is the blow-up at a point of T4, and its universal cover is the blow-up 
along Z4  of C2. This has 7r2 = H2 = EDz4 z. 
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The map is 

u(c) = El® • • • 10 01 • • • 1. 
i=1 

(2) c1(0(1)) = cr(U). 

(3) The isomorphism is compatible, in obvious senses, with several other structures on 
the cohomology: the Hodge decomposition; the module structures over H* (Pic' (E); Q) = 
A*H1(E; Q), induced by aj; and the action of the mapping class group. 

(f) Since H*(Symr(E); Z) is torsion-free, H*(Sym'(E); Z) 	H*(Symr(E); Q) is 
injective. There is a ring isomorphism H* (Symr(E); Z) = X (g, r), where 

Z[U]  
X (g, r) = 	Ar —iH1  (E; Z) ®z 

(U
i
-E1) 	

deg (U) = 2. 

To establish this, one needs to see that a(U)i  is a non-multiple class over Z (hence 
also over A*H1(E; Z)). But when r > 2g — 2, the powers ci  (0(1))' = cr(U)i  generate 
H*(Symr(E); Z) as a H*(Pic*(E); Z)-module, by the projective bundle formula; then 
descending induction applies as usual. 

(g) The mapping class group F = 7ro(Diff+(E)) acts on H* (Symr (E)). The invariant 
subalgebra H*(Symr(E); Q)1' is generated by two distinguished classes 77, 0 , both inte-
gral of type (1, 1): i1 = a(U) = 01(0(1)); and 0 E A2H1(E; Q) = A2  Hom(Hi (E; Z), Q), 
characterised by (0, a A /9) = ce n for a, /3 E Hi(E; Z). That these classes generate the 
invariant part amounts to the statement that 0 generates the Sp(2g, Q)-invariant part 
of A*H1(E; Q). But that can be seen from the irreducible decomposition of the exterior 
algebra. 

Note that (OM is an integral class (in fact, aj* c(V) = e-0 ; cf. also Poincare's 
formula). 

(h) The first Chern class of the tangent bundle is 

e1(Symr(E)) = (r — g 1)77 — 0. 

A more general formula is proved in Chapter 2. The formula specialises to two familiar 
ones: taking g = 0, we find ci (CP') = (r + 1)77; with r = 1 we get c1(E) = 2(1 — g)n, 

since 0 = gn . 

r 
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(m)  id-0* 
H* (M) 

H*(T(b)). [±1]  

Appendix B 

Topology of mapping tori 

Exact triangles 

The mapping torus T(0) of a diffeomorphism E Diff(M) is the quotient of the 
manifold IR x M by the free Z-action n • (t, x) (t - n,0n(x)). There is a natural fibre 
bundle M -14  T(0) -> S1. 

The (co)homology of T(0) fits into exact triangles 

H.(m)  

Hi] 	li* 
II,(T (0)) 

One way to set up these triangles is to use the mechanism of the Wang sequence. 
To derive the homology sequence, consider the Leray-Serre spectral sequence of the 
fibration T(0) 	sl. It is convenient to use the cellular version, choosing the cell 
decomposition of SI-  with just two cells, so that the Epla-term is zero unless p is 0 or 
1, when it is Hq(M), and dia  is the map (id - 	11,(M) 	II.(M). The spectral 
sequence degenerates at E2, so there are exact sequences 

0 	E °° Hq(M) id-0„  
 Hq(M) -4 Eo",q  0. 1,q 

The exact triangle results from splicing these with the short exact sequences 0 -> 
H p+q(M) li p+q(T (0)) Erg  0. 

	

The connecting maps are the transfer operations : Hq  (T (0)) 	Hq-1(M) (inter- 
section with the fibre) and i !  : H4  (M) 	Ilq+1  (T (0)) . 

Algebraic model. The homology of cone(id - 0.), the algebraic mapping cone of 

id - 	C*  (M) 
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where C* (M) is the singular chain complex, fits into an exact triangle 

.11* (M) 	›- 1-1* (M) 

[—il 
H* (cone(id — 04) 

just like that of H*(T(0)). In fact, there is a quasi-isomorphism 

Q : cone(id — 0+ ) —> 

and the isomorphism Q*  identifies the two exact triangles. 
Recall that cone(id-0* ) is the complex C. (M)[-1]E,C*  (M) with differential (a, b) 1—> 

(—Oa, 8b+ (id — 0„)a). The exact triangle arises from the obvious short exact sequence 
0 —> C„(M) —> cone(id — q5* ) —> C,,(M)[-1] —> 0, and the maps (id — 	in the triangle 
are the connecting maps. 

Using cubical singular chains, define 

Q : cone(id — 0*)q 	C q(11(0)) 	(a, b) F--> a + i*b. 

Here a 1---> a is the linear extension of the map which sends a singular (q — 1)-cube 
to the q-cube a x id : [0, 1]q-1  x [0,1] —› NI x [0, 1], projected to T(0). The reason for 
choosing cubical chains is that one can see that 

as = —5; + i,* (a — 

which shows that Q is a chain map. It is then easy to check that Q* , in conjunction 
with identity maps on H*  (M), gives a morphism between the exact triangles. The 
five-lemma shows that the induced map Q*  : 1/.(cone(id — 0.)) 	1/.(T(0)) is an 
isomorphism. 

It is straightforward to dualise this procedure so as to set up a quasi-isomorphism 
C*(M0 ) —> cone(id— 0*). 

Example B.0.2. One can compute the homology of cone(id — 0.) using a cellular 
chain complex for M and a cellular approximation for 0, because of the naturality 
properties of mapping cones (compatibility with quasi-isomorphisms, and the fact that 
chain homotopic maps have chain homotopic cones.) Suppose, in particular, that M 
admits a cell decomposition with zero differentials. Then we have an isomorphism 

1-1* (cone(id — 04) = H* (M)I'[1]e H* (M)0 	 (B.1) 
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splitting the exact sequence. (Here 11,,(M)15  = ker(id — 	1-1,,(M)0 = coker(id — 
The isomorphism may depend, however, on the choice of cell complex and of cellular 
approximation to 0. 

This may be applied to closed orientable surfaces and to their Jacobian tori. Less 
obviously, it applies to their symmetric products: a cell decomposition of a surface in-
duces symmetric cell decompositions of its cartesian products, hence cell decompositions 
of its symmetric products; these inherit the property of having zero differentials. 

De Rham model. The constructions of the previous paragraphs have rather explicit 
representations using differential forms. 

Fix a Thom form T on S1—a 1-form, supported in a small interval, with integral 1. 
For a form a E ciq , define i!(a) E tr+

T( )) 
to be the form whose pullback to R x M is 

T A a. The induced map in cohomology, i!  : Hq(M;R) 	Hq+1(M;R), is the transfer 
operation—the connecting map in the exact triangle. 

A typical element of ler(o)  has shape cot  + dt A Tit . Here, for any t E R, wt  E Srm , 

Tit E 52qm-1, and 0*cot = wt+t, 95* Th = 
The mapping cone cone(id — 0*) of id — 0* : Q*m  Srm  is the complex 

Sem 	e Sem, d(a, 0) (—da 13 — 0* 0, dfi), 

and one checks that the map 

1*(0)  —> cone(id — 0*), cot + dt A 	(
J 

Tit  dt,wo ) 

is a chain map. By the the five-lemma it is a quasi-isomorphism. 

Sections 

The space of continuous sections of T(0) —> S1  is the twisted loopspace 

LoM = ft : R —> M : t(t + 1) = (D t(t)}. 

Fix a basepoint x E M; it is convenient to assume (isotoping 0 if necessary) that 
0(x) = x. We then use the constant path x as a basepoint for L4,M. 

Lemma B.0.3. There are canonical bijections of pointed sets 

iro(L,M,x) {0-twisted conjugacy classes in 7r1  (M, x)}. 

The 0-twisted conjugates of a E 7ri (M,x) are the elements /3 a (0 c> 0)-1, where 
E 71(M, x) and concatenation of paths is written from left to right. 
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Proof. To see how e E LoM determines a twisted conjugacy class, choose a path -y from 
x to q0). Then the concatenation -y • fi[0,1] • (0 ° 'Y)-1 is a loop at x, and since any other 
choice 7' is homotopic to (5.7, for some loop (5 based at x, its twisted conjugacy class is 
determined by t. It is straightforward to check that this map descends to 7-0  and then 
to construct an inverse. 

0 

Example B.0.4. Take a surface-homeomorphism E Aut(E). We consider its sym-
metric products 0, E Aut(Symr(E)). Take as reference a fixed point x of 0, isotoping 
cb if none exists. A section t E Lor (Symr(E)) represents a 1-cycle in T(0), and passing 
to homology one gets a map 

7r0(Lor  (Symr(E))) 	(E0; Z), e H [e]. 

There is, moreover, a commutative diagram 

70 (4, (Symr  (E)), 

[E]— [xl 

ker [Hi (r(0); Z) ---> Ho(E; Z)] 

----) 7ri  (Symr (E), rx)I 

th 

(E; z)o. 

  

The top row is the bijection of the last lemma 	stands for 0r-twisted conjugacy), 
while the bottom row comes from the homology exact sequence. The surjective map h 
is induced by the sequence 

71(Symr(E)) Hurewicz 
H1(S-ymr(E);Z) 

 

(E; Z). 

 

When r = 1, h will typically not be injective: the set of components 7r1(E)/ is larger 
than the set of homology classes HI(E)4,. But for r > 1, 71-1(Symr(E)) is abelian, and 
consequently h is an isomorphism. Thus 

71-0(Lo, (Symr (E)), x) 	(E; Z)o, r > 1. 

(We stress that this bijection involves the basepoint x.) 

Fundamental group. We now look at the group 71(Lo(M), f). 

Lemma B.0.5. There is a natural exact sequence 

1 —> 7r2(M)0 	71(.£, 0(M), t) 	R-i(M)° 	1. 
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Proof. There is no loss of generality if we assume that x = t(0) is a fixed point of 0, 

because everything is isotopy-invariant. The Serre fibration 

c2x(m) Lo(M)  m, 

gives an exact sequence 

72(M) —+ 7ri (C2s  M) 71(L4(M), t) —> (M) —> (QM). 

Identifying 7r,(f1/1/) with iri+1 (M , x), the sequence becomes 

(M) 	72(M) —+ ri.(Lcb(M), 	71(M) 

 

71(M). 

 

The last map isn't a homomorphism, but its kernel is the group of invariants 7ri(M)(/'. 

This gives the result. 

Example B.0.6. For a surface this gives ri (Lo(E),f) = 71(E)0. 

Example B.0.7. For the higher symmetric products Symr(E), r > 3, it gives 

0 	Z 	71(Lo, E,e) 	H1(E)l' —4 0. 

But this short exact sequence maps naturally to the sequence 

0—+ Z 	H2(T(0); Z) 	(E; Z)' 	0, 

which we know to be split, hence 

(Lor E, 	Hi (T(0); Z) = Hl (E;7L)4)  ED Z. 
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